
On the use of quasi-stationary distributions
in monitoring a single server queue

Item Type text; Thesis-Reproduction (electronic)

Authors Chandramouli, Yegnanarayanan, 1962-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 16/05/2023 13:54:19

Link to Item http://hdl.handle.net/10150/276891

http://hdl.handle.net/10150/276891


INFORMATION TO USERS 

The most advanced technology has been used to photo
graph and reproduce this manuscript from the microfilm 
master. UMI films the text directly from the original or 
copy submitted. Thus, some thesis and dissertation copies 
are in typewriter face, while others may be from any type 
of computer printer. 

The quality of this reproduction is dependent upon the 
quality of the copy submitted. Broken or indistinct print, 
colored or poor quality illustrations and photographs, 
print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a 
complete manuscript and there are missing pages, these 
will be noted. Also, if unauthorized copyright material 
had to be removed, a note will indicate the deletion. 

Oversize materials (e.g., maps, drawings, charts) are re
produced by sectioning the original, beginning at the 
upper left-hand corner and continuing from left to right in 
equal sections with small overlaps. Each original is also 
photographed in one exposure and is included in reduced 
form at the back of the book. These are also available as 
one exposure on a standard 35mm slide or as a 17" x 23" 
black and white photographic print for an additional 
charge. 

Photographs included in the original manuscript have 
been reproduced xerographically in this copy. Higher 
quality 6" x 9" black and white photographic prints are 
available for any photographs or illustrations appearing 
in this copy for an additional charge. Contact UMI directly 
to order. 

University Microfilms International 
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 
313/761-4700 800/521-0600 





Order Number 1835811 

On the use of quasi-stationary distributions in monitoring a 
single server queue 

Chandramouli, Yegnanarayanan, M.S. 

The University of Arizona, 1988 

U M I  
300 N. Zeeb Rd. 
Ann Arbor, MI 48106 





ON THE USE OF QUASI-STATIONARY DISTRIBUTIONS 

IN MONITORING A SINGLE SERVER QUEUE 

by 

Yegnanarayanan Chandramouli 

A Thesis Submitted to the Faculty of the 

DEPARTMENT OF SYSTEMS AND INDUSTRIAL ENGINEERING 

In Partial Fulfillment of the Requirements 
For the Degree of 

WITH A MAJOR IN SYSTEMS ENGINEERING 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1 9 8  8  



2 

STATEMENT BY AUTHOR 

This thesis has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the Library. 

Brief quotations from this thesis are allowable without special permission, pro
vided that accurate acknowledgment of source is made. Requests for permission for 
extended quotation from or reproduction of this manuscript in whole or in part may be 
granted by the head of the major department or the Dean of the Graduate College 
when in his or her judgement the proposed use of the material is in the interests of 
scholarship. In all other instances, however, permission must be obtained from the 
author. 

SIGNED: 

o 

APPROVAL BY THE THESIS DIRECTOR 

This thesis has been approved on the date shown below : 

Date M. F. Neuts 
Professor of Systems and 
Industrial Engineering 



3 

ACKNOWLEDGEMENTS 

I wish to express my sincere appreciation to my advisor and thesis supervisor, 

Professor M. F. Neuts, without whose persevering efforts and constant encourage

ment this work would not have been possible. 

I also wish to thank the other members of my thesis committee, Professors S. 

J. Yakowitz and J. L. Higle for their helpful suggestions. 

I am greatly indebted to my family for their support during the past year. 



4 

TABLE OF CONTENTS 

LIST OF TABLES 4 

ABSTRACT 6 

INTRODUCTION 7 

QUASI-STATIONARY DISTRIBUTION 10 

THE DESIGN OF THE MONITOR 17 

PERFORMANCE MEASURES FOR THE MONITOR 29 

NUMERICAL EXAMPLES 38 

APPENDIX 57 

REFERENCES 60 



5 

LIST OF TABLES 

Table 1: Profile curves for the posited model 40 

Table 2: Performance measures for the posited model 41 

Table 3: Performance measures for the changed model 44 

Table 4: Performance measures for the changed model 47 

Table 5: Performance measures for the changed model 50 



6 

ABSTRACT 

In the operation of stochastic systems, and of queues in particular, it is impor

tant to recognize quickly the development in time of situations not compatible 

with their design criteria. Once such an anomalous condition is detected, it has 

to be decided, if the occurrence of that event can be attributed to chance or is 

due to a change in the parameters governing the system. This procedure of 

tracking the system is defined as monitoring. The design of a monitor and the 

selection of suitable threshold regions for monitoring a single server queue are 

the subjects of this thesis. The notion of profile curves, useful in formalizing 

monitoring schemes for queues, is also discussed. Finally, some numerical 

examples are presented to illustrate the performance of the monitor designed. 
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CHAPTER 1 

INTRODUCTION 

In this thesis, we examine a methodology for monitoring stochastic sys

tems. The importance of monitoring queueing systems was stressed in [4], while a 

detailed study of monitoring the MIGI1 queue is presented in Neuts [5], Monitoring 

is defined as the procedure of tracking a stochastic system so as to guarantee early 

identification of anomalous behavior, which could be caused by undesirable changes 

in parameters of the system. Once such a change has been found, control actions 

can be implemented. Anomalous behavior can be due to a rare random fluctuation, 

which remains compatible with the design criteria of the system, or could be indica

tive of a systematic change in the parameters of the system. While, in some cases, 

short-lived interventions in response to random fluctuations may be necessary , the 

most important purpose of monitoring is the prompt identification of actual parame

ter changes. The theory of statistical hypothesis testing provides a model for the 

study of monitoring. There also, the null hypothesis is rejected when ascribing sta

tistically exceptional values to chance appears to be no longer tenable. The classical 

charts of quality control are indeed an application of hypothesis testing in a situa

tion requiring monitoring. 

A first problem is to identify the set of states associated with the normal 

behavior of the system. As long as the system operates within its design criteria, it 

will spend a large fraction of its life time in these states. After such a set has been 

identified, the monitoring problem deals with the early identification and 
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classification of excursions outside this set. A desirable monitor is one that it is 

activated only at the rare occasions when the process leaves this set of normal 

behavior and then keeps track of the state of the system for the duration of the stay 

outside this set A systematic analysis of the design of such a monitor will be dis

cussed in this work. 

To focus these ideas, we shall consider monitoring the MIG/1 queue with 

group arrivals. This problem was analyzed by Neuts [4] using the notion of profile 

curves. The monitoring problem for the MIG/1 queue with group arrivals deals 

with the design of a monitor for this queue, so as to identify a change, if any, in the 

parameters of the queue as soon as possible. A fixed threshold K is selected and 

the monitor is actuated only when the queue length at departures of this queue 

exceeds that level. In that case, both the amount and the duration of exceedance 

over K are monitored. Clearly, the criterion for fixing this monitoring level K is 

crucial to the problem and should be sensitive to the local behavior of the queue so 

as to achieve the desired objective of monitoring the queue effectively. Neuts [4] 

has proposed the steady state queue length distribution as a first means of fixing the 

monitoring level K. It may be argued, however, that the steady state queue length 

density is an average over time and is not always representative of the evolution of 

the embedded Markov chain of the queue over short periods of time. As an alterna

tive, Neuts further suggested basing the choice of K on the quasi-stationary distribu

tion of an appropriate set of states to design the monitoring level which leads to 

some novel probabilistic interpretation of the monitor. The reasons for such a 

choice depend on the interesting probabilistic interpretation of that distribution, 

which is the subject of the next section. 
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The paper is organized as follows. In Section 2, we review the definition 

of quasi-stationary distribution and discuss the computation of the quasi-stationary 

distribution for truncations of the Markov chain of the MIGIl queue with group 

arrivals. Section 3 deals with the design of the monitor based on the quasi-

stationary distribution. We present an algorithm to compute profile curves for that 

queue. In Section 4, we derive some performance measures for the monitor and 

study the effect of a change in the parameters of the queue. Some numerical exam

ples and their interpretations are presented in Section 5. 
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CHAPTER 2 

QUASI-STATIONARY DISTRIBUTION 

Danoch and Seneta [2] introduced the notion of quasi-stationary distribu

tion for discrete time finite Markov chains. Seneta and Vere-Jones [6] later 

extended this concept to Markov chains with a denumerable infinity of states. Con

sider a finite Markov chain with transition probability matrix T of order m+1. Let 

the states of the Markov chain be labeled as 0, 1, 2, • • •, m. The state 0 is an 

absorbing state and {1, 2, ... , m) is the set of transient states. We partition the tran

sition probability matrix according to: 

T = 

1 0 

R Q 

where Q is a substochastic matrix of order m. In order to avoid uninteresting side 

issues, we assume that the matrix Q is aperiodic and irreducible. We know that 

there is a unique pair (u,v) of positive vectors such that u and v are respectively left 

and right eigenvectors of Q corresponding to the maximal eigenvalue t| and such 

that the normalizations 

ue = 1, uv = 1 (1) 
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hold. A classical theorem on non-negative matrices [1] states that 

Q" = 1111 vu + 0(11"), (2) 

as n ~ oo. The vector u is the quasi-stationary distribution of the transient set of 

states. 

