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ABSTRACT 

This thesis is based upon a need to re-examine the assumptions and expand 

upon the results arrived at in recent studies on the flexural stiffness of reinforced 

concrete columns. A survey is presented of concrete column design over the last 

200 years. Elastic and plastic behavior of concrete columns is discussed with re

spect to stiffness and Euler's buckling load. Some limitations and applications of 

buckling load are considered. Various current code approximations of stiffness are 

presented. Four possible methods for computing a more exact stiffness (El) and 

their advantages and disadvantages are discussed. The formula EI = ^ provides 

the best solution. The two dimensional program RECTCOL which is based on the 

P-M-0 relationships is developed and explained. Then RECTCOL is used to show 

how the column flexural stiffness varies with axial load, reinforcement ratio, yield 

strength of the reinforcing steel, concrete strength, cover, and column dimensions. 

A flow chart and source code are included for RECTCOL. 

ix 



CHAPTER 1 

Introduction 

Because concrete is not isotropic, homogeneous or perfectly elastic, a con

crete column with eccentric loading for which the stiffness must be calculated defies 

a closed form analytical solution. 

This research is based upon a need to re-examine the assumptions and 

expand upon the results arrived at in a recently completed study by Alameddine 

(1987), and the Ehsani, Alameddine (1987) paper on stiffness of circular columns. In 

particular, the assumption of a constant modulus of elasticity has been questioned 

by Ehsani, Alameddine and others (Bartlett and Nathan, 1988). The purpose of 

this thesis is to study various ways of calculating the flexural stiffness of rectangular 

reinforced concrete columns and recommend the method which provides the most 

accurate results. 

The problem of concrete column design for combined axial and flexural 

load has been addressed for many years. Presented in Chapter Two is a survey of 

concrete column design over the last 200 years. In Chapter Three some methods 

of slender concrete column design are discussed. The current American Concrete 

Institute code (ACI 318-83) method is covered in particular. In Chapter Four, 

elastic and plastic behavior of concrete columns is discussed. Euler's buckling load, 

it's applications and limitations are considered. Presented in Chapter Five are 

current code approximations of stiffness, four possible schemes for computing a 

more exact EI, and the formula that provides the best results. In Chapter Six, a 

1 
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few existing computer program schemes are mentioned which have the potential 

to analyze the column as a three dimensional member, while providing for the 

fourth dimension, time. Next the program RECTCOL is developed, explained, 

and applied. Conclusions and recommendations are provided in Chapter Seven. 

Included in the the appendix lire a flow chart, sample input, sample output and a 

source code for the computer program: RECTCOL. 



CHAPTER 2 

Historic Review of Column Design 

A literature review has provided some insight into the development of con

crete column design. Over the years design theory has gone from allowing very 

small axial compression stresses and no tension, all in the working stress range, 

to ultimate design of slender columns in biaxial bending. Old concrete bearing 

walls built during the time of the Roman Empire and a tomb with a roof made 

about 100 B.C. of a "concrete slab with bronze-rods embeded, crossing each other 

lattice-wise" (Ransome and Saurbrey, 1912) are proof that concrete construction 

has been used since antiquity. Although concrete has been used since the time of 

the Roman Empire, the review begins in the mid-18th century with the study of 

column buckling. 

2.1 Concrete Column Design in the 1700's 

The behavior of isotropic, homogeneous, elastic, slender, concentrically 

loaded columns was studied by Leonhard Euler in 1744 (Johnston, 1961). He de

veloped the following equation to predict the minimum buckling load of a perfect 

column. 

P (21)  
er

~ (lu)2 ( J 
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Where: Pcr = critical load at which buckling will occur 

E = Young's modulus 

I = constant moment of inertia of the column 

Zu = unsupported length between two pinned ends 

As discussed in Chapter Four, this equation had many assumptions and restric

tions associated with it's solution. Some of these restrictions are violated by the 

concrete columns being studied. In particular, inelastic behavior which is exhibited 

by concrete columns (and metal columns which fail at buckling loads above the 

proportional limit) continued to be studied into the 1940's. The development of the 

current column formula for inelastic buckling is summarized later in this chapter. 

2.2 Concrete Column Design in the 1800's 

In England in 1824, a patent was granted to Joseph Aspdin for "Portland 

Cement". During the early 1800's the merits of concrete mortar were occasionally 

"tested by building a row of bricks out from the. face of a wall" and counting how 

many bricks could be supported in this cantilever before they fell. Reinforcement 

began to be considered in the middle 1800's and dozens of patents were granted for 

reinforcement schemes during this time. Beams and bridge arches were sometimes 

reinforced with "strips of hoop iron", wire rope, wood laminations (today some 

Asian countries use bamboo), or iron tie rods. Still, concrete was not used in 

structures often. It was mainly used as mortar and to make ornamental artificial 

stone. From this industry many cement producing processes were developed around 

the 1870's (Ransome and Saurbrey, 1912). 

In 1878, T. Hyatt published and patented his theory of reinforced concrete 

design. In this volume he put forth the idea that steel would resist the tensile forces 
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balanced by the compressive forces in the concrete. He also suggested the idea of 

using circular hoops to confine the center of columns and thus enhance their load 

carrying capacity. In 1882 concrete was used in foundations and in arches that 

were "suspended between iron beams". It was found that severe concrete cracking 

occured in the area over the iron beams. About this time Ransome (and Saurbrey, 

1912) invented and patented an idea to use twisted square iron bars to carry the 

tension. Soon deformed iron bars up to 2 inches square (see Fig. 2.1) were being 

manufactured in his yard. He was met with skepticism from the California technical 

society that he presented his invention to. The engineers felt that the bars, which 

were obviously quite deformed, were seriously "injured" and unable to carry much 

load. Apparently they did not believe in work hardening. Eventually after more 

than a few tests, it was conceded that the twisted bars could carry as much and 

more load than plain bars. 

During the late 1800's, reinforced concrete buildings were constructed to 

look like they were made of bricks, complete with indented lines representing mortar. 

More importantly, the concrete walls were constructed like brick walls with the 

floors attached onto the inside of the walls. Around 1888, the Academy of Sciences 

building was constructed in San Francisco (see Fig. 2.2). The reinforced concrete 

floors were subjected to intense criticism by "architects, builders and members of 

the Society and efforts were made to have the fire wardens condemn the work". The 

firemen couldn't find any fire hazards. In an effort to reassure the skeptics, a 15' 

by 22' portion of the finished second floor was loaded with 415 psi of gravel which 

resulted in a floor deflection of £ inch. "For the further satisfaction of the doubtful, 

the load was left on for four weeks, but very few availed themselves of invitations 

to examine the work a second time. The few who came were, however, convinced" 

(Ransome and Saurbrey, 1912). 



Fig. 2.1 Twisted Iron Bar Tension Reinforcement 

(Ransome and Saurbrey, 1912) 

Fig. 2.2 Academy of Sciences, San Francisco 

(Ransome and Saurbrey, 1912) 
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Soon after this a concrete roof on iron trusses, a tension reinforced T-beam 

floor plate (similar to a waffle slab), and reinforced columns were constructed in the 

Northern California area. The April 18, 1906 San Francisco earthquake destroyed 

many buildings, but these and a number of other reinforced concrete buildings 

survived intact and with minimal damage. 

In the late 1800's, concrete design formulas were deduced from gross as

sumptions. They had rational appearance but were only empirical. Considered 

(1912) research provided some of the first data to be based on a systematic approach 

to the study of reinforced concrete properties. His volume was rather complete and 

even included cost estimate instructions, suggesting that a 12 inch by 12 inch by 10 

foot column with f'c zz 3600 psi would cost about $48.00 to build. 

Consid&re documented that hoops or ties would increase the strength of 

concrete columns. Soon after, Maciachini applied this idea to beams and invented 

shear reinforcement (Considere, 1912). Consid&re found that for columns with little 

or no ties, the column strength was about equal to the sum of the concrete crushing 

strength and the steel yield strength. He pointed out that columns with "hooped 

concrete" deformed considerably before failure, therefore warning of the impending 

failure. The tie spacing he suggested was "one-seventh to one-tenth the diameter" 

of the column. 

Included in a chapter on "column resistance of hooped concrete" was a 

lengthy discussion of Euler's buckling load in which Considere theorized that not 

one but two coefficients of elasticity were necessary to describe buckling of a concrete 

column adequately. He suggested one coefficient for the most compressed side, 

and another for the least compressed side. As shown in Fig. 2.3, other scholars 

were also studying the applicaton of Euler's load equation. Although most of the 

men mentioned in the figure were studying m€tal columns, their inelastic behavior 
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theories applied to concrete columns as well. In 1889, Engesser suggested that the 

tangent modulus of elasticity was the correct value to be used in Euler's buckling 

load equation. Six years later, Jasinski reported that Engesser had made a mistake, 

and a reduced modulus of elasticity should be used. His approach was similar to 

Considered which used two coefficients of elasticity. Soon, Engesser published a 

corrected formula for a reduced modulus which used both the tangent modulus and 

the elastic modulus, and also depended upon the shape of the column cross section. 

In 1910, Von K&rmdn published equations for this reduced modulus or "double 

modulus" as it was known. Controversy continued until 1946-1947 when Shanley 

showed that Engesser's original tangent theory equation was correct (Johnston, 

1961). In 1961 Broms and Viest used this tangent modulus theory when studying 

the inelastic buckling behavior of concrete columns. 

2.3 Concrete Column Design 1900-1939 

Just after the turn of the century Considere was still publishing the last of 

the articles to be included in his mentioned book. At this time, reinforced concrete 

construction was developing away from the brick wall imitation toward monolithic 

construction where the floor slab extended outside of the curtain walls, and the 

columns or walls supported the floor above and were in turn supported by the floor 

below. In 1902 a patent for shear connectors was granted for an iron spiral that 

would be half embedded in the first pour of concrete and later covered with the next 

pour of concrete. Three years later the hydrochloric "acid joint" was invented as a 

way to roughen the first concrete surface enough to bond to a fresh pour (Ransome 

and Saurbrey, 1912). 
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In the early 1900's the engineer was advised to allow no tension (cracking) 

in the column. The following example of early twentieth century concrete column 

design was gleaned from the pages of a book by O. Faber and P.G. Bowie (1919). 

The allowable concrete stress was fe: 

fc = 0.28 f'c "French rules" 

Also, fc would in no case exceed 60% of the ultimate cylinder strength, 0.6f'e. Here 

they suggested that m=15 a but this m was inferred from tests on reinforced 

concrete members and was not necessarily based on the true elastic modulus of 

concrete, Ec. 

The next paragraph is reprinted from the Council of the Royal Institute of 

British Architects (RIBA) report on reinforced concrete (1911): 

Ec = 2,000,000 psi 

Ea = 30,000,000 psi 

Therefore, m=n=15. 

The allowable working stresses were: 

- Concrete in compression in beams subjected to bending, fe =600 psi. 

- Concrete in columns under simple compression, fc =600 psi. 

- Steel in tension, f, =16000 psi. 

- Steel in compression, f, =15 x the stress in the surrounding concrete. 

The total safe concentric load, P, on a pillar was represented by the following 

equation. (Definitions of the variables on this page may be found at the bottom of 

the next page.) 

P = c(A + (m — 1)j4„) 



Where, c, the safe compressive stress on the hooped core was calculated as: 

c = Wfu( 1 + / s r) 

= cp( 1 + / s r) 

For columns under eccentric load, the following working stress limits applied: 

stress limit for steel: fa < 0.5-Fy 

stress limit for concrete: fc < (0.34 + 0.32/) 

For eccentric loads, the concrete and steel stresses were calculated using / = ^ ± 

with the area and section modulus as the uncracked transformed section values. 

Where: A = effective area of the pillar 

m = modular ratio, 
Ec 

Av = area of vertical reinforcement 

Wp = working factor, 7 

cp = working compressive stress on a concrete prism 

cp = Wpu 

u = ultimate crushing strength of concrete, f'c 

f = form factor for ties: 

= 1.0 for helical [spiral] shaped ties 

= 0.75 for seperate circular ties 

= 0.5 for seperate rectangular ties 
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Where: s — spacing factor that varies with the spacing of 

the lateral ties 

r = ratio of hooped reinforcement volume to hooped 

core 

In 1909, for columns with slenderness ratios greater than 20, Turneaure 

and Maurer (1912) recommended a Rankine type formula (S&enz and Martin, 1963) 

such as Eqn. 2.2. This formula assumes pinned ends. It was one of the first design 

formulas to address slenderness for concrete columns. 

P' = P r 7T77T (2.2) 
1H —f-)2  
± T 20,000 Vf/ 

According to Faber and Bowie (1919), the strength of axially loaded long 

pillars was often calculated using Gordon's formula, Eqn. 2.3. If one or both ends 

were pinned, then the value of 'n' would be two or four respectively. Normally n 

was equal to one (Faber and Bowie, 1919). 

P = . . A„- (2.3) 
1+-J1« 

C\ — 

CiNd' 

4n2Ee 

u 

N=Ijr 
A 

Where: A = effective area of the pillar 

d  = least diameter of the column 

Ee = 2,000,000 psi 

Itr = transformed moment of inertia 

I = length of the column 

u = ultimate crushing strength of concrete,  f ' c  
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The following example of middle thirties concrete column design was taken 

from a book by R.A. Caughey (1936). For concentrically loaded columns with ties, 

the allowable stress fc was: 

f e  = 0.225f ' e  

The area used in calculations for the design capacity of the tied columns was the 

gross section area. For concentrically loaded columns with spiral reinforcement, the 

allowable stress, /c, was higher: 

f c  = [300 + (0.10 + 4p ' ) f ' e ]  

Where: f ' c  = ultimate cylinder strength (psi) 

</icore 

A, = area of longitudinal steel (in2) 

The design area used in calculations is the area of the core confined by the spirals 

only. 

A reprint of the ACI501-36T Building Regulations for Reinforced Concrete 

is included for comparison of the code development over time (Caughey, 1936): 

Section 304 provided the allowable concrete stresses for columns in 

axial compression: 

with ties: f c  = 0.154/g 

with spiral ties: f e  = 0.22f ' e  

Section 1110 provided the allowable concrete stresses for columns with 

combined axial and bending stresses: 

with ties: U = 0 U«; + ( 1+S ) 
l+(n-XV„ [ l  + O.S^iJ  
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with spiral ties: /. = ( 1+JJ 
l + (»-l),>, Vl + 0-«S/ 

Where: Ag = gross area of the column 

f ' c  = compressive strength of the concrete (psi) 

pg = ratio of the effective cross-section 

area of vertical reinforcement to the gross area,Ag 

fa  =  nominal working stress in the vertical column 

reinforcement to be taken at 45% of the minimum 

specification value of the yield point; 

viz., 16000 psi for intermediate grade steel 

and 20000 psi for rail steel 

30000 
V "  f'c  

e = eccentricity of the load (in) 

c = distance from center of gravity to extreme fiber in 

compression (in) 

r = least radius of gyration of the section (in) 

The preceeding excerpts were based on a simple assumption of linear strain 

deformations leading to a linear stress variation and made no mention of the effects 

of time on the load carrying capacity of the column. During the late thirties, 

continuing research (Whitney, 1942) showed conclusively that concrete strain varied 

over time and was influenced by loading intensity, plastic flow [creep] and shrinkage. 

Whitney reported that member deformations were greatly influenced by plastic flow 

and "even short-time measurements are aifected by plasticity." 
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In 1937, C.S. Whitney published his new design approach which included 

the widely used Whitney's stress block. He explained how the highest compression 

stress did not exist at the extreme ends of the section, but at the place where 

the strain was about 0.002 He proposed simplified design expressions for the 

load capacity of a beam in flexure, a beam with compression reinforcement, and 

a column in both compression and flexure. He went on to provide comparisons of 

actual beam, column and concrete cylinder tests versus the values predicted with 

his ultimate load theory. The average correlation for beams was 1.071 and the 

average correlation for columns with varying eccentricities was 1.007. It was many 

years before his excellent method was a fully accepted design tool. 

2.4 Concrete Column Design 1940-1959 

During the early forties Whitney continued to publish papers (Whit

ney, 1942) on plastic theory as it applied to "concrete beams, eccentrically loaded 

columns and arch ribs". He expanded with design of T-beams, "rectangular beams 

and slabs", more on columns in flexure, and columns with round cores. He sup

ported his earlier design and analysis equations with a comparison of test values and 

computed values for beam capacities. In great detail he showed how the unit stresses 

for concrete tested in compression peaked at a strain of approximately 0.002 jj* and 

then declined to failure. This is illustrated in Figs. 2.4 and 2.5. This plastic theory 

assumed that concrete carried no tension, the strain varied linearly from the neu

tral axis, and Whitney's equivalent stress block effectively represented the stress 

variation in the concrete. A lively discussion by no less than 14 writers followed 

the Whitney (1942) paper. The engineers felt comfortable with the working stress 

method and did not want to change. They felt that the ultimate strength design was 
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"unfamiliar and untried", and were afraid that smaller sections would be designed, 

resulting in excessive deflection of slabs and beams. Also, this new theory did not 

yet address the effects of creep over time. Another complaint was that the stress 

block did not physically represent either the maximum stress or the depth to the 

neutral axis. About twenty years passed from 1937 to 1956 before this method was 

officially permitted in the ACI (318-56) design code appendix and another seven 

years before the ACI(318-63) design code recommended equally, working stress and 

the ultimate design method (Portland Cement Association, 1980). 

Wessman (1946) presented a way to determine the stress levels in a short 

column subjected to axial load and moment. His paper included a method to 

calculate the location of the cracked transformed neutral axis. He assumed lineax 

strain throughout the section and a lineax stress distribution through the uncracked 

concrete. 
p 

Maximum concrete stress = —— C„ (2.4) 
Qn 

P 
Maximum steel stress = -—Car\ 

Qn 

Where: P = equivalent axial load applied at eccentricity e 

Qn = first moment of transformed areas about the neutral axis 

Cc = farthest distance to a concrete fiber from the neutral axis 

C, = farthest distance to a steel reinforcing bar from the neutral axis 

V Ec 

In the middle forties, Wessman would have designed for a maximum stress 

of 0.225/g allowable for short columns only. Based on statics calculations, this 

approach did allow an increase in distance to center of gravity, in transformed area, 

and in transformed moment of inertia when the axial load was increased. 
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The equivalent axial load method was used to design columns for eccentric 

loading. Cervin (1948) produced a simplified method to calculate the (D' factor 

which was a function of the moment of inertia, area, and thickness of the column 

section. The equivalent axial load method which used Eqn. 2.5, applied only when 

the load eccentricity was less than the column thickness, t. The column was designed 

for an increased concentric load P. Equation 2.5 included the stress distribution of 

Eqn. 2.6 to provide an equivalent axial load which would result in an acceptable 

maximum concrete stress. If the eccentricity exceeded the limits of the section, 

these equations could be used with area and moment of inertia based on a cracked 

transformed section. 

P = N + CD--  (2.5) 
£ 

Where: C = ratio of ^a 

0.45/' 'C 
t2 

D = ratio of —-=• 
2r2 

fa = average allowable stress on an axially loaded column 

f'c = ultimate compressive concrete strength 

t — column dimension parallel with the moment 

r = radius of gyration 

<2-6> 

Where: fe = maximum allowable concrete stress in bending 

N = applied axial load 

M = applied design moment 

Atr = transformed area for an uncracked section 

Itr — transformed moment of inertia for an uncracked section 
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Hognestad (1951) published his equations relating concrete stress to strain 

in a University of Illinois bulletin. These stress-strain relationships were used heavily 

in computer generated studies of the behavior of reinforced concrete members in 

flexure and combined flexure and axial load. 

Following is an excerpt from the 1955 Reinforced Concrete Design Hand

book where the allowable stress, fp, on an eccentrically loaded column is in terms 

of the extreme fiber stress (ACI, 1955). Even then, Whitney's method was still not 

being used by the ACI code since the maximum concrete stresses were still assumed 

to occur at the extreme edges of the section. The allowable concrete stress in the 

extreme fiber of an eccentrically loaded column, fp, was different from the allowable 

concrete stress in a concentrically loaded column, fa. 

Where: D =-

r _ 0.225fl + f.pg 
Ja :—TTZ 7\ 1 + (n. - 1 )pg 

C= fa 

U.45/£ 

t = over all depth of the concrete section 

=0.3t for rectangular sections 

=0.25d for circular sections 

Ag = gross area of the section (in.2) 
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Where: I = r2Ag[l + [n — 1 )pg] 

=uncracked transformed moment of inertia 

e' = distance from load P to centroid of the section (in.) 

fa = actual steel stress 

pg = steel ratio for longitudinal reinforcement 

As can be seen from Fig. 2.6, only three points were required to produce the early 

column interaction diagrams: 1) The maximum axial load at which the depth to 

the neutral axis was equal to the depth of the column section and the small mo

ment corresponding to this eccentricity; 2) The balanced condition axial load and 

moment; and 3) The maximum allowable moment with pure flexure. These loads 

were calculated using the allowable stresses from the previous page. 

