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ABSTRACT

A number of mathematical models of cancer growth and treatment are presented.

The most significant model presented is of the interactions between a growing tumor

and the immune system. The equations and parameters of the model are based on

experimental and clinical results from published studies. The model includes the

primary cell populations involved in effector-T-cell-mediated tumor killing: regula-

tory T cells, helper T cells, and dendritic cells. A key feature is the inclusion of

multiple mechanisms of immunosuppression through the main cytokines and growth

factors mediating the interactions between the cell populations. Decreased access

of effector cells to the tumor interior with increasing tumor size is accounted for.

The model is applied to tumors of different growth rates and antigenicities to

gauge the relative importance of the various immunosuppressive mechanisms in a tu-

mor. The results suggest that there is an optimum antigenicity for maximal immune

system effect. The immunosuppressive effects of further increases in antigenicity out-

weigh the increase in tumor cell control due to larger populations of tumor-killing

effector T cells. The model is applied to situations involving cytoreductive treat-

ment, specifically chemotherapy and a number of immunotherapies. The results

show that for some types of tumors, the immune system is able to remove any tu-
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mor cells remaining after the therapy is finished. In other cases, the immune system

acts to prolong remission periods. A number of immunotherapies are found to be

ineffective at removing a tumor burden alone, but offer significant improvement on

therapeutic outcome when used in combination with chemotherapy.

Two simplified classes of cancer models are also presented. A model of cellular

metabolism is formulated. The goal of the model is to understand the differences

between normal cell and tumor cell metabolism. Several theories explaining the

Crabtree Effect, whereby tumor cells reduce their aerobic respiration in the presence

of glucose, have been put forth in the literature; the models test some of these

theories, and examine their plausibility.

A model of elastic tissue mechanics for a cylindrical tumor growing within a

ductal membrane is used to determine the buildup of residual stress due to growth.

These results can have possible implications for tumor growth rates and morphol-

ogy.
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Chapter 1

Introduction

A significant amount of research has been performed to understand the causes of

cancer and find treatments for this ubiquitous disease. Despite this effort, cancer

remains one of the leading causes of death within the human population, accounting

for over 23 percent of deaths in the Unites States in 2006 [1]. Incidence and mortality

rates have decreased somewhat since 1990, although this is primarily attributed

to the effort to reduce smoking, and the development of improved early detection

technologies for some cancers. The effort to find the cure has been difficult, and

with a few notable exceptions, broadly successful treatments have been elusive.

The reasons for this relative failure are varied, and a detailed examination is

beyond the scope of this work; however, it is clear that this is a complex disease,

and new tools are needed to study the origins, progression, and treatment options

for the various types of cancer.

A recurring theme in cancer research is the announcement of a promising treat-

ment that shows great results in the petri dish or laboratory murine animal, only

to have minimal clinical success in the human population [2, 3, 4]. Even treatments

which work at one stage of cancer growth may not have any effect at a different

stage for the same disease [5]. In other cases, treatments will only work in a small
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fraction of patients, all of whom ostensibly have the same disease [6]. These puzzling

failures speak to the need for deeper understanding of the interactions between a

tumor and its host at all levels, not just at the molecular biochemical level which

dominates current cancer research.

Indeed, one of the aspects of cancer research which makes it both frustrating

and fascinating is the wide range of spatial and timescales over which the disease

operates. Spatially, there are interactions on the atomic and molecular scale which

determine metabolic rates and genetic mutations; cell signaling, angiogenesis, and

immune system interactions operate on a cellular scale; and nutrient diffusion, me-

chanical stresses, and systemic molecular concentrations are based on tissue- and

host-sized scales. Temporally, there are processes such as enzymatic reactions which

operate on sub-second timescales; genetic regulation occurs on the order of minutes;

cell-to-cell interactions can last for hours; and cellular growth rates are on the order

of days or weeks. There is increasing evidence that these multiple scales affect each

other in ways yet to be understood [7]. Therefore, a singular chain of enzymatic

reactions that appears critical when isolated in a laboratory may in fact be insignif-

icant when examined in the tumor milieu. It is likely that there exists emergent

behavior in cancer that cannot be predicted from the basic underlying biochemical

processes. A holistic understanding of cancer at multiple scales may be necessary to

give context to the role of a specific process. In addition, the interactions between

these differing scales may themselves reveal possibilities for therapeutic influence,
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something that cannot be deduced from examination of a single biochemical path-

way.

One tool which is becoming increasingly useful for gaining insight into these

systems is mathematical modeling [8]. The complex feedback loops which manifest

themselves in the tumor-host system often lead to unintuitive dynamics. A good

mathematical model can be used to determine which features of the system play the

most significant roles, and provide insight into why a particular treatment may not

work, despite appearing to be intuitively sound from a pharmaceutical perspective.

Furthermore, a model which incorporates treatment may illuminate methods for

improving the treatment, either by adjusting the regimen or by adding a combination

treatment for example.

In this dissertation, a number of mathematical models of cancer are presented

and analyzed. Often, mathematical models of biological systems have been used to

explore novel mathematical techniques in their own right, with the biological impli-

cations sometimes becoming secondary to the mathematical analysis. In this work,

the opposite tack is chosen: the primary focus is the development of mathematical

models that attempt to answer a set of biological questions about an aspect of tumor

growth. Mathematical results which fall far outside of a reasonable biological regime

are not examined, since they have little bearing on the treatment of the disease.

Prior to introducing the models, a brief general description of cancer biology is

presented in this introduction as a basis for understanding the models which follow in
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the body of the paper. Additional biological aspects which are specific to individual

models are presented in the section dedicated to that particular model.

1.1 Biology of cancer

The word cancer refers to a collection of diseases. The specific mechanisms at work in

any given type of cancer are varied and quite complex, but a few basic commonalities

are shared by all cancers. First, a group of cells must exhibit uncontrolled growth

within the diseased host. This growth is unchecked by normal host cell-to-cell

signaling and internal cellular control mechanisms. Second, all cancers are ultimately

invasive; this is in contrast to a benign growth that remains localized and will not

disrupt the adjacent tissue [9].

Cancer primarily results from mutations in cellular DNA. The causes for muta-

tion are numerous [10]. They can be caused by external carcinogens, such as smoke

and various chemicals; they can be caused by exposure to radiation; they can be

inherited from a parent that has a malformed gene; they can result from genetic

manipulation by pathogens; they can be caused by reactive oxygen species within

a cell; and they can be caused by DNA transcription errors when a cell is divided.

These mutations accumulate over time in all humans. Given the large numbers of

DNA base pairs that can be mutated, the likelihood of any particular cell receiving

a series of mutations leading to carcinogenesis is exceedingly small; most mutations

either cause fatal dysfunction in that cell, or cause little to no change in cellular
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function. However, given the large number of cells in the body, approximately 1014,

and enough time, there is a significant chance that the mutations leading to can-

cer may accumulate in a cell. Exposure to carcinogens or inherited mutations will

naturally accelerate the process. Still, incidence rates for cancer are correlated with

age, indicating that the carcinogenesis process occurs in a series of steps acquired

over time [10].

Regardless of the specific origin, the mutations cause various proteins to be

malformed, leading to changes in the way the cell responds to its environment.

In the case of cancer, these changes lead to uncontrolled growth and subsequent

invasion. Given the complexity of signaling and metabolic pathways within a cell,

the routes by which a host’s normal tissue can become cancerous are numerous,

even within the same type of cancer. This complexity is one reason why universal

treatments for a given type of cancer are so elusive. What works on one fraction of

patients may completely fail in the remaining fraction because of subtle differences

in the disease.

Although the amount of genetic variation of the disease across patients with a

given type of cancer is not known, it is possible that each cancer patient has their

own version of the disease, dictated by the particular genetic mutations incurred

and the state of the host’s body during cancer growth. It is therefore plausible that

each patient may best be treated by individualized therapy. Certainly this idea has

led to the development of personalized treatments [11], when these subtle genetic
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variations can in fact be detected [12]. However, not all genetic markers for cancer

are known, and the interplay between a group of mutations is not well understood.

Furthermore, even if a complete genetic profile of the tumor can be acquired, a

corresponding treatment is not necessarily going to be easy to deduce.

Without question, understanding the role of dysfunctional proteins caused by

genetic mutation is of fundamental importance in the fight against cancer. Bio-

chemical research on the function of these mutated pathways has been critical to

the understanding of the steps involved in the transformation from a normal tissue

cell to a cancerous cell. A number of treatments are reliant on the existence of a par-

ticular genetic mutation. For example, the antibody trastuzumab (Herceptin) only

has an effect on breast cancers that have increased expression of Human Epidermal

Growth Factor Receptor-2 (HER2) [13].

At the same time, the context in which these mutations occurs is likely to be as

important as the mutations themselves. Evidence has shown that the micro- and

macro-environment in which the mutated cells exists has a significant bearing on

the future of the mutated cell [14]. It is clear that the proper series of oncogenic

mutations must be accompanied by, or perhaps even preceded by, a degradation of

tissue in the area of the abnormal cell.

Once the mutations and local conditions are conducive for tumorigenesis, the

cells will proliferate in an unchecked manner. In the early stages of tumor growth,

the tumor is usually avascular. This lack of penetrating blood vessels means that
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the tumor must depend on diffusion for nutrients to reach the interior of the tumor.

This diffusion-limited growth can persist until the tumor reaches a size of about

1 mm [15]. At this point, a spherical tumor may be stratified into three levels.

The outermost layer will be comprised of viable, proliferating tumor cells. Further

towards the center, the tumor cells will be alive, but minimally proliferative. The

central core of the spheroid will be necrotic material, cells that have died due to lack

of nutrient. The quiescent and necrotic layers have been theorized to be the result

of nutrient limitation, although the exact mechanisms at work are not clear [16].

At a size of one millimeter, oxygen likely does not permeate to the center of

the tumor [15]. However, many tumors significantly upregulate their anaerobic

metabolism [17], enabling them to process glucose in the absence of oxygen. It is

not immediately clear why a lack of oxygen should lead to necrosis or quiescence.

Glucose penetration has not been accurately measured in an experimental setting. A

few mathematical models predicting the glucose gradient have been formulated [18,

19], but questions remain regarding the metabolic equations used in these models.

The metabolic model presented in Chapter 7 takes a step towards addressing these

questions; however, much work remains to be done in this area.

Once the tumor reaches a size of about 1 mm, it is hypothesized that the growth

of the outer layer compensates for the loss of cellular material in the central core,

and therefore the tumor can grow no larger while depending on nutrient diffusion.

When cells find themselves in low nutrient environments, they will secrete angiogenic
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factors which cause blood vessels to grow into the tumor mass, towards the nutrient-

deprived areas [16]. In normal tissue, this angiogenesis is a controlled process, given

that the growth of tissue is regulated. The structure and function of blood vessels

in normal tissue is different than that seen in cancerous tissue. In tumors, the

angiogenic factors are not subject to regulation, and therefore the vessels may follow

tortuous paths, be leaky due to gaps in the endothelial cells which form the vessels,

and generally inefficient [20].

However unregulated the blood vessels may be, they do provide a way for nu-

trients to reach areas of the tumor which do not receive sufficient nutrient through

diffusion alone. Due to the uneven distribution of vessels, it is likely that pockets

of hypoxia remain, but overall the infusion of blood vessels allows a tumor to grow

indefinitely.

The final stage of tumor progression is invasion into the surrounding tissue and

subsequent metastasis to distal sites. A number of mechanisms have been offered as

explanation for metastasis [21]. First, the tumor cells may become motile. Normally,

cells are unwilling to leave their place in the tissue, and detachment can cause the cell

to go into apoptosis, in some cases. Invasive tumor cells are under no such restriction,

and therefore can dislodge from their position and penetrate the surrounding tissue.

Second, the tumor cells produce enzymes which break down the surrounding tissue,

allowing the tumor to expand more easily. This enzyme production can also break

down membranes, in the case of ductal carcinoma in situ of the breast, for example.
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Third, mechanical forces may be at work. The pressure formed by unrestricted

growth may cause the tumor to push out of its initial growth area and into the area

of least mechanical resistance.

Once cell motility is gained, the tumor cells will enter nearby blood vessels, and

travel through the bloodstream. These individual cells or small clumps of cells are

mostly removed by the immune system, but some of the cells will be trapped in

capillaries or otherwise exit the bloodstream at a distant site. Once the cell has

entered the new tissue, it will begin to proliferate rapidly, and form a secondary

tumor mass. The process of avascular to vascular growth repeats itself.

Over time, multiple lesions can develop. Growth of all of these cancerous masses

will continue until the tumors are detected and treated, until the immune system

removes them, or until they kill the host.

This basic outline of tumor biology glosses over many important aspects of tu-

mor growth which are beyond the scope of this work. The critical aspect to consider

is that the tumor operates on many different spatial and time scales at once. The

disease is not defined by any single property or genetic mutation. Rather the dis-

ease is the result of an accumulation of mutations, and a tissue terrain where that

particular genotype of tumor cell can grow in an uninhibited fashion. When consid-

ering that the progression of the disease is affected by everything from a single DNA

base-pair mutation all the way up to the overall state of the host’s body, it is clear

that cancer is a complex system which can benefit from the use of mathematical
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modeling.

1.2 Outline of the Dissertation

The dissertation is divided in two parts. Part I describes a mathematical model of

the interactions between a solid tumor and the host immune system. This model

is examined alone, and in the context of several existing cancer treatments. Two

additional classes of model are considered in Part II, dealing with tumor metabolism

and mechanical growth.

Part I begins with a background on the biology of the mammalian immune

system and its interactions with a growing tumor, presented in Chapter 2. Many

types of immune cells are capable of interacting with a tumor; in this work T cells are

examined, since they are considered to be the primary subset of immune cells capable

of tumor cytotoxicity [22]. Of particular interest is the inclusion of regulatory T cells,

a class of T cell that suppresses the host immune system when cancer is present.

These cells have recently come to the forefront in the biological literature as a

significant barrier for T-cell mediated tumor killing [23], and their presence has been

cited as a possible explanation for the failure of T cell based immunotherapies [24,

25]. The inclusion of these cells adds an interesting feedback mechanism to the

model.

In Chapter 3, the mathematical model of tumor-immune interactions is pre-

sented. This model is a set of 12 ordinary differential equations developed from the
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experimental and clinical literature. Chapter 4 details the methods used to acquire

the parameters for the model. Accurate parametrization was a critical component

of the development of the model, ensuring that the results were within a biologically

reasonable regime.

The results of the model are presented in Chapter 5. Tumors are characterized by

two characteristic parameters. The growth rate is a measure of how aggressively the

tumor cells divide. The antigenicity is a measure of how much the tumor primes the

immune system. A tumor with very low antigenicity will be invisible to the immune

system, since the cells which patrol the body will not see the tumor as a threat.

Tumors with high antigenicity will cause a large immune response to be mounted.

Although intuitively it would seem that the greater the antigenicity, the greater the

immune response and therefore the greater chance of removing the tumor with the

immune system, the inclusion of immunosuppressive factors such as the regulatory

T cells described above shows a different result. Depending on the aggressiveness

of the tumor, there is an optimum antigenicity at which the immune system effect

is maximized. This result can have bearing on treatments which effectively increase

the antigenicity of the tumor.

The tumor-immune model is extended to include therapies in Chapter 6. It has

been suggested that chemotherapy may have an immunomodulatory effect on the

recipient, and this immune effect may in fact be what leads to the removal of tu-

mors when chemotherapy is successful [26]. The results of the model suggest that
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chemotherapy offers short term benefit to the immune system, and that the regimen

of chemotherapy can be optimized to maximize this benefit. This results in pro-

longed remission times, or even in tumor removal. In addition to chemotherapy, a

few immunotherapies are examined, both alone and in combination with chemother-

apy. The results of combination therapy show that the application of two treatments

is often greater than the sum of its parts.

Part II describes two simplified classes of models. In Chapter 7, a model of cellu-

lar metabolism is presented. The goal of the model is to investigate which aspects of

cellular metabolism in tumor cells lead to the metabolic differences observed between

normal tissue and tumor tissue. Specifically, the Crabtree effect is the phenomenon

where tumor cells will decrease their aerobic respiration rate in the presence of high

glucose levels, an effect not seen in normal tissue. A basic model of metabolism is

presented, and a possible mechanism for the Crabtree effect is demonstrated. Since

a number of theories exist in the literature to explain the Crabtree effect, the basic

model is extended to examine the plausibility of some of these other theories.

Finally, a model of tumor tissue mechanics is presented in Chapter 8. Using a

cylindrical geometry to simulate ductal carcinoma in situ, the effects of growth and

mechanical stress in this geometry are described, following the work of Goriely and

Ben Amar [27]. Using tensor analysis, the mechanical response of an elastic tissue

is derived. Depending on the mode of growth, tensile or compressive stress can

develop within the tissue. This stress in turn affects the growth. Fung demonstrated
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that residual stress within arteries can have a great effect on the function [28].

Although the ramifications of this mechanical effect on tumor growth in vivo are not

well understood, there is in vitro evidence that mechanical stress can limit tumor

growth [29]. Theories of tumor invasion include the possibility that mechanical

pressure may be a factor [21].

Chapter 9 will summarize the main results of the models presented in the body

of the dissertation, and discuss future extensions of the work.
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Part I

A Mathematical Model of Tumor-Immune Interactions
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Chapter 2

The Immune System and Interactions with a Tumor

The human immune system is very complex. The need to be able to engage an

enormous variety of pathogens while maintaining tolerance to the body’s own cells

necessitates a highly developed and heterogeneous collection of cells and signaling

molecules. The mechanisms of action of the immune system upon encountering a

pathogenic cell are highly varied.

In this work, the focus is primarily on T cells, which are one subset of the cells

that comprise the immune system and have the ability to combat tumors. Other

immune system cells, such as natural killer cells, macrophages, and B cells can

also have an effect against tumors. However, the literature suggests that T cells

may have the most significant anti-tumor immune effect within the body [22, 30]. A

diagram of the interactions between a cancer and the T-cell immune system is shown

in Figure 2.1. The tumor provokes an immune response from T cells, which can

then attack the tumor. At the same time, the tumor promotes immunosuppressive

factors, which damp the immune response. The strength of this response depends

on the tumor’s antigenicity, which describes how much antigen a tumor presents,

and also how sensitive the immune system is to this antigen.

In the following sections, the biology of T-cell activation, proliferation and cyto-
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Figure 2.1: The interactions between a tumor and the immune system. The cy-
totoxic effects of the immune system are counteracted by the immunosuppressive
effects created by the tumor and the autoimmune protections within the body.

toxicity is described in further detail.

2.1 Biology of the Immune System

2.1.1 T-cell types

Three major types of T-cells are involved in an immune response. The T cells which

kill the target cells, called effector T cells or cytotoxic lymphocytes (CTLs), are

distinguished by the surface marker CD8, which is highly expressed on cells of this

type. A second type of T cell is known as the helper T cell, and it is distinguished

by the cell surface marker CD4. While not primarily involved in the killing of the

target cells, this helper cell phenotype performs several important supporting roles,

including the licensing of dendritic cells and the production of important proliferative
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cytokines. The third T-cell type is the regulatory T cell (Treg) which suppresses

the function of the other T cells under certain conditions. Tregs share the CD4

marker with helper cells, but display two other markers to distinguish them from

helper cells. The surface marker CD25 and the intracellular protein FoxP3 are the

current paradigm for describing Tregs, although this is confounded by the fact that

activated effector and helper cells can also show elevated CD25 levels [31, 32].

2.1.2 Antigen Presentation and T-cell Activation

Antigens are small sections of proteins, on the order of 5 to 20 amino acids in

length [33]. Most cells have mechanisms for presenting antigen on their cell surfaces.

These antigens can be recognized by certain types of immune system cells, including

antigen presenting cells (APCs) such as dendritic cells (DCs), and T cells. The

antigens presented by a cell on its surface are related to the proteins produced by

the cell; therefore, different cell types will produce different antigens. This allows the

immune system to differentiate between cell types. A foreign bacteria will present a

specific set of antigens different than that produced by the normal cells in the body.

Research has shown that the level of antigen correlates with the proliferation of

T cells and the strength of T cell response [34]. The link between antigens and the

T cell population is provided by dendritic cells, a class of APC. These cells, which

are considered to be the primary antigen presenting cells in the body, are normally in

an immature state. Upon encountering the antigens on a cell, the dendritic cell will
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collect the antigen and enter a process of maturation which is due to the autocrine

secretion of several cytokines by the dendritic cell [33]. The mature dendritic cells

will then migrate to the lymph nodes, where they will encounter T cells.

Before it can activate a CTL in the lymph node, the mature dendritic cell must

undergo a process called licensing, which is facilitated by helper T cells [35]. When

the dendritic cell encounters a helper cell, it activates the helper cell, which in turn

licenses the dendritic cell. Once licensed, the dendritic cell can interact with CD8+

effector T cells and activate them. Dendritic cells are large compared to T cells, so

a dendritic cell can be interacting with many T cells at the same time [36].

When T cells develop in the thymus at an early age, they are only able to

recognize one specific type of antigen [37]. Therefore, a T cell which can recognize an

antigen specific to breast cancer, for example, will not recognize an antigen specific

to melanoma, or for any other disease. For a given antigen being presented by the

dendritic cells, there is only a small fraction of T cells capable of recognizing that

antigen [38]. The percentage of antigen specific T cells in the body depends on how

reactive the specificity of the antigen is, and the disease history of the individual.

2.1.3 T-cell proliferation

Once the T cells are activated by the dendritic cells, they begin to proliferate. This

proliferation is dependent on the presence of a cytokine called interleukin-2 (IL-

2) [33]. IL-2 is secreted by activated CD4+ helper cells. In the presence of IL-2,
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T cells will rapidly divide several times. These divisions produce fully-functional

effector T cells, which are able to migrate to the disease site. It also produces

memory T cells, which are maintained in the lymph nodes as long term protection

against the disease.

2.1.4 Cytotoxicity

T cells that are fully-functional will lose their lymph node homing markers, and will

therefore enter the blood stream. When they reach the area of inflammation, they

will exit the blood vessel and migrate through the local tissue to reach the disease

cells. Using the antigen presented on the disease cells as a marker, the T cells will

attach to the target cells, and then release toxic proteins which will kill the target

cells.

In a disease which originates from foreign bodies, such as a bacterial infection,

the processes outlined above tend to occur on the timescale of days or weeks. The

success is dependent on the severity of infection and state of the body’s immune

system. Generally, immunosuppressive mechanisms are not in place for this type

of infection. With a tumor, however, innate autoimmune protections come strongly

into play. These tumor-specific interactions are described in the following section.
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2.2 Interactions between Tumor Cells and the Immune System

2.2.1 Evidence for Immune System Efficacy against Tumor Cells

Many murine and in vitro studies have shown that tumor cells can be killed by

immune system cells [39, 40]. Tumors present antigens, and usually T cells capable

of recognizing that antigen exist in the body. It is likely that in humans, some

tumors may be removed by the immune system before they are detected. Of course,

these instances are not recorded, since the tumor never becomes symptomatic. In

murine studies, though, spontaneous tumor regression or tumor immunity has been

demonstrated [40]. Furthermore, immunodeficient mice have been shown to have

increased incidence of cancers [41], and human patients taking immunosuppressive

agents also show increased susceptibility to many cancer types [42], suggesting that

the immune system plays a role in the spontaneous removal of some small tumors.

However, the prevalence of cancer indicates that the immune system does not

have a strong enough effect against all forms of the disease. This failure of the

immune system is thought to occur for two reasons. The first is an insufficient

immune response due to the tumor being poorly antigenic. This is described by

Curiel as “too little of a good thing” [43]. Cytotoxic T cells are not sufficiently

activated by the tumor, and therefore the response is minimal. The second cause for

failure is “too much of a bad thing,” in which immunosuppressive factors dampen an

otherwise capable immune system. Over the past few decades, the importance of the

second paradigm has become clear; immunosuppression is likely to be a significant
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factor when cancer is present in the host.

This duality has important ramifications for treatments which attempt to harness

the immune system to fight tumors. These therapies, collectively called immunother-

apy, must take into account the condition of the tumor and the immune system, in

order to succeed. Therapies which attempt to increase beneficial CTLs may fail

because the overwhelming immunosuppression is not addressed by the treatment.

On the other hand, therapies which reduce the suppression may fail because there is

an insufficient immune response to begin with. One aspect of the results presented

in this work is to examine the effect of each treatment on different tumor types.

2.2.2 Immune Escape Mechanisms of Tumors

When diseased cells are of foreign origin, immunosuppressive mechanisms are min-

imal. However, in the case of cancer, the diseased cells originate from the body’s

own cells and therefore are considered to be “self” cells. At the time of development

in the thymus, T-cells which are reactive to self-antigens are mostly deleted from

the pool of T-cells, in order to avoid autoimmunity. However, some of these cells

remain, and are thought to be kept in check by the regulatory T-cells. The relatively

small fraction of T-cells reactive to a particular tumor antigen is one obstacle that

the immune system faces. In addition, these cells often are not as easily stimulated

as typical T-cells which recognize foreign antigens [44].

