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ABSTRACT

In this work, we develop a many-body theory of electronic transport through sin-

gle molecule junctions based on nonequilibrium Green’s functions (NEGFs). The

central quantity of this theory is the Coulomb self-energy matrix of the junction

ΣC. ΣC is evaluated exactly in the sequential-tunneling limit, and the correction

due to finite lead-molecule tunneling is evaluated using a conserving approximation

based on diagrammatic perturbation theory on the Keldysh contour. In this way,

tunneling processes are included to infinite order, meaning that any approximation

utilized is a truncation in the physical processes considered rather than in the order

of those processes. Our theory reproduces the key features of both the Coulomb

blockade and coherent transport regimes simultaneously in a single unified theory.

Nonperturbative effects of intramolecular correlations are included, which are neces-

sary to accurately describe the highest occupied molecular orbital (HOMO)-lowest

unoccupied molecular orbital (LUMO) gap, essential for a quantitative theory of

transport.

This work covers four major topics related to transport in single-molecule junc-

tions. First, we use our many-body theory to calculate the nonlinear electrical

response of the archetypal Au-1,4-benzenedithiol-Au junction and find irregularly

shaped ‘molecular diamonds’ which have been experimentally observed in some

larger molecules but which are inaccessible to existing theoretical approaches. Next,

we extend our theory to include heat transport and develop an exact expression for

the heat current in an interacting nanostructure. Using this result, we discover that

quantum coherence can strongly enhance the thermoelectric response of a device,

a result with a number of technological applications. We then develop the formal-

ism to include multi-orbital lead-molecule contacts and multi-channel leads, both of

which strongly affect the observable transport. Lastly, we include a dynamic screen-

ing correction to ΣC and investigate the optoelectric response of several molecular

junctions.
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CHAPTER 1

Introduction

Molecular electronics is an exciting, rapidly growing field which draws upon the

expertise of a wide range of disciplines including chemistry, electrical engineering,

physics, material science and optics. Central to this work is the study of the flow

of electrons, which carry heat, spin and charge, in single-molecule junctions (SMJs)

composed of at least two macroscopic conducting leads coupled to a microscopic

single molecule. Although chemists have worked with many of the molecules used

in molecular electronics for over a century, the notion of designing a single-molecule-

based electronic device first appeared in 1974 when Aviram and Ratner proposed

a single-molecule rectifying diode [12]. Since then experimentalists have made re-

markable progress, physically realizing SMJs using a variety of techniques to study a

number of interesting phenomena such as current rectification [47, 126, 53], Coulomb

blockade [149, 101, 150, 145, 208, 175], the Kondo effect [115, 116], vibrational effects

[102, 78], optical response [200] and thermoelectric response [15, 152]. This open

quantum system is of interest both as a fundamental tool to study nonequilibrium

transport in an interacting nanostructure, and for designing devices which might

derive new utility and enhanced performance by using the electronic properties of

molecules.

At the length scale of a single molecule, typically only several Angstroms across,

the Drude-Sommerfeld theory of electronic transport often used by electrical engi-

neers breaks down and the coherent nature of the electron plays an important role.

At this scale, it becomes appropriate to utilize an alternative approach put forward

by Landauer that “conductance is transmission” [107], in which transport through

a small conductor is thought of as scattering into an electronic waveguide where

each mode has a certain transmission probability. The theoretical problem posed by

a single-molecule junction is then: How can we predict transmission probabilities,
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which are directly related to the observable conductance, from a microscopic quan-

tum theory? When leads are attached to a single molecule the few-body electronic

problem of that isolated molecule becomes a many-body problem of the junction,

involving a macroscopic number of electrons. In general, the many-body problem is

too difficult to be solved exactly, requiring the invocation of certain approximations.

Presently, most theoretical studies of electronic transport in SMJs utilize ab

initio approaches based on implementations of density functional theory (DFT), a

theory which aims to solve the ground state many-body problem variationally with-

out resorting to any phenomenological factors [187, 46, 183, 77, 54, 190, 120]. These

approaches are attractive because with them transport calculations scale linearly in

the size of the system, unlike the exponential scaling exhibited by a full many-body

calculation, making an atomistic model of a molecular junction feasible. However,

DFT itself is only exact for the ground state electronic configuration, making its

applicability to nonequilibrium problems like transport in a SMJ which require an

accurate description of excited states uncertain a priori [136, 87, 37]. Moreover,

even in equilibrium non-perturbative effects like the quantization of charge are not

properly described by existing implementations of DFT [137, 188, 27, 63]. Motivated

by these issues, we sought to develop a theory of transport capable of predicting

existing experimental data.

A main goal of this work is to develop a many-body theory of quantum trans-

port capable of predicting the response of an open quantum system, namely a single-

molecule junction. To this end, we utilize nonequilibrium Green’s functions (NEGF)

as a framework for our transport theory, drawing upon the intuitive nature of dia-

grammatic perturbation theory to find a physically motivated approximation to the

full many-body solution. We phrase our many-body theory in terms of the interact-

ing molecular Green’s function, simultaneously including both Coulomb-blockade

and resonant tunneling phenomena in one unified theory.

In this chapter we give a brief overview of some of the experimental techniques

used to fabricate a single-molecule junction and discuss the nature of transport at

the quantum level. We also outline many of the most important aspects of the



14

NEGF formalism and of diagrammatic perturbation theory. In chapters 2 and 3,

we develop the electrical and thermal theories of transport, respectively, presenting

many striking examples along the way. In chapter 4, we extend our formalism for

the lead-molecule interface and investigate multi-orbital lead-molecule contacts and

multi-channel leads, both of which strongly affect the observable transport. We also

consider the density-of-states of the macroscopic leads as a possible probe of the

bonded molecule’s state. In the final chapter of this thesis, we include dynamic cor-

relation corrections in our perturbative expansion and investigate the photovoltaic

effect in several single-molecule junctions.

1.1 Single-molecule junctions

A single-molecule junction is a device composed of at least two macroscopic con-

ducting leads coupled to a single molecule. Most often single-molecule junctions are

made using gold electrodes, as gold is a good conductor, is malleable, and binds well

with thiolated molecules (i.e. molecules with -SH functional end-groups). Recently,

transport studies have been performed using the archetypal benzene (C6H6) molecule

directly bonded to two platinum electrodes [90]. Irrespective of the methods involved

in constructing a molecular junction, of principal interest is the nonequilibrium elec-

tronic response, i.e. how the current or conductance is affected by the application

of a bias voltage or large temperature gradient. As motivation for the theoretical

discussion which constitutes the bulk of this work, let us first briefly review some of

the experimental methods used in molecular electronics.

1.1.1 Break junctions

In a mechanically controlled break junction (MCBJ) a piezo-element is used to cause

a macroscopic metallic wire to fracture, thereby producing a nanoscale gap between

two clean, atomically sharp metal contacts. For a molecular junction, molecules are

then deposited in between the two contacts to make an electrical circuit. The three-

point bending configuration often utilized in break junctions is shown schematically
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Figure 1.1: Mechanically controlled break junction (MCBJ) technique. (a) A scan-
ning electron microscope (SEM) image of a lithographically fabricated gold MCBJ.
The contact at the narrowest part is formed in a thin 20 nm gold layer. Taken from
Ref. 2. (b) A schematic of the MCBJ device used in an experiment by Reed et al.
[153] indicating ‘a’ the bending beam, ‘b’ the contour supports, ‘c’ the notched gold
wire, ‘d’ the glue contacts, ‘e’ the piezoelectric element, and ‘f’ the glass tube with
molecular solution. (c) A schematic representation of the formation of a molecular
junction from Ref. 153.

in Fig. 1.1. By monitoring the current at a fixed bias through a MCBJ as the strain

is applied, the point of fracture can be ascertained. One then reduces the strain

until a non-zero conductance is observed. The advantages of this technique are that

it is repeatable, can be done at low temperature in vacuum, and is quite insensitive

to vibrations [3]. However, from a device perspective the involvement of mechanical

parts is not desirable.

In their landmark experiment, Reed and colleagues [153] measured the electrical

response of a single 1,4-benzenedithiol molecule bound to two gold leads using a
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Figure 1.2: The molecular MCBJ experiment of Reed and coworkers [153]. Left:
A schematic diagram of the researchers vision of their Au-1,4-benzenedithiol-Au
junction. Right: The nonlinear electrical response of the junction. The traces in
the lower figure illustrate the repeatable nature of the measurement and are offset
for clarity.

MCBJ. The current and conductance they measured as a function of voltage bias

is shown in Fig. 1.2. Their spectra exhibit distinct steps at certain voltages in both

forward and reverse biases, a result which is consistent with a resonant tunneling

process.

The thiol end-groups attached to benzene bond strongly with the gold surface,

assuring good electric coupling between the molecule and the contact. A drawback

with thiol end-groups, and with end-groups in general is that they generally act as

an additional tunnel barrier for junction transport. In a recent experiment Kiguchi

and colleagues [90] succeeded in forming MCBJs in which a single benzene molecule

bonds directly to two platinum electrodes. Using a computer controlled loop thou-
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Figure 1.3: Schematic indicating various aspects of the experiment by Kutbakin
et al. [101]. (a) A diagram of the OPV5 molecule used in this experiment. (b) A
representation of the angled deposition technique and the final junction with source,
drain and gating electrodes. Images are from Ref. 101.

sands of junctions were formed, indicating that benzene can form very strong bonds

with the metallic surface directly.

1.1.2 Fixed-gap junctions

Most fixed-gap junctions are produced using a method known as electromigration,

where a momentum transfer between the electrons and the ions of the metallic

nanowire causes a sub-nanoscale breakage forming a small junction [144]. Unlike

break junctions, the width of a fixed-nanogap junction cannot be adjusted arbi-

trarily, although there has been effort [112] to fine-tune the size of the gap using

electrodeposition and etching. Once a nanogap is constructed, a molecular junction

is formed when a molecule bridges the gap between the two electrodes, allowing

current to flow.

Because of the irreversibility of the electromigration process the yield of work-
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Figure 1.4: Experimentally resolved Coulomb blockade diamonds and nonlinear cur-
rent for a single-OPV5 molecular junction at 4.2K. (a) The differential conductance
as a function of gate voltage (horizontal axis) and bias voltage (vertical axis). (b)
Traces of several nonlinear currents. Image is from Ref. 101.

ing devices is often quite low. Moreover, electromigration is a complex process

with many associated difficulties, making it an experimentally challenging technique

[119]. With that in mind, many of the most spectacular single-molecule transport

experiments have been done using fixed-gap devices [149, 101, 145, 115, 116].

In a particularly remarkable experiment, Kubatkin and colleagues [101] utilized

electromigration techniques to fabricate a fixed-gap three terminal junction, with

the ability to adjust both the bias and gate voltage of the molecule. On top of

the aluminium gate electrode the group lithographically patterned gold electrodes

by adjusting the angle of the mask with reference to the deposition beam, shown

schematically in Fig. 1.3. Once a 2nm gap was prepared the junction was warmed

slightly, oligophenylenevynylene (OPV5) molecules were deposited and the gap was

monitored until the conductance changed. Once a working device was fabricated,

the group investigated the transport as a function of bias voltage and gate voltage.

The resulting spectra, shown in Fig. 1.4, were all collected at liquid helium tempera-

tures (∼4.2K) and exhibit the Coulomb blockade diamonds associated with multiple

charge states of the molecule. Coulomb blockade cannot be explained with an ef-
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Figure 1.5: Image of various scanning-tunneling microscope (STM)-based single-
molecule measurement methods. (a) From Ref. 8, a gold nanograin is used to
contact a molecular self-assembled monolayer (SAM). (b) From Ref. 203, a gold STM
tip collides with and is then extracted from a conducting surface with evaporated
molecules forming thousands of break junctions. The measured current traces are
used to generate conductance histograms for a single molecule. (c) From Ref. 105,
the charge transport as a function of length is measured for a single poly-fluorene
wire by binding it to an STM tip and subsequently adjusting the height of the tip
relative to a conducting surface, effectively changing the length of the wire in the
process.

fective single-particle theory since charge quantization is non-perturbative. This

remarkable result is also motivation for the development of our many-body theory

of electronic transport.

Very recently, Song and colleagues observed gating in molecular junctions com-

posed of molecules as small as 1,4-benzenedithiol [175]. Although they were not able

to consider such a molecule in the ‘meta’ configuration, their work does represent a

major step toward the realization of a single-molecule transistor [29].

1.1.3 STM junctions

The first successful investigations of the electrical response of single molecules were

performed using a scanning-tunneling microscope (STM) [25]. The device consists
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Figure 1.6: Measurements by Xiao et al. of the electronic response of gold and ben-
zenedithiol using the contact-method with an STM. By repeatedly contacting the
gold tip with a gold surface covered with molecules many thousands of molecular
junctions were formed and measured. Using the current vs. distance traces con-
ductance histograms were then constructed showing quantized conductance. For
example, the conductance of benzenedithiol ∼.011G0. Similar experiments were
performed by Venkataraman et al. using amine (nitrogen atom with lone pair)
end-groups rather than thiols (sulfur-hydrogen) . Image is from Ref. 203.

of a conducting surface upon which a molecule is deposited and an atomically sharp

tip which can be moved in space using piezo-elements. Over the past few decades,

the STM has been used extensively for ‘imaging’ molecules on the surface of metals

[201]. The image, of course, is actually a map of the electronic transmission which,

as we will see in chapter 4, may relate to the molecular surface in a complex way.

Modified STM devices have also been used to form molecular junctions by a

number of methods, several of which are shown schematically in Fig. 1.5. Because

of their widespread usage in the molecular electronics community [203, 15, 195, 152,

204], we’ll focus on the so-called contact method. As the name suggests, in the
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contact method the STM is operated as an automated break junction where, using

a computer controlled feedback loop, the conducting tip is pushed into contact with

the conducting substrate immersed in a solution of molecules. Under fixed bias

the tip is then extruded and the current is recorded. As shown in Fig. 1.6c, the

current vs. distance traces have discrete plateaus corresponding to integral numbers

of molecules in the junction. Since the STM tip is held at fixed bias the current

can be used to generate conductance histograms, shown in panels (b) and (d) of

the same figure. Like the break junction, this technique has the advantage of giving

reproducible data that can be accumulated for longer times to lower statistical

variations. In addition, the temperatures of both the substrate and the STM tip

can be accurately controlled via joule heating, allowing both thermal and electronic

measurements to be performed simultaneously in a single-molecule junction [15, 152].

For thiols on gold, the force required to break the Au-S bond is larger than

that for the Au-Au bond, leading to grain migration, pitting of electrodes, and

metal island formation that may complicate the interpretation of single-molecule

measurements using this STM method. For this reason, several groups have in-

vestigated alternative chemical methods for binding molecules to the gold surface

[35, 195].

1.2 Quantum transport

Quantum transport investigates the flow of conserved ‘stuff’ – mass, energy, particle

number, charge, momentum – at the quantum scale. In the context of molecular

junctions, the flowing stuff is most often the charge and heat of electrons. Because

the term ‘quantum scale’ is quite vague and encompasses a large range in the physical

dimensions of a system let us consider several important length scales involved in

electronic transport:

• The de Broglie wavelength λ

In his 1924 PhD thesis, Louis de Broglie postulated that the momentum-

wavelength relation for a photon may also be true for material particles as well.
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Many experiments since have validated his matter wave hypothesis which may

be expressed mathematically as

λ =
h

p
, (1.1)

where p is the momentum of the massive object and h=4.1356×10−15eV · s is
Planck’s constant. For a Fermi gas pF=

√
2meEF, where me=9.109×10−31kg is

the electron mass and EF is the Fermi energy. The experimentally measured

Fermi surface of Gold is very nearly spherical, meaning that it is well modeled

as a Fermi gas. With a Fermi energy of 5.5eV

λAu = .52nm, (1.2)

• The mean free path Lm

The mean free path Lm is the characteristic distance a particle travels between

momentum altering collisions with impurities and is defined as

Lm = vτm, (1.3)

where v is the particle’s velocity and τm is the ‘transport relaxation time’. The

mean free path is not generally equal to the mean distance between collisions

since the effectiveness of a collision at destroying the initial momentum state

of a particle is rarely unity [42]. Taking the particle to be an electron at the

Fermi-surface of a large piece of gold

Lm = vFτm =

√

2EF

me

τm ≈ 50nm, (1.4)

where τm ∼0.35fs [9, 95].

• The phase-relaxation length Lφ

The phase-relaxation length Lφ is analogous to the coherence length in optics.

Coherence is a measure of interferability which in the electronic case is related

to the phase of the wavefunction. Consider the Aharonov-Bohm ring shown

schematically in Fig. 1.7, in which an electron is split along two arms of a
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Figure 1.7: A SEM image of a microfabricated gold ring for Aharonov-Bohm type
experiments. The two arms of the interferometer are labeled ‘Arm 1’ and ‘Arm 2’,
respectively. Near the second arm is an additional lead used to adjust the phase
relationship between the two arms. The ring is 70nm wide, 20nm thick with a
diameter of 800nm. Image is modified from Ref. 184.

conducting ring. If we introduce static impurities into the arms the system still

obeys time-reversal symmetry and although the phase relationship between the

two arms will have changed, it still exists. Instead, if a dynamic source of phase

randomization is present, for example caused by electron-electron scattering

in either (or both) arms of the ring, then the phase in the two arms will be

less correlated. The phase-relaxation length may be defined as

Lφ = vτφ, (1.5)

where v is the velocity and τφ is the characteristic time that a particle main-

tains a phase relation with itself.

In an Ohmic conductor, the electrical conductance G is related to the dimensions

of a particular sample by a material dependent, but dimensionally independent,

conductivity σ. For a two-dimensional conductor [42]

G = σ
W

L
, (1.6)
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Figure 1.8: A schematic representation of the diffusive and ballistic transport
regimes. In the former, the mean free path of the electron is much shorter than
either the width W or length L of the conductor with the red dots indicating
electron-electron scattering events. In the ballistic regime the mean free path of
the electron is larger than the dimensions of the conductor.

where W and L are the width and length of the conductor, respectively. The

transport in macroscopic conductors is diffusive, meaning that on average electrons

scatter many times as they move across the sample, i.e. Lm, Lφ < L. As the

dimensions of the conductor are reduced we expect that Eq. (1.6) will eventually

break down because the sample will be smaller than the mean free path or phase-

relaxation length. This is the so-called ballistic transport regime where electrons

don’t scatter in the conductor, shown schematically in Fig. 1.8. In this regime the

wave nature of the electron appears prominently and the junction can be thought

of as an electronic waveguide. The molecules often used in molecular junctions

are usually on the order of several angstroms in size, meaning that their transport

is predominantly ballistic in nature. In the next section, we briefly review main

concepts of ballistic transport which will appear throughout this thesis.

1.2.1 Ballistic transport: The Landauer-Büttiker approach

Consider a two-terminal junction, molecular or otherwise, like that represented in

the lower half portion of Fig. (1.8) with a central constriction with a length L and

width W such that L ≫ W . Here, we assume that the spatial confinement of
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the constriction is absolute so that the electrons do not exceed the boundaries of

the confinement, i.e. the transverse eigenfunctions are sin(πny/W ), where y is the

transverse spatial coordinate.

If the chemical potential of the left-hand reservoir µLeft is greater than that of

the right-hand reservoir µRight, then the current carried by channel n is given by

In = evnNn ≡ evn
∂Nn

∂E
(µLeft − µRight), (1.7)

where e is the electron’s charge, vn is the longitudinal velocity of the electron, Nn

is the particle density in mode n, and ∂Nn

∂E
is the density of states (DOS) in mode

n. In one-dimension
∂Nn

∂k
=

1

Λ

Λ

2π
=

1

2π
, (1.8)

where the spacing between k-states given by 2π/Λ and Λ is the period used in the

periodic boundary conditions. The velocity is related to the electronic dispersion as

vn =
1

~

∂E

∂k
(1.9)

such that the current becomes

In =
e

~

∂E

∂k

∂Nn

∂E
(µLeft − µRight) =

e

2π~
(µLeft − µRight). (1.10)

Equation (1.10) shows that the left-hand reservoir supplies all channels with the

same current irrespective of the carrier velocities. Physically, this means that in

terms of the current an abundance of slow carriers is equivalent to a relative dearth of

fast carriers. Assuming that the coupling to the electrodes is weak we can relate the

chemical potential’s of the leads to the potential difference and find the conductance

of a single-channel conductor, namely

G =
I

V
=

e
2π~

(µLeft − µRight)

(µLeft − µRight)/e
=
e2

h
≡ G0, (1.11)

where ~=h/2π and h is Planck’s constant. Including spin, the conductance

quantum G0=2e2/h ∼1/12.9kΩ. The first experimental experimental measurement

of quantized electrical conductance is shown in Fig. 1.9. Their data exhibit char-

acteristic plateaus of conductance corresponding to the opening of new transport



26

Figure 1.9: The conductance for a quantum point contact formed by gating the two-
dimensional electron gas formed at the GaAs-AlGaAs interface. The characteristic
plateaus correspond to the opening of new transport channels. Modified from Ref.
194.

channels in strong support of Landauer’s statement “conductance is transmission”.

The conductance of a disordered metal in contact with two electron reservoirs is

given by the Landauer formula

G =
2e2

h

∑

n

τn, (1.12)

where τn is the transmission probability for the mode n of the conductor.

Motivated by the confusion of how to interpret the two- or four-probe conduc-

tance measurement results of mesoscopic electronic systems of 1985, Büttiker found

an elegant solution which has since become the standard method of tackling this

type of conductance problem [28]. The key concept Büttiker realized was to treat

the current probes and voltage probes on an equal footing, i.e. making no qual-

itative distinction between current and voltage leads. Each probe is treated as a

reservoir having its own chemical potential. The current flowing into lead m in a
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multi-terminal junction is then found in a natural way where

Im =
P∑

n=1

Gmnµn, (1.13)

where P is the total number of probes in a junction and

Gmn =
e2

h

∑

ij

Tmn
ij (1.14)

is the conductance between probes n and m. Here Tmn
ij is the transmission proba-

bility from channel j in lead n to mode i in lead n.

Now that we have enunciated the basic formulation of quantum transport, let us

continue by discussing how to determine the transmission probability for a physical

system. In the next section, we’ll review several aspects of Green’s function theory

as it applies to the many-body problem of electrons. The modulus squared of the

quantum Green’s function is proportional to the transmission probability and is

therefore an important part of our theoretical treatment of transport.

1.3 Green’s functions

Green’s functions, named after their self-taught mathematician inventor George

Green, have found a host of applications in almost every scientific field. Originally,

Green’s functions were developed to solve inhomogeneous differential equations with

specific boundary conditions. For an equation of the form

Lu(r) = f(r), (1.15)

where L is a differential operator, f is the source term and r indicates an ordered set

of coordinates, the Green’s function is defined as the ‘impulse response’ or ‘influence

function’ of L whereby

LG(r, r′) = δ(r − r′). (1.16)

The great power of G lies in the fact that the solution u(r) can be expressed as a

sum (integral) of these impulse responses weighted by the source term
∫

dr′G(r, r′)f(r′) = u(r). (1.17)
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As we shall see in the chapters that follow, transport is conveniently phrased

in terms of correlation functions. Although these correlation functions do not have

the same mathematical form as the Green’s function we have just discussed, they

do share a philosophical verisimilitude. In a many-particle system, one is often

interested in perturbing a configuration of particles by adding an additional particle

at some position and time, waiting for a period of time and then asking what the

probability is that a particle could be removed from some other position. Similarly,

we are also often interested in the response of a system to the injection of a particle

vacancy or hole.

Mathematically, there are a number of ways to express this response. Perhaps

the most common is the time-ordered Green’s function [124, 55]

GT
αβ(t1, t2) = −i

〈

T
(

dα(t1)d
†
β(t2)

)〉

(1.18)

where 〈· · · 〉 indicates an average over all accessible equilibrium states and d(t) and

d†(t) are Fermionic annihilation and creation operators in Heisenberg form, respec-

tively. The Dyson time-ordering operator T orders operators such that later terms

appear to the left of earlier ones as

T
(

dα(t1)d
†
β(t2)

)

= θ(t1 − t2)dα(t1)d
†
β(t2)− θ(t2 − t1)d

†
β(t2)dα(t1), (1.19)

where θ(t) is the Heaviside step function and the minus sign in the second term

arises because {dα, d†β}=δαβ. Equation (1.18) may also be expressed as

GT
αβ(t1, t2) =







G<
αβ(t1, t2) = i〈d†β(t2)dα(t1)〉 if t2 > t1

G>
αβ(t1, t2) = −i〈dα(t1)d†β(t2)〉 if t2 < t1,

(1.20)

where the G-lesser G< and G-greater G> functions are important in nonequilibrium

problems. The time-ordering operation is of critical importance in the perturbation

expansion that follows. In all discussions ~=1.

In the Heisenberg representation the time dependence of an operator is given by

OH = eiHtO(0)e−iHt, (1.21)
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where O(0) is a time-independent (Schrödinger) operator. Since the many-body

problem is not generally integrable, we separate the Hamiltonian into two parts in

the following way

H = H0 + V (t), (1.22)

where we assume that the ‘free’ term H0 is time-independent, while the interaction

term V (t) may be time-dependent. Usually, H0 is chosen as a Hamiltonian which

is exactly solvable. As we shall see, a major advantage of phrasing the problem in

this way is that the diagrammatic many-body perturbation theory that follows is an

expansion in processes considered rather than process order, meaning that a finite

number of physical processes can be included to infinite order.

Although the time-ordered Green’s function is extremely useful as a mathemat-

ical tool, the retarded Green’s function is more useful intuitively. As we shall see,

however, the two are related and the choice of which to use is often a matter of taste

and the problem at hand.

1.3.1 The retarded Green’s function

The retarded Green’s function is defined as follows

GR
αβ(t1, t2) = −iθ(t1 − t2)

〈{

dα(t1), d
†
β(t2)

}〉

, (1.23)

where t1 and t2 are times, θ is the Heaviside step function, d (d†) are Fermionic

annihilation (creation) operators in Heisenberg form, {· · · } indicates an anti-

commutation operation and 〈· · · 〉 represents the statistical and quantum-mechanical

average. The term retarded refers to the fact that the correlation is between the

addition and removal of particles where the latter occurs a time t1−t2 later than the

former and is therefore temporally retarded in comparison. As this is the most often

used Green’s function in our work, we will drop the retarded label and assume that

G refers to the retarded Green’s function unless indicated otherwise. However, our

choice of Green’s function is a matter of convenience since the lesser, time-ordered

and retarded Green’s functions are each related to one another by

GR = GT −G<. (1.24)
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For all Green’s functions, the α and β indices are specific to the problem being

considered, but in the case of molecular electronics they most often label the atomic

orbitals of the molecule.

If the perturbation V (t)=0, then Eq. (1.23) may be evaluated explicitly using Eq.

(1.21). Since the eigenvalues of H0 are known exactly then, similarly, the retarded

Green’s function of this free particle is also known exactly. Before considering the

case of V (t) 6=0, it is instructive to examine the Green’s function of a free-particle

in some detail.

Free-particle Green’s function

In order to simplify the present discussion we’ll consider the zero-temperature

Green’s function, where the thermal average over states reduces to an evaluation of

just the ground state. The more realistic case of non-zero temperature can then be

evaluated by considering the thermal distribution of these Green’s functions. Using

Eq. (1.21), the retarded Green’s function (1.23)

G
(0)
αβ(t1, t2) = −iθ(t1 − t2)

〈

φ0

∣
∣
∣

{

eiH0t1dαe
−iH0t1 , eiH0t2d†βe

iH0t2
}∣
∣
∣φ0

〉

= −iθ(t1 − t2)
{〈

φ0

∣
∣
∣dαe

−iH0t1eiH0t2d†β

∣
∣
∣φ0

〉

+
〈

φ0

∣
∣
∣d

†
βe

iH0t2eiH0t1dα

∣
∣
∣φ0

〉}

= −iθ(t1 − t2)e
i(εβt2−εαt1)

{

dα, d
†
β

}

= −iθ(t1 − t2)e
iεα(t2−t1)δαβ (1.25)

where φ0 is the ground state of free-particle Hamiltonian H0 =
∑

n εnd
†
ndn and we

have assumed that H0 |0〉=0 while H0dα |0〉=−εαdα |0〉 and H0d
†
α |0〉=+εαd

†
α |0〉

and the Fermionic anti-commutation relation
{

dα, d
†
β

}

=δαβ. As a quantum Green’s

function, G may be interpreted as the probability amplitude of finding the system

at time t1 with a particle in energy eigenstate α given that a particle was added in

the energy eigenstate β at time t2. Equation (1.25) indicates that for all t1 > t2

the probability is unity since
∣
∣
∣G

(0)
αβ

∣
∣
∣

2

= 1, so long as α = β. Physically, this result

is a reflection of the infinite lifetime of the free-particle and is quite intuitive, since
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without any outside influences we would expect a particle initially in an energy

eigenstate to remain in that eigenstate.

It is interesting to consider Eq. (1.25) in the Fourier domain

G
(0)
αβ(E) = F

{

G
(0)
αβ(t1 − t2)

}

=

∫ ∞

−∞

dt′ G
(0)
αβ(t

′)eiEt′

= −iδαβ
∫ ∞

−∞

dt′θ(t′)eiEt′e−iεαt′ ≡ −iδαβ
∫ ∞

−∞

dt′θ(t′)eiEt′e−i(εα+iη)t′

= −e
i(E−εα+iη)t′

E − εα

∣
∣
∣
∣

∞

t′=0

= δαβ lim
η→0+

[
1

E − εα + iη
− ei(E−εα+iη)∞

E − εα + iη

]

=
δαβ

E − εα + i0+
, (1.26)

where we have assumed that G is time-shift invariant. δ is a positive infinitesimal

used to evaluated the exponential at ∞, where whenever t′ is finite η × t′ = 0 and

when t′ is infinite η × t′ = ∞. In this work, we often use the notation i0+ as a

shorthand for introducing a factor iη in the exponential and taking the limit in

which the variable approaches zero from the right at the end of the calculation.

