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ABSTRACT 

A model was devised and used as the basis of a computer simulation to predict 

the shape of and physical phenomena in the keyhole during deep penetration laser 

welding. The shape of the weld cavity was determined as a part of the solution, and 

a convection-dominated vaporization model was utilized. 

Deep penetration welding is characterized by the formation of the keyhole. 

Beyond a certain threshold laser power, the laser beam rapidly evaporates material 

creating a strong back pressure, which pushes the molten material sideways forming 

a cavity. Hence, the laser power is effectively transferred to the bottom of the cavity 

and penetrates into the material until an energy balance is achieved around the 

keyhole. 

Around the keyhole three different regions (solid, liquid, and vapor) are 

analyzed, each region with its most suitable method. The heat transfer within the 

solid region is solved by Boundary Element Method. A thin layer approximation is 

made to simplify the analysis in the liquid region. A scaling analysis shows that fluid 

dynamics in the liquid region does not contribute significantly to the heat transfer in 

the liquid region. In the vapor region, an one-dimensional gas dynamic model is 

adopted from the literature. The solutions in the three regions are matched to satisfy 

conservation of mass at the liquid-vapor interface and of energy at the solid-liquid 

interface. Specially, the matching technique of energy at the solid-liquid interface 
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is called the matching scheme, and with it the shape of the solid-liquid interface is 

calculated. Then the shape of the liquid-vapor interface can readily be obtained 

from the shape of the solid-liquid interface and the thin liquid layer approximation. 

The matching scheme and the use of modules combine to make a model which 

is capable of predicting the shape of the solid-liquid interface; depth of penetration; 

surface temperature of the keyhole; pressure acting on the keyhole; energy 

distribution, such as the energy of vaporization, fusion, and conduction; and the 

thickness of the liquid layer. As a model material, pure iron was analyzed in this 

study. The calculated penetration depths are compared to empirical data, in order 

to verify the current study, and good agreement was observed. 
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CHAPTER 1 

INTRODUCTION 

The rapid improvement of the laser technology in the last couple of decades has 

brought its increasing application in a wide range of engineering practices such as 

material processing, communication systems, optical data processing, holographic 

technology and so on, ever since it was first invented by T. H. Maiman in the early 

1960's. Especially, with the advent of the high power CO2 laser in the 1970's, the 

laser has thus far been used in a variety of material processing where great precision 

and controllability are important system characteristics. The laser beam is highly 

versatile, capable of tempering, melting, cutting, welding, or scribing the material in 

the beam focus, depending on the amount of beam energy and manner in which it 

is delivered [1-4]. 

Laser welding has shown many advantages which the conventional gas and arc 

welding do not have. One of those is that the laser can deliver a focused and high 

power beam to a very small surface area. It makes the laser a very effective tool in 

many difficult welding situations where the conventional methods do not work. 

Owing to the power deposition of high intensity provided by a narrowly focused 

beam, laser welding requires less total energy than conventional welding to penetrate 

the same depth. As a result, laser welding can reduce the heat-affected zone (HAZ) 
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significantly as opposed to conventional welding [5]. Meanwhile, the mechanical and 

chemical properties of the welded material before and after the welding do not 

change significantly. In addition, the geometrical distortion of the weld can greatly 

be reduced. Among other advantages of laser welding are; the laser light is 

inertialess, which facilitates greatly the design of moving parts of the laser welder. 

The welding can be carried out under room atmosphere with little contamination. 

The materials difficult to weld by the conventional methods, such as titanium, quartz 

and so on, are weldable with laser. No electrode or filler materials are required. 

Narrow and accurate welding is possible with intricate shape. Finally the laser beam 

can be shared simultaneously by several work stations with aid of proper optical 

arrangement [2]. 

The most important feature of the laser beam in the welding is that it can 

create a deep and narrow cavity which is referred to as the "keyhole" on the 

workpiece. It allows a deep penetration welding, which is the main topic of this 

dissertation. The high intensity laser beam, greater than 106 W /cm2, incident on the 

workpiece, melts the surface of the material and then invokes a strong vaporization 

at the free surface of the molten material. Upon the liquid-vapor interface is exerted 

high back pressure by a momentum change due to the vaporization. Both the 

vaporization and the back pressure play vital roles in forming the keyhole by 

removing the molten material out of the bottom of the weld cavity. Once the 

keyhole is formed, the incident beam energy is confined inside the cavity to continue 
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being used to vaporize the material at the bottom of the hole, with little loss due to 

conduction to the material body and radiation to the surrounding. This is the 

mechanism of deep penetration welding. 

There are two important branches of the studies on laser welding. One is to 

investigate the effects of welding parameters such as laser power, laser scanning 

velocity, and so forth on geometry of the fusion zone, i.e., the cavity shape and the 

penetration depth. The other is to study the microstructure and metallurgical 

properties of the weld joints with the welding parameters provided. Substantial 

amount of studies [6-12], both theoretical and experimental, has been performed to 

understand the influence of the welding process parameters on the depth of 

penetration. On the other hand, most of the researches about the metallurgical 

properties of the welded material have beep.. restricted to empirical approaches, 

partly because it may be too involved to theoretically predict the microstructure and 

mechanical properties of the weld. Certainly, this field is open to more research in 

the future [2]. 

Previous analytical models developed to predict the penetration depth as a 

function of the process parameters usually simplified the heat transfer mechanism 

from an energy source to the bulk body of a workpiece by applying identical 

thermophysical properties to both liquid and solid regions, neglecting reaction heats 

of fusion and vaporization, and assuming the cavity shape. For instance, Hashimoto 

and Matsuda [6] assumed a wedge-shaped molten volume with base dimensions equal 
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to the beam width. They used a moving line heat source solution to predict heat 

conduction loss at the solid-liquid interface. A different approach in applying the 

moving line heat source was attempted by Swift-Hook and Gick [7], where they 

assumed that a melting temperature isotherm defined the solid-liquid interface. The 

line heat source solution is not realistic in the sense that it has an infinite tempera

ture at its center and that it does not analyze the heat transfer around the keyhole 

explicitly. 

Therefore, more practical models were proposed by introducing a cylindrical 

heat source at the surface of which the melting temperature was specified. Tong and 

Giedt [8] analyzed an energy balance on half of a hollow circular cylinder of the 

molten volume to predict the penetration depth. They used the melting temperature 

at an outer surface of the cylinder, while at an inner surface which is a liquid-vapor 

interface they used an interfacial temperature calculated from vapor pressure. An 

alternate approach has been described by Miyazaki and Giedt [9] by calculating the 

quasi-steady heat transfer rate from an elliptical cylinder moving with a constant 

speed in an infinite plate and with the melting temperature on its surface. The 

above analytical models were reviewed in reference [10]. 

Recently, Wei et at [11] proposed an analytical model in which they found the 

liquid-vapor interface iteratively by satisfying the energy balance and normal force 

balance across the liquid-vapor interface. Their approach seems to be quite realistic 

and sophisticated in that they calculated the liquid-vapor interface, that is, the cavity 
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shape without assumption on its shape. However, the model does not distinguish 

solid and liquid regions so that convection in the molten layer is neglected, and also 

it does not contain the effect of the back pressure due to vaporization in the normal 

force balance. 

In view of the inappropriate formulation in the previous researches, it is 

necessary to develop a more detailed laser welding model which aCCDunts for all the 

important physics around the keyhole. In the present work, a primary goal is to 

develop a computational welding model to find the depth of penetration as well as 

the shape of the fusion zone as a function of both the machine settings such as beam 

power, laser scanning velocity, and beam distribution parameter and the welding 

environments including ambient pressure and convective cooling on the weld surface. 

Also, this model has the capability of producing the following results: energy 

distribution (energy of vaporization, fusion, and conduction), pressure distribution ( 

static vapor, dynamic vapor, and hydrostatic pressure) in the liquid layer, surface 

temperature on the cavity wall, and finally liquid layer thickness. 

In addition, the fluid and heat flows in the molten liquid layer are investigated, 

and a simple analysis has been performed to roughly estimate the radiative heat loss 

given the cavity geometry. 

The unique features of the present study in contrast to the previous researches 

are as follows: 

1. A finite size of the workpiece with realistic dimensions is treated. 



2. The boundary element method (BEM) allows the inclusion of the keyhole as 

part of workpiece boundary. 
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3. A convection-dominated vaporization model which accounts for the discontinuity 

in vapor properties in a vapor phase right above the phase boundary is utilized to 

predict the vaporization heat loss. 

4. The molten liquid layer is assumed to be very thin, so that the scaling analysis has 

been done to simplify governing equations in the liquid layer. 

5. A non-linear least squares method is used to find the solid-liquid interface as a 

part of the solution. 

6. This model permits investigation of the effects of ambient pressure, convective 

cooling on the workpiece surface, and beam distribution parameter. 

7. The back pressure due to the vaporization can be determined. 

In the current work, a two-dimensional model was first analyzed to examine the 

validity of the proposed method, and then a three-dimensional model was solved. 

The results of both models are presented. Also some experimental data obtained 

from the previous research [6] are compared to the computational results to 

demonstrate the salient feature of the current approach. 



18 

CHAPTER 2 

FORMULATION 

1. Introduction 

In this chapter, a mathematical formulation of deep penetration laser welding 

is discussed. As stated before, a two dimensional model was first analyzed in order 

to demonstrate the feasibility and validity of the proposed method, and then a three 

dimensional model was analyzed. Thus the formulations were constructed for both 

the two dimensional (2D) and three dimensional (3D) models. 

