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ABSTRACT 

The study of a thin, incompressible Newtonian fluid layer trapped between 

two almost parallel, sliding surfaces has been actively pursued in the last decades. 

This subject includes lubrication applications such as slider bearings or the sealing 

of non-pressurized fluids with rotary lip seals. 

When a viscous lubricant flows between an elastic body and a rigid surface, 

the contact geometry may undergo substantial deformation affecting the flow field 

of the lubricant. Therefore, a coupled model between an elastic ring and the fluid 

film underneath it is proposed. Initially, a linear stability analysis is performed. 

Then, non-linear calculations are presented showing that the system deformations 

are able to induce mixing of lubricant throughout the sealed region. 

In the second part of this work, the flow of lubricant fluid through the 

micro-gap of rotary lip .seals is analyzed theoretically and numerically from a 

different perspective. The study is carried out assuming that a 'small-gap' 

parameter 6 attains an extreme value in the Navier-Stokes equations. The precise 

meaning of small-gap is achieved by the limit 6 = 0, and the numerical solution of 

the resulting set of equations predicts transport of lubricant through the contact 

region due to centrifugal instabilities. 

Numerical results obtained with the finite element method are presented. 

In particular, the influence of inflow and outflow boundary conditions, and their 

importance in the simulated flow are discussed. To this aim, the penalty method 

for incompressible flows in presence of variable body forces is re-examined with 

the help of well-known examples, yielding a corrected formulation that is more 

accurate and faster than standard finite element methods found in the literature. 
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CHAPTER 1 

ROTARY LIP SEALS 

1.1. Introduction 

Radial lip seals are relatively simple elements widely employed in various 

types of rotary machines. This oil resistant elastomeric component is often used to 

seal rotating shafts at low oil pressures, avoiding the transport of contaminant to, 

or lubricant from, the bearing system it protects. The seal, bonded through a 

metallic case to the oil reservoir, is stationary and presents a narrow section that 

slides over the moving surface of the rotary shaft (Figure 1.1). 

The lip seal is designed to have an interference with the shaft. In addition, 

a garter spring is sometimes used to link both members throughout the lifetime of 

the seal. 

j 

OIL SIDE 

J.IR SIDE 

Figure 1.1 - Cross section of a typical rubber lip seal 
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Therefore, once the piece is mounted, part of the sealing mechanism relies 

on the radial load impressed by the elongation of the spring and the elastic 

deformation of the rubber seal. The performance of these seals is based on the 

formation of a thin, lubricating oil-film in the seal-shaft interface, where the 

operating conditions may range from almost dry contact to full film lubrication. 

The main advantage of this seemingly trivial device is lasting and reliable 

serVIce at very low cost. However, at present there is a wide gap between the 

theory and the practical use of lip seals, and a feasible explanation of the 

mechanism involved in the sealing action is still pending, even though elastomeric 

radial lip seals have been used since the 1940's. 

1.2. Background 

Assuming static deformation of the lip seal and neglecting second order 

effects such as seal asperities and shaft curvature, the gap geometry reduces to 

two ideally flat, parallel surfaces. However, this assumption introduces the 

unwanted failure of the well known Reynolds equation (Szeri 1980). Indeed, with 

parallel motion, the standard lubrication theory fails to predict hydrodynamic lift. 

When the seal is assembled over the shaft, the lip edge is distorted and a 

dry contact surface is formed. However, it is found that under approximate steady 

state conditions, the contact lip runs over a very thin fluid that separates the seal 

from the shaft (Jagger 1957). 

It is known that if a viscous lubricant flows between an elastic body and a 

rigid surface, the contact geometry may experience substantial deformation 

affecting the flow field of the lubricant. The classical model for this problem is the 
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so-called elastohydrodynamic lubrication theory (EHL), where the fluid flow is 

governed by the Reynolds equation and the elastic deflection is obtained by 

employing point contact theory (Oh and Rohde 1977). Although this line of work, 

mostly applied to journal bearings, has proved to be repeatedly successful since 

the pioneer work of Taylor and O'Callaham (1972), attempts to attack the current 

problem using coupled elastohydrodynamic models have encountered some 

difficulties (Ho 1991, Heinrich 1991, 1992). 

The lubricating film reduces wear by preventing contact, but if the fluid 

pressure is insufficient to support the entire radial load of the seal, the current 

thinking is that mechanical pressure must make up the difference. Such a scenario 

has been investigated by Gabelli and Poll (1990), whose central model hypothesis 

was the apparent dominant action of the surface microgeometry in the formation 

of the lubricant film (Gabelli 1989). Effects of the viscoelastic properties of the 

rubber on the dynamic response of the seal were also considered. The contribution 

of mechanical pressure was found to .)e negligibly small, and the numerical results 

showed good agreement with the measurements of the film thickness (Poll and 

Gabelli 1990). 

On the other hand, not too much is known about the basic role of a rotary 

lip seal to prevent leakage. Jagger proposed that the surface tension of the sealed 

fluid controls leakage thanks to a meniscus formed on the oil-air interface. Other 

researchers (Kawahara and Hirabayashi 1977) observed that a properly installed 

and functional seal leaked when the installation was reversed. Besides these 

observations, any particular theory must be able to account for the following 

question: once the oil enters the gap, what prevents it from flowing through, 

leaking across the gap from the high pressure side to the ambient pressure side? 
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Salant (1991) claimed that the micro-undulations present in the lip surface, 

which would be partially responsible for the load support mechanism, can also 

prevent leakage through the seal. Following previous researchers (e.g. Muller 

1987), Salant used the idea that these undulation patterns on the contact area 

restrict leakage by virtue of a 'reverse pumping' process, in which fluid is driven 

from the low to the high pressure side, thereby counteracting the natural trend to 

leak across the gap. However, no one has really observed such micro-undulations, 

either in static or dynamic conditions (Gabelli 1992). 

It has been suggested that an inherent pumping mechanism, sufficient to 

counterbalance those influences promoting leakage, would be given by a relative 

motion between the sealing surfaces (Johnston 1989). Combinations of angular 

velocity and shaft eccentricity beyond the ability of the sealing device to conform 

to the shaft surface would cause the seal to leak profusely (Prati 1986). 

Traditionally, pressure, film thickness and elastic deformation of the rubber 

seal are considered the basic variables for setting a mathematical model of the 

sealing mechanism. The present work puts some of the aforementioned aspects 

into a quantitative form, formulating in part a new approach to predict the 

performance of rotary lip seals. 

1.3. Statement of purpose 

The dynamical behavior of rotary lip seals has so many complications that 

it is almost impossible to attack the full problem. The presence of a free surface 

on the air side is, for example, of special relevance. It constitutes one of the most 

difficult challenges in the field of computational fluid dynamics, and even state of 

the art algorithms can not always cope with its intrinsic complexities in a 
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satisfactory manner. In addition, the seal roughness and the compliance of the 

elastic body, combined with radial displacements of the rotary shaft complicate 

the problem even further. 

Therefore, the scope of this work is twofold. On one hand, the effort is 

initially focused on rather simple models of radial lip seals, with the purpose of 

capturing the dominant physical aspects of the mechanical system. On the other 

hand, existing computer codes are enhanced and validated to address more 

complex aspects of the system behavior. Finally, new numerical models are 

developed in order to solve the mathematical equations that best fit the physical 

conceptualization discussed in the first stage of this work. 

It will be shown that for a given seal-shaft gap geometry, the numerical 

solution of one of the proposed set of equations yields new and conclusive answers 

about the actual driving forces responsible of the sealing action, disregarding 

explanations such as the reverse pumping action. This approach can furnish 

precise values of the amount of lubricant oil transported either into or out of the 

sealed region which, perhaps, constitutes one of the most fundamental quantities 

for judging rotary lip seals performance. 

1.4. Dissertation outline 

First of all, the macro-EHL model initiated by Ho (1991) is developed 

further. In this model, the physical system consists of an elastic ring interacting 

with a thin layer of fluid covering a rigid shaft. From a mathematical point of 

view, this results in a plate equation coupled to the Reynolds lubrication equation. 

Its solution usmg a two-dimensional nonlinear finite element algorithm is 

presented in Chapter 2. There, the appropriate nondimensionalization of the 
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governing equations is followed by a brief linear stability analysis. This IS 

complemented with fully nonlinear computations, showing either the stable or 

unstable nature of the proposed model. Calculations are presented to show that 

under some conditions the seal deforms in such a way that pressure fluctuations 

may induce flow of lubricant fluid across the shaft-seal gap. 

A different analysis of the basic flow processes involved III the contact 

region is discussed in Chapter 3. The idea is to retain the main features of the 

system and replace the seal action over the fluid layer underneath it by an 

equivalent kinematic action, a one-sided formulation. In short, given some 

operating conditions the gap shape is assumed known, where any elastic distortion 

of the rubber body is neglected but the flow field is solved in full without resorting 

to any particular type of approximation. 

The analysis is based on the global Navier Stokes equations written in 

cylindrical coordinates, where some relevant scales such as surface roughness, 

system oscillations and edge effects of the contact region are isolated at each level. 

Within the bounds of the hyphoteses, a rather simple order-of-magnitude analysis 

yields an acceptable estimate of the leading acting mechanisms, providing 

different sets of equations of local validity. 

Looking at different aspects able to promote leakage, the Navier Stokes 

equations can be tailored by a limiting process with one parameter considered as 

dominant, stating where and how some effects such as roughness, inertia, or 

curvature should be either neglected or retained. 

Under certain conditions, a uniformly valid set of equations called the 

'small-gap' equations is easily obtained. This set has the distinguishing feature of 
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being axisymmetric, representing a pseudo three-dimensional motion where 

curvature effects are almost totally ignored except in the centrifugal acceleration 

term. It follows that a static seal separated from the rotary shaft by a thin 

lubricating film is subject to centrifugal instabilities in the neighborhood of the 

gap region, driving eventually a secondary flow through the contact area. 

A similar analysis reduces the problem to the case of a thin film of fluid 

squeezed between two parallel plates, where the top plate moves along its normal 

direction. The resulting flow would be, in principle, a combination of a shearing 

flow in the circumferential direction and a squeezing flow in the axial direction. 

In order to solve the small-gap equations, a proper representation of the 

boundary conditions at the artificial boundaries of the modeled region is needed. 

Unfortunately, the appropriate treatment of open boundary conditions is not a 

trivial task and depends, among other things, on the mathematical character of 

the governing equations. The governing equations, in a form suitable for the 

simultaneous analysis of stratified non-rotating flows and homogeneous rotating 

flows, are introduced in Chapter 4. There, the solution of well-known problems 

posed on truncated domains are re-examined in the context of the penalty 

approximation in finite element solutions of laminar incompressible flows. 

Finally, details of the numerical simulations of the adopted theoretical 

model are given in Chapter 5, while conclusions and recommendations for future 

works are discussed in Chapter 6. 
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CHAPTER 2 

ELASTOHYDRODYNAMIC MODEL FOR ROTARY LIP SEALS 

2.1. Overview 

As mentioned in the previous chapter, the undistorted seal is designed to 

have an interference with the nominal radius of the shaft. Once the piece is 

mounted, the compliance of the elastic body ensures a perfect fit between the lip 

seal and the cylindrical surface of the shaft. Under these conditions, some of the 

initial seal asperities wear out after a brief period of time, leaving an extremely 

thin layer of lubricant fluid that separates the seal from the contact surface. This , 
was first noticed by Jagger (1957) and, ever since, numerous explanations 

attempted to account for two consequences of this experimental observation: the 

hydrodynamic force able to sustain a gap between the two bodies and the 

mechanisms that prevent the fluid from leaking through the gap. 

With the assumption of relative parallel sliding between two rough 

surfaces, lubrication theory has been the chosen tool by many researchers to 

answer in part these fundamental problems (Hirano et al. 1961). The load-carrying 

capacity of rough surfaces in relative parallel motion was first studied by Davies 

(1961). Later on, Jagger and Walker (1966-1967) assumed that the asperities of 

the seal act as micro-bearings pads in the contact area. However, Lebeck (1986) 

concluded that none of the existing models can fully explain the sliding motion as 

commonly observed in experiments. 

A rather novel attempt was recently made by Ho (1991). His work relies on 

self-acting foil bearing theory (Heinrich and Connolly 1991), modified to include 
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some typical characteristics of the lip seals. The mathematical model maintains 

full coupling between the seal, modeled as an elastic ring, and the Reynolds 

lubrication equation governing the pressure of the underneath fluid film. 

In the next section, after introducing the governing equations, a fairly 

simple linear stability analysis is performed over the proposed model. Then, fully 

nonlinear calculations are presented, showing either the stable or the unstable 

nature of the system. 

2.2. Mathematical model for thin circular rings 

The model suggested in Ho consists of an elastic ring, whose deformation 

can be calculated using thin plate theory, interacting with the Reynolds equations 

for the lubricating film trapped between the lip seal and the shaft surface. 

