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ABSTRACT 

An optimization method to maximize the fundamental fre

quency of a structure is developed. The procedure uses the 

stresses due to the mechanical loading and the free-vibration 

mode shapes to determine design coefficients for the elements. 

Each element of the structure is assigned a design coefficient 

rated on a scale of zero to ten. The design coefficients are used 

to modify an initial design following an iterative procedure. 

This method of optimal structural design, referred to as the Max

imum stiffness Design (MSD), may be classified as an intuitive 

optimality criteria method. 

The MSD method is demonstrated by increasing the funda

mental frequency of simple beam structures, truss structures, 

and complex structures. These examples include a support struc

ture for a telescope, a support structure for a beam collapser, 

an airplane wing, and a truss railroad bridge. The MSD optimiza

tion method is compared to NASTRAN's Design Sensitivity Analysis 

to provide a benchmark comparison. It is shown that the MSD 

method compares well to NASTRAN's optimization method. Further

more, the optimization technique is used to develop optimum con

tour shapes for single arch, double arch, and edge-supported mir

rors. 
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1. mTRODUCTION 

1.1 Background on optimization Methods 

The pursuit of automatable optimization procedures in struc

tural design has great applicability to aerospace, mechanical, 

and civil engineering design practice. structural optimization 

techniques seek the selection of optimal values which extremize 

a given objective function under various constraints. The objec

tive function is defined as the function in which the design is to 

be optimized. Objective functions may involve minimizing or max

imizing a structures weight, deflection, stiffness, strain 

energy, reliability, or cost. Typical design variables are the 

cross-sectional area of a truss member, the moment of inertia of 

a beam, or the thickness of a plate. Constraints apply restric

tions on the design variables which must be satisfied. A typical 

constraint may be a minimum value of the wall thickness of a tub

ular beam. The constraints are generally non-linear functions of 

the design variables. 

The development of optimization techniques began during the 

period of the Second World War to minimize the weight of aircraft 

components via the simultaneous failure mode method. This 

method designed the structural component such that the failure 

modes of stress and buckling were to fail at the same time. How

ever, the method was limited to relatively simple components and 

simple loading conditions (Schmit, 1984). The Fully Stressed 
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Design method (FSD) uses a stress ratio algorithm to modify the 

member sizes and assumes an optimum design is reached when all 

the members in the structure are fully stressed in at least one 

loading condition (Gallagher, 1973). It was proven by Cilley 

(1900) and Michell (1904) that for a truss with a single applied 

loading condition, the minimum weight/stiffness ratio is repre

sented by a statically determinate and fully stressed design 

where the members are directly proportioned. The vast majority 

of practical structures, though, are statically indeterminate 

and the forces in the structure are dependent on the member sizes 

and only a few resizing designs could feasibily be performed. 

The introduction of finite element techniques provided a practi

cal approach to multiply resize a structure using the FSD method. 

This method was the prevailing technique in structural optimiza

tion up through the 1950's and provided a converged optimal 

design independent of the size of the problem and in a relatively 

efficient manor (Berke). No efficient technique for the optimi

zation of structures for stiffness existed at that time. 

Schmit in 1960 introduced a general optimization method 

which could be applied to a large class of structural optimiza

tion problems. This method combined non-linear mathematical 

programming along with finite element analysis and provided a 

foundation for many optimization methods of the 1960's. Direct 

numerical search procedures using non-linear programming off

ered an optimization method for strength and stiffness but was 

inefficient for resizing large structures. Furthermore, Razani 
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(1965) and Kicher (1966) showed using direct search procedures 

that the FSD procedure was incorrect for statically indetermi

nate structures. The FSD algorithm produces a structure with the 

stiffest routing of the force flow which, in general, does not 

equal the least weight routine. This left the structural eng

ineer in the 1960's with the FSD optimization technique which was 

efficient, but incorrect, and using only stress constraints 

versus an inefficient and impractical correct technique (Berke). 

This led to further development of the direct numerical search 

procedures throughout the 1960's and the development of the indi

rect optimization methods. 

optimality criteria methods, or indirect methods, were dev

eloped to formulate an optimization procedure as efficient as the 

stress ratio algorithm of the FSD method but less costly when 

compared to the direct numerical search procedures. It had 

become apparent that mathematical programming methods were 

extremely inefficient and could solve only practical problems of 

limited size. The 1970's saw the development and quest for opti

mum design procedures. optimality criteria methods involve 

selecting the criteria which the optimum design must satisfy. 

These criteria depends on the constraint. In a displacement con

straint design, the virtual strain energy in each member must be 

the same. The optimality criterion for the dynamic stiffness 

constraint uses the Rayleigh quotient. The criteria may be intu

itively based or mathematically formulated with or without 

approximations. The FSD method is an example of an intuitive 
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based optimality criteria method which extremizes no objective 

function. There is no governing requirement within the FSD algo

rithm which drives the design to a minimum weight. Its optimal

ity criteria or goal is to fully stress all the design members. 

The fact that the FSD design efficiently and indirectly approxi

mates minimum weight designs is the primary principle behind 

optimality criteria methods. optimality criteria methods of 

today, which are used to solve an array of problems with general 

constraints, require additional criteria but are based on the 

same a priori specification. The advantage of this approach is 

that the number of iterations needed to converge to an optimum 

design is virtually independent of the number of structural 

members. This method is in direct contrast to the direct search 

procedures where the optimum is predicted only when the objec

tive function can no longer be improved. 

The optimization procedure introduced by Bavirsetty (1992) 

and developed in this study is classified as an intuitive based 

optimality criteria method and is closely related to the FSD 

method. Its optimality criteria is to develop a fully stressed 

design based on the stresses in the members due to the mechanical 

loads and the mode shapes. The goal of the method is to increase 

the fundamental frequency of a structure. This structural 

optimization technique is referred to here as the Maximum stiff

ness Design (MSD). 
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1.2 Optimization for Maximum Fundamental Frequency 

Modern optimization schemes developed in the past decade 

are principally based on optimality criteria methods or the 

direct/mathematical programming approach. Numerous optimiza

tion schemes have been developed to optimize a structure's 

natural frequency. The optimization of a structures frequency 

joins the class of eigenvalue problems which are concerned with 

solving problems of stability and vibration. Several quantities 

may serve as an optimality critera for stiffness such as strains, 

displacements, strain rates, velocities, elastic strain energy, 

and dissipated energy. F.I. Niordson (1965) introduced the funda

mental natural frequency of the structure as the optimization 

constraint in stiffness formulations. V.A. Troitskii (1976) used 

several frequencies of the structure as the optimization cri

teria. 

N. Olhoff (1989) addressed the problem of elastic optimal 

design of conservative mechanical systems with respect to the 

fundamental and higher-order eigenv?lues. The eigenvalues are 

used as the objective functions or as constraints. A variational 

formulation for optimal design of one-dimensional continuum sys

tems using the fundamental frequency and then higher-order fre

quencies is presented. A.P. Seyranian (1989) describes a sensi

tivity analysis used in structural optimization as applied to 

stability and vibration problems. Seyranian develops a mathe

matical procedure, computing derivatives and gradient functions, 
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to determine the essential parameters affecting the vibrational 

frequencies for discrete and distributed systems. The above 

described optimality criteria methods develop a generalized var

iational formulation using the Rayleigh quotient and are gov

erned by coupled, non-linear fourth-order differential eigenva

lue problems. No closed-form solutions exist and thus these 

problems are solved numerically using a convergence scheme and 

successive iterations. 

Several studies on the synthesis of truss structures with 

frequency constraints have been presented. Wang (1991) developed 

a method for the design of a statically determinate truss struc

ture for minimum weight with a fundamental frequency constraint. 

Taleb-Agha (1976), Chattopadhyay (1990), and McGee (1991) each 

present an optimality criteria for the optimization of struc

tures with multiple frequency limits. Canfield (1990) uses a 

high-quality approximation of eigenvalues in structural optimi

zation. The main problem is broken down into subproblems where 

the response quantities are approximated using a Taylor series 

approximation to the actual functions. An optimality criterion 

method developed by Grandhi (1988) is based on the uniform Lag

rangian density to resize members to minimize weight within mul

tiple frequency constraints. The paper demonstrates the effi

cient design of a 200-bar truss. 
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1.3 Commercial optimization Codes 

The major finite element codes now include an optimization 

package. NASTRAN's Version 67 (Moore, 1992) performs shape sen

sitivity analysis where the design variables may be expressed as 

functions of grid point location. The grid locations are changed 

using a reduced basis method and the latest version also includes 

dynamic response sensitivity analysis and optimization of compo

site structures. Design sensitivity analysis (DSA) plays an 

important role in NASTRAN's optimization code. DSA computes the 

rate of change of response quantities with respect to changes in 

design variables and may be employed independently to revise a 

design. The finite element code accomplishes this by implicit 

differentiation of the governing analysis equations with respect 

to the design variables. NASTRAN's DSA uses the design space 

method (Arora, 1979) and solves the non-linear functions numeri

cally at each point. The optimization procedure may be automated 

by using a non-linear programming algorithm. A manual design 

method selects an initial baseline structural design to be evalu

ated and follows with an iterative procedure. 

The inefficiency of the direct numerical search procedure 

employed by NASTRAN is improved by the use of approximations. 

The objective function and the constraint equations may be 

approximated by using a Taylor Series. Furthermore, NASTRAN 

addresses only the design variables which it deems critical for 

each particular space. 
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Many commercial optimization programs have been developed 

to be used with structural analysis programs. The goal of the 

software is to allow the user to optimize structures with a sur

face understanding of the complex optimization procedures in

volved. STARS was developed by the Royal Aircraft Establishment 

for the automated design of minimum weight structures subject to 

a variety of constraints (Bartholomew, 1984). MISER (Goh, 1988) 

is a FORTRAN program which solves optimal control problems under 

general constraints. Cobb et ale (1988) present a dynamic optim

ization package called OPTISEN. Velet et al. (1987) have devel

oped a structural optimization program called ASTROS. ASTROS 

uses an automated design synthesis algorithm to perform the 

optimization caluculations and redesign the structure. optimi

zation of trusses and aircraft wings are presented to demon

strate the ease of use and computational efficiency. 
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2. LIGHTWEIGHT MIRROR DESIGN 

2.1 Background on Lightweight Mirrors 

The design of mirror shapes to limit self-weight deflections 

has been the topic of numerous studies. Large mirrors which are 

not properly designed generally exceed their allowable optical 

tolerance due to their self-weight. Also, many weight limited 

systems require optics lighter than their conventional counter

parts. Consequently, the need to develop the optimum shape of a 

mirror for a particular application becomes of significant 

importance in an optical system design. 

The conventional mirror shape is a right circular cylinder 

with a diameter to thickness ratio of 8 to 1 for small aperture 

and 6 to 1 for large aperture mirrors. A lightweight mirror may 

be defined as a mirror of less weight than that of a conventional 

mirror. Several types of lightweight designs have evolved. 

These designs include sandwich (eggcrate) mirrors, foam core mir

rors, and back contour shape mirrors. Sandwich and open-back 

mirrors may have thin face plates with a honeycomb core section 

consisting of triagonal, square, or hexagonal patterns. Open

back mirrors are sandwich mirrors without a back facesheet. 

Foamed core mirrors use thin face plates with metal foam in the 

core. Back contour mirrors are produced by contouring the exte

rior profile of a mirror. Examples of this include a tapered 

back, convex back, double concave, single arch, and a double arch 
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as shown in Figure 2.1 (a ,b) . 

The honeycomb mirrors are the most structurally efficient of 

the lightweight designs. They may be produced to weigh 15% of 

the conventional solid mirror blank. These mirrors, though, are 

relatively difficult to fabricate, are not robust, and require 

complex support systems. The weight that is gained in the light

weighting process for the mirror blank may be lost in the weight 

of the support structure. Foam core mirrors may reduce the solid 

mirror weight by 80%. These mirrors, though, do not provide the 

optical performance equal to the other lightweight designs. 

