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ABSTRACT 

The proton-neutron Interactin5-Boson Model contains both symmetric and 

mixed-symmetry proton-neutron boson configurations. These states of different 

proton-neutron symmetry can be classified in terms of an SU(2) symmetry, called 

F-spin. This dissertation deals with some new applications of F-spin. 

Even-even nuclei drawn from the proton and neutron shells 50 < Z < 82 

and 82 < N < 126, respectively, are systematically classified in F-spin multi

pItts and their binding energies are fit with a six-parameter mass-formula. Us

ing particle-hole symmetry conjugation, the energies of the low-lying levels of the 

neutron-rich nuclei are estimated and their mass excesses determined with the 

mass-formula. The masses of these nuclei are of interest in astrophysical processes. 

A novel asymptotic realization of the angular-momentum projected intrinsic

state in the generalized IBM is presented. This approach which uses the Laplace 

method of asymptotic expansion, is shown to be an improvement over the Gaussian 

method espoused by Kuyucak and Morrison. The method, herein called the 1/ A

expansion, is used to derive analytical expressions for different quantities in the 

framework of the generalized IBM. Particular attention is paid to the M1 summed 

strength, the mean-excitation energy of the mixed symmetry 1 + scisso1' mode, 

and the gyromagnetic ratios of the ground-band members, for which formulas are 

derived. 

A no-free-parameter calculation is performed for the summed M1 strength 

and the centroid energy of (146-158)Sm isotopes. The g factors of deformed and 

transitional nuclei in the rare-earth mass region are also computed. The data 

in all cases is found to be well reproduced, in general. A weak L dependence is 
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predicted for the g factors, and there appears to be no need to include two-body 

terms in the T(Ml) operator for determining the Ml strength. 

-----_ ........ _ .• _. __ . 
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CHAPTER 1 

INTRODUCTION 

The Interacting-Boson Model (IBM) [1, 2, 3] was introduced as a phe

nomenological model to describe the low-lying collective properties of medium-to

heavy-mass nuclei in terms of scalar (L=O or s) and quadrupole (L=2 or d) bosons. 

In the original version, called the IBM-I, no distinction is made between proton 

and neutron bosons. A later version of the model called the IBM-2 [4] makes this 

distinction and allows for a possible shell-model interpretation of the IBM. It also 

enriches the variety of nuclear properties that can be studied in the model. The 

SU(2)-structure that results from the consideration of the proton and neutron 

degrees of freedom has many applications and is known as F-spin. The F-spin 

symmetry holds the possibility of a new conserved or partially conserved quan

tum number that allows for a convenient way of systematizing the classification 

of nuclei and the study of the evolution of collectivity and deformation over large 

regions of the periodic table. One of the predictions of the IBM-2 is the existence 

of orbital, magnetic-dipole modes [5]. The observation of these states, also called 

scissors modes, in 156Gd [6] has been a major experimental success of the model. 

Another useful feature of the IBM is its ability to obtain exact algebraic 

solutions for the energy and other observables in three limiting cases called dynam

ical symmetries. These correspond to three special cases of the geometrical model 

of Bohr and Mottelson [7]. However, most nuclei fall into the transitional regions, 

outside of the dynamical symmetry cases. A numerical computation is then re

quired to determine the energy eigenvalues and other observables. Computer codes 

have been written by other researchers and are available for such computations, 
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both in the IBM-l [8] and in the IBM-2 [9]. These codes are written for the sd 

limit of the IBM. 

There is now an extensive set of experimental data which is believed to in

dicate the necessity of explicitly including the g boson in Interacting-Boson-Model 

calculations [10]. Unfortunately, it has been observed that such an introduction is 

fraught with two problems: 

1. The large number of additional model parameters (e.g., of the Hamiltonian) 

encountered and 

2. The huge basis spaces which arise in exact sdg diagonalizations. 

The semi-analytic 1/ N -expansion method, espoused in [11], represents a partial so

lution to botl~ problems. It is based on an angular-momentum projected Hartree

Bose ansatz, the parameters of which are determined via an asymptotic realiza

tion (in inverse powers of the boson number N) of the variation-after-projection 

scheme. In contrast to an exact diagonalization approach, the variational problem 

is tractable, even for a large number of bosons. In addition, as observables are 

expressed analytically in terms of the variational wavefunctions, the exploration of 

the dependence on model parameters is greatly facilitated. 

These practical advantages aside, the physical character of the 

1/ N -expansion merits attention. It is based on strong dynamical assumptions, 

corresponding to a rather simple picture of the ground-state band and other band

heads. For example, the variational ansatz for the ground state is a condensate 

of appropriately deformed (but axially-symmetric) bosons. This ansatz, however, 

will not always be an appropriate approximation for the exact sdg-IBM ground 

state. Hence, one can hope to learn something of dynamical significance from both 

the successes and, perhaps more interesting, the failures of the 1/ N -expansion. 

In this regard, it is necessary to clarify the character and implications of 
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the various technical approximations that also form a part of the 1/ N -expansion. 

On the basis of our considerations, we can state that the point of departure of the 

implementation of the 1/ N -expansion is the observation that the overlap integral of 

the angular distribution of the condensate boson in the intrinsic frame lends itself 

to asymptotic evaluation for large boson number N. The angular distribution is 

first approximated by a Gaussian and the asymptotic expansion is produced in the 

1/ N-method. 

A couple of general points arise. The first is the elementary observa

tion that, because of the asymptotic character of the expansion generated, it is 

legitimate to apply the 1/ N -expansion only under conditions in which the higher

order terms are increasingly smaller corrections to the leading (Hartree-Bose) term. 

Even then, there is an optimal number of higher-order terms that should not be 

exceeded. Trite as this caveat may seem, we believe that respecting it is crucial to 

evaluating whether the dynamical content of the 1/ N -expansion (or the technical 

improvement thereof that is introduced, the 1/ A-expansion) is appropriate or not. 

The second issue is tha.t of the "Gaussian" approximation. If we are to 

evaluate the dynamical content of the 1/ N -expansion in the manner suggested 

above, it is essential that we be able to avoid this approximation. In fact, as we 

demonstrate in subsequent chapters, this is indeed possible: the overlap integral 

can be treated straightforwardly, as it stands, by one of the classical methods of 

asymptot.ic analysis (the Laplace method). The outcome is most naturally viewed 

as an expansion not in inverse powers of N, but rather in inverse powers of mIN, 

which is the average angular momentum A of the condensate. To distinguish this 

implementation of the asymptotic expansion, we refer to it as the 1/ A-expansion. 

An important feature of the 1/ A -expansion is that it agrees only to leading

order with that obtained after the "Gaussian" approximation. This does not inval

idate all the previous applications of the 1/ N -expansion, however, as one might at 

first think it would. To the order of practical interest, several quantities within the 
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"1/ A-expansion" depend only on the leading-term in the asymptotic expansion, 

in particular, the all-important variational energy-functional for the ground-state 

band. Nevertheless, the results for some important physical observables are af

fected. A case in point is the gyromagnetic ratio (or g-factor) g(L) of a ground

state band member, which is related to the description of M1-collectivity within 

the IBM. 

To date, it has been customary to adopt a one-body ansatz for the M1 

transition operator 1'(M1). Because the asymptotic realization discussed in this 

dissertation facilitates the (qualitative) study of systematics, two natural applica

tions are undertaken: 

• The derivation of a sum rule for the magnetic-dipole transition strength and 

the location of the centroid for the mixed-symmetry 1+ states . 

• A discussion of whether the one-body ansatz can, indeed, accommodate the 

observed variations in 9( L) (the excited-state g factors) for reasonable choices 

of the boson gyromagnetic ratios 9/. 

The structure of the dissertation is as follows: 

In chapter two, certain preliminaries are discussed to establish notation, 

namely, a generalization of the IBM to p + 1 hosons of even angular momentum 

0,2, ., . ,2p, both in the IBM-1 and in the IBM-2. 

In chapter three, a phenomenological application of F-spin is undertaken 

by a systematic classification of nuclei into F-spin multiplets. A simple but accurate 

prescription for computing the binding energies is offered, and, using particle-hole 

conjugation, an estimate of the symmetry-breaking for the excitation energies is 

made. 

--_. __ ._----_ .. _........ - _.,. 
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The intrinsic-state formalism and angular-momentum projection are dis

cussed in chapter four with an appropriate Hartree-Bose ansatz for the ground

state band. The variation-before-projection (VBP) and variation-after-projection 

(VAP) schemes are presented within this context. A sum rule for the Ml transi

tion strength is derived and applied to the case of the samarium isotopes within 

the VBP scheme. 

In the interest of a pedagogical presentation, the issues involved in the 

asymptotic realization of the YAP are considered first for the special case of sd

IBM-I in chapter five. Specifically, it is shown how the Laplace method may most 

conveniently be applied to the overlap integral. Also, the validity of the variational 

procedure adopted in [11] is demonstrated (to next-to-Ieading order for energies 

and electric transitions), making explicit the mechanism whereby the spurious 

terms in the 1/ N -expansion cancel to this order. The corresponding features of 

the generalization to arbitrary versions of IBM-l and IBM-2 are presented. By 

way of illustration of a practical advantage of the 1/ A-expansion, an expression 

is derived in t.he YAP formalism for the ground-state band g-factors g( L) and 

applied to deformed nuclei in the rare-earth region. Some general conclusions on 

the character and utility of the 1/ A-expansion are presented in chapter six, with 

a discussion of the implications of the different results obtained by applying the 

method to the magnetic properties of nuclei. 

Technical results of relevance to the angular-momentum projection and 

the Laplace method are collected in the appendices. 
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CHAPTER 2 

INTERACTING BOSON MODELS 

The Interacting-Boson Model has been subjected to an extensive study 

both from microscopic and phenomenological points of view. The abundant liter

ature on the subject will not be reviewed here [12, 13]. Instead, the intent is to 

present those notions and topics of interest that pertain to the present work and 

to introduce the notation that will be used herein. 

2.1 Interacting-Boson Approximation 

The Interacting-Boson Approximation (IBA) also known as Interacting

Boson Model-l (IBM-I) was first introduced in 1974 [1, 2, 3]. It is meant to 

describe the low-lying collective states of even-even nuclei and assumes: 

1. The system can be described in terms of "correlated" pairs of valence nucleons 

that behave like true scala.r, s (l = 0), and true quadrupole, d (l = 2), bosons. 

2. Boson particles (holes) are counted before (after) midshell and no distinction 

is made between the two. 

3. No distinction is made between proton and neutron bosons. 

4. The total number of bosons is conserved. 

5. Only one-body energies and two-body interactions contribute to the Hamil

tonian. 

-------- ---_.-._ ... - ._- -.. 
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6. The transition operators (taken as one-body operators when sufficient) are 

boson-number conserving. 

From a microscopic view, the IBM-1 is thought to originate from a truncation of the 

shell-model space to some appropriate correlated-pair states of angular momentum 

L = 0 (8 pairs) and L = 2 (D pairs) which are then mapped onto a boson space. 

Using the second-quantized realization, one can introduce the creation 

and annihilation operators for the bosons as bL and blm , where 1 = 0 or 2 is the 

multipolarity and m is the z component. They satisfy the commutation relations: 

It is convenient to use the thirty-six coupled-bilinear operators [12J 

G~k)(j, I) = [bJ x bltk) (2.2) 

to write the Hamiltonian and other operators. They close under commutation and 

represent the generators .of the U(6) group. In Eq. (2.2), 

(l even) , (2.3) 

and [- - - J~k) denotes a tensor coupling to angular momentum k and z projection 

f.l . The commutation relations between these generators is: 

[G~~t)(j1' 11), G~~2)(j2' 12)] = L hI k2 (k1 f.l1 k2 f.l21 k f.l) (2.4) 
k,ll 

[( )k{k1k2k} (k)(') )kl_k2{klk2k} (k)(')] -1 /. / O/thGIl }t,/2 - (-1 . l' 0it/2GIJ 12,11 , 
2 J1 1 12, 1)1 

where the quantities in curly brackets represent the Wigner 6-j symbols and 

h = J2k + 1. This notation will be used throughout this dissertation. 

The multi pole operators can be written in terms of the generators in Eq. 

(2.2) 

T(k) = '" t~ G(k) (J' /) 
IJ 6 ;1 IJ ' , (2.5) 

i,l 
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where tjl are the multi pole parameters. 

The most general Hamiltonian with one- and two-body terms is 

H = Eo + Efl(bt . bl) + E KkT(k). T(k) , (2.6) 
I k 

where fl and Kk represent the single-particle energies and the multipole interac-

tion strengths respectively, and the dot "." denotes a scalar product. As for the 

electromagnetic-transition rates, they are defined in the standard way: 

B(EMLjc/,J', ~ a,J) = 2]'1+ 1 (a,JI/T(EML)l/a',J')2. (2.7) 

Different subsets of the generators (2.2) also close under commutation, 

yielding different decompositions of the U(6) group. The details of these decom

positions are outlined in [12J. It is sufficient here to list the three that contain 

the angular momentum (0(3)) group and correspond to the so called dynamical 

symmetries: 

U(6) :::> 

U(5) :::> 0(5) :::> 0(3) :::> 0(2) I 

SU(3) 

0(6) 

:::> 0(3) :::> 0(2) II 

:::> 0(5) :::> 0(3) :::> 0(2) II I. 

These limiting cases have analytical solutions for the eigenenergies and other phys

ical observablesj they correspond to particular choices for the Hamiltonian param

eters. The group chain I is that of the spherical vibrator, chain II corresponds to 

the axially deformed rotor, while III denotes the so-called ,-unstable limit. 