Tumor cells can produce several cytokines which suppress immune system func-
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tion, including transforming growth factor beta (TGF-β) [45, 46, 47, 48, 49],

interleukin-10 (IL-10) [50, 51, 52, 53], and vascular endothelial growth factor

(VEGF) [54]. These secretions act in various ways to suppress almost all phases

of the immune system response, adding a second hurdle to a successful immune

response.

Poor vascularization of a growing tumor limits the access of both immune cells

and any administered therapies. This means that the tumor burden accessible to

the immune system is less than the total tumor burden [55, 56]. This slows down

tumor killing rates, as the effector cells have to diffuse to the interior of the tumor,

rather than use blood vessels.

Finally, tumors tend to increase the prevalence of suppressive immune cells.

While there are several types of suppressive cells, including myeloid derived sup-

pressor cells and suppressive phenotype macrophages, Tregs appear to contribute a

significant part of the suppressive effect in certain tumors [57, 58, 59]. These natu-

rally occurring immune cells are always present in the human body, but have great

significance when a tumor begins to develop. Research has shown that some murine

tumors which have grown without check can be removed by the immune system,

after certain suppressive factors are blocked [46, 57]. This suggests that the immune

system has the capability to fight the tumor, but that the suppressive effects prevent

proper action of the T cells on the tumor. The following section describes the effects

that Tregs have on tumor growth.



36

2.2.3 The Effect of Regulatory T-cells

In the past decade, regulatory T cells have emerged as an important area of research

in the tumor immunology field. Despite being identified in 1970 [60] it wasn’t until

1995, when Tregs were associated with the CD25 marker, that the function of these

cells began to be seriously studied [61]. In recent years, research has suggested that

Tregs are one of the most important mediators of immune suppression in cancer

patients, suggesting novel routes for immunotherapy treatments.

Tregs normally protect the host against auto-immunity. Both mice and humans

born without Tregs will rapidly develop severe autoimmune diseases such as scurfy

and IPEX syndrome [62]. Therefore, it is expected that Tregs would play a role in

the suppression of the immune system in a tumor-bearing host, since tumor cells

are derived from the body’s own cells. Any immune response against a tumor is

necessarily an auto-immune response.

Tregs are a subset of helper cells, since they express the CD4 co-receptor. In

addition, Tregs are characterized by constant expression of CD25, which is the alpha

chain of the IL-2 receptor. Since the CD25 marker can also be expressed on activated

CD4+ helper and CD8+ effector T cells, an additional marker is needed to describe

Tregs more precisely. The most common description for Tregs at this time is CD4+

CD25+ FoxP3+. FoxP3 is an intracellular transcriptional regulator, found to be

associated with Tregs in 2003 [31, 32]. Many studies have shown this phenotype to

be suppressive; however, in some cases FoxP3+ cells have no observable suppressive
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effect [63]. This result, along with the fact that FoxP3 is not a surface marker, has

lead to further search for a surface marker specific to Tregs. This marker or set

of markers, if found, would greatly increase the ability to characterize Tregs and

perhaps better manipulate them in an immunotherapeutic setting.

Normal Treg levels in a healthy human range from 3-10 percent [64]. In cancer

patients, the Tregs can be as much as 20-30 percent, and correlate with tumor

burden and prognosis [65, 66, 67]. This correlation supports the idea that Tregs

play a role in promoting cancer growth.

Tregs are thought to originate mainly in two ways. Present at all times in a

healthy human are the naturally occurring Tregs, derived from naive thymic T cells.

These cells follow a similar differentiation and activation path as the common CD4+

and CD8+ T-cells. They are antigen specific and fully active at all times, monitoring

for autoimmunity [68].

A second source for Tregs is the conversion of CD4+ CD25− FoxP3− cells (normal

helper T cells) into Tregs, which occurs during prolonged inflammation and also in

cancer patients. This process is mediated by the suppressive molecule TGF-β. A

recent study used murine prostate cancer cells cultured with T cells to show that

increased Treg ratios depended on TGF-β production by the tumor, and that the

source of the Tregs was the CD4+ CD25− cells [49].

Abrogation of Tregs in murine studies has correlated with tumor regression [69],

and trials in humans have also had some success. Using an antibody blockade of
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the cytotoxic T- lymphocyte-associated antigen 4 (CTLA4), Phan et al. [70] showed

that three of fourteen patients with metastatic melanoma had a clinical response,

although there was also a development of severe autoimmune disease due to broad

depletion of Treg activity.

The mechanism of action of Tregs is multifaceted and not fully understood,

despite much research into this area. They can produce TGF-β and IL-10 [66],

and also appear to have additional cell-to-cell effects on other T-cells [23, 71, 72]

as well as dendritic cells [71, 73]. Tregs can also compete with normal T-cells for

proliferative cytokines and antigens.

The maturation of dendritic cells is suppressed by Tregs [71]. This was shown in

an in vitro study [73] where Tregs co-cultured with dendritic cells suppressed the ex-

pression of co-stimulatory molecules CD40, CD80 and CD86, which are needed for T-

cell activation. The co-cultured DCs also showed lowered expression of Interleukin-

12 and tumor necrosis factor alpha, which are cytokines secreted by the DCs to

activate T cells. In addition, the co-cultured DCs showed an inability to stimu-

late T-cell activation and proliferation, compared to DCs cultured in the absence of

Tregs. The study found that TGF-β and IL-10 were both involved in the process of

DC suppression by Tregs, and that cell-to-cell contact was also necessary.

Tregs can affect T-cell proliferation and function [71]. A recent study shows that

Tregs act on CD4+ helper cells, suppressing cytokine secretion at the tumor site and

therefore preventing a strong cytotoxic effect from CD8+ cells [74]. Mice with 4T1
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tumors were examined for T-cell numbers within the tumor site. High percentages

of Tregs were found, and the CD4+ and CD8+ T cells present were anergic and

ineffective at fighting the tumor. Upon depletion of Tregs from the mouse using an

anti-CD25 antibody, the CD4+ cells were able to secrete IL-2 and interferon gamma,

a cytotoxic molecule. This allowed CD8+ effector cells to remove the tumor burden.

Tumor regression was dependent on both CD4+ and CD8+ cells, as depletion of

either of these populations with antibodies prevented tumor regression.

Tregs can also act directly on CD8+ effector cells, suppressing effector cell func-

tion [23]. In this study, murine CD4+ CD25+ and CD8+ cells were co-cultured in

different ratios in the presence of antigen presenting cells. The effector cells showed

decreased proliferation and production of IFN-γ in the presence of Tregs, and the

result was dependent on Treg-to-effector-cell ratios.

Further areas for research with Tregs are wide-ranging. Testing the sensitivity

of the specific T-cell populations to different doses of particular drugs is one area

that needs optimization, and mathematical models such as the one presented in this

study can assist with this process. Since the ratios of tumor cells, immune cells, and

suppressor cells have great bearing on the efficacy of the immune system, it is likely

that careful manipulation of dose and delivery regimen can optimize these ratios

for a given treatment. For example, with chemotherapeutic agents, too low of a

dose will have only a negligible effect on any of the cell populations, while too high

a dose will severely impact the immune system. However, as has been shown with
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cyclophosphamide [75], there may be an intermediate dose where the cell killing rate

is at its most favorable. These interactions are explored with the model presented

in the next chapter.

2.2.4 Summary

The collective evidence suggests that many tumors could be removed by the innate

immune system if the proper conditions were in place. The two principal difficulties

are that the immune response can be highly suppressed, and that the response may

be weak due to the “self” nature of tumor cells.

The mathematical model presented in the following sections will investigate

which types of tumors are sensitive to the immune system, and explore how various

therapies change this sensitivity. Chemotherapy and immunotherapies are consid-

ered.
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Chapter 3

A Model of Tumor-Immune Interactions

Understanding the interplay between a growing tumor and the host’s immune system

is fundamental for optimizing current treatments and proposing new ones. Despite

much research into these tumor-immune interactions [76, 77], there are many open

questions in the field and quantitative theories are relatively few. Although the

immune system is known to play a role in the prevention and removal of some

tumors, it appears to be incapable of fighting others [78]. Recent research suggests

that immunosuppression is a significant obstacle that the immune system faces when

fighting a tumor [79]. Since there are many forms of immunosuppression acting at

different levels of the immune system, it is important to quantify the effect of each

suppressive element at each stage of tumor growth.

Mathematical modeling has been used in conjunction with experimental and

clinical results to explore the significance of tumor-immune interactions. Previous

work has included models of T cells with interleukin-2 (IL-2) [80], transforming

growth factor beta (TGF-β) [81], regulatory T cells (Tregs) [82], and natural killer

cells [83].

The mathematical model presented in this paper examines the T-cell response

to a tumor. Several new features are included in the model. The effects of multiple
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suppressive elements are examined, so that their respective effect can be quantified at

different stages of tumor growth. The growth law of the tumor is modeled as a hybrid

between exponential and power law growth. Immune cell access to the interior of

a large tumor is limited, based on perfusion data. Helper T cells are also included

in the model, since they affect the dynamics of the immune response. In addition,

helper T cells can be converted into regulatory T cells by TGF-β, recently found to

be a significant source of these cells [49]. Finally, all the parameters were estimated

from experimental and clinical data. Although these parameters necessarily come

from different systems, using realistic parameters ensures that the model operates

within a biologically reasonable regime.

In a simplified model of an immune response to a tumor, excluding any immuno-

suppression, the system can be seen as a predator-prey system. The T-cell response

would fall into three categories. If the antigenicity is high enough, the tumor will

provoke a large immune response, and the T cells will fully remove the tumor. If

the antigenicity is very low, then the T-cell reaction will be minimal. The immune

system may slow down the tumor growth rate, but the tumor will continue to grow

without bound. At a moderate antigenicity, there may exist an equilibrium state,

where the tumor growth rate and the immune system killing rate balance each other.

The addition of immunosuppression adds a complex negative feedback loop to

the activation of the immune system. The tumor provokes an immune response as

described above, but also promotes suppression of the immune system, which will
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diminish the T-cell response. These immunosuppressive elements act in different

ways on the system, and have different levels of activity at different stages of tumor

growth. The model of these interactions is presented in the following section.

3.1 A Mathematical Model

3.1.1 Variables

Since the immune system and its interactions with tumor cells are highly com-

plicated, a full model which includes all the significant cell types and signaling

molecules is unrealistic. However, if the model is too simple, the results will be triv-

ial and will likely lack the complex dynamics observed in experimental and clinical

settings.

In selecting the variables to consider in this model, several principles were used

as a guide. First, the values of the parameters appearing in an equation must be

available from experimental data which allowed for a reasonable estimation of a

biologically appropriate range. Second, enough cell types and interactions must be

included to capture the short time scale dynamics of T-cell proliferation observed

in experiments. The activation and proliferation of T cells is subject to competition

between the different T-cell types, and involves several phases which have different

characteristic time scales. Third, the immune system must respond naturally in the

absence of tumor-induced suppressive terms, as opposed to only acting reasonably

when these suppressive effects are applied.
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The model presented here uses 12 biological variables: 9 cell types, and 3 cy-

tokines. Naturally, tumor cells are included, and are denoted by the variable T (t),

where t stands for time in days. The heterogeneity of the interactions between tu-

mor cells and the immune system is an important effect that is neglected in this

model due to a lack of specific experimental data. Therefore, all tumor cells behave

in the same way, in the model.

While there is no explicit spatial component to the model at this time, tumor

vasculature is accounted for by its action on tumor growth rate and immune system

access. The model assumes that the tumor is perfused from the outside. Therefore,

immune system cells will only be able to interact with a layer of the tumor, once

the tumor becomes large compared to the perfusion depth.

In order to investigate the effects of the T-cell response, the model must include

CD8+ effector T cells, which directly kill the tumor cells. In addition, CD4+ CD25+

Foxp3+ regulatory T cells are included in order to account for immunosuppression,

since they produce suppressive cytokines and also act directly to reduce effector

T-cell killing rates.

Stimulation of T cells occurs in the lymph nodes, and begins when antigen-

presenting cells (APCs) bearing tumor antigens interact with the T cells. In this

model, dendritic cells are the chosen APCs, since they are the primary mechanism

for T-cell activation [33].

A third population of T cells, CD4+ helper T cells, is included to assist with
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cytokine production and dendritic cell licensing. The inclusion of helper T cells as

a distinct population is necessary for two reasons. First, the helper cells license

the dendritic cells, which prevents an unrealistically rapid development of effector

T cells. Second, the helper cells are converted to Tregs by TGF-β, which is a key

immunosuppressive mechanism observed in experiments [49].

All three types of T cells are all specific to the tumor antigen, and are a small

fraction of the total T-cell repertoire within a host. Each of the three T-cell popu-

lations are broken into three subpopulations. The memory T cell population (M
E
,

M
H
, and M

R
, assumed to be constant) is a pool of T-cell precursors, which are acti-

vated by dendritic cells. There is a short lived activation phase (A
E

(t), A
H

(t), and

A
R

(t)) where T-cell proliferation occurs. The fully functional T-cell phase (E (t),

H (t), and R (t)) consists of the cells that kill the tumor cells, produce cytokines,

and suppress the immune response. These subpopulations capture the different time

scales of the cellular phases, and contribute three constants and six variables to the

model.

The dendritic cell population has two subpopulations. The unlicensed state,

U (t), is a mature dendritic cell that collects antigen from the tumor, and then

interacts with helper cells. After licensing, the dendritic cell, D (t), is free to interact

with all T cells, causing them to activate.

The T-cell and dendritic cell populations are subdivided in order to account for

the dynamic delays in activation observed in experiments [84]. In addition, the
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subdivision allows the various immunosuppressive effects which occur at different

steps in the T-cell activation sequence to be properly included.

The selection of relevant cytokines was motivated by the literature. IL-2, denoted

by the variable C (t), is not only a key proliferative cytokine for T cells, but is also a

current option for immunotherapy [6, 85]. It is necessary to include IL-2 in order to

include other suppressive effects, as IL-2 plays a role in balancing the ratio of Tregs to

other T cells [86]. For the suppressive cytokines, TGF-β and IL-10, denoted by S (t)

and I (t) respectively, are considered to be important suppressors of T-cell activity,

as described in Chapter 2, and are produced by both tumor cells [50, 87, 45, 53, 52]

and Tregs [66, 88]. All the molecular concentrations in this model are expressed in

ng/ml.

The subset of equations describing the response of the immune system to antigen

functions realistically in the absence of tumor-induced immunosuppression. This en-

sures that any tumor-associated suppressive effects are properly scaled with respect

to the innate immune response. The tumor-immune interactions and the associated

suppression caused by Tregs, TGF-β, and IL-10 are added to a model of T-cell

activation that behaves realistically in the absence of immunosuppression.

While other suppressive cytokines and cell types exist, these 12 populations are

the important players in the evolution of the tumor-immune system and have been

described extensively in experimental and clinical literature.

Figure 3.1 shows a detailed view of the interactions modeled in this paper. The
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Figure 3.1: A diagram showing the interactions that are used in the model. Dotted
lines show suppressive mechanisms.

tumor cells produce antigen, which is collected by dendritic cells. These dendritic

cells then interact with three T-cell types: effector T cells, helper T cells, and

Tregs. The Tregs produce suppressive molecules TGF-β and IL-10 and also directly

suppress the activity of the immune system. All three of these T-cell types are

expanded due to antigen presentation by the dendritic cells. Tregs also expand

through the conversion of helper T cells into Tregs, which adds another feedback

mechanism to the model.
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3.1.2 Equations

Tumor Cells

In the model, the evolution of tumor cells (T ) is governed by

Ṫ =
T

((
1
γ1

)p

+
(

T 1−m

γ

)p)1/p
− r0T

∗
(
1 + k2

T ∗
E

) · 1
(
1 + k3

R
E

) (
1 + S

S1

) , (3.1)

where γ1 is given by

γ1 = γ(T1)
m−1, (3.2)

and T ∗ is given by

T ∗ =
T

(
1 +

(
T 1−n

k1

)p)1/p
. (3.3)

The first term on the right hand side of Eq. (3.1) accounts for tumor growth.

Previously, the growth law for a tumor has been modeled in several ways, including

logistic [81, 83, 89] and Gompertzian [90] models. Experimental data for different

types of tumors under different conditions exhibit different growth curves, so there

is no universal choice in general. The growth of tumor cells in Eq. (3.1) is modeled

as a mixture between exponential and power law growth.

The doubling time of a tumor scales with tumor size [91]. This indicates that

tumors do not follow a purely exponential growth law. The reason for this reduction

in effective growth rate is not fully understood. Several mechanisms have been pro-

posed and modeled mathematically, including limitation of nutrient availability [15],

angiogenesis [92], and mechanical stress [93, 94]. Cell signaling may also play a role.



49

Power law growth has been shown to be a good fit for breast cancer, when

the tumor is of clinical size [95]. The general equation for power law growth of a

population is

Ṫ = γTm, (3.4)

where γ is the growth coefficient and m is the power law exponent.

The power growth law breaks down at smaller tumor sizes, since the doubling

time approaches zero as the tumor volume goes to zero. For this reason, it is

unreasonable to use the power law to model growth for very small tumors, since the

doubling time of a tumor is physically limited by cell cycle dynamics. Therefore, an

exponential growth law is used at small tumor sizes. Evidence has shown that large,

slow-growing tumors with lengthy doubling times of several months will exhibit

exponential growth with short doubling times on the order of 1 to 2 days, when

the cells are separated from the tumor mass and cultured [91]. The equation for

exponential growth of a population is given by

Ṫ = γ1T, (3.5)

where γ1 is the exponential growth coefficient.

An assumption made in this study is that a tumor with a small power law growth

coefficient γ will have a correspondingly small exponential growth coefficient γ1. The

relationship between γ and γ1 cannot be experimentally determined in vivo, since it

is rare to detect very small tumors within the human body, and even rarer to allow

them to grow large and subsequently measure their growth properties at different
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sizes. Therefore, the value of γ1 is chosen so that the two growth rates match at a

transition size T1 = 106 cells. This transition size was determined from [96], with

the value of γ1 calculated by Eq. (3.2). The transition between these two modes

of growth is smooth; the exponent p determines smoothness of the transition. The

parameter γ will be used as one of the two fundamental control parameters in the

model, in order to account for tumors growing at different rates.

Figure 3.2 shows the hybrid growth law (solid line) as a function of tumor size,

near the transition size of 106 cells. For comparison, the exponential growth (dotted

line) and power law growth curves (dashed line) are also shown. When the tumor

differs from the transition size by an order of magnitude or more in either direction,

the hybrid law essentially behaves like the corresponding growth law for that tumor

size.

The second term of Eq. (3.1) describes tumor cell kill by effector cells (E), which

is the only mechanism for tumor cell death in the model. The first fraction in this

term accounts for tumor cell death in the absence of enhancing or suppressing effects.

The parameter r0 is the rate at which an effector cell kills a tumor cell. The total rate

of tumor cell killing depends on the ratio of tumor cells and effector cells. When this

ratio is high (effector cell numbers are small compared to tumor cell numbers), each

effector cell has access to many tumor cells, and thus the killing rate is on the order

of r0E
k2

, proportional to the number of effector cells. When effector cell counts are

much larger than tumor cell counts, the killing rate saturates to a level dependent
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Figure 3.2: The hybrid growth law used in the model. For large values of T , the
growth follows a power law, and for small values of T , the growth is exponential.
The transition occurs at 106 cells.



52

on tumor cells only (r0T
∗), since additional effector cells entering the system will

not contribute significantly to the tumor cell killing rate. The parameter k2 controls

the shape of the interaction when cell counts are comparable in number.

The variable T ∗ represents the number of tumor cells which are accessible by the

immune system, and combines different effects. Poor vascularization of a growing

tumor limits the access of immune cells to the entire tumor [55, 56]. For small

tumor sizes, the entire tumor is accessible to the immune cells. As the tumor grows

larger, only an outer shell of the tumor is sufficiently perfused with blood vessels to

allow immune cell access [55]. This transition occurs at approximately the same size

as the transition in the growth law, since both have a dependence on blood vessel

perfusion depths. In the model, T ∗ is used in place of T whenever the interactions

are dependent on the spatial access to the tumor cells. For example, production of

TGF-β can be expected of all functional tumor cells, and therefore T is used for that

process. The interaction of CD8+ effector T cells and tumor cells, however, requires

physical contact, and therefore effector cells primarily encounter the perfused tumor

mass, T ∗.

The second fraction in the second term of Eq. (3.1) represents the suppressive

effects of Tregs and TGF-β on the cytotoxicity. The term 1+k3
R
E

represents the effect

of Tregs (R) on the effector cells’ killing rate [23]. The suppression is ratio dependent,

with parameter k3 controlling the shape of the interaction, so that increased Treg

to effector T cell ratios will decrease the tumor cell killing rate. The term 1 + S
S1
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represents suppression of effector cell activity due to TGF-β (S), which has been

shown to reduce the cytotoxicity of effector T cells [97]. The parameter S1 is the

TGF-β concentration where killing is suppressed by half.

There is no explicit term for natural death of tumor cells; rather, it is taken into

account in the growth term. Although there is evidence that TGF-β can promote

tumor growth [98], this effect is not included in this study.

Dendritic Cells

Mature dendritic cells evolve according to

U̇ =
aT ∗

(
1 + I

I1

)(
1 + R

R1

) − λU

1 + U
M

H

− δ
U
U, (3.6)

and

Ḋ =
λU

1 + U
M

H

− δ
D
D, (3.7)

where U represents the number of unlicensed dendritic cells, and D is the number

of licensed dendritic cells. The first term of Eq. (3.6) describes the maturation

of dendritic cells by encounter with tumor antigen. The antigenicity of a tumor,

denoted by the parameter a, is known to vary highly among different types of tumors

[99, 100], and is taken as the second control parameter in this study.

The maturation process is inhibited by Tregs and IL-10 [73], represented by the

two suppressive denominator terms. Following the previous discussion of effector

cells, the difficulty of accessing the tumor interior by immune cells is reflected by

the use of T ∗. The model assumes that there is a constant pool of immature dendritic
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cells which circulate in the body searching for antigens. This constant is effectively

included in the parameter a.

The second term of Eq. (3.6) and first term of Eq. (3.7) account for the licensing

of dendritic cells upon encounter with helper T cells. This licensing process depends

on the ratio of the two cell types. For small numbers of dendritic cells, licensing

helper T cells are abundant, and the process goes as λU . For high numbers of

dendritic cells, the rate is limited by the availability of helper cells, so the licensing

is on the order of λM
H
. Eqs. (3.6) and (3.7) both include terms to account for cell

death or deactivation after a characteristic time period, given by δ
U

and δ
D
.

Memory T cells

All three types of T cells in the model are activated in the same basic way. The

memory cells enter a brief activation phase where proliferation is rapid, and then

they become fully functional T cells. The total memory population M is defined by

M ≡ M
E

+ M
H

+ M
R
, (3.8)

where the right hand terms are the constant populations of effector memory T cells,

helper memory T cells, and Treg memory cells, respectively.

CD8+ Effector T cells

CD8+ effector T cells follow

Ȧ
E

=
α1ME

1 + k4
M
D

− δ
A
A

E
(3.9)
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and

Ė =
α2AE

C(
1 + S

S2

)
(C1 + C)

− δ
E
E. (3.10)

The first term of Eq. (3.9) activates the effector memory cells, in the presence of

mature licensed dendritic cells. Again, this process is ratio dependent. As dendritic

cell numbers increase, the term saturates to α1ME
. The second term describes the

expiration of the activated phase of these cells.

The first term of Eq. (3.10) gives the proliferation of CD8+ effector cells. This

depends on the presence of activated cells and the proliferative cytokine IL-2 (C).

As IL-2 increases, the level of proliferation reaches a maximum of α2AE
in the

absence of suppression. TGF-β (S) suppresses T-cell proliferation [97, 101], so the

parameter S2 is included to account for this effect. The second term accounts for

effector cell death or inactivation, with parameter δ
E
.

CD4+ Helper T cells

Helper T cells follow a similar activation path as effector T cells:

Ȧ
H

=
α3MH

1 + k4
M

(U+D)

− δ
A
A

H
, (3.11)

and

Ḣ =
α4AH

C(
1 + S

S2

)
(C1 + C)

− α7HS

S3 + S
− δ

H
H. (3.12)

These two equations differ from those for the effector T cells in two ways. First, the

activation of memory helper cells can be prompted by both licensed and unlicensed

dendritic cells [35]. Second, helper T cells can be converted into Tregs in the presence
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of TGF-β [49], and this is represented by the second term in Eq. (3.12). As TGF-β

increases, the rate of change from helper cells to Tregs saturates at α7H.