Back contour mirrors are produced from a solid mirror blank 

and may weigh 30% of a conventional mirror. The contour mirrors, 

although not as structurally efficient as the honeycomb mirror, 

are robust, and require relatively simple support systems. The 

single arch mirror (hub-mounted mirror) has a relatively poor 

stiffness to weight ratio but uses a small and centrally located 

support which may reduce the overall weight. Also, the single 

arch mirror is the easiest of the lightweight designs to fabri

cate. The double arch mirror, whose mount is located about two

thirds of the radius from the center, has a greater overall 

stiffness and provides a greater overall optical performance as 

compared to the single arch mirror. However, the double arch is 

more difficult to mount and to fabricate than the single arch. 

The appropriate selection of a lightweight mirror depends gre

atly on the application and the required mechanical properties. 

Figure 2.2 illustrates the geometry of the single and double arch 
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back contour mirrors. 

2.2 Shape optimization Methods 

The optimization of contour mirror shapes falls under the 

discipline of shape optimization. Shape optimization is the det

ermination of an optimum geometry or shape which minimizes 

volume for maximum strength or maximizes strength for a given 

volume. This type of optimization differs from the determination 

of the optimum cross-sectional area of a truss member or the 

optimum thickness of a plate in that the structure is continuum 

in nature, the geometrical boundary freedom is great, and the 

geometry of the structure is the design variable. Tada and Segu

chi (1984) present a numerical shape determination procedure 

based on the finite element method and the inverse variational 

principle. A volume of an elastic body is considered which is 

bounded by a closed boundary which is not known in advance. This 

approach uses an energy ratio method to solve a system of non

linear equations to produce optimum shapes for static and eigen

value structural problems. Ricketts and Zienkiewicz (1984) pre

sent a shape optimization method based on a gradient method of 

mathematical programming. Optimization of a round head buttress 

and arch dam are presented. Rozvany (1984) introduces the struc

tural layout theory to shape optimization. Layout theory seeks 

the boundary of the subdomain which will be filled with material. 

These shape optimization methods of continuum structures use the 
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finite element method for analysis and treat the location of the 

nodal points as the design variables. Design sensitivities are 

then computed from the derivatives of the stiffness and load mat

rices. Sequential linear programming is then employed to produce 

a numerical solution. 

Recent developments in shape optimization include the boun

dary integral equations (BlE) formulation by Meric and Saigal 

(1990). The authors combine the BlE of elasticity and load sensi

tivity analysis procedures for shape optimization of elastic 

structures. Leal and Soares (1990) present a shape optimum 

structural design approach using mixed elements and minimum com-

pI iance techniques. The design objective is to minimize the 

structural compliance of three-dimensional elastic structures 

using an eight node quadratic element with two displacement and 

three stress degrees of freedom at each node. Several studies 

have employed the use of the boundary element method to shape 

optimize elastic structures. The boundary element method was 

used to solve the problem of the irregular element shapes pro

duced by the iterative design changes using the finite element 

approach. 

2.3 Optimization of Lightweight Mirrors 

The design of minimum weight circular plates has been 

addressed by many researchers. James Clerk Maxwell (b., Edin

burgh, Scotland 1831, d., Cambridge, England, 1879) provided a 
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basis for the design of three dimensional minimum weight struc

tures. Maxwell's theorem implies that the stress and strain 

should be uniform throughout the structural body (Duncan, 1971). 

onat et ale (1957) performed research on the design of circular 

plates for minimum weight by designing the plate to the point of 

collapse for a elastic-perfectly plastic material. Lee (1962, 

1971) developed an approximate solution to the design of circular 

plates of constant radial bending stress. The plate is divided 

into uniform thickness concentric rings and the thickness of the 

rings is varied using the sum and differences of the radial and 

tangential bending stresses. The plate is designed for constant 

radial bending stress under uniform loads and loads over a small 

circular area under various boundary conditions. 

Talapatra (1975) demonstrated the efficiency of arch designs 

for lightweight mirrors. An axi-symmetric finite element formu

lation was used to establish the superiority of arch shaped mir

rors over solid mirrors with respect to deflection and weight. 

silicone rubber models were used to verify the theoretical res

ults. The arch design produced a lighter structure with less 

self-weight deflection. Carter (1972) designed a 183 cm diameter 

mirror with a back profile to produce uniform stress on the opti

cal surface. 

Researchers at the optical Science Center at the University of 

Arizona have conducted many studies on lightweight mirrors and 

their optical performance. Vukobratovich et ale (1982) studied 

the theoretical deformations of a 20-inch diameter center sup-
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ported single arch and ring supported double arch mirror via the 

finite element method. These results were compared to optical 

testing results on the fabricated mirrors and found to be within 

the error limits of the optical testing. The single arch weighed 

50% and the double arch 40%, respectively, of a conventional 

cylindrical mirror blank. The authors concluded that the double 

arch mirror provided superior optical performance to the single 

arch design. 

A study by Cho (1989) considered four lightweight solid con

tour mirror shapes (single arch, double arch, modified single 

arch, double concave mirror) and a cellular sandwich lightweight 

meniscus mirror. A parametric finite element study was per

formed on a 40-inch diameter f/2 mirror. The structural deforma

tions, optical performance, and fundamental frequency were com

pared for various support conditions. The ~tudy concluded that 

the single arch shapes produced the lowest wavefront errors, and 

the double concave had the highest. The cellular sandwich mirror 

was found to have the same stiffness to weight ratio as the 

single arch but the optical performance was not as good. The 

double arch mirrors had the highest fundamental frequency. 

The research by Richard (1988) deal with the design of a one

meter primary mirror for a spaceborne application. Cryogenic and 

dynamic considerations are included. A mount is designed to 

accomodate the thermal contraction between the metal support and 

the glass mirror during the cryogenic cooldown. The mirror and 

the support system are also designed to withstand a severe space 
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shuttle launch environment. 

Cho (1989) performed a parametric finite element design study 

of lightweight mirrors with various support conditions. The 

mirror performance was evaluated by the minimization of the opt

ical surface wavefront variations, the minimization of the self

weight with regard to the cost of manufacturing, and the optimal 

location of the support points. The optimum lightweight mirror 

was defined with respect to the lightest and stiffest under self

weight loading. Conventional mirrors and lightweight mirrors in

cluding foam core mirrors were compared for weight, structural 

deflection, optical performance, and natural frequency. The back 

contours of single arch and double arch mirrors were varied to 

optimize the shape based on the structural deflections. 

Valente (1989) compared the relative merits of lightweighted 

mirrors for self-weight induced deflection, mirror efficiency, 

and fabrication ease. Single arch, double arch, symmetric 

sandwich, and open-back mirrors were compared to a solid mirror 

blank. 

In 1990, Cho compared the optical surface deflections of mir

rors due to mechanical and thermal loads. Material and geometric 

design parameters were considered. The geometric configuration 

involved the contour shape, mirror depth, and edge thickness, and 

the material properties considered were the weight density, 

thermal coefficients, and modulus of elasticity. Single and 

double arch mirror shapes were studied under a variety of support 

conditions. 
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3. MATHEMATICAL DEVELOPMENT OF THE MSD METHOD 

3.1 stress-Rating Algorithm 

The Maximum stiffness Design (MSD) method is a basic itera

tive design procedure used in conjunction with the finite element 

method to increase the fundamental frequency of a structure. The 

optimization scheme invol ves ; 1) developing a finite element 

model of the structure to be optimized; 2) determining the 

stresses in the structure for the first six mode shapes; 3) 

obtaining the stresses in the structure due to the mechanical 

loading (e.g. gravity); 4) determining design coefficients for 

each element based on a combination of the normalized mode shape 

stresses and the normalized mechanical stresses; 5) varying the 

cross-sectional properties of the elements according to their 

design coefficient; and 6) iteratively redesigning the structure 

until the fundamental frequency has converged to a maximum. A 

key to the optimization method is the determination of the 

mechanical and the mode shape stresses for each finite element of 

the structure as outlined below. 

The mode shape stresses are determined by computing the 

free-vibration mode shapes. 

motion is shown below: 

The free-vibration equation of 

[M] {ti} + [K] {u} = 0 (1) 
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where [M] is the mass matrix, [K] is the stiffness matrix, and 

{u} is a vector of the physical or generalized displacement coor

dinates 0 It is necessary, for a nontrivial solution of equation 

1, that: 

I [K] - w2 [M] I = 0 (2) 

This is called the characteristic equation and when expanded res

ults in a N degree polynomial in roots w2 which are the eigenva

lues or the squared natural frequencies of the structure, w~, 

where r represents the mode shape 0 There is a natural mode or an 

eigenvector associated with each eigenvalue, w~, denoted as {U}ro 

These natural modes, {U}r, are normalized to the maximum dis

placement using the equation: 

(3 ) 

where c r is a scaling constant such that for the rth mode (di)r = 

1.0, where the maximum displacement is at coordinate i. 

Free-vibration elastic forces in the structure may be com

puted using the following form: 

{fs}r=[K]{d}r (4) 

where {fs} r are the element forces for each mode shape r 0 The 

free-vibration mode shape stresses may then be computed for each 
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mode using the corresponding element forces. 

The MSD procedure developed herein involves the stress 

rating algorithm which assigns a design coefficient to each 

finite element based on a combination of the element's stresses 

due to the mechanical load and the first six mode shapes. In gen

eral, however, more than the first six modes may be used. The 

following paragraphs will detail the manipulation of the mechan

ical and first six mode shape stresses and their conversion into 

MSD design coefficients. 

Firstly, the stress distribution in the structure must be 

accurately characterized by the finite element model using 

truss, beam, plate, or solid elements. This requires an adequate 

finite element mesh. A single stress value is read by the MSD 

algorithm for each element. For example, the MSD program reads 

in the von M ises stress at the center of each beam element. For 

2D membrane elements, MSD reads in the von Mises centroid stress. 

For 2D plate elements, MSD reads in the von M ises centroid stress 

at the extreme fiber. For solid elements, MSD reads in the von 

Mises stress at the center of the element. For truss elements, 

the stress is constant throughout and the MSD simply reads in the 

force in the member divided by the cross-sectional area. The 

following relationship is used to compute the von Mises stress, 

Svm' using the principal stresses for the element, S1, S2, and S3: 
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Second, the MSD algorithm normalizes the mechanical 

stresses, {smi}, and the mode shape stresses, {Sfi}r, to the max

imum element stress in each group for each element i and mode 

shape r. The normalizing relationship is expressed below: 

{Smni} = -~~->-
{smmax} 

{Sfi}r 
{Sfn'} = ------

1. r { S f max } r r=1,6 

(6) 

(7) 

where {Smni} represents the normalized mechanical load stresses, 

and {Sfni}r represents the normalized mode shape stresses. 

The seven sets of normalized element stresses are combined 

into one design coefficient for each element from which the 

structure is redesigned. Four stress rating combinations were 

considered in this development, and are denoted as methods A-D. 

Each method uses a various weighting scheme. Methods B-D use a 

weighting routine to decrease the higher mode shape stresses 

which reduces the effect of the higher mode shapes in the design 

process. The weighted normalized mode shape stresses are 

expressed below: 

(8 ) 

where {SfWi}r refers to the weighted mode shape stresses for 

each element i for a given mode shape r, and Wk is the weighting 



33 

factor. Method A uses a weighting factor of unity. Method Buses 

the ratio of the fundamental frequency to the specific mode's 

frequency. The weighting factor of method C uses the square of 

the frequency ratio, and method D multiplies each successive set 

of mode shape stresses following the fundamental frequency set 

by the factors 0.8, 0.64, 0.51, 0.41, and 0.33 - decreasing the 

value of each of the higher mode shape stresses by 20 percent. 

These weighting expressions for methods A-C are shown below: 

(9) 

(10) 

(11) 

A single normalized value is then determined for each ele-

ment by selecting the maximum value from the seven sets of nor-

malized and weighted stresses for each of the four methods. 