Another operator of particular interest in the present work is the M1 or 

magnetic-dipole operator: 

(2.8) 

where the notation I = /(l + 1) is introduced and 91 represents the single-boson 

gyromagnetic ratio (90 = 0). Note that in this model (sd IBM-I) the MI operator 
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is proportional to the angular momentum; consequently, it cannot describe the 

magnetic-dipole transition. There are other properties of nuclei that cannot be 

described in this model either; hence the need to extend it. Only two of the 

extensions of the IBM will be discussed here: the Proton-Neutron Interacting

Boson Model (IBM-2) and the Hexadecupole Interacting-Boson Model (sdg IBM). 

The first extension distinguishes between proton and neutron bosons while the 

second allows for the presence of the 9 (l = 4) boson in the system with or without 

the distinction between protons and neutrons. 

2.2 Neutron-Proton Interacting-Boson Model 

Contrary to the IBA that does not make any distinction between pro

tons and neutrons, these degrees of freedom are introduced in the Proton-Neutron 

Interacting-Boson Model often referred to as IBM-2. The creation and annihilation 

operators will reflect that distinction with an extra label p: b!/m and bplm are used 

to represent them, with p = 11", v, I = 0,2 , -/ ::; m ::; I. The multipole operators 

will also have the extra label: 

T(k) = '" tk. G(k)(' I) 
PIJ L.J . p)1 IJ J, . 

i,1 

For example, the quadrupole operator would be written as: 

Q - T(2) - '" . G(2)(' I) 
PIJ - PIJ - L.J qp)1 IJ J, , 

i,1 

where the qil's are the quadrupole parameters. It is customary to use 

qp02 = qp20 = 1 and qp22 = XP' 

(2.9) 

(2.10) 

The proton and neutron degrees of freedom can be looked upon as two 

charge states of a general boson in much the same way that isospin is looked 

upon in the shell-model. The name given to the corresponding quantity is F

spin. In the shell-model, the overall wavefunction is antisymrnetric in orbital, spin 
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and isospin spaces. Similarly, the bosonic wavefunction in the IBM-2 is overall 

symmetric; however, the separate spatial and F-spin parts need not be symm~tric. 

This enriches the structure by allowing states of mixed symmetry. 

The algebraic structure of F-spin, its phenomenological applications, and 

its goodness as a quantum number will be explored in following chapters. 

The most widely used Hamiltonian in the IBM-2 is the Talmi Hamiltonian: 

(2.11~ 

where ndp is the d boson number operator for p(= 71", v), Qp is the quadrupole 

operator defined in Eq. (2.10), and M is the Majarana operator defined in Eq. 

(3.5) of next chapter. 

The M1 transition operator in IBM-2 is written (in units of fJ-N) as: 

(2.12) 

where Lp = 7a I:ll(7)1/2G~1)(l, I) is the angular-momentum operator for the boson 

of type p. The F-spin restrictions on M1 transitions will be addressed in later 

chapters, but it is worth noting that in the Proton-Neutron Interacting-Boson 

Model, M1 transitions occur naturally because the operator is not proportional to 

the angular momentum (assuming 9'/r f= 911)' 

2.3 sdg Interacting-Boson Model 

This extension can be made both in the IBA and in the IBM-2. It allows 

for the presence of g (l = 4) bosons in the system. All the previously written 

expressions are still valid, but now the multipolarity 1 is I = 0, 2, 4 instead of 0 

and 2 only. 

The one obvious difference that warrants attention is the M1 operator in 
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the IBA, which can now allow magnetic dipole transitions: 

(2.13) 

where £/ is the angular momentum operator for a boson of spin 1. In the sdg IBM-2 

These expressions assume implicitly that T(Ml) is a one-body operator. It will be 

used in this form in subsequent chapters to study the ground-band excited state 

g-factors and the transition rates. 
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CHAPTER 3 

F-SPIN: DEFINITION AND PHENOMENOLOGY 

The concept of F-spin was first introduced by Arima et ai. [14J to facilitate 

the discussion of the proton-neutron symmetry in the IBM-2. F-spin in the IBM 

is analogous to isospin in the shell model. 

In this chapter, the phenomenology of F-spin is highlighted. Section 3.1 

presents the group-theoretical definition, and Section 3.2 provides a brief historical 

review of F-spin phenomenology. The formal identification of the multiplets and 

the application of the classification to the binding energies of even-even rare earth 

nuclei are discussed in Sect.ion 3.3, and the problem of ground-band excitation 

energies follows in Section 3.4. These last two sections are intended for astrophys

ical applications: among the various nuclear inputs into the dynamical r-process 

calculations, the binding energies of neutron-rich nuclei and the level densities are 

the most important. The former are required in the determination of the reaction 

rates, and the latter are needed for the neutron-capture cross sections; however, 

the r-process path is not available to experimental measurements [15J. In these 

two sections, a simple but reasonably accurate scheme is devised to predict these 

nuclear inputs. 

3.1 Definition of F-spin 

To each boson we assign an F-spin quantum number of 1/2 with z projec

tion of +1/2 (-1/2) for proton (neutron) bosons. Formally similar to isospin, the 
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resulting structure is that of the 8U(2) symmetry group with generators 

F+ = Lbtmbv1m , F_ = (F+)t, 
I,m 

Fo 
1 1 t t (3.1) = '2 [F+, F-l = '2 L(b1flmb7r/m - bvlm bvlm ) 

I,m 

The two Casimir operators are F· F = F(P + 1) and Fo. 

For a given nucleus, they take on the values 

Fo 
N7r- Nv 

( constant) = 2 

Fo :5 F :5 Fm ,where Fm 
N1f + Nv N 

= = 
2 2 

(3.2) 

The F-spin selection rules impose some restrictions on magnetic-dipole 

transitions: tlF = 0, ±1, but not Fm ~ Fm. 

The question of whether F-spin is a good quantum number has far reaching 

consequences for the classification of nuclei into F-spin multiplets and the treat

ment of their low-lying properties. It is apparent from Eq. (3.2) that Fo is always 

conserved (i.c.[H, Fol = 0). The question then is whether 

(3.3) 

or 

[H,F. Fl = O. (3.4) 

The first relation (Eq. (3.3)) is a strong criteria, and it requires an F-spin scalar 

Hamiltonian with eigenstates degenerate in Fo. The second criteria is more flexible, 

allowing for a non F-spin scalar Hamiltonian, but with good F eigenstates. The 

F-spin multiples (nuclei with the same total boson number (Fm) but different 

Fo) then have a Zeeman-like energy spectra. A third possibility, given that the 

dominant Q1f . Qv in the Hamiltonian {see Eq. (2.11)) is F-spin breaking, is to 

have a large Majarana contribution that pushes apart states of different quantum 
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number F. The Majarana operator can be written as: 

(3.5) 

As a consequence, when F = Fm , it does not. contribute, while giving N for 

F = Fm-1. 

3.2 Brief Review of F-spin Applications 

In this Section, we present some previous applications of F-spin that are of 

relevance to this dissertation. The article by Lipas [16] provides a more complete 

review of the field. 

In the previous Section, mention was made of the criteria of F-spin symme

try. A direct consequence of F-spin invariance is the existence of F-spin multiplets. 

These multiplets will consist of nuclei that have the same total number of bosons, 

but different values of Fa. Table 3.1 gives an example of such a multiplet. For all 

members of an F-spin multiplet, the value of Fm = ~(N1r + Nil) is constant, but 

Fa = HN1r - Nil) is different. Note that -Fm :5 Fo :5 Fm and in most cases, nuclei 

corresponding only to the few lowest values of Fo exist. Many F-spin multiplets 

have been identified and studied [17, 18, 19,20]. If the strong criterion of Eq. (3.3) 

is satisfied, the spectra of the members are degenerate, i.e. E(Fm' Fo) == E(Fm), 

and the second criterion of F-spin invariance, Eq. (3.4), leads to the parabolic 

dependence on Fa, i.e. 

(3.6) 

For F-spin multiplets to be physical, the parameters need to be constant 

for all the members of a multiplet. Sala et al. [21] have used this principle to fit 

the spectra of the Fm = 6, Fm = 123 multiplets and all the Erbium isotopes with 



27 

Table 3.1: Example of F-spin multiplet, in this case Fm = 7 

Nucleus N'/r Nv Fo 
?~OS104 3 11 -4 
?~6W102 4 10 -3 
H;/HflOo 5 9 -2 
~rYb98 6 8 -1 
~:rEr96 7 7 0 

~:rDY94 8 6 1 

the same parameter set. Theuerkauf [22] extended this fit to the even-even nuclei 

in the major shell 50 < Z < 82, 82 < N < 126. They confirmed the dominance of 

the proton-neutron quadrupole interaction with regard to the low-lying properties 

and the N'/rNv scaling proposed by Casten [23]. 

The phenomenological success of the IBM-I, which does not distinguish 

between proton and neutron bosons, suggests that the low-lying states have a 

high degree of F-spin purity and correspond approximately to F = Fm. This 

would also be the case if the strength of the Majarana term in Eq. (2.11) is 

infinite (or very large). The IBM-2 operators can then be projected into IBM-l 

operators, as suggested by Ref. [24]. In the present dissertation, F-spin purity 

will be assumed for the ground-state-band properties and projected operators wiII 

be used to evaluate the different physical quantities. 

Before closing this section, mention should be made of the use of F-spin in 

the study of superdeformation [25, 26], F-spin analogue states [27] and the study 

of neutron-deficient nuclei [20]. 
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3.3 Classification Scheme and Binding Energies 

In this Section, a classification of even-even nuclei in the rare-earth re

gion into F-spin multiplets is presented, and their binding energies are fit to a 

polynomial in Fm and Fo. The nuclei are drawn from the major-proton shell 

50 < Z < 82 and from the major-neutron shell 82 < N < 126. The F-spin clas

sification scheme is depicted in Fig. 3.1 (which also indicates the character of the 

data available). The identification of formal multiplets is predicated on the posture 

adopted vis a vis the counting of valence boson numbers, N'/r and Nil; any subshel1 

closure is ignored, and N'/r is taken to be half the number of valence particle (hole) 

protons within the spherical shell model for Z ~ 66 (Z ~ 66 ). Similarly, Nil is 

half the number of valence particle (hole) neutrons for N ~ 104 (N ~ 104). 

Another alternative would be to respect Casten's subshell-closure rule [23], 

which states that for N < 90, a subshell closure occurs at Z = 64. Since the 

binding-energy systematics (cf below) do not show the effects of this su bshell 

closure, the issue of whether or not Casten's rule should be adhered to is left open. 

The F-spin multiplets in this classification scheme are joined by unbroken lines in 

Fig. 3.1, and representative multiplets are labeled by the corresponding value of 

It is useful to distinguish the four quadrants of Fig. 3.1: in Aph (A hp ), the 

multiplets consist of alpha-different nuclei with particle p (hole h) proton bosons 

and hole (particle) neutron bosons. In Ipp (lith), the multiplets are made of isobaric 

nuclei with particle (hole) proton and neutron bosons. Following Ref. [16], the set 

of all nuclei of a given Fm in the groups Ahp , hh, and Ipp is referred to as an 

extended F-spin multiplet. 

One advantage of this classification scheme becomes apparent when the 

binding energies (BE) of nuclei (grouped according to these F-spin multiplets) are 

plotted versus Fo, cf Fig. 3.2. The remarkable regularity observed encourages an 
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fZ .... ,N.82\ 
Figure 3.1: F.spin classification scheme and definition of groups 1""'/",,, A"p, and 
Apia. The significance of the symbols employed is as follows: o,stable nucleus; 
., unstable nucleus· binding energy and excitation spectrum data available; 0, 

unstable nucleus· only binding energy available; *, unstable nucleus (listed in 
Ref. [28]. no data available). The sources used in compiling this data ensemble 
are Refs. [29,30,31] and the interactive databank of the National Nuclear Data 
Center (NNDC), Brookhaven. The dashed box indicates the F.spin assignments 
that would be affected by adherence to Casten's Z = 64 subshell closure rule [23J. 



1350 i 11 

,.... 
:> 
t) 

1300 

:::a 1250 
W 
al 

1200 

(6) Ipp 1550 ~ (b) 

~~3 

1500 

1450 
~-~~ 

~'7 
1150'L~~--~~--~~~~~~~~~~ 1400" . ~8 

-5 o 
Fz 

5 -5 0 
Fz 

Figure 3.2: Binding energies in F-spin multiplets of groups Ipp and hh. (Only mul
tiplets with four or more members are represented.) The solid curves correspond 
to the extrapolation of the global fit based on Eq.(3.7) over the full extent of the 
various F-spin lnultiplcLs (f(:presclltaLive values of Pm indicated). 

Ibh 

5 

w 
o 



31 

attempt to fit the data with the expression: 

This form is motivated by the standard IBM-2 result [12J 

To use Eq. (3.7), it is tantamount to assume that either the deformation 

energy ED is negligible, or that it can be approximated by a second-order poly

nomial in N1r and Nil, as is found to be the case in the dynamical symmetries. 

It should be noted, however, that Eq. (3.7) admits both particle- and hole-boson 

numbers, whereas in Eq. (3.8), Nrr and Nil refer (conventionally) only to par

ticle boson numbers. This constraint can be relaxed by imposing the following 

particle-hole symmetries on the coefficients in Eq. (3.8) for a rr and all under pro

ton particle-hole conjugation: 

(3.9) 

where 2D1r is the degeneracy ofthe proton major shell. Analogous relations hold for 

neut1'on particle-hole conjugation. For particle-hole conjugation for both protons 

and neutrons the corresponding relations are: 

(3.10) 

with the other coefficients transforming as: 

(3.11) 

where the bar denotes particle-hole conjugation. If one assumes that ED is neg

ligible and a denotes the value of a for the group I pp , a' the value of a', etc. 
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Table 3.2: Conjectured interrelationship between parameters of Eq. (3.7) when the 
parameters a, a', ... take on the values 0', 0" ••• in the group Ipp. 

