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ABSTRACT 

 
This dissertation presents the analytical solution, agent behavioral transitions and 

classification structures in N-person social dilemma games.  The specific model in this 

research uses Pavlovian agents making decisions in a cellular automaton environment 

with linear payoff functions. This effort culminated in four papers being submitted to  

journals that publish in this field of study.  The first paper demonstrates that the analytical 

solution to the �-person Prisoners’ Dilemma game discussed in previous literature fails 

when the learning factors are unequal.  The paper then derives a more general analytical 

solution that corrects this issue.  The second paper analyzes agent behavior and 

transitions extending over all social games.  Three plateaus are identified.  It is found that 

the agents in each plateau have a significantly different behavior. The transitions between 

these plateaus are analyzed.  Previous literature indicates that there are indeed transitions, 

but offers no explanations. The third paper presents under what conditions the analytical 

solution is applicable.  The previous literature implies the analytical solution is always 

applicable in the Prisoners’ Dilemma game.  This paper thoroughly analyzes for which 

games the analytical solution actually works and concludes that it applies in the Chicken 

game with the parameter � slightly negative.  The fourth paper views the �-Person Social 

Dilemma model from a new perspective based on dynamic system theory. Thirteen cases 

or games are identified.  These cases plot the state transition formula, which is a 

quadratic curve with linear payoff functions, versus the 45 degree line.   From case 
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diagrams the solution structures are readily apparent without the use of simulation.  Also, 

additional information concerning proper selection of parameter values is provided above 

the traditional approach.  The case diagrams can be used by modelers to easily develop 

and validate models for specific applications.   There is no previous literature viewing �-

person social dilemma games from this system theoretical perspective. 
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CHAPTER 1 

INTRODUCTION  

The analysis, modeling and solving of most social phenomenon is very complex, if not 

impossible, because of the huge number of individuals and the large complexity and 

variety of human behavior patterns.  If no analytical solution is available, then simulation 

can serve as a useful alternative.  The technology and high speed of computers allow us 

to simulate the behavior of many agents simultaneously and with the use of elementary 

statistics the direction society is moving can be detected.  This new research has gained a 

lot of ground during the last decade and it is one of the hottest research fields in applied 

social sciences.  This dissertation attempts to add some new results, methods and 

concepts to this very important and exciting field.     

1.1 Introduction 

The purpose of this dissertation is to present the analytical solution, agent behavioral 

transitions, and classification structures in �-person social dilemma games.  The specific 

behavior of Pavlovian agents are explored in a two dimensional cellular automaton 

environment using parameters that extends over all social games including Prisoners’ 

Dilemma, Chicken, Leader, Battle of the Sexes, Stag Hunt, Harmony, Coordination, and 

Deadlock.   

Social dilemmas are situations in which the collective interests of society are in 

conflict with the selfish interests of the individual.  In other words, the rational behavior 
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of an individual leads to unfavorable outcomes from the collective standpoint (Dawes, 

1980; Kollock, 1998).     

The classical approach to address social dilemma situations is a two person game 

with each player making a decision to cooperate or defect.  A payoff matrix is generated 

which assigns reward or punishment values based on the decisions of the two players.  In 

these two person games dominant strategies and equilibria can be determined (Brams and 

Kilgour, 1988).   A two person game may be a one shot or repeated.  �-person or multi-

person games are extensions of the two player games. They involve more than two 

players.  An �-person game takes into account the collective behavior in society.   

Individual agents may cooperate with each other for the collective best interests or defect 

to pursue their own self interests.  Reward or punishment values are assigned based on 

payoff functions dependent on the decision of the agent and percentage of cooperators.  

The applications become richer because the �-person game can account for any number 

of individuals and include a variety of human behavior patterns (Hamburger, 1973; 

Kelley and Grzelak, 1972; Rapoport, 1970; Weil, 1966).  This dissertation will deal with 

�-person games.  Section 1.2 discusses two person games and their �-Person extensions 

in detail.    

 In this dissertation all classical social dilemma games are analyzed and 

researched. The traditional approach classifies these games by the ordering of the 

parameters found in the two person payoff matrix.     Section 1.3 provides an overview of 

these games including Prisoners’ Dilemma, Chicken, Leader, Battle of the Sexes, Stag 

Hunt, Harmony, Coordination, and Deadlock.     For each game the two person short 
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story or parable is presented.  Dominant strategies and equilibria are discussed.  Then it is 

extended to the �-Person game with examples and applications.   

In this desertion agents are interacting with each other in a two dimensional 

cellular automaton environment.  This gives geographical meaning to agents’ location 

and neighborhood.   Cellular automata applications in the social sciences and other fields 

are extensive.  Section 1.4 presents some of the fundamentals concerning cellular 

automata with related works and how they are implemented in this study.   

Experimental methods or simulations were necessary to study social dilemma 

phenomena and verify the analytical results.    Simulations in this dissertation have agents 

choose between cooperation and defection which yield consequences for themselves and 

others.  For this type of application, agent based simulation was chosen to be used.  

Section 1.5 discusses this methodology. 

This chapter presents the concepts and literature involving social dilemma games, 

cellular automata and agent based simulation as described in previous paragraphs.  

Chapter 2 details the specific parameters and model used for the research leading up to 

this dissertation.  It then summarizes the main results.  The papers are given in 

Appendices A, B, C and D.    In a support of this research a special MATLAB program 

was developed in order to perform agent based simulations.  Appendix E provides the 

available output graphics from this program.    

The research performed and reported in this dissertation is a cooperative work 

with my advisor Ferenc Szidarovszky and partially with ECE professor Miklos N. 

Szilagyi.  They gave me mainly research direction and problems to work on.  All 



 
 

16 
 

theoretical results and all simulations, including program developments, are my 

contribution.  This is well indicated by being the first and most significant author on all 

papers.    

1.2 Types of Games 

1.2.1 Two Person Games 

Two player social dilemma games are defined with a payoff matrix given in Table 1.  The 

rows show the strategies of player 1, and the columns indicate the strategies of player 2.  

For each corresponding strategy pair the first number in each position gives the payoff of 

player 1, and the second value is the payoff of player 2.   The parameters 
, �, � and � 

are derived from the Prisoners’ Dilemma game and are referred to as Punishment, 

Reward, Sucker’s Bet, and Temptation respectively.  The Prisoners’ Dilemma game will 

be described in more detail in upcoming paragraphs.        

               

P
la

ye
r 

1  Player 2 
 Cooperate Defect 

Cooperate � , �  � , � 
Defect �, �  
, 
 

 
Table 1  Payoff Matrix for Two Player Games 

 

 Two player games may be one shot or repeated.  For one shot games the 

determination of dominant strategies and equilibra is straight forward using game theory.  

The details will be given in paragraph 1.3.   A repeated or iterated game consists of a 

number of repetitions of a two player game. The repeated game is usually one of the 
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well-studied two person games.  It captures the idea that a player will have to take into 

account the impact of his current action on the future actions of the other players.  There 

are different equilibria from one shot games because the threat of retaliation is real.  

Many experiments and tournaments have been conducted to assess player strategies for 

repeated games including the robust Tit-for-Tat where a player first cooperates and then 

duplicates his opponent’s  last decision from then on.  (Mailath and Samuelson, 2006; 

Axelrod and Hamilton, 1981; Axelrod, 1980a, 1980b, 1984)  Even though these studies 

and tournaments involve many players, each with different strategy,  they are not true N-

person games because they are a repetition of two player confrontations.   

1.2.2 N -Person Agent Games 

An �-person extension takes into account the collective behavior in society. Individual 

agents may cooperate with each other for the collective best interests or defect to pursue 

their own self interests.  After each agent chooses to cooperate or defect a reward or 

punishment is received that depends on its decision and the accumulated choices of the 

other agents in its designated neighborhood.  The amount of reward or punishment an 

agent receives is derived from payoff functions.  A pair of typical linear payoff functions 

is shown in Figure 1.  Here � is the percentage of cooperators,  ����  is the payoff for 

those agents that are cooperating and ���� is the payoff for those agents that are 

defecting.   
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Figure 1   Linear Payoff Functions for Cooperators (�) and Defectors (�) 

 

There is a great variety of possible scenarios for N-person games since there is a wide 

number of potential variants and parameters (Goehring and Kahan, 1976).  For example, 

following are several questions that arise when considering an �-person model (Szilagyi, 

2003b): 

• What are the payoffs? 

• What information do the agents have when making a decision? 

• How do the agents decide to cooperate?  Do they have a personality? 

• Do the agents learn from previous actions? 

• What are the goals of an individual and of society? 

• Are the agents located geographically with neighbors?  If so, do the neighbors 

have more impact on decision than other agents? 
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• Can the agents form coalitions? 

• Are agent decisions simultaneous or distributed? 

• Are agents required to make a decision every iteration?  Can they refuse to 

participate? 

• How long are the decisions made? How many iterations are involved?  

For this dissertation a specific set of parameters and methodology were selected.  

Although there are still several parameter variations and output result formats, the same 

basic model was used during the entire time of research leading up to this dissertation.  

This allowed for expansion of research by being able to use results from previous 

findings.  The specific set of parameters and methodology are detailed in Chapter 2.        

1.3 Traditional Classification 

In this dissertation all social dilemma games are considered.  The following paragraphs 

briefly describe the traditional games referenced in the literature.  Each paragraph starts 

with a description or story of the two player game with the dominant strategy or 

equilibrium.  Then the �-person game extension is provided with examples.     

1.3.1 Prisoners’ Dilemma Game 

In the two player Prisoners’ Dilemma game two accused and separated criminals are 

questioned by the police.  If both players cooperate by remaining silent, each one is 

sentenced with minimal jail time on a lesser charge.   If one player informs on the other 

(defects) and the other stays silent (cooperates), then the defector is released and the 

cooperator is sentenced to full jail time on the accused charge.  If both suspects defect by 
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testifying against each other, then both are sentenced to reduced jail time on the accused 

charge. In accordance with the above description a Prisoners’ Dilemma game occurs 

when the parameters of the payoff matrix satisfy the relation  � � � � 
 � �.  In this 

game defecting strictly dominates cooperating and thus is the only equilibrium. The 

dilemma is that both players would be better off if they both cooperated, but this is not a 

stable equilibrium since both players have a temptation to defect (Osborne, 2004). 

 The classic �-person extension of the Prisoners’ Dilemma is Tragedy of the 

Commons. In this parable there is a common pasture where herders are allowed to graze 

their herd.  If all cooperate by keeping their herd to a limited number, the common area 

will replenish itself and all will prosper at a modest level.  The temptation is for herders 

to increase their   herd size to increase profits.  When herders defect the common area 

degrades to the detriment of all herders.  This situation arises in several applications in 

the real world.  Examples include arms races and military expenditures in the political 

science (Axelrod and Keohane, 1985; Downs et al., 1986), global warming and usage of 

natural resources in environmental studies (Clemons and  Schimmelbusch, 2007) and 

cartel and advertising in economics (Hardin, 1968; Axelrod, 1984).    

1.3.2 Chicken Game 

In the two player Chicken game two fast cars drive at each other on a single lane road.  

Both drivers decide to swerve to the right to avoid a collision (cooperate) or remain 

speeding straight ahead (defect).   A driver “wins” by driving straight ahead while the 

other driver swerves.  The game is said to be a tie if both drivers swerve.  If both drivers 

go straight, there is a crash causing major damage to each driver.  Chicken occurs when 
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the parameters of the payoff matrix satisfy the relation � � � �  � � 
.  There is no 

dominant strategy.  There are two equilibria.  These occur when one player cooperates 

and the other defects (Rapoport and Chammah, 1966).  This game is also known as the 

Hawk-Dove or Snowdrift (Bergstrom and Godfrey-Smith, 1998; Cressman, 1995). 

An example of extending chicken to a �-person game would be the decision to 

use mass transportation. In this application bus riders are cooperators and car drivers are 

defectors.   If everyone defects by using a car, the worst condition arises since the roads 

are clogged and no one can move.  If some people decide to ride the bus, they benefit 

because of the special lanes for buses and have the luxury of an uncrowded bus.  Car 

drivers are rewarded slightly since there are a fewer cars on the road.  On the other hand, 

if everyone uses the bus, the buses are crowded but can freely move on the empty streets. 

This results with the same parameter relation as the two player game (Szilagyi, 2009).  

International crises, bargaining about trade agreements with threats of sanctions and the 

possibility of trade wars are also examples of the Chicken game (Russell, 1959). 

1.3.3 Stag Hunt Game 

The two person Stag Hunt game occurs when each player can hunt for stag or 

hare. Hunting stag offers the most reward, but requires the cooperation of both 

individuals.  That is, if both individuals cooperate and hunt stag, they both get the most 

reward.  If one person cooperates and hunts for stag while the other defects and hunts for 

hare, the cooperator gets minimal reward while the defector is rewarded well since hares 

can be captured by a single person and there are many available for capture.  If both 

defect and hunt for hares, both get some reward.  The Stag Hunt game can be 
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summarized as  � � � �  
 � �.   The two player Stag Hunt game has no dominant 

strategy, but has two equilibria.  These occur when both players cooperate and when both 

players defect (Skyrms, 2004).  

The Stag Hunt game can be converted to the �-person case directly.   If there are 

a high percentage of cooperators, they get a high payoff as they will catch many stags.  

As many defections occur, their payoff for hunting stag decreases and hunting hare looks 

more attractive.  On the other hand, if the percentage of cooperators is low, then defectors 

have a higher payoff than the few cooperators.  The payoffs for the cooperators increase 

as the percentage of cooperators increase.  Coalition formation and group organization 

would also be a very important issue in applications. As a specific example, groups of 

countries may impose economic embargos or sanctions upon another country. If all 

adhere to the sanctions, then the chances of making the country facing the sanctions act in 

proscribed ways are high. But some may find it in their interest to break the economic 

embargo and trade with the embargoed country while all others do not.  

1.3.4 Battle of the Sexes Game 

The Battle of the Sexes game involves a man and a woman deciding on where to go out 

on a date.  The man prefers a sporting event while the woman prefers ballet. However, 

both of them prefer going out together rather than going out alone.   Cooperation is 

defined as a person going to event they do not prefer in order to be with the other person.  

If both cooperate, then both end up most disappointed because they both are going to an 

activity they do not like by themselves.   If one person defects and one person cooperates, 

then the defector is most happy since they are going to an event they like with their date.  
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The cooperator is not going to an event he/she likes, but is still happy because they are 

not alone.  If both defect and go to the event they enjoy, then they are not as happy as if 

they could be if they went with their partner.    Battle of the Sexes occurs when the 

parameters of the payoff matrix satisfy the relation � � � �  
 � �.  There is no 

dominant strategy. There are two equilibria. They occur when one player cooperates and 

the other defects (Varian, 2005). 

The �-person extension occurs when an agent prefers to defect individually but is 

mostly rewarded for an alternate decision to the majority.  So, an agent would receive the 

highest benefit for defecting when there is a high percentage of cooperators and the next 

highest reward for cooperating when there is a high percentage of defectors.  The lowest 

reward is for cooperating when there is a high percentage of cooperators.  There are many 

real life applications where individuals have a decision preference, but for various 

reasons they benefit most if they can anticipate the majority and take advantage by 

deciding differently.   

1.3.5 Leader Game 

The Leader game involves two cars that want to enter a crowded one lane road from 

opposite directions.   When a small gap occurs, it is preferable for one car to go (defect) 

and the other car to wait (cooperate) then it is for both cars to wait for a large enough gap 

to occur.  If both cars wait (cooperate) until a large gap occurs, both would have to wait 

longer then if one takes the first small gap and the other takes the next small gap.  If both 

cars try to enter a small gap, a crash occurs.  Leader occurs when the parameters of the 

payoff functions satisfy the relation  � � � �  � � 
.   There is no dominant strategy. 
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There are two equilibria. They occur when one player cooperates and the other defects 

(Colman, 1999). 

         The extension to an �-person game is similar to the Battle of the Sexes except the 

lowest reward is for defecting when there is a high percentage of defectors.    

1.3.6 Harmony Game 

In the Harmony game both players receive maximum reward by cooperating and there is 

insufficient or no temptation to defect.  They are, in effect, in Harmony.  Harmony occurs 

when the parameters of the payoff functions satisfy the relation � � � � � � 
 or 

� � � � � � 
.    Cooperating is the dominant strategy for both players. 

 In an �-person games these situations occur when all agents cooperate because 

they are receiving the maximum reward for doing just that.  This seems to be a trivial 

case, however in theory understanding under what conditions this occurs is important in 

determining when Prisoners’ Dilemma or Stag Hunt game turns into Harmony.  Harmony 

and Deadlock (to be discussed next) games are used extensively in the fields of anarchy 

or achieving mutual interest in the absence of centralized authority (Oye, 1986; Axelrod 

and Keohane, 1985).   

1.3.7 Deadlock Game 

In the Deadlock game both players receive maximum reward by defecting and there is 

insufficient or no temptation to cooperate.  They are, in effect, in deadlock.  Deadlock 

occurs when the parameters of the payoff functions satisfy the relation  � � 
 � � � �.  

Defecting is the dominant strategy for both players. 
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 In addition to cooperation under anarchy, Deadlock is heavily used in arms races 

and trade wars (Downs et al., 1986; Conybeare, 1985).  As a specific example, before the 

outbreak of the Gulf War in 1990, the United States was protecting its oil supplies, 

forcing Iraq from Kuwait, and maintaining the balance of power in the Middle East. On 

the other hand, Iraq was determined to maintain its occupation of Kuwait even in the face 

of what seemed to be a likely military defeat. Both sides preferred to "win" but both sides 

also preferred armed conflict to negotiation or settlement. This is an example of 

Deadlock. 

1.3.8 Coordination game 

The Coordination game is similar to Battle of the Sexes except that each player would 

prefer a given activity.  For example, both the man and woman would prefer to see a 

sporting event.  This would be cooperating for both of them.  In this case, the highest 

payoff occurs when both cooperate since they are together seeing a sporting event.  The 

next highest payoff would be for each to defect.   In this case they are at least together 

even though they are not at their preferred event.  Another typical case for a coordination 

game is choosing the side of the road to drive, right-of-way rules which can save lives if 

it is widely adhered to. Coordination occurs when the parameters of the payoff functions 

satisfy the relation � � 
 � � � � or � � 
 � � � �.  The two player Coordination 

game has two equilibria. They occur when both players cooperate and when both players 

defect (Russell, 1998). 
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Coordination games are widespread in the social sciences and economics.  These 

situations occur when parties can realize mutual gains, but only by making mutually 

consistent decisions. 

1.4 Cellular Automata 

Cellular automata is a discrete model used in many fields including crystalline structure 

order in physics (Douady and Couder, 1991), evaluating patterns and physical appearance 

of bodies in evolution (Ball, 1999) and nonprofit group behavior in economics (Bin and 

Zhang, 2006).  Social science examples include forecasting language shifts (Beltran et al., 

2009), social emergences using agent based modeling (Macy and Willer, 2002) and 

transitioning private attitudes in public opinion (Nowak and Szamrej, 1990).  Cellular 

automata consists of a regular grid of cells, each of which has a state.  For this 

dissertation the cell will represent an agent in a two dimensional grid and its state will be 

either “cooperate” or “defect”.  For each cell, a set of cells called its neighborhood is 

defined relative to the specified cell.   Time is advanced forward in iterations after agents 

make a decision.  Patterns and elementary statistics, such as percentage of cooperators, 

are tracked from iteration to iteration (Wolfram, 1994; Hegselmann and Flache, 1998; 

Narendra and Thathachar, 1996).  

 The most famous example of cellular automata is the Game of Life devised by 

John Horton Conway in 1970.  In the Game of Life there is a two-dimensional grid of 

cells with two possible states, live or dead. At each step in time, the following are simple 

transition rules from which several interesting patterns emerge such as blocks, boats, 

beehives, oscillators, and gliders (Gardner, 1970). 
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1. Any live cell with fewer than two live neighbors dies, as if caused by under-

population.  

2. Any live cell with more than three live neighbors dies, as if by overcrowding.  

3. Any live cell with two or three live neighbors lives on to the next generation.  

4. Any dead cell with exactly three live neighbors becomes a live cell, as if by 

reproduction.  

In this dissertation each cell will be an agent making “cooperating” and “defecting” 

decisions based on a set of transition rules.  These rules are derived for the social 

dilemma by the personality of the agent, the rewards being presented in the game, the 

defined neighborhood and by other factors.  As in the Game of Life, emergence of 

patterns will be revealed, but it will be related to the understanding of social dilemma 

phenomena.  For this dissertation a specific set of rules was selected and held throughout 

the entire research.  This allowed for expansion of investigation by being able to use 

results from previous findings.  The specific set of rules are detailed in Chapter 2. 

1.5 Agent Based Simulation 

This dissertation uses agent based simulation to evaluate the social phenomenon under 

consideration and to verify analytic results.    In general, an agent-based model is used to 

simulate the actions and interactions of individual autonomous agents to assess their 

effects on the system as a whole. The main advantage of agent based simulation is that it 

is a bottom-up approach. Agents’ attributes may include personalities, characteristics and 

learning capabilities.  As such, a key idea is that simple set of behavioral rules generate 

complex behavior. Most agent-based models are composed of: (1) numerous agents; (2) 
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decision-making process; (3) learning rules; (4) an interaction topology; and (5) a non-

agent environment (Bonabeau, 2002). 

The idea of agent-based modeling was developed in the late 1940s. Since it 

requires intensive computing capabilities, it did not become widespread until the 1990s 

(Davidsson, 2000, 2002).  Agent based simulation can be used to study artificial societies 

(Epstein and Axtell, 1996) for emergence of groups with common attributes or social 

segregation.  Other models have analyzed the evolution of ethnocentric behavior (Lima et 

al., 2009), forced displacement/migration (Edwards, 2010), and language choice 

dynamics (Hadzibeganovic et al.,2009).  

Other applicable fields that use a cellular automata environment include military 

expenditures, oil cartels, and climate change.  In each of these applications countries or 

agents can be modeled in a cellular automaton environment with each agent  deciding to 

cooperate for the collective best interest or defect for their own self interest.  The 

collective best interest for military expenditures would be to limit arms production, for oil 

cartels to set monopolistic prices and market share, and for climate change to curb CO2 

emissions.   The self interest temptation for each country or agent respectively is to raise 

arms production and become a dominate military force, lower price and increase profits 

by picking up more market share, and allow CO2 emissions by spending less to save the 

environment.  The worst situation is if all agents defect since in each case the country or 

agent would be negatively impacted without getting any competitive advantage.        

In this dissertation agent based simulation uses the specific behavior of Pavlovian 

agents in a two dimensional cellular automaton.  As discussed in the previous paragraph 
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several specific parameters and methods are associated with this model.  A special 

MATLAB program was developed in order to simulate this model.   The model 

parameters and the methodology are specified in Chapter 2.  The different ways of 

presenting the output results of the MATLAB program are presented in Appendix E.  
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CHAPTER 2 

PRESENT STUDY 

It was presented in the chapter 1 that there are several required parameters to develop and 

implement an �-person agent based simulation model in a cellular automaton 

environment.  For this dissertation a specific model is chosen and a special MATLAB 

program developed in order to simulate and verify analyses.  The model and simulation 

program were used during the entire time of research leading up to this dissertation.  This 

allowed for expansion of research by being able to use results from previous findings.     

Sections 2.1 through 2.4 describe the model and the agent based simulation program.    

First, the cellular automaton parameters are considered. They include grid and 

neighborhood sizes.  Then the model parameters are reviewed.  These include personality 

type, payoff functions, learning factors and initial cooperating probabilities.  Then come 

the simulation parameters which include number of iterations and output results or 

graphics.  Literature research, model definition and simulation requirements are given for 

each parameter.   After discussion of parameters, the simulation model is described as a 

whole including the pseudo code that was used to develop the MATLAB code. 

Section 2.5 presents the results of the research concerning the analytical solution, 

agent behavioral transitions, and classification structures in �-person social dilemma 

games. The research culminated in the submittal of four papers to journals for 

publication.  Following is a short summary of these papers.   

 The first paper entitled “Analytical Solution to the �-Person Prisoners’ Dilemma” 

is given in Appendix A.  This paper identifies that the previous analytical solution in the 
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literature is only applicable when specific assumptions are made concerning learning 

factors.   The paper then derives a more general analytical solution to resolve this issue.   

This more general analytical solution is verified using agent based simulation.    

The second paper entitled “Agent Behavior and Transitions in �-Person Social 

Dilemma Games” is given in Appendix B. This paper presents the transitions that occur 

between �-person social dilemma games, the agent behavior causing these transitions 

and the impacts of various parameters.  Previous literature identified that such transitions 

exist but gave no explanation under what conditions they occurred.  It is discovered that 

there are three plateaus. Agents act in different manners in each plateau.  The behavior in 

each plateau and transitions between plateaus are analyzed.  The impacts of initial 

cooperating probability, neighborhood size, learning factors and grid size on these 

plateaus and the transitions between them are also evaluated. 

The third paper entitled “Applicability of the Analytical Solution to �-Person Social 

Dilemma Games” is given in Appendix C.  This paper presents an analysis of the 

applicability of the analytical solution to �-person social dilemma games.  Although the 

implication in the literature from paper titles and simulation results is that the analytical 

solution is applicable to the Prisoners’ Dilemma game, there is no discussion whether or 

not it is applicable in all Prisoners’ Dilemma game scenarios or in other �-person social 

dilemma games such as Chicken or Stag Hunt.  It is found in this paper by both agent 

based simulation and a special method that the analytical solution applies in the Chicken 

game when the payoff parameter � is slightly negative.  The analytical solution then 

slowly degrades as � becomes more negative.  The analytical solution is only a good 
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estimate in Prisoners’ Dilemma games.  The impacts of initial cooperating probability, 

learning factors and neighborhood size are evaluated.   

The fourth paper entitled “Systematic Approach to �-Person Social Dilemma 

Games” is given in Appendix D.  This paper presents a systematic review of �-person 

social dilemma games using a new approach.   �-person social dilemma games are 

generally classified by relative orders of magnitude of payoff parameters  
, �, � and �.  

Using this traditional approach alone to analyze or develop a model for an application can 

create issues and problems because within any one traditional social dilemma game the 

solution structures can change dramatically based on shifts in payoff curves even when 

relative values between cooperators and defectors remain constant, changes in the initial 

conditions and variances in parameter values.  The new approach introduced in this paper 

is to categorize the social dilemma games into diagrams or cases. In these cases the 

solution structure is readily apparent and additional constraints are identified. From this 

new perspective there are thirteen cases or games.   Viewing the application from this 

new perspective will greatly assist the modeler in determining proper values for 
, �,
� and � when a given solution structure for an application has to be obtained. 

Section 2.6 presents the conclusions and further potential research. 

2.1 Cellular Automaton Parameters 

2.1.1 Grid Size 

In applications the grid may take on any shape and consist of physical geographical 

entities such as houses, counties, cities, states, or countries.  Although the model and 
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simulation program allow for any rectangular size grid, for the research in this 

dissertation the grid is assumed to be a square lattice. The grid size of this cellular 

automaton environment is simply defined by the number of rows and columns in the grid.   

For example, the grid size for the cellular automata in Figure 2 and Figure 3 is 7x7.  For 

simulations in this dissertation various different grid sizes are selected and entered into 

the MATLAB code as part of the initial set-up.  Many of the simulations are 50x50 or 

100x100 grids which consist of 2,500 and 10,000 agents respectively.  The grid size is a 

required data to start a simulation.   

2.1.2 Neighborhood 

In cellular automata, the Moore neighborhood is comprised the eight cells surrounding a 

central cell or agent on a two-dimensional grid (Gray, 2003).  It is named after Edward F. 

Moore, a pioneer of cellular automata theory. It is one of the two most commonly used 

neighborhood types.  The Moore neighborhood is shown in Figure 2.   This can be 

expressed mathematically as 

� � !" � �"#, "$�: |�# � "#| ' ( )*+ |�$ � "$| ' (, 
where �  is the Moore neighborhood of an agent centered at the cell � � ��#, �$� and the 

neighborhood size ( is a positive integer.  

The other commonly used type of neighborhood is the von Neumann 

neighborhood.   It is constructed with four cells orthogonally surrounding an agent. This 

neighborhood is named after John von Neumann, who used it for his work on the 

Universal Constructor (von Neumann and Burks, 1966).  The von Neumann 

neighborhood is shown in Figure 3 and can be expressed mathematically as 
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Figure 2 Cellular Automaton Environment with Moore Neighborhoods 1, 2, and All

 
Figure 3  Cellular Automaton Environment with Van Neumann Neighborhoods 1, 2, and 
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geographical representations that have corners and edges.  We do not live on a torus.  So, 

by definition there are three neighbors for a corner agent and five neighbors for an edge 

agent in a Moore neighborhood of one.   

 For this model the neighbor size is selected based on the application or research 

objectives and entered into the code.  It is then implemented for each agent during each 

iteration.  The neighborhood size is a required data to run a simulation.     

2.2 Model Parameters 

2.2.1 Personality Type 

In an �-person social dilemma game each agent has a personality type. This determines  

how the agent will decide to cooperate or defect.  A variety of personality types have 

been proposed in the literature.            

Reinforcement learning has been used extensively in the literature for two player 

repeated games including the Bush-Mosteller (BM) learning model (Bush and Mosteller, 

1955; Macy and Flache, 2002; Flache and Macy, 2002) and the Roth-Erev (RE) payoff-

matching model (Roth and Erev 1995, Erev and Roth 1998, Erev et al. 1999).   Although 

these have primarily been used for repeated games, they could easily be used for �-

person social dilemma games as well.  These models are based on Thorndike’s law of 

conditioning which states that positive outcomes to an action reinforce the subject to 

continue that action (Thorndike, 1911).  Both of these models use a stochastic decision 

process.  A stimulus value is determined based a given aspiration level and  a payoff 
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value associated with each decision. Then a new cooperating probability is updated based 

on the cooperating probability, stimulus value and learning rate.   

