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Abstract

The research described in this dissertation concerns two fields of theoretical chem-

istry: Part I concerns applications of Density Functional Theory, and part II high

accuracy calculations within the Born-Oppenheimer approximation using explicitly

correlated Gaussian functions.

In the first part, after a brief introduction to Density Functional Theory and

Hartree Fock methods, the candidate’s research in Density Functional Theory is de-

scribed in two chapters. One treats the charge transport in B-DNA, specifically

(GC)N oligomers solvated by water. The second chapter treats the charge transfer

between the Lithium atom and Fullerene-C60 in the endohedral complex Li@C60. In

both applications Density Functional Theory was the central quantum mechanical

technique that allowed the approaching of such large molecular systems.

In the second part of this dissertation, the candidate’s development of a FORTRAN

code using explicitly correlated Gaussian functions within the Born-Oppenheimer ap-

proximation is presented.

Every item of the author’s research during his graduate studies has been published

in co-authorship with the author’s scientific advisor and other collaborators in peer-

reviewed journals. A total of 8 scientific articles and one letter have been published

by the author while at The University of Arizona.
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Chapter 1

Introduction

Quantum Chemistry focuses on a vast set of subjects. From very small molecules

of astrophysical interest, such as H+
3 or H2, to very large macromolecules of biological

interest, such as DNA and proteins. It is inevitable that, in order to properly model

the differently sized molecular systems, quantum chemists need to develop ad hoc

theories and models capable of carrying out modeling in a reasonable time frame.

The pioneers of quantum chemistry, such as Hylleraas, James, and Coolidge, were

more interested in increasing the precision of their algorithms towards the modeling

of a very limited number of simple molecules (e.g. H2) than the potential broader

impacts. Conversely, in today’s world, quantum chemists value more the versatility of

a certain model, e.g. the ability of the model to be applicable to a variety of molecular

systems and physicochemical processes while still maintaining a solid accuracy. In

this task, the Coupled Cluster (CC) method has been the most promising theory.

For mid-sized molecules (i.e. molecules having 8 to about 50 electrons), CC is the

most appropriate model for most applications. However, CC is impractical for the

modeling of large size molecules (i.e. molecules having 100+ electrons) because the

complexity of its algorithm is such that it exceeds the computational power available

today. For very small sized molecules (i.e. molecules having less than 8 electrons),

CC may not be the most appropriate method, because its founding theory introduces

some approximations that may undermine the outcome of the model.

Large molecular systems are better modeled by Classical Mechanics, with methods

such as Molecular Dynamics (MD), or by Density Functional Theory (DFT), or by

hybrid DFT/MD methods. Small molecular systems, instead, are better described

by ad hoc algorithms, often developed by single research groups, tailored to specific
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molecular systems and specific physicochemical processes.

In the Adamowicz group a wide spectrum of quantum chemistry methods has

been developed, ranging from the “home made” computer methods and computer

codes to model very small molecular systems with very high accuracy, to Molecular

Dynamics of macromolecules. The candidate has carried out research in two of these

fields: very accurate calculations of small molecules within the Born-Oppenheimer

approximation and MD/DFT simulations of the charge transfer in DNA.

In this dissertation, the candidate first explains why DFT is needed as a model

when quantum mechanically modeling molecules having a large number of electrons,

then two applications of DFT and MD are presented. In the second part of the dis-

sertation, the candidate introduces a “home made” approach and the corresponding

FORTRAN code to carry out very accurate quantum mechanical calculations of small

molecular systems. Some applications of the approach are also described.
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Part I

Density Functional Theory Applications
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Chapter 2

Why DFT?

2.1 Statement of the Problem

Part I of this dissertation is devoted to two applications of Density Functional Theory

(DFT). The first application exploits DFT to obtain potential energy surfaces (PESs)

to be used later within a Molecular Dynamics (MD) framework [6, 7]. Specifically,

the PES of neutral and cationic Methyl-Guanine with respect to the displacements

along vibrational normal modes are used to calculate ionization potentials and elec-

tron affinities as the guanine molecule evolves in time within a MD. Methyl-Guanine

contains 19 atoms, the total number of normal modes is 3×19−6 = 51 for the neutral

and 51 for the cationic species. Thus, the total number of PESs to calculate is 102.

Given that Methyl-Guanine has 86 electrons, a reasonably high level of theory could

be employed. However, since each PES necessitates to be fairly dense, e.g. 40-60

geometry vs. energy points, the overall calculation includes 4080 to 6120 single-point

(i.e. no geometry optimization) energy calculations. The second application deals

with the analysis of the electronic structure of endohedral complexes, specifically

Li@C60 [8]. Such endohedral complex contains 363 electrons, a very large number by

quantum chemistry standards, especially if the calculation is not limited to the energy

but also extends to molecular properties. For this endohedral system we analyzed the

stability of 6 neutral and charged species in two different spin states considering two

positions for the Lithium atom (24 energy calculations overall). We investigated the

charge distribution in the molecule by calculating the partial charge on each atom.

Given the cage-like structure of C60, its delocalized π-electrons, and the possibility of

overlap of the Lithium’s electronic wavefunction with the C60 wavefunction, we had

to use computationally expensive post-calculation wavefunction analysis.
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The large number of electrons involved in the study of endohedral complexes, and

the high number of single-point calculations in the study of Methyl-Guanine system

do not allow the use of a high accuracy level of theory, instead approximations need

to be introduced. The Kohn-Sham formulation of DFT offers a good compromise

between accuracy and computational complexity and was chosen to carry out the two

computational studies presented in this first part of the dissertation.

2.2 Why is DFT needed when tackling systems with many

electrons?

In most implementations of DFT, tailored to solving chemistry related problems, the

Kohn-Sham (KS) [9] formulation is chosen. The first step in the KS formulation of

DFT is writing the n-electron wavefunction in terms of orbitals (i.e. orbital approxi-

mation). In the following sections a succinct description of the orbital approximation

is given, with particular emphasis to the reasons why such approximation is needed

when quantum-mechanically calculating molecular systems containing a large number

of electrons. In the following it will be clear how the KS method is able to account for

most of the correlation energy, making it computationally cheap and accurate enough

to be used in most chemically relevant problems.

2.2.1 The shape of the wavefunction

The orbital approximation assumes that, for a system containing n electrons, each

electron is “decoupled” from the other electrons. Decoupling, of course, does not mean

complete motion independence. The first step is to write the n-electron wavefunction

in terms of one-electron functions (or orbitals)

Ψ (r1, s1; r2, s2; . . . ; rn, sn) =

n∏

i=1

φi(ri, si), (2.1)
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where the φi are called orbitals, si and ri are the spin and cartesian coordinates

respectively of the i-th electron. Writing the wavefunction as a product of orbitals

has several properties. The most important one is that if the Hamiltonian of the

system did not include inter-electron repulsion interactions eq. (2.1) would be exact.

A common way to account for the electron-electron interactions is by including it at

the first-order perturbation theory.

The wavefunction in eq. (2.1) lacks of proper antisymmetry. Being electrons

fermions, the total wavefunction, Ψ, must be antisymmetric with respect to the ex-

change of coordinates (both spin and cartesian) of any two electrons in the system.

This can be achieved if the product in eq. (2.1) is modified by adding to it other prod-

ucts containing all the possible permutations (π refers to a particular permutation) of

two electrons and every time an even/odd permutation is applied, a positive/negative

sign to the product term is assigned (sgn(π)), namely

Ψ′ = ÂΨ =
1√
n!

∑

π∈Sn

sgn(π)φ1(rπ1
, sπ1

)φ2(rπ2
, sπ2

) . . . φn(rπn
, sπn

), (2.2)

where Ψ′ is the symmetry corrected total wavefunction, Â is called antisymmetrizer

operator, πi are the values of the permutation π that belongs to the ensemble of the

permutation of n elements, the symmetric group Sn. There are n! terms in the above

equation, hence the normalization constant of
√

n!. Equation (2.2) is equivalent to

the following determinant

Ψ′ =
1√
n!

∣
∣
∣
∣
∣
∣
∣
∣

φ1(r1, s1) φ2(r1, s1) . . . φn(r1, s1)
φ1(r2, s2) φ2(r2, s2) . . . φn(r2, s2)

. . . . . . . . . . . .
φ1(rn, sn) φ2(rn, sn) . . . φn(rn, sn)

∣
∣
∣
∣
∣
∣
∣
∣

, (2.3)

known as Slater determinant.

2.2.2 Calculating the Energy within the Orbital Approximation

The real power of the orbital approximation can be appreciated when calculating the

expectation value of the Hamiltonian. The molecular electronic Hamiltonian, in the
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Born-Oppenheimer approximation, is

Ĥ = T̂e + VNe + Vee + VNN (2.4)

where

T̂e = −1

2

n∑

i=1

∇
2
i (2.5)

VNe = −
n∑

i=1

N∑

α=1

Zα

|Rα − ri|
(2.6)

Vee =
n∑

i=1

i−1∑

j=1

1

|rj − ri|
(2.7)

VNN =

N∑

α=1

α−1∑

β=1

Zα

|Rα −Rβ|
(2.8)

where α and β run over the nuclei, being N the total number of nuclei in the considered

molecule, i and j are indices for the electrons, with n being the total number of

electrons. The operators in eqs. (2.5) and (2.6) are one-electron operators, e.g.

each term in the sum depends upon the coordinate of one single electron, while in

eq. (2.7), Vee is a two-electron operator. The expectation value of a one-electron

operator, say Ô1 =
∑n

i=1 ĥ(ri), dropping the ′ superscript of Ψ and integrating over

the spin variables is

〈Ψ|Ô1|Ψ〉 =
n∑

i=1

〈φi(r)|ĥ(r)|φi(r)〉. (2.9)

Such simplification is an interesting effect of the antisymmetry imposed using the

Slater determinant. For two-electron operators, e.g. Ô2 =
∑n

i=1

∑i−1

j=1 g(ri, rj), a

similar simplification takes place,

〈Ψ|Ô2|Ψ〉 =
n∑

i=1

i−1∑

j=1

(

〈φi(r1)φj(r2)|Ô2|φi(r1)φj(r2)〉

−〈φi(r1)φj(r2)|Ô2|φj(r1)φi(r2)〉
)

. (2.10)



18

If Ô2 = Vee the above equation is usually written in terms of the Coulomb, Ĵi, and

Exchange, K̂i, operators

〈Ψ|Vee|Ψ〉 =
n∑

i=1

i−1∑

j=1

(

〈φi(r)|Ĵj|φi(r)〉 − 〈φi(r)|K̂j|φi(r)〉
)

, (2.11)

where

Ĵjφi(r) =

∫

whole space

φj(r
′)

1

|r′ − r|φj(r
′)φi(r) dr′ (2.12)

K̂jφi(r) =

∫

whole space

φj(r
′)

1

|r′ − r|φi(r
′)φj(r) dr′ (2.13)

The matrix elements in eqs. (2.9) and (2.10) are particularly effective simply

because they involve n integrals for one-electron and n(n + 1)/2 for two-electron

operators. If the wavefunction is not expressed as a product of orbitals, the same

equations would contain n! integrals. This can be easily seen using the same notation

of eq. (2.2) and introducing operator Pπ that permutes the coordinates and the spin

of the electrons according to the permutation π

〈Ψ|Ĥ|ÂΨ〉 =
1√
n!

∑

π∈Sn

sgn(π)〈Ψ|Ĥ|P̂πΨ〉. (2.14)

In molecules containing only a few electrons eqs. (2.9) and (2.10) do not simplify

considerably the problem, but for molecules containing hundreds of electrons those

equations can be evaluated, while it would be impossible to calculate the n! matrix

elements in eq. (2.14).

Unfortunately the computational complexity of methods involving the orbital ap-

proximation is usually larger than n2. The reason for this is that each orbital function

needs to be determined first. The first step in obtaining the orbital functions, φi(r),

is to expand them in terms of a one-electron basis set {χk(r)}k=1,...,M typically made

of Gaussian functions centered at the nuclei, namely

φi(r) =
M∑

k=1

Ckiχk(r), (2.15)
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then the coefficient matrix C can be variationally optimized to minimize the total

energy calculating the expectation values of the operators (2.5-2.7) using eqs. (2.9)

and (2.10). Such variational minimization leads to solving the following equation,

known as Fock equation [10],

F̂φi = εiφi, (2.16)

that can be reformulated in a matrix form

FC = SCE, (2.17)

where F is called Fock matrix defined as

Fij = − 1

2
〈χi(r)|∇2

r
|χj(r)〉 −

N∑

α=1

〈χi(r)|
Zα

|Rα − r| |χj(r)〉+

+

n∑

k=1

M∑

µ,ν=1

CµkCνk







〈χi(r1)χµ(r2)|

1

|r1 − r2|
|χj(r1)χν(r2)〉

︸ ︷︷ ︸

Jµiνj

− 〈χi(r1)χµ(r2)|
1

|r1 − r2|
|χj(r2)χν(r1)〉

︸ ︷︷ ︸

Kµiνj








, (2.18)

Sij = 〈χi|χj〉 is the overlap matrix, and E is a diagonal matrix containing the orbital

energies εi. The minimum of the energy obtained solving eq. (2.17), then plugging

the coefficients, C, into eq. (2.15) and subsequently in eqs. (2.9) and (2.10), is

called EHF . The variational method described thus far is known as the Hartree-

Fock (HF) method [10,11]. Equation (2.18) shows how the computational complexity

involved in calculating the Fock matrix is M4, since the Coulomb and exchange

operators have 4 indices running over the one-electron basis set size, M . The M4

complexity is usually much lower than n! and allows the HF to be applied to systems

containing a large number of electrons still recovering most of the Born-Oppenheimer

exact energy. The energy difference between EHF and the exact Born-Oppenheimer
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energy, Ecorr = EHF −Eexact, is called correlation energy. This name was chosen to

emphasize that the HF method lacks of a proper description of the electron-electron

interaction and the fact that the motion of one electron is correlated to the motion

of any other electron in the molecule. The size of the correlation energy is small

compared to the total energy (usually just a few percent) and consequently can be

neglected in most cases. Unfortunately the small percentile difference between EHF

and Eexact can propagate to much larger error margins when calculating molecular

properties or optimizing the molecular geometries. One striking example of this is

the calculation of the dipole moment of the molecule CO. Being oxygen the more

electronegative atom in CO, the electron density should lean away from carbon and

toward oxygen, generating a dipole pointing toward the oxygen, e.g. Cδ+

Oδ− . The HF

method, in line with this prediction, calculates a dipole of the kind Cδ+

Oδ− [12]. From

microwave experiments [13] it is known that the dipole moment is of the kind Cδ− Oδ+

.

This measurement puzzled quantum chemists until 1973 when in one of the first

calculations employing a method more accurate than HF (i.e. MCSCF), Billingsley

and Krauss [14] were able to reproduce the correct Cδ− Oδ+

dipole configuration and

recover 90% of the dipole moment’s magnitude.

The previous example shows how the HF method sometimes is inadequate to make

meaningful predictions about physical and chemical properties of molecule. In the

next section, a methodology to recover most of the correlation energy still maintaining

a Slater determinant wavefunction is described: the KS approach.

2.2.3 Linking the orbital approximation and DFT: the KS approach

The basis of DFT is a theorem, first proved by Hohenberg and Kohn [15], linking the

ground state energy of a molecule with its one-electron density, ρ(r), defined in terms

of the total wavefunction as

ρ(r) =

∫

Ψ∗ÂΨdr2 . . . drn

∣
∣
∣
∣
r=r1

= 〈Ψ|δ(r1 − r)|ÂΨ〉 (2.19)
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Given the above definition of the density, it is possible to determine the expectation

values of one-electron operators, and of the two-electron Coulomb operator defined

in eq. (2.12). However, the exchange operator of eq. (2.13) and the kinetic energy of

eq. (2.5) cannot be written in terms of ρ exactly. In the KS method, the density is

taken from the one of a Slater determinant, e.g.

ρ(r) =
n∑

i=1

|φi(r)|2 (2.20)

or in terms of a one-electron basis set, following eq. (2.15),

ρ(r) =

n∑

i=1

M∑

µ,ν=1

CµiCiνχ
∗

µ(r)χν(r). (2.21)

Thus, the calculation of the kinetic energy can be borrowed from the expectation

value in eq. (2.9). The total electronic energy can be written as

EDFT [ρ] = TS[ρ] + ENe[ρ] + J [ρ] + Exc[ρ], (2.22)

where the subscript S refers to the fact that the kinetic energy is calculated from a

Slater determinant,

ENe[ρ] =

N∑

α=1

∫
Zα ρ(r)

|Rα − r| dr, (2.23)

J [ρ] =
N∑

α=1

∫
ρ(r) ρ(r′)

|r− r′| dr dr′, (2.24)

and Exc is defined as the missing ingredient in eq. (2.22) to equate EDFT to Eexact.

Exc can be further subdivided: the exact exchange energy, Ex, and the correlation

energy, Ec, that makes up for a rough estimation of the Coulomb attraction and,

most importantly, fills in the missing contributions to the Kinetic energy that arise

from the difference of the exact kinetic energy and TS.

For the KS approach to be effective, a good estimation of Ec and Ex is needed.

Many methods have been proposed so far: pure DFT methods include the local



22

density approximation (LDA), the generalized gradient approximation (GGA); hybrid

methods, e.g. those methods that include in Exc terms deriving from the expectation

value of the exchange taken with a Slater determinant, see eq. (2.13), are also very

common. Each of the above approaches to approximate Exc are valid and are currently

used in many quantum chemical applications. The most common KS-DFT energy

functional is of the hybrid kind proposed by Becke in 1993 [16].

2.2.4 Performance of KS-DFT

The inter-electron correlation is often divided into two categories: dynamic and

static (or non-dynamic) correlation. Static correlation is mainly due to the inad-

equacy of a Slater determinant to describe the molecular system. One particularly

enlightening example is the description of a molecule when one of its bonds stretches

all the way to bond braking. Single determinant wavefunctions fail in this task be-

cause they introduce in the spatial wavefunction ionic orbitals, that are orbitals made

of one-electron basis functions centered on only one of the two separating fragments,

with the same weight to covalent molecular orbitals, e.g. made of basis functions

centered on both fragments. Being the latter the only orbitals needed, the energy

associated with a single determinant as a bond brakes shoots up to unphysical val-

ues. This is the reason why bond braking is one of the typical tests to assess the

performance of multi-determinant methods. Biradical molecules, e.g. molecules with

two unpaired electrons, are a very similar case to bond braking in the sense that they

involve a good description of long-range exchange of two electrons with same spin

that can be done only with multi-determinant wavefunctions. KS-DFT is a single-

determinant method and is not able to recover static correlation.

Dynamic correlation concerns the influence that one electron has onto the motion

of another electron. For example, assume there are two pairs of electrons a and b.
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Pair a has one electron with spin up and one with spin down (i.e. ��) and pair b has

both spins up (i.e. ��). Assume now that the motion of the electrons in the pair is

such that at some point in time one electron finds itself coalescing (i.e. occupy the

same point in space) with the other electron. The local Slater determinants are

Ψa(r1, r2) = (φ1(r1)φ2(r2) + φ2(r1)φ1(r2)) · (α(s1)β(s2)− β(s1)α(s2)) , (2.25)

Ψb(r1, r2) = (φ1(r1)φ2(r2)− φ2(r1)φ1(r2)) · α(s1)α(s2). (2.26)

When two electrons coalesce in space, e.g. (r1 = r2), they also coalesce in spin-space,

e.g. (s1 = s2). Therefore, at coalescence Ψb = 0 and Ψa = 0, but the spatial part

of the Slater determinant Ψa in eq. (2.25) reaches the value of 2φ1φ2. The shape

of the wavefunction is also important as the two electron coalesce. For example an

important property of the spatial wavefunction was derived by Kato in 1957 [17],

who proved that at coalescence ∂Φa

∂r12

∣
∣
∣
r12=0

= −1
2
Ψa, meaning that the wavefunction

looks like a cone when plotted against r12 = |r1 − r2|. This cone is called electron-

electron cusp and is completely ignored in the HF method. The extent to which a

wavefunction describes the cusp is solely determined by how well Vee is described

during the energy minimization. KS-DFT as a major advantage over HF, the energy

minimization is carried out over an effective energy functional, such as the one in

eq. (2.22), that is designed to lead the Slater determinant to a better description of

the Coulomb hole [18]. Many computational studies, see for example [19, 20], have

shown that the hybrid functional B3LYP proposed by Becke [16], recovers most of the

dynamic correlation yielding good-to-excellent density profiles, molecular geometries

and vibrational frequencies. This are the reasons why the candidate chose KS-DFT

to carry out calculations on large molecular systems.
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Chapter 3

Combining Classical Molecular Dynamics and

DFT: Hole Conduction in DNA

3.1 Introduction

In this chapter, a brief overview of what is the state of the art in the experimental

study of DNA conductivity is presented. The analysis of the various experiments will

show undoubtedly how, in the past 15 years, almost every experiment disagreed in

some respect with other experiments. Early in the literature, DNA was found to be

a superconductor, but only some time later DNA was found to be a large band-gap

semiconductor. Some other experiments followed showing possible small band-gap

semiconductor properties of DNA, and lastly, DNA was found to be an insulator.

Theoretical modeling has showed a somewhat more consistent evolution. In sec-

tion 2.2 of this chapter the theoretical modeling of DNA is described and Marcus

theory of electron transfer is discussed. Two approaches are proposed for the ap-

plication of Marcus theory. The first, more orthodox, consists of the evaluation of

the kinetic constant of charge transfer. The second approach, involves the use of

molecular dynamics and DFT to monitor in real-time the charge mobility in DNA.

Using the latter approach, in ref. [21] (available in the appendix A.1) the candidate

analyzes the various experimental set-ups and physical conditions that influence the

charge transfer and finds some guidelines and preliminary results that may explain

the wide range of DNA conductivities found by experimentalists.
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3.2 DNA: an insulator, a semiconductor, a conductor, and a

superconductor

In the past 15 years, charge transfer in DNA has been the subject of an increas-

ing amount of published work. What can be mistaken as a niche topic, has seen

published several Nature and Science articles and letters. Theoretical studies make

up a substantial part of this body of work both from a quantitative and a qualita-

tive perspective. This is because experiments of DNA conductivity are extremely

contradictory. It appears that DNA, depending on the experimental setting, shows

properties consistent with anything from an insulator to a metal [22].

DNA conductivity experiments can be divided into two categories. The first one

collects indirect measurements of the transport of charge. This is achieved by modi-

fying the DNA at one or two locations through the insertion of light sensitive moieties

capable of ionizing upon exposure to UV-Vis light [23–27]. The transport properties

are then deduced from time-resolved fluorescence spectra [25, 26], or from UV-Vis

spectra [23,24,27]. The second type of experiment features direct conductance mea-

surements of single DNA molecules positioned between two metal electrodes.

Understanding the mechanism of charge transfer, specifically whether the charge

mobility is thermally activated (multi-step hopping) or it takes place in a coherent

fashion (single step), has been the focus of most early experiments on DNA. The

indirect experiments proved to be more reliable and reproducible than the direct

ones. They showed undoubtedly that the preferred charge carriers in DNA are holes

(positive charge), and that the nature of the transport is incoherent, temperature-

driven, hole-hopping between nucleobases. To quote Ratner in a Nature article [28]

“[the hole’s] overall trajectory [in DNA] looks more like the path of a wandering drunk”.

Indirect experiments, however, due to their design, cannot apply an electrical voltage

to the DNA molecule, and therefore are unable to produce current vs. voltage profiles.

Conversely, direct conductance experiments are a challenge mainly because the
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conductivity measurements involve very small currents (from a few tens of pA to

hundreds of nA). Such small currents are not easily distinguishable from the noise,

e.g. the negatively charged phosphate groups in DNA are neutralized by counterions

which will migrate from one phosphate group to the next one as the charge carriers

move along the strand. This movement of positively charged species generates small

currents (on the order of several pA) that affect the instrumental precision [22]. In

addition, the instrumental design has to include a reliable determination of the num-

ber of DNA molecules that connect the electrodes. Furthermore, it has to deliver

some information about the conformation of the bridging DNA. The above issues

can be tackled using DNA fragments that are long enough to be probed with an

AFM scan. As an example, Figure 3.1 shows a series of such AFM snapshots [1],

where homogenous (GC)N DNA molecules are laying on metal electrodes placed over

a large band-gap semiconductor plate. The estimated number of basis pairs in the

DNA bridging the electrodes is N ' 110. Unfortunately the experiment by Storm et

al. [1] was unable to detect any current through the DNA junction. The resistance

of the junction was estimated to be similar to the one of mica (about 10TΩ) which

is consistent with electrical currents across the junction lower than 0.1 pA. The cho-

sen DNA fragments were deemed too long to conduct any charge across the device.

Another experiment, carried out by Vedala et al. [2], made use of single-walled nan-

otubes (SWNT) as electrodes with a single DNA molecule connection, see Figure 3.2.

The current-voltage profile obtained with the setup in Fig. 3.2 reached maximum

currents of 50 pA, using a non-homogenous DNA with N ' 80 base pairs. At a

first glance, the conductivities found in the experiment by Vedala [2] can be justi-

fied by the fact that the DNA used is shorter (80 base pairs) compared to the one

used by Storm [1]. However, Vedala utilized non-homogenous DNA oligomers that

are known to be less conductive than similar length homogenous DNA oligomers (see

next section for details). Consequently, the findings of Vedala and Storm seem to be

contradictory.
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Figure 3.1. AFM images of DNA assembled in various devices. (a) Mixed sequence
DNA between platinum electrodes spaced by 40 nm. Scale bar: 50 nm. (b) Height
image of (GC)N DNA bundles on platinum electrodes. The distance between elec-
trodes is 200 nm, and the scale bar is 1 mm. (c) High magnification image of the
device shown in (b). Several DNA bundles clearly extend over the two electrodes.
Scale bar: 200 nm. (d) (GC)N DNA bundles on platinum electrodes fabricated on
a mica substrate. Scale bar: 500 nm. Taken with permission of the authors from
Ref. [1].



28

Figure 3.2. Top: schematic showing a trapped DNA molecule between SWNT
nanoelectrodes, separated by a nanogap, using the ac dielectrophoresis technique.
Bottom: AFM snapshot of a single DNA oligomer trapped in between two SWNTs.
Taken with permission of the authors from Ref. [2].
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Figure 3.3. Type of electrodes used in direct conductance experiments of DNA: two
flat electrodes effectively behaving as the two plates of a capacitor. The molecules
linking the DNA to the electrodes is depicted in orange.

Figure 3.4. Types of electrodes used in direct conductance experiments of DNA,
two equivalent designs: two tip electrodes, and an STM tip electrode coupled with a
conducting surface. The molecules linking the DNA to the electrodes is depicted in
orange.
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After a careful analysis of the experimental design in direct DNA conduction ex-

periments [21] the candidate realized that the experiments were carried out using

electrodes of different shape. To elucidate this point, consider Figures 3.3 and 3.4,

where three kinds of electrodes used in single molecule direct conductance experi-

ments are drawn schematically: flat, tip, and STM/surface electrodes. At a first

approximation, flat electrodes tend to behave like the plate of a capacitor in which

the potential propagates linearly across the DNA junction as

V (x) =
σ

ε
x =

V

d
x. (3.1)

In the above equation, σ is the constant surface charge on the plates of the capacitor

and ε is the axial dielectric constant of the medium occupying the space in between

the plates; V is the voltage across the capacitor and d is the distance separating the

plates. Tip electrodes, instead, tend to accumulate charge at the tips and therefore

the potential propagates as

V (x) =
q

ε

(
1

|x| −
1

|d− x|

)

, (3.2)

where q is the effective charge accumulated on the tip of the electrodes (positive on

one side and negative on the other), and x is the position of the charge carrier within

the DNA molecule as is moves along the strand. The two electric potential profiles in

eqs. (3.1) and (3.2) should lead to different current vs. voltage profiles. Specifically,

it can be inferred that the flat capacitor profile will lead to lower conductivities than

the steeper tip electrodes profile. This would qualitatively explain the discrepancy

between the experiments in refs. [2] and [1].

The correlation between electrode size and detected current seems to be strong,

however, given the large amount of uncontrollable variables in the experiments, little

can be said with absolute confidence. Variables affecting DNA direct conduction ex-

periments range from the differences in the DNA molecules and their environments

to the ability to maintain a constant temperature. The former includes the coun-

terion concentration, the nature of the non-equilibrium environmental and solvent
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relaxation (last but not least influenced by the water-complexing capability of Mag-

nesium ions), and whether or not the DNA molecule lies on a surface. Furthermore,

the nature of the contacts of DNA with the electrodes (linkers) also should affect the

conduction experiments. An important example is the experiment by Kasumov et

al. [29] published in Science. The study found DNA to be a superconductor at very

low temperatures (sub Kelvin) but its reliability has been seriously questioned [22]

especially after several theoretical calculations proved the impossibility of DNA to be

a metallic conductor, see for example refs. [30, 31].

The experiments discussed before by Storm and Vedala support the idea that

DNA is a weak conductor, and that a 100 base pairs DNA constitutes a size limit for

DNA to conduct. Other experiments on shorter DNA strands have been carried out

by Xu et al. [3] and by Porath et al. [4], see Figs. 3.5 and 3.6. In ref. [3] 100-150 nA

Figure 3.5. Schematic illustration of a STM/surface type electrodes. Taken with
permission of the authors from Ref. [3].

currents were detected for DNA having 10 base pairs, while in ref. [4] the currents were

restricted to about 1 nA for 30 base pairs DNA fragments junctions. No clear pattern

emerges from these experiments. Unfortunately this lack of reliability has discouraged

many researchers, and has led editors to question whether DNA conduction is a field

worth investing any more resources in.

