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Abstract

In this dissertation we present theoretical and experimental investigation of the perfor-

mance quality of fiber optical communication systems, and find new and inexpansive

ways of increasing the rate of the information transmission.

The first part of this work discuss the two major factors limiting the quality of

information channels in the fiber optical communication systems. Using methods of

large deviation theory from statistical physics, we carry out analytical and numeri-

cal study of error statistics in optical communication systems in the presence of the

temporal noise from optical amplifiers and the structural disorder of optical fibers. In

the slowly varying envelope approximation light propagation through optical fiber is

described by Schrödinger’s equation. Signal transmission is impeded by the additive

(amplifiers) and multiplicative (birefringence) noise This results in signal distortion

that may lead to erroneous interpretation of the signal. System performance is char-

acterized by the probability of error occurrence. Fluctuation of spacial disorder due to

changing external factors (temperature, vibrations, etc) leads to fluctuations of error

rates. Commonly the distribution of error rates is assumed to be Gaussian. Using the

optimal fluctuation method we show that this distribution is in fact lognormal. Such

a distribution has ”fat” tails implying that the likelihood of system outages is much

higher than it would be in the Gaussian approximation. We present experimental

results that provide excellent confirmation of our theoretical predictions.

In the second part of this dissertation we present some published work on bisolitons

in the dispersion managed systems. Modern communication systems use light pulses

to transmit tremendous amounts of information. These systems can be modeled

using variations of the Nonlinear Shrodinger Equation where chromatic dispersion

and nonlinear effects in the glass fiber are taken into account. The best system

performance to date is achieved using dispersion management. We will see how the
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dispersion management works and how it can be modeled. As you pack information

more tightly the interaction between the pulses becomes increasingly important. In

Fall 2005, experiments in Germany showed that bound pairs of pulses (bisolitons)

could propagate significant distances. Through numerical investigation we found

parametric bifurcation of bisolitonic solutions, and developed a new iterative method

with polynomial correction for the calculation of these solutions. Using these solutions

in the signal transmission could increase the transmission rates.
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1. Introduction

The last two decades saw explosive development in the area of communication tech-

nologies. Progress in data processing and information transmission are the two main

components of this process. Advances in data processing included development of

new error correction codes, and use of robust signal formats. Developments in data

transmission proceeded in three main directions: mobile, optical fiber (cable), and

free-space communications. Due to huge natural bandwidth, optical fibers are the

backbone of modern high-speed communications. Despite the variety of methods

of transmission and processing there are two main goals – minimize error rate and

maximize transmission rate. Current standards in optical fiber communications re-

quire bit-error rate levels less then 10−9 (not more then one error per billion bits in a

data stream). Data transmission rates which can be achieved in modern optical fiber

systems are of the order of ∼ 1 Tbit/sec. Study of statistical characteristics of the

bit-errors and data transmission at such values require use of the methods of modern

mathematics, electrodynamics and statistical physics.

In this work we study new approaches for increasing of the information transmis-

sion rates in the optical fibers. In particular we consider new types of optical pulses

which can be used as a bit-carriers and investigate their properties. Study of the sta-

tistical properties of errors in the information systems from the point of view of rare

events theory is another subject of this work. Direct Monte Carlo type of simulations

at such extremely low level of error-rate are prohibitively expensive from the compu-

tation point of view. In order to address this problem we exploit operator-integral,

our theoretical results are verified against experimental data obtained using equip-

ment at the Laboratory of Dr. F. Küppers at the Optical Science Center, University

of Arizona.

This work consists of two parts. The first part – chapter 2 – presents a study
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of the error statistics in the information transmission systems. The second part –

chapters 3 and 4 – presents study of the dynamics of a new type of optical pulse that

may be used as bit carriers in the future high speed optical systems.
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2. Reliability of information transmission systems

Often exceedingly rare events can have disproportionate impact, and as a result,

understanding and modeling of such very rare events is essential. For example, it is

of critical importance to study the statistical characteristics of market crashes even

if their probability is very low. High magnitude earthquakes are quite rare; however,

their impact and consequences are so serious, that understanding their likelihood

is of great practical value. Thus, investigation of rare events is an important and

challenging problem.

In the information technology an example of such rare events are bit-errors occur-

ring in the process of signal transmission. Modern system requirements limit error

rate level to ∼ 10−9 − 10−12 [1], and sometimes even as low as ∼ 10−15. This means

that there may be no more than 1 error per 109−1012 (1015) bits, therefore the events

of error occurrence are rare. In order to analyze the error statistics of these events

we analyze the source of the errors. Spontaneous emission noise of in-line optical

amplifiers and structural disorder on optical fibers due to fabrication impairments

are known to be major source of a bit-errors [1]. To evaluate statistical properties of

errors we analyze both signal transmission in optical fibers in presence of noise and

structural disorder and signal detection at the end of the system.

2.1. Signal Transmission and Detection

We consider optical pulse dynamics in optical fiber communication lines. Over the

past 20 years we have witnessed an almost exponential growth of information volume

transmitted in optical fiber networks. This growth was possible due to the huge

natural bandwidth of the optical fibers. Therefore optical fiber communication was

and will be a key component of the World’s global information system.
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Information in the fiber networks is transmitted in the digital format: the time-

line is divided into intervals of equal duration (bit-slots) where each bit is assigned to

its own bit-slot. Information prior to transmission is converted into a binary sequence

of “1”s and “0”s. This sequence is transformed into a sequence of electric pulses (cor-

responding to ”1”) and empty slots (corresponding to ”0”). That sequence of electric

pulses is used to control an optical device called the optical modulator. If an electric

signal is applied to optical modulator, it becomes transparent for an external laser

beam while it remains opaque if an electric signal is not applied. Therefore after

propagation through the optical modulator the continuous output of a laser beam is

converted to a sequence of light pules. In this case optical pulse corresponds to a

“1” in the original binary data stream and an empty slot between pulses corresponds

to a “0” in the original binary data stream. Each individual light pulse containing

a rapidly oscillating electromagnetic wave (see Figure 2.1) and in all practical situ-

ations can be well described in terms of slowly the varying envelope approximation

(T/τ0 ≪ 1, where τ0 and T are characteristic pulse width and period of field oscil-

lations respectively). Light pulses propagate to the end of the fiber line, where the

detector measures the energy of the electromagnetic field E within each bit-slot

E =

∫ T/2

−T/2

G(t)|u(Z, t)|2dt, (2.1)

where u(z, t) is the envelope of electromagnetic field and T is the size of time slot.

The integration is performed over a time slot designated for the given bit. In realistic

systems the detectors do not necessarily measure the energy of entire pulse. Some-

times the measurements are restricted by a window close to the central part of the

pulse, where the signal’s amplitude is close to maximum (sometimes the detection

scheme is even more complicated). In order to take into account various options

for measurement we introduce the weight function G(t), which is determined by the

specific choice of the detection scheme. In the particular case where the detector

measures the entire energy of the optical pulse, G(t) = 1. The receiver is set up with
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a logical unit, which compares the measured energy to a preselected threshold energy,

Eth. If the energy E of the signal is above the threshold the receiver interprets the

bit as “1”, and otherwise “0” is detected.

111 0

Figure 2.1. Schematic representation of digital information coding. In binary rep-
resentation information is converted into string of 1’s and 0’s. A pulse represents bit
1 and absence of a pulse is interpreted as a 0 bit.

We assume that detection process is ideal and no information is lost during de-

tection. This assumptions is well justified since its contribution to probability of

an error event is much less than the contribution occurring during signal transmis-

sion through optical fiber. Therefore we carefully consider light pulse propagation

in optical fibers and effects leading to a signal deterioration (sources responsible for

information degradation).

2.2. Physical parameters and structure of transmission lines

The fibers are not perfectly transparent to the light. Figure 2.15 in [1] shows experi-

mental measurement of how the different optical frequencies are attenuated in silica

based single mode fibers (supporting only one transverse mode). Based on this mea-

surement we can see that there are two minima in the attenuation curve which can

be utilized for signal transmission, one near 1.5µm and the other near 1.3µm. The

frequency intervals corresponding to these minimal values of attenuation are named

“telecommunication windows”. The best performance of optical fiber is observed

around 1.5µm (second telecommunication window). The signal suffers losses of about
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0.2dB/km, which means that after 15km the about half of the signals energy will be

lost. After propagation of ∼ 50 − 100km the signal has to be amplified, otherwise

its energy may fall below a level resolvable by the receiver. Therefore, the need to

compensate losses leads to a necessity to introduce structure for transmission lines

which in the ideal case consists of spans of optical fibers followed by optical amplifiers.

Erbium doped (EDFA) and Raman amplifiers are commonly used in telecommuni-

cation. In such amplifiers a passing signal stimulates the excited electrons in atoms to

decay to the ground level emitting a photon coherent with original signal. The excited

states of electrons inside the amplifiers are metastable. In accordance with quantum

mechanics there is probability of spontaneous decay (transition) to the ground state

emitting incoherent photons (see Fig 2.2). The correlation times τsp of such emission

is very small, much smaller than the pulse width τ0 (τsp/τ0 ∼ 10−2 ≪ 1). Therefore,

according to the Central Limit Theorem the spontaneous radiation can be treated as

a white noise on the background of the original signal. The electric fields correspond-

ing to the signal and the noise are added to represent the final signal within a given

time slot.

Coherent radiation

Spontaneous emission

Figure 2.2. Schematic representation of a two level atom used in EDFAs.
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The complexity of the problem comes from the nonlinear quadratic properties of

the detection process (see equation (2.1). As the signal propagates through a sequence

of fiber spans each followed by an optical amplifier, increasingly more noise is added

to the original signal. As a result, when the receiver integrates the intensity of light

inside a time slot the resulting energy will be different from the energy of the original

signal. Since noise correlation time is much shorter than pulse width, every bit is

affected by noise in a different way determined by particular noise realization.

Signal distortion due to amplifier spontaneous emission noise may result in errors

of information transmission. In the case of binary coding of information two events

will lead to an error. First, suppose time slot is left empty representing a “0” bit, and

over time the energy of noise accumulated in the slot exceeds the threshold energy

level. In such a case the original “0” is interpreted as a “1”. The second situation is

exactly the opposite of the first one, while sending a pulse to represent a “1” bit the

noise added to the signal may reduce its energy to values below the threshold energy.

In this situation the detector will erroneously interpret the signal as a “0”.

A standard way, commonly accepted in telecommunication industry, to character-

ize quality of a transmission channel is by stating the probability of making an error

in interpretation of the signal. This probability is known as bit-error rate (BER).

This parameter is calculated in terms of the distribution of energy functions. Thus

an error of interpreting “0” as “1” will occur with a probability

BER0→1 =

∫ ∞

Eth

P0(E)dE (2.2)

Here P0(E) is probability distribution function of the light energy in a time slots,

which originally contained no pulse - ”0” bits. We integrated over events when the

energy exceeds the decision threshold. Similarly an error occurring as a result of a

“one” bit interpreted as “zero” is given by

BER1→0 =

∫ Eth

0

P1(E)dE (2.3)
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Here P1(E) is probability distribution function of the light energy in a time slots,

which originally contained light pulse - ”1” bits.

Current standards in information transmission systems require bit-error rates as

low as 10−12. This is a very low number, and evaluation of this number is an extremely

difficult task. Attempting to evaluate BER using a direct Monte-Carlo simulation

approach is known to be excessively expensive and impractical. Clearly, if BER is on

the order of 10−12 then one has to go through trillion of pulses before one expects to

see an event of an error. Moreover, this event has to occur a sufficient number of times

before enough data is accumulated and a statistical analysis can be performed. Thus,

a direct approach of calculating BER for specific parameters of a system requires

at least 1015 trials. This is excessive even with today’s computational capabilities,

therefore an analytic approach is necessary.

2.3. Use of optimal fluctuation method to calculate bit-error rate

Before delving into detailed modeling of the bit-error rate in a realistic optical trans-

mission line, let us first consider a highly idealized model. This model addresses

completely undistorted propagation of the pulse, with no dispersion, gain, or attenu-

ation. The only effect included in this model is the amplifier noise. With the aid of

this model, we will analytically compute the bit-error rate from the noise statistics.

This computation will provide us with sufficient intuition to be able to address the

fully realistic model of pulse propagation through noisy and disordered transmission

lines.

The propagation of the electromagnetic field in the retarded frame of reference is

governed by the equation
uz(z, t) = ξ(z, t)

u(z = 0, t) = u0(t)
(2.4)

where u(z, t) is the envelope approximation of the field. Here u0(t) is the initial signal

to be transmitted, and field ξ(z, t) represents the amplifier noise. This noise is a result
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of spontaneous decay of independent atoms distributed over the entire length of the

fiber line, and therefore on the time scales of the pulse size the noise is not correlated

along the t axis. Also as the signal propagates along the fiber the noise emission will

be independent of the pulse location along the fiber, and therefore the noise is delta

correlated along the z axis. This is a mean zero Gaussian noise, and therefore it is

completely described by its autocorrelation function

〈ξ(z1, t1)ξ(z2, t2)〉 = Dξδ(z1 − z2)δ(t1 − t2) (2.5)

Here Dξ contains the physical information about the noise and its real correlation

time (which is very small compared to pulse size), and represents the intensity of the

signal per unit time.