Neglecting tangential elastic deformation, the model can be summarized in the 

following set of equations 

(2-1) 

(2-2) 

where 

b : ring width 

h : ring thickness 

r 0: shaft radius 

m: mass per unit area 

p : fluid pressure 
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Pa: ambient pressure 

'" T Pa= Pa + 1J'"T 
o 

U : radial deflection 

T: applied radial force 

v : Poisson's ratio 

11 : dynamic viscosity of the fluid 

w : angular velocity of the rotary shaft 

D = Eh
3 

2 : flexural rigidity 
12(1 - II ) 

E: Young's modulus 

This system is subject to cyclic boundary conditions 

U (0, z,t) = U (211", z, t) 

(2-3) 

U(J (0, z, t) = U(J (211", z, t) 

together with the vanishing of the moments and shear stress along the ring edges 

(2-4) 

where U(J stands for ~e and similarly w.r.t. z. The boundary conditions for the 

pressure are 

p(8,0,t) = Pa P (8,b, t) = Pb (2-5) 
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with periodic boundary conditions in the 8-direction as well. The initial conditions 

for the elastic ring are some initial deflection w o( 8, z), and some initial velocity 

u(8,z,0) = w o(8,z) 

The following dimensionle"" variables are introduced (Ho 1991) 

P
* _ P- Pa 

- Pa t * -i fi5 
- 2 Ym 

To 

(2-6) 

(2-7) 

where the film thickness U o is estimated using self-acting foil bearing for 

incompressible fluids (Gross et al. 1980) 

2/3 

- 0 643 [6J.lwbT 0] Uo -. To T (2-8) 

Interactions between any system and its environment are in general 

modeled through appropriate boundary conditions. Therefore, the ambient 

pressure Pa in Eq.(2-7) is not a good choice for the scale of pressure. An 

alternative scaling, based on the expected response of the system will be 

considered later. The conclusions of the linear stability analysis discussed III 

Section 2.3 remains valid anyway. The resulting system of equations is 

(2-9) 

(2-10) 



where 

H - ro 
- b 

2 

J( = 12 ~~ (1-v2
) : geometric factor or foundation constant 

4 

R = Pa r 0 
: pressure factor 

Duo 

A - 6/1w r~ b' b - 2 : earmg num er 
Pa Uo 

u - 12/1 fl5 : squeezing number 
- u2 P Yffi 

o a 
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If it is further assumed that the plate is infinitely stiff in z, and in the 

absence of an external axial pressure gradient, any variation in z direction can be 

dropped, leaving therefore 

(2-11) 

(2-12) 

The following linear stability analysis is based on this one-dimensional model. 

2.3. Linear stability analysis 

To analyze the stability of Eqs.{2-11)-{2-12) the method of the 'normal 

modes decomposition' is applied (Drazin and Reid 1981). A more complicated but 

powerful Galerkin-type method was used by Ho in which the tangential elastic 
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stretching was retained in the analysis. 

A basic solution of the system of Eqs.{2-11)-{2-12) is given by 

Ps =c ~ , c: const. (2-13) 

Our concern is with small-disturbances. Physically, we want to determine whether 

this basic state is stable when the system is perturbed slightly. If it turns out to 

be unstable, it will eventually evolve to some other state. On the contrary, if it is 

stable or marginally stable, the disturbance may die away or persist as a 

perturbation of similar magnitude, respectively. In principle, linearization is 

straightforward. We write U = Us + u' and P = Ps + p', where we consider prime 

quantities as small corrections to the basic state, and we neglect higher powers 

and products between them. Following this procedure formally, it is not difficult 

to see that the linearized equations, for c = 1, can be written as 

(2-14) 

(2-15) 

where prImes have now been dropped for simplicity of notation. Next, we 

substitute a trial solution of the form 

(2-16) 

into the linearized system. Here, Q' IS a real number and w a complex number. 
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Note that 

o () = R R() - ks (2-17) 

where 

k = R = 2; : wavenumber s = R() : arclength (2-18) 

and by periodicity 0 must be an integer. 

Clearly, a more general type of disturbance would be a two-dimensional 

wave propagating at some angle with respect to the azimuthal direction, and 

governed by the linearized version of the two-dimensional system, Eqs.(2-9)-(2-

10). Unfortunately, edge effects will introduce wave reflections at the physical 

boundaries, complicating the analysis to such a degree that will make the 

approach impractical. 

At any fixed time t, each pair [o,w(o)] represents one 'mode' in a Fourier 

expansion, and a sum over the modes represents a formal solution of the Eqs.(2-

14)-(2-15). The success of the method depends on finding a complete set of normal 

modes to represent any initial disturbance. Nevertheless, the advantage is that 

most of the relevant features of the problem can be obtained from the dispersion 

relation w = w(o), without having to get the general solution. 

The growth rate of any particular mode is dictated by I m( w). 

(i) If Im(w) > 0 for some real 0, the system is unstable and this mode 

grows exponentially in time until nonlinearity becomes significant. 

(ii) If I m( w) = 0 for some real 0, the mode is said to be neutrally stable 
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since neither grows nor decays. 

(iii) If I m( w) < 0 for all real a, the problem IS asymptotically stable, 

because every mode decays exponentially for t > o. 

The problem reduces then to that of finding the dispersion relationship. 

Upon substituting Eq. (2-16) into the linearized system of Eqs.(2-14) and (2-15), 

we get 

-R ][::]= [:] (2-19) 

It follows that the trivial solution (uo, Po)t = (O,O)t is the only possible solution, 

unless the frequency wand the wave number a are related through the dispersion 

relation det(D(w, a)) = 0, where D is the 2x2 matrix defined above, i.e. 

(2-20) 

which is a complex quadratic algebraic expression for w, whose solution gives the 

dispersion relation sought 

where 

R2 2 
P = as + ]{a4 _--fL 

4 

(2-21) 

(2-22) 
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We are interested in situations where Im(w) ~ o. Clearly, the negative root is 

always damped and the only one that can grow without bound or stay neutral is 

the positive root. The neutral curve Im(w)=O is thus obtained by setting 

Ru 
2"" 

which, after some algebra, yields 

(2-23) 

(2-24) 

where x = 0 ~ , and a = (]()t. The value (~)c = (4K)~ represents the critical 

value or the instability threshold and the most unstable mode is, therefore, given 

by 

1 

Q = int[ ](4] (2-25) 

The locus representing both branches of the neutral curve for positive Q is plotted 

in Figure 2.1.a for ]( = 153. Note that the neutral surface is independent of R 

(Figure 2.1.b), revealing that the parametric space can be reduced by one. Figure 

2.2 shows the amplification and decay rates for increasing values of the parameter 

R, holding K constant. The pattern can be explained by noting that Im(w) ... O as 

R ... oo, i.e., no matter what the initial disturbance is, it will remain unchanged if it 

is small and the parameter R is large enough. Figure 2.3 depicts the stability 

boundaries for several values of ](, showing that the most unstable mode grows 
1 

with ](4 (see Eq.(2-25)). 
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Figure 2.3 - Stability boundaries for the linearized EHL model. 

](=50 (solid), ]( = 100 (dot), ]( = 200 (dash), ]( = 300 (chain-dot) 

Next, nonlinear calculations are performed solving the full system of 

equations with a combination of a spectral Fourier Galerkin method and the finite 

element method for selected values of the parameters in the stability diagram. 

2.4. Numerical method 

Expression (2-9) is a fourth order partial differential equation defined in 

the domain n = {(8,z)/0 ~ 8 ~ 27r, 0 ~ Z ~ I}. Its solution, using the finite element 

method, would require plate elements. This type of elements is costly in memory 

and computing time, and can lead to ill-conditioned matrices (Heinrich and 

Wadhwa 1986, Heinrich and Connolly 1991). One way to avoid this situation is 
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the use of a spectral Fourier Galerkin method in the B direction, reducing the 

original problem to a system of partial differential equations in (z, t) (Canuto et 

al. 1988). The numerical solution of the resultant fourth-order equations in z-

direction is then easily accomplished using beam elements. 

2.4.1. A Spectral Fourier Galerkin method for the elastic equation 

The radial deflection is approximated as 

b N 
u(B,z,t) I'V uN(B,z,t) = i. + L: an(z,t) sin nB+bn(z,t) cos nB 

n =1 
(2-26) 

which is the N-th order truncated Fourier series of the function u. Note that the 

cyclic boundary condition is automatically incorporated. In general uN will not 

satisfy Eq.(2-9) for a given pressure field p. However, we can still ask for equality 

in an average sense by forcing the error to be orthogonal with respect to each one 

of some test functions 'Pk(B). This, generally known as the method of the weighted 

residuals (MWR), is written as 

2~ 2~ 

f L( uN) 'Pk( B) dB = R f p 'Pk( B) dB , for k = 0,1, ... ,N (2-27) 
o 0 

The operator L acting on uN represents the left hand side of Eq.(2-9), with u 

replaced by uN. In the Galerkin method, the test functions 'Pk(B) are chosen equal 

to the basis functions sin(kB) and cos(kB), respectively. By orthogonality of the set 

{'Pk(O)}, all terms on the left hand side of Eq.(2-27) are zero, except for n = k, so 

that 
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(2-28) 

where the functions ¢In and hn are defined as 

(2-29) 

and 
211' 

hn(z,t) = {! f p(z,B,t) CPn(B) dB (2-30) 
o 

The boundary conditions along the edges of the ring become 

[
82¢Jn _ 83¢Jn] 
8z2 - 8z3 - 0 

:: =0,1 

, n = O,l, ... ,N (2-31) 

A detailed account of this derivation can be found in Ho (1991). Eqs.(2-28)-(2-31) 

define a system of 2 x (N + 1) partial differential equations for the Fourier 

coefficients ¢In = {am bn}, provided that some proper initial conditions are 

prescribed. Its solution can be obtained applying, for example, the MWR one 

more time. 

2.4.2. Spatial discretization of the Fourier coefficients 

The weak form of Eq.(2-28) can be written as 

1 f [M(¢Jn) - hnl W dz = 0 n = O,l, ... ,N (2-32) 
o 
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for all test functions W. Above, M(¢n) is an operator representing the left hand 

side of Eq.(2-28). This expression is integrated by parts twice to relax the order of 

continuity of the functions for its numerical evaluation, incorporating therefore 

the boundary conditions Eq.(2-31) naturally. 

We subdivide the domain 0::; z::; 1 into Ne elements and Ne + 1 nodes 

with coordinates Zk = k; 1 , k = 1,2, ... , Ne + 1. We expand the Fourier coefficients 
e 

¢n(Z, t), for every n = 0,1, ... , N, using cubic Hermite elements as follows 

N e +l 

¢(z, t) '" ¢h(z, t) = L cl(z) ¢k(t) + 4(z) ¢k(t) (2-33) 
k=l 

where 

(2-34) 

and the superscript h denotes the finite element approximation of ¢ using a 

discrete set of points. The basis functions cl(z) and e~(z) are piecewise cubic 

interpolant functions defining what is commonly known as beam elements ( see 

e.g. Zienkiewicz 1977, Reddy 1993). 

A semi-discrete Galerkin formulation IS obtained by setting the test 

functions in Eq.(2-32) equal to the basis functions. In other words, at the element 

level we set W = {en and {en, for i = 1,2. The final assemble of the element 

equations yields the global system (Ho 1991) 

M~+AtP=f (2-35) 

where ~ = ~:t . Here, M and A are the mass matrix and the stiffness matrix, 

respectively, ¢ = (¢1' ¢; '¢2' ¢; , ... ) is a vector of length 2 x (N e + 1) containing the 
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unknown nodal displacement and slopes, and f is the load force vector, whose 

magnitude depends on the pressure field (see Eq.{2-30)). 

2 .. 4.3. Discretization of the Reynolds equation 

Instead of a Fourier expansion in the 8-direction, the nonlinearity of the 

coefficients in the Reynolds equation suggests a direct two-dimensional 

discretization. The weak form of Eq. (2-10) takes the form 

(2-36) 

for all test functions v{ 8, z). 

The domain n = «8, z) /0 :5 8 :::; 271", 0:5 z :5 1} is therefore split into M p 

elements and N p nodes, and the pressure is expanded using bilinear quadrilateral 

elements as follows 

Np 

p(z,8,t) rv ph(z,8,t) = LPj(t) 'ljJiz, 8) (2-37) 
j=1 

Np 

Upon setting v = {'ljJj} we get the Galerkin form that leads to the following 
j=1 

system of linear equations 

Bp=q (2-38) 

Here B is the N p x N p stiffness matrix, p = (PI' .. , PN ) is the vector containing the 
p 

N p degrees of freedom and q is a vector of length N p' with the discrete scalar 

wave operator u( U t + ~ uo) on it. A full description of the calculation of the 
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element matrices is given by Ho (1991). 

2.4.4. Time integration 

The final system of equations representing the semi-discrete form of the 

coupled model 

M~+AcP=f (2-39) 

Bp=q (2-40) 

is integrated in time using the Newmark method (Newmark 1959, Heinrich and 

Wadhwa 1986). 

Having updated the vector cPR at time t = tn , new values of pressure are 

computed solving Eq.(2-40) with a skyline algorithm for symmetric matrices. An 

iteration is then established, where the new pressure values are used to recalculate 

the vector cPR + 1, until convergence is achieved. 

2.5. Numerical calcn1atioDS 

The stability boundaries presented in Section 2.3 should not be considered 

a sharp estimate of the dynamic response of the full two-dimensional model. Axial 

variations and boundary conditions clearly modify the system behavior. In the 

best case, the one-dimensional linear stability analysis can still provide a good 

reference frame to begin the numerical experiments. 

The four-dimensional parametric space (K, R, (1, A) that characterizes the 
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linearized system, Eqs.(2-14)-(2-15), can be reduced by one. This could be 

achieved by rescaling the pressure, removing the unwanted Pa' and assuming a 

reference film thickness U o of the order of lOflm based on experimental data (Poll 

and Gabelli 1990). In this case, the parameter a becomes unity while the stability 

analysis remains unchanged. To be specific, t, z, u and P are rescaled with r~ JfB, 
h, Uo and Po, respectively, where 

(2-41 ) 

The linearized Eqs.(2-14)-{2-15) contain now 1(, R, and A only. In 

summary, two sets of parameters can be explored without altering the structure of 

the linear stability analysis. 

