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ABSTRACT 

This study develops the foundation of a digitally implemented control system 

for the radial positioning of the read/write heads of an optical disk drive system. 

Topics addressed are: sample rate selection, state reconstruction, closed-loop system 

response, disk track-following filters, and measurement noise filters. Consideration 

is given to the unmodeled dynamic's influence on system performance, system sen

sitivity to parameter variations, and a one sample computational delay. 

What has been concluded from this work is that the system must be further 

desensitized to parameter variations, and, at this stage of the development of the 

control scheme, neither a computational delay nor the unmodeled dynamics degrade 

system performance significantly. 
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CHAPTER ONE 

Introduction 

1.1 Background on Optical Disk Storage 

Optical storage technology currently uses a 5 1/4 inch optical disk to store up 

to 775 Mbytes of data [17]. With storage capabilities of this magnitude, the track 

and the bit densities of the optical disk increase dramatically over their magnetic 

disk file counterparts. Track densities of 15,000 tracks/inch with bit densities on 

the order of 3.2 x 108 bits/cm2 are required. For the read/write heads to access each 

track, the position control scheme must be able to move, or step, the read/write 

heads in micrometer increments to within a submicron range of the center of the 

track. In addition to high resolution and accuracy, the time it takes the read/write 

heads to access a particular track, referred to as access time, is becoming increas

ingly short. Optical disk drive systems using a 5 1/4 inch format currently have an 

average access time of 200 milliseconds, which is expected to decrease significantly 

in the next few years. With increasing storage capability and decreasing access 

times comes a need for a faster, more accurate position control scheme. 

Stepper motors are the most common read/write head positioning motors 

used when a relatively large positioning error can be tolerated. Unfortunately, the 

resolution and accuracy demanded of the positioning motor by the optical disk drive 

system of this paper is outside what the stepper motor can deliver. The development 

of more accurate electromechanical positioning devices has led to what is known as 

a voice coil motor or VCM. It can be most easily described as a dc brushless motor 

where the magnet and payload is attached to the rotor and is allowed to move. The 

primary advantage of this type of motor, over the stepper motor, is that it offers 

the neccessary resolution and accuracy needed for the positioning of the read/write 

heads. No less of an advantage is the decreased accessing times for the VCM 

compared to that of its stepper motor counterpart. The trade-off is in the increased 

control complexity. There are commonly two postioning VCM's in optical storage 
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devices. A coarse actuator is responsible for positioning the fine actuator to within 

a predetermined distance of the target track. The fine actuator is then responsible 

for positioning the read/write heads directly over the target track. 

This thesis develops a position control scheme for the radial movement of 

the read/write heads of an optical disk drive system. 

1.2 Performance Requirements 

The fundamental performance requirement is that the access time for a 1/3 

inch seek take 15 millisecorids. The characteristics of the seek are limited in the 

following ways: 

maximum terminal position error is .1 /im; 

maximum velocity of the masses is 100 inches/sec; 

maximum acceleration is 15g's or 147 meters/sec2; 

maximum power the electrical dynamics of Mi can generate is 7 Watts-, 

maximum power the electrical dynamics of the fine mass can generate is .5 Watts. 

As can be seen from the constraints, the terminal position error can be no 

more than .1 /im. An error greater than this does not allow the read/write heads 

to access the desired track. 

Once the seek has been performed, it is the responsibility of the control 

system to ensure the heads remain within .1 /x m of the center of the track. This is 

accomplished using a combination of closed-loop control and tracking filters. 

l.S System Description 

A conceptual diagram of the linear actuators and their relative positions is 

shown in Figure 1.1. The larger mass, Mi, represents the coarse actuator and the 

smaller mass, M2, represents the fine actuator. Mi is moved to within a prede

termined range of the target track using control input «i, while is moved to 

position the read/write heads directly over the target track using control input t/2-
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Mi rides piggy-back on Mi,  which results in any input from 1/2 to position M2 

inducing an equal and opposite reactionary force on M\. 

Support 

D i s k  

Fig. 1.1 Relative positons of the masses. 

An alternative, and more insightful, description of the system is that of 

Figure 1.2. Input u\ is applied directly to M\ and indirectly, via the spring dashpot 

combination, to M?,. Input u2 is applied directly to both masses. The outputs of 

the system are the position of M2 and the difference between the positions of M\ 

and Mi-

Fig. 1.2 Mechanical system representation. 

The system used in this paper is a scaled version of the actual system as the 

actual system is proprietary. To disguise the true system parameters, they have 

been altered to 

Mi = 

M2 = 

.05 kg, 

.002 kg, 
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The dynamic equations for the system of Figure 1.2 are 
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The equations for (1.2) can be converted to an equivalent state space repre

sentation 
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where 

Xi(t) is the position of Mi; 

X2 (t) is the velocity of Mj ; 

X3 (t) is the position of M2; 

X4(t) is the velocity of M2. 

Replacing the parameters of (1.3) with the values of (1.1) gives 
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The open-loop eigenvalues are 

0 
0 

-208±j1211 

In addition to the modeled dynamics, there are unmodeled dynamics in the 

form of mechanical resonances at 5 kHz and 20 kHz and unmodeled electrical dy

namics for each of the inputs. The maximum distance M2 can travel from its origin 

is ± 20 tracks or ±30 firn. It is desired that the read/write heads follow the disk 

track to within .1 /im. Noise enters the system in the form of disk track deviation 

or track eccentricity. Ideally the disk track is a perfectly concentric circle, in reality, 

however, the track deviates from a perfect circle up to ± .5 /im at a frequency 

anywhere from dc to 1000 Hz. 

Using the system described above, a digital control scheme will be developed 

to control the radial movement of the system of Figure 1.2. 

1.4 Outline of Thesis 

The thesis first develops a control scheme for the ideal system. Once it has 

been defined, it is subjected to unmodeled dynamics, a computational time delay, 

and parameter variations to determine their effect on system performance. 

Chapter 2 develops the control strategy used in the positioning of the 

read/write heads. The strategy for the positioning of the system of masses, Mi 

and M2, and the positioning of M2 alone, is developed. Chapter 3 defines an ac

ceptable closed-loop system response which entails the selection of the sampling 

rate and a full-state feedback gain matrix. Full and reduced-order state reconstruc-

tors are developed in Chapter 4 to estimate the actual states of the system. The 

estimates of the states are used in place of the actual states of the system for feed

back. Two types of reference input filters are developed and a third is discussed in 

Chapter 5. They allow the tracking output, the position of M2, to follow the track 

as it deviates from a perfect circle. Chapter 6 describes, derives, and incorporates 

the unmodeled dynamics into a system representation. In Chapter 7, inclusion of a 
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one sample computational time delay and compensation for it is discussed. The ef

fect of the unmodeled dynamics and the computational time delay on the transient 

response of the system is determined in Chapter 8. The effect of the unmodeled dy

namics and the computational time delay on the tracking capabilities of the system 

is determined in Chapter 9. Chapter 10 discusses system sensitivity to parameter 

variations and a method of desensitizing the system to them. Chapter 11 looks at 

the results and conclusions drawn from this work and lists some topics for future 

research. Appendix A develops and implements anti-aliasing filters that attenuate 

measurement noise. The effect of these filters on system performance is examined. 

Using digital control for the positioning of optical disk drive read/write heads 

is an area of research that has not been throughly investigated. The reason being 

that microprocessors have, in the past, been too slow to process all the necessary 

control information to control the system sufficiently. With the advent of faster, 

more accurate microprocessors this has become less of a problem. 

The most significant contribution of this work is the development of a digital 

control scheme for the read/write heads of an optical disk file. A major contribution 

of this work is illustrating the importance of considering parameter variations and 

unmodeled dynamics when designing a control system. A unique contribution of 

this work is finding that scaling of control signals by unmodeled electrical dynamics 

may cause significant deterioration in system performance. 

The development and simulation of the system has been done in conjunction 

with the software package CTRL-C [5]. 
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CHAPTER TWO 

Positioning and Control Strategy 

Moving the heads to a particular track, a seek, consists of two parts. The 

positioning of Mi to within twenty tracks of the target track and positioning M2 

over the target track. If the actuator is asked to seek a track within ±20 tracks of 

JW2's origin, M2 alone is moved. 

2.1 Positioning of the System of Masses 

The positioning of Mi, or the system of masses since M2 rides piggy-back 

on Mi, is achieved using bang-bang time optimal control theory [4]. The coarse 

actuator is responsible for the coarse positioning and is therefore the one to which 

the control is applied. The principle behind bang-bang control (see Figure 2.1) 

is to apply full positive input voltage, +Vj„, until switching time, <1, at which 

point full negative voltage, — Vi„, is applied until the second switching time <2-

The velocity component of the system will be zero and the system will be at its 

destination. A final application of +Vj„ is applied until time <3 to nullify the 

acceleration component of the system. The system should now be stationary and 

at its destination. 

. 

WfMi 1 

Fig. 2.1 Applied Voltage History for Bang-Bang Control 
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The switching times can be determined iteratively, using the equations pre

sented in [4] or using the universal performance curves [4], derived from the equa

tions. The switching times for the seek operation discussed later in this chapter 

were chosen iteratively as only the switching times for this particular seek had to 

be determined. An alternative to determining switching times is to use a track 

counter. The control system keeps track of where the read/write heads are during a 

seek. Instead of switching times, the positioning system uses predetermined switch

ing tracks. When a switching track is encountered during a seek, the positioning 

system will switch from either a- positive to a negative voltage, or from a negative 

to a positive voltage. 

Once Mi is positioned, the global resting point or origin is moved to its 

present location and closed-loop feedback is applied to the system. M2 has mean

while been regulated to its origin, thus ensuring that the least amount of energy 

is being dissipated by the system. To keep M2 away from its origin requires that 

a constant force be applied to counteract the tendency of the regulator to pull M2 

into the origin. 

Moving the global resting point is ideally accomplished by setting the state 

variables of Mi to zero. In reality, however, the position of the mass may not be 

exactly as desired or there may be a non-zero velocity component. To position the 

heads to within an allowable range of the target track, the track counter can be 

used to determine on what side of the track the heads have landed, and then, based 

upon the feedback, move the heads the necessary distance in the proper direction. 

Problems can arise with this open-loop type of control. If there are modeling 

errors and parameter variations, the control, based on the modeled system, will not 

be the control action neccessary to achieve the desired response. Also, since the 

control can only be applied at discrete-time instants, a problem arises when the 

desired switching time falls between the sampling instants. This problem can be 

overcome by either increasing the sampling rate and thereby decreasing the time 

between sampling instants or modifying the bang-bang control by scaling the full 

scale applied voltage. A combination of both of these approaches is also possible. 

Increasing the sampling rate without modifying the control means the sample rate 



18 

will have to be fast enough so that all switching times correspond to a sampling 

instant. Modification of the bang-bang control entails varying the applied voltages 

which can be made less of a problem by increasing the sampling rate; thus decreas

ing the number and complexity of the adaptations. Another problem is that M2 is 

not solidly attached to M\. While the system is under either acceleration or deceler

ation, M2 will influence the movement of M\ which complicates the determination 

of the control law. In addition, because the maximum allowable travel distance is 

limited to ± 20 tracks, it is quite likely that M2 will be banging around under heavy 

acceleration or deceleration. This is most evident when a switching time, taw, is en

countered. Assume the system is travelling under full acceleration when a switching 

time ta 1 is encountered. M2 was dragging behind Mi until ta\ at which time M2 

will now be shot forward. Mj is slowed by the M2 under acceleration and sped up 

or pulled forward by M2 while the system is under deceleration. This problem can 

be solved in two ways. First, some sort of locking device could be incorporated that 

will hold M2 stationary during a long distance seek. The second approach is by 

countering the force applied at Uj with a force at u2. The second approach means 

that an input force for «2 must be calculated and applied for every input u\. For 

the following seek a locking device is assumed. This means the system of masses 

can  be  mode led  a s  a  s ing le  mass  o f  . 052  kg .  

A typical access using the derived electrical dynamics of Chapter 6 was simu

lated. It is desired that a 1/3 inch seek take 15 milliseconds. The parameters chosen 

here, while adhering to the acceleration and velocity constraints, achieved the 1/3 

inch access in 15.53 milliseconds. Figures 2.2 and 2.3 show the various responses of 

the system. The applied voltage is 1.016 Volts. As can be seen by Figure 2.3, the 

power generated by the dynamics is in excess of the 7 Watt constraint during the 

deceleration. This is due to the fact that the values of the parameters of the true 

system, in particular the masses, have been scaled larger by some factor while the 

power constraints have not. The power constraints are those of the true, unsealed 

system. 
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Fig. £.2 Power and Current Generated for 1/3 Inch Seek 
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2.2 Control of Mi 

If Mi is to be moved individually, bang-bang control with closed-loop feed

back is used. Here, the feedback is already in place so the bang-bang control must 

be modified somewhat. The principle is the same as before, both the velocity and 

the acceleration of the actuator at the end of the desired travel must be zero, but 

now it is required that a constant force be generated to keep M2 off the origin and 

over the desired track. Figure 2.4 is a graphical representation of the modification 

of the bang-bang control. 

iMiita 
V9LTA08 

*•  

• 

*•  

• 

• 

— Tina, 1 

Fig. 2.4 Modified Bang-Bang Control 

There are two approaches to holding M2 over a track away from its origin. 

The first is to use only 112, the second is to use a combination of u\ and U2, where 

the force at uj is used to offset the force on M\ exerted by Ui. Both have their 

advantages and disadvantages. Using the full-state feedback matrix of (3.13) as 

the feedback gain matrix and using the former of the two approaches, a force of 

77.1 mN is needed to hold M2 twenty tracks, 30 micrometers, from the origin. This 

force is applied at 1x2 only. Using the latter approach where the force to Mi from u2 

is offset by a force from a total force of 3.2 mN composed of 3.1 mN to M2 and 

.1 mN from Uj, is needed. Generating 3.2 mN worth of force is less expensive than 

generating 77.1 mN of force. The trade-off is in the calculation of the control law. 

Accessing the tracks becomes more complicated as two forces instead of one must 

be calculated and applied for each of the forty tracks the fine mass must access. 
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However, the control law calculation is linear so once a combination for one track 

has been determined, the others are a multiple of it. 

In conclusion, the system of masses is positioned using bang-bang, open-

loop control as outlined by Ananthanarayanan in [4], selecting the switching times 

either iteratively, as has been done herein, or using the equations presented in [4] 

to determine the switching times. The control applied to M2 is also a type of bang-

bang control. It is modified slightly in that instead of removing the external input 

at the end of a seek, a constant force is be applied when the heads are to remain 

away for the origin. 
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CHAPTER THREE 

Closed-Loop System Response 

The definition c*f the closed-loop system response involves the selection of the 

sampling rate and the selection of the full-state feedback vector K. The sampling 

rate must be selected first since the discrete full-state feedback vector is dependent 

upon the selection of the sampling rate. 

8.1 Selection of the Sampling Rate 

An efficient method of control for this system is by incorporating a 

microprocessor-based discrete-time, or digital, controller. Digital control is fast 

becoming the preferred control technique where either digital or analog control 

could be used. A cheaper, more reliable "implementation while not sacrificing ac

curacy is the primary reason for this evolution. With the advent of 8 and 16-

bit microprocessors, the quantization error inherent in any discrete estimate of a 

continuous-time process is minimized. At the design stage, the digital controller 

is better than its analog counterpart because reconfiguring the control scheme of a 

microprocessor-based controller means changing the software only. Reconfiguring 

the control scheme of an analog controller involves altering the hardware for each 

reconfiguration. 

The interface between the continuous-time system and the digital controller 

is through sample/hold devices. Discrete control is applied to the continuous-time 

plant through a hold device. This device takes the output of the digital controller, 

a binary number, and converts it to its corresponding analog voltage. This voltage 

is held for one sample while it is applied to either an actuator associated with 

the plant, or the plant directly. The discrete controller samples the continuous-

time plant using a sample/hold device. The continuous-time output of the system, 

typically converted to a voltage level by a transducer, is sampled and converted 

to a binary number. The binary number is held for one sample to ensure the 
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discrete controller has enough time to read in its value. A more indepth study of 

the sampling process follows. 

