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ABSTRACT 

The frequency spectrum allocated to cellular mobile telephone systems is very 

limited. Efficient channel assignment schemes can significantly increase the uti

lization of the available frequency channels. Virtually Fixed Channel Assignment 

(VFCA) is a dynamic channel assignment method. The idea behind it is simple: 

each cell is allocated a set of nominal channels. A call request generated in a cell is 

assigned a nominal channel if one is available. Otherwise, a channel from an adja

cent cell is borrowed to serve this call as long as frequency interference constraints 

are satisfied. VFCA is a promising method because (i) it is efficient in channel as

signment, and (ii) it is relatively easy to implement comparing with other dynamic 

channel assignment methods. 

VFCA has been analyzed based primarily on sjm~lation studies in the past 

twenty years. In this thesis, we focus our study on development of new channel 

borrowing strategies and analytical models for VFCA. The contribution of this 

work is summarized as follows. 
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1. Development of an queuing model for performance analysis of VFCA. This 

model may also be used to conduct sensitivity analysis on some system pa

rameters when VFCA is used. 

2. Proposed a new channel reservation scheme for handoffs. (In a cellular system, 

when a call using a channel crosses a cell boundary, it needs to be handed off 

to a new channel in the new cell. This is called a handoff.) An optimization 

model for this channel reservation scheme is developed. 

3. Applied the fluid-flow approach to modeling an integrated mobile cellular 

system that uses VFCA to estimate the distribution of data queue length in 

a cell of the system. 

These results are useful in the design, performance analysis and optimization of 

VFCA schemes. 
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CHAPTER 1 

Introduction 

1.1 Historical Background! 

The first land mobile radio-telephone system appeared at 1921, installed by the 

Detroit Police Department for police car dispatch. The New York City Police De

partment followed suit. These first mobile communications systems operated at 

the 2-MHz frequency band. As technologies advanced and demands increased, the 

trend was to use higher frequencies. In 1946, Bell Telephone Laboratories intro

duced commercial service systems with installations at 35-MHz frequency band in 

Green Bay, Wisconsin, and 150-MHz frequency band in St. Louis, Missouri. Work 

continued at Bell Laboratories and other places to improve the service. In 1964, 

a new l50-MHz Bell Telephone system was installed which provided full duplex 

(instead of "push-to-talk") operation and automatic channel search. Later in 1969, 

a similar system was made available at 450-MHz frequency band. 

lSections 1.1-1.4 were written based on the information given in [Jakes, 1974; Lee, 1989 and 

Calhoun, 1988] 
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While larger and larger frequency bands were being allocated to mobile commu

nications services, the usage of the allocated frequency spectrum was being made 

more efficient as technology advanced. Recognizing the increasing demand for mo

bile telephone services, the Federal Communication Commission (FCC) in 1970 

proposed to allocate a significant portion of the UHF band, from 806 MHz to 881 

MHz (a 75-MHz bandwidth), to the common carrier (telephone) systems to provide 

the public (ordinary, private citizens) with mobile telephone services. This was a 

40-fold increase than the previous (1.95 MHz) allocation. The tentative allocation 

was later pared back. Presently, the frequency bands available to public mobile 

telephone services are 824-849 MHz (for mobile unit to base station) and 869-894 

MHz (for base station to mobile unit). 

1.2 Users of Mobile Telephone Services 

Users of mobile telephone services generally faU into three groups. The pub

lic safety category includes police cars, ambulances, civil defense units, fire trucks, 

rescue squad vehicles, and other units associated with local government services. 

The second user group, associated with industries and land transportation, includes 

taxicabs, cement trucks, oil distributors, forestry services, manufacturers, railroads, 

businesses, newspapers, and power utilities. The majority of new users of mobile 

telephones falls into the third category primarily made up of ordinary, private citi-

zens. 
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1.3 The Cellular Concept 

The ultimate objective of mobile communications is to enable a mobile person 

(e.g., someone in a moving vehicle) to communicate instantly, easily, and effectively 

with another person or an automatic receiver (e.g., a computer). However, since 

land mobile telephone services are experiencing an ever increasing demand, a ma

jor problem facing the mobile telephone industry is the limitation of the available 

frequency spectrum. During the early years of mobile telephone industry, channel 

splitting had been the main means to increase the utilization of the available spec

trum. In 1940s, the required channel spacing was around 100 kHz; and in 1960s 25 

kHz and 30 kHz were common channel spacing. However, increasing the number of 

channels by channel splitting is limited, because too narrow a channel spacing causes 

frequency interference. Furthermore, the number of channels available by channel 

splitting is usually insufficient in high-demand areas. To further increase spectrum 

usage efficiency, engineers turned to another concept: channel reuse. This was the 

underlying idea behind the cellular concept introduced i.n 1971 by Bell Laboratories 

in a report to the FCC. 

The service area in a cellular system is divided into many small zones, or cells, 

each using one or more low-power transmitters. Figure 1.1a shows a nonhomoge

neous cellular service area; Figure 1.1 b illustrates a hexagonal homogeneous cel

lular service area. The hexagonal-shaped cells are somewhat artificial. However, 
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the shape simplifies the planning, design and analysis of a cellular system since it 

approaches a 

circular shape which has the ideal transmission characteristics in terms of power 

and coverage. The hexagonal structure is widely used in the analyses of cellular 

mobile telephony. 

The cellular structure enables each frequency channel to be used simultaneously 

by many cells without violating co-channel (CC) constraints, as long as the distance 

between the centers of any two cells using a given frequency is greater than or equal 

to D, the minimum reuse distance. Figure 1.1b illustrates this scheme: a given 

channel can be used simultaneously in the shaded cells if the distance between 

centers of any two of them is greater than or equal to D. Clearly, channel reuse can 

significantly increase the efficiency of spectrum usage. . 

In 1979, the first high-capacity cellular mobile telephone system was developed 

for the Tokyo area. In 1983, the U.S. installed its first cellular system in Chicago. 

Presently, there are more than one hundred cellular systems operating in the United 

States, and many others outside the U.S. 
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(a) Nonhomogeneous 

(b)lIomogeneous 

Figure 1.1: Examples of cellular service areas 
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1.4 Operations of Cellular Systems 

This section briefly describes the operations of a cellular system. 

A Basic Cellular System 

A basic cellular system consists of three components: mobile transceivers, cell 

sites (base stations of the cells), and a mobile telephone switching office (MTSO). 

The MTSO, the central coordinating unit of all base stations, contains the cellular 

switch and handles channel assignment. It interfaces with other telephone systems 

and controls all processing and billing activities. The MTSO and base stations 

are connected by wire-line voice and control data links. The base station provides 

interface between the MTSO and the mobile transceivers. It has a control unit, 

radio cabinets, antennas, a power plant and data terminals. The radio channels 

linking base station and the mobile transceivers consist of voice channels and a 

set-up channel which is a designated control channel fqr the purpose of setting up 

calls. 

The MTSO is the heart of the cellular mobile system. The cellular switch, which 

can be either analog or digital, switches calls to connect mobile subscribers to other 

mobile subscribers and to the nationwide telephone networks. 

Mobile Unit Initialization 

When a user in a car activates the receiver of the mobile unit, the receiver scans 

all of the set-up channels. It selects and locks on the strongest set-up channel (the 
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set-up channel with the strongest signal). Since each base station is assigned a 

different set-up channel, locking onto the strongest set-up channel usually means 

selecting the nearest base station. This procedure is referred to as self-location. 

Mobile Call Origination 

The user places the called number into an originating register in the mobile 

transceiver, checks to see that the number is correct and pushes the "send" bottom. 

A request for service is sent on the selected set-up channel (from the self-location 

scheme). Upon receiving the signal, the base station sends a request to the MTSO 

via a data link. The MTSO assigns an appropriate voice channel for the call, and 

the base station, through the antenna, sets the link to the mobile unit. The MTSO 

can also connect other party either directly if the party is mobile in the cellular 

service area, or through the telephone company zone office for a wire-line party. 

Mobile Call Destination 

Suppose a wire-line party2 dials a mobile unit number. The telephone company 

zone office recognizes that the number is for a mobile uhit and forwards the call to 

the MTSO. Based on the mobile unit's number the MTSO sends a paging message 

to certain base stations. Each base station transmits the paging message on its own 

set-up channel. The mobile unit recognizes its own identification on the strongest 

2 For calls between mobile units in the same cellular system, to connect via a wire-line telephone 

system is not necessary. 
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set-up channel, locks onto it, and responds to the base station. The mobile unit 

also automatically tunes to an assigned voice channel. 

Call Termination 

When the mobile user turns off the transceiver, a particular signal (signal tone) 

is transmitted to the base station, and the voice channel is released. The mobile 

unit resumes monitoring paging messages through the strongest set-up channel. 

1.5 Capacity of a Cellular System and Frequency Interference 

The capacity of a cellular system can be further increased by cell splitting. That 

is, when some cells of the system are overloaded, the cells may be split to a few 

smaller cells using lower-powered transmitters. If the smaller cells are allocated 

approximately the same number of channels, then the new cells will have lower 

traffic density, and congestion will be relieved. However, like channel-splitting, 

cell-splitting has its limitations. First, smaller cell size implies higher operation 

cost [Calhoun, 1988]. Second, the tolerances for site .location are much smaller, 

in absolute measurements, than for large cells. If the base stations in a small-cell 

system are located less precisely (which may be tolerable in a large-cell system), 

frequency interferences may be excessive. 

The capacity of a cellular system is significantly restricted by frequency inter

ference. Because of the frequency interferences, channels cannot be used freely in 
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each cell. Following are common channel assignment constraints due to frequency 

interferences: 

(i) Co-channel (CC) Constraints: any two cells using t~e same channel must be at 

least D units away from each other. 

(ii) Adjacent Channel (AC) Constraints: any two adjacent frequencies cannot be 

used in adjacent cells. 

(iii) Co-site (CS) Constraints: any two channels in a given cell must be separated 

from each other by a frequency distance that contains at least J( channels. 

(iv) All channels must be free from intermodulation (1M) interference. We will 

discuss this type of constraints later in Subsection 2.1.2. 

Among these, the major concern in system design and operation is the CC con-

straints. 

1.6 Call Handoffs and Integration of Voice and Data Calls 

We briefly describe two important issues in mobile telephone systems. 

When a mobile unit using a channel crosses a cell boundary, the call needs to 

be "handed oiP' to a new channel in the new cell. This is called a call handoff. 

Details of call handoff procedures will be described in Chapter 4. Call handoff 

occurs frequently in high capacity cellular systems. Thus, developing appropriate 

schemes to handle call handoffs is very important for efficient usage of such systems. 
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Another important issue in mobile telephone systems is the integration of voice 

and data calls. In integrated systems, voice and data calls generated in a cell share 

the channels allocated to the cell. Generally, voice calls cannot be queued and data 

calls are allowed to be queued. Thus, one needs to examine the data queues in the 

performance evaluation of such a system. We will address this issue in Chapter 5. 

1. 7 Thesis Focus: Channel Assignment 

Many techniques and methods have been developed to efficiently utilize the al

located frequency spectrum, including digital modulation and transmission tech-

mques. 

Digital time division multiple access (TDMA) technology, which is being or will 

be implemented in many mobile telephone systems of the 1990s, greatly reduces 

some types of frequency interferences (e.g., CC, AC and CS interferences). Because 

of the reduction of frequency interference, a digital cellular telephone system will 

have higher traffic-handling capacity and provide services with better quality than 

a comparable analog system. 

Apart from improvements of technologies, another way to alleviate frequency 

congestion is through efficient channel assignment. A good channel assignment 

scheme may increase traffic-carrying capacity of a mobile telephone system signif

icantly. Many channel assignment schemes have been proposed in the past two 
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decades. However, few of them have been implemented in real systems. Chan

nel assignment is a difficult and challenging problem for cellular systems, because 

various frequency interference constraints have to be considered. 

In this thesis, we will focus our analysis and discussion on channel assignment 

in cellular mobile telephone. In particular, the research is focused on a promising 

channel assignment method, the virtually fixed channel assignment (VFCA), which 

will be fully described Section 2.4. The aim of this thesis is, through modeling 

and analysis, to gain insights of this channel assignment -method, and to develop 

guidelines for design and improving VFCA schemes. 

The thesis is organized as follows. Chapter 2 reviews the literature on channel 

assignment methods. In Chapter 3, we develop an analytical model for the virtually 

fixed channel assignment scheme, which is validated by a simulation model. In 

Chapter 4, we consider the issue of call handoJJ in cellular systems. An optimum 

call handoff scheme is developed in this chapter. Chapter 5 discusses the fluid

flow approach for modeling integrated voice/data systems, and its applications to 

modeling mobile integrated voice/data systems. Finally, in Chapter 6, we discuss 

areas of further research on channel assignment. 

Throughout the thesis, we will mainly consider CC constraints for the develop

ment of the channel assignment schemes. The reasons are that (i) CC constraints 

are dominant in cellular systems, and (ii) the rapid developments of technologies 
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for mobile telephone make other types of frequency interferences less and less im

portant. 
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CHAPTER 2 

Litera.ture Review 

There is a large body of literature on channel assignment methods. In this 

chapter, we will discuss common approaches that have received much attention. 

Let us first introduce some notation that will be used throughout the thesis. 

Let there be Nc channels available to the cellular system, denoted by it, ... , INc, 

from the lowest frequency to the highest frequency. We assume the Nc channels 

are equally spaced on the frequency band, and Ii, Ii are adjacent on the frequency 

band if Ii - jl = 1. In our figures, cells in the cellular service area will be labeled by 

numbers at the lower corners of cells (e.g. see Figure 2.1). The cell labeled i will 

be denoted by Ci. 

2.1 Fixed Channel Assignment (FCA) 

2.1.1 The minimum reuse pattern 

FCA is the commonly implemented channel assignment scheme in cellular sys

tems. In FCA, all channels available are divided into a specified number, say N, of 

sets, each of which is called a nominal channel set. Each such set is allocated to a 
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Figure 2.1: The 7-cell minimum reuse pattern 

different cell in a cluster of contiguous N cells, and the clusters are repeated until 

every cell in the coverage area is allocated a nominal channel set. Therefore, the 

same set of nominal channels are allocated to several or more cells which we refer 

to as co-channel cells. In figures, co-channel cells will be labeled the same number 

at the upper corners of the cells (e.g. see Figure 2.1). Co-channel cells are required 

to be far enough from each other so that the nominal channel set allocated to them 

can be used simultaneously and independently in each one of these co-channel cells. 
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Guidelines for channel allocation are: (i) the given frequency interference con

straints must be satisfied, and (ii) N must be as small as possible (or the number 

of channels allocated to a cell in a cluster must be maximum). A pattern of such 

clusters is referred to as the N-cell minimum reuse pattern. An example of a 7-cell 

pattern is shown in Figure 2.1 (the shaded cells). Clearly, the smaller the number 

N, higher the number of nominal channels allocated to each cell. But N cannot 

be too small, for otherwise the distance between co-channel cells may be so small 

that frequency interference would be intolerable. The value of N may be determined 

from the geometrical distribution of the cells in the service area, the minimum reuse 

distance D, and other constraints imposed to keep the system free from frequency 

interference. We assume that, in a homogeneous system, the geographical layout of 

cells is designed such that the distance between centers of two nearest co-channel 

cells is· D. 

2.1.2 Channel allocation 

MacDonald [1979] studied the fixed channel assign~ent method for hexagonal 

homogeneous cellular systems with symmetric minimum reuse pattern, in which any 

cell has exactly six equidistant nearest co-channel cells. 1 He used the coordinate 

system with axes inclined at 60° to locate the cells such that cell midpoints coincide 

1 An example of asymmetric minimum reuse pattern is given by Gamst [1986]. In this thesis we 

only consider symmetric minimum reuse pattern, for it is commonly used in channel assignment 

analysis. 



29 

with the points having integer coordinates (see Figure 2.1). Since the distances in 

the coordinate system are normalized (for example, the distance between centers of 

two adjacent cells is unity), it is relatively easy to analyze the relationship between 

the minimum reuse distance D and the cluster size N. Distance between integer 

coordinates PI = (j1, kl ) and P2 = (j2, k2 ) is computed as 

(2.1 ) 

with 

(2.2) 

Using geometrical considerations, MacDonald has shown that when only CC con

straints are imposed, 

D/r = V3N, (2.3) 

where r is the cell radius, defined as the distance between a cell's center and a 

corner of the cell. Since r = 1/..;3 in the coordinate system, we get 

(2.4) 

From (2.2) and (2.4) one sees that N can only take values 1, 3, 4, 7, 9, 12, 13, ... , 

and so on. Note that while (2.4) holds for the given coordinate system, it is not 

true in general. However, since the ratio D/r does not depend on the value of D, 

(2.3) holds in general. 

It follows that if each cellTequires m channels (determination of m may be based 

on the anticipated call-traffic density), and only co-channel constraints exist, the 
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minimum number of channels required for a homogeneous cellular system is mN. In 

general, when other frequency interference constraints are involved, mN channels 

are not necessarily enough to meet the channel requirements of the cells. However, 

in some cases additional channels are not required. We briefly describe these cases 

below. 

Gamst [1982] has developed a mathematical model to allocate channels in ho

mogeneous hexagonal systems involving other types of constraints. Again assuming 

each cell requires m channels, he has shown that additional CS constraints will not 

increase the required number of frequency channels as long as J( < N, where J( 

is the minimum channel separation in a cell (see the description of CS constraints 

in Section 1.5). If N > 12, additional AC constraints may be imposed without 

increasing the required number of channels. That is, if N > max{J(, 12}, the min

imum number of channels required is mN. For N < 9, no arrangement can avoid 

adjacent channels in adjacent cells. Based on these resuJts, Gamst introduced some 

algorithms for frequency allocation in hexagonal cellular systems under CC and AC 

constraints. 
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Gamst did not consider intermodulation (1M) interference. Intermodulation is 

the process by which two or more signals superimposed by a nonlinear device pro

duce a new frequency. The three-signal third-order2 1M products are of the form: 

and the two-signal third-order 1M products are of the form: 

Fang and Sandrin [1977] have observed that to be free from the third-order 1M 

interference, no two pairs of channels in a nominal set can have the same frequency 

difference. That is, the inequality 

must holds, where Ii, Ii, II and Ik belong to the same nominal channel set, and i 

may be equal to k. Chan and Mahamoud [1986] have .developed an algorithm for 

allocation of channels to homogeneous cellular systems which not only satisfies CC 

and CS constraints, but also is free from two-signal third-order 1M interference. 

