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ABSTRACT 

The problem of electromagnetic field penetration in the finite-resistivity con

ductors of a uniform, multiple, coupled transmission line system (MTL) is consid

ered. Under the assumption of quasi-transverse electric and magnetic (quasi-TEM) 

mode of propagation, the problem of determining the per-unit-length resistance and 

inductance matrices for such MTL systems reduces to solving a quasi-magnetostatic 

problem. An integral equation for the current density distribution inside the con

ductors is formulated and solved numerically using the method of moments. From 

straightforward energy considerations and the current density distribution, the per-

unit-length resistance and inductance matrices are calculated. Several microstrip 

configurations are then analysed and the effects of the geometrical characteristics 

of the structures on the per-unit-length inductance and resistance matrices, as well 

as their frequency dependence are investigated. 
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CHAPTER 1 

INTRODUCTION 

The objective of this work is the mathematical formulation and the numerical 

computation of electromagnetic field penetration in the finite-resistivity conduc

tors of a uniform, multiple, coupled, transmission line system. Knowledge of this 

field penetration allows us then to calculate the per-unit-length (p.u.l.) frequency-

dependent inductance and resistance matrices for the multiple transmission line 

(MTL). These matrices can then be used for the analysis of pulse propagation on 

MTL systems tinder the assumption of a quasi-transverse electric and magnetic 

(quasi-TEM) mode of propagation [1]. 

Higher speeds of operation and larger device densities have always been the 

goals of integrated-circuit technology. The density of interconnects on a single 

chip has come to a point where the time delays on the lines, as well as the cross

talk effects between the lines, cannot be ignored. Therefore, a transmission line 

analysis of such phenomena becomes mandatory. Furthermore, the metallization 

thickness resulting from today's technology is of the order of 10nm or less. At 

frequencies from 100 MHz to about 2 GHz the skin depth for the most commonly 

used conductors—such as copper and aluminum—ranges from 2 f im to about 10 f im. 

Therefore, the skin depth for these conductors is comparable to their cross-sectional 

dimensions, so the exact current distribution in the conductors becomes crucial for 

the correct evaluation of Ohmic losses. This means that Wheeler's incremental 

inductance rule [2] for the loss calculations at high frequencies can no longer be 

used because the theory behind it assumes that the cross-sectional dimensions of 

the conductors are larger than about four times the skin depth. The focus of 
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this work then is to better evaluate the losses in the frequency range where the 

current distribution changes from a uniform one, to one which is characterized by 

a well-developed skin effect. 

The way we treated the problem is as follows: From quasi-static considerations 

we find that we only need to solve a magnetostatic problem which is a Laplace's 

equation in two dimensions, involving the vector magnetic potential A(x,y). An in

tegral equation for the current distribution inside the lossy conductors is formulated 

using this vector magnetic potential. This integral equation is solved numerically 

using the method of moments. Once the current distribution is found, the mag

netic energy stored in the system can be calculated. The elements of the p.u.l. 

inductance matrix are then calculated from straightforward energy considerations. 

Finally, the p.u.l. ohmic losses are found from the known current distributions 

in the conductors. These lead to the evaluation of the frequency-dependent p.u.l. 

resistance matrix for the MTL system under consideration. 
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CHAPTER 2 

FORMULATION OF THE INTEGRAL EQUATION 

In this chapter, we obtain an integral equation involving the current density 

inside the conductors. Using quasi-TEM assumptions we show that the problem 

reduces to a magnetostatic one, which is formulated in terms of the vector magnetic 

potential. The Green's functions are found separately for the basic two geometries 

considered-one with the presence of a finite lossy ground, and the other when all 

conductors axe above a perfect, infinite ground plane. 

2.1 Field Equations Under Quasi-TEM Approximation 

A detailed analysis of the quasi-TEM Modes in inhomogeneous multiconductor 

transmission lines was performed by Lindell [1], [3]. His analysis is based on an 

asymptotic power series expansion for the electromagnetic field quantities in terms 

of u>. 

E  =  _ E ( ° )  +  E w  +  # ( 2 )  H  ( -  E ^  

H  =  J J ( ° )  +  f f W  +  E W  +  •  •  •  +  B W  +  • • '  

(2.1) 

(2.2) 

where E ^ K \  H ^ K )  are the K t h  order fields and are given by 

J5(°) = e<°), £<*>=w*eW 

HW = hW, 

(2.3) 

(2.4) 

and e(K) are field vectors independent of frequency. The zeroth order field E^°\ 

j?(0) is called the static field and the combination of zeroth and first order fields 



is called the quasi-static field [4]. By considering the dependence of the propaga

tion and the attenuation factor, Lindell shows that the quasi-static field becomes 

quasi-TEM, meaning that the transverse magnetic and electric fields are of zeroth 

order while their longitudinal components axe of first order. This means that at 

low enough frequencies the fields are almost TEM. The quasi-TEM assumption 

is good for frequencies such that the corresponding wavelength A is much greater 

than the cross-sectional dimensions of the structure under consideration. The first 

important consequence of quasi-TEM mode of propagation is that the analysis of 

MTL systems can be done in terms of the matrices [L], [C], [R] and [G] and the 

following MTL equations 

^  = - ( [ « ] +  j u [ L \ ) I  

=-([g)+;u[C])K 

where [L\ is the p.u.l inductance matrix, [C] is the p.u.I capacitance matrix, [iZ] 

is the p.u.l resistance matrix representing the conductor losses and [G] is the p.u.l 

conductance matrix representing the dielectric losses. V and I are the voltage 

and current vectors respectively. The second important consequence of quasi-TEM 

mode of propagation is that to find [C] and [G] one only needs to solve an elec

trostatic problem, while to find [L] and [iZ] one needs to solve a magnetostatic 

problem. The latter one is the one that is solved here. 

The two structures we are considering in this work are shown in Figures 2.1 

and 2.2. In Figure 2.1, all conductors axe above a perfect ground which extends 

to infinity in the z and x directions. In Figure 2.2, the ground conductor is finite 

in the x-direction and lossy. All M conductors are parallel to the z-axis, extent 

to infinity in the z-direction which is the direction of the wave propagation and 

are surrounded by a medium with magnetic permeability no, that of free space. 



