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ABSTRACT

Opportunistic spectrum access (OSA) promises to significantly improve the utiliza-

tion of the RF spectrum. Under OSA, an unlicensed secondary user (SU) is allowed

to detect and access under-utilized portions of the licensed spectrum, provided that

such operation does not interfere with the communication of the licensed primary

users (PUs). Cognitive radio (CR) is a key enabling technology of OSA. In this dis-

sertation, we propose several radio resource management and routing mechanisms

that optimize the discovery and utilization of spectrum opportunities in a cognitive

radio network (CRN). First, we propose a sequential channel sensing and probing

mechanism that enables a resource-constrained SU to efficiently identify the op-

timal transmission opportunity from a pool of potentially usable channels. This

mechanism maximizes the SUs expected throughput by accounting for the tradeoff

between the reward and overhead of scanning additional channels. The optimal

channel sensing and probing process is modeled as a maximum-rate-of-return prob-

lem in optimal stopping theory. Operational parameters, such as the sensing and

probing times, are optimized by exploiting the special structure of the problem.

Second, we study the problem of coordinated spectrum access in CRNs, with the

objective of maximizing the CRNs throughput. By exploiting the geographic re-

lationship between an SU and its surrounding PUs, we propose the novel concept

of microscopic spectrum opportunity, in which active SUs and PUs are allowed to

operate in the same region, subject to power constraints. Under this framework,

we formulate the coordinated channel access problem as a joint power/rate control

and channel assignment optimization problem. Centralized and distributed approx-

imate algorithms are proposed to solve this problem efficiently. Compared with

its macroscopic counterpart, we show that the microscopic spectrum opportunity

framework offers significant throughput gains (e.g., over 100% in our simulations).
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Finally, at the network layer, we study the problem of truthful least-priced-path

(LPP) routing for profit-driven CRNs. The purpose of this problem is to design

a route selection and pricing mechanism that guarantees truthful spectrum cost

reporting from profit-driven SUs and that finds the cheapest route for end users.

The problem is investigated with and without capacity constraints at individual

nodes. In both cases, polynomial-time algorithms are developed to solve the LPP

problem. Extensive simulations are conducted to verify the validity of the proposed

mechanisms.
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CHAPTER 1

INTRODUCTION

1.1 Background

1.1.1 Motivation and Concept of Opportunistic Spectrum Access (OSA)

In recent years, we have witnessed the explosive growth of wireless communication

applications on every aspect of our life. Accompanying the growth of the wireless

traffic is the ever-increasing demand for spectrum, which for a long time is believed

to be the scarcest resource for wireless communication. Such a belief comes from

the fact that wireless is an open and shared medium, so that two close-by radios

operating over the same frequency channel interfere with each other. To eliminate

this co-channel interference and thus guarantee the normal operation of each radio,

conventionally a static spectrum allocation strategy is adopted to license different

frequency channels to different types of devices for their exclusive usage. Conse-

quently, with the increase of the number of devices, users, and services related to

wireless communication, the spectrum allocation chart has become overly crowded.

There is a common belief that we are running out of the usable radio spectrums

soon.

However, a recent FCC report [28] has revealed the inefficiency in utilizing the

spectrum by current static spectrum allocation strategy. It has been found that

while the entire radio spectrum from 6 kHz to 300 GHz is allocated [31], at any

given time and any given location, most of the spectrum is unused. For example,

in one field measurement [2], it was reported that in a rural area the occupancy

of the licensed spectrums is less than 10% on average over time. This finding has

led to the new recognition that the overly crowded spectrum is not resulted by the

actual scarcity of the physical spectrum. Rather, it is caused by the low efficiency
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(a) Coexistence of PRNs and CRN (b) Spectrum opportunities

Figure 1.1: Opportunistic spectrum access to spectrum holes.

of current spectrum management methodology.

Consequently, opportunistic spectrum access (OSA) is proposed recently as a

means of improving the spectrum utilization [90][5]. As illustrated in Figure 1.1,

the basic idea of OSA is to allow an unlicensed user to access the under-utilized part

of the spectrum on a secondary basis, given that such an access does not interfere

with the communication of the licensed user (a.k.a. primary radio (PR)). Following

the non-interfering premise, an unlicensed user can use a channel when the channel is

not being used by any PR. Once a PR becomes active on the channel, the unlicensed

user must be able to detect (or sense) the PR’s activity in a timely manner, and

then vacate from the channel immediately.

To realize the above paradigm, cognitive radio (CR) is proposed as the enabling

technology for OSA. Fundamentally, a CR is an intelligent, programmable, and

frequency-agile communication device that is capable of spectrum sensing and en-

vironment learning, and is able to adapt its transmission parameters according to
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learning results. The idea of CR was first presented officially by J. Mitola in his

Ph.D. dissertation [54], where he described CR as a novel approach in wireless com-

munication: “The point in which wireless personal digital assistants (PDAs) and the

related networks are sufficiently computationally intelligent about radio resources

and related computer-to-computer communications to detect user communications

needs as a function of use context, and to provide radio resources and wireless ser-

vices most appropriate to those needs.” Two functionalities are essential for the

operation of a CR: spectrum sensing and dynamic channel access. The former is

needed to identify under-utilized portions of the spectrum (so-called spectrum op-

portunities, white spaces, etc.), whereas the latter allows for reconfiguring the radio

parameters to enable opportunistic communication.

1.1.2 OSA Testbeds and Standardization

Currently, OSA and CR are in the process of transitioning from concept and theory

to practice and reality. The feasibility of CR was first proved by the DARPA’s

next-generation (XG) radios field test at Fort A. P. Hill, Virginia, in Aug. 2006 [51].

This experiment is based on a six-node network of XG radios that has an 1.5 MHz-

bandwidth orthogonal frequency-division multiplexing (OFDM) air-interface and is

capable of using spectrum within 225 to 600 MHz range on a secondary basis. For

the first time, it demonstrated that by relying on highly-sensitive spectrum sens-

ing algorithms and responsive medium access control mechanisms, a group of CRs

can form and maintain connected networks, conduct efficient communication with

each other, while at the same time avoid unacceptable interference to co-channel

PRs. The success of XG field test encourages a large number of followup practices

on building commercially-available CR hardware and software platforms, aiming at

extending the radios’ functionalities, enhancing their run-time configurability, and

lowering the cost so that they become more accessible to more researchers and de-

velopers [19]. Several notable examples of these CR hardware platforms include

the Universal Software Radio Platform (USRP) [49], Winlab Network Centric CR

(WiNC2R) [60][52], Berkeley Emulation Engine 2 (BEE2) [12], the Microsoft Re-
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search’s SORA platform [74], and the Rice University Wireless Open-Access Re-

search Platform (WARP) [80]. Some representative examples of software platforms

are the GNU Radio [1], the Iris Architecture [73], the Software Communication Ar-

chitecture (SCA) [30], and the MIRAI CR Execution Framework [19]. Based on

the above hardware and software platforms, several CRN testbeds have been con-

structed, including the Virginia Tech CR Network (VT-CORNET) [50], the Open

Access Research Testbed for Next-Generation Wireless Networks (ORBIT) [61], and

the open access Emulab at the University of Utah [23].

In industry, the standardizations for CR-based networks have been happening at

all levels of network scales. Most of these standards focus on utilizing the white space

in VHF/UHF TV broadcast channels (54 to 698 MHz), mainly due to the radio’s

excellent propagation characteristics in these frequency range. More specifically, the

IEEE 802.22 WRAN standard [32] has been developed to allow CRs to access the

TV white space in a regional area. The application of this standard will be providing

wireless broadband access to a rural area of typically 17-30 km or more in radius

(up to a maximum of 100 km). For wireless local area networks (WLAN), the IEEE

802.11af [3] revision is under way to enable high data rate CR application over the

TV whitespace. This new standard will be providing up to 13.5 Mbps transmission

rate over each unused TV channel in an area of several hundred meters in radius.

At the personal-area level, the ECMA-392 UCoMS standard [39] supports high data

rate streaming applications (data rate up to 19.5 Mbps) in a 30-meter-radius home

environment. To facilitate these standardization processes, on Sep. 23, 2010, FCC

issued the newest set of regulations regarding the secondary use of TV white space

and the related CR technologies [25].

The extensive interests received by OSA and CR, as reflected by the booming

studies on its platform, testbed, and standards, suggest that they are promising

technologies to enable more flourish wireless communication services within limited

spectrum resources.
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1.2 Motivation of Dissertation

The main objective of this dissertation is to optimize the efficiency of OSA for CR

networks (CRNs). The dissertation is organized around two fundamental problems

in CRNs: how to efficiently identify spectrum opportunities and how to efficiently

utilize them. Figure 1.2 gives an overview of the topics and contributions of the

dissertation. Instead of focusing on the performance of separate CR links, we are

interested in optimizing the overall efficiency of the entire network. Such a problem

setup is in line with the basic motivation of OSA, i.e., to improve the utilization

of the spectrum as a whole. Our study focuses on the operational aspects of OSA

by accounting for many practical considerations appeared in the operation of CRN.

This is in contrast to related works that study the conceptual aspects of OSA from

a high-level mathematical standpoint and tend to ignore its operational details.

Our study covers problems on both the MAC and network layers, aiming to give

a comprehensive investigation on the subject. On the MAC layer, we first study

the problem of efficient spectrum scanning mechanisms that enable CRs to identify

the throughput-optimal transmission opportunity. We then study the problem of

coordinated spectrum access between CRs, with the objective of maximizing the

throughput of entire network. On the network layer, we study the problem of

truthful least-priced-path (LPP) routing in a profit-driven CRN. The motivation of

our studies are elaborated below.

Efficient Spectrum Scanning: In a CRN, because a CR is supplied with more

channels than what it can use for a single transmission, a critical challenge is to select

in real-time the channel that the secondary users should use. For implementation

simplicity, we are interested in distributed channel selection algorithms that provide

a CR with the maximum possible throughput without interfering with the PRs.

The conventional way for a CR to select channels is to scan (sense) channels and

access the ones that are deemed idle. Although this approach guarantees a safe

(secondary) access to the spectrum, it generally does not give optimal throughput

performance. This is because the CR does not account for the relative quality of



19

Topics Contributions

Truthful least-priced path routing in
OSA

Exploiting microscopic spectrum
opportunities

Throughput-efficient sequential
channel sensing and probing in

CRNs

Figure 1.2: Overview of topics and contributions of the dissertation.

an idle channel, and hence it may transmit over an idle channel of poor condition,

hampering the CR’s throughput.

In this dissertation, we propose a joint sensing/probing mechanism that achieves

higher throughput than the classic binary channel selection approach [67]. Under

this scheme, a CR not only senses the binary status (idle/occupied) of a channel,

but also probes idle channels to decide the instantaneous maximum data rates that

can be supported on these channels. Such information is then used as a second

criterion for channel selection. The difficulty of the problem comes from the fact

that it is practically infeasible for a CR to first scan all channels and then pick the

best among them, due to the potentially large number of channels open to OSA and

the limited power/hardware capability of a CR. As a result, the CR can only sense

and probe channels sequentially. To avoid collisions with other CRs, after sensing

and probing a channel, the CR needs to make a decision on whether to terminate

the scan and use the underlying channel or to skip it and scan the next one. The

optimal use-or-skip decision strategy that maximizes the CR’s average throughput
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is one of our primary concerns in this study. This problem is further complicated

by practical considerations, such as sensing/probing overhead and sensing errors.

Coordinated Channel Access between CRs: In a CRN, the coexistence

of PR and CR in the same area poses new structure for the access of spectrum

opportunities. Two new types of interference need to be accounted for: the PR-to-

CR interference and the CR-to-PR interference. Among them, the latter is more

critical and should be constrained, because it directly influences PRs’ operation.

For each CR and each channel, we adopt a power mask to describe the maximum

transmission power the CR can use without causing unacceptable interference to

neighboring PRs. By nature, this power mask has a multi-level structure. Specifi-

cally, depending on the geographic location of the CRs and their surrounding PRs,

this power mask changes from CR to CR. In addition, even for the same CR, its

power mask can also change from time to time due to the ON/OFF activity of its

surrounding PRs. Such a multi-level structure is a generalization of the widely-used

binary spectrum opportunity, whereby a CR’s power mask is 0 if any of its neigh-

boring PR is active, or Pmax if all its PR neighbors are inactive. We realize that this

multi-level structure reflects the microscopic spectrum opportunity that is available

for CRs, and is a potential that can be exploited to increase CRN’s throughput.

So we attempt to accommodate this general form of spectrum opportunity in our

optimization. Consequently, our formulation becomes more complicated, because

now the same channel may present different levels of availability to different CRs.

Therefore, channel access needs to be carefully coordinated between these CRs to

avoid collisions, and more importantly, ensure efficient utilization of the spectrum

opportunity from a network-wide standpoint [70][68][66]. This problem is formu-

lated as a joint power/rate control and channel assignment optimization problem.

Given the available channels at different CRs, we need to specify for each CR which

channels to use and at what powers and rates.

Truthful Least-Priced-Path Routing in CRNs: In addition to the above

MAC layer considerations, we are also interested in the economic aspects of rout-

ing/relaying in a profit-driven opportunistic spectrum access (OSA) network. This



21

problem is motivated by the recent observation that in reality, the spectrum op-

portunities are usually leased/auctioned to secondary users (SUs) to make profit

for the primary spectrum owner. In this circumstance, SUs become rational in the

sense that their activities are driven by profit. Specifically, the primary user leases

their licensed spectrum to SU, which in turn provides opportunistic routing/relaying

service to end users only if this service is profitable, i.e., if the payment offered by

the end user (a.k.a the price) exceeds the relaying SU’s spectrum cost. This cost is

considered private information known only to relaying SUs. Therefore, the end user

has to rely on cost information reported by relaying SUs to determine its routing

and payment strategy. The challenge comes from the selfish nature of SUs; because

the activity of a SU is driven by profit, an SU may cheat about its cost to achieve

greater profit. To give incentive to an SU to report its true cost, the payment it

receives must typically be higher than the actual cost. However, from the end user’s

perspective, unnecessary overpayment should be avoided. So we are interested in

the “optimal” route selection and payment determination mechanism that mini-

mizes the price of the selected route while simultaneously guaranteeing truthful cost

reporting by SUs [69].

1.3 Main Contribution and Dissertation Organization

The main contributions of this dissertation are listed as follows.

In Chapter 2, we study the throughput-optimal sequential channel sensing and

probing mechanisms under sensing errors. We first derive the throughput-optimal

decision strategy for the sequential channel sensing/probing process. It turns out

that this optimal strategy has a threshold structure, which basically indicates

whether the channel is good or bad. To properly set this threshold, we consider

the tradeoff between the achievable data rate brought by good channels and the

time cost (and consequently, throughput reduction) for searching for good channels.

Second, we derive the maximum acceptable channel probing time that guarantees

a positive throughput gain for the proposed method over a scheme that does not
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utilize probing. This knowledge is important because the accumulated probing time

may be so significant that it cancels out gains achieved by selecting good channels.

Third, we optimize the channel sensing time. It turns out that this optimization is

non-convex when probing is used (and thus leads to a non-binary multi-rate setup)

in the presence of sensing error. However, by exploiting the special structure of

the problem, we still achieve a good solution that gives provably near-optimal per-

formance. Extensive simulations are conducted to verify the effectiveness of our

analysis.

Chapter 3 studies the throughput-optimal coordinated channel access mecha-

nisms under the microscopic spectrum opportunity framework. We first show that

by nature the joint power/rate control and channel assignment problem can be

formulated as a mixed integer nonlinear programming (MINLP) problem that is

NP-hard. By exploiting the discrete set of rates supported by the CR on each chan-

nel, we transform this MINLP to a binary liner programming (BLP) problem that

only contains binary variables and linear objective function and constraints. This

transformation applies to any arbitrarily given rate-SINR relationship, but has a

cost of increased number of variables. We then develop two polynomial-time ap-

proximate algorithms for the BLP, one centralized and the other distributed. We

prove that the distributed algorithm is provably efficient, i.e., it can achieve a prov-

able fraction of the optimal performance. To evaluate the benefit of exploiting

the microscopic spectrum opportunity, we subsequently apply our algorithms to a

spectrum-leasing system, whereby a CRN is sharing spectrum with an infrastruc-

tured PR network (PRN). Through extensive simulation, we show that significant

gains (e.g., over 100% at best) are achieved by the microscopic spectrum opportunity

over its macroscopic counterpart, when the implementation overhead is accounted

for.

In Chapter 4, we study the Least-Priced-Path (LPP) problem in the profit-driven

CRN. We model the truthful LPP routing as a mechanism design problem. Our

investigation is divided into two parts. In the first part, we obtain the LPP without

imposing a node-capacity constraint. This simplified formulation applies to the
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scenario where the rate demand is relatively low, such that intermediate nodes can

always support it. In the second part, we consider the problem with a given source

rate demand and given capacity constraints at intermediate nodes. We derive the

analytical solution to LPP and show that calculating the truthful payments for the

path in this case is computationally infeasible. Consequently, we consider a degraded

but more computable version of the problem: the truthful low-priced path (LOPP)

routing, which finds a low-priced path (its price may not be the lowest, but is lower

than other widely used truthful routing mechanisms, as shown in our simulations)

and the truthful payment for the path can be calculated efficiently. Because this

version requires capacity information to be collected, a payment materialization

algorithm is also developed to guarantee truthful capacity reporting by relaying

nodes. In both cases, polynomial-time algorithms are developed to find the LPP

and LOPP routes and at the same time guarantee that no cheating on the node’s

cost and capacity can lead to a better profit for that node (so a rational node will

not lie on its cost/capacity report). Extensive simulation results are presented to

support the effectiveness of our algorithms.

Finally, Chapter 5 draws some conclusions of this dissertation and suggests sev-

eral topics for future research.
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CHAPTER 2

THROUGHPUT-EFFICIENT SEQUENTIAL CHANNEL

SENSING AND PROBING UNDER SENSING ERRORS

2.1 Introduction

2.1.1 Motivation

The benefit of opportunistic spectrum access (OSA) as a means of improving spec-

trum utilization is recently well recognized [90]. OSA aims at opening under-utilized

portions of the licensed spectrum for secondary re-use, provided that the transmis-

sions of secondary radios do not cause harmful interference to primary radio (PR)

transmissions. Because a secondary radio is supplied with more channels than what

it can use for a single transmission, a critical challenge in OSA is to select in real-

time the channel that the secondary radios should use. In this work, we focus on

distributed channel selection algorithms that provide a secondary radio with the

maximum possible throughput under the constraint that PR transmissions are not

negatively affected by this selection.

Cognitive radio (CR) is the enabling technology for OSA [54]. The conventional

way for a CR to select channels is to scan (sense) channels and access the ones that

are deemed idle. Although this approach guarantees a safe (secondary) access to

the spectrum, it generally does not give optimal throughput performance. This is

because the CR does not account for the relative quality of an idle channel, and

hence it may transmit over an idle channel of poor condition, hampering the CR’s

throughput.

In this work, we study a joint sensing/probing mechanism that achieves higher

throughput than the classic binary channel selection approach. Under this scheme,

a CR not only senses the binary status (idle/occupied) of a channel, but also probes
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idle channels to decide the instantaneous maximum data rates that can be supported

on these channels. Such information is then used as a second criterion for channel

selection. This mechanism is motivated by the rich channel diversity in CR envi-

ronments, where signal fluctuations over various channels become independent once

the channel bandwidth is greater than the coherence bandwidth of the signal. For

example, in an IEEE 802.22 WRAN (the first standard for CR networks (CRNs)),

each channel occupies a 6-MHz bandwidth, while the signal’s delay spread typically

ranges between 100 ns and 10 µs [59], corresponding to a coherence bandwidth rang-

ing from 16 KHz to 1.6 MHz (coherence bandwidth = 1/(2π × delay spread) [59]).

Thus, it is possible for a CR to exploit this multi-channel diversity by opportunis-

tically selecting a good channel for transmission1.

Supported
rate

Channel id1 2 3 4

Supported
rate

Channel id1 2 3 4 Channel id1 2 3 4

CR CR CR

(a) Parallel channel
scan.

(b) Sequential channel scan
with recalled channel

selection: ch3 is skipped in the
first place and then picked

after scanning ch4

(c) Sequential channel scan
without channel recall: ch3 is
selected in the first place and

channel scan process terminates
after that

Supported
rate

Figure 2.1: Various channel scan and selection paradigms.

This work focuses on the operational aspects of the above mechanism. This is in

contrast to related works that study the conceptual aspects of multi-channel diver-

sity from a high-level mathematical standpoint and tend to ignore its operational

details. Specifically, we account for the following practical considerations in devel-

oping our mechanism. First, the instantaneous condition of a channel is unknown to

a CR until it is sensed and probed by that CR. Due to the potentially large number

of channels and the CR’s power/hardware limitations, it is infeasible for the CR to

1Without channel diversity, all idle channels exhibit comparable quality.
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first scan all channels simultaneously and then pick the best among them. A CR’s

channel sensing and probing can only be conducted sequentially. After sensing and

probing a channel, the CR needs to decide whether to terminate the scan and use

the last scanned channel, or to skip it and scan the next one. To avoid collisions

with PRs and other CRs, a CR cannot recall (use) a channel it previously skipped,

because of the staleness of that sensing/probing outcome (e.g., the channel may have

been occupied by other CR or PR, or its quality has changed). To better under-

stand the above process, we illustrate various channel scan/selection paradigms in

Figure 2.1, among which sub-figure (c), i.e., sequential channel scan and non-recalled

channel selection, is the one we pursue in this work. Under this paradigm, the op-

timal use-or-skip decision strategy that maximizes the CR’s average throughput is

one of the key issues investigated in this chapter.

The above decision making process is further complicated when the CR’s sensing

and probing overheads need to be accounted for in each step. Empirical data shows

that sensing a channel takes tens of ms and probing a new one takes from 10 to 133

ms, depending on the association and capture speed between the transmitter and

receiver after each channel hopping [7]. At the same time, to reduce collisions with

newly activated PRs, a CR’s continuous transmission over an idle channel must be

limited, e.g., in the order of hundreds of ms or at most few seconds. After that,

the CR needs to sense/probe channels again. As such, the accumulated overhead

after sequentially sensing/probing several channels could be comparable with or even

greater than the CR’s actual transmission time. When such overhead is accounted

for, the gain that may be potentially achieved by looking for a slightly better channel

than the currently scanned one may not be justifiable.

Furthermore, we need to account for the impact of sensing errors on the CRN

throughput. Sensing errors exist in all real systems and, as shown shortly, they sig-

nificantly impact the throughput. When sensing errors are present, a CR may, for

example, falsely identify an idle channel as being occupied, thus missing a transmis-

sion opportunity. Under this setup, the CR’s sensing time (i.e., the amount of time

the CR spends on sensing a channel) becomes a variable to be optimized. Specif-
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ically, the sensing time determines the accuracy of the channel sensing process. A

shorter sensing time reduces the scanning time of a channel, but also increases the

probability of a false alarm. This in turn increases the number of channels the CR

needs to sense and probe, leading to possibly longer overall channel search time,

and thus a reduction in throughput. As such, the tradeoff between sensing time and

sensing accuracy needs to be carefully evaluated.

2.1.2 Main Contributions and Chapter Organization

We provide an integrated framework that addresses all the above practical consid-

erations. Our main contributions are as follows. First, we derive the throughput-

optimal decision strategy for the sequential channel sensing/probing process. It

turns out that this optimal strategy has a threshold structure, which basically in-

dicates whether the channel is good or bad. To properly set this threshold, we

consider the tradeoff between the achievable data rate brought by good channels

and the time cost (and consequently, throughput reduction) for searching for good

channels. Second, we derive the maximum acceptable channel probing time that

guarantees a positive throughput gain for the proposed method over a scheme that

does not utilize probing. This knowledge is important because the accumulated

probing time may be so significant that it cancels out gains achieved by selecting

good channels. Third, we optimize the channel sensing time. It turns out that this

optimization is non-convex when probing is used (and thus leads to a non-binary

multi-rate setup) in the presence of sensing error. However, by exploiting the special

structure of the problem, we still achieve a good solution that gives provably near-

optimal performance. Our work is the first to incorporate the relationship between

sensing time and sensing accuracy in an operational CR environment.

The above contributions are made by performing two rounds of optimization. In

the first round, we treat the sensing and probing times as parameters, and derive

the parametrically optimal probing strategy. This is achieved by formulating the

sensing/probing/access process as an infinite-horizon maximum rate-of-return prob-

lem in the optimal stopping theory framework [27], with the number of bits that the
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CR is able to send in one transmission as the return, and the overall channel search

plus transmission times as the time cost. Next, we look into the particular struc-

ture of the optimal probing strategy and perform a second round of optimization

over the operational parameters, such as the sensing and probing times, aiming at

maximizing the outcome of the first-round optimization.

Besides the above optimization aspects, we are also interested in evaluating the

aggregate throughput performance when a network of CRs coexist with PRs, and

each CR reacts according to its sensing/probing/access scheme in a distributed way.

A Markov-chain model is developed for our performance analysis, whereby the con-

tention between CRs, the sensing strategies employed (random channel sensing and

collaborative channel sensing), and probing threshold settings at individual CRs

are all accounted for. Our results show that when the sensing/probing parame-

ters are properly set, the addition of probing can significantly improve the CRN’s

throughput, e.g., over 100% gains are observed in our simulations.

The remainder of this chapter is organized as follows. We review related works in

Section 2.2. Section 2.3 describes the system model and its maximum rate of return

formulation. Using optimal stopping theory, we solve the optimization problem in

Section 2.4. Section 2.5 studies the performance for the multi-CR case. Simulation

results are presented in Section 2.6, and Section 2.7 concludes the chapter.

2.2 Related Work

Reference [13] is probably the most relevant paper to our work. In [13], the authors

addressed the optimal channel selection problem under the implicit assumption that

channel sensing is always accurate. As a result, the impact of sensing time on the

optimization is ignored. This simplifies the optimization, which as explained in

the previous section, involves a non-linear and non-convex relationship between the

sensing time and throughput. In addition, the optimization in [13] is formulated

under a utility-function objective, which characterizes the benefit of transmitting

over a good channel and the overhead of finding such a channel through an additive
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revenue-cost relationship. In contrast, our optimization is formulated as a rate of

return problem, which describes the multiplicative relationship between the number

of bits sent in a single transmission and the total time spent on preparing for and

executing this transmission. Our formulation eliminates the ambiguity of setting

the per-unit values for revenue and cost for the utility function in [13], and hence

has a more meaningful physical interpretation (i.e., the average throughput achieved

per transmission). The more realistic considerations pursued in this chapter make

our problem much harder than in [13]. It requires us not only to derive the optimal

sensing/probing strategy under the new objective function, but also to look into the

structure of this strategy to optimize various operational parameters.

Aside from [13], other related works on exploiting channel-quality information

in CRNs tend to study the problem from a conceptual standpoint, ignoring vari-

ous operational details. Such simplifications may largely overestimate the benefit

brought by multi-channel diversity. For example, the work in [35] suggests to max-

imize CRN’s spectrum efficiency by adjusting CRs’ sensing periods according to

their channel conditions. However, it ignores various practical considerations, i.e.,

sequential sensing/probing, overhead, and sensing errors. It also assumes that the

CR can scan all channels simultaneously. The authors in [91][18][4][89] studied OSA

for a slotted system. They assumed that a CR can only sense, probe, and access one

channel in one slot. If the channel is occupied or its quality is poor such that the

channel is not used by the CR, the CR is not allowed to sense/probe other channels,

even though there is still big chunk of time remaining in the underlying slot. Thus,

the sequential exploration of channel diversity is ignored in these works. Similarly,

the work in [46] studied the optimal sensing and transmission times that maximize

the so-called spectrum efficiency under an interference constraint for a single-channel

system. However, their optimization has ignored the effect of a multi-channel setup,

whereby the CR may scan multiple channels before starting a transmission. The

work in [38] studies the fundamental performance limit on CRN throughput under

both perfect and imperfect channel sensing, but it assumes a binary use of the chan-

nel based on the channel’s idle/busy status, and does not consider channel probing
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to exploit channel diversity. To reduce channel sensing overhead, the work in [85]

considers the integration of a sleep mode into the sensing/transmission operation of

CRs. However, this work is based on a single channel setup and does not account

for the impact of sensing errors. The works in [53] and [15] suggest a candidate-

set-based scheme, where each CR may precompute a subset of channels of relatively

good quality in a statistical sense. When a CR needs to transmit, it only senses

and picks channels from this subset. In this way, the overhead in selecting a channel

can be reduced, because now all channels in the subset are of relatively good qual-

ity. The candidate-set-based scheme ignores the fact that in a multi-CR operational

environment, the subsets calculated by various CRs may overlap significantly with

each other, because similar channel conditions are observed by close-by CRs. As a

result, this mechanism may lead to poor performance in a multi-CR environment

due to high collisions in CRs’ channel selection.