These normalized numbers are then scaled between 0-10 and repre-

sent the design coefficients for the elements of the structure. 

These design coeffients are similiar to the design sensitivity 

coefficients in the DSA method. An element with a normalized 

number between 0.0 and 0.1 receives a design coefficient of o. An 

element with a normalized number between 0.40 and 0.50 receives a 

design coefficient of 5. These design coefficients are used to 
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redesign the elements cross-sectional properties. The design 

variable for a truss structure, for example, is the cross-sec

tional area. A truss element with a design coefficient of 10 has 

a maximum increase in its cross-sectional area. Conversely, an 

element with a design coefficent of 0 has a maximum decrease in 

its cross-sectional area. A member whose design coefficient is a 

5 has its cross-sectional area remain the same. As the design 

converges to an optimum the element design coefficients reach 

values of 8,9, or 10. This indicates that the design is reaching a 

fully stressed condition based upon the combination of the 

mechanical and the mode shape stresses. The MSD algorithm uses a 

second scale where the original design coefficients are rescaled 

such that the lowest rated element will always have a design 

coefficient of o. This provides a greater resolution in the iter

ative design procedure. Both scales are important in the optimi

zation process. The original scale is used to determine the con

vergence of the design to the fully stressed configuration, and 

the second scale is used to fine tune the cross-sectional proper

ties of the element. 

A study was performed using a ten-bar cantilever truss, 

shown in Figure 3.1, to determine which of the four methods in

crease the fundamental frequency of the structure the greatest. 

A NASTRAN finite element model of the truss was used to determine 

the stresses in the truss members due to the mechanical loading 

and the stresses produced in the structure in the first six mode 

shapes. The results of the ten-bar truss are shown in Table 3.1 
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for two loading conditions with each design having the same 

weight. Method B for both load cases produces the greatest in

crease in the fundamental frequency. This study was repeated for 

a cantilever beam and a simply-supported beam. These results are 

also in Table 3.1. Again, Method B produces the greatest in

crease in the fundamental frequency of the beams. In the studies 

that follow the design coefficients for 'the MSD approach are 

based upon the stress rating algorithm of method B. 

The MSD iterative design procedure is detailed in Table 3.2 

for the optimization of the ten-bar cantilever truss using the 

design coefficients based on method B. The cross-sectional areas 

of the members, the design coefficients (scaled from 0-10), the 

total mass of the structure, and the fundamental frequency are 

shown for the first five iterations of the optimization process. 

The final design is also shown which was achieved in the eighth 

iteration. 

A study was also performed to examine how an optimization 

procedure based on the stresses from the mechanical loads and 

the fundamental mode shape each individually affect the struc

tural frequencies of the ten-bar cantilever truss. These designs 

were compared to the design resulting from Method B's approach in 

Table 3.3. Each design maintains constant weight. The primary 

reason for this study was to see how the major stress rating con

tributors of Method B, the mechanical loading and the first mode 

shape stresses, tend to design a structure. These results indi

cate that while both the design coefficients based on the mechan-
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ical loads and the first mode shape stresses do increase the fun

damental frequency, it is the MSD design coefficients which pro

duce an even greater fundamental frequency change. 

3.2 MSD Design Comparisons 

Two design comparison studies were conducted to compare the 

structural frequencies of the ten-bar cantilever truss and a 

25-bar transmission tower (Figure 3.2). The first compares the 

structural frequencies of the FSD method and the MSD method. 

Intuitively, the FSD design may yield structures with a signifi

cant increase in the fundamental frequency since the fundamental 

frequency of a structure is inversely proportional to the struc-

ture' s weight. The results for the cantilever truss and the 

transmission tower are shown in Table 3.4 and Table 3.5, respec

tively. The MSD design increases the fundamental frequency as 

compared to the FSD design by 11.4 percent for the cantilever 

truss and 18.0 percent for the transmission tower. 

The MSD method was then compared to NASTRAN's Design Sensi

tivity Analysis (DSA) to provide a baseline for the effectiveness 

of the MSD optimization procedure. The results for the cantil

ever truss and the transmission tower are shown in Table 3.6 and 

Table 3.7, respectively. The DSA design increases the fundamen

tal frequency as compared to the MSD design by 9.0 percent for 

the cantilever truss and 8.0 percent for the transmission tower. 
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Material: Aluminum 

stress Limit: 25000 psi 

Member size constraints: 

Lower limit: 0.1 in.2 
Upper Limit: no limit 

Loading Cases: 

Case 1: P1 =100 K, P2=0 K 
Case 2: P1 =150 K, P2=50 K 
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Figure 3.1 Ten-Bar cantilever Truss Model 
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Table 3.1 comparison of stress-Rating Algorithms 

Ten-Bar cantilever Truss 
Percent Increase in Fn 

stress Rating Load Load 
Method Case 1 Case 2 

A 11. 0 10.2 
B 34.7 18.9 
C 31.1 16.3 
0 29.2 16.4 

Beam study 
Percent Increase in Fn 

stress Rating cantilever simply Supported 
Method Beam Beam 

----------------------------------------------------------------------------
A 8.4 8.7 
B 27.4 19.3 
C 25.6 14.5 
0 25.0 15.2 



Table 3.2 MSD Iterative Design Comparison 

cantilever Truss 
cross-sectional area, in. 2 

DC - MSD design coefficient for each design 

Design Initial 
Variable Area(DC) 1st 

Iteration 
2nd 3rd 

-------------------------------------------------------------------------------
1 8.0(10) 12.0(10) 14.0(5) 14.0 (6) 
2 8.0(2) 5.6(0) 2.0(2) 0.5(10) 
3 8.0(10) 12.0(10) 14.0(0) 12.0(9) 
4 8.0(2) 5.6(2) 4.0(10) 5.6(7) 
5 8.0(0) 4.0(2) 2.8(10) 4.0(3) 
6 8.0(0) 4.0(6) 6.0(0) 4.0(6) 
7 8.0(5) 8.0(10) 14.0(10) 16.0(3) 
8 8.0(5) 8.0(10) 14.0(5) 14.0 (6) 
9 8.0(3) 6.4(6) 7.9(2) 7.0(10) 

10 8.0(3) 6.4(0) 2.0(5) 2.0(0) 

Fn (Hz) 14.24 17.84 19.59 20.24 
Mass(lbm)2.93 2.61 3.00 2.96 

Design Iteration 
Variable 4th 5th 8th 
---------------------------------------------------------------------------

1 14.0(6) 14.4(10) 16.0 
2 0.5(10) 1.0(10) 1.2 
3 12.0(9) 13.6(8) 13.8 
4 5.6(7) 6.6(5) 5.5 
5 4.0(3) 3.2(0) 1.0 
6 4.0(6) 4.4(2) 3.0 
7 16.0(3) 15.2(5) 14.2 
8 14.0(6) 14.4(8) 15.0 
9 7.0(10) 7.8(10) 8.0 

10 2.0(0) 1.0(8) 1.5 

Fn (Hz) 20.53 20.81 21.85 
Mass(lbm) 3.03 3.09 2.98 
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Table 3.3 Gravity vs. 1st Mode vs. Method B 

cantilever Truss 
cross-sectional area, in. 2 

Design Gravity First Mode Method B 
Variable Design Design Design ---- ---- - -----

1 16.5 14.2 16.0 
2 3.9 2.5 1.2 
3 11.5 12.4 13.8 
4 6.0 4.2 5.5 
5 1.1 3.0 1.0 
6 4.4 3.3 3.0 
7 9.6 11.2 14.2 
8 17.0 15.6 15.0 
9 7.7 7.7 8.0 

10 0.8 3.4 1.5 

cantilever Truss 
frequency, Hz. 

Mode Gravity First Mode Method B 
# Freq Freq Freq 

1 20.26 20.76 21. 85 
2 42.03 44.70 40.99 
3 45.14 48.52 46.71 
4 70.17 70.37 64.38 
5 78.97 86.89 81.54 
6 104.45 91. 95 95.38 



Material: Aluminum 

stress LiJnit: 40 ksi 

Member size constraints: 

Lower liJnit: 0.01 in.2 
Upper Limit: no limit 

Loading: 

Node 1: Fx=l K, Fy=10 K, Fz=-S K 
Node 2: Fx=O K, Fy=lO K, Fz=-S K 
Node 3: Fx=O.S K, Fy=O K, Fz=O K 
Node 6: Fx=O.S K, Fy=O K, Fz=O K 

. Figure 3.2 Twenty-Five Bar Transmission Tower 

41 



42 

Table 3.4 MSD vs. FSD: cantilever Truss 

cantilever Truss 
cross-sectional area, in. 2 

Design Initial MSD FSD 
Variable Area Area Area 
---------------------------------------------------------------------------

1 8.0 16.0 8.0 
2 8.0 1.2 0.5 
3 8.0 13.8 8.3 
4 8.0 5.5 4.0 
5 8.0 1.0 0.1 
6 8.0 3.0 0.1 
7 8.0 14.2 5.9 
8 8.0 15.0 6.8 
9 8.0 8.0 5.9 

10 8.0 1.0 0.1 

cantilever Truss 
frequency, Hz 

Mode Initial MSD FSD 
# Freq Freq Freq 

-------------------------------------------------------------------------------
1 14.24 21.85 21. 58 
2 40.50 40.99 34.98 
3 42.07 46.71 46.81 
4 80.77 64.38 54.00 
5 85.97 81.54 76.74 
6 99.39 95.38 99.00 

Mass (lbrn> 2.93 2.98 1.53 



Table 3.5 MSD VS. FSD: Transmission Tower 

Design 
Variable 

Transmission Tower 
cross-sectional area, in. 2 

Initial MSD 
Area Area 

FSD 
Area 

----------------------------------------------------------------------------------------
1 0.2 0.01 0.10 
2 0.5 0.30 0.14 
3 0.5 0.40 0.34 
4 0.2 0.04 0.12 
5 0.2 0.10 0.12 
6 0.2 0.35 0.10 
7 0.5 0.40 0.11 
8 0.5 0.81 0.43 

Transmission Tower 
frequency, Hz. 

Mode Initial MSD FSD 
# Freq Freq Freq 

1 185.7 237.4 192.4 
2 193.1 252.3 196.3 
3 223.9 260.2 204.4 
4 254.8 325.6 266.5 
5 301.1 329.6 272.4 
6 353.3 336.2 280.0 

-----------------------------------------
Mass(lbm) 0.343 0.343 0.167 
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Table 3.6 MSD vs. DSA: cantilever Truss 

cantilever Truss 
cross-sectional area, in. 2 

Design Initial MSD DSA 
Variable Area Area Area 

1 8.0 16.0 17.2 
2 8.0 1.2 0.5 
3 8.0 13.8 14.2 
4 .8.0 5.5 5.0 
5 8.0 1.0 1.5 
6 8.0 3.0 2.5 
7 8.0 14.2 12.2 
8 8.0 15.0 17.4 
9 8.0 8.0 7.2 

10 8.0 1.5 0.6 

cantilever Truss 
frequency, Hz 

Mode Initial MSD DSA 
# Freq Freq Freq 

1 14.24 21. 85 23.07 
2 40.50 40.99 43.29 
3 42.07 46.71 46.10 
4 80.77 64.38 55.31 
5 85.97 81. 54 81. 70 
6 99.39 95.38 95.41 

J1, 
0 Increase 53.4 62.0 
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Table 3.7 MSD vs. DSA: Transmission Tower 

Transmission Tower 
cross-sectional area, in2 

Design Initial MSD DSA 
Variable Area Area Area 
----------------------------------------------------------------------------------------

1 0.2 0.01 0.01 
2 0.5 0.30 0.15 
3 0.5 0.40 0.35 
4 0.2 0.04 0.12 
5 0.2 0.10 0.10 
6 0.2 0.35 0.35 
7 0.5 0.40 0.45 
8 0.5 0.81 0.90 

Transmission Tower 
frequency, Hz 

Mode Initial MSD DSA 
# Freq Freq Freq 

----------------------------------------------------------------------------------------
1 185.7 237.4 253.3 
2 193.1 252.3 271. 4 
3 223.9 260.2 274.6 
4 254.8 325.6 342.0 
5 301.1 329.6 352.9 
6 353.3 336.2 354.8 

9..-
0 Increase 27.8 36.4 
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4. MSD OPTIMIZATION EXAMPLES 

4.1 Telescope Support Structure 

The effectiveness and validity of the Maximum stiffness 

Design is illustrated through several examples. These examples 

include a support structure for a telescope, a support structure 

for a beam collapser, an airplane wing, and a truss railroad 

bridge. The MSD designs will be compared to the designs produced 

using the finite element code NASTRAN's Design Sensitivity Ana

lysis (DSA) optimization procedure. NASTRAN's DSA was used simi

liarly to the MSD technique ·to optimize the structure. An in

itial finite element analysis was made with the design sensitiv

ity coefficients output for each design variable. These coeffi

cients are then used to redesign the structure as the MSD design 

coefficients. 

