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ABSTRACT 

This study utilizes a Monte Carlo simulation to examine the 

performance of multivariate geometric moving average control chart 

schemes for controlling the mean of a multivariate normal process. The 

study compares the performance of the proposed method with a 

multivariate Shewhart chart, a multiple univariate cumulative sum 

(CUSUM) control chart, a multivariate CUSUM control chart and a multiple 

univariate geometric moving average control chart. 
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CHAPTER 1 

INTRODUCTION 

In 1924, Walter Shewhart developed a method to differentiate 

between variation in a process occurring because of chance versus an 

actual change in the process. Variations of this method have been used 

since that time to monitor the quality of industrial processes. The 

original method and all of its variations are referred to as Statistical 

Quality Control Charts. 

Since that time, it has been desired to derive control charts 

which rarely indicate a change in the process when there is none but 

also indicate a change in the process when one has occurred in as few 

samples as possible. In other words, it should return a false 

off-target signal rarely while returning a true off-target signal using 

as few samples as possible. 

There are many reasons to strive for this type of process 

control. Today's demanding customer will not tolerate inferior 

products. For a company to protect itself from liability cases, a 

company must produce the best possible product. However, companies 

cannot expend large resources in rework of poorly manufactured product, 

nor can they afford to throw away such poor product. Industrial 

processes must be monitored closely enough to insure the production of 
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good product while not spending too much on process control. Failure to 

produce good product can result in future loss of company income due to 

loss of goodwill towards the company on the part of the consumer. This 

is of great concern as there is great competition at home and in the 

world market for a limited number of consumers. 

Many improvements over the standard Shewhart Control Chart have 

been made to satisfy these requirements. Once such improvement over the 

standard Shewhart Control Chart is the Cumulative Sum (CUSUM) chart. 

Developed by Page [1954], the CUSUM chart has shown itself to detect 

true off-target process shifts using fewer samples than the standard 

Shewhart chart for shifts less than four standard deviations of the 

process mean from a target process mean. A second chart which also 

detects true off-target process shifts quicker than the standard 

Shewhart chart is the geometric moving average control chart. Presented 

by Roberts in 1959, this chart has also shown itself to be superior to 

the standard Shewhart chart in detecting shifts in the process mean less 

than four standard deviations from target. 

Most products today have more than one quality characteristic, 

making it difficult to have simple methods for detecting when a process 

has shifted off-target (the process is out of control). One method of 

attacking this problem is to have multiple univaritate charts monitoring 

all of the quality characteristics. Multiple univariate CUSUM charts. 
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developed by Woodall and Ncube, have been shown to be more sensitive to 

process mean shifts than multiple univariate Shewhart charts. However, 

these methods do not account for any correlation between the quality 

characteristics, a problem which Hotelling first brought to light in the 

1940s. 

Hotelling developed a generalization of the Student's Ratio to 

account for the simultaneous devation of several quantities where those 

quantities are related (correlated). This was necessary because, when 

measureing multiple quality characteristics of an item, it is difficult 

to find independent (uncorrelated) characteristics to measure. 

Therefore, when the quality of a product depends upon more than one 

characteristic, it is necessary to have multivariate procedures that can 

provide for this correlation. 

There are many forms of these multivariate methods. Multiple 

univariate procedures can be modified to perform similarly to 

multivariate methods, but overall, it has been shown that in a case 

where correlation exists, multivariate procedures are superior 

[Pignatiello, Runger, and Korpela. 1986]. An example of a multivariate 

method is the Multivariate Shewhart control chart developed by 

Hotelling [1947]. 

Just as improvement can be made on Shewhart univariate charts, 

improvement can be made on Shewhart multivariate charts. It has been 

shown that the univariate CUSUM chart is more sensitive to shifts in the 
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mean of a process than the univariate Shewhart chart. It has also been 

shown that multiple univariate CUSUM charts indicate a shift in the 

process mean swifter than multiple univariate Shewhart control charts. 

Another improvement to the process of detecting a shift in a 

multivariate process mean was the multivariate CUSUM chart. Variations 

of this multivariate CUSUM chart, such as the MC#1 chart [Pignatiello, 

Runger, and Korpela], have been developed. The MCttl chart was shown to 

be superior to the multiple univariate CUSUM charts as well as the 

Multivariate Shewhart chart [Pignatiello, Runger, and Korpela]. 

However Roberts [1959], showed that a geometric moving average 

control chart outperformed a standard Shewhart chart. Therefore, it is 

the purpose of this paper: to develop a multiple univariate geometric 

moving average control chart and a multivariate geometric average 

control chart; investigate their performance under various conditions; 

and compare their performance to that of existing control chart methods. 

In this study, a Monte Carlo simulation is used to examine the 

performance of a multivariate geometric moving average chart for 

monitoring the mean of multivariate processes. Processes of three 

different dimensions where each item is characterized by p = 2, 3, and 

10 quality characteristics, respectively are studied. While processes 

can be out-of-control for a variety of reasons (such as the process 

variation being too large), this entire investigation will only be 
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concerned with monitoring the "centering" (closeness to target) of a 

process. It is assumed that the variation of the process is well 

controlled and only shifts away from the target mean are of importance. 

This method combines the geometric moving average method as described by 

Roberts [1959] and various multivariate procedures which may result in a 

superior method of process monitoring. 

The following chapter contains a review of the control charts 

used for comparison to the multivariate geometric moving average control 

chart. Chapter 2 also contains the development of the multivariate 

geometric moving average control chart itself. This study will be 

comparing the control charts based upon their average run length's 

(ARL's) performance. A description of the method used to compute the 

ARLs for the univariate CUSUM and the multivariate Shewhart schemes is 

provided. The Honte Carlo simulation of the processes which will be 

used to estimate the ARLs is described in Chapter 3. The results of the 

Monte Carlo simulation are presented and discussed in Chapter 4. 

Conclusions and suggestions for further research are given in Chapter 5. 
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CHAPTER 2 

CONTROL CHART METHODS 

In this chapter, several schemes for controlling a multivariate 

normal process will be introduced. The multivariate Shewhart, 

univariate cumulative sum (CUSUM), multivariate CUSUM #1, and univariate 

geometric moving average control chart schemes are reviewed. The 

multivariate geometric moving average control chart is also developed. 

Control charts on the mean of a process are designed to indicate 

when that process mean has shifted from the target value. Everything 

else considered equal, the earlier a chart detects a true shift in the 

process mean, the more efficient the chart is considered. In all cases, 

the control chart schemes involve taking samples of fixed size at 

regular time intervals. Then, a statistic is calculated and compared to 

control limits. The process is declared to be operating out-of-control 

(off-target) if the statistic falls outside the control limits. 

In the case where one quality characteristic is being monitored, 

let xtj denote the quality characteristic measurement made on a part 

from the t**1 sample. It will be assumed that successive xtj are 

independent and identically distributed normal random variables with 
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mean ji and known and constant variance a. In other words, 

xtj ~ N(fx, a). Furthermore, the target value for the process mean is 

denoted as Thus, when the process is in control fi = uq. 

In the case where p quality characteristics are being monitored, 

let Xt = [ xtj, Xtp^ denote the p by 1 vector of quality 

characteristic measurements made on a part from sample number t. Assume 

that successive X( are independent and identically distributed random 

vectors with mean fi and known and constant covariance 2. The p by 1 

vector means are given by: 

= C "lo* u2o "pol 311(1 

* 

ft = [ jij , n2 |xp ] 

where is the target value of the process mean for quality 

characteristic i and ji is the value of the current process mean of 

quality characteristic i(i = l p). The positive symmetric p by 

p covariance matrix, 2, is: 

2 = 
°12 °lP 

jy at • * t(7 
' Pl P2 PP 

where <7^ = CTji aij rePresents the covariance between quality 

characteristics i and j. Furthermore, this study assumes that the 
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are normally distributed. That is X ~ N (jx,2). The vector X has a 
v P t 

density function of: 

^(I^kx^Y1^-^) 

f<V • p/2 , ,1/2 • W 
Z (2IT)P \2\ 

Presented next are several control charting techiques that could 

be used to monitor a p-variate normal process whose mean and covariance 

matrix are known. The next chapter of this study will compare the 

performance of these charts under a shift in the process mean. Process 

changes such as shifts or changes in the variance-covariance matrix or 

other changes in the distribution of X will not be considered in this 

study. 
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The Multivariate Shewhart Chart 

— o 
The multivariate version of the Shewhart X chart is the x 

2 
control chart. The \ control chart is operated by calculating: 

*c2 = n <xt - S_1 (Xt - %) (2) 

where 

xt = h j, xi & 

t is the sample number, is the p by 1 vector of sample means, and n 

is the number of items in a sample taken to compute the average. 

2 
To use this chart, the statistic xt is compared to the upper 

2 2 
control limit (UCL) of x • The value x is the upper alOO 

p,cr p.a 
2 

percentage point of the x distribution with p degrees of freedom. If 

2 
for sample t, the statistic xt exceeds this UCL, the process mean is 

considered to have shifted and assignable causes for the variation are 

sought. 
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The Univariate Cusum Chart 

Wald [1947] developed sequential tests which were used by Page 

[1954] to introduce univariate cumulative sum (CUSUM) charts. Page 

criticized other methods that failed to use any of the past information 

available on the chart. He presented a method, the univariate CUSUM, 

that used all the historical data since the last indication that the 

process was out of control. The univariate CUSUM scheme has shown 

itself to be superior to the standard Shewhart X chart for detecting 

small shifts in the process mean [Pignatiello, Runger, and Korpela]. 

The univariate CUSUM chart is operated by calculating: 

St = max (0, St_j + xt - k ) (4) 

Tt = min (0, Tt_j + xt + k ) (5) 

S0 > °- T0 * 0 

_ In 

xt = n xi, t (®) 

where t is the sample number, x is the mean of the n measurements of 

th th 
the t sample, t is the value of the j measurement on an item from 

sample t, and n is the sample size. 

The value k, (k > 0) is known as the reference value. The 

reference value k is often taken to be (hq + jij)/2. The constant, 

is a value of the process mean which is considered as a poor quality 

mean. Shifts from the target value to should be detected with as few 

samples as possible [EWAN]. 
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The process is declared to be off target if > h or T < -h, 

where h is a calibration parameter. The process mean is considered to 

have shifted and assignable causes for the variation are sought. 

Woodall and Ncube [1985] suggest the use of p two-sided CUSUH 

charts to monitor the mean of a p-variate normal process. When any one 

or more of these CUSUH charts indicate an off target condition, the 

entire process is considered to be off target. This scheme is called a 

multiple univariate CUSUH (HUC) control chart. Note that this method 

does not incorporate the variance-covarlance matrix. 

The Hultivariate CUSUH #1 Chart 

Another method for controlling a p-dimensional multivariate 

normal process is the multivariate CUSUH #1 (MC81) chart. This chart 

was shown by Pignatiello, Runger. and Korpela [1986] to be superior to 

2 
the Shewhart \ and multiple univariate CUSUH control charts for 

controlling a bivariate normal process. 
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The MCttl chart is operated by calculating: 

MCl(t) = max (0, f -p) (7) 

against a fixed UCL where 

n * .-1 r = -  C 2 C (8) 
t t t £ v ' 

C = 2 (X -  u ) (9) 
i=l ° 

(1°> 

The value n is the sample size, t is the number of samples involved in 

the cumulative sum (there are t subgroups of size n), p is the number of 

characteristics being monitored on an item, and X. is the vector of 
J * t 

the j measurement on an item from sample t. The vector 

1 rl m _ i 
- C = ~ 2 X„ . - |i (11) 
m t (m t.ij o v ' 

is the vector difference between the accumulated sample average vector 
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and the target value for the mean. Thus, the statistic, is the 

square of the difference between the accumulated sample mean and the 

target mean. 

The chart is operated by comparing MCl(t) to an UCL. If a MCl(t) 

exceeds the UCL, the process is considered to be off target. The 

process mean is considered to have shifted and assignable causes for the 

variation are sought. 

The Univariate Geometric Moving Average Chart 

Roberts [1959] presented a control chart based on a geometric 

moving average (GMA). The GMA chart incorporates the history of the 

process since the last indication that the process was off target by 

assigning weights to each data point. New data is given greater weight. 