For wireless systems with dedicated channels, there have been several works that

consider joint optimization of the reward obtained from channel selection and the

cost incurred by channel probing (e.g., [62, 95, 93, 40, 33, 98]). The differences

between our problem and these previous works include the following: First, the

problem of combined channel sensing and probing has not been considered in all

these works. The inclusion of sensing in the channel selection problem is non-

trivial, because the sensing time can affect the throughput by nonlinearly changing

the channel sensing accuracy. Second, previous work on channel probing involves

only a relatively small channel pool, e.g., a pool of 3 channels for 802.11 and 8

channels for 802.11a. For CRNs, this pool can be much larger, e.g., over 100 chan-

nels in a 802.22 WRAN. As a result, algorithms designed for small channel pools,

e.g., the finite-horizon stopping method in [62] and the tree-based searching algo-

rithm in [33, 40], become practically infeasible in CRNs because of their prohibitive

computational complexity when the number of channels is large. In our work, an

infinite-horizon formulation is employed, which is particularly suitable for modeling

large channel pools. Third, the ultimate concern of all previous works is the opti-

mal probing strategy that maximizes the throughput. In this work, we are not only
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interested in the optimal probing strategy, but also in the particular structure of

this strategy, with the objective of performing a second-round optimization over op-

erational parameters such as the sensing and probing times. Fourth, we also study

the aggregate throughput for a network of nodes, in which collisions between nodes

during sensing and probing are possible. Nearly all related work has ignored this

fact and only considered the single-link case in their analysis.

Methodology-wise, we have noticed that the infinite-horizon optimal stopping

framework has been used to study the distributed link scheduling problem for

wireless ad hoc networks under various environments, e.g., the uni-cast scenario

in [95][98][94], the multi-cast scenario in [93], and the noisy channel scenario in

[96][97]. All studies in the above works are based on the assumption that the links

in the system are contending for one common channel (a single-channel system), and

there is no channel sensing in the radio’s operation (and, of course, no considera-

tion for the sensing errors). In contrast, our work is based on a different application

context and accounts for many unique and fundamental properties possessed by cog-

nitive radio networks. More specifically, our work considered a multi-PR, multi-CR,

multi-channel system where CR’s channel sensing can be inaccurate (resulting in

false alarm and mis-detection probabilities). The system’s operation contains both

the sensing and the probing components. Accordingly, we need to account for the

non-convex impact of the sensing errors on the system performance. In addition,

instead of assuming one common channel, in our work CRs operate over a pool of

channels. Furthermore, to cope with the multi-PR multi-CR setting, we need to

account for the collisions between a CR and a PR, as well as collisions between

CRs. Note that in previous works, there is no difference between the nodes.

Consequently, the new context considered in our work leads to a different prob-

lem setup and formulation from those in previous works, calling for fundamentally

different solution approach. In particular, different from all the previous works,

whose ultimate goals are to obtain the optimal stopping rule and thus should be

considered as example applications of the optimal stopping theory, our analysis uses

this theory only as a starting point, but goes far beyond it by looking into the special
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mathematical structure of the optimal stopping rule and conducting a second-round

optimization over various operational parameters, via more advanced processing. As

a result, we are able to maximize our objective function w.r.t. the probing time, the

sensing time, and the stopping time, simultaneously. In contrast, the optimization

in all previous works is w.r.t. the stopping time only.

Finally, we note that the impact of sensing accuracy on throughput has been

studied in [48][17] under binary use of channels. It was shown that under this

binary setup, throughput is a concave function of sensing time. In this work, we

study the problem under a more complicated multi-rate environment. We show that

the problem loses its concavity in this case. One key contribution of our work is in

studying the special structure of the new problem and suggesting an approximate

solution that provides provably near-optimal performance.

2.3 Model Description and Problem Formulation

2.3.1 System Model

We consider a set of C licensed channels. The status of a channel is modeled as a

continuous-time random process that alternates between two states: idle and busy.

The time scale for the PR activity over the channel is at the burst level, i.e., the

average busy period corresponds to a burst of packets, typically ranging from tens to

hundreds of ms, or at most few seconds. Denote the average idle and busy durations

by α and β, respectively. When the channel is observed at an arbitrary time, its

idle and busy probabilities are given by PI = α
α+β

and PB = β
α+β

, respectively.

Here we focus on the homogeneous channel utilization scenario, i.e., we assume

that the states of different channels are driven by homogeneous and independent

random processes. This may correspond to the scenario that all channels belong

to the same licensed network and some load balancing mechanism is in the place

to statistically distribute PR traffic over various channels. It is well known that

load balancing increases the system capacity and leads to better QoS for individual

users [75]. Thus, it is often used in practical systems, e.g., IS-95 and WiMAX. For
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Figure 2.2: Sequential channel sensing and probing before transmission.
the scenario of heterogeneous channel utilization, whereby channels are assigned to

different networks, it can be viewed as the combination of multiple homogeneous

frequency bands, each being assigned to one primary radio network, and thus is

solvable using the analysis for the homogeneous case. The heterogeneous scenario

is further studied in Section 2.6.4.

Along with the PR users, the spectrum is opportunistically available to a set

of CRs. To simplify the exposure, we ignore for the time being the CR-to-CR

contention issue. This allows us to focus on the channel sensing/probing/access

process for a pair of CRs, a transmitter and a receiver, with the goal of optimizing

this process. We also assume that some synchronization mechanism (e.g., based on

random-number generaters) is in place so that the CR transmitter and receiver are

always sensing and probing the same channel at the same time. We will account for

the contention issue in Section 2.5 when we study the multi-CR scenario.

When a CR wants to transmit, it starts scanning the channels sequentially, as

shown in Figure 2.2. Specifically, it randomly picks a channel, say c1, 1 ≤ c1 ≤ C,

and samples it for τs time. Then the CR decides whether channel c1 is idle or busy. If

it is busy, the CR randomly selects the next channel c2, 1 ≤ c2 ≤ C, to sample, and

so on. Suppose that in the nth step, channel cn is determined to be idle. Then the

CR transmitter begins to probe that channel by sending a channel probing packet

(CPP) over channel cn using a predefined transmission power. The CR receiver

measures the strength of the CPP signal and decides the maximum achievable data

rate (MADR), rn, that can be supported by the current channel. The value of rn is

selected from a set of discrete rates: {Rk, k = 0, 1, . . . , K}, where Rk increases with
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k and R0
def
= 0. This MADR value is then embedded into a probing feedback packet

(PFP), which is sent back from the receiver to the transmitter over channel cn. The

time spent on one CPP/PFP exchange plus the preceding time for association and

capture between the transmitter and receiver is called the channel probing time τp.

After receiving the PFP, the transmitter decides whether or not to use this channel.

This is done by comparing rn with some channel quality threshold, r∗. If rn ≥ r∗,

then the transmitter terminates the channel search and transmits at rate rn over

channel cn for τt duration of time (τt should not be too long to reduce the likelihood

of collisions with newly activated PRs). If rn < r∗, the CR skips this channel and

continues to sense the next one. Because the CR receiver also has knowledge of

r∗ (e.g., this information can be embedded into the CPP), there is no need for the

transmitter to notify the receiver about its decision. Note that if the channel is busy

during the sensing phase, no probing packets should be exchanged between the CR

transmitter and receiver, to avoid interfering with PRs. However, the receiver still

has to wait for τp time to realize that the channel is busy2. Therefore, whether or

not the channel is idle, the time cost for one step of channel search is τs + τp. The

above channel sensing/probing process may wrap around to the first channel after

one round of sequential sensing and probing is performed over all the channels. We

assume that the number of channels (C) is sufficiently large, so that fading processes

over a given channel at two different probing instants becomes independent.

Remark: If a CR can transmit over J idle channels at a time, 1 ≤ J ¿ C, then J

parallel channel scanning/access instances can be initiated and maintained by the

CR. Each instance will independently search and use one idle channel according to

the above sequential process. The optimizations over each instance are identical

and independent. Therefore, we only need to focus on one such instance in our

treatment.

Channel sensing is modeled as a binary hypothesis test, where H0 indicates an

2Depending on the distance between the transmitter and the receiver, they may sense different

status for a channel. The fixed τs + τp scanning time guarantees perfect tx-rx synchronization

under any case.



35

idle channel and H1 indicates an occupied channel. Let x(t) be the sample collected

by the CR. Then,

x(t) =





n(t), H0 (idle)

s(t) + n(t), H1 (occupied)
(2.1)

where n(t) is the AWGN and s(t) is the received PR’s signal at the CR. For this

sensing process, the probabilities of false alarm Pfa and miss detection Pmd are

defined as follows:

Pfa(τs) = Pr{CR decides the channel is busy|H0} (2.2)

Pmd(τs) = Pr{CR decides the channel is idle|H1}. (2.3)

Note that these two probabilities, which represent sensing accuracy, are functions

of the sensing time τs.

The unconditional probabilities that a CR determines that the channel is idle

(QI) or busy (QB) are given by:

QI = PBPmd + PI(1− Pfa) ≈ PI(1− Pfa) (2.4)

QB = PB(1− Pmd) + PIPfa ≈ PB + PIPfa (2.5)

The approximation in the above equations is due to the practical requirement that

Pmd ¿ 1 (e.g., 1% is a typical value), which ensures negligible interference from

CRs.

2.3.2 Problem Formulation

The throughput-optimal sequential channel sensing/probing/access process can be

formulated as an optimal stopping problem. We first briefly describe the definition

of an optimal stopping problem and then present our formulation.

An optimal stopping problem is defined by the following two components [27]:

1. A sequence of random variables (rvs) X1, X2, . . . , whose joint distribution is

assumed to be known.
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Figure 2.3: A finite-horizon optimal stopping problem.

2. A sequence of real-valued reward functions, y0, y1(x1), y2(x1, x2), . . . ,

y∞(x1, x2, . . .).

The rvs X1, X2, . . ., can be observed sequentially (one variable at a time) for as long

as needed. For each observation instance n = 1, 2, . . . , after observing X1 = x1,

X2 = x2, . . . , Xn = xn, one may stop and receive the known reward yn(x1, . . . , xn), or

one may continue to observe Xn+1. If no observations are made, the received reward

is the constant y0. If the observer never stops, the received reward is y∞(x1, x2, . . .).

The goal is to choose a rule to stop such that the expected reward at the stopping

time N , E{yN}, is maximized.

To better illustrate the basic idea of optimal stopping, let us consider the finite-

horizon problem shown in Figure 2.3. In this problem, one is allowed to conduct

at most N sequential observations. Let the cost for one observation be c. Assume

the observation outcomes xn, n = 1, . . . , N , are i.i.d. rvs with p.d.f. f(xn). We also

define the reward yn = xn − nc, for n = 1, . . . , N . The optimal stopping rule in

this case can be solved using backward induction. More specifically, if the observer

has finished the first N − 1 observations and is conducting the last one (the Nth

observation), then he has to stop after he finishes this observation, regardless of

what observation outcome he may get. So, the expected reward he can obtain from

conducting the Nth observation is given by

VN =

∫ ∞

0

xnf(xn)dxn −Nc. (2.6)

Now, consider the observer’s observation and decision process one step before the
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Nth one, i.e., the observer is conducting its N − 1th observation and needs to

decide whether he should proceed to the Nth observation, or should take reward

yN−1 = xN−1 + (N − 1)c. If he stops, he receive reward yN−1. If he proceed to the

Nth observation, the expected reward is VN . Clearly, to maximize his reward, if

yN−1 ≥ VN , the observer should stop and take yN−1; otherwise, he should proceed

to the Nth observation. This decision process can be translated into a threshold

strategy on the observation xN−1. Specifically, define X∗
N−1

def
= VN + (N − 1)c.

The optimal stopping strategy is a threshold one: if xN−1 ≥ X∗
N−1, then stop and

take reward yn−1; otherwise, proceed to the next observation and take the expected

reward VN . The expected reward one can get from this decision is given by

VN−1 =

∫ X∗
N−1

0

VNf(x)dx +

∫ ∞

X∗
N−1

[x− (N − 1)c]f(x)dx (2.7)

The above analysis can be applied to every observation all the way to the first one.

In general, for the nth observation, the threshold observation is given by

X∗
n = Vn+1 + nc (2.8)

The expected reward for the nth decision process is given by

Vn =

∫ X∗
n

0

Vn+1f(x)dx +

∫ ∞

X∗
n

(x− nc)f(x)dx (2.9)

It can be observed that, to compensate for the cost for conducting additional obser-

vations, the observation threshold X∗
n increases with n.

The setup in our problem has a finite horizon, i.e., we allow N goes to infinity, as

long as scanning additional channel leads to larger average throughput. According

to this framework, the optimal-stopping formulation of our problem is as follows.

First, we define the sequence of observations. For the nth sensing and probing

step, n ≥ 1, the MADR value of the channel, rn ∈ {0, R1, . . . , RK}, can be obtained.

Let the distribution of rn be pk = Pr{rn = Rk}, k = 0, 1, . . . , K (we assume the

fluctuations on different channels are i.i.d.). This distribution depends on fading

and shadowing effects on the channel. We define Xn as the outcome of the nth
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sensing and probing step: Xn = 0 if the channel is busy and Xn = rn if the channel

is idle. The distribution of Xn can be calculated as follows.

q0
def
= Pr{Xn = 0} = QB + QIp0 (2.10)

qk
def
= Pr{Xn = Rk} = QIpk, for 1 ≤ k ≤ K. (2.11)

Next, we define the sequence of rewards. The reward of stopping after observing

Xn is defined as the throughput achieved by transmitting over channel cn and with

the entire time span (i.e., from the beginning of observing X1 until the end of

transmission over channel cn) taken into account. Note that the use of channel

must be non-recall. Mathematically, the reward for transmitting over channel cn is

given by

yn(X1, . . . , Xn)
def
= yn(Xn) =

Beff (n)

Ttot(n)
=

Xnτt(1− Ploss)

n(τs + τp) + τt

(2.12)

where Beff (n) is the number of collision-free data bits that can be transmitted over

channel cn, Ttot(n) is the total time cost including channel search and transmission

times, and Ploss is the probability that channel cn is re-occupied by some returning

PR during the CR’s transmission, which leads to a collision that voids the CR’s

transmission, because channel overhearing by the CR is not possible during its

transmission. Defining the moment of sensing as the reference point, denote the

forward recurrence time of the channel’s idle period by the random variable τ̃0 and

its pdf by f̃0. We can calculate Ploss as follows

Ploss = Pr{τ̃0 < τt} =

∫ τt

0

f̃0(t)dt. (2.13)

Following standard renewal theory analysis:

f̃0(t) =
1− ∫ t

0
f0(τ)dτ∫∞

0
τf0(τ)dτ

(2.14)

where f0 is the pdf of the channel’s idle period. For example, if f0 is an exponential

distribution with mean α, then f̃0 = f0 and Ploss = 1− e−
τt
α .

Define Ψ = {N : N ≥ 1, E[Ttot(N)] < ∞} as the set of all possible stopping

rules. Our goal is to find an optimal stopping rule N∗ ∈ Ψ, an optimal probing
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time τ ∗p ≥ 0, and an optimal sensing time τ ∗s ≥ 0 that maximize the following

rate-of-return objective function:

maximizeN∈Ψ,τp≥0,τs≥0
E{Beff (N)}
E{Ttot(N)} . (2.15)

Clearly, for given τp and τs, because the CR decides after each observation whether

or not to stop (according to some rule), the final stopping time N is a random

variable. Therefore, the number of bits that can be effectively transmitted at the

stopping point, Beff (N), together with the time cost Ttot(N), are both random

variables related to N . This is in contrast to the Beff (n) and Ttot(n) in (2.12),

where n is a constant. In addition, note that problem (2.15) is more than a pure

optimal stopping problem, because the optimization is w.r.t. the probing time and

sensing time, in addition to the stopping time.

The reason we wish to maximize the ratio in (2.15) rather than the true ex-

pected average E
{

Beff (N)

Ttot(N)

}
is that if the problem is repeated independently Z

times with a fixed stopping rule, leading to i.i.d. stopping times N1, . . . , NZ and

i.i.d. returns Beff (N1), . . . , Beff (NZ), then the overall average return per unit time

is the ratio (Beff (N1) + . . . + Beff (NZ))/(Ttot(N1) + . . . + Ttot(NZ)). As Z → ∞,

the limit of the expectation of the above ratio (if it exists) must converge to

E{Beff (N)}/E{Ttot(N)} by the law of large numbers [27]. Therefore, our objective

function can be interpreted as the long-term average throughput provided by the

stopping rule.

2.4 Optimal Stopping Rule and Optimization Considerations

In this section, we solve the optimization in (2.15) via two steps. We first treat

τp and τs as parameters and solve the resulting parametric maximum-rate-of-return

sub-problem using optimal stopping theory. We then examine the structure of our

parametric solution to address the optimization over τp and τs.
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2.4.1 Parametric Throughput-Optimal Stopping Rule

Treating τp and τs in (2.15) as parameters makes the resulting sub-problem degrade

to a classic optimal stopping problem. To address this sub-problem, we first consider

its transformed version, whose reward sequence is defined by

wn = Beff (n)− λTtot(n)

= Xnτt(1− Ploss)− λ[n(τs + τp) + τt]. (2.16)

Following [27], if the parameter λ is chosen such that the optimal expected reward

of the transformed problem, i.e., V ∗ def
= supN∈Ψ E{Beff (N) − λTtot(N)}, is zero,

then the optimal stopping rule N∗ of this transformed problem is also the optimal

stopping rule of the original problem (i.e., the parametric sub-problem of (2.15)

under given τp and τs). In addition, the value of λ that gives V ∗ = 0, denoted as

λ∗, is the maximum parametric throughput achieved by the optimal stopping rule

N∗ under the given τp and τs. Applying this philosophy, we present the following

results regarding the existence and solution of the optimal stopping rule for problem

(2.15).

Theorem 2.1: Given τs and τp, a parametric optimal stopping point for (2.15)

exists. The maximum parametric throughput λ∗ that is achieved by this optimal

stopping rule is the solution of: E{max(Xnτt(1 − Ploss) − λ∗τt, 0)} = λ∗(τs + τp).

The parametric optimal stopping rule is given by N∗ = min{n ≥ 1 : Xn ≥ λ∗
1−Ploss

}.
Proof: The proof of this theorem follows the framework of [27].

1. Existence. We need to prove that, given τs and τp, for any finite λ, an optimal

stopping rule exists for the transformed problem (2.16). It follows from Theorem

1 in Chapter 3 of [27] that the optimal stopping rule exists if the following two

conditions are satisfied:

1. E{supn wn} < ∞.

2. limn→∞ supn wn = −∞, a.s.

By examining (2.16), condition 2 is clearly satisfied. Condition 1 can be verified

by applying Theorem 1 in Chapter 4 of [27]. Specifically, it is easy to see that the



41

random variable

X ′
n

def
= Xnτt(1− Ploss)− λτt (2.17)

is related only to the random variable Xn. Because Xn’s are i.i.d. for n = 1, 2, . . .,

the X ′
n’s must also be i.i.d.. In addition, because Xn takes a finite number of values

and λ is finite, X ′
n must also be finite. Therefore, it holds that E{max(X ′

n, 0)} < ∞
and E{(max(X ′

n, 0))2} < ∞. So according to Theorem 1 in Chapter 4 of [27], it

holds that E{supn wn} = E{supn X ′
n − nλ(τs + τp)} < ∞. So condition 1 is also

satisfied.

2. Optimal solution. wn can be written as wn = X ′
n − nλ(τs + τp), where X ′

n is

defined in (2.17). So X ′
n can be considered as the reward for observing w1, . . . , wn,

and λ(τs+τp) can be deemed as the cost for each observation. Applying the principle

of optimality in Chapter 2 of [27], the optimal stopping rule of the transformed

problem (2.16) is given by

N∗ = min{n ≥ 1 : X ′
n ≥ V ∗} (2.18)

where V ∗ denotes the expected return from an optimal stopping rule; it satisfies

the following optimality equation

V ∗ = E{max{X ′
n, V ∗}} − λ(τs + τp). (2.19)

Equivalently, the above equation can be written as

E{max(X ′
n − V ∗, 0)} = λ(τs + τp). (2.20)

Recalling the connection between the original problem and its transformed version,

the value of λ that gives V ∗ = 0 is simply the solution of (2.15). With V ∗ = 0, we

have the following equation:

E{max(Xnτt(1− Ploss)− λ∗τt, 0)} = λ∗(τs + τp). (2.21)

According to Theorem 1 in Chapter 6 of [27], the solution to the above equation,

λ∗, is the maximum parametric objective function value for problem (2.15). At
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the same time, substituting V ∗ = 0 into (2.18), we derive the parametric optimal

stopping rule to problem (2.15):

N∗ = min{n ≥ 1 : Xn ≥ λ∗

1− Ploss

} (2.22)

This concludes the proof of Theorem 2.1.

Regarding the calculation of the parametric optimal throughput and the para-

metric optimal stopping rule of (2.15), we have the following theorem:

Theorem 2.2: Given τs and τp, λ∗ is unique.

Proof: The main idea is to show that the LHS of (2.21) is a mono-decreasing function

in λ∗, whereas the RHS is mono-increasing in λ∗. The two functions must intersect

at one and only one point. Particularly, we define g(λ) = E{max(Xnτt(1− Ploss)−
λτt, 0)}. For the general case of a continuous random variable Xn with pdf q(x),

g(λ) can be extended as

g(λ) =

∫ ∞

λ
1−Ploss

xτt(1− Ploss)q(x)dx−
∫ ∞

λ
1−Ploss

λτtq(x)dx. (2.23)

The first-order derivative of g is given by

dg(λ)

dλ
= −λτtq

(
λ

1− Ploss

)

−
[
τt

∫ ∞

λ
1−Ploss

q(x)dx− λτtq

(
λ

1− Ploss

)]

= −2λτtq

(
λ

1− Ploss

)
− τt

∫ ∞

λ
1−Ploss

q(x)dx. (2.24)

Clearly, both terms in (2.24) are strictly negative, and therefore g(λ) is a strictly

mono-decreasing function. In addition, g(0) = τt(1− Ploss)E[Xn] < ∞ and g(∞) =

0. It is clear that the RHS of (2.21) is a strictly mono-increasing function of λ with

function values of 0 and ∞ when λ = 0 and λ = ∞, respectively. For the case of

discrete random variable Xn, it is easy to see that the above monotonic property

does not change. Therefore, λ∗ must have a unique solution.

For the particular discrete-rate CRs considered in our work, a fast numerical

algorithm can be developed to calculate the exact λ∗ in at most O(K) time, where
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K is the number of rates supported by the CR 3. Such an algorithm is based on

the following observations. First, for the multi-rate system Xn ∈ {R0, R1, . . . , RK},
where R0 = 0 < R1 < . . . < RK , define k∗ to be the minimum integer that sat-

isfies Rk∗ ≥ λ∗
1−Ploss

. Obviously, 1 ≤ k∗ ≤ K. Using this notation, the equation

E{max(Xnτt(1− Ploss)− λ∗τt, 0)} = λ∗(τs + τp) can be written as

K∑

k=k∗
(Rkτt(1− Ploss)− λ∗τt)qk = λ∗(τs + τp),

subject to Rk∗−1 <
λ∗

1− Ploss

≤ Rk∗ . (2.25)

This gives a candidate solution for λ∗

λ∗ =
τt(1− Ploss)

∑K
k=k∗ Rkqk

τs + τp + τt

∑K
k=k∗ qk

,

subject to Rk∗−1 <
λ∗

1− Ploss

≤ Rk∗ (2.26)

The range of values for k∗ is from 1 to K. Therefore, one can first enumerate

all candidates of λ∗ according to (2.26) by setting k∗ = 1, . . . , K, respectively, and

then pick the one that satisfies the condition Rk∗−1 < λ∗
1−Ploss

≤ Rk∗ . Theorem 2.2

guarantees that there is only one solution satisfying this condition. The particular

Rk∗ under which the right λ∗ is obtained is the threshold rule that determines

whether an idle channel is good enough to be used.

2.4.2 Optimization Considerations

Impact of Probing Overhead

In this section, we evaluate λ∗ as a function of the parameters τs and τp. An exami-

nation of (2.26) reveals that λ∗ can be written as a segmented function. Specifically,

for the jth segment, 1 ≤ j ≤ K, the value of λ∗ satisfies Rj−1(1 − Ploss) < λ∗ ≤
Rj(1− Ploss). To satisfy this condition, it must be the case that

Rj−1 <
τt

∑K
k=j Rkqk

τs + τp + τt

∑K
k=j qk

≤ Rj. (2.27)

3A similar solution framework was developed independently in [94] under a different application

context.
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After some mathematical manipulations, (2.27) leads to the following condition:

∑K
k=j Rkqk −Rj

∑K
k=j qk

Rj

≤ τs + τp

τt

<

∑K
k=j Rkqk −Rj−1

∑K
k=j qk

Rj−1

. (2.28)

The ratio η
def
= τs+τp

τt
represents the efficiency of the channel sensing/probing/access

scheme. All the time factors in (2.28) are separated from the upper and lower

bounds of the segment, allowing a neat partition of segments based on η. Following

this thread, λ∗ can be explicitly written in the following segmented form:

λ∗ =





λ∗1(η) for φ1 ≤ η < Φ1

...

λ∗j(η) for φj ≤ η < Φj

...

λ∗K(η) for φK ≤ η < ΦK

(2.29)

where λ∗j(η)
def
=

(1−Ploss)
∑K

k=j Rkqk

η+
∑K

k=j qk
, φj

def
=

∑K
k=j Rkqk−Rj

∑K
k=j qk

Rj
, and Φj

def
=

∑K
k=j Rkqk−Rj−1

∑K
k=j qk

Rj−1
, j = 1, . . . , K. Because we are interested in determining

whether the inclusion of probing leads to better performance, we can assume τs

and τt to be fixed (we later discuss the case when τs is an optimization variable),

and analyze the structure of λ∗ as a function of τp. In this sense, η becomes a

one-to-one image of τp.

Theorem 2.3: Given τs and τt, the function λ∗ defined in (2.29) is a continuous

and strictly mono-decreasing segmented function over the entire domain of η.

Proof: First, by evaluating λ∗j(η), it is clear that inside each segment, λ∗ is continuous

and strictly mono-decreasing. Next, it can be easily verified that Φj = φj−1 and

limη→Φj
λ∗j(η) = λ∗j−1(φj−1) for j = 2, . . . , K. Therefore, λ∗ is continuous and strictly

mono-decreasing over the entire domain of η.

When probing is not used, the average throughput, denoted by λno−probing, can

be derived as follows. First, the number of channels that are sensed until an idle

channel is found follows a geometric distribution with parameter QI . So the average

time cost for finding an idle channel is given by Ts
def
= τs/QI . Once an idle channel
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is found, the average data rate supported by that channel is R̄ =
∑K

k=1 Rkpk. So

λnoprobing is calculated as

λno−probing =
(1− Ploss)τt

∑K
k=1 Rkpk

Ts + τt

=
(1− Ploss)

∑K
k=1 Rkqk

η′ + QI

(2.30)

where η′ def
= τs

τt
. Given τs and τt, λno−probing is a constant. The equation

λ∗(η) = λno−probing must have a unique solution. This is because when τt = 0,

the sensing/probing/access scheme is at least as good as the sensing/access scheme;

whereas when τt → ∞, λ∗(∞) = 0 < λno−probing. The property presented in Theo-

rem 2.3 guarantees the existence of a unique positive intersection between λ∗(η) and

λno−probing. Therefore, the maximum acceptable τp that guarantees a throughput

gain for sensing/probing/access scheme is given by

τmax
p = τtλ

∗−1(λno−probing)− τs (2.31)

where λ∗−1(·) denotes the inverse function of λ∗(η). The significance of (2.31) is that

it dictates when probing should be used for a given set of sensing/probing/access

parameters.