Foreshadowing the future, the 1956 ACI code appendix included the fol

lowing ultimate strength approach for a slender column (Saenz and Martfn, 1963): 

Where: P0 = ultimate axial strength for a column with ™ < 15 

= ultimate axial strength for a column with y > 15 

L = length of the column 

t = least dimension of the column 
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2.5 Concrete Column Design 1960-1969 

In 1963, S&enz and Martfn attempted to improve upon the 1909 Rankine 

type solution which is represented by Eqn. 2.2. They ran tests in which the flat 

ends of the test specimens were in full bearing on rigid blocks. This was an attempt 

to better simulate slender column behavior under concentric load by accounting 

for the observation that concrete columns were never truly pin ended. They found 

two curves which they felt properly represented failure load for a column with 

slenderness ratios from 21.6 to 43, and a reasonable ultimate strength for design of 

columns with slenderness values from 6 to 43. The design equation 2.8 has a safety 

factor of about 1.43, while the failure load (Eqn. 2.7) has of course no safety factor. 

Pfrang, Siess and Sozen (1964) published axial load, moment and curvature 

diagrams that were generated using Hognestad's stress distribution. Each P-M-<j> 

point was calculated by assuming a linear strain distribution, calculating stresses, 

forces, applied loads and curvature. This is the same theory and approach used to 

develop the early strength design column interaction diagram (Fig. 2.7) and also, 

program RECTCOL in Section 6.3. They showed how the P-M-0 values vary with 

assumed concrete crushing strength, steel ratio, steel yield strength and concrete 

cover, as can be seen in Figs. 2.8a,b and 2.9a,b. The assumed concrete crushing 

strain £u was taken as 0.0038. They also studied the effects axial load had on 

curvature. For axial load below the balanced condition load, the column undergoes 

failure load: (2.7) 

design load: P = 
l + 0.00l(f-6)2 

Where: Pa = 0.85 Aef'e + A,fy 

(2.8) 
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Fig. 2.7 Early Strength Design Column Interaction Diagram 

(ACI SP-7, 1964) 
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great deformation before failing, but for higher axial loads, little deformation occurs 

before concrete crushing failure takes place. 

Months later, two of the same researchers (Pfrang and Siess, 1964) used 

computer program results to report on some of the variables that affect the behav

ior and capacity of both restrained and unrestrained columns. These were variables 

that had not been studied much. They were: ratio of end eccentricities, load eccen

tricity, slenderness ratio, and the amount of end restraint. Increasing load was also 

a minor consideration. 

When the ratio of end eccentricity was one, the column was bent in sin

gle curvature, the maximum moment was at midheight of the column, and this 

maximum moment was greatly influenced by deflection. When the ratio of end ec

centricities was unequal, the maximum moment was at the end with the larger end 

eccentricity and was not affected by the column deflections until the mid-column 

moment exceeded the end moment. By decreasing the ratio of end eccentricity, a 

pinned column's stiffness and load capacity was increased, and a flexible restrained 

column's capacity increased but a stiff restrained column's capacity was diminished. 

When the load eccentricity was increased, the moment on the column in

creased without an increase in axial load. With increasing load eccentricity the col

umn capacity diminished quickly as did the importance of slenderness effects since 

material crushing could now begin before buckling. For the restrained column, an 

increasing slenderness could either increase or diminish the stiffness, and depend

ing upon the end eccentricity and eccentricity ratios, the end restraints played an 

important role in supporting the column against excessive deflections. 

As the slenderness ratio of the column increased, the behavior went from 

that of a short column which failed by crushing to that of a long column which 

buckled at a much lower load. For a slenderness ratio of 10 or less the effects were 
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miniscule but with increasing slenderness, the secondary moment quickly dominated 

the behavior. The end eccentricity ratio and the amount of eccentricity determined 

the slenderness ratio at which the column would begin to act as a slender column. 

If end restraints were applied to a column, all deflections would be smaller, 

secondary moments (both positive and negative) would be diminished and the load 

capacity increased. The stronger the end restraints, the less moment resisted by 

the column and the greater the axial strength. The column stiffness was increased 

by decreasing the ratio of the end eccentricities. 

They concluded that, "Columns with small ratios of end eccentricities, small 

slenderness ratios, and large eccentricities do not have their maximum moments 

influenced by deflection even at ultimate load." 

In a discussion (MacGregor, 1964) which followed this (Pfrang and Siess, 

1964) work, the use of pin ended column theory modified by varying "the elastic 

effective length factors", k, in the slenderness ratio used, was recommended over the 

idea of evaluating the flexural resistance of end restraint as implied by the original 

paper. 

In 1966 Branson presented a rather complete paper on calculating deflec

tions in reinforced concrete beams. He provided close to a dozen different formulas 

for calculation of modulus of elasticity, effective moment of inertia, and curvature 

of flexural members. He suggested that <j>= was a useful expression when E was 

taken as an "increased effective steel modulus" and I was the cracked transformed 

section. But this approach results in an unconservative expression when E is taken 

as 57,000 y/Jl and I as the uncracked concrete moment of inertia. 

Soon, the Bureau of Public Roads (Bureau of Public Roads, 1966) and 

others (Parme, 1966), (Portland Cement Association, 1965) published reports rep

resenting the flexural stiffness of concrete columns as practically equal to zero for 
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both extreme values of with a peak value near 0.5-£ as shown in Fig. 2.10. The o *o 

buckling load was not influenced by the column loading except for how this loading 

affected the column stiffness. At a high axial load, the concrete elastic modulus was 

very low since at ultimate stress the tangent modulus was equal to zero although 

the stress capacity was at a maximum. At low axial load, larger bending would 

bring the extreme member fibers to crushing strain, eu = 0.003, or the steel would 

fail in tension. The flexural load cracked the concrete extensively so the depth to 

the neutral axis was small and therefore the moment of inertia was based on a very 

small area (Parme, 1966). 

Because the column stiffness varied with "the induced moment and axial 

load" along the length of the column, the magnification factor could not easily be 

determined. Parme (1966) stated that,"for precise evaluation, the magnification 

factor must be determined from the strain condition at which the rate of increase of 

the secondary moment is equal to or more than the rate of increase of the resisting 

moments". In other words the magnification factor was determined by the most 

highly strained cross section. Therefore, the flexural stiffness should be computed 

at the most severly cracked section just at buckling failure. When calculating the 

moment magnification factor, using the EI at crushing will provide moments that 

are conservative by as much as 39% (Parme, 1966) (see Fig. 2.11). The effective 

stiffness "varies inversely though not linearly with" the internal resisting moment, 

Mr, which is what will be calculated in Section 6.3 with RECTCOL. 

To avoid the numerous calculations required for an incremental P-A anal

ysis, certain assumptions were made. Most important was that the column would 

have a constant stiffness between supports based on the minimum EI. This theoret

ically resulted in a conservative design because the critical load was underestimated 

and the moment magnification overestimated. However Parme (1966) reported 
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that the error seemed to be negligible when this approach was compared with ac

tual tests. He proceeded to solve an ordinary differential equation with constant 

coefficients which depended upon the boundary conditions (i.e. joint stiffness at 

the column ends). For a single column not restrained by interaction with other 

columns, he found the magnification factor, F. 

In 1967, researchers (Manuel and MacGregor) used a computer program 

which calculated the stresses, strains and deflections as they varied along the length 

of the member. Next, they included the effects of time so that shrinkage and creep 

were accounted for. They connected the concrete beam and column members so as 

to study the effects of creep on reinforced concrete columns restrained by beams in 

a frame. They noted that the "column stiffness decreased] with an increase in the 

axial load effect in the columns." This decrease distributed more moment for the 

beams to resist as the columns softened with increasing load. When the steel on 

the "concave side of the column yielded under sustained load" failure was always 

at hand. They commented that the effects of beam restraint are very important to 

the behavior of concrete columns and also that for low slenderness ratios, (y < 10), 

the sustained loading had no effect on the load capacity but for slender columns 

bent in single curvature, the time effects of creep were significant. 

In 1967 Gurfinkel and Robinson presented an adaptation of the original 

P-M-<f> computer method which had assumed a strain and integrated the concrete 

stresses to solve for axial load and moment. Now the strain distribution would 

be found from an applied axial load and moment. They used a Newton-Raphson 

method to solve for the actual strain variation and curvature in a material without 

a linear elastic stress-strain relationship. They claim that the procedure is easily 
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used to find the "plain strain distribution in a column subjected to concentrated 

load and biaxial bending." 

The 1963 ACI Building Code Requirements for Reinforced Concrete (ACI 

318-63) used allowable concrete stresses, /ca, in terms of the extreme fiber stress. 

Section 1003 set the steel allowable stresses for working stress design: 

ACI 318-63 Table 1002(a) set the allowable concrete stresses for working stress 

design of reinforced concrete columns subjected to concentric load : 

/ca = 0.85(0.25)/g, for columns with tied reinforcement 

Both ACI 318-63 section 1407 and ACI SP-3 (1965) set the allowable load on a 

column subjected to axial load and bending as: 

The 1965 working stress design handbook listed the following values from 

the 1951 ACI working stress code and the New York City code (NYC) for allowable 

stresses on concentrically loaded columns: 

Tied Columns: ACI 1951 0.8(0.225)/^ 

/•a = OAFy < 30,000 psi (in compression) 

= 24,000 psi (in tension) 

/ca = 0.25/g, for columns with spiral reinforcement 

(2.10) 

(2.11) 

NYC 1952 0.25 ft 



33 

Spiral Columns: ACI1951 0.225/^ 

NYC 1952 

When the load eccentricity was small enough to allow no tension in the 

section, the engineer could design the section as if it were subjected to a concentric 

load. This was characterized by region I in Fig. 2.6b and used Eqn. 2.12 to determine 

the maximum allowable load, Pa. For spiral columns, the 0.85 factor would go to 

one. 

If the load eccentricity exceeded the section dimensions but the load remained 

high, compression would control the design, region II in the figure would apply and 

Eqn. 2.13 would be used to design the section for an equivalent axial load, Pa. 

When the axial load was small, and a large load eccentricity caused tension, the 

tension stresses would govern the design. Region III in Fig. 2.6b would apply, and 

Eqn. 2.14 would be used to find an equivalent pure moment, Moe, that the section 

must be designed to carry. 

Pa = 0.85(0.25Agfj. + f,A,) (2.12) 

(2.13) 

(2.14) 

Where: Ag = gross area of concrete section 

f'c = ultimate crushing strength of concrete 

fB = stress in the reinforcement 

As = area of longitudinal reinforcement 

p 
G = design coefficient, _ ° 

Fnbt' a 
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Where: N = applied axial load 

F' 
C = resultant of compressive stresses, 

bt2 

D — design coefficient, — 
s 

M = applied moment 

t = overall dimension of the section 

D' = design coefficient, 
"b 

Fa = allowable compressive stress from Eqn. 2.10 

Fb = allowable bending stress, 0.45/^ 

Pb = balanced condition axial load 

Mb = balanced condition moment 

M0 = allowable moment for pure flexure 

S = uncracked transformed section modulus 

In 1964 an ultimate strength design report (ACI SP-7) was published by 

ACI committee 340. This approach was based on C.S. Whitney's plastic design 

work from the late thirties and early forties. Column interaction charts were based 

upon equations which assumed: 1) an equillibrium state among forces, 2) a linear 

strain variation away from the neutral axis, 3) an ultimate concrete compressive 

strain of 0.003 at crushing, 4) a steel reinforcement stress of t) Young's modulus for 

steel multiplied by the steel strain when the strain was less than the yield strain 

or it) the design yield stress when the strain was more than the yield strain, 5) 

no tensile strength of concrete, and 6) a Whitney's type "equivalent rectangular 

distribution" was used to approximate the plastic behavior of the concrete. Most 
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points calculated used cracked transformed section properties. These design curves 

were presented to be used in lieu of design equations. The committee claimed that 

these charts would "provide greater accuracy over a broader range" than the ulti

mate strength equations for combined axial compression and bending in ACI318-63 

chapter 19. These early ultimate strength equations had relatively large safety fac

tors proportioned to provide results very similar to the sections required by the 

working stress method. Supposedly, this made the engineers feel more comfortable 

with the ultimate strength procedures. 

2.6 Concrete Column Design 1970-1979 

Because concrete is not purely isotropic, totally homogeneous or perfectly 

elastic, the working stress design method was doomed. In 1971, the ultimate 

strength method replaced working stress as the approach recommended for use 

by the ACI. 

In 1970, suggestions for revising the ACI 318-63 code slender column design 

provisions were published (MacGregor, Breen and Pfrang, 1970). This important 

paper presented the moment magnification procedure that is in use currently. This 

procedure was developed after a survey was made of more than 20,000 existing 

columns to define the needed useful limits. They concluded that the method should 

be most correct for columns with slenderness ratios up to about seventy. They 

included the effects of end eccentricity ratios, end eccentricity, and slenderness by 

imitating the steel design procedure of that time which used the Cm factor. End 

restraint was considered a "direct function of the relative stiffness of the column 

and beam" and was considered in two parts: 1) braced against sidesway and 2) not 
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braced against sidesway. The following variables were shown to aifect the slender 

concrete column's strength: 

- lateral restraint against sidesway 

- end restraint against rotation 

- the end eccentricities 

- the ratio of the end eccentricities 

- the slenderness ratio 

- the ratio of steel percentage to concrete strength 

- creep due to sustained loads 

Three methods to approximate slenderness effects were considered : 1) mo

ment magnification, 2) complementary moment design and 3) the reduction factor 

design method. They chose the moment magnification method based on superior 

rationality, accuracy, ease of use, and the fact that American engineers were already 

familiar with the method from the AISC steel design specifications. They suggested 

that a slender column be designed for the applied axial load and a magnified mo

ment, Mm ax.' 

Where Cm = 0.6 + 0.4(> 0.4 was a factor to account for the ratio of end 

eccentricities. Next, they proceeded to suggest a reasonable approximation for EI. 

This is a difficult problem and Eqns. 2.16 and 2.17 were very general and reasonably 

conservative. 

(2.15) 

> _ 
cr (*/„)2 

(2.16) 
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They considered a few schemes for finding EI including the two that are illustrated 

in Fig. 2.10. The 1966 equation by Parme presented EI as a function of •§-, the 
•*o 

reinforcement ratio, and the concrete cover ratio, 7. 

While not challenging these EI equations, they (MacGregor, Breen and 

Pfrang, 1970) did not endorse them either. They left it up to the designer to 

decide how to calculate EI, with Eqns. 2.16 and 2.17 to be used where "more 

precise values are not available". These two equations were developed from P-M-<£ 

diagrams which were calculated according to Pfrang, Siess and Sozen's paper. Then 

EI=^ was calculated from the moment curvature diagram for the column as shown 

in Fig. 2.12. This figure uses dimensionless units so that curvature <f> is represented 

multiplied by the least column dimension, t. Figure 2.13 reprints their comparison 

between EI=^ and Eqns. 2.16 and 2.17. These plots showed how very conservative 

these equations could be. Apparently, Eqn. 2.16 was least conservative for columns 

with steel ratios above 2% and Eqn. 2.17 was least conservative for members with 

1-2% steel. 

Next, the proper effective length factor, k, was addressed (Breen, Mac

Gregor and Pfrang, 1972). The use of Jackson-Moreland alignment charts was 

considered to calculate a reasonable effective length factor for the ™ term. In order 

to use these charts, an estimate of the beam and column stiffnesses must be made. 

Researchers recommended that the column stiffness be based on the short term EI 

from Eqn. 2.16 and the beam stiffness be based on it's own cracked transformed 

section. 

MacGregor (and Oelhafin, 1975) re-evaluated the EI Eqns. 2.16 and 2.17 

which he recommended in 1970, and were included in ACI318-71. The re-evaluation 

involved a much more detailed analysis of the long term creep effects as well as 
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the short term effects of concrete cover, load eccentricity, slenderness, steel rein

forcement, concrete strength, and steel strength. He developed two formulas that 

described the short term effects of these variables on the column's flexural stiffness. 

EI = EcIg ^0.190 + 0.773^y- + 0.007^ - 0.346(2.18) 

EI = EcIg (-0.381 + 1.0S2^pt + O.8887 ~ 0.0064-j- - 0.458^-) (2.19) 
 ̂ £*c ft h J 

These equations were shortened to: 

EI = 0.271 EcIg + 0.773E.I, (2.186) 

EI = EeIg (o.217 + 1.09^pt^J (2.196) 

From Eqn. 2.18b was derived: 

EI = 0.2 EcIg + EaIa (2.20) 

which is the same short term stiffness as given in Eqn. 2.16 and was already included 

in ACI 318-71. 

Researchers felt that, "in practical [elastic material] frames designed to sat

isfy practical £ ratios, the effect of axial loads on the member stiffness is very 

small and can be neglected." The error from this assumption was "less than 1% 

for more than 90% of all buildings columns" and practically never more than 8% 

for all columns (MacGregor and Hage, 1977). The EI values used to calculate the 

critical load for a second order approximation should be based on the stiffness "at 

the time of failure" (MacGregor, 1988). In other words, the EI immediately prior 

to yielding may be used. 
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2.7 Concrete Column Design 1980-1988 

Currently, ACI 318-83 calculates the "nominal axial load strength at zero 

eccentricity" as P0 = 0.85Acf'e + AaFv and the nominal design strength as: 

<t>Pn (max) = 0.80(f>[0.85f^{Ag - ABt) + FvAai\ (2.21) 

The 0.85 factor is due to an observed seperation of concrete materials during place

ment in vertical column forms. The <f> value is always 0.7 for tied columns and 

0.75 for spiral columns. Close examination of Fig. 2.14 indicates that we have no 

reason to expect f'e and Fv to peak at the same strain. Perhaps the concrete will 

yield before the steel has reached Fy. Then the concrete will begin to support less 

stress while the steel is still increasing it's stress level. This happens only for high 

reinforcement ratios. For a low p the small steel area would not make up for the loss 

of concrete strength and the column would collapse immediately. The minimum p 

of one percent is meant to help avoid this situation of possible catastrophic failure. 

Koretsky (1985) proposed a computer method for evaluating slender rein

forced concrete behavior in a way which would consider both "non-linear material 

behavior and structural instability". The flexural stiffness of the column was mod

eled as constant along the column length and it's value was the minimum cracked 

EI. This EI was calculated as EI — ^ at failure. He considered three relationships 

between moment and EI (Fig. 2.15) before deciding on a constant EI as mentioned 

above: l)The column stiffness was constant along the column and valued as the 

failure EI; 2)The column stiffness varied linearly from EcIg at zero moment to the 

failure EI at the maximum moment; and 3) The column stiffness is evaluated at 

increments along the length of the column based on the existing P-M-^ relationship 

at each increment. These options correspond directly to the lettered curves A, B, 
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and C respectively, on Fig. 2.15. One set of experimental results are shown on 

Fig. 2.16. 

Ehsani (and Alameddine, 1987) presented their approach for finding an 

effective flexural stiffness of circular columns. They explained that the effects of 

axial load would reduce cracking on the critical section thus increasing the concrete 

area contributing to the moment of inertia. Also, the geometry of a circular section 

was thought to provide above average performance compared to the current ACI 

code recommendations for EI which were developed to be conservative for many 

sections as shown in Fig. 2.17. The EI value was calculated by assuming a constant 

Ec and an I based on the geometry of uncracked concrete and transformed area 

of steel. Later they conceded that a constant modulus was neither practical nor 

conservative at high values of -j(r. 

Large deformation theory has recently been used (Diaz and Roesset, 1987) 

to provide second order nonlinear analysis of concrete frames. This analysis used 

a three dimensional model for each member. A flexibility coefficient based on fiber 

stresses and strains was calculated at intervals along the length of the column. With 

this program they compared and assesed the value of three approximate slenderness 

methods against the "exact" results for their 3-D program. The ACI 318-83 moment 

magnifier method agreed best when the following stiffnesses were used. 

They concluded by recommending that Eqn. 2.22 be used to model the stiffness of 

a column and that Eqn. 2.23 should be used to model the stiffness of a beam. 