CD4+ CD25+ Foxp3+ Regulatory T cells

Tregs follow a similar pair of equations:

Ȧ
R

=
α5MR

1 + k4
M
D

− δ
A
A

R
, (3.13)

and

Ṙ =
α6AR

C

(C1 + C)
+

α7HS

S3 + S
− δ

R
R. (3.14)

The principal difference here is that Treg proliferation is not suppressed by TGF-β,

in contrast to the other T-cell populations.

Cytokines and Molecules

The proliferative cytokine IL-2 is produced by activated helper cells, and the con-

centration is given by

Ċ =
p

C
A

H(
1 + S

S4

)(
1 + I

I2

) − C

τ
C

. (3.15)

The first term of Eq. (3.15) represents the production of IL-2 by the activated helper

cells. This production is inhibited by TGF-β [97, 101] and IL-10 [102, 103]. The

second term represents the removal of IL-2 from the system, with characteristic

time τ
C
.

TGF-β and IL-10 are produced by both tumor cells and Tregs, and follow

Ṡ = p1R + p2T −
S

τ
S

, (3.16)
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and

İ = p3R + p4T −
I

τ
I

. (3.17)

The first terms of each equation represent the production by Tregs, the second terms

represent production by tumor cells, and the final terms represent the removal from

the system with characteristic times τ
S

and τ
I
.



58

For convenience, all 12 equations are collected here.

Ṫ =
T

((
1
γ1

)p

+
(

T 1−m

γ

)p)1/p
− r0T

∗
(
1 + k2

T ∗
E

) · 1
(
1 + k3

R
E

) (
1 + S

S1

) (3.18)

U̇ =
aT ∗

(
1 + I

I1

)(
1 + R

R1

) − λU

1 + U
M

H

− δ
U
U (3.19)

Ḋ =
λU

1 + U
M

H

− δ
D
D (3.20)

Ȧ
E

=
α1ME

1 + k4
M
D

− δ
A
A

E
(3.21)

Ė =
α2AE

C(
1 + S

S2

)
(C1 + C)

− δ
E
E (3.22)

Ȧ
H

=
α3MH

1 + k4
M

(U+D)

− δ
A
A

H
(3.23)

Ḣ =
α4AH

C(
1 + S

S2

)
(C1 + C)

− α7HS

S3 + S
− δ

H
H (3.24)

Ȧ
R

=
α5MR

1 + k4
M
D

− δ
A
A

R
(3.25)

Ṙ =
α6AR

C

(C1 + C)
+

α7HS

S3 + S
− δ

R
R (3.26)

Ċ =
p

C
A

H(
1 + S

S4

)(
1 + I

I2

) − C

τ
C

(3.27)

Ṡ = p1R + p2T −
S

τ
S

(3.28)

İ = p3R + p4T −
I

τ
I

, (3.29)

where

γ1 = γTm−1
1 , (3.30)
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and

T ∗ =
T

(
1 +

(
T 1−n

k1

)p)1/p
. (3.31)

This is a system of 12 ODEs with 41 parameters. The model has two control

parameters γ and a representing, respectively, growth rate and antigenicity of the

tumor. The remaining 39 parameters are given in Tables 4.1 through 4.4, following

the analysis given in Chapter 4. Results for the model in the absence of treatment

are presented in Chapter 5, and the effect of various treatments on the model are

explored in Chapter 6.
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Chapter 4

Parameter Estimation

Since the primary interest of disease modeling is to examine the model behavior

within a biologically reasonable regime, the search for realistic parameters is a sig-

nificant part of the modeling process. This chapter describes the selection and

derivation of the parameters for the tumor-immune model presented in chapter 3.

4.1 Parameter estimation

The model of tumor-immune interactions given in Eqs. (3.18) through (3.31) was

constructed so that the parameters could be derived from the literature. Although

in vivo data for one type of cancer growing in one species would be the optimal

method of acquiring the necessary parameters, such a comprehensive data set does

not exist. Therefore, parameters come from a diverse set of experiments. Whenever

possible, experiments using human in vivo measurements were used, but a number

of parameters are only feasibly measured in vitro or in murine models.

4.1.1 Parameter values for tumor progression

Table 4.1 shows the parameter values for Eqs. (3.18), (3.30), and (3.31).
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Table 4.1: Parameter values for tumor progression, Eqs. (3.18), (3.30), and (3.31)

Parameter Value Units Reference
γ 100− 1000 cell1−γ· day−1 [104, 105, 106, 107]
γ1 0.1− 1 day−1

T1 106 cell [96]
m 1

2
[95]

n 2
3

[55]
p 3
r0 0.9 day−1 [108, 85, 97]
k1 100 cell1−ν [55, 96]
k2 1.2 [85]
k3 11 [23]
S1 3.5 ng·ml−1 [97]

Determination of tumor growth parameters

In this study, the growth law for large tumors is chosen to be a power law, based on

experimental evidence [95]. Small tumors follow exponential growth. The transition

is matched at a transition size of 106 cells, and is smoothed by the exponent p.

Variation of p does not significantly affect the results of the model.

The value of m = 0.5 is taken directly from Hart et al. [95]. With the choice of

m, the growth coefficient γ can be calculated for a given tumor by measuring the

doubling time t
d

and initial detection size T
d
. The growth coefficient is given by

γ =
T 1−m

d

t
d
(1−m)

(
21−m − 1

)
. (4.1)

Assuming a detection size of T
d

= 109 cells, growth exponent m = 0.5, and using

the range of doubling times given in [104, 105, 106, 107] for various cancer types, the

biological range of the growth coefficient is approximately 100 < γ < 1000, where
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the units of γ are given in Table 4.1.

For the range of values for γ determined above, this gives a corresponding range

for γ1 between 0.1 and 1, using Eq. (3.30). Equivalently, this gives a range of cellular

doubling times between 0.7 and 7 days, which is a biologically reasonable range for

cell cycle durations.

Determination of effective tumor size parameters

The parameters n and k1 determine the effective tumor size, with respect to immune

system accessibility. Experimental evidence shows that growing tumors exhibit a

perfusion depth of approximately 500 µm [55], suggesting that a tumor of up to

1 mm in size is fully accessible to the immune system. Once the tumor crosses this

threshold, only an outer shell of tumor cells will be accessible. The effective tumor

size is therefore equal to T when the tumor is small, and proportional to the surface

area (T 2/3) when the tumor is large. The parameter n is 2/3, and the parameter k1

is chosen so that the transition between these two regimes occurs at 1 mm in size,

or 106 cells. As with the tumor growth law, the exponent p is used to smooth the

transition from T to T ∗.

Determination of tumor cytotoxicity parameters

The parameters r0 and k2 were taken from T-cell lysis data presented in [108, 85, 97].

The level of tumor cell lysis at high T-cell to tumor cell ratios was used to estimate

r0. This value was chosen conservatively, since the effector cells have to migrate
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to the tumor site, diffuse into the tumor, and lyse the cells. In the absence of a

compartmentalized model, this parameter has to incorporate these effects. Transit

time for effector T cells to move from the lymph node to the tumor site can take

many hours [109], and it is likely that a sizeable fraction of the cells do not find the

tumor. Once the cells arrive at the tumor, they must diffuse through the tumor, a

process which also may last for several hours [110]. Finally, the cytotoxic interactions

between the CTL and the tumor can last from 2 to 8 hours [111, 112]. From the

data cited above, r0 was estimated to be approximately 0.9.

Parameter k2 was calculated from the slope of the tumor cell lysis curve at lower

E/T ratios.

Determination of immunosuppressive parameters

The value of k3 was determined by fitting the equation (1+ k3(R/E))−1 to the data

on Treg suppression of effector T-cell cytotoxicity given in [23].

The suppression of tumor cell killing by TGF-β was calculated from data [97]

that measured the effectiveness of tumor lysis in the presence and absence of TGF-

β. The parameter S1 represents the concentration at which lytic capability is cut

by half.

4.1.2 Parameter values for dendritic cell expansion

Table 4.1 shows the parameter values used in Eqs. (3.19) and (3.20).
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Table 4.2: Parameter values for dendritic cell expansion, Eqs. (3.19) and (3.20)

Parameter Value Units Reference
a 10−5 − 105 day−1

λ 0.5 day−1 [35]
δ

U
0.14 day−1 [113]

δ
D

0.5 day−1 [113]
I1 0.4 ng·ml−1 [73]
R1 2× 107 cell [73]

Determination of dendritic cell maturation and licensing parameters

The value of the parameter a, which represents the antigenicity of a tumor, exhibits

significant variation between different tumor types [100]. To account for the large

intertumor heterogeneity in both growth rate and antigenicity, ranges of values are

used for these parameters. Unlike the growth parameter, where cell cycle times and

tumor growth measurements can guide the selection of an appropriate range, the

antigenicity is more difficult to determine. In this work, the upper limit for anti-

genicity was chosen based on dendritic cell numbers. There is no inherent limitation

in the model that prevents unlimited dendritic cell expansion; therefore, the upper

limit of 105 for antigenicity is chosen because dendritic cell counts in the model

are maintained at biologically reasonable levels for antigenicities up to this value.

There is no expected lower limit for antigenicity, since theoretically a tumor may

not elicit any immune response at all. Below an antigenicity of a = 10−5, however,

the immune response is so low that further reduction of the antigenicity do not offer

qualitatively different results.
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Data from Smith et al. [35] provided the parameter λ. The death rate of mature

dendritic cells, δ
U
, was taken from experiments measuring the turnover of dendritic

cells that had been primed with antigen [113]. The parameter δ
D
, which represents

the expiration of antigen presentation of the licensed dendritic cells, was calculated

using dendritic cell dynamics measured in Mempel et al. [84].

Determination of dendritic cell immunosuppression parameters

The suppression of dendritic cell maturation by IL-10 and Treg cells was calculated

from experiments in Larmonier et al. [73]. Expression of the maturation marker

Interleukin-12 (IL-12) was measured in dendritic cell cultures. The presence of IL-10,

TGF-β and Tregs all partially abrogated the maturation process. The data for TGF-

β were not sufficient to establish a suppressive term in Eq. (3.19), but parameters I1

and R1 for IL-10 and Tregs were calculated, based on the concentrations at which

the maturation markers were expressed at half-normal levels.

4.1.3 Parameter values for T-cell expansion

Table 4.3 shows the parameter values used in Eqs. (3.21) through (3.26).

Determination of T-cell activation and proliferation parameters

The parameters relating to CD4+ and CD8+ T-cell activation and proliferation

were calculated by separating the equations relating to these populations and finding

parameters which resulted in the proper dynamics as outlined by Mempel et al. [84].
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Table 4.3: Parameter values for T-cell expansion, Eqs. (3.21) through (3.26)

Parameter Value Units Reference
α1 23 day−1 [84]
α2 16 day−1 [84]
α3 9.9 day−1 [84]
α4 1.9 day−1 [84]
α5 5.1 day−1 [84]
α6 2.1 day−1 [84]
α7 0.022 day−1 [65, 66, 67, 49]
k4 0.33 [84]
C1 0.3 ng·ml−1 [97]
S2 2.9 ng·ml−1 [97, 101]
S3 1.7 ng·ml−1 [49]
δ

A
0.2 day−1 [84]

δ
E

1.0 day−1 [114]
δ

H
0.1 day−1 [114]

δ
R

0.1 day−1 [114, 115]

Briefly, 5 × 105 DCs were combined with 5 × 106 T cells in the model, and the

parameters were adjusted to fit the activation dynamics and migration presented in

the experiments.

The typical ratio of CD4+ to CD8+ T cells in a healthy individual is approxi-

mately 2:1 [116]; this ratio is approximately maintained with the choice of activation

parameters. The death rates of the T cells were chosen so that proper numbers of

cells were activated upon antigen presentation [114].

The parameter k4 relates to the number of T cells that can interact with a

dendritic cell at any given time. This value can vary, and here it is assumed to be

approximately 5 [36]; k4 therefore controls the activation of T cells when dendritic

cell numbers are comparable to T-cell numbers. The parameters C1 and S2, which
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control the saturation of T-cell proliferation by IL-2 and TGF-β respectively, were

calculated from experiments in [97, 101]. T-cell proliferation was measured for

different concentrations of IL-2, and also in the presence or absence of TGF-β.

Parameters for conversion of Helper T cells into Tregs

The parameters for the conversion of helper T cells into Tregs are based on systemic

levels of TGF-β [117, 118, 49] and Treg to T-cell ratios in cancer patients [65, 66, 67].

With the tumor established in the model, the parameter α7 was estimated so that

Treg levels were in agreement with R/E ratios seen in vivo, for a given tumor size.

4.1.4 Parameter values for IL-2, TGF-β and IL-10 concentrations

Table 4.4 shows the parameter values for Eqs. (3.27), (3.28), and (3.29).

Table 4.4: Parameter values for IL-2, TGF-β and IL-10 concentrations, Eqs. (3.27),
(3.28), and (3.29)

Parameter Value Units Reference
p

C
1.7× 10−5 ng·ml−1· cell−1· day−1 [101]

p1 1.8× 10−8 ng·ml−1· day−1· cell−1 [66]
p2 1.1× 10−7 ng·ml−1· day−1· cell−1 [45]
p3 1.4× 10−8 ng·ml−1· day−1· cell−1 [66]
p4 1.3× 10−10 ng·ml−1· day−1· cell−1 [50]
I2 0.75 ng·ml−1 [102, 103]
S4 0.9 ng·ml−1 [97, 101]
τ

C
0.08 day [119, 120, 121]

τ
S

0.07 day [117]
τ

I
0.05 day [122]
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Determination of molecular production rates

Production of IL-2 by helper T cells was determined from in vitro experiments given

in [101]. Briefly, helper T cells were cultured at a concentration of 105 cells/ml, with

the appropriate activation factors. The concentration of IL-2 after 24 hours was

found to be 1 ng/ml. Assuming that the production did not saturate in 24 hours, the

production rate of IL-2 was 10−5 ng/cell per day. The production of IL-2 is relevant

in the lymph nodes where T-cell activation occurs. Given a typical lymph node size

of 0.6 ml [123], the production rate with respect to concentration is 1.7×10−5 ng/ml

per cell per day.

Production rates for IL-10 and TGF-β by Tregs and tumor cells were calculated

in similar fashion, from in vitro data given in [66, 45, 50].

Determination of molecular clearance rates

The clearance rate of IL-2, τ
C
, was estimated from human in vivo data given in [119,

120, 121]. The values for the half life of IL-2 in the human body ranged from 0.02

to 0.17 days. A representative value of 0.08 days was chosen. Clearance rates for

TGF-β and IL-10 were estimated in a similar fashion from the references shown in

Table 4.4.
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Determination of S4 and I2

Suppression of IL-2 production by TGF-β was calculated from experiments in [97,

101]. IL-2 production for a given concentration of TGF-β was used to calculate the

concentration of TGF-β which cut the IL-2 production in half.

IL-10 suppression of IL-2 production is given in [102, 103] for two different con-

centrations of IL-10. These data were fit and the concentration of IL-10 which

caused the IL-2 production to be halved was estimated to be 0.75 ng/ml.

4.1.5 Summary

Parameter estimation is a significant and important aspect of the work presented

herein, given that the model is to be used for direct comparisons with clinical and

experimental studies. By using process-isolated results from the literature to deter-

mine sets of parameters, there is the danger that the collection of parameters will

not interact properly with each other. However, the model was tested for realism in

multiple ways. For example, maximal T-cell counts in the body are known to be on

the order of 1011 cells; the model does not cross this threshold for the parameters

selected. The time scales of T-cell proliferation and diminution are in accordance

with those seen in the literature as well, and cytokine levels are within the ranges

that have been measured in cancer patients. The two parameters with high levels

of variation, namely the tumor growth rate and antigenicity, are selected as control

parameters. The values of these control parameters are kept within a reasonable
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range.

The following chapter presents the results of the model, with the parameters as

described above.
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Chapter 5

Results

With the parameters presented in Chapter 4, the system of ODEs is solved numer-

ically using MATLAB (published by Mathworks, Natick, MA). The 12 variables

represent cell populations or molecular concentrations, both of which are necessar-

ily non-negative. This restriction is imposed on the MATLAB ODE solver. The

equations are continuous and differentiable for non-zero values of E and D; as long

as the initial conditions for these two variables are non-zero, the system of ODEs is

well-posed.

In this chapter, the interactions between the tumor and the immune system

are described in the absence of therapy. Interactions with therapy are described in

Chapter 6.

5.1 Results

5.1.1 Main Qualitative Behaviors

For a given set of immune system parameters, the effectiveness of the immune system

against the tumor depends on the tumor antigenicity and the tumor growth rate.

Figure 5.1 shows the results of the model for various values of the growth rate

and antigenicity. The horizontal axis represents increasing tumor antigenicity, and
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the vertical axis represents increasing tumor growth rate. The axis labels on the

left show the time it would take a tumor to reach 1011 cells (representing a lethal

volume) in the absence of any immune system response (i.e. setting parameter

r0 = 0). The axis labels on the right show the corresponding values of the control

parameter γ. Long-term behavior of the tumor was determined for the ranges of

the two control parameters shown on the axes, using fixed point analysis (described

below in section 5.1.3). The long-term behavior of the tumor has three possible

outcomes: tumor removal, considered to occur when the value of T falls below

1 cell; tumor control, which occurs if the tumor is bounded, reaching either a stable

fixed point or a stable limit cycle; or unbounded growth. The initial conditions

for all simulations was T0 = 1 cell; other cell populations were set to zero, except

for E and D, which were set to a small value (10−5) to avoid singularities. Initial

conditions for the cytokines were set to zero.

The area marked Removal in Figure 5.1 represents the tumors that are removed

by the immune system. These tumors are slower growing and more antigenic, and

the immune system is able to kill the tumor cells faster than the tumor is able to

grow. Suppression is limited, since Tregs, TGF-β levels, and IL-10 levels never be-

come significant, and the size of the tumor is never large enough to prevent immune

cell access to the interior.

The area marked Control represents the tumors that either reach a steady state

greater than one cell, or oscillate around a size greater than one cell. The immune
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Figure 5.1: The long term behavior of a tumor. Control parameters are the anti-
genicity a, on the horizontal axis, and tumor growth rate γ, on the right-hand
vertical axis. The left-hand vertical axis shows the time it takes the tumor to reach
1011 cells in the absence of any immune system killing. The area marked Growth
consists of tumors that grow without bound, Removal denotes complete cure of
the tumor by the immune system (i.e., T goes below one cell), and Control denotes
maintenance of the tumor at either a stable fixed point or a stable limit cycle. The
dashed lines in the Growth area show the time it takes for the tumor to reach 1011

cells. The dotted lines in the Control area show the values of the fixed points. The
lighter grey area in the Control section denotes tumors which display a stable limit
cycle, and contours passing through this region give the value of the central unstable
fixed point. The darker grey area accounts for tumors which grow to stable fixed
points. Circled letters refer to simulations shown in Figures 5.5 and 5.6.
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system killing rate and the tumor growth rate in Eq. (3.18) reach an equilibrium.

The dotted contour lines in Figure 5.1 within the Control section show the equilib-

rium size of the tumor for a given combination of growth rate and antigenicity. For

some parameter values, represented by the lighter grey area, the tumor reaches a

stable fixed point. The darker grey area shows tumors that oscillate within a stable

limit cycle (see section 5.1.3).

The stable size of the tumor is always between 1 cell and about 108 cells. Fixed

points with tumor sizes greater than 108 cells were not observed for any growth

rate or antigenicity. This region of stability at a small volume can be viewed as

a mechanism by which a tumor can remain dormant for a period. However, it is

important to note that the model is deterministic, so that a steady state in the model

will persist forever. In the biological situation, conditions are constantly changing,

due to tumor cell mutations, health of the host, and other factors. These random

effects can destabilize an equilibrium and cause the tumor to begin to grow or be

removed.

The area marked Growth in Figure 5.1 shows the tumors which grow without

bound, eventually reaching a detectable size (109 cells and greater). The dashed

lines in the growth section represent contours of the time needed for the tumor to

reach 1011 cells in size. On the left side of the figure, for a = 10−5, the contour

lines essentially reach the values determined by free tumor growth shown on the

left-hand axis, indicating that for antigenicities less than this value, the immune
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system has no significant effect on tumor growth. As antigenicity is increased, the

immune system does slow down tumor growth within the Growth region, up to the

optimal value of about a = 10−1.5. Further increases in the antigenicity beyond this

level will cause the tumor to grow faster than at the optimal antigenicity.

Tumors with high growth rates escape because they grow faster than the im-

mune system can kill them. Of interest is the region of growth to the right of the

control peak (point B). Even though the antigenicity is higher at point B than

within the peak of the Control region, the tumor grows without bound. In a lin-

ear system, increasing the antigenicity would result in an increased response of the

immune system, and therefore a more favorable tumor outcome. However, these

highly antigenic tumors in the region near point B escape because they promote a

large increase in Treg populations and TGF-β levels and thus suppress the immune

system, despite the high antigenicity.

5.1.2 Effects of TGF-β, Converted Tregs, and IL-10

Figure 5.2 shows the long-term behavior of the tumor when TGF-β is removed from

the system, by setting the value of S to zero. This has two effects on the system: the

direct suppressive effects of TGF-β are removed, and the conversion of helper cells

to Tregs is stopped. These are the two mechanisms responsible for the existence

of the optimal antigenicity peak evident in Figure 5.1. When these mechanisms

are removed, the fixed point contours continuously increase towards an asymptotic



76

value, rather than displaying a peak. As expected, the control region expands

significantly, since much of the immunosuppression has been removed. However, the

lower portion of the figure, corresponding to slower growing tumors, is minimally

impacted by the change. Tumors which are removed and those which are maintained

at a small volume of T < 106 cells exhibit very similar dynamics as in Figure 5.1.

This is expected because conversion of helper cells to Tregs depends on TGF-β, and

the level of TGF-β at small tumor sizes is negligible.

Figure 5.2: Tumor responses to the immune system, without conversion of helper
cells to Tregs (parameter α7 = 0), and without TGF-β suppression. In contrast with
Figure 5.1, an optimal antigenicity no longer exists. See caption from Figure 5.1 for
explanation of regions.

Figure 5.3 shows the long-term tumor behavior when only the conversion of
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helper cells to Tregs by TGF-β has been disabled by setting parameter α7 to zero.

The direct suppressive effects of TGF-β remain in effect. The upper Control region

has expanded in this figure as well. The peak associated with an optimal antigenicity

persists, though shifted to the right about one order of magnitude in antigenicity.

Figure 5.3: Tumor responses to the immune system, without conversion of helper
cells to Tregs (parameter α7 = 0). See caption for Figure 5.1 for explanation of
regions.

The effect of TGF-β suppression on the system is shown in Figure 5.4, where

the direct suppressive effects of TGF-β have been disabled by removing the suppres-

sive terms associated with parameters S1, S2, and S4 in Eqs. (3.18), (3.22), (3.24),

and (3.27). Conversion of helper T cells into Tregs is still active for this figure.
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The upper Control area is expanded in this case. The existence of an optimal

antigenicity persists for tumors that reach a stable size between 106 and 109 cells.

Larger stable tumors can be reached when the antigenicity is high, in contrast to

Figures 5.1 and 5.3 where these tumors would grow without bound. These high

stability points do not exhibit an optimal antigenicity profile. As with Figure 5.3,

the lower portion of the figure for small tumor sizes and removed tumors remains

unchanged, due to minimal TGF-β suppression at these levels.

Figure 5.4: Tumor responses to the immune system, without the direct effects of
TGF-β suppression. Conversion of helper T cells to Tregs remains active. See
caption for Figure 5.1 for explanation of regions.

For the production rates of IL-10 found in the literature, IL-10 has a minimal
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suppressive effect in the model. The production rates of IL-10 would need to be

increased by over two orders of magnitude to see a difference in suppression compa-

rable to that seen with Tregs and TGF-β. This is not consistent with experimental

evidence showing that for some types of cancer, IL-10 has a significant effect on im-

munosuppression [52]. The secretion of IL-10 in these cancers may be higher than

estimated in this study. It is also possible that IL-10 acts locally in a paracrine

fashion, rather than systemically, in which case the magnitude of suppression would

be underestimated in the model. This question could be further investigated in a

spatially realized model.

The existence of an optimal antigenicity has bearing on immunotherapies which

attempt to increase the immunogenicity of a tumor (dendritic cell therapy, for exam-

ple). For slower growing tumors (γ < 400), increases in antigenicity are wholly ben-

eficial, since this leads to tumor removal. For faster growing tumors, however, there

is an optimal antigenicity and increasing beyond this point will result in decreased

therapeutic effect by increasing the effective growth rate, and possibly allowing a

controlled tumor to grow without bound.