The older the data the lesser the weight. In the Shewhart chart, the 

historical data is not used directly. However, Shewhart charts are 

often augmented with runs tests to indirectly incorporate historical 

data. In the CUSUM chart, historical data is taken into account, and is 

given weight equal to that of the current measurements. In the GMA 

method, the most recent sample average is given a weight of r. All 

previous averages are given a weight (1-r) of the weight of their 

immediate successors. 
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The GMA method is operated by calculating: 

Jt " rxt + ' r>zt-l (12> 

where 0 < r £ 1, Zq = ji , t is the sample number, and r is the weight 

assigned to the current measurement. Equation 12 can be rewritten as: 

t t 
t-i -

z = (1-r) ix + 2 r(l-r) x . (13) 
z ° i=l 1 

The variance of zt> var(zt), increases with t and is: 

9f r(l-(l - r)2t) 

*(Zt> =" [ n(2-r) J' var(zj = « to - • (14) 

Thus, the upper and lower control limits are dependent upon the number 

of samples, t, that have been taken. Initially, the control limits are 

narrow. The contols limit's width increases with the number of samples 



27 

taken. The upper and lower control limits are given by: 

2t, 
r r(l-(l - i-r") -,1/2 

UCL(t) = V w a [ n (2  _ r )  J (15) 

f r(l-(l - r)2t) ̂ 1/2 

LCL(t) =fiQ-wa [ „ {2 _ r) J (16) 

where a is the known variance of the process, n is the sample size, and 

w is a control chart width parameter. The parameter, w, affects the ARL 

when the process is in control (on target). Often, w is taken to be 3. 

The asymptotic variance of var(z) is: 

vap(z) = °2[ n (2 - r) ] <17> 

Therefore, the asymptotic UCL and LCL are: 

r r -*1/2 

Ua - V WCT I n (2 - r) J <18> 

f r 11/2 

" "o" w a I n (2 - r) J ' <19> 

If zt > UCL(t) or zt < LCL(t), the process is determined to have gone 
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off-target. The process mean is considered to have shifted and 

assignable causes for the variation are sought. If r = 1, this method 

becomes a standard Shewhart X control chart. 

One way of expanding this method to the p-variate case is by 

using the same approach as Woodall and Ncube [1985] used for CUSUMs. 

That is, to monitor the process using p univariate GMA charts. When any 

one or more of these univariate GMA charts have a point plot outside of 

the control limits, the entire process is considered to be off-target. 

This scheme is called a multiple univariate geometric moving average 

control chart (MUGMA). 

The Multivariate Geometric Movine Average Chart 

A multivariate extension of the GMA chart that uses the 

covariance matrix is the multivariate geometric moving average chart, or 
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MGMA. The multivariate GMA chart is operated by calculating: 

Mt = ( Zt - no )' (Var(Zt))_1(Zt - hq) (20) 

where 

Zt = rXt + (l-r)Zt_1 (21) 

and 0 < r £ 1, Zq = , t is the sample number, and r is the weight 

assigned to the current measurement. 

If the process mean jx is equal to the target, fiQ, then the 

expected value of Zt is hq. The variance-covariance matrix of Z^ is: 

Var<Zt> " [ ] [l"Cl-r)2t] ~ ̂ (22) 

Since the statistic, M^, is always non-negative, this chart 

requires only an UCL to operate. Because the covariance of is 

dependent upon the number of samples taken, the UCL will also depend 

upon t. Initially, the upper control limit is narrow. The UCL(t) 

increases with t. The upper control limit is given by: 

UCL(t) = q 
r r(l-(l - r)2t) -J 1/2 

[ n (2 - r) J f23) 
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where 2 is the known variance-covariance matirx of the process, q is the 

control chart width parameter chosen to calibrate the chart to the 

desired ARL when the process is in control (on target), and n is the 

sample size. The asymptotic variance of Z^, var(Z) is: 

"ar<Z> = 2 [ n ( 2 -  r) ) <24> 

Therefore, the asymptotic UCL is: 

f r -,1/2 

UCL = q [ n (2 - r) J (25) 

If a M( > UCL(t), the process is considered to be operating off target 

and the assignable causes are sought. 
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CHAPTER 3 

DETAILS OF THE SIMULATION STUDY 

This chapter describes the methods used to compare the relative 
j  .. 

performances of the control charting procedures described in Chapter 

Two. The performances of these charts are to be compared by simulating 

an industrial process. Described in this chapter are the ~ 

characteristics and assumptions about this industrial process and how 

this information is implemented in the process simulation. Furthermore, 

the methods for comparing the control chart performances are given. 

Bivariate. trivariate, and decavariate (p = 2, 3, 10) normal 

processes are considered in the comparison of the different control 

chart methods. The industrial processes of interest are assumed to be 

such that changes only occur in the mean of the processes. The 

investigated shifts in the mean are assumed to be to be sudden and 

persistant. Initially, the process is assumed to be operating in 

control (the mean is on target) and at some point in time the process 

goes out of control (the mean shifts off target). For example, when the 

process is in control the mean is (where ^2o" ''' ̂ po^ 

but, when a shift in the process mean occurs, the mean immediately 

changes from n to u. = u +6 (where 6 = [5., 6_, 5 ] ). Once the 
o i o I £ p 
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mean shifts from ]jlq to . the mean is assumed not to change again. It 

is also assumed that shifts in the mean occur only between samples and 

not during sampling so that it is known that all items within a sample 

have the same mean. 

Without loss of generality, the variance-covariance matrix is 

taken to be the identity matrix and the target mean is taken to be the 

zero vector. This is, in effect, the basic problem of interest as any 

process that has correlation between the variables being monitored can 

be transformed into uncorrelated variables by the method of principal 

components. 

In this study, the performances of the various control charting 

schemes are analyzed by comparing their average run lengths. The 

average run length, or ARL, of a control chart is the average number of 

samples required to get an off-target signal for any given shift in the 

process mean [Wadsworth, Stephens, and Godfrey]. The ARL curve is the 

relationship between the ARL and various shifts in the process mean. In 

calculating the ARL for a univariate chart one only needs to specify the 

magnitide of the shift from the target value and not the direction of 

the shift because the ARL curve is symmetric about the target mean for 

two sided charts such as the CUSUM and GMA. Thus, a single ARL curve 

can summarize the performance of a univariate chart. For the 

multivariate case, however, there may be, in general, no one single ARL 
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curve that summarizes the performance of a multivariate chart. This 

situation occurs because the multivariate ARL is a function of both 

distance and direction. For instance, a shift in the mean from (0,0) to 

(1,0) may be within acceptable limits from (0,0) while a shift in the 

mean from (0,0) to (0,1) may indicate the process is off-target. This 

distance in both cases from (0,0) is the same. The shift in the value 

of the multivariate means is therefore, for convience, defined by 

direction and distance of the process mean relative to the target mean. 

Taking direction and distance into account, the ARL curve for the 

multivariate case can be defined by the relationship between the ARL and 

corresponding magnitude of the shift in the mean. The distance, d, of 

from u is defined as: 
1 o 

If fiQ is the zero vector and 2 is the identity matrix, the expression 

for d in (26) reduces to: 

d = ((no - Ul)' r1 (no - nj))1/2- (26) 

(27) 

It should be noted that if fij is equal to the target mean, then the 

process is in control, the distance from target is zero, and d is equal 

to zero. 
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Two different control chart schemes may be compared by examining 

their ARL curves. When the process is on target, the ARL should be 

large. A process that is on target can produce an off-target signal and 

it is necessary to keep these false alarm signals to a minimum. If the 

process is off-target, the ARL should be small to detect shifts in the 

mean quickly. To compare the performances of the various control 

charting methods fairly it is necessary to adjust the parameters of each 

method so that, when the process is operating on target, the ARLs are 

approximately equal. With such a calibration, no one method is 

initially more sensitive to mean shifts than another. 

One control chart is said to be more sensitive to shifts in the 

process mean than another if its ARL curve shows it to detect small 

shifts in the mean of a process using fewer samples on average than the 

other method. If one method needs fewer samples to detect a shift of a 

particular range of values for d (or alternately 5), the method which 

uses fewer samples, if everything else (eg. difficulty of use of the 

method) is equal, is preferred in that range. 

Numerical methods are available for calculating the ARLs for 

univariate CUSUMs (e.g. SAS (version 5.16) CUSUMARL function (uses 

method of Goel and Wu (1971)), JQT Fortran program by Lonnie Vance 

1985). However, such methods are not available for the multivariate 

CUSUM case. In this study, the ARLs for the multivariate CUSUM and GMA 



35 

schemes are estimated through computer simulation. The ARL curve is 

2 
calculated analytically for the Shewhart \ control chart. 

2 
The ARL values for the Shewhart \ -chart are calculated by use 

of the IMSL routine named MDCHN. This routine uses the approximation to 

2 
the non-central \ described in Abramowitz and Stegun (1964) with the 

following formulas: 

f *2 * 
P(X ,2I«.X) s; P[-7-G-|U u = 

1+b 
d * 1 (28) 

P(x,2|u.X) ~ P(x). x=" 
(x'2/a) 

V; J.J P?l] 
2fl+bl 

t| 

. 1 < d i 5 (29) 

\2k'2]1/2 [2a ]V2 

P(x,2|u.X) ~ P(x). X=[^~J ~[iTb " 1\ • d > 5 (30) 

where a=u+A, b= , X is the non-centrality parameter, v is the 

degrees of freedom, and d is defined in equation 26. To calibrate the 

control chart to yield an ARL of 200 when the process is in control, the 

only calibration needed is to set a = 0.005. 
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The control charts whose ARLs are estimated through simulation 

are designed to monitor a p-variate normal process. To estimate the 

ARLs, a deviation, d, from the target mean is induced. This is 

accomplished by generating pseudo-random numbers from a p-variate normal 

distribution with mean j and a variance-covariance matrix of I (the 

identity matrix). 

In the simulation, the process is assumed to have just shifted 

off-target. Also, there is no initial lag period where the simulated 

methods are monitoring an on target process. No lag period was used 

because the geometric moving average charts and MC#1 are more sensitive 

to shifts in the process mean when they first begin monitoring a process 

(the GMA's UCL is a function of the number of samples and the MC#1 has a 

zeroing out rule). It was believed that operating the methods without 

an initial lag period would be a more realistic approach to comparing 

them. 

The run length is then recorded as the number of samples taken 

between the actual shift and subsequent detection of the shift. This 

procedure is repeated, for the same deviation from the process target 

mean, and the average of these independent run lengths is taken as an 

estimate of the mean run length. 
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The simulated average run lengths reported here are based on 7000 

independent runs. A compromise between the narrowness of the confidence 

limits on the ARLs and the amount of computer time available determined 

the number of runs. 

The performance of the multivariate geometric moving average 

control chart under varying values of r is investigated. Roberts [1958] 
4 

suggested a value of 0.4 for r. Hunter [1986] suggested values between 

0.1 to 0.3 for r. A range of values of r were investigated in this 

study, specifically: 0.01, 0.10, 0.20, 0.30, and 0.50. 

For this study, all the charts are calibrated to yield an ARL of 

approximately 200 when the process is on target. This was accomplished 

by adjusting the parameters of each method until, for zero shift from 

the target mean, the simulated or calculated average run length is 

approximately equal to 200. That is, the controlling parameters for 

each chart were chosen so that the 95% confidence interval for the ARL 

calculated from the simulations covered 200 when the proceess was in 

control. The Hutiple Univarate CUSUM charts were calibrated for an 

alternative hypothesis The parameter settings for this 

calibration are given in the following tables. 
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Table 1. Calibration parameters for the multivariable methods with the 

number of parameters of interest being two. 

Chart Type Parameter(s) 

2 
X a = 0.005 

Multiple Univariate CUSUM k = 0.5 h = 4.83 

MCttl UCL = 11.31 

Multiple Univariate GMA r = 0.10 w = 2.7355 

r = 0.20 w = 2.8850 

r = 0.30 w = 2.9500 

r = 0.50 w = 3.0050 

r = 1.00 w = 3.0200 

Multivariate GMA r = 0.01 q = 5.30 

r = 0.10 q = 8.73 

r = 0.20 q = 9.70 

r = 0.30 q = 10.08 

r = 0.50 q = 10.45 
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Table 2. Calibration parameters for the multlvarlable methods with the 

number of parameters of interest being three. 

Chart Type 

2 
X 

Multiple Univariate CUSUM 

MC#1 

Multiple Univariate GMA 

Multivariate GMA 

Parameter(s) 

a - 0.05 

k = 0.5 h = 5.20 

UCL = 13.35 

r = 0.10 w = 2.890 

r = 0.20 w = 3.025 

r = 0.30 w = 3.080 

r = 0.50 w = 3.130 

r = 1.00 w = 3.140 

r = 0.01 q = 7.10 

r = 0.10 q = 10.89 

r = 0.20 q = 11.85 

r = 0.30 q = 12.33 

r = 0.50 q = 12.70 
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Table 3. Calibration parameters for the multivariable methods with the 

number of parameters of interest bein ten. 