EJcol = ̂  + EaIa (2.22) 

2?ibeam — O.AEcIg (2.23) 
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CHAPTER 3 

Current Slender Column Design 

3.1 Effects of Slenderness on Column Capacity 

"A slender column is defined as a column that has a significant reduction in 

it's axial load capacity due to moments resulting from lateral deflections of the col

umn." In the derivation of the ACI Code, "a significant reduction" was arbitrarily 

taken as anything greater than 5% (MacGregor, 1988). 

Columns whose strength will not be diminished by slenderness effects are 

known as short columns. They characteristically have low slenderness ratios, < 

22). These columns need not be designed for secondary moments. Close to 90% of 

braced frame columns and 40% of unbraced frame columns qualify as being in the 

low slenderness category (Portland Cement Association, 1984). These columns are 

subject to material failure which occurs suddenly by crushing of the material after 

the column has shown a very small lateral displacement. 

Columns with a moderate slenderness ratio, (22< ^ <100), may have their 

secondary moments determined with an approximate analysis such as the moment 

magnifier method recommended by the ACI and commonly used by American struc

tural engineers today. In these columns, failure may be by buckling which occurs by 

a combination of compression and flexural stresses. This occurs only after a large 

lateral displacement imposes secondary moments on the section. 

47 
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Columns with a high slenderness ratio, (y > 100), must be analyzed using 

a second-order method of analysis which considers the effects of variable moment of 

inertia, axial load and creep (ACI318-83,1083). Again, failure may be by buckling. 

A rule of thumb for design is that for a rectangular "hinged" column, the 

effects of slenderness may be neglected when | is less than 10. This limit increases 

to 18 when the column is braced, in double curvature with equal end moments, and 

has a beam stiffness to column stiffness ratio of one at each end. 

Program RECTCOL which is discussed in more detail in Section 6.3, deals 

with = 0, and for this case the interaction diagram shape depends on the column 

section and materials only, as illustrated in Fig. 3.1. The relationship between P„, 

Per and y is shown in Fig. 3.1. The critical load of a column section is reduced as 

the ratio of unsupported length to least dimension is increased. When is greater 

than zero, the interaction diagram shape also depends upon the moments applied 

at the column ends (see Fig. 3.2). 

The slenderness factor, increases as f'e decreases and is affected by con

crete strength and reinforcement percentages. Also, the slenderness factor increases 

as the percent of steel increases. Figure 3.3 shows the average central deflection of 

test columns versus the percent of failure load. These are not pinned end columns, 

they have moment applied to each end. In an attempt to simulate normal column 

behavior which is not naturally in a hinged condition, the flat ends of the test 

columns bear directly on blocks rigidly connected to the testing machine (S&enz 

and Martfh, 1963). 

3.2 Slender Column Design Methods 

Past and present codes in the United States have advocated four main 

methods to account for slenderness effects in column design. They are: 1) moment 

magnification method (ACI 318-71); 2) reduction factor method (ACI 318-63); 
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Fig. 3.1 Slenderness vs. Strength for Columns 
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Fig. 3.2 Slender Column Interaction Diagrams 

(Portland Cement Association, 1984) 
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3) stability index procedure (MacGregor and Hage, 1977); and 4) computer aided 

analysis of P-A effects (Poston et al., 1983). Some disadvantages of the reduction 

factor method are that it results in "overly conservative" design in some practical 

cases. The reduction factor gave unsafe results for many columns not restrained 

against sway. Some disadvantages of the moment magnification method are that 

it does not provide for calculation of deflections, it is difficult to use with biaxial 

loading, it is limited to columns or piers with ™ less than 100, and finally it does 

not allow for variation of section properties along the length. Problems with the 

stability index procedure include that this method assumes that the columns are 

more stiff than the beams. This is not always the case but perhaps good design 

calls for the stiff columns. Also, this approach is not widely used in the U.S. This 

leaves computer methods which can be difficult and time consuming to implement. 

The computer methods also require large amounts of computer memory and com

putation time to solve a problem (Poston et al., 1983). 

Poston et al., (1983) point out that many bridge piers taller than 100 feet 

are designed and constructed as hollow sections. This reduces the axial load on the 

foundations and increases the radius of gyration, r. Thus ^ is reduced, slenderness 

effects are diminished and a more efficient section is produced. From questionnaires 

sent out and returned, they notice a rise in the use of very slender piers. Poston and 

others wrote a family of computer programs to calculate strength and deflections 

of solid and hollow, tall concrete bridge piers. The main program is discussed in 

Chapter Six on computer methods. 



ditional form of the moment magnifier" (Bartlett, 1988), 6 = l
P , is derived from 
Per 
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3.3 The ACI Moment Magnifier Method 

Moment magnification was introduced in the 1971 ACI Code as a method 

with which to estimate secondary moments in moderately slender columns. It exists 

in ACI 318-83 virtually unchanged since 1971. This procedure uses a moment mag

nification factor, 6, to increase the applied moment enough to account for secondary 

moments and insure a safe design (Fig. 3.4). This 6 factor is directly influenced by 

the proportion of axial load to critical buckling load, the deflected shape, and the 

ratio of the column end moments (Portland Cement Association, 1984). The "tra-

l 

an analysis of linearly elastic columns. The moment magnifier formula is developed 

in Appendix A. 

The applied moment, M,-, is defined in relation to the internal resisting 

moment, Mr, and the secondary moment, Ms, according to Eqns. 3.1a,b. These are 

plotted in Fig. 2.11. 

Mi =M r ( l -  (3.1a) 

M a =  M r -  M i  (3.16) 

Researchers (MacGregor, Breen and Pfrang, 1970) claim that Eqn. 3.2 is a "good 

approximation of the maximum moment in an elastic beam-column bent in single 

curvature", 

Mr = Mi + PA,- (3-2) 

and that Eqn. 3.3 is a "good approximation" of Eqn. 3.2. 

= (3-3) 
\ Pet / 

Therefore the moment amplification due to axial load, can be calculated from the 

ratio, . V . A "" k 
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Fig. 3.4 Interaction in Slender Columns 

(Portland Cement Association, 1984) 
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The basic form of the ACI Code moment magnification is presented in 

Eqns. 3.4-3.6. The column is designed for an ultimate axial load Pu and a "mag

nified factored moment, Mc" (ACI 318-83). 

Mc = 6M2 (3.4) 

a 
s = ii K i - 10 <3-5) 

ii-wt-i 

P 1,61 
~ (H„)a ' ' 

When a frame is subjected to sidesway, the value of 6 may be larger than 2. If 6 

exceeds four, the columns or beams must be stiffened or frame buckling will occur. 

The ACI moment magnifier method was developed using an assumption 

that the maximum moment and deflection occur at midheight of the column. This 

is valid for a simply supported column in single curvature but when this assump

tion does not hold, an "equivalent moment correction factor",Cm, may be used to 

calculate the correct magnified moment. Cm is equal to 1.0 for columns subject 

to sidesway. For columns in braced frames and with no transverse loads between 

supports, Cm = 0.6 + 0.4 (j^*-) but not less than 0.4. Mj is the lower factored end 

moment and M2 the larger moment based on an elastic analysis. The fraction is 

negative if the column is in double curvature and positive if in single curvature. It 

has been shown by Pfrang and Siess (1064) that bending in double curvature lowers 

the maximum deflection and therefore the maximum moment that the column must 

be designed for (see Fig. 3.5). 
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3.4 Effective Length of Columns 

The 1971 ACI Building Code required that the effects of cracking and 

reinforcement ratio on stiffness be considered when the effective length factor k is 

determined for columns not braced against sidesway (Fig. 3.6). Jackson-Moreland 

alignment charts can be very helpful in determining a reasonable effective length, 

klu. These charts are proposed as a principal means of computing the effective 

length factor (Fig. 3.7). They require the sum of beam and column EI values at 

each end of the column. The column stiffness must include the effects of cracking and 

reinforcement (Breen, MacGregor and Pfrang, 1972) and not simply be calculated 

on the gross moment of inertia. 

Manuel and MacGregor (1967) have shown that substantial error occurs 

when stiffness "is based on the uncracked section". The column stiffness decreases 

as a result of increasing axial load. This results in a redistribution of moments to 

the beams which undergo extensive cracking. 
V ££iai „ 7 

Breen et al. (1972) recommended that \& = ^ where EIC0i = —I-2- + 
^ 'bm 

EaIa as in ACI 318-71 Eqn. 10-7. If the moment of inertia of the beam is considered 

equal to the cracked transformed moment of inertia, then this renders a lower limit 

estimate of beam stiffness. More moment is taken by the column, which should 

result in a more conservative column design procedure. 

A reasonable EI value for beams and columns is often needed before the 

Jackson-Moreland charts may be used to determine a good effective length. The 

"Notes on ACF manual (Portland Cement Association, 1984) recommends two 

different methods to estimate the beam and column stiffnesses: 

1. When determining one may take 7bm = bracked transformed 
*-< 'bm 

and /col = •£ + nlae or conservatively, /coi = ^5. 
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2. Method two applies reasonably only for columns when ^ is less than 60 

and is best used for a preliminary design. To account for cracking and steel 

reinforcement, one may assume that the beam moment of inertia may be 

taken as 0.5/gross and the column moment of inertia as /gross-

If beam stiffness ratios are used as a fraction of the column stiffness, then 

this allows immediate use of Jackson-Moreland Charts to determine the relative klu 

while escaping the need to find the column stiffness. 

According to MacGregor (1988), the 1972 British Code of Practice uses 

a different approach. "For braced compression members, an upper bound to the 

effective length factor may be taken as the smaller of the following two expressions": 

A: = 0.7 + 0.5(^A + < 1.0 

k = 0.85 + 0.05tfmf„ < 1.0 

Where and $b are the values of $ at the ends of the column and ^min 

is the smaller of and \&b- "For unbraced compression members hinged at one 

end, the effective length factor may be taken as: k = 2.0 + 0.34$ where $ is the 

value at the restrained end" (Portland Cement Association, 1984). 

Others (Furlong, 1971), (Portland Cement Association, 1984) maintain that 

unbraced columns with both ends restrained will have an effective length factor as 

follows: 
20 — VEr , 

for < 2, k = 2Q 
avT+^I 

for $0 > 2, k = 0.9VT+~$a 

Where is the average of the $ values at the two ends of the compression member. 

Before using the Jackson-Moreland charts, a decision must be made as to 

whether sidesway is likely to occur or not. Many engineers can tell by inspection 
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whether a story is braced or not. A story with substantial bracing elements such 

as shearwalls, lateral load resisting trusses and various kinds of lateral bracing is 

considered braced. A rule of thumb is that if these lateral bracing elements have a 

total stiffness of six or more times the sum of the stiffnesses of all columns in the 

story then the columns are not subject to sidesway (Portland Cement Association, 

1984). This means that the lateral bracing elements will resist practically all lateral 

loads applied to the structure since the more flexible columns will deflect under the 

load easily. At this point a design engineer would probably design the lateral bracing 

system to resist all lateral loads since the columns will not provide significant lateral 

load resistance. 

MacGregor and Hage (1977) have developed a stability index to help de

termine when a structure is braced or not. The stability index, Q = ^2 is a 

measure of relative structure stiffness, where: 

Pu = total design axial load acting on the story 

Au = elastically computed first-order lateral deflection 

due to Hu (neglecting P-<5 effects) at the top 

story relative to the bottom of the story 

Hu = total design shear force acting within the story 

h = unsupported height 

When the stability index for a story is less than 0.04, the P-A moments 

should be less than 5% of the first-order moments. In such a case one may consider 

the structure to be braced. 



CHAPTER 4 

Elastic and Plastic Material Behavior 

Timoshenko (1956) states that for an elastic homogeneous material the 

moment of inertia, I, is always taken about the center of the area. A reinforced 

concrete member is not a homogeneous material, but it can still be analyzed by 

strength of materials concepts if an equivalent transformed section is used. First, 

a transformed steel area is produced by multiplying the steel area by the modular 

ratio, n, defined as the modulus of elasticity of steel divided by the initial modulus 

of elasticity of concrete. This transformed steel area is included as concrete with 

the original concrete area in calculations for transformed section area and moment 

of inertia. This concept is illustrated in Fig. 4.1. For a case with flexure only, the 

neutral axis passes through the center of area of the equivalent transformed section. 

4.1 Elastic Behavior and Stiffness 

Before proceeding from elastic to plastic material behavior, some equations 

behind the definition of moment of inertia will be developed. First, consider a cross 

section of a homogeneous beam as in Fig. 4.2. It is assumed that this beam is 

constructed of a linearly elastic material. Moments are related to curvatures by a 

flexural stiffness, EI, as developed on page 64. 
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I about the centroid of the cross section is: 

E^z/i 
y 

I = ^ -  +  6 c ( | - y )  +  X ^ « ( y . - y ) 2  

«=i 

Fig. 4.1 Cracked Transformed Moment of Inertia 



Fig. 4.2 Linear Elastic Stress Distribution 
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a — Ee. — Ey<f> 

Mx = — / yadA 
J A 

Mx = - [ y2E(f>dA 
J A 

Mx = —E<f> f y2dA 
J A 

Ix = f y2dA 
J A 

Mx = -E<t>Ix 

(4.1) 

From this, the elastic stiffness is said to be: — ^ = EI. It is important to realize 

that the stress-strain relationship is linear and controlled by a constant modulus of 

elasticity. 

The equation which relates moment, curvature and stiffness is a well known 

linear differential equation with constant coefficients. 

M d2y 
EI dx 2 

(4.2) 

Euler made the following six assumptions in solving Eqn. 4.2 for the critical buckling 

load, Pcr. 

1. The axially loaded column is perfectly straight. 

2. The column has a constant cross section. 

3. The column material is homogeneous. 

4. Both column ends are simply supported. 

5. The material obeys Hooke's Law: ex = 
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6. The deformations are small and therefore (g^)2 may be neglected. This 

means that curvature is approximated by y" as shown below: 

&JL A2V 
curvature = <f> = ^~ y" — — 

(x+ (i).)" 

Equation 4.3 is the result of solving Eqn. 4.2 using the six preceeding as

sumptions. 

er ~ 1^2" (4'3) 

The effective length concept may be applied to any set of boundary conditions and 

not only those in Fig. 3.6. Therefore, Euler's original equation (Eqn. 4.3) is readily 

altered to Eqn. 4.4. 

c p "  Wr (  }  

4.2 Plastic Behavior 

From Fig. 4.3 which is a typical stress-strain curve for concrete in compres

sion, two points can be easily located: 1) the proportional limit (A); and 2) the 

ultimate stress (B). Beyond 0.5f'c, concrete no longer behaves in an elastic manner. 

It is this non-linear behavior that will be referred to as plastic behavior. 

Once plastic behavior comences, the moment of inertia, I, and stiffness, EI, 

lose their traditional meaning. In an attempt to reconcile the differences between 

elastic and plastic behavior, the relation between curvature and moment is called 

a 'relative' stiffness. The six assumptions made by Euler when he solved for the 

critical buckling load will be discussed for plastic behavior at impending buckling 

failure. Since this is just before failure, fully plastic deformation is not considered 

here. 



66 

6 

5 

3 

2 

1 

0 
0.003 0.004 0.002 0.001 

Strain, ec (in/in) 

Fig. 4.3 Typical Stress-Strain Curve for Concrete 

A) proportional limit, B) ultimate stress 



67 

1. The axially loaded column is perfectly straight. 

If the column is slightly warped or imperfect, the internal moment will 

maintain equilibrium and resist early buckling of the column. Therefore this as

sumption induces little error for small imperfections. If a significant moment is 

applied to the column, magnified moments will result from the induced deflections. 

The maximum deflection for a pin ended column with a transverse point load at 

mid height is: 

Where: So = the maximum deflection due to the transverse load only 

Independent investigators have arrived at similar results for pinned end columns 

with various applied moments (Chajes, 1974), (MacGregor and Hage, 1977), (Tim-

oshenko, 1961). Equation 4.5 shows how the column's resistance to lateral deflection 

degenerates as the applied axial load approaches the critical load. It is significant 

that the critical load is dependant only on the physical properties of the column as 

opposed to being dependant on the loading. 

In standard elastic structural analysis, one customarily neglects the effect 

of axial forces on the flexural stiffness of structural members. This simplification 

is acceptable as long as is small. But, as the applied axial load approaches the 

critical load, the reduction in flexural stiffness becomes sizeable. In both steel and 

concrete column design, this reduction in flexural stiffness is considered. However, 

for concrete columns, the axial load, P, changes the location of the neutral axis 

considerably. This results in a significant change in the flexural stiffness as shown 

by Fig. 2.10. 

(4.5) 
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2. The column has a constant cross section. 

Before cracking, the concrete material still acts as an elastic material but 

soon tension stresses exceed the rupture limit. The amount of cracking varies along 

the length of a reinforced concrete beam-column as does the effective cross section 

and therefore the effective stiffness. This is a major assumption and introduces the 

largest error of any assumption when Euler's buckling load is applied to reinforced 

concrete members. Usually, the stiffness is calculated based on the effective cross 

section at the most severely cracked region. This value is then assumed to be valid 

for the entire column height. This is a conservative but necessary assumption which 

underestimates the column stiffness and overestimates the deflections. 

3. The column material is homogeneous. 

Reinforced concrete is obviously not homogeneous, but by taking many 

small slices, each of which is practically homogeneous in material and constant in 

stress-strain characteristics, this assumption could be satisfied. 

4. Both column ends are pinned. 

Although acheiving pinned conditions in a concrete column is very difficult, 

one may assume this to be true and allow both the effective length factor, k, and 

the ACI end moment factor, Cm, to take care of variations from this assumption. 

Any applied moments may be accounted for with the Cm factor also. 

5. The material obeys Hooke's Law: ex = 

The commonly used concrete modulus of elasticity, Ec = 57000-^/71 is an 

approximate initial value which corresponds to very low strains such as at service 

load. This Ec value is the secant modulus passing through the stress-strain curve 

at 0.5 f'c. Once the stress exceeds approximately one half the compressive strength, 

the concrete modulus of elasticity can no longer be considered a constant since it 
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varies with the strain. The tangent modulus of elasticity should be used for the 

relationship between stress and strain at the critical buckling load. This was stated 

by Johnston (1961) about steel and aluminum columns, "The tangent-modulus load 

is the critical load of the column, -that is, the load at which bending starts." 

If a non-elastic material is used then one must use E as a variable in Eqn. 4.2 

above. Today the tangent modulus theory is generally accepted as the correct 

theory of inelastic buckling. This theory predicts a lower critical buckling load than 

the double modulus theory which was proposed by Considere in 1889. Also the 

tangent modulus theory concurs better with test results. However, the controversy 

continues today as both theories have their merits. For an interesting history of the 

controversy between the double modulus theory (Considere, 1906) and the tangent 

modulus theory see Johnston (1961), Chajes (1974), and also Broms and Viest 

(1961). 

The tangent modulus theory uses the following assumptions: 

- The column is straight and axially loaded. 

- The column is supported by hinges at both ends. 

- The deformations are small so curvature may be represented by y". 

- The stress-strain relationship for bending stresses is identical to the stress-

strain relationship for simple tension and compression. 

- Stresses vary linearly with respect to their distance from the neutral axis 

due to plane surfaces remaining plane before and after bending. 

- The axial load is increasing as the column goes from straight to bent. 

Using the tangent modulus theory, Eqn. 4.6 may be deduced from Eqn. 4.2: 

'^internal — JS/j Jy" (4.6) 
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In this equation, Et is the slope of the stress-strain curve at critical load. Also if 

different parts of the column have a different modulus of elasticity (as in the double 

modulus theory) then the differential equation is as follows: 

y"{E\I\ + E2I2) + Py = 0 (4-7) 

Therefore, 

£>.*) = ~ (4.8) 
»=1 V 

Equation 4.8 suggests that it would be possible to discretize a column cross section 

to find EI = S?=i or to just take EI = ^ if moment and curvature were 

known. Since E varies across the section, "the neutral axis does not coincide with the 

centroidal axis for inelastic bending" (Chajes, 1974). I is the moment of inertia of 

the area about the neutral axis. The critical load calculated with a tangent modulus 

is very close to the greatest load that a concentrically loaded column will support. 

However, increasing the eccentricity lowers the column capacity significantly, just 

like in the column interaction diagram. "The results of carefully conducted tests 

indicate that the maximum load lies between the tangent modulus load and the 

reduced modulus load, usually very close to" the tangent modulus load which is 

commonly used today (Chajes, 1974). The crushing load and the load at which 

deflections begin are very close for inelastic columns. The tangent modulus theory 

assumes a column with physical properties, EI, that are constant along the length 

of the member. 

6. The deformations are small and therefore curvature = 

For concrete members, curvature is still reasonably represented as equal to 

even after material failure has occured (Alcock and Nathan, 1977). 