Table 2-1 - EHL parametrization 

CASE 1 (Ho) CASE 2 

4 12 flr~ R Paro 
Duo u~JmD 

6flwr~ 2 
A w({o IB --2-

PaUo 

a 12fl JfB 1 
r2p D o a 

r2 
and 1( = 12 h~ (1- v2 ) for both cases. Note that A, for the case 2, represents a 

dimensionless angular velocity. 
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The numerical experiments are run on an irregular mesh, discretized with 

1078 elements and 1127 nodes for the pressure calculations (Figure 2.4), and with 

only three equally spaced beam elements for the elastic equation. The following 

magnitudes for the properties are considered 

b = 2. 1O- 3m 

h = 5. 1O- 3m 

r = 2. 1O-2m o 

K 
m = 10-{ 

m 

v = 0.45 

E = 2.106 N2 
m 

D = 0.026Nm 

The resulting nondimensional parameters are H = 10, J( = 153.12 . R, A, 

and (J are given in Table 2.2 below, where cases 1 and 2 correspond to the first 

and second nondimensionalization, respectively 

Table 2-2 - Parameters values 

CASE 1 CASE 2 

R 61538 2.64 X 108 

A 3360 0.7845 

(J 4283 1 

Note that, for the first case, the ratio ~ is also equal to 0.7845. 

The most unstable mode is excited by introducing an initial perturbation of 

the form (Figure 2.5) 

wo{fJ, z) - 1 + 0.1 sin(30) 
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FINITE ELEMENT DISCRETIZATION 

0.0000 1.2566 2.5133 3.7699 5.0266 6.2832 
CIRCUMFERENTIAL DIRECTION 

3D VIEW OF THE FINITE ELEMENT MESH 

Figure 2.4 - Finite element discretization for the EHL model 
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T: ODT Umax:O.110E+Ol Umin:0.900E+00 DU:0.200E-Ol 

Figure 2.5 - Initial condition for the elastic deflection 

The pressure at t=o is taken to be equal to its basic value with c = 1 (Eq. 

(2-13)), except at the edges where is set equal to the ambient pressure. The 

nonlinear model is run with 0'=1, f{ = 153, R = 100, and with three different 

values of the parameter A, namely 2, 15 and 50; the first one within the stable 

region and the last two lying well inside the linearly unstable zone (see Figure 

2.1.a). The truncation number N and the time step .6.t are equal to 8 and 10 -4, 

respectively. 

Figure 2.6 shows the time history of the dependent variables for A = 2, as 

well as profiles along the centerline z =! at different times. It can be seen that 

the perturbation is slowly damped, with the deflection approaching an asymptotic 

state. The pressure presents a sudden kink, but as long as the squeezing of the 

elastic ring ceases, the pressure field readjusts to its equilibrium state. The time 

integration continued up to t = 12000 time steps, reaching a steady state at 

approximately t = 1.1 units. Figure 2.7 shows a snapshot of the instantaneous 

pressure for A = 2, and so does Figure 2.8 for the instantaneous deflection. 
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It is clear that the initial condition, which represents a basic solution for 

the one-dimensional model, not necessarily remains so for the two-dimensional 

problem. The system evolves to a new equilibrium represented by a different 

value of the constant c in Eq.(2-13), regardless of which mode is excited at t = o. 

This was confirmed through numerical experiments for several values of the 

parameter A and different initial conditions, not all shown here. Moreover, this 

can be easily seen in the examples here discussed by examining the time history of 

the pressure and the displacement field at position 0=3.2057 rad and z =! , i.e., 

at the center of the computational domain. 

The second example corresponds to a situation, in principle, unstable. The 

time response for A = 50 is depicted in Figure 2.9. The instability triggers 

approximately at t f'V 0.12, and the breakdown into higher modes is noticeable in 

the O-profiles of u and p at t = 14006.t. Figures 2.10 and 2.11 depict the 

instantaneous pressure and deflection fields, respectively, at every 3506.t. 

An interesting situation is obtained. for A=15. Again, longitudinal waves 

propagating in both direction with phase velocity proportional to the ratio 

Re( w) / G are observed. The onset of the instability is delayed until t f'V 0.8 units, 

and it is preceded by an oscillatory state of growing amplitude (Figure 2.12). The 

instantaneous pressure and the radial deformation fields are plotted in Figures 

2.13, 2.14 and 2.15, showing that the system may undergo deformations able to 

squeeze lubricant throughout the contact region (Figure 2.16). 
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2.6. Conclusions 

Many numerical experiments have been performed with the above 

mentioned dimensionalization, and with different parametrizations as well. Other 

modal instabilities have been analyzed in Heinrich (1992). The experience is that, 

under the present conditions, the system is either unconditionally stable, reaching 

a state of uniform pressure and elastic deflection, or unconditionally unstable, 

becoming singular in finite time. In the former case, nonlinearity seems to be 

ineffective in 'saturating' the intrinsic linear exponential growth. More deeper 

linear stability analysis, including tangential deformation, have been pursued (Ho 

1991, Heinrich 1991), revealing interesting mechanisms of the coupled model. 

However, further research is needed to enhance the underlying physics and to take 

advantage of its attractive conception. In particular, the current values of the 

parameters are still far from its physical meaningful range, and new 

parametrizations should be attempted. 



CHAPTER 3 

A ONE-SIDED FORMULATION: THE SMALL-GAP 

EQUATIONS IN ROTARY LIP SEALS 

3.1 Introduction 
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While some of the difficulties encountered in the coupled EHL model can 

be partially explained by the linear stability theory, there are still several puzzling 

aspects that deserve a closer look. The complicated nature of the problem lies on 

the disparate length scales representing the geometry of the real system. In 

consequence, the large number of independent parameters needed to describe any 

EHL model makes the approach difficult form the very beginning. 

In this chapter we shall discuss a one-side model, where any fluid-elastic 

body interaction is totally ignored, and only the flow of the lubricant fluid is 

analyzed. 

The N avier-Stokes equations in cylindrical co-ordinates are appropriately 

recasted when a parameter b, known as 'small-gap' parameter, attains an extreme 

value. The precise meaning of small-gap is achieved by the limit b ... O which, in the 

best case, represents the usual behavior of the lubricant flow in a wide range of 

operating conditions. 

3.2. Analytical model 

We assume an oil-film already formed neglecting any mechanical contact 

between seal and shaft, as well as any elastic distortion of the rubber seal. We 
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consider a thin viscous liquid layer bounded above by a rough seal and below by a 

smooth shaft, without including edge effects on the sealed region such as the free 

surface observed on the air-side. Despite the fact that the film within the gap is 

very thin, we assume it to be thick enough to conform to a continuum theory of 

the liquid. There is no local rupture of the film such as cavitation or dry spots in 

the contact area, and the layer consists of an incompressible Newtonian fluid with 

constant properties under isothermal conditions. Later on, some of these 

assumptions can be relaxed to accommodate for more general situations. 

The analysis of the lubricant flow in the contact region involves, roughly 

speaking, three extremely different length scales, namely, the radius R of the shaft 

( '" O.04m), the much smaller thickness ho of the fluid ('" 101lm) and an 

intermediate length b characterizing the axial extent of the contact area 

( '" 200llm) (see Figure 1.1). 

Whereas in most seal applications the shaft rotates and the seal is fixed, 

the under-lip observations are more easily made with the seal rotating and the 

shaft fixed. To facilitate the comparison between experimental and numerical 

findings some of the derivations here presented are obtained under the latter 

conditions: the shaft is assumed to be stationary and the seal rotates at constant 

angular velocity 0, unless otherwise is stated. 

We start with the full Navier Stokes equations written in cylindrical 

coordinates, setting the direction of the line r = 0 coincident with the shaft aXIS 

(Figure 3.1). The governing equations are (Batchelor 1967) 
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(3-1) 

OUr -+ d() U~ _ 1 op ( A 2 OUo u) 
ot + u.gra U r - r - - P or + V uUr - 1'2 of) - 1'; (3-2) 

(3-3) 

(3-4) 

where 

(3-5) 

d-(O 10 0) gra - or' 'F 00 ' oz (3-6) 

y, r, V RIGID SEAL PROFILE 

-lbl-

SHAFT R 

Figure 3.1 - Global and local coordinates 
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In the absence of a free surface the gravitational body force is expressed as 

the gradient of a scalar quantity and, therefore, it has been included in the 

pressure gradient term. Next, these global coordinates are linked to a local 

reference frame attached to the contact area using a transformation of coordinates 

based on the aforementioned length scales. 

3.2.1. Inner region: roughness action 

If the contact area were formed by two flfl.t surfaces, both rigid and in 

relative parallel motion, the solution of the governing equations would be a 

combination of a Poiseuille and a Couette flow. This is certainly true if we ignore 

edge effects, which is the basis of the lubrication approximation (see e.g. 

Batchelor 1967). For a negligible circumferential pressure gradient, as we will later 

see to be so, this flow is stable to small disturbances (Drazin and Reid 1981). 

However, given the tiny thickness of the lubricant film, roughness of similar order 

in the contact area will introduce considerable variations in the behavior of the 

fluid layer. In order to analyze this aspect of the problem, consider the irregular 

surface observed in Figure 3.2. To begin with, we may enforce 21r periodicity in 0 

on the double Fourier expansion of the asperity surface 

00 00 

h(O,z) = ho + m2;1 );1 amn sin(mO - 'Pm) cos(n{ z) (3-7) 

For some dominant frequencies, and ignoring the initial phase 'Pm' a simple 

representation of the film thickness would be given by (Figure 3.3) 

h(O,z) = ho + a sin(mO) cos(knz) (3-8) 
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Figure 3.2 - Wavy contact surface of a lip seal 

r,y,v~,X'u 

shaft 
e,S.W 

Figure 3.3 - Gap between a shaft and a rough seal 
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where m is an integer, a is an asperity amplitude considered to be small In 

companson with ho, and kn = 17r
• Note that mO = "R(RO) = kms, where 

km = "R = ~7r and s = RO (see Eqs.{2-18)). If we further assume parallel sliding 
m 

motion with the upper surface moving at constant speed U, whereas the shaft is 

held stationary, the above equation reads 

h{s, z, t) = ho + a sin[km{s-Ut)] cos{knz) 

so that the constant pha.se velocity can be written as 

U - ds _ Wm 
- dt - k

m 

(3-9) 

(3-10) 

where Wm is the perturbation frequency induced by a roughness of wavelength Am' 

Since U = O{R+ho) = OR (1+ ~) f'J OR for ~ ~ 1, the relationship between 

the two frequencies Wm and 0 is 

(3-11) 

In addition to the mostly circular Couette flow set by the rotary seal, part 

of the fluid displaced by an asperity crest will flow axially to the neighboring 

troughs in response to the incompressible nature of the lubricant. In other words, 

the sliding motion of the upper surface induces alternatively thinning and 

expansion of the liquid layer which, in turn, promotes a local flow that scales as 

V = wma. Therefore 
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: scale of veloci ty in the axial plane (r, z) 

: sliding velocity, scale of velocity in () direction 

Introducing the dimensionless variables 

(x,y) -+ (( , ThoR) 
(3-12) 

( ) (uz Ur un) 
u,v,w -+ V' V' U 

into the equations of motion, Eqs.(3-1)-(3-4), and letting 0 = ~ -+ 0 formally, we 

get 

v.a = 0 (3-13) 

(3-14) 

(3-15) 

where 

a = (u, v) '1= (8x ,8,,) (3-16) 

R* = 27ra R : Modified Reynolds number (3-17) e ). e 
m 

R _Uho _ f!Rho 
e--P---l1- : Reynolds number (3-18) 
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It should be noted that the modified Reynolds number contains the four 

length scales involved in the problem, namely, a, ho' Am and R. Moreover, twas 

made dimensionless with respect to the inertial time scale ~. However, it may be 

-possible to use the viscous time scale ';} so that the time derivative in the 

acceleration terms would be of order one. 

The inertia terms can be neglected if the modified Reynolds number is 

small, but for 2{a of order one, the inertia terms will have a large effect on the 
m 

velocity and pressure fields for Re ~ 1. This condition can be easily attained with 

today's low viscosity lubricants and fast rotatory machines, precluding the use of 

the Reynolds equation. Although further analysis of different small-gap limits are 

needed (Krueger et al. 1966), since boundary layer approximation are possible 

(Serbetci and Tichy 1991), this particular scaling seems to be consistent with the 

Gabelli and Poll (1990) observations. Gabelli and Poll found that the average 

pressure gradient in circumferential direction is indeed negligible when compared 

with the pressure gradient across the sealing contact, in good agreement with 

Eq.(3-15). 

Finally, as far as conservation of mass is concerned, the small-gap limit is 

equivalent to postulate an axisymmetric flow. However, go = 0 is not consistent 

with the assumed geometry (see Figure 3.3). Meanwhile, the limit b -+ 0 decouples 

the momentum equations, giving mostly a plane Couette flow in the 0 direction, 

and providing the appropriate boundary conditions to simulate the flow induced 

by asperities in the axial plane. The no-slip boundary condition at the upper and 

lower surfaces are, setting s = 0 in Eq.(3-9) without loss of generality 



u=o, v=o ,w=o at y = 0 

u = 0, v = ~~* = - cos (f) cos(k~x) , w = 1 at y = 1- € sin(f) cos(k~x) 

where 

h* h 
=h ' o 

k* - mrho a 
~---h n - b ,,, 

o 
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(3-19) 

(3-20) 

This particular set of boundary conditions represents a system of standing waves 

acting in the axial plane. 