Due to the complexities involved in the fluid and heat flows in the case of laser 

welding, the entire physical domain is separated into three different regions, i.e., 

solid, liquid (molten metal), and vapor, and then each region is analyzed indepen

dently with the most suitable method: which will be referred to as the "modular 

approach." For instance, the heat transfer within the solid region is solved by 

Boundary Element Method. In the liquid region, the thin layer approximation is 

made to simplify the analyses of fluid dynamics and heat transfer. A scaling analysis 

shows that fluid dynamics in the liquid region contributes very little to the heat 

transfer, which helps to simplify the calculation of an overall energy flow. In the 

vapor region, existing one dimensional gas dynamic models (15,16] are adopted. 
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Once each region is solved for the thermal and (or) fluid fields, these solutions 

are matched together to satisfy conservation of mass at the liquid-vapor interface and 

of energy at the solid-liquid interface. Specially, the matching technique at the solid

liquid interface will be referred to as the "matching scheme." This matching scheme 

was developed in this work and will be discussed later in Chapter 3. 

An overview of the laser welding is illustratc::d in Figure 1 [7]. As shown, the 

vapor filled keyhole cavity, is surrounded by a liquid layer which is in turn encom

passed by a solid body. Detailed pictures of fluid flow during the penetration 

welding were sketched in Figure 2 based on high speed photography taken at a speed 

of 8000 frames per second [12]. These pictures clearly show a melt flow around the 

side wall of the weld cavity. It is evident in these figures that the average thickness 

of the liquid layer is much thinner than that in the case of the conventional arc 

welding in which the molten metal pool fills the cavity completely. It should also be 

noted that the liquid layer at the melting front is much thinner than that at the 

solidifying rear surface. Advantage has been taken of the thin layer of the liquid in 

solving fluid flow and thermal field in the molten metal, as discussed later. 

Three basic assumptions of a quasi-steady state, a gaussian beam profile, and 

a constant thermophysical properties were made in this study. First, a quasi-steady 

state was assumed. This assumption is commonly seen in a number of the theoretical 

analyses regarding welding because it does not only simplify the analysis but also is 

truly achieved in many practical circumstances where a thermal steady state is quickly 
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Figure 1. Overview of laser welding (adopted from reference [7]) 

20 



21 

Figure 2. The weld cavity and movement of the melt (adopted from reference [12]) 
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reached after turning on the laser power. Mathematically, it becomes possible by 

using an Eulerian coordinate system moving with a laser welder to describe the flow 

and thermal fields in the workpiece. 

Secondly, the gaussian distribution of the laser beam intensity was assumed. 

In principle, the beam distribution is a characteristic of the laser being used. The 

gaussian distribution is typical of many high power CO2 lasers [1]. 

Thirdly, thermophysical properties of each phase of the material were assumed 

to be constant. Strictly speaking, it is not true in the process which undergoes severe 

temperature variation and also phase transformation. However, in very comprehen

sive studies such as the present work, the use of constant properties may be 

reasonable. 

One of the primary interests of the current study is prediction of the depth of 

penetration as a function of several welding parameters, such as laser power density, 

scanning velocity, and beam distribution parameter, and of welding conditions such 

as convective cooling at the workpiece surface and ambient pressure. To do so, the 

solid-liquid interface must be determined as part of the solution. Generally in 

welding, the interface will be formed by melting and solidification due to heat 

transfer across the interface, from the liquid to the solid. Meanwhile, heat transfer 

from the liquid phase at the solid-liquid interface in part depends on convective flow 

in the liquid. However, the assumption of a thin liquid layer makes the heat transfer 

at the solid-liquid interface independent of the fluid flow, but only dependent on 
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energy from the laser. This argument will be discussed in detail in section 3. This 

fact helped simplify the analysis enormously in a way that the solid-liquid interface 

can be found without solving convective flow of the molten metal in the liquid layer. 

The Stefan boundary condition, that is, energy balance at the solid-liquid inter

face has been utilized in search of the solid-liquid interface. With a guessed 

interface, thus, the heat flux in the solid side at the interface was calculated by the 

boundary element method (BEM), while the heat flux in the liquid side was obtained 

by subtracting the latent heat of the vaporization from the laser energy absorbed on 

the liquid-vapor interface. Until the Stefan condition was satisfied, the solid-liquid 

interface shape continued to change iteratively through the matching scheme. 

To calculate the vaporization energy, an appropriate vaporization model should 

be introduced. Two different models have been attempted, Afanasev's [15] for 

vacuum condition and Knight's [16] for atmospheric condition [16]. Details of these 

will be discussed later in section 4. It must be pointed out that in many previous 

approaches regarding simulations of laser welding it has been assumed that the 

energy loss due to vaporization is very small compared to the total incident laser 

energy. This assumption appears to be valid since melting and solidification are 

important processes in any type of welding. However, in laser welding, the formation 

of the keyhole enables a deep penetration. In addition to melting and solidification, 

the recoil pressure or back pressure induced by a strong vaporization at the bottom 

of the keyhole is responsible for the keyhole formation. Hence, a proper vaporiza-
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tion model must be used in order to obtain the correct physical process of deep 

penetration laser welding. The role of vaporization was also shown to be quite sig

nificant in the analysis of the liquid layer. Therefore, the effect of vaporization must 

be accounted for in the formulation of laser welding, which has not been attempted 

in the previous researches. 



25 

2. Solid Region 

The geometry of the three dimensional solid region with a global and a local 

coordinate system is shown in Figure 3. The computation in the two dimensional 

model is based on the geometry shown in Figure 3a. A solid-liquid (S-L) interface 

is formed right under the focus of the laser beam. The global coordinate system is 

a Cartesian coordinate the origin of which is located at the intersection of the center 

of the laser beam with the top surface of the workpiece, while the local coordinate 

system consists of the tangential and normal coordinates to the S-L interface. Global 

coordinates were used for the analysis of the solid region, whereas the local 

coordinates were intended for the computations in the liquid layer. 

In order to find out the solid-liquid interface, the heat flux distributions normal 

to the S-L interface from the solid and liquid phases must be known. Because the 

S-L interface has an irregular geometry, numerical methods such as FDM (finite 

difference method) and FEM (finite element method) ought to be used to obtain the 

normal heat flux on the boundary. BEM is the most suitable method for this purpose 

since it treats both temperature and heat flux as primary unknowns so that the heat 

flux could be obtained directly without any interpolation. Another advantage of 

BEM compared to FDM and FEM is that it requires discretization of the boundary 

only. The efficiency of the implementation of BEM depends on the availability of 

the principal solution, i.e., the Green's function of the corresponding governing 
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Figure 3. Geometry of the 3D solid region with the global and local coordinate 
systems 
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differential equation. The principal solutions are available only for very limited 

cases. A heat transfer problem of convection-conduction with a uniform flow, which 

is the case of current interest, fortunately has a principal solution which can be found 

in reference [13]. Chan and Chandra [14] developed a steady two dimensional BEM 

computer code using this principal solution. This code is used to solve the heat flux 

normal to the SoL interface from the solid phase in the 2D model. Further, the three 

dimensional BEM computer code for the 3D welding model was developed in this 

study. 

The governing equation and corresponding boundary conditions for the 

temperature field in the solid region are given below. 

(2.1) 

where the convention of repeated indices is used which represents the summation 

over all the directions of the coordinates. The boundary conditions are given as 

aT 
-k- - h (T-T) an 0 

at upper and lower surfaces of workpiece , (2.2a) 
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T - To at upstream , (2.2b) 

-k aT _ 0 at downstream , 
an 

(2.2c) 

T - Tm at solid-liquid interface. (2.2d) 

Here, T is temperature, Ie is a thermal diffusivity, k is a thermal conductivity, n is an 

outward normal coordinate, h is a heat transfer coefficient, To is an ambient 

temperature, T m is a melting temperature, V' is the unidirectional travelling velocity 

of the workpiece relative to the laser beam. It is common to direct a global X 

coordinate parallel to the moving velocity of the workpiece. 

With the introduction of the following dimensionless variables, we reduced the 

above equations to the non-dimensionalized governing equation and boundary 

conditions as follows, 

x. 
~. - -', , , T-T and 9 _ m • 

o Tm - To 

The governing equation becomes 

Pe- ---ae a [ae] 
a~ a~i a~i ' 

Uo'o s 
where Pe - -- and Vi - Uo i , 

K 

(2.3) 

(2.4) 
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where Vo and ro are the laser scanning speed and the radius of the laser beam, 

individually, and i is a unit vector in a X direction. The boundary conditions, 

- as _ Bi (9+1) at upper and lower surfaces of workpiece, (2.5a) an 

9 - -1 at upstream , (2.5b) 

as 
- - - 0 at downstream , an 

(2.5c) 

9 - 0 at S-L interface, (2.5d) 

where Bi = h rolk. The BEM code was written based on the dimensionless 

differential equation, Eq. (2.4). 