To simplify the analysis of the sampling process, it is convenient to consider 

the sampler 'ideal'. An 'ideal' sampler's output is a train of amplitude-modulated 

pulses (see Figure 3.1). This simplification can be made only if the pulse-width of 

the sampler is small compared to the dominant time constant of the input signal. 

e (± ) e" (t  ) 

Fig. S.l Model of an Ideal Sampler. e(<) is the continuous-
time input signal. T the sampling period and e*(<) 
the output. 

The output e*(t) is a train of amplitude-modulated pulses 

e*(t) = e(t)6T(t), (3.1) 

where 6x(t) is a train of unit impulses generated by the sampler. The final time 

domain description of the sampler is 

OO 

«*«) = E e(nT)S(i - nT). (3.2) 
n=0 

The sampler responds to an input by generating a pulse at time nT with the am

plitude of the pulse equal to the amplitude of the continuous-time signal at time 

nT. 

The output of the sampler in the frequency domain is 

OO 

E*(s) = e{nT)e~nTs. (3.3) 
n=0 
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The hold device, typically a zero-order-hold (ZOH), takes the output of the 

sampler and holds it for one sample, thus constructing an estimate of the original 

signal (see Figure 3.2). Higher-order holds are available [1], but have not been used 

as the hold device for the system of this paper. The advantage of a higher-order 

hold is a more exact estimation of the continuous-time signal, the price one pays 

for the more exact estimation is the introduction of signal processing delays. 

Thus, a discrete approximation of the continuous-time process is made. In

tuitively one can see that the faster the sampling frequency, more samples/sec, the 

better the approximation. The slowest a system can be sampled is twice the high

est frequency component of the system, referred to as Nyquist frequency. More 

information regarding the Nyquist Frequency follows shortly. 

As can be seen from Figure 3.2, information regarding what the continuous-

time process is doing between samples is lost. The amount of lost information is 

dependent on the speed of response of the system. Generally, a faster sampling 

frequency decreases the amount of lost information. 

Because the controller uses an estimate of the continuous-time plant rather 

than the actual plant, an alternative description of the continuous-time plant is 

neccessary. This alternative description must take into account the method by 

which the continuous-time plant is sampled and the frequency at which the samples 

occur. As the continuous-time system is unavailable for measurement during the 

sampling period, it must be approximated at the sampling instants. The sampling 

rate is assumed to be uniform; the possibility exists that a non-uniform or varying 

sampling rate could be used but is unneccessarily complicated. Because ZOHs are 

h(t) 

0 T 
t 

Fig. 3.2 Continuous-time Signal and its Discrete Representation 
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used as the hold devices, the discrete-time approximation of the continuous-time 

system matrices (Ac Bc) can be described by [8] 

rT. 
A = eAcT '  and B = I eAc 'dsBc, (3.4) 

Jo 

where T t  is the sampling period. The continuous-time output matrix Cc and the 

feedforward matrix Dc carry over to the discrete realm without modification. The 

method used by CTRL-C to calculate A and B is by using the squaring down 

procedure described in [2] to approximate the truncated series expansion 

rT, a  rp2 A^T3 

* = /o *A"ds = T>I» + -ir + + - + t+^T + -- (35) 

and from there 

A = I„ + VAcT t  and B = <HBCTS. (3.6) 

The discrete system can be described by 

x(k + 1) = Ax(k) + Bu{k) 

y{k) = Cx(k). (3.7) 

The lower bound on Ta is set by the sampling theorem, the upper bound 

is set by cost and computational time. The faster the sampling rate the higher 

the cost of computations, as less time is available for calculating the control value 

between samples. The sampling theorem applies to a sample/hold system that uses 

a ZOH as its hold. It states: 'if a signal contains no frequency higher than wc  

rad/sec, it is completely characterized by the value of the signal at instants of time 

separated by T = ^(27r/iyc)'[l]. The highest frequency component in our system is 

the worst case reference input of 1000 Hz. This frequency is based on the speed of 

rotation of the optical disk. The system bandwidth, determined by the controller 

and observer dynamics, is, from Chapter 6, much less. Thus, in compliance with 

the sampling theorem, a minimum sampling frequency of 2000 Hz is established. A 

2 kHz sampling frequency is, for control purposes, much too slow. Higher sampling 
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frequencies are desirable because of the finer resolution their discrete-time estimates 

offer [6]. 

Figure 3.3 shows a comparison between the continuous-time system and the 

discrete-time system representations of the system as the system responds to a step 

input. An input of .01 is applied at the second input, «2, to the fine mass, Mi-

The position trajectory of M2 is recorded over 26.667 milliseconds as the system 

responses to the input. The initial conditions for this simulation have been set 

to zero. As can be seen from the compaxison, the resolution of the output of 

for the system using the 2 kHz sampling rate is not as fine as that of the system 

using the 15 kHz sampling rate. The continuous-time system can change its states 

more dramatically between samples for the 2 kHz sampled system than for the 15 

kHz sampled system. Thus, the 15 kHz sampled system delivers a more accurate 

respresentation of the continuous-time system. 

Another reason why the 2 kHz sampling rate is unacceptable (and the 15 

kHz sampling rate is desirable) is a sampling phenomenon referred to as aliasing [2]. 

Aliasing, or frequency folding, is a by-product of the fact that sampling is periodic 

in nature. It occurs when frequencies higher than the Nyquist frequency, wa/2, 

where w„ is -, are sampled and folded back into the primary strip (see Figure 

3.4). Once these higher frequencies are folded back, they appear as frequencies 

naturally residing in the primary strip and are therefore impossible to distinguish 

from legitimate frequencies residing in the strip. If (3.3) is evaluated for a point in 

the s-plane, Sj, it is found that sampling generates frequencies at s = Si + jmwa 

where m is an integer between —00 and 00 and ws is the frequency of the s-plane 

pole (see Figure 3.4). 
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Fig. 3.4 Periodic Strips in the S-plane. 

The most common approach to the problem of aliasing is to prefilter the 

high frequency disturbances before they are sampled [2]. Prefilters, presented in 

Appendix A, attenuate measurement noise and high frequency disturbances before 

they are sampled. 

The sampling process in the system of this paper will fold the mechanical 

resonance at 20 kHz into the primary strip. A sampling rate of 15 kHz uses aliasing 

to its advantage by folding the resonance into the primary strip at 5 kHz. The two 

resonances appear as one after being sampled. If, at a later stage in the design, 

it is determined that additional compensation other than that of the prefilters of 

Appendix A is neccessary, a digital filter can be designed for only 5 kHz rather than 

5 kHz and the frequency at which the 20 kHz resonances appears in the primary 

strip after sampling. 

A characteristic of sampling, dual to aliasing, occurs when a discrete con

troller acts as a signal generator. When the controller generates a sinusoidal output, 

it does so by sending discrete values of the signal to a hold device, most commonly 

a ZOH. The hold device then outputs the desired frequency and its associated side

bands [1,2]. Sidebands can be a problem if they excite some dynamics of the system 

V/*** 

r» S-plonf 

* 
* 

* 

*1 vH'" 
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which, in turn, adversely affect system performance. The hold device will attenuate 

the higher frequencies generated by the controller but not eliminate them. 

These sidebands are generated at frequencies of 

where w is the frequency being generated by the discrete controller (see Figure 3.5). 

As is shown in Figure 3.5 significant portions of the higher frequencies pass at a 

relatively large magnitude especially in the interval wa to 2wa. Using a sampling 

frequency of 2wc means it is conceivable that every frequency, excluding nws, in 

the spectrum will be generated at some magnitude by the combination of ws and 

the range of frequencies being generated, wc-

Higher frequency dynamics of the system would invariably be excited by 

the sidebands. Figure 3.6 shows that by increasing the sampling frequency, the 

sidebands spread out and therefore lessen, although not eliminate, the probability 

of higher frequency dynamics of the system being excited. 

kw3 ± w k = ... — 2, —1,0,1,2,...  

KWA«)| |£*l/'<u)| 

2 

Fig. 3.5 Frequency Response of Sampler and ZOH where 
Ws — 2Wc. E*(jw) is the output of the sampler 
Ghoijw) is the filtering characteristic of the ZOH. 

Fig. S. 6 Frequency Response of System with Ws = 15 kHz and 
wc = 1 kHz. 
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The sampling rate has been chosen to address the following phenomena of 

the sampling process. 

1) Resolution of the discrete-time representation of the continuous-time 

plant. Lower sampling rates, although satisfying the sampling theorem, axe un

acceptable as their discrete-time representation of the continuous-time process is 

not accurate enough. 

2) Aliasing. Frequencies higher than waJ2 are folded back into the primary 

strip once they are sampled. The distortion in the frequency spectrum of the pri

mary strip, may make it impossible to recreate or extract the frequencies naturally 

residing within the strip. 

3) The generation of sidebands. Increasing the sampling frequency causes 

the sidebands to spread out, thus lessening the probability of exciting dynamics of 

the system. 

Based upon these considerations, a sampling rate of 15 kHz has been chosen. 

The discrete-time system, using the 15 kHz sampling rate is 

x_(k +1) = 

.9999 
-3.2844 

.0028 
L 82.1093 

.0001 

.9988 

.0000 

.0290 

.0001 
3.2844 
.9972 

-82.1093 

.00001 

.0012 

.0001 

.9710 J 

&(k) + 

0 
.0013 

0 
0 

0 
-.0013 

0 
.0328 J 

u(k) 

y(k) = Cx{k) (3.8) 

The eigenvalues are 
1 
1 

.9835 ± j.0763 
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S.2 Selection of the Full-State Feedback Vector K 

The next step in the development of the closed-loop system response is the 

determination of the full-state feedback vector K. It is assumed, at this stage of the 

design, that all the states of the system axe available for feedback and the control 

law is a linear combination of the states. 

A closed-loop control system is one in which the input of the control system 

is dependent on the output. Feedback is the characteristic of closed-loop control 

that distinguishes it from open-loop control. It can be defined as [6] 'that property 

of a closed-loop system which permits the output [of the system] to be compared 

with the input to the system so that appropriate control action may be formed as 

some function of the output and input.' 

The state-space representation of a system incorporating feedback is shown 

in Figure 3.7. 

r (k ) 

Fig. S.I Discrete System Under Closed-Loop Control 

The input to the plant is 

u(k) = r(fc) -1- Kx(k). (3.9) 

Applying the control of (3.9) to the discrete system 

x(k + 1) = Ax(k) + Bu(k) 

y(k) = Cx(k) 
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gives the closed-loop system 

x(k + l) = (A + BK)x(k) + Br(k) (3.10) 

y(k) = Cx(k). 

Before feedback control can be successfully applied to a system, the system 

must be completely controllable. A system is completely controllable if it is possible 

to find a control sequence such that the origin can be reached in finite time [8]. 

Mathematically a system is completely controllable if the controllability matrix Qc  

is of full rank, where 

Qc  = [B,AB,A2B,...,An~1B]. 

K can be chosen by either of two basic approaches. The first is to specify 

exactly where the eigenvalues of the closed-loop system are to be located and select 

K to give those eigenvalue locations [15]. The second approach is to specify a 

family of responses that axe acceptable, i.e., all z-plane poles within a particular 

radius of the origin. In this approach, K is selected to satisfy the response criteria 

by minimizing a cost function as described below. The latter of the two approaches 

was used to select K in this paper. 

The Discrete Linear Quadratic Regulator (DLQR) function of CTRL-C was 

used to determine K [5]. The DLQR function is used to calculate the steady-state 

quadratic optimal regulator gains for time invariant discrete-time systems. The 

quadratic cost function defined as 

J = ^ x(k)iQx(k) > + < u(k),Ru(k) >] • •• 
fc=o 

is to be minimized, where Q is positive semi-definite, R is positive definite, and the 

pair (A, B) is completely controllable. Under these conditions, minimizing the cost 

function, J, results in a full-state constant feedback law 

u(fc) = -Kx(k), 
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where 

K = (R + B'SB)-1B'SA, 

and S is the steady state solution to the discrete matrix algebraic Riccati equation 

0 = 5 -  A'SA + (A'SB)(R + B'SB)-1 (A'SB)' -  Q. 

Two methods are provided by CTRL-C to solve the Ricatti equation. Laub's Schur 

variant of the classical eigenvector method and the generalized eigenvalue approach. 

Both approaches were used in determining K. 

The weighting matrices listed below are those associated with the final choice 

for if. 

(3.U) 

Two other sets of weighting matrices were chosen but are not presented here. 

These weighting matrices were chosen to: 1) limit the feedback element from uj to 

xi (k) (This gain term was most commonly the largest element in K)\ 2) to provide 

the strongest regulation of M2 while limiting the rest of the elements of if to a 

magnitude no greater than 100. As a rule of thumb, the elements of K should be 

limited to 100 [9]. When K magnifies a desired signal, it also magnifies the signal 

noise. If this noise is magnified too much, it can deteriorate the system performance. 

A comparison of the system responses of three choices for K is shown in 

Figure 3.8. 

Q = 

i u u u 
0  1 0  0  
0 0 0 0 

.0 0 0 1J 

and R = 1000 0 
0 0.25 
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Fig. S.8 TYansient Responses for Various Selections of K 
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The three sets of feedback vectors and eigenvalues are listed below. 

K = 

K = 

I< = 

-99.8120 -4.4642 -3.9725 -0.1785 
0.0000 0.0000 0.0000 0.0000 

-99.8107 -4.4642 -3.9738 -0.1786 
-30.5939 1.2220 27.5122 -1.2940 

-99.8107 -4.4642 -3.9738 -0.1786 
-99.5258 3.3908 82.6876 -3.7764 

.9835 ± j.0736 

.9970 ± j.0000 

.9614 ± j.0644 

.9970 ± j.OOOO 

.8875 

.9511 
.9970 ± j.OOOO 

(3.12) 

(3.13) 

(3.14) 

The transient responses in Figure 3.8 represent the regulatory behavior of the fine 

mass, M2. For the initial condition, M2 has been displaced by half a track with a 

zero velocity component. The criteria used to compare the systems is the time it 

takes for M2 to enter and remain within a .1 fim distance of the x-axis, as this is 

the maximum access distance for the read/write heads. The best choice for K is 

that of (3.13) which corresponds to the weighting matricies of (3.11). It provides 

the best regulation for M2 while limiting the elements of K to 100. 

An investigation into how an 8-bit and 16-bit representation for the feedback 

matrix will influence the regulation of the system was performed. The range of gains 

in K is from 100 to -85. A fixed-point representation, with the MSB of the word 

being the sign bit, is assumed for the representation of the elements in K. For an 8-

bit representation, the remaining 7 bits are needed to represent the integer portion 

of the K matrix. The fractional part of the elements are dropped. Rounding the 

gain matrix of (3.13) at the decimal point gives a K and eigenvalues of 

K = -100 -4 -4 0 
-31 1 28 -1 

A = .9663 ± .0671 
.9974 ±.0015 

The regulation of the fine mass, M2, with the initial conditions 

®(0) = [0 0 .75x 10-® 0] (3.15) 

is shown in Figure 3.9. 
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0.00000 

40 .  SO.  60 .  70 .  ao .  

steps 

Fig. S. 9 Transient Response Using an 8-bit Representation 

90 .  100 .  

The regulation of the system is somewhat degraded by the quantization 

error associated with the 8-bit representation. 

The 16-bit representation with the" MSB as the sign bit allows the next 7 

bits to represent the integer and the remaining 8 bits for the representation of the 

fraction. The resolution offered by the 16-bit representation is ± .002. The feedback 

gain matrix of (3.13) and the associated closed-loop eigenvalues are now 

K = -99.810 -4.464 -3.974 -.174 
-30.594 1.224 27.512 -1.294 

and 
.9614 ±.0644 
.9970 ±.0001 

The regulation using the initial conditions of (3.15) is shown in Figure 3.10. 

0.00000 

0 .0  X0 .  20 .  30 .  40 .  30 .  80 .  70 .  80 .  90 .  100 .  

steps 

Fig. S.10 Transient Response Using a 16-bit Representation 
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There is a slight degradation in the regulation of M% using a 16-bit repre

sentation compared to the ideal case, but the 16-bit representation provides better 

regulation than does the system using the 8-bit representation. 