Equation (1.26) is an important result directly linking the eigenvalues of the

Hamiltonian to the pole structure of the Green’s function. In order to highlight this

point we rewrite Eq. (1.26) in matrix form as

G(0)(E) =
(
1E −H0 + i0+

)−1
, (1.27)

where 1 is the identity matrix. Equation (1.27) is quite general and holds for any

Hamiltonian H0 which is bilinear in creation and annihilation operators, namely

whereH0=
∑

n,m hnmd
†
ndm. In chapter 2, we develop a many-body theory of quantum

transport using a molecular Hamiltonian to construct G(0) which includes two-body

interaction terms quartic in field operators. As we’ll see, these Green’s functions

can’t generally be expressed as in Eq. (1.27). However, if the two-body term is

factorized, as in the Hartree-Fock approximation, then Eq. (1.27) still holds.

Before moving on to interacting particles let us relate the Green’s function to a

macroscopic observable, the density of states (DOS). We begin by introducing the

spectral function

Aαβ(E) = i
[

Gαβ(E)−G†
αβ(E)

]

= −2 Im {Gαβ(E)} (1.28)
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which is closely related to the DOS

ρ(E) =
1

2π
Tr{Aαβ}. (1.29)

We mention in passing that the spectral function obeys a sum rule, namely
∫
Aαβ(E)/2π = δαβ, which holds true even in the interacting system. Using the

free particle Green’s function given by Eq. (1.26), the spectral function for the free-

particle is

Aαβ = −2δαβ Im

{
1

E − εα + i0+

}

= +2πδαβδ(E − εα), (1.30)

and the corresponding DOS is given by

ρ(E) =
∑

α

δ(E − εα), (1.31)

where we have used the Sokhatsky-Weierstrass theorem (or ‘Dirac identity’) in de-

riving Eq. (1.30)

lim
η→0+

1

x+ iη
= P

{
1

x

}

− iπδ(x). (1.32)

If the particle is not free but has a long lifetime τ such that τ−1 ≪ εα, then the

spectral function becomes a Lorentzian with height 2/τ and a half-width at half-

maximum of τ−1. In the next section, we will add the interactions back into the

system and develop a diagrammatic method to express the perturbation theory that

follows.

1.3.2 Diagrammatic perturbation theory

As we have seen, without interactions the Green’s function is both intuitive and

mathematically straightforward to calculate. But what happens when interactions

are turned on? Physically, we no longer expect the stationary states of the free-

particle to be the stationary states of the interacting system; instead the new quasi-

particle excitation of the system will be imbued with finite lifetimes and new en-

ergies. This complex cacophony of particle interactions occurs in addition to the
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intrinsic fluctuations of a quantum system. Together these facts mean that the full

quantum many-body problem is generally a very difficult problem to solve.

Fortunately, this problem has been studied extensively since the inception of

quantum mechanics over 100 years ago. Although no analytic solution is known,

various perturbative methods have been developed to find approximate solutions

to the problem. In this section, we’ll outline the salient aspects of a diagrammatic

approach which we use extensively in later chapters.

In order to formulate a many-body perturbation theory in terms of Green’s

functions, it is advantageous to consider quantum mechanics in the interaction rep-

resentation, where operators and states both depend on time in the following way

O(t) = eiH0tO(0)e−iH0t (1.33)

and

|ψ(t)〉 = e−iH0te−iH(t)t |ψ(0)〉 (1.34)

where O(0) ≡ OS is a Schrödinger (time-independent) operator. Recalling that

H(t) = H0 + V (t) and that, in general, [H0, V (t)] 6= 0 and consequently that

eH0eV (t) 6= eH(t), it is evident that that the exponent in Eq. (1.34) is not simply

e−iV (t)t.

Consider the evolution of the state vector |ψ(t)〉 given by Eq. (1.34) over an

infinitesimal time interval δt. Over such a short time interval we know

∂

∂t
|ψ(t)〉 = −iV (t) |ψ(t)〉

lim
δt→0

|ψ(t+ δt)〉 − |ψ(t)〉
δt

= −iV (t) |ψ(t)〉

⇒ |ψ(t+ δt)〉 ∼= [1− iδtV (t)] |ψ(t)〉 ∼= e−iV (t)δt |ψ(t)〉 (1.35)

where the exponential of an operator is interpreted in the usual way as a Taylor

expansion

eO = 1+O +
1

2!
O2 + . . .+

1

n!
On + . . . (1.36)

In general the Hamiltonian is the generator of time evolution and, as Eq. (1.35)

indicates, in the interaction representation over an infinitesimal time interval the

state evolves according to V (t).
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The S-matrix

At this point we introduce the S-matrix S(t, t0) which evolves a state from time t0

to t [202, 51]. By repeated application of the infinitesimal evolution given in Eq.

(1.35) we find

S(t, t0) = lim
δt→0

e−iV (t0)δte−iV (t0+δt)δt × · · · × e−iV (t−δt)δte−iV (t)δt

= T

[

exp

(

−i
∫ t

t0

dt′V (t′)

)]

=
∞∑

n=0

(

− i

~

)n
1

n!

∫ t

t0

dt1 · · ·
∫ tn−1

t0

dtnT [V (t1) · · ·V (tn)] .

(1.37)

It is straightforward to show that the S-matrix operator is unitary and may be

concatenated as1

S(t, t0) = S(t, t′)S(t′, t0). (1.38)

Equation (1.37) is deceptively simple. If V (t) at different times commute, then the

T operation reduces to the identity operator and we recover the result we would

expect for a product of exponentials. In general however [V (t), V (t′)] 6= 0, meaning

that evaluation of the time-ordering operation T is an involved process which gives

rise to many high-order operator products. In fact, the evaluation of non-equal time

commutation relations lies at the very heart of the many-body problem and is the

goal of Green’s function theory!

So what point is there in just rephrasing the same intractable problem? Before

we answer that, consider the expectation value of the operator O(t)

〈O(t)〉 = 〈ψ(t)| O(t) |ψ(t)〉
〈ψ(t)|ψ(t)〉 . (1.39)

Next, we imagine that in the distant past there were no interactions and that the in-

teractions were ‘turned on’ adiabatically so that we can begin in some known ground

state of H0 and evolve the system to include interactions. At zero-temperature, the

1Eq. (1.34) may also be expressed using the time-ordering notation as |ψ(t)〉 = S(t, 0) |ψ(0)〉 .
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relationship between the ground state of H0 and the ground state of the interacting

case is established by the Gell-Mann Low theorem which states that: a system in

a nondegenerate stationary state cannot make a transition into another state un-

der the action of an infinitely slow perturbation [62, 124, 55]. Mathematically, this

statement may be expressed as follows

|ψ(t)〉 = S(t,−∞) |φ0〉 (1.40)

such that

〈O(t)〉 =
〈φ0|S(−∞, t)O(t)S(t,−∞) |φ0〉
〈φ0|S(−∞, t)S(t,−∞) |φ0〉

≡ 〈φ0|T [O(t)S] |φ0〉
〈φ0|S |φ0〉

(1.41)

where |φ0〉 is the ground state of H0 and in the second step we have assumed time-

reversal symmetry of the system such that

S(−∞, t) = S(∞, t). (1.42)

We have also defined S ≡ S(∞,−∞) recognizing that by Eq. (1.38)

S(∞,−∞)=S(∞, t′)S(t′,−∞). Physically, 〈φ0|S |φ0〉 corresponds to a sum over

vacuum polarization graphs [124, 127, 55] which correspond to the infinite number

of ways quantum fluctuations can perturb a vacuum state and return to a vacuum

state. The time-ordered product may be written explicitly as

T [O(t)S] =
∞∑

n=0

(

− i

~

)n
1

n!

∫ ∞

−∞

dt1 · · ·
∫ ∞

−∞

dtnT [O(t)V (t1) · · ·V (tn)] . (1.43)

As we have already seen, Green’s functions are expectation values of operators.

Equation (1.43) shows us that the exact expression for the expectation value of

an operator is a sum of terms in which the interaction Hamiltonian acts n times,

where n ≥ 0. This is very exciting, since we have already derived an analytic

expression for the n = 0 term of the Green’s function G(0). Ideally, we would like

to express the expectation value as a series in G(0) and something related to V (t).

In order to do that, however, we need a systematic way of dealing with the time-

ordered products of the form T (ABCD · · ·XY Z) where A,B, etc. are creation and

annihilation operators.
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Wick’s theorem

A powerful method useful in evaluating expressions like Eq. (1.43) is Wick’s the-

orem, [55, 124, 1] which states that a time-ordered product of operators may be

decomposed into a sum over normal products involving zero or more contractions.

Symbolically, Wick’s theorem may be expressed as [1]

T (ABCD · · ·XY Z) = N(ABC · · ·XY Z)

+ N(ABC · · ·XY Z) +N(ABC · · ·XY Z) + · · ·

+ N(ABC · · ·XY Z) +N(ABC · · ·XY Z) + · · ·

+ · · ·

+ N(ABC · · ·XY Z) +N(ABC · · ·XY Z) + · · · (1.44)

where the operator N normal orders an operator product such that creation opera-

tors appear to the left of the annihilation operators and the ‘pairing’ or ‘contraction’

operator

AB = T (AB)−N(AB). (1.45)

The trick of Wick’s theorem is that the average over the ground state of a normal-

ordered product vanishes such that

〈φ0|AB |φ0〉 = 〈φ0|T (AB) |φ0〉 (1.46)

and for Eq. (1.44)

〈T (ABCD · · ·XY Z)〉 = 〈T (AB)〉〈T (CD)〉 · · · 〈T (Y Z)〉

−〈T (AC)〉〈T (BD)〉 · · · 〈T (Y Z)〉 − · · · , (1.47)

where the average in each case is over the ground state. This is an important formal

result: the time-ordering operation acting on a product of many operators can be

factorized into an operation on product pairs. In our present context the operators

are Fermionic creation and annihilation operators and the pairs are expressible as

Green’s functions.
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In order to make this point more concrete let us follow the example of Ref. 124

and evaluate

〈φ0|T [dα(t)d†β(t1)dγ(t2)d
†
δ(t

′)] |φ0〉

= 〈φ0|T [dα(t)dβ(t1)†] |φ0〉 〈φ0|T [dγ(t2)d†δ(t′)] |φ0〉

− 〈φ0|T [dα(t)d†δ(t′)] |φ0〉 〈φ0|T [dγ(t2)dβ(t1)†] |φ0〉 , (1.48)

where we have enumerated all non-zero two operator pairings, and the minus sign

in the second term arises from the three operator exchanges required to form the

bracket. Notice that each term in the right-hand side of Eq. (1.48) is a time-ordered

Green’s function averaged over the ground state allowing us to write the expectation

value in terms of Green’s functions

〈φ0|T [dα(t)d†β(t1)dγ(t2)d
†
δ(t

′)] |φ0〉

= (i)2GT
0 (α, β; t, t1)G

T
0 (γ, δ; t2, t

′)

− (i)2GT
0 (α, δ; t, t

′)GT
0 (γ, β; t2, t1), , (1.49)

where in analogy with our notation for the retarded Green’s function, the time-

ordered Green’s function for a free particle is given by

GT
0 (α, β; t1, t2) = −i 〈φ0|T [dα(t1)d†β(t2)] |φ0〉 . (1.50)

Thus far, we have outlined a many-body perturbation theory for evaluating

expectation values which requires the evaluation of a sum of time-ordered products

for an arbitrarily large number of operators. Wick’s theorem states that many of

the terms in this sum vanish and the evaluation of a time-ordered product can be

expanded into all possible pairings which, in turn, may be expressed as Green’s

functions.

Feynman diagrams and Dyson’s equation

It was Feynman who introduced a pictorial way of expressing the contractions in

terms like Eq. (1.49) [56], several of which are shown in Fig. (1.10). His diagrams
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Figure 1.10: A Feynman diagram ‘dictionary’ showing the diagrams and equivalent
mathematical expressions for several important terms. The label numbers are meant
to indicate spatial and temporal indices appropriate to the problem. U is a bare
interaction term and n(1) ≡ GT

αα(t1, t1) is the occupancy at coordinate 1 ≡ (α, t1).

are actually mathematical graphs with elements that are topologically connected

via edges which intersect at vertices since, according to the linked cluster theorem,

all ’disconnected’ graphs in the numerator of Eq. (1.41) are canceled by the same

terms in the denominator [1, 124, 52]. With this in mind, we write the time-ordered

Green’s function in the energy domain as [124]

GT
αβ(E) = −i

∞∑

n=0

(−i)n
∫ ∞

−∞

d(t− t′)eiE(t−t′)

∫ ∞

−∞

dt1 · · ·
∫ ∞

−∞

dtn

× 〈φ0| T [dα(t)d
†
β(t

′)V (t1) · · ·V (tn)
︸ ︷︷ ︸

over all different, connected graphs

] |φ0〉 , (1.51)

where we have assumed that GT is time-shift invariant. Equation (1.51) may be

equivalently expressed in matrix form as

GT(E) = GT
0 (E) +GT

0 (E)Σ(E)G
T
0 (E)

+GT
0 (E)Σ(E)G

T
0 (E)Σ(E)G

T
0 (E) + · · ·

= GT
0 (E)

[
1+ Σ(E)GT(E)

]
, (1.52)

where Σ(E) is known as the self-energymatrix and is related to the interaction terms

V (t). Equation (1.52) may be further simplified by recognizing that the recursion

is a geometric series so that

GT(E) =
[
(GT

0 (E))
−1 − Σ(E)

]−1
, (1.53)
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Figure 1.11: Dyson’s equation expressed diagrammatically and mathematically.

a general relation commonly referred to as Dyson’s equation after its inventor, Free-

man Dyson [51]. Dyson’s equation may also be written diagrammatically as shown

in Fig. 1.11, where we have used the Feynman ‘dictionary’ shown in Fig. 1.10. The

self-energy Σ is so-called because it encapsulates the effect of interactions on the

‘self’ G0, shifting and broadening the free particle’s pole structure. This effect is

also called ‘dressing’, so it is often stated that the effect of Σ is to dress the bare

particle’s states. Although we have expressed Dyson’s equation in terms of the

time-ordered Green’s function it holds equally true for the retarded Green’s func-

tion [124].

A large amount of theoretical groundwork has been presented in this section so

let us review what’s been covered. Without interactions, the exact solution to the

unperturbed Hamiltonian is assumed known, meaning that the exact Green’s func-

tion is also known. When interactions are included we found that time-dependent

perturbations gave rise to an infinite series of higher-order Green’s functions that,

with the help of Wick’s theorem, may be recast in terms of the unperturbed Green’s

function and a self-energy which encapsulates the effect of interactions. Both these

mathematical objects may be drawn pictorially using Feynman diagrams where the

nature of the physics involved is phrased intuitively. Finally, a formal closed form ex-

pression for the full Green’s function, including interactions, is found using Dyson’s
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Figure 1.12: On the Keldysh contour there are two temporal branches, C1 and
C2, which require four types of Green’s functions to be considered in the S-matrix
contour-time integral. The “lesser” and “greater” terms correspond to Green’s func-
tions which cross from C1 to C2 and C2 to C1, respectively.

equation where the physical processes embodied in the self-energy are included to

infinite order. Although the diagrammatic approach does not ‘solve’ the many-body

problem, it is still a very powerful technique since the approximations invoked can be

understood physically and are not just mathematical truncations of the perturbative

series.

The only assumption we have made up to this point is that the system is time-

reversal invariant, meaning that the system is in the same state in the distant

future as it was in the distant past. In equilibrium, we argued that this was a

valid assumption. However, in this work we are concerned with nonequilibrium

phenomena, for example the flow of current through a molecular junction where

the number of electrons in a given lead reservoir never returns to its original state.

In the next section, we briefly review a method introduced by Schwinger [164] to

study nonequilibrium problems using many of the elements from the equilibrium

perturbation theory.

1.3.3 Non-equilibruim systems: the Keldysh contour

Schwinger’s idea was to consider the time integrals present in the S-matrix on a

time-contour rather than a time-line. Schwinger’s contour loop has two branches:
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the first C1 extends from the distant past to some contour ‘time’ τ while the other

C2 closes the loop returning from τ back to the distant past. Often τ → ∞. Out

of equilibrium Gell-Mann and Low’s theorem does not hold, making the use of

Schwinger’s contour a necessity. However, even for equilibrium systems Schwinger’s

contour loop is conceptually appealing since there is no longer the need to relate the

state of the system in the distant past to that of the distant future.

Keldysh [89], Craig [38], Kadanoff, and Baym [83] further developed Schwinger’s

ideas and applied them to condensed matter applications. Their approach was to

develop the S-matrix perturbation theory in the increased basis mandated by the

two contours, whereby the time-ordered products are interpreted as contour ordered

products. For example, Eq. (1.43) becomes

TC [O(t)S] =
∞∑

n=0

(

− i

~

)n
1

n!

∫ ∞

−∞

dt1 · · ·
∫ ∞

−∞

dtnTC [O(t)V (t1) · · ·V (tn)] , (1.54)

where TC is the contour-ordering operator and the enumeration of possible time-

orderings must account for the fact that each time integral produces one set of

terms for the C1 contour and another for the C2 contour. The nth term of the S-

matrix therefore produces 2n arrangements. As indicated in Fig. 1.12, there are four

Green’s functions to consider when evaluating contour-ordered products. Rather

than consider all of these Green’s functions at each step it is advantageous to define

a contour-time-ordered Green’s function

GC
αβ(τ1, τ2) = −i

〈

TC

(

dα(τ1)d
†
β(τ2

)〉

≡







G<
αβ(t1, t2) t1 ∈ C1, t2 ∈ C2

G>
αβ(t1, t2) t1 ∈ C2, t2 ∈ C1

GT
αβ(t1, t2) t1, t2 ∈ C1

GT̄
αβ(t1, t2) t1, t2 ∈ C2

, (1.55)

where τ1 and τ2 are contour-time coordinates. Using this Green’s function we can

apply the diagrammatic perturbation theory as in the equilibrium case and convert

to real-time coordinates at the end of the calculation using the conversion rules of

Langreth [108] given in Table 1.1. Their nonequilibrium Green’s function (NEGF)

technique has been used extensively in a variety of materials and devices. Since
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Contour Real axis

C =
∫

C
AB

C<(t1, t2) =
∫

t

[
ARB< + A<BA

]

CR =
∫

t
ARBR

D =
∫

C
ABC

D< =
∫

t

[
ARBRC< + ARB<CA + A<BACA

]

DR =
∫

t
ARBRCR

C(τ, τ ′) = A(τ, τ ′)B(τ, τ ′)
C<(t, t′) = A<(t, t′)B<(t, t′)
CR(t, t′) = A<(t, t′)BR(t, t′) + AR(t, t′)B<(t, t′) +

+AR(t, t′)BR(t, t′)

D(τ, τ ′) = A(τ, τ ′)B(τ ′, τ)
D<(t, t′) = A<(t, t′)B>(t′, t)
DR(t, t′) = A<(t, t′)BA(t′, t) + AR(t, t′)B<(t′, t)

Table 1.1: The Langreth rules for analytic continuation. The superscript ‘A’ in-
dicates the advanced form of the function; the conjugate of the retarded function.
This table is from Ref. 71.

the Langreth rules are purely mathematical we’ll complete our discussion with an

example.

Example: Hartree-Fock diagrams

Let us derive the self-energies for a few diagrams which will be important in chapter

2, the direct (Hartree) and exchange (Fock) diagrams shown in Fig. 1.13. The

numbers at each vertex represent space-time coordinates where time is measured

on a Keldysh contour. We begin by applying the Feynman rules, which are shown

schematically in Fig. 1.10 and restated here for clarity

• Open bare electron line is iGC
0 (1, 2).

• Closed bare electron line is n(1) ≡ GC
αα(τ1, τ1), where 1 ≡ (α, τ1).

• A bare interaction line is −iU(1, 2).
• A self-energy is −iΣ(1, 2).
• Integration is over all internal vertices and other degrees of freedom (e.g. spin).



43

Figure 1.13: The Hartree and Fock (exchange) self-energy terms, comprising all
first-order self-energy terms. The number at each vertex are coordinates in the
appropriate space. For the nonequilibrium problem these are Keldysh contour times.

Reading from Fig. 1.13 directly we find

− iΣHF(1, 2) = δ(1− 2)

∫

d3(−iU(1, 3))n(3)
︸ ︷︷ ︸

Hartree

+(−iU(1, 2))GC
0 (1, 2)

︸ ︷︷ ︸

Fock

, (1.56)

where the space-time coordinates are labeled such that 1 ≡ (α, τ1), 2 ≡ (β, τ2)

and 3 ≡ (γ, τ3), and spatial coordinates are discrete while the contour-times are

continuous.

Transforming into relative coordinates, the Hartree self-energy may be expressed

as

[ΣH(τ2 − τ1)]αβ = δ(τ1 − τ2)

∫

C

dτ3Uαγ(τ3 − τ1)nγ(τ3). (1.57)

Using the first Langreth rule given in Table 1.1, this expression in Keldysh-time can

be in real-time as

[
ΣR

H(t2 − t1)
]

αβ
= δ(t1 − t2)δαβ

∑

γ 6=α

∫ ∞

−∞

dt3U
R
αγ(t3 − t1)n

R
γ (0)

= δ(t1 − t2)δαβ
∑

γ 6=α

∫ ∞

−∞

d(t3 − t1)

[
1

2π

∫ ∞

−∞

dω eiω(t3−t1)UR
αγ(ω)

]

nR
γ (0)

= δ(t1 − t2)δαβ
∑

γ 6=α








1

2π

∫ ∞

−∞

dωUR
αγ(ω)

∫ ∞

−∞

d(t3 − t1)e
iω(t3−t1)

︸ ︷︷ ︸

2πδ(ω)







nR
γ (0)

= δ(t1 − t2)δαβ
∑

γ 6=α

UR
αγ(ω = 0)nR

γ (0), (1.58)
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where in relative coordinates nR(3) = n(3) = GC
γγ(τ3 − τ3) = nγ(0). The lesser

term [Σ<
H(t2 − t1)]αβ=0 since τ1 and τ2 must reside on different contours and Eq.

(1.56) possesses a δ(1 − 2) function. In the Coulomb gauge, the bare interaction

line is instantaneous [124] meaning that we could have equivalently let −iU(1, 3) ≡
−iUαγ(τ1, τ3)δ(τ1−τ3). Equation (1.58) may be transformed into the Fourier domain

where
[
ΣR

H(E)
]

αβ
= δαβ

∑

γ 6=α

UR
αγnγ. (1.59)

Next, we evaluate the Fock contribution to the self-energy which may be written

in relative coordinates in Keldysh-time coordinates as

[ΣF(τ2 − τ1)]αβ = Uαβ(τ2 − τ1)
[
GC

0 (τ2 − τ1)
]

αβ
(1.60)

Noticing that this contour product resembles the C(τ, τ ′) expression in Table 1.1,

the Fock term may be translated into real-time coordinates giving

[
ΣR

F(t2 − t1)
]

αβ
= iG<

αβ(t2 − t1)U
R
αβ(t2 − t1) +

iGR
αβ(t2 − t1)U

<
αβ(t2 − t1) +

iGR
αβ(t2 − t1)U

R
αβ(t2 − t1), (1.61)

and the lesser term is given by

[Σ<
F (t2 − t1)]αβ = iG<

αβ(t2 − t1)U
<
αβ(t2 − t1), (1.62)

where we have temporarily dropped the 0 and C indices in the contour-ordered

Green’s function for clarity. Recognizing that products in the time domain cor-

respond to convolutions in the frequency domain, we again proceed by taking the

Fourier transform

[
ΣR

F(E)
]

αβ
=

i

2π

∫ ∞

−∞

dE ′
[
G<

αβ(E
′)UR

αβ(E − E ′) +

GR
αβ(E

′)U<
αβ(E − E ′) +

GR
αβ(E

′)UR
αβ(E − E ′)

]
, (1.63)
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and

[Σ<
F (E)]αβ =

i

2π

∫ ∞

−∞

dE ′G<
αβ(E

′)U<
αβ(E − E ′), (1.64)

where the Fourier transform is defined as F{f} [E]=1/2π
∫
dtf(t)eiEt.

If the interaction lines are instantaneous then U<=0 and Σ<
HF=0. The retarded

term may also be simplified considerably, specifically

[
ΣR

HF(E)
]

αβ
= δαβ

∑

γ 6=α

UR
αγnγ + UR

αβ

i

2π

∫ ∞

−∞

dE ′



G<
αβ(E

′) +GR
αβ(E

′)
︸ ︷︷ ︸

=0





≡ δαβ
∑

γ 6=α

UR
αγnγ − UR

αβ〈d†βdα〉, (1.65)

where we have used the fact that the integral over all energy of the retarded Green’s

function is zero and that

〈d†βdα〉 =
−i
2π

∫ ∞

−∞

dE G<
αβ(E). (1.66)

1.4 Summary

In this chapter, we have introduced the reader to the field of molecular electronics

by first reviewing some common methods of fabricating single-molecule junctions.

Based on the small size of the junctions, it was argued that the transport in these

devices was primarily ballistic in nature. The theory of ballistic transport first

proposed by Landauer takes the approach that “conductance is transmission” so

that even in a conductor devoid of impurity scattering there is a finite conductiv-

ity. Moreover, the conductance was found to be quantized in units of G0=e
2/h

(∼1/25.81kΩ), a value expressed purely in terms of fundamental constants.

In Sec. 1.3 we laid the groundwork for the theory developed for charge trans-

port in chapter 2 and heat transport in chapter 3 by reviewing the nonequilibrium

Green’s function (NEGF) approach to the many-body problem. With the help of

Wick’s theorem, the Green’s function in the interacting system could be expressed

in terms of the non-interacting Green’s function and a self-energy which could be

approximated using Feynman diagrams. We completed this section by deriving the

Hartree-Fock self-energy which will be used in Sec. 2.1.4 of the next chapter.
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CHAPTER 2

Electronic Transport in Single-Molecule Junctions

Electron transport in single-molecule junctions (SMJs) [143, 140, 182] is of funda-

mental interest both as an exemplar of a nanosystem operating out of equilibrium,

and as a means to probe important chemical [103] and biological [162] processes,

with myriad potential device applications [182, 29, 178]. Following the landmark

experiment of Reed et al. [153], in which the differential conductance of a single

1,4-benzenedithiol (BDT) molecule was first repeatably measured, the nascent field

of single-molecule electronics became an experimental reality. In spite of the profu-

sion of experimental and theoretical works since Reed’s experiment there has been,

to our knowledge, no prior general theoretical framework to treat the many-body

problem of a single molecule coupled to metallic electrodes.

Presently, the dominant paradigm in quantum chemistry consists of mean-field

approaches based on density-functional theory (DFT) [187, 46, 183, 77, 54, 190, 120]

which have been shown to have a number of serious shortcomings [136, 87, 37]. For

example, mean-field approaches cannot properly account for important interaction

effects like Coulomb blockade, where the coordination of individual charges gives

rise to energetically well separated peaks in the differential conductance, because

current implementations of DFT do not accurately describe charge quantization.

An alternative approach is to solve the few-body molecular Hamiltonian exactly,

and treat electron hopping between molecule and electrodes as a perturbation. This

approach has been used to describe molecular junction transport in the sequential-

tunneling regime [76, 136, 18], but describing coherent quantum transport in this

framework remains an open theoretical problem. Higher-order tunneling processes

may be treated rigorously in the density-matrix formalism [98, 161] and the closely

related superoperator Green’s function approach [69, 60], but the expansion is typ-

ically truncated at second [60] or fourth order [98, 148], the calculation of higher-
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order terms being prohibitively difficult. Furthermore, this approach has thus far

been limited to very small molecules, and it is unclear what the prospects for larger

and more complex molecules of interest for potential device applications.

In this chapter, we provide a detailed derivation of our many-body theory of

molecular junction transport. Two useful approximate solutions for the nonequilib-

rium Coulomb self-energy are given and discussed in Sec. 2.1.4, and two important

macroscopic observables, current and thermopower, are presented in Sec. 2.1.5. The

details of the model used to describe a molecular heterojunction consisting of a π-

conjugated molecule covalently bonded to metallic electrodes are presented in Sec.

2.2. The electric and thermoelectric response of a BDT-Au junction are calculated

in Sec. 2.3, and compared to experimental results. In Sec. 2.4, several examples

highlighting the necessity of properly accounting for electron-electron correlations

in transport problems are discussed. Finally, a discussion and conclusions are pre-

sented in Sec. 2.5.

2.1 Nonequilibrium many-body transport theory

In this section, we develop a many-body theory of molecular junction transport

based on nonequilibrium Green’s functions [130, 72, 197] (NEGF), in order to utilize

physically motivated approximations that sum terms of all orders. The junction

Green’s functions are calculated exactly in the sequential-tunneling limit, and the

corrections to the electron self-energy due to finite tunneling width are included via

Dyson-Keldysh equations. The tunneling self-energy is calculated exactly using the

equations-of-motions method [131, 72], while the correction to the Coulomb self-

energy is calculated using diagrammatic perturbation theory. In this way, tunneling

processes are included to infinite order, meaning that any approximation utilized is

a truncation in the physical processes considered rather than in the order of those

processes.

Our approach reproduces the key features of both the Coulomb blockade and co-

herent transport regimes simultaneously in a single unified transport theory. Non-
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perturbative effects of intramolecular correlations are included, which are neces-

sary to accurately describe the highest occupied molecular orbital (HOMO)-lowest

unoccupied molecular orbital (LUMO) gap, essential for a quantitative theory of

transport.

2.1.1 Molecular junction Hamiltonian

The Hamiltonian of a junction consisting of a molecule coupled to several metallic

electrodes may be written

Hjunction = Hmol +Hleads +HT. (2.1)

The molecular Hamiltonian can be formally divided into one-body and two-body

terms Hmol = H
(1)
mol +H

(2)
mol. In general, neglecting spin-orbit coupling, the one-body

term can be written

H
(1)
mol =

∑

n,m,σ

[

H
(1)
mol

]

nσ,mσ
d†nσdmσ, (2.2)

where d†nσ creates an electron of spin σ on atomic orbital n of the molecule and

[H
(1)
mol] is a hermitian matrix. For simplicity, the atomic basis orbitals are taken to

be orthonormal, so that the anticommutator {d†nσ, dmσ′} = δnmδσσ′ .

