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PREFACE 
This work is concerned with some finiteness statements and explicit computa

tions in the arithmetic 0/ algebraic curves. For an excellent introduction to this 
topic see Barry Mazur's article A1'ithmetic on Curves ([Mz]). We begin with an 
example: 

Mazur's article discusses Gerd Faltings' 1983 proof of the Mordell Conjecture, 
which says that any curve of genus at least 2 over a number field J( has only finitely 
many J( -rational points. This implies, for instance, that the Fermat curves FN 
given in projective coordinates by 

X N + yN = ZN, N;::: 4 

defined over the rational numbers Q have only finitely many Q-rational points, 
and only finitely many J( -rational points for any number field J(. The famous 
conjecture of Fermat (Fermat's Last Theorem) states that in fact these curves 
possess only the trivial Q-rational points, ie. those for which one of the coordinates 
is O. (This conjecture is now known to follow from the conjecture of Taniyama on 
elliptic curves thanks to work of Ribet and Frey, and it appears to be, as of June 
1993, a Theorem of Andrew Wiles.) Now for number fields J( (finite extensions 
of Q) one can also ask for an explicit description of the set of J( -rational points 
FN(J(). The most natural way to proceed is to start with fields of low degree 
d = [J( : Q]. We will say that FN(J() is non-trivial if it contains at least one point 
which is not Q-rational. One finds the somewhat unexpected fact (which remains 
true for any smooth plane curve of degree N ;::: 7): 

Theorem(Debarre-Klassen, [DK]) For N -I 6, there are only finitely many 
numbe1' fields J( with degree d = [J( : Q] ::; N - 2 such that FN(J() is non-t1'ivial. 

This implies that for each N there is a finite list of number fields of degree at most 
N - 2, and a finite set of non-trivial points on FN with coordinates in these fields. 
If we take N ;::: 5 a prime number, the only known examples of such points are 
given by the intersection of FN with the line X + Y = Z, which contains the three 
rational points (see section 2.4). In Theorem 12 we extend the known results for 
N = 5. First we show that the Jacobian of Fs has exactly 25 or 125 rational points. 
We then produce a group of 25 rational points, and show that if these are all, then 
there are no number fields J( of degree 3 over Q with FN(J() non-trivial. 

The above Theorem is an application of a result of Faltings (see [Fa2]) , com
bined with other work of Coppens and Abramovich (see [Cp], and [Ab].) These 
results and background material are the subject of chapters 1 and 2. In the first 
chapter we explain how finiteness of points of low degree is reduced to finiteness 
of rational points on certain symmetric product varieties. We also give an exam
ple due to Faddeev on the Fermat quartic. In chapter two, we describe results of 
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Abramovich, Coppens, and Frey, and give a proof of the above result for FN , N 
prime, in Theorem 7. We also give a description of all points of degree:::; 6 on the 
Fermat quintic. 

In chapter 3, we begin a study of Coleman's p-adic Abelian integrals applied to 
the symmetric products of curves. The goal is to mimic Coleman's paper Effective 
Chabauty [Co2], where he uses these integrals to produce effective bounds on the 
numbers of rational points on certain curves with low rank. The inspiration to 
pursue these topics was supplied by the papers of McCallum ([Mel] and [Mc2]) 
where the techniques of [Co2] are applied to Fermat curves in such a way as to 
elucidate some of the very deep connections between the class groups of cyclotomic 
fields, and the Mordell-Weil rank of the Jacobian, and numbers of rational points on 
these curves. In this chapter we prove a finiteness result for rational points away 
from a closed subvariety (a canonical divisor), under certain rank assumptions. 
Then we also give a criterion for when there is at most one rational point in 
a given residue class. Although this does not yield specific bounds on numbers 
of points of low degree, we hope to apply the results in this chapter to explicit 
examples in future papers. 
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ABSTRACT 

This work addresses the problem finiteness of algebraic points of low degree 

on curves of genus at least 2, with special emphasis on smooth plane curves and 

Fermat curves. The study of such points is carried out on the symmetric product 

varieties of the curve, and a Theorem of Faltings is used to determine finiteness. 

We prove that for the Fermat curve of prime degree N that there are only finitely 

many points of degree at most N - 2 over the rational numbers Q. This result 

is generalized in joint work with Debarre [DK). P-adic techniques are also used 

in the style of Coleman and Chabauty. In particular, we use the p-adic Abelian 

integrals of Coleman to show that under certain assumptions on the rank of the 

Jacobian, all but finitely many of the rational points of the symmetric product are 

contained in a canonical divisor. 
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Chapter 1 Definitions and Background 

1.1 Points of Low Degree 

Let C be a projective nonsingular curve of genus g ;::: 2 defined over a number 
field K. Then by Faltings' proof of the Mordell conjecture ([Fa1]) if L is any finite 
extension of K the set of L-rational points C(L) is finite. One may ask for an 
extension of this result in the following way: Let J( be a fixed algebraic closure of 
K, and let SI( be the set of all finite extensions L of J( with J( c L C J(. Then if 
r c SJ( is an infinite subset, we let 

c(r) = {x E C(J() : x E C(L) for some L E r}. 

Question 1 For a fixed C defined ove1' K, does there exist an infinite set r c SJ(, 
such that the set C(r) is finite? 

Through Faltings' generalization of the Mordell conjecture ([Fa2]) it has become 
possible to answer this question in some cases in the affirmative. To produce such 
sets r we will first need to make some natural restrictions. In particular, we will 
restrict our attention to number fields of bounded degree: 

Definition 1 Let rJ(,d = {L E SJ( : [L: K] ~ d}. 

Definition 2 For P in C denote by K(P) the number field obtained by adjoining 
the projective coordinates oj P to K. Then 'We say P has degree dover K i/[K(P) : 
K] = d. For such a P we will also denote by 0"1, • •• , O"d the different embeddings oj 
K(P) into K. 

Next, we observe that C(r[(,d) is infinite for d sufficiently large. First another 
definition: 

Definition 3 The gonality I = ,(C) of C is the smallest deg1'ee of a m01'phism 
Jrom C to lPI, or equivalently the smallest deg1'ee of a function in K (C). The 
K - gonality ,]( = 'Id C) oj C is the smallest degree of (l m01'phism f1'Om C 10 ]PI 

defined over K, or equivalently the smallest degree of a function in K( C). 

Remarks: Clearly ,(C) ~ ,[((C). We will see in section 1.4 that it is possible 
that equality does not hold. Also, we always have: 

where rxl denotes greatest integer in x (see [Hal, Remark 5.5.1, page 34·5.) 
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Example: An explicit example to keep in mind is the following: If C is a 
smooth plane curve of degree N and genus g = (N - l)(N - 2)/2, then the 
gonality ,(C) = N - 1. This will follow from a more general result in chapter 2. 
The fact that there exists a map C -t ]PI of degree N - 1 is easy to see: pick a 
point P E C and map each point Q of C - {P} to the slope of the line joining P 
and Q. Since each line generically meets C in N points, this yields a rational map 
which extends to a morphism of degree N - 1. 

Lemma 1 If ,I( ::; d, then C(fl(,d) is infinite. 

Proof: Suppose that f : C --t ]pI is a morphism of degree d' ::; d defined 
over K. Then for each P E ]PI, the divisor f-I(P) = PI + ... + Pd' on C is also 
defined over K. In other words, the set {PI,"" Pdt} is invariant by the action of 
the absolute Galois group GI( = Gal(I( / K), so K(Pi) ::; d'. Now since ]PI(K) is 
infinite the result follows. 

We will now further restrict our attention to the sets fl(,d where d < ,(C), and 
our goal will be to produce a geometric criterion for when the set C(fl(,d) is finite. 
Thus the phrase 'points of low degree' in the title can now be made precise: 

Definition 4 P E C is called a 'point of low degree' if [K(P) : K] < ,(C). 

1.2 Symmetric Products 

For simplicity now assume that C has a K-rational point Po. We start by fixing 
the following notation: 

D = EniPi 
O(D) 
IDI 

£(D) 
I(D) 
r(D) 

the absolute Galois group Gal(K / K) 
the dth direct product variety of C, ie. C x ... x C 
the symmetric group on d letters 
the dth symmetric product variety of C, which is the quotient space 
of Cd by Sd on the left 
an effective divisor of degree d = E ni on C(K) 
the associated invertible sheaf 
the set of all effective divisors linearly equivalent to D, 
also called the complete linear system containing D. 
HO(C,O(D)) = {f E K(C): ordp(J) 2: -ordp(D),'r/P E C} 
dimension of £(D) as a K -vector space 
l(D) - 1 



pencil 
HO(C,n1) 
(w) 
HO(C,n1(D)) 
i(D) 
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a linear system of divisors of degree d and projective dimension 1', 

ie. isomorphic for some D to IPV, where V is a subspace of C(D) 
of dimension r + 1, under the isomorphism f H (1') + D 
a 92 
the holomorphic I-forms on C 
the divisor of zeroes of w E HO( C, 0,1 ) 

the J( -vector space {w E HO( C, 0,1) : (w) ~ D} 
the dimension of HO(C,n1(D)) 

With the above notation we can write: 

Theorem 1 (Riemann-Roeh) T(D) - i(D) = d - 9. 