DNA conduction seems to be the perfect example in which theoretical modeling
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Figure 3.6. Current-voltage curves measured at room temperature on a DNA
molecule trapped between two metal nanoelectrodes. The DNA molecule (30 base
pairs, doublestranded (GC)N) is 10.4 nm long, and the nanoelectrodes are separated
by 8 nm. Subsequent I − V curves (different colors) show similar behavior but with
a variation of the width of the voltage gap. The upper inset shows a schematic of
the sample layout. The lower inset is a scanning-electron-microscope image of the
two metal electrodes (light area) and the 8-nm gap between them (dark area). Taken
with permission of the authors from Ref. [4].
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can shed light upon the nature of the underlying physical process. There are many

advantages of a theoretical modeling of DNA conduction. First, the setup is con-

trolled, in the sense that there are no hidden variables in the device design. For

example, the model can either lay a DNA junction on a surface or let it hang in

between the electrodes. The temperature can be controlled and kept within a narrow

window. A large range of currents can be described with sufficient accuracy, starting

from a few tens of pA. Different theories and approximations can be tested to make

sure the results are consistent with the physical process. Of course, there are also

some disadvantages to a theoretical modeling of DNA conduction. One stems from

DNA being a large molecule, this limits the accuracy of the level of theory employed

in the calculation. In addition, a charge conduction model has to be, at least to a

certain extent, obedient of the laws of Quantum Mechanics. Given the large size

of DNA, theoretical models based on Quantum Mechanics have to rely heavily on

approximations. As mentioned in the previous chapter, DFT provides such a basis,

but it may still be too computationally complex to be applied directly to the DNA

conduction problem. In the next section, DNA hole conduction (i.e. conduction with

positive charge carriers) is analyzed from a theoretical prospective and some general

guidelines for the implementation of a successful theoretical model are presented.

3.3 Theoretical modeling of DNA hole conduction: a con-

trolled “experiment”

Most theoretical studies and many experiments [28, 32] show that when a positive

charge appears in the DNA strand, it is solely localized on a single nucleobase. The

localization is further promoted by the interaction with the solvent. Reliable theoreti-

cal models also show that the hole localization appears regardless of temperature [32].

The hole localization in DNA oligomers, such as (GC)N , can be justified by compar-

ing thermal energy at room temperature, KT'0.026 eV, with other characteristic
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energies involved in the hole stabilization. These energies are the solvent reorga-

nization energy (λS, estimated at 0.26 eV for GC-based DNA fragments) and the

activation energy for the reaction of hole hopping from one nucleobase to another

(Ea, estimated to be 0.18 eV in a non-adiabatic picture of hole transfer, see below or

ref. [21] for details on the origin of the numerical values). The comparison shows that

even at temperatures substantially higher than room temperature KT remains small

and the hole localization still takes place [32, 33]. This phenomenon is illustrated by

the depiction of a localized hole in a (GC)3 system in Figure 3.7. Because of this

localization of the positive charge, the only pathway left for the hole to move along

the DNA strand, and transport electrical charge, is to jump from one nucleobase to

another in an incoherent fashion. Such transport is called hole hopping.

Does the DNA sequence have any influence on hole hopping? Some insights

in this respect can be gained by calculating the total energy of the isolated nu-

cleobases. In Table 3.1 the total energies of methylguanine and methyladenine are

calculate using DFT. From those energy values it is possible to depict (see Figure

3.8) an energy scheme for the Red-Ox reaction chain of hole hopping that takes a

hole from one side to the other of an electronic device when DNA is the bridge be-

tween the two electrodes. Figure 3.8 clearly shows that for a mixed DNA, such as

(GC)(AT)(GC)(AT)(GC), a number of tunneling events through the (AT) base pair

need to take place. The chemical kinetics of the single steps of the reactions con-

sidered in Figure 3.8 can be analyzed by estimating the activation energy of each

reaction step. To do that, consider Figure 3.9 where an energy profile for the reac-

tion (G+C)(GC)→(GC)(G+C) is depicted. In Figure 3.9 two free energy surfaces are

depicted, one belonging to (G+C)(GC) and the other one to (GC)(G+C), along the

reaction coordinate. If the energy profile for the (G+C)(GC) system is identical to

the one for the (GC)(G+C), and if the two profiles are harmonic (assumption that

can be justified in the case of solvated systems [34]), the activation free energy can

be estimated to be Ea = λ
4
. λ is defined in the picture and is known as the reor-
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Figure 3.7. (GC)3 system with the hole localized on the central guanine (HOMO of
the neutral highlighted). The closest 18 water molecules are displayed together with
the sodium counterions (large red spheres).
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Figure 3.8. Hole hopping reaction kinetics of the hole hopping (left to right) and
electron hopping (right to left) in (AT)5 (black) and (GC)(AT)(GC)(AT)(GC) (red)
DNA fragments. The two DNA fragments are plotted on shifted energy scales (red
lower than black).
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ganization energy. If the hole hopping reaction takes place between species having

different equilibrium free energy, then the activation energy of the charge transfer

reaction becomes

Ea =
(λ + ∆G)2

4λ
. (3.3)

The above equation is a well known outcome of Marcus theory of electron transfer [34].

The energy profiles of charge transfer (CT) reactions are usually in term of free

energy rather than internal energy. The reason for this choice resides in the fact that

CT reactions are strongly influenced by the temperature of the system. In order to

obtain a one-dimensional energy profile (like the one in Figure 3.9) thermal averaging

over the N − 1 normal modes of the [(GC)(GC)]+ system is needed, N being the

total number of vibrational normal modes of the base pair. The averaging yields a

free energy profile and not an internal energy profile. To clarify this aspect, consider

that the free energy, at constant pressure, is the sum of internal energy (U), an

entropic term (-TS) and a mechanical work term (PV). A change in free energy (dG)

at constant T and P can be expressed as follows

dG = dU + PdV − TdS. (3.4)

The above equation shows that dG and dU will differ only if S and V change along

the reaction coordinate. Recent theoretical models and experiments [35] show that

the entropic and volume contribution to the CT reactions in DNA are contained

to about 10% of the energetics. In the specific case of GC-based DNA oligomers,

the entropy and volume of activation is estimated to vanish (less that 0.1% of the

activation energy).

The transport of charge in DNA can be thought of as a chain of Red-Ox chemical

reactions, each one being relative to a specific hole hopping event. Further under-

standing of how the DNA composition influences its conductivity properties can be

gained by evaluating the activation energy of each of the hole hopping CT reactions.
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Figure 3.9. Free energy profile of a (GC)2 DNA fragment in a non-adiabatic model
of hole hopping. λ is the reorganization energy, Ea the activation energy for the hole
hopping reaction.

(G+C)(GC) (GC)(G+C)

Ea

λ

Reaction Coordinate

From Figure 3.9 it is apparent that the vertical Electron Affinity (VEA) and the ver-

tical Ionization Potential (VIP) can be used to calculate the activation energy [5–7].

In Table 3.1 are collected the calculated VEA and VIP of isolated methyladenine

and methylguanine. After calculating the activation energies applying eq. (3.3), it

is clear that if a DNA fragment is heterogeneous, such as (GC)(AT)(GC)(AT)(GC),

many high-activation energy hops will be required therefore slowing down the charge

transport.

A straightforward application of Marcus theory to estimate the kinetic constants

in Fig. 3.8 is by deriving them from a purely quantum mechanical prospective. The

transition probabilities, and in turn the kinetic constants, are related to the transfer

integral, β, and closely depend upon the interaction between the donor moiety and

the acceptor moiety, e.g. the two nucleobases involved in the hole hopping, and their
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Table 3.1. VEA and VIP for N9-Methyladenine and N9-Methylguanine calculated
at the DFT level of theory B3LYP/6-31G(d,p), taken from ref. [5]. Total energies in
a.u., electron affinities and ionization potentials in eV.

Cation Neutral Cation Neutral
(cation geometry) (neutral geometry) (neutral geometry) (cation geometry)

Guanine -581.6156 -581.8795 -581.6023 -581.8687
Adenine -506.3662 -506.6460 -506.3572 -506.6374

—EA— —IP— —VEA— —VIP—
Guanine 7.18 7.18 6.89 7.54
Adenine 7.62 7.62 7.38 7.86

respective interactions with the molecular environment1. In a non-adiabatic picture

of CT it is assumed that the initial wavefuntion of the transferring electron is the

HOMO of the donor, φd(r), and that its final state is the LUMO of the acceptor,

φa(r). Both φd(r) and φa(r) generally are not eigenfunctions of the Kohn-Sham

(KS) Fock operator of a supramolecular calculation. Therefore the supramolecular

Hamiltonian relative to the transferring electron is non-diagonal,

H =

(
εd β
β εa

)

, where

{
f̂dφd(r) = εdφd(r)

f̂aφa(r) = εaφa(r)
. (3.5)

where f̂d and f̂a would be the Fock operators of the donor and acceptor isolated

molecular systems. In this framework, the transfer integral is β = 〈φd(r)|Ĥ|φa(r)〉.
However, in Marcus theory β is not the only ingredient. λM , the molecular reor-

ganization energy, and λS, the solvent reorganization energy are needed as well for

obtaining the hole hopping transfer rate, kHH, namely

kHH =
2π

~
β2 1√

4πλkBT
exp

(

−(λ + ∆G)2

4λkBT

)

, (3.6)

where the total reorganization energy is λ = λS +λM , ∆G is the free energy difference

between donor and acceptor at their respective unperturbed ground states, kB is the

Boltzmann constant, and T is the temperature.

1How the interactions with the environment affect the transfer integral is still a matter of con-
troversy [36].
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Following the depiction in Figure 3.9, the molecular reorganization energy, λM ,

can be calculated using standard Quantum Chemistry softwares by just calculating

the VEA and VIP of the cationic and neutral nucleobases respectively [21,37] in the

gas phase. The solvent reorganization energy, λS, on the other hand is a peculiar

property of the solvent and can be determined accurately (up to 10−3 eV accuracy)

using dielectric models [38]. It is important to notice that being λ a sum of λM and λS,

it is implied that the two contributions of the reorganization energy are reciprocally

independent. This non-trivial aspect of Marcus theory is analyzed by the candidate

in ref. [21]. In that manuscript, the candidate finds that the two contributions to the

reorganization energy are indeed independent.

3.3.1 The shortcomings of a chemical kinetics picture

Equation (3.6) is derived with the following assumptions [39, 40]:

1. The two states involved in the charge transfer are harmonic with respect to the

reaction coordinate.

2. The coupling in the non-adiabatic Hamiltonian matrix (β) is independent of

time.

3. The reaction coordinate is a linear function of time.

4. The nuclear motion treated semiclassically in a Landau-Zener model is assumed

equivalent to a Quantum-Mechanical formulation of the rate involving the Fermi

golden rule.

5. No donor-acceptor charge tunneling events are considered.

In the above list of assumptions, (1) can be justified if the free energy of the sys-

tem is mostly given by the polarization of the solvent. This assumption leads to an

estimation of the energy of the donor and the acceptor by considering the system
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immersed in a continuous dielectric in which both donor and acceptor are hosted by

spherical cavities (similar to an Onsager model of solvation [41]). Point (2) is usually

justified if the donor and acceptor are rigid and their mutual orientation is frozen,

e.g. dβ

dt
= 0. The third point in the list assumes that the charge transfer takes place

at a constant velocity, e.g. if Θ is a parameter defining the reaction coordinate then

Θ(t) = d
dt

Θ(t)×(t−t0), where dΘ
dt

= v is constant throughout the entire reaction time.

The assumptions (1-3) are not justified in the case of DNA charge transfer.

For point (1) the DNA double helix shields the nucleobases from directly interacting

with the water solvents. The nucleobases are further protected by the sugar moieties

and the phosphate groups. As a consequence, the solvent polarization is not the only

factor determining the free energy of the donor and acceptor moieties. In other words,

there are strong contributions from the inner-sphere (or molecular) reorganizations

that may not follow an harmonic profile.

Point (2) is not justified because even though the DNA double helix imparts a

degree of stiffness to the nucleobases, a recent work by Voityuk [33] showed that

the transfer integral in DNA can fluctuate by over 400% of its average value in the

timescale of the hole hopping.

In the case of point (3), the speed at which the reaction take place is determined

by the semiclassical equation of motion of the nuclei. If chemical bonds within a

nucleobase are described by harmonic oscillators, then the trajectory of the nuclei

will be of the kind X(t) =
∑

i ai + sin(αit), where bi are coefficients arising from

the fact that the equilibrium distances of the bonds are non-zero. For short times

the trajectory reduces to X(t) = a + bt, a linear function of time. In DNA the π-π

stacking interactions between nucleobases do not follow an harmonic profile. They are

determined by two terms: an induced dipole/induced dipole attractive interaction,

and an exchange repulsion term. The former has a 1/R6 asymptotic behavior, where

R is the inter-nucleobase distance, while the latter decays exponentially with R.
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An analysis of the (4) item is non-trivial. As a matter of fact if the temperature

is high enough to populate many vibrational energy levels in both the donor and

the acceptor moieties, then (4) stands. At lower temperature, however, (4) may fail

because the accessibility of the vibrational energy levels is limited, in turn making

impossible the use of a semiclassical picture of the nuclear motion, such as the one

used in the Landau-Zener model. Fortunately, conduction experiments in DNA are

performed at temperatures close to room temperature, therefore high enough to justify

a semiclassical picture.

Figure 3.10. Extent of the tunneling (i.e. transmission function) through a square
barrier of 0.2 eV.
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The absence of tunneling as assumed in item (5) is also questionable. For example,

consider the tunneling transmission (in percent points) calculated for a free particle

having a certain energy, as it collides with a square wall of a certain thickness and

height. In Figure 3.10 such a tunneling case is considered, using potential thickness

and height in line with the ones of a real DNA conductivity system. For particles

with energies half of the potential barrier, the probability of transmission to the other

side is roughly between 20% and 40%. The tunneling probability is substantial, and



43

the fact that eq. (3.6) neglects it is worrisome.

3.3.2 A real-time modeling of CT: Molecular Dynamics to the rescue

Classical Molecular Dynamics (MD) offers an excellent tool for studying CT reactions.

As shown in the previous section, a semiclassical treatment of the nuclear motion is

justified at high temperatures, e.g. room temperature, when modeling CT in biolog-

ical systems, specifically DNA. In a MD simulation, the nuclear motion is governed

by classical mechanics. Therefore the use of MD makes the model semiclassical. The

nuclear trajectories arise from (a) the chemical bonds being modeled by springs (har-

monic potentials), whose characteristic constants are determined by QM calculations;

(b) by the Coulomb interaction between partial charges localized on atoms; (c) by

the long-range interactions introduced via a Lennard-Jones potential [42].

Ideally, the outcome of a CT model would shed light upon the dynamics of CT,

and would show the interplay of nuclear vibrations and electron(s) motion(s). This

can be achieved by employing the Fermi golden rule:

dPab(t)

dt
= kab =

2π

~
β2FC(Ea − Eb), (3.7)

where FC(Ea−Eb) is the Franck-Condon factor arising from the fact that β contains

the overlap of the vibrational wavefunctions of the donor, a, and acceptor, b. Equation

(3.6) is derived performing a thermal average of the Frank-Condon term, therefore

all the information about certain characteristic vibrations (such as librational modes,

or specific bond vibrations) are lost, or averaged out. Unless the mentioned thermal

averaging is carried out with the exact FC term (i.e. including all the normal modes

of donor, a, and acceptor, b), eq. (3.6) constitute a gross approximation.

In MD, however, thermal averaging is not needed because the motion of the nuclei

is calculated in real time. This allows to exploit the Fermi golden rule in a different
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way. A real-time equivalent of eq. (3.7) is

dPab(t)

dt
=

2π

~
β(t)2FC(Ea −Eb; t), (3.8)

where FC and β can fluctuate according to the overlap of the vibrational wavefunc-

tions of a and b and the relative orientation of a and b at a certain time t.

It should be noted that the Fermi golden rule is derived assuming t >> ΩR, where

ΩR is the Rabi frequency of the donor/acceptor coupling. The time-dependency in

eq. (3.8) is intended to take place in the timescale of the nuclear motion ' 1ps, while

ΩR lies in the sub-femtosecond timescale. Therefore the 2π/~ factor in eq. (3.8)

(obtained from a time-average) can still be used.

The total probability that a CT event takes place at a time t must depend on

how long the donor a, and acceptor, b, spend in configurations where the FC and

β terms are both non-negligible. Voityuk [33] and Troisi [43] independently showed

that the transfer integral, β, strongly varies with time. From their findings it is clear

that β is almost always zero except at certain times in which the conformations of a

and b allow it to be non-negligible. These non-zero values of β as a function of time

show an average width of about 0.1 ps. Therefore, the time dependence of β can be

approximated by the following sum

β(t) =
∑

i

θ(t− ti)βi, (3.9)

where the function θ(x) = 1 if x = 0 and θ is zero otherwise. At time t = ti, the CT

takes place only if it is energetically allowed. This is determined by the FC factor,

which is simply a function that becomes unity when the energy levels of the a and

the b line up. FC can be evaluated by considering the following energy balance:

VEA[i](t)− VIP[i± 1](t) ≥ Ea, (3.10)

where the index i (1 ≤ i ≤ N) numbers the nucleobases in the DNA strand. When

the condition in eq. (3.10) is satisfied, FC = 1, a new ti is generated and the transfer
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integral, βi, needs to be evaluated. If βi 6= 0 then the CT has a non zero probability

of occurring. If condition in eq. (3.10) is not satisfied, FC = 0, and the CT does

not take place. The step-like profile of the FC factor should not be a concern, as in

a MD simulation, in contrast to a thermal averaging of quantic states, the energy of

the a− b complex is known exactly at any time t.

It is important to notice that neither eq. (3.8) or eq. (3.10) contain terms de-

pending upon the speed of the reaction (i.e. dΘ
dt

= v). This term is present in the

derivation of eq. (3.6) and should appear in a MD model of CT as well. This term

originates from the kinetic constant being the flux of particles crossing the activation

energy. Thus, the a− b complex may satisfy the FC 6= 0 requirement with different

speeds depending on the physical conditions (such as temperature) and the initial

conditions of the MD. This point can be clarified by recognizing that the MD itself

sets the speed of the reaction. In other words, if the a− b complex at some time ti in

the MD simulation satisfies eq. (3.10) , then the CT will take place with probability

2π
~

β(ti)
2. The time needed to reach the top of the activation energy will determine

the speed of the reaction. Another factor to consider is that a forward CT at time

t = ti does not preclude a backward CT shortly after. At time t = ti + dt, being dt

the time-step of the MD simulation (usually 1 fs), eq. (3.10) can again be satisfied

and when the transfer integral β(ti + dt) 6= 0 a backward CT is probable and may

take place virtually instantaneously in the nuclear motion timescale.

As mentioned above, CT by tunneling through the activation energy barrier should

also be an ingredient of a CT model. In this respect, tunneling may be included in

a MD model of CT. In ref. [5] the probability of tunneling was evaluated using a

square potential barrier. Barriers of more sophisticated shape can be considered and

implemented in a MD code. Not many attempts to include tunneling have been made

by the research community. One of the reasons for this is that tunneling constitutes a

refinement of the theoretical model that seems inappropriate when experimentalists

fail in providing reliable validation of the calculated conductivities.
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3.3.3 In-Silico DNA CT experiments using and MD model

The Adamowicz group implemented an MD code that evaluates the energy balance

in eq. (3.10) [6, 7] using a hybrid classical MD and DFT approach. MD alone is

not able to deliver enough information to determine the energy profiles in Figure 3.9.

As thoroughly explained in ref. [21], DFT can be successfully used to calculate VEA

and VIP as the reaction coordinate, Θ, progresses from reactant to product in a MD

simulation.

In addition to presenting the details of the implementation of eq. 3.10), in ref. [21]

the candidate reports a novel development of the original hole-hopping code that takes

into account the non-equilibrium solvation of the DNA nucleobases during the CT. In

ref. [21], for the first time in the literature, both the inner-sphere (or molecular) and

outer-sphere (or solvent) reorganization are considered in a non-equilibrium real-time

fashion. In other words, the energy of each nucleobase in the DNA strand is a sum of

the internal energy and the energy of interaction with the solvent. Both terms in the

sum will show a time dependence that can be monitored with a MD code and refined

using DFT energies. While the inner-sphere term of the energy was already evaluated

in the preexisting code, the non-equilibrium solvation constitutes a completely new

addition to the code. In the manuscript, the code is successfully validated against

four different experiments, with and without a voltage bias. The detail of the theory

and the implementation can be found in ref. [21].

3.4 Conclusions

In the manuscript [21] the candidate proposes a new model of DNA hole conductivity

that includes the time-dependent interaction of the hole with the environment. The

model is validated against some key experiments concerning DNA conductivity. In

the manuscript, the inclusion of the environmental effects in simulating DNA hole-

transport experiments is studied in relation to its effects on the hole mobility. Ref. [21]
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shows that in the absence of a voltage bias, the solvation obstructs the hole mobility

and reduces the hole transfer rates by about 35% in comparison to the non-solvated

case. This result agrees well with very recent theoretical studies on dry and solvated

DNA conductance [30,44]. In experiments with a voltage bias, the dry DNA is found

to have a two times higher response to the field than the wet (or solvated) DNA, as

indicated by the estimated effective axial dielectric constant in wet (GC)N of ε = 12

compared with 4 ≤ ε ≤ 6 in the dry case. In agreement with the experiments by

Storm [1], the model correctly predicts that when the number of base pairs in the

DNA strand exceeds certain value (N ' 1000 in one experimental setup, and N ' 40

in when using another type of experimental setup) the DNA becomes an insulator.

To verify the predictions made in ref. [21] concerning the effects of the DNA molec-

ular surroundings and the electrode shapes on DNA conductivity, new experiments

will need to be performed in solvents with different dielectric constants using different

electrode shapes and dimensions. Such experiments will help elucidate the interplay

between the hole mobility and the hole stabilization by the solvent, and guide further

experimental work concerning DNA conduction.
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Chapter 4

Fullerene as an Electron Buffer: Charge

Transfer in Endohedral Complexes of C60

4.1 Introduction

In this chapter, fullerenes and complexes of fullerenes with atoms and molecules are

considered. As early as 1985 scientists have speculated about the existence of atoms

encaged in carbon structures [45]. The technical term for these structures is endohe-

dral complexes. At about the same time, some experimental evidence of their exis-

tence was brought up [46], but soon after, the evidence was seriously disputed [47].

Doubts were arising because the amount of produced endohedral complexes were

very small. A breakthrough came in the early 1990s, when experimentalists such

as Huffman [48], Chai [49] and Yannoni [50], came up with efficient ways to syn-

thesize C60 fullerenes. Since then, endohedral complexes became commonly studied

structures.

A wide variety of endohedral complexes have been synthesized, for example M@C60,

where M can be Li, Na, K, Ca, Y, La, Gd. Molecules have been trapped in C60 as

well, for example H2, LiF, CO, CN and N2. Larger molecules, such as Y2C2, Sc3 and

Sc3N have been encapsulated in slightly larger carbon cages, such as C80, C82, and

C84 [51].

4.2 Endohedral complexes: real and potential applications

Endohedral atoms and molecules provide the C60 structure with new properties.

When C60 is endohedrally doped its band gap changes. For example, La@C60 is

a zero band gap conductor above 29K and a semiconductor below 29K [52]. When
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nitride molecules such as Sc3N are encapsulated in C60 the band gap of the complex

is smaller than the one of C60 alone.

The endohedral Gd@C82 and Gd@C60 complexes have been at the center of many

studies because of their capability to function as MRI contrast agents. More tra-

ditional MRI contrast agents, such as iron oxides, tend to form aggregates in cells.

When this happens the magnetic relaxation properties of the contrast agent are mod-

ified leading to false contrast regions in the MRI scans. A similar problem appears

when using Gd based contrast agents, as their relaxation properties change when the

Gd atom is complexed by water. Gd@C60 and Gd@C82, in this respect, are perfect

contrast agents because they are not susceptible to chemical changes when penetrat-

ing cellular tissue [53, 54] due to the protection offered by the carbon cage.

Many more applications can be found for endohedral complexes. In what follows,

some properties of functionalized endohedral complexes are considered and their ap-

plications to the assembly of nano-materials is conjectured. Consider a functionalized

Li@C60 complex as shown in Figure 4.1. If the functionalized Li@C60 is ionized, the

overall complex becomes a closed-shell cation [Li@C60]
+. If the positive charge is

strictly localized on the Li atom, then the complex can be used in a electrophoretic

cell and transported using an electric field bias. This property can be used in a

number of assembly steps. For example, the affinity of fullerenes with nanotubes can

be exploited to insert molecules into nanotubes. To do that, consider Figure 4.2 in

which the Li@C60 complex has been functionalized in inset (a) with one aminoacidic

chain, and in inset (b) with two organic polymers. The complexes in both insets of

figure 4.2 can be inserted into the carbon nanotubes structures in two simple steps.

First, by simply exploiting the affinity of the C60 fullerene with the nanotube, and

second by applying an electric field bias the endohedral complex will be forced into

the nanotube. The process can be reversed by applying an opposite electric field.

There are many potential applications of the above mentioned assembly step. For

example it can be used to coat fibers (i.e. functionalizing the endohedral complex
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Figure 4.1. Functionalized Li@C60 endohedral complex. In inset (a) aromatic
addition to the C=C bond. Inset (b) substitution of one of (a) substituents with a
chain of aminoacids.

(a) (b)

Figure 4.2. Functionalized Li@C60 endohedral complexes as they enter a nanotube.
In inset (a) Li@C60 functionalized with a chain of aminoacids. Inset (b) Li@C60 func-
tionalized with two organic polymers.

(a) (b)



51

with celluloids) with nanotubes, making strong and durable composite materials.

4.3 Conclusions

It is important to notice that the assembly step described in the previous section can

be carried out only if the charge induced on the endohedral complex is stable and

not easily transferred to the nanotube or to the substituents. In ref. [8] (attached

in the appendix A.2) the candidate analyzes the charge distribution, stability and

electronic structure of the Li@C60 endohedral complex when it is ionized. In the

study, positively and negatively charged complexes are considered. From the analysis

it is found that the partial charge of the Li atom of +1 is constant and does not

vary when the total charge of the endohedral complex changes. The +1 charge on

the Li atom occurs even when the total charge of the endohedral complex is -2. This

shows how the fullerene cage can accommodate at least three excess electrons when

endohedrally doped with Lithium. The reason of the strong electron affinity of the

fullerene cage resides in the Coulomb interaction of the negative charge on the cage

with the positively charged Li atom in the cage.

Any assembly step carried out with the ionized Li@C60 complex, like the one

described in the section above, has therefore good chances to be successful and re-

versible. This is because the positive charge localized on the endohedral Lithium is

stable and has little chance to leave the endohedral complex. To conclude, the fact

that endohedral doping produces stable negatively charged C60 opens the horizon to

an endless list of potential applications.
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Part II

Correlated Gaussians
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Chapter 5

High Accuracy Calculations with Correlated

Gaussians within the Born-Oppenheimer

Approximation

5.1 Introduction

The molecular electronic Hamiltonian, recalling eqs. (2.4-2.8), is

Ĥ = −1

2

n∑

i=1

∇
2
i −

n∑

i=1

N∑

α=1

Zα

|Rα − ri|
+

n∑

i=1

i−1∑

j=1

1

|rj − ri|
+ VNN , (5.1)

where α and β run over the nuclei, being N the total number of nuclei in the con-

sidered molecule, i and j are indices for the electrons, with n being the total number

of electrons, and VNN being the nuclear-nuclear repulsion potential. In the Born-

Oppenheimer approximation the nuclei occupy fixed positions in space, therefore the

nuclear-nuclear repulsion term is a constant that assumes the form

VNN =

N∑

α=1

α−1∑

β=1

Zα

|Rα −Rβ|
. (5.2)

In the orbital approximation, KS-DFT and HF methods approximate the total

wavefunction in terms of a single Slater determinant, namely (recalling eq. (2.1))

Ψ0 (r1; r2; . . . ; rn) =

n∏

i=1

φi(ri), (5.3)

where φi and ri are the orbitals and the cartesian coordinates of the electrons, re-

spectively. There is an important difference between eq. (2.1) and eq. (5.3). In the

former, the spin is explicitly accounted for, while in the latter the spin is omitted.

The only difference between the two formulations resides in the antisymmetrization

technique. While the wavefunction in eq. (2.1) can be formally antisymmetrized with
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the use of the Slater determinant in eq. (2.14), the wavefunction in eq. (5.3) needs

to be antisymmetrized in a different way (see the book of Pauncz [55] or ref. [56] for

details).

For atomic systems, the φi functions in eq. (5.3) are Gaussian functions of the

coordinate of one- electron, say r1, centered at the nucleus. They assume the following

form:

φi(r1) = Ni exp [−αi|r1 −R|] , (5.4)

where αi is the Gaussian exponent, Ni is a normalization constant, and R is the

coordinate of the nucleus. Choosing Gaussians allows a prompt evaluation of the

integrals in eqs. (2.9) and (2.10), needed to evaluate one and two-electron operators.