Chart Type Parameter(s) 

2 
X a = 0.05 

Multiple Univariate CUSUM k = 0.5 h = 6.428 

MC#1 UCL = 25.48 

Multiple Univariate GMA r = 0.10 w = 3.3000 

r = 0.20 w = 3.4000 

r = 0.30 w = 3.4400 

r = 0.50 w = 3.4700 

r = 1.00 w = 3.4850 

Multivariate GMA r = 0.01 q = 17.57 

r = 0.10 q = 23.00 

r = 0.20 q = 24.20 

r = 0.30 q = 24.70 

r = 0.50 q = 25.10 
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The ARLs of each method were compared to those of the MGMA method 

using a hypothesis test for the equality of two means from normal 

populations. The ARLs of the different methods are compared for shifts 

in the mean from the target value whose distances, d, (see equation 26) 

range from zero (i.e. the on-target ARLs) to four in increments of 

one-half. For each hypothesis test, the off-target mean is taken to be 

the sane distance from target for each chart. The variance of each 

population will be assumed to be known since each simulated ARL consists 

of 7,000 independent replications. The specific hypothesis and 

alternate hypothesis of interest is: 

Hq: ARL (MGMA) 2 ARL (other method) 

H^: ARL (MGMA) < ARL (other method) 

The result of this hypothesis test was recorded as the significance 

probability or "p-value" of the test. The smaller the p-value, the 

stronger the rejection of the null hypothesis. Any p-values less than 

0.001 were reported as 0.001. 
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CHAPTER 4 

RESULTS AND DISCUSSION 

The purposes of this chapter are: to present the results of the 

simulations; to explain the reasons that the particular shifts in the 

process means were chosen for study; and to compare the ARL performance 

of each of the methods. The ARLs are calculated analytically where 

possible or otherwise estimated through simulation. Shifts in the 

process mean from zero (i.e. process operating in control) to four 

standard deviations from the process mean were investigated. For the 

estimated ARL values, the error of the estimates are presented. 

It is well known that the multivariate Shewhart control chart is 

insensitive to the direction of the shift in the process mean. It has 

not been formally proven that the MCftl control chart is insensitive to 

the direction of the shift in the process mean. However, Pignatiello, 

Runger, and Korpela [1986] have shown that multiple univariate control 

charts are sensitive to the direction of the shift in the process mean. 

In the simulations where the MUGMA method was applied, shifts in 

the process mean were generated in one parameter as well as equal shifts 

in the mean for all parameters. These simulations were generated to 

show that the MUGMA, like other multiple univariate methods, is 

sensitive to the direction of the shift in the process mean. 
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For the multiple univariate CUSUM method, the type of shifts 

examined were those of shifts occuring in one parameter only. This is a 

very favorable comparison with the multiple univariate CUSUM method. 

However, for the multiple univariate geometric moving average 

method, the type of shifts used for performance comparisons were those 

of equal shifts in all parameters. The amount of the shift in each 

parameter is set to 6 where 6 is defined as: 

5 = d2/p (31) 

where d is the distance from the target mean as defined in equation 26 

and p is the number of parameters of interest. This case was used for 

comparision of the MUGMA to the other methods to show the performance of 

the method in its worst case scenerio. 

In the simulations where the MGMA method was applied, shifts in 

the process mean were generated in only one parameter as well as equal 

shifts in the process mean in all parameters. These simulations were 

generated to show that the MGHA, like the multivariate Shewhart method, 

is insensitive to the direction of the shift in the process mean. 

The ARLs of the multivariate Shewhart control chart for various 

shifts in the process mean are presented in Tables 4-6 for p=2, 3, and 

10 parameters, respectively. The estimated ARLs and the error of these 
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estimates for the Multiple Univariate CUSUM control charts are presented 

in Tables 7-9 for p=2, 3, and 10 parameters, respectively. The 

estimated ARLs and the error of these estimates for the Multivariate 

CUSUM #1 control charts are presented in Tables 10-12 for p=2, 3, and 10 

parameters, respectively. 

The estimated ARLs and the error of these estimates for the 

Mutliple Univariate Geometric Moving Average control chart, for shifts 

in one of two parameters (i.e. p=2) and varying values of r, are 

presented in Tables 13-14. The case of equal shifts of both parameters, 

for one specific value of r (r=.l), is presented in Table 15. 

A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MUGMA control 

chart is sensitive to the direction of the shift of the process mean for 

p=2 parameters. Specifically, the hypothesis test is of the form: 

HQ: ARL(6,6) I ARL(d.O) 

HJ: ARL(5,6) > ARL(d.O) 

where the relationship between 6 and d is defined in equation 31. This 

hypothesis test will be conducted for sixteen different values of d 
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ranging from zero to four. The results of these hypothesis tests that 

the estimated ARLs for various process shifts of the equal parameter 

shift are less than those of the single parameter shift are presented in 

Table 16. 

The estimated ARLs and the error of these estimates for the 

Mutliple Univariate Geometric Moving Average control chart, for shifts 

in one of three parameters (i.e. p=3) and varying values of r, are 

presented in Tables 17-18. The case of equal shifts of all p=3 

parameters, for one specific value of r (r=.l), is presented in 

Table 19. 

A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MUGMA control 

chart is sensitive to the direction of the shift of the process mean for 

p=3 parameters. Specifically, the hypothesis test is of the form: 

Hq: ARL(6,6,6) $ ARL(d.O.O) 

Hx: ARL(5,6,6) > ARL(d.O.O) 

where the relationship between 6 and d is defined in equation 31. This 

hypothesis test will be conducted for sixteen different values of d 

ranging from zero to four. The results of these hypothesis tests that 
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the estimated ARLs for various process shifts of the equal parameter 

shift are less than those of the single parameter shift are presented in 

Table 20. 

The estimated ARLs and the error of these estimates for the 

Mutliple Univariate Geometric Moving Average control charts, for shifts 

in one of ten parameters (i.e. p=10) and varying values of r, are 

presented in Tables 21-22. The case of equal shifts of all p=10 

parameters, for one specific value of r (r=.l), is presented in 

Table 23. 

A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MUGMA control 

chart is sensitive to the direction of the shift of the process mean for 

p=10 parameters. Specifically, the hypothesis test is of the form: 

Hq: ARL(6,6,5.6,6.6,6.6.5,5) i ARL(d,0,0,0,0,0.0,0,0,0) 

HJ: ARL(6 .6.6.6,5,6 .6.6,6,6) > ARL(d,0.0,0,0,0,0,0,0,0) 

where the relationship between 5 and d is defined in equation 31. This 

hypothesis test will be conducted for sixteen different values of d 
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ranging from zero to four. The results of these hypothesis tests that 

the estimated ARLs for various process shifts of the equal parameter 

shift are less than those of the single parameter shift are presented in 

Table 24. 

These results for p = 2, 3, and 10 show that the Multiple 

Univariate Geometric Moving Average control chart is sensitive to the 

direction of the shift in the process mean. It is reasonable to 

conclude that this sensitivity to direction exists for other values of 

P-

The estimated ARLs and the error of these estimates for the 

Mutivariate Geometric Moving Average control charts, for equal shifts of 

p=2 parameters, and varying values of r, are presented in Tables 25-26. 

The estimated ARLs and the error of these estimates for the case of 

shifts in one of the p=2 parameters and varying values of r, are 

presented in Tables 27-28. From the results in Tables 25 and 27, the 

MGMA control chart with an r=.01 is the most sensitive for p=10 

parameters. In fact, these tables indicate that the smaller the value 

of r the more sensitive the chart is to shifts away from the process 

mean reguardless of the direction of the shift. 

A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MGMA control chart 

is sensitive to the direction of the shift of the process mean for p=2 
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parameters. Specifically, the hypothesis test is of the form: 

HQ: ARL(5,6) I ARL(d.O) 

Hj: ARL(5,5) > ARL(d.O) 

where the relationship between 5 and d is defined in equation 31. This 

hypothesis test will be conducted for sixteen different values of d 

ranging from zero to four. The results of these hypothesis tests that 

the estimated ARLs for various process shifts of the equal parameter 

shift are less than those of the single parameter shift are presented in 

Table 29. 

The estimated ARLs and the error of these estimates for the 

Hutivariate Geometric Moving Average control charts, for equal shifts of 

p=3 parameters, and varying values of r, are presented in Tables 30-31. 

The estimated ARLs and the error of these estimates for the case of 

shifts in one of the p=3 parameters and varying values of r, are 

presented in Tables 32-33. From the results in Tables 30 and 32, the 

MGMA control chart with an r=.01 is the most sensitive for p=3 

parameters. In fact, these tables indicate that the smaller the r value 

the more sensitive the chart is to a shift in the process mean 

reguardless of the direction of the shift. 
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A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MGMA control chart 

is sensitive to the direction of the shift of the process mean for p=3 

parameters. Specifically, the hypothesis test is of the form: 

HQ: ARL(5,5,6) I ARL(d.O.O) 

Hx: ARL(5.6,5) > ARL(d.O.O) 

where the relationship between S and d is defined in equation 31. This 

hypothesis test will be conducted for sixteen different values of d 

ranging from zero to four. The results of these hypothesis tests that 

the estimated ARLs for various process shifts of the equal parameter 

shift are less than those of the single parameter shift are presented in 

Table 34. 

The estimated ARLs and the error of these estimates for the 

Mutivariate Geometric Moving Average control charts, for equal shifts of 

p=10 parameters, and varying values of r, are presented in Tables 35-36. 

The estimated ARLs and error of these estimates for the case of shifts 

in one of the p=10 parameters and varying values of r, are presented in 

Tables 37-38. From the results in Tables 35 and 37, the MGMA control 
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chart with an r=.01 is the most sensitive for p=10 parameters. In fact, 

these tables indicate that the smaller the r value the more sensitive 

the chart to a shift in the process mean reguardless of the direction of 

the shift. 

A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MGMA control chart 

is sensitive to the direction of the shift of the process mean for p=10 

parameters. Specifically, the hypothesis test is of the form: 

HQ: ARL(6.6.6,6.5,6,6.6,5.5) I ARL(d(0,0.0,0.0.0.0.0,0) 

HJJ ARL(6,5,5,5,5,5,5,6,6,6) > ARL(d,0,0,0,0,0.0.0,0,0) 

where 6 is defined in equation 31. This hypothesis test will be 

conducted for sixteen different values of d ranging from zero to four. 

The results of these hypothesis tests that the estimated ARLs for 

various process shifts of the equal parameter shift are less than those 

of the single parameter shift are presented in Table 39. 

The comparison of the MGMA method showed that it is insensitive 

to the direction of the shift in the mean vector in relation to the 
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target mean. This was shown for p=2, 3, and 10 parameters. After this 

was determined for all of the values of p of interest in this study, it 

was only necessary to compare the MGMA control chart to the other 

methods by using one off target mean for study. 

Table 40 contains the calibration information for the 

Multivariate Geometric Moving Average control chart where the asymptotic 

UCL is used instead of the sample number dependent UCL (UCL(t)). Tables 

41-43 each contain the estimated ARLs and error of these estimates for 

the Multivariate Geometric Moving Average control chart (for this 

asymptotic case) for p=2, 3, and 10 parameters, respectively. This 

information was generated for an value of r of 0.01. This information 

shows how the chart performs if it has been monitoring a process that 

operates in control long enough for the UCL(t) to reach its asymptotic 

limit and then the process shifts off target by a distance, d. 

Table 44 presents the calculated and estimated ARLs for all the 

methods studied with p=2 parameters in increments of 0.5. The value of 

r for the MUGMA method with equal shifts in the p=2 parameters was 

chosen, for this comparison, to be 0.1. The value of r for the MGMA 

method was chosen, for this comparison, to be 0.01. Table 45 presents 

the standard deviations (error estimates) of the ARLs in Table 44. 
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A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the MGMA control chart 

is more sensitive to a shift, d, of the process mean for, p=2 

parameters, than any of the other methods studied. Specifically, the 

hypothesis test is of the form: 

Hq: ARL(d) for other method £ ARL(d) for MGMA 

H^: ARL(d) for other method > ARL(d) for MGMA 

where d is defined in equation 26. In these hypothesis tests, for the 

Multivariate Shewhart, Univariate CXisum, Multivariate Cusum #1, and 

Multivariate Geometric Moving Average charts, the off target mean is 

where 

ji^Cd.O). 

For the MUGMA chart, the off target mean is where 

^=(5.6) 

where S is defined in equation 31. This hypothesis test will be 

conducted comparing all methods studied to MGMA for nine different 
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values of d ranging from zero to four. The results of these hypothesis 

tests that the estimated AHLs for the HGHA method are less than those of 

the other control charts studied for p=2 parameters are presented in 

Table 46. 