In Szilagyi (2003a) several potential personality types are presented for the �-

person Prisoners’ Dilemma game including Greedy, Conformist, Accountant and  

Pavlovian.  Greedy agents duplicate the decision of the agent in their neighborhood that 

received the highest payoff.  Conformist agents make their decision in line with the 

majority in their neighborhood.  Pavlovian agents have a probability of cooperation that 

changes in relation to a reward or penalty derived from the previous decision.  This is a 

form of reinforcement learning discussed in the previous paragraph.    Accountant agents 

also have a probability to cooperate, but it depends on an average reward or penalty that 

has occurred over several previous actions.     

The personality type for all models presented in this dissertation is the Pavlovian 

agent.  This personality type was selected because there is extensive literature using this 

specific personality type for �-person social dilemma games.  Literature applications 

using the Pavlovian agent include the examination of collective communication within a 

socio-geographic community (Power, 2009), an agent based simulation methodology for 

analyzing public radio membership campaigns (Zhao et al., 2005), an agent based 

simulation in market and production system (Qiao and Rozenblit, 2009) and the 

investigation of mass transit usage in a large city (Szilagyi, 2009).  Studies to understand  

steady state solutions and percentage of cooperation trajectories for various games 

include A Systematic Analysis of the �-person Chicken Game (Szilagyi and Somogyi, 

2010), An �-person Battle of the Sexes Game (Zhao et al., 2007b), Quantitative Relations 
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between Collective Action and Prisoners’ Dilemma (Szilagyi, 2000) and Solutions to 

realistic Prisoners’ Dilemma Games (Szilagyi, 2001).    All these works and applications 

analyze �-person social dilemma games using Pavlovian agents, so the results found in 

this dissertation can be related directly to these papers.   

In this model the Pavlovian agent has a certain probability - of cooperating in 

each time period. This probability changes for the next time period or iteration by a 

proportion of the reward or punishment received.   The probability that an agent . will be 

cooperating in next time period can be computed as 

                          -/012 � 3-/ 4 5����         -/ � 6����         if the agent is a cooperatorif the agent is a defector,    B                         (1) 

where � is the ratio of the cooperating agents, ����  is the payoff for cooperating agents, 

���� is the payoff for the defecting agents,  5 is the proportion or learning factor for 

cooperators and 6 is the learning factor for defectors.  The payoff is a reward or 

punishment associated with making a cooperating or defecting decision.  Both learning 

factors 5 and 6 are greater than zero and less than or equal to one.  Payoff functions and 

learning factors will be discussed in later paragraphs.   Since -/�C� is a probability it must 

be between zero and one.  So whenever  -/�C� becomes larger than one it is adjusted to  

one.  Likewise, whenever  -/�C� becomes negative it is adjusted to zero.   

 The Pavlovian agent personality is hard coded into the model.  There is no 

additional information required to run the simulation. 
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2.2.2 Payoff Functions 

In each iteration the agents decide whether to cooperate or defect based on a certain 

probability distribution.   After each agent chooses to cooperate or defect a reward or 

punishment is received that depends on the decision the agent made, the percentage of 

cooperating agents in the agent’s designated neighborhood and the environment.  This 

reward or punishment for cooperating and defecting given a percentage of cooperators 

are called payoff functions.   In the N-person Prisoners’ Dilemma game cooperating is the 

decision for the “common good” of all agents and defecting is to act in the agent’s selfish 

short-term best interest.  Thus, for this specific game the payoff function for defecting is 

higher than the payoff function for cooperating and the payoff value when all agents 

cooperate is larger than when all agent defect (� � � � 
 � �).  In general, these two 

payoff functions may have positive or negative slope, be higher or lower in relation to 

each other, or intersect with various consequences (Schelling, 1973).     

 In this dissertation we will consider linear payoff functions that can be 

characterized with the payoff parameters 
 � ��0�, � � ��1�, � � ��0� and � �
��1�.  A pair of typical linear payoff functions depicting the N-person Prisoners’ 

Dilemma game is shown in Figure 4.  In this figure � is the percentage of cooperators,  

����  is the payoff for those agents that are cooperating and ���� is the payoff for those 

agents that are defecting. 



 
 

39 
 

 
Figure 4   Linear payoff functions for cooperators ���� and defectors ���� 

 
 

For this model the linear payoff parameters 
, �, � and � are selected based on 

the application or research objectives and entered into the code.  It is then implemented 

for each agent during each iteration.  The parameters 
, �, � and � are required data to 

run a simulation.     

2.2.3 Learning Factors 

Learning factors are used in reinforcement learning to adjust the rate at which an agent’s 

cooperating probability changes.  For example, if the learning factor is near 0 there is 

slow learning resulting in little change in an agent’s cooperating probability from 

iteration to iteration.   In this case it may take many iterations for a system to stabilize.  

Higher learning factors results in quicker stabilization of the system, but the system 

incurs more fluctuations.   The learning factors must be greater than zero and less than or 

equal to one for Pavlovian agents.  A negative learning factor would basically turn 
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rewards into punishments and punishments into rewards, a zero learning factor is trivial 

since the agents cooperating probabilities would never change and a greater than unity 

learning factor would unrealistically magnify the reward or punishment.        

Learning factors 5 and 6 are set as initial parameters in the application.  They are 

implemented for each agent in each time period.  They are typically identical since in 

many models an agent is just responding to the reward or punishment. However 5 and 6 

may be different in cases where the decision affects the information an agent receives for 

the next time period or includes other intangible qualities such as happiness.  For 

example, a situation may occur in the cartel example when a cooperating agent receives 

more information from the other cooperating agents about the economic environment.  In 

essence, defecting agents may be isolated and so may respond differently to a reward or 

punishment.  It is an easier way to model this situation with different learning factors 

rather than by incorporating it into the payoff functions dealing with more quantifiable 

parameters such as production levels, market share, and profits. A similar case occurs 

when the agents are basically “happy” with being cooperators and are less likely to put 

forth a strong effort to reevaluate their probability after cooperating in any time period.  

They are simply following the flow.  It could also be the case that defecting agents are 

“shunned” and react more strongly one way or another.   These situations also can be 

modeled with different learning factors.  As an extreme case let’s assume that a defecting 

agent’s decision is to isolate itself from the environment and enter the next iteration 

basically with the same state.  For this extreme case the defecting agent would  receive a 
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reward or punishment with a near zero learning factor while a cooperating (involved) 

agent may have a larger positive learning factor.   

In this model the learning factors 5 and 6 are selected based on the application or 

research objectives and entered into the code.  It is then implemented for each agent 

during each iteration.  The learning factors 5 and 6 are required data to run a simulation.  

2.2.4 Initial Cooperating Probability 

For each simulation run an initial cooperating probability is selected.  The selection is 

based on the different trajectory and solution structures in order to illustrate all possible 

cases.  The initial cooperating probability is used at time period C � 1 in simulating the 

initial random strategy choices of the different agents.  For all later time periods C D 2 

their probabilities are updated based on the transition formula.  For simplicity the initial 

cooperating probability is chosen identical for all agents. The initial cooperating 

probability is a required data to start a simulation.  

 
2.3 Simulation Parameters  

2.3.1 Number of Iterations 

Simulations are performed primarily to determine the steady state equilibrium and / or the 

percentage of cooperator trajectory for a set of parameters.  In some cases several 

simulations are performed and the result of the final iteration is used in graphical 

representations.  Since the model does not test the system to identify if it has reached 

steady state equilibrium, it is important for the user to verify that the number of iterations 

performed is sufficient to reach the equilibrium state.    
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In the models discussed in this dissertation the number of iterations is selected by 

the user and entered into the code.  It determines the number of iterations or loops that the 

code is run.  The number of iterations is a required data to end a simulation. 

2.3.2 MATLAB Script Graphical Outputs 

A special MATLAB program was developed to simulate the model presented in this 

chapter.  This MATLAB script provides several different graphical outputs.   The most 

basic result for a simulation run is the following.  Figure 5 shows the simulation results 

using the linear payoff function parameters  � � 1, 
 �  �0.5, � � 1.5 and � �  �1 and 

equal learning factors  5 �  6 � 0.05.   The initial conditions and simulation parameters 

for this run are common initial cooperating probability 0.5, cellular automaton grid size 

50x50, neighborhood size 50, and number of iterations 100.  A neighborhood size 50 in 

this situation essentially means that the neighborhood is the entire automaton grid or all 

of the other agents.  The figure depicts the percentage of cooperators after each iteration.  

The results show that the percentage of cooperators reaches a steady state just under 0.2 

after about 70 iterations.       
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Figure 5   Simulation Result for Parameters  � � 1, 
 �  �0.5, � � 1.5, and � �  �1 

 

 As stated above several different graphical outputs can be produced from the 

MATLAB script. Appendix E provides a summary of all the output variants that are 

available and for each graph identifies the inputs necessary. 

2.4 Model Description 

The model works as follows.   An instantiation for the payoff parameters (
, �, �, �) and 

the learning factors (5, 6) are given.  The initial conditions and simulation parameters 

required are initial cooperating probability, cellular automaton grid size, neighborhood 

size, and number of iterations.   

To start the simulation each agent in the cellular automaton grid is given the 

initial probability to cooperate.   Time is moved forward in each iteration.   In the first 

iteration agents simultaneously decide to cooperate or defect based on the initial 

cooperating probability.   Then the percentage of cooperators of the entire grid is 

determined and used as a statistic to evaluate the state of the system.  The payoffs are 
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then computed for each agent.  Each agent’s payoff is attained by determining the 

percentage of cooperators � in that specific agent’s neighborhood and implementing the 

proper payoff function. This is ���� if that agent cooperated in that iteration or ���� if 
that agent defected.  Then each agent’s probability to cooperate is adjusted by using 

equation (1).   

In the second iteration the agents now simultaneously decide to cooperate or 

defect based on their own updated probability to cooperate.  The system percentage of 

cooperators is determined and each agent’s probability to cooperate is updated using the 

same methodology as described for the first iteration.  This repeats for the designated 

number of iterations.   Again, the main statistic tracked for the system is the percentage of 

cooperators of the entire population in each iteration.  Figure 6 provides the pseudo code 

for this model. 
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Figure 6   Pseudo Code for N-Person Social Dilemma Model 

 

2.5 Results 

The following paragraphs give main points, key figures, significant simulations and 

conclusions from these four papers.   The papers are located in Appendices A, B, C and 

D.   

• Initialize model 
– Set-up cellular automaton  

• Grid size 
• Neighborhood size 

– Assign model parameters   
• Linear payoff parameters R, P, S, T  
• Learning factors α, β 
• Initial probability to cooperate 

– Assign simulation parameters  
• Number iterations 
• Graphs to plot 

• Loop for assigned number of iterations    
– Agents decide to cooperate or defect based on their 

probability to cooperate 
– Determine state of system – percentage of cooperators (x) 
– Update each agent’s probability to cooperate based on 

assigned model parameters & percentage of cooperators in 
their neighborhood 

• Output assigned graphics   
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2.5.1  Analytical Solution to the �-Person Prisoners’ Dilemma 

This paper, located in Appendix A, presents a more general analytical solution to the �-

Person Prisoners’ Dilemma game than given in the literature and verifies it with agent 

based simulation. 

    In Szilagyi (2002, 2003b) it is shown that for Pavlovian agents an equilibrium �F 
occurs in an �-person Prisoner’s Dilemma game when   �F���F� � �1 � �F����F� .  
This equation depicts the situation when the total payoff of all the cooperating agents 

equals the total payoff of all the defecting agents.  This equilibrium equation requires the 

solution of a quadratic equation with linear payoff functions.  The problem with this 

previous result is that the analytical solution �F���F� � �1 � �F����F�  fails when the 

learning factors are unequal.  This can easily be shown with agent based simulation.    

First it will be shown that this analytical solution does indeed work when the 

learning curves are equal.   Figure 7 shows the simulation results for the example in 

Szilagyi (2002).   The parameters are 5 � 6 � 0.1,  
 � �0.5, � � 1.0, � � �1.0, and 

� � 1.5.  500 iterations are performed on a 100x100 grid with the neighborhood being 

the entire set of agents.  The initial cooperating ratios from top to bottom curves are 0.90, 

0.80, 0.75, 0.73, 0.71, 0.69, 0.65 and 0.00.  The analytical solutions to �F���F� �
�1 � �F����F�  with these parameters are 0.1798 and 0.6953.  It is clear from the 

simulation results that 0.1798 is an attractor and 0.6953 is a repeller. 
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Figure 7  Simulation Results Assuming Equal Learning Curve 
 

  
Figure 8 shows the simulation results for the same set of parameters as Figure 7 

except the value of 6 is changed to 0.01, so that 5 G 6.  The analytical solution to 

�F���F� � �1 � �F����F� does not change since it is not dependent on the learning 

factors, but the simulation results change significantly.  It is clear from this example that 

0.1798 is not an attractor and 0.6953 is not a repeller. Thus the previous equilibrium 

equation fails in the case when the learning factors are different. 
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Figure 8   Simulation Results Assuming Unequal Learning Curve 
 

 
In order to resolve this issue an analytical solution is derived by determining the 

percentage of cooperators from the expected value of the probability of each Pavlovian 

agent to cooperate and then finding the steady state equilibrium.  The derivation, given in 

Appendix A, concludes that �F5���F� � �1 � �F�6���F�.  This derived analytical 

solution is applicable regardless of learning factors.  Note that if  5 � 6 then this 

equation simplifies to �F���F� � �1 � �F����F�, which is the previously presented 

literature equilibrium equation.   

Now  �F5���F� � �1 � �F�6���F� will be verified using agent simulation for 

previous example.  In the case of equal learning factors �F5���F� � �1 � �F�6���F� 

simplifies to �F���F� � �1 � �F����F� which was verified in Figure 7.   For unequal 

learning factors Figure 9 shows the simulation results with learning factors  5 � 0.1 and 

6 � 0.01.  The analytical solutions to �F5���F� � �1 � �F�6���F� with these parameter 
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values are 0.0433 and 0.5249.  It is clear that the simulation results verify the derived 

analytical solution since there is an attractor at 0.0433 and a repeller at 0.5249. 

 

 

Figure 9   Simulation Results Verifying Derived Analytical Solution 
 

 
In conclusion, an analytical equation �F5���F� � �1 � �F�6���F� was derived to 

solve the �-person Prisoners’ Dilemma game.  This solution allows for situations when 

Pavlovian agents have different learning factors for the cooperators and the defectors.  

Through agent based simulation it is shown that this solution is accurate for linear payoff 

functions. The mathematical derivation does not use any special forms of the payoff 

functions ���� and ����, so this steady state equation is valid for nonlinear payoff 

functions as well.   If 5 � 6, then this analytical solution simplifies to �F���F� �
�1 � �F����F�, which is the solution equation known from the literature.   
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2.5.2 Agent Behavior and Transitions in �-Person Social Dilemma Games 

This paper, located in Appendix B, presents and analyzes the transitions that occur 

between �-person social dilemma games, the agent behavior causing these transitions 

and the impacts of various parameters.   Formerly, �-person social dilemma games such 

as Prisoners’ Dilemma, Chicken, Stag Hunt and Battle of the Sexes have been separately 

researched and analyzed, but there was no literature explaining agent behaviors or 

transitions between games.   

Figure 10 shows a three dimensional plot of simulation results with � � 1 and  


 �  �1, with � and � varying between -10 and 10.  Each intersection in the mesh 

represents a separate simulation run on a 50x50 cellular automaton grid with each 

Pavlovian agent having an initial cooperating probability 0.5 and equal learning factors 

0.05.  The height of the plot is the percentage of cooperators after the final iteration of 

each simulation run.    The color coding depicts the associated social dilemma game. 

There are three plateaus.  The first plateau is predominately the Prisoners’ Dilemma 

region where � is large positive and � is large negative, but also includes portions of 

Chicken and Stag Hunt.  This plateau is called the Prisoners’ Dilemma plateau.  The 

second plateau contains Leader and Battle of the Sexes games where both � and � are 

large positive.  This plateau is a step higher than the Prisoners’ Dilemma plateau. This 

plateau is called the Leader / Battle of the Sexes plateau.   The third plateau includes the 

Harmony and Deadlock games where � is large negative and � is large positive.  All of 

the agents are cooperating in this plateau.   It is called the Harmony / Deadlock plateau.    
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Figure 10   Simulation Result with Varying  � and � Values 

 
It is found that the agent behavior in each of these three plateaus is significantly 

different.  In the Prisoners’ Dilemma plateau each agent’s cooperating probability 

fluctuates around a steady state equilibrium.  These agents are called bipartisan since 

they are willing to change their decisions from iteration to iteration.  In the Leader /  

Battle of the Sexes plateau the agents decide to either cooperate or defect with 

certainty.  These agents are called partisan because of their unwillingness to change 

their decision.   In the Harmony / Deadlock plateau all agents decide to cooperate.  

These agents are called unison since they all make the same decision.   

It is found that the transition between the Prisoners’ Dilemma and Harmony / 

Deadlock plateaus occurs when the roots of the analytical solution equation become 

complex, that the transition between the Prisoners’ Dilemma and Leader / Battle of 
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the Sexes plateaus happens when the sign of � changes from negative to positive and 

that the transition between the Leader / Battle of the Sexes and Harmony / Deadlock 

plateaus takes place when the sign of  � changes from negative to positive.  Figure 11 

shows these transitions.  

 

Figure 11   Simulation with Lines Showing Transitions 

 

Each of these plateaus and transitions are analyzed and verified in the paper presented 

in Appendix B using agent based simulation.  The rest of the paper evaluates the impacts 

of the initial cooperating probability, neighborhood size, learning factors, grid size and 

the special cases where both � and  
 are either positive or negative. 

 In conclusion, this paper presents the plateaus and transitions of the �-person 

social dilemma game assuming Pavlovian agents with linear payoff functions in a two-

dimensional cellular automaton environment.  There is no similar type of analysis in the 
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literature. In fact, previous literature identified that such transitions exist but gave no 

explanation under what conditions they occurred.      

2.5.3 Applicability of the Analytical Solution to �-Person Social Dilemma Games 

This paper, located in Appendix C, investigates under what condition the analytical 

solution is applicable.   The implication in the literature from paper titles and simulation 

results is that the analytical solution is applicable to the Prisoner’s Dilemma game.  For 

example, the title of Szilagyi  (2002) is “Nontrivial Solutions to the �-Person Prisoner’s 

Dilemma” and the Appendix A title is “Analytical Solution to the H-Person Prisoners’ 

Dilemma”.  These papers either state or derive an analytical solution and verify it with 

agent based simulation using an �-person Prisoners’ Dilemma example.  The purpose of 

this paper is to evaluate under what conditions the analytical solution is actually 

applicable.             

Figure 12 shows the simulation results as presented in “Agent Behavior and 

Transitions in N-Person Social Dilemma Games” with the addition of a black region.  

The black area is where the simulation results and the analytical solution are within the 

threshold of 0.01.   Thus, the black region shows where analytical solution is close to 

simulation results.    This tolerance of 0.01 was assigned arbitrarily. The plot on the right 

side is a top down view of the isometric view shown on the left hand side.  These figures 

indicate that the analytical solution is within 0.01 of the simulation results in portions of 

Prisoners’ Dilemma, Chicken, Leader, Stag Hunt, and Coordination games.    
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Figure 12   Comparison between Simulation Results and Analytical Solution 

 
The boundaries where the analytical solution is applicable are analyzed.  The fact 

that the derivation of the analytical solution does not account for any adjustment of 

probabilities comes up when evaluating all the boundaries. The boundaries � � 0 and 

� � � � 2 are easy to understand because these are the transitions where bipartisan 

agents become partisan and unison respectively.  The analytical solution fails for partisan 

and unison agents because these agents are having their cooperating probabilities either 

going negative and being adjusted to zero or becoming greater than one and being 

adjusted to unity. 

    The boundary in the Prisoners’ Dilemma plateau where � becomes larges 

negative is not as obvious or distinct as in the previous two cases because in this region 

the agents are acting in a bipartisan manner with their cooperating probabilities 

fluctuating around a steady state equilibrium.  The problem is that as � becomes more 

negative, the agents become more severely punished when they cooperate.  At some point 

Area where Analytical Solution and

Simulation are within 0.01
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the punishment becomes so large that an agent’s cooperating probability will become 

negative if they cooperate in multiple consecutive iterations.  The negative cooperating 

probability is then required to be adjusted to zero.  In the next iteration the agent’s 

cooperating probability rises above zero upon defection and then continues to fluctuate 

around the steady state equilibrium until the next severe punishment occurs for multiple 

consecutive cooperating decisions.   If the value of � is only marginally high negative, 

then the punishment will result in only slight adjustments and the analytical solution will 

be close to the simulation results.  As  � becomes more negative the adjustments become 

larger and the simulation results diverge from the analytical solution.  Figure 13 shows 

how the difference slowly degrades in the Prisoners’ Dilemma plateau as � becomes 

more negative.  

        

 

Figure 13  Difference between Simulation and Analytical Solution when R  = 1 and P = -1 

 

  Although the previous analysis shows where the analytical solution is close to 

simulation results, a more unique method to better depict under what conditions the 
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analytical solution is applicable is also presented.  This method does not require the use 

of arbitrary tolerances or judgments.  

From the analyses above it is clear that the solution works when agents’ are 

bipartisan without any adjustments being made to any agent’s cooperating probability.  

That is, their cooperating probability fluctuates around the steady state equilibrium and 

never has to be adjusted because it never becomes greater than one or  negative.  It is 

evident from the derivation of the analytical solution that it does not account for any 

adjustments of the cooperating probabilities to one or to zero.   It is also clear that in the 

plateaus and regions where the analytical solution doesn’t work some or all of the agents’ 

cooperating probabilities are being adjusted.  So the idea is to look at the simulation run 

and determine the regions with no agents having a zero or unit cooperating probability.  If 

there are no agents with a zero or unit cooperating probability, then their cooperating 

probabilities must be fluctuating around a steady state value.  The area where the 

analytical solution is applicable is the region where there no agent has zero or unit 

cooperating probability.  This is shown in bright green color in Figure 14.  From these 

results it is seen that the analytical solution is applicable in the Chicken game with S 

slightly negative. It is also applicable in small portions of Prisoners’ Dilemma, Stag Hunt 

and Coordination games.   From this it is clear that the analytical solution is only a good 

estimate in the Prisoners’ Dilemma plateau, not the actual solution as implicated in the 

literature.    
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Figure 14   Area where Simulation has No Agents with Cooperating Probability of Zero       
                   or One 
 

The rest of the paper evaluates impacts of the initial cooperating probability,  

neighborhood size, learning factors and the special cases when both � and  
 are either 

positive or negative. 

 In conclusion, this paper presented that the applicability of the analytical solution 

of the �-person social dilemma game assuming Pavlovian agents with linear payoff 

functions in a two-dimensional cellular automaton environment is primarily in the 

Chicken game with S slightly negative.    

Area where No Agents have and

Cooperating Probability of Zero or One 
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2.5.4 Systematic Approach to N-Person Social Dilemma Games 

This paper, located in Appendix D, presents a systematic review of �-person social 

dilemma games using a new approach.   Traditionally �-person social dilemma games 

are classified by relative orders of magnitude of payoff parameters  
, �, � and �.   The 

new approach introduced in this paper is to categorize the social dilemma games into 

diagrams or cases. In these cases the solution structure or percentage of cooperator 

trajectory is readily apparent.  These cases also provide the modeler with additional 

information concerning the parameters  
, �, � and �.  There is no previous literature 

viewing �-person social dilemma games from this perspective. 

When a modeler is looking for appropriate parameter values for a specific 

application, typically the values of 
, �, � and � are based on their practical meaning.  In 

the two player Prisoners’ Dilemma game jail time is typically used to assign these 

parameters. For an �-person Prisoners’ Dilemma example, consider a cartel. The players 

or agents decide to cooperate by setting an optimum production and price as if it were a 

monopoly.  Each agent agrees to charge the monopoly price and limit production to set 

forth quantities.  The temptation for each agent is to defect by lowering the price and 

producing more.  The defecting agent has a higher profit or payoff since his market share 

increases significantly while the remaining cooperating agents lose market share while 

holding the same monopoly price.  If all agents defect, then all are worse off since they 

would all be charging the same lower price with the same market share as if they all 

would have cooperated.  In this example the assessed values of 
, �, � and � may be 

based on profit estimates for cooperating and defecting agents.    
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The modeler needs to be careful in determining the parameter values since the 

solution structure can change significantly based on slight and seemingly irrelevant 

differences.  For example, Figure 15 shows the solution structures for an �-person 

Prisoners’ Dilemma game. The only difference between the figures is that the payoff 

functions are shifted up and down while keeping the relative distance between them 

constant.  This situation creates a difficult problem to develop and validate a model since 

any one of these solution structures could be the simulation result if this is not 

considered. 

 

Figure 15  Solution Structures for Prisoners’ Dilemma Games 
 

 
The new approach is to plot the discrete state equation formula of the percentage 

of cooperators against a 45 degree line.  With linear payoff functions this transition 

formula is represented by a quadratic curve.   The derivation of this quadratic curve is 

presented in Appendix D and is given as  
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                                                   �012 � I�$ 4 J� 4 � 

where 
                                                               I � 5� � 6
 � K,  
                                                               J � K 4 26
 4 1  
and                                                          

� � �6
, 

with  
       K � 5� � 6�. 

  

 The steady state equilibrium solution and the trajectory of percentage of 

cooperators is readily apparent when this quadratic curve is plotted with a 45 degree line.  

For example, Figure 16 shows the case diagram and simulation results for an example 

with parameters  5 � 0.05, 6 � 0.05, 
 � �4, � � 3, � � �8 and � � 3.  In the case 

diagram on the left hand side the blue line is the quadratic curve, the green line is the 45 

degree line and the red line shows the trajectory for the percentage of cooperators.  The 

steady state equilibrium are the stars.  Steady states occur when the two curves intersect.  

The trajectory of percentage of cooperators is determined by starting at any initial state 

and plotting the successive iterations by moving horizontally from the quadratic curve to 

the 45 degree line and then vertically back to the quadratic curve.  In this case the 

trajectory converges to the attractor solution when the initial percentage of cooperators is 

below the repeller solution and repels to 100% cooperation if the initial percentage of 

cooperators is above the repeller solution.   That is,  ��C� O �PF when ��0� ' �QF , and 

��C� O 1 when ��0� � �QF .  The simulation results on the right hand side verify this 

solution.  This solution structure in this case is Attractor / Repeller, which is defined as a 

case when both an attractor and repeller steady stae solution occur between zero and one.  
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Figure 16  Case Diagram and Simulation Results Example 

 

 All possible cases in which the quadratic curve can occur relative to the 45 degree 

line are systematically reviewed Appendix D.  Figure 17 shows these case. There are 

thirteen cases in all.  For each case the solution structure and parameter constraints are 

analyzed.  For example, for the case shown in Figure 16 the solution structure is Attractor 

/ Repeller  and the parameter constraints are  
 R 0, � � 0, K 4 26
 R 0,  K � 25� R
0 and K$ 4 456
� � 0.   
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Figure 17  Thirteen Cases Identified for New Perspective 

 

In review of the thirteen cases there are six different solution structures identified.  

These are Total Cooperation, Total Defection, Single Attractor, Single Repeller, Attractor 

/ Repeller, and Oscillation.  Table 2 summarizes which cases are applicable for each 

solution structure.  For example, Case 1, Case 4 and Case 7 are Total Cooperations.   

Total Cooperation is defined as when the trajectory for all initial percentages of 

cooperators converges to all agents cooperating.         

 

Present Study
Thirteen Cases

Case 1

Case 6 Case 8 Case 5

Case 10

Case 9

Case 12Case 11

Case 7Case 3 Case 4

Case 2

Steady    Quad curve

Case(s) States to 45 degree

1/2           0          above/below

3/4/7         1                above

6/8           1                below

5/9           1           intersection

10-13         2           intersection  
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Social Game 
Solution 
Structure 

Case Case Constraints 

Total 
Cooperation 

1 

 R 0,� � 0,K$ 4 456
� R 0 
 R 0,� � 0,K$ 4 456
� D 0,K 4 26
 � 0,K � 25� ' 0 
 R 0,� � 0 K$ 4 456
� D 0,K 4 26
 ' 0, K � 25� � 0  

4 
 R 0,� � 0,K D 0 
7 
 � 0,� � 0,K D 0  

Total 
Defection 

2 
 � 0,� R 0 
6 
 � 0,� R 0,K R 0 
8 
 � 0,� � 0,K 4 6
 R 0  
13 
 � 0,� � 0,K R 0 

Single 
Attractor 

5a 
 R 0,� R 0,K 4 26
 4 1 D 0 
5b 
 R 0,� R 0,K 4 26
 4 1 R 0, K$ 4 456
� ' 1 
11a 
 R 0,� � 0,K R 0, K 4 26
 4 1 D 0 
11b 
 R 0,� � 0,K R 0,K 4 26
 4 1 R 0,K$ ' 1 

Single 
 Repeller 

9 
 � 0,� � 0,K � 25� R 0 
12 
 � 0,� � 0,K R 0 

Attractor / 
Repeller 

3a 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,K$ 4 456
� � 0, S�0� R �F 
3b 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,K$ 4 456
� � 0, S�0� � �F 
10a 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,0 R K$ 4 456
� ' 1, ST��0�U ' �PF 

10b 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,0 R K$ 4 456
� ' 1, �PF . R ST��0�U R �QF  

10c 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,0 R K$ 4 456
� ' 1, ST��0�U � �QF  

Oscillation 

5c 
 R 0,� R 0,K$ 4 456
� � 1,K � 25� ' 1 
5d 
 R 0,� R 0,K � 25� � 1 
10d 
 R 0,� � 0,K 4 26
 R 0,  K � 25� R 0,  K$ 4 456
� � 1 
11c 
 R 0,� � 0,K R �1  

 

Table 2  Summary of Cases Sorted by Solution Structure 
 
 

 The theoretical findings are illustrated with an example of  modeling a cartel.  In 

this example the user is attempting to model an industry that includes a cartel producing 

about half the market products with the percentage of cooperators fluctuating 

dramatically between 25% – 75% depending on various changing environmental 

conditions such as market conditions, costs and agent financial stability.  Note that OPEC 

is a cartel with the cooperating nations produce 40 -50% of the world’s oil.This is a �-

person Prisoners’ Dilemma game that would be near impossible to model using only the 

traditional approach. This classical approach would only give the inequality  � � � �

 � �.  However with the new approach a set of parameters to meet this application can 
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easily be identified and verified without using agent based simulation at all. In fact, it 

could be determined analytically.   It is also shown how this model can be used to analyze 

the market impact of changing the temptation level for agents to defect.  Again, this can 

be done very easily without the use of agent based simulation, although in the example 

agent based simulation is also performed in order to further verify the results.  