Group a a' b bl 
C 

Ipp 0' 0" (3 (3' 2, 
hh -0' - (n1T + n,,)(3 -0" - (n1T - n,,)(3' (3 (3' 2, 

-(n1T - n,,), -(n1T + n,,), 
A hp -0" - n 1T ((3' + ,) -0' - n 1T ((3 + ,) (3' (3 2, 
Aph 0" - n,,((3' - ,) 0' + n,,((3 -,) (3' (3 2, 

Table 3.3: Parameters of separate fits to the binding energies (all in MeV). The 
asterisk denotes coefficients to which the fits are insensitive. 

Group # of Co a a' b b' c Rms 
BE's Error 

lpp 48 1101.1 29.9 14.2 -0.03· -2.6 -1.6 0.43 
Ahp 75 1199.3 35.2 -17.4 -2.2 -0.28 -1.3 0.28 
hh 42 1637.0 -28.5 -O.g· -0.06· -2.5 -1.4 0.22 

these relations translate into the scheme of interrelationships for the coefficients of 

Eq.(3.7) given in Table 3.2. 

Eq. (3.7) is applied in fits to the binding energies of the groups I pp , hh' 

and Ahp . The results are listed in Table 3.3, with coefficients to which the fits are 

insensitive highlighted by an asterisk. 

Inspection of Table 3.3 indicates that the assumed particle-hole symmetry 

of Table 3.2 is reasonably well satisfied. 

However, a further reduction on the number of free parameters can be 

achieved by requiring that the binding energy of the nucleus at the center be the 
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Table 3.4: Parameters of fits to the binding energies (all in MeV) for different 
combinations of multiplet groups, using Eg. (3.12) under the scheme of interrela
tionships of Table (3.2). Again, the asterisk denotes coefficients to which the fits 
are insensitive. 

Groups # of amId al a2 bl b2 c Rms 
BE's Error 

Ahp 75 1,375.9 32.42 11.06 -0.285 -2.24 -1.33 0.300 
Ipp 49 1,378.1 29.76 14.21 -0.02* -2.56 -1.60 0.460 
hh 44 1,376.4 26.53 13.01 -0.06* -2.49 -1.42 0.240 

Ahp&Ih/& 114 1,375.1 31.17 10.78 -0.22 -2.26 -1.26 0.63 
Ahp&Ipp 124 1,374.5 31.67 12.71 -0.224 -2.35 -1.44 0.80 
Ipp&hh 93 1,372.6 31.75 13.54 -0.241 -2.60 -1.48 0.810 

All 3 168 1,373.6 31.92 12.54 -0.251 -2.39 -1.39 0.820 

same irrespective of the quadrant used to determine it. The fit is then done with 

the coordinate transformation Fm ---+ Fm and Fo ---+ Fo, where Fm = Fm - F;::id 

and Fo = Fo - Fomid. Eg. (3.7) then takes the form: 

The results of the corresponding fits for the various combinations of groups Ipp, hh, 

and Ahp under the constraint that the scheme of interrelationships in Table 3.2 

should be rigorously adhered to (in hopes of extrapolating to the group Aph) are 

given in Table 3.4. This is a remarkably simple yet accurate ansatz for Aph binding 

energies based on the global fit (the last row in Table 3.4), i.e., Eq.(3.12) with 

amid = 1373.582, at = 31.92, a2 = 12.54, bl = -0.251, b2 = -2.39, and c = -1.39 

(all coefficients in MeV). 

For completeness, a Haustein plot [32] ofthe residuals (i.e., BEexpt -BEfit) 

that corresponds to the global fit is given for all three groups in Fig. 3.4, and a 

plot of the predicted mass excesses of Aph nuclei is given in Fig. 4. An encoura.ging 

feature tra.nspires: the absence of any significant bias toward either underbinding 
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or overbinding for neutron-rich nuclei. 

For the purpoRe of comparison, the present predictions for the mass ex

cesses in the Ap/i group are plotted in Fig. 3.4 with those of Spaniar and Johansson 

[33J. No significance should be attached to this choice, rather than that of another 

recent tabulation [34J. 

This F-spin classification and the binding-energy fit provide us with a 

simple prescription for deriving the binding energies (and low-lying energy levels 

as will be seen in next the section) relevant to the r-process. The accuracy is 

remarkably good compared to other models that use many more parameters. 

3.4 Ground State Band Energies and Dual Particle-Hole Conjugation 

The task in this Section is to consider whether one can exploit the system

atics of extended F-spin multiplets to predict energy levels in neutron-rich nuclei 

relevant to the r-process. More specifically, we want to relate the excitation spec

tra of nuclei in group A hp to those of the r-process nuclei in group ApI!, A suc

cessful NpNn interpolation method has been developed for the excitation spectra 

of unstable nuclei within the groups i pp , hh' and A hp [35J. The particular clual 

particle-hole symmetry involving the simultaneous conjugation of both proton and 

neutron degrees of freedom is investigated here. 

Of interest are the low-lying members of the excitation spectrum with 

energies of the order of a few hundred keY, which dominate the Boltzmann sum 

for temperatures relevant to the r-process [15J. These states are assumed to arise 

predominantly from the mixing of different configurations of valence nucleons in 

the shells 50 < Z < 82 and 82 < N < 126. These considerations are based on the 

observation that, within this model space, the matrix elements of the residual in

teraction (with respect to a particle-particle basis) coincide with the corresponding 

matrix elements (with respect to the hole-hole basis) obtained by dual particle-hole 
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Table 3.5: Comparison of spectra related under dual particle-hole conjugation. All 
energies are given in keY. 

(Fm, Fo) (2,0) (!~ _1.) 
2' 2 

(1 _1.) 
2' 2 (4,-1 ) 

E2+ E4+ E2+ E4+ E2+ E4+ E2+ E4+ 
Ipp 376.6 834.3 205.0 181.0 513.4 141.7 423.1 
hh 466.0 1099 407.2 985.1 218.5 601 205.8 580.1 
p 0.11 0.14 0.33 0.094 0.079 0.18 0.16 

conjugation. Note however, that this does not hold for all inanner of particle-hole 

conjugation: particle-particle and particle-hole matrix elements are related by the 

Pandya relations [36J. In view of this assertion, the source of deviations from the 

desired dual symmetry lies in the nondegeneracy of the proton and neutron single

particle energies. For the major shells of interest, this nondegeneracy should imply 

deviations of the order of 10%. 

To confirm whether these expectations are borne out, a comparison of the 

ground-state band excitation spectra of nuclei in groups Ipp and hh is attempted. 

The deviations from the dual particle-hole symmetry are expected to be larger 

for groups lpp and hh than for groups Ahp and Aph because the changes in the 

single-particle energies cancel (to some extent) in the latter case. Unfortunately, 

the limitations of the available data set mean that only for the F = 2, ~, ~, and 4 

extended muItiplets is a direct comparison of dual particle-hole conjugated spectra 

possible; even that is restricted to 2+ and 4+ energies. The relevant data is'sum

marized in Table 3.5 (empty ent.ries denote an absence of data). Again, observe 

that Casten's rule [23J does not affect the assignment of F and Fo, cf. Fig. 3.1. 

As a measure of the deviation from the desired particle-hole conjugation 

symmetry, 

(3.13 ) 
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is used; Epp denotes an Ipp excitation energy and E"" indicates the corresponding 

h" excitation energy. The results depicted in Table 3.5 show, with the exception 

of F = ~, that dual particle-hole symmetry holds at the 10 - 20% level. Also 

worth noting is the fact that an Ipp excitation energy is always smaller than its h" 
counterpart, which is consistent with the conjecture of dual particle-hole symmetry 

breaking from the nondegeneracy of the single-particle energy: the states present 

in the dominant configurations contributing to an h" state are of higher energy 

than those present in the corresponding configuration of the Ipp counterpart. 

A less direct measure of dual particle-hole symmetry is available for higher 

F (F = 121 - 123). Figures 5(a)-5(c) depict such comparisons of the ground-state 

band excitation spectra of nuclei in groups hh and Ipp based on the F-spin multiplet 

classification scheme. Where available, the lowest 2+ to 8+ excitation energies 

are plotted against the corresponding value of Fo. The apparent discontinuity at 

the interface between 1M and Ipp is exploited to gauge the extent to which dual 

particle-hole symmetry is violated in these F-spin multiplets, using 

. (L) _ IEL+ (Fc?) - EL+ (Fo<) I 
Pills - EL+ (Fc?) + EL+ (Fo<) , (3.14) 

. where Fo< (Fc?) is the largest (smallest) value of Fo within a multiplet correspond

ing to h" (Ipp) data (Fc? = Fo< + 1 for these multiplets). The data and results are 

shown in Table 3.6. 

Two points are noteworthy here: 

• The consistency of Pdis(L) for different L indicates that this measure is mean

ingful and the dual particle-hole symmetry holds at the 10 - 20% level; 

• The discontinuity is reduced with increasing deformation. 

In light of the above considerations and the data at our disposal, it is safe 

to assume that particle-hole symmetry holds at the 10 - 20% level or better for 

groups A"p and Aph . Consequently, the excitation energies of the low-lying levels 

--- -----_ .......... -- -.. 
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Table 3.6: Dual particle-hole symmetry violation implied by the discontinuities in 
Fig. 3.5 (in keY). 

II Fm I 11/2 6 13/2 
L Fo ELf Pdis(L) Fo EL+ Pdis(L) Fo ELf Pdis(L) 
2 -3/2 122.6 0.25 -1 107.4 0.17 -3/2 97.9 0.15 

-1/2 72.8 0 76 -1/2 72.8 
4 -3/2 396.6 0.26 -1 349.8 0.17 -3/2 322.3 0.14 

-1/2 235.2 0 250.2 -1/2 240.3 
6 -3/2 808.6 0.26 -1 717.4 0.16 -3/2 666.4 0.14 

-1/2 478.9 0 517.3 -1/2 498.5 
8 -3/2 1348.6 0.25 -1 1199.3 -3/2 1122.5 0.14 

-1/2 807.0 0 -1/2 844.5 

in Aph can be identified with those of the corresponding A/ip nuclei. The expected 

error incurred will be typically a few tens of keY, which is as good as can be 

expected. 
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CHAPTER 4 

INTRINSIC STATES AND PROJECTION METHODS. 

The notion of coherent, projective states (also called intrinsic states) was 

first introduced in the IBM in order to describe its geometrical properties [37, 38J 

and relate them to the shape variables of Bohr and Mottelson [7, 39, 40J. 

In this chapter, we use a generalization of these states, as introduced by 

Otsuka [41J in both the IBM-1 and the IBM-2. The purpose is to study the 

generalized model when bosons of spin 0, 2, ... 2p are allowed in the system with 

or without angular momentum projection. 

The formal derivation involves only a quadrupole Hamiltonian within the 

framework of the IBM-1 and serves to illustrate the method and facilitate compar

ison with Kuyucak and Morrison [l1J; however this procedure can be applied to 

any Hamiltonian one chooses to adopt (admittedly assuming axially symmetric de

formation). Section 4.1 presents the main features and techniques used; in Section 

4.2 a sum rule is derived for the magnetic-dipole transition rates which is applied 

in Section 4.3 to the Samarium isotopes without angular-momentum projection 

and assuming F-spin purity of the ground state. 

4.1 Intrinsic States and Variation-Arter-Projection 

Following [11 J, the relevant (IBM-I) degrees offreedom are assumed to be 

bosons of spin 1= 0, 2, ... , 2p. The IBM-1 Hamiltonian 

H = -K,Q.Q, ( 4.1) 
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is adopted, where the pth (spherical) component of the quadrupole operator is 

given by 
2p 

QIJ = E qjl Gi2)(j, I) , 
i,'=O 
even 

(4.2) 

where G~2)(j, I) is given by Eq. (2.2). Here, % is a real symmetric tri-diagonal 

parameter matrix: 

o 1 0 0 

q= 
1 q22 q24 0 

(4.3) 
o q42 q44 q46 0 

In [11], axially-symmetric intrinsic boson states of K-quantum number m 

are introduced (a la [41]) via the ansatz for their creation operator 

t 2p t 
bm = E Xlm b'm , ( 4.4) 

'~Iml 
even 

where, because of the time-reversal invariance of H, the Xlm'S may be taken to 

be real. The requirement that bm and bi satisfy boson commutation relations (in 

particular, [bm, bt] = 8m m') translates into the condition 

2p 

L x;m = 1 . (4.5) 
'~Iml 
eYen 

In accordance with the Hartree-Bose approach and compatible with the choice of 

H in Eq. (4.1), the ground-state band of a (deformed) N-boson system is assumed 

to be approximated by the condensate state 

(4.6) 

where 10) is the vacuum state. Individual members I<.pNLM) of the band are re

constructed by angular-momentum projection: because I<.p N) is, by construction, 
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axia.lly symmetric with J( quantum number zero (if deformed), !(I>NLM) is given to 

within a normalization constant by 

(4.7) 

where the standard angular-momentum projection operator [42] is given by 

(4.8) 

in which R(af37) denotes the unitary Hilbert-space operator induced by the rota

tion through Euler angles (af37), i.e., 

( 4.9) 

and (DX1K(af3,)) is the corresponding (Wigner) rotation matrix. 

The structure coefficients in Eq. (4.4) represent the wavefunctions, and 

they are obtained by minimization of the energy functional: 

(4.10) 

This corresponds to the so-called Yariation-Before-Projection method (YBP). 

Once the solution is projected, it solely contains components with angular mo

mentum, L, and the variational functional needs to be solved for only once. The 

problem is that it does not allow for changes of the self-consistent field within a 

rotational band, because the projected function !(I>NLM) is not subjected to the 

variation. 