Their algorithm guarantees that the inequality 

Ii - Ii f= Ii - Ik 
2 Apart from the third-order 1M products, the fifth-order products also playa role in 1M inter-

ference. However, their amplitudes are approximately 20 dB lower than the third-order levels, so 

they may be neglected [McMahon, 1974]. 
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holds, where fi, fj, fk with fi > Ii > fk' can be any three frequencies from a nominal 

channel set. Using this channel allocation scheme, the minimum number of channels 

needed is also mN if N > max{ 12, K} and the number of channel requirements 

in each cell is m. The drawback of this method is that AC constraints are not 

considered. It appears that satisfying both AC and 1M interference constraints is a 

very difficult task. Fortunately, 1M interference has been reduced by the increased 

linearity in present-day receivers/amplifiers and even greater reductions are being 

achieved by continuing improvements in technology (e.g., see McMahon, 1974). 

2.1.3 Performance evaluation of FCA 

In FCA, once a channel is allocated to a set of co-channel cells, it cannot be used 

in other cells, so the number of channels used by a cell is fixed. Thus, assuming the 

call arrival process to a cell is Poisson with rate >., and the holding time distribution 

for each call is identical with mean 1/ jt, from Erlang loss formula we have 

(>'1 jt)i jj! 
Pi = 'Li::.o(>'1 jt)i Ii! 

where Pi is the equilibrium probability that j channels are occupied in the cell, and 

m is the number of channels allocated to this cell. 

FCA is easy to implement. However, it is not flexible in channel assignment. In 

a high-capacity cellular system with randomly fluctuated call arrival streams, it is 

likely that while some saturated cells (all nominal channels are occupied) are losing 
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calls, some channels are idle in their neighboring cells. This is not an efficient use 

of the available channel resources. 

Dynamic channel assignment (DCA), which is aimed at overcoming this short

coming, tries to use channels flexibly. In fact, DCA appeared immediately after 

the advent of the cellular concept, and has received much attention by researcher 

and system designers. In the rest of this chapter we will discuss three common 

DCA approaches discussed in the literature, and several schemes based on these 

approaches. 

2.2 Pure Dynamic Channel Assignment (PDCA) 

In PDCA any cell can use any channel as long as frequency interference con

straints are satisfied. All channels are kept in a "central pool" j if a call request 

arrives, a channel is selected from the central pool, according to some rule, and is 

assigned to the call request. Hence, the relationship between cells and channels no 

longer exists in PDCA. Since channels are not fixed in cells, PDCA is flexible in 

channel reuse. 

There are two types of PDCA: with or without channel reassignment. Channel 

reassignment refers to the process by which a call in progress is switched to another 

channel within the same cell. We discuss the two types of PDCA separately below. 
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2.2.1 PDCA without channel reassignment 

Suppose a call attempt arrives in cell Ck. To satisfy the new call, one needs to 

search for a channel from the "central pool" that satisfies the imposed frequency 

interference constraints. Channel search is usually done channel by channel starting 

with fl' A candidate channel is assignable to this call if the channel is idle within 

the disc centered at Ck with radius D. Usually more than one channel satisfies 

this condition. Three strategies have been reported for choosing a channel from 

assignable channels. 

(i) First Available 

The caller is assigned the channel that is found first during the search. Clearly, 

this is the simplest strategy to implement. 

(ii) Mean Square (MSQ) 

In MSQ strategy, a channel is chosen such that the quantity 

n 

L:DJ/n, D:::; Dj:::; 2D 
j=l 

is minimized, where n is the number of cells, say CI, C2, ... , Cn, that are using 

the channel in the ring interval between the circles centered at Ck with radii 

D and 2D, respectively, and Dj is the distance between the centers of Cj and 
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(iii) Nearest Neighbor (NN) 

The NN strategy chooses a channel which is in use in a cell nearest to Ck, but 

still at least D units away. 

Through simulation studies, Cox and Reudink [1972] have shown that the differences 

among performances of these strategies are not significant. In fact, they share 

the same drawback: the performance deteriorates rapidly when the traffic density 

increases. At high blocking rates, the traffic-carrying capacity is even lower than 

that of a comparable FCA system. The reason is that since calls arrive randomly, 

busy channels cannot be kept in a minimum reuse pattern. This does not cause 

problems when the traffic density is low since, in this situation, assignment flexibility 

is more important than keeping the channels "packed" in an optimal reuse pattern. 

But under heavy traffic load, "loosely packed" channels reduce the advantage of 

channel reuse significantly, hence increase the blocking probability. 

Some mathematical models for performance evaluation of PDCA (without chan

nel reassignment) are available in the literature. Schiff [1970] has modeled a homo

geneous PDCA system (having the same traffic density for each cell) as a Markov 

process. This model gives exact solutions for the (unrealistic) single-channel case 

(only one channel is available to the whole network) and is approximate for the 

multiple-channel case. The associated analysis has been generalized to nonhomo

geneous systems by Sengoku [1980]. 
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2.2.2 PDCA with channel reassignment 

When channel reassignment is allowed to keep the reuse pattern optimal or 

nearly optimal, PDCA can gain significant improvement over FCA even at high 

traffic densities [Sivarajan, McEliece and Ketchum, 1990]. The reason is clear: 

channel reassignment allows rearrangement of calls in progress among channels, 

so it provides more freedom in channel assignment. When channel reassignment 

is involved, the channel assignment problem is equivalent to the graph coloring 

problem [Hale, 1980]. To see this, let the channel requirements (call requests and 

on-going calls) of the set of cells be represented by a set of nodes V as follows. 

Connect by a link each pair of nodes that cannot be assigned the same channel 

simultaneously. Then, the system can be modeled as a graph G(V, L), where L is 

the sets of links in graph G, and V the set of nodes. Since each pair of adjacent 

nodes cannot use the same channel, the minimum number of frequencies required 

is equal to the chromatic number3 of G, denoted by X(G), if only CC constraints 

are involved. So our problem is equivalent to finding an optimal node coloring of 

G. It is well known that the graph coloring problem is NP-complete; hence only 

approximate graph theoretic methods have been developed. We will discuss a few 

of them below. 

3The chromatic number of G is the (minimum) number of colors in the optimal solution of the 

graph coloring problem on G. 
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A. Node-Ordering 

Realizing that the graph coloring problem is intractable, Metzger [1970] tried to 

solve the problem by employing a graph decomposition procedure. His strategy, fur

ther developed by Zoellner and Beall [1977], first lists the channel requirements in a 

specific order, and then assigns channels, one by one, to the requirements according 

to the list order. There are two ordering principles: node-degree and node-coloring. 

The node degree of a requirement is equal to the degree of the corresponding node in 

G if only CC constraints are considered. If other type(s) of constraints are included, 

then node-degree of a requirement is in fact the number of constraints associated 

with it. Node-degree is also called the "assignment difficulty" since the higher the 

degree of a node, the more difficult it is to satisfy the corresponding requirement. 

Requirements placed in a list according to their node-degrees, in descending order, 

are said to be in a node-degree order. 

Assignment according to node-coloring proceeds somewhat inversely: the node 

with lowest degree is first assigned a channel and is eliminated from further consid

eration. The degrees of the remaining requirements are recomputed and the reduced 

list is rearranged according to the ascending order of node-degrees. The assignment 

procedure is repeated until all requirements are satisfied, provided that the number 

of channels in the system is sufficient. 
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The strategy of assigning frequencies to an ordered requirement list is called 

requirement exhaustive4 • One starts with the lowest frequency channel and assigns 

it to each unsatisfied requirement in the ordered list if it is not in conflict with any 

of the previous assignments (i.e., it does not violate any of the constraints). When 

the end of the list is reached, the same procedure is repeated with the next lowest 

frequency, and so on, until all requirements have been satisfied. 

The simulation results of Zoellner and Beall [1977] indicate that, under CC and 

AC constraints, node-coloring order is better than node-degree order if the ratio of 

the number of AC constraints to that of CC constraints is in the range [0, 0.12]. 

The simulation results of Gamst and Rave [1982], considering CC, AC and CS 

constraints, show that the above algorithms overestimate the number of channels 

needed by approximately 30%. The computational time for a complete assignment 

of a list of requirements generated by a 100-cell system with each cell having 8 

channel requirements was approximately 5 seconds, on average, on an IBM 4341. 

This computational time increases with the number of cells and requirements. 

Other similar assignment schemes have also been investigated with simulation 

models. For example, in the algorithm of Box [1978], the requirement list is ar

ranged in descending order according to "estimated assignment difficulties". In 

Box's method, the requirements are initially ordered arbitrarily, and the estimated 

4 Another assignment strategy is called frequency exhaustive. It does not perform as well as its 

counterpart and, therefore, we do not discuss it here. 
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assignment difficulty associated with each requirement is set equal to zero. Then, 

using the initial order, an attempt is made to assign a channel, from a given set of 

channels, to each requirement in turn, alternatingly using the highest and lowest 

assignable frequencies. If a requirement cannot be satisfied by any channel from 

the pool, the estimated assignment difficulty associated with this requirement is in

creased to a new value according to a given rule. After a complete assignment cycle, 

the requirement list is rearranged according to the new values of the associated as

signment difficulties. Then another assignment cycle is started, and the procedure 

is repeated until every requirement is satisfied. If no solution is found after several 

cycles, additional channels are added to the pool. Simulation results [Gamst and 

Rave, 1982] show that, for the same channel requirements, Box's method uses less 

channels but requires longer computational times. 

B. The Partitioning Method 

Pennotti and Boorstyn [1981] noticed that one may take advantage of some 

special properties of the graph G associated with a cellular system to ease the 

computational difficulties of PDCA. To describe their method, we will first introduce 

some notation. 

The graph G = (V, L) defined previously for a cellular system is called the 

micrograph. We also define another graph for the cellular system: the macrograph 

M (C, E), where C = {CI, C2, ••. } is the set of nodes each of which corresponds to a 

cell in the system. Two cells are connected by a link in E if the distance between 
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the two cells is less than D. In the macrograph, each node has a weight which 

corresponding to the channel requirements of the node. Let W = {WI, ... , wIGI} be 

the set of node weights; specifically Ci has weight Wi. Clearly, IVI = 2:i IWil, Ci E C. 

The weighted graph M(C, E) is much simpler than micrograph G(V, L), and it 

reflects the structure of the cellular system. The partitioning method, described 

below, approximates the chromatic coloringS for G by solving the graph coloring 

problem for M. 

• Vertical Partitioning 

Order the cell weights Wi of a system so that WI < UJ2 < ... < WI. Let f3i be the 

set of cells having weight Wi. First we find a chromatic coloring for M and assign WI 

channels to each different color class (set of nodes assigned the same color). This 

requires wtX(M) channels (or wIX(M) different colors). All requirements in the 

set of cells f3I are now satisfied, so we eliminate f3I from M to obtain a reduced 

macrograph MI. We then proceed to find a chromatic coloring for M I , and assign 

W2 - WI channels to each color class in the new chromatic coloring; this requires 

(W2 - WI) X( MI ) channels. We then remove the set of no~es in f32 to obtain a further 

reduced macrograph. The process is repeated until every channel requirement is 

satisfied. 

5Chromatic coloring of a graph is its coloring with the minimum number (chromatic number) 

of colors. 
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Note that to obtain the chromatic coloring for M can still be a computational 

burden if the number of cells in the system is large. So Pennotti and Boorstyn 

proposed a procedure, which we refer to as "graph reduction", to improve their 

algorithm. 

• Graph Reduction 

We first state some theoretical result. 

THEOREM 2.1 (Matula [1972]). Let Gt and G2 be the two subgraphs resulting from 

a cut of a graph G. Let Ee be the number of edges cut. Then 

(2.5) 

It follows that if one of the subgraph chromatic numbers is greater than or equal 

to Ee , the bound must be met with equality, since th.e chromatic number of the 

graph cannot be smaller than that of its subgraph. 

THEOREM 2.2 (Pennotti and Boorstyn). A set of macronodes (a macronode is a 

node in the macrograph M; a micronode is a node in micrograph G) is a clique6 of 

the M if and only if the micronodes contained7 in them ·form a clique of micrograph 

G. 

6 A clique in G is a complete subgraph of G. A maximal clique is a clique that is not contained 

in any other clique. The clique number of G is the largest p such that G has a clique of p nodes. 

7We say a micronode is contained in a macronode if the call requirement represented by the 

micronode is in the cell represented by the macronode. 
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Theorem 2.2 asserts that the correspondence between the micrograph's cliques 

and that of the macrograph is one-to-one. 

It is well known that a lower bound of the chromatic number of a graph G 

is given by the clique number of G. From Theorem 2.2 we see that the largest 

maximal clique of micrograph G corresponds to the densest (highest weight) clique 

of macrograph M. It follows that 

x( G) ~ max{ L: Wj}, 
ziEZ E 

Cj Zi 

(2.6) 

where z = {zt, Z2, ••• } is the collection of all maximal cliques in M. Note that the 

computational effort to determine the lower bound of the chromatic number via 

(2.6) depends on the structure of M, not that of micrograph G, and M is much 

simpler than G. 

Based on these result, Pennotti and Boorstyn suggested that before solving the 

coloring problem for macrograph M, one may first reduce macrograph M without 

decreasing the chromatic number. Now we describe their graph reduction procedure 

below. 

Consider a star-cutS by which a micronode Vi which. is not in the densest clique 

of M is separated from micrograph G. The degree of Vi is given by 

( L: Wj)+wi-l, (2.7) 
c) Er(Ci) 

8 A star-cut of a graph G separates one node from the remainder of G. 
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where Cj is the macronode containing Vj and f( Ci) is the set of macronodes neigh

boring Cj. That is, the degree of any micronode contained in a particular macronode 

is just one less than the sum of the weights of the containing macronode and its 

neighbors (one less because a micronode is not adjacent to itself). Let G' be the 

remainder of G after Vj is cut off. Now if the degree of Vj is less than a lower bound 

of X(G'), which may be determined by (2.6), then from Theorem 2.1, X(G') = X(G). 

That is, we can remove Vi from G without changing its chromatic number. Fur

ther, from expression (2.7) we see that the degrees of all micronodes in a particular 

macronode are same, so we can simply remove all the micronodes in Cj without 

decreasing the chromatic number. Thus the reduction can be applied directly to 

macrograph M through computation of sums of macronode weights using (2.5)

(2.7). This procedure is repeated until no macronode· can be removed, resulting 

possibly in a considerably reduced macrograph, which needs less computational 

effort for determining the chromatic coloring. Once the reduced macrograph is col

ored, the eliminated nodes may be colored in the reverse order of their elimination 

without using new colors. 

The use of the reduction procedure is illustrated by Pennotti and Boorstyn 

through the example shown in Figure 2.2. The system consists of five cells Cl, ... , Cs 

with W = {7, 8,10,2, 12}. The densest clique of the macrograph, designated by the 

dashed circle, consists of macronodes Cl, C2 and C3 with a total weight 25, which can 

be used as a lower bound of the chromatic number of either the micrograph, or a 
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Figure 2.2: An example of the reduction procedure 
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subgraph of it containing the densest clique. The degree of a micronode in C4 is 28, 

so C4 cannot be removed from the macrograph. The degree of a micronode in Cs -is 

21, so Cs can be eliminated. After Cs is eliminated, the degree of C4 is reduced to 16, 

so it is eliminated in the next iteration. Now we can color the reduced graph by as-

signing channels fI, ... , /7 to CI, fs, ... ,!Is to C2, and f16, ... , 125 to C3. Then from the 

already assigned channels, we may assign 124 and 125 to C4 and fI, ... , /7, !I6, !I7,!IS 

to Cs. 

Although the partitioning method appears to be superior to the node-ordering 

method, no comparisons have been made; Pennotti and Boorstyn did not evaluate 

the performa.nce of the partitioning method in their paper. 
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C. The Clique Method 

Sengoku, Kurata and Kajitani [1980] in their clique method defined a graph 

G*(C, E') somewhat differently than the macrograph M. As is in graph M, set C 

in graph G* is the set of the nodes representing the cells of the cellular system. But 

E' in G* is the set of links connecting each pair of cells that are at least D units 

away. Let the set of maximal cliques in G* be z, 

Let T be the n x m matrix 

where 

{

I if Ci E Zj, 

tij = 
o otherwise. 

Then the optimal channel assignment problem (i.e., finding the least number of 

channels necessary to satisfy the existing requirements of a mobile telephone system) 

is equivalent to the following integer programming problem if only CC constraints 

are involved: 

mm F = Li~l Xi 

st. Tx ~ w 

where x = (Xl, ... , xm) with Xi = number of channels assigned to requirements in 

Zi, and w = (WI, ... , wn ) with Wi = number of requirements in Ci. 
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Although the formulation is simple, the problem is intractable because the num

ber of cliques can be very large if the number of nodes in G* is large. Nevertheless, 

the formulation establishes the relationship among maximal cliques, nodes, and 

requirements in a system. Based on this formulation, a heuristic dynamic chan

nel assignment method, referred to as the 1st level rearrangement algorithm, has 

been developed by Segoku et al. [1980]. The procedure of this algorithm may be 

described briefly as follows. 

Step 1. 

Suppose a new call request appears in Ci E C and no free channels are available. 

If some channel in use can be reused in Ci, then assign this channel to the request 

(this is called the enlargement of a clique). If not, go tq the next step. 

Step 2. 

Select two channels, say Ii and Ii. If possible, switch some calls from Ii to Ii 

such that Ii can be assigned to the new request. Actually, this step first requires 

the enlargement of the clique for Ij, and then a rearrangement of Ii by removing it 

from a clique not containing Ci to another clique containing Ci. This rearrangement 

is possible only after the enlargement of the clique for Iii in the enlargement some 

calls previously occupying Ii are switched to Ii. 

Figure 2.3 gives an example. The graph G* corresponding to a cellular area 

has four maximal cliques (bounded by dashed lines in Figure 2.3a). Suppose two 

channels, It and 12, are available to the system. Consider the situation when 11 
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is being used by three calls at nodes C4, Cs, Cs (clique zd, and 12 is being used by 

two calls at nodes C3 and Cs (clique Z2)' Note that Cs is assigned two channels 

(Figure 2.3b). Now suppose a new call request appears at Cl' By the 1st level 

rearrangement method, we first check if any channel can be reused at Cl. Since 

neither 11 nor 12 can be reused at Cl without violating CC constraints, we go to the 

next step, where we first switch the call at C4 from II to 12 (enlarge clique Z2 for 

h), and 11 is released from that call (Figure 2.3c). We then assign II to the new 

request at Cl (rearrange II from 'ZI to Z3 as shown in Figure 2.3d). 

Simulation results show that this scheme performs better than both FCA and 

PDCA without rearrangement [Segoku et al., 1980]. 