3.2.2. Inner region: radial oscillation 

Consider a rotating seal separated a distance ho from the shaft surface and 

oscillating up and down with frequency n and amplitude e (Figure 3.4). For a 

corrugated seal rotating at constant angular velocity n, the film thickness h can 

be expressed as 

(3-21) 

where ho is the average separation between seal and shaft, hr represents the gap 

displacement induced by radial oscillations of amplitude e, and ha is a typical 

asperity amplitude. This perturbation is intrinsically arbitrary, but is the simplest 

model for simulating the loss of contact between seal and shaft. Neglecting ha for 

the moment, the radial displacement is 

(3-22) 
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x I~ b ~I 

Figure 3.4 - Radial oscillations of a rotating seal 

A quick computation shows that the ratio between the normal acceleration 

an and the tangential acceleration at at any point on the seal is '" 0( {l), which 

for R IV 0.04m and e IV 50pm means ~~ '" 0(800). In consequence, tangential 

effects are negligible in comparison with normal variations. The total normal 

oscillation of the film thickness at any point along the sealing circle, substituting 

ha with the 2nd. term of Eq.(3-9), is 

(3-23) 

where (3 = m() represents an arbitrary phase for () = const. 

The frequency Wm represents a characteristic time much smaller than n. In 

other words, a fast time scale and a slow time scale are involved in the analysis. 

Specifically 

Wm _ _ 27r R _ ( 27rho) 1 
n-m-,\ -,\ 8 

m m 
(3-24) 
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and, for 8 = ~ ~ 1, the ratio between the two frequencies becomes very large. The 

slow time scale, which involves the radial oscillation effect, is essentially 'local' in 

character as we shall see in a moment. In analyzing this effect, the slow 

development of the flow along the circumferential coordinate has been ignored. 

Eventually, more powerful techniques should be used here (Stuart et al. 1990). 

For example, the WKBJ approximation is a perturbation method commonly 

applied to phenomena that changes rapidly on a global scale (Bender and Orszag 

1978). However, this has not been explored in the present work. 

From a numerical point of view, the number m represents an undesirable 

large number of time steps to integrate the solution over a period of time of 0(0). 

On the other hand, setting e = 0, the parameter m = wn represents the number of 

sampling points around the sealing circle where the flow is in phase (see Figure 

3.3). Clearly, as m increases, these points become closer to each other, until in the 

limit 8 .... 0, the circumferential waviness is lost and the plane Couette flow is 

strictly invariant in 0, which has become an unbounded 271' periodic variable. 

Moreover, m .... oo or ).m .... O is the only possible limit compatible with the resulting 

axisymmetric set of equations. 

We neglect roughness from now on, and this limit the gap variation to 

h = ho + e cos(Ot) (3-25) 

It should be pointed out that frequencies other than 0 are possible for 

geometric imperfections. Muller and Ott (1984) used a polygon profile in their 

experiments to generate radial oscillations. 
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Radial oscillations will have a stronger impact inside the gap, where the 

upper surface oscillates harmonically up and down with velocity ~~, than 

elsewhere since from mass conservation the axial squeezing velocity will be of 

order ~~ to ,...., 0(20 x ~~) (see Figure 3.4). Introducing the following change of 

variables, for oscillations of amplitude e of the same order of ho 

T -+ nt 

p*-+ (p- Pa) 
pvn 

(3-26) 

In the Eqs.(3-1)-(3-4), and letting 6 = ~ approach zero formally again, holding 

everything else fixed, we get 

(3-27) 

( a -~ a ) - R 2 "':" ~ * + ~2-U T + u. V + w ae U - e W J = - v P v U (3-28) 

(3-29) 

where 

nh2 

U = T : squeezing Reynolds number (3-30) 

and Re is the Reynolds number defined in Eq.(3-18), and 
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u = (u, v) J = (0, 1) : unit vector in radial direction 

Let us assume that the gap shape is well approximated by a parallel 

surfaces in relative motion, at least within several contact widths farther 

downstream and upstream from any section f) = con st. It follows {) / {)f) rv 0 and, as 

we will see later in Chapter 5, this assumption corresponds to a lubrication type of 

approximation, where the neglected inertia term involves change of the 

circumferential component of the velocity in relatively large distances. In 

consequence, the above equations become 

\l.u = 0 (3-31) 

(3-32) 

(3-33) 

Ignoring edge effects, this system of equations would be subject to the following 

boundary conditions 

u=v=w=O at y = 0 

(3-34) 

u = 0 ,v = - (siner) , w = 1 at y = 1 +( cos(r) 

where (= h . The squeezing Reynolds number u is usually so small that inertia 
o 

terms can be neglected and, consistent with previous discussion, the classical 
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lubrication theory can be applied. Moreover, for small Re , as it turns out to be is 

most applications, the flow is stable to small disturbances (Drazin and Reid 1981). 

In the absence of mechanical vibrations, no secondary flow is possible at this level, 

the circumferential flow being stable and mostly of Couette type. 

For small ()" and neglecting centrifugal effects, these equations are similar 

to those governing the squeezing of a thin film between oscillating parallel disks 

(Hunt 1966). In principle, the flow would be a combination of a pure shearing 

motion in the azimuthal direction and a squeezing flow in the axial plane. 

3.2.3. Outer region: centrifugal effect 

The loss of contact between seal and shaft, combined with changes in the 

geometry, will introduce different features in regions located far away from the 

gap. For a slowly-varying channel d = d(z) on the air-side, we rescale the flow field 

by writing 

vt 
T ~ d2 

(3-35) 

where d is some mean value of d(z) (see Figure 3.1). We can show that the 

equations of motion, Eqs.(3-1)-(3-4), in the limit 0 = ~ ~ 0, become 

U x + v" = 0 (3-36) 
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(3-38) 

(3-39) 

where 

: Taylor number (3-40) 

: Laplacian operator in (x, y) 

Finally, note that the above system of equations are the so-called 'small

gap' equations, widely used in the context of the stability of Taylor-Couette flows 

(Hall 1975). Again, while the curvature effects are almost completely neglected, 

they are retained through the centrifugal term by holding the Taylor number 

fixed as 8 -. O. It follows that a rigid seal separated from a rotary shaft by a thin 

lubricating film is subject to centrifugal instabilities in the vicinity of the contact 

area, eventually driving a secondary flow across the gap. 

3.3. Adopted model 

Everyone of the models here proposed has an intrinsic degree of difficulty, 

although they are essentially aimed to facilitate our understanding of different 

aspects involved in sealing devices. Either the roughness model or the squeezing 

action model implies to deal not only with nonlinear equations, depending on the 

relative importance of the inertia terms, but also with moving boundaries which 
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complicates the problem to a considerable degree. In any case, further analysis are 

needed at every instance. However, there is one apparent consistency in the 

analysis that is worth noting. Had we used the scaling given by Eqs.(3-35) in the 

inner region, we would have obtained 

T - n 2Rd3 n2Rh~ _ ( nRho)2 ho _ R2 1: 0 as 1:-+0 
a- v2 -+ v2 - v R- e V -+ v (3-41 ) 

outer region I inner region 

and the Taylor number indicates where curvature effects must be retained, 

regardless of the scales chosen. 

In addition, the system of Eqs.(3-36)-(3-39) represents a one-parameter 

family of axisymmetric flows whose numerical evaluation can be accomplished, 

e.g., using the finite element method. In this model, the flow of lubricant fluid is 

governed by a set of equations similar to those of a non-rotating stratified flow, 

where the centripetal acceleration plays the role of the buoyancy force, even 

though for rotating flows in which the inner surface moves the basic state can be 

unstable to small disturbances. 

The domain under consideration must be artificially truncated in order to 

render numerical solutions feasible. It is known that isothermal flows with open 

boundaries can be successfully modeled employing the so-called natural boundary 

conditions. Other techniques are needed to solve the more complicated problem of 

buoyancy-driven flows, where the use of the natural boundary conditions is 

precluded by the additional pressure gradient generated by the buoyancy term 

(Leone 1990, Papanastasiou et al. 1992). 

In the next section we address the appropriate use of the penalty 
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formulation in the finite element method for unbounded flows in presence of 

variable body forces. Finally, we will see how the use of different open boundary 

conditions can lead to contradictory predictions in the flow behavior. 
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CHAPTER 4 

VISCOUS INCOMPRESSmLE FLOWS IN THE PRESENCE OF 

VARIABLE BODY FORCES: ITS TREATMENT USING 

THE PENALTY ELEMENT METHOD 

IN UNBOUNDED DOMAINS 

4.1. Introduction 

The appropriateness of the mathematical formulation of a given physical 

situation depends on whether the problem is properly posed. It is known that a 

problem is well-posed if (i) the solution is unique when it exists and (ii) the 

solution depends continuously on the data. The specification of data along any 

part of the boundary is of fundamental importance and depends on the nature of 

the governing equations -elliptic, parabolic, hyperbolic-. In general, the boundary 

conditions are well established by the physics when the domain is finite. 

Difficulties arise with problems posed on unbounded domains, as is the case in 

many fluid flow applications. In such situations, artificial boundaries need to be 

introduced and the prescription of boundary conditions is often made on the basis 

of ad hoc arguments without precisely evaluating their incidence on the solution. 

Generally speaking, open boundaries generated by the artificial truncation 

of the computational domain must radiate information generated inside of the 

reglOn of interest, while minimizing distortion in the results by avoiding 

unwelcome reflections towards the interior. 

A common approach is to locate the synthetic boundary far from the 

region of interest, with the intrinsic assumption that the error induced by the 
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Dirichlet, Von N~umann, or Robin type of conditions will not propagate back too 

far and therefore will be negligible. This is valid in situations involving known 

states farther downstream, where most of the dynamics have already died out and 

the values of the dependent variables and their derivatives can be correctly 

approximated using asymptotic analysis. However, the appropriate treatment of 

an open boundary condition requires care when the physics of the problems are 

not known. 

Boundary conditions of any kind specified along physical boundaries are 

handled with ease by the finite element method. Isothermal flows with open 

boundaries have been successfully modeled employing the well-known natural 

boundary conditions. In recent years, new techniques have been proposed to solve 

the more complicated problem of buoyancy-driven flows (Leone et al. 1983, 

Papanastasiou et al. 1992), where the use of natural boundary conditions IS 

precluded by the additional pressure gradient generated by the buoyancy term. 

In this work, the use of the penalty approximation for laminar 

incompressible flows is analyzed. The goal is to find a proper set of boundary 

conditions for unbounded flows in the presence of body forces. It will be seen that 

the inclusion of an additional pressure gradient raised by steady body forces yields 

accurate computations of viscous flows using the penalty method. 

It is well known that the penalty method eliminates the pressure from the 

equations of motion by forcing mass conservation as the penalty parameter 

becomes large (Heinrich and Marshall 1981). However, no detailed analysis has 

been made about the role played by a passive pressure field in the overall balance 

of forces in the governing equations. Fukimori and Wake (1986) were the first to 

point out the simple fact that, under conditions of no motion, the pressure must 
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reduce to a hydrostatic distribution. Dyne and Heinrich (1993) reinforced the 

importance of keeping the hydrostatic pressure term in the penalty method when 

computing the pressure field. 

In the next section, the govermng equations in a form suitable for the 

simultaneous treatment of stratified and rotating flows are established. The 

penalty method to handle the pressure variable is then formulated, and thereafter 

five examples are used to introduce the concepts. The first two are an isothermal 

plane Poiseuille flow and a stratified plane Poiseuille flow, followed by an 

isothermal flow over a backward-facing step (Gartling 1990) and the stratified 

flow over a backward-facing step (Leone 1990). Finally, thermal instabilities in a 

rectangular enclosure are analyzed. 

The third and the fourth examples are solved on two meshes, one assumed 

to be approximately long enough so that most of the significant features are 

contained inside the computational domain, and the other 44 % shorter so that 

any open boundary condition is severely tested. Comparison with published data 

are made whenever is possible. 

4.2.Governing equations 

In what follows Uj = (u, v) is the velocity vector with U and v components in 

the Xj = (x, y) directions, and IJ'jj is the Kronecker delta. The temperature and the 

pressure are denoted with () and p, respectively. The problem geometry and 

boundary conditions for the first four examples are shown in Figure 4.1 and Figure 

4.2. 

The transient Boussinesq equations of motion and energy are 
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(4-1) 

(4-2) 

(
Q. + u. ~) () - l a2

() at } ax . - p ax ·ax . 
} e}} 

(4-3) 

and the stress in the fluid is given by 

(4-4) 

Here, the relevant parameters are the Reynolds number Re , the Froude number 

F r , and the Peclet number P e' defined by 

F _ U2 

r - ag6.TL (4-5) 

where U and L are some characteristic velocity and length, respectively, v and Ii, 

are the kinematic viscosity and thermal diffusivity of the fluid, respectively, 6.T is 

the maximum temperature difference in the fluid, a is the volumetric expansion 

coefficient and 9 the acceleration due to gravity. The buoyancy force ii' acting in 

the vertical direction only, is given by 

(4-6) 
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4.3. Boundary conditions 

The boundary conditions are the usual no slip and no mass penetration at 

solid walls on the physical boundaries. For the isothermal plane Poiseuille flow, 

the incoming velocity profile is prescribed as u(y) = 4y(1 - y), such that the 

pressure drop is - ap/ax = 8/ Re . Similar conditions are used for the stratified 

plane Poiseuille flow, with the lower plate at 8 = 0 and the upper plate at 8 = 1. 