It is important to note that all of the above concepts can be developed relative 
to the ground field J( (including the Riemann-Roch theorem). This is done in 
Milne's articles on Abelian varieties and Jacobian varieties (see [Mi]). Recall that 
the rational points of a variety X defined over J( are the points of X(K) fixed by 
the action of G J(. We then note the following definition and lemma: 

Definition 5 The degree of a divisor D = L njPj -relative to]( is L nj[K(Pi ) : K]. 

Lemma 2 ([Mi], §3) C(d) is a projective nonsingular val'iety defined ove1' J(. FU1'
ther, the set of effective divisors of degree d on C 1'elative to J( can be identified 
with the set of K -rational points C(d)(K) on C(d) via 

We refer to a K -rational point of C(d)(K) as a K -rational effective divisor of 
degree d on C. We also define rationality for a 9d : 

Definition 6 Let V = IPV be a i:1 with V c £(D), fOT some effective divis01' D 
of degTee d. Then V is said to be J( -rational if we can choose a basis {so, ... ,sr} 
of V with so, ... , Sr E K(C). 

Corollary 1 D is J( - rational if and only if it is stable undel' G [( and it contains 
a K -rational divisor. 

Proof: If V is K -rational then choose D = (so). Conversely, if D is stable under 
GJ( and contains a rational point D, then it is a twist of Ipr(J() with a rational 
point. 

We also have a correspondence between base-point-free 9d's and morphisms of 
degree d to IPr which preserves rationality with respect to K. First let V = IPV 
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be a ld with 11 c £(D), for some D. Then let {so, ... , SI'} be a basis for F. Then 
there is a morphism 

given by 
¢v(P) = [so(P) : ... : sr(P)] 

in projective coordinates. This allows us to rephrase the gonality , of C as the 
least degree of a base-point-free gJ on C and the I< -gonality ,[( of C as the least 
degree of a base-poi nt-free I< -rational gJ on C. 

Let J = J(C) = PicO(C) be the Jacobian variety of C and define the standard 
map 

j : (C, Po) -+ (J,O) 

of pointed varieties, by sending P E C to the divisor class [P - Po] of degree O. 
This induces maps 

j(d) : (C(d\ dPo) -+ (J,O), 

by sending PI + ... + Pd to j(PI ) + ... + j(Pd) = [PI + ... + Pd - dPo]. The image 
of j(d) is denoted Wd. We summarize some important facts in the following: 

Lemma 3 ([Mi], §5) Given the notation above we have: 
(a) F01' all d ~ g the map j(d) : C(d) -+ Wd is birational. 
(b) The fibre of j(d) containing D E C(d) can be identified with IDI, which 

is in tum isomorphic to the projective space JP£(D) of dimension r(D), by the 
isomorphism E 1--+ the function with diviso1' E - D. 

(c) F01' all d < , the map j(d) : C(d) -+ Wd is injective. 

Next, we define the map: 

by sending a point P of degree d' ~ d to O'l(P) + ... + O'd'(P) + (d - d')Po. Since 
this map is clearly finite, we are now able to transfer the finiteness question for 
C(fJ(,d) to a question about rational points on the variety C(d): 

Lemma 4 If C(d)(I<) is finite, then C(fJ(,d) is finite. 

To study the set C(d)(I<) for d < , we make use of the identification in Lemma 
3(c) of C(d) with Wd. This allows us to apply the following theorem of Faltings: 



Theorem 2 (Faltings, [Fa2] , [Fa3]) Let A be an abelian va7'iety defined over I<, 
and X a subvariety of A. Then 

n 

X(I<) = U Bi(I<), 
i=l 

where the Bi are translates of abelian subvarieties of A in X. In padicular, if X 
does not contain any translate of a non-t7'ivial abelian subvariety of A, then X(I<) 
is finite. 

We apply this to our curve C by setting A = J and X = Wd, and obtain: 

Lemma 5 If d < I and Wd does not contain any tmnslate of a non-trivial abelian 
subvariety of J, then C(rJ(,d) is finite. 

In the next chapter we will see examples of curves which satisfy the above hy
potheses for some d ~ 2. 

1.3 Curves of Low Rank 

In this section we introduce some more arithmetic. First we recall the structure 
of the rational points on an abelian variety: 

Theorem 3 (Mordell-Weil) Let A be an abelian variety over a number field I<. 
Then the set of mtional points A( I<) is a finitely genemted abelian group, ze. we 
have an isomorphism: 

A(I<) ~ zr EEl <I> 

whe1'e <I> is a finite group, and r ~ 0 is an intege1'. 

Proof: See [Se], page 52. 

Definition 7 We define the rank r of A(I<) to be the mnk of the free part of 
A(I<). 

Remark: It is not known if there exist simple Abelian varieties of arbitrarily 
large rank. Even for elliptic curves over Q, the largest ranks known (due to Mestre 
and students) are at most 20. 

In the case when A = J(C), and r = 0 we obtain the trivial observation: 

r = 0 ===? C(d)(K) is finite, for all d < ,. 

In chapter 3 we will make use of the hypothesis that 0 ~ l' ~ g - d, however we 
can weaken this by considering the completions of our number field K. First we 
state another structure theorem. Now let L be a local field of characteristic zero, 
ie. a finite extension of the p-adic field Qp for some prime number p, and let R be 
the ring of integers in L. Then we have: 
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Theorem 4 (Mattuck, [Ma]) Let A be an abelian va1'iety of dimension 9 over 
L. Then the group of L-rational points A(L) contains a subgroup U of finite index 
in A( L) which is analytically isomorphic to the additive group of Rg = REEl' •• EEl R. 

Note: This can also be proven using only the p-adic Lie Group structure of A 
as in [Bo]. 

Next, if L = Kv is a completion of K at a finite place v, with residue field k 
of characteristic p, then A(K) embeds in A(L) as a finitely generated subgroup. 
Then we define the p-adic Lie subgroup 

A(K) c A(L) 

to be the topological closure of A(K) in A(L) with respect to the v-adic metric. 
Then A(K) is a Zp-submodule of A(L) of rank ~ g. We define the local mnk rv 
of A(K) as 

rv(A(K)) = rankzpA(K) ~ g. 

Finally, we give the definition of low rank: 

Definition 8 C is said to have low mnk over K if for some finite place v of K 
we have rv(J(K)) < g. 

This definition is motivated by the following result. As pointed out by Coleman, 
the original proof makes essential use of Theorem 4. 

Theorem 5 (Chabauty, [Ch]) If C has low rank over K, then C(K) is finite. 

Proofs: For a modern version of Chabauty's proof see [Se], page 58, and for an 
effective proof see [Co2]. 

Examples: First we observe: 

r < 9 ==> l'v < g, 

and the contrapositive 
l'v = 9 ==> r ~ g. 

Now let p be a regular prime number, ie. p does not divide the class number of the 
ptlt cyclotomic field Q((p) (see [WaD. Then let Fp be the Fermat curve of degree p 
and genus 9 = (p - l)(p - 2)/2 given by the equation: 

X p + yp = ZP, 
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and let Jp be its Jacobian. It was shown by Faddeev [Fd3] that 

r(Jp(Q)) < g/2. 

Further, it was shown by McCallum in [Mel] that the above inequality would hold 
for all p if one has a certain bound on the size of the ideal class group Cl of Q((p). 
In particular, if Cl[p] denotes the subgroup of Cl of elements killed by p, then he 
shows that 

r(Js(Q)) ::; (p - 7)/4 + 2rankz/1)z(Cl[p]). 

He then goes on to show that if rankz/pzCl[p] < (p + 5)/8, then the number of 
Q-rational points on Fp is ::; 2p - 3 (see [Mel].) 

1.4 Smooth Plane Quartics 

The simplest class of curves of interest to us will be the smooth plane quartics, 
which have genus 3. We come to this conclusion via the canonical embedding as 
follows: Recall that for any complete nonsingular curve C with canonical divisor 
Kc there is a morphism of degree 2g - 2: 

See [Ha], IV §4 for the following facts: If C has genus 2, then then <p[(c is a map 
to ]PI of degree 2, and thus if C has a rational point then C(f[(,d) is infinite for 
all d 2:: 2. For 9 2:: 3, <p[(c is an embedding if and only if C is not hyperelliptic, 
ie. ,(C) > 2. So the first ca.se where we can have ,( C) > 2 is for 9 = 3. We will 
study these curves via their canonical embedding as nonsingular curves of degree 
4 (quartics) in ]P2, with projective coordinates (X : Y : Z). We set the following 
notation: 

C 
Kc 
U 
p 
]P 

L 
L.C 
]P.C 

IP.C - P 

a complete nonsingular plane curve of degree 4 over Q 
a canonical divisor on C of degree 2g - 2 = 4 
the open set Z -:I 0 of ]P2 

= (a, b) = (a : b: 1), a point of U 
the set of lines in Ip2 through P. 
a line through P 
the intersection divisor of degree 4 on C 
the set of divisors L.C 
the set of divisors L.C - P of degree 3, when P E C. 
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Lemma 6 ([Ha], Example 5.2.1, page 342) If C' has genus 3 and is not hy
perelliptic, then C = <p[('c (C') c !p2 is a nonsingular plane quartic CU1've. Further, 
there is a one-to-one correspondence between lines L in !p2 and i-dimensional 
subspaces V =< w > of HO(C',D,l) given by 

< W >H L ~ (w) = L.C. 

Now, recalling that P = (a, b) E !p2 , let 

y - b - 2 
g(x,y) = - E Q(!P ) 

x-a 

so that by restriction to C we obtain 

f(x,y) = gle E Q(C). 