For molecular systems, φi is usually expressed in terms of a Linear Combination of

Atomic Orbitals (LCAO), see eq. (2.15).

The wavefunction in eq. (5.3) can be rewritten using a matrix formalism

Ψ0 (r1; r2; . . . ; rn) = exp
[
−(r− s0)

′Ā0(r− s0)
]
. (5.5)

The prime denotes the vector transposition, and Ā0 = A0 ⊗ I3, ⊗ denoting the

Kroneker product and I3 the three-dimensional identity matrix,

I3 =





1 0 0
0 1 0
0 0 1



 ; (5.6)

A0 is a n× n diagonal square matrix assuming the form:

A0 =






α1 ∅

. . .

∅ αn




 , (5.7)

and r and s0 are 3n-dimensional vectors containing the coordinates of the n electrons

and Gaussian centers, respectively, stacked one on top of the other.
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5.2 Definition of Explicitly Correlated Shifted Gaussians

The matrix formalism introduced above may seems bulky. On the contrary, it shows

a straightforward way to include inter-electronic correlation in the wavefunction, for

example by filling the off-diagonal part of A0 with non-zero elements. Namely,

A0 =








α1 β12 · · · β1n

β21
. . .

...
...

. . . βn−1 n

βn1 · · · βn n−1 αn








. (5.8)

This modification of the A0 matrix introduces an explicit dependence of the wave-

function with respect to the inter-electronic coordinates. An additional modification

involves the Gaussian centers, s0. They can be let fluctuate around a certain nucleus,

rather than keeping it at the nucleus. Fluctuating centers improve the wavefunc-

tion dramatically because they allow it to describe the polarization of electrons (for

example when they are involved in a chemical bond) without resorting to the use of

higher angular momentum atomic orbitals for which the integrals (2.9) and (2.10)

are more complex. In sum, the definition of Explicitly Correlated Shifted Gaussian

functions is

gk(r) = exp
[
(r− sk)

′Āk(r− sk)
]
. (5.9)

The Ak matrix is a n × n square matrix which is conveniently represented in the

following Cholesky factorized form: Ak = L′kLk, where Lk is a lower triangular

matrix. This factorization automatically assures

1. Ak to be symmetric;

2. the positively definiteness of Ak;

3. the square integrability of gk(r) regardless of the particular choice of the ele-

ments of the Lk matrix.
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The Lk matrix together with the shift vector, sk, define the ECSG basis functions,

gk, in eq. (5.9).

Following a logic similar to the one adopted by multi-determinantal methods,

such as Configuration Interaction (CI) or Coupled Cluster (CC), it is possible to use

ECSGs to expand the total electronic wavefunction as follows:

ΦM (r) =
M∑

k=1

ckgk(r), (5.10)

where ΦM is the total wavefunction expanded in terms of M ECSG basis functions.

5.3 Optimization of the electronic wavefunction

The wavefunction can be better approximated by the above series expansion if the

ck linear coefficients as well as the Lk and sk non-linear Gaussian exponential pa-

rameters are optimized. The strategy chosen by the Adamowicz group to attack the

optimization problem is by applying the Variational Theorem (VT). The application

of the VT implies minimizing the expectation value of the Hamiltonian with respect

to the linear and non-linear parameters. Namely,

min
ck, Lk, sk

{

〈ΦM |Ĥ|ΦM〉
〈ΦM |ΦM〉

}

. (5.11)

5.3.1 Linear coefficients

The linear coefficients, ck, can be determined variationally by solving (5.11) using the

coefficients as variables, this leads to the following secular equation

HC = ESC, (5.12)

where H and S, are the Hamiltonian and the overlap matrices defined as

Hkl = 〈gk|Ĥ|gl〉 (5.13)

Skl = 〈gk|gl〉. (5.14)
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C is a square M×M matrix collecting the M eigenvectors and E is a diagonal M×M

square matrix collecting the eigenvalues.

5.3.2 Non-linear parameters

To optimize the non-linear parameters, e.g. Lk and sk, the VT in (5.11) is imple-

mented directly. In other words, at a first step, an initial configuration of the non-

linear parameters is guessed, in the second step the value of one or more non-linear

parameters is varied. If the variation lowers the energy calculated as in (5.11), the

new non-linear parameters replace the initial ones. To speed up the minimization pro-

cedure, the routine used in the Adamowicz group employs the analytical gradient (or

derivative) of the energy with respect to the non-linear parameters. To use analytical

gradients, it necessary to take the derivative of the following energy functional:

E =
〈ΦM |Ĥ|ΦM〉
〈ΦM |ΦM〉

=

∑

kl ckclHkl
∑

kl ckclSkl

, (5.15)

hence taking the following form:

∂E

∂a
=

1

c′Sc

∑

kl

ckcl

(
∂Hkl

∂a
−E

∂Skl

∂a

)

. (5.16)

In eq. (5.16), the vector c collects the row of C that corresponds to the wanted

eigenvalue, E; while a is a short notation and represents any non-linear parameter,

e.g. the elements of the Lk matrices or of the sk vectors.

The matrix elements of the Hamiltonian, ∂Hkl

∂a
, and the overlap, ∂Skl

∂a
, were derived

earlier in the Adamowicz group by Cafiero et al. [56].

5.4 Applications and other developments

In ref. [56] is outlined the computer code implementation of the core routines to

calculate the matrix elements needed for the calculation of the energy, Hkl and Skl,

and for the optimization of the basis functions, e.g. the gradient of the Hamiltonian
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and of the overlap matrix elements: ∂Hkl

∂a
and ∂Skl

∂a
, respectively. The total energies

obtained with the code, however, are not competitive with the literature benchmark

values for a number of molecular systems. An inefficient generation of the ECSG

basis set is one of the reasons of the code’s shortcomings.

The approach chosen by the Adamowicz group and by others [57] to generate

the expansion in eq. (5.10) consists in a step-by-step enlargement procedure. The

procedure can be summarized in the following steps:

(i) Guess an initial set of ECSGs, e.g. 5 or 10, by assigning to the diagonal elements

of the Ak matrices the values of commonly used orbital basis sets (i.e. Pople

basis [58] sets or the correlation consistent basis sets [59]), and zeros to the

off-diagonal part.

(ii) Optimize this set of functions via energy minimization.

(iii) Guess the non-linear parameters of a new set of ECSGs (i.e. 5 or 10 functions)

to be added to the old set.

The procedure cycle (ii-iii) is the repeated many times until a satisfactory convergence

of the energy with respect to the basis set size is achieved.

The most delicate step is (iii). Ideally, during this step the following objectives

should be achieved:

• High contributing ECSGs functions need to be generated, e.g. functions that

will be associated with high ck linear coefficients.

• The new functions have to be linearly independent from the functions in the

preexisting set.

Until the candidate joined the Adamowicz group the initial values of the non-linear

parameters of the set generated in (iii) were obtained randomly. To give an example of

the difficulty to generate good sets of ECSGs using the random procedure, consider
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the energy values showed in Table 5.1, where the energies obtained with the old

version of the code are compared with the ones obtained from newer versions of the

code implemented by the candidate and coworkers. The variational nature of the

Table 5.1. Total energies at the equilibrium geometry configuration for the ground
electronic state of H2, H+

3 and H3 calculated with the original version of the code and
with the current version. Values in Hartrees.

Molecular system basis set size E original E current
H2 16 -1.173092 -1.174110
H+

3 16 -1.334711 -1.343300a

H3 64 -1.673468 -1.673517
a Extrapolated value

optimization offers a simple check on the quality of the energy values: the smaller the

value, the better optimized the ECSG basis set. The values in Table 5.1 are striking,

in the sense that the more efficient generation of the ECSG basis set leads to dramatic

improvements of the total energies.

5.4.1 Generation of the ECSG basis set

It is not uncommon to comment on the generation or on the choice of the basis

set to employ in a quantum chemistry calculation as an art rather than a science.

The generation of the ECSG basis set is no exception. In ref. [60] (available in the

appendix A.3) the candidate outlines the principles behind the implementation of a

new routine to generate the ECSG basis set. The routine was then included in the

preexisting ECSG code. The new code was then applied to the calculation of excited

triplet states of He2. The calculation, however, even with the much improved code,

could not deliver energies with “spectroscopic accuracy 1”.

The code presented in ref. [60] ensured that the above mentioned step (iii) achieved

the objectives of linear independency of the newly added ECSG basis functions with

1Spectroscopic accuracy refers to energy values that are as precise as the accuracy of the experi-
mentally measured spectroscopic transitions.
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the existing set, and to retain only those functions among the new set that contribute

the most to the wavefunction. What kept the code from achieving spectroscopic

accuracy was the occurrence of linear dependencies among ECSG functions in the

preexisting basis set during the optimization of the linear and non-linear parameters.

Ref. [61] (available in the appendix A.4) reports calculations carried out with a

code in which additional modifications to the original code were made by the candi-

date to tackle the problem of the linear dependencies. The new code was then applied

to ground and excited states of H+
3 . The energy values obtained in ref. [61] were the

most accurate to date for all the electronic states considered. The best energy values

in the literature were improved, including the 1A′1 ground state of H+
3 for which the

benchmark in the literature [62] was since considered exact.

5.4.2 The most extensive and accurate Potential Energy Surface of H+
3

to date

With the code tested in ref. [61] the candidate and coworkers decided to calculate

the most accurate to date Potential Energy Surface (PES) of H+
3 . Such molecular

system has been the subject of a plethora of studies, both theoretical [63, 64] and

experimental [65, 66]. The most accurate PES of H+
3 , as of the year 2008, was the

one by Cencek et al. [64] that uses the geometry grid developed by Meyer et al. [63].

Cencek et al. calculated the energy of H+
3 for 69 different geometries. The candidate

and coworkers reported calculations of these points showing tremendous improvement

[67] (article available in the appendix A.5). The improvement on the energy values

in ref. [67], for some geometries, was larger than the claimed absolute precision of

Cencek et al..

Given the success of the initial test on the 69 points, the candidate and coworkers

decided to provide the literature with the most accurate to date complete PES of H+
3

that includes geometries at dissociation, e.g. H2 + H+; and the total dissociation, e.g.
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2H + H+. After more than 700,000 CPU hours of calculations, the new PES contain-

ing more than 42,000 geometries has been recently made available to collaborators

(J. Tennyson and O. Polyanski at UCL, London, UK; A.G. Czaszar, Budapest, Hun-

gary; and A. Alijah, Reims, France) for rovibrational calculations. This work is still

in progress, and a manuscript including comparisons of rovibrational transitions in

the region of the first dissociation with very recent experiments [68] will be presented

in the near future.

5.5 More on the generation of ECSG basis sets

The method to generate ECSGs developed in refs. [60] and [61] was further improved

by the candidate. After attending a talk by Prof. Nakatsuji at the 2008 ISTCP

conference in Vancouver, Canada, the candidate became very interested in the Free

Iterative-Complement-Interaction (FICI) method developed by the Nakatsuji group

of Kyoto [69]. In brief, the FICI method exploits the properties of the complement

space (orthogonal space) of a trial wavefunction. Let’s call the trial wavefunction Ψ0,

and its energy calculated as the expectation value of the Hamiltonian:

E0 =
〈Ψ0|Ĥ|Ψ0〉
〈Ψ0|Ψ0〉

. (5.17)

By definition, Ψ0 is not a solution of the Schrödinger equation, therefore (Ĥ−E0)Ψ0 6=
0. Let’s call Ψ1 = N1(Ĥ −E0)Ψ0, where N1 is a normalization constant that imposes

Ψ1 to be normalized. The properties of Ψ1 are particularly interesting. First of all

〈Ψ1|Ψ0〉 = 〈Ψ0(Ĥ − E0)Ψ0〉

= 〈Ψ0|Ĥ|Ψ0〉 − 〈Ψ0|E0|Ψ0〉

= (E0 − E0)〈Ψ0|Ψ0〉 = 0. (5.18)

According to the VT, the energy calculated with the function c0Ψ0 + c1Ψ1 must be

lower than E0, simply because Ψ1 is orthogonal to Ψ0.. This can be further generalized
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in the following expansion in power series of the Hamiltonian:

Ψ =
∑

i

ciNi(Ĥ − E0)
iΨ0 (5.19)

which, in agreement to the VT, converges monotonically to the solution of the

Schrödinger equation.

5.5.1 Exploiting the FICI approach to generate ECSGs

In calculations involving ECSGs, the trial wavefunction, Ψ0, takes the form of eq.

(5.10). Analogically to the FICI method, the candidate and coworkers developed a

method to generate a new set of ECSG given a preexisting one that makes up the

trial function, e.g. Ψ0 = ΦM , and E0 = 〈ΦM |Ĥ|ΦM〉. Following Nakatsuji, the Ψ1

function can itself be expanded in terms of ECSG basis functions, namely

Ψ1 = (Ĥ − EM)ΦM '
M1∑

k

c1
kg

1
k, (5.20)

where the g1
k are new M1 ECSGs generated with the methods described in the pre-

vious section. These new ECSG functions, are then optimized to better represent

the Nakatsuji Ψ1 function. The optimization involves maximizing the following func-

tional:

F [c1
k, s

1
k,L

1
k] =

1

c1′S1c1

M1∑

k

M∑

l

c1
kcl〈g1

k|(Ĥ −EM )|gl〉, (5.21)

where c1 and S1 are the M1 linear coefficients and the M1×M1 square overlap matrix

of the new basis functions, respectively.

This new method has been coded and applied to the calculation of H3, see ref. [70]

(available in the appendix A.6). The energy value corresponding to H3 in Table 5.1 is

obtained with the FICI procedure described above. The calculation in ref. [70] yielded

the most accurate to date binding energy for H3, and allowed the construction of a

1000-term ECSG basis set in record time.
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The FICI method is now used in the Adamowicz group to generate basis sets for

the (H2)2 Van der Waals complex. The preliminary results for the linear configuration

of (H2)2, yielded energy values of spectroscopic accuracy and have been submitted to

the Journal of Chemical Physics.



64

Chapter 6

Conclusions

In this dissertation the candidate describes his work on the application of DFT and

MD to model charge transfer phenomena, and the development and implementation

of methods for very high accuracy, quantum mechanical calculations of small molec-

ular systems. The centerpiece of the first part of the dissertation is the development

of an effective approach to model the electron flow in large molecular systems. The

centerpiece of the second part of the dissertation, is the development of an approach

to effectively depart from any approximation (besides the Born-Oppenheimer ap-

proximation) in quantum mechanical calculations of small molecules with the goal to

almost exactly determine energies and wavefunctions of ground and excited states of

these systems.

The DFT/MD modeling of the hole mobility in DNA designed in this dissertation,

led to very important, original findings. For the first time in the literature, the

developed model was capable of predicting the mutual relationship between the design

of the experimental setup and the conduction properties of DNA. In addition, the

model led to predictions on the nonequilibrium solvent effects on the the DNA charge

conductivity. In sum, in chapter 3 the candidate proposes a new model of DNA

hole conductivity that includes the time-dependent interaction of the hole with the

environment. The findings reported in chapter 3 can be summarized as follows:

• In the absence of a voltage bias, the nonequilibrium solvation obstructs the hole

mobility and reduces the hole transfer rates by about 35% in comparison to the

non-solvated case.

• In the presence of a voltage bias, the dry DNA is found to have a two times

higher response to the field than the wet (or solvated) DNA, as indicated by
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the estimated effective axial dielectric constant.

• The model correctly predicts that when the number of base pairs in the DNA

strand exceeds a certain value, the DNA becomes an insulator.

Future directions of the research carried out by the candidate on DNA conductiv-

ity are outlined in chapter 3. they include accounting for the inter-nucleobase transfer

integral in the evaluation of the hole-hopping probability. This development would

make the model a one-of-a-kind with a chance of being implemented and commer-

cialized in large suite of softwares, such as AMBER.

The other project, focusing on very accurate modeling of small molecular systems,

was the most productive project of the candidate while at Arizona. The developed

code produced the most accurate to date description of molecular systems, such as

H+
3 , H3 and the low-lying excited states of He2. The findings are presented in 4 articles

published in peer-reviewed journals. An important contribution of the candidate to

this work was the application of the FICI method of Nakatsuji to generate ECSG

basis sets for very accurate molecular calculations. This development made possible

the generation of basis sets for 4-electron systems, such as (H2)2, otherwise out of

reach. To conclude, the findings reported in chapter 5 can be summarized as follows:

• A code to calculated the most accurate to date total energies for the ground,

11A′1, and the 21A′1, 23A′1, and 11E ′ excited states of H+
3 and the low-lying c3Σ+

g

and a3Σ+
u excited states of He2 was developed.

• A new method to generate ECSG basis sets based on the FICI iterative theory,

allowed the Adamowicz group to tackle systems that were considered out of

reach for very accurate calculations, such as H3 and (H2)2.

• The code produced the most accurate (absolute accuracy below 0.01cm−1) PES

of H+
3 , currently used by three research groups in rovibrational calculations.
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Important future features to be added to the FORTRAN code for very accurate

quantum mechanical calculations of small molecules include expectation values of the

Breit-Pauli Hamiltonian. With these expectation values at hand, relativistic effects

can be accounted for at the first order perturbation theory. In addition, the im-

plementation of routines to quantify nonadiabatic effects to the energy in triatomic

molecules would constitute a significant contribution to the toolbox of quantum me-

chanical methods for molecular calculations.



67

Appendix A

Attached papers

A.1 Modeling hole transport in wet and dry DNA

”Reproduced with permission from The Journal of Physical Chemistry B. Copyright
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Modeling Hole Transport in Wet and Dry DNA
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We present a DFT/classical molecular dynamics model of DNA charge conductivity. The model involves a
temperature-driven, hole-hopping charge transfer and includes the time-dependent nonequilibrium interaction
of DNA with its molecular environment. We validate our method against a variety of hole transport experiments.
The method predicts a significant hole-transfer slowdown of ∼35% from dry to wet DNA with and without
electric field bias. In addition, in agreement with experiments, it also predicts an insulating behavior of (GC)N
oligomers for 40 < N < 1000, depending on the experimental setup.

1. Introduction

In the past two decades, DNA charge transport, or more
specifically hole transport, has received increasing attention from
both experimentalists and theoreticians.1–7 As of now, research-
ers still struggle to achieve a unified view of the mechanism
governing this phenomenon mainly because of the lack of
consistency in experimental data. Conduction experiments
performed on single- or double-stranded DNA fragments are
challenging undertakings. Equally challenging is an accurate
theoretical modeling of electrical conduction in these systems
that fully accounts for effects such as charge tunneling and
vibronic coupling.
Despite these difficulties, there is a shared view among

researchers in the DNA conductivity field that hole hopping is
responsible for the DNA electrical conduction. Coherent
pathways are usually a less probable cause of conduction in
the more general case of molecular wires; however, they may
be preferred to hopping when electron tunneling from one
electrode to the other is feasible (e.g. very short wires) or when
the molecule is rigid enough to allow conduction through
coherent resonance of the electrodes’ fermi levels and the
molecular energy levels.2 Commonly, DNA molecular wires are
large and floppy enough to prefer almost exclusively incoherent
hopping to other coherent alternatives. Numerous studies and
experiments3,8 show that the hole’s positive charge, if it appears
in the DNA strand, is solely localized on a single nucleobase
and is stabilized by the interaction with the environment. The
most convincing argument illustrating the hole localization in
DNA oligomers is that thermal energy at room temperature,
KT = 0.026 eV, is much smaller than other characteristic
energies involved in the hole stabilization; for example, for GC-
based DNA fragments, the solvent reorganization energy
estimated at 0.26 eV and the activation energy for the reaction
of hole hopping from one nucleobase to another, estimated to
be 0.18 eV in a nonadiabatic picture of hole transfer (see section

2.2 for more details on the origin of the numerical values). This
phenomenon is illustrated by a depiction of a localized hole in
a (GC)3 system in Figure 1. Even at temperatures substantially
higher than room temperature, KT remains small, and the hole
localization still takes place.8,9* Corresponding author. E-mail: pavanell@email.arizona.edu.

Figure 1. (GC)3 system with the hole localized on the central guanine
(HOMO of the neutral highlighted). The closest 18 water molecules
are displayed together with the sodium counterions (large red balls).

J. Phys. Chem. B 2010, 114, 4416–44234416

10.1021/jp9099094  2010 American Chemical Society
Published on Web 03/17/2010
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One important characteristic of the hole hopping is that it
occurs mostly between neighboring nucleobases as the hopping
probability decays exponentially with the donor-acceptor
distance.10 The interstrand hopping also has a marginal effect,
because in this case, the π-staking of the bases is disrupted,
and the quantum cross section becomes small. Thus, a theoretical
model, like the one presented in this work, that only accounts
for the vicinal hole hopping encompasses the vast majority of
hole-mobility pathways.
The energetics of the hole hopping are strongly influenced

by the interaction of the DNA oligomer with its molecular
environment. In the framework of Marcus theory,6,11 the latter
is characterized by the solvent reorganization energy (SRE),
which has been a central focus of many DNA conduction
studies.6,12,13

In this work, we investigate hole transfer in (GC)N double-
stranded DNA oligomers with N ) 4, 5, 6, 8, 10. The model
developed in this work and used in the calculations accounts
for the time -dependent environmental effects. These effects
include the interaction of a nucleobase with the solvent, with
the DNA backbone (sugar and phosphate groups), and with
nearby nucleobases.

2. The Model

In our earlier works,14–17 we developed a hybrid DFT/classical
molecular dynamics (MD) model for describing hole transport
in double-stranded dry DNA. In the model, in the first step of
the MD simulation, a hole is injected at the first guanine moiety
of the (GC)N system; thus, this guanine becomes positively
charged. As the MD simulation progresses, the hole may migrate
off the first guanine to neighboring guanines. There is either
one neutral neighboring guanine if the hole is located at a
terminal residue or two if the hole is located at an intermediate
guanine residue. The probability of hole transfer depends on
whether this event is energetically favorable (i.e., if the hole
transfer lowers the total energy of the DNA system). To
determine if a lowering of the energy will happen, a comparison
of the vertical electron affinity (VEA) of the cationic guanine
with the vertical ionization potential (VIP) of the neighboring
neutral guanines is needed. If the VIP is smaller than VEA by
a certain activation energy (Ea), the transfer occurs. Thus, the
condition for the transfer is15,17

where the index i (1 e i e N) numbers the guanine moieties in
the DNA strand. The difficulty with using this condition in the
MD simulation is the lack of information on the VIPs and VEAs
of the guanine moieties in the strand. We should note that, as
the thermal motions occurring during the simulation perturb the
guanine structures, the VIP and VEA values fluctuate, since
they depend on how much the guanine geometries are distorted
from their equilibrium geometries. Hence, the key component
of the model has to be a computationally effective procedure
to determine the VIPs and VEAs of the guanines (i.e., without
resorting to the quantum mechanical calculations at each MD
step). Below, we give a description of such a procedure to
calculate guanine’s VEA or VIP during an MD simulation in
the case of a hole located at an intermediate guanine (such as
the one in Figure 1).
To determine whether a hole will move at a particular MD

step, one needs to know the VEA for the guanine where the
hole is located and the VIPs of the two adjacent neutral guanines.

In our previous works, we devised a procedure to calculate those
quantities in each MD time-step so that eq 1 can be evaluated
in real time. The assumption we make in this procedure is that
VEA and both VIPs depend solely on the geometry of the
respective guanine moieties. In the first step of the procedure,
the geometries of the three guanines involved in the hole transfer
are extracted from the MD. This is done at each time-step of
the simulation. We use the AMBER 718 and its force field to
perform the MD simulations of the (GC)N systems because it
was developed specifically for nucleic acid bases and proteins;
therefore, it is the most appropriate tool to be used in the present
study. Since AMBER does not include a force field for the
cationic guanine residue, we determined this field using a
method consistent with the AMBER approach and added it to
the AMBER parameter set.14,15 Let us now denote by gb0/+(t)
the vector containing the structural parameters defining the
geometry of the neutral/cationic guanines involved in the hole
transfer in the (GC) N strand extracted from the MD simulation
at particular time step t. We now express the geometry of each
of the three guanines as two linear combinations, the first in
terms of displacements along the normal modes of the neutral
guanine, gbdisp, i

0 , from its equilibrium geometry, gbeq
0 , and

the second in terms of displacements along the normal modes,
gbdisp, i

+ , of the cationic guanine from its equilibrium geometry,
gbeq

+. Denoting the displacement parameters by Ri
0/+(t) we have

where M is the number of guanine normal modes. Thus, for
each of the three guanines’ geometries extracted from the
MD simulation at time-step t, we generate two sets of the
displacement parameters, {Ri

0(t)} and {Ri
+(t)}.

In the next step, the displacement parameters are used to
determine the energy of the neutral and cationic guanines for
each of the three geometries. To do that, prior to the MD
simulation, we fitted the total energies of the neutral and cationic
guanines with expansions in terms of the normal mode displace-
ments (the R coefficients) from the respective equilibrium
geometries. The guanine energies were obtained from DFT
calculations of N9-methylguanine in the gas phase with a
B3LYP functional and the 6-31+G(d,p) Pople basis set15 with
the Gaussian 03 suite of programs.16 A separate fit was generated
for each normal mode, and a sixth-order polynomial in terms
of the normal mode displacement, Ri(t), was used. The fitted
quantity, denoted as ∆vib

0/+(Ri
0/+(t)), was the difference between

the energies of the guanine stretched incrementally along the
ith normal mode and the energy of the equilibrium geometry:

Next, the fits were combined to generate the expansions for
the total energies of the neutral and cationic guanines in terms
of R’s,

VEA[i](t) - VIP[i ( 1](t) > Ea (1)

gb
0/+(t) ) gbeq

0/+
+ ∑

i)1

M

Ri
0/+(t) gbdisp,i

0/+ (2)

∆vib
0/+(Ri(t)) ) ∑

j)1

6

cij[Ri
0/+(t)]j (3)

E
0/+(t) ) E0

0/+
+ Evib

0/+(t) (4)

Evib
0/+(t) ) ∑

i)1

M

∆vib
0/+(Ri

0/+(t)) (5)
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where E0
0/+ is the total energy of the neutral/cationic guanine at

the equilibrium geometry.
To illustrate the fitting procedure, we show in Figure 2 the

energy profile corresponding to the displacement along the 44th
mode of the neutral N9-methylguanine, that is, ∆vib

0/+(R44(t)). The
figure shows that using the harmonic approximation (e.g., a
second-order polynomial) would be inadequate in the fitting of
eq 3. After some testing, we determined that a sixth-order
polynomial fitting best reproduces the energy profiles ∆vib

0/+. For
example, Figure 2 shows that the deviation between a second-
order polynomial and the sixth-order becomes sizable at
displacements of R44 = 0.2.
The last step involves determination of the needed VEA and

the VIPs of the three guanines involved in the hole transfer at
the MD time step, t. Using Ri

0/+(t)’s determined for each of the
three geometries and eqs 3-4, the VEA and VIPs are calculated
as

They are then used in criterion 1 to determine if the hole
transfer will take place.

2.1. The Inclusion of the Solvent Effect in the Model.

Recently,19 it was theoretically predicted, through DFT calcula-
tions, that the environment has an indirect influence in mediating
the charge transfer in DNA by stabilizing holes moving along
the DNA strand through electrostatic interactions. Thus, in DNA,
the environment does not “gate” the charge transfer, as in other
organic conducting oligomers.20 This passive role of the solvent
can be accounted for in an approximate way without resorting
to explicit quantum mechanical calculations of the nucleobase/
solvent interactions. In this approach, only the major interaction
effects due to the mutual polarizations of the nucleobase and

the solvent are accounted for. In the first-order approximation,
the polarization effects are represented by an additive term to
the energy function in eq 4. Thus, the total energy of each
nucleobase is corrected by adding a component representing
the interaction between the DNA strand and the environment,

where Eneq refers to the nonequilibrium interaction of a specific
guanine with the fluctuating environment. Consider that at t )

0, a hole hops from one guanine to another. The energy of the
former guanine now needs to be adjusted for the fact that the
base just became neutral and is not yet in equilibrium with its
surrounding environment. As time passes, the base-environment
interaction will reach equilibrium through a relaxation process
that can be described by the relaxation function, S(t). A similar
process also occurs for the other guanine that just became
cationic (the guanine with the hole). We can assume that the
nonaqueous part of the molecular environment surrounding a
nucleobase is rigid and contributes much less to the total
environmental relaxation function than the surrounding water
solvent. The main approximation at this step is the assumption
that the nonequilibrium interaction of a guanine in DNA with
the environment relaxes similarly to a free nucleobase in water,
therefore allowing us to employ the water relaxation function
proposed by Jimenez et al.21 This function was used in a
nonrelated work by one of us before.22 The Jimenez et al.
relaxation function has the following form:

The coefficients, ag, a1, a2, ωg, τ1, and τ2 in eq 6 can be found
in ref 21, assuming the initial condition S(0) ) 1.
Let us now justify the choice of the relaxation function S(t),

which we use in the calculations. We noticed that a hole very
rarely sits for longer than 10 fs on the same guanine. For this
reason, it is particularly important to use a relaxation function
that describes well the short time scale relaxation processes (i.e.,
processes in the time interval of 0 e t e 10 fs) because they
affect the backward/forward hopping probability ratio. To gain
further insight into this matter, four different relaxation functions
are plotted in Figure 3 and compared in the interval of 0 e t e

500 fs. The S(t) function used in this work is represented in the
figure with the solid line. It includes a fast Gaussian decay in
the interval of 0 < t < 50 fs.21 In addition to the fast relaxation,
it is known that the water molecules bound to or close to the
surface of DNA undergo a slow relaxation (=20 ps).23,24

Comparing the various relaxation functions, it is evident that
the relaxation function proposed by Zewail et al.24 (dotted line
in Figure 3) lacks a component that describes the short time
scale relaxation. This deficiency, due to equipment time-
resolution limitations,24 makes this function inadequate for our
model because its use would destabilize the nucleobases over a
prolonged period of time, leading to an overestimation of the
nonequilibrium solvent effect. Moreover, because the slow
relaxation of the bound water occurs on a time scale much longer
than the time scale of the hole hopping, this form of relaxation
can be omitted in our model.
Although we assume that the time-dependent relaxation

properties of the environment surrounding a nucleobase embed-
ded in the DNA strand can be described with the water

Figure 2. Forty-fourth mode of neutral N9-methylguanine. The major
component of this normal mode is the stretching of the amino
hydrogens. The error bars represent the deviation of the sixth- vs the
second-order polynomial interpolation of the energy (in electronvolts)
as a function of the normal mode displacement (R).