We now have described the pure dynamic channel assignment with and without 

channel reassignment. Before ending this section, we remark that due to the com

plexity of the PDCA with channel reassignment scheme, its performance is usually 

evaluated using simulation models. 

2.3 Hybrid Channel Assignment (HCA) 

HCA is a combination of FCA and PDCA. In HCA,' some of the channels avail

able to the system are allocated as fixed channels while others are allocated as 

dynamic channels. A call request in a cell is assigned a "dynamic channel" only 

when all the fixed channels allocated to the cell are busy and there is a dynamic 

channel idle within distance D. Moreover, when a fixed channel is released while 
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Figure 2.3: An example of the 1st level rearrangement 
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a dynamic channel is busy in the same cell, the call using the dynamic channel is 

transferred to the fixed channel and the dynamic channel is returned to the "central 

pool" [Cox and Reudink, 1973]. This strategy increases, on average, the number of 

assignable dynamic channels in the system during the channel assignment process. 

Results from both simulation studies [Kahwa and Georganas, 1978] and mathemat

ical analyses [Vue, 1991] show that, for the situation where channel reassignment is 

not allowed among dynamic channels, HCA performs better than PDCA if a proper 

portion (usually a small percentage) of channels are allotted as dynamic channels. 

Vue [1991] has modeled the set of dynamic channels in HCA as a GI/M/m/m 

(renewal interarrival process, exponential service time, m servers, and m buffers) 

loss system. Calls arriving at saturated cells form an overflow stream offered to 

the dynamic channel group. Assuming traffic densities to cells are homogeneous, 

this overflow stream is approximated as a superposition of several independent and 

identically distributed interrupted Poisson processes. The superposition is further 

approximated as a renewal process with interarrival time distribution G( x). Based 

on this idea, two analytical models have been proposed, by Vue. In the first model 

G(x) is found first, then the generalized Erlang loss function of the GI/M/m/m 

system [Takacs, 1962] is used to obtained the call blocking probability for the cellular 

system. The second approach models the GI/M/m/m loss system as an embedded 

Markov chain, and the model is used to compute the equilibrium distribution of the 

number of occupied dynamic channels and the blocking probability. 
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In HCA, channel reassignment among dynamic channels is usually not con

sidered. Thus, the strategies discussed in Section 2.2.1 can be used in selecting 

assignable channels from the dynamic channel group. 

2.4 Virtually Fixed Channel Assignment (VFCA) 

VFCA, also referred to as flexible fixed channel assignment or borrowing chan

nel assignment by some researchers [Elnoubi, Singh and Gupta, 1982; Sekiguchi, 

Ishikawa, Koyama and Sawada, 1985], is another type of dynamic channel assign

ment scheme. The idea behind it is simple: channels available in a system are all 

allocated to cells according to FCA, so that each cell has a list of nominal channels. 

A call request is assigned a nominal channel if one is available in its cell; otherwise a 

channel is "borrowed" from a neighboring cell to serve this call as long as frequency 

interference constraints are not violated. 

VFCA was first proposed by Engel and Peritsky [1973]. In early investigation of 

channel borrowing strategies, most efforts were focused on finding a better strategy 

for selecting a channel to borrow when there are more than one channel available 

for borrowing. Engel and Peritsky proposed two selection strategies for channel 

borrowing: 

Strategy 1. A channel is borrowed from the cell that has the most number of 

available channels. 
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Strategy 2. The channel selection maximizes the number of free nominal channels 

in the co-channel cell, within distance D, that has the fewest free nominal channels. 

Another strategy was proposed by Anderson [1973]: 

Strategy 3. A search is done for all candidate channels. The first channel available 

for channel borrowing is selected. 

Simulation results [Anderson, 1973] show that the differences among the per

formances of the three strategies, in terms of average blocking probability of call 

requests, are insignificant. 

When channel borrowing is employed in an assignment scheme, there is the 

issue of that when a borrowed channel should be returned. There are two common 

channel return strategies: 

• natural return: returning a borrowed channel when the carried call terminates; 

• immediate return: returning a borrowed channel as soon as either a nominal 

channel is released in the cell that is borrowing the channel and the call using 

the borrowed channel is transferred to the just-released channel, or the call 

using the borrowed channel terminates, whichever occurs first. 

An important study of channel borrowing strategies is due to Elnoubi et al. 

[1982]. In their simulation model, a hexagonal homogeneous system with a 7-cell 

reuse pattern is assumed. When a call arrives at a satu~ated cell Ck, a non-nominal 

channel, say ii, which is free within distance D, is borrowed to serve this call. Also, 
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when fi is being used in Ck, it must remain locked in the neighboring cells that are 

within distance D of cell Ck, to prevent co-channel interference. Detailed procedures 

for channel borrowing will be further discussed in Subsection 3.1.2. The strategies 

used in model of Elnoubi et al. were as follows. 

• The list of nominal channels of a cell are ordered such that the if channel fi comes 

before Ii, then fi has higher priority to be assigned to a call generated in the 

cell, while Ii has higher priority to be lent to a neighboring cell. 

• When a nominal channel is released, the call using a nominal channel having the 

highest priority to be lent is switched to the just released channel. 

• When a nominal channel is released, then any call using a borrowed channel is 

switched to the just released nominal channel, and the borrowed channel is 

returned. 

Simulation results [Elnoubi et al. 1982] show that these strategies significantly in

crease the system's traffic-handling capacity over that of a comparable FCA system. 

These strategies embody both channel reassignment and immediate channel return, 

which, as we will see in the next chapter, are essential features of VFCA. 

An interesting version of VFCA is called forced borlOwing channel assignment 

(FBCA). In FBCA, if there are no channels available that may be directly borrowed 

from neighboring cells, a channel currently being used may be forcibly borrowed -

only if another channel can be borrowed at the same time to serve the call being 
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served by the forcibly borrowed channel. Through simulation studies, Sekigucki 

et al. [1985] have shown that this "indirect" channel borrowing strategy performs 

better than the "direct" channel borrowing when the traffic densities of the cells are 

varying over the service area. For homogeneous traffic densities, the improvement 

is marginal. 

2.5 Discussion on Channel Assignment Methods 

FCA is efficient in channel reuse, because each channel is used in the minimum 

reuse pattern. However, channel usage is not flexible, for once a channel is allocated 

to a set of co-channel cells, it cannot be used in other cells. PDCA is both efficient 

and flexible if channel reassignment is allowed. However, on-line algorithms for 

channel reassignment for PDCA are computationally burdensome, and are difficult 

to implement as distributed algorithms. 

HCA and VFCA are conceptually similar to each other: both use fixed assign

ment as well as dynamic assignment. However, there are two essential differences 

between HCA and VFCA. First, if channel reassignment among dynamic channels 

is permitted, HCA will have (to a lesser degree) the same computational disadvan

tages of PDCAj VFCA does not have this drawback. Second, in VFCA any channel 

functions as "fixed" as long as it is not borrowed, but whenever necessary it can 

be used also as a "dynamic" channel through channel borrowing. That is, the ratio 

of "dynamic" channels to fixed channels in each cell may be adjusted adaptively, 
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responding to the offered traffic load of the cells. Thus, VFCA can carry more 

traffic load than FCA and HCA, not only at low blocking rates but also at high 

blocking rates [Elnoubi et al. 1982]. 

Apart from the efficiency and flexibility, VFCA has other advantages: 

• it may be implemented using a distributed algorithm; and 

• it may be incorporated into an existing FCA system at a reasonable cost. 

These advantages of VFCA may not be apparent at this point, but they will be 

clear by the end of the next chapter, after we further analyze and discuss VFCA. 
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CHAPTER 3 

The Virtually Fixed Channel Assignment Model 

Dynamic channel assignment (DCA) schemes in cel.1ular mobile telephone sys

tems are difficult to analyze using analytical models; most analyses reported III 

literature have been based primarily on simulation studies. This is because III 

DCA, cell-based performance measures are correlated. It is almost impossible to 

evaluate the system performance exactly for even a sirriple DCA scheme. 

A reasonable approach to overcome this difficulty is to assume cell performances 

are identical, or the system is homogeneous. Although this assumption will not 

remove the correlation, it reduces the analysis of a cellular network to that of a single 

cell. Of course, a cell cannot be isolated from other cells, but homogeneity allows us 

to establish certain relationships based on which a model may be constructed. In 

this chapter, we develop an approximate analytical model based on the homogeneity 

assumption. 

Clearly, the traffic characteristics of an idealized system and a real system may 

be very different. However, both systems may have similar characteristics in some 

aspects of interest if they use the same channel assignment scheme. Therefore, 
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guidelines for channel assignment, as derived from the analysis of an idealized sys

tem, may be applicable to a real system. 

3.1 The System Environment and the VFCA Scheme 

3.1.1 Homogeneous system assumptions 

We consider the following characteristics of a homogeneous system in develop

ment of the analytical model. 

(a) The service area is subdivided into many regular polygons with each cell having 

the same shape and size. The service area is assumed to be very large so that 

boundary effects are negligible. 

(b) The call requests generated from each cell form a Poisson arrival process with 

rate A. The arrival processes in the network are independent of one another. 

(c) The service time (or holding time) T of each call is exponentially distributed 

with mean 1//1. 

(d) Channels are nominally allocated to cells according to FCA. We assume that 

each cell is initially allocated the same number, say m, of nominal channels. 

(e) Rejected calls are lost and, thus, cleared from the system. 

(f) The probability that a vehicle crosses a cell boundary while using a mobile 

telephone is very small and negligible. 
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Assumptions (a )-( d) define a homogeneous system. Assumption (f) allows us to 

ignore the effects of mobile calls crossing cell boundaries. We will consider boundary 

crossing effects in the next chapter. 

Since a channel can be used concurrently in many cells, it functions virtually as 

many different carriers. Here a "carrier" will mean a channel allocated to a cell. 

Specifically, let each carrier be indexed by a channel number and a cell number. 

We denote a carrier by Iii if the carrier corresponds to. channel Ii allocated to cell 

ct. Note Iii and Iik are different carriers if I i- k, although both Iii and Iik use the 

same frequency Ii. 

3.1.2 Channel borrowing, reassignment, and return 

Channel Borrowing 

Channel borrowing can be described as follows: When a call attempt is generated 

from a saturated cell Ck, Ck may borrow a channel Ii from a neighboring cell to 

meet this request, provided that frequency interference constraints are satisfied. 

To prevent co-channel interference during channel borrowing, Ii has to be locked 

in some neighboring cells within minimum reuse distance D, as we mentioned in 

Section 2.4. If AC constraints are imposed, then Ii+l or/and Ii-l may also have to 

be locked in some cell(s) adjacent to Ck [Mirchandani and Xu, 1989]. We assume 

that a locked channel cannot be borrowed. 
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Thus, in general, when Ck borrows a channel, some free carriers within distance D 

must remain locked1 until the borrowed channel is returned. We denote a channel 

borrowing by Iii -t Ck if Ii from CI is lent to Ck. We refer to the resulting locked 

carriers as the interferable carriers, and the cells where -the interferable carriers are 

located as the interferable cells, with respect to Iii -t Ck. To illustrate, consider a 

cellular system with D/r = v'2T, (thus a 7-cell pattern is used according to (2.3)), 

as shown in Figure 3.1a. Cells labeled with the same number at upper corners 

are allocated the same group of channels; the labeled numbers at lower corners 

are cell numbers. Suppose a new call request is generated from a saturated cell 

C26. To satisfy this request, C26 wishes to borrow Ii, say, from C25. Then, to make 

Ii,25 -t C26 free of co-channel interference, li,21, fi,25 and fi,37 must be free when 

Ii,25 -t C26 is initialized, and they must remain locked untilli,25 -t C26 ends. Thus, 

li,2b li,25, Ii,37 are the interferable carriers, and C21, C25 and C37 (the shaded cells in 

Figure 3.1a) are the interferable cells, with respect to fi,25 -t C26. 

Reassign When Necessary 

If there does not exist a channel fi such that fil -t Ck is feasible, then, in general, 

the call request is rejected. But in some situations, we may reassign channels to 

make fil -t Ck feasible. For example, suppose li,21 and fi,25 are free and fi,37 is 

busy. Then we may switch the call occupying fi,37 to Ii,37 for some j =J i (so long 

as Ii,37 is free) such that fi,37 is released, and consequently, fi,25 -t C26 becomes 

1 When we say a carrier lil is locked, we mean that Ii is locked in cell C/. 
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(a) 

(b) 

Figure 3.1: Channel borrowing and generation of borrowing calls 
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feasible [Mirchandani and Xu, 1989]. This strategy increases the probability that 

a channel borrowing is feasible while keeping the number of channel reassignments 

minimal. We shall refer to this strategy as RWN (Reassign When Necessary). 

Immediate Channel Return 

Channel borrowing provides flexibility for channel assignment, but on the other 

hand, it uses more resource: To satisfy a call request by channel borrowing, more 

than one carrier has to be locked. To reduce this negative effect, the channel 

borrowing time n (the time period from the instant a channel is borrowed until the 

instant it is returned) should be as short as possible. The average channel borrowing 

time depends on the channel return strategy adopted. As we mentioned in Section 

2.4, there are two common channel return strategies: the natural return strategy 

and the immediate return strategy. Since the immediate return strategy minimizes 

the average channel borrowing time, it is assumed in the analytical model. 

3.2 The Analytical Model 

3.2.1 The approximations and model construction 

Consider a call request generated from a saturated cell Ck. Suppose the call 

request is satisfied by Iii ~ Ck for some i and 1, and v carriers are locked during 

this channel borrowing. Conceptually this process generates v "borrowing calls" 

which go to the interferable cells and occupy the interferable carriers. (An example 

is given in Figure 3.1b.) When Iii ~ Ck ends, the set of interferable carriers are 
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released and the v borrowing calls leave the system. If no i and l exist to make 

Iii ---? Ck feasible, the call is lost. With this viewpoint, a cell is equivalent to a 

multiserver queuing system with two types of arrivals: the originally generated call 

requests (say type I) with rate A, and the borrowing arrivals (say type II) with 

rate Ab (see Figure 3.2a). Let (3 denote the probability that a channel borrowing 

is feasible. Then, when the cell is saturated, a type I arrival is accepted with 

probability (3, and is lost with probability 1 - (3 (Figure 3.2b). 

We will say that a cell is in 'state (i, j) if there are i type I calls and j type II 

calls being served. We make the following approximations: 

(A) type II arrivals to a cell form a Poisson process, . 

(B) the service time, n, of a type II arrival (that is, the channel borrowing time, 

or the time during which a channel is locked) is exponentially distributed with 

mean 1/ /lb, and 

(C) Ab, /lb and (3 are state-invariant, that is, they do not depend on the state of 

the cell-system. 

Approximation A is partially based on a well-known result: if a point process is 

a superposition of a large number of independent and stationary point processes, 

then a stationary Poisson process is a good approximation to this point process. 

The superposition process converges to a Poisson process as the number of com

ponent processes tends to infinity [Cinlar, 1972]. Clearly, the larger is the number 
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of component processes in the superposition, the more accurate is this approxima

tion. Note that type II arrival stream to a cell is a superposition of a number of 

(stationary) overflow processes. This number depends on the system configuration. 

In the hexagonal homogeneous system to be described in Section 3.3, this number 

is 12. Since the number of component processes forming type II arrivals is not 

usually large, and the processes are weakly dependent due to channel borrowing, 

Approximation A may appear to be crude. Nevertheless, we note that type II ar

rivals constitute a minor portion of the overall arrival process and that, due to the 

immediate return strategy, the service times (borrowing times) for type II arrivals 

are much shorter than that for type I arrivals (this will be shown in Table 3.3). 

That is, the percentage of time that a channel is occupied by a type II customer 

is very small and, therefore, the error caused by Approximation A should be very 

small or negligible. 

Approximation B is based on observations from the simulation model described 

in the next section. The simulation results show that the density of n appears to 

be exponential, and the coefficient of variation (the ratio of the standard deviation 

to the mean) of n is close to 1 (Table 3.3), as would be expected for an exponential 

distribution. 

Approximation C is made for tractability of the analysis. Ab, /lb and f3 are actually 

dependent on the cell's state. However, the simulation results to be presented in 

Section 3.3 show that this approximation does not cause significant errors. 
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By ignoring the slight dependence between the two types of arrivals, the cell

system can be expressed now as the two-dimensional ergodic Markov chain depicted 

in Figure 3.3. Here R is the maximum number of nominal channels loanable to 

other cells from a cell, and Q is the maximum number of channels that a cell is 

allowed to borrow from other cells. Note that when a cell is in a state (i,j) with 

m ~ i + j < m + Q, the arrival rate of type I calls is reduced to (3)'', since a small 

fraction of type I calls are lost because a feasible channel borrowings is not available. 

Remarks. 

Consider a cell in state (i, j) with m < i + j, and a transition occurs as a result of 

a call completion. According to the immediate channel return strategy, a borrowed 

channel is returned immediately after this transition. . 

Case 1. The completed call is a regular call. Then if the call has occupied a nominal 

channel, a call using a borrowed channel is switched to the just released nominal 

channel. If the call has occupied a borrowed channel, no channel-switching occurs. 

In either case, the cell state transitions to (i - 1, j). 

Case 2. The completed call is a type II (borrowing) call. Then a channel-switching 

occurs, and the number of regular calls using nominal channels is increased by one, 

while the number of regular calls using borrowed channels is decreased by one. 

Thus, the state transitions to (i,j - 1). 
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Let Pii denote the equilibrium probability that a cell is in state (i,j). Thus, the 

steady-state balance equations are: 

i +j < m, j < R, (3.1 ) 

i=O, ... ,m-R-l, (3.2) 

AbPm-i,i-l + APm-i-l,i + (j + l)J.lbPm-i,i+t +(m - j + 1)J.lPm-i+l,h 

j =O, ... ,R, (3.3) 

m < i+j < m+Q, (3.4) 

and 

j = O, ... ,R, (3.5) 

with Pii = 0 if i < 0 or j < 0 or j > R. Since the total probability must be equal 

to one, 

L Pij = 1. (3.6) 
O$i+i$m+Q 
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To solve these equations, we need expressions for .\b, /1b and (3 in terms of the 

given parameters and Pij. Since every cell has the same traffic characteristics in a 

homogeneous system, applying conservation law we can· equate the rate of accepted 

type II arrivals generated from a cell to the rate of type II arrivals entering the cell: 

v(3.\ I: Pij =.\b 
m$i+j<m+Q O<i+j<m-l 

- j<"R. 

Pij, 

where v is the number of carriers locked in a single channel borrowing. 