 In conclusion, developing and validating a model for an �-person social dilemma 

game using only traditional game classification information is difficult.  This paper 

developed a technique where the percentage of cooperator trajectory with parameters 


, �, � and � can be evaluated by graphing a quadratic curve derived from the discrete 

dynamic system against the 45 degree line.  From this graph the solution structure is 

readily apparent.  Thirteen different cases are identified.  Each case is systematically 

analyzed with the solution structure and additional constraints for 
, �, � and �  

identified.   

2.6 Conclusion 

In this dissertation, an �-person social dilemma model using Pavlovian agents making 

decisions in a cellular automaton environment with linear payoff functions was examined 

and four papers were submitted to journals.  The first paper demonstrates that the 

analytical solution to the �-person Prisoners’ Dilemma game discussed in previous 

literature fails when the learning factors are unequal. and the paper then derives a more 

general solution that corrects this issue. This solution holds for nonlinear payoff functions 

as well.  The second paper analyzes agent behavior and transitions.  Three plateaus are 

identified. Agent behaviors in these plateaus may be bipartisan, partisan or unison. The 
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transitions between these plateaus are analyzed.  Previous literature had identified that 

there were indeed transitions, but offered no explanations..  The third paper presents 

under what conditions the analytical solution is applicable.  Literature implied that the 

analytical solution was applicable in the Prisoners’ Dilemma game.  This paper 

thoroughly analyzes under what conditions the analytical solution actually occurs and 

concludes that it applies in the Chicken game with the parameter � slightly negative.  The 

analytical solution is only a good estimate for Prisoners’ Dilemma games and it degrades 

as � become large negative.  The fourth paper views the �-person social dilemma model 

from a new perspective. Thirteen cases or games are identified.  These cases are based on 

plotting the state transition formula, which is a quadratic curve with linear payoff 

functions, versus the 45 degree line.   From these case diagrams solution structures and 

percentage of cooperator trajectory are readily apparent without the use of simulation.  

Also, additional information concerning proper selection of parameter values are 

provided above the traditional approach.    The case diagrams can be used by modelers to 

easily develop and validate models for specific applications.    There is no previous 

literature viewing �-person social dilemma games from this system theoretical 

perspective. 

 Future research should concentrate on expanding the use of the discrete dynamic 

system approach.  In the present study the locations of the agents are fixed and do not 

change.  It would be interesting to see how the result could be affected by moving agents.  

Another potential area could include using higher order payoff functions and different 

types of agents.  In the case of higher order payoff functions the state transition formula 
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would not quadratic as it is for linear functions.  The higher order system would have to 

be either derived or approximated with linear functions.  In the case of different types of 

agents there are also many possibilities.  One area is to use agent personality types 

without reinforcement learning such as greedy or conformist agents.  A greedy agent 

duplicates the decision of its neighbor that received the highest payoff in the previous 

iteration.  Conformist agents decide with majority of their neighborhood.  The 

comparison of these agents with Pavlovian agents using the dynamic system approach 

could lead to general conclusions about solution structures and steady state equilibria.   

Another idea would be to mix personality types in a grid.  Perhaps a certain percentage of 

the agents in the cellular automaton environment are Pavlovian, greedy, and/or 

conformist.   The benefit is that models will be developed based on more of an analytical 

systematic approach rather than a series of agent based simulations.   This new approach 

will be more accurate and more efficient.   So it has the potential to be used in a wider 

range of applications. 
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The purpose of this study is to develop an analytical solution to 

the �-Person Prisoners’ Dilemma game and verify it using agent 

based simulation.  The model used in this paper assumes 

Pavlovian agents interacting in a cellular automata environment.   

The solution is derived by determining the percentage of 

cooperators from the expected value of the probability of each 

Pavlovian agent to cooperate and then finding the steady state 

equilibrium.  Previous solutions to this problem assumed that the 

Pavlovian agent learning factors for cooperating and defecting 

agents were equal.  The result found in this paper includes this 

special case and finds the steady state equilibrium even when the 

learning factors are different.  A special MATLAB program is 

developed to simulate and verify this analysis assuming linear 

payoff functions.   
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      1.0 Introduction 

 

Agent based social simulation started in the 1990s [1, 2] and this 

research area is growing significantly. The main advantage of agent 

based simulation is that it is a bottoms-up approach where the agents’ 

attributes may include personalities, characteristics and learning 

capabilities. Agent based simulation can be used to study artificial 

societies for emergence of groups with common attributes or social 

segregation [3]. 

 

Social dilemmas arise from collective actions in any society.  

That is, individual agents may cooperate with each other for the 

collective best interests or defect to pursue their own self interest. In 

agent based simulation models individual agents receive a reward or 

punishment based on their individual decision and the collective 

decisions of the others agents.  The study of social dilemma problems is 

very important since it helps us understand problems that society is 

facing today.  The Prisoners’ Dilemma is an important example of a 

social dilemma which is frequently examined in the literature.   

 

 The Prisoners’ Dilemma is typically defined as a two player 

discrete game [4].  The basic form of the game is given by the payoff 

matrix shown in Table 1 where both players have two decision 

alternatives:  to cooperate or to defect.  The rows show the strategies of 

player 1, and the columns indicate the strategies of player 2.  For each 

corresponding strategy pair the first number in each position gives the 

payoff of player 1, and the second value is the payoff of player 2.  The 

possible payoffs are � (reward for both agents cooperating), 
 

(punishment for both agents defecting), � (temptation to defect when the 

other agent cooperates), and � (sucker payoff for cooperating when the 

other agent defects).  The classic situation involves two suspects being 

arrested and separated by the police.  There is insufficient evidence for 
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the police to convict either one of the accused crime, so the police offer 

each one a deal to testify against the other.  If both suspects cooperate 

with each other by remaining silent, each one is sentenced to minimal jail 

time on a lesser charge.   If one suspect testifies against the other 

(defects) and the other stays silent (cooperates), then the defector is 

released and the cooperator is sentenced to full jail time on the accused 

charge.  If both suspects defect and testify, then both are sentenced to 

reduced jail time on the accused charge. For the Prisoners’ Dilemma the 

payoffs for the players satisfy the relation � � � � 
 � �  [5].   

 

P
la

ye
r 

1 

 Player 2 

 Cooperate Defect 

Cooperate � , �  � , � 

Defect �, �  
, 
 

 

Table 1 Payoff Matrix for two player game 

 

   In this game defecting strictly dominates cooperating and thus 

the only equilibrium is for both players to defect.  The dilemma is that 

both players would be better off if they both cooperated, but this is not a 

stable equilibrium since both players have a temptation to defect.     

  

 Study of collective behavior requires a multi-person extension of 

the model of this game.  This paper uses a two dimensional cellular 

automata environment [6].  In this environment each agent is represented 

by a cell on a rectangular grid and may interact with its immediate 

neighbors or with all the agents as a collective set.   In this paper a 

100x100 grid is used and only interactions with all neighbors as a 

collective set are explored.   Time is moved forward in iterations.  In 

each iteration the agents decide to cooperate or defect based on a certain 

probability distribution, which will be explained later in this paper.    
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In an �-Person Prisoners’ Dilemma game each agent can choose 

to cooperate or defect and then receives a reward or punishment that 

depends on the accumulated choices of the other agents.  The amount of 

reward or punishment an agent receives is called a payoff function.  A 

typical linear payoff function is shown in Figure 1.  In this payoff 

function � is the percentage of cooperators,  ����  is the payoff value for 

those agents that are cooperating and ���� is the payoff value for those 

agents that are defecting.  The game is said to be an �-Person Prisoners’ 

Dilemma when the parameters of the payoff functions satisfy the relation  � � � � 
 � �  [7].     

 

 

 

Figure 1   Linear Payoff Function for Cooperators (�) and Defectors (�) 

 

A cartel would be an example of an �-Person Prisoners’ 

Dilemma game.  In a cartel the players cooperate to set an optimum 

production and price as if it were a monopoly.  Each player or agent 

agrees to charge the monopoly price and limit production to set forth 
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quantities.  The temptation for each agent is to defect by lowering the 

price and producing more.  The defecting agent has a higher profit or 

payoff since his market share increases significantly while the remaining 

cooperating agents lose market share while holding the same monopoly 

price.  If all agents defect, then all are worse off since they would all be 

charging the same lower price with the same market share as if they all 

would have cooperated. 

 

 In an �-Person game each agent has a personality type which 

dictates how the agent will decide to cooperate or defect.  In Szilagyi [8] 

several potential personality types are presented including Pavlovian, 

Greedy, Conformist and Accountant.  This paper will deal with the 

Pavlovian agent type only.  The Pavlovian agent has a certain probability - of cooperating in each time period, which changes for the next time 

period or iteration by a proportion of the reward or punishment received.   

This is established from Thorndike’s law of conditioning based on 

Pavlov’s experiments where positive outcomes to an action reinforce the 

subject to continue that action [9].  The probability that an agent i will be 

cooperating at time period t can be computed as 

 

-/�C� � V-/�C � 1� 4 5�T��C � 1�U   if the agent cooperated at time period C � 1-/�C � 1� � 6�T��C � 1�U   if the agent  defected at time period C � 1    B  (1)       

 

where ��C � 1� is the percentage of cooperating agents in the population 

at time period C � 1, 5 is the proportion or learning factor for cooperators 

and 6 is the learning factor for defectors.  Since -/�C� is a probability it 

must be between zero and one.  So whenever  -/�C� becomes larger than 

one it is adjusted to be one.  Likewise, whenever  -/�C� becomes negative 

it is adjusted to be zero.    

 

 The learning factors 5 and 6 are typically set to be the same 

value since in many models an agent is just responding to the reward or 
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punishment, but 5 and 6 may be different in cases where the decision 

affects the information an agents receives for the next time period or 

includes other intangible qualities such as happiness of making a certain 

decision.  For example, a situation may occur in the cartel example when 

a cooperating agent receives more information from the other 

cooperating agents about the economical environment.  In essence, 

defecting agents may be isolated and so may respond differently to a 

reward or punishment.  It is an easier way to model this situation with 

different learning factors then by incorporating it into the payoff 

functions dealing with more quantifiable parameters such as production 

levels, market share, and profits. A similar case occurs when the agents 

are basically “happy” with being cooperators and are less likely to put 

forth a strong effort to reevaluate their probability after cooperating in 

any time period.  They are simply following the flow.  It could also be 

that defecting agents are “shunned” and react more strongly one way or 

another.   These situations also can be modeled with different learning 

factors.  As an extreme case let’s assume that a defecting agent’s 

decision is to isolate itself from the environment and enter the next 

iteration basically with the same state.  For this extreme case the 

defecting agent would still receive a reward or punishment with zero 

learning factor where a cooperating (involved) agent may have some 

positive learning factor.  

 

In Szilagyi [8, 10] it is shown that for Pavlovian agents an 

equilibrium �F occurs in an �-person Prisoner’s Dilemma game 

when   �F���F� � �1 � �F����F� .  This equation depicts the situation 

when the total payoff of all the cooperating agents equals the total payoff 

of all the defecting agents.  This equilibrium equation requires the 

solution of a quadratic equation when there are linear payoff functions. 

  

The purpose of this paper is to show both analytically and by 

simulation that the equilibrium equation �F���F� � �1 � �F����F� must 
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assume that 5 � 6, and to develop a more general equilibrium equation 

that solves the � -person Prisoner’s Dilemma game with different 

learning factors. 

 

      2. Steady State Analysis   

   

An equation for the expected value of - will first be developed for the 

Pavlovian agents. To simplify the notation -/012 denotes the probability 

that an agent i will be cooperating in the next time period,  ����  is the 

payoff for cooperating agents and ���� is the payoff for the defecting 

agents.  The probability that an agent . will be cooperating in the next 

period is given as 

                                                             

      -/012 � 3 -/ 4 5���� -/ � 6����    if the agent is a cooperator  if the agent is a defector,    B                      (2)                                                

 

where � is the ratio of the cooperating agents. 

 

Since an agent is a cooperator with probability -/ and a defector 

with probability 1--/, the expected value of -/012  becomes 

 

      X�-/012� � Y-/ 4 5����Z-/ 4 Y-/ � 6����Z�1 � -/�    
 

                    � -/$ 4 5-/���� 4 -/ �  6���� � -/$ 4 6-/���� 
 

                    � 5-/���� 4 -/ �  6���� 4 6-/���� .                          (3)                                                

 

If N is the total number of agents then the percentage of cooperating 

agents is � � #[ ∑ -/[/]# .  By combining this relation and equation (3) we 

have 
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      �012 � #[ ∑ X�-/012�[/]#                                                                    
   

                � ∑ ^_`ab� �[ 4 `a[ � cd� �[ 4 c`ad� �[ e[/]#  

 

                � 5����� 4 � �  6���� 4 6�����               
 

                � Y5���� 4 6���� 4 1Z� �  6����.                                    (4) 

                           

 At any steady state �F, the state does not change anymore.  That 

is, if � � �F , then  �012 �  �F as well. Therefore from equation (4) we 

conclude that �F is a steady state if and only if 

 

      �F � Y5���F� 4 6���F� 4 1Z�F � 6���F�, 
 

Which can be written as 

 �F5���F� � �1 � �F�6���F�.                                      (5) 

      

Note that if  5 � 6 then equation (5) simplifies to �F���F� ��1 � �F����F�  , which is the equilibrium equation presented earlier in 

the literature for this special case.   

 

The above analysis is valid in the case of general payoff 

functions since in the derivation no special forms are assumed.   In the 

linear case ���� � � 4 �� � ��� and ���� � 
 4 �� � 
��,  so 

equation (5) reduces to 

 �F5Y� 4 �� � ���FZ � �1 � �F�6Y
 4 �� � 
��FZ.                                                            
 

This is a quadratic equation for �F and therefore 
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      �F � f_gf$chicjkl_mgm f$_cgjicmjmin_chQ$F�_Qf_gicjfch� .                    (6) 

           

If 5 � 6, then this equation simplifies as 

 

      �F � fgf$hijk√gm f$gjijminhQ$�Qfgijfh�   .                                                   (7) 

 

Equation (6) shows that the number of steady states is 0, 1, or 2 

in the linear case depending on the signs of the discriminant and the 

roots. 

 

      3. Simulation Study 

 

A special MATLAB model is developed to simulate and verify the 

analysis of the previous section. 

   

An example earlier introduced in Szilagyi [8] will be reviewed.  

First, with the assumption that 5 � 6 the MATLAB program is verified 

by comparing the simulation results with those given in Szilagyi [8].  

Next, the learning factor 6 is varied while keeping 5 the same so that we 

can examine cases where 5 G 6 and see the dependence of the steady 

state on the value of  6.    

 

The parameters given in Szilagyi [8] are p� 6 � 0.1,  
 ��0.5, � � 1.0, � � �1.0, and � � 1.5. 

 

Inserting 5, 6, 
, �, � and � into equation (7) gives �F � 0.1798 

and 0.6953 which matches the results given in Szilagyi [8]. Figure 2 uses 

equation (4) to sequentially determine ��C� from initial points of 0.05, 

0.65, and 0.75. The quadratic curve is the solution of equation (4) and the 

straight line from (0,0) to (1,1) is a 45 degree line.  For example, if we 

start at ��0� � 0.05 the next state is ��1� � 0.0835.  This is represented 
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by the vertical dashed line at ��0� � 0.05  running from  0 to 0.0835.  

Moving along the lowest horizontal line to ��1� � 0.0835 we come to 

the next vertical line which shows the second iteration going from ��1� � 0.0835 to ��2� � 0.1071.  Continuing in this fashion we see 

that the solution converges to 0.1798.  Figure 2 shows this procedure for 

starting steps of 0.05, 0.65, and 0.75.  From these results it is clear �F � 

0.1798 and 0.6953 are the solutions, with  �F � 0.1798 being an attractor 

and �F � 0.6953 being a repeller.    
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Figure 2     The top graph is an iteration chart with initial starting states 
of 0.05, 0.65, and 0.75. This chart shows �F � 0.1798 is an attractor and �F � 0.6953 is a repeller.  The chart on the bottom is a magnification 
using the initial starting state of 0.05.  It better shows the iterations 
converging to the attractor  �F � 0.1798. 
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Figure 3 shows some ��C� sequences starting from different 

initial states.  They coincide with the corresponding results presented in 

Szilagyi [8].   

 

 

 

We can vary the values of 5  and 6  and repeat the computation 

and simulation.  In the following example we change the value of 6 to 

0.01, so that 5 G 6.  T he parameter values in this case are 5 � 0.1, 6 � 0.01, 
 � �0.5, � � 1.0, � � �1.0, and � � 1.5.  

 

 There would be no change in inserting these parameters into 

equation (7) since this equation does not depend on 5 or 6, but inserting 

them into the more general equation (6) leads to the different solutions of 

0.0433 and 0.5249.  The simulation results for 5 � 0.1, 6 � 0.01 using 

the special MATLAB program are shown in Figures 4 and 5.  Figure 4 

uses the same initial probabilities as in Figure 3 to show that the curves 
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Figure 3    500 iterations were performed on a 100x100 grid 
with the neighborhood being the entire set of agents.  The initial 
cooperating ratios from top to bottom curves are 0.90, 0.80, 
0.75, 0.73, 0.71, 0.69, 0.65 and 0.00. 
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become different when 5 G 6.  Figure 5 is based on the same data with 

different cooperating probabilities of 0.90, 0.80, 0.75, 0.56, 0.54, 0.52, 

0.50, and 0 to show that the repeller is indeed 0.5249 as indicated by 

equation (6).   It can also be seen from these simulations that the attractor 

is 0.0433, which is the same as determined by equation (6).   This results 

show that equation (6) correctly determines the solution when 5 G 6. 
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Figure 4    500 iterations are performed on a 100x100 grid with the 
neighborhood being the entire set of agents.  α = 0.1 and β = 0.01 are 
selected.  The initial cooperating ratios from top to bottom curves are 
0.90, 0.80, 0.75, 0.73, 0.71, 0.69, 0.65 and 0.00. It can be seen here that 
the solution changes. 
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It is interesting to note that the solution does not change if both 5 

and 6  vary but remain equal.  Table 2 shows the attractor and repeller 

solutions for the payoff function parameters used in the above examples 

as 5 and 6  vary.  It is clear from this table that the analytical solution 

does not change when the learning factors are equal.  This is 

understandable, since in equation (5) the multipliers 5 and 6 cancel out 

when 5 � 6.    
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Figure 5    This is the same simulation as Figure 3 with the initial 
cooperating ratios 0.90, 0.80, 0.75, 0.56, 0.54, 0.52, 0.50, and 0.00 from 
the top to the bottom.  It can be seen here that the solutions of �F � 
0.0433 and 0.5249 agree with the analytical results of equation (6).   
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    β     

 

α 

0.01 0.04 0.07 0.10 

0.01 0.1798 0.2298 0.2383 0.2418 

0.04 0.0892 0.1798 0.2064 0.2185 

0.07 0.0584 0.1448 0.1798 0.1978 

0.10 0.0433 0.1202 0.1582 0.1798 

                                        

Attractor Solutions 

 

    β   

 

α 

0.01 0.04 0.07 0.10 

0.01 0.6953 0.8702 0.9179 0.9401 

0.04 0.5608 0.6953 0.7709 0.8172 

0.07 0.5354 0.6280 0.6953 0.7433 

0.10 0.5249 0.5940 0.6506 0.6953 

 

Repeller Solutions 

 

 

 

 

 

Table 2   Attractor and Repeller Solutions 
of equation (6) for varying learning 
factors.  Shaded cells denote solutions for  5 � 6, which do not change.    
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      4. Conclusion 

 

An analytical equation, �F5���F� � �1 � �F�6���F�, was found to 

solve the �-person Prisoner’s Dilemma game.  This  solution allows for 

situations where Pavlovian agents have different learning factors for the 

cooperators and the defectors.  Through agent based simulation it was 

shown that this solution is accurate for linear payoff functions.  If 5 � 6, 

then this analytical solution simplifies to �F���F� � �1 � �F����F� 

which is the solution known from the literature.  In this study it was also 

shown by agent based simulation that the simplified equation                                 �F���F� � �1 � �F����F� does not work for 5 G 6, which is also clear 

from the analytical solution.   
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AGENT BEHAVIOR AND TRANSITIONS IN �-PERSON SOCIAL DILEMMA 
GAMES 
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Daren Sandbank, Ferenc Szidarovszky and Miklos N Szilagyi (2010) 
 

Agent Behavior and Transitions in H-Person Social 
Dilemma Games 

 

 Abstract 

 

The purpose of this paper is to present the transitions that occur between �-person social dilemma games, 

the agent behavior causing these transitions, and the impacts of various parameters.   Formerly, �-person 

social dilemma games such as Prisoners’ Dilemma, Chicken, Stag Hunt and Battle of the Sexes have been 

separately researched and analyzed.   In this paper the specific behavior of Pavlovian agents are explored 

in a two dimensional cellular automaton environment using parameters that extends over all of these 

games.  It is found that there are three significantly different types of agent behavior – bipartisan, partisan, 

and unison.  Bipartisan agents stochastically decide to cooperate or defect based on a cooperating 

probability greater than zero and less than one, partisan agents either cooperate with certainty or defect 

with certainty, and unison agents cooperate 100% of the time.  Each agent behavior can be associated 

with a set of social dilemma games and be represented as plateaus on a three dimensional graph.    These 

plateaus themselves and the transitions between them are investigated in terms of where and why they 

occur.   Lastly, this paper reviews the impact of initial cooperating probability, neighborhood size, 

learning factors, and grid size on these plateaus and transitions. 

Keywords:  

Agent-Based Simulation, �-Person Games, Cellular Automaton, Pavlovian Agent, Equilibrium  
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 Introduction  

 Agent based social simulation started in the 1990s (Davidsson 2000 and 2002) and this research 

area is growing significantly. The main advantage of agent based simulation is that it is a 

bottom-up approach where the agents’ attributes may include personalities, characteristics and 

learning capabilities.  Agent based simulation can be used to study artificial societies (Epstein 

and Axtell 1996) for emergence of groups with common attributes or social segregation.  In this 

paper the specific behavior of Pavlovian agents in a two dimensional cellular automaton 

environment to cooperate or defect is based on reinforcement learning with linear payoff 

functions. This model has been used to study several real world applications in the literature.  In 

Power (2009) the towns of Catalina, New Foundland and Labrador, Canada are modeled as a 

cellular automaton environment with Pavlovian agents, who’s personalities are identical to those 

studied in this paper in order to examine the collective communication and �-person prisoner’s 

dilemma cooperation within a socio-geographic community.  Szilagyi (2009) also uses Pavlovian 

agents to model and examine an  �-person chicken dilemma game where agents in a large city 

decide to either cooperate with each other for the collective best interest and use public 

transportation or defect and drive their car.  Other potential fields where this type of model is 

applicable include military expenditures, oil cartels, and climate change.  In each of these areas 

countries or agents can be modeled in a cellular automaton environment where each must decide 

to cooperate for the collective best interest or defect for their own self interest.  The collective 

best interest for military expenditures would be to limit arms production, for oil cartels to set 

monopolistic prices and market share, and for climate change to curb CO2 emissions.   The self 

interest temptation for each country or agent respectively is to raise arms production and become 

a dominate military force, lower price and increase profits by picking up more market share, and 

allow CO2 emissions and spend less to save the environment.  The worst situation is if all agents 

defect since in each case discussed above the country or agent would be negatively impacted 

without getting any competitive advantage.        

1.1 Two player social dilemma games are defined with a payoff matrix shown in Table 1.  The rows show 

the strategies of player 1, and the columns indicate the strategies of player 2.  For each corresponding 

strategy pair the first number in each position gives the payoff of player 1, and the second value is the 
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payoff of player 2.   The parameters 
, �, � and � are derived from the Prisoners’ Dilemma game and 

are referred to as Punishment, Reward, Sucker’s Bet, and Temptation respectively.  The Prisoners’ 

Dilemma game will be described in more detail in upcoming paragraphs.       

                

P
la

ye
r 

1 

 Player 2 

 Cooperate Defect 

Cooperate � , �  � , � 

Defect �, �  
, 
 

 

Table 1 Payoff Matrix for Two Player Games 

 

1.2 A multi-person or �-person extension of the model takes into account the collective behavior in 

society where individual agents may cooperate with each other for the collective best interests or 

defect to pursue their own self interest. This paper assumes a two dimensional cellular automaton 

environment where each agent is represented by a cell on a rectangular grid and may interact with its 

immediate neighbors or with all the agents as a collective set.   An example of a cellular automaton 

environment with Moore neighborhoods is shown in Figure 1.  In this figure the gray cells are the 

neighbors for the black cell with Moore neighborhoods of one, two, and all.    

 

           

Figure 1  Cellular Automaton Environment with Moore Neighborhoods 1, 2, and All 

 

1.3 In each iteration the agents decide whether to cooperate or defect based on a certain probability 

distribution.   After each agent chooses to cooperate or defect a reward or punishment is received that 

depends on the accumulated choices of the other agents in its designated neighborhood.  The amount 

of reward or punishment an agent receives is derived from a payoff function.  A typical linear payoff 
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function is shown in Figure 2.  In this payoff function � is the percentage of cooperators,  ����  is the 

payoff for those agents that are cooperating and ���� is the payoff for those agents that are defecting.   

 

 

Figure 2   Linear Payoff Functions for Cooperators (�) and Defectors (�) 

 

1.4 In an �-person social dilemma game each agent has a personality type which dictates how the agent 

will decide to cooperate or defect.  In Szilagyi (2002) several potential personality types are presented 

including Greedy, Conformist, and Pavlovian.  Greedy agents duplicate the decision of the agent in 

their neighborhood that receives the highest payoff.  Conformist agents make their decision in line 

with the majority in their neighborhood.  Pavlovian agents base their decision on reinforced learning.  

This paper will deal with the Pavlovian agent type only.   Reinforcement learning has been used 

extensively in the literature for two player repeated games (Bush and Mosteller 1955, Macy and 

Flache 2002, and Flache and Macy 2002) and is based on Thorndike’s law of conditioning based on 

Pavlov’s experiments where positive outcomes to an action reinforce the subject to continue that 

action (Thorndike 1911).  The model in this paper is the same used in Szilagyi (2002),  Zhao et al. 

(2007) and Sandbank et al. (2010).  They all analyze �-person social dilemma games, so the results 

found here can be related directly to those papers.  In this model the Pavlovian agent has a certain 

probability - of cooperating in each time period, which changes for the next time period or iteration 

by a proportion of the reward or punishment received.   The probability that an agent . will be 

cooperating at time period C can be computed as 
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                -/�C� � V -/�C � 1� 4 5�T��C � 1�U   if the agent cooperated at time period C � 1-/�C � 1� � 6�T��C � 1�U   if the agent  defected at time period C � 1,    B            (1) 

 

where ��C � 1� is the percentage of cooperating agents in the population at time period C � 1, 5 is the 

proportion or learning factor for cooperators and 6 is the learning factor for defectors. 5 and 6 are set 

parameters between zero and one.   Since -/�C� is a probability it must also be between zero and one.  

So whenever  -/�C� becomes larger than one it is adjusted to be one.  Likewise, whenever  -/�C� 

becomes negative it is adjusted to be zero.  A similar model extensively analyzed for two player 

repeated games in the literature is a variant of Bush and Mosteller’s (1955) linear stochastic model 

which was proposed by Macy and Flache (2002) and Flanche and Macy (2002).  In these models a 

stimulus is calculated for any action based on a payoff and an aspiration level.  This stimulus with a 

learning factor is used in an algorithm similar to equation (1) where the probability to cooperate is 

increased if either the cooperating agent is rewarded or defecting agent is punished; and the 

probability to cooperate is decreased if either the cooperating agent is punished or defecting agent is 

rewarded.  In our model we use a similar concept with the assumption that the aspiration level is zero 

and the payoff values are the stimulus.     