VEA(t) ) E
0(t) - E

+(t) and

VIP(t) ) E
+(t) - E

0(t)
(6)

E(t) ) E0 + Evib(t) + Eneq(t) (7)

S(t) ) agexp(-12ωg
2
t
2) + a1 exp(-t/τ1) + a2 exp(-t/τ2)

(8)
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relaxation function, the magnitude of the nucleobase/environ-
ment interaction is much smaller than the interaction between
a free nucleobase and the aqueous solution. This is because most
of the environment surrounding the nucleobase embedded in
the DNA strand is rigid, locked into the double-stranded DNA
“cage” kept in place by the interstrand hydrogen bonds, and
the relaxing water molecules are located at some distance from
the nucleobase. Thus, in our model, the relaxation function, S(t),
is scaled by a factor λ that represents the solvent reorganization
energy for a single guanine moiety. With that, the energy
destabilization can be expressed in terms of the relaxation
function, S(t), as

where λ0/+ is the neutral/cation guanine’s solvent reorganization
energy. Using eq 9 in the activation energy criterion in eqs 1
and 6, we get

where index i has the same meaning as in eq 1. What follows
is

where VEA and VIP are quantities corresponding to the gas-
phase equilibrium and SRE ) λ0 + λ+ is the total solvent
reorganization energy for the reaction (GC)+ + (GC) f (GC)
+ (GC)+.
The criterion for hole hopping in eq 11 shows that the hopping

is governed by two factors, each one possessing a characteristic
time scale. The first one depends upon the VIP and VEA
fluctuations of the neutral and cationic nucleobases, respectively,

generally taking place at a time scale typical of the carbon-carbon
and carbon-nitrogen bond vibrations, τVIP/VEA e 0.01 ps. The
other factor is the solvent relaxation that relaxes with a time
scale of about 0.1 ps at short times, t e 0.5 ps. The fact that
the solvent relaxation is slower than the process of hopping of
a hole forth and back between two nucleobases makes hole
hopping a non-Markovian stochastic process. In other words,
after a hop takes place, the relatively slow solvent relaxation
effectively increases the probability of a backward transfer and
the overall slowing of the hole mobility in comparison to the
mobility in dry DNA.
The quantitative estimation of the slowing of the charge

transfer in wet DNA is one of the main points of this work. To
clarify this aspect of the hole hopping process, let us consider
a practical example: a (GC)N system at equilibrium with the
surrounding environment and a hole localized on a particular
guanine molecule in the DNA strand. At some point in time,
thermal fluctuations of the VIP and VEA may lead to the
condition in eq 11 being satisfied, allowing a hole hopping to
occur. When the hole is transferred, the guanine that the hole
leaves behind becomes neutral but “finds” itself in a nonequi-
librium state with its environment because the surroundings have
not yet adjusted to the guanine’s being neutral. The nonequi-
librium state is less stable than an equilibrium state that can be
quickly reestablished by an instantaneous backward hop.

2.2. The Relationship between Ea and the Solvent Reor-

ganization Energies. From the experimental work of Lewis25

and the theoretical prediction of LeBard,13 the SRE for the
vicinal GC-GC hole hopping in water is estimated to be 0.26
eV. This is the most accurate value to date, and it is used as a
parameter in eq 11 throughout this work.
We use Marcus theory to determine the activation energy of

a forward hop, Ea,f, and the activation energy of a backward
hop, Ea,b. The theory approximates the activation energy for a
charge transfer reaction in solution by including only the linear
component of the response of the solvent to the charge motion.
This leads to the simple formula: Ea,f/b ) RE/4, where RE, the
total reorganization energy, includes two components, the SRE
and the molecular reorganization energy (MRE). The Marcus
equation is valid when there is no change in the Gibbs free
energy11 during the hole transfer reaction. This condition is
satisfied for the hole hopping in the (GC)N molecule.
To show the reciprocal independence of MRE and SRE, we

calculated the RE of a methylguanine immersed in a continuum
solvent (water) using the polarizable continuum model (PCM)26

implemented in the Gaussian 0316 suite of programs (see Table
1). The PCM model is described below in section 2.3. The MRE
values listed in parentheses in Table 1 were calculated by
subtracting the SRE determined with the PCM calculations from
the total RE. The calculations were performed using various
standard basis sets. It is evident that the MRE is not only basis-
set-independent but also independent of the surroundings,
showing barely a 0.02 eV change between guanine in vacuum
and in the solvent. We should add that the MREs in Table 1
agree well with recent calculations of isolated nucleobases.12

Figure 3. Comparison of four relaxation functions. Continuous line:
the pure water relaxation function of Jimenez et al. from ref 21 that
includes a fast Gaussian relaxation. Dashed line: the relaxation function
taken from ref 21 that contains no Gaussian relaxation. Dotted line:
the water relaxation function that includes a slow exponential relaxation
component (=20 ps) corresponding to relaxation of the water molecules
bound to the surface but without the fast relaxation component described
in ref 24. Dashed-dotted line: the relaxation function that includes
both fast (=50 fs) and slow (=20 ps) exponential relaxation terms taken
from ref 23.

Eneq
0/+(t) ) λ0/+S(t) (9)

(E+(t)[i] - E
0(t)[i]) - (E+(t)[i ( 1] - E

0(t)[i ( 1]) > Ea
(10)

(VEA[i](t) - VIP[i ( 1](t)) + SRE(S(t)[i] -
S(t)[i ( 1]) > Ea (11)

TABLE 1: Calculated MRE and SRE of Methyl Guanine
with the B3LYP Functional at the 6-31G(d)/B3LYP
Geometriesa

6-31G(d) 6-311+G(d,p) 6-311++G(d,p)

MRE 0.447 (0.469) 0.447 (0.465) 0.445 (0.468)
SRE 2.311 (0) 2.277 (0) 2.274 (0)

a The values in parentheses refer to calculations in the gas phase.
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On the other hand, the SREs calculated with PCM are much
larger than the reference value of 0.26 eV, reflecting the fact
that the magnitude of the nonequilibrium interaction with the
surroundings of a free nucleobase is much larger (we estimate
it to be about an order of magnitude larger) than the one of a
nucleobase embedded in a double-stranded DNA. Despite the
SRE overestimation, the values in Table 1 are still useful to
show the reciprocal independence of MRE and SRE that allows
us to express the total RE as the MRE + SRE sum. In this
work, we use the RE value determined for a double-stranded
DNA of RE ) SRE + MRE ) 0.71 eV, which using Marcus’
formula gives the values of the activation energy of the charge
transfer reaction in the absence of a voltage bias of Ea,f/b) (RE)/
(4) ) 0.18 eV for wet DNA and Ea,f/b ) MRE/4 ) 0.45/4 )

0.11 eV for dry DNA. The above choice of the hole transfer
activation energy makes our model effectively nonadiabatic.
Consequently, in this model, we assume that the internucleobase
coupling is small compared to the activation energy for the hole
transfer.
It should be noted that in our model, we do not calculate

quantum cross sections for the hole transfer processes. We
assume that as soon as the hopping is kinetically allowed
(satisfying eq 11), it takes place. Such an approach may lead to
an overestimation of the probability of hopping. However, such
a simplification is justified because the effects that environmental
relaxation has on the hole hopping are mostly confined to the
energetic of the charge transfer processes, which is taken into
account in our model. In future refining of our model, we are
considering including the transfer integral in a semiclassical way
similar to refs 41 and 42 by exploiting an expansion of that
integral in terms of normal modes similar to eq 2, including
modes of the methylguanine dimer.

2.3. The PCM Model. PCM26 models the solvent effect by
representing the solute molecule as a charge density hosted in
a cavity inside a polarizable continuum dielectric representing
the solvent. The shape of the cavity is obtained as an envelope
of overlapping spheres centered at selected atoms of the solute
and is thus determined by the solute geometry. In the present
application, the IEF (integral equation formalism)27 version of
PCM is used, and the solute charge density is treated quantum
mechanically. The solvent polarization is described in terms of
an induced surface charge distribution (alternatively called
apparent surface charge, ASC) which gives rise to the reaction
field perturbing the electronic structure of the solute. The
coupling between the solute and the PCM is introduced by
adding a new operator to the Hamiltonian of the isolated system.
The new operator represents the electrostatic interaction between
the solute potential and the solvent ASC distribution. To solve
for the ASC distribution, a partitioning of the cavity surface
into finite elements, called tesserae, is invoked. Each tessera
contains a point charge. The point charge representation of the
potential due to the polarization of the dielectric medium leads
to its discretization. Within this discretized framework, the PCM
charges are univocally determined by the solvent permittivity,
by the mapping of the cavity surface in terms of the tesserae,
and by the solute electrostatic potential on the tesserae.
In recent years, PCM has been generalized to treat many

different processes and phenomena taking place in solution.
Particularly, the formalism has been extended to include
nonequilibrium effects occurring between solute and solvent
charge distributions. In the nonequilibrium regime, the solvent
responds with its electronic (or optical) permittivity and the
equilibrium solvation is determined by the full (static) permit-
tivity (which also includes the orientational or inertial part of

the dielectric response). For apolar solvents, static and optical
permittivities coincide (i.e., there is no orientational contribu-
tion), but for polar solvents, they are significantly different. In
the calculation described in Table 1, water solvent had an optical
permittivity of 1.776 and a static permittivity of 78.39.

3. Validating the Model against the Experiments

There have been many experiments concerning hole transport
in DNA,1,10,25,28–32 which have been carried out in different
conditions, such as different water solutions, different temper-
atures, and using different experimental setups. The experiments
can be grouped into four categories. In the experiment of the
first type (exp 1), the DNA oligomers were modified at the first
nucleobase so that a hole could be injected into the DNA strand
via photochemical or thermochemical methods.10 In the experi-
ment of the second type (exp 2), the DNA was modified by an
attachment of a stilbene-based, hairpin-forming end,25,28 and then
an electron/hole pair was injected into the system by a
photochemical method. This caused a charge separation between
the stilbene end, where the excess electron was localized, and
the closest guanine (in our model, the first nucleobase), where
the hole was placed. In the experiment of the third type (exp
3), the DNA oligomers were placed between two tip electrodes
or between a conducting surface and an STM tip electrode.29,30

This experiment can be modeled with two opposite point charges
placed at the opposite ends of the oligomer. In the experiment
of the fourth type (exp 4), the DNA molecule was placed
between two flat plate electrodes.31,32 This arrangement can be
modeled by placing the oligomer between two plates of a
capacitor. Whereas exp 1 describes a case of unbiased hole
transport, exp 2 is biased by the Coulomb interaction between
the excess electron on the stilbene bridge and the hole on a
nucleobase, and exps 3 and 4 are biased by the externally applied
electric fields. We maintained a constant temperature of 300 K
in our MD calculations, in line with the experimental setups of
all the experiments considered.

3.1. Hole Mobility in the Absence of Voltage Bias. To asses
the viability of our model and to compare the hole mobility in
dry and wet DNAs in the absence of a voltage bias, we first
modeled exp 1. In the calculations, we determined the hole
lifetimes, τ, and then we compared them with the results
obtained with the diffusive model of Jortner et al.34 where τ )

kHOP
-1 Nη with kHOP being the kinetic constant of the hopping
process and N being the number of guanines in the oligomer.
(GC)N strands with N ) 8 and 10 showed hole lifetimes larger
than our computational limit of 50 ps. Systems with N ) 4-6
allowed us to calculate the hopping kinetic constant of kHOP

dry )

1.5 ps-1 and kHOP
wet ) 1.1 ps-1 for the dry and wet oligomers,

respectively. These values are in excellent agreement with the
estimates by Grozema et al.35 As a direct consequence of the
non-Markovian regime of our model, we find that kHOP

dry is ∼35%
larger than kHOP

wet .
3.2. Hole Mobility in the Presence of Voltage Bias. To

theoretically model a voltage bias imposed on the DNA strand
by an external electric field in exps 3 and 4, the screening of
the electrostatic potential by the DNA molecule needs to be
characterized. Such characterization has to include the now
accepted fact that the electrostatic potential profile along the
DNA has a sigmoidal shape.2 Fortunately, in our calculations,
we use a 5.9-Å-long linker that separates each end of the DNA
molecule from the respective electrode. The linker length is
sufficient to avoid the steep part of the sigmoid appearing in
the model and to considerably damp the electrostatic potential
“shape” effect. The Coulombic interaction between two nucleo-
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bases, in principle, cannot be characterized by the Coulomb law
using the dielectric constant of the surrounding medium. The
reason for this is the fact that the lines of the electric field are
perturbed by the dielectric discontinuities generated by the nuclei
of the atoms of the nucleobases33 and the nucleobases’ electronic
polarization.2 It is possible, however, to approximate the
Coulomb interaction within DNA using an effective dielectric
constant (ε). Such constant, when employed in the common form
of Coulomb law, gives an effective estimation of the interaction
energy between charged species contained in the DNA double
strand. This approach has been successfully exploited in a
number of works involving DNA33,36–39 among other systems.
We opted for this effective approach in the present work.
The effective ε needs to take into account the fact that the

environment surrounding two guanines exchanging a hole
includes other base pairs of the DNA strand (with ε = 5 33,36),
the DNA phosphate and sugar groups (with ε > 533), and solvent
water molecules (50 < ε < 80, depending upon the concentration
of Mg2+ and other water-complexing metal ions in the water
solution13). We extrapolated the effective ε of (GC)N DNA by
modeling the charge-separation exp 2 of the (GC)6 oligomer
using different values of ε ranging from 2 to 18 in increments
of two units. The results of the extrapolation are plotted in Figure
4. In the experiments by Lewis,25,28 the temperature-driven hole
hopping in DNA oligomers made of six base pairs successfully
delivered a hole from the stilbene end to the other end of the
DNA strand, moving them against the Coulombic attraction of
the hole-stilbene ion pair. For 2 e ε e 10, we found that the
ionic pair interaction between the injected hole and the stilbene
end is very strong, and the temperature-driven hole transfer
between nucleobases is highly limited (i.e., in all MD runs, either
the hole took longer than 50 ps (τ > 50 ps) to reach the other
end of the DNA or the hole never acquired enough thermal
energy to leave the initial position). We can, therefore, rule out
the possibility of εe 10. For ε ) 12, the hole mobility increases,
and about 20% of the holes managed to transfer through the
entire (GC)6 strand within 50 ps. At ε ) 14 and ε ) 16, the
Coulomb attraction to the stilbene end is weakened to the point
that the percentage of holes reaching the other end of the DNA
rose to 90% and 98%, respectively. Hence, we concluded that

an axial ε larger than 10 is needed to see some hole mobility in
the (GC)6 system.
To select the right value of the effective axial dielectric

constant, we compared the screening of an electrostatic potential
generated by a capacitor in the (GC)6 DNA molecule (see Figure
5) using three different models. In the first model, no screening
was present (ε ) 1). In the second model, the screening was
determined by representing the DNA molecule as an electron
gas of constant density and a screening length equivalent to
the interguanine distance of 3.4 Å taken from the work of Nitzan
and co-workers.2 In the third model, the screening of the
potential was performed with an axial dielectric constant of ε
) 12. Given the conclusions drawn from Figure 4, the average
axial dielectric constant in (GC)N has to be larger than 10. When
the profile of the potential along (GC)N for ε ) 12 is compared
with other models in Figure 5, it is apparent that a larger
dielectric constant would further reduce the potential, making
it even more different from the one of ref 2. Thus, the ε value
of 12 was selected for further calculations.
To estimate the effective ε in dry DNA, that is, in the absence

of the environmental relaxation, we applied the same extrapola-
tion technique that involves modeling exp 2 in the gas phase
(also reported in Figure 4). In the simulations, the Ea threshold
for the hole transfer was decreased from 0.18 to 0.11 eV, and
no solvent stabilization or relaxation was included in the
calculations (i.e., the second term was removed from the left-
hand side of eq 9). These modifications caused an increased
hole mobility in the DNA strand. The axial ε for the dry
conditions estimated with this extrapolation procedure falls in
the 4 < ε < 6 range, in agreement with the dielectric constant
of about 5,33 corresponding to an environment of π-stacked base
pairs, further validating the extrapolation procedure we used to
determine the effective dielectric constant.
Let us now analyze the results obtained from the modeling

of the voltage-biased exps 3 and 4. The modeling of these
experiments is more complicated because it requires introduction
of an externally applied electric field whose spatial variability
depends on the shapes and the sizes of the electrodes. Due to
the antenna-like properties of the sharply shaped STM tip
electrodes, exp 3 can be modeled by placing opposite point

Figure 4. Modeling exp 2. Percentage of MD runs resulting in the
hole’s moving all the way from the stilbene end to the other end of a
(GC)6 strand within 50 ps. The thermally driven hole motion runs
against the Coulombic attractive field. The larger the ε, the weaker the
attractive Coulombic interaction, allowing a larger number of MD runs
to be successful. Open circles, wet DNA (Ea ) 0.18 eV); solid circles,
dry DNA (Ea ) 0.11 eV).

Figure 5. The potential across the (GC)6 DNA molecule in arbitrary
units. A 5.9 Å linker in the case of plate electrodes (exp 4) was used.
The electrodes are located outside the x axis range used in the plot and
are not shown. The dashed line refers to the vacuum case (no screening);
the dotted line refers to the potential screened by an electron gas of
constant density (σ ) +∞) and a screening length equivalent to the
interguanine distance of 3.4 Å taken from the work of Nitzan and co-
workers;2 the solid line represents an effective potential corresponding
to using a dielectric constant of ε ) 12.
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charges near the two ends of the DNA strand and separating
them from the ends by-CH2-CH2-CH2-S- linkers, similarly
to the experiments described in refs 29 and 30. In the modeling
exp 4, the point charges were replaced by two flat plate
electrodes, which effectively mimic a constant field produced
by a capacitor. This field has a strength of |E| and propagates
evenly throughout the whole DNA strand. The potential bias
created in the DNA strand by the field was represented in our
model by making the activation energy for the backward transfer
(Ea,b) higher than the forward activation energy (Ea,f), and setting
Ea,b - Ea,f ) d × E, where d is the average distance between
adjacent base pairs (3.4 Å).
As mentioned above, the preliminary calculations showed that

the potential difference across the DNA molecule computed with
the screening ramp model by Nitzan et al.2 are somewhat larger
than the potential difference one gets with the ε ) 12 dielectric
screening (see Figure 5). Thus, the calculations carried out to
model exp 4 are likely to lead to lower bounds for the currents.
In Figure 6a and b, we show how the electric current

(calculated as 1/τ) depends on the applied voltage in the
simulations of exps 3 and 4. The plots include only the points
in the linear range (Ohmic behavior). For higher voltages, the
electric field bias moves the hole faster than the resolution of

our simulation (1 fs per hop), whereas for lower voltages, the
bias is too weak to generate an Ohmic response.
In the simulations of exp 4, one observes a somewhat different

behavior of the (GC)4 system as compared to the longer strands
(see Figure 6b). In addition, the plots describing exp 4 show
more noise than the corresponding plots for exp 3. It is hard to
say what causes this behavior; however, it should be noted that
the currents used in exp 4 are smaller (by a factor of about 2)
than the currents in exp 3. This can be explained by the
difference of the field gradient in the two experiments; for
example, the field is steeper at the extremities in exp 3. In both
cases, the current/voltage dependency shows a linear trend, even
though there are important differences in the hole transfer times
(τ) and in the conductivities (i.e., the slopes of the curves plotted
in the insets). It is important to notice that the currents in the
plots do not vanish at zero voltage bias. This is a consequence
of the fact that when a hole is injected at one end of the DNA,
there is a nonzero probability for the hole to reach the other
end, even in absence of voltage bias. To get a zero probability,
a hole needs to be injected in the middle of the DNA chain;
however, we did not treat this particular case in our simulations.
The insets of Figure 6a and b show the conductivities of the

(GC)N oligomers as a function of 1/N. In both cases, a linear
trend is apparent. The linear behavior is a condition of Jortner’s
diffusive model.34 The trend also reproduces the one observed
in the experiments of Xu et al.30 The simulations of exp 3 yield
conductivities between 250 and 900 µS (1 S ) ampere/volts),
whereas those for exp 4 give the range of conductivities between
10 and 100 µS. This suggests a dependency between the
conductivity and the shapes of the electrodes used in the
experiment. According to our model, the conductivity should
increase as the size of the electrodes decreases. For example,
we predict a 1 order of magnitude conductivity increase between
the capacitor and the tip electrode experiments. The reader
should, however, keep in mind that in the tip electrode case,
because the electrodes’ shape is thin, quantum effects may arise
due to the tip’s more resembling a small cluster of gold atoms
rather than bulk gold. Because the small gold clusters have
discrete energy spectra, these quantum effects may dramatically
change the charge transport properties of the electrode. There-
fore, our conclusions based on a model that does not include
quantum effects are limited to cases in which these effects
remain small. Particularly, our prediction that the conductivity
should increase by 1 order of magnitude in going from flat to
tip electrodes probably constitutes an overestimation.
An analysis of the conductivity result shows that our model

also predicts that in exp 3, the (GC)N strand should become an
insulator when N = 1000. In exp 4, the insulator behavior starts
at N = 40. This is in line with the experiments by Storm et
al.40 showing DNA chains longer than 40 nm (N = 110) to be
insulators.

4. Conclusions

We proposed a new model of DNA hole conductivity that
includes the time-dependent interaction of the hole with the
environment. We validated the model against some key experi-
ments concerning DNA conductivity. We have studied how the
inclusion of the environmental effects in simulating DNA hole
transport experiments affect the hole mobility. We showed that,
in the absence of a voltage bias, the solvation lowers the hole
mobility and reduces the hole transfer rates by about 35% in
comparison to the nonsolvated case. This result agrees well with
very recent theoretical studies on dry and solvated DNA
conductance.4,5 In experiments with a voltage bias (exp 2), the

Figure 6. Current for (GC)N, N ) 4, 5, 6, 8, 10 (b, O, 1, 4, and
9, respectively) versus applied voltage at 300 K. Graph “a” refers to
exp 3; “b” refers to exp 4. Least-square trend lines are plotted, as well.
The plots in the insets show the linearity of conductivity versus inverse
N.
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dry DNA has a 2-times-higher response to the field than the
wet DNA, as indicated by the estimated effective axial dielectric
constant in wet (GC)N of ε ) 12, as compared with 4 e ε e 6
in the dry case. We further validated our model against voltage-
biased conductance experiments. In agreement with the experi-
ments by Storm,40 our model correctly predicts that when the
number of base pairs in the DNA strand exceeds a certain value
(N = 1000 in exp 3 and N = 40 in exp 4), the strand becomes
an insulator.
To verify our predictions concerning the effects of the DNA

molecular surroundings and the electrode shapes on DNA
conductivity, new experiments will need to be performed in
solvents with different dielectric constants using different
electrode shapes and dimensions. Such experiments will help
elucidate the interplay between the hole mobility and the hole
stabilization by the solvent and guide further experimental work
concerning DNA conduction.
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Abstract

Electronic properties of neutral and charged Li@C60 complexes have been analyzed. The partial charge of the Li atom in complexes
with total charges ranging from +3 to ÿ2 has been studied. Two geometries have been considered: one with Li in the center of the C60

and one with Li 1.2 Å off-center. The calculations show that the fullerene acts as an electron buffer, with the Li charge remaining +1
regardless of the total charge and the geometry of Li@C60. We explain this with a model that includes the Coulomb interaction between
the charged species, and the electron affinities and ionization potentials of Li and C60.
Published by Elsevier B.V.

1. Introduction

Since the discovery of fullerenes [1], these systems have
been the focus of numerous studies, both experimental
and theoretical. One of the most interesting properties of
fullerenes is their ability to donate and receive electrons.
This, and the cage-like structure of fullerenes, has led to
the synthesis of the La@C60 system and other metal-con-
taining fullerenes [2]. Due to its strong electron affinity,
the C60 system shows many interesting chemical and phys-
ical properties, e.g. the metal-like conductance above 29 K
of La@C60. Studies of simple polar molecules, such as LiF
and LiH, trapped in the C60 cage have shown that the
encaged molecule’s stability increases with respect to the
cage-free gas phase [3]. Specifically, calculations show that
the stability of the LiF molecule can be finely tuned by the
attachment of hydrogen to the external side of the C60 cage
[4].

This Letter was inspired by one of our current projects,
which concerns the design of new fullerene systems for use
as carriers of chemicals. In this project, we are modeling
charged metal-containing M@C60 endohedral complexes
and the transport of these complexes through nanotubes

using an external electric field. This transport process can
be the first fundamental assembly step in the production
of new flexible and durable materials [5]. The encapsulation
of metal ions in fullerenes may or may not involve a charge
transfer between the encaged metal and the C60 cage. When
a charge transfer occurs, the interaction between the C60

cage and the nanotube matrix could eventually lead to
the dispersion of the charge of the metal throughout the
nanotube, making the doped fullerene insensitive to the
applied electric field. This has motivated us to undertake
the present study of the electronic properties of charged
endohedral complexes involving alkali metals. Here, we
consider the charge distribution and the charge transfer
between the metal atom and the fullerene cage in charged
and neutral Li@C60 systems.

Additionally, M@C60 complexes are widely studied for
their physical properties, such as superconductivity. Exper-
imental [6] and theoretical [7] studies show that the avail-
ability of electrons on the C60 surface strongly correlates
with superconductivity. Thus, an analysis of the charge dis-
tribution in endohedral complexes will provide useful
information in determining possible superconductivity of
these systems.

Endohedral alkali-metals C60 complexes have been syn-
thesized and characterized experimentally in several studies
[6,8–14], and theoretical calculations on these systems have
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also been carried out [7,11–13,15–19]. Theoretical investi-
gations [7,17] of Li@C60 and Na@C60 show that the alkali
atoms are positioned off-center of the fullerene cage by
approximately 1.2 and 0.6 Å, respectively, while in the case
of K@C60, potassium is located in the center of the cage.

The present investigation focuses on the electronic prop-
erties of Li@C60 in order to determine whether the charge
localizes on the metal or disperses throughout the C60 cage
in charged Li@C60 systems (either [Li@C60]

n+ (n = 1–3) or
[Li@C60]

nÿ (n = 1 and 2)). In addition, the correlation
between the energies of the various charged Li@C60 com-
plexes with their spin multiplicities has also been studied.

2. Computational methods

All the quantum chemical calculations in this work have
been carried out with the GAUSSIAN 03 [20] suite of pro-
grams. Single-point calculations of the lithium atom posi-
tioned inside the C60 cage have been carried out at the
unrestricted Hartree–Fock and density functional theory
(using the B3LYP functional) levels with the following
standard basis sets: 3-21G*, 6-21G*, 6-31G*, and 6-
311G*. GAUSSIAN 03 default values for the SCF conver-
gence limits are here used. Similar computational methods
have been used before by others and it was shown that the
geometrical parameters they produce agree, in general,
with the available experimental data for C@C60 [22,23]
and for Be@C60 [24–26].

The Mulliken and the NOPA (natural orbital popula-
tion analysis) population analysis schemes have been used
to determine the charge of the metal ion located in the
C60 cage. Theoretical investigations show that the Mulliken
population analysis may fail in describing the charge distri-
bution of small lithium compounds [27], and, in addition,
the NOPA is known to be less basis set dependent than
the Mulliken population analysis [28]. Therefore, we also
carried out NOPA calculations at the B3LYP/3-21G* level
using the version 3 of the NBO method [28].

Several spin multiplicities have been considered for each
neutral and charged complexes of Li@C60. The singlet and
triplet states have been assumed for complexes having an

even number of electrons, with charges ÿ1, +1, and +3,
and the doublet and quartet for complexes with charges
ÿ2, 0, and +2.

The geometrical parameters of the fullerene have been
taken from the Gauss View [21] library. These parameters
correspond to a structure with a loose Ih symmetry and
with the C–C bond distances ranging between 1.385 Å
and 1.464 Å, values in agreement with previous theoretical
investigations [18,22,25]. As mentioned, two positions of
the lithium atom in the C60 cage have been considered,
one with the lithium atom in the center of the C60 cage
[18] and one where the lithium atom was placed 1.2 Å away
from the fullerene center. The off-center position of Li was
similar as in the previous theoretical calculations [7,17–19].