Figure 2.1 This diagram shows the first structure under consideration. All M 
lossy conductors have rectangular cross- sectional areas and extend to infinity in the 
z direction. The perfect ground plane extends to infinity in the x and z directions. 
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Figure 2.2 This diagram shows the second structure under consideration. In this 
case the ground conductor is finite in the x direction and lossy. 
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Furthermore, all conductors have a uniform, rectangular cross-sectional area and a 

finite conductivity (a). Therefore, the fields inside the conductors are not zero. We 

have field penetration which results in the so called skin effect. Our assumption is 

that only the transverse component of the magnetic field penetrates the conductor 

so that Hz = 0 inside the conductors. From Ampere's law, this gives rise to a 

longitutinal component of the electric field and therefore a current propagating 

in the z-direction as expected. We will now show how our problem reduces to a 

magnetostatic one. 

From the quasi-static assumption, the displacement currents are assumed to 

be negligible compared to conduction currents (a » we), which is well justified for 

good conductors (such as copper and aluminum), and for the frequency range we 

are considering (up to 30 GHz). Maxwell's equations inside the conductors then 

become 

V x £  =  — j w f i H  (2.5) 

V x H  =  o E  (2.6) 

V • D  = 0 (2.7) 

V • B  = 0 (2.8) 

2,2 The Magnetostatic Problem 

Defining the v e ctor ma g n etic potential A as B = V x A, equation (2.8) gives 

V • (V X A) = 0 (2.9) 

which is an identity for any vector field F .  However, equation (2.9) still holds if 

we set: F — A + V\& where V\P is the gradient of any scalar function which is 

at least once differentiable. In other words, V-[Vx(A + V$)] =0. Therefore, 
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there exist infinite solutions for A. For a special solution we require that V- A = 0. 

Since B = fiH and B = V x A, equation (2.6) can be rewritten as 

V x x = J or VxVxi = f iJ (2-1°) 

Using the vector identity: V x V x A = V (V • A) — V2A, and imposing the 

condition V • A = 0 for a special solution, we arrive at Poisson's equation for the 

vector magnetic potential 

= -fiJ (2.11). 

In the orthogonal x, y, z coordinate system, equation (2.11) reduces to the three 

scalar equations 

V 2 A x  =  - f i J x  (2.12a) 

V 2 A y  =  - f i J y  (2.126) 

V 2 A z  =  ~ n J z .  (2.12c) 

The solution to Poisson's equation[5] for a given current distribution in free space 

(where the Green's function is 4<r|p_f>|) is: 

^ = SI <213) 

where ¥* is the current source point and r is the point of observation, P, that is 

where the magnetic potential A is calculated, as shown in Figure 2.3. 

From (2.5) and with the help of the relations B  =  f i H  and B  = V x A ,  the 

electric field inside the conductors can be expressed as 

E  =  — j w A  —  (2.14) 
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P' (H. J(r ')  

r - r 

r / 
/ 

/ 
/ 
/ 

P(r),A(r) 
aa» 

• 

X 

Figure 2.3 Diagram used to derive the integral equation. The objective is to 
calculate the vector magnetic potential A(r) at the point P(f) due to the current 
source J(f') at point P'(f') 
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where $ is the scalar electric potential. The current density vector, J, is given by 

Ohm's law and with the help of (2.14) it can be expressed as 

J = o E  (2.15) 

or J = —jwoA — oV$ (2.16) 

Now, let us consider the M conductor transmission line system shown in Figure 2.1. 

Under the quasi-TEM approximation, the longitutinal component of the magnetic 

field (Hz), is assumed to be negligible compared to the transverse components. It 

then follows that the vector magnetic potential, A, and the current density vector, 

J, only have a z-component, Az and Jz respectively. Equation (2.16) then becomes 

d$ 
Jz{r) = -jwoA z(r) -  a~ (2.17) 

In what follows, the subscript z will be omitted and A or J will be used for their 

respective z-components. 

We shall now show that ^ is constant for the two dimensional case and we 

will then proceed to evaluate it. Let x, y, and z be the unit vectors in the x, y, 

and z directions respectively. Prom the vector identity V x V$ = 0, and since the 

partial derivatives of $ with respect to x and y are both zero (^ = ^ =0), the 

vector identity above becomes 

A A A \ x y z \  
5x 7S & =0 (218> 
o o ||y 

which reduces to 
.  d  ( d $ \  „  9  ( d $ \  n  l n  
xTyKa;)+ vai\-ai)= 0  ( 2 1 9 )  

which implies that does not vary with x or y. Therefore, ||isa constant over 

the xy-plane. We will next evaluate Of in terms of J2, and since we already have 
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expressed A(f) in terms of J, we will be able to transform equation (2.17) into an 

i n t e g r a l  e q u a t i o n  f o r  t h e  c u r r e n t  d e n s i t y  v e c t o r  J .  

Let us define Am  as the average magnetic potential over the cross-sectional 

axea of the mth conductor; i.e., 

=hSL A ds (2.20) 
s" 

Integrating both sides of equation (2.17) over the cross-sectional axea Sm  of each 

conductor, and keeping in mind that is a constant, we have 

f f  J ( r * )  d s  = — j w a  f  f  A { r )  d s  —  a ^ - S m .  (2.21) 
» •* Sm » 'Sm 

In (2.21), the quantity on the left is the total current flowing through the cross-

sectional area of the mth conductor. The first quantity on the right, if divided by 

Sm, becomes the average magnetic potential as defined above. Therefore, dividing 

both sides of equation (2.21) by Sm we find 

= -juaAm  -  o jr-,  (2.22) 
Sm  dz 

where Io m  is the total current flowing through the cross-sectional area Sm  of the 

mth conductor. Solving for a^,we have 

^ Iom . • J /0 0„\ - a —  =  —  h j u a A m .  (2.23) 
dz t>m 

From (2.23) and (2.17) we can then write 

J = -jwoA + ju>oAm  + (2.24) 
"m 

which must be satisfied by every conductor. Equation (2.24) can be expressed as an 

integral equation for J, if the expression for Am in terms of A as well as equation 
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(2.13) are used. Before this is done, let us first find the Green's function for the 

two structures under consideration. 

2.3 Green's Functions for the Integral Equation 

The expression for the vector magnetic potential in terms of a given current 

density distribution in free space is given by equation (2.13) which is repeated here. 

The conductors are uniform and infinite in the z-direction. Therefore, the 

field quantities are independent of z. Hence, the problem can be reduced to a 

two-dimensional one by carrying out the integration with respect to z in (2.13). 