Finally, a few last comments about the deflected shape of an eccentrically 

loaded reinforced concrete column will be presented here. Euler assumed a half sine 
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wave shape for his concentrically loaded column and many modern researchers do 

the same. But, Broms and Viest (1961) assumed that the deflected shape was a 

portion of a half cosine wave. The zone of fracture in a beam is often limited to a 

length of two tie spacings. Therefore a buckled column with high flexure and low 

axial load often looks more like a wide 'V' shape than a portion of a cosine curve 

as has been suggested by Broms and Viest. Chan (1955) states that the region of 

plastic rotation in a beam will be less than one tenth of it's length. He also notes 

that in columns the axial load effect may increase the plastic hinge length to cover 

up to one half of the column length. This is demonstrated by the deflected column 

shape shown in Fig. 4.4. Therefore a cosine or sine shape seems natural. It makes 

sense that the cosine shape is good for an axial load plus moment combination, 

and the 'V' or sine shape is good for axial load alone. These should be considered 

options for the engineer modeling concrete columns analytically. 
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CHAPTER 5 

Stiffness of Rectangular Concrete Columns 

From Chapter Three on slender column design, it is evident that a reason

able and accurate estimate of EI is a necessary component of the moment magni

fication procedure. To avoid unconservative results, the column stiffness calcula

tions must include the nonlinear stress-strain relationship of concrete (Bartlett and 

Nathan, 1988). The errors due to an approximate second order analysis such as the 

moment magnification method will often be less than the errors due to the choice 

of EI (Diaz, 1084). Preferably, the EI value would be calculated based on a method 

which takes into account the amount and strength of reinforcement, cracking of the 

cross section, axial load, inelastic behavior of concrete and steel, and creep. Ideally, 

the EI values would consider the varying stiffness along the column due to cracked 

and uncracked regions and would not merely be the EI at the most highly loaded 

cross section. However, this is not practical and the minimum EI at the most highly 

loaded section will be considered to be constant along the length of the member 

(Diaz, 1984). 

A three dimensional analysis could provide a good representation of the 

stiffness as it varies along the length of the column. By adding the fourth dimension 

of time the effects of creep could be included just as MacGregor, Oelhafin and Hage 

included creep in their 1975 study of column stiffness. 
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5.1 Existing Codes 

Figure 2.13 indicates that ACI 318-83 Eqn. 10-10 is more conservative for 

columns with a low percentage of steel reinforcement. "This conservatism is in 

keeping with the greater concern traditional with lightly reinforced columns" (Breen 

et al., 1972). But then there is ACI 318-83 Eqn. 10-11 which is generally more 

conservative than Eqn. 10-10 except for columns with low steel percentages and 

very high axial loads. Figure 5.1 shows how column stiffness varies with steel 

percentage and concrete cover versus ACI 318-83 Eqn. 10-10. For reference, ACI 

Eqns. 10-10 and 10-11 excluding the creep factor axe given below. 

EI = 0.2EeIg + EaIse ACI (10-10) (5.1) 

EI = ACI (10-11) (5.2) 
J«5 

"Any reasonable assumptions may be adopted for computing the relative 

flexural and torsional stiffness of continuous and rigid frame members. The assump

tions made shall be consistent throughout the analysis" (AASHTO, 1987). For the 

effects of slenderness, the AASHTO Code adopts the ACI 318-83 Code stiffness 

Eqns. 10-10 and 10-11 in AASHTO section 8.16.5.2.4 as AASHTO Eqns. 8-43 and 

8-44 respectively. The latest AASHTO bridge design specification makes no men

tion of the United States Department of Commerce equation (Bureau of Public 

Roads, 1966) which follows: 

E, = I.6E./, (£) (i - £) (5.3) 

The Australian and Swiss Codes base their EI values on the moment and 

curvature at balanced failure : EI = ^ (MacGregor,1988). This results in a 

secant modulus form for the stiffness. Any number of EI values may be obtained by 
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using the slope of a tangent to the moment-curvature curve and the secant modulus 

is a reasonable choice. 

The 1984 Canadian Concrete Design Code uses the moment magnification 

method to calculate the secondary effects of slenderness. The Canadian Code pro

vides two equations for calculating flexural stiffness of a column for use in Euler's 

buckling load. The first equation is exactly like ACI 318-83 Eqn. 10-10: 

0.2EcIg + Eglae 
l+0d 

The second Canadian Code equation conservatively provides a stiffness with the 

effects of creep already included and assumed to be (3d = 0.6. This equation is 

similar in form to the ACI 318-83 Eqn. 10-11 and provides the same flexural stiffness 

when (id is 0.6. 

EI = 0.25 EcIg (5.4) 

5.2 EI Formulations Suggested in Literature 

When P-A is based on Pcr = (ki^)3» ^e used is the flexural 

stiffness at impending buckling failure at the failing section. In other words, it is 

the actual cracked EI "at the time of failure" (MacGregor, 1988). 

Since MacGregor used Mu = it is important to realize that 
^cr" 

these are all ultimate values and Pcr varies inversely with the slenderness ratio. So, 

for a short column (say y < 18), the ultimate axial crushing load is less than Pcr. 

Then for a slender column (say ™ > 18), the ultimate axial load is the same as 

Pcr. He used Pcr directly because the equation, —^Etl = Af, was determined 

(Broms and Viest, 1961) to be good for all concentrically loaded members, with 

small lateral deflections. 
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It seems that MacGregor, Breen and Pfrang (1970) did not study the vari

ation of P because they were interested in ultimate load values. Their equations 

are solely in terms of Pu and Mu. Therefore, it is impossible to vary the axial load 

with the same moment value. Possibly, most engineers felt that any additional ax

ial load would cause more deflection and secondary moment, so the additional EI 

would be an insignificant addition to the strength of the column compared to the 

P-A reduction in strength. The sole exception to this rule being very short stocky 

columns. Wessman (1946) took axial load into account for his working stress de

sign calculation of Cg and concluded that the axial load increases the depth to the 

neutral axis and therefore increases the flexural stiffness. 

In 1961, Broms and Viest published an important paper on predicting the 

deflections on slender concentrically and eccentrically loaded columns. They as

sumed a constant stiffness along the column based on a tangent modulus of elastic

ity, Et, and constant moment of inertia, I. Their equations for deflection give good 

test correlation because the maximum deflection is very close to lab test values. 

Therefore, the P-Amax is very close. Although the basic assumption of a constant 

stiffness along the length of the member is wrong, the column strength results are 

in good agreement with tests. Therefore, the current buckling load and strength 

calculations often use this constant stiffness, EtI. 

Broms and Viest (1961) chose their assumptions with the intent to provide 

a "lower limit for the ultimate strength" of axially and eccentrically loaded slender 

columns. For the deflected shape of an eccentrically loaded column they assumed 

part of a cosine wave and again assume a constant EtI along the length of the 

column. The modulus Et is assumed "equal to the average modulus at the section of 

failure." Since the stiffness at the point of failure is the smallest stiffness at any point 

along the column, assuming that the entire column has this smaller stiffness should 
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yield slightly conservative results for MU,PU, and EI. The actual lateral deflections 

will be smaller than those computed by Broms and Viest and the actual Mu will 

be slightly larger. They solved the usual differential equation, ^%EtI = M, for the 

deflections. They used the traditional buckling load equation solution assumptions 

as discussed in Section 4.1. 

Desai and Furlong (1976) have documented that the stiffness of columns 

in biaxial bending is also affected significantly by the ratio of applied load to the 

Euler buckling load. They showed that: 

1. Axial load influenced the cracking and therefore influenced the stiffness any 

time P/P0 was greater than 0.2. 

2. ACI Eqn. 10-10 ( E I  = 0AIgEc) overestimated the effective minor axis 

stiffness when the axial load was as low as 40% of Pa. They also recommended 

that Eqn. 10-11 (EI = 0.2IgEc + I,Ea) "yielded reliably safe predictions of 

secondary effects based on bending stiffness." 

Desai and Furlong (1976) suggested that ACI Eqn. 10-11 would give more 

reasonable results any time the axial load was lower than the balanced condition 

load even with p as low as 0.011. They concluded that UACI Eqn. 10-10 provides 

much better estimates of the slenderness effect than does ACI Eqn. 10-11 at low 

[axial] thrust levels." 

To accurately calculate the ultimate moment on a section, the calculation 

would have to consider the varying stiffness along the column length. To simplify 

the calculation, a conservative assumption may be made that the minimum stiff

ness which is at the failure point is constant throughout the length of the column. 

Writing on prestressed concrete piles, Anderson and Moustafa (1970) state that "in

teraction diagrams which are based on the actual moment curvature relationship at 

the ultimate load condition" are more conservative "than a determination based on 
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the assumption that the full section moment of inertia and tangent modulus apply 

for the flexural stiffness at the critical load". 

Prestressed concrete flexural members are in some ways similar to a rein

forced concrete column with a low eccentricity load since both are subjected to axial 

load and bending. If the axial load is high enough, no cracking will occur as in rein

forced concrete members. Therefore "the moment of inertia varies [with load] from 

the gross I to the cracked F. The neutral axis is not coincident with the centroid 

of the cracked transformed section. "The moment of inertia must be determined 

about the centroidal axis of the. cracked section and not the neutral axis" (Nathan, 

1985). Nathan continues on to give equations for the cracked and effective moment 

of inertia in prestressed flexural members. 

"Tension stiffening" is a secondary effect that affects the stiffness of pre

stressed concrete and reinforced concrete flexural members. The effects of "tension 

stiffening" avoid a sudden drop of stiffness at cracking. Since the tensile strength of 

concrete is in reality greater than zero, the cracks end before reaching the neutral 

axis thus making the section larger than considered in usual analysis. Also, the 

tension in the concrete between cracks contributes to the member stiffness. When 

tension stiffening is accounted for, the plot of the moment-curvature relationship be

comes a continuous function and therefore the graph of the effective stiffness should 

appear as a continuous function as well. It is conservative to neglect tension stiffen

ing. Other investigators may wish to pursue this topic. Nathan (1985) shows how 

the cracked transformed moment of inertia varies with the modular ratio, n=^, 

steel percentage, p, and the geometric properties of the section. 

Prestressed concrete beams are subjected to both axial load and flexure. 

Carinci and Halvorsen (1987) state that the ACI stiffness equations are derived 



I 

80 

based on axial loads that are relatively high percentages of the axial capacity. Pre-

stressed concrete members are subjected to axial loads that are relatively low per

centages of the axial capacity. For prestressed concrete beams with no compression 

flange, they suggest: 

E J ^ E J g  ( 55^ 

Where: A = 17.5 - 37.5-?- > 2.5 
Po ~ 

P = applied axial load < P0 

Po = axial load capacity at zero eccentricity 

Alcock and Nathan (1977) add to this with a recommendation for prestressed con

crete beams with a compression flange. They use Eqn. 5.5 except the equation for 

A for members with a compression flange is modified as follows: 

A = 15 - 25-?- > 2.5 
Po ~ 

Researchers (Caricini and Halvorsen, 1987) have shown ACI 318-73 to be uncon-

servative for rectangular prestressed concrete columns. They suggest that: 

EI EI ==^-
r/0 

p 
Where: r\ — 100 for — < 0.2 

Po 

T ]  =  - - 0 . 2  for 0.2 < -£- < 0.42 
jr Po Po 

rj = 7 for —• > 0.42 

17 

(£) 
O = jj-r for sections with no compression flange 

31 
0 = -rye ~ 0-09 for all other sections 

(7) 
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Many limits on the section exist and the reader is refered to the Carinci paper 

bibliography for detailed information. 

5.3 EI Formulations Considered 

In an effort to reconcile the definition of stiffness for a material such as con

crete which behaves in a plastic manner, four possible solutions have been studied 

and their results normalized with respect to the initial modulus of elasticity, Ee, 

multiplied by the uncracked transformed moment of inertia, J*. The corresponding 

axial load is normalized with respect to the crushing strength of the column, Pc. 

5.3.1 Constant Ee I Formulation 

Consider the cracked transformed section using Ec = 57000y/Jl and Ea = 

29,000,000 psi. Each material's moment of inertia is multiplied by it's elastic 

modulus and then summed to find the effective stiffness. This is the method used 

by Alameddine and Ehsani (1987) (see Fig. 5.2). 

(EI)ea = J2lEc (5.6) 

One of the advantages is that in concept, this method is easy to imagine. There 

is a number to represent the moment of inertia, I, and a number to represent the 

elastic modulus, Ec. Some of the disadvantages are that this method is inaccurate 

because Ee is in no way a constant value. In fact the modulus of elasticity varies 

at every point along the section and therefore so does n = The modulus of 

elasticity could be any value from Ec when low strains are involved down to a 
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negative number as the concrete crushes for strains between 0.002 and 0.003 and 

beyond. 

5.3.2 Tangent Et /strip Formulation 

This method breaks the section up into many thin rectangular fibers. The 

strain at the center of each fiber is used to assign a tangent modulus of elasticity 

of concrete for that fiber. Then for each fiber, the moment of inertia of concrete 

is calculated about its own centroid and then transformed about the neutral axis, 

NA, or transformed about the column section centroid, -y* Each incremental fiber 

has assigned to it a tangent modulus of elasticity and a moment of inertia about 

one axis. These two values are multiplied to find the increment of stiffness provided 

by each fiber. Next the fiber stiffnesses are summed to find the section effective 

stiffness. 

E I = £  ( E < ( ^ r + - ? ) 2 + E  nA'(y* - ?)2) (5-7) 

The results are plotted in Fig. 5.2 along with the stiffness calculated in Section 

5.3.1 for constant modulus of elasticity, Ec, and effective moment of inertia, I. Two 

curves for tangent modulus, Et, and I8trip are plotted. One is calculated about 

the neutral axis and the other about the section centroid. When the axial load is 

below the balanced load, the section fails due to large flexure loads which crush 

the extreme compression fiber of the section (see Fig. 5.3 point D). The depth to 

the neutral axis, c, is small because the lower reinforcing steel has yielded. The 

small c results in a very small area above the neutral axis available to contribute 

to the moment of inertia. For higher axial loads (Fig. 5.3 point B), less flexure 

may be applied to the section before a failure occurs. The concrete strips far from 



Baltnetd failure 

Moment, Mn 

Fig. 5.3 Strain Distributions Corresponding to Points on the 

Interaction Diagram (MacGregor, 1988) 



85 

the neutral axis will be strained severely and the tangent modulus of elasticity may 

provide zero strength. Then as the axial load becomes very large, the depth to the 

neutral axis tends towards infinity. The y2 term in the moment of inertia calculation 

overpowers the loss of stiffness due to high strain and the calculation of EI begins 

to rise exponentially. 

The main advantage of this approach is that it takes the actual tangent 

modulus of elasticity into account for both concrete and steel. 

The main disadvantage of this method is that it still depends upon the 

y2 factor which was developed from an assumed linear stress-strain relationship. 

The y2 term produces exponential behavior which is not representative of what is 

expected to actually happen in tests. 

5.3.3 Secant ^ Formulation 

The secant ^ method depends on Eqn. 5.8a and uses the moment and 

curvature at failure to find the stiifness (Eqn. 5.8b). 

-0EtI = M (5.8a) 

M 
~= EtI (5.86) 

9 

In Chapter Four, it was determined from a free body diagram, that this equation 

is good under the following conditions: 

- The slender column is concentrically or eccentrically loaded 

- Small lateral deflections insure a constant EI. 

- Et is the tangent modulus of elasticity at buckling. 
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- I is the moment of inertia of transformed cross section (The solution of this 

equation for P„ requires EtI to be constant along the length of the column). 

- The EI is constant along the length of the column. 

- The column has not yet buckled. 

Therefore, EI = ^ can be considered to be a reasonable interpretation 

of the flexural stiffness. According to Alcock and Nathan (1977), EI = ^ still 

gives reasonable results long after plastic hinging occurs. In Fig. 5.4 it is shown 

that taking ^ based on the failure load underestimates the stiffness which in turn 

underestimates the allowable moment on a column. This adds to the factor of safety 

against collapse. Figure 5.5 plots the stiffness calculated with this method as well 

as the stiffness calculated in Section 5.3.4. 

This method has given satisfactory results since the 1960's (Bureau of Pub

lic Roads, 1966), (Parme, 1966), and (MacGregor, 1970). This stiffness is easy to 

calculate using a two dimensional computer model or a P-M-<f> plot. This stiffness 

formulation avoids the y2 term of Sections 5.3.1 and 5.3.2, thus providing more 

reasonable and possibly conservative values at high axial loads. 

Unfortunately, this method is not easy to solve by hand and a computer is 

recommended to develop the P-M-<£ values. The stiffness is calculated at crushing 

of the concrete while the ultimate applied load will probably occur at a significantly 

lower strain. Parme (1966) suggests that ^ should be calculated for the expected 

loads and not at extreme fiber crushing. This extra conservatism can be seen as an 

advantage although Parme predicted that the allowable applied moment could be 

underestimated by up to 39% (Parme, 1966). 

MacGregor (1988) points out that a slender column may fail in buckling 

before a material failure begins. This implies a steeper ^ slope and higher EI. The 

buckling load point is not readily available from a P-M-0 diagram. In Australia 
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and Switzerland, the concrete codes define EI with the balanced failure moment 

and curvature as illustrated in Fig. 5.4. 

5.3.4 Tangent ^ Formulation 

In concept, this should be the most accurate way to calculate the stiffness. 

For a moment-curvature relationship in which -p- is constant, this would provide 

the most exact stiffness of all. A main purpose of this paper is to see how the 

stiffness behaves with varying axial load. The stiffness is low for low axial loads, 

increases for midrange loads and decreases quickly as high axial loads reduce the 

concrete modulus of elasticity. As a consequence is positive for low axial loads 

and negative for high axial loads when the stiffness is dropping. Figure 5.5 plots 

the negative of to make better use of plotting space. 

^ = (mi) tangent (5.9) 

Some of the advantages are that if is constant, a tangent formulation 

always provides a lower bound for the ^ calculation. In fact, if j=r is constant, the 

tangent provides an exact stiffness. This formulation also avoids the y2 term 

of the options in Sections 5.3.1 and 5.3.2. 

Some disadvantages of the tangent formulation are that the calcu

lations axe too time consuming to attempt without a computer. The results are 

meaningless for situations where ^ is not constant. Because engineers have a 

range of axial loads to design one column for, this approach does not lend itself to 

use. Perhaps work on a program which allows for ^ to be constant will suggest 

some further use for the formulation. 

The computer algorithm used to calculate the — plot in 5.5 found the 

change in moment over the interval before and after the loading condition for which 

the stiffness is being calculated. The change in curvature is also calculated from 
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the difference between the curvature before and after the loading case in question. 

The rate of change of the M-<£ curve does not necessarily coincide with the changes 

in the ^ curve. Inspection of the figure shows that the stiffness peaks at a 

different axial load than the — curve. 
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CHAPTER 6 

Computer Investigation 

The increasing use of slender columns requires a computer solution for 

column behavior which can take into account such factors as material strength and 

non-linear behavior, cracking, steel percentage and amount of concrete cover. Also, 

the magnitude of applied loads should be included. A solution based on the axial 

load-moment-curvature (P-M-<£) relationship is often used. With a method 

the deflected shape can be found by using the elastic beam theory and integrating 

curvatures along the length of the column. 

6.1 Existing Two Dimensional Programs 

The "Notes on ACI 318-77" (Portland Cement Association, 1980) uses a 

method similar to that developed in Section 6.3 to find the allowable applied loads 

and the corresponding EI value. The value of axial load is held constant for these 

computations. The depth to the neutral axis, c, is determined by a computer 

trial and error procedure. The curvature is found by dividing the extreme fiber 

strain (which is set at 0.0038 P) by the depth of the compression zone. The 

stresses are calculated from strains and then the internal resisting moment, Mr, is 

calculated. The stiffness, EI, is defined as the internal resisting moment divided by 

the curvature. Now, Euler's equation is used to find the critical load, PCT, which 

sets the relation between the applied moment, M,-, the secondary moment due to 

91 
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slenderness effects, Ms, and the internal resisting moment, MP: Mi = n^frp >. 

The internal resisting moment is the same moment that will be calculated by the 

program developed for this thesis. Next, the secondary moment due to column 

slenderness is calculated as the difference between the internal resisting moment 

and the applied moment: Ma = Mr — M%. Figure 2.11 illustrates this concept. 

Anderson and Moustafa (1970) published a Fortran IV computer program 

which calculated Pu and Mu by integrating Eqns. 6.1 and 6.2. 