To remedy this, and consistent with the aim of going beyond leading order 

in lfN, one requires that the wavefunction Xo = {x/a} for each ground-state band 

member is determined within the YAP scheme. For the ground-state (L = 0 

band-member), this amounts to minimization of the energy-functional 

( (I> N ! H Pgo ! (I> N ) 

((I>N! P80 !(I>N) 
(4.11) 
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with respect to the XIO'S subject .to the constraint in Eq. (4.5). Henceforth, the 

notation XI is used for XIO. This is the principle of the YAP method. The leading

order term corresponds to the result of the VBP method. In some cases, (cf 

chapter 5 for quantitative conditions for this to hold) it is sufficient to obtain this 

term. 

The action of the projector P~o in Eq. (4.11) can be reduced without 

approximation to expressions involving one-dimensional overlap integrals over f3 of 

the form 

(4.12) 

where Zp( cos (3) is the angular distribution (in the intrinsic frame) of a condensate 

boson state, 
2p 

Zp(x) = L x~ P,(X) , 
1=0 
even 

(4.13) 

and P, is the Legendre polynomial of order 1. In fact, since Jz I<I>N) = 0 (I<I>N) has 

J( quantum number of zero), the Q- and ,-integrations are trivial. To illustrate 

the treatment of the f3-integration, we consider the normalization factor 

We have, after integration over Q and " 

NN = ~ fo 7rdf3 sinf3 (<I>Nlexp(if3Jy ) I<I>N) 

= ~ fo7rdf3 sinf3 (01 (bo)N (b~R)N 10) 

where the rotated intrinsic boson operator 

(4.14) 

(4.15) 

(4.16) 

has been introduced (using the fact that JII 10) = 0). Since bJR and bo are linear 

combinations of the spherical boson operators blm and b,m, the spherical tensor 

character of the btm's in bJ implies that 

bJR = L XI d~o(f3) btm , ( 4.17) 
I,m 
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where d~m/(.B) is the reduced rotation matrix. Wick's theorem may be applied to 

obtain 

where, for the last equality, the elementary contractions 

and the identity 

has been employed. Thus, 

(4.19) 

Proceeding by the same methods, performing some angular momentum algebra and 

invoking the so-called contraction of products of rotation-matrix elements [43], one 

finds, for the Hamiltonian assumed in Eq. (4.1), that [l1J 

where, 

AJ = 

and 

2p 

l.: 
j,jI ,',"=0 

even 

(4.21 ) 

( 4.22) 

even 

The restriction to even J in Eq. (4.20) arises because AJ vanishes if J is odd (since 

j, j/, I and I' are even, the Clebsch-Gordan coefficients in the definition of AJ 

vanish if J is not even). 

In what follows, it is convenient to consider not the integrals IIp
) PI) bu t 

rather the elementary integrals 

( 4.23) 
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The equivalence rests on the fact that, for I even, P, can be cast into the form 

1/2 k 

PI(X) = E a~) (1 - X2) , (4.24) 
k=O 

where ail) can be computed recursively from the relation 

(I) l(l + 1) - 2k(2k + 1) (I) 
ak+l = - 4 (k + 1)2 ak 

(4.25) 

with ag) = 1. This result is obtained by demanding that Eq. (4.24) be a solution 

of the Legendre-differential equation, evaluating to unity at x = 1. Thus, 

1/2 
XI(p)().) = 2 E ail) 11p)().) . 

k=o 

(4.26) 

The form of the energy functional, Eo(xo), in terms of the integrals IkP)(>.) is 

[ 

2p IkP)(N - 2) P IkP)(N - 1)] 
Eo(xo) = -K, N(N - 1) E ak () + N E bk ( ) , 

k=O 1/ (N) k=O 1/ (N) 
(4.27) 

where the coefficients ak and bk (appropriate combinations of the A/s and B/'s, 

respectively) are independent of the boson number, N. Taking advantage of the 

fact that ail) automatically vanishes if k > 1/2 (from Eq. (4.25) we can write 

and, likewise, 

4p 

ak = 5 E af) AJ 
J=O 
e\len 

2p 

bk = 5 E ail) BI . 
1=0 
even 

( 4.28) 

(4.29) 

By inspection, the generalization to L i- 0 band-members amounts to the 

replacement of XJp)(N) in Eq. (4.19) by (2L+ 1) X1;)(N) and of each integral XJp)().) 

in Eq. (4.20) by 

(2L + 1) 10 7rdf3 sin 13 PL( cos (3) Pj ( cos (3) [Zp( cos (3)]" 

(L+j)/2 

= 2(2L + 1) L akLj
) I!p)()') , 

k=o 

(4.30) 
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where, appealing to the elementary result for the product of polynomials of the 

form in Eq. (4.24), 
k 

",(Lj) _ ~ ",(L) ",(j) 
..... k - L.J ..... k' ..... k-k'· (4.31) 

k'=O 
(Recall that L is necessarily even for the J( = 0 ground-state band.) Thus, the 

variational-energy functional for arbitrary L is 

[ 

2V+L/2 I(v)(N 2) 
-K N(N - 1) L: ak(L) k (v) -

k=O IL (N) 
v+L/2 I[v)(N - 1)] 

+ N l: bk(L) ( ) , 
k=O Il (N) 

( 4.32) 

where ak(L) and bk(L) are related to ak and bk in Eqs. (4.28) and (4.29), respec

tively, by 

k 

adL) = l: 
k'=O 

(4.33) 
k 

bk(L) = l: aif)bk- k,. 
k'=O 

An advantage of Eq. (4.32) is that the dependence on L of the numerator is readily 

made explicit in as much as the coefficients aif) in ak(L) and bk(L) are straight

forwardly computed from Eq. (4.25). However, a possibly more convenient form 

of EL can be obtained by rearrangement of the double summation implicit in Eq. 

(4.32) giving 

[ 
2V If.~(N - 2) v If.~(N - 1)] 

EL(xo) = -K N(N - 1) L: ak ( ) + N L: bk ( ) , 
k=o Il (N) k=O Il (N) 

( 4.34) 

where 
L/2 

If.~(A) = L: aif) I[~k'(>')' (4.35 ) 
k'=O 

Observe that Ik&(>.) = I1;)(>.). The evaluation of these overlap integrals (ubiq

uitous to the angular momentum projection) is taken up in chapter 5 and the 
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ratio 

(4.36) 

will be given for the generalized IBM-1 and IBM-2 in Sections 5.2 and 5.3 respec

tively. 

For future reference, we note that it is convenient to recast Eq. (4.25) into 

the form 
(I) _ a~1) + k(2k + 1) /2 (I) 

ak+l - (k+1)2 ak , (4.37) 

indicating that, in general, a~1) (k $ 1/2) is a polynomial of order k in 

a~1) = -7/4, (4.38) 

where 7 = /(l + 1). For our purposes, in addition to a~1) we need explicitly 

(I) 1 ( (1))2 + 3 (I) 
a2 = 4' al 8' al , 

(4.39) 

n.(1) _ 2- (a(l))3 + 13 (",(1))2 + ~ al(l) 
~3 - 36 I 72 ~l 24 

In subsequent work, ao, al and a2, and bo and bI will be needed. On sub

stitution of Eq. (4.21) for AJ into the definition (Eq. (4.28)) of ak, one encounters 

a summation of the form 

sJ7}II'(I() = (2I< + 1) 11 aiJ
) (j OJ' 01 J O) (10 [' 01 J O) { {,~':} ; (4.40) 

in the present case, 

2p 

ak = L SJ7J/I,(2) qjl qi'I' Xj XI Xj' XI'. (4.41 ) 

even 

The sum SJJJII'(I{) appears often in this work. As observed in [11], it may be 

performed analytically. The evaluation of SJJ}II'(I<) is presented in Appendix A. 
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The corresponding results in Appendix B of Ref. [11] appear to be plagued by 

typographical errors. Adopting Eqs. (A.4) - (A.6) and the notation 

2p 

A "" "'TtIl";\1Z - A mn = L.J J qjl Xj Xl = nm (4.42) 
j.I=O 
even 

we may write 

ao = A~o , 

at = - t Aoo (2 AlO - 3 Aoo), (4.43) 

a2 = 6\ {/2(A20 - An)2 - (A 20 - All)AlO 

+ 9 2 2 } 2A20Aoo + 2AlO - 36AlOAOO + 36Aoo . 

For the purposes of comparison with Ref. [11], in their notation, 

and (4.44) 

where the Dk's are defined in Eq. (3.17) of their work, while 

bo = Co and (4.45) 

Cm being the sum 

( 4.46) 

even 

The integrals (or the ratios of the integrals) must still be determined before the 

minimization of the energy functional. The evaluation of the overlap integrals is 

the subject of Chapter 5. 

4.2 B(Ml) Sum Rule: Generalities 

In recent years there has been increased interest in the study of the mixed

symmetry states, particularly the 1 + state and the large B(M1) transition strength 

associated with it [44,45,46,47]. Some of the issues related to the properties of 

this mixed-symmetry scissor mode are: 

---_. __ ._._ .. _._ .... --.. 
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• How to predict the excitation energy of the 1+ scissor mode. 

• The derivation of a simple sum rule for the Ml transition strength. 

• The determination of the relation between the strength distribution and nu

clear deformation. 

• The degree of F-spin purity for the ground state and other low-lying states, 

and 

• What single-boson gyromagnetic ratios should be used and what their mi

croscopical meaning is. 

Some of these questions will be addressed in this section by looking specif

ically at the summed excitation strength. An energy-weighted sum rule will be 

derived, and the mean excitation-energy determined. The derivation of the main 

results will be done in the generalized IBM-2, but the IBM-l projected results wiII 

be used for numerical evaluations. 

The Ml excitation-strength function is defined in the standard way as: 

8Ml(E) = ~ I(j IT;l(Ml) 10+)1 2 
8(E - Ej), (4.4 7) 

J,IJ 

which can be alternatively written in terms of the Hamiltonian as 

8M ! (E) = L \ 0+ /(TIJ(Ml)) t o(E - H) T;l(M1)/ 0+) . 
IJ 

(4.48) 

Of more interest, however, are the summed-excitation strength and the strength 

density defined by 

8Ml = i: 8Ml(E)dE = (0+ IT(Ml) . T(Ml)1 0+) (4.49) 

and 

(4.50) 
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respectively. They allow us to determine the cumulant moments [48], of which 

the lowest two are of particular interest, since they represent the mean-excitation 

energy and its fragmentation width. Written in terms of commutators, these quan

tities are given by: 

= ~ (0+ I [(T(M1))t, [H, T(M1)]] 10+) 
2 8Ml 

(4.51) 

and 

(~E)2 = 100 PMl(E _ Ec)2dE = ~ (0+ /[(T(M1))t, [H,[H,T(M1)]]] I 0+) _ E; 
-00 2 8Ml 

(4.52) 

In this Section, our main interest will be in the summed strength and the mean

excitation energy, the fragmentation being left for a later investigation. It is con

venient from an algebraic point of view to work in the generalized IBM-2, instead 

of specifically using sdg expressions. The one-body M1 operator is defined in the 

usual way in Eq. (2.12) by: 

T(M1) = /3
4
3 

'2)911"IL1I"1 + 9vlLvd, V4; 1>0 
(4.53) 

where, as before, 9pl and Lpi represent the g factor and angular-momentum op

erator, for a boson P (71",1/) of spin /(2,4, ... ). As will transpire in section (5.4), 

the choice of the boson-gyromagnetic ratios is quite intricate and warrants careful 

consideration. 

A generalized Talmi Hamiltonian can be considered with the boson spins 

spanning the values 1 = 0, ... ,2p. 

4p 

H = 2::: fp(npi - 2::: KkTJk) . TSk
) + ~ M. (4.54 ) 

p,1 k=2 

The result for a more F-spin invariant Hamiltonian is easily obtainable along the 

same lines. It is customary to use the same single-particle boson energies for 

both protons and neutrons. In any case, this term does not contribute to the 

commutators, because the T(Al1) commutes with the number operator. 
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There is strong evidence that the ground state is nearly F-spin pure [44J, 

better than 97% for the 8m isotopes. This justifies the IBM-2 to IBM-l projec

tion which allows us to simplify the evaluation of the different quantities, and the 

solution of the variational problem. A Hartree-Bose intrinsic-state formalism is 

used in evaluating the expectation values. This mean field approach is suitable 

for deformed nuclei, and it can be used in the 1/ A approximation, provided the 

expansion parameter A that represents the mean-squared angular momentum car

ried by the boson condensate is reasonably large (> 10) as will be seen in chapter 

5. 

Let us now turn our attention to the summed strength. First, the .Ml 

operator is rewritten in terms of F-spin tensor operators of rank 0 (scalar) and 

rank 1 (vector): 

where 

T(Ml) = [T(Ml)Jg + [T(Ml)J~ , 

IT(Ml)J~ = {f; '2(9w' ~ 9v')(L., + Lv')' 

IT(Ml)J~ = {f; '2(9w'; 9v')(Lw' - Lv,). 

(4.55) 

(4.56) 

(4.57) 

Note that the F-spin scalar component is proportional to the angular momentum: 

it contributes to SM}' but not to the transitions. 

Through the use of the Wigner-Eckart theorem, SMl is evaluated in 

lot FmFm) , instead of the general state lot FmFo) , thus taking into account only 

one type of boson. 

The final result is: 

( 4.58) 

-------_.--......... _. __ . 
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Note that the expression (4.58) does not involve any approximation and the bo

son g factors are completely arbitrary. No assumption has been made about the 

wavefunct.ions (other than F-spin purity). The term A corresponds to the T( M1) 

operator in the IBM-1 projection and its evaluation gives excited-state g factors 

in that limit. 

Using t.he microscopically plausible values 91'1 = 1 and gvl = 0 for all values 

of I > 0, we find that the first two terms in Eq. (4.58) are proportional to L2, and 

their expectation values in the ground state vanish. We are left with: 

s = 4N1' Nv (O+ICIO+)=i.N1'Nv"I(1 _l)(O+lf~dO+) 
Ml N(N - 1) 471' N - 1 7 -I N' ( 4.59) 

The summed strength is proportional to the mean-squared angular momentum 

carried by the boson condensate mI. The result by Ginocchio [47] is a special case 

of this expression, cOJ'l'esponding to the sd IBM. 