We obtain directly from the definitions: 

Lemma 7 Let f and C be as above. Then 
(a) f(Pd = f(P2 ) ~ PI and P2 lie on the same line through P, 
(b) f-I(rn) = L.C, where L has slope rn, 
(c) f is a function of degree 4 if P ~ C and deg1'ee 3 if P E C, and 
(d) f is defined ove1' K(P). 

It follows immediately that ,(C) = 3. In terms of linear systems lemma 7 says: 

Lemma 8 If P ~ C, !P.C is a base point-free g,1 on C, and if P E C, !P.C - P is 
a base point-free g~ on C. 

Lemma 9 (a) Every 95 on C is of the form !P.C - P as above. 
(b) ,Q( C) = 3 ~ C has a rational point. 

Proof: Clearly if C has a rational point P then the construction above yields a 
function of degree 3 defined over Q and (b) follows. To prove (a), let L be a gj 
on C and suppose DEL. Thus D is a divisor of degree 3 on C and 7'(D) ~ 1. We 
claim reD) = 1. First, note that by Riemann-Roch: reD) -i(D) = g-deg(D) = 0, 
so reD) = i(D). Hence it suffices to prove that i(D) = 1. Suppose we have two 
non-zero differentials wand w' in HO(C,D,I(D)). By Lemma 6, (w) = L.C and 
(w') = L'.C for some lines Land L'. Hence L.C ~ D and L'.C ~ D. Since D has 
degree 3, the lines Land L' must coincide, and hence w is a multiple of w'. Since w 
and w' were chosen arbitrarily from HO(C,D,I(D)), this implies that HO(C, D,l(D)) 
has dimension 1, and hence reD) = i(D) = 1. Now we just take P to be the other 
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point of L.G (which may repeat a point of D) and (a) follows with /D/ = !P.G, ie. 
the pencil of lines through P. 

For example, we may take the Fermat curve RI which is given by the equation: 

Proof: Just take P = (1,0,1) so tha.t .f is defined over Q. 

It was shown by Fermat that F4 ( Q) consists of only the four trivial points: 

Qo = (1,0,1), QI = (-1,0,1), Q2 = (0,1,1)' and Q3 = (0, -1, 1). 

Now set J4 = J(RI)' Then Faddeev shows that the rank of J4(Q) is 0, moreover: 

Theorem 6 ([Fdl]) J4(Q) has order 32. 

Sketch of Proof: First let e = X 2,1] = y2,u = x/V, and v = 1/y2. Then we obtain 
maps of degree 2 Vi : F4 --? Ei to the elliptic curves EI , E2 , and E3 given by the 
equations e = 1 - y'l; 1]2 = 1 - x4; and v2 = 714 + 1 

respectively. These maps induce maps on divisors of degree ° which we also denote 
by IIi, and we obtain the map of Abelian varieties: 

given by v(a) = (VI (a), V2(a), v3(a)). By considering the associated maps on ho
mology and differentials, Fuddeev shows that II is an isogeny, ie. surjective with 
finite kernel. In fact, the kernel is of order 8 and type (2,2,2). Now we use the 
fact (due to Euler) that Ei ( Q) has order 4 for each i. Finally, the image vJ4 ( Q) 
consists only of 4 points since if bl = vl(a) then b2 = 1/2(a) and b3 = 113(a) are 
determined uniquely. Thus J4 (Q) has order 4 x 8 = 32. 

Using this fact, we now determine precisely the set F4(rQ,3)' First, there are 
infinitely many points of degree 3 lying in the Q-rational pencils of lines through 
the 4 rational points. We will call these the trivial cubic points. Now if we take 

1+v=7 _ I-J-7 
0' = 2 ,and 0' = , 

2 

then we have: 
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Proposition 1 ([Fdl]) F4(rQ,3) consists of the trivial mtional and cubic points 
and the following 12 quadratic points: 

PI = (V-l, 0,), PI = (-H, 0,), P2 = (0, H), P2 = (0, -V-l), 

P3 = (a,a),P3 = (a,a),P4 = (-a,a),.?, = (-a,a), 

P5 = (a,-a),P5 = (a,-a),P6 = (-a,-a),P6 = (-a,-a). 

Proof: Since no three of the rational points are collinear, we can draw six lines 
through pairs of rational points to obtain the above twelve points of degree 2, or 
quadratic points. Consider the divisors of degree 3 on F4 of the following form: 

We obtain a total of 44 distinct Q-rational divisors. By lemma 9 the only way two 
of these divisors can be linearly equivalent is if they are of the form L1.F" - Qi and 
L2.F4 - Qi with LI.L2 = Qi, a rational point. For each of the 4 rational points we 
can find 4 such lines (ie. one through each of the other rational points and also the 
tangent line.) One checks that the tangent line at each rational point has contact 
of order 4 with F, and we obtain linear equivalences among 16 divisors of the type: 

3Qj == Qj + Pjl + Pjl, j =I- i, i = 1, ... ,4. 

The other 28 divisors have reD) = 0 and hence we have constructed 28+4=32 
Q-rational divisor classes of degree 3. 'Now by lemma 3(a) the map FP) -)- J" is 
surjective, so since J4 ( Q) has order 32 the proof is complete. 

We now give a presentation of J,,( Q) with generators and relations. First, 
choose Qo as base point, and define the divisor classes of degree 0: 

Then we have: 

Proposition 2 

~ Zj4Z EB Zj4Z EB Zj2Z. 
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Proof: First we note the linear equivalences of divisors of degree 4: 

These are in fact all canonical divisors by Lemma 6 and the fact that the tangent 
line at each point has contact of order 4. This yields the first relation. Next, we 
have an equivalence of divisors of degree 6: 

This is obtained from the function 

which has divisor 

x2 + y2 - 1 
f(x,y)= (x-1)2 

(J) = 2Q1 + 2Q2 + 2Q3 - 6Qo. 

This yields the second relation. The isomorphism follows from the classification of 
finite abelian groups. 

Remarks: First, the function f in the above proof is found by the simple 
observation that the unit circle has tangents coinciding with the tangents of F'" 
at its rational points. In the next chapter we will see how functions and pencils 
induced by conics play a similar role for higher degree plane curves as the role 
played by lines in this section. 

Second, F'" is a model for the modular curve Xo(64) which parametrizes elliptic 
curves with a cyclic subgroup of order 64. This fact, along with Faddeev's result 
described here (Proposition 1), is used in a paper of Kenku (see [Ke]) to show 
that there is no elliptic curve defined over a quadratic number field J( which has 
a J( -rational cyclic subgroup of order 64. By studying Xo(N)(fQ.2)' Kamienny 
proves in [Ka] a much more general result: Let 5(2) be the set of prime numbers 
p such that there exists an elliptic curve E defined over a. quadratic number field 
J( which has a J( -rational subgroup of order p. He shows that 

5(2) = {2,3,5, 7,11,13}, 

and further that there exists a positive integer B such that for any E and J( as 
above, the full torsion group is bounded: 

JE(J()torsJ ::; B. 

In the paper of Kamienny and Mazur ([KM]) this boundedness result, and finiteness 
for 5( d) are shown for d ::; 8. 
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Chapter 2 Finiteness Results 

2.1 Introduction 

In this chapter we would like to do two things: First, summarize some of the 
main known finiteness results for algebraic points of low degree, that is, conditions 
which guarantee the non-existence of translates of subabelian varieties in }Vdj and 
second, to show how some of these results give simple proofs of this finiteness in 
the case of Fermat curves. In particular we show: 

Theorem 7 Fr-2)(Q) is finite for any odd prime number N. 

This result has been generalized by Olivier Debarre and the author in a joint paper 
(see [DK]): 

Theorem 8 (Debarre-Klassen) If C is a smooth plane curve of degree N ~ 7 
defined over a number field K, then C(d)(K) is finite for all d ~ N-2. FU1'the1"TnOre, 
for N ~ 8 all but finitely many points of C(N-1)(I() arise as the inte1'section of C 
with a rational line through a rational point of C. 

We also give a basic lemma due to Abramovich which implies the following result: 

Theorem 9 (Frey, [Fr]) If I > 2d, then C(d)(J() is finite. 

Since the lemma of A bramovich is used in the proof of Theorem 7 we treat this 
first in section 2.2. In section 2.3 we summarize some results of Coppens on linear 
series on smooth plane curves. Then in section 2.4 we give the proof of Theorem 
7. Finally, in section 2.5 we give an explicit result on the Fermat quintic. 

2.2 Results of Abramovich and Frey 

We now give a proof of Theorem 9 as follows: Suppose C(d)(J() is infinite. Then 
by Theorem 2, Wd contains an abelian variety A of dimension h ~ 1 with infinitely 
many K-rational points. First we prove a general result on such abelian varieties: 
As in [Ab] we define . 

A2 = {a1 + a2 : ai E A} C W2d. 

Then since A is a coset of a subgroup in PicO( C), it follows from the definition 
that A2 is a coset of the same subgroup, and we have A2 ~ A. For any a E A2 
define 

rea) = the dimension of the fiber (f(2d)t 1(a). 

(By proposition 3 this is the same as reD) where D E C(2d) and f{2d}(D) = a.) 
Then we have: 



Lemma 10 ([Ab], Lemma 8) If a E A2 , then r(a) ~ h. 

Proof: Let 
p : C(d) x C(d) --+ C(2d) 

be the obvious map, and define 

A2 = p(A x A). 