3. Results and discussion

The relative stabilities of the neutral complexes with Li
in the center and off-center of the cage are reported in
Table 1. It was found that the doublet states of the neutral
and +2 complexes are lower in energy than the quartet
states by about 2.0 eV for both geometries at the B3LYP/
6-311G* level of theory. This agrees with the experiment
[12] that showed a high tendency of Li@C60 to form
dimers. The triplet state is preferred by the complexes with
charges ÿ1 and +3 in both geometries. In this case, the sep-
aration between the two spin states is, however, only a few
tenths of eV at the B3LYP/6-311G* level of theory. This
quasi-degeneracy could be better resolved or confirmed
using a higher order theoretical approach such as the sec-
ond-order many-body perturbation method (MP2) or the
configuration interaction (CI) method. Unfortunately, the
large dimension of the system makes these kinds of calcu-
lations unfeasible. From Table 1, it can be seen that the
+1 complex is determined to be in the singlet state, which
is lower by 2.16 eV for the Li in the center of the cage
and lower by 2.13 eV for the Li off-center with respect to
the triplet state, at the B3LYP/6-311G* level of theory.
In general, the charged complexes seem to prefer higher
spin multiplicities rather than lower ones. This spin prefer-
ence of the endohedral complexes was also pointed out by

Table 1

Relative energies (eV) of various multiplicities (where the neutral Li@C60 is taken as the reference)

Level of theory [Li@C60] total charge Singlet Triplet [Li@C60] total charge Doublet Quartet

ÿ1 ÿ1.00 ÿ1.33 ÿ2 0.85 0.50

HF/3-21G* +1 4.47 8.12 0 0.00 3.39

+3 30.93 30.38 +2 15.86 19.27

ÿ1 ÿ2.24 (ÿ2.35) ÿ2.49 (ÿ2.52) ÿ2 ÿ1.58 (ÿ1.62) ÿ1.79 (ÿ1.78)

B3LYP/3-21G* +1 5.72 (5.70) 8.01 (7.91) 0 0.00 (0.00) 2.15 (2.16)

+3 31.68 (31.54) 31.41 (31.31) +2 16.92 (16.90) 19.10 (19.03)

ÿ1 ÿ1.99 ÿ2.08 ÿ2 ÿ0.89 ÿ1.10

B3LYP/6-31G* +1 5.15 7.26 0 0.00 2.03

+3 29.75 29.54 +2 15.85 17.75

ÿ1 ÿ2.47 (ÿ2.37) ÿ2.55 (ÿ2.50) ÿ2 ÿ1.92 (ÿ1.76) ÿ2.11 (ÿ2.01)

B3LYP/6-311G* +1 5.56 (5.64) 7.72 (7.77) 0 0.00 (0.00) 2.00 (2.00)

+3 30.73 (30.83) 30.53 (30.53) +2 16.56 (16.54) 18.45 (18.54)

In the table the values in parenthesis correspond to a 1.2 Å deviation of the lithium atom from the center of the fullerene system.
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Ren et al. [22] and Turker [23,24] in the studies of the cage-
centered C@C60. It is therefore important, when studying
metals encapsulated in fullerenes, to carry out calculations
for several spin multiplicities. Even though multiplicity def-
initely plays a role in the relative stabilities of the com-
plexes, it does not seem to influence the partial charge on
the encaged lithium atom. The results in Table 3 clearly
show that the partial charge of the lithium atom is insensi-
tive to the different spin symmetries.

In Table 2, we show the Mulliken and NOPA results,
and in Table 3, we present a similar analysis performed
with the B3LYP/6-311G* method for different multiplici-
ties of the complex. The Mulliken and NOPA population
analyses show that, regardless of basis set used, the partial
charge on the lithium atom differs very little from +1 in all
the charged Li@C60 complexes.

The Mulliken charges on Li shown in Table 2 vary from
+1.7 for HF/3-21G* to +0.9 for B3LYP/6-31G*. Also in
the case of Li located off-center in the cage, we see the same
basis set dependence of the Mulliken charges, which vary
from +1.2 at the B3LYP /3-21G* level to +0.9 at the
B3LYP/6-311G* level (see also Table 3). Such a variation
of the atomic partial charges is a concern. To remedy the
problem, one needs to use more complete basis sets. Thus,
in this work the Mulliken charges have been generated with
the 6-311G* basis set.

The Mulliken Li partial charge remains +1 in all the
considered endohedral complexes, regardless of their total
charge. To understand this behavior one needs to compare
the EAs and IPs of both the C60 and the Li atom. In Table
4, we show the first three EAs and IPs of these systems, and
we also report the EA and IP of C60 calculated in previous
theoretical investigations. The charge distribution in
Li@C60 shows that the system is polarized and that the
actual structure is better represented by the ionic formula
Liþ@Cÿ

60. When an electron is removed from Liþ@Cÿ
60,

the C60 cage becomes neutral, and the complex can be

described by the formula Li+@C60. This is confirmed by
comparing the first IP of Li@C60 of 2.55 eV to the first
EA of C60 of 2.34 eV. These values are close, thus indicat-
ing that the removed electron comes from C60 and not from
Li, whose first IP is 5.62 eV. Continuing the electron
removal process leads to formation of a doubly-charged
Li@C60 cation. Mulliken analysis of this system shows that
the removed electron again comes from the C60 cage and
that the cation formula can be represented as Liþ@Cþ

60.
This happens because the first IP of C60 of 7.68 eV is much
lower than the second Li IP of 76.05 eV. The calculations
of the second IP of Li@C60 give value of 11.0 eV for Li
in the center of the cage and 10.9 eV for Li located off-cen-
ter. These values are closer to the C60 first IP than to the Li
second IP. The removal of yet another electron from
[Li@C60]

2+ leads to the formation of a +3 complex. Again,
in this case, the comparison of the second IP of Li with the
second IP of C60 shows that the third electron is also
removed from the C60 cage and that the ion can be repre-
sent by the formula Liþ@C2þ

60 .
Let us now consider adding electrons to Li@C60 and the

formation of ÿ1 and ÿ2 ions. To determine where the

Table 2

Li partial charges evaluated using the Mulliken and natural orbital population analysis schemes, where the values in parenthesis correspond to the charges

when lithium is 1.2 Å off the center of the cage

NOPA B3LYP/3-21G* Mulliken HF/3-21G* Mulliken B3LYP/3-21G* Mulliken B3LYP/6-21G* Mulliken B3LYP/6-31G*

[Li@C60]
2ÿ 0.834 (0.852) 1.702 1.675 1.221 (1.220) 0.997

[Li@C60]
ÿ 0.830 (0.850) 1.707 1.682 1.233 (1.232) 0.995

Li@C60 0.826 (0.847) 1.711 1.687 1.242 (1.242) 0.991

[Li@C60]
+ 0.820 (0.842) 1.713 1.689 1.249 (1.249) 0.986

[Li@C60]
2+ 0.812 (0.852) 1.713 1.689 1.253 (1.248) 0.978

[Li@C60]
3+ 0.802 (0.828) 1.712 1.685 1.255 (1.243) 0.968

Table 3

Li Mulliken partial charges computed at the B3LYP/6-311G* level of theory for various multiplicities, where the values in parenthesis correspond to the

charges when lithium is 1.2 Å off the center of the cage

Singlet Triplet Doublet Quartet

[Li@C60]
ÿ 1.080 (0.912) 1.080 (0.912) [Li@C60]

2ÿ 1.051 (0.903) 1.060 (0.903)

[Li@C60]
+ 1.103 (0.913) 1.101 (0.909) Li@C60 1.094 (0.915) 1.093 (0.912)

[Li@C60]
3+ 1.103 (0.889) 1.103 (0.888) [Li@C60]

2+ 1.105 (0.903) 1.104 (0.899)

Table 4

Electron affinities and ionization potentials (in eV) for the non-interacting

C60 molecule and the lithium atom

C60 [22]
a C60 [19]

b Cc
60 Lic

First IP 7.29 7.74 7.68 5.62

Second IP – – 11.03 76.05

Third IP – – 14.01 122.18

First EA 2.02 2.89 2.34 0.42

Second EA – – ÿ0.79 ÿ3.92

Third EA – – ÿ3.76 –

Fourth EA – – ÿ7.18 –

Fifth EA – – ÿ9.98 –

a B3LYP/6-31G*.
b BLYP/double-f, see Ref. [19] for details.
c This work, B3LYP/6-311G*.
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excess electrons localize in the ions, we need to compare the
lithium first IP with the C60 first, second, and third EAs. As
one can seen in Table 4, the lithium first IP is greater than
all C60 EAs. This would suggest that the ÿ1 and ÿ2 ions of
the complex should have formulas Li@Cÿ

60 and Li@C2ÿ
60 .

However, one needs to remember that the Li IPs in Table
4 were calculated for an isolated atom. In order to deter-
mine whether Liþ@C2ÿ

60 is more stable than Li@Cÿ
60, when

Li is encaged in a negatively-charged C60, we have to add
the coulombic interaction between the lithium cation and
the C60 anion to the difference of the IP and EA. With this
contribution the stabilization energy (DE) for Liþ@C2ÿ

60

over Li@Cÿ
60 is

DE ¼ IPðLiÞ ÿ EAðC60Þ þ
ZLi � ZC60

R
� 27:211; ð1:1Þ

where ZLi and ZC60
are the total charges of Li and C60

respectively, R = 6.6 a.u. is the radius of the C60 cage,
and the factor 27.211 eV/a.u. is added to convert from
a.u. to eV. If DE < 0. then the charge transfer between Li
and C60 is energetically favorable and Liþ@C2ÿ

60 , not
Li@Cÿ

60, is formed. The values of DE for different anionic
complexes are shown in Table 5. As we can see in every
case, Li prefers the +1 charge by donating an electron to
the C60 cage.

The insensitivity of the lithium partial charge in the +1-
charged and neutral complexes of Li@C60 was demon-
strated by EPR experiments [13], where Li@C60 was found
to have a g factor closer to C60 than lithium. Also the con-
ductance experiments [13] showed that the resistivity of
Li@C60 is four orders of magnitude lower than that of
C60. This result led to the conclusion that Li@C60 behaves
like the Cÿ

60 anion. This conclusion is also supported by the
UV–vis spectroscopic experiments [12]. Previous theoreti-
cal investigations [19] showed a similar trend for the cat-
ionic (+1), anionic (ÿ1) and neutral Li@C60 complex,
but this behavior was interpreted by an orbital mixing
between the Li atom and the fullerene, and the consequent
overlap between the orbitals of the two fragments. In fig. 1
the electron spin density of the neutral Li@C60 complex is
plotted. It is clear that there is no mixing between the lith-
ium orbitals and the fullerene orbitals; in fact, the spin den-
sity is very much localized onto the C60 surface.

In summary, in this work, we find that not only Li@C60

shows charge transfer between Li and C60 resulting in the
formation of Liþ@Cÿ

60, but the charge transfer also occurs

in charged Li@C60 complexes. We have shown that chang-
ing the total charge of the complex in the range from +3 to
ÿ2 leaves the lithium charge unaltered and equal to +1.
This occurs by increasing or depleting the electron popula-
tion on the C60 cage, which effectively acts as an electron
buffer for the encaged Li atom.

The method of the energy balance developed here can be
used to predict the charge distribution of charged Li@C60

complexes having more than a ÿ2 charge. As an example,
in Table 5 it is shown that the predicted charge distribution
for the ÿ4 complex is one where the formal charge on Li is
+1 and the excess five electrons delocalize on the C60 cage.
It is well known that C60 can accept up to two excess elec-
trons [2], but here we report that it is able to accept even
more electrons when it is involved in the negatively-
charged Li@C60 complexes. We expect to find this type
of behavior for C60 complexes of other alkali and alkali-
earth metals.

4. Summary

We have studied the electronic properties of neutral and
ionic Li@C60 using ab initio (HF/3-21G*) and DFT
(B3LYP/3-21G*, 6-21G*, 6-31G*, and 6-311G*) type of
calculations. We found that the partial charge of the lith-
ium atom of +1 is constant and does not vary when the
total charge of the endohedral complexes changes. The
+1 charge on the Li atom occurs even when the total
charge of the endohedral complex is ÿ2. This indicates that
the fullerene cage can accommodate three excess electrons.
This behavior has been explained in terms of EAs and IPs

Table 5

Coulomb interaction energies and energy balances (in eV) calculated by

Eq. (1.1) for Li@C60 by which Li is in the center of the cage

Coulomb interaction Energy balance

Liþ@Cÿ
60 ÿ4.12 ÿ0.84

Liþ@C2ÿ
60 ÿ8.25 ÿ1.84

Liþ@C3ÿ
60 ÿ12.37 ÿ2.99

Liþ@C4ÿ
60 ÿ16.49 ÿ3.70

Liþ@C5ÿ
60 ÿ20.61 ÿ5.02

Fig. 1. Electron spin density of the doublet state of neutral Li@C60 with

Li on the center, the illustrated hypersurface corresponds to a contour

value of 0.008e a.u.ÿ3, and is obtained at the B3LYP/3-21G* level of

theory using the unrestricted SCF (DFT) density matrix.
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of C60 and Li and in terms of the Coulomb interaction
between the +1 charged lithium atom and the negatively-
charged C60.

We have also determined the relative stabilities of differ-
ent neutral and charged Li@C60 complexes in different spin
states. The relative energies are summarized in Table 1 for
complexes with Li in the center of the cage and 1.2 Å off-
center. These energies show that the quartet state is the
most stable for [Li@C60]

2ÿ, while [Li@C60]
1ÿ and

[Li@C60]
3+ prefer the triplet state. For Li@C60,

[Li@C60]
2+ and [Li@C60]

1+ the most stable spin state is
the doublet.
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ABSTRACT: Accurate variational Born–Oppenheimer calculations of the two lowest
excited  triplet states of the helium dimer at their respective equilibrium geometries are
reported. The wave functions of the states are expanded in terms of explicitly correlated
Gaussian functions with shifted centers. The obtained energies are the best variational
estimates ever calculated for these states. One-electron densities are also presented and
discussed. The results are compared with the experimental values and previous
calculations. © 2008 Wiley Periodicals, Inc. Int J Quantum Chem 108: 2291–2298, 2008
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1. Introduction

S ince 1929, with the early work of Hylleraas [1]
on the helium atom, the approach to calculat-

ing the bound states of atomic and molecular sys-
tems based on directly including the dependency
on the interelectronic distances in the wave func-
tion has led to important benchmark results. One of

the most popular types of basis functions in such
calculations in the past 20 years have been the
so-called explicitly correlated Gaussian functions
(ECGs). ECGs have been employed in various types
of studies ranging from very accurate calculations
of atomic energy levels to calculations of potential
energy surfaces of small diatomic and triatomic
molecules and clusters. For the original works con-
cerning ECGs we refer the reader to the papers by
Boys [2] and Singer [3], while the most recent works
describing very accurate Born–Oppenheimer mo-
lecular calculations with ECGs can be found in
[4–7] and references therein. There have been also
some high-accuracy molecular calculations with
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ECGs where the BO approximation was not as-
sumed [8–10]. In general, the convergence of calcu-
lations carried out using ECGs is reasonably fast for
the total energy, but somewhat slower for other
properties [11]. This particularly applies to proper-
ties whose operators are sensitive to how well the
cusp conditions are represented in the wave func-
tion. These conditions are usually more difficult to
describe using the Gaussian-type functions than the
Slater-type functions. However, it is not yet possi-
ble to employ the Slater functions to perform high-
accuracy molecular calculations due to the com-
plexity of the Hamiltonian matrix elements with
those functions, which have not yet been derived
for the general case [12]. The use of the correlated
Gaussians on the other hand leads to much simpler
expressions for the matrix elements even for func-
tions where several electrons are explicitly corre-
lated at the same time. The ability of the ECGs to
describe the cusp conditions can be improved by
the inclusion of pre-multipliers dependent upon the
first power of the interparticle distances, but this
complicates the algorithms for the multiple-elec-
tron matrix elements and their implementation
[13, 14].

In this work we expand the electronic wave func-
tion in terms of ECGs with shifted centers to carry
out single-point energy calculations of the two low-
est  triplet states of the helium dimer. In the cal-
culations the wave function is obtained variation-
ally through the minimization of the energy with
respect to the linear and nonlinear (the exponents
and the shifts of the Gaussians) parameters. The
wave function in our calculations has the following
form:

! � �
k"1

M

ck k, (1)

where M is the size of the basis set, ck are the linear
coefficients, and the  k are ECGs:

 k � exp#$%r! sk&'%Ak � I3&%r ! sk&(. (2)

In (2), I3 is the 3 ) 3 identity matrix, 196 stands
for the Cartesian Kroneker product operation, and r
and sk are 3N dimensional vectors, where N is the
number of electrons. r is the vector of the Cartesian
coordinates of the positions of the electrons, sk is the
vector of the shifts of the Gaussian centers, and Ak

is a N ) N symmetric matrix of the Gaussian expo-

nents. The elements of the Ak matrix and the sk
vector are the nonlinear parameters that are varia-
tionally optimized in the calculation. The Hamilto-
nian matrix elements with functions (2), and their
derivatives with respect to the nonlinear parame-
ters, were derived in the previous work of our
group [15]. We use them to determine the total
energy and the energy gradient in the present cal-
culations. The use of the analytical gradient in the
variational energy minimization [16] is the main
difference between the approach used in this work
and the methods used by others [4]. There is also a
difference in the way we handle the optimization of
the elements of the Ak matrix. In our approach we
use the following Cholesky factorization [17] of this
matrix in terms of a lower triangular matrix Lk:
Ak"L�kL. With such a factorization and with the use
of the elements of the Lk matrix as variational pa-
rameters, the optimization of the energy functional
can be performed without any restrictions on the
range of the variables. Such restrictions would need
to be imposed, if the variational parameters were
the elements of the Ak matrix, which needs to be
positive definite in order for the Gaussian to be a
square-integrable function. We note that the posi-
tively definite character of the Ak matrix does not
preclude some of its elements from being negative.

In this work we have developed a new compu-
tational code for molecular calculations with ECGs.
We first tested the new code by performing calcu-
lations on the ground state (1S0) and the first excited
state (3S1) of the helium atom. Next we performed
calculations on the c3¥G

� and a3¥u
� states of the he-

lium dimer at their respective equilibrium dis-
tances. The test atomic calculations were done to
compare our results with the existing high-accuracy
calculations. The calculations on the triplet states of
the helium dimer were performed because of their
relevance to properties of liquid helium [18], and
these states have not been described before with the
accuracy achieved in this work.

2. Method Used in the Calculations

In the calculations we used the variational
method to determine the energies and the wave
functions of the studied systems. The minimization
of the Rayleigh quotient:

E �
*! H !+

*! !+
(3)
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was employed and both linear and nonlinear pa-
rameters of the wave function were optimized. The
linear parameters were determined by solving the
secular equation: %H $ "S)c � 0 and the nonlinear
parameters were optimized using the optimization
routine TN [19] developed by Nash. This routine
was specifically developed to perform an uncon-
strained minimization of a multivariable function.
The routine uses the analytical gradient of the min-
imized function calculated with respect to the non-
linear parameters. In the present calculations, the
analytical gradient of the Rayleigh ratio was deter-
mined using the procedures developed previously
by our group [16]. Although, in principle, the use of
the TN routine seems straightforward, in practice it
becomes less effective when the ECG basis size
becomes larger than ,300 functions. When using
over 300 functions, the number of nonlinear param-
eters approaches 7,000, and because of the coupling
between the basis functions and the high degree of
the nonlinearity of the problem, it becomes difficult
to further lower the energy in the minimization
process. Furthermore, when the number of basis
functions becomes large, linear dependencies be-
tween the basis functions arise more frequently of-
ten leading to an increase of the numerical inaccu-
racy. To overcome these problems we have
modified the optimization approach by (a) imple-
menting a routine to partition the basis into smaller
subsets of functions and to optimize only a single
subset at a time; (b) implementing a routine for
incremental enlarging of the basis set by a small
number of functions and for optimizing the whole
set each time a new subset of functions is added to
the basis set; (c) implementing a routine to check
linear dependencies in the basis set and to remove
them either by eliminating the functions that cause
them or by shifting their nonlinear parameters to
move the functions apart. The approach was tested
in the calculations for the ground 1S0 and the first
excited 3S1 state of the helium atom, and after some
tuning, the procedure was coded for the general
use. The helium calculations were also needed to
evaluate the dissociation limits of the helium dimer.

Another important development in this work
has been the implementation of the spatial and
permutational symmetry in the calculation. This
was done by using projectors onto the chosen irre-
ducible representation of the group SN V P, where
here V is the tensor product, SN is the finite permu-
tational symmetry group ofN elements, and P is the
point symmetry group of the molecular system un-
der consideration. The symmetry procedure imple-

mented in our program requires a Young frame [20,
21] as the input, and as the output it gives the
elements of the Young projector Ŷ to be applied to
the Ak matrices of the basis functions.

The implementation of the point group symme-
try required the use of the projector P̂ defined as
follows. We first define the projectors Ŷ � 1/N!

¥i"1
N! #i

YÔi and P̂" 1/G�
j"1

G
#j
PÔ'j, where N is the num-

ber of electrons and g is the order (the number of
elements) of the point group, #i

Y and #j
P are the

elements of the matrices of the irreducible repre-
sentation necessary to build the projectors, and Ôi

and Ô'j are the elements of the permutational and
point group symmetries, respectively. With that we
can write the general form of the projector ŶP̂ as

ŶP̂ �
1

N!G
�
i"1

N!

�
j"1

g

#i
Y#j

P%Ôi  Ô'j&. (4)

For homonuclear diatomic molecules, the sym-
metry point group (D-h ) is not finite. In this case it
was necessary to restrict the shifts sk in the Gauss-
ians to lie on the line that interconnects the nuclei
and then to apply the projector corresponding to
the Ci point group, which is P̂. � 1/2 %Ê $ Î&,
where Ê is the identity operation and Î is the inver-
sion. The projector P̂� is used to generate gerade
wave functions, while P̂$ is used to generate un-
gerade wave functions.

3. Results and Discussion

As mentioned, the calculations of the helium
dimer have been performed for the c3¥G

� and a3¥u
�

excited states of this system at their respective equi-
librium internuclear distances of Re " 2.080 and
1.976 a.u. The total nonrelativistic energy has been
computed for several basis sets of different lengths,
M, ranging from M " 35 to 400. In the test calcula-
tions for the helium atom, the basis set size ranged
from M " 30 to 200. These numbers correspond to
the basis-set sizes before the symmetry projections
are applied. The inclusion of the projectors of the
point group symmetry and the permutational sym-
metry, to each basis function, effectively increases
the basis set size for the helium atom from 200 to
400, and for the helium dimer from 400 to 19,200.
Generally, the implementation of the punctual sym-
metry group in the calculation results in an increase
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in the number of basis functions by a factor that is
equal to the group order [22].

In Table I we show the total energies obtained in
the calculations and we compare them with the best
nonrelativistic energies available in the literature.
For the test helium calculations the energies are
reproduced up to the seventh decimal digit with
respect to the nonrelativistic limit [23]. This is an
indication that our approach works well for a two-
electron system, giving reason to expect that it will
also work well for a system with four electrons. In
the table, we also show the results for the helium
dimer. In this case the only literature results that we
have been able to find were obtained using the
orbital approximation and standard post-Hartree–
Fock methods (such as the coupled-cluster
method). These methods are not variational and the
comparison with our variational results is not fully
meaningful. Nevertheless, the difference of about
10$2 Hartree between our results and the best avail-
able calculations for the helium dimer (our results
being lower) clearly indicates the use of ECGs in
our approach leads to much better results. This is
consistent with previous assessments about the rel-
atively low accuracy level of the one-electron (or-
bital) approximation (see, for example, [5]).

In Tables II and III we show how the total ener-
gies converge with the basis set size. Generally, the
convergence is fast for all the states considered. It is
important to mention, however, that starting from
M " 200 functions the full optimization of the
dimer wave function with respect to all nonlinear
parameters was replaced with a “fragmented” op-
timization approach. In this approach the basis set
was divided in groups of 50 functions and each
group was optimized separately from the other
groups.

In the atomic helium calculations, the singlet
converged somewhat faster than the triplet. This
can be attributed to the difference in the electron

correlation effects for these two states, hence affect-
ing the ability of the ECGs to describe them. In
Figure 1(a), we show a plot of the one-electron
densities for the two states determined using the
ECG wave functions calculated in this work. The
singlet shows a higher density around the nucleus
while the density for the triplet states is more
spread out, as can be seen in Figure 1(b). These
peculiarities of the density are the result of the
existence of a Fermi hole between two electrons
with the same spin (the triplet state) and lack of a
Fermi hole for two electrons with the same spin (the
singlet state), which makes the electrons in the lat-
ter case approach each other, on average, closer
than in the former case.

In Figure 2, we show plots of one-electron den-
sities for the c3¥G

� and a3¥u
� states of He2. The plots

correspond to the densities calculated along the
internuclear axis. As expected, the density for the
higher energy c3¥G

� state is more spread out than for
the lower-energy a3¥u

� state. In addition, the un-
gerade state has a substantial density in the mid-

TABLE I ______________________________________

Total energies of the helium atom and the helium

dimer.

This work Best in the literature

He 1S0 $2.90372437 $2.90372438 [23]

He 3S1 $2.17522937 $2.17522938 [23]

He2 a
3 u

� $5.15043942 $5.142 [26]

He2 c
3 g

� $5.09943867 $5.088 [26]

Energy values are in a.u.

TABLE II ______________________________________

Convergence of the total energy of the 1S0 and
3S1

states of atomic Helium with respect to the basis

size.

M E1S0
E3S1

30 $2.9037038 $2.1752228

50 $2.9037220 $2.1752288

60 $2.9037238 $2.1752292

80 $2.9037242 $2.1752293

200 $2.9037244 $2.1752294

Energy values are in a.u.

TABLE III _____________________________________

Covergence of the total energy of the c
3
 g

! and

a
3
 u

! states of Helium dimer with respect to the

basis size.

M Ec3
 g
� Ea3

 u
�

35 $5.0791717 $5.1406466

65 $5.0893536 $5.1466806

95 $5.0951381 $5.1486696

150 $5.0978387 $5.1501089

200 $5.0992452 $5.1504074

400 $5.0994387 $5.1504394

Energy values are in a.u.
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point between the atoms, which is larger than the
midpoint density of the gerade state. This follows
the common idea of a chemical bond: the higher the
density in between the atoms, the stronger the
bond. This simple reasoning accounts for the higher
stability of the ungerade state. A derivation of the
one-electron density matrix elements with ECGs,
which has never been presented before, is shown in
the Appendix.

Experiments on the lowest triplet states of the
helium dimer have been carried out by Focsa et al.
[24]. They identified and measured many spectral
lines corresponding to several states of this system.
They determined that ve of the c3¥G

� ! a3¥u
� tran-

sition (that would be the energy separation between
the bottom of the potential energy surfaces of the

c3¥G

� and the a3¥u
� states as defined on page 151 of

Ref. [25]) to be 1.364278(9) eV. The coupled-cluster
calculations [26] predicted %e%c

3
¥G

� ! a3¥u
�& " 1.47

eV, which is about 8% higher than the experimental
value.

The energy results obtained in the present calcu-
lations are plotted in Figure 3. In Figure 3(a), we
show how %e%c

3
¥G

� ! a3¥u
�& converges with respect

to the number of basis functions. The plot (a) also
shows that %e%c

3
¥G

� ! a3¥u
�& converges from the

above toward the experimental value. This indi-
cates that for equal basis set sizes, the ungerade state
(lower in energy) has energy closer to its exact
value than the gerade state. As mentioned earlier,
this is due to the fact that different numbers of
functions may be needed for different states to
achieve an equivalent convergence level for the
total energy. In addition, Figure 3(a) features a
trend line which has been generated via a least-
squares fitting using the exponential function:
f(M) " a � be$cM, where the parameter a corre-
sponds to the asymptotic limit of %e%c

3
¥G

� ! a3¥u
�&.

The fitted parameters were determined to be a "
1.386 . 0.011 eV, b " 0.581 . 0.065 eV, and c "
$0.020 . 0.003, where the error bars are one stan-
dard deviation (&). The experimental value falls
within two standard deviations of the asymptotic
limit that we obtained. According to Ref. 25 (pages
99 and 100), the binding energies, De, of the two
states of He2 dimer considered here are defined as

De!a3�u
�"� Ea3¥u

�$#E1S0
� E3S1

(.

FIGURE 2. One-electron densities, along the internu-

clear axis, of the c3¥G

�, dashed line, and a3¥u
� excited

states of Helium dimer calculated with the 400-term

ECG wave function. The density (y-axis) and the posi-

tion (x-axis) are in atomic units.

FIGURE 1. (a) Radial one-electron densities of the
1S0, dashed line, and the 3S1 states of atomic Helium

calculated with the 200-term ECG wave function. (b)

Difference between the one-electron densities of the
3S1 and 1S0 states of atomic Helium calculated with the

200-term ECG wave function, zoom between r " 2 and

8 au. The density (y-axis) and the position (x-axis) are in

atomic units.
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De!c3�G

�"� Ec3¥
G

� ! #E1S0
' E3S1

(.

In Figures 3(b) and (c), we included plots showing
how the binding energy for each state converges with
the increasing size of the basis set. These plots also
feature the corresponding trend lines generated using
the f(M) exponential function. De%c

3
¥G

'& " 0.558 .