21. Boundary Element Formulation 

Since the BEM formulation for the 2D steady convection-conduction model has 

well been introduced in reference [14] and the BEM formulation for the 3D model, 

in principle, similar to that for the 2D model, here only a brief outline of the 

formulation procedure will be introduced. A principal solution of Eq. (2.4) [13] is 

given as 
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G(p,q) __ 1 exp( -pe[~(q)-~(P)]) K (lPel r) in 2D , 
27l' 2 0 2 

(2.6a) 

G(p,q) - _1_ exp(pe[r - (~(q)-~(P»]) in 3D , 
47l'r 2 

(2.6b) 

where p and q represent a source and a field point, respectively, in the domain. Ka 

is a modified Bessel function of the second kind of order zero, and r is the distance 

between a source point and a field point which is, 

M 

r - L [~i(q)-~i(P)]2, where M - 2 in 2D, and 3 in 3D . (2.7) 
i-1 

In. order to obtain the boundary integral equation, a residual form of Eq. (2.4) 

should be multiplied by the principal solution as a weight function and integrated 

over the domain. The domain integration can then be transformed into a boundary 

integration by applying the divergence theorem. So, a resulting boundary integral 

equation can be found to determine an internal temperature as, 

T(P) - r (G(P,Q) aT(Q) - aG(P,Q) T(Q») dr 
Jr an an 

(2.8) 
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- Pe Jr G(p,Q) T(Q) n~(Q) dr , 

where n~ is a ~ component of the outward normal vector, and P and Q are the 

source and field points at the boundary. Finally, the boundary integral equation for 

the steady convection-conduction problem can be obtained by taking the limit as p 

tends to P as follows, 

c(P) T(P) - fr (G(P,Q) or~Q) - ao~,Q) T(Q») dr 

- Pe Jr G(P,Q) T(Q) n~(Q) dr , 

(2.9) 

where the coefficient c(P) takes care of the singularity in the boundary integrations 

occurring when the source point, p in the domain approaches to the field point, Q 

in the boundary. In general, the coefficient c(P) depends only on the local geometry 

at P. When the boundary is locally smooth at P, c = 1/2. Thus, the boundary 

integrations on the right hand side of Eq. (2.9) are regular. 

The numerical implementation of Eq. (2.9) requires discretization of the 

boundary and also interpolation of primary unknowns, which in this case are 

potential and flux, i.e., outward normal gradient of the potential. So, each node at 

the boundary has two unknowns, and yet one of which should be provided as a 

boundary condition so as to render the problem well posed. In this way a matrix 

equation is established to be solved through a proper numerical method. 
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3. Liquid Region 

A principal assumption made in the analysis of the liquid layer is that the 

thickness of the layer is very small compared to a representative radius of curvature 

of the welding cavity. The assumption was deduced from the experimental 

observation [12] and results of the theoretical computations [17,18]. The order of 

magnitude of the liquid layer thickness is about 10-2 to 10-3 mm when the magnitude 

of the beam radius is approximately 1 mm. This assumption allowed the use of the 

local coordinate system, the tangential and normal coordinates to the solid-liquid 

interface, as shown in Figures 3 and 4. 

The thin layer approximation facilitates simplification of the analysis of 

hydrodynamics and heat transfer in the liquid layer as in lubrication theory. The 

analysis results in a linear variation of temperature across the liquid layer, which 

implies that the energy convected away with the repelled melt is negligible compared 

to the conductive heat transfer normal to the liquid layer. So it is not necessary to 

compute the convective flow in the liquid layer in order to find out the solid-liquid 

interface. Many previous studies have neglected the liquid phase without any 

reasonable explanation, except Wei and Ho [17] which claimed the Peclet number 

around the bottom of the cavity is small. 

There have been some efforts to understand the fluid dynamics in the weld pool 

in laser welding [18-23]. However, these models are limited to the 2D analysis 
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Figure 4. Configuration of the liquid layer and the local coordinate system 
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of the fluid motion in the plane perpendicular to the laser beam. It implies that they 

neglected the vertical flow which was shown to be very prominent [12], except in 

reference [21] where the flow in an axial direction of the laser beam was considered. 

Also this type of analysis could not explain the influence of the fluid motion on the 

form of the solid-liquid interface, for they look only into the fluid dynamics with the 

assumed interfaces as th~ boundary of the fluid domain. However, these studies 

show some qualitative features of the fluid motion in the weld pool of the laser 

welding. 

It is true that the thin liquid layer is formed by expelling the molten metal away 

from the bottom and the melting front of the cavity to the top surface and the 

solidifying rear surface of the cavity due to a high back pressure exerted by a strong 

evaporization and (or) a thermo capillary force acting on the free surface. Meanwhile 

this thin layer transfers the incident laser energy effectively to melt the workpiece. 

Therefore, unlike the conventional welding where the convection induced by a 

thermocapillary force and a buoyancy force plays an important role in determining 

a final weld pool shape, the hydrodynamics in the liquid phase in deep penetration 

laser welding may not greatly contribute to an overall energy distribution which is 

responsible for the weld pool shape. The melt flow behind the laser beam in the 

,solidifying rear surface is no longer thin and has in fact a very complicated flow 

structure as shown in Fig. 2. Thus thin layer approximation does not apply to this 

region. However, the depth of penetration is thought to be mainly determined by a 
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heat transfer at the bottom of the cavity where the liquid layer is still thin. 

A scaling analysis of the governing equations and boundary conditions is 

conducted. The governing equations and boundary conditions for the flow velocities 

and the temperature field are described below. It is pointed out that the uppercase 

x, Y, and Z denote the global coordinates, while the lowercase x, y, and z denote the 

local coordinates. 

The continuity equation is 

au. 
_' - 0 (2.10) 
at; 

where uj = (u, v, w) are velocities and "t = (x, y, z) are local coordinates. The 

momentum equation is 

(2.11) 

Here the Boussinesq approximation was applied to a liquid density, PI = Po - 13o(T -

To), where 130 is the volumetric thermal expansion coefficient and Po is a liquid 

density at an ambient temperature To. g is gravity, T is temperature, v is a 

momentum diffusivity, and p" = p - pgZ where p is pressure. The energy equation 

is 

(2.12) 
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where K is the thermal diffusivity. 

The corresponding boundary conditions are at the solid-liquid interface which 

is given as Z = F(X) in the 2D model and Z = F(X,Y) in the 3D model, 

P su sl 
W - -- nx 

PI 0 

in 2D, 

Psu sl 
W - -- nx 

PI 0 

in 3D , 

(2.13a) 

where the outward normal vector to the S-L interface, nisI, is given in Appendix A. 

(2. 13b) 

aT{ aT 
-kl - + k _s - P u L an s an - s s,n f' 

(2. 13c) 

where T m is the melting temperature, k is the thermal conductivity, Lf is the latent 

heat of fusion, and us,n is the component of a workpiece velocity normal to the S-L 

interface. 

At the liquid-vapor (L-V) interface, the normal stress balance is 

(2. 14a) 
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and the tangential stress balance is 

(2. 14b) 

where 'l" Ij is a stress tensor, n/v is a unit normal vector to the L-V interface, Sj is a 

tangential vector on the L-V interface. The detailed expression of these quantities 

are found in Appendix A. 0 is a surface tension. It is assumed that the surface 

tension decreases linearly with temperature increasing, 0 = 0 0 - Yo(T - To) where 0 0 

is the surface tension at To. The energy balance is 

(2.14c) 

where 

where qa is an absorbed laser power incident on the L-V interface with a perfect 

absorptivity, qln is a laser power intensity of the gaussian distribution where b is a 

beam distribution parameter. In Eq. (2.14c), the first term on the right hand side 

represents the conductive heat into the liquid layer, while the second means the 

vaporization power. Thus the absorbed laser power is used in vaporization of molten 

material and in conduction into the liquid layer. Finally the kinematic condition at 

the L-V interface is 

where (2.14d) 
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Here, subscripts and superscripts s, I, v and n denote quantities in the solid, 

liquid, and vapor phases and the normal component, respectively. 

The characteristic variables should be introduced to non-dimensionalize the 

differential equations and boundary conditions. There appears to be two different 

ways to derive a characteristic velocity scale. It has already been mentioned that the 

molten material convects from a leading cavity wall to a trpiling cavity wall and from 

the bottom of the cavity to the top of the cavity. The driving force of this flow could 

be either a pressure gradient force or a thermocapillary force. Here the scaling 

analysis will be performed for both possibilities. 

3 • .1. Velocity Scaling with Pressure Gradient Force 

First, a tangential velocity scale is obtained by assuming that the motion of the 

melt in the tangential direction is produced by a pressure gradient due to vaporiza-

tion, so balancing the pressure gradient term with a diffusion term in a tangential 

direction. 

U. or V. _ L IIp a 2 

p, 
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where IJ. is viscosity, L is a characteristic length scale in a tangential direction, a is 

a ratio of the normal to tangential characteristic length scale which becomes a small 

parameter under the thin liquid layer approximation, Ap = p. - Po where p. is a 

characteristic pressure in the liquid layer, and Po is a reference pressure. A normal 

velocity scale is obtained from the continuity equation, 

W· - U·a or V·a , 

and a temperature scale is obtained from heat conduction across the thickness of the 

liquid layer, 

AT _ _ q_o ,"","L_a_ 
kl 

With the use of the characteristic scales defined above for each variable, the 

governing conservation laws and the boundary conditions can be described in 

dimensionless forms. Coefficients of each term in the equations may contain the 

length scale ratio, a. Since the ratio a is a small parameter under the assumption of 

the thin liquid layer, a scaling analysis can be conducted on the system of the 

equations, which results in the following simplified version. 

Specifically, in the energy equation, Eq. (2.12), in order for the convective term 

to be negligible, the following inequality should be valid, 
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Therefore it can be said that, if the liquid layer is thin, the convective term in the 

energy equation may be negligible. 