1.5  The model works as follows.   An instantiation for the payoff parameters (
, �, �, �) and the learning 

factors (5, 6) are given.  The initial conditions and simulation parameters required for a single 

simulation run are the initial cooperating probability for each agent, the cellular automaton grid size, 

the neighborhood size, and the number of iterations to be performed.  To start the simulation each 

agent in the cellular automaton grid is given the initial probability to cooperate.   Time is moved 

forward in iterations.   In the first iteration agents simultaneously decide to cooperate or defect based 

on the assigned initial probabilities to cooperate.   Then the percentage of cooperators of the entire 

grid is determined and used as a statistic to evaluate the state of the system.  The payoffs are then 

computed for each agent.  Each agent’s payoff is attained by determining the percentage of 

cooperators � in that specific agent’s neighborhood and implementing the proper payoff function, 

which is ���� if that agent cooperated in that iteration or ���� if that agent defected.  Then each 

agent’s probability to cooperate is adjusted by using equation (1).  The second iteration then begins.  

In the second iteration the agents now simultaneously decide to cooperate or defect based on their 

own updated probabilities to cooperate.  The system percentage of cooperators is determined and each 

agent’s probability to cooperate is updated using the same methodology as described for the first 
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iteration.  This repeats for the designated number of iterations.   Again, the main statistic tracked for 

the system is the percentage of cooperators of the entire population in each iteration.            

1.6 The Prisoners’ Dilemma game is an important example of a social dilemma which is frequently 

examined in the literature.  In this game two suspects are arrested and separated by the police.  If after 

questioning both suspects cooperate by remaining silent, each one is sentenced to minimal jail time 

on a lesser charge.   If one suspect testifies against the other (defects) and the other stays silent 

(cooperates), the defector is released and the cooperator is sentenced to full jail time on the accused 

charge.  If both suspects defect by testifying against each other, then both are sentenced to reduced 

jail time on the accused charge. In accordance with the above description a Prisoners’ Dilemma game 

occurs when the parameters of the payoff functions satisfy the relation  � � � � 
 � �.  There are 

several social games other than Prisoners’ Dilemma with much literature including Chicken which is 

characterized by the inequality � � � � � � 
, Stag Hunt which follows when � � � � 
 � �,   

and Deadlock when � � 
 � � � �  is satisfied.   These games have a colorful story and many real 

life applications including such topics as world politics, law, and other fields (Poundstone 1992, 

McAdams 2009, and Axelrod and Keohane 1985).  Other social games characterized in this paper 

include Battle of the Sexes (Zhao et al 2008), Harmony, Coordination, Leader and two unnamed 

games.  Harmony occurs when the highest payoff is received when both players or agents cooperate 

and the lowest payoff is received when both agents defect. This occurs when � �  � �  
 and  � �  � �  
.   The Coordination game is derived when agents receive higher payoffs if they 

coordinate their decision by either both cooperating or defecting.  That is, they receive the highest 

payoff if both cooperate and the next highest payoff is if both defect.    This occurs when  � � 
 � �  

and  � � 
 �  �.   The Leader game is defined when two drivers want to merge into traffic from 

opposite directions when a single gap opens up.  The highest payoff is for the agent who defects by 

entering the single gap while the other agent who cooperates by waiting gets the second highest 

payoff.  The next highest payoff is that they both cooperate and wait for a gap large enough for both 

to enter.  The lowest payoff is if both defect by entering the single gap and collide.  Leader occurs 

when � � � � � 
 .  

1.7 In order to represent these games graphically, which will be done throughout this paper, we assume 

without loss of generality that � � 
 for all games and then normalize the payoff function values 

such that  � �  1 and 
 �  0.  If � R 
 for a particular game then we simply interchange the 

definitions of cooperation and defection to derive an equivalent game with  � � 
.   For example, 

Battle of the Sexes is a game where a man and a woman are deciding where to go out on a date.  The 
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man prefers a sporting event while the woman prefers ballet. However, both of them prefer going out 

together rather than alone.   Cooperation is defined as a person going to the event the other person 

prefers and defection is going to the event he or she prefers.  If both cooperate (man goes to ballet and 

woman goes to sporting event) than both are most disappointed because they both are going to an 

activity they do not like and they are by themselves.   If one person defects and the other person 

cooperates, then the defector is most happy since this person is going to an event he/she likes with 

their partner and the cooperator is somewhat happy because she/he is with the other person.  If both 

defect and go to the event they enjoy alone, they are not as happy as if they could be if they went 

somewhere with their partner.  Battle of the Sexes is typically characterized by the inequality � � � � 
 � �.   However, if we simply interchange the definition of cooperate to be going to the 

event the individual prefers and defect to be to going to the activity the other individual prefers, then 

the inequality for the same story becomes  � �  � � � � 
.  This is an equivalent game with  � � 
.    This method is also used for the Deadlock game discussed above where � � 
 � � � �  

becomes � � � � 
 � � with a different definition of cooperate and defect.    

1.8 Using the above convention, each game can be represented by a region in the �, � plane as shown in 

Figure 3.  This type of graphical representation has been used to analyze various topics in the 

literature including the efficiency of adapting aspiration levels (Posch et al. 1999),  fundamental 

clusters in spatial 2x2 games (Hauert 2001) and effects of space in 2x2 games (Hauert 2002). The 

ordering of  �, �, �, and 
 with the normalized values � �  1 and 
 �  0 divides the plane into 12 

regions where the various games are depicted graphically by name and color. That is, Prisoners’ 

Dilemma is teal, Chicken is red, Leader and Battle of the Sexes is green, Stag Hunt is dark blue, 

Harmony is yellow, Coordination is light blue, and Deadlock is white.  Unnamed games are colored 

brown and magenta.  These color designations for specified games will be used throughout much of 

this paper. 

1.9 As stated above, in Figure 3 it is assumed that � � 1 and 
 �  0.  Later in this paper this assumption 

will be dropped and similar graphical representations will be presented with various values of � and 
.  This will not change the relative location of the games in these figures as long as  � � 
, which 

as stated above will be assumed without loss of generality.  Furthermore, for the first part of this 

paper it will be assumed that � is positive and 
 is negative.  This is a reasonable assumption since � 

represents reward which we define as a positive payoff and 
 represents punishment which will be 

considered a negative payoff.  Later in the paper, the special cases where � and 
 are either both 

positive or both negative will be investigated. 
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Figure 3 Classifications of Games 

 

1.10 Figure 4 shows the simulation results using the linear payoff function parameters as shown in 

Figure 2 (� � 1, 
 �  �0.5, � � 1.5, and � �  �1) and equal learning factors  (5 �  6 � 0.05).   

The initial conditions and simulation parameters for this run are the initial cooperating probability 

0.5, cellular automaton grid size 50x50, neighborhood size 50, and number of iterations 100.  A 

neighborhood size 50 in this simulation essentially means the neighborhood is the entire automaton 

grid or all of the other agents.  The figure depicts the percentage of cooperators after each iteration.  

The results show that the percentage of cooperators reaches a steady state just under 0.2 after about 

50 iterations.   In order to evaluate the dynamics of the initial conditions this simulation was repeated 

1000 times.  The simulation results over the 1000 runs were very similar having an average 0.1801 

with a standard deviation 0.0080. This is about the same mean and standard deviation that can be seen 

in Figure 4 after 50 iterations when the system becomes stable (mean 0.1798 with a standard 

deviation 0.0072).    The variation of the final iteration of 1000 runs has a similar mean and standard 

deviation as a single iteration after it becomes stable.    
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Figure 4 Simulation Results for a Single Set of Payoff Function Parameters  

 

1.11 A three dimensional simulation plot with varying payoff function parameters using the above 

representation will now be presented.  Figure 5 shows the simulation results where � � 1 and  
 �  �1, with � and � varying between -10 and 10.  Each intersection in the mesh represents a 

separate simulation run on a 50x50 cellular automaton grid with each Pavlovian agent having an 

initial cooperating probability 0.5 and equal learning factors 0.05.  The height of the plot is the 

percentage of cooperators after the final iteration of each simulation run.    For this simulation each  � 

and � axis is broken into 40 subdivisions. Thus Figure 5 represents the results of 1,600 single 

simulation runs, each with different values of � and �.  Mesh intersections in close proximity have 

close � and � values.   It can be seen in this figure that individual single runs with  � and � points in 

close proximity to each other do yield similar results.  In any case, small variances or any outliers that 

occur from single runs are readily seen as irregularities in the planar structure of this mesh graph.    

The color coding depicts the associated game as shown in Figure 3.  There are three plateaus in these 

simulation results.  The first plateau is predominately the Prisoners’ Dilemma region where � is large 

positive and � is large negative, but also includes portions of Chicken and Stag Hunt.  In this paper 

this plateau is called the Prisoners’ Dilemma plateau.  The second plateau contains Leader and Battle 

of the Sexes games where both � and � are large positive.  This plateau is a step higher than the 

Prisoners’ Dilemma plateau. This plateau is called the Leader / Battle of the Sexes plateau.   The third 

plateau includes the Harmony and Deadlock games where � is large negative and � is large positive.  

All of the agents are cooperating in this plateau.   It is called the Harmony / Deadlock plateau.   The 

purpose of this paper is to understand the agent behavior in these plateaus and the transitions that 
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occur between them.   The impacts of the initial cooperating probability, neighborhood size, learning 

factors, and grid size on these plateaus and the transitions between them are also evaluated. 

 

 

Figure 5 Simulation Result with Varying � and � Values    

 Agent Behavior on the Plateaus   

2.1 Prisoners’ Dilemma Plateau 

 

2.1.1 The Prisoners’ Dilemma plateau is the teal flat region in the simulation results shown in Figure 5 

where � is a high positive value and  � is a high negative number.  It is predominately the 

Prisoners’ Dilemma game, but also includes portions of Chicken, Stag Hunt, and Coordination 

games.   

2.1.2 Figure 6 shows the agent activity in the Prisoners’ Dilemma plateau for a specific realization with � � 1,  
 �  �1, � � 5, and � �  �5.  The agent simulation is run on a 10 x 10 cellular 

automaton grid with each Pavlovian agent having an initial cooperating probability 0.5 and equal 

learning factors 0.1.  Each of the first eight iterations is shown in the figure.  The black and white 

two dimensional charts show the decision of each agent at each iteration; white is if the agent 
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Initial Cooperating Probability:  0.5
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cooperates and black is if the agent defects.  In the first iteration shown in the top left hand corner 

it can be seen that 46 of the 100 agents are cooperating and that the number reduces to 14 in the 

eighth iteration shown in the bottom right hand corner.  Also, it can be seen that the agents 

stochastically change their decision from iteration to iteration.  The three dimensional color charts 

show the cooperating probability for each agent at each iteration.  In the first iteration, in the top 

left, each agent starts with an initial cooperating probability 0.50 and in the following iterations 

the cooperating probability fluctuates around a steady state equilibrium around 0.15.   This 

activity of having fluctuation in the cooperating probability around a steady state equilibrium 

between zero and one is unique to this plateau.     Agents with this unique trait are called 

bipartisan in this paper since they are willing to change their minds between cooperating and 

defecting from iteration to iteration based on their cooperating probability being greater than zero 

and less than one.       



 
 

102 
 

 

 

Figure 6 Agent Activity in Prisoners’ Dilemma Plateau   

 

2.1.3 The steady state equilibrium for this model where agents are acting in a bipartisan manner by 

adjusting the cooperating probabilities around a stable value in the Prisoner’s Dilemma game has 

been already analyzed in the literature (Szilagyi 2002, and Sandbank et al. 2010).  In Szilagyi 

(2002) it was presented that the stabilization point for the percentage of cooperators in this system 

occurs when �F���F� � �1 � �F����F�.  Equal learning factors were assumed and it was 

described that this stabilization point occurs when the total payoff for cooperators equals the total 

payoff for the defectors. In Sandbank et al. (2010) the stabilization point was expanded to allow 

for different learning factors and the equilibrium state was derived analytically by determining 

the percentage of cooperators from the expected value of the probability of each Pavlovian agent 

to cooperate and then finding the steady state equilibrium.   The stabilization point in the more 



 
 

103 
 

general system occurs when �F5���F� � �1 � �F�6���F�.  Note that if  5 � 6 then this equation 

simplifies to �F���F� � �1 � �F����F�.   For linear payoff functions �F5���F� � �1 ��F�6���F� becomes the solution to a quadratic equation with zero, one or two  steady states.   

2.1.4 It is discussed in Szilagyi 2002 that the steady state solutions may be attractors or repellers.  An 

attractor occurs when the equilibrium solution is such that the payoffs of cooperating and 

defecting agents are both negative.  Since both types of agents are punished the equilibrium 

solution is an attractor because an agent’s cooperating percentage decreases when cooperating 

and increases when defecting.  In this state an agent is unlikely to cooperate or defect several 

iterations in a row since the cooperating percentage would change significantly in the direction 

that causes different decision.  This leads to agents alternating between cooperating and 

defecting.   Alternatively, a repeller equilibrium occurs when both cooperating and defecting 

agents are rewarded with positive payoff.  A diversion from the analytical solution occurs 

because agents that receive reward for their behavior will have their probability to cooperate 

move in a direction that will make repeating that decision more likely.   

2.1.5 Figure 7 shows the simulation results for a case in the Prisoner’s Dilemma plateau.  The payoff 

parameters are  � = 1, 
 = -1, � = -1.5,  � = 1.5.  The parameters for this simulation are a grid 

size 50x50, neighborhood all, 100 iterations and equal learning factors 0.05.   This plot shows the 

percentage of cooperators in each iteration with the initial cooperating percentages of 0.0, 0.1, 

0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1.0.  The simulation results for these 11 separate 

simulations are shown in blue and the solutions to the equilibrium equation �F5���F� ��1 � �F�6���F� are shown is red.  It is clear that the steady state solution 0.2764 is attracting and 

the solution 0.7236 is repelling.                   
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       Figure 7 Percentage of Cooperators for Case in Prisoner’s Dilemma Plateau for  
Initial Cooperating Probabilities 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1.0 

 

2.2 Leader / Battle of the Sexes Plateau 

 

2.2.1 The Leader / Battle of the Sexes plateau is the green flat region in the simulation results shown in 

Figure 5 where both �  and  � are a high positive numbers.  It is predominately the Leader and 

Battle of the Sexes games, but also includes a portion of the Chicken game.   

2.2.2 Figure 8 shows the agent activity in the Leader / Battle of the Sexes plateau for a specific 

realization � = 1, 
 = -1, � = 5, and � = 5.  The same Pavlovian agent type, initial cooperating 

probability, learning factors, and cellular automaton setup are used as in the case of Figure 6.  As 

in the Figure 6 simulation, eight iterations are shown.  The simulation results for this scenario 

show that the cooperating probability for the agents either decreases to zero and remains there or 

increases to one and remains at unit level.   Each agent either continually defects thereafter if its 

cooperating probability is zero or continually cooperates if its cooperating probability is one.  

This activity where agents eventually cooperate or defect continually is a significantly different 

case than the bipartisan behavior seen in the Prisoners’ Dilemma plateau.    Agents with this trait 

are going to be called partisan in this paper since they will always defect or cooperate forever 

once their probability to cooperate reaches either zero or one, which it always will in this plateau.     
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Figure 8 Agent Activity in Leader / Battle of the Sexes Plateau 

 

2.2.3 In this plateau the analytical solution discussed in the previous paragraphs does not apply.  In 

steady state a proportion of the agents are cooperating with certainty and the rest are defecting 

with certainty. The method used to derive the analytical solution in Sandbank et al. (2010) does 

not account for this activity of limiting and adjusting the cooperating probability to zero and one.  

The rest of this section will present the reason why this type of activity occurs and provides an 

estimate of the number of partisan cooperators and defectors that will be in the system at the 

steady state.  

2.2.4 In this plateau the payoff parameters  �, � and  � are all positive.  For low percentage of 

cooperators this percentage will rise since cooperation is rewarded (since � and  � are positive) 

and defection is punished (since 
 is negative).  At some point the percentage of cooperators rises 

and the payoff for defecting becomes positive (since � is positive).  For these higher percentages 
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of cooperators the agents are rewarded whether they cooperate or defect.  Some agents will 

follow a trajectory where they cooperate several iterations in a row and then cooperate with 

certainty and the rest of the agents will follow a trajectory where they defect several iterations in 

a row and then defect with certainty.      

2.2.5 The percentage of cooperators at the end is determined by the number of agents on the continual 

cooperating trajectory and also by agents on the continuous defecting trajectory.  In an extreme 

case (high  , high �) the cooperating probability for each agent will jump to zero or one in a 

single iteration and remains there.  This means that in this extreme case the percentage of 

cooperators will approximately be the initial cooperating probability.  A simulation of this case is 

shown in Figure 9 with � = 1, 
 = -1, �  = � = 30.  This plot shows the percentage of cooperators 

in each iteration given the initial cooperating percentages of 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 

0.8, 0.9 and 1.0.  For the first iteration the initial cooperating probability and the percentage of 

cooperators should be approximately the same since the percentage of cooperators depends on the 

cooperating probability which is the same for all agents in the first iteration.  It can be seen for the 

low initial cooperating probability that the percentage of cooperators increases and for higher 

initial cooperating probabilities the percentage of cooperators ends up being approximately the 

initial cooperating probability.  This is to be expected from the above discussion. 

 

Figure 9  Percentage of Cooperators in Extreme Case (S = T = 30) in the Leader / Battle of Sexes Plateau  
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2.3 Harmony / Deadlock Plateau 

 

2.3.1 The Harmony / Deadlock plateau is the top flat region in the simulation shown in Figure 5 where �  is a high negative value and  � is a high positive number.  It is predominately the Harmony, 

Deadlock, and Unnamed games, but also includes a portion of Coordination game.  In this plateau 

all of the agents cooperate 100% of the time. 

2.3.2 For much of the region in this plateau including the Harmony and Deadlock games the payoff for 

cooperation is positive and the payoff for defection is negative for all percentages of cooperators.  

That is, cooperating is rewarded and defecting is punished.  In this case each agent’s probability 

to cooperate will increase by equation (1) regardless if they cooperate or defect.  Eventually each 

agent’s probability to cooperate will reach unity and each agent will cooperate with certainty 

thereafter. 

2.3.3 In an unnamed and in the coordination game  �  can be negative meaning that the payoff for 

cooperation will become negative when the percentage of cooperators is small and positive when 

the percentage of cooperators is high.  In the region where � is positive and the other payoff 

parameters �, �, and 
  are negative the determination whether the state of the system results in 

all agents cooperating with certainty in the Harmony / Deadlock plateau or fluctuating their 

probability to cooperate around a stable percentage in the Prisoner’s Dilemma depends on the 

values of the payoff parameters.  This transition where this dramatic change in behavior occurs is 

discussed in the next section. 

2.3.4 Figure 10 shows the simulation results for a case in the Harmony / Deadlock plateau.  The payoff 

parameters are  � = 1, 
 = -1, � = 2,  � = -2.  The parameters for this simulation are a grid size 

50x50, neighborhood all, 100 iterations and equal learning factors 0.05.   This plot shows the 

percentage of cooperators in each iteration with the initial cooperating percentages of 0.0, 0.1, 

0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1.0.  The results for these 11 separate simulations show 

that the percentage of cooperators always rises to one regardless of the initial cooperating 

probability.  
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Figure 10 Percentage of Cooperators for Case in Harmony / Deadlock Plateau for  
   Initial Cooperating Probabilities 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1.0 

 

 Analysis of Transitions between Plateaus 

   

3.1 This section will analyze the transitions between the three previously defined plateaus.  Figure 11 

shows these plateaus and transitions.  These simulation results use the same parameter values as are 

used for Figure 5 except with a different coloring scheme.  In this figure the color is dependent on the 

percentage of cooperating agents at the end of the run.  The left hand side plot is an isometric view 

and the right hand plot is a top view for the same simulation result data.  In these plots the plateaus 

and transitions can be clearly seen.    

3.2 In order to evaluate a wider solution set Figure 12 repeats Figure 11 for various positive � and 

negative 
 values.    The results show that the existence of three plateaus with associated transitions 

occurs for a wide range of positive � and negative 
 values. The transition between the Prisoners’ 

Dilemma and Harmony / Deadlock plateaus will first be investigated.  Then the transition between the 

Prisoners’ Dilemma and Leader / Battle of the Sexes plateaus will be examined.   Finally the 

transition between the Leader / Battle of the Sexes and Harmony / Deadlock plateaus will be studied.  

After that we will look at the two special cases where � and 
 are either both positive or both 

negative.       
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Figure 11 Simulation Result showing Three Plateaus and Transitions 
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3.3 First we will look at the transition between the Prisoners’ Dilemma and Harmony / Deadlock 

plateaus.  This is a steep transition where the agent behavior changes from bipartisan to unison.  By 

simple observation it is apparent that this transition is a ridge or line starting in Harmony and runs 

though Stag Hunt and sometimes into Coordination.  To evaluate where this ridge or line occurs we 

first have to review analytical solutions to the Prisoners’ Dilemma (Szilagyi 2002, and Sandbank et 

al. 2010).  As previously discussed in these papers it is proved that for at least a portion of the 

Prisoners’ Dilemma the analytical steady state solution �F for Pavlovian agents in a cellular 

automaton environment is the solution of the equation �F5���F� � �1 � �F�6���F� which simplifies 

to �F���F� � �1 � �F����F� when 5 �  6.   For the linear payoff functions ���� � � 4 �� � ��� 

and ���� � 
 4 �� � 
��  the analytical steady state solution is derived by solving a quadratic 

equation.  The solution is  

�F � f_gf$chicjkl_mgm f$_cgjicmjmin_chQ$F�_Qf_gicjfch� . 

Since  �F is the steady-state, it has to be real meaning the value under the square root must be 

nonnegative.  Thus   5$�$ � 256�� 4 6$�$ 4 456
� D 0 �6� � 5��$ D �456
� 

                                                                        |6� � 5�| D 2l�56
�.                                                   (2) 

3.4 It is expected that the analytical solution will not work with complex roots, but additionally it appears 

that the line  6� � 5� � 2l�56
� is in fact the boundary in this transition region.   If we set the 

values of 5, 6, 
, and � then this equation gives a straight line in the �, � plane.  Figure 13 repeats 

Figure 5 with this line shown in white on the plot.  It is evident that in this example the transition is 

occurring when the roots to the analytical solution become complex.  This is confirmed also for all 

examples given in Figure 12.  The other line generated from equation (2), – 6� 4 5� � 2l�56
�, 

is inside the region when cooperating probabilities are adjusted to unity, that is, where the analytical 

solution cannot be applied due to unison agent behavior.  So this second line has no meaning and has 

no effect on the structure of the steady state. 

3.5 Next we will look at the transition between the Prisoners’ Dilemma and Leader / Battle of the Sexes 

plateaus.  This transition is a step increase shown in Figure 5 where the agent behavior changes from 

bipartisan to partisan.  The reason for this transition is that the equilibrium attractor solution that 
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occurs  when cooperating and defecting are both punished as discussed for the Prisoner’s Dilemma 

plateau disappears when transitioning into the Leader / Battle of the Sexes plateau.   This specifically 

happens when � goes from negative to positive. The result of this is that bipartisan behavior will not 

work when � � 0  because this equilibrium attractor solution  is nonexistent.   Figure 13 repeats 

Figure 5 with  � � 0 as a gray line where this transition occurs.  This transition is also confirmed for 

all examples given in Figure 12. 

3.6 Now we will look at the transition between the Leader / Battle of the Sexes and Harmony / Deadlock 

plateaus.  This transition is a steep transition shown in Figure 5 where the agent behavior changes 

from partisan to unison.  The reason for this transition is that in the Harmony / Deadlock plateau 

cooperators are rewarded and defectors are punished for all percentages of cooperators where in the 

Leader / Battle of the Sexes plateau there are percentage of cooperators values where defectors are 

rewarded and thus some agents go on a defecting with certainty trajectory.  This specifically happens 

when � goes from negative to positive.  Figure 13 shows Figure 5 with � � 0 as a black line where 

this transition occurs.  This transition is also confirmed for all examples given in Figure 12. 

 

 

Figure 13  Simulation with Lines Showing Transitions 
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3.7 Now we will look at two special cases.  In Figure 12 various positive � and negative 
 values were 

considered.  Now we will examine simulation results for the case where � and 
 are either both 

positive or both negative.  Figure 14 are the simulation results using the same parameter values as is 

used for Figure 5 except � and 
 are both positive.  The results in terms of plateaus and transitions 

are similar to those in Figure 12 except that all agents defect in the Prisoners’ Dilemma plateau and 

the transition between the Leader / Battle of the Sexes and Harmony / Deadlock plateaus moves.  The 

reason for all agents defecting in the Prisoner’s Dilemma plateau is that when 
 changes to a positive 

value the equilibrium attractor solution where both cooperators and defectors are punished disappears.  

For low percentages of cooperators, cooperators are punished and defectors are rewarded which 

lowers each agent’s cooperating percentage whether they cooperate or defect.  This pushes all agents 

to defecting. The reason the transition moves between the Leader / Battle of the Sexes and Harmony / 

Deadlock plateaus is that when  
 is positive there are some scenarios with a low percentage of 

cooperators where defectors are rewarded.   It is shown in Figure 10 that when both 
 and � are 

negative and both � and S are positive all defectors are punished and so all agents cooperate.  If either 
 or �  turns positive this situation changes.  Figure 13 describes what happens when �  turns positive 

with 
 remaining negative and Figure 14 describes what happens when 
 turns positive.     

 

Figure 14 Simulations when Both � and 
 are Positive 

 

3.8 Figure 15 shows the simulation results using the same parameter values as are used for Figure 5 

except � and 
 are both negative.  The results are similar to those in Figure 12 except that agents are 

not all cooperating with certainty in the Harmony / Deadlock plateau.   This is because when � turns 

R = 5, P = 1 R = 5, P = 3



 
 

113 
 

negative the equilibrium attractor solution  where the both cooperators and defectors are punished is 

existent and thus the same type of bipartisan behavior occurs as in the Prisoner’s Dilemma plateau.   

The solution to  �F5���F� � �1 � �F�6���F� now is applicable in this region since there is an 

equilibrium attractor solution.  The partisan behavior in the Leader / Battle of the Sexes plateau still 

exists as in the previous discussion.   Although this bipartisan behavior is not typical in the harmony 

and deadlock stories, making  � and 
 both negative does appear to be a way to expand bipartisan 

behavior beyond the Prisoners’ Dilemma plateau.   

 

Figure 15 Simulations when Both � and 
 are Negative 

 

 Impacts of Changing Parameters  

4.1 In this section we will review the impact of initial cooperating probability, neighborhood size, 

learning factors, and grid size on the plateaus and transitions.  

4.2 For most of this paper an initial cooperating probability 0.5 is assumed.  Now we will review the 

impacts of changing this value.  Figure 16 shows simulation results for the same parameter values as 

are used for Figure 5 except with the initial cooperating probabilities 0.4, 0.6, and 0. 8.   The results 

show that the Leader / Battle of the Sexes plateau height or value is greater as the initial cooperating 

probability increases.  In fact, the percentage of cooperators is approximately the same as the initial 

cooperating probability.  This is expected since an agent with a higher cooperating probability is more 

likely to be on the continual cooperating trajectory as previously described for this plateau and ends 

up cooperating with certainty.  This is because more agents will initially cooperate with a higher 

R = -1, P = -3 R = -1, P = -5
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initial cooperating probability and fewer sequential cooperating decisions are required to move the 

agents to unit cooperating probability.    

       

Figure 16 Comparison of Simulation Results with Different Initial Cooperating Probabilities 

 

4.3 In all previous simulations it is assumed that each agent is interacting with all agents as a whole.  In 

other words, each agent’s neighborhood is all of the other agents.  We will now look at the impacts of 

different neighborhood sizes on the plateaus and transitions.  Figure 17 presents the simulation results 

using the same parameter values as are used for Figure 5 except with Moore neighborhoods of one, 

two, and five.  In Figure 5 the neighborhood is defined as the entire collection of agents.  The results 

show that the plateaus and transitions are very similar when neighborhood sizes change.  There are a 

couple of differences when the neighborhood has close proximity or low values.  One difference is 

that the transition between the Prisoners’ Dilemma and Leader / Battle of the Sexes plateaus starts 

when � is slightly more negative and the transition step is slightly steeper.  Also the percentage of 

cooperators in the Leader / Battle of the Sexes plateau is slightly higher.  These differences can be 

explained by the fact that when the neighborhoods are in close proximity then their payoff values 

become more discreet making an agent’s cooperating probability oscillate more.  For example, in a 

neighborhood equal to one there are only eight other neighbors plus the agent itself in the 

neighborhood.  This means that there are only ten possible percentages of the cooperating agents (0%, 

11%, 22%, 33%, 44%, 56%, 67%, 78%, 89%, and 100%) and thus only ten possible discreet payoff 

values.  In a 50x50 grid with the neighborhood being all agents there are 2,500 neighbors and possible 

payoff values.  This is much more of a continuum or continuous case.   The lower number of and 

wider range between payoff values in the Moore neighborhood of one will make an agent’s 

cooperating probability oscillate more from iteration to iteration which will have an impact on this 

transition and plateau level.  The values are slightly higher in this case because the higher oscillation 

results in more instances of an agent’s probability being negative per equation (1) and having it 

Initial Cooperating Probability = 0.4 Initial Cooperating Probability = 0.6 Initial Cooperating Probability = 0.8
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artificially increased to zero.  This periodic artificial upward adjustment in an agent’s cooperating 

probability from a negative number to zero results in a slight raise in the percentage of cooperators in 

the system.                