The first structure optimized is an aluminum support struc

ture for a telescope. The finite element model, shown in Figure 

4.1, had supports at two points, one on each side of the structure 

at the intersection of the five side beams. This structure con

sists of six primary components; the bottom rear plate, top rear 

plate, front plate, the baffle, the bottom support beams, and the 

side support beams. The base of the structure is 7.5" x 13.5" and 

the height is 17" with the baffle extending out 36" with a diame

ter of 9.5". Gravity forces were the only mechanical load. Modes 

of failure such as buckling and constraints such as displacements 
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were not considered. The primary design emphasis was placed on 

the location of the mass to maximize the fundamental frequency 

of the structure. Other design concerns may then be addressed 

and the existing design altered to satisfy those criteria. 

An initial design for the support structure consisted of a 

plate thickness of 0.375" for the top and bottom rear plate and 

the front plate. The thickness of the baffle was 0.25" and the 

bottom and side support beams consisted of circular tubes 1.0" 

diameter with a wall thickness of 0.05". The initial structure 

had a weight of 48.3 lbs. and an initial fundamental frequency of 

32.7 Hz. 

The design process used nineteen design variables. Four 

design variables each were used for the top and bottom rear plate 

and the front plate. These variables consist of a four element 

strip in the X-direction for the three plates. Five design vari

ables were used on the baffle consisting of a variable for each 

circular ring of elements. The bottom beam elements and the side 

beam elements were also design variables. Minimum design con

straints were a thickness of 0.10" for the plate elements and a 

tube diameter of 0.5" for the beam elements. 

The MSD design produced a structure with a fundamental fre

quency of 101.9 Hz having a weight of 48.0 lbs. The design pro

duced using NASTRAN's Design Sensitivity Analysis had a fundamen

tal frequency of 104.5 Hz and a weight of 48.7 lbs. Both designs 

placed a major portion of the weight in the top rear plate and the 

side beams with a thinner bottom rear plate and front plate. 
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Also, the thickness of the baffle was decreased. A comparison of 

the designs is shown in Table 4.1. There does exist differences 

in the two designs although the fundamental frequency is close. 

However, the primary components of the support structure are 

sized with most of the weight in the critical locations for both 

designs. 

A comparison of the first six modes shapes for the initial 

design and the MSD design are shown in Figures 4.2(a-f) and Fig

ures 4.3 (a-f) • The first two mode shapes for the initial design 

are the bending modes of the baffle (Figure 4.2 (a,b». These mode 

shapes closely resemble the MSD design mode shapes five and 

three, respectively (Figure 4.3 (e,c». The first two mode shapes 

of the MSD design are a torsion of the baffle, and the bending of 

the front plate. The redistribution of the mass via the MSD 

method produces a significant increase in the first two modes 

while the next four mode shapes of the optimized design are much 

lower than the initial design mode shapes. 

4.2 Beam Collapser Support Structure 

The MSD and the DSA methods were used to maximize the fun

damental frequency of a support structure for a beam collapser. 

This structure is a modified serrurier truss which supports the 

optical elements as shown in Figure 4.4. The original beam col

lapser design serves as part of a ground based optical interfer

ometer which is designed to maintain the primary and secondary 
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mirrors within allowed optical and mechanical load tolerances 

under gravity, wind, thermal, and earthquake loading. The confi

guration of the beam collapser includes a 30-inch diameter f/2.7 

primary mirror and a 4.6-inch diameter secondary mirror. A sim

plified design of the beam collapser was undertaken for optimi

zation purposes which considered gravity acting perpendicular to 

the optical axis and lateral wind loading on the structure. The 

initial structural design was determined using conventional 

methods to satisfy strength and deflection requirements. The 

MSD method and NASTRAN's DSA were then used to maximize the 

structure's fundamental frequency. 

The optimization design process consisted of seven design 

variables; the secondary end-ring, secondary truss members, main 

frame beams, main frame columns, primary truss members, primary 

end-ring, and the A-braces. The initial steel design had a funda

mental frequency of 26.2 Hz. The MSD procedure increased the 

fundamental frequency to 46.3 Hz, and the DSA increased the fun

damental frequency to 49.7 Hz. The DSA design produced larger A

braces and main frame columns but reduced the size of the main 

frame beams when compared to the MSD design as shown in Table 

4.2. 

A comparison of the first six mode shapes for the initial 

design and the MSD design are shown in Figures 4.5 (a-f) and 4.6 (a

f), respectively. The first two mode shapes of the initial design 

are tip/tilt modes about the main frame. The first two mode 

shapes of the MSD design beam collapser are the local bending of 
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the secondary and primary mirror support beams. The tip/tilt 

modes of the MSD design are seen in modes shapes four and three, 

respectively. The MSD design has increased the first four modal 

frequencies and decreased the frequencies of modes five and six 

relative to the initial design. 

4.3 Airplane wing 

An aluminum airplane wing was optimized for maximum funda

mental frequency using the MSD optimization technique and NAS

TRAN's DSA. A finite element model of the wing is shown in Figure 

4.7 using 65 quadrilateral elements. The wing is 500 inches long, 

has a maximum depth of 50 inches, and a maximum width of 250 

inches. 

Fifteen design variables were used in the optimization of 

the wing. Five design variables were used for the top and bottom 

skins of the wing with a design variable corresponding to each 

element extending out to the end of the wing. Five more design 

variables considered the plate thickness of the ribs. The spars 

with three columns of five elements were broken into five more 

design variables corresponding to a variable for each row of ele

ments. The optimization process ignored the failure modes of 

strength and buckling due to the lift and drag forces. Also, neg

lected were the non-structural mass typically carried by a wing 

such as fuel and armaments. 
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The initial wing structure, using a plate thickness of 0.25" 

for each design variable, weighed 6627 lbs. and had an initial 

fundamental frequency of 9.9 Hz. NASTRAN's DSA produced a struc

ture weighing 6627 pounds with a fundamental frequency of 25.2 

Hz. The MSD optimization technique produced a structure weighing 

6611 pounds with a fundamental frequency of 21.5 Hz. A compari

son of these designs is shown in Table 4.3. 

The first six fundamental frequencies for both designs are 

given in Figures 4.8 (a-f) and 4.9 (a-f). The MSD design increases 

the first four frequencies of the wing with the last two mode 

shapes decreased in comparison to the initial design values. The 

first mode shape of the MSD design, cantilever flexure of the 

wing, is the same as for the initial design. The second mode 

shape of the initial design, Y-axis flexure of the wing, is seen 

as the fourth mode shape in the MSD design. 

4.4 Truss Railroad Bridge 

A truss railroad bridge was optimized for maximum funda

mental frequency using the MSD method and NASTRAN's DSA. The 

finite element model of the railroad bridge, shown in Figure 

4.10, comprises 82 truss elements. The span of the bridge was 120 

feet with six panels 20 feet long. The height of the bridge is 30 

feet and the width is 20 feet. An initial design of the bridge 

used steel tubular members each having a five square inch cross

sectional area and had a weight of 40611 lbs. and fundamental 



52 

frequency of 9.4 Hz. The first six mode shapes of the initial 

design are shown in Figure 4.11 (a-f). 

The optimization process used nine design variables as 

shown in Figure 4.10; the floor beams, bottom chord bracing, 

bottom chord mains, vertical mains, diagonal bracing, top chord 

mains, top chord bracing, base diagonals, and the top beams. The 

MSD method increased the fundamental frequency by 37.8 percent 

to 12.9 Hz. The weight of the MSD design was 40533 lbs. NASTRAN's 

DSA increased the fundamental frequency by 40.4 percent to 13.1 

Hz at a weight of 40881 lbs. A comparison of the two optimized 

designs is shown in Table 4.3, and the first six mode shapes of 

the MSD design are shown in Figure 4.12 (a-f). The MSD design in

creased the frequency of mode one, two, three, and six over the 

initial design. The first five mode shapes of the initial design 

and the MSD design remained essentially the same. The sixth mode 

of the MSD changed from the initial design. 
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A - bottom rear plate 
B - top rear plate 
C - front plate 
0- baffle 
E - bottom beams 
F - side beams 

Figure 4.1 Telescope support structure 
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Table 4.1 Telescope Design: MSD vs. DSA 

Telescope Design 
Member sizes 

Design Initial MSD DSA 
Variable (dimensions in inches) 

Bottom rear plate thickness 

1 0.375 0.10 0.10 
2 0.375 0.10 0.10 
3 0.375 0.20 0.10 
4 0.375 0.20 0.10 

Top rear plate thickness 

5 0.375 0.70 0.90 
6 0.375 0.70 0.95 
7 0.375 0.90 0.95 
8 0.375 1. 20 1. 05 

Front plate thickness 

9 0.375 0.10 0.10 
10 0.375 0.10 0.10 
11 0.375 0.10 0.10 
12 0.375 0.10 0.10 

Baffle plate thickness 

13 0.25 0.15 0.15 
14 0.25 0.12 0.14 
15 0.25 0.12 0.13 
16 0.25 0.12 0.12 
17 0.25 0.12 0.11 

Bottom beam diameter 

18 1.0 1.0 1.0 

Side beam diameter 

19 1.0 2.0 2.0 
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Mode 1 Freq. 32.9 Hz 

(a) 

Mode 2 Freq. 42.2 Hz 

(b) 

Figure 4.2 Telescope Initial Design Mode Shapes 



56 

Mode 3 Freq. 146.9 Hz 

(c) 

Mode 4 Freq. 180.0 Hz 

(d) 

Figure 4.2 Telescope Initial Design Mode Shapes 
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Mode 5 Freq. 227.8 Hz 

(e) 

Mode 6 Freq. 230.7 Hz 

(f) 

Figure 4.2 Telescope Initial Design Mode Shapes 
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Mode 1 Freq. 101.9 Hz 

(a) 

Mode 2 Freq. 104.5 Hz 

(b) 

Figure 4.3 Telescope MSD Design Mode Shapes 
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Mode 3 Freq. 130.0 Hz 

(c) 

Mode 4 Freq. 139.2 Hz 

(d) 

Figure 4.3 Telescope MSD Design Mode Shapes 
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Mode 5 Freq. 180.5 Hz 

(e) 

Mode 6 Freq. 208.0 Hz 

(f) 

Figure 4.3 Telescope MSD Design Mode Shapes 



A - secondary end-ring 
B - secondary truss members 
C - main frame beams 
o - main frame columns 
E - "A" - braces 
F - primary truss members 
G - primary end-ring 

Figure 4.4 Beam Collapser support structure 
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Table 4.2 Beam Collapser: MSD vs. DSA 

Design 
Variable 

Beam Collapser Design 
Member sizes 

MSD DSA 
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--------------------------------------------------------------------------------------------

Secondary 
End-Ring 211x211x1/411 2 I1 x2 I1 x1/4 11 

Secondary 
Truss Members 2.0 11 2.0 11 

Main Frame 
Columns 4 I1 x4 I1 x1/4 11 4 I1 x4 I1 x3/8" 

