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ABSTRACT 

A new approach in which element reference frames are placed at each element and 

deformed with the elements at all times is introduced with the purpose of computing large 

deformations in the dynamic analysis of highly deformable bodies. Since the deformation 

rate of a deformable body is generally not zero, the time derivatives of the motions of 

these element frames do not vanish. This co-rotational-time-dependent frame approach 

(named CRTn in this work) is applied to flexible rotating beams undergoing large defor

mations. A novel numerical scheme based on the Newmark method is presented for the 

fast integration of the nonlinear equations obtained from the CRTn approach, and mesh 

partitioning/recombining algorithms are investigated as a means of achieving computa

tional efficiency. A flexible rotating plate undergoing large and fast rotation but small 

deformation is also examined. Numerical results, which include comparisons between 

the CRTn approach and other related approaches including nonlinear finite element ap

proaches are presented. The effects of bending stiffness and density on the maximum 

deflection of highly deformable rotating beams, and differences between the rotating plate 

and rotating beam approaches are discussed. 
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The study of flexible structures undergoing large rotations and large deformations 

has become one of the primary research interests in recent years. Accompanied with the 

rapid growth of the space industry, increasingly large numbers of spacecraft, which now 

feature components that are subjected to large deformations and fast rotations, have been 

built to perform various functions. However, for some spacecraft, the capabilities of their 

functions are not always satisfactory, and the degree of satisfaction heavily depends on 

predictions of the motions of their flexible members. For instance, clear signals or exact 

information can not be received without knowing the precise pointing attitude of antennae 

or sensors mounted on spacecraft; or high-efficiency solar energy collection may not be 

achieved without precise knowledge of the orientation of solar energy panels. Also, the 

analysis of highly deformable bodies is essential in the field of biomechanics when it is 

necessary to simulate the behavior of real tissue in mammals. Therefore, it is desirable to 

find methods which can accurately formulate the equations of motion of flexible structures 

and determine numerical schemes which can solve the equations of motion accurately and 

rapidly. 

The most commonly used method to handle large deformation problems is the finite 

element method which divides a flexible body into several elements and assumes that 

the displacements within each element can be evaluated by certain interpolation func

tions. Generally, in order to achieve good accuracy, a refined mesh must be employed in 

severely deformed regions. Geometrically nonlinear analysis, which considers both linear 

and higher order strains in the estimation of strain energy, may also be used. However, re-
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fined meshes significantly increase the number and complexity of the equations of motion, 

and, consequently, raise computational costs. Nonlinear analysis requires the calculation 

of higher order strain components and also slows down the computation. 

To save computational cost without sacrificing the accuracy of predicting the motions 

of flexible structures, a new approach, which contains finite elements with the lowest 

interpolation functions in the element frames, a partitioning/combining scheme based on 

the deformation of elements, and a new numerical method based on the Newmark method, 

is presented in this work. Unlike most research works that use a rigid body frame as the 

reference to measure nodal displacements and give the interpolation relations, this method 

incorporates element coordinates, which are attached to each element and deform with 

it, as the references of interpolation relations. The displacements measured in element 

coordinates are assumed to satisfy the lowest order ofinterpolation relations. For purposes 

of illustration, a rotating highly flexible beam has been chosen as a test bed for the new 

approach. An important reason the rotating beam has been chosen as a test bed is that 

the result of this approach can be compared to results from other approaches which have 

been extensively published in the literature. 

A partitioning/recombining algorithm, which checks the displacements at all times 

and performs the partitioning and/or combining, is also introduced. Because the com

putational costs increase dramatically with the number of elements used, it is always 

desirable to use the minimum number of elements to analyze the motion of the flexible 

structure. This partitioning/recombining is used to fulfill this purpose. 

Because the fast rotational and translational rigid body motion and the large elastic 

deformation affect each other, the equations of motion are generally coupled and nonlinear. 

Hence, numerical schemes must be employed to solve these nonlinear equations. The most 

widely used method is the Newmark family which predicts the solutions for the next time 

step and uses its own tangential matrix to correct the solutions until the solutions converge. 
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However, for a nonlinear equations of motion, the Newmark method does not contain all 

the first order terms from the Taylor series expansion and often results in slow convergence. 

To rectify this, all the first order terms from the Taylor series expansion are included in 

the tangential stiffness matrix in this approach. 

1.1 Literature Review 

Extensive work has been done in the study of flexible structures undergoing large and 

fast rotations. However, most of the studies are limited to small deformations and are not 

capable of handling large deformations. In general, for the small deformation approach, the 

strains of the beam are measured in a reference frame that follows the rigid body motion of 

the body. In the analysis of flexible beams, this reference frame is known as the "shadow 

beam". This approach can not precisely evaluate the strain energy associated with the 

beam as the deformation increases. In 1987, Kane, Ryan and Banerjee [19] pointed out 

that this approach is not appropriate for computing stiffening effects due to the centrifugal 

forces acting on a rotating beam. To rectify the shadow beam approach, methods based 

on nonlinear finite element analysis were formulated to compute the behavior of large 

deformation beams. Simo and Vu-Quoc [33] applied fully nonlinear (geometrically exact) 

structural theories to capture the stiffening effect due to centrifugal forces; Christensen 

and Lee [7] evaluated the strain energy from large deformation theory; and Ambrosio [1] 

used an updated Lagrangian description with nonlinear finite elements to formulate the 

equations of motion for beams undergoing large displacements and large rotations. In this 

section, works from both shadow beam theory and nonlinear finite element approach are 

reviewed. Works that can not be clearly classified into anyone of the two categories are 

also discussed. 
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1.1.1 Shadow Beam Approach 

Laskin, Likins and Longman [221 studied the motions offree-free (unrestricted) beams by 

applying nonlinear elastic theory to beams to capture the "geometric stiffening" effect. 

The shadow beam, or the floating reference, was used as the reference of all mode shape 

functions for both transverse and longitudinal vibrations. In this work, Kane's method [201 

was used to derive the equations of motion. The resulting ordinary differential equations 

were applied to four kinds of motion: resting in inertial space, steady spinning, constant 

torque spin-up, and a slew maneuver. It was shown that there are a number of couplings 

between the elastic deformation and the rigid body motion of the beam. 

Song and Huag [361 pointed out that a linkage may undergo severe elastic deformation 

at high speed, and the rigid body assumption for the traditional dynamic analysis is no 

longer valid in these problems. Therefore, they introduced generalized coordinates for 

each member of the system at each time step. With the assumption that all the elastic 

deformations are small, they were able to express all the displacements in terms of nodal 

coordinates using the shape functions of the finite element method. Both the kinetic 

and the strain energies were written as functions of the generalized coordinates. Finally, 

the equations of motion were obtained through the principle of virtual work, and the 

differential-algebraic equations were solved by a method based on the Gear [121 algorithm 

and the Newton formula. Flexible beams undergoing planar motions were demonstrated, 

and the results showed that their approach works well for either kinematic or force inputs. 

Levinson and Kane [231 investigated the motions of non-uniform cantilever beams in 

orbit. Again, the interpolation relationships from the finite element method were used to 

establish displacement relations between rigid body motions and structural deformations. 

In this work, they used a method introduced by Kane and Levinson [211 to formulate 

the equations of motion. The nonuniform cantilever beam was considered as a series of 

stepped beams, and the effect of bending stiffness was studied. 
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1.1.2 Nonlinear Strain Approach 

Since first order linear beam theory results in a loss of bending stiffness as pointed out by 

Kane, Ryan and Banerjee [19], Simo and Vu-Quoc [33] used the geometrically nonlinear 

beam theory to capture the influence of centrifugal forces on bending stiffness. Besides 

the deflection of the beam, they also considered extension and shearing. A complete set 

of linear partial differential equations was derived by consistent first-order linearization 

of the fully nonlinear beam theory. In this work, they also examined a flexible thick 

plate undergoing three dimensional rotational motion and obtained the partial differential 

equations governing the deformation of the plate. In their numerical results, the spin-up of 

a flexible beam was demonstrated. These results are used to verify the approach presented 

in this dissertation. 

In addition to the work introduced above, Simo and Vu-Quoc [32] also tried to uncouple 

the effects from structural and inertia operators by shifting the nonlinearity of the problem 

to the stiffness part of the equations of motion. In this work, the one-dimensional, large

displacement, finite-strain beam theory introduced by Reissner [28] was applied to capture 

the effect of large rotation, and an inertial basis was used to simplify the complicated 

expression for kinetic energy in the shadow beam approach. The equations of motion were 

derived using Hamilton's principle, and the Galerkin discretization method was employed 

to obtain the matrix form of the equations of motion. Finally, the equations of motion 

were solved by the Newmark family of algorithms and Newton-Raphson iteration. This 

work was extended to three-dimensional beams presented in [31], [30], and [34]. 

Christensen and Lee [7] also considered the rotating beam problem by using momentum 

conservation principles and the principle of virtual work. In the deformation of equation, 

the strain energy was evaluated by the product of the column vector of second Piola

Kirchhoff stresses and Green strains. This approach usually yields precise estimation of 

the strain energy. The equations of motions was solved by the Newmark method and 
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Newton-Raphson iteration. 

Like Christensen and Lee, Ambrosio [1] also used a nonlinear finite element approach to 

handle large deformations associated with rotating beams. In this approach, an updated 

Lagrangian description was used to formulate the equations of motion at each time step, 

and the procedures presented in Bathe and Bolourchi [4] for nonlinear finite element 

analysis were followed. The results showed behaviors similar to the one presented by Simo 

and Vu-Quoc [33]. 

1.1.3 Other Approaches 

Other methods have also been employed to handle large deformations of rotating beams. 

Most ofthese methods are based on the modified rigid body dynamic approaches to include 

the flexibility effect. 

Kane, Ryan and Banerjee [19] considered general beams subjected to extension, bend

ing, torsion, shearing and warping, attached to a base which undergoes prescribed trans

lation and rotation. In this work, their results were compared with various existing 

multibody dynamic simulation computer programs, such as DISCOS [6], NBOD2 [10], 

ALLFLEX [15] and TREETOPS [35]. It was demonstrated that conventional approaches 

fail to handle the problem successfully because of neglecting the "centrifugal stiffening" 

effect. Therefore, it was concluded that the predictions by conventional approaches, in 

which a claim is made that these programs can produce accurate simulation results of 

"large" motions of systems containing flexible bodies, may be totally incorrect. 

More recently, Yoo [39] examined the flexible rotating beam problem by a new for

mulation called the Nonlinear Strain Displacement (NSD) approach. In his work, it was 

shown that the approach in the work of Kane, Ryan and Banerjee [19], which is called the 

Imbedded Geometric Constraint (IGC) approach, fails to provide correct results for prob

lems where the lateral deformation of the beam is dominated by membrane stiffness. In 

contrast, the NSD approach handles such problems quite successfully. However, in 1992, 
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Haering, Ryan and Scott [14] showed that the NSD approach produces incorrect results 

for problems where the large deformations are dominated by bending stiffness. 

To improve the defects in the original IGC approach, another flexible body dynamic 

formulation, called the Augmented Imbedded Geometric Constraint (AIGC) approach, for 

beam structures undergoing large overall motions was developed by Haering, Ryan and 

Scott [14]. Like the IGC approach, the AIGC approach also uses Kane's method [20] to 

derive a set of ordinary differential equations. However, the differential-algebraic equations 

in the AIGC approach are generated by enforcing the physical boundary conditions for the 

beam. It was shown that the AIGC approach can successfully handle large deformations, 

which are dominated by either bending stiffness or membrane stiffness. 

A co-rotational formulation for the dynamic analysis of planar flexible mechanisms 

was developed by Hsiao and Jang [16]. In their approach, element coordinates which 

rotate and translate with the elements but do not deform with them, were used for the 

evaluation of strain energy. This approach gave the same equations of motion obtained 

from the nonlinear finite element approach, such as Ambrosio [1]. Again, the equations of 

motion were solved by the Newmark method [24] and Newton-Raphson iteration. 