Now, let us consider the problem of the mean-excitation energy. The 

double commutator is first evaluated by repeated use of Eq. (2.5). After some 

angular moment.um recoupling, the result for a term of the form fh = Tj: . T!: is 

obtained: 

[(T(Ml»T, [Hk' T(Ml)l] 

= _i. " tk. tk. C(k)(' I) . C(k)(" 1') 4 L... 1')1 ,,)'1' 71' J, 7 V J, 
71' j,l,j',l' 

X [(91Tj - 91'1)(]91Tj - 191Td + k91'j91TI + [(71',j,l) ~ (v,i',l')] 

- 2~ {(J - 1)(91'j - 91'1) + k(91Tj + 91TI)} 

{(j' - "P)(9vj' - gvl') + k(9vj' + 9vl')}] . (4.60) 
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For the special choices g7r1 = g7r and gill = gil, this expression acquires the 

. exceptionally simple form: 

which is a generalization of the result obtained by K. Heyde and C. De Coster [46]. 

The contribution from the Majarana term is determined in a similar way. 

First, the Majarana operator of Eq. (3.5) is written in terms of raising and lowering 

F-spin operators, F:J:., by writing the scalar product as: 

(4.62) 

The Fo term does not contribute and the commutators with the scalar part of Eq. 

(4.55) vanish. The Majarana contribution is then determined by repeated use of 

the identity 

( 4.63) 

for an F-spin tensor of rank k. The final result is: 

where 

T1 = _ (3 ~fJ V27(21+ 1) [bt b ]1 
1 V 4; 7' gl 3 7r1 III 

= (3 ~ fJ V27(21 + 1) [bt b ]1 V 4; 7' gl 3 III 7r1 

The final expression for the mean-excitation energy or centroid energy 

(after F-spin projection) is given by: 

(4.65) 

The Majarana contribution is, as expected, the splitting between Fm and Fm - 1 

F-spin headbands. Note, however, the inverse dependence of the first term on 

----_._----_ ... -..... -.- _ .. , 
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A = E,l (0+ Ind 0+), the squared angular momentum carried by the boson con

densate. This quantity will be discussed in more detail in next chapter. The 

consequence of this inverse dependence is that the model cannot be used to de

scribe spherical nuclei (A = 0). We expect, on the other hand, a good agreement 

for deformed nuclei where the intrinsic-state formalism is a good approximation to 

the problem. 

4.3 Application to the Samarium Isotopes 

Equations (4.59) and (4.65) have been applied to a description of the 

Samarium isotopes. First, we minimize the ground-state energy to determine the 

wavefunctions. A typical energy surface is shown in Fig. 4.1. The parameterization 

used is: Xo = VI -/32, X2 = (:J cos( r.p) and X4 = (:J sin( r.p). The parameter set is the 

IBM-1 projection of the one used in Ref. [44], i.e. fpd = 1300 keV, fpg = 1800 keV, 

i'C'lr1J = 150 keV and the quadrupole parameter set to the SU(3) values, which are 

Q20 = = Q02 = 1 
11 

q22 = --ViO 
28 

9 
Q24 = = q42 = -

7 
3 

q44 = --v'55. 
14 

No hexade~upole term is included in the present calculation. 

For the summed strength (depicted in Fig. 4.2), we note a variation related 

to a spherical to deformed shape transition. The summed strength is independent 

of the choice of the Hamiltonian (except for the dependence of the wavefunctions 

upon the Hamiltonian), and the qualitative trend is well described by the present 

model with no evidence of subshell closure. Also shown in this figure is the SU(3) 

prediction of Barrett and Halse [49] in the sdg limit. As can be observed, the SU(3) 

calculation overestimates the summed strength. This is because of an overly large 
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prediction of the g boson weight in that limit. In the case of spherical nuclei 

(146-148Sm), we have a vanishing value that can be understood because of the 

orbital nature of the transition in which we are interested. The experimental value 

is mainly a spin contribution in this region. The isotope 1SOSm is a transitional 

case, and we do not expect the intrinsic state formalism to hold for transitional 

nuclei. 

The results for the centroid energy are plotted in Fig. 4.3. They show the 

mean-excitation-energy contribution of the quadrupole part (¢), the quadrupole 

plus Majarana (+), and the experimental value reported in [45J (0). Again, the 

experimental results are well described by the model in the deformed region using 

a Majarana strength of 50 keY, which is half that used by Otsuka [50J. This small 

strength is consistent with Talmi's argument about a weak Majarana strength [51J. 

Figure 4.4 shows the 2t g-factors calculated in the intrinsic states formalism (0) 

and the results of the exact diagonalization by Otsuka [50J (+). Also shown are the 

experimental values with error bars [45J. It should be noted that, in principle, the 

excited-states 2+ wavefunctions are needed here, rather than those of the ground 

state. There is, nevertheless, good agreement in the deformed region. These 

excited state g factors will be considered in more detail in Section 5.4. 
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CHAPTER 5 

THE l/A EXPANSION 

To evaluate the overlap integrals that result from the angular-momentum 

projection Eq. (4.12), one could conceivably write the explicit expression for each 

value of N and integrate the polynomial. However, this leads to numerical stability 

problems (due to small numbers taken to large powers), and it also requires the 

process to be repeated for each calculation. A numerical integration, unlike the 

analytic solutions, does not allow the systematic study over various regions, as a 

function of N. On the other hand, most nuclei are not in the dynamical symmetry 

regions, where analytic solutions are available. By approximating the overlap 

integrals, this problem can be solved in an elegant way. 

Kuyucak and Morrison [52], following the realization by Ref. [53J that 

a Gaussian approximation of the angular distribution of the condensate Z(sin (3) 

corresponds to the first saddle point, have developed the so-called 1/ N expan

sion. The problem with this approximation is that the integral is unnecessarily 

disfigured, allowing for the exact determination of only the leading term in the 

expansion. 

In this chapter, an improved approximation to the overlap integral is de

veloped using the Laplace method of asymptotic expansion. To illustrate the 

procedure, the approximation is done in the sd IBM-l limit in Section 5.1. Section 

5.2 presents the corresponding results in the generalized IBM-I, and Section 5.3 

considers the IBM-2 limit with arbitrary even spin bosons. The method is then 

applied to determine the gyromagnetic ratios of the ground state band members 
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for deformed nuclei in Section 5.4. 

5.1 The sd-limit of mM-1: Asymptotic Expansion of I~l)().) 

Specializing to the sd-limit (p = 1) has the advantage that properties of 

the integrand that are crucial to the asymptotic expansion of IkP\).) can be made 

transparent. To this end, the parameterization 

Xo = cos cp and (5.1) 

is introduced, such that Eq. (4.5) (p = 1), is automatically satisfied; since it may 

always be assumed that Xo ;::: 0, the unconstrained variable cp E [-71"/2, 7I"/2J. In 

terms of this parameterization, 

ml 2 
Zt{ x) = 1 - "4 (1 - x ), (5.2) 

where ml is the average spin of the condensate boson, 

6 . 2 
ml = sm cp. (5.3) 

We note that ZJ(x) is a monotonically increasing function of x with a minimum 

value of 

(5.4 ) 

and a maximum value (independent of cp) of 

(5.5) 

The asymptotic expansion of I~l)().) is driven by the observation that, provided 

cp "1= 0, [ZJ(x)J" becomes increasingly peaked at x = 1 with increasing).. This 

property disappears if cp = 0: then Zl(X) = 1 for all x E [0, IJ, and an asymptotic 

expansion of IIJ)().) is no longer feasible or appropriate. The assumption will be, 

of course, that cp "1= 0 in what follows. 
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On a point of notation, the symbol fV is used below to denote the approx

imation of a function J(z) by its Poincare asymptotic expansion (for large values 

of its argument z). Thus, 

al a2 
J(z) fV ao + - + - + ... 

Z Z2 
(5.6) 

has the meaning that each partial sum of the series satisfies the condition 

lim Izn (J(Z) - t a~) I = O. 
1.1:1-+00 k=O Z 

(5.7) 

5.1.1 Application of the Laplace Method: Generalities 

The integral 

(5.8) 

is of the form amenable to asymptotic expansion by the Laplace method. The 

terminology of Ref. [54J is followed here and elsewhere. The minor complication 

that ZI(X) is not positive definite for all x, when 1<p1 > cp* = arcsin(J2/3) can be 

accommodated by dividing the range of integration at the root Xo of ZI(X) 

(xo = J1- ~CSC2<p). Thus, 

If)(>.) = (-1),\ foxodx (1- x2)k IZ1(x)I'\ + !x:dx (1- x2)k [ZI(X)J'\, (5.9) 

where the last two integrals are manifestly of the form to which the Laplace method 

applies. 

In fact, it is possible to prove a far sharper result consistent with the naive 

expectation that, because IZt! < 1, except for x = 1, the contribution to IkP)(>') 

for large>. from the vicinity of x = 1 is dominant. 

Lemma 1 The (Poincare) asymptotic expansions (in inverse powers of >., 

Re(>.) > 0) of I~I)(>.) and 

.(1)( \ ) Zk A, c (5.10) 
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coincide even if c (> 0) is arbitrarily small. The detailed form of the polynomial 

pre-exponential factor (1 - x2)k is irrelevant to this result. 

Proof: Considering the case in which Zl(X) ~ 0 for all x ~ 0 (i.e. Ic.pl $ cp*) (the 

extension to Icpl > cp. is trivial but tedious), one rewrites: 

where Zf = Zl(X = 1 - c) and F(x) = Zl(x)!Zf. Since Zf < 1, the asymptotic 

expansion of the first factor in Eq. (5.11) vanishes - in our notation, 

[ZfJ" f'V O. (5.12) 

To see this, we note that: 

[Zf]'\ = exp(-llnZfl..\) (5.13) 

and we invoke the well-known fact [54J that exp( - a z) '" 0 (a a positive constant). 

By explicit calculation, the asymptotic expansion of the second factor (the integral) 

in Eq. (5.11) exists and is finite (term-by-term). As the factors in Eq. (5.11) satisfy 

the conditions required for the asymptotic expansion of a product to be t.he product 

of the asymptotic expansions of the factors [54], 

Q.E.D. 

5.1.2 Expansion of I~l)(>.): Results and Properties 

We can cast i~l)(>., c:) into the standard form Eq. (B.2) assumed in Ap

pendix B via the change of integration variables x --+ 1 - x: 

(5.l5) 
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where 

(5.16) 

Comparison of Eq. (5.16) with Eqs. (B.3) and (BA) indicates that the expansion 

parameter is not A but rather proportional to Am = ml A. We take the expansion 

parameter to be precisely Am, in part for the aesthetic reason that, when A = N, 

Am can be identified with the angular momentum A of the condensate. Adopting 

Eqs. (BA) and (B.5) and invoking Lemma 1, we find that, to the order of interest 

to us, the asymptotic expansion of l!l)(A) is given by: 

I
k
(.l) (A) '" 2 k!4

k 
[ C1(k) C2(k) ] 

Ak+l 1 + -A- + A2 + ... 
m m m 

(5.17) 

with 

(5.18) 

and 

1 
C2 (k) = '2 (k + l)(k + 2) {12 + (k + 3) ml [(k/4 + 1/3)ml - 2]) (5.19) 

How does Eq. (5.17) compare with the result that is obtained if the method 

of Ref. [l1J is employed? Applied to integrals of the type I~l)(,\), the procedure 

may be characterized as follows: starting from the expression 

(5.20) 

the integrand is approximated by making the replacement (correct up to and in

cluding terms of order 0(/32
)) 

(5.21 ) 

Then the asymptotic expansion of the resulting integral, 

(5.22) 
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is generated. Once again, we have an integral which may be treated via the Laplace 

method (in fact, it is precisely of the form required in Eq. (B.2)). We find to 'next

to-leading order in 1/ Am that 

A(l)(,,\) IV 2 k!4
k 

[1 _ 2(k -I- 1)(2k + 1) ... J 
k Ak+l 3A + . 

m m 
(5.23) 

The expansions in Eqs. (5.17) and (5.23) coincide to leading order, but differ al

ready in the next-to-Ieading order. Expressed in the notation adopted in Appendix 

B, the approximation in Eq. (5.21) amounts to discarding all but the leading-orde~' 

term in the power series expansion of h(x): thus, the leading terms in the respec

tive asymptotic expansions (Eqs. (5.17) and (5.23)) must necessarily agree, but 

the higher-order terms need not agree. We have here an independent verification 

of the assertion made in [11] that the replacement Eq. (5.21) means, in general, 

that only the leading term in the corresponding asymptotic expansion of individual 

integrals is correct. The implications of this result for the ratios of integrals that 

are encountered in expectation values (cJ. Eq. (4.27)) are discussed below. 

Substituting Eq. (5.17) into Eq. (4.26) and using Eqs. (4.38), (4.39), (5.18), 

and (5.19), we can reconstruct the asymptotic expansion of XY)("\) that is obtained 

by direct application of the Laplace method: 

2 { - 1 - 1 + (2 - ml - J) - + 
Am Am 

2 --21} (ml - 6ml + 12 - [7 - 3ml)J + J /2) A~ +... . (5.24) 

Equation (5.24) coincides (to the order calculated) with Eq. (A.9) of Ref. [l1J (,,\ ~ 

N, ml ~ 2y, 4/Am ~ r). It is an expansion in inverse powers of N of XY)(N) 

obtained by various manipulations of binomial expansions, and is applicable only 

in the sd-limit. The assertion in Ref. [11], discussed above, is based on this 

realization. 