In a localized orthonormal basis, a general spin-rotation invariant two-body (e.g.

Coulomb) interaction has the form

H
(2)
mol =

1

2

∑

n,m

Unmρnρm, (2.3)

where ρn =
∑

σ d
†
nσdnσ. Values of Unm for π-conjugated systems [33, 30] are dis-

cussed in Sec. 2.2.

Extending to a non-orthogonal basis is straightforward in principle: in a general

basis {akσ} is related to {dnσ} via dnσ =
∑

k Ankakσ. The Coulomb interaction

therefore takes the form

H
(2)
mol =

∑

σ,σ′

∑

i,j,k,ℓ

Vijkℓa
†
iσajσa

†
kσ′aℓσ′ , (2.4)
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where Vijkℓ ≡
∑

n,m UnmA
∗
niAnjA

∗
mkAmℓ. H

(2)
mol also takes the above form in a local-

ized but non-orthogonal basis.

Because of their continuous and almost featureless density of states around the

Fermi energy, the macroscopic metallic electrodes (labeled α ∈ [1, . . . ,M ]) may be

modeled as non-interacting Fermi gases:

Hleads =
M∑

α=1

∑

k∈α
σ

ǫkσc
†
kσckσ, (2.5)

where c†kσ creates an electron of energy ǫkσ in lead α. The electrostatic interaction of

molecule and electrodes due to the electric dipoles formed at each molecule-electrode

interface may be included in H
(1)
mol, as discussed in Sec. 2.2. Tunneling of electrons

between the molecule and the electrodes is described by the Hamiltonian

HT =
M∑

α=1

∑

k∈α

∑

n,σ

(
Vnkd

†
nσckσ +H.c.

)
. (2.6)

2.1.2 Molecular junction Green’s functions

The electronic system (2.1) of molecule plus electrodes has an infinite Hilbert space.

A formal simplification of the problem is obtained through the use of the Green’s

functions [130, 72]

Gnσ,mσ′(t) = − i

~
θ(t)〈{dnσ(t), d†mσ′(0)}〉, (2.7)

G<
nσ,mσ′(t) =

i

~
〈d†mσ′(0) dnσ(t)〉, (2.8)

known as the retarded and Keldysh “lesser” Green’s functions, respectively. Steady-

state physical observables in the molecular transport junction can be expressed in

terms of G and G<. Transient effects [181, 196, 191, 138] are not considered in this

work, although they can be investigated using this theory. In this section, an exact

Dyson equation for G is derived, along with a corresponding Keldysh equation for

G<.

Setting ~ = 1, the retarded Green’s function obeys the equation of motion [72]

i
∂

∂t
Gnσ,mσ′(t) = δ(t)δnmδσσ′ − iθ(t)

〈{

[dnσ(t), Hjunction] , d
†
mσ′(0)

}〉

. (2.9)



50

For the purposes of this discussion, only the spin-diagonal term Gnσ,mσ is needed

[cf. Eqs. (2.20)–(2.37)]. Evaluating the commutators [dnσ, Hmol] and [dnσ, HT], and

noting that [dnσ, Hleads] = 0, Eq. (2.9) becomes

i
∂

∂t
Gnσ,mσ(t) = δ(t)δnm +

∑

n′

[

H
(1)
mol

]

nσ,n′σ
Gn′σ,mσ(t)

+
∑

α

∑

k∈α

Vnk gkσ,mσ(t) +
∑

n′

Unn′G
(2)
n′,nσmσ(t), (2.10)

where

gkσ,mσ′(t) = −iθ(t)
〈{

ckσ(t), d
†
mσ′(0)

}〉

(2.11)

and

G
(2)
n′,nσmσ′(t) = −iθ(t)

〈{

ρn′(t)dnσ(t), d
†
mσ′(0)

}〉

. (2.12)

The equation of motion for gkσ,mσ(t) is

i
∂

∂t
gkσ,mσ(t) = −iθ(t)

〈{
[ckσ(t), Hjunction] , d

†
mσ(0)

}〉
. (2.13)

Evaluating the commutators [ckσ, HT] and [ckσ, Hleads], and noting that [ckσ, Hmol] =

0, Eq. (2.13) becomes

i
∂

∂t
gkσ,mσ(t) = ǫkσgkσ,mσ(t) +

∑

n′

V ∗
n′kGn′σ,mσ(t). (2.14)

Fourier transforming Eqs. (2.10) and (2.14) into the energy domain, and elimi-

nating gkσ,mσ(E), one arrives at the following matrix equation for G(E):

[

1E −H
(1)
mol − ΣT (E)

]

G(E) = 1+ UG(2)(E), (2.15)

where the retarded tunneling self-energy matrix is

[ΣT(E)]nσ,mσ′ = δσσ′

∑

α

∑

k∈α

VnkV
∗
mk

E − ǫkσ + i0+
. (2.16)

Eq. (2.15) may be recast in the form of Dyson’s equation

G(E) =
[

1E −H
(1)
mol − ΣT(E)− ΣC(E)

]−1

(2.17)
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via the ansatz UG(2)(E) ≡ ΣC(E)G(E), which defines [124] the retarded Coulomb

self-energy matrix ΣC(E), the central quantity of the many-body theory, which must

be determined via an appropriate approximation as discussed below. A prescription

to compute ΣC is given below in Secs. 2.1.3–2.1.4. Eq. (2.17) is a general formal

result, independent of the choice of basis, and is the starting point for our analysis.

For nonequilibrium problems, the Keldysh “lesser” self-energy and Green’s func-

tion are also needed. G< is determined by the Keldysh equation [72]

G<(E) = GΣ<G† + (1 +GΣ)G<
mol(1 + Σ†G†), (2.18)

where G†(E) and Σ†(E) are the advanced Green’s function and self-energy, respec-

tively, Σ< = Σ<
T +Σ<

C , and G
<
mol = limΣT→0G

<. The second term on the right-hand

side of Eq. (2.18) is infinitesimal and can be neglected, provided all of the molec-

ular resonances have a finite broadening due to the lead-molecule coupling. If the

molecule has localized states which don’t coupled to the lead reservoirs (e.g. due to

symmetry) then the second term may not be negligible.

The “lesser” tunneling self-energy is

[Σ<
T(E)]nσ,mσ′ = i

∑

α

fα(E) [Γ
α(E)]nσ,mσ′ , (2.19)

where fα(E) = {1+ exp[(E −µα)/kBTα]}−1 is the Fermi-Dirac distribution for lead

α, and

[Γα(E)]nσ,mσ′ = 2πδσσ′

∑

k∈α

V ∗
nkVmk δ(E − ǫkσ) (2.20)

is the tunneling-width matrix for lead α.

2.1.3 Molecular Green’s function

In the limit of infinitesimal lead-molecule coupling
∑

α Γ
α/kBT → 0, coherent su-

perpositions of different energy eigenstates of the molecule can be neglected, and

the junction Green’s function becomes

lim
ΣT→0

[G(E)]nσ,mσ ≡ [Gmol(E)]nσ,mσ =
∑

ν,ν′

[P(ν) + P(ν ′)]
〈ν|dnσ|ν ′〉〈ν ′|d†mσ|ν〉
E − Eν′ + Eν + i0+

,

(2.21)
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where |ν〉 and |ν ′〉 are many-body eigenstates of the isolated molecule satisfying

Hmol|ν〉 = Eν |ν〉, dnσ (d†nσ) annihilates (creates) an electron of spin σ on the nth

atomic orbital of the molecule and P(ν) is the probability that ν is occupied.

Equation (2.21) can be derived from Eq. (2.7) by expanding the Green’s function

in terms of a complete basis (e.g.
∑

ν |ν〉〈ν|). In the time domain

[Gmol(t)]nσ,mσ = −iθ(t)〈
{
dnσ(t), d

†
mσ

}
〉

= −iθ(t)〈eiHtdnσe
−iHtd†mσ + d†mσe

iHtdnσe
−iHt〉 (2.22)

where 〈· · · 〉 ≡ Tr {ρ · · · } indicates an average over an ensemble of molecular states

|ν〉 weighted by a thermodynamic factor P(ν) and we have converted between

the Heisenberg time-dependent to Schrödinger time-independent operators using

dn (t)=e
iHtdne

−iHt. Transforming Eq. (2.22) into the Fourier domain we find

[Gmol(E)]nσ,mσ = F

{

[Gmol(t)]nσ,mσ

}

=

∫ ∞

−∞

dt eiEt [Gmol(t)]nσ,mσ

= −i
∫ ∞

0

dt eiEt
∑

ν

P(ν)
{
〈ν
∣
∣eiHtdne

−iHtd†mσ

∣
∣ ν〉

+〈ν
∣
∣d†mσe

iHtdne
−iHt

∣
∣ ν〉
}

= −i
∑

ν,ν′

P(ν)

∫ ∞

0

dt eit(E−Eν′+Eν)〈ν |dnσ| ν ′〉〈ν ′
∣
∣d†mσ

∣
∣ ν〉

+ eit(E+Eν′−Eν)〈ν
∣
∣d†mσ

∣
∣ ν ′〉〈ν ′ |dnσ| ν〉

=
∑

ν,ν′

P(ν)
〈ν|dnσ|ν ′〉〈ν ′|d†mσ|ν〉
E − Eν′ + Eν + i0+

+ P(ν ′)
〈ν|d†mσ|ν ′〉〈ν ′|dnσ|ν〉
E − Eν + Eν′ + i0+

,

(2.23)

which is equivalent to Eq. (2.21). The ‘lesser’ molecular Green’s function is given

by

[G<
mol(E)]nσ,mσ′ = F

{

i
∑

ν,ν′

P(ν)〈ν|d†mσ′|ν ′〉〈ν ′|eiHmoltdnσe
−iHmolt|ν〉

}

= i
∑

ν,ν′

P(ν)〈ν|d†mσ′|ν ′〉〈ν ′|dnσ|ν〉
∫ ∞

−∞

dtei(Eν′−Eν+E)t

= 2πi
∑

ν,ν′

P(ν)〈ν|d†mσ′|ν ′〉〈ν ′|dnσ|ν〉δ (E + Eν′ − Eν) .(2.24)
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Figure 2.1: A schematic representation of detailed balance. The left-hand and right-
hand sides of Eq. (2.25) are represented in (a) and (b), respectively.

The nonequilibrium probabilities P(ν) can be determined by solving a system of

semiclassical rate equations for sequential tunneling [17, 76, 136, 18]. For steady-

state transport, they satisfy the principle of detailed balance (see Fig. 2.1):

P(ν)
∑

α

Γ̃νν′

α fα (Eν′ − Eν) = P(ν ′)
∑

α

Γ̃νν′

α [1− fα (Eν′ − Eν)] . (2.25)

Here the rate constants are given by Fermi’s Golden rule as

Γ̃νν′

α = Tr
{

Γα(Eν′ − Eν)C
νν′
}

, (2.26)

where Γα(E) is given by Eq. (2.20) and

[Cνν′ ]nσ,mσ′ = 〈ν|dnσ|ν ′〉〈ν ′|d†mσ′ |ν〉 (2.27)

are many-body matrix elements [94, 177, 180]. From the normalization of the

many-body wavefunctions, the total resonance width Γ̃νν′ =
∑

α Γ̃
νν′

α scales as

∼ ∑

α Tr{Γα}/N , where N is the number of atomic orbitals in the molecule. For

strongly-correlated systems, there is an additional exponential suppression of Eq.

(2.27) as N → ∞ due to the orthogonality catastrophe [180, 7].

Linear response transport is determined by the equilibrium Green’s functions.

In equilibrium, the solution of the set of Eqs. (2.25) reduces to

P(ν) = e−β(Eν−µNν)/Z, (2.28)

where Z is the grand partition function of the molecule at inverse temperature β

and chemical potential µ and Nν is the occupancy of state ν.
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Eq. (2.21) implicitly defines the Coulomb self-energy matrix Σ
(0)
C in the sequential

tunneling limit via

Gmol(E) =
[

1E −H
(1)
mol − Σ

(0)
C (E)

]−1

. (2.29)

Σ
(0)
C is the high-temperature limit of the Coulomb self-energy (i.e., the limit

kBT/Tr{Γα} ≫ 1), and describes intramolecular correlations and charge quan-

tization effects (Coulomb blockade away from resonance). The nonperturbative

treatment of intramolecular correlations provided by exact diagonalization of Hmol

in Eq. (2.21) allows for an accurate description of the HOMO-LUMO gap, which

is essential for a quantitative theory of transport.

2.1.4 The Coulomb self-energy ΣC

In general, the Coulomb self-energy matrix ΣC = Σ
(0)
C +∆ΣC, where ∆ΣC describes

the change of the Coulomb self-energy due to lead-molecule coherence emerging at

temperatures kBT . Tr{Γα}. Using this decomposition of the Coulomb self-energy,

Dyson’s equation (2.17) can be rewritten in the following useful form:

G−1(E) = G−1
mol(E)− ΣT −∆ΣC, (2.30)

where the self-energy terms ΣT+∆ΣC describe the effects of finite tunneling width.

ΣT is given by Eq. (2.16). Here we point out that ∆ΣC—unlike Σ
(0)
C —can be eval-

uated perturbatively using diagrammatic techniques on the Keldysh time-contour

(cf. Fig. 2.2). Such a perturbative approach is valid, in principle, at tempera-

tures/bias voltages satisfying max{T, eV/kB} > TK , where TK is the Kondo tem-

perature [151]—or when there is no unpaired electron on the molecule (such as

within the HOMO-LUMO gap of conjugated organic molecules).

ΣT + ∆ΣC may be thought of as the response of the junction to turning on

the tunneling coupling Γα. A subtlety in the perturbative evaluation of ∆ΣC is

that the diagrams determining the Coulomb self-energy are typically formulated

[124] in terms of the Green’s functions of the noninteracting system, G(0)(E) =

(1E −H
(1)
mol −ΣT)

−1 and G
(0)
mol(E) = (1E −H

(1)
mol + i0+)−1, while the response of the
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Figure 2.2: The correction to the Coulomb self-energy ∆ΣC is given in the self-
consistent Hartree-Fock approximation by the sum of (a) the Hartree (direct) term
and (b) the Fock (exchange) term. The wavy line represents the Coulomb interac-
tion, which has the form Unmδ(τ − τ ′) on the Keldysh time contour.

junction is determined by the full Green’s function G(E) [cf. Eq. (2.37)]. Evaluating

diagrams using G(0)(E) and G
(0)
mol(E) would yield a correction to the Coulomb self-

energy with a pole structure unrelated to that of Σ
(0)
C , so that adding the two

together would not yield a physically meaningful result. Our strategy is thus to

calculate ∆ΣC by reformulating the terms in the perturbative expansion in terms

of the full Green’s function G(E) via appropriate resummations. This procedure is

in general nontrivial, but the result for the Hartree-Fock correction is given in Sec.

2.1.4 below, based on physical arguments. Higher-order self-energy diagrams can be

included in a similar fashion and will be explored in some detail later in Chapter 5.

Electron-phonon coupling [132, 61, 147, 197, 45, 174] can also be included in

the many-electron theory via the self-energy terms Σe−ph +∆Σe−ph
C , where Σe−ph is

given by the usual self-energy diagrams,[61, 147, 197, 45, 174] and ∆Σe−ph
C is the

corresponding correction to the Coulomb self-energy.

The Elastic Cotunneling Approximation : ΣC = Σ
(0)
C

Far from transmission resonances and for T ≫ TK , ∆ΣC can be neglected. This

is the limit of elastic cotunneling [10, 66]. The Green’s functions are given by Eqs.

(2.17) and (2.18), with ΣC = Σ
(0)
C . As mentioned previously, [Σ

(0)
C ]< does not make

a finite contribution to the Keldysh equation Eq. (2.18) when ΣT is finite. This
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approximation is a conserving approximation—current is conserved [cf. Eq. (2.40)]

and the spectral function A(ω)=iTr
{
G(ω)−G†(ω)

}
obeys the usual sum-rule

∫ ∞

−∞

dω

2π
A(ω) = 1. (2.31)

In order to understand the validity of this (zeroth-order) approximation to the

Coulomb self-energy, we investigate the effect of the first-order Hartree-Fock cor-

rection on transport in the next section.

The self-consistent Hartree-Fock correction : ΣC = Σ
(0)
C +∆ΣHF

C

In the Hartree-Fock (HF) approximation, the retarded Coulomb self-energy matrix

is real and is given by (cf. Sec. 1.3.3)

[
ΣHF

C

]

nσ,mσ′ = δσσ′

[

δnm
∑

n′

Unn′〈ρn′〉 − Unm〈d†mσdnσ〉
]

, (2.32)

and
[
ΣHF

C

]<
= 0. In general,

〈d†nσdmσ′〉 = − i

2π

∫ ∞

−∞

dE [G<(E)]mσ′,nσ (2.33)

and

lim
ΣT→0

〈d†nσdmσ′〉 =
∑

ν

P(ν)〈ν|d†nσdmσ′ |ν〉. (2.34)

The Hartree-Fock correction is then ∆ΣHF
C ≡ ΣHF

C − ΣHF
C |ΣT→0. The Feynman dia-

grams representing this correction are shown in Fig. 2.2. A self-consistent solution

of Eqs. (2.18), (2.30), and (2.32)–(2.34) yields a conserving approximation: charge,

spin and energy are conserved, and the spectral weight obeys the usual sum rule.

The use of the interacting Green’s functions G and Gmol in the evaluation of

the Hartree self-energy is clearly justified on physical grounds, since this yields the

classical electrostatic potential due to the actual nonequilibrium charge distribution

on the molecule. The direct (Hartree) and exchange (Fock) contributions to ∆ΣC

must be treated on an equal footing in order to cancel the unphysical self-interaction,

justifying the use of the same interacting Green’s functions in the evaluation of the
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Figure 2.3: Self-consistent Hartree-Fock correction to the Coulomb self-energy ma-
trix of a hypothetical C–C diatomic molecule versus lead chemical potential, shown
in the vicinity of the HOMO resonance. Here µ0 = (εHOMO + εLUMO) /2 is the
chemical potential of the isolated molecule and T = 300K. The molecular junction
parameters U11 = U22 = 8.9eV, U12 = 4.4eV, t12 = 2.0eV, and Γ1 = Γ2 = 0.2eV
were used (see Sec. 2.2).

exchange self-energy. The diagrams of Fig. 2.2 would be quite complex if expressed

in terms of noninteracting Green’s functions, because both G and Gmol involve

Σ
(0)
C , which includes all possible combinations of Coulomb lines and intramolecular

propagators.

The self-consistent Hartree-Fock correction for a diatomic molecule is shown

in Fig. 2.3. The parameters were chosen so that the resonance width ∼
∑

α Tr{Γα}/N = 0.2eV, where N is the number of atomic orbitals in the molecule.

The elements of the matrix ∆ΣHF
C are largest near a transmission resonance, but

vanish on resonance. This behavior can be understood by considering the molecular

correlation functions shown in Fig. 2.4. Inclusion of the tunneling self-energy

without the corresponding correction to the Coulomb self-energy leads to a charge

imbalance on the molecule near resonance. This in turn leads to a Hartree correc-

tion which tends to counteract the charge imbalance. A corresponding behavior is

found for the exchange correction and off-diagonal correlation function. A non-self-

consistent calculation would yield a much larger correction ∆ΣHF
C , indicating the

important role of screening. It should be pointed out that a treatment of screening

in linear response is not adequate near resonance.
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Figure 2.4: Equilibrium correlation functions near the HOMO resonance for a di-
atomic molecule (same parameters as in Fig. 2.3). Top: Total molecular charge

〈N〉 in three different approximations: Σ = Σ
(0)
C (isolated molecule in the grand

canonical ensemble); Σ = Σ
(0)
C + ΣT (elastic cotunneling approximation); and

Σ = Σ
(0)
C +ΣT +∆ΣHF

C (self-consistent HF correction). The charging step is broad-
ened in the elastic cotunneling approximation compared to that of the isolated
molecule, and acquires a ‘knee’ near resonance. In the self-consistent HF approx-
imation, the charge imbalance ∆N = 〈N〉 − 〈N〉|ΣT→0 is strongly screened near
resonance, leading to a charging step as steep as that of the isolated molecule, but
asymptotically approaches the elastic cotunneling result away from resonance. Bot-
tom: The correlation function 〈d†1σd2σ〉 in the same three approximations.

The tendency toward charge quantization near resonance is significantly in-

creased by the self-consistent HF correction, as shown in Fig. 2.4. The steepness of

the self-consistent charging step is limited only by thermal broadening. This result

is consistent with previous theoretical studies [64, 128, 65] of Coulomb blockade in

metal islands and quantum dots, but inconsistent with the behavior of the Anderson

model [151], where singular spin fluctuations modify this generic behavior.

The Friedel sum-rule [59, 108] relating the sum of the scattering phase shifts

to the total charge on a nanostructure provides a stringent test of the accuracy of

a many-body approximation. Like charge conservation, the Friedel sum-rule can

be proven for any “Φ-derivable” self-energy [55, 73], but is not satisfied a priori
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C , but the width of the transmission resonance is reduced asymmet-
rically.

1

1.25

1.5

1.75

2

-6 -5 -4 -3 -2 -1

µ - µ0 (eV)
(a) ∆ΣC = 0

-6 -5 -4 -3 -2 -1

µ - µ0 (eV)

θ(µ)/π
〈N〉mol

(b) ∆ΣC = ∆ΣHF

C

Figure 2.6: Transmission phase and total charge in the vicinity of the HOMO

resonance of a diatomic junction at T = 300K. Agreement with the Friedel sum-rule
is improved (b) by inclusion of the self-consistent Hartree- Fock correction. Note the
sharpness of the charging step in (b), indicating a strong tendency toward charge
quantization in SMJ.
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in our nonperturbative approach. Figure 2.6 shows results for a diatomic junction,

indicating that agreement with the Friedel sum-rule is improved significantly by

inclusion of the self-consistent Hartree-Fock correction. Note that exact agreement

is not expected at finite temperature. These results suggest that the Friedel sum-

rule is indeed recovered as additional diagrammatic corrections are included in ΣC,

in support of our diagrammatic perturbation theory.

As shown in Fig. 2.5, the transmission peaks and nodes are not shifted by the self-

consistent HF correction, and the transmission phase is not changed significantly.

Because of this, the elastic cotunneling approximation will be used in the majority of

calculations presented in this work. Transport properties [cf. Eqs. (2.40) and (2.41)]

are therefore qualitatively better described in the elastic cotunneling approximation

than are the correlation functions, and the approximation is quantitatively accurate

in the cotunneling regime |µ− µres| > Γ, max{T, eV/kB} > TK .

2.1.5 Macroscopic observables

Junction current

Once the Green’s functions are known, relevant physical observables can be calcu-

lated. One important measurable quantity is the electrical current flowing into lead

α, defined as

Iα = −e d
dt
〈Nα〉, (2.35)

where Nα =
∑

k∈α,σ

c†kσckσ and −e is the charge of the electron. The time derivatives on

the right-hand side of Eq. (2.35) can be evaluated using standard quantummechanics

to obtain

Iα =
ie

~
〈[Nα, Hjunction]〉 ≡

ie

~
〈[Nα, HT]〉

=
ie

~

∑

k∈α

∑

n,σ

{

Vnk〈d†nσckσ〉 − V ∗
nk〈c†kσdnσ〉

}

. (2.36)

The correlation functions in the second line of Eq. (2.36) may be formally expressed

in terms of the junction’s Green’s functions, leading to the following general result



61

[130]

Iα =
ie

h

∫

dE Tr
{
Γα(E)

(
G<(E) + fα(E)

[
G(E)−G†(E)

])}
, (2.37)

where fα is the Fermi distribution for lead α and the tunneling-width matrix Γ is

given by Eq. (2.20).1 Using the following relation (derived from Dyson’s equation)

i
(
G−G†

)
= iG

(

ΣC − Σ†
C

)

G† +
∑

β

GΓβG† (2.38)

one can show that the current may be separated into elastic and inelastic contribu-

tions such that

Iα = Iα|el + Iα|in , (2.39)

where the elastic part reduces to the multi-terminal Büttiker formula [28]

Iα|el =
e

h

M∑

β=1

∫ ∞

−∞

dE Tαβ(E) [fβ(E)− fα(E)] , (2.40)

with the transmission function given by [43]

Tαβ(E) = Tr
{
Γα(E)G(E)Γβ(E)G†(E)

}
. (2.41)

The inelastic part is given by

Iα|in = − ie
h

∫ ∞

−∞

dE Tr
{
Γα(E)G(E) [(1− fα(E))Σ

<
C + fα(E)Σ

>
C]G

†(E)
}
. (2.42)

Although the current cannot generally be expressed in terms of a transmission func-

tion, in the elastic cotunneling approximation with finite lead-molecule coupling

Σ<
C = [Σ

(0)
C ]< ≈ 0 and Iα|in is negligible. In this approximation, the current through

the junction be found using Eq. (2.40). More generally, Iα|in is zero whenever

Im∆ΣC = 0, since ∆Σ−∆Σ† = ∆Σ>−∆Σ< implying ∆Σ< = 0 when Im∆ΣC = 0.

As we shall see in chapter 3, the derivation for the heat current in an interacting

quantum system is very similar.

1Eq. (2.37) is a multi-terminal expression, where Σ<

T
(2.19) includes a sum over all leads.
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Thermoelectric power

In 1822, Thomas Seebeck discovered that an electrical voltage developed between

the hot and cold ends of a material [49]. This diffusive transport of charges contin-

ues until the electric field generated cancels the effect of the thermal gradient and

equilibrium is reached. The thermoelectric power, or Seebeck coefficient, is a two-

terminal, linear-response quantity generally associated with bulk materials which

is defined as the coefficient relating the thermoelectric voltage to the temperature

gradient

∇V = −S∇T. (2.43)

We can derive an expression for S within our many-body theory by considering

Eq. (2.40) in equilibrium

I1 = 0 =
2e

h

∫ ∞

−∞

dE T12(E) [f2(E)− f1(E)]

∼= 2e

h

∫ ∞

−∞

dE T12(E)

(

−∂f0
∂E

)[

∆µ2 −∆µ1 +
(E − µ)

T
(∆T2 −∆T1)

]

=
2e2

h

[∫ ∞

−∞

dE T12(E)

(

−∂f0
∂E

)]

∆V

+
2e2

h

[
1

Te

∫ ∞

−∞

dE T12(E)(E − µ)

(

−∂f0
∂E

)]

∆T

(2.44)

where ∆T=T2-T1, ∆µ=−e∆V=−e(V2 − V1), and in linear response

fα(E) ∼= f0(E) +

(

−∂f0
∂E

)[

∆µα +
E − µ

T
∆Tα

]

, (2.45)

with f0(E) as the equilibrium (zero-bias) Fermi-Dirac distribution at chemical po-

tential µ0 and temperature T0, ∆µα = µα-µ0 and ∆T = Tα - T0. Finally, the two

terms in Eq. (2.44) can be rearranged as:

S(µ, T ) = − 1

eT

∫∞

−∞
T12(E)

(
− ∂f

∂E

)
(E − µ) dE

∫∞

−∞
T12(E)

(
− ∂f

∂E

)
dE

. (2.46)
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2.2 π-conjugated molecular heterojunction model

In saturated hydrocarbons such as the alkanes, the valence electrons are bound in

sp3 hybridized covalent bonds. Such “σ-bonding electrons” have low mobility and

exhibit an exponential decrease in electrical conductivity as a function of molecular

length, making the conductance too small to measure for chains longer than 2-3nm

[182, 204, 195]. The situation is completely different in π-conjugated molecules

where the carbon atoms form sp2 hybrid orbitals, leaving one valence electron per

atom to occupy an unhybridized π-orbital. The itinerant electrons of this π-orbital

have higher mobility than the σ-electrons, making π-conjugated molecules attrac-

tive for device applications [182, 29]. In addition, heterojunctions formed from π-

conjugated molecules have extensive experimental characterization [143, 140, 182],

making them an ideal test system for our many-body theory.

A semi-empirical π-electron Hamiltonian [33, 30, 29] can be used to model the

electronic degrees of freedom most relevant for transport:

Hmol =
∑

n,σ

εnd
†
nσdnσ −

∑

n,m,σ

(
tnmd

†
nσdmσ +H.c.

)
+
∑

n,m

Unm

2
QnQm, (2.47)

where d†nσ creates an electron of spin σ in the π-orbital of the nth carbon atom, εn is

the atomic orbital energy, and tnm is the hopping matrix element between orbitals

n and m. Off-diagonal interaction terms arising from non-zero differential overlap

of neighboring atomic orbitals are negligible in π-conjugated systems [14]. In the

π-electron theory, the effect of different side-groups is included through shifts of the

orbital energies εn. The effect of substituents (e.g., thiol groups) used to bond the

leads to the molecule can be included [186, 142] in the tunneling matrix elements

Vnk [cf. Eq. (2.6)].

The effective charge operator for orbital n is [180, 29]

Qn =
∑

σ

d†nσdnσ −
∑

α

CnαVα/e− 1, (2.48)

where Cnα is the capacitive coupling between orbital n and lead α, e is the mag-

nitude of the electron charge, and Vα is the voltage on lead α. The lead-molecule
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capacitances are elements of a full capacitance matrix C, which also includes the

intra-molecular capacitances, determined by the relation Cnm = e2[U−1]nm. The

values Cnα are determined by the zero-sum rules required for gauge invariance [106]

∑

m

Cnm +
M∑

α=1

Cnα = 0, (2.49)

and by the geometry of the junction (e.g. Cnα inversely proportional to lead-orbital

distance).