In conclusion, the best choice for K was not the one that contained as its 

elements the largest gains for K. Instead, a K yielding non-critically damped closed-

loop eigenvalues associated with M2 provided the best regulation. Implementing 

the control using an 8-bit representation of the feedback matrix K degraded the 

system response more than a 16-bit representation for K. 
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CHAPTER FOUR 

State Reconstruction 

Often in feedback control the full states of the system are not available for 

direct measurement so output feedback is used in its place. Output feedback uses 

both the inputs and outputs of the system to generate estimates of its states. The 

estimated states are then used in place of the actual states for full-state feedback. 

In Chapter 3 it was assumed that all the states of the system were available 

for feedback. That is not the case. The outputs of the system axe the position of 

the fine mass, M2, and the difference between the positions of Mi and M2. The 

explicit position of Mj and the velocities of the masses axe not directly available 

for feedback. The states must therefore be estimated if full-state feedback is to be 

used. The control law will be based upon the estimated states, rather than the 

actual states of the system. 

The total system can be broken into three paxts as in Figure 4.1. 

CON OBS 

SYSTEM 

Fig. 4-1 Block Diagram of System with Observer 

The states can be estimated using an asymptotic observer [14]. The asymp

totic observer derives its name from the fact that the states of the system can be 

estimated only with an error; the error, however, approaches zero asymptotically. If 
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the initial conditions of the observer and the plant are not the same, a deterioration 

in system performance can be expected while the observer attempts to track the 

states of the system. The speed of the observer, the rate at which the tracking error 

tends to zero, can be increased or decreased by the selection of the observer gain 

matrix H. The speed of the observer must be at least as fast as the controller, but 

is limited by the fact that the observer becomes more sensitive to noise the faster 

it becomes. The increased sensitivity to noise of the observer limits the elements 

of H in the same way the elements of K are limited. Both sets of elements, as a 

rule of thumb, are limited to ± 100. Current observer philosophy tends to make 

the observer poles, by the selection of H, 2-4 times faster than the system poles [9]. 

An observer can be used in the control loop only if the states of the system are 

observerable. A system is observable 'if there is a finite k such that the knowledge 

of the inputs u(0), u(l),...,u(k-l) and the outputs y(0),y(l),...,y(k-l) is sufficient 

to determine the initial state of the system' [8]. Mathematically, the system is 

observable if the observability matrix Q0, where 

Q0 = [C', C'A', CA2 ' ,  . .., CA""1 ']', 

has full rank n. The system of this paper is completely observable, so an observer 

can be constructed that generates estimates of the states of the system. 

The determination of the gain matrix H is at the heart of the observer design. 

It determines the observer's pole locations and therefore the speed of response of 

the state estimation. Since the determination of H is dual to that of K, H can be 

determined using the same methods as those that axe used to determine K, i.e., 

the linear quadratic regulator, the DLQR approach can be used. Instead of solving 

A + BK for if, we solve A' — C'H' for H\ where H is the observer gain matrix. 

Typically the observer poles are chosen to balance the speed of response 

with its susceptibility to noise. The measurement noise in this system has not been 

characterized and will not be explicitly addressed. Theoretically, we could make 

the observer deadbeat [15]. But because noise does exist and making the observer 

too fast causes sensitivity problems, conventional observer design wisdom will be 
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followed by making the observer poles only 2-4 times faster than the system poles. 

Generally, the speed of response of the observer increases as the magnitudes of H 

increases. For practical reasons, the magnitudes of the elements in H are limited 

to 100. 

Full-order and reduced-order observers [9] are developed and analyzed in 

this uection. Observer poles are selected trading off speed of response with gain 

matrix magnitudes. In the latter part of the chapter, the observers are modified to 

compensate for modeling errors and parameter variations. 
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4.1 Derivation of the Full-Order Observer 

The full-order observer estimates all of the states of the system [9]. It is 

described by the equation 

z(k + 1) = (A - HC)z(k) + Bu{k) + Hy(k) (4.1) 

where H is the observer gain matrix. The input to the plant is now u(k) = r(k) + 

Kz(k). Applying this new control law to the system of (3.7) in conjunction with 

(4.1) gives the system with observer 

x(k +1) 
z(k + 1) 

A BK 1 [*(*:) 
HC A + BK — HC\ [z(k) + 

B 
B 

r{k) 

y(*) = [C 0] x(k) 
z(k) 

(4.2) 

Figure 4.2 is a block diagram of (4.2). The system can be represented in another 

way by changing the state variables from x(k) and z(k), to x(k) and e(k) where 

e(k) = x(k) — z(k). What this representation tells us is that when a:(0) = e(0), 

the dynamics of the system are independent of that of the observer. In general, 

however, and as can be seen in Figure 4.3, the transient response of the system will 

be affected when a:(0) ^ e(0). The transformed system, using e(k) = x(k) — z(k), 

is 

x(k +1) 
e(k +1) 

A + BK -BK 
0 A-HC 

1 [*(*) 
J [<k) + r(fc) 

y(fc) = lC 0] x(k) 
e(k) 

(4.3) 

H has been determined using the linear quadratic regulator approach and so 

weighting matrices had to be chosen. The best choices for Q and R were determined 

to be 

Q = 

r .00001 
o 
o 
o 

o 
10000 

o 
o 

0 0 
0 0 
0 0 
0 10000J 

R = 3.55 
0 

0 
.99 



B 
flet> 

-O 
• /  s .  / 

M<*> 

-> c 
y (t ) 

A 

r (k ) 
B H  e 

<k*t> 

dr s 
>o-—^ / s.* Z* 

|(k> 

K 

A (-

XX-/s. 
*(k> 

Control 1 er and Observer 

Fig. 4.2 Sys"tem with Full —Order Observer 

co 



44 

Using the previous weighting matrices gives an observer whose poles axe at 

least twice as fast as the controller poles. Limiting the elements of the gain matrix 

to 100 gives an if of 

H 

' .1011 -.08991 
54.9672 -62.4359 

.1234 .0754 
L 99.9266 99.7226 J 

The eigenvalues that resulted from this gain matrix are, in the z and s-plane 

respectively 

AW 

[".8889 + ,7.1114 
.8889 — j.1114 
.9502 +j.0364 

L 9502 - j.0364 

A(-s) = 

-1648.9+ j 1870.8 
-1648.9 -j 1870.8 

—755.3+^574.7 
—755.3 — j574.7 J 

The poles associated with Mi are the ones that are twice as fast as the 

controller poles. The other set of eigenvalues is 16 times faster than the controller 

poles. Although the observer poles associated with Mj axe 16 times faster than the 

controller poles, they have been chosen optimally and are still not that fast, their 

natural frequency is 151 hz. The natural frequency of the Mi observer poles is 396 

hz. 

The regulation for three choices of H is plotted in Figure 4.3, where x3(k) 

is the solid line and z$(k) is the dashed line. The initial conditions on the system 

are those of (3.15), while the observer state variables are set to zero. The first and 

third plots are those of a slower and faster observer than the chosen observer. The 

second plot is that of the chosen observer. H and the observer eigenvalues for the 

slow observer are 

H = 

I-.0060 .10261 
.1331 2.3699 
.0060 .1467 

L.1331 -18.8425 J 

A(*) = 

.9970 

.9970 
.9614 + j.0644 

L.9614-j.0644j 

H and the observer eigenvalues for the faster observer are 

H = 

.3879 -.36601 
555.7660 -542.1610 

.3965 .0195 
L 607.0387 -16.8835 J 

A (z) = 

f.7845 + j.0951 
.7845 — j.0951 
.8080 + j.0121 

L .8080-.y.0121 
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Notice from Figure 4.3 that when there is an error between the observer and 

system state variable, a faster observer degrades the system performance less; it 

takes more time for a system with a slower observer to settle to the origin, or in 

our case, to within ,1/xm of the x-axis. 

In summary, the choice of the observer gain matrix H determines the speed 

of response of the observer. When the states of the observer differ from the states 

of the system, a deterioration in system performance can be expected until the sets 

of states are equal to each other. The full-order observer of this paper was chosen 

to have gain matrix elements limited to 100 to lessen the influence of measurement 

noise. 
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4-2 Reduced-Order Observer 

The principle behind the reduced-order observer [9] is that instead of es

timating all the states of the system, only those states not directly available for 

measurement are estimated by the observer. Those states directly available for 

measurement are, after being scaled, fedback directly to the input. The control 

system is therefore a combination of full-state feedback and output feedback. The 

development of the reduced-order observer can be found in classnotes of [9] and will 

therefore not be presented here. 

The complete system with reduced-order observer is described by the equa

tions: 

Controller : u(k) = r(k) + F\Xi(k) + F2X2(k) 

where A„, Bn, and Cn are the system matrices after the system has been rearranged 

so that C2 is non-singular (Cn = [Cj.'C^])- The closed form of (4.4) is 

System : x(k + 1) = Anx(k) + Bnu(k) 

y(k) = Cnx{k) 

Observer : z(k + 1) = Mz{k) + Lu{k) + K0y{k) 

£ i ( k )  =  z ( k )  +  N y ( k )  

x2(k) = Czly{k) - C2
_1Cixx(fc) (4.4) 

•An + BnF'iC2 lCn B„Fi — BnF2C^C, 
x ( k  +1) = K„Cn + C„An-MNCn+ M + L0Fi + NCnBnFi-

. LoFtC^Cn + NCnBnF2C^Cn L0F2C^CX - NCnBnF2C^Ci. 

+ r (Jb) 
L0 + NCnB„_ 

y{k) = [Cn 0]£(t) 

where x ( k )  is [x(fc) Xi(Jfe)]'. A graphical representation of the reduced-order 

observer is shown in Figure 4.4. 
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The poles of M  are selected by the method discussed previously, i.e., DLQR. 

Making the observer poles at least twice as fast as the controller poles leads to a 

matrix M  having poles at .9744 and .9285 with the gain matrix N  being 

'551.9028 255.8706" 
423.83 -204.3464 

N  =  ; ] •  

The state and control weighting matrices are 

'500000 0 Q  =  and R = 2 0 
0 .99 0 2000 

The gains are large, but the advantage of having to estimate only two of the 

four state variables may offset this problem. The velocity regulation of the reduced-

order observer is compared to that of the full-order observer and presented in Figure 

4.5. The velocity of M2 has been set to 1 x 10-6 meters/second. The corresponding 

observer state zi(k) is initialized to zero, as have the rest of the state variables, 

indicating there is an error between the velocity of Mi and the estimated velocity 

of M2 of 1 x 10-6 meters/second. As can be seen from Figure 4.5, the regulation 

of the full-order observer is better than that of the reduced-order observer, even 

though the reduced-order observer has gain matrix elements up to five and a half 

times as large. 

Two other reduced-order observers are developed whose velocity regulation 

is plotted in Figure 4.6 using the same initial conditions as above. The first plot is 

that of the observer with gain matrix elements limited to 100. As can be seen, the 

regulation of the system with the observer is somewhat deteriorated compared to 

that of the previous reduced-order observer. The gain matrix and observer eigen

values for this system are 

N  =  90.9558 -9.8537 
95.6734 -21.0459 

e i g ( M )  =  .9694 
.9936 

The second plot is that of the faster observer. The velocity regulation has 

not been improved with the additional feedback from the chosen reduced-order 

observer and is still not as good as that of the full-order observer. The gain matrix 

and observer eigenvalues are 

N  =  1510.6 249.9 
1627.8 -942.1 

e i g ( M )  =  .9035 
.9200 
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Fig. 4-5 Full-Order vs Reduced-Order Velocity Regulation 
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Fig. 4-6 Velocity Regulation for Various Choices of N 
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It is evident from the transient responses of Figures 4.5 and 4.6 that the full-

order observer offers better velocity regulation. However, the reduced-order observer 

offers better position regulation because the positions from the actual system are 

being used for feedback rather than an estimate of them. If there is no difference 

between the states of the system and of the observer, then the transient response 

of the system will not be affected. If, however, the states are different, and it is 

a position error that is being regulated, the reduced-order observer offers better 

regulation. The primary advantage of the full-order observer is that acceptable 

regulation is achieved using relatively small observer gain matrix elements. 
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CHAPTER FIVE 

Tracking System Design 

The final phase of the design of the control system is the development of 

a tracking system. This tracking system must maintain the disk drive read/write 

heads over the track being accessed while the track deviates from a concentric circle. 

Deviating any more than the prescribed amount from the center of the track results 

in the read/write heads not accessing the track. Track deviations for the system of 

this paper take on any frequency between dc and 1000 Hz at a magnitude up to .5 

// m. The error magnitude, or allowable distance between the track center and the 

heads, is less than or equal to .1 [im. The track deviations are introduced to the 

system as a reference input, applied to any or all of the following components of 

the system: the input to the coarse mass, ui, the input to the fine mass, v.?, or the 

observer states of the system. 

Three basic tracking system design methods axe explored [13]: 

1. Ideal tracking system design; 

2. Response model design; 

3. Reference input modeling. 

The ideal tracking system design can achieve perfect tracking of any reference 

input. It involves construction of an inverse filter based upon the transfer function 

between the input to the plant and the tracking output. This approach most likely 

results in an unstable or noncausal filter. The noncausality of the filter can be 

corrected by including in the denominator of the filter the number of poles at the 

origin necessary to make the pole/zero excess of the filter greater than or equal 

to zero. Other problems can exist, such as having unreasonably large gains in the 

filter, or the necessity of cancelling plant poles and zeros, when the plant model is-

not known accurately. If the plant parameters vary, attempting to cancel the poles 

and zeros of the plant with those of the filter can introdue unacceptable behavior. 

In response model design, the entire tracking system is made to have the same 

transfer function as an acceptable system model. Response model design allows 
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solutions when the ideal tracking system design filter is noncausual or otherwise 

undesirable, i.e., the filter introduces unreasonably large gains. The difficulty with 

the response model design is determining the system model. If the system is to 

track only a step input and a ramp input, the determination of the system model 

is straight-forward. If it is desired that the system track sinusoidal inputs, the 

determination of the system model becomes more difficult. 

In reference input modeling, the reference input is modeled as a class of rep

resentative inputs to be tracked perfectly, rather than having to specify acceptable 

response models for all possible inputs. Once the reference input has been modeled, 

the system (plant and observer) acts as an observer to the reference input. The in

puts to the system are scaled versions of the reference input with the scaling factors 

determined by solving a set of linear simultaneous equations. 

Filters based upon the first two approaches outlined above will be developed 

in this chapter. Tracking characteristics cf the two filters will be compared as will 

tracking sensitivity to parameter variations. The third approach will be discussed, 

but not implemented for this system. The set of linear equations that must be 

solved for this approach is not well-conditioned. 

The figures in this chapter will typically have two trajectories. The trajectory 

represented by the solid line is the reference input, rre/, which is to be tracked. The 

other trajectory, the dashed line, is the tracking output, yi, which is the position 

of the fine mass. For perfect tracking, yi should line on top of rre/ in the figures. 
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5.1 Ideal Tracking 

The outputs of a system can be divided into two categories: measurement 

outputs and tracking outputs. Measurement outputs are those that are available 

for processing and feedback, while tracking outputs axe those that are to follow a 

reference input. Tracking outputs can also be used as measurement outputs. The 

tracking outputs of the system are 

V t ( k )  =  y z i ( k )  +  y i s ( k )  

where y z i ( k )  is the zero-input output, the response of the system to inital conditions 

with no external input, and yZ3(k) is the zero-state output, the output due to 

external inputs. Ideal tracking is obtained if it can be arranged so that 

J/za(&) = r r e f ( k ) -

The tracking outputs y t ( k )  will have an initial transient error due to any non-zero 

plant initial conditions, but once these initial conditions are driven to zero, exact 

tracking of the reference input will be achieved no matter what the input. 

The tracking output is related to the inputs of the plant by the z-domain 

transfer function matrix, T(z), in the following way 

Y , ( z )  =  T ( z ) R ( z ) .  

The reference input filter, G ( z ) ,  relates the reference input, R r e f ( z ) ,  to the plant 

inputs by 

U ( z )  =  G ( z ) R r e f ( z ) .  