0.007 eV and De%a
3
¥u
'& " 1.946 . 0.003 eV are the

extrapolated binding energies. The reported uncer-
tainties are equal to the corresponding & values. The
previous calculations [26] estimated the two binding
energies to be De%c

3
¥G

'& " 0.40 eV, and De%a
3
¥u
'& " 1.88

eV. Earlier variational calculations by Poshusta [27]
and Beck [28] on the a3¥u

' state yielded the binding
energy of about 0.9 eV. Because in this work we
exploit the variational theorem, our binding en-
ergies are lower bounds of the true values. The
fact that our binding energies are noticeably
lower than the values found in the literature
shows that this work is significantly more accu-
rate than the previous calculations.

4. Conclusions and Future Directions

In this work we report first the high-accuracy
calculations of the helium dimer in the two low-
est  triplet states. The calculated variational en-
ergies are the best results ever obtained for these
states. The calculations have been performed
with our new computer code where the explicit
treatment of the molecular symmetry was imple-
mented. The code was first tested in benchmark
calculations for the helium atom. The work also
includes a derivation of the matrix elements for
calculating one-electron densities with the ECG
functions. The algorithm was applied to describe
the difference between the electron distribution
in the two triplet states of the helium dimer. The
one-electron density matrix elements constitute
the starting point for the evaluation of other one-
electron molecular properties. These include the
electric field, the electric field gradient, and the
electron spin density. Our future work will in-
volve the calculation of these properties with our
computer code.

The result obtained for the energy separation
between the c3¥G

' and a3¥u
' states is about 1.5% off

the experiment. This indicates that more work
needs to be done in order to improve the approach
used for the variational optimization of the wave
function and for calculating the energy. The results
show that a larger number of basis functions (M /

400) is need to achieve spectroscopic accuracy.

Appendix: One-Electron Density

INITIAL DEFINITIONS

The total wave function is defined in terms of
ECGs,

FIGURE 3. Convergence of the difference of the total

energies (ve) of the c3¥G

� and a3¥u
� states of Helium dimer

(a); binding energies (De) of the gerade state (b), and

ungerade state (c), with respect to the basis-set size

(M). Energy values are in eV. The superimposed trend

line has been generated by a least square fitting using

the function f(M) " a � be$cM.
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! � �
k"1

M

ckGk, (A1)

where M is the size of the basis set. Each ECG gk (or
gt) can be written as follows:

Gk � exp#$%r! sk&'A� k%r! sk&(. (A2)

where, if ne is the number of electrons, r, sk, and sl
are 3ne-dimensional vectors; here any overlined
matrix, for instance A� k, is a 3ne ) 3ne matrix that
would be the Kroneker product Ak V I3 [6], where
Ak is a ne ) ne matrix and I3 is the identity in the
three-dimensional space. The multiplication of gk

and gl leads to

Gk  Gl � (kl exp#! r'A� klr' 2b'klr(, (A3)

where (kl � exp# ! s'kA� ksk ! s'lA� lsl(, A� kl � A� k' A� l,
and b'kl � s'kA� k ' s'lA� l.

RULE FOR INTEGRATION

Given two vectors x and z of dimension n, and a
square matrix n ) n M, we can solve the following
integral:

#
$-

�-

exp#$x'Mx' z'x(dx1dx2. . .dxn

� !)n

 M "
1/ 2

exp$z'M$1z

4 %. (A4)

ONE-ELECTRON DENSITY INTEGRAL

The one-electron density at the point in space * is
the expectation value of the one-electron operator
+%ri ! *&. Namely,

*+%ri ! *&+ �
*! +%ri ! *& !+

*! !+
, (A5)

and applying Eq. (A1), we get

*+%ri ! *&+ �

�
k,l

ckcl*Gk +%ri ! *& Gl+

�
k,l

ckcl*Gk gl+
. (A6)

The matrix elements of the delta function are

*Gk +%ri ! *& Gl+ � (kl exp#$akl*
2' 2u'*(

, #
$-

�-

exp#$r'%i&D� klr
%i&' 2%bkl

%i&

! *qkl&'r
%i&( dr1. . .dri$1 dri�1. . .drne, (A7)

where + is the Dirac delta; ri is a 3-dimentional
vector, the position of the ith electron; r(i) is a (3ne $

3)-dimensional vector, the r vector without the ith
dimension; * is a three-dimensional vector, the
point in space where the density is evaluated; akl is
the ith diagonal element of Akl; u is a three-dimen-
sional vector composed by the (3i� 1), (3i� 2), and
(3i � 3)-rd element of the bkl vector; Dkl is a (ne $

1) ) (ne $ 1) matrix, the Akl matrix without the ith
dimension; qkl is a (ne $ 1)-dimensional vector com-
posed by the ith column of Akl without the ith
element; bkl

%i& is a (3ne $ 3)-dimensional vector com-
posed by bkl without the (3i � 1), (3i � 2), and (3i �
3) elements.

Applying Eq. (A4), we finally get

*Gk +%ri ! *& Gl+ � (kl!)ne$1

 Dkl 
"3/ 2

exp#-'D� kl
$1-(

exp#$akl*
2' 2u'*(, (A8)

where - � bkl
%i& ! *qkl, where the product *qkl is a

3 ) (ne $ 1)-dimensional vector defined as
(*qkl)[(l$1)�k] " *k(kl)l.

Because we assume gk and gl to be normalized,
we need to modify Eq. (A8) accordingly:

*Gk +%ri ! *& Gl+

&*Gk Gk+*Gl Gl+

� (kl!2ne
 Ak 

1/ 2 Al 
1/ 2

) Dkl 
"3/ 2

exp#-'D� kl
$1-( exp#! akl*

2

' 2u'*(. (A9)

Now we can plug the matrix element just found
into Eq. (A6) and obtain the one-electron density in
the point *.
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Accurate variational Born–Oppenheimer calculations of the 1 1A18, 2
1A18, 2

3A18, and 1
1E8 states of

the H3
+ ion at the ground-state equilibrium geometry are reported. The wave functions of the states

are expanded in terms of explicitly correlated spherical Gaussian functions with shifted centers. In

the variational optimization the analytical gradient of the energy with respect to the nonlinear

exponential parameters of the Gaussians has been employed. The energies obtained in the

calculations are the best variational estimates ever calculated for the four states. One-electron

densities for the states, as well as a D3h-restricted potential energy surface of the ground state

calculated around the equilibrium geometry, are also presented and discussed. © 2009 American

Institute of Physics. fDOI: 10.1063/1.3058634g

I. INTRODUCTION

Two-electron molecular systems have always been popu-

lar models for testing high-accuracy methods developed by

theoretical chemists. Recently the attention among those

models has been shifting from the well studied H2 molecule

to the H3
+ ion that, due to the higher number of nuclear de-

grees of freedom, is a significantly more difficult problem to

describe in quantum mechanical calculations than the di-

atomic H2. After the detection of H3
+ in interstellar media

1
it

became clear that this ion has an important role in the chem-

istry of the interstellar space and it is responsible for many

important chemical reactions taking place in this medium.

The importance of these reactions is amplified by the fact

that H3
+ is the most abundant molecular ion populating the

universe.
2

The formation reaction of H3
+,

H2
+ + H2→ H3

+ + H, s1d

and the reaction of destruction of H3
+, also known as destruc-

tive recombination,

H3
+ + e−→ H2 + H, s2d

→H + H + H, s3d

→H2
+ + H−, s4d

are very fast, and the fragile equilibrium between them de-

termines the amount of H3
+ in the interstellar space. Thus, the

thermodynamic and kinetic modeling of the aforementioned

reactions is of pivotal importance to studies of interstellar

chemistry. The most important prerequisite for this type of

modeling is the availability of a very accurate and complete

potential energy surface sPESd of H3
+ that describes all the

different channels involved in reactions s1d–s4d. Each point
on the PES has to be calculated with similar high accuracy

and the points need to cover all areas corresponding to the

reactants and the products, as well as all transition and inter-

mediate states of the reactions. Such calculations present a

task that is significantly more daunting than similar calcula-

tions for two-electron atomic and diatomic systems such as

H2, H2
+, and H−, which have been subjects of high-accuracy

calculations since the beginning of quantum chemistry. Al-

ready in the mid-1970s the PES of H2 was calculated with

high accuracy.
3
On the other hand H3

+ was described with

similar accuracy only in the mid-1990s by Röhse et al.
4
In

the same period, Cencek et al.
5,6
published two separate

works where, with the use of explicitly correlated Gaussians,

they produced a ground-state H3
+ PES sRef. 5d with average

accuracy of 10−7 hartree. The energy corresponding to the

equilibrium geometry of H3
+ was determined in Ref. 6 with

the accuracy of 10−9 hartree.

There are two contributing factors that determine those

accuracies. The first is the absolute error in the calculation of

the relative energy difference between the bottom of the PES

corresponding to the H3
+ equilibrium structure and the energy

of the H2 molecule si.e., the error in the determination of the
relative energy of the decomposition reaction H3

+
→H2+H

+d.
The second contribution, which may vary for different PES

points, is the number of significant figures in the energy the

calculation produces. The absolute precision of computer

arithmetic operations is determined by the machine epsilon

sabout 10−15d. Such a precision usually gives the total energy
with about 12–13 significant digits. This makes the first of

the two contributions to the accuracy of the PES by far more

important than the second contribution. However, if one em-

ploys a high-level method that produces energy with the ac-

curacy higher than 10−9 hartree then the second contribution

also starts to play a role.

The precision of the PES affects the accuracy of other

quantities which are determined using the PES. For example,

the error of only 10−7 hartree s,0.02 cm−1d in the PES lim-
its the derived value of the equilibrium constant of reaction

s1d to only three significant figures. This is not sufficient asad
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the theoretical estimations of thermodynamic constants of

reactions involving H3
+ are usually needed with a higher

precision.
7
Moreover, in the thermodynamic modeling of the

H3
+ reactions in high temperatures, one not only needs the

PES of the ground state but also equally accurately deter-

mined PESs of some low-lying excited states.

High-accuracy demands for the calculations of PESs of

H3
+ are the reasons we have undertaken the study described in

this work. The work has involved developing a new proce-

dure for performing high-accuracy variational calculations of

low-lying states of H3
+ using explicitly correlated Gaussian

basis functions. The procedure has been tested in the calcu-

lations of the 1 1A18, 2
1A18, 2

3A18, and 1
1E8 states at the

equilateral-triangular ground-state equilibrium geometry of

H3
+. In Sec. II we describe the procedure used in the calcu-

lations and following that, we discuss the results. Besides

showing the calculated total energies we also present plots of

one-electron densities calculated for all four states consid-

ered in this study. Additionally, the results include energies

calculated for a D3h-symmetry cross section of the ground-

state PES determined near the equilibrium geometry.

II. METHOD USED IN THE CALCULATIONS

In the present calculations the wave functions represent-

ing the ground 1 1A18 state and the three 2
1A18, 2

3A18, and

1 1E8 excited states of H3
+ are expanded in terms of the fol-

lowing spherically symmetric explicitly correlated shifted

Gaussian functions sECSGsd:

fk = expf− srW − sWkd8sAk � I3dsrW − sWkdg . s5d

Details about the use of ECSGs in molecular electronic

structure calculations can be found elsewhere.
8
Each wave

function was variationally optimized in terms of linear ex-

pansion coefficients as well as in terms of nonlinear param-

eters, i.e., the Gaussian shifts sWk and the exponent matrices

Ak. The analytical energy gradient calculated with respect to

both types of the nonlinear parameters was used in the opti-

mization. All single-point calculations performed in this

work were carried out at the ground-state equilibrium geom-

etry, which has the D3h symmetry and the internuclear sepa-

ration of R=1.65 a.u. The shifts were restricted to lie in the

xy plane. To ensure the proper symmetry of the wave func-

tion each basis function was projected onto the appropriate

irreducible representation of the C3v symmetry group. For

the A1 and E states, the projections involved the following

operators:

P̂A1
= 1̂ + Ĉ3 + Ĉ3

2 + ŝ1 + ŝ2 + ŝ3 s6d

P̂E = 21̂ − Ĉ3 − Ĉ3
2 + 2ŝ1 − ŝ2 − ŝ3, s7d

respectively. Operator s7d was obtained after noticing that
C3v is isomorphic with the permutation group of three par-

ticles, S3, and by employing the
1 2

3
Young frame. It is

interesting to notice that at the ground-state equilibrium ge-

ometry there is a conical intersection of two degenerate E

states. For the second of the two states the symmetry projec-

tor can be generated using the
1 3

2
Young frame.

Achieving high accuracy in electronic structure calcula-

tions by employing explicitly correlated basis functions is

difficult for two reasons. First, such calculations usually re-

quire large basis sets that include hundreds or even thou-

sands of functions in order to reach an adequate energy con-

vergence. Second, with such a large number of basis

functions, linear dependencies frequently appear in the cal-

culation and they need to be continuously eliminated in the

course of the optimization of the wave function in order to

maintain the numerical stability and limit the numerical

noise in the energy.
8,9
In our earlier work,

8
the occurrence of

linear dependencies among the basis functions prevented us

from reaching a close agreement between the calculated tran-

sition energies and the experimental values.

The main reason linear dependencies occur among basis

functions during the optimization of explicitly correlated

spherical Gaussians with shifts is related to the interplay be-

tween the exponential parameters Ak and the shifts sWk, during

the optimization process. Let us explain what we mean by

this interplay. During the variational optimization of the

wave function, the optimization routine changes parameters

of the basis functions sor adds new basis functionsd to de-
scribe a particular features of the wave function. In doing so

it has two options available. The first option is to use a single

Gaussian centered in the spatial region where the feature that

needs to be described is located. The other option is to use

two nearly identical Gaussian functions located very close to

each other whose difference represents the mentioned fea-

ture. During the optimization of the wave function both op-

tions are used by the optimization procedure. However, the

latter approach is undesirable because it may lead to linear

dependencies among basis functions, which in turn may

lower the numerical precision of the calculation. In more

severe linear-dependency situations numerical instabilities

may arise in the calculation leading the energy and the en-

ergy gradient to contain a significant numerical noise. The

noise is usually much larger in the gradient than in the en-

ergy. Inaccuracy of the gradient may completely distract the

optimization process. Thus, the first option of describing lo-

calized features of the wave function with single Gaussians

is preferred over the option involving pairs of almost linearly

dependent Gaussians. However, it is impossible to control

which way the optimization procedure chooses to deal with

representing a particular feature of the wave function. Actu-

ally, if the size of the basis set increases, the option with the

pairs of Gaussians seems to be more often used. This is

because shifting of single Gaussian functions by the optimi-

zation procedure becomes more difficult due to energy bar-

riers that may arise during the shifting. Therefore, linear de-

pendencies have to be allowed to occur, but they need to be

continuously monitored and eliminated as the optimization

of the wave function progresses.

In the present calculations we have developed a proce-

dure that effectively deals with the linear-dependency prob-

lem without irreparably slowing down the convergence of

the optimization. The first part of the procedure consists of a

routine for checking the linear dependency among all pairs

034104-2 M. Pavanello and L. Adamowicz J. Chem. Phys. 130, 034104 ~2009!
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of functions in the basis set. Next, if a linear dependency is

found in a pair, one of the two functions in the pair is re-

placed by a new Gaussian f, which is optimized to best
describe the linear combination of the two linearly dependent

Gaussians. Two functions, fk and fl, are considered to be

linearly dependent if the following criterion is met:

1 −
 kfk fll 

&kfk fklkfl fll
# t , s8d

where t in our calculations ranges from 10−3 to 10−4 depend-

ing on the size of the basis set. Next the new function f is

found by maximizing the following overlap:

kckfk + clfl fl

&sck
2kfk fkl + cl

2kfl fll + 2ckclkfk flldkf fl
. s9d

The new function then replaces fl and the calculation is

restarted with the new pair, fk and f, replacing the linearly
dependent pair, fk and fl.

We also developed a new and more efficient procedure

to enlarge the basis set. In our earlier work the enlargement

of the basis set was done by randomly generating all nonlin-

ear parameters of the new added basis functions. In this work

the random number generator has been only applied to gen-

erate guesses for the Ak matrices while the centers of Gaus-

sians have been placed at the nuclei. Since H3
+ only contains

two electrons, there are two shifts sGaussian centersd per
function, which can be either placed on two different nuclei

sa “covalent” basis functiond or both on the same nucleus san
“ionic” basis functiond. The ratio between the amount of co-
valent and ionic basis functions varies depending on the

number of the nuclei involved in the molecule and on the

method employed. In the minimum basis set Hartree–Fock

calculation of H2 the ratio is 50/50. In a triatomic molecule it

changes to about 30/70 in favor of the covalent basis

functions.
10
After running some preliminary tests we set the

ratio to approximately 20/80 in the present calculations.

III. RESULTS AND DISCUSSION

The convergence of the ground-state energy as a func-

tion of the basis set size is shown in Table I. Our energies are

compared with energies obtained by Cencek et al.
6
As one

can see, our energies for the same number of functions are

noticeably lower than those of Cencek et al. We attribute the

better convergence of our calculations to the use of analytical

gradients and to the elimination of linear dependencies dur-

ing the optimization, which cause the optimization routine to

be more stable.

In addition, in Table I we provide average CPU timings

for the calculations. The timing for the particular step is es-

timated as the time needed to complete the calculation start-

ing from the previous step, multiplied by the number of pro-

cessors employed. These values, however, need to be

considered as very approximate as they include, apart from

the time used to calculate the energy and the gradient and the

time used to diagonalize the Hamiltonian, also the time used

by the optimization routine to deal with the linear dependen-

cies. This latter timing may widely vary from one calculation

to another because it depends on how many linearly depen-

dent pairs of functions are generated by the optimization

routine. It is interesting to notice that, as one may expect, the

CPU time increases as the basis set increases, but decreases

as the basis set approaches completeness. This is related to

fewer number of the optimization steps needed at this last

stage of the optimization and also due to less frequent ap-

pearance of linear dependencies.

To determine the number of significant figures of the H3
+

energy, we recalculated the energy with the 600-term wave

function in which we randomly changed the Gaussian pa-

rameters si.e., the exponents and the shiftsd by a quantity of
the same order of magnitude as the machine epsilon sabout
10−15d. We then checked how much the energy varied. The
test showed that there are 12 significant digits in the energy

value. Taking this into consideration, we decided to continue

enlarging the basis set for the ground state beyond 600 to

reach the convergence of the 11th decimal digit in the en-

ergy. We carried out this enlargement by increasing the basis

set size in increments of 50 functions at a time and fully

reoptimizing all basis functions after each 50-function addi-

tion. The 11th decimal digit of the energy was found to con-

verge with a basis set size of 1000. At that point the ground-

state energy reached the value of 21.343 83562502 hartree.
This value is the lowest ever reported for the ground state of

the H3
+ ion.

The calculations of the three excited states, 2 1A18, 2
3A18,

and 1 1E8, considered in this work have been performed with

basis sets of sizes up to 600-term ECSGs. The calculations

were done at the ground-state equilibrium geometry. The en-

ergy convergence for each excited state is shown in Table II,

while in Table III we show a comparison of our calculated

energies with some of the literature results. The CPU times

needed to complete the calculations for the A-symmetry ex-

cited states were essentially identical to the timings for the

ground state shown in Table I. For the E-symmetry state,

TABLE I. Energy convergence, in Hartree, for the 1 1A18 ground state with

the number of basis functions. The calculations are performed at the ground-

state equilibrium geometry with the equilateral internuclear distance equal to

R=1.65 a.u. The CPU time presented is calculated as the wall time of the

calculation for the improvement of the basis set given “one row up” in the

table. As explained in the text we use eight parallel processors s2.83 GHZ
quad-core Xeon, “Harpertown”d. If a dash is listed, then the CPU time is
less than a day. The total CPU time for the 1000-basis function calculation

is 190 days.

Basis size This work CPU time sdaysd Cencek et al.
a

20 21.343 615 683 59 ¯

50 21.343 830 866 65 ¯

100 21.343 835 411 94 4

150 21.343 835 599 83 8 21.343 835 540

200 21.343 835 618 40 16

300 21.343 835 623 08 40 21.343 835 615

400 21.343 835 624 53 72

500 21.343 835 624 75 40

600 21.343 835 624 94 8 21.343 835 624

700 21.343 835 624 974 0 1

800 21.343 835 624 993 5 ¯

900 21.343 835 625 009 0 ¯

1000 21.343 835 625 018 7 ¯

a
Reference 6.
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however, the calculations required CPU times approximately

double than the ones listed in Table I. As it can be seen from

the results in Table III, for the 2 1A18 and 1
1E8 states our

energies are also the lowest ever obtained in variational cal-

culations s10−3 hartree below the best energy available in the
literatured. We were unable to find a reference energy for the
2 3A18 state in the literature. The 2

3A18 state we calculated

here should not be confused with the low-lying triplet state

investigated, for example, by Ferreira et al.,
11
which origi-

nates from the 1 3E8 state after splitting into the
3Su
+ and

2 3A8 states by a vibronic interaction.
12
By comparing the

energy convergence for the excited states shown in Table II

with the convergence for the ground state shown in Table I,

we can infer that the energies obtained for the fully symmet-

ric A1 excited states are less than 10
−9 hartree off from their

exact values. The energy of the E state, however, shows a

slower convergence, which is probably due to a more com-

plicated nature of the wave function of this state. We esti-

mate that the energy obtained with the 600-term wave func-

tion for this state is within 10−8 hartree from the exact value.

Using the wave functions of the four states obtained in

the calculations we calculated the corresponding one-

electron densities. The analysis of the densities for the singlet

and triplet excited A1 states reveals some interesting features

of the electronic structures of H3
+ in these states. For ex-

ample, there is a considerably larger density buildup in the

central region of the molecule in the two excited A1 states

than in the ground state ssee the density figure in the sup-
porting materials

13d. The density figure also shows the one-
electron density of the 1 1E8 state. The topology of this den-

sity is relevant to the discussion concerning the nature of this

state included below.

There are limits to the types of excited states that can be

calculated for H3
+ using ECSGs. For example, the use of

ECSGs to calculate the lowest A2 excited state fails.
14
The

failure is related to the form of the A2 symmetry projector

onto the irreducible representation for the C3v point group,

P̂A2
= 1̂ + Ĉ3 + Ĉ3

2 − ŝ1 − ŝ2 − ŝ3. s10d

This projector generates nodal planes which cross all three

nuclei. A wave function with such a symmetry can be either

described by including p-type basis functions centered on the

nuclei or by using 1/2 combinations of s-type Gaussian

functions with the centers shifted of the nuclei that effec-

tively mimic the p-type functions. However, using the latter

approach leads to loosing numerical accuracy in the energy

calculation as it involves subtracting quantities very similar

in magnitude.
6
Numerical noise in the energy causes even

greater noise in the gradient that leads to failing of the varia-

tional energy minimization. In the 1 1E8 state a similar prob-

lem can potentially occur; however, here the situation is

somewhat different. The symmetry projector fEq. s7dg for
this state generates a wave function that is antisymmetric

with respect to only two planes, but symmetric with respect

to the third one. This means that H3
+ in the 1 1E8 state can

resemble the H2+H
+ system, or the H2

++H system, or a com-

bination of the two. This is confirmed by the one-electron

density plot for this state shown in the figure in the support-

ing materials. A description of the wave function of the 1 1E8

state does not require nucleus-centered p-type functions in

the basis set. Thus numerical inaccuracy due to the use of

1/2 combinations of closely located identical s-type Gaus-

sians never appears in the calculation. In general, we can

conclude that, if higher angular-momentum basis functions

are needed in the calculations, the calculation cannot be per-

formed with a high precision using only s-type floating

Gaussians.

The procedure developed in the present work will be

used to calculate the whole ground-state PES of H3
+ with

improved accuracy comparing to what has been done

before.
4,5
Such calculations will require significant computa-

tional resources and they will take a considerable amount of

time. Before starting the PES calculations, we decided to test

the procedure by calculating a small cross section of the PES

limited to the D3h configurations of the molecule sequilateral
triangular geometriesd. In Fig. 1 we show the PES cross sec-
tion calculated with a 120-term ECSG basis set. According

to Table I, the absolute accuracy of the PES calculated with

that many basis functions should be about 10−7 hartree. The

energy plotted in Fig. 2 as a function of the internuclear

distance is smooth and has, as expected, a minimum at

1.65 a.u.

A smooth behavior of the PES when employing ECSGs

in the calculation is of concern because each point requires

an independent reoptimization of the nonlinear Gaussian pa-

rameters. Such reoptimization, by its nature, does not guar-

antee that identical precision is reached for all PES grid

points. In Ref. 5, for example, the authors decided to opti-

mize each grid point on the H3
+ PES from scratch to maintain

similar precision across the whole PES. Our approach is dif-

ferent. First, let us note that, since our energies are signifi-

cantly more accurate than in Ref. 5, the bias caused by dif-

ferences in guessing the initial nonlinear parameters for

different grid points is smaller. Eventually, if the basis set

was complete, the bias would be completely eliminated.

Thus our strategy for generating a guess of the basis set for a

TABLE II. Energy convergence for the 1 1E8, 2
1A18, and 2

3A18 excited

states of H3
+ with the number of basis functions. The calculations are per-

formed at the ground-state equilibrium geometry with the equilateral inter-

nuclear distance equal to R=1.65 a.u.

Basis size 1 1E8 2 1A18 2 3A18

300 20.633 512 632 56 20.472 960 264 44 20.511 569 110 25

400 20.633 512 726 92 20.472 960 271 02 20.511 569 112 33

500 20.633 512 753 05 20.472 960 271 73 20.511 569 113 30

600 20.633 512 758 86 20.472 960 272 05 20.511 569 113 56

TABLE III. Ground and excited state best energies calculated for H3
+ at the

ground-state equilibrium geometry in comparison with literature values.

This work Best literature values

1 1A18 21.343 835 625 0 21.343 835 624a

1 1E8 20.633 512 758 9 20.632 05b

2 1A18 20.472 960 272 1 20.471 75b

2 3A18 20.511 569 113 6 NA

a
From Ref 6.
b
From Ref 10.
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new PES grid point is not made from scratch, as in Ref. 5,

but it is based on the basis set of a close-by point whose

energy was already calculated. We assume that, if two geom-

etries are close enough, the Ak matrices of the two sets of the

basis functions should be very similar. The only parameters

that need some adjustment are the shifts, sWk. For the two-

electron H3
+, each shift sWk is a six-dimensional vector com-

prising two Gaussian centers, sWk
i , where i=1,2. In our proce-

dure we let the shifts of the Gaussian functions relax along

with the geometry changes of the molecule as if they were

attached to every nuclei with springs ssee Fig. 2d. For ex-
ample, if the position of nucleus a changes in the PES cal-

culation from RW a to RW a+DRW a, the centers of each Gaussian,

sWk
i , i=1,2, follow the nuclear movement and change to sWk

i

+DsWk
i , where

DsWk
i = d! 1

r1
DRW 1 +

1

r2
DRW 2 +

1

r3
DRW 3" , s11d

where d= s 1
r1
+
1

r2
+
1

r3
d−1 fsee Fig. 2 for the definition of the

quantities used in Eq. s11dg.
This procedure takes into account the fact that if a

Gaussian center is closer to a certain nucleus, say RW 1, then

DsWk
i should be most similar to DRW 1. This allows us to gener-

ate an initial guess of the basis set from a neighboring PES

grid point in a continuous fashion avoiding the hassle of

growing the basis set from scratch. While employing the new

routine for generating the basis set from close-by points, we

noticed a significant decrease in the computational time

needed to complete the calculations for new PES grid points.

For some points the time was reduced from 5 days, when the

120-function wave function was generated from scratch,

down to 8 h or less per point, when the above-described

guess generating procedure was used. Thus, the PES calcu-

lation became much faster. Also, a more uniform accuracy

across the whole PES was achieved.

IV. FUTURE DIRECTIONS

In this work we developed a procedure to calculate very

accurate BO energies of molecular systems using ECSGs.

We applied the procedure to the ground state and some low-

lying excited states of the H3
+ ion. The energies obtained in

the calculations are the best to date variational estimations of

the total BO energies for the 1 1A18 ground state and the

2 1A18, 2
3A18, and 1

1E8 excited states. The procedure can be

applied to any molecule, although as the timing for the algo-

rithm scales as the factorial of the number of electrons, the

algorithm can, at present, be only applied to small molecular

systems with the number of electrons not exceeding four or

five.

Achieving spectroscopic accuracy in the theoretical pre-

diction of the H3
+ rovibrational spectrum has been the goal of

many well qualified groups for decades. It is now well

understood
15
that in order to calculate the rovibrational tran-

sitions of H3
+ with the precision of a tenth of cm−1 achieved

in the experiment one has to include non-BO and relativistic

corrections in the calculations. The non-BO corrections in-

clude the adiabatic corrections sACsd, which contribute

about 100 cm−1 to the total energies, and about 1 cm−1 to

the rovibrational transition energies, and the non-AC correc-

tions salso known as the off-diagonal correctionsd, which
contribute only a few tenths of cm−1 to the transition ener-

gies. These latter corrections have not been calculated with a

rigorous method yet, but their estimates have been recently

generated by Kutzelnigg and Jaquet.
15
Presently we are de-

veloping routines for calculating AC and non-AC, as well as

the relativistic corrections, with wave functions expanded in

terms of ECSGs. With that work completed, we will be able

to calculate the H3
+ PES more accurately than it is currently

possible. sIt should be noted, however, that the quality of the
PES is not solely determined by the quality of the ab initio

calculations but also by the accuracy of the subsequent

fitting.d

FIG. 1. sColor onlined Ground-state potential energy curve for the ground
state of H3

+, calculated around the equilibrium geometry with the D3h sym-

metry imposed on the structure of the ion. The energy points were calculated

with a 120–term ECSG basis set.