Equation 2.4 is a linear equation and has a simple solution, which is written as

a sum of a homogeneous and particular solutions: u(z, t) = ψ(z, t) + φ(z, t). Here

ψ(z, t) is a solution to the above equation with no forcing term. In other words it is

a result of propagating the initial pulse over a distance z in the absence of the noise.

In this case ψ(z, t) = u0(t) trivially. The other part of the solution, φ, is the result of

solving the equation 2.4 with zero initial condition. Thus the solution is

u(z, t) = ψ + φ = u0(t) +

∫ z

0

ξ(z′, t)dz′ (2.6)

The profile of the pulse at the receiver is given by u(L, t). According to equation (2.1)

the energy measured over the designated time slot is

E =

∫ T/2

−T/2

|ψ(L, t) + φ(L, t)|2dt. (2.7)

This is the energy that would be measured for a given realization of noise ξ. Given

the nature of the noise, different pulses propagating at different times will experience

completely independent realizations of noise. The distribution of energies that is

measured in the end of the fiber is

P (E) =

〈

δ

(

E −
∫ T/2

−T/2

|ψ(Z, t) + φ(Z, t)|2dt

)〉

ξ

(2.8)
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This integral is taken over all the possible realizations of amplifier noise. The inte-

grand depends on the random field ξ through φ(Z, t) only, and therefore the averaging

can be performed over random field φ instead. Field φ(Z, t) is a mean zero Gaussian

field since it is a linear transform of ξ

〈φ(L, t)〉 =

〈
∫ L

0

ξ(z′, t)dz′
〉

=

∫ L

0

〈ξ(z′, t)〉dz′ = 0.

The autocorrelation function of φ(L, t) is then

〈φ(L, t1)φ
∗(L, t2)〉 =

〈

∫ L

0
ξ(z′, t1)dz′

∫ L

0
ξ∗(z′′, t2)dz′′

〉

=

=
∫ L

0

∫ L

0
〈ξ(z′, t1)ξ∗(z′′, t2)〉dz′dz′′ =

∫ L

0

∫ L

0
Dξδ(z

′ − z′′)δ(t1 − t2)dz′dz′′ =

=
∫ L

0
Dξdz′′δ(t1 − t2) = DξLδ(t1 − t2)

(2.9)

We rewrite the integral in equation (2.8) in a Feynman path integral form

P (E) =

∫ ∫ ∞
−∞ exp

{

− 1
2DξL

∫

|φ|2dt + iλ
(

E −
∫

G(t)|ψ + φ|2dt
)

}

dλDφDφ∗

∫

exp
{

− 1
2DξL

∫

|φ|2dt
}

DφDφ∗
(2.10)

where the delta function is written as a Fourier transform of unity and the outer

integral is over all realizations of φ. The real and imaginary parts of φ are independent,

and therefore the averaging is performed over both the function φ and its conjugate.

In order to calculate this integral we use an optimal fluctuation method. This is a

method borrowed from statistical physics, which is an analogue of Laplace’s method

for functions. Let’s introduce a new function

S(φ, φ∗, µ) = −
∫

|φ|2dt + iµ

(

E −
∫

|ψ + φ|2dt

)

(2.11)

where µ = 2DξLλ, then the equation (2.10) can be written in the form

P (E) ∼
∫

exp

{

1

2DξL
S(φ, φ∗, µ)

}

dµDφDφ∗ (2.12)

The method of optimal fluctuations is made possible by the presence of a large param-

eter 1/2DξL. This parameter represents the relative amount of noise present in the

system, and is also known as signal-to-noise ratio. This ratio must be very large in or-

der for the fiber optical system to function with required reliability. The method states



20

that asymptotically the main contribution to the integral in the equation (2.12) comes

from a small neighborhood around the critical point P0 ≡ (φ0, φ
∗
0, µ0) of S(φ, φ∗, µ).

Then the integral in (2.12) can be approximated as

P (E) ∼
∫

exp

{

1

2DξL

(

S|P0
+

+
∂

∂µ

δS

δφ

∣

∣

∣

∣

P0

(φ − φ0)(µ − µ0) +
∂

∂µ

δS

δφ∗

∣

∣

∣

∣

P0

(φ∗ − φ∗
0)(µ − µ0) +

δ2S

δφδφ∗

∣

∣

∣

∣

P0

(φ − φ0)(φ
∗ − φ∗

0)+

+
1

2

(

δ2S

δφ2

∣

∣

∣

∣

P0

(φ − φ0)
2 +

δ2S

δφ∗2

∣

∣

∣

∣

P0

(φ∗ − φ∗
0)

2 +
∂2S

∂φ∗2

∣

∣

∣

∣

P0

(φ∗ − φ∗
0)

2

))}

dµDφDφ∗

(2.13)

The further terms give exponentially small contributions.

The critical point P0 of function S is found by the variational method

δS

δφ

∣

∣

∣

∣

P0

= 0,
δS

δφ∗

∣

∣

∣

∣

P0

= 0,
∂S

∂µ

∣

∣

∣

∣

P0

= 0. (2.14)

The optimal fluctuations satisfying this system of equations are

φ0 =
iµ0

1 + iµ0

ψ (2.15)

φ∗
0 =

iµ0

1 + iµ0

ψ∗ (2.16)

E =
1

(1 + iµ0)2

∫

|ψ|2dt (2.17)

Equation (2.17) is solved for µ0

µ0 = i
(

1 ±
√

Γ/E
)

, where Γ ≡
∫

|ψ|2dt. (2.18)

Here we chose the positive square root of Γ/E, corresponding to the left tail of the

distribution P1(E), because we are interested in the probabilities of energies falling

below the threshold energy. Substituting this result into equations (2.16) and (2.17)

we obtain explicit expressions for φ0 and φ∗
0

φ0 =
(

√

E/Γ − 1
)

ψ

φ∗
0 =

(

√

E/Γ − 1
)

ψ∗
(2.19)
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Optimal fluctuation gives the realization of noise with two properties: first, the signal

plus this noise realization will have energy E, and second, of all realizations satisfying

the first condition this one has the highest probability of occuring. Moreover, this

realization defines the region in the state space with the noise realizations that give

the greatest input into the integral of equation (2.8). In order to evaluate the integral

in the equation (2.12) we compute second derivatives of S at P0

∂
∂µ

δS
δφ

∣

∣

∣

P0

= −i(ψ∗ + φ∗
0) = −i

√

E
Γ
ψ∗

∂
∂µ

δS
δφ∗

∣

∣

∣

P0

= −i(ψ + φ0) = −i
√

E
Γ
ψ

δ2S
δφδφ∗

∣

∣

∣

P0

= −1 − iµ0 = −
√

Γ
E

δ2S
δφ2

∣

∣

∣

P0

= 0

δ2S
δφ∗2

∣

∣

∣

P0

= 0

∂2S
∂µ2

∣

∣

∣

P0

= 0

(2.20)

Upon the substitution of equations (2.19), (2.18) and (2.20) into the equation (2.12)

we obtain

P (E) ∼ exp

{

− 1

2DξL

(√
E −

√
Γ
)2

}

×

×
∫ ∫ ∞

−∞
exp

{

− 1

2DξL

(

√

Γ

E

∫

|φ − φ0|2dt+

+ i

√

E

Γ

(
∫

(φ − φ0)ψ
∗dt +

∫

(φ∗ − φ∗
0)ψdt

)

(µ − µ0)

)}

dµDφDφ∗

(2.21)

which is further simplified into the following form

P (E) ∼ exp

{

− 1

2DξL

(√
E −

√
Γ
)2

}

×

×
∫

exp

{

− 1

2DξL

√

Γ

E

∫

|φ − φ0|2dt

}

δ

(
∫

|φ|2dt −
(√

E −
√

Γ
)2

)

DφDφ∗

(2.22)

Here the first term in the product corresponds to the contribution from the zeroth

order in the expansion of S. It describes the leading order dependence of P (E) on
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the value of E, Γ, and the signal-to-noise ratio. The integral term corresponds to

the second order contributions to P (E) and has a very tangible interpretation in

terms of integral evaluation using Monte-Carlo techniques. Thus the |φ−φ0| term in

the exponent says that only realizations in the neighborhood of φ0 contribute to the

integral. The expression inside the Dirac δ-function states that in calculation of the

probability of energy E we only need to consider realizations of φ with energy equal

to (E0.5 − Γ0.5)2.

Finally the bit-error rate BER1→0 is computed using the formula (2.3). We use

the fact that P (E) decays rapidly and evaluate the integral in the vicinity of the

threshold

BER1→0 =

∫ Eth

0

P1(E)dE ∼ exp

(

− 1

2DξL

(

√

Eth −
√

Γ
)2

)

(2.23)

First of all, we note that the bit-error rate depends on the signal-to-noise ratio (SNR)

exponentially. This is critically different from a assumption commonly used in the

engineering community that the BER has Gaussian dependence on SNR [1]. Because

the exponential function decays much more slowly, this is a very important correction.

Second, consistent with the physics of the phenomena we note that as the noise level

increases the BER goes up. This simply reflects that the more noise the poorer is the

system performance. Finally, we see that the bit-error rate depends on the parameter

Γ that describes the interaction of the pulse with the media. Therefore, if Γ is a slowly

changing parameter, the bit-error rate will fluctuate, and as a result a single value

of the BER will no longer be sufficient. We will need a statistical characterization of

BER to fully describe description of system performance.

2.4. Importance sampling

The test problem we considered in the section 2.3 resulted in the explicit analytic

expression for the distribution function of energies. Even though, in a more compli-

cated case the solution will not be explicit, we are guaranteed to have an equation
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for the optimal fluctuation. Solving for the optimal fluctuation numerically will then

allow us to use that function in modifying Monte Carlo simulations

When performing direct Monte-Carlo simulations a sample point is chosen ran-

domly from the state space of all the possible points. The probability of choosing

a particular sample is the same for all the samples. The main idea of importance

sampling is to introduce a weight function over a sample space, so that some noise

realizations are more likely to be selected. By definition the optimal fluctuation de-

fines the region of the sample space containing the noise realizations which will have

the greatest input into the integral. Therefore, optimal fluctuation can be used in

constructing an appropriate weight function.

We demonstrate the power of importance sampling by finding distribution func-

tion of energies P1(E), including far tails of the distribution where direct Monte-Carlo

simulations would fail. Let u0(t) be equal to 1 on the interval from 0 to 1 and 0 every-

where else, thus representing a “one” bit. Consider noise ξ such that autocorrelation

function of φ is

〈φ(t1)φ
∗(t2)〉 =

{

DξL/τ if |t1 − t2| < τ
0 otherwise

(2.24)

here τ is the correlation time of the noise and is non-zero, since the the bandwidth

of the detector is finite. Let τ = 1/16. We discretize the function u0(t) on a grid

of N = 1/τ = 16 nodes, such that for all i such that 0 ≤ i < N u0(t
i) = ui

0 = 1.

Here ui
0 is the value of the function u0 at the ith node. The discrete version of the

autocorrelation function of φ is then

〈φ(ti)φ∗(tj)〉 = δijDξL/τ (2.25)

We build the function P (E) by evaluating the integral in equation (2.8) for a

number of values of E. In fact we are evaluating the following expression

P (E) ≈ P (E0 − ∆E < E < E0)
/

∆E ≈
∫ E0

E0−∆E

P (E ′)dE ′/∆E (2.26)



24

for extremely small values of ∆E (on the order of 10−4E.) According to the equa-

tion (2.16) the main contribution to the integral in equation 2.8 comes from a neigh-

borhood of φ0 = ((E/Γ)0.5 − 1)u0, where Γ =
∑

(ui
0)

2 = 1. Let M be the number

of sample functions used for Monte-Carlo simulation. For importance sampling we

choose a function that is 1/M inside a ball of radius ǫ = 3DξL/τ around φ0, and is

zero everywhere else. In other words we integrate over realizations inside the ball of

radius ǫ, and each realization has the same chance of being selected. The value of ǫ

is chosen optimizing the rate of convergence of simulations, and is governed by the

desired precision of simulations.

The average of a function f(φ) weighted against the probability function for φ is

now calculated according to the formula

P (E) =

∫

f(φ)DP (φ) =

∫

f(φ)
DP (φ)

DW (φ)
DW (φ) (2.27)

For the discretized function ψ this procedure works as follows:

• Select a function ζm from inside of a ball of radius ǫ, centered at zero.

• A sample noise is φm = φ0 + ζm. Let Em
noise =

∑ |φm|2τ be the energy of the

given noise realization.

• The signal as seen by the detector is u(L, t) = u0+φm. Let Em
signal =

∑ |u(L, t)|2τ
be the total energy of the signal.

