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ABSTRACT 

The residual flow procedure (RFP) is used in conjunction with finite element method 

for solution of steady state free surface seepage in dams containing open cracks. The 

cracks are simulated using the thin-layer element concept. A comprehensive parametric 

study is performed to analyze the applicability of the numerical procedure with the thin 

layer element. Here, vertically trending as well as horizontally trending open cracks are 

considered with variable lengths, widths, and conductivities. It is found that the numerical 

results involve oscillatory, unstable, and physically unreasonable behavior beyond critical 

values of the geometry and conductivities. Here, the vertically trending configurations are 

found to be relatively more sensitive than the horizontally trending configurations. 

Although additional research will be needed to analyze other factors such as different crack 

geometries, transient flow, and different ratios of crack conductivities to surrounding soil 

conductivities, the results presented here suggest that the procedure can be applied for 

seepage analysis in dams containing open cracks. 
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CHAPTER 1 

INTRODUCTION 

Numerical methods models to predict the behavior of earth-fill dams are important 

tools in analysis and design of the dams. This thesis uses the finite element method for 

analysis of seepage through an earth-fill dam. 

The purpose of the thesis is twofold; First, the flow through a dam that includes 

longitudinal cracks will be simulated by modifying a proven, existing model (Li and Desai, 

1983). Secondly, the concept of thin layer element modeling (Desai et. al., 1984) will be 

applied to flow through the porous. 

The investigation documented by this thesis is based on the case where a dam of 

constant geometry has a series of near vertical or near horizontal cracks placed srategically 

in the dam through which steady state flow occurs. The cracks vary in width, length, and 

conductivity. The stability of the thin element analysis will be examined by varying the 

conductivities of a series of thin elements with constant width. 

Wilson and Witherspoon (1970) conducted a study of seepage through porous rock 

foundation material beneath earth dams using finite element method but did not examine 

the flow which will occur in cracks within the dam. Neuman and Witherspoon (1970) 

examined free surface flow using variant mesh techniques that may not be effective for a 

situation where flow, such as the flow through a crack is approaching horizontal. Neuman 

(1973), Desai (1972, 1976), Desai and Shuman (1971), Desai and Li (1983), Bathe and 

Khoshgoftar (1979), Oden and Kikuchi (1980), Baiocchi et. al. (1973) are among the 

researchers who have examined the free surface flow problem over the entire domain 

involving saturated and unsaturated zones. 



11 

Data concerning the location of the free surface or quantity of flow through an earth 

dam or structure that contained cracks, along with the dimensions and orientations of 

cracks could not be located in research publications or case studies. 

The behavior of the thin element in geomechanics has been studied in detail by 

numerous researchers including Zaman (1985) and Desai et. al. (1984). Little information 

concerning thin element in flow analysis, and in particular, use of the thin element to 

model cracks in porous media could be located. 

Numerous case studies involving the failure of dams due to massive quantities of flow 

through a crack (such as the Grand Teton dam) exist, but the data in such studies is 

usually qualitative, rather than quantitative. If data describing the physical dimensions and 

orientation of the crack and the amount of flow through the crack is contained in a case 

study, the data is vague at best. Therefore, it is believed that this study presents a 

valuable attempt in characterizing flow through open cracks in earth dams. 

This thesis includes (1) the mathematical descriptions of the residual flow technique 

using the finite element method, (2) the determination of the conductivities parallel and 

normal to an open crack of specified width, (3) the conversion of these conductivities to 

the primary coordinate axes used in the model, and (4) the computation of the quantity of 

flow across any column or row of elements. The various analyses performed by the model 

including open crack analysis, determination of base conditions, thin element stability for 

isotropic conditions, and the thin element investigation are chronicled. The results of 

examination of base conditions, vertically trending crack geometries, horizontally trending 

crack geometries, and the thin element investigation are included in this thesis. 

Immediately following the results for any particular investigation is a brief conclusive 

paragraph. The conclusions are summarized in the final section of the thesis. 
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CHAPTER 2 

MATHEMATICAL DESCRIPTION 

The model used in this investigation was developed by Desai (1972, 1976) and Desai 

and Li (1983). The model uses the finite element numerical method to solve the Darcy 

equation of flow through porous media. In addition, the model can perform stress analysis 

of an earth dam, but the stress calculation capabilities of the model were not used during 

this investigation. The model was modified to determine the change in seepage through 

the dam when an open crack was introduced in the dam, and modifications to determine 

the quantity of seepage through the dam were also made to the computer code. 

2.1 Residual Flow Technique 

The analytical determination of the free surface of seepage in an earth dam is 

described in detail by Casagrande (1937). However, Casagrande's approach is best suited 

for analysis of steady state seepage through a dam with simple geometry that is isotropic 

and homogeneous with the downstream head located at the base of the dam. The finite 

element numerical analysis of the free surface is more flexible than Casagrande's graphical 

methods. Neuman and Witherspoon (1970) have developed a numerical model to simulate 

steady free seepage by using a variational finite clement approach. This approach works 

well for finding the free surface in non-uniform and anisotropic structures. In another 

model (Neuman, 1971), transient conditions, have been accounted for. Most traditional 

finite element methods for determining free surface seepage involve the use of a variable 

mesh below the free surface, as shown in Figure 2.1 (a). Here the nodes on the free 
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Variable 
Mesh 

(a )  

Invariant 
Mesh 

(b) 

Figure 2.1. Finite element meshes for (a) conventional finite element model, 
(b) residual flow model. (After Desai and Li, 19S3). 

surface are moved iteratively during the execution of the model. The Laplace equation for 

the domain below the free surface is solved first and then the flow domain is modified 

based on velocities at the free surface resulting from the variation of upstream and 

downstream head (for transient conditions). This conventional finite element method did 

not reliably model conditions where (1) the interface between layers having different 

conductivities approached horizontal, (2) irregular interfaces between layers were present, 

or (3) the analysis of the transient flow when the change in upstream and downstream 

heads is initially small or zero. 

The residual flow technique was developed to avoid some of the limitations of 

conventional finite element analysis. Figure 2.1 (b) shows the invariant mesh used in 

residual flow analysis. In the residual flow analysis, the entire Ham is the domain over 
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which the problem is solved, not just the area under the free surface. The location of the 

free surface is determined using a residual (correction) vector involving porosity and 

permeability characteristics. The domain of the dam consists of a saturated flow region 

and an unsaturated flow region. The conductivity of the saturated region is given, and the 

conductivity associated with the unsaturated region must also be known. When the 

minimum pressure head at which the saturated conductivity is known and the maximum 

pressure head at which the minimum conductivity is known, an idealized pressure 

permeability curve shown in Figure 2.2 can be adopted where the conductivities between 

the minimum and maximum conductivities are expressed as a linear function of the 

pressure head. The pressure head is the total head minus the elevation head. The 

conductivity of an element is a function of the average of the pressure heads of the four 

element nodes. Thus the determination of the conductivities of individual elements is a 

function of the head at the nodes that comprise the element. The residual flow method 

will generate the following element equation for steady flow: 

[Bp [R] [B] dO {q} - [Bf [f] [B] dO {q} - [N]^ {Q} dft = 
Jn* J#? Jo* 

|r/[Nir 
M" <2" 

where fl is the domain of the problem, r is the boundary of fl, ^ is the prescribed value 

of the normal derivative on boundary r2 (a subsection of T), Q is applied source/sink, N is 

the matrix of interpolation functions, B is the transformation matrix, q is the vector of 

nodal heads. The conductivity of the medium is given by 
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k * Coeff. of Perm. 

(ic/U, — . 
s ' -400 -300 -200 -100 0 100 200 

It) 

k * Coeff. of Perm. 

Pressure Head, cm 

-400 -300 -200 *100 0 191 200 

Figure 2.2. Pressure - permeability curves: (a) saturated - unsaturated flow, 
(b) idealized. (After Desai and Li, 1983). 

[Rs] = 

[Ru] = 

K, sx 
0 Kgy 

for saturated flow, and 

ux 
K, uy 

for unsaturated flow 

where Ku = Ks - f(p) 

rfi - [ fx(P) 0 1 
1J L 0 fy(p)J 

(22) 

(2.3) 

(2.4) 

(2.5) 

The values of Kjx and KSy are constants while the values of fx and fy vary with 

pressure as previously described. In equations 2.2 and 2.3, the off-diagonal terms are zero. 

This means that the diagonal terms are the principal conductivities; the principal 

conductivities are the maximum and minimum conductivities of the medium. 
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Equation 2.1 can be written in matrix form as 

[KS]C {q} = {QF + [Km]e {q} = {Q}e + {Qr}e (2.6) 

where 

Me-L1B,T 
[R] [B] d n 

M e - b B i T  
[f] [B] d n 

[Q)e = I [N]T {Q} d n + I [N]T me d r 
Jne Jr,e 

The element residual flow vector can be expressed as 

(Qr)e = [Kus]^ {Q} (2-7) 

The direct stiffness method can be used to assemble the element equations in the form 

[Ks] (r) = (R) + {Rr} on fl (2.8) 

where [Ks] is the saturated conductivity matrix, (r) is the nodal fluid head vector, {R} is 

the forcing function vector, and {Rr) is the residual flow vector. 

The model solves equation (2.8) iteratively. The initial computation is made for the 

case where the dam is fully saturated. The pressure heads for each element are averaged 

and the average value is used to obtain the permeability of the elements as illustrated in 

Figure 2.2. If the element's pressure head is negative, which indicates that the flow in the 

element is not in the saturated flow domain, the element along with all other "non-

saturated" elements form the residual flow vector. Equation 2.6 can be solved iteratively 
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p« 

p » o  

Figure 2.3. Location of the free surface in elements intersected by the surface. 
(After Desai and Li, 1983). 

with specified upstream and downstream heads as boundary conditions until the nodal fluid 

heads converge. 

Figure 2.3 illustrates the method used to locate the free surface. The pressure head 

will be greater than zero in the saturated flow domain, zero at the free surface, and less 

than zero in the unsaturated flow domain. The model interpolates between two 

consecutive nodes that have positive and negative pressure heads respectively to find the 

point on the nodal line where the pressure head is zero which represents the intersection of 

the free surface and the nodal line. 

2.2 Open Crack Simulation 

Fluid flow through an open crack can be modeled as fluid flow through parallel plates 

(Wilson and Witherspoon, 1970), Desai (1972), and Rouse (1946). The equation for fluid 
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flow through parallel stationary boundaries is given by 

_ d n m ! 2 f i V  ( 2 9 )  
dx b2 ) 

where is the driving force, in the direction of the parallel plates, V is the average 

fluid velocity in the direction of the driving force, b is the distance between the 

boundaries, and p is the dynamic viscosity of water. 