/ *  
fc dAe •+• ^ ^ Aa% f3i (®*l) 

.=1 

/ »  
f c y  d A c  +  A a i  y i  f 3 i  ( ® * 2 )  

Mu J - i= 1 

Where: Pu = axial load resisted by the column section 

Mu = magnified moment resisted by the column section 

Aa{ = area of a reinforcing bar,t 

fai = stress in the reinforcing bar,t 

yi = distance of the reinforcing bar, i, from a reference axis 

fc = stress in the concrete 

Ac — area of the concrete 

yi = distance of the concrete from a reference axis 

6.2 Existing Three Dimensional Programs 

Manuel and MacGregor (1967) have developed a three dimensional program 

that discretized the cross sections, member lengths, and the load-time duration for 

creep calculations. The longitudinal steel is modeled as an idealized elasto-plastic 
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material. Strain hardening, relaxation, buckling and rupture of the steel were not 

considered. The concrete is modeled as a "visco-elasto-plastic material exhibiting 

shrinkage" (Manuel and MacGregor, 1967). 

Poston (et al., 1983) produced a set of computer programs designed to 

analyze bridge piers based on a "stiffness method". This is done by breaking each 

column into prismatic element 'segments' along the length of the member. Each 

segment is divided into sections which consider the section P-M-<£ characteristics 

such as EI to be constant. Each section is divided into a set of fibers which are 

considered to have constant stress, strain, and tangent modulus of elasticity. A 

basic assumption is that "small changes in displacement can be linearly related to 

small changes in force." Loads and deflections can be determined by integrating 

over the fibers, sections and segments. Following is an explanation of how their 

program solves for an incremental change in axial force, AN : 

Where: AN = increment in axial force 

Et = tangent modulus of the fiber 

Aeo = increment in axial strain 

z = distance to differential element in the z-direction 

y = distance to differential element in the y-direction 

A<f>y = increment in rotational strain about the y-axis 

A<j>'g = increment in rotational strain about the y-axis 

A similar equation exists for the change in moment about the y-axis and about the 

z-axis. 

crosa section 
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From the incremental force-strain relationships, they find the incremental 

strains and curvatures in terms of the incremental forces, and integrate over the 

length to obtain the displacements in terms of forces. This displacement-force 

relationship in matrix form represents the flexibility matrix which is inverted to 

obtain the stiffness matrix. 

A F = KAU 

Where: AF = increment in forces 

K = stiffness matrix of a member 

A U = change in displacement at nodes 

At this point the computer procedure allows for nonlinear behavior of con

crete. To include the P-A effects a correction may be made to either the force 

vector or the global stiffness matrix. Citing "a more accurate amplification of the 

axial load as it approaches the stability limit", Poston (et al., 1983) chose to alter 

the global stiffness matrix. The nodal point coordinates are changed at each load 

increment to reflect the displacement due to the last load increment and corrections 

to the member stiffness matrix are incorporated into the global stiffness matrix. It 

is notable that the segments are assumed to deflect linearly from one end to the 

other so the only way to account for curvature within members is to subdivide it 

into many segments. 

The load is incremented until a material failure, stabilty failure, or plastic 

hinging failure occurs. Because the stiffness matrix is "reassembled for every load 

increment", the nonlinearities due to P-A effects and nonlinear material behavior 

are accounted for at all times. 

The preceding formulation is used in three Fortran IV programs. They are: 

l)BIMPHI, a biaxial load-moment-curvature analysis of a section, 2)PIER, a static 

biaxial analysis of a single column bridge pier, and 3)FPIER, a biaxial analysis of 
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a "multiple level, multiple bay bridge bent". The source codes for each of these 

programs is included in the appendix of the Poston ( and others, 1983) reference 

and could be of great interest to the engineer studying the three dimensional effects 

of loads on columns. These three programs are set up to handle a variety of pier 

cross sections such as both solid and hollow rectangular, both solid and hollow 

circular, rectangular cellular, and oval. 

6.3 Development of Program RECTCOL 

Recall from Chapter Five that four definitions of stiffness were studied and 

the ^ method was designated as the most reasonable representation of EI. Program 

RECTCOL was used to study the four stiffness formulations. This was considered 

necessary because the existing ACI stiffness equations are quite conservative. It 

is obvious from a quick inspection of Fig. 2.13 that the ACI equations are over 

conservative by a factor of up to five. The program was developed to study how 

the flexural stiffness is affected by various section parameters as well as axial load. 

Program RECTCOL is based on the P-M-<f> relationships. A linear defor

mation is assumed at all times. The stress is related to the strain by the Hognestad 

stress-strain relationship (Park and Paulay, 1975). Because the curvature is cal

culated directly from the geometry, <f> is known as the exact value in RECTCOL. 

The Hognestad stress diagram was used account for the nonlinear stress-strain re

lationship of concrete (see Fig. 6.1). The difference between confined concrete and 

unconfined concrete behavior is modeled by allowing the descending portion of this 

curve to drop off much more quickly for unconfined concrete as shown in Fig. 6.1. 

Also the unconfined concrete is assumed to spall off at ultimate strain. The extreme 
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fiber is assumed to be at crushing strain, usually 0.003 jg although this value may 

be easily altered since it is provided in the input data. 

The depth to the neutral axis is incremented throughout the program to 

provide the necessary variation of strain. This depth begins at a small fraction 

of the full depth of the section and is increased by set increments until 90% of 

the column capacity in pure axial compression is reached. From the extreme fiber 

strain and depth to the neutral axis, the section curvature is easily calculated. 

Using this curvature, a linear strain distribution is assumed to find the strain in 

each fiber. Given the strain, RECTCOL enters a Hognestad stress-strain subroutine 

and exits with the stress in each fiber. At each increment, the axial load, moment 

and curvature aTe calculated based on statics and strength of materials. Fig. 6.2 

shows the load-stress relationship as the computer calculates the loads. Also at 

each increment, the stiffness of the column, EI, is calculated. 

In the absence of shear, any cracks will form perpendicular to the lengthwise 

axis of the member. When shear is present, the cracks will become inclined. In 

columns the primary forces to be considered are axial load and flexure; shear is 

practically never a controlling factor. The two dimensional section model used in 

RECTCOL assumes that the cracking will be perpendicular to the member axis. 

Program RECTCOL uses the ^ formulation to calculate the flexural stiff

ness of a column section for varying values of concrete strength, f'c, steel yield 

strength, fy, percentage of reinforcing steel, p, the cover ratio, 7, and width to 

depth ratio, jf. In addition, this stiffness is compared to the Bureau of Public 

Roads equation, ACI 318-83 Eqns. 10-10 and 10-11 and MacGregor's (1975) equa

tion in Fig. 6.3. 
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6.4 Results from Program RECTCOL 

Axial load and column section properties were varied in order to study 

their effects on the flexural stiffness of the column. The axial load was varied 

{is a percentage of Pa. A sixteen inch square column was studied and the steel 

reinforcement ratio varied from 1% to 7% in 2% increments. The concrete strength 

studied was 3,4,5 and 6 ksi. The ultimate strength of the steel reinforcing bars was 

varied from 40 to 70 ksi by increments of 10 ksi. The percentage of concrete cover 

was varied from 5% to 20% of the section depth in 5% increments. In one plot the 

section dimensions of a square column were varied from 10 to 40 inches. In the 

next plot, the depth was varied from 10 to 40 inches while the width remained a 

constant 16 inches. 

The following figures are normalized with respect to the column's initial 

uncracked stiffness, EcIt, and the crushing strength, Pa. Figures 6.3a and 6.3b 

show a comparison of the computer solution and some current EI equations for 

various amounts of reinforcing steel. For low reinforcement ratios, ACI 318-83 

Eqn. 10-10 is conservative over a greater range of axial loads than ACI 318-83 

Eqn. 10-11. But as Fig. 6.3b illustrates, Eqn. 10-11 is more conservative than 10-

10 for high reinforcement ratios. Of particular significance is the close similarity 

between the computer ^ solution and the Bureau of Public Roads solution. Also a 

quick comparison with Fig. 2.10 shows the Parme (1966) EI values behave exactly 

the same way. 

Figure 6.4 shows how increasing the steel reinforcement always increases 

the flexural stiffness. This is the most important variable of all studied. Figure 6.5 

illustrates how increasing the concrete strength increases the normalized stiffness. 

This is the next most important factor. In Fig. 6.6, the percentage of cover is varied. 

This makes a difference in the steel moment arm and adds to the stiffness as the 
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percentage of cover, 1 — 7, decreases. Figure 6.7 shows that the yield strength of 

the steel is a minor consideration. In Figs. 6.8 and 6.9, the section dimensions were 

varied. Little change occured in the normalized stiffness when the height to width 

ratio was varied, and no change occured in the normalized stiffness when the height 

to width ratio was held constant and the section size varied. 

From this computer survey of column stiffness variables, it is evident that 

the stiffness normalized with respect to the initial uncracked transformed stiffness 

is influenced greatly by the amount of axial load on the column, the reinforcement 

ratio, p, and by the concrete strength, f'c. The steel yield strength, Fy, and cover 

percentage, 7, influence the normalized stiffness to a lesser extent. Finally, the 

column dimension ratio, ^, has very little effect on the normalized stiffness and the 

effects of dimension changes (while ^ remains constant) are fully accounted for by 

the initial uncracked transformed stiffness. 
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CHAPTER 7 

Conclusions 

This thesis has been written to be a foundation upon which more research 

on the flexural stiffness of concrete columns may be based. It is recommended 

that the flexural stiffness be considered equal to ^ at failure when computing the 

critical load of a reinforced concrete column and that the current P-M-<j> analysis 

is sufficient. Program RECTCOL may be used to predict the flexural stiffness of 

a rectangular reinforced concrete column under various axial loads. This would 

be both more accurate and more precise than the current ACI code equations for 

flexural stiffness of concrete columns. 

In the future, other features could be added to RECTCOL. These could 

include a numerical solution such as a least squares or collocation to predict the 

variation of EI with load, concrete strength, steel strength, cover, and A length 

factor and a time factor could also be included in the analysis to consider the 

effects of creep. Because k, EIco\ and EIbc*m are interdependent, future studies 

might include the variation in EIcol when k varies from 1.0 to 0.75 which is the 

natural range of values for a column in a braced frame. 

Also, some testing in the laboratory of the flexural stiffness of various 

columns would provide additional insight as to why the ^ scheme works and why 

the formulations that include some plastic deformation considerations do not give 

satisfactory results. The tests could confirm and augment these findings. 
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"For the single curvature case, the error in omitting 0.23 varies from 

2.3% for ^ = 0.1 to 11.5% for = 0.5 to 20.7% for = 0.9" (Diaz, 1984). 

Development of the Moment Magnifier 

(after Diaz, 1984) 
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RECTCOL Program Flow Chart 

RECTCOL Sample Input 

RECTCOL Sample Output 

RECTCOL Source Code 
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no 

yes 

Stop 

Input Data 

Calculate P. 

Calculate E. 

Calculate P and M 

Normalize P, and EI 

K* -it vs-

Increment c 
by & 

Calculate Curvature <f> = °°03 

Calculate Effective Stiffness EI = Ar 

Assume Initial Depth to N.A. c = 

Calculate Location of Concrete Strips 

Calculate Steel Strains, Stresses, and Forces 

Calculate Concrete Strains, Stresses, and Forces 

Calculate Uncracked Transformed Moment of Inertia 

RECTCOL Program Flow Chart 
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Title: DATA RECTCOL RHO=0.01 

Plot Type is Always 2 

Zl=100 typically 

Number of sections=l H=16.0" 

B=16.0" 

H=16.0" j 

Cover=2.4" 

Number of bars in the compression face=5 

Area of steel per bar=0.256 in2 

Nb2=0 

As2=0.0 

/c=5 ksi 

£cu=0.003 £ 

.Fy=60 ksi 

i£«=29000 ksi 

B=16.0" 

DATA RECTCOL RHO=0.01 

2, 100., 1 

16.0, 16.0, 2.4, 5, .256, 0, 0 

5.0, .003, 60, 29000 

RECTCOL Sample Input 
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COLUMN IE ANALYSIS 
################## 

THE NUMBER OF SECTIONS TO BE ANALYZED IS 1 

IPLOT >1, THEREFORE EACH PLOT IS DRAWN ON A SEPARATE SHEET 
WITH THE SCALE GENERATED BY THE COMPUTER. 

SIMPLE Pu= 1230.72 kips 
B = 16 H= 16 Cov= 2.4 
Fy * 60 Ast» 2.56 Cs • 153.6 
Acore= 122.88 Ashel 1 «= 130.56 
Ecu= .003 Eo=> .00235702260396 
Z1 = 100 Z2" 274.500742466 Fc - 5 
Scores 4.67S5113019S 

Sshol1= 4.11751113699 
Pu=n 1266.07772283 Cp=0.9Pu=» 1139.46995055 

LOAD-MOMENT INTERACTION TABLE 

STEEL-CONCRETE AREA RATIO= .01 Gamma= .7 
Pu= 1266.077722B3 kips It= 5958.68761024 inA4 Eclt* 

P 
KIPS 

M 
IN—KIPS 

CURV 
1/IN 

EI 
IN~4 

2. 40165419722E+7 k-in'^2 

dEI 
IN"4 

0 
131.7309 
250.62783 
355.0847" 
456.2081 
576.52315 
692.75898 
801.92547 
901.28421 
1005.81 
1092.7051 
1156.3963 
1266.0777 

1-
1-
1-

' 1-
1-
1-
1-
1-
1-
1-
1-
1-
1-

•P/Po= 
•F/Fo-
P,'Fo= 
•P/Po-
P.'Pq: 
•P/Po-
P/Po= 
.p/po= 
P/Po= 
•P/Po-
P/Fo-
•P/Po-
P/Po' 

1031.500S 
1803.1986 
2390.1019 
2791.9012 
3036.2967 
2952.2826 
2795.846 
2552.6565 
2250.839 
1803.4905 
1378.4706 
1059.1215 
0 

= 1 
= .895953547405 
= . 802043-385843 
= .719539501953 
= .6396681760^2 
= .544638419857 
= .45283060667a 
= .366606448314 
= .288128849033 
= .205570103955 
» .136936774764 
= .0866308813266 = 0 

.0016503775 

.0009375 

.000625 

.00046875 

.000375 
i0003125 
.00026785714 
.000234375 
.000208WJwjO 
.0001875 
.00017045455 
.00015625 
0 

EI/Eclt 
EI/Eclt 
EI/EcIt 
EI/EcIt 
Ei/Eclt 
EI/EcIt 
EI/Eclt 
EI/EcIt 
EI/EcIt 
EI/Eclt 
El/Eelt 
EI/EcIt 
EI/EcIt 

780555.92 
1.9234119E+6 
3.8241631E+6 
5.956055BE+6 
8.0967911E+6 
9.4473042E+6 
1.0437825E+7 
1.0891334E+7 
1.0804027E+7 
9.6186159E+6 
8.0870273E+6 
6.77S3773E+6 
5958.6876 

.0325007623323 

.0800369607697 

.159230377805 

.2479980fcll42 

.337133925295 
• 39336to546091 
.434609831018 
.453493024186 
.449857736868 
.400499618621 
.336727383004 
.282237854916 
.000248107642522 

-1.1301657E+6 
-1.2814059E+6 
-2.1092321E+6 
-2.504779E+6 
-1.0264408E+6 
2.2442056E+6 
5.115214E+6 
9.1561184E+6 
1.5982208E+7 
2.3030527E+7 
2.3819809E+7 
8.0870273E*6 
0 

RECTCOL Sample Output 
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10 ! PROGRAM "RECTC0L2" 3/23/88 
20 ! a################# 9x00 PM 
SO ! INPUT DATA AT LINE 850 
60 ! Title 
70 ! Iplot,Ncl,Zl,Nsec 
80 ! INPUT PER SECTION 
90 ! B,H,Cov,Nb,As,Nb2,As2 
100 
1 Hrt 

! 
i 

Fc,Ecu,Fy,Es 
1 A.1 J 

130 
. 
! WHERE: 

140 ! Nsec NUMBER OF SPECIMENS TO BE ANALYZED (USE ONE) 
150 ! Iplot PLOT CONTROL PARAMETERS 
160 ! IF IPLOT-O, NO INTERACTION CURVE IS PLOTTED. 
170 ! IF IPL0T=1. USER SETS PLOT SCALE FACTORS. 
ISO ! IF IPL0T>1, COMPUTER SETS PLOT SCALE PARAMETERS. 
190 ! IT IS RECOMMENDED THAT USER SET IPL0T=0 
200 ! OR GREATER THAN 1 TO FIND THE RANGE OF THE 
210 ! OUTPUT BEFORE ATTEMPTING TO SET THE SCALE FACTOR 
220 ! FOR IPL0T=1. 
230 ! 
240 FOLLOWING ARE REQUIRED ONLY IF IPL0T=1 
250 ! PARP SCALE FACTOR FOR AXIAL LOAD, PARP" HIGHEST ULT. 
260 ! LOAD OF THE SPECIMENS. 
270 ! PARM SCALE FACTOR FOR MOMENT, PARM-HIGHEST MOMENT 
280 ! OF THE SPECIMENS. 
290 ! PARC SCALE FACTOR FOR CURVATURE. PARC=HIGHEST CURVATURE 
300 
310 

! 
i 

OF THE SPECIMENS. 

320 
. 
! IWR OUTPUT CONTROL PARAMETERS. IF IWR=0,N0 RESULTS 

330 ARE PRINTED 
340 ! 
350 ! AS(I> AREA OF STEEL IN LAYER I 
360 ! XS<I> DEPTH TO LAYER I 
370 ! 
380 ! 
390 i******************************1***************************** 

400 ! *THIS PROGRAM PLOTS THE APPROX. EQUATIONS WITH DASHED LINES. 
560 ! PROGRAM RECTCOL BY KATHERINE WELP 12/23/86 
570 ! ORIGINAL PROGRAM CIR_COL BY JOHN Y FUNG 
580 ! BITS AND PIECES TAKEN FROM "RC COLUMN" BY J.K.WIGHT,A.E.MOUSSA Ik 