• Compute P (E) according to the following formula

P (E0 − ∆E < E ≤ E0) =
M

∑

m=0

1

∆E

1
(

√

2πDξL/τ
)2N

exp

{

− Em
noise

2DξL

}

×

×δ̃
(

E0 − ∆E < Em
signal ≤ E0

) 1

M
(2ǫ)2N

(2.28)

where the function δ̃ is one if the expression inside is true and zero otherwise. Fig-

ure 2.3 shows the result of constructing the probability distribution function of en-

ergies for the above problem, while figure 2.4 shows the tail of the computed distri-

bution. The solid line shows the result of direct Monte-Carlo simulations with 109
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Figure 2.3. Distribution of pulse energies as seen at the receiver. Black Line
represents energy distribution computed using direct Monte-Carlo simulations. Blue
circles and squares are results of computing values of the distribution function P (E)
using the importance sampling technique based on optimal fluctuation analysis.

sample points. The circles represent values of P (E) found using the importance sam-

pling technique guided by the analytic results of optimal fluctuation analysis, with

M = 108. The squares represent results of the same method used with a larger set of

samples, M = 109. First, as the figure 2.4 shows, the values found with importance

sampling are in a close agreement with the results from direct simulations where those

are available. Second, the results of importance sampling describe the distant tails

of the distribution P (E). It should be noted that using the importance sampling

technique we were able to achieve values of the probability function as low as 10−14.

In order to evaluate this low of a probability with direct simulations we would need

at least 1018 samples. Moreover, the smaller values the noise strength would lead to

even smaller value of probabilities and we would require an ever increasing number

of sample functions to achieve values that small. On the other hand, importance

sampling technique would yield a result with equal precision for the same value of M ,

independent of the value of P (E).
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Figure 2.4. Close up look at the tail of P (E). The blue circles are results of the
importance sampling technique with 108 samples, while red squares are results for
109 samples.

The results in the figure 2.3 show that the importance sampling method is reliable

in evaluation of the rare event statistics. Now, we modify the above approach to eval-

uate our main object of interest – bit-error rate. A simple change in equation (2.28)

results in an equation for BER

BER =
N

∑

i=0

1
(

√

2πDξL/τ
)2M

exp

{

− Enoise

2DξL

}

δ̃ (Esignal ≤ Eth)
1

M
(2ǫ)2M (2.29)

where Eth is the threshold energy, which we select to be 0.5, exactly between the

energy of the “zero” bit and the energy of “one” bit. Figure 2.5 shows the result of

evaluating bit-error rate as a function of 1/DξL, for the values of noise correlation

strength between 0.05 and 0.1. According to the equation (2.23) BER depends expo-

nentially on 1/DξL. This result is well reflected in the numerical results presented in

figure 2.5 by the exponential fit (solid line) to the computed values of BER. Moreover

the parameter in the exponential matches the predicted value of −(E0.5
th −Γ0.5), where

the dashed line shows the corresponding slope on the logarithmic scale.
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Figure 2.5. Computation of the bit-error rate. Black circles represent values of
the BER obtained through Monte-Carlo simulations with importance sampling. The
solid black line is an exponential fit to the computed results, while the red dashed
line shows an exponential function with theoretically predicted value of exponent.

2.5. PMD

Another effect leading to the signal distortion is structural disorder of the fiber core.

Ideally, the fiber core cross section would be a disc; however, due to manufacturing

impairments during coating and cabling, real fibers are not ideally isotropic, but are

birefringent. Such medium is no longer degenerate and can be characterized by an

anisotropy ellipse with randomly rotating orientation and fluctuating ellipticity. The

correlation length of such ellipses for a standard fiber is about 50 m, which is much

smaller than the transmission distances and the distance between the amplifiers.

Therefore the disorder can be treated as short correlated. The birefringence has

a broadening effect on the propagating pulse. The way the pulse is dispersed is

determined by the realization of disorder in the fiber. In the communication industry
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this effect is also known as polarization mode dispersion (PMD).

The fibers used for communication are not isolated from the outside world, and

as a result of the effect of different external factors, the structural disorder of the

fiber changes over time. The leading causes for disorder fluctuations – vibrations

and variations of temperature – change on the time scales that are much larger than

the size of the individual pulses. Some in-field measurements of fiber PMD [6, 7, 8]

indicate that characteristic time for the change of the structural disorder is on the

order of 1-100 ms. The bit rate in today’s systems may exceed 10 Gbit/s, which means

that a significant number of bits will pass before significant changes take place.

As we can see, in addition to the amplifier noise, the presence of PMD will lead

to distortions and ultimately destruction of optical pulses. As a result there will be

events when the signal is interpreted incorrectly. Traditionally, the effects of amplifier

noise and structural disorder are considered independently, where the losses due to

each effect are determined and the resulting penalties added. Here we show that

the decay rate of the tails of distribution of error rates depends on the strength of

fluctuations of both amplifier noise and structural disorder. In light of these results

the two effects can not be considered separately: it is necessary to consider the

interplay between them. The statistical theory of errors related to the interplay of

fast noise and slow disorder was developed in [2, 3, 4]. These works offered analysis of

compensation techniques, which simultaneously decrease average of the distribution

function and increase the rate of decay of tails. We present experimental verification

of these results and further development of this model.

The description of light propagation through optical fiber is given via evolution of

the oscillating electric field. The frequency of light is sufficiently large compared with

the characteristic frequency of modulation so that the evolution of electric field down

the optical fiber can be described in the envelope approximation. The field can be

represented as a combination of two independent polarization modes. Letting the two

polarization components be given by a vector Ψ(z, t) we can describe the propagation
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of the original pulse Ψ0(t) in the linear system by the following equation [5]:

Ψz(z, t) − i∆̂(z)Ψ(z, t) − m̂(z)Ψt(z, t) + d(z)Ψtt(z, t) = (2.30)

= ξ(z, t) + g(z)Ψ(z, t) − γ(z)Ψ(z, t) (2.31)

Here z measures the distance along the fiber, with the end of the fiber of length L

corresponding to the value of z = L, while t is the time measured in the frame of

reference of an unperturbed pulse, and t = 0 corresponding to the center of the pulse.

The birefringent disorder is characterized by two random 2×2 traceless matrix fields

related to the zero-, ∆̂(z), and first-, m̂, orders in the frequency expansion with re-

spect to the deviation from the channel carrier frequency ω0. Moreover, the matrix

m̂(z) is Hermitian, and at each point along the fiber it can be diagonalized with

diagonal entries representing the deviation of mode velocities from the mean group

velocity. The matrix ∆̂(z) describes the orientation of the modes along the fiber,

as well as the coupling of the modes. The two component vector ξ(z, t) represents

amplifier noise emitted into the corresponding polarization modes. Both components

of this vector are Gaussian, zero mean fields. The correlation time of amplifier noise

is much shorter than the temporal width of the pulse, and therefore such noise can be

treated as δ-correlated. The scalar function d(z) describes polarization independent

chromatic dispersion. We consider a problem where chromatic dispersion is com-

pletely compensated at the end of the fiber, that is, the integral of d(z) across the

full length of the fiber is zero. Finally, scalar functions γ(z) and g(z) describe the

attenuation and the amplification of light respectfully. Here we assume that in the

end of the fiber, attenuation is fully compensated by amplification.

Prior to solving the equation 2.31 we introduce a change of basis where the energy
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of the solution is conserved. Consider the following linear transforms

Ψ̃ ≡ UVΨ, m̃ ≡ UVm̂V−1U−1, ξ̃ ≡ UVξ

where U ≡ Texp

[

−i

∫ z

0

dz′∆̂(z′)

]

and V ≡ exp

[
∫ z

0

dz′d(z′)∂tt

]

exp

[
∫ z

0

dz′(g(z′) − γ(z′))

]

.

(2.32)

Equation 2.31 can now be reduced to a slightly simpler equation

Ψ̃z − m̃Ψ̃t = ξ̃ (2.33)

We can write a formal solution to this system of linear equations as follows

Ψ̃(z, t) = ψ(z, t) + φ(z, t)

ψ(z, t) = WΨ0(t), φ(z, t) =

∫ z

0

dz′W(z)W−1(z′)ξ(z′, t)

where W(z) = Texp

[
∫ z

0

dz′m̃(z′)∂t

]

(2.34)

Here the solution ψ corresponds to the pulse propagation through a disordered fiber

in the absense of the temporal noise, and the solution φ is the propagation of the

amplifier noise through the disordered fiber. We note that this result is similar to the

one obtained in the section 2.3, the difference being that now solutions ψ and φ are

two component vector functions with the two components coupled by the disorder as

the pulse travels down the fiber. Thus, following the steps described in section 2.3

we derive the formula for the 1 → 0 bit-error rate

BER1→0 =

∫ Eth

0

P1(E)dE ∼ exp

(

− 1

2DξL

(

√

Eth −
√

Γ(m̃)
)2

)

(2.35)

where Γ(m̃) stands for the pulse energy as it would be measured by the detector if

no amplifier noise were present:

Γ(m̃) =

∫

|ψ|2dt

Unlike in the section 2.3, here the value of Γ depends on the realization of the disorder

since ψ depends on m̃ through the operator W.
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A pulse propagating through a disordered fiber will become distorted. The process

of polarization mode dispersion is unitary and therefore all of the pulse’s energy

will remain intact, however, it may no longer be confined to the designated bit-

slot. Therefore, for different realizations of disorder the value of Γ will be different

as well, and consequently for the fibers with different disorder realizations we will

measure different values of the bit-error rate. At this point we recall that although

the neighboring pulses experience essentially the same disorder realization, on time

scales comparable to milliseconds the disorder realization will change. Therefore, in

order to have a true measure of system performance we investigate the statistical

properties of BER.

2.6. Statistics of the disorder fluctuations

We have established in the equation 2.35 that the bit-error rate fluctuates as the value

of Γ changes due to fluctuations of the structural disorder of the fiber. The amount of

energy leaking out of the bit-slot must be small compared to the total energy of the

pulse, otherwise the effects of PMD would make such a fiber optical communication

system completely unusable. It is therefore useful to introduce a new variable Θ that

will describe the deviation of the measured energy Γ from the initial pulse energy:

Θ ≡ 1 − Γ. We can now estimate the BER in the eqaution 2.35 as

BER1→0 ∼ B0 exp

(

1

2DξL
Θ

)

(2.36)

where B0 is the bit-error rate of the system in the absence of the structural disorder

of the fiber. the bit-error rate depends on the value of Θ in the exponential way, with

the signal-to-noise ratio as a coefficient in the exponent. This implies that even small

values of Θ may lead to extremely large deviations of BER from its mean.

We estimate the dependence of Θ on the disorder matrix m̃. Recall that Ψ̃ =

WΨ0. Taking the Taylor expansion of the ordered exponent to second order we can
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write the operator W as

W = Texp

(
∫ z

0

m̃(z′)dz′∂t

)

≈ I+

∫ z

0

m̃(z′)dz′∂t+

∫ z

0

∫ z′

0

m̃(z′)m̃(z′′)dz′′dz′∂2
t +O(m̃3)

(2.37)

where I is the identity matrix. Without loss of generality we consider the case where

the initial pulse all goes into one of the polarization modes, that is Ψ0 =

[

1
0

]

f(t).

Here the function f(t) describes the initial pulse shape. The birefringence matrix

m̃(z) is a unitary matrix which can be written as

m̃(z) = h1(z)σ1 + h2(z)σ2 + h3(z)σ3 (2.38)

where σ1 =

[

0 1
1 0

]

, σ2 =

[

0 i
−i 0

]

, σ3 =

[

1 0
0 −1

]

(2.39)

such that σiσj = −σjσi if i 6= j and σ2
i = I (2.40)

Here, the functions h1, h2 and h3 are random functions of space. For regularly

manufactured fibers with no built-in anisotropic bias, we are justified in assuming

that their average ellipticity vanishes, i.e. the means of the functions h1, h2 and h3

vanish. Moreover, since the correlation length of the birefringence is much smaller

than the total fiber length, we can consider the functions hi to be delta correlated. Due

to the random nature of the external parameter fluctuations (such as temperature,

pressure, etc.) we can assume that at each position z along the fiber the values of

hi(z) are Gaussian-distributed, with the variance Dm̃, which is a system parameter

that can, in principle, be measured. Thus a complete statistical description of the

fiber disorder is given by the expressions

〈hi(z)〉 = 0 (2.41)

〈hi(z1)hj(z2)〉 = Dm̃δijδ(z1 − z2) (2.42)



33

Applying the approximation of W to the initial pulse results in

Ψ = WΨ0 ≈ IΨ0 +

{
∫ L

0

(h1(z
′)σ2 + h2(z

′)σ2 + h3(z
′)σ3)dz′

}

∂tΨ0+

+

{

∫ L

0

∫ z′

0

(h1(z
′)σ2 + h2(z

′)σ2 + h3(z
′)σ3)(h1(z

′′)σ2 + h2(z
′′)σ2 + h3(z

′′)σ3)dz′dz′′

}

∂2
t Ψ0+

+O(h3) =
= IΨ0 + (H1σ1 + H2σ2 + H3σ3)∂tΨ0 + (H2

1σ
2
1 + H2σ

2
2 + H3σ

2
3)∂

2
t Ψ0+

+i ({h1, h2}σ3 + {h2, h3}σ1 + {h3, h1}σ2) ∂2
t Ψ + O(H3)

=

(

1
0

)

f(t) +

(

H1

H2 + iH2

)

ft(t) +

(

1
2
H̄2 + i{h1, h2}

i({h2, h3} + {h3, h1})