Then since p is finite, A2 is of dimension 2h. Thus the composite map 

has fibers of dimension ~ h. 
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Continuing the proof of Theorem 9, by lemma 10, there are non-trivial linear 
series of degree 2d, which contradicts the assumption that 2d < I, completing the 
proof. 

l,From Theorem 9 we can produce many examples of finiteness for C(d)(K). For 
instance, any smooth plane curve C of degree N has genus 9 and gonality I given 
by 

9 = (N - l)(N - 2)/2, and ,= N - 1. 

(see [ACGHl, page 56, exercise 18(i).) Thus, by Theorem 9 the set C(d)(K) is finite 
for all d::; (N - 2)/2. 

2.3 Linear Series on Smooth Plane Curves 

In this section we give the generalization of some of the results on smooth 
plane quartics from the last section of chapter one to general smooth plane curves 
of degree N ~ 4. For N = 4 we exploited the fact that C was a canonical curve, 
and thus the proofs were simply based on the Riemann-Roch theorem. For N ~ 5 
will now describe a result of Coppens in [Cpl. First we define: 

IPk = the set of effective divisors of degree k on lP2• 

Now we recall the classical result that lPk has a natural structure of a projective 
f d· . k(k+3) space 0 ImenslOn 2 : 

k(k+3) 
Lemma 11 lPk ~ IP 2 • 



Proof: The vector space Vk of monomials of degree k has dimension 

(
k+2) k(k+3) 

2 = 2 +1. 

Taking the coefficients as projective coordinates, we obtain 

Now denote by: 

C 
9 
I 
IP 
A.B 
IP.C 
F(IP.C) 
S 
.:Js 
IPk(S) 

a smooth plane curve of degree N defined over J( 

= (N - 1)(N - 2)/2, the genus of C 
= N - 1, the gonality of C. 
a one-dimensional projective subspace of IPk 
the intersection of two divisors A, B E IPk 
{D.C: D E IP} 
n{supp(E) : E E IP.C}. 
a set {PI, . .. , Ps } of distinct points of IP2 
the ideal sheaf of the zero-dimensional variety S 
the divisors of IPk passing through the points of S 

We say the set of points S imposes independent conditions on JPk if 

dimHO(IP2,.:Js(k)) = dimHO(IP2,OIP2(k)) - s. 

or equivalently if 

dim(IPk(S)) = k(k: 3) _ s. 
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Lemma 12 ([ACGH], page 56) Any k + 1 distinct points impose independent 
conditions on IPk and k + 2 distinct points fail to impose independent conditions 
on IPk iff they lie on a line. 

Example: Consider the space of conics IP2• Then any 3 distinct points determine 
a 2-dimensionallinear system of conics. If they are collinear, then this is a fixed 
line plus the set of all lines. Also, 4 distinct points determine a pencil of conics if 
they are not all collinear. If 3 are collinear, we have a fixed line plus a pencil of 
lines through the other point. It is also possible to specify independent conditions 
on conics by tangency (see [Hal, Ch.V Remark 4.2.1). For instance, a pencil of 
conics is determined by giving 3 points with a tangent direction at one of them, or 2 
points with tangent directions at both of them, or 2 points with a tangent direction 
and a second order tangent direction at one of them, assuming no three points are 
collinear. Thus a pencil of conics is determined by imposing 4 independent linear 
conditions of the above type. We also make the following definition: 



Definition 9 4 independent conditions on conics a1'e said to be independent over 
/( if the pencil of conics which they dete1'mine is defined over /(. 

Thus it is clear that 4 distinct /( -rational points impose independent conditions 
on conics which are also independent over /(. The same is true if the four distinct 
points make up a /( -rational divisor of degree 4. 

We now come to results of Coppens which give a complete description of pencils 
(gj's) on smooth plane curves of degree d ~ g. If lP is a pencil of lPk, we will say 
that the pencillP.C - F(lP.C) is the pencil induced by lP on C. First we give some 
simple bounds for d depending on k: 

Lemma 13 If gJ = lP.C - F(lP.C) with lP E IPk, then 

kN - k2 ~ d :::; kN. 

Proof: By Bezout's theorem, curves of degrees k and N intersect in kN points 
counting multiplicities, giving the upper bound. The lower bound is obtained 
by taking lP = lPk(S) with S consisting of k(\+3) - 1 points on C which impose 
independent conditions on lPk. In general this will give a value of d = kN - k(ki3) + 
1, however since two distinct curves of lP intersect in P points, it is possible that 
the fixed points of lP all lie on C giving the lower bound. 

The natural question is: Are all gr s on C of the above type? The answer is 
yes, for d ~ g. Specifically, Coppens shows: 

Theorem 10 ([Cp], Theorem 3.2) Let C be a smooth plane curve of degTee 
N ~ 5 and let gJ be a pencil on C without fixed points. If d ~ (2N - 5) + f(f -1) /2 
fOT some 1 ~ f ~ N - 3, then there exists f' ~ f and a pencil IP oj lPJI such that 
gJ = lP.C - F(lP.C). 

In more descriptive terms, this result is saying that all pencils on C of degree at 
most 9 = (N -l)(N - 2)/2 = (2N - 5) + (N - 3)(N - 4)/2 are induced by pencils 
of curves of degree k ~ N - 3. This yields the following 

Corollary 3 IQ(C) = N - 1 {:=? C has a mtional point. 

Proof: Just take P E C (Q) so that the pencil of lines through P induces a 
base-poi nt-free Q-rational g1-1' 

We will also make use of the following lemma: 
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Lemma 14 ([Na], Lemma 2.3.2) Let Cb C2 , and C3 be plane CU1'ves which in
te1'sect at a nonsingula1' point P of C3 • If f-lp ( , ) denotes the inte1'section multi
plicity at P, then we have 

2.4 Proof of Theorem 7 

As an application of the previous section we give the proof of a slightly weaker 
version of Theorem 8, which applies to the Fermat curves of prime degree. The 
point is that in this case one knows something more about the minimal dimension 
of abelian subvarieties of the Jacobian. 

Proposition 3 If C is a smooth plane CU1've of deg1'ee N ~ 4 defined ove1' a 
numbe1' field J(, and the minimal dimension h of an abelian subva1'iety of J( C) is 
~ 2, then C(d)(J() is finite f01' all d ~ N - 2. 

Pl'Oof: Assume C(N-2)(J() is infinite. Then by Theorem 2, C(N-2) contains an 
abelian variety A of dimension h ~ 2 with infinitely many J(-rational points. By 
lemma 10, we then have 1'(a) ~ 2 for infinitely many rational points a E A2 , and 
in particular, there exists a divisor D of degree 2(N - 2) with 1'(D) ~ 2. Now by 
Theorem 10 and Lemma 13, we conclude that two effective divisors Dl =f. D2 of 
degree 2(N - 2) on C are linearly equivalent iff there exist two conics C1 and C2 

such that C 1 ,C2 = PI + P2 + P3 + P4 for some points P1 ,P2,P3 ,P.1 on C, and 

Thus for D of degree 2(N - 2), the complete linear series IDI has projective di
mension 1'(D) = 1, a contradiction. 

Remarks: Removing the restriction h ~ 2 and allowing elliptic curves in Wd 
already makes the arguments for smooth plane curves much more complicated (see 
[DK]), and for general curves a complete description is lacking in the case when his 
small with respect to d. However, we refer the reader to [DF] for more information 
and examples including a result which implies that for any d < g, Wd can never 
contain an abelian variety of dimension> d/2. 

Now we apply Proposition 3 to the Fermat curves FN , N an odd prime, ie. the 
smooth plane curves with equation 
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We first need a description of the Jacobian varieties IN = J(FN)' Following [GR] 
§2, there exists an isogeny defined over Q: 

N-2 

cp : IN ~ II Js(N), 
8=1 

where each Js(N) is an abelian variety of dimension (N - 1)/2. Further, we have 

Theorem 11 ([KR], Theorem 2) Let N 2: 5 be a jJ1'ime number. Then for 
N == 2 (mod 3), each of the factors Js(N) is absolutely simple. For N = 1 (mod 3), 
J8 (N) is either absolutely simple, 01' is isogenous to a product of 3 absolutely simple 
abelian varieties of dimension (N - 1)/6. 

Corollary 4 If A is a non-trivial abelian subvariety of IN of dimension h, then 
h 2: (N - 1)/2, if N == 2 (mod 3), and h 2: (N - 1)/6 if N == 1 (mod 3). 

Proof: First, there exists another abelian subvariety A' and an isogeny I N ~ 

A X A'. Further, any decomposition of an abelian variety into powers of nonisoge
nous simple abelian varieties is determined uniquely up to isogeny of the factors 
(see [Mil, page 122.) 

We can now show that Fjt-2)(Q) is finite for any odd prime number N: 
Proof of Theorem 7: First observe that N 2: 11 implies II. 2: 2, and the result 
follows by Corollary 4 and Proposition 3. For N = 5 and 7 the Mordell-Weil group 
IN( Q) is finite by a result of Faddeev (see [Fd2]). The same is true for N = 3 due 
to Fermat. 