Impact of Sensing Time

In this section, we are interested in the impact of τs on the optimal throughput. It

is well known that for a given sensing/access CR system, throughput is a concave

function of τs [48]. So there exists an optimal sensing time that maximizes the

throughput. However, our finding in this section reveals that, in general, the con-

cavity of the throughput is not preserved when probing is included, largely due to

the more complicated structure of the multi-rate system. The encouraging aspect of

our finding is that when τs is the variable, the throughput maintains its segmented

structure. Treating a segment as our evaluation unit, the trend in throughput is

concave over the segments of τs. Based on this fact, we can derive a closed range

To
s that contains the optimal sensing time τ o

s . The importance of this range is that

any τs ∈ To
s leads to a throughput greater than what can be achieved under any
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τs /∈ To
s. The range To

s is also “provably efficient”, i.e., any value inside this range

can achieve at least a provable fraction of the maximum throughput achieved with

τ o
s . As a result, achieving provably near-optimal performance is still guaranteed.

Our analysis involves evaluating the partition points of each segment defined in

(2.29). In total, there are K + 1 distinct partition points: φ0
def
= Φ1 = ∞ > φ1 >

φ2 > . . . > φK−1 > φK = 0, where the new notation φ0 is defined for presentation

convenience. For 1 ≤ j ≤ K − 1, φj can be written as

φj = (1− Pfa(τs))Cj (2.32)

where Cj
def
=

PI
∑K

k=j(Rk−Rj)pk

Rj
is a channel-dependent quantity that does not depend

on τs.

We consider an energy detector for channel sensing, for which the false alarm

probability is approximated by [48]

Pfa(τs) = Q

((
ε

σ2
u

− 1

) √
τsfs

)
(2.33)

where ε
σ2

u
is the decision threshold for sensing, fs is the channel bandwidth, and

Q(.) is the Q-function. Given a target minimum sensing time τmin
s and a desired

miss detection probability P̄md, the decision threshold should be chosen such that

for any τs ≥ τmin
s , we have Pmd(τs) ≤ P̄md, i.e., [48]

ε

σ2
u

= Q−1(1− P̄md)
√

2γ + 1τmin
s fs + γ + 1 (2.34)

where γ is the received signal-to-noise ratio of the PR signal as measured at the

CR. The relationship between Pfa and τs in (2.33) is not in closed-form and thus

is hard to manipulate. Given the parameters γ, τmin
s , Pmd, and fs, we suggest an

exponential curve fitting for (2.33), yielding Pfa(τs) ≈ e−bτs . Mathematically, this

fitting is inspired by the well-known approximation [81] erfc(x) ≤ e−x2
. Numerically,

we found this exponential fitting to achieve good accuracy. Figure 2.4 shows an

example when γ = 0.01, τmin
s = 0.1 ms, Pmd = 1%, and fs = 1 MHz. The average

fitting error in this case is less than 8%.
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Figure 2.4: Exponential curve fitting of the false alarm rate.

Applying the exponential fitting of Pfa(τs) and treating τs as a variable, the

domain of the jth segment defined in (2.29) now becomes:

(1− e−bτs)Cjτt < τs + τp ≤ (1− e−bτs)Cj−1τt. (2.35)

The above partition is not in explicit form of τs because τs appears on both sides

of each inequality. To get the explicit partitions, we need to solve the following set

of equations of τs:

τs = (1− e−bτs)Cjτt − τp, 1 ≤ j ≤ K. (2.36)

For each equation, if a non-negative solution exists, then it gives a partition point

over τs. The difficulty here is that such a solution does not always exist.

Theorem 2.4: The following statements specify the existential condition and struc-

ture of the solutions to (2.36):

1. Existential condition: An equation in (2.36) has solutions if and only if

Cjτt − 1
b
− 1

b
ln bCjτt ≥ 0;

2. Number of solutions: Each equation in (2.36) can have at most two solutions. At

most one equation can have exactly one solution;

3. Sign of solutions: If an equation has two solutions, then both solutions are positive
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(or negative) if 1
b
ln bCjτt is positive (or negative). In other words, it is impossible

to have one positive solution and one negative solution for the same equation;

4. Structure of solutions: If the jth equation has two positive solutions, denoted as

τ
(j,high)
s and τ

(j,low)
s , where τ

(j,high)
s ≥ τ

(j,low)
s > 0, then the (j−1)th equation must have

two positive solutions, which satisfy the condition τ
(j−1,high)
s > τ

(j,high)
s ≥ τ

(j,low)
s >

τ
(j−1,low)
s > 0.

Proof: 1. We first prove the existential condition. Define

hj(τs) =
(
1− e−bτs

)
Cjτt − τp − τs, 1 ≤ j ≤ K. (2.37)

The equation set hj(τs) = 0, 1 ≤ j ≤ K, is equivalent to (2.36). The function hj is

concave since its second-order derivative is:

d2hj

dτ 2
s

= −b2Cjτte
−bτs < 0. (2.38)

Because of this concavity, it is clear that hj(τs) = 0 has solutions if and only if the

function’s maximum value is not smaller than 0. The maximum value is calculated

as follows:
dhj

dτs

= e−bτsbCjτt − 1 = 0. (2.39)

From (2.39) we can get τ o
s = 1

b
ln bCjτt. Accordingly, the maximum value of hj(τs)

is given by

hmax
j

def
= hj(τ

o
s ) = Cjτt − 1

b
− 1

b
ln bCjτt (2.40)

Then statement 1 follows.

2. The first half of statement 2 is clear due to the concavity of hj(τs). We prove

the second half after proving statement 4.

3. The proof is by contradiction. We first consider the case when τ o
s =

1
b
ln bCjτt > 0. From the concavity of hj, it is clear that at least one solution must

be positive. Now suppose the second solution is negative. Then hj(0) ≥ 0 must

hold. However, from (2.37), when τs = 0, hj(0) = −τp < 0. A similar contradiction

can be established when τ o
s = 1

b
ln bCjτt < 0. So statement 3 holds.
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Figure 2.5: Structure of the solutions to (2.36) and the partition points over τs.

4. From the definition of Cj in (2.32), it is clear that Cj < Cj−1. Now consider

the solution τ
(j,high)
s of the jth equation. From (2.36), we have

τ (j,high)
s = (1− ebτ

(j,high)
s )Cjτt − τp < (1− ebτ

(j,high)
s )Cj−1τt − τp. (2.41)

As τs → ∞, (1 − e−bτs)Cj−1τt − τp → Cj−1τt − τp < ∞. So the function (1 −
e−bτs)Cj−1τt − τp must intersect with the function τs between τ

(j,high)
s and ∞ (the

two boundaries not included). Applying a similar logic to τ
(j,low)
s , it is clear that the

function (1 − e−bτs)Cj−1τt − τp also intersects with the function τs between 0 and

τ
(j,low)
s (the two boundaries not included). Note that the domains (τ

(j,up)
s , ∞) and

(0, τ
(j,low)
s ) do not overlap. Accounting for statements 2 and 3, it can be concluded

that there are only two solutions to the (j−1)th equation, each of which is positive.

One solution is located in (τ
(j,high)
s , ∞) and the other in (0, τ

(j,low)
s ). So statement 4

follows.

Based on statement 4, the second half of statement 2 is straightforward: Count-

ing down from j = K to j = 1 in (2.36), the first equation that has solutions, say

the j∗th one, is the only one that can have exactly one solution. For all j < j∗, each

equation must have two solutions.

The structure of the solutions to (2.36) and the resulting partition points over

τs are illustrated in Figure 2.5. The optimization of τs is based on examining

the structure of this segmentation. Specifically, counting down from j = K to
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Figure 2.6: The relationship between λ∗ and τs.

1 in (2.36), let the j∗th equation be the first one that has positive solution(s).

The segmented function λ∗(τs) is described as follows: 1. The total number of

segments is 2j∗ + 1. 2. The domains of these segments are given from left to

right by [0, τ
(1,low)
s ), [τ

(1,low)
s , τ

(2,low)
s ), . . ., [τ

(j∗,low)
s , τ

(j∗,high)
s ), [τ

(j∗,high)
s , τ

(j∗−1,high)
s ), . . .,

[τ
(1,high)
s ,∞). 3. Recalling the condition (2.27) required for λ∗, for the jth left-most

and the jth right-most segments, where 1 ≤ j ≤ j∗, the corresponding λ∗ must

satisfy (1− Ploss)Rj−1 < λ∗ ≤ (1− Ploss)Rj. In addition, the specific value of λ∗ in

these two segments is given by

λ∗ =
(1− e−bτs)τtPI(1− Ploss)

∑K
k=j Rkpk

τs + τp + (1− e−bτs)τtPI

∑K
k=j pk

. (2.42)

Three properties regarding this segmentation can be observed: First, inside each

segment, the relationship between λ∗ and τs, i.e., (2.42), is no longer concave or

monotonic. As an example, it can be verified that for the good-channel curve pre-

sented in Figure 2.11 of our simulation, the second-order derivative of λ∗ is −2.11

when τs = 100 ms, and is 2.569 when τs = 150 ms. So λ∗ is in general neither

concave nor monotonic for the entire domain τs ≥ 0. Second, as illustrated in Fig-

ure 2.6, the trend of λ∗ is concave with τs if we treat segment as our observation unit:

Starting from the left-most segment, [0, τ
(1,low)
s ), any τs in the next segment gives

greater λ∗ than any τs in the previous segment. This trend is valid until reaching
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the segment in the middle, [τ
(j∗,low)
s , τ

(j∗,high)
s ). Starting from this segment and until

the last one, any τs in the next segment gives smaller λ∗ than any τs in the previous

segment. Third, the segment [τ
(j∗,low)
s , τ

(j∗,high)
s ) gives λ∗s that are greater than any

other segments. In other words, we can define To
s

def
= {τs : τ

(j∗,low)
s ≤ τs ≤ τ

(j∗,high)
s )}.

To
s is a closed range that contains the optimal τ o

s . In addition, any τs ∈ To
s

achieves greater throughput than any τs /∈ To
s, and its throughput is bounded by

(1 − Ploss)Rj∗ ≤ λ∗ ≤ (1 − Ploss)Rj∗+1. Therefore, for the sensing/probing/access

scheme, even though we cannot find τ o
s explicitly, we can still decide a good range

for τs that provably gives near-optimal performance.

Theorem 2.5: The closed range To
s is

Rj∗
Rj∗+1

-optimal, i.e., any τs ∈ To
s can achieve

at least
Rj∗

Rj∗+1
fraction of the maximum throughput, where j∗ denotes the id of the

first equation that has positive solution(s) when counting down from the Kth to the

first equation in (2.36).

Proof: The proof is straightforward based on our preceding discussions.

2.5 Throughput Analysis for CRNs

In this section, we study the aggregate throughput when multiple close-by CRs share

the same spectrum, each being driven by its own sensing/probing/access process

discussed before. Such an investigation allows us to better appreciate the proposed

scheme from a network’s standpoint. As illustrated in Figure 2.7, an important

factor we need to consider in this scenario is collisions between CRs, i.e., more than

one CR transmitter/receiver pair are sensing and probing the same channel at the

same time, so their probing packets collide. As a result, none of them can use the

channel at this moment even if this channel is idle and is of a good quality.

We consider two sensing strategies for CRs: random sensing and collaborative

sensing. In random channel sensing, each CR pair randomly selects a channel to

sense in each step. There is no information exchange between different CR pairs.

For collaborative sensing, CRs exchange their channel-hopping information in every

step to avoid multiple CRs hopping to the same channel at the same time.
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Figure 2.7: Sensing/probing collisions between CRs.

To make the analysis tractable, we relax the condition that CR’s transmission

time has a fixed length τt. We assume that the transmission time is exponentially

distributed with mean τt. In the simulation section, we test the validity of this

assumption and show that it has a negligible impact on network performance. A

discrete-time Markov-chain model is used to analyze the throughput of the CRN.

Time is divided into slots with slot length = τs + τp. So for a CR, each step

of channel sensing/probing takes exactly one slot and each transmission takes on

average L
def
= d τt

τs+τp
e slots. We assume that CRs are synchronized, i.e., the slots

of different CRs are aligned. Let the number of CR transmitter/receiver pairs be

M . To simplify the presentation, here we only consider the fundamental case when

each CR link can only sense, probe, and transmit over one channel at a time. The

case that a CR link can simultaneously use J > 1 channels can be treated as

J independent one-channel virtual CR links and analyzed accordingly. We show

the accuracy of this treatment using simulations in Section 2.6.3. To evaluate the

CRN’s capability of harvesting the spectrum, we are interested in a saturated traffic

scenario, i.e., there is always backlogged traffic at each CR link. The state of the

Markov chain is defined by the tuple (x1, . . . , xM), where each element xm ∈ {0, 1}
indicates the activity of the mth CR link in the current slot: xm = 0 means that CR

link m is sensing and probing a channel; xm = 1 denotes an ongoing transmission

by that link. A CR link’s activity in the current slot depends on the effect of all CR

links’ activities in the previous slot, (x′1, . . . , x
′
M), i.e., the transition probability of
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the chain satisfies

Pr(x1, . . . , xM |x′1, . . . , x′M) =
M∏

m=1

Pr(xm|x′1, . . . , x′M) (2.43)

Note that a CR’s activity in the current slot does not impact other CRs’ activities

in the same slot, because CR links decide their activities distributedly.

Without loss of generality, we consider the transition probability of CR link 1.

We first consider the random sensing strategy. Our analysis covers the following

four cases:

Case 1: Pr(0|0, x′2, . . . , x′M)

In this case, the transition probability contains four components

Pr(0|0, x′2, . . . , x′M) = Pcr occupied + Pcr collision + Ppr occupied

+Ppoor channel (2.44)

where Pcr occupied denotes the probability that the channel that was sensed/probed

by CR link 1 in the previous slot was being occupied (transmitted over) by other

CR links, and thus CR link 1 has to sense/probe another channel in current slot;

Pcr collision denotes the probability that the channel that was sensed/probed by CR

link 1 in the previous slot was not being occupied by any other CR, but was being

sensed/probed by other CR links, and hence there was a collision and CR link 1

has to sense/probe another channel in the current slot; Ppr occupied denotes that the

channel that was sensed/probed by CR link 1 was neither being occupied nor being

sensed/probed by any other CR, but was being used by a PR, and hence CR link

1 has to sense/probe another channel in current slot; Ppoor channel denotes that the

channel that was sensed/probed by CR link 1 in the previous slot was neither being

occupied by either CR or PR, nor being sensed/probed by any other CR, but it was

having a bad channel condition, and hence CR link 1 has to sense/probe another

channel in current slot.

To calculate these four probabilities, we note that a collision of multiple CRs

that are sensing the same channel can be detected during the probing phase. After

detecting a collision, the CRs will sense/probe other channels in the next slot.
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Therefore a CR’s transmission over some channel indicates this channel is collision-

free between CRs. We define the following notations: M
(m)
1

def
=

∑M
i=1;i6=m x′i and

M
(m)
0

def
= (M − 1)−M

(m)
1 . M

(m)
1 denotes the number of transmitting CR links in the

previous slot, not counting the mth link; M
(m)
0 is the number of sensing/probing

channels in the previous slot, not counting the mth link. Then, we have

Pcr occupied =
M

(1)
1

C
(2.45)

Pcr collision =

(
1− M

(1)
1

C

)
1−

(
C − 1

C

)M
(1)
0


 (2.46)

Ppr occupied =

(
1− M

(1)
1

C

)(
C − 1

C

)M
(1)
0

QB (2.47)

Ppoor channel =

(
1− M

(1)
1

C

) (
C − 1

C

)M
(1)
0

QI

k∗−1∑

k=0

pk (2.48)

Case 2: Pr{1|0, x′2, . . . , x′M}
This transition probability is simply given by

Pr{1|0, x′2, . . . , x′M} = 1− Pr{0|0, x′2, . . . , x′M}

=

(
1− M

(1)
1

C

)(
C − 1

C

)M
(1)
0

QI

K∑

k=k∗
pk (2.49)

Case 3: Pr{0|1, x′2, . . . , x′M}
This case means that CR link 1 finishes its transmission in the previous slot, so it

starts looking for a new channel in the current slot. The transition probability is

given by

Pr{0|1, x′2, . . . , x′M} = 1/L (2.50)

Case 4: Pr{1|1, x′2, . . . , x′M}
This is simply calculated as

Pr{1|1, x′2, . . . , x′M} = 1− Pr{0|1, x′2, . . . , x′M} = (L− 1)/L. (2.51)
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Figure 2.8: Throughput vs. probing time.

Having obtained the transition probability matrix, the Markov chain’s stationary

distribution for the random vector (x1, . . . , xM) can be calculated using standard

state-transition balance equations. Among all the states, those with
∑M

m=1 xi > C

are infeasible, and therefore their stationary distribution probability is 0. The CRN’s

throughput is then calculated as

Rtot =
1∑

x1=0

. . .

1∑
xM=0

(
Pr{x1, . . . , xM}

M∑
m=1

xmR̄

)
(2.52)

where R̄
def
=

(1−Ploss)
∑K

k=k∗ Rkpk∑K
k=k∗ pk

is the average throughput a CR link can achieve when

transmitting.

In the above calculation, we have assumed a fully-distributed random chan-

nel sensing strategy. Under a collaborative sensing strategy, the above calcula-

tion should be modified as follows: the term
(

C−1
C

)M
(1)
0 should be replaced by

(
C−1

C

)max(0,M
(1)
0 +1−C)

in (2.45) through (2.49). This is because under collaborative

sensing, if the number of links that are sensing channels is not greater than the

number of channels, then there is no collision. Otherwise, the collision is only due

to those links that exceed the number of channels.
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Figure 2.9: Channel access delay vs. probing time.
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2.6 Performance Evaluation

In this section, we use simulations to evaluate the performance of the proposed

sequential channel sensing/probing scheme. Before each run, we first calculate the

optimal probing threshold and associated parameters according to our analytical

model. These parameters are then used to drive the simulation. Our simulations

are developed using CSIM programs (CSIM is a C-based process-oriented discrete-

event simulation package). The simulation results presented below are based on the

average of ten independent runs, each lasting for 500 seconds of simulation time.

2.6.1 Simulations for a Single CR link

We first study the performance of a single CR link as a function of various opera-

tional parameters. This scenario is meant to verify the accuracy of our analytical

model and illustrate the significance of our optimization. We are interested in the

following performance metrics: (1) the average throughput, defined as the average

number of bits transmitted by the CR link in each second; (2) the average channel

access delay, defined as the average time the CR spends until it finds a good channel

and starts transmitting over it; and (3) the average number of sensed/probed chan-

nels before a transmission takes place. Note that although the average throughput

is the primary objective of our optimization, the delay-related metrics (2) and (3)

carry some significance due to the sequential natural of the scheme.

We simulate a CR link that supports five rates: 0, 1, 2, 3, and 4 Mbps. We con-

sider the rate distribution, (p0, p1, p2, p3, p4), under two channel conditions: a good

channel condition with rate distribution (0.1, 0.1, 0.2, 0.2, 0.4) and a poor channel

condition with rate distribution (0.4, 0.2, 0.2, 0.1, 0.1). We assume that the rate

distributions over various channels are i.i.d. and that the fluctuation over a channel

is quasi-static, i.e., the maximum rate supported by the channel remains unchanged

during the CR’s transmission time. We set τt = 500 ms, and the average idle and

busy period of each channel α = β = 500 ms.

In Figures 2.8 to 2.10, we study the performance as a function of the channel
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probing time. The channel sensing time is fixed at 10 ms. We take Pfa = 0.1.

To verify the accuracy of our analysis, the throughput calculated according to the

analytical model and the one obtained from the simulations are compared in Fig-

ure 2.8. The throughput in the absence of probing is also plotted. We observe that

the simulated throughput matches well the one obtained analytically. Furthermore,

it is clear that as long as τp is kept sufficiently small, e.g., τp < 45 ms under a good

channel condition or τp < 100 ms under a poor channel condition, the incorporation

of probing leads to a throughput gain. Recalling that the per-channel probing time

in current 802.11 WLAN systems ranges from 10 to 133 ms [7], the above probing

time requirement is non-trivial, because there is still a reasonable chance under the

current technology that the use of probing could actually undermine the through-

put. In addition, the benefit of probing is more significantly observed under poor

channel conditions, e.g., the throughput gain reaches about 120% when τp = 10 ms.

At the same time, the maximum acceptable channel probing time becomes 100 ms.

These results favor the use of probing when the channel condition is bad, which is

in line with our intuition.

Figure 2.9 shows that significant channel access delay is caused by the sequential
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channel sensing and probing. Such delay is expected, because as shown in Fig-

ure 2.10, the CR needs to sense and probe more channels to find an idle one that

also meets the probing threshold. (Note that this delay has been accounted for in

calculating the throughput in Figure 2.8.) The long channel access delay also sug-

gests that the proposed scheme is most suitable for non-realtime applications, which

can tolerate certain delay in exchange of higher throughput. In addition, we also

observe from Figure 2.10 that the larger the τp, the smaller the number of channels

that are scanned before a transmission. This is because as τp increases, so does the

cost of scanning each channel. The increased cost of scanning a channel will even-

tually cancel out the benefit of finding a better channel via scanning more channels,

and thus leading to smaller number of channels scanned before a transmission. The

reduced number of scanned channels also leads to a smaller probing threshold. For

example, as shown in Figure 2.10, under poor channel conditions, the rate threshold

becomes 4, 3, and 2, for τp ≤ 20 ms, 20 ms < τp ≤ 140 ms, and 140 ms < τp ≤ 200

ms, respectively. It is these switches in the rate threshold that incur the non-smooth

change of delay observed in Figure 2.9.

The performance as a function of the channel sensing time is shown in Figures

2.11 to 2.13. Here we use the exponential curve fitting with parameter b = 14.8349

to describe the Pfa vs. τs relationship. The theoretical and simulated throughput

results are plotted in Figure 2.11. It is clear from this figure that the sensing time

has a significant impact on the CR’s throughput. For example, under good channel

conditions, the ratio between the highest and the lowest throughput observed in the

simulation can be as high as 190%. This wide range supports the need to optimize

the sensing time. In addition, the concave trend in the throughput curve is clearly

observed in this figure. More importantly, even though we cannot analytically derive

the globally optimal τ o
s that maximizes the throughput, our analysis in Section 2.4

shows that they must be located in the ranges denoted by the dotted boxes, i.e.,

τ o
s ∈ [15.1, 43.9] ms under good channel conditions, and τ o

s ∈ [6.8, 140.5] ms under

poor channel conditions. In practice, the sensing time should be selected from these

ranges to achieve near-optimal throughput.
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Figures 2.12 and 2.13 demonstrate the tradeoff between sensing time and sensing

accuracy. More specifically, when τs is small, the CR needs to scan many channels

before each transmission due to its poor sensing accuracy. The accumulated scan-

ning time over these channels causes excessive channel access delay. As τs increases,

the CR can more accurately detect each spectrum opportunity, requiring the scan-

ning of fewer channels before a transmission. This mono-decreasing relationship

between the number of scanned channels and τs is seen in Figure 2.13. On the other

hand, as observed in Figure 2.12, the overall effect of τs on the channel access delay

is quite complex: their relationship is neither monotonic nor convex. Instead, it

presents a segmented property. Such a complex relationship is due to the multi-rate

setup supported by the CR link: the optimal rate threshold decided by the opti-

mization algorithm changes with τs, leading to a segmented structure similar to that

in Figures 2.9 and 2.10.

2.6.2 Sensitivity Analysis

In this section, we study the performance of the proposed scheme when there is

uncertainty, e.g., errors or fluctuations, in the CR’s working environment. Such

uncertainty captures deviations from the nominal setup used in the optimization,

and thus the optimized parameters may not be actually optimal in practice. We

are interested in the performance gap between the nominal setting and the one that

uses exact knowledge of the environment as input to the optimization. In particular,

we focus on the uncertainty in the following two factors: channel’s rate distribution

(p0, . . . , pK) and the relationship between sensing accuracy and sensing time. We

choose to study these two factors because they play a key role in the optimization

and their knowledge relies heavily on online measurements. Uncertainty in the

rate distribution arises when the online measurement is not accurate due to, for

example, a limited observation window. Uncertainty also happens when the actual

distribution shifts with time. Similar situations apply to the Pfa vs. τs relationship.

Furthermore, as shown in Figure 2.4, this relationship also suffers from intrinsic

curve-fitting errors.



62

We study the impact of rate-distribution uncertainty on throughput in Fig-

ure 2.14. We use the following model to describe uncertainty in the rate dis-

tribution. The distributions (0.4, 0.2, 0.2, 0.1, 0.1) and (0.1, 0.1, 0.2, 0.2, 0.4)

are taken as the nominal rate distributions for the poor and good channel con-

ditions, respectively. An actual rate distribution is generated according to a dis-

tribution error, δ, in the following way. Under poor channel conditions, for a

given distribution error δ, the corresponding actual rate distribution is given by

1
0.6(1+δ)+0.4

(0.4(1 + δ), 0.2(1 + δ), 0.2, 0.1, 0.1). Under good channel conditions, the

actual rate distribution is given by 1
0.6(1+δ)+0.4

(0.1, 0.1, 0.2, 0.2(1 + δ), 0.4(1 + δ)). In

this way, an actual rate distribution literally differs from the nominal one, but still

retains the basic pattern that makes it in line with good (or bad) channel condi-

tions. For example, under bad channel conditions, when δ = −0.5 and 0.5, the cor-

responding actual rate distributions are (0.2857, 0.1429, 0.2857, 0.1429, 0.1429) and

(0.4615, 0.2308, 0.1538, 0.0769, 0.0769), respectively, for which the low rates still oc-

cur with relatively high probabilities (and thus representing bad channel). Under

each channel condition, we first conduct optimization based on the nominal rate dis-

tribution to derive the theoretically optimal operational parameters. For example,

under the poor channel condition, we found that τ o
s ∈ [6.8, 140.5] ms. So we use

the middle point τs = 74 ms and the corresponding rate threshold k∗ = 2 to drive

the sequential channel sensing and probing process in our simulation. During the

simulation, channel conditions are generated according to the actual rate distribu-

tion. For each actual rate distribution, the optimal throughput is also decided by

exhaustively testing various combinations of operational parameters via simulation.

Figure 2.14 depicts throughput achieved by using the nominal distribution as input

to the optimization compared with the actual optimal throughput obtained via ex-

haustive testing. It is clear that the gap between these two are minor (less than 5%

in the worst case). This observation suggests that our optimization framework is

insensitive to rate distribution errors, and thus the operational parameters derived

from our analytical model still achieve good performance in actual environments.

We study the impact of sensing inaccuracy in Figure 2.15. To model the un-
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Figure 2.16: CRN throughput vs. number of channels.

certainty in the false alarm rate of the channel sensing process, we modify the

exponential curve-fitting function into Pfa(τs) = (1 + |θ|)e−bτs , where θ is a random

variable that follows a normal distribution N(0, σ2). The parameter σ denotes the

standard deviation of the error in the false alarm rate normalized by the determin-

istic component e−bτs . Here, we take the absolute value of the error. This leads

to false alarm rates that are always larger than the deterministic component. The

simulation results gathered under this setup can be considered as a lower bound

on the performance when both positive and negative errors on false alarm rate can

happen. From Figure 2.15, the throughput is shown to degrade with the magnitude

of the error. However, the throughput shows some tolerance to errors when their

magnitudes are limited. For example, no obvious throughput degradation is ob-

served when σ is smaller than 0.4 and 0.6 under good and poor channel conditions,

respectively. Recalling that the exponential fitting induces less than 8% fitting er-

rors, the proposed framework presents enough margin to accommodate those errors

without significantly impacting the effectiveness of the optimization.
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2.6.3 Simulations for A CR Network

In this set of simulations, we use the optimal threshold derived for individual links

to drive the operation of the CRN. In Figures 2.16, we fix the number of CR links

M = 8 and plot the CRN throughput as a function of the number of channels,

C. The rate distribution for each CR link is given by (0.2, 0.2, 0.2, 0.2, 0.2). We

set τs = τt = 10 ms, and τt = 500 ms. Both simulation and analytical results

are plotted. Note that in the analysis we have assumed exponentially distributed

transmission time, but in the simulation a CR’s transmission time has a fixed length.

Figure 2.16 shows that as long as the mean transmission time remains the same, the

distribution of the transmission time only has a minor impact on the throughput,

as evidenced by the good match between the analytical and the simulation results.

From Figure 2.16, it is also clear that the collaborative sensing strategy achieves

higher throughput than the random sensing strategy, mainly due to the former’s

smaller collision probability. Under both strategies, the throughput increases with

C. However, the rate of increase is fast when C is small, and slow when C is large.

This trend is due to the smaller collision probability and the more likelihood of

finding an idle channel when C is large. A third observation is that when C is

large the slope of the throughput curve in the case of collaborative sensing is less

steep than in the random sensing case. This is because the collision probability

under collaborative sensing approximates zero when C is large, and therefore the

throughput increase is only due to the increased probability of finding a good idle

channel.