If equation 2.9a is rearranged, pressure is converted to head, and compared to Darcy's 

Law (equation 2.10). 

V = - ^ ( 2  9b) 
12/i dx 

Q = -K /A (2.10) 

where Q is the discharge over the area A, K is the conductivity and - i  is the driving 

force, or fluid gradient. Furthermore, if equation 2.9b is multiplied by unit area, the two 

equations can be seen to be analogous and 

K m - g *  a " )  

where Km is the conductivity parallel to the plates. 

When a crack in a porous medium is modeled as an open crack and the conductivity 

parallel to the crack is determined to be Km as given by equation 2.11, the conductivity 

ellipse shown in Figure 2.4 results. The conductivity normal to the crack is Kn and is 

assumed to be the conductivity of the porous media. The ellipse will have the equation 

v'2 x'2 
i - ' j r ' 1  ( 2 - 1 2 )  
K-m *-n 

where y1 is the direction parallel to the crack and x1 is the direction perpendicular to the 

crack. 
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Figure 2.5 illustrates the case where the crack is not parallel to the x or y axis. It is 

necessary to obtain the conductivities in the direction of the x and y axes to solve 

equation 2.8. The conversion is accomplished with the use of the following equations 

_J_ = cos^ + cos2(90-/9) (2 13) 

K2 ww-2 jw-2 

x *-n 

_1_ = cos2(90-fl) + cos2ft (2 14) 
Tr ^ J*- 2 rr 2 ft-y ivm 

where p is the angle between the y' axis of the crack and the x'axis, Kx and Ky are the 

conductivities in the x and y direction respectively. The conductivities Kx, Ky are 

inserted in equation 2.2. The process is repeated for the unsaturated region where 

= Km (p) (2.15) 

Kn = Kn (p) (2.16) 

When Kx and Ky are inserted in equations 2.2 and 2.5, the off-diagonals are still zero. 

It is implied that Kx and Ky are the principal (maximum/minimum) conductivities when 

Km and Kn are the actual principal conductivities. Kx and Ky are principal 

conductivities only when the longitudinal axis of the crack coincides with one of the 

coordinate axes. Because the model assumes that the coordinate axes coincide with the 

direction of principal conductivities (by use of equations 2.2 and 2.5), and error will be 

introduced when a crack is modeled that is not parallel to one of the coordinate axes. 

2.3 Quantity of Flow 

The volume of water that passes through a plane perpendicular to the x-y coordinate 

plane per unit time may be expressed as quantity of flow. The quantity of flow equations 

are arrived at in a straight forward manner. Starting with Darcy's law 

q = -K / (2.10) 

which can be rewritten for the ith element shown in Figure 2.6 as 
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y' 

Km 

Kn 

Figure 2.4. Conductivity ellipse of an open crack in porous media. 

Km, 

Figure 2.5. Conductivity ellipse for a crack that is not parallel 
to the x or y axes. 
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Figure 2.6. Computation of quantity of flow. 
(After Desai, 1979). 

ft)-[K] [B] {q} (2.17) 

where Vx is the horizontal component of velocity, Vy is the vertical component of 

velocity, [K] is the conductivity matrix, [B] is the transformation matrix, and {q} is the 

matrix of nodal heads or potentials. 

The velocity normal to the section A-A in Figure 2.6 is expressed as 

vn = Vx sin 6  -  V y  cos 6  (2.18) 

where 6 is the angle between the section and the horizontal plane. The quantity of flow 

Qf across section A-A for the j'th element will be 

Qf = AVn (2.19) 

where A is the cross sectional area of A-A. The quantity of flow for each sections 
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intersected by A-A can be found in an identical manner. The total quantity of flow across 

the section A-A will be the sum of the flow across each element 

where M is the number of elements intersected by A-A. 

It is important to remember that the terms in equation 2.13 will change from element 

to element. [B] is dependent on each element's geometry, [R] is a function of pressure 

head as illustrated in Figure 2.2, and {q} will be determined by the parameters of the 

problem. The velocity of flow at the midpoint of the element will be assumed to be the 

average velocity over the entire element. That means that the local coordinates of the 

element, s and t will be zero, and the transformation matrix will be relatively simple to 

compute. 

An error in the velocity and quantity of flow will be introduced for any element when 

the principal conductivities are not parallel to the coordinate axes. The conductivity of the 

medium, C, is defined by either equations 2.2 or 2.5. As discussed in section 2.2, it is 

erroneous to use equations 2.2 or 2.5 when the directions of the principal conductivities are 

not parallel to the coordinate axes. While the velocity and quantity of flow associated with 

any crack that is not parallel to the coordinate axes will be in error, the values will be 

useful for comparison of results of cracks with identical orientations. 

M 

(2.20) 
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CHAPTER 3 

ANALYSIS USING MODIFIED MODEL 

3.1 "Crack* Analysis 

Using the different theories described in section 2.0, the computer code for the 

residual flow procedure (RFP) (Li, 1981) was modified to provide simulation of a crack in 

the structure being modeled. Fortran code was written that allowed the user to introduce 

and identify "crack" elements. The modifications also provided for user-supplied 

conductivities parallel and normal to the longitudinal axis of the crack or the model would 

compute the conductivity along the longitudinal axis of the crack using equation 2.9 with 

user supplied width of crack (b). Further modifications in the computer code determined 

the conductivities parallel to the coordinate axes as described by equations 2.10-2.12 for 

the open crack element without further input from the user. Since a single crack may be 

modeled as a series of elements placed end to end, the transformed conductivities 

(conductivities in the direction of the coordinate axes) were computed for each element 

and averaged over all of the elements. The average conductivities were then assigned to 

each crack element. If a crack was not a linear feature or if more than one crack was 

modeled, each crack or series of elements along a straight line had to be input separately. 

Cracks that are linear but are not of constant conductivity or width must also be input as 

distinct entities. 

The modifications were placed in a subprogram, and the subprogram was executed 

independently to test the algorithm used to determine the transformed conductivities. The 

subprogram successfully determined the transformed conductivities for problems with 

simple geometry. The subprogram was then inserted into the main program. 
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3.1.1 Verification 1 

The modified model was tested with theoretical results based on the Hele-Shaw model 

as shown in Figure 3.1. The total head line was determined by the relationship 

12 u VL P i  "  P 2  =  — —  ( 3 - 1 )  

where Pj - p2 is the change in pressure, V is the velocity of flow through the crack, n is 

the dynamic viscosity of water, b is the width of the crack, and L is the length of the 

crack. The material surrounding the crack was assumed to be impermeable for the 

theoretical analysis. For the finite element analysis, the material surrounding the crack was 

assigned a conductivity value of 1.0x10"10 ft/day. The model was evaluated with three 

different values of crack width. Table 3.1 gives the theoretical and numerical results, and 

Figure 3.1 illustrates the total head lines for both theoretical and numerical computations 

when b = 0.0994 ft. 

3.1.2 Verification 2 

The Otter Brook Dam, New Hampshire provided the geometry of the dam that was 

investigated (Kulhawy, et. al. 1969). Table 3.2 lists the physical properties used in the 

investigation. Figure 3.2 illustrates the geometry of the model. Only the steady flow case 

was examined. For all computations, the upstream head was kept at an elevation of 111 

feet where the elevation of the x axis of the model is zero feet. The downstream head was 

held constant at an elevation of 35 feet which coincided with the top of the foundation 

and bottom of the chimney drain. Figure 3.2 shows a representative finite element mesh. 

The number of nodes used for all meshes was 164 with 136 elements. Because 

experimental or in situ data was not available concerning the pressure head-conductivity 

relationship, a number of different initial pressure heads, final pressure head and 

conductivity ratio combinations were used. It was found that the pressure heads associated 
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Table 3.1. Comparison of Theoretical and Numerical Results 
For a Simple Crack Model. 

L (ft.) 0 10 20 30 45 V (ft/day) 

Crack Width 
(ft) 

Total Head 
(ft) 

30.0 26.7 23.3 20.0 15.0 
30.0 26.5 23.1 19.9 15.0 

6.27xlOB 

2.8xl0"10 
0.00994 Theoretical 

Numerical 
30.0 26.7 23.3 20.0 15.0 
30.0 26.5 23.1 19.9 15.0 

6.27xlOB 

2.8xl0"10 

0.0994 Theoretical 
Numerical 

30.0 26.7 23.3 20.0 15.0 
30.0 26.5 23.1 19.8 15.0 

6.32xl07 

2.8xl0"10 

0.994 Theoretical 
Numerical 

30.0 26.7 23.3 20.0 15.0 
30.0 26.5 23.1 19.8 15.0 

6.32xl09 

2.8x10"" 
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Table 3.2. Physical Properties Used in Investigation 
of the Dam Model. 

Quantity 
Material 

Quantity 

Dam Foundation Drain 

Hydraulic conductivity (ft/day) 

Horizontal 

Vertical 

1.728xl0~3 

1.728xl0"3 

1.728xl0-3 

1.728xl0-3 

3.210 

3.210 

Specific storage (ft"1) 5.0xl0-8 5.0xl0-8 5.0xl0-6 

Ratio of unsaturated 
to saturated conductivity 0.01 0.01 0.01 

Pressure head range for 
non-constant conductivity (ft) 

Initial 

Final 

-3.3 

-9.0 

-3.3 

-9.0 

o
 
o
 

©
 

b
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with the saturated and unsaturated conductivities could vary greatly with little effect on 

the results. The values of the unsaturated to saturated conductivity ratios had a much 

greater bearing on the free surface of the model where thin layer elements (or thin 

elements) were not present. The values given in Table 3.2 resulted in satisfactory results 

though the controlling factor was the conductivity ratio, not the values of the pressure 

head. The thickness of the elements was specified as 200 ft. for all cases. 

Two basic crack geometries were studied. The first case was the case of a vertically 

trending crack that was varied as illustrated in Figure 3.3. Geometry VI was the case of a 

crack that extended from the crest of the dam to the foundation materials. Geometry V2 

had the crack following a path identical to geometry A and then extending vertically 

through the foundation materials. The material under the dam was considered to be a no 

flow boundary. The model was analyzed with cracks of widths b = 0.01 ft., b = 0.10 ft., 

and b = 1.0 ft. for each geometry. All cracks consisted of a single column of elements 

whose locations are illustrated by the dashed lines in Figure 3.3. The width of the crack 

elements corresponded to the width of the crack (b). 