Remarks: It would be very interesting to know specifically which points con
stitute the finite sets of algebraic points in Theorem 7. Of course, this extends the 
already difficult question posed by Fermat, of showing that there are only the three 
rational points: (0,1,1), (1,0,1) and the point at infinity (-1,1,0). The easiest 
way to produce some algebraic points of degree:::; N - 2 is to take the other points 
of intersection of FN with the line through the three rational points. In the affine 
patch where Z = 1 this is just the line x+y = 1, and FN is defined by x N +yN = 1. 
The x-coordinates of these other points of intersection are then just the roots of 

x N + (1 - x)N - 1 = o. 
Nx(x - 1) 

Lemma 15 For (N, 6) = 1, x 2 - X + 1 is a factm' of x N + (1 - x)N - 1 occuring 
with multiplicity one 01' two depending on whether N == 5 01' 1 (mod 6) respectively. 
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Proof: Let 7] be a primitive sixth root of unity, ie. a root of x 2 
- x + 1. Then 

Ti = 1 - 7] and 7] + Ti = 1. Since N is prime to 6, 11N is also a primitive sixth root 
of unity. Now let 

J(x) = xN + (1 - x)N - 1. 

Then f(7]) = O. Further, 

f'(x) = N(XN- I - (1- x)N-I), and 

f"(X) = (N - I)N(xN- 2 + (1 - x)N-2). 

For N == 5 (mod 6) we have f'(7]) :f. 0, since 7]4 :f. r;<t. For N == 1 (mod 6), we have 
1'(7]) = 0, but f"(7]):f. 0 since 7]5 +Ti5 = 1. 

The other factor, of degree N - 5 or N - 7 is irreducible over Q for N ::; 101 
(checked using MAPLE), but the author does not know if this is always the case. 
Also, the author does not know of any other points on FN of degree::; N - 2, ie. 
which do not lie on the line x + y = 1. Gross and Rohrlich show that this line 
accounts for all the points of degree::; (N - 1)/2 on FN for the primes N = 3,5,7 
and 11 (see [GRl). 

Question 2 For odd primes N, are the1'e any points of degree ::; N - 2 on FN 
which are not on the line x + y = 1 ? 

It is interesting to note that the linear equivalence class described above pro
duces the only known points of infinite order on the Mordell-Wei! group IN(Q). 
More specifically, Gross and Rohrlich take the conjugate quadratic points P = 
(7],Ti,I), and P = (Ti,7],I), and form the divisor P + P - 200 on DivO(FN). Then 
they consider the projection maps given by the isogeny <.p mentioned above, and 
show that for N > 7 the divisor class <.ps([P + P - 200]) represents a point of 
infinite order on Js(N) for s =J. 1, (N - 1)/2, or N - 2, where "[ ]" denotes linear 
equivalence in PicO(FN) = I N. 

2.5 Smooth Plane Quintics 

In this section we look at the example of a smooth plane quintic G, ie. a 
nonsingular plane curve of degree 5 and genus 6. By Coppens' description of 
pencils in Proposition 10 we obtain: 

Lemma 16 Let D be an effective divisor of degree 6 on G. 
i) If r(D) = 2, then D = L.e + P, f01' some line L and point PEe. 
ii) If r(D) = 1, then eithe1' D ~ L.e - P, for some line L, and point P E L.G, 

or D = B.F - PI - P2 - P3 - P4 , for some conic B and points PI, P2 , P3 , P.J E B.C. 
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Proof: First, for N = 5, Proposition 10 says that the only pencils of degree::; 6 
are induced by lines or conics. This implies that the gg cut out by lines is the only 
gg and it is a complete linear series. Next, any g~ induced by a pencillP of conics 
must have the form 

IP.C - F(IP.C), 

with F(IP.C) = PI + P2 + P3 + P." for points PI, P2 , P3 , PI E C. (If the points were 
not on C the degree would increase.) Any such gA is thus also complete and i) and 
ii) follow. 

We now consider the Fermat curve Fs which is given by the equation: 

It is known that Fs( Q) consists of only the three trivial points: 

Q 0 = (1, 0, 1), Q 1 = (0, 1, 1), an d 00 = (1, -1, 0) . 

In fact, Gross and Rohrlich ([GRD show that FS(rQ,2) consists precisely of these 
three points and the two quadratic points: 

P = (7],"17,1), and P = ("17,7],1), 

which, as mentioned in the last section, are all on the line 

L : x+y=1. 

Now we construct some 'trivial points' of higher degree, ie. points which can be 
obtained from the known points of FS(rQ ,2)' The obvious way to construct points of 
degree 3 would be to take a line through 2 rational points or 2 conjugate quadratic 
points, but since 

L.Fs = Qo + QI + 00 + P + P, 

this method does not produce any points of degree 3. Points of degree 4 however, 
can be produced by the pencils of lines through any of the three rational points, 
and any other rational line yields points of degree 5. We will call these the trivial 
points of degrees 4 and 5. 

Next, the obvious way to construct points of degree 6 is to take a rational 
pencil IP of conics such that each conic C E IP has intersection divisor C.Fs which 
turns out be a Q-rational divisor of degree ,1 on Fs. Thus we would obtain a 
Q-rational gA = IP.Fs - C.Fs. Such pencils can be enumerated by considering the 
possible candidates for C.Fs. First, we note that there is no point in considering 
reducible pencils, ie. consisting of a fixed line plus a pencil of lines, since these 
would yield points of degree::; ,5. Hence we do not consider C.F5 to contain any 3 
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collinear points. It is left to the reader to check that this leaves only the following 
possibilities: 

2Qo + 2Ql, 2Qo + 200, 2Ql + 200, and 2P + 2P. 

Now since the tangent lines to Fs are distinct at each point in each of the above 
pairs of points, the conditions of passing through the two points and being tangent 
to Fs at those points impose independent conditions on the space of all conics. 
Denote the corresponding pencils as 

respectively. Then any irreducible conic in one of the above pencils will produce a 
Q-rational divisor of degree 6 on Fs. We call the points in the support of such a 
divisor the trivial points of degree 6. We will now show that these points form a 
subgroup of the Jacobian of order 25. First we need some results of Faddeev and 
Gross-Rohrlich. Let Js = J(Fs). Then Faddeev shows: 

Proposition 4 ([Fd2]) The rank of Js(Q) is O. 

This is shown, as in the case of J4 via an isogeny: Let Cs be the curve of genus 
2 given by the normalization of the completion of the affine curve with equation 

and let Js be its Jacobian. Then there are maps of degree 5: 

1>i: Fs -l- Cs, S = 1,2,3 

given by 
(x,y,1) I-t (x S

, xyS,1) = (u,v,1), 

which induce maps 
1>i:JS -l-Js , s=1,2,3. 

Then Faddeev shows that the product map 1> = (1)1,1>2,1>3) is an isogeny: 

which has kernel a 5-group, and that Js(Q) is finite for s = 1,2,3. Further, Gross 
and Rohrlich show that: 

Proposition 5 ([GR]) Js ( Q) ~ Z/5Z 101' s = 1,2,3. 
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In fact, a much more general result is shown for all odd primes N. The proof 
uses the zeta function of the quotient curves, which was originally worked out by 
Davenport and Hasse in the 1930's, together with some information on the formal 
group of IN. Next, we give the following description of Js(Q): 

Lemma 17 Js(Q) has order 25 or 125. 

Proof: First we use reduction mod 2, which is a prime of good reduction for Fs. 
Since Js (Q) is fini te, there is an injection 

To bound the number of points of JS(F2 ) we can use the surjection 

We count points on FJ6 l(F2) by counting points in Fs(F2k), for each k ~ 6. This 
yields the following table: 

IFs(F2 )1 = 3, 

1 Fs ( F22 ) 1 = 5, 

IPs ( F23 ) 1 = 9, 

IFs(F24)1 = 65, 

IFs(1Ss)1 = 33, 

IFs(F2G)1 = 65. 

Using these points we produce 207 F2-rational divisors of degree 6. At least 7 
of these are linearly equivalent, coming from the unique g~ cut out by lines, and 
the fact that ]P2(F2) has cardinality 7. This leaves 200 divisors. Any further 
equivalences come from pencils, and since ]pI (F2 ) has cardinality 3, the number of 
divisor classes is 200 - 3m for some m 2: O. But we know that 25 must divide the 
order of JS(F2 ), so we conclude that the number of divisor classes is either 200, 
125, or 50. Now since the kernel of 'P is a 5-group, we conclude that the order of 
Js( Q) is either 25 or 125. 

(This fact can also be verified by computing the zeta function of Fs over the 
field F2') 

Theorem 12 If the order of Js( Q) is 25, then Fs(f Q,6) consists only of the trivial 
mtional points, the quadratic points P and P, and the t1'ivial points of degrees 4, 
5, and 6. 
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Proof: We will produce 25 distinct Q-rational divisor-classes of degree 6. We list 
them by dimension r(D). We use the fact that the tangents to Fs at the rational 
points have contact of order 5. Label the tangent lines at Qo, Ql, and 00, as 

and the pencils of lines through these points as 

respectively. Then we can choose as representative divisors of the induced gf s on 
Fs: 

4Qo = Lo.Fs - Qo, 4Ql = Ll·Fs - QJ, and 400 = Loo.Fs - 00 

respectively. Further, we note that each of the 4 pencils lP(O,I), lP(O,oo) , lP{1,oo), and 
lPL contains a reducible conic: 

respectively. Thus we can choose representatives for the linear equivalence classes 
induced by the above pencils: 

3Qo + 300 = Lo.Fs + Loo.Fs - 2Qo - 200, 

3Ql + 300 = Ll.Fs + Loo.Fs - 2Ql - 200, 

2Qo + 2Ql + 200 = 2L.Fs - 2P - 2P. 