First, the simplified fluid mechanics in the 2D case is described below. Here 

x and z represents a tangential and a normal coordinate, respectively. The governing 

equations are 

au aw 
-+--0, 
at dz 

ap - 0, 
dz 

The boundary conditions at the S-L interface, 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19a) 

(2.19b) 



The boundary conditions at the L-V interface, 

dh 
where a - - , 

dx 

where h is the thickness of the liquid layer, 

and finally the kinematic condition is non-dimensionalized, 

Pv -au + w - - uv,n . 
PI 
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(2.20a) 

(2.20b) 

(2.20c) 

(2.20d) 

The simplified equations and boundary conditions in the 3D case also can be 

found similarly. The x and y represent coordinates in the tangential plane. The x 

axis is parallel to a X-Z plane in the global coordinates, while the y axis is to a X-Y 

plane. The z is a normal coordinate. The governing equations are 

au av aw -+-+--0, 
ax 0' az 

(2.21) 



op = 0, 
oz 

The boundary conditions at the S-L interface, 

v = -Un w = -Un 
o y' 0 x ' 

The boundary conditions at the L-V interface, 

p = Pv + Pv u;," - PI g Z , 

p. ou = -"I [aT + oh OT], p. ov = -"I [OT + oh OT] , 
oz 0 ox ox oz oz 0 oy Oy oz 

oT q = kl - + P 11 L , 
a OZ II""'v," v 
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(2.22) 

(2.23) 

(2.24) 

(2.25a) 

(2.25b) 

(2.26a) 

(2.26b) 

(2.26c) 
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ah ah Pv -u- - v- + W .. -u . 
at ~ PI v,n 

(2.26d) 

It must be pointed out that the energy balance equation at the S-L interface, Eq. 

(2.13c), is reserved to be used in the matching scheme which will find the S-L 

interface. 

3.2 Velocity Scale with Thermocapillary Force 

Here the velocity scale is obtained by balancing a thermocapillary force with 

a velocity gradient term, shear force, in a tangential direction. 

au av 
1-'- or 1-'-az az 

aT aT 
Yo- or Yo-' 

at ~ 

y AT a U· or V· _ _ 0 __ 

I-' 

With this velocity scale, the following inequality should be valid for a negligible 

convective term in an energy equation, 

KI-' 

Yo La 



44 

Thus the thin layer approximation could render the convective term of the energy 

equation negligible. Since the simplified equations and boundary conditions can be 

derived in a similar manner to the previous case, the description of them is omitted 

here. 

The above scaling analyses assert that the heat flux across the liquid layer could 

be constant if the thin layer approximation in the liquid holds, which implies that the 

laser power irradiating on the L-V interface transfers to the S-L interface with little 

loss which might be carried away by the convective flow to the top of the cavity and 

to the rear solidifying surface. As a result, it can be argued that the power 

distribution in deep penetration laser welding may not be seriously influenced by the 

liquid flow. Consequently the method to find the solid-liquid interface, which will 

be discussed in Chapter 3, does not include any analysis of the fluid motion. 
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4. Vaporization Models 

When laser power of high intensity irradiates on the surface of a metal, first this 

intensive heat melts the surface of solid into liquid, followed by strong vaporization 

taking place on the free surface of the liquid layer. The surface temperature of the 

liquid is usually higher than the boiling temperature of a molten metal since the 

recoil pressure due to a strong vaporization increases an effective saturated vapor 

pressure. Therefore, the vaporization of this kind can not be explained by the 

diffusion-dominated vaporization models introduced in references [24,25]. Thus, the 

convection-dominated vaporization model, where velocities of vapor particles leaving 

the phase interface so high that vaporization rate is mostly contributed by convection 

rather than gradient of vapor particle concentration, must be considered in the case 

of laser welding. There has been a substantial amount of studies on the convective 

vaporization models [15,16,26,31]. Two convective vaporization models were 

discussed pertaining to laser welding in this section. In principle, three dimensional 

gas dynamic equations should be solved in order to calculate properties of the vapor 

phase such as velocities, density, pressure, and temperature with appropriate 

boundary conditions at the surface of a condensed phase. Fortunately, vapor 

properties just above the liquid-vapor interface, where one dimensional behavior of 

vapor flow may prevail, are of primary interest in the present study. Thus ID 

vaporization models [15,16] which have previously been developed were adopted 
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rather than solving the 3D gas dynamic equations completely. 

4.1. Afanasev's Model 

Analysis is based on one dimensional transient gas dynamic equations in 

vacuum. Its configuration is illustrated in Figure 5. A gas dynamic discontinuity 

layer (or Knudsen layer) of 10"" to lO-5 cm thickness just above the phase interface 

was considered. There exists a discontinuity in the thermodynamic quantities across 

this layer. However, it is assumed that temperature does not change across the layer. 

With the conservation of mass, momentum, and energy across the discontinuity layer 

satisfied, the properties of vapor just beyond the Knudsen layer are solved in terms 

of the properties of the condensed phase as well as the absorbed laser intensity. It 

is also assumed that all the absorbed energy is used to vaporize a condensed 

material. Thus any conductive heat loss is neglected. However, in this study, the 

conductive heat loss was included by simply replacing the absorbed energy by the 

vaporization energy. Hence the gas dynamic properties are given as a function of the 

vaporization energy. 

The conservation laws in the vapor phase are 

ap a 
- + -(pu) - 0, 
at at 

(2.27a) 



Vacuum 

TI=To 

Pl. VI. PI= f(qo) 

Figure 5. Afanasev's ID gas dynamic model 

Knudsen layer 
( 10-4 - 10-5 em) 

47 
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~(pu) + !..(p + pU 2) - 0 , 
at at 

(2.27b) 

(2.27c) 

where p, u, p, €, and q are density, velocity, pressure, internal energy, and heat 

deposition in the vapor, respectively. 

The conservation laws across the Knudsen layer are used as the boundary 

conditions for the above governing equations as follows, 

(2.28a) 

(2.28b) 

(2.28c) 

where D is the velocity of the vaporization boundary ( < 0 ), a subscript 1 denotes 

the properties of the vapor just beyond the Knudsen layer. Ps and Ps are the 

saturated vapor pressure in equilibrium with the condensed phase and the density of 

the condensed phase, respectively. qo is the heat flux incident on the surface of the 

condensed phase. 

A thermodynamic relationship provides 
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(2.29) 

where K is an adiabatic index, and n is an atomic bonding energy in the condensed 

phase. The system of equations (2.27a-c) with aq/ax = 0 and boundary conditions 

(2.28a-c) has, when qo is constant, a solution which is a limiting case of a centered 

rarefaction wave corresponding to an isentropic expansion of gas in vacuum. The 

centered rarefaction wave problem is self-similar, so that all the gas dynamic 

quantities are functions of a single variable x/t. Thus, explicit approximate 

expressions for the gas dynamic quantities at the interface with the condensed phase 

can be derived, 

P '" on -1.5 y c q [ ]-0.5 
1 - K+l A-Inr:)' 

u1 '" , 
'" (K-1)n 0.5[ y ]0.5 

K+1 A-In(:) 

(K + 1)2 
where y - K (K _ 1 )2 ' (2.30a) 

(2.30b) 

(2.30c) 
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(2.30d) 

where a -
B 

B - -. 
Ps 

The numerical data of the constants A, B, and C for pure iron are 1.9, 3.3x107 kg/m3
, 

and 8, respectively. n is an atomic binding energy, 6.8x106 J /kg, K is a ratio of 

specific heats (or an adiabatic index), 5/3, W is a molar atomic weight, 55.85 

kg/kmol, and Ro is a universal gas constant, 8.314 J/mol·K. 

4.2 Extended Afanasev's Model in Atmosphere 

In this section, the gas dynamic behavior of vapor at atmosphere will be 

investigated under an assumption that vapor temperature across the Knudsen layer 

is constant, which was also applied in Afanasev's model. It is noted that the 

conservation equations (2.27a-c) are also satisfied by constant variables. In fact, the 

constant variables are only possible solutions in the case of vapor expanding into 

atmosphere. However, there should be discontinuities in variables to satisfy ambient 

conditions. Thus it is only necessary to consider the conservation laws at these 

discontinuities. First, a subsonic flow beyond the Knudsen layer is considered. 
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4.2.1. Subsonic vapor flow 

The flow structure of this case is shown in Figure 6a. There are three 

discontinuities in the vapor phase, and the conservation laws at each discontinuity 

will be discussed. Numbers at subscript in the following expressions denote the vapor 

properties of the corresponding region in Figure 6a and b. At the Knudsen layer, 

(2.31a) 

(2.31b) 

(2.31c) 

The Clausius-Clapeyron equation gives an expression for a saturated vapor pressure 

when the condensed surface temperature is Ta, 

(2.32) 

where Lv is the latent heat of vaporization, Tvi is the value of Ta required to produce 

a vapor pressure PI which is an ambient pressure, and W3 is the molecular weight of 

the vapor. A thermodynamic relationship gives 

+ (). (2.33) 
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Figure 6. Flow structure in the vapor phase in atmosphere when (a) subsonic vapor 
flow and (b) supersonic vapor flow. 
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At the air-vapor discontinuity, 

(2.34) 

At the shock wave, the following expressions hold, 

(2.35a) 

(2.35b) 

(2.35c) 

where DO is the velocity of the shock wave. Two thermodynamic relationships are 

added, 

(2.36a) 

(2.36b) 

Assuming ideal gas behaviors of vapor and air, 

(2.37) 
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where R2 and R3 are gas constants of air and vapor. Since one more equation is 

needed to make the system of the equations (2.31a-2.37) complete, the assumption 

of a constant temperature across the Knudsen layer is applied, 

(2.38) 

4.2.2. Supersonic vapor flow 

Here the case when the flow beyond the Knudsen layer is supersonic is dealt 

with. The flow structure of the vapor in this case is sketched in Figure 6b. 