In Figures 2.17 and 2.18 we compare the sequential channel sensing/probing

scheme with the candidate-set-based channel selection scheme [53]. As discussed

in Section 2.2, the main limitation of the candidate-set-based scheme is that, in

a multi-CR environment, the set of candidate channels pre-computed by various

CRs may overlap significantly with each other. To account for this phenomenon,

we simulate two scenarios: light overlap, where each candidate set, which is of size

5, contains 2 network-wide common channels, and high overlap, where there are
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4 network-wide common channels in each candidate set. The remaining channels

in a set are randomly picked from the pool that does not include the network-wide

common channels. Such a setup mimics the realistic situation where CRs are located

close to each other, and thus may sense similar channel conditions. Various channels

differ in their statistical quality. However, the difference is slight. Otherwise, various

candidate sets would completely overlap. To conduct a fair comparison, we assume

that within a set of candidate channels, a CR could only sequentially sense/probe

each channel, just as in the sequential sensing/probing scheme. From Figure 2.17,

it can be observed that when the number of CRs in the system is low, there is no

significant difference in the throughput between the two schemes. However, as we

increase the number of CRs, less throughput can be achieved under the candidate-

set-based scheme. The gap becomes even larger in the high-overlap scenario. The

worse performance of the candidate-set-based scheme is not surprising, because the

overlap between the sets of candidate channels leads to high collisions during channel

probing and access, especially when the number of CRs is large.

In Figure 2.18, we study the impact of the size of the candidate set on the CRN

throughput. In this simulation, the number of common channels in a candidate set

is taken as the smallest integer that is greater than or equal to C times the fraction

of common channels (0.4 or 0.7, corresponding to low and high overlap considered

in the simulation). In general, the throughput achieved under the candidate-set

based scheme increases with the size of the candidate set. This is because the

collision between channel probing and access becomes smaller when the set contains

more non-overlapped channels. Ultimately, when the candidate set contains all the

channels, both schemes achieve the same throughput, because the candidate-set-

based scheme actually reduces to the sequential channel sensing/probing scheme at

this point.

In all previous simulations for CRN, we have assumed that each CR link can

only operate over one channel at a time. In Figure 2.19, we relax this condition and

study the impact of a CR link being able to simultaneously use J channels, J ≥ 1.

In this situation, there is no sensing/probing collision between the channels selected
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by the same CR. Note that this has no impact on the analysis of collaborative

sensing, because a stronger condition, i.e., the collaboration between CRs, has been

assumed in its analysis. So, here we focus our effort on the random sensing scheme.

We simulate three cases, where J = 1, 2, and 4, respectively. In each case, the

number of CR links in the CRN is 8, 4, and 2, respectively. As such, the total

number of operating channels in the CRN is maintained at 8 at any given time,

so that the results in various cases can be fairly compared. The CRN throughput

in all the cases is plotted as a function of the number of channels in Figure 2.19.

It can be observed that the gap between the analysis and the simulation increases

with J . This is not surprising, because in our analysis we have treated each CR

link as J independent links, which may collide with each other during sensing and

probing. So, the analytical model over-states the collision between CR links, leading

to a pessimistic estimation (a lower bound) of the CRN throughput under random

sensing scheme. On the other hand, it is clear from Figure 2.19 that the upper bound

is given by the throughput under collaborative sensing. This is because under the
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collaborative scheme, no sensing and probing of channels will collide with each other,

no matter whether these channels are selected by the same CR or by different CRs.

2.6.4 Heterogeneous Spectrum Environment

In our analysis, we have assumed homogeneous spectrum situation over channels,

i.e., each channel has the same PR utilization (represented by PB) and the same

average SNR for PR’s signal (represented by γ) during CR’s channel sensing. Such

an assumption usually requires the channels under consideration belong to the same

frequency band and be assigned to the same PRN. However, in reality, it is not un-

common that the spectrum that is available to the CRN consists of multiple bands.

Each band contains a large number of channels and is assigned to a specific type of

licensed network. So, channels in different bands may have different PB’s and γ’s,

leading to a heterogeneous spectrum environment. In this situation, a key ques-

tion is to decide the optimal band in which CRs should operate, so that maximum

throughput can be achieved by the CRN. To answer this question, we study the

impact of PB and γ on CRN’s throughput. Our simulation is performed over a ho-

mogeneous band, but the parameters PB and γ are changed during the simulation

to obtain the CRN’s throughput when it operates under various spectrum condi-

tions. Such a homogeneous-band-based simulation is valid because, even though the

spectrum environment changes from band to band, it remains homogeneous inside

each band.

The CRN’s throughput is plotted as a function of PB and γ in Figures 2.20 and

2.21, respectively. It can be observed that CRN’s throughput is decreasing with

Pb and increasing with γ. This is because with the increase of Pb, the channel is

more frequently occupied by the PRs. So less amount of transmission opportunities

are available for the CRs, degrading the CRN’s throughput. On the other hand,

the increase of γ reduces the false alarm probability of the CR. As a result, the

CRs can accurately capture more transmission opportunities, leading to a larger

CRN throughput. The lesson learned from Figures 2.20 and 2.21 is in line with our

intuition: In a heterogeneous spectrum environment, CRs should first operate over
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the band that has the lowest PR channel utilization and the highest PR signal SNR.

2.7 Conclusions

Our study has indicated that a carefully designed joint channel sensing/probing

scheme for CRNs can achieve significant throughput gains over the conventional

mechanism that uses sensing alone. Our findings include: (1) the throughput-

optimal probing strategy has a threshold structure, which basically determines

whether a probed idle channel is good or bad, (2) to achieve throughput gain over

the conventional sensing approach, the probing time has to be smaller than a cer-

tain value; otherwise using sensing alone can achieve better throughput, (3) when

probing is used, the throughput in general is no longer a concave function of the

sensing time, largely due to the more complicated multi-rate structure induced by

the inclusion of probing. However, this function has a segmented structure. If we

treat segments as our observation instances, the trend in this function is concave.

We exploited this property to derive a range of values for the sensing time that

provides provably near-optimal throughput performance.
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CHAPTER 3

EXPLOITING MICROSCOPIC SPECTRUM

OPPORTUNITIES IN COGNITIVE RADIO NETWORKS

VIA COORDINATED CHANNEL ACCESS

3.1 Introduction

3.1.1 Motivation

In OSA, a CR rely on channel sensing to identify idle frequency bands (channels)

and dynamically hop between them to avoid interfering with licensed users (a.k.a.,

primary radios (PRs)). Because channel sensing is based on detecting the activity

of a PR transmitter whereas interference takes place at the PR receiver, hidden-

terminal problems can occur during the sensing process. Specifically, even if the CR

does not detect any nearby PR activity, it is still possible for a PR receiver in the

CR’s neighborhood to be receiving signals from a PR transmitter that is outside

the CR’s sensing range. To alleviate this problem, a common way is to increase

the CR’s detection sensitivity, leading to an enlarged detection range. Because the

CR can now access the channel only when all PR transmitters within this relatively

large range are silent, it may miss some available spectrum opportunities.

To illustrate this situation, consider the example in Figure 3.1 (a), which depicts

two PR transmitters, a and b, and one CR transmitter (CR1). The transmission

range of a PR transmitter is denoted by R
(PR)
tx . This is the maximum distance for

the transmitted signal to be correctly received by a PR receiver. We denote the

interference range of CR1 by R
(CR)
I . This is the maximum range that CR1 can

cause interference to a PR receiver when CR1 is transmitting at full power Pmax.

Under this setup, it is easy to show that, to avoid colliding with a potential PR

reception, CR1 should be able to detect the activity of every PR transmitter in the
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Figure 3.1: Macroscopic vs. microscopic spectrum opportunities.

range R
(PR)
tx + R

(CR)
I . In other words, the energy detection threshold at CR1 should

be sensitive enough to maintain a “keep-out” distance Rout = R
(PR)
tx + R

(CR)
I from

any active PR transmitter1. If a PR transmitter within this range, e.g., node b,

is active, then CR1 will not use the channel. The spectrum opportunity identified

under this setting implies the absence of active PR transmitters in a relatively large

keep-out region. For this reason, we refer to it as macroscopic spectrum opportunity.

This is the common type of spectrum opportunities studied in the literature (see

[90] for a good survey).

From Figure 3.1 (a), we observe that even when node b is active, CR1 can

still transmit over the same channel without causing interference to any receiver

of b, provided that CR1’s transmission power is controlled such that its effective

interference range is smaller than d1b − R
(PR)
tx , where d1b is the distance between

1Note that the keep-out region in this work is defined from the CR transmitter’s standpoint

(i.e., a circle centered at the CR transmitter). This is in contrast with the conventional PR-

transmitter-based definition, in which the keep-out region is centered at the PR transmitter.
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CR1 and node b (see Figure 3.1 (b)). As long as the distance between CR1 and

node b is greater than R
(PR)
tx , CR1 can always use the channel with an appropriately

selected transmission power. Thus, the keep-out distance for CR1 becomes R′
out =

R
(PR)
tx < Rout, implying more chances for CR1 to use the channel (without interfering

with PRs). Because the availability of such a spectrum opportunity requires a

smaller keep-out region, we refer to it as microscopic. We also refer to the maximum

allowable transmission power a CR can use over a channel without interfering with

co-channel PRs as the power mask of the CR over that channel.

In practice, the identification of microscopic spectrum opportunities can

be realized using cluster-based collaborative spectrum sensing techniques (e.g.,

see [44][29][16]), as illustrated in Figure 3.1 (c). Specifically, spectrum sensors are

grouped into clusters. Each cluster covers a geographic grid. Sensors in the same

cluster collaborate to detect whether the received PR signal, if any, is strong enough

for valid reception by a PR receiver. This detection capability essentially represents

the reception sensitivity of a PR receiver, and thus is lower than that used in the

macroscopic case. The grids in which a strong PR signal is detected are marked,

indicating the potential presence of active PR receivers. The maximum allowable

interference range for each CR is simply the distance from the CR to its nearest

marked grid. The power masks can be computed accordingly. In contrast to the

binary-type (0 or Pmax) power mask used with macroscopic spectrum opportunities,

the microscopic case has an intrinsic multi-level structure, ranging between 0 and

Pmax. This is because the CR’s power mask changes with the location of the closest

marked grid, as shown in Figure 3.1 (c). It is also easy to see that the macroscopic

spectrum opportunity is a special case of the microscopic opportunity (when all

PR transmitters within distance R
(PR)
tx + R

(CR)
I are silent). Because the multi-level

structure is unique to microscopic spectrum opportunities, we will use these two

terms interchangeably in the subsequent discussion. Similarly, we will also use the

terms, “binary” and “macroscopic” spectrum opportunities interchangeably.

In this work, we are interested in studying the CR network (CRN) throughput

achieved under the microscopic spectrum opportunity setting. The main challenge
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here stems from the fact that the same channel may simultaneously present different

levels of availability to different CRs. Therefore, channel access needs to be carefully

coordinated between these CRs to avoid collisions, and more importantly, ensure

efficient utilization of the spectrum opportunity from a network-wide standpoint.

We study the coordinated channel access problem by formulating it as a joint

power/rate control and channel assignment optimization problem. Given the avail-

able channels at different CRs, we need to specify for each CR which channels to

use and at what powers and rates. We are interested in both centralized (for better

performance) and distributed (for better implementability) solutions. In contrast

to previous works that aim at maximizing the information-theoretic capacity of the

system, our objective is to maximize the sum-rate achieved by each CR. Unlike the

information-theoretic (Shannon) capacity, the achievable rate in our setup depends

on the PHY-layer implementation. In other words, our problem has a wider scope

and can be applied to any arbitrarily given rate-SINR function.

In many existing power/rate control and channel assignment problems, a convex

formulation is obtained through the capacity approximation log(1 + SINR) ≈ SINR

if SINR ¿ 1 (low-SINR regime, e.g., see [65]) or log(1 + SINR) ≈ log(SINR) if

SINR À 1 (high-SINR regime, e.g., see [84]). However, due to the multi-level

structure of its power mask, a CR is expected to operate over a wide range of SINR

values. Even at a given time instance, different CRs may be operating in different

SINR regimes. Therefore, approximation techniques that are adopted separately

for low- and high-SINR regimes are no longer appropriate here. A new SINR-

independent treatment is needed for the problem. We attempt to accommodate

this more general form in our optimization.

3.1.2 Contributions and Chapter Organization

The contributions of this work are as follows. We first show that the joint power/rate

control and channel assignment problem can be formulated as a mixed integer non-

linear programming (MINLP) problem that is NP-hard. By exploiting the discrete

nature of a CR’s multi-rate capability, we transform this MINLP into a binary lin-
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ear program (BLP) that contains only binary variables and linear objective function

and constraints. This transformation applies to any arbitrary rate-SINR relation-

ship. We then develop two polynomial-time approximate algorithms for the BLP.

The first one is the centralized LPSF algorithm, and is based on iteratively solving a

series of linear programming problems and sequentially fixing the variables to either

1 or 0 in each iteration. The second is the distributed EF-based algorithm. It in-

volves iterative and on-line adjustment of the powers and rates of each CR over each

channel based on some economic factor that accounts for the efficiency of expending

power over a given channel. We show that this distributed algorithm is provably

efficient, i.e., it can achieve a provable fraction of the optimal performance. As a

byproduct, the centralized algorithm gives an upper bound on the optimal solution.

This allows us to explicitly evaluate the performance gap between the approximate

solutions and the optimal one. Simulation results are used to verify the accuracy

of the LPSF and EF algorithms. They indicate that the observed performance gap

between the approximation and the exact (optimal) solution is always less than 10%.

To evaluate the benefit brought by the microscopic spectrum opportunity, we

subsequently apply our algorithms to a spectrum-leasing system, whereby a CRN

shares the spectrum with an infrastructure PR network (PRN). We illustrate how

the multi-level spectrum opportunity can be calculated under the assistance of a

broadcast-subscription mechanism. The interesting question is how much gain the

multi-level spectrum opportunity scheme can attain over the conventional binary

scheme, with the protocol overhead being accounted for. We evaluate this gain for

various levels of overhead. Our simulation results show that significant gain (e.g.,

over 100% at best) can be achieved by the multi-level scheme.

The rest of this chapter is organized as follows. We review the related work

in Section 3.2. We describe the models and formulate the optimization problem in

Section 3.3. The transformation to a BLP, the LPSF, and the EF algorithms are pre-

sented in Section 3.4. We apply our algorithms to the infrastructured PRN/CRN

system in Section 3.5. Simulation evaluation and discussion are provided in Sec-

tion 3.6, and we conclude the work in Section 3.7.
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3.2 Related Work

Prior work was mostly focused on exploiting macroscopic spectrum opportunities.

Early works provide collision-free channel assignment for CR nodes given a set of

available channels at each node. This problem can be described as an interference-

graph vertex-coloring problem [79, 100]. To obtain a fast solution, various dis-

tributed approximations were proposed, based on observing local interference pat-

terns [99], local bargaining [10], or coordinations between CR nodes that aim at

maximizing some system utility [11][87]. Because of the graph-theoretic nature of

these algorithms, they take transmission power as input, and thus are not applicable

to power/rate control problems.

Another body of work considers the optimal sensing/channel access decision-

making process from a single CR’s viewpoint. This is also termed as MAC-layer

sensing. Existing works include the POMDP model [92], the constrained Markov de-

cision processes (CMDPs) model [88], and the optimal stopping-rule models [14] [41].

Assuming a semi-Markov process for the PR traffic, Kim and Shin [43] proposed a

sensing-period adaptation algorithm that maximizes the discovery of spectrum op-

portunities and minimizes the delay in finding an available channel. Based on a

similar PR traffic model, the authors in [37] studied a dynamic access scheme sub-

ject to a constraint on the CR-to-PR violation rate, but only for a system of one

PRN and one CR link. In contrast to these works, ours aim at optimizing the

spectrum utilization for the entire CRN, rather than for a single CR.

The third type of works simplifies the problem by restricting the treatment to

CR nodes only. So the CR-to-PR and PR-to-CR interferences are not accounted for.

As a result, the power mask for every CR on each channel is implicitly assumed to be

Pmax. Within this category, Hou et al. [36] considered the joint optimization of spec-

trum, scheduling, and routing in a multi-hop software-defined-radio (SDR) network.

Yi and Hou [63][64] studied the joint optimization of power control, scheduling, and

routing for a multi-hop SDR network, assuming a logarithmic rate-SINR relation-

ship. Yuan et al. [86] introduced the concept of time-spectrum blocks to study
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spectrum allocation in CRNs. Based on a continuous-time Markov model, Xing

et al. [83] proposed a random access protocol that achieves airtime fairness among

CRs. The work in [84] considers spectrum access for CRs under an interference

temperature constraint. However, because this constraint is defined only at a single

location, compliance to it does not necessarily prevent interference to PR nodes.

3.3 System Model and Problem Formulation

We consider a distributed (ad hoc) CRN that coexists with M legacy (fixed spec-

trum) PRNs over a finite area. PRN m, m = 1, . . . , M , is licensed to operate over

its own frequency channel of bandwidth Bm. In reality, a PRN may occupy several

channels. Such a network can be easily captured in our model by using multiple

(virtual) PRNs that operate over different channels.

Let the number of CR links be N . For CR link i, we denote its sender and

receiver by S(i) and D(i), respectively. A CR link can simultaneously transmit over

multiple non-contiguous channels. Let the transmission power on channel m be

P
(m)
i . To avoid unacceptable CR-to-PR interference, this transmission power must

be constrained below a certain power mask P̂
(m)
i . The value of P̂

(m)
i is related to

the status of neighboring PRs and thus changes over time. For now, we assume

that P̂
(m)
i , i = 1, . . . , N and m = 1, . . . , M , is given in each snapshot as an input

parameter to the joint power/rate control and channel assignment problem. We

consider the calculation of P̂
(m)
i in Section 3.5.

We say that CR links i and j are interfering links on channel m if P̂
(m)
i hS(i)D(j) >

PI,CR or P̂
(m)
j hS(j)D(i) > PI,CR, where hS(i)D(j) and hS(j)D(i) are the cross-link channel

gains of the two links and PI,CR is the sensitivity of the CR receiver (fixed). Any

received power below PI,CR is deemed ignorable. We assume that an exclusive

channel occupancy policy is used to resolve collisions between CRs: For any two

interfering CR links on channel m, only one of them can access the channel at any

given time.
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Treating interference as noise, the rate of CR link i on channel m is given by

R
(m)
i = Bmf

(
P

(m)
i h

(m)
i

q
(m)
D(i) + N0

)
(3.1)

where f is any arbitrary rate-SINR function, decided by the PHY layer, h
(m)
i is the

channel gain of link i on channel m, q
(m)
D(i) is the received interference over channel m

at D(i), and N0 is the AWGN. Because of the exclusive channel occupancy policy,

the interference q
(m)
D(i) comes only from active co-channel PRs. It can be measured

by the CR receiver D(i).

For i = 1, . . . , N and m = 1, . . . ,M , let

x
(m)
i

def
=





1, if channel m is used by CR link i,

i.e., R
(m)
i > 0

0, otherwise

(3.2)

Our objective is to maximize the sum-rate of all CR links over all channels, i.e.,

maximize
N∑

i=1

M∑
m=1

x
(m)
i R

(m)
i (3.3)

where the maximization is to be carried out with respect to x
(m)
i ’s and R

(m)
i ’s.

At the same time, CR link i should satisfy the following constraints:

C1: CR-to-PR constraint: The transmission power of link i on channel m should

not exceed P̂
(m)
i . From (3.1), this constraint can be written in terms of R

(m)
i as

1

h
(m)
i

(q
(m)
D(i) + N0)f

−1(r
(m)
i ) ≤ P̂

(m)
i , m = 1, . . . ,M (3.4)

where f−1 is the inverse of f and r
(m)
i =

R
(m)
i

Bm
is the spectrum efficiency of link i on

channel m.

C2: Power supply constraint: The sum of the transmission powers over all

channels should not exceed the maximum power provided by the battery, i.e.,

M∑
m=1

1

h
(m)
i

(q
(m)
D(i) + N0)f

−1(r
(m)
i ) ≤ Pmax,i. (3.5)
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C3: CR-to-CR collision constraint: If channel m is being used by CR link i,

then it cannot be used by another CR link that interferes with link i on channel m,

and vice versa:

x
(m)
i + x

(m)
j ≤ 1, ∀j ∈ I

(m)
i (3.6)

where I
(m)
i =

{
j : j 6= i, P̂

(m)
i h

(m)
S(i)D(j) > PI,CR

}
∪

{
j : j 6= i, P̂

(m)
j h

(m)
S(j)D(i) > PI,CR

}

is the set of CR links that interfere with link i on channel m.

3.4 Solutions

3.4.1 Transformation to BLP

An observation of (3.3) and the constraints C1-C3 shows that this formulation con-

stitutes a MINLP problem. In general, the solution to such a problem is NP-hard. To

make this formulation more amenable to further processing, we exploit the fact that

practical communication systems support only a finite set of transmission rates. De-

note this set by U = {0, u1, u2, . . . , uK} (in bits/sec/Hz), where 0 < u1 < . . . < uK .

Let γk
def
= f−1(uk) for k = 1, . . . , K; γk is the received symbol-energy-to-interference-

plus-noise density ratio (ES/I0) required to support the kth rate under the power-

rate relationship defined by (3.1). Let C
(m)
i

def
= 1

h
(m)
i

(
q
(m)
D(i) + N0

)
for i = 1, . . . , N

and m = 1, . . . , M . C
(m)
i is a known quantity for each CR link on each channel.

We further define the new variable y
(m)
k,i for all k = 1, . . . , K, i = 1, . . . , N , and

m = 1, . . . , M :

y
(m)
k,i

def
=





1, if link i is transmitting on channel m using rate uk

0, otherwise.
(3.7)

In addition, we impose the following constraint on y
(m)
k,i :

K∑

k=1

y
(m)
k,i ≤ 1 (3.8)
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which says that a link can use at most one rate on a given channel at a given time.

It is easy to show that:

x
(m)
i =

K∑

k=1

y
(m)
k,i . (3.9)

Similarly, we can rewrite the spectrum efficiency r
(m)
i in terms of y

(m)
k,i and uk:

r
(m)
i =

K∑

k=1

uky
(m)
k,i . (3.10)

Substituting (3.9) and (3.10) into (3.3) through (3.6), we get the following equivalent

formulation to the original MINLP problem:

maximize
∑N

i=1

∑M
m=1

∑K
k=1 Bmuky

(m)
k,i

such that

C̃1 : C
(m)
i

∑K
k=1 γky

(m)
k,i ≤ P̂

(m)
i

C̃2 :
∑m

m=1 C
(m)
i

∑K
k=1 γky

(m)
k,i ≤ Pmax,i

C̃3 :
∑K

k=1 y
(m)
k,i +

∑K
k=1 y

(m)
k,j ≤ 1, ∀j ∈ I

(m)
i

(3.11)

where the maximization is w.r.t. the y
(m)
k,i ’s.

An examination of (3.11) shows that the former MINLP problem has been trans-

formed into a binary linear program (BLP) that contains only binary variables and

linear objective function and constraints. A nice property of (3.11) is that the rate

levels uk, k = 1, . . . , K, and the corresponding γk’s are inputted into the BLP for-

mulation as tuples (uk, γk). In other words, the BLP formulation does not rely on

the specific functional relationship between uk and γk, and thus can accommodate

any arbitrary rate-power relation (e.g., a staircase-like function that characterizes

practical multi-rate systems).

3.4.2 LPSF Centralized Algorithm

A BLP is a combinatorial problem. Its solution is, in general, NP-hard. A typical

approximation approach to such a problem is provided by the so-called branch-and-

bound algorithm, whose worst-case time complexity is exponential.
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Instead of employing a branch-and-bound algorithm, we exploit the special struc-

ture of the problem to develop polynomial-time approximate algorithms. An obser-

vation of (3.11) indicates that if we relax y
(m)
k,i ’s from their binary values and allow

them to take real values between 0 and 1, then the formulation becomes a linear

program (LP) that is solvable in polynomial time. In addition, the constraint C̃3

dictates that if for some m, k, and i, y
(m)
k,i = 1, then y

(m)
h,i = 0 for all h 6= k and

y
(m)
l,j = 0 for all j ∈ I

(m)
i and 1 ≤ l ≤ K. In other words, a strong dependence exists

between the y
(m)
k,i ’s that belong to the same set of interfering links. The main idea

behind our approximate solution is to sequentially fix the values of y
(m)
k,i ’s by solving

a series of relaxed LP problems, where in each iteration the binary value of at least

one y
(m)
k,i is finalized.

An overview of our approximation algorithm, called LP with sequential fixing

(LPSF), is given in Table 3.1. In the first iteration, we append the constraint

0 ≤ y
(m)
k,i ≤ 1 to (3.11) and relax all y

(m)
k,i ’s to real values between 0 and 1. We refer

to the resulting formulation as LP(1), which must have a feasible solution according

to Lemma 3.1 (introduced later). The solution to LP(1) is an upper bound on the

optimal solution to (3.11), because the feasibility region of the BLP is a subset of

that of LP(1). However, the solution of LP(1) is, in general, not a feasible solution to

the original BLP problem, because the y
(m)
k,i ’s can now take any real values between

0 and 1. Among all y
(m)
k,i ’s, we pick the largest one, and we denote this y

(m)
k,i by Y

(m)
k,i

for ease of identification. We set Y
(m)
k,i = 1. Accordingly, all y

(m)
h,i ’s for h 6= k and all

y
(m)
l,j ’s for j ∈ I

(m)
i and 1 ≤ l ≤ K must now be set to 0. Replacing these y

(m)
k,i ’s by

their fixed values in LP(1), we get a new LP, called LP(2), whose variables do not

include those that have been fixed after the execution of LP(1). A feasibility check is

then conducted on LP(2). An empty feasible region for LP(2) means the first fixing

in this iteration, i.e., Y
(m)
k,i = 1, is not correct. So we reset Y

(m)
k,i to 0. This change

means all those variables that belong to the same interfering CR link set as Y
(m)
k,i

and whose values have been fixed to 0 in this iteration must become variables again.

The revised fix, i.e. Y
(m)
k,i = 0, is then substituted into LP(1), giving rise to LP(3).

LP(3) must be feasible (see Lemma 3.2). In a nutshell, at this point we either have
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STEP 0:Formulate LP(1) by appending 0 ≤ y
(m)
k,i ≤ 1 to (3.11) and relaxing

all binary variables to real values.

STEP 1: Solve LP(1).

STEP 2: Set Y
(m)
k,i ← max

{
yn

l,j, l ∈ (1, . . . , K), j ∈ (1, . . . , N),

n ∈ (1, . . . , M)}.
STEP 3: Formulate LP(2) by substituting Y

(m)
k,i = 1, y

(m)
h,i = 0 for h 6= k

and y
(m)
l,j = 0 ∀j ∈ Ii and 1 ≤ l ≤ K into LP(1).

STEP 4: If LP(2) is feasible

LP(1) ← LP(2)

else

Formulate LP(3) by substituting Y
(m)
k,i = 0 into LP(1).

LP(1) ← LP(3)

End-if
STEP 5: If all variables are fixed, then Terminate;

otherwise go to STEP 1.

Table 3.1: Overview of the LPSF algorithm.

a feasible LP(2) or a feasible LP(3). Whichever formulation is feasible is renamed as

LP(1), and a new iteration starts following the same process above. The process is

repeated until all y
(m)
k,i ’s are set to either 0 or 1. The final rate allocation for each

link on each channel is calculated according to (3.10).

Note that a similar algorithm was suggested in [36] to solve a different problem.

From a methodology standpoint, the main difference between our algorithm and the

one in [36] is that in [36] there is no guarantee that a feasible solution can be found

at the termination of the algorithm. Our algorithm improves upon [36] by adding a

revised fixing component when any intermediate fixing leads to infeasibility, so that

a feasible solution can always be found.

Theorem 3.1: The LPSF algorithm can correctly determine the binary values of

all y
(m)
k,i ’s in no more than NMK iterations.

The proof of Theorem 3.1 is based on the following lemmas.

Lemma 3.1: In the first iteration, LP(1) has a nonempty feasible solution set, and

because its variables are bounded, it also has an optimal solution.
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Proof: It is easy to show that y
(m)
ki = 0 for all k = 1, . . . , K, i = 1, . . . , N , and

m = 1, . . . , M , is one feasible solution to the original BLP. Thus, it is also a feasible

solution to LP(1). Note that all variables are bounded between 0 and 1; therefore,

Lemma 3.1 holds.