With these notations we now give the list of divisor classes according to dimension 
r = r(D) as follows: 

1'=2: 

1'=1: 

1'=0: 

[600], [6Qo], [6Ql]' 

[Qo + Ql + 400], [Qo + 4Q1 + 00], [4Qo + Ql + 00], 
[P + P + 400], [P + P + LIQo], [P + P + 4Ql], 
[2Qo + 4Qlj, [4Qo + 2Qd, [2Qo + 400], 
[4Qo + 200], [2Ql + 400]' [4Q1 + 200], 
[3Qo + 3Ql], [3Qo + 300], [3Q1 + 300], 

and [2Qo + 2Ql + 200]. 

3Qo + Ql + 200, 3Qo + 2Ql + 00, Qo + 3Ql + 200, 
2Qo + 3Ql + 00, 2Qo + Ql + 300, Qo + 2Q1 + 300. 
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To complete the proof we show that if the order of Js(Q) is 25, then Fs has no 
points of degree 3 over Q. If R was such a point, then the Q-rational divisor 

must have dimension 1'(D) > 0, by the preceding classification of divisor classes. 
So we need to show that D cannot be in any of the above linear equivalence classes. 
First suppose that r(D) = 2. Then there is a line L', and a point P' such that 

D = Fs.L' + P'. 

But then Fs.L' ~ 200, which implies L' = Loo. Next suppose r(D) - 1. Then 
either 

i) D ~ Fs.L' - P', or ii) D = Fs.C - p} - P2 - P3 - P4 , 

for some line L' or some irreducible conic C. In case i) we have either Fs.L' 2:: 200, 
which implies L' = Loo , or 

which implies P' is a rational point and L' is one of the lines La, LI, Loo , or L. In 
case ii) we have Fs.C ~ 300, which would require that C have contact of order 
at least 3 with Fs at 00. But then by Lemma 14 with C3 = Fs, C2 = Loo , and 
C} = C, we would have C.Loo ~ 300, which is clearly impossible. This completes 
the proof of Theorem 12. 

Let G be the subgroup of Js(Q) of order 25 described above. We now give a 
presentation of Js( Q) with generators and relations. First, choose 00 as base point, 
and define the divisor classes of degree 0: 

Then we have: 

Proposition 6 
G = (a},a2 15a} = 5a2 = 0) 

~ Zj5Z E9 Zj5Z. 

Proof: Let Pie6 = Pie6(Fs)(Q) be the divisor classes of degree 6. Then 

Pie6 ~ Js(Q) 

under the map [D] 1-+ [D - 600]. It is now a simple exercise to add divisor classes 
in Pie6 by using the linear equivalences of divisors of degree 5: 



The generators are then the divisor classes of degree 6: 

[Qo + 500] = [6Qo], and [Ql + 500] = [6Ql], 

and the only non-obvious relations are: 

and 

4[Qo + 500] + 4[Ql + 500] = [P + P + 400], 

4[Qo + 500] + 3[Ql + 500] = [P + P + 4Qd, 

3[Qo + 500] + 4[Ql + 500] = [P + P + 4Qo]. 
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Finally, we note that the explicitness of this example relies very heavily on the 
fact that the rank over Q is O. When the rank over some number field J( is greater 
than 0, however, we ca.n still give the finiteness result for points of degree::; 3 on 
Fs: 

Proposition 7 FS(rK,3) is finite for any number field J(. 

Proof: This follows directly from Proposition 3 and Theorem 11. 
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Chapter 3 Coleman's p-adic Abelian Integrals 
applied to C( d) 

3.1 Introduction 

In this chapter we apply the methods of Coleman-Chabauty to questions of 
algebraic points of low degree. It is here that the assumption of low rank plays a 
role as in [Co2]. 

Let C be a complete nonsingular curve of genus 9 > 2 and gonality , (see 
chapter 1) defined over Q with a rational point Po E C(Q). Let p be an odd prime 
and suppose that C has good reduction at p. Then the Jacobian J also has good 
reduction at p (see the next section where we also discuss the reduction map). As 
usual, we will be interested in the rational points of Wd, with 1 < d < ,. 

The main goal of this chapter is to prove the following Theorem: 

Theorem 13 Suppose 1 < d < , and that rank of J(Q) ::; 9 - d. Then thel'e 
exists a canonical divisor A!J on C(d) such that the complement X = C(d) \.M has 
only finitely many rational points. Further, 

Remarks: It is natural to try to improve this result by bounding the cardinality 
of A!J(Q) or to modify the assumptions in the theorem, and thereby change NI, in 
order to restrict the size of this exceptional set. One way to do this is to suppose 
rank of J( Q) ::; 9 - d - 1. Then we can let NI be the intersection of d + 1 
independent canonical divisors. The above theorem then holds and one may ask 
for a description of this new .M. One case in which M can be positive-dimensional 
is when C(d) contains a translate of a non-trivial abelian subvariety. If this is the 
only case, then one hopes that M is finite or even empty under certain assumptions 
(for instance, d + 1 general divisors on a d-dimel1sional variety should have empty 
intersection. ) 

3.2 Differentials and Integrals 

The material in this section is based in part on [Mc2]. For more details and 
the more general setting of bad reduction we refer the reader to that paper. In 
addition to previous notation we set the following: 

R 
m 

a discrete valuation ring 
the maximal ideal of R 



J( 

k 
X 
XR 
XR 
C 
C 
C 
J 
J 
J 
n~/S 

the fraction field of R 
the residue field of R 
a complete nonsingular variety of dimension novel' J( 

a model for X over R, ie. with generic fiber X[( = X 
the special fiber of XR 
a complete nonsingular curve of genus g ~ 2 over J( 

the regular minimal model for Cover R 
the special fiber of C 
the Jacobian of C 
the Neron model of J (see [BLR]) 
the special fiber of J 
the sheaf of relative differential forms of degree 1 
for a morphism of schemes Z ~ S. 
the sheaf of regular I-forms on X over J( 

An nk the canonical sheaf of X 
the geometric genus of X = dimension of HO(X, nx) 
the divisor of zeroes of w E HO( C(d), need) II() 
which is a positive d - Icycle on C(d). 
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We will say X R has good reduction if XR is smooth over the residue field k. In 
the case when C has good reduction, we have that C(d) is smooth over k by [Mi], 
§3. Then since C(d) is also smooth over J( we obtain an integral model Ckd) with 
generic fiber C(d) and special fiber C(d). We denote this also by 

C(d) = c}1). 

Thus we obtain: 

Lemma 18 IfC has good reduction then the schemes C, C(d), and J al'e all smooth 
and p1'Oper over Spec(R). 

Now we consider I-forms on the generic and special fibers: 

Proposition 8 ([Mi], Proposition 5.3) (a) For all d ~ 1 the1'e are canonical 
isomorphisms: 

HO(C, n~/J() ~ HO(Cd, n~dlJ( )Sd ~ HO(C(d), n~(d)IJ()' 

(b) IfTJ E HO(C(d),n~(d)II() corresponds tow E HO(C,nhlJ()' thenfol'any effective 
divisor D of degree d on C: 

TJ(D) = 0 ~ (w) ~ D. 
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(c) For all d ~ 1 the map 

j(d)* : HO(J,D}j/I() -+ HO(c(d),n~(d)/I() 

is an isom01'phism. 
(d) liC has good reduction then (a)-(c) hold with C,C(d), and J 1'eplaced by C, 
C(d), and j and with I( replaced by k. 

Next, by a lattice of a I( -vector space we mean an R-submodule which gen
erates the vector space over 1(. Then we observe that: 

Lemma 19 HO(.J,n2r/R) embeds as a lattice in HO(J, n}II() by restriction to the 
gene1'ic jibel'. 

Proof: Since.J is smooth over R, n2r/R is a line bundle ([BLR], 4.2, Corollary 
3) and the result follows. 

Then from this lemma and proposition we conclude: 

Proposition 9 IJC has good reduction then Jor all d ~ 1 we have: HO(C(d), D."f;(d)IR) 

embeds as a lattice in HO( C(d), n~(d) II()' and 

'(d)*HO( '7 (")1 ) I:TO(C(d) (")1 ) J v, H:rIR = 1. ,HC(d)IR . 

Also, we have that restriction to the special fiber induces isomorphisms: (see [Mc2], 
Proposition 2.3) 

Next, we consider the canonical sheaJ nx. In the case of a curve X = C we 
have that nx = 0,\, and P9(C) is just the genus of C. In the case of X = J an 
abelian variety we have nx = n:k, and Pg(J) = 1, ie. up to a constant factor there 
is only one non-trivial global section of the canonical bundle on J. Since the maps 

are birational for 1 ::; d ::; g, and Po is a birational invariant, the above cases are 
generalized by the following formula: 
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Lemma 20 (MeD, page 328) 

pg(C(d)) = (~), for I '5: d'5: g. 

Definition 10 Let w E HO( C(d), n~(cl) / [() be a canonical form. Then we denote by 

Mw the divisor of ze1'oes ofw, ie. a positive (d -I)-cycle on C(d). 