Table 47 presents the calculated and estimated ARLs for all the 

methods studied with p=3 parameters in increments of 0.5. The r value 

for the HUGHA method with equal shifts in the p=3 parameters was chosen, 

for this comparison, to be 0.1. The value of r for the HGHA method was 

chosen, for this comparison, to be 0.01. Table 48 presents the standard 

deviations (error estimates) of the ARLs in Table 47. 

A hypothesis test of the comparison of two means (in this case 

the estimated ARLs) was conducted to determine if the HGHA control chart 

is more sensitive to a shift, d, of the process mean for, p=3 

parameters, than any of the other methods studied. Specifically, the 

hypothesis test is of the form: 

HQ: ARL(d) for other method £ ARL(d) for HGHA 

H^: ARL(d) for other method > ARL(d) for HGHA 

where d is defined in equation 26. In these hypothesis tests, for the 

Hultivariate Shewhart, Univariate CUSUH, Hultivariate CUSUH #1, and 
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Multivariate Geometric Moving Average charts, the off target mean is 

where 

Hj=(d,0,0). 

For the MUGMA chart, the off target mean is fij where 

^=(5,6,6) 

where 6 is defined in equation 31. This hypothesis test will be 

conducted comparing all methods studied to MGMA for nine different 

values of d ranging from zero to four. The results of these hypothesis 

tests that the estimated ARLs for the MGMA method are less than those of 

the other control charts studied for p=3 parameters are presented in 

Table 49. 

Table 50 presents the calculated and estimated ARLs for all the 

methods studied with p=10 parameters in increments of 0.5. The value of 

r for the MUGMA method with equal shifts in the p=10 parameters was 

chosen, for this comparison, to be 0.1. The r value for the MGMA method 

was chosen, for this comparison, to be 0.01. Table 51 presents the 

standard deviations (error estimates) of the AKLs in Table 50. 

A hypothesis test of the comparison of two means (in this case 

the estimated AKLs) was conducted to determine if the MGMA control chart 

is more sensitive to a shift, d, of the process mean for, p=10 
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parameters, than any of the other methods studied. Specifically, the 

hypothesis test is of the form: 

HQ: AKL(d) for other method i ARL(d) for HGMA 

H^: ARL(d) for other method > ARL(d) for HGMA 

where d is defined in equation 26. In these hypothesis tests, for the 

Multivariate Shewhart, Univariate Cusum, Multivariate Cusum #1, and 

Multivariate Geometric Moving Average charts, fx^=(d,0,0,0,0,0,0,0,0,0). 

For the MUGMA chart, fij=(5,6,6,5,6,6,6,6,5,6) where 6 is defined in 

equation 31. This hypothesis test will be conducted comparing all 

methods studied to MGMA for nine different values of d ranging from zero 

to four. The results of these hypothesis tests that the estimated ARLs 

for the HGMA method are less than those of the other control charts 

studied for p=10 parameters are presented in Table 52. 

The results shown in Tables 46, 49, and 52 indicate that the HGMA 

method (with r=0.01) is more sensitive to shifts in the process mean 

that are up to a distance of 4 from the target mean than any of the 

other methods examined for p=2, 3, and 10 parameters. In fact, the 

results indicate that the MGHA chart (with r=0.01) is a great deal more 

sensitive to shifts in the process mean than any of the other methods. 
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Table 4. Average run lengths for a multivariate Shewhart control chart 

with p=2 and Hj=(d,0). 

d ARL 

0.00 200.00000 

0.25 115.17355 

0.50 76.63734 

0.75 55.17151 

1.00 41.80821 

1.25 32.86138 

1.50 26.55522 

1.75 21.93450 

2.00 18.44420 

2.25 15.74245 

2.50 13.60778 

2.75 11.89221 

3.00 10.49306 

3.25 9.33722 

3.50 8.37166 

3.75 7.55699 

4.00 6.86363 
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Table 5. Average run lengths for a multivariate Shewhart control chart 

with p=3 and fij=(d,0,0). 

d ARL 

0.00 198.29117 

0.25 128.16720 

0.50 90.30885 

0.75 67.24200 

1.00 52.05240 

1.25 41.48802 

1.50 33.83608 

1.75 28.11521 

2.00 23.72773 

2.25 20.29133 

2.50 17.55121 

2.75 15.33350 

3.00 13.51433 

3.25 12.00491 

3.50 10.73959 

3.75 9.66923 

4.00 8.75630 
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Table 6. Average run lengths for a multivariate Shewhart control chart 

with p=10 and jij=(d,0,0,0,0,0,0,0,0,0). 

d ARL 

0.00 197.25601 

0.25 159.20684 

0.50 130.57215 

0.75 108.57353 

1.00 91.35429 

1.25 77.66511 

1.50 66.63099 

1.75 57.63722 

2.00 50.22141 

2.25 44.05735 

2.50 38.88412 

2.75 34.51193 

3.00 30.78998 

3.25 27.60250 

3.50 24.85488 

3.75 22.47354 

4.00 20.40061 
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Table 7. Estimated average run lengths and standard deviations for the 

multiple univariate CUSUM with p=2 and |Zj=(d,0). 

d ARL Standard 

Deviation 

0.00 200.4470 2.4260 

0.50 33.6920 0.3490 

1.00 9.9230 0.0683 

1.50 5.5780 0.0286 

2.00 3.8910 0.0162 

2.50 3.0240 0.0110 

3.00 2.5120 0.0082 

3.50 2.1660 0.0061 

4.00 1.9630 0.0051 
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Table 8. Estimated average run lengths and standard deviations for the 

multiple univariate CUSUM with p=3 and Hj=(d,0,0). 

d ARL Standard 

Deviation 

0.00 199.1443 5.8747 

0.25 107.3030 2.9335 

0.50 37.0347 0.9064 

1.00 10.6990 0.1690 

1.50 5.9127 0.0690 

2.00 4.1373 0.0392 

2.50 3.2057 0.0269 

3.00 2.6597 0.0202 

3.50 2.2763 0.0152 

4.00 2.0647 0.0119 
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Table 9. Estimated average run lengths and standard deviations for the 

multiple univariate CUSUM with p=10 and |i^=(d,0,0,0,0,0,0,0,0,0). 

d ARL Standard 

Deviation 

0.00 204.0738 3.2502 

0.25 146.0347 4.0664 

0.50 73.5750 1.9093 

1.00 23.1460 0.4258 

1.50 12.2350 0.1503 

2.00 8.3013 0.0808 

2.50 6.4153 0.0536 

3.00 5.2250 0.0367 

3.50 4.5113 0.0294 

4.00 3.9280 0.0243 
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Table 10. Estimated average run lengths and standard deviations for the 

multivariate CUSUM #1 for p=2 and jijS^d.O). 

d ARL Standard 

Deviation 

0.00 203.8850 3.3782 

0.50 30.9830 0.2937 

1.00 9.6710 0.0748 

1.50 4.9370 0.0345 

2.00 3.1490 0.0202 

2.50 2.2480 0.0136 

3.00 1.7390 0.0097 

3.50 1.4300 0.0072 

4.00 1.2230 0.0057 



63 

Table 11. Estimated average run lengths and standard deviations for the 

multivariate CUSUM #1 for p=3 and p.^=(d,0.0). 

d ARL Standard 

Deviation 

0.00 200.6970 9.9151 

0.25 92.7863 2.6008 

0.50 34.8703 0.7940 

1.00 10.5613 0.1928 

1.50 5.3670 0.0869 

2.00 3.4110 0.0519 

2.50 2.4423 0.0340 

3.00 1.8557 0.0241 

3.50 1.5097 0.0188 

4.00 1.2807 0.0144 
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Table 12. Estimated average run lengths and standard deviations for the 

multivariate CUSUM #1 for p=10 and iij=(d.0,0,0,0,0.0,0,0,0). 

d ARL Standard 

Deviation 

0.00 201.7481 12.4019 

0.25 119.8937 3.4031 

0.50 48.3740 1.0975 

1.00 15.3657 0.2855 

1.50 7.5893 0.1237 

2.00 4.6630 0.0687 

2.50 3.1910 0.0447 

3.00 2.4147 0.0310 

3.50 1.9027 0.0237 

4.00 1.5887 0.0184 
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Table 13. Estimated average run lengths for the multiple univariate 

geometric moving average control chart for p=2 and fx^s(d.O). 

r 

d 0.10 0.20 0.30 0.50 1.00 

0.00 201.6799 200.2497 201.3288 202.1101 198.2921 

0.25 72.9583 94.1866 114.0833 137.4554 171.5871 

0.50 24.5771 32.5341 41.5311 63.9479 115.0859 

0.75 12.3593 14.9766 18.7767 29.4080 70.7609 

1.00 7.4947 8.8969 10.2920 14.8860 42.2496 

1.25 5.2470 5.9176 6.6590 8.6869 24.4723 

1.50 3.8867 4.3129 4.7531 5.8153 14.8129 

1.75 3.0660 3.3677 3.5854 4.1597 9.4303 

2.00 2.5157 2.7351 2.8754 3.2494 6.3894 

2.25 2.1276 2.3127 2.3954 2.6064 4.4111 

2.50 1.8424 1.9714 2.0417 2.1817 3.2600 

2.75 1.6261 1.7414 1.7876 1.8719 2.4974 

3.00 1.4479 1.5527 1.5966 1.6411 2.0289 

3.25 1.3270 1.4066 1.4511 1.4680 1.7119 

3.50 1.2324 1.2857 1.3154 1.3519 1.4531 

3.75 1.1536 1.2043 1.2240 1.2410 1.3097 

4.00 1.1023 1.1364 1.1620 1.1736 1.2023 
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Table 14. Estimated standard deviations for the multiple univariate 

geometric moving average control chart for p=2 and fij=(d.O). 

r 

d 0.10 0.20 0.30 0.50 1.00 

0.00 6.103354 6.028781 6.009658 5.656404 5.717452 

0.25 0.680221 1.253086 1.820321 2.656213 4.184368 

0.50 0.056033 0.125763 0.221375 0.555033 1.758787 

0.75 0.011224 0.018590 0.037799 0.105595 0.694406 

1.00 0.003353 0.005537 0.008801 0.024746 0.243428 

1.25 0.001506 0.002046 0.003057 0.006709 0.082030 

1.50 0.000694 0.000898 0.001196 0.002483 0.027701 

1.75 0.000402 0.000497 0.000597 0.001095 0.010882 

2.00 0.000254 0.000290 0.000343 0.000573 0.004808 

2.25 0.000162 0.000187 0.000212 0.000301 0.002113 

2.50 0.000108 0.000126 0.000139 0.000190 0.001055 

2.75 0.000080 0.000091 0.000093 0.000119 0.000544 

3.00 0.000055 0.000067 0.000071 0.000082 0.000289 

3.25 0.000041 0.000049 0.000053 0.000059 0.000174 

3.50 0.000029 0.000035 0.000038 0.000043 0.000098 

3.75 0.000020 0.000025 0.000027 0.000031 0.000058 

4.00 0.000014 0.000017 0.000021 0.000022 0.000035 
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Table 15. Estimated average run lengths and standard deviations for the 

multiple univariate geometric moving average control chart for p=2, 

fij=(6,5), and r=0.1. 

d ARL Standard 

Deviation 

0.00 201.679857 6.103354 

0.25 75.721143 0.759548 

0.50 26.845143 0.068659 

0.75 13.769143 0.014612 

1.00 8.723571 0.004715 

1.25 6.174714 0.002150 

1.50 4.582000 0.001038 

1.75 3.692714 0.000593 

2.00 2.952714 0.000359 

2.25 2.511286 0.000241 

2.50 2.159429 0.000158 

2.75 1.871571 0.000115 

3.00 1.700714 0.000088 

3.25 1.545714 0.000064 

3.50 1.402000 0.000048 

3.75 1.310143 0.000037 

4.00 1.226571 0.000027 
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Table 16. P values for the hypothesis tests that the single-parameter 

shift generates lower ARLs than the multi-parameter shift for the 

multiple univariate geometric moving average control chart for p=2. 

d p 

0.00 

0.25 0.050 

0.50 0.001 

0.75 0.001 

1.00 0.001 

1.25 0.001 

1.50 0.001 

1.75 0.001 

2.00 0.001 

2.25 0.001 

2.50 0.001 

2.75 0.001 

3.00 0.001 

3.25 0.001 

3.50 0.001 

3.75 0.001 

4.00 0.001 



Table 17. Estimated average run lengths for the multiple univariate 

geometric moving average control chart for p=3 and fx^=(d,0,0). 