The importance of various suppressive effects at different stages of tumor growth

can be quantified. The overall killing rate of tumor cells by effector T cells is given by

the second term of Eq. (3.18). The unsuppressed rate, r0 is altered directly by three

factors: the presence of Tregs, the presence of TGF-β, and the limitations of access

to the interior of the tumor due to poor blood vessel perfusion. By calculating the
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killing rate with and without each of these suppressive effects in place, the relative

strength of each effect can be quantified.

The tumors marked at points A and B in Figure 5.1 take the same amount of

time to reach 1011 cells but exhibit different suppression profiles. Figure 5.5 shows

the results of a simulation for a tumor with parameters γ = 333 and a = 10−4.2,

corresponding to point A.

Figure 5.5: Simulation of tumor growth for a = 10−4.2 and γ = 333, corresponding
to point A in Figure 5.1. a) Cell populations over time. b) T cell fractions. c) Treg
origination. d) Suppression of tumor cell killing rate.

Figure 5.5a shows the populations of tumor cells, effector T cells, and Tregs.

With such low antigenicity, the number of T cells never becomes large enough to
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fight the tumor effectively. Figure 5.5b shows how the T cell population is divided

between helper cells, effector cells, and Tregs. As the tumor grows, it recruits more

Tregs, primarily by producing TGF-β which converts the helper cells. The ratio of

Tregs increases steadily with tumor size, as seen in clinical settings [65, 66, 67].

Figure 5.5c shows the fraction of Tregs that is naturally expanded from the

memory population, and the fraction that is derived from helper cells. Figure 5.5d

shows the suppressive effects that are acting to prevent tumor cell killing. The

solid line represents the relative tumor kill rate due to all suppressive effects, where

a value of 1 would indicate that there is no suppression of the killing rate. The

three other traces show the contribution to this suppression by Tregs, TGF-β, and

tumor access limitation (T ∗). For this growth rate and antigenicity, Tregs exert

increasing suppression with increasing tumor size, but the primary reason that the

tumor escapes is that the effector T cell numbers are too low to provide significant

tumor cell kill. TGF-β suppression is only significant when the tumor is large.

Limited access to the interior of the tumor does not significantly affect the immune

system response, because tumor to effector cell ratio is large, regardless of access

limitations. The effector cells that are present are insufficient to battle the accessible

tumor cells, regardless of access to the interior. This tumor still escapes when the

TGF-β suppression is removed, as shown in Figure 5.4.

By contrast, Figure 5.6 shows the results of the model for a tumor with param-

eters γ = 574 and a = 10. This corresponds to the point labeled B in Figure 5.1.
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In this case, the Tregs expand very quickly, and immediately suppress T-cell killing.

T-cell numbers are very high, but limited access to the center of the tumor also lim-

its the immune system efficacy, as seen in the suppression plot (Figure 5.6d). Treg

suppression is enhanced by early conversion of helper cells into Tregs. Although

the high antigenicity causes large numbers of effector T cells to develop, there are

also large numbers of helper T cells, which in turn become Tregs through TGF-β

mediated conversion. This enhances Treg suppression of tumor cell killing. If the

TGF-β suppression is removed or Treg suppression is reduced, this tumor would be

controlled, instead of growing without bound.

In order to achieve the optimal immune response, the antigenicity has to be

large enough to provoke a significant immune response, but not so large that the

suppressive effects overwhelm the cytotoxic ability of effector T cells.

Tregs and TGF-β appear to have the broadest suppressive effect on tumor cell

killing, consistent with experimental evidence showing the importance of these sup-

pressive factors [46, 57, 58, 47, 48], with Tregs particularly acting in the early stages

of tumor growth. IL-10 had a limited qualitative effect on tumor outcomes in the

model, for the production rates derived from the literature. In all cases, TGF-β

does not appear to have a significant suppressive effect until the tumor is large, 107

cells or more. TGF-β-induced conversion of helper cells into Tregs also becomes

significant primarily above this threshold.

The lack of access to the center of the tumor by the effector cells is a significant
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Figure 5.6: Simulation of tumor growth for a = 10 and γ = 574, corresponding to
point B in Figure 5.1. a) Cell populations over time. b) T cell fractions. c) Treg
origination. d) Suppression of tumor cell killing rate.
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factor limiting the tumor cell killing when effector cell numbers are high. This could

limit the effectiveness of adoptive immunotherapies which increase T-cell numbers

and dendritic cell-based therapies which promote dendritic cell activity, since they

cannot easily penetrate the tumor interior, therefore limiting the effect of additional

cytotoxic cells.

5.1.3 Fixed point analysis

Numerical simulations using the model show the existence of fixed points, as well

as stable limit cycles. These are observed within the biologically reasonable range

of values for the variables, specifically tumor sizes between 1 cell and 108 cells.

Numerical analysis of fixed points was performed. Fixed points were found by using

a root solver in Mathematica (published by Wolfram Research, Champaign, IL),

and the eigenvalues of the Jacobian of the matrix of equations were examined to

determine the type and stability of the fixed points.

Figure 5.7 shows bifurcation diagrams for several values of the antigenicity, using

the tumor growth rate as the bifurcation parameter. The vertical axis shows the

number of tumor cells on a log scale. For a tumor with low antigenicity (Figure 5.7a),

the stable branch (solid line) and the unstable branch (dotted line) annihilate at a

low growth rate. Tumors which grow slower than this value will reach the stable

equilibrium branch, while tumors that grow faster will escape without bound, since

the zero solution is unstable.
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Figure 5.7: Bifurcation diagrams for various antigenicities. Solid lines indicate stable
fixed points, dotted lines indicate unstable fixed points, and dashed lines indicate
the unstable fixed points within a stable limit cycle.
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As the antigenicity is increased (Figure 5.7b), the stable branch moves lower

and becomes a stable limit cycle (dashed line) for a certain range of growth rates.

Tumors in this parameter regime exhibit oscillatory behavior. It is possible that the

oscillations may cause the tumor to be smaller than one cell at the minima of each

cycle, therefore effectively curing the tumor, but this effect does not significantly

affect the analysis of the tumor dynamics. The oscillations are small enough that

the Removal region of Figure 5.1 would be only slightly larger than shown if the

oscillatory nature of these tumors was considered when determining if the tumor

was cured or controlled.

A further increase in antigenicity (Figure 5.7c) leads to the development of two

lobes in the bifurcation diagram. Slower growing tumors will reach the lower stable

branch. Tumors growing faster than the growth rate at the lower bifurcation point

will reach the upper stable branch instead.

The lower branch continues to move descend on the diagram with increasing

antigenicity, and eventually will cross into the cure boundary of one tumor cell

(Figure 5.7d). Until this level antigenicity is reached, there is no mechanism for

complete tumor removal by the immune system.

This behavior continues with increasing antigenicity until the upper stable lobe

no longer extends beyond the lower lobe (Figure 5.7e). Since the lower stable branch

has moved below the cure boundary of one tumor cell, and the upper stable branch

is inaccessible from an initial condition of one cell, the dynamics only allow for two
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options. If the growth rate is less than the lower lobe bifurcation point (approxi-

mately γ = 435) then the tumor will be removed. If the growth rate is higher, it

will grow without bound. There is no stable control of the tumor, since the fixed

points are either below one cell or inaccessible to a growing tumor. Mathematically,

it is of interest to note that tumors which are removed do not go to zero size in

the simulation. If the condition for tumor cure is removed from the simulation, all

cured tumors would reach a stable fixed point or limit cycle with values less than

one cell.

Further increases in antigenicity beyond Figure 5.7f do not significantly affect

the dynamics. Tumors either grow without bound, or are removed by the immune

system. The bifurcation point stabilizes with respect to antigenicity, as seen by the

horizontal boundary between the Removal and Growth regions on the right side

of Figure 5.1. This phenomenon occurs because the immune system saturates at

such high antigenicities, and therefore only the growth rate determines the long-term

behavior of the tumor.

If the analysis is performed with different initial conditions (T0 = 105, for ex-

ample), then the upper stable branch that is inaccessible to a small tumor at high

antigenicities may be reached. This observation may have an implication for exper-

iments where tumors are implanted into a host, but does not affect the dynamics of

tumors started from one cell.
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5.1.4 Behavior of small tumors in the limiting case

Since a tumor behaves differently at small sizes than at large sizes, both with respect

to growth law and immune system accessibility, the model can be examined in the

limiting case as T << T1, where T1 is the transition size between growth laws.

For small tumors, TGF-β production is negligible, so Eq. (3.18) can be written

as

Ṫ = γ1T − r0T(
1 + k2

T
E

) · 1(
1 + k3

R
E

) . (5.1)

The fixed point of this equation occurs when Ṫ = 0, or when

r0

γ(T1)m−1
=

(
1 + k2

T

E

)(
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R

E

)
, (5.2)

where γ1 was replaced using Eq. (3.30). The primary interest of modeling cancer is

to find regimes where the tumor diminishes in size. For small tumors, this occurs

whenever

r0

γ(T1)m−1
>

(
1 + k2

T

E

)(
1 + k3

R

E

)
. (5.3)

Since the right-hand side of Eq. (5.3) is always greater than 1, if the exponential

growth rate γ(T1)
m−1 is higher than the killing rate r0 , there is no possibility that

the immune system can reduce the tumor burden. For the parameters used in this

analysis given in Tables 4.1 through 4.4, tumors with growth rates γ > 900 will

always grow to a large size.

For tumors with γ < 900, the behavior of the tumor will depend on the right-

hand side of Eq. (5.3). A failure of the immune system to clear a tumor is either
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due to insufficient numbers of effector cells for a given tumor size, leading to a large

value for the first term on the right-hand side, or high Treg ratios, leading to a high

value for the second term. These are the two mechanisms represented respectively

by points A and B in Figure 5.1. The tumor with low antigenicity at point A

escapes because of decreased T-cell stimulation, so the first term on the right side

of Eq. (5.3) dominates. For the highly antigenic tumor at point B, the T/E ratio is

very low, since T cells are highly stimulated by the tumor. However, the second term

begins to dominate, since Tregs ratios become saturated with increased antigenicity.

In between these two regimes lies the optimal region, where the right hand side of

Eq. (5.3) is minimized, and the killing rate has the greatest advantage over the

growth rate.

Figure 5.8 shows solution curves of Eq. (5.2) assuming that the ratio R/E re-

mains constant. For any given constant ratio R/E, a choice of the parameter γ and

asymptotic ratio T/E characterizes a unique point (log(E/T ), γ). If this point is

above the corresponding curve, the dynamics of the system will lead to unbounded

tumor growth whereas a point below the curve will lead to tumor removal.

As discussed in section 5.1.1, for high antigenicities there is sharp transition

between tumors that are cured and tumors that grow to a large size, greater than

T1 = 106 cells. This is because E/T ratios are large in this regime, making the

first term on the right side of Eq. (5.3) insignificant. The dynamic of the tumor

is therefore determined by the ratio of Tregs. For high values of antigenicity, the
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Figure 5.8: Solutions of Eq. (5.2) for fixed values of R/E. For a given R/E ratio,
combinations of (log(E/T ), γ) that fall above the curve will lead to tumor growth,
and combinations below the curve will lead to tumor removal. The curve for R/E =
0.1 approaches the dotted asymptote shown at γ = 435, which corresponds to the
sharp upper edge of the transition from removal to growth in Figure 5.1.
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ratio of Tregs to effector T cells will approach 0.1, since Treg conversion from helper

cells is negligible when a tumor is small. The contour for R/E = 0.1 in Figure 5.8

approaches a γ value of about 435 for high E/T ratios (dotted line in Figure 5.8).

This effectively sets an upper limit for the growth rate of a tumor that can be fully

removed or controlled at a small size by the immune system, and corresponds to

the sharp boundary between the Removal and Growth areas on the right side of

Figure 5.1. It also matches value the lower bifurcation point in Figure 5.7f.

5.2 Discussion

5.2.1 Comparison with other models

A number of models of tumor-immune interactions have been published in the liter-

ature. Recent models that examine T-cell response have focused on specific aspects

of the interactions. Arciero et al. [81] examined the effects of TGF-β suppression

on T-cell response. The mathematical model showed that tumors producing TGF-β

were more likely to escape the immune system. The model of dePillis et al. [83]

examined T-cell interactions with natural killer cells. Multiple regimes of tumor

growth, control, and removal were found. However, the model did not include any

suppressive effects. Leon et al. [82] have modeled Tregs and their effect on T-cell

response. They found two modes of unbounded tumor growth, one where the Tregs

exert suppression on the effector cells, and one where the Tregs have a minimal ef-

fect. These regimes, while qualitatively similar to the dynamics observed for points
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A and B, are not distributed in the growth-antigenicity parameter space in the

same way that was found in this paper. The approach to Treg expansion in that

study is different than the method used in the present paper, and other important

suppressive elements such as TGF-β are not included. In addition, the conversion

of helper T-cells into Tregs was not addressed in the Leon model.

5.2.2 Conclusions

The mathematical model developed here combines the primary suppressive mecha-

nisms involved in the T-cell response, and quantifies the importance of the different

suppressive effects at different stages of tumor growth. Regulatory T-cells appear

to have significant effect on suppression at all stages, while TGF-β has an effect

that scales with tumor size. In addition, the limitations of access to the interior of a

large tumor can be a significant factor in limiting the effect of the immune system.

IL-10 had the least significant suppressive effect, although tumors producing high

IL-10 values may exhibit different dynamics.

Tumors with different growth rates and antigenicities provoke a different type of

immune response. Although a simple immune response model would predict that

greater antigenicity would always lead to greater immune response against the tumor

cells, the model presented in this work shows that there is an optimal antigenicity

for fast growing tumors. If a fast growing tumor is minimally antigenic, then there is

only a small immune response; if it is highly antigenic, there may be a large immune
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response, but also a large suppressive response by Tregs and TGF-β. In between

these two regimes, the immune response may be large enough to affect the tumor,

but avoid excessive promotion of Tregs and other suppressive effects.

It would be of interest to expand the scope of the model to include a spatial

element, and also compartmentalize the various interactions between cells. At the

moment, the model simulates a well mixed system, except for the access limitations

due to vasculature already described. Since T-cell priming and expansion happens

away from the tumor in the lymph nodes, this will affect the dynamics of the system.

In addition, suppressive effects would be different at the tumor site than in the lymph

nodes, and Treg populations in the tumor may be much greater in number than in

the lymphatic system. However, estimating the parameters for these more detailed

interactions presents a challenge beyond the scope of this initial model.

An additional extension that would be beneficial for understanding T cell ex-

pansion in vivo would be the inclusion of the entire T cell compartment. T cell

homeostasis, by which the total number of T cells is controlled in the body, is

thought to play a role in the expansion rates of different T cell types [124].

Extensions of this model to include the effects of chemotherapy in combination

with the immune response are presented in the following chapter.
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Chapter 6

Tumor-Immune System Interactions with Treatment

In this section, the effect of various therapies on tumor-immune interactions is con-

sidered. In section 6.1, chemotherapy is added to the model, and the effect on the

immune system and its interaction with tumors is examined. In section 6.2, im-

munotherapy is incorporated, including adoptive T cell transfer therapy, dendritic

cell therapy, Treg depletion and TGF-β blocking. In section 6.3, a few combination

chemo-immunotherapies are considered.

6.1 Chemotherapy

6.1.1 Biology of chemotherapy

Chemotherapy is the administration of cytotoxic drugs which preferentially target

dividing cells. Since tumor cells are more proliferative than most normal tissues, it

is expected that the drug will have a greater effect on the cancerous tissue than the

normal tissue. The goal of chemotherapy is to find a combination of drugs, dosage,

and delivery regimen which maximizes tumor cell killing compared to cell death in

normal tissue. Since the drugs are administered systemically, normal tissues which

proliferate rapidly, such as hair follicle cells and immune cells, are also affected. Tox-

icity is a serious consideration for this type of therapy, so it cannot be administered
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indefinitely.

A common description of chemotherapy is the fractional kill theory [125]. In

essence, it is thought that each delivery of a particular amount of drug will kill a

certain fraction of tumor cells. Various factors may affect the value of this fraction;

the size of the dose, the perfusion of the tumor, the resistance of the tumor cells

to the drug, and the tumor cells’ ability to repair cellular damage all play a role in

limiting the damage caused by a chemotherapeutic agent. The fraction is believed

to be independent of the tumor size [91], although there is disagreement on this

point [90]. It is possible that repeated equal doses of the same drug may kill fewer

cells per cycle due to selection for resistant cell types [126, 127]. In the model

presented here, it is assumed that the fraction of cells killed by any single dose

scales only with dose size [128, 129], independent of other effects. Consideration of

drug delivery and cellular resistance are beyond the scope of this work.

If the fractional kill description of chemotherapy is accurate, then it seems un-

likely that chemotherapy should be able to fully remove a tumor completely on its

own. A typical detection size is on the order of 109 cells, which is equivalent to a

spherical tumor about 1 cm in size. If this tumor is treated with six applications of

chemotherapy, each of which kills 90% of the tumor cells, there will still be 103 living

tumor cells after the last dose has been administered. That calculation excludes any

tumor regrowth between treatments, which would make the remaining mass even

larger. In addition, this example assumes a relatively high kill fraction of 90%.
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Despite this fact, there are many clinical cases where chemotherapy has success-

fully eradicated a tumor without further therapy. The immune system may play

a role during treatment. Goodman [26] proposes that the immune system may be

responsible for clearing a tumor after chemotherapy has removed the bulk of the tu-

mor mass. Initially it is not apparent why a person’s immune system should be able

to clear a tumor which it was unable to clear earlier in the person’s life, when the

tumor was first growing. However, the dynamics between a tumor, the immune sys-

tem, and chemotherapy may provide short term advantages to the immune system

that were never realized when the tumor was initially growing at a small size.

It is becoming increasingly clear that cancer treatments can affect the immune

system in both positive and negative ways [130]. However, sorting out the complex-

ities of the effect of treatment on any given aspect of the immune system is very

complex, due to the numerous interactions between all the cell populations. By in-

corporating chemotherapy into the model of tumor-immune interactions presented

in Chapters 3 through 5, the plausibility of Goodman’s theory is examined. In ad-

dition, the effects of regimen and various chemotherapeutic parameters are explored

with the model.
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6.1.2 Inclusion of chemotherapy in the model of tumor-immune inter-

actions

Modeling of chemotherapeutic treatment is a rich field of its own. Despite the

fact that the exact mechanism by which chemotherapy works is not completely

understood, many models have been developed to explain the delivery and effect of

the drugs involved [131]. In this paper, the specific mechanisms of the action of the

drug are not modeled; rather, the model incorporates chemotherapy as a dynamical

change in the populations of cells over short time periods. The chemotherapy has

two direct effects. The first is the reduction of tumor and T cell populations by

cytotoxicity. The second effect is a cytostatic effect [132], whereby the tumor cells

are prevented from reproducing for a short time period, after which they resume

normal growth. This cytostatic effect can be the result of including a cytostatic

drug in the chemotherapeutic cocktail.

Equations

Chemotherapy is applied directly to the model of tumor-immune interactions pre-

sented in Chapter 3, with some modifications to account for the effects of treatment.

Prior to the administration of chemotherapy, the cell populations and molecular lev-

els follow Eqs. (3.18) through (3.29). All tumors that fall within the Growth area

of Figure 5.1 will grow to the treatment threshold, chosen here to be 109 cells. The

treatment is initiated when this threshold size is reached. Chemotherapy is de-
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scribed by several parameters. The number of doses (Nd) and the interval between

doses (Pd) determine the periodic regimen. At each dose, the cells affected by the

chemotherapy are reduced by a kill fraction (f
X
), and this reduction in cell number

takes place over a specified duration (τ
X
). The subscript X is a placeholder for

the cell type (i.e., f
R

is the fraction of Tregs (R) killed on each cycle), since both

tumor and immune cells are affected by the therapy. Furthermore, the fractional

kill amount and duration can vary for the different cell types.

In order to properly incorporate the separate effects of chemotherapy killing and

the cytostatic effect, at the start of each chemotherapy dose the tumor cells are

split into two populations: Tg ≡ (1 − f
T
)T are the cells that survive that cycle of

treatment and continue to grow, and Tc ≡ f
T
T are the cells which are to be killed

by the chemotherapy. Since it is important to model the short-term dynamics of the

system during chemotherapy, this split is necessary; the dying cells will continue to

contribute to the molecular concentrations and the effective tumor size until they

perish and are removed from the system. The total tumor size is always given by

T = Tg + Tc . The equation for the growing tumor cells, Tg , is a modification of

Eq. (3.18), and is given by

Ṫg =
Tg((

1
γ1

)p

+
(

T 1−m
g

γ

)p)1/p
− r0(r)(1− f

T
)T ∗

(
1 + k2

T ∗
E

) · 1
(
1 + k3

R
E

) (
1 + S

S1

) , (6.1)

where γ1 and T ∗ are as defined in Eqs. (3.30) and (3.31), respectively. The two

differences between this equation and Eq. (3.18) are in the immune kill term. The

extra parameter r represents an enhanced kill ability that has been observed during
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chemotherapy. Experimental results have shown that effector T-cell killing rates can

be between two to four times as effective during treatment with chemotherapy [133].

In the simulations, the value of r is set greater than 1 during chemotherapy cycles.

Before and after therapy cycles, the value is set to 1. The modifier (1−f
T
) accounts

for the fact that the effector T cells in this equation are only acting on the fraction of

the tumor cells that escapes the chemotherapy cytotoxicity. During non-treatment

periods of the simulation, the value of f
T

is set to zero. With both of these modifier

terms equal to 1 when treatment is not active, Eq. (6.1) is equivalent to Eq. (3.18).

If a cytostatic effect is applied to the model, Eq. (6.1) is modified by setting

the first term representing tumor growth to zero, for the duration of the cytostatic

effect. The tumor cells are still subject to being killed by the effector T cells during

this period, but their growth is paused.

The tumor cells destined to be removed by the chemotherapy, Tc , follow

Ṫc = − log
(
Tc,0

)

τ
T

Tc , (6.2)

where Tc,0 is the initial number of cells set to be killed in that cycle. This equation

describes exponential decay, with parameters chosen so that the population of cells

destined to die goes below one cell after the duration τ
T

from the start of adminis-

tration of that dose. Once the population goes below one cell, the value of Tc is set

to zero, until the next dose of chemotherapy is applied, at which point the value is

reset to the new population of tumor cells that will die in that subsequent cycle.

The T cells are treated slightly differently with respect to chemotherapy, since
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the cytostatic effect is not applied to these cells. The equation for effector T cells

during treatment is similar to Eq. (3.22), and follows

Ė =
α2AE

C(
1 + S

S2

)
(C1 + C)

− δ
E
E −

log
(

1
f

E

)

τ
E

E. (6.3)

The difference between Eq. (3.22) and Eq. (6.3) is the addition of the final term to

account for chemotherapy. This term reduces the population of T cells by fraction

f
E

over the duration τ
E
.

The other T cell populations are affected in the same way as the effector cells, by

adding a similar final term to the six equations for T cell activation and proliferation.

The five remaining equations remain unchanged during treatment.

The model assumes that the tumor recedes symmetrically as it is killed by the

chemotherapy, and therefore as the tumor becomes smaller, it will be more accessi-

ble to the immune system. It is likely that during treatment, the perfusion of the

tumor will not change significantly, and that there may be a delay before the dead

cellular material is removed and the access to the remaining tumor cells is enhanced.

However, the details of this process are not well-understood, so the first order as-

sumption used in this model is that the size of the tumor scales directly with the

number of living tumor cells. A summary of the equations used during treatment is

given here for convenience.
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Ṫg =
Tg((

1
γ1

)p

+
(

T 1−m
g

γ

)p)1/p
− r0(r)(1− f

T
)T ∗

(
1 + k2

T ∗
E

) · 1
(
1 + k3

R
E

) (
1 + S

S1

) (6.4)

Ṫc = − log
(
Tc,0

)

τ
T

Tc (6.5)

U̇ =
aT ∗

(
1 + I

I1

)(
1 + R

R1

) − λU

1 + U
M

H

− δ
U
U (6.6)

Ḋ =
λU

1 + U
M

H

− δ
D
D (6.7)

Ȧ
E

=
α1ME

1 + k4
M
D

− δ
A
A

E
−

log
(

1
f

E

)

τ
E

A
E

(6.8)

Ė =
α2AE

C(
1 + S

S2

)
(C1 + C)

− δ
E
E −

log
(

1
f

E

)

τ
E

E (6.9)

Ȧ
H

=
α3MH

1 + k4
M

(U+D)

− δ
A
A

H
−

log
(

1
f

H

)

τ
H

A
H

(6.10)

Ḣ =
α4AH

C(
1 + S

S2

)
(C1 + C)

− α7HS

S3 + S
− δ

H
H −

log
(

1
f

H

)

τ
H

H (6.11)

Ȧ
R

=
α5MR

1 + k4
M
D

− δ
A
A

R
−

log
(

1
f

R

)

τ
R

A
R

(6.12)

Ṙ =
α6AR

C

(C1 + C)
+

α7HS

S3 + S
− δ

R
R−

log
(

1
f

R

)

τ
R

R (6.13)

Ċ =
p

C
A

H(
1 + S

S4

)(
1 + I

I2

) − C

τ
C

(6.14)

Ṡ = p1R + p2T −
S

τ
S

(6.15)

İ = p3R + p4T −
I

τ
I

, (6.16)

(6.17)
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where

γ1 = γTm−1
1 , (6.18)

and

T ∗ =
T

(
1 +

(
T 1−n

k1

)p)1/p
. (6.19)

Numerically, the simulations are run as a sequence of initial value problems. The

first simulation run allows the tumor to grow until it reaches the treatment size. The

state of the variables at this time point become the initial conditions for the first

treatment dose simulation, using the modified equations for the chemotherapy given

above. Once the effects of the first chemotherapy dose are finished, the model reverts

to the standard model for the time that remains until the next chemotherapy dose.