Without loss of generality, the observation point is positioned on the plane z — 0 

(figure 2.3). 

We then have 

where x, y and z are the unit vectors along the x, y and z axes respectively. Hence, 

(2.13) 

/ A * $ A / A r = xx + yy + zz 

r = xx + yy + Oz (2.25a) 

( 2 . 2 5  b )  

r — r* = (x — x')x + (y — y')y — z 'z  (2.26) 

Equation (2.13) now takes the following form 

y/(x — x')2  + (y - j/')2 + (z')2 
. (2.28) 

(2.27) 
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In the integration with respect to z' ,  the quantity (x — x')2  + (y — y')2 can 

be considered as a constant. Furthermore, using the improper integral result, 

f™oo =  _ 2 l n  I®I* W e  C a n  r e w r i t e  (2*2 8) a s '  

A(x>y) =J j J{x\y')\nRdx'dy'  (2.29) 

where R = y/(x — x')2  + (y — y')2, or 

A(x,y) = -^JJ J(x' ,y ')G(x,y,x' ,y ')  dx'dy'  (2.30) 

where now G(x,y,x' ,y ')  = In [(x — x')2  + (y -- y')2] is the Green's function for an 

infinite line current source in free space. Next we will derive the Green's function for 

the structure of Figure 2.1, where an infinite ground plane conductor is present. 

For this purpose, the method of images[6] will be used. Consider the situation 

shown on the left in Figure 2.4, where the direction of flow of the current I\ in 

conductor S\ is into the paper. 

The method of images enables us, for analysis purposes, to construct the 

equivalent problem shown on the right in Figure 2.4. In other words, the ground 

plane can be removed, and a second identical conductor can be placed at a distance 

d below the ground plane, carrying a current of the same magnitude but of the 

opposite direction than I\. According to the method of images then, the two 

configurations are equivalent and produce the same fields in the region above the 

ground plane. 

The vector magnetic potential A(f) at point P, due to a source at point P' 

and in the presence of an infinite ground plane, can now be found with the help 

of Figure 2.5. In this figure, P'{r') is the source point, P"(f") is its mirror image, 

and P(F) is the point where A(r) will be evaluated. 
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P' (?') 

INFINITE 
GROUND PLANE 

P"(r") 

Figure 2.5 This diagram illustrates the use of the method of images. Point P'(f') 
is the source point.  P"{f") is  i ts  image with respect to the ground plane, and P(r) 
is a general point where the vector magnetic potential is calculated. 
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The total magnetic potential at a point with y>0, will be the sum of the 

magnetic potentials due to the two current sources. Therefore, we can write: 

A(f) = Ai{r) + A2(r), (2.31) 

where A\ is due to the source at P' and Ai is due to the source at P". Equation 

(2.13) then expands into: 

Vi Va 

Using the fact that J(r") = —J(f') we have 

x(f) = S III \T=h^' - Z III (2-33) 
We also have 

v> va 

r — r* = (x — x')x + (y — y')y — z'z 

r-f" = (x- x")x + {y- y")y -  z"z 

= (x — x')x + (y + y')y — z'z 

(2.34a) 

(2.346) 

Substituting (2.34a) and (2.34b) into (2.33) yields 

A{x
'
y) 

= T,IIix'iy'J[x''y,) 
dz' 

r 
J-oo \/{x — x' 

)2 + (y - y')2 + (z')2 

dz' 
(2.35) 

y/(x — x'Y + (y + y')2 + (z')2  

Carrying out the integration with respect to z', (2.35) reduces to 

A{x*y) = JJ J{x'*y')G{x,y,x',y') dx'dy' (2.36) 

where now 

r ( x  « ,a - in r(*-*')2 + (y-y')21 
G(x,y,X ,!/) - In [(l_ l()! + (y+ #^>J (2.37) 
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Substituting the expression for A(x,y) above into equation (2.24), we finally arrive 

at the pertinent integral equation for the current density. 

J{x,y) = 3U}°^° jjs J{x\y')G{x,y,x',y')dx'dy'+ ̂  

- JJs |Jjs J(x'>y')G{x,y7x,,y')dx'dy'̂ ds (2.38) 

The above equation is satisfied for every conductor. The Green's function G is 

the appropriate one for the given structure (with or without the presence of an 

infinite ground plane). Sm is the cross-sectional area of the mth conductor and 

St = where M is the total number of conductors. In the next chapter, 

equation (2.38) will be solved numerically using the method of moments to obtain 

the current density J(z, y). In chapter 4, it will be shown how the per unit length 

inductance and resistance matrices can be constructed once the current distribution 

is known. 
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CHAPTER 3 

NUMERICAL SOLUTION OF THE INTEGRAL EQUATION 

In this chapter, the integral equation is solved using the method of moments[7]. 

The conductors are discretized into rectangular elements and the current density 

is assumed to be constant over each element. The integral equation reduces down 

to a system of linear equations which can then be solved easily. 

3.1 Method of Moments 

Refer to Figure 3.1 below. The cross-sectional area of each conductor is dis

cretized into rectangular elements as shown. Let N,* be the number of elements 

in conductor i. The total number of elements, N, is then given by N=£2if:i -W»» 

where M is the number of conductors. The numbering of the elements is shown in 

Figure 3.1. The elements of the first conductor (Si) are numbered 1 through Ni, 

the elements of the second conductor are numbered Ni + 1 through N1+N2, and 

so on. Now let us expand J{x,y) in the following way: 

N 
= ^JnCn{x,y). (3.1) 

n=l 

where Cn(x, y) are chosen to be just unit pulse functions of magnitude 1 over the nth 

element and of magnitude zero over all other elements. Jn are the uknown constant 

coefficients which we are trying to find. In effect then, we are approximating 

the current density over each area element ASn by a constant value Jn. If a 

sufficiently large number of elements is used, the actual current density distribution 

will be approximated with enough accuracy to enable us to calculate the per-unit 

inductances and resistances later on. Inserting the expression for J(x, y) from 
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N! + N2 
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N 
Sm 

* • • N-1 N 

Figure 3.1 This diagram shows the discretization procedure. Si is divided into Ni 
equal elements numbered from one to Ni. S2 is divided into N2 elements numbered 
from Ni+1 to N1+N2 and so on. 
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equation (3.1) into equation (2.38) we get 

^ JnCn{x,y) - ^(Jn ffs Cn{x '>y')G(x>y>x '>y ')dx '
dy') 