Lemma 3.2: In the first iteration, LP(3) has a nonempty feasible solution set, and

because its variables are bounded, it also has an optimal solution.

Proof: According to Lemma 3.1, LP(1) in the first iteration must have an optimal

solution. Therefore, Y
(m)
ki ≥ 0 before the fix. When Y

(m)
ki is fixed to 0 to get LP(3),

its value is changed from no less than 0 to 0, leading to a non-increase in the required

transmission power. So none of the RHS of C1’ through C3’ could be violated by

this non-increasing action on the LHS of C1’ through C3’, respectively. Therefore,

LP(3) must have at least one feasible solution. Noting that all variables are bounded,

Lemma 3.2 holds.

Lemma 3.3: In all iterations, LP(1) and LP(3) have nonempty feasible solution sets,

and because their variables are bounded, they also have optimal solutions.

Proof: The situation in the first iteration is proved by Lemma 3.1 and Lemma

3.2. In the second iteration, LP(1) is obtained either from a feasible LP(2) or a feasible

LP(3) of the first iteration. So LP(1) must be feasible in the second iteration. Given

that LP(1) is feasible in the second iteration, the rationale used in proving Lemma

3.2 also applies here to prove the feasibility of LP(3) in the second iteration. This

induction can be repeated in all iterations. Noting that all variables are bounded,

Lemma 3.3 holds.

The proof of Theorem 3.1 is straightforward: Iteratively applying Lemmas 3.1

to 3.3, it is guaranteed that in each iteration at least one y
(m)
ki is fixed to either 0 or

1 and a new feasible LP(1) is generated for the next iteration. For the last iteration,

if fixing y
(m)
ki to 1 does not lead to a feasible BLP solution, then changing its value

to 0 must lead to a feasible BLP solution (for the same reason as in the proof of

Lemma 3.2).

Based on Theorem 3.1, it is easy to show that the time complexity of the LPSF

algorithm is bounded by the complexity of the LP solver times NMK. An LP solver



85

is of polynomial complexity, so the complexity of the LPSF is also polynomial. In

addition, the performance gap between the approximate LPSF solution and the

exact (optimal) one can be assessed by comparing the former with an upper bound

on the optimal solution, given by the the solution to LP(1) in the first iteration.

Lemma 3.1 guarantees the existence of this upper bound. We will later show by

simulation that this gap is small (below 10%), and in most cases it is zero.

3.4.3 Distributed Algorithm

In this section, we develop an efficient distributed algorithm for the BLP problem

in (3.11), which can achieve a provable fraction of the optimal performance. The

intuition behind such an algorithm comes from understanding the conflicts between

CRs when utilizing spectrum opportunities. There are two aspects to such conflicts.

First, neighboring CRs may observe a similar level of spectrum availability over

a given channel, and thus may attempt to transmit simultaneously over the same

channel, causing collisions. Second, transmissions by the same CR over different

channels may also conflict with each other, in the sense that the maximum trans-

mission power provided by the battery may not be sufficient to support parallel

transmissions over all these channels. In a nutshell, conflicts between transmissions

occur due to their competition for both spectrum and power resources. A good

design philosophy is to give priority to a transmission that can contribute a higher

rate at a lower power. Following this philosophy, the proposed distributed algorithm

defines an economic factor (EF) for each channel at each CR link. Let the current

transmission rate of link i on channel m be r
(m)
i = uk, k ∈ {0, . . . , K − 1}. Then,

the EF of this link on channel m is defined as

η
(m)
i

def
=

∆P
(m)
i

Bm∆r
(m)
i

=
C

(m)
i (γk+1 − γk)

Bm(uk+1 − uk)
. (3.12)

We let η
(m)
i

def
= +∞ when r

(m)
i = uK .

The basic idea of our EF-based distributed algorithm is to iteratively ramp up

the rate level over each channel of every neighboring link until the power mask

and maximum-power constraints are violated. In each iteration, the link-channel
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/* CR link i */

Initialization: r
(m)
i ← 0, for m = 1, . . . , M and C ← {1, . . . , M}

while (C6= ∅ )
/* Internal candidate selection */
violation flag ← 1
while (violation flag == 1)

m∗ ← arg min
{

η
(m)
i |m ∈ C

}

calculate ∆P
(m∗)
i

if ((∆P
(m∗)
i + P

(m∗)
i ≤ P̂

(m∗)
i )

or (∆P
(m∗)
i +

∑M
m=1 P

(m)
i ≤ Pmax,i))

violation flag ← 0
else
C ← C−{m∗}

end-if
end-while

/* Inter-link selection */
exchange with neighbors the message:

(link id i, channel id m∗, η
(m∗)
i )

if (η
(m∗)
i is the minimum among neighbors)

increase r
(m∗)
i from uk to uk+1

if (r
(m∗)
i == uK)

C ← C−{m∗}
end-if
send rate-adjustment message

end-if

/* Collision elimination routine */
if (rate-adjustment message is received from link j)

calculate hS(j)D(i) based on received signal strength

if (hS(j)D(i)P̂
(m∗)
j > PI,CR)

if (r
(m∗)
i ≤ r

(m∗)
j )

r
(m∗)
i ← 0 and C ← C−{m}

else
S(i) sends a rate-adjustment message

end-if
end-if

end-if
end-while

Output: r
(m)
i , for m = 1, . . . , M

Table 3.2: Pseudo-code for the EF-based distributed algorithm.
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pair that has the smallest EF value among its interfering-link set is raised to the

next higher rate. This is achieved by sequentially executing the following three

procedures in each iteration (note that this algorithm is asynchronously executed

by various CR transmitters). The first procedure is an internal candidate selection

process, in which a link, say i, selects a channel m∗ that has the smallest EF among

all channels in a candidate channel set C. The set C is initialized to contain all M

channels. The selected channel m∗ is tested for the feasibility of a rate increase.

This is done by calculating the power increment ∆P
(m∗)
i = C

(m∗)
i (γk+1 − γk). If

this increment violates the power mask or the battery power constraint, then a rate

increase on channel m∗ is infeasible for that CR. So m∗ is deleted from C and the

above selection process is repeated. Eventually, either a feasible m∗ is selected or C
becomes empty. When C becomes empty, the iterative process at the CR transmitter

terminates. If a feasible m∗ is found, the algorithm enters the inter-link selection

phase.

In the inter-link selection phase, neighboring CR transmitters exchange the re-

sults of their internal selection to elect the link-channel pair that has the smallest

EF in the neighborhood. The internal selection result of a link i is broadcasted as a

triple (link id i, channel id m∗, η
(m∗)
i ). The link-channel pair that has the smallest

EF in its neighborhood raises the corresponding transmission rate by one level, i.e.,

from uk to uk+1. At the same time, the sender of this link, say S(j), broadcasts

at power Pmax,j the following rate-adjustment message to its neighbors: (link id j,

channel id m∗, r
(m∗)
j , P̂

(m∗)
j , Pmax,j).

Whenever a CR link i receives a rate-adjustment message from link j, it performs

a collision elimination routine. Specifically, the receiver of the ith link, D(i), calcu-

lates the path loss from S(j) to D(i) based on the received signal strength. From

the power mask information in the message, D(i) can then decide whether S(j)’s

transmission will interfere with the reception at D(i) on channel m. If so, D(i)

compares r
(m∗)
i with r

(m∗)
j . If r

(m∗)
i ≤ r

(m∗)
j , D(i) notifies S(i) to set r

(m∗)
i to zero

and deletes m∗ from C. If r
(m∗)
i > r

(m∗)
j , D(i) notifies S(i) to send a rate-adjustment

message that triggers link j to avoid using channel m∗.
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A pseudo-code of the algorithm is given in Table 3.2. Because at least one r
(m)
i

will be increased by one level in each iteration in each interfering-link set, the rate

adjustment will terminate in at most MK iterations. Theorem 3.2 quantifies the

efficiency of this algorithm.

Theorem 3.2: The EF-based distributed algorithm can achieve at least 1/(κ∗ + 1)

of the optimal throughput, where κ∗ = maxi,m |I(m)
i | is the maximum interference

degree of all CR links over all channels and | · | denotes the cardinality of a set.

Proof: The rate adjustment in the EF algorithm is analogous to the well-known

single-user optimal Levin-Campello greedy algorithm [71] for bit loading in OFDM

systems. In allocating each bit, this greedy algorithm calculates the cost to add one

more bit in each sub-channel and chooses the sub-channel that requires the least

cost, where the cost is the necessary power increment. It has been shown in [45]

that for multi-user multi-carrier systems, if we assume no interference exists between

users, then the same greedy algorithm achieves the optimal performance. Denote

the optimal sum-rate of this idealized non-interfering multi-user system by R
(0)
tot,max.

This sum is calculated as:

R
(0)
tot,max =

N∑
i=1

M∑
m=1

R
(m)
i (3.13)

where R
(m)
i are the output of the greedy algorithm when interference between users

is ignored. When interference is accounted for, the third “if” statement in the

collision-elimination routine of the EF-based algorithm (see Table 3.2) guarantees

that for every interfering link set, only the link that achieves the largest rate is

kept (i.e., only this link can access the channel). All other interfering links are

prohibited from accessing the channel (their rates on this channel are set to 0).

Denote by Z(m) the set of links that can access channel m when the EF algorithm

is used. For all z ∈ Z(m), it must be true that R
(m)
z ≥ R

(m)
j , ∀j ∈ I

(m)
z . When

interference is accounted for, denote the sum-rate of the EF algorithm by R
(1)
tot,EF .
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Then R
(1)
tot,EF =

∑M
m=1

∑
z∈Z(m) R

(m)
z . We further have the following relationship:

R
(0)
tot,max =

M∑
m=1

N∑
i=1

R
(m)
i

≤
M∑

m=1

∑

z∈Z(m)

(|I(m)
z |+ 1)R(m)

z

≤
M∑

m=1

∑

z∈Z(m)

(κ∗ + 1)R(m)
z

= (κ∗ + 1)R
(1)
tot,EF . (3.14)

When interference exists between users, we denote the optimal sum-rate by R
(1)
tot,max.

Obviously,

R
(1)
tot,max ≤ R

(0)
tot,max ≤ (κ∗ + 1)R

(1)
tot,EF . (3.15)

So it follows that R
(1)
tot,EF ≥ 1

κ∗+1
R

(1)
tot,max. Then Theorem 3.2 follows.

Theorem 3.2 shows that the EF-based algorithm is optimal when κ∗ = 0, e.g.,

when every two CR links are sufficiently separated such that they do not interfere

with each other. When interference exists, the lower bound on the algorithm’s

performance decreases linearly with κ∗. The actual performance gap is evaluated

later by simulations.

Remark: Depending on the CR’s hardware capabilities as well as other regulatory

factors, additional constraints on the CRN may be imposed. These include:

C4: Number of Parallel Transmissions: The maximum number of channels a

CR transmitter can use at one time may be bounded by Mt. In the BLP framework,

this constraint is presented as

C̃4 :
∑M

m=1

∑K
k=1 y

(m)
k,i ≤ Mt, for i = 1, . . . , N. (3.16)

C5: Transmission Bandwidth: The total bandwidth a CR can transmit over at

any time is bounded by Bt. Formally,

C̃5 :
∑M

m=1

∑K
k=1 Bmy

(m)
k,i ≤ Bt, for i = 1, . . . , N. (3.17)
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C6: Forbidden Channels: A CR link i may be prohibited from using a certain

set of channels, say BFi ⊆ {1, . . . , M}. This constraint can be modeled as

C̃6 : y
(m)
k,i = 0, for k = 1, . . . , K, and m ∈ BFi. (3.18)

An examination of (3.16) through (3.18) shows that the additional constraints are

linear in the y
(m)
k,i ’s. Thus, they do not fundamentally change the BLP formulation

and its solutions discussed in the previous sections. Extensions of LPSF and the

EF-based algorithm to handle such constraints are trivial, and thus are omitted due

to space limitation.

3.5 Example Application and Practical Considerations

In this section, we illustrate through an application the main idea behind the multi-

level spectrum opportunity. We consider a spectrum-leasing scenario, where a CRN

shares the spectrum with an infrastructure PRN, as shown in Figure 3.2. The

PRN consists of multiple static base stations (BSs) that are interconnected via

a broadband wired network. We assume that the PRN operates using frequency

division duplexing (FDD). At any given time, each BS tunes to some of the M

uplink channels to receive signals from the PR mobile stations (MSs) (not shown

in the figure). We only consider spectrum sharing on the uplink. To be consistent

with the model in Section 3.3, a BS operating on multiple channels can be modeled

as multiple virtual BSs that operate on individual non-overlapping channels.

We consider two different spectrum-opportunity discovery mechanisms: dis-

tributed sensing (DS) and subscription-based (SB). DS is what is commonly studied

in most previous works. Each CR periodically senses channels and discovers binary-

type spectrum opportunities. The power mask is either Pmax or 0, depending on

whether the channel is idle or busy. In SB, each PR BS periodically reports its sta-

tus (receiving or idle) on each channel to the spectrum server via the wired network.

Along with the location of each BS, the collected real-time channel-status informa-

tion is broadcasted by the server to the CRN. By subscribing to the broadcast, each

CR can calculate its multi-level spectrum opportunity, as described shortly. Note
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Figure 3.2: Spectrum leasing application: (a) system architecture; (b) timing of the
broadcasted channel-status information from the spectrum server.

that the SB scheme fits within the CRN operational model recently advocated by

the FCC [24], which calls for establishing a database that CR systems must first

register with. This database also provides geo-location information of PRs, and

assists the CR in identifying spectrum opportunities. In reality, the SB scheme may

be used by CRs to share spectrum with an infrastructure-based PRN, such as a

cellular IS-95 or 802.16 WiMAX system.

In contrast to the DS scheme, which assumes that the PRN is ambivalent to the

existence of the CRN and no information exchange takes place between the two, the

SB scheme assumes that the PRN collaborates with the CRN in identifying spec-

trum opportunities. This collaboration can be justified by economic considerations,

where a PRN opens its spectrum to secondary reuse for a profit. The subscription

component in SB is extremely suitable for implementing fee-based services, and thus

provides a good incentive for the PRN to collaborate. Besides the economic reasons,

other incentives to use the SB scheme include (1) providing the spectrum leaser more
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control over the pricing and control of the shared spectrum, and (2) lowering the

CR’s hardware complexity (and cost) because the sensing functionality can now be

removed from the CR.

The SB scheme requires calculating the power mask. The basic idea behind this

calculation is to adapt the CR’s interference range to the activity of neighboring

BSs. The interference range is defined as the distance dI for which P̂
(m)
i h(m)(dI) ≤

PI , where h(m)(dI) is the channel gain at distance dI on channel m and PI is the

interference tolerance, below which the interference can be deemed as harmless to

the PR. We also assume that each CR has knowledge of its location, and thus can

calculate its distance to neighboring PR BSs. The determination of the interference-

range is illustrated in Figure 3.2: If the channel gain is dictated by the propagation

distance, then when BS1 is receiving on channel m, CR1’s power mask should be

such that its interference range is smaller than the distance between CR1 and BS1,

denoted by the smallest dotted circle (Level 1) in the figure. When BS1 is not

receiving but BS2 is receiving, then the power mask can be increased such that CR1’s

interference range reaches the larger dotted circle (Level 2), and so on. Although

this basic idea seems straightforward, the calculation needs to take into account the

following two random factors.

channel bandwidth 1 MHz
number of PRs over various channels 25, 10, 15, 20, 25

average PR ON period 1 second
average PR OFF period 10 second

transmission power of a PR 500 mW
total transmission power of a CR Pmax 1 W

PR interference tolerance PI 0.12346 µW
sensitivity of CR receiver PI,CR 0.06173 µW

PR status report period 100 ms
CR-to-PR violation bound α(m) 2% for all channel m

Table 3.3: Simulation parameters.
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3.5.1 Randomness of PR Activity

This randomness impacts the determination of the the power mask. For example,

in Figure 3.2, even if BS1 is not currently receiving on channel m, there is a chance

that it subsequently starts receiving data before the next reporting time. This status

change cannot be conveyed to CRs until the next report. So if a CR transmits based

on the power mask of Level 2, which is calculated according to the current status

report, it will cause unacceptable interference to BS1. To account for this impact,

we impose a soft guarantee, α(m) for channel m, such that the ratio of the time the

CR interferes with the PRN on channel m is smaller than α(m). This constraint

requires us to take into account the accumulated possibility of status-flipping (from

not-receiving to receiving) of all idle BSs that are closer to the target CR than its

closest active BS neighbor. As a result, it might not always be appropriate to use

a power mask that corresponds to the closest active BS neighbor. For example, in

Figure 3.2, even if BS2 is the closet active neighbor of CR1 in the current report,

the CR should not use the power mask of Level 2, if the likelihood of BS1 flipping

to receiving is greater than α(m). The detailed mathematical treatment is given in

the appendix.

3.5.2 Randomness of the Channel Gain

This randomness impacts the value of each power mask level. Given P̂
(m)
i , the

random channel fluctuation means that the received signal strength at distance

dI is a random variable: p̂
(m)
i = P̂

(m)
i h̄(dI)χ

(m), where χ(m) is a unit-mean r.v.

denoting the random fluctuation of the channel, h̄(dI) = A0d
−µ
I is the distance-

related component of the path loss, A0 is the close-in constant, and µ is the path loss

exponent. To counter this random effect, we impose a second soft guarantee, β(m) for

channel m, which requires Pr{P̂ (m)h̄(dI)χ
(m) ≥ PI} < β(m). Since dI is fixed (this

corresponds to the interference range of the level selected in the previous section),

P̂
(m)
i is calculated as P̂

(m)
i = PI

h̄(dI)Q(m)(β(m))
, where Q(m)(β(m)) is the (1 − β(m))-

quantile of the fluctuation χ(m), i.e., Pr{χ(m) ≤ Q(m)(β(m))} = 1− β(m).
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Figure 3.3: CTrace of the CRN throughput.
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Figure 3.4: CRN throughput vs. PR activity.
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Figure 3.5: CRN throughput vs. channel shadowing.

Obviously, the rate at which each BS reports to the spectrum server impacts

the calculated power mask. The lower this rate is, the larger the uncertainty in the

BS’ status between two consecutive reports, and therefore the more conservative the

power mask has to be in order to guarantee the given PRN violation constraint. On

the other hand, the bandwidth of the channel-status information broadcast channel

also influences the throughput of the CRN: Because CRs update their power masks

according to the periodic broadcast, the higher the broadcast bandwidth, the quicker

each CR can acquire the channel-status information, thus more time left between

two consecutive updates for a CR to deliver data. An interesting question is how

much gain the multi-level scheme can attain when accounting for the broadcast

overhead. We will answer this question using simulations.
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3.6 Performance Evaluation

3.6.1 Accuracy of the Approximate Algorithms

We consider a 1000 meter × 1000 meter region, in which 5 PRNs (5 channels) coexist

with 5 CR links. The parameter values used in our simulations are listed in Table 3.3.

We assume the following rate-SINR relationship: R
(m)
i = Bm log2(1+SINR/8), and

r
(m)
i ∈ {0, 1/2, 1, 3/2, 2} bits/second/Hz for all i and m. The locations of the PR and

CR transmitters and receivers are randomly assigned within the simulation region.

A simple path loss model with exponent of 4 is assumed for the channel gain between

any two points (i.e., hij = d−4
ij ). We assume the PRs on all channels follow the same

2-state Markov activity model, i.e., durations of ON/OFF states are exponentially

distributed, with the average ON and OFF periods as given in Table 3.3. The power

masks of all CRs are calculated periodically according to the SB scheme. A CR is

capable of using all 5 channels at once. We compare the achieved sum-rate of all

CR links in each reporting period under 3 different algorithms: an exhaustive-search

algorithm that finds the optimal solution, our polynomial-time LPSF algorithm, and

the EF algorithm.

A trace of the CRN sum-rate is plotted in Figure 3.3 for 50 consecutive reporting

periods. The upper bound generated in the first iteration of the LPSF algorithm

is also shown. It is clear that the LPSF and the EF algorithms give near-optimal

solutions (within 5% from the optimal solution). In most of the cases, they give the

optimal solution. The upper bound provided by the LPSF algorithm is reasonably

tight. In all simulations, the gap between this bound and the optimal solution

does not exceed 10%. So this bound provides a useful reference to evaluate the

accuracy of the approximate solutions in large networks when the optimal solution

is computationally difficult to obtain.

3.6.2 Comparison between Binary and Multi-level Opportunity

In this section, we simulate a large network and apply the EF algorithm for chan-

nel access. We consider 10 channels and 10 CR links over the same square area.
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The numbers of PRs operating on each channel are 25, 10, 15, 20, 25, 10, 5, 15,

20, and 25, respectively. The set of rates supported by a CR is now given by

{0, 1/2, 1, 3/2, 2, 5/2, 3, 7/2, 4} b/s/Hz. So the number of binary variables in the

BLP is 800. Unless indicated otherwise, the other parameters are kept the same.

The results presented below are averaged over 20 randomly generated topologies,

with a simulation time of 1000 sensing/status-report periods for each topology.

For the DS scheme, we assume a channel-sensing period of 100 ms. We denote

the status-report period of the SB scheme by T . The performance metric of interest

is the CRN throughput, defined as the average number of data bits that can be

transmitted by all CR links in one period divided by the duration of the period.

Because under the SB scheme, a fraction of the period, denoted by TB, is used to

receive broadcast information at each CR, the actual data transmission time in each

period is T − TB. The overhead is given by TB = VB

BB
, where VB is the number

of bits of the collected channel-status information in one report period and BB is

the bandwidth of the broadcast channel. For our simulations, VB is loosely upper

bounded as follows. We assume that the channel-status information for one PR

has the format (PR id ‖ channel id ‖ channel status). The total number of PRs

is less than 200, so an 8-bit id field is enough to identify them. The 10 channels

can be identified by a 4-bit field, and 1 bit is used to identify the status of the PR

(ON/OFF). So VB < 200×(8+4+1) = 2.6 Kbits. We use this value in the following

overhead calculation. To give a conservative estimate of the gain attained by the

SB scheme, we assume that channel sensing under the DS scheme takes zero time.

Thus, the throughput of the DS scheme plotted below represents an upper bound

on any channel access scheme that is based on the binary spectrum opportunity.

We ignore the computation time of the EF algorithm in both schemes.

In Figure 3.4, we study the CRN throughput as a function of the average length

of a PR’s active period. Here, we fix BB = 260 Kbps, corresponding to TB = 10 ms.

We observe that SB always achieves higher throughput than DS. This is because SB

is able to exploit the microscopic multi-level spectrum opportunities, while DS can

only utilize binary spectrum opportunities. More specifically, when a CR is close to
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an active PR, this CR cannot transmit on the same channel under the DS scheme.

However, under the SB scheme, such a transmission can take place if a reasonably

small transmission power is used. Therefore, more CR transmission opportunities

are found under SB, leading to better CRN throughput performance. It can also

be observed from Figure 3.4 that at low PR activity, the throughput of SB exceeds

DS slightly (15% gain), but at high PR activity, SB exceeds DS significantly (150%

gain ). So, although the broadcast channel consumes about 2.6% of the total system

bandwidth, it leads to at least 15% throughput gain in the worst case and 150%

gain in the best case. The difference in gain is because when the PR activity is low,

all neighboring PRs are often in the OFF state. The outcome of SB approaches that

of DS, in the sense that most of the time a CR can transmit at power level Pmax.

With increased PR activity, low-power CR transmission opportunities occur more

frequently under the SB scheme, which cannot be exploited under DS, and thus the

gap between the two schemes keeps growing.

We study the impact of channel fluctuations in Figure 3.5, where a channel is

subject to log-normal shadowing. The channel gain is taken as gij = d−4
ij 10

χ
10 , where

χ is a zero-mean Gaussian random variable that denotes the channel fluctuation

in db. The standard deviation of χ represents the severity of shadowing. For

each channel, we require a soft guarantee β = 5%. We first note that the average

throughput under DS barely changes with std(χ) because of the fixed power mask

set (0, Pmax). It is also observed that with the increase in channel fluctuation,

the throughput under SB will decrease, and eventually it approaches that of DS.

However, when the standard deviation is 6 db, which represents a typical shadowing

environment, SB still achieves about 50% throughput gain over DS.

In Figure 3.6, we fix BB to 260 Kbps (TB = 10 ms) and vary the status-broadcast

period. It can be observed that in general, a shorter broadcast period leads to higher

throughput because of the increased certainty in the PR’s activity between two

consecutive reporting instances. However, when the broadcast period is very small,

e.g., T = 40 ms, the throughput under SB is low. This is because the broadcast of

status information occupies a significant portion of each broadcast period, thus less
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time is left for data transmissions.

In Figure 3.7, we fix the status-broadcast period at T = 100 ms and plot the

throughput under SB for various TB values (corresponding to various broadcast

channel bandwidths). It is observed that the throughput degrades linearly with TB

(or equivalently, with the decrease in the broadcast bandwidth), because less time

in each period is left for data transmissions. At low PR activity, the throughput

of SB crosses that of DS once TB is greater than 20 ms or BB is smaller than 130

Kbps, which is about 1.3% of the total system bandwidth. At high PR activity,

the crossing point is TB = 50 ms. This corresponds to BB ≈ 50 Kbps (0.5% of

the total bandwidth). The extremely small bandwidth at the crossing point in both

situations indicate that the overhead of SB is basically negligible.

In Figure 3.8, we study the CRN throughput as a function of the number of

CR links under the SB and DS schemes. It can be observed that for both schemes,

throughput increases with the number of CR links. Interestingly, the throughput

gap between SB and DS grows with the number of CR links. This phenomenon

can be explained by noting that DS has a much larger keep-out region than SB.

Therefore, under DS, increasing the number of CR links in the area does not lead

to a significant increase in the number of active CR links. In contrast, under the

SB scheme, because a CR that is close to an active PR can still transmit data by

adjusting its transmission power, an increase in the number of CR links can be

directly translated into more transmitting CRs, leading to higher throughput gain.

3.7 Conclusions

In this chapter, we developed centralized and distributed algorithms for joint

power/rate control and channel assignment in CRNs. The problem was formulated

under a multi-level spectrum opportunity framework, which reflects the microscopic

spatial opportunity available to CRs. We also applied our algorithms to study the

achieved throughput gain over the conventional binary spectrum opportunity while

taking its overhead into account. We showed that a significant gain can be achieved
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Figure 3.8: CRN throughput vs. number of CR links.

under the SB scheme with the assistance of a narrow-band channel, which period-

ically broadcasts channel-status information. Our work only considered single-hop

ad hoc CRNs. Our future efforts will focus on the routing problem in a multi-hop

CRN.
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CHAPTER 4

TRUTHFUL LEAST-PRICED-PATH (LPP) ROUTING IN

OPPORTUNISTIC SPECTRUM ACCESS NETWORKS

4.1 Introduction

4.1.1 Motivation

Naturally, profit is a critical driving force behind the realization of OSA. As illus-

trated in Figure 4.1, under the assumption of economically rational users, a primary

licensee of the spectrum has interest in opening its idle spectrum for secondary re-

use only if it can make a profit from such an action. To this end, a secondary user

(SU) is typically charged for leasing the spectrum on a temporary basis. Such an

economic consideration has been reflected in recent OSA studies. For example, the

spectrum auctions in [103] and [42] considered the situation where SUs buy spectrum

through a bidding process. The spectrum-leasing architecture in [66] requires SUs to

subscribe to (and pay for) the spectrum-status information broadcasted by a spec-

trum server. The IEEE 802.22 WRAN standard is based on an infrastructure-type

architecture, which by design is suitable for implementing fee-based OSA services.

In addition to providing incentive to the primary owner of the spectrum, profit is

also an important factor for SU service providers, who would be willing to transport

the traffic of other users if they can make a profit, i.e., the payment received by the

servicing node (a.k.a, the price of the service) exceeds its spectrum cost paid by the

SU.

In contrast to previous works that studied the cost aspects of acquiring spectrum,

in this paper we study its “end system” perspective and consider the implication of

the for-profit nature of SUs. We focus on the economic aspects of the routing prob-

lem in a profit-driven OSA network. Specifically, we consider the situation where
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Figure 4.1: A profit-driven OSA network.

an end user wishes to purchase a route to a destination. Intermediate SUs along

this route relay the traffic from this source until it finally reaches its destination.

Such traffic relaying is not free; the source has to compensate SU relays for their

spectrum cost. The problem for the source is to decide the cheapest route, i.e., the

route that minimizes the source’s total payment to relaying nodes (equivalently, the

price of the route). We refer to this problem as the least-priced-path (LPP) problem.