We now give a summary of Coleman's theory of p-adic integration. The stan
dard reference for the theory of affinoids and rigid analysis is [BGR]. Let Cp be 
the completion of a fixed algebraic closure Qp of Qp. Let X be a complete variety 
of dimension n over Cll with good reduction (ie. which has a smooth proper model 
over the ring of integers in Cp ). Let w E HO(X, nk/c

p
)' If w is closed, it is easy to 

find a locally analytic function >. on the analytic space X (Cp ) such that d>' = w; 
however, such a >. is not very rigid, since it can be modified by any locally constant 
function. Using rigid analysis and Dwork's principle of analytic continuation by 
Frobenius, Coleman showed in [Col] how to fix the choice of >.. Coleman's integrals 
are defined initially on affinoids, and then on varieties by means of a patching pro
cedure. We refer to [Col] Part I, for the definition of good reduction for affinoids 
and the associated maps. Let Y be a smooth, connected affinoid over ]( with good 
reduction. Then we have a natural reduction map: 

red: Y ~ Y(k), 

which extends by embedding ]( in Cp to 

For a point y E Y we call the set redc/ (y) a resid1l~ class of Y, which is conformal 
p 

to an open unit ball (see [BGR]). We denote by A(Y) the algebra of rigid analytic 
functions on Y, and by n};c

p 
the A(Y)-module of rigid analytic differentials on 

Y (see [Col], Part I, §3). For each w E n};c
p 

Coleman constructs integrals 



satisfying the following properties: 
i) 

t,Q W = - J; w, t,Q W = t,0 w + foQ 
w, 

and t,Q WI +W2 = iQ WI + iQ W2· 
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ii) For fixed P, >..( P) = ffi w is a locally analytic function on Y (Cp ) such that 
d>" =W. 

iii) If j : Y -+ Z is a morphism of smooth connected affinoids with good 
reduction, then 

l
Q * lJ(Q) 

j W= w. 
P J(P) 

iv) If a is a continuous automorphism of Cp , and yeT denotes the affinoid sat
isfying 

Spec(A(yeT)) = Spec(A(Y)t, 

as schemes over J(, and weT denotes the pullback of w via a, then 

v) Finally, if w = dj, j E A(Y), then 

iQ w = j(Q) - j(P). 

Patching together these integrals on an affinoid cover of X(Cp ) yields integrals on 
X (Cp ) satisfying all of the above properties. 

In the case of an abelian variety A, the integrals of Coleman coincide with the 
logarithms on A as a p-adic Lie group. In particular, 

is a homomorphism to Cp' Then if 

is the tangent space, the homomorphism 

(3.1 ) 

is the logarithm map for A( Cp ) as a p-adic Lie group ([B02]' section 7.6). 
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3.3 Rational points and Zeroes of Integrals 

We now return to the map 

with image Wd, which is injective for d < , (see chapter 1.) Define 

and 
VZp = VQp n HO(J, n~/zp)' 

and let Va be t.he reduction of VZp ' Clearly V is a J( -vector space. We then 
observe 

Lemma 21 If r = rank of J( Q) < g, then the dimension of V is 2:: 9 - 1" 

sl Proof: First., J(Q) (see section 1.3) is a Lie subgroup of J(Qp) of dimension at 
most r, and hence the tangent space also has dimension at most r as a J( -vector 
space. Then by equation 3.1 of Section 3.2, VQp is the kernel of the logarithm map, 
and thus has dimension at least 9 - r. 

Now by property iii) above we have for each", E j(d)*VQp a locally analytic 
function A7) such that dA7) = "', and 

Then we also have: 

Thus we can obtain information about the rational points on C(d) by studying 
the analytic set of zeroes of the A7) for", E j(d)*VQp' For the case d = 1, ie. 
C(1) = C, Coleman, following the method of Chabauty, was able to give a bound 
on the number of zeroes of an integral Aw , where w E j*VQp. For example, he is 
able to show that if C has good reduction at p > 2g and 1'ank of J(Q) < 9 then 

/C(Q)/ ::; p + 2g( vP + 1) - 1. 

Further, in the case of genus 9 = 2, and p = 2, or 3, he shows that if mnk of J (Q) < 
2, then 

/C( Q)/ ::; 12. 
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For genus g = 3, and good reduction at p = 7 > 2g the above formula yields in 
the case of rank ~ 2: 

IG(Q)I ~ 27. 

We saw the example of F4 in the last chapter, where. the rank is 0 and there are only 
4 rational points, and an additional 12 quadratic points. It would be interesting to 
know if in the case of rank 1 the above bound for rational points could be improved, 
and also if there is a bound for the number of quadratic points when, = 3. 

3.4 Proof of Theorem 13 

Let X be an analytic variety of dimension n over a complete nonarchimedean 
field K (as in say [Bo1]), and let P be a point in X(K) and Xl, .•. , Xn be local 
coordinates at P. We now state a basic lemma which is a corollary of the implicit 
function and inverse function theorems for analytic manifolds over nonarchimedean 
fields (also called analytic varieties). These results are deduced from the Weier
strass preparation theorem (see [Mal, page 97.) 

Lemma 22 Let f = (it, ... , fn) : X ~ J(n be a map of analytic manifolds. If 
detDf(P) '/: 0, then f has an isolated ze1'O at P, and if det(Df(P)) = 0, then P 
is contained a submanifold Y of dimension 2: 1 with f(Y) = (0, ... ,0). 

Proposition 10 Let 1]1," . ,1]d, be independent i-forms on Wd with correspond
ing primitives A1)]"'" A1)d' and let Y be an irreducible analytic subset oj Wd oj 
dimension at least i. Then 

Proof: Let P E Y, and let X j, j = 1, ... , d, be local parameters on Wd at P. 
Assuming A1)i (P) = 0, we can expand the A1)i locally at P as 

A1)i (Xl, ... , Xd) = L: aijX j + (higher terms) 

Now, since locally dA1)i = 1]i, we have that 

Then if the A1)i vanish at P along a subset of dimension at least 1, they are not 
locally invertible, and hence by the Inversion Theorem ([Ma], p97) det( aij) = O. 
The conclusion follows since we can let P vary throughout Y. 



Corollary 5 If rank of J( Q) ::; 9 - d, for some d < I, then all but finitely many 
of the rational points of Wd are contained in a canonical divisor of }Vd. 

Proof: Since the rational points are contained in the zeroes of >''1/i' for i = 1, ... ,d, 
we only need to show that all but finitely many points of this zero set are contained 
in a canonical divisor. By Proposition 10, any such zero set of dimension at least 1 
is contained in the canonical divisor Mw , with w = "71/\' .. /\ "7d. To see that there are 
only finitely many isolated zeroes of the >''1/i' we suppose that there are infinitely 
many. Then by the compactness of J( Qp) we may choose a sequence of points 
which converge to the origin (by translation.) But then this would contradict 
Lemma 22, so we get the desired description. 

Remarks: As we know, from [Fa3], the canonical divisor in Corollary 5 can 
actually be taken to be a finite union of translates of abelian subvarieties. This 
leads naturally to the question of when a canonical divisor, or intersection of 
canonical divisors, contains a set of translates of abelian subvarieties, which we 
take up in the last section. 

Proposition 11 Suppose rankzJ(Q) ::; 9 - d. Let D E Wd(Fp) , with p > 2 
and d < I, and let D(Qp) be the corl'esponding residue class, and let "71, ... , "7d, be 
independent differentials of lIzp which reduce to independent diffeTentials 1ji, ... , 'Tjd, 
of Va. Then if 

'Tjl /\ ... /\ 'Tjd(D) =I 0, 

then there is at most one Q-rational divisol' in the residue class D(Qp). 

Proof: Let Tb ... , Td be a system of local parameters at a point P in the residue 
class D(Qp) such that >''1/i(P) = 0, ,t is defined, and dTi does not vanish at D, 
for i = 1, ... ,d. Then let {"71, ... , "7d} ~ H O

( C(d), n~(d) /zp) be an integral basis for a 

subspace of j(d)*lIQp , such that for all i: iii =I 0. To prove the theorem, we must 
show that the system of primitives >''1/i have at most one common zero in D(Qp). 
Since we can expand each >''1/i locally as power series in the Ti, this is equivalent 
to showing that these power series have an inverse on the d-dimensional unit disk: 
ITil ::; Ipl. If we write 

Yi = >''1/i(Tl' ... , Td) = L aijTj + (higher terms) 

with aij E Zp,1 ::; i, j ::; d, then by the Inversion Theorem we need to show that 
de-t(aij) =J. 0, and that the inverse power series converge on the disk Il'il ::; Ipl. The 
non-vanishing of the determinant follows from the assumption 

In fact, this implies that the determinant is a unit in Zp. The convergence of the 
inverse then follows from Lemma 23 below. (Note that our primitives can be 
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written in the form of the power series in the lemma, since all the partials are 
required to be defined over Zp.) 

Before stating the lemma, we set the following notation: 

T 
1 

= (T!, ... ,Td), 
= (It, .. · ,id), 
= (n}, . .. , nd), 

= (r1, . .. ,rd), 
= (SI, ... , Sd), 
= (an,!, ... , an,d), 

T n1 Tnd = 1 ... d , 

= n1 + ... + nd, 

= nl!'" nd!, 
an1 and 

= aT"1 '" aT"d' 
1 d 

For any power series 

we let 

Tn 
f(T) = L an -, 

Inl~o n. 

(D J)(T) = (~f: 
!lid.. 
aT1 

be the jacobian matrix of 1. We can recover the coefficients with partial derivatives 
at ° = (0, ... ,0) by 

Lemma 23 Let f be a powe1' se1'ies on the d-dimensional p-adic disk Z;, given by 

Tn 
1(T) = L an -, 

Inl~1 n. 

with the an E Zp, and (D J)(O) E Z;. Then the inverse system of powe1' se1'ies can 
be written in the same f01'm, and converges for ITj I < p-1/(p-1). 