This resu~t has an immediate consequence with useful probabilistic significance. Let 

the random variable Y be the time until the absorption in the state 0, starting from 

any fixed initial state. Then we have that 

P [Y > n ] = 11" + o (11" ). (3) 
; 

The eigenvalue 11 and the left eigenvector u have noteworthy probabilistic 

interpretations. Given that the Markov chain has spent a long time in set of the tran-

sient states { 1, 2, ... , m}, the conditional probability the Markov chain will be in 

this set of states after the next transition is 11· Also, the conditional probability the 

Markov chain will be in state i, 1 ~ i ~ m , after the next transition, is ui. More-

over, it is clear that with (O,u) as the initial probability vector for the Markov chain 

T, the time until absorption in the state 0, has a geometric density with parameter 

1 -11. 

We shall proceed with a discussion of an algorithm . to compute the quasi-

stationary distribution for the northwest truncation of the embedded Markov chain 
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of the MIGI1 queue with group arrivals. Consider an MIGI1 queue with group 

arrivals for which the service time distribution H(-) has the finite mean (ij'. Groups 

of customers arrive according to a homogeneous Poisson process of rate X and the 

numbers of customers in successive groups are independent, integral random vari

able with common density [pT, r £ 1} of (finite) mean jn1'. We shall consider only 

stable queues i.e. those for which the traffic intensity p satisfies 

P = toli'm' < 1. (4) 

The transition probability matrix P of the embedded Markov chain of the 

MIGI 1 queue with group arrivals has the structure, 
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b0 b j b2 b3 bA b5 b6 

a0 al a1 a3 a4 a5 a6 

0 Oq C\ d2 04 fls 

0 0 a0 ax  a2 a3 a4 

P = 0 0 0 aQ ax  a2 a-i 

0 0 0 0 a0 a\ a2 

0 0 0 0 0 a0 ax  

0 0 0 0 0 0 a0 

The non-zero elements of P are given by 

r 00 k 
ar = 5:Pr(k)\e-Xu (u), (5a) 

* = 0 0  K ]  

r+1 r+1 »+t , n „ \k 

br = ZPnar-n+1 = 2>„ E ^~dH (u), (5b) 
n=l n—X 4=0 0 Kl 

for r > 0. By r > 0}, we denote the fc-fold convolution of the sequence [pr}. 

For k = 0, this sequence is interpreted as p<f0) = 1 , and /?/0) = 0 , for r S 1. 

The probability generating functions A(z)  and B(z)  of the sequences [a ,} 

and [br} are given by 



A(z) = h[A.- AP(z)], 

B(z) = z-1P(z)h[A.- AP(z)], 

where P(z) = ,; p,z', and h(s) = [e-dH(x). 
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(6a) 

(6b) 

The first step in the computation is the evaluation of the probability densi

ties {av} and {bv}, which determine the non-zero elements of the transition proba

bility matrix P. For computational convenience, we have chosen to work with either 

discrete or finite mixtures of delayed Erlang distributions which are special cases of 

the phase type distributions. We have also assumed that the group size density {p v} 

has a finite support. The densities {av} and {bv} can be evaluated without numerical 

integrations ·and the procedure is outlined in Neuts [4]. 

It is well-known that the Perron-Frobenius eigenvalue of the infinite sto

chastic matrix P is 1. As initialization, a finite, northwest truncation of the matrix 

P is selected. The maximal eigenvalue of that truncated matrix is computed. If the 

value of that eigenvalue is too small, we enlarge the northwest truncations of the 

matrix P systematically by accretion of states until the maximal eigenvalue llK of 

the truncated matrix P K exceeds to 1 - e, e > 0. Typical values of e could be 

e = 0.02 or e = 0.05. By choosing e appropriately, we can control the time until the 

monitor is activated for the queue which operates as designed. The left eigenvector 
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ujf and the right eigenvector \K of the matrix PK corresponding to the eigenvalue 

x\K satisfying the normalizations - 1 , and = 1 , are computed. It can be 

easily verified that if the set of states {i £ AT+1} of the Markov chain P is lumped 

as . one absorbing state, then uK is the quasi-stationary distribution corresponding to 

the states {0,1, 2 £}. % can be interpreted as the vector of conditional proba

bilities of remaining in the set of states {0, 1, 2, ... , K) after the next transition, 

given that the Markov chain has spent long time in those states. Also, we see that 

Tjjf can be viewed as the conditional probability that the Markov chain remains in 

the set of states {0,1, 2,..., K] one time step later, given that the Markov chain has 

already resided a long time in this set states. 

The maximal eigenvalue % and the vectors and \K can be computed 

using several iterative procedures. In our computations, we have used the Eisner's 

algorithm [3] for the ease with which it may be implemented and for its generally 

rapid convergence. 

Eisner's Procedure: To compute the spectral radius of an irreducible, 

non-negative matrix A of order m, we consider a sequence of positive vectors y(B) 

satisfying y(n)e = 1 for n £0. The vector y(0) is arbitrary. The quantities S/B) are 

defined for  1  <, j£m by 

Sf») = (y(»)A)j (y)"))-1, 
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and the indices v" and ~~~ are chosen so that 

For a fixed ~' 0 < ~ < 1, we define d11 by 

The vector y<"+t) is defined by 

Y{ll+t>=c y{") 1 . ..,.v } II J ~ II 

where c11 is given by 

It has been proved [3] that for all n ~ 0, 

lim sS"> = lim s (II) = SP (A) and lim y<"> = y, 
11-+00 II 11-+00 J.'. 11-+00 

where y is the left eigenvector of the matrix A corresponding to the maximal eigen-

value SP (A). In our computations, we set ~ = 0. 75, which on experimental grounds 

appears to be a overall good choice. 
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CHAPTER 3 

DESIGN OF THE MONITOR 

The choice of the monitoring level K is based on the physical intuition 

underlying the notion of the quasi-stationary distribution. It can be argued that the 

monitoring level K should be selected in such way that the set of states {0,1, 2,... , 

K) of the Markov chain P can be associated with the normal behavior of the queue 

and that under normal modes of operation, the queue spends a long time in these 

states. So the queue is monitored at the level K, where K is the smallest index for 

which the maximal eigenvalue of the northwest truncated matrix PK is at least 1 - e. 

A natural choice of initial conditions for the Markov chain P is one that reflects 

that the queue length has been below the monitoring level K for a long time. The 

most convenient formalization of that physical intuition is to choose the initial pro

bability vector for the Markov chain P as (uK,0), which is the quasi-stationary dis

tribution uK of the set of states {0,1,2,..., K} augmented by the zero vector. 

A further advantage of this approach is the following : Suppose we have 

selected the vector (u^.O) as the initial probability vector for the embedded Markov 

chain P, we can study the effect of a specific change in the parameters of the 

queue. Let YK be the time until the queue length reaches the monitoring level K. 

For the posited model, 
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(7) 

which means that the time until the monitoring event has the geometric density ·with 

parameter 1 - 11K. Let P be the transition probability matrix of the queue with the 

modified parameter. Then for the changed model, the time until the monitor is 

activated has a discrete PH -density with representation (uK l;K ), where PK is the 

(K +1) x (K +1) northwest truncation of the matrix P. The maximal eigenvalue flK 

of the matrix PK is a first informative descriptor of the change in the parameter. 