Main Frame 
Beams 411X4IIx1/4II 3 IIx3 IIx1/4 II 

Primary 
Truss Members 1.25 11 1.25 11 

Primary 
End Ring 2 I1 x2 I1 x1/4 11 2 I1 x2 I1 x1/4" 

A-Bracing 3 I1 x2"x1/4 11 4"x2 I1 x1/4" 
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Mode 1 Freq. 22.4 Hz 

(a) 

Mode 2 Freq. 23.3 Hz 

(b) 

Figure 4.5 Truss Initial Design Mode Shapes 
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Mode 3 Freq. 38.4 Hz 

(c) 

Mode 4 Freq. 61.9 Hz 

(d) 

Figure 4.5 Truss Initial Design Mode Shapes 
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Mode 5 Freq. 73.9 Hz 

(e) 

Mode 6 Freq. 90.3 Hz 

(f) 

Figure 4.5 Truss Initial Design Mode Shapes 
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Mode 1 Freq. 46.3 Hz 

(a) 

Mode 2 Freq. 49.4 Hz 

(b) 

Figure 4.5 Truss MSD Design Mode Shapes 
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Mode 3 Freq. 55.8 Hz 

(c) 

Mode 4 Freq. 60.2 Hz 

(d) 

Figure 4.6 Truss MSD Design Mode Shapes 
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Mode 5 Freq. 67.4 Hz 

(e) 

Mode 6 Freq. 77.3 Hz 

(f) 

Figure 4.6 Truss MSD Design Mode Shapes 
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A 

A - top skin of wing 

B - bottom skin of wing 

C - ribs 

D - spars 

Figure 4.7 Airplane Wing Finite Element Model 
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Design 
Variable 
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Table 4.3 Wing Design: MSD vs. DSA 

Wing Design 

Initial MSD DSA 
(dimensions in inches) 

--------------------------------------------------------------------------------------------
Rib Thickness 

1 0.25 0.02 0.11 
2 0.25 0.02 0.06 
3 0.25 0.02 0.04 
4 0.25 0.02 0.02 
5 0.25 0.02 0.02 

Spar Thickness 

6 0.25 0.20 0.30 
7 0.25 0.25 0.27 
8 0.25 0.25 0.15 
9 0.25 0.10 0.05 
10 0.25 0.05 0.02 

Top & Bottom Skin Thickness 

11 0.25 0.54 0.57 
12 0.25 0.42 0.46 
13 0.25 0.22 0.15 
14 0.25 0.10 0.05 
15 0.25 0.02 0.02 
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Mode 1 Freq. 9.9 Hz 

(a) 

Mode 2 Freq. 30.6 Hz 

(b) 

Figure 4.8 Airplane Wing Initial Design Mode Shapes 
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Mode 3 Freq. 38.1 Hz 

(c) 

Mode 4 Freq. 42.0 Hz 

(d) 

Figure 4.8 Airplane Wing Initial Design Mode Shapes 
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Mode 5 Freq. 79.7 Hz 

(e) 

Mode 6 Freq. 85.8 Hz 

(f) 

Figure 4.8 Airplane Wing Initial Design Mode Shapes 
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Mode 1 Freq. 21.5 Hz 

(a) 

Mode 2 Freq. 45.4 Hz 

(b) 

Figure 4.9 Airplane Wing MSD Design Mode Shapes 



75 

Mode 3 Freq. 50.8 Hz 

(c) 

Mode 4 Freq. 60.6 Hz 

(d) 

Figure 4.9 Airplane Wing MSD Design Mode Shapes 
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Mode 5 Freq. 71.8 Hz 

(e) 

Mode 6 Freq. 76.1 Hz 

(f) 

Figure 4.9 Airplane Wing MSD Design Mode Shapes 



A - Floor Beams 
B - Bottom Chord Bracing 
C - Bottom Chord Mains 
D - Vertical Mains 
E - Diagonal Bracing 
F - Top Chord Mains 
G - Top Chord Bracing 
H - Base Diagonals 
I - Top Beams 

Figure 4.10 Railroad Bridge Finite Element Model 
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Table 4.4 Railroad Bridge: MSD vs. DSA 

Railroad Bridge Design 

Design Initial MSD DSA 
Variable (dimensions in square inches) 

Floor Beams 5.00 1. 00 1. 00 

Bottom Chord 
Bracing 5.00 5.00 3.20 

Bottom Chord 
Mains 5.00 5.85 6.15 

Vertical Mains 5.00 2.35 2.15 

Diagonal Bracing 5.00 2.75 2.70 

Top Chord 5.00 14.80 15.20 

Top Chord 
Bracing 5.00 3.00 3.40 

Base Diagonals 5.00 16.00 20.00 

Top Beams 5.00 2.20 2.15 
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Mode 1 Freq. 9.4 Hz 

(a) 

Mode 2 Freq. 10.7 Hz 

(b) 

Figure 4.11 Bridge Initial Design Mode Shapes 
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Mode 3 Freq. 12.6 Hz 

(c) 

Mode 4 Freq. 17.4 Hz 

(d) 

Figure 4.11 Bridge Initial Design Mode Shapes 
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Mode 5 Freq. 22.4 Hz 

(e) 

Mode 6 Freq. 24.2 Hz 

(f) 

Figure 4.11 Bridge Initial Design Mode Shapes 
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Mode 1 Freq. 12.9 Hz 

(a) 

Mode 2 Freq. 14.0 Hz 

(b) 

Figure 4.12 Bridge MSD Design Mode Shapes 
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Mode 3 Freq. 15.2 Hz 

(c) 

Mode 4 Freq. 17.2 Hz 

(d) 

Figure 4.12 Bridge MSD Design Mode Shapes 
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Mode 5 Freq. 20.4 Hz 

(e) 

Mode 6 Freq. 28.4 Hz 

(f) 

Figure 4.12 Bridge MSD Design Mode Shapes 
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5. OPTIMIZATION OF SINGLE ARCH MIRRORS 

5.1 Single Arch Optimization 

Three methods for the optimization of a hub supported cir

cular mirror blank in the zenith position are performed; the 

first method uses the design coefficients based on the grav

ity/self-weight radial stresses, the second method uses the MSD 

design coefficients, and the third method uses the design coeffi

cients based on the mode shape stresses (.MSD stresses excluding 

the mechanical loading). The stresses used in the computation of 

the design coefficients are taken on the optical surface of the 

mirror. A flowchart of the optimization procedure is shown in 

Figure 5.1. A typical solid finite element model used to optimize 

the mirror shapes is shown in Figure 5.2 (a,b). Typical modal fre

quencies are shown in Figure 5.3 (a,b). The optical performance of 

the mirrors was found using PCFRINGE (Cho, 1989). Tilt and focus 

terms are removed in the optical performance analysis from the 

RMS surface error. Typical output from PCFRINGE is shown in 

Figure 5.4 (a,b). 

The hub-mounted mirror is shape-optimized with three pri

mary goals; maximize the fundamental frequency, minimize the 

mirror's weight, and minimize the RMS surface error. Further

more, the von Mises stress distribution along the mirror's radial 

position is used to determine a relationship between the optical 

surface stress and the optical performance of the mirror. 
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The mirror to be optimized is 16 inches in diameter, with a 

front radius of curvature of 48 inches, a 4 inch diameter central 

hole, a 0.5 inch land extending from the central hole, a maximum 

thickness of 3 inches, and a minimum thickness of 0.25 inches. 

The material of the mirror is a silicone aluminum composite 

having the trade name SXA. 

The three optimization methods produced a total of 17 dif

ferent contour mirror shapes throughout the iterative procedure. 

The weight, natural frequencies, and RMS surface error were det

ermined for the 17 shapes and are listed by weight in Table 5.1 

along with the baseline mirror - the flat back (right circular 

cylinder). The mirror shapes and their back contour equations 

are shown in Figure 5.5(a-r) and are compared for their weight, 

fundamental frequency, and RMS surface error. 

The optimum mirror shape produced using the self-weight 

radial stresses was mirror shape ID# F9H (Figure 5.5 (q» • The 

shape is characterized by a linear taper with a one inch land 

which produced radial stresses along the linear taper ranging 

from 0.00 to 0.09 psi from the edge of the land to the mirror 

edge. Typical radial stresses for the other designs were a 

factor of 10 greater. This mirror shape is relatively heavy, has 

a low fundamental frequency, and a low RMS surface error. 

The MSD method produced mirror shape ID# D6 (Figure 5.5 (g» 

which has a low weight, a high fundamental frequency, and a low 

RMS surface error. This design is very similiar to Cho's optimum 

mirror shapes produced in his parametric study (1989). Cho pro-
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duced several similiar single arch mirror designs having a RMS 

surface error between 0.010 and 0.022 waves for mirrors weighing 

between 13.0 lbs and 21.3 lbs. Properties of these mirrors are 

listed in Table 5.1 and are denoted as C1, C2, and C3. The MSO 

optimized mirror has a RMS surface error of 0.015 waves, and 

weighs 12.1 lbs. 

Mirror shape ID# M1 (Figure 5.5 (d» was optimized using the 

mode shape stresses which produced the highest fundamental fre

quency of all the 17 mirror shapes and the third lightest mirror. 

The RMS surface error, though, is higher than the flat back 

mirror. 

Other interesting mirror shapes include ID# F7 which uses a 

parabolic back contour with the vertex at the base. This is the 

heaviest of all designs, with the lowest fundamental frequency, 

but has a relatively low RMS surface error. The lowest RMS sur

face errors were produced by mirrors 01, 02, 03, and Fl. These 

shapes produce a mirror with a high fundamental frequency and 

relatively low weight. See Figures 5.5(i,k,l,m), respectively. 

General trends reveal that the mirror shapes with the highest 

fundamental frequencies also have the lowest weight. 

The three optimization methods produced mirrors of varying 

configurations. The optimization approach based on the radial 

stresses tended to add weight to the mid-section of the mirror 

producing the heaviest design with a low fundamental frequency 

but a low RMS surface error. The lightest mirrors were produced 

by the design coefficients based on the mode shape stresses. 
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These mirrors also had the highest fundamental frequency but the 

poorest optical performance. The MSD optimization procedure, on 

the otherhand, produced mirrors which were lightweight, had a 

high fundamental frequency, and a low RMS surface error. 

5.2 optimum Optical Performance 

A further study was conducted with the 18 mirror shapes to 

determine a relationship between the self-weight von Mises 

stress across the optical surface and the optical performance of 

the mirrors (RMS surface error). The von Mises stress distribu

tion extending from the inner radial position to the edge of the 

mirror across the optical surface is shown in Table 5.2(a,b) for 

the 18 mirror shapes. The mirrors are ordered by increasing RMS 

surface error, and the average mirror stress and the standard 

deviation of the stress over the mirror surface is also listed 

for each mirror. The stress distribution is plotted in Figures 

5.6(a-e). Figure 5.6(a) shows the stress distribution curve of 

the five best mirrors. Figure 5.6(b) shows the next five best 

mirrors and their corresponding stress distribution. Note how 

the stress distribution between the two plots has a similiar 

characteristic curve with a high stress at the inner edge and 

decreasing to the outer edge. The next two mirrors have the 

characteristic stress shape but a much greater stress value 

(Figure 5.6(c». The six worse optical performance mirrors are 

shown in Figure 5.6 (d). These mirrors are characterized by a rel-
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atively low inner stress but an increasing stress out toward the 

edge of the mirror. The final plot (Figure 5.6 (e» shows a com

bined plot representing the average stresses of each of the pre

vious four plots. CUrve A represents the best mirror shapes in 

terms of optical performance. Thus, the mirror shapes producing 

the highest optical quality have a near constant von Mises stress 

over its surface. 