(3.7) 

To derive the expression for /1b, imagine a Q server loss-system with service rate 

/1b and using the following queuing discipline. A type I arrival enters the system if 

it initializes a channel borrowing; it leaves the system when the borrowed channel is 

returned. Loosely speaking, the Q server loss-system serves 100(3% of the overflow 

of type I arrivals when the cell is saturated. Let N and ~ be the average number 

of bus,y servers and the average arrival rate to the system. Then 

(i + j - m)pij 

and 

~ = .\(3 I: Pij· (3.8) 
m$i+j<m+Q 

Using Little's formula, 

by substitution we get 

(3.\ I: Pij 
~ m$i+j<m+Q 

/1b = N- = --==---=---....:........--I: (i + j - m)Pij 
(3.9) 
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We still need to determine /3. Let Ck be the cell requesting a channel borrowing. 

Let the neighboring cells that may lend channels to Ck be Ckl' ... , Ckr Let 

Event Aj = fi,kj --+ Ck is feasible for some i. j = 1, ... , J. 

Then 

/3 = Prob(A1 U ... U AJ). (3.10) 

To compute the exact probability is an unwieldy task because the channel borrowing 

processes in the network are stochastically dependent on one another. Therefore, 

we developed an approximate method to compute /3, which depends on the config

uration of the service area, the type of frequency interference constraints imposed 

and the initial channel allocation. In the next subsection, we illustrate this method 

via an example. 

3.2.2 Computation of /3 

Consider the system with 7-cell reuse pattern shown .in Figure 3.1, with only CC 

constraints imposed. Without loss of generality, suppose cell C26 requires a channel 

borrowing. Since only CC constraints are imposed, C26 may borrow a channel form 

anyone of its six adjacent cells. Thus the possible set of interferable cells must 

belong to the collection {SJ, ... , S6} with S1 = {C13, C2S, C3t}, S2 = {C19, C33, C3S}, S3 = 

{C21,C2S,C37},S4 = {C12,C27,C30},SS = {C14,C1S,c32},and S6 = {C20,C24,C36} (refer 

to Figure 3.1). Rewrite (3.10) as 

/3 = 1 - Prob(A~ n ... n A~), 
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where Aj is the event that Sj can offer a channel to C26, and Aj is the complement 

of Aj • 

Let us initially ignore the dependence of the channel assignment processes in the 

service area. Noting that St, ... , S6 are disjoint, then AI, ... , A~ may be treated as 

independent events. So 

6 

/3 - 1 - II Prob( Aj) 
j=1 

6 

- 1 - II (1 - Prob(Aj )}. 
j=1 

(3.11) 

From the homogeneity of the service area, Prob(A1) = ... = Prob(A6). Since RWN 

channel reassignment scheme is assumed, and v = 3, we obtain the approximation:2 

Prob(Aj ) = ( 2: Pij )3. 

Substituting (3.12) into (3.11), 

O<i+J<m-l 
- j<-n 

/3 ..:.. 1 - (1 - ( 2: Pij)3)6. 
O<i+J<m-l 
- j<-n 

(3.12) 

(3.13) 

The above equation, which could be used to estimate /3 easily, is derived by ignoring 

the correlations among channel availabilities in the cells. To estimate /3 more accu-

rately, we revise (3.13) by taking into account the correlation between C26 and each 

cell C[ E S1 U ... U S6, using another approximation based on the observation that, 

when C26 is saturated, the conditioned call blocking probabilities of the neighboring 

2Some circumstances, although very rare, can arise in which borrowing a channel from Si is 

infeasible even when each cell in Hi has a free channel. This will be explained in Subsection 3.3.4. 
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cells will tend to be higher due to the higher rate of borrowing calls generated from 

C26. The approximation assumptions are 

(i) parameters I1b and (3 of an interferable cell CJ are not affected by whether C26 

is saturated or not; that is, we ignore the influence of C26'S state on the two 

parameters, and 

(ii) when C26 becomes saturated, the rate of type II arrivals to c/ changes imme-

diately to a new (higher) level, say Ai;', resulting in a new equilibrium with 

steady-state distribution {Pi'j} of Ct. That is, the effect of the transients is 

ignored. 

Then (3.13) may be modified as 

(3 ~ 1 - (1 - ( 2:::: pij)3)6. 
O<i+J<m-l 
- j<""R 

(3.14) 

To utilize (3.14), we need to develop more formulae. Replacing Ab and Pij by Ai;' 

and prj, respectively, in (3.1)-(3.6), we have 

i+j < m, j < R, (3.15) 

i = 0, ... , m - R - 1, (3.16) 
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j = O, ... ,R, (3.17) 

m < i+j < m+Q, (3.18) 

j = O, ... ,R, (3.19) 

and 

(3.20) 

To estimate the conditional arrival rate ).b, first observe that type II arrivals to Cl 

come from 18 cells including C26. Unconditionally, the rates of the 18 component 

borrowing arrival streams to Cl are identical due to the homogeneity of the system 

and, therefore, each stream has rate ).b/18. Given C26 is saturated, however, the 

rate of borrowing arrivals generated from C26 to Ct, say ).26' is not equal to ).b/18. 

From homogeneity 

(3)'/6 = ).~6 
O<i+j<m-l 
- i<"'R 

* Pii' 
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since there are 6 adjacent cells which may lend channels to C26. Hence, given C26 is 

saturated, the rate of type II arrivals to each interferable cell in 31 U ... U 36 is 

f3>. 
* Pij 

{3.21 } 

O<i+J<m-l 
- j<71 

Thus, usmg {3.14} to estimate {3, we can iterate through {3.1}-{3.9} and {3.14}-

(3.21) to obtain the solution. Numerical results show that, by using (3.14) instead 

of (3.13) the estimation error for blocking probability can be reduced significantly. 

The method described here is applicable to any homogeneous system configura-

tions, although (3.14}-{3.21) may have different expressions for different homoge-

neous systems. 

Finally, we point out that this method slightly overestimates f3, since it ignores 

the positive correlations among interferable cells. 

3.2.3 Discussion on the existence and uniqueness of a solution 

We first show that (3.1}-(3.9) and (3.14}-(3.21}3 have a solution. Define 

p; = { 
if i:::; m - R+ Q, 

otherwise, 

if i :::; m -. R + Q, 

otherwise, 

3The exact expressions of equations (3.14) and (3.21) depend on the system configuration. 
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and 

Note that f3 is a function of pij' so >'b, >'b and J-lb can also be expressed as functions 

of Pij and pij. Hence, if we express >'b, >'b and J-lb in terms of Pij and prj in (3.1)-(3.6) 

and (3.15)-(3.20) then, after some rearrangement, these equations can be rewritten 

in the compact form 

Pij = fij(p), 0::; i + j ::; m + Q,j ::; R, (3.22) 
. . 

(3.23) 

Equations (3.22)-(3.23), with the right-hand sides being a vector function of p, 

defines a continuous mapping from the compact convex set [0, l]2u into itself, where 

U = (m + Q + l)(R + 1) - R(R + 1)/2 

is the number of states of a cell. From the Brouwer fixed point theorem [Heuser, 

1982], there exists a solution to (3.1)-(3.9) and (3.14)-(3.21). 

Unfortunately, it is not clear whether the solution to (3.1)-(3.9) and (3.14)-(3.21) 

is unique. Nevertheless, using the algorithm we developed, which will be discussed 

in the next subsection, we observed that the computation always converged to the 

same solution for all system configurations of the test cases. It is likely that the 

model has a unique s·olution. The argument and observation given above also apply 

to the models developed in the next chapter. 
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3.2.4 Computational method 

Given the parameters A and Il, the layout of the service area, the nominal channel 

allocation, and the frequency interference constraints, (3.1)-{3.9) and (3.14)-{3.21) 

can be solved numerically to compute the steady-state probability distribution {pij} 

and parameters Ab, Ilb, (3. Basically, we adopt Jacobi's method [Murphy, Ridout 

and McShane, 1988] in the iteration scheme for solving these eqmttions. That is, 

beginning with an initial guess for the unknowns, the equations are solved iteratively 

by successive substitutions. 

Once (3.1)-{3.9) and (3.14)-{3.21) are solved, the average blocking probability of 

call requests is calculated from 

PB=[ E Pij]+(1-(3) E Pij. (3.24) 
i+j=m+Q m~i+j<m+Q 

In the above equation, the first term of the right-hand side is the probability that 

the cell-system is saturated with Q borrowed channels and hence cannot borrow 

any more channels, and the second term is the probability that the cell-system is 

using less than Q borrowed channels, but a free channel· is unavailable for loan from 

neighboring cells. 

3.3 The Simulation Model 

The model described above is based on approximating assumptions. Although 

individually the three approximations are clearly not valid, the overall model may 
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be accurate enough for the types of performance evaluations being considered in 

this dissertation (the author certainly hoped so). Thus the model approximations 

were validated by simulating the system without these approximations, and the 

analytical model results were compared with the simulation results. In this section, 

we illustrate the simulation model for validating the approximate analytic model. 

3.3.1 Configuration, assumptions and parameters 

Two types of frequency interference constraints were imposed on the system: 

(i) CC constraints with D/r = V21, 

(ii) CS constraints which do not allow adjacent frequencies to be used in the same 

cell simultaneously. 

Assumptions (a)-(f) described in Subsection 3.1.1, immediate channel return strat

egy and the RWN channel reassignment scheme described in subsection 3.1.2 were 

also assumed in the simulation. 

3.3.2 The service area 

The service area is shown by Figure 3.4. Each cell in the service area is assigned 

a cell number (labeled at the lower corner of each cell in the figure). To implement 

Assumption (a), the left and right boundaries of the service area are regarded to 

be adjacent, and so are the upper and lower boundaries. For example, cell C43 is 

adjacent to c}, C2, C42 and C49, and C49 is adjacent to C}, C7 and C43. Since now the 
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Figure 3.4: The service area of the simulation model 

service area has no boundary effects and all the 49 cells have the same topological 

orientation, the simulation is equivalent to that of an infinitely large homogeneous 

service area. Note that by wrapping the boundaries additional correlation among 

the 49 cells is created. However, the resulting correlation is so slight that it can be 

ignored. 

3.3.3 Channel allocation 

A 7-cell pattern is adopted to satisfy the CC constraints. In Figure 3.4, we note 

that there are 7 sets of co-channel cells; each of them ~s allocated the same set of 

channels. Let the total number of available channels be 7m. Thus, each cell has a 
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Table 3.1: Channel allocation - to a cluster of 7 cells 

co-channel 1 2 3 4 5 6 7 

set 

1 2 3 4 5 6 7 

8 9 10 11 12 13 14 

frequency 15 16 17 18 19 20 21 -

number 

6m-6 6m-5 6m-4 6m-3 .6m-2 6m-l 6m 

7m-6 7m-5 7m-4 7m-3 7m-2 7m-l 7m 

list of m nominal channels. The channels are allocated according to Table 3.1, where 

ith set of co-channel cells are allocated channels Ii, Ii+t, ... , Ii+7(m-l). The channel 

numbers on the list are increasing from top to bottom, with the first available 

channel from the top (the free one with the smallest number) being assigned to the 

next arriving call. 
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3.3.4 Channel borrowing and channel selection 

The R loanable channels of each cell are assumed to be the ones at the bottom of 

its nominal channel list. We allow a cell to lend channels only from the R loanable 

channels; if all the R loanable channels are busy or locked, an RWN assignment may 

be made to vacant a busy loanable channels (refer to Subsection 3.1.2) for channel 

borrowing. Note that a set of interferable cells are co-channel cells; so they must 

have the same set of loanable channels. 

The channel borrowing process in the simulation is the same as described in the 

example of Figure 3.1a. For instance, when cell C25 in Figure 3.4 borrows channel i 

from e17, then fiP, fi,34 and fi,39 are locked until Ii, 1 7 ~ C25 ends. But note that 

because of the CS constraints, a cell can borrow channels from only 4 of its adjacent 

cells. For example, C25 cannot borrow channels from CIS and C32 (refer to Figure 3.4 

and Table 3.1). Also observe that v = 3 in this simulation scenario. 

If more than one adjacent cell can lend a free channel to a saturated cell Ck, then 

we select CI and Ii such that 

(i) L(Vjlc]ESf) BJ is minimized, and 

(ii) i is as large as possible, 

where Bj is the number of occupied channels in Cj, and Sf is the set of interferable 

cells with respect to fil --l- Ck. 
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Here we wish to point out that even when each cell in a set of interferable cells 

Sf has a free channel, it is still possible that borrowing a channel from Sf to Ck is 

infeasible. To illustrate, we discuss two cases. 

Case 1. Each cell in Sf has a free nominal channel, but there is at least one cell 

in Sf with all loanable channels being locked with borrowing calls. In this case, 

fil ~ Ck is infeasible for any i. 

Case 2. Ck has just borrowed fi+l,p from an adjacent cell other than CI, and wishes 

to borrow one more channel from CI to meet a newly arrived call request. Suppose 

fi is the only nominal channel that may be lent from CI to Ck without violating CC 

constraints. In this situation, fil ~ Ck is infeasible if adjacent frequencies cannot 

be used in the same cell simultaneously (which is assumed in the simulation model). 

We refer to this phenomena as infeasibility of adjacent channel borrowing. 

In the simulation model, fil ~ Ck is not permitted if either of the cases described 

above arises. However, since the probability that each of the cases arise is slim, this 

infeasibility is ignored in the analytical model. 

3.3.5 Channel return selection 

In the case that a nominal channel is released from Ck when two or more calls 

in Ck are currently using borrowed channels, we need to set up a rule to determine 

which call should be switched to the just-released channel. The following two rules 

were considered by Mirchandani and Xu [1989]. 
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• First-Come-First-Switch (FCFS) 

By the FCFS rule, the call originating earliest among the calls using borrowed 

channels is switched to the just-released channel. 

• Release the Most (RM) 

This strategy was conceived based on the observation that releasing a set 

of locked interferable carriers may cause the release of another set of locked 

carriers. That is, a chain reaction of channel unlockings may occur. Thus, 

the RM strategy switches the call to the just-released nominal channel such 

that the number of resulting unlocked channels is maximum. 

From simulation results [Mirchandani and Xu, 1989], we found that RM strategy 

performs marginally better than FCFS rule. Since FCFS is much easier to imple

ment, we adopted it in the simulation model. 

3.3.6 Implementation of the simulation model· 

We used the following lists for the procedure (summarized in Figure 3.5) to track 

the status of each call in the system. 

• m nominal channels of each cell Ck, k = 1, ... ,49, are kept in a list G Pk in the order 

of channel numbers. The states of nominal channels, free, busy or locked, are 

indicated on each list at any given time. The number of locked channels in 
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as possible to the call request. 
fp is set busy in Gli . 

N 

y 

Select fil~C!c for some i and l. such that: 

1. LC'eSk BJ~ is minimized. 
'J 1 

2. i is as large as possible. 

Channel reassignment is conducted if necessary. 

Assign Ii to the call request. The 
corresponding set of interferable carriers 
sf are locked in their channel lists. 

The record associated withfil~ck enters Blv,t . 

Figure 3.5: (a) Channel assignment in the s!mulation model 
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A call conversation terminates . 

... -, 
/p is released in c" because 

the call using it terminates 

or because it is unlocked. 

, 
Is BW" empty? 

y 

N 

, 
From all records of BW" fmd /p is set free 
/il-)Ck for some i and I such in GPJe. 
that the record associated with 

/il-)C" entered BW" earliest . 

• Ir 

/i is returned from c" to cr, and 
the call using /i in c" is switched to 
/p. The set of interferable carriers 
Sf are unlocked. The record associated 

with/irC" is removed from BW" . 

Figure 3.5: (b) Channel return in the simulation model 
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a list G Pk cannot exceed R, and the R loanable channels are listed at the 

bottom in the list GPk • 

• We maintain a list BWk of borrowed channels for each cell Ck, k = 1, ... , 49. When 

fil -)- Ck occurs for some i and 1, we keep the i"nformation, called a record 

associated with fil -)- Ck, in BWk until the channel borrowing ends. When 

the number of records in BWk is zero, we say BWk is empty. Since the number 

of records cannot exceed Q, we say BWk is full if the number of records in 

BWk is Q. 

The simulation model was implemented in GPSS/H, a discrete-event simulation 

language, combined with Fortran subroutines. When the simulation starts, one 

of the Fortran subroutines is called to initialize the channel allocation based on 

FeA (initialize matrices GP = {GPk } and BW = {BWd). During simulation, 

whenever a cell requests a channel borrowing, or the state of a list BWk needs to 

be updated, an associated Fortran subroutine is called to conduct the search for a 

feasible channel borrowing, or to modify BWk. This makes programming easier, and 

makes the simulation model well structured so that it is relatively easy to modify 

or update the model. 
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3.4 Results, Observations, and Concluding Remarks 

3.4.1 Results 

In the simulations, Rand Q were set at 5, and m at 30. The initial traffic density 

per cell was set to be 22 Erlangs which results in a blocking rate of about 2% for 

FeA. Then the traffic load was gradually increased to 32 Erlangs. We simulated 

the system on an IBM 3090-200E mainframe. 

We solved the analytical model using a numerical iteration coded in FORTRAN 

IV. We used a package within ESSL library for solving the simultaneous equations 

(3.1)-(3.6) (or (3.15)-(3.20)) in sparse matrix form. The computational times for 

solving the analytical model were only a small fraction (less than 2%) of that re

quired for the corresponding simulation runs. 

Various system performance characteristics can be evaluated once the solution 

has been obtained. Since PB , the blocking probability of the system, and X, the 

number of occupied channels in a cell, are important characteristics of telephone 

systems, the simulation results are compared to the numerical solutions of the an

alytical model in terms of PB and the distribution o~ X. The results from the 

simulation and the analytical model are summarized in Tables 3.2 - 3.4 and Fig

ures 3.6 - 3.8. Figure 3.6 indicates that the analytical model slightly underestimates 

PB for each traffic density tested. The approximations made in the development 

of the analytical model (e.g., Approximation A) contribute to this bias, but the 



85 

0.18 

0.16 

0.14 m=30,R=Q=5 

» 0.12 
:Ei :c 
~ 0.1 .&:I 
0 ... 
Q, 

btl 0.08 .5 
~ 
u 
0 :c 0.06 

0.04 

~b2==::~~::~24----~~----2~6----2·7----~~---2~9----3~0--~3~1--~32 
Traffic density (Erlang) 

Figure 3.6: Blocking probability verses traffic density 

bias may mainly be caused by the overestimation of {3 (Table 3.2). Nevertheless, 

the numerical solutions of the analytical model are very close to the simulation 

results: the percentage errors for E(X) and the standard deviation of X are under 

0.3% and 1.3%, respectively; the average absolute error for PB is about 0.002. Fig-

ure 3.7 compares examples of computed distribution and empirical distribution of 

X, obtained from the analytical and simulation models respectively. Table 3.3 and 

Figure 3.8 support Approximation B; Comparing the results of the analytical and 

simulation models, it seems clear that the approximations made in Subsection 3.2.1 

are reasonable, and the analytical model approximates the system very well. 
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Table 3.2: Comparison of results from the analytical and simulation models 

{J E(X) S.D.ofE(X) PB (%) 

>'11' sim. anal. sim. anal. error sim. anal. error sim. anal. abs. 