This cycle repeats until all doses are administered. After the final dose, the original

tumor-immune equations are in effect for the remainder of the simulation.

Additional parameters used in the chemotherapy model

The parameters from Tables 4.1 through 4.4 are retained for all of the simulations

with therapy. Additional parameters pertaining to chemotherapy are given in Ta-

ble 6.1. These parameters are used in all the simulations which follow, unless noted.

6.1.3 Results and discussion for chemotherapy

It is important to observe that the only tumors that receive treatment in the model

are those which would grow without bound in the absence of treatment. Since no



103

Table 6.1: Parameter values for chemotherapy

Parameter Value Units Reference
N

d
5

P
d

14 days
f

T
0.70

τ
T

5 days [134, 75]
f

E
0.70

τ
E

1.5 days [134, 75]
f

H
0.70

τ
H

1.5 days [134, 75]
f

R
0.70

τ
R

6 days [134, 75]
r 3 [133]

fixed points above 108 cells exist, none of the tumors in the Control region of

Figure 5.1 will be treated. Clearly, those in the Removal without Treatment

area will not reach the treatment size either. Therefore, chemotherapy is applied

only to tumors with parameters that place them in the Growth region.

The effects of chemotherapy in the mathematical model are short term; there

are no permanent changes to any parameters or equations outside of the treatment

windows. Once the last dose is administered and the populations have decreased by

the appropriate fractions, the model reverts to the pretreatment state, and behaves

as described in the previous chapters when no therapy was present. Therefore,

the long term behavior of the system remains unchanged by therapy, and the fixed

points described in section 5.1.3 remain the same for a given set of parameters.

There are, however, some short term advantages which can be gained through the

use of treatment. The curative threshold set at T = 1 cell remains in place during
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chemotherapy. A tumor whose long-term behavior is unbounded growth may go

below this threshold during the course of treatment or shortly thereafter, and thus

be cured. If this threshold is not enforced in the model, the tumor would reach a

nadir below one cell, and then regrow and continue to do so without bound. This

would be akin to allowing fractions of one cell to exist and be able to reproduce,

which clearly is not biologically realistic.

It follows that if the tumor is not reduced to a size below one cell during or

immediately following chemotherapy, it will not be cured. There is no possibility of

prolonged tumor killing following chemotherapy in the model; once the transients

caused by therapy dampen out, the system will once again grow without bound.

An important aspect of cancer treatment is prolonging survival times, in cases

where a cure is not reached. Even if the long term outcome of treatment is regrowth

of the tumor, extending the time it takes for the tumor to regrow is a significant

result. Naturally, full removal is the best outcome, but extended remission time is

also considered to be a clinical response. It is therefore of interest to examine how

the immune system affects remission times, and how treatments which do not fully

cure the tumor may still be optimized to maximize survival time.

Effect of chemotherapy on immunosuppression

Figure 6.1 shows the progression of a tumor that has undergone chemotherapeutic

treatment. The regimen is given by the parameters in Table 6.1. The treatment is
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shown by the grey rectangular bars, with each bar indicating one of the five doses of

chemotherapy. The plots begin around 1360 days into the simulation, shortly before

the tumor reaches the treatment size of 109 cells, and the plots end about 70 days

after the last chemotherapy cycle. In this particular case, the tumor continues to

grow without bound, since it is not cured by the therapy.

Figure 6.1: The effects of chemotherapy on a tumor and the immune system are
shown. The tumor has an antigenicity a = 1 and a growth rate of γ = 550. The
chemotherapy regimen chosen here is 5 cycles, 14 days apart. Seventy percent of
tumor and T cells are killed on each of the 5 cycles. The grey rectangular bars
indicate the individual administrations of chemotherapy doses. a) Cell populations
over time. b) T cell fractions. c) Treg origination. d) Suppression of tumor cell
killing rate.

Chemotherapy changes the quantity of cells in the system on the order of days.



106

At the start of the first chemotherapy dose, the tumor is at the treatment size (109

cells), and the immune system is highly suppressed by the presence of Tregs and

TGF-β. Access to the interior of the tumor is limited at these sizes due to the lack

of full perfusion. Upon the application of therapy, the tumor cells and T cells are

reduced in number, as seen in Figure 6.1a. The TGF-β levels are rapidly reduced

(not shown), since there are fewer tumor cells and Tregs present to produce this

molecule. The half-life of TGF-β is shorter than a day; consequently, the TGF-β

levels decrease in tandem with cellular killing during treatment.

The effector T cell to Treg ratio can vary on short timescales, due to the difference

in killing rates of these cells by the chemotherapy. Effector cells reach their nadir

sooner than Tregs [75], so the ratio initially decreases, shown in Figure 6.1b. When

Treg nadir is reached, the ratio is maximal, and therefore the immune system will

have the most effect on the tumor.

Figure 6.1c shows that the fraction of Tregs which originate from helper T cells

becomes smaller. This is due to the fact that TGF-β levels are reduced, and therefore

the converted cells are not rapidly replenished following treatment.

Figure 6.1d shows the suppression due to Tregs, TGF-β, and access limitation.

As was shown in Chapter 5, the suppression at the treatment size is high, with

Tregs and access limitation providing significant barriers to any significant immune

response. After the first cycle, the Treg suppression is reduced rapidly, and then

begins to rebound (dashed line in Figure 6.1d). This pattern repeats during the



107

next few cycles. Even though the suppression due to Tregs is reduced by the ther-

apy compared to the pretreatment levels, the Tregs remain a significant source of

suppression throughout the treatment. Since the Tregs and T cells are reduced by

the same fractions, this is expected; the variations in Treg suppression are due to

the different timescales under which the Tregs and the other T cells are killed by the

chemotherapy, and their different expansion rates. The nadir of Treg suppression

occurs over 20 days after the final dose is administered. Typically, the transients of

the model last for a few weeks, and then the model reverts to pretreatment behavior,

assuming a cure has not been attained.

Unlike the Treg suppression, the TGF-β suppression and access limitation are

steadily reduced with each chemotherapy dose (dashed and dash-dotted lines in

Figure 6.1d). After the third dose, both of these effects have been reduced to

insignificant levels for the remainder of the treatment and for some weeks beyond.

Therefore, the overall suppression after the third cycle of treatment is almost entirely

due to Tregs. This suggests that if the Treg suppression can be lessened further

during the later cycles of chemotherapy by a concurrent immunotherapy, the effects

of the immune system can be further enhanced.

Long-term tumor outcome with chemotherapy

Despite the fact that chemotherapy fails to fully remove some types of tumors both

in vivo and in the simulations presented here, it is worth noting that there is still
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an advantage that the immune system provides for these tumor types, by delaying

the onset of tumor regrowth. Figure 6.2 shows the difference between having the

immune effect on or off during treatment.

Figure 6.2: Two representative simulations showing the effect of the immune sys-
tem during chemotherapy. The chemotherapy regimen is parameterized in Table 6.1.
The tumor has an antigenicity of a = 10, and the tumor growth rate is γ = 500.
Both simulations are equivalent until the treatment is administered when T = 109.
The solid line shows the tumor progression when the chemotherapy regimen is ad-
ministered with the immune system functioning normally. The dashed line shows
the progression when the same regimen is administered, but the parameter r0 is set
to 0 for the duration of the treatment, which turns off the killing of tumor cells by
T cells. The parameter is reset to its normal value at the end of the chemotherapy
regimen. The action of the immune system during chemotherapy is responsible for
almost 6 extra months of regrowth time, as shown by the endpoints when the tumor
regains the treatment size.

The solid line in the plot is a normal simulation, with the immune system in effect

throughout. In the dashed plot, the same tumor was given the same chemotherapy

regimen, but at the time of first dose, the immune system killing rate was set to

r0 = 0 for the remainder of the treatment. This prevented immune cells from killing
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tumor cells, so that the only tumor killing was due to the chemotherapy. After the

final dose, the parameter r0 was returned to the normal value. In both cases, the

chemotherapy does not cause full removal of the tumor; the tumor regrows to the

detection size. However, with the immune system in place, the regrowth time is

almost 6 months longer. This suggests that the immune system plays a significant

role in slowing down tumor growth during therapy.

Figure 6.3 shows the results of chemotherapy applied to the grid of tumor types

shown in Figure 5.1. Tumors that reach a size of 109 cells are treated with the

chemotherapy regimen as given in Table 6.1. The long-term behavior of the tumor

is recorded after treatment. There is one area where the tumors have been fully

removed after chemotherapy, marked Removal by Treatment. It is worth noting

again that these tumors are not removed by chemotherapy alone; if the immune

system were not active, the chemotherapy would leave behind several million viable

tumor cells after the last cycle. The immune system is necessary for the complete

removal of the tumor.

The dashed contours in Figure 6.3 show the remission times due to therapy. The

remission time is calculated as the difference in time it takes the tumor to reach a

lethal size with and without chemotherapy. A lethal tumor size is considered to be

1011 cells, approximately a sphere of 5 cm. The left axis shows the remission time

that would be gained by chemotherapy alone, in the absence of the immune system.

The times on this axis depend only on tumor growth rate. The remission contours
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Figure 6.3: Tumor responses to the immune system, with chemotherapy. Growth
denotes tumor growth which is unbounded, Removal without Treatment denotes
complete cure of the tumor by the immune system before the treatment size is
reached, Control denotes maintenance of the tumor at a small but steady size, and
Removal by Treatment denotes tumors which escaped the immune system prior
to treatment, but were removed by the immune system following chemotherapy.
The dashed contours show remission times for those tumors that regrew. Remission
time is the difference between the time needed to reach a lethal size of T = 1011

cells, with and without chemotherapy.
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approach these axis values, since at low antigenicities the effect of the immune

system is minimal. From the values on the left axis and the contours, it is clear

that for tumors of moderate antigenicity or higher, remission times can be extended

threefold or more by the action of the immune system, compared to chemotherapy

alone.

The contours also show that there is an optimal antigenicity for maximizing the

remission time resulting from treatment. This optimal antigenicity lies within the

range of -2 to -1. However, unlike the case where there is no therapy, there is a

therapeutic challenge here, given that there also exists a region of high antigenicity

on the chart where the tumors can be cured. For example, if a tumor has a growth

rate of γ = 600, the best outcome would be attained by increasing the antigenicity

to very high levels. However, if that is not possible, the second choice would be

to approach the optimal antigenicity and maximize the remission time. While the

model is not intended to make predictions for specific tumor types, this example

illustrates that the interactions between a tumor, the immune system, and treatment

is non-linear, and often not intuitive.

The nadir of tumor size reached during treatment is shown in Figure 6.4. The

dashed contours show the minimum of log(T ) after therapy is initiated. Note that

the Removal by Treatment region represents the contour log(T ) = 0. The left

axis shows the nadir reached by application of chemotherapy alone, in the absence

of the immune system. The nadir does not show the same optimal effect with
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respect to antigenicity as the remission time does. If the goal of treatment is to

attain the smallest tumor size, then increases in antigenicity are always beneficial

for attaining this goal. This also demonstrates that remission times are not strongly

correlated with tumor reduction during treatment, suggesting that measurement of

the minimum size of a tumor post-treatment is not a good predictor of survival time.

Figure 6.4: The dashed lines show the log of the nadir of the tumor size, as a result
of chemotherapy. The nadir for a given growth rate in the absence of an immune
system is shown on the left axis. Regions and axes are as in Figure 6.3.
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The effect of varying chemotherapy parameters

The model incorporates several consequences of chemotherapy which have been seen

in experimental studies. The enhanced killing of tumors cells during the delivery of

the chemotherapy drug is one advantage that has been observed [133], represented

by the parameter r in Eq. (6.1). The effect of varying parameter r is shown in

Figure 6.5.

Figure 6.5: The results of varying parameter r in the simulations are shown. The
solid contours show the boundary of the cure zone for a given value of r. As the
parameter r is increased, faster growing tumors can be cured by the chemotherapy.
However, the effect on tumors with lower antigenicity is minimal.

This enhancement of killing rate has a large effect on the outcome of highly
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antigenic tumors, but does not change the curability of tumors with moderate anti-

genicity. The effect of changing this parameter does not have a great effect on

remission times (not shown). The remission times are increased somewhat with in-

creases in parameter r, but the increases are marginal. This is due to the fact that

the nadir reached after treatment is almost always less than 105 cells. The regrowth

times of a tumor at these small volumes is relatively quick, due to its exponential

nature; therefore, the difference between reaching a nadir of 102 versus 104 cells at

the end of treatment does not significantly extend the regrowth time. In contrast,

Figure 6.2 showed a difference in nadir between 102 and 107 cells, which results in

over 5 months of extra regrowth time.

Cytostatic drugs may play a significant role in the ability of the immune system

to remove a tumor. While on their own they only postpone tumor growth by a short

time period, when coupled with the immune system they can provide a large benefit

in terms of tumor reduction. During the period of cytostatic effect, the tumor is not

growing, and therefore can only decrease in size as it is attacked by immune system

cells. Figure 6.6 shows the effect of varying the cytostatic duration.

As with the enhanced killing rate, the primary change is that increased cytostatic

duration results in better curability for highly antigenic tumors. Remission times

are marginally affected, for the same reasons outlined above.

The fraction of cells killed by a dose of chemotherapy is dose-dependent. If

higher doses are given at each cycle, the fraction killed per cycle will be greater.
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Figure 6.6: The effect of varying the cytostatic duration is shown. The solid contours
show the boundary of the cure zone for a given cytostatic duration, in days. As with
the enhanced killing parameter, changes in the cytostatic duration primarily allow
the chemotherapy to cure more aggressive tumors of high antigenicity.
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It is important to note that the fraction cannot be raised arbitrarily high in vivo;

toxicity limits the dosing of these drugs, and in addition the efficacy of any given

dose is never as efficient in vivo as it is in vitro. The effect of changing the fractional

kill parameters f
X
, for the same chemotherapy regimen, is shown in Figure 6.7.

Figure 6.7: The effects of cellular kill fraction by chemotherapy are shown. The solid
contours show the boundary of the cure zone for a given kill fraction. Changing the
fraction of cells killed per cycle of chemotherapy has a significant effect on the
curability region, extending the cure region to moderately antigenic tumors with
fast growth rates.

The results show that changes in kill fraction can have a significant effect on the

outcome of chemotherapy. It is important to note that the changes in kill fraction

apply to tumors cells and T cells equally, meaning that all these populations are
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reduced proportionally. The primary advantage to increased fractional kill is that

the tumor burden is reduced faster. This diminishes the TGF-β suppression and

removes the access limitation restriction more rapidly. The system enters a state of

reduced immunosuppression faster, when the fractional kill is higher. Again, toxicity

becomes critical when the kill fraction increases, so even though the model suggests

that this is an important parameter, in practice fractional kill may not always be

an adjustable therapeutic variable.

Early detection is often cited as a big advantage when treating tumors [135]. It

is reasonable that a tumor detected before metastasis will be easier to treat than

the same cancer detected after it has spread, so in this sense, early detection can

have a significant effect on outcome. The effects of early detection on chemotherapy

of a single tumor mass are not as clear. Any attempts to derive a correlation

between detection size and survival time from the clinical literature is confounded

by a myriad of factors, including tumor type, evidence of metastasis, chemotherapy

regimen, choice of drugs, patient age, and countless other variables. By changing

the treatment threshold in the model, the effect of detection size can be examined

within the model. The results are shown in Figure 6.8.

Detection size does have an effect on outcome, particularly for highly antigenic

tumors. However, the effect is not particularly strong. The effect on moderate to

low antigenic tumors is minimal with respect to remission time (not shown).
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Figure 6.8: Application of the same chemotherapy regimen at different tumor sizes
is shown. The solid contours show the boundary of the cure zone when the same
treatment is applied at the indicated tumor size. The notation 7e8 represents 7×108

cells. Although detection at smaller sizes improves the chances of removing the
tumor, the effect restricted to highly antigenic tumors.
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Optimization of chemotherapy based on immune system response

In principle, the optimization of a chemotherapy regimen is a balance between effi-

cacy and toxicity. In addition, since dose response curves are not linear, fractionation

of drug delivery usually provides an advantage over giving a single large dose.

Using a sequence of simulations in which the chemotherapy regimen is varied,

the optimization of dose and schedule is examined. In this particular case, the

optimization goal is to maximize the number of tumor types that would be cured by

the immune system during and following treatment. A different optimization might

involve optimizing treatment for a specific tumor type, or maximizing remission

time for non-cured tumors.

For the drug delivery, a constant total dose is used, split up into two or more

deliveries. Although the individual cycles need not all be of the same dose, for this

optimization routine, the doses are set to be equal to the reciprocal of the total

number of doses administered. For example, if the regimen calls for 5 doses, one

fifth of the total dose is administered each cycle. Since kill fraction varies with

dose, regimens with more cycles will kill fewer cells per cycle. Table 6.2 shows the

fractional kill per delivery size for a given division of the total dose, taken from

cell survival curves [128]. These numbers can be shifted, if a different total dose is

administered.

Figure 6.9 shows the results of varying the schedule and dosing. The number of

cycles is given on the horizontal axis. These numbers also correspond to the recip-
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Table 6.2: The percentage of cells killed as a function of fractional chemotherapy
dose [128].

Fraction of total dose 1 1/2 1/3 1/4 1/5 1/6
Fraction of Cells Killed 0.98 0.93 0.86 0.78 0.70 0.62

Fraction of total dose 1/7 1/8 1/9 1/10 1/12 1/14
Fraction of Cells Killed 0.55 0.49 0.43 0.38 0.30 0.24

rocal of the fraction of the total dose administered. The vertical axis is a measure of

the relative curability, on an arbitrary scale. This value is determined by measuring

the area of the Removal by Treatment zone for a given chemotherapy regimen.

Each trace on the plot corresponds to a different treatment interval between doses,

varying from 12 to 18 days.

The figure shows that maximum number of tumor types that are cured by the

immune system for a given schedule varies with how the total dose is split up.

The optimal dosing is 5 treatments, regardless of the dosing interval. This optimal

regimen is expected to exist; when the full dose is given in two cycles, the immune

system does not have enough opportunities to affect the tumor, despite the high

fractional kill (93%). Two cycles of chemotherapy do not provide enough time for the

immune system to assist with significant cell killing. On the other hand, when the

dosing is split into too many small fractions, the chemotherapy does not kill enough

tumor cells per treatment cycle to reduce the immunosuppression significantly. As

the number of doses gets very large, the fraction killed per cycle is so small that

essentially the treatment is having no effect.
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Figure 6.9: For a given total dose of chemotherapy drug, the results of dosing
schedule are shown. The relative curability is calculated by measuring the area of
the Removal by Treatment zone for different regimens of therapy. The horizontal
axis shows the number of treatment cycles. Since the dose is constant, it also
corresponds to the reciprocal of the dose amount given per cycle. The fractional
kill per cycle is dependent on the dose size, and values are given in Table 6.2. Each
trace on the plot corresponds to a different interval between doses. A chemotherapy
regimen with 5 cycles appears to maximize the effect of the immune system.
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The figure also shows that reducing the time between dose cycles is greatly ben-

eficial. This is a reasonable result, given that most of the benefit to the immune

system happens during and immediately following treatment. Studies have exam-

ined how changing the chemotherapy regimen affects clinical outcome. Dose-dense

therapy, where the treatments are delivered closer together than the standard prac-

tice, has been found to improve survival rates [136]. One proposed mechanism for

this improvement in response is that tumors following Gompertzian growth have less

time to regrow between treatments if they are spaced closer together [137]. This

theory assumes that the chemotherapy is enough to remove the tumor. Rather than

only relying on the specifics of the tumor’s growth law to infer this benefit, the

model presented here shows that the immune system has the greatest effect dur-

ing and immediately after chemotherapy; dose-dense therapy would therefore take

advantage of this effect, providing a second rational for the success of this regimen.

6.1.4 Conclusions for chemotherapy

In summary, it is unlikely that chemotherapy can remove a tumor on its own, if

the fractional kill theory is assumed. The fractional kill levels needed to attain this

goal are unrealistically large. Furthermore, tumor regrowth between cycles and drug

resistance make the possibility even less reasonable.

It is important to note that the existence of a cure region in Figure 6.3 is highly

dependent on several factors which have been observed in the literature. First,
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the enhancement of effector T-cell cytotoxicity during chemotherapy is necessary in

order to see a cure region. Second, there must be a cytotoxic effect lasting at least

4 days. Third, the kill fraction must be relatively high (greater than 60%, if other

parameters are kept as described). Fourth, the tumor must be treated when it is

smaller than 2 cm. Fifth, the dose interval must be kept under 18 days. With these

baseline conditions in place and for the parameters chosen, there are tumors that

can be cured by chemotherapy, with the assistance of the immune system. These

tumors are of high antigenicity.

Although these conditions may place a set of seemingly unrealistic demands

on chemotherapeutic treatment, it is not the goal of the model to quantify these

boundaries specifically; if the properties of the immune system or tumor growth

are modified, then a different set of conditions would be attained. Qualitatively,

however, there are several conclusions to be drawn from the model. First, the

theory that the immune system assists with tumor removal during chemotherapy,

as proposed by Goodman, is supported by the results. The model shows that some

tumors which are not cured by chemotherapy alone can be cured when the immune

system is interacting with the tumors cells. Second, the immune system can play

a significant role in slowing down tumor growth and extending remission times

by many months. Third, outcome of therapy is non-linear with respect to the

antigenicity of a tumor. As was the case without therapy, increases in antigenicity

do not always correlate with a more favorable outcome. Additionally, the optimal
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antigenicity for extending remission time is not equal to the optimal antigenicity

for curing the tumor. Fourth, tumor nadir and remission times do not appear to

be directly correlated, indicating that tumor reduction is not a good predictor of

survival times.

The increased immune response observed during and after chemotherapy has

been attributed to changes in T cell homeostasis [138]. The theory as proposed

suggests that chemotherapy depletes the overall T cell population, including T cells

that are not specific to the tumor antigens. Given that the T cell compartment is

no longer full, this gives more room for tumor-specific T cells to expand, resulting in

increased T cell efficacy. In order to test this theory with the model, it would have

to be extended to account for the entire T cell compartment, not just the tumor

specific T cells, as is the case in this work. T cell expansion would depend not only

on antigen presentation by the APCs, but also on the state of the overall T cell

compartment. A more detailed treatment of memory and naive T cells would be

necessary, and represents a possible future extension of the model presented herein.

An additional extension of the model would include accounting for cell cycle peri-

odicity and drug resistance, which has been shown to have an effect on chemotherapy

outcomes [127]. Inclusion of these two effects would affect not only tumor cells, but

immune cells as well, and could affect the optimization results.
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6.2 Immunotherapy

In this section, some fundamental immunotherapies are applied to the model of

tumor immune interactions. Despite the relative success of chemotherapy in treating

certain cancers, the associated toxicity and side effects are often difficult for patients

to cope with. Immunotherapy seeks to harness the killing power of the body’s own

immune system, with the hope that toxicity will be tolerable.

Immunotherapies for cancer have been in trials for many decades. The two

principal approaches consist of either enhancing the good immune cells and cytokines

in the body, or reducing the immunosuppressive ones. While in principle these

therapies appear promising from an immunologic perspective, the results are not

always intuitive, and clinical response to immunotherapies has been inconsistent at

best.

Five immunotherapies are applied to the model of tumor immune interactions.

Three of these, adoptive transfer, dendritic cell therapy, and IL-2 therapy, seek to

increase the beneficial aspects of the immune system. Two others, TGF-β blocking

and Treg depletion, attempt to minimize immunosuppression.