L £ (IL c« (*'• *') G (*- = ~  
(3.2) 

Now let (x» , t/i) be the coordinates of the center of the area element A Si and let 

us force relationship (3.2) to be satisfied at all these (x,-, yt) points. The number 

of these points is of course N-the total number of elements in all conductors. We 

are left with N equations for the N uknowns Jn  

J* ~ Yl(Jn fJ G(x*' y»» x'>y')dx> dyi) 
n=l ^ J St J 

^ /s„ £ (J" ILr *• *'• wd») -'t: 
where Sm is the cross-sectional area of the conductor that contains the i t h  area 

element. To simplify equation (3.3) let Kin denote the following expression 

_ JUJO/J, 
•"•in — ff G(xi,yi,x',y') dx'dy'. (3.4) 

J Jas„ j j a s „  

With the help of (3.4) equation (3.3) can now be rewritten as 

N N 
Ji + f-JnKin - f Y. J"Kl . = Tp. (3.5) 

„=1 JS- „=1 

or 
N 

Ji + J2 ~ Y, 
n=l I 

* o m  

Sm' 
(3.6) 

Ln=l 

where the summation is taken over the elements of the m t h  conductor, whereas 

the summation J^n=i w taken over the total number of elements in all conductors. 
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If we define a quantity as 

( 
I x 
«•© (3.7) 

equation (3.6) becomes 

N N 
J i  +  J n K i n  ~  

n=l n=l 
J"Y. (3.8) 

For x = 1. equation (3.8) gives 

Ji + (JiKu + J2K12 + • • • + JNKin) 

-(J» £„ +J> E,2+• •• •+J
" £1W) = 

For t = 2. 
Ji + {J1K2I + J2K22 + • * • + JN^2N) 

~ (J* E1X 
+J* E12 + ''' + J« H1N) = 

and so on up to i  =  N .  These N equations can be put into matrix form as shown 

below 

Zu 

Z21 

Zmi 

Z12 

Z 2 2  

Zm2 

Zim 

Z2M 

Zmm Jm 

w M 

Bi 

B 2  

Bm 

w 

(3.9) 

The system to be solved is 

M • M - M- (3.10) 
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where the matrices Z, J and B  are shown above. [J] is an N  x 1 column matrix 

whose entries are the unknown current densities Jn. In (3.10) [J] consists of M 

column vectors [Jj] which contain the unknown current densities over the cross-

sectional area of the tth conductor as shown below 

• Jl • 
1 4* I 

[Jl] = 

-JNI • 

. [Jal = 

.JNI+N* . 

) [JM] = 

.JN. 

[B ] is another N  x 1 column matrix that consists of M  other column matrices 

B{. There corresponds one Bi matrix for each conductor. The entries of matrix 

Bi are all equal and are the average current densities in the ith conductor. The 

matrices Zmn in (3.9) are the "coupling" matrices which represent the "effect"— 

or "coupling"— of a current in the nth conductor with the current in the mth 

conductor. For example, Z\\ is 

Z\\ — 

1 + Kn — En 
K21 — En 
-K31 — En 

K12 — E12 
1 + -K22 — E12 

K32 — £12 

L  K N I 1 - X  11 KN I2 — £ 12 

K\Ni ~ ̂ 1 Ni 
K2N1 ~ Si Si 
K z f f i  ~  S i N i  

1 + — Si N l . 

(3.12) 

Ni is the number of area elements in conductor 1. Notice that all main diagonal 

elements of the Zmm matrices—which lie along the main diagonal of [Z]—have a 

plus one in them. The matrix [Z] has to be inverted. In order to avoid the inversion 

of a full complex matrix, we show how to reduce the problem into solving for the 

real and imaginary parts of Jn by only inverting one real matrix. 
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3.2 Solving for the Current Densities J n  

The quantities K{n defined in (3.4) are all imaginary. The quantities £mn 

a r e  s u m s  o f  f f t n  s o  t h e y  a r e  i m a g i n a r y  a l s o .  T h e r e f o r e ,  a l l  t h e  e l e m e n t s  o f  t h e  [ Z ]  

matrix axe imaginaxy except the main diagonal elements whose real part is one. 

Let us decompose [Z] into a real and imaginaxy part as follows 

[ Z ]  =  [ U \ + j [ Z I ]  (3.13) 

where [ U ]  is the identity matrix. Let us also decompose the column matrix [J] into 

a real and imaginary part 

[J] = M+il^]- (3-14) 

Using the above expressions for [Z]and [ J ]  into (3.10) we get 

[ / r ]  +  3  [ - J / ]  +  3  [ Z i \  [ / R ]  —  [ Z i \  [J/] = [B],. (3.15) 

Separating real and imaginary components we get 

[ J R ]  -  \ Z t \  [ J j \  =  [ B ]  (3.16a) 

[J/] + [ Z j \  [Jr] = 0 => [J/] = — \ Z { \  [JR]. (3.166) 

Substituting [J/] from (3.16b) into (3.16a) we get 

[Jul + [Zl? • [Jul = [B] or ([C7] + [Z,]2) • [J„] = [B]. (3.17) 

By inverting the matrix At/] + \ Z i ] 2 \  ,  [Jr] is found. Subsequently, using equation 

(3 .16b)  we  can  f ind  [ J / ] .  Therefore ,  the  de te rmina t ion  of  the  cur ren t  dens i t i es  J n  

is now complete. 
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3.3 Evaluation of the quantities Ki 

The quantities were defined earlier as 

K i n  = Jtoon 
47T 

// G{xi,y i lx',y') dx' dy'. 
J J as„ 

(3.4) 

Let I = jJAS G(xi,yi,x',y') dx' dy' where G(x»,yt-,x', y') are given by 

[(zt- — x')2  + (yt- — y')2] , for a finite ground conductor; 
G(x '  'v  

f in  
i ,yi ,x' ,y')  = s l n  

+ (y.+y')2 for an infinite ground plane. 

We can write integral I, as: I = Ii + I2,where 

11 = f f In [(xt- - x')2  + (yt -  y')2] dx'dy', (3.18) 
JJ*sn 

12 = f f In [(xt- - x')2  + (yt + y')2] dx'dy'. (3.19) 
J J ASn  

Now the integrals Ii and I2 are evaluated. The element areas A Si and A Sn  are 

shown in Figure 3.2. The points (x,-,yt) and (xn,yn) are the coordinates of the 

center of the area elements A Si and A Sn respectively. The width (IV) of A Sn is: 

W = 2AX and its height (H) is: H = 2AF as shown in Figure 3.2. 