C.R.VALLENILLA 
590 !****************************************************** 
600 ! PARAMETER DEFINITIONS: 
610 ! B GROSS WIDTH OF CONCRETE SECTION (INCHES) 
620 ! H GROSS DEPTH OF CONCRETE SECTION (INCHES) 
630 ! Cov COVER TO CL OF LONGITUDINAL REBAR (INCHES) 
640 ! COVTB COVER ON TOP AND BOTTOM 
650 ! COVS COVER ON SIDES 
660 ! Nb NUMBER OF REBARS IN THE COMPRESSION FACE .SAME AS IN TENSION FACE 
670 ! Ae CROSS SECTIONAL AREA OF ONE Nb REBAR (SO. INCHES) 
680 ! Nb2 NUMBER OF REBAF3 IN THE SIDE FACE (NOT INCLUDING THE END BARS) 
&"0 ! A = 2 CROSS SECTIONAL AREA OF ONE Nb2 REBAR (50. INCHES-
700 ! Fv YIELD STRESS OF STEEL < h'S I) 
710 ! Fc ULTIMA-E COMPRESSIVE STRESS FOR CONCRETE (KSI> 
720 Ecu LSMITING CONCRETE STRAIN (0.003.0.004. ETC.) 
730 ! Es YOUNCS'S MODULUS OF STEEL (KSI) 
740 '< Z1 CONST. FOR DECLINING CURVE (CONFINED)(100 IS RECOMMENDED) 
750 ! 22 CONST. FOR DECLINING CURVE (UNCONFINED) 
760 ! TITLE NAME OF THE SPECIMEN 
770 ! NCL NUMBER OF CONCRETE STRIPS. RECOMMENDED=H SEE LINE 1400 
730 ! Numlav NUMBER OF STEEL LAYERS (Nb2 * 2) 
790 ! ECI -> Emc INITIAL MOD. OF ELAST. FOR CONCRETE (CALCULATED) 
800 COM Titl»«C 303.L1*C30],L2*C303.L3SE303 
801 ! COM /Udc/ 01d_chars*C4],Sire<4),Chars(4,30,3),Rhoo<16,3),Gaflim(7.3) 
fil i DIM Soln <40 .20).Dei(40),Yc(40),Y(40),Ye<40),Fs(40),X(25),Ku(25),Jv(25> 
B'>< DIH Xa<10>, E s s  ( ,  F s  i l O )  ,  f a x  ( 4 < " > ,  | 0 >  ,  M o m ( 4 > > ,  l O )  , C u r  < 4 0 , 1 0 ) ,  A < 2 ,  4 < " > >  
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830 Dltl NpllO>,Ec<40>,Cf<2,40>,V1(5>,V215>,V3(6) 
840 !READ IN DATA 
8S0 DATA RECT COL RH0-.01 
860 DATA 2,0,100,1 
870 DATA 16.,16.,2.4, 3,.256,0,0. 
890 DATA 5.,.003,60.,29000. 
910 ! 
920 READ Title* 
930 READ Iplot.Ncl, Zl,Nsec ! Ncl IS CALCULATED LATER AS H AT 140O 
940 READ B,H.Cov,Nb.As.Nb2.As2 
930 READ Fc,Ecu,Fy,Es 
970 !SELECT FIGURE No. ,PRINTER and PLOTTER 
971 PRINT TAB'5>;"Figure la will plot the interaction diagram." 
972 PRINT TAB(5);"Figure 3 will compare the computer solution for leff wit 
h other equations." 
973 PRINT TAB(5);"Figure 4 will vary Rho from 0.017. to 0.07X" 
974 PRINT TAB<S>;"Figure 5 will vary F'c from 3 ksi to 7 ksi" 
975 PRINT TAB(5>;"Figure 6 will vary Fy from 40 ksi to 70 ksi" 
976 PRINT TAB(5);"Figure 7 will vary Gamma from 0.60 to 0.90" 
977 PRINT TAB(S);"Figure 8 will vary H from 10 in to 40 in , B/H remains c 
onstant" 
981 PRINT TAB<5>:"Figure 13 will vary B/H by increasing H." 
982 PRINT TAB(5)5"Figure 14 will draw Eleff and Rectcol3 will be drawn on 
the same piece of paper." 
9B4 PRINT TAB<5)s"Figure 16 will draw M/phi and dM/dphi" 
985 INPUT "SELECT FIGURE TO BE PLOTTED <1,3.4,->,3,13.14,16)",Fig 
1000 !! INPUT "INPUT 0 FOR PARTIAL PLOT OR 1 FOR FULL PLOT",Partplot 
1001 Partplot=l 
1010 ! NOTE FIG 5 DATA MUST START WITH Fc=3 
1020 IF Fig=5 THEN Fc=3 
1030 ! NOTE FIG 6 DATA MUST START WITH Fy=40 
1040 IF Fig=6 THEN Fy=40 
1050 ! NOTE FIG 7 DATA MUST START WITH Gamma=0.60 
1060 IF Fig=7 THEN Gamma=.60 
1061 IF Fig=7 THEN Cov=.2*H 
1070 ! NOTE FIG 8 DATA MUST START WITH H=10 
1080 IF Fig=3 THEN 
1081 Bhratio=B/H 
1082 Gamma=<H-2*Cov)/H 
1084 Bold=B • • 
1085 Hold=H 
1087 H=10 
1088 B=Bhratio*H 
1089 Cov=H* <1-Gamma)*.5 
1090 As=(As*B*H)/<Hold*Bold) 
1091 IF Nb2>0 THEN As2=<As2tB*H>/(Hoid*Bold> 
1092 END IF 
1095 IF Fig=13 THEN 
1096 Bhrati o=B/H 
1097 Gamma*<H-2*Cov>/H 
1099 Hold=H 
1100 H=10 
1102 Cov=H ¥(1-Gamma)*. 5 
110~ As=<As*H>/Hold 
1104 IF Nb2X» THEM As2*<Aa2*H;/Hold 
1105 END IF 
1107 INFUT "OUTPUT ON SCREEN? (Y/N)",N* 
1108 !! N*="Y" 
1109 IF N*="N" THEN 
1110 PRINTER IS 701 
1120 ELSE 
U30 PRINTER IS 1 
1140 END IF 
1150 IF lplot<=0 THEN 1210 
1160 DISP " «*f* SEI prT PI OTTPP , 
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HBO 
1190 
1200 
1201 ! 
1202 ! 
1210 
" " , / / / / / "  
1220 
1230 
1240 
1250 

SCREEN" CALL Screen 
PLOTTER" CALL Aplot 

PLOT ON THE SCREEN 
PLOTTER 

ON KEY 0 LABEL " 
ON KEY 1 LABEL M 

WAIT 4.0 
CALL Scraan 
CALL Aplot 
PRINT USING "///,26X,""COLUMN IE ANALYSIS"26Xf ""tMMHMMMMHMHMMHMMt## 

PRINT TAB <IS );"THE NUMBER OF SECTIONS TO BE ANALYZED IS ";Nsec 
IF Iplot>l THEN 1290 
IF Iplot=l THEN 1270 
PRINT USING "//,12X.""IPLOT <=0, THEREFORE NO PLOT WILL BE GENERATED." 

1260 GOTO 1300 
1270 PRINT USING "//,7X.""IPLOT - 1. THEREFORE ALL PLOTS ARE DRAWN ON THE S 
AME SHEET"",/,18X,""WITH THE USER SPECIFIED SCALE. 
1280 GOTO 1300 
1290 PRINT USING "//.7X,""IPLOT >1, THEREFORE EACH PLOT IS DRAWN ON A SEPAR 
ATE SHEET"",/,17X.""WITH THE SCALE GENERATED BY THE COMPUTER. 
1300 !INTERNAL DEFINITIONS 
1310 
1320 
1321 
1330 
1340 
1350 
1360 
1370 
1380 
1390 
1400 
1410 
1420 
1430 
1440 
1441 
1442 
1450 
1460 
1470 
1480 
1490 
1500 
1510 
1520 
1530 
1540 
1550 
1560 
1570 
1580 
1590 
1600 
1610 
1620 
1630 
1640 
1650 
1660 
1670 
1680 
1690 
1700 
1710 

Fo=4 
As4=As 
As6»As2 
Numlay=Nb2+2 

PROGRAM LOOPS TO LINE 1340 
Emc=57*SQR<Fc* 1000) 
En=Es/Emc 
Covs=Cov 
Covtb-Cov 
D=H-Covtb 
Ncl«H 
Ey=Fy/Es 
Eo=»l. 9*Fc/Emc 
Z2=l. 0/<.006—Eo) 
Ast=2*As*Nb+2*As2*Nb2 
Asratio=(As*2*Nb)/Ast 
As2ratio=(As2»2*Nb2)/Ast 

DETERMINE AREA OF CONFINED S< UNCONFINED CONC. 
Sh=H/Ncl 
Core=H-2.*Covtb 
FOR 1=1 TO Ncl 
Wh=IiSh-Covtb 
IF WhOO. THEN 1540 
IF Wh>Cora THEN 1540 
IF Wh>0. THEN 1560 
IF Wh<=Cora THEN 1560 
A 1=0. 
GOTO 1570 
Al=Sh*(B-2.tCovs) 
A(l.I)=A1 
A <2,I)=B*Sh-A(1.I) 

TOP STEEL TO MAKE INITIAL RHO VALUE 
SIDE STEEL TO MAKE INITIAL RHO VALUE 
TOTAL NUMBER OF STEEL LAYERS 

Modulus of Elasticity for Cone, (ksi) 

YIELD STRAIN FOR STEEL 
ksi/ in/in 

TOTAL STEEL 

( k s i )  

ALL SHELL 
ALL SHELL 
CORE AREA 
CORE AREA 

CORE AREA 
SHELL AREA 

! PRINT TABi10);"I= ":I:TAB(30);"Acore= "sA1;TAB(30);"Ashel1= ";A<2.I> 
NEXT I 
Ac=B*H-Ast !NET CROSS SECTIONAL APE-} OF CONCRETE 
Pu=(.85*Ac*Fc)+<Fy* A 6 t )  ICOLUMN COMPRESSIVE CAPACITY ACI (10-1) 
PRINT TAB(10);"SIMPLE Pu="5Pus"kips" 

CALCULATION OF ULTIMATE AXIAL LOAD, Pu 
Cs°Fy*Ast 
Acor<== (B-2. tCovs) * (H-2. *Covtb) -Act 
Ashell=B*H-Acore-Ast 
Score=Fc*(1.-Zl*(Ecu-Eo)> 
Sshall=Fc*(1.-Z2*(Ecu-Eo)> 
Cc=Acore*Score+AshalI *Sshal1 
Pu=Cs+Cc 



} 
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1720 
1730 
1740 
1750 
1760 
'.770 
1780 
1790 
1800 
1810 
1820 
1830 
1840 
1850 
I860 
1870 
1880 
1890 
1900 
1910 
1920 
1930 
1940 
1950 
1960 
1961 
1970 
1980 
1990 
1991 
2000 
2010 
2020 
2030 
2040 
2050 
2060 
2070 
2080 
2090 
2100 
2110 
2120 
2130 
2140 
2150 
2160 
2170 
2180 
2190 
2200 
2210 
2211 
2220 
"J"*"*.!') 
2240 
2250 
2260 
2270 
2230 
2290 
2300 
2310 
2320 
2330 
2340 

Cp=.9*Pu 
PRINT TAB(10)?"B - ";B;TAB(30>;"H« ";H$TAB<50>; "Cov="jCov 
PRINT TAB<10>;"Fy - ";FyjTAB<30);"Ast- ";Ast;TAB(50);"Cs = ";Cs 
PRINT TAB(10);"Acore= "jAcore;TAB<30>j"A«hell= "jAshall 
PRINT TAB<10)5"Ecu" "5 Ecus TAB(30);"Eo= "5E0 
PRINT TAB(10);"Z1 - ";Z1;TAB<30);"Z2= "5Z2;TAB<50)j"Fc -";Fc 
PRINT TAB<10);"Score" ";Score;TAB<30);"Sshell* ";Ssh»ll 
PRINT TAB <10);"Pu" ":Pu«TAB<30);"Cp=0.9Pu= ";Cp:TAB <10);" 

CALCULATE STEEL-CONCRETE AREA RATIO 
Rho=Ast/<B*H) 

CALCULATE GAMMA 
Gamma=<H-2*Covtb)/H 

CALCULATE COORDINATE OF INDIVIDUAL REBAR S, TRANSFORMED MOMENT OF INERTIA 
Transa=<En-l)*As !TRANSFORMED AREA OF ONE C0MPRE5I0N BAR 
Igc=B*H~3/12 . ! GROSS MOMENT OF INERTIA OF UNCRACKED CONC 
Ay=0. 
It=Igc 
FOR 1=1 TO Numlay 

Space=<H-2*Covtb)/<Nb2+l) ! BAR SPACING 
Yb=H/2-Covtb-<Space* <1-1)) 

INERTIA OF 
CenterLine 
TOP EDGE 

It=It+Transa*Nb*YbA2 ! MOMENT OF 
Y»<I)=Yb ! DIST FROM 
Y(I)=H/2-Yb ! DIST FROM 

NEXT I 
Ise=It-Igc 
Eci t=Emc*It 
K»1 
C=0 
Delta=.100*H 

!Delta=.075*H 
!Delta=.025*H 

CALCULATE REBAR FORCES AND 
Sue=Fy/Es 
C=Delta+C 
Phi=Ecu/C 

! !:: PRINT TAB <10); " 
! PRINT TAB<10):"K= ";K;TAB<30);"PHI= "5Phi 

UNCRACKED SECTION 
<+ = ABOVE S< - » BELOW) 

! INCREMENT FOR C 
! INCREMENT FOR C 
! SMALL INCREMENT FOR C 

CURVATURE OF THE SECTION 
! ULTIMATE YIELD STRAIN OF STEEL 
! **** INCREMENT C **** 

=Phi CURVATURE 

STRAIN IN STEEL AT LAYER I 

Soln<K,3> 
Tl=H/2-C 
FOR 1=1 TO Numlay 

Esi = <Ys <I)-T1)*Ecu/C 
IF ABS(Esi)>Sue THEN 
Stress=Fy*ABS <Esi)/Esi 
ELSE 
Stress=Esi *Es 
END IF 
IF Stress<0. THEN 
Fs <I)=Nb*As*Stress 
ELSE 
Fs <I)=Nb*As* (Stress-.85*Fc) 
END IF 

' NOTE THIS ASSUMES As 
!!>• PRINT TAB'10);"Fs<"sI;">= ";Fs(I> 

NEXT I 
CALCULATE GEOMETRIC CEMTROID ,Cg 

IF C<H THEN 
Sa=B*C 
Sam=. 5»B*C2 
ELSE 
Sa=B*H 
Sam=.5»B*H's2 
END IF 
FOR 1=1 TO Numlav 

IF Fs <I)<=0 THEN ! TENSION 
Ni =En 
ELSE • IF.Fs (I) > i'» THEN COMPRESSION 

TENSION FORCE IS NEGATIVE 

COMPRESSION FORCE IS POSITIVE 

As 2 !< Nb=Nb2 
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2350 
2360 
2370 
2371 
2380 
£381 
*370 
2400 
2401 
2410 
2420 
2430 
2440 
2450 
2460 
2470 
2480 
2490 
2500 
2510 
2520 
2530 
2540 
2550 
2560 
2570 
2580 
2590 
2600 
2610 
2620 
2630 
2640 
2650 
2660 
2670 
2671 
2680 
2690 
2691 
2700 
2710 
2730 
2750 
2760 
2770 
2780 
27<?0 
2800 
2810 
2820 
2830 
2840 
2350 
28<b0 
2970 
2880 
2900 
2940 
2950 
2960 
2970 
2980 
2990 
3000 
•Jul I I 

•;Sa 
Sum Area 

Sum Araa Moments 

Ni=En-l 
END IF 
Sa=Sa+Ni tAstNb 

!!x PRINT TAB<10);"Sum Area" 
Sam-Sam*Ni *A«*Nb*Y <I) 

!!x PRINT TAB(10);"Sum Momenta"";Sam 
NEXT I 
Cg=Sam/Sa 

!!>: PRINT TAB<10);"Cg=";Cg 
! EFF. MOMENT OF INERTIA OF THE CONCRETE ABOUT Cg 

IF C>«H THEN 
Ic=6*H'-~/12+B*H* (Cg-H/2) "*2 

!!>: PRINT TAB<10)!"C>=H Ic= ";Ic 
ELSE 
Ic=B*C~3/12+B*C*(Cq-C/2)"2 

!!>: PRINT TAB(10)!HC<H Ic= "jlc 
END IF 

! CALCULATE EFFECTIVE MOMENT OF INERTIA OF THE CONCRETE PLUS STEEL 
Ie-f-f»Ic 
FOR 1=1 TO Numlav 

IF Fs(I)<=0 THEN ! TENSION 
Ni=En 
ELSE ! IF Fs(I) >0 THEN COMPRESSION 
Ni-En-1 
END IF 
IF 1=1 THEN 
Ie-f f=Ie-f-f+Ni *As*Nb* < Y < I) -Cg) 
SOTO 2670 
ELSE 
END IF 
IF I=Numlay THEN 
Ie-f-f=Ie-f-f+Ni*As#Nb* <Y(I)-Cg)A2 
ELSE ! IF 1< KNuml ay 
Ie-f f = Ie-f-f+Ni *As2*2* (Y(I) -Cg) "2 
END IF 

NEXT I 
Ise=Ie-f-f-Ic 
Sol n (K, 4) =Ie-f-f 
IF Ie-f-f>It THEN Soln<K.4)=It 

!!x PRINT TAB <10);"Ise=";Ise 
! CALCULATE COMPRESSIVE FORCE OF CONCRETE 

FOR L=1 TO Ncl 
IF L=1 THEN Yc<L)=.5*Sh 
IF L>1 THEN Yc<L)=Yc<L-1)+Sh 
Ec <L) = (C-Yc(L))*Ecu/C ! STRAIN IN CONC AT LAYER 1 = 1,NCL 
M=1 
CALL Cones <L,M.Ec(* >,Z1.Z2,Stress,Eo.Fc) 
Cf<M,L)=A'M,L)*Stress ! CORE AREA * CONFINED CONC. STRESS 
M=2 
CALL Cones(L,M.Ec <#),Z1.Z2,Stress,Eo,Fc) 
Cf (M.L)=A(M,L)*Stress ! SHELL AREA * UNCONFINED CONC. STRESS 
NEXT L 
Sum-f =0. 
Summ=0. 
FOR L=1 TC Ncl 

FOR M=1 TO 2 
Sum-f =Sum-f +Cf (M.L) ! SUM ALL CONC. FORCES 
Summ=Summ+(Cf(M.L)*(H/2-Yc(L))> ! SUM ALL MOMENTS ABOUT CL 

NEXT M 
NEXT L ! C-f ( >= CONCRETE FORCE AT J 

!!>•. PRINT TAB (10) ; "Sumf= Sum-f; TAB <40) ; "Summ= ":Summ 
•NOTE Yc IS FROM TOP OF SECTION 

Ys IS FROM CENTERLINE OF SECTION 
Y IS FROM TOP OF SECTION 

! !:: PRINT TAB < 10); "Fconc < I > = "jSumf 
! CALCULATE PI IQI11MAL <PM) AMO MCIMKNI <M) 
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3020 Pn^Sum* 
3030 M»Summ 
3040 FOR 1-1 TO Numlay 
3050 Pn»Pn+F»(I> !SUM OF COMP. - SUM OF TENSION FORCES 
•3081 M-M+<Fs<I)*Ys(I)> !MOMENT IN CONC +FORCE IN STEEL « ARM 9 CL 
•3090 NEXT I 
3100 Soln <K,1> «Pn 
3110 Soln<K,2)=M 
3111 ! PRINT TAB< 10) ;"K= ";K;TAB(30);"M* "jM 
3120 !!x PRINT TAB<10)j"Pn= ";Pn;TAB<30):"<0.9Pu";Cp:TAB<35);"Ieff= ";Iof-f 
3121 ! INCREMENT K TO THE NEXT LOADING CASE 
3130 K=K+1 ! INCREMENT K UNTIL Pn>=0.9Pu 
3140 IF Pn>Cp THEN 
3130 GOTO 3190 
3160 ELSE 
3161 IF K>39 THEN 
3162 BEEP 
3163 PRINT TAB(10);"K*40 AND WILL OVERFLOW THE SOLN A.(RAY" 
3164 END IF 
3170 GOTO 2030 ! INCREMENT C UNLESS Pn>-0.9Pu 
3ISO END IF 
3190 Soln <K.l)=Pu 
3200 Soln(K,4)=It 
3201 ICALCULATE EI-SOLN(K,4)-M/phi Doi-dM/d PHI 
3202 FOR 1-1 TO K 
3204 IF Soln(I.3)=0 THEN GOTO 3207 
3206 Soln(1,4)=Soln <1,2)/Soln <1.3) 
3207 NEXT I 
3208 FOR I=«2 TO K-l 
3209 ! PRINT TAB(10)5"K=";K 
3210 ! PRINT TAB(10);"I = "; I 
3211 Dei(I)«(Soln(1+1.2)-Soln(1-1,2))/(Soln(1+1,3)-Soln(1-1,3)) 
3212 NEXT I 
3213 Dei <1) = (Soln(2,2)-Soln(1,2))/(Soln(2,3)-Soln(1,3)) 
3217 Dei<K)«0 ! S0LN<K,2)=0 
3218 !INTERPOLATE TO P=0«Soln<J,1) 
3220 FOR I»1 TO K 
3230 IF Soln(I,1)=0. THEN 
3240 J=I 
3250 GOTO 3400 
3260 END IF 
3270 NEXT I 
3280 IF Soln(1.1)>0. THEN 
3290 J=1 
3300 1=2 
3310 GOTO 3370 
3320 END IF 
3330 FOR 1=2 TO K 
3340 IF Soln < 1,1) *Soln (1-1,1X0. THEN GOTO 3360 
3330 NEXT I 
3360 J=»I-1 ! Soln (J, 1) IS WHERE Po=0 *.< PLOT STARTS 
3370 FOR L=2 TO 4 ' M.phi.EI 
3380 Soln(J.L)=Soln (J.L) -Soln (J. 1) * (Soln < I, L) -Soln (J. L) > (Sol n (1,1)-Soln (J 
. 1) ) 
3~90 NEXT L 
3371 Dei <J)=Dei<J)-SolniJ,1>»(Dei(I)-Dei(J))/(Soln(1,1)-Soln(J,1)) 
3400 Soln(J.1)=0 
3410 Mu=Soln<J.2> 
3411 !INTERPOLATE TO P=0.9Po=3oln(K-l.1) BY CUTTING OFF THE PLOT AT 0.9 Po 
3420 ! PRINT RESULTS ON SCREEN. PAPER OR DISK 
3430 PRINT USING "///.""LOAD-MOMENT INTERACTION TABLE"",//" 
3440 PRINT "STEEL-CONCRETE AREA RATIO=";Rho." Gamma="jGamma 
3450 PRINT "Pu«";Pu:"kips It=":It:"in"4 EcIt-":Ecits"k-in-2" 
3460 PRINT USING "/,5X.""P"",14X.""M"",14X.""CURV"",12X.""EI"",12X.""dEI 
3 4 7 1*1 PRINT USING "3X, ""KIPS"", 10X, "" IN-KIPS"", 1 1X, " " 1 / IN" ", 1IX, "" IN >4"". 1IX 