To study the isothermal and stratified flow over a backward-facing step, 

the inlet velocity field is set as a strictly parallel flow with a horizontal profile 

given by u(y) = 24y(0.5 - y). The domain is truncated at 12.5 units downstream 

from the inlet for the long domain and at 7 units for the short domain. In the 

stratified case the inlet temperature profile is 8(y) = 2y, and the top and bottom 

walls are kept at temperatures one and zero, respectively. 

i) Plane Poiseuille flow 

u=v=O \Ix E an , y = 0 (4-7) 

u=v=O 8 = 1 \Ix E an , y = 1 (4-8) 

u = 4y(1 - y) , v = 0 x=O ,0<y<1 (4-9) 

ii) Backward-facing step flow 

u=v=O \Ix E an , y = - 0.5 (4-10) 

u=v=O 8=1 \Ix E an , y = 0.5 (4-11) 

u=v=O x=O , - 0.5 :5 y :5 0 ( 4-12) 
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u = 24y(0.5 - y) , v = 0, f) = 2y x=O , 0 < y :s; 0.5 (4-13) 

At the outlet, the following two open boundary conditions (OBC) are tested 

• Stress-free or natural boundary condition (NBC): the normal stress and the 

shear stress are set equal to zero . 

• Free boundary condition (FBC): we evaluate the line integrals of the weak form 

of the momentum equations using values computed on the outflow elements. 

Then, we force the line integrals into the right hand side of the discretized 

equations until steady state is achieved (Papanastasiou et al. 1992). 

For both OBC, the pressure field is adjusted at each time step such that 

the pressure at the uppermost outflow element is always zero. In addition, we set 

g~ = 0 at the outflow open boundary, whenever applicable. 

4.4. Method of Weighted Residuals (MWR). Penalty Function 

Method for the N-S equations. 

A variational or 'weak' form is obtained upon taking the inner product of 
-. 

the momentum equations with a weighting function W=(W1, W 2 ) and by 

multiplying the energy equation by the scalar function W 

J(8u, 8u· 80''') 
_I+U·_I -f· ___ '3 W·dO=O 
8t 3 8x. 1 8x. 1 n 3 1 

f (8f) + u . .M. - l 8
2
f) ) W dO = 0 

8t 3 8x· P 8x ·8x . n 3 e 3 3 

The penalty method accounts for introducing the following pseudo

constitutive relation (Fukumori and Wake 1986, Dyne and Heinrich 1993) 
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( 4-14) 

where Ps is the hydrostatic pressure for a fluid at rest and A is the penalty 

parameter. As a result, the mass conservation equation is eliminated from the 

problem. Here we are interested in cases where Ps admits non-trivial states. 

Upon application of Green's theorem over the domain n and substituting p 

by the above expression, we get 

(4-16) 

Two contributions are differentiated in the weak form of the momentum balance 

of forces, namely, surface forces Sf and volume forces V f' defined by 

(4-17) 

(4-18) 

The pressure gradient ~Ps IS obtained after integrating back by parts the 
UXj 

expression !PsfJW /fJxjdn. On a vertical boundary, the integrand of Sf reduced to 

: normal traction (4-19) 
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: shear traction ( 4-20) 

III a weak rather than a pointwise sense. Meanwhile, the volume forces term 

represents the departure from the basic state, since 

Vi = J Uj-f1) W j dn = } J (O-Os) Dj2Wj dn 
n r n 

(4-21) 

The basic state is easily obtained now upon setting Uj = (0,0) into the 

equations of motion and solving the following steady state problem 

(4-22) 

-+ 
Is - \Ips = 0 (4-23) 

where 

(4-24) 

and 

J = (0,1) : unit vector in the vertical direction 

The action of a conservative force such as gravity, being representable as 

the gradient of a scalar variable, is usually removed from the problem simply by 

writing P + Po 9 J.1 = p + Pa , where P is the hydrodynamic pressure consistent 

with the velocity field of the moving fluid, and Po is some reference value of the 

fluid density, and Pa is a constant. This is certainly true in the absence of a free 
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surface, and the original problem reduces to that of finding P and the solenoidal 

field tt (Batchelor 1967). Since the conservative part of the body force was already 

subtracted before writing the non-dimensional form of the Boussinesq Eqs.(4-1)-(4-

3) (White 1974, p. 90), a slightly different interpretation of the term Ps is what 

separates the current model from the conventional application of the penalty 

method. Following Batchelor, Ps would be nothing but an additional pressure 

component which, in a fluid In motion, gives rise to a pressure gradient in 

equilibrium with the steady component of the buoyancy force. In other words, the 

penalty function approximation can be written as 

P = p~ + p~ - ,\ 'V.tt (4-25) 

where the first hydrostatic component p~ is due entirely to conservative forces 

and, as we already mentioned, usually never shows up since it is removed from 

the very beginning. The second hydrostatic component p~ is induced by buoyancy 

forces such as thermal or centrifugal effects, and is totally determined by a 

boundary value problem (Eqs.(4-22)-(4-24)). A discussion of similar situations for 

flows subject to steady rotations can be found in Batchelor (1967). From now on, 

we drop p~ . 

In short, whenever P - Ps is used in the line integral at the outflow 

boundary, the weak form of the buoyancy force must include only the departure of 

the temperature from equilibrium. Had we set Ps = 0 in the penalty expression, 

the hydrostatic component would have been embedded in the pressure field. It 

must be clear that we do not need to solve the hydrostatic Eq.(4-23) unless we are 

interested in computing the total pressure P = Ps + Pd, where Pd stands for 
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dynamic pressure (see Appendix A). 

4.5. Finite element formulation (Petrov-Galerkin method) 

We discretize the domain into M elements and N nodes and we expand 

the velocity "it, the pressure p and the temperature () in terms of the basis 

functions {1Pj} and {<Pm} as follows 

(4-26) 

( 4-27) 

(4-28) 

where the superscript h indicates the discrete approximation of the dependent 

variable over the partition nh of the domain n. We use bilinear quadrilateral 

elements for velocity and temperature, and piecewise constant elements for 

pressure in the spatial discretization. All terms of the weak form of the governing 

equations are evaluated with full Gaussian quadrature, except the penalty term 

where selective reduced integration is used (Carey and Oden 1986). The weighting 

functions are set equal to the basis functions with the exception of the convective 

terms, where perturbed Petrov-Galerkin functions with balancing tensor 

diffusivity are employed (Brooks and Hughes 1982, Heinrich and Yu 1988). 

The time integration scheme is based on the theta method with lumped 

mass matrices in the time derivatives. The numerical evaluation of the weighted 

residuals of the momentum equations leads to the following set of nonlinear 
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equations 

(4-29) 

where 

(4-30) 

(4-31 ) 

Here, u = (Ul,Vl,. .. ,UN,VN) is the vector of unknown nodal velocities, D is the 

2N x 2N lumped mass matrix, M =>..L + AI Re is the 2N x 2N matrix made up 

with the penalty plus diffusion matrices, c{u) is a 2N nonlinear vector function of 

the nodal velocities, and b is the vector of length 2N with volume and surface 

forces contributions evaluated explicitly. Above, the superscript n denotes time 

tn=n.6.t, with wl='O.6.t and w2={1-'O ).6.t. In particular, the choice 8 = ~ yields 

the well-known Crank-Nicolson-Galerkin scheme. All the following results are 

obtained with theta 8 =1, corresponding to the Backward Euler or fully implicit 

algorithm, and starting from zero initial conditions. 

The dynamic pressure Pe over eC"A,ch element of area Oe is calculated after 

the velocity field has been updated using the weak form of Eq.{4-14) 

f ph 'fie dO = - >..f \7. tth 'fie dO e = 1,·, .,M (4-32) 
n n 

where the crossbar denotes selective reduced integration. Since the pressure IS 

expanded using piecewise constant basis functions, we have 



( 1) = { 1, 'v' 1 E S1e 
'Pe 0, otherwise 

it follows that J 'Pe is different from zero only in the interior of S1e , thus 
n 

Finally, Eq.( 4-32) reduces to 
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(4-33) 

(4-34) 

The nonlinear system of Eqs.( 4-29) is solved by Newton iteration. For each v-th 

iteration, we construct and solve the linear system 

(4-35) 

using a direct solver based on Gauss elimination for unsymmetric banded matrices 

(Dongarra et al. 1979), where Jim = afJaum is the Jacobian matrix of the vector 

f( u). A convergence tolerance of 

2N 

where /lu/l = L IUjl 
j=l 

( 4-36) 

is imposed between iterations. Meanwhile, finite differencing with respect to time 

the weak form of the residue of the transport equation yields 
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(4-37) 

Now, (J = (01,f)2, ... ,ON) is the vector of unknown nodal temperatures, I is the 

N x N identity matrix, R is the N x N lumped mass matrix, G = N( u) + AlP e is 

the N x N matrix made up with tile nonlinear convective plus diffusive matrices, 

and 9 is a vector of length N containing boundary conditions. Once the velocity 

field is updated, a new temperature is computed by solving the above system with 

the mentioned solver for unsymmetric banded matrices. The time integration is 

terminated when the relative change between time steps is 

and (4-38) 

for some prescribed error tolerances /:1 and /:2' measured in the same norm. 

To be specific, at time level tn we use the velocity field un, the pressure pn 

and the temperature (In to evaluate the terms S J and V J of the buoyancy force 

vector bn . Having determined bn , we compute the velocity field using the Newton 

linearization algorithm. Once un + 1 is known, we update the pressure by means of 

Eq.( 4-34) and solve the transport equation for (}n + 1 with un + 1 as the convective 

coefficient. The scheme is repeated until steady state is achieved. 

4.6. Numerical Examples 

We begin with the fully developed plane Poiseuille flow. The computations 

for these first two examples are done on an uniform mesh of step size ~x=O.2 and 

~y=O.1. The pressure drop along the channel is Ge = 8umaxl Re and the Reynolds 
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number is equal to 10. The solution obtained with the NBC is plotted in Figure 

4.3.a, showing the vertical spreading of the velocity profile at the outlet. Figure 

4.3.b shows the solution obtained using the FBC, where the releasing of the flow 

from the truncated channel resembles the exact parabolic function specified at the 

inlet. The error in the computed pressure gradient Gn= - !::::"p/!::::"x along the 

centerline of the channel is 2.01 %. 

The second example involves a stratified plane Poiseuille flow. The values 

of the parameters are Re = 10 and Fr = 196 • The appropriate steady state solution 

of the equations of motion and energy is 

u=4y(1-y) , v=O 

p = ~ (10 - x) - 2} (1- y2) 
e r 

()=y 

where the pressure is adjusted such that p = 0 at x = 10, y = 1. 

Three different combinations of outflow boundary conditions and penalty 

function approximations are analyzed using error tolerances €1=1O -4 and €2=10-
3 

for their numerical evaluation (further decrease in the values of €1 and €2 shows no 

significant changes). Figures 4.4.a, 4.4.b and 4.5 show the effect of the OBC over 

the velocity field at the outlet for all cases described in Table 4.1. It can be seen 

in Figure 4.6 that the solution is considerably smoother for cases 2 and 3, with less 

well-defined gradients in a layer close to the walls for the case 1. The FBC 

minimizes the error regardless of the penalty function chosen. Nevertheless, the 
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formulation that leaves Ps explicitly yields a better pressure distribution than that 

with Ps treated implicitly in the pressure field (Figure 4.7). 

Table 4.1 - Penalty approximations and outflow boundary conditions 

Case Penalty OBC Error = CPU(s) - Convex C240 
G -G 

approx. e
G 

nx 100 % tl.t = 1 tl.t = 5 
e 

1 p = Ps - >. div(tt) NBC NA 23.3 17.8 

2 P = Ps - >. div(tt) FBC 2.01 27.6 26.4 

3 P = - >. div(tt) FBC 6.51 600.0 216.0 

In Figure 4.7 we compare either the dynamic or total pressure according to 

the following definition 

for dynamic pressure: Pn - Pe = Pn - Pd at x = 5 (case 2) 

for total pressure Pn - Pe = Pn - (Pd + Ps) at x = 5 (case 3) 

where 

Pn : numerical pressure Pe : exact pressure 

and 

Pd = 1 (10-x) 
e 
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Figure 4.4 - Temperature, pressure and streamline contours, and velocity field 

for the stratified plane Poiseuille flow 
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Figure 4.5 - Temperature, pressure and streamline contours, and velocity 

field obtained with the standard penalty and the FBC (Case 3 - Table 4.1) 

It is easily seen in Figure 4.4.b that case 2 does not introduce any vertical 

pressure gradient, even though the numerical results slightly overshoot the correct 

x position (Figure 4.7). For the case 3, the dominant error is due apparently to 

the piecewise constant approximation embedded in Ps (Figure 4.7). On the 

contrary, for the penalty function approximation that leaves Ps in explicit form, 

the computation of the resultant net body force (8 - 8 s) / F r can be achieved with 

higher accuracy using, for example, quadrilateral bilinear elements. We should 

also note the drastic increase in computing time for the last case, even though this 

could be due in part to differences in the initial conditions. While for case 1 and 

case 2 the computations start from the basic state 8s ' case 3 begins with zero 

initial conditions. 

The third example is that of a 2-D isothermal flow over a backward-facing 
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step (Gartling 1990). The Reynolds number is set equal to 800. The mesh 

consisted of 6633 nodes and 6400 elements for the long domain (12.5 units from 

the inlet) and 3729 nodes with 3584 elements for the short domain (7 units long). 

Both meshes are discretized equally spaced with step size ~x=0.0625 and 

~y=0.03125. The error tolerance for this example is €1=10 -3. Figure 4.8 compares 

pressure along the walls for the penalty function formulation, obtained with the 

long mesh and the FBC applied at the open boundary, and the Poisson equation 

method (Sohn and Heinrich 1990). Pressure contours corresponding to both 

method are plotted in Figure 4.9 showing that the agreement between the two 

methods is remarkable. 