The second basic crack geometry studied was the near horizontal crack illustrated in 

Figure 3.4. The crack had an identical orientation for all variations of this geometry with 

only the length and the width of the crack being varied. In geometry HI, the crack was 

completely within the boundary formed by the face of the dam and the chimney drain. In 

geometry H2, the crack was extended to intersect the face of the dam, and the H3 

geometry had the longest crack which intersected both the face of the dam and the 

chimney drain. Geometry H4 shows the crack intersecting the drain and extending only a 

short distance laterally towards the face, while geometry H5 is a relatively short crack that 

intersects neither the dam face or chimney drain. The model was analyzed with cracks of 

width b = 0.01 ft., b = 0.10 ft., and b = 1.0 ft. for geometries HI, H2, H3, and with 
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b = 1.0 ft. for geometries H4, H5. All cracks consisted of a single row of elements whose 

locations are shown by the dashed line in Figure 3.4. The width of the crack elements 

corresponded to the width of the crack. 

The location of the free surface for each combination of mesh geometry (vl, V2, HI, 

etc...) and crack width (0.01, 0.08, 0.10, etc...) was determined for base conditions where 

the conductivities of the crack elements were assigned the conductivities of the 

surrounding soil elements. In each case, the location of the base condition free surface was 

identical. 

Velocity and quantity of flow computations were performed for each geometry and 

width of crack in the following manner. The velocities were computed for the center of 

each of the elements in the bottom row of the mesh and the quantity of flow through the 

line running through the center of the elements was computed. A second set of velocities 

and quantity of flow was computed for each case. These consisted of the velocity at the 

center of the elements in the last column of elements and the corresponding flow. 

3.2 Stability of Thin Element Under Isotropic, Homogenous Conditions 

Because the elements representing the crack had very low aspect ratios (the length of 

the crack was orders of magnitude times the width of the crack) this investigation was well 

suited to a thin layer element (or thin element) investigation (see Desai et. al. 1984 and 

Zaman 1985). It was necessary to determine when the location of the free surface 

generated by the model was influenced by only the geometry of the thin elements and 

when the location of the free surface was influenced by a combination of thin element 

geometry and conductivity. A limiting thin element aspect ratio was found below which 

the deviation of the free surface can be attributed to the thin element geometry and not 

necessarily to the conductivities assigned to the thin element. Initially the width of a 
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column of elements whose location was similar to geometry V2 in Figure 3.3 was 

systematically reduced. The conductivities of the column were isotropic and identical to 

the conductivities of the surrounding elements. The free surface calculated by the model 

remained relatively constant with the decrease in element width until the aspect ratio was 

decreased below 2.4x10~5. The formula used to calculate the aspect ratio is 

Aspect ratio = £ (3.2) 

where b is the width perpendicular to the long side of the element and L is the length of 

the long side of the element. For any column or row of low aspect (thin) elements, the 

element which was completely saturated and had the smallest aspect ratio governed the 

flow for the modeling event. The free surface began to deviate slightly from previous 

locations when b/L was reduced to below 2.4xl0"6. The results established that the aspect 

ratio of an element had little effect on the performance of the model (for the isotropic, 

homogenous case) until the ratio approached 2.4xl0~s. The aspect ratio of the thin 

elements were not allowed to be less than the limiting value (2.4xI0~B) for any 

investigation presented in this thesis. 

3.3 Thin Element Investigation 

The thin element investigation involved assigning increasing conductivities to a series 

of thin elements with constant width. The free surface generated by each increase in thin 

element conductivities (while the conductivities of all other elements were constant) was 

examined for oscillation and/or a physically unreasonable location. Initially, the 

conductivities of the thin elements in the directions of the x and y axes were determined 

for an open crack that had an orientation identical to the thin elements and a width 

identical to the thin elements. The conductivities were multiplied by the factor 
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10M (3.3) 

where M is the order of magnitude, and the model was executed. The conductivities were 

then increased by an order of magnitude for the thin elements and the model was run 

again. 

Geometries VI, V2, H3, and thin element widths 0.01 ft., 0.10 ft., 1.0 ft. were used in 

the thin element investigation. For the vertically trending geometries used in the thin 

element study, the conductivities of the thin elements were initially specified as the 

conductivities generated by the model for the vertical portion of the open crack of width 

equivalent to the thin elements in geometry V2 (for the thin element study, all of the crack 

elements in geometry V2 were specified as the same material). The next step involved 

multiplying the conductivities in the direction of the coordinates of the non-vertical open 

crack of width equivalent to the thin elements (identical values for both VI and V2) by a 

factor of 105. The model was run with the increased conductivities, the results were 

examined, the order of the magnitude of the factor was changed and the process was 

repeated until reasonable results were obtained. 

For the horizontally trending thin elements with geometry H3, the study followed 

closely the case where the thin elements were vertically trending. The conductivities in the 

direction of the coordinate axes generated by the model for the open crack of width 

equivalent to the thin elements were multiplied by a factor having a specific order of 

magnitude. The model was executed with the increased values, the results were examined, 

the conductivities were adjusted, the process was continued until a conclusive trend could 

be observed. 
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CHAPTER 4 

RESULTS AND DISCUSSION 

4.1 Base Conditions 

Figure 4.1 shows the location of the free surface for the condition where no cracks are 

present in the dam. This can be defined as the base condition. All geometry and crack 

width combinations were first examined with the open cracks assigned the conductivities of 

the surrounding "soil" elements. In each case, the location of the free surface was virtually 

identical. Therefore, a base condition, or standard was established against which all other 

computations could be compared. 

Table 4.1 shows the quantity of flow totals from each geometry - crack width 

combination used to determine the base condition. Figure 3.2 shows the location of the 

elements through which flow was computed. The quantity of flow is given for both the 

flow through a horizontally trending plane contained in the bottom row of elements in the 

mesh and the flow through a vertically trending plane contained in the last column of 

elements in the mesh. It would appear that it is not possible to establish flow base 

conditions that are identical independent of mesh geometry. The quantity of flow through 

the downstream face of a dam and through the foundation of the dam will be constant 

values. When the dam is modeled using finite element techniques, the flows through the 

downstream face of the dam and the flow through the foundation of the dam should be 

independent of the geometry of the mesh used to model the dam as long as the mesh 

accurately depicts the location of the physical features of the dam and the material 

properties of the dam are correctly input. Obviously the contents of Table 4.1 are 

indicative that the quantity of flow through the dam is not independent of the geometry of 
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Table 4.1. Flow Computed For Base Conditions. 

Quantity of Flow Through: 
(Cubic feet per day) 

Geometry 
Width of 

Crack Elements 
(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

Vertical 0.01 68.39 0.02 

0.08 68.42 0.01 

0.10 68.41 0.01 

0.12 68.41 0.01 

1.0 68.41 0.01 

Horizontal 0.01 0.87 0.01 

0.10 1.04 0.01 

1.0 0.82 0.01 
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the mesh used in the finite element computations. The values for the vertical flow are 

similar to what would be expected because the bottom model line of the,mesh is a no 

flow boundary. However, the values of the flow exiting the downstream face of the dam 

vary by an order of magnitude between horizontal crack geometries and vertical crack 

geometries. One reason for the difference may be that the meshes are not exactly 

identical. For horizontally trending crack geometry, the elevations of the nodes 

representing the bottom of the horizontal portion of the chimney drain had to be lowered 

from 35 ft. to 34.6 ft. to obtain reasonable results. 

In conclusion, using the mathematical theories previously described to model seepage, a 

base condition for the location of the free surface has been established. A base condition 

for quantity of flow through the bottom row of elements can be established in the range of 

0.2 cfd (cubic feet per day) independent of crack width and geometry. However, a base 

condition for the quantity of flow exiting the downstream face of the dam cannot be 

established independent of the mesh geometry and crack width. For a vertically oriented 

crack, the quantity of flow was found to be in the vicinity of 68.4 cubic feet per day 

(cfd). For a horizontally oriented crack, the quantity of flow ranges between 1.04 and 

0.82 cfd. As a final note, it is interesting to mention that Li did not document any 

quantity of flow computations when he developed the model. 

4.2 Vertically Trending Cracks 

4.2.1 Geometry VI 

The location of the free surface for crack geometry VI when crack widths are 

0.01 ft., 0.08 ft., 0.10 ft., 0.12 ft. and 1.0 ft. are shown in Figure 4.2. The location of the 

free surface is identical for each crack width and identical to the location of the base free 

surface previously established. The free surface lines are identical because the horizontal 
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and vertical conductivities of the crack are the same regardless of the crack width. This 

phenomenon is easily explained. The conductivity parallel to the crack is determined by 

equation 2.9 and the conductivity normal to the crack is the conductivity of the 

surrounding material. The resulting conductivity ellipse is shown in Figures 2.4 and 2.5. 

As the crack is rotated away from a direction parallel to the coordinate axes used in the 

model, the values for Kx and Ky as determined by equations 2.11 and 2.12, will change. 

Consider the case of the crack being modeled in this study. The value of the conductivity 

parallel to the crack is many orders of magnitude greater than the conductivity normal to 

the crack. The ellipse representing the crack conductivity is very long and narrow and 

would appear as a "thick" line if plotted to scale. The value of Ky will be equal to Km 

when the crack is oriented vertically. As the crack is rotated in the x-y plane, the value 

of Ky decreases rapidly to a minimum when the angle of rotation equals 45°. After that 

point, the value of Kx increases until Kx equals Km when the crack is oriented 

horizontally. From the preceding qualitative discussion, it can be deduced that the 

conductivity normal to the crack (Kn) is the controlling factor for determining Kx and Ky 

as the angle of rotation of the crack approaches 45°. This deduction is proved 

quantitatively by the results of the study. 

Table 4.2 lists the quantity of flow computed by the model for geometry VI with 

crack widths b = 0.01, 0.08, 0.10, 0.12, 1.0 ft. The quantity of flow through the bottom 

row of elements is small and nearly constant as expected. However, it might be expected 

that the quantity of flow through the last column of elements would increase as the crack 

width increases. However, because the orientation of the crack is near 45° from the 

vertical, the conductivities of the crack are dependent on the conductivity normal to the 

crack which is constant, and the presence of the crack does not effectively change the 

quantity of the flow through the dam. 



Table 4.2. Flow Computed For Geometry VI 
With b = 0.01, 0.08, 0.10, 0.12, 1.0 ft. 