"IN 4"",/" 
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3480 Curv-0 
3490 Mmax-0 
3491 Eimax=0 
3492 Deimax"0 
3S00 Kl-4*(K+2-J) 
3510 !BEEP 
3520 !INPUT "STORE DATA ON DISC? (Y/N)",Q* 
3521 Q»="N" 
3530 IF Q*="N" THEN GOTO 3390 
3540 !CREATE FILE 1 W/ K1 DATA POINTS i? 8 BYTES IN LENGTH EACH 
3530 .'NOTE: TAKES 8 BYTES TO STORE A REAL NUMBER IN BDAT FILE 
3560 INPUT "INPUT BDAT FILE NAME".File# 
3570 CREATE BDAT File*,Kl,8 
3530 ASSIGN 8File TO File* ! OPEN I/O PATH TO FILE 
3590 FOR I«J TO K 
3591 Xxl=DROUND(Soln(I,1),8) 
3592 Xx2-DR0UND(Soln(I,2),8) 
3593 Xx3=DR0UND(Soln(I,3),8) 
3594 Xx4=.DR0UND(Soln(I,4) ,8) 
3595 Xx5=DR0UND(Dei<I).8) 
3600 PRINT TAB (1), Xx1;TAB(16) ,Xx2;TAB(31),Xx3;TAB(46),Xx4j TAB(61) , Xx5 
3615 IF Soln(I,2)>Mmax THEN Mmax^Soln(I,2) 
3620 IF Soln(I,3)>Curv THEN Curv-Soln(I,3) 
3630 IF Soln(1,4)>Eimax THEN Eimax=Soln(1,4) 
3631 IF Dei (I) >Eima>: THEN Eimax=Dei(I) 
3632 ! IF Dei (I> >Deimax THEN Deimaxa>Dei (I> 
3640 Ii = 1-J+l 
3650 IF Q«="N" THEN GOTO 3700 
3660 OUTPUT @Files Soln(1,1) ! WRITE P(i) ON FILE 
3670 OUTPUT @File:Soln(1,2) ! WRITE M(i) ON FILE 
3680 OUTPUT SFile:Soln<I,3) ! WRITE CURV(i) ON FILE 
3690 OUTPUT 8File:Soln(1,4) ! WRITE EI(i> ON FILE 
3691 OUTPUT SFile;Dei(I) ! WRITE dEI(i) ON FILE 
3700 NEXT I 
3710 Soln (K+l, 1 )=»Pu 
3720 Soln(K+l,2>=Mmax 
3730 Soln(K+l,3)=Curv 
3740 Soln(K+l,4)=Emc*It 
3741 !? DEI(K+l)-?Emc*It 
3750 IF Q*»"N" THEN GOTO 3820 
3760 OUTPUT ®File:Pu ! WRITE Pu ON FILE 
3770 OUTPUT ®File;Mmax !• WRITE Mmax ON FILE 
3780 OUTPUT i?File:Curv ! WRITE Max Curvature ON FILE 
3790 OUTPUT ©File;It ! WRITE IT ON FILE 
3300 ASSIGN ©File TO * ! CLOSE I/O PATH TO FILE 
3810 DISP "DATA TRANSFER COMPLETE" 
3820 IF Fig=5 THEN Fo=»Fc+l ! 4,5,6.7 
3830 IF Fig=6 THEN Fo=Fy/lO ! 4,5,6,7 
3840 Jv(Fo)=J ! WHERE Soln(J,1)«0.0 
3850 Ku(Fo)=K ! WHERE Soln(K,1)=0.9Pu 
3860 FOR I=J TO K 
3870 Solr. (I, l+FO = 1-Soln I. 1) /Pu ! 1-P/Po 
3830 ! Sol ri (1, 2) -=Soln < 1. 2> /Mu ! M/Mu 
3920 Soln(I,6+Fo)=Scln(I.4l/Ecit ! EI/EcIl" 
3940 PPIMT TAB (10) ; " l-P/Po" "; Sol n (1, 1+Fo) ; TAB (40) ; "EI/E= 11= " ; Soln (1.6+Fo> 
3950 NEXT I 
3960 Fo=Fo+l ! Fo goes -from 4 -> 7 as roh = .01 -> .07 
3970 IF Fig=t THEN CALL Cal c 1 (Soln (*) , J, K. 2, 1.3, X (* > ) 

| 3980 IF Fig=l THEN GOTO 4310 
3990 IF Fig=3 THEN CALL Calc3(Soln(»),X(*>,B,H,En, Ise,11.Rho) 
4000 IF Fig=3 THEN GOTO 4260 
4010 IF Fig»4 THEN As=As+2»As4 
4020 IF Fig=5 THEN Fc=Fc+l 
4030 IF Fig=6 THEN Fy-Fy+10 
4010 IF THEN 3<x<nrn<x»Ga(nmok.+-l 
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4030 IF Fig-7 THEN Cov-H*<l-Gamma)*.5 
4060 IF Fig=7 THEN PRINT TAB(10)|"Gamma- GammajTAB(30)|"H" "|H 
4069 IF Fig-8 THEN 
4070 Bhratio-B/H 
4071 H-H+10.0 
4072 B»Bhratio*H 
4073 Cov-H* <1-Gamma)*.S 
4110 As=<Asratio*Rho*B*H>/(2*Nb) 
4120 IF Nb2>0 THEN As2=(As2ratiotRho*B*H)/<2*Nb2> 
4121 ELSE 
4122 END IF 
4202 IF Fig=13 THEN 
4203 H-H+10 
4204 Bhratio=B/H 
4206 Cov="H* (1-Gamma) *.S 
4207 A»-<Asratio»Rho*B*H)/<2*Nb> 
4208 IF Nb2>0 THEN As2=(Aa2ratia*Rho*B*H>/(2*Nb2) 
4209 END IF ' 
4210 IF Fig=16 THEN 
4211 FOR I=J TO K 
4212 Dsi(I>"Dei<I>/Eci t 
4213 NEXT I 
4214 GOTO 4260 
4215 END IF 
4240 IF Fo<-7 THEN GOTO 1350 
4260 Ll*="REINFORCEMENT RATIO. RHO" 
4270 L2*»"1-(P/P>" 
4280 L3*="EI/E I" 
4290 CALL Basicplot(Title*,L2*,L3*,H,B,Fc,Fy,Rho,Gamma,Fig,Partplot) 
4301 ! 
4310 IF Fiq=l THEN '.PLOT P-M-CURV DIAGRAM 
4330 L1*="MOMENT (K-IN.)" 
4340 L2*="CURVATURE <1/IN.)X100" 
4350 L3*«"AXIAL LOAD (KIPS)" 
4351 GOTO 4411 
4359 PRINT TAB(10);"REPLACE PAPER AND PRESS CONTINUE" 
4360 PAUSE 
4370 CALL Plotl(Mma>:,Curv,Pu.Soln(*).Dei(*),J,K .Title*,Ll*,L2*,L3*.1,2.3,1) 
4379 _ PRINT TAB(10);"REPLACE PAPER AND PRESS CONTINUE" 
43(30 PAUSE 
4390 L2*="EFF. STIFFNESS <K-IN~2>" 
4400 CALL Plotl(Mmax,Eimax,Pu,Soln(*),Dei(*),J,K,Titie*,L1*,L2*,L3*,1.2.4,2 
) 
4409 PRINT TAB(10);"REPLACE PAPER AND PRESS CONTINUE" 
4410 PAUSE 
4411 Eimax^O 
442 0  F O R  I - J  T O  K 
4430 Soln(1,1)=Soln <1,1)/Pu 
4440 Soln(I.2)=Soln(I,2)/Mu 
4450 ! Soln(1.4)=Soln <1,4)/(Eme*It) 
4451 ! Dei(I)=Dei(I)/(Emc*It) 
4452 IF Soln(1.4)>Eimax THEM Eimax=Soln(1.4) 

. 4453 IF Dei (I) >Eima>: THEN Ei ma>:=Dei (I) 
4460 NEXT I 
4470 Ll*="M.'Mu" 
4480 L2*="P/Pu" 
4490 L3*="EI/EcIt" 
4500 ! CALL PIot1(2.,1..1.,Soln(*),Dei(#).J,K.Title*.LI*.L2*.L3*.4,2,1.3) 
4501 CALL Plotl(3.,1.,1.,Soln(*>,Dei(*).J,K.Titie*.L1*,L2*,L3*,4,2,1,3) 
4510 ELSE 
4520 END IF 
4530 IF Fig=3 THEN CALL PIot3(Soln(*).J.K,10,5,4,X(*).Partplot) 
4540 IF Fig*4 THEN CALL PIot4(Soln(«),Jv<*>.Ku(*),6,1> 
4550 IF Fig=5 THEN CALL PlotSiSoln<*>,Jv(*),Ku(*>,6,1> 
4560 IF Fig=6 THEN CALL PIot6(Soln < *> , Jv (<t>,Ku (*>,6, 1 > 
4570 IF Fig=7 THEN CALL PIot7<Soln(*>.Jv(*),Ku<*),6<1) 
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4580 IF Fig-8 THEN CALL Plot8(Soln(*),Jv<*),Ku<*),6,I,Bhratio) 
4622 IF Fig=13 THEN CALL PlotlS(Soln(*),Jv<*>,Ku(*),6,1,X(#>,B> 
4623 IF Fig-14 THEN CALL PIat14(Soln(*),J.K,10,5,4, X(*).Partplot) 
4624 IF Fig-16 THEN CALL Plotl6(Soln<*>,D«i(*),J,K,10,S,4) 
4626 PRINTER IS 1 
4630 END 
4640 !******************************************************************* 
4630 SUB Cones(L,M,Ec(*),21,Z2,Stress,Eo.Fc) 
4660 ! WHERE L»CQNC. STRIP NUMBER 
4670 ! M=FLAG FOR CORE OR SHELL STRESSES 
46B0 ! Ec=STRAIN AT STRIP L 
4690 ! 21=100 
4700 ! 22=1.0/(0.006-Eo) 
4710 ! Stress=STRESS IN CONC STRIP L 
4720 ! Eo=1.9*F'c/(57*SQT(F'c*1000) 
4730 ! Fc=F'c 
4740 IF Ec(L)<»0. THEN 4900 ! Ec<0 TENSION F0RCE=O 
4750 IF Ec(L)>Eo THEN 4B00 ! 0<Ec<Eo 
4760 Eta=Ec(L)/Eo 
4770 Etas=Eta~2 
4780 Stress=Fc*<2.*Eta-Etas) 
4790 GOTO 4910 
4800 IF M>1 THEN 4870 
4810 Qt=l•-21*(Ec(L)—Eo> ! Eo<Ec 
4820 IF Qt<=. 2 THEN 4850 
4830 Stress=Fc*Qt 
4840 GOTO 4910 
4850 Stress=.2*Fc 
4860 GOTO 4910 
4870 IF Ec(L)>.006 THEN 4900 
4880 Stress=Fc*(1.-Z2*<Ec(L)-Eo)) ! Eo<Ec<=.006 
4890 GOTO 4910 
4900 Stress=0. ! Ec<0 or Ec>0.006 (uncon-f ined only) 
4910 SUBEND 
4920 !*********************FIGURE 3************************ 
4960 SUB Calc3(Soln (*),X(*),B,H,En.Ise, It.Rho) 
4970 X(1)=0. 
49B0 Igc=(B*H~3)/12 
4990 FOR 1-1 TO 11 
5000 Soln(I,4)=.4*Igc/It !ACI 31.8-83 eqn(10-11) Bd=0 
5010 Soln(I.6)=(.2*Igc+Ise)/It !ACI 318-83 eqn(10-10) Bd=0 
5020 Soln(I,7)=(1.6)*(1-X(I))*X(I) !THESIS pg.3B 
5030 Soln(I,8)=Igct(.2+1.2*En*Rho)/It !Mac Gregor,10.13 
5040 X(H-1)=X(I)+. 1 
5050 NEXT I 
5060 SUBEND 
5070 !********************************************** 
5780 SUB Screen 
5790 !GCLEAR 
5B00 GINIT ! "GRAPHICS INITIALIZE" SETS PLOTTER 
5810 PLOTTER IS 3."INTERNAL" ! TO INTERNAL 
5S20 SUBEND 
5830 !*********i**x************** 
5340 SUB Aplot 
5850 !GCLEAR 
5860 GINIT 
5870 PLOTTER IS 705."HPGL" 
5880 OUTPUT 705;"VS10" ! PEN VELOCITY IS 10 cm/sec 
5881 I0UTPUT 705:"VS8" ! PEN VELOCITY IS 8 cm/sec 
5890 !OUTPUT 705:"VS4" ! PEN VELOCITY IS 4 cm/sec 
5900 SUBEND 
5910 !******************************************************************* 
5920 SUB Basicplot(Titie*.L2»,L3».H,B,Fc.Fy.Roo,Gam,Fig,Partplot) 
5930 ! 
5940 ! Nl=6 Snl n < T. N 1  +Fn) -fii-tnai T ' T « -



126 

Gamm: 

Phi i : 

5960 
5970 
S9B0 
3990 
6000 
6010 
6020 
6030 
6033 
6034 
6036 
i (11, 
6038 
6039 Rhooi 
6040 
6041 
6042 
6043 
6044 
6045 
6046 
6047 
6049 
6050 
6051 
6052 
6053 
6054 
6060 
6061 
6071 
6072 
6080 
6090 
6100 
6110 
6141 
6142 
6143 
6144 
6150 
6160 
6170 
6180 
6190 
6200 
6210 
6220 
62^ 0 
6240 
6241 
6242 
6243 
6244 
6250 
6260 
6270 
6280 
'6290 
16300 
6310 
6320 
6330 
6340 
63SO 
6360 

! N3=*l IActual 1-P/Po 

! N5-11 Soln < I,N5+F) 
F-4 -> 7 

lApprox. aqn. far I/It 

! Jv<*)-J 
! Ku <#> =K 

at line 4170 
at line 4180 

OPTION BASE 1 
!CREATE USER DEFINED CHARACTERS re-f EGRAPHICS TECHNIQUES MANUAL pg.523 
COM /Udc/ 01d_charsSC43,Size<4),Chars<4,30,3), Rhoo<16,3>,Gamm<7,3),Phi 

READ Rhoo(*>.Gamm<*>,Phii(*> 
DATA 2,4.2,-2. 3,4.2,-1, 4,4.3,-1, 5 
DATA 6,5,-1, 6.8,6,-1. 7,7,-1, 
DATA 6,9,-1, 5.9,-1, 4,9,-1, 
DATA 2.5,7,-1, 2,4.2.-1. 1.2,0,-1, 
DATA 1.2,10.2,-2, 2,11,-1, 3,10,-1, 
DATA 4.5,3.5,-1, 4.1,4,-1, 6.2,10,0 
DATA 2,6.2,-2, 2.5,6.7,-1, 4.5,6.7,-1, 
DATA 5,3.2,-1, 4.5,2.7,-1. 2.5.2.7,-1, 
DATA 2,6.2, 2. . 0.0,1.0, 1, 7.0,8.0,0 

01d_chars*="" 
CALL New_udc<CHR<<16B),Rhoo<*>) 
CALL New_udc <CHR<<169).Gamm<*>) 
CALL New udc <CHR# <170),Phi i <*>) 
GRAPHICS ON 
PEN 1 
VIEWPORT 23.IB.122.31.21,B7 
IF Fig=14 THEN GOTO 60S0 
WINDOW 0.,1.5,0.,1.1 
AXES .1,.1,0,0,2,2,2 
Xma>: = l. 5 
Xmi n=.2 
Yma>: = l. 1 
Ymin*».3 
VIEWPORT 10,122,16.87 
FRAME ! DRAWS BORDER 
WINDOW -Xmin.Xmax,-Ymin,Ymax 
IF Fig-14 THEN GOTO 7290 
LABEL AXES' 
CSIZE 4.7 
DEG 
LORG 5 
IF Fig=12 THEN GOTO 6230 
MOVE . 5*Xma>!,-. 75*Ymin 
LABEL L2S 
LDIR 90 
MOVE -. 60*Xmin, . 45*Yma>: 
LABEL L3S 
IMOVE -.06..19 
LABEL "t" 
IMOVE -.07.-.1 
LABEL "c" 
LDIR 0 ! LDIR 0 
CSIZE 3.0..6 
LORG 6 
FOR 1=0 TO 1 STEP .2 ! LABEL X'S 
MOVE I,-.15*Ymin 
LABEL I 
NEXT I 

LORG 8 
FOR 1=0 TO 1 STEP .2 ! LABEL Y'S 
MOVE O,I 
LABEL I 
NEXT I 

,4.7,-1, 
6.9,8.-1 
3,8,-1, 

1 , - 1 , 0  
4.9,4,-1, 

5.6.2.-1, 
2,3.2,-1, 

[GRAPHICS MANUAL pg. 83 

• SEE BASIC MANUAL PG 364 

! SEE GRAPHICS MANUAL PG. 19 



6380 
6390 
6400 
J410 
6411 
6412 
6413 
6414 
6416 
6417 
6418 
6419 
6420 
6421 
6422 
6423 
6430 
6440 
64S0 
6460 
6470 
6480 
6490 
6500 
6510 
6520 
6530 
6540 
6550 
6560 
6570 
6580 
6590 
6600 
6601 
6602 
6610 
6620 
6650 
6660 
6670 
6680 
6690 
6700 
6710 
6720 
6730 
6740 
6750 
6760 
6761 
6762 
6770 
67S0 
6790 
6800 
6830 
6840 
6850 
6860 
6911 
6912 
6915 
.6920 
£930 
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CSIZE 3 ! NOTE THAT 1 LETTER SPACE - 0.03 
MOVE 1.12.1.1 
DRAM 1.12,.59 
DRAM 1.3,.59 

LORG 2 ! LORG Z 
IF Fig-8 THEN GOTO 6420 
MOVE 1.15,1.02 
LABEL "B -" 
MOVE 1.26,1.02 
LABEL B 
MOVE 1.36,1.02 
LABEL "in" 
GOTO 6422 
MOVE 1.15.1.02 
LABEL "B AS SHOWN" 

IF Fig-8 THEN GOTO 6500 
IF Fig-13 THEN GOTO 6500 
MOVE 1.15..94 
LABEL "H •" 
MOVE 1.26..94 
LABEL H 
MOVE 1.36,.94 
LABEL "in" 
GOTO 6520 
MOVE 1.15..94 
LABEL "H AS SHOWN" 

CSIZE 3.6 
MOVE 1.15..86 
LABEL "f" 
CSIZE 3 
MOVE 1.17,.865 
LABEL 
MOVE 1.18..85 
LABEL "c" 
IF Fig-5 THEN GOTO 6680 
MOVE 1.23,.86 
LABEL "=" 
MOVE 1.29,.86 
LABEL Fc 
MOVE 1.36..86 
LABEL "kai" 
GOTO 6700 
MOVE 1.23,.86 
LABEL "AS SHOWN" 

CSIZE 3.6 
MOVE 1.15,.78 
LABEL "f" 
CSIZE 3 ! CSIZE 3 
MOVE 1.18..77 
LABEL "y" 
IF Fig=>6 THEN GOTO 6840 
MOVE 1.23..~a 
LABEL "=" 
MOVE 1.26..78 
LABEL Fy 
MOVE 1.36..78 
LABEL "ksi" 
GOTO 6860 
MOVE 1.23..78 
LABEL "AS SHOWN" 

IF Fig=4 THEN GOTO 7010 
MOVE 1.29,.705 
LABEL "0" 
MOVE 1.29..705 
Rr-DROUND <Roo,2> 
LABEL Rr 
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*6951 
6952 
6960 
6970 
6980 
6990 
7000 
7010 
7011 
7020 
7021 
7022 
7023 
7024 
7025 
7030 
7070 
7080 
7090 
7091 
7095 
7100 
7110 
7120 
7160 
7170 
7200 
7231 
7240 
7250 
7280 
7290 
7300 
7310 
7320 
7330 
7350 
7360 
7370 
7300 
7390 
7400 
7410 
7420 
7421 
7430 
7440 
7450 
7460 
7470 
7480 
7490 
7500 
7510 
7520 
7530 
7540 
7550 
7560 
7570 
7580 
7590 
7600 
7610 