The geometric asymptote of the PH -density is 

P [YK > n] = CflK + o(flK), (8) 

as n -+ oo. C is a positive constant and is equal to uKvK. vK is the appropriately 

normalized right eigenvector of the matrix PK. This geometric asymptote can be 

compared to the geometric density obtained for the posited model and the change in 

the parameters of the queue will be reflected in by the speed at which the queue 

length reaches the monitoring level K. As long as it is unambiguous, we shall 

suppress the subscript K for the vector uK and denote it as u. 

Profile Curves: For the purpose of defining the profile curves, we partition 

the Markov chain P as 
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P(1,1) P(1,2) 

P= 

p (2, 1) p (2,2) 

where P(1,1) is the matrix with maximal eigenvalue llK· The initial probability vee-

tor for tl;le Markov chain P is (u,O). Let x(j), j ~ 1, denote the vector with com-

ponents x (i ,j) , i ~ K + 1, when; x (i ,j) is the conditional probability that the queue 

length is i, and the departure is the j -th successive service completion which leaves 

behind a queue length in excess of K, given that the queue length was below the 

level K for a long time and that the queue length exceeded the level K for the first 

' time at j = 1. 

It is readily seen that the vectors x(l) and x(j), j ~ 2, are given by 

x(l) = u P(1,2), (9) 

x(j) = u P(1,2) [P(2,2))i-1. (10) 

Expanding the equations (9) and (10), we obtain the following relations useful in 

the computation of the vectors x(1) and x(j). Fori ~ K + 1, j ~ 2, 

K 

x(i ,1) = ur}J; + I, Uvfli+l-v' 
V=l 

i+l 
x(i ,j) = I, x(r ,j-1)a;+t-r. 

r=K+l 

(11) 

(12) 
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We introduce generating functions 

00 

X (z ;j) = L x (i ,j )z i • 
i=K+l 

From ( 11) it follows that 

K K K-v+l 
~(z;1) = Uo[B(z)- L brzr] + L UyZv-1[A(z)- L arzr], (13) 

r~ ~1 r~ 

and from ( 12) that for j ~ 2, 

X(z;j) = z-1A(z)X(z;j-1)- aQX(K+1,j-1)zK . (14) 

Letting z --+ 1- in (13) and (14), we obtain the following recursion for the sequence 

of mass functions {X (1-;j ), j ~ 1}. 

X(l-;1) = 1 -TlK. (15) 

X(l-;j) = X(1-;j-1)- a()X(K+1,j-1), j ~ 2. (16) 

For brevity, we shall call a sample path of the queue length process as a good path 

, if prior to an arbitrary departure labeled 0, the path has spent a long time in the set 

of states {0, 1, 2, ... , K}. The queue length density X(l-;j) is the conditional proba-

bility that a good path has been above the level K for j ~ 1, consecutive services. 

With these preliminaries, we define the profile curves for this queue when 
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monitored at the level K. For a given value of a, 0 <a< 1, the a-level profile 

curves corresponding to the threshold K are the loci of the points (i ,j), j ~ 1 , 

where i is the smallest integer for which 

i 
L x(r ,j) 

r=K+l 
----~a. 
, X(l-;j) 

(17) 

For given values of a and K, the profile curve is a sequence of indices and 

each index i in that sequence is the (approximate) HX>a-th percentile of the condi-

tional density of the excess of the queue length above K, given that a good path is 

considered at a departure which is the j -th in succession which leaves K or more 

customers behind. 

In the remainder of this section, we establish further analytical results use-

ful in the computation of the profile curves. 

holds. 

Theorem 1: The equality 

00 

L X(l-;j) = (1- p)-1[X'(1-;1)- K X(l-;1)], 
j=l 

Proof: Consider the joint generating function 



00 

~z;w) = L X(z;j)wi 
j=l 

00 00 

= L L x(i ,j)ziwi. 
j=l i=K+l 

22 

(18) 

Substituting in the right hand side of this equation the expressions in (13) and (14), 

it readily follows that ~z ;w) satisfies the equation 

00 

[z- wA(z)] ~z;w) = zwX(z;1)- a 0wzK+lL x(K+1,j)wi, 
. j=l 

(19) 

for lz I s 1 and lw I s 1. Moreover, ~z;w) is analytic in I z I s 1 and lw I s 1. 

For I w I < 1, I z I s 1, the unique solution of the equation 

z, = wA(z),. 

is given by z = G (w ), where G (w) is the probability generating function of number 

of services completed during the fundamental period of the queue. G (w) satisfies 

the equation 

G(w) = wA [G(w)], 

which is the classical Takdcs equation for the number of customers served during 

the fundamental period of the queue. It is well-known from [7], that the minimal 

non-negative solution of this equation in [0,1] has the property G (1-) = 1, if and 

only if p s 1. Since the right hand side of ( 19) must vanish upon substituting 

z = G (w) , we get the equation 
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-X[G(w);l] = aoGK(w)L x(K+I;j)wj, (20) 
j=l 

Equation ( 19) can therefore be rewritten as 

[z- wA(z)] «ll(z;w) = zwX(z;l)- zK+llK7-K(w)X[G(w);l]. (21) 

Setting ~ = 1- in (21), letting z ~ 1-, and applying !'Hospital's rule, we get the 

formula · 

(1 - p)«ll(l-;1-) = X'(l-;1)- K X(l-;1), 

Finally since, 

«1>(1-;1-) = L X(l-;j), 
j=l 

the theorem is proved. 

(22) 

(23) 

The quantity X' (1-; I) can be determined by differentiating (13) with 

respect to z and letting z ~ 1-, and we obtain explicitly that 

K 
X'(l-;1) = p + uo(llt'- 1) + L (r-I)ur 

r=l 

K K K-r+l K K-r+l 
- UoL ibi - L (r-I)ur L ai - L ur L iai. 

i=l r=l i=O r=l i=O 

The following proposition has an interesting probabilistic interpretation. 



Theorem 2: We have the equality 

00 

ao1:x(K+1,j) = 1 -llK· 
j=l 

Proof: By summing both sides of the equation ( 16) over j we get, 

00 00 

·L X{l-;j) = L X{l-;j)- a0 L x(K+1,j). 
j=2 j=l j=l 

00 

Let S = L X (1-;j ). Rewriting (25), it follows that 
j=l 

S - (1-llK) = S - aoL x(K +1,j), 
j=l 

and the proof is complete. 

24 

(24) 

(25) 

Remark: 1-llK, the right hand side of (24), is the conditional probability 

that a good path crosses over the level K at the next departure. x (K + 1 ,j) is the 

fraction of the good paths which after j consecutive services above the level K, are 

at the queue length K + 1. Of those, a fraction a0 drop to queue length K at the next 

departure. The left hand side of (24) is therefore the fraction of previously good 

paths which, having crossed above K, return to level K at an arbitrary departure 

epoch. Formula (24) is a conditional conservation law for the upcrossing-

downcrossings of good paths. 



25 

A different formula for ~1-;1-) which elucidates the probabilistic 

significance of that quantity, is established in the following theorem. 

Theorem 3: The quantity (1 -TlK )-1~1-;1-), where Cll(1-;1-) is given by 

(23), is the conditional expected number of services required for a good path which 

has exc~ed the level K at time 1 to return to the monitoring level K . 

Proof: By using the relations (23), (9) and (10) we get that 

~1-;1-) = u P(1,2) [/ - P(2,2)r1 e. (26) 

Let ct>v, v ~ 1, denote the conditional probability that a good path returns to the set 

of states {0, 1, 2, ... , K} after exactly v services given that the path has exceeded the 

level K at time 1. 

ct>v = u P (1,2) [P (2,2)]v-1 P (2,1) e, 

= u P (1,2) [P (2,2)]v-1 e - u P (1,2) [P (2,2)]v e. (27) 

Noting that uP (1,2) e = 1 -TlK , and summing both sides of the equation {27) over 

v from 1 to n , we get 

" uP (1,2) [P (2,2)]" e = 1 -TlK - L <t>v· (28) 
V=l 

The quantity u P(1,2) [P(2,2)]" e is the unconditional probability that a path which 
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is good at time 0 and is above the level K at time points 0, 1, ... , n. We recall that 

E[X] = ~p [X > n], 
11=0 

for a non-negative integer valued random variable X, and since 

00 

~ u P(1,2) [P(2,2)]11 e = <1»(1-;1-), 
11=1 

the interpretation of (1- TlK)-1<1»(1-;1-) given in the theorem is established. 