(%) (%) error 

22 0.993 0.998 22.05 22.11 0.27 4.38 4.42 0.91 0.30 0.27 0.03 

23 0.978 0.993 23.09 23.16 0.30 4.31 4.36 1.16 0.62 0.51 0.11 

24 0.954 0.975 24.11 24.15 0.17 4.17 4.23 1.44 1.12 1.00 0.12 

25 0.906 0.937 24.95 25.02 0.28 3.97 4.03 1.51 2.28 1.94 0.34 

26 0.862 0.884 25.50 25.70 0.78 3.81 3.80 0.26 3.50 3.37 0.13 

27 0.805 0.829 26.16 26.24 0.31 3.53 3.57 1.14 5.34 5.12 0.22 

28 0.755 0.776 26.67 26.68 0.04 3.27 3.35 2.45 7.25 7.06 0.19 

29 0.704 0.727 26.99 27.03 0.15 3.10 3.15 1.61 9.35 9.09 0.26 

30 0.633 0.683 27.24 27.33 0.33 2.98 2.96 0.67 11.38 11.17 0.21 

31 0.625 0.643 27.55 27.58 0.11 2.74 2.79 1.68 13.34 13.24 0.10 

32 0.580 0.606 27.70 27.79 0.11 2.60 2.63 1.15 15.70 15.30 0.40 

aver. 0.23 1.27 0.19 
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Table 3.3: Coefficient of variation of nand /-Lbl/-L, obtained from the simulation 

AI/-L cv of n /-Lb I/-L 

22 1.14 15.20 

23 1.12 15.11 

24 1.10 15.14 

25 1.09 15.50 

26 1.06 16.05 

27 1.04 16.97 

28 1.03 17.05 

29 1.01 17.91 

30 0.98 18.15 

31 0.98 18.62 

32 0.98 19.21 
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Figure 3.8: Density of channel borrowing time Tb, obtained from the simulation 
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3.4.2 Some observations 

The following other observations on VFCA were revealed through the analytic 

model. 

Channel Return Strategies 

If the natural return strategy, instead of the immediate return strategy, is adopted 

in the system then the service rate for type II calls is J-l. When J-lb is replaced by 

J-l in the Markov chain of Figure 3.3, the service rate for type II calls is substan

tially decreased (Table 3.3), which clearly results in a worse system performance. 

Therefore, immediate return, not natural return, should be preferable in an effective 

VFCA implementation. 

The Effects of Rand Q 

The parameter R may be interpreted as the maximum number of "dynamic 

channels" that a cell can offer, and Q as a "flow control" parameter for controlling 

type II arrivals. Thus, intuitively, R should be as large as possible, and there may 

exist a value of Q such that PB is minimum. Since the analytical model is time

efficient in comparison with a simulation model, we used it to examine the influence 

of Rand Q on system performance. The numerical solutions for different values 

of Rand Q under the same system configuration with m=30 are summarized in 

Figure 3.9. The test was conducted at a low traffic density (Figure 3.9a, AI J-l = 24) 

and a moderately high traffic density (Figure 3.9b, AI J-l = 28). It can be observed 

that appropriately small values of Rand Q (e.g., R = Q = 5 for the m=30 case) 
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achieve large improvements in system performance. Further increases in Rand Q 

make only marginally improvements in performance. This should be expected since 

the probability that a cell can borrow or loan a large number of channels is extremely 

small in most situations. This observation has major practical implications because 

(i) the computational time required to solve (3.1)-{3.9) and (3.14)-{3.21) increases 

rapidly as Rand Q increase, and 

(ii) in a cellular mobile telephone system, it is very likely that a cell can borrow 

only a small number of channels because of hardware considerations. 

m, J, /3, and the Percentage Load Increase 

Given values of Rand Q, the benefits gained from channel borrowing depend 

on m, the number of channels initially allocated to each cell, and J, the number of 

neighboring cells from which a cell may borrow channels. To examine the effect of 

J, let us consider two other system configurations. Two homogeneous systems, say 

System A and System C, are illustrated in Figures 3.lOa and 3.10b, respectively. We 

will designate the test system considered in Section 3.3 as System B. The cluster 

sizes for Systems A, Band Care N = 12,7 and 3, respectively. Suppose that 

the CS constraints assumed in System B are also imposed on System A, whereas 

System C is subjected to only CC constraints (the reuse pattern of System C may 

have potential application in a digital system [Calhoun, 1988]). The number of 

carriers locked in a single channel borrowing, v, is 3 in each of the systems. Due to 



92 

(a) System A 

(b) System C 

Figure 3.10: The two system configurations with N = 12 and 3 
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the different frequency interference constraints and cluster sizes, J is 9, 4 and 2 in 

Systems A, Band C, respectively. 

Again, the analytical model allows us to efficiently investigate the relationships 

among m, J and the percentage allowable load increase, say !:::"C, of VFCA over 

FCA. Fixing PB at 0.02, an acceptable blocking probability, we tested the three 

systems with different m and J values. The numerical results shown in Table 3.4 

give corresponding !:::"C values for different combinations of m and J. The results 

in Table 3.4 suggest that !:::"C decreases as m increases. The reason is that when 

m increases in an FCA system, cv" the coefficient of variation for the number of 

occupied channels in a cell, becomes smaller, resulting in a smaller improvement 

from channel borrowing. However, observe that the absolute load increases become 

larger as m increases. 

The results in Table 3.4 also suggest that !:::"C increases with J. Since larger J 

implies a larger f3 (see equations (3.14)), it appears that larger f3 results in a higher 

traffic-carrying capacity. 

Channel Selection Strategies in Channel Borrowing 

The stochastic characteristics of type II arrivals to a cell are affected by the 

channel selection strategy used in channel borrowing (Section 3.3). However, by 

assuming that type II arrival stream is Poisson and its rate is state-invariant, the 

effects are ignored in the analytical model. As we have discussed in Section 3.2, since 

type II arrivals constitute only a minor portion of the overall arrival process, and 
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Table 3.4: Percentage increase of traffic-carrying capacity versus m and J 

m AI J1 (FCA) cVf J {3 AI J1 (VFCA) ~C (%) 

9 0.953 7.57 49 

10 5.08 0.425 4 0.912 7.04 39 

2 0.840 6.47 27 

9 0.962 12.06 34 

15 9.01 0.315 4 0.920 11.40 27 

2 0.844 10.70 19 

9 0.970 16.62 26 

20 13.18 0.257 4 0.925 15.88 20 

2 0.846 15.09 14 

9 0.976 21.23 21 

25 17.50 0.221 4 0.930 20.43 17 

2 0.849 19.57 12 

9 0.980 25.88 18 

30 21.93 0.196 4 0.934 25.04 14 

2 0.851 24.12 10 
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since the service times for type II calls are much shorter than that for type I calls 

(Table 3.3), the errors resulting from ignoring the effects of the channel selection 

strategy are very small. In fact, this observation agrees with simulation results of 

Mirchandani and Xu [1989]. 

We like to point out, however, that channel selection strategies in channel bor

rowing may significantly influence system performance when a locked channel may 

be borrowed. To illustrate, suppose Cg in Figure 3.4 borrows a channel Ii from Cs 

such that Ii is locked in C3, Cs and C2S. Now suppose C33 wishes to borrow a channel. 

Ii.2s ---i- C33 will not violate CC constraints as long as Ii is free in C42 and C47, since 

the distance between Cg and C33 is greater than D units. Thus, borrowing a locked 

channel is feasible in certain situations [Zhang and Yum, 1991]. Note that borrow

ing a locked channel requires less "resource" (in the above example, only two free 

carriers, h42 and Ii.47, need to be locked4 if C33 borrows Ii from C2S). Hence, a 

selection strategy that always chooses to borrow a channel such that the number of 

newly locked carriers is minimal, will not only increase /3, but also minimize v, re

sulting in a further increment of traffic-carrying capacity. We refer to this strategy 

as the "minimum locking" channel selection strategy. 

4 fi.25 is now "doubly locked" , that is, it cannot be unlocked until both lis -- Cg and /;.25 --> C33 

terminate. 
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3.4.3 Concluding remarks 

In this chapter, we have described the virtually fixed channel assignment scheme 

for mobile telephone systems and developed an approximate analytical model for 

performance evaluation. We have verified the analytical model by comparing the 

analytical results with simulation results. For a wide range of traffic loads, the 

errors introduced by the approximate analytical model are very small. Therefore, 

the model may be used to rapidly evaluate the performance of a proposed VFCA 

design. Also, observations revealed through the analytic~l model are useful in design 

of efficient VFCA schemes. 

A fundamental assumption of the analytical model is that the system is homo

geneous: every cell has the same traffic and performance characteristics. But if we 

can obtain statistics for Ab, /lb and j3 for each cell from an actual non-homogeneous 

VFCA system, then equations (3.1 }-(3.6) may be also used to evaluate the perfor

mance of such a system. That is, the Markov chain depicted in Figure 3.3 is a 

simplified analytical model for an actual VFCA system. 

Before concluding this chapter, we justify the VFCA method from the standpoint 

of mobile telephone provider and practical implementation. 

From Table 3.4, we see that for an FCA system with a blocking rate of 2%, 

the traffic-handling capacity can be increased by about. 10%-50% if VFCA is used, 

depending on the value of m and the system configuration. These results were 

obtained based on the assumptions that the system is homogeneous and locked 
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channels are not loanable. We believe that the benefits of VFCA can be greater in 

a non-homogeneous system with bursty arrival processes. The benefits can be fur

ther augmented if, in addition, the minimum locking selection strategy for channel 

borrowing is used. 

The channel borrowing procedure described in Subsection 3.1.2 also suggests a 

distributed and time-efficient VFCA algorithm. To set up a channel borrowing, only 

information from neighboring cells is needed, and searching for a feasible channel 

borrowing does not require substantial computational time. If neighboring cells can 

exchange information through high speed data links and this information is shared 

with the affected cells' base stations, then loanable channels can be assigned easily 

by these base stations. In a high-capacity cellular system, a distributed channel 

assignment algorithm can significantly reduce the workload of the mobile telephone 

switching office (MTSO). 

In a time division multiple access (TDMA) system, a time-slot may be regarded 

as a logical channel. Instead of borrowing a frequency, in a TDMA system a cell may 

temporarily borrow a time-slot from an adjacent cell. Thus, the VFCA scheme and 

its analytical model may also be applicable to TDMA mobile telephone systems. 

Finally, VFCA requires that each base station can handle Q channels (or time

slots) in addition to the nominal channel set (in a non-homogeneous system the 

value of Q may vary for different cells). From the results shown in Figure 3.9, we 

see that to achieve large performance improvements, Q need not be large. Thus, 
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satisfying this requirement may not be very costly froJ;Il hardware considerations. 

Further, since VFCA is a modification of FCA, it would seem that a VFCA scheme 

can be incorporated into an existing FCA cellular telephone system at a reasonable 

cost. 

In summary, we conclude that VFCA not only has the potential of improving 

system performance, but should be a good prospect for implementation in cellular 

systems of the future. 
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CHAPTER 4 

Handoffs in Cellular Systems 

4.1 Introduction to Handoff 

One of the major considerations in cellular mobile telephone systems is handoff. 

When a mobile unit using a channel crosses a cell boundary, the mobile call is either 

"handed oW' to a channel in the new cell, or is terminated (forced blocking). Briefly, 

handoff is a procedure to switch a boundary-crossing mobile call from a channel in 

the original cell to a channel in the new cell. Generally, the carrier been used by a 

boundary-crossing call cannot be used in the new cell because the received signal 

may be too weak or frequency interference may arise. Hence, to continue the mobile 

unit's communication, the new cell needs to assign a new carrier to this call. 

The need for handoffs depends on the size of the cells. For example, if the radius 

of the cell is large, 16-32 km (10-20 mi), most calls will begin and terminate in the 

cell and there is little chance that a call will be dropped before termination as a 

result of weak signal at the cell boundary. In such systems, if a call is dropped 

in a fringe area, the customer can simply redial and reconnect the call. However, 

when the cell size is small, boundary crossings become n.:t0re frequent, and a handoff 
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procedure is necessary to maintain voice conversation and quality. The average cell 

size of a high capacity cellular system in a metropolitan area can be rather small, 

say 2-5 km in radius. In such systems, handoff conside~ation cannot be ignored in 

design of a channel assignment scheme. 

We did not consider handoff effects in the development of the analytical model 

in Chapter 3. In this chapter, we generalize the analytical model to include the 

handoff traffic. 

4.1.1 The handoff procedure 

Let us briefly describe the procedure for a handoff, without discussing the specific 

condition for initiation of a handoff. The signal strength of a call is always monitored 

at a base station. When the signal strength reaches a specific level set for handoff, 

the base station sends a request to the MTSO for a handoff on the call. Usually the 

MTSO does not know where the mobile unit is located,_ so it assumes that the unit 

is entering the adjacent cell whose base station is receiving the strongest signal from 

the call. The MTSO switches the call to a channel (if available) in the new base 

station without either interrupting the call or alerting the user. The call continues 

as long as the user is talking; the user does not notice handoff occurrences. 

We see that a handoff occurs according to the signal strengths at the neigh

boring base stations, not the location of the user. Since attenuation of a radio 

signal is affected by not only the propagation distance, but also the terrain and 
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weather condition, a handoff does not always occur at a "cell boundary". In fact, 

cell boundaries in a real system are ambiguous; they cannot be clearly designated. 

Nevertheless, assuming that han doffs always occur at artificial cell boundaries sim

plifies the analysis. For our purpose of analyzing channel assignment schemes, this 

assumption seems reasonable and will be used. 

4.1.2 Characteristics of handoff traffic 

The teletraffic in a cellular system may be categorized into two classes: the 

originally generated calls, which we shall referred to as fresh calls, and handoff 

calls. In a high-capacity cellular system, handoff calls constitute an important part 

of the overall traffic. To model a channel assignment scheme in such systems, it is 

necessary to understand some traffic characteristics of handoff calls. 

There are two important parameters associated with the handoff traffic III a 

cellular system: the channel holding time Tc (from the instant a channel is assigned 

to a call to the instant that the channel is released from the call), and h, the 

average number of handoffs generated by a fresh call. h, together with other system 

parameters, determines the arrival rate of handoff calls to a cell. 

The distribution of Tc is different from that of call duration time T (from the 

instant an originally generated call-request is assigned a channel to the instant the 

call is completed) which is commonly assumed to be exponential. 
> .... 



102 

The relationship among T, hand Te may be described by 

E(Te) = E(T)j(l + h). (4.1) 

Although the above expression is simple, it is not an easy task to determine hand 

the distribution of Te , because they depend on distribution of T, the cell size, and 

the movement of the mobile vehicles within the coverage area. Moreover, Te has 

different conditional distributions for different types of calls. If a channel is assigned 

a fresh call, than the call could be generated from anywhere within the cell. If the 

channel is assigned a handoff call, the call must be generated at the cell boundary. 

Clearly, the channel holding time depends on the location where the carried call is 

generated. 

Since hand Te are affected by the movement of the mobile unit, it is difficult 

to express them accurately by a mathematical model. For tractability of analyses, 

simple and reasonable approximations for hand Te are needed. In the following 

subsection, we introduce some results from the literature on approximations of h, 

distribution of Te , and modeling of handoff traffic. 

4.1.3 Some analytical results 

Through both simulation studies and analytical analysis, Guerin [1987] has inves

tigated the relationship among h, distribution of Te , and other system parameters. 

He has shown that, approximately, 

h = (3 + 2V3)j9a (4.2) 
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with 

a = rJlIV, ( 4.3) 

where r is the cell radius, Jl = liT, and V is the average speed of mobile units. For 

wide ranges of parameters r, Jl and V, this formula gives fairly accurate estimation 

of h. 

Guerin also found that Tc is approximately exponentially distributed as long 

as a is not too small (say a > 1). This condition is usually satisfied in most 

practical scenarios; for example, for a small-cell system with r = 2 km, 1 I Jl = 2 

min and V = 35 kmlhr, a = 1.7. This result is important in that (1) simulating 

mobile motion is very complicated and expensive; (2) exponentiality assumption 

on Tc makes analysis for handoff traffic considerably simpler. Also note that this 

approximation ignores the difference between distribution of Tc for fresh· calls and 

that for handoff calls. 

Before Guerin's results were available, exponential distribution of Tc had been 

assumed by Hong and Rappaport [1986]. In their analysis, fixed channel assign

ment was assumed. Since involuntary call termination produces a negative effect 

on customer satisfaction, the average blocking probability of a handoff attempt, 

denoted by Pfh , needs to be kept at an extremely low .level. To reduce Pfh, Hong 

and Rappaport proposed two schemes based on FCA: 



104 

Scheme I: A small number of channels on the channel list of a cell are reserved 

exclusively for handoff calls, while the other channels are shared by fresh and 

handoff calls. 

Scheme II: The same prioritized handoff procedure of scheme I is assumed, except 

that buffering of handoff attempts is allowed. Specifically, when a call requests 

a handoff and the new cell is saturated, the handoff attempt is queued and 

may be satisfied in some future time when a channel in the new cell becomes 

available to it if, by that time, the mobile unit has not moved away from the 

handoff area. 

Scheme I is the simplest, and was assumed in the simulation and petri-net models by 

Shetty [1989]. Scheme II is based on the following observation. When a mobile unit 

moves away from the base station, the received power generally decreases. When the 

received power becomes lower than a handoff threshold level, the handoff procedure 

is initiated. Hong and Rappaport assume that when the received power drops below 

the handoff threshold level, the quality of the voice conversation is still acceptable 

as long as the received power is above a receiver threshold level (the level below 

which the voice quality is considered unacceptable). The handoff area is defined as 

the area in which the received power level from the mobile station is between the 

handoff threshold level and the receiver threshold level. Thus, a call does not have 

to be dropped when the received power level is below the handoff threshold level so 

long as the mobile unit remains in the handoff area. Hong and Rappaport suggest 
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that when a call enters the handoff area and the new cell is saturated, the handoff 

attempt is queued and satisfied at some future time provided that a channel in 

the new cell becomes available before the mobile unit moves away from the handoff 

area. If the received power level from the original cell's base station drops below the 

receiver threshold level prior to the time the mobile unit can be assigned a channel 

in the new cell, the call is forced to terminate. 