With the application of YAP in mind, a question arises as to whether it is 

legitimate to differentiate the asymptotic expansion in Eq. (5.17 with respect to c.p 



67 

(Note that we do not consider the legitimacy of differentiation with respect to A, 

the conditions for which are well-established [54].) The dependence of the exact 

expression for I~l)(>.) (derived in Appendix C) on cp is rather different from that of 

its asymptotic expansion: the former is a polynomial in sin2 cp and is finite for all 

values of cp (cf Eq. (C.6)), whereas the latter is a rational function of sin2 cp that 

diverges as cp 4 O. Differentiation (with respect to cp) of the asymptotic expansion 

Eq. (5.17) is permissible, if the order-by-order terms in the asymptotic expansion 

in 1/ A obeys the relation 

(5.25 ) 

or, equivalently, 

(5.26) 

In the absence of a more sophisticated method, we have resorted to verifying that 

Eq. (5.26) is indeed satisfied to the order (in 1/ Am ) of interest to us by explicit 

substitution of the asymptotic expansion Eq. (5.17) into Eq. (5.26). Presuma.bly, 

the result holds t.o all orders. In summary, at least to the order of interest to us, 

differentiation is justified. 

5.1.3 Application to the YAP problem: L = 0 

In view of the findings on differentiation, the energy functional Eo (here a. 

function of cp alone) remains the principal object of interest. Before minimizing it, 

we first determine the corresponding asymptotic expansion of the energy functional 

Eo(cp), To facilitate comparison with Ref. [11], we develop Eo(cp) as an asymptotic 

expansion in 1/ N, even though the treatment in Subsection 5.1.2 suggests that 1/ A 

(A = ml N) is more appropriate. 

An elementary implication of the form of Eo(cp) (as given in Eq. (4.27)) 

for its asymptotic expansion in 1/ N is exposed: the leading and next-to-leading 
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terms in the expansion of Eo( cp) of order N2 and N I respectively depend only upon 

the leading term in the asymptotic expansion of I~l) ().). 

To begin with, we note that, provided 1« N, (Eq. (5.17)) implies that 

I~l)(N -I) _ 0 (_1 ) 
IJl)(N) - Nk' 

(5.27) 

Comparison of Eq. (5.27) with Eq. (4.27) leads to the conclusion that, in order 

to obtain terms of order N2 (leading) and N (next-to-Ieading) in the asymptotic 

expansion of Eo( cp), it is sufficient to retain only the leading-order term in the 

asymptotic expansion of I~l)().) in all contributions to Eq. (4.27), except for the 

ratio 

In regards to this last ratio, we find, after substituting from Eq. (5.17) (specialized 

to k = 0), that 

( 5.28) 

i.e. to next-to-leading order (terms of order liN), I~l)(N - 2)1 I~l)(N) coincides 

with N I(N - 2), which is nothing more than the ratio of the leading terms in 

I~l)(N - 2) and Id1)(N). This last result is no accident. Observe that, from Eq. 

(5.17), we may write 

(1) 2k!4k [Cl(k) ] 
Ik (N -I) '" [m1(N _l)]k+l 1 + mIN + O(1IN2) (l « N). (5.29) 

Hence, in the ratio I~l)(N -i)IIIl)(N), the factors in the numerator and in the 

denominator containing CI(k) coincide to order l/N and, to this order, the ratio 

is necessarily given by the ratio of leading terms, [N /(N - 1)]k+I • We emphasize 

that the cancellation is not found in higher orders. For example, to order 1 I N 2
, 
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Despite the imperfections in the expansion procedure of [11] for individual 

integrals 1[1) (>'), the expansion of the energy functional Eo( cp) is necessarily correct 

to next-to-Ieading order in 1/ N because it involves a ratio in which spurious terms 

cancel (but only to t.his order). It is apparent from the aside in [11] that the 

authors of this work are keenly aware of this property of the asymptotic expansion 

of E(cp) (or, rather, its generalization to IBM-l with p bosons). The goal here has 

been simply to make the point more accessible. We conclude that, in this instance 

the procedure adopted in [11] with regard to the application of YAP is indeed 

valid, for the ground state of the sd-limit because, to the order considered (only 

next-to-Ieading), the asymptotic expansion of the energy functional is correct. and 

differen tiation is legitimate. 

There remains one point of principle. The free use of asymptotic expan

sions of 1!I)(>.) supposes that each additional order is small in comparison to the 

previous order. To correctly gauge whether or not this is the case, we need the ex

pansion Eq. (5.17). Comparing the leading and next-to-Ieading terms (for>. = N), 

we arrive at a condition on cp (a for given k and N) that is marginally less re

strictive than that deduced from a comparison of the leading and next-to-Ieading 

terms in Eq. (5.23). 

We conclude this subsection by presenting the expansion of Eo( cp) up to 

(and including) terms of order unity. Employing Eq. (5.30) and 

I!I)(N - /) kl4k [ 1 
(1) '" ( • N)k 1 + {(k + 1) / + [CI(k) - CI(O)]/md N + 

10 (N) mI 

in Eq. (4.27), we find: 

where 

Eo(O) = • ao, 

(5.31) 

(5.32) 
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+ bo , (5.33) 

and we have introduced 

and (5.34) 

Substituting for C1(k) (from Eq. (5.18)), we recover precisely the L = 0 limit of 

Eq. (3.22) in [11] (consistent with the agreement found for the expansion of XJ (>.) 

in the sd-limit). The dependence on Cn(k)'s has been retained in Eq. (5.33) to 

indicate how limited the dependence of Ea2
) is on terms beyond leading order in 

the asymptotic expansion of h(>') and to facilitate the subsequent generalization 

to p > 1. 

5.1.4 Application to the YAP problem: L> 0 

As with the expansion of Eo(<p), the leading and next-to-Ieading terms 

(of order N2 and N, respectively) in the expansion of EL(<p) depend only on the 

leading term in the asymptotic expansion of I~l)(>.). 

Adopting Eq. (4.34) for EL ( <p), substantiation of this assertion parallels 

the proof for Eo(<p) with 

(5.35) 

replacing Eq. (5.27) and 

L - = 0 - 1 + ~ ~ + 0(1 j N 3 ) 
X{l)(N I) l(l)(N I) { 1 (L) } 

X£)(N) IJl)(N) ml N2 
(5.36) 

(together with Eq. (5.30) for IJl)(N -/)jIJl)(N)) replacing Eq. (5.28). Crucial to 

this argument is the fact that Eq. (5.36) is obtained without adopting specific values 
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for the coefficients Cn(k) in the asymptotic expansion Eq. (5.17) of I~l)().). Eq. 

(5.36) relies specifically on an exact cancellation between terms involving C1 (0) 

and C1(1). Thus, together with Eq. (5.30), Eq. (5.36) implies that, to next-to

leading order, Zr)(N -l)/Z11)(N) depends only on the leading order contribution 

to the integrals 111
)().). 

As regards the precise form of the expansion of EL ( 'P) (to terms of order 

unity), on substituting Eq. (5.36) and 

Zl~l(N -I) rv I~1)(N -I) {I + 4k a~L) + O(1/N2)} 

Z2)(N) I~1)(N) m1 N 
(5.37) 

into Eq. (4.34), comparing the result with Eq. (4.27) for Eo (specialized to p = 1) 

and then employing the leading term in Eq. (5.31) and Eq. (4.38) for a~L), we 

arrive at the result: 

(5.38) 

To the order calculated, Eq. (5.38) agrees with Eq. (3.22) of [11]. From the me

chanics of the derivation of Eq. (5.38), we infer that, consistent with the claims 

of section 3.5 in [l1J, the leading order contribution to the moment of inertia (in

versely proportional to the coefficient of L in Eq. (5.38)) does not require any 

knowledge of terms beyond leading order in the asymptotic expansion of Ik1
)().). 

5.2 Generalization to Arbitrary Versions of IBM-l 

The generalization of the results of Section 5.1 is straightforward. An 

additional insight emerges that was unavailable to the authors of Ref. [l1J, namely 

thai the coefficients of the asymptotic expansion entail, in the general casc, the 

moments 

(5.39) 

-- _._. __ . __ ............ _- •. -. 
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of the distribution of angular momentum in the condensate boson bb. (In the sd

limit, the mk's reduce to 6k- I 
mt, k ;::: 1.) Observe that, in Eq. (5.39) and the 

rest of this section, we (like [11]) do not automatically impose the constraint of 

Eq. (4.5). (One then has greater flexibility with regards to the application of the 

variational principle discussed in Section 4.1.) 

The Laplace method remains appropriate for the asymptotic approxima

tion of I~p) (>.). Its application, parallels that of Section 5.1. Note that, a repeated 

use of the triangle inequality for real numbers, along with the elementary fact tha~ 

IP,(x)l:::; 1 leads to 
2p 

IZp(x)1 :::; 1: x~ = no, 
1=0 
even 

(5.40) 

where the equality is attained only for x = 1. The generalization of Lemma 1 to 

I~p)(>,), p> 1, follows immediately: 

Lemma 2 Even for c (> 0) arbitrarily small, 

J!p)(>,) r-.J i~)(>',c) = n~ rI 
dx(l- x2)k [Zp(X)J'\ 

JI-~ no 
[Re(..\) > 0] . (5.41) 

(Again, the detailed form of the polynomial pre-exponential factor is irrelevant.) 

Proceeding as in Subsection 5.1.2, the asymptotic expansion of I!p)(..\) (to the order 

of interest) reads: 

r-.J 2k!4k [1 + CI(k) + C2(k) + ... J 
A~+l Am A~ 

(5.42) 

where now 

(5.43) 

C2(k) = t(k + l)(k + 2){ 12 + ~(k + 3)[~k - 23
2 + (3k + 2)ml - ~(k + 2)m2 + 

!(3k + 4)m~ _ l(27k + 20) m2 _ ! m3 + !(k + 4) (m2) 2]} (5.44) 
6 18 ml 9 mI 8 ml 
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and, as before, 

(5.45) 

(except now ml is given by Eq. (5.39)). 

The asymptotic expansion Eq. (5.42) has been intentionally cast into the 

form given in Eq. (5.17). By construction, none of the relations for ratios of I!l)p) 

and Xl~lp) in Subsections (5.1.2) and (5.1.3) rely upon the specific form of the 

coefficients Ct{k) and C2 (k) given in Eq. (5.17). It follows that they (and, hence, 

the conclusions based thereon) all immediately generalize to arbitrary versions of 

IBM-1 with each I!l)p.) (Xl~t(.X)) replaced by 11p)(>.)/nS (xtt(>.)/nS) with the 

coefficients Cn(k) being taken from Eqs. (5.43) and (5.44). 

As in Subsection (5.1.3), we have explicitly verified that differentiation of 

the asymptotic expansion of I!p){>,) with respect to XI is legitimate - i.e., with each 

XI being treated as independent, the asymptotic expansions respect the relation 

(5.46) 

to the order of interest to us (recall that xtt(>.) is defined in Eq. (4.35)). 

For the pu~pose of generalizing the result of Subsection (5.1.4) for the 

variational functional EL , it is appropriate to recast it into the form (c.! Eq. 

(4.34)): 

[ 
2p a X(p)(N - 2)/nN - 2 p b X(p)(N - 1)/nN - 1j 

E (x ) - _I\, N(N -1) ~....! L,k 0 + N ~....! L,k 0 
L 0 - L....i n2 X(p)(N)/ N L....i n X(p)(N)/ N • 

k:::;;O 0 L no k:::;;O 0 L no 
(5.47) 

The result for Eo emerges on specialization to L = O. We infer that, in addition to 

the replacements indicated above, the generalization to arbitrary versions of IBM-l 

of the asymptotic expansion of Subsection 5.1.4 for EL requires the substitutions: 

and (5.48) 
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For completeness, the corresponding result is quoted here: 

(5,49) 

where 

(5.50) 

with 

(5.51) 

"/ Ii 
+2!2 + h' +_1 

m? ° ml 

in which 

and (5.52) 

The result for E62
) is new, while E61

) and E6°) had been obtained by Kuyucak and 

Morrison [11]. 

The above expressions disguise the fact that they emerge from asymptotic 

expansions in inverse powers of A = ml N. With the application of the variational 

principle in mind, it is a.ppropria.te to separate out the x/-dependence of A and to 

employ 1/ A instead of 1/ N, because it is most natural to expand the solution {xiJ 

of the variational problem itself in inverse powers of A = N ml, where 

ml = E/ l(x!)2. Thus, we can write (see Appendix D for the solution to the 

variational problem): 

(5.53) 

Here, the indices in xfk) serve as a reminder that the corresponding factor appears 

in a term of order (A)-k. Similar expansions for the various ground-state band 
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observables (including energies) are implied. In Section 5.4, we illustrate this 

1/ A-expansion by application to the evaluation of g-factors of ground-state band 

members. The ratio of the integrals that are defined in Eq.( 4.36) is useful there 

and in other calculations. It will be given here without further derivation: 

R(J,L,n) s-J L 
fV 1 + -A-(1 - A) 

+ ;2 {320'~J) + 40'~J) [1 + S + ~t] 

+ [2S(2+S+ ~;)-nt]}, (5.54) 

where, S = nml and t = m~ + m2/2. Using this ratio, two checks are performed 

to insure the reliability of the expansion: 

• Number conservation: Ef;o (L Ind L) = N . 

• Angular-momentum expectation value: (L IL . LI L) = L(L + 1). 

Both conditions are satisfied, and a further check is provided by the SU(3) limit. 

In this case, the energy functional is reproduced to within a constant multiplicative 

factor. All of these facts represent an improvement over the l/N expansion. 