1.1.4 Current Approach 

Most of the methods outlined above suffer from one or more of the following disadvantages: 

1. They cannot handle large deformations under all circumstances (because of improper 

form ulations ). 

2. Their computational costs or runtimes are very high (because extremely small time 

step sizes have to be employed). 

3. They require the analyst to know a priori: the number and size of the elements in the 

component to be analyzed. Such a task is generally not easy especially in dynamic 

analysis involving arbitrary motion. When coupled with the high computational 
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cost, this means that the analyst may have to spend hours to run a test case only 

to find out that the mesh is not adequate for the test case. 

The approach introduced in this work overcomes all these deficiencies. A co-rotational, 

time-dependent approach (CRTD) is presented in this work. Unlike the co-rotational 

element coordinates used in other approaches, the element coordinates move with the 

element and also deform with them in the CRTD approach. Therefore, time derivatives of 

the motions of element frames are not ignored. In addition, the strain energy is evaluated 

in these rotating element frames so that the error in the evaluation of potential energy is 

reduced. The interpolation relationships are also based on these element frames and can 

cope with large deformations by using proper transformation operators between the rigid 

frame. 

1.2 Organization of Chapters 

This dissertation is composed of seven chapters. Chapter 1 provides background on the 

problems and reviews related research works. The general CRTD approach and an ex

ample of a rotating flexible beam undergoing large rotations and large deformations are 

described in detail in Chapter 2. In Chapter 3, the partitioning/recombining algorithms 

for both highly deformable beams and slightly deformable beams are introduced. A rotat

ing plate theory based on the "shadow plate" approach is outlined in Chapter 4. Chapter 

5 introduces a new time integration numerical method based on the Newmark method. All 

the numerical results are presented in Chapter 6, and the results are discussed in Chapter 

7, which also outlines the future research directions. 
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CHAPTER 2 

CO-ROTATIONAL TIME-DEPENDENT APPROACH 

A theory, which employs a new method to obtain the equations of motion for large 

deformation structures, is presented in this chapter. The method uses co-rotational, time-

dependent element frames attached to each element, and is named the CRTD approach 

in short. A general CRTD approach is introduced in the following section, and the CRTD 

approach for flexible beams is presented in detail in the rest of this chapter. 

2.1 General CRTD Approach 

Consider a flexible body undergoing large deformation as shown in Figure 2.1. It is 

assumed that the rigid body motion of this body in an inertial frame OXYZ is given, 

and a reference frame O'UVW is attached to the body and moves with the body. In 

addition, this body is divided into several finite elements, and element frames are attached 

to each element and deform with the element. Assume that, in the element frames, the 

displacements within each element can be directly obtained from interpolation functions 

used in finite element analysis. These relationships can be generally written as 

where dl i is the displacement vector of an arbitrary point measured in the element frame 

ij q/i is the vector of the nodal displacements measured in the same element frame, and 

N = N(~i) is the interpolation matrix, or shape matrix, which relates the displacement 

of an arbitrary point to the nodal displacements. Then, the displacements can be refered 

to the rigid body frame, O'UVW, so that displacement of any point can be expressed 

, 
" 
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x 

Figure 2.1: General Coordinate Systems 
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in terms of nodal displacements measured in rigid body frame. In general, this can be 

written as 

d = ANBTq+ r, 

where d is the displacement of a given point measured in the rigid body frame; A is 

a transformation matrix which transforms local (element frame) displacements to global 

(rigid body frame) displacements; q is the vector of nodal displacements measured in the 

rigid body frame, and r is a function of the orientations of coordinate Qif,i."i(i relative 

to the global Q'UVW coordinate (not negligible if orientations of Qif,i."i(i varies from the 

orientation of Q'UVW by a large angle). B is an N x N matrix and has a general form 

A o 

A 
B= 

o A 

where N is the number of degree of freedoms. Once the displacements are written in terms 

of global displacements, the velocities, d, can be directly obtained by taking time deriva

tives of the displacements. However, it is important to notice that the time derivatives 

of the motions of element frames are generally not zero, therefore, A, Sand i' should 

not be neglected in the derivations, where A = A( q, q) in general. From these known 

displacements and velocities, both the kinetic energy and the strain energy of the body 

can be found. 

The kinetic energy depends on both the rigid body motion and the elastic deformation. 

If the rigid body frame is moving with velocity R and angular velocity n relative to the 

inertial frame QXY Z, then the absolute velocity of an arbitrary point can be written as 

Vp = R+nx (do+d)+d, 

= R+nx (do+ANBTq+r) 

+ANBT q + ANST q + ANBT q + i', 
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where do is the position vector of an arbitrary point P in the undeformed configuration 

measured in the rigid body frame. From the above equation, the kinetic energy can be 

written in the following general form: 

1 I 2 • • 
T = 2 }vpVpdV = T(R,n,q,q). 

Note that n may be expressed by any of the usual ways (e.g. Euler angles, Euler parameter 

and so forth) and that q can also contain (small) rotational coordinates independent of 

the parameters used to express n. Also, the potential energy is a function of elastic 

deformation for linear elastic materials and has the general form 

where E and (T are a pair of conjugate strain and stress vectors respectively. Finally, the 

equations of motion can be obtained through the Lagrange's equation and have the general 

form: 

M(Q)Q + K(Q)Q = F(Q,Q,t), 

where Q = [R (J ql q2 qN]T and iJ = fl. However, if the rigid body motion 

is given, the Q vector can be reduced to Q = [ql q2 qN f, where qi are the 

displacements at node i. 

In the following section, the CRTD approach is applied to a highly deformable beam 

undergoing large planar deformation and rotation, and expressions are derived for the 

various terms shown in the equations above. 

2.2 CRTD Approach for Beams 

In this section,three different coordinate systems are used to obtain the equations of motion 

for a rotating deformable beam. An inertial frame 0 XY is used to record the rigid body 

rotating angle 1j;(t); a floating rigid body frame O'UV serves as the global frame to which 

all the finite element nodal quantities are referred; and element frames Oi~i1Ji are employed 
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to evaluate accurately the potential energy and establish the interpolation relations for 

each element so that large deformations can be properly handled. Then, by expressing 

both the kinetic and the potential energies in terms of nodal quantities, the Lagrange's 

equation are applied to the system to obtain the equations of motion. 

2.2.1 Interpolation Relations 

Consider a flexible beam rotating around an axis with known angular displacement 'I/J(t) 

as shown in Figure 2.2. The angle 'I/J is measured in an inertial frame, OXY. In addition 

to this frame, a rigid body frame is attached to the root of the beam and rotates with it. 

Also, element coordinate frames are attached to the first node of each element and deform 

(rotate) with the elements. At all times, the ei-axis of the element coordinate frame for 

element i coincides with the tangent at the first node of element i, and the u-axis of the 

rigid body frame coincides with the tangent for the beam at the root as illustrated in 

Figure 2.2. 

Instead of establishing the interpolation relations in the rigid body frame, these rela

tions are referred to the element coordinate frames in the CRTD approach. In the element 

coordinate frame for element i, the displacements of an arbitrary point on the element are 

denoted bye, 'Tl, and f3 where e is the displacement in the e i direction; 'Tl is the displace

ment in the 'Tl i direction; and f3 signifies the angle between the tangent at the given point 

and the ei-axis. It is obvious that 6 = 0; 'Tll = 0; and (31 = 0 for all elements at all times 

since these element coordinate frames are attached to the first nodes of the elements and 

move with the elements. Therefore, the interpolation relation can be written as 

(2.1) 
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where the interpolation function is given by 

(0 0 

N2«() = 0 3(2 - 2(3 1«(3 _ (2) (2.2) 

o 1«( - (2) -2( + 3(2 

and ( = ~i / Ij I is the length of the elementj and ~i is the ~i coordinate of the point. 

Since the equations of motion will be formulated in the rigid body frame, it is necessary 

to transform the above interpolation relations to the rigid body frame and relate the global 

displacements for any point to the global nodal displacements. In Figure 2.3, u, v, and () 

are the displacements measured in the rigid body framej and~, 'T/, and f3 are displacements 

referred to the element coordinate frame. From Figure 2.3, it is evident that the relation 

in the u direction can be written as 

In the equations above Ul, VI and ()l are the u, v and () displacemen ts of node 1 respectively. 

Also, the following relation can be written in the v direction. 

Besides, the relationship between the angles is 

The following transformation relations are obtained by assembling these equations in ma-

trix form. 

1 
u ]1 Ul] 1 cos ()l - 1 ] 1 ~ ] 
: = :: + f 'i:8, + A ; , (2.3) 



28 

v 

~I 

Element 

A 
Frame 

1 U1 2 U 
Rigid Body I U 
Frame ~ 

I 

Figure 2.3: Displacement Relations between Elemental and Rigid Body Frames 



where A is a transformation matrix and defined as 

cos (h - sin 01 0 

A = sin 01 cos 01 0 

o o 1 
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(2.4) 

Finally, the interpolation relations in the rigid body frame can be obtained by substituting 

Equation 2.1 into Equation 2.3. These relations can be expressed as 

! : l ~ ANBTq+r, 
(2.5) 

where 

N = [1- N2 N2] ; 

q = [UI VI 01 U2 V2 02]T; 

B = [: :]; ! -/ sin 9,«( - 3(2 + 2(3) l 
r = sin 01 l cos 01 (( - 3(2 + 2(3) . 

-6(( - (2) 

Note that the shape function N is not the same as the conventional shape function for 

beams which can be found in most finite element textbooks. The differences are due 

to the fact that frames are attached to each element in the beam and deform with it. 

These differences also yield a different mass matrix and stiffness matrix which are slightly 

different from the commonly seen ones. 

The velocity relations can be directly obtained by differentiating Equation 2.5 with 

respect to time. However, it is important to notice that 01 is also a function of time 

meaning that A, B, q and r are all time-dependent. With this in mind, Equation 2.5 
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can be differentiated with respect to time, and the following equation can be obtained: 

(2.6) 

2.2.2 Kinetic Energy 

The kinetic energy of a beam element consists of translational and rotational components. 

To evaluate the kinetic energy, it is necessary to find the absolute velocity for an arbitrary 

point first. As shown in Figure 2.4, the absolute velocity of a point originally at position 

ei in its element frame is 

(2.7) 

where 10 is the distance between the first node of the element and the axis of rotation in 

the undeformed configuration. 

From Equation 2.7, the translational kinetic energy for a beam element can be written 

as 

(2.8) 

where A is the cross-sectional area for the beam element. Additionally, the rotational 

kinetic energy for an infinitesimal element with cross section A and thickness dei can be 

expressed as 

where dIm is the mass moment of inertia for the infinitesimal element which is usually 

expressed by 

dIm = p(r/)ZdV, 
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where dV is the volume of this infinitesimal element. The rotational kinetic energy for a 

beam element becomes 

(2.9) 

From Equations 2.8 and 2.9, the total kinetic energy for a beam element can be written 

as 

(2.10) 

2.2.3 Potential Energy 

The potential energy, which is measured in the element coordinates, usually contains the 

strain energies from bending and stretching of a beam only if the small strain assumptions 

hold. However, if nonlinear analysis is performed, nonlinear terms should be added to it. 

For a linearly elastic material with constant density and cross-sectional area, if the strain 

energy II is totally due to the strain in the ei-dir, then 

The strain fee for large deflection beams can be derived from Green-Lagrange strain and 

has the form 

After neglecting the higher order terms and performing the integration, the strain energy 

can be evaluated by 

where I is the area moment of inertia of the cross section. The first term represents the 

linear strain energy due to stretching; the second term denotes the linear strain energy due 
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to bending; and the last term is due to the contribution from the nonlinear component of 

the strain. IT the linear components of strain energy are the only terms considered, then 

1 r1 [2 2]' II = 2' 10 EA{ei + E1f3,ei d~', (2.11) 

where 

Instead of evaluating (i.e. in the element frame i) the potential energy in the rigid 

body frame, the equation above uses local displacements to estimate the potential energy 

so that better accuracy can be accomplished. Nevertheless, since the displacements in the 

rigid body frame, u, v, and (), have been selected as global coordinates, ~ and f3 in the 

above expression must be transformed to the global frame. With the help of the Equation 

2.1, the following equation can be obtained. 