Let us first evaluate Ii 
Vn+AV x„+AX 

Ii = J J -In [(xt - x')2  + (yi -  y')2] dx'dy'. (3.20) 

Vn—Ay x„—AX 

Let us make the following change of variables 

dx' — —dx X = Xi — x 

y = y% -  y 

Ii then becomes 

V&l 

X X \ CLJU GL2B \ 

.• — v' J dy' = —dy '  
=• dx dy = dxdy (3.21) 

Ii = Jj ln (x2 + y2) dxdy where 

Vi*i 

' x\ — Xi — xn — AX * 

x2 — xi — xn + AX 

y i  =  y i  - y n -  A Y  

.  V 2  =  V i  - y n  +  A Y  4  

(3.22) 
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Y A 
(Xn, Yn) 

( X j ,  Y j )  

X 

Figure 3.2 Diagram showing the area elements A Si and A Sn .  A Si is the source 
element whereas ASn is the element over which the integration for the calculation 
of Kin is carried out. 
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Integrating over x first, Ii becomes 
Va 

Ii = J dy [xln(x2 + y2) - 2x + 2y tan-1(x/y)]** 

Vi 

Va 

= I [x2 ln(x| + y2) - xi ln(x2 + y2) - 2x2 + 2xi 
if, (3-23) 

+ 2y tan-1(x2/y) — 2y tan-1(xx/y) dy 

= x2 [y ln(y2 + x2) -2y + 2x2 tan-1(y/x2)] 

- x x  [y ln(y2 + x2) -2y+ 2xi tan - 1 (y /xx)] j J~^  ,  

which gives 

I = x2 [y2 ln(y| + x\) - 2y2 + 2x2tan-1(y2/x2)] 

- xi [y2 ln(y2 + xf) - 2y2 + 2xxtan_1(y2/xx)] 

- x2 [yi ln(y2 + x2) - 2yi + 2x2 tan_1(yx/x2)] 

+ xi [yx ln(yj + x?) - 2yx + 2x1tan'"1(yx/a:1)] 

- 2(X2 - xi)(y2 - yi) + yf [tan-1(x2/y2) - tan-1(xx/y2)] 

- y\ [tan_1(x2/yi) - tan-1(xx/yx)] + x2(y2 - yx) - xx(y2 - yx) 

- x2 [tan-1(y2/x2) - tan-1(yx/x2)] + x2 [tan_1(y2/xx) - tan-1(yx/xx)] 
(3.24) 

Finally, after simplifying we get the following expression for Ix 

Ix = — 3(x2 — xx)(y2 — yx) 

+ x2y2 In (y2 + x\) + xxyx In (y? + xj) 

- xxy2 In (y| + x\) - x2yx In (y? + Xj) 

+ x2 [tan_1(y2/x2) - tan-1(yx/x2)] (3.25) 

+ x\ [tan_1(yx/xx) - tan-1(y2/xx)] 

+ y\ [tan-1(x2/y2) - tan_1(xx/y2)] 

+ y\ [tan_1(xx/yx) - tan-1(x2/yx)] . 
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Let us now evaluate l2 

h = 
11

7L>.Y ")"'x In [(x;- x') 2 + (y; + y') 2] dx'dy'. (3.26) 

Let us make the following change of variables 
I 

X=Xi-X} => 

Y = Yi + Y1 

dx' = -dx} 
=> dx'dy' = -dxdy 

dy' = dy 
(3.27) 

l2 then becomes 

Y..:X2 

l2 = j j In (x2 + y2
) dxdy where 

!13tl Ya = Yi + Yn - AY 
(3.28) 

Y4 = Yi + Yn + AY 

It is obvious that I2 looks just like It except that Yt is replaced by Ya and Y2 by 

Y4· Hence, 

I2 =- 3(x2 - Xt) (Y4- Ya) 

+ X2Y41n (y~ + x~) + XtYaln (y~ + x~) 

- XtY4 In (y~ + x~) - X2Yaln (y~ + x~) 

+ x~ [tan-t(Y4/x2)- tan-t(Ya/x2)] 

+ x~ [tan-t(Ya/xt)- tan-t(Y4/xt)] 

+ y~ [tan-t(x2/Y4)- tan-t(xt/Y4)] 

+ y~ [tan-t(xt/Ya)- tan-t(x2/Ya)] 

(3.29) 

A simplification of the above formulas results in the cases where Xi= Xn and 

Yi = Yn (When calculating the quantities Kii)· In that case, Xt =-AX, x2 =AX, 

Yt = - ll.Y and Y2 = ll.Y. Integrals It and l2 then take the following form 

It =4AX!l.Y [In ((AX) 2 + (AY) 2
) - 3] 

(3.30) 
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h  = - 12 AX A Y  + 2 AX (A Y  +  2yt) In [(AF + 2 yt)2 + (AX)2] 

+ 2AX (Ay - 2 t j i )  In [(AF - 2yt)2 + (AX)2] 

+ 2 (2Vi + Ay)2 tan-1 (2y,+*K) - 2 (2yi - AY)2 tan"1 [2y^AY) 

(3.31) 

Knowing Ii and I2, the quantities Kin can now be calculated from (3.32) 

Kin = (h - h) • (3.32) 

Matrices \ Z ] ,  [ Z j ]  and f[E^l +.[Z/]21 can now be formed and equations (3.16a) 

and (3.16b) can be solved for the current densities Jn by inverting the matrix 

[m + [z/i2] • 

\ 
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CHAPTER 4 

EVALUATION OF INDUCTANCE AND RESISTANCE MATRICES 

In this chapter, the elements of the per-unit-length inductance and resistance 

matrices are found from straightforward energy considerations and the known cur

rent distributions. 

4.1 Computation of the Per-Unit Length Inductances 

The time average magnetic energy in a steady-state situation is given by: 

Um = f J*-Ads (4.1) 
4 JsT 

where A is the vector magnetic potential and J is the current density vector. 

Let us define the following quantities: 

—The magnetic energy stored in the system when only the ith conductor is 

excited with a current t,(i) = Jt cos(w* + <£t) and all other conductors are left 

open. 

Um ^ —The magnetic energy stored in the system when only the Ith and jth conduc

tors are excited with currents »,(t) = J, cos(wt + <fo) and t'y(t) = I}- cos(u>t + <f>j) 

respectively, and all other conductors are left open. 