)

ftt(t) + O(H3)

where Hi ≡
∫ L

0

hi(z
′)dz′, H̄2 ≡ H2

1 + H2
2 + H2

3

and {hi, hj} ≡
∫ L

0

∫ z′

0

(hi(z
′)hj(z

′′) − hi(z
′′)hj(z

′))dz′′dz′

Therefore the energy of the pulse up to third order in H is

∫ T/2

−T/2

|Ψ|2dt =

∫ T/2

−T/2

(

f 2 + 2H3fft + H̄2(f 2
t + fftt)

)

dt =

=

∫ T/2

−T/2

f 2dt + H3

∫ T/2

−T/2

2fftdt + H̄2

∫ T/2

−T/2

(f 2
t + fftt)dt =

=

∫ T/2

−T/2

f 2dt + H3

∫ T/2

−T/2

(f 2)tdt + H̄2

∫ T/2

−T/2

(fft)tdt

Recalling from equation 2.36 that bit-error rate depends on the deviation of pulse’s

energy from the initial energy, Θ. We can now see that value of Θ has the following

dependence on the fluctuation of fiber disorder (up to the third order in H):

Θ = H3 f 2
∣

∣

T/2

−T/2
+ H̄2 (fft)|T/2

−T/2
(2.43)

Based on this result we conclude that if the initial pulse is not symmetric then Θ ∼ H3,

and for the symmetric case Θ ∼ H̄2. Notice that if the interval of integration is broad

enough the effect of the disorder will be less effective since the integrals over f 2 and

fft will be smaller. This is due to the fact that effects of the disorder on the pulse

are unitary and no energy is added or subtracted. However, the choice of the interval

of integration is limited by the size of the bit-slot.
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2.7. Probability distribution of the BER

In the section 2.5 we found that for a given disorder of the optical fiber the probability

of making an error at a given bit depends on the current state of the structural disorder

of the fiber. As disorder changes so does the bit-error rate. In fact as described by

equation 2.36 the dependence of the BER on the realization of disorder is exponential,

and even slight variations in the disorder will lead to significant changes in the BER.

Therefore, describing the system performance through a single value of BER may tell

us how many errors will occur over a long period of time, for it will tell us nothing

about a likelihood of seeing extremely large outbursts of errors. It is our goal to seek

statistical description of the error probabilities as the structural disorder fluctuates.

The PDF of errors can be found by evaluating the following integral

P (B) =

〈

B − B0 exp

(

1

2DξLτ
Θ(m̃)

)〉

m̃

(2.44)

where we are taking a path integral over all the possible realizations of matrix m̃.

In order to average over the disorder realization we recall here equations 2.41

and 2.42 describing the statistics of the disorder fluctuations. Having Gaussian statis-

tics random functions hi can be described by their mean and autocorrelation func-

tions:

〈hi〉 = 0

〈hi(z1)hj(z2)〉 = Dm̃δijδ(z1 − z2)

where Dm̃ is the strength of fluctuations of the disorder. As we have established in

the section 2.6 the bit-error rate depends on the fluctuation of His – the integral of

hi’s. Therefore, we may perform the averaging in the equation 2.44 over the random

variables Hi. Since His are linear transforms of his they must have Gaussian statistics.

Straight forward computation shows that the mean of an Hi is zero. Finally, we
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compute the autocorrelation of His

〈HiHj〉 =

〈
∫ L

0

hi(z
′)dz′

∫ L

0

hj(z
′′)dz′′

〉

=

=

∫ L

0

∫ L

0

〈hi(z
′)hj(z

′′)〉 dz′dz′′ =

∫ L

0

∫ L

0

δijDm̃δz′ − z′′dz′dz′′ =

= δijDm̃

∫ L

0

dz′′ = δijDm̃L

(2.45)

Here we see that the His are not correlated among themselves and their standard

deviations are all equal to (Dm̃L)0.5.

As was mentioned above if the bit carrier is not symmetric then the first order

effects of disorder must be taken into account, that is Θ is proportional to H3. There-

fore, averaging over the field m̃ can be replaced with averaging over a random variable

H3. In this case the evaluation of the integral in equation 2.44 is reduced to

P (B) =

〈

δ

(

B − B0 exp

(

1

2DξLτ
c1H3

))〉

H3

=

=

∫ ∞

−∞
exp

(

− 1

2Dm̃L
H2

3

)

δ

(

B − B0 exp

(

1

2DξLτ
c1H3

))

dH3 =

=
2DξL

c1

1

B
exp

{

−(2DξLτ)2

2Dm̃Lc2
1

log2

(

B

B0

)}

(2.46)

here c1 = f 2(T/2)−f 2(−T/2). With this we reach a result that is of a critical impor-

tance for the communication industry – the distribution of the error probabilities has

a very slowly decaying tail. This means that even with a small average value of the

BER, B0, the probability of extremely large values of bit-error rate is not negligible.

In case where the bit carrier is symmetric, the value of the parameter c1 is zero.

Under these conditions there will be no first order effects of disorder on bit-error rate,

and second order effects must be taken into account. According to equation 2.43

the value of Θ will be proportional to H̄2, and therefore the averaging process in

equation 2.44 can be done over the Gaussian variables H1, H2 and H3. Let c2 =
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ff ′|T/2

−T/2
then the probability distribution function for the bit-error rate is

P (B) =

〈

δ

(

B − B0 exp

(

− 1

2DξLτ
c2(H

2
1 + H2

2 + H3
3 )

))〉

H1,H2,H3

=

=

∫ ∞

−∞
exp

(

− 1

2Dm̃L
(H2

1 + H2
2 + H2

3 )

)

δ

(

B − B0 exp

(

1

2DξLτ
c2(H

2
1 + H2

2 + H2
3 )

))

dH

where dH̄ = dH1dH2dH3. In order to evaluate this integral we switch to spherical

coordinates. With such a change of coordinates the integral can be evaluated

P (B) = 4π

∫

exp

(

− 1

2Dm̃L
r2

)

δ

(

B − B0 exp

(

c2

2DξLτ
r2

))

r2dr

(

change of variables: w = exp

(

c2

2DξLτ
r2

)

, r2dr ∼ dw
log0.5(w)

w

)

P (B) ∼
∫

exp

(

− 2Dm̃L

2DξLτc2

log(w)

)

δ (B − B0w)
log0.5(w)

w
dw ∼

∼ Bα
0

B1+α

where α ≡ Dξτc2/Dm̃. We see now that this distribution is steeper than the log-

normal distribution that we obtained in equation 2.46, which is to be expected since

only second order disorder fluctuations were considered. Nevertheless, this distribu-

tion is still broad enough for the several orders of magnitude deviations from the

mean to have significant probabilities of occurring.

2.8. Experimental verification of the analytical results

A table-top experiment, described in Fig.2.6, was set up to study the statistical

properties of BER for an optical fiber link. We consider a single channel 10 Gbit/s

system. In general, a communication link consists of a transmitter, a fiber line and a

receiver. In this experiment a transmitter consists of a laser source, modulator and

pattern generator portion of a bit error rate tester (BERT) Agilent 70843B. The laser

source produces a continuous wave (CW) of light with a wavelength of 1550.0 nm.

The light is delivered to lithium niobate Mach-Zehnder modulator. Mach-Zehnder
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modulator works on a principle of interferometry, the optical path is split into two

arms, and the index of refraction of one of the arms is changed by applying an electric

field across the crystal structure of a lithium niobate waveguide, effectively changing

the optical path length along one of the arms. Then the two paths are recombined

back together. In the case of a zero phase shift, the two rays interfere constructively,

but if the phase difference between them is π the light will interfere destructively.

Figure 2.6. Schematic representation of a table top experiment.

A module of the bit error rate tester called, the pattern generator produces a

pseudo random bit sequence (PRBS) driven at a frequency 9953.28 MHz (≈ 10GHz)

by the HP8341B clock. The PRBS is generated by a shift operator D7 + D6 + 1 = 0

inverted. This produces a sequence of length 27 − 1 which is then continuously

repeated. This sequence in the electrical domain provides the electric field used to

change the index of refraction within one of arms of the modulator, forcing the signal

to interfere. In a 10 Gbit/s system, time is divided into intervals of equal length of

100 ps. In order to represent a bit “1” the amplitude of the electric field is chosen

such that the interference is constructive. Similarly, in order to represent a bit “0”

the electric field is chosen to produce destructive interference.

The transmission medium used in this experiment consists of 40 km of a single

mode fiber (SMF) in line with 6 km of a single mode dispersion compensating fiber



38

(DCF). The SMF has dispersion coefficient of 16.4 ps/(nm km) for the span of 40

km, while the dispersion coefficient of DCF is −108 ps/(nm km) for the span of 6

km, which means that the chromatic dispersion is compensated, with a small residual

dispersion of 0.64 ps for signal with bandwidth ∆f = 0.08 nm. Polarization mode

dispersion in the SMF is negligible, however, that’s not the case for the dispersion

compensating fiber used in this experiment. Due to the complexity of the waveguide

structure of DCF it is harder to maintain the fiber isotropy, therefore PMD in this

type of fiber is generally is higher. Moreover, for the purpose of this experiment the

DCF was chosen to have especially high PMD. This was done to enhance the effects

of PMD in order to model the much longer fibers used in the field, as well as to take

into account systems with higher bit rate, where the effect of PMD is much more

devastating.

The intensity of light is −3.5 dBm as it enters the fiber line. First the signal

is preamplified. In this experiment we used erbium doped fiber amplifiers (EDFA).

The amplifier has gain coefficient of 12.6 dB. First, light goes through the DCF.

Its intensity is attenuated to 1.3 dBm and consequently amplified by another EDFA

to 9.8 dBm. After the amplifier, the signal enters the single mode fiber, where its

intensity is reduced to −1.03 dBm. At this point an additional source of spontaneous

emission noise is coupled into the system. Here we can vary the amount of noise in a

system in a controlled way. This corresponds to varying the value of DξL as described

in the model presented in the earlier sections.

The system under consideration is treated as linear. From the power budget

discussed in the previous paragraph we can see that the power of the light never

exceeds 10 mW. At the same time, the distances involved are short compared to the

characteristic lengths of nonlinearity znl. Thus, SMF has znl ∼ 1000 km while the

total length of this fiber is 40km. In the case of the DCF, znl is about 100km while

the total length of this fiber is 6km.

With chromatic dispersion and nonlinearity not being an issue we are left with
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Figure 2.7. Raw data of BER measurement and the corresponding probability
distribution function.
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PMD. Today’s single mode fibers preserve isotropy very well. Thus, the dispersion

due to 40km of SMF used here does not exceed 0.5ps. This means that the average

deviations for the disorder fluctuations is small compared to the size of the pulse

(∼ 100ps). At the same time DCF has PMD of 19.8ps. Two conclusions can be

drawn from this: first in a 10 Gbit/s system, where the size of a bit carrier is 100ps,

this much of PMD would spread the pulse by a factor of 1/5. Second, the disorder

in the fiber is large, and, therefore, large deviations from the mean are much more

possible, that is Dm is large. Today’s dispersion compensating fibers are not as poor

in quality as the one used. The reason for our choice is to emulate systems where the

distances are larger and the bit rate is higher. In fact the problem of PMD is already

very real in 40 Gbit/s systems.

Disorder fluctuations were reported to occur with characteristic times on the order

of 10 ms. Therefore we would like to measure BER on time intervals as small as

possible. For the Bit Error Rate tester (BERT) Agilent 70843B, the shortest test

interval is 0.1 s. For the 10 Gbit/s system, this means that every 0.1 s BERT gives

the number of errors N that occurred in a bit sequence of length 109. BER is defined

as the probability of interpreting the received signal erroneously. The system under

consideration transmits at a rate of 10 Gbit/s over a total length of around 45 km.

Despite the fact that DCF was chosen to have very large PMD, if properly tuned,

the net effect of the PMD and amplifier noise on the system performance will still be

rather small for a 10 Gbit/s system. In such a case, it is possible to operate with an

average BER on the order of 10−9 – 10−10.

We detune the system and force it to have more errors. Such detuning changes

the average BER, but it does not change the fact that BER fluctuates, and therefore

we can still study the desired effect. One way to detune the system is to choose the

threshold energy Ehigh to be higher then the optimal threshold energy Eopt < Ehigh,

where Eopt is the threshold that results in the smallest error rate.

Increasing Eth serves an additional purpose. BERT counts two types of errors:
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zero interpreted as one – BER0→1, and one interpreted as zero – BER1→0 with the total

error rate BER = BER0→1 + BER1→0. Both types of errors occur due to noise, but

PMD only affects BER1→0. Moreover, fluctuations of disorder will lead to fluctuations

in BER1 → 0 and not in BER0→1 and therefore it is the 1 → 0 type of error that we

would like to study. As a result, if BER(Eopt) = 10−9 and at BER(Ehigh) = 10−6 one

can conclude that BER(Ehigh) ≈ BER1→0 since as the threshold energy level goes up

BER0→1 decreases. Therefore, the threshold energy above the optimal level allows us

to study statistical properties of 1 → 0 errors only.