(2.12) 

In addition, if nonlinear analysis is performed, the following term should be added to 

the potential energy: 

(2.13) 

This nonlinear term includes only the lowest order term from the fully nonlinear terms 

[27]. In most cases, this term is much smaller than the other terms, and can be neglected. 

However, this term should be calculated whenever large strains occur. 



34 

2.2.4 Equations of Motion 

The equations of motion can be obtained by applying Lagrange's equation to the system. 

Lagrange's equation is generally written in the following form 

(2.14) 

where L = T - II is the Lagrangian function. The following equations of motion are 

obtained for this beam element by substituting the kinetic energy and potential energy 

expressions for a beam element into the Lagrange's equation 

(2.15) 

where mj is the mass matrix; kj is the stiffness matrix and fi includes all the external and 

inertial forces. The expressions for mj, kj, and f j are found to be: 

mi = B(mt + mr)BT + [0 0 fm 0 0 0] + [0 0 fm 0 0 of 
0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 Sm 0 0 0 
+ 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

For constant cross section area, A, and constant density, p, 

1 0 0 1 0 0 3" '6 

13 131 0 9 131 
35 420 70 - 420 

[2 0 111 12 

mt = Apt 'N5 210 -'N5 
(2.16) 

1 0 0 3" 

13 111 
35 -210 

Sym. 12 
'N5 



If the mass moment of inertia is also a constant, then 

where 

0 0 0 0 0 0 

6 -1.1 0 6 0.1 51 51 

111 0 1.1 21 

I:;"I IS -IS 
mr = 

0 0 0 

6 -0.1 51 

Sym. 21 
IS 

I:;" = p L (r/)2dA; 

fm = (BcBT + BmtBT + BmrBT)q + AplBxs + 110IpCBX4; 

8m = qT(BmtBT + BmtBT + 2BcBT + BmrBT)q 

T-T T-T 1 3 6 2 1 T-T 
+2Apl(xs B + x6 B )q + 210Apl + -SIplc + -SIpex4 B q. 

In the expressions of fm and 8m , constants are defined as follows. 

e = cos(h; s = sin(h; 

xI = [0 12 -111 0 -12 1]; 

xf I 
Ie Ie]; = 420[-7s ge 7s -ge 

xT I 
- 9s Is]; = -[7e 9s -Is -7e 6 420 

B d 
= dlh (B)j 

B d -
= dfh (B)j 

35 

(2.17) 
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0 7 I 0 3 I 
-20 -30 -20 30 

0 0 3 0 0 20 

0 I 0 0 20 e = 
0 7 I 

-20 20 

0 0 

skew. 0 

The stiffness matrix ki is found to be 

(2.18) 

where 

k' ~ ~ [ k, 
-k1 

-k, l' 
kl 

and 

a 0 0 

kl = 12 I p- -~I 

sym. 41 

where I represents the area moment of inertia of the cross section. It should be noted 

that both the mass and the stiffness matrices are still symmetric even after the transfor-

mation and combining of coupling terms. This not only provides a reasonable physical 

interpretation but also allows the use of the numerical method described in Chapter 5. 

The force fi contains all the external and inertial forces and has a complicated form: 

fj = -201(BmtiF + BeBT)q - 0?(2BeBT + BmtBT - BmtBT)q 

+20~ AplBx6 - -¢BeBT q - ;POI {BeST - SeBT - 2BmtBT)q 
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0 0 

0 0 

+Fn-
h hn 

0 0 

0 0 

0 0 

where 

h = 28IC{(BmtBT - BmtBT + BcBt - BCBT)q + O~qT(BmtBT + BmtBT 

+BcBT)q + qTBcBT q + O~AplqT(B + iJ)X5 + 20lAplqT(Bx5 + BX6) 

+¢qT(BmtBT + BcBT)q + 2-¢qT(BmtBT - BcBT)q + ¢AplsqT(Bx7 + Bxs) 

+Apl.,pqT(sBx7 - cBxs) + ¢AplqTBx6 + -¢AplqTBx6 + 2~0 ¢S2 Apl3 

+¢ApqT(BxlOX2 + BXIOXI) - 6~ApI3¢(c2 - S2) - -¢2qT(BmtBT)q 

'2 T - 1 '2 3 '2 T --Apl'I/J q (CBX7 + SBX7) - 210 'I/J Api sc - Ap'I/J q (BXlOX2 - BXlOXd 

1 '2 3 ' T - - T '2 T' - T 6 '2 
- 30 'I/J Api sc + 20q BmrB q + 0lq (BmrB )q - SOIIpics 

1 '2 T' - 1, T - .. T - .. + 10 IpOI q (CBX4 - SBX4) + SIpOcq BX4 + 'l/Jlpq BXll -'l/Jlplc 

+qTBkBT q + EqTBxl3 + EqTBxl2 + Eals(1- c) + 112 EIsc, 

1 { 1 [1 T T 12 T 6 2] fn = -"2EAI "2BXI4 12 q BDIB q + T sq BD2 + SS 

+ [~qTBX14 + C - 1] [~BDIBT q + 1[2 SBD2]} , 

and 

In the above expressions offi' fn and hn are only calculated when nonlinear analysis is 

performed, Also, the constant matrices and vectors shown in the expressions are defined 
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as follows: 

Xl = [s C of; 

X2 = [c -s of; 
1 

I1T; X7 = 420 [0 9 -I 0 -9 

1 of; Xs = -[-1 0 0 1 0 
60 

XlO = NT + 10NT; 

Xu = [0 -1 1 0 1 If; 

[a(l- c) 
12 6 

- a(l - c) 
12 

6 r X12 = fisI - -sI --sI lsI j 1 12 

[as 
12 6 12 

6 r X13 = ficI - -cI -as --cI I cI ; 1 12 

X14 = [-1 0 0 1 0 01T; 

Ap = Ap; 

Ip = r· m' 

Dl = [ -: -: l; 
0 0 0 

d = 0 6 / 
:5 -10 

0 / 2/2 
-10 15 

D2 [0 
1 I 

0 
1 Lr = 5 - 60 -5 60 ' 

where Lo is the distance from the first node of the element to the axis of rotation and 

N = fol Nd~i, 

N = fol ~iNd~i. 

With the use of the general assembly scheme employed in the finite element method, the 



global equations of motion are obtained: 

M(Q)Q + K(Q)Q = F(Q, Q, t), 

In the above expression, Q is the vector of global displacements and defined as 

where N is the number of nodes. In addition M and K are 

NE 
M= Lmij 

i=l 
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(2.19) 

where N E denotes the number of elements. It is important to note that the L: used 

in the above expressions means summing of element matrices into the global matrices, 

not simply adding element matrices together (or expanding element matrices to global 

dimensions and adding them as ordinary matrices). 
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In transient dynamic structural analysis, it is difficult to find an appropriately refined 

mesh for the finite element approach because the deformation is usually time-dependent. 

A large deformation region at a specific time may become much smaller at a different time. 

Therefore, it is desirable to have a time-dependent meshing scheme which refines the mesh 

where severe deformations take place and coarsens the mesh where refined meshes are no 

longer needed. The partitioning/recombining scheme introduced in this chapter checks 

the deformations at every time step. Then, it decides if partitioning and/or recombining 

should be performed, where the refining and/or coarsening should occur, and how the 

partitioning should be conducted. By using this partitioning/recombining scheme, it is 

possible to use a proper mesh with fewer number of elements to achieve a certain accuracy 

at all times. Consequently, the computational cost can be significantly reduced. 

A nonlinear analysis can be employed to compensate the above mentioned parti

tioning/recombining scheme when excessive cuttings cause numerical instabilities. Usually 

the partitioning/recombining scheme cuts elements, which are under severe deformations, 

without checking their sizes. As elements become smaller, there is a possibility that the 

length ratio of the largest element to the smallest element may become too large resulting 

in ill-conditioned mass and stiffness matrices. To avoid this problem, the length ratios of 

each element are examined at every time step. If this ratio for a given element is greater 

than the maximum allowed value, this element is not devided further even if its defor

mation exceeds the partitioning standard; and nonlinear analysis is performed for this 

element. By including one of the higher order terms in the strain energy, this nonlinear 
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analysis provides good results without employing extremely refined meshes. 

The partitioning/recombining algorithm functions differently depending on the severity 

of deformation. For small deformation beams, it simply divides and combines elements. 

However, when the deformation is large, it reforms the mesh and restarts the numerical 

integration to cope with the large errors involved in direct partitioning and recombining. 

All these functions are explained in detail in this chapter. 

3.1 Partitioning/Recombining for Small-Deformed Beam 

This partitioning/recombining scheme is based on the deformation of the beam and has 

two important, preset criteria: the upper limit for the angular difference within an beam 

element €u and the lower limit for the angular difference within an beam element, fl. Here, 

the angular difference within a beam element denotes the absolute value of (h - (J2 for the 

two nodes in this element. If the angular difference is greater than the preset partitioning 

criterion, €u, at any time t, the partitioning scheme will divide this element into two 

by adding a new node at the center of this element. Similarly, if the angular difference 

is smaller than the combining criterion, €l, at any time t, the recombining scheme will 

combine this element with an adjacent element or elements into one provided that the 

number of elements is still greater than, or equal to, the preset allowed minimum number 

of elements. As pointed out by Kane [19], the shadow beam approach has a discrepancy 

in the loss of bending stiffness; hence, at least two elements should be used for the CRTn 

approach. In general, the allowed minimum number of elements depends on how large the 

deformation will be and has to be decided in advance. 

Since the partitioning algorithm for small deformation beams always puts a new node 

at the center of the element being divided, the new nodal quantities should be determined 

before the numerical integration can continue. In this approach, the new nodal quantities 

are directly estimated from the interpolation functions. Consider the partitioning of a 
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small deformation beam element i with nodes 1 and 2 as shown in Figure 3.1. Let the 

newly generated node be represented by m. Since the interpolation relation in Equation 2.5 

can always be applied to any point of the element, the displacements at this new node m 

can be obtained by evaluating Equation 2.5 with ( = 0.5, and they are: 

o 
1 
"2 

In the above expression, 

sl 
-8' 

c/ 
8 

5 
'4 

1 
"2 

o 
o 
1 
"2 

3s 3c 
-21 21 

c = cos(1ti 

s = sin (lti 

and I is the length of the original beam element in the undeformed configuration. 

The velocities and accelerations at this newly generated node can be directly obtained 

by differentiating Equation 2.5 with respect to time and evaluating the differentiated 

equation at ( = 0.5. The velocities are found to be 

(3.2) 

and the accelerations for this newly generated node can be evaluated by the following 

equation. 

1 
Urn 

] 1 
I 0 sl 

1 
iit 

]+ 
1 0 sl 

1 
V2 

] 
"2 -8' "2 8 

vrn = 0 I cl 
VI 0 I c/ U2 "2 8 "2 -8 

Om 3s 3c 5 01 
3s 3c I O2 21 -21 '4 -21 21 -'4 
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+~1 
0 

) +20, 

0 0 cl 

1 
'Ill - U2 

) 
-"8 

0 0 0 sl 
VI - V2 -"8 

sOl- cih 3c 3s 0 01 - O2 21 21 

+(~ 
0 0 cl 0 0 sl lu

' -" ) 

-"8 "8 

0 0 sl + O~ 0 0 cl VI - V2 • (3.3) -"8 -"8 

3c 38 0 3s 3c 0 (h - (J2 21 21 -21 21 

Once these new nodal quantities are assigned, the numerical integration can continue and 

the subsequent motions of the beam can be calculated. 