The magnetic energy can also be expressed in terms of the mutual and self 

inductances as: 

(4.2) 
» 

In the case where only the itfe conductor is excited, equation (4.2) reduces to: 

D&() = =s- A, = (4.3) 



37 

On the .other hand, in the case where the ith and ]th conductors are excited, equa

tion (4.2) becomes 

t rW> =  J  (Lijlilj + LuUU + LjiljU + Ljjljlj) 

= 2 Wi + 41"1' + 

= \L»hh + V™ + U£K (4.4)  

Solving for Lty we arrive at the following expression 

//W) _ M»0 _ jtOJ) 
Lij = 2-— ^ 51=-. (4.5) 

We have so far expressed the quantities Lty and La in terms of the magnetic 

energies Um \ The next step is to evaluate the quantities Um^ using equation 

(4.1). First, notice that the vector magnetic potential A has only a z-component. 

The same is true for the current density vector J. Dropping the z-subscripts, the 

vector magnetic potential is given by: 

Mx>
y) = Js J J (*'> y')G  (*> y> y')  d x >  d y '  (4-6)  

At the point (x», yt-), which is the center of the ith area element, the vector magnetic 

potential can be approximated by the following summation: 

N 
A (*,-, y<) = At- = -£- (4*7) 

n=l 

where I is the integral defined in section 3.3. From (4.7) and (4.1), an expression 

for Um is 

u'=ln=l J 

u-» = { £J< (£ J»I) } (4 8) 

or 



38 

4.2 Computation of the Per-Unit Length Resistances 

The time average power dissipation is given by 

Pav = ̂ Re [ J E* ds. (4.9) 
2 Js 

In addition, from Ohm's law, J = oE. Therefore, (4.9) becomes 

Pav = ^~Re [ J-Tds (4.10) 
2a Js 

or, 

P, a v  = hjs |J|2 (411) 

Since Pav = \R \ I |2, and using the fact that I can be written as: I = fe  J ds, 

Ra and Rji can be expressed in the following way in terms of the current densities 

and the conductivities of the conductors 

1 L \Ji\2  ds 
Ra = }' \ (4.12) 

(fs i
J 'ds) I2 

! L.\jj\2  ds 
Rji = —4* s— (4.13) 

I (/s< I2 

where Ra is the per-unit resistance of the Ith conductor due to a current in it, 

and Rji is the per-unit resistance of the j t f c  conductor due to a current in the i t h  

conductor. Expressions (4.12) and (4.13) are valid when the return path for the 

currents in all conductors is a perfect, infinite ground plane. In the case where the 

return path is a finite ground conductor with finite conductivity er0, the losses in 

the ground conductor have to be accounted for, and incorporated into Ra- The 

modified expressions are: 

Rii = — JSi |J<1 f +— jS" |Jgl f* (4.14) 
(fS iJids) P |  (f s .Jids) |2  

1 Is \J}\2 ds 
Ra = - ,1 x (4.15) 

°j I (/s. J»'ds) P 



where J g  is the current density in the finite ground conductor. 
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CHAPTER 5 

NUMERICAL RESULTS 

In this chapter, the frequency dependent behavior of the per-unit-length 

(p.u.l) inductance and resistance matrices is investigated. The simple cases of 

a single conductor and a coupled microstrip serve as examples. The current distri

bution in the finite lossy ground is also studied in both cases. Finally, the effects 

of a "rough" surface on the ohmic losses in a conductor at high frequencies is 

examined. 

5.1 Single conductor case 

In all of the following examples the conductor material used is aluminum (<7 = 

4 x 107siemens/m) and the magnetic permeability of the medium surrounding the 

conductors is HQ, that of free space. As a first example let us take the simple case 

of a single conductor above a perfect, infinite ground plane. The cross-sectional 

dimensions of the conductor are: W=15fim and t=5nm. The distance to the 

ground is d=15fim. The p.u.l resistance and inductance of the conductor as a 

function of frequency are shown in figures 5.1 and 5.4, respectively for frequencies 

up to 1GHz. The inductance reduces slightly at higher frequencies because the 

magnetic flux that penetrates the conductor decreases. The inductance variation 

with frequency is quite small. The low frequancy value of the p.u.l inductance 

is 0.415 /zH/m, while at 1 GHz it is 0.406 /zH/m, only a 2% change. Even at 

5 GHz the p.u.l inductance decreases by only 6% from its low frequency value. 

On the other hand, the p.u.l resistance at 1 GHz increases by more than 20% 

from its low frequency value of 333 Ohms/m. Even more dramatic is the increase 

at 5GHz where the p.u.l resistance more than doubles (100% change). These 
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Figure 5.1 The variation of the per-unit-length resistance (R) with frequency, for 
a single conductor above a perfect, infinite ground plane. 
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Figure 5.2 The variation of the per-unit-length resistance (R) with frequency, for 
a single conductor above a perfect, infinite ground plane. 
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Figure 5.3 Diagram showing the variation of R2 with frequency, for a single 
conductor above a perfect, infinite ground plane. 
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Per—Unit Inductance vs Frequency 
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Figure 5.4 The variation of the per-unit-length inductance (L) with frequency, 
for a single conductor above a perfect, infinite ground plane. 
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Current Distribution (at f=100MHz) 
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Figure 5.5 Diagram showing the current density distribution in the four vertical 
layers of a single conductor above a perfect, infinite ground plane at f=100 MHz. 
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Current Distribution (at f=400 MHz) 
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Figure 5.6 Diagram showing the current density distribution in the four vertical 
layers of a single conductor, above a perfect, infinite ground plane at f=400 MHz. 
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Figure 5.7 Diagram showing the current density distribution in the four vertical 
layers of a single conductor, above a perfect, infinite ground plane at f=l GHz. 



results are explained in terms of the skin effect. The thickness of the conductor 

is 5 fim. At 100 MHz the skin depth for aluminum is about 8 /zm resulting in a 

more or less uniform distribution of the current, while at 1 GHz the skin depth 

is about 2.5 fim and at 4 GHz it is 1.25 fim. Most of the current then at these 

high frequencies staxts to concentrate toward the surface of the conductor, thus 

reducing significantly the effective cross-sectional area through which the current 

is travelling. Since the p.u.l resistance is proportional to this effective area, it 

increases in a dramatic fashion at high frequencies. Figure 5.2 shows the variation 

of R for these high frequencies where the skin effect is well developed. In Figure 

5.3, R2 is plotted with frequency and the gragh resembles a straight line, thus 

showing that R is proportional to the square root of the frequency as expected. 