Note that even though we assume the source pays for the route, the problem does

not lose its generality when the destination makes the payment.

At a first glance, the LPP problem is seemingly trivial and can be solved by

the following naive method. The source would ask intermediate SUs to report their

costs. The source would then choose the best path to the destination with respect

to the reported cost. Each SU along the selected path would be paid the equivalent

of its reported cost. The problem with this method is that intermediate SUs may

exaggerate their claimed costs for the purpose of getting higher profits. This is

especially true when intermediate SUs belong to a different administrative domain

than the source, and thus are opt to act selfishly to maximize their profit. As a

result, the source could end up paying an unnecessarily high price for the route it

chooses.
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The above selfish behavior has been addressed in the literature under a different

setup, namely, finding the least-cost path (LCP) (e.g., see [58, 34, 26, 77]). The

basic idea in the LCP algorithm is to design a “truthful” payment mechanism,

which guarantees that mis-claiming the cost will not increase the payment made to

the relaying node. As a result, such a node has no incentive to exaggerate its true

cost. The LCP can be subsequently constructed based on the reported costs.

In contrast to the LCP problem, the least-priced-path problem studied in this

paper takes into account the following three new aspects that arise in the OSA

context. First, instead of minimizing the cost of the route (as reported by relay

nodes), we aim at minimizing its price (payment made by end user). This is more

attractive to an end user, because price is the actual expense the end user has to

pay. As will become clear shortly, under the truthfulness requirement, there is no

straightforward conversion between these two objectives: a LCP may not have the

least price. Hence, a new formulation is required for the LPP problem.

Second, in contrast to LCP formulation, where the cost of a SU node is constant,

in our setup cost is modeled as a random variable. The node cost in OSA represents

the monetary rate the SU node has to pay to acquire the spectrum. Such a rate

changes with the dynamics of spectrum supply demand in the vicinity of a node.

When supply is tight, a SU will have to pay more in order to access the spectrum.

Likewise, the cost drops when more idle spectrum becomes available for secondary

re-use. In line with this randomized node cost, we are interested in finding a ran-

domized routing strategy, which adapts to the dynamics of the node cost, with the

goal of minimizing the expected price of the route.

Third, when constructing a route, we consider the transport capacity limit of each

node. Being restricted to a secondary role, a SU cannot guarantee it can always

acquire the required amount of spectrum. Therefore, an end-to-end flow may have

to be split into multiple sub-flows, leading to multi-path routing. This is in contrast

to the single-path situation considered in the LCP problem, where no capacity

constraint is imposed on relaying nodes so that the flow can be accommodated by

a single path.
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4.1.2 Contributions and Paper Organization

In this paper, we model truthful LPP routing as a mechanism design problem [58]

in game theory. We provide a unified formulation and solutions that address all

the above three considerations. Our investigation is divided into two parts. In the

first part, we obtain the LPP without imposing a node-capacity constraint. This

simplified formulation applies to the scenario where the rate demand is relatively

low, such that intermediate nodes can always support it. In the second part, we con-

sider the problem with a given source rate demand and given capacity constraints

at intermediate nodes. We derive the analytical solution to LPP and its truthful

payment. We show that the LPP in this case is a multi-path route, and in general

calculating the truthful payments for this route is computationally infeasible. Con-

sequently, we consider a degraded but more computable version of the problem: the

truthful low-priced path (LOPP) routing, which finds a low-priced multi-path route

(its price may not be the lowest, but is lower than other truthful routing mechanism

such as LCP, as shown in our simulations) and the truthful payment for this route

can be efficiently calculated. Our LOPP construction is the first truthful multi-path

routing algorithm in literature that accounts for general non-node-disjoint routes.

In addition, when the routes under consideration are node-disjoint, our LOPP algo-

rithm actually finds the truthful LPP. Because the node-capacity constraint requires

capacity information to be collected, a payment enforcement algorithm is also devel-

oped to guarantee truthful capacity reporting by relay nodes. The complete LOPP

routing mechanism guarantees that mis-reporting the node’s cost and capacity will

not lead to a better profit for that node.

Our work extends the Myerson’s optimal auction problem [56], in which bid-

ders correspond to paths in the LPP formulation. However, in Myerson’s prob-

lem, bidders are independent. No matter how a bidder changes his bid, he cannot

change other bidders’ bids. In contrast, in our LPP problem, paths need not be

node-disjoint. As a result, when a node that belongs to multiple paths changes

its claimed cost, the claimed costs of all involved paths will also change. In other
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words, the players in our problem are no longer independent. Therefore, the results

in Myerson’s work cannot be directly applied to our problem.

The remainder of this paper is organized as follows. Related work is reviewed

in Section 4.2. We formulate the LPP problem in Section 4.3. The problem is

studied without and with node-capacity constraints in Sections 4.4 and 4.5, respec-

tively. Simulation results are presented in Section 4.6. The paper is concluded in

Section 4.7.

4.2 Related Work

In [22], the authors studied the minimization of the expected price of a single path

under no node capacity constraint. Our results in Section 4.4 are compatible with

theirs. The main difference is that, by definition, their setup targets only single-

path routes, while ours starts from a more general setting that allows for multi-path

routing. This change in formulation is nontrivial, because now we need to explicitly

account for the inter-dependence between paths. We then prove that in the absence

of capacity constraints, the LPP is a single-path route. Our key contribution here is

in proving that the outcome of the presented algorithm is not only optimal among

the set of single paths, but also optimal among all possible combinations of paths.

As to the second part of our work, i.e., LPP under node capacity constraints, to the

best of our knowledge, ours is the first to formulate and study this problem.

Aside from [22], other related works on truthful routing have focused on the LCP

problem rather than the LPP problem. The LCP problem was first introduced by

Nisan and Ronen in their seminal paper [58], where they solved the truthful unicast

LCP routing by applying the celebrated Vickrey-Clarke-Groves (VCG) mechanism.

In [58], the cost of an agent (a node or an edge) is used as the agent’s weight in

the graph. The LCP is the least-cost path from the source to the destination. The

payment pe to an agent e is 0 if e is not on the LCP and pe = dG|e=∞ − dG|e=0 if

it is. Here dG|e=∞ is the cost of the least-cost path on the graph that excludes e,

and dG|e=0 is the cost of the least-cost path when the cost of e is zero. For example,
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Figure 4.2: An example for LCP.

consider the topology in Figure 4.2, where the numbers denote the node costs. The

LCP from S to E is S → C → D → E. The cost of the route is 4 + 2 = 6. The

truthful payment to C is 11− 2 = 9, and the truthful payment to D is 11− 4 = 7.

The total price of the LCP is 9 + 7 = 16.

Several follow-up works extended the basic VCG algorithm [58] into various

networking environments. This includes the ad hoc-VCG [6], the VCG-based BGP

[26], the multicast version of VCG [78], and more recently VCG for opportunistic

routing [82]. The work in [47] formulated the multi-path LCP problem but did

not provide a solution. The work in [72] gave initial results for this problem by

only considering the special case when all paths in the graph are disjoint. Some

works, e.g., [34], focused on the complexity issues of the VCG payment calculation.

Other works, e.g., [102][76][77], went beyond the routing layer and encompassed a

cross-layer methodology in studying the LCP problem.

The overpayment issue in VCG-based LCP routing was first noticed by Archer

and Tardos [8]. They investigated the frugal path problem (FPP), which aims at de-

signing a mechanism that selects a (single) path and induces truthful cost revelation,

but without paying high price. They also showed that no reasonable mechanism can

always avoid paying a high premium to induce truthtelling. Subsequent works on

FPP, e.g., [26] [21], focused on characterizing bounds on the price of general truthful

routing mechanisms. Rather than following a bounding approach, the LPP problem

in this paper differs from FPP in that it explicitly minimizes the price of the route
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in a given OSA network.

When truthfulness is not concerned, various pricing mechanisms have been stud-

ied to optimize the social welfare of wireless ad hoc networks. For example, [55]

proposed a centralized two-fold pricing mechanism to account for the relay and

interference factors in the routing, with the purpose of maximizing the aggregate

network utility. The work in [57] proposed distributed pricing algorithms to achieve

the same goal. Furthermore, [57] also studies the problem of how to balance profits

among nodes by optimizing a profit fairness metric. In all these work, it is assumed

that a node always reports truthful information as input to the algorithm. This is

not an assumption made in our problem.

4.3 System Model and Problem Formulation

4.3.1 Preliminaries

The LPP problem is well suited for analysis by means of mechanism design, a

branch of game theory. First, we briefly review a few definitions and concepts from

mechanism design. We then describe our model and formulate the problem using a

mechanism design’s terminology.

A mechanism design problem considers a game of n agents, each with his own

strategy set. For each agent i, 1 ≤ i ≤ n, there is some private information ci (only

known to agent i), called its true type. We consider the direct revelation strategy

set in this study, i.e., agents simultaneously report their types to the mechanism.

We consider this strategy because it is simple to implement in practice and its com-

munication overhead is small, making it more scalable for large networks. Denote

the reported type of agent i by c̃i (this may be different from ci) and the vector of

reported types from all agents as c̃ = (c̃1, . . . , c̃n). The mechanism takes c̃ as input

and computes a response X(c̃) = (x1(c̃), . . . , xn(c̃)) (this is the action each agent is

going to take, given the input c̃) and a payment to agents p(c̃) = (p1(c̃), . . . , pn(c̃)).

Given the response X and the type ci, agent i’s cost function is decided by a real-

valued function ϑi(ci,X). Accordingly, agent i’s profit for reporting c̃i is given by
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Ui
def
= pi(c̃)− ϑi(ci,X). An agent is said to be rational if he always reports a c̃i that

maximizes his profit.

The main task of a mechanism design problem is to design the functions X(c̃)

and p(c̃) that maximize some social interest (e.g., social welfare) of the system.

Usually the following properties are desired in the mechanism:

1. Incentive compatible (IC): A mechanism is IC if each rational agent maximizes

his profit when reporting his true type ci.

2. Individually rational (IR): A mechanism is IR if each agent’s profit for partic-

ipating in the game is nonnegative.

When a mechanism is both IC and IR, we say it is truthful.

4.3.2 Network Model and Problem Formulation

We consider an OSA network as shown in Figure 4.3, whose topology is defined

by a directed graph G = (V,E), where V and E are the set of SU nodes and the

set of directed links between SUs, respectively. Agents in the mechanism design

framework now refer to SU nodes in our problem. We assume there is no collu-

sion between SUs, i.e., SUs react independently (no cooperation and information

exchange between SUs) in bidding for spectrum from the primary spectrum licensee

and providing service to the end user. Such a scenario happens when SUs belong

to different service providers. Each node j in V can access a certain amount of

spectrum, say bj, by paying a cost cj to the primary spectrum licensee for each

transmitted packet. This cost is due to, for example, a winning bid in a spectrum

auction or an agreed-upon rent in a spectrum lease, and thus is considered private

information (i.e., the true type) only known to node j. Because this cost depends on

the supply-demand dynamics of available spectrum around node j, cj is modeled as

a random variable. In addition, we assume that {cj : j ∈ V } are independent. This

assumption is supported by the location-dependent nature of the spectrum supply-

demand dynamics at individual SUs. This assumption is also reasonable when there

is no collusion between SUs.
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s

d

j

Path i

Figure 4.3: Topology of an OSA network.

We stick to the conventional economics approach of Bayesian optimal mechanism

design by assuming that the probability density function (p.d.f.) of cj, denoted by

fj, is known to the mechanism. Let the domain of fj be Dj
def
= [vj, wj], where vj ≥ 0,

wj ≥ 0, and vj ≤ wj. In practice, for a truthful mechanism, fj and Dj can be

constructed based on historical reports of the cost. In our analysis, we assume the

mechanism has perfect knowledge of fj, but we relax this condition in our simulations

to study the sensitivity issue of our algorithm. We assume that cj does not change

during a session, but may change from one session to another. Here, a session

represents the continuous transmission of a burst of packets. For two nodes j and k,

fj and fk are independent but not necessarily identical. This assumption captures

the basic fact that in an OSA system, different nodes may experience heterogeneous

spectrum availabilities, and thus their costs are stochastically non-identical. We do

not make any assumption on the structure of bj (e.g., deterministic or random). Our

algorithm requires only the instantaneous value (sample) of bj in the current session.

We also assume that the interference issue has been taken care of by the spectrum

allocation mechanism employed in the network, so that interfering nodes operate

over different channels in the spectrum. This assumption is commonly supported in

spectrum auction and leasing mechanisms, e.g., the algorithm in [103] takes as input

the interference graph to avoid selling a channel to two nodes that interfere with

each other. We also assume that even though a node is only allowed to transmit

over channels it has acquired, it can tune to any channel for reception.
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Now consider a traffic flow that originates from a source node s and terminates at

a destination node d. The flow lasts for multiple sessions. Let n
def
= |V −{s, d}| (|.| is

the cardinality of the set), m
def
= |E|, and label the nodes in V −{s, d} as j = 1, . . . , n.

Let the set of all possible paths from s to d be Rsd. Let N
def
= |Rsd|. Note that the

enumeration of paths from s to d is only required for the problem formulation. Our

final algorithms do not require such enumeration. The routing mechanism operates

on a session-by-session basis. At the beginning of a session, each node j in V

reports a cost c̃j to the routing mechanism. A truthful mechanism should guarantee

that c̃j = cj, i.e., the mechanism must satisfy the IC and IR constraints. We will

formulate these constraints after we finish describing the general operation of the

mechanism.

The mechanism takes as input the cost reports c̃ = (c̃1, . . . , c̃n) from the nodes in

V −{s, d}, and computes an outcome consisting of a routing vector X = (x1, . . . , xN)

and a payment vector p = (p1, . . . , pn). In general, we allow multi-path routing. So

an element in X, say xi, 1 ≤ i ≤ N , represents the fraction of traffic that will be

carried over path i in Rsd during the current session, and pj, 1 ≤ j ≤ n, is the

payment to node j for every packet delivered by paths in Rsd. Because xi and pj

are outputs of the mechanism, we write them as functions of the reported costs, i.e.,

xi
def
= xi(c̃) and pj

def
= pj(c̃).

Our mechanism considers source-destination pairs one at a time. Even though

multiple source-destination flows may exist in the network, these flows join the

network sequentially. In this case, for a new incoming flow, bj represents the residual

spectrum at node j, i.e., the total spectrum acquired by j minus the amount that

have been allocated to ongoing flows that traverse through node j.

In practice, the mechanism can be executed either by the end user or by a cen-

tralized server. In the former case, the source node is responsible for collecting cost

reports from individual SUs and computing the path vector and payments accord-

ing to the LPP algorithm. Such an implementation is suitable for an end user of

sufficient power/computation capability. In the latter case, the responsibility of in-

formation collection and route/payment computation is delegated to a centralized
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server. This implementation is more useful for resource-constrained users. To sim-

plify the presentation, in our subsequent analysis we use the convenient notations

defined in Table 4.1.

notation definition
c−j (c1, . . . , cj−1, cj+1, . . . , cn)

(z, c−j) (c1, . . . , cj−1, z, cj+1, . . . , cn)
c̃−j (c̃1, . . . , c̃j−1, c̃j+1, . . . , c̃n)

(z, c̃−j) (c̃1, . . . , c̃j−1, z, c̃j+1, . . . , c̃n)
D−j

⋃
1≤k≤n,k 6=j Dk

D
⋃

1≤k≤n Dk

f−j(c̃−j)
∏

1≤k≤n,k 6=j fk(c̃k)
f(c̃)

∏
1≤k≤n fk(c̃k)

dc̃−j dc̃1 . . . dc̃j−1dc̃j+1 . . . dc̃n

dc̃ dc̃1 . . . dc̃n

Table 4.1: Definition of notations.

The truthful LPP routing problem is formulated as follows. The objective is to

minimize the expected price that s needs to pay for each packet it sends in a session,

i.e.,

minimize(X,p)



Γs(X,p) def=

∫

D

∑

j∈V \{s,d}
pj(c̃)f(c̃)dc̃



 . (4.1)

This objective is also in line with the minimization of the total payment of s

over all sessions for a long-lasting flow. We want to develop a truthful mechanism

for the above problem subject to the following constraints:

Incentive Compatibility (IC) Constraint: This is the condition that enforces a

rational node j should report its true cost to the mechanism, i.e., c̃j = cj. The basic

idea is to design X and p in such a way that, if a number z ∈ Dj is used as the unit

spectrum cost to calculate node j’s profit, i.e., cj = z, then reporting c̃j = z′, where

z′ ∈ Dj and z′ 6= z, does not lead to higher profit for node j than reporting c̃j = z.

This requirement is met for ∀z, ∀z′ ∈ Dj and ∀j ∈ V \{s, d}. Mathematically, this
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constraint is formulated as follows

∫

D−j


pj(z, c̃−j)− z

∑

i∈R
(j)
sd

xi(z, c̃−j)


 f−j(c̃−j)dc̃−j

≥
∫

D−j


pj(z

′, c̃−j)− z
∑

i∈R
(j)
sd

xi(z
′, c̃−j)


 f−j(c̃−j)dc̃−j

for ∀z, ∀z′ ∈ Dj,∀j ∈ V \{s, d}. (4.2)

where R
(j)
sd is the subset of paths in Rsd that traverse node j. In (4.2), the L.H.S. of

the inequality is the expected profit node j receives for each packet delivered over

the route when it reports c̃j = z, and the R.H.S. is the node’s profit when it reports

c̃j = z′. The L.H.S. of (4.2) is also referred to as Uj(X,p, z), i.e.,

Uj(X,p, z)
def
=

∫

D−j


pj(z, c̃−j)− z

∑

i∈R
(j)
sd

xi(z, c̃−j)




×f−j(c̃−j)dc̃−j. (4.3)

Because a mechanism that satisfies the IC constraint (4.2) ensures that c̃j = cj

for ∀j ∈ V \{s, d}, the notations cj and c̃j become inter-changeable, given the IC

constraint is included in the problem formulation. Our subsequent presentation will

be based on c̃j’s only, because they are the actual inputs to the mechanism (cj’s

are considered as secrete information to individual nodes, and thus are not directly

used by the algorithm).

Individual Rationality Constraint: This constraint requires that node j partic-

ipates in the relay only when its expected profit is nonnegative, i.e.,

Uj(X,p, c̃j) ≥ 0 ∀j ∈ V \{s, d}. (4.4)

Multi-path Constraint: This constraint says that the sum of the fractions of

traffic carried over various paths must equal to the total traffic volume, i.e.,

N∑
i=1

xi(c̃) = 1. (4.5)
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Node Capacity Constraint: The aggregate traffic of the sub-flows that traverse

the same node should not exceed the node’s capacity, i.e.,

∑

i∈R
(j)
sd

xi(c̃)R ≤ bj, ∀j ∈ V (4.6)

where R is the flow rate demand. Note that in our formulation, the node cost is

defined for each packet relayed by that node, whereas payment, price, and profit

are with respect to each packet delivered over the (multi-path) route. Hereafter, we

use the notation i and j to refer to a path and a node, respectively. We follow this

convention in subsequent sections, unless indicated otherwise.

4.4 LPP Without Node-Capacity Constraints

4.4.1 Optimal Route Selection and Payment Calculation

The main difficulty in solving the LPP problem is that the paths between s and d

may not be node-disjoint. Therefore, the traffic volumes carried by different nodes

are not independent. This dependence, which appears in the IC (4.2) and the

node-capacity constraints (4.6), prevents us from directly using Myerson’s optimal

auction theory [56]. In this section, we first consider a simplified version of the

LPP formulation, by ignoring the node-capacity constraint in (4.6). This problem

is referred to as the simplified LPP problem in our following analysis. The resulting

mechanism will still be truthful, because the IC and IR constraints are still being

accounted for.

Our analysis of the simplified problem proceeds as follows. Consider the IC

constraint (4.2). For node j, the fraction of traffic it expects to relay given that its

reported cost is c̃j can be calculated as

Qj(c̃j)
def
=

∫

D−j

∑

i∈R
(j)
sd

xi(c̃)f−j(c̃−j)dc̃−j. (4.7)

Based on of Qj(c̃j), we have the following lemma.

Lemma 4.1: The IC constraint in (4.2) is equivalent to satisfying both of the

following two conditions:
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(1) Monotonicity: For ∀c̃(1)
j ,∀c̃(2)

j ∈ Dj, if c̃
(1)
j ≥ c̃

(2)
j , then Qj(c̃

(1)
j ) ≤ Qj(c̃

(2)
j );

(2) Uj(X,p, c̃j) =
∫ wj

c̃j
Qj(τj)dτj + Uj(X,p, wj), ∀c̃j ∈ Dj.

Proof: Our proof follows the same procedure introduced in [56]. Given two distinct

numbers c̃
(1)
j ∈ Dj and c̃

(2)
j ∈ Dj, we can calculate the value of the following four

functions:
∫

D−j


pj(c̃

(1)
j , c̃−j)− c̃

(1)
j

∑

i∈R
(j)
sd

xi(c̃
(1)
j , c̃−j)


 f−j(c̃−j)dc̃−j (4.8)

∫

D−j


pj(c̃

(2)
j , c̃−j)− c̃

(2)
j

∑

i∈R
(j)
sd

xi(c̃
(2)
j , c̃−j)


 f−j(c̃−j)dc̃−j (4.9)

∫

D−j


pj(c̃

(2)
j , c̃−j)− c̃

(1)
j

∑

i∈R
(j)
sd

xi(c̃
(2)
j , c̃−j)


 f−j(c̃−j)dc̃−j (4.10)

∫

D−j


pj(c̃

(1)
j , c̃−j)− c̃

(2)
j

∑

i∈R
(j)
sd

xi(c̃
(1)
j , c̃−j)


 f−j(c̃−j)dc̃−j . (4.11)

The inequality in the IC constraint (4.2) implies that the value of (4.8) is always

greater than or equal to the value of (4.10), and the value of (4.9) is always greater

than or equal to the value of (4.11), i.e.,

Uj(X,p, c̃
(1)
j ) ≥

∫

D−j


pj(c̃

(2)
j , c̃−j)− c̃

(1)
j

∑

i∈R
(j)
sd

xi(c̃
(2)
j , c̃−j)




×f−j(c̃−j)dc̃−j (4.12)

Uj(X,p, c̃
(2)
j ) ≥

∫

D−j


pj(c̃

(1)
j , c̃−j)− c̃

(2)
j

∑

i∈R
(j)
sd

xi(c̃
(1)
j , c̃−j)




×f−j(c̃−j)dc̃−j . (4.13)
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In addition, we can show the following

∫

D−j


pj(c̃

(2)
j , c̃−j)− c̃

(1)
j

∑

i∈R
(j)
sd

xi(c̃
(2)
j , c̃−j)


 f−j(c̃−j)dc̃−j

=
∫

D−j


pj(c̃

(2)
j , c̃−j)− c̃

(2)
j

∑

i∈R
(j)
sd

xi(c̃
(2)
j , c̃−j)


 f−j(c̃−j)dc̃−j

−
∫

D−j

(c̃(1)
j − c̃

(2)
j )

∑

i∈R
(j)
sd

xi(c̃
(2)
j , c̃−j)f−j(c̃−j)dc̃−j

= Uj(X,p, c̃
(2)
j )− (c̃(1)

j − c̃
(2)
j )Qj(c̃

(2)
j ). (4.14)

Substituting (4.14) to (4.12), we get

Uj(X,p, c̃
(1)
j ) ≥ Uj(X,p, c̃

(2)
j )− (c̃

(1)
j − c̃

(2)
j )Qj(c̃

(2)
j ). (4.15)

Following the same treatment, but now consider (4.13) we get

Uj(X,p, c̃
(2)
j ) ≥ Uj(X,p, c̃

(1)
j )− (c̃

(2)
j − c̃

(1)
j )Qj(c̃

(1)
j ). (4.16)

Combining (4.15) and (4.16), we derive

(c̃
(2)
j − c̃

(1)
j )Qj(c̃

(2)
j ) ≤ Uj(X,p, c̃

(1)
j )− Uj(X,p, c̃

(2)
j ) ≤

(c̃
(2)
j − c̃

(1)
j )Qj(c̃

(1)
j ). (4.17)

This means (c̃
(2)
j − c̃

(1)
j )Qj(c̃

(2)
j ) ≤ (c̃

(2)
j − c̃

(1)
j )Qj(c̃

(1)
j ). So condition (1) of Lemma

4.1 follows.

Note that the inequalities in (4.17) can be rewritten for any δ > 0 as

δQj(c̃
(2)
j ) ≤ Uj(X,p, c̃

(2)
j − δ)− Uj(X,p, c̃

(2)
j ) ≤ δQj(c̃

(2)
j − δ). (4.18)

Since Qj(c̃j) is decreasing in c̃j, it is Riemann integrable [56]. So

∫ wj

c̃j

Qj(τj)dτj = Uj(X,p, c̃j)− Uj(X,p, wj). (4.19)

This proves condition 2 of Lemma 4.1.
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Based on Lemma 4.1, the LPP problem without node-capacity constraints can

be re-formulated as follows.

Lemma 4.2: The optimal route selection vector X is the solution to the following

optimization problem:

minimize
∑

1≤j≤n

∫
D

[
c̃j + Fj(c̃j)

fj(c̃j)

] ∑
i∈R

(j)
sd

xi(c̃)f(c̃)dc̃

s.t.
∑N

i=1 xi(c̃) = 1

(4.20)

where Fj(c̃j) =
∫ c̃j

vj
fj(τj)dτj is the c.d.f. of c̃j. In addition, the truthful payment

to each node is given by pj(c̃) = c̃j

∑
i∈R

(j)
sd

xi(c̃) +
∫ wj

c̃j

∑
i∈R

(j)
sd

xi(τj, c̃−j)dτj, for

1 ≤ j ≤ n.

Proof: The proof follows the method used in [56]. In particular, the objective

function in (4.1) can be rewritten as follows

Γs(X,p) =
∑

1≤j≤n

∫

D
c̃j

∑

i∈R
(j)
sd

xi(c̃)f(c̃)dc̃

+
∑

1≤j≤n

∫

D


pj(c̃)− c̃j

∑

i∈R
(j)
sd

xi(c̃)


 f(c̃)dc̃. (4.21)

The second term in (4.21) can be written as

∫

D


pj(c̃)− c̃j

∑

i∈R
(j)
sd

xi(c̃)


 f(c̃)dc̃

=

∫ wj

vj

Uj(X,p, c̃j)fj(c̃j)dc̃j. (4.22)
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Substituting condition (2) of Lemma 4.1 into (4.22), we get

∫

D


pj(c̃)− c̃j

∑

i∈R
(j)
sd

xi(c̃)


 f(c̃)dc̃

= Uj(X,p, wj) +
∫ wj

vj

∫ wj

c̃j

Qj(τj)dτjfj(c̃j)dc̃j

= Uj(X,p, wj) +
∫ wj

vj

∫ τj

vj

fj(c̃j)dc̃jQj(τj)dτj

= Uj(X,p, wj) +
∫ wj

vj

Fj(c̃j)Qj(c̃j)dc̃j

= Uj(X,p, wj) +
∫

D
Fj(c̃j)

∑

i∈R
(j)
sd

xi(c̃)f−j(c̃−j)dc. (4.23)

Substituting (4.23) into (4.21), after some mathematical manipulation, the objective

function of (4.1) can be rewritten as

Γs(X,p) =
∑

1≤j≤n

∫

D

[
c̃j +

Fj(c̃j)
fj(c̃j)

] ∑

i∈R
(j)
sd

xi(c̃)f(c̃)dc̃

+
∑

1≤j≤n

Uj(X,p, wj). (4.24)

It is easy to show that when the payment is pj(c̃) = c̃j

∑
i∈R

(j)
sd

xi(c̃) +
∫ wj

c̃j

∑
i∈R

(j)
sd

xi(τj, c̃−j)dτj, for 1 ≤ j ≤ n, the IC and IR constraints are sat-

isfied [56], and the second term in (4.24), i.e., Uj(X,p, wj), equals 0. Ac-

cording to the Individual Rationality constraint, Uj ≥ 0. Therefore, the pay-

ment method in Lemma 4.2 minimizes Uj(X,p, wj). As a result, the objec-

tive of minimizing Γs(X,p) is reduced to minimizing the new objective function
∑

1≤j≤n

∫
D

[
c̃j +

Fj(c̃j)

fj(c̃j)

] ∑
i∈R

(j)
sd

xi(c̃)f(c̃)dc̃. Note that the IC and IR constraints

have been embodied in the derivation of the new objective function and the form of

the truthful payment. It is easy to verify that the payment function always satis-

fies the IR constraint, because pj(c̃) ≥ c̃j

∑
i∈R

(j)
sd

xi(c̃). The only constraint which

has not been reflected is the multi-path constraint, which we append to the new

optimization formulation. This proves Lemma 4.2.