Conditions at the outside edge of the Knudsen layer are denoted by a subscript 4 and 

M4 = 1 in what follows. Compared to the case of subsonic vapor flow, there are four 

more unknowns introduced, so that four more equations should be added. From the 

fact that the flow just beyond the Knudsen layer is sonic, 

(2.39) 

where a is the speed of sound. Since the wave is isentropic, the Riemann invariable 

is constant across the Q-rarefaction, 

2a3 

'IS - 1 
(2.40) 
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and (2.41) 

Also, the assumption of the ideal gas behavior of the vapor yields 

P4 
- - R4T4' 
P4 

(2.42) 

These four equations along with the equations (2.31a-2.37) can be solved to find the 

gas dynamic properties U4' P4' and P4 in terms of the absorbed laser power qo' It 

should be noted that the subscript 3 in Eqs. (2.31a-2.33) must be switched to a 

subscript 4 in this case. 

4.3. Knight's Model 

This theoretical model [16] was developed for one dimensional rapid surface 

vaporization into a surrounding ambient atmosphere. The Knudsen layer was again 

employed to be treated as a gasdynamic discontinuity across which certain jump 

conditions expressing the conservation of mass, momentum, and energy are applied. 

A Maxwellian distribution function for the distribution of the gas particles was 

adopted so that this approach does not require the constant temperature assumption 

across the Knudsen layer which was made in Afanasev's model. Evaluation of these 
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conseIVation equations proceeds by a Mott-Smith approach for treating rapid flow 

state changes. This theoretical model applies when the convective evaporation 

dominates a diffusive one. It is also assumed that thermodynamic equilibrium exists 

in the liquid phase, which is reasonable when laser intensities are less than 107 

W /cm2 or so within atmosphere. This approach was originally developed by 

Anisimov [32] and was valid only when the flow leaving the Knudsen layer is sonic. 

Later on, the approach was extended to the subsonic flow regime by Knight [16]. 

The equations that resulted from the jump conditions across the Knudsen layer are 

introduced below. 

4.3.1. Subsonic vapor flow 

The case in which the flow just beyond the Knudsen layer is subsonic is first 

considered. A configuration of the vapor flow above the condensed surface is drawn 

in Figure 6a. 

(2.43a) 

(2.43b) 
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(2,43c) 

(2,43d) 

where 

Assumption of the ideal gas behavior produces 

(2,46e) 

Here KI is an adiabatic index for air, 1,4, RI is a gas constant of air, and K3 and R3 

are defined similarly for the vapor. Ts is the temperature of the liquid surface, Ps 

and Ps are the saturated vapor pressure and liquid density at Ts, PI are TI are the 

pressure and temperature of atmosphere, and M3 is the flow Mach number behind 

the contact discontinuity. The number of previous equations are not enough to 

determine a unique flow state. Hence Clausius-Clapeyron relationship is used again 

as in Eq. (2.32). 
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4.3.2. Supersonic vapor flow 

This section will discuss the case when the saturated vapor pressure is high 

enough to generate a centered rarefaction fan in the vapor flow field which takes the 

sonic flow beyond the Knudsen layer to a supersonic flow. Figure 6b illustrates the 

flow structure in the vapor phase. Eqs. (2.43a,b) are still valid, and since M4 = 1, 

P4 = 0.206, P4 = 0.308, and T4 = 0.669 . 
Ps Ps Ts 

(2.44a) 

Since the flow is isentropic through the Q-rarefaction fan, the speed of sound and a 

pressure ratio across it are given in terms of M3, 

(2.44b) 

(2.44c) 

(2.44d) 
= 



59 

where WI and W3 are the molecular weights of air and the vapor, respectively. Also 

the Clausius-Clapeyron equation, Eq. (2.32), was used to obtain a unique gas state. 

Contrary to Manasev's model which relates the properties of the vapor to the 

absorbed laser power, this model represents the gasdynamic properties in terms of 

the surface temperature of the condensed phase. 

Since Knight's model does not employ the assumption of the constant 

temperature across the Knudsen layer, it has been used for the numerical computa

tions in the present study. A few comparisons were made between the extended 

Manasev's model in air and Knight's model. Figure 7 shows the vapor temperature 

just beyond the Knudsen layer against the surface temperature of the condensed 

phase. It is obvious from the figure that the constant temperature assumption may 

not be accepted in a high surface temperature range because the vapor temperature 

in Knight's model remains almost constant. In Figure 8, the vaporization rates are 

compared, where discrepancy increases with an increase of the surface temperature. 

4.4. Vaporization Energy 

In order to evaluate the vaporization energy, it is necessary to calculate the 

mass flux of the vapor leaving the liquid-vapor interface. Knight's vaporization 

model gives the values of the gas dynamic properties only when the superheated 
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temperature of the L-V interface is provided. Thus, another equation is required 

which relates the normal liquid velocity at the L-V interface to the surface 

temperature of the L-V interface. From a physical point of view, it is obvious that 

the surface temperature is determined partly due to the heat transfer into the liquid 

layer. So the energy equation is considered in the liquid layer which is one 

dimensional in a direction perpendicular to the interfaces, i.e., a local z direction. 

This kind of assumption can be seen in the laser drilling models [26]. For this 

assumption to be valid, the heat transfer in a tangential direction must be negligible, 

but the mass flux in a tangential direction is not necessarily zero. 

The energy equation in the liquid layer can be written, 

c a(w1) _ kePT. 
P p az az2 (2.4Sa) 

The boundary conditions on both interfaces are rewritten from Eqs. (2.13b,c) and 

(2. 14c). At the solid-liquid interface (z = 0), 

(2.4Sb) 

(2.4Sc) 



At the liquid-vapor interface (z = h), 

aT 
k- - q a - P w(lz) Lv ' az 
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(2.4Sd) 

(2.4Se) 

where Tsr is the surface temperature of the liquid-vapor interface, and Ts is a 

temperature in the solid. Integration of Eq. (2.4Sa) with the above boundary 

conditions yields 

(2.46) 

Then another relationship between the surface temperature and the normal velocity 

of the vapor at the liquid-vapor interface is provided by the vaporization model. 

Hence the surface temperature and the normal vapor velocity are resolved to satisfy 

both relationships. Finally, the vaporization energy is obtained as 

(2.47) 

The convection term in Eq. (2.4Sa) will vanish with a correct S-L interface 

which will be found so as to satisfy a linear temperature variation across the liquid 

layer thickness. 
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CHAPTER 3 

MATCHING SCHEME 

In Chapter 2, the formulation of each phase was discussed. Once each region 

was solved respectively in an appropriate manner, those solutions should be matched 

to satisfy certain physical laws. In this study a conservation of energy, which is a so-

called Stefan boundary condition, was attempted to be satisfied at the solid-liquid 

interface, while a mass conservation was matched at the liquid-vapor interface. In 

fact, the mass conservation at the liquid-vapor interface was used to evaluate the 

vaporization energy as discussed in Chapter 2. In this chapter, it will be discussed 

how the energy balance at the solid-liquid interface, Le., the Stefan boundary 

condition, Eq. (2.13c), is used to find the solid-liquid interface. 

The solid-liquid interface is approximated by a function of unknown parameters, 

ak, as follows, 

Z(X) ,.; E Bk exp [- [x -Ek]2] + C, 
k-l (Jk 

in 2D, 
(3.1a) 
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3 [(X-E )2 y2] 
Z(X,y) - L Bk exp - / -"2 + C, 

~1 Gk ~ 
in 3D , (3.1b) 

where the functions introduced above are the combinations of three different 

gaussian distributions. The choice of these functions is guided by the gaussian 

distribution of the laser power density. Coefficients Bk, Ek, Gk, Fk and C are to be 

determined by the matching scheme. 

An unknown coefficient vector is defined as 

(3.2a) 

Eq. (2.13c) can be rewritten in a convenient form, 

(3.3) 

where dependency of each term in the right hand side on a vector ak will be shown 

later. N number of nodal points on the solid-liquid interface is considered, and a 

following least squares sum which may also be called a merit function is defined, 

(3.4) 
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where uj is standard deviations. Hence the matching scheme will find the coefficients 

ak which minimize the 8 2 merit function. If i1q(ak) was a linear function of ak, then 

the problem would become a linear least squares fit which is straightforward to solve. 

Unfortunately, i1q(ak) behaves non-linearly with ak in this work, so that the fitting 

should rely on a non-linear least squares method. In the current study, the 

Marquardt method was utilized [33,34]. 
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1. Marquardt Method 

Most methods for the least squares estimation of non-linear coefficients have 

centered on either of the following two approaches; the Taylor series expansion 

assuming local line arty, and the steepest descent method. The Marquardt method, 

a maximum neighborhood method, is developed to optimally perform the interpola-

tion between the Taylor series method and the gradient method, the interpolation 

being based upon the maximum neighborhood in which the truncated Taylor series 

gives an adequate representation of the non-linear model. 

The mathematical implementation of the Marquardt method is introduced 

below. The following matrix equation is solved at each iteration in order to compute 

the corrections to the parameters ak• 

M 

L a~, oa, - B k , where M - 10 in 2D, and M - 13 in 3D , 
1-1 

(3.5) 

where 0kl is a Kronecker delta and A is a parameter supplied by the algorithm. 