It is concluded that the MSD optimization method. produces 

mirrors which are lightweight, with a high fundamental fre

quency, and a low RMS surface error. Furthermore, it is con

cluded that a near constant von Mises stress distribution across 

the mirror surface will produce mirrors with a minimum RMS sur

face error and therefore optimum optical performance. 
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Initial FE Mirror Analysis 
a) Mechanical Stresses 
b) Mode Shape Stresses 
c) Mass, Frequencies 

MSD Optimization Program: 
a) Compute Design Coefficients 

using Optical Surface stress 

Re-Shape Contour of Mirror: 
a) Run CUrvefit program to 

best fit 12 points 

Develop New FE Mirror Model 
a) Obtain Structural Displacements 

Run PCFRINGE: 
a) Compute RMS Surface Error 

MSD optimum Mirror Shape 

Figure 5.1 Mirror Optimization Flow-Chart 
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Figure 5.2 (a) Typical Finite Element Mirror Models 
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Figure 5.2 (b) Typical Finite Element Mirror Models 
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Mode 1 

Mode 2 

Mode 3 

Figure 5.3 (a) Typical Mirror Mode Shapes 
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Mode 4 

Mode 5 
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Mode 6 

Figure 5.3 (b) Typical Mirror Mode Shapes 
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Table 5.1 Performance of single Arch Mirrors 

Single Arch Mirror optimization 

IO Weight RMS Frequency Mode # (Hz) 
# lbs. (x100) 1 2 3 4 5 6 

BA 49.9 3.2 484 841 842 1043 1423 1500 

M2 9.8 6.8 990 1006 1033 1035 1142 1142 

M4 10.4 4.0 1118 1196 1214 1227 1229 1339 

M1 10.6 3.6 1122 1239 1249 1267 1269 1389 

04 11.3 2.0 1094 1382 1383 1383 1386 1596 

05 11. 6 2.2 1050 1284 1284 1286 1287 1524 

06 12.1 1.5 1038 1356 1359 1380 1380 1662 

01 12.9 0.6 1002 1397 1400 1480 1480 1854 

02 13.7 0.4 961 1369 1372 1485 1485 1863 

03 14.5 0.3 940 1407 1409 1572 1572 1960 

F1 14.6 0.3 921 1338 1340 1501 1501 1870 

F8 15.5 0.6 954 1585 1587 1959 1960 2301 

F2 17.6 1.1 831 1296 1296 1626 1626 1904 

F4 18.1 1.1 827 1316 1317 1716 1716 1948 

F3 19.4 1.2 795 1305 1307 1744 1745 1960 

F9 20.9 1.3 781 1354 1358 1941 1942 2069 

FlO 22.8 1.4 751 1364 1368 2004 2031 2078 

F7 29.0 1.9 639 1175 1178 1770 1802 1857 

C1 13.5 1.8 

C2 16.2 1.6 

C3 21.3 1.0 



Mirror Shape: Single Arch 
Baseline Shape: Flat Back BA 

weight: 49.9 lbs. 
Back Contour Equation: Flat 
Wavefront RMS: 0.032 waves 

(a) 

Mirror Shape: Single Arch 
Modal Stress Design M2 

-

Weight: 9.8 lbs. 
Back Contour Equation: Y a 5.43 + -0.156X + 12.1X-l 
Wavefront RMS: 0.068 waves 

(b) 

Figure 5.5 Single Arch Mirrors 
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Mirror Shape: Single Arch 
Modal Stress Design: M4 

Weight: 10.4 Ibs. 
Back Contour Equation: Y = 4.85 + -.091X + -11.lX-1 
Wavefront RMS: 0.040 waves 

(c) 

Mirror Shape: single Arch 
Modal Stress Design M1 

Weight: 10.6 Ibs. 
Back Contour Equation: Y = 4.75 + -0.786X + -11.OX-1 
Wavefront RMS: 0.068 waves 

(d) 

Figure 5.5 Single Arch Mirrors 
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Mirror Shape: Single Arch 
Constant VM Stress Design: D4 

Weight: 11.3 lbs. 
Back Contour Equation: Y = 4.20 + -.023X + -10.0X-1 
Wavefront RMS: 0.020 waves 

(e) 

Mirror Shape: Single Arch 
Constant VM Stress Design 05 

Weight: 11.6 lbs. 
Back Contour Equation: Y = 4.48 + -0.061X + -10.45X~1 
Wavefront RMS: 0.022 waves 

(f) 

Figure 5.5 Single Arch Mirrors 
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Mirror Shape: Single Arch 
Constant VM Stress Design 06 
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Weight: 12.1 lbs. 
Back Contour Equation: Y = 4.17 + -0.026X + -10.0X-l 
Wavefront RMS: 0.015 waves 

(g) 

Mirror Shape: Single Arch 
Constant VM Stress Design: 01 

Weight: 12.9 1bs. 
Back Contour Equation: Y = 3.51 + .039X + -8.8X-1 
Wavefront RMS: 0.006 waves 

(b) 

Figure 5.5 Single Arch Mirrors 



Mirror Shape: Single Arch 
Constant VM Stress Design 02 

Weight: 13.7 lbs. 
Back Contour Equation: Y = 3.183 + -0.065X + -8.1X-l 
Wavefront RMS: 0.015 waves 

(i) 

Mirror Shape: Single Arch 
Constant VM Stress Design: D3 

Weight: 14.5 lbs. 
Back Contour Equation: Y = 2.88 + .099X + -7.8X-l 
Wavefront RMS: 0.003 waves 

(j) 

Figure 5.S Single Arch Mirrors 
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Mirror Shape: Single Arch 
Constant Radial Stress Design F1 

Weight: 14.6 lbs. 
Back Contour Equation: Y = 2.62 + -0.113X + -6.8X-1 
Wavefront RMS: 0.003 waves 

(k) 

Mirror Shape: Single Arch 
Constant Radial Stress Design: F8 

Weight: 15.5 lbs. 
Back Contour Equation: Y = -2.14 + .98X + 22.25X2 
Wavefront RMS: 0.006 waves 

(1) 

Figure 5.5 Single Arch Mirrors 
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Mirror Shape: Single Arch 
Constant Radial Stress Design: F2 

Weight: 17.6 lbs. 
Back Contour Equation: Y = 0.97 + 0.27X + -3.7X- l 
Wavefront RMS: 0.011 waves 

(m) 

Mirror Shape: Single Arch 
Constant Radial Stress Design: F4 

weight: 18.1 lbs. 
Back Contour Equation: Y = -0.10 + .36X + -2.0X-l 
Wavefront RMS: 0.011 waves 

(n) 

Figure 5.5 Single Arch Mirrors 
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Mirror Shape: Single Arch 
Constant Radial Stress Design: F3 

Weight: 19.4 lbs. 
Back contour Equation: Y = 0.15 + 0.3SX + -2.4X-1 
Wavefront RMS: 0.012 waves 

(0) 

Mirror Shape: Single Arch 
Constant Radial Stress Design: F9 

Weight: 20.9 Ibs. 
Back Contour Equation: Y = ~1.25 + .SOX 
Wavefront RMS: 0.013 waves 

(p) 

Figure 5.5 Single Arch Mirrors 
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Mirror Shape: Single Arch 
Constant Radial Stress Design: F9H 

Weight: 22.8 lbs. 
Back Contour Equation: Y = -1.65 + 0.55X 
Wavefront RMS: 0.014 waves 

(q) 

Mirror Shape: Single Arch 
Constant Radial Stress Design: F7 

Weight: 29.0 lbs. 
Back Contour Equation: Y = 0.40 + -.34X + 13.0X2 
Wavefront RMS: 0.019 waves 

(r) 

Figure 5.5 Single Arch Mirrors 
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Table 5.2(a) Von Mises stress Distribution 

single Arch Mirror optimization 
Von Mises stress Distribution (psi) 

Radial Mirror Shape Id 
Position F1 D3 D2 F8 D1 

1 2.82 2.62 2.53 2.81 2.32 
2 2.28 2.12 2.05 2.25 1.88 
3 2.00 1. 85 1.81 1.91 1. 67 
4 1. 85 1. 71 1. 71 1. 68 1. 60 
5 1. 79 1. 65 1. 69 1. 53 1. 61 
6 1. 76 1. 64 1. 71 1.43 1. 66 
7 1. 73 1. 62 1. 71 1. 37 1. 70 
8 1. 70 1. 60 1. 69 1. 33 1. 68 
9 1. 70 1. 59 1. 69 1.31 1. 68 
10 1. 72 1. 60 1. 71 1. 30 1. 70 
11 1. 78 1. 68 1.81 1. 33 1.83 
12 0.89 0.84 0.91 0.66 0.92 

RMS 0.003 0.003 0.004 0.006 0.006 
MEAN 1.83 1.71 1. 75 1. 58 1. 69 
SD 0.44 0.41 0.36 0.55 0.31 



Table 5.2(b) Von Mises stress Distribution 

Radial 
Position 

Single Arch Mirror optimization 
Von Mises stress Distribution (psi) 

Mirror Shape Id 
F4 F2 F3 F9 F9H 
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--------------------------------------------------------------------------------------------
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

RMS 
MEAN 
SD 

3.72 
2.99 
2.55 
2.25 
2.04 
1.90 
1.80 
1. 72 
1. 68 
1. 64 
1. 62 
0.81 

0.011 
2.06 
0.75 

3.57 
2.87 
2.46 
2.19 
2.01 
1. 89 
1. 81 
1. 75 
1. 72 
1. 70 
1. 69 
0.84 

0.011 
2.04 
0.69 

3.79 
3.05 
2.59 
2.28 
2.06 
1.91 
1.81 
1. 73 
1. 68 
1. 64 
1. 61 
0.80 

0.012 
2.08 
0.78 

3.89 
3.12 
2.64 
2.30 
2.05 
1. 87 
1. 75 
1. 65 
1. 59 
1. 53 
1.48 
0.74 

0.013 
2.05 
0.84 

4.02 
3.22 
2.71 
2.35 
2.08 
1.88 
1. 74 
1. 63 
1. 55 
1.49 
1.43 
0.71 

0.014 
2.07 
0.90 
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Table 5.2(c) Von Mises stress Distribution 

Single Arch Mirror Optimization 
Von Mises stress Distribution (psi) 

Radial Mirror Shape Id 
position M3 F7 D4 D5 BA 

1 1. 98 5.39 1. 83 1. 85 9.34 
2 1. 63 4.33 1. 50 1. 52 7.49 
3 1.48 3.66 1. 36 1. 42 6.30 
4 1. 51 3.16 1. 40 1. 51 5.45 
5 1. 60 2.80 1. 51 1. 70 4.78 
6 1. 74 2.51 1. 65 1. 90 4.28 
7 1.87 2.29 1. 86 2.14 3.88 
8 1.84 2.12 1.82 2.08 3.56 
9 1. 82 1. 98 1.82 2.00 3.29 
10 1.84 1.86 1.83 2.04 3.06 
11 2.04 1. 75 2.06 2.30 2.79 
12 1. 03 0.86 1. 04 1.15 1. 38 

RMS 0.015 0.019 0.020 0.022 0.032 
MEAN 1. 70 2.73 1. 64 1. 80 4.63 
SD 0.27 1. 25 0.28 0.34 2.21 
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Table 5.2(d) Von Mises stress Distribution 

Single Arch Mirror Optimization 
Von Mises stress Distribution (psi) 

Radial Mirror Shape Id 
Position M1 M4 M2 

1 1. 61 1. 57 1.29 
2 1. 33 1.29 1. 09 
3 1.23 1.21 1. 06 
4 1. 34 1. 34 1. 32 
5 1. 56 1. 60 1.83 
6 1. 79 1. 86 2.24 
7 2.22 2.36 3.20 
8 2.16 2.29 3.09 
9 2.11 2.20 2.69 
10 2.10 2.20 2.78 
11 2.45 2.59 3.42 
12 1. 24 1. 31 1. 73 

RMS 0.036 0.040 0.068 
MEAN 1. 76 1. 82 2.15 
SD 0.43 0.49 0.87 
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6. OPTIMIZATION OF DOUBLE ARCH MIRRORS 

6.1 Double Arch Optimization 

The optimization of double arch mirrors is performed as in 

Chapter 5 for the hub-mounted mirrors. The SXA mirror is 16 

inches in diameter, with a front radius of curvature of 48 inches, 

a 4 inch diameter central hole, a maximum mirror thickness of 3 

inches, and a minimum thickness of 0.25 inches. The mirror is 

supported in the vertical or axial position 1.5 inches from the 

bottom and at a radial position of r/R = 0.625 inches or 5.5 

inches from the center. 