In addition to partitioning, this algorithm also provides the recombining function. 

Because the computational speed depends heavily on the number of elements used, the 

combining of elements makes the computation more efficient. 

Like the partitioning algorithm, the recombining algorithm is also based on the defor

mations of each beam element. It calculates the angular differences for all elements at all 

times. If the angular difference in any element falls below the preset combining criterion, 

€/, and the number of elements is greater than the allowed minimum number of elements, 

the recombining scheme will be activated. For instance, if the angular difference at ele-

ment i is smaller than €I and the number of elements is greater than the allowed minimum 

number of element, nmin' this algorithm combines element i and i+l into a single element. 

Then, it checks whether the angle difference for the new element is still smaller than €/. 

If it is, the algorithm rechecks whether the number of elements is still greater than nmin' 

and decides if element i + 2 should be also combined into this element. The algorithm 

keeps combining elements until one of the following three conditions is satisfied: 

1. The number of elements reaches nmin; 

2. The angular difference for the new element exceeds €/; or 

3. There are no more beam elements to be combined. 
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Figure 3.2 shows the flow chart for this partitioning/recombining scheme for small 

deformation beams. 

Although this partitioning/recombining algorithm can significantly reduce the compu-

tational cost, it has two major limitations. First, continuous partitioning makes both the 

mass matrix and stiffness matrix ill-conditioned and causes the numerical integration to 

diverge. Second, when the deformation of the beam is large, the error due to partitioning 

and/or recombining generally makes the subsequent results unreliable and often induces 

divergence. These limitations will be described in the following sections. 

3.2 Nonlinear Analysis 

If some sections in the beam are subjected to comparatively large deformations, the above 

partitioning/combining algorithm may keep refining these portions of the beam and cause 

numerical difficulties in solving the matrix equations. To prevent this situation from hap-

pening, a nonlinear analysis is performed on these large deformation elements to replace 

the partitioning. 

In finite element analysis, the condition number, A, for the mass and stiffness matrices 

can be roughly evaluated by the following equation given by Fried [11] . 

(l )
2m-l 

A = b m~x N 2:; , 
lmln 

(3.4) 

where b is a positive constant; 2m is the order of differential equations; N is the number 

of elements; and n is the dimensionality. For a beam, 2m = 4; n = 1; therefore, the 

condition number is proportional to the cubic of the ratio lmax/lmin. When partitioning is 

activated, both (lmax/1min) and N increase, and the condition number increases dramati-

cally. Therefore, successive partitioning may make the matrices ill-conditioned and cause 

divergence in the time integration. One way to cope with this problem is to put limita-

tions on the ratio lmax/1min and to conduct the nonlinear analysis on large deformation 

elements. 
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The algorithm employed for this purpose checks the ratio of Imaz:/1min before each 

partitioning step to ensure that ill-conditioned matrices do not occur. First, a maximum 

allowed value of Imaz:/lmin is determined; then, the value Imaz:/ I for the target partitioning 

element is compared with the maximum allowable value before each partitioning step. 

If the value lmaz:/1 is greater than the maximum allowable value, the nonlinear term in 

Equation 2.13 is added to this element instead of partitioning the element further. Hence, 

accurate results can still be obtained without further cutting the element. However, since 

nonlinear analysis requires more computations, it is performed only in this condition. 

Linear elements are still utilized for most of the time to accelerate the computation. 

3.3 Error in Partitioning 

When the deformation of a beam is large, the partitioning scheme for small deformations 

can no longer be used because of the large error in inserting a new node. Consider 

the partitioning shown in Figure 3.3. During the partitioning, not only are new nodal 

quantities assigned to the new node, but implicitly a new element coordinate is also 

generated at this new node. 

Before partitioning is performed, the lateral deflections of all points between node i 

and node i + 1 must be determined by the deflections and the derivatives of deflections 

at the end nodes. These deflections and their derivatives are measured in the element 

frame, Oiei",i. From the interpolation relations, the deflected beam forms a cubic curve 

in the Oiei",i frame as shown by the solid line in Figure 3.3. However, when a new node 

is generated between node i and node i + 1, the deflections for the points between node 

i and node m form a new cubic curve determined by the deflections and its derivatives 

at nodes i and m. At the same time, the deflection curve between nodes m and i + 1 is 

a cubic curve referred to the newly generated Omem",m frame. These two new deflection 

curves are shown by the dashed line in Figure 3.3. In general, the solid curve and dashed 
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curve in Figure 3.3 will not coincide. That is, by adding a new node to the beam element, 

a new deflection shape is actually assumed. Therefore, an error is introduced. This error 

will manifest itself in the following ways. 

1. The shape of the deflected beam is changed. 

2. The velocities and accelerations for points in the element are changed because veloci

ties and accelerations are directly obtained through time derivative of displacements. 

3. The mass distribution of the beam is changed. 

4. Since displacements, velocities and the mass distribution are all changed, there will 

be a discontinuous change in the linear and angular momentum of the beam. 

5. Also, the changes in displacements, velocities and mass distribution cause a discon

tinuous change in the energy of the beam. 

Experience indicates that this error often causes instability of numerical integration. How

ever, for small deformation beams, the angular differences between ei , em and ei+1 are 

very small, and the curves in Figure 3.3 almost coincide with each other. Therefore, this 

partitioning algorithm is still effective, and convergent results can still be obtained. 

3.4 Partitioning/Recombining for Large-Deformed Beams 

As mentioned in the previous section, the partitioning/recombining algorithm for small 

deformation beams can not be applied to large deformation cases. In order to be efficient 

in handling large deformation beams, another scheme has been developed to replace the 

partitioning algorithm. This method still produces the minimum number of elements 

necessary to compute the motions of large deformation beams. The recombining scheme 

used for small deformation cases is still included in the new partitioning/recombining 

scheme to reduce the CPU time. However, the recombining criterion, t/, must be small 
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enough to reduce the error in recombining. Otherwise, this recombining scheme will 

also cause divergence when it is applied to large deformation cases. The new scheme 

that replaces the original partitioning algorithm also checks the displacements at each 

time step. If a diverged displacement, which is defined as the angle at the beam tip 

exceeding a preset standard, is detected, this new algorithm will automatically remesh 

the whole beam and redo the time integration from the beginning. Although this new 

algorithm may waste some time in seeking the minimum number of elements needed for 

a convergent result, it always uses the minimum number of elements to manage large 

deformations. Moreover, when the deformations are no longer large, the recombining 

algorithm will further decrease the number of elements, and CPU time can be saved. In 

addition, when several runs have been completed, one may recognize what the range of 

the starting number of elements should be from his own experience, and, as a result, the 

time wasted in seeking for the minimum number of elements can be reduced. Figure 3.4 

illustrates the partitioning/recombining scheme for large deformation beams. 

Two different mesh reformation schemes are used to generate the new mesh for restart

ing the numerical integration. The first one focuses on obtaining well-behaved mass matrix 

and stiffness matrices, and divides the beam into n + 1 equal-length elements if n is the 

previous number of elements that failed to obtain a convergent result. This reformation 

scheme totally neglects the high stresses close to the root of the beam, and, in general, 

gives good predictions of the largest deformation but not the motions in the steady state 

situation. To remedy this, a second reformation scheme, which places more nodes at the 

higher stress region, has also been developed. Unlike the first reformation scheme, this 

scheme may have ill-conditioned matrices if there is no restrictions on the new meshing. 

Therefore, the length ratio Imax/1min must be checked in the remeshing process. This sec

ond reformation scheme always divides the element at the root first. Then, it checks the 

length ratio Imax/1min after the cutting. If the ratio exceeds the preset maximum number 
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of Ima:c/1min' this reformation scheme will divide all the elements with length Ima:c. Then, 

the numerical integration restarts with this new mesh. Because this second reformation 

scheme uses more elements in the high-stressed region, it provides good predictions in 

both the maximum deflection and the motions in steady state. Figure 3.5 shows this 

reformation scheme. Comparisons of the different partitioning/recombining schemes for 

small and large deformation beams are discussed in Chapter 6. 
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CHAPTER 4 

ROTATING PLATE THEORY 
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The procedures to formulate the equations of motion for a flexible rotating plate are 

presented in this chapter. Like the governing equations for a flexible rotating beam, the 

equations of motion for flexible rotating plate are also obtained through Lagrange's equa

tion. Once the kinetic energy and potential energy for a plate element can be expressed as 

functions of nodal quantities, which are measured in a global rigid body frame, the local, 

or element, equations of motion can be easily obtained by applying Lagrange's equation 

to the element. Then, the global equations of motion can be obtained using standard 

assembly methods used in the finite element method. Because it is extremely complicated 

to derive the equations of motion for rotating flexible plates by using element reference 

frames like those used in rotating beams, this approach is simplified by directly establish

ing the interpolation relations in the rigid body frame. As a result, the resulting equations 

of motion are only valid for small deformation problems. To analyze large deformation 

plates, element reference frames still have to be employed for interpolation functions. Nev

ertheless, the equations of motion for small deformation plates is still consistent with the 

rotating beam approach. 

4.1 Kinematics of a Rotating Plate 

4.1.1 Rotation of Unit Vectors 

A rectangular plate rotating about an axis defined by unit vector Wn is considered. The 

initial orientations of the two sides of the plate are assumed to be Un and V n , which are 

also unit vectors. When the plate rotates with an angle 'IjJ about axis W n , the orientations 
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of the two sides of the plate point in new directions e u and ev as shown in Figure 4.1. If 

Ro denotes the origin of O'UV coordinate before the rotation, and RfJ denotes this vector 

after rotation, then, the relationship between Ro and RfJ is 

Similarly, 

Therefore, the following relations between the orientations before and after the rotations 

for the two sides of the rotating plate are obtained. 

eu = (un,wn)wn+[un-(un,wn)wn]cos'l/1+(wnxun)sin'l/1 (4.1) 

ev = (vn,wn)wn+[vn-(vn,wn)wn]cos'l/1+(wnxvn)sin.,p (4.2) 

From Equations 4.1 and 4.2, the normal direction, ew , of the rotating plate can be obtained 

by 

(4.3) 

4.1.2 Interpolation Relation 

The finite element method has been used to calculate the motions of any given point as 

functions of the motions of nodal points. The plate elements used in this work are R1 

elements which are valid for thin plates (Kirchhoff plates) in which the effects of shearing 

can be neglected. For R1 plate elements, the only degree of freedom is in the normal 

(out-of-plane) direction. A standard R1 plate element is shown in Figure 4.2. The true 

size of the element is 2a X 2b in the Q'UV frame. However, an element frame, ~-"" is used 

to obtain the interpolation relations. The relationships between u-v and ~-", are 

u = UI + a(1 + ~)j 

v = VI + b(1 + ",)j 

( 4.4) 

(4.5) 



56 

Axis of Rotation 

z 

Un 

Y Initial Position 
Inertial Frame 

x 

Figure 4.1: Rotation of Unit Vectors 



Plate Element 
(-1,1J--__ -+ __ ---"I 

4 

bd Body Frame 
u 

Figure 4.2: Rl Plate Element 

57 



58 

where (Ull VI) are the coordinates of node 1 in the O'UV frame. The displacement, w, 

which is defined as the displacement in the direction normal to the plate for any given 

point can be obtained by the following interpolation relation based on the ~-TJ coordinates: 

w=Nq, (4.6) 

where N is the interpolation function, or shape matrix, and q is the nodal displacement 

vector. The interpolation function, N, is defined in Dawe [9] as 

N = [nl n2" .n12l 

1 
nl = 8(2 - 3~ - 3TJ + 4~TJ + ~3 + TJ3 - eTJ - ~TJ3)j 

1 
n4 = 8(2 + 3~ - 3TJ - 4~TJ - e + TJ3 + eTJ + ~TJ3)j 

1 
n1 = 8(2 + 3~ + 3TJ + 4~TJ - e - TJ3 - eTJ - ~TJ3)j 

1 
nlO = 8(2 - 3~ + 3TJ - 4~TJ + e - TJ3 + eTJ + ~TJ3)j 

n2 = i(1- ~ - TJ - e + ~TJ + e + ~2TJ - eTJ)j 

ns = i( -1 - ~ + TJ + e + ~TJ + e - eTJ - eTJ)j 

ns = i(-1-~-TJ+e-~TJ+e+e.,,+e"')j 

nll = i(1- ~ + ." - e2 - ~TJ + e - ~2." + eTJ)j 

b 
n3 = 8(1- ~ - TJ + eTJ - TJ2 + ~772 + 773 - ~773)j 

b 
ns = 8(1 + e - ." - eTJ - .,,2 - e.,,2 + 773 + e773)j 

b 
ng = 8(-1 - e -." - e." +.,,2 + eTJ2 +.,,3 + ~TJ3); 

n12 = :(-1 + e -." + eTJ +.,,2 - eTJ2 + ",3 - e.,,3), 

(4.7) 

In the above expression, Wl,u is defined as the displacement gradient ow/ou at node 1. 