When A is much larger than 1, the method works as the steepest-descent method as 

the matrix a' kl becomes diagonally dominant. Meanwhile when A is less than 1, it 

performs more like the Taylor series expansion. The matrix akl and the right hand 

side vector Bk are determined as 
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(3.6a) 

1 &82 

akl - ---- • 
2 Ciaix1/ 

(3.6b) 

Substituting Eq. (3.4) into 8 2 in the above expressions, 

(3.7a) 

(3.7b) 

The second order term is neglected in Eq. (3.7b). Once the corrections to ak are 

calculated, a new set of parameters can be obtained as 

I - 1, .... , M . (3.8) 

Now the sensitivity of aq with respect to ak can be obtained by differentiating 

Eq. (3.3) with regard to ak, which results in 

aaq _ _ CJqI + CJqs + p L CJuSII 

aa aa aa sfaa' 
k k k k 

(3.9) 



aTs 
and q == k-. 

s s an 
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In Eq. (3.9), there are three sensitivities to be computed, each of which will be 

discussed below. 

1.1. Sensitivity of q, 

In order to evaluate the sensitivity of ~ to ak, it is necessary to differentiate 

Eq. (2.14c) which is the energy balance on the liquid-vapor interface. The energy 

balance on the liquid-vapor interface asserts that the conductive heat transferring 

into the liquid layer is a result of subtracting the vaporization power from the laser 

power absorbed on the liquid-vapor interface. Hence, 

(3.10) 

Now each term will be discllssed in detail. 

1.1.1. Sensitivity of 'In 

First the 2D case is discussed. 'In is the absorbed laser power irradiating on the 

liquid-vapor interface which is also defined in Eq. (2.14c). In Eq. (2.14c) it can be 

noted that 'In is a function of dZ/dX which in turn is a function of ak• Thus a chain 



rule can be employed, 

8qa 8qa azx ----, 
iJak azX iJak 

where 

dZ 
and Zx == -, 

dX 

and Zx and azx/ aak are given in Appendix B. 
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(3.11) 

In the 3D case, qo can also be found in Eq. (2.14c) which shows its dependency 

on az/ax and az/ay. The chain rule can be applied similarly as in the 2D case, 

aqa 8qa azx aqa azy 
----+--, 
iJak azx iJak azy iJak 

az az 
where Zx == -, Zy == - , ax ay 

(3.12) 

8qa _ _ qla Zx and aqa __ __ q_la_Z_y_....,.. 

azx ( 2 2)~' azy ( )3 
1 + Zx + Zy 2 1 + Z; + Z~ "2 

Here Zx, Zy, azx/ aak, and aZy / aak are discussed in Appendix B. 

1.1.2. Sensitivity of ul,n 

The sensitivity of ul,n to ak can be obtained by differentiating Eq. (2.46) with 

respect to ak as follows, 

8q [8q au J au _a _ _ s+p -!!!..L + p C ~T 
iJa iJa siJa f sPiJa In k k k k 

(3.13) 
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where Ofsrl aak is the sensitivity of the surface temperature to a parameter ak. Since 

an expression which directly relates the surface temperature to a parameter can not 

be found, this sensitivity is assumed to be zero. Calculation of aus,n/aak and c3cJs/ak 

will be discussed in the following sections. 

1.2 SensitiviJy of U.s." 

us,n is the normal component of the velocity of the workpiece moving at the 

solid-liquid interface. Thus it is a function of Zx in the 2D case so that a chain rule 

can be applied here again, 

(3.14) 
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In the 3D case, Us n is a function of Zx and Zy so that , 

Bus,n Bus,n azx aus,n az}' 
-------+----, aak azx aak azy aak 

(3.15) 

1.3. Sensitivity of qs 

There is no direct and easy way to evaluate sensitivity of 'Is unlike in the 

computations of sensitivities of q] and us,n' since the dependency of 'Is on ak can not 

be observed directly. Thus it should be computed by making use of the BEM 

formulation [35]. Differentiating the boundary integral equation Eq. (2.9) with 

respect to ak yields 

fr [ ( c:;: +G Pe n,) (T"(Q)-T'(P») - G ~'l dr(Q) 
(3.16) 
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+ Jr [( ~' +G'Pe n[+G Pe nil (T(Q)-T(P») - G': 1 dr(Q) 

+ fr [ (~ +G Pe n() (T(Q)-T(P») - G: ] dr*(Q) - 0 , 

where 

Here it can be noted from the above equation that the coefficient terms for TO and 

orO / an are identical to those for T and or/an in Eq. (2.9). Thus the system matrix 

for the sensitivities is not necessary to be computed separately so that only the right 

hand side (R.H.S.) vector should be calculated additionally. Computation of the 

R.H.S. vector requires performing integrations of the following terms. 

1.3.1. Sensitivity of G 

In general, a sensitivity of any quantities which is represented in terms of the 

global coordinates can be given using a dot product as 

when i - 1, 2, 3 . (3.17) 
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The index i is used to facilitate the expressions in such a way that X = Xl' Y = X2, 

and Z = X3, and a subscript p denotes a source point. However, in the present 

application where Z = F(X; ak) in 2D and Z = F(X, Y; ak) in 3D, Z is only 

dependent on ak so that 

(3.18) 

The derivatives in the R.H.S. of Eq. (3.18) are evaluated in Appendix B. 

1.3.2. Sensitivity of aG/c1n 

Computation of the sensitivity of aG/an is composed of two parts as follows, 

a (ao) a [ao] ao an; aa
k 

an - aa
k 

ax; n; + ax; aa
k 

• 
(3.19) 

The first term in the R.HB. of the equation is evaluated using Eq. (3.17) in Appendix 

B. Calculation of ani / aak will be discussed in the next section. 

1.3.3. Sensitivity of n l 

The coordinates of a boundary element can be represented in a parametric 

form using a linear interpolation function, as shown for the 2D case in Figure 7a. 

when i - 1, 2 , (3.20) 



1 

oil-_r~. : (l~ (-1) 

(a) 1D line element 

~ 
(-1,1) (1,1) 
4 3 

~ 
° 

1 2 
(-1,-1) (1,-1 ) 

(b) 2D quadrilateral element 

° 
(1,0) 

(c) 2D triangular element 

Figure 9. The parametric coordinate systems for (a) a 2D line element, (b) a 3D 
quadrilateral element, and (c) a 3D triangular element 
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where 1 
¢l - - (1 - ~), and 

2 
1 

¢2 - - (1 + ~) . 
2 
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Xli and X2j are nodal coordinates, where superscripts imply nodal points on the 

element. Hence a unit normal vector is given as 

az ax 
a~ a~ 

nx - -;============, and nz - - --;::====== 

where 
ax; Ckpj j 
- - -Xi' 
a~ a~ 

(3.21) 

The summation rule of the repeating indices is applied to the above equation. The 

sensitivity of the unit normal vector is obtained by differentiating the above 

expressions with respect to a parameter ak, 

dZ[dX a (dX) dZ a (dZ)] a (aZ)[(dX)2 (dZ)2] YF: YF:~ (If +(Ifaa,: (If -aa,: (If YF: + (If 
(3.22a) 

[[ ~r + [~~rli 



77 

dX[dX a (dX) dZ a (dZ)] a (dX)~(dX)2 (dZ)2] 
df dfaa,; df +dfaa,; df -aa,; df II df + df 

(3.22b) 

[[~r + [~rl~ 
In the 3D case, a quadrilateral and a triangular surface boundary element are 

dealt with. The parametric representation of the surface elements has been carried 

out by introducing ~ and, parameters as shown in Figures 7b and 7c. Thus the 

global coordinates on the elemental domain can be described in terms of the nodal 

coordinates and linear interpolation functions such as 

Xi - N;XI, when i-I, 2, 3, and j - 1, 2, 3, (4) , 

1 
where NI - - (1 + ~ ~ I) (1 + "I)' in a quadrilateral element , 

4 

Nt - ~, N2 - " N3 - 1 - ~ -" in a triangular element. 

(3.23) 

Discussion will be focused on a quadrilateral element from this point, for the same 

argument can be applied to a triangular element except replacing a superscript 4 by 

3 in the following equations. An outward normal vector can be determined only with 

the coordinates of the nodal points, 

(3.24) 
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where i, j, and k are a cycling index such as (1,2,3), (2,3,1), or (3,1,2). Therefore, a 

unit normal vector can easily be obtained from Eq. (3.24), 

where I CI = J:t q . 
1-1 

(3.25) 

The sensitivity of a unit normal vector is similarly found as in the 2D case, 

(3.26) 

and 
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where the summation rule of the repeated indices is applied. 

1.3.4. Sensitivity of dr 

A differential line element in the 2D case can be represented in terms of a 

parameter ~ as follows, 

(3.27) 

Thus the sensitivity of a differential element dr can be found as 

dX a (dX) dZ a (dZ) 
a(dr) df Oak df + df Oak d~ 
-- - ---------- dr . 

Oak (:r + (~r 
(3.28) 

In the 3D case a differential surface element is transformed into a parametric 

description, 

dr - J E G - p2 d ~dC , (3.29) 

ax. ax. ax. ax. ax. ax. 
where E - -'-' , F - -'-' and G - -'-' , 

a~ a~ a~ ac ' ac ac 



ax, aNj j 
where - - -Xi' 

a~ a~ 

ax, aNj j 
and - - - X j , when j - 1, 2, 3, (4) . ac ac 

Now the sensitivity of the surface element can be obtained as 

d aF a (az) az az a (az) 
an CJa

k 
- aa

k 
a~ ac + a~ aa

k 
ac . 