The current distribution inside the conductor is depicted in Figures 5.5 through 

5.7 at three different frequencies, namely 100 MHz, 400 MHz and 1 GHz. The 

conductor is divided into four layers vertically, and the variation along each layer 

is plotted. As already mentioned, one can verify that at 100 MHz the distribution 

is quite uniform in the x-direction for a given layer, as well as between the different 

layers. At higher frequencies, the current concentrates toward the surface of the 

conductor and also toward the bottom layers (the ones closer to the ground). 

Next, the effect of the distance d of the conductor above ground is studied. 

Figure 5.8 shows the p.u.l resistance as a function of d/W and Figure 5.9 shows 

the p.u.l inductance as a function of d/W at four different frequencies. The p.u.l 

resistance at a fixed frequency, remains almost constant when the distance d is 

varied, except when d approaches zero. When that happens, the behavior of 

the resistance depends a lot on the frequency. At 100 MHz, it approaches 335 

Ohms/m (almost no change), at 1GHz it approaches 450 Ohms/m and at 3 GHz 

it approaches 800 Ohms/m. At very high frequencies then, while it would be 
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Figure 5.8 Diagram showing the variation of the per-unit-length resistance (R) 
with d/W, at different frequencies, for a single conductor above a perfect, infinite 
ground plane. 
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Per—Unit Inductance vs d/W 
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Figure 5.9 Diagram showing the variation of the per-unit-length inductance (L) 
with d/W, at different frequencies, for a single conductor above a perfect, infinite 
ground plane. 



desirable to place the conductor as close to ground as possible to reduce the p.u.l 

inductance, one must be cautious of the sudden increase in R. As far as the p.u.l 

inductance variation with d/W is concerned, one observes from Figure 5.9 that it 

is a very strong function of d—it increases as d is increased—while it is almost 

insensitive to the frequency, a fact noticable also in Figure 5.4. 

Let us now consider the case of a single conductor above a finite lossy ground. 

The ground conductor is assumed to be made out of aluminum as well. We want 

to investigate the effect of varying the width Wfl of the ground conductor, on the 

p.u.l resistance and inductance. The results are plotted in Figures 5.10 through 

5.13. It is readily observed that both the p.u.l R and L decrease rapidly as the 

width of the ground conductor is increased. In the limit as Wff approaches infinity, 

R and L approach their values in the presence of an infinite ground plane. From 

Figures 5.10 and 5.11 one observes that for Wff/W < 7, R and L increase rapidly 

while for Wfl/W > 8, further reductions in R and L axe small. Therefore, a ground 

plane with W0/W > 10 behaves very much like an infinite ground plane. Another 

indication of this conclusion can be drawn from Figures 5.12 and 5.13 which show 

the current distribution in the finite ground conductor with as a parameter 

at f=100 MHz and f=l GHz respectively. For Wff/W > 6, most of the current 

in the ground concentrates directly underneath the microstrip conductor. Further 

increase in W0 does not alter the current distribution much, a fact that implies 

that the p.u.l R and L will not be affected dramatically with such an increase. 

5.2 Coupled Microstrip Configurations 

The coupled microstrip case of figure 5.14 with d\ = di = W = 15fim and 

t = 5fim is considered. In this configuration, the mutual inductances L12 and L21 

are identical while the self inductances Lu and L22 differ due to the positioning 
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Figure 5.10 This diagram shows the variation of the per-unit-length inductance 
as the width (Wff) of the finite ground conductor is changed, with frequency as a 
parameter. 
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as the width (Wc) of the finite ground conductor is changed, with frequency as a 
parameter. 
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Figure 5.12 This diagram shows the current density distribution in the finite 
ground conductor, for four different values of its width W^, at f = 100 MHz. 
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Figure 5.13 This diagram shows the current density distribution in the finite 
ground conductor, for three different values of its width Wp, at f = 1 GHz. 
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Figure 5.14 Diagram showing the p.u.l self-inductances (La, L22) and mutual 
inductance (L12), for the coupled microstrip structure as a function of frequency. 
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Figure 5.15 Diagram showing Ru and R22 for the coupled microstrip structure 
as a function of frequency. 
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of each conductor with respect to the ground. The results plotted in Figures 5.14 

through 5.16 look analogous to the ones obtained for the single conductor case. 

All p.u.l inductances seem almost invariant with frequency. The self inductances 

decrease slightly as f is increased. The presence of the second conductor does not 

seem to have any profound effect on the p.u.l self inductances (Ln and L22) or 

self resistances (Rn and R^)- The mutual resistances axe very small compared 

to the self resistances Ru and R-22- R12 and R2i increase with frequency but they 

still remain quite small (less than 30 Ohms/m at 1 GHz). 

Varying the separation d2 between the two conductors while keeping di the 

distance of the first conductor from ground fixed was the next study performed. 

Figures 5.17 and 5.18 show again the basic result that the p.u.l inductances are 

affected most by the distance above ground and least by the frequency, while for 

the p.u.l resistances the opposite is true. The mutual inductance L12 decreases as 

the separation d2 between the conductors is increased. The same happens to R12 

and R21 as expected. 

A second case of a coupled microstrip is examined next, namely, the symmetric 

microstrip configuration of Figure 5.19 with W = d = di = <£2 = 15/zm and 

t = 5(im, above a perfect infinite ground. Due to the symmetric placement of the 

conductors with respect to ground, we have : LU = L22, £12 = L21, R11 = R22 

and R12 = JR21 • Figures 5.19 and 5.20 show the results obtained. It can be 

seen that the mutual resistance and inductance between the two conductors (Rj2 

and L12) are smaller for this structure than for the one considered earlier. The 

current distribution in the ground conductor for the same structure but with a 

finite lossy ground is plotted in figures 5.21 and 5.22 for Wy = 195 /im indicating 