r 

d 0.10 0.20 0.30 0.50 1.00 

0.00 200.2660 202.8283 199.7659 201.1172 197.1273 

0.25 83.2230 111.9150 124.9800 148.8690 180.0297 

0.50 28.6330 39.4120 50.4700 76.8511 132.1853 

0.75 13.7040 17.3560 22.0500 35.2760 84.7940 

1.00 8.4786 9.8540 11.4700 17.6230 51.0571 

1.25 5.8209 6.4970 7.3300 10.0797 31.3374 

1.50 4.2954 4.6828 5.1400 6.6097 18.9116 

1.75 3.3489 3.6170 3.8900 4.5998 11.4323 

2.00 2.7121 2.9404 3.0800 3.4903 7.6167 

2.25 2.2754 2.4577 2.5400 2.8106 5.2209 

2.50 1.9701 2.1007 2.1700 2.3093 3.8050 

2.75 1.7273 1.8406 1.9000 2.0021 2.8917 

3.00 1.5513 1.6256 1.6700 1.7424 2.1867 

3.25 1.4019 1.4669 1.5000 1.5527 1.8587 

3.50 1.2900 1.3397 1.3640 1.3871 1.5841 

3.75 1.2119 1.2419 1.2610 1.2948 1.3566 

4.00 1.1324 1.1679 1.1900 1.2086 1.2547 
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Table 18. Estimated standard deviations for the multiple univariate 

geometric moving average control chart for p=3 and ji^=(d,0,0). 

r 

d 0.10 0.20 0.30 0.50 1.00 

0.00 5.980103 5.590580 5.750220 5.833914 5.594891 

0.25 0.926268 1.699895 2.156959 2.994363 4.401880 

0.50 0.078229 0.181551 0.328914 0.821997 2.492963 

0.75 0.013260 0.027591 0.051965 0.152842 1.010391 

1.00 0.004243 0.006515 0.011177 0.034371 0.368780 

1.25 0.001720 0.002367 0.003616 0.009648 0.140355 

1.50 0.000849 0.001039 0.001424 0.003454 0.048247 

1.75 0.000454 0.000566 0.000718 0.001392 0.016859 

2.00 0.000281 0.000325 0.000384 0.000683 0.007040 

2.25 0.000184 0.000210 0.000240 0.000378 0.003146 

2.50 0.000128 0.000145 0.000158 0.000216 0.001510 

2.75 0.000090 0.000100 0.000108 0.000142 0.000794 

3.00 0.000065 0.000073 0.000080 0.000096 0.000384 

3.25 0.000048 0.000054 0.000056 0.000073 0.000227 

3.50 0.000035 0.000040 0.000042 0.000047 0.000130 

3.75 0.000026 0.000029 0.000031 0.000037 0.000070 

4.00 0.000017 0.000021 0.000024 0.000026 0.000045 
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Table 19. Estimated average run lengths and standard deviations for the 

multiple univariate geometric moving average control chart for p=3. 

Hj=(6,6,5), and r=0.1. 

d ARL Standard 

Deviation 

0.00 200.266000 5.980103 

0.25 89.113143 1.036990 

0.50 33.581714 0.110344 

0.75 17.183857 0.022215 

1.00 10.753571 0.007302 

1.25 7.513000 0.003193 

1.50 5.627429 0.001627 

1.75 4.415571 0.000873 

2.00 3.596429 0.000543 

2.25 3.038714 0.000358 

2.50 2.624143 0.000247 

2.75 2.273000 0.000171 

3.00 2.012714 0.000125 

3.25 1.811143 0.000096 

3.50 1.653857 0.000074 

3.75 1.506429 0.000057 

4.00 1.414571 0.000047 
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Table 20. P values for the hypothesis tests that the single-parameter 

shift generates lower ARLs than the multi-parameter shift for the 

multiple univariate geometric moving average control chart for p=3. 

d p 

0.00 

0.25 0.001 

0.50 0.001 

0.75 0.001 

1.00 0.001 

1.25 0.001 

1.50 0.001 

1.75 0.001 

2.00 0.001 

2.25 0.001 

2.50 0.001 

2.75 0.001 

3.00 0.001 

3.25 0.001 

3.50 0.001 

3.75 0.001 

4.00 0.001 



Table 21. Estimated average run lengths for the multiple univariate 

geometric moving average control chart for p=10 and 

Hj=(d,0,0,0,0,0,0,0,0,0). 

r 

d 0.10 0.20 0.30 0.50 1.00 

0.00 201.3433 202.9331 200.3962 199.1974 210.4327 

0.25 117.8684 146.5293 163.0870 177.0670 195.2943 

0.50 40.6310 60.6204 82.1087 116.0564 169.6814 

0.75 18.3859 24.8249 34.9294 60.2469 134.4599 

1.00 10.7590 13.0716 16.7251 29.1193 91.9599 

1.25 7.2644 8.3116 9.9386 15.8333 58.9599 

1.50 5.3067 5.8707 6.5839 9.2500 37.5114 

1.75 4.0960 4.4580 4.7946 6.0771 22.2924 

2.00 3.3220 3.5349 3.7286 4.4127 13.6623 

2.25 2.7597 2.9080 3.0423 3.4566 8.8264 

2.50 2.3390 2.4559 2.5560 2.7964 5.9570 

2.75 2.0553 2.1513 2.2050 2.3487 4.2401 

3.00 1.7951 1.8869 1.9339 2.0296 3.1539 

3.25 1.6203 1.6669 1.7067 1.7889 2.4514 

3.50 1.4731 1.5199 1.5604 1.5808 1.9633 

3.75 1.3489 1.3797 1.4163 1.4467 1.6544 

4.00 1.2680 1.2823 1.3050 1.3156 1.4327 



Table 22. Estimated standard deviations for the multiple univariate 

geometric moving average control chart for p=10 and 

fj1=(d,0,0,0,0,0,0,0,0.0). 

r 

d 0.10 0.20 0.30 0.50 1.00 

0.00 6.101342 5.632549 5.587440 5.719749 5.983024 

0.25 1.885266 3.057035 3.756820 4.531908 5.605427 

0.50 0.158762 0.449373 0.861157 1.823005 4.086703 

0.75 0.023288 0.059526 0.139682 0.487370 2.656335 

1.00 0.006206 0.011943 0.025624 0.107660 1.173192 

1.25 0.002373 0.003833 0.007279 0.028304 0.477531 

1.50 0.001141 0.001598 0.002521 0.007837 0.211804 

1.75 0.000601 0.000764 0.001056 0.002623 0.066804 

2.00 0.000377 0.000455 0.000556 0.001124 0.024494 

2.25 0.000250 0.000281 0.000323 0.000589 0.009959 

2.50 0.000162 0.000176 0.000212 0.000321 0.004225 

2.75 0.000118 0.000128 0.000141 0.000203 0.001930 

3.00 0.000085 0.000098 0.000100 0.000133 0.000959 

3.25 0.000067 0.000070 0.000075 0.000096 0.000522 

3.50 0.000051 0.000054 0.000060 0.000068 0.000275 

3.75 0.000040 0.000042 0.000046 0.000051 0.000155 

4.00 0.000031 0.000033 0.000035 0.000037 0.000088 
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Table 23. Estimated average run lengths and standard deviations for the 

multiple univariate geometric moving average control chart for p=10, 

V^=(6,5,8,8.6,5,8,6,5,6), and r=0.1. 

d ARL Standard 

Deviation 

0.00 202.232857 6.102079 

0.25 129.497000 2.430947 

0.50 64.891143 0.509430 

0.75 33.939429 0.107412 

1.00 21.275429 0.034707 

1.25 14.695714 0.013205 

1.50 10.843857 0.006297 

1.75 8.638000 0.003344 

2:00 6.904000 0.002019 

2.25 5.916143 0.001383 

2.50 5.022571 0.000944 

2.75 4.301143 0.000655 

3.00 3.815714 0.000489 

3.25 3.344714 0.000372 

3.50 3.047286 0.000282 

3.75 2.763286 0.000228 

4.00 2.482000 0.000176 
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Table 24. P values for the hypothesis tests that the single-parameter 

shift generates lower ARLs than the multi-parameter shift for the 

multiple univariate geometric moving average control chart for p=10. 

d p 

0.00 

0.25 0.001 

0.50 0.001 

0.75 0.001 

1.00 0.001 

1.25 0.001 

1.50 0.001 

1.75 0.001 

2.00 0.001 

2.25 0.001 

2.50 0.001 

2.75 0.001 

3.00 0.001 

3.25 0.001 

3.50 0.001 

3.75 0.001 

4.00 0.001 
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Table 25. Estimated average run lengths for the multivariate geometric 

moving average control chart for p=2 and fij=(6,5). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 201.576500 200.242500 205.006800 199.057700 199.491100 

0.25 38.045140 72.986570 94.157420 110.482400 136.177400 

0.50 13.830280 24.549420 33.305420 41.624280 62.354420 

0.75 7.504286 12.135280 15.682140 18.869280 28.643140 

1.00 4.765857 7.679857 8.914000 10.497140 15.279420 

1.25 3.447286 5.349714 6.085143 6.760857 8.985429 

1.50 2.651429 4.012857 4.501714 4.797143 6.091857 

1.75 2.145714 3.157857 3.455143 3.667429 4.382571 

2.00 1.835000 2.589143 2.822000 2.927000 3.341000 

2.25 1.594429 2.184000 2.361429 2.480000 2.680286 

2.50 1.422571 1.887286 2.030429 2.080714 2.257857 

2.75 1.299429 1.670571 1.778571 1.830714 1.935000 

3.00 1.205714 1.495286 1.584143 1.618571 1.706571 

3.25 1.139714 1.360714 1.446000 1.469286 1.512857 

3.50 1.088857 1.257000 1.309857 1.342571 1.379000 

3.75 1.053429 1.182286 1.223714 1.251000 1.270000 

4.00 1.031571 1.123857 1.159571 1.172714 1.180429 



78 

Table 26. Estimated standard deviations for the multivariate geometric 

moving average control chart for p=2 and \Lij=(6,5). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 13.1682 6.385672 6.034582 5.794443 5.973609 

0.25 0.254393 0.707393 1.296320 1.703848 2.524770 

0.50 0.025084 0.056911 0.132584 0.226206 0.490587 

0.75 0.005962 0.010541 0.021289 0.036781 0.112660 

1.00 0.002019 0.003790 0.005503 0.009306 0.026160 

1.25 0.000884 0.001530 0.002175 0.003101 0.007633 

1.50 0.000420 0.000797 0.000932 0.001320 0.002817 

1.75 0.000245 0.000455 0.000530 0.000637 0.001140 

2.00 0.000153 0.000260 0.000307 0.000371 0.000607 

2.25 0.000098 0.000182 0.000207 0.000236 0.000333 

2.50 0.000063 0.000117 0.000133 0.000156 0.000204 

2.75 0.000042 0.000085 0.000096 0.000107 0.000128 

3.00 0.000028 0.000061 0.000070 0.000079 0.000091 

3.25 0.000019 0.000043 0.000052 0.000053 0.000066 

3.50 0.000012 0.000032 0.000038 0.000043 0.000046 

3.75 0.000007 0.000023 0.000027 0.000030 0.000034 

4.00 0.000004 0.000016 0.000020 0.000021 0.000024 
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Table 27. Estimated average run lengths for the multivariate geometric 

moving average control chart for p=2 and fij=(d,0). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 201.576500 202.815400 205.006800 199.057700 199.491100 

0.25 38.363280 74.285420 94.697570 110.291000 135.200200 

0.50 13.858420 24.799570 34.127850 42.512710 62.820710 

0.75 7.403286 12.434570 15.746570 19.327850 29.877850 

1.00 4.835286 7.590857 8.918000 10.476570 15.223850 

1.25 3.474571 5.367857 6.096571 6.819857 9.111286 

1.50 2.680429 4.023286 4.425714 4.879714 6.130286 

1.75 2.163857 3.158143 3.475143 3.669286 4.327571 

2.00 1.838286 2.609714 2.802286 2.941571 3.329857 

2.25 1.582571 2.209429 2.383286 2.472857 2.682571 

2.50 1.434429 1.881571 2.026000 2.089429 2.260000 

2.75 1.290714 1.663571 1.774286 1.843286 1.943286 

3.00 1.199000 1.500714 1.585571 1.633571 1.707429 

3.25 1.135000 1.362429 1.445286 1.466286 1.504143 

3.50 1.088714 1.264286 1.315571 1.348571 1.379714 

3.75 1.051000 1.171714 1.228429 1.248714 1.268429 

4.00 1.030429 1.120000 1.149857 1.172857 1.197571 
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Table 28. Estimated standard deviations for the multivariate geometric 

moving average control chart for p=2 and fZj=(d,0). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 13.1682 6.385672 6.034582 5.794443 5.973609 