As with chemotherapy, the specific mechanisms of a particular immunotherapy

are not directly modeled; rather, the effects of the therapy on the tumor-immune

model are modeled as short term changes in the parameters or populations. The

following subsections detail the different immunotherapy implementations applied

to the model.
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6.2.1 Adoptive T cell immunotherapy

Adoptive transfer involves removing T cells from the cancer patient, selecting those

which are tumor specific, and culturing them in vitro [139, 140]. The expanded cell

population is then replaced into the body, now in greater numbers than before. This

therapy seeks to bypass the suppression of T cell proliferation. These additional cells

are expected to home to the tumor site and cause additional tumor cell death.

In the model, this is simulated by increasing the number of activated effector

T cells (A
E
) at the time of treatment, and then allowing the model to run as normal.

Typical numbers of T cells injected range from 1010 to 1011 cells [139, 85], so the

value of 5 × 1010 cells was used in the simulations. The treatment is administered

at a tumor size of T = 109 cells.

Figure 6.10 shows two representative simulations of the administration of adop-

tive therapy. In both panels, the tumor growth rate is γ = 800. The antigenicity is

low in the top panel (a = 10−4 ) and moderate in the bottom panel (a = 1). The

results of therapy are better when the tumor antigenicity is low, with respect to

tumor reduction.

In the simulations, the transferred T cells can last anywhere from 2 to 8 weeks,

depending on the initial level of T cells at the time of treatment. This is in agree-

ment with the T-cell counts measured in [85]. In two patients from that study, the

transferred cells persisted from 3 to 4 weeks.

Figure 6.11 shows the tumor nadirs attained by this treatment over a range of
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Figure 6.10: Simulations of adoptive transfer therapy are shown for two different
tumors. The grey rectangle shows when the treatment is administered; at that
point, 2 × 1010 activated effector T cells (A

E
) are added to the simulation. The

tumor growth rate is γ = 800 for both panels. The antigenicity is a = 10−4 in the
top panel, and a = 1 for the bottom panel.
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tumor types. The best results are attained for tumors in the lower left area of the

figure, where the growth rate and antigenicity are both low. Higher antigenicities

correspond with decreased treatment efficacy, at all growth rates. This is because

when antigenicity is low, the lack of immune effect is due to low numbers of T cells.

Immunosuppression is minimal, since there is little activity to suppress. In contrast,

higher antigenic tumors provoke a sufficient number of T cells, but their action is

suppressed. Since adoptive transfer affects cell numbers, and does not have a direct

impact on suppression, this type of therapy has the greatest effect when T-cell counts

are low to begin with.

In the clinical study, none of the patients saw a complete response, although

several showed a partial response, indicating that the tumors decreased in size or

at least stopped progressing for a time. The results of the model suggest a similar

conclusion. The treatment can have an impact for some tumor types, but unless the

antigenicity and growth rate is very low, it is unlikely that the treatment can have

a curative effect.

6.2.2 Dendritic cell therapy

Dendritic cell therapy is performed by removing APCs from the patient, pulsing the

cells with the tumor specific peptide in vitro, and then inserting these cells back into

the patient [141]. This therapy is meant to bypass the difficulty of dendritic cells

acquiring peptide from the tumor, a process which is highly suppressed by most
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Figure 6.11: The effect of adoptive transfer therapy is shown. Contours show the
nadir of log(T ) reached during therapy. The therapy has a greater effect on tumors
which are poorly antigenic. In no case does the therapy remove the tumor.
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tumors. Once the dendritic cells migrate to the lymph nodes, they can activate

T cells. The number of DCs injected into a patient is between 106 and 107 cells [142].

The therapy can be administered repeatedly, and toxicity is minimal.

In the model, this therapy is implemented in a similar way as adoptive transfer

described above. At the time of each treatment cycle, the number of unlicensed

dendritic cells (U) is increased by 5×106 cells. The schedule used in the simulations

is a series of dendritic cell injections spread 14 days apart, corresponding to the

treatments given in [142]. Since the treatment has low toxicity, it can presumably

be continued indefinitely, and in clinical trials it was terminated only when the

tumor showed progressive growth.

As with adoptive cell transfer, this therapy has minimal effect on moderate

to highly antigenic tumors in the model (not shown). Again, this is because the

dendritic and T-cell populations are already relatively high when the antigenicity

is high, at the time of treatment. It is immunosuppressive effects which hold the

immune system in check, not a lack of cells. Therefore, an increase of 5×106 dendritic

cells does not result in a significant change in effector cell levels. The growth rate of

the tumor is minimally reduced for a short period by the slight increase in effector

cells, but once this transient dampens out, the tumor continues growing with its

normal growth rate. The therapy exhibits no significant clinical response, even with

continued applications.

With low antigenic tumors, the therapy can have an effect. Figure 6.12 shows
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three cases of dendritic cell therapy for a tumor with antigenicity of a = −4. At

a slow growth rate of γ = 150, shown in the top panel, it would take 15 cycles of

treatment to fully remove a tumor, corresponding to 7 months of therapy. This

assumes that the tumor does not develop a resistance to the treatment, which is

possible over that time period. Tumors which grow faster than this rate would

naturally require further extensions of treatment to attain a cure. Tumors with

growth rates of up to γ = 350 can be removed by continuous therapy. It is of interest

to note that the interval chosen of 14 days is optimal; shortening or lengthening this

interval extends the time needed to remove the tumor. This suggests that the

benefits of therapy can last up to 2 weeks after treatment, which is in agreement

with the timescales of T cell expansion and decay.

If the tumor has a growth rate between 350 < γ < 500, then the treatment

will fail to remove the tumor, even if the cycles are administered indefinitely. The

central panel of Figure 6.12 shows this case, where two years of therapy are applied

to a tumor with growth rate γ = 370. Indefinite treatment at these growth rates

will cause the tumor to be maintained at a small size, close to 106 for the example

shown; if the treatment is abandoned, the tumor will grow once again.

Interestingly, when treatment is abandoned, the population count of the short

lived effector T cells falls much quicker than the more stable Tregs, and this causes a

period where Tregs outnumber effector cells, until this transient behavior is damped

out. During this period, the suppression due to Tregs is very great due to the
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Figure 6.12: The effects of dendritic cell therapy are shown for three different tumors.
The tumor growth rate is γ = 150 in the top panel, γ = 370 for the central panel, and
γ = 550 for the bottom panel. Slow growing tumors can be cured with extended
dendritic therapy, moderately growing tumors can be maintained at a small size
as long as treatment continues; and fast growing tumors will escape the therapy
regardless of treatment prolongation.
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enhanced R/E ratio, and therefore effector T cell cytotoxicity is lower. This results

in faster tumor growth during this period than would be normal in the absence of

treatment. Although there are no known in vivo measurements of Treg populations

following the abandonment of dendritic cell treatment, the model suggests that the

transient nature of the population sizes immediately following treatment can have

an effect on subsequent tumor progression. Perhaps a step down of treatment would

be of benefit after prolonged dendritic cell therapy.

For growth rates greater then γ = 500, the tumor will escape treatment, regard-

less of how long the treatment is administered. There may be an initial period of

tumor reduction from the treatment, but after a few cycles the tumor escapes and

grows without bound. This case is shown in the bottom panel of Figure 6.12, for a

tumor with γ = 550. The first three treatments appear promising, causing a slight

reduction in tumor burden. However, after the fourth treatment, the tumor begins

to progress again, and further administrations of the therapy do not halt progres-

sion. The tumor progresses more slowly during the treatment as opposed to when

the treatment is abandoned, but the long term outcome will be the same. The rea-

son for the initial reduction in tumor burden is that the effector T cells react faster

to the influx of DCs than the Tregs do. After a few cycles, the Tregs have caught

up to the effector cells, and the immunosuppression that they cause is restored.

Figure 6.13 summarizes the effects of the therapy on different tumors.

Changing the amount of dendritic cells has a surprising effect on the outcome of
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Figure 6.13: The effects of dendritic cell therapy are shown for different tumor types.
Therapy only has a lasting effect on slow-growing, minimally antigenic tumors.
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treatment. Although it would seem that increased dendritic cell transfusion would

always result in increased immune response, this is not the case. Figure 6.14 shows

the effect of varying the amount of dendritic cells transferred during therapy. In the

top panel, 106 dendritic cells are transferred. The tumor growth is stopped for a

few cycles, but then the tumor escapes the therapy and continues to grow. In the

central panel, twice as many cells (2×106) are administered. In this case, the tumor

is gradually reduced in size with each application of therapy. If the therapy were to

continue, this tumor would be removed. The bottom panel shows the results when

3× 106 cells are administered. In this case, the tumor is reduced and maintained at

a small size, but is never removed by the therapy.

The reason for the different outcomes is due to Tregs, and related to the existence

of an optimal antigenicity. If not enough dendritic cells are administered, then not

enough effector cells are primed. The therapy fails because it is too weak. On the

other hand, if too many dendritic cells are used in the therapy, the amplification

of effector cells is accompanied by a large increase in Tregs. This in turn causes

increased immunosuppression and results in a less effective treatment. The level of

sensitivity to the dendritic cell numbers varies somewhat with tumor properties, but

the effect is seen at all tumor growth rates.

The results of the model suggest that dendritic cell therapy would primarily have

an effect on slow growing tumors. The types of clinical results seen in studies [142],

where the tumor growth is slowed for a time followed by tumor progression, is similar
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Figure 6.14: The effects of dendritic cell therapy are shown for three different cell
transfer amounts. The tumor growth rate is γ = 370 and the antigenicity is a =
10−4. Therapy is administered for 2 years. 106 cells were administered in the top
panel, 2× 106 cells in the central panel, and 3× 106 cells in the bottom panel. The
tumor in the central panel would be cured if therapy were to continue.
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to the simulation shown in the bottom panel of Figure 6.12. Unless the tumor is slow

growing and poorly antigenic, the effects of immunotherapy will be transient, and

insufficient for a long-term positive outcome. In order for dendritic cell therapy to

have a long-term effect on tumor growth, it is likely that it will have to be combined

with other therapies.

6.2.3 IL-2 therapy

IL-2 therapy is the administration of repeated doses of IL-2 to a cancer patient.

Despite the fact that IL-2 is the primary cytokine which supports T-cell proliferation,

attempts to treat cancer with IL-2 have been poor, with partial clinical response

seen only in a few types of cancers. More than 80 percent of patients with IL-2

therapy have no clinical response at all [6].

While the reasons for therapeutic failure can be complex, it is thought that

the IL-2 is stimulating the proliferation of Tregs faster than effector and helper

T cells, and that therefore the therapy is actually detrimental in most cases. In

one study, melanoma and renal carcinoma patients receiving high-dose IL-2 therapy

showed a significant increase in the Treg ratio of circulating CD4+ cells. This effect

was long-lived, with some patients showing double the Treg ratio three weeks after

treatment [24]. A related study found that those patients that had a clinical response

also had a reduction in Treg ratios [25]. It is not clear how the IL-2 can result in

both increased and decreased Treg ratios in different patients, but it is possible that
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the state of the immune system at the time of treatment plays a role. A third study

examined prolonged low-dose IL-2 therapy and concluded that Tregs were greatly

increased as well [143].

IL-2 therapy was simulated in the model using the protocol described in [25].

600,000 U/kg of IL-2 were administered every 8 hours for 5 days, equal to a total

of 15 doses. 600,000 U/kg corresponds to a plasma level of about 300 ng/ml, if it

assumed that the patient body weight is 65 kg and the volume of distribution is

8000 ml. One milligram of IL-2 corresponds to about 16 million U of IL-2 [144].

This amount of IL-2 was added to the simulation following the above protocol. The

result is shown in Figure 6.15. The top panel shows 5 days of treatment, while the

bottom panel shows the effect of extending the treatment by 10 additional days.

Although the treatment causes an increase in T cells, the increase is not sufficient

to cause any significant change in tumor progression. This is due to the fact that

the number of cells is not greatly increased. Larger doses of IL-2 do not significantly

affect the results.

In the model, the Treg increase was observed immediately after cessation of IL-2

therapy, rather than during the treatment as seen in the studies mentioned above.

In particular, as the IL-2 treatment was administered for longer periods, the effector

cell to Treg ratio reached a smaller nadir after treatment, and took longer to recover.

This is in agreement with the observation that the ratios can remain affected for

weeks after treatment [24].
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Figure 6.15: The effects of IL-2 therapy are shown for infusions of 600,000 U/kg,
spread 8 hours apart. The tumor growth rate is γ = 200 and the antigenicity is
a = 10−5. The top panel is 5 days of therapy, corresponding to 15 cycles. The lower
panel shows the effects of extending the therapy by an additional 10 days. Effector
cell numbers are temporarily increased, but no significant effect is seen on the tumor
in either case. The dash-dotted line shows the ratio of effector cells to Tregs (E/R).
Tregs are increased relative to effector cells in both cases after treatment, and the
effect is worse as treatment is extended.
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Based on model results, IL-2 is the least effective of the three immunotherapies

that attempt to increase the beneficial aspects of the immune system. It could be

of benefit in combination therapies, when in vivo expansion of T cells is necessary;

however, the effect of IL-2 on Tregs is troubling, and could limit the efficacy of the

treatment.

6.2.4 TGF-β blockade

Blockade of TGF-β has been explored as an immunotherapy. This is accomplished

by use of a TGF-β receptor kinase inhibitor which mitigates the effects of TGF-β

systemically. If the effects of TGF-β are abrogated, then the suppression associated

with this molecule is reduced. In addition, TGF-β mediated conversion of helper

T cells into Tregs will be blocked. In murine models, this therapy has been shown

to enhance antitumor immunity [145, 146].

Simulations performed by blocking TGF-β in the model showed very little effect

(not shown). A slight increase of effector cell numbers was apparent, but it had

no significant effect on tumor progression. The cause for failure in the model is

that TGF-β only provides part of the immunosuppression; unless the Tregs are also

diminished, the loss of TGF-β-induced suppression is not a significant change to the

overall suppression state. The lack of conversion of helper T cells into Tregs due

to diminished TGF-β levels does not have a significant effect on Treg cell counts

over the short timescale of the treatment. In general, the T-cell numbers are well-
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established at the time of treatment, and removal of only one immunosuppressive

element has little effect.

6.2.5 Treg depletion with ONTAK

Tregs have been cited as a cause for the failure of many immunotherapy treatments

presently being tested [147]. The depletion of Tregs as an adjoining immunotherapy

is currently an active area of research. One drug used to deplete Tregs is denileukin

diftitox (trade name ONTAK), which is a synthesis of diphtheria toxin with IL-2.

The drug targets IL-2 receptors. Since CD25 is the alpha chain of the IL-2 receptor,

T cells expressing high amounts of CD25, such as Tregs, will primarily be targeted.

Once attached, the diphtheria is internalized and causes cell death [148]. Multiple

studies on the effect of the drug have offered conflicting results. Dannull et al. [149]

showed that ONTAK increased the efficacy of a dendritic cell cancer vaccine which

correlated with decreased Treg counts in renal carcinoma patients, while Attia et

al. [150] showed no significant change in the Treg counts of melanoma patients using

ONTAK. The difference between these studies has not been resolved to date.

Treg depletion by ONTAK in the model is performed by reducing the Treg

numbers by a predetermined fraction for each administration of the drug. This

fraction can range from 40% to 90% [151, 152]; the value of 75% is chosen in this

study. The reduction is accomplished by using the equations for Treg reduction

from the chemotherapy model, Eqs. (6.12) and (6.13). Naturally, the other aspects
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of the chemotherapy model are not used for this treatment. ONTAK is usually

administered in multiple doses, and the regimen used in the simulations is one dose

every two weeks. Figure 6.16 shows the results of applying this treatment.

Figure 6.16: The administration of ONTAK is simulated with the model, in the
absence of any other therapy. The regimen simulated was 8 cycles of ONTAK
spaces 14 days apart. Each cycle removed 75 percent of the Tregs. No tumors were
fully removed; the reduction in tumor burden is comparable to that seen in clinical
trials [151, 152].

The therapy causes a reduction of tumor burden, particularly for moderately

and highly antigenic tumors. However, this reduction is relatively modest with

reductions less than an order of magnitude. The fraction of tumor burden removed
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by the treatment is shown by the dashed contours. This is comparable to the 50%

reductions seen in the best clinical results [151, 152].

6.2.6 Conclusions for immunotherapy

Clinical results for immunotherapies have been mediocre at best. When a two or

three week pause in tumor progression is the best response observed, it is clear

that the therapy is not on the threshold of curing the cancer. The results of the

simulations presented in this chapter suggest that the immune system needs to

overcome a number of barriers before it can be manipulated in such a way that it

can fight a tumor successfully. Sufficient effector T-cell numbers must be achieved

and the immunosuppressive effects of Tregs and TGF-β must be abrogated. In

addition, the duration of therapy must be sufficiently long to allow these conditions

to persist for enough time that the immune system can remove the tumor.

Since each individual immunotherapy only clears one of these multiple hurdles,

the immune system remains largely ineffective despite the application of the treat-

ment. Furthermore, treatments have a different effect on different tumor types.

Unless the antigenic properties of the tumor are well understood, use of a particular

therapy may be haphazard with respect to efficacy.
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6.3 Combination therapies

The results from chemotherapy and immunotherapy models suggest that the most

successful method of attacking cancer is to do so on multiple fronts. The number

of possibilities for combining treatments from those presented above is great, and

exploring all the options is beyond the scope of this work. Three representative

combination therapies are presented here. The results demonstrate that certain

combination therapies can be greater that the sum of their parts.

6.3.1 Effect of Treg depletion during chemotherapy

Figure 6.17 shows the outcome of combining chemotherapy and ONTAK. The

chemotherapy regimen is the same regimen used in section 6.1: 5 treatments, spaced

14 days apart. Each chemotherapy dose lowers the tumor cell and T cell populations

by 70%. The ONTAK is administered simultaneously, and has a further effect on

Tregs numbers. The percentages shown in the solid contours indicate the additional

fraction of remaining Tregs that are killed by the ONTAK on each cycle. For exam-

ple, the contour marked 40% results is a total of 82% reduction in Tregs. Seventy

percent of the Tregs are removed by the chemotherapy, and 40% of the remaining

Tregs are removed by the ONTAK.

Clearly the cure region is significantly expanded with the addition of ONTAK.

The zone marked 0% represents the cure zone with the chemotherapy alone. ONTAK

administered alone caused little tumor reduction, as shown above in Figure 6.16, but
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Figure 6.17: Chemotherapy and ONTAK administered concurrently. The
chemotherapy regimen is the same as described for Figure 6.3. In addition, ON-
TAK therapy during each cycle depletes an additional percentage of the remaining
Treg cells, as shown indicated on the contours. The combination therapy shows
much greater effect on tumor outcome than either therapy alone.
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in combination with chemotherapy, the treatment contributes to significant gains

in curability. The diminution of Treg suppression due to the ONTAK provides the

immune system with more opportunity to fight the tumor on short time scales.

6.3.2 Effect of blocking TGF-β during chemotherapy

Figure 6.18 shows the outcome of tumors when TGF-β is blocked during treat-

ment. The cure region is increased somewhat compared to the chemotherapy alone.

However, even with 100% reduction of TGF-β during chemotherapy, the increase

is modest. Figure 6.1 shows that TGF-β suppression is insignificant after the third

cycle of chemotherapy. Therefore, the immunotherapy only has an effect on the

early stages of treatment. Since the maximum immunotherapeutic effect is reached

at the 100% contour, there is limited potential for improving the outcome beyond

that boundary by manipulation of the regimen.

6.3.3 Combination of dendritic cell therapy and chemotherapy

Figure 6.19 shows the effect of incorporating dendritic cell therapy into a chemother-

apy regimen. The dendritic cell therapy consists of transferring 2 × 106 dendritic

cells 4 days after each cycle of chemotherapy. The cure region is greatly increased by

the combination of therapies for low antigenic tumors. This combination is particu-

larly effective due to the contrasting nature of the two therapies in this low antigenic

regime. The chemotherapy reduces the tumor size so that it is manageable by the

immune system, while the dendritic therapy provides the necessary effector cells to
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Figure 6.18: Mitigation of TGF-β suppression during chemotherapy increases the
area of tumor removal, but only for highly antigenic tumors.
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kill the tumor cells. Interestingly, the effect on highly antigenic tumors is minimal.

Figure 6.19: Dendritic cell therapy is administered concurrently with chemotherapy.
A large range of tumors are cured with the combination of both therapies.

6.4 Conclusions

The immune system can potentially be a useful tool in the fight against cancer, but it

has properties which can promote cancer as well as fight it. Studies in both humans

and mice have proven that the immune system does have an effect on some types of

tumors. In order to improve cancer therapies, it will be of interest to consider the

immune system, particularly when seeking ways to attain the complete removal of
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a tumor.

In the chemotherapy model presented here, even though the majority of the tu-

mor reduction is accomplished by the chemotherapy, the immune system appears

to be the difference between disease free survival and cancer relapse in those cases

where the tumor is removed. In other cases, the immune system can prolong remis-

sion times, even if it cannot remove it.

Immunotherapy simulations demonstrate the difficulties encountered when try-

ing to manipulate the immune system as a form of treatment. The reasons for

immune system failure when fighting a tumor are complex and multifaceted. The

effects of treatment are often non-linear, which suggests that understanding of the

host’s tumor and immune system properties may be necessary for determining treat-

ment parameters.

The importance in the model of the suppressive effects of Tregs and TGF-β

confirm that the immune system is not so much missing the capability to fight a

tumor, but rather is held in check by these suppressive elements or a lack of tumor

antigenicity. Therapies which selectively remove these immune system barriers may

prove to be very successful in the future, but the model suggests that there are a

number of subtle challenges that need to be addressed before these therapies are

greatly improved.



150

Part II

Simplified Models of Tumor Growth
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Chapter 7

A Model of Tumor Metabolism and Crabtree Effect

In order for a cell to live and function properly, it must convert extracellular nutrients

into energy. Cells have many pathways available to perform this function, and often

multiple mechanisms are at work simultaneously. The balance depends on a variety

of factors, including cellular status, local conditions, and cellular signaling.

A number of attempts have been made to formulate mathematical models of

metabolism [153]. Casciari et al. modeled the growth of tumor spheroids based

on nutrient conditions [18]; however the model did not explicitly address the cellu-

lar details of cellular metabolism [154]. Many other models of tumor growth have

used aspects of metabolism[19, 155], but the metabolic aspects of these models are

constructed from a priori conditions imposed upon the cells, rather than emergent

behavior based on internal cellular pathways. The models do show agreement with

some experimental data, but questions remain as to the realism of the results, given

the assumptions made about tumor growth rates. For example, nutrient consump-

tion rates calculated for exponentially growing cells in vitro are not likely to hold

when nutrients become scarce in the center of a tumor.

Other models have focused on internal cellular metabolic reactions. A series

of models beginning with work by Chance et al. [156] investigated the enzymatic
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reactions of metabolism. However, with scores of enzymatic reactions defined in the

model, the parametrization and feedback control of the model is questionable. In

addition, the model is not easily incorporated into a larger model of cancer growth.

More recently, work by Ainscow and Brand has focused on the control points

of metabolism, using top-down control analysis [157, 158]. Multiple modulation

was used to calculate the interactions between the various steps of metabolism,

and the results show which processes have the most significant regulatory effect on

metabolism. While helpful for examining control points, the model does not directly

provide a system for predicting metabolic rates as a function of local conditions

under changing conditions.

The models presented in this chapter are the start of a framework for describing

cellular metabolism. The goal is to build a model that accurately describes tumor

cell behavior for a given nutrient concentration profile, based on cellular pathways.

Nutrient availability determines cellular energetics, which in turn determines growth

properties. The models outlined here address the production of energy from nu-

trients. Future work would extend the models to incorporate tumor growth and

proliferation.

7.1 Biological assumptions

Adenosine triphosphate (ATP) is considered to be the primary energetic currency

within a cell. These molecules provide the energy for almost all processes that involve



153

the phosphorylation of a protein, for example. ATP is produced metabolically by

several pathways. The most significant source of ATP in a typical cell under normal

conditions is from the oxidation of glucose.

In general, there are two main mechanisms for the production of ATP in the cell

from glucose. The first is the glycolytic pathway, which converts glucose into pyru-

vate. This process produces a net of two molecules of ATP per molecule of glucose.

Glycolysis occurs in the cytoplasm of the cell and is an anaerobic process, so it does

not require oxygen. The second mechanism, occurring in the mitochondria, is the

aerobic respiration pathway. This process utilizes pyruvate in combination with oxy-

gen to produce up to 34 molecules of ATP, although in practice this number is lower,

due to energy lost during transport of molecules into the mitochondria. In a nor-

mal, non-proliferating cell with unlimited nutrient availability, these two processes

operate in tandem. The majority of the ATP comes from aerobic respiration.