The reference input is therefore related to the tracking output by 

Y t ( z )  =  T ( z ) G ( z ) R r e f ( z ) .  

Ideal tracking occurs when T ( z ) G ( z )  = J, or the reference input filter is the 

inverse of the plant. The filter based on this design approach is referred to as an 

inverse filter. If it is found that the denominator of the filter is of lower order than 
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the numerator of the filter, i.e., the filter in noncausal, poles at the origin can be 

added to the filter until the filter has a pole/zero excess equal to zero, malting the 

filter causal. Additional poles can be added to the denominator to make its order 

greater than that of the numerator, but for every pole added, a delay of one sample 

period is added as well. 

Derivation of the Reference Input Filter 

The tracking output of our system, Y t ( z ) ,  is Y i ( z ) ,  the position of the fine 

mass. The other output, the difference between the position of Mi and of M2, is 

not used to track the reference input. It is a measurement output used for feedback, 

primarily to allow reconstruction of the states of the plant. 

The plant input the filter output is applied to is r2. Ri could be used, but it 

has a non-minimum phase transfer function, a zero outside the unit circle, between 

ri and t/i. Because the reference input filter is the inverse of this transfer function, a 

pole of the filter will be outside the unit circle at the location of the plant zero. The 

filter will therefore be unstable. The transfer function of the closed-loop full-state 

feedback system from ri to yi is 

.0413*3 + .3171 z 2  -  .095* - .2151 x 10-8 
~ zi- 3.9169*3 + 5.7569z2 - 3.7629* + .9230 ' 

In factored form, the transfer function is 

4.1268 x 10~10(z + 7.8917)(z - .9236)(z + .7156) 
11W ~ (z - .9970)(z - .9970)(z - .9614 + j.0644)(z - .9614 - j.0644)' 

The non-minimum phase zero is located at —7.8917 in the z-plane. 

The filter that is used for this system is based on the transfer function from 

the second input, r2, to the first output, y\. The transfer function, assuming full-

state feedback, for this coupling is 

. .lis3 - .1104z2 - .108z + .1084 x 10-5 
21^Z' ~ z* - 3.9169*3 + 5.7569z2 - 3.7629* + .9230' 

In factored form it is 

1.1004 x 10"6(z + .9908)(z - .9970)(z - .9970) fr . 
21^ ~ {z - .9970)(z - .9970)(* - .9614 + j.0644)(z - .9614 - j.0644)' * ' ' 
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The poles and zeros of the transfer function at .9970 which are associated with M\, 

cancel to give 

1.1004 x 10~6(z + -9908) 
21'^ ~ (z- .9614 + j.0644)(z - .9614 - j.0644)" 

Inverting this reduced transfer function and adding a pole in the denominator to 

make the filter causal gives the transfer function 

908760.4(z - .9614 + j.0644)(z - .9614 - j.0644) 
G ( z )  =  

z { z  + .9908) 
(5.2) 

Taking this filter into state space gives 

g ( k  + 1 )  =  1 
-.9908 9 ( k )  +  r r e f { f y  

r 2 ( k ) = [843800 -2647000] g ( k )  + [908780] r r e f ( k ) .  

This filter works for the system whether full-state or output feedback is used. 

The reference input must be supplied to the filter one step in advance. 

Adding another pole to the filter will eliminate the feed-forward term, but will add 

another delay to the transfer function relating the reference input to the tracking 

output. 

The total system, using full-state feedback, with the filter in place can be 

described by the equations 

S y s t e m :  x ( k +  1 )  —  ( A  + B K ) x ( k )  +  B r ( k )  

y ( k )  =  C x ( k )  

Filter : g{k + 1) =  A f g ( k ) + B/rre/(fc) 

r2(fc) = C f g { k )  +  D f r r e f ( k )  

or in closed form 

A f  
<2C 

v(*) = [0 C ]  

9 { k  +  1 ) '  
x ( k  + 1 )  

o  i r * ( * ) ]  +  

b2Cf A + BK\ [a:(fc)J 
\ d ( k ) ]  
x(fc)J 

B f  
b i D f  

./(*)+ ri(fc) 

(5.3) 



58 

where B  = [61, b 2 ]  and r ( k ) ,  the control input, is different from r r e f ( k ) .  

The overall, transfer function from rre/ to j/i is 1/z so the reference input 

must be supplied to the filter one step in advance. 

,0 .00000 

-10. IS .  20 .  25.  30.  35 .  40 .  

steps 

Fig. 5.1 Reference Input Tracking Using an Inverse Filter 

Figure 5.1 is an example of the system tracking an input of 1000 Hz of 

magnitude .5 ftm. As can be seen, the tracking output is one step behind the 

reference input. If the reference input is not supplied to the tracking system one 

step in advance, the read/write heads will not track to within the required .l[im 

range. If the reference input is supplied one step in advance, then exact tracking of 

the reference input is achieved. 
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5.2 Response Model Tracking 

Ideal tracking may not be possible when the transfer function of the plant 

is not known accurately or the inverse filter is either unstable or noncausal. When 

ideal tracking is not possible or not desirable, then response model tracking can be 

used. Instead of »-

Y„(Z) = RreAz), 

as is the case for ideal tracking, we use 

Y Z B { z )  =  U { z ) R r e f { z )  

where 

S l ( z )  =  T ( z ) G ( z ) ,  

which characterizes an acceptable relationship between the tracking outputs and 

the reference inputs. 

There are many possible choices for the response model, £2(z). It is choosing 

an acceptable fi(z) that makes this type of reference input filter design somewhat 

difficult. 

The first step in the development of a response model is determining what 

type of inputs are to be tracked. If it is desired that step and ramp inputs be 

tracked, then Rref(z) takes the form 

„ , s /?iz2 + /?2Z /s aS R r e f { z )  =  ^ (5-4) 

where /?i and /32 are constants. To ensure exact tracking, the final value theorem 

must be satisfied. It states that 

lim /(&) = lim(l — z ~ 1 ) F ( z ) .  
k-*oo z—*l 

This means as k approaches infinity, the steady state error of the system approaches 

/(oo). An error, /(oo) ^ 0, means that exact tracking is not taking place. The 

difference between the reference input and tracking output can be expressed as 

R r e f ( z )  -  Y t ( z )  = [1 - R r e f ( z ) -
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Using the final value theorem, a zero steady-state error requires 

lim [r r e f { k ) - y t ( k ) ]  = lim [ ( - — [ 1  -  & ( z ) ]  R r e f ( z )  
k—>oo z—*l \m\ Z J 

= 0. 

To ensure that the above equation is satisfied when R r e f ( z )  is that of (5.4), the 

numerator of [1 — ft(z)] must have the factor (z — l)2 to cancel the denominator of 

Rref(z). If not, the (z — 1) term in the final value theorem expression is cancelled 

by Rref(z), resulting in a steady state error. 

[1 — fi(z)] can be expressed in terms of ft(z) as 

d e n £ l ( z )  —  n u m Q , ( z )  
d e n f t ( z )  

Thus, the denominator minus the numerator of fi(z) must contain a factor equal 

to (z — l)2. Once an acceptable response model has been determined, the reference 

input filter can be derived. 

Since the response model is 

Q ( z )  =  G ( z ) T ( z )  

G ( z )  =  £ l ( z ) T ~ i ( z )  

num. G(z) = num. ft(z) den T(z) 

d e n G ( z )  =  n u m T ( z )  d e n S l ( z ) .  

the filter is 

or 

and 

Derivation of the Reference Input Filter 

Three response model-based reference input filters are presented. The first 

is designed to compensate for only a step input and a ramp input. It will be shown 

that the filter based on this response model does not allow tracking of a 1000 Hz 

reference input signal. The second filter is of the least highest order possible which 
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allows tracking of the reference input to within .1 fim. The final filter is presented 

to show that very good tracking can be obtained using this approach, but that the 

filter is of prohibitively high order. 

The first filter is designed to compensate for only a step input and a ramp 

input. Instead of the identity matrix for fi(-z), as is the case for the inverse filter, 

here it has been iteratively chosen as 

ft(z) = 
.0771z - .0715 

z2 - 1.9229Z + .9285' 

The iteration was based on finding a response model whose denominator minus the 

numerator equals (z — l)2. The poles and zeros of the response model axe inside the 

unit circle. The response model relates the reference input to the tracking output 

so if it contains a pole outside the unit circle the tracking system is unstable. 

If it contains a zero outside the unit circle tracking capabilities are significantly 

deteriorated. 

After the common poles and zeros of G ( z )  have been cancelled, the filter 

transfer function is 

G ( z )  =  
.7009z3 - 1.9973z2 + 1.9000z - .6032 x 105 

z3 - .9321z2 - .9769z + .92 

In state space form, the filter is 

0 1 0 "0 
g ( k  + 1) =  0 0 1 g ( k )  +  0 

-.9200 .9767 .9321 1 
e/(*0 

u 2 ( k )  = [-1.2480 2.5845 -1.3441] x 105£(k )  + [7.0086 x 104] r r e f ( k ) .  

Figure 5.2 shows the response of the system to a step input and a 1000 hz 

s i n u s o i d a l  i n p u t  o f  m a g n i t u d e  . 5  f i m .  
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Fig. 5.2 Step and Sinusoidal Tracking using a Response Model Filter 

The second filter, the one deemed acceptable for this system, is of fifth order 

with a seventh order response model. Again, the response model is chosen itera-

tively. There is no set approach to finding a decent response model; its selection is 

by trial and error. The response model transfer function is 

= 1-8330*6 - 6.3687a5 + 6.3804z4 + 1.6706*3 - 7.0929*2 + 4.4975* - .9200 
z7 - 2.9261*6 + 1.8760*5 + 1.9409*4 - 2.8053*3 + .9145z2 " 
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In factored form it is 

( z  + .9908)(z - .9979)(z - .9949)(z - .5495)(* - .9614 ± j.0644) 
z2(z + .9908)(z - .9970)(z - .9970)(z - .9614 ± j.0644) 

For this response model the denominator of R r e f ( z ) is 

(z - l)\z + .9908)(* - .9135 ± i.4067)(z - .9614 ± j.0644). 

The first criterion that must be met is the cancelation of the denominator of R r e f ( z )  

with the denominator minus the numerator of £t(z), keeping in mind that the poles 

and zeros of the response model must remain inside the unit circle. One would 

expect from the common poles and zeros in the response model above, that they 

could be cancelled immediately, thus reducing the order of the response model. This 

could not be done. Cancelling the common poles and zeros resulted in a response 

model of too low order to allow tracking of the necessary range of frequencies. Once 

the filter was determined from the relationship G(z) = J2(z)T2i(z)-1, the common 

poles and zeros could be cancelled until the desired tracking could no longer be 

achieved. This order of the response model gives an input filter of high enough 

order so the system will track the desired range of frequencies. 

The filter transfer function is 

G ( z )  =  .16662s - .7438z4 + 1.3168z3 - 1.1529.Z2 + .4977* - .0844 x 107 

z5 - 1.0032z4 - .9816z3 + ,9849z2 

No poles or zeros of the filter reside outside the unit circle. 

In state space form the filter is 

g ( k  +  1 )  =  

0 1 0 0 o - -o -
0 0 1 0 0 0 
0 0 0 1 0 g(k) + 0 
0 0 0 0 1 

g(k) + 
0 

0 0 -.9849 .9816 1.0032. .1. 

./(*)• 

r2(fc) = [—.084 .497 -1.316 1.480 -.576] x 107£(fc) + [1.665 x 106] r T e f { k )  

Increasing the order of the response model, and thus the order of the filter, 

by two allows the filter to track any frequency between dc and 1000 Hz. The 
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tracking, however, is not perfect. The worst case reference input for this filter is 

one of magnitude .5/imat a frequency of 500 Hz. Figure 5.3 shows the reference 

input vs the tracking output. The farthest the tracking output deviates from the 

reference input is, after the first sample, .12 x 10-8 meters, well within the ,1/zm 

range. Because the overall respose model is strictly proper, there is no delay in the 

system. The response model for exact tracking was 1/z, also strictly proper, but 

1/z corresponds to a one sample delay. 

,0 .00000 

-5 .  
25.  35 .  10. 15. 20 .  30.  4C . 

steps 

Fig. 5.3 Reference Input Tracking with Response Model Filter 

The last filter that has been developed for this system is based on a response 

model that is of eleventh order and results in a filter that is of ninth order. The filter 

is too large, but because there are so many choices when designing a filter using the 

response model approach, one must explore more than just one or two possibilities. 

The response model is 

ft(«) = 

5.7319*10 - 30.7232*9 + 70.0230*8 

—83.0053*7 + 38.1052z6 + 36.1196*5 - 77.9019*4 

+65.3636z3 - 30.8774z2 + 8.0843z - .9200 
z11 - 2.9261z10 + 1.8760*9 + 1.9409z8 - 2.8053*7 + .9145z6' 



65 

The filter based upon this response model is 

.0521z9 - .3308z8 + .9641z1 - 1.7096*6 + 2.04012s 

_ ~1-6931^4 + -9696a:3 - .3666*2 + -0827a: - .0084 x 108 

^ ~ *9 - 1.0032*8 - .9816a:7 + .9849z6 

The only additional insight gained from showing the filter in state space form is 

that the elements in the C matrix are on the magnitude of 108 and the D matrix 

is 5.2090 x 106. Based upon the three filters developed here, the higher the order 

of the filter for this system, the greater t.he magnitudes of the C and D matrix 

elements. 

The worst case reference input for this filter is one having a .5 f i m  magnitude 

at a frequency of 750 Hz. The maximum error between the tracking output and the 

reference input is approximately 4 X 10-11 meters. A plot comparing the reference 

input and y\ would appear as one trajectory and is therefore not included. Even 

with the increased performance, the size of the filter is prohibitively large and com

plex. For this reason, the second filter presented here has been chosen as acceptable 

for this application. 

The inverse filter is better than the response model filter because tracking can 

be achieved with a minimal order reference filter. The filter based on the response 

model method is better than the inverse filter because it is extremely insensitive 

to parameter variations. Both filters require that the input be applied to the filter 

in advance, two steps for the inverse filter and one step for the response filter. 

Practically speaking, attaching a sensor either two steps ahead of the laser on the 

read/write heads or one step does not constitute much of a difference. 
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5.S Reference Input Model Tracking 

The third tracking system design approach explored here is reference model 

system tracking design. This approach is an alternative to designing a reference 

input filter. Instead, the designer specifies the class of representative reference 

inputs that are to be tracked perfectly, rather than having to specify an acceptable 

response model for all possible inputs. The model may not include all inputs to 

be tracked, rather it allows a tolerable tracking error for those inputs not specified 

in the model. Instead of a reference input filter, the reference input is scaled and 

input to each of the available states of the plant/observer system. The concept of 

an observer is used in a new way; the total system, plant and observer, is used to 

observe the reference input model. 

The reference input model can be modeled as the response of an autonomous 

system of the form 

g ( k  +  1 )  =  V g ( k )  

r r e f ( k )  = Q g ( k ) .  

The model response is of the form 

r ( k )  = 0$*</(O) 

which is of the form 

r(fc) = /?1A*+/?2A2' + ... + /?nA*. 

The f l ' s  are arbitrary constants dependent on the initial conditions <7(0). To track 

a step input and a ramp input 

r(fc) = Pi + /32fc-

For the reference input of this system, the step input and ramp input as well as at 

least two frequencies, 1000 and 500 Hz, must be modeled by the reference model. 

r(A) = (A - 1)2(A2 - 2cos(27r500Ta)A + 1)(A2 - 2cos(27rl000Ta)A + 1) 

= A6 - 5.7834A5 + 14.1411A4 - 18.7154A3 + 14.1411A2 - 5.7834A + 1 
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Using a state space form this output can be represented as 

g ( k  +  1 )  =  

5.7834 1 0 0 0 01 
-14.1411 0 10 0 0 
18.7154 0 0 1 0 0 

-14.1411 0 0 0 1 0 
5.7834 0 0 0 0 1 
-1 0 0 0 0 0J 

9 ( k )  

r r e f ( k )  =  [  1 0 0 0 0 0]£?(fc). 