Since the interpolation function is independent of time, the relative velocity at any given 

point can be obtained simply by multiplying the time derivative of the nodal coordinate 
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vector by the shape matrix: 

w=Nq. (4.8) 

Once the displacement and velocity at any given point are written in terms of the nodal 

quantities, q and q, it is possible to express both the kinetic energy and the potential 

energy as functions ofthe nodal quantities. Then, the equations of motion can be obtained. 

4.2 Kinetic Energy of a Plate Element 

To find the kinetic energy of a plate, the absolute velocity at any point inside the element 

must be calculated first. Consider a rotating plate element shown in Figure 4.3. From 

basic dynamics, the velocity of a point P in Figure 4.3 can be represented as 

v p = it + n X r + r, (4.9) 

where R is the position of P in the undeformed configuration; n is the angular velocity of 

the rotating coordinate system attached to P and moved with the rigid body motion; r is 

the position of pI measured in the rotating coordinate; and r is the velocity of pI relative 

to the rotating coordinate. The expressions for it, nand r are found to be: 

it = ?jJ[uwn X eu + VWn X ev]; 

n = ?jJwn ; 

r = wew; 

r = wew' 

In the above expression for it, the origin of the Q'UVW frame is assumed to coincide 

with the origin of the inertial frame, Q XY Z. In the general case, the vector R has to be 

expressed in terms of u, v and the position of the origin of the Q'UVW frame. it can 

then be obtained by 
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By substituting the expressions for it, n, rand r into Equation 4.9, the velocity of any 

point P can be obtained as 

(4.10) 

To find the kinetic energy, IIV pII2 must be determined first. From 4.10 the following 

equation is obtained. 

IIV pII2 = Vfo = w2 + 2w.,p( UWn X eu + VWn X ev) . ew 

+.,p2 [u2 + v2 + w2 + 2uv(wn X eu) . (wn X ev) 

+2vw(wn X ev)· (wn X ew ) + 2uw(wn X eu )· (wn X ew )] 

Therefore, the kinetic energy for a plate element can be obtained as 

11b 1a 
Tp = -2 phVfodudv, 

-b -a 

where p is the density of material, and h is the thickness of the plate. 

4.3 Potential Energy 

(4.11) 

(4.12) 

Like the kinetic energy, the potential energy of an R1 plate element also has to be written 

in terms of the nodal displacements so that Lagrange's equations can be employed to find 

the equations of motion. The potential energy, or strain energy, for an R1 plate element 

is generally expressed by the following equation: 

11b 1a 

IIp = -2 n7DK.dudv, 
-b -a 

( 4.13) 

where K. is the curvature vector and usually defined as 

! w,uu I 
K. = w,vv . 

2w,uv 

(4.14) 
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In the above equation for K., 

{)2W 
W,tJ.tJ. = {)u2 i 

{)2W 
W,VV = {)v2i 

{)2w 
W,tJ.V = ()u{)v 

Also, in the expression for the potential energy, the matrix D defines the constitutive 

relation. For a homogeneous isotropic plate with Young's modulus E, Poisson's ratio v 

and thickness h, D is found to be 

D = -12...,....(~_:_3 v"""'"2) [: : 

o 0 

o 

o 

(1- v)/2 

if the plane stress condition is assumed. In Equation 4.14, the derivatives of the displace-

ment are differentiated with respect to the global floating coordinates, u and v. However, 

it is generally preferable to write the derivatives with respect to local coordinates, ~ and 

1]. With the help of Equations 4.4 and 4.5, the transformation can be easily found and 

has the form 

1 
w,tJ.tJ. = a2 W,eei 

1 
w,vv = b2 w,7171i 

1 
w,uv = ab w,e7l' 

From the interpolation relation W = NT(~, 1])q(t), the derivatives w,ee, W,7I71 and w,e71 can 

be evaluated by differentiating the interpolation function N. Substituting these derivatives 

into Equation 4.14, K. can be represented as a function of q. This relation is 

! 
(1/a2)NT I ,ee 

K. = (1/b2)N~71 q. 

(2/ab)N~71 

( 4.15) 
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However, in order to carry out the integration in Equation 4.13, the local coordinates, ~ 

and "I, must be used as the variable in the integration, and the expression of the potential 

energy for a plate element can be obtained as: 

(4.16) 

4.4 Equations of Motion for Rotating Plates 

The equations of motion for a rotating plate can be obtained by using Lagrange's equa-

tions (2.14) on each element and assembling the local matrices and vectors into the global 

matrices and vectors. In the absence of nonconservative external loads, Lagrange's equa-

tions for a plate element have the following form 

( 4.17) 

where q! is the vector of nonconservative external loads. 

Since both the kinetic and the potential energy have been expressed in terms of the 

nodal quantities, q and q, the equations of motion for a plate element can be found by 

evaluating the above derivatives. The equations of motion are given by 

(4.18) 

where qi is the vector of nodal displacements for element ij mi is the mass matrixj ki is 

the stiffness matrix and fi contains all the inertia forces. Because the formulation is based 

on the rigid body motion and no co-rotational element coordinates have been used, mi 

and ki in the above expression are constant throughout time, and fi is a function of time 

and qi only. This is the main difference between the rotating beam equation and rotating 

plate equation. After the derivatives in Equation 4.17 have been evaluated and all the 

integrations in the parent domain d~dTJ are carried out, mi, ki and fi are found as follows. 
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mj = Cl 

1721 tNo a 3~~~b 613 
-tflga }19590 b 197 -~a -~b m1,. ~a -tflgb mD 3rni 3rni 

-J&a2 
:Jsab -mI,S -1~5 a2 -kab -m1,8 -~a2 - 2~5ab m1,l1 3~5a2 -m2,6 

31165 b
2 

m1,6 -m2,6 ~b2 -ml,9 m2,9 -1~5 62 
-m1,12 mZ,6 -1~5 b2 

m1,l -m1,2 m1,3 mIt. -ml,l1 ml,12 mI,7 -m1,8 m1,9 

m2,2 -m2,3 -m1,l1 m2,l1 m2,6 mI,S m2,8 -m2,9 

m3,3 -m1,12 -m2,6 m2,12 -m1,9 -m2,9 m3,3 

m1,l -ml,2 -ml,3 ml,. -ml,5 -ml,12 

m2,2 m2,3 mI,S m2,5 -m2,6 

m3 ,3 -m1,6 -m2,6 m3,12 

ml,l m1,2 -ml,9 

m2,2 - rn2,9 

sym. 
m3.3 

where 

Cl = phab. 

Also, in the following expression for the stiffness matrix, 

C2 
Eh3 

= 
720ab(1- v 2)' 

P = (i)2; 

k l ,l = 60p + 60p_l + 42 - 12v; 

k2,l = a(60p-l + 6 + 24v); 

k3,l = b(60p + 6 + 24v); 

k4,l = 30p - 60p-l - 42 + 12v; 



65 

The stiffness matrix is given by: 

ki = C2 

1.:1 ,1 
sym. 

1.:2 ,1 1.:2 ,2 

1.:3 ,1 1.:3 ,2 1.:3 ,3 

1.:4 ,1 -k5,1 k 6,1 k 1 ,1 

1.:5 ,1 k 5 ,2 0 -k2 ,1 1.:2 ,2 

k 6 ,1 0 k 6 ,3 k 3 ,1 -1.:3 ,2 1.:3 ,3 

1.:7,1 -k8 ,1 -k9,1 1.:10 ,1 -k11,1 -k12 ,1 k 1,1 

k 8 ,1 k 8 ,2 0 -k11 ,1 -1.:11,2 0 -k2,1 1.:2 ,2 

k 9 ,1 0 1.:9 ,3 1.:12 ,1 0 k 12 ,3 -1.:3,1 k 3 ,2 k 3 ,3 

1.:10,1 k 11 ,1 -k12,1 k 7 ,1 1.:8 ,1 -1.:9,1 k 4,1 k 5 ,1 -k6,1 k 1,1 

k 11 ,1 k 11 ,2 0 -k8 ,1 1.:8 ,2 0 -k5,1 k 5 ,2 0 k 2,1 k 2 ,2 

k 12 ,1 0 k 12 ,3 k 9 ,1 0 k 9 ,3 -k6 ,1 0 k 6 ,3 -k3,1 -k3 ,2 k 3 ,3 

where 

kS,1 = a(60p_l + 6 - 6v)j 

kS,1 = b(30p - 6 - 24v)j 

k7,1 -30p - 30-1 + 42 - 12vj 

kS,1 = a(30p-1 - 6 - 6v)j 

k9 ,1 = b(30p - 6 + 6v)j 

klO,1 = -60p + 30p-1 - 42 + 12vj 

kU,l = a(30-1 
- 6 - 24v)j 

k12,1 = b(60p + 6 - 6v)j 

k2,2 = a2(80p-1 + 16 - 16v)j 

ka,2 = 60vabj 
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kS,2 = a2( 40p-l - 4 + 4v)j 

kS,2 = a2(20p-l + 4 - 4v)j 

kU ,2 = a2(40p-l - 16 + 16v); 

k3 ,3 = b2(80p + 16 - 16v)j 

k6 ,3 = b2( 40p - 16 + 16v)j 

k9 ,3 = b2(20p + 4 - 4v)j 

kl2 ,3 = b2(40p - 4 + 4v). 

The force fi is given by: 

+Nv [;P2(wn X ev )· (wn X ew ) - ;P(wn X ev ) . ew]}, 

where 

Nu = (Ul + a)N* + aN~j 

N v = (Vl + b )N* + bN;j 

N* = ~ [3 
3 

a b 3 -a b 3 -a -b 3 a - b] j 

N* [-~ a b 2 a b 2 a b 2 a ~r· = -9 S 9 - 15 -9 -s e 15 15 5 15 9 ' 

N* [-~ a b 2 a b 2 a b 2 a br 71 = -9 -s -s 9 - 15 S -9 - 15 "5 9 - 15 . 

Finally, the equations of motion may be obtained by assembling the individual element 

Equations 4.18 into the global mass matrix M, stiffness matrix K and force F. If Q is 

used to denote the global nodal displacements, the equations of motion is finally obtained 

in the form 

MQ + KQ = F(Q,t). (4.19) 

In the above equations of motion both the mass matrix M and the stiffness matrix K 

are singular; therefore, certain constraints, or boundary conditions, must be applied to 
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the system before the above equation can be solved. It is common in the finite element 

approach to constrain certain degrees of freedom by letting Qi = 0 for some i's. However, 

in general, other constraints may also exist, and a differential-algebraic equation system 

may have to be solved. Fortunately, all constraints for rotating flexible plates can be 

written in the form of Qi = 0 for some i's. 
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Equation 2.19 are second order, nonlinear coupled differential equations with known 

initial conditions, Qo and Qo. In general, closed form solutions for this type of equations 

are impossible to obtain, and numerical methods must be used to solve for the solutions. 