5.3 Extension to Generalized IBM-2 

Paralleling Section (5.2), the Laplace method of asymptotic expansion can 

be applied to the evaluation of the overlap integrals within the YAP intrinsic-state 

formalism of the IBM-2. The elementary integrals that correspond to (5.8) are: 

(5.55) 
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The moments of angular distribution for proton and neutron condensates will be 

defined along the lines of (5.39) by: 

~-k 2 ~ 2 
mpk = ~ I x p'; ~ X pi • (5.56) 

1=0 1=0 
eYen eyen 

Henceforth, normalization will be assumed in order to simplify the notation. The 

analysis regarding the suitability of the Laplace method as outlined in Section (5.2) 

remains valid, and the integral (5.55) is approximated by: 

](P)(A A) rv 4k+
1
k! {1 C1(k) C2(k)} 

k 71', II 2Ak+l + A + A2 ' 
m m m 

(5.57) 

where now 

= A1r m1r l + "\tlm,,} 

= (k + 1) {2 + k; 2 [A7I'm7l'2 + Allm ll2 ;:~A7I'm;1 + Avm~l) _ 3]} 
= (k+2)(k+l){24_(k+3)[22_9k 

24 3 2 

k + 4 (A7I'm7l'2 + Allm ll2 - 2(A7I'm;1 + Allm~1))2 
8 Am 

+ 
12(A7I'm;1 + Allm~l) + (A7I'm7l'3 + Allmll3) - 9(A7I'm7l'1m7l'2 + AII 7n ll lm Il2) 

+ 

Note that these coefficients reduce to (5.43) and (5.44), respectively, if no dis

tinction is made between protons and neutrons. The expansion parameter Am, 

which represents the squared angular momentum carried by the boson condensate 

(for A7I' = N7I' and All = N,l) is easily generalized from the IBM-l case. Within 

the framework of the IBM-2, the angular-momentum projection leads to ratios of 

integrals of the following type: 

------_._---_ .. ---- .. - -.. -
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Expanding the integrals of this equation in terms of A = N 1rm 1rl + N"mll ll one 

finds that they are approximated by: 

R( J, L, n, n') 
8-J L 

'" 1 + -A-(l - A) 

+ 2. {32 (J) 4 (J) [1 8 N1rtrr + Nlltll] A2 a 2 + al + + A 

(J) [( Nrrtrr + Nlltll) ( , )]} ( ) + ao 28 2 + 8 + 2A - ntrr + n til , 5.60 

where 8 = nm1l'1 +n'mlll and tp = m~l +mp2/2. Again, this ratio reduces to (5.54) 

for m1rk = milk, when there is only one type of boson, or when there is no difference 

between proton and neutron wavefunctions. 

We are now in a position to compute the expectation values of different 

observables in the IBM-2 that is, their approximation in the 1/ A-expansion. Con

sideration will be limited to the expectation values of the multipole interaction, the 

quadratic-casimir operator of F-spin and the single-particle energies; however, the 

method has enough flexibility to accommodate the expansion of any observable. 

First, we consider a multipole-interaction Hamiltonian of the type Hk = TJk) . TJk). 

The YAP formalism leads to: 
4p 

(La IIhl La) = (2k + l)Nrr NII L AJR(J,L, 1,1), 
}=O 
even 

(5.61 ) 

where a represents all of the extra quantum numbers that are necessary to uniquely 

specify the state, and the quantity AJ is defined in a similar way to that of Eq. 

(4.21 ): 

(5.62) 

even 

Using the angular-momentum sums in Appendix A, the energy functional can be 

written in much the same way as in the IBM-l case; however, the equivalent terms 

to the Bj coefficients do not exist. The resulting expansion is: 

(5.63) 
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where 

E(O) = 
(k) 

a7l'1I0 

E(l) = (k) ( ) (k) 4 a 71'11 I + m1l"1 + mill a7l'1I0 (5.64) 

E(2) = 32 (k) + 4 (k) (1 + 8 + N7I't1l" + Nlltll) 
a1l"1I2 a1l"vl A 

+ a~~o [28(2 + 8 + N1I"t7l'2: Nlltll) - (t1l" + tv)] 

Due to the importance of the quadrupole interaction, and for the purpose of com

parison with the IBM-1 results, the explicit expressions for the coefficients a~~m 

are given below, for m = 0,1,2. To simplify the notation, the superscript ((2)) 

will be dropped. 

a 11"110 = A1I"00Ail00 
1 

a 11"111 = '4 [3a 1l"1I0 - (A1I"10A1l00 + A1I"00AIIIO)] 

1 { 9 a 11"112 = 64 lS(4a1l"v1 - a1l"vo) + (A1I"20Avoo + A1I"00A1I20) + '2A1I"10A1l1O 

1 
'2(A1I"20 A VIO + A1I"10AII20 - A 11" 11 A v10 - A1I"1OAII11) 

+ 112 (A1I"20 A v20 + A1I"11AII1l - A1I"20Avll - A1I"11A1I"20)} , (5.65) 

where the reduced multipole moments are defined as: 

2p 

Apmn = L Jrt~j/(jOIOI kO} XpjXp/. 
],1=0 
eYen 

(5.66) 

All of these expressions reduce to the IBM-1 equivalent expressions, when the 

proton and neutron wavefunctions are identical. 

With respect to the single-particle energies, the corresponding quantities 

to evaluate are 

(5,67) 

even 
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where (n,n') = (1,0) for protons and (n,n') = (0,1) for neutrons. 

(5.68) 

where 

even 

If all of the single-particle energies are chosen to be unity, only the leading-order 

term survives as required by number conservation. 

Another interesting feature becomes apparent if Nrr and Nv are written 

in terms of Fm and Fo: the Fo splitting appears naturally. For a Hamiltonian 

containing only a quadrupole interaction and single-particle energies, we find that 

where 

c = (F~ - F5) [4a7Tv l + (mrrl + mvdarrvo] 

+ Fm [(m7TIC:~O + mvlC:~O) - (C:~l + C:~l] 
+ Fo [( mrrl c:~o - mvl c:~o) - (C:~l - C:~l)] . 

(5.69) 

(5.70) 

The 1/ A approach also allows for the determination of the F-spin content. 

This can be measured as the difference between F· F and Fm(Fm + 1), which also 

represents the Majarana term in (2.11). One starts with: 

F· F = L btbvabt"brra , + L btbrra, + Fo(Fo - 1). (5.71) 
0,0" aa' 

The procedure for evaluating the expectation value is similar to the one outlined 

above, thus it will not be explicitly carried out here. Instead, it is sufficient. to 
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with 

:F(O) = NrrNII [1 - (Xrr . XII)2] 

:F(1) = NrrNII [(mrrl + mllt)(Xrr . X II )2 - 2mrrlll(Xrr . XII)] 

In the above relations, the following notation has been used: 

2p 

Xrr . XII = E Xrrl XIII 
1=0 
eYen 

2p 

mrr~.k = E 7k 
Xrrl XIII· 

1=0 
even 
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(5.72) 

(5.73) 

The result derived by Ginnochio in Ref. [55] is a particular case (sd limit) of our 

leading-order term :F(O) because no angular momentum projection is done in that 

work. It is easy to see that if mrrllk = mrrk = milk, F = Fm and we reproduce the 

IBM-l results. 

In order to verify the validity of the present approach, separate proton 

and neutron distributions are needed. It would thus be desirable to measure their 

deformation, as in double 11" experiments. 

To conclude this Section, we emphasize the flexibility and power of the 

Laplace method in allowing us to derive analytic expressions for the various quan

tities of interest both in the IBM-l and IBM-2 generalized limits. In the following 

Section, this method will be applied to the study of gyromagnetic ratios of ground

state band members. 
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5.4 Ground State Band Gyromagnetic Ratios of Deformed Nuclei 

In the past few years, there has been interest and controversy regarding 

the description of excited-state gyromagnetic ratios within the IBM and the need 

for the g boson [11], [50], [52], [56]. There is also a persistent discrepancy between 

the values of the boson g factors that are expected microscopically [50] and those 

that are required phenomenologically to fit the low-lying excited states [57]. 

In the present work, we want to address the following issues: 

1. Is it possible to find a reasonable set of single-boson g factors that can be 

understood microscopically? 

2. Given such a set, do we need two-body contributions to the T(Ml) operator 

or is it sufficient to consider only one body terms? 

3. Within the IBM-I, can one accommodate the dependence of the gyromag

netic ratios of ground-state band members on Land N, i. e. 9( L) on angular 

. momentum L and on the total boson number N? 

We work within the framework of the IBM-l and assume a one-body ansatz 

for the Ml transition operator, T(Ml), which is of the form 

If 
2p 

T(Ml) = -4 L 91 1 1, 
7r 1=2 

(5.74) 
even 

where 11 is the angular momentum operator for a boson of spin 1, 

(5.75) 

and the 91's represent the single-boson g factors, we can express the gyromagnetic 

ratio for an eigenstate I La) by the ratio of the reduced matix elements: 

9(L) = (4; (Lall T(~11) liLa) = f 91 (La II ~IIILa) . 
V"3 (Lall LilLa) 1=2 (Lall LilLa) (5.76) 

even 
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Again, we use the notation 1 = v'2T+T and i = 1(1 + 1). For the purpose of 

comparison with Ref. [52], we note that the parameters gl that are employed in 

that paper are not g-factorsj instead, 

Applying the asymptotic expansion to Eq. (5.76), we obtain the following 

expresion: 

where 

even 

f31 (l) L + ... } , 
+ 2(A)2 

and the mk's are defined in Eq. (5.39). 

To highlight this structure, let us rewrite g( L) as: 

where 

go = f: 9lix~ 
1=2 ml 
even 

2p - 2 

gl = -L: gdx/ f31(1) 
1=2 ml 

even 

f 9/ix~ [~f32(l) + f31(l) (1 5 m2)] 92 = + 2ml - --
1=2 m1 2ml 
eYen 

112 = t g/ i x~ f31(l) . 
1=2 m1 
even 

(5.77) 

(5.78) 

(5.79) 

(5.80) 
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Using the definition of f3k(l) in Eq. (5.78), one can easily show that 

2p 

L 7 x~f3k(l) = O. 
1=2 
even 

(5.81 ) 

As a consequence, if all of the 91 are the same, (91 - 9), then only the term 

90 ~ 9 survives, as it should when T(Ml) ex Z. 

Because of spurious terms introduced in the Gaussian approximation, the 

expression derived for 9(L) by Kuyucak and Morrison [52] does not satisfy this 

condition. 

Since the 1/ A expansion method facilitates the qualitative study of sys

tematics, a resolution of whether or not the ansatz in Eq. (5.74) can accommodate 

the observed variations in 9(L) for a reasonable choice of the single-boson gyro

magnetic ratios will now be undertaken. 

5.4.1 Choice of g-factors and N Dependence 

A legitimate worry regarding the proton-neutron degrees of freedom must 

be addressed if we want to give a microscopic basis to our study. In the IBM-2, 

the equivalent of Eq. (5.74) would be: 

~ IT 2p (~ ~ ) 

T(Ml) = V4; ~ 91" L I" + 9111 LIII , (5.82) 

even 

where 91p is the g-factor of a p-boson of angular momentum I. This operator can 

be projected into the IBM-l assuming good F-spin symmetry [58], to yield 

N'/r . Nv ( ) 
91 = IV 91" + IV 9111 , 5.83 

where Np is the valence p-boson number and N is the total boson number 

(N = N'/r + Nil)' We limit ourselves to the sdg IBM, and we use Eq. (5.83) to both 

interpret and constrain the 91 'so Specifically, we set 

and 94 = r 92, (5.84) 
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t.e. we adopt the values gl" = 0 and g2" = 1, but we leave open, for the moment, 

the value of g4" with a fit parameter r. With this choice of values, g( L) ex 11f, 
and in order to test such an assumption, we plot g(2) vs 11f for N = 14"",16 

Figure 5.1. The straight line corresponds to the theoretical calculation with the 

parameter fit set at r = ~. The agreement with the data is encouraging. 

The N dependence is tested next. A least square fit of the gyromagnctic 

ratio for the first excited 2+ state is done using a data set of 18 deformed nuclei 

(taken from Ref. [59] ) with N ranging from 11 to 17, in order to determine a value 

for 1'. We obtain l' = 0.55 ± 0.17. Figure 5.2 shows the results of the plot of 

aJl: vs N. The three theoretically computed lines correspond to l' values of 0.4, 

0.55, and 0.7, respectively. Due to the lack of sdg parameters which would have 

allowed us to minimize the Hamiltonian in order to extract the wavefunctiolls, 

SU(3) wavefunctions are used in the calculations. Using the actual wavefunctions 

for those deformed nuclei where parameter sets are available causes no significant 

change in the results. 

This process is repeated for the Pt and Os isotopes, which are transitional 

and which have published sdg parameter sets [60J. The results are shown in Figure 

5.3. The discontinuity for the Pt isotopes at N = 8 may be the result of a 

phase transition, i.e., the system starts to be deformed. The solid line and the 

dashed line are the results of the no-free-parameter calculations for Os and PI" 

respectively, using Eq. (5.79). We obtain separate curves for Os and Pt because 

they have different values of N'/r and, hence, different sets of sdg parameter values. 

5.4.2 L Dependence of the Excited States g-factors 

Since Doran et al. [61J observed a strong L dependence of the gyromagnetic 

ratios in 166Er, there has been some controversy about how to account for this 

dependence. Kuyucak and Morrison [52J suggested the need for the g-boson, while 
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Cohen [56] saw no need for such an addition to the boson basis. Instead, he 

proposed two-body terms in T(Ml) in order to account for this effect. 

The expression derived here has the potential to accommodate the ob

served L dependence; however, given the N dependence of 92, we find an extremely 

weak L-dependent term, yielding almost horizontal lines for the deformed nuclei. 

Figures 5.4 and 5.5 show the plots of g(L) vs L for 166Er and 168Er, respectively. 

In both cases, it is possible to describe the data with horizontal lines, although 

our calculation is in better agreement with the second case. It should be noted 

that we have done no fitting; the prediction is entirely a result of our calculations, 

using a naive choice of gl values. It should be noted that symmetries foreign to 

the Hartree-Bose formalism might account for the discrepancy in the case of 166Er 

[62J. 