Computation of the Profile Curves: Consider now a fixed monitoring 

level K. Typical values of TlK we have used, to determine the level K are 0.95, 0.98, 

and 0.99. Using (11) we compute the quantities x(i,l) for i ~ K+l. The equation 

(15) can be· rewritten as 

00 

~ x(i,l) = 1- TlK· 
i=K+1 

We use this as a stopping criterion in the computation of the conditional densities 

x(i ,1). We halt at the first index i• for which the inequality 

;-
~ X(i ,1) > (1 - E')(l - TlK) 

i=K+1 

is satisfied, where e' is a small positive constant, which in our computations was set 

to to-5• In computing this array {x(i ,l),i ~ K +1 }, it should be noted that the 
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eigenvalue 11x was computed to eight decimal places of accuracy. An early trunca-

tion of this array will result in the loss ~f terms which may be very significant in 

the subsequent accurate computation of the profile curves. Since we are monitoring 

the queue for excursions, the terms {x(i ,1),i ~ i*} contain information relevant to 

the problem. Further, since we have chosen the monitoring threshold K so that the 

conditional probability a good path will exceed the level K is e, it is necessary that 

e' is carefully chosen to be relatively smaller than e in order of magnitude. It is for 

this reason we have set e' as small as we did. 

Having computed the array {x(i,1)}, we compute the arrays 

{x(i,j), i ~ K+1, j ~ 2} by the recursion (12). The quantities X(l-;j), j ~ 2, can be 

computed ~ursively after setting z = 1 in (14). We use the equation 

00 

r, x(i ,j) = X(l-;j), j ~ 2, 
i=K+l 

to obtain a stopping criterion for the computation of the arrays 

{x(i,j), i ~ K+1, j ~ 2}. Specifically, we halt the computation of each of these 

arrays as soon as an inequality similar to the one used for j = 1, is satisfied. Partie-

ularly useful in confirming the adequacy of the truncation index on j is the result 

00 

L X(l-;j) = <1>(1-;1-), 
j=l 
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where ®(1-;1-) can be computed from (22). We halt the computations of these 

arrays when the accumulated sum on the left hand side is sufficiently close to 

4>(1-;1-). Let / be the smallest index for which this stopping criterion is met. How

ever, for queues with a high traffic intensity, it is desirable to place an upper limit 

on j, such as 300. Computation of the profile curves beyond 300 services gives 

information marginal  to the monitoring problem. Moreover,  for  large values of  j ,  

great care is needed to avoid the deterioration of accuracy of the computed condi

tional densities. Because of these practical considerations, we therefore allow / to 

be at most 300. As soon as each array [x(i,j), i £ K+\,j > 1} is computed, we 

extract, using a binary search, the appropriate percentiles of these densities to plot 

the profile curves. Typical percentiles for which we have computed the profile 

curves are the 90, 95 and 99 percentiles. 
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CHAPTER 4 

PERFORMANCE MEASURES FOR THE MONITOR 

The Monitoring Procedure: Once the profile curves are computed, it is of 

interest to examine the performance of the monitor in detecting a specific change in 

the parameters of the queue. First, we shall present a procedure for monitoring the 

queue using the profile curves computed. The profile curve for given values of a 

and K is denoted by the set of indices {/* 0"). 1 S j 2 /}. We shall refer to the set 

of states (i.j) with 

1 <>j<,J,  K+\ <, i  <,  i*  ( j )  

as the monitoring region where i is the queue length, j is the number of successive 

departures which leave behind a  queue length in excess of  K. 

Let us consider two further indices J x  and J 2  such that J i < J 2 <  J .  These 

indices can be chosen according to a similar criterion used to select J. If at any 

time j, I <, j < Ji, measured in terms of successive service completions, the queue 

length stays above the level K and exceeds the profile curve, the monitor signals a 

rapid increase in the queue and calls for immediate control actions. If this rapid 

increase of the queue occurs infrequently, it is probably due to a surge in the 

offered input or to an exceptionally long service. 
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Suppose the queue length has not crossed the profile curve up to time J\ ,  

but stays above the monitoring level  K, and exceeds the profi le  curve for  some j ,  

Jx< j <1J2, then the monitor says that such an excursion is indicative of an over

load condition, i.e., during an excursion of unusual duration, there is a high build

up of the queue. Remedial measures for such an excursion depend upon the applica

tion on hand. 

An excursion lasting longer than J 2  services without exceeding the profile 

curve, could be due to the fact that at least one of the parameters of the system is 

permanently above the design criterion. Moreover, if the queue length crosses the 

profile curve between J2 and J, the monitor will identify this excursion as a slow, 

steady and long-lived upward trend in the queue length. If the system is indeed per

manently above design criteria, the control action could require redesigning the ser

vice unit. 

Finally, if an excursion stays between the monitoring level K and the 

profile curve for J services at least, then such an excursion may be due to a slow 

upward drift or a system operating moderately above the design criteria. Systems in 

which such excursions are frequent will require a detailed statistical analysis of the 

underlying assumptions. We emphasize that in all cases, excursions in which the 

queue length returns to the level K without exceeding the profile curve or lasting 

for the duration J are attributed to chance and are statistically compatible with the 



31 

posited model. 

Computation of the Performance Measures: Based on this monitoring 

scheme, we shall derive various measures of performance for the monitor and list 

the results and sketches of their derivation. The probabilities of practical interest are 

the following: 

1. £*0')> 2 < j  £ /, is the probability that a good path remains between the 

level K and the profile curve up to the y'-th service completion. 

2. %** (/)» 2 £ j £ J, is the conditional probability that a good path remains 

between the level K and the profile curve up to the j-th service completion, given 

that the good path has crossed the level K at time j = 1. 

The following probabilities are conditioned on the event that a good path 

of the queue exceeds the level K at time j = 1 and assumes one of the values 

K+l , • • •, j*(l). We shall refer to this event as A. 

3. r*0), 2 <7, is the conditional probability that a good path returns 

to the level K for the first time at the y-th service completion, conditional on the 

event A. 

4. (/)> j  <,J ,  is the conditional probability that a good path 
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exceeds i* U) for the first time at the end of the j-th service completion, conditional 

on the event A. 

5. ~··••• U), 2 s j s J, is the conditional probability that a good path 

remains in the monitoring region up to the j -th service completion, conditional on 

the event A. 

These performance measures for the monitor can be computed recursively 

by applying the law of total probability. The computation of these probabilities is 

conceptually elementary, but requires a careful bookkeeping of summation indices. 

' The first step is to compute the probabilities associated with the event A . 

Let y (i, 1 ), K + 1 s i s i • ( 1 ), be the probability that a good path of the queue exceeds 

the level K at time j = 1, and that the queue length is i. That probability is given 

by 

K 

y(i,1) = uob; + I:urai+l-r· (29) 
r=l 

Let z (i, 1 ), K + 1 s i s i • ( 1 ), be the conditional probability the queue length equals i 

given that a good path exceeds the level K at time 1 and is given by 

- _y'--o;(......,;i '""""'1)~ z(i,1) = 
i* (1) 

L y(r,1) 
r=K+l 

(30) 
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For 2 s j s J, i' ~ K + 1, the following recursive relations can be obtained by stan-

dard arguments in Markov chains. 

min(i'+1, i• U-1)) 

y(i',j) = :r, y(v,j-1) ai'+1-v• (31) 
Y=K+1 

where y(i',j) is the probability that a good path is between the level K and the 

profile c~e, up to time j and the queue length equals i '. 

min(i'+1, i. (j-1)) 

z (i',j) = :r, Z
0 (v,j-1) ai'+1-v• (32) 

Y=K+1 

where 

zo(v ._ 1) = z(v,j-1) 
,J i·U-1> 

:r, z(r,j-1) 
r=K+1 

z 0 (v ,j -1) is the conditional probability that a good path is between the level K and 

the profile curve for j -1 consecutive services and has a queue length v. 

With these preliminaries, the evaluation of the performance measures for 

the monitor is immediate. It can be verified from (31) that ~ • (j) is given by 

;•u> 
~· U) = :r, y(i',j), 

i'=K +1 

and can be interpreted as the fraction of good paths which would require a monitor-
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ing decision at time j+l. This quantity is clearly an important measure for the per

formance of the monitor. Since we wish to to identify an excursion of the queue 

length not compatible to the model as soon as possible, it is desirable that this 

quantity decreases as j increases. 