In this chapter, two commonly used numerical schemes, namely the fourth-order Runge

Kutta method and the Newmark method, are outlined, and a new, more efficient method 

is introduced. 

5.1 Fourth-Order Runge-Kutta Method 

By far the most commonly used numerical method to solve this type of equations is the 

fourth-order Runge Kutta method. In order to use this method the equations of motion 

have to be written in the form of first-order differential equations. In Equations 2.19 

and 4.19, if a new vector is defined 

a first order equation can be obtained by writing 

}, 
M-IF 

o 

where I is the identity matrix. The above equation can be represented in a more concise 

form, 

Y = G(Y,t). 
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Then, this fourth order Runge-Kutta method evaluates the solutions, yn+1, at time tn+1 

from the known solutions, yn, at time tn by 

yn+1 = yn + (At)K* (5.1) 

where At is the time step size and K* is defined as 

K* 
1 

= '6(K1 + 2K2 + 2K3 + K4); 

Kl = G(yn,tn)j 

K2 = G(yn AtK nAt) +2 b t +2; 

K3 = G(yn + AtK n + At). 
2 2, t 2' 

K4 = G(yn + AtK3, tn + At). 

Thus, once the vector of initial conditions, Yo, is known, subsequent solutions can be 

calculated for all time using this scheme. However, because this is an explicit, single-step 

method, the time step sizes have to be small, and, consequently, it is not as computation-

ally efficient as other methods presented in the following sections. 

5.2 Newmark Method 

The most widely used numerical method in the study of motions of linear flexible structures 

is the Newmark method[24]. Usually, the time step sizes employed in the Newmark method 

are much larger than those used in the fourth-order Runge-Kutta method. As a result, a 

shorter turnaround time can be accomplished. However, there are several restrictions in 

the application of the Newmark method. This method is typically used to solve equations 

of the type 

(5.2) 

In such systems, M, C and K must be symmetric; M must be positive-definite; and C 

and K must be positive-semi-definite as described in the finite element book by Hughes[17]. 



70 

These restrictions confine the cases where the Newmark method can be applied and make 

it incapable of being a general method. 

If the solutions at time tn are known and the solutions of the equation 

are to be found, the Newmark method provides the relations between the solutions at time 

tn and tn+I first. These relations are formulated as [17]: 

Qn+1 = Qn + (~t)Qn + (~;)2 [{1- 2,8)Qn + 2,8Qn+I] , (5.3) 

Qn+I = Qn + (~t) [0- 'Y)Qn + 'YQn+I] . (5.4) 

The parameters,8 and 'Y determine the branch of the Newmark family. The most com-

monly used parameters are ,8 = 0.25 and 'Y = 0.5. This is called the average acceleration 

method, or the trapezoidal rule. With,8 = 0.25 and 'Y = 0.5 in Equations 5.3 and 5.4, the 

equations become: 

Qn+I = Qn + (~t)Qn + (~)2 [Qn + Qn+1] , 

Qn+l = Qn + (~t) [Qn + Qn+l] . 

The physical interpretation of the above equations is that the incremental velocity equals 

to the average acceleration times the time interval; the incremental displacement equals to 

the average velocity times the time interval. Figure 5.1 shows the graphical interpretation 

of these relations. 

Once these relations are defined, the Newmark method provides the initial predictors 

Qo+l = Qn + (~t)Qn + (~;)2 (1 _ 2,8)Qn; 

Qo+l = Qn + (1-1)Qn; 

and calculates QO+1 from the equation 
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Then, by using the following iteration scheme, Qn+I can be obtained as: 

where Qi+I is the value of Qn+! at the ith iteration. Once Qn+! is obtained, Qn+! and 

Qn+! can be found by substituting Qn+! into Equations 5.3 and 5.4. 

5.3 A More General Newmark's Method 

The numerical method employed to perform the time integration in this work is primarily 

based on the Taylor series expansion of a function around a designated point and the 

trapezoidal rule. Instead of using the Newmark method as shown above, all the first-order 

terms in the tangential matrices are included to expedite the computations and increase 

the time step sizes. However, the initial conditions and the relations between incremental 

displacements, velocities and accelerations are still obtained using the Newmark's ap-

proach. 

The trapezoidal rule provides the kinematic relations between two time instants. As

sume that the displacements, velocities and accelerations at time tn and tn+1 are Qn, Qn, 

Qn and Qn+!, Qn+!, Qn+l respectively. Then, this rule gives 

(Qn + Qn+!) ~t = Qn+l _ Qn; 

(Qn + Qn+!) ~t = Qn+l _ Qn, 

(5.5) 

(5.6) 

where At is the time interval between tn and tn+!. The physical interpretation of the 

above equations is that the incremental displacement can be evaluated as the average 

velocity times the time interval; and incremental velocity may be estimated as the average 

acceleration times the time interval. 

The equations of motion are satisfied at time tn, that is, 
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It is desired to find Qn+1, Qn+I, and Qn+1 which satisfy the equations of motion at time 

tn+I. First, the values of Qn+I, Qn+I, and Qn+1 at the start of the iteration are guessed 

as QO+l, Qo+1, and QO+l respectively. Then, iterations are employed to compute the 

solutions. The initial conditions selected are: 

Qo+I = 0; 

Qo+1 = Qn + ~tQn; (5.7) 

Qo+1 = Qn + AtQn + (A;)2 Qn. 

These guessed values were first introduced by Hughes [18] and are considered better than 

the ones that assume QO+l = Qn. Let Qi+1, Qi+I, and Qi+I denote the value obtained 

at the ith iteration; and A Qi.tl , AQiR, and AQiR denote increments for the next 

iteration. Since both the ith iteration values and (i + 1 )th iteration values should satisfy 

Equation 5.5 and 5.6, we have 

(Qi+l+Qn)~t = 

(Qi+I + AQi.tl + Qn)~t = Q~+1 + AQ~+1 _ Qn , ,+1 . 

From the above equations, the relation between incremental displacement and incremental 

velocity can be obtained as 

AQ' n+l _ 2 AQn+l 
L..1 i+l - At L..1 i+1' (5.8) 

Similarly, the relation between incremental acceleration and incremental velocity can be 

represented as 

(5.9) 

Equations 5.8 and 5.9 enable the use of the numerical scheme described below. 

In this new numerical approach, the Newton-Raphson iteration is employed to find the 

convergent solutions at each time step, and the Taylor series expansion is used to evaluate 
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the tangential matrices for the iteration. To find the increments for each iteration, the 

following function is defined at t = tn+l. 

(5.10) 

which should vanish if the equations of motion (Equations 2.19 and 4.19) are satisfied. 

Also, since all quantities are evaluated at time tn+1 , the superscript n+ 1 has been removed 

from the equation. Assume Gj ::fi 0 and the solutions for GHI = 0 are to be found. Then, 

from Taylor series expansion, one has 

Gj+l(Qj + AQi+l,Qi + AQi+l,Qj + AQi+l,t) = 

oGj.. oGj. 
Gj + !i""""""AQi+l + -. AQHI 

uQj oQj 

oGj "Q '" 0 + oQj L..l HI = (5.11) 

By substituting Equations 5.8 and 5.9 into Equation 5.11 and solving for the increment 

AQHl, one obtains: 

(5.12) 

Now define the tangential matrix Ki as 

( 5.13) 

Then, from Equation 5.10, Ki can be written as: 

(5.14) 

Because both Mi and Ki are functions of Qj, this equation has to be left in the above 

form. Note that the vector derivative of a vector,ovjoQ, is defined as 

~ ~ 
ov 
oQ -

~Q": 
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In contrast, the Newmark method gives the tangential matrix as 

By comparing Equation 5.14 with the above expression, it is obvious that the Newmark 

method is good for constant M, K and time-dependent F which does not depend on Q or 

4. However, for nonlinear equations of motion, the tangential matrix which includes all 

first order terms from the Taylor series provides a better estimation and converges faster. 

From the above numerical method, it is possible to find the incremental displacement 

from Equations 5.13 and incremental velocity and acceleration from Equations 5.8 and 5.9, 

for each iteration. However, a criterion is still needed to stop the iteration. A commonly 

used criterion which is based on the incremental displacement has the form 

(5.15) 

where 

and € is a preset user-defined tolerance. Once the above condition is met, the value of 

Qf.tl, Qf.tl and Qf.tl can be taken as the solutions at time tn+t , and the time integration 

can continue to the next time step. 

This numerical integration scheme has been applied to both Equations 2.19 and 4.19. 

However, since Equation 4.19 does not contain all the terms listed in Equation 5.14, the 

tangential stiffness matrix for the rotating plate described in Chapter 4 is 

All the numerical results presented in the following chapter have been obtained using 

this numerical scheme. For most examples, the time step sizes were of the order of 10-1 
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sec which is considered large for time integration of this type of equations. Compared 

with the first two time integration methods, this numerical method allows much bigger 

time step size and saves considerable CPU time. Comparisons of integration times with 

other methods are presented in Chapter 6. 
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CHAPTER 6 

NUMERlCAL RESULTS 

In this chapter, numerical results based on the theory described in Chapters 2 to 

4 and the numerical method presented in Chapter 5 are illustrated from different per

spectives. The results from the present research are first compared with those by other 

researchers, such as Simo [33], Christensen [7], Kane [19] and Haering [14], and output 

from ABAQUS, a nonlinear finite element package. Also, the effects of material density 

and bending stiffness on maximum deflections are examined. In addition, the results 

of the partitioning/recombining scheme for both small and large deformation beams are 

addressed, and differences between linear and nonlinear analyses are investigated. 

6.1 Deformations of Rotating Beams 

The beams considered in this section are cantilever beams with rectangular cross-sections, 

with beam roots subjected to the following angular displacement. 

'I/J(t) = { 6/15 {t2/2 + (15/211')2 [cos (211't/15) - I]} 0 ~ t ~ 15s (6.1) 

6t - 45 15s ::; t ::; 30s 

where 'I/J(t) is measured in the inertial frame. The above angular displacement was first 

introduced by Kane, Ryan and Banerjee [19] to describe the base rotation of the beams. 

To obtain large deflections, high aspect ratios are used for all beam cross-sections. Figure 

6.1 shows a rotating beam and its cross-section. Two different cases have been simulated 

in this section: 

1. A small deformation beam with 8 linear elements and the following properties: 

L = 12 in; b = 1 in; h = 1 in; E = 106 psi; p = 2.0 X 10-4 lb sec2/in4 (2130 kg/m3
); 
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Figure 6.1: The Rotating Beam 
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6t = 0.1 sec; 

2. A large deformation beam with 12 linear elements and the following properties: 

L = 12 in; b = 1 in; h = 1 in; E = 5 X 103 psi; p = 10-3 lb sec2/in4 (10660 kg/m3
); 

6t = 0.01 sec; 

Figure 6.2 shows the displacements at the tip of the rotating beam for Case 1. These 

displacements are measured in the floating rigid body frame which rotates with angular 

displacement 1jJ(t). The same displacements for the large deformation beam are illustrated 

in Figure 6.3. The oscillations in the steady-state now can be clearly observed. In order 

to show the motion of large deformation beam, another beam with the same properties 

used in Case 2 except for a lower Young's modulus, 2000 psi. is also examined. Figures 

6.4 to 6.8 depict the motion of this beam between time t = 0 sec and t = 15 sec. 

From Figures 6.2 to 6.8, it is obvious that the current CRTD approach can manage large 

deformations effectively and efficiently. However, given the work done on the same subject, 

it is of interest to compare results from the current approach with those published in other 

research works. 

6.2 Comparison between CRTD and Others 

In this section, results from the CRTD approach are compared with results from other 

similar work, namely those published by Simo and Vu-Quoc [33], Christensen and Lee [7], 

Yoo [39], and Haering, Ryan and Scott [14]. In all the following comparisons, the linear 

CRTD approach is employed. 