If the nutrient supply available to the cell is altered, several changes in respiration

dynamics are observed. Cells which lack oxygen will increase their glycolytic flux,

in order to meet ATP demand through the anaerobic pathway. This is known as

the Pasteur effect, and is seen in most types of cells. A second effect, predominantly

seen in cancer cells, is the Warburg effect, in which the tumor cells preferentially

use glycolysis to produce ATP. This occurs even in the presence of sufficient oxygen

levels. A third respiratory change is seen primarily in proliferating cells (including

tumor cells), and is known as the Crabtree effect. This effect is observed as a
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decrease in aerobic respiration when the concentration of glucose is increased.

There is consensus in the literature about the mechanisms that cause the Pasteur

effect [159]. The lack of oxygen essentially limits ATP production by the aerobic

pathway, and the only way for the cell to remain alive is to increase the flux of its

glycolytic pathway. The Warburg effect, however, has several suggested causes [160].

The increased glycolytic flux may be a result of mutations which cause permanent

upregulation of key glycolytic enzymes and transporters. This upregulation may

be due to a direct mutation on the glycolytic genes themselves, or it may be a

downstream effect of mutations that cause the cell to be in a constant state of

proliferation. Alternatively, the aerobic pathway may be suppressed or damaged in

the tumor cells, which would force the cell to use the glycolytic pathway to provide

its ATP needs.

Multiple mechanisms have also been suggested for the Crabtree effect[161]. In-

creased glycolytic flux in proliferating and tumor cells may produce excess ATP,

which slows the flux needed through the aerobic pathway. Alternatively, the aerobic

pathway may be suppressed by glucose or the products of glycolysis. Acidification

of the cell due to conversion of excess pyruvate to lactate my inhibit the aerobic

pathway as well. Competition for NADH between the lactate dehydrogenase path-

way (LDH) and the aerobic pathway may also play a role in the Crabtree effect.

It may be a combination of these effects which cumulatively produce the observed

reduction in aerobic respiration.
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It is important to note that these effects are seen on short timescales, shorter

than one minute. This suggests that they are not the result of genetic upregulation

of additional enzymes, but rather that they are the result of metabolic control at

the level of the reaction rates. The models presented here make the assumption

that enzymatic levels remain fixed, and therefore the above effects must arise from

the dynamics of the equations, rather than a change of parameters when conditions

change.

A basic model of metabolism which exhibits the Crabtree effect is presented, and

then extensions of this model are examined to see which other effects may contribute

to the Crabtree effect.

7.2 Variables

The cell metabolizes glucose (G) and oxygen (O) to meet its energy needs. Cellu-

lar energy is measured by the concentration of ATP (ATP ). When ATP is used

by a cellular process, it is converted into adenosine diphosphate (ADP ), freeing a

phosphate group (P ). Pyruvate (Pyr) is the three-carbon sugar which is a prod-

uct of glycolysis, and also is a substrate for the aerobic metabolic pathway. These

five variables are the minimum set required to present a model of metabolism that

includes glycolysis and aerobic respiration.

Several intermediate molecules play a role in the metabolic reactions. Glucose-

6-phosphate (G6P ), fructose-1-6-bisphosphate (F16b), and phosphoenolpyruvate
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(PEP ) are intermediate sugars in the glycolytic pathway. Acetyl coenzyme A

(AcoA) and succinate (Suc) are molecules involved in the aerobic pathway. The

molecule nicotinamide adenine dinucleotide (NAD) and its reduced form (NADH)

participate in many of the reactions in the respiratory pathway. The intracellular pH

levels are determined from the hydrogen ion concentration (H) using the standard

formula

pH = 3− log (H) , (7.1)

where H is measured in mM .

A summary of the variables used in the descriptions and models presented here

are listed in Table 7.1. When the concentration of a variable is specific to a com-

partment, then the subscripts listed at the end of the table are used.

7.3 Metabolic reactions

The basic metabolic stoichiometry of glucose metabolism, when the anaerobic and

aerobic pathways are utilized, is

Gi + 5Oi + c× ADP + c× P → c× ATP. (7.2)

This equation assumes that none of the intermediate molecules of the metabolic

chain are diverted for other uses, such as lactate production or for the formation of

cellular building blocks. Waste products such as CO2 and H2O are also produced,

but ignored here. The coefficient c of the ADP , ATP , and P terms is the number

of ATP molecules yielded from one molecule of glucose. This value can be as high
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Table 7.1: Variables and subscripts used in the metabolic models, in mM

Variable Units Description
G mM The concentration of glucose
O mM The concentration of oxygen
ATP mM The concentration of ATP
ADP mM The concentration of ADP
P mM The concentration of phosphate
Pyr mM The concentration of pyruvate
NAD mM The concentration of NAD+

NADH mM The concentration of NADH
H mM The concentration of hydrogen ions
G6P mM The concentration of glucose-6-phosphate
F16b mM The concentration of fructose-1-6-bisphosphate
PEP mM The concentration of phosphoenolpyruvate
AcoA mM The concentration of acetyl coenzyme A
Suc mM The concentration of succinate

Subscript Description
Xc The cytosolic concentration of variable X
Xm The mitochondrial concentration of variable X
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as 38 in theory, but the actual observed value is lower (between 28 and 32) due

to energy lost to the metabolic process itself and leakage of intermediate metabolic

products to other cellular processes [162]. In this paper, c is chosen to be 32.

The overall process described by Eq. (7.2) can be broken into a number of sub-

processes. In order to account for differences in the fluxes of the glycolytic and

aerobic pathways, the equation must be split at the formation of pyruvate. This

split also necessitates the inclusion of the coenzyme NAD+ and its reduced coun-

terpart, NADH.

G + 2ADP + 2P + 2NAD → 2Pyr + 2ATP + 2NADH (7.3)

2Pyr + 5O + 2NADH + 30ADP + 30P → 2NAD + 30ATP (7.4)

The glycolytic pathway itself is a series of ten reactions. A number of the re-

actions are not rate limiting, but there are four key reactions which could serve as

intermediate steps for a more detailed glycolytic model. These steps are subject

to regulation by a number of molecules, including glucose, G6P, ATP, adenosine

monophosphate (AMP), and F16b [163, 164].

G + ATP → G6P + ADP + P (7.5)

G6P + ATP → F16b + ADP + P (7.6)

F16b + 2NAD + 2ADP + 2P → 2PEP + 2NADH + 2ATP (7.7)

2PEP + 2ADP + 2P → 2Pyr + 2ATP (7.8)

It is of interest to note that although the net result of glycolysis is the production
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of 2 ATP molecules from each molecule of glucose, the early stages of glycolysis use

ATP, and only later in the process is the net ATP produced. Eq. (7.5) represents

the hexokinase (HK) enzyme reaction. This reaction is thought to be inhibited by

its product, G6P. Eq. (7.6) represents two steps of the glycolytic pathway, including

the reaction catalyzed by the enzyme phosphofructokinase (PFK). This step is reg-

ulated by ATP, which appears to inhibit the reaction, and by AMP and fructose-2-

6-bisphosphate (F26b), both of which increase the reaction rate. F26b is a molecule

related to the product of the PFK reaction, F16b. Eq. (7.7) represents the next

six steps of glycolysis, including the phosphoglycerate kinase (PGK) reaction. This

series of steps is not believed to be a highly regulated sequence, but it does produce

2 molecules of ATP and reduces two molecules of NAD+. Eq. (7.8) represents the

final step of glycolysis, where PEP is catalyzed into pyruvate by the pyruvate kinase

(PK) enzyme. PK is inhibited by ATP, and is enhanced by PEP. There is evidence

that this enzyme is modulated in some types of cancer cells [165].

The aerobic reaction of Eq. (7.4) can also be split into a series of reactions.

Pyr + NAD → AcoA + NADH (7.9)

AcoA + 3NAD + ADP + P → Suc + 3NADH + ATP (7.10)

O + 2NADH + 5ADP + 5P → 2NAD + 5ATP (7.11)

2Suc + O + 3ADP + 3P → 3ATP (7.12)

Similar to the ATP usage in glycolysis, the early stages of the aerobic pathway

deplete the NAD levels, despite a net increase in NAD concentration for the overall
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aerobic reaction. Eq. (7.9) accounts for the pyruvate dehydrogenase (PDH) reaction,

converting the pyruvate into acetyl coenzyme A. There is evidence that this reaction

is inhibited by ATP, NADH, and AcoA. Eq. (7.10) represents the TCA cycle, which

uses the AcoA to reduce NAD+ to NADH.

The NADH produced by glycolysis, PDH, and the TCA cycle are used by the

mitochondria to create a proton gradient across the inner membrane of the mito-

chondria. Each NADH molecule effectively transports 10 hydrogen ions across the

membrane, using oxygen. These hydrogen ions are then used to convert ADP into

ATP, with an average of 3 to 4 H+ ions needed per ATP formed. This set of reactions

is captured by Eq. (7.11).

Succinate, one of the intermediates of the TCA cycle, also has a role in aero-

bic respiration. When it is converted to fumarate in the TCA cycle, the process

transports 12 H+ ions across the inner mitochondrial membrane, which results in 3

additional ATP molecules being formed, as shown in Eq. (7.12).

In summary, each NADH produced by the metabolic processes results in 2.5

ATP produced. Each turn of the TCA cycle involves one conversion of succinate

to fumarate, and this results in 1.5 ATP per succinate. Therefore, if the metabolic

process progresses without any diversion of intermediate molecules, there will be a

net of 7 ATP produced by the glycolysis of one glucose molecule (2 ATP directly

produced, and 5 produced from the 2 molecules of NADH when they are oxidized);

there will be a net of 5 ATP produced by the PDH reaction, when the NADH
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is oxidized; and there will be a net of 20 ATP produced by the TCA cycle (2

directly produced, 3 produced from the H+ ions transported during the succinate

to fumarate reaction, and 15 from the oxidation of 6 NADH molecules). This forms

a total of 32 ATP molecules produced per molecule of glucose, assuming oxygen is

readily available and no intermediates of the metabolic process are diverted. Since

the actual number of protons needed to form one ATP can vary, this number is

approximate. In addition, there is energetic loss due to protons leaking back into

the mitochondria, which also makes this number variable.

For the metabolic models presented below, it is assumed that the cell will con-

sume ATP for the various cellular functions needed to survive. This converts the

ATP produced by metabolism into ADP, which can be reused by the respiratory

reactions.

ATP → ADP + P (7.13)

Although in a typical cell under normal conditions most of the pyruvate produced

by glycolysis goes through the aerobic pathway, some of the pyruvate is used in the

lactate dehydrogenase (LDH) reaction. This enzyme converts excess pyruvate into

lactate. If operating at high levels, as seen in tumor cells, it also has the effect of

acidifying the cell and its surrounding environment. This reaction obeys

Pyr + NADH + H → Lac + NAD + 2H. (7.14)

The LDH pathway has the same stoichiometric ratio between NADH and pyruvate

as the aerobic pathway described by Eq. (7.4). Therefore, the addition of this process
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to the system will not decouple the NADH levels from the pyruvate levels if a basic

model is considered.

The intermediate products of metabolism can be diverted into other cellular

pathways. An example is the pentose phosphate pathway (PPP), which uses the

G6P sugar from early in the glycolytic chain to synthesize cellular materials such as

nucleic acids. TCA cycle intermediates can also be used for fatty acid synthesis in

proliferating and tumor cells. These shunted pathways contribute to the metabolic

dynamics.

7.4 Mathematical models

The primary goal of this study is to find a minimal model that captures the three

metabolic effects described in section 7.3, namely the Pasteur, Warburg, and Crab-

tree effects. The latter two effects should be significant only in tumor cells. The

difference between normal cells and tumor cells in the model is reflected by changing

a set of parameters associated with experimental differences observed between these

two cell types. In addition, the model must also operate with reasonable concentra-

tions of all the molecules involved. In particular, the ratio of ATP to ADP must be

maintained relatively constant across a range of nutrient concentrations and ATP

demand levels.

The following assumptions are made for the model:

• The concentrations of glucose and oxygen are held fixed by a well-mixed
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medium, so there is no depletion. This condition can be relaxed if a source

term for glucose is included, but keeping these concentrations fixed simplifies

the dynamics of the metabolic rates.

• The total amount of ADP + ATP is fixed. This assumes that there is no

leakage, degradation, or production of these molecules beyond the cyclic con-

versions detailed above.

• The total amount of NADH + NAD+ is fixed. This assumes that there is no

leakage, degradation, or production of these molecules.

• The Warburg, Pasteur, and Crabtree effects must arise from the metabolic

reactions directly. Although cells can upregulate enzymes in response to a

change in local conditions, this type of upregulation is very slow compared

to the metabolic reaction rates. Since these effects are seen very soon after

a change in nutrient concentration, this suggests that the inherent metabolic

reactions are responsible, and not genetic upregulation. Therefore, in this

study the effects of upregulation are neglected. The equation parameters must

be constant, and not depend on local conditions.

• For constant local conditions and nutrient demand, the metabolism is assumed

to operate in a steady-state. Transient effects are ignored, and the timescale

of the reactions is not considered.
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7.4.1 ADP competition model

The reactions outlined in Eqs. (7.3), (7.4), (7.14), and (7.13) form a minimal model

of cellular metabolism. This model allows the rates of glycolysis and the aerobic

pathway to be adjusted relative to each other, and also includes the LDH pathway

which is highly activated in tumor cells and clears away excess pyruvate. Since

pyruvate and NADH are coupled in a 1 : 1 production and consumption ratio by

the stoichiometry, NAD+ and NADH are not used in this basic model. In addition,

ADP and phosphate are in a 1 : 1 ratio as well, so phosphate is not considered in

this model.

Equations for the ADP competition model

The differential equations for the variables in the model follow directly from the

stoichiometry equations above.

d

dt
ATP = 2JGly + 30JTOx − JATP (7.15)

d

dt
ADP = − d

dt
ATP (7.16)

d

dt
Pyr = 2JGly − 2JTOx − JLDH . (7.17)

ATP is produced from glycolysis (JGly) and aerobic respiration (JTOx), and de-

pleted by ATP usage (JATP ). Since the total of ATP and ADP is a constant, the

change in ADP is the negative of the change in ATP. Pyruvate is produced by

glycolysis, and consumed by aerobic respiration and the LDH pathway (JLDH).
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The rate equations for glucose and oxygen are set to zero, since a constant con-

centration of these variables is assumed. The consumption rates of these molecules

are given by

Gcons = JGly (7.18)

Ocons = 5JTOx. (7.19)

The flux terms on the right hand side of Eqs. (7.15) through (7.19) follow

Michaelis-Menten kinetics and are given by

JGly = VGly
G

KG1 + G
· ADPm

Km
A1 + ADPm

(7.20)

JTOx = VTOx
Pyr

KP2 + Pyr
· O

KO2 + O
· ADP

KA2 + ADP
(7.21)

JLDH = VLDH
Pyr

KP3 + Pyr
(7.22)

JATP = VATP
ATP

KA4 + ATP
. (7.23)

The velocities VX represent the maximal flux through the pathway, if all molecules

are infinitely abundant. The Michaelis constants KX are the concentrations of the

molecule for which the flux through the pathway is reduced by half, compared to

infinite abundance. The exponent m in Eq. (7.20) serves as the mechanism by which

the ADP to ATP ratio is controlled. Typical levels for this ratio are between 1 : 10

and 1 : 5; in this work it is assumed to be 0.14.
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Initial conditions and parameters for the ADP competition model

Typical physiological values of the molecular concentrations are given in Table 7.2.

Due to the fact that the equations of metabolism used in the model are combinations

of multiple enzymatic reactions, the parameters for the equations are not feasibly

measured directly by experiment. Therefore, the parameter values were estimated

based on the behavior of cellular processes and are given in Table 7.2. The Michaelis

constants are listed relative to the nominal concentrations.

Table 7.2: Nominal concentrations and parameter values for a basic metabolic
model, Eqs. (7.15) through (7.23)

Nominal concentration Value Units
ATPo 0.5 mM
ADPo 0.07 mM
Go 5 mM
Oo 0.3 mM
Pyro 0.1 mM

Normal Cell Parameter Value Units
VGly 0.35 mM/sec
KG1 Go mM
KA1 ADPo mM
m 5
VTOx 1 mM/sec
KP2 Pyro mM
KO2 Oo mM
KA2 ADPo mM
VLDH 0.17 mM/sec
KP3 Pyro mM
VATP 1.24 mM/sec
KA4 0.1 · ATPo mM

Tumor Cell Parameter Value Units
VGly,T 18× VGly mM/sec
VLDH,T 105× VLDH mM/sec
VATP,T 2× VATP mM/sec
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Tumor cells have been shown to have an increased capacity for glycolysis, as well

as an increased production of lactate [166]. This change is reflected in the model by

modifying the parameters VGly and VLDH . In addition, it is likely that a tumor cell

that is proliferating will have an increased demand for ATP, and therefore VATP is

also increased. The magnitude of these changes are shown at the end of Table 7.2,

relative to the normal cell velocities.

The four velocity parameters can be arbitrarily scaled without changing the

steady state solution, as long as their magnitudes relative to one another remain

unchanged. Therefore, the value of VTOx is set to 1. Relative to this value, VGly

is chosen so that there is enough capacity for the cell to handle a low oxygen en-

vironment. Since the LDH pathway is not thought to be significant in a normal

cell under normal conditions, VLDH is chosen so that it has a minimal impact on

metabolism in a normal cell. VLDH,T is much higher, so this process does have an

effect on tumor metabolism. VATP is chosen so that the ATP demand is met under

a typical range of nutrient concentrations.

The Michaelis constants were chosen to be equivalent to the nominal values, with

the exception of the parameter KA4. This parameter was chosen to be small relative

to the nominal value, so that the ATP demand of the cell is not sensitive to the

ATP concentration unless the concentration drops significantly.
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Results for the ADP competition model

The model presented in Eqs. (7.15) through (7.23) was simulated numerically in

MATLAB. Simulations were run until a steady-state was reached. The model qual-

itatively demonstrates the Pasteur, Warburg and Crabtree effects.

Figure 7.1 shows the metabolic steady-state achieved by the model for a range

of glucose values, while keeping oxygen levels constant at a normal value of 0.3 mM.

The vertical grey line indicates the normal glucose concentration of 5 mM, for ref-

erence.

Figure 7.1a shows the ATP to ADP ratio maintained by the cell at the given

glucose concentration, plotted as a ∆ log plot. Normal cell values are given by the

solid line, and tumor cell values are indicated by the dashed line. The value of 0

represents the nominal ATP to ADP ratio. As glucose levels increase, the ratio is

increases as well. This can be more tightly regulated if larger values of the exponent

m are chosen. Below a certain glucose level, the cells are unable to maintain a

reasonable ATP ratio, since glucose is required to drive all aspects of the metabolic

process in the model. In other words, the presence of oxygen alone is insufficient

to synthesize ATP, since aerobic respiration requires pyruvate which is a product of

glycolysis. If the ATP ratio is low for extended periods, the cell will go into necrosis.

Figure 7.1b shows the oxygen consumption as a function of the glucose concen-

tration. Values for normal and tumor cells are plotted. For the range of glucose

values over which the cells are viable, normal cells use the same amount of oxy-
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Figure 7.1: Effect of varying glucose concentration in the basic model of metabolism,
Eqs. (7.15) through (7.23). For all four panels, the solid line is the response of a
normal cell, and the dashed line is the response of a tumor cell, with parameters as
shown in Table 7.2. The horizontal axis is the log of the fixed glucose concentration
[G]. The vertical grey line in each panel indicates a normal glucose concentration of
5 mM. Panel (a) shows the effect of glucose concentration on ATP to ADP ratios.
The ratio is shown on a ∆log plot. Reasonable ratios are maintained until the
glucose goes below 1 mM. Panel (b) shows the oxygen consumption as a function of
[G]. For sufficient [G], normal cells consume oxygen at almost constant levels. Tumor
cells exhibit a decrease in oxygen consumption, which represents the Crabtree effect.
Panel (c) shows the fraction of ATP that is produced by the aerobic pathway. The
theoretical maximum of 30/32 is shown by the dotted line. Panel (d) shows the
glucose consumption as a function of [G]. The dotted and dash-dotted lines indicate
the maximal permitted consumption for normal and tumor cells, respectively.
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gen, regardless of the presence of additional glucose levels. Tumor cells, however,

use less oxygen as glucose levels are increased, a reduction of approximately 30%

across the range of glucose concentrations. This effect is the Crabtree effect. The

increased glycolytic flux and pyruvate consumption by the LDH pathway are re-

sponsible. Increased glycolysis produces more ATP from the available glucose; the

excess pyruvate from this process is removed from the aerobic pathway by the LDH

process.

Figure 7.1c shows the fraction of ATP production that comes from the aerobic

respiration pathway. The maximum possible value for this fraction is 30/32. If

all the pyruvate from glycolysis is oxidized to produce ATP, 30 molecules will be

synthesized. Since glycolysis necessarily creates 2 ATP molecules, this accounts for

the maximal fraction. However, the LDH process reduces the pyruvate flux into the

aerobic pathway, so this maximum is not attained in practice. For normal cells, since

the LDH pathway is relatively slow compared to the aerobic pathway, the impact is

minimal, and the fraction is close to the maximum at all glucose levels. Tumor cells,

on the other hand, only produce 25-35% of their ATP from the aerobic pathway.

This value is somewhat lower than the value seen in experiments. Typical aerobic

ATP fractions are on the order of 40-60% in tumor cells [167]. However, given the

simple nature of the model, the result is reasonably close.

Figure 7.1d shows the glucose consumption rates. the tumor cells exhibit much

higher glucose consumption. As shown by the maximum rates (dotted and dash-
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dotted lines), neither cell type operates at maximum consumption capability until

the glucose is low and the ATP ratio begins to flag.

The effect of oxygen concentration is also examined. Hypoxia plays a role in the

development of many tumors [168]. The low oxygen environment within a tumor

may lead to acid-mediated invasion [169], and it has been shown to affect radiation

therapy [170]. Figure 7.1 shows the steady-state achieved by the model for a range

of oxygen values. The glucose level was held fixed at a normal concentration of

5 mM. The vertical grey line indicates the normal oxygen concentration of 0.3 mM,

for reference.

Figure 7.2a shows the ATP/ADP ratio. In normal cells, this ratio is only main-

tained if there is some oxygen present. If the oxygen concentration is too low, normal

cells cannot maintain a reasonable ATP ratio. Tumor cells, on the other hand, can

subsist in the absence of oxygen, due to their increased glycolytic flux.

It is important to note that these results hold if the metabolic processes are not

changed. Cells can adapt to conditions in vivo by genetic regulation. A normal

cell faced with hypoxia, for example, will activate HIF-1α, a transcription activator,

which will change the metabolic state of the cell. Since these longer term effects

are not modeled in this study, the results presented here represent the short term

metabolism of the cell. In cases where the conditions would lead to a low ATP/ADP

ratio, it is likely that the cell would try to adapt its metabolism to deal with local

conditions.
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Figure 7.2: Effect of varying oxygen concentration in the basic model of metabolism,
Eqs. (7.15) through (7.23). For all four panels, the solid line is the response of a
normal cell, and the dashed line is the response of a tumor cell, with parameters as
shown in Table 7.2. The horizontal axis is the log of the fixed oxygen concentration
[O2]. The vertical grey line in each panel indicates a normal oxygen concentration
of 0.3 mM. Panel (a) shows the effect of O2 concentration on ATP to ADP ratios.
The ratio is shown on a ∆log plot. Normal cells need at least 0.01 mM of oxygen to
maintain a viable ATP production rate, while tumor cells can subsist in an oxygen-
free environment, due to increased glycolytic flux capacity. Panel (b) shows the
oxygen consumption as a function of [O2]. Tumor consumption rates of oxygen
are much lower than for normal cells, even when oxygen is plentiful (the Warburg
effect). Panel (c) shows the fraction of ATP that is produced by the aerobic pathway.
The theoretical maximum of 30/32 is shown by the dotted line. Panel (d) shows the
glucose consumption as a function of [O2]. The dotted and dash-dotted lines indicate
the maximal permitted consumption for normal and tumor cells, respectively. Both
cell types rely on increased glucose consumption as oxygen levels decrease (the
Pasteur effect).
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The oxygen consumption is shown in Figure 7.2b. The rate of consumption for

tumor cells is much lower that that for normal cells, at any oxygen concentration.

This is the Warburg effect, described above.

Figure 7.2c shows the fraction of ATP that is produced by the aerobic pathway.

As expected, this fraction increases with increased oxygen concentration. The value

approaches the maximum for a normal cell.

Figure 7.2d shows the Pasteur effect. As oxygen levels drop, the cells increase

their glucose consumption to make up for the lost ATP production from the aerobic

pathway. Overall glucose uptake is higher in tumor cells, but both exhibit the

Pasteur effect.