The IC and IR constraints are now embodied in the objective function and

the specific form of the truthful payment function presented in Lemma 4.2 (see
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Appendix B for the derivation). According to Lemma 4.2, we can use the new

formulation in (4.20) to find the solution to the simplified LPP problem. Let

h(c̃)
def
=

∑
1≤j≤n

[
c̃j +

Fj(c̃j)

fj(c̃j)

]∑
i∈R

(j)
sd

xi(c̃). An inspection of (4.20) shows that this

formulation actually minimizes the expected value of h(c̃) given the distribution of

f(c̃). A simple probabilistic argument says that the expected value will be mini-

mized if h(c̃) is minimized over every point of c̃. This gives rise to the following

lemma, which reduces our problem from a randomized setup to a deterministic one.

Lemma 4.3: Given the reported cost vector c̃, the LPP route selection problem

can be expressed as follows:

minimize
∑

1≤j≤n

[
c̃j + Fj(c̃j)

fj(c̃j)

]∑
i∈R

(j)
sd

xi(c̃)

s.t.
∑N

i=1 xi(c̃) = 1

(4.25)

and the truthful payment is given by

pj(c̃) = c̃j

∑

i∈R
(j)
sd

xi(c̃) +

∫ wj

c̃j

∑

i∈R
(j)
sd

xi(τj, c̃−j)dτj, 1 ≤ j ≤ n. (4.26)

Regarding the solution of (4.25), we have the following results.

Theorem 4.1: In the simplified LPP problem, for a given c̃, the optimal route

contains only one path, which is given by

P o
sd(c̃) = arg min

∀P (i)
sd ∈Rsd

(
∑

j∈P
(i)
sd

[
c̃j +

Fj(c̃j)

fj(c̃j)

]
) (4.27)

where P
(i)
sd denotes the ith path in Rsd, 1 ≤ i ≤ N . Thus, the optimal route selection

vector is Xo(c̃) = (0, . . . , 0, 1, 0, . . . , 0), where the non-zero element corresponds to

the optimal path P o
sd.

Proof: We rewrite h(c̃) according to the routes in Rsd:

h(c̃) =
∑

1≤i≤N




∑

j∈P
(i)
sd

[
c̃j +

Fj(c̃j)

fj(c̃j)

]

 xi(c̃). (4.28)

Define

ξj
def
=

[
c̃j +

Fj(c̃j)

fj(c̃j)

]
. (4.29)
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Note that for each j, 1 ≤ j ≤ N , ξj is a constant for a given c̃j. Accordingly, for

each path i, we define

Wi
def
=




∑

j∈P
(i)
sd

ξj


 . (4.30)

Note that for a given c̃j, Wi is also a constant. Therefore, for a given c, problem

(4.25) becomes a linear program (LP) of the form:

minimize(x1,...,xN )

∑N
i=1 Wixi

s.t.
∑N

i=1 xi = 1.

(4.31)

It is straightforward to see that the optimal solution to the above LP is

Xo = (0, . . . , 0, 1, 0, . . . , 0), where the index of the non-zero element is io =

arg min1≤i≤N(Wi). This proves Theorem 4.1.

Theorem 4.1 suggests the following algorithm for computing the LPP and the

related payment. For a given c̃, we use ξj(c̃j) as the weight of node j. The LPP

is simply the shortest path from s to d w.r.t. ξj. In case that more than one path

have the same shortest length, the algorithm breaks the tie by arbitrarily selecting

one of them. Since ξj is a function of c̃j, it may also be considered as the virtual

cost of node j. Because now the optimal route contains only one path, the payment

can be significantly simplified: Equation (4.26) shows that pj(c̃) = 0 if node j is

not included in the shortest path. Otherwise, pj(c̃) = min(wj, c̄j), where c̄j is the

cutoff cost of node j, beyond which node j will not be included in the LPP. This

cutoff cost can be computed in the virtual cost domain. Specifically, in the virtual

cost domain, let ζ denote the difference in costs between the least-cost path that

traverses node j and the least-cost path that does not traverse node j. If the virtual

cost of node j grows from ξj(c̃j) to ξj(c̃j)+ζ, node j will not be included in the LPP.

So c̄j = ξ−1
j (ζ + ξj(c̃j)), where ξ−1

j denotes the inverse of the function ξj. Note that

ζ + ξj(c̃j) is independent of ξj(c̃j) (this is because there is a −ξj(c̃j) term in ζ), and

thus is also independent of c̃j. As a result, the payment received by node j is not

related to c̃j, and hence mis-reporting its cost cannot lead to greater profit for node
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j. Under the rational-user assumption, this means that an SU will always report

his true cost. A pseudo-code description of the above process is given in Algorithm

1.

Algorithm 1 Computing the LPP and payments without node-capacity constraints
Require: c̃ = (c̃1, . . . , c̃n)

Ensure: LPP and payments to nodes

1: for j = 1 to n do

2: ξj ⇐ c̃j + Fj(c̃j)
fj(c̃j)

3: end for

4: LPP ⇐ shortest path from s to d w.r.t. weights ξj ’s

5: minlength ⇐ length of(LPP )

6: payments(j) ⇐ 0, ∀j /∈ LPP

7: for all nodes j in LPP do

8: length runnerup(j) ⇐ length of the shortest path that does not traverse node j

9: virtual cutoff cost(j) ⇐ length runnerup(j)−minlength + ξj

10: payments(j) ⇐ min{ξ−1
j (virtual cutoff cost(j)), wj}

11: end for

Theorem 4.2: The route selection and payment mechanism given in Algorithm 1

is truthful and minimizes the expected price of the resulting route.

The validity of Theorem 4.2 is straightforward based on our previous discus-

sion. In Algorithm 1, the computation of LPP (line 4) involves finding a shortest

path. Because all node weights are non-negative, this can be done using Dijkstra’s

algorithm in O(m + n log n) time. It is easy to see that worst-case running time of

Algorithm 1 is O(mn + n2 log n).

4.4.2 Examples

To better understand how Algorithm 1 operates, consider the example in Figure 4.4.

Two alternative paths are available from s to d, via node A or B. Suppose c̃A and c̃B

are uniformly distributed over [0, 10] and [2, 10], respectively. So their virtual costs

are given by ξA(c̃A) = 2c̃A and ξB(c̃B) = 2c̃B − 2, respectively. We first consider the
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Figure 4.4: Examples of LPP without a node-capacity constraint (the cost and
virtual cost of a node are indicated between brackets).

situation in sub-figure (a), where c̃A = 2 and c̃B = 4 for the underlying session. The

virtual costs are then computed as ξA = 4 and ξB = 6, as shown in sub-figure (b).

Algorithm 1 chooses the path s → A → d as the LPP, and computes the virtual

cutoff cost of node A as 6, which is then mapped to the actual cutoff cost of node

A according to the inverse function ξ−1
A (y) = 0.5y, giving c̄A = 3. This is smaller

than wA = 10, so node A is paid 3 and the price for the LPP s → A → d is 3. In

contrast, even though the LCP computed according to the VCG algorithm is also

s → A → d, its price is 4, which is 33% higher than the price under LPP.

Note that the LCP may not always be a LPP. Consider the situation in sub-

figure (c), where c̃A = 2 and c̃B = 2.5. Following the same procedure of the previous

example, Algorithm 1 chooses s → B → d as the LPP, with a price of 3.25. The

VCG algorithm will choose s → A → d as the LCP, with a price of 2.5. So here LPP

is different from LCP. Note that the higher price paid by the LPP in this example

does not contradict with the optimization objective that the LPP’s expected (or

average) price is minimized. The higher price sometimes incurred by LPP is needed

to maintain its truthfulness.

Another interesting example that shows the price saving of LPP over LCP is a

“monopoly routing” situation, where all paths between the source and the destina-

tion pass one common node (say node j). In this case, under the LCP algorithm, the

payment to node j is infinity for all sessions. In contrast, according to Algorithm

1, the payment to node j under LPP is capped at wj, the maximum cost node j

could possibly have. If wj is bounded, then the payment under LPP is significantly

smaller than that of LCP.
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Remark: One may be interested in comparing the LPP formulation presented in

Lemma 4.3 with that of the naive algorithm where the reported cost is directly used

as the weight for the route selection, and the end user pays an SU the equivalent of

its reported cost. The formulation of this naive approach is given as follows:

1. Route selection:

minimize(x1,...,xN )

∑N
i=1 Cixi

s.t.
∑N

i=1 xi = 1

(4.32)

where Ci
def
=

(∑
j∈P

(i)
sd

c̃j

)
.

2. Payment calculation: If node j is included in the route, then pj = c̃j;

Otherwise, pj = 0.

It is clear from the above formulation that, in the naive method, there is no

constraint that guarantees that a node will not exaggerate its cost to receive a

greater profit. So, truthfulness cannot be guaranteed in the naive method.

4.5 LPP with Node-capacity Constraints

In this section, we study the full-fledged LPP problem with node-capacity con-

straints. Such constraints are needed when the source rate demand is greater than

the minimum node capacity in the OSA network.

4.5.1 Optimal Route Selection and Truthful Payment Calculation

Based on (4.31), the inclusion of node-capacity constraints lead to the following

formulation for the optimal route selection:

minimize(x1,...,xN )

∑N
i=1 Wixi

s.t.
∑N

i=1 xi = 1

R
∑

i∈R
(j)
sd

xi ≤ bj , ∀j ∈ V.

(4.33)
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An inspection of (4.33) shows that this is a LP. However, the main challenge

in solving this problem using a conventional LP solver is that, in practice it is

computationally infeasible to enumerate all the paths from s to d. So it is difficult

to explicitly express the formulation (4.33). This hinders applying a LP solver

directly on (4.33).

Note that (4.33) belongs to the class of min-cost flow problems, but with non-

negative nodal weights/capacities. So, instead of directly solving (4.33), we solve

the following equivalent flow problem to minimize the same objective function:

1. objective function:

minimize
∑

j∈V \{s,d}

∑

k∈V

ξjrjk (4.34)

2. flow conservation constraint:

∑

k∈V

rkj −
∑

k∈V

rjk =





−1 j = s,

1 j = d,

0 ∀j ∈ V \{s, d}
(4.35)

3. node capacity constraint:

R
∑

k∈V

rjk ≤ bj, ∀j ∈ V \{s, d} (4.36)

where rjk denotes the amount of traffic carried over a directed link ejk from node

j to node k, where ejk ∈ E (if a directed link does not exist from node j to node

k, then rjk = 0). The flow optimization is w.r.t. rjk’s. It is easy to see that the

above flow-based optimization is equivalent to the optimization in (4.33): the flow

formulation minimizes the total virtual cost of delivering the traffic by optimizing

the traffic carried by each link, while (4.33) minimizes the same objective by op-

timizing the traffic carried by each path. The optimization variables in these two

formulations are related by the relationship that the traffic carried by a link is sim-

ply the summation of the traffic carried by paths passing through this link. So

the optimal traffic allocation over paths in the optimization (4.33) also implies the

optimal traffic allocation over links in the flow formulation.
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For the LPP with node-capacity constraints, the general form of the optimal

payment defined in (4.26) still applies. This is because this general equation is

solely decided by the IC and IR constraints, and is not related to whether the node-

capacity constraint is present in the formulation. The main difficulty in using this

equation to calculate the truthful payment to the LPP route comes from the fact

that (4.26) needs to compute the integral of the traffic carried by a node j versus

the reported cost c̃j. This integral requires to evaluate the amount of traffic passing

through node j per the optimal route at every value of c̃j, as c̃j varies from the

underlying reported value to the upper bound wj. To calculate the accurate value

of the integral, one must solve an infinite number of flow problems, one at each value

of c̃j, and thus is computationally infeasible. Furthermore, even if the relationship

between the traffic carried by node j and its reported cost c̃j is explicitly known

as a function π(c̃j), but the integration of π is not known analytically, in general

one still cannot obtain the accurate result of the integral by using any numerical

algorithms.

4.5.2 Truthful Low-Priced Path

Realizing that calculating the truthful payment for the actual LPP is computa-

tionally infeasible, we consider a degraded but more computable problem: truthful

low-priced-path (LOPP) routing, i.e., finding a route of low price (in comparison

with other truthful routing algorithms such as LCP) and the truthful payment to

this route that can be efficiently calculated. Keeping this change in mind, we propose

Algorithm 2 to approximately solve the optimization in (4.33).

Algorithm 2 is equivalent to sorting the paths in Rsd increasingly according to

their length Wi and then allocating traffic to paths sequentially according to their

ranking, until the traffic demand is satisfied. Each path is allocated an amount of

traffic up to the capacity of its bottleneck node.

The set of paths given by Algorithm 2 is in general sub-optimal. The gap in the

objective function (i.e., total virtual cost of the route) between LOPP and LPP varies

with the problem setup. In each realization, this gap can be explicitly evaluated by



126

Algorithm 2 Computing LOPP under node-capacity constraints
Require: c̃ = (c̃1, . . . , c̃n)

Ensure: LOPP

1: for j = 1 to n do

2: ξj ⇐ c̃j + Fj(c̃j)
fj(c̃j)

3: end for

4: STEP 1: Find the shortest-path P ∗ from s to d on graph G w.r.t. ξj ’s.

5: STEP 2: Find the bottleneck node j∗ on path P ∗. Allocate a fraction of traffic bj∗/R

from the flow to this path. Update the capacity of each node on P ∗ by subtracting

bj∗ , the portion that has been used by the underlying shortest path, from its original

capacity. Delete node j∗ from G, along with other possible bottleneck nodes whose

capacities become 0.

6: STEP 3: Repeat STEPs 1 and 2 until all traffic of the flow has been allocated or no

additional shortest-path in STEP 1 can be found. In the former case, the sequence of

paths found by the procedure along with the associated traffic allocation is the LOPP.

If the latter case happens, then a LOPP cannot be found by the algorithm.
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comparing its objective value with the one given by the flow optimization (4.34).

Although Algorithm 2 does not give the least-price path, our simulation has shown

that, compared with the LCP algorithm, the average price of the route found by

Algorithm 2 is significantly lower. However, it is possible that Algorithm 2 may not

be able to find a solution while there exists one. In addition, although it is possible

to obtain the bound on virtual cost of the LOPP, it is not easy to compute a bound

on the final price to be paid according to the path. In other words, if P ∗ denotes

the price paid due to the optimal set of paths, and P2 denotes the price paid due

to the paths provided by Algorithm 2, then due to monotonicity of the pricing, we

know that P2 ≥ P ∗. However, we do not have a constant bound for |P2 − P ∗| or

P2/P
∗.

Algorithm 2 involves repetitive computation of several shortest paths. Because

all weights are non-negative, Dijkstra’s algorithm can be used to find the shortest

path in each iteration in O(m + n log n) time. It is straightforward to see that the

worst-case running time of Algorithm 2 is O(mn + n2 log n).

4.5.3 Truthful Payment Calculation for LOPP

The traffic allocation found by Algorithm 2, (xo
1, . . . , x

o
N), is the input to (4.26) for

the truthful payment calculation. The key challenge in calculating this payment

is in computing the integral term in the equation. Note that in Algorithm 2, xo
i

is given only as an implicit function of c̃j, so it is not suitable to be used directly

in the integration. To calculate the payment, we need to take a closer look at the

relationship between node j’s traffic and its reported cost c̃j.

A re-examination of Algorithm 2 indicates that the traffic carried by a node j

presents a multi-threshold structure in relation to c̃j. More specifically, for a node

j that is included in the LOPP route, the traffic it carries is the sum of the traffic

carried by the paths that are part of this route and that also traverse node j. Denote

these paths by R
(j)o
sd . Algorithm 2 dictates that, given the capacity of each node, the

optimal traffic allocation across various paths, i.e., (xo
1, . . . , x

o
N), is fully decided by

the ranking of the paths according to their weights. As a result, when c̃j is increased,
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Figure 4.5: Calculation of the virtual cutoff cost and threshold costs.

the traffic allocation to the paths in R
(j)o
sd will change only when the increment of c̃j

is significant enough to change path ranking. It is not difficult to see that this is a

mono-decreasing process, i.e., with the increase in c̃j, the amount of traffic allocated

to the paths in R
(j)o
sd always decreases after each change in ranking, because their

ranking only drops with a larger c̃j. Finally, no traffic will be allocated to the paths

in R
(j)o
sd , since all traffic has been allocated to the paths ranked before them. At

this point, c̃j corresponds to the cutoff cost of the simplified LPP problem. The

major difference here is that, before c̃j reaches the cutoff cost, there exist multiple

threshold costs, at which a change in the ranking of the paths happens. Such a

multi-threshold structure largely simplifies our payment calculation, because the

traffic allocation does not change between two consecutive threshold costs. So, to

compute the integral in (4.26), we only need to find the threshold costs and evaluate

the traffic allocation at these particular points.

We use an example to illustrate the basic idea of computing the threshold costs

and cutoff cost for a node j that is included in the LOPP. Consider the example on

the left of Figure 4.5, where paths in Rsd are labeled in the increasing order of their

length Wi, defined based on the nodes’ virtual cost. Suppose paths 1 to 5 constitute

the multi-path LOPP constructed according to Algorithm 2. Suppose paths 2 and

4 traverse node j. So, with an increase in ξj, the rankings of paths 2 and 4 drop

simultaneously (but note that the ranking of path 4 always remains below that of

path 2, because W4 −W2 remains constant, as shown in Figure 4.5). Now consider

the situation shown to the right, where path 2 has dropped to a position that no
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traffic will be allocated to it, but non-zero traffic is still allocated to the path ranked

before it, say path 7 in this example. Note that at this time no traffic is allocated

to path 4, either. The underlying increment in ξj, i.e., ∆ξj = W7 − W2, is the

critical cutoff point for node j. If ∆ξj < W7 −W2, traffic will still be allocated to

path 2, so the traffic carried by node j will be non-zero. But if ∆ξj > W7 − W2,

no traffic passes through node j. So, the virtual cost of node j at this point,

i.e., ξj + (W7 − W2), is the node’s cutoff virtual cost. A virtual threshold cost is

simply the increment in ξj that leads to a change in the rankings of paths 2 or

4. As shown in the middle of Figure 4.5, in total there are 7 such increments:

W5 −W4,W6 −W4,W7 −W4,W3 −W2,W5 −W2,W6 −W2, and W7 −W2 (the last

corresponds to the cutoff virtual cost). The actual costs of node j can then be

obtained from the corresponding virtual costs by the inverse mapping ξ
(−1)
j .

In the above calculations, the critical path 7 can be found by excluding node j

from the graph G and calling Algorithm 2 to construct another LOPP that does not

include node j. The longest path in this LOPP that has non-zero traffic allocation

corresponds to the critical path 7 in this example. Note that there is no need to

consider the paths after this critical path, because they will never receive any traffic

allocation no matter how big ξj becomes. After getting the threshold costs and the

cutoff cost, Algorithm 2 can be called to evaluate the traffic allocations at these

particular costs. The above procedure for calculating the payments is formalized in

Algorithm 3, which is executed after an LOPP is found by Algorithm 2.

The computational complexity of Algorithm 3 can be calculated as follows. For

each node j that is included in the LOPP, the algorithm needs to call Algorithm

2 K times to evaluate the traffic allocation under the K threshold costs of node j.

So the computation time for calculating the payment for one node is O(K(mn +

n2 logn)). The computation time for calculating the payments for the entire LOPP

is O(Kmn2 +Kn3 log n). In practice, the value of K has a big impact on the overall

computational complexity. For each node j, K is at most the product of the number

of paths in R
(j)o
sd and in Rsd(l

∗
j ) (defined in line 10 of Algorithm 3). Intuitively, this

implies that if the number of paths included in the LOPP is large, then K will be
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very large. This scenario happens when the source rate demand is much larger than

a node capacity, such that the flow has to be split among several sub-flows. When

the rate demand of the source is low, our simulations show that Algorithm 3 is,

because of the small number of threshold costs at each node.

4.5.4 Examples

We illustrate the operation of Algorithms 2 and 3 using the topology in Figure 4.6

(a), where s wants to send a flow of rate 1 to d. The underlying reported cost and

capacity of a node are shown in the figure in the form (c̃j, bj). We assume that

the cost of a node is uniformly distributed over [0, 5]. So the virtual cost is given

by ξj(c̃j) = 2c̃j. The virtual costs of various nodes are shown in sub-figure (b).

Algorithm 2 first finds path s → A → B → C → d (length=3) as the shortest

path. Because B and C are bottleneck nodes, 0.5 of the original flow is allocated

to this path. Accordingly, the residual capacity of A is changed to 1 − 0.5 = 0.5.

Excluding nodes B and C, Algorithm 2 next determines path s → A → E → F → d

(length=4) as the shortest path. Now, A, E, and F are all bottleneck nodes. So 0.5

of the original flow is allocated to this path. Since all traffic of the original flow has

been allocated, Algorithm 2 terminates. So the LOPP contains two paths with the

flow equally distributed between them.

Now consider how Algorithm 3 calculates payments. Consider the payment to A,

as an example. Both paths in LOPP traverse A, making it the most complicated case

of all other nodes. To calculate the payment to A, Algorithm 3 first excludes A from

the graph and calls Algorithm 2 to find an alternate LOPP that does not traverse

A. This leads to the alternate LOPP: s → G → E → F → d (weight=5, traffic

allocated =0.5) and path s → G → H → I → d (weight=6, traffic allocated=0.5).

The latter is the critical cutoff path. So there are 3 critical increments of ξA, namely

5− 3 = 2, 6 − 3 = 3, 5 − 4 = 1, and 6 − 4 = 2. For ∆ξA = 1, the new virtual cost

of A is 1 + 1 = 2. Beyond this new virtual cost, Algorithm 2 finds the new LOPP

s → A → B → C → d that carries 0.5 of the flow, and path s → G → E → F → d

that carries 0.5 of the flow. So overall A carries 0.5 of the flow. We repeat the
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Figure 4.6: Example of LOPP with a node-capacity constraint.

above process and find that when ∆ξA = 2, the LOPP consists of the two paths

s → G → E → F → d (traffic=0.5) and s → A → B → C → d (traffic=0.5);

when ∆ξA = 3, the LOPP consists of s → G → E → F → d (traffic=0.5) and

s → G → H → I → d (traffic=0.5). So the traffic of A is 0.5 and 0, respectively,

when ξA goes beyond 3 and 4. The traffic of A vs. ξA is plotted in sub-figure (c). ξA

is then inversely converted to the actual cost according to ξ−1
A (y) = 0.5y, as shown

in sub-figure (d). So the payment to A is 1×0.5+1× (1−0.5)+0.5× (2−1) = 1.5.

Our next example shows that the route given by Algorithm 2 is sub-optimal.

Consider the topology shown in Figure 4.7, where the virtual cost and capacity of

each node is shown. The LOPP route given by Algorithm 2 is s → C → D → d and

s → G → H → d, with half of the traffic carried by each path. The total virtual

cost of this route is 0.5× (1 + 1 + 4 + 4) = 5. However, it is easy to show that the

route s → A → B → D → d and s → C → E → F → d, with half of the traffic

carried by each, has a lower total virtual cost 0.5× (3+3) = 3. This shows that the

route found by Algorithm 2 is sub-optimal. Furthermore, in some cases, Algorithm
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Figure 4.7: Sub-optimality of LOPP.

2 cannot find a route even though there exists one. For example, in Figure 4.7, when

the capacity of node G is smaller than 0.5, Algorithm 2 does not return a truthful

route, but the multi-path route s → A → B → D → d and s → C → E → F → d

is a feasible one.

4.5.5 Truthful Capacity Reporting

The above LOPP route selection and payment calculation procedure is heavily de-

pendent on the capacity constraint bj at each node. Just like the nodal cost cj, bj

should also be considered as private information that is only known to node j. As a

result, node j may not report its true bj when reporting its capacity to the routing

mechanism, if such cheating makes more profit for node j. For example, node j

may exaggerate its capacity by reporting a larger value than bj. This may lead to a

larger fraction of traffic being passed through node j and a higher payment to node

j, leading to a possibly higher profit for node j. To maintain the overall truthful-

ness of the mechanism, the cheating in capacity reporting should be eliminated by

design.

We propose the following payment transaction algorithm to guarantee truthful

capacity reporting from every node, and thus maintain the overall truthfulness of

the routing mechanism. Specifically, at the beginning of the underlying session,

based on the reported node cost and capacity, the mechanism computes the LOPP
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route Xo and the payment po by using Algorithms 2 and 3, respectively. After this

calculation, s starts its transmission by following the route Xo. The actual payment

to intermediate nodes, a.k.a. payment transaction, will be deferred until the end of

the underlying session. During the transmission, each intermediate node records the

traffic volume it has carried during the session. This traffic-recording is either based

on the tamper-proof hardware proposed in [9] or on the cryptographic-receipt-based

software proposed in [101]. Either way, it ensures that the actual traffic volume

carried by the node is honestly recorded. After the session, the mechanism starts

the payment transaction process: For node j, we compare the volume of traffic

that should be carried by j according to Xo with the actual volume of traffic that

has been passed through j. The former quantity is calculated according to Xo as

so
j =

∑
i∈R

(j)
sd

xo
i . The latter one, denoted by s∗j , comes from the traffic recording

of node j. If s∗j < so
j , then zero payment will be made to node j. Otherwise, the

calculated payment po
j is paid to node j for every packet sent by s.

Theorem 4.3: The above payment materialization method is truthful for capacity

reporting, i.e., a cheating about node’s capacity does not result in more profit for

that node.

Proof: The basic idea of the proof is to show that if a node can get a higher profit

by cheating on bj, then it must be a bottleneck node in the LOPP and its reported

capacity is greater than the actual bj. Accordingly, the traffic allocated to this node

must be greater than its capacity. So the actual traffic carried by the node must

be smaller than its assigned traffic. The proposed method achieves truthfulness by

specifically punishing this behavior. The detailed proof is as follows.

Denote the reported capacity of node j by b̃j. Node j cheats by either reporting

b̃j > bj or b̃j < bj. Either way, note that the ranking of the paths from s to d in

terms of their length does not change with b̃j. As a result, according to Algorithm

2, the sequence by which the paths are allocated with traffic does not change, but

the volume of traffic a path receives may change with b̃j.

First note that node j does not have an incentive to under-report its capacity,

i.e., claiming b̃j < bj. The reason is as follows: By Algorithm 2, a smaller b̃j can
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only reduce or maintain, but never increase, the traffic carried by those paths that

traverse through node j, i.e.,
∑

i∈R
(j)
sd

xi(c̃) is non-decreasing with b̃j. Substituting

the payment (4.26) into (4.3), the profit of node j is given by

Uj(X,p, c̃j) =

∫

D−j

∫ wj

c̃j

∑

i∈R
(j)
sd

xi(τj, c̃−j)dτjf−j(c̃−j)dc̃−j. (4.37)

Therefore, a smaller volume of traffic carried by node j only leads to smaller profit

of node j. Thus node j does not have incentive to under-report its capacity.

Now consider the situation of claiming b̃j > bj. Node j falls into one of the

following four cases under this situation: (1) Node j is not included in the LOPP

when reporting bj, and is not included when reporting b̃j; (2) Node j is not included

in the LOPP when reporting bj, and is included by reporting b̃j; (3) Node j is

included in the LOPP when reporting bj and is not included when reporting b̃j; (4)

node j is included in the LOPP when reporting bj and is included when reporting

b̃j.

For case (1), the profit for node j is zero whether it reports bj or b̃j, so a cheating

does not lead to better profit.

Case (2) cannot happen. This is because the fact that node j is not included in

the LOPP when reporting bj implies that the ranking of the shortest path from s

to d that traverses through node j, denoted as path δ, is behind those paths that

receive non-zero traffic allocation. This also means that the paths that receive non-

zero traffic allocation does not traverse node j. Therefore, increasing the reported

capacity of node j does not change the sequence and the volume by which these

paths are allocated with traffic. So node j cannot be included if it is not included

when reporting bj.

In case (3), the profit of node j is greater than 0 when it reports bj. When it

reports b̃j, it is not included in the route, so its profit becomes 0. So its profit is

reduced when node j cheats on capacity.