The plant/observer combination can be described as 

£ ( f c  +  1 )  —  A 3 y a £ ( k )  +  B 3 y 3 T r e  / ( * )  

y ( k \  =  C s y s £ ( k ) ,  (5.5) 

with the tracking output, y t ( k ) ,  being equal to C t £ ( k ) .  It is desired that the system 

of (5.5) observe the reference input model above. 

When driven by r r e f ( k ) ,  the system state, £(fc), observes the reference input 

model state, g(k), through the transformation matrix m, with 

m g ( k )  =  m r r e f ( k )  

and 

TTlty Agygffl, B gy gQ . (5.6) 

Because m g ( k )  =  m r r e f ( k ) ,  £ ( k )  =  m g { k ), and the fact that the plant tracking 

output, Ct£(k), must follow the reference input rre/(fc); 

y t ( k )  =  C a y a m r r e f ( k )  =  r r e f ( k ) .  (5.7) 

The idea is to solve for m and the external gains given by the system of equations 

in (5.6) and (5.7). The number of external gains for our system using a full-state 

observer is six; the two plant inputs, rj and r2, and one input to each of the four 
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observer states. The gains are represented in the system by the external input 

matrix Bsys. Bsys for our full-state observer system is 

0 
.0013ai - .0013a2 

0 
.0328a2 

<*3 
a4 

<*5 
a6 

The design equations of (5.6) and (5.7) are solved simultaneously to arrive 

at the transformation matrix m and the external gain matrix Bsy3. The order of 

the reference input model is restricted by the size of the system of (5.5). While the 

transformation matrix does not have to be square, the input reference model does. 

Equation (5.6) sets the number of rows in m at 8. If the input model developed 

previously is used, then from (5.6), the dimensions of m are 8x6. Equation (5.6) 

contributes 48 equations and 54 unknowns. Using m in (5.7) contributes an addi

tional 6 equations, meaning there is a solution to this set of simultaneous equations. 

This is not the case for the reduced-order observer. Using the same reference input 

m o d e l  w i t h  t h e  d i m e n s i o n s  o f  A 3 y a  n o w  b e i n g  6 x 6 ,  g i v e s  a n  m  o f  d i m e n s i o n  6 x 6 .  

The number of external gains is now 4, so equation (5.6) contributes 36 equations 

and 40 variables. Equation (5.7) still contributes 6 equations which means the sys

tem of equations is over-determined. The order of the observer can be increased to 

accommodate this order of reference input model but doing so defeats the purpose 

of the reduced-order observer. 

Although the approach is sound, the number of equations that must be solved 

leads to numerical problems. Constructing the 54 equations in 54 unknowns led to a 

matrix with a condition number equalling 8.08 X 1013. The solution based upon this 

poorly conditioned matrix did not achieve the desired tracking. When the order of 

the reference input model becomes even marginally high, the external gains to the 

system cannot be determined to within an acceptable range. 
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CHAPTER SIX 

Unmodeled Dynamics 

The system representation of Chapter 1, Figure 1.2, contains only the dynam

ics that dominate the response of the system. Other unmodeled system dynamics, 

electrical dynamics and mechanical resonances, are not included in the representa

tion because their influence on the system is assumed to be minimal compared to 

the influence of the modeled dynamics. Including the unmodeled dynamics in the 

system representation gives a more detailed model of the system, but this goes at 

the expense of complicating the design. This chapter is devoted to the development 

and inclusion of these unmodeled dynamics into the system representation. Subse

quent chapters are devoted to their influence on system performance. The effect of 

the unmodeled dynamics on the transient response of the system will be discussed 

in Chapter 8; their effect on the tracking capabilities of the system is addressed in 

Chapter 9. 

6.1 Electrical Dynamics 

The actual electrical dynamics are not available, they are proprietary. There

fore, representative electrical dynamics closely resembling the true dynamics are 

derived and used. 

The electrical dynamics of the system are those associated with the posi

tioning actuators. The purpose of the actuators is to position the read/write heads 

by generating a force in response to either an applied voltage or current. Both 

actuators are assumed to be voice coil motors, VCM's, which respond to an applied 

voltage. A VCM can be described as a dc brushless motor with the coil wound as 

the stator, where the permanent magnet with the attached payload is allowed to 

move [4]. Figure 6.1 shows how the electrical dynamics of the motors, represented 

by equivalent circuits [16], are coupled to the mechanical system. 
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The constraints on the true system, the system with unsealed parameter 

values, related to the electrical dynamics are: 

1) The maximum power that can be generated by the coarse actuator is 

7 Watts. The maximum power that can be generated by the electrical dynamics of 

the fine actuator is .5 Watts. 

2) The maximum velocity for both masses is 100 inches/sec, with the optimal 

velocity being 40 inches /sec. 

3) The maximum acceleration is 15 g or 147 meters/sec2. 

The actuators associated with Mi and M2, although both VCM's, differ 

in one major respect. The electrical dynamics associated with Mj have feedback 

which is a function of the payload velocity used to regulate the velocity, whereas 

the electrical dynamics associated with M2 do not. The payload velocity of Mi is 

regulated by controlling the force generated by the motor by controlling the applied 

voltage. No such regulation is used for the electrical dynamics of M2. It is possible to 

incorporate feedback, or regulation, into the actuator dynamics associated with M2, 

but this feedback would be extraneous. The farthest M2 travels from its origin is 

30 fim and to exceed maximum velocity in that distance would violate the maximum 

acceleration constraint of 15 g's. 

The electrical dynamics of M2 can be described as follows. The power gen

erated by the VCM is [17] 

P  =  K } 2 x ( t ) i ( t )  

where K f 2  is the force factor, x ( t )  is the displacement of the payload and i ( t )  is the 

generated current. The dynamic equations for the actuator are 

L 2 j t + R 2 i  =  V i n .  (6.1) 

and 

F = M2a2 = Kf2i 

In discrete-time state space form, the equations are, assuming a ZOH on the input, 

i { k  +  1 )  =  A e i ( k )  +  B e V i n  

F ( k )  =  C e i ( k ) (6.2) 
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where Ce = Kf2 and 

A. = e_Tsr' and Be = fT' e~%T,t 

Jo 
ds 

L2' 

Including the dynamics in the system of (1.2), where F ( k )  =  U2( k ) ,  gives the 

composite system 

Ae 

b2Ce 

y ( k )  =  [  0 C} 

i ( k  + 1 )  
x ( k  + 1 )  

0 
A 

i ( k )  
x ( k )  + 

Be 
0 

Vin + • r ( k )  

[  i ( k )  1  
(6.3) 

where B = [&i, 62]- A force factor Kf2 of .2 has been assumed. The in

ductance of the motor, L2, is 18 X 10~eH with the resistance R2 = 1.8 Ohm. 

Choosing these values for the components of the electrical dynamics gives a pole at 

—10.0 x 103 rad/sec or 15.9 kHz. 

To illustrate how the electrical dynamics axe incorporated in the system 

representation, the continuous-time system of (1.4) is augmented with the electri

cal dynamics described above. The resulting continuous-time, open-loop system is 

±(t) = 

10000 0 0 0 o- 1*5555.5"I r 0 '  
0 0 1 0 0 0 0 

-4 -50000 -16 50000 16 «(0 + 0 v;„ + 20 
0 0 0 0 1 0 0 

100 1250000 400 -1250000 -400. . 0 . . 0 .  

,.v TO 0 0 1 01 ... 
JW=IO -1 0 1 OJ ()-

!•(*) 

The system is converted to a closed-loop, discrete-time system using a 15 

kH z  sampling rate and full-state feedback control of the form [0, K], where K is 

from (3.13). 

Applying a voltage of .6497 Volts to the discrete-time, closed-loop sys

tem holds Mi 20 tracks from the origin. The power generated in doing so is 

2.475 fiWatts, within the power constraint. 
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The derivation of the electrical dynamics of M? is fairly straightforward. The 

design and analysis of the electrical dynamics associated with Mj is a little more 

complex. 

The coarse actuator operates in a type of open-loop control. The feedback 

is not processed by the controller (see Chapter 5) until the system has come to a 

rest. While the system is performing a seek, it acts to integrate the applied force. 

Because Mi acts as an integrator, a limiting mechanism must be applied by the 

electrical dynamics that will decrease the applied force as the velocity increases. 

This mechanism is in the form of closed-loop feedback from the velocity of the 

payload to Vjn. A voltage, Kf\v, where Kj\ is the force factor and v is the velocity, 

proportional to the velocity of the payload is subtracted from VJn; the difference 

between the two is applied to the plant. Theoretically, once terminal or maximum 

velocity is reached, no current is generated as Vjn = Kfiv, and the payload of the 

actuator will continue moving indefinitely at maximum velocity. In reality, however, 

forces such as friction always exist so the actuator will always be generating some 

current. 

This feedback component adds another state variable to the system: the 

velocity of the payload. The equations for the VCM associated with the coarse 

actuator can be written as [4] 

L\ — + R\i = E — Kf\v 
di 
+ 

dv Kf\i 

dx 
« - M <M> 

dt 

where 

L\ is the inductance of the motor coil (Henry); 

i is the current intensity through the motor coil (Ampere); 

E is the applied voltage to the coil (Volt); 

Kfi is the force factor (N/A); 

v is the velocity of mass M (kg); 

x is the distance (meters); 
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The time constants of the system can be described by: 

Tm = mechanical time constant (sec); 
L  F L  

Te = electrical time constant (sec); 

The natural frequency is, wn = l/y/TmTe rads/sec] 

The damping ratio is ( = .5y/Tm/Te. 

The choice of components are in part governed by the equations 

xmax = Kf1^nax ; maximum displacement (meters) 

where Ks  is the spring constant, 2500 () > 

V = limit velocity (meters/sec); 

A = ; limit acceleration [7]. 

The power generated by the electrical dynamics [16] of the coarse actuator is 

P = egi, 

where 

eg = Kfiv 

Kfi is the force or voltage factor determined by the design of the armature windings 

and v is the velocity of the mass. While there are many choices for Ri, L\, Vjn and 

Kfi, there exist some guidelines for their choice. One such guideline is to keep 

Kfi as small as possible since the larger it becomes the more volume is required 

for the magnets. Another guideline is to keep R\ within a reasonable range. R\ 

is a combination of the resistance of the windings and an external resistor used 

to define the response of the motor. An extremely small resistor may be difficult 

to fabricate to within the necessary tolerances. Finally, the power constraint is 

a factor. Typically twice the power is needed to slow the system as is required 

to accelerate it [16]. The power constraint (this system is a scaled version of the 

true system whereas the power constraints are the constraints of the true system) 

has been ignored to the extent that the maximum allowable power generation has 



75 

been violated. The masses have been scaled larger by some amount, so more power 

is needed to both accelerate and decelerate this system as compared to the true 

system. The power generation issue has been addressed in that the dynamics have 

been designed to keep the power generation to a minimum. 

Based upon these considerations, the following choices for the parameters 

have been made: 

Using these values for the parameters of the system gives the constants describing 

the system as: 

Tm = 17.277 millisec; 

Te = 160.78 microsec] 

wn = 600 r ads/sec; 

While this damping ratio may seem high, according to Ananthanarayanan [4], 

the typical damping ratio for a VCM is between 5 and 10. 

The eigenvalues for the electrical dynamics in the s-plane and z-plane are 

Ri = .05316 Ohms 

h = 8.547 x 10-6 H 

C = 5.18; 

A(S) = -14.5039 
-6205.2223 
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6.2 Mechanical Resonances 

The mechanical resonances axe unmodeled dynamics at 5 kHz and 20 kHz. 

Including the mechanical resonances in the system representation is accomplished 

by representing each resonance as a mass/dashpot/spring combination. The 5 kHz 

combination is hung off Mi while the 20 kHz combination is hung off M2. See 

Figure 6.2. 

Xa Xb 

B 1 

Ml 

B4 

K3 
Xc Xd 

Fig. 6.2 Mechanical Represenation of System with Resonances 

The natural resonant frequencies are defined as 

and the damping ratios are 
A _ "

x 

Sl  2yfK~M{ 
(6.5) 

Dynamic equations can be written for the system of Figure 6.2 as 



Kz , Bz • Kz Bz . 
m3 M3 M3 M3 
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(6.6) 

•^4 B\ . £4 B4 . 
d = « >• ®6 "f" 1 *• ®6 — w -^d — « » ®<i* 

M4 M4 M4 M4 

The state space representation of these equations is 

i(0 = 

0 1 0 0 0 0 0 0 r0 0 1 
(*«+*») 

0' 0' 
£J. 
0* 

£x M, 
1 

Kx Mi 
0 

•Si 
Mo' 

0 0 _1_ \f, 
~t 

(*«+*») 

0' 0' 
£J. 
0* 

£x M, 
1 

Kx Mi 
0 

•Si 
Mo' 0 0 0 ~t 

f f 
f *.+*«> 

o' 
fSj+Bl) 

0' 
0 
0 

0 
1 

ft 
0 • 1(1)+ 0 

0 t 
ft ft 0 0 =fc 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 
0 0 J£L £i. M* 0 0 zju M, 

-B. 
Af« . 0 . 0 . 

u(0 

y(0 •[-; 0 0 
0 

1 0 0 0 0 0  
1 0 0 0 0 0  i(<) (6.7) 

where 

x(t) is [ii X2 xz x4 £5 i6 ®s]' and 

xi is the position of M\\ 

X2 is the velocity of Mi; 

xz is the position of M2; 

x4 is the velocity of M2; 

X5 is the position of Mz; 

Xg is the velocity of Mz', 

X7 is the position of M4; 

xg is the velocity of iW4. 

An infinite number of choices exist for the selection of the parameters for the 

resonances. The larger the spring constant, the stronger the coupling between M\ 

and M2 and their associated resonances. The smaller in magnitude the parameters 

become, the closer the eigenvalues associated with the resonances of (6.7) come to 

27r(5000) rad/sec and 27r(20000) rad/sec. For example, if the parameters for the 5 
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kHz resonance axe chosen as M3 = .01, B3 = 0 (no damping), and K3 = 9.869 X 106 

and the parameters for the 20 kHz resonance are chosen as M4 = .0001, B4 = 0 (no 

damping), and K4 = 1.579 x 106 (this set of parameter values is referred to as psl), 

then the s-plane eigenvalues of the system are 

A(«) = 

0 
0 

—197 ±.? 1095 
—1.3 ±>34414 
-9 ±>128767 J 

The s-plane eigenvalues of the system with the parameters for the 5 kHz resonance 

chosen as M3 = 1 X 10-6, B3 = 0 and K3 = 986.9 and the parameters for the 20 

kHz resonance chosen as M\ = 1 x 10-8, B4 = 0 and K\ — 157.9, (referred to as 

ps2) are 

A(s) = 

0 
0 

-218±il211 
Orb >31415.9 
0 ±>125663.7. 

What this suggests is that the parameters can be chosen to influence the 

system in a variety of ways. 

A more realistic choice for the parameters is to choose the B{ such that the 

damping ratio for the resonances is .01 instead of zero. Using ps2 from above in 

conjunction with (6.7) defines B3 as 6.283 and B4 as .2513 (referred to as ps3). The 

closed-loop eigenvalues using the above parameter values are shown below. The 

discrete eigenvalues in the s-plane are 

A(-s) = 

f -37.4463 ±>16.5280 
-526.5140 ±>983.9514 
-381.5881 ±>34419.4095 
-1330.485 ±>34510.1253 J 

All three sets of parameters will be used to illustrate the effects of the mechanical 

resonances on the ideal system response, whereas only ps3 will be used to determine 

the resonance's affect on the tracking control system. 
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CHAPTER SEVEN 

Computational Time Delay and Compensation 

7.1 Computational Time Delay 

Like the unmodeled dynamics of Chapter 6, a one sample computational 

delay will act to degrade the ideal system response defined in the early part of this 

thesis. For that reason, their effect on the ideal system response must be determined 

to discover how much the ideal system performance is degraded. 

Computational time delays axe an inherent part of any microprocessor-based 

control system. Sources of computational time delays are A/D conversion, D/A 

conversion and control algorithm computation. A computational time delay means 

that the control cannot be applied instantaneously. Instead, it is applied at the next 

sampling instant by which time the states of the system have most likely changed. 