The Crabtree effect exhibited by the model is compared to experimental data

from Snyder et al. [171] in Figure 7.3. Model results were scaled relative to the data

to find the best fit.

The model results may underestimate the Crabtree effect somewhat. Data from

Heywood et al. [172] shows an even stronger Crabtree effect (not shown), although

that study was performed on chondrocytes rather tumor cells.

Summary of the ADP competition model

Using basic principles of metabolism, a model has been presented that captures the

three metabolic effects outlines in the introduction, namely the Crabtree, Pasteur

and Warburg effects. A realistic model of cellular metabolism must capture these
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Figure 7.3: Results of the model are compared with data on the Crabtree effect [171].
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basic effects. The difference between normal and tumor cell metabolism is realized

by changing three tumor parameters. The glycolytic flux, LDH pathway, and ATP

consumption are all upregulated in tumor cells. These changes are sufficient to allow

the effects to be observed.

Although the results are promising, the model does not conclusively show that

ADP competition is responsible for the Crabtree effect. However, it appears rea-

sonable that it can contribute to this effect, perhaps in combination with other

mechanisms.

7.4.2 Metabolic model including pH inhibition of aerobic respiration

A number of studies have shown that lowered intracellular pH levels can reduce the

effect of oxidative enzymes [173, 174, 175]. This suggests that lowered pH levels in

tumor cells could be a mechanism for the Crabtree effect. This effect is added to

the basic model to see what effect it has on the observed metabolism.

Equations for the pH inhibition model

In order to model this effect, the concentration of hydrogen ions must be taken into

account. The following equations formulate the pH inhibition model.
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d

dt
ATP = 2JGly + 30JTOx − JATP (7.24)

d

dt
ADP = − d

dt
ATP (7.25)

d

dt
Pyr = 2JGly − 2JTOx − JLDH (7.26)

d

dt
H = JLDH − JH . (7.27)

The only difference is the addition of an equation for Ḣ. Hydrogen ions are

produced by the LDH process. The H+ produced by this reaction is either removed

from the cell or buffered within the cell. These two processes are accounted for by

the term JH , described below.

As in the previous model, glucose and oxygen levels are fixed, so the consumption

rates of glucose and oxygen continue to be represented by Eqs. (7.18) and (7.19).

The flux terms on the right hand side of Eqs. (7.24) through (7.27) are given by

JGly = VGly
G

KG1 + G
· ADPm

Km
A1 + ADPm

(7.28)

JTOx = VTOx
Pyr

KP2 + Pyr
· O

KO2 + O
· ADP

KA2 + ADP
· Kn

H2

Kn
H2 + Hn

(7.29)

JLDH = VLDH
Pyr

KP3 + Pyr
(7.30)

JATP = VATP
ATP

KA4 + ATP
(7.31)

JH = VH (H −KH5) . (7.32)

The final term of Eq. (7.29) accounts for the H+ suppression of aerobic activity.

This term is parameterized so that the inhibition is minimal at pH levels above 7.0.

Figure 7.4 shows the effect of this term, with parameters as given in the following
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section.

Figure 7.4: The reduction of aerobic metabolism as a function of cellular pH, given
by the last term of Eq. (7.29).

Initial conditions and parameters for the pH inhibition model

Initial conditions and parameters are as given in Table 7.2, with additional pa-

rameters given in Table 7.3. The Michaelis constants are listed relative to these

physiologic conditions.

VH was chosen to be high enough that tumor cells operated in a range of pH

greater than 6.6.
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Table 7.3: Initial conditions and parameter values for the pH inhibition metabolic
model, Eqs. (7.24) through (7.32)

Initial condition Value Units Reference/Note
Ho 10−4.3 mM standard cellular pH

Parameter Value Units Reference/Note
VH 1.2× 104 mM/sec see text
KH5 10−3.8 mM [175]
n 3 [175]

Tumor Cell Parameter Value Units
VGly,T 17× VGly mM/sec
VLDH,T 50× VLDH mM/sec
VATP,T 2× VATP mM/sec

Results for the pH inhibition model

The pH inhibition causes a moderate enhancement of the Crabtree effect, more in

agreement with what is seen in the literature. The parameter change for VLDH

between normal and tumor cells is reduced by more than half, from 105 to 50.

Figure 7.5 shows the results of the model for the range of glucose concentrations

presented in the basic model.

The Crabtree effect in this model has greater than 50% reduction from the peak

respiration rate. However, the majority of the Crabtree effect is provided by the

ADP competition aspect of the model. Figure 7.5c shows the pH levels within the

cell for a given concentration of glucose. Although the pH is lower in tumor cells, the

gradient is not very strong for the range of glucose levels where the cell maintains its

ATP to ADP ratio. The most significant gradient occurs for low glucose levels; in

this range, the ATP to ADP ratio drops significantly. Using the equations described,
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Figure 7.5: Effect of varying glucose concentration in the pH inhibition model of
metabolism, Eqs. (7.24) through (7.32). For all four panels, the solid line is the
response of a normal cell, and the dashed line is the response of a tumor cell,
with parameters as shown in Tables 7.2 and 7.3. Panels (a), (b), and (d) are as
described in Figure 7.1. Panel (c) shows the intracellular pH as a function of glucose
concentration [G].
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it was not possible to adjust parameters so that the pH gradient was occurring over

a range of glucose concentrations where the ATP to ADP ratio was maintained at

normal levels.

7.4.3 Additional metabolic models and future work

A number of other variations of the metabolic model were implemented. However,

initial exploration of the additional changes did not offer any improvement over

the basic metabolic model presented in section 7.4.1, with respect to the Crabtree

effect. If the effect was seen, it was due primarily to the ADP competition effect

shown above. The following sections briefly describe the modifications that were

attempted. These attempts are open for further refinement, given the complexity

of the metabolic interactions which occur in a cell.

NADH and NAD+ metabolic models

NADH and NAD+ were incorporated into the model in two ways. The first model

was a basic, single compartment model of metabolism that included this redox

pair. Simply including these molecules in the basic model do not add a significant

difference to the model, since the stoichiometry between pyruvate and NADH is

equal. To break this sync, pyruvate leakage was also introduced. This pyruvate

leakage represents a shunt whereby pyruvate and/or downstream products of the

TCA cycle are lost to fatty acid synthesis and other cellular building processes.

This model failed to produce a significant difference in the Crabtree effect. Since



181

the ratio of NAD+ to NADH in the cytoplasm is very large (on the order of 500),

the model was very sensitive to parameters, compared with the basic model.

A second model was explored, using a compartmentalized model of the cell.

NADH and NAD+ were tracked in the cytoplasm and also within the mitochondria,

with an NADH-NAD+ shuttle providing transport of NADH into the mitochondria

for use in the aerobic pathway. The ratio NADH-NAD+ ratio in the mitochondria is

different than the cytoplasm. This difference assisted with parameter sensitivity, but

the model output was not significantly affected by the addition of this complexity.

The equations used for this model are shown below, but not analyzed here since the

results were not significantly different than shown above.

d

dt
ATP = 2JGly + 30JTOx − JATP (7.33)

d

dt
ADP = − d

dt
ATP (7.34)

d

dt
Pyr = 2JGly − 2JTOx − JLDH (7.35)

d

dt
NADc = JLDH + JNTr − JGly (7.36)

d

dt
NADHc = − d

dt
NADc (7.37)

d

dt
NADm = JTOx − JNTr (7.38)

d

dt
NADHm = − d

dt
NADm. (7.39)
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Flux terms were given by

JGly = VGly
G

KG1 + G
· ADPm

Km
A1 + ADPm

(7.40)

JTOx = VTOx
Pyr

KP2 + Pyr
· O

KO2 + O
· ADP

KA2 + ADP
· NADH

KN2 + NADH
(7.41)

JLDH = VLDH
Pyr

KP3 + Pyr
· NADHc

KN3 + NADHc

(7.42)

JATP = VATP
ATP

KA4 + ATP
(7.43)

JNTr = VNTr
NADHc

KN5 + NADHc

· NADm

KN6 + NADm

. (7.44)

Since the NAD+/NADH ratios are so large in the cytoplasm, the flux term for

glycolysis does not depend on NAD+ concentrations in any significant way.

Numerous studies have suggested that the redox state of the cell is tightly regu-

lated and influences the cellular processes of metabolism and cell growth in various

ways [176, 177]. The redox state is coupled with a number of cellular processes.

Isolating it within a metabolic model may be an incorrect approach, since it may

be cross-regulated from a second cellular process as well. Another approach is to

include the use of feedback mechanisms to more tightly control the metabolism; how-

ever, there are multiple control points by multiple molecules at many steps along

the metabolic pathway, making this a significant endeavor to parametrize.

Shunting of intermediate glycolytic sugars

Attempts were made to model the diversion of the intermediate sugars of glycolysis

to side pathways. For example, the sugar F6B is the entry point to the Pentose-
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Phosphate pathway (PPP). The glycolytic section of the model was split into mul-

tiple components, following the stoichiometry of Eqs. (7.5) through (7.8). The

intermediate sugars were diverted from the pathway. Initial simulations showed the

system was very sensitive to parameter choices, suggesting that regulatory terms

are needed to control the levels of the intermediates. Future work could address

these checkpoints in glycolysis, and calibrate the model so that the intermediate

concentrations agree with those observed in the literature.

7.5 Conclusions

The metabolic models presented here are a first step towards an integrated model

of cellular metabolism that accurately accounts for normal vs. tumor cell differ-

ences, and captures the proper metabolic effects seen in the experimental data. The

Crabtree, Warburg, and Pasteur effects are observed in a basic metabolic model,

suggesting that the basic metabolic processes are qualitatively correct. The differ-

ence between tumor cells and normal cells is accounted for by changing parameters

that are known to be different between these types of cells.

In the future, the goal is to incorporate this model into a spatial model of tumor

cell growth. Besides examining how the metabolic parameters affect the growth

of the tumor, some diagnostic values could be predicted with such a model, in-

cluding glucose and oxygen penetration distances, proliferating fraction, and local

nutrient consumption. These values would be useful in determining hypoxic areas
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for a partially vascularized tumor, and possibly suggest avenues for developing new

treatments which target aspects of metabolism.
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Chapter 8

Induced Stress in Solid Tumor Growth

Growth is a central aspect in the study of tumors. In this chapter, the effects

of symmetric growth on a solid elastic body are examined for different material

configurations. Growth and stress are interrelated: growth creates internal stress,

while at the same time stress can affect growth. As a tumor grows, the material is

stretched or compressed, and these residual stresses remain in the body.

Experimental evidence shows that mechanical stress can affect the growth rate

of solid tumors [29]. The presence of compressive stress in vascularized tumors has

been proposed as a mechanism for the collapse of the blood vessels which supply

the tumor with nutrients [178]. While intuitively this may seem like a positive way

to fight the tumor growth by limiting its nutrient supply, there is evidence that

the nutrient gradients formed by this event can cause the tumor to destabilize and

become more aggressive [179]. Mechanical stress and deformation has also been

suggested as a possible mechanism for the invasion by a tumor into the surrounding

tissue[21]. The growth pressure causes outward expansion of the tumor mass, and

eventually the mass may penetrate the tissue through channels of minimal resistance.

Although the correspondence between residual stress and vascular collapse or

tissue invasion has not been confirmed in vivo, mathematical modeling suggests
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that it could be a factor in these phenomena. If so, it is of interest to understand

the mechanisms by which this stress develops.

The governing mechanical equations for growth of a cylindrical body are devel-

oped here, similar to a tumor growing in a breast duct. The methods are applied to

both neo-Hookean and Fung materials, and also to combinations of these materials

subject to different growth or resorption coefficients.

8.1 Mechanics of elastic deformation

A solid elastic body which undergoes a deformation is considered. The transforma-

tion from the initial, or material configuration X, to the current, or instantaneous

configuration x, is given by χ: X → x. The gradient of χ with respect to the ma-

terial configuration X is a composition of two tensors. A describes the deformation

due to the stress in the material, and G contains the deformation due to the growth

of the body. Letting 5χ ≡ F, it follows that

F = A ·G. (8.1)

The case for spherical coordinates is treated in [27]. In this chapter, the gov-

erning equations in cylindrical coordinates are derived. The coordinates are defined

as (r, θ, z), corresponding to the radial, circumferential, and axial directions respec-

tively. Starting with an initial cylindrical shell with inner radius A and outer radius

B, stress and growth will cause the shell to deform. The current configuration is a

shell with inner radius a and outer radius b. Symmetric deformations of the shell of
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material are assumed, which imposes F to be of the form

F = diag(r′, r/R, 1), (8.2)

where r′ is the derivative of r with respect to R. The growth is assumed to be in

the radial direction, given by γ1, and in the circumferential direction, given by γ2.

Uniform growth in the axial direction is decoupled from the other coordinates, so

axial growth is neglected here. The growth tensor G is given by

G = diag(γ1, γ2, 1). (8.3)

The elastic deformation tensor A is given by

A = diag(α1, α2, 1). (8.4)

For solid tumors, which are composed primarily of water, the material is elasti-

cally incompressible, and thus det(A) = 1. Eq. (8.1) implies that

r′ = α1γ1, (8.5)

r/R = α2γ2. (8.6)

Since detF = detG, the equation r′r/R = γ1γ2 holds. This can be integrated

to obtain a relationship between r and R, given by

r2 = a2 + 2

∫ R

A

γ1(R)γ2(R)R dR. (8.7)

The growth is assumed to be constant and homogeneous, so Eq. (8.7) becomes

r2 = a2 + γ1γ2(R
2 − A2). (8.8)



188

A further assumption is that the material is hyperelastic, so that there exists

a strain energy function W = W (A), determined by the type of material (i.e.,

neo-Hookean or Fung).

The nominal stress tensor S is given by

S = JG−1 ·WA − qJG−1 ·A−1, (8.9)

where J = det(F), WA is the derivative of W with respect to A, and q is a Lagrange

multiplier [27].

The stress in the body at the instantaneous configuration is given by the Cauchy

stress tensor T, which is related to the nominal stress tensor by [27]

T = J−1F · S. (8.10)

For the incompressible case, Eq. (8.10) becomes

T = A ·WA − q1. (8.11)

In the absence of external forces, the divergence of T with respect to the instan-

taneous configuration must be zero. For symmetric deformations, T is diagonal,

and therefore from Eq. (8.11) it follows that

t1 ≡ T11 = α1W1 − q, (8.12)

t2 ≡ T22 = α2W2 − q, (8.13)

t3 ≡ T33 = −q. (8.14)
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Taking the divergence of T in cylindrical coordinates, setting the three compo-

nents to zero, and assuming symmetric deformations, there is only one non-vanishing

equation,

t1,r =
t2 − t1

r
, (8.15)

where t1,r is the partial derivative of t1 with respect to r.

Letting α ≡ α2 = α−1
1 , from the condition detA = 1, and defining the function

Ŵ ≡ W (α−1, α, 1), it follows from Eqs. (8.12), (8.13), and (8.15) that

t1,r =
2αŴα

r
. (8.16)

Using Eqs. (8.5) and (8.6), Eq. (8.16) can be rewritten as

t1,α =
γŴα

γ − α2
, (8.17)

where γ ≡ γ1

γ2
. Integrating both sides gives

t1(α) =

∫ α

αa

γŴα

γ − α2
dα, (8.18)

where the lower limit of integration αa ≡ a
Aγ2

, from Eq. (8.6). This gives the radial

stress component t1 as a function of the strain α. The circumferential, or hoop,

stress can be found from Eqs. (8.15) and (8.16) to be

t2(α) = t1(α) + 2αŴα, (8.19)

and the axial stress can be found from Eqs. (8.13), (8.14), and (8.19) to be

t3(α) = t1(α) + αŴα. (8.20)
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8.2 Applications

The equations derived above can be used to investigate the effect of growth on the

residual stresses of the body. The response of the material is contained in the strain

energy function W . For neo-Hookean materials,

WnH = µ1(α
2
1 + α2

2 + α2
3 − 3), (8.21)

with parameter µ1 > 0. Fung materials, which are common in biological tissues,

have strain energy function

WF = µ2(exp(µ1(α
2
1 + α2

2 + α2
3 − 3))− 1). (8.22)

In cylindrical coordinates, and using the incompressibility assumptions made earlier,

Eqs. (8.21) and (8.22) become

ŴnH = µ1(α
−2 + α2 − 2), (8.23)

ŴF = µ2(exp(µ1(α
−2 + α2 − 2))− 1). (8.24)

The pressure difference P between the inner and outer surfaces imposes the

condition that the integral in Eq. (8.18) is

P =

∫ αb

αa

γŴα

γ − α2
dα, (8.25)

where the upper limit of integration is the strain at the outer radius, which can be

found from Eq. (8.8), and relations (8.5) and (8.6).
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Eq. (8.25) defines the relationship between P and αa, so for a given pressure,

the strain at the interior boundary after deformation can be found, and then α(R)

is known. In addition, from relation (8.6) the deformation χ: R → r is also known.

By using the strain function α(R) as the upper bound of Eq. (8.18), t1(R) can

be calculated, which is the radial stress. From Eqs. (8.19) and (8.20), t2(R) and

t3(R) are found, which correspond to the circumferential stress and the axial stress,

respectively.

8.3 Results and discussion

In general the integrals can not be solved analytically, so numerics were implemented

to perform the calculations. For a given pressure P , first αa is found, which gives

t1(αb) = −P . Figure (8.1) shows t1(αb) as a function of αa, for a neo-Hookean

material, and Figure (8.2) shows the same for a Fung material, with pressure P = −2

as an example.

Figure (8.3) shows the deformation r(R) and strain α(R) for a neo-Hookean ma-

terial subject to radial growth of γ1 = 2 and no circumferential growth. The strain

function ŴnH from (8.23) is chosen for this example. The reference configuration

inner and outer radii are A = 1 and B = 2, and the external pressure difference

P is zero. The curves (not shown) for the Fung material without external load are

similar.

Figure (8.4) shows the induced radial, circumferential, and axial stresses of the
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Figure 8.1: The stress t1(αb) as a function of interior strain αa, for a neo-Hookean
material in cylindrical coordinates. The labeled square shows how to find the αa

associated with given pressure P , in this case P = −2.

Figure 8.2: The stress t1(αb) as a function of interior strain αa, for a Fung material
in cylindrical coordinates. The labeled square shows how to find the αa associated
with given pressure P , in this case P = −2.
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Figure 8.3: The strain function α(R) and the deformation r(R) for radial growth
(γ1 = 2), in the absence of external force (P = 0).

neo-Hookean material subject to radial growth. The radial stress is negative inside

the shell, which indicates compression. In the circumferential and axial directions,

the inner part of the shell is under compressive stress, while the outer part is under

tension. Figure (8.5) shows the induced stresses for a Fung material. The behavior

is similar.

For the case of circumferential growth (γ2 = 2), the deformations and induced

stresses are different. Figure (8.6) shows the deformation and strain associated with

circumferential growth of a neo-Hookean material. Comparing this deformation

with that of Figure (8.3), one sees that the circumferential growth causes a radially

larger, but thinner shell. The ratio of outer and inner deformed radii for the radial

growth case is about 3.6, while for circumferential growth it is about 1.4. However,
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Figure 8.4: )The radial, circumferential and axial stresses in a neo-Hookean material
due to radial growth (γ1 = 2), in the absence of external force (P = 0).

Figure 8.5: The radial, circumferential and axial stresses in a Fung material due to
radial growth (γ1 = 2), in the absence of external force (P = 0).
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the deformed inner and outer radii of the circumferential growth case are larger than

the deformed radii of the radial growth case.

Figure 8.6: The strain function α(R) and the deformation r(R) for circumferential
growth (γ2 = 2), in the absence of external force (P = 0).

Figure (8.7) shows the induced stresses for circumferential growth. The radial

stress is now tensile, and the circumferential and axial stresses have changed orien-

tation compared to the radial growth case (Figure (8.4)) so that the inner part of

the shell is under tension and the outer part is compressed.

Two materials with different strain functions (i.e. a neo-Hookean material inside

Fung material) or different growth factors can be nested. The boundary between

the two materials, denoted C and c in the reference and current configurations

respectively, is constrained so that no gaps form between materials.

As an example, the stress created by two different nested materials is calculated.
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Figure 8.7: The radial, circumferential and axial stresses in a neo-Hookean material
due to circumferential growth (γ2 = 2), in the absence of external force (P = 0).

The inner material is neo-Hookean, and subject to shrinking in the radial direction

(γ1 = 0.5), while the outer material is Fung and is growing radially (γ1 = 2). The

external pressure is set to zero, and the initial boundary between the materials is

set at the midpoint the inner and outer radii (C = 1.5).

Figure (8.8) and Figure (8.9) show the results for this configuration. The first

figure shows that the deformation r(R) is continuous, but the position of the bound-

ary between layers is no longer halfway between the edges; it is closer to the inner

deformed radius a. The second figure shows the stresses in the material due to

growth, and there exist tensile and compressive stresses on all axes that vary with

position.
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Figure 8.8: The strain function α(R) and the deformation r(R) for two nested
materials. The inner material is neo-Hookean undergoing radial resorption, while
the outer material is a Fung material growing radially.

Figure 8.9: The radial, circumferential and axial stresses for two nested materials.
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8.4 Conclusions

In this chapter, growth of a solid body is shown to induce stress in the material, even

in the absence of external forces. The stresses can be compressive or tensile. These

stresses in turn affect the deformations, which can potentially lead to instabilities.

Further work can proceed along several fronts. In this chapter, symmetric homo-

geneous growth was assumed. In the case of avascular tumors, the nutrient supply

is diffusion limited, so growth is not equal at all radii of the tumor. Modeling the

growth gradient of the tumor would be of interest to see how the deformation and

residual stress pattern is affected.

Another aspect to be explored is the cumulative growth. The models presented

here are only one incremental step. To see what the cumulative deformation is, the

process outlined in this chapter must be iterated. Methods for this iteration in a

spherical setting are presented in [180], and could be extended to the cylindrical

case.

The model presented here for tumor growth uses a simple growth law, and yet it

shows that induced stresses are present as the body grows. With more biologically

accurate modeling, a more refined picture of the residual stress within a tumor can

be attained.
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Chapter 9

Conclusions

In this work, a number of mathematical models of cancer were developed. The

model of tumor-immune interactions takes a new step towards understanding the

broad effects of immunosuppression during cancer growth. In combination with

treatments, it has been shown that the immune system can play a role in combating

a growing tumor. Depending on the properties of the tumor, different therapies

will have varying degrees of success. The mediocre clinical success rate of several

immunotherapies has been observed in the model, and possible explanations for

treatment failure have been revealed.

Possibilities for future work with the immune model are numerous. The imme-

diate refinement which would improve the model is the addition of a spatial aspect,

including the compartmentalization of the tumor site, circulation system, and the

lymph nodes. Although accurate parametrization would be a challenge, there would

be more flexibility in modeling the expansion of T cells with these changes. Another

expansion would be the inclusion of homeostatic mechanisms for T cells. Since T-cell

counts are regulated within the body, this could be an important aspect affecting

T-cell proliferation during disease. Inclusion of homeostasis would also have an ef-

fect on lymphodepleting treatments such as chemotherapy, since the T cells that
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are antigen specific may have a different dynamic after the overall T cell population

is reduced by the treatment. This could result in benefits of treatment that last

longer than observed in the present model. A third extension would be to include

additional immune cells and the effect of stromal cells that surround the tumor.

Macrophages and natural killer cells are thought to be a significant part of the

tumor microenvironment, and they can have an influence on T-cell function.

The simple models presented in Part II have many possible extensions. The

metabolic model is a starting point for developing a cellular metabolic model that

derives nutrient consumption and proliferation from the metabolic reactions in a

cell. In order to achieve this goal, however, there needs to be more data gathered

on metabolic rates, in a quantitative fashion that can be incorporated into the

mathematical model.

The effects of mechanical stress on tumor growth in vivo are not well understood.

Biology has largely ignored this aspect of tumor growth and focused on biochemical

aspects of cancer growth, so it is difficult to know how relevant residual stress is for

tumors. However, there is undisputed evidence that mechanical stress plays a role in

many growing biological tissues, including arteries, plants, cartilage and bone, and

therefore it should be considered in tumors until such time that it can be validated

or dismissed by experiments.

In summary, mathematical models can be used to probe aspects of cancer at

many different levels. The model of metabolism offers a glimpse into its usefulness
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at molecular scales; the tumor-immune model is based on cellular scales; and the

mechanical model examines stress within a tissue. As new experimental evidence is

gained, true multi-scale models will be able to synthesize the processes occurring at

different scales and further illuminate the complex interactions that define the dis-

ease of cancer. The author has plans to continue working in mathematical oncology

and expanding on the ideas presented in this work.
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