FIG. 2. sColor onlined Definition of the parameters used in Eq. s11d for
generating a guess for the shifts of a Gaussian basis function in the H3

+ PES

calculation. The lower case r’s are distances between a Gaussian center, sWk
i ,

represented by the crossed circle and the three nuclei represented by the

filled circles sra=  RW a−sWk
i  d, where Ra is the positions of nucleus a.
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The quality of calculating molecular properties and en-

ergy corrections is strongly dependent on the quality of the

wave function at each point of the PES. Here we showed

that, with the method developed in this work, high precision

in such calculations is reachable. In the near future we are

planning to embark on recalculating the whole H3
+ PES with

many more points than it has been done so far. In the calcu-

lations we will use the present approach updated with proce-

dures for calculating the non-BO and relativistic corrections.
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Caption to EPAPS figure

One-electron densities for the ground and three low-lying excited states of H+
3 , calculated

with the 400-term ECSG wave function, on a 27,000-point grid. Plots were generated with

GaussView, Ref. [13] in the text.
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Explicitly correlated Gaussian functions with floating centers have been employed to recalculate the

ground state potential energy surface sPESd of the H3
+ ion with much higher accuracy than it was

done before. The nonlinear parameters of the Gaussians si.e., the exponents and the centersd have
been variationally optimized with a procedure employing the analytical gradient of the energy with

respect to these parameters. The basis sets for calculating new PES points were guessed from the

points already calculated. This allowed us to considerably speed up the calculations and achieve

very high accuracy of the results. © 2009 American Institute of Physics. fDOI: 10.1063/1.3077193g

I. INTRODUCTION

The H3
+ ion has been one of the most studied systems,

both with spectroscopic tools and with computational

methods.
1–3
The first laboratory detection of a spectral line of

H3
+ was made in 1980 by Oka.

4
Since then, detections of over

900 spectral lines have been reported in the literature.
5
Par-

allel to the laboratory experiments, numerous theoretical cal-

culations of the ground potential energy surface sPESd of H3
+

have been carried out. The results of the calculations have

been subsequently used to calculate the rovibrational spec-

trum of the ion and to determine the fragmentation energies.

From experiment it was established that the dissociation

limit related to the H3
+
→H++H2 reaction is 37 170 cm

−1.

There are numerous rovibrational modes located below this

limit that calculations have been trying to describe with

experiment-level accuracy. This has turned out to be a daunt-

ing task especially for states located above the barrier to

linearity.

Among the ab initio PESs that have been particularly

useful in studies of the H3
+ vibrations one should particularly

mention the potential generated by Meyer et al.
6 shereafter

referred to as MBBd using the full configuration interaction
method. The MBB PES includes 69 grid points with a maxi-

mum energy of 25 000 cm−1 above the bottom of the PES.

The accuracy of the MBB PES was subsequently increased

by more precise calculations involving the configuration in-

teraction method with r12 factors multiplying the configura-

tion functions.
7
Even higher accuracy sclaimed to be as high

as 0.02 cm−1d was more recently achieved by employing ex-
plicitly correlated Gaussian functions and by including the

adiabatic and relativistic corrections.
8–10

A new, further im-

proved PES and more accurate calculations of the H3
+ rovi-

brational spectrum were more recently reported in the work

by Velilla et al.
11
Their PES, which they called the global

PES, was invariant under permutations of the nuclei and con-

tained the long range electrostatic interactions represented in

an analytical form. The accuracy they achieved for the vibra-

tional states located in the vicinity of the equilateral triangu-

lar configuration of the ion was claimed to be on the order of

0.1 cm−1 s1 cm−1 for the higher energy statesd.
Even though significant progress has been made in the

calculation of the H3
+ PES, there is still room for improve-

ment, especially in peripheral regions corresponding to dis-

sociative configurations and in increasing the density of the

grid covering the areas near the minima and the transition

points. Also, the accuracy of the energies at the already cal-

culated PES points can be further improved by performing a

better wave-function optimization. Such an improved optimi-

zation can be now carried out, for example, with the wave

function expanded in terms of explicitly correlated shifted

Gaussian functions sECSGsd and variationally optimizing
their nonlinear parameters si.e., the exponents and the shiftsd
with a procedure that employs the analytical energy gradient

determined with respect to these parameters. In our previous

works we developed procedures for such an

optimization.
12,13

The procedures have been used to optimize

Gaussian basis functions in Born–Oppenheimer and non-

Born–Oppenheimer, atomic and molecular calculations. An

example of such calculations is our recent work concerning

the ground state of H3
+ at its equilibrium geometry san equi-

lateral triangle with the bond length of 1.65 a.u.d sRef. 14d
where we used up to 1000 Gaussians in expanding the wave

function. The total energy of −1.343 835 625 02 Eh calcu-

lated in that work with 1000 functions is the best variational

upper bound ever obtained for this system. Encouraged by

this result, we decided to carry out calculations for a larger

domain of the H3
+ PES to test if it would be feasible to em-

bark on recalculating the whole PES with a much larger

number of grid points sup to 10 000d and with much higher
accuracy than achieved in the previous calculations. For the

testing we chose to use the same 69 PES points as calculated

in the MBB PES.
6–9
This allowed us to compare our energies

with the most accurate energies obtained for the MBB PES

points by Cencek et al.
8ad
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II. THE PROCEDURE

In the present calculations the wave function represent-

ing the ground electronic state of H3
+ at different geometrical

configurations was expanded in terms of the following ex-

plicitly correlated Gaussian functions sECGsd with floating
centers:

 k = expf− sr − skd8sAk � I3dsr − skdg , s1d

where � is the Kronecker product symbol, r is a vector of

the Cartesian coordinates of the electrons, I3 is a 3,3 unit

matrix, and Ak is a symmetric, positive definite matrix. The

positive definite character of Ak is needed to assure that the

basis function  k is square integrable. In order to avoid re-

stricting the elements of the Ak matrix to make it positive

definite, we used the Cholesky-factored form of Ak, Ak

=LkLk8, where Lk is a lower triangular matrix. With such a

representation of Ak, this matrix is automatically positive

definite for any real values of the Lk matrix elements. In the

calculations, the Lk matrix elements replace the elements of

Ak as the optimization variables. There is a significant prac-

tical advantage of using the Cholesky-factored form of Ak.

Since there is no need to impose any restrictions on the ele-

ments of Lk, the variational optimization of these elements

can be performed with no constraints and they can be al-

lowed to vary in the range f−` , +`g. For such an optimiza-
tion very fast and efficient algorithms can be employed. This

would not be the case, if the variational parameters were the

elements of matrix Ak. More details about the use of ECSGs

in molecular electronic structure calculations can be found in

our previous work.
15

The configurations of the MBB PES points we calcu-

lated belong to three types of symmetries: D3h, C2v, and Cs.

For all configurations the Gaussian shifts were restricted to

lie in the xy plane. To ensure the proper symmetry of the

wave function each basis function was projected onto the

fully symmetric irreducible representation of the appropriate

symmetry group.

The wave function of H3
+, Csrd, after the elimination of

the spin variables, is approximated as a linear combination of

K basis functions  k:

Csrd =o
k=1

K

ckP ksrd . s2d

Here P is a symmetry projection operator that, for the ground

state wave functions, includes the permutational symmetry

projector that symmetrizes the electron labels and the appro-

priate spatial symmetry projector. ck are the linear variational

parameters. In the calculations the wave function was varia-

tionally optimized in terms of the linear expansion coeffi-

cients, as well as in terms of nonlinear parameters, i.e., the

Gaussian shifts, sk, and the exponent matrices, Lk. The mini-

mization of the variational energy functional with respect to

the parameters ck yields the secular equation:

sH − «Sdc = 0, s3d

where H and S are the Hamiltonian and overlap matrices,

respectively, and c is the vector of the linear coefficients ck.

By taking the differential of Eq. s3d,

dsH − «Sdc = sdHdc − sd«dSc − «sdSdc + sH − «Sddc . s4d

and multiplying by c† ssymbol † stands for transposed and

complex conjugated from the left we obtain

d« = c†sdH − «dSdc . s5d

In the above equation we assumed that the wave function is

normalized sc†Sc=1d. dH and dS are determined with re-

spect to the variations of the Lk matrices and the shift vec-

tors, sk. This requires calculations of the first derivatives of

the H and S matrix elements with respect to the Lk matrix

elements. The energy gradient calculated this way is used in

the energy minimization procedure.

When a larger number of ECGs is variationally opti-

mized linear dependencies between the Gaussians often ap-

pear in the calculation. A procedure for their removal was

described in our recent work.
14
A linear dependency usually

appears when two basis functions s k and  ld become almost
identical and their contributions to the wave function sgiven
by coefficients ck and cld are equal in magnitude but opposite
in sign. When a linearly dependent pair of Gaussians appears

in our calculation, a new Gaussian,  , is generated by maxi-
mizing the following overlap:

kck k + cl l  l

&sck
2k k  kl + cl

2k l  ll + 2ckclk k  lldk   l
. s6d

Next, the new function replaces  l in the pair and the calcu-

lation is restarted. Test calculations showed that this simple

procedure eliminates linear dependencies in the basis set ef-

fectively.

Another important point about the basis functions that

should be mentioned is the ratio between the “ionic” and

“covalent” Gaussians. For H3
+ each Gaussian has two centers.

They can be positioned near a single nucleus sin ionic func-
tionsd or near two different nuclei sin covalent functionsd.
The number of the ionic Gaussians has to be balanced with

the number of the covalent Gaussians. Based on some pre-

liminary tests we set the ionic/covalent ratio in the H3
+ cal-

culation to approximately 20/80.

Each MBB PES point is specified by three integers, na,

nx, and ny, which are related to the symmetry-adapted defor-

mation coordinates Sa, Sx, and Sy as sall values are expressed
in a.u.’sd sRef. 7d

Sa = ana =
sR̃12 + R̃23 + R̃31d

&3
,

Sx = anx =
s2R̃12 − R̃23 − R̃31d

&6
= Se cos  , s7d

Sy = any =
isR̃23 − R̃31d

&2
= Se sin  .

The R̃kl’s are the following functions of the H3
+ bond dis-

tances Rkl’s:
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R̃kl = h1 − expf− bsRkl/Rref − 1dgj/b , s8d

where Rref is the internuclear distance in the unilateral trian-

gular equilibrium geometry of H3
+, a=0.15, and b=1.30. In

the present calculations the 69 MBB points were divided into

sets. The points in each set were aligned along a single tra-

jectory on the PES and each trajectory started at the equilib-

rium geometry. For example, one of the sets included points

with na=0, 1, 2, 3, 4, and 5, and nx=ny=0 corresponding to

five D3h configurations having an increasingly bigger bond

length as na increases sthe na=nx=ny=0 point is the equilib-

rium geometryd. There were several trajectories correspond-
ing to configurations with the C2v symmetry and several cor-

responding to configurations with the Cs symmetry. Since the

molecular symmetry was implemented in the calculations,

we used different numbers of symmetrized basis functions to

calculate configurations with the D3h, C2v, and Cs symme-

tries, but all basis sets used contain the same number of

nonsymmetrized functions. This number in the present cal-

culations is equal to 900, which reduced to 150 for the D3h

configurations after applying the six-term D3h symmetry pro-

jector, and to 450 for the configurations with the C2v sym-

metry after applying the two-term C2v symmetry projector.

We also decided to reduce the step from a=0.15 to a

=0.075, which increased the number of the PES points to

377 while covering the same area as the original 69-point

MBB PES. The grouping of the points into trajectories and

using the smaller step was done to be able to generate good

basis-set guesses for calculating new PES points from the

basis sets of the points already calculated.

The guessing was done with the procedure described in

our previous work.
14
The procedure allows adjusting the

shifts of the Gaussian functions in the basis set when the

geometry of the molecule changes with an algorithm based

on a “spring” model. In this model each Gaussian center is

assumed to be attached to every nuclei with springlike con-

nections. If the position of nucleus a changes from Ra to

sRa+DRad, the centers of each Gaussian, sk
i , i=1,2, follow

the nuclear movement and change to ssk
i +Dsk

i d, where

TABLE I. The D3h symmetry branch of the PES of H3
+. Comparison of our

PES with the energies obtained by Cencek et al. sRef. 8d. All values in Eh.

na nx ny This work From Ref. 8

DEnergy

s,10−8d

!4 0 0 !1.255 924 142 2 !1.255 924 087 0 !5.5

!3 0 0 !1.296 828 647 2 !1.296 828 586 0 !6.1

!2 0 0 !1.323 893 706 3 !1.323 893 645 0 !6.1

!1 0 0 !1.339 057 344 0 !1.339 057 280 0 !6.4

0 0 0 !1.343 835 598 6 !1.343 835 518 0 !8.1

1 0 0 !1.339 388 654 6 !1.339 388 587 0 !6.8

2 0 0 !1.326 560 845 7 !1.326 560 774 0 !7.2

3 0 0 !1.305 893 893 3 !1.305 893 804 0 !8.9

4 0 0 !1.277 607 494 6 !1.277 607 400 0 !9.5

5 0 0 !1.241 529 342 0 !1.241 529 249 0 !9.3

TABLE II. The C2v symmetry branch of the PES of H3
+. Comparison of our

PES with the energies obtained by Cencek et al. sRef. 8d. All values in Eh.

na nx ny This work From Ref. 8

D Energy

s,10−8d

0 !1 0 !1.337 797 920 7 !1.337 797 841 0 !8.0

0 !2 0 !1.319 311 169 3 !1.319 311 085 0 !8.4

0 !3 0 !1.287 329 980 9 !1.287 329 896 0 !8.5

0 !4 0 !1.240 043 205 6 !1.240 043 130 0 !7.6

!1 !1 0 !1.332 084 053 3 !1.332 083 990 0 !6.3

!1 !2 0 !1.310 558 474 8 !1.310 558 399 0 !7.6

!1 !3 0 !1.272 996 950 9 !1.272 996 882 0 !6.9

!2 !1 0 !1.315 807 733 4 !1.315 807 656 0 !7.7

!2 !2 0 !1.290 666 925 6 !1.290 666 854 0 !7.2

!2 !3 0 !1.246 444 451 2 !1.246 444 386 0 !6.5

!3 !1 0 !1.287 409 003 7 !1.287 408 941 0 !6.3

!3 !2 0 !1.257 927 522 9 !1.257 927 454 0 !6.9

!4 !1 0 !1.244 891 305 8 !1.244 891 238 0 !6.8

0 1 0 !1.337 839 423 9 !1.337 839 337 0 !8.7

0 2 0 !1.319 646 105 8 !1.319 646 027 0 !7.9

0 3 0 !1.288 451 170 5 !1.288 451 104 0 !6.6

!1 1 0 !1.332 224 527 4 !1.332 224 460 0 !6.7

!1 2 0 !1.311 710 785 3 !1.311 710 716 0 !6.9

!1 3 0 !1.277 039 296 4 !1.277 039 230 0 !6.6

!2 1 0 !1.316 058 905 2 !1.316 058 836 0 !6.9

!2 2 0 !1.292 729 001 2 !1.292 728 928 0 !7.3

!2 3 0 !1.253 704 690 1 !1.253 704 623 0 !6.7

!3 1 0 !1.287 789 029 0 !1.287 788 958 0 !7.1

!3 2 0 !1.261 047 408 2 !1.261 047 337 0 !7.1

!4 1 0 !1.245 426 421 9 !1.245 426 358 0 !6.4

1 !1 0 !1.334 142 132 7 !1.334 142 047 0 !8.6

1 !2 0 !1.318 228 205 2 !1.318 228 127 0 !7.8

1 !3 0 !1.290 963 625 3 !1.290 963 536 0 !8.9

1 !4 0 !1.251 048 222 1 !1.251 048 137 0 !8.5

2 !1 0 !1.321 983 932 8 !1.321 983 846 0 !8.7

2 !2 0 !1.308 254 341 2 !1.308 254 246 0 !9.5

2 !3 0 !1.284 996 745 1 !1.284 996 659 0 !8.6

2 !4 0 !1.251 358 582 5 !1.251 358 502 0 !8.1

3 !1 0 !1.301 877 658 2 !1.301 877 565 0 !9.3

3 !2 0 !1.289 986 018 0 !1.289 985 929 0 !8.9

3 !3 0 !1.270 117 648 2 !1.270 117 554 0 !9.4

3 !4 0 !1.241 879 964 3 !1.241 879 883 0 !8.1

4 !1 0 !1.274 039 912 5 !1.274 039 822 0 !9.1

4 !2 0 !1.263 626 873 8 !1.263 626 787 0 !8.7

4 !3 0 !1.246 536 416 2 !1.246 536 338 0 !7.8

5 !1 0 !1.238 261 349 9 !1.238 261 254 0 !9.6

1 1 0 !1.334 090 928 1 !1.334 090 844 0 !8.4

1 2 0 !1.317 788 022 4 !1.317 787 937 0 !8.5

1 3 0 !1.289 242 395 3 !1.289 242 324 0 !7.1

2 1 0 !1.321 841 207 4 !1.321 841 117 0 !9.0

2 2 0 !1.307 028 073 4 !1.307 027 984 0 !8.9

2 3 0 !1.280 221 852 9 !1.280 221 797 0 !5.6

3 1 0 !1.301 639 424 7 !1.301 639 331 0 !9.4

3 2 0 !1.287 891 396 5 !1.287 891 301 0 !9.6

4 1 0 !1.273 696 893 3 !1.273 696 796 0 !9.7

4 2 0 !1.260 449 057 6 !1.260 448 971 0 !8.7

5 1 0 !1.237 800 101 9 !1.237 799 998 0 !10.4
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Dsk
i = d! 1

r1
DR1 +

1

r2
DR2 +

1

r3
DR3" , s9d

d= s1 /r1+1 /r2+1 /r3d
−1, and r1, r2, and r3 are the distances

from the Gaussian center sk
i to the three nuclei. No adjust-

ments were made to the Lk matrices in generating the basis-

set guess. Test calculations have shown that the above pro-

cedure works effectively and cuts the computational time by

orders of magnitude in comparison with optimizing the basis

set for each point from “scratch.” It also produces a more

smooth PES.
14

III. RESULTS AND DISCUSSION

The above described procedure was used to generate H3
+

PES at 377 points. Among those points were the original 69

MBB points. In Tables I–III we compare the energies pro-

duced by the present calculations with the MBB-point ener-

gies reported by Cencek et al.
8
For each PES grid point we

also show the energy deviation. As one can see our energies

are noticeably better than the energies of Cencek et al. In

general, the differences increase when the H3
+ structure be-

come more distorted from the equilibrium geometry, indicat-

ing that perhaps for those points, the calculations of Cencek

et al. were not as tightly converged as for the configurations

closer to the equilibrium configurations.

Even though each PES trajectory included the equilib-

rium configuration, they differed in terms of the symmetry of

the molecular configurations they included and in terms of

the number of the symmetrized basis functions used in the

calculations. We found it interesting to compare the energies

for the equilibrium configuration obtained for different tra-

jectories. If there were differences in those energies, they

would show the extent of the effect of the symmetry break-

ing in the calculations. Naturally, one would like to see as

small as possible differences in the energies obtained for the

equilibrium configuration in the calculations performed as-

suming different symmetries of the wave function. Also, one

should expect that the energy obtained assuming the lowest

symmetry sCsd should be lower than the energy obtained
assuming the highest symmetry sD3hd. The results shown in
Table IV confirm this point and show that the energies are

virtually identical regardless of the assumed symmetry of the

wave function. They also show that the energy at the equi-

librium geometry obtained with 150 s450 for C2v and 900 for

Csd basis functions is very close to the energy obtained with
1000 D3h-symmetry-adapted basis functions.

Finally, since in this work we generated 377 PES points,

but only 69 of them are listed in Tables I–III, we decided to

use the complete set of points to generate a pictorial repre-

sentation of the PES. This representation is displayed in Fig.

1 on three plots. The plots show the H3
+ total energy for three

different separations of the two central protons and for the

third proton moving around the two. The three different

separations correspond to the equilibrium distance of 1.65

a.u. finset sadg, a shorter distance of 1.00 a.u. finset sbdg, and
a larger distance of 2.00 a.u. finset scdg. As one can expect,
there are two minima in sad corresponding to the H3

+ equilib-

rium structure. The positions and the depths of the minima

vary with the change in the distance between the two central

protons. All 377 PES points used in the plots are listed in the

supplementary material.
17

IV. SUMMARY

H3
+ is the most abundant molecular ion in interstellar

space. It is responsible for a variety of chemical reactions

taking place in this medium.
3
Theoreticians and experimen-

talists sboth spectroscopists and astronomersd are devoting
more and more resources to the characterization of this ion;

from the assignment of its rovibrational spectral lines,
9
to the

calculation of the kinetic constants for its destruction and

formation reactions.
3
Our group recently developed an effi-

cient method to calculate Born–Oppenheimer energies of

small molecular systems such as H3
+.
14
The method was em-

ployed in the present work to calculate the H3
+ PES with the

accuracy of about 10−8 Eh. Such accuracy is needed to cal-

culate the rovibrational spectrum of this system and to un-

ambiguously assign the spectral lines particularly in the re-

gion close to the linearity. Also the calculation of the kinetic

constants with a satisfactory precision requires such an accu-

racy. The calculations performed here include the 69 MBB

PES points, as well as additional 308 new points. The new

PES is considerably improved in comparison with the most

accurate MBB PES available in literature.
8
We showed that it

is feasible to use the method we developed, and we applied

our method in this work to generate an even better H3
+ PES

that includes configurations outside the MBB region. We are

planning to calculate such an improved, more extended PES

in the near future. The 377-point PES calculated in this work

will be a part of the new PES, but many more points sap-
proximately 10 000 pointsd will have to be calculated to
cover the PES domains not included in the MBB PES. Also,

TABLE IV. Deviation from the exact value of the ground state energy

sDenergy=energy−Eexactd calculated for the equilibrium configuration of H3
+

for four trajectories containing configurations with the D3h, C2v, and Cs

symmetries. The numerically exact ground state equilibrium energy is

Eexact=−1.343 835 625 02 Eh sRef. 14d.

Symmetry Energy D Energy s,10−8d

D3h !1.343 835 598 611 2.64

C2v !1.343 835 598 613 2.64

Cs No. 1 !1.343 835 608 117 1.69

Cs No. 2 !1.343 835 609 260 1.58

TABLE III. The asymmetric sCsd branch of the PES of H3
+. Comparison of

our PES with the energies obtained by Cencek et al. sRef. 8d. All values in
Eh.

na nx ny This work From Ref. 8

D Energy

s,10−8d

0 0 2 !1.319 478 502 5 !1.319 478 410 0 !9.2

!2 0 2 !1.291 698 911 7 !1.291 698 831 0 !8.1

!2 0 3 !1.250 086 217 9 !1.250 086 134 0 !8.4

0 0 3 !1.287 890 974 2 !1.287 890 890 0 !8.4

0 0 4 !1.241 292 027 2 !1.241 291 961 0 !6.6

2 0 2 !1.307 639 009 8 !1.307 638 908 0 !10.2

2 0 3 !1.282 598 184 5 !1.282 598 092 0 !9.3
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at each PES point, the adiabatic and relativistic corrections

will be calculated in order for the new PES to be used to

determine a more complete set of the H3
+ rovibrational levels

with higher accuracy.

ACKNOWLEDGMENTS

This work has been supported by the National Science

Foundation. We also acknowledge partial support provided

by the Merck Research Laboratories.

1
I. McNab, Adv. Chem. Phys. 89, 1 s1995d.
2
T. Oka, Proc. Natl. Acad. Sci. U.S.A. 103, 12235 s2006d.
3
T. Oka, Philos. Trans. R. Soc. London, Ser. A 364, 2847 s2006d.
4
T. Oka, Phys. Rev. Lett. 45, 531 s1980d.
5
C. M. Lindsay and B. J. McCall, J. Mol. Spectrosc. 210, 60 s2001d.
6
W. Meyer, P. Botschwina, and P. Burton, J. Chem. Phys. 84, 891 s1986d.
7
R. Röhse, W. Kutzelnigg, R. Jaquet, and W. Klopper, J. Chem. Phys.

101, 2231 s1994d.

8
W. Cencek, J. Rychlewski, R. Jaquet, and W. Kutzelnigg, J. Chem. Phys.

108, 2831 s1998d.
9
R. Jaquet, W. Cencek, W. Kutzelnigg, and J. Rychlewski, J. Chem. Phys.

108, 2837 s1998d.
10
R. Jaquet, Spectrochim. Acta, Part A 58, 691 s2002d.

11
L. Velilla, B. Lepetit, A. Aguado, J. A. Beswick, and M. Paniagua, J.

Chem. Phys. 129, 084307 s2008d.
12
S. Bubin, M. Cafiero, and L. Adamowicz, Adv. Chem. Phys. 131, 377

s2005d.
13
M. Cafiero, S. Bubin, and L. Adamowicz, Phys. Chem. Chem. Phys. 5,

1491 s2003d.
14
M. Pavanello and L. Adamowicz, J. Chem. Phys. 130, 034104 s2009d.

15
M. Pavanello, S. Bubin, M. Cafiero, and L. Adamowicz, Int. J. Quantum

Chem. 108, 2291 s2008d.
16
Wolfram Research, Inc., MATHEMATICA, Version 5.2, Champaign, IL,

2005.
17
See EPAPS Document No. E-JCPSA6-130-013907 for a text file

containing the 377 grid points and the Born–Oppenheimer

energy values. For more information on EPAPS, see http://www.aip.org/

pubservs/epaps.html.

�6

0

6

x

�4

0

4

y

�6 �4 �2 0 2 4 6
�1.5

�1.4

�1.3

�1.2

�1.1

�1.0

�0.9

�6

0

6

x

�4

0

4

y

�6 �4 �2 0 2 4 6
�1.5

�1.4

�1.3

�1.2

�1.1

�1.0

�0.9

�6

0

6

x

�4

0

4

y

�6 �4 �2 0 2 4 6
�1.5

�1.4

�1.3

�1.2

�1.1

�1.0

(b)

(a)

(c)

FIG. 1. sColor onlined H3
+ PES for three separations of two protons and with the third proton moving around the two sleft sided, and two-dimensional cross

sections along the median, y=0 sright sided. The three separations are 1.65 a.u. in inset sad, 1.00 a.u. in inset sbd, and 2.00 a.u. in inset scd. Energy values on
the vertical axes in Eh. Plots generated with MATHEMATICA sRef. 16d, based on the 377-point PES.
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Efficient optimization of the basis set is key to achieving a very high accuracy in variational

calculations of molecular systems employing basis functions that are explicitly dependent on the

interelectron distances. In this work we present a method for a systematic enlargement of basis sets

of explicitly correlated functions based on the iterative-complement-interaction approach developed

by Nakatsuji fPhys. Rev. Lett. 93, 030403 s2004dg. We illustrate the performance of the method in

the variational calculations of H3 where we use explicitly correlated Gaussian functions

with shifted centers. The total variational energy s21.674 547 421 Hartreed and the binding energy
s−15.74 cm−1d obtained in the calculation with 1000 Gaussians are the most accurate results to

date. © 2009 American Institute of Physics. fdoi:10.1063/1.3257592g

I. INTRODUCTION AND BACKGROUND

The use of explicitly correlated shifted Gaussian func-

tions sECSGsd in quantum mechanical molecular calcula-

tions has been expanding due to the high effectiveness of

these functions in describing the dynamic electron correla-

tion. Over the last 15 years calculations with ECSGs have

delivered very accurate results for a number of atomic,
1–3

diatomic,
3–5

and triatomic
6–9

systems. These calculations

have been performed with and without the Born–

Oppenheimer approximation.

Expanding the variational spatial wave function for an

n-electron system in terms of M ECSGs:

FMsrd = o
i=1

M

cigisrd , s1d

where gi’s are the following n-electron ECSGs:

gisrd = expfsr − sid8Aisr − sidg , s2d

is the first step of the variational calculation. In the above

Gaussian basis function, r and si are 3n dimensional vectors

of the electronic Cartesian coordinates and of the coordinates

of the Gaussian centers, respectively. Ai is a symmetric ma-

trix of the Gaussian exponential coefficients defined as

Ai = Ai � I3, s3d

with I3 being the 333 identity matrix and � being the

Kroneker product. The Ai matrix is a n3n symmetrix square

matrix and together with the shift vector si it fully defines the

gi ECSG in Eq. s2d. The elements of Ai and si are nonlinear

parameters that have to be extensively optimized via the

variational energy minimization in order to obtain high ac-

curacy results in the calculation.