This type of delay becomes critical to system performance when the delay becomes 

comparable to the time constant of the plant. 

The system with a computational time delay, using full-state feedback, can 

be described by (7.1) where the control is a function of the current external input 

and a linear combination of the delayed states [12]. 

x{k + 1) = Ax(k) + Bu{k) 

y(k) = Cx(k) 

u(k) = Kx(k — 1) + r(k). 

(7.1) 

The closed form of the system in (7.1) is 

x(k +1) 
u(k +1) 

A B 
K 0 

x(k) 
tt(fc) + 

0 
It 

y{k) = Cx(k). 

r(k + 1) 

(7.2) 

As will be seen later in this paper, while a computational time delay dete

riorates the tracking capabilities of the system of this paper, it does not affect its 



80 

transient response. This is not true for all systems, a time delay can deteriorate 

system performance so significantly that a one sample time delay can cause a sys

tem to go unstable. For that reason an example of how a computational delay can 

affect the system performance is presented. 

The example system is a double integrator 

x(t) = 0 1 
0 0 

x{t) + u(f). (7.3) 

Discretizing the system of (7.3) with Ta = .5sec., by placing a ZOH on the input, 

yields 

x(k +1) = 1 .5 
0 1 

x(k) + 
.1250 

.5 
u(k), 

with the undelayed control being u(k) = Kx(k). The desired closed-loop poles axe 

both at -2 in the s-plane or .3678 in the z-plane. The highest frequency component 

in the system, wc, is therefore wc = 2 rad/sec. The discrete feedback vector K that 

gives us the desired pole locations is K = [—1.5988 — 2.1201]. The sampling rate of 

.5 seconds is 6.28 times the highest frequency, so the Nyquist criterion is satisfied. 

If the control to the system is delayed by one sample, then the eigenvalues 

axe moved from (.3678, .3678) to (.6946 ± j.9661) which is outside the unit circle 

and creates an unstable system. So even when the sampling rate is 6 times wc, 

the delay is disastrous. For the system to remain marginally stable in the face of 

a one sample delay, the sampling period must be .3697 seconds, or approximately 

eight times wc. Figure 7.1 shows the regulation of the system with and without 

a sampling delay using a sampling period of .3141 seconds which corresponds to a 

sampling frequency of 10 times wc. The initial conditions axe [1, l]r. The system 

with no delay has a better transient response than the system with a delay. 
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TRANSIENT RESP0NSE OELAYED C0NTR0L 

3 
S 

-0.5 
IS. 35. 25. 30. 20.  10 .  

STEPS 

TRANSIENT RESPONSE UNDELAYED C0NTR0L 
1.5 

0.5 

10. 15. 20.  25. 30. 35. 40. 45. 

steps 

Fig. 7.1 Example System With and Without a Computational Delay 
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7.2 Advanced Observer 

If, upon implementation of this control scheme, it is found that the computa

tional time delay degrades the system performance unacceptably, then an advanced 

observer [12] can be used to compensate for the delay. The advanced observer pre

dicts what the control should be when it is applied, some time in the future, to the 

system. 

Conventional digital feedback control theory is based upon state feedback of 

the form 

u(k) = Kx{k) (fc > 0). (7.4) 

This control can be realized correctly only when the computation time of the right 

side of (7.4) is considered to be zero. In reality this is not the case. When a 

microprocessor is used to compute the control law, a time delay is inevitable. The 

control that will be applied to the system, assuming a one sample delay, is 

u(k) = Kx(k — 1) + r(k). (k > 1) 

As was shown by the double integrator example, an uncompensated delay can be 

disastrous. To compensate for the delay, a control of 

u(Jb) = KAx{k - 1) + KBu(k - 1) + r(Jfc), (k > 1) (7.5) 

where x(k) from (7.4) is predicted from x(k) = Ax(k — 1) + Bu{k — 1) and is applied 

to the system. The full-state feedback closed-loop system with the compensation, 

is described by 

x(k +1) 
u(k + 1) 

A B 
KA KB 

1 [*(*)1 
J H*0. 

' 0 ' 
+ 

A 
r(k + 1) (k > 0), (7.6) 

where Ir is an identity matrix whose dimension is the number of inputs, r. Using the 

double integrator example, a sampling period of .5 seconds caused the system to go 

unstable in the presence of a one sample delay. Using the advanced, or predictive, 
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observer will make the system stable. The eigenvalues of the uncompensated and 

compensated delayed system are respectively 

.6107 0 
•^ncC2) — .6946 + j.9661 , Ac(z) = .3679 

.6946 — j.9661 .3679 

1.5 

1.0 

K 
I 

0 . 0  

-o.s 
35. 10.  IS. 20. 23. 30. 40. 

steps 

Fig. 7.2 Example System with Delay Compensation 

Figure 7.2 shows how the advanced observer improves the performance of 

the previously unstable system. The system with the predictive control law sta

bilizes the system, but the regulation is not as good as the system without any 

computational delay. 
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CHAPTER EIGHT 

Regulation with Disturbances 

8.1 Unmodeled Dynamics 

Now that the ideal system and the source of disturbances have been defined, 

it must be determined to what extent the disturbances degrade ideal system perfor

mance. This chapter examines the effects of the disturbances on the regulation of 

the system while Chapter 9 examines the effects of the disturbances on the tracking 

of the system. 

The inclusion of the electrical dynamics deteriorates the regulation of the 

system. It does so by scaling down the control signals. The electrical dynamics 

associated with M\ scales the output of the controller by 1/4.5, while the electrical 

dynamics associated with Mi scales the output of the controller by 1/9. To com

pensate for the scaling, the first row of the full-state feedback vector must be scaled 

up by 4.5, and the second row must be scaled up by 9. The resulting feedback 

vector is 

K 
-449.1481 -20.0888 -17.8821 -0.8035 
-275.3451 10.9981 247.6095 -11.6459 

As was mentioned in Chapter 6 the resonances of the system can be repre

sented using a variety of choices for the values of the parameters. The effect of the 

three choices for them made in Chapter 6 is examined here. 

The regulation of the system, under the chosen closed-loop control, with the 

parameter values of psl, is shown in Figure 8.1. The response is dominated by the 

modeled dynamics, but the resonances affect system performance. The resonances 

cause the system to deviate from the desired transient response by approximately 

± .02 x 10-6 meters. Figure 8.2 shows the regulation of the system when the reso

nances are represented using the parameter values of ps2. There is no appreciable 

difference between the regulation of the system using this set of parameter values 

and that of the ideal response of Figure 3.8. 
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90. 2C 

steps 

, Fig. 8.1 Transient Response with Larger Parameter Values 

x 
0.00000 

10 20 30 40 SO 70 30 

steps 

Fig. 8.2 Transient Response with Smaller Parameter Values 

0.00000 

00 0 . 0  

steps 

Fig. 8. S IVanisent Response with Damped Resonances 
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Neither representation has a damping factor, which is somewhat unrealistic. 

A more realistic choice for the parameters is to choose the Bi such that the damping 

ratio for the resonances is .01 instead of zero. Using the parameters of ps3, results 

in the transient response of Figure 8.3. The transient response of the system is 

influenced most dramatically at the beginning of the transient response. After 

some time, the damping associated with the dynamics causes the influence of the 

resonances to die out. 

The speeds of the mechanical resonances are so much greater than their 

modeled system counterparts, that intuitively one would expect the resonances to 

have little effect on system performance. This is true for the transient response of 

the system where a damping factor of .01 has been assumed. 

The resonances can influence the system in other ways as well. They could 

be folded into the primary strip via aliasing and affect system performance. If this 

is a problem, the prefilters of Appendix A are designed so that when the resonances 

are folded into the primary strip, their influence on system performance will be 

greatly decreased. By choosing the sampling frequency wisely, the resonances will 

not be folded into the closed-loop system bandwidth and will not be influenced by 

the generation of sidebands. 
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8.2 Computational Time Delay 

For the system of this paper, a one sample computational time delay is not 

critical. The sampling period must be smaller than 9.6 milliseconds, or larger than 

104 Hz, to ensure system stability. A minimum sampling frequency of 2000 hz 

was established in Chapter 3 so the system will remain stable with a one sample 

computational delay as long as the Nyquist criteria is satisfied. 

The observer poles are unaffected by the delay, since they belong to a part 

of the system not influenced by the delayed control. 

Including a one sample time delay in the full-state feedback system, which 

translates to a delay of .0667 milliseconds, alters the system eigenvalues in the 

following way. The original, closed-loop system eigenvalues, using K from (3.13), 

and the delayed system eigenvalues, respectively, are 

The last four eigenvalues of the delayed system are those of the system that have 

been altered by the existence of a delay. The delay does not affect the performance 

of the system very much; steady state performance is not affected at all. Figure 8.4 

shows the effect of the delay on the transient response of the system using full-state 

feedback. This response should be compared to that of the undelayed system of 

Figure 3.8. 

.9970 

.9970 
.9614 + j.0644 

..9614 — j.0644. 

.0060 

.0477 

Aunde/(^) — 

.9596 +j.0655 
..9596 —j.0655. 
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x 

0.00000 

-2 .  
10. so.  70. 20. 30. 40. SO. ao.  90. 100. 

steps 

Fig. 8.4 Transient Response with Computational Time Delay 
* 

A similar comparison can be made between the delayed and undelayed full 

and reduced-order observers. The closed-loop system using a full-order observer is: 

x ( k  + 1) A 0 B' x ( k )  ' 0 " 
z ( k  +  1) = H C  A - H C  B  z ( k )  + 0 
u{k +1) 0 if 0 u ( k )  I r  

r(fc + 1) 

y ( k )  =  [ C  0 0] 
x ( k )  
z ( k )  
u(k) 

The eigenvalues of the undelayed and delayed system are 

Aun<fez(^) — 

.8889 + i.lll4-

.8889 —j.1114 

.9502 + j.0364 

.9502- j.0364 

.9614 ± j.0644 
.9970 
.9970 

A d e l ( z )  =  

.0060 

.0477 
.8889 +j. 1114 
.8889-j. 1114 
.9502 + j.0364 
.9502 - j.0364 
.9596 ± j.0655 

.9968 

.9972 
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As can be seen from these sets of eigenvalues the system poles are the only ones 

affected by the delay. The closed-loop form of the system using a reduced-order 

observer is 

x{k + 1) An 0 Bn x(k) 
xi(k + 1) = K0Cn + NCnAn - MNCn M L + NCnBn xi(k) 
u(k + 1) F2C~1Cn Ft 0 u(k) 

+ 
0 
0 
Ir 

r(k + 1) 

x(k) 
x\(k) 
u(k) 

y{k) = [ C n  0 ]  

The eigenvalues of the delayed and undelayed systems are 

Aunde/C^) — 

.9401 
.9614+ .7.0644 
.9614 — j.0644 

.9803 
.9970 
.9970 

Arfe/^) — 

.0060 

.0477 

.9401 
.9596 +j.0655 
.9596 - j.0655 

.9803 

.9968 

.9972 

Comparing the eigenvalues of the undelayed and delayed systems for the full 

and reduced-order observers, it becomes evident that the computational time delay 

affects only the system eigenvalues, not the observer eigenvalues. This is due to the 

fact that, in this design, the observer poles are uncontrollable. 

Using a 15 kHz sampling frequency for a system with a 400 hz system band

width, ensures a computational time delay does not affect system performance dra

matically. One might conclude that no form of compensation for the delay is nec-

cessary. At this point in the development of the control system, this may be a fair 

conclusion. 

A one sample computational delay for our system does not affect system 

performance as dramatically as it does the double integrator example of Chapter 7, 

but, it is worthwhile determining whether the predictive control law of Chapter 7 
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improves the transient response of the delayed system. It may be that the marginal 

improvement in system response offered by the compensation for the delay may be 

necessary at a later stage in the development of the control system. The develop

ment of the compensation for the delay in Chapter 7 is now applied to the system 

of this paper. 

The transient response of the system with a one sample compensated delay 

is presented in Figure 8.5. Comparing this response to the response of Figure 8.4, 

finds little difference between the two. 

The eigenvalues for the compensated system with full-state feedback are, 

Ac(z) = 

0 
0 

.9970 

.9970 
.9614 ± j.0644 J 

0.00000 

-2. 
0.0 10. 20. 30. 40. SO. 60. 70. 80. 90. 100. 

steps 

Fig. 8.5 Transient Response Time Delay Compensation 

The analysis presented here applies to the full and reduced-order observer 

designed systems as well. Recall, the observer's performance was not affected by 

the computational delay and could therefore be ignored in the determination of the 

effect of the delay on the system. 
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The marginal increase in system performance gained by the compensation 

for the delay is, at this stage of the design, outweighed by the fact that the observer 

must be increased by an order of two to compensate for a one sample delay. With 

this in mind, a designer whose computational time delay is longer than one sample 

may decide that selecting a lower sampling rate is more desirable than augmenting 

his or her compensator. This decision is dependent on the deterioration of system 

performance with the delay .and the number of samples needed to calculate the 

control law. Because the computational time delay's effect on system performance 

is not that great, for the system under investigation, it is not compensated for at 

this stage of the design. 
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CHAPTER NINE 

Tracking with Disturbances 

This chapter deals with the disturbance's effect on the tracking capabilities 

of the tracking system. Both filters developed in Chapter 5 will be subjected to the 

unmodeled dynamics of Chapter 6 and the time delay of Chapter 7. A comparison 

between the two tracking systems, one using the inverse filter and the other using 

the response model filter as their reference input filter, will be drawn. 

9.1 Ideal Tracking 

9.1.1 Electrical Dynamics 

Including the electrical dynamics associated with the coarse mass, Mj, has 

no real effect on tracking performance. Including the electrical dynamics associated 

with the fine mass, M2, has a significant effect on tracking performance. If the 

electrical dynamics are excluded from the design of the filter, as was done in Chapter 

5, the reference input will not be tracked by the tracking output. Figure 9.1 shows 

the effect of including the electrical dynamics in the system representation after the 

filter has been designed. 

The tracking capabilities of the system are deteriorated because the electrical 

dynamics scale the output of the inverse filter by 1/9 before it is applied to the 

mechanical system. This scaling can be compensated for by scaling up the output 

of the tracking filter by 9 before it is applied to the electrical dynamics, see Figure 

9.2, or by including the electrical dynamics in the system before the tracking filter 

is derived. 

Including the electrical dynamics associated with M2 in the system represen

tation results in the transfer function from the second input to the tracking output 

Vi 
.1211z3 - .1225z2 - .11992 + .1203 x 10~6 

T2i(z) - _ 4.5449*4 + 8.2I6823 - 7.3783z2 + 3.2862z - .5797' 
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,0 .00000 

10 15 20 25 30 35 40 45 50 

steps 

Fig. 9.1 Tracking with Electrical Dynamics 

0.00000 

-5 
35 40 45 25 30 50 10 15 20 

steps 

Fig. 9.2 TVacking with Scaled Filter Output 

,0.00000 

15 30 40 10 20 25 35 45 50 

steps 

Fig. 9.S Tracking with Electrical Dynamics Compensation 
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which when factored is 

1.221 x 10~7 (z + .9908)(* - .9970)(z - .9970) 
21W ~ (z - ,0013)((z - .9970)(* - .9970)(* - .9614 ± j.0644)' 

The common poles and zeros at .9970 can be cancelled. After cancelling the poles 

and zeros, inverting the transfer function, and adding 2 poles in the denominator 

of the filter, the following transfer function for the reference input filter results 

8.1894 x 106 (z - .6288)(z - .9614 + j.0644)(z - .9614 - j.0644) 
^ ~ z\z + .9980) 

As can be seen from Figure 9.3, the system now tracks the reference input as 

long as it is supplied to the filter two steps in advance. If the reference input can be 

supplied to the tracking system two steps in advance, then ideal tracking results. 
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9.1.2 Mechanical Resonances 

The effect of the mechanical resonances on the tracking capabilities of the 

system using an inverse filter can be seen in Figure 9.4. The tracking is degraded 

somewhat, with an average error between the track and the heads of .02 ^m. This 

tracking error shows that the mechanical resonances do not influence the tracking 

capabilities of the system significantly when an inverse filter is used as the reference 
input filter. 