Proof: (This is a generalization of theorems found in [Si], pages 122 Lemma 5.4 
through page 125 Lemma 6.3.) Since 1(0) = 0, we can write the inverse power 
series as 

Tn 
g(T) = L bn -, ' 

Inl~1 n. 
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such that 
(f 0 g)(T) = T. 

We want to show first that the bn = (8nJ)(O) are in Zp. Take 8n of both sides of 
this equation and make repeated use of the chain rule and product rule. On the 
right hand side we obtain 1 for 117,1 = 1, and 0 for 117,1 > 1, and on the left hand 
side we obtain 

8n (f 0 9 )(T) = (Fl, . .. ,Fd), 

where each Fi is a polynomial over Z in (8r f)(g(T)) and (8sg)(T) for all 7',8 with 
17'1, 181 ~ 117,1· Further, the only term involving (8ng)(T) is 

(Df)(g(T))· (8n g)(T), 

ie. an d x d matrix times an d-vector. Putting T = 0 we obtain for 117,1 = 1 : 

(DJ)(O)· (Dg)(O) = Identity 

and for Inl > 1 : 

where Bn is a vector of polynomials in ar and bs with 1', 8 ~ n,8 f. n. Then since 
(DJ)(O) is invertible in SLd{Zp). It follows by induction on n that the bn are in 
Zp. 

Next, we show that the system converges for ITjl < p-l/(p-l), or equivalently 
for v(Tj ) > v(p)/p - 1. We will use the fact that 

v{n!) ~ (n - l)~(P), 
p-

(see lSi], page 125.) For a general term of the inverse series we have 

v(b ,Tn) > V(bn,i) + nlv(Td + ... + ndv(Td) 
n,l n! -

-v(nd) - ... - v(nd!) 

> n1 v(T1) - v(nd) + ... + ndv(Td) - v(17,d!) 

> v(T1) + (17,1 - l)[v(Td - v(p)/p - 1] + .. , 
+V(Td) + (nd - 1)[v(Td) - v{p)/p - 1], 

which goes to 00 as n goes to 00. Thus since v is non-archimedean, the series 
converges. This completes the proof of the Lemma. 

Proof of Theorem 13: The canonical divisor M = Mw is given by Corollary 5. 
Then by proposition 11 there is only one Q-rational divisor in the residue class of 
each D in the set C(d)(Fp) which satisfies w(D) f. O. Thus we obtain 

IC(d)( Q) \1'ed-1 (M( Fp)) I ~ IC(d)(Fp) \JlI( Fp) I. 
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3.5 The Case of Simple Jacobian 

Although the results concerning finiteness of rational points in this section are 
not new, the fact that these rational points are contained in certain p-adic analytic 
sets is new. It is possible that these techniques may be useful in producing actual 
bounds for the sets of rational points C(d) (Q) in some cases. 

We now consider the case when J is simple, ie. contains no non-trivial abelian 
subvarieties. There are a number of simplifications which occur for a subvariety 
X of a simple abelian variety A. The most obvious is that X cannot contain any 
translates of non-trivial abelian subvarieties of A since there are none. However, 
X C A also satisfies a similar property to the inclusion Wd C J, in particular that 
non-zero I-forms restrict non-trivially in both cases. In the latter case this was 
due to an isomorphism on I-forms. In the former case we obtain an injection: (For 
basic properties of the Albanese varieties and maps we refer to [Ue], chapter 10.) 

Lemma 24 Let A be a simple abelian variety of dimension n, and let X C A be a 
proper irreducible (possibly singular) subvariety of dimension d. Denote by Alb(X) 
the Albanese variety of X. Then we have 

Proof: Let i : X ~ A be the inclusion map, and f : X -+ Alb(X) be the 
Albanese morphism. Then by the universal property of Alb(X) we have that f 
factors through i : 

X 

A 

i 
----t Alb(X) 

Thus Alb(X) -+ A is surjective since the image is an abelian subvariety of A 
containing X. So the tangent map is surjective also, and we obtain the desired 
injection on I-forms. 

Now assume X has a rational point, and has a nonsingular model with good 
reduction at a prime p. Then we have an isomorphism over Qp: 

1* : HO(Alb(X), O~lb(X)) ~ HO(X, Ok)· 

Then define (as we did for C and J): 
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so that 

(3.3) 

Then we have: 

Lemma 25 If rank of A(Q) ::; n - d, then all but finitely many of the mtional 
points of X are contained in a canonical divisor !II of X. 

Proof: First, dimVQp ~ d By Lemma 24, Let 71b"" 17d, be a basis for f*j(VQp) 
and let ).711' ••• ').7)d be their Coleman integrals. Then just as in the proof of Corol
lary 5 we obtain that all but finitely many rational points are contained in the 
divisor M of the differential 711 1\ •. . 1\ 71d. 

Next, we use this lemma and an induction on dimension to prove the following 
special case of Faltings' Theorem (Theorem 2): 

Theorem 14 Let A be a simple abelian variety defined over Q, and X C A a 
subvariety as in lemma 24. IfrankzA(Q) ::; 9 - d, then X(Q) is finite. 

Proof: Since a canonical divisor is just a union of proper subvarieties (with 
multiplicities), the result follows by induction on dimension. 

Corollary 6 If the Jacobian J of C is simple, and rankzJ( Q) ::; 9 - d, for some 
d < " then C(d)(Q) is finite. 

3.6 Canonical Linear Systems 

In this section we consider linear systems of canonical divisors on C(d). For a 
general discussion of linear systems see [Ha], page 156. The basic idea underlying 
the results in this section is that if there is a translate A of an abelian subvariety 
in HId, then A is always contained in the base locus of a certain linear system. 

First, if d < " we show that the canonical linear system is base-paint-free. 
Next, we look at a sub-lineal' system which is associated to the rational points 
of C(d). If this is also base-paint-free then we conclude that C(d) cannot contain 
any translates of non-trivial abelian subvarieties of J, and if it is base-paint-free 
(mod p) for some prime p of good reduction, then 

Denote by 
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the canonical linear system on C(d). To see that KO(d) is base-paint-free, we first 
describe some properties of differential forms on C(d). Define for any D E C(d) : 

Recall that if w = ¢( TJ) under the isomorphism 

¢: HO(C(d),D.~(d») ~ HO(C,D.~), 

then for (J,ny D E C(d) we have 

TJ(D) = 0 ~ (w) 2:: D. 

Then since d < " we have r(D) = 0, and i(D) = dimI(D) = 9 - d by Riemann
Roch. 

Proposition 12 If d < " then KO(d) is base-point-free. 

Proof Let D E C(d). Then since i(D) = dimI(D) = 9 - d, we can choose a 
complementary subspace V c HO(C(dl,D.~(d») such that V n I(D) = O. Then V 
determines a d-form (unique up to scalar multiples), say w, such that w(D) =f:. O. 
Thus D is not a base-point of the canonical linear system. 

Next, suppose Wd contains a translate A of abelian subvariety of dimension 
h < d for some d < ,. We want to show that A is in the base locus of some 
linear system of canonical divisors. Let A' = f(d)-l A be the pull-back under the 
isomorphism f(d). Let i : A ---7 J be the inclusion map, which induces maps on 
I-forms: 

and 

Then we define 

and 
F = I<ernel(i*) C HO(J, D.}). 

Lemma 26 Suppose WI, ... ,Wd E F, and TJi = f(d)*wi. Then 

TJI /\ ••• /\ TJd( A') = o. 
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Proof: Let DEA' C C(d). Then let TD be the tangent space to C(d) at D and let 
TD' be the tangent space to A' at D. Then since each l7i restricts to zero on TD', 
we have 

171/1. ... /I. 17d(D) = O. 

Now let V be a subspace of HO(C(d),n~(d)) of dimension n with d < n < g, 
and let 

d 
V(d) = 1\ V C HO( C(d), n~(d)), 

1I1v = {N/w : w E V(d)}, 

and 
Bv = n{N/w : 1I1w E Mv}. 

Then Mv is a linear system of canonical divisors on C(d), and Bv is the base locus 
of N/v . With this notation we now obtain from Lemma 26 

Proposition 13 If we take V = ,f<d)* F, then A' C Bv. 

We now make the connection with rational points. Recall that 

VQp = {w E HO(J, n}/Qp) : Aw(X) = 0, \Ix E J(Q)}, 

VZp = VQp n HO(J, n}/zp)' 

and Va is the reduction of VZp ' Then we have 

Corollary 7 Suppose A(Q) is infinite, and set V = f(d)*F. Then V C VQp ' and 
A' C B vQp ' 

Corollary 8 If the base locus B vQp is empty, then Wd contains no tmnslates of 
non-trivial abelian subvarieties of J. 

Question 3 Is the converse true? 

Since we assume good reduction at p, all of the above concepts can be applied 
to the reductions C, j, and C(d) over Fp. In particular, we can define a base locus 
Bvo as an intersection of canonical divisors on C(d) over Fp. Then 

Corollary 9 If the base locus Bvo is empty, then VVd contains no tmnslates of 
non-trivial abelian subvarieties of J. Further 
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Proof: The first statement follows from Corollary 8 since w( D) = 0 ==> w( D) = o. 
The last statement follows from Theorem 13 since now both M and 111 disappear. 

Remark: At the present time we have no examples of Evo being empty. Any 
such examples would require an explicit description of VQp which in turn depends 
on the Mordell-Weil group J(Q). 
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