Having validated the accuracy of the penalty method for computing 

pressure, we cut the domain at 7 units from the inlet to see the effect of the FBC 

on the solution. The vertical pressure profile is in good agreement, when the 
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results are forced to coincide at y = ~ , with data published by Gartling (Figure 

4.10). Moreover, the agreement between results of the u-component of the velocity 

is excellent (Figure 4.11). As we could expect, better agreement is obtained with 

the long mesh, although this is not shown here for the sake of the simplicity in the 

presentation of numerical results. Finally, pressure and streamline contours 

calculated with the long and short domains, together with the velocity field, are 

shown in Figure 4.12. It can be seen that all features of the flow are well 

represented in the short domain. In particular, the location of the separation point 

of the secondary eddy, which crosses through the artificial boundary, as well as 

the reattachment point of the primary eddy, coincide in both domains. 

The fourth example deals with the stratified flow over a backward-facing 

step (Leone 1990). The relevant parameters values are now Fr=196 and Re= 

Pe=800. We run our numerical experiments over the long and short meshes, as 

described in the third example, using €1=10-
4 

and €2=10-
3 

with the FBC applied 

at the outflow boundary. Figure 4.13 compares dynamic pressure along the upper 

and lower walls predicted by the corrected penalty method (Ps =I 0) and the 

modified Poisson equation (see Appendix B). Total pressure contours as well as 

dynamic pressure contours obtained with the corrected penalty and the Poisson 

method are plotted in Figure 4.14. Unlike the total pressure contours, the 

dynamic pressure contours illustrate clearly the region of flow reattachment on 

the upper wall. Figure 4.15 shows the results obtained over the long domain using 

the standard penalty p = - Adiv(i!) with different boundary conditions at the 

outlet. In Figure 4.15.a we apply the NBC and, in Figure 4.15.b, the FBC is used 

instead. We observe that an improper specification of the outflow boundary 
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Figure 4.12 - Pressure and streamline contours, and velocity field for the long and 

short domains with the FBe applied at the outflow boundary. Pressure contours: 

-.22, -.21, -.20, -.19, -.18, -.17, -.16, -.15, -.14, -.12, -.10, -.09, -.08, -.06, -.03, -.02, 

-.01. Streamfunction contours: -.02,-.016, -.011, -.006, -.002, 0., .05, .1, .2, .3, A, 045, 

049, 0498, .5, .504, .508, .511 
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Figure 4.14 - Top: total pressure contours computed with the corrected penalty method 

Middle: dynamic pressure contours computed with the corrected penalty method. 

Bottom: pressure contours computed with the modified Poisson equation method. 
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(b) FBC at the outflow boundary 

Figure 4.15 - Stratified flow over a backward-facing step. Temperature contours: 

jf9, j = 1, ... ,8; Pressure contours: -.482, -.428, -.375, -.321, -.268, -.214, -.161, -

.107, -.0535; Streamfunction contours: -.02,-.016,-.011,-.002, 0., .05, .1, .2, .3, .4, 

.45, .5, .504, .508, .511 
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condition can cause returning flow at the outlet into the computational domain. 

A different treatment can be applied to the exit flow by subtracting the 

basic state from the solution, i.e, by using the corrected penalty method. At 

x = 12.5 the total pressure approaches closely the asymptotic stratified plane 

Poiseuille flow solution Ps=(y + y2 - 0.75)/2Fr (Figure 4.16). In addition, viscous 

forces are small for a Reynolds number equal to 800. Once Ps is eliminated, the 

surface force S J is negligible, and therefore the physics of the flow is well 

approximated by the NBC condition S J = O. This situation is not shown since its 

solution is graphically indistinguishable from the Figure 4.15.b. 
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Figure 4.16 - Vertical profiles of the total pressure P = Pd + PII and 

the hydrostatic pressure PII at x = 12.5 

Figure 4.17 shows the ability of the FBC to capture the essential features 

of the solution near the exit for a domain truncated at x = 7, where the vertical 

pressure profile differs significantly from the hydrostatic state. This is further 



100 

illustrated in Figure 4.18. Finally, Figure 4.19 shows the global pressure along the 

bottom wall, where the basic pressure Ps attains its maximum value, for the two 

penalty approximations p = - )'div(ti) and p = Ps - )'div(ti). Solutions are 

obtained with the FBe at the outflow boundary. For reference, we also include 

the pressure computed with a Poisson equation method (Sohn and Heinrich 1990), 

modified to account fOI vertical temperature gradients (Appendix B). Results 

from the Poisson method and the corrected penalty are quite similar, while results 

obtained with Ps embedded in the penalty function show a deviation as x 

Increases. 
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Figure 4.17 - Temperature, pressure and streamline contours, and velocity field for 

the long and short domains. Results obtained with the corrected penalty method 

and the FBC applied at the outflow boundary. Contours values are those detailed 

in Figure 4.15 
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Figure 4.18 - Comparison of u-velocity, v-velocity, temperature T, and total 

pressure p obtained with the long domain (L) and the short domain (5) using the 

FHC in both opportunities. 
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Figure 4.19 - Pressure distribution along the lower wall 

4.7. Thermal instability in a rectangular enclosure 

The last example is a horizontal layer of fluid enclosed in a rectangular box 

of infinite depth (Figure 4.20). The appropriate dimensionless two-dimensional 

Boussinesq equations of motion are (Drazin and Reid 1981) 

( 4-39) 

(4-40) 

(4-41 ) 
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where 

R 
_ exgATd3 

a - IW : Raleigh number 

and 

: Prandtl number 

The parameter d represents the plate separation and is the reference length 

used to adimensionalize the equations. Meanwhile, ex, 9, At, I\, and v are the 

properties previously defined in Eqs. ( 4-5). 

y 

u=v=o 9=-1 

o 0 9=0 6 x 

Figure 4.20 - Thermal instability in a rectangular box 

The basic state is one of rest, with heavier fluid on top of light fluid, and 

whose mathematical representation is 

'it = (0,0) 

{}IJ = - y 

The values of the parameters for the numerical experiments are Ra = 104 

and Pr = 0.7. The pressure in the first element x = y = 0 is set equal to zero. The 
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domain is equally partitioned with spacing ~x = 0.12 and ~y = 0.0625 giving 867 

nodes and 800 elements. 

Figures 4.21.a and 4.21.b depict the field solutions obtained with the 

standard penalty p = - Adiv(ti) and the corrected. penalty method 

p = Ps - Adiv(ti), respectively. The global pressure and the dynamic pressure are 

plotted in Figure 4.22. 

Both methods converge to the same solution, but with cells rotating in 

opposite directions. It is known that for Ra < Ra (critical value), the only 
c 

possible state is one at rest (v = 0). At the instability threshold Ra , a bifurcation 
c 

with two possible states of equal but opposite vertical velocities v + and v-

occurs, as shown in Figure 4.23. 

While the standard penalty needs 104 Newtons iterations to converge in 79 
-6 

time steps to a solution within error tolerances €1 and €2 less than 10 ,the 

corrected penalty takes only 60 Newtons iterations in 60 time steps. 

4.8. Conclusions 

It was seen that the treatment of the boundary conditions at the outflow 

boundaries are of fundamental importance, since an improper specification can 

cause backflow at the outlet into the computational domain. 

In particular, the need for a special type of boundary condition in open 

artificial boundaries, when body forces affects the motion of an incompressible 

fluid, has been established. 

A link between the surface and the volume forces at the boundary has been 

introduced for two different formulations, one that incorporates the physics of the 
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Figure 4.22 - Top: total pressure. Bottom: dynamic pressure 

v 

Figure 4.23. Bifurcation diagram near the threshold Ra 
c 

problem in the form of a basic solution and the other, known for years in the 

literature, that achieves the balance of forces at the boundary iteratively. 

The inclusion of an hydrostatic component raised by non-conservative 

forces alleviates the treatment of the outflow boundary condition in the region 

where the flow is dominated by buoyancy effects, and furthermore, this can be 
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achieved with a substantial saving in computing time and higher accuracy. On the 

other hand, for domains truncated at an early stage of the flow development, the 

appropriateness of the so-called free boundary condition has been illustrated with 

several examples, independently of the penalty function approximation chosen. 

For the one-dimensional, linear convection-diffusion problem, the FBC IS 

equivalent to a one-way scalar wave equation, whose well-known numerical 

absorbing-boundary properties are discussed in Appendix C. 

In the next chapter, an application of these techniques in the context of 

centrifugal forces involved in the fluid of lubricant within the microgap of rotary 

lip seals is presented. 
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CHAPTERS 

ROTARY LIP SEALS: A DYNAMIC SEALING MECHANISM 

INDUCED BY CENTRIFUGAL INSTABRITIES 

S.I. Introduction 

The previous chapter dealt with a proper formulation of the boundary 

conditions in open flow systems. Now, our attention is turned to the equations 

presented in section 3.2.3, whose numerical solution is posed on unbounded 

domains. 

It has been shown experimentally that a properly installed and functional 

seal exhibits a net transfer of lubricant from the air-side to the oil-side 

(Stakenborg 1988). This so-called pumping action has been extensively studied by 

~everal researchers since the work of Jagger (1957). Experimental investigations of 

the pumping mechanism have been mainly restricted to the injection of colored oil 

in the air-side of the seal-shaft gap. "A seal pumping rate is then defined by 

dividing the amount of injected oil by the time it takes the seal to pump the oil to 

the oil-side" (Stakenborg). Even though researchers have attempted numerous 

explanations over the years, a conclusive and clear explanation has not been found 

yet. 

In this chapter, numerical results obtained with the finite element method 

are presented, illustrating that oil pumped from the air-side to the oil-side could 

be driven in part by centrifugal instabilities. A particularly important aspect of 

the simulation is the influence of inflow and outflow boundary conditions, and 

their impact in the flow behavior are discussed in detail. 
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5.2. The small-gap eqnations 

We start with the small-gap equations proposed in Chapter 3 (Eqs.(3-32)

(3-35)). For convenience in the treatment of the boundary conditions, the 

equations of motion are rewritten using the indicial notation of section 4.1 as 

follows 

aUj = 0 
ax· 1 

(5-1) 

(5-2) 

(5-3) 

where Uj = (u, v) is the velocity vector with U and v components in Xi = (x, y) 

directions, w is the circumferential component of the velocity, and the stress in 

the fluid is defined as 

Bu· aUj 
-p8 .. +-I +

I) ax. ax. 
) 1 

(5-4) 

where p is the pressure, as before, and the only relevant parameter is the Taylor 

number Ta , defined in Eq.(3-36) as 

Note that the surface force S, ' Eq.(4-17), and the volume force V, , Eq.(4-18), 

upon setting Pa = 0 for reasons that will become clear later, are now written as 



f ( QU· au· ) 
SI = [- pWjnj + W j ~Xl. + _J n·J ds 

u ax· J an J I 

VI = f Ta w 2 bi2 Wjdn 
n 

where fi = (nI' n2 ) is, as before, the unit vector normal to the boundary an. 

5.3. Boundary conditions 
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(5-5) 

(5-6) 

The boundary conditions are the usual no-slip and no mass penetration at 

solid walls on the physical boundaries. This is, u = v = 0 and w = 1 at the lower 

boundary y = 0, which represents the surface of the rotating shaft, and 

u = v = w = 0 at the upper boundary, which represents the surface of the 

stationary seal. 

In order to illustrate the contradictory solutions obtained with different 

specifications at the artificial boundaries, the following two open boundary 

conditions (OBC) are employed on both sides of the contact region: 

(i) stress-free or natural boundary conditions (NBC). We set S 1= 0 in Eq.(5-5). 

(ii) free-boundary condition (FBC). We evaluate and iterate the line integral, 

Eq.(5-5), as described in Chapter 4. 

The natural boundary condition aw/an = 0 is used in the weak form of the 

azimuthal momentum equation (Eq.(5-3)). 



5.4. A note on the corrected penalty method for domains with 

inclined lateral walls 
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Exploiting the analogy between an homogeneous rotating fluid (Eqs.{5-1)

(5-3)) and a non-rotating, stratified fluid (Eqs.{4-1)-{4-3)), we can either write 

Eq.{4-6) as 

f· = l () 0'2 -+ stratified fluid ((): temperature) 
I Fr I 

or 

fi =Ta ()2 0i2 -+ rotating fluid ((): azimuthal velocity) 

where the Pe and Re numbers in Eqs.{4-3) and (4-4), respectively, must be set 

equal to one for the rotating fluid problem. Therefore, all the techniques discussed 

in Chapter 4 in the context of thermally stratified fluids can be applied to the 

present problem. 

Our concern III this chapter is with rotating fluids partially confined in 

non-rectangular geometries (Figure 5.1). 

RIGID SEAL PROFILE -, :--
or: O.2mm -

\- =2.2mm---1 ---4.mm 

SHAFT 

-I 

Figure 5.1 - Cross section of a typical seal-shaft configuration 
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It was seen in Chapter 4 that the inclusion of a hydrostatic component in 

the penalty function approximation of the fluid pressure, for problems posed on 

rectangular geometries, not only alleviates the imposition of open boundary 

conditions for buoyancy-driven flows, but also yields higher numerical accuracy in 

less computing time. 

The basic state, defined by Eqs.(4-22) and (4-23), is 

''i;lo = 0 s 

aps - 0 ax -

(5-7) 

(5-8) 

(5-9) 

The harmonic solution to the Laplace equation, obtained with the finite element 

method based on the discretization depicted in Figure 5.2, is shown in Figure 5.3. 

Clearly, the azimuthal component 08 is a function of x and y. It follows from Eq. 

(5-9) that the constraint ~8 = 0 cannot be satisfied. 

In an effort to enforce ~8 = 0 using, for example, a least square method 

(L8M), the basic pressure field shown in Figure 5.4 is obtained. The L8M is able 

to give the correct pressure distribution inside the horizontal microgap, where 

Eqs.(5-7)-(5-9) are locally valid. However, in the body of the fluid, the lines of 

constant pressure meet the inclined boundaries at right angles. This is due to the 

natural boundary condition implicitly imposed by the method (see Appendix A). 