The effective interaction energies for π-conjugated systems can be written [33, 30]

Unm = δnmU0 + (1− δnm)
U0

ǫ
√

1 + α(Rnm/Å)2
, (2.50)

where U0 is the on-site Coulomb repulsion, α = (U0/14.397eV)
2, and Rnm is the

distance between orbitals n and m. The phenomenological dielectric constant ǫ

accounts for screening due to both the σ-electrons and any environmental consid-

erations, such as non-evaporated solvent [30]. With an appropriate choice of the

parameters tnm, U0, and ǫ, the complete spectrum of electronic excitations up to

8–10eV of the molecules benzene, biphenyl, and trans-stilbene in the gas phase can

be reproduced with high accuracy [30] by exact diagonalization of Eq. (2.47). An

accurate description of excited states is essential to model transport far from equi-

librium. Larger conjugated organic molecules can also be modeled [33, 32] via Eqs.

(2.47) and (2.50).

σ-orbitals can also be included in Eq. (2.47) as additional energy bands, and the

resulting multi-band extended Hubbard model can be treated using the same NEGF

formalism sketched above. Tunneling through the σ-orbitals may be important in

small molecules [88, 172], especially in cases where quantum interference leads to a

transmission node in the π-electron system.

The biggest uncertainty in modeling single-molecule heterojunctions is the lead-

molecule coupling [86]. For this reason, we take the two most uncertain quantities

characterizing lead-molecule coupling—the tunneling width Γ and the chemical po-

tential offset ∆µ of isolated molecule and metal electrodes—initially as phenomeno-

logical parameters to be determined by fitting to experiment. In the broad-band
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limit [81] for the metallic electrodes, and assuming each electrode is covalently

bonded to a single carbon atom of the molecule, the tunneling-width matrix re-

duces to a single constant: Γα
nm(E) = Γαδnaδma, where a is the orbital connected to

electrode α. Typical estimates [135, 186, 142] indicate Γ . 1eV for organic molecules

coupled to gold contacts via thiol groups.

2.3 The 1,4-benzenedithiol (BDT) molecular junction

As a first application of our many-body theory of molecular junction transport, we

consider the benchmark system of benzene(1,4)dithiol (BDT) with two gold leads

[153, 155, 203, 40, 99, 189, 152, 15]. The Hamiltonian parameters for benzene are

[30] U0 = 8.9eV, ǫ = 1.28, tnm = 2.68eV for n and m nearest neighbors, and tnm = 0

otherwise. We consider a symmetric junction (symmetric capacitive couplings and

Γ1 = Γ2 ≡ Γ) at room temperature (T=300K).

2.3.1 Linear electric and thermoelectric junction response

Thermoelectric effects [146, 152, 15] provide important insight into the transport

mechanism in single-molecule junctions, but are particularly sensitive to correlations

[31, 176], calling into question the applicability of effective single-particle theories.

We have investigated thermoelectric effects in molecular heterojunctions for the

first time using many-body theory. The thermopower S of a molecular junction is

obtained by measuring the voltage ∆V ≡ −S∆T created across an open junction in

response to a temperature differential ∆T . In general, S can be calculated by taking

the appropriate linear-response limit of Eq. (2.37), which includes both elastic and

inelastic processes. As discussed in Sec. 2.1.5, however, for purely elastic transport

[cf. also Secs. 2.1.4 and 2.1.4], Eq. (2.40) can be used to derive the well-known result

[168, 193] given by Eq. (2.46).

Thermopower measurements [15, 152] provide a means to determine

[146] the lead-molecule chemical potential mismatch ∆µ=µAu-µ0, where

µ0=(εHOMO + εLUMO) /2 and εHOMO (εLUMO) is the HOMO (LUMO) energy level.
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Figure 2.7: Thermoelectric power of a BDT-Au junction at T = 300K as a
function of the lead-molecule chemical potential mismatch for three different tun-
neling widths. Comparison to the experimental value [15] 7.0 ± 0.2µV/K fixes
µAu = µ0 − (3.22 ± 0.04)eV (see inset showing closeup of experimentally relevant
parameter range).

Figure 2.7 shows the thermopower of a BDT junction as a function of ∆µ, cal-

culated from Eqs. (2.41) and (2.46) in the elastic cotunneling approximation. As

pointed out by Paulsson and Datta [146], S is nearly independent of Γ away from

the transmission resonances, allowing ∆µ to be determined directly by comparison

to experiment. The thermopower of a BDT-Au junction was recently measured by

Baheti et al. [15], who obtained the result S = (7.0 ± 0.2)µV/K. Equating this

experimental value with the calculated thermopower shown in Fig. 2.7, we find that

−3.25eV ≤ µAu − µ0 ≤ −3.15eV over a broad range of Γ values. The Fermi level

of gold thus lies about 1.8eV above the HOMO resonance, validating the notion

that transport in these junctions is hole-dominated. Nonetheless, µAu − εHOMO is

sufficiently large that the elastic cotunneling approximation is well justified.

The only other free parameter in the molecular junction model is the tunnel-

ing width Γ, which can be found by matching the linear-response conductance

to experiment. Although there is a large range of experimental values [120], the
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Figure 2.8: Linear-response conductance versus chemical potential (top panel) and
differential conductance versus chemical potential and bias voltage (bottom panel)
for a benzene(1,4)dithiol–Au junction. The calculation was carried out within the
elastic cotunneling approximation using Eq. (2.40), with Γ1 = Γ2 = 0.63eV and T =
300K. Here G0 = 2e2/h is the conductance quantum. Note the asymmetric Fano-
like lineshapes and the transmission nodes (arising from destructive interference)
in the top panel. The numbers within the central diamonds of the bottom panel
indicate the quantized charge on the molecule (relative to neutral benzene). The
full spectrum is shown for completeness.

most reproducible and lowest resistance contacts were obtained by Xiao, Xu and

Tao [203], who report a single-molecule conductance value of 0.011G0. This fixes

Γ = (0.63± 0.02)eV with µAu − µ0 = −3.22± 0.04eV. This value of Γ is within the

range predicted by other groups for similar molecules [135, 186, 142, 86]. With the

final parameter in the model fixed, we can now use our many-body transport theory

to predict the linear and nonlinear response of this molecular junction.

The transmission probability T (E)|E=µ of the BDT junction is shown as a func-

tion of µ−µAu in the upper panel of Fig. 2.8. This is the linear-response conductance

in units of the conductance quantumG0 = 2e2/h. The chemical potential µ is related

to the gate voltage Vg in a three-terminal junction via the gate capacitance Cg. The

transmission spectrum shown in Fig. 2.8 exhibits several striking features: a large

but irregular peak spacing with an increased HOMO-LUMO gap; non-symmetric,
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Fano-like resonance lineshapes; and transmission nodes due to destructive interfer-

ence in the coherent quantum transport.

2.3.2 Nonlinear junction transport

We next calculate the differential conductance ∂I/∂Vbias of the BDT-Au junction as

a function of µ and Vbias (see Fig. 2.8, lower panel). The current was calculated in the

elastic cotunneling approximation using Eqs. (2.40) and (2.41). This approximation

accurately describes non-resonant transport, including the transmission nodes, as

well as the positions and heights of the transmission resonances, as discussed in

Sec. 2.1.4. The differential conductance spectrum of the junction exhibits clear

signatures of excited-state transport [201, 44] and an irregular “molecular diamond”

structure analogous to the regular Coulomb diamonds observed in quantum dot

transport experiments [44]. The charge on the molecule is quantized within the

central diamonds of Fig. 2.8, an important interaction effect inaccessible to so-

called ab initio mean-field calculations. In Fig. 2.8, the full spectrum is shown for

completeness, although the junction may not be stable over the entire range of bias

and gate voltages shown.

Apart from the central HOMO-LUMO gap, the widths of the diamonds in

Fig. 2.8 can be roughly explained via a capacitive model in which the molecule is

characterized by a single capacitance Cmol = e2/ 〈Unm〉, where 〈Unm〉 = 5.11eV is the

average over all molecular sites. The HOMO-LUMO gap of ∼10eV is significantly

larger than this estimate of the charging energy, an indication of the significant

deviations of our theory from a simple constant interaction model.

Charge quantization, also known as Coulomb blockade, has been observed in sev-

eral different types of molecular heterojunctions [145, 116, 101, 149, 41], but has

not yet been observed in BDT junctions due to the difficulty of gating such small

molecules [114]. The unambiguous observation of Coulomb blockade in junctions

involving larger molecules (with smaller charging energies) indicates that such in-

teraction effects, lying outside the scope of mean-field approaches, are undoubtedly

even more pronounced in small molecules like BDT. Important aspects of this phe-
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nomenon remain to be understood in larger molecules, such as the anomalously low

reported values of the charging energy [145, 116, 101, 149, 41].

A zero-bias cross section of the bottom panel of Fig. 2.8 reproduces the trans-

mission spectrum shown in the top panel of the same figure. Increasing the

bias voltage, we find that the resonances split into negatively sloped particle-like

(|e|dV/dµ = − (C1 + C2 + Cg) /C1) lines and positively sloped hole-like (|e|dV/dµ =

+(C1 + C2 + Cg) /C2) lines, where C1 and C2 are the mean lead-molecule capaci-

tances, defined by Cα = 〈Cnα〉, α = 1, 2. In the symmetric coupling case (C1 = C2

with Cg/C1 ≪ 1) the lines therefore have slopes of -2 and +2 for particle-like and

hole-like lines, respectively. Within the V-shaped outline traced by the particle-

like and hole-like lines, we find signatures of resonant tunneling through electronic

excited states in the many narrow, nearly parallel resonance lines. While trans-

port through electronic excited states has not yet been unambiguously identified in

single-molecule heterojunctions, it has been observed in quantum dots [201, 44] and

carbon nanotubes [160].

An accurate description of theHOMO-LUMO gap is essential for a quantitative

theory of transport in molecular heterojunctions. The central HOMO-LUMO gap

shown in Fig. 2.8 is significantly larger than that predicted [143] by density functional

theory—which neglects charge-quantization effects—but is consistent with previous

many-body calculations in the sequential tunneling regime [76, 136, 18]. It should be

emphasized that the transport gap ∆µtr in a molecular junction exceeds the optical

gap ~ωmin of an isolated molecule. Roughly speaking, ∆µtr ≃ ~ωmin+ e2/Cmol+Ex,

where e2/Cmol ≈ 〈Unm〉 is the charging energy of an effective capacitor (see discussion

above) and −Ex is the exciton binding energy.

Excitonic states of the BDT-Au junction can be identified in the differential

conductance spectrum of Fig. 2.9 as the lowest-energy (i.e., smallest bias) excitations

outside the central diamond of the HOMO-LUMO gap, from which it is apparent

that ∆µtr ≈ 2~ωmin for a BDT-Au junction.

Our results reproduce the key features of both the coherent and Coulomb block-

ade transport regimes: Quantum interference effects, such as the transmission nodes
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Figure 2.9: Differential conductance spectrum of a 1,4-benzenedithiol–Au junction
(same parameters as in Fig. 2.8), focusing on the vicinity of the HOMO resonance.
The arrows indicate features corresponding to resonant tunneling through excitonic
states of the junction.

predicted within mean-field theory [29, 172, 171], are confirmed, while the differen-

tial conductance spectrum exhibits characteristic charge quantization “diamonds”

[145, 116, 101, 149, 41]—an effect outside the scope of mean-field approaches based,

for example, on density-functional theory. The HOMO-LUMO transport gap ob-

tained is consistent with previous many-body treatments in the sequential tunneling

limit [76, 136, 18].

2.4 The importance of many-body effects on transport

In general, mean-field approaches underestimate quantum and thermal fluctuations

because they approximate the dynamic electron-electron correlations by a static

single-body potential. Especially at the nanoscale, where the energetic cost of

adding electrons is large, it seems likely that the details of the charge correlations

would affect the transport. Surprisingly, within the molecular electronics commu-

nity, many-body terms are often thought of as small corrections to the mean-field
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Figure 2.10: A schematic diagram of an ‘Anderson molecule’ junction composed of a
single atomic level coupled to two metallic leads. The addition spectrum for spin σ
has two electronic resonances: the first at εσ and another at εσ+U corresponding to
the transition from zero to one and one to two electrons on the molecule, respectively.

solution, with only a slight effect on transport.

In the first part of this section, we consider transport through an ‘Anderson

junction’ composed of a single orbital tunnel-coupled to two metallic leads and find

a large discrepancy between the junction currents predicted by many-body and

mean-field theories. Next, we investigate quantum transport through a molecular

radical, which maps onto an Anderson model at low energy, and discuss the inability

of spin-unrestricted mean-field theory to reproduce even qualitative features of the

transmission spectrum.

2.4.1 The ‘Anderson’ molecular junction

As a first example of the importance of including many-body correlations, consider

a junction composed of two metallic leads coupled to a single ‘Anderson molecule’

described by the following Hamiltonian [6]

Hmol = ε↑n↑ + ε↓n↓ + Un↑n↓, (2.51)

where the number operator nσ=d
†
σdσ for spin σ and the Coulomb integral

U=
∫
dr1dr2 |ψ(r1)|2 (e2/ |r1 − r2|) |ψ(r2)|2. In our discussion here, we take U=8.9eV

[30, 23].

The occupancy of the isolated molecule can vary between zero and two, so a
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natural eigenbasis of Eq. (2.51) is the set of Fock states {|0〉 , |↑〉 , |↓〉 , |↑↓〉} with

corresponding eigenenergies {0, ε↑, ε↓, ε↑+ε↓+U}. As indicated schematically in

Fig. 2.10, the Anderson junction has two electronic addition resonances for each

spin species σ: one at εσ and another at εσ + U .

The many-body molecular Green’s function can be found from the Hamiltonian

using Eq. (2.21):

[Gmol(E)]σσ =
∑

ν,ν′

[P(ν) + P(ν ′)]
〈ν|dσ|ν ′〉〈ν ′|d†σ|ν〉
E − Eν′ + Eν + i0+

=
1− 〈nσ̄〉

E − εσ + i0+
+

〈nσ̄〉
E − εσ − U + i0+

, (2.52)

where the bar on the spin index σ is meant to indicate the opposite spin and the

thermodynamic factors P(ν) and P(ν ′) have been rewritten in terms of

1− 〈nσ̄〉 =
1 + e−β(εσ−µ)

Z (2.53)

and

〈nσ̄〉 =
e−β(εσ̄−µ) + e−β(εσ̄+εσ+U−2µ)

Z (2.54)

with β=1/kBT and the grand canonical partition function Z=
∑

ν e
−β(Eν−Nνµ). Note

that in many-body theory, without any broken spin symmetry (i.e. with ε↑=ε↓) each

spin species’ molecular Green’s function has two poles, a consequence of the fact

that there are two non-zero matrix elements for the creation operator: 〈σ| d†σ |0〉 and
〈↑↓| d†σ |σ̄〉.

In the spin-unrestricted Hartree-Fock (UHF) approximation, the spin symmetry

of the mean-field potential is not enforced. In fact, the symmetry is usually de-

liberately broken so as to engineer a shift of electronic resonances into agreement

with a known spectrum. In spite of the unphysical nature of this symmetry break-

ing spin-unrestricted methods are ubiquitous and appear in many of the methods

used in molecular electronics (cf. most implementations of DFT, LDA+U, etc.)

because their Hilbert spaces scale linearly in the size of the system and make the

investigation of large molecules possible. In addition, because of the technological

difficulties involved with gating a single molecule, the entire molecular spectrum is
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not often considered to be as important as the HOMO and LUMO resonances.

While engineering a spin potential capable of mimicking an entire spectrum may

not be possible, the broken spin-symmetry necessary to fit two resonances using

this scheme can always be found.

Within the UHF approximation the Hamiltonian of Eq. (2.51) becomes

HUHF
mol =

∑

σ∈{↑,↓}

Eσnσ, (2.55)

where the energies Eσ=εσ + U〈nσ̄〉 are found using first-order perturbation theory

along with the factorization

〈n↑n↓〉 = 〈d†↑d↑d
†
↓d↓〉 ≡ 〈d†↑d↑〉〈d

†
↓d↓〉 − 〈d†↑d↓〉〈d

†
↓d↑〉

︸ ︷︷ ︸

=0,nohopping

= 〈n↑〉〈n↓〉. (2.56)

The UHF Hamiltonian given by Eq. (2.55) is a sum of two Hamiltonians, one for each

spin species, coupled to each other by their densities. There is no Fock (exchange)

contribution because there is only a single site in the Anderson model. As the

name suggests, in the mean-field approximation particles interact with the static

potential arising from the average potential made by the other particles. In this

light, Eq. (2.56) is quite intuitive since it implies that n↑n↓ ≡ 〈n↑〉n↓, where the

potential energy arising from the ‘other particles’ is U〈n↑〉. Following the same

prescription as before, the molecular Green’s function for spin σ can be found from

the Hamiltonian giving

[
GUHF

mol (E)
]

σσ
=

1

E −HUHF
mol + i0+

=
1

E − (ε+ U〈nσ̄〉) + i0+
, (2.57)

which consists of only a single pole.

In a symmetric two-terminal junction the current is given in the elastic cotun-

neling limit by Eq. (2.40)

I =
e

h

∫ ∞

−∞

T (E) [f2 (E)− f1 (E)], (2.58)

where the transmission probability T (E)=Γ2
∑

σ |Gσσ (E)|2 and

fα(E)={1 + exp [β(E − µα)]}−1 is the Fermi-Dirac distribution for lead α at
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Figure 2.11: The current as a function of bias voltage for an Anderson junction
using many-body and UHF theory. Each theory predicts steps in the current at
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2/3 while the spin-unrestricted approach gives 1/2.

inverse temperature β=1/kBT . The tunneling-width matrix element Γ is taken as

an energy independent constant for all the simulations discussed in this section.

The current in an Anderson junction is shown as a function of bias voltage in Fig.

2.11, using both many-body and UHF theories. The current has been normalized in

units of limV→∞ I =eΓ/~. The inability of mean-field theories to correctly describe

the relative step heights in the current-voltage curve of a SMJ in the Coulomb

blockade regime has been put forward as a “smoking gun” for the importance of

many-body correlations [137].

A current step occurs at a voltage V where the leads’ chemical potentials corre-

spond to molecular addition energies, opening an additional transport channel of the

junction. The equilibrium chemical potential µ0=8eV so that the first step occurs

at ∆V=3V and the second 2U away at ∆V=20.8V. In the many-body simulation

there was no broken spin-symmetry: ε↑=ε↓=5eV. In the UHF simulation ε↑=5eV

and ε↓=ε↑+U=13.9eV, so as to ensure the proper current step positions. As the fig-

ure shows, each theory predicts steps in the current at the same voltages, although

the heights of the two steps are different. For voltages between the two current steps,
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two charge states of the junction are energetically accessible, and the many-body

theory predicts a plateau height of 2/3 while the spin-unrestricted approach gives

1/2.

In UHF theory, Gmol has only a single pole per spin species, meaning that the

height of each step of the Coulomb staircase for the Anderson model is identical (1/2

in normalized units) since when ∆V=3V the spin-up-only channel opens and when

∆V=20.8V the spin-down-only channel opens. In contrast, the many-body Gmol has

two poles per spin species so when ∆V=3V a charge channel opens transporting

electrons of both spins but when ∆V=20.8 the step is reduced since, according to the

Pauli-exclusion principle, only one spin-channel is available [210]. The first current

step height is therefore twice as high as the second giving 2/3 and 1/3 in normalized

units, respectively.

In UHF, the spin-rotation symmetry of the Hamiltonian is broken in order to

mimic a charge gap. Transport, however, is not just a function of energy levels but

also of matrix elements, which depend on symmetry. Consequently, even though

the gap and energy levels of the molecular resonances were the identical in the

many-body and UHF simulations, the broken spin symmetry in the latter approach

means that the two spin species contributed unequally to the transport, giving rise

to the discrepancy in the junction current. Physically, the spin symmetry can be

broken by the Zeeman effect in an external magnetic field. The Zeeman splitting

must satisfy µBB/kBT ≫ max (T, TK) to fully break spin-rotation invariance, where

B is the magnetic field strength, µB is the Bohr magneton , T is the temperature,

kB is Boltzmann’s constant and TK is the Kondo temperature. In the case of the

pentadienyl radical SMJ discussed in the next section, however, the magnetic field

strength required to break spin symmetry to such an extent that the transmission

spectrum resembles that of the spin-unrestricted calculation is greater than 104T.

2.4.2 Radical-based molecular junctions

In the previous section, we found that transport is not simply a matter of molecular

energy levels but depends on the symmetry of the molecular states as well. Here we
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Figure 2.12: The room-temperature (T=300K) transmission function of a pentadi-
enyl radical junction (sketched above) as a function of the intra-molecular interac-
tion strength γ. As Coulomb interactions are turned on (γ 6= 0), a HOMO-LUMO

gap forms, and the transmission resonance at the Fermi level becomes a node. The
nearest neighbor hopping matrix element ts=2.2 and td=2.6eV for single and double-
bonds, respectively. Unm is the interaction matrix element between sites n and m
and follows the form outlined in Sec. 2.1.1. The on-site repulsion Unn=8.9eV in this
case.

explore the importance of these symmetries further by considering a radical-based

junction, where the molecule possesses an unpaired electron. In this section we find

that the broken spin symmetry required to mimic the correct charge gap in UHF

gives rise to large qualitative errors in the transmission spectrum of radical-based

junctions.

In the discussion that follows we consider transport in a pentadienyl radical

junction, which is shown schematically in the bottom left-hand corner of Fig. 2.12.

The π-electrons of the pentadienyl radical were modeled using the Hamiltonian

discussed in Sec. (2.2) with intramolecular nearest-neighbor hopping matrix elements

set to ts=2.2eV and td=2.6eV for single and double-bonds, respectively. The lead-
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molecule coupling was chosen to be symmetric and taken in the broad-band limit

such that Γ=0.5eV.

The transmission probability spectra shown in the inset of Fig. 2.12 shows the

emergence of a HOMO-LUMO ‘Mott gap’ as the Coulomb interaction strength γ

is increased. When γ=0 electron-electron correlations are neglected and our many-

body Green’s functions are equivalent to those found using Hückel theory. As inter-

actions are turned on the degeneracy of the HOMO and LUMO levels is lifted and

the mid-gap transmission peak predicted by Hückel theory becomes a transmission

node.

Transmission nodes are generic features of coherence in single-channel transport.

In our formulation of transport, the transmission probability is equal to the modulus

squared of the junction’s Green’s function, meaning that the transmission nodes

must arise from terms in the Green’s function. The structure of the molecular

Green’s function is generally complicated but the low-energy excitation spectrum

of a molecular radical can be mapped onto the Anderson model, which has already

been derived in Sec. 2.4.1.

In the Anderson model, all non-zero poles of the many-body molecular Green’s

function, neglecting the thermodynamic weighting factors, have a weight of one (cf.

Eq. (2.52)). The mid-gap transmission node shown in Fig. 2.12 arises because the

two poles of Gmol have equal matrix elements and contribute equally and oppositely

when µ=µ0. Consequently, Gmol(µ0)=0 and T (µ0) ∝ |Gmol(µ0)|2=0.

In UHF, however, the molecular Green’s function of a single spin species has

only a single pole. This type of transmission node therefore lies outside the scope

of any mean-field theory because, even if a HOMO-LUMO gap is put in by hand

by breaking spin symmetry, the separate poles for up and down spins would not

interfere.

Presently, most modern transport calculations involve implementations of den-

sity functional theory (DFT); a theory which would give the exact electronic ground

state, including all charge-charge coherences, if the exact exchange-correlation func-

tional were known. A spin-unrestricted DFT calculation of the transmission through
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Figure 2.13: A state-of-the-art DFT calculation of the transmission probability
spectrum for α and β spin species through a pentadienyl radical junction. This
calculation exhibits no nodal features, in agreement with our understanding of the
limitations of mean-field approaches. The simulation was performed by our collab-
orators G. Solomon and C. Herrmann.

a pentadienyl radical SMJ is shown in Fig. 2.13, where no transmission nodes are

found near the Fermi energy of gold (≈-5.5eV). In spite of DFT’s sophistication,

existing implementations of the exchange-correlation functional don’t properly de-

scribe the quantization of charge [188, 97, 136, 63] and consequently the resulting

transport doesn’t exhibit a Mott-node.

2.5 Summary

In this chapter, we presented a many-body theory of electron transport in single-

molecule heterojunctions that treats coherent quantum effects and Coulomb in-

teractions on an equal footing. As a first application of our theory, we have in-

vestigated the thermoelectric power and differential conductance of a prototypical

single-molecule junction, benzenedithiol with gold electrodes.

The central object of the many-body theory is the Coulomb self-energy ΣC of the

junction, which may be expressed as ΣC = Σ
(0)
C +∆ΣC, where Σ

(0)
C is the result in the
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sequential-tunneling limit, and ∆ΣC is the correction due to a finite tunneling width

Γ. In this chapter, Σ
(0)
C was evaluated exactly, thereby including intramolecular

correlations at a nonperturbative level, while the direct and exchange contributions

to ∆ΣC were evaluated self-consistently using a conserving approximation based on

diagrammatic perturbation theory on the Keldysh contour. An important feature

of our theory is that this approximation for ∆ΣC can be systematically improved

by including additional processes diagrammatically. In this way, important effects

such as dynamical screening, spin-flip scattering [151], and electron-phonon coupling

[132, 61, 147, 197, 45, 174] can be included as natural extensions of the theory.

As a first application of our many-body transport theory, we investigated the

benchmark system of 1,4-BDT with gold electrodes. Two key parameters determin-

ing the lead-molecule coupling—the tunneling width Γ and the chemical potential

offset ∆µ—are fixed by comparison to linear-response measurements of the ther-

moelectric power [152, 15] and electrical conductance [203]. The nonlinear junction

response is then calculated without any free parameters. The differential conduc-

tance spectrum of the junction exhibits an irregular “molecular diamond” structures

analogous to the regular Coulomb diamonds [44] observed in quantum dot trans-

port experiments, as well as clear signatures of coherent quantum transport—such

as transmission nodes due to destructive interference—and of resonant tunneling

through molecular excited states.

Lastly, we compared the transport predictions using UHF and our many-body

theory for both an Anderson model and a radical-based junction and discovered sig-

nificant qualitative and quantitative discrepancies between the two theories. Spin-

unrestricted mean-field theories like UHF are ubiquitous, constituting the dominant

theoretical paradigm in molecular electronics, and have already been applied to

transport problems involving molecular radicals [75]. The large effect of an unphys-

ical broken spin symmetry on the transport suggests that extraordinary care must

be taken when interpreting the results of these studies.
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CHAPTER 3

Thermoelectric Response of Single-Molecule

Junctions

In chapter 2 we developed a many-body theory of electronic transport for junctions

composed of an interacting quantum system coupled to macroscopic leads. Within

that theory, we also derived an expression for the charge current flowing from one

lead to another. In addition to charge, electrons also carry heat and in this chapter

we use thermodynamics in conjunction with our many-body theory to develop an

exact expression for the heat current flowing in a molecular junction. We then

investigate the linear and nonlinear thermoelectric response of a number of molecular

junctions and find several interesting results.

In single-molecule junctions (SMJs), it is often assumed that transport is domi-

nated by elastic scattering processes. Since the phonon modes of the molecule and

the Debye frequency of the leads are often far detuned from one another and, as we

shall see in chapter 5, the electronic contribution to the inelastic transport is small,

this is most likely a reasonable assumption. Presently, however, no experiments have

been performed to verify this assumption because measuring the degree of transport

coherence in molecular junctions is extremely difficult. In Sec. 3.2 we show that, in

contrast to the electrical transport, thermoelectric effects are dramatically enhanced

in the vicinity of a transmission node which can only arise from interference, thus

providing a “smoking gun” for coherent transport that can be easily measured in

experiments on single-molecule junctions.

In Sec. 3.3 we investigate the limits of the rule-of-thumb quantity ZT as a predic-

tor of nonequilibrium thermodynamic device performance at the nanoscale. Lastly,

in Sec. 3.4 we investigate transport in junctions exhibiting high-order transmission

interferences, giant thermoelectric responses and large thermodynamic efficiencies.
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3.1 Nonequilibrium heat transport theory

In order to investigate thermoelectric effects in SMJs, where Coulomb interactions

play an essential role [23], we first derive an exact expression for the heat current

in an interacting nanostructure. Using this result, together with the corresponding

expression for the electrical current given by Eq. (2.37), we derive expressions for

the linear thermoelectric response of the junction.

3.1.1 Derivation of the junction heat current

As in chapter 2, we begin by considering a junction consisting of a single molecule

covalently bonded to M metallic electrodes (labeled α ∈ [1, . . . ,M ]). The Hamilto-

nian of the system may be written

Hjunction = Hmol +
M∑

α=1

[

H
(α)
lead +H

(α)
T

]

, (3.1)

where Hmol is the molecular Hamiltonian. Each electrode is modeled as a non-

interacting Fermi gas:

H
(α)
lead =

∑

k∈α
σ

εkσc
†
kσckσ, Nα =

∑

k∈α
σ

c†kσckσ, (3.2)

where c†kσ creates an electron of energy εkσ in lead α. Tunneling of electrons between

the molecule and electrode α is described by the Hamiltonian

H
(α)
T =

∑

k∈α

∑

n,σ

(
Vnkd

†
nσckσ +H.c.

)
, (3.3)

where d†nσ creates an electron of spin σ on the nth atomic orbital of the molecule.

The starting point for our derivation of the heat current is the fundamental

thermodynamic identity at constant volume, TdS = dE − µdN . Applying the

identity to electrode α, one finds

IQα ≡ Tα
dSα

dt
=

d

dt

〈

H
(α)
lead

〉

− µα
d

dt
〈Nα〉 , (3.4)
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where IQα is the heat current flowing from the molecule into electrode α, and Tα and

µα are the temperature and chemical potential, respectively, of electrode α. The

time derivatives on the right-hand side of Eq. (3.4) may be evaluated using standard

quantum mechanics to obtain

IQα = − i

~

{〈[

H
(α)
lead, Hjunction

]〉

− µα〈[Nα, Hjunction]〉
}

=
i

~

∑

k∈α

∑

n,σ

(εkσ − µα)
[

Vnk〈d†nσckσ〉 − V ∗
nk〈c†kσdnσ〉

]

. (3.5)

The second line of Eq. (3.5) is similar to the corresponding formula for the electrical

current given by Eq. (2.36), except for the additional factor of εkσ − µα inside the

sum. The correlation functions in the second line of Eq. (3.5) may be formally

expressed in terms of the junction’s Green’s functions using Dyson’s equation, [24]

leading to the general result:

I(ν)α = − i

h

∫ ∞

−∞

dE(E − µα)
ν ×

Tr
{
Γα(E)

(
G<(E) + fα(E)

[
G(E)−G†(E)

])}
, (3.6)

where ν = 1 gives the heat current and ν = 0 the number current. Here fα(E) and

Γα(E) are the Fermi-Dirac distribution and tunneling-width matrix, respectively,

for lead α. G(E) and G<(E) are Fourier transforms of the retarded and Keldysh

“lesser” Green’s functions, respectively. Eq. (3.6) is an exact formal result,1 and

provides a complete framework for calculating heat transport and thermoelectric

effects in interacting nanostructures. To the best of our knowledge, we are the first

to derive such an expression for the heat current.