Two queuing models for priority schemes I and II, respectively, have been pro

posed by Hong and Rappaport for performance analyses. In the modeling of scheme 

II, it was assumed that (i) the dwell time TQ , defined as the time period that a mo

bile unit will stay within the handoff area, is exponentially distributed, (ii) if more 

than one handoff attempt is in the queue, the first-come-first-served queuing disci

pline is used, and (iii) the queue capacity at the base station is unlimited. Based on 

these assumptions, Hong and Rappaport modeled the channel assignment process 

of a cell as a Markov chain. Priority scheme II produced smaller Pfh than priority 

scheme I, due to the queuing of handoff attempts. 

Some other models for system performance evaluation also have been proposed, 

for example see McMillan [1991]. All of the analyses assume a channel reservation 

strategy to reduce the blocking probability of handoff attempts. However, to the 

best of author's knowledge, there is no analytical model available in the literature 

for performance evaluation of a dynamic channel assignment scheme where handoff 

calls are included. 



106 

4.1.4 Reducing PIlL by channel borrowing 

In view of the fact that the frequency bands available for cellular telephone ser

vices are very limited and the demand for services is steadily increasing, efficient 

utilization of the available frequency spectrum has been a very important consider

ation in channel assignment design. The objective of a channel assignment design 

is to maximize channel utilization as well as to minimize the blocking probability 

of handoff calls. The channel reservation strategy described in Subsection 4.1.3 re

duces Pllt. On the other hand, since a fresh call-request may be rejected while a few 

reserved channels are idle in its cell, this strategy substantially decreases channel 

utilization, and consequently, the overall blocking probability is increased. 

In previous chapters we have shown that channel borrowing can increase channel 

utilization. In fact, it can also be used to reduce Pllt . The idea is simple: we do not 

reserve channels for handoff calls, but if a handoff call is generated in a saturated 

cell, 1 it may be satisfied through channel borrowing. To ensure lower blocking rate 

for handoff calls than that for fresh calls, we may either prohibit fresh calls from 

borrowing channels, or allow them to do so under certain restrictive conditions. By 

giving handoff calls higher priority in borrowing channels, Pllt can be maintained at 

an acceptably low level. Note that this strategy will also increase channel utilization, 

1 By "a handoff call is generated in a cell" , we mean that a channel is requested from a hand off 

attempt. 
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since channel borrowing instead of nominal channel reservation is used to reduce 

In this chapter, we propose two schemes based on the above idea. We describe 

the schemes and develop the corresponding models in Sections 4.2 and 4.3. In 

Section 4.4 we present some numerical results and conclusions. 

4.2 The HCBO Model 

Let us first define the system environment and state some approximations. 

The homogeneous system described in Subsection 3.~.1 is again considered here, 

except handoffs are now included. For the reader's convenience, we rewrite the 

applicable assumptions below. 

(a) The service area, which is infinitely large, is subdivided into many regular 

polygons with each cell having the same shape and size. 

(b) The fresh call-requests generated in each cell form a Poisson arrival process 

with rate A, and the arrival processes in the cells are independent of one 

another. 

(c) The call holding time T is exponentially distributed with mean 1/ JL. 

(d) Each cell is initially allocated m nominal channels according to FCA. 

(e) Rejected call requests and rejected handoff attempts are cleared from the sys

tem. 
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We further assume: 

(f) Handoff calls generated in a cell form a Poisson process with rate ).h. 

Now let us start with a simple assignment scheme as follows. A fresh call

request or a handoff attempt is assigned a nominal channel if one is available in its 

cell. Otherwise, a fresh call-request is rejected, whereas a handoff attempt may be 

satisfied by borrowing a channel from a neighboring cell. Again, we denote f3 the 

probability that a channel borrowing is feasibJe. We refer to this scheme as handoff 

channel borrowing only (HCBO). 

Since the channel borrowing procedure is adopted in VFCA, RWN and the im

mediate channel return strategies (refer to Subsection 3.1.2) are assumed in the 

system. Again we assume that v carriers must remain locked when a channel bor

rowing is in effect, or conceptually, a handoff call using a borrowed channel generates 

v borrowing calls in the interferable cells and lock the borrowed channel. Thus, a 

cell now has three classes of arrivals: fresh calls (class 1), handoff calls (class 2), and 

borrowing calls generated by handoff calls from saturated cells (Figure 4.1a). We 

refer to these borrowing calls as handoff borrowing calls (class 3), and denote its rate 

by ).hb (Figure 4.1a). Note that when the cell is saturated, class-1 and class-3 calls 

are not accepted, and a class-2 call is accepted with probability f3 (Figure 4.1 b). 

We make the following additional approximations. 

(A) Class-3 calls to a cell form a Poisson process with rate ).hb. 



fresh calls (class 1) A 

handoff calls (class ~ ... 
handoff borrowing Anb ./ 
calls (class 3) ~ 

(a) 

At least 1 nominal 
channel is free 

handoff calls (class 2) 

none of the m nominal 
channels are free 

Ah~ 

Departures 

yp 1 __ .......... Departures 

lost 

borrow a channel 
from outside 

(b) 

Figure 4.1: The ReBO model 
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(B) The service time' of a class-3 call, n, is exponentially distributed with mean 

1/ /-Lb. 

(C) )..hb, /-Lb and f3 are state-invariant, that is, they are .not dependent on the state 

of the cell-system. 

(D) The channel holding time Tc is exponentially distributed with rate /-Le. 

(E) The arrival streams of class-I, class-2 and class-3 calls to cells are stochastically 

independent of one another. 

Approximations A-C were made for tractability of the analysis, as we did in Chap

ter 3. Approximation D is based on Guerin's results [I~87]. Approximation (E) is 

a very natural one to consider. A similar approximation is, for tractability, com

monly made in the analysis of conventional telephone networks: the performance 

of a communication link between two nodes in a telephone network is independent 

of the performances of other links. This assumption may appear to be crude, for 

traffic on links in a telephone network are strongly dependent on one another. How

ever, it has been found that models under this assumption usually give reasonably 

accurate performance evaluations for large-capacity telephone networks (e.g., see 

Kelly [1988]). Moreover, we note that in most practical situations, a call will usu

ally go through only one handoff [Guerin, 1987]. That is, the class-I and class-2 

arrival streams are not strongly dependent on one another. Therefore, we believe 

that Approximation E is reasonable for high-capacity cdlular telephone systems. 
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Based on these approximations, the channel assignment process in a cell can be 

modeled as a Markov process. Since class-l and class-2 arrival streams to a cell are 

approximated to be independent Poisson processes and the channel holding times 

for the two classes of calls have the same distribution, the two classes of calls can 

be regarded as the same type. We denote a cell to be in state (i, j) if there are i 

class-l and class-2 calls and j class-3 calls currently being served. The transition 

rate diagram of the Markov process is shown in Figure 4.2, where).' = A + Ah. Note 

that the arrival process of class-l calls disappears when the cell is in a state (i,j) 

with m :::; i + j < m + Q (see Figure 4.2), because under HCBO class-l calls are 

not allowed to borrow channels. 

Remarks. 

If we compare the Markov process depicted in Figure 4.2 with its counterpart 

10 Chapter 3 (Figure 3.3), we find that they are exactly same ,except that some 

notation is different. 

Denoting Pij the equilibrium probability that a cell is in state (i, j), the steady

state balance equations are: 

(A + Ah + i/lc + Ahb + j /lb)Pij = 

AhbPi,j-t + (A + Ah)Pi-t,j + (j + 1)/lbPi,j+t + (i + 1)/lcPi+t,j, 

i + j < m, j < R, ( 4.4) 
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Figure 4.2: The Markov chain associated with the HeBO model 
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i=O, ... ,m-R-1, (4.5) 

j =O, ... ,R, 

m<i+j<m+Q 

L Pij = 1, 
O$i+j$m+Q 

j =O, ... ,R, 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

where Pij = 0 if i < 0 or j < 0 or j > R, and Rand Q are defined as in Chapter 3. 

Since the system is homogeneous and the channel borrowing procedure is the 

same as described in Subsection 3.1.2, the methods to derive formulae for )..b, Jlb 

and f3 in Section 3.3 are also applicable here. From conservation law (refer to 



(3.7)), 

m~i+j<m+Q 

Pij = ).hb L Pij· 
O<i+j<m-l 
- j<-n 

From Little's formula (refer to (3.9)), 

where 

And (refer to (3.10)) 

~ 
Pb= ---==--------------L (i + j - m)pij' 

~ = ).hf3 L Pij. 
m~i+j<m+Q 

f3 = Prob(At U ... U AJ ), 
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(4.10) 

(4.11 ) 

(4.12) 

(4.13) 

where Aj is the event that borrowing a channel from an adjacent cell Cj is feasible, 

j = 1, ... , J. The method we use to approximately calculate 13 based on (4.13) is the 

same as described in Subsection 3.2.2. Using that method we can derive a set of 

equations similar to (3.14)-(3.21) for computation of 13. We will not give the exact 

expressions for these equations here, but note that they will depend on the system 

configuration. 

We will now develop expressions for Pc and ).h. From (4.1), it is easy to see that 

Pc=p(l+h). (4.14) 

If there was no blocking of handoff calls, then 

(4.15) 



where PB is the probability that a cell is saturated: 

PB = L Pij. 
m$i+j$m+Q 
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( 4.16) 

Note that the actual value of Ah will be smaller than Ah(l - PB ), for some on-

going calls will be blocked before being handed over to a cell. Thus, (4.1.5) is an 

approximation. However, since Pfh is usually very small, the difference between 

the two sides of (4.15) is even smaller, and probably negligible. Finally, h can be 

estimated from (4.2)-( 4.3). 

Equations (4.2)-{4.12), (4.14)-{4.16) and the set of expressions for computing /3, 

form the HeBO model. Given A, j.L, r, V, v, Rand Q, these equations can be solved it-

eratively to obtain estimates of Ah, Ahb, j.Lc, j.Lb, /3, and the limiting distribution {pij}. 

The blocking probability of handoff calls is then calculated from 

Pfh =[ L Pij]+(l-/3) L Pij· ( 4.17) 
i+j=m+Q m9+j<m+Q 

In the development of the HeBO model, we illustrated how to generalize the 

results of Section 3.2 to model the HeBD scheme. This approach will be used 

again in the next section to develop the model for another scheme. 

4.3 The Virtual Channel Reservation 

4.3.1 Measure of the system performance 

From the users' point of view, the major concern, given that the voice quality 

is acceptable, is the blocking of call initialization and the forced termination of an 
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on-going call. Denote PF the probability of forced termination of an on-going call. 

Note that PF is larger than Plh , for a call which succeeds in a handoff may still be 

blocked during the next handoff. 

In many situations it is necessary to have a single performance measure as an 

overriding design objective. A natural measure to evaluate the system performance 

of mobile telephone is the cost in terms of the weighted sum of probabilities [Hong 

and Rappaport, 1986]: 

( 4.18) 

Hong and Rappaport have shown that 

where PN is the probability that a call requests a first handoff, and PH the prob-

ability that a handoff call requests another handoff. Usually Plh is very small, so 

approximately 

( 4.19) 

Substituting (4.19) into (4.18), 

( 4.20) 

with 

Normalizing the weights in (4.20), 

Cost = 'Plit + (1 -,)PB , , E (0,1), (4.21 ) 
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where 

For a homogeneous system, PN and PH do not vary from cell to cell. Assuming 

PN and PH can be estimated either analytically [Hong and Rappaport, 1986] or by 

simulation, (4.21) is well defined and equivalent to the cost function (4.18). We 

will assume that, is known, and adopt (4.21) as the cost function to evaluate the 

system performance. 

4.3.2 The virtual channel reservation scheme and its model 

The HCBO scheme is simple. Yet, in general, it does not minimize the cost 

measure defined by (4.21). The virtual channel reservation scheme is aimed to 

minimize this cost. We describe the scheme below. 

Conceptually, a cell may be regarded as having m + Q channels: m nominal 

channels and Q virtual channels (see Figure 4.3). The Q virtual channels do not exist 

physically, but they may be realized via channel borrowing if necessary. Based on 

this viewpoint, a virtual channel reservation scheme is conceptualized and optimized 

as follows . 

• nr channels are reserved for handoff calls; the rest m + Q - nr channels are shared 

by fresh and handoff calls. We refer to nr as the threshold for class-1 calls 

(Figure 4.3). 
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Figure 4.3: The virtual channel reservation scheme 
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iii If nr ~ Q then all the reserved channels are virtual channels, whereas if nr > Q, 

then all the virtual channels are reserved channels. 

• nr is chosen such that the cost defined by (4.21) is minimized. 

This scheme may be viewed as a generalization of the channel reservation strategy 

of FCA. We refer to our scheme as optimal virtual channel reservation (OVCR). 

Given the system parameters >., /-L, r, V, 1/, Rand Q, this scheme defines an op

timization problem. The objective function is the co~t function (4.21), and the 

decision variable nr is defined on the feasible integer set {O, 1, ... , m + Q - I} (at 

least one channel needs to be shared by fresh and handoff calls). For each feasible 

n r , Plit and PB are determined, which in turn determine the cost. 

The enumerative search approach we used to approximately solve the optimiza

tion pr9blem is briefly as follows: 

(i) Develop a model such that given an nr E {O, ... , m + Q - I}, the model will 

return blocking probabilities Plit and PB , which in turn return the associated 

cost. We will refer to this model as VCR (Virtual Channel Reservation). 

(ii) Search for the optimal threshold n; within the integer set {O, ... , m + Q - 1} 

according to some rule; for each nr compute the associated cost using the 

VCR model. The optimal n; is found when the cost is minimum. 

To develop the VCR model, first consider the case nr < Q. In this situation, 

fresh calls in a cell are allowed to borrow channels from adjacent cells provided that 
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the number of busy channels (including the borrowed channels) in the cell is less 

than m + Q - n r • Thus, in addition to fresh calls (class 1), handoff calls (class 2) 

and handoff borrowing calls (class 3), a cell will have one more class of arrivals: 

the borrowing calls generated by fresh calls from saturated neighboring cells (see 

Figure 4.4a). We shell refer to these calls as fresh borrowing calls (class 4). When 

the cell becomes saturated, the arrival of class-3 and class-4 calls disappear, and 

with probability f3 a class-lor class-2 call is served by borrowing a channel from a 

neighboring cell (see Figure 4.4b). Further, as the number of "free" virtual channels 

drops to nr or less (but not zero), only class-2 calls are accepted to the cell (see 

Figure 4.4c). 

In addition to Approximations A-E of Section 4.2 we make three more approxi

mations in the VCR model. 

(F) The class-4 calls to a cell form a Poisson process with rate >'ob. 

(G) Class-3 and class-4 calls have the same service time distributions. 

(H) The arrival streams of class-4 calls in the network are independent of other 

classes of call arrivals. 

We denote a cell to be in state (i, j) if there are i class-l and class-2 calls, and 

j class-3 and class-4 calls currently being served in the 'cell. Using Approximations 

A-H, the channel assignment process in a cell can now be modeled as the Markov 

process depicted in Figure 4.5. 



fresh calls (class 1) A, .... 
handoff calls (class 2) ~h 

handoffborrowing calls (class 3) ~ 

fresh borrowing calls (class 4) ~b 

(a) the number of occupied channels < m 

fresh calls (class 1) A.. .... 
handoff calls (class 2) A..h 

~ 

(b) m :5; the number of occupied channels < m+Q-nr 

handoff calls (class 2) A..h 
~ 

(c) The number of occupied channels ~ m+Q-nr 

Figure 4.4: Three different scenarios of the VCR model with nr < Q 
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Figure 4.5: The Markov chain associated with the VCR model with nr = Q - 1 
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Now let us consider the case nr ;::: Q. Imagine that we move the boundary 

between the shared channels and reserved channels (refer to Figure 4.3) upwards, 

starting with an nr < Q. As the boundary moves up, the virtual channels available 

for class-1 calls become fewer and fewer. Consequently, >'ob diminishes, since fewer 

class-4 calls are generated by class-1 calls. When the boundary reaches the point 

with nr = Q, class-4 calls disappear since the number of virtual channels that 

class-1 calls may use becomes zero. If we move the boundary up further, then even 

class-1 calls are not allowed to use the last few channel(s) on the nominal channel 

list. That is, one or more nominal channels become reserved for class-2 calls. Note 

that this is still different from the channel reservation of FCA where handoff calls 

cannot take the advantage of channel borrowing. 

Three different scenarios of a cell-system with nr > Q are depicted in Figure 4.6, 

and the associated Markov chain is shown in Figure 4.7. As for the case nr = Q, 

the Markov chain is identical to that for the HCBO scheme (Figure 4.2). Note also 

the differences between Figures 4.4 and 4.6: Class-4 calls are involved only when 

To construct the VCR model, we introduce the following indicator variable: 

1:" _ { 1 
UI) -

o 

if i + j < m + Q - nr 
(4.22) 

otherwise. 

Then, the set of equations for the Markov process can be written as: 
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handoffborrowing calls (class 3) ~ 

(b) the number of occupied channels ~ m+Q-nr 
and at least one nominal channel is free 

handoff calls (class 2) Ah ... 

(c) the number of occupied channels ~ m 

Figure 4.6: Three different scenarios for the VCR model with nr > Q 
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Figure 4,7: The Markov chain associated with the VCR model with nr = Q + 1 
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i + j < m, j < R, (4.23) 

i = O, ... ;m- R-1, (4.24) 

+(m - j + 1)/-lcPm-i+l,i j = O, ... ,R, ( 4.25) 

m<i+j<m+Q (4.26) 

and 

j = O, ... ,R, (4.27) 

with 

L Pii = 1. (4.28) 
O$i+i$m+Q 
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Note that in the above equations, it is possible that >'ob takes a zero value. 

It is now straightforward to derive relationships for >'hb, >'ob, j1b and (3. Analogous 

to (4.10), from conservation law (refer to (3.7) and (4.10)) 

v(3)'h L Pij = >'hb L Pij, (4.29) 
m::;i+j<m+Q O<i+l<m-l 

- j<"R 

v(3). L Pij = >'ob L Pij· ( 4.30) 
m::;i+i<m+Q-nr O<i+j<m-l 

- i<"R-

The summation Pij is defined to be zero if nr ~ Q. SO (4.30) guaran-

tees that >'ob = 0 ifnr ~ Q. From Little's formula (refer to (3.9) and (4.11)-(4.12)), 

>: 
J1b = ---==--------------L (i + j - m)pij' 

(4.31 ) 

where 

Pij + >.(3 Pij· ( 4.32) 
m9+j<m+Q 

The method to calculate (3 is the same as described in Subsection 3.2.2. Using 

that method one can derive a set of equations based on the system configuration. 