2.9. Experimental results

BER as a function of time is plotted in Fig. 2.7(a). Here we present 20000 consecutive

measurements of BER. With the measurements taken every 0.1s this corresponds

to about 30min continuous run of experiment. Right away we can see that BER

fluctuates. The probability distribution function of number of errors per 0.1 second

interval is plotted on a log-log scale in the Fig. 2.7(b). The circles correspond to the

values of probability distribution function for the measured data. The red curve going

through the red circles is a log-normal fit to the data. Due to a discrete number of

events per measurement BER undergoes Poisson fluctuations. The average number of

errors per 0.1 second interval is about N ≈ 5400, therefore the amplitude of Poisson

fluctuations are on the order of
√

N ≈ 74 errors. The dashed blue line corresponds

to the Poisson distribution with the average value of 5400. Clearly the tail of the

measured distribution is much broader than the tail of Poisson distribution, therefore

the deviations seen in Fig. 2.7(b) must have a different origin.

A potential source of the bit-error rate fluctuation is the fluctuation of the mean

intensity of the modulated light. There are a multitude of sources which may cause

the intensity to vary. Thus the intensity of the light from the optical amplifiers used

inline fluctuates due to temperature changes. Although amplifiers are equipped with
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temperature stabilizers, there may be small variations due to delayed responses of such

stabilizers. Yet another strong source of fluctuations is the modulator. Separate mea-

surements indicate that Mach-Zhender modulators are very sensitive to even minor

temperature changes. Finally last even a simple fiber link contains many places spots

where the components come together. In such interconnects the micron thick fiber

cores must be match very precisely to avoid large attenuation. Such interconnects

are extremely sensitive to the presence of any foreign materials (condensation, dust

specs and many other), and therefore these interconnects may lead to fluctuations in

the light intensity.

The fact that average intensity varies is reflected in the measurements of light

intensity before it enters the receiver. As indicated in the figure 2.6 the signal splitter

is used right before the clock-recovery module, redirecting small fraction of light to

a power meter that is recording intensity of the incoming light simultaneously with

BER measurements. Figure 2.8(b) shows the record by the power meter, which

clearly indicates that intensity of light undergoes some minor fluctuations. At the

same time figure 2.8(a) shows the measurement of the BER done parallel to the

records of the power meter. Comparing the two figures we can see that these two

measurements are correlated. That is to be expected since variations in average

intensity can be interpreted as variations in the threshold energy, thus leading to

bit-error rate fluctuations. Therefore such fluctuations are highly undesirable.

Figure 2.9(a) shows the autocorrelation function of the bit-error rate. A closer

look at this function is presented in the figure 2.9(b), here we can clearly see that

the fluctuations of the bit-error rate occur on a scale much smaller than a tenth of a

second. Another interesting feature of the autocorrelation function is the oscillations

near the center of the function. Similar oscillations can be seen in the autocorrela-

tion function of the light intensity shown in the figures 2.10(a) and 2.10(b). This

is a strong indication that some of the BER fluctuations may be due the intensity

fluctuations. We eliminate this issue by performing filtering. Figure 2.11(a) shows
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Figure 2.8. Continuous, simultaneous measurement of BER and light intensity.
The correlation between BER and the light intensity is clear from comparison of the
two figures.
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(b) Closer look at the autocorrelation function of bit-error rate.

Figure 2.9. Autocorrelation function of the bit-error rate. Figure (b) clearly shows
periodicity of BER fluctuations with a period of 0.5 seconds
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Figure 2.11. Filtering of bit-error rate measurements. In figure (a) blue circles
mark the number of times the measurement of intensity falls in a given bin. The
BER data is filtered – the values of BER is used to build a distribution function if
the corresponding intensity value is between the two red dashed lines. In figure (b)
two distribution functions are presented: black circles correspond to raw data, while
red squares correspond to the filtered data.
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the distribution of the intensity measurements presented in the figure 2.8(b). The

filtering is done according to the following rule: if the intensity at the give time

is inside of the interval indicated by the dashed lines (shown in the figure 2.11(a))

then the BER measurement from the corresponding time will be used to construct

the distribution of the BER. This simple scheme filters out all the measurements of

BER when a sudden jump in the intensity has occurred. Thus we eliminate those

BER measurements which could have fluctuated for a reason other then PMD. In

the figure 2.11(b) we present the probability distribution function of BER before

(circles) and after (squares) such filtering. Clearly the PDF becomes narrower after

the filtering. However, the distribution is still broad and, what is very important,

log-normal.

The distribution of the error rates is log-normal as shown in figures 2.12(a)

and 2.12(b). The five sets of data correspond to five systems that differ by the

amount of amplifier spontaneous emission (ASE) noise mixed with the signal. The

plot 2.12(a) are done on a log-log scale, in which all four sets look parabolic (which

corresponds to log-normal distribution). First we see that in the systems with a

greater intensity of ASE noise the average BER is greater as well. This is to be ex-

pected since greater noise is more devastating for the pulses, leading to more errors.

The second observation to be made is the increase in the decay rate of the tails of

the probability distribution as the amount of noise increases. The importance of this

result is in showing that while reducing the amount of temporal amplifier noise in

the system may decrease the average BER, the tails of BER distribution will become

broader. This means that while on average we will see fewer errors, we have done

little to reduce the chance of extremely large error outbursts. As a result the system

remains to be vulnerable to outages – events where the error rates become greater

then some critical BER.

Thr majority of todays fiber optical communication systems are working in the

10 Gbit/s regime, and with the ever increasing demand, switching to 40 Gbit/s sys-
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tems is likely in the near future. Thus understanding the effects of polarization mode

dispersion on system performance becomes essential. In light of the new results, it

becomes clear that bit-error rate is a fluctuating value, and therefore the full descrip-

tion of system performance is presented by its statistical properties. The log-normal

nature of these fluctuations makes the result even more profound, since even with low

average rates, there is still a significant probability of devastatingly large outbursts

of errors, which will result in the system outage. Therefore, in order to efficiently

improve the system it is necessary to take into consideration two factors: mean bit-

error rate and the “thickness” of the tails. Improving the mean is straightforward and

involves reduction of spontaneous noise. However, figure 2.12(a) shows that reduction

of the magnitude of spontaneous noise fluctuations alone leads to a greater spread

of the distribution function of the bit-error rates. This is a direct demonstration of

the mutual interplay between the two types of noise. As can be seen in equation

(2.46) the “thickness” of the tails is proportional to D2
ξ/Dm̃, which becomes smaller

as Dξ decreases, and thus the deviation gets larger, explaining the broadening of the

distribution.

The improvement of a channel is generally said to be achieved if the average

value of bit-error rate was decreased (to values below 10−12). However, in light of

our new results, it is clear that improvement in average does not guarantee overall

improvement for the system. The existence of fat tails of the distribution function

implies that there is a significant probability of high values of BER, and therefore it

is not enough to reduce average number of errors, tails must also be dealt with.

2.10. Conclusions

In this chapter we presented analytical and experimental study of statistics of the

error events occurring in optical fiber communication systems. We studied two leading

causes of errors – the spontaneous emission noise from the optical amplifiers and the
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structural disorder of the optical fiber. The first important result presented here is

the exponential dependence of the bit-error rate on the ratio of the intensity of noise

from the optical amplifier to the intensity of the useful signal. This analytical result

contradicts the assumption usually made in the optical communication community

that this dependence is Gaussian. The obvious implication of this result is that

reducing the bit-error rate by increasing the SNR is less effective than it would be in

the case of Gaussian dependence.

A second and perhaps even more profound discovery was that bit-error rate as

a measure of the communication system’s performance is not sufficient. Analysis

of the BER dependence on system parameters showed exponential dependence of

BER on the realization of the structural disorder. Moreover, the structural disorder

changes in time under the influence of various external factors. Thus, the bit-error

rate fluctuates with the structural disorder. The statistical analysis showed that the

nature of fluctuations of BER is very significant. We showed that in the simplest case

the errors are distributed according to the log-normal distribution. This result implies

that even if on average the system performs well (that is if the mean bit-error rate is

low) there is still a significant chance of seeing large bursts of errors. We present the

experimental confirmation of the log-normal nature of the BER distribution.

Finally, the analytical results along with the experimental results suggest that the

mutual interplay of temporal noise and structural disorder must be considered. Thus

we showed that the probability distribution has broad tails, with the rate of decay

determined by a ratio of the temporal noise intensity to the strength of fluctuations

of the structural disorder. This implies that if we can improve the mean bit-error

rate by reducing the signal-to-noise ratio, the tail of the distribution will decay more

slowly. As a result we must either attempt to reduce the strength of the disorder

fluctuations, or consider various adaptive techniques for polarization mode dispersion

compensation.
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3. Twin Families of Bisolitons in Dispersion Managed Systems

1 2

Bisolitons in optical fiber lines with dispersion-management, were first discovered

using computer modeling [15] and later experimentally [28]. The former were in-

phase and latter were anti-phase bisolitons, which can be viewed as a two component

soliton molecules. In numerical simulations, they are stable over long propagation

distances and, if perturbed, oscillate about equilibrium. Following the experimental

work we investigate the structure of anti-phase bisolitons assuming that fiber losses

are completely compensated and propagation of pulses through optical fiber in a

dispersion managed system is governed by the nonlinear Schrödinger equation:

iuz + d(z)utt + γ|u|2u = 0 (3.1)

where u = u(t, z) is the slowly varying envelope of the electromagnetic field inside

the fiber. We consider a simple case of a piecewise constant dispersion function d(z),

where a fiber span of length zdm/2 with normal dispersion alternates with equal-length

spans of anomalous dispersion fiber. The function d(z) can be represented as a sum

of an oscillating part d̃(z) and a residual dispersion d0 such that d(z) = d0 + d̃(z).

Here 〈d̃(z)〉 = 0; d̃(z) = d1, if 0 ≤ z ≤ zdm/2, and d̃(z) = −d1 if zdm/2 ≤ z ≤ zdm. In

this system, the characteristic length of the nonlinearity is znl ∼ 1/γP , where P is the

peak power of the bisoliton, while the characteristic length of the residual dispersion

is zd0 ∼ τ 2/d0, where τ is the pulse width. The spectrum û of the solution to Eq. (4.1)

can be represented as

û = q(ω, z) exp

(

−iω2

∫ z

zdm/4

d̃(z′)dz′
)

(3.2)

1I. Gabitov, R. Indik, L. Mollenauer, M. Shkarayev, M. Stepanov, P.M. Lushnikov, Optics Letters,
32(6), pp. 605-607 (2007)

2I. Gabitov, R. Indik, L. Mollenauer, M. Shkarayev, M. Stepanov, P.M. Lushnikov,Twin Families

of Bisolitons in Dispersion Managed Systems,physics/0609246
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provided that zdm ≪ znl, zd0. The exponential term captures the fast (in z) phase

and q(ω, z) captures the slow amplitude dynamics of the spectral components. As

has been shown [25], the evolution of the spectral components at leading order can

be described by

iqz(ω) − d0ω
2q(ω) + γR(q(ω), ω) = 0, where

R(q(ω), ω) =
1

(2π)2

∫

sin(s∆/2)

s∆/2
q(ω1)q(ω2)q

∗(ω3)

×δ(ω1 + ω2 − ω3 − ω)dω1dω2dω3 (3.3)

Here s ≡ zdmd1/2 is dispersion map strength and ∆ ≡ ω2
1 +ω2

2−ω2
3−ω2. Higher order

corrections to this equation were considered in [38] to take into account the effect of

dispersion map geometry on in-phase bisolitons. We determine a shape of a bisoliton

solution following earlier work by P.L [30]. If a solitary wave solution with phase

period λ−1 has the form q(ω) = A(ω)eiλz, then amplitude A(ω) evolves according to

the integral equation:

−λA − d0ω
2A + γR(A(ω), ω) = 0 (3.4)

Rescaling variables t = τ0τ , ω = Ω/τ0 and A(ω) = aϕ(Ω), where τ0 = s1/2, a =

2π(sλ/γ)1/2, results in a dimensionless equation

−
(

1 + d̄0Ω
2
)

ϕ(Ω) + R̄ (ϕ(Ω), Ω) = 0, where

R̄(ϕ(Ω), Ω) =

∫

sin(∆̄/2)

∆̄/2
ϕ(Ω1)ϕ(Ω2)ϕ

∗(Ω3)

×δ(Ω1 + Ω2 − Ω3 − Ω)dΩ1dΩ2dΩ3, (3.5)

which depends on a single parameter d̄0 = d0/(sλ). Here ∆̄ = Ω2
1 + Ω2

2 − Ω2
3 − Ω2.

We study the structure of anti-phase bisolitons as a function of d̄0. To solve this

integral equation we use the iterative procedure:

ϕn+1(Ω) = Podd

(

Q3/2
n

R̄(ϕn(Ω), Ω)

1 + d̄0Ω2

)

(3.6)
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Here Podd(f(x)) = (f(x) − f(−x))/2 is a projection operator onto the set of odd

functions and F̂−1 is an inverse Fourier transform. A modified Petviashvili stabilizing

factor [32] Qn

Qn ≡
[

F̂−1 [ϕn(Ω)]

/

F̂−1

[

R̄(ϕn(Ω), Ω)

1 + d̄0Ω2

]]

τ=0.5

allows the scheme to avoid trivial solutions ϕ = 0. The most costly part of this

iterative procedure is evaluation of R̄, which involves a triple integral. To expedite

evaluation of these integrals we used the procedure described by P.L [30]. It should

be noted that the bisoliton solution of Eq.(3.5) represents the unchirped pulse shape

at the middle of each span with positive dispersion.