80 

(3.30) 
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2. Solution Procedure 

So far the solution methods for each separate block (solid, liquid, and vapor 

regions and the matching scheme) have been discussed. With these tools available, 

now an overall solution procedure is introduced below. 

1. Guess an initial solid-liquid interface by choosing appropriate parameters ak• 

2. Apply the BEM and its sensitivity analysis to the solid region to solve the heat flux 

into the solid 'Is and its sensitivity 'Is' at the solid-liquid interface. 

3. Match the mass fluxes at the liquid-vapor interface from the vaporization model 

and 1D heat transfer model in the liquid layer to obtain the vaporization heat 

qy and its sensitivity qy'. 

4. Find the heat flux into the liquid layer from the energy balance at the liquid-vapor 

interface ql and its sensitivity ClJ·. 

5. Use the matching scheme, i.e., the energy balance at the solid-liquid interface, to 

find a new solid-liquid interface with aid of the thin liquid layer approximation. 

6. Continue the above sequence until the solid-liquid interface converges. 

A block diagram of this solution procedure is introduced in Figure 10. 
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Figure 10. A block diagram of an overall solution procedure 
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CHAPTER 4 

RESULTS AND DISCUSSION 

In this chapter, the results of the 2D and 3D welding models are discussed. 

Pure iron is selected for use in the numerical models. Also the experimental data 

of penetration depth for a low carbon steel whose thermophysical data are close to 

those of pure iron are available [6] so that it is possible to verify the validity of the 

numerical models by comparing the numerical results with the empirical ones. The 

2D and 3D numerical models are executed with various laser power densities and 

welding speeds. These numerical models are capable of predicting shape of the 

solid-liquid interface, depth of penetration, surface temperature of the cavity wall, 

pressure acting on the cavity wall due to vaporization, energy distribution (energy of 

vaporization, fusion, and conduction), and liquid layer thickness. In addition, the 

numerical models allow variable atmospheric pressures including a hard vacuum and 

cooling effects on the surface of a workpiece. 

The thermophysical data for pure iron are introduced in Table 1. The data 

given in this table have been selected from two main sources: Srnithells Metals 

Reference Book [42], and Incropera and Dewit [43]. The values of thermal 

conductivity and specific heat of the solid iron were taken at 1000 K which is about 

the average of an ambient temperature 300 K and a melting temperature 1809 K. 
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Table 1. Thermophysical data for solid and liquid phases of pure iron 

I properties of pure iron (Fe) I values I 
density of solid at 300 K 

(kg/m3) 
7.87x103 

density of li~uid at 2500 K 6.405x103 

(kg/m) 

melting point (K) 1809 

boiling point (K) 3133 

heat of fusion (J /kg) 0.2722x106 

heat of vaporization (J /kg) 6.0949x106 

thermal conductivity of solid 32.8 
(W/m'K) 

thermal conductivity of liquid --- * 
(W/m'K) 

specific heat of solid at 1000 K 975 
(J/kg'K) 

specific heat of liquid 795 
(J/kg'K) 

atomic weight (kg/kmol) 55.85 

ratio of specific heats 5/3 

* Thermal conductivity of liquid iron is not available from the literature. 



85 

Meanwhile, the specific heat of the liquid iron has only one estimated value available 

and the thermal conductivity of the liquid iron is not available from the references. 

The density of the liquid iron is calculated from a linear interpolation at 2500 K 

which is the mean value of a melting point 1809 K and a boiling point 3133 K. 

A set of laser power densities and welding speeds are implemented in the 

numerical models. These parameters are selected so as to fall into the variable 

range in which the experiments were conducted so that comparison between the 

numerical and empirical results in predicting depth of penetration can be possible. 

In reference [6] where the experimental data are available, there is no 

information about the ambient pressure and heat transfer coefficient with which the 

experiments were conducted. Thus, it is assumed that the heat transfer coefficient 

on a workpiece surface is 100 W /m2'K and the ambient pressure surrounding the 

workpiece is 1 atm unless othelwise mentioned. However, it should be noted that 

the experimental results were obtained in electron beam welding. Electron beam 

welding is usually performed in a weak vacuum condition (about 10-2 torr) so that the 

ambient pressure may be considerably lower than 1 atm [3]. Effects of the heat 

transfer coefficient and ambient pressure will be discussed later in this chapter. 

Another important parameter which should be considered in comparing the 

numerical and experimental results is a ratio of the energy actually absorbed by the 

material to the energy applied to the material. Usually this ratio is determined by 

a radiative property of the material such as absorptivity, and also by plasma created 
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in and above a keyhole. In the case of electron beam welding, the plasma formation 

plays a major role to block off an electron beam from the workpiece. On the other 

hand, in laser welding, reflection of the beam on the material surface and plasma are 

both important in reducing energy absorbed by the workpiece. Although the problem 

of the plasma-laser beam interaction such as absorption, reflection, and scattering has 

deserved a series of serious researches [36-39], it still requires more studies until it 

is fully understood. In the present study, no efforts were made to understand the 

mechanism of the plasma interaction with the laser beam. In CO2 laser welding 

whose beam wave length is 10.6 /.Lm, a metal, when specially well polished, has a 

poor absorptivity at this wave length. However, once melting occurs, absorptivity 

increases. It is known that the absorptivity is proportional to an absolute tempera

ture of the material temperature [40]. Furthermore, multiple internal reflections on 

the keyhole wall increases absorptivity up to almost 100 % [2]. Thus a simple 

analysis has been carried out later in this chapter to show how a cavity shape affects 

the radiative loss of laser energy. In the following numerical calculations, it is 

assumed that the laser beam is absorbed perfectly by the cavity wall. 

A beam diameter of 2 mm is used in all numerical computations. However, a 

beam profile will vary with a different distribution parameter. So will the laser 

power density distribution. In reference [6], no information is provided for the beam 

profile. In the numerical studies, the beam distribution parameter of 2 is used. The 

effect of the beam distribution parameter will be discussed later in this chapter. 
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1. Shape of Solid-Liquid Interface 

Figure 11 shows the typical behavior of the S-L interfaces at a constant laser 

power as welding speed increases in the 2D model, while Figure 12 demonstrates a 

change in the S-L interface in the 3D model. In both models, depth of penetration 

increases with an increase of laser power, and with a decrease of welding speed. In 

the 3D model, it has been observed that the width of the keyhole shrinks as welding 

speed increases, as shown in Figure 12. 

In fusion welding, the heat input per a unit length of welding direction, defined 

as a ratio of total power of heat source to welding speed, is an important parameter 

in determining thermal effects on a workpiece and as a result depth of penetration. 

In fact, the cooling rate predicted by a point heat source solution can be represented 

in terms of this ratio [5]. Thus, the reduction of welding speed has the same effect 

as an increase of laser power. Actually this is what has been observed in this study. 
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Figure 11.2D S-L interfaces at a constant laser power with various welding speeds 
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2. Depth of Penetration 

Table 2 shows depth of penetration at various laser powers and welding speeds 

for pure iron. In Figure 13, two plots are introduced at different laser powers to 

illustrate how depth of penetration varies with welding speed. The tendency that the 

penetration depth decreases more gradually as the welding speed increases is typical 

of laser welding, which is also able to be observed here. In Figure 14, all data in 

Table 2 are plotted for a clear comparison of numerical results with experimental 

ones. 

The experimental data in Table 2, Figures 13 and 14 are represented by an 

empirical formula which was correlated from the collected empirical data [6]. This 

formula is expressed in terms of total power, welding speed, and beam diameter as 

follows, 

P _ 3.5xlO-2 E I 
01.4 cpO.6 ' 

where E: voltage, 30 - 50 (kV) 
I: current, 10 - 30 (rnA) 
V: welding speed, 10 - 30 (cm/min) 
cp: beam diameter, 1 - 8 (mm) 
P: depth of penetration (mm). 

(4.1) 

Here E'I gives a total electron beam power which should be matched with a total 

laser power of the gaussian beam profile used in the numerical model. Therefore, 

the following relationship is established, 
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Table 2. Penetration depths at various welding speeds and laser powers 

max. laser power welding penetration depth (mm) expo result 
density,Oo speed 

2D 3D 
(mm) 

(W/cm2
) Uo (cm/s) 

0.5x1OS 0.2 7.82 7.73 6.71 

0.3 6.09 6.63 5.71 

0.4 4.64 4.39 5.09 

0.5 3.13 3.81 4.65 

0.6x1OS 0.2 9.40 8.89 8.05 

0.3 6.01 5.14 6.81 

0.4 5.49 4.98 6.10 

0.5 4.52 3.22 5.58 

0.7x1OS 0.2 11.51 9.40 

0.3 8.18 7.99 

0.4 5.28 7.12 

0.5 5.12 6.51 

0.8x1OS 0.2 10.74 10.74 

0.3 8.67 9.13 

0.4 6.53 8.14 

0.5 6.23 7.44 

0.9x1OS 0.2 14.25 12.02 

0.3 9.69 10.22 

0.4 7.65 9.11 

0.5 6.09 8.33 
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(4.2) 

where ro is a beam radius, and Qo is the maximum power density of the gaussian-

shaped laser beam. It should be noted that Eq. (4.1) is valid only in the prescribed 

range of the variables. 