that again most of the power is contained directly underneath the conductors, 

which implies that after a certain point further increase in Wy will offer negligible 
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Figure 5.17 Diagram showing the p.u.l inductances Ln, Li2 and L22 as a function 
of d2/di, for the coupled microstrip structure at f = 1 GHz. 
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Figure 5.18 Diagram showing the p.u.l resistances Rn, Ri2, R21 and R22 as a 
function of d2/di, for the coupled microstrip structure at f = 1 GHz. 
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Figure 5.19 Diagram showing the p.u.l resistances Ru, Ria, R21 and R22 as a 
function of frequency, for the symmetric coupled microstrip structure. 
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Figure 5.21 The current density distribution in the finite ground conductor for 
the symmetric coupled microstrip structure at f = 100 MHz. 
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Figure 5.22 The current density distribution in the finite ground conductor for 
the symmetric coupled microstrip structure at f = 1 GHz. 
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Figure 5.23 The variation of the per-unit-length resistances with d/W, for the 
symmetric coupled microstrip, above a perfect, infinite ground plane at 1GHz. 
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Figure 5.24 The variation of the per-unit-length inductances with d/W, for the 
symmetric coupled microstrip, above a perfect, infinite ground plane at 1GHz. 
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Figure 5.25 Diagram comparing the per-unit-length resistance with frequency 
for a smooth conductor, with that for a rough conductor (W=4T=280/xm). 
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reductions in the p.u.l inductance and resistance elements. The thickness of the 

ground conductor was taken to be approximately one skin depth at the frequency 

of interest. Thus at 100MHz Wg = 7.5fj,m while at 1GHz W3 = 2.5fim. This 

explains why the current density is about 3 times higher at 1GHz than at 100MHz, 

since the cross-sectional area at 1GHz is 3 times less. 

Figures 5.23 and 5.24 show the effect of varying the separation d between the 

conductors. All p.u.l resistances as well as the mutual inductance decrease as the 

separation is increased. The decrease is more profound in R12 and L12. 

5.3 Conductor With Rough Surface 

A conductor with a rough surface was modeled as drawn in Figure 5.25. 

In this case T = 70fim, W = 4T = 280fim, d = 1.5fim, the thickness of the 

conductor was 6/im and the average distance from ground was 280fim. Figure 

5.25 shows two curves, one for the rough conductor, and one for a conductor with 

the same area but with a smooth surface. The average distance from ground was 

kept the same for both cases. The plot implies that at high frequencies the p.u.l 

resistance increases substantially for a rough conductor. In Figure 5.26 the degree 

of "roughness" (W/T) was varied and the normalized p.u.l resistance was plotted 

for two different frequencies. Ro is the value of R for the smooth conductor at each 

of the two frequencies. At 4 GHz, where the skin depth is approximately equal to 

the distance d, R increases as the roughness factor is increased, while at 250 MHz 

where d is only one fourth of the skin depth, the increase in R is extremely small. 

It appears then that the roughness plays an important role at high frequencies 

where the skin depth is comparable to the size of the discontinuities (d). It is 

worthwhile to mention here that if W/T is increased further, to the point that 

T is small compared to the skin depth, R stops increasing and the curve flattens 



out. This is not shown in Figure 5.26 because T is not small compared to the skin 

depth yet. The dimensions of the conductor in this last example were: t=6 fim, 

W=48 fj.m and the distance from ground was equal to W. 

Finally, a comparison of the results obtained from our work, with results ob

tained from the parameter calculator program developed earlier at the University 

of Arizona was performed. The parameter calculator program assumes perfect 

conductors, so only the inductance values were compared. A single conductor 

with square cross-sectional area was used, with W = t = d = 15fim. The value 

obtained from the parameter calculator program was L = 3.179 nh/cm, while our 

program gave a value of L=3.36 nh/cm at 4 GHz, a 5.7% difference. Since the 

parameter calculator program assumes perfect conductors, if the frequency used 

in our program is increased, the conductor will look more and more perfect-in 

the sense that the current will concentrate to the surface-and the value of the 

inductance obtained should converge to 3.179 nh/cm. 
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CHAPTER 6 

CONCLUSIONS AND FURTHER IMPROVEMENTS 

In this thesis, the problem of electromagnetic field penetration in the finite-

resistivity conductors of a uniform, multiple, coupled transmission line system 

was investigated. In particular, the effect of this field penetration on the per-unit-

length inductance and resistance matrices for such MTL systems was considered. 

Under the assumption of quasi-TEM mode of propagation, only a magnetostatic 

problem needed to be solved to determine the above matrices. Starting with 

Maxwell's equations, an integral equation for the current density inside the con

ductors was obtained. This equation was solved numerically using the method of 

moments. The cross-sectional areas of the conductors were discretized into rectan

gular elements, and the current density was approximated by a constant over each 

element. The problem then reduced to a linear system of equations which was 

solved for the current density. From these current densities and energy concepts, 

the p.u.l [R] and [L] matrices were calculated. A FORTRAN 77 program was 

written that performs the above calculation for two basic configurations, namely, 

for the case where the ground conductor is a perfect infinite gro • A plane and for 

the case where it is a finite lossy conductor. 

Several microstrip configurations where examined using the above program 

and the results were plotted in several figures. It was found that the p.u.l induc

tance is not affected as much by frequency as by the distance from the ground con

ductor or the neighboring conductors. All self inductances decrease slightly with 

frequency. The self inductance increases as the distance above ground increases, 

while the mutual inductances decrease as the distance between two conductors is 



increased. On the other hand, the p.u.l resistances are a strong function of fre

quency but are not affected much by the distance to ground. For frequencies at 

which the skin effect is well developed (thickness t > 45), R was seen to be propor

tional to the square root of the frequency as expected, while for lower frequencies 

such that the skin depth 6 is comparable to the thickness of the conductor the 

behavior of R is more complicated. The current density distribution in the finite 

ground conductor was studied for both the single conductor case, and the coupled 

microstrip. A conclusion that can be drawn for the case we studied, is that such 

a finite ground behaves much like an infinite ground if it extends on both sides by 

about four times the width of the conductor. 

As a last example, a "rough" conductor was studied and it was found that for 

skin depths comparable to the discontinuities of the surface, the p.u.l R increases 

more rapidly with frequency for this rough conductor compared to a smooth sur

face conductor. 

Further additions and improvements can be considered. For example, one 

might try to solve the integral equation in a more efficient way. Instead of ap

proximating the current density by a constant over each element, one could use 

exponential basis functions. Since the distribution of the current is exponential, 

such a method would reduce the total number of elements needed to approximate 

it and therefore the computational time would be reduced and the solutions would 

converge faster. Finally, a study of three dimensional structures and discontinu

ities of nonuniform lines is a very interesting area that needs attention. 
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