0.25 0.268223 0.673465 1.267246 1.703848 2.538697 

0.50 0.026047 0.056207 0.136159 0.223027 0.526015 

0.75 0.005831 0.012075 0.021836 0.038688 0.114386 

1.00 0.002060 0.003618 0.005341 0.008745 0.026274 

1.25 0.000903 0.001493 0.002140 0.003208 0.008180 

1.50 0.000447 0.000783 0.000981 0.001341 0.003014 

1.75 0.000246 0.000448 0.000527 0.000649 0.001238 

2.00 0.000149 0.000266 0.000316 0.000358 0.000612 

2.25 0.000094 0.000179 0.000206 0.000229 0.000336 

2.50 0.000065 0.000119 0.000137 0.000145 0.000205 

2.75 0.000040 0.000086 0.000000 0.000105 0.000137 

3.00 0.000028 0.000060 0.000069 0.000077 0.000089 

3.25 0.000019 0.000043 0.000054 0.000055 0.000062 

3.50 0.000012 0.000031 0.000038 0.000042 0.000048 

3.75 0.000007 0.000022 0.000028 0.000030 0.000034 

4.00 0.000004 0.000016 0.000019 0.000022 0.000024 
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Table 29. P values for the hypothesis tests that single- and multi

parameter shifts generate the same average run lengths for p=2 for the 

multivariate geometric moving average control chart. 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.25 0.7 0.3 0.8 * 0.6 

0.50 * 0.5 0.2 0.2 0.7 

0.75 0.4 0.05 0.8 0.1 0.01 

1.00 0.3 0.4 * * * 

1.25 0.6 0.8 * 0.5 0.4 

1.50 0.4 0.8 0.1 0.2 0.7 

1.75 0.5 * 0.6 * 0.3 

2.00 * 0.4 0.5 0.6 0.8 

2.25 0.4 0.2 0.3 0.8 * 

2.50 0.3 0.8 0.8 0.7 * 

2.75 0.4 0.6 0.7 0.4 0.7 

3.00 0.4 0.7 * 0.3 * 

3.25 0.5 * • 0.8 0.5 

3.50 * 0.4 0.6 0.6 * 

3.75 0.6 0.2 0.6 0.8 * 

4.00 0.7 0.5 0.2 * 0.02 



o 

Table 30. Expected average run lengths for the multivariate geometric 

moving average control charts for p=3 and jXj=(6,5,6). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 199.142800 204.493000 195.823500 200.386500 199.147100 

0.25 42.703710 82.577850 106.851100 124.461100 144.097000 

0.50 15.588420 28.350850 38.431710 51.445280 75.170570 

0.75 8.469000 14.357280 17.750140 22.567570 36.231420 

1.00 5.342857 8.610714 10.167140 12.294710 18.600280 

1.25 3.857286 5.980857 6.752857 7.567714 10.983850 

1.50 2.952429 4.471143 4.904286 5.380429 7.119286 

1.75 2.441571 3.447286 3.845000 4.087429 5.017714 

2.00 1.993000 2.842429 3.116000 3.284286 3.712286 

2.25 1.733000 2.387000 2.582571 2.725286 3.012429 

2.50 1.533286 2.041000 2.209286 2.289143 2.486143 

2.75 1.379429 1.820429 1.908857 1.985286 2.128000 

3.00 1.260000 1.601000 1.703857 1.771571 1.852714 

3.25 1.191857 1.440000 1.535286 1.575143 1.630857 

3.50 1.121714 1.339857 1.401857 1.449571 1.487286 

3.75 1.085571 1.241571 1.295286 1.329143 1.355857 

4.00 1.050286 1.172429 1.225000 1.237429 1.261000 
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Table 31. Estimated standard deviations for the multivariate geometric 

moving average control charts for p=3 and p.^=(6,8,6). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 12.437864 6.165312 5.653361 5.821993 5.490818 

0.25 0.337028 0.881146 1.574199 2.099535 2.924585 

0.50 0.031098 0.078242 0.174488 0.328908 0.763776 

0.75 0.007554 0.014041 0.027589 0.057060 0.164666 

1.00 0.002478 0.004564 0.007136 0.013397 0.043549 

1.25 0.001080 0.001848 0.002495 0.004095 0.011507 

1.50 0.000530 0.000944 0.001176 0.001642 0.004171 

1.75 0.000327 0.000522 0.000619 0.000784 0.001704 

2.00 0.000184 0.000324 0.000383 0.000443 0.000774 

2.25 0.000120 0.000222 0.000232 0.000277 0.000430 

2.50 0.000077 0.000143 0.000159 0.000190 0.000259 

2.75 0.000052 0.000100 0.000115 0.000128 0.000166 

3.00 0.000035 0.000073 0.000082 0.000090 0.000108 

3.25 0.000026 0.000056 0.000061 0.000068 0.000080 

3.50 0.000016 0.000041 0.000046 0.000049 0.000060 

3.75 0.000012 0.000029 0.000034 0.000038 0.000043 

4.00 0.000007 0.000021 0.000026 0.000028 0.000031 
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Table 32. Estimated average run lengths for the multivariate geometric 

moving average control chart for p=3 and jx^=(d,0,0) 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 199.142800 204.493000 195.823500 200.386500 199.147100 

0.25 43.214140 83.072714 104.839143 124.102714 145.211100 

0.50 15.386140 29.021000 38.794857 50.033857 74.599000 

0.75 8.302143 14.032143 17.931286 22.627571 36.128570 

1.00 5.341000 8.646429 10.062857 12.412143 19.109570 

1.25 3.901571 6.062143 6.794143 7.682429 10.794000 

1.50 2.972429 4.450571 4.942571 5.505857 7.045571 

1.75 2.383857 3.528143 3.797857 4.135286 4.984571 

2.00 2.005286 2.853000 3.093143 3.266429 3.791000 

2.25 1.729286 2.384286 2.554143 2.735571 3.003143 

2.50 1.520714 2.062286 2.199286 2.278714 2.489857 

2.75 1.376000 1.805857 1.919571 1.989429 2.113000 

3.00 1.278143 1.621714 1.721143 1.761571 1.847286 

3.25 1.188571 1.456286 1.536857 1.592143 1.638714 

3.50 1.130857 1.335429 1.404571 1.443286 1.484000 

3.75 1.093000 1.251000 1.280857 1.319714 1.349143 

4.00 1.052286 1.167286 1.212286 1.237714 1.254857 
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Table 33. Estimated standard deviations for the multivariate geometric 

moving average control chart for p=3 and fi^s(d,0.0). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 12.437864 6.165312 5.653361 5.821993 5.490818 

0.25 0.326959 0.907096 1.557792 2.151169 2.924584 

0.50 0.031490 0.082556 0.175044 0.328572 0.763776 

0.75 0.007189 0.014109 0.030265 0.056321 0.164666 

1.00 0.002521 0.004535 0.007213 0.013467 0.043549 

1.25 0.001133 0.001972 0.002725 0.003928 0.011507 

1.50 0.000564 0.000930 0.001224 0.001723 0.004171 

1.75 0.000300 0.000559 0.000609 0.000830 0.001704 

2.00 0.000181 0.000320 0.000373 0.000441 0.000774 

2.25 0.000115 0.000207 0.000232 0.000275 0.000430 

2.50 0.000079 0.000140 0.000156 0.000177 0.000259 

2.75 0.000052 0.000098 0.000113 0.000125 0.000166 

3.00 0.000037 0.000072 0.000084 0.000088 0.000108 

3.25 0.000026 0.000053 0.000061 0.000066 0.000080 

3.50 0.000018 0.000041 0.000048 0.000052 0.000060 

3.75 0.000012 0.000030 0.000033 0.000037 0.000043 

4.00 0.000007 0.000021 0.000026 0.000028 0.000031 
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Table 34. P values for the hypothesis tests that the single- and multi

parameter shifts generate the same average run lengths for p=3 for the 

multivariate geometric moving average control chart. 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.25 0.6 0.8 0.3 * 0.7 

0.50 0.5 0.1 0.6 0.1 0.7 

0.75 0.2 0.1 0.5 * * 

1.00 * 0.8 0.4 0.5 0.1 

1.25 0.4 0.2 0.6 0.3 0.3 

1.50 0.6 0.7 0.5 0.05 0.5 

1.75 0.05 0.02 0.2 0.3 0.6 

2.00 0.6 0.7 0.5 0.6 0.05 

2.25 * * 0.2 0.7 0.8 

2.50 0.4 0.3 0.6 0.6 * 

2.75 0.8 0.4 0.5 0.8 0.5 

3.00 0.05 0.1 0.2 0.5 0.8 

3.25 0.7 0.2 * 0.2 0.6 

3.50 0.2 0.7 0.8 0.6 0.8 

3.75 0.2 0.3 0.1 0.3 0.5 

4.00 0.6 0.5 0.1 * 0.5 
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Table 35. Estimated average run lengths for the multivariate geometric 

moving average control chart for p=10 and itj=(6,6,6,6,6,5,6,6,6,6). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 200.439500 203.748700 202.494700 198.117800 203.293100 

0.25 58.213420 116.522100 138.790700 155.052800 173.841700 

0.50 22.144570 45.269140 65.096570 84.513140 118.779400 

0.75 11.868850 21.373140 30.193280 41.753000 * 

1.00 7.607857 12.710000 16.343280 21.173140 * 

1.25 5.525000 8.723143 10.261140 12.762570 * 

1.50 4.115286 6.371286 7.248000 8.455143 * 

1.75 3.306429 4.921143 5.376714 6.026143 * 

2.00 2.704143 3.966429 4.359143 4.741714 * 

2.25 2.351000 3.305714 3.556429 3.766000 * 

2.50 2.030714 2.793857 2.995143 3.140571 * 

2.75 1.761571 2.418143 2.605143 2.675857 * 

3.00 1.606714 2.128429 2.286571 2.349143 * 

3.25 1.476714 1.897429 2.013571 2.072857 * 

3.50 1.339714 1.726857 1.816571 1.856714 * 

3.75 1.263857 1.561571 1.642571 1.683000 * 

4.00 1.184571 1.451571 1.510857 1.548143 * 
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Table 36. Estimated standard deviations for the multivariate geometric 

moving average control chart for p=10 and iij=(6,6,6,6,6,6,6,6,6,6). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 11.637123 6.529732 6.116305 5.922034 5.374512 

0.25 0.614367 1.876640 2.728863 3.385395 4.189083 

0.50 0.062335 0.217623 0.548708 1.002269 1.956275 

0.75 0.014371 0.035705 0.095798 0.219803 * 

1.00 0.004912 0.009561 0.021115 0.045439 * 

1.25 0.002122 0.003719 0.006339 0.013041 * 

1.50 0.001024 0.001743 0.002482 0.004575 * 

1.75 0.000593 0.000949 0.001183 0.001807 * 

2.00 0.000347 0.000564 0.000677 0.000924 

2.25 0.000246 0.000365 0.000422 0.000530 * 

2.50 0.000161 0.000248 0.000275 0.000334 * 

2.75 0.000108 0.000175 0.000202 0.000210 * 

3.00 0.000079 0.000123 0.000143 0.000155 * 

3.25 0.000060 0.000094 0.000104 0.000115 * 

3.50 0.000042 0.000074 0.000082 0.000084 * 

3.75 0.000033 0.000059 0.000065 0.000067 * 

4.00 0.000024 0.000048 0.000052 0.000055 * 



89 

Table 37. Estimated average run lengths for the multivariate geometric 

moving average control chart for p=10 and fij=(d,0,0,0,0,0,0,0,0,0). 

r 

d 0.01 . 0.10 0.20 0.30 0.50 

0.00 200.439500 203.748700 202.494700 198.117800 203.293100 

0.25 55.634143 112.376000 136.785280 155.246000 172.446280 

0.50 22.114000 45.158571 64.463143 83.168429 113.744570 

0.75 11.880429 21.345286 30.086857 41.114714 65.644714 

1.00 7.711571 12.644286 16.199286 21.181000 37.115571 

1.25 5.390429 8.734143 10.112000 12.752857 21.496571 

1.50 4.145571 6.317714 7.166000 8.430286 12.813714 

1.75 3.316286 4.926143 5.470571 6.105429 8.534857 

2.00 2.713143 3.962857 4.358571 4.699000 6.088143 

2.25 2.307429 3.287143 3.554286 3.785857 4.629143 

2.50 2.001571 2.800857 3.026000 3.150571 3.659857 

2.75 1.775571 2.421714 2.580571 2.686000 3.020286 

3.00 1.604571 2.124714 2.244571 2.333429 2.547571 

3.25 1.456143 1.910857 2.033857 2.082286 2.203429 

3.50 1.337571 1.720286 1.817429 1.862000 1.964857 

3.75 1.250000 1.568571 1.636143 1.691429 1.765286 

4.00 1.178143 1.445714 1.510286 1.554429 1.598857 
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Table 38. Estimated standard deviations for the multivariate geometric 

moving average control chart for p=10 and fij=(d,0,0,0,0,0,0,0,0,0). 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.00 11.637123 6.529732 6.116305 5.922034 5.374512 