Simo and Vu-Quoc [33] studied a beam rotating about a fixed axis with the angular 

motion described by Equation 6.1. This beam has the following properties: L = 10 in; 

b = 1 in; h = 0.07746 in; E = 5 X 103 psi; p = 15.492 lb sec2/in4 (1.65 X 108 kg/m3
) 

The results, which include the axial, lateral and angular displacements of the tip, are 

illustrated in Figure 6.9. The same beam subjected to the same root rotation is also 
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Figure 6.5: Deformation Shape of a Large Deformation Beam from t = 3.5 sec to 6 sec 
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examined using the CRTD approach. In the CRTD approach, the time step size is chosen 

to be 0.1 sec and 10 linear elements are used for this analysis. The results from the CRTD 

approach are shown in Figure 6.10. Comparing Figure 6.9 to Figure 6.10, it is obvious 

that both approaches give the same axial displacement and lateral displacement. However, 

the angular displacements are different. The reason for this difference is that the shearing 

effect is considered in Simo's approach, but it is not considered in the present CRTD 

approach. 

Christensen and Lee [7] investigated a rotating beam which rotates around a fixed axis 

with the following angular velocity. 

where 

{ 

Wo [6(t/To)S - 15(t/To)4 + 10(t/To)31, 0 =5 t =5 To 
wet) = 

wo, t > To 

1r 
Wo = rad/sec; 

10 

To = 1 sec. 

(6.2) 

The beam has a length L = 100 ft and cross-sectional properties of A = 1 ft2 and fa = 

0.08333 ft4. The material has mass density p = 5.22 slug/ft3
, Young's modulus E = 

1-44 x 108 Ib/ft2
, and shear modulus G = 5.54 x 107 Ib/ft2

• Nonlinear analysis is employed 

in Christensen's study to manage the large lateral deflection. The results are shown in 

Figure 6.11-

Haering, Ryan and Scott [14] also studied the same problem with the Augmented 

Imbedded Geometric Constraint (AIGC) approach. According to their work, this problem, 

in which large deformations are dominated by bending stiffness, is difficult to handle by 

the Nonlinear Strain Displacement (NSD) approach developed by Yoo [39]. Meanwhile, 

the results from the AIGC approach match Christensen's results quite successfully. The 

same problem is also investigated by the CRTD approach. As shown in Figure 6.11, the 
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results obtained from the CRTD approach match the results by Christensen. This means 

that the current CRTD approach can handle large deformations which are dominated by 

bending stiffness. 

In addition to bending stiffness dominated problems, Haering, Ryan and Scott [14] 

studied the problem in which large deformations are dominated by membrane stiffness. 

They considered a fixed-fixed beam attached to a turntable which rotates with the angular 

displacement described by Equation 6.1. The beam has length L = 20 m and cross

sectional properties A = 4 X 10-4 m, /3 = 2 X 10-7 m4. This beam is made of a material 

which has the mechanical properties E = 7.0 X 10to N/m2 and p = 3000 kg/m3 • This 

membrane-dominated beam is shown in Figure 6.12. For this problem, Figure 6.13 shows 

that the AIGC and NSD approaches predict the same correct result which has been verified 

by Yoo [39] through the use of an independent calculation of maximum deflection. At the 

same time, the original Imbedded Geometric Constraint (IGC) fails to give the mid-span 

deflection correctly. Haering, Ryan and Scott also used N ASTRAN, a nonlinear finite 

element package, to analyze this membrane stiffness dominated problem. The result shows 

that although NASTRAN can correctly predict buckling type behavior, it fails to give the 

correct maximum deflection. The same problem was tested using the CRTD approach, 

and the result is also shown in Figure 6.13. It is evident that the result from CRTD also 

matches the AIGC and NSD results. Therefore, besides the bending stiffness dominated 

problems, the membrane stiffness dominated problems can also be successfully handled 

by the CRTD approach. 

6.3 Comparison between CRTD and ABAQUS 

The nonlinear finite element package chosen for this comparison is ABAQUS which is 

considered as one of the most powerful commercial finite element packages available today. 

The ABAQUS version used in this comparison is 4.9 which is not the latest one, Version 
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5.2. However, there should be no significant differences between these two versions. For 

both CRTD and ABAQUS, Bernoulli beams of length 12 in with rectangular cross-section 

1 in x 1/16 in were tested. In addition, the Young's modulus for both approaches was 

5 X 104 psi, which is considerably low. In the input for ABAQUS, eight equal-length B23 

elements are used, geometrically nonlinear analysis is selected, and dynamic analysis is 

employed. In the CRTD approach, eight equal length linear beam elements are used and 

the time step size is 0.1 sec. ABAQUS fails to converge with the same time step size. The 

largest time step size for a convergent result from ABAQUS was 0.005 sec for this problem 

(with only high material densities). 

Four different mass densities were used for the comparison. The first one was a "rea

sonable" density, p = 2.5 X 10-4 lb sec2/in4, or 2665 kg/m3
• For this density, ABAQUS 

failed to converge no matter how small the time step size was. Meanwhile, CRTD still 

generated smooth displacement curves as shown in Figure 6.14. 

The second density chosen for the comparison wasp = 25x10-41b sec2/ in4 (26650 kg/m3) 

which is much higher than the density of any real engineering material. ABAQUS and 

CRTD gave the same maximum deflection at the same time as shown in Figure 6.15. 

However, the output from ABAQUS still showed divergence after 12 sec. 

From Figures 6.14 and 6.15, it is evident that ABAQUS works better as the density 

increases. Therefore, another fictitious density, p = 60 X 10-4 lb sec2/in4 (63960 kg/m3
), 

was used for the next comparison. For this density, ABAQUS and CRTD exhibited good 

matches in maximum deflections and steady-state oscillation amplitudes as shown in Fig

ure 6.16. Still, the output from ABAQUS showed divergence after 25 sec. Usually, these 

divergences could not be controlled by lowering the time step size. Finally, the density 

was increased to 10-2 lb sec2/in4 (106600 kg/m3
) and the same comparison of the tip 

displacements was conducted for CRTD and ABAQUS. For this extremely high density 

material, ABAQUS produced a relatively smooth curve as shown in Figure 6.17. However, 
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Figure 6.15: Comparison of Tip Displacements between ABAQUS and CRTD for p = 
25 X 10-4 lb sec2 / in4 
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Figure 6.16: Comparison of Tip Displacements between ABAQUS and CRTn for p = 
60 X 10-4 lb sec2 jin4 
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in the steady-state, the deflections given by CRTD oscillated about an average of -10 in 

while the deflections from ABAQUS still oscillated about the undeformed position. Evi

dently, for an extremely dense material with low stiffness, CRTD predicts that the beam 

tip will always lag behind the shadow rigid beam while ABAQUS predicts an oscillation 

about the undeformed position. Since there is no experimental data to compare with, it 

is too early to conclude which one is correct. However, it is reasonable to expect that as 

the mass density to stiffness ratio increases there will be a permanent lag (in the case of 

E ~ 0 the permanent lag is obvious). 

6.4 Partitioning/Recombining for Small-Deformed Beams 

The partitioning/recombining algorithm presented in Chapter 3 was applied to a beam 

which rotates with the angular displacement described by Equation 6.1. The beam has 

the following properties: E = 106 psi, p = 2 X 10-4 lb sec2/in4, L = 12 in, b = 1 in, 

h = 1/16 in; and the criteria for the partitioning/recombining were €u = 3 X 10-4 rad.; 

€l = 5 X 10-5 rad (the meaning of €u and €l are explained in Chapter 3). Figure 6.18 shows 

how this partitioning/recombining algorithm works and compares the tip displacements 

with the tip displacements obtained from the fixed-mesh case. It is obvious that this 

partitioning/recombining algorithm employs more elements when the deformations are 

large, and uses fewer elements when the beam reaches a steady state. Therefore, it is 

computationally more efficient. Besides, the fact that the tip displacements produced by 

the partitioning/recombining algorithm coincide with the tip displacements of the fixed

mesh case indicates that the error due to partitioning/recombining is negligible for this 

small deformation beam. 



· '0" .. .;-r-----------------. 

Fixed Mesh 
.. 
1+-~--~--~_r--~~--~~-~~ 

.. 
'0" 

0311 " 12 111 18 21 24 27 30 
Time (sec.) 

.. ~~--------------------------, 

Fixed Mesh .. 
~ 
r+-~--~~~_r--r__r--~~--~~ 

3 II II 12 15 IB 21 24 27 30 
Time (sec.) 

~ 
CII 

.. .. 
~~--------------~ 

3 II 

Fixed Mesh 

II 12 15 18 21 24 27 30 
Time (sec.) 

~~-----------------------------, 

"'+------------------------------; 
,- ---- ~ , , 

So> 
, I 

--' , 
CII 

fa .... 
o 

, I 
I I 
I I 
I I 
I I 
I I 
I I ,-, , 

I I 
I I 
I I ,- ~ 

I I 
, I 

N - -' ,- -- --- - - ---- ------

Fixed Mesh 

.. +-~--_r--r__r--~~--~~--_r~ 
o 3 II II 12 15 IB 21 24 27 30 

Time (sec.) 

Figure 6.18: Pa.rtitioning/Recombining of Small Deforma.tion Beam 

100 



101 

6.5 Partitioning/Recombining for Large-Deformed Beams 

The partitioning/recombining algorithms for large deformation beams introduced in Chap

ter 3 are demonstrated in this section. As mentioned in Chapter 3, the partitioning al

gorithm for small deformation beams will cause divergence when the deformations are 

no longer small. Hence, two different reformation algorithms designated for large defor

mations were used to replace the partitioning while the recombining algorithm for small 

deformation beam is left unchanged. The first reformation algorithm uses n + 1 equally

spaced linear elements to replace the original n-linear-element beam whenever the numer

ical integration diverges. Then, it starts the numerical integration from the initial state 

again. The second algorithm performs a similar procedure except that it introduces the 

new node at the middle of the highest strained element instead of remeshing the entire 

beam. This second reformation algorithm also checks the condition of the mass matrix, 

as described in Section 3.2, to decide whether more partitionings should be conducted. 

To achieve large deformations, a beam with a very low Young's modulus, 8000 psi, was 

selected. Other beam properties were: p = 2 X 10-4 lb sec2/in4 (2132 kg/m3
), L = 12 in, 

b = 1 in, and h = 1/16 in. The criterion for recombining was chosen to be €l = 10-4 rad, 

which was made intentionally small to reduce the error due to recombining. Also, linear 

elements were used for both cases. Figures 6.19 and 6.20 plot the tip displacements and 

the number of elements versus time. The symbol "+" at the end of curves shown in 

Figures 6.19 and 6.20 indicates divergence, which is defined to occur when the angular 

displacement at the tip of beam exceeds 5 radians. From Figures 6.19 and 6.20, it is 

obvious that both reformation algorithms employ fewer elements in steady-state than the 

fixed-mesh beam. 

Figure 6.21 compares the results from these partitioning/recombining algorithms with 

the fixed-mesh case. In the fixed-mesh case, eight linear elements with equal length are 

used. In Figure 6.21, the first reformation algorithm is denoted by "Reform A" and the 
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second reformation algorithm is denoted by "Reform B". Although different meshes were 

used, all three meshes gave almost the same maximum deflection as shown in the figure. 

Thus, both reformation algorithms provide good estimates of the maximum deflections, 

and, as a result, give correct evaluation of the maximum axial stresses. 

6.6 Comparison between Linear and Nonlinear Analyses 

In this section, differences between linear and nonlinear analyses used in the CRTD ap

proach are studied. The term linear analysis means that the potential energy of each 

element is assessed by Equation 2.11. In contrast, nonlinear analysis includes one or more 

nonlinear terms which appear in Equation 2.13. Theoretically, these nonlinear terms are 

negligible when the strains are small. However, the importance of these terms increases 

with deformation and strain. Therefore, two studies were performed: one on small defor

mation and the other on large deformation beams. 