The conditional probability that a good path exceeds the level K is 1 -

and we obtain that 

1 -TIat 

This quantity is the conditional fraction of good paths which require a monitoring 

decision in the next time unit, given that the good path has crossed the level K at 

time j = 1. The speed at which this quantity drops off as time elapses is indicative 

of the sensitivity of the monitor. 

The conditional probability £***(/) is given by 

C*(j)  = aQz°(K+\, j - \ ) .  

z°(K+\, j - \ )  is the fraction of the good paths which after remaining for j -1 con

secutive services in the monitoring region are at the queue length K+1. Of those, a 

fraction aQ drop to queue length K at the next departure. 
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From (32), it follows that the quantities §**"(/) and £*****0") are given by 

C"U)= .£ zO'.y). 
."WC/X-i 

r"*0)= 'z 
i'=*+l 

As an accuracy check on the computation of these quantities, we can ver

ify for j £ 2 that 

r*o')+r"c/)+s—o)=i.  

Theorem 4: For a given a level profile curve, the conditional probabilities 

r*0),  and %*****(])  as  j  oo do not  depend on the monitoring level  K. 

Proof: The conditional probability densities X(i; j )  [X (1—;y)]-1 as j  

converge to the quasi-stationary distribution of the set of states {/ > tf+1} of the 

Markov chain P. This quasi-stationary density is described by the normalized left 

eigenvector of the infinite substochastic matrix away from the boundary state 0, due 

to the spatial homogeneity of the Markov chain. This implies that for all a-levels, 

the profile curves eventually become the a-percentile i„, of the quasi-stationary 

density. Further, as j -»°°, the conditional probabilities £***(/)» £****(/) and 

£ 0') are conditioned on the event that the queue length has spent a long time in 

the monitoring region. It can be verified that the conditional distribution of the 
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queue length, given that the queue has spent a long time in the monitoring region is 

the quasi-stationary distribution of the set of states {1,2,.... i*a] of the Markov 

chain P. Hence we obtain the stated property. 

Remark: This property is primarily useful in serving to confirm in compu

tations, the theoretically expected behavior of these conditional probabilities. To 

implement the monitoring scheme discussed in this section, the information about 

the behavior of the queue which we have obtained from these conditional probabili

ties is essential. Moreover, from these probabilities, we can extract much refined 

information about the queue, which can be useful in assessing the frequency with 

which the various monitoring events occur due to chance for the posited model. 

Examination of a parameter change in the posited model: In addition 

to their use in formalizing a monitoring procedure, the profile curves may also serve 

in the comparison of different models or of various approximations to the same 

model. For the posited MIGI1 queue with group arrivals, we may, for example, 

increase the arrival rate or the mean of the service time distribution or the mean of 

the group size density to obtain a changed model. The non-zero elements of the 

matrix P, where P is the embedded Markov chain of the queue with the modified 

parameter, are computed. The vector ( u, 0 ) is chosen as the initial probability vec

tor for this Markov chain P. The changed model is also monitored at the same 

threshold K and with respect to the profile curves defined for the posited model. A 
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first means of identifying the change in the parameter is to compare (7) and (8). 

Further, for the changed model, the change in the parameter should be clearly 

reflected by the systematic excursions of the queue length over the monitoring level. 

So as a second indicator, we can compare the measures of performance of the mon

itor obtained for the posited and the changed model. Analogous expressions for the 

performance measures defined in this section can be obtained by the same argument 

used for the posited model. A comparison of these probabilities yields some infor

mation on the sensitivity of the monitor designed, to a change in the parameter of 

the queue. Such an examination is analogous to that of examining the power of sta

tistical tests against various alternate hypotheses. 
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CHAPTER 5 

NUMERICAL EXAMPLES 

In this section, we shall present some numerical examples and their 

interpretations. We have selected three examples to demonstrate the feasibility of 

the algorithm discussed for computing the profile curves and draw qualitative infer

ences on the performance of the monitor designed. In order to facilitate easier 

understanding, simple examples arc presented. We consider an MIGI1 queue with 

single arrivals and with an Erlang service time distribution as the posited model. 

The arrivals occur according to a Poisson process of rate 0.25. The service time dis

tribution is E (1/0.6 , S), an Erlang distribution with the shape parameter k = 5 and 

the scale parameter m = 1/0.6 so that the mean p./ = fc/fti = 3.0. Example 1 is a sum

mary of the important numerical results for the posited model. 

In general, a number of useful conclusions can be drawn from this exam

ple. When the system operates as designed, with probability 0.999 it takes at least 

2062 services for  a  good path of  the queue length to reach the monitoring level  K. 

We draw attention to the fact that the quasi-stationary distribution and the steady 

state vector of this queue arc almost similar. Further, the fraction of time the queue 

length, in steady state, is above the monitoring level is so small, 0.00335, we can 

argue that the quasi-stationary distribution is an apt choice of initial conditions for 

this queue. It can further be inferred, from Table 1, that this queue will not have an 
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erratic behavior of path functions, since the difference between the 90, 95 and 99 

level profile curves is not large. The performance measures in Table 2 show that the 

conditional probability of exit from the monitoring region by crossing the profile 

curve for the first time is small compared to the other conditional probabilities. This 

can be interpreted that a good path of the queue length, when the queue operates as 

designed, even after exceeding the monitoring level may not have large fluctuations 

in the queue length. Moreover, it can be seen that if a path has spent a long time in 

the monitoring region, then with a high probability that path will still remain in the 

monitoring region in the next time unit. 

Three different parameter changes in the posited model arc examined. In 

Example 2, the parameter change we consider is a different service time distribution 

with mean 20% larger than compared to the posited model. The service time distri

bution in this example is 0.95 £(1/0.6 ,5) + 0.05 £(1/15.0 ,1). In this changed 

model, with probability 0.999 queue length reaches the level K in 426 services. 

Longer service times result in a progressive upward trend of the queue length is 

clearly seen by the fact that the monitor is activated faster in the changed model. 

Further, the steady state probability that the queue will be above the monitoring 

level has increased dramatically. The performance measures for the monitor in 

Table 3, give a more detailed information about the parameter change. Firstly, 

£**(/)» the fraction of good paths having exceeded the level K and awaiting a moni-
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taring decision, drops off at a faster rate than compared to the posited model. As a 

global information, this implies that the monitor is sensitive to the change in the 

parameter. The conditional probabilities £"**(/) and £*****0") for 2 < j < J 

give additional local information about the change in the parameter. In particular, 

C"(j), the fraction of good paths above the level K exceeding the profile curve 

for the first time, is significantly higher for the changed model. Similarly, the other 

performance measures are also indicative of the change. 

As the third example, we compare the posited model and an M/M/l  queue 

of the same traffic intensity. In this example, we observe that with probability 0.999 

the monitor is activated in 749 services. Further, there is a moderate increase in the 

fraction of time the queue spends, in steady state, above the level K. The perfor

mance measures for the monitor in Table 4 also confirm that the monitor clearly 

identifies the greater variability of the service time distribution in this model. The 

speed at which £**(/) drops off reflects that, of the paths in the monitoring region, 

only a smaller fraction, compared to the posited model, will remain in the monitor

ing region in the next time unit. The probabilities £,**** (j) indicate that the fraction 

of paths in the changed model which will cross the profile curves is larger com

pared to the posited model. 

As the fourth example, we consider a changed model whose arrival pro

cess has occasional group arrivals. With probability 0.99 there are single arrivals 
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and with probability 0.01 there are group arrivals of size 10. This changed model 

also operates at the same traffic intensity as the posited model. Compared to the 

posited model, the monitor is activated faster, with probability 0.999 in 588 services 

and the steady state probability that the queue length is above the monitoring level 

is larger. At a glance at Table 5, we can see that the effect of this parameter change 

in the performance measures is significant From the conditional probabilities §**(/)> 

we can infer that the monitor reacts quickly to the change in the parameter, and 

hence there are fewer paths compared to the posited model which remain in the 

monitoring region. This behavior can be attributed to more frequent excursions 

above the monitoring threshold in this model, since there are group arrivals and the 

arrivals of occasional large groups will show up by spikier path functions of the 

queue. 