   

Figure 17 Comparison of Simulation Results with Varying Neighborhoods 

 

4.4 Up to this point all of the simulations have assumed that the learning factors 5  and 6  are equal.  

Now we will examine the impacts when 5 G  6.  Figure 18 shows simulation results for same 

parameter values as are used for Figure 5 except with different learning factors.  These results show 

that the transition line between the Prisoners’ Dilemma and Harmony / Deadlock Plateaus moves and 

the height or value of the Leader / Battle of the Sexes plateau changes as 5  and 6  differ.  The 

transition line between the Prisoners’ Dilemma and Harmony / Deadlock Plateaus moves as expected 

to where the roots to the analytical solution become complex per equation (2).   It is interesting to 

note that the transition line does not move if both learning factors change, but remain equal.  This can 

be seen by comparing Figure 11 with the bottom row of Figure 18 where the only difference is that 

the learning factors change from 5 �  6 � 0.05 to 5 �  6 � 0.08.  This is because if the learning 

factors are equal then they cancel out in equation (2) regardless of their specific value.   The height or 

value of the Leader / Battle of the Sexes plateau changes as 5  and 6 differ because these values 

impact how fast each agent’s cooperating probability changes per equation (1) and thus influences the 

number of agents that will cooperate or defect with certainty.  For example, if 5 is raised in a given 

scenario, than an agent’s cooperating probability will raise more when it cooperates per equation (1).  

We know from previous discussion that in the Leader / Battle of the Sexes plateau that the percentage 

of cooperators at the end is determined by the number of agents on the continual cooperating 

trajectory and by the agents on the continual defecting trajectory.   If an agent’s cooperating 

probability raises faster, then the agent will more likely be on a continually cooperating trajectory and 

Neighborhood  = 1 Neighborhood  = 5Neighborhood  = 2



 
 

116 
 

at the end will cooperate with certainty.  This can be seen in Figure 18 where the height or value of 

the Leader / Battle of the Sexes plateau is higher when 5 �  6 (middle row) and lower when 5 R  6 

(top row).    

 

Figure 18 Comparison of Simulation Results with Different Learning Factors 

 

4.5 For most of this paper the cellular automaton environment is assumed to be a 50x50 grid.  Now we 

will review the impacts of smaller grid sizes.  Figure 19 shows simulations results for the same 

parameter values as are used for Figure 5 except with grid sizes 10x10 and 25x25.  It is clear that 

there is more irregularity in the output for smaller grid sizes in the Prisoners’ Dilemma and Leader / 

α = 0.05
β = 0.08
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β = 0.05

α = 0.08
β = 0.08
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Battle of the Sexes plateaus.   Since there is an element of randomness for the agents in these plateaus 

we would expect more regular results with larger grid sizes due to the Law of Large Numbers. 

 

 

Figure 19 Comparison of Simulation Results with Varying Different Grid Sizes 

 Conclusion 

  

5.1 This paper presented the plateaus and transitions to the �-person social dilemma game assuming 

Pavlovian agents with linear payoff functions in a two-dimensional cellular automaton environment 

when the parameter � is positive and 
 is negative.  The behavior of the agents in each of these 

plateaus was analyzed.   

5.2 It was discovered that there are three plateaus where agents act in different manners.  The first plateau 

consists of predominately the Prisoners’ Dilemma game where each agent’s cooperating probability 

fluctuates around a steady state equilibrium.  These agents are called bipartisan agents since they are 

willing to change their minds from iteration to iteration.  The second plateau consists of a region 

consisting of Leader and Battle of the Sexes games where the agents decide to either cooperate or 

defect and then never change their minds.  These agents are called partisan because of their reluctance 

to change their decision.   The final plateau consists of the region including Harmony and Deadlock 

games where all agents decide to cooperate.  These agents are called unison since they all make the 

same decision.   

5.3 The transitions between each of these three plateaus were evaluated.  It was found that the transition 

between the Prisoners’ Dilemma and Harmony / Deadlock plateaus occurs when the roots to the 

10X10 grid 25X25 grid
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analytical solution become complex, that the transition between the Prisoners’ Dilemma and Leader / 

Battle of the Sexes plateaus happens when � goes from negative to positive, and that the transition 

between the Leader / Battle of the Sexes and Harmony / Deadlock plateaus takes place when  � goes 

from negative to positive.  Each of these transitions was analyzed and verified using agent simulation.  

5.4 The special cases where either both � and  
 are positive or negative were considered.  When both � 

and  
 are positive all of the agents in the Prisoners’ Dilemma plateau defect because when 
 is 

positive there is no equilibrium attractor solution.  All agents defect in this plateau since cooperators 

are punished and defectors are rewarded.  Also the transition between the Leader / Battle of the Sexes 

and Harmony / Deadlock plateaus shifts in the negative � direction because there are circumstances 

when defectors in the Harmony / Deadlock plateau are rewarded.  When both � and  
 are negative 

the agents in the Harmony / Deadlock plateau become bipartisan and do not cooperate 100% of the 

time as when  � is positive and  
 is negative.  This is because in this plateau when 
 is negative 

there is a equilibrium attractor solution.    

5.5 The impact of initial cooperating probability, neighborhood size, learning factors, and grid size were 

evaluated.  The impact of changing the initial cooperating probability is mainly on the percentage of 

cooperators in the Leader / Battle of the Sexes plateau.  The percentage of cooperators in this plateau 

is approximately equal to the initial cooperating probability. 

5.6 The plateaus and transitions are similar for different neighborhood sizes.  There is a slightly steeper 

transition for smaller neighborhood sizes between the Prisoners’ Dilemma and Leader / Battle of the 

Sexes plateaus because the payoff function values are fewer and more discrete in nature.    

5.7 Changing the learning factors significantly changes the location of the transition between the  

Prisoners’ Dilemma and Harmony / Deadlock plateaus, but the location is always consistent with 

where the roots to the analytical solution become complex.  The percentage of cooperators in the 

Leader / Battle of the Sexes plateau can also be affected since higher learning factors can cause an 

agent to reach a cooperating or defecting state with certainty more quickly.    

5.8 Lastly, it was found that smaller grid sizes make the simulation results more irregular in the 

Prisoners’ Dilemma and Leader / Battle of the Sexes plateaus. This is due to the fact that these 

plateaus involve a stochastic element and more regular results will occur with larger grid sizes due to 

the Law of Large Numbers.      
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Daren Sandbank, Ferenc Szidarovszky and Miklos Szilagyi (2010) 
 

Applicability of the Analytical Solution to H-Person Social 
Dilemma Games 

Abstract 
 
 
The purpose of this study is to present an analysis of the applicability of the analytical solution to the �-

person social dilemma game.  Such solution has been earlier developed for Pavlovian agents in a cellular 

automaton environment with linear payoff functions and also been verified using agent based simulation.   

However no discussion has been offered for the applicability of this result in all Prisoners’ Dilemma game 

scenarios or in other �-person social dilemma games such as Chicken or Stag Hunt.  In this paper it is 

shown that the analytical solution works in all social games where the linear payoff functions are such 

that each agent’s cooperating probability fluctuates around the analytical solution without cooperating or 

defecting with certainty.    The social game regions where this determination holds are explored by 

varying payoff function parameters.  It is found by both simulation and a special method that the 

analytical solution applies best in Chicken when the payoff parameter � is slightly negative and then the 

analytical solution slowly degrades as � becomes more negative.  It turns out that the analytical solution is 

only a good estimate for Prisoners’ Dilemma games and again becomes worse as � becomes more 

negative.  A sensitivity analysis is performed to determine the impact of different initial cooperating 

probabilities, learning factors, and neighborhood size.   
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 Introduction 

  

1.1 Agent based social simulation is a common method to analyze �-person social dilemma games.  The 

research on this topic started in the 1990s  (Davidsson 2000 and 2002) and has been used to study 

artificial societies, world politics, law, and other fields (Epstein and Axtell 1996, Poundstone 1992, 

McAdams 2009, and Axelrod and Keohane 1985). In this paper the applicability of the analytical 

solution of such games with Pavlovian agents in a two dimensional cellular automaton environment is 

explored when the agents’ decision to cooperate or defect is based on reinforcement learning with 

linear payoff functions. The specific model used in this paper has earlier been used to study prisoner’s 

dilemma cooperation in a socio-geographic community (Powers 2009) and a chicken dilemma 

selection between public transport and car in a large city (Szilagyi 2009).   �-person social dilemma 

games and this model can also be used to analyze such areas as military expenditures, oil cartels, and 

climate change.   The model examined in this paper is equivalent to the one used in Sandbank et al. 

(2010a) to analyze agent behavior and transitions in �-person social dilemma games and in Sandbank 

et al. (2010b) to develop an analytical model for the �-Person prisoners’ dilemma game.  In 

Sandbank et al. (2010a) the model is completely described including discussion of cellular automaton 

environment, neighborhood definitions, personality types, reinforcement learning literature, model 

sequence of events, complete game descriptions, and assumptions.  Examples of behaviors and 

repeatability between simulation runs are also discussed.  This paper is intended to follow-up on the 

research presented in these papers.  The following paragraphs give an overview of this model.    

1.2 Two player social dilemma games are described with a symmetric matrix with the parameters  
, �, � and �.  In this matrix  � is the payoff for both agents if they cooperate, 
 is the payoff for both 

agents if they defect, � is the payoff for a cooperating agent if the other agent defects, and � is the 

payoff for a defecting agent if the other agent cooperates.  These parameters are derived from the 

Prisoners’ Dilemma game and are referred to as Punishment (
), Reward (�), Sucker’s Bet (�), and 

Temptation (�). Social games are defined by the relationship between the parameters  
, �, � and �.  

For example, Prisoner’s Dilemma occurs when the parameters of the payoff functions satisfy the 

relation  � � � � 
 � �.  There are 24 different potential games since there are 4! = 24 different 

orderings of these four parameters.  Discussion, classification, and stability of these symmetric and 

unsymmetric two player games can be found in Rapoport and Guyer (1966).  In this paper we will 

assume  � � 
.    We can do this without loss of generality since if � R 
 for a particular game then 
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we simply interchange the definitions of cooperation and defection to derive an equivalent game with  � � 
.  This means there are twelve unique games, each having its own conditions and story.  These 

games include Prisoners’ Dilemma, Chicken, Leader, Battle of the Sexes, Stag Hunt, Harmony, 

Coordination, and Deadlock.  Description of these games and examples of redefining games with � R 
 are given in Sandbank et al. (2010a).    In addition, for most of this paper we will assume that 

reward � is a positive payoff and that punishment 
 is a negative payoff. Later in this paper, the 

special cases were � and 
 are either both positive or both negative will be investigated.  

1.3 In multi-person or �-person social games the model takes into account the collective behavior in 

society where individual agents may cooperate with each other for the collective best interests or 

defect to pursue their own self interest. This paper assumes that Pavlovian agents are interacting with 

each other in a two dimensional cellular automaton environment.   The Pavlovian agent is defined in 

Szilagyi (2003) and in Sandbank et al (2010a and 2010b) as an agent having certain probability - of 

cooperating in each time period based on Thorndike’s law of conditioning (Thordike 1911). The 

algorithm computing these probabilities will be presented in Section 2 and is based on reinforcement 

learning.  In general terms the probability to cooperate increases if either the cooperating agent is 

rewarded or defecting agent is punished; and the probability to cooperate decreases if either the 

cooperating agent is punished or defecting agent is rewarded.  Similar reinforcement algorithms and 

models primarily used for repeated games can be found in the literature (Bush and Mosteller 1955, 

Macy and Flache 2002, and Flache and Macy 2002).  

1.4 This paper will assume linear payoff functions as shown in the left hand side of Figure 1.  Variable � 

is the percentage of cooperators,  ����  is the payoff for those agents that are cooperating and ���� is 

the payoff for those agents that are defecting.  The right hand side of Figure 1 shows the simulation 

results with these payoff functions performed on a 50x50 cellular automaton grid with each Pavlovian 

agent having an initial cooperating probability 0.5 and equal learning factors 0.05.   The figure shows 

the percentage of cooperators in the automaton grid after each iteration.  The results show that the 

percentage of cooperators reaches a steady state around 0.2 after about 50 iterations.    
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Figure 1   Linear Payoff Functions and Simulation Results  

 

1.5 The model moves forward in iterations.   In each iteration agents simultaneously decide to cooperate 

or defect based on their probability - to cooperate.  In the first iteration this is an assigned initial 

condition and in subsequent iterations it is determined by the reinforcement learning algorithm.  As 

previously stated this algorithm will be presented in Section 2.   It is based on the payoff functions, 

learning factors, neighborhood size, the percentage of cooperators in the system, and whether the 

agent cooperates or defects. The percentage of cooperators of the entire grid is determined and used 

as a statistic to evaluate the state of the system.  This repeats for the designated number of iterations.    

1.6 A three dimensional simulation plot with varying payoff function parameters is shown in Figure 2.   

In this figure each mesh intersection represents the percentage of cooperators at the end of a 

simulation run on a 50x50 cellular automaton grid with each Pavlovian agent having an initial 

cooperating probability 0.5 and equal learning factors 0.05. For this simulation each  � and � axis is 

broken into 40 subdivisions. Thus Figure 2 represents the results of 1,600 single simulation runs, each 

with different values of � and �.  In Sandbank et al. (2010a) it was found that there are three plateaus 

with varying agent behavior in each plateau.  In the Prisoners’ Dilemma plateau each agent’s 

cooperating probability fluctuates around a steady state equilibrium.  These agents are called 

bipartisan since they are willing to change their minds from iteration to iteration.  In the Leader and 

Battle of the Sexes games each agent decides to either cooperate or defect and then never change their 

minds.  These agents are called partisan because of their reluctance to change decision.   In the 
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Harmony / Deadlock plateau all agents decide to cooperate.  These agents are called unison since they 

all make the same decision. 

 

Figure 2 Simulation Result with Varying � and � Values 

 

1.7 This paper is intended to be a follow-up to the works of Szilagyi (2003) and  Sandbank et al. 

(2010ab). In these papers analytical solutions are presented with verification using agent based 

simulation for some specific Prisoner’s Dilemma examples, however no exhaustive analysis is given 

on the conditions where it is applicable.  In Sandbank et al. (2010a) agent behaviors and transitions 

between behavior types are explored which lays the groundwork on where the analytical solution is 

applicable, but does not address the analytical solution specifically and makes no claims under what 

specific conditions or in which games the analytical solution is applicable.  The purpose of this paper 

is to evaluate where the analytical solution works using the foundations from the previous work.  In 

section 2 the analytical solution is derived and plotted on a � vs. � graph similarly to Figure 2.  The 

simulation result and analytical solution are compared over the � vs. � range for a specific case of the � and 
 values.  It is found that the simulation results and analytical solution are within 0.01 of each 

other in certain portions of the Prisoner’s Dilemma, Chicken, Leader, Stag Hunt, and Coordination 

games.  Section 3 analyzes the boundaries where the analytical solution is working.  In this section 
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some arbitrary judgments and comparisons are made in order to determine these boundaries.  In 

section 4 a special approach is used to assess where the analytical solution is working without the use 

of these arbitrary judgments and comparisons.  In section 5 the results are reviewed by varying initial 

cooperating probability, neighborhood size, learning factors and the values of �.  Finally, Section 6 

presents the results.                   

 Analysis 

 

2.1 In this section we will develop the analytical solution to the social dilemma game.    The review of 

this analysis is a key component in determining where the analytical solution coincides with 

simulation results.  First the expected value of an agent’s cooperating probability in the next time 

period will be determined given the agent’s current cooperating probability and percentage of 

cooperators in the system at the current time.  From that the expected percentage of cooperators in the 

next time period is developed given the current percentage of cooperators.  The steady state 

percentage of cooperators is then given by the value where the percentage of cooperators does not 

change from the current to the next time period.    In this paper linear payoff functions are assumed, 

however up to this point the analysis is valid for general payoff functions.    So, finally the analytical 

solution for the steady state percentage of cooperators will be given for linear payoff functions in 

terms of model parameters  5, 6, 
, �, � and �. 

2.2 The probability that an agent . will be cooperating in the next period can be represented by 

                                         -/012 � 3-/ 4 5����         -/ � 6����         if the agent is a cooperatorif the agent is a defector,    B                             (1) 

where  -/012 denotes the probability that an agent . will be cooperating in the next time period and � the percentage of the cooperating agents during the current time period. ����  is the payoff for 

cooperating agents and ���� is the payoff for the defecting agents.  If  -/012 becomes larger than one 

it is adjusted to be one and if it becomes negative it is adjusted to be zero.  This is because -/012 is a 

percentage and thus must be between zero and one.  A key assumption in the following derivation is 

that the new cooperating probability is obtained without the use of these adjustments.  That is, this 

derivation will not be applicable in scenarios where the cooperating probability for an agent  either is 

consistently going negative and be adjusted to zero or going above one and being adjusted to one.  

These adjustments are not accounted for in the derivation. 

2.3 First we obtain the expected value of an agent’s cooperating probability in the next time period.  By 

definition an agent is a cooperator with probability -/ and a defector with probability 1 - -/.  Given 
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these probabilities and the -/012 values for cooperation and defection, the expected value of -/012  

becomes 

   X�-/012�  �  Y-/ 4 5����Z-/ 4 Y-/ � 6����Z�1 � -/�  �  Y5���� 4 6���� 4 1Z-/ �  6���� .           (2)    

2.4 Now the percentage of cooperating agents will be evaluated and the steady state determined.  If N is 

the total number of agents, then the percentage of the cooperating agents is � � #[ ∑ -/[/]# .  By 

combining this relation and equation (2) we have 

                                      �012  �  #[ ∑ X�-/012�[/]#  �  Y5���� 4 6���� 4 1Z� �  6����.                      (3) 

At any steady state �F, �012 does not change from �F.  That is, if � �  �F , then  �012 �  �F as well. 

Therefore from equation (3) we conclude that �F is a steady state if and only if 

 �F � Y5���F� 4 6���F� 4 1Z�F � 6���F�, 
which can be written as 

                                                 �F5���F� � �1 � �F�6���F�.                            (4) 

     

2.5 The above analysis is valid in the case of general payoff functions since in the above derivation no 

special forms are assumed.   In the linear case ���� � � 4 �� � ���  and ���� � 
 4 �� � 
��,  so 

equation (4) becomes 

 

                          �F5Y� 4 �� � ���FZ � �1 � �F�6Y
 4 �� � 
��FZ.                                          (5)                                                     

 

This is a quadratic equation for �F and therefore there are at most two steady states. The solutions of 

equation (5) are as follows: 

                     �F � f_gf$chicjkl_mgm f$_cgjicmjmin_chQ$F�_Qf_gicjfch� .                                  (6) 

2.6 Figure 3 shows the analytical solutions using parameters  � � 1 and  
 �  �1, with � and � varying 

between -10 and 10.   The left hand graph in the figure represents the lower or smaller real root and 

the right hand side represents the larger real root.  Since there is no quantitative restriction on 

equation (6) the roots or solutions may not be real, or they could be real but may be negative or 

greater than one.  In these graphs whenever the solution is negative, the percentage of cooperators is 

adjusted to zero and if the solution is greater than one than the percentage of cooperators is adjusted 

to one.  This occurs in the region with high positive � and high negative �.  Specifically in this case it 
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occurs when �� � 2 .  Obviously in this region the analytical solution is not going to work since it is 

giving percentages of cooperators below zero and above one.   Also, it is expected that the analytical 

solution will not be applicable if the analytical solution is giving complex roots.  This occurs when |6� � 5�| D 2l�56
� or in this specific case |� � �| R 2.   This can be seen in both charts as a 

flat strip with a value of 0.5 running in the region where |� � �| R 2.  Thus, the only region where 

the analytical solution may work is when � � � � 2.  By comparing the two solutions to Figure 2 it 

appears by observation that the smaller analytical solution in the left hand side may approximate the 

simulation in Figure 2 in the Prisoners’ Dilemma Plateau.     

 

 

Figure 3 Analytical Solutions with � � 1 and  
 �  �1 

 

2.7 Figure 4 presents the same simulation results as in Figure 2 with the addition of a black region which 

compares the simulation results to the analytical solution.  In addition to presenting the simulation 

results with the Figure 2 parameter values, the solution �F in equation (6) for each point is determined 

and compared against the simulation result.  A black region has been added to this plot whenever the 

simulation result and �F are within 0.01. Thus, the black region shows where the analytical solutions 

are close to the simulation results.    This tolerance of 0.01 was assigned arbitrarily in order to 

determine when the analytical solution starts detracting from the simulation results.  The plot on the 

right side is a top down view of the isometric view shown on the left hand side.  The top down view 

with black regions to depict where the simulation results and analytical solution are within 0.01 is 

used often in this paper.  These figures indicate that the analytical solution is within 0.01 of the 
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simulation results in portions of Prisoner’s Dilemma, Chicken, Leader, Stag Hunt, and Coordination 

games.    

 

 

Figure 4  Comparision between Simulation Results and Analytical Solution 

 

 Analysis of Boundaries around Analytical Solution  

 

3.1 From the comparison results shown in Figure 4 three boundaries can be observed around regions 

where the analytical solution is close to the simulation results.  Figure 5 repeats Figure 4 with these 

boundaries.   The black singular dots outside of the boundaries are not areas where the analytical 

solution is working.  These isolated dots are where plane of Figure 2 obtained by simulation 

intercepts the analytical solution plane of figure 3 after diverging from the boundary area.  The first 

boundary which will be discussed in this section is the line � � � � 2 where the transition between 

the Prisoner’s Dilemma and Harmony / Deadlock transition occurs.  This is shown as a grey line in 

Figure 5.  The second boundary is the transition between the Prisoners’ Dilemma and Leader / Battle 

of the Sexes Plateaus occurring at � � 0.  This is shown as a white line. Finally, the third boundary is 

occurring at the points with higher negative � values within the Prisoners’ Dilemma game.   This 

boundary is shown as a dashed line.  This third boundary is less distinct than the first two and is 

arbitrarily inserted where it appears the black region starts to disappear.    

Area where Analytical Solution and

Simulation are within 0.01
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Figure 5  Analytical Solution Boundaries 

 

3.2 The fact that the derivation of the analytical solution does not account for any adjustment of 

probabilities comes up in evaluating all the boundaries.  That is, the analytical solution is not 

expected to work in the Leader and Battle of the Sexes games because we know from Sandbank et al. 

(2010a) that agents in this plateau either cooperate with certainty or defect with certainty.  The 

cooperating probabilities of the agents are either going negative and being adjusted to zero or raising 

greater than one and being adjusted to unity.  It is also true that the analytical solution is not expected 

to work in the Harmony / Deadlock Plateau since all agents have unison behavior by cooperating with 

certainty with their cooperating probabilities raising above one and being adjusted to unity 100% of 

the time.       

3.3 First we will look at the transition between the Prisoners’ Dilemma and Harmony / Deadlock 

Plateaus.  This is a steep transition where the agent behavior changes from bipartisan to unison.  As 

stated above, it is expected that the analytical solution will not work in the Harmony / Deadlock 

plateau as the agents have unison behavior.  That is, the cooperating probability for each agent in this 

plateau is greater than one and being adjusted to one.   By observation of Figure 5 it appears that the 

boundary is, in fact, the transition when the roots to the analytical solution become complex which is 

the line  6� � 5� � 2l�56
� previously derived.  This boundary was confirmed also by using 

other reward (� � 1, 3, 5) and punishment (
 � �1, �3, �5) parameter values.    

3.4 Now we will look at the transition between the Prisoners’ Dilemma Plateau and the Leader / Battle of 

the Sexes plateau.  This transition is a step increase where the agent behavior changes from bipartisan 

to partisan.  It was shown in Sandbank et al. (2010a) that when moving from the Prisoners’ Dilemma 



132 
 

Plateau to the Leader / Battle of the Sexes Plateau the bipartisan behavior disappears when � goes 

from negative to positive. Therefore the analytical solution will not work when � � 0  because there 

is no bipartisan behavior.   Thus  � R 0 is needed for the analytical solution to work. This boundary 

was also confirmed by using other reward (� � 1, 3, 5) and punishment (
 � �1, �3, �5) parameter 

values.  

3.5 The last region to be explored is within the Prisoner’s Dilemma Plateau when � becomes more 

negative.  The simulation results diverging from the analytical solution in this region is not as obvious 

or distinct as in the previous two cases because in this region the agents are acting in a bipartisan 

manner with their cooperating probabilities fluctuating around a steady state as it was assumed in the 

derivation of the analytical solution.  The problem is that as � becomes more negative, the agents 

become more severely punished per equation (1) when they cooperate.  At some point the punishment 

becomes so large that some agents’ cooperating probabilities become negative if they cooperate 

during multiple consecutive iterations and then their cooperating probabilities have to be adjusted to 

zero.  Then the agents cooperating probabilities rise above zero upon a defection on the next iteration 

and then may fluctuate around the steady state until the next severe punishment occurs for multiple 

consecutive cooperating decisions.   If the value of � is only marginally high negative, then the 

punishment will result in only slight adjustments and the analytical solution will be close to the 

simulation results.  As  � becomes more negative, the  punishment becomes higher for cooperation so 

greater adjustments are required to bring the cooperating probability to zero, which implies that the 

analytical solution will  not be a close estimate.  As an example, Figure 6 shows a simulation run on a 

20x20 grid with � =1, 
 = -1, � = 1, and � = -9.   The figure shows the cooperating probabilities for 

each agent during the final iteration.  It can be seen that some of the agent’s cooperating probability is 

zero.  In fact, these are agents who had a low cooperating probability in the previous iteration and 

cooperated.  They were severely punished for cooperating and had their cooperating probability 

calculated to be negative by equation (1), which was adjusted to zero as necessary.  The analytical 

solution does not account for these adjustments and as such will not provide an accurate solution 

when they occur.    
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Figure 6  Agent Cooperating Probability with High Negative � Values 

 Analysis of Zeros and Ones 

   

4.1 In the previous section the transition between plateaus was evaluated and boundaries were created 

where the analytical solution and the simulation results were within a threshold 0.01.  The selection of 

0.01 as a tolerance was arbitrary and the selection of a boundary when � becomes highly negative 

was a best fit judgment insertion.  Although this does represent cases where the analytical solution is 

close to simulation results, we will now present a different and more unique method to better depict 

where the solution is working without the use of arbitrary tolerances or judgments.   

4.2 From the analyses above it was concluded that the solution works when agents’ are bipartisan without 

any adjustments being made to any agent’s cooperating probability.  That is, their cooperating 

probability fluctuates around the steady state equilibrium and never has to be adjusted because it 

becomes greater than one or  negative.  It is evident from the derivation of the analytical solution that 

it does not account for any adjustments of the cooperating probabilities to one or to zero.   It is also 

clear that in the plateaus and regions where the analytical solution doesn’t work some or all of the 

agents’ cooperating probabilities are being adjusted to zero or to one.  So the idea is to look at the 
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simulation run and determine the regions with no agents having a zero or unit cooperating probability.  

If there are no agents with a zero or unit cooperating probability, then their cooperating probabilities 

must fluctuate around a steady state value in the bipartisan region for which the analytical solution 

works.     

4.3 In order to test this theory we ran a simulation where we counted the number of agents with zero or 

one cooperating probability at the end of the run.  In this simulation � = 1 and 
 = -1, with � and � 

varying between -10 and 10.  The simulation is run on a 50x50 cellular automaton grid with each 

Pavlovian agent having an initial cooperating probability 0.2 and equal learning factors 0.05.  Figure 

7 shows the results of this simulation.  The right side graph shows the percentage of agents with zero 

cooperating probability and the left side graph shows the percentage of agents with unit cooperating 

probability.   We will now look at various plateaus in order to interpret these simulation results.  

4.4 Consider first the Harmony / Deadlock Plateau where we have unison agents.  From reviewing the 

graphs shown in Figure 7 we find that in this region (High Positive �, High Negative �) none of the 

agents have zero cooperating probability and 100% of the agents have unit cooperating probability.  

This is expected since all of the agents are cooperating in this region. 

4.5 Now we look at the Leader / Battle of the Sexes Plateau where we have partisan agents.  We see in 

Figure 7 that a certain percentage of the agents have unit cooperating probability, and the rest of the 

agents have zero cooperating probability.  This is again expected as we have seen that in this plateau a 

portion of the agents cooperate with certainty and the rest defect with certainty. 

4.6 Finally, in the Prisoners’ Dilemma Plateau it is seen that none of the agents have a unit cooperating 

probability.   We also see that the percentage of agents with a zero cooperating probability is minimal 

near � � 0 and increases as � becomes a larger negative number.  This is again expected from the 

above analysis where agents are severly punished as  � becomes a larger negative number, so some of 

the cooperating probabilities become negative and are adjusted to zero. 

4.7 The area where the analytical solution works best is the region where there are no agents with zero 

cooperating probability and also no agents with unit cooperating probability.  This is shown in bright 

green color in Figure 8.  It is seen that the analytical solution works best in the Chicken / Prisoners’ 

Dilemma region and also in parts of Stag Hunt and Coordination games.    

4.8 In order to expand the solution set, Figure 9 shows the simulation results for several values of � and 
.  From these results it is observed that the analytical solution actually works best in the Chicken 

game when � is slightly less than zero.  This is somewhat surprising in comparison to the previous 

literature which has only referenced that the analytical solution is working in the Prisoner’s Dilemma 
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game. 

 

Figure 7  Percentage of Agents with Cooperating Probabilities of One and Zero during Last Iteration 
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Figure 8 Area where Simulation has No Agents with Cooperating Probability of Zero or One 

 

 

 

Figure 9 Simulation Results with Varying Values of � and 
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 Sensitivity Analysis and Impact of Variables  

 

5.1 In Sections 3 and 4 it was presented that the analytical solution becomes progressively worse in the 

Prisoners’ Dilemma region as � becomes more negative.  This is due to the fact that as � grows more 

negative the punishment for cooperation rises to the point where an agents cooperating probability by 

equation (1) becomes negative and has to be adjusted to zero. This negatively impacts the quality of 

the analytical solution in the Prisoners’ Dilemma game.   The purpose of this section is to evaluate 

how sensitive the analytical solution is as � grows more negative and to evaluate the impact of 

changing the initial cooperating percentage.  After that, the impact of changing other parameters will 

be explored including changing learning factors, allowing � and 
 to be either both positive or both 

negative, and changing neighborhood size.    