, 0 .00000  

-5. 
IS. 30. 35. 10. 2 0 .  25. 40. 

steps 

Fig. 9.4 Tracking with Mechanical Resonances 

In summary, for the ideal tracking design approach to work, the electrical 

dynamics of the system must be known, and included in the design of the inverse 

filter. The resulting filter, including the dynamics, is third order and requires the 

reference input be supplied to the filter two steps in advance. 
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9.8 Response Model Tracking 

9.2.1 Electrical Dynamics 

Including the electrical dynamics in this system affects tracking in the same 

way as it did for the inverse filter. As can be seen in Figure 9.5, the tracking 

capabilities of the system deteriorate when the electrical dynamics axe included in 

the system, but are not taken in consideration in the design of the reference input 

filter. 

Again, there are two ways to compensate for the deteriorated tracking. Scale 

the output of the tracking filter by 9 before it is applied to the electrical dynamics, 

see Figure 9.6, or include the electrical dynamics in the system before the tracking 

filter is derived. 

Including the electrical dynamics into the system means increasing the order 

of the filter. The pole/zero excess of the electrical dynamics is one, so there is an 

overall pole/zero excess of two in the tracking system transfer function. To ensure 

the filter is proper, the response model must also have a pole/zero excess of two as 

G(z) = Cl(z)T~1(z). The response model chosen is an extension of the one used for 

the previous filter. The response model, or transfer function relating the reference 

input to the tracking output, is 

1.83302® - 6.36872s + 6.3804*4 - 1.6706z3-
, 7.0929z2 + 4.49752 - .9200 
1Z) ~ zs  - 2.9261*7 + 1.8760*6 + 1.94092s - 2.8053*4 + .91452s' 

This leads to the filter 

G(z) = 

.150126 - ,67052s + 1.1875s4 - 1.040423 + .4498z2 - .07662 + .0001 x 108 

26 - 1.00322s - .981624 + .984923 

The poles .and zeros of the filter are inside the unit circle. 

As can be seen from Figure 9.7, the system tracks the reference input to 

within the . 1  f i m  tolerance. Including the electrical dynamics does, however, in

troduce a delay which means the reference input must be supplied to the filter one 

step in advance. 
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10 15 20 25 30 35 40 45 5C. 

steps 

Fig. 9.5 Tracking with Electrical Dynamics 
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50. 0. 5. 35. 40. 45. 10. 20.  25. 30. 15. 
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Fig. 9.6 Tracking with Scaled Filter Output 
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10 35 40 5c 15 20 25 30 45 
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Fig. 9.7 TVacking with Electrical Dynamics Compensation 
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Recall, the inverse filter required that the input be supplied two steps in 

advance and was only of third order. The primary advantage of the response model 

filter was that it did not require the reference input in advance. This advantage no 

longer exists. 

9.2.8 Mechanical Resonances 

Figure 9.8 shows the mechanical resonance's effect on tracking system per

formance. 

N. 

,0.00000 

-5. 
20. 25. 10. IS. 

steps 

Fig. 9.8 Tracking with Mechanical Resonances 

While the resonances degrade the tracking capabilities of the system, the 

error introduced is no greater than .015 fi m which is within the tracking error 

range of .1 y.m. Both tracking systems respond in the same way to the mechanical 

resonances. 
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9.3 Tracking with a Computational Delay 

In Chapter 8, the sampling frequency is so much higher than the highest 

frequency component of the system that there is no real deterioration of system 

performance when the feedback control is delayed one sample. This is true for the 

tracking system using the inverse filter, but is not true for the tracking system using 

the response-based filter. The tracking error introduced by the computational delay 

can, however, be compensated for using the advanced observer of Chapter 7. 

The most dramatic effect of the computational delay is that it delays the 

tracking of the reference input an additional sample. This is true whether the delay 

is compensated for or not. For the inverse filter, the tracking of the reference input 

is already delayed, one step if the electrical dynamics are ignored; and two steps 

if they are included. Thus, delaying it another step means moving the tracking 

sensor out one additional step. For the response model filter, when the electrical 

dynamics of the system are ignored, the computational delay introduces a tracking 

system delay where none existed before. If the electrical dynamics of the system 

axe included, then there is a delay in the tracking system already that must be 

compensated for. A computational time delay adds another delay. As is the case 

for the inverse filter, moving the tracking sensor one step further in front of the 

read/write heads is not a major concern. 

The maximum tracking error for the tracking system using the inverse filter 

is .0206 n m. The maximum error for the-system tracking system using the response 

model-based filter is .0506 n m. Using the advanced observer of Chapter 5 the orig

inal tracking characteristics of the tracking systems can be restored. The observer 

does not eliminate the additional delay introduced by the computational time delay, 

but it does restore the original tracking characteristics of the tracking systems. 

In conclusion, both tracking systems respond in much the same way to the 

disturbances. The electrical dynamics of the fine mass must be taken into consider

ation when the reference input filter is being designed. The mechanical resonances 

degrade tracking capabilities of both systems equally. However, this error is more 
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critical to the response model filter, as a tracking error is already present in the 

system. A computational time delay further degrades tracking capabilities. Using 

an advanced observer, all but eradicates the tracking error induced by the compu

tational delay. It does, however, add two states to the existing compensator. 
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CHAPTER TEN 

Sensitivity To Parameter Variations 

It has been seen from the two previous chapters that the ideal system re

sponse, based on the representation of Figure 1.2, is affected by the inclusion of 

unmodeled dynamics and a delay in the application of the desired control. The 

ideal system response was affected relatively little when the mechanical resonances 

were included in the system. This was also true for the ideal regulation of the 

system when the representative unmodeled electrical dynamics were included. This 

was not the case for the tracking system. Including the electrical dynamics in the 

tracking system affected greatly the tracking capabilities of the system. One might 

expect that due to the small tolerable tracking error, .1 fim, the ideal system will 

also be sensitive to parameter variations. As will be seen, the system is extremely 

sensitive to parameter variations. 

Conventional sensitivity analysis is what is called root sensitivity [2]. The 

idea is to vary the eigenvalues of the system and see what effect the variation has 

on the system. Because we know what it is that determines the eigenvalues, i.e., 

the parameters, a more informative sensitivity analysis can be done by varying the 

values of the parameters. It is easier to see the effect of the variations in the s-plane. 

For that reason, the eigenvalues are presented in the s-plane rather than the z-plane. 

The unvaried s-plane eigenvalues for the ideal, closed-loop system are 

—44.742 ±j.Oil 
-556.295 ± jl003.054 ' 

10.1 Seek and Steady State Sensitivity 

The seek of Chapter 2 and the steady state response of the system is sub

jected to parameter variations to determine the magnitude of the position error. 

Each of the four mechanical parameters, Mi, M2, K, and B, have been varied 

by one percent in the direction that most influenced the system response. A one 
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percent variation in parameter values gives good insight into the effect of the varia

tion on system performance. For the masses, M\ and M2, and the spring constant, 

K, the value for the parameter was decreased by one percent whereas B was in

creased by one percent. Table 10.1 shows eigenvalues and the steady state error for 

the parameter in question. The desired steady-state for Mj is +30fi m. 

PARAMETER 

Mi 

Mo 

K 

EIGENVALUES 

-40.744 
-49.614 

-556.531 ± .71003.221 

-43.883 
-45.637 

-561.810 ±>1006.500 

-44.74 ±j.000 
-554.165 ±>1004.236 

-44.743 ± j.001 
-556.304 ± .7 996.399 

S.S. ERROR 

—.0021 fim 

—.03 fxm 

n o  e f f e c t  

+.3 fx m 

Table 10.1 Mechanical parameter variations 

The maximum K can vary for this control scheme and remain within .1 

micrometer of 30 /xm is .3 percent. The error at this variation is .0976// m. 

The positioning of the masses is affected by variations in the value of the 

inductor L and the resistor R of the electrical dynamics associated with M\ and 

by variations in the total mass of the system Mtot which is .052 kg. Using the seek 

of Chapter 4, varying the above parameters by one percent resulted in the errors 

outlined in Table 10.2. 

PARAMETER FINAL POSITION ERROR 

R 

L 

M, tot  

8.372575 mm 

8.314608 mm 

8.4 mm 

56 fim 

1.4 [im 

83 fim 

Table 10.2 Seek sensitivity to parameter variations 
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Variations in the electrical dynamics of M<j. also cause errors in the steady-

state position of M2 • Varying the resistor value in the electrical dynamics associated 

with M2 results in a steady state error of 1.6 //m or a full track. The maximum 

variation in R is .25 percent if the steady state error is to remain less than .1 fi m. 

If R is the resistance of the windings and the resistance remains constant, then it is 

possible to operate within this tolerance range. If a portion of R is to be fabricated, 

then remaining within the .25 percent tolerance could prove difficult. 

The steady state behavior was insensitive to parameter variations in L. Vary

ing the electrical dynamics of Mi had little effect on the steady state performance 

The sensitivity of the system to parameter variations implies that full-state 

feedback does not desensitize the system sufficiently. There are various ways in 

which a system can be made less sensitive to parameter variations; one way is 

presented in Section 10.4. The approach is to model the variation, or modeling 

error, as a step disturbance and use an observer to estimate the disturbance. Once 

estimated, this disturbance can be compensated for. 

10.2 Regulation Sensitivity 

Since only the mechanical parameters really affect the regulation of the sys

tem, only they were varied. Each was varied one percent in the direction which 

most influenced system performance. The initial conditions for the access are those 

of (3.15). As can be seen from Table 10.3, the effect on the regulation of the system 

is minimal. 

of M2. 

PARAMETER TIME TO WITHIN .1 fi  m 

Unvaried 
Mt 

M2  

K 
B 

1.867 millisec 
1.867 millisec 
1.867 millisec 
1.933 millisec 
1.867 millisec 

Table 10.3 Regulation Sensitivity to Parameter Variations 
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What Table 10.3 shows is that the regulation is most sensitive to variations 

in the spring constant K. Decreasing the value of K by one percent acted to reduce 

the regulation capabilities of the system, but not significantly. At this point, the 

steady state performance of the system is more sensitive to parameter variations. 

10.S Tracking System Sensitivity 

10.S.1 Ideal Tracking Sensitivity 

The basic premise of this design is that the poles and zeros of the filter cancel 

the poles and zeros of the plant. If the parameters of the plant vary to some degree 

after the filter has been designed, then the desired pole/zero cancellations will not 

occur. 

Table 10.4 shows the tracking system sensitivity to parameter variations. 

PARAMETER %VAR. ERROR 

Mechanical 
Mi 10 .007 (im 

M2  1.625 .0997 /xm 

B 10 .005 \im 

K .3 1 x 10-6^m 

Electrical 
L 3 .0994 fjm 

R 2.5 .0997 fim 

Table 10.4 Ideal tracking system sensitivity 

As can be seen from Table 10.4, the ideal tracking system is less sensitive 

to variations in K than the steady state response of the system. This is not true 

for variations in M2. In fact, it is the tracking system which puts a bound on the 

amount by which M2 can vary. The tracking system is relatively insensitive to 

variations in the remaining parameters. 
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10. S. 2 Response Model Tracking Sensitivity 

The filter based on the response model approach, unlike the inverse filter, is 

not required to cancel the poles and zeros of the plant with its own poles and zeros. 

This fact means it should be less sensitive to parameter variations. Indeed, this is 

the area in which the response model filter clearly outperforms the inverse filter. 

Table 10.5 shows the tracking system sensitivity to parameter varations. 

PARAMETER % VARIATION ERROR 

Mechanical 
Mi 20 n o  e f f e c t  

M2 20 .0997 fim 

B  20 n o  e f f e c t  

K  20 n o  e f f e c t  

Electrical 
L 22.5 .0929 //m 

R 24 .094/xm 

Table 10.5 Response model tracking sensitivity 

Comparing the results presented in Table 10.5 to those in 10.4 shows clearly 

that the tracking system incorporating the inverse filter is more sensitive to param

eter variations than is the tracking system using the response model filter. 

Both the inverse filter and the reponse model filter have advantages over one 

another. The inverse filter is generally of a lower order than the response model 

filter. The response model filter is much less sensitive to parameter variations than 

the inverse filter. Both filters require the input to be applied to the filter in advance: 

two steps for the inverse filter; one step for the response filter. Attaching a sensor 

either two steps or one step ahead of the laser on the read/write heads does not 

constitute much of an effort. 
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10-4 Desensitization to Parameter Errors 

It is to be determined if the system can be made less sensitive to parameter 

variations. Adaptive control is especially well suited to this problem [11]. The 

principle behind adaptive control is to update the regulator in response to parameter 

variations in a closed-loop fashion. This control scheme, however, is outside the 

scope of this initial investigation due to its complexity. Adaptive control is not the 

only method by which a system can be made less sensitive to parameter variations. 

Three other methods are: gain scheduling [11], two-degrees-of-freedom design [11], 

and representing the variations as a constant input disturbance. 

Gain scheduling is an open-loop control scheme that updates the regula

tor of the control system based on external variables usually associated with the 

environment in which the system operates, (see Figure 10.1) 

Operating 
condition 

Command 
tional Control 

«iqnal Output 
Preceu 

Fig. 10.1 Block Diagram of Gain Scheduling Compensation 

Based upon this external variable knowledge, the parameters of the regulator 

can be altered to compensate for predicted parameter variations. Gain scheduling 

can thus be viewed as a control system in which the feedback gains are adjusted 

using external feedforward compensation. A problem with design of systems with 

gain scheduling is finding suitable scheduling variables. Another problem is one 

inherent to any type of open-loop compensation system: there is no feedback to 

correct an incorrect schedule. Gain scheduling is best utilized in an operating 

environment that is subject to dramatic changes in which the scheduling variables 

have been well defined. For the system of this paper, the operating environment 
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remains relatively constant throughout the life of the device. For this reason, gain 

scheduling, although a feasible control scheme, is not well suited to our particular 

problem. 

Another type of control scheme for handling parameter variations is known 

as two-degrees-of-freedom design [11]. (see Figure 10.2) 

Feedforward Feedback Process 

Fig. 10.2 A Two-Degree-of-Freedom System 

The plant uncertainties are specified as gain and phase variations of the plant 

transfer function at different frequencies. A feedback compensator is then designed 

such that the composite transfer function, the compensator and plant, operates 

within the desired tolerances. Once the closed-loop part of the control system has 

been designed, usually in an iterative manner, a feed-forward compensator is used 

to give the desired closed-loop response. The major drawback to this method is that 

it is impossible to know beforehand whether the desired closed-loop specifications 

axe attainable. Controllers designed by this method generally have high open-loop 

gains, which make them more sensitive to noise. 

Another approach to desensitizing the system to parameter variations is to 

model the variations as a step input and compensate for the step input. It is impor

tant to note that only the steady state response of the system can be desensitized 

using this type of compensation, the transient response cannot be improved. There 

are two basic approaches to compensating for step disturbances: integral feedback 

[9], and observer modification [10]. The term integral feedback derives its name 

from the fact that the difference between the inputs and outputs of a system axe 
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compared, with the difference between the two being integrated. The result of the 

integration is then fedback to the input as a error signal. 

In this thesis, the observer modification approach is used to desensitize the 

system to parameter variations. These last two approachs have an advantage over 

the previous methods, in that they axe easy to design and include into the existing 

compensation scheme. 

The idea is to represent the modeling error or parameter variation as a step 

disturbance. The disturbance is then included into the system, estimated by the 

observer, and compensated for by the control law. Both full and reduced-order 

observers can be designed to compensate for the disturbance. 

One immediate disadvantage of this approach is that the transient response 

of the system cannot be desensitized; only the steady state response. Another 

limitation exists for systems with zero real part eigenvalues, as in the system tinder 

study. Even with compensation, an error will always exist for systems of this type. 

However, the selection of the observer gain matrix, H, can control the magnitude 

of the error. 