As we found in chapter 2, the junction’s retarded Green’s function obeys a

molecular Dyson equation [23]

G−1(E) = G−1
mol(E)− ΣT −∆ΣC, (3.7)

where Gmol may be evaluated by exact diagonalization of Hmol in the sequential-

tunneling limit, and the self-energy terms ΣT + ∆ΣC describe the effects of finite

1Eq. (3.6) is a multi-terminal expression, where Σ<

T
(2.19) includes a sum over all leads.
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tunneling width. Here the tunneling self-energy matrix, given by Eq. (2.16), can

be calculated exactly, while the tunneling correction ∆ΣC to the Coulomb self-

energy can in general only be calculated approximately (cf. Sec. 2.1.4). However, in

the middle of the highest occupied molecular orbital (HOMO)-lowest unoccupied

molecular orbital (LUMO) gap—the region of principal interest for this discussion—

it can be shown [23] that ∆ΣC ≈ 0. Both G(E) and G<(E) arise from time-

ordered Green’s functions on the Keldysh time-contour [71], so any prescription for

calculating G(E) also yields G<(E) without further approximations.

3.1.2 The elastic cotunelling regime and linear-response observables

In many cases of interest in nanostructures, elastic processes dominate transport.

This is the case if Im∆ΣC ≈ 0 and electron-phonon scattering is negligible. Then

Eq. (3.6) may be simplified and cast in a form analogous to the multi-terminal

Büttiker formula [24]

I(ν)α =
1

h

M∑

β=1

∫ ∞

−∞

dE (E − µα)
ν Tαβ(E) [fβ(E)− fα(E)] , (3.8)

where the transmission function is given by Eq. (2.41).

In linear response, the set of equations (3.8) (with ν = 0, 1) may be further

simplified by considering the junction’s response to leading order in temperature

and chemical potential differences. In matrix form these equations may be written

as 


I
(0)
α

I
(1)
α



 =
∑

β




L(0)

αβ
1
T
L(1)

αβ

L(1)
αβ

1
T
L(2)

αβ








µβ − µα

Tβ − Tα



, (3.9)

where

L(ν)
αβ (µ, T ) =

1

h

∫

dE

(

− ∂f

∂E

)

(E − µ)ν Tαβ(E). (3.10)

Here f(E) is the equilibrium (zero-bias) Fermi distribution with chemical potential

µ and temperature T . We may then use the L functions to compactly encode a
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number of important transport properties [57]:

Gαβ (µ, T ) = e2L(0)
αβ (µ, T ) (3.11)

Sαβ (µ, T ) = − 1

eT

L(1)
αβ (µ, T )

L(0)
αβ (µ, T )

(3.12)

καβ (µ, T ) =
1

T




L(2)

αβ (µ, T )−

[

L(1)
αβ (µ, T )

]2

L(0)
αβ (µ, T )




 (3.13)

where G is the electrical conductance, S is the thermopower (Seebeck coefficient)

derived in Sec. 2.1.5, and κ is the electronic contribution to the (two-terminal)

thermal conductance. Another important linear response quantity ZT=S2GT/κ

will be discussed in relation to thermodynamic performance in Secs. 3.3 and 3.4. The

linear-response transport coefficients of an interacting system thus have a structure

identical to that of a non-interacting system, except that Tαβ(E) must be calculated

using the interacting Green’s functions. It should be emphasized that Eqs. (3.11)–

(3.13) can also be derived directly from the full heat current expression of Eq. (3.6),

provided lim∆µ→0 (Im∆ΣC/∆µ) = 0 and lim∆T→0 (Im∆ΣC/∆T ) = 0 (with similar

conditions on the electron-phonon self-energy).

3.2 Thermoelectric enhancement near transmission nodes

Electronic phase coherence underlies many of the unique and potentially revolution-

ary aspects of molecular device technology [29]. However, unequivocal experimental

signatures of phase-coherent electron transport are difficult to obtain. Aharonov-

Bohm interferometers have been used in quantum-dot [205, 163, 11] and carbon

nanotube [13] studies to determine both the degree of coherence and to map the

phase evolution of transmission by controlling the magnetic field and gate-voltage,

respectively. Phase information can also be extracted from asymmetric Fano line-

shapes arising from interference between resonant and non-resonant transport path-

ways; [36] the degree of asymmetry is related to the degree of phase coherence, so an

experiment needs to distinguish between a symmetric Breit-Wigner lineshape and a
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slightly asymmetric one in order to demonstrate phase coherence.

A characteristic feature of coherent transport is the existence of nodes in the

transmission eigenvalue spectra [29, 170, 24, 22]. A transmission node can only

arise from destructive quantum interference, and as such constitutes a clear signa-

ture of coherent quantum transport in any system. However, incoherent processes

may also give rise to very low transmission probabilities whose effect on the elec-

trical conductance may be experimentally indistinguishable [129] from that of a

transmission node. In this section, we calculate both the thermopower S and the

Lorenz number L for three representative molecular junctions and discover a large

thermoelectric enhancement arising from quantum interference in the vicinity of a

transmission node.

The calculated spectra for isoprene, 1,3-benzenedithiol, and [18]-annulene junc-

tions are shown in Figs. 3.1a, 3.1b, and 3.1c, respectively. Each junction has a

transmission node in the center of theHOMO-LUMO gap (see Fig. 3.1, upper pan-

els). Both the thermopower S (middle panels) and the Lorenz number L = κ/GT

(lower panels) are strongly enhanced in the vicinity of the mid-gap nodes. Although

transmission nodes are generic features of coherent transport, mid-gap nodes are

experimentally advantageous for two reasons: (i) when the lead chemical potential

is in the gap, the molecule is charge-neutral, and (ii) the mismatch between the

metal leads’ Fermi energies and the center of the HOMO-LUMO gap is typically

small (a few eV or less), so available gating techniques [182] should be sufficient to

tune across the node.

In Fig. 3.1, isoprene and benzenedithiol were modeled using the same semi-

empirical π-electron Pariser-Parr-Pople (PPP) Hamiltonian discussed in Sec. 2.2,

which has been shown to accurately describe Coulomb interactions and π-

conjugation [33, 30, 29, 23]. [18]-annulene was modeled using Hückel molecular

orbital theory (ΣC = 0). The interaction and hopping matrix elements were taken

from Ref. 30. The tunneling-width matrix was taken in the broad-band limit [81]

whereby Γα
nσ,mσ′(E) = Γαδσσ′δnaδma, where a is the π-orbital connected to lead α.

The junctions were taken to be symmetric, with Γ1 = Γ2 = 0.5eV. It should be
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Figure 3.1: Transmission probability (upper panels, logarithmic scale), thermopower
(middle panels), and Lorenz number (lower panels) as a function of lead chemi-
cal potential for three single-molecule junctions possessing transmission nodes at
the center of the HOMO-LUMO gap, µ0 ≡ (εLUMO + εHOMO) /2. Here Γ1 =
Γ2=0.5eV for all three junctions. The thermopower spectrum S(µ) is calculated
at three different temperatures, demonstrating the invariance of the peak value
Smax = πkB/

√
3e ≈ 156µV/K near the transmission node. The Lorenz number,

given in units of LWF = π2

3
(kB/e)

2, peaks at a temperature-independent value of
21/5 at the transmission node.

emphasized, however, that the principal findings presented here depend only on

the existence of transmission nodes, and not on the specific form of the molecular

junction Hamiltonian.

The dramatic enhancement of thermoelectric effects predicted at a transmission

node arises because entropy transport is less sensitive to quantum interference than

is charge transport. The entropy current IQα /Tα represents the flow of disorder,

which quantum mechanically is related to the purity of a system’s state where, for

example, a pure state has zero entropy current. As such, the entropy current inher-

ently involves incoherence and therefore cannot be completely blocked by destruc-
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tive quantum interference, whereas the electrical current can be completely coherent

and therefore may be completely blocked by destructive quantum interference. Since

thermopower is the entropy per unit charge carried by an electrical current and the

Lorenz number is the ratio of the entropy conductance to the electrical conductance,

both are strongly enhanced at a transmission node.

Since the integrands in the numerator and denominator of Eq. (3.12) both in-

clude a thermal-averaging factor of −∂f/∂E, the thermopower does not diverge

when the chemical potential is tuned across a transmission node, but instead ap-

proaches a finite value which is independent of temperature (see Fig. 3.1, middle

panels). This latter point should be emphasized, since the thermopower also in-

creases in magnitude and changes sign as the chemical potential crosses a trans-

mission resonance [146]. In the case of a resonance, however, the peak value

is dependent upon both the temperature and lead-molecule coupling [23]. From

Eq. (3.12), it is evident that S is enhanced if L(1) is large and L(0) is finite (trans-

mission resonance) or if L(0) is small and L(1) is finite (transmission node). Near a

quadratic transmission node Tαβ(E) ∝ (E − µ0)
2, it can be shown by direct evalu-

ation of Eq. (3.12) that the thermopower reaches a universal maximum value [139]

of ±Smax = ±πkB/
√
3e ≈ ±156µV/K, consistent with the numerical results shown

in Fig. 3.1. Smax is over an order of magnitude larger than the values obtained in

recent measurements of single-molecule junctions [152, 15].

The Lorenz number for each molecular junction is shown in the lower panels of

Fig. 3.1, normalized by the value predicted by the Wiedemann-Franz (WF) law:

LWF =
κ0h

Te2
≡ π2

3

(
kB
e

)2

, (3.14)

where κ0 = π2

3

k2BT

h
is the thermal conductance quantum [154]. For each molecule

considered, the Lorenz number varies by tens of percent from the WF law as the

chemical potential crosses an electronic resonance. This variation is comparable to

the variation among different metals [9]. At a quadratic transmission node, the
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Lorenz number may be evaluated directly as

Lmax =
1

(eT )2
L(2)

12 (µ, T )

L(0)
12 (µ, T )

∣
∣
∣
∣
∣
µ=µnode

=
7π2

5

(
kB
e

)2

, (3.15)

where we have assumed that the node is at least kBT away from any transmis-

sion peak. The peak Lorenz number is 420% larger than the WF value, several

times greater than the variation near a transmission peak at low temperature. The

peak Lorenz number is also universal, although the width of the peak depends on

temperature.

3.2.1 Thermoelectrics as a measure of transport coherence

Recent mean-field simulations suggest that tunneling through σ-orbitals may wash

out any exact transmission nodes in small conjugated molecules [88, 170]. We can

include the effects of any such additional non-resonant channels—or incoherent pro-

cesses outside the scope of Eq. (2.41)—phenomenologically by adding a small con-

stant ǫ to the transmission probability

T ′
12(E) = T12(E) + ǫ. (3.16)

The dependence of the Lorenz number and thermopower on ǫ and temperature

near the center of the HOMO-LUMO gap of an isoprene junction is shown in

Fig. 3.2 and Fig. 3.3, respectively. Interestingly, we find that if a finite minimum

transmission probability reduces the predicted enhancement of thermoelectric effects

at low temperatures, the full effect is restored at sufficiently high temperatures

(see Fig. 3.3). This behavior may be understood analytically by using T ′
12(E) =

γ(E − µ0)
2 + ǫ in Eq. (3.10), which gives

Smax = ±πkB√
3e

[

1 +
(

T̃ /T
)2
]−1/2

(3.17)

and

Lmax

LWF

=
21/5 +

(

T̃ /T
)2

1 +
(

T̃ /T
)2 , (3.18)
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Figure 3.2: Lorenz number and Seebeck coefficient at T = 300K near the middle of
the HOMO-LUMO gap of an isoprene junction, for various values of the minimum
transmission probability ǫ. Here Γ1 = Γ2=0.5eV.

where the crossover temperature is defined by kBT̃ =
√

3ǫ/γπ2. Here γ is a constant

related to the specific resonance structure of the molecule and the lead-molecule

couplings. If only the LUMO and HOMO levels contribute appreciably to the

transport, then γ ≃ Γ1Γ2/2∆
4, where ∆ = (εLUMO − εHOMO)/2. Larger molecules,

such as [18]-annulene where σ-tunneling is negligible, are thus good candidates for

experimental observation of the predicted enhancement of thermoelectric effects if

σ-tunneling washes out transmission nodes in small conjugated molecules.

Although we have focused on predictions of the linear thermoelectric response of

single-molecule junctions in this chapter, it should be emphasized that Eq. (3.6) is an

exact result valid for arbitrarily large bias and temperature gradients applied to an

interacting nanostructure. To analyze the performance of a nanoscale thermoelectric

device, it is necessary to go beyond linear response theory. For example, Eq. (3.6)
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Figure 3.3: Lorenz number and Seebeck coefficient for an isoprene junction with
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implies
∑

α

IQα +
∑

α

µαI
(0)
α = 0, (3.19)

i.e., the total work done by the nanostructure against the external voltages equals

the net heat flowing into the nanostructure. For a two-terminal heat engine with

T2 > T1, the efficiency ε = 1 − |IQ1 |/|IQ2 |, and it is necessary to go beyond linear

response theory to evaluate this expression.

3.3 Nonlinear thermoelectric response

As an engineering rule-of-thumb, ZT has been widely used to characterize the bulk

thermoelectric response of materials [19, 49, 169]. At the nanoscale, however, the

extent to which ZT is applicable is unclear, since bulk scaling relations for transport

may break down due to quantum effects [43]. Moreover, ZT is a linear response

metric, and cannot a priori predict nonequilibrium thermoelectric response.
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In this section, we investigate the efficacy of ZT as a predictor of nonequilibrium

device performance at the nanoscale by calculating the thermodynamic efficiency

and power of an interacting quantum system using both nonequilibrium many-body

[23] and Hückel theories. We discover that in both theories, variations of ZT and

thermodynamic efficiency are in good qualitative agreement. However, large dis-

crepancies between thermoelectric effects calculated within many-body and Hückel

theory are found in the resonant tunneling regime, indicating the essential role of

electron-electron interactions in nanoscale thermoelectricity. For a thermoelectric

quantum tunneling device, we find that the power output can be changed signif-

icantly by varying an external parameter, such as a gate voltage, and that this

variation is not correlated with the variation of ZT .

3.3.1 Thermodynamic efficiency vs. ZT

Neglecting inelastic processes, which are strongly suppressed at room temperature

in SMJs, the current flowing into lead 1 of a two-terminal junction may be written

as follows (3.8)

I
(ν)
1 =

1

h

∫ ∞

−∞

dE (E − µ1)
ν T (E) [f2(E)− f1(E)] , (3.20)

where ν = 0 (ν=1) for the number (heat) current, fα(E) is the Fermi function for

lead α with chemical potential µα and inverse temperature βα, and T (E) is the

transmission probability for an electron of energy E to tunnel across the junction.

In organic molecules such as those considered here, electron-phonon coupling is

weak, allowing ZT to be expressed as follows:

ZT = ZT |el
(

1

1 + κph/κel

)

, (3.21)

where [57]

ZT |el =
(

L(0)L(2)

[L(1)]
2 − 1

)−1

(3.22)

and L(ν) is given by Eq. (3.10). Here f0 is the equilibrium Fermi function and

κph=κ0T
ph is the phonon thermal conductance, where κ0=(π2/3)(k2BT/h) is the

thermal conductance quantum [154] and T ph is the phonon transmission probability.
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Figure 3.4: Schematic diagram of a thermoelectric device, where I
(1)
α is the heat

current flowing into lead α, Tα is the temperature and P is the power output.

The phonon thermal conductance of the junction is typically limited by the lead-

molecule interface [199]. Since the Debye frequency in the metal lead is typically

smaller than the lowest vibrational mode of a small organic molecule, the spec-

tral overlap of phonon modes between the two is small, implying T ph≪1, so that

κph ≪ κ0. Nonetheless, it is claimed that κph can reach values as large as 10−10W/K

for some SMJs [199, 165], so the correction to ZT due to phonon heat transport (cf.

Eq. 3.21) must be taken into account for quantitative estimates of device perfor-

mance [121]. We’ll first consider purely electronic transport; the effect of phonons

will be discussed in Sec. (3.4.1).

Thermodynamically, a system’s response is characterized by the efficiency η with

which heat can be converted into usable power P and by the amount of power that

can be generated. Applying the first law of thermodynamics to the device shown in

Fig. 3.4 gives:

P = −I(1)1 − I
(1)
2 = I

(0)
1 (µ1 − µ2), (3.23)

where we mention that the power is equivalently phrased in terms of heat or electrical

currents. The efficiency η is defined as the ratio of power output to input heat

current:

η =
P
∣
∣
∣I

(1)
1

∣
∣
∣

= −I
(1)
1 + I

(1)
2∣

∣
∣I

(1)
1

∣
∣
∣

, (3.24)

where we have assumed that T1 > T2. With these expressions for the power and

efficiency, we can completely quantify the performance of a quantum device, both

near to and far from equilibrium.
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Figure 3.5: The transmission probability T (E), figure-of-merit ZT , Carnot-
normalized efficiency η/ηC, and electrical power output P of a two terminal 1,3-
benzene SMJ, with lead temperatures T1=300K and T2=250K, calculated using (a)
many-body and (b) Hückel theory, highlighting the discrepancies near resonances
and the similarities near the node in the two theories. As a function of µ, η and
ZT are in excellent qualitative agreement while P is only peaked near resonance,
suggesting that ZT is incomplete as a device performance metric. (a) Many-body
calculations give Ppeak=33µW and ηpeak/ηC=11.5% near resonance. (b) Hückel cal-
culations give Ppeak=21µW and ηpeak/ηC=2.7% near resonance. The mid-gap re-
gion is discussed in Fig. 3.6. Note that the peak ZT=0.75 is on par with currently
available commercial thermoelectrics [169, 19]. Calculations were performed us-
ing the model and parameterization of benzene discussed in detail in Sec. 2.3 with
Γ=0.63eV.
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As a first example, we calculate the nonlinear thermodynamic response of a meta-

connected Au-benzene-Au SMJ using many-body [23] and Hückel theory, shown in

Fig. 3.5a and Fig. 3.5b, respectively. The transmission spectrum of this junction

possesses a quadratic node within π-electron theory [24, 29], and will allow us to

ascertain the importance of interactions on the thermoelectric response of a SMJ.

In the top panel of each figure is a section of the transmission spectrum, showing

the HOMO and LUMO resonances and the quadratic node directly in between

at µ=µ0. Associated with this node is an enhancement in many linear-response

metrics [24] including ZT , which is shown in the second panel from the top. The

bottom two portions of each figure show the calculated efficiency η and power P
when a junction with T1=300K and T2=250K is further pushed out of equilibrium

via the application of a bias voltage ∆V . In all simulations presented here, the

lead-molecule coupling is taken to be symmetric such that Γα
nm=Γδnaδma, where n,

m, and a are π-orbital labels and a is coupled to lead α. The efficiency is normalized

with respect to the maximum allowed by the second law of thermodynamics, the

Carnot efficiency ηC = ∆T/T1, where ∆T=T1-T2.

The nonequilibrium thermodynamic response of a 1,3-benzene SMJ calculated

using many-body theory is shown in Fig. 3.5a. The ZT and η spectra, shown in two

middle panels of the same figure, exhibit peaks in the vicinity of both transmission

nodes and resonances whereas the power P , shown in the bottom panel, is only

peaked near transmission resonances. Around either the HOMO or LUMO reso-

nance, the peak power Ppeak=33µW and peak efficiency ηpeak/ηC=11.5% are only

realized when the junction operates out of equilibrium at a bias voltage ∆V=3mV.

With a chemical potential near the mid-gap node and ∆V=3.6mV, ηpeak/ηC=14.9%,

larger than near resonance but with a much lower peak power Ppeak=.088nW.

In the vicinity of a resonance, there are both quantitative and qualitative dif-

ferences in the linear and nonlinear thermodynamic response predicted by the two

theories. By neglecting interactions, the Hückel theory fails to accurately predict

both the degeneracy and position of electronic resonances. It also incorrectly deter-

mines the peak values of ZT , η and P in the vicinity of a resonance. As can be seen
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Figure 3.6: Calculations of ZT , η and P in the vicinity of the transmission node at
µ=µ0 of a meta-benzene SMJ using many-body (red line and panel i) and Hückel
(black line and panel ii) theories. (a) and (b): ZT and η are found to be identical and
independent of theory. (c) P is strongly affected by interactions where, at peak effi-
ciency (ηpeak/ηC=14.91%), many-body and Hückel calculations give Pmax=.088nW
and Pmax=1.87nW, respectively. The simulation parameters and colorscale are the
same as in Fig. 3.5.

near either (HOMO or LUMO) resonance in Fig. 3.5, the Hückel theory predicts

a Carnot-normalized peak efficiency of 2.7% which is nearly five times less than the

11.5% predicted by the many-body theory. The peak power near a resonance also

varies considerably between the two theories, where the Hückel calculations give

Ppeak=21µW while many-body theory predicts Ppeak=33µW. These results indicate

that interactions are required to accurately predict the thermoelectric response of

devices operating in the resonant-tunneling regime. It is interesting to note, how-

ever, that in both models the linear-response metric ZT qualitatively captures the

features of the nonlinear metric η.

Although interactions are required in order to ensure the invariance of transport

quantities under a global voltage shift (i.e. gauge-invariance), near the particle-hole

symmetric point the effect of interactions on the thermoelectric response should be

small. In panels a-b of Fig. 3.6, a comparison of ZT and η using both many-body

and Hückel theories is shown near µ0 for a 1,3-benzene SMJ. Near this point, ZT and
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η are independent of theory employed. In contrast, the power, shown in panel c of

the same figure, exhibits an order of magnitude difference between the two theories.

This observation can be understood by noticing that the calculatedHOMO-LUMO

gap is ≈10eV using many-body theory (panel c-i) whereas it is only ≈5.5eV when

interactions are neglected in the Hückel theory (panel c-ii). Since the power is

peaked near transmission resonances, whose widths are fixed by the lead-molecule

coupling Γ, the larger gap found using many-body theory gives a correspondingly

lower predicted power.

While the Hückel theory is not able to accurately characterize the thermoelectric

response of a junction in the resonant-tunneling regime, it is sufficient for predicting

η and ZT in the vicinity of the transmission node. Gating small molecules is a major

technological challenge, meaning that we are often interested in transport near the

particle-hole symmetric point where Hückel theory accurately predicts η and ZT .

We shall use Hückel theory to simulate the larger molecules presented below.

3.4 Efficient nanoscale molecular thermoelectric devices

Thermoelectric (TE) devices are highly desirable since they can directly convert

between thermal and electrical energy. Electrical power can be supplied to such a

device to either heat or cool adjoining reservoirs (Peltier effect) or alternatively, the

flow of heat (e.g. from a factory or car exhaust) can be converted into usable elec-

trical power (Seebeck effect). Often, the efficiency of a TE device is characterized

by the dimensionless figure-of-merit ZT=S2GT/κ, constructed with the rationale

that an efficient TE device should simultaneously: maximize the electrical conduc-

tance G so that current can flow without much Joule heating, minimize the thermal

conductance κ in order to maintain a temperature gradient across the device, and

maximize the Seebeck coefficient S to ensure that the coupling between the elec-

tronic and thermal currents is as large as possible [19, 49]. Generally, however, ZT

is difficult to maximize because these properties are highly correlated with one an-

other [79, 125, 169], a fact that becomes more pronounced at the nanoscale where
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the number of degrees of freedom available is small.

If a TE material were found exhibiting ZT≥4 it would constitute a commercially

viable solution for many heating and cooling problems at both the macro- and nano-

scales, with no operational carbon footprint [49]. Currently, the best TE materials

available in the laboratory exhibit ZT≈3, whereas for commercially available TE

devices ZT≈1, owing to various packaging and fabrication challenges [19, 70].

In Sec. 3.2, enhanced thermoelectric effects were found in the vicinity of a trans-

mission node of a quantum tunneling device. Generically, the transmission prob-

ability vanishes quadratically as a function of energy at such a transmission node

[24]. Here we present results for a class of two-terminal single-molecule junctions

(SMJ) with higher-order ‘supernodes’ in their transmission spectra. In the vicinity

of a 2nth order supernode:

T (E) ∝ (E − µnode)
2n, (3.25)

where µnode is the energy of the node. We find that junctions possessing such

supernodes exhibit a scalable order-dependent quantum-enhanced thermoelectric

response.

The transmission node in a meta-benzene junction can be understood in terms

of destructive interference of electron waves traversing the ring at the Fermi energy

[29]. According to Luttinger’s theorem [108, 122], the Fermi volume is unaffected

by the inclusion of electron-electron interactions. Consequently, in an aromatic

ring such as benzene the Fermi wavevector kF=π/2d is conserved and is therefore

sufficient to characterize quantum interference both with and without interactions

near µ0, since ∆φ=kF∆l, where ∆φ is the relative phase between transport paths

with length difference ∆l, and d is the inter-site distance.

This is an important result, since the energy of resonant levels will generally

depend strongly on whether or not interactions are included. Since kF is protected,

however, the transmission node across a single phenyl group is not so much a coinci-

dence of energy levels as a wave phenomenon, meaning that interference in molecules

composed of multiple aromatic rings in series can be understood in terms of the inter-
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lations were performed using Hückel theory with T1=300K, T2=250K and Γ=0.5eV.

ference within each subunit rather than the energy spectrum of the entire molecule.

We find that such polycyclic molecules can exhibit higher-order supernodes, and

that associated with a supernode is an order-dependent quantum enhancement of

the junction’s thermoelectric response. Additional transport channels (e.g. from σ-

orbitals) or incoherent processes may lift the supernode. The effect on the thermo-

electric response is small provided the processes are weak, as discussed in Sec. 3.2.1

[24].

The 3,3’-biphenyl junction, drawn schematically in the top panel of Fig. 3.7, can

viewed as two meta-connected benzene rings in series. This junction geometry is

similar to that studied by Mayor et al [129]. In agreement with the prediction that

a biphenyl junction should possess a quartic supernode, the linear and nonlinear

response shown in Fig. 3.7 exhibits peak values of efficiency (η/ηC=26.86%) and

ZT (1.84) that are more than twice those of benzene. With ZT≈2, the biphenyl
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were performed using Hückel theory at room temperature (T=300K) with Γ=0.5eV.
Inter-phenyl electronic hopping was set an order of magnitude below the intra-phenyl
value of 2.64eV.

junction exhibits sufficient thermoelectric performance to be attractive for many

commerical solid-state heating and cooling applications [19, 49, 169]. As we shall

see, this is only the first in an entire class of supernode-possesing molecules which

exhibit even larger values of η and ZT .

3.4.1 The effect of higher-order interferences

In larger molecules composed of nmeta-connected phenyl groups in series, we expect

that the transmission nodes should combine and give rise to a 2nth order supernode.
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Polyphenyl ether (PPE), shown schematically at the top of Fig. 3.8, consists of n

phenyl rings connected in series with ether linkages. Based on our previous discus-

sion, we predict that a PPE-based junction should exhibit a 2nth order supernode.

The figure-of-merit ZT , thermopower S and Lorenz number L=κ/GT for PPE junc-

tions are shown in the top, middle and bottom panels of Fig. 3.8, respectively, where

the Lorenz number is normalized with respect to the Wiedemann–Franz (WF) value

LWF=(π2/3) (kB/e)
2.

The bottom panel of Fig. 3.8 shows an increasing peak Lorenz number Lpeak with

increasing n. In linear-response, L and S can be expressed in terms of Eq. (3.10) as

L|el =
1

(eT )2

(

L(2)

L(0)
−
[L(1)

L(0)

]2
)

, (3.26)

and S=− 1
eT

L(1)

L(0) , where e is the magnitude of the electron’s charge and T is the

temperature. Using Eqs. (3.26) and (3.10) with the transmission function of Eq.

(3.25) we find that:

Lmax

LWF

∣
∣
∣
∣
el

=

(
3

π2

) [
∂2n+2
b bπ csc(bπ)

]∣
∣
b=0

[∂2nb bπ csc(bπ)]|b=0

. (3.27)

Setting n=6 in Eq. (3.27) gives Lmax=55.33LWF, corresponding exactly to the result

of the full simulation shown in the bottom panel of Fig. 3.8. Similar agreement is

found for the other values of n, confirming the presence of 2nth order supernodes in

these junctions.

The above discussion considered purely electronic transport. According to

Eq. (3.21), phonon heat transport may reduce ZT significantly [121], although it

should be emphasized that the thermopower of the junction is unaffected provided

the electron-phonon coupling is negligible. Figure 3.9 shows the effect of phonon

heat transport on ZT of a 3,3’-biphenyl junction for several values of the phonon

transmission probability T ph. In the vicinity of the quartic transmission node, ZT

is significantly reduced even for small values of T ph. However, the large peaks of

ZT found near the transmission resonances are largely insensitive to phonon heat

transport due to the smaller ratio of κph/κel. Practical supernode-based devices will
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thus require careful engineering of phonon transport. For example, the inclusion of

a vacuum tunneling gap in series with the junction would effectively block phonon

transport.