5.2 Figure 10 shows the difference between the analytical solution and the simulation results for � � 1 

and 
 �  �1 with common learning factor 0.05 and the initial cooperating probability 0.2.  The figure 

shows that the analytical solution is working optimally when � is slightly less than zero in the 

Chicken region and becomes worse with values of �  more negative and also with small value of �.  

The reason that the difference raises as � decreases in positive values is that the cooperating 

probability does not raise as much with a lower value of  �  and thus makes the agent’s cooperating 

probability more susceptible to become negative on the next iteration should the agent cooperate and 

be punished.   This figure provides good detail on how much the analytical solution is degrading from 

the simulation results as well as where the difference is within the selected 0.01 tolerance.  This figure 

shows that the analytical solution is only a good estimate in the Prisoner’s Dilemma region which 

degrades as � becomes more negative or � becomes less positive. 
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Figure 10 Difference between Simulation and Analytical Solution when R  = 1 and P = -1 

 

5.3 Other initial cooperating probabilities will now be evaluated in order to see if they are sensitive to 

the previous results.  Figure 11 provides five specific simulations (labeled A, B, C, D, and E) with 

each simulation presenting several different initial cooperating probabilities.  For example, the 

top left hand side plot has the parameter values � � 1, 
 �  �1, � � 5 and � �  �1 with initial 

cooperating probabilities 0.0, 0.2, 0.4, 0.6, 0.8, and 1.0.  In these simulation results the red line is 

the analytical solution and the blue lines are the percentages of cooperators at each iteration given 

the different initial cooperating probabilities.  The insert in each chart shows a magnified view in 

steady state condition for better comparison to the analytical solution. The five simulation cases 

in this figure differ from each other only in the value of �.  The bottom right hand plot of Figure 

11 shows the specific simulations depicted with white dots.  It can be seen that the applicability of 

the analytical solution is not sensitive to the initial cooperating probability. The only exemption 

occurs when the initial cooperating probability is very high.  In this case bipartisan behavior is 

not achieved as explained in Szilagyi (2003).  The slow degradation of the analytical solution 

compared to simulation results can again be seen as � becomes larger negative.      
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Figure 11 Simulation Results for Several Initial Cooperating Probabilities with Varying Value of � 

 

5.4 Figure 12 shows the impact of lowering the values of the learning factors.  This simulation is the 

same as the one shown in Figure 8 except that the learning factors are 5 �  6 � 0.01  instead of 5 �  6 � 0.05.  It can be seen that the green area expands when the learning factors are lowered. 

This is because as the learning factors are lowered the cooperators have less punishment by 

equation (1) in the Prisoner’s Dilemma game with fixed � value.  In essence, the agent’s 

cooperating percentage will get closer to a steady state value when the learning factors are 
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lowered thus making the analytical solution more applicable for wider range of � values.   

 

Figure 12 Simulation Results with Learning Factors 5 �  6 � 0.01 

 

5.5 Up to this point we have assumed that reward is a positive payoff and punishment is a negative 

payoff.  Figure 13 shows the simulation results for two cases when the reward � and punishment 
 values are both positive.   In this case the bipartisan behavior in the Prisoner’s Dilemma 

disappears and the analytical solution will not work for any �, � parameter values.  This is show 

in Figure 13 by the fact that all of the agents in the Prisoner’s Dilemma plateau are defectors 

100% of the time.  In this region the agents’ cooperating probabilities become negative and being 

adjusted to zero.  Figure 14 shows the simulation results when the reward � and punishment 
 

are both negative.  In this case bipartisan behavior can occur in the Harmony / Deadlock plateau 

and the analytical solution applicability is expanded.   The reason that the bipartisan behavior is 

expanded is explained in Sandbank et al. (2010a).  This is an area for potential future research. 
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Figure 13  Simulation Results with Positive R and P Values 

 

 

Figure 14  Simulation Results with Negative R and P Values 

5.6 In all previous simulations we assumed that each agent is interacting with all agents as a whole.  

We will now look at the impacts of different neighborhood sizes on the applicability of the 

analytical solution.  Figure 15 presents the simulation results using the same parameter values as 

those used in Figure 8 except with using the Moore neighborhoods of one, five, ten, and fifty .  

The results show that the applicability of the analytical solution expands slightly when the 

neighborhood size increases.    This difference can be explained by the fact that when the 

neighborhoods are in close proximity then their payoff values become more discreet making an 

agent’s cooperating probability oscillate with higher values.  For example, as presented in 

Sandbank et al. (2010a) in unit neighborhood size there are only eight other neighbors plus the 

R = 5, P = 1 R = 5, P = 3

R = -1, P = -3, α = β = 0.01



142 
 

agent itself in the neighborhood.  This means that there are only ten possible percentages of the 

cooperating agents (0%, 11%, 22%, 33%, 44%, 56%, 67%, 78%, 89%, and 100%) and thus there 

are only ten possible discreet payoff values.  The values are slightly higher in this case because 

higher oscillation results in more instances when an agent’s probability becomes negative per 

equation (1) and it is artificially increased to zero.  This periodic artificial upward adjustment in 

an agent’s cooperating probability from a negative number to zero results in a slight raise in the 

percentage of cooperators in the system.    

 

 

Figure 15  Simulation Results with Different Neighborhood Sizes 

Neighborhood = 1 Neighborhood = 5

Neighborhood = 10 Neighborhood = 50
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 Conclusions 

  

6.1 This paper presented the applicability of the analytical solution of the �-person social dilemma 

game assuming  Pavlovian agents with linear payoff functions in a two-dimensional cellular 

automaton environment.  

6.2 A derivation of the analytical solution was given.  A key assumption in this derivation is that the 

cooperating probability is continuous without the use of adjustments when the cooperating 

probability becomes negative or exceeds one.   This derivation will not be applicable in scenarios 

where the cooperating probability for an agent is either consistently going negative and be 

adjusted to zero or going above one and being adjusted to one. 

6.3 The behavior of the agents was reviewed.  It was seen that there are three plateaus were agents act 

in different manners.  The first plateau consists of predominately the Prisoners’ Dilemma game 

where each agent’s  cooperating probability fluctuates around a steady state equilibrium.  These 

agents are called bipartisan since they are willing to change their minds from iteration to iteration.  

The second plateau consists of a region consisting of the Leader and the Battle of the Sexes 

games where the agents decide to either cooperate or defect and then never change their minds.  

These agents are called partisan because of their reluctance to change their decision.   The final 

plateau consists of the region including the Harmony and the Deadlock games where all agents 

decide to cooperate.  These agents are called unison since they all make the same decision.   The 

analytical solution is not effective for partisan and unison agents since their cooperating 

probabilities are consistently becoming negative or exceeding one and being adjusted.    

6.4 It was determined with agent based simulation where the analytical solution is close to the 

simulation results.  This region consisted of portions of the Prisoners’ Dilemma, Chicken, Stag 

Hunt and Coordination games.  A characteristic of this region is that there are no or few agents 

with zero or unit cooperating probability.  The area where the analytical solution closely 

approximates the simulation results was bounded by using agent behavior traits, but judgments 

and arbitrary tolerances were required to be used. 

6.5 The area where the solution works optimally was determined without judgments and arbitrary 

tolerances using a special method.  This method finds the area where no agents have a zero or 

unit cooperating probability in the final run.  In this case the agents are systematically fluctuating 

around the steady state without having any cooperating probability adjustments to zero or one.  It 
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is seen that the analytical solution works optimally in the Chicken game where � is slightly 

negative and enters into Prisoner’s Dilemma, Stag Hunt and the Coordination games.    

6.6 It was determined that the analytical solution degrades as � becomes more negative.  A sensitivity 

analysis was performed using agent based simulation to assess this degradation in the Prisoners’ 

Dilemma game, which was also repeated with different initial cooperating probabilities. The 

results confirmed the degradation of the analytical solution as  � became more negative and 

indicated that the results are not sensitive to the initial cooperating probability. 

6.7 The impact of the reward � and punishment 
 values being either both positive and both negative 

were explored.  When they are positive the analytical solution does not work for any �, � value.  

This is because there is no bipartisan behavior in any region when both parameters are positive.   

When both the reward and the punishment are negative then the applicability of the analytical 

solution expands into the Harmony / Deadlock plateau as bipartisan behavior can exist in this 

region. 

6.8 The impact of the learning factors and the neighborhood size were also evaluated.  Lowering the 

value of the learning factors increases the applicability of the analytical solution for a given set of 

parameters in the Prisoner’s Dilemma game because this reduces the punishment impact of 

equation (1) and thus reduces the chance of an agent’s cooperating probability becoming 

negative.  Lower neighborhood sizes or close proximity neighborhood have smaller analytical 

solution applicablility regions because few neighbors lead to more discrete payoff values which 

tend to cause higher fluctuations and thus more situation where an agent’s cooperating probability 

becomes negative.     
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Abstract 

The purpose of this study is to present a systematic review to �-person social dilemma 

games using a new approach.  This new approach is applied with Pavlovian agents in a 

cellular automaton environment with linear payoff functions. Traditionally �-person 

social dilemma games are broken into categories depending on inequalities based on the 

payoff parameters 
, �, � and �.  The traditional social dilemma game most studied is 

the Prisoners’ Dilemma where  � � � � 
 � �.  Other social dilemma games with 

different inequalities include Chicken, Leader, Battle of the Sexes, Stag Hunt, Leader, 

Harmony, Coordination and Deadlock.  Although analytical solutions can be applied to 

these games to find equilibria in some specific situations, steady state solutions are 

primarily obtained by agent based simulation.  Using the traditional approach alone to 

develop a model for an application can create issues and problems because within any 

one traditional social dilemma game the solution structures can change dramatically 

based on shifts in payoff curves even when relative values between cooperators and 

defectors remain constant, changes in the initial conditions, and variances in parameter 

values.  When evaluating a solution set in a particular traditional social dilemma game a 

great number of agent based simulations are required to develop and validate a model.  

Our new approach categorizes the �-person social dilemma games into diagrams or cases 

where the solution structure is readily apparent and presents additional constraints for the 

linear payoff function parameters.  These cases are based on plotting the dynamic system, 

which is a quadratic curve for linear payoff functions, versus a 45 degree line.  From this 

new perspective there are thirteen cases or games.  Viewing the application from this new 

perspective will greatly assist the modeler in determining proper parameter values when a 

given solution structure for an application has to be obtained.                

Keywords:  Agent-Based Simulation, �-Person Games, Cellular Automaton, Pavlovian Agent, Equilibrium
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1. Introduction    

Agent based simulation has been used extensively to study  �-person social 

dilemma games.  In this paper the behavior of agents in a two dimensional cellular 

automaton environment making cooperation and defection decisions based on 

reinforcement learning with linear payoff functions will be examined.   Agent based 

simulation applications in the literature include the study of artificial societies [1], the 

examination of collective communication within a socio-geographic community [2]  and 

the investigation of mass transit usage in a large city [3].  There has also been much 

research into understanding  steady state solutions, agent behavioral traits and percentage 

of cooperation trajectories for the same model used in this paper [4-11].          �-person social dilemma games are an extension of the traditional two player social 

dilemma games.  The general payoff matrix for two player social dilemma games is 

shown in table 1.  The parameters 
, �, � and � are the payoffs associated with decisions 

made by each player where the rows show the decisions of player 1 and the columns to 

player 2.  They are typically referred to as Reward (R), Punishment (P), Sucker’s Bet (S), 

and Temptation (T) as defined in the Prisoners’ Dilemma game.  In this game two 

accused and separated criminals are questioned by the police.  If both players cooperate 

by remaining silent, each one is sentenced with minimal jail time on a lesser charge.   If 

one player informs on the other (defects) and the other stays silent (cooperates), the 

defector is released and the cooperator is sentenced to full jail time on the accused 

charge.  If both suspects defect by testifying against each other, then both are sentenced 

to reduced jail time on the accused charge. In accordance with the above description a 

Prisoners’ Dilemma game occurs when the parameters of the payoff functions satisfy the 

relation  � � � � 
 � � [12].      
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 Cooperate Defect 

Cooperate �,�   �, � 

Defect �,� 
, 
 

 

Table 1 Payoff matrix for two player games 

 

Social dilemma games are generally classified by the relative orders of magnitude 

of the payoff function parameters 
, �, � and �.  There are 4! = 24 different orderings or 

traditional games that can be derived from the four parameters if the borderline cases are 

omitted.  A systematic review of all the 2x2 games has been presented [13].  We will 

examine these games from the point of view of a dynamic system in this paper, and our 

findings will be summarized in table 5.  In that table “Reverse” games are equivalent to 

the traditional named game except the definition of cooperation and defection is 

switched.  For example, in the Prisoners’ Dilemma game the definition of cooperate is the 

suspect remains silent and defection is the suspects informs.  In the Reverse Prisoners’ 

Dilemma game the definition of cooperate is to inform and defection is to remain silent.  

These are the same games except the definition of cooperate and defect is switched or 

reversed.   

An  �-person game involves more than two individual agents where the collective 

behavior in society influences the payoff of each agent and the actions of the individual 

agents determine the collective behavior of the society.  Each agent may choose to 

cooperate for the collective best interests or defect to pursue their own self interest.  

There are several variables that can be used when modeling  �-person games including 

the number of agents in the society, payoff functions, agent decision making rules or 

personality, environmental influence or neighborhood, and simultaneous or sequential 

decision making.   In this paper we will look at a specific  �-person model, identify the 

difficulties involved for the modeler in selecting values for payoff function parameters 
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, �, � and �, and present an alternative method to classify games which significantly 

aids the modeler in the selection of these parameters.    

Agents are given a reward or punishment for their action.  The amount of reward 

or punishment an agent receives for a decision in each iteration is called the payoff 

function.  An example of a linear payoff function is shown in Figure 1.  In this payoff 

function � is the percentage of cooperators,  ����  is the payoff for those agents that are 

cooperating and ���� is the payoff for those agents that are defecting.  These linear 

payoff functions are consistent with the Prisoners’ Dilemma game since  � � � � 
 ��.  

 

Figure 1   Linear payoff functions for cooperators ���� and defectors ���� 

 

This paper will deal with the Pavlovian agent type which uses reinforcement 

learning in its decision making process.  Reinforcement learning has been used 

extensively for two player repeated games [14-16] and is based on Thorndike’s law of 

conditioning where positive outcomes to an action reinforce the subject to continue that 

action [17].  The model in this paper has been used for much research [4-11].  These all 

analyze �-person social dilemma games, so the results found here can be related directly 

to them.  The Pavlovian agent has a certain probability of cooperating in each time 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

Percentage of Cooperators

P
a

yo
ff 

V
a

lu
e

S

R

T

P

C(x)

D(x)



152 
 

 
 

 

period, which changes for the next time period or iteration by a proportion of the reward 

or punishment received.  The probability that an agent i will be cooperating at time period 

t can be computed as 

-/�C� � V -/�C � 1� 4 5�T��C � 1�U   if the agent cooperated at time period C � 1-/�C � 1� � 6�T��C � 1�U   if the agent  defected at time period C � 1,    B  (1) 

where ��C � 1� is the percentage of cooperating agents in the population at time period C � 1, 5 is the proportion or learning factor for cooperators and 6 is the learning factor 

for defectors.  Both 5 and 6 are greater than zero and less than or equal to one.  Since -/�C� is a probability it must be between zero and one.  So whenever  -/�C� becomes 

larger than one it is adjusted to unit value.  Likewise, whenever  -/�C� becomes negative 

it is adjusted to zero. 

Agents in this model are located on a 100x100 grid, 10,000 agents in all.  Each 

agent is given an initial probability to cooperate. This is an initial condition required to 

start a simulation.  Time is moved forward in iterations.   In the first iteration each agent 

decides to cooperate or defect based on the given initial probability of cooperation.   Then 

the percentage of cooperators is determined, payoffs for cooperators C(x) and defectors 

D(x) are assigned from the agents’ decisions and payoff functions, and each agent’s 

probability to cooperate is adjusted by equation (1).  In the second iteration agents 

simultaneously decide to cooperate or defect based on their updated probability to 

cooperate.  Again, the percentage of cooperators is determined, payoffs for cooperators 

C(x) and defectors D(x) are computed, and each agent’s probability to cooperate is 

adjusted by equation (1).  This repeats for 100 iterations.  The main statistic tracked is the 

percentage of cooperators in each iteration.  

We will now look at an example of this model, where  the parameters given in 

Figure 1 will be used for the payoff functions.  That is,   
 � �0.25, � � 0.25, � � �0.5 

and � � 0.5.  The learning factors are 5 � 6 � 0.1.  The simulation results are shown in 

Figure 2.  As described above this agent based simulation is run on a 100x100 cellular 
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automaton grid where the 10,000 Pavlovian agents make their own independent decisions 

in each iteration based the probabilities computed by equation (1).  The trajectory lines in 

Figure 2 indicate the percentages of cooperators in the system for each iteration given the 

initial cooperating probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.8, 0.9 and 1.0.  

The horizontal straight lines indicate the attractor and repeller values for this set of 

parameters.  These solution values are discussed in previous literature [6,7,10] and later 

in this paper.   The solution structure in this example is that the percentage of cooperators 

converges to the attractor, in this case 0.2113, when the initial number of cooperators is 

below the repeller value, in this case 0.7887, and increases when the initial number of 

cooperators is above the repeller value.     

 

 

Figure 2     Simulation results with parameters 
 � �0.25, � � 0.25, � � �0.5, and � � 0.5.  

When a modeler is looking for appropriate parameter values for a specific 

application, typically the values of 
, �, � and � are assessed based on their practical 

meaning.  For example, in the two player Prisoners’ Dilemma game jail time is typically 

used to assign these parameters. For an  �-person game example, consider a cartel where 

the players decide to cooperate and set an optimum production and price as if it were a 
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monopoly.  Each player or agent agrees to charge the monopoly price and limit 

production to set forth quantities.  The temptation for each agent is to defect by lowering 

the price and producing more.  The defecting agent has a higher profit or payoff since his 

market share increases significantly while the remaining cooperating agents lose market 

share while holding the same monopoly price.  If all agents defect, then all are worse off 

since they would all be charging the same lower price with the same market share as if 

they all would have cooperated.  This is an example of an  �-person Prisoners’ Dilemma 

game.  In this example the assessed values of 
, �, � and � may be based on profit 

estimates for cooperating and defecting agents.    

The modeler needs to be careful in determining the parameter values since the 

solution structure can change significantly based on slight and seemingly irrelevant 

differences.  For example, assume that both payoff functions in Figure 1 are raised by 

unity for all percentages of cooperators.   That is, 
 � 0.75, � � 1.25, � � 0.5, and � � 1.5 where the difference between the payoff values at any percentage of cooperators 

is identical.   The results of this simulation are shown in left hand side of Figure 3.  The 

entire structure of the solution changes when this is done.  Now there is no attractor value 

at all, just a repeller.  At any equilibrium agents either cooperate or defect continuously.  

For example, for the initial cooperating probability of 0.6, at equilibrium about 63% of 

the agents are cooperating continuously (their -/ � 1)  and 37% are defecting 

continuously (their -/ � 0).  The repeller solution is 0.5598.  The right hand side of 

Figure 3 presents the simulation results if the payoff function in Figure 1 are decreased 

by unity for all percentages of cooperators.  That is, 
 � �1.25, � � �0.75, � � �1.5, 

and � � �0.5.  In this simulation the solution structure changes again.  There is no 

repeller, just an attractor.  At equilibrium the agents change their decision from iteration 

to iteration based on the probability value -/ from equation (1) that fluctuates around an 

attractor solution 0.4402.  All three simulation runs shown in Figures 2 and 3 are 

Prisoners’ Dilemma games where the only difference is that a constant has been added to 

or subtracted from the payoff functions which resulted in three significantly different 

solution structures.    
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Figure 3 Left hand graph shows simulation results when  parameters 
, �, � and � are increased by unity and right hand side presents 
simulation results when same parameters are decreased by unity.   
 

   Another possible solution structure in the �-person Prisoners’ Dilemma game 

occurs near the borderline case.  For example, Figure 4 shows the simulation results for 
 � �1, � � 1, � � �1, and � � 1.  This solution structure has equal value for the 

attractor and repeller. The value is an attractor from below and a repeller from above. In 

this simulation the percentage of cooperators converges to this value when the initial rate 

of cooperators is smaller and increases when the initial percentage of cooperators is 

above it.     

 

Figure 4 Simulation results with parameters 
 � �1,� � 1, � � �1, and � � 1.   
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The above examples show that the �-person Prisoners’ Dilemma game has 

several potential solution structures.  In fact each traditional game with its assigned 

inequality has various different solution structures that can be attained with seemingly 

irreverent or small parameter changes.    This situation creates a difficult problem for a 

modeler who relies only on real life quantities to determine the values of the payoff 

parameters  
, �, � and �.   After assigning initial values for the payoff parameters the 

modeler may not be able to validate the model because the solution structure may be 

completely different than the modeler expected.  For example, in the cartel example 

described above the modeler may expect an equilibrium solution for a certain set of real 

life profit values and plans to validate the model with this data.  The simulation results 

may have no attractor at all and the modeler would be unable to optimize or improve the 

model.          

The purpose of this paper is to provide an alternative approach in characterizing 

social dilemma games which will assist modelers in determining appropriate model 

parameters for any particular situation when the solution structure is known.  In this new 

approach the knowledge of the solution structure provides further constraints on the 

parameters 
, �, � and � which can be used along with traditional game inequalities to 

develop a model for a particular situation.    

This paper develops as follows.  Section 2 derives a quadratic equation for the 

discrete dynamic system which determines the percentage of cooperators in subsequent 

iterations and presents a stability analysis.  In Section 3 it is shown how this quadratic 

equation can be used to present a case diagram for given parameter values  
, �, � and �.  

In Section 4 an overview of all possible cases will be shown.   In all, there are 13 

different cases with some having sub-cases.  A systematic review of the cases is 

performed in Section 5.  Solution structures and constraints will be derived and presented 

for each case.  A summary of the different solution structures and how they relate to 

traditional games is then presented.  In Section 6 an example will be given to show how 

this new approach can aid the modeler in determining proper parameter values.  

Conclusions are drawn in Section 7.            
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2. Steady state analysis   

  An equation for the expected number of cooperators will first be developed for 

Pavlovian agents.   To simplify the notation let -/ denote the probability that agent i 

cooperates in the current time period and  -/012 the probability that the agent will be 

cooperating in the next time period.    The probability transition equation is assumed to 

be the following: 

                         -/012 � 3-/ 4 5����         -/ � 6����         if the agent is a cooperatorif the agent is a defector,    B                          (2) 

where � is the ratio of the cooperating agents, ����  is the payoff for cooperating agents, ���� is the payoff for the defecting agents,  5 is the learning factor for an agent that has 

cooperated, and 6  is the learning factor for an agent that has defected.  Since an agent is 

a cooperator with probability -/ and a defector with probability 1--/, the expected value 

of -/012 is the following:  

                    X�-/012� � Y-/ 4 5����Z-/ 4 Y-/ � 6����Z�1 � -/� 

                                           � 5-/���� 4 -/ �  6���� 4 6-/���� .                                (3)    

Let N be the total number of agents. The percentage of cooperating agents is � � #[ ∑ -/[/]# .  By combining this relation and (3) we have 

�012 � #[ ∑ X�-/012�[/]#                                                                      
   � #[ ∑ Y5-/���� 4 -/ � 6���� 4 6-/����Z[/]#  

                                    � Y5���� 4 6���� 4 1Z� �  6����.                                      (4)     

 At any steady state �F, the state does not change anymore meaning that if � �  �F, 

then  �012 �  �F as well. Therefore from equation (4) we conclude that �F is a steady 

state if and only if 

                                         �F � Y5���F� 4 6���F� 4 1Z�F � 6���F�, 



158 
 

 
 

 

which can be rewritten as 

                                      �F5���F� � �1 � �F�6���F�.                                       (5) 

The above analysis is valid in the case of general payoff functions since in the 

derivation no special forms were assumed.   In the linear case ���� � � 4 �� � ���  and  ���� � 
 4 �� � 
��,  so equation (5) reduces to 

 �F5Y� 4 �� � ���FZ � �1 � �F�6Y
 4 �� � 
��FZ. 
 

This is a quadratic equation for �F and therefore 

                    �F � f_gf$chicjkl_mgm f$_cgjicmjmin_chQ$F�_Qf_gicjfch� .                   (6) 

 Equation (6) shows that the number of steady states is 0, 1, or 2 in the linear case 

depending on the sign of the discriminant and the locations of the roots.   

3. Systematic characterization of  H-person games 

In this section the expected percentage of cooperators in the next iteration will be 

derived for linear payoff functions.  This is a quadratic equation that can be plotted with a 

45 degree line to determine analytical solution and percentage of cooperator trajectories.  

It will be shown that this type of characterization is helpful to the modeler in applications 

where information is available about the structure of a solution.   

We will now evaluate the possible solutions in the case of linear payoff functions 

based on the discrete dynamic system.  In the linear case ���� � � 4 �� � ��� and ���� � 
 4 �� � 
��,  so equation (4) becomes 

�012 � Y5!� 4 �� � ���, 4 6!
 4 �� � 
��, 4 1Z� �  6!
 4 �� � 
��, 

                        � Y5�� � �� 4 6�� � 
�Z�$ 4 Y5� 4 26
 � 6� 4 1Z� � 6
.                   (7) 
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If we let I � 5�� � �� 4 6�� � 
�, J � 5� 4 26
 � 6� 4 1 and � � �6
, then 

equation (7) reduces to   

                                                      �012 � I�$ 4 J� 4 �.                                              (8) 

The first question to answer is can I, J and � be any values given the social 

dilemma parameters  5, 6, 
, �, � and �.  In order to answer this question we need to 

evaluate how all the parameters relate to each other.  In equations (7) and (8) the 

parameters 5, 6, 
, �, � and � from the social dilemma game can be related to I, J and � 

by equation 

t500    �550     6�60     �626�6u v���
w � t IJ � 1� u. 

If we introduce a new variable K � 5� � 6�, then this equation simplifies to 

t5 �6 �10 26 10 �6 0 u t �
Ku � t IJ � 1� u. 

Since the learning factors 5  and 6  are nonzero, the matrix in this linear set of 

equations is nonsingular.  This means that all real values of I, J and � can be attained 

from a social dilemma game given proper selections of 5, 6, 
, �, � and �. That is, the 

right hand side of equation (8) can be any parabola, linear function (with A = 0, B ≠ 0) or 

constant (with A = B = 0).  The asymptotical behavior of the system depends on the 

relative location of the graph of this function and the 45 degree line.  We also note that if 

the right hand side of the equation is larger than one, then  �012 is adjusted to 1, and if it 

is negative, then �012 is adjusted to zero value. 

As an example Figure 5 shows the trajectory of the percentage of cooperators in a 

system by plotting the quadratic curve of the right hand side of equation (8) with the 45 

degree line with the payoff parameters illustrated in Figure 1.  The left hand graph shows 

the entire percentage of cooperators and the right hand graph shows a zoom-in view 
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around the attractor solution.   In these figures the analytical solutions can be determined 

from the intercepts. The trajectory of the percentage of cooperators can be determined by 

starting at any initial state and plotting the successive iterations by moving horizontally 

from the quadratic curve to the 45 degree line and then vertically back to the quadratic 

curve.   The initial percentages of cooperators 0.2, 0.6, and 0.9 are shown in Figure 5.  

This analysis gives the same analytical solution and trajectories as those obtained in the 

simulation results shown in Figure 2 for these payoff parameters.   Both show an attractor 

solution 0.2113 and a repeller solution 0.7887.   

  

  

Figure 5  Solution structure for payoff parameters shown in Figure 1 

In fact, this method can be used instead of simulation to assess analytical 

solutions and trajectories for any set of payoff parameter values.  For example, Figure 6 

uses the same method of plotting the quadratic curve of equation (8) and the 45 degree 

line to show the trajectories for both simulation runs performed earlier in Figure 3.  The 

left hand graphs in both figures have the payoff parameters  
 � 0.75, � � 1.25, � �0.5, and � � 1.5  and the right hand graphs in both figures are based on the payoff 

parameters   
 � �1.25, � � �0.75, � � �1.5, and � � �0.5.  It is clear that the 

solution structures in Figure 6 match the simulation results given in Figure 3 for both 

cases.  That is, both left hand graphs indicate only repeller solution 0.5598 and both right 

hand graphs show only an attractor solution 0.4402.  Appropriate initial conditions were 
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selected for the solution graphs in order to easily evaluate the percentages in the 

cooperator trajectories. 

 

Figure 6  Solution structure for the payoff of Figure 3 

  

The remainder of this paper will identify and systematically review all possible 

cases.    Thirteen different cases will be identified with each of them having a defined set 

of constraints.   Knowing these cases and the associated constraints are helpful to the 

modeler in selecting appropriate payoff parameters with known solution structure, which 

is typically the case in applications.           