The modification to the full-order observer is as follows. The actual sys

tem including the step disturbance, w(k), which represents the modeling error, is 

described by the difference equations 

x ( k  +  1 )  =  A x ( k )  +  B u ( k )  +  B w ( k )  

y ( k )  =  C x ( k )  

w ( k  +  1 )  =  w ( k )  

(10.1) 

It is desired that the step disturbance be observed. For this reason, it is brought 

into the system matrix 

u ( k )  x ( k  +  1 )  A B' x ( k )  _ |  B' 
w ( k  +  1 )  0 Ir w ( k )  0 

y ( k )  =  [ C  o ]  
x ( k )  
w(k) (10.2) 
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where Jr is an identity matrix of dimension equal to the number of inputs. Because 

of the imprecise knowledge of the actual system, the designer assumes it is described 

by 

The control law is 

x a ( k  +  1 )  =  A a x a ( k )  +  B a u { k )  +  B a w ( k )  

y ( k )  =  C a x a ( k ) .  

u a ( k )  =  K a x ( k )  —  w ( k )  +  r ( k )  

(10.3) 

(10.4) 

where w ( k ) is the estimate of w ( k )  and x ( k )  is the estimate of x ( k ) .  The full-order 

observer is 

+  H y ( k )  +  B a u a ( k )  
x ( k  +  1 )  

—  F  
x ( k )  

w ( k  + 1 )  
— r a 

u>(k) 
where 

and 

Fa  = u. Ba  H x '  

O
 

J r .  _HW 
[C. 0] (10.5) 

H = Hx 

Hw 

An observation error can be defined as 

e(&) = e x ( k )  x ( k )  —  x ( k )  
6uj(fe) w ( k )  —  w ( k )  

The control law of (10.4) is revised to reflect the transformation 

u a ( k )  =  K ( x ( k )  -  e x ( k ) )  -  ( w ( k )  -  e w ( k ) )  +  r ( k ) .  (10.6) 

The closed-loop system using (10.2), (10.3), (10.5) and (10.6) is 
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• ®(i + l)" 
w ( k +  1) 

+ 1) 

. e w ( k  + 1).  

A  +  B K  
0 

A - A a - H x ( C - C a ) +  
( B  —  B a ) K  

0 

y ( k )  = [C 0 0 0] 

r *(*)i 
w ( k )  

e x ( k )  
. e w \ k ) .  

0 
I r  

0 
0 

- B K  
0 

A (i — 
( B - B a ) K  

~~H\gCa 

B  
0 
B  

Ir 

•J r *(*)i •  B  •  
w \ k )  0 

e x ( k )  + B  —  B a  

J •ClB (̂ *) " . 0 

r(fc) 

When the assumed system matrices are the same as the actual system ma

trices, the system and observer are decoupled from the error. 

The mechanical system is most sensitive to the spring constant, K. Position

ing the fine mass, M2, must be accurate to within .1 /im, When it is desired that 

M2 be displaced from its origin by 30 fim, or twenty tracks, and K varies by more 

than .3 percent, using the existing controller, M2 will not be positioned to within 

.1 \i m of 30 fi m. For a one percent uncompensated variation in K, the steady state 

position for M2 is 30.294 fi m. With compensation using the full-order augmented 

observer, the position is 30.09(im, just inside the .1/im margin of error. The gain 

matrix needed to achieve this is 

" .5563 -.5321 " 
1499.3 -1422.3 
.5563 -.0282 

1499.3 -267.36 
74.586 -7135.1 

.2863.7 90.9 . 

Although the system has been desensitized to variations in K by .7 percent, 

the gains necessary to achieve this desensitization are too large. Any measurement 

noise will be amplified up to 3000 times its original value, which will invariably 

create sensitivity problems for the observer. 
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A reduced-order observer that compensates for modeling errors and param

eter variations can be developed using 

instead of (10.2). The equations of (4.4) can be used with this modification to 

produce the control law 

The reduced-order observer suffers the same problem as the full-order ob

server, but to an even greater magnitude. Using the same performance criteria as 

above, K is varied by one percent and the system must settle to within .1 fim of 

30 fim, the steady state position for M2 is 29.908//m, after compensation. The 

largest element of H needed to desensitize the system is 1,372,200. This is far too 

large. 

The gain matrices were selected using the linear quadratic regulator ap

proach, selecting various weighting matrices trying to minimize the elements of H. 

The matrices were chosen iteratively, with the gains for each choice of the weighting 

matrices Q and R not varying enough to make a significant difference . 

The author's claims in [10] are correct; the steady state response of a system 

can be desensitized to parameter variations by modifying the observer to include the 

effects of parameter variations. As is also stated, a system with zero real part eigen

values will always contain a steady state error when the parameters of the system 

deviate from their modeled values; the magnitude of which can be controlled some

what by the selection of the observer gain matrix. The gains that axe neccessary to 

desensitize the system to variations in if by as little as .7 percent axe prohibitively 

large. In an ideal, noise-free system, the observer developed above could be imple

mented and successfully compensate for modeling errors or parameter variations. 

Unfortunately, the operating environment is not ideal and noise-free. 

w ( k  +  1 )  I r  

x ( k  +  1 )  B  
(10.7) 

U(i0 = r(t) + [-I, fi] [ ?$] + Fti2(k). 
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CHAPTER ELEVEN 

Conclusions 

The purpose of the research presented in this thesis was to develop an easily 

implementable position control scheme for a set of positioning linear actuators used 

in an optical disk drive system. The result of the research is outlined below. 

The rate at which the continuous-time system was sampled was selected 

to ensure good reconstruction of the continuous-time plant and reference input 

signal, while making sure sidebands generated by the controller did not influence 

the unmodeled dynamics of the system. The aliasing property was used during 

the selection of the 15 kHz sampling frequency. By folding the 20 kHz mechanical 

resonance into the primary strip at 5 kHz, the frequency of the other mechanical 

resonance,both unmodeled mechanical resonances appear at the same frequency 

in the sampled system. If, when the control scheme is implemented, additional 

compensation other than the prefilters of Appendix A is necessary, only one range 

of frequencies and not two must be compensated for. 

The feedback vector K was selected to offer maximum speed of regulation, 

while limiting the gain matrix elements to 100. Although limiting the elements of 

K acted to limit the regulation of the system, system sensitivity to noise had to 

be considered. Noise was not formally addressed, other than track deviation, but 

it is not unreasonable to assume that the environment in which the control system 

operates is not noise-free. Limiting the gain matrix, as well as using prefilters, 

acts to keep the effect of noise on system performance to a minimum. Either an 8 

or 16-bit representation for the feedback vector, K, can be used with satisfactory 

results. 

The electrical dynamics of the system were modeled and a typical seek sim

ulated. A 1/3 inch seek was acheived in 15.53 milliseconds. The assumed external 

control to the system is bang-bang control where full forward voltage is applied un

til a predetermined time at which point full reverse voltage is applied to decelerate 

the system until it comes to a stop over the desired track. One final full forward 
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voltage is applied to negate the acceleration of the masses and bring them to rest. 

It was determined that because the control can be applied at discrete instants of 

time only, the classic bang-bang control strategy must be modified. If the exact 

switching time falls between a sampling instant, then the applied voltage must be 

scaled to allow the switching time to fall at a sampling instant. Another approach 

to this problem is to increase the sampling frequency and therefore increase the 

number of possible switching times. 

The track access was extremely sensitive to variations in the electrical dy

namics and very sensitive to variations in the mass of the system. The steady state 

performance of the fine mass is relatively insensitive to variations in the friction 

coefficient and fine mass, but very sensitive to variations in the spring constant. 

The mechanical resonances were modeled into the system to determine their effect 

on system performance. They affected the transient response and tracking charac

teristics of the system only slightly. 

Including the electrical dynamics in the system without compensation acted 

to scale down the magnitude of the control signals generated by the controller. The 

feedback vector was scaled up to compensate for the electrical dynamics. A full and 

a reduced-order observer were developed to estimate the states of the system as the 

full set of states are not available for feedback. The full-order observer provides 

superior velocity regulation while the reduced-order observer provides superior po

sition regulation. The full-order observer requires observer gain matrix elements 

much smaller than its reduced-order observer counterpart. This advantage is offset 

slightly by the fact that the full-order observer estimates the full set of states of the 

system whereas the reduced-order observer only estimates two. 

The observers were modified to compensate for parameter variations by mod

eling the variations as a step input. The approach worked, but required high gains 

for the full-order observer and extremely high gains for the reduced-order observer 

to reduce the system's sensitivity to parameter variations significantly. Variations 

in the electrical dynamics cannot be influenced by the observer modification. 

The effects of a computational time delay were examined. It was deter

mined that the time delay for the selected sampling rate did not significantly alter 
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system performance. Steady state response was not affected at all, and the tran

sient response was affected only slightly. The observer poles were unaffected by the 

computational delay. 

An advanced observer was developed and implemented to determine if the 

effects of the delay could be compensated for. The advanced observer did improve 

on system performance slightly but not significantly. To implement the advanced 

observer requires two additional states be added to the observer. With the marginal 

increase in system performance, it has been decided that an advanced observer is 

not necessary. 

Two reference input filters were developed, each with their own advantages 

and disadvantages. The first filter developed was an inverse filter. This type of 

filter offered exact tracking of the reference input using a low order reference input 

filter. The drawback to this filter is that the reference input must be supplied to 

the filter one step in advance. To implement this type of filter, a sensor must be 

attached one step ahead of the read/write heads. When the electrical dynamics 

were considered, it was found that their effect on system tracking performance 

was such that they must be taken into account when designing the reference input 

filter. The dynamics acted to scale down the output of the tracking filter. There are 

approaches to compensate for the inclusion of the electrical dynamics. The first is 

to scale up the output of the tracking filter; the second is to include the dynamics in 

the derivation of the tracking filter. Scaling the output of the tracking filter is more 

desirable, as minimal tracking error results while not increasing the order of the 

tracking filter. Doing so increased the order of the filter, and required the reference 

input be supplied to the filter two steps, instead of one step in advance. 

The second filter was designed based on the response model approach. An 

acceptable relationship between the reference input and the tracking output was 

determined and, based on the relationship, the filter was designed. If the reference 

input is sinusoidal, it is tracked with an error. This filter does not need the reference 

input one step in advance, but it is of higher order than its inverse filter counterpart. 

Taking into account the electrical dynamics of the system means the response model 

filter must also have its input supplied to the reference input filter in advance. 
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Although there is a slight advantage over the inverse filter, in that the sensor must 

be attached only one step in advance of the read/write heads instead of two, this 

advantage is minimal. Attaching a sensor two steps in advance rather than one, is 

not much more difficult. Again, there are two approaches to compensate for the 

deterioration of the tracking capabilites due to the electrical dynamics. Scale the 

filter output or include the electrical dynamics in the derivation of the tracking 

filter. Scaling the output of the filter is the more desirable of the two approaches, 

as magnifying the output of the tracking filter is easier to implement. The response 

model filter is extremely insensitive to parameter variations. This, in itself, may be 

cause enough for its selection as the reference input filter to be incorporated into 

the control scheme. 

The final stage in the design of the control scheme was the development of 

prefilters. These filters were designed to filter high frequency measurement noise. 

They are second-order, low-pass filters providing good attenuation at 5000 Hz, the 

frequency of one of the mechanical resonances. 

Topics for further research axe the actual implementation of the control 

scheme on the actuator for which it was designed and the development of a scheme 

to desensitize the system to parameter variations. Integral feedback should be tried 

before any of the other, more complicated, compensation techniques, e.g., adaptive 

control. 
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APPENDIX A 

Prefilter design 

As was mentioned in the introduction, this appendix is devoted to the devel

opment and analysis of prefilters. Prefilters [2], also known as anti-aliasing filters, 

are low-pass filters designed to filter sensor noise from the outputs of the system 

before it is sampled. A block diagram of the system with prefilters in place is shown 

in Figure A.l. The additional input to the prefilter is measurement noise which is 

to be filtered out of the system. 

Fig. A.l Block Diagram of System with Prefilters 

The full-order observed system with prefilters is described by 

S y s t e m :  x ( k  +  1 )  =  A x ( k )  +  B u { k )  

y { k )  =  C x ( k )  

Observer : x(k + 1) = (A — H C  +  B K ) x ( k )  +  H C f X f ( k )  

Prefilters : x/{k + 1) = A f X f ( k )  +  B y ( k )  

y f ( k )  =  C f X f ( k )  

Control : u(k) = Kx{k) + r(k) 
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Combining the equations gives the total system 

x ( k  +  1 )  A BK 0 x ( k )  ' B '  
x ( k  +  1 )  = 0 A - H C  +  B K  H C f  x ( k )  + B 

Xf(k + 1) B f C  0  A f  ,xf( k ) _  0 

r ( k )  

y { k )  =  C x ( k )  

Franklin [2] outlines two approaches for the development of prefilters. A 

sampling frequency 5 to 10 times higher than the prefilter breakpoint is used for both 

approaches. The first approach is to design the prefilter such that its breakpoint 

is significantly higher than that of the system closed-loop bandwidth. This allows 

the designer to neglect the dynamics of the prefilter when designing the rest of the 

control system. The second approach is to select the the prefilter breakpoint close to 

the closed-loop bandwidth and model the dynamics of the prefilters in the system. 

Prefilters are basic, low-pass, maximally flat filters of which the simplest 

form is 

F ( s )  =  
S + wn  

where wn is the natural frequency and breakpoint of the filter. The roll-off asso

ciated with this order of filter is 20 db/dec. The primary advantage of this type of 

filter is its low order, making it easier and cheaper to design and implement than 

higher order filters. Unfortunately, the attenuation offered from this prefilter is 

insufficent for our purposes. 

The next order of prefilter is second-order and given by 

F ( s )  =  wt 

S2  + 2W„S + W2 " 

This prefilter has a roll-off of 40db/dec and has been found to be sufficient for our 

needs. 

It is normally desired that noise above the Nyquist frequency be filtered from 

the outputs of the system before the output is sampled. For our system, we have 

what could be a major source of noise below the Nyquist frequency of 7500 Hz, 

namely the mechanical resonance at 5000 Hz. 
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Understandably the first of the two methods described above was tried first. 

The closed-loop bandwidth is 1000 Hz and the first mechanical resonance is 5000 

Hz. The prefilter breakpoint is supposed to be somewhat higher than the closed-

loop bandwidth to ensure that the phase lag of the prefilter does not significantly 

interfere with the rest of the system. That means the prefilter breakpoint must 

be somewhere between 1000 and 5000 Hz. This range of frequencies is too low for 

a second order low-pass prefilter if it is to sufficiently attenuate noise generated 

from the 5000 Hz mechanical resonance. A higher order prefilter could be used 

but with the disadvantage of being more complex and more expensive. A second 

order prefilter with a breakpoint of 10000 rad/sec, approximately 1591.5 Hz, was 

designed to verify that the significant phase lag from this prefilter did affect system 

performance. Surprisingly it did not. 

The filter is 
100002 

^  ~  s 2  +  2000s + 100002 * 

Two of these prefilters, one for each output, were incorporated into the sys

tem. The step response of the system was unchanged, the tracking characteristic 

were altered somewhat, as was the transient response, but the system still performed 

well. Figure A.2 shows the tracking of the system using the reference input inverse 

filter. It is assumed the reference input is supplied to the filter one step in advance. 

The maximum error, after the filters axe in place is .9 x 10-8 meters, within the 

.1 fim range. Figure A.3 shows the tracking characteristics of the system with the 

response model filter. The maximum error in this case is .1 X 10~7 meters. In Figure 

A.4 the transient response of the system before and after the prefilters are included 

in the control scheme is shown. This is the only characteristic of the system that 

is significantly affected. The time it takes the fine mass without the prefilters to 

come to lie within .1/xm of zero is 2 milliseconds. With the prefilters, the time is 

3.6 mill iseconds.  Although the transient response is  al tered,  the feedback matrix K 

of (3.13) is still the one that provides the best regulation. 
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The attenuation of the prefilters at 5000 Hz is .083 which is considered ac

ceptable. The prefilters will attenuate both the mechanical resonances and the 

electrical dynamics of the system. Because the dynamics of the prefilters do not 

affect the system performance significantly, they are ignored in the design of the 

rest of the system. 
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