Higher-order quantum interference effects can arise from both destructive and

constructive interference. As evidenced by Fig. 3.9, thermoelectric devices based on

constructive interference are far less sensitive to phonon effects. Figure 3.10 shows

the transmission spectrum and ZT el near the HOMO resonance of a tetraphenyl

ether SMJ. The transmission resonance exhibits fine structure due to electronic

standing waves along the molecular chain [85]. The interplay of the many closely

spaced resonances gives rise to a dramatic enhancement of the thermopower in a

regime of large electrical conductance, and hence a very large ZT el ∼ 102. The

inset of Fig. 3.10 shows the exponential scaling of the peak ZT el near the HOMO

resonance of a polyphenyl ether SMJ as a function of the phenyl group number

n. The predicted giant enhancement of ZT el occurs over a broad energy range, in

contrast to that expected from a narrow transmission resonance [57].
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The peak value of ZT found near the particle-hole symmetric point µnode of a

PPE junction is shown as a function of repeated phenyl unit number n in Fig. 3.11.

As illustrated in the figure, ZTpeak scales super-linearly in n whereby ZTpeak=4.1

in a junction composed of just four phenyl groups (n=4). Although in this thesis

we focus primarily on molecular junctions, it should be stressed that our results are

applicable to any device with transmission nodes arising from coherent electronic

transport.

Thermoelectric devices based on individual SMJs are ideally suited for local

cooling in integrated nanoscale circuit architectures. Supernode-based devices have

a low transmission probability and thus a large electrical impedance capable of

withstanding voltage surges. Moreover, high-power macroscopic devices could be

constructed by growing layers of densely packed molecules. For example, a self-

assembled monolayer with a surface density [209] of 4×1015molecules/cm2 would give

352kW/cm2 at peak efficiency for a meta-benzene film. The efficiency of PPE-based

devices increases with ring number and is only limited by the electronic coherence

length, suggesting that highly efficient molecular-based thermoelectric devices may

soon be realized.

3.5 Summary

In this chapter, we derived an expression for the heat current in an interacting

quantum system using our many-body theory. Interestingly, we found that both

the electrical and heat current formulae can be expressed in a similar form, allowing

us to write the complete electronic response of an interacting quantum system in

a single expression. When there are no inelastic contributions to the electron self-

energy, we recover the well known Büttiker formula for the electric current in which

transport can be phrased in terms of a transmission probability function, along with

an analogous formula for the heat current.

As an initial application of our theory, we investigated the effect of a node in the

transmission spectrum on the thermoelectric response of a molecular junction and
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found that the thermopower reaches a temperature-independent maximum value of

±πkB/
√
3e ≈ ±156µV/K, more than an order of magnitude larger than the val-

ues obtained in recent measurements [152, 15] of molecular junctions. Moreover, a

420% enhancement of the Lorenz number is also predicted at a transmission node.

The dramatic enhancement of thermoelectric effects near a transmission node arises

because the flow of entropy—an inherently incoherent quantity—is not blocked at

non-zero temperature by destructive quantum interference. The thermopower there-

fore serves as a signature of coherent transport which can be easily measured with

existing technology.

From an applications perspective, the thermoelectric response is only one aspect

of a device’s performance. A useful thermoelectric device must both efficiently

convert between thermal and electronic energies and produce a reasonable amount of

power. We calculated the full nonequilibrium spectrum of thermodynamic efficiency

and found that it qualitatively resembles the spectrum of the popular performance

metric ZT , suggesting that ZT encapsulates the salient physics related to efficiency

even at the nanoscale. The usable power produced by a nanoscale device, however,

was poorly characterized by ZT .

Technologically, a thermoelectric material with ZT>4 would be useful in myriad

heating, cooling, and other power conversion applications. Even in the lab, the

best materials exhibit ZT∼3, with most commercially available products having

ZT∼1. Previously, we showed that in the vicinity of an electronic transmission

node, a quantum device exhibits an enhanced thermoelectric response. Generically,

these nodes have a quadratic energy dependence. In this chapter, we presented a

class of single-molecule devices which exhibit 2nth supernodes, leading to an order-

dependent quantum enhanced thermoelectric response. The degree of enhancement

in these systems scales superlinearly with n and is only limited by the electronic

coherence length, making the realization of a ZT≫4 junction feasible with a thin

molecular film.
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CHAPTER 4

The Lead-Molecule Interface

Transport through a single-molecule junction (SMJ) is a property of the junction as

a whole, and is not a meaningful concept when applied to the leads or the molecule

individually. From a theoretical perspective, the lead-molecule coupling is of vital

importance since it transforms the few-body molecular problem into a many-body

problem. The specific form of the lead-molecule coupling directly affects how we

relate observable transport properties of the junction, such as the conductance or

current, to the state of the molecule. Since we are interested in the electronic

response of single molecules, a detailed understanding of the lead-molecule interface

is therefore necessary.

In the first section of this chapter, we extend our many-body theory to allow

multi-orbital bonding between the leads and the molecule. Such a junction could

potentially be formed from a molecule lying flat on a metal or graphene surface,

contacted from above by a scanning tunneling microscope (STM) tip. Both the

transmission phase and probability are calculated for junctions with various contact

symmetries. In ‘flat’ junctions where all the orbitals couple to a single channel of

a lead, we find a dramatic suppression of the Coulomb blockade peaks caused by

quantum interference [21]. It is postulated that such an effect may be visible in the

apparent height of molecules adsorbed on a surface.

Next, we develop the framework to include multi-channel leads and simulate a

multi-channel experiment involving two platinum leads directly bonded to benzene.

Within the molecular electronics community, the term ‘channels’ is often used as a

synonym for ‘number of orbitals’ when referring to a molecular junction [77, 173].

Although the number of orbitals certainly sets the upper bound on the number of

channels, we find a better bound is given by the degeneracy of the most relevant

molecular orbital. For the Pt-benzene-Pt junction we find two dominant channels,
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owing to the orbital degeneracy of the ring structure. Finally, we consider multi-

mode transport in a linear molecule and find only a single dominant channel.

As a final topic, we consider the molecular junction from an entirely different

perspective. Instead of viewing the leads as a modification of the isolated molecule,

we instead consider the molecule as a correction to the isolated leads. We then

derive expressions for the Keldysh and retarded Green’s functions of the lead and

find that the Friedel oscillations caused by the molecule depend on the molecular

state.

4.1 Transport with multi-orbital contact geometries

In this section, we consider junctions composed of small molecules coupled to two

external single-channel leads. We extend our formalism to allow the molecule-lead

coupling to occur either via single or multiple, spatially separated atomic orbitals.

For single-orbital coupling we show that the presence of nodes in the junction’s

transmission spectrum depends critically upon the contact geometry of the junction.

This is so because the connectivity determines the relative phase accumulated by

an electron along different, interfering paths across the molecule. When multiple

orbitals are coupled to a single-channel lead, the complex interplay of intramolecular

interference manifests itself prominently in the junction’s transport properties.

4.1.1 Multi-orbital formalism

As discussed previously in Sec. 2.1.2, the Green’s function

Gnσ,mσ′(t) = −iθ(t)〈{dnσ(t), d†mσ′(0)}〉 (4.1)

of the junction may be transformed into the energy domain giving a molecular Dyson

equation [23]

G(E) =
[

1E −H
(1)
mol − ΣT(E)− ΣC(E)

]−1

, (4.2)

where H
(1)
mol is the one-body part of the molecular Hamiltonian Hmol, ΣT is the

tunneling self-energy matrix and ΣC is the Coulomb self-energy matrix. In this
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chapter, Hmol is again modeled using the semi-empirical Hamiltonian discussed in

Sec. 2.1.1 and ΣC=Σ
(0)
C .

The tunneling self-energy ΣT=
∑2

α=1 Σ
α
T can be decomposed as the sum of

contributions from the individual contacts, which we calculated exactly using an

equations-of-motion method in Sec. 2.1.2

[Σα
T(E)]nσ,mσ′ = δσσ′

∑

k∈α

VnkV
∗
mk

E − ǫkσ + i0+

= − i

2
[Γα(E)]nσ,mσ′ +

∫
dε

2π

[Γα(E)]nσ,mσ′

E − ε
, (4.3)

where we have used the Sokhatsky-Weierstrass theorem 1
x+i0+

= P ( 1
x
)− iπδ(x) and

[Γα(E)]nσ,mσ′ = 2πδσσ′

∑

k∈α

VnkV
∗
mk δ(E − ǫkσ). (4.4)

Equation (4.3) may also be equivalently expressed in matrix form as follows

Γα(E) = i
(

Σα
T(E)− [Σα

T(E)]
†
)

. (4.5)

When Γ(E) is an even function of energy the integral in Eq. (4.3) is zero and the

imaginary part of the tunneling self-energy, which causes broadening of the molecular

resonances, is the dominant contribution to ΣT. In the discussion that follows, we

take the real part of the tunneling self-energy to be negligible as compared to the

imaginary part. In the next section, we’ll evaluate Eq. (4.3) using the dispersion

relation for a tight-binding chain where the real part is not always negligible.

While the Green’s function fully characterizes the molecular junction, the trans-

mission phase is most readily defined in terms of the scattering matrix Sαβ(E). For

purely elastic quantum transport, the Green’s function and scattering matrix are

related as follows [58, 111]

Sαβ(E) = −δαβ + iγα(E)G(E)γ
†
β(E). (4.6)

The off-diagonal terms of S are the transmission amplitudes [tαβ(E)]nm for scattering

from mode m in lead β to mode n in lead α. The total transmission probability

between leads α and β given by Eq. (2.41) may be equivalently expressed as

Tαβ(E) = Tr
{

tαβ(E)t
†
αβ(E)

}

, (4.7)
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where the trace is over all lead modes. The tunneling-width amplitude matrices

γα(E) are related to the tunneling-width matrices Γα(E) as follows

Γα(E) = γ†α(E)γα(E). (4.8)

In previous chapters, where [Γ(E)]nm = Γ(E)δnm, the effective γ matrix was ac-

tually a row vector with a single non-zero element
√

Γ(E) at index n. With this cou-

pling there is a single non-zero element of tαβ(E) which is proportional to Gnm(E),

allowing the phase of transmission to be easily calculated as θ(E)=arg[Gnm(E)].

When multiple orbitals are coupled to a lead there are multiple non-zero elements

of γ and the transmission phases are calculated by taking arguments of the eigen-

values of tαβ(E). In this section, we restrict our discussion to single-mode leads,

where tαβ(E) is a rank one matrix with a single unique transmission eigenphase,

with multi-mode leads left until the next section.

4.1.2 Coherent destruction of Coulomb blockade peaks

Coulomb blockade has been investigated in mesoscopic transport through metallic

nanoparticles [198] and semiconductor quantum dots [5, 4], and more recently in

molecular transport [149, 101, 23]. Because the distance between conductance peaks

is set by the charging energy, one might naively think that transport in the Coulomb

blockade regime is essentially incoherent. Recent interferometric experiments have

shown, however, that electrons transferred through quantum dots retain memory of

their phase [163, 11], a finding that has triggered intensive theoretical investigations

on the transmission phase through interacting systems [109, 111, 167, 67, 166, 84].

Mesoscopic experiments access regimes where tunneling transport occurs either

between two discrete channels (in lateral quantum dots) or two quasi-continua (in

metallic nanoparticles) that are connected by a central quantum system with no par-

ticular symmetry. Consequently, interchannel coherence is either absent or washed

out, and the spatial symmetry with which external terminals are connected to the

central system matters little. The situation is fundamentally different in molecu-

lar transport, because molecules naturally possess symmetries that strongly affect
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Figure 4.1: Top panel: Schematic diagrams of the para and the flat, multi-orbital
coupling geometries for a benzene (C6H6) molecular junction. Main panel: Trans-
mission probability through a benzene molecular junction as a function of the chem-
ical potential of the molecule for the para (red curve) and flat geometries (black
curve). For the black curve, the vertical axis has been rescaled by a factor of two
to emphasize small remnants of Coulomb blockade peaks at -20eV and higher that
would be invisible otherwise.

the phase-coherent transmission of electrons [29]. Moreover, molecular symmetries

make it possible to tunnel-couple multiple orbitals to a single external electrode [91].

Presently, we consider molecular junctions which at a given chemical potential

exhibit transmission nodes for certain connection geometries and no such nodes for

other geometries. In general, the presence of a transmission node results in an ad-

ditional π shift in the junction’s transmission phase [109, 111]. This is of crucial

importance for multi-orbital coupling, because this phase shift can turn constructive

interferences into destructive ones, thereby suppressing the conductance. Accord-

ingly, we find that Coulomb blockade peaks are strongly suppressed in molecular

junctions where multiple atomic orbitals of the molecule couple to a single electrode.

As a graphic example of this effect, let us compare transport in the archety-
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Figure 4.2: Numerically obtained transport results for flat, longitudinal and trans-
verse ethylene (C2H4) junctions. (a) Schematic diagrams for each junction’s geome-
try. (b) and (c) Transmission probabilities (top) and phases (bottom) for the flat (b)
and transverse and longitudinal (c) connections. (d) Molecular π-orbital occupancy
for all three geometries, showing that the destruction of the Coulomb peak does not
affect the accumulation of charge on the molecule. Using the molecular Hamilto-
nian and parameterization of Sec. 2.1.1, the parameters for ethylene were: t=2.6eV,
U11=8.9eV, U12=5.33eV and Γ=ΓI=ΓII=0.5eV in the longitudinal and transverse
geometries while [γII]nm=

√
Γ/2 in the flat geometry.

pal para-benzenedithol (BDT) junction to that of the ‘flat’ benzene junction, each

shown schematically atop Fig. 4.1. In the main portion of that same figure, the

transmission probability through a benzene molecule is plotted against its electro-

chemical potential µ. For single-orbital coupling one observes a standard Coulomb

blockade sequence of twelve conductance peaks, corresponding to the filling of the

six spin-degenerate electronic molecular states. The situation is altogether different

in the flat configuration where one of the leads couples equally to all atomic orbitals,

a geometry which can be realized if the molecule is deposited on a metallic surface

[157, 156]. In this case, only the first two conductance peaks survive, while the

remaining ten resonances are dramatically suppressed by destructive interference.

In contrast, the molecular occupancy is almost the same in these two configurations.

In order to understand this behavior it is advantageous to first simplify our
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present discussion and analysis by: (i) considering only two-terminal junctions, (ii)

assuming each lead is characterized by a single-mode, and (iii) taking the broad-

band limit [81] for the lead-molecule coupling, where Γα(E)≡Γα becomes an energy-

independent matrix of constants related to the tunneling rate. Together, the first

two assumptions ensure the existence of a single well-defined transmission eigenphase

θ(E)=arg [t(E)] for the junction.

Although the investigation of coherent quantum transport in molecular junctions

is not new [143], most theoretical studies limit their analyses to cases where Γα is

diagonal, corresponding physically to the special case where single orbitals couple

to single leads. Presently, we consider transport in a junction geometry we label

‘flat,’ where a single orbital connects to one lead while all atomci orbitals couple to

a single channel (e.g., s-wave) of the surface electronic states in the other lead, a

configuration which is already experimentally accessible [157, 156, 194].

In a flat junction with two leads, labeled I and II, the tunneling-amplitude ma-

trices are [γI]nm=
√
ΓIδnaδma and [γII]nm=

√
ΓII, where a is the orbital connected to

lead I and all orbitals couple equally to lead II. ΓI and ΓII are constants character-

izing the tunneling between the molecule and leads I and II, respectively. Following

Eq. (4.6), the transmission amplitude becomes

tFlatI,II (E) = i
√

ΓIΓII

N∑

j=1

Gaj(E), (4.9)

where N is the total number of molecular orbitals. From Eq. (4.7), we see that

the transmission probability will be composed of diagonal terms proportional to
∑

j |Gaj|2 and cross terms proportional to
∑

j 6=kGajG
∗
ak. We now show that in-

terferences between various transmission amplitudes can cause these two terms to

cancel, giving rise to a dramatic reduction of the transmission peaks.

For pedagogical reasons, we first consider several ethylene (C2H4) junctions, each

shown schematically in Fig. 4.2a. The transmission probability and phase for the flat

junction is shown in Fig. 4.2b, while the spectra for the transverse and longitudinal

junctions are both shown in Fig. 4.2c. In all three geometries ΓI=0.5eV. In the

longitudinal and transverse cases ΓII=0.5eV, while in the flat geometry ΓII=0.25eV
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such that the total coupling Γ̃II=Tr
{
ΓII
}
=0.5eV.

For chemical potentials below the center of the highest occupied molecular orbital

(HOMO) to lowest unoccupied molecular orbital (LUMO) gap (µ0), the spectra of

the three geometries are qualitatively very similar: for every peak in one geometry

there is a corresponding peak in the others, and similarly for the nodes, although

the exact location of the nodes varies. For µ > µ0, however, there is a nearly 500×
reduction of the Coulomb blockade peak height in the flat geometry as compared

with either the longitudinal or transverse spectra.

The origin of this suppression can be understood by examining the transmission

amplitudes in each geometry. In the longitudinal and transverse junctions we find

tLongI,II (E) = iΓG12(E) (4.10)

and

tTransI,II (E) = iΓG11(E), (4.11)

respectively, where ΓI=ΓII=Γ. From Eq. (4.9), we see that the flat junction’s am-

plitude

tFlatI,II (E) = iΓ/
√
2 [G11(E) +G12(E)] (4.12)

is proportional to the sum of the amplitudes from the other two configurations. From

the longitudinal and transverse phase spectra, shown in the lower part of Fig. 4.2c,

it is evident that the node in G11 when µ=µ0 causes G11 and G12 to become π out

of phase for all µ > µ0. Exactly on resonance with µ > µ0, |G11|=|G12| and conse-

quently, via total destructive interference, a transmission peak in the longitudinal (or

transverse) spectrum becomes a transmission node in the flat junction’s spectrum,

with a concomitant lapse of the transmission phase in the latter. In the vicinity

of a resonance, the two terms are not exactly equal but still interfere destructively

giving rise to a pronounced reduction of the Coulomb blockade peaks instead of an

exact cancellation.

Transmission peaks occur at energies where a system has a degeneracy between

two charge states. Even though these Coulomb blockade peaks may be nearly de-

stroyed by quantum interferences, as we just showed, the charge of the molecule
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still changes by one as we cross each resonance. The π-orbital molecular occupancy

is shown for all three junction geometries as a function of chemical potential in

Fig. 4.2d and exhibits nearly the same spectra for all three geometries. Comparing

the phase of transmission, shown in the bottom parts of Figs. (4.2b,4.2c) with the

charge spectra, we see that for each step in the occupancy there is an associated

increase in the transmission phase by π, in agreement with the Friedel-sum rule [59].

Since the suppression of transmission peaks in flat junctions is a manifesta-

tion of interference between multiple transport pathways, the effect should be more

pronounced in larger molecules which possess a correspondingly larger number of

transport pathways. To investigate this hypothesis, we consider the transmission

spectrum for a flat benzene junction in which one electrode couples to just a single

π-orbital of the benzene ring, while the second couples equally to all six π-orbitals.

Such a junction could be experimentally realized by depositing a benzene molecule

on a Pt or graphene surface and contacting it from above with an STM tip [157, 156].

The calculated spectrum of a flat-benzene junction is shown in Fig. 4.3 for several

values of lead-molecule coupling. Except for the first two peaks, all the molecular

resonances coincide with transmission nodes, a fact which is observable from the

transmission probability or as π-slips in the transmission phase, shown in the bottom

portion of the same figure. Owing to the molecular symmetry of benzene, there are

only four non-degenerate terms in the flat junction’s transmission amplitude. Using

Eq. (4.9)

tFlatI,II = i
√

ΓIΓII



t11 + t14
︸︷︷︸

Para

+2 t12
︸︷︷︸

Ortho

+2 t13
︸︷︷︸

Meta



 , (4.13)

where the Ortho and Meta terms are doubly degenerate and the dependence on

energy is implicit. The first two peaks correspond to resonant tunneling through

the nodeless molecular ground state, for which no destructive interference is pos-

sible, so that all the terms in Eq. (4.13) are positive. For every other molecular

resonance, three amplitudes are positive and three are negative such that by sym-

metry the total transmission amplitude vanishes exactly on resonance. Elsewhere

in the spectrum, this coordination of cancellation is visible as a strong suppression
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Figure 4.3: The transmission probability and phase for a flat, two-terminal ben-
zene junction, exhibiting a maximal ∼3350× reduction in Coulomb blockade peak
height for Γ̃II=0.3eV. Reductions of ∼1050× and ∼50× were found for Γ̃II=0.6eV
and Γ̃II=3.0eV, respectively. In all cases, lead I is coupled to a single orbital with
ΓI=0.6eV. The total coupling to the flat-contacted second lead Γ̃II was varied, where
each orbital contributed Γ̃II/6. Inset: A schematic showing the labeling of benzene’s
atomic orbitals. The model and parameterization used in these simulations are dis-
cussed in detail in Sec. 2.1.1].

of the molecular resonance peak heights. As the lead-molecule coupling is reduced

the individual transmission amplitudes are only appreciable near a resonance, where

destructive interference between amplitudes is most complete, resulting in enhanced

peak suppression with decreasing lead-molecule coupling.

In summary, we find that quantum interference can effectively destroy Coulomb

blockade peaks. The transmission probability of an electron tunneling through a flat

junction, in which a single-channel lead couples to all molecular orbitals, is deter-

mined by considering the coherent superposition of transmission amplitudes from all

possible junction connectivities. By virtue of the nodal structure of the many-body

wavefunction, many of these amplitudes cancel or nearly cancel, strongly suppress-
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ing the Coulomb blockade peak amplitudes but leaving the molecular charge state

unaffected. Single-molecule junctions offer a novel and interesting physical system

in which to investigate the effects of spatial symmetry and quantum-interference on

transport.

4.2 Transport with multi-channel contacts

In this section, we investigate how transmission eigenvalue distributions of SMJs

depend on the number of lead-molecule bonds and on molecular symmetry using a

many-body theory of transport [23]. Specifically, we focus on junctions with benzene

(C6H6) and butadiene (C4H6) bonded to two Pt leads (cf. Fig. (4.4)). Consistent

with refs. 90 and 173, we find that the total number of nonzero transmission eigen-

values in a SMJ is limited only by the number of bonds to each electrode. However,

increasing the number of bonds past a certain point leads to additional channels

with very small transmission. The central finding of this section is that in SMJs

with sufficient numbers of lead-molecule bonds the number of dominant transmis-

sion channels is equal to the degeneracy of the molecular orbital closest to the metal

Fermi level. Additional transmission channels stemming from further off-resonant

molecular states are strongly suppressed, but may still be experimentally resolvable

[90] for very strong lead-molecule hybridization.

4.2.1 Multi-channel formalism and the lead-molecule coupling

In our many-body theory, the lead-molecule coupling is characterized by the tun-

neling matrix Γ(E) which is directly related to the tunneling self-energy ΣT which

we found using an equation-of-motion method for the junction Green’s function in

Sec. 2.1.2. In the second and third chapters, we considered one specific instance of

a single-channel lead: we took [Γ(E)]nm=Γ(E)δnm, where n and m are molecular

orbital labels. In general, the coupling between a single-mode lead is characterized

by a Hermitian Γ-matrix of rank one. We wish to study the dependence of the trans-

mission eigenvalue distribution on the number of bonds formed with each electrode.
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Figure 4.4: A schematic representation of the Pt-benzene-Pt junction

For M covalent bonds between a macroscopic lead and a molecule with P atomic

orbitals, Γ is a rank-M matrix, which can be represented as

Γ =
M∑

m=1

γ†mγm, (4.14)

where γm are linearly-independent real row vectors of dimension P , representing

linear combinations of the atomic orbitals of the molecule 1. While Eq. (4.14) is

certainly the form of a rank M matrix, it doesn’t lend much insight into what

constraints are placed on the tunneling-width amplitudes. Ideally, we’d like a pre-

scription for how to calculate γm.

Our approach is to populate the elements of γm from a uniform random distri-

bution on the interval [-A,A]. Recall that any non-zero element a of γm indicates

a bond between the mth mode of the lead and orbital a of the molecule. By sam-

pling from a uniform distribution we refrain from making any assumptions about

the distribution of bond strengths. Because bonding is local and there are large

uncertainties in the distributions of angle, distance and coupling strength of the

molecule, this seems to be a valid approximation.

1Γ is a real symmetric matrix for systems with time-reversal invariance.
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Figure 4.5: A characteristic level structure diagram of a molecule bound to a metallic
surface. The vacuum energy ε∞, which is taken as our zero energy, is within the
HOMO-LUMO gap meaning that the unbound molecule is charge neutral. The
ionization energy εIE is the energy required to remove an electron and εEA is the
energy required to add an electron. The metallic work function φ is the energy
required to promote a metal electron at the Fermi energy to become a free electron
in vacuum. When the molecule and metal are brought close to one another the
energy levels of both shift and hybridize, forming bonding and anti-bonding states
with energies ε+ and ε−, respectively.

In order to proceed, it is useful to consider a few details of the lead-molecule

bond. As indicated schematically in Fig. 4.5, when a molecule bonds with a metallic

lead the relevant energy levels shift and hybridize forming bonding and anti-bonding

states. Applying many-body perturbation theory up to second order gives two

contributions to the binding energy ∆Eb

∆Eb = εHOMO − ε− = ∆EvdW +∆Ehybrid, (4.15)

where the van der Waals energy shift −∆EvdW=〈H̃mol〉-〈Hmol〉. H̃mol and Hmol are

the Hamiltonians for the bonded and gas phase molecules, respectively. As we shall

see, ∆EvdW can be quite large since the equilibrium height of a molecule bonded to

a metallic surface is often sufficiently small that image charge effects can strongly

screen intramolecular interactions.

The hybridization energy may be found using second order perturbation theory.
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For the moment, let us only consider the effect arising from the HOMO level alone

−∆Ehybrid =
∑

ν

∑

k,σ

〈FG, 0N |HT|ν, kσ〉〈kσ, ν|HT|0N ,FG〉
E

(0)
N − Eν

N−1 − εkσ
, (4.16)

where ν is a molecular state index, k and σ are lead state indices, |0N〉 is the N

particle ground state of the (neutral) molecule, |FG〉 is the Fermi gas state of the

lead, and HT is the tunneling Hamiltonian, first given in Eq. (2.6). The matrix

elements in the numerator of Eq. (4.16) can be evaluated directly as

〈kσ, ν|HT|0N ,FG〉 =
∑

n

V ∗
nk〈ν|dnσ|0N〉〈kσ|c†kσ|FG〉

= [1− f(εkσ)]
∑

n

V ∗
nk〈ν|dnσ|0N〉, (4.17)

where n is a site index and the matrix element 〈kσ|c†kσ|FG〉 corresponds to the

likelihood that a lead state has an electronic vacancy (i.e. a hole). Taking the

modulus squared of Eq. (4.17) and rephrasing the result in terms of Γ(E) we find

−∆Ehybrid =
∑

ν

∫ ∞

µ

dE

2π

Tr {Γ(E)Cν,0N}
E

(0)
N − Eν

N−1 − E
(4.18)

where ν is the N -1 particle space index, µ is the metal-specific Fermi energy, Γ is

the matrix of Eq. (4.14), and the many-body term is given by Eq. (2.27)

[Cνν′ ]nσ,mσ′ = 〈ν|dnσ|ν ′〉〈ν ′|d†mσ′ |ν〉. (4.19)

The trace in Eq. (4.18) is over all molecular sites but only one spin species. Repeating

a nearly identical analysis for the LUMO level we find that the full hybridization

term of the binding energy is given by

−∆Ehybrid =
∑

ν

∫ ∞

µ

dE

2π

Tr {Γ(E)Cν,0N}
E

(0)
N − Eν

N−1 − E
+
∑

ν′

∫ ∞

µ

dE

2π

Tr
{
Γ(E)C0N,ν′

}

E + E
(0)
N − Eν

N+1

(4.20)

where the ν (ν ′) sum is over all N-1 (N+1) particle states.

4.2.2 Benzene on platinum

With the theoretical formalism in place, we now turn to the specifics of the Pt-

benzene-Pt junction. Our choice of this junction is motivated by the experimental
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Figure 4.6: Normalized conductance histograms for a Pt junction (black), and for
Pt after introducing benzene (filled). A conductance near 1G0=2e2/h is found for
the Pt-benzene-Pt junction while the conductance of platinum alone was found
to be 1.5G0. Each conductance histogram is constructed from more than 3000
conductance traces recorded with a bias of 0.1 V during repeated breaking of the
contact. Figure is taken from Ref. 90.

work of Kiguchi et al. [90] on the same system. In their work, Kiguchi et al. found

that benzene forms a strong direct bond with the platinum surface. As indicated in

Fig. 4.6, the conductance of the Pt-benzene-Pt junction is nearly 1G0, an order of

magnitude larger than for the Au-benzenedithiol-Au junction [203].

Kiguchi et al. also measure the shot noise of the Pt-benzene-Pt molecular junc-

tion which they used to calculate the channel transmission probabilities. As we

discussed previously, the number of channels is limited by the number of bonds. Al-

though benzene has six π-orbitals the mismatch between the center of the HOMO-

LUMO gap and the Fermi level of Pt means that only one resonance, in this case

the HOMO , contributes appreciably to the bonding. For an aromatic ring like ben-

zene, this resonance has an orbital degeneracy and so we predict that there should

be just two dominant channels in the transport. Interestingly, in one of the three

shot noise measurements a small (10%) contribution to the transmission is found for
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a third channel. The reason for this will become apparent after we examine some

of the specifics of the Pt-benzene-Pt junction.

At room temperature, the density of states (DOS) of platinum is very sharply

peaked around the Fermi energy, implying that the metal is not very free-electron-

like [96]. One method of extracting the DOS at this energy is from the low-

temperature specific heat

g(εF) =
3γ

π2k2B
, (4.21)

where γ is the coefficient of specific heat which is linear in T and kB is Boltzmann’s

constant. For platinum, γPt=6.8mJ/molK2 so that gPt(εF)=2.88/eV, a value nearly

10× that of Gold at the Fermi energy [95]. With such a sharply peaked DOS

Γ(E) ≈ Γ(εF )Zδ(E − εF )/g(εF ) and we may approximate Eq. (4.20) as follows

−∆Ehybrid ≈ Z

2πg(εF)

[
∑

ν

Tr {Γ(εF)Cν,06}
E

(0)
6 − Eν

5 − µPt

+
∑

ν′

Tr
{
Γ(εF)C

06,ν′
}

µPt + E
(0)
6 − Eν

7

]

≤ ∆Emax
b ,

(4.22)

where neutral benzene has N=6 and Z is the metal’s valence. Although neutral

platinum is in the 5d96s1 configuration, the strong influence of the d-orbitals give

a valence ZPt=4. From Eq. (4.22) we see that in general, for a fixed hybridization

energy, a large DOS requires a commensurately large Γ(εF) which in turn results in

a large junction conductance.