4.  Overview of cases 

In this section we will identify and systematically review all the possible cases 

that may occur.  Without loss of generality we assume A > 0 because if payoff parameters 

and learning curves are such that A is negative then we can simply interchange the 

definition of cooperation and defection in the game and in the redefined reverse game A’ 

will become positive.  For example, table 2 shows the payoff matrix for a two player 

game with the definition of cooperation and defection switched from table 1.  Now the 

common payoff if both agents cooperate is 
 (instead of �) , the common payoff if both 

agents defect is � (instead of 
), the payoff for cooperating if other agent defects is  � 

(instead of �), and the payoff for defecting if the other agent cooperates is � (instead of �).   So to find the reverse game we simply have to switch � x 
 and  � x �. For the  �-player extension we also switch  5 x 6.  
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1 

 Player 2 

 Defect Cooperate 

Defect � , �  � , � 

Cooperate �, �  
, 
 

Table 2 Payoff matrix with definition of cooperation and defection switched 

In equation (8) we have I � 5�� � �� 4 6�� � 
�, 

and after switching  � x 
,  � x � and 5 x 6, the value of A’ becomes Iy � 6�
 � �� 4 5�� � �� � �I. 

So, if A is negative, then we can switch the definition of cooperation and 

defection and in this equivalent game A’ will become positive. 

Since we can assume A is positive without the loss of generality, the quadratic 

curve for any case will be convex.  We will now show all possible ways that a convex 

quadratic curve can relate to the 45 degree line in terms of intersections and relative 

values.  There are 13 cases.  These cases include those when the quadratic curve is linear 

or even constant as well with I � 0 or I � J � 0.  Section 4.1 shows the cases where 

there is no steady state solution.  Section 4.2 shows cases with one steady state solution.  

Section 4.3 shows cases of  two steady state solutions. 

 

4.1 Cases without steady state solution 

Figure 7 shows the cases without steady state solutions.  There are two such cases.  

The first occurs when the entire quadratic curve is above the 45 degree line (Case 1) and 

the second occurs when the entire quadratic curve is below the 45 degree line (Case 2). 
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Figure 7  Cases without steady state solution 

 

4.2. Cases with a unique steady state solution 

Figure 8 shows seven cases with unique steady state solutions.  Three of these 

cases occur when the entire quadratic curve is above the 45 degree line except for one 

point.   This single point occurs at � � 0 for Case 7, when � is between 0 and 1 for Case 

3, and at � � 1 for Case 4.  Two cases occur when the entire quadratic curve is below the 

45 degree line except for one point.  This single point occurs at � � 0 for Case 6 and at � � 1 for Case 8.  Finally, two more cases occur when the magnitude of the quadratic 

curve changes relative to the 45 degree line and a single intersection occurs when � is 

between 0 and 1.  In Case 5 the quadratic curve is above the 45 degree line before the 

intersection point and is below the 45 degree line after the intersection point.  In Case 9 

the quadratic curve is below the 45 degree line before the intersection point and is above 

the 45 degree line after the intersection point. 

Case 1 Case 2  
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Figure 8   Cases with unique steady state solution 

Case 9 

Case 8 Case 7 

Case 6 Case 5 

Case 4 Case 3 
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4.3.  Cases with two steady state solutions 

Figure 9 shows the four cases with two steady state solutions.  Case 10 occurs 

when the quadratic curve is above the 45 degree line for low x values, intersects and 

moves below the 45 degree line for mid x values, and then intersects again and moves 

above the 45 degree line for high x values.  Case 11 occurs when the quadratic curve is 

above the 45 degree line for low x values, then intersects and moves below the 45 degree  

line until it intersects again at x = 1.   Case 12 occurs when the first intersection occurs at 

x = 0 and the quadratic curve is below the 45 degree line for low x values, then intersects 

and moves above the 45 degree for high x values.  Finally, Case 13 occurs when the 

quadratic curve is entirely below the 45 degree line except at the two intersection points x 

= 0 and x = 1.  

 

 Figure 9   Cases with two steady state solutions 

 

Case 13 Case 12 

Case 11 Case 10 
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5. Systematic review of cases 

In this section we will systematically investigate each of the thirteen cases 

presented above. For each case the following will be evaluated: 

1. Number of steady state solutions; 

2. Trajectory of the system including any attractor and repeller;  

3. Comparison of the analytical model structures to simulation results; 

4. Criteria or constraints of parameters  5, 6, 
, �, � and � that are required for each 

case to occur. 

Some properties of the quadratic curves are necessary before the investigation.  They 

will be provided in Section 5.1.  The investigation of the different cases is then given in 

Section 5.2 and in Section 5.3 summaries our findings. 

5.1. Quadratic curve properties and equations 

Before evaluating the cases we review some simple facts.  They will be used in 

determining the criteria or constraints for parameters  5, 6, 
, �, � and �.       

From Section 3 we know that the linear payoff functions are defined as 

     ���� � � 4 �� � ���   

and     ���� � 
 4 �� � 
��. 

The percentage of cooperators in the system in the next time period is given by 

                                                                  �012 � I�$ 4 J� 4 � 

with 

                                                                  I � 5� � 6
 � K,  

                                                                  J � K 4 26
 4 1  

and                                                                   

� � �6
, 

where we introduced parameter 
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K � 5� � 6�. 

Let S��� � I�$ 4 J� 4 �, 

then 

                                                        Sy��� � 2I� 4 J, 

Implying that 

                                                        S�0� � � � �6
,                                                    (9) 

                                                        S�1� � I 4 J 4 � � 5� 4 1,                               (10) 

                                                        Sy�0� � J �  K 4 26
 4 1                                  (11) 

and 

                                                        Sy�1� � 2I 4 J � �K 4 25� 4 1.                     (12) 

 

The steady state of the system solves the fixed point problem  � � I�$ 4 J� 4 �,   

which is equivalent to equation I�$ 4 �J � 1�� 4 � � 0. 

Let now         z��� � I�$ 4 �J � 1�� 4 �, 

then  

                                                       zy��� � 2I� 4 J � 1, 
and so            

                                                       zy�0� � J � 1 � K 4 26
                                   (13) 

       zy�1� � 2I 4 J � 1 � �K 4 25�                          (14) 

The number of real solutions is determined by the discriminant 

                                    � � �J � 1�$ � 4I� 

                                        � �5� 4 26
 � 6��$ 4 4Y5�� � �� 4 6�� � 
�Z6
 

                                        � �5� � 6��$ 4 456
� 

                                        � K$ 4 456
�.                                                                 (15) 

Notice that the vertex of S���  is  
f{$P and the vertex of z��� is 

#f{$P . 
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5.2. Case constraints and trajectories 

We will now review each case presented in Figures 7, 8, and 9.  For each case the 

constraints and solution structure, which is the trajectory of the percentage of cooperating 

agents, will be determined using quadratic curve properties and the methodology 

presented in Figures 5 and 6.  The solution structure will then be verified using agent 

based simulation.   Each case includes plots of the case diagram and the simulation 

results for a set of parameters associated with that case.  The case diagram with solution 

structure is shown on the left hand side and agent based simulation results on the right 

hand side.  In all cases simulation results verify the theoretical solution structure.  One of 

the advantages of using case diagrams is that we will be able to analyze and assess  �-

person social dilemma games in the future without the use of agent based simulation.   

Also, based on the constraints for case diagrams the modeler is assisted in determining 

model parameters.       

5.2.1.  Case 1.  This case occurs when the quadratic curve lies entirely above the 45 

degree line as shown in Figure 7.  There are three situations described below that need 

investigation in order to determine the associated constraints of parameter values.  In all 

situations  S�0� � 0 and S�1� � 1 which requires  
 R 0  and  � � 0.  

1. The first situation occurs when the roots of z��� are complex.  In this situation 

the discriminant of z��� is negative meaning   K$ 4 456
� R 0.   

2. The second situation occurs when  z��� has one or two negative real roots.  This 

occurs when the discriminant is nonnegative and   
#f{$P R 0.  In this situation  K$ 4 456
� D 0 and  K 4 26
 � 0.  

3. The third situation occurs when z��� has one or two real roots being greater than 

unity.  This occurs when the discriminant is nonnegative and  
#f{$P � 1.  In this 

situation K$ 4 456
� D 0 and  K � 25� � 0.   
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Notice that K 4 26
 � 0 and  K � 25� � 0 cannot occur simultaneously since  
#f{$P   

cannot be negative and larger than unity in the same condition.  

To summarize, Case 1 occurs with any of the following three sets of constraints: 

1. 
 R 0 ,  � � 0, K$ 4 456
� R 0 

2. 
 R 0 ,  � � 0, K$ 4 456
� D 0, K 4 26
 � 0, K � 25� ' 0 

3. 
 R 0 ,  � � 0, K$ 4 456
� D 0, K � 25� � 0 ,  K 4 26
 ' 0 

If I � 0, then the first case cannot occur, only the second and third cases are 

possible.   

The trajectory for all initial percentages of cooperators converges to 100% of agents 

cooperating.  That is, ��C� O 1 as  C O ∞.  The left hand side of Figure 10 shows the 

case diagram with parameters  5 � 0.1, 6 � 0.1, 
 � �3, � � 3, � � 2 and � � 1 with 

an initial percentage of cooperators 0.1.  It is clear from this diagram that any initial 

percentage of cooperators converges to all agents cooperating.   The right hand side  

shows simulation results with the same parameter values and initial cooperating 

probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  These simulation 

results also show the trajectories converging to 100% cooperation.  We will refer to this 

type of solution structure as Total Cooperation since all agents in the limit agree to 

cooperate regardless of initial state. 

    

Figure 10  Case diagram and simulation results for Case 1.   



170 
 

 
 

 

 

5.2.2. Case 2.  This case occurs when the quadratic curve lies entirely below the 45 

degree line as shown in Figure 7.  It is clear that  S�0� R 0 and  S�1� R 1 in this case.  

This requires  
 � 0 and  � R 0. Since z��� is convex, these are the constraints for this 

case even if  I � 0. 

The trajectory for all initial percentages of cooperators converges to all agents 

defecting.  That is, ��C� O 0 as  C O ∞. The left hand side of Figure 11 shows the case 

diagram with parameters  5 � 0.1, 6 � 0.1, 
 � 2, � � �2, � � �4 and � � 4 with an 

initial percentage of cooperators  0.9.  The right hand side shows simulation results with 

the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5 

0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both show trajectories 

converging to 0% cooperation.  We will refer to this type of solution structure as Total 

Defection since all agents in the limit agree to defect regardless of initial state. 

 

Figure 11  Case diagram and simulation results for Case 2.   

 

5.2.3. Case 3.  This case occurs when the quadratic curve lies entirely above the 45 

degree line except for one point between 0 and 1 as shown in Figure 8. The 45 degree  

line is the tangent line of the parabola at this point.  It is clear that  S�0� � 0 , S�1� � 1, S′�0� R 1 , S′�1� � 1 and the discriminant of z��� is zero in this case.  This requires  
 R 0, � � 0, K 4 26
 R 0,  K � 25� R 0 and K$ 4 456
� � 0 .   Notice that this 

case is impossible for  I � 0. 
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We will now show that  K 4 26
 � 0 and K � 25� R 0 cannot occur 

simultaneously. Relation  K$ 4 456
� � 0 can be rewritten as  K$ � �25����26
� �0.   Since  K � �26
, K$ � �25����26
� � K$ � �25��K � K�K � 25�� � 0. 

We now see the contradiction as neither  K nor   K � 25� can equal zero.  We can also 

show that  K 4 26
 R 0 and  K � 25� � 0 are impossible together using the same 

logic.  In addition K 4 26
 � 0 and  K � 25� � 0 are also invalid.  If we simply add 

the two equations we find 2K � 25� 4 26
 � �K 4 5� � 6
 � I � 0.  If  I � 0 

then we have a linear curve without intersection between zero and one since  S�0� � 0  

and  S�1� � 1.  
There are two subcases of the trajectory, one if  S�0� ' �F and the other if  S�0� � �F.  These subcases will be evaluated separately and called Case 3a and Case 3b 

respectively.  In both of them  there is a single intersection point that is an attractor from 

below and a repeller from above.  This is a result of having two identical solutions.  One 

solution is an attractor and the other is a repeller.  

The percentage of cooperators trajectory in Case 3a is converging to the solution 

when the initial percentage of cooperators is less than the solution and repelling to 100% 

cooperation when the initial percentage of cooperators is larger than the solution.  That is, 

in the limit ��C� O �F when ��0� ' �F, and ��C� O 1 when ��0� � �F.  The left hand 

side of Figure 12 shows the case diagram with parameters  5 � 0.05, 6 � 0.05, 
 ��1, � � 4, � � �3 and � � 1 with the initial percentages of cooperators  0.1 and 0.5.   

The right hand side shows simulation results with the same parameter values and initial 

cooperating probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  The case 

diagram and simulation results both show that the percentage of cooperators is attracting 

from below and repelling from above.  We will refer to this type of solution structure as 

Attractor / Repeller since there is both an attractor and repeller solution between 0 and 1. 
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Figure 12  Case diagram and simulation results for Case 3a.   

 

The trajectory for Case 3b is similar to that of Case 3a except if S�0� � �F with ��0� ' �F there will be a large rise in cooperation for low initial percentages of 

cooperators.  Large enough, in fact, that the percentage of cooperation goes above �F and 

the trajectory repels from the solution thereafter.  This creates two different trajectories 

when  ��0� ' �F in addition to the trajectory when  ��0� � �F.  Following is a summary 

of the limits of trajectories as they occur from low to high percentages of cooperation: 

• ��C� | 1 when ��0� ' �F,  ST��0�U � �F  

• ��C� | �F when ��0� ' �F, ST��0�U ' �F  
• ��C� O 1 when ��0� � �F  

  The left hand side of Figure 13 shows the case diagram with parameters  5 � 0.2,6 � 0.2, 
 � �4, � � 1, � � �3.5 and � � 0.5 with the initial percentages of 

cooperators 0.05 and 0.4. It is clear  that the percentage of cooperators is attracting from 

below when the first iteration stays below the solution and jumps over to the repeller 

portion of the curve if the first iteration goes above the solution.   The right hand side 

shows simulation results with the same parameter values and initial cooperating 

probabilities.  These simulation results show the same reaction for low percentages of 

cooperators where the percentage jumps significantly above the repeller solution and then 

eventually repels to 100% cooperation.  This solution structure is also Attractor / 

Repeller. 
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Figure 13  Case diagram and simulation results for Case 3b.   

 

5.2.4. Case 4.  This case occurs when the quadratic curve lies entirely above the 45 

degree line except for one point � � 1 as shown in Figure 8.  It is clear that  S�0� � 0, S�1� � 1 and S′�1� ' 1 in this case.  This requires  
 R 0, � � 0 and K D 0.  

The trajectory for all initial percentages of cooperators converges to all agents 

cooperating.  That is, ��C� O 1 as  C O ∞ .  The left hand side of Figure 14 shows the 

case diagram with parameters  5 � 0.1, 6 � 0.1, 
 � �5, � � 0, � � 1 and � � �1 

with an initial percentage of cooperators  0.2.  The right hand side shows simulation 

results with the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 

0.3, 0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both 

show the trajectories converging to 100% cooperation.   This solution structure is Total 

Cooperation.  
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Figure 14  Case diagram and simulation results for Case 4.   

 

5.2.5. Case 5.  This case occurs when the quadratic curve is above the 45 degree line 

before the intersection point and is below the 45 degree line after the intersection point as 

shown in Figure 8.  It is clear that  S�0� � 0  and  S�1� R 1.  This requires  
 R 0 and � R 0.   

There are four subcases of the trajectory.  These occur when  �} ' 0,  0 R �} '�F, �F R �} ' 1, and �} D 1 where �} is the vertex of the quadratic curve.  These 

subcases will be evaluated separately and be called Case 5a, Case 5b, Case 5c, and Case 

5d respectively.   

Case 5a occurs when  �} ' 0.  This requires  K 4 26
 4 1 D 0.  The trajectory 

in Case 5a converges to an attractor solution with all initial percentages of cooperators.  

That is, ��C� O �F as  C O ∞.  The left hand side of Figure 15 shows the case diagram 

with parameters  5 � 0.05, 6 � 0.05, 
 � �4, � � �2, � � �3 and � � 1 with the 

initial percentages of cooperators 0.1 and 0.9.  The right hand side shows simulation 

results with the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 

0.3, 0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both 

show all trajectories converging to the attractor solution.    We refer to this solution 

structure as Single Attractor since all trajectories converge to an attractor solution. 
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Figure 15  Case diagram and simulation results for Case 5a.   

 

Case 5b occurs when  0 R �} ' �F.   This requires K 4 26
 4 1 R 0 and  K$ 4 456
� ' 1.  The trajectory for Case 5b is similar to that of Case 5a except if  ST��0�U � �F  and ��0� ' �F there will be an overshoot of the attractor solution before 

converging.  That is, ��C� O �F as  C O ∞.  The left hand side of Figure 16 shows the 

case diagram with parameters  5 � 0.2, 6 � 0.2, 
 � �7.5, � � �0.2, � � 0 and � �2.5 with the initial percentages of cooperators 0.3 and 0.65.   The right hand side shows 

simulation results with the same parameter values and initial cooperating probabilities.  

The case diagram and simulation results both show the trajectory for low initial 

percentages of cooperators overshooting the attractor solution before converging.   This 

solution structure is also Single Attractor. 
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Figure 16  Case diagram and simulation results for Case 5b.   

 

Case 5c occurs when  �F R �} ' 1.  This requires  K$ 4 456
� � 1 and  K � 25� ' 1. The trajectory for Case 5c is similar to 5b except oscillation occurs. The 

left hand side of Figure 17 shows the case diagram with parameters  5 � 0.2, 6 �0.2, 
 � �4, � � �0.5, � � 0 and � � 10 with an initial percentage of cooperators  0.1.  

It is clear from the case diagram that the solution oscillates.  In the maximum case this 

oscillation is between  S��}� and  STS��}�U.   The right hand side shows simulation 

results with the same parameter values and initial cooperating probability.  This 

simulation result also shows the oscillation.  It even shows the overshoot before settling 

into an oscillation state.  It should be noted that the system may slowly converge to the 

attractor solution while oscillating.  This solution structure is called Oscillation.    

 

Figure 17  Case diagram and simulation results for Case 5c.   
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Case 5d occurs when  �} � 1.  This requires  K � 25� � 1. The trajectory for 

Case 5d is similar to 5c except that the oscillation is more extreme and does not converge 

to the attractor solution. The left hand side of Figure 18 shows the case diagram with 

parameters  5 � 0.2, 6 � 0.2, 
 � �6, � � �4.5, � � �4 and � � �1 with an initial 

percentage of cooperators  0.4. The right hand side shows simulation results with the 

same parameter values and initial cooperating probability, which also shows oscillation.  

This solution structure is also Oscillation.   In this case the trajectory reaches a 

completely cyclic behavior or converges to all agents cooperating or defecting. 

 

Figure 18  Case diagram and simulation results for Case 5d.   

 

5.2.6. Case 6.   This case occurs when the quadratic curve lies entirely below the 45 

degree  line except for one point  � � 0 as shown in Figure 8.  It is clear that  S�0� � 0 , S�1� R 1 and S′�0� R 1 in this case.  This requires   
 � 0, � R 0 and K R 0.   

   Clearly the first two conditions imply that K has to be negative, otherwise  I � 5� � 6
 � K would be negative contradicting our initial assumption that   I D 0.  

The trajectory for all initial percentages of cooperators converges to all agents 

defecting.  That is, ��C� O 0 as  C O ∞.  The left hand side of Figure 19 shows the case 

diagram with parameters  5 � 0.2, 6 � 0.2, 
 � 0, � � �2, � � �3 and � � 2 with an 

initial percentage of cooperators  0.9.   The right hand side shows simulation results with 

the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5 
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0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both show the 

trajectories converging to 0% cooperation.  This solution structure is Total Defection.  

    

Figure 19  Case diagram and simulation results for Case 6.   

 

5.2.7. Case 7.  This case occurs when the quadratic curve lies entirely above the 45 

degree line except for one point  � � 0 as shown in Figure 8.  It is clear that  S�0� � 0 , S�1� � 1 and S′�0� D 1in this case.  This requires   
 � 0, � � 0 and K D 0.     

The trajectory for all initial percentages of cooperators converges to all agents 

cooperating.  That is, ��C� O 1 as   C O ∞.  The left hand side of Figure 20 shows the 

case diagram with parameters  5 � 0.1, 6 � 0.1, 
 � 0, � � 5, � � 1 and � � �1 with 

an initial percentage of cooperators  0.2.   The right hand side shows simulation results 

with the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 0.3, 

0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both show the 

trajectories converging to 100% cooperation.  This solution structure is Total 

Cooperation.  
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Figure 20  Case diagram and simulation results for Case 7.   

 

5.2.8. Case 8.   This case occurs when the quadratic curve lies entirely below the 45 

degree line except for one point � � 1 as shown in Figure 8.  It is clear that  S�0� R 0 , S�1� � 1 and   S′�1� � 1 in this case.  This requires   
 � 0, � � 0, and  K R 0.   

  Notice that if   I � 0, then  K 4 6
 R 0, since otherwise  I � 5� � 6
 � K 

would be nonpositive.  If  I � 0, then necessarily  K 4 6
 � 0.  

The trajectory for all initial percentages of cooperators converges to all agents 

defecting.  That is, ��C� O 0 as  C O ∞.  The left hand side of Figure 21 shows the case 

diagram with parameters  5 � 0.1, 6 � 0.1, 
 � 3, � � 0, � � �4 and � � 3 with an 

initial percentage of cooperators   0.9.   The right hand side shows simulation results with 

the same parameter values and initial cooperating probabilities   0.0, 0.1, 0.2, 0.3, 0.4, 0.5 

0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both show the 

trajectories converging to 0% cooperation.   This solution structure is called Total 

Defection.  
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Figure 21  Case diagram and simulation results for Case 8.   

 

5.2.9. Case 9.  This case occurs when the quadratic curve is below the 45 degree line 

before the intersection point and is above the 45 degree line after the intersection point as 

shown in Figure 8.  It is clear that   S�0� R 0  and  S�1� � 1 in this case.  This requires   
 � 0 and � � 0.   

Notice that in this case  K � 25� R 0, since otherwise we would have  I �5� � 6
 � K R �6
 � �K � 25�� R 0 leading to contradiction.     

The trajectory is to repel from the intersection point.  That is, ��C� O 0 when   ��0� R �F and  ��C� O 1 when  ��0� � �F as  C O ∞ in both cases.  The left hand side of 

Figure 22 shows the case diagram with parameters  5 � 0.05, 6 � 0.05, 
 � 3, � �2, � � �4 and � � 1 with the initial percentages of cooperators   0.7 and 0.9.  The right 

hand side shows  simulation results with the same parameter values and initial 

cooperating probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  The case 

diagram and simulation results both show the repeller solution.  We refer to this type of 

solution structure as Single Repeller since there is a unique steady state solution and that 

solution is a repeller.  
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Figure 22  Case diagram and simulation results for Case 9.   

 

5.2.10. Case 10.  This case occurs when the quadratic curve is above the 45 degree line 

for low � values, intersects and moves below the 45 degree line for mid � values, and 

then intersects again and moves above the 45 degree line for high � values as shown in 

Figure 9.  It is clear that �0� � 0 , S�1� � 1, S′�0� R 1 , S′�1� � 1 and the discriminant 

of the solution to z��� is positive in this case.  This requires  
 R 0, � � 0, K 4 26
 R0,  K � 25� R 0 and K$ 4 456
� � 0.  
Similarly to Case 3 we can prove that  K 4 26
 � 0 and K � 25� R 0 cannot 

occur simultaneously as well as  K 4 26
 R 0 and K � 25� � 0 are invalid together.  

In addition, K 4 26
 � 0 and  K � 25� � 0 are also invalid together.    

There are four subcases of the trajectory.  These subcases will be evaluated 

separately and be called Case 10a, Case 10b, Case 10c and Case 10d.  In all cases there is 

an attractor solution �PF and a repeller solution �QF .   

The first subcase 10a occurs when  ST��0�U ' �PF and  �} ' �PF.  In this case  K$ 4 456
� ' 1.  The trajectory converges to the attractor solution when the initial 

percentage of cooperators is below the repeller solution and to repel to 100% cooperation 

if the initial percentage of cooperators is above the repeller solution.   That is, in the limit  ��C� O �F when ��0� ' �QF , and  ��C� O 1 when  ��0� � �QF .  The left hand side of 

Figure 23 shows the case diagram with parameters  5 � 0.05, 6 � 0.05, 
 � �4, � �3, � � �8 and � � 3 with the initial percentages of cooperators  0.05, 0.5 and 0.9. It is 
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clear from the case diagram that the percentage of cooperators is attracting to �PF from 

below the repelling solution �QF , and repelling to 100% cooperation from above.   The 

right hand side shows simulation results with the same parameter values and initial 

cooperating probabilities   0.0, 0.1, 0.2, 0.3, 0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  These 

simulation results show the same trajectories as well.  This solution structure is Attractor 

/ Repeller.  

   

Figure 23  Case diagram and simulation results for Case 10a.   

 

The second subcase 10b occurs when  �PF . R ST��0�U ' �QF  and  �} ' �PF.  This 

case is similar to case 10a except for low initial percentages of cooperators the trajectory 

jumps above �PF and then converges down to the attractor solution.  The final result is the 

same as in Case 10a.  That is, in the limit  ��C� O �F when  ��0� ' �QF , and  ��C� O 1 

when  ��0� � �QF .  The left hand side of Figure 24 shows the case diagram with 

parameters  5 � 0.05, 6 � 0.05, 
 � �16, � � 3, � � �20 and � � 3 with the initial 

percentages of cooperators 0.1 and 0.9. It is clear from the case diagram that the 

percentage of cooperators jumps above �PF before converging to it.   The right hand side 

shows simulation results with the same parameter values and initial cooperating 

probabilities.  These simulation results show the attractor and repeller trajectories as well.   

This solution structure is Attractor / Repeller.  
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Figure 24  Case diagram and simulation results for Case 10b.   

 

The third subcase 10c occurs when  ST��0�U � �QF  and  �} ' �PF.  This case is 

similar to case 10b except for low initial percentages of cooperators the trajectory jumps 

above �QF  to the repeller portion of the solution structure where agents repel upward and 

cooperate 100% of the time. This creates two different trajectories when  ��0� ' �QF  in 

addition to the case when ��0� � �QF .  Following is a summary of the limits of these 

trajectories as they occur from low to high percentages of cooperation: 

• ��C� | 1 when ��0� ' �QF ,  ST��0�U � �QF    

• ��C� | �PF when ��0� ' �QF , ST��0�U ' �QF  

• ��C� O 1 when ��0� � �QF   

   The left hand side of Figure 25 shows the case diagram with parameters  5 �0.05, 6 � 0.05, 
 � �21, � � 6, � � �25 and � � 0 with the initial percentages of 

cooperators 0.1 and 0.2.   It is clear from this diagram that for low percentages of 

cooperators the trajectory is jumping above �QF  and converging to 100% cooperation.   

The right hand side shows simulation results with the same parameter values and initial 

cooperating probabilities.  These simulation results show the same trajectory as well.    

This solution structure is Attractor / Repeller.  
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Figure 25  Case diagram and simulation results for Case 10c.   

 

Case 10d occurs when the vertex of the quadratic curve is larger than the attractor 

solution,  �} � �PF. This requires  K$ 4 456
� � 1.  Cases 10a, 10b and 10c presented 

above all assumed the vertex is smaller than the attractor solution.  In this case, similarly 

to Case 5c and Case 5d, oscillations occur.   The left hand side of Figure 26 shows the 

case diagram with parameters  5 � 0.05, 6 � 0.05, 
 � �26, � � 6, � � �75 and � �0 with an initial percentage of cooperators  0.13. It is clear from this diagram that the 

percentage of cooperators is oscillating.   The right hand side shows simulation results 

with the same parameters and initial cooperating probability. It also shows oscillation.  It 

should be noted that the system may slowly converge to the attractor solution while 

oscillating.  This solution structure is Oscillation. 

 

Figure 26  Case diagram and simulation results for Case 10d.   
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5.2.11. Case 11.  This case occurs when the quadratic curve is above the 45 degree line 

for low �  values, then intersects and moves below the 45 degree line until it intersects 

again at  � � 1 as shown in Figure 9.  It is clear that  S�0� � 0,  S�1� � 1, S′�0� R 1 

and S′�1� � 1.  This requires  
 R 0, � � 0 and  K R 0.    

There are three subcases of the trajectory.  These occur when  �} ' 0,  0 R �} '�F and  �F R �} ' 1.  These subcases will be evaluated separately and called Case 11a, 

Case 11b, and Case 11c respectively.   

Case 11a occurs when �} ' 0.   This requires  K 4 26
 4 1 D 0.  In this case 

the trajectory  is an attractor solution for all initial percentages of cooperators.  That is, ��C� O �F as C O ∞.  The left hand side of Figure 27 shows the case diagram with 

parameters  5 � 0.05, 6 � 0.05, 
 � �4, � � 0, � � �10 and � � �3 with the initial 

percentages of cooperators  0.1 and 0.9.    The right hand side shows simulation results 

with the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 0.3, 

0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both show 

trajectories converging to the attractor solution.  This solution structure is Single 

Attractor. 

 

Figure 27  Case diagram and simulation results for Case 11a.   

 

Case 11b occurs when  0 R �} ' �F.  This requires  K 4 26
 4 1 R 0 and  K$ ' 1. The trajectory for case 11b is similar to the previous case except if  ST��0�U �
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�F  then for low initial percentages of cooperation the trajectory will overshoot the 

attractor solution before converging.  The limit steady state is the same as in Case 11a.     