Finally, (4.16) needs to be modified to 

Pij] + (1 - (3) Pij· (4.33) 

Equations (4.2)-(4.3), (4.14)-(4.15), (4.17), (4.22)-(4.33) and the set of expres-

sions for calculating (3, form the VCR model. Given nr, these equations can be 

solved iteratively, as described in Subsection 3.2.4, to estimate the cost. 

Using the VCR model developed above, it is not difficult to find the optimal 

threshold n;. Assuming that the cost function is unimodal on nr, the optimal 
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threshold can be found using a bisection search routine. For each nr searched, the 

VCR model is called to evaluate the cost. 

4.4 Numerical Results and Concluding Remarks 

The HCBO and OVCR schemes were compared with the FCA channel reser

vation scheme II described in Section 4.1. The system parameters chosen were: 

m = 30, 1/ f-L = 2 min, R = 3 mi, V = 35 mi/hr., and, = 0.95. Two types of 

frequency interference constraints were imposed: 

(i) CC constraints with D/r = V21, and 

(ii) CS constraints which do not allow adjacent frequencies to be used in the same 

cell simultaneously. 

A 7-cell pattern was adopted. Rand Q were chosen to be 5 for the HCBO and 

OVCR models, and f-LQ was assumed to be IOf-Lc for the FCA channel reservation 

scheme II. 

To obtain the system performance of the FCA channel reservation scheme II, ba

sically we followed Hong and Rappaport's [1986] method. However, their approach 

to approximately estimate f-Lc and )..h is different from that of ours for the HCBO 

and OVCR models. Therefore, we used our estimation. method for their model to 
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Figure 4.8: A comparison of different strategies 

minimize differences caused by the estimation methods themselves in the numeri-

cal comparisons among the models. The modification and Hong and Rappaport's 

method is illustrated in the Appendix. 

The numerical results are summarized in Figure 4.8 and Table 4.1. It can be 

seen from the table and the figure that the improvements of the channel borrowing 

schemes are significant. When fresh call-traffic density is 10.0/min which causes 

2% fresh call-blocking under FCA channel reservation scheme II, the HCBO and 

OVCR schemes reduce the cost by about 60% and 90%, respectively. Table 4.1 
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Table 4.1: The numerical results 

,\ Scheme II HCBO OVCR 

I 

PJh PB Cost(%) PJh PB Cost(%) PJh PB Cost(%) nr nr 

10.0 2 .0001 .021 .116 .0000 .010 .048 2 .0000 .002 .015 

10.5 2 .0002 .031 .171 .0000 .015 .077 2 .0001 .004 .028 

11.0 2 .0003 .043 .239 .0000 .023 .116 2 .0002 .008 .053 

11.5 2 .0004 .057 .319 .0000 .033 .165 2 .0002 .017 .104 

12.0 2 .0005 .072 .408 .0000 .045 .225 3 .0002 .034 .187 

12.5 2 .0006 .089 .505 .0000 .058 .295 4 .0006 .046 .285 

13.0 2 .0008 .106 .607 .0001 .073 .377 4 .0001 .073 .377 

13.5 2 .0010 .124 .714 .0003 .089 .475 5 .0003 .089 .475 

14.0 2 .0012 .143 .835 .0007 .105 .595 5 .0007 .105 .595 
I 

nr = number of reserved nominal channels 

also reveals two other properties: (i) at low traffic densities, OVCR is superior to 

HCBO, and (ii) even when A is as high as 14.0/min, no nominal channels need to 

be reserved for OVCR (since nr = Q), which implies a higher channel utilization. 

We used the OVCR model to investigate the influence of Rand Q on the cost. 

The numerical results, summarized in Figure 4.9, reveal the same phenomena that 

we observed from Figure 3.9. Thus, we conclude that, in general, appropriately 

small values of R and Q can achieve large system improvements. 

The OVCR scheme may be further improved by controlling class-4 calls. For 

example, we may set a threshold nt < m for class-4 calls. That is, when the number 
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of free nominal channels in a cell is less than or equal to nt, class-4 call-requests 

to the cell are not accepted. This strategy is based on the following observation: 

when neighboring cells are nearly saturated, fresh calls should be discouraged from 

borrowing channels so that a handoff call has a better chance to find a feasible 

channel borrowing. Numerical results show that this strategy marginally reduces 

the cost further. 

In summary, from the results shown in Table 4.1 and Figure 4.8, it is clear that 

VFCA is an appealing method for handling handoffs. 
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CHAPTER 5 

Integrated Services in Mobile Telephone Systems 

5.1 Introduction to Modeling of Integrated Systems 

Integrated services have long been investigated and studied for conventional 

telecommunication networks. However, only in recent years has the concept of 

mobile integrated services attracted considerable attention from researchers (e.g., 

see Stern [1989]). 

Consider an integrated communication link between two nodes. The link consists 

of a group of parallel channels through which voice calls and data packets are 

transmitted. This is equivalent to a multi server queuing system with two classes 

of customers. Due to the sensitivity of time delays, a voice call is rejected if it 

cannot be served immediately upon arrival. On the other hand, data calls can be 

queued, since data messages are not sensitive to time delays. We are particularly 

interested in such integrated systems because a base station in a cellular system is 

conceptually a multichannel link. 

For" tractability, it is commonly assumed that voice and data calls form inde

pendent Poisson arrival processes, and call holding times exponentially distributed. 
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These assumptions will hold throughout this chapter. Based on these assumptions, 

a number of models have been proposed for evaluating system performance. Here 

we briefly discuss three major approaches to modeling such systems. 

One traditional approach is to use two-dimensional generating functions. A typ

ical model based on this approach is illustrated in a paper by Fischer [1977]. Two 

rules are considered. Rule I assumes that a voice call is allowed to preempt a 

data call if no free channels are available to serve the voice call. By Rule II, if a 

data call finds all r~annels busy, it may preempt a voice call which then leaves the 

system without complet.ing service. The first rule is of most interest to us, for in 

common situationf data packets can be retransmitted, whereas voice calls cannot. 

Using generating functions, Fischer developed models to evaluate system perfor

mance measures such as the average data queue length. Although this approach 

gives exact solutions, the inherent difficulty with it is that in order to obtain numer

ical results, the roots of a determinant equationl must be found, and experience 

shows that some of these roots tends to cluster near 1 [Weinstein, Malpass and Fis

cher, 1980; Kwong, Leon-Garcia and Venetsanopoulos, 1980]. This property poses 

computational problems when the number of channels is large and, therefore, the 

approach is suitable only for small systems. 

1 For a square matrix A(x) with entries being functions of x, the equation det(A(x)) = 0 is 

referred to as the determinant equation of A(x). 
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The second approach is to use the matrix-geometric technique. If the transition 

matrix associated with an integrated system possesses a particular structure, the 

iterative method developed by Neuts [1978a, 1978b, 1978c] is guaranteed to converge 

to the exact solution. An interesting model employing this technique was proposed 

by Feldman [1982]. Under Rule I described in the preceding paragraph, except 

with preemption prohibited, the transition matrix possesses the desired structure 

investigated by Neuts [1978b]. Combining the matrix-geometric technique with 

a computation procedure developed by Wong, Griffin and Disney [1977], Feldman 

proposed a time-efficient algorithm to compute the steady-state distribution of data 

queue length. 

The third approach is commonly referred to as the fluid-flow method. This 

approach was first considered by Gaver and Lehoczky [1.982] to model an integrated 

multichannel link. Approximating the data traffic as a constant fluid-flow, the 

multiserver queuing system can be formulated as a set of differential equations 

which can be solved with considerably less computational effort than the above 

methods. However, this method does not give an exact solution. Nevertheless, 

under some conditions, it can provide quite accurate estimates of mean data queue 

length. 

Because of the simplicity of the fluid-flow approach, we focus on its applications 

for analyzing integrated mobile cellular systems (IMCSs). 
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5.2 The Fluid-Flow Approach (Gaver and Lehoczky, 1982) 

Consider an integrated single-frequency communication link. This frequency is 

time-multiplexed based on a frame structure. Each frame consists of m time-slots 

with fixed length. A voice call is assigned a time-slot; that is, the voice packets are 

sent on corresponding time-slots in successive frames. Hence, a time-slot can be 

regarded as a logical channel. We assume: 

(A) voice calls and data calls are generated from the source node with rates A and 

Ad, respectively; 

(B) a voice call is rejected if it cannot be served immediately upon arrival, but 

data calls can be queued in an infinite buffer; 

(C) of the m time-slots, d slots are dedicated for data calls, and v = m - d slots 

are shared by voice and data calls; 

(D) voice calls have preemptive priority over data calls; 

(E) the mean holding time for a voice call is p-1; and 

(F) the transmission time of a data call on a logical channel is Pd1
• 

Define the overall traffic intensity parameter p as 

(5.1 ) 
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where Pv = A/ jl, Pd = Ad/ jld and PB is the blocking probability for voice calls. It is 

easy to see that for the data queue to remain stable, one must have P < 1. 

Define V(t) and M(t) as the numbers of voice calls and data calls, respectively, 

in the multichannel system at time t. From the above assumptions, it follows that 

both {V(t), t > O} and ((V(t), M(t)), t > O} are Markov processes. By Assumption 

D, V(t) is independent of data traffic and, therefore, using the Erlang loss formula, 

1· P b(V(t)·) (Pv)i fj! Pi= 1m ro =J = v ( )./.!' 
t ..... oo Ei=D pv I z. 

(5.2) 

where Pi is the steady-state probability that j slots are occupied by voice calls. 

If <p = jld/ jl is large, the numbers for arriving and cOII).pleted data calls during the 

period of data transmission can be rather large. Based on this viewpoint, Gaver 

and Lehoczky proposed an approximation which treats M(t) as a deterministic 

process behaving like a fluid-flow: the queue buffer is filled at a constant data flow 

rate of Ad, and, concurrently, data packets "drain out" through the communication 

link at rate jld(m - V(t)) (if the queue is not empty) or Ad (if the queue is empty 

and jld(m - V(t)) > Ad). Let F(t) be the amount of "fluid" (data) present in the 

"reservoir" (data queue) at time t. Then F( t) is a deterministic approximation of 

M(t). 

Let V(t) = j ::; v. This leaves m-j time-slots available for the data transmission. 

During time period (t, t + h), Adh amount of data units arrive and !1d(m - j)h data 
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units are transmitted. For F(t) > 0 define 

Ii = Ad - fLd(m - j). j = 0, ... , v. (5.3) 

Then F(t) changes with rate Ii when j time-slots are occupied by voice calls. 

Assume 

10 < II < ... < Ik < 0 < Ik+I < ... < IV· 

The states {O, 1, ... , k} are referred to as down-states, where the data queue length 

is decreasing. Correspondingly, states {k + 1, ... , v} are called up-states. 

Define Ii(x, t) as the probability density that there are x data units and j voice 

calls in the system at time t. Then for x > 0 we have 

fo(x, t + ~t) = fo(x - ,o~t, t)(1- A~t) 

+ fI(X - II~t, t)fL~·t + o(~t), (5.4) 

Ii(x, t + ~t) - Ii(x - li~t, t)(l - (A + jfL)~t) + Ii-I (x - Ij-l~t, t)A~t 

+ Ii+I(X - Ij+I~t, t)(j + l)fL~t + o(~t), 0 < j < v (5.5) 

and 

fv(x, t + ~t) - fv(x - ,v~t, t)(l - vfL~t) 

+ fv-l (x - IV-l~t, t)A~t + o(~t). (5.6) 

Treating x as a continuous variable and using Taylor series expansion we have 

f(x + ~x, t + ~t) = f(x, t) + ~~ ~x + a;; ~t + o( J(~x)2 + (~t)2) 
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and assuming a;: is bounded for all j, we have from (~.4)-(5.6) 

010 - -,0 Ox 6:..t - Io(x, t)"6:..t 

+ ft(x, t)p6:..t + o(6:..t), (5.7) 

~ 6:..t - -,i a;: 6:..t - Ii(x, t)().. + jp)6:..t + Ii-I(X, t)"6:..t 

+Ii+I(X,t)(j + l)p6:..t + o(6:..t), 0 < j < v (5.8) 

and 

(5.9) 

Divide both sides of (5.7)-(5.9) by 6:..t and let 6:..t -+ o. Since we are interested in 

steady-state probabilities, assume Ii(x, t) -+ lAx) and ~ -+ 0 as t -+ 00. Then 

we obtain 

010 
10 Ox = - Io(x, t)>' + II (x, t)p, (5.10) 

oIi 
li

ox 
- -Ii(x,t)()..+jp)+Ii_I(x,t) .. 

+ Ii+I(X, t)(j + l)p, 0·< j < v (5.11) 

and 

oIv 
IV OX = - Iv(x, t)vp + Iv-l (x, t) ... (5.12) 

Equations (5.10)-(5.12) can be written in the matrix form: 

r\7f(x) = Vf(x), (5.13) 
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where 

f(x) = (JO(X),fl(X), ... ,fv(x))' 

and 

-,\ /1 

,\ -(,\ + /1) /1 0 
,\ 

V= 

/1 

0 -(A + /1) /1 

,\- -/1 

Note that V is exactly the tra.nsition matrix associated with the Markov process 

V(t). Denote (O,(l, ... ,(v the eigenvalues of the matrix r-1v and yO,yl, ... ,yV the 

corresponding right eigenvectors. These eigenvalues and eigenvectors can be easily 

determined numerically. Then the solution of (5.13) is given by 

v 

f(x) = L ciyie(,p\ x > 0, (5.14) 
j=O 

provided that the eigenvalues are distinct, where Cj,j = 0,1, ... , v, are constants. 

The key point in determining these constants rests in the distribution of the eigen-

values. The following result reveals an important property of these eigenvalues. 

Theorem 5.1 [ven Doorn, .lagers and de Wit, 1988]. For any birth-death process 

described by a (v + 1) x (v + 1) transition matrix V, the eigenvalues of r- l V are 
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real and distinct. Ordering them in decreasing order of magnitude, one also has 

provided that the data queue is stable (p < 1). 

Since fj(x) are probability densities, we must have Cj = 0 for 0 ~ j :::; k in 

(5.14), and, therefore 
11 

f(x) = 2: Cjyje(.P:, x> O. 
j=k+1 

(5.15) 

Define 7rj the probability that the data queue is empty and j voice calls are 

present. It remains to determine Cj,j = k + 1, ... , v, and 7r1, I = 0, ... , v. From the 

fluid-flow approximation, 7r1 = 0 for IE {k+ 1, ... ,v}. So 

PI - 1000 

fl(x)dx 

- 1000 t cjyl e(.P: dx 
o j=k+1 

11 

2: CjylI(j, 1= k + 1, ... ,v, 
j=k+1 

(5.16) 

where yl is the Ith component of yj. The truncated eigenvectors (yt+I' yt+2' ... , yt), 

j = k + 1, ... , v, are independent [ven Doorn et al., 1988], so Ck+1! ... , Cv are uniquely 

determined. Once Cj,j = k + 1, ... , v, are obtained, the boundary probabilities 

7r1, 1= 0, ... , k, are calculated from 

7r1 _ PI - roo f,( x )dx 
10+ 

11 

- PI+ 2: cjyl/(j, I=O, ... ,k. (5.17) 
j=k+1 
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The data queue length density is therefore 

v v 

f(x) = L: L: cjy{e(jX, (5.18) 
I=Oj=k+l 

with point mass E7:o trl at x = o. The mean data queue length is then given by 

E(F) = {= xf(x)dx 
Jo+ 

v v 

L: L: CjY{ /(J. 
I=Oj=k+l 

(5.19) 

To evaluate the accuracy of this approach, Gaver and Lehoczky investigated a 

single channel case. It can be shown that when v = 1 and d = 0, (5.19) reduces to 

(5.20) 

This equation may be compared with the exact expression given by Fischer [1977]: 

E(M) = E(F) + Pd/(l - p). (5.21) 

As an example, when A = fL = 0.01, Ad = 25, fLd = 100 (so pv = 1, Pd = 0.25, P = 

0.75 and <P = fLd/fL = 10000), (5.20) gives an approximate estimate E(F) = 2501, 

which is extremely close to the exact solution E(M) = 2500 given by (5.21). 

For this same example let us reduce <P from 10000 to 100 without changing pv 

and Pd. That is, the parameters are set to A = fL = 0.01, Ad = 0.25, fLd = 1. Then 

(5.20) gives an estimate E(F) = 25, whereas the exact solution is E(M) = 26. 

Apparently, the accl1racy of fluid-flow approach depends on the value of <Pi the 

larger the <p, the more accurate is the approximation. This phenomena can be well 

explained by the strong law of large numbers. 
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5.3 Application of the Fluid-Flow Approach to IMCSs 

In a cellular telephone system that uses FCA, a base station can be considered 

as a multichannel link, and its channel assignment process may be described as a 

birth-death process. Thus, Gaver and Lehoczky's model may be directly applied to 

ana.lyzing integrated mobile cellular systems (IMCSs) that use FCA. However, when 

VFCA is used, the channel assignment process is no longer a birth-death process, so 

Gaver and Lehoczky's model does not directly apply to an IMCS that uses VFCA. 

On the other hand, the fluid-flow approximation may be used in applications where 

V(t) is a general ergodic Markov process [Kosten, 1986], as we will illustrate later 

in modeling an IMCS that uses VFCA. 

Consider a time division multiple access (TDMA) mobile communication system. 

In such systems, digital signals are sent on successive frames carried by a radio 

frequency. We assume this is a wideband system, that is, the spectrum band for an 

assignable frequency is very wide and each frame is subdivided into many time-slot. 

A cell is allocated m time-slots carried by the same frequency. We further assume 

that each individual frequency is synchronized in the set of co-channel cells to which 

it is allocated. Thus, time-slots on the same frequency but in different cells will not 

overlap with one another. In the sequel, we will refer to a time-slot as a channel. 

The system configuration is the same as described in Section 4.2, except that (i) 

data traffic is included, (ii) only CC constraints are imposed, and (iii) the system 
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need not be homogeneous, that is, the traffic intensity and the numbers of channels 

allocated may vary from cell to cell. 

Suppose that no channels are dedicated for data and that data calls are trans

mitted through channels that are not being used by voice calls. We assume that 

data transmission can be scheduled by the base station. 

We focus on a cell in such a system. The parameters of the cell-system are: 

• m, the number of channels allocated to the cell; 

• A, the arrival rate of fresh voice calls; 

• Ah, the arrival rate of handoff voice calls; 

• /1c, the inverse of average channel holding time of voice calls; 

• Ad, the arrival rate of data calls; and 

• /1d, the inverse of average transmission time of a data call through a channel. 