We begin by studying the solutions for the parameter d̄0 = 0.067 (a realistic value

for communication systems [18]), choosing ϕ0 as a sum of two shifted real valued

Gaussian functions with opposite signs. The iteration procedure converges to the

fixed point as the Petviashvili factor Qn approaches 1. The iteration is stopped when

|Qn − 1| < 10−5. The value of d̄0 was then varied in small increments. We use

the solution found for the nearby d̄0 as the initial “guess” for the next value of d̄0.

Fig. 3.1 represents bisoliton energy as function of d̄0. Remarkably, this is a multiple

valued function with two branches. Calculation of solutions on this second branch

required solution of the Arnoldi-Lanczos approximation problem for the linearization

of iteration operator. Its limit point is located in the vicinity of d̄0bf ≃ 0.426. With

all other parameters fixed, smaller values of d̄0 correspond to smaller values of resid-

ual dispersion. Therefore, the limit point corresponds to the largest value of d0 for

which bisolitons are supported. According to our calculations, for values of d̄0 > d̄0bf

bisolitons will fail to exist and we will only observe a pair of interacting dispersion

managed solitons that are not bound, not a bisoliton. The insert to the figure shows

that the higher energy bisoliton is wider, with greater separation and broader shape.

Direct numerical simulations demonstrate stability of both the lower and the

upper-branch bisoliton solutions over realistic distances (1000 periods). For very long
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Figure 3.1. Bisoliton energy as a two valued function of dimensionless residual
dispersion d̄0. Solid and dashed lines on the insert correspond to the upper and
lower branch bisolitons with d̄0 = 0.256. Horizontal and vertical axes on the insert
correspond to dimensionless time and amplitude.

propagation distances, the upper branch showed signs of instability. Additionally,

the pair of pulses composing the solution tends to stay bound whenever the pulses

are pulled apart. The separation between the pulses spread apart in this manner

oscillates about the separation for the bisoliton solution.

In the remainder of this work, we will discuss the structure of the lower branch

solutions. The logarithmic density profile of lower branch solutions’ amplitude for a

range of values of d̄0 is shown in Fig. 3.2. There lighter shades of gray correspond

to a higher value of the amplitude. The black lines correspond to zero values. The

dashed lines indicate where the solutions have their maxima. A horizontal slice of
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Figure 3.2. The contour plot of log(|u|) as a function of time variable t and a
parameter d̄0. The dotted lines represents the peak amplitudes of solutions.

this plot gives an amplitude profile for a fixed value of d̄0. For example, for a value of

d̄0 = 0.167 the logarithm of amplitude is represented on Fig. 3.3. The dashed line on

the same graph represents the result of direct numerical simulations of Eq. (4.1) after

1000 dispersion map periods. A solution of equation (3.5) provided one boundary

condition for this simulation (the launched pulse).

As we see in Fig. 3.2 bisoliton tails change sign for values of d̄0 < d̄0cr (d̄0cr ≃
0.269 ). As the value of the dimensionless residual dispersion becomes greater than the

critical value d̄0 > d̄0cr, the phase of the tails remains unchanged, and the amplitude

approaches an exponentially decaying function. Our equation Eq. (3.5) reduces the

many physical parameters from Eq. (4.1) to a single parameter. We have computed

the bisolitons for a range of parameter values, and those computed solutions can be



56

−50 0 50
10

−6

10
−4

10
−2

10
0

t

|u
(t

,z
d
m
/4

)|

Figure 3.3. Intensity profiles of a bisoliton with d̄0 = 0.167: solution of Eq. (3.5)
(solid), and a result of propagating this solution over 1000 periods through the line
with s = 1.5, d0 = 0.0125, and λ = 0.05 (dashed)

used to write solutions of the original physical system

u(t, zdm/4 + mzdm) =

√

λ

γ
F̂−1

[

ϕ
d̄0=

d0

λs

(Ω)
]∣

∣

∣

τ=t/
√

s
(3.7)

where it was convenient to specify the solution at zdm/4 + mzdm because it is chirp

free at this point.

We use u(t, zdm/4) of Eq. (3.7) as the initial condition in direct numerical simula-

tion of Eq. (4.1) to study the dynamics of lower-branch bisoliton solutions for different

values of d̄0. In particular, we compare temporal-spatial behavior of solutions cor-

responding to values of d̄0cr < d̄0 < d̄0bf and 0 < d̄0 < d̄0cr over a map period. We

consider a system with s = 1.5 and mean dispersion d0 = 0.0125. Fig. 3.4(a) and
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Fig. 3.4(b) represent propagation of the initial pulse with d̄0 = 0.417 and d̄0 = 0.167

respectively. For such choices of the system parameters, the values of phase periods

λ must be 0.05 and 0.02.

The bisolitons for values of d̄0 above the critical value have no zeros other than at

τ = 0 in their unchirped state, while if d̄0 < d̄0cr the solution will have an increasing

number of zeros with smaller d̄0. The example in Fig. 3.4(b) shows that for larger

values of d̄0 the local minima, which in part (a) are at z = zdm/4, split into pairs

of minima, which are ”shifted” towards zdm/2. In fact, comparing the dynamics of

d̄0 = 0.417 and d̄0 = 0.167 bisolitons indicates that the larger the value of d̄0 the

more the minima will shift from the narrowest states (the valleys) of the pulse to its

broadest state (the ridges).

In conclusion, we have used a slowly varying stroboscopic equation to calculate

anti-phase bisoliton solutions with well resolved tails. This equation can be rescaled

so that it has a single dimensionless parameter d̄0. We have found a range of d̄0 such

that there are two bisoliton solutions for each value of d̄0. In addition, the structure

of the tails for the lower branch solutions was described in terms of the value of d̄0.
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Figure 3.4. Waveforms of a logarithm of the amplitude for bisoliton propagation
through DM system with s = 1.5, d0 = 0.0125, γ = 1 (a) λ = 0.05 and (b) λ = 0.02.
The soliton magnitude |u| is symmetric. Bisolitons are propagated over half of the
period, from zdm/4 to 3zdm/4
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4. New Bisoltion Solutions in Dispersion Managed Systems

1 2

4.1. Introduction

Chromatic dispersion of optical fibers is one of the major factors limiting capacity

of fiber communication systems. It results in broadening of optical pulses due to

difference in velocities of different spectral components. The dispersion management

technique [16] was proposed as a method to solve the problem of dispersive pulse

broadening. An optical fiber link with dispersion management is composed of peri-

odically arranged fiber spans with alternating signs of dispersion. The fiber spans are

chosen to make the cumulative effect of dispersion small or even zero. Full compen-

sation of the dispersive effects is achieved by making the mean value of the dispersion

to be zero. In this case as a pulse propagates over one period it will be spread and

then contracted to its original shape.

Increasing bit-rates inevitably leads to manifestation of nonlinear properties of

optical fiber. As bit rates increase, the temporal width of an optical pulse (bit carrier)

τ0 decreases. On the other hand the energy of the pulse must remain above some

critical level E ≥ Ecr to provide minimal detection bit-error at the end of the line, and

therefore the power of the signal (P ∼ E/τ0) increases as the pulse narrows P ≥ Ecr/τ0.

It is a well known, experimentally verified fact that the index of refraction of the fiber

core grows linearly with the power of the signal, n = n0 + αP (where n0 is linear

index of refraction and α is a coefficient of Kerr nonlinearity). With the high enough

1M. Shkarayev and M. G. Stepanov, New Bisoltion Solutions in Dispersion Managed Systems,
arXiv:0711.4049

2M. Shkarayev and M. G. Stepanov, New Bisoltion Solutions in Dispersion Managed Systems,
submitted to Physica D (2007)
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power the nonlinear response of the medium becomes important. Since dispersion

management is a purely linear approach to compensate pulse broadening, validity

of this approach becomes less obvious in the presence of nonlinearity. It was shown

that in presence of nonlinearity the compensation is still possible for a special class

of pulses known as the dispersion managed (DM) solitons [17]. Detailed information

about the DM solitons and their applications can be found in [18].

Soon after the concept of DM solitons was introduced it became clear that both

analytic representation and accurate numerical description of the DM soliton shape

are challenging problems. The first problem was addressed in many papers, where

approximations of the central part of the DM soliton and asymptotic of oscillatory

tails was considered (see [19, 20, 21]). However the general solution of the this problem

remains unsolved. The problem of an accurate numerical description of the DM

soliton shape is also stimulated considerable effort, which was solved by in [22, 23, 24]

using slow dynamics model of DM solitons proposed in [25]. Later this approach

used to address behavior of DM solitons for the systems with both dispersion and

nonlinearity compensation [26].

The dispersion compensation while resolving the physical problem with the pulse

broadening, poses an obstacle for the numerical computation of such solutions. Fol-

lowing the standard approach the description of soliton consists of launching a signal

and waiting for all the continuous radiation to escape. For the problem with disper-

sion management this process is extremely slow and ineffective on the tails of the

soliton. Authors of [22] proposed solving of the averaged equation for the analysis of

solutions, which for the solitary waves reduces from an integro-differential equation

to a nonlinear integral equation, solvable by a nonlinear iterative procedure. This

allowed for a fast way of achieving precision exceeding any necessary requirements

for the practical applications.

Unlike the conventional NLS soliton, the dispersion managed system supports

propagation of bound pairs of solutions, or bisolitons. Existence of bisoliton solutions
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was shown in the numerical investigations of [27] and later confirmed experimentally

in [28]. It should be noted that this experimental work considered antisymmetric

bisolitons and therefore we limit our investigation to that type of bisolitons. These

solutions are interesting for the theory of nonlinear partial differential equations, and

represent a new phenomena in nonlinear fiber optics. They illustrate a new type of

solutions of nonlinear Schrödinger equation where dispersion coefficient is replaced

with a periodic function. The potential applications for the optical communication

systems were discussed in [28]. Bisolitons can be used to introduce a three-letter

alphabet (“empty slot”, “DM soliton” and “bisoliton”), replacing a conventional bi-

nary alphabet. This could increase a system capacity without a change to the physical

parameters of the system.

The shape as well as other important characteristics of bisolitons were found in [29]

using a modification of the numerical method proposed in [22, 23, 24]. The equation

describing averaged dynamics of the solution is reduced to have a single universal

parameter, which incorporates all of the physical and geometrical characteristics of

the optical system [29]. Analysis of this equation showed the existence of two branches

of bisolitons determined by the universal parameter, with a critical bifurcation point

connecting the two branches.

Investigation of DM bisolitons was based on the iteration of nonlinear map. The

analysis of the newly discovered branch of solutions was complicated by the lack of

convergence of the iterative procedure. Careful analysis of the map showed the exis-

tence of eigenvalues outside of the unit circle, explaining the existence of the growing

modes of the map. In this work we propose to utilize the method of polynomial

spectral transformations to construct a contractive map, preserving the original fixed

points. The application of this method allowed for the discovery of the previously

unknown branch of bisoliton solutions. These bisolitons present new solutions to non-

linear Schrödinger equation with periodic dispersion. A recent paper [31] indicates

a new experimental evidence of existence of this branch of bisoliton solutions. The



62

new found bisoliton solutions would allow to introduce a 4-letter alphabet, further

increasing the capacity of existing lines.

4.2. Basic equations

A well established model for propagation of an electromagnetic pulse through a non-

linear, dispersive medium is the nonlinear Schrödinger equation

iuz + d(z)utt + γ|u|2u = 0 (4.1)

where the scalar function u(z, t) is the envelope of the signal, z is the distance along

the fiber, t is retarded time. Without loss of generality we consider a fiber link with

constant nonlinearity given by γ. Function d(z) is the dispersion as a function of

distance along the fiber. For a dispersion managed system this is a piecewise constant,

periodic function which can be written in the form d(z) = d0 + d1 if 0 < z < L/2,

and d(z) = d0 − d1 if L/2 < z < L, where L is a dispersion map period, and d1 ≫ d0.

A fiber link with dispersion management has a characteristic time scale τdm ≡
(Ld1/2)1/2. The physical meaning of this time is the width of a pulse such that the

pulse will approximately double in width as it propagates over half of the period.

The characteristic “residual dispersion length” zrd ≡ τ 2
dm/d0 = Ld1/2d0 is the dis-

tance when a pulse with width τdm propagating over a fiber with dispersion d0 will

approximately double in width. Rescaling the variables t = τdmt̃, u = 2π
√

Pũ results

in the equation

iũz +
2

L

d(z) − d0

d1

ũt̃t̃ +
1

zrd

ũt̃t̃ + (2π)2 1

znl

|ũ|2ũ = 0. (4.2)

znl ≡ 1/(γP ) is characteristic “nonlinear length” on which the change of the phase of

the pulse due to fiber nonlinearity will be of the order 1.