Quantity of Flow Through: 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 
(Figure 3.2) 

Bottom Row 
of Elements 
(Figure3.2) 

0.01 68.41 0.02 

0.08 68.41 0.01 

0.10 68.41 0.01 

0.12 68.40 0.01 

1.0 68.77 0.01 
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In conclusion, the location of the free surface and the quantity of flow through the 

dam do not change with crack width for the range of crack widths investigated given the 

crack orientation in geometry VI. 

4.2.2 Geometry V2 

The location of the free surface for crack geometry V2 when crack widths are 

0.01 ft., 0.08 ft., and 1.0 ft. are shown in Figure 4.3. Cases where crack widths were 0.10 

ft. and 0.12 ft. were also submitted but the model did not execute for those two widths. 

The message "terminated due to errors" was returned. It is interesting to note that the 

model successfully executed the same problems with identical meshes and different 

elements specified as crack elements two times for both b = 0.10 ft. and b = 0.12 ft. The 

plot of the free surface when the crack width was 0.01 ft. closely follows the base free 

surface. For cracks of width 0.08 ft. and 1.0 ft., the location of the free surface deviates 

greatly from the base free surface. The input for geometry V2 is identical to the geometry 

of VI with the exception of the specification of the element that makes up the vertical 

portion of the crack in geometry V2 as a non-crack element in geometry VI. Yet the 

results from geometry V2 vary greatly from geometry VI results. The difference must be 

attributed to the additional crack element, and in particular, the vertical orientation of that 

crack element. While the crack elements that are not trending exactly vertical have 

relatively low conductivities that are a function of the conductivity normal to the crack, 

the crack element that is exactly vertical has a very large Ky value that is equal to the 

conductivity parallel to the crack. The resistance to flow in the y direction in the vertical 

crack element is very low. Thus the vertical flow through the vertical crack approaches 

laminar flow in a pipe. An interesting question arises from this analogy. If a great 

quantity of flow is being directed through the vertical crack element, where does the water 

exit the crack? The vertical crack element terminates on the x axis which is a no flow 
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boundary. Unfortunately, Figure 4.3 does not help answer the question. 

Table 4.3 summarizes the quantity of flow computed for geometry V2 with varying 

crack widths. The quantity of flow passing through the last column of elements for a 

crack width of 0.01 ft. does not vary a great deal from the base conditions. 

However, the quantity of flow computations for the other widths vary greatly from the 

base conditions. For the case where the crack width is 0.08 ft., the quantity of flow 

exiting the downstream face of the dam is greatly reduced from the quantity of flow 

determined by base conditions and geometry VI. A closer examination of the flow 

through the element that comprises the vertical portion of the crack shows that 864 cfd are 

flowing through that element. The flow through that element is moving in the negative y 

direction as expected, and in the negative x direction. That is, the flow through the 

bottom row of elements is moving downstream until the flow reaches the crack element, 

and then the flow moves upstream in the remaining elements. The vertical portion of the 

crack is acting like a sink. Examination of the velocities in the bottom row of elements 

for the case of crack width being 1.0 ft. also reveals that the vertical crack element 

behaving as a sink. The quantity of flow through the vertical crack element of width 

1.0 ft. is 2050 cfd in the negative y direction. 

In conclusion, the model is not able to adequately compute seepage for the case of a 

vertical crack (i.e., an element that has a very high vertical conductivity and a relatively 

low horizontal conductivity). For two of the crack widths, the model would not execute 

successfully and for two of the crack widths, the vertical crack elements act as sinks. 



Table 4.3. Flow Computed For Geometry V2 
With b = 0.01, 0.08, 1.0 ft. 

Quantity of Flow Through: 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

0.01 71.41 0.56 

0.08 0.38 869.79 

1.0 -9.17 -2043 



V7 

4.3 Horizontally Trending Cracks 

4.3.1 Geometry HI 

Figure 4.4 shows the location of the free surface for geometry HI when crack widths 

are 0.01, 0.10, and 1.0 ft. The free surface for crack width 0.01 ft. closely parallels the 

base condition. According to this model, a crack with the given orientation having a width 

of 0.01 ft. has very little effect on the free surface. The same statement can be made 

when the crack width is 0.10 ft. because the free surface closely parallels the base 

condition. However, when the crack width is 1.0 ft., the free surface deviates quite 

substantially from the base condition. When the crack width is 1.0 ft., and to some extent 

0.10 ft., the slope of the free surface is flatter than when no crack is present. Therefore 

the gradient of the head (or driving force) is less and there is less head loss for the flow in 

the vicinity of the crack because of the low resistance to flow in the crack. 

Table 4.4 details the quantity of flow for geometry HI with crack widths 0.01 ft., 

0.10 ft., and 1.0 ft. The total quantity of flow through the bottom row of elements is 

small and compares closely to the results obtained from the base conditions. The quantity 

of flow through the last column of elements shows the flow increasing as the width of the 

crack increases. The flows exiting the downstream face of the dam are all greater than the 

corresponding flow under base conditions. The trend of the flows to increase with 

increasing crack width reinforces the hypothesis generated from examination of the plot of 

the free surfaces, the flow is increasing due to a decrease of resistance to flow inside the 

dam. 

In conclusion, the model is computing the flow through the dam and the location of 

the free surface in an entirely reasonable manner. 
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Table 4.4. Flow Computed For Geometry HI 
With b = 0.01, 0.10, 1.0 ft. 

Quantity of Flow Through: 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

0.01 1.30 0.01 

0.10 3.96 0.01 

1.0 22.46 0.02 
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4.3.2 Geometry H2 

Figure 4.5 shows the location of the free surface for geometry H2 with b = 0.01 ft., 

0.10 ft., and 1.0 ft. Paralleling the results obtained with geometry HI, the free surface 

flattens and occurs at a higher elevation as the width of the crack increases. Again this 

indicates that the head loss in the vicinity of the crack is less than the loss would be if no 

crack was present. The free surface changes slope in the same location as the change in 

slope occurred with geometry HI. It can be postulated that the free surface should flatten 

farther upstream as the crack (and thus the area of reduced loss) advances upstream. 

However, the extension of the crack from geometry HI to geometry H2 occurs in an area 

that is not below the free surface line. The crack is extended in the area of the upstream 

toe of the dam below the saturated face of the dam. 

Table 4.5 details the quantity of flow for geometry H2 with crack widths 0.01 ft., 

0.10 ft. and 1.0 ft. Again, the trend initially observed with geometry HI is paralleled. 

The quantity of flow exiting the downstream face of the dam increases as the width of 

the crack increases while the quantity of flow through the bottom row of elements remains 

essentially constant. The flow for each crack width is greater than the flow during base 

conditions when no crack is present. Comparison of flow between geometries HI and H2 

for cracks with the same width shows that the quantity of flow is greater for geometry H2. 

This increase in flow can be attributed to the additional length of crack in geometry H2 

and the resulting increase in the area of reduced resistance to flow in the dam. 

In conclusion, the increased length of the crack in geometry H2 does not change the 

location of the free surface when compared to the case of a shorter crack as depicted by 

geometry HI because the additional length occurs in the toe of the dam where no free 

surface is present. As the length of the crack increases, the quantity of flow through the 

dam increases. 
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Table 4.5. Flow Computed For Geometry H2 
With b = 0.01, 0.10, 1.0 ft. 

Quantity of Flow Through: 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

0.01 1.50 0.01 

0.10 4.65 0.01 

1.0 22.70 0.02 
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4.3.3 Geometry H3 

Figure 4.6 shows the location of the free surface for geometry H3 with b = 0.01 ft., 

0.10 ft., and 1.0 ft. The crack has been extended to intersect both the upstream face of 

the dam and the chimney drain. The location of the free surface for a width of 0.01 ft. 

does not follow the trend shown by the two earlier horizontal geometries. Rather than 

closely paralleling the free surface generated during base conditions, the free surface is 

generally below and has a steeper slope than base conditions. A possible explanation for 

this occurrence may be that the crack can be described as a near horizontal extension of 

the chimney drain. If the drain was extended horizontally towards the upstream face of 

the dam, the free surface would intersect the drain farther upstream. When the crack 

width is 0.10 ft., the free surface closely parallels the free surface found under base 

conditions, though the free surface is lower and has a steeper slope than either the base 

condition of the free surfaces of geometries HI and H2 with crack widths of 0.10 ft. 

Again, the analogy of the horizontal extension of the drain may be used to explain the 

results of the free surface computation. While this analogy may be somewhat useful in 

describing the free surface generated with crack widths of 0.01 ft. and 0.10 ft., the analogy 

certainly does not hold when the width of the crack increases to 1.0 ft. The location of 

the free surface for a crack width of 1.0 ft. is virtually identical to the location of the free 

surface generated by cracks with corresponding widths for geometries HI and H2. 

Table 4.6 details the quantity of flow for geometry H3 with crack widths of 0.01 ft., 

0.10 ft., and 1.0 ft. The quantity of flow through the bottom row of elements for crack 

width 0.01 ft. is similar to the flow generated under base conditions. However, the 

quantity of flow through the last column of elements is negative indicating that the flow is 

entering instead of exiting at the downstream face of the dam. Therefore, the crack must 

be acting as a sink. Given the available data, it is not possible to say what combination of 
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Table 4.6. Flow Computed For Geometry H3 
With b = 0.01, 0.10, 1.0 ft. 

Quantity of Flow Through; 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

0.01 -0.43 0.01 

0.10 5.17 0.01 

1.0 24.85 0.01 
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crack length, width, and orientation (the crack has a small positive slope in geometry H3) 

causes the model to treat the crack as a sink. Examination of the flows for widths 0.10 ft. 

and 1.0 ft. shows that the trend established with geometries HI and H2 of the flow to 

increase when the zone of reduced flow resistance is increased with geometry H3. The 

quantity of flow through the last column of elements for widths 0.10 ft. and 1.0 ft. is 

greater than the flows generated by equivalent widths for geometry H2. 

In conclusion, an extended drain analogy may effectively describe the location of the 

free surface for geometry H3 with widths of 0.01 ft. and 0.10 ft. but the location of the 

free surface when crack width is 1.0 ft. is similar to the location of the free surface in 

geometries HI and H2 with crack widths of 1.0 ft. The quantity of flow through the dam 

when crack width is 0.01 ft. indicates that the crack is acting as a sink, while the flows for 

widths 0.10 ft. and 1.0 ft. follow the trend of increasing flows with increasing areal extent 

of the crack established with geometries HI and H2. 