Conclusions: The numerical examples discussed indicate that the monitor 

designed will identify the change in the parameter. A careful analysis of the perfor

mance measures for the monitor indicates that the monitoring scheme based on the 

quasi-stationary distribution is conservative. In order to clarify the distinction 

between the monitors based on the steady state queue length distribution discussed 

in Neuts [4], and on the quasi-stationary distribution, as emphasized here, it is use

ful to visualize the different ensembles of paths which lead to monitoring events. 

In the first case, we consider an arbitrary departure epoch and consider 
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whether the queue length exceeds a given level K. If such is the case, the path 

function of the queue is tracked until it returns to the level K. The profile curves 

are defined with respect to the conditional probability measure induced by the 

posited queueing model on the space of all such path functions. In order to obtain a 

sample of such paths, we could start replicates of the queue under steady state con

ditions and track all those with an initial queue length in excess of K. Alternatively, 

we could take a long record of a single path and select time points which arc 

widely separated in time (so as to guarantee near-independence and steady state 

conditions), and we could track the paths which start above K until their eventual 

return to K. 

For the second approach, based on the quasi-stationary distribution, the 

value K is selected as already discussed. By choosing the initial probabilities 

according to the quasi-stationary distribution, the profile curves are defined with 

respect the conditional probability measure induced by the posited queueing model 

on the space of all path functions, which have already spent a long time below or at 

the level K. In order to obtain a sample of such paths, we could examine a very 

long record of the behavior of the steady state queue for the occurrence of long 

sojourns at or below the level K. Such sojourns should be sufficiently long that the 

approach to the quasi-stationary distribution, guaranteed by (2), is satisfied. Such 

paths could then be tracked until they exceed the level K and the record of the 

excursion above K would yield one sample "point" in that ensemble. 
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For queues with moderate random variability, these two approaches are in 

general not very different This is reflected in the fact that, the stationary queue 

length density and the quasi-stationary density of the set { 0,1,..., K } are not very 

different. On the other hand, in queues with substantially varying path functions, 

these two approaches reflect fundamentally different monitoring strategies. Such 

queues will inherently have large and long-lived excursions with high probability. 

In basing monitoring on the steady state probability vector, such excursions are 

implicitly accepted as being part of the posited model. On the other hand, the alter

native approach based on the quasi-stationary density is more conservative and 

wants the monitor to be alert also to the occurrence of such excursions. We then 

base the profile curves on "good" portions of the path and expect the monitor to 

track when the path exhibits an excursion outside the set { 0,1,... , K }. The quasi-

stationary density and the choice of the level K are formalizations of the intuitive 

notion of activating the monitor when a "good" path exhibits a large excursion. 
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EXAMPLE 1 

ft********************************************************************* 

study of the profile curves for the M/G/1 queue with group arrivals 

$ 4c * * 4c 4c * * * * aft 4c 4c j|c 4c 4c 4c * 4c 4c * * 4c * * * $ * * * 4c * * * * * * 4* * * 4c * * * * * * * * 4c * * * 4c * * * * * * * * * * * $ 4c 4c * * 

*** The Posited model*** 

*** the arrival rate : 0.25000 *** 

*** parameters of the service time distribution 

which is a mixture of (delayed) erlang distributions *** 

nr weight delay parameter order 

1 1.00000 0.000 0.600 5 

mean of the service time distribution : 3.0000 

standard deviation of the service time distribution : 1.3416 

coefficient of variation of the service time distribution : 0.4472 

the traffic intensity : 0.75000 

*** the eigenvalue % used to fix the 
monitoring level in the posited model: 0.99665 *** 



*** the queue is monitored for excursions above the level K : 7 *** 

*** the probability that the monitoring event will occur 
in n steps or less *** 

prob: 0.25 0.5 0.75 0.9 0.95 0.99 0.999 

steps: 86 207 414 688 894 1375 2062 

*** the quasi stationary density and distribution *** 

0 0.27224 0.27224 1 0.27350 0.54574 2 0.19235 0.73809 
3 0.12087 0.85897 4 0.07200 0.93096 5 0.04053 0.97150 
6 0.02056 0.99206 7 0.00794 1.00000 

*** the steady state queue length density and distribution *** 

0 0.25000 0.25000 1 0.25284 0.50284 2 0.18061 0.68345 
3 0.11716 0.80061 4 0.07410 0.87471 5 0.04659 0.92130 
6 0.02927 0.95057 7 0.01838 0.96895 8 0.01155 0.98050 
9 0.00725 0.98775 10 ,0.00456 0.99231 

fraction of time spent above the monitoring level K = 7 is 0.03105 

steady state mean queue length : 2.10000 

<K1-;1-): 5.35575 

the probability that a good path will exceed the 
monitoring level K = 7 one time step later : 0.00335 



*** The the profile curves for the posited model *** 

*** ipr90, ipr95, ipi99 are the 90, 95, 99 level 
profile curves *** 

j X(l-;j) ipr90 ipr95 ipr99 

1 0.00335 9 10 11 
2 0.00212 10 11 12 
3 0.00155 11 11 13 
4 0.00122 11 12 13 
5 0.00100 11 12 14 
6 0.00083 12 13 15 
7 0.00071 12 13 15 
8 0.00062 12 13 15 
9 0.00054 13 14 16 

10 0.00048 13 14 16 
11 0.00043 13 14 16 
12 0.00038 13 14 17 
13 0.00034 13 15 17 
14 0.00031 14 15 17 
15 0.00028 14 15 17 
16 0.00026 14 15 18 
17 0.00023 14 15 18 
18 0.00021 14 15 18 
19 0.00020 14 16 18 
20 0.00018 14 16 19 
21 0.00017 14 16 19 
22 0.00015 15 16 19 
23 0.00014 15 16 19 
24 0.00013 15 16 19 
25 0.00012 15 16 19 
26 0.00011 15 17 20 
27 0.00011 15 17 20 
28 0.00010 15 17 20 
29 0.00009 15 17 20 
30 0.00009 15 17 20 

Table 1 
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Performance measuers for the posited model 

j £*(/) TO) r*o) r~o) 
£**«** % 0) 

02 0.00330 0.98651 0.37270 0.00741 0.61988 
03 0.00205 0.61152 0.27537 0.01763 0.70700 
04 0.00145 0.43235 0.23047 0.00647 0.76306 
05 0.00110 0.32991 0.20024 0.01170 0.78806 
06 0.00087 0.25999 0.18140 0.00394 0.81466 
07 0.00071 0.21180 0.16639 0.00695 0.82666 
08 0.00059 0.17509 0.15441 0.00896 0.83662 
09 0.00049 0.14648 0.14527 0.00273 0.85200 
10 0.00042 0.12480 0.13697 0.00462 0.85841 
11 0.00036 0.10713 0.13007 0.00583 0.86409 
12 0.00031 0.09257 0.12441 0.00674 0.86886 
13 0.00027 0.08043 0.11977 0.00195 0.87828 
14 0.00024 0.07064 0.11519 0.00320 0.88160 
15 0.00021 0.06228 0.11122 0.00397 0.88481 
16 0.00018 0.05510 0.10778 0.00453 0.88769 
17 0.00016 0.04892 0.10480 0.00498 0.89022 
18 0.00015 0.04355 0.10223 0.00534 0.89243 
19 0.00013 0.03886 0.09998 0.00148 0.89854 
20 0.00012 0.03492 0.09753 0.00237 0.90010 
21 0.00011 0.03143 0.09536 0.00287 0.90177 
22 0.00009 0.02834 0.09342 0.00324 0.90335 
23 0.00009 0.02560 0.09169 0.00352 0.90479 
24 0.00008 0.02317 0.09015 0.00375 0.90610 
25 0.00007 0.02099 0.08876 0.00394 0.90730 
26 0.00006 0.01904 0.08751 0.00107 0.91142 
27 0.00006 0.01736 0.08606 0.00170 0.91224 
28 0.00005 0.01583 0.08474 0.00205 0.91321 
29 0.00005 0.01446 0.08353 0.00229 0.91418 
30 0.00004 0.01322 0.08240 0.00248 0.91512 

Table 2 
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EXAMPLE 2 

ft************************************************'):****'!!*')!*'*'*********** 

study of a change in a parameter of the posited model using 
the profile curves defined for the posited model 