That is, ��C� O �F as   C O ∞.  The left hand side of Figure 28 shows the case diagram 

with parameters  5 � 0.2, 6 � 0.2, 
 � �7.5, � � 0, � � 0 and � � 2.5 with the initial 

percentages of cooperators  0.1, 0.3 and 0.65.    If the initial percentage of cooperators is 

selected such that at the next iteration it becomes unity, then it remains unity for all future 

times.  This is seen for initial percentage of cooperators 0.1 in Figure 28.     The right 

hand side shows simulation with the same parameter values and initial cooperating 

probabilities.  These simulation results also show the trajectory for initial percentage of 

cooperators  0.1 and 0.3 overshooting the attractor solution before converging.   The 

exact 100% cooperation rate is not attained in the simulation for initial percentage of 

cooperators  0.1 because Pavlovian agents do have a stochastic nature preventing them 

from getting 100% cooperation rate when their probabilities are less than one.  This 

solution structure is Single Attractor. The single point at  � � 1 is a repeller. 

 

Figure 28  Case diagram and simulation results for Case 11b.   

Case 11c occurs when �F R �} ' 1.  This requires  K$ � 1 and  K ' 1, so just K R �1.  The trajectory for this case is similar to that of case 11b except oscillation 

occurs. The left hand side of Figure 29 shows the case diagram with parameters  5 � 0.2,6 � 0.2, 
 � �4, � � 0, � � 0 and � � 10 with an initial percentage of cooperators  0.1. 

It is clear from this diagram that the solution oscillates.  In the maximum case this 
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oscillation is between S��}� and STS��}�U.   The right hand side shows simulation 

results with the same parameter values and initial cooperating probability, which also 

shows the oscillation.  It even shows an overshoot before settling into an oscillation state.  

It should be noted that the system may slowly converge to the attractor solution while 

oscillating.   This solution structure is Oscillation.    

 

Figure 29  Case diagram and simulation results for Case 11c.   

 

5.2.12. Case 12.  This case occurs when the first intersection point occurs at  � � 0, the 

quadratic curve is below the 45 degree line for low � values, then intersects and moves 

above the 45 degree for high � values as shown in Figure 9. It is clear that  S�0� � 0 , S�1� � 1, S′�0� R 1 and S′�1� � 1 in this case.  This requires  
 � 0, � � 0 and K R 0.    

The point at  � � 0 is an attractor solution and the intersection between 0 and 1 is 

a repeller solution.  The trajectory is to repel from the repeller solution for all initial 

percentages of cooperation.  That is, ��C� O 0 when  ��0� R �QF  and  ��C� O 1 when  ��0� � �QF  as  C O ∞.  The left hand side of Figure 30 shows the case diagram with 

parameters  5 � 0.05, 6 � 0.05, 
 � 0, � � 2, � � �3 and � � 1 with the initial 

percentages of cooperators  0.6 and 0.8.  The right hand side shows  simulation results 

with the same parameter values and initial cooperating probabilities   0.0, 0.1, 0.2, 0.3, 

0.4, 0.5 0.6, 0.7, 0.8, 0.9, and 1.0, which  also show the repeller solution.  This solution 

structure is Single Repeller.  
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Figure 30  Case diagram and simulation results for Case 12.   

 

5.2.13. Case 13.  This case occurs when the quadratic curve lies entirely below the 45 

degree line except for two points � � 0 and � � 1 as shown in Figure 9.  It is clear that  S�0� � 0 , S�1� � 1,  S′�0� R 1 and S′�1� � 1 in this case.  This requires  
 � 0, � � 0 and K R 0.   

 Notice that K D 0  is impossible with  
 � � � 0 since  I � 5� � 6
 � K ��K ' 0.  The case of K � 0   contradicts our initial assumption that  I D 0.  In the case 

of K � 0 the quadratic curve would become a straight line directly on the top of the 45 

degree line.  In this very special case all points � � Y0,1Z are steady states. 

The trajectory for all initial percentages of cooperators converges to all agents 

defecting.  That is, ��C� O 0 as  C O ∞.  The left hand side of Figure 31 shows the case 

diagram with parameters  5 � 0.2, 6 � 0.2, 
 � 0, � � 0, � � �3 and � � 3 with an 

initial percentage of cooperators  0.9.   The right hand side shows simulation results with 

the same parameter values and initial cooperating probabilities  0.0, 0.1, 0.2, 0.3, 0.4, 0.5 

0.6, 0.7, 0.8, 0.9, and 1.0.  The case diagram and simulation results both show the 

trajectories converging to all agents defecting.   This solution structure is Total Defection.  
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Figure 31  Case Diagram and simulation results for Case 13.  

5.3 Summary of cases 

This section provides a summary of the cases discussed before.  Table 3 shows where 

the cases fit in relation to � and  
 being negative, equal to zero or positive.  For 

example, the top left cell is  � R 0 and 
 � 0.  In this cell Case 2 is shown as these are 

the constraints for this case.   The next cell down is � R 0 and  
 � 0.  Case 6 is shown 

in this cell when K R 0 since the constraints for Case 6 are  
 � 0, � R 0 and K R 0.  

Notice that  � R 0, 
 � 0 and K D 0 are invalid constraints as shown earlier.  The 

special case  
 � 0, � � 0 and K � 0 occurs when the quadratic curve becomes a 

straight line directly on the top of the 45 degree line as discussed in Case 13.   This table 

shows that all possible values of  
, � and K are considered either as part of the cases or 

determined to be invalid.   
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 � R 0 � � 0 � � 0 


 � 0 Case 2 
Case 8 

(only K R 0 possible) 

Case 9 

(only  K � 25� R 0 possible) 


 � 0 

Case 6 

(only K R 0 

possible) 

Case 13 

(only K R 0 possible) 

 

Special case    K � 0 

Case 12   K R 0 

Case 7     K D 0 


 R 0 Case 5 
Case 11           K R 0 

Case 4             K D 0 

Case 1     K$ 4 456
� R 0 

                 K$ 4 456
� D 0, K 4 26
 � 0, K � 25� ' 0 

                 K$ 4 456
� D 0, K 4 26
 ' 0, K � 25� � 0 

Case 3     K$ 4 456
� � 0 , K 4 26
 R 0,  K � 25� R 0  

Case 10   K$ 4 456
� � 0, K 4 26
 R 0, K � 25� R 0 

 (all possible constraints defined above) 

 

Table 3  Summary of cases in relation to � and  
 being negative, equal to 
zero or positive. 
 
 
In review of the thirteen cases there are six different solution structures identified.  

These are Total Cooperation, Total Defection, Single Attractor, Single Repeller, Attractor 

/ Repeller, and Oscillation.  Table 4 summarizes which cases are applicable for each 

solution structure.  For example, Case 1, Case 4 and Case 7 all are Total Cooperations.  

This is shown on the top row of the table.   The defining constraints for each case are also 

included.   This table is a convenient cross reference when a solution structure is known 

to the user.   
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Social Game 

Solution 

Structure 

Case Case Constraints 

Total 

Cooperation 

1 


 R 0,� � 0,K$ 4 456
� R 0 
 R 0,� � 0,K$ 4 456
� D 0,K 4 26
 � 0,K � 25� ' 0 
 R 0,� � 0 K$ 4 456
� D 0,K 4 26
 ' 0, K � 25� � 0,  

4 
 R 0,� � 0,K D 0 

7 
 � 0,� � 0,K D 0  

Total 

Defection 

2 
 � 0,� R 0 

6 
 � 0,� R 0,K R 0 

8 
 � 0,� � 0,K R 0  

13 
 � 0,� � 0,K R 0 

Single 

Attractor 

5a 
 R 0,� R 0,K 4 26
 4 1 D 0 

5b 
 R 0,� R 0,K 4 26
 4 1 R 0, K$ 4 456
� ' 1 

11a 
 R 0,� � 0,K R 0, K 4 26
 4 1 D 0 

11b 
 R 0,� � 0,K R 0,K 4 26
 4 1 R 0,K$ ' 1 

Single 

 Repeller 

9 
 � 0,� � 0,K � 25� R 0 

12 
 � 0,� � 0,K R 0 

Attractor / 

Repeller 

3a 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,K$ 4 456
� � 0, S�0� ' �F 
3b 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,K$ 4 456
� � 0, S�0� � �F 
10a 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,0 R K$ 4 456
� ' 1, ST��0�U ' �PF 

10b 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,0 R K$ 4 456
� ' 1, �PF . R ST��0�U ' �QF  

10c 
 R 0,� � 0,K 4 26
 R 0,K � 25� R 0,0 R K$ 4 456
� ' 1, ST��0�U � �QF  

Oscillation 

5c 
 R 0,� R 0,K$ 4 456
� � 1,K � 25� ' 1 

5d 
 R 0,� R 0,K � 25� � 1 

10d 
 R 0,� � 0,K 4 26
 R 0,  K � 25� R 0,  K$ 4 456
� � 1 

11c 
 R 0,� � 0,K R �1  

 

Table 4  Summary of cases sorted by solution structure. 

 

It has been discussed and shown analytically with examples that there are several 

different possible solution structures for a given �-person Prisoners’ Dilemma game.  In 

fact, each and every �-person social dilemma game has several different solution 

structures.  Table 5 summarizes which solution structures are possible for each game.   
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Game 

Number 
Inequality Social Dilemma Game 
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1 T > R > P > S Prisoners’ Dilemma X  X X X X 

2 T > R > S > P Chicken X  X X X X 

3 T > S > R > P Leader X  X X X X 

4 S > T > R > P Reverse Battle of the Sexes X  X X X X 

5 R > T > P > S Stag Hunt X  X X X X 

6 R > T > S > P Harmony X  X X X X 

7 R > S > T > P Harmony X  X X X X 

8 S > R > T > P Unnamed X  X X X X 

9 R > P > T > S Coordination X  X X X X 

10 R > P > S > T Coordination X  X X X X 

11 R > S > P > T Unnamed X  X X X X 

12 S > R > P > T Reverse Deadlock X  X X X X 

13 S > P > R > T Reverse Prisoners’ Dilemma  X X X  X 

14 S > P > T > R Reverse Chicken  X X X  X 

15 S > T > P > R Reverse Leader  X X X  X 

16 T > S > P > R Battle of the Sexes  X X X  X 

17 P > S > R > T Reverse Stag Hunt  X X X  X 

18 P > S > T > R Reverse Harmony  X X X  X 

19 P > T > S > R Reverse Harmony  X X X  X 

20 T > P > S > R Unnamed  X X X  X 

21 P > R > S > T Reverse Coordination  X X X  X 

22 P > R > T > S Reverse Coordination  X X X  X 

23 P > T > R > S Unnamed  X X X  X 

24 T > P > R > S Deadlock  X X X  X 

 

Table 5  Summary of the available solution structures for each game. 
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6. Example 

As an example we will develop a model for a simple cartel.  Suppose there is an 

industry where agents can choose to either cooperate with other agents to collude to set 

prices as a monopoly or defect by selling product at free market prices. In this industry 

about half of agents cooperate by colluding to set monopolistic prices, but the percentage 

fluctuates dramatically between 25% – 75% depending on various changing 

environmental conditions such as market conditions, costs and agent financial stability  

(We note here that OPEC is a cartel and that the cooperating nations produce 40 -50% of 

the world’s oil).  Suppose also that in the steady state a cooperating agent can gain $3M 

by changing its decision to defection. The defecting agent would increase its market share 

by lowering its price and selling more product.  Of course it would be bad for the cartel 

as a whole since if the entire set of the cooperators changed their decision then they all 

would end up lowering their price without gaining any competitive advantage or market 

share.  This social dilemma game is the Prisoners’ Dilemma with T > R > P > S.  

If the modeler assigns parameters satisfying only condition T > R > P > S and 

performs agent based simulations, then the results may not look anything like the 

industry.  The results could have all agents defecting or have the percentage of 

cooperators repelling from a solution instead of attracting to 50% cooperation as would 

be required for model validation.  Attempting to develop a model that fluctuates or 

oscillates between 25%-75% cooperation rates would be very difficult without additional 

information.                  

Now we will use the concepts introduced in this paper to develop the model.  First we 

see that we are looking at Case 5c.  In this case the system oscillates around an attractor 

solution.  So in addition to the condition T > R > P > S we have the following 

information; 

1. 
 R 0  

2. � R 0  
3. K$ 4 456
� � 1 
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4. K � 25� ' 1 

5. S��}� =0.25 

6. STS��}�U=0.75 

 

Also, in order to give some meaning to the payoff functions we set the defecting payoff 

function to be 3 units higher than the cooperating payoff function.  That is,  

                                                   
 � � � 3 and � � � � 3.                                          (16) 

This is an �-person Prisoners’ Dilemma game with the defecting curve being three units 

above the cooperating curve for all percentages of cooperation.  We arbitrarily  assign 

equal learning factor of 0.1. This is a reasonable starting values given literature examples, 

results from this paper and considering no learning data is given for agents in this 

example.   Conditions 1 and 2 show that both 
  and � are negative.   If we look at Case 

5c we can see that the graph could meet the assumptions if the vertex of the quadratic 

curve is approximately at � � 0.80 with a vertex value of 0.25.  Solving the vertex 

equation  
f{$P � 0.80 with the above assumptions leads to equation  

                                                    0.6K � 0.16� � 0.04
 � 1.                                     (17) 

We also know that S����C�� � 0.80� � 0.64I 4 0.08J 4 � � 0.25,   which implies  

                                           0. 16K 4 0.064� � 0.004
 � �0.55.                              (18) 

A set of parameters that meets equations (16), (17) and (18) is 
 � �11, � ��7, � � �14 and � � �4.  Constraints 3 and 4 above are also met with these parameters.  

Figure 32 shows the solution structure and simulation result with these parameter values.  

Indeed this does meet  the required model.   Note that the parameters were found without 

any agent based simulation and we really only needed to look at the solution structure for 

verification.  In fact, to develop a model one could simply draw in a quadratic curve 

required to produce the desired solution structure, determine quadratic curve constants I, J, � through linear regression or other means, and then determine parameters 
, �, K 
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by solving the three equations for I, J, � for the three unknowns  
, �, K.  There is still 

some flexibility with this method since � and   � can be set to meet other application 

parameters as long as  K � 5� � 6�  is met. 

  

Figure 32  Solution structure and simulation results for example. 

 

Now the modeler has a model that is validated, so it may be of interest to perform 

experiments to see the effects of changing parameters.  Let us say we want to identify the 

impact of increasing the temptation to defect by 50%.  This could be done by raising 
 

and � by 1.5 units which increases the separation of the payoff functions from 3 to 4.5.   

Figure 33 shows the case diagram and simulation result for these new parameter values 
 � �9.5, � � �7, � � �14 and � � �2.5.  It is seen from both the solution structure 

and the simulation results that when the temptation to defect is increased then the 

percentage of cooperators on average goes down from 50% to 40% and the oscillation is 

not as prevalent.  Both of these changes make sense from a practical standpoint.  More 

people are going to defect if the temptation is greater and a wider gap in payoff values 

would lead to more certainty about a decision resulting in less oscillation.  Understanding 

these market reactions would be good for the cartel participates and government agencies 

since there might be policies and decisions that could be made to influence the temptation 

level and thus produce a more stable environment.     
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Figure 33  Solution structure and simulation results for example with 
higher temptation to defect.  
 

 

7. Conclusion  

Developing and validating a model for a particular �-person social dilemma game 

based on only traditional classification information is difficult.  The traditional game 

classification provides only an ordering of the parameters  
, �, � and � .  For example, it 

was shown by agent based simulation that at least three significantly different types of 

trajectories or solution structures can be attained for a Prisoners’ Dilemma game by 

simply shifting the payoff functions up and down while keeping the separation between 

them identical.    

 This paper developed a technique where the trajectory can be evaluated by 

graphing a quadratic curve derived from the discrete dynamic system against the 45 

degree line with a set of parameters 
, �, � and �.  From this graph the solution structure 

is readily apparent.  It was presented that there are thirteen different cases.  Each case was 

systematically analyzed where the solution structure and additional constraints for 
, �, � and �  were identified.     

Viewing possible application from this new perspective will greatly assist the 

modeler in determining proper values for 
, �, � and � when a given solution structure 

for an application is desired.  This is typically the case when developing and validating a 

model.  In this situation the modeler can simply find the case that applies to the desired 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

x 
ne

w

0 10 20 30 40 50 60 70 80 90 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Iteration

P
er

ce
n

ta
ge

 o
f C

oo
pe

ra
to

rs



197 
 

 
 

 

solution structure and implement the identified additional constraints.    An example on 

how this new perspective can be applied was presented for a cartel which is an �-person 

Prisoners’ Dilemma game. 
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MATLAB Program Guide  
for N-Person Social Dilemma Games 

Introduction 

Following is a guide on how the MATLAB Program developed for this dissertation is 

implemented.   It is intended to provide what output graphics are available and what input 

parameters are necessary for each graphic.   Section 1 provides a list of all the input 

parameters.  Section 2 lists each available graphic, describes what input parameters are 

required for each graphic, and how to select the graphic.  Section 3 provides an example 

of each available graphic.  

1. Input Parameters 

 

The necessary input parameters to perform a simulation run are grid size, learning 

factors, tolerance threshold, payoff function parameters, initial cooperating probability, 

size of represented in black in the graphic.  Figure 1 provides an example for discussion.  

Grid size may be any rectangular shape with n_row rows and n_col columns.  In the 

example there is a 15x15 grid entered into the code.  Learning factors 5 and 6 are entered 

as “a” and “b” respectively.  In this case 5 � 6 � 0.05.   The tolerance threshold for 

analytical solution / simulation comparison is specifically used for the three dimensional 

plot of percent cooperation vs. S vs. T.   When designated there is a comparison 

performed between the analytical solution and the simulation run.  If the difference from 

this comparison is less than the tolerance threshold entered, then it colored black.   In this 
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example the tolerance threshold is 0.03.  Next is payoff parameters 
, �, � and �.  These 

parameters may be scalars or vectors depending on the graphic selected.  It will be clear 

in following sections which graphs require scalars and which require vectors.  In the 

example,  
 � �1, � � 1, and  � � � � Y�5, �4, �3, �2, �1,0,1,2,3,4,5Z.  The initial 

cooperating probability is the next input and may also be a scalar or vector depending on 

the graphic selected.  In this case it is a scalar 0.2.   The size of the neighborhood is 

another input parameter.  In this case it is one.  If the simulation is to have a 

neighborhood of all agents than the neighborhood size needs to be the number of rows or 

number of columns, whichever is greater.  The number of iterations is the last input 

parameter.  In this example the simulation will be run for 100 iterations.   
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Grid Size 
 
N_row=15;    
N_col=15; 
 

Learning Factors  
 
a=0.05; 
b=0.05; 
 
Tolerance Threshold for Analytical Solution / Simulation Comparison 
 
tolerance=0.03; 
 
Payoff Function Parameters (can be vector) 
 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-5,5,11); 
T_vector=linspace(-5,5,11); 
 
Initial Cooperating Probabilities (can be vector) 
 
ICP_vector=[0.2]; 
 
Size of Neighborhood 
 
Neighborhood=1; 

 
Number of Iterations to Run 
 
iterations=100; 
 

 

Figure 1   Example of Input Parameters  
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2. Available Graphics and  Graphics Selection  
 
In order to generate a graph, the parameters and graph selection need to be set.  A graph is 

selected by setting the proper variable in Figure 2 to the digit “1”.    Following is list of the 

available output graphics, the required inputs, and what graphic variables should be set to “1”:    

See section 3 for example of each graphic. 

 
1. Payoff function 

a. Set 
, �, � and � as scalar or vectors 
b. Set Payoff_Function=1  

2. Percentage of cooperators vs. iteration  (2D) 
a. Set grid size, learning factors, 
, �, �, �, neighborhood and iterations as scalars 
b. Set Initial cooperating percentage (ICP) as scalar or vector 
c.  Set Pct_Cooperation_vs_iteration=1 
d. Set add_solution=1 to add analytical solution to graph  

3. Percentage of agents with cooperating probability zero and one vs. iteration (2D) 
a. Set grid size, learning factors, 
, �, �, �, ICP, neighborhood and iterations as 

scalars 
b. Set Pct_Coop_vs_iter_with_1_0=1 
c. Set add_solution=1 to add analytical solution to graph 

4. Percentage of cooperators vs iteration vs P,R,S or T (3D) 
a. Set grid size, learning factors, 
, �, �, ICP, neighborhood and iterations as 

scalars (for � plot)  
b. Set � as vector (for � plot) 
c. Pct_Cooperate_vs_iteration_vs_S=1 

5. Percentage of cooperators in the last iteration vs ICP vs P,R,S or T (3D) 
a. Set grid size, learning factors, 
, �, �, neighborhood and iterations as scalars (for � plot)  
b. Set � and ICP as vectors (for � plot) 
c. Set ICP_last_vs_ICP_Initial_vs_S=1 (for � plot) 

6. Percentage of cooperators in the last iteration vs S vs T (3D)  
a. Set grid size, learning factors, 
, �, ICP, neighborhood and iterations as scalars  
b. Set � and � as vectors 
c. Set Pct_Complete_S_vs_T=1 

7. Percentage of cooperators in the last iteration vs S vs T  with comparison to analytical 
solution (3D) 

a. Set grid size, learning factors, 
, �, ICP, neighborhood, iterations and tolerance 
as scalars  
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b. Set � and � as vectors 
c. Set Pct_Complete_S_vs_T=1 
d. Set Compare_with_solution_black=1 

8. Percentage of cooperators in the last iteration vs S vs T  with identification where no 
agents have zero or unity cooperating probability (3D) 

a. Set grid size, learning factors, 
, �, ICP, neighborhood and iterations as scalars  
b. Set � and � as vectors 
c. Set Pct_Complete_S_vs_T=1 
d. Set zeros_ones_null_black=1 

9. Difference between simulation and analytical results vs S vs T (3D)  
a. Set grid size, learning factors, 
, �, ICP, neighborhood and iterations as scalars  
b. Set � and � as vectors 
c. Set Pct_Complete_S_vs_T=1 
d. Set  solution_simulation_diff_S_vs_T=1 

10. Percentage of agents with zero and unity probability vs S vs T (3D) 
a. Set grid size, learning factors, 
, �, ICP, neighborhood and iterations as scalars  
b. Set � and � as vectors 
c. Set Zero_0nes_percent_S_vs_T=1 

11. Real time black cell=defect, white cell=cooperate (2D) 
a. Set grid size, learning factors, 
, �, �, �, neighborhood, ICP and iterations as 

scalars 
b. Set Real_Time=1 
c. Set Plot_Figures=1 if saving figures 
d. Change pause_time=0.4 (seconds) if needed 

12. Real time cooperating percentage of each agent (3D) 
a. Set grid size, learning factors, 
, �, �, �, neighborhood, ICP and iterations as 

scalars 
b. Set Real_Time_probability_to_cooperate=1 
c. Set Plot_Figures=1 if saving figures 
d. Change pause_time=0.4 (seconds) if needed 
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Payoff functions given P, R, S, T (P, R, S, T  can be vectors) 
Payoff_Function=0;   
                  
2D plot -percent cooperate vs iteration for several initial starting point (ICP can be vector) 
Pct_Cooperation_vs_iteration=0;   
 
2D plot – previous plot with the addition of pct of 0s and 1 in last iteration (ICP should be scalar) 
Pct_Coop_vs_iter_with_1_0=0;   
 
2D plot - add general solution to either of the previous two plots 
add_solution=0; 
 
3D plot - pct cooperate vs iteration vs R/S/R/T for single initial starting point 
Pct_Cooperate_vs_iteration_vs_T=0;    
Pct_Cooperate_vs_iteration_vs_S=0;    
Pct_Cooperate_vs_iteration_vs_R=0;    
Pct_Cooperate_vs_iteration_vs_P=0;    
 
3D plot - percent cooperate(last) vs percent cooperate(Initial) vs T/S/R/P 
ICP_last_vs_ICP_Initial_vs_T=0;      
ICP_last_vs_ICP_Initial_vs_S=0;      
ICP_last_vs_ICP_Initial_vs_R=0;      
ICP_last_vs_ICP_Initial_vs_P=0;      
 
3D plot - final percent cooperating vs S vs T,(given R and P and iterations) 
Pct_Complete_S_vs_T=0;  
 
3D plot - blacken above plot area where solution is within tolerance 
Compare_with_solution_black=0;    
 
3D plot - green above plot area where there are no zero or one probabilities in last iteration  
zeros_ones_null_black=0;      
 
3D plot - add a plot to previous with difference in solution and simulation  
solution_simulation_diff_S_vs_T=0;     
 
3D plot - percent of 0's and 1's of final percent cooperating vs S vs T 
Zero_0nes_percent_S_vs_T=0;           
 
Real time plots (plots all the real time graphics) 
Real_Time=0; Pause_time= 0.4;            
Plot_Figures=0;                       
Real_Time_probability_to_cooperate=0;  
 
 

Figure 2  Example of  Output Graphic Selection 
 



206 
 

 
 

 

3. Examples 
 Following are examples of graphics. 

Payoff functions 

 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=[-5]; 
T_vector=[5]; 
 
Payoff_Function=1; 
 
 
 
 
 
 
 
 
 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=[-5]; 
T_vector=[1,2,3,4,5]; 
 
Payoff_Function=1; 
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Percentage of cooperators vs iteration for several ICP (2D)  

 
N_row=25; 
N_col=25; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=[-5]; 
T_vector=[5]; 
ICP_vector=linspace(0,1,11); 
Neighborhood=1; 
iterations=100; 
 
Pct_Cooperation_vs_iteration=1;  
 
 
 
 
 
N_row=25; 
N_col=25; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=[-5]; 
T_vector=[5]; 
ICP_vector=linspace(0,1,11); 
Neighborhood=1; 
iterations=100; 
 
Pct_Cooperation_vs_iteration=1;  
add_solution=1; 
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Percentage of agents with cooperating probability zero and one vs iteration (2D)  

 
N_row=25; 
N_col=25; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=[-5]; 
T_vector=[5]; 
ICP_vector=[0.2]; 
Neighborhood=1; 
iterations=100; 
 
Pct_Coop_vs_iter_with_1_0=1; 
add_solution=1; 
 
 
 

Percentage of cooperators vs iteration vs T/S/R/P (3D) 

 
N_row=25; 
N_col=25; 
a=0.005; 
b=0.005; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-10,10,20); 
T_vector=[5]; 
ICP_vector=[0.7]; 
Neighborhood=1; 
iterations=100; 
 
Pct_Cooperate_vs_iteration_vs_S=1;  
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Percentage  of cooperators in last iteration vs ICP vs T/S/R/P 
 
N_row=25; 
N_col=25; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-10,10,20) 
T_vector=[5]; 
ICP_vector=linspace(0,1,11); 
Neighborhood=1; 
iterations=100; 
 
ICP_last_vs_ICP_Initial_vs_S=1;  
 
Manually added the grid after the run 
 
 

 

 

Percentage of cooperators in last iteration vs S vs T (3D) 
 

N_row=100; 
N_col=100; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-10,10,40) 
T_vector=linspace(-10,10,40) 
ICP_vector=.2; 
Neighborhood=100; 
iterations=50; 
 
Pct_Complete_S_vs_T=1;  
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Percentage of cooperators in last iteration vs S vs T with comparison to analytical 
solution (3D) 
 
N_row=50; 
N_col=50; 
a=0.05; 
b=0.05; 
tolerance=0.03; 
P_vector=[-4]; 
R_vector=[4]; 
S_vector=linspace(-10,10,40) 
T_vector=linspace(-10,10,40) 
ICP_vector=.2; 
Neighborhood=50; 
iterations=50; 
 
Pct_Complete_S_vs_T=1;  
Compare_with_solution_black=1; 
 
 

 

Percentage of cooperators in last iteration vs S vs T with identification where there are no 
agenmts with zero or unity cooperating probability  (3D) 
 
N_row=50;  
N_col=50; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-10,10,40) 
T_vector=linspace(-10,10,40) 
ICP_vector=.2; 
Neighborhood=50; 
iterations=50; 
 
Pct_Complete_S_vs_T=1;  
zeros_ones_null_black=1; 
 
Manually rotated view after run 
 
 
 
 
 
 
 
 



 

Difference between simulation and analytical results vs 
 
 
N_row=100; 
N_col=100; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-10,10,40)
T_vector=linspace(-10,10,40)
ICP_vector=.2; 
Neighborhood=100; 
iterations=50; 
 
Pct_Complete_S_vs_T=1;
solution_simulation_diff_S_vs_T=1;

 

 Percentage of agents with zero

 
 
 
 
 
 
 
N_row=50; 
N_col=50; 
a=0.05; 
b=0.05; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=linspace(-10,10,40)
T_vector=linspace(-10,10,40)
ICP_vector=.2; 
Neighborhood=50; 
iterations=50; 
 
Zero_0nes_percent_S_vs_T=1;

 
 
 
 
 
 
 
 
 

 
 

Difference between simulation and analytical results vs S vs T (3D)  

10,10,40) 
10,10,40) 

Pct_Complete_S_vs_T=1;  
solution_simulation_diff_S_vs_T=1; 

age of agents with zero and unit cooperating probability vs S vs T

10,10,40) 
10,10,40) 

Zero_0nes_percent_S_vs_T=1;  
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vs S vs T (3D) 
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Real time plots  
 
N_row=10; 
N_col=10; 
a=0.1; 
b=0.1; 
P_vector=[-1]; 
R_vector=[1]; 
S_vector=[-5]; 
T_vector=[5]; 
ICP_vector=.2; 
Neighborhood=10; 
iterations=8; 
 
Real_Time=1; Pause_time= 0.4;         
Plot_Figures=1;                       

 
Real_Time_probability_to_cooperate=1;  
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