4.3.4 Geometry H4 

Figure 4.7 shows the location of the free surface for geometry H4 for crack width of 

1.0 ft. The location of the free surface is lower and the slope of the surface is lower than 

the free surface generated under base conditions. The crack is functioning as a horizontal 

extension of the drain thus steepening the slope of the free surface. Unlike geometries 

HI, H2, and H3 there is no zone of reduced resistance to flow in the dam to offset the 

effect of the intersection of the free surface with the crack (extension of drain analogy) in 

geometry H4. 

Table 4.7 details the quantity of flow for geometry H4 with crack width 1.0 ft. The 

flow through the bottom row of elements is similar to the flow obtained from base 

conditions. The value for the flow through the last column of elements indicates that the 

water is flowing towards the upstream face of the dam. Therefore the crack must be 
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acting as a sink. 

In conclusion, the behavior of the model with geometry H4 and crack width of 1.0 ft. 

resembles the behavior of the model with geometry H3 and crack width 0.01 ft. In both 

instances there was a very small, if any, zone of decreased resistance to flow inside the 

dam, and the free surface intersected the crack which had a small positive slope. 

Table 4.7. Flow Computed For Geometry H4 
With b = 1.0 ft. 

Quantity of Flow Through: 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

1.0 -1.43 0.01 

4.3.5 Geometry HS 

Figure 4.8 shows the location of the free surface for geometry H5 with crack width 

1.0 ft. The free surface is slightly above and has slightly flatter slope than the free surface 

generated under base conditions. This result is similar to the results obtained with 

geometries HI and H2 which also showed that the free surface increased in elevation and 

had a flatter slope when a zone of decreased resistance to flow existed in the dam. 



150 

CRACK WIDTH (b) 
BASE 

— -1.00 

CHIMNEY DRAIN 

200 250 450 500 
(FEET) 

Figure 4.8. Free surface location for open crack geometry H5 with b = 1.0 ft. 
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Table 4.8 details the quantity of flow for geometry H5 with crack width 1.0 ft. The 

flow through the bottom row of elements is similar to the flow obtained from the 

appropriate base conditions. The quantity of flow through the last column of elements is 

greater than the corresponding flow for base conditions and the flow is less than the 

corresponding flow from geometry HI with crack width 1.0 ft. (crack length in geometry 

HI is greater than crack length in geometry H5). 

Table 4.8. Flow Computed For Geometry HS 
With b = 1.0 ft. 

Quantity of Flow Through: 
(Cubic feet per day) 

Width of 
Crack Elements 

(feet) 

Last Column 
of Elements 

Bottom Row 
of Elements 

1.0 4.12 0.01 

In conclusion, the results from geometry HS follow the trend established by other 

geometries where the free surface did not intersect the crack. The free surface was above 

the base condition free surface and the quantity of flow through the last column of 

elements was greater than base condition flow but less than the flow produced by a similar 

but longer crack. 
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4.4 Thin Element Investigation 

In the thin element investigation base conditions is redefined as the conditions 

resulting from the modeling of an open crack having an orientation and width identical to 

the thin elements. 

4.4.1 Geometry VI 

Figure 4.9 shows the results of the thin element investigation with geometry VI and 

thin element width 0.01 ft. The vertical and horizontal conductivities generated by the 

model for a crack having the orientation represented by Geometry VI and a width of 0.01 

ft. was multiplied by factors that are power functions of base ten. When the order of 

magnitude was three, the free surface deviates slightly from the free surface obtained 

under base conditions. The free surface becomes steeper immediately before the column 

of thin elements and the free surface slope flattens out after the column of thin elements. 

When the order of magnitude is increased to four, the free surface is located considerably 

lower than the free surface generated with base conditions. Again the free surface is 

steeper in the area upstream of the thin elements and the slope of the free surface 

decreases downstream of the thin elements compared to the free surface found using base 

conditions. The thin elements can be said to be behaving in a manner analogous to a 

vertical (or chimney) drain. Immediately before intersecting a vertical drain the slope of 

the free surface steepens, and immediately downstream of the intersection the slope of the 

free surface is relatively flat. When the order of magnitude is increased to five, the 

resulting free surface assumes a "U" shape. Likewise when the conductivities of the thin 

elements are assigned values that correspond to the conductivities parallel and normal to a 

crack of width 0.01 ft. (which would be the same as the vertical and horizontal 

conductivities of a vertical crack), the free surface assumes a "U" shape. Since flow 
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through the dam moves in the direction of decreasing head, the "U" shaped free surface 

would indicate that flow is moving towards the center of the dam from both the upstream 

and downstream faces of the dam. 

Table 4.9 details the quantity of flow through the dam with thin element geometry VI 

and thin element width 0.01 ft. When the order of magnitude of the conductivities of the 

crack is zero, the quantity of flow corresponds to the quantity of flow computed for 

geometry VI with crack width 0.01 ft. When the order of magnitude is increased to three, 

the quantity of flow through the last column of elements decreases, and when the order of 

magnitude is increased to five, the quantity of flow computations indicate that flow is 

entering the last column of elements and is moving upstream. An upstream migration of 

flow is also observed when the conductivities parallel and normal to an open crack of 

width 0.01 ft. are assigned to the horizontal and vertical conductivities of the thin 

elements. It can be postulated that the thin elements are acting as a sink whose strength 

increases with increase in the conductivities assigned to the thin elements. 

Table 4.9 also details the occurrence of oscillation of the results and the convergence 

of the results to an acceptable error in seven iterations. For geometry VI with thin 

element width 0.01 ft., the results did not oscillate for the given orders of magnitude, but 

only the order of magnitudes of zero and three produced results in seven iterations that 

had an error equal to or less than 0.5 percent. 

In conclusion, the model produced reasonable free surface locations for geometry VI 

with thin element width 0.01 ft. for an error of magnitude up to and including four. 

Figure 4.10 shows the results obtained from the thin element investigation with 

geometry VI and thin element width 0.10 ft. When the order of magnitude was zero, the 

free surface location was identical to the free surface location under base conditions. 

When the order of magnitude of the conductivities assigned to the thin elements was 



64 

Table 4.9. Thin Element Study Results 

Geometry: VI 
Crack width (b): 0.01 feet 
Figure 4.9 pX

 
X 

ii 
it = 0.00207 ft/day 

= 0.00314 ft/day 
= 0.00049 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

5 UR OL NO -71.66 0.86 

4 R OL NO 39.44 0.02 

3 R WL NO 10.27 0.01 

0 ID WL NO 68.37 0.01 

Vert. Crack1 UR OL NO -67.94 1.09 

See Table 4.18 for key. 

i Kx = 0.001728 ft/day K y = 0.192xl07 ft/day 

Result R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 

Error WL - the error between iterations was less than or equal to 0.005 in 
seven iterations 

OL - the error between iterations was greater than or equal to 0.005 at 
the end of seven iterations 

Oscillation: NO 
YES 

the results did not oscillate between iterations 
the results oscillated between iterations 
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increased to three, the resulting free surface was located relatively close to the base 

condition free surface, but the order of magnitude three free surface had a slightly steeper 

slope immediately upstream of the thin elements and a slightly flatter slope immediately 

downstream of the thin elements. When the order of magnitude of the conductivities of 

the thin elements was increased to four, the slope of the free surface was flatter than base 

conditions upstream of the thin elements and the slope of the free surface was steeper 

compared to base conditions downstream of the thin elements. Additionally, the free 

surface is located above the free surface computed under base conditions. While the free 

surface found with conductivities of order of magnitude three could be explained as being 

analogous to the results that would be obtained if the thin elements were replaced by a 

vertical drain, the location of the free surface when the order of magnitude is four cannot 

be explained using the same analogy. The elevation of the free surface generated when 

the order of magnitude is four would indicate that the flow in the dam is encountering an 

area of decreased resistance. Because the thin elements have much higher conductivities 

than the surrounding elements, the thin elements do represent an area of decreased 

resistance to flow. When an order of magnitude five is used to determine the free surface, 

the plot of the free surface assumes a highly irregular shape that extends below the 

foundation of the dam. Likewise when the conductivities parallel and normal to an open 

crack of width 0.10 ft. are assigned to the vertical and horizontal conductivities of the thin 

elements, the free surface extends below the foundation of the dam. There is no 

reasonable physical explanation why the free surface would extend below the foundation of 

the dam if the base of the foundation is considered to be a no flow boundary. 

Table 4.10 details the quantity of flow through the dam with geometry VI and width 

of thin element 0.10 ft. When the order of magnitude was zero, the flow through the dam 

was identical to the flow through a dam with geometry VI that had an open crack of 
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Table 4.10. Thin Element Study Results 

Geometry: VI 
Crack width (b): 0.10 feet 
Figure 4.10 

X = 0.00207 ft/day 
- 0.00314 ft/day 
= 0.0049 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

5 UR OL YES -103.1 -2.73 

4 R OL NO2 51.04 2.87 

3 R WL NO 72.43 0.18 

0 ID WL NO 68.42 0.01 

Vert. Crack1 UR OL NO -68.18 0.36 

See Table 4.18 for key. 

1 Kx = 0.001728 ft/day Ky = 0.192xl09 ft/day 

2 The results increase with respect to the previous iteration for the first six iterations; 
the results decrease from the sixth to the seventh iterations. 

Result R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 

Erron WL - the error between iterations was less than or equal to 0.005 in 
seven iterations 

OL - the error between iterations was greater than or equal to 0.005 at 
the end of seven iterations 

Oscillation: NO 
YES 

the results did not oscillate between iterations 
the results oscillated between iterations 
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width 0.10 ft (base conditions). When the conductivities of the thin elements were 

increased to order of magnitude three, the flow through the last column of elements 
r 

increased as would be expected if the dam contained a zone of decreased resistance to 

flow. For conductivities with an order of magnitude of four, the quantity of flow through 

the last column of elements was lower than the quantity of flow under base conditions. 

The trend of decreasing flow through the last column of elements continued with the case 

of the conductivities having order of magnitude five, and the case of the vertical and 

horizontal conductivities of the thin elements having the values associated with the 

conductivities parallel and normal to an open crack of width 0.10 ft. In fact, the flow is 

moving towards the upstream face of the dam from the last column of elements for the 

latter case. The thin elements must be acting as a sink for conductivities of orders of 

magnitude four, five and conductivities equal to that of a vertical crack with width 0.10 ft. 

Table 4.10 also details the occurrence of oscillation of the results and the convergence 

of the results in seven iterations. Oscillation of the results between iterations occurred 

when the order of magnitude of the conductivities was five. While the results did not 

oscillate for the case where the order of magnitude was four, the trend of the results to 

increase with succeeding iterations was not followed with the seventh iteration where the 

results decreased when compared to the sixth iteration. The results did not oscillate for 

any other case. The results converged to an error less than or equal to 0.05 percent in 

seven iterations for order of magnitudes zero and three only. 