*** this changed model has rare long services *** 

*** the arrival rate : 0.25000 *** 

*** parameters of the service time distribution 

which is a mixture of (delayed) erlang distributions *** 

nr weight delay parameter order 

1 0.95000 0.000 0.600 5 
2 0.05000 0.000 15.000 1 

mean of the service time distribution : 3.6000 

standard deviation of the service time distribution : 4.4497 

coefficient of variation of the service time distribution : 1.2360 

the traffic intensity : 0.90000 

*** the new eigenvalue in the changed model: 0.98385 *** 

*** the queue is monitored for excursions above the level K : 7 *** 



*** the probability that the monitoring event will occur 
in n steps or less *** 

prob: 0.25 0.5 0.75 0.9 0.95 0.99 0.999 

steps: 19 44 86 143 185 284 426 

*** the steady state queue length density and distribution *** 

00 0.10000 0.10000 01 0.10711 0.20711 02 0.08613 0.29324 
03 0.06744 0.36068 04 0.05486 0.41554 05 0.04660 0.46214 
06 0.04091 0.50305 07 0.03671 0.53976 08 0.03340 0.57316 
09 0.03066 0.60382 10 0.02828 0.63209 11 0.02616 0.65826 
12 0.02425 0.68251 13 0.02250 0.70501 14 0.02089 0.72590 
15 0.01940 0.74531 16 0.01803 0.76333 17 0.01675 0.78008 
18 0.01556 0.79564 19 0.01446 0.81010 20 0.01344 0.82354 
21 0.01248 0.83602 22 0.01160 0.84762 23 0.01078 0.85840 
24 0.01002 0.86842 25 0.00931 0.87773 26 0.00865 0.88638 
27 0.00804 0.89442 28 0.00747 0.90189 29 0.00694 0.90883 
30 0.00645 0.91528 31 0.00599 0.92127 32 0.00557 0.92684 
33 0.00518 0.93202 34 0.00481 0.93683 35 0.00447 0.94130 
36 0.00415 0.94545 37 0.00386 0.94931 38 0.00359 0.95290 
39 0.00333 0.95623 40 0.00310 0.95933 41 0.00288 0.96220 
42 0.00267 0.96488 43 0.00248 0.96736 44 0.00231 0.96967 
45 0.00215 0.97182 46 0.00199 0.97381 47 0.00185 0.97566 
48 0.00172 0.97739 49 0.00160 0.97899 50 0.00149 0.98047 
51 0.00138 0.98185 52 0.00128 0.98314 53 0.00119 0.98433 
54 0.00111 0.98544 55 0.00103 0.98647 56 0.00096 0.98743 
57 0.00089 0.98832 58 0.00083 0.98914 59 0.00077 0.98991 
60 0.00071 0.99062 

fraction of time spent above the monitoring level K = 7 is 0.46024 

steady state mean queue length : 11.13750 

<E»(1-;1-) : 155.61167 

the probability that a good path will exceed the 
monitoring level K = 7 one time step later : 0.01324 
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4c s|c sfc sfc sfv sfc s(c sfcsfc 3)c sft sfc )(c jft 3fc a|c s(c3(k sfcsfc sfc sfc j|c sfcsfc s|c sfc jfc sfc sfc s|( 3fc sfc sfc sfc sf s(c s|c sfc s|c s|c sfcsfc s|c 4( S0c a|c sl^sfc sfcsfc afc 9fc )fc sfe sfcs^c sfc sfc sfc sfe sfc 3fc sfc sfc 

Performance measures for the changed model 

Iliiltiliilclcictiiltiltilcifcttiltiliilciltilcilcldttiltiltftslctiilcili*:!!************:!!*************************** 

j $•(/) TO) CO) r~o) ro) 

02 0.00825 0.62280 0.26165 0.03193 0.70642 
03 0.00583 0.43996 0.20941 0.04273 0.74787 
04 0.00436 0.32904 0.19605 0.02300 0.78096 
05 0.00340 0.25696 0.17625 0.02959 0.79416 
06 0.00270 0.20407 0.16262 0.01765 0.81973 
07 0.00222 0.16728 0.14975 0.02203 0.82821 
08 0.00183 0.13854 0.13878 0.02480 0.83642 
09 0.00153 0.11588 0.13029 0.01480 0.85492 
10 0.00131 0.09907 0.12199 0.01791 0.86010 
11 0.00113 0.08521 0.11508 0.01983 0.86510 
12 0.00098 0.07371 0.10945 0.02120 0.86935 
13 0.00085 0.06408 0.10490 0.01270 0.88239 
14 0.00075 0.05655 0.10007 0.01504 0.88489 
15 0.00066 0.05004 0.09592 0.01643 0.88765 
16 0.00059 0.04442 0.09236 0.01743 0.89021 
17 0.00052 0.03954 0.08934 0.01818 0.89248 
18 0.00047 0.03529 0.08676 0.01878 0.89446 
19 0.00042 0.03156 0.08454 0.01121 0.90426 
20 0.00038 0.02854 0.08184 0.01305 0.90511 
21 0.00034 0.02583 0.07949 0.01410 0.90641 
22 0.00031 0.02342 0.07744 0.01482 0.90774 
23 0.00028 0.02126 0.07564 0.01537 0.90898 
24 0.00026 0.01932 0.07407 0.01581 0.91012 
25 0.00023 0.01758 0.07267 0.01617 0.91117 
26 0.00021 0.01602 0.07140 0.00978 0.91881 
27 0.00019 0.01472 0.06974 0.01127 0.91899 
28 0.00018 0.01353 0.06825 0.01210 0.91965 
29 0.00016 0.01244 0.06691 0.01267 0.92042 
30 0.00015 0.01145 0.06569 0.01310 0.92121 

Table 3 
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EXAMPLE 3 

ft********************************************************************* 

study of a change in a parameter of the posited model using 
the profile curves defined for the posited model 

*** this changed model is an M/M/l queue *** 

*** the arrival rate : 0.25000 *** 

*** parameters of the service time distribution 

which is a mixture of (delayed) erlang distributions *** 

nr weight delay parameter order 

1 1.00000 0.000 3.000 1 

mean of the service time distribution : 3.0000 

standard deviation of the service time distribution : 3.0000 

coefficient of variation of the service time distribution : 1.0000 

the traffic intensity : 0.75000 

*** the new eigenvalue in the changed model: 0.99081 *** 

*** the queue is monitored for excursions above the level K : 7 *** 



*** the probability that the monitoring event will occur 
in n steps or less *** 

prob: 0.25 0.5 0.75 0.9 0.95 0.99 0.999 

steps: 32 76 151 251 326 500 749 

*** the steady state queue length density and distribution *** 

00 
03 
06 
09 
12 
15 

0.25000 0.25000 
0.10547 0.68359 
0.04449 
0.01877 
0.00792 
0.00334 

0.86652 
0.94369 
0.97624 
0.98998 

01 
04 
07 
10 
13 
16 

0.18750 
0.07910 
0.03337 
0.01408 
0.00594 
0.00251 

0.43750 
0.76270 
0.89989 
0.95776 
0.98218 
0.99248 

02 
05 
08 
11 
14 

0.14062 
0.05933 
0.02503 
0.01056 
0.00445 

0.57812 
0.82202 
0.92492 
0.96832 
0.98664 

fraction of time spent above the monitoring level K = 7 is 0.10011 

steady state mean queue length : 3.00000 

«K1-;1-): 15.41399 

the probability that a good path will exceed the 
monitoring level K = 7 one time step later : 0.00737 
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Performance measures for the changed model 

********************************************************************** 

j §'(/) TO) r*o> r~c/) § 0) 