The MSD optimization method was used to shape optimize the 

mirrors producing ten double arch mirror shapes during the itera

tive process. The weight, natural frequencies, and optical per

formance for the ten mirrors are listed in Table 6.1, and the 

mirror shapes and their back contour equation are shown in Figure 

6.1. The optimum shape was ID# B (Figure 6.1(a» which had the 

lowest RMS surface error, the highest fundamental frequency, and 

the lowest weight. This shape has hyperbolic back contours and 

represents a 52% weight reduction, an 85% RMS surface error 

reduction, and a fundamental frequency increase of 34.5% as com

pared to the flat back mirror blank. 

General trends in the lightweight mirror shapes show that 

the fundamental frequency changes moderately as compared to the 

single arch designs. The RMS surface errors of the mirrors do 
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vary significantly as mirror ID# C (Figure 6.1 (g» and ID# E 

(Figure 6.1(c» have good optical performance each with varying 

shapes. Mirror C weighs 34.1lbs. while mirror E weighs 29.8 lbs. 

The former has a linear taper while the latter has a two hyper

bolic contours. 

6.2 optimum Optical Performance 

The von Mises stresses produced on the mirror surface as a 

result of the self-weight reveal a relationship in the optical 

performance of the mirrors. Plots of the von Mises stress dis

tribution across the surface of the ten mirrors are shown in 

Figure 6.2. The stresses on the mirror surface show the same 

trend with a peak stress near the point of support. There exists 

a direct relationship between the maximum stress in the mirrors 

and the RMS surface error; the lower the maximum stress, the 

lower the RMS surface error. Table 6.2 lists the stresses in 

tabular form. This, again, sugges'ts that the optimum mirror 

shape in terms of the RMS surface error may be produced by a near 

constant von Mises stress distribution across the optical sur

face. 
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Table 6.1 Double Arch Mirrors 

Double Arch Mirror optimization 

ID Weight RMS Frequency Mode # 
# lbs. (x100) 1 2 3 4 5 6 
------------------------------------------------------------------------------------------------
BA 49.9 2.0 1747 2163 2641 3211 4204 4215 

B 23.9 0.3 2350 3012 3074 4066 4621 5011 

D 27.9 1.5 2144 2856 2711 3565 4590 4867 

E 29.8 0.8 2282 2740 3030 3651 4861 4985 

F 31.7 1.0 2223 2663 2292 3491 4748 4906 

A 32.0 1.1 2208 2669 2975 3467 4644 4809 

C 34.1 0.7 2226 2581 3023 3681 5263 5292 

G 33.6 1.2 2164 2593 2956 3365 4683 4817 

H 35.6 1.4 2107 2528 2924 3273 4642 4748 

I 37.5 1.5 2054 2467 2891 3216 4613 4694 

J 39.1 1.8 2000 2419 2856 3158 4527 4590 



Mirror Shape B: Support r/R=0.625 

Weight: 23.9 lbs. 
Back contour Equation: 
1) Y = 11.4 + -0.10X + -1.0X-1 
2) Y = 24.3 + -1.1X + -97.1X-1 
Wavefront RMS: 0.003 waves 

(a) 

Mirror Shape 0: Support r/R=O.625 

Weight: 27.9 lbs. 
Back contour Equation: 
1) Y = 12.42 + -2.34X + -11.9X-1 
2) Y = 36.44 + -2.06X + -137.9X-1 
Wavefront RMS: 0.015 waves 

(b) 

Figure 6.1 Double Arch Mirrors 
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Mirror Shape E: Support r/R=0.625 

Weight: 29.S Ibs. 
Back Contour Equations: 
1) Y = 3.S25 + -O.S5X 
2) Y = -6.05 + 1.lX 
Wavefront RMS: O.OOS waves 

(c) 

Mirror Shape A: Support r/R=0.625 

Weight: 32.0 Ibs. 
Back Contour Equations: 
1) Y = 4.74 + -O.94X + -1.SX-1 
2) Y = -5.53 + X + O.11X-1 
Wavefront RMS: 0.011 waves 

(d) 

Figure 6.1 Double Arch Mirrors 
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Mirror Shape F: Support r/R=0.625 

Weight: 31.7 Ibs. 
Back Contour Equation: 
1) Y = 3.375 + -0.75X 
2) Y = -5.50 + 1.1X 
Wavefront RMS: 0.010 waves 

(e) 

Mirror Shape G: Support r/R=0.625 

Weight: 33.6 Ibs. 
Back Contour Equations: 
1) Y ~ 2.925 + -0.65X 
2) Y ~ -4.95 + 0.9X 
Wavefront RMS: 0.012 waves 

(0 

Figure 6.1 Double Arch Mirrors 
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Mirror Shape c: Support r/R=0.625 

Weight: 34.1 lbs. 
Back contour Equations: 
1) Y = -4.02 + 0.37X + 10.3X-1 
2) Y = -23.96 + 2.4X + 58.1X-1 
Wavefront RMS: 0.007 waves 

(g) 

Mirror Shape H: Support r/R=0.625 

Weight: 35.6 Ibs. 
Back contour Equation: 
1) Y = 2.475 + -0.55X 
2) Y = -4.40 + 0.8X 
Wavefront RMS: 0.014 waves 

(b) 

Figure 6.1 Double Arch Mirrors 
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Mirror Shape I: Support r/R=0.625 

Weight: 37.5 Ibs. 
Back Contour Equations: 
1) Y = 2.205 + -0.45X 
2) Y = -3.85 + 0.7X 
Wavefront RMS: 0.015 waves 

Mirror Shape J: Support r/R=0.625 

Weight: 39.1 Ibs. 
Back Contour Equation: 
1) Y = 1.80 + -0.40X 
2) Y = -3.30 + 0.60X 
Wavefront RMS: 0.018 waves 

G) 

Figure 6.1 Double Arch Mirrors 
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Table 6.2(a) Double Arch stress Distribution 

Double Arch Mirror Optimization 
Von Mises stress Distribution (psi) 

Radial Mirror Shape Id 
Position B C E F A 

1 0.462 0.302 0.412 0.476 0.522 
2 0.354 0.263 0.365 0.414 0.455 
3 0.315 0.259 0.352 0.398 0.437 
4 0.322 0.348 0.398 0.449 0.481 
5 0.392 0.514 0.509 0.566 0.587 
6 0.452 0.617 0.582 0.644 0.659 
7 0.430 0.555 0.536 0.594 0.608 
8 0.372 0.416 0.438 0.487 0.507 
9 0.339 0.344 0.387 0.433 0.457 
10 0.335 0.325 0.374 0.419 0.443 
11 0.327 0.315 0.366 0.409 0.433 
12 0.161 0.155 0.182 0.204 0.216 

RMS 0.003 0.007 0.008 0.010 0.011 
MEAN 0.355 0.368 0.408 0.458 0.485 
SD 0.080 0.134 0.103 0.113 0.112 
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Table 6.2(b) Double Arch stress Distribution 

Double Arch Mirror Optimization 
Von Mises stress Distribution (psi) 

Radial Mirror Shape Id 
Position G H I J BA 

1 0.547 0.616 0.675 0.768 0.924 
2 0.467 0.519 0.563 0.636 0.755 
3 0.443 0.487 0.526 0.590 0.710 
4 0.498 0.544 0.586 0.647 0.679 
5 0.621 0.675 0.726 0.787 1. 029 
6 0.705 0.763 0.819 0.880 1. 343 
7 0.650 0.703 0.753 0.808 1.194 
8 0.535 0.580 0.620 0.672 0.835 
9 0.477 0.519 0.556 0.608 0.736 
10 0.463 0.503 0.539 0.589 0.712 
11 0.449 0.485 0.516 0.560 0.662 
12 0.224 0.242 0.256 0.277 0.326 

RMS 0.012 0.014 0.015 0.018 0.020 
MEAN 0.506 0.553 0.595 0.652 0.825 
SD 0.123 0.134 0.145 0.156 0.268 
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7. OPTIMIZATION OF EDGE-SUPPORTED M:mR.ORS 

7.1 Edge-Supported Optimization 

The optimization of edge-supported mirrors is performed 

using MSD optimization. The SXA baseline mirror, used previ

ously, is 16 inches in diameter, with a front radius of curvature 

of 48 inches, a 4 inch diameter central hole, a maximum mirror 

thickness of 3 inches, and a minimum thickness of 0.25 inches. 

The mirror is supported on the bottom edge. 

Nine mirror shapes were produced in the iterative proce

dure. Properties of the nine mirrors are listed by weight in 

Table 7.1 and the mirror shapes are shown in Figure 7.1 with the 

baseline mirror. The MSD optimization method produced mirror 

shape ID# A (Figure 7.1 (f» which has the best optical performance 

(lowest RMS surface error), is relatively light, and has a high 

fundamental frequency. This mirror has its maximum thickness in 

the center. Mirror shape ID# B (Figure 7.1(d» produced earlier 

in the iterative design process compares favorably to Mirror A. 

Mirror B which has similiar profile to Mirror A has a relatively 

good RMS surface error, a high fundamental frequency, and weighs 

almost four pounds (15%) less than mirror A. 

Two mirror shapes listed in the table were produced by 

designing for a constant radial stress distribution over the 

mirror's optical surface. Mirror shape ID# R2 and ID# F2 were 

optimized using the sel f-weight radial stress distribution. See 
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Figure 7.1 (i) and 7.1 (j). These mirror shapes have their maximum 

thickness at the outer edge and consequently are relatively 

heavy, but both have a very high fundamental frequency compared 

to the other mirror shapes. Mirror R2 has a low RMS surface 

error. The radial stresses range from 0.25 to 0.01 psi. Mirror 

R2 has a low RMS surface error while Mirror F2 has a high RMS 

surface error. 

7.2 optimum optical Performance 

The general trend among the mirror shapes is that the mirror 

with the best optical performance is not the lightest nor the 

stiffest in terms of the fundamental frequency. Even the flat

back mirror has a better optical performance than five of the 

lightweight designs each with a higher fundamental frequency 

with the exception of ID# MA. The von Mises stress distribution 

across the optical surface of the mirrors was compared to deter

mine if a relationship existed between the stress and the optical 

performance as shown in the previous mirror studies in chapter 

five and six. A tabular listing of the von Mises stress produced 

on the mirror surface as a result of the mirror's self-weight is 

shown in Table 7.2. A graphical interpretation is shown in Figure 

7.2. The mirror with the lowest RMS surface error exhibits a von 

Mises stress profile along the optical surface which is near con

stant up to the edge. The stress distribution for mirrors with 

increasing RMS wavefront error show a higher maximum stress 
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value. Furthermore, the mirrors with poor optical performance 

have stress distributions with maximum stress near the outer 

edge as opposed to the inner edge. This suggests a relationship 

between the mechanical stresses and the optical performance of 

the mirrors. 
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Table 7.1 Edge-Supported Mirrors 

Edge-Support Mirror optimization 

ID Weight RMS Frequency Mode # 
# Ibs. (x100) 1 2 3 4 5 6 
----------------------------------------------------------------------------------------
BA 49.9 1.0 1138 1558 1637 2197 4699 4856 