In conclusion, the location of the free surface appears to be reasonable for geometry 

VI with thin element width 0.10 ft. for order of magnitudes up to and including four. 

However, while the results of order of magnitude three seem to indicate that the thin 

elements behave as a zone of decreased resistance inside the dam, the results for all other 

cases showed that the thin elements behaved as a sink with the exception of order of 
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magnitude zero which mirrored base conditions as expected. 

Figure 4.11 shows the results of the thin element investigation with geometry VI and 

thin element width 1.0 ft. As expected, the location of the free surface when the order of 

magnitude of the conductivities is zero is identical to the location of the free surface under 

base conditions as expected. When the order of magnitude of the conductivities of the thin 

elements is increased to three, the free surface has a flatter slope upstream of the thin 

elements and has a higher elevation than the free surface generated under base conditions. 

This would indicate that the thin elements are behaving as an area of reduced resistance to 

flow. When the order of magnitude of the conductivities is four, the slope of the free 

surface steepens immediately upstream of the thin elements and the slope of the free 

surface flattens immediately downstream of the thin elements. The location of the free 

surface is in the same general vicinity as the free surface found under base conditions. 

The slope of the free surface for thin element conductivities of an order of magnitude of 

five is similar to the slope of the free surface when the order of magnitude is four. 

However, the location of the free surface is considerably lower for an order of magnitude 

five than the free surface resulting from base conditions. The slope of the free surface 

would suggest that the crack is behaving in a manner analogous to a vertical drain for 

order of magnitudes four and five. When the conductivities of the thin elements are 

assigned values of order of magnitude six and values equal to the conductivities parallel 

and normal to an open crack of width 1.0 ft., the plots of the free surfaces assume a "U" 

shape with the bottom of the "U" at or near the base of the foundation. There are no 

reasonable physical explanations why the free surface would approach the base of the 

foundation which is a no flow boundary. 

Table 4.11 details the quantity of flow through the dam with thin element geometry 

VI and thin element width 1.0 ft. When the order of magnitude of the conductivities of 
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Table 4.11. Thin Element Study Results 

Geometry: VI Kx = 0.00207 ft/day 
Crack width (b): 1.0 feet Ky = 0.00314 ft/day 
Figure 4.11 b/L = 0.049 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

6 UR WL NO -38.98 -0.01 

5 R WL NO 56.52 0.01 

4 R OL NO 80.02 0.01 

3 R OL NO 84.83 0.01 

0 ID WL NO 68.67 0.01 

Vert. Crack1 UR OL NO -67.98 1.00 

See Table 4.18 for key. 

1 Kx = 0.001728 ft/day Ky = 0.192x10" ft/day 

Result: R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 
Error: WL - the error between iterations was less than or equal to 0.005 in 

seven iterations 
OL - the error between iterations was greater than or equal to 0.005 at 

the end of seven iterations 
Oscillation: NO - the results did not oscillate between iterations 

YES - the results oscillated between iterations 
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the thin elements is zero, the quantity of flow through the last row of elements is very 

close to the flow under base conditions as is the flow through the bottom row of elements. 

When the order of magnitude for the conductivities of the thin elements is three, the 

quantity of flow through the bottom row of elements remains at the base level while the 

flow through the last column of elements is increased compared to base conditions. The 

increased flow would support the idea that the thin elements are behaving as a zone of 

decreased flow resistance. When the order of magnitude of the element conductivities is 

four, the quantity of flow through the last column of elements falls between the quantity 

of flow under base conditions and the quantity of flow when the order of magnitude is 

three. When the order of magnitude is five, the resulting quantity of flow is below the 

flow generated under base conditions. The trend of decreased flow is continued for 

conductivities of an order of magnitude six, and for conductivities equal to conductivities 

parallel and normal to an open crack of width 1.0 ft. In fact, the flow through the last 

column of elements for the last two cases is in upstream direction. The thin elements must 

be acting as a sink when the order of magnitude of the conductivities of the thin elements 

is greater than four. 

Table 4.11 also details the occurrence of oscillation of the results between iterations, 

and the convergence of the results in seven iterations. For geometry VI with thin element 

width 1.0 ft., the results did not oscillate for any order of magnitude of thin element 

conductivity that was examined. Surprisingly, the results did not converge to an error 

equal to or less than 0.5 percent in seven iterations for order of magnitudes three and four 

but the results did converge satisfactorily for order of magnitudes five and six. As 

expected, the results did converge for an order of magnitude zero and did not converge 

when the thin element conductivities were equal to the conductivities of a vertical crack 

with width 1.0 ft. 
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In conclusion, the shape of the free surface and the flow through the last column of 

elements shows that the thin elements are acting as a sink for order of magnitude six and 

vertical crack conductivities. While the flow through the last column of elements may 

indicate that the thin elements may be retarding flow somewhat for an order of magnitude 

five, the location of the free surface is reasonable. The same statement may be made 

about the case where the order of magnitude is four. However, with order of magnitudes 

less than four, there is little doubt that the results are reasonable from both the free 

surface and flow viewpoints. Therefore it can be said that the results of the thin element 

study for geometry VI with thin element width 1.0 ft. are not unreasonable for 

conductivity order of magnitudes equal to or less than five. 

4.4.2 Geometry V2 

Figure 4.12 shows the results of the thin element investigation with geometry V2 and 

thin element width 0.01 ft. When the order of magnitude of the conductivities of the thin 

elements is zero, the free surface is coincident with the free surface generated under base 

conditions. When the order of magnitude of the conductivities of the thin elements is 

three, the slope of the free surface is steep immediately upstream of the thin elements and 

the slope of the free surface flattens immediately downstream of the thin elements. This 

behavior is analogous to the case where the free surface is intersected by a vertical drain. 

For order of magnitudes four, five, and vertical crack conductivities, the free surface is 

"U" shaped. For those three cases, the free surface goes below the base of the foundation 

of the dam, a situation that is not physically reasonable because the base of the dam is a 

no flow boundary. The "U" shape of the free surface implies that flow is moving 

downstream from the upstream face of the dam and upstream from the downstream face 

of the dam simultaneously. 
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Table 4.12 details the quantity of flow through the dam for geometry VI and thin 

element width. The flow occurring in the dam when the order of magnitude of the 

conductivities of the crack is zero is almost identical to the flow obtained from base 

conditions. When the order of magnitude is three, the flow through the last column of 

elements is greatly reduced and a significant amount of flow exits the dam through the 

bottom row of elements. When the order of magnitude of the conductivities of the thin 

element is four and five and when the conductivities of the thin elements are equal to the 

conductivities parallel and normal to an open crack of width 0.01 ft., the flow through the 

last column of elements is in the upstream direction indicating that the thin elements are 

functioning as a sink. 

Table 4.12 also details the occurrence of oscillation of the results between iterations 

and the convergence of the results to an acceptable error in seven iterations. The results 

did not oscillate between oscillations for any of the cases examined. All of the errors were 

greater than 0.5 percent after seven iterations with the exception of the cases where the 

order of magnitudes of the thin element conductivities were zero and five. 

In conclusion, the results obtained from geometry V2 with thin element width 0.01 ft. 

were physically unreasonable for orders of magnitude greater than or equal to four. 

Figure 4.13 shows the results of the thin element investigation with geometry V2 and 

thin element width 0.10 ft. The location of the free surface with order of magnitude zero 

is considerably different from the location of the free surface when the thin elements were 

specified as an open crack of width 0.10 ft. (base conditions) shown in Figure 4.3. The 

difference is due to the fact that the thin element study assigns the same conductivity 

value to all thin elements while under base conditions the crack elements have one set of 

conductivity values when the crack is oriented vertically and a different set of conductivity 

values when the crack is oriented in a non-vertical manner. When the order of magnitude 
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Table 4.12. Thin Element Study Results 

Geometry: V2 
Crack width (b): 0.01 feet 
Figure 4.12 

Kx = 

bA/ 

• 0.00207 ft/day 
= 0.00314 ft/day 
= 0.00048 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

5 UR WL NO -70.50 0.17 

4 UR OL NO -182.7 92.98 

3 R OL NO 21.74 -7.03 

0 ID WL NO 68.37 0.01 

Vert. Crack1 UR OL NO -68.23 0.36 

See Table 4.18 for Key. 

i Kx = 0.001728 ft/day K y = 0.192xl07 ft/day 

Result: R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 

Erron WL - the error between iterations was less than or equal to 0.005 in 
seven iterations 

OL - the error between iterations was greater than or equal to 0.005 at 
the end of seven iterations 

Oscillation: NO 
YES 

the results did not oscillate between iterations 
the results oscillated between iterations 
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of the conductivities of the thin elements was three, the flow surface closely paralleled but 

was slightly lower than the free surface obtained when the order of magnitude was zero. 

A greater change in the free surface occurred when the order of magnitude was increased 

to four. The slope of the free surface became steeper immediately upstream of the thin 

elements and the slope of the free surface became flatter immediately downstream of the 

thin elements. The free surface found when the order of magnitude is four is substantially 

lower than the case of either order of magnitude zero or order of magnitude three. The 

free surface found when the order of magnitude is four would suggest that the thin 

elements are behaving in a manner analogous to a vertical drain. When the order of 

magnitude of the conductivities of the crack is five, the free surface assumes a "U" shape 

and the free surface extends below the base of the foundation of the dam. The free 

surface behaves in a similar manner when the conductivities of the thin elements are 

assigned the values of conductivity parallel and normal to an open crack of width 0.10 ft. 

It is not physically reasonable for the free surface to extend below the base of the dam 

foundation which is a no flow boundary. 

Table 4.13 details the quantity of flow through the dam with geometry V2 and thin 

element width 0.10 ft. When the order of magnitude of the thin element was zero, the 

resulting flow through the bottom row of elements and the last column of elements was 

similar to the flow computed for similar geometry when no crack elements were identified. 

However, the flow values were much greater than the flow values generated when the thin 

elements were specified as an open crack (see Table 4.5). The discrepancy can again be 

explained by noting that the model will generate different conductivities for segments open 

of cracks with different orientations while in the thin element study the thin elements are 

assigned the same set of conductivities independent of the orientation of the line segments 

that the thin elements are arranged in. When the order of magnitude of the conductivities 
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Table 4.13. Thin Element Study Results 

Geometry: V2 
Crack width (b): 0.10 feet 
Figure 4.13 

Kx = 

b/C 

= 0.00207 ft/day 
= 0.00314 ft/day 
= 0.0050 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

5 UR OL YES -203.1 -2.73 

4 R WL NO 51.04 2.87 

3 R WL NO 72.43 0.18 

0 R WL NO 68.42 0.01 

Vert. Crack1 UR OL NO -68.18 0.36 

See Table 4.18 for key. 