To take advantage of dispersion management in the presence of nonlinearity, the

compensation must take place on the distances where nonlinearity effects are small
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and negligible compared to the local value of dispersion. Therefore the dispersion

management works in the linear regime, and two well separated scales of pulse propa-

gation can be distinguished. On the first scale local dispersion will dominate over the

weak effects the residual dispersion and the nonlinearity. There the pulse is rapidly

broadened and brought back to its original width as a result of the alternating signs

of local dispersion. The second scale is where the effects of nonlinearity and residual

dispersion accumulate and become important. Thus, the spectrum of the signal can

be considered in the form

F [ũ] = q(Ω, z) exp

(

−iΩ2/(L/2)

∫ z

L/4

dξ
d(ξ) − d0

d1

)

, (4.3)

with the Fourier transform F defined as F [f(t)] =
∫

dt exp(iωt)f(t). Here the ex-

ponent is the rapidly changing phase due to the large value of local dispersion and

the amplitude q is varying slowly with z due to residual dispersion and the nonlinear

effects. Substituting this form of ũ into the equation (4.2) and taking an average over

a map period we obtain Gabitov-Turitsyn equation describing evolution of q [25]

iqz −
1

zrd

Ω2q +
1

znl

R(q, Ω) = 0, (4.4)

R(q, Ω) =

∫

sin(∆/2)

∆/2
q(ω1)q(Ω2)q

∗(Ω3)δ(Ω1 + Ω2 − Ω3 − Ω)dΩ1dΩ2dΩ3,(4.5)

where ∆ ≡ Ω2
1 + Ω2

2 − Ω2
3 − Ω2, and δ(·) is Dirac’s delta function.

We are interested in computation of antisymmetric bisolitons which are solitary

wave solutions of this equation. For such a solution the amplitude profile is indepen-

dent of the distance along the fiber, and can be written as q(Ω, z̃) = ϕ(Ω)eiλz, where

λ is a wave number of the solitary wave. With λ = 1/znl the function ϕ is governed

by the following equation

ϕ + d̄0Ω
2ϕ = R(ϕ, Ω), where d̄0 ≡

znl

zrd

=
d0

(γP )(d1L/2)
(4.6)

Thus far we have reduced this three parameter partial differential equation to an inte-

gral equation with a single free parameter (an alternative way to do that is presented

in Appendix A).
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4.3. Solving the integral equation

In this work we study the family of antisymmetric bisolitons at different positive

values of parameter d̄0. In order to solve equation (4.6) we use the following iterative

procedure [30]

ϕn+1 = Nd̄0
(ϕn), Nd̄0

(ϕ) ≡ Podd

(

Q3/4 R(ϕ, Ω)

1 + d̄0Ω2

)

Q ≡
∫

|ϕ|2dΩ
∫

|R(ϕ, Ω)/
(

1 + d̄0Ω2
)

|2dΩ

(4.7)

where Q is a Petviashvilli factor [32, 33] which is introduced to avoid the conver-

gence to the trivial solution ϕ = 0 by making that solution unstable. The operator

Podd (f(Ω)) ≡ (f(Ω) − f(−Ω)) /2 is a projection onto odd functions, used here to

project the iterated functions onto the space of antisymmetric functions. We solve

the equation (4.7) numerically, discretizing ϕ on a grid of M points. The iterations

are stopped when ϕn satisfies the condition

‖ϕn + d̄0Ω
2ϕn − R(ϕn, Ω)‖L2

< 10−8 (4.8)

A Fourier transform of a sum of two Gaussian pulses, shifted apart and taken with

opposite signs is used as a seed for the iteration procedure with d̄0 = 0.2. The value

of d̄0 is decreased incrementally, with a previous solution used as a seed for the next

value of d̄0, until the parameter reaches zero. The same procedure was performed in

the increasing direction from d̄0 = 0.2. We found two branches of bisoliton solutions.

Figure 4.1 shows the energy of the solutions as a function of d̄0. The solutions bifurcate

near d̄0bf ≈ 0.4256. We observed no convergence for the values of d̄0 > d̄0bf.

Direct application of the scheme in equation (4.7) demonstrates convergence only

for the lower branch of solutions, and does not allow to find the upper branch of

solutions. In order to find the solutions from the upper branch we study the spectrum

of the N and modify the map.
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Figure 4.1. Energy of the two branches of bisolitons as a function of d̄0. The solid
line corresponds to the solutions with higher energy (upper branch) and the dashed
line corresponds to solutions with lower energy (lower branch)

4.4. Convergence of the map N

In order to understand the convergence of the iterative procedure described in equa-

tion (4.7) we analyze the spectrum of Nd̄0
near a fixed point. In the neighborhood of

the fixed point ϕfp the map Nd̄0
is approximated by the linear operator K:

N(ϕfp + Ψ) = ϕfp + K(Ψ) + O(Ψ2). (4.9)

Here the operator K lacks the complex structure and should be viewed as a linear

operator over the field of real numbers acting on a real vector space consisting of

functions ReΨ and ImΨ. Let the finite set {µi}, {|φi〉}, and {〈φi|} correspond to

eigenvalues, right eigenvectors and left eigenvectors of K̂, the discretized version of

K. Right away we see that there is an eigenvalue 1 corresponding to a constant phase

shift of any fixed point. This eigenvector does not effect the convergence since the

equation (4.8) is unaffected by the constant phase shift. Therefore for convenience

we introduce sets {µ̃i} = {µi}\1 and {|φ̃i〉} = {|φi〉}\|φµ=1〉, {〈φ̃i|} = {〈φi|}\〈φµ=1|
where we have removed the above eigenvector and the corresponding eigenvalue. Fur-
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thermore, assume that if i < j than |µ̃i| ≥ |µ̃j|, so that µ̃1 has maximal magnitude.

The following iterative procedure is used to obtain the N th eigenfunction

|φ̃N〉 = lim
n→∞

Ψn, where Ψn+1 =
K̂(Ψn) −

∑N−1

j=1 〈φ̃j|K̂(Ψn)〉|φ̃j〉
∫

|Ψn|2dΩ
(4.10)

where 〈φ̃j| is a dual vector of |φ̃j〉, satisfying 〈φ̃j|φ̃k〉 = δjk (here δjk is a Kronecker

symbol). We assume here that initial function Ψ0 has nonzero projection onto N th

eigenfunction. At each step of this procedure the largest N − 1 modes are projected

out of Ψn and in the limit as the number of iterations n goes to infinity the next

largest mode is the only one that survives. The contribution from the M th vector

(M > N) dies out as (µ̃M/µ̃N)n.

In order to perform the procedure described in equation (4.10) we use the explicit

expression for the operator K̂

K̂(Ψ) = 1.5ϕfp

∫

Re
[

ϕ∗
fp (Ψ − L(Ψ))

]

dΩ

/
∫

|ϕfp|2dΩ + L(Ψ)

and L(Ψ) ≡
∫

sin(∆/2)

∆/2
(ϕfp(Ω1)ϕfp(Ω2)Ψ

∗(Ω3)+

+2ϕfp(Ω1)Ψ(Ω2)ϕ
∗
fp(Ω3)

) δ(Ω1 + Ω2 − Ω3 − Ω)

1 + d̄0Ω2
dΩ̄

(4.11)

here dΩ̄ = dΩ1dΩ2dΩ3. The operator K̂ is not self-adjoint, therefore, its left and

right eigenvectors are different. We obtain the the left eigenvectors of the operator

K̂ by studying the right eigenvectors of the operator K̂†

K̂†(ξ) = L† (ζ) − ζ + L†(ξ)

ζ ≡ 1.5ϕfp

∫

Re
[

ϕ∗
fpξ

]

dΩ

/

∫

|ϕfp|2dΩ

L†(ξ) =

=

∫

sin(∆+/2)

∆+/2
ϕfp(Ω1)ϕfp(Ω2)ξ

∗(Ω3)
δ(Ω1 + Ω2 − Ω3 − Ω)

1 + d̄0Ω2
3

dΩ̄+

+

∫

sin(∆−/2)

∆−/2
2ϕfp(Ω1)ξ(Ω2)ϕ

∗
fp(Ω3)

δ(Ω1 − Ω2 − Ω3 + Ω)

1 + d̄0Ω2
2

dΩ̄

∆± ≡ Ω2
1 ± Ω2

2 − Ω2
3 ∓ Ω2

(4.12)

Figure 4.2 shows how the largest magnitude eigenvalue of the operator K̂ depends

on d̄0. Here the dashed line corresponds to the lower branch of solutions and the
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Figure 4.2. A plot of largest eigenvalue of K̂ as a function of d̄0 at the upper branch
solutions (solid) and at the lower branch solutions (dashed).

solid line corresponds to the upper branch of solutions. Since for all values of d̄0 the

largest eigenvalue of K̂ at the lower branch solutions is less than 1 the map N is

contractive. Therefore as long as we are close enough to the fixed point the iterations

will converge. The situation is different for the upper branch of solutions. As clearly

shown on Figure 4.3 for all values of d̄0 the largest eigenvalue is larger than 1 and

therefore the map is not contractive.

4.5. Construction of a contractive map

We construct a map that retains the same fixed points as N and at the same time

a map that is contractive in the neighborhood of the upper branch fixed points.

Consider a polynomial P(x) =
∑p

j=0 bjx
j and use it to construct a new map P:

P (ϕ) ≡ P(N(ϕ)) =

p
∑

j=0

bjN
j(ϕ)

N0(ϕ) = ϕ, N j = N(N(. . . N(ϕ))) j times

(4.13)
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Figure 4.3. Plot of |µ̃1| vs d̄0 for the upper branch only. The graph exhibits vertical
behavior near d̄0 ≈ 0.4256 and near d̄0 ≈ 0.1856. In the first case this behavior is due
to bifurcation.

In the neighborhood of a fixed point this operator has the following linearization

P (ϕfp + ψ) = P

(

ϕfp +
∑

i

ai|φ̃i〉
)

=

p
∑

j=0

bj

(

ϕfp + Kj

(

∑

i

ai|φ̃i〉
))

=

=

p
∑

j=0

bj

(

ϕfp +
∑

i

aiµ̃
j
i |φ̃i〉

)

= ϕfp

p
∑

j=0

bj +
∑

i

ai

(

p
∑

j=0

bjµ̃
j
i

)

|φ̃i〉 =

(4.14)

We choose the values of bj so that the
∑

bj = 1. Due to this condition the new map

retains the same fixed point as N . Thus after n iterations we have

P n(ϕfp + ψ) = ϕfp +
∑

i

ai {P(µ̃i)}n |φ̃i〉 (4.15)

We choose the coefficients of the polynomial bi in such a manner that the condi-

tion max{|P(µ̃i)|} < 1 is satisfied. According to equation (4.15) each mode decays

exponentially, and the smaller max{|P(µ̃i)|} is, the faster the convergence.

Our approach is a modification of the technique considered in [37], where only

first order polynomials were needed, in our case we found that 5th order polynomials

seemed to be optimal. The coefficients of the polynomial could be optimized for
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Figure 4.4. A plot of the imaginary part of eigenvalue versus the real part. Plotted
first 10 eigenvalues of operator K at ϕupper

d̄0=0.4
. In subfigure (a) the shaded region defines

the part of space where the rest of eigenvalues lay. In subfigure (b) the real part is
plotted on a logarithmic scale.

faster convergence. This issue is discussed in the matrix Chebyshev approximation

problem [34, 35, 36].

Figure 4.4 shows the 10 largest eigenvalues of K at the fixed point ϕupper

d̄0=0.4
found

numerically using the method in equation (4.10). This is a typical picture for all

upper branch fixed points. This computation shows that the imaginary part of these

eigenvalues is either very small or zero. The real part of the first 10 eigenvalues

lies between 0 and 1.012 and all other eigenvalues lie in the shaded area. There are

two key features of the spectrum that should be emphasized. First, µ̃1 is extremely

close to 1. As shown on figure 4.3 this feature is shared by all of the upper branch

solutions. Second, as demonstrated by figure 4.5 the following inequality takes place:
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|µ̃1 − 1| ≪ |1− µ̃2|. The decay of the first mode is proportional to P(µ̃1)
n where n is

the number of iterations performed, therefore, to make the convergence of this mode

as fast as possible we choose a polynomial with a derivative at (1,1) near a value of

−1/(µ̃1 − 1). Due to the first feature µ̃1 − 1 is very small, which implies fast growth

of the polynomial to the left of the point (1, 1). However, due to the second feature

of the spectrum such a behavior is not problematic, since there is plenty of room for

the polynomial to return close to zero. Thus, consider the polynomial presented in

the figure 4.6 and defined as

P(x) =

p
∏

i=1

(x − ri)

/ p
∏

i=1

(1 − ri)

and let r1 = 0.0, r2 = 0.1, r3 = 0.3, r4 = 0.46, r5 = 1.01

(4.16)

This is a fifth order polynomial with |P(µ̃i)| < 1 and P(1) = 1. Following the earlier

discussion we can see that this polynomial does in fact has large slope at (1, 1), and

yet there is enough room for the values to drop back down as x approaches µ̃2. Also

note that this is only a fifth degree polynomial, and therefore one iteration of P(N)

requires only five iterations of N .