The Platinum (111) surface

In order to determine the range of tunneling-width amplitude matrix elements, we’ll

examine the details of the adsorption of benzene on the (111) plane of platinum. In

addition to being thermodynamically the most stable face of platinum, the closep-

acked (111) plane is also highly symmetric and has been the subject of numerous

adsorption studies involving benzene [39, 159, 134].

The observed binding energy of benzene on a Pt(111) surface ranges between

21 kcal/mol (0.911 eV/atom) to 29 kcal/mol (1.26 eV/atom) corresponding to the

atop(0) and bridge(30) bonding configurations, respectively [39, 134]. All possible

binding sites for benzene on Pt are shown in Fig. 4.7. Using an effective field theory
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Figure 4.7: Schematic of possible benzene adsorption sites on at Pt(111) surface.
Image is taken from Ref. 159.

of interacting π-electrons to model the electronic degrees of freedom most relevant

for transport and assuming that the screening is dominated by the nearest Pt atom

2.25Å from the benzene ring, we find [16] that the HOMO-LUMO gap of benzene

reduces from 10.05eV in the gas-phase to 7.52eV on Pt(111) and ∆EvdW = 0.49eV.

This implies

∆Ehybrid ≤ 0.77eV. (4.23)

We have used the fact that the work function for the (111) plane of Pt is

φPt(111)=5.93eV [118].

The only remaining parameter needed to characterize the lead-molecule coupling

distribution is the percentile of the maximal binding energy. The leads in a break

junction are formed by pulling a metal nanowire apart until an atomically sharp

edge is formed. Since the most favourable binding of benzene on the closest-packed

Pt(111) surface gives ∆Ehybrid=0.77eV, we assume this is essentially an upper bound

on hybridization in a SMJ, where the bonding is more random. The distributions

of ∆Ehybrid and Tr{Γα} shown in Fig. 4.8 have long Gaussian tails, so the value

A = 0.82eV was chosen to fix the 99th-percentile of ∆Ehybrid at 0.77eV [179]. The

99th-percentile of Tr{Γα} is 10.82eV which, per orbital, is nearly 3× the coupling

found for a Au-BDT-Au junction [23].
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Figure 4.8: Distributions of the hybridization energy (a) and lead-molecule cou-
pling (b) with 99th-percentile values of 0.77eV and 10.82eV, respectively. The lead-
molecule coupling distribution is for one lead only since the experimental binding
energy was measured for benzene adsorbed on a Pt(111) surface. Here α=1,2 labels
the lead-molecule contacts.

Transmission eigenchannel distribution

The Pt-benzene-Pt junctions are formed using mechanically controlled break junc-

tions and so sample an ensemble of crystal planes as well as bonding configuration.

The work function of platinum ranges from 5.93eV to 5.12eV for the (111) and

(331) crystal faces, respectively [118]. Referring back to Fig. 4.5, the center of the

HOMO-LUMO gap µ0 is given by

µ0 =
εIE + εEA

2
=

−9.25eV + (1.14eV)

2
= −4.055eV. (4.24)

With a single Pt lead, the HOMO-LUMO gap is found to be 7.52eV, a reduction

of 2.53eV compared with the measured gas-phase gap of 10.05eV. This reduction in

the transport gap is symmetric about µ0, so the screened HOMO energy is

ε̃HOMO = µ0 −
7.52

2
eV = −7.815eV (4.25)

relative to ε∞=0 and

−1.875eV ≤ µPt − µ0 ≤ −1.065eV, (4.26)
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Figure 4.9: Calculated transmission eigenvalue distributions for an ensemble of 24×
104 Pt–benzene–Pt junctions. 3,000 bonding configurations × 80 Pt surfaces were
included. Each lead was assumed to formM=6 bonds with the molecule. There are
two dominant transmission channels arising from the two-fold degenerate HOMO

resonance closest to the Pt Fermi level, with a small but experimentally resolvable
third channel arising from further off-resonant tunneling.

where µPt is the chemical potential of the Pt lead.

The transmission eigenvalue distributions are shown in Fig. 4.9 for an ensemble

of 24×104 Pt–benzene–Pt junctions, where τn are eigenvalues of the elastic transmis-

sion matrix given by Eq. (4.7). Each lead was assumed to form M = 6 bonds with

the molecule. Despite the existence of six covalent bonds between the molecule and

each lead, there are only two dominant transmission channels, which arise from the

two-fold degenerate HOMO resonance closest to the Pt Fermi level. There is also a

small but experimentally resolvable third channel arising from further off-resonant

tunneling. This channel is non-negligible because of the very large lead-molecule

coupling Γ in the Pt-benzene junction. Explicit calculations with smaller values
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Figure 4.10: Calculated conductance histogram for the same ensemble of Pt–
benzene–Pt junctions discussed in Fig. 4.9, where G = (2e2/h)

∑

n τn.

of Tr{Γ} yielded only two non-negligible transmission eigenvalues. Thus, for met-

als with a smaller DOS at the Fermi level, such as Cu, Ag, or Au, junctions with

benzene would be expected to exhibit only two measurable transmission channels.

The calculated transmission eigenvalue distribution shown in Fig. 4.9 is consis-

tent with the experiment [90], which determined the transmission eigenvalues for

three particular junctions: {τn}={0.68, 0.40}, {0.36, 0.25, 0.10}, {0.20}, where a

third channel was observable only once. The conductance histogram for the same

ensemble of junctions is shown in Fig. 4.10. The peak conductance value is some

20% less than that reported experimentally [90]. This discrepancy might be at-

tributable, in part, to the inclusion of a small fraction of Pt–Pt junctions in the

experimental histogram.

In addition to the ensemble of junctions shown in Fig. 4.9, we also investigated

ensembles of junctions with Mα = 1, . . . , 6, including the case M1 6=M2. Consistent

with the discussion in Refs. [173, 90], we find that the total number of nonzero

transmission eigenvalues is Mmin = min{M1,M2}. However, whenever Mmin ≥ 2

there are always two dominant transmission channels, and the total transmission

probability does not increase appreciably beyond Mmin = 2.

The above analysis demonstrates that the two dominant transmission channels

evolve from the two-fold degenerate HOMO resonance in the molecular Green’s

function Gmol (2.29) as the lead-molecule coupling ΣT is turned on. For finite ΣT, the

poles of Gmol are mixed by Dyson’s equation (4.2), making it problematic to decom-

pose the transmission eigenvalues into separate contributions from each molecular
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resonance [173]. Alternatively, the projections of the transmission eigenvectors onto

the molecular resonances can be computed [77]. Because an “extended molecule” is

often used in density-functional calculations to account for charge transfer between

the molecule and electrodes, it is difficult if not impossible to interpret these contri-

butions in terms of the resonances of the molecule itself [77]. Since charging effects

in SMJs are well-described in our many-body theory [23], there is no need to utilize

an “extended molecule,” so the projections of the transmission eigenvectors onto

the molecular resonances can be determined unambiguously (see appendix A). We

find that the mean-square projections of the first and second transmission channels

in Fig. 4.9 onto the benzene HOMO resonance are 87% and 71%, respectively, con-

firming the conclusion that these eigenchannels correspond to tunneling primarily

through the HOMO resonance.

4.2.3 Butadiene on platinum

To test our hypothesis that the number of dominant transmission channels is limited

by the degeneracy of the most relevant molecular orbital, we have investigated trans-

mission eigenvalue distributions for Pt–butadiene–Pt junctions. Butadiene (C4H6)

is a linear conjugated polymer, lacking the discrete (six-fold) rotational symmetry of

benzene. Since the molecular orbitals of butadiene are nondegenerate, we anticipate

a single dominant transmission channel. Using the same per-orbital hybridization as

for benzene gives Tr Γα ≤ 7.21eV. The image charge method gives ∆EvdW = 0.52eV

and we find ∆Ehybrid ≤ 0.59eV, so that ∆Eb ≤ 1.12eV ≡ 107.7kJ/mol, in line with

existing values reported in the literature [192]. The distributions of binding energy

and Γ are shown in Fig. 4.11. The range of Pt work functions for all possible Pt

surfaces gives a chemical potential range of

− 1.70eV ≤ µPt − µ0 ≤ −0.89eV. (4.27)

The conductance channel histrograms for 24× 104 Pt-butadiene-Pt junctions are

shown in Fig. 4.12. Despite forming four bonds with each electrode, it is evident from

the figure that the Pt–butadiene–Pt junction has a single dominant transmission
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Figure 4.11: The distributions of hybridization energy (a) and lead-molecule cou-
pling (b) with 99th-percentile values of 0.59eV and 7.21eV, respectively. These
distributions were found using A=0.937. Just as in the Pt-benzene-Pt junction, the
total Γ in a junction would be twice that shown above.

channel. The mean-square projection of this transmission channel onto the non-

degenerate butadiene HOMO resonance is 80% (see appendix A).

We have seen that the number of dominant transmission channels in a SMJ is

equal to the degeneracy of the molecular orbital closest to the metal Fermi level.

Transmission eigenvalue distributions were calculated for Pt-benzene-Pt and Pt-

butadiene-Pt junctions using realistic state-of-the-art many-body techniques. In

both cases, transmission occurs primarily through the HOMO resonance, which

lies closest to the Pt Fermi level, resulting in two dominant transmission channels

for benzene (2-fold degenerate HOMO) and a single dominant transmission channel

for butadiene (non-degenerate HOMO). Our results for the transmission channel

distributions of Pt-benzene-Pt junctions are in quantitative agreement with experi-

ment [90].

Despite the larger number of states available for tunneling transport in SMJs, we

predict that the number of transmission channels is typically more limited than in

single-atom contacts because molecules are less symmetrical than atoms. Nonethe-

less, certain highly-symmetric molecules exist that should permit several dominant
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Figure 4.12: Transmission eigenvalue distributions for an ensemble of 24× 104 Pt–
butadiene–Pt junctions. 3,000 bonding configurations × 80 Pt surfaces were in-
cluded. Each lead was assumed to formM = 4 bonds with the molecule. The linear
butadiene (C4H6) molecule lacks the orbital degeneracy of the benzene ring and
consequently exhibits only 1 dominant channel. A second channel due to further
off-resonant tunneling may be experimentally resolvable. The total conductance
distribution peaks around ∼0.4G0.

transmission channels. For example, the C60 molecule possesses icosahedral symme-

try, and has a 5-fold degenerate HOMO resonance and 3-fold degenerate LUMO

resonance [80]. C60-based SMJs with gold electrodes have been fabricated, and

shown to exhibit fascinating electromechanical [145] and spin-dependent [207] trans-

port properties. For Pt-C60-Pt junctions, we predict five dominant transmission

channels stemming from the C60 HOMO resonance, which lies closest to the Pt

Fermi level [117, 100].
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4.3 Friedel Oscillations

Thus far, we have viewed the molecular junction in a distinctly molecule-centric

perspective, wherein the leads are included as self-energy corrections to the bare

molecule’s Green’s functions. A major mathematical advantage of this perspective

is that the self-energies compactly encapsulate the effect of coupling macroscopic

leads to a microscopic molecule so that junction transport can be phrased in terms

of the modified molecule rather than the entire junction.

In this section, we consider the molecular junction from the lead’s perspective. In

analogy with the aforementioned viewpoint, a finite lead-molecule coupling will give

rise to a self-energy which will modify the pole structure of the lead’s Green’s func-

tion. While it is conceptually straightforward to shift the problem from a molecule-

centric to a lead-centric one, the reader may wonder what motivates our doing so,

since the leads are macroscopic and generally pose an intractable quantum mechan-

ical many-body problem. Though it is true that a general solution to the electronic

problem of macroscopic leads is not known, it is known for certain models such as

the 1D tight-binding chain considered in this section. Moreover, measurements on

macroscopic leads are much easier to perform than on single molecules, so if some

measurable property of the lead is affected by a molecule in a known way then the

lead can be used to effectively measure properties about the molecule.

To begin with, we derive expressions for the lead’s Green’s functions. The lesser

Green’s function is related to the charge density which exhibits so-called Friedel

oscillations [59] as a function of distance from the molecule. Friedel oscillations

arise because the incoming and scattered electronic waves interfere with one another,

giving rise to charge density oscillations with a wavevector 2kF where kF is the Fermi

wavevector.
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4.3.1 The lead’s Green’s functions

In analogy with the junction’s Green’s function discussed in chapter 2, we can

express the retarded Green’s function of lead α as

g̃
(α)
kσ,k′σ′ (t, t

′) = − i

~
θ (t− t′)

〈{

ckσ (t) , c
†
k′σ′ (t

′)
}〉

, (4.28)

where θ(t) is the Heaviside function and ckσ (c†kσ) annihilates (creates) an electron

with spin σ in mode k of lead α. Equation (4.28) is the probability amplitude that

lead α will be found in a state with a particle (electron or hole) of spin σ in mode k

at time t when a particle of spin σ′ was added in mode k′ at an earlier time t′. The

junction’s Green’s functions, first given in Eq. (2.7), only had a single time variable

since we were interested in stead-state phenomena and therefore assumed that the

system was time-shift invariant. In the following derivation we find that the algebra

is simplified if we include both time variables until the end. Once a closed set of

equations is found, we proceed by transforming them into the Fourier domain where

time-shift invariance will again be assumed.

In Sec. 2.1.2, we derived an expression for the junction Green’s function G in

terms of the molecular Green’s function Gmol and a self-energy Σ=ΣT+∆ΣC, where

ΣT and ∆ΣC are the tunneling self-energy and the correction to the Coulomb self-

energy, respectively. Presently, we would like to derive an expression for g̃ in terms

of some ‘free propagator’ g̃0 and self-energy Σ̃.

Equations-of-motion method

We begin the equations-of-motion (EOM) procedure by taking the derivative of Eq.

(4.28) with respect to t′

i
∂

∂t′
g̃
(α)
kσ,k′σ′ (t, t

′) = −δ (t− t′) δkk′δσσ′ + θ(t− t′)

〈{

ckσ(t),
d

dt

[

c†k′σ′ (t
′)
]}〉

= −δ(t− t′)δkk′δσσ′ − iθ(t− t′)
〈{

ckσ(t),
[

c†k′σ′(t
′), Hjunction(t

′)
]}〉

= −δ(t− t′)δkk′δσσ′ − iθ(t− t′)
〈{

ckσ(t),
[

c†k′σ′(t
′), Hleads(t

′)
]

+
[

c†k′σ′(t
′), HT(t

′)
]}〉

(4.29)
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where we have applied Heisenberg’s equation of motion dA/dt = i[H(t), A(t)] and,

in the final step, we have also taken advantage of the fact that the lead creation

and annihilation operators commute with those of the molecule. We have also taken

~=1. The lead and tunneling Hamiltonians HT =
∑M

α=1H
(α)
T and Hleads=

∑

αH
(α)
lead

were introduced in Sec. 2.1.1, where

H
(α)
T =

∑

k∈α
n,σ

[

Vnkd
†
nσckσ + V ∗

nkc
†
kσdnσ

]

(4.30)

and

H
(α)
lead =

∑

k∈α
σ

εkσc
†
kσckσ. (4.31)

Since the Hilbert spaces of separate leads are independent, their electronic cre-

ation and annihilation operators commute. The commutators involving c†k′σ′ in Eq.

(4.29) are therefore non-zero only for H
(α)
leads and H

(α)
T , since all other lead Hamil-

tonians commute. We proceed by directly evaluating these commutators. For the

lead part we find

[

c†k′σ′ (t
′) , Hleads(t

′)
]

=
[

c†k′σ′(t
′), H

(α)
leads(t

′)
]

=
∑

k′′∈α,σ′′

εk′′σ′′

[

c†k′σ′ (t
′) , c†k′′σ′′ (t

′) ck′′σ′′ (t′)
]

= −εk′σ′c†k′σ′ (t
′) , (4.32)

where we have used the fact that
[

c†k′σ′ , c
†
k′′σ′′ck′′σ′′

]

=−c†k′′σ′′δk′k′′δσ′σ′′ via the more

general relation

[A,BC] = {B,A}C −B {C,A} . (4.33)

The commutator with the tunneling Hamiltonian is slightly more complicated but
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can also be evaluated directly as

[

c†k′σ′(t
′), HT(t

′)
]

=
[

c†k′σ′(t
′), H

(α)
T (t′)

]

=
∑

k′′∈α
n′′,σ′′

Vn′′k′′

[

c†k′σ′(t
′), d†n′′σ′′(t

′)ck′′σ′′(t′)
]

︸ ︷︷ ︸

={d†
n′′σ′′ ,c

†

k′σ′}ck′′σ′′−d†
n′′σ′′δσ′σ′′δk′k′′

+

V ∗
n′k′′

[

c†k′σ′(t
′), c†k′′σ′′(t

′)dn′′σ′′(t′)
]

︸ ︷︷ ︸

=−c†
k′′σ′′{dn′′σ′′ ,c

†

k′σ′}=0

= −
∑

n′′

Vn′′k′d
†
n′′σ′ (4.34)

where the dnσ and ckσ operators anti-commute for equal times. We should mention

that ckσ and c†kσ are Fermionic operators and, as such, obey the usual equal-time

anti-commutation relations (e.g. {ckσ(t), c†k′σ′(t)}=δkk′δσσ′). One must therefore be

careful when deriving commutation relations for these operators. Inserting Eqs.

(4.32) and (4.34) into Eq. (4.29) we find

i
∂

∂t′
g̃kσ,k′σ′ (t, t′) = −δ (t− t′) δkk′δσσ′

+iθ(t− t′)

〈{

ckσ (t) , εk′σ′c†k′σ′ (t
′) +

∑

n′

Vn′k′d
†
n′σ′(t

′)

}〉

= −δ (t− t′) δkk′δσσ′ − εk′σ′ g̃kσ,k′σ′ (t, t′)−
∑

n′

Vn′k′gkσ,n′σ′(t, t′),

(4.35)

where the lead-molecule Green’s function was given by Eq. (2.11)

gkσ,n′σ′(t, t′) = −iθ(t)
〈{

ckσ(t), d
†
n′σ′(t

′)
}〉

. (4.36)

In order to form a closed set of equations we consider the time derivative of g

which may be written as

i
∂

∂t
gkσ,n′σ′ (t, t′) = −iθ(t− t′)

〈{

[ckσ(t), Hleads +HT] , d
†
n′σ′(t

′)
}〉

. (4.37)

The commutators may be found by following the same procedures as outlined above
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and replacing c†k′σ′ by ck′σ′ . We find the commutators are given as follows

[ckσ (t) , Hleads(t)] = εkσckσ (t) (4.38)

[ckσ(t), HT(t)] =
∑

k′′∈α
n′′,σ′′

Vn′′k′′

[

ckσ(t), d
†
n′′σ′′(t)ck′′σ′′(t)

]

︸ ︷︷ ︸

={d†
n′′σ′′ ,ckσ}ck′′σ′′=0

+

V ∗
n′k′′

[

ckσ(t), c
†
k′′σ′′(t)dn′′σ′′(t)

]

︸ ︷︷ ︸

=d†
n′′σ′′δσσ′′δkk′′

=
∑

n′′

Vn′′kdn′′σ(t) (4.39)

where we have used the identity
[

ckσ, c
†
k′′σ′′ck′′σ′′

]

= ckσδσσ′′δkk′′ . Plugging these back

into Eq. (4.37) we find

i
∂

∂t
gkσ,n′σ′(t, t′) = −iθ(t− t′)

〈{

εkσckσ (t) +

(
∑

n′′

V ∗
n′′kdn′′σ(t)

)

, d†n′σ′(t
′)

}〉

= εkσgkσ,n′σ′ (t, t′) +
∑

n′′

V ∗
n′′kGn′′σ,n′σ′(t, t′), (4.40)

where G is the junction Green’s function.

Equations (4.35) and (4.40) constitute a closed set of differential equations re-

lating g̃, g and G to one another. In order to proceed we transform these equations

into the Fourier domain, wherein differential equations become algebraic equations.

The Fourier operator is defined as

G (E) = F{g(t)} ≡
∫ ∞

−∞

dteiEtg (t). (4.41)

We should note that the differential in Eq. (4.35) is taken with respect to t′ while

that in Eq. (4.40) is with respect to t such that:

F

{
∂

∂t
gkσ,nσ′(t− t′)

}

≡ ∂(t− t′)

∂t
F

{
∂gkσ,nσ′(t′′)

∂t′′

}

= −iEgkσ,nσ′(E)

F

{
∂

∂t′
g̃kσ,k′σ′(t− t′)

}

≡ +iEg̃kσ,k′σ′(E). (4.42)
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With this in mind, the transformed equations are given by

(E − εk′σ′) g̃kσ,k′σ′(E) = δkk′δσσ′ +
∑

n′

Vn′k′gkσ,n′σ′(E) (4.43)

gkσ,n′σ′(E) =
1

E − εkσ

∑

n′′

V ∗
n′′kGn′′σ,n′σ′(E). (4.44)

All that remains is to combine Eqs. (4.43) and (4.44) and rearrange the resulting

expression into meaningful terms. For completeness we include the details of that

derivation here

g̃kσ,k′σ′(E) = g̃
(0)
kσ,k′σ′(E) +

(
1

E − εkσ

)
∑

n′,n′′

Vn′k′V
∗
n′′kGn′′σ,n′σ′(E)

(
1

E − εk′σ′

)

= g̃
(0)
kσ,k′σ′(E) +

(
1

E − εkσ

)[

Σ̃T(E)
]

kσ,k′σ′

(
1

E − εk′σ′

)

= g̃
(0)
kσ,k′σ′(E) +

∑

k′′,σ′′

∑

k′′′,σ′′′

g̃
(0)
kσ,k′′σ′′(E)

[

Σ̃T(E)
]

k′′σ′′,k′′′σ′′′
g̃
(0)
k′′′σ′′′,kσ(E),

(4.45)

where
1

E − εkσ
≡
∑

k′′,σ′′

δk′′kδσ′′σ

E − εk′′σ′′

≡
∑

k′′,σ′′

g̃
(0)
k′′σ′′,kσ(E) (4.46)

and we have set

[

Σ̃T(E)
]

kσ,k′σ′
=
∑

n′,n′

Vn′k′V
∗
n′′kGn′′σ,n′σ′(E). (4.47)

Equation Eq. (4.45) may be equivalently expressed in matrix form as

g̃(E) = g̃(0)(E) + g̃(0)(E)Σ̃T(E)g̃
(0)(E), (4.48)

which is not stated as a Dyson’s equation since g̃ is not recursively defined.

In order to make connection to existing Keldysh theory [89, 38, 81] it is ad-

vantageous to transform Eq. (4.48) into a Dyson’s equation. If we substitute

Σ̃T(E)g̃
(0)(E)=Σ̃

(0)
T (E)g̃(E) then

g̃(E) = g̃(0)(E) + g̃(0)(E)Σ̃
(0)
T (E)g̃(E), (4.49)

where following some algebra we find Σ̃T = Σ̃
(0)
T

(

1− g̃(0)Σ̃
(0)
T

)−1

.
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The ‘lesser’ lead Green’s function

Friedel oscillations are a modulation of the electronic density seen as a function of

distance from an impurity, which in our case is a molecule. Moreover, the electronic

density is proportional to the integral of the equal-time Keldysh Green’s function

n (x) = − i

2π

∫ ∞

−∞

dE g̃<(x, x, E), (4.50)

where x is a coordinate in a spatial basis and g̃<(x, x, E) is the lead’s lesser Green’s

function in that same basis. As discussed in chapter 1, the Keldysh equation is a

general result stemming from the mathematics of converting functions on complex

time contour variables into real time variables. The lesser Keldysh Green’s function

for the lead is given by

g̃<(E) =
(

1 + g̃(E)Σ̃(0)(E)
)

g̃<0 (E)
(

1 + Σ̃(0),†(E)g̃†(E)
)

+ g̃(E)Σ̃(0),<(E)g̃†(E), (4.51)

where in the present context Σ̃=Σ̃T and

Σ̃(0),< = lim
HT→0

HTG
<
molHT (4.52)

Following some algebraic manipulation Eq. (4.51) can be equivalently expressed in

terms of Σ̃ and g̃(0) instead

g̃<(E) = g̃(0),<(E) + g̃(0)(E)Σ̃(E)g̃(0),<(E) +

g̃(0),<(E)Σ̃†(E)g̃(0),†(E) +

g̃(0)(E)Σ̃<(E)g̃(0),†(E) (4.53)

where each term is an energy dependent matrix and Σ̃ is given by Eq. (4.47).

4.3.2 1-D tight-binding leads

In order to calculate the charge density, Eq. (4.53) must be evaluated explicitly.

Although the exact Green’s functions of a macroscopic object such as a lead are

not generally known, the energy dispersion of several systems are known exactly.

Presently, we consider a junction composed of a semi-infinite 1-D chain coupled to

a molecule, shown schematically in Fig. 4.13.
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Figure 4.13: A semi-infinite 1-D lead coupled to a molecule. The inter-chain nearest
neighbor hopping is t and the lead-molecule coupling is characterized by t̃.

The retarded Green’s function

The retarded Green’s function of the lead is diagonal in the momentum basis, but

the bonding between the lead and the molecule is local, suggesting that the problem

is most simply formulated in configuration space. Performing the change of basis

we find

g̃(0) (x, x′;E) =
〈
x
∣
∣g̃(0)(E)

∣
∣ x′
〉
=
∑

k

〈x|k〉〈k|x′〉
E − Ek + i0+

⇒ L

2π

∫ π/a

−π/a

dk
Ψk(x)Ψ

∗
k(x

′)

E − Ek + i0+
=

1

πa

∫ π

−π

dp
sin(pn) sin(pn′)

E + 2t cos(p) + i0+
,

(4.54)

where we consider only a single spin species, 〈x|k〉 = Ψk(xn)=
√

2
L
sin(kxn) are the

eigenfunctions of a 1-D chain of length L, and Ek=ε0− 2t cos(ka). The final step in

Eq. (4.54) involves taking the limit such that the sum on k becomes an integral (i.e.
∑

k → L
2π

∫
dk). One should also keep in mind that the lead’s x coordinate must be

an integer multiple of the atom-to-atom spacing a (i.e x = na). Following a lengthy

derivation, Eq. (4.54) may be solved giving

g̃(0)(x, x′;E) =
eikE|x−x′| − eikE|x+x′|

ia
√
4t2 − E2

, (4.55)

where kEa = cos−1 ((ε0 − Ek) /2t) and we assume that x > x′.
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The lesser Green’s function

In k-space the lesser Green’s function is also diagonal

g̃<0 (k, k
′;E) = i2πδkk′

∑

k

δ(E − εk)f(E) (4.56)

which in configuration space becomes

g̃<0 (n, n
′;E) = i2π

∑

k

〈n|k〉〈k|n′〉δ(E − εk)f(E)

= iL

∫ π/a

−π/a

dk〈n|k〉〈k|n′〉δ(E − εk)f(E)

= i
2

a

∫ π

−π

dp sin(pn) sin(pn′)δ(E + 2t cos(p))f(−2t cos(p))

= i
2

a

∫ π

−π

dp sin(pn) sin(pn′)δ
(
p− cos−1 (−E/2t)

)
f(−2t cos(p))

= i4f(E)
sin(kEan) sin(kEan

′)

a
√
4t2 − E2

, (4.57)

where again we have used that 〈x|k〉 =
√

2/L sin(kan) with a as the 1-D lead’s

lattice constant and n an integer. Using Eq. (4.50) with Eq. (4.57) we can calculate

the charge density as a function of distance in a 1-D lead

n(x) =
−i
2π

∫ ∞

−∞

dEg̃<(na, na;E)

≡ 1

π

∫ 2t

−2t

dEf(E)
1− cos(2kEx)

a
√
4t2 − E2

, (4.58)

where

g̃<(x, x;E) = g̃<0 (n, n;E) = i2f(E)
1− cos(2kEx)

a
√
4t2 − E2

. (4.59)

As shown in Fig. 4.14, at half-filling the density oscillates but is 0.5 for all integer

multiples of a. The filling of a 1-D tight-binding lead 〈n〉=2a
π
kF, where kF is the

lead’s Fermi wavevector. At half-filling 2kF=2(π/2a) and Eq. (4.59) is 0.5 for all

integer values of x/a in agreement with the figure.

Connecting the molecule

Finally we have all the parts needed to consider a junction composed of a 1-D chain

coupled to a single molecule. In order to simplify our present discussion, we’ll focus
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Figure 4.14: The lead charge accumulation for a semi-infinite 1-D lead showing that
at half-filling the charge density is zero on each lattice site. The lattice sites are at
coordinates corresponding to integer multiples x/a. The inter-chain hopping matrix
element t=2eV.

on leads which only couple to a single atomic orbital j of the molecule. In such a

junction, Eq. (4.53) becomes

g̃<(x, x;E) = g̃<0 (x, x
′;E) +

g̃0(x, j;E)Σ̃jj(E)g̃
<
0 (j, x;E) +

g̃<0 (x, j;E)Σ̃
†
jj(E)g̃

†
0(j, x;E) +

g̃0(x, j;E)Σ̃
<
jj(E)g̃

†
0(j, x;E),

(4.60)

where Σ̃<(E)= HTG
<
0 (E)HT and therefore

Σ̃<
jj(E) = t̃2G<

jj(E), (4.61)

where t̃ is the hopping matrix element between the site j of the molecule and the

end of the lead. Similarly, the retarded self-energy is given by

Σ̃jj(E) = t̃2Gjj(E). (4.62)



138

Finally, the tunneling self-energy ΣT of the molecular Green’s function must be

consistent with those of the leads, namely

[ΣT(E)]nσ,n′σ′ = δnjδn′jδσσ′ t̃2g̃0(j, j;E) (4.63)

and

[Σ<
T(E)]nσ,n′σ′ = δnjδn′jδσσ′ t̃2g̃<0 (j, j;E)

= i2t̃2f(E)
1− cos(2kEaj)

a
√
4t2 − E2

. (4.64)

Together Eqs. (4.60)-(4.64) constitute an important theoretical result, since they

relate the molecular pole structure of G(E) to the Keldysh Green’s function of the

lead g̃<(x, x′;E), which in turn is used to calculate the charge density. In this way

a direct link between the molecular state and the charged density of the leads is

established.