1 Kx = 0.001728 ft/day K y = 0.192xl09 ft/day 

Result: R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 

Error WL - the error between iterations was less than or equal to 0.005 in 
seven iterations 

OL - the error between iterations was greater than or equal to 0.005 at 
the end of seven iterations 

Oscillation: NO 
YES 

the results did not oscillate between iterations 
the results oscillated between iterations 



80 

of the thin elements is three, the quantity of flow through the last column of elements in 

the finite element mesh increases. This would suggest that the thin elements are emulating 

a zone of reduced resistance to flow inside the dam. When the order of magnitude is five 

the quantity of flow through the last column decreases to a value below the quantity of 

flow found under base conditions. For both order of magnitude five and the case where 

the thin elements are assigned values of conductivities parallel and normal to an open crack 

of width 0.10 ft., the flow through the last column of elements is in the upstream 

direction. 

Table 4.13 also details the occurrence of oscillation of the results between iterations, 

and the convergence of the results in seven iterations. The only oscillation of results 

occurred when order of magnitude of the conductivities was five. Cases where the order 

of magnitude was zero, three, and four converged to an error less than or equal 0.5 percent 

while the other two cases did not converge in seven iterations. In conclusion, the thin 

elements behaved as sinks when the order of magnitude of the conductivities assigned to 

the thin elements was five or when the thin elements were assigned conductivities 

equivalent to the conductivities parallel and normal to an open crack of width 0.10 ft. 

More reasonable results for flow were obtained from the thin element exercise when the 

order of magnitude was zero than when the elements were specified as open cracks. The 

results obtained from geometry V2 with thin element width 0.10 ft. were physically 

unreasonable for conductivity order of magnitudes greater than or equal to five. 

Figure 4.14 shows the results of the thin element investigation with geometry V2 and 

thin element width 1.0 ft. When the order of magnitude of the conductivities of the thin 

elements is zero, the location of the free surface is very similar to, though not exactly, the 

location of the free surface obtained when no elements were specified as crack elements. 

The location of the free surface with order of magnitude zero is considerably different 
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from the location of the free surface when the thin elements were specified as an open 

crack of width 1.0 ft. shown in Figure 4.3. The difference in free surface location is the 

result of the thin elements being assigned identical values of conductivities for each thin 

element independent of the orientation of the thin element in the thin element study, while 

the model assigned a different set of conductivities to each different thin element 

orientation when the thin elements were specified as an open crack of 1.0 ft. 

When the order of magnitude of the conductivities of the thin element was three, the 

location of the free surface is almost exactly coincident with the free surface generated by 

conductivity order of magnitude zero. When the order of magnitude is increased to four, 

the slope of the free surface becomes slightly flatter immediately upstream of the thin 

elements and the slope steepens immediately downstream of the thin elements. This 

change in slope would usually be accompanied by an increase in the height of the free 

surface indicating that the thin elements are behaving as an area of reduced resistance to 

flow inside the dam. In the case of order of magnitude four, the free surface shows a 

small decrease in elevation. When the order of magnitude of the conductivities is increased 

to five, the location of the free surface is virtually identical to the location generated with 

order of magnitude zero. When the order of magnitude is six, the free surface assumes a 

"UH shape with the bottom of the "U" approaching the base of the foundation of the dam. 

The free surface has a similar shape when the conductivities are assigned values equal to 

the values of the conductivity parallel and normal to an open crack of width 1.0 ft. There 

is no physical reason why the free surface would assume a "U" shape if the base of the 

foundation is a no flow boundary. 

Table 4.14 details the quantity of flow through the dam for geometry V2 and thin 

element width 1.0 ft. The quantity of flow through the dam when the conductivities of 

the thin elements have an order of magnitude zero is very close to the flow values obtained 
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Table 4.14. Thin Element Study Results 

Geometry: V2 Kx = 0.00207 ft/day 
Crack width (b): 1.0 feet Ky = 0.00314 ft/day 
Figure 4.14 b/L = 0.048 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

6 UR OL YES -52.98 4.36 

5 R OL NO 56.03 -2.08 

4 R OL NO 81.51 0.19 

3 R OL NO 84.41 0.09 

0 R WL NO 68.71 0.01 

Vert. Crack1 UR OL NO -68.23 0.64 

See Table 4.18 for key. 

1 Kx = 0.001728 ft/day Ky = 0.192x10" ft/day 

Result: R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 
Error: WL - the error between iterations was less than or equal to 0.005 in 

seven iterations 
OL - the error between iterations was greater than or equal to 0.005 at 

the end of seven iterations 
Oscillation: NO - the results did not oscillate between iterations 

YES - the results oscillated between iterations 
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when no crack was specified. When the order of magnitude is three, the quantity of flow 

through the last column of elements increases significantly. The quantity of flow through 

the last column of elements when the order of magnitude is four is greater than the flow 

when the order of magnitude is zero but is less than the quantity of flow when the order 

of magnitude is three. When the order of magnitude is five, the quantity of flow through 

the last column of elements is less than the quantity of flow when the order of magnitude 

is zero. The increase in quantity of flow for order of magnitudes three and four would 

indicate that the thin elements are behaving as a zone of reduced resistance to flow. The 

quantity of flow for order of magnitude five does not follow the same analogy because the 

quantity of flow is slightly retarded. For the cases where the order of magnitude of the 

conductivities of the thin elements is six and where the thin elements have been assigned 

conductivity values equal to the values of the conductivities parallel and normal to an open 

crack of width 1.0 ft., the flow through the last column of elements is in the upstream 

direction. This would indicate that the thin elements are a sink. 

Table 4.14 also details the occurrence of oscillation of the results between iterations, 

and the convergence of the errors to an acceptable error in seven iterations. The only 

occurrence of oscillation was when the order of magnitude of the conductivities of the thin 

elements was six. The results converged to an error of 0.5 percent for the case of order of 

magnitude zero only. 

In conclusion, the thin elements would appear to be behaving as a zone of reduced 

resistance to flow for conductivity order of magnitudes less than five, and for orders of 

magnitude greater than five the thin elements act as a sink. Physically unreasonable results 

were obtained for thin element conductivities with orders of magnitude equal to or greater 

than six. 
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4.4.3 Geometry H3 

Figure 4.15 shows the results of the free surface investigation with geometry H3 and 

thin element width 0.01 ft. When the order of magnitude of the conductivities of the thin 

elements was zero, the location of the free surface was identical to the location of the free 

surface during base conditions when the thin elements were specified as an open crack of 

width 0.01 ft. When the order of magnitude was three, the slope of the free surface 

became steeper upstream of the thin elements and flatter downstream of the thin elements 

and generally lower in elevation when compared to the free surface of order of magnitude 

zero. This location and orientation would suggest that the thin elements are behaving as a 

horizontal extension of the drain. When the order of magnitude of the conductivities 

assigned to the thin elements is four, the free surface generally parallels the free surface 

for order of magnitude zero at a higher elevation. The slope of the free surface becomes 

flatter and the free surface occurs at a higher elevation for order of magnitudes five and 

six. The increase in height along with the corresponding changes in slope would indicate 

that the thin elements are behaving as a zone of reduced resistance to flow inside the dam 

for orders of magnitudes four, five, and six. When the order of magnitude of the thin 

element conductivities is seven, the model generates a location of the free surface that 

intersects the upstream face of the dam a good distance above the intersection of the 

reservoir and the upstream face of the dam. The model also generates points on the free 

surface outside the downstream face of the dam. When the order of magnitude is eight, 

the free surface appears as a line coincident with the crest of the dam. Both order of 

magnitude seven and eight exhibit evidence that the thin elements are behaving as a 

source, therefore neither case is physically reasonable. 

Table 4.15 details the quantity of flow through the dam with geometry H3 and thin 

element width 0.01 ft. When the conductivities of the thin elements are of an order of 
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Table 4.15. Thin Element Study Results 

Geometry: H3 Kx = 0.0895 ft/day 
Crack width (b): 0.01 feet Ky = 0.01729 ft/day 
Figure 4.15 b/L = 0.00020 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

8 UR WL NO 4104 0.04 

7 UR WL NO 8126 0.08 

6 R WL NO 1770 0.02 

5 R WL NO 2162 0.02 

4 R OL YES 764.6 0.01 

3 R WL NO 233.0 0.00 

0 ID OL NO -0.13 0.01 

See Table 4.18 for key. 

Result: R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 
Error WL - the error between iterations was less than or equal to 0.005 in 

seven iterations 
OL - the error between iterations was greater than or equal to 0.005 at 

the end of seven iterations 
Oscillation: NO - the results did not oscillate between iterations 

YES - the results oscillated between iterations 
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magnitude zero, the quantity of flow through the last column of elements is 0.13 cfd 

upstream while the corresponding quantities of flow for the case with no crack elements 

identified and the case where thin elements were identified as an open crack of width 

0.01 ft. were 0.87 cfd downstream and 0.43 cfd upstream respectively. As the order of 

magnitude of the conductivities of the crack were increased, the quantity of flow through 

the last column of elements generally increased. However, order of magnitudes five and 

seven are anomalies where the quantity of flow is less than the quantity of flow for the 

case of an order of magnitude one less. The increasing flow supports the idea that the 

thin elements are behaving as areas of reduced resistance to flow in the dam. 

Table 4.15 also details the occurrence of oscillation of the results and the convergence 

of the results in seven iterations. When the order of magnitude of the conductivity of the 

thin elements was four, the results oscillated between iterations. The results converged to 

an error less than or equal to 0.5 percent in seven iterations for all orders of magnitude 

with the exception of zero and four. 

In conclusion, the thin elements appear to be emulating a zone of reduced resistance to 

flow. Physically unreasonable results based on the location of the free surface occurred for 

order of magnitudes of the conductivities of the thin elements equal to and greater than 

seven. 