MA 14.5 12.3 853 1267 1598 1701 1802 2349 

MB 21.1 4.9 1181 1301 1854 2216 2264 2264 

B 21.9 1.2 1347 1372 2021 2204 2726 2742 

E 22.8 3.2 1220 1407 1771 2056 2664 2676 

A 25.8 0.4 1378 1571 1976 2012 3447 3550 

MC 27.8 0.9 1334 1901 1940 2126 4349 4393 

C 29.0 0.9 1250 1765 1822 2000 3502 3561 

R2 30.2 0.9 1876 2060 2264 2366 3046 3087 

F2 34.2 2.6 1751 1811 2231 2390 3329 3351 



M:i~r~r~o~r~S~h~a~p~e~B=A~:-=E=d:g~e~S~u~p~p:o~r~t~ __ ------__ ---------

Weight: 49.9 lbs. 
Back Contour Equations: Flat 
Wavefront RMS: 0.010 waves 

(a) 

Mirror Shape MA: Edge Support 

Weight: 14.5 lbs. 
Back Contour Equation: 
Wavefront RMS: 0.123 waves 

~) 

Figure 7.1 Edge-supported Mirrors 
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Mirror Shape MB: Edge Support 

Weight: 21.1 Ibs. 
Back Contour Equation: 
Wavefront RMS: 0.049 waves 

(c) 

Mirror Shape B: Edge $upport 

Weight: 21.9 Ibs. 
Back Contour Equation: 
Wavefront RMS: 0.012 waves 

(d) 

Figure 7.1 Edge-Supported Mirrors 
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Mirror Shape E: Edge Support 

Weight: 22.8 lbs. 
Back contour Equation: 
Wavefront RMS: 0.032 waves 

(e) 

Mirror Shape A: Edge Support 

Weight: 25.8 lbs. 
Back contour Equation: 
Wavefront RMS: 0.004 waves 

(0 

Figure 7.1 Edge-Supported Mirrors 
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Mirror Shape MC: Edge Support 

Weight: 27.8 Ibs. 
Back Contour Equation: 
Wavefront RMS: 0.009 waves 

(g) 

Mirror Shape C: Edge Support 

Weight: 29.0 Ibs. 
Back Contour Equation: 
Wavefront RMS: 0.009 waves 

(h) 

Figure 7.1 Edge-Supported Mirrors 
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Mirror Shape R2: Edge Support 

Weight: 30.2 Ibs. 
Back contour Equation: 
Wavefront RMS: 0.009 waves 

(i) 

Mirror Shape F2: Edge Support 

Weight: 34.2 Ibs. 
Back Contour Equation: 
Wavef.ront RMS: 0.026 waves 

0) 

Figure 7.1 Edge-Supported Mirrors 
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Table 7.2(a) Edge-Support Stress Distribution 

Edge-Support Mirror Optimization 
Von Mises Stress Distribution (psi) 

Radial Mirror Shape Id 
position A C MC R2 BA 

1 3.15 3.55 3.80 3.35 3.91 
2 2.72 2.90 3.10 2.83 3.17 
3 2.80 2.62 2.80 2.53 2.82 
4 3.04 2.51 2.66 2.27 2.61 
5 3.23 2.49 2.58 2.05 2.45 
6 3.35 2.56 2.54 1.89 2.33 
7 3.28 2.66 2.48 1. 78 2.21 
8 3.22 2.92 2.46 1. 70 2.11 
9 3.06 3.15 2.38 1. 65 2.03 
10 2.98 3.74 2.42 1. 63 1.97 
11 2.88 3.17 2.32 1.64 1. 87 
12 1. 55 1.37 1.12 0.83 0.93 

RMS 0.004 0.009 0.009 0.009 0.010 
MEAN 2.94 2.80 2.55 2.01 2.37 
SD 0.48 0.61 0.61 0.66 0.74 
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Table 7.2(b) Edge-Support Stress Distribution 

Edge-Support Mirror optimization 
Von Mises Stress Distribution (psi) 

Radial Mirror Shape Id 
Position B F2 E MB MA 
--------------------------------------------------------------------------------------
1 2.54 4.12 2.91 2.48 1.40 
2 2.23 3.39 2.42 2.18 1.49 
3 2.42 3.00 2.32 2.38 2.19 
4 2.80 2.75 2.45 2.79 3.24 
5 3.26 2.58 2.75 3.31 4.33 
6 3.76 2.49 3.17 4.03 6.04 
7 4.09 2.35 3.63 2.21 7.70 
8 4.38 2.28 4.26 2.11 8.68 
9 4.48 2.23 5.05 6.23 10.27 
10 4.48 2.21 5.83 6.84 10.78 
11 3.76 2.20 4.63 5.22 7.75 
12 1.92 1.11 1.92 2.36 3.64 

RMS 0.012 0.026 0.032 0.049 0.123 
MEAN 3.34 2.56 3.44 3.98 5.63 
SD 0.94 0.76 1.24 1. 64 3.36 
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8. FlNITE ELEMENT MODELING STUDY 

The results presented have been based upon analyses made 

using the finite element method. The accuracy of the finite ele

ment results depend primarily upon the number of elements, the 

element mesh, and the type of element used to model the struc

ture. A mirror, for example, may be modeled using plate ele

ments, with or without shear capability, or solid elements. A 

study is performed to evaluate and determine proper modeling 

techniques to characterize the deflections and stresses in mir

rors. 

The first study considers a simply supported right circular 

cylindrical mirror, 16 inches in diameter and three inches in 

depth, loaded under its self-weight. Since the mirror's diame

ter/thickness ratio is 5.3, the effects of shear will be signifi

cant. This mirror was modeled using plate elements, with and 

without shear effects, and solid elements. The solid finite ele

ment model used six elements through the depth. The stress and 

deflection results, taken at the center of the mirror, were com

pared to the theoretical solution with and without shear deflec

tion as shown in Table 8 .1. This study shows that the plate model 

and the solid model accurately predict the stress and deflection 

of the mirror. 

A second study used an annular plate, with and without a 

front radius of curvature, supported at its inner edge. The 

plate was 16 inches in diameter, had a four inch diameter central 
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hole, was three inches thick at the edge, and had a front radius 

of curvature of 48 inches. Five finite element models were pro

duced to evaluate the deflection and stress at the outer edge of 

the mirror due to its self-weight; a) plate model with shear 

capability; b) solid model with two elements through the depth; 

c) solid model with four elements through the depth; d) solid 

model with six elements through the depth; e) solid model with 

eight elements through the depth. The results are shown in 

Tables 8.2 and 8.3, respectively. The conclusions from this 

study show that a plate model produces inaccurate results for 

stress and deflection. However, the mechanical characteristics 

of the mirror are accurately predicted using solid elements with 

at least six elements through the depth. 

A study performed by Cho [45] also concluded for a simply 

supported axisymmetric plate, that plate and solid elements 

accurately predict the deflection. But, as the number of support 

points were decreased around the edge, the performance of the 

plate model with shear capability greatly deteriorated with res

pect to the solid model. Cho also performed a study modeling 

contour mirror shapes using plate and solid elements. Cho con

cluded that a plate model may misinterpret the significant 

mechanical characteristics and be totally unacceptable for the 

evaluation of optical performance of the mirror. 

Thus, it was concluded that to accurately model the mechan

ical behavior of mirrors used in this study that a solid finite 

element model be used with six elements through the depth. 



Table 8.1 Simply Supported Plate Results 

Simply Supported Plate 
Self-Weight Loading 

Finite Element 
Model 

Maximum 
Deflection ( in. ) 

Maximum 
Stress(psi) 

SOM: no shear 
SOM: shear 
Plate: no shear 
Plate: shear 
Solid 

1. 93e-6 
2.24e-6 
1.98e-6 
2.24e-6 
2.24e-6 

2.64 
2.64 
2.64 
2.64 
2.67 

Strength of Materials's Theoretical Solution: 

Center Deflection = 
gg,4 (5 _~~ + Ks ga2 
64D(1 + n) tG 

Center Moment = 0.2063qa2 

Center Stress = 6M 
t 2 

where: q - force per area 
M - acting moment 
a - plate radius 
n - poisson's ratio 
D - flexural rigidity 
t - thickness 
Ks - shear coefficient (0.30) 
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Table 8.2 Annular Plate - No Rc 

Annular Plate Supported at Inner Edge 
Self-Weight Loading - No Rc 

Finite Element 
Model 

stress (psi) 

Maximum Maximum 
Deflection(in.x106 ) 

SOM 
Plate 
Solid-2 
Solid-4 
Solid-6 
Solid-8 

4.54 
1. 39 
4.59 
4.49 
4.51 
4.51 

9.17 
4.06 
9.89 
8.99 
9.09 
9.15 

strength of Materials's Theoretical Solution: 

Maximum Deflection = ~~~a4 + Q~a~~a2 
Et3 tG 

Maximum Stress = ~~~~a2 
t 2 

where: q - force per area 
a - plate radius 
E - modulus od elasticity 
t - thickness 
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Table 8.3 Annular Plate - with Re 

Annular Plate Supported at Inner Edge 
Self-Weight Loading - Re 

Finite Element 
Model 

Maximum 
Defleetion(in.x106 ) 

Maximum 
Stress (psi) 

Plate 
Solid-2 
Solid-4 
Solid-6 
Solid-8 

1. 30 
6.41 
6.37 
6.38 
6.39 

2.41 
10.95 
9.45 
9.34 
9.32 
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9. SUMMARY AND CONCLUSIONS 

The Maximum stiffness Design developed in this research is a 

simple and efficient method to increase the fundamental fre

quency of a structure. It has particular application to optical 

structures but may be applied to a variety of structures. The 

MSD procedure also has shown its versatility in the optimization 

of lightweight contour mirrors. 

The principal significance of the development of the MSD 

optimization procedure is its practicality. The MSD method 

requires only a finite element code capable of static and modal 

analysis. Furthermore, the MSD procedure offers an intuitive 

approach to optimization. The technique is analagous to the 

Fully stress Design method in that it has a simple resizing algo

rithm and its convergence is independent of problem size. 

An advantage of this method in design practice is its pred

iction of the location of the critical elements which increase a 

structure's fundamental frequency. Based on this information, 

further design constraints and failure modes may be considered. 

The MSD method has been shown to produce designs comparable to 

the commercial finite element code NASTRAN's Design Sensitivity 

Analysis for maximum fundamental frequency. 

Four structures were analyzed and designed using the MSD 

optimization method and compared to NASTRAN's DSA (version 66B) 

optimization routine. A support structure for a telescope was 

optimized using MSD which increased the fundamental frequency 
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from 32.7 Hz to 101.9 Hz compared to NASTRAN's DSA increase to 

104.5 Hz. A support structure for a beam collapser was also 

optimized. The MSD method increased the fundamental frequency 

from 22.4 Hz to 46.3 Hz while DSA increased the fundamental fre

quency to 49.7 Hz. An airplane wing was optimized with the MSD 

method increasing the fundamental frequency from 9.9 Hz to 21.5 

Hz while DSA increased the fundamental frequency to 25.2 Hz. 

Finally, a truss railroad bridge was optimized for maximum funda

mental frequency. The MSD method increased the frequency 37.8 

percent from 9.4 Hz to 12.9 Hz while DSA increased the fundamen

tal frequency by 40.4 percent to J 3.1 Hz. The initial design and 

the optimized designs for each of the comparisons had equal 

weight. 

The redistribution of the mass from the structure's initial 

design to the structure's optimized design showed that generally 

the first few modes of the structure increased while the higher 

modes decreased. For example, the telescope support structure 

had its first two frequencies increased while its next four 

decreased as compared to the initial design. The optimization of 

the airplane wing increased the structure's first four frequen

cies while its next two decreased relative to the initial design 

values. 

The MSD optimization method was used to optimize the shape 

of single arch, double arch, and edge supported contour mirrors. 

The parameters to be optimized by the MSD method were maximizing 

the fundamental frequency, minimizing the weight, and minimizing 
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the RMS surface error. The MSD method produced mirrors for the 

three configurations which were lightweight, had a high funda

mental frequency, and a low RMS surface error. 

A further study was conducted to determine a relationship 

between the von Mises stress across the optical surface of the 

mirror and the RMS surface error. A low and near constant von 

Mises stress across the mirror's surface produced mirror's for 

the single arch, double arch, and edge-supported configurations 

which had the lowest RMS surface error. 
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