The total wave function of the system expanded in terms

of ECSGs of Eq. s1d that includes the electronic spin func-

tions has to be properly antisymmetrized with respect to all

electron permutations to satisfy the Pauli principle. In prac-

tical calculations it is convenient to use a spin-free formalism

and apply the appropriate symmetry operator, P̂n, consisting

of n! Young symmetry operators, P̂k
n srepresented by matrix

Pk
nd, to the spatial wave function, FMsrd, to implement the

symmetry properties of the state under consideration.
10

In

our approach we apply the symmetry operator to each ECSG

before it is used to expand FMsrd. The operator P̂n can be

written in terms of the n! permutation operators of the sym-

metric group Sn:

P̂n = o
k=1

n!

qkP̂k
n, s4d

where the qk coefficients are determined beforehand using a

Young tableaux.
2
The P̂n operator transforms each ECSG as

follows:

P̂ngk = o
k=1

n!

qk expfsr − Pk
n
sid8sPk

nd−1AiPk
nsr − Pk

n
sidg , s5d

where sPk
nd−1AiPk

n= fsPk
nd−1AiPk

ng � I3 and Pk
n
si= sPk

n
� I3dsi.

As the number of ECSGs in the wave function expan-

sion s1d increases, optimization usually becomes less effi-

cient. The optimization efficiency also decreases as the num-

ber of particles in the system increases because more

parameters have to be optimized, and because the timing for

calculating each Hamiltonian and overlap matrix element

increases as n! due to the number of symmetry operators in

Eq. s5d. The number of parameters scales as n2 /2 with the

number of particles and linearly with the number of the basis

functions. For example, in a calculation of the Helium atom

sa one-center problemd, 3M nonlinear ECSG parameters

have to be optimized, while for H3
+ the number of parameters

increases to 7M. In the latter case, in addition to three Ai

parameters for each basis function there are four parameters

in the si shift vector that need to be adjusted sin the ground
state H3

+ calculation the Gaussian shifts are only allowed to

move within the plane of the moleculed. For an asymmetric

configuration of H4 22M parameters need to be optimized.ad
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The problem of optimizing the Ai and si parameters in a

molecular calculation is highly nonlinear and quickly be-

comes unbearable as the number of basis functions increases.

We should also mention that it is not unusual in a ECSG

calculation to use hundreds, thousands, or even tens of thou-

sands of ECSG basis functions in order to achieve the de-

sired energy convergence. The slow convergence of the cal-

culation with ECSGs can be attributed to the fact that

Gaussian functions do not behave properly in the points of

particle coalescence, i.e., they do not satisfy the Kato cusp

conditions.
11
Also, at large interparticle distances, Gaussians

fade faster than is required by the asymptotic conditions for

the exact solutions of the Schrödinger equation. Despite

these deficiencies the popularity of the ECSG basis functions

in very accurate molecular calculations is growing, mainly

due to relatively uncomplicated procedures for calculating

the n-electron Hamiltonian matrix elements with these func-

tions. The incorrect behavior of Gaussians at the electron-

electron and nucleus-electron cusps can be partially cor-

rected by increasing the number of ECSGs in the wave

function expansion. However, this makes the calculation

more expensive.

The procedures for calculating Hamiltonian matrix ele-

ments have been implemented in our laboratory for a variety

of explicitly correlated Gaussian functions including

ECSGs.
6
We recently successfully applied these procedures

to calculate the most accurate to date nonrelativistic varia-

tional potential energy surface for H3
+.
9
We are also currently

performing a series of calculations for various geometrical

configurations of the sH2d2 cluster. The more electrons there
are in the system, the more complex and computationally

demanding the calculations are. For example, in the recent

work on sH2d2 by Patowski et al.
12

364 000 ECSGs were

used in order to achieve a sub-10−2 cm−1 absolute conver-

gence of the total energy at the equilibrium geometry. The

number of the ECSG basis functions can certainly be re-

duced if more optimization of their nonlinear parameters is

done in the calculations. Our approach to performing such an

optimization, which was presented in Refs. 6 and 8, distin-

guishes itself from other ECSGs approaches described in the

literature because it involves calculating the analytical gradi-

ent of the energy with respect to the nonlinear Ai and si

parameters of the ECSG basis functions. The availability of

the gradient considerably accelerates the optimization pro-

cess and allows for achieving much higher accuracy with a

fewer number of basis functions. Our recent works on H3
+

sRef. 8d demonstrated how much more efficient a variational

ECSG calculation is when the analytical gradient is used in

comparison to calculations performed without the gradient.

Unfortunately faster convergence with respect to the ba-

sis set size does not automatically translate to a less time

consuming optimization. In the work on H3
+,
9
we estimated

the total time to grow the basis set for this system to the size

of 1000 ECSG functions to be a staggering 190 days. The

time was significantly reduced sto about two weeksd by per-
forming the calculation in the parallel mode, but this still

represented a considerable computational effort. Additionally

the optimization was slowed down by the occurrence of lin-

ear dependencies between basis functions.

There are two types of linear dependencies that appear

in ECSG calculations. We label them “constructive” and

“destructive.” Two functions in the set show a constructive

linear dependence when their nonlinear parameters are

nearly identical and their linear coefficients in expansion s1d
are also very similar and have the same signs. A destructive

linear dependence is similar to the constructive case except

the signs of the linear coefficients are opposite. While con-

structive linear dependencies need to appear in the calcula-

tion mainly to correct for the too-fast decaying of the Gauss-

ian functions at larger distances, destructive linear

dependencies are undesirable because they often cause nu-

merical instabilities. There are several reasons why destruc-

tive linear dependencies arise in the calculations. One of

them can be related to the optimization routine taking

“a shortcut” to describe a particular feature of the wave func-

tion by making two basis functions become linearly depen-

dent. The same feature can usually be described by a differ-

ent set of functions, which are not linearly dependent, or

even by a single function. In our work on H3
+,
8
we proposed

a method to eliminate destructive linear dependencies before

they can affect the numerical precision of the calculation.

The method involves replacing one of the linear dependent

functions with a function that is optimized to better approxi-

mate the missing feature of the wave function. Such a cor-

rection usually solves the problem and generates a basis set

free of destructive linear dependencies. However, this comes

with a cost because after correcting for the linear depen-

dency, the optimization routine needs to be restarted, slowing

down the calculation.

An important issue in the variational optimization

of ECSGs is how to grow the basis set to achieve a faster

convergence of the calculation. In this work we describe how

to tackle this problem with an approach based on the free

iterative-complement-interaction sFICId method developed

by Nakatsuji and co-workers.
14

In Sec. II we describe several methods we have used

before in our ECSG calculations to increase the size of the

basis set and in Sec. III we introduce our implementation of

the FICI method and we asses its performance with some test

calculations on the H3
+ molecular ion. In Sec. IV we apply the

new routine to a three-electron system, the H3 molecule. The

results demonstrate excellent behavior of the FICI approach

compared to other methods.

II. GENERATION OF THE ECSG BASIS SET

In most of our previous works
2,4,6,8

the ECSG basis sets

were generated by incremental enlargements. In this ap-

proach, one starts the calculation from a small initial basis

set composed of M0 ECSGs susually M0=10d with Ai matri-

ces whose diagonal elements are taken from, say, the 6–31G

Pople’s basis set
13
and whose off-diagonal elements are set to

zero. Letting the initial wave function be FM0
, the successive

steps of the procedure can be summarized as follows.

s1d A set of M1 new ECSG functions is constructed. The Ai

matrices of these functions are generated randomly and

the Gaussian centers, si, are placed at the nuclei. With

184106-2 Pavanello, Tung, and Adamowicz J. Chem. Phys. 131, 184106 ~2009!
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the addition of the new functions, the basis set now has

M0+M1 functions.

s2d The linear expansion parameters of the wave function

are found by a simultaneous diagonalization of the

Hamiltonian and the overlap matrices.

s3d Only the nonlinear parameters of the newly added EC-

SGs are optimized sthis is called partial optimization

hereafterd via energy minimization. The linear param-

eters are updated at every optimization cycle.

s4d The whole M0+M1 basis set is fully optimized, i.e., the

nonlinear parameters of all M0+M1 basis functions are

subject to variational optimization sthis step is called

full optimization hereafterd. In every optimization cycle
the linear parameters are updated.

s5d The incremental enlargement routine relabels the M0

+M1 set as the new M0 set and the procedure returns to

step 1.

For the sake of clarity, steps 1 and 3 need further discus-

sion. In the first step, one can place the Gaussian centers, si,

of the shift sk of a single ECSG on different nuclei, therefore

generating a so-called covalent basis function. Alternatively

two or more Gaussian centers can be placed on the same

nucleus generating a so-called ionic basis function. For ex-

ample, the shift vector, sk, of each basis function used in the

calculations of the H3
+ molecule comprises two centers. In an

ionic ECSG both centers are located near sor atd one of the
nuclei, while in a covalent ECSG the centers are located near

two different nuclei. Both types of functions are needed in

the calculation and the ratio of the numbers of them needs to

be determined beforehand. For instance, in our H3
+ calcula-

tion, after some testing, we set the ionic/covalent ratio to

30/70.
8
In addition, our routine is designed to accept into the

M1 set only those functions that are linearly independent

from the functions already included in the M0 set.

When the M0 set becomes large it is imperative to sup-

ply to the full optimization in step 4 with an M1 set capable

of substantially contributing to lowering the energy. A low

quality M1 set may result in inefficient optimization and

lower accuracy of the whole calculation. For this reason a

partial optimization of the M1 set is included in step 3 to

improve the quality of the M1 set before the full optimization

of the whole set is performed. We should mention that during

an optimization of the Gaussian parameters, energy barriers

usually preclude the full adjustment of the nonlinear param-

eters of the Gaussians sparticularly their centersd and the

convergence to the global minimum of the variational func-

tional. Thus the step-three optimization almost always leads

to a local minimum. This issue is always a concern in the

variational optimization of ECSGs.

In Sec. III we introduce a nonvariational procedure for

preoptimization of the M1 set before this set is added to the

full set in step three. An idea for developing such a proce-

dure in the present work came from the approach of

Nakatsuji,
14
where the exact wave function is approximated

in a step-by-step fashion by using the FICI method.

III. THE FICI APPROACH TO ENLARGING THE ECSG
BASIS SET

A. General theory

The exact wave function, C, satisfies the Schrödinger

equation:

sĤ − EdC = 0. s6d

However, when the wave function sFd is not exact, the

Schrödinger equation is not satisfied, i.e., sĤ−EFdFÞ0,

where EF= kF H Fl / kF  Fl. It is straightforward to notice

that the result of sĤ−EFd acting on F is a function that

belongs to the orthogonal complement space of F,

kF sĤ − EFd Fl = 0. s7d

Thus, the Ĥ−EF operator may be used to generate a correc-

tion to the approximate wave function to bring it closer to the

exact wave function C. Following this idea, Nakatsuji
14
used

the following series to construct C:

C = o
k

aksĤ − EkdkF , s8d

where Ek is the energy associated to the kth truncation of Eq.

s8d and ak are determined variationally. Provided that F sat-

isfies certain conditions,
14
Eq. s6d should monotonically con-

verge to the exact wave function as k increases. Even though

it is not yet clear whether the FICI method should lead to an

improvement of the convergence of the variational calcula-

tion, it provides a systematic way of improving the varia-

tional energy. In many applications of the FICI model to

atomic and molecular systems, Nakatsuji and co-workers
14

showed how expansions s8d with only a few terms susually
k#6d produce nonrelativistic energies with a sub-cm−1 ab-

solute accuracy. Inspired by the FICI method, we have de-

vised a new approach to enlarge the ECSGs basis set in the

variational calculation. In this approach we use the following

procedure based on the first order term in Eq. s8d. Let us
assume that an approximate wave function expanded in

terms of M0 ECSGs, FM0
, has already been fully optimized.

The procedure for growing the basis set to M0+M1 functions

is based on the five steps described in Sec. II. However, in

the new approach, before executing the partial optimization

in step three, a new nonvariational partial optimization is

applied to the M1 subset. The functional for the partial opti-

mization is derived to best approximate the k=1 term in Eq.

s8d by M1 ECSGs. It involves maximizing of the following

functional:

FfM1g =
koi=1

M1ci
1
gi
1 Ĥ − EM0

 FM0
l

koi=1
M1ci

1
gi
1 oi=1

M1ci
1
gi
1l

. s9d

The superscript 1 labels functions belonging to the M1 set.

Maximization of the FfM1g functional yields an approxima-
tion to the Nakatsuji function sH−EM0

dFM0
. After maximi-

zation of FfM1g, the newly refined M1 set of ECSGs is added

to the M0 set and a partial variational optimization of the M1

set is performed with steps four and five to follow. The cycle

184106-3 How to calculate H3 better J. Chem. Phys. 131, 184106 ~2009!
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of the five steps is repeated until satisfactory convergence of

the energy is reached.

B. Implementation

In the actual implementation, the maximization of the

FfM1g functional is replaced by the minimization of the fol-
lowing functional:

GfM1g =
1

1 + FfM1g
2
. s10d

Having F2 rather than F in the functional simplifies the cal-

culation because the functional becomes independent on the

phase of the wave function. Using 1+F2 instead of F2 pre-

vents the G functional from reaching a singularity at F.0,

which can happen if the initial choice of the M1 set is poor.

The minimization of GfM1g is carried out using the truncated
Newton optimization routine sTNd of Nash et al.

15
To speed

up the convergence, we supply the TN routine with the ana-

lytical gradient of GfM1g, determined with respect to the

nonlinear parameters of the functions in the M1 set,

]GfM1g

]M1

= −
2FfM1g

s1 + FfM1g
2d2

]FfM1g

]M1

, s11d

where ]M1 refers to the partial derivative with respect to the

nonlinear parameters of the ECSG functions belonging to the

M1 set. The gradient of FfM1g is calculated using the deriva-
tives of the Hamiltonian and overlap matrix elements,

]FfM1g

]M1

=
1

SM1

2 o
i=1

M1

o
j=0

M0

ci
1
c j
0!kgi

1 Ĥ − EM0
 g j
0l

]SM1

]hM1j

− SM1

]kgi
1 Ĥ − EM0

 g j
0l

]gi

"
=

1

SM1

2 o
i=1

M1

o
j=0

M0

ci
1
c j
0sHij − EM0

Sijd
]SM1

]hM1j

− SM1
! ]Hij

]gi

− EM0

]Sij

]gi

" , s12d

where ]gi indicates the partial derivative with respect to the

nonlinear parameters of the bra function gi, Hij, and Sij are

the Hamiltonian and overlap matrix elements with respect to

the ith M1 function and the jth M0 function. In addition,

SM1
= o

k,l=1

M1

ck
1
cl
1kgk

1 gl
1l , s13d

and its derivative

]SM1

]hM1j
= o

k,l=1

M1

ck
1
cl
1]kgk

1 gl
1l

]gk
1

. s14d

C. Assessing the performance of the new routine

The purpose of the assessment test calculations on the

H3
+ ion was to compare the performance of the method for

growing the basis set with and without the refinement step

carried out with the FICI procedure. The first analysis we

carry out is purely statistical. We test whether the variational

energies obtained by adding the M1 sets generated with the

new approach are generally lower than the energies obtained

in the calculations without the use of the FICI refinement. In

both cases we use the same initial M1 sets generated with the

procedure described in steps one and two in Sec. II. For the

purpose of the analysis we select seven different M0 basis

sets with sizes ranging from M0=20 to 300 and three M1 sets

with one, two, and five ECSG functions. The rationale for

such choices of the M1 sets relates to the anticipated com-

plexity of the Nakatsuji function, which might require more

than one function in the M1 set to be adequately described.

Three or five M1 functions should certainly provide a better

representation of this function than one ECSG.

The purpose of using the different sizes of the M0 sets in

the testing is to show how the FICI optimization behaves for

both larger and smaller M0s. Since the FfM1g functional de-

pends upon the Nakatsuji function sĤ−EM0
dfM0

, its value

quickly approaches the machine epsilon sof about 10−16d as
the number of ECSGs in the M0 set increases and the solu-

tion to the Schrodinger Eq. s6d becomes better converged

ssee Table Id. For this reason the FICI approach may run into
numerical inaccuracies for large M0 sets as the available sig-

nificant digits in the FfM1g functional become limited salso
reported in Table Id. For example, in the optimization of an

M1 set starting from the M0=300 set there are only six sig-

nificant figures in the value of the FfM1g functional. The

lowered accuracy of FfM1g affects the FICI optimization. As
a result the M1 set cannot be as well optimized as for smaller

M0 sets.

In order to generate a statistically sound set of results,

we generate about 200 M1 sets for each M0 /M1 combination.

Table II shows the results of the testing. The reported num-

bers are the percentages of the M1 sets that, using the FICI

refinement, produced energies lower sDE,0d, comparable
sDE.0d, or larger sDE.0d than the energies obtained with-
out using the FICI refinement. Focusing on the three right-

most columns of Table II it is evident that the M1 sets with

only one ECSG do not perform as well as the M1=2 and

M1=5 sets. Excluding the row corresponding to M0=20, for

every other M0 set, the M1=1 set is outperformed by the

M1=2, 5 sets. This provides further assurance that one

TABLE I. Deviation from the exact energy, scentral column in cm−1d as a
function of the basis set size, M0 for the 1

1A18 sgroundd state of H3
+ calcu-

lated at the D3h geometry with R=1.65 a.u. In the right column is the

number of significant figures in the FfM1g functional in the optimization.

M0 EM0
−Eexact Available digits

20 48.272 11

40 2.014 10

60 0.539 9

80 0.202 9

100 0.047 8

150 0.006 7

300 0.0007 6
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should use more than one ECSG in the M1 set to adequately

represent the Nakatsuji function and to more effectively

maximize the F functional.

From the results in Table II it is clear that the perfor-

mance of the FICI refinement improves as the size of the M0

set increases. For example, while the “success” percentage

sDE,0d for the M1 sets with two and five ECSGs is about

40% for M0=20, it increases to an astounding 90% for M0

=300.

For the H3
+ ion, the M0=300 basis set is already almost

complete, as it yields a Born Oppenheimer sBOd energy less
than 10−3 cm−1 above the exact value ssee Table Id. This
indicates that the FICI refinement procedure can only be use-

ful in this case to grow the basis set when the number of

functions in M0 is smaller or equal to 300. For other systems

this threshold has to be determined on a case-by-case basis

by analyzing the convergence of the BO energy. When the

convergence approaches 10−3 cm−1, the FICI refinement be-

comes less effective. As discussed in Sec. I, growing the

basis set up to the M0 threshold is the most time consuming

step in the ECSG calculation. It took about 100 days of CPU

time in the case of H3
+. With the FICI approach, the CPU

time needed to reach the 10−3 cm−1 absolute accuracy in the

calculation can be drastically reduced as shown by our next

test system, H3, in Sec. IV.

D. Function mobility and barrier tunneling

An important aspect of the ECSG basis set is its flexibil-

ity in describing different features of the wave function in-

cluding its ionic and covalent components. As mentioned

before, both ionic and covalent basis functions are needed. In

H3
+ calculations the ratio of the number of ionic to covalent

ECSGs was set to about 30%, in line with what it is in the

minimal-basis Hartree–Fock wave function. In the optimiza-

tions of the M1 sets performed for H3
+ in this work, we used

the same ratio. In this section we focus on whether the FICI

refinement procedure is capable of changing the initial ionic-

to-covalent ratio in the M1 set to make it more optimal. We

should mention that, if a certain ionic/covalent ratio is set for

a basis set optimized using the variational method, it remains

essentially unchanged during the calculation. This is because

changing it and making some ionic ECSGs become covalent

or vice versa needs migration of centers of the ECSGs be-

tween atomic centers, which requires overcoming energy

barriers. This is unlikely to happen in the variational optimi-

zation.

An analysis of how the FICI refinement deals with ad-

justing the ionic/covalent ratio is shown in Fig. 1. The figure

presents histogram plots of how much the particular type of

optimization svariational versus FICId moves the Gaussian

centers from their positions in the initial M1 set. For ex-

ample, inset sad in Fig. 1 shows how much the particular

optimization type changes the Gaussian shift distribution for

the M0=40 set. The quantity plotted on the horizontal axis is

calculated as DS=  SFICI−S0 −  Svariational−S0 , where S0 are

the Gaussian shifts in the M1 sets used to initiate the optimi-

zation, SFICI are the shifts obtained after the FICI refinement

and the subsequent variational optimization are performed,

and Svariational are the shifts obtained when only the varia-

tional optimization is applied. With that, DS is a measure of

how differently the Gaussian shifts are changed by the new

optimization in comparison with how they are changed by

applying the partial optimization that only involves the en-

ergy minimization. If DS is negative for a particular center,

si, it means that variational optimization moved this center

more than the FICI+variational optimization. If DS is posi-

tive, it means that the center was shifted more by the FICI

+variational optimization than by the variational optimiza-

tion alone. The variable on the vertical axis in the plot is the

percentage of the ECSG functions with the particular value

of DS. If there are no differences between the way the

FICI+variational optimization shifts the centers versus how

they are moved by the variational optimization alone, one

would have a single bar in the plot at DS=0. If there are

differences in the shifts, the histogram plot should become

broader. This is what happens in the plot corresponding to

the M0=40 set. It shows that the variational optimization and

FICI+variational optimizations move the centers of the EC-

SGs differently. However, in this case it is impossible to say

whether the ionic/covalent ratio is affected by either of the

optimizations.

For M0=100 and M0=300 finsets sbd and scd, respec-
tivelyg, the shift distributions have noticeably different

shapes. They again spike at DS=0 with about 30% of the

shifts being moved by the same amount or not at all, but

there is a noticeable bar on the right side of both sbd and scd
plots indicating that 5%–7% of the M1 functions are shifted

TABLE II. Percentages of the M1 sets that gave DE.0, DE.0, and DE,0, where DE=EFICI−Evariational for different M0 initial basis sets and M1 sets of 1,

2, and 5.

DE.0 DE.0 DE,0

M1→ 1 2 5 1 2 5 1 2 5

M0

20 17 51.5 47.5 38 10 13 45 38.5 39.5

40 11.5 35 37.5 40.5 13.5 9.5 48 51.5 53

60 15 34.5 35.5 55.5 12 8.5 29.5 53.5 56

80 14.5 37 33.5 42 8.5 12.5 43.5 54.5 54

100 12.5 21.5 23 57 5 10 30.5 73.5 67

150 30 11 11 40 2 4 30 86 85

300 2.5 6 6 82.5 2.5 4 15 91.5 90
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in the FICI+variational optimization by about 1.2–1.4 a.u.

The lack of a similar feature on the left side of the plots

indicates that a similar shifting does not happen in the opti-

mization involving the variational approach alone. Thus the

FICI+variational optimization changes the ionic/covalent ra-

tio and the pure variational optimization does not. This result

is important because it shows that, unlike the variational op-

timization alone, the FICI approach is capable of “tunneling”

ECSG centers through energy barriers and changing their

character from ionic to covalent and vice versa.

IV. CALCULATIONS OF THE GROUND STATE ENERGY
OF H3

In this section we show the results of some test FICI

calculations performed on the H3 molecule in its ground

electronic state. In the analysis of the results we compare the

energy convergence and CPU timings for H3 and H3
+.

The molecular geometry of H3 in the ground electronic

state was investigated in several theoretical works.
7,16–19

Be-

cause H3 with only three electrons is the smallest example of

a weakly bonded van der Waals complex, it has been a model

system of considerable interest in the past. As of now the

best estimation of its ground state geometry and energy is the

work of Cafiero et al.
7
Cafiero et al. employed a 64 ECSG

basis set that produced an equilibrium linear geometry with

RsH2d=1.4 a.u. and RsH2¯Hd=6.442 a.u. and the BO en-

ergy of E=−1.673 468 Hartree. This energy, even though it

is the best variational energy presently available in the litera-

ture, lies 221 cm−1 above the H2+H energy threshold of

21.674 475 714 22 Hartree. In the present calculations we

used the H3 equilibrium geometry of Cafiero et al.

The ground electronic state of H3 is a doublet and the

corresponding permutational symmetry operator for the spa-

tial wave function is represented by the following Young

tableaux:

This tableaux generates 3! =6 permutational symmetry op-

erators that are applied to each ECSG before it is used in

expanding the wave function in Eq. s1d.
In the H3 calculations we have used the FICI procedure

developed in this work for growing the basis set. Table III

shows the energy values obtained in the calculations for ba-

sis sets ranging in size from 20 to 1000. The H3 results are

compared in the table with results obtained in the previous

work for the H3
+ ion

9
where the FICI approach was not used.

For any given basis set size, we expected to see a threefold

increase in the CPU time for the calculation sconsistent with
the ratio of the number of the permutational symmetry op-

erators 3! /2!d going from H3
+ to H3. Instead we notice a

substantial improvement in the timings. For example, while

to enlarge the H3
+ basis set from 300 to 400 we needed 72

days of CPU wall time, the basis set enlargement for H3

corresponding to the growth of the basis set from 200 to 300

functions took 54 days. We attribute this improvement in the

optimization efficiency to substantially fewer destructive lin-
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FIG. 1. Shifting of the Gaussian centers during the optimization. On the

x-axis DS is calculated as  SFICI−S0 −  Svariational−S0 , on the y-axis the per-

centage of the M1 sets corresponding to a particular DS. sad M0=40, sbd
M0=100, and scd M0=300.
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ear dependencies in the calculations. Clearly, the FICI refine-

ment was able to very effectively generate ECSG functions

needed to describe all necessary features of the wave func-

tion without resorting to linear dependencies. This is a prom-

ising feature of the FICI approach.

It should be noted that the CPU timing reported in Table

III need to be considered as approximate. They include the

time used by the optimization routine to deal with the linear

dependencies, apart from the time used to calculate the en-

ergy and its gradient, and the time used to diagonalize the

Hamiltonian. The time needed to rid the ECSG set of linear

dependencies may widely vary from one calculation to an-

other because it depends on how many linearly dependent

pairs of functions are generated by the optimization routine.

It is interesting to notice that, as one may expect, the CPU

time increases as the basis set increases, but decreases as the

basis set approaches completeness s300 ECSGs for H3
+ com-

pared to the 400 ECSGs for H3d. This is related to fewer

number of the optimization steps needed at this final stage of

the optimization and also due to less frequent appearance of

linear dependencies.
8

Our best total BO energy of H3 in Table II of EH3

=−1.674 547 421 00 Hartrees was obtained with 1000

ECSG. It corresponds to a binding energy of 15.7 cm−1 or

22.6 K ssee Table IVd. This is the most accurate binding

energy of H3 calculated to date. In Table IV we show how

the binding energy H3 converges with the number of basis

functions. It is interesting to see that to achieve only two

significant digits sin cm−1d in the binding energy we had to

grow the basis set to a minimum of 500 functions. This in-

dicates that to refine the binding energy to an accuracy of

four or more significant digits the basis set needs to be en-

larged to several thousands functions.

V. CONCLUSIONS

We have developed an approach to generate and opti-

mize ECSG basis sets for very accurate variational calcula-

tions based on the FICI method of Nakatsuji.
14
The nonva-

riational nature of the approach allows the nonlinear

parameters of the Gaussians to adjust more freely than in

optimizations based solely on the variational principle. We

showed that the new method sad improves energy conver-

gence in the calculation sin our tests we obtained a 30%

convergence increased and sbd is capable of adjusting the

ionic/covalent ratio in the basis set and make it more opti-

mal.

The method was employed in the calculations of the

TABLE III. Energy convergence in Hartree for the ground state of H3 and H3
+ with the number of basis

functions. The calculations were performed at the ground-state equilateral equilibrium geometry for H3
+ with the

internuclear distance of R=1.65 a.u., and for the ground-state linear equilibrium geometry for H3 with

RsH2d=1.4 a.u., RsH2¯Hd=6.442 a.u. The CPU timings shown are calculated as the wall-time needed to

increase the size of the basis set from the number of functions given in “one row up” in the table. We used

between 8 to 24 parallel processors s2.83 GHZ quad-core Xeon, “Harpertown”d, “dash” indicates the CPU time

smaller than a day.

Basis size H3
a

CPU time sdaysd H3
+b CPU time sdaysd

20 21.660 874 730 67 ¯ 21.343 615 683 59 ¯

50 21.672 858 892 89 ¯ 21.343 830 866 65 ¯

100 21.674 261 374 37 3 21.343 835 411 94 4

150 21.674 442 431 84 15 21.343 835 599 83 8

200 21.674 499 296 64 15 21.343 835 618 40 16

300 21.674 531 777 99 54 21.343 835 623 08 40

400 21.674 540 708 93 33 21.343 835 624 53 72

500 21.674 544 789 61 17 21.343 835 624 75 40

600 21.674 545 807 59 15 21.343 835 624 94 8

700 21.674 546 700 99 14 21.343 835 624 974 0 1

800 21.674 547 142 32 11 21.343 835 624 993 5 ¯

900 21.674 547 283 58 6 21.343 835 625 009 0 ¯

1000 21.674 547 421 00 8 21.343 835 625 018 7 ¯

H3 Total 188 H3
+ Total 189

a
This work.
b
Reference 8.

TABLE IV. Convergence of the electronic ground state H3 binding energy

sin cm−1d with the number of basis functions. The binding energy is calcu-
lated with respect to the H2+H dissociation threshold of 21.674 475 714 22

Hartree. The calculations were performed at the ground-state linear equilib-

rium geometry with RsH2d=1.4 a.u., RsH2¯Hd=6.442 a.u.

Basis size Binding energy

20 2985.07

50 354.85

100 47.04

150 7.30

200 25.18

300 212.30

400 214.26

500 215.16

600 215.38

700 215.58

800 215.68

900 215.71

1000 215.74
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ground state energy of H3 at its equilibrium geometry. A very

good energy convergence was achieved and the final total

variational energy and the binding energy obtained in the

calculation with 1000 ECSG are the best results to date.
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