Figure 4.16 shows the results of the thin element investigation with geometry H3 and 

thin element width 0.10 ft. When the order of magnitude of the conductivities of the thin 

elements was zero, the location of the free surface was virtually identical to the location of 

the free surface when the thin elements were specified as a crack of width 0.10 ft. When 

the order of magnitude was three, the free surface had a flatter slope and lower elevation 

upstream of the chimney drain and a steeper slope and higher elevation downstream of the 

drain when compared to the base condition of an open crack with width 0.10 ft. The 
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slope of the free surface becomes flatter and the elevation increases in the area upstream 

of the drain as the order of magnitude increases. The free surface becomes a horizontal 

line from the intersection of the reservoir with the upstream face of the dam to the 

chimney drain for order of magnitudes six and twenty-one. Downstream of the drain, the 

slope of the free surface becomes steeper as the order of magnitude increases until the 

slope becomes fairly constant at order of magnitude six. For orders of magnitudes of the 

conductivities of the thin elements four and greater, the location and orientation of the 

free surface would seem to indicate that there is less resistance to flow in the area 

upstream of the chimney drain than in the area downstream of the chimney drain. 

Table 4.16 details the quantity of flow through the dam with geometry H3 and thin 

element width 0.10 ft. When the order of magnitude is zero, the quantity of flow through 

the last column of elements falls between the corresponding quantity of 1.04 cfd for the 

case where no elements are specified as open crack elements and the corresponding 

quantity 5.17 cfd for the case where the thin elements are specified as an open crack of 

width 0.10 ft. As the order of magnitude increases, the quantity of flow through the last 

column increases. When order of magnitude six is reached, the quantity of flow begins to 

oscillate between 2980 cfd and 3030 cfd. The increase in quantity of flow is indicative 

that the thin elements are behaving as a zone of reduced resistance to flow. 

Table 4.16 also details the occurrence of oscillation of the results between iterations, 

and the convergence of the error to an acceptable level in seven iterations. The results did 

not oscillate for any order of magnitude, and the error did not exceed 0.5 percent between 

iterations for any order of magnitude. 

In conclusion, the thin elements are behaving as a zone of reduced resistance to flow 

inside the dam. The results for all orders of magnitude of the conductivities of the thin 

elements appear physically reasonable. 
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Table 4.16. Thin Element Study Results 

Geometry: H3 , Kx = 0.09827 ft/day 
Crack width (b): 0.10 feet Ky = 0.001728 ft/day 
Figure 4.16 b/L = 0.0020 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

21 R WL NO 2991 0.03 

9 R WL NO 3028 0.03 

8 R WL NO 2982 0.03 

6 R WL NO 2993 0.03 

5 R WL NO 2797 0.03 

4 R WL NO 1721 0.02 

3 R WL NO 575 0.01 

0 ID WL NO 5.06 0.01 

See Table 4.18 for key. 

Result R - reasonable results based on free surface location 
UR - unreasonable results based on free surface location 
ID - results that are identical to the results generated by the model 

when the thin elements are specified as a crack of width b. 
Error: WL - the error between iterations was less than or equal to 0.005 in 

seven iterations 
OL - the error between iterations was greater than or equal to 0.005 at 

the end of seven iterations 
Oscillation: NO - the results did not oscillate between iterations 

YES - the results oscillated between iterations 
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Figure 4.17 shows the results of the thin element investigation with geometry H3 and 

thin element width 1.0 ft. When the order of magnitude of the conductivities of the thin 

element are zero, the location of the free surface is similar to both the free surface when 

no elements in the mesh are specified as open crack elements and when the thin elements 

are specified as an open crack of width 1.0 ft. As the order of magnitude of the 

conductivities of the thin elements was increased, the slope of the free surface becomes 

flatter upstream of the chimney drain and steeper downstream of the chimney drain until 

the free surface is a horizontal line upstream of the chimney drain for orders of magnitude 

five and larger. The behavior of the free surface would indicate that the thin elements are 

behaving as a zone of reduced resistance to flow inside the dam. 

Table 4.17 details the quantity of flow through the dam with geometry H3 and thin 

element width 1.0 ft. When the order of magnitude of the conductivities of the thin 

element are zero, the quantity of flow through the last column of elements is greater than 

the flow of 0.82 cfd computed for the case where no elements are specified as open 

cracks, and less than the flow of 24.85 cfd computed when an open crack of width 1.0 ft. 

was modeled. As the order of magnitude was increased, the quantity of flow through the 

last column increased until the values began to assymptotically approach a value slightly 

greater than 3,000 cfd. The increase in flow would again indicate that the thin elements 

are emulating a zone of reduced resistance inside the dam. 

Table 4.17 also details the occurrence of oscillation of the results between iterations, 

and the convergence of the error to an acceptable level in seven iterations. The results did 

not oscillate, nor did the error exceed 0.5 percent after a maximum of seven iterations for 

any of the cases. 

In conclusion, the thin elements behaved as a zone of reduced resistance to flow as 

evidenced by both the location of the free surfaces and the quantity of flow exiting the 
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Table 4.17. Thin Element Study Results 

Geometry: H3 Kx = 0.09829 ft/day 
Crack width (b): 1.0 feet Ky = 0.001728 ft/day 
Figure 4.17 b/L = 0.020 

Conductivity 
Order Of 

Magnitude 
Result Error Oscillation 

Quantity Of 
Flow (cfd) Conductivity 

Order Of 
Magnitude 

Result Error Oscillation 
Last 

Column 
Bottom 

Row 

21 R WL NO 3003 0.03 

8 R WL NO 3002 0.03 

6 R WL NO 3000 0.03 

5 R WL NO 2980 0.03 

4 R WL NO 2799 0.03 

3 R WL NO 1741 0.02 

0 ID WL NO 23.96 0.01 

See Table 4.18 for key. 

Result R 
UR 
ID 

Error WL 

OL 

Oscillation: NO 
YES 

reasonable results based on free surface location 
unreasonable results based on free surface location 
results that are identical to the results generated by the model 
when the thin elements are specified as a crack of width b. 
the error between iterations was less than or equal to 0.005 in 
seven iterations 
the error between iterations was greater than or equal to 0.005 at 
the end of seven iterations 
the results did not oscillate between iterations 
the results oscillated between iterations 
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Table 4.18. Key to Tables 4.9 - 4.17 

Geometry: The geometric orientation of the crack inside the dam. 
Geometries VI and V2 are shown in Figure 3.3. Geometry 
H3 is shown in Figure 3.4. 

Crack width (b): The width of the open crack that the model used to generate 
Kx and Ky. The open crack width is also the physical width 

' of the thin elements. 

Figure: The figure that graphically presents the results detailed in the 
table. 

b/L: The aspect ratio of the governing thin element. The 
governing thin element is the element fully within the flow 
domain when the conductivities are Kx and Ky that has the 
smallest aspect ratio. 

Kx and Ky: The conductivities generated by the model for a crack of 
width b that has the given geometry. 

Conductivity order 
of magnitude: 

The values given are equal to m where Kx = KxxlOm and 
Ky = KyXlOm. Kx and Ky are as previously defined. Kx 

and Ky are the values inserted into the model to arrive at the 
study results. 

Vert. Crack: The conductivities generated by the model for the vertical 
portion of the crack in geometry V2 were used for all of the 
elements comprising the crack. 

Quantity of Flow: 
(cubic feet per day 

cfd) 

The quantity of flow that will pass through the last column 
of elements or bottom row of elements of the finite element 
mesh under the given conditions. 
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last column of elements. No problems with the numerical convergence of the results were 

found. 

4.S Correlation of the Thin Element Results and the Thin Element Aspect Ratio. 

Desai, et. al. (1984) determined that for soil-structure interaction, the effectiveness of 

the thin elements was a function of the mean width of the thin element to the mean width 

of the adjacent element. In this investigation, the correlative factor representing element 

geometry was chosen to be the aspect ratio of the thin element. For a given finite element 

mesh where only the width of the thin element is varied, the ratio of mean widths will be 

proportional to the aspect ratio of the thin elements. 

Figure 4.18 is a graph of the highest order of magnitude of the thin element 

conductivities that generated reasonable results for the thin element study of geometry VI 

versus the ratio of the width of the thin element to the length of the thin element. The 

exact data used to generate the graph can be found in Tables 4.9 - 4.11. When the data is 

plotted on semi-log paper, a best fit line can be drawn. A similar graph for geometry V2 

is shown in Figure 4.19. The data used in Figure 4.19 can be located in Tables 4.12-4.14. 

The best fit line in Figure 4.19 matches the data much more closely than the best fit line 

in Figure 4.18. 

A similar graph was not possible for the thin element study of geometry H3 because 

upper limits for the order of magnitudes of the conductivities of the thin elements were 

not found for thin element widths 0.10 ft. and 1.0 ft. Data for thin element study of 

geometry H3 is contained in Tables 4.15-4.17. 

In conclusion, the determination of the thin element geometry necessary to achieve 

reasonable results appears to be dependent on the geometry of the crack being investigated. 

For cracks that have vertically trending geometry, the ratio of the largest order of 
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magnitude to the inverse aspect ratio of the thin element can be approximated by a straight 

line when the data is plotted on a semi-log graph. For a horizontally trending crack, the 

factor that determines the maximum order of magnitude that can be used to achieve 

reasonable results has been found to be the limiting (minimum) value of the thin element 

aspect ratio (width to length) 0.002. 
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CHAPTER 5 

SUMMARY OF CONCLUSIONS 

The model was much more sensitive numerically to different combinations of thin 

element geometry and conductivity for vertically trending cracks than horizontally trending 

cracks. The difference in sensitivity was obvious in both the open crack analysis and the 

thin element investigation. 

The model did not consistantly compute the free surface and quantity of flow through 

a dam that had a vertically trending crack. Considerably more consistent results were 

obtained when a horizontally trending crack was modeled. Specific problems were found 

when the vertically trending crack geometry contained a vertical crack segment or when 

the horizontally-trending geometry had an open crack represented by thin elements of a 

relatively small width that intersected the free surface. Problems with execution due to 

numerical difficulties when modeling certain vertically trending crack scenarios were also 

encountered. It cannot be determined if the model is accurately predicting the location of 

the free surface and quantity of flow through a dam that contains an open crack because 

no physical data was available with which to compare results. 

The thin element study found that the largest order of magnitude of the conductivities 

of the thin elements (with respect to the conductivities generated by the model for an 

equivalent open crack) that produced physically reasonable results were a function of the 

ratio of the width of the governing thin element to the length of the thin element for 

vertically trending crack geometries. When the crack had a horizontally trending geometry, 

very large orders of magnitude could be used when the aspect ratio of the thin element 

was equal to or greater than the limiting value 0.002. 
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Physical modeling is necessary to establish the error in free surface location that the 

model generates. In addition to the study of a physical model, a transient flow study 

would be necessary to completely define the phenomenon of flow through open cracks in 

an earth dam. 
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