0.25 0.595296 1.668933 2.667145 3.345608 4.129725 

0.50 0.064332 0.219491 0.517042 0.951085 1.775578 

0.75 0.014116 0.035213 0.100074 0.218190 0.577668 

1.00 0.005099 0.009535 0.020939 0.046698 0.173992 

1.25 0.002135 0.003727 0.006396 0.013593 0.053021 

1.50 0.001081 0.001748 0.002633 0.004530 0.016493 

1.75 0.000629 0.000975 0.001270 0.001997 0.006285 

2.00 0.000354 0.000568 0.000723 0.000955 0.002631 

2.25 0.000237 0.000368 0.000427 0.000556 0.001211 

2.50 0.000157 0.000250 0.000288 0.000343 0.000654 

2.75 0.000115 0.000181 0.000195 0.000221 0.000383 

3.00 0.000081 0.000129 0.000143 0.000155 0.000236 

3.25 0.000059 0.000099 0.000107 0.000115 0.000157 

3.50 0.000042 0.000076 0.000085 0.000089 0.000119 

3.75 0.000032 0.000059 0.000065 0.000069 0.000087 

4.00 0.000023 0.000047 0.000052 0.000057 0.000066 
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Table 39. P values for the hypothesis tests that the single- and multi

parameter shifts generate the same average run lengths for p=10 for the 

multivariate geometric moving average control chart. 

r 

d 0.01 0.10 0.20 0.30 0.50 

0.25 0.02 0.05 0.4 * 0.7 

0.50 • * 0.6 0.4 0.01 

0.75 * * * 0.4 * 

1.00 0.3 0.7 0.5 * * 

1.25 0.05 * 0.2 * * 

1.50 0.6 0.4 0.3 0.8 * 

1.75 0.8 * 0.1 0.2 * 

2.00 0.8 * * 0.4 * 

2.25 0.05 0.5 * 0.6 * 

2.50 0.2 0.8 0.2 0.8 * 

2.75 0.4 * 0.3 0.7 * 

3.00 * * 0.02 0.4 * 

3.25 0.1 0.4 0.2 0.6 * 

3.50 * 0.6 0.7 * * 

3.75 0.1 0.6 0.6 0.5 * 

4.00 0.4 0.6 • 0.6 * 
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Table 40. Calibration parameters for the multivariate geometric moving 

average control chart when the asymptotic upper control limit is used. 

Standard 

p q arl r Deviation 

2 3.80 200.4752 0.01 4.049225 

3 5.25 201.2770 0.01 3.803654 

10 14.05 201.6492 0.01 2.931664 
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Table 41. Estimated average run lengths and standard deviations for the 

multivariate geometric moving average control chart when the asymptotic 

upper control limit is used for p=2 and fij=(d,0). 

d ARL Standard 

Deviation 

0.00 200.475286 4.049225 

0.25 62.41286 0.166425 

0.50 30.74886 0.019669 

0.75 20.31586 0.005822 

1.00 15.14900 0.002295 

1.25 12.13871 0.001187 

1.50 10.08557 0.000677 

1.75 8.65471 0.000432 

2.00 7.62929 0.000290 

2.25 6.78686 0.000206 

2.50 6.16371 0.000148 

2.75 5.60971 0.000110 

3.00 5.20443 0.000093 

3.25 4.81314 0.000073 

3.50 4.51043 0.000059 

3.75 4.24071 0.000048 

4.00 4.00314 0.000043 
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Table 42. Estimated average run lengths and standard deviations for the 

multivariate geometric moving average control chart when the asymptotic 

upper control is used for p=3 and fi^=(d,0,0). 

d ARL Standard 

Deviation 

0.00 201.277 3.803654 

0.25 69.51271 0.187940 

0.50 35.21971 0.023474 

0.75 23.22029 0.006465 

1.00 17.42386 0.002710 

1.25 13.92771 0.001371 

1.50 11.66000 0.000760 

1.75 9.99300 0.000476 

2.00 8.79471 0.000340 

2.25 7.84229 0.00023 

2.50 7.10443 0.000176 

2.75 6.48986 0.000134 

3.00 5.99029 0.000103 

3.25 5.56629 0.000085 

3.50 5.20229 0.000069 

3.75 4.87657 0.000059 

4.00 4.59400 0.000052 
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Table 43. Estimated average run lengths and standard deviations for the 

multivariate geometric moving average control chart when the asymptotic 

upper control limit is used for p=10 and |ij=(d,0,0.0,0,0,0,0,0,0). 

d ARL Standard 

Deviation 

0.00 201.649286 2.931664 

0.25 95.74886 0.276008 

0.50 51.71914 0.035201 

0.75 35.17014 0.010000 

1.00 26.65329 0.004233 

1.25 21.48714 0.002091 

1.50 17.97843 0.001215 

1.75 15.50443 0.000741 

2.00 13.64429 0.000484 

2.25 12.14986 0.000345 

2.50 11.02386 0.000262 

2.75 10.05843 0.000197 

3.00 9.25457 0.000156 

3.25 8.60214 0.000125 

3.50 8.04186 0.000100 

3.75 7.52057 0.000083 

4.00 7.09157 0.000074 



Table 44. Average run lengths for all the methods studied with p=2. 

d Shewhart MUC MCttl MUGMA MGMA 

0. 00 200.00000 200.447 203.885 201.679857 200.475200 

0. 50 76.63734 33.692 30.983 26.845143 13.858420 

1. 00 41.80821 9.923 9.671 8.723571 4.835286 

1. 50 26.55522 5.578 4.937 4.582000 2.680429 

2. 00 18.4442 3.891 3.149 2.952714 1.838286 

2 50 13.60778 3.024 2.248 2.159429 1.434429 

3 00 10.49306 2.512 1.739 1.700714 1.199000 

3 50 8.37166 2.166 1.430 1.402000 1.088714 

4 00 6.86363 1.963 1.223 1.226571 1.030429 



[able 45. Standard deviations for all the methods studied with p= 

d Shewhart MUC MC#1 MUGMA MGMA 

0.00 0.00 2.4260 3.3782 6.103354 4.049225 

0.50 0.00 0.3490 0.2937 0.068659 0.026047 

1.00 0.00 0.0683 0.0748 0.004715 0.002060 

1.50 0.00 0.0286 0.0345 0.001038 0.000447 

2.00 0.00 0.0162 0.0202 0.000359 0.000149 

2.50 0.00 0.0110 0.0136 0.000158 0.000065 

3.00 0.00 0.0082 0.0097 0.000088 0.000028 

3.50 0.00 0.0061 0.0072 0.000048 0.000012 

4.00 0.00 0.0051 0.0057 0.000027 0.000004 
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Table 46. P values of the hypothesis test that the average run lengths 

of the multivariate geometric moving average method are less than those 

of the other methods for p=2. 

d Shewhart MUC MCttl MUGMA 

0.00 0.300 0.800 

0.50 0.001 0.001 0.001 0.001 

1.00 0.001 0.001 0.001 0.001 

1.50 0.001 0.001 0.001 0.001 

2.00 0.001 0.001 0.001 0.001 

2.50 0.001 0.001 0.001 0.001 

3.00 0.001 0.001 0.001 0.001 

3.50 0.001 0.001 0.001 0.001 

4.00 0.001 0.001 0.02 0.001 



Table 47. Average run lengths for all the methods studied with p=3. 

d Shewhart MUC MCttl MUGMA MGMA 

0.00 198.29110 199.1443 200.6970 200.266000 201.277000 

0.50 90.30885 37.0347 34.8703 33.581714 15.386140 

1.00 52.05240 10.6990 10.5613 10.753571 5.341000 

1.50 33.83608 4.1373 5.3670 5.627429 2.972429 

2.00 23.72773 4.1373 3.4110 3.596429 2.005286 

2.50 17.55121 3.2057 2.4423 2.624143 1.520714 

3.00 13.51433 2.6597 1.8557 2.012714 1.278143 

3.50 10.73959 2.2763 1.5097 1.653857 1.130857 

4.00 8.75630 2.0647 1.2807 1.414571 1.052286 



Table 48. Standard deviations for all the methods studied with p=3. 

d Shewhart MUC MCttl NUCHA MGMA 

0.00 0.00 5.8747 9.9151 5.980103 3.803654 

0.50 0.00 0.9064 0.7940 0.110344 0.031490 

1.00 0.00 0.1690 0.1928 0.007302 0.002521 

1.50 0.00 0.0392 0.0869 0.001627 0.000564 

2.00 0.00 0.0392 0.0519 0.000543 0.000181 

2.50 0.00 0.0269 0.0340 0.000247 0.000079 

3.00 0.00 0.0202 0.0241 0.000125 0.000037 

3.50 0.00 0.0152 0.0188 0.000074 0.000018 

4.00 0.00 0.0119 0.0144 0.000047 0.000007 
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Table 49. P values of the hypothesis test that the average run lengths 

of the multivariate geometric moving average method are less than those 

of the other methods for p=3. 

d Shewhart MUC MCttl MUGMA 

0.00 

0.50 0.001 0.001 0.001 0.001 

1.00 0.001 0.001 0.001 0.001 

1.50 0.001 0.001 0.001 0.001 

2.00 0.001 0.001 0.001 0.001 

2.50 0.001 0.001 0.001 0.001 

3.00 0.001 0.001 0.001 0.001 

3.50 0.001 0.001 0.010 0.001 

4.00 0.001 0.001 0.100 0.001 



Table 50. Average run lengths for all the methods studied with p=10. 

d Shewhart MUG MC#1 MUGMA MGMA 

0.00 197.25600 204.0738 201.7481 202.232857 201.649200 

0.50 130.57210 73.5750 48.3740 64.891143 22.114000 

1.00 91.35429 23.1460 15.3657 21.275429 7.711571 

1.50 66.63098 8.3013 7.5893 10.843857 4.145571 

2 00 50.22141 8.3013 4.6630 6.904000 2.713143 

2.50 38.88412 6.4153 3.1910 5.022571 2.001571 

3.00 30.78998 5.2250 2.4147 3.815714 1.604571 

3.50 24.85487 4.5113 1.9027 3.047286 1.337571 

4.00 20.40060 3.9280 1.5887 2.482000 1.178143 
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Table 51. Standard deviations for all the methods studied with p=10. 

d Shewhart MUC MCttl MUGMA MGMA 

0.00 0.00 3.2502 12.4019 6.102079 2.931664 

0.50 0.00 1.9093 1.0975 0.509430 0.064332 

1.00 0.00 0.4258 0.2855 0.034707 0.005099 

1.50 0.00 0.0808 0.1237 0.006297 0.001081 

2.00 0.00 0.0808 0.0687 0.002019 0.000354 

2.50 0.00 0.0536 0.0447 0.000944 0.000157 

3.00 0.00 0.0367 0.0310 0.000489 0.000081 

3.50 0.00 0.0294 0.0237 0.000282 0.000042 

4.00 0.00 0.0243 0.0184 0.000176 0.000023 
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Table 52. P values of the hypothesis test that the average run lengths 

of the multivariate geometric moving average method are less than those 

of the other methods for p=10. 

d Shewhart MUC MC#1 MUGMA 

0.00 * 0.4 * * 

0.50 0.001 0.001 0.001 0.001 

1.00 0.001 0.001 0.001 0.001 

1.50 0.001 0.001 0.001 0.001 

2.00 0.001 0.001 0.001 0.001 

2.50 0.001 0.001 0.001 0.001 

3.00 0.001 0.001 0.001 0.001 

3.50 0.001 0.001 0.001 0.001 

4.00 0.001 0.001 0.01 0.001 
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CHAPTER 5 

SUMMARY 

This chapter summarizes the results of the Monte Carlo simulation 

and presents suggestions for further research. The results indicate 

that the Multivariate Geometric Moving Average control chart method is 

superior to all of the other methods in this study as far as ARL 

performance is concerned. The MGMA ARL performance is better than the 

multiple univariate methods even though they were shown in their best 

case situations. 

The MGMA accounts for the history of the process while the 

multivarate Shewhart did not. However, this extra bookkeeping of the 

MGMA does not appear to affect its sensitivity. In fact, the MGMA beats 

the Shewhart multivariate chart by almost a factor of 8 samples to 

detect a process shift regardless of the number of parameters of 

interest. 