Interesting enough, the numerical solution presented in Figure 5.4 

resembles the isopycnals lines obtained by Phillips (1970) for a sloping boundary 
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Figure 5.2 - Finite element discretization (mesh 1) 
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Figure 5.3 - Basic solution of the azimuthal component of the velocity 
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lying above a stratified fluid. It is known that for a fluid confined between a warm 

plate on top and a cold plate on bottom, with a perfectly insulated sloping walls 

on its sides, there is no state of static equilibrium. In other words, a mean 

convective flux close to the inclined wall is induced in order to maintain the 

vertical diffusive flux above the tilted wall (Phillips 1970, Wunsh 1970). 

Care must be exerted before attempting any comparison between these two 

problems. Essentially, Phillips' work deals with no flux conditions at the sloping 

wall, while here the boundary conditions for e 8 are of Dirichlet type. In any case, 

there is no longer a state of basic equilibrium and, therefore, Eqs.(5-7)-(5-9) have 

no meaning for the present problem. This leaves open the search for a correct 

penalty function approximation for either stratified fluids or homogeneous rotating 

fluids confined in containers with sloping walls. 

The following results are obtained using the standard penalty method. 

5.5. Grid generation 

Preliminary computations showed the necessity of using mesh grading as 

the contact region is approached from both sides. Transition elements were also 

employed to avoid extremely small elements in the contact area (see Figure 5.2). 

Two different grid generation strategies were applied: (i) algebraic grid generation, 

and (ii) elliptic grid generation (Eiseman 1985). 

5.5.1. Algebraic grid generation 

The idea behind the method can be summarized in the following figure 



117 

y 

11--...---r---,-----, 

y=f(x) 

OL--~_J-_-L_~~ __ O~-~--~--J---~ 

o L S 0 L x 

Figure 5.5 - Algebraic grid mapping 

By specifying the shape of the upper boundary f(x), non-uniform regIOns can 

receive a continuous description 7]f(x). Here 7] usually is a stretching factor 

between 0 and 1. The coordinates transformation is algebraically defined by the 

formulas 

The major trouble with this type of mesh is lack of uniformity in the 

vicinity of the oil-side of the gap. For numerical examples obtained with 

algebraically generated grids, see Vionnet and Heinrich (1993). 

5.5.2. Elliptic methods 

Typically, conformal mappmg starts with the solution of two Laplace 

equations subject to Cauchy-Riemann boundary conditions. The boundaries of the 

domain are also mapped and, therefore, the harmonic functions defined on the 

edges of the reference domain (e, 7]) must agree with the boundary of the physical 

domain (x,y). The basic departure of elliptic methods from conformal mapping 

comes with the prescription of pointwise values along the boundaries. This 
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conflicting Dirichlet data produces a non-orthogonality which is most intense at 

the boundaries and gradually decays towards conformality in the interior (Figures 

5.2 and 5.6). 

5.6. Numerical examples 

The geometry and the finite element meshes employed for the present 

calculations are shown in Figure 5.1, and Figures 5.2 and 5.6, respectively. 

·2,~ ·2.0 ·1..5 ·1.0 ..0.5 ..(JD 

15 

10 

y 

5 

o 
-10 -5 o 5 10 15 20 

x 

Figure 5.6 - Finite element discretization (mesh 2) 
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The two different discretizations are used to test the influence of the OBC 

on the numerical solution. Both meshes contain 2035 nodes and 1864 elements, 

and the penalty parameter ). is equal to 108 in all cases. The relevant lengths are 

ho = 10 pm and b = 200 pm, which is used as reference length (= din Eq.(3-35)). 

The pressure is adjusted at every time step in such a way that is always zero at 

the first element, i.e. the element located at x = -13, Y = 0 for the first mesh 

(Figure 5.2), and x = -11, Y = 0 for the second mesh (Figure 5.6). 

The simulations are integrated forward in time, starting either from zero 

initial conditions or using zeroth-order continuation techniques. Analyses of the 

time history of the global kinematic energy ensure that steady state is achieved at 
-4 -4 

convergence tolerances €l= 10 and €2 = 10 . 

A series of four steady-state solutions are obtained for values of the 

parameters T a = 2, 5, 10, and 15. For a lubricant fluid of kinematic viscosity v = 

-5 m2 
2.5 x 10 """"S, and a shaft radius R = 0.0381m., these Taylor numbers cover the 

following range of rotary speed: 

Table 5.1 - Taylor number vs. rotary speed 

n = JTa v2 

Rb3 

Ta 
[rad/s] [rpm] 

2 64.0 611 

5 101.3 967 

10 143.2 1367 

15 175.4 1675 



120 

We concentrate initially in determining the possible influence of the 

domain size on the numerical solutions, since it is not clear where the artificial 

boundaries should be located. This is particularly true on the oilside, where the 

geometry changes abruptly. Volume fluxes, computed with mesh 1 and mesh 2, 

and the FBC applied at the open boundaries, are tabulated in Table 5.2. For 

comparIson purposes, similar results obtained with the NBC at the outlets are 

listed in Table 5.3. 

Table 5.2 - OBC = FBC 

Ta q - MESH 1 q - MESH 2 

-3 -3 
2 -0.42 x 10_

2 
-0.65 X 10_

3 
5 -0.l1X10_

2 
-0.90 X 10_

2 
10 -0.21X10_

2 
-0.15 X 10_

2 
15 -0.29 x 10 -0.23x10 

Table 5.3 - OBC = NBC 

Ta q - MESH 1 q - MESH 2 

2 
-4 -4 

0.38 X 10_
3 

0.19 X 10_
4 

5 0.13X10_
3 

0.80 X 10_
3 

10 0.25 x 10_
3 

0.17 X 10_
3 

15 0.33x10 0.23 X 10 

where the volume flux q across the gap is computed as 

0.05 

q = f u dy 
o 

x = 0.5 (5-10) 

Figure 5.7 depicts the velocity field computed with both meshes and the 

FBC applied at the outflow boundaries. Results are for T a = 10. Plots of both 
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velocity fields are overlapped in Figure 5.8, as well the circumferential component 

of the velocity and the pressure in Figure 5.9. 
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Figure 5.7 - Velocity fields obtained with the FBC at the outflow 

boundaries on meshes 1 and 2 (T a=10) 
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It can be seen that the overall pattern is preserved in both meshes. The 

velocity varies markedly over the domain. While a typical order of magnitude for 

the velocity inside the gap is approximately 0.1, well inside the body of the fluid 

on the oil-side it can be of the order of 30. Moreover, the gap geometry on its left 

side is not exactly the same for both meshes. All these factors combined put the 

above comparison in an unfavorable situation. However, beyond the disparity in 

the flow behavior which is the subject of the following analysis, the FBC yields 

results less sensitive to the location of the left outflow boundary than the NBC 

(see Tables 5.2 and 5.3). 

Having tested the influence of the location of the left outflow boundary on 

the numerical solutions, the focus is now shifted to the flow behavior predicted by 

both OBC. Results of the transverse velocity field, the azimuthal component of 

the velocity, and the pressure obtained with both OBC are shown in Figure 5.10, 

Figure 5.11, and Figure 5.12, respectively. The simulation corresponds to a Taylor 

number Ta = 15 using the mesh 2. 

The steep pressure gradient developed along the gap is depicted in Figure 

5.13, and the resultant volume flux in Figure 5.14. The striking differences in the 

numerical predictions of both OBC are better illustrated in Figure 5.15. Figure 

5.15.b clearly shows that an improper treatment of the open boundary conditions 

causes backflow into the computational domain. The intensity of the returning 

flow due to the NBC at the outflow boundary on the air-side induces a cell 

structure in an otherwise almost plane Couette flow (see Figure 5.11). 
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Figure 5.10 - Velocity field 
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Figure 5.11 - Azimuthal component w 
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Figure 5.12 - Pressure 



128 

274 
256 

(a) FBC 237 
219 
201 
182 

0.50 
164 
146 
128 

Y 109 

0.25 91 
73 

P 54 
36 
18 

-0.00 

-0.0 0.5 1.0 
X 

64 
61 
58 
55 

(b) NBC 52 
49 

0.50 47 
44 

41 
38 

Y 35 
0.25 32 

P 

-0.00 

-0.0 0.5 1.0 
x 

Figure 5.13 - Pressure along the gap 
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Figure 5.14 - Velocity field inside the gap 



130 

(a) FBC -
15 

10 

y 

0~==~~--7-~~7s-~--
-5 0 10 15 20 -10 

x 

(b) NBC 

y 
u. ". , .. 

-10 -5 o 10 15 20 

x 

Figure 5.15 - Streamline contours 
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Figure 5.16 shows the pressure distribution along the gap for different Taylor 

numbers. A linear pressure distribution, consistent with the plane Poiseuille-type 

of flows observed in Figure 5.14, is established along the gap where the bounding 

planes are strictly parallel. 
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Figure 5.16 - Piecewise-constant pressure distribution along the gap 

starting at element 745 through element 901 (FBC at the outflow) 

It is therefore possible to look for a local solution, driven by a pressure 

difference maintained on both sides of the gap by the outer flows. Assuming a 

steady unidirectional flow, the equations of motion become 

(5-11) 
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_ 8p + T W 2 = 0 
8y a 

(5-12) 

w"= 0 (5-13) 

where the prime denotes differentiation w.r.t. y. 

These equations are obtained from Eqs.(5-1)-(5-3) upon setting u = u(y), v = 0, 

and w = w(y). Solving for w first, Eq.(5-13) yields 

(5-14) 

where h is the gap height (currently - 0.05 III both meshes). For a constant 

pressure gradient along the channel 

8p_ -G 8x - : const (5-15) 

the total pressure variation is now 

dp = ~~ dx + ~~ dy = - G dx + Ta w2 dy 

Substituting Eq.(5-14) into the above expression for the total differential dp, we 

get after integrating 

Y (y)2 1(y)3 P = Pre! + G(L - x) + Ta h [ Ii - Ii + 3' Ii ] (5-17) 
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where the constant of integration has been evaluated by considering P = Pre! at 

x = L, y = O. Integrating Eq.(5-11) twice, and choosing the integration constants 

to make u(O) = u(h) = 0, we find 

(5-18) 

from which we can compute the flux of lubricant passing through any section of 

the gap as it is done in Eq. (5-10). Note that the dimensional equivalent of Eq.(5-

10) is q" = vq, where the star denotes a physical quantity. The total flux is 

therefore 

211'R h 

Q* - v J ( JUdY) ds 
o 0 

Gh3 
= 211" Rvq = 211" Rv 12 (5-19) 

Rather than assuming a concentric rotating surfaces, clearly consistent with the 

axisymmetric nature of the equations, the above expression is intended to 

represent a proper dimensional quantity for comparison with experimental results. 

Values given by Eqs.(5-13), (5-14) and (5-17) are plotted against numerical results 

in Figure 5.17, using G = -229.4 which corresponds to Ta = 15. 

Figure 5.17 not only shows that the numerical solution IS indeed self

consistent, but also indicates that the flow inside the microgap depends on the 

external flow through the axial pressure gradient G only. However, these results 

reflect the intrinsic axisymmetric nature of the solution. We have seen in section 

3.2.2 that variations in circumferential direction are present when the gap shape is 

not necessarily constant. The magnitude of the approximation can be estimated, 

following Batchelor (1967), using Eq.(5-14). Let us consider a gap whose shape 
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varies slowly with 0, where here 0 stands for the cylindrical coordinate. Then, in 

physical dimensions Eq.(5-14) becomes 

(5-20) 

where 

(5-21) 

represents the position of the upper surface, and whose slope with respect to the 

shaft surface is 

(5-22) 

Above, s = rO (arc-length) and U = OR. It follows that a typical order of 

magnitude of the neglected inertia term is 

(5-23) 

On the order hand, the viscous force retained in the equatioll of motion is well 

approximated by 

2 
v'\l Uo -. {2 U 

o 
(5-24) 

showing that the plane Couette flow, Eq.(5-18), is consistent with the parallel flow 

assumption go = 0 as long as 
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inertia force _ a U ho 
viscous force - 1/ 

(5-25) 

which IS the well-known requirement for the lubrication approximation to be 

valid. 

Eq.(5-19) can now be used to compare numerical predictions with 

experimental results obtained under similar conditions to those employed here 

(Figure 5.18). A word of caution is needed since the gap size used in the 

experiments was equal to 76.2 J-lm, and while the oil-side angle was 60·, neither the 

air-side angle nor the oil viscosity was reported. 

- - - .t.- - - Experimental 
-.-.-.•. -.-.. Numerical (FBC) 

.-.-. ... _._.-.-._.- -
•. _.-.-.-.-.-.-.-.-.-e.-.-.-'-'-'-'-'-'-'-'-' 

-

1 _ ...... -------..t.----------.----. 
10' 1-. - - - - - -A- - - - -

10.2 1.....I.--I.....J....&....I'--'-........... '--",--'--'-J....,\_.I.....i ,--'--'-.&....I'I-I. ........... 01....1.'--'--'-J....,\-1 
250 500 750 1000 1250 1500 1750 

ll(rpm) 

Figure 5.18 - Observed vs. computed volume flux 

(Experimental results provided by Gabelli, 1992) 
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Moreover, the seal position was inverted in the experimental facility to 

make the leakage measurement easier. These differences suggest that the 

comparison presented in Figure 5.18 should be made on a qualitative basis only. 

The numerical results obtained with the FBC are one or two orders of magnitude 

apart. Experiments also show that for this range of rotary shaft speeds, a dynamic 

sealing is achieved, in agreement with the FBC results. 