We assume that the VFCA scheme described in Section 4.3 is adopted. Then 

the parameters associated with channel borrowing are: 

• Ab = )'hb + Aob, the arrival rate of borrowing calls (fresh borrowing calls and 

handoff borrowing calls); 

• /1b, the inverse of average channel borrowing time; 

• /3, the probability that a channel borrowing is feasible; 
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• R, the maximum number of channels that the cell may loan to other cells; 

• Q, the maximum number of channels that the cell may borrow from other cells; 

and 

• nr, the number of virtual channels in the cell reserved for handoff voice calls. 

We assume that all the parameters have been determined by mathematical anal

ysis, simulation, or statistical analysis of real data. Then, using the analysis in 

Chapter 4, the voice channel assignment process in a cell, denoted by V(t), can be 

approximated by a two-dimensional ergodic Markov chain as depicted in Figure 4.5. 

Consider the cell in state (i, j). That is, there are i fresh and handoff voice calls 

and j borrowing calls currently being served. This leaves m - i - j channels avail

able for data transmission. If the data queue is not empty, then by the. fluid-flow 

approximation the data queue length changes at rate 

(.5.22) 

We assume ,ii =j:. 0 for all (i,j). Let the states of the Markov chain be ordered from 

1 to N. Then the collection of pairs {(i,j)} can be mapped onto {I, ... , N}, and 

{,ii} onto {,I, ... "N}. As before, let V be the N x N transition matrix associated 

with V(t), r the diagonal matrix 
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and f the vector function 

f(x) = (JI(X),ft(x), ... ,JN(X))', 

where Ji(x) is the equilibrium probability density that V(t) is in state j and there 

are x data units in the system. Then it can be shown that (5.13) still holds [Kosten, 

1986] for the general case. 

The eigenvalues of r- l V are distinct [Kosten, 1986]. However, they are not 

necessarily all real, so Theorem 5.1 is not applicable here. Fortunately, Theorem 

5.1 has been generalized by Sonneveld [1988]. Let Su and Sd be the sets of up-states 

and down-states, respectively: 

Su = {jl,j > O}, 

Sonneveld has shown that the real parts of precisely ISul of the eigenvalues are 

negative as long as the utilization coefficient p defined by (5.1) is less than 1. Let 

eigenvalues of r-l V, (1, ... , (N, be ordered such that Re((j) > 0 for j < k and 

Re( (j) < 0 for j > k, where Re( c) denotes the real part of a complex number c 

and k = ISdl. Note that (k = 0, since the set of eigenvalues of the Markov chain 

matrix include a zero eigenvalue. Therefore the equations analogous to (5.15) for 

this system are: 

N 

J/(x) = L cjy{e()x, x> 0, 
j=k+l 

(.5.23) 
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where yi = (yf, ... , yj.,,)' is the right eigenvector associated with (i. The boundary 

probability tri = Prob(x = 0 and V(t) = j) must be zero for up-states, so similar 

to (5.16) one has 

PI 

(5.24) 

where PI is the steady-state probability that V(t) is in state 1. Assuming the trun-

cated eigenvectors (y{, 1 E Su),j = k + 1, ... , N, are independent, the Ck+I, ... , CN are 

uniquely determined by (5.24). 

Note that the right-hand side of (5.23) involves complex numbers. The following 

result can be used to simplify it to a real expression. 

Fact 5.2. The complex coefficients Ci, if any, appear in conjugate pairs, provided 

that the truncated eigenvectors (y{,l E Su),j = k + 1, ... , N, are independent. 

Proof. We denote c as the conjugate of complex number c. Since r-I V is real, 

the complex eigenvalues, if any, must appear in conjugate pairs. Without loss of 

generality, suppose (k+I, ... , (k+2n are complex, (k+2n+I, ... , (N are real, and (k+i+n = 

zi = (yl I(i' 1 E Su), j = k + 1, ... , N. 

Note that we are given that zi ,j = k + 1, ... , N, are independent. 

We will first show that Re(zi), Im(zi) for j = k + 1, ... , k + n, and zi for j = 

k + 2n + 1, ... , N are independent, where the lth components of Re(zi) and Im(zi) 
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are the real and imaginary parts of [th component of zj, respectively. Suppose they 

are not independent, then there exist a constant vector (ak+l' ... , aN) =f:. 0 such that 

~n N 

E (ajRe(zj) + aj+n1m(zj)) + E ajzj = o. 
j=k+l j=k+2n+l 

But this implies 

k+n N 
E (ajRe(zj) + aj+nlm(zj)) + E ajzj 

j=k+l j=k+2n+l 
k+n 
E aj(2Re(zj) + ilm(zj) - ilm(zj))j2 

j=k+l 
k+n N 

+ E aj+n(2ilm(zj) + Re(zj) - Re(zj))j2i + E ajzj 

j=k+l j=k+2n+l 
~n 1 . . N . 

- E 2[(aj - iaj+n)zJ + (aj + iaj+n)zJ+n] + E ajzJ = 0, 
j=k+l j=k+2n+l 

which contradicts the hypothesis that the vectors zj, j = k + 1, ... , N, are indepen-

dent. 

To prove Fact 5.2, it is sufficient to show that there exists a solution vector 

that satisfies (5.24). Substituting C~j for C~j+n,j = 1, ... , n, in (5.24) we get 

k+n N 
PI - E (Cjyt/(j + CjV{ jej) - E Cjy{ j(j 

j=k+l j=k+2n+J 
k+n 

- -2 E (Re(cj)Re(yt/(j) - Im(cj)Im(y{ j(j)) 
j=k+l 

N 

E Cjy{ j(j, [E Suo 
j=k+2n+l 

(5.25) 
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Since Re(zj), Im(zj),j = k+ l, ... ,k+n, and zj,j = k+2n+ 1, .•. ,N, are indepen-

dent, it follows that (5.25) have a solution vector 

Using Fact 5.2, the right-hand side of (5.23) can be rearranged as a real function: 

k+n N 
fl(x) = 2 I: Jalj + bljeRe(Cj):Ccos(ulj + Im«(j)x) + I: cjy{eCj:C, 

j=k+l j=k+2n+l 

x > 0, 1 ~ 1 <N, (5.26) 

. . a,· 
where a'j = Re(cjyf), b,j = Im(cjyf) and Ulj = tan-1( -b '). The mean data queue 

Ij 

length E(F) and the average waiting time E(W) can then be determined by 

N 100 

E(F) = I: xf,(x)dx 
1=1 0+ 
N ~n N N 

- I: I: (Cjy{ I (] + Cjfi{ I (]) + I: I: Cjy{ I (] 
1=lj=k+l 1=lj=k+2n+l 

N k+n N N 

- 2 I: I: Re(cjy{ I(]) + I: I: Cjy{ I(], (5.27) 
1=lj=k+l 1=lj=k+2n+l 

and 

E(W) - E(F)IAd. (5.28) 

5.4 Numerical Results and Concluding Remarks 

We used Equations (5.27)-(5.28) to estimate the mean data queue length and 

the average waiting time of data calls for a cell-system with 30 nominal channels 

(m = 30) in an IMCS that uses VFCA. For voice calls, the parameters chosen 



150 

5~--------------------------------------------------~ 

Q) 
4 E 

~ 

C> 
.5 
.~ 

3 Q) 

g> ... 
Q) 

~ 
2 

1 

O~--~--~----~--~--~--~----~--~--~--~--~----i 
1 2 3 4 5 6 7 

Figure 5.1: Average waiting time versus Pd 

were A = 11.5/min, Ah = 3.16/min, JLc = 0.64/min, Ab = 2.64/min,,8 = 0.998, ILb = 

13.91/min, R = Q = 5 and nt = 3, which result in a PB :.... 0.017 and a P1h = 0.0002. 

For the data, we set JLd = 2000/min, and increased Pd gradually from 1.5 to 6.5. 

The numerical results are shown in Figure 5.1. It can be seen that the mean waiting 

time is significant unless the data traffic load is light (say Pd < 3). This suggests 

that different strategies or techniques should be used to reduce the waiting times 

for data packets when the data arrival rate is high. 

In the development of the fluid-flow model in Section 5.3, we assumed that the 

truncated eigenvectors (yl j
), IE Su),j = k+ 1, ... , N, are linearly independent. This 

property always holds if V(t) is a birth-death process [ven Doorn et al., 1988]. It 
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is not clear, however, whether it holds when V(t) is a general Markov process. 

Nevertheless, in all the cases we tested, the resulting truncated eigenvectors were 

independent. Thus, it a.ppears that the fluid-flow approach is applicable to IMCSs 

that use VFCA. 

We also assumed that a cell in the IMCS has only a single wideband TDMA 

frequency. Thus, (5.22) holds, since all the capacity unused by voice calls is utilized 

to transmit data packets when the data queue is not empty. However, when a 

cell has more than one assignable frequency, (5.22) does not hold in general. For 

example, suppose a cell has 5 TDMA frequencies III .... , Is, each carrying 6 logical 

channels (time-slots), and suppose at some time t, 1, 2, 2, 2 and 3 channels are idle 

on III ... ,14 and Is, respectively (totally there are 10 idle channels). Then the data 

depleting rate at t is 9Pd (instead of lOpd) if the number of data calls in the queue 

is 4, since a data call cannot be transmitted on differe·nt frequencies. If at time t 

the number of data calls in the queue is 3, then tne depleting rate is 7 Pd. Hence, 

(5.22) overestimates data transmission rate when the number of data calls in the 

queue is less than the number of frequencies allocated to the cell. However, the 

error caused by utilizing (5.22) is negligible if the number of frequencies in a cell is 

small and the data load is high. 
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O'Reilly [1986] has investigated the application of fluid-flow approach to inte

grated voice/data systems with digital speech interpolation (DSI).2 In DSI systems 

it is assumed that data packets are transmitted during silent periods (gaps contain

ing no vocal energy) interleaved by talkspurts (short bursts of vocal energy) of voice 

calls. Comparing with simulation results, O'Reilly has found that the accuracy of 

fluid-flow approach improves as the number of channels increases. For example, 

the fluid-flow model he developed gave quite accurate estimates of average data 

queue lengths for a 24-channel case even when the <p value (the ratio of the average 

length of data packets to that of talk spurts) was rather small (about 30). In an 

integrated system in which silent periods are not utilized for data transmission, the 

<p value is much large than 30 (e.g., in the examples used for developing Figure 5.1, 

<p > J.ld/ J.lb = 144), and the accuracy of fluid-flow approach improves as <p increases. 

Therefore, we believe that the fluid-flow model illustrated in Section 5.3 will give 

reasonably accurate estimates of the average data queue length for a cell in an IMCS 

that uses VFCA, provided that V(t) approximates the ~hannel assignment process 

well. 

2In DSI systems, voice calls are also packet-switched, so an m-channellink can transmit more 

than m voice calls simultaneously. 
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CHAPTER 6 

Areas of Future Research 

In this thesis, we developed simulation and analytical models for VFCA, pro

posed a new channel reservation scher:ne whiGh reduces· the blocking probability of 

handoff attempts and increases channel utilization, and applied the fluid-flow ap

proach to IMCSs that use VFCA. The simulation results shown in Subsection 3.4.1 

indicate that the VFCA model developed in Chapter 3 is reasonably accurate. Since 

the HCBO and OVCR models are generalizations of the VFCA model, we have as

sumed that these two models are also reasonably accurate. However, we emphasize 

that it is not the aim of Chapters 3 and 4 to develop accurate performance evalua

tion models for real systems. Rather, through the development of these models and 

their analyses, our objectives are (i) to gain insight on the VFCA method, (ii) to de

velop effective channel borrowing strategies, (iii) to provide guidance on the design 

and implementation of VFCA schemes, and (iv) to demonstrate the effectiveness 

and efficiency of VFCA for mobile telephone systems. 

In this last chapter, we discuss possible future research on the analysis of VFCA 

systems. 
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6.1 VFCA with Minimum Locking 

All the models we developed assume that locked channels cannot be borrowed. 

As we mentioned in Section 3.4, a locked channel is in fact loanable in certain 

situations. The minimum locking strategy which always chooses a feasible channel 

borrowing such that the number of locked carriers is minimal may further increase 

system capacity. When minimum locking strategy is used, channel locking times 

(the time period from the instant a carrier is locked until it is unlocked) are different 

than channel borrowing times. So (3.9) is not applicable in this case. Modifications 

of the model developed in Chapter 3 or a new model. are needed to analyze this 

strategy. 

6.2 Performance Evaluation of Non-Homogeneous Systems 

In network planning, especially in the design of a new system, one needs to assess 

the performance of a system to be installed. The models developed in this thesis 

have applications in the preliminary design of a VFCA scheme, but they cannot 

be used to evaluat.e the performance of a (nonhomogeneous) VFCA system to be 

implemented. Simulation is probably the most powerful tool for this purpose, but 

it is expensive and time-consuming, especially for large-scale systems. It would 

be helpful to develop approximate and time-efficient analytical models which are 

supplementary to simulation. For example, such an analytical model could be used 

to narrow the ranges of optimal values of some system parameters, or to quickly 
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evaluate performances of proposed system designs, resulting in less computational 

work for simulation studies. 

6.3 IMCSs that Transmit Data During Silent Periods 

In Chapter 5, we illustrated how to apply the fluid-flow approach to modeling 

IMCSs that use YFCA. We assumed that no channels are reserved for data calls 

since the allocated frequency bands are already very congested even when data 

traffic is not included. This strategy leaves only a small portion of capacity for the 

data and, due to the fluctuation in voice-call traffic, the average waiting time for 

a data call is significant if the data load is moderate or high (Figure 5.1). To ad

dress this problem, some researchers have suggested the transmission of data during 

silent periods between talk spurts during a conversation. This strategy largely aug

ments the system's data-handling capability. For example, if the proportion of time 

that a conversation is in a silent period is 0.5, than the capacity available for data 

transmission is at least 50% of the total. Such integrated systems have been inves

tigated mostly for conventional telecommunication. The analytical tools commonly 

used for this purpose are generating functions [Fischer, 1979], matrix techniques 

[Williams and Leon-Garcia, 1984], the fluid-flow approach [O'Reilly, 1986] and sim

ulation [Stern, 1989]. Among these, the fluid:-flow approach is the simplest, yet it 

can give accurate estimates of mean data queue length provided that the number 

of channels and the cP value are reasonably large (Section 5.3). However, even when 
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the fluid-flow approximation is used, the state-space for V(t) can be very large for 

a cell in an IMCS that uses VFCA and utilizes silent periods. For example, if the 

mobile telephone speech is modeled as talkspurts separated by two types of silent 

gaps [Stern, 1989], then V(t) is a four-dimensional Markov chain (assuming talk

spurts and the two types of silent periods are exponentially distributed). This may 

make the performance evaluation computationally tedious. Hence, it is meaning

ful to develop algorithms or solution techniques to solve such large-scale problems 

efficiently. 

6.4 Modeling Up-Link Data Traffic 

When the data traffic intensity is high, the up-link (mobile unit to base station) 

data transmission may not be scheduled by the base station in order to reduce its 

workload. For example, when a mobile unit wants to send data packets, it may first 

sense a channel and transmit the data packets through the channel if it is idle or 

in a silent period. However, this strategy will cause collisions because it is possible 

that two or more users will simultaneously send data packets through the same 

channel. This effect cannot be ignored especially when the data traffic intensity is 

high. Thus, the model developed in Section 5.3 may not be suitable for analyzing 

such systems. New models need to be developed for performance evaluation. 
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APPENDIX 

Modification of the !vlodel of Hong and Rappaport 

Hong and Rappaport's [1986] model for evaluating the performance of the FCA 

channel reservation scheme II described in Section 4.4, consists of three parts: (i) 

estimation of ftc and )..h, (ii) computation of the steady-state probability distribution 

{Pi} and PB , where Pi is the probability that j channels are occupied in a cell, and 

(iii) calculation of Pflt and Pp . We will not describe the details of their model. 

As we mentioned in Section 4.4, Hong and Rappaport's approach to approxi

mately estimate ftc and )..h is different than ours for the HCBO and OVCR models. 

To minimize the differences caused by the estimation methods themselves in the 

comparisons of the schemes developed in Sections 4.2 and 4.3 and the FCA channel 

reservat.ion schem~ II, we used (4.2)-{4.3), (4.14)-{4.15) to estimate ftc and )..h for 

their model. 

Also, we simplified the formula for estimating Pfh' in their model, as follows. 

Using Hong and Rappaport's notation, let 

Pfhlk - the probability that a handoff attempt fails given it enters the 

queue in position k + 1 {i.e. when it en.ters the queue, k handoff 
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calls are in front of it waiting for transmission), 

P( iii + 1) - the probability that a handoff attempt in position i + 1 moves 

to position i before the mobile unit leaves the handoff area, 

where moving to position 0 means the handoff call gets a channel. 

Then 

00 

P fh = L Pm+kPfhlkl (B.l) 
k=O 

where m is the number of channels allocated to a cell. Since TQ, the dwell time of 

a mobile unit in the 'handoff area, is assumed to be exponential, we have 

k 

1 - Pfh1k - II P(ili + 1) 
i=O 

k . II mJ.le + 'LJ.lQ 

i=O mJ.le + (i + 1 )J.lQ 
mJ.le 

mJ.le + (k + 1)J.lQ' 

where J.lQ = l/TQ. Substituting (B.2) into (B.I) we get 

00 (k + I )J.lQ 
P f h = L Pm+k + (k + 1) . 

k=O mJ.le J.lQ 

We write the formulae for {Pi} given by Hong and Rappaport below: 

po 
(A + A )m-nr Ak - m +nr 

It It 

00 (A + A )m-nr Ak - m +nr 
'"' It It + ~ I m nk - m ( +.) , 

k=m+l m·J.le i=l mJ.le 'LJ.lQ 

k' k ·J.le 

(B.2) 

(B.3) 

(BA) 
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(A + Ah)i 
., i Po, 1 ~ j ~ m - nr 

J .J-lc 
(A + A )m-nr Ai - m+nr 

Pi = It ., i h Po, m - nr < j ~ m (B.5) 
J .J-lc 

(A + Ah)m-nr A{-m+nr 
'nJ - m ( . )po, j > m. 

m.J-lr;" i=l mJ-lc + ~J-lQ 
Given A,J-l,r, V,m,nr and J-lQ, equations (4.2)-(4.3), (4.14)-(4.15), (B.3)-(B.5) 

can be solved iteratively to obtain PE, Plh and the cost defined by (4.21). 
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