The beams used for both large deformation and small deformation cases have the 

following properties: L = 12 in, b = 1 in, and h = 1/16 in. These beams are made of 

different materials. For the beam used in the small deformation case, the material has 

a mass density p = 2.0 X 10-4 lb sec2/in4 (2132 kg/m3
) and E = 106 psi. The material 

used for large deformation case has a mass density p = 10-3 lb sec2 /in4 (10660 kg/m3
) 

and E = 50000 psi. For each case, both linear and nonlinear analyses are conducted 

with the same number of elements: eight elements for the small deformation case and 

twelve elements for large deformation case. The results of the comparison for the small 

deformation case are shown in Figure 6.22. Evidently, there is no difference between 

linear analysis and nonlinear analysis as expected. However, differences from linear and 

nonlinear approaches in the large deformation case can be seen clearly in Figure 6.23. In 

this figure, the results from nonlinear analysis have slightly larger deformations than those 

from linear analysis. This is also as expected while the nonlinear case produces the more 
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accurate result. 

6.7 Effect of Density on Maximum Deflection 

The effect of density on the maximum deflection is examined in this section. Since the 

maximum stresses always occur at the time of maximum deflection, and all the forces for 

rotating beams in this work are attributed to inertial forces, it is desirable to study how 

density affects the maximum deflection so that the maximum stresses can be estimated. 

To examine the effect of density on maximum deflection, a beam with the following 

properties was selected: E = 104 psi, L = 12 in, b = 1 in, and h = 1/16 in. The 

densities were chosen to vary from 10-4 lb sec2/ in4 (1066 kg/m3
) to 10-3 lb sec2/ in4 

(10660 kg/m3
). Twelve linear elements were used for all cases presented in this section. 

Figure 6.23 illustrates how density affects the maximum deflection. Evidently, the maxi-

mum deflection is linearly proportional to the density in large deformation cases in which 

the forces are all due to inertia. The data for the plot in Figure 6.23 is listed in Table 6.1. 

II Density (Ib sec2/in4) x 10-4 I Vmax (in) II 

1.0 0.525 
2.0 0.989 
3.0 1.433 
4.0 1.860 
5.0 2.308 
6.0 2.675 
7.0 3.052 
8.0 3.255 
9.0 3.687 
10.0 4.158 

Table 6.1: Correlation between Maximum Deflection and Density 
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6.8 Effect of Bending Stiffness on the Maximum Deflection 

In addition to the effect of density on maximum deflection, it is of interest to study the 

effect of bending stiffness, EI, on the maximum deflection. For small deformations, it is 

common to assume that the deflection is proportional to the inverse of bending stiffness, 

l/EI, and this assumption has been verified to be valid. However, for a large deforma

tion beam subjected to inertial loadings, this assumption may no longer be appropriate. 

Therefore, the effect of bending stiffness on the maximum deflection for large deformation 

beams under inertial loadings was also examined. 

In this study, beams with the following properties were selected: 1= 2.0345 X 10-5 in4, 

b = 1 in, h = 1/16 in, p = 1O-3 1b sec2/in4, and L = 12 in. At the same time, the Young's 

modulus was made to vary from 104 psi to 105 psi. The time step size for the numerical 

integration was chosen to be 0.1 sec, and twelve linear elements were used in all cases. 

Eleven different Young's modulus values were employed to determine the relationship 

between 1/ EI and the maximum deflection. Table 6.2 lists the test results, and Figure 

6.24 plots this data. From these results, it is obvious that the ratio of Vma:c/ EI reaches 

a constant as the bending stiffness increases. This means that the maximum deflection is 

proportional to the inverse of bending stiffness when the deformations are small; however, 

this assumption is not valid for large deformation beams. This is due to the fact that the 

inertial loadings are no longer the same for different large deformations. 

6.9 Rotating Plates 

The implementation of the plate theory introduced in Chapter 4 is presented in this section. 

As mentioned in Chapter 4, this plate theory directly applies the interpolation relations 

to the rigid body frame, and it is only valid for small deformation plates. Therefore, 

the maximum deflection was limited to 0.35 in for a 12 in x 12 in plate. Also, since the 

displacement in the normal direction of the plate is the only degree of freedom allowed 
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II Ex 10 4 (psi) I Vma:7: (in) I -b (Ih ~n2) I ~ (IDin) II 
1 4.158 49.15 0.0846 
2 2.308 24.58 0.0939 
3 1.545 16.38 0.0943 
4 1.231 12.29 0.1000 
5 0.991 9.83 0.1010 
6 0.843 8.19 0.1030 
7 0.743 7.02 0.1050 
8 0.644 6.14 0.1050 
9 0.576 5.46 0.1060 
10 0.525 4.92 0.1070 

Table 6.2: Correlation between Maximum Deflection and Bending Stiffness 

for all points, the rotations were selected such that all inertial forces acted in a direction 

normal to the plate. Therefore, all examples presented in this and next section are plates 

rotate about an axis which is parallel to one of its sides. The angular displacement of the 

rigid body frame is again chosen to be the 1/J{t) described by Equation 6.1. 

In the first example, a 12 in x 12 in plate with the following properties was investigated: 

h = 0.1 in, E = 5 X 104 psi, and p = 7 X 10-4 lb sec2 lin (7462 kg/m3
). Nine R1 plate 

elements with dimensions, 4 in x 4 in were used for this problem. The mesh of this plate is 

shown in Figure 6.26. Figures 6.27 to 6.31 show the motion of this plate over time. Since 

the deformations are too small to be seen, all displacements in Figures 6.27 to 6.31 have 

been magnified by a factor of 10. Also, the displacements for all points were interpolated 

through the shape functions introduced in Chapter 4. Since the rotating plate illustrated in 

Figures 6.27 to 6.31 may be considered as a rotating beam with extremely high aspect ratio, 

it is of interest to compare the results from rotating beam theory presented in Chapter 

2 and rotating plate theory introduced in Chapter 4 from a perspective of verifying the 

results obtained for the rotating plate since there are no published results for comparison 

for rotating plates. 
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6.10 Comparison between Rotating Plate and Rotating 
Beam Theories 

Differences between the results obtained from rotating beam theory and rotating plate 

theory are examined in this section. The deformations of a rotating plate are first found 

by the rotating plate theory. Then, this rotating plate is considered as a rotating beam 

with extremely high aspect ratio, and the deformations are calculated from the rotating 

beam theory described in Chapter 2. By comparing the deformations, it is possible to 

understand whether the approach of considering rotating plates as rotating beams with 

high aspect ratio is appropriate. However, it is required that the rotating axis must be 

parallel to one of the sides of the rotating plate. Otherwise, it is not proper to consider 

rotating plates as rotating beams. 

Two different cases were simulated for this purpose: the case of small deformations and 

the case of larger deformations. In the small deformation case, the rotating plate had the 

following properties: E = 106 psi, p = 7.0 X 1O-4 1b sec2/in4 (7462 kg/m3), and h = 0.1 in. 

The dimension of this plate was 12 in x 12 in with nine 4 in x4 in R1 elements. In addition, 

four linear elements were used for the corresponding rotating beam. Figure 6.32 shows 

the lateral deflections obtained from both theories. Since there are slight differences in 

the deflections of the nodes on the edge which is the farthest from the rotating side, the 

arithmetic mean value of the deflections is taken as the "tip" deflection in rotating beams. 

As shown in Figure 6.32, the maximum deflection for this small deformation plate is about 

0.015 in. 

Another plate was used for the same comparison for a larger maximum deflection. In 

this case, the same plate as the one used for the small deformation case was used except 

for the Young's modulus. The Young's modulus in this case was chosen to be 50000 psi, 

which is one-twentieth of the Young's modulus used in the previous case. The results from 

this comparison is plotted in Figure 6.33. It is clear from the figure that the maximum 
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deflection given by the rotating plate theory is about 0.36 in compared to only about 0.31 

in from the rotating beam approach. In addition, the time that the maximum deflection 

occurs at t = 7.5 sec from the rotating beam theory and at t = 9.0 sec from the rotating 

plate theory. This means that the plate theory developed in Chapter 4 is increasingly more 

inadequate for the computation of larger deflections. This is as expected since the rotating 

plate theory was derived based on the assumption of small deformation. In conclusion, 

from Figures 6.32 and 6.33, the rotating plate theory and the rotating beam theory predict 

very close maximum deflection when the deformations are small, but, if the deformations 

are not small, two theories yield substantially different results when the beam results are 

more accurate since that theory was verified against published results. 
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CHAPTER 7 

CONCLUSION 
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In this chapter, the numerical results presented in Chapter 6 are discussed, and future 

research directions are outlined. 

7.1 Discussion of the Numerical Results 

The numerical results in Chapter 6 can be summarized as follows: 

1. The CRTD approach is capable of handling large deformations of rotating beams 

using only linear elements. The approach of placing individual element frame on 

each element and not ignoring the time derivatives of interelement transformation 

matrices results in the inclusion of inertial loads that are typically disregarded in 

other approaches. This produces not only more accurate results but also better 

numerical stability. 

2. The results from the current CRTD approach match the results from other research 

works. Both bending stiffness dominated problems and membrane stiffness dom

inated problems can be correctly handled by the CRTD approach. Most other 

methods fail to produce correct results in both cases. 

3. The CRTD approach can compute deflections accurately and robustly in large de

formation cases when widely used nonlinear finite element package fail. ABAQUS 

4.9 fails to converge for materials with low Young's modulus and normal density, 

although it produces the correct maximum deflection when extremely high densi

ties are used. In addition, unstable numerical behavior is exhibited at steady-state 



124 

for most of the range of normal materials. Meanwhile, NASTRAN gives correct 

buckling-type behavior for membrane stiffness dominated problems, but fails to pre

dict the correct maximum deflection. 

4. The partitioning/recombining algorithms tested use the minimum number of ele

ments at any given time while producing accurate results. However, reformation 

algorithms and restart of integration are needed for large deformation cases because 

of the error generated in the process of partitioning/recombining. With proper lower 

and upper limits, it is possible to automate the meshing of a large class of large de

formation, dynamic problems. 

5. Nonlinear analysis, which includes higher order strain components in its underly

ing energy expressions, predicts the same behavior as that produced by the linear 

approach for small deformation cases, but, in larger deformation cases, nonlinear 

analysis produces slightly higher deformations than those given by linear analysis. 

This comparison underscores the limitations of linear analysis and the need for a 

switch to nonlinear analysis for high deformation cases. 

6. The maximum deflection is almost linearly proportional to the mass density in cases 

that all the forces are due to inertia. However, it is not proportional to the inverse 

of bending stiffness in large deformation cases. 

7. When the deformation is small, the rotating plate problems described in Section 

6.9 can be considered as rotating beams with high aspect ratios. However, such a 

simplification may not be appropriate in large deformation cases. 

7.2 Extension of Current Research 

The CRTD approach presented in this work can be extended in the following directions 

in the future. 
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1. Apply the CRTD approach to the dynamic analysis of highly deformable, low den

sity, three-dimensional structures such as plates, three-dimensional rods and shells 

undergoing arbitrary motions. While this may be complicated because of three

dimensional rotations of element frames and the increasing of degrees of freedoms, 

the method requires no conceptual modifications. 

2. Employ the CRTD apporach to the dynamic analysis of highly flexible, multibody 

systems with different types of contraints and loadings. In general, different joints 

are used in the multibody systems resulting in constraint equations in the form of 

A(R, Q)Q + At(R, Q) = 0, where R contains the coordinates of rigid body motions 

and Q is the vector of elastic deformations. By attaching element frames to each 

element, the CRTD approach can handle this type of problems as well. 

3. Expand the numerical method presented in Chapter 5 to the differential algebraic 

equations. In order to solve these equations, Lagrange's multiplier should be added 

to the unknown. Although it may be complicated in deriving the tagential stiffness 

matrices, conceptually the numerical method should be able to work for this type of 

problems successfully. 
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