Case (4) contains two sub-cases. Sub-case (1), when bj is reported, node j is not

a bottleneck node in any paths in the LOPP and (2) when bj is reported, node j is

a bottleneck node in some path included in the LOPP. For sub-case (1), reporting
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a larger capacity of node j does not change the traffic allocation among routes,

because such allocation is solely decided by those bottleneck nodes. Monotonically

increasing the capacity of node j does not change these bottleneck nodes, so the

traffic allocation does not change. Similarly, reporting b̃j also does not change the

calculated payment to node j, because the traffic allocation in the integration term

of (4.26) does not change, either. So the profit for node j remains the same when

the reported capacity is changed from bj to b̃j > bj. For sub-case (2), because node j

is a bottleneck node when bj is reported, note that the traffic passed through node j

has reached its true capacity limit bj at this point. When b̃j is reported, more traffic

will be allocated to node j according to Algorithm 2. This makes the traffic that is

assigned to node j by Algorithm 2 exceeds the node’s actual capacity limit. As a

result, during the transmission, some traffic must be dropped at node j, making the

actual relayed traffic volume smaller than the planned volume. According to the

proposed payment materialization method, the actual payment to node j is dropped

to 0. Remembering that the profit of node j is greater than 0 when bj is reported,

the node’s profit is reduced when a higher (faked) capacity is reported.

Combining all the above cases, Theorem 4.3 is proved.

Combining the truthful route selection and payment calculation algorithms de-

scribed in Sections 4.5.1 and 4.5.3 with the above truthful payment materialization

algorithm, the complete LOPP routing mechanism is truthful, because no cheating

on the node’s cost and capacity can lead to a better profit for the node.

4.6 Performance Evaluation

In this section, we evaluate the performance of LPP (LOPP in the node-capacity

constraint case) using simulations. The VCG-based LCP algorithm is also simulated

for comparison. For an end-to-end flow, the computed cost and price are averaged

over sessions to obtain their expected value. We simulate a flow of 500 sessions to

ensure the average value is based on a sufficiently large sample size. Our simulations

show that in general, similar performance trends are observed under different node



136

cost distributions. So we only show the results under uniformly distributed node

costs. The following results are averaged over 10 independent runs.

4.6.1 LPP Without a Node-Capacity Constraint

In Figures 4.8 and 4.9, we study the impact of network topology on performance.

In these simulations, all paths from the source to the destination are node-disjoint

and contain the same number of hops. Node costs are independently and uniformly

distributed over [0, 2]. Albeit highly idealized, this topology allows us to directly

control two important topological parameters: the number of alternate paths and

their lengths. Figures 4.8 and 4.9 show that a significant saving in price is achieved

using LPP over the LCP. At the same time, the cost difference between the two is

trivial. This phenomenon indicates that LPP sacrifices little system-wide (social)

efficiency in order to ensure a lower payment for the end user. Two additional

observations can be made. First, the saving in price is more significant when the

number of alternate paths is small (Figure 4.8). This is because under the VCG

algorithm, the price of the LCP is the cost of the second-shortest path. When the

total number of alternate paths is small, the monopoly effect of the second-shortest

path becomes more significant, leading to a higher price for the LCP. Second, the

saving due to LPP is more significant when the path length is larger (Figure 4.9).

This is due to the accumulative saving over various intermediate nodes along the

path, which becomes more pronounced with the increase in the number of hops.

In Figures 4.10 and 4.11, we study the sensitivity of our algorithm to errors

in estimating the distribution of the node cost. We are interested in two types

of estimation errors: parameter error and distribution type error. Specifically, we

generate the node cost according to a distribution f (1), but we assume the mechanism

uses an estimated version, say f (2), to compute the virtual cost. For a parameter

error, the distributions f (1) and f (2) are of the same type (function), but differ

slightly in the values of their parameters. We show the results for both uniformly

and exponentially distributed node costs. For uniformly distributed costs, f (1) has

a domain of [v, w] and f (2) has a domain of [v + 0.5ε(w − v), w − 0.5ε(w − v)],
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Figure 4.8: Impact of number of alternate paths.
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where ε > 0 is the normalized error (by observing historical samples, the domain

of f (2) becomes a subset of that of f (1)). For exponentially distributed costs, the

rate parameters of f (1) and f (2) are given by λ(2) = (1 + ε)λ(1), where ε represents

the normalized error. For an error in the distribution type, f (2) and f (1) are taken

as different functions. In particular, when f (1) is uniform, we assume its estimated

version, f (2), is an exponential distribution of the same mean. The price of the LPP

under both estimation errors is plotted in Figures 4.10 and 4.11. From this figure,

it is clear that as long as the means of f (1) and f (2) are close, both types of errors

have only minor impact on the price of the LPP. This phenomenon indicates that

our algorithm is insensitive to estimation errors in the node-cost distribution.

In Figures 4.12 through 4.15, we analyze the performance of LPP under random

topologies. We consider a 1000 meter ×1000 meter area. The source and the

destination are located at the middle of two opposite sides of the square. Other nodes

are uniformly distributed. Heterogeneous spectrum opportunities are simulated.

Specifically, we assume that in the middle of this square, there is a 200-meter-radius

circular “hot” zone, where the node cost is uniformly distributed between [0.5, 5].

For a node outside the hot zone, its cost is between [0.5, 2]. Figures 4.12 and 4.13

show that the price and cost of LPP and LCP decrease with the node’s transmission

range and with the number of nodes in the network. The savings in price due to

LPP is more significant at small transmission ranges and small numbers of nodes.

This can be explained by noting that a smaller transmission range corresponds to

a longer path, and a smaller number of nodes means a smaller number of alternate

paths from the source to the destination. So these trends are in line with our results

in Figures 4.8 and 4.9. Figures 4.14 and 4.15 show the percentage of sessions for

which LPP 6=LCP. In general, in more than 10% of the sessions, the LPP differs from

the LCP. Despite this large difference, Figures 4.12 and 4.13 show that the cost of

the LPP is only slightly higher than the LCP. This phenomenon indicates that the

LPP in general tends to employ a node of relatively low cost, but not necessarily

the node of the lowest cost.
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Figure 4.12: Cost/price vs. tx range (random topology).
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Figure 4.14: Percentage of LPP 6=LCP vs. tx range (random topology).
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4.6.2 LOPP with a Node-Capacity Constraint

A Single-Flow Scenario

In this set of simulation, we study the algorithms’ performance under static traffic

condition. More specifically, our simulation is based on the same random topologies

generated for Figures 4.12 through 4.15, but now each node is associated with a

capacity limit (in Mbits/s). For a node in the hot zone, its capacity is randomly

selected between 0 and 2 Mbits/s. Otherwise, its capacity is selected between 0 and

5 Mbits/s. Once the node capacity is selected, it does not change throughout the

simulation. We assume that there is only one flow inside the network. The source

and destination of the flow is fixed in the middle of the two oppositive sides of the

simulated square area. The flow has a constant rate demand for all its sessions. The

results observed in this simulation represent the algorithms’ static performance as

seen by a particular flow. Due to the lack of counterpart multi-path LCP algorithms,

we compare the multi-path route found by LOPP, denoted as MLPP in our results,

with two single-path routing algorithms. These two algorithms are straightforward

extensions of the VCG-LCP and the simplified LPP (the one that does not consider

the node capacity constraint), where a node-capacity constraint is imposed. To

make these extensions possible, we prune out from the topology those nodes whose

capacities are smaller than the rate demand. The LCP and the simplified LPP

algorithms are then applied to the residual topology. To distinguish it from the

MLPP, the extension of the simplified LPP is denoted as SLPP.

We plot the average price/cost of various mechanisms as a function of the flow’s

rate demand in Figure 4.16. It is clear that the cost and price of MLPP are signifi-

cantly smaller than its single-path counterparts. In addition, the figure shows that

one problem of single-path routing algorithms is that the destination may become

unreachable after pruning out nodes of low capacity. In contrast, MLPP supports

much higher rate demand of the flow by bonding the capacity of multiple paths.

This point is clear by observing Figure 4.17, where the average number of paths

contained in the MLPP is plotted as a function of the flow’s rate demand. It is
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evident that as the increase of the rate demand, more and more paths are included

in the MLPP.

We plot the average price/cost of various mechanisms as a function of the number

of nodes in Figure 4.18. It shows that the cost and price decrease with the increase

of the number of nodes. This can be explained by noting that the more nodes are

there, the more alternative paths exist between the source and the destination, and

thus lower cost and price can be found by the mechanism. The average number

of paths contained in the MLPP is plotted as a function of the number of nodes

in Figure 4.19. It shows that initially the number of paths in the MLPP increases

with the number of nodes, but when the number of nodes is sufficiently large, the

number of paths in the MLPP begins to decrease with the node density. This

phenomenon can be explained as follows: At small node density, the number of

nodes that simultaneously have small cost and high capacity is small. Therefore,

with the increase of node density, the cost of a path may becomes smaller, but the

capacity of its bottleneck node has not been improved. This causes traffic to be

distributed among more paths that are of lower cost. When the node density is

sufficiently high, the number of nodes that have small cost and at the same time

high capacity is large. Thus a path that has a low cost can also accommodate more

traffic, reducing the number of paths contained in the MLPP route.

A Multi-flow Scenario

In this set of simulation, we are interested in the performance of the proposed

algorithms under dynamic traffic conditions. We assume that there are multiple

flows in the network, and each flow consists of alternate ON and OFF periods. An

ON period corresponds to an active session, and there is no traffic generated during

the OFF period. We assume that the length of the ON and OFF periods follow

exponential distribution with mean TON = 20 seconds and TOFF = 20 seconds.

Capacity allocation at intermediate nodes is performed on a dynamic basis: capacity

is allocated to a flow during the ON periods and returned to the node during the

OFF periods. So, the major difference under such a dynamic traffic condition from
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Figure 4.16: Impact of flow rate demand on avg. price/cost of the routes.
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Figure 4.18: Impact of number of nodes on avg. price/cost of the routes.

60 80 100 120 140 160 180 200
2

2.5

3

3.5

4

4.5

5

5.5

Number of nodes

A
ve

ra
ge

 n
um

be
r 

of
 p

at
hs

 in
 th

e 
M

LP
P

 r
ou

te

Transmission range = 250 m,
source rate demand = 2 Mbps

Figure 4.19: Impact of number of nodes on avg. number of paths in a MLPP route.



146

the perviously simulated static single-flow scenario is that, now, the instantaneous

residual capacity at an intermediate node that is available to an incoming session

becomes a random variable that fluctuates with the real-time traffic condition. As

a result, some sessions of a flow may be denied for a route due to the insufficient

instantaneous residual capacity in the intermediate nodes at the admission times.

We are interested in the blocking probability of the flows, i.e., the ratio of sessions

for which a MLPP/SLPP/LCP route cannot be found and thus the sessions are not

admitted by the network. We consider the same random topology and heterogeneous

node cost settings as in the previous simulations. The capacity of each node is

decided in the same way as in the single-flow scenario. We assume that the rate

demand of a flow is uniformly drawn between 0 and 5 Mbps, and does not change

during the simulation. The source and destination of a flow are randomly picked

from the nodes in the network and fixed in each run of simulation. We simulate 10000

seconds for the system, corresponding to 250 sessions for each flow on expectation.
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Figure 4.20: Blocking prob. vs. number of nodes.

The blocking probability of various mechanisms are plotted as a function of the

number of nodes in Figure 4.20. It can be observed that the blocking probability of
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Figure 4.21: Avg. number of paths in a MLPP route vs. number of nodes.
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Figure 4.22: Blocking prob. vs. number of flows.
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Figure 4.23: Avg. number of paths in a MLPP route vs. number of flows.

MLPP is much lower than its single-path counterpart. In addition, with the increase

of the number of nodes, the blocking probability of MLPP is reduced quickly, because

those newly added nodes begin to carry traffic under MLPP. We plot the average

number of paths contained in the MLPP in relation to the number of nodes in

Figure 4.21. Due to the same reason explained in the single-flow case, similar trend

is observed to those in Figure 4.19.

We plot the blocking probability as a function of the number of flows in Fig-

ure 4.22. Consistently, MLPP is shown to be more accommodative than its single-

path counterparts. The average number of paths contained in the MLPP is plotted

in relation to the number of flows in Figure 4.23. It shows that MLPP starts to

contain more paths with the increase of the number of flows, because of the in-

creased traffic. However, when the number of flows is too large, the number of

paths contained in the MLPP begins to drop, because now more traffic is blocked.
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4.7 Conclusions

We have studied the truthful LPP routing in an OSA network without and with

node-capacity constraints. In the former case, we introduced polynomial-time al-

gorithms for finding the LPP and calculating the truthful payment for the route.

In the latter case, we derived the analytical solution for the LPP and its truthful

payment, but pointed out that the calculation of the truthful payment is in general

computationally infeasible. This finding has motivated us to study the a degraded

but more computable version of the problem: finding the truthful LOPP route,

which we addressed by proposing a polynomial-time algorithm. Compared with

LCP, the adoption of LPP (or LOPP when there are node-capacity constraints) can

lower the price paid by end users. The saving in payment using LPP and LOPP

largely depends on the number of alternate paths between the source and the des-

tination and the length (in number of hops) of these paths. In general, the more

alternate paths and the longer these paths are, the more saving the LPP and LOPP

can achieve. Although the LPP and LOPP result in a lower price tag for end users,

its cost is only slightly higher than that of the LCP. This indicates that the LPP

and LOPP mechanisms only need to sacrifice a trivial amount of social efficiency in

exchange for a lower price tag. In addition, our study has also shown that when ca-

pacity constraint presents at intermediate nodes, the proposed LOPP algorithm can

accommodate more traffic in an economical way than the existing LCP algorithm,

by intelligently splitting a flow into multiple sub-flows, and establishing paths for

each sub-flow.

Some open topics remain for future research. In this work, we have focused

on the mathematical structures of the LPP mechanism. Protocols that take into

account practical issues for its implementation are yet to be developed. In addition,

collusion between nodes is not considered in this work. This will be studied in a

future work.
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Algorithm 3 Payment calculation under node-capacity constraints
Require: LOPP and c̃ = (c̃1, . . . , c̃n)

Ensure: payments to nodes

1: for j = 1 to n do

2: ξj ⇐ c̃j + Fj(c̃j)
fj(c̃j)

3: end for

4: for all j /∈ LOPP do

5: payments(j) ⇐ 0

6: end for

7: for all j ∈ LOPP do

8: Construct R(j)o
sd from LPP

9: Exclude node j from G and call Algorithm 2 to find the LOPP that does not include

node j. l∗j ⇐ the length of the longest path in this LOPP that has non-zero traffic

allocation

10: Rsd(l∗j ) ⇐ {paths from s to d whose length is not longer than l∗j} −R(j)o
sd

11: k ⇐ 1

12: for each path r ∈ R(j)o
sd and each path u ∈ Rsd(l∗j ) do

13: threshold virtual cost ξ
(k)∗
j ⇐ max{length of path u− length of path r, 0}+ ξj

14: threshold cost c̃
(k)∗
j ⇐ min(ξ(−1)

j (ξ(k)∗
j ), wj)

15: Call Algorithm 2 to evaluate the optimal traffic allocation X(c̃(k)∗
j , c̃−j)

16: k ⇐ k + 1

17: end for

18: K ⇐ number of threshold costs, including the cutoff cost

19: Sort c̃
(k)∗
j ’s in an increasing order

20: payments(j) ⇐ c̃
(1)∗
j

∑
i∈R

(j)
sd

xi(c̃j , c̃−j) +
∑K−1

k=1

∑
i∈R

(j)
sd

xi(c̃
(k)∗
j , c̃−j)(c̃

(k+1)∗
j −

c̃
(k)∗
j )

21: end for
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

5.1 Conclusions

In this dissertation, we have studied how to design efficient opportunistic spectrum

access mechanisms for cognitive radio networks. In particular, we have focused on

designing throughput-optimal spectrum sensing and accessing mechanisms on the

MAC layer, and developing truthful economic routing mechanisms on the network

layer that ensures the cheapest routes for end users. Our main achievements and

findings are summarized as follows.

First, we have studied the problem of throughput-efficient sequential channel

sensing and probing in CRNs under sensing errors. Our approach exploits channel

diversity by using channel quality as a second criterion (along with the idle/busy sta-

tus of the channel) in selecting channels to use for opportunistic transmission. Our

study has indicated that a carefully designed joint channel sensing/probing scheme

for CRNs can achieve significant throughput gains over the conventional mechanism

that uses sensing alone. Our findings include: (1) the throughput-optimal probing

strategy has a threshold structure, which basically determines whether a probed

idle channel is good or bad, (2) to achieve throughput gain over the conventional

sensing approach, the probing time has to be smaller than a certain value; otherwise

using sensing alone can achieve better throughput, (3) when probing is used, the

throughput in general is no longer a concave function of the sensing time, largely due

to the more complicated multi-rate structure induced by the inclusion of probing.

However, this function has a segmented structure. If we treat segments as our ob-

servation instances, the trend in this function is concave. We exploited this property

to derive a range of values for the sensing time that provides provably near-optimal

throughput performance.
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Second, we have studied the problem of coordinated spectrum access control

for CRN, with the objective of maximizing the spectrum utilization from a net-

work’s standpoint. By exploiting the geographic relationship between a CR and

its surrounding PRs, we proposed the interesting concept of microscopic spectrum

opportunity, which presents a multi-level structure, as opposed to the binary struc-

ture presented by conventional macroscopic spectrum opportunities. Under the

framework of microscopic spectrum opportunity, the coordinated channel access is

formulated as a joint power/rate control and channel assignment optimization prob-

lem, with the objective of maximizing the sum of rate achieved by all CRs over all

channels. Centralized and distributed approximate algorithms have been proposed

to solve the problem efficiently. We have shown that the distributed algorithm

is provably efficient, i.e., it can achieve a provable fraction of the optimal perfor-

mance. To evaluate the benefit brought by the microscopic spectrum opportunity,

we subsequently apply our algorithms to a spectrum-leasing system, whereby a CRN

is sharing spectrum with an infrastructured PRN. We have found that significant

throughput gain (e.g., over 100% at best) can be achieved under the microscopic

spectrum opportunity over its macroscopic counterpart, when the implementation

overhead is accounted for.

Third, we have studied the problem of truthful least-priced-path routing in a

profit-driven CRN. We introduced polynomial-time algorithms for finding the truth-

ful LPP route. Compared with LCP, the adoption of LPP can lower the price paid

by end users. The saving in payment using LPP largely depends on the number of

alternate paths between the source and the destination and the length (in number

of hops) of these paths. In general, the more alternate paths and the longer these

paths are, the more saving the LPP can achieve. Although the LPP results in a

lower price tag for end users, its cost is only slightly higher than that of the LCP.

This indicates that the LPP mechanism only needs to sacrifice a trivial amount of

social efficiency in exchange for a lower price tag. In addition, our study has also

shown that when capacity constraint presents at intermediate nodes, the proposed

LOPP algorithm can accommodate more traffic in an economical way than the ex-
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isting LCP algorithm, by intelligently splitting a flow into multiple sub-flows, and

establishing paths for each sub-flow.

5.2 Future Work

In this dissertation, we mainly focused on the performance aspects of CRNs. How-

ever, in practice, a good performance of the network cannot be possible if the net-

work’s security requirements cannot be met. So, for future work, we plan to investi-

gate the enforcement of security in OSA. In this section, some of the security-related

problems we are going to pursue are outlined as follows.

We are going to investigate the authentication of CRs for secondary spectrum

access. In a wireless environment, the openness of the wireless medium enables every

CR that is capable of spectrum sensing to build up opportunistic communication

over the idle channels. Without proper control of the access of CRs to the spectrum,

an unlawful user (e.g., a user that has not paid a service fee for accessing the

spectrum) will be able to transmit over the shared spectrum, leaving less amount

of transmission opportunities for those lawful users. As a result, the transmission

of those illegal users happens at the cost of the performance of legal users, and

thus should be prevented in the first place. In this sense, user authentication is

an important measure to ensure that only those authorized users can gain access to

the spectrum. A conventional client-server-based centralized authentication method

does not work in this situation. This is because even if an illegal user cannot prove

its eligibility of using the spectrum to the authentication server, the user still has

access to the spectrum, due to the distributed and open nature of the wireless

medium. A novel authentication mechanism that is capable of controlling the access

to distributed resources should be developed here.

We will extend our truthful LPP algorithm into the situation where collusion

between users exist. In our current work, we have assumed that each user cares

about and is driven only by its own profit. Consequently, users behave independently

in reporting their spectrum cost and competing for the route. However, in reality,
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it is more likely to be the case that multiple users belong to the same operator or

interest group. For example, nodes could be the access points of the same service

provider. So these nodes care more about the profit of the entire group rather than

their individual profits. As a result, a node may sacrifice its individual profit in

exchange for greater profit of the group. Driven by the group’s profit, those nodes

that belong to the same group may exchange information and collude in reporting

spectrum cost and competing for the route. Our LPP algorithms should be modified

accordingly to accommodate such a driven-by-group-profit setup.

We are also interested in the problem of detecting and mitigating attacks in col-

laborative spectrum sensing. A collaborative spectrum sensing scheme relies heavily

on the input of sensing outcomes of individual CRs. These inputs will be fused to

form a comprehensive view on the spectrum availability in a relatively-larger area.

An adversary may bias the local view of the spectrum availability by tampering

the sensing outcomes of individual CRs, or by injecting wrongful (faked) inputs di-

rectly to the fusion algorithm. Consequently, CRs’ operation that is based on the

biased information on spectrum availability may cause severe interference to PRs

in the same area. Even worse, such a biased view could be propagated to higher

level fusion algorithms, leading to interference to PRs in a larger area. To counter

such an attack, we are interested in developing an input-integrity-check mechanism.

This mechanism can verify the validity of individual inputs. In case any suspicious

inputs are detected, their propagation to the fusion algorithm will be terminated

in the first place to minimize their impact and to ensure an integral view on the

spectrum availability.
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APPENDIX A

CALCULATION OF THE POWER MASK UNDER RANDOM PR

ACTIVITY

We use the calculation on channel m as an example. For a target CR, label its

PR BS neighbors from closest to farthest as BS1, BS2, . . .. Denote its power

mask set on channel m by p
(m)
mask = (p

(m)
mask(1), p

(m)
mask(2), . . . , p

(m)
mask(Nm + 1)), where

p
(m)
mask(j) = PI/h

(m)
j for j = 1, . . . , Nm, PI is the PR’s interference tolerance, h

(m)
j is

the path loss from the target CR to BS j with h
(m)
1 ≥ . . . ≥ h

(m)
Nm

, and Nm is the

BS beyond which the CR-to-PR interference is always smaller than PI even if the

CR is transmitting at its full power Pmax. We let p
(m)
mask(Nm + 1)

def
= Pmax. Define

the channel-usage profile at the nth reporting time as an Nm-dimensional vector

S(m)(n) = (s
(m)
1 (n), . . . , s

(m)
Nm

(n)). For i = 1, . . . , Nm:

s
(m)
i (n) =





1, if BS i is receiving at the nth report

0, if BS i is not receiving at the nth report
(A.1)

The status of BS i is characterized by a random process {x(m)
i (t): t ≥ 0}, where

x
(m)
i (t) = 1/0 denotes the receiver is receiving (ON)/not-receiving (OFF) at time t.

Let τn and τn+1 denote the nth and the (n+1)th status reporting times, respectively.

So s
(m)
i (n) denote the value of x

(m)
i (t) at time τn. Define the random variable ξ

(m)
i

as follows:

ξ
(m)
i =





1, if x
(m)
i (t) = 1 for some t ∈ [τn, τn+1]

0, if x
(m)
i (t) = 0 ∀t ∈ [τn, τn+1].

(A.2)

Between τn and τn+1, x
(m)
i (t) fluctuates according to one of the four possible cases

in Figure A.1. Using the current sensing time τn as a reference point, we denote

the forward recurrence time of the OFF state by T̃OFF and the forward recurrence

time of the ON state by T̃ON . Following standard renewal theory results [20], the

probability of each case can be calculated as follows:
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Pr
{

ξ
(m)
i = 0|s(m)

i (n) = 0
}

= Pr
{

T̃OFF > T
}

= 1−
∫ T

0
fT̃OFF

(t)dt (A.3)

Pr
{

ξ
(m)
i = 1|s(m)

i (n) = 0
}

= Pr
{

T̃OFF ≤ T
}

=
∫ T

0
fT̃OFF

(t)dt (A.4)

Pr
{

ξ
(m)
i = 0|s(m)

i (n) = 1
}

= 0 (A.5)

Pr
{

ξ
(m)
i = 1|s(m)

i (n) = 1
}

= 1− Pr
{

ξ
(m)
i = 0|s(m)

i (n) = 1
}

= 1 (A.6)

where T
def
= τn+1 − τn is the sensing period and fT̃OFF

(t) is the pdf of T̃OFF , which

can be derived from the pdf of the OFF period f
(m)
0 :

fT̃Off
(t) =

1− ∫ t
0 f

(m)
0 (τ)dτ

∫∞
0 τf

(m)
0 (τ)dτ

. (A.7)

Note that (A.5) can be explained from the definition of the r.v. ξ
(m)
i in (A.2).

At time τn, given a sensing output S(m)(n), the violation probability of the CR

transmitter on channel m is conditioned on the power mask to be used. Because the

neighboring PR receivers v
(m)
i ’s are labeled in a descending order of their channel

gains, at a given power-mask level l (1 ≤ l ≤ Nm + 1), a violation will happen

if and only if there exists at least one PR neighbor i, i < l, for which ξ
(m)
i = 1.

Mathematically, the violation rate for a given level of power mask can be calculated
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Figure A.1: Randomness of the PR activity.

as follows:

Pr{violation of PRN m|S(m), p
(m)
mask(l)}

= Pr{ξ(m)
1 = 1|S(m)}+ Pr{ξ(m)

1 = 0, ξ
(m)
2 = 1|S(m)}

+ . . . + Pr{ξ(m)
1 = 0, . . . , ξ

(m)
l−2 = 0, ξ

(m)
l−1 = 1|S(m)}

= Pr{ξ(m)
1 = 1|s(m)

1 }+ Pr{ξ(m)
1 = 0|s(m)

1 }Pr{ξ(m)
2 = 1|s(m)

2 }
+ . . . + Pr{ξ(m)

1 = 0|s(m)
1 }Pr{ξ(m)

2 = 0|s(m)
2 }

× . . .× Pr{ξ(m)
l−2 = 0|s(m)

l−2}Pr{ξ(m)
l−1 = 1|s(m)

l−1}. (A.8)

The multiplicative form in the last step of (A.8) is due to the assumed independence

between different PR links. We can rewrite (A.8) in a compact form as

V (l,S(m))
def
=

l−1∑
i=1

Pr{ξ(m)
i = 1|s(m)

i }
i−1∏
j=1

Pr{ξ(m)
j = 0|s(m)

j } (A.9)

for l = 1, . . . , Nm + 1. In addition, we also define V (Nm + 2,S(m)) = 1. The

conditional probabilities Pr{ξ(m)
i |s(m)

i } in (A.9) can be computed according to (A.3)

through (A.6). The level of spectrum opportunity l∗ over channel m should be
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Figure A.2: An example of run-time spectrum opportunity detection.

selected such that V (l∗,S(m)) ≤ α(m) and V (l∗ + 1,S(m)) > α(m). It is easy to

verify that V (l,S(m)) defined in (A.9) is a mono-increasing function of l. Thus, this

selection is valid in the sense that some l∗ can always be found. Then, the power

mask of a given CR i is simply P̂
(m)
i = p

(m)
mask(l

∗).

As an example of the above calculation, consider the scenario in Figure A.2,

where the CR has four PR BS neighbors. Assume the pdf function f0 is exponential

with a mean of 10 seconds, and the sensing period is 100 ms. The translation from a

sensing output vector (s
(m)
i corresponds to BS

(m)
i ) to the level of maximum allowable

power mask l∗ is calculated in Table A.1 for α = 1% and α = 2%. From this table, it

is clear that the microscopic spectrum opportunities are more aggressively exploited

under a larger tolerance (i.e., a larger α) of the randomness of PR activities, which

is in line with our intuition.
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(s(m)
1 s

(m)
2 s

(m)
3 s

(m)
4 ) l∗ (α = 1%) l∗ (α = 2%)

(0000) 1 3
(0001) 1 3
(0010) 1 3
(0011) 1 3
(0100) 1 2
(0101) 1 2
(0110) 1 2
(0111) 1 2
(1000) 1 1
(1001) 1 1
(1010) 1 1
(1011) 1 1
(1100) 1 1
(1101) 1 1
(1110) 1 1
(1111) 1 1

Table A.1: Mapping between sensing output and spectrum opportunity.
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