Considering the large uncertainties in the experimental data, we cannot 

determine how good a prediction the formula gives. More precise measurements 

would be helpful in order to decide this matter. 

To summarize, we have derived an expression for the gyromagnetic ratios 

within a generalized IBM-l formalism. With a plausible choice of single-boson 

g-factors and using a one-body operator, the data is reasonably well described. 

Regarding the L dependence of the ground-state g-factors, we find no strong varia

tion with L in the case of deformed nuclei, and we need more precise measurements 

in order to resolve the apparent discrepancy. 
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CHAPTER 6 

CONCLUSIONS. 

Traditionally, magnetic properties have provided a fertile field in nuclear 

structure studies. The concept of F-spin is intimately related to the magnetic prop

erties, in particular, to the magnetic dipole transition. By studying these prop

erties, one can hope to learn more about F-spin purity and the mixed-symmetry 

modes. On the other hand, F-spin has many applications beyond the magnetic 

transitions. 

In chapter three, a systematic classification of rare-earth nuclei accord

ing to their maximum F-spin quantum number is presented. The advantage of 

this classification is that the relation to deformation, i. e., collectivity, is more 

transparent. Based on this classification, a simple, six parameter mass-formula is 

proposed. The accuracy of this mass-formula is exceptionally good compared to 

other mass-formulae that use a large number of parameters. It exhibits no over

or underbinding for neutron-rich nuclei, which are of particular interest in nuclear

astrophysics. Also useful in r-process studies are the estimates for the low-lying 

energy levels of neutron-rich nuclei that were made on the basis of the particle-hole 

conjugation symmetry breaking. The maximum error of the order of fV 10% - 20% 

is as good as can be expected of any such calculation. This classification and the 

corresponding fits need to be applied to other major shells, particularly in the 

actinide region, which is also of interest to nuclear-astrophysics. 

Magnetic-dipole transitions cannot be described in the s-d limit of the 

IBM-1 because the only operator of rank one is the total angular momentum, 
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which is diagonal and, hence, cannot produce transitions. On the other hand, 

the sdg IBM-l can produce rank-one operators leading to magnetic-dipole transi

tions. There is also extensive data regarding other nuclear properties that would 

require the introduction of the g boson into the IBM. With the introduction of 

the g boson, the need for analytical solutions for the energies and other quanti

ties becomes acute, because of the difficulty of solving for the energies in the sdg 

IBM formalism in general. This is achieved through an asymptotic realization of 

angular-momentum-projected intrinsic states. Such a realization not only allows 

for systematic studies across whole regions of the periodic table but also facili

tates the study of variation in the behaviour of nuclei with Hamiltonian-model 

parameters. Projection methods of intrinsic states are presented in chapter four. 

The energy variational functional is written in a manner to highlight the overlap 

integrals and the angular distribution of the boson condensate. 

An asymptotic evaluation of the overlap integrals is proposed in chapter 

five. It uses the Laplace method and is compared to the 1/ N expansion of I\uyucak 

and Morrison [l1J. The limitations of the latter method are clarified, and we 

confirm the correctness of the first two leading terms of the energy functional 

obtained when the 1/ N method is used. The new realization, here called the 1/ A 

expansion, is an improvement over the 1/ N method and is naturally generalized 

to any version of IBM-lor IBM-2. It has a stronger dynamical content, which is 

related to deformation. The fact that the 1 / A expansion respects particle-Humber 

conservation and the angular-momentum expectation value and reproduces the 

SU(3) limit results for the quadrupole Hamiltonian is very encouraging. We note, 

however, that this expansion is not a panacea for structure calculations: it cannot 

be applied to spherical nuclei, where the expansion parameter A vanishes. The 

natural domain of application of the method is the deformed region, where the 

intrinsic-state formalism provides a good approximation to the boson condensate. 

Various applications of the expansion method are undertaken. A simple 

sum rule has been derived for the magnetic-dipole transition. A relation has been 
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derived for the mean-excitation energy of the 1 + mixed-symmetry states and ap

plied to the samarium isotopes. It is found to describe the data well using a weak 

Majarana contribution. The derived summed strength shows exceptionally good 

agreement with the experimental results for the naive set of boson g factors em

ployed. The sensitivity of the centroid energy and summed strength to these g 

factors needs further exploration. For example, the description of the 2t gyro

magnetic ratios is found to require a different set of boson g factors than the one 

used to fit the summed strength and the centroid energy. Again, the agreement 

with the data is limited to deformed nuclei. A simple formula ha..c; been derived for 

the ground-state-band-members gyromagnetic ratios. It is freed from the deficien

cies of the relation obtained by Kuyucak and Morrison, who use the liN method. 

The no-free-parameter calculation performed using our formula agrees with the 

experimental data for deformed nuclei and the transitional osmium and platinum 

isotopes. There is no evidence that two-body contributions are required for the 

M1 operator. 

The L dependence of g(L) is found to be weak and cannot account for the 

stron'g variations observed in 166Er. Dynamics foreign to the Hartree-Bose ansa.iz 

might be involved. However, due to the large uncertainties in the data, no definite 

conclusion can be drawn, and more precise measurements are needed to resolve 

the matter. 

Overall F-spin has been found to be a useful concept for classifying and 

describing nuclei, particularly in the deformed region. The success of the projected 

IBM-1 calculations in reproducing the experimental results, suggests that F-spin 

is a better symmetry than originally suggested by the dominance of the proton

neutron quadrupole interaction in the Hamiltonian. 
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APPENDIX A 

Evaluation of Sjj'Il,(j,j', I, I' even). 

The evaluation of sj7J/l'(I() rests on its translation via repeated application 

of the Clebsch-Gordan coefficient recursion relation: 

J (I m I' -ml J 0) = (/ + 7' - 2m2) (I m I' -ml J 0) 

+ {~ - m(m + 1 )][7' - m(m + 1 )Jf/2 (l (m + 1) I' -(m + 1)1 J 0) 

+ {~ - m (m - 1) J [7' - m( m - 1)]} 1/2 (I (m - 1) I' - (m - 1) I J 0) ( A.1 ) 

into a linear combination of the sums (m > 0) 

Sjj'II'(J(, m) = (2J( + 1) ~ (j 0 j' 01 J 0) (I m I' -ml J 0) {~,~'~}, (A.2) 

which, on appealing to the standard relation between 6-j symbols and Clebsch

Gordon coefficients, may straightforwardly be reduced to: 

Sjj'ldJ(, m) = (_I)m (/mJ( -mUO) (I' -mJ(mU'O) . (A.3) 

It is further convenient to express (by using Eq. (A.l) in reverse) each 

(I m J( -ml j 0) (m =I 0) in Eq. (A.3) in terms of (10 J( 01 j 0) ((11 J( -11 j 0)) for J( 

even (odd), and hence Sjj'll'(J(, m) in terms of Sjj'Il,(J(, m = 0) (Sjj'll,(J(, m = 1)). 

The distinction between J( even and odd is necessary because (10 J( 01 j 0) vanishes 

for J( odd (I, j even). By this somewhat cumbersome procedure, we obtain the 

following results for SWII'(1(): for even f{, 

SJJ}ll,(J() = 

Sj}}ll,(J() = 

(j0101 J(O) (j'01'01 J(O), 

I( { 1..,...,..,. - -8" 1 - J( (J + J' + I + I') 

(AA) 



for odd 1(, 

+ 12 Ci - 7) (1 - F)} sJJ}ll' (1<) , 
I< 

SJ}}lll(I<) = 6
1
4 {~ (I< + 6) - (K + 3) Ci +? + 7 + Ii) 

+ ~ [(J + ?)2 + (1 + 1i)2] 
2 
I<-1""T - ...,.., - 3""T - ...,.., -+ I< + 2 (J + I)(J' + I') + ]( (J - /)(J' - I') 

-~ (11 - II') (1 + ? - 7 - Ii) 
]( - 2 

+ K (1: _ 2) (J - 1) (? - Ii) (J + ? + 1 + 'Ji) 

1 (""T 7)2 (""7 1i)2} S(O) (Y) + 2l«(I( - 2) J - J - ii'll' \. 
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(A.5) 

(A.6) 

(A.7) 

sJJ}IlI(]() = -~ [7Ff/2 (jOlll I<l) (j'O/'ll ](1), (A.S) 

SJJ}IlI(1() = 116 {I< + 6 - Ci +? + 1 + 1i) 

+ J( ~ 2 (1 - 7) (? - 1i) } SJ}}/II(1(). (A.9) 

We assume throughout 1( ;::: 2 (so that Sji'II'(I(, 2) is non-zero). 

Of relevance to the g-factor calculation of Section 5.4 are SWL(I< = 1), 

k = 0, ... , 3. Equations (A.7) and (A.S) still applYi as Sji'IlI(I( = 1, m) vanishes 

for Iml =1= 1 (and j =1= I, j' =1= I'), 

(2) 1 ( (I) (L») (1) ( SlLlL(I< = 1) = 2 1 + 0'1 + 0'1 SILIL I( = 1), 

SfilL(I< = 1) = 4~ {16(a~1) + a~L») + 14(0'1/) + a1L») 

+ 120'1/) a1L) + 15} SWL(I( = 1). 

(A.10) 

(A.ll) 
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APPENDIX B 

Form of the Asymptotic Expansion Obtained via Laplace Method 

The Laplace method applies to an integral of the form: 

l
X1 

I(z) = dxg{x) exp[-zh(x)] , 
Xo 

(B.1 ) 

where g(x) and h(x) are continuous functions and h(x) ~ 0 throughout the range 

of integration. We consider the integral: 

i(z) = foudx g(x) exp [-z h(x)] , (B.2) 

where it is assumed that h(x) > h(O) = 0 for x E [0, u]. (In this respect, there 

is no loss of generality: the integral in Eq. (B.l) may be expressed as a linear 

combination of integrals of the type in Eq. (B.2) by appropriate subdivision of the 

interval of integration and rescaling of the integration variable.) Assuming power 

series expansions of hex) and g(x) of the form: 

00 

g(x) = x o
-

1 L a X
S 

II , 

s=o 
(B.3) 

00 

h(x) = bxf3 L bll XII 

,,:::;0 

with bo = 1 and a and /3 positive (all by construction), the asymptotic expansion 

ofi(z) reads: 

.() ~ (8 + a) Cs 1 
z z '" ~ f -/3- /3" (b z)(s+a)/f3 ' 

(B.4) 

where f(x) is the gamma-function and the coefficients Cs are determined by series 

reversion (for details, consult [54]). In particular (sufficient for our purposes), 

Co = a~ 



97 

Cl = a' 1 - (a + 1) a~ b1 (B.5) 

C2 = a' 2 - (a+2)a~bl + (a;2) a~ [(a+,8+2)b~ - 2,8b2] 

where 

a~ = ,81.-1 ak . (B.6) 
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APPENDIX C 

Exact Evaluation of Il(n), n integer 

Because of the polynomial character of the integrand, exact evaluation of 

Ii1)(n) is always possible although somewhat tedious. It can, however, be rather 

elegantly achieved by classical generating function techniques. 

We consider first the evaluation of I~l) (n). To this end, we introduce the 

generating function: 

where 90 (x) is related to the error function erf (yX) via 

9o(X) = ~ r; eX erf( -IX) . (C.2) 

A standard series expansion of erf (x) [Eq. (7.1.6) in [48]] implies 

00 2k 
9o(x) = .E (2k + I)!! xk , (C.3) 

where, as usual, the double factorial (2k + I)!! = (2k + 1) . (2k - 1).·.3·1. Thus, 

(Co4) 

using Eq. (C.l) and substituting for the derivatives of 90(X) evaluated at zero from 

the Taylor series Eq. (C.3). 

To obtain I!l)(n), we take advantage of the fact that 

(1)( k n! ()k (1) 
Ik n) = (-1) (n + k)! {)yf 10 (n + k) , (C.5) 



99 

which, on substitution of Eq. (C.4), yields: 

(1) _ k ~ (n) (k + 1)! I 
Ik (n) - 2 ~ I (2k + 21 + I)!! (-2Yl) . (C.6) 
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APPENDIX D 

Solution to the Variational Problem 

For any operator, including the Hamiltonian, the expectation value can be 

approximated by an expansion of the type: 

(D.1) 

The wavefunctions are also amenable to an order-by-order solution along the same 

lines, i.e.: 

(D.2) 

To solve for these structure coefficients, the energy functional is minimized under 

the constraint (4.5). First, we define: 

2p 

E' = E - A( L xr - 1) , 
/ .. 0 
even 

where A is a Lagrange multiplier that will be taken as 

\ __ (0) A(l) LA(L) + A(2) 

1\ A + A + A2 ' 

and the energy E is also written in a similar form: 

Then we require that ~~: = O. This means: 

1 2p BE 
A= - LXI-. 

2 /,,0 BXl 
even 

(D.3) 

(D.4) 

(D.5) 

(D.6) 
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Substituting (D.6) into (D.3) leads to 

aE 2p aE 
-a - XI (E Xk-

a 
) = 0 . 

XI ,...0 Xk 
(D.7) 

eyen 

One then matches terms of the same order in ( D.7) to find the solutions. The 

leading-order solutions are obtained by solving the nonlinear set of equations 

(D.S) 
even 

All higher order terms are obtained by solving a set of linear equations of the type: 

(D.9) 

where the matrix elements of M are defined as follows: 

Mil = [~ {aE(O) _ XI (E Xk aE(O) )}] 

aXj aXI k Xk IX(O) 

(D.10) 

Similarly, the components of the vectors a(k) are given below for k = 1, L, 2. As in 

the case of M, all sums are implied for even values from 0 to 2p. 

These relations are still valid in the IBM-2 limit, provided the label p is 

added to X, a7 and Mil to distinguish proton and neutron wavefunctions and their 

corresponding vectors and matrices. 
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