LORG 
LDIR 

!'LORG 1 

LORG 1 
LOIR 0 
MOVE 1.155,.69 
CALL Label(CHR*(168)) 
MOVE 1.23,.68 
LABEL "=" 
GOTO 7023 
LORG 1 
MOVE 1.155,.69 
CALL Label<CHR*<168)) 
MOVE 1.23,.685 
LABEL "AS SHOWN" 

MOVE 1.155,.61 
CALL Label(CHR*(169)> !CHARACTER FOR GAMMA 
LORG 2 ! LORG 2 
IF Fig-7 THEN GOTO 7160 
MOVE 1.23,.64 
LABEL 
MOVE 1.29,.64 
LABEL "0" 
MOVE 1.29..64 
Ggm»DR0UND<Gam,3) 
LABEL Ggm 
GOTO 7200 
MOVE 1.23,.64 
LABEL "AS SHOWN" 

! LORG 2.CSIZE 3 
IF Fig=12 THEN 7280 
MOVE .84.-.24 
LABEL "o" 
!PENUP 
SUBEND 

• *****************PLOT 1 ***************** 
SUB Plotl(A,B,C,Soln<*),Dei<*>,J,K,Title*.LI*,L2*,L3*,N1,N2. N3. Inde>:> 
! SET UP PLOTTING SCALE u-

Gg-1.1*A 
GRAPHICS ON 
PEN 1 
VIEWPORT 4.120,10,91 
FRAME 
IF Index=3 THEN 

Pst=.25 
Sstps.5 

! Cst=.25 
Cst=.20 

ELSE 
CALL Zeal(A.Sstp) 
CALL Zeal(B.Cst) 
CALL Zeal(C .Pst) 

END IF 
WINDOW -Gq.Ga,-.2*C,C*l.1 
AXES . 1 *Sstp. .l*Pst.0.0,5.5,2 
Bc=.15»C 
Lc=.05JC 

! LABEL AXES 
CSIZE 3 !* 
LORG 3 
MOVE -A.C*1.063 
LABEL Title* 
LORG 5 
DEG 
CSIZE 3.6 
MOVE -Gg*.5,-Bc 
LABEL L2* 

! UP 
! RIGHT 
! LEFT 
! LEFT 

•******SIZE OF LETTERS ON AXES 
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7620 MOVE Gg».5,-Sc 
7630 LABEL LI* 
7640 LDJR 90 
7650 LORG S 
7660 MOVE 18*A,.5«C 
7670 LABEL L3* 
7680 LDIR 0 
7690 CSIZE 2.9,.6 !*****tSIZE OF NUMBERS ON AXES 
7700 LORG 6 
7710 T=—1 
7720 FOR Lap=0 TO 1.05#A STEP Sstp 
7730 MOVE Lap.-Lc 
7740 LABEL USING "#,K";Lap 
7750 T=T+1 
7760 NEXT Lap 
7770 IF Inde>!=3 THEN GOTO 79B0 
7780 Ab=T#Cst 
7790 IF 1.10*Ab>B THEN 
7800 IF Ab>l.1*B THEN 
7810 F=1 
7B20 F=F-.1 
7B30 IF Ab*F>B THEN GOTD 7B20 
7B40 IF Ab*F<B THEN F=F+.1 
7B50 Cst«=F*CBt 
7B60 CALL Fint<Cst.I) 
7B70 Cst=INT<Cst/10A(I-l>)*10"(I-1) 
7880 GOTO 7780 
7890 ELSE 
7900 GOTO 7980 
7910 END IF 
7920 ELSE 
7930 F=1 
7940 F=F+.25 
7950 IF 1.10»Ab*F<B THEN GOTO 7940 
7960 Cst=F»Cst 
7970 END IF 
7980 Mc=Sstp/Cst 
7990 LORG 8 
8000 FOR Lap»0 TO 1.05*C STEP Pst 
8010 MOVE -.025*A,Lap . . 
8020 LABEL USING "#,K"sLap 
B030 NEXT Lap 
B040 LORG 6 
8050 IF Index=l THEN 
B060 FOR Lap=-Sstp TO -1.05*A STEP -Sstp 
8070 MOVE Lap.-Lc 
8080 LABEL USING Z.DDD";—Lap/Sstp*Cet*100 
8090 NEXT Lap 
B100 ELSE 
B110 IF Index=2 THEN 
B120 FOR Lap=-Sstp TO -1.05*A STEP -Sstp 
8130 MOVE Lap,-Lc 
B140 LABEL USING "#,K":-Lap/Mc 
8150 NEXT Lap 
B160 ELSE 
8170 FOR Lap=-Sstp TO -1.05*A STEP -Sstp 
8180 MOVE Lap,-Lc 
8190 LABEL USING Z.DD"s-Lap/Mc 
S200 NEXT Lap 
IB210 END IF 
€220 END IF 
18221 ! 

i 
B230 ! PLOT 
B240 MOVE Soln<J.N2),Soln<J»N1) 
8250 FOR I=J TO K 
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erao plot somu,N2) ,soin u,ni> 
8270 NEXT I 
8280 MOVE -Soln(J,N3> *Mc.Soln(J,N1) 
8390 FOR I-J TO K 
8300 PLOT -Soln(I,N3)*Mc,Soln(I,N1) 
8310 NEXT 1 
8311 IF Index=2 THEN 
8312 LINE TYPE 3, .5 
8313 MOVE -Dei(J)*Mc,Soln(J,N1) 
8315 FOR I=J TO K 
8316 PLOT -Dei(I)*Mc,Soln(I,Nl> 
8317 NEXT I 
8318 END IF 
B319 ! M==Sstp/Cet 
8320 IF Index=3 THEN 
8321 LINE TYPE 3..3 
8322 MOVE -Soln(J.N3)*Mc,Dei(J) 
8324 FOR I=J TO K 
8325 PLOT -Soln(I.N3)ftMc.Dei(I) 
8326 NEXT I 
8327 END IF 
8328 LINE TYPE 1 
8329 PENUP 
8330 SUBEND 
8340 ! I:************************!*********** 
8350 SUB Zeal (Z>i. Ss) 
8360 CALL Fint (Zx, I) 
8370 ! SEE BASIC MANUAL pg.U2 
8380 Xap-Zx/lC-d-l) 
8390 Ss=INT(Xap/3)*10"(1-1) 
8400 IF Ss=0 THEN Sb=INT<Xap/.3)* 10"(1-2) 
8410 SUBEND 
8420 ! ************************************ 
B430 SUB Fint <Z>:, I) 
8440 FOR I=-10 TO 10 
8450 IF Zx<10"I THEN GOTO 8470 
B460 NEXT I 
8470 SUBEND 
8480 !******#*«******«*PLOT 3 ****************** 
B490 SUB F'l ot3 (Soln (*),J,K.N1,N3,N5,X(*), Partplot > 
8500 VIEWPORT 10.122,16,87 
8510 CSIZE 2.0 
8511 IF Partplot=0 THEN GOTO 8630 
8520 LORG 2 
8530 MOVE .4..75 
8540 LABEL "RECTCOL Solution" 
8550 MOVE 1.05..30 
8560 LABEL "ACI 31B-83(10-10)" 
8570 MOVE 1.05..20 
8580 LABEL "MacGregor.et al . , 1975" 
8590 MOVE 1.05,.40 
8600 LABEL "ACI 318-B3(10-11)" 
8610 MOVE .2..12 
8620 LABEL "Bureau of Public Roads,1966" 
8630 ! PLOT 
8631 VIEWPORT 30,122.16,87 
8640 MOVE Soln(J.N3),Soln(J,N1) 
8650 FOR I«J TO K 
8660 DRAW Soln(I,N3>,Soln(I,N1> 
8670 NEXT I 
8671 VIEWPORT 10.122,16,87 
8680 ! PLOT FOR APPX CURVE 
8690 MOVE X(l).Soln(l,NS) 
8700 FOR 1=1 TO 11 
8710 DRAM X (I),Soln(I, N5) 
£1720 NEXT I 



8730 MOVE X<1>,Soln<1,6) 
8740 FOR 1-1 TO 11 
8750 ORAM X(I),Soln(I,6) 
B760 NEXT 1 
B770 I10VE X < 1) , Soln <1, 7> 
6780 FOR 1-1 TO 11 
0790 DRAW X <I),Soln<I,7) 
3800 NEXT X 
8810 MOVE X<1),Soln(1,8) 
8820 FOR 1=1 TO 11 
8B30 DRAW X(I>,Soln(1,8) 
8840 NEXT I 
8842 CSI2E 3.0 
8850 PENUP 
8860 SUBEND 
B870 ! It**************************************************************** 
8880 SUB Plot4<Soln<*>,3v<*>,Ku<*>,N1,N3) 
8890 VIEWPORT 10.122,16,87 
8891 LORG 1 
8900 MOVE .6,1.0 
8910 CALL Label <CHR*< 168)S<" • 0.07") .'CHARACTER FOR RHO 
8920 MOVE .6,.9 
8930 CALL Label (CHR* < 168)&" • 0.05") .'CHARACTER FOR RHO 
8940 MQVE .6,.BO 
8950 CALL Label <CHR« < 168) «<" - 0.03") !CHARACTER FOR RHO 
8960 MOVE .4,.12 
8970 CALL Label<CHR«<168)- 0.01") iCHARACTER FOR RHO 
8980 ! PLOT 
B981 VIEWPORT 30.00,122,16.87 
B9B3 LORG 2 
8990 FOR F=4 TO 7 
9000 MOVE Soln <Jv<F),N3+F),Soln(Jv(F),Nl+F) 
9010 FOR I • J v < F) TO Ku(F) 
9020 DRAW Soln (I,N3+F).Soln(I,Nl+F) 
9030 NEXT I 
9040 NEXT F 
9050 PENUP 
9051 MOVE .6,.5 
9060 SUBEND 
9070. !***«#***********FIGURE 
9080 SUB Plots(Soln(*),Jv <*>,Ku(*>,N1,N3) 
9090 VIEWPORT 10,122,16.87 
9100 CSIZE 3.6 
9110 MOVE .6,1 
9120 LABEL "f -3 ksi" 
9J21 MOVE .62,1 
9122 LABEL 
9130 MOVE .6,.94 
9140 LABEL "f = 4 ksi" 
9141 MOVE .62,.94 
9142 LABEL 
9150 MOVE .6..88 
9151 LABEL "f = 5 ksi" 
9152 MOVE .62..88 
9153 LABEL 
9170 MOVE .6..82 
9180 LABEL "f =6 ksi" 
9182 MOVE .62, .82 
91B3 LABEL 
9190 CSIZE 2.8 
9200 MOVE .63,.99 
9210 LABEL "c" 
9220 MOVE .63,.93 
9230 LABEL "c" 
9240 MOVE .63,.87 
9250 LABEL "c" 
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v«ioO MOVE .63,.81 
9270 LABEL "c" 
•#280 CSIZE 3.0 
9285 VIEWPORT 30.00,122,16,87 
9290 ! PLOT 
9300 FOR F»4 TO 7 ! NOTEl WHEN -f'c - 3 , F-4 
9310 MOVE Soln(Jv (F),N3+F),Soln<Jv(F),Nl+F) 
9320 FOR I*Jv<F) TO Ku(F) 
9330 DRAW Soln<I,N3+F),Soln<I,N1+F) 
9340 NEXT I 
93S0 NEXT F 
9360 PENUP 
9361 MOVE .6,. 5 
9370 SUBEND 
93B0 !*********************FIGURE 6b**************** 
9390 SUB Plot6<Soln<*>.Jv<*>,Ku(*>,N1,N3> 
9400 VIEWPORT 10.122,16.B7 
9410 MOVE .5.1.0 
9420 LABEL "f y = 70 ksi" 
9430 MOVE .5..94 
9440 LABEL "-fy «= 60 ksi" 
9450 MDVE .5,.88 " 
9460 LABEL "fy - 50 ksi" 
9470 MOVE .5,.82 
9480 LABEL "fy » 40 ksi" 
9490 ! PLOT 
9495 VIEWPORT 30.00,122,16,87 
9500 FOR F»4 TO.7 
9510 MOVE Soln<jv<F),N3+F),Soln<Jv(F),Nl+F) 
9520 FOR I«=Jv<F) TO Ku<F) 
9530 DRAW Soln(I,N3+F),Soln(I.Nl+F) 
9540 NEXT I 
9550 NEXT F 
9560 PENUP 
9561 MOVE .6,.5 
9570 SUBEND 
9580 !*****************************FIGURE 7*********************** 
9590 SUB PIot7(Soln(*),Jv<*) ,KU (*),Nl,N3) 
9594 LORG 1 
9600 VIEWPORT 10,122,16,87 • • 
9610 MOVE .5,.94 
9619 CALL Label <CHR<<169)= 0.60") iCHARACTER FOR GAMMA 
9630 MOVE .5,.BB 
9640 CALL Label(CHR«(169)V = 0.70") ICHARACTER FOR GAMMA 
9650 MOVE .5,.B2 
9660 CALL Label<CHR*<169)= 0.80") 
9670 MOVE .5,.76 
9680 CALL Label <CHR*< 169)S<" » 0.90") 
9690 ! PLOT 
9691 VIEWPORT 30.00,122.16,87 
9693 LORG 2 
9700 FOR F=4 TO 7 
9710 MOVE Soln <Jv <F>.N3+F),Soln <Jv <F),Nl+F) 
9720 FOR I=Jv(F) TO Ku<F> 
9730 DRAW Soln<I,N3+F),Soln<I,Nl+F) 
9740 NEXT I 
9750 NEXT F 
9760 PENUP 
9761 MOVE .6,.5 
9770 SUBEND 
9780 !(*********t**f*******FIGURE 8************************ 
9790 SUB PlotB(Soln<*>,Jv<*),Ku(*>,Nl,N3,Bhratio> 
9800 VIEWPORT 10,122,16,87 
9B10 MOVE .55,1.0 
9820 LABEL "H/B is Constant" 
9821 MOVE .55..9 



9825 LABEL "H»40 in, B» i.n" 
9830 MOVE .35,.B 
9840 LABEL "H»30 in, B« in" 
9850 MOVE .55,.7 
9B60 LABEL "H»20 in, B» in" 
9871 MDVE .55,.6 
9880 LABEL "H=10 in. B- in" 
9B81 MOVE .83,.9 
9BB2 LABEL Bhratio*40 
9BS3 MOVE .83,.8 
9B84 LABEL Bhratio*30 
9BB5 MOVE .83,.7 
9886 LABEL Bhratio*20 
9887 MOVE .83,.6 
9888 LABEL Bhratio*10 
9890 ! PLOT 
9891 VIEWPORT 30.00.122,16.87 
9900 FOR F-4 TO 7 
9910 MOVE Soln<Jv<F),N3+F).Soln<Jv(F>,Nl+F> 
9920 FOR I=Jv<F> TO Ku<F> 
9930 DRAW Soln<1,N3+F),Soln<I,N1+F> 
9940 NEXT I 
9950 NEXT F 
9960 PENUP 
9961 MOVE .6,.5 
9970 SUBEND 
9980 !*********************FIGURE 9 ************************ 
11000 SUB Plotl3(Soln(*),Jv<*).Ku<*).Nl,N3,X(*).B) 
11002 VIEWPORT 10,122.16,87 
11003 MOVE .55,1.0 
11004 LABEL "H=40 in. H/B= 
11005 MOVE .55,.9 
11006 LABEL "H=30 in, H/B= 
11007 MDVE .55,.B 
11008 LABEL "H=20 in, H/B= 
11009 MOVE .55,.7 
11010 LABEL "H=>10 in, H/B= " 
11011 ! 
11013 MOVE .89,1.0 
11014 W=40/B 
11016 W=DROUND(W,3) 
11017 LABEL W 
11018 MDVE .89,.9 
11019 W=30/B 
11020 W=DR0UND(W,3> 
11021 LABEL W 
11022 MDVE .89,.8 
11023 W=20/B 
11024 W=DRDUND(W.3) 
11026 LABEL W 
11027 MOVE .89,.7 
11028 W=10/B 
11029 W=DR0UND(W,3) 
11031 LABEL W 
11032 ! 
11033 ! PLOT 
11034 VIEWPORT 30,122.16.B7 
11036 FOR F-4 TO 7 
11037 MDVE Soln <Jv <F).N3+F), Soln <Jv <F),N1+F) 
11038 FOR I"Jv(F) TO Ku(F) 
11039 DRAW Soln(I,N3+F),Soln(I,N1+F> 
11040 NEXT I 
11041 NEXT F 
11042 PENUP 
11043 SUBEND 
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1045 New_udc: SUB New_udc(Char*,Array(*>) 
1046 !This allows up to threa new characters to be defined,each having up 
1047 ! to thirty elements (rows in the array) -for definition. 
1048 OPTION BASE 1 
1049 COM /Udc/ 01d_chars*C43,Size(4),Chars(4,30,3),Rhoo(16,3),Gamm(7,3>,Phi 
(11,3) 
1050 IF LEN(Old chars*)=4 THEN 
1051 PRINT "USER DEFINED CHARACTER TABLE FULL." 
1052 ELSE !(still room) 
1053 Pos=LEN(01d_chars*)+1 
1054 01d_chars*CPos]=Char* 
1055 Size(Pos)«=SIZE(Arrav.1) ! SIZE requires AP2 1 
1056 FOF: Row=l TO Size(Pos) 
1057 FOR Column*>l TO 3 
1058 Chars <Pos,Row,Column)=Array(Row,Column) 
1059 NEXT Column 
1060 NEXT Row 
1061 END IF 
1062 SUBEND 
1063 !*********************CHAR 2 ************************ 
1070 Label: SUB Label (Text*) 
1080 !This prints a character string at the current pen position and 
1090 ! using the current LDIR and CSIZE. The LORG must be 1. 
1100 OPTION BASE 1 
1110 COM /Udc/ Old chars*C43,Size(4),Chars(4,30,3),Rhoo(16,3),Gamm(7,3),Phi 
(11,3) 
1120 REAL Array(31,3) 
1130 FOR Char«»l TO LEN (Text*) 
1140 Char*=Text*CChar; 13 
1150 Pos=P0S(01d chars*.Char*) 
1160 IF Pos THEN" 
1171 REDIM Array(Size(Pos),3) ! REDIM requires AP2.1 not 2.0 
1180 FOR Row=l TO Size(Pos) 
1190 FOR Column=l TO 3 
1200 Array(Row,Column)=Chars(Pos,Row,Column) 
1210 NEXT Column 
1220 NEXT Row 
1230 WHERE X.Y ! WHERE requires GRAPH2_1 
1240 SYMBOL Array<*) ! SYMBOL requires GRAPH2_1 
1250 MOVE X,Y ' 
1260 LABEL USING " ITell the computer to update the pen position 
1270 ELSE !REGULAR CHARACTERS 
1280 LABEL USING K";Char* 
1290 END IF ! (this character has been redefined?) 
1300 NEXT Char 
1310 SUBEND 
1320 ! ******************************************************* 
1330 SUB Plotl4(Soln(*),J,K,Nl,N3,N5,X(*).Partplot) 
1340 VIEWPORT 30.122.16,87 
1350 MOVE Soln(J,N3),Soln(J.Nl) 
1360 FOR I=J TO K 
1370 DRAW Soln(I.N3>.Soln(I,N1) 
1380 NEXT I 
1390 PEMUP 
1400 SUBEND 
1410 !********************************************************* 
1420 SUB Plot 16 (SdI n (*). Dei (*),>}.K,N1, N3. N5) 
1430 VIEWPORT 10.122,16,B7 
1440 CSIZE 3.0 
1450 LORG 2 
1460 MOVE .4..9 
1465 LABEL "dM/d " 
1466 CSIZE 3.7 
1467 IMOVE .115,.075 
1468 CALL Label(CHR*(170)> !CHARACTER FOR PHI 
1480 . . MOVE 1.05..30 



114H1 
11490 
11500 
11505 
11510 
11560 
11561 
11570 
11580 
11590 
11600 
11610 
11611 
11620 
11630 
11631 
11640 
11650 
11780 
11790 

CSIZE 3.0 
LABEL "«/ " 
IMOVE .061,.07 
CSIZE 3.7 

CALL Label<CHR»<170)> !CHARACTER FOR PHI 
PLOT 

VIEWPORT 30,122,16.87 
MOVE Soln <J,N3),Soln(J, Nl) 

FOR I=J TO K 
DRAW Soln(I.N3),Saln(I,Nl) 
NEXT I 

PLOT FOR APPX CURVE 
VIEWPORT 10.122.16.07 
MOVE Soln(J,N3).Dei <J> 
FOR I=J TO K 
PRINT TAB(10>;Soln(I,N3>;Dei <I) 
DRAW Soln(I,N3),Del(1) 
NEXT I 
PENUP 
SUBEND 
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