4.4 Summary

The importance of the lead-molecule interface in molecular electronics cannot be

overemphasized. Transport is a property of a molecular junction—molecule plus

leads—and as such depends critically on the nature of their coupling. It is only with

an accurate model of the lead’s electrical response that any meaningful information

can be gleaned about the electronic transport through the molecule.

In the first and second sections of this chapter we extended the framework of our

many-body theory to include multi-orbital bonding configurations and multi-channel

leads, respectively. In molecular junctions where a single-channel lead couples to

all orbitals, the phase accumulated by an electron tunneling through the junction

is a coherent superposition of the transmission amplitude of all possible junction

connectivities. By virtue of the nodal structure of the many-body wavefunction we

found that many of these amplitudes cancel, or nearly cancel, strongly suppress-

ing the Coulomb-blockade peaks while leaving the charge state unaffected. When

multi-channel leads are coupled to multiple orbitals we discovered that the maxi-



139

mum number of transport channels is given by the degeneracy of the most relevant

molecular orbital, rather than the number of orbitals or lead channels.

For the final topic of this chapter, we derived the lead Green’s functions needed

to calculate the charge distribution in a macroscopic lead. In a departure from

the perspective we have adopted up to this point, the effect of the molecule was

included as a self-energy correction to the lead’s Green’s functions. We investigated

a junction composed of a single semi-infinite 1-D quantum chain attached to a single

molecule and found that the lead’s lesser Green’s functions were directly related to

the Green’s functions of the molecule. This exciting result explicitly shows how the

Friedel oscillations in the lead’s charge density relate to the molecular spectrum.
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CHAPTER 5

Dynamic screening self-energy: Optoelectronic

response

In the self-consistent Hartree-Fock approximation for the Coulomb self-energy, dis-

cussed in chapter 2, the Coulomb self-energy ΣC=Σ
(0)
C +∆ΣHF

C and the transport

is completely elastic (i.e. Σ<
C=0). In bulk metallic systems at low temperatures,

however, inelastic electron-electron scattering is the dominant mechanism of deco-

herence, so it is of fundamental interest to understand inelastic Coulomb interactions

in single-molecule junctions (SMJs).

In this chapter we develop a systematic theoretical framework to treat the op-

toelectronic response of a SMJ far from equilibrium. To that end, we generate a

theory to evaluate ∆ΣC in the random-phase (or GW) approximation and investi-

gate the effect of higher-order tunneling corrections to the Coulomb self-energy. The

GW approximation is known to provide a realistic description of collective charge

excitations, including inelastic electron-electron scattering and the optoelectric re-

sponse. Our approach includes electron correlations beyond the mean-field level,

which is essential for an accurate description of excited states and the highest occu-

pied molecular orbital (HOMO) to lowest unoccupied molecular orbital (LUMO)

gap. As a first application of our theory, we have obtained results for rectifica-

tion and electroabsorption in an asymmetric SMJ, indicating that this system is

promising for further photovoltaic studies.

5.1 Theoretical framework

In general, the Coulomb self-energy matrix ΣC = Σ
(0)
C +∆ΣC, where ∆ΣC describes

the change of the Coulomb self-energy due to lead-molecule coherence emerging at

temperatures kBT . Tr{Γα}. Using this decomposition of the Coulomb self-energy,
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the junction Green’s function can be written as a molecular Dyson’s equation

G−1(E) = G−1
mol(E)− ΣT −∆ΣC, (5.1)

where G is the Green’s function of the molecular junction, Gmol is the molecular

Green’s function taken in the sequential tunneling limit, and the self-energy terms

ΣT + ∆ΣC describe the effects of finite tunneling width. Here we point out that

∆ΣC—unlike Σ
(0)
C —can be evaluated perturbatively using diagrammatic techniques

on the Keldysh time-contour (see Sec. 1.3.3). Such a perturbative approach is valid,

in principle, at temperatures/bias voltages satisfying max{T, eV/kB} > TK , where

TK is the Kondo temperature[151]—or when there is no unpaired electron on the

molecule (such as within the HOMO-LUMO gap of conjugated organic molecules).

As was discussed in chapter 2, a subtlety of our perturbative approach is that

the diagrams determining ∆ΣC, which are typically formulated [124] in terms of

the Green’s functions of the noninteracting system, are instead calculated by re-

formulating the terms in the perturbative expansion in terms of the full Green’s

function G(E) via appropriate resummations. This procedure is in general nontriv-

ial. However, as we showed in Sec. 2.1.4 the use of the interacting Green’s functions

G and Gmol in the evaluation of the Hartree self-energy is clearly justified on phys-

ical grounds, since this yields the classical electrostatic potential due to the actual

nonequilibrium charge distribution on the molecule. The direct (Hartree) and ex-

change (Fock) contributions to ∆ΣC must be treated on an equal footing in order

to cancel the unphysical self-interaction, justifying the use of the same interacting

Green’s functions in the evaluation of the exchange self-energy.

Higher-order self-energy diagrams (e.g., GW correction [185]) can be included in

a similar fashion and are discussed in the next section. Treatment of ∆ΣC at the

level of the GW approximation allows for the inclusion of inelastic processes due

to electron-electron interactions, the dominant mechanism of decoherence in bulk

systems at low temperatures, and allows us to investigate the optical response of

SMJs.
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Figure 5.1: Diagrammatic representation of the polarizability matrix.

5.1.1 The GW Approximation

In the GW approximation, the bare interaction matrix U is replaced by the screened

interaction Ũ that obeys Dyson’s equation on the Keldysh time contour

Ũ(τ1, τ2) = Uδ(τ1 − τ2) +

∫

τ3UΠ(τ1, τ3)Ũ(τ3, τ2). (5.2)

The retarded interaction in the frequency domain is

Ũ(ω) = [1− UΠ(ω)]−1 U. (5.3)

The polarizability matrix Π can be found by evaluating the diagram shown in Fig.

5.1 using the Feynman rules discussed in Sec. 1.3.2, where on the Keldysh contour

Π(1, 2) = −iG(1, 2)G(2, 1). (5.4)

Using Langreth’s rules (Table 1.1) to transform Eq. (5.4) into the time domain and

then taking the Fourier transform of the result we find

Πr
nm (ω) = −i

∑

σ

∫ ∞

−∞

dE

2π

[
Gr

nσ,mσ(E)G
<
mσ,nσ(E − ω) +G<

nσ,mσ(E)G
a
mσ,nσ(E − ω)

]
.

(5.5)

The ‘lesser’ screened interaction obeys a Keldysh equation

Ũ<(ω) = Ũ(ω)Π(ω)Ũa(ω) (5.6)

where Ũa
nm(ω)=Ũmn(−ω) and

Π<
nm (ω) = −i

∑

σ

∫ ∞

−∞

dE

2π
G<

nσ,mσ(E)G
>
mσ,nσ(E − ω). (5.7)
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The lesser Coulomb self-energy in the GW approximation can be found using

Eq. (1.64) with U< → Ũ< such that the exchange self-energy becomes

[Σ<
C(E)]nσ,mσ = i(1− δnm)

∫ ∞

−∞

dω

2π
Ũ<
nm(ω)G

<
nσ,mσ(E − ω). (5.8)

The inelastic scattering rate is determined by Γin=i(ΣC−Σ†
C)=i(Σ

>
C−Σ<

C). Evaluat-

ing the scattering rate when the Fermi energy µ is far from a transmission resonance

ε we find

Γin(µ) ∼ (kBT )
2U2Γ3

4π2(µ− ε)6
, (5.9)

while on resonance Γin ∼ (kBT )
2/Γ. The smallness of these terms at room temper-

ature supports our use of a perturbative method in evaluating ∆ΣC.

5.1.2 Electroabsorption

The linear optical response of the junction is determined by the dielectric matrix

ε(ω) = 1− Π(ω)U, (5.10)

where the polarizability matrix, including the effects of lead-molecule coupling and

finite DC bias, is given by Eq. (5.5). In non-magnetic systems such as those consid-

ered here, the real part of ε is related to the index of refraction while the imaginary

part is related to the optical absorption. This formalism can be used to deter-

mine the photovoltaic effect in a SMJ by calculating the absorption spectrum of

the junction as a function of the DC bias (electroabsorption). The maximum re-

verse bias for which absorption occurs (over the frequency range of interest) is the

open-circuit photovoltage of the junction. Similarly, the photoemission spectrum in

translationally-invariant bulk systems [104] is determined by Π<(ω).

5.2 Single-molecule photovoltaics

Organic π-conjugated molecular and polymeric systems are under extensive inves-

tigation as active components of various kinds of optoelectronic devices. Research
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on large area flat-panel displays has already led to huge success and commercializa-

tion. The fundamental physical process in such light-emitting devices is field-driven

electron-hole recombination leading to the emission of light. The opposite process

of photoinduced charge generation lies at the heart of solar energy conversion, and

organic photovoltaics has been a highly active research area in recent years.

In spite of the intense research in many laboratories over the past fifteen years,

the maximum power-conversion efficiency reached to date with organic and poly-

meric solar cells under AM1.5 radiation remains ∼ 5% [123, 158, 113, 93]. This

limited efficiency has prevented commercialization of organic solar cells. The low

power-conversion efficiencies are due to a variety of factors, including (i) large exci-

ton binding energy in the organics (∼ 0.5 eV), (ii) loss of photogenerated carriers

due to geminate recombination, and (iii) low exciton and carrier diffusion lengths.

Current emphasis in this area is on so-called bulk heterojunction materials, with

donor and acceptor molecules and polymers. These systems have shown evidence

for charge-transfer states at the interface of the donor and acceptor which prevents

efficient charge-transfer [20, 68, 26, 50].

In order to overcome the above difficulties, we propose to investigate a new con-

cept, involving single-molecule photovoltaics. In collaboration with the experimental

nanotechnology group at Arizona State University led by Professor Nongjian Tao,

our proposed device is simply an organic molecule between two electrodes as shown

in Fig. 5.2. The molecule has a “donor end” and an “acceptor end,” which are

constructed by chemical substitution, and can be (somewhat simplistically) thought

of as a molecular p-n junction. The aim of this design is to overcome the difficulties

associated with small exciton and carrier mobilities, and to be able to influence

charge separation by proper chemical substitution. Thus for example, in molecules

with sufficiently large ground state dipole moments, it is expected that the tendency

toward charge separation is even larger in the photoexcited state.

We recognize that the absorption spectrum of a finite molecule, even when broad-

ened due to coupling with metal electrodes, may have less than optimal overlap

with the solar power spectrum which reaches a broad maximum in the near-infrared



145

wavelength region. We emphasize, however, that our current goal is to demonstrate

a proof-of-concept in single-molecule junctions, following which further chemical

modifications of the molecules can be implemented. Junctions containing several

different molecules in parallel (or in series [92]) can then be designed provide an

optimal absorption spectrum. The photovoltaic (PV) studies at the single-molecule

level will allow us to understand directed charge and energy transfer and provide

fundamental insight on the photovoltaic effect in organic semiconducting materials

[206, 92].

5.2.1 Molecular diodes

Molecular diodes are so-called because they contain two blocks, a donor and an

acceptor block, resembling a p-n junction [133, 82, 110, 141] (see Fig. 5.2). Previous

studies of the effects of chemical modification of phenyl rings on charge transport in a

SMJ found that by inducing an intrinsic electric dipole in a molecule, two molecules

with similar structure can have drastically different transport properties [48]. As is

shown in Fig. 5.2a, a SMJ consisting of a dipyrimidinyl-diphenyl diblock molecule

shows significant rectification at high biases. Such results are interesting because

the electron-rich and electron-deficient areas in the molecule are analogous to the

space charge region in a p-n junction, and also have similar effects on the transport

behavior. Diodes are extremely important in bulk semiconducting devices, as the

basic structure of this system is used in both Light-Emitting-Diodes and photovoltaic

cells.

The optoelectronic mechanisms in a single-molecule diode should be completely

different than the mechanisms in bulk semiconductors, and therefore constitute an

extremely interesting area to study. Currently, Tao’s group is developing a Me-

chanically Controlled Break Junction (MCBJ) system integrated with a Renishaw

µRaman microscope for studying the optoelectronic properties of SMJs. Using this

system they have already demonstrated that it is possible to measure photoemis-

sion from a molecular junction using a Photomultiplier Tube (PMT) as in Fig. 5.2b.

Furthermore, with the Raman system it will be possible to focus a laser on the
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molecular junction to measure the induced photocurrent. With a tunable laser sys-

tem it should be possible to study the excitation dependence of the photoinduced

current. Such an experiment can give precise information on many-body effects,

including exciton binding, and their role in photovoltaics.

Although it is apparent that this system provides an optical pathway capable of

extracting, and therefore introducing, photons into a molecular junction, there are

several potential difficulties in leveraging this system for studying the photovoltaic

properties of a single molecule junction. For instance, the plasmon modes in the gold

electrodes used in most SMJ studies may quench the excited state of the molecule

via energy transfer before the charge carriers are separated by the built-in field of

the molecule [74]. To overcome this issue, transparent electrodes can be utilized

[34]. Indium-Tin-Oxide (ITO) electrodes are both transparent and conductive, and

are capable of binding to carboxylic acid groups on a molecule; by using this scheme

in an AFM system it was possible to measure the conductance of single molecule

junctions.

This material can be incorporated with the break junction system currently

under development coupled to an optical pathway as a way of alleviating the is-

sue of excited state quenching. Another major issue with performing photovoltaic

measurements on the diode molecule shown in Fig. 5.2a is that the bandgap of

this molecule is approximately 3.6eV, as determined from absorbance spectroscopy.

This bandgap requires the use of a high-energy laser to create an excited state in the

molecule and will be difficult to use with the current system. As such, the molecule

in Fig. 5.2d, which has a bandgap of 1.6eV, will also be studied. This bandgap is in

the near-IR region of the electromagnetic spectrum and will allow us to study pho-

tovoltaic effects with the MCBJ system currently under development. Finally, with

a high intensity light source focused on the gap region, the temperature increase

may reduce the stability of the molecular junction, and this effect will have to be

minimized by controlling exposure times and light intensity.
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Figure 5.2: Single-molecule photovoltaics. a) Diode behavior can be achieved in an
asymmetric dipyrimidinyl-diphenyl diblock molecule composed of a donor block and
an acceptor block [133]. Here the light blue atoms are Carbon, dark blue atoms are
Nitrogen, and large yellow atoms are Sulfur. b) Under high bias conditions increased
photon activity can be observed in the forward bias direction. (Preliminary results
courtesy of NJ Tao.) c) Schematic of the proposed photovoltaic experiment with the
diode molecule from (a). d) Structure of an additional molecule for single molecule
optoelectronic studies, where the yellow-grey atoms are Fluorine.

5.2.2 Simulated response

The measured current-voltage (I-V) spectra of tetraphenyl and dipyrimidinyl-

diphenyl-based single-molecule heterojunctions are shown in the central portion of

Fig. 5.4. The substitution of four carbon atoms in the tetraphenyl with four nitrogen

atoms gives rise to a rectification in the current, a result of the induced molecular

dipole caused by the charge imbalance between the donor and acceptor blocks.

The junction’s electrical response, shown in Fig. 5.4, was calculated using a

simplified four state molecular model (see Fig. 5.3) in which we include the LUMO

and HOMO of the donor and acceptor blocks. At low-bias and away from any
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Figure 5.3: A four-state molecular model representing the HOMO and LUMO

levels of the donor and acceptor blocks of tetraphenyl and dipyrimidinyl-diphenyl.
∆ is the HOMO-LUMO gap. δ is the offset between the donor and acceptor
which will give rise to rectification. ΓI and ΓII are the energy-independent tunneling
widths characterizing the lead-molecule coupling and µI and µII are those lead’s
chemical potentials. tHH and tLL are the hopping matrix elements between HOMO

and LUMO levels, respectively.

resonances the current is linearly related to the bias voltage by the conductance G.

From the current formula (cf. Sec. 2.1.5) we can determine the approximate values

of ΓI and ΓII. t=tHH=tLL was taken to be 1.5eV. The effective interaction energies U

were chosen to be in accordance with the measured HOMO-LUMO gap of ≈3.6eV

and the measured ≈1eV exciton binding energy in these molecules. The final two

parameters, the mismatch between the HOMO-LUMO gap and the leads’ chemical

potentials and δ, were adjusted until the simulated I-V spectra closely matched the

experimental spectra. The resulting spectra are shown in the bottom portion of Fig.

5.4.

The degree of charge polarization between the donor and acceptor portions of

the molecule is related to the dielectric matrix ǫ by Eq. (5.10). In non-magnetic

materials such as those considered here, the real part of ǫ is related to the index

of refraction while the imaginary part is related to the optical absorption. In a

PV experiment, light with energy ~ω would induce charge separation and generate

a photovoltage across the junction. By considering this scenario in reverse and

calculating the optical absorption as a function of bias voltage one can reconstruct
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(a) tetraphenyl (b) dipyrimidinyl-diphenyl

Figure 5.4: The I-V spectra for two single-molecule junctions. i) Schematics of
each molecule where red spheres represent Sulfur atoms, green spheres are Nitrogen
atoms and blue spheres are Carbon atoms. Each molecule is ≈10Å in length. ii)
Measured I-V spectrum. iii) Calculated I-V spectrum. Measured data are from Ref.
47.

the open-circuit photovoltage for a given spectrum of irradiation.

The simulated optical response of these two molecules is shown in Fig. 5.5. From

the figure it is clear that the large 2V bias has little effect on the absorption peak

positions and heights of tetraphenyl. This means that illumination will not induce

an appreciable photovoltage in this molecule, a result which we could have predicted

from its lack of inbuilt field and rectification. In contrast, the absorption spectrum

of dipyrimidinyl-diphenyl shows a strong dependence on bias voltage, indicating that

this is a promising system for investigating photovoltaic effects.
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(b) dipyrimidinyl-diphenyl

Figure 5.5: The imaginary portion of ǫ as a function of bias voltage ∆V . Im {ε}
is related to the optical absorption. a) The symmetric tetraphenyl molecule shows
very little shift even with ±2V bias applied indicating that there is little to no
charge separation. b) The dipyrimidinyl-diphenyl molecule’s optical absorption peak
position and height shows a strong dependence on bias voltage showing a pronounced
red-shift with increased forward bias.

5.3 Summary

In this chapter, we extended our NEGF many-body theory to include optical re-

sponse, thereby allowing us to calculate the dielectric matrix far out of equilibrium.

We studied two similar molecules: tetraphenyl and dipyrimidinyl-diphenyl. The

latter differs in that four carbon atoms are replaced with nitrogen atoms, induc-

ing an inbuilt molecular dipole moment. Using a simple four-orbital model we

were able to fit all parameters and reconstruct the measured nonlinear I-V curves.

For each molecular model, we then calculated the optical response and found a

negligible electroabsorption for tetraphenyl and a very large electroabsorption for

dipyrimidinyl-diphenyl, indicating that this system is a good candidate for investi-

gating photovoltaic effects in single-molecule junctions.
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APPENDIX A

Molecular resonance decomposition of

transmission channels

In order to understand how transport in a SMJ is determined by the chemical

properties of the molecule, it would be desirable to express the transmission eigen-

channels in terms of molecular resonances [77, 173]. The transmission eigenvalues

τn and eigenvectors |n〉 are solutions of the equation

T |n〉 = τn|n〉, (A.1)

where T is the transmission matrix given by Eq. (2.41). By definition, |n〉 is a linear

combination of the atomic orbitals of the molecule. In an effective single-particle

model [77], |n〉 may also be expressed as a linear combination of molecular orbitals

|φj〉
|n〉 =

∑

j

α j
n |φj〉. (A.2)

Here |α j
n |2 can be identified as the contribution of the jth molecular orbital to the

nth transmission channel [77], which can be conveniently expressed in terms of the

projection operator P̂j = |φj〉〈φj| as |α j
n |2 = 〈n|P̂j|n〉.

In the many-body problem, there is no orthonormal set of “molecular orbitals”;

rather each molecular resonance of energy Eν′−Eν corresponds to a transition ν → ν ′

between an N -body and an (N + 1)-body molecular eigenstate [see Eqs. (2.27) and

(2.29)]. The projection operator onto a molecular resonance is

P̂ν→ν′ ≡
C(ν, ν ′)

Tr{C(ν, ν ′)} , (A.3)

where C(ν, ν ′) is the many-body matrix element given by Eq. (2.27). The absolute

square projection of the nth transmission eigenvector onto the resonance ν → ν ′ is

given by

|α ν→ν′

n |2 = 〈n|P̂ν→ν′ |n〉. (A.4)



152

A necessary condition to identify an eigenchannel |n〉 with transmission through a

particular molecular resonance is |α ν→ν′

n |2 ≈ 1.

The above procedure is in principle straightforward to implement in an effec-

tive single-particle model based on density functional theory (DFT)[77]. How-

ever, in practice, an “extended molecule” must be used in DFT calculations to

account for charge transfer between the molecule and electrodes. This is because

current implementations of DFT fail to account for the particle aspect of the electron

[188, 97, 136, 63], i.e., the strong tendency for the electric charge on the molecule

within the junction to be quantized in integer multiples of the electron charge e. An-

alyzing transport in terms of extended molecular orbitals has unfortunately proven

problematic. For example, the resonances of the extended molecule in Ref. 77 ap-

parently accounted for less than 9% of the current through the junction.

Since charging effects in SMJs are well-described in our many-body theory [23],

there is no need to utilize an “extended molecule,” so the projections of the trans-

mission eigenvectors onto the molecular resonances can be determined directly from

A.4.

A.1 Benzene resonances

The neutral ground state of benzene is nondegenerate, while the HOMO and

LUMO resonances are both doubly degenerate due to the (six-fold) rotational sym-

metry of the molecule. To be consistent with the discussion of Ref. 90, the additional

two-fold spin degeneracy of each resonance is considered implicit.

We define the following projection operators:

P̂HOMO ≡
∑

ν∈05

P̂ν→06 , (A.5)

P̂LUMO ≡
∑

ν′∈07

P̂06→ν′ , (A.6)

P̂⊥ ≡ 1− P̂HOMO − P̂LUMO, (A.7)

where 0N is the ground state with N π-electrons and 1 is the six-dimensional unit



153

matrix in the space of π-orbitals. P̂HOMO and P̂LUMO are projection operators onto

the two-dimensional subspaces spanned by the HOMO and LUMO resonances,

respectively. Equations (A.5–A.7) define a complete, orthogonal set of projection

operators in six-dimensions with the properties

∑

j

P̂j = 1, (A.8)

P̂iP̂j = P̂iδij . (A.9)

In particular, Eq. (A.9) implies that the HOMO and LUMO subspaces of ben-

zene are orthogonal. The absolute square of the projection of the nth transmission

eigenvector onto the subspace spanned by P̂j is

|α j
n |2 = 〈n|P̂j|n〉. (A.10)

These coefficients satisfy the condition

∑

j

|α j
n |2 = 1, (A.11)

where the sum runs over j=HOMO, LUMO, ⊥.

Figure A.1 shows the mean-square projections 〈|α j
n |2〉 of the transmission eigen-

vectors onto (a) the benzene HOMO resonance; (b) the benzene LUMO resonance;

and (c) the two-dimensional subspace orthogonal to both the HOMO and LUMO

resonances, as a function of electrode chemical potential for the same ensemble of

Pt–benzene–Pt junctions discussed in Sec. 4.2.2. We find that the mean-square

projections of the first and second transmission channels onto the benzene HOMO

resonance are 87% and 71%, respectively, confirming the conclusion that these eigen-

channels correspond to tunneling primarily through the HOMO resonance.

Midway between the HOMO and LUMO resonances at µ = µ0, the first

two transmission channels have mean-square projections of ≈ 0.5 onto both the

HOMO and LUMO resonances, consistent with the expectation that the HOMO

and LUMO resonances should contribute equally to transmission. The remaining

channels do not have negligible overlap with the HOMO resonance, but instead
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cluster around 〈|αHOMO
n |2〉 ∼ 0.3. The transmission channels with 〈τn〉 ≪ 1 corre-

spond to contributions from several far off-resonant poles, each of which has some

overlap with the HOMO resonance due to the overcompleteness of the projectors

P̂ν→ν′
1.

They are essentially random unit vectors in the six-dimensional space of benzene

π-orbitals, whose mean-square overlap with the two-dimensional HOMO subspace

should be 〈|αHOMO
n |2〉 = 2/6 = 1/3.

The first two transmission channels only have an appreciable overlap with the

subspace orthogonal to the HOMO and LUMO resonances in the vicinity of a

pronounced dip in the transmission spectrum at µ− µ0 ≈ ±3.5eV.

A.2 Butadiene resonances

The neutral ground state of butadiene is nondegenerate, and the HOMO and

LUMO resonances have no orbital degeneracy. The projection operators onto the

HOMO and LUMO resonances of butadiene are

P̂HOMO ≡ P̂03→04 , (A.12)

P̂LUMO ≡ P̂04→05 , (A.13)

respectively. A.2 shows the mean-square projections of the transmission eigenvectors

onto the nondegenerate butadiene HOMO and LUMO resonances as a function of

electrode chemical potential for the same ensemble of Pt–butadiene–Pt junctions

discussed in Sec. (4.2.3). In this case, the single dominant channel has a strong

overlap with the nondegenerate HOMO resonance: 〈|αHOMO
1 |2〉 = 0.80 when aver-

aged over the range -1.70eV≤ µPt−µ0 ≤ -0.89eV, while the far off-resonant channels

with 〈τn〉 ≪ 1 have 〈|αHOMO
n |2〉 ∼ 1/4, as expected based on the arguments given

above.

1Note that there are 600 poles of the molecular Green’s function for a neutral benzene molecule,

consistent with particle-number and Sz selection rules (although some of these transitions are

forbidden by the S2 selection rule), vastly more than the six atomic orbitals in the basis set.



155

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -3 -2 -1  0  1  2  3  4

  〈 
|α

nH
O

M
O

 |2 〉

µ-µ0 (eV)

H
O

M
O

 r
es

on
an

ce

L
U

M
O

 r
es

on
an

ce

a)
n=1
n=2
n=3
n=4
n=5
n=6

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -3 -2 -1  0  1  2  3  4

  〈 
|α

nL
U

M
O

 |2 〉

µ-µ0 (eV)

H
O

M
O

 r
es

on
an

ce

L
U

M
O

 r
es

on
an

ce

b)
n=1
n=2
n=3
n=4
n=5
n=6

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -3 -2 -1  0  1  2  3  4

  〈 
|α

n
|2 〉

µ-µ0 (eV)

H
O

M
O

 r
es

on
an

ce

L
U

M
O

 r
es

on
an

cec)
n=1
n=2
n=3
n=4
n=5
n=6

Figure A.1: The mean-square projections |α j
n |2 = 〈n|P̂j|n〉 of the transmis-

sion eigenvectors onto the two-dimensional subspaces (a) spanned by the benzene
HOMO resonance; (b) spanned by the benzene LUMO resonance; and (c) orthogo-
nal to the HOMO and LUMO subspaces, for the same ensemble of Pt–benzene–Pt
junctions discussed in Sec. 4.2.2. For the range of possible chemical potentials of Pt
electrodes, -1.88eV≤ µPt − µ0 ≤ -1.07eV indicated by the grey boxes in each sub-
figure, the first two channels have very strong overlap with the HOMO resonance:
87% and 71%, respectively.
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Figure A.2: The mean-square projections |α j
n |2 = 〈n|P̂j|n〉 of the transmission

eigenvectors onto (a) the butadiene HOMO resonance; and (b) the butadiene
LUMO resonance, for the same ensemble of Pt–butadiene–Pt junctions discussed
in Sec. 4.2.3. The dominant channel has a strong overlap (80% mean-square) with
the HOMO resonance for the range of possible chemical potentials of Pt electrodes,
-1.70eV≤ µPt − µ0 ≤ -0.89eV, indicated on each subfigure by a solid grey box.
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[2] Agräıt, N., A. Levy Yeyati, and J. M. van Ruitenbeek (2003, and references
therein). Quantum properties of atomic-sized conductors. Phys. Rep., 377,
pp. 81–279.
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[57] Finch, C. M., V. M. Garćıa-Suárez, and C. J. Lambert (2009). Giant ther-
mopower and figure of merit in single-molecule devices. Phys. Rev. B, 79(3),
p. 033405.

[58] Fisher, D. S. and P. A. Lee (1981). Relation between conductivity and trans-
mission matrix. Phys. Rev. B, 23(12), pp. 6851–6854.

[59] Friedel, J. (1958). Metallic alloys. Nuovo Cimento Suppl., 7, p. 287.

[60] Galperin, M., A. Nitzan, and M. A. Ratner (2008). Inelastic transport in the
Coulomb blockade regime within a nonequilibrium atomic limit. Phys. Rev.

B, 78, p. 125320.

[61] Galperin, M., M. A. Ratner, and A. Nitzan (2004). Inelastic electron tunneling
spectroscopy in molecular junctions: Peaks and dips. J. Chem. Phys., 121, p.
11965.

[62] Gell-Mann, M. and F. Low (1951). Bound States in Quantum Field Theory.
Phys. Rev., 84(2), pp. 350–354.



162

[63] Geskin, V., R. Stadler, and J. Cornil (2009). Multideterminant assessment
of mean-field methods for the description of electron transfer in the weak-
coupling regime. Phys. Rev. B, 80, p. 085411.

[64] Golubev, D. S. and A. D. Zaikin (1994). Quantum fluctuations of the charge
near the Coulomb-blockade threshold. Phys. Rev. B, 50, pp. 8736–8745.
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