Since the multiple univariate CUSUMs are each optimized for a 

particular shift of interest, this method requires some prior decision 

about the size of the shift desired to be detected. The MGMA requires 

no such foreknowledge. Even if a specific shift in the mean were 

desired to be detected and there was no correlation between the 

parameters of interest, it is apparent that the multiple univariate 

cusum scheme would not out-perform a MGMA. 
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The AKLs of the MC#1 charts are approximately equal to the ARLs 

of the MUC charts in this study for p=2 and p=3 dimensions. However, 

for p=10, the MUC is inferior to the MCttl chart even when no correlation 

is present. This could indicate that the quickness of detection of a 

process shift of the MUC may not perform as well in the higher 

dimensions compared to the MCttl. 

For the bivariate case, the MUGMA method shows itself to be 

superior to all other methods except for the MGMA. However, as the 

number of dimensions of the process increase, the ARL performance of the 

MUGMA becomes worse. This implies that, like the MUC, the MUGMA method 

loses sensitivity when monitoring several quality characteristics. 

However, the tables containing the ARLs of the MUGMAs and MGMAs 

for various values of r show that the value of r determines the 

sensitivity of the chart. This implies that the proper selection of the 

value of the weight parameter, r, will maximize performance of the MUGMA 

even in it's worse case situation. Possibly, if there is no correlation 

between variables, proper selection of the value of r may result in a 

MUGMA control chart superior to the MC#1. The MUGMA control chart has 

the added advantage that when an out of control signal is encountered 

the parameter or parameters causing it are known. 

Decreasing the value of r in the MUGMA and MGMA charts results in 

a more sensitive chart. However, there is a lower bound to r. If r is 
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taken to be zero, the Information from the current sample has no 

contribution to the chart statistic. Unless the initial measurement (Zq 

or Zq) indicates an out-of-control situation, the chart will never 

indicate any process change. For this reason, the lower bound is not 

inclusive of zero. 

Suggestions for Further Study 

Throughout this study, it was assumed that if covariance was 

present and/or the variances were not equal to one, the method of 

principal components or some other transformation would be used such 

that the covariance of the transformed variables was an identity. 

Studies should test for the comparative sensitivity of the GMA methods 

when there is an existance of covariance. The MGMA ARL performance will 

definitely be superior to the multiple univariate methods. However, how 

it will compare to the other multivariate methods is not known. 

The MGMA and MCttl ARL curves were generated assuming no initial 

lag period. Examples of how the MGMA changes when there is an initial 

lag period were presented with the MGMA data. Information on the effect 

of an initial lag period on the MCttl is under investigation [Pignatiello 

and Runger]. One way to aviod this question altogether is to develop a 

modified MGMA chart. The addition of a zeroing out rule, such as the 

MCttl has, would best exploit the initial high sensitivity, due to the 

sample dependent UCL. of the MGMA method. 
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A prediction model of the best value of r dependent upon the 

dimensions of the process of interest should be developed. Using this 

information, comparison of the two GMA methods with higher numbers of 

parameters to control could be made without spending a great deal of 

computer time to find the optimal parameter settings. A value of r 

equal to zero would result in a chart that would never indicate an off 

target condition. Since the value of r must be greater than zero, there 

is apparently a lower limit to the value of r that will result in the 

MGMA or MUGMA control charts performing best for a particular number of 

dimensions. However, when the number of parameters a chart monitors 

increases, the value of r has to be decreased to result in a chart whose 

ARL performance will be approximately the same as the lower dimension 

charts. Therefore, there may be an upper limit to the number of 

parameters that the MGMA or MUGMA can best monitor. 

For shifts in the process mean that are at a greater distance 

than four units from the target, it is possible that the MGMA will not 

perform as well as the other methods. For the dimensions studied, the 

ARLs of the MGMAs were approximately equal to one for four unit shifts. 

However, as the number of dimensions increase, the tables show that the 

ARLs for shifts of four units increase. Another area for further 

investigation may be the relative performance of the MGMA at these 

larger mean shifts for dimensions higher than ten. 
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In this study, the process mean was monitored. It may be 

possible to develop a MGMA chart to monitor process dispersion in 

conjunction with the process mean. 

This investigation used the assumptions that the samples are 

normally distributed and that the covariance matrix is known. It was 

also assumed that samples were of a fixed size and were taken at regular 

time intervals. ~It could be of interest to determine how sensitive the 

MGMA chart is to each of these assumptions. 
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C CODE 
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ttinclude <stdio.h> 
^include <math.h> 
main() 
{ 

/* 
* Multivariate Geometric Moving Average Control Chart simulation 

* This version can accomodate up to 20 dimensions. To increase the 
* number of dimensions, simply change the dimension of "diff" from 20 
* to the desired value. 
* 

* This version also allows for the out-of-control mean vector to be of 
* one of two forms: either the first mean is equal to dist and all 
* other means are equal to zero or else all other means are equal to 
* the same value (mu), namely, sqrt(dlst*dist/p). Either way. the 
* vector of alternative means is a distance of dist from zero. 
* 

*/ 
register int i. count; 
int ix, nreps, out ,p, same; 
float trpnrm(); 
double n,sum.sum2,ar1,s2,s2ave,save,cu,c1,z[20], 

gamma,ucl,dist,P,mu,r; 
FILE *fopen(), *fp; 

fp = fopen("gma.dat", "r"); 
fscanf(fp, "%d",&p); P = p; 
fscanf(fp. "%lf",&r); 
fscanf(fp, "%lf",Sadist); 
fscanf (fp. "%lf",8ucl); 
fscanf (fp, "%d",&nreps); 
fscanf(fp. "%d",&ix); 
fscanf (fp, "%d", &same); 
fclose(fp); 

mu = dist; 

if ( same ~ 1 ) mu = sqrt(dist*dist/P); 
sum = sum2 = 0.0; 
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if ( same = 1 ) { 
for (count=l; count<=nreps; count++ ) { 

out = 0; 
n ss 0.0; 
for (1=1; K=p; i++) z[i] = 0.0; 
do { 

n++; gamma = 0.0; 
for (1=1; K=p; 1++) 

z[i]=r*(trpnrm(&ix)+mu)+(l-r)*z[i]; 
} 
for (1=1; K=p; 1++) gamma += z[i]*z[i]; 
gamma = gamma*( (2-r)/r )/(l-pow(l-r,2*n)); 
if (gamma >= ucl) out = 1; 

} while (out = 0); 
sum += n; 
sum2 += n*n; 

} /*end of for count */ 
} /*end of if •/ 
else { 

for (countsl; count<=nreps; count++ ) { 
out - 0; 
n = 0.0; 
for (i=l; i<=p; i++) z[i] = 0.0; 
do { 

n++; gamma = 0.0; 
for (1=1; i<=p; ++1) 

z[i]=r*trpnrm(&ix)+(l-r)*z[i]; 

z[l] += r*mu; 
for (1=1; i<=p; ++1) gamma += z[l]*z[i]; 
gamma=gamma*((2.0-r)/r )/(1.0-pow((1.0-r),2.0*n)); 
if (gamma >= ucl) out = 1; 

} while (out == 0); 
sum += n; 
sum2 += n*n; 

} /*end of for count */ 
} /*end if else */ 
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ar1 = sum/nreps; 
s2 = (sum2 - nreps*arl*arl)/(nreps-l); 
s2ave = s2/nreps; 
save = sqrt( s2ave) * 1.645; 
cu = arl + save; 
cl = arl - save; 

fp = fopen( 
fprintf(fp. 
fprintf(fp, 
fprintf(fp, 
fprintf(fp, 
fprintf(fp, 
fprintf(fp, 

fprintf(fp, 

fprintf(fp, 
fprintf(fp, 
fprintf(fp, 

fprintf(fp, 

gma.out", "a"); 
* dimension = %d r = %f ucl = %f *\n",p,r,ucl); 
cl=%f\n",cl); 
arl=%f",arl); 

dist=%f\n",dist); 
cu=%f\n",cu); — 
s2=%f",s2); 

s2ave=%f",s2ave); 
save=%f\n",save); 

same=%d\n",same); 
rn seed=%d\n",ix); 
nreps=%d\n",nreps); 

} /* end of main */ 
***************************4***************************************** 

^include <stdio.h> 
ttinclude <math.h> 
main () 
{ 

/ 
This is the mulitple univariate geometric moving average program. 
This version can accomodate up to 20 dimensions. To increase the 
number of dimensions, simply change the dimension of "diff" from 20 
to the desired value. 

This version allows for the out-of-control mean vector to be of the 
form: all means are equal to the same value (mu), namely, 
sqrt(dist*dist/p). This way, the vector of alternative means is a 
distance of dist from zero. This will generate the "worst case" 
scenario for this chart. 

int ix, nreps, out, count, p; 
register int i; 
float trpnrm(); 
double cl,cu,mu,k,r,ucl,P,dist,n, 

z[20],sum,sum2,ar1,s2,s2ave,save; 
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FILE * fopenQ, *fp; 

scanf("%d", &p); P = p; 
scanf("%lf", &r); 
scanf("%lf", &dist); 
scanf("%lf", &k); 
scanf("%d". &nreps); 
scanf("%d". &lx); 

fp = fopen("pugma.out", "a"); 
for (dist = 0.00; dist <= 4.0; dist += 0.25 ) 

mu = sqrt(dist*dist/P); 
siim = sum2 = 0.0; 
for (count = 1; count <= nreps; count++ ) 

{ 
out = 0; 
n = 0.0; 

for (1=1; i<=p; i++) z[i] = 0.0; 
do { 
n++; 
for (1=1; K=p; i++) 

z[i] = r*(trpnrm(&ix)+mu) + (1.0-r)*z[i]; 
ucl = k * sqrt( r*(1.0 - pow( (1.0-r),(2.0*n) )) / (2.0-r) ); 
for (1=1; i<=p; 1++) 

{ 
if (z[i] > ucl !! z[i] < -ucl) { out = 1; break; } 

} 
} while (out = 0); 
sum += n; 
sum2 += (n*n); 

} /* end of for count */ 

arl = sum / nreps; 
s2 = (sum2 - nreps* arl * arl) / (nreps- 1.); 
s2ave = s2 / nreps; 
save = sqrt(s2ave)*l.645; 
cu=arl + save; 
cl=arl - save; 
fprintf(fp, "pugma * p = %d arl = %f *\n", p.arl); 
fprintf(fp, "s2=%f s2ave=%f\n s2, s2ave); 
fprintf(fp, "k=%f dist=%f r=%f\n". k. dist. r); 
fprintf(fp, "nreps=%d mu=%f\n", nreps); 
fprintf(fp, "cu=%f cl=%f\n",cu,cl); 

} /*end of loop*/ 
} /*end of main */ 
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ttinclude <stdio.h> 
ttinclude <math.h> 

float unif_ (seed) 
long int *seed; 
/•Generates a uniform random number*/ 
{ 

long random (); 
static int first_pass = 1; 

if (first_pass) 
{ 
first_pass = 0; 
srandom (*seed); 
} 
return ((float) random () / 0x7FFFFFFF); 

float trpnrm (ix) 
int *ix; 
/* generates unit normal deviate by composition method of ahrens and */ 
/* dieter. The area under normal curve is divided into 5 different */ 
/* areas. */ 
/* Input: */ 
/* ix = random number seed */ 
/* auxiliary routines: */ 
/* unif_ */ 
{ 

float u, 
uO, 
trptmp, 
unif_ (); 

u = unif_ (ix); 
uO = unif_ (ix); 

if (u < 0.919544) /* area a, the trapezoid in the middle */ 
return (2.40376 * (uO + u * 0.825339) - 2.11403); 
if (u >= 0.965487) /* area b */ 
{ 

do 
trptmp = sqrt (4.46911 - 2 * log (unif_ (ix))); 
while (trptmp * unif_ (ix) > 2.11403); 

} 
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else 
if (u >= 0.949991) /* area c */ 
{ 

do 
trptmp = 1.8404 + unif_ (ix) * 0.273629; 
while (0.398942 * exp (-trptmp * trptmp / 2) - 0.443299 + 

trptmp*0.209694 < unif_ (ix) * 4.27026e - 02); 
} 
else 
if (u < 0.925852) 
{ 

do 
trptmp = unif_ (ix) * 0.28973; 

while (0.398942*exp(trptmp*trptmp/2)-0.382545<unif_ (ix) 
*1.63977e-02); 

} 
else 
do 

/* area d */ 
trptmp = 0.28973 + unif_ (ix) * 1.55067; 

while (0.398942 * exp (-trptmp * trptmp / 2) - 0.443299 + 
trptmp*0.209694 < unif_ (ix) * 1.59745e - 02); 

return (uO <= 0.5 ? -trptmp : trptmp); 

} 
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