A large pressure drop should be expected across the oil-air free surface due 

to capillary effects. Clearly, this phenomenon can counterbalance the high 

pressure region developed on the air-side (Kerschen 1993, Stakenborg 1984), 

therefore smoothing the pressure jump observed in Figure 5.19. 

Figure 5.19 - Three-dimensional view of the pressure field (T a = 10) 



138 

The existence of large circulation eddies of different strength on both sides 

of the gap associated with this pressure jump are depicted in Figure 5.20. 
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x x 
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1.00 125 1.50 1.75 12.0 13.0 14.0 15.0 16.0 
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Figure 5.20 - Velocity field at different locations (Ta=10) 
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5.7. Conclusions 

The geometry and, in particular, the tiny size of the gap imposes a severe 

constraint in the numerical simulation. Furthermore, we have seen that an 

improper specification of the outflow boundary condition can cause artificial 

returning flow which, for the present problem, may spoil the solution in the whole 

computational domain. Both boundary conditions show that centrifugal 

instabilities play an important role in the sealing mechanisms of rotary lip seals, 

even when their predictions are contradictory. While the NBC suggests leakage, 

the FBC indicates that sealing is achieved by pumping oil from the air-side, where 

the azimuthal flow is stable, to the oil-side, where centrifugal instabilities set in. 

It is known that the use of the NBC in presence of variable body forces 

leads to erroneous results (Chapter 4). On the other hand, the application of the 

FBC is equivalent to a radiating boundary able to filter unwelcome reflections 

towards the interior of the computational domain (Appendix C). 

Besides its simplicity, the capability of the small-gap limit in incorporating 

the physics of the flow of lubricant fluid through the micro-gap of sealing devices 

has been established. Other effects, such as capillary forces on the oil-air interface 

and temperature variations should be included in future works. 



140 

CHAPTER 6 

CONCLUSIONS 

The linear stability analysis of the elastohydrodynamic lubrication model 

proposed in Ho (1991) predicts instabilities which, in principle, would induce 

mixing of fluid along the sealing circle. However, numerical. solutions of the full 

equations still show exponential growth inside the unstable region for the range of 

the parameters values explored here. Nonlinearity seems to be ineffective in 

saturating the intrinsic exponential divergence of the solution, when it would be 

reasonable to assume that nonlinear effects rapidly become too large to be 

neglected, counterbalancing the exponential growth of the linear terms. 

The nonlinearity of the proposed model is basically geometric, manifested 

through the cubic dependence of the ring deflection in the coefficients of the 

Reynolds equation. Therefore, part of the difficulties are triggered by the 

disparate length scales needed to describe the geometry. Eventually other physical 

mechanisms should be added. Alternative models for the continuous elastic body, 

using for example different types of elastic and viscoelastic foundation models 

(Kerr 1963), may lead to different responses between the fluid pressure and the 

deflection of the foundation surface. 

On the other hand, for a given seal-shaft configuration, the validity of the 

small-gap equations to analyze rotary lip seals performance has been established. 

This system of equations reveals the actual driving force responsible for the 

sealing action. It could be more appropriate to say that motion for small gap size 

to shaft radius ratio gives rise to a superposition of two-dimensional flow in the 
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axial plane and a circumferential flow which is independent of the azimuthal 

position. Furthermore, when the pressure gradient set up by the outer flow is 

known, a local solution of the small-gap equations provides a simple formula to 

estimate the volume flux through the micro-gap, together with an upper bound for 

its validity. This constitutes a rather simple but remarkable observation, 

whenever the flow inside the gap depends on the outer flow through the axial 

pressure gradient only, within the assumed level of approximation. 

The geometry and, in particular, the tiny size of the gap imposes a severe 

constraint in the numerical simulation. Moreover, we have seen that an improper 

specification of the outflow boundary condition can cause artificial returning flow 

which, for the present problem, may spoil the solution in the whole computational 

domain. The boundary conditions employed in this work show that centrifugal 

instabilities play an important role in the sealing mechanisms of rotary lip seals. 

While the natural boundary condition suggests leakage, the free boundary 

condition indicates that sealing is achieved by pumping oil from the air-side, 

where the azimuthal flow is stable, to the oil-side, where centrifugal instabilities 

set in. Meanwhile, it was shown that the use of the natural boundary condition in 

presence of variable body forces leads to erroneous results. On the contrary, the 

application of the free boundary condition is equivalent to a radiating boundary 

able to filter unwelcome reflections towards the interior of the computational 

domain. 

In summary, the capability of the small-gap limit in incorporating the 

physics of the flow of lubricant fluid through the micro-gap of sealing devices has 

been demonstrated. Other effects, such as capillary forces on the oil-air interface 

and temperature variations should be included in future works. 
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With respect to the penalty function approximation in the finite element 

solutions of flows of viscous, incompressible fluids subject to variable body-forces 

effects, a new formulation has been introduced. No detailed analysis had been 

made to date about the role played by a passive pressure field in the overall 

balance of forces in the equations of motion. The method here presented is based 

on a three way decomposition that incorporates the underlying physics rather 

naturally. This procedure not only is formulated in the context of the penalty 

function method, termed in this work corrected penalty method, but also can be 

applied to the Poisson equation method to compute pressure fields (Sohn and 

Heinrich 1990). 

The numerical experiments show that the method yields higher accuracy in 

much less computing time for problems posed in rectangular domains, and that 

significant qualitative differences can occur if the influence of body forces are not 

adequately taken into account, in particular, in the presence of open boundaries. 

The search for a generalized corrected penalty method for buoyancy flows confined 

in non rectangular containers is open. 
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Appendix A. Least square method for hydrostatic pressure calculations 

In Chapter 4 we computed the dynamic pressure in the corrected penalty 

method by means of the relation Pd = - A div(ti). In general, we look for the global 

pressure P = Pd + Ps instead. In some particular cases Ps can be determined in 

closed-form. However, for irregular geometries and depending on the distribution 

of f)s, interesting phenomena can occur (Phillip 1970). Thus we are lead to 

approximate solutions. We have seen that the basic state for the temperature is 

defined by V'2f)s=0 and, the static balance of forces, by 

(A-I) 

where 

(A-2) 

The solution of the Laplacian equation applying, for example, the finite element 

method can be found elsewhere. We shall, therefore, restrict ourselves to discuss 

the least square method for solving the hydrostatic equation once j( f),,) is given. If 

we pick an arbitrary trial function P to approximate the hydrostatic equation, the 
-+ 

residual 1= V'p - j" will be in general not equal to zero, with equality holding 

only when P = Ps (Carey and Oden 1983). The square distance of the residual, 

measured in the Euclidian or L2 - norm, is defined as 

2 2 

111112 = IIV'p -7,,112 = (A-3) 

Forming now the functional 
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E=i f IVp-fsl
2 

dn (A-4) 
n 

and taking the first variation of E with respect to arbitrary variations hp, we get 

hE = i f 2 hVp· (Vp -fs) dn = f Vhp· (Vp -fs) dn (A-5) 
n n 

The least square method consists on seeking p in such a way that the square of 
2 

the error function 11111 (or the functional E) is as small as possible. Upon setting 
2 

hE=O and picking hp as weighting function, we obtain the weighted residual of 

the hydrostatic problem 

f VW· (Vp -fs) dn = 0 (A-6) 
n 

for all test functions W. This now leads naturally to finite elements methods for 

its numerical solution. 

A word of caution is needed for problems posed on domains with sloping 

boundaries (Phillips). Upon taking the divergence on both sides of Eq.(A-l), 

multiplying then by a test function Wand integrating over the domain n, we get 

(A-7) 

Applying Green's theorem on the left hand side and Gauss' theorem on the right 

hand side, Eq.(A-7) becomes 

fVW.(Vps-f., )·dn = fW n·(V'ps-fs) ds (A-B) 
n an 
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Therefore, solving Eq.(A-6) means 

(A-9) 

or, expanding this and using Eq. (4-6) 

(A-IO) 

where fi = (cos 1/,sin 1/) is the unit vector normal to the boundary an and pointing 

outwards. For the particular cases of boundaries parallel to anyone of the 

coordinate axis, the above expression correctly reduces to 

1/ = 0, 1T' ... aps - 0 ax -

On the other hand, Eq.(A-9) clearly shows that if a balance between the 

vertical pressure gradient and the buoyancy force is not achieved, a horizontal 

pressure gradient will necessarily be generated. Therefore, a state of hydrostatic 

equilibrium is not longer possible. 
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Appendix B. A modified Poisson equation for pressure calculations of viscous 

incompressible flows in presence of buoyancy forces 

It is known that if a solution of the Navier-Stokes equations involves 11 

alone, the pressure field can be obtained through a Poisson equation. However, the 

influence of buoyancy forces in the solution of the Poisson equation does not seem 

to have been fully explored. We concentrate in the particular case of unbalanced 

temperature gradients parallel to the direction of the acting buoyancy force. Here 

we follow closely the approach taken by Sohn and Heinrich (1990) and we refer 

the reader to their work for further details. We begin with the equations of motion 

for an incompressible fluid in the presence of body forces, viz. Eqs.(4-1)-(4-3) in 
2 

the V' form 

(B-1) 

-+ -+ rr-+ -+ 1 2 -+ 
BtU + U· vu = f - V'p + R V' U 

e 
(B-2) 

After multiplying the momentum equations by a test function ¢ and 

integrating by parts over the domain 0 using Green's theorem, we get 

- f V' ¢ . V' pdO = f ¢ fi . ( - V' P + Ae V'2 ti - ti . Vi! ) dO 
n an 

- fV'¢·(A
e
V'2 ti - ti .Vi!) dO + f¢V'·jdo (B-3) 

n n 

where fi=( nx • ny) is the unit vector normal to the boundary an, pointing outwards 

from O. If we assume that the momentum equations still hold as we approach the 
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boundary from the interior, we can trade the expression between brackets in the 

-+ -+ 
boundary integral by BtU - f. Thus 

f \1 ¢J . \1 P dn = f ¢J fi . ( I - B t11 ) dn + f \1 ¢J . ( A \12 
11-11 . W ) dn 

n an n e 

(B-4) 

The time derivative of 11 in the line integral vanishes at all stationary solid 

boundaries or when steady state solutions are sought. The presence of the body 

force on the boundary can be transformed using the divergence theorem one more 

time (Batchelor 1967, p.l77). Moreover, it is convenient now to regard the 

pressure as the sum of a hydrostatic part Ps and a remaining component Pd' which 

represents the deviation from equilibrium and due entirely to the motion of the 

fluid. If such is the case, the above expression reduces to 

f\1¢J·\1Pd dn= f\1¢J·(A \12 11 - 11 .W )dn + f\1¢J·(I-\1ps) dn (B-5) 
nne n 

-+ 
From the solution of the basic state we know that \1Ps=fs. In consequence, 

the buoyancy term can be written as 

f \1¢J. (I -Is) dn = for f \1¢J. (8-8s) ] dn 
n n 

(B-6) 

which is consistent with the Eq.(4-21), though weighted with the gradient of the 

test function. Therefore, once the basic state for 8 s is known" we can compute the 

dynamic pressure distribution following, for example, the procedure suggested by 
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Sohn and Heinrich. The final form of the weak statement of the Poisson equation 

now reads 

where the net buoyancy force is obtained subtracting () B from the solution of the 

transport Eq.{ 4-3). 

The key observation is that the same velocity field 'it admits two pressure 

distributions, P and Pd, both compatible with the prescribed boundary conditions 

that set the fluid in motion. However, the converse does not hold for the Poisson 

equation and, in order to get Pd, PB must be eliminated from the problem. 
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Appendix C: On boundary conditions for unbounded flows 

Here we analyze briefly the treatment of boundary conditions for flows 

posed on artificially truncated domains. To be specific, we consider the one 

dimensional advection-diffusion equation 

O<x<L (C-1) 

where a and € are positive constant, and the point x = L is an artificially 

introduced boundary that separates the interval 0 ~ x ~ L from the open region 

L < x < 00. Furthermore, we assume that the interval 0 ~ x ::; L is discretized 

using a uniform mesh of step h and that piecewise linear Lagrangian elements are 

used to obtain a Galerkin finite element approximation. 

The Galerkin weak form of Eq.(C-1) can be written as 

L L 

J[ W (~~ + a g~) + € ~~ g~] dx - € W g~] = 0 (C-2) 
o 0 

The discretized form of Eq.(C-2) on the last element L - h ~ x ~ L is (see e.g. 

Pepper and Heinrich 1991) 

1l[2 1Jfu~-hl + Q[-1 1 JfUL-hl + s.[ 1 -1 J fUL-hl_ 
6 1 2 l UL J 2 -1 1 l uL J h -1 1 l uL J 

g~ (x =L-h) 0 

- € - (C-3) 

g~ (x = L) 0 
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Let us now approximate the flux term at the outlet by the one-sided difference 

expreSSIOn 

(C-4) 

We can assume that the flux term at L - h is zero, since it must cancel out with 

the contribution from the previous element. Substituting the above expression 

into Eq.(C-3), we get 

1l[2 l]ru~-hl + f![-1 1 ]rUL-hl + ~[ 1 -1] rUL-hl=[o] 
6 1 2 l UL J 2 -Ill UL J h ° ° l UL J ° 

The second equation can be written as 

(C-5) 

which, in the limit h -+ 0, becomes 

(C-6) 

and this is the one dimensional Sommerfeld radiation condition (Orlanski 1976). 

The well-known non-reflective features of this equation can be summarized in the 

shift property of its solution U = u(x - at). More details can be found in Heinrich 

and Vionnet (1993). 
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