To catch the solution on the upper branch we have to be as close as possible to the

solution before we start our iterative process. Before the computing the upper branch,

the lower one were obtained. Because of the bifurcation structure is was natural to

expect that the function 2ϕd̄0bf
− ϕd̄0

could serve as a good starting seed for the

upper branch solution at d̄0. Even with simple iterations (without the polynomial

deformation of the map in order to make it contractive) it was clear that there exists

another branch of solutions, as for the first few iteration the residual (4.8) was quickly

decreasing, and diverging in the long run.

The behavior of µ̃1 illustrated in Figure 4.3 suggests that there is another bi-

furcation point with d̄0bf ≈ 0.18 and yet another branch of antisymmetric bisoliton

solutions. There is strong evidence of that from applying the shooting 2ϕd̄0bf
− ϕd̄0

from the already computed upper branch.
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Figure 4.5. A plot of µ̃1 (solid) and µ̃2 (dash-dot) versus d̄0. This plot indicates a
large gap between the first two eigenvalues for the upper branch solutions.
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Figure 4.6. This is a plot of a polynomial suggested in equation (4.16). Dashed
lines indicate values of 1 and −1, outside of these values eigenvalues of P(N) will be
greater than 1, in which case the new map will not be contractive.
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4.6. Direct simulation of bisoliton propagation

As a demonstration that the computed solutions of the averaged equation (4.5) are

solitary wave approximations of the equation (4.1) we perform a direct simulation

of (4.1) with the following initial condition

u0(t) ≡ u(t, L/4) = 2π
√

PF−1
[

ϕd̄0
(Ω)

]∣

∣

t̃=t/
√

Ld1/2
(4.17)

(remember that d̄0 ≡ d0/(γP )(d1L/2)). Here F−1 is the inverse Fourier transform.

The pulse is launched at z = L/4 because as equation (4.3) indicates at this point

the phase of the solution ϕd̄0
is constant. Notice that parameters d0, d1, L and γ are

determined by the physical system, while P is a free parameter whose value is limited

from below due to the upper bound on d̄0 = d̄0bf:

2d0

d̄0bfd1

1

γL
< P ≪ 1

γL

The inequality on the right must be maintained in order to stay in the regime where

Gabitov-Turitsyn equation is valid. Figure 4.7 shows the result of propagating u0

over 3000 dispersion map periods. This distance exceeds the distances needed for

information transmission. The solid line represents the initial pulse u0(t) of equa-

tion (4.17) launched at z = L/4. The pulse u0 is constructed using a fixed point

ϕd̄0=0.4 of the map Nd̄0=0.4. It is used as an initial condition for direct simulation of

equation (4.1) solved using a split-step method. The dashed line shows an amplitude

profile, plotted on a logarithmic scale, of the pulse after the distance 3000L, showing

excellent agreement between the initial and final pulses and confirming that u0(t) is

indeed a good approximation to a solitary wave solution of equation (4.1).

4.7. Conclusion

In this work we have presented a method to calculate solitary wave solutions of the

nonlinear Schrödinger equation with periodic dispersion and weak nonlinearity. In
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Figure 4.7. Directly solving NLS equation with initial condition u0 (solid) from
equation (4.17) with lower branch solution ϕd̄0=0.214 d0 = 0.0125, d1 = 1.25, L = 1.2
and γ = 1. The result of propagation u0 over 3000 periods is represented by dashed
line, showing three orders of magnitude agreement between the initial and final pulses.
Here P ≈ 0.0345 so that zrd = 45 and znl = 29.

case when the effect of local dispersion is much stronger than residual dispersion and

nonlinearity the Schrödinger equation is reduced to a Gabitov-Turitsyn equation, an

integro-differential equation. This equation is satisfied by the first order term in

the asymptotic expansion of a solution to the Schrödinger equation with periodic

dispersion. Finding solitary wave solutions is then reduced to finding a solution of an

integral equation by finding fixed points of a derived map.

We investigated bound pairs of solitary waves, bisolitons, and showed that system

has at least two branches of nontrivial solutions. On one of these branches, our map is

not contractive. We introduce a method to polynomially modify the map, obtaining

new map that retains the original fixed points, while being contractive. Effective

use of this method resulted in a previously unknown branch of bisoliton solutions.

In order to apply this method the spectrum of the map was studied. We carefully

studied the parameter space where such solutions are possible, and found two places
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where solutions appear to bifurcate.

The method of polynomial deformation as applied to our problem can be further

improved. The choice of the polynomials can be adapted as the knowledge about the

spectrum improves in the process of iterations. Also, a better precision on the eigen-

values may allow one to further decrease the order of the polynomial, thus expediting

the iteration procedure. The approach taken by this method is not limited to the

antisymmetric solutions of our equation. Higher order solutions can be found after

the appropriate modification of the map. Thus we have used this method to study

symmetric bisolitons, with the results to be published elsewhere.

Appendix A

Here we present another way of reducing the equation (4.1) to a dimensionless form.

In the ω-space we introduce a slowly varying amplitude q(z, ω) as

u(z, ω) = q(z, ω) exp

(

−iω2

∫ z

L/4

dz′
(

d(z′) − 〈d〉
)

)

.

Here the angular brackets denote averaging over z. The slow (over many periods of

the dispersion map) dynamics of q is described by Gabitov-Turitsyn equation [25]

iqz(ω) − 〈d〉ω2q(ω) + γ

∫

dω1dω2dω3

(2π)2
δ(ω1 + ω2 − ω3 − ω)S(δ)q(ω1)q(ω2)q

∗(ω3) = 0,

δ = ω2
1 + ω2

2 − ω2
3 − ω2, S(δ) =

〈

exp

(

−iδ

∫ z

L/4

dz′
(

d(z′) − 〈d〉
)

)〉

.

For the dispersion map d(z) = d0 + d1 if 0 < z < L/2, and d(z) = d0 − d1 if

L/2 < z < L we get S(δ) = sin(δLd1/4)/(δLd1/4). We choose
√

Ld1/2 to be

a unit of time and introduce the dimensionless frequency Ω =
√

Ld1/2ω. Then

S(∆) = sin(∆/2)/(∆/2), where ∆ = Ω2
1 + Ω2

2 − Ω2
3 − Ω2.

We set the residual dispersion to be equal to 1/2 by choosing the unit of propaga-

tion distance: Z = (4d0/Ld1)z. The nonlinearity coefficient γ can be eliminated by

choosing the unit of the pulse amplitude u (or q): q(z, ω) =
√

2d0/γ Q(Z, Ω).
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The dimensionless form of the Gabitov-Turitsyn equation becomes

iQZ(Ω) − 1
2
Ω2Q(Ω) +

∫

sin(∆/2)

∆/2
Q(Ω1)Q(Ω2)Q

∗(Ω3) × (4.18)

×δ(Ω1 + Ω2 − Ω3 − Ω)
dΩ1dΩ2dΩ3

(2π)2
= 0. (4.19)

The stationary shape solutions have the form Q(Z, Ω) = eiΛZϕ(Ω) — there is a family

of solutions parameterized by wave number Λ.

In the main point of this apendix is to present another way to bring the equa-

tion (4.1) to the dimensionless form. Here the final step in reducing the number of

parameters is done by choosing the wave number of the inverse solution as the unit

of propagation distance. This way the only remaining parameter is a dimensionless

residual dispersion d̄0 that is related to the wave number of the solution of (4.19)

Λ as d̄0 = 1/2Λ. The advantage of this approach is that we now study the fam-

ily of solutions of one equation (4.19) instead of considering a family of equations

(parametrized by d̄0), where for each of these equations a solution is found with a

certain wave number.



76

References

[1] G. P. Agrawal, Fiber-Optic Communication Systems, (John Wiley and Sons, Inc.,
New York, 1989)

[2] V. Chernyak, M. Chertkov, I. Kolokolov, V. Lebedev Extreme outages caused

by polarization mode dispersion, Optics Letters; 15 Nov. 2003; vol.28, no.22, p.
2159-61

[3] V. Chernyak, M. Chertkov, I. Kolokolov, V. Lebedev, Probability of anomalously

large bit-error rate in long haul optical transmission. Physical Review E, Dec.
2003, vol.68,066619

[4] V. Chernyak, M. Chertkov, I. Gabitov, I. Kolokolov, V. Lebedev PMD-induced

fluctuations of bit-error rate in optical fiber systems, Journal of Lightwave Tech-
nology, April 2004, vol.22, no.4, p.1155-68

[5] A.L. Berkhoer, V. E. Zakharov, Self excitation of waves with different polariza-

tions in nonlinear media, JETP, 31, 3 (1970)

[6] H. Bulow, W. Baumert, H. Schmuck, F. Mohr, T. Schulz, F. Kuppers, W. Weier-
shausen, Measurement of the maximum speed of PMD fluctuation in installed-

field fiber, Optical Fiber Communication Conference, 1999, and the International
Conference on Integrated Optics and Optical Fiber Communication. OFC/IOOC
’99. Technical Digest, 2, pp 83-85 (1999)

[7] P.M. Krummrich, E.-D Schmidt, W. Weiershausen, A. Mattheus, Field trial

results on statistics of fast polarization changes in long haul WDM transmis-

sion systems Optical Fiber Communication Conference, 2005. Technical Digest.
OFC/NFOEC, 4, pp 4-6 (2005)

[8] C.T. Allen, P.K. Kondamuri, D.L. Richards, D.C. Hague, Measured temporal and

spectral PMD characteristics and their implications for network-level mitigation

approaches, J of Lightwave Technology, 21,1, pp 79-86 (2003)

[9] B. Huttner, N. Gisin, Anamalous pulse spreading in birefringent optical fibers

with polarization-dependent losses, Optics Lett., 22 8, pp 504-506 (1997)

[10] L. Chen, J. Cameron, X. Bao, Statistics of polarization mode dispersion in pres-

ence of the polarization dependent loss in single mode fibers, Optics Comm. 169

pp 69-73 (1999)

[11] N. Gisin, J.P. Pellaux, Polarization mode dispersion: time versus frequency do-

mains, Optics Comm. 89 pp 316-323 (1992)



77

[12] N. Gisin, R. Passy, J.C. Bishoff, B. Perny, Experimental Investigations of the

statistical properties of polarization mode dispersion in single mode fibers IEEE
Photonics Tech Lett, 5 7, pp 819-821 (1993)

[13] N. Gisin, Solutions of the dynamical equation for polarization dispersion, Optics
Comm 86 pp 371-373 (1991)

[14] N. Gisin, Definition of polarization mode dispersion,

[15] A. Maruta, Y. Nonaka, T. Inoue, Symmetric bi-soliton solution in a dispersion-

managed system, Electron. Lett. 37, 1357-1358 (2001)

[16] C. Lin, H. Kogelnik, L.G. Cohen, Opt. Lett. 5, 476, 1980.

[17] F. M. Knox, W. Forysiak, and N. J. Doran, J. Lightwave Technol. 13, 1955
(1995).

[18] L. F. Mollenauer and J. P. Gordon, Solitons in Optical Fibers: Fundamentals

and Applications (Academic Press, New York, 2006).

[19] S. Kumar, A. Hasegawa, Opt. Lett. 22, 372, 1997

[20] S. K. Turitsyn and V. K. Mezentsev, Dynamics of self-similar dispersion-managed
soliton presented in the basis of chirped Gauss-Hermite functions , JETP Letters,
67(9), 640-646, 1998

[21] A.V. Mikhailov, V.Yu. Novokshenov, “The Period Map for Pulse Propagation in
Nonlinear Optical DM Fibres”, JETP Letters, 73(5), pp. 250-254, 2001.

[22] P.M. Lushnikov. Dispersion-managed soliton in optical fibers with zero average
dispersion. Optics Letters, 25(16), pp. 1144-1146 (2000).

[23] P.M. Lushnikov. On the boundary of the dispersion-managed soliton existence.
JETP Letters, 72 (3), pp. 111-114 (2000).

[24] P.M. Lushnikov. Dispersion-managed soliton in a strong dispersion map limit.
Optics Letters, 26 (20), pp. 1535-1537 (2001).

[25] I. Gabitov and S. K. Turitsyn, Opt. Lett. 21, 327 (1996)

[26] I.R. Gabitov and P. M. Lushnikov. Nonlinearity management in dispersion man-
aged system. Optics Letters, 27(2), pp.113-115 (2002).

[27] A. Maruta, T. Inoue, Y. Nonaka, and Y. Yoshika, IEEE J. Sel. Top. Quantum
Electron. 8, 640 (2002)

[28] M. Stratmann, T. Pagel, and F. Mitschke, Phys. Rev. Lett. 95 143902 (2005)



78

[29] I. Gabitov, R. Indik, L. Mollenauer, M. Shkarayev, M. Stepanov, P.M. Lushnikov,
Twin families of bisolitons in dispersion-managed systems, Opt. Lett. 32(6)
605-607 (2007)

[30] P. M. Lushnikov, Opt. Lett. 26, 1535 (2001)

[31] A. Hause, H. Hartwig, B. Seifert, H. Stolz, M. Böhm, and F. Mitschke Phys.
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