02 0.00679 0.92128 0.35443 0.02690 0.61867 
03 0.00420 0.56997 0.28060 0.03905. 0.68035 
04 0.00286 0.38778 0.25251 0.01917 0.72832 
05 0.00208 0.28243 0.22076 0.02615 0.75309 
06 0.00157 0.21269 0.20432 .0.01283 0.78285 
07 0.00123 0.16651 0.18830 0.01753 0.79418 
08 0.00097 0.13224 0.17313 0.02040 0.80647 
09 0.00079 0.10664 0.16306 0.00954 0.82740 
10 0.00065 0.08824 0.15317 0.01274 0.83409 
11 0.00054 0.07360 0.14440 0.01467 0.84092 
12 0.00046 0.06189 0.13786 0.01598 0.84615 
13 0.00039 0.05237 0.13285 0.00725 0.85990 
14 0.00033 0.04503 0.12725 0.00952 0.86323 
15 0.00029 0.03887 0.12215 0.01086 0.86699 
16 0.00025 0.03370 0.11799 0.01179 0.87022 
17 0.00022 0.02933 0.11461 0.01247 0.87291 
18 0.00019 0.02560 0.11179 0.01299 0.87522 
19 0.00017 0.02241 0.10931 0.00574 0.88495 
20 0.00015 0.01983 0.10608 0.00740 0.88652 
21 0.00013 0.01758 0.10333 0.00835 0.88832 
22 0.00012 0.01562 0.10103 0.00899 0.88998 
23 0.00010 0.01390 0.09907 0.00947 0.89146 
24 0.00009 0.01239 0.09737 0.00984 0.89279 
25 0.00008 0.01106 0.09584 0.01013 0.89403 
26 0.00007 0.00989 0.09441 0.00444 0.90115 
27 0.00007 0.00891 0.09242 0.00570 0.90188 
28 0.00006 0.00804 0.09065 0.00641 0.90295 
29 0.00005 0.00726 0.08908 0.00689 0.90403 
30 0.00005 0.00656 0.08771 0.00725 0.90504 

Table 4 
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EXAMPLE 4 

study-of a change in a parameter of the posited model using 
the profile curves defined for the posited model 

*** in this changed model there are occasional group arrivals *** 

*** the arrival rate : 0.22935 *** 

*** parameters of the service time distribution 

which is a mixture of (delayed) erlang distributions *** 

nr weight delay parameter order 

1 1.00000 0.000 0.600 5 

mean of the service time distribution : 3.0000 

standard deviation of the service time distribution : 1.3416 

coefficient of variation of the service time distribution : 0.4472 

*** there are group arrivals and the group size density is as follows: *** 

1 0.99000 2 0.00000 3 0.00000 4 0.00000 
5 0.00000 6 0.00000 7 0.00000 8 0.00000 
9 0.00000 10 0.01000 

the mean group size eta : 1.090 

the variance gvar of the group size : 0.802 



the traffic intensity : 0.74997 

*** the new eigenvalue in the changed model: 0.98831 *** 

*** the queue is monitored for excursions above the level K : 7 *** 

*** the probability that the monitoring event will occur 
in n steps or less *** 

prob: 0.25 0.5 0.75 0.9 0.95 0.99 0.999 

steps: 25 59 118 196 255 392 588 

*** the steady state queue length density and distribution *** 

00 0.22938 0.22938 
03 0.08674 0.66442 
06 0.03345 0.79676 
09 0.02667 0.88024 
12 0.01516 0.93932 
15 0.00711 0.96695 
18 0.00404 0.98159 
21 0.00230 0.99009 

01 0.20996 0.43934 
04 0.05729 0.72171 
07 0.02937 0.82612 
10 0.02423 0.90447 
13 0.01157 0.95089 
16 0.00579 0.97274 
19 0.00340 0.98498 
22 0.00185 0.99194 

02 0.13834 0.57768 
05 0.04159 0.76330 
08 0.02744 0.85357 
11 0.01969 0.92416 
14 0.00895 0.95984 
17 0.00481 0.97754 
20 0.00281 0.98780 

fraction of time spent above the monitoring level K = 7 is 0.17388 

steady state mean queue length : 3.75095 

: 52.53858 

the probability that a good path will exceed the 
monitoring level K = 7 one time step later : 0.01223 
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3|c3|e3gc3|c>|c3|(9|c4t9te4c3|c9(c9|<4c4'4>4c4ci|e3|e>lc>l»l<4"|c4c4t3|c>l<3|'4t4>3l<>l"l'a)>4c>|ca|e3|<at<4t4c4<4e3)t3|c3|c3(t3|c4c3|"fe3|c4c4c4e4"ic4c3|c9ee3tc4ci(e4c4c4c3(c3|c 

Perfonnance of the monitor for the changed model 

J **(/> TO) T*0) r"o> 5 0) 

02 0.00665 0.54402 0.15983 0.02690 0.81327 
03 0.00541 0.44243 0.16026 0.03086 0.80887 
04 0.00438 0.35787 0.20387 0.01269 0.78345 
05 0.00343 0.28037 0.20115 0.01617 0.78268 
06 0.00268 0.21944 0.19475 0.00957 0.79568 
07 0.00214 0.17461 0.18611 0.01152 0.80237 
08 0.00171 0.14010 0.17700 0.01278 0.81022 
09 0.00139 0.11351 0.16930 0.00851 0.82220 
10 0.00114 0.09333 0.16195 0.00964 0.82841 
11 0.00095 0.07731 0.15548 0.01038 0.83415 
12 0.00079 0.06449 0.14998 0.01093 0.83910 
13 0.00066 0.05411 0.14538 0.00794 0.84668 
14 0.00056 0.04582 0.14091 0.00864 0.85045 
15 0.00048 0.03897 0.13693 0.00908 0.85399 
16 0.00041 0.03328 0.13342 0.00940 0.85718 
17 0.00035 0.02852 0.13034 0.00966 0.86000 
18 0.00030 0.02453 0.12765 0.00988 0.86247 
19 0.00026 0.02116 0.12528 0.00763 0.86709 
20 0.00022 0.01834 0.12281 0.00809 0.86910 
21 0.00019 0.01594 0.12057 0.00836 0.87107 
22 0.00017 0.01389 0.11855 0.00856 0.87290 
23 0,00015 0.01212 0.11673 0.00871 0.87456 
24 0.00013 0.01060 0.11511 0.00884 0.87606 
25 0.00011 0.00929 0.11364 0.00894 0.87742 
26 0.00010 0.00815 0.11229 0.00670 0.88101 
27 0.00009 0.00718 0.11075 0.00713 0.88212 
28 0.00008 0.00633 0.10931 0.00737 0.88332 
29 0.00007 0.00559 0.10796 0.00754 0.88450 
30 0.00006 0.00495 0.10670 0.00767 0.88563 

Table 5 
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APPENDIX 

GLOSSARY 

Notation Definition 

K the threshold at which the monitoring is initiated. 

Q the substochastic matrix corresponding to the set of tran
sient states of the Markov Chain T. 

r| the Penon-Frobenius eigenvalue of the matrix Q. 

u the appropriately normalized left eigenvector of the 
matrix Q corresponding to the eigenvalue r|. 

v the appropriately normalized right eigenvector of the 
matrix Q corresponding to the eigenvalue t|. 

HQ the service time distribution of the MIGI1 queue with 
group arrivals. 

(Pv v 5 1} the probability density of the group arrivals. 

p traffic intensity of the queue. 

P the embedded Markov chain of the MIGI 1 queue with 
group arrivals. 
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[a r ,  r  S 0} the probability density of the number of arrivals during a 
service time. 

[b r ,  r  10} the probability density of the number of arrivals during a 
service time starting with an idle period. 

Pk (K+l)x(K+l)  northwest truncation of the matrix P.  

t|jr the Perron-Frobenius eigenvalue of the matrix P K .  

ujf the appropriately normalized left eigenvector of the 
matrix Q corresponding to the eigenvalue %•. 

vj<c the appropriately normalized right eigenvector of the 
matrix Q corresponding to the eigenvalue r .̂ 

P the embedded Markov chain of the queue with the 
modified parameter. 

Pk (X"+l)x(AT+l) northwest truncation of the matrix P. 

% the Perron-Frobenius eigenvalue of the matrix P K .  

the appropriately normalized right eigenvector of the 
matrix Q corresponding to the eigenvalue 

[x( i , j ) , i  S K+\, j  ^1} the conditional probability that the queue length is i  and 
the departure is the j- the successive service completion 
which leaves behind a queue in excess of K. 
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X(z ;j), j ~ 1 -the generating function l: x (i ,j )z i • 
i=K+l 

~z;w) - -' the joint generating function L L x(i ,j)ziwi. 
i=K+l j=l 

r;· (j),j ~ 2J see page 25 

{;·· (j),j ~ 2} see page 25 

{;··· (j),j ~ 2} see page 25 

{;···· (j),j ~ 2} see page 25 

{;····· (j),j ~ 2} see page 26 
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