According to Figures 13 and 14, it can be said that the 2D numerical model 

generally predicts higher depth of penetration than the 3D model. This outcome 

appears reasonable when considered that the 2D model basically disregards the 

lateral conductive heat loss in a Y direction and as a result receives more total heat 

input than the 3D model. 
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3. Energy Distribution 

Energy distribution in welding is of great significance since heat flow in the 

weldment determines quality of a weld product. Here the energy distribution implies 

the portions of a total energy which are used in vaporization, melting, and 

conduction. The purpose of the welding is to melt and solidify materials to bond two 

pieces together. From the view point of this purpose, welding efficiency can be 

improved by promoting the portion of energy used in melting. The increasing 

melting increases depth of penetration, and moreover it actually reduces the 

conductive heat loss into the bulk body of the material so as to minimize the 

undesirable heat-affected zone. 

Specially in laser welding, since vaporization is an important process creating 

the keyhole, it is expected that the vaporization heat loss could be much higher than 

in the conventional arc welding. Tables 3 and 4 show the power distributions at 

several cases of laser welding, predicted by the 2D and 3D numerical models, 

respectively. 

In Table 3 for the 2D model, the vaporization power takes up almost 66 to 70 

% of the total absorbed laser power, the fusion power is about 6 %, and the 

conduction heat loss is about 25 %. On the other hand, the 3D results in Table 4 

show that the portion of the vaporization power varies from about 22 to 60 %, which 

is lower than in the 2D case but still higher than the previous results. It should be 



Table 3. Power distribution at various laser powers and welding speeds 
in the 2D model 

00 Vo vaporization fusion conduction 
(W/cm2) (cm/s) power,Ov 

(W/cm2
) 

power, Of 
(W/cm2) 

power,Oc 
(W/cm2) 

O.5xlOS 0.2 4.9SxHf (69.1) 4.06xl~ (S.7) 1.81xlcr (2S.2) 

0.3 6.37xlcf (66.6) 6.03xl02 (6.3) 2.S9x103 (27.1) 

0.4 8.0Sxlcf (66.3) 7.89x102 (6.5) 3.31x103 (27.2) 

0.5 1.07x104 (68.4) 8.89xl~ (S.7) 4.0Sx103 (2S.9) 

0.6xlOS 0.2 S.02xl03 (67.7) 4.13x102 (S.6) 1.98xl03 (26.7) 

0.3 6.96xlcf (6S.8) S.92x102 (S.6) 3.03x103 (28.6) 

0.4 8.4Sxlcf (67.9) 7.1Oxl~ (S.7) 3.29x103 (26.4) 

0.5 9.99xlcr (66.9) 9.83x102 (6.6) 3.96x103 (26.5) 

0.7xlOS 0.2 S.10xlcf (70.8) 4.18x102 (S.8) 1.69x103 (23.4) 

0.3 7.11xlcf (67.S) 6.09x102 (S.8) 2.82xlcf (26.7) 

0.4 9.92xlQ3 (70.5) 7.83x102 (S.6) 3.37xl03 (23.9) 

O.S 1.0Sx104 (67.8) 9.93x102 (6.4) 3.99x103 (2S.8) 

0.8xlOS 0.2 6.06x103 (74.3) 4.17x102 (5.1) 1.68x103 (20.6) 

0.3 7.34x1cf (69.8) 6.18xl~ (5.9) 2.S6xlcf (24.3) 

0.4 9.S0x1cf (69.4) 8.04x102 (5.9) 3.38x103 (24.7) 

0.5 1.02x103 (67.1) 1.0Ox103 (6.6) 4.00x103 (26.3) 

0.9xlOS 0.2 5.41x1cr (74.7) 4.20x102 (5.8) 1.41x103 (19.5) 

0.3 7.53x103 (70.S) 6.24x102 (5.8) 2.53x103 (23.7) 

0.4 8.80x1cf (69.3) 7.62x102 (6.0) 3.13x103 (24.7) 

O.S 1.1Sx104 (70.1) 9.79x1~ (6.0) 3.92x103 (23.8) 
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* The numbers in parentheses are the percentage of the corresponding power with 
respect to the absorbed laser power. 



Table 4. Power distribution at various laser powers and welding speeds 
in the 3D model 

Qo Do Qv Qf Qc 
(W/cm2) (em/s) (W/cm2) (W/cm2) (W/cm2) 

0.5x1OS 0.2 1.58x1<r (22.3) 3.22x1Q2 (4.5) 5.18x103 (73.2) 

0.3 3.38x103 (37.4) 4.71x102 (5.2) 5.19x103 (57.4) 

0.4 4.91x103 (43.3) 7.09x102 (6.2) 5.73x103 (50.5) 

0.5 7.98x103 (51.7) 7.79x102 (5.1) 6.67x1<r (43.2) 

0.6x1OS 0.2 2.29x1<r (35.9) 2.92x102 (4.6) 3.8Ox1<r (59.5) 

0.3 6.09x1<r (58.8) 4.23x1Q2 (4.1) 3.85x1<r (37.1) 

0.4 7.16x1<r (60.4) 7.51x102 (6.3) 3.95x1<r (33.3) 

0.5 8.32x103 (59.7) 7.91x1Q2 (5.7) 4.83x1<r (34.6) 
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noted that the portion of the vaporization power increases as the welding speed goes 

up. This trend may be explained by the higher surface temperature with the higher 

welding speed, as will be shown in Table 7. The conduction power loss is very 

significant at a lower welding speed, about 70 % of the total laser power, and then 

plummets down to about 33 % as the welding speed increases. The fusion power is 

again only about 6 % of the total laser power. 

Therefore, majority of the absorbed energy has been consumed to vaporize the 

molten material. This result is strictly against the assumption adopted in many 

previous studies: the vaporization energy is negligibly small. 

As the welding speed increases at a constant laser power density, the power 

density on the cavity wall increases since the total surface area of the cavity becomes 

smaller due to the reduced depth of penetration while the total laser power remains 

unchanged. The higher power intensity invokes a higher surface temperature and as 

a result a higher gas pressure, as will be shown in Tables 5, 6 and 7. 

---- .... - .--- ...... _. _ ..•. -~-- .... -._-,.-." 
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4. Pressure Distribution 

It was discussed earlier that the keyhole is formed by a back pressure due to 

a strong vaporization. In this section, the pressure distribution in the molten liquid 

layer such as the static and dynamic parts of the vapor pressure and a hydrostatic 

pressure will be discussed. According to the scaling analysis based on the thin liquid 

layer approximation, the liquid pressure is uniform across the liquid layer thickness. 

Thus pressure variation only in a tangential direction is considered. Tables 5 and 6 

show the pressure distributions for the 2D and 3D models, respectively. In these 

calculations, an ambient pressure is assumed to be 1 atm, Le., 1.013xl<f N/m2. As 

illustrated in Tables 5 and 6, most of the vapor pressure is contributed by the static 

vapor pressure, while there is very little contribution from the dynamic vapor 

pressure and the hydrostatic pressure. However, Knight's vaporization model 

predicts that as the surface temperature of the condensed phase increases, the 

dynamic vapor pressure becomes more important than the static vapor pressure, as 

shown in Figure 15. 



Table 5. Pressure distribution at various laser powers and welding speeds 
in the 2D model 

0 0 Vo static gas pro dynamic gas pro hydrostatic pro 
(W/cm2) (cm/s) (N/m2) (N/m2) (N/m2) 

0.5x1<P 0.2 115,271 258.9 271.6 

0.3 118,904 408.8 214.3 

0.4 122,760 636.8 169.4 

0.5 128,761 1076.9 118.4 

0.6x1<P 0.2 115,627 271.5 409.5 

0.3 120,108 492.4 274.6 

0.4 124,172 688.9 195.1 

0.5 127,460 943.9 164.2 

0.7x1OS 0.2 115,400 273.3 491.3 

0.3 120,672 523.9 360.6 

0.4 127,485 931.0 189.5 

0.5 129,151 1025.4 183.4 

0.8x1<P 0.2 118,418 387.2 396.0 

0.3 121,392 539.7 312.3 

0.4 126,408 858.0 235.6 

0.5 128,487 970.9 215.7 

0.9x1<P 0.2 117,325 329.4 508.1 

0.3 122,555 576.9 374.4 

0.4 126,385 832.6 248.6 

0.5 131.523 1211.9 202.3 
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Table 6. Pressure distribution at various laser powers and welding speeds 
in the 3D model 
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0 0 Vo static gas pro dynamic gas pro hydrostatic pro 
(W/cm2) (cm/s) (N/m2) (N/m2) (N/m2) 

0.5xl<P 0.2 107,029 29.2 286.9 

0.3 113,258 128.0 250.5 

0.4 117,481 262.3 154.7 

0.5 125.493 658.2 151.0 

0.6x1<? 0.2 108,224 60.8 331.1 

0.3 118,590 392.2 210.8 

0.4 121,287 531.3 198.7 

0.5 124,330 701.1 116.7 
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5. Surface Temperature 

Previous studies revealed that the surface temperature of the keyhole is higher 

than the boiling temperature of the liquid metal. The total power range used in the 

numerical computations and also in the experiments, 0.3 to 1.5 kW, is not extremely 

high. Thus the surface temperatures in Table 7 are slightly higher than the boiling 

temperature of pure iron, 3133 K. It should be noted that the surface temperature 

increases with an increase of the welding velocity. This phenomenon may be 

explained by the fact that the absorbed power density increases because the surface 

area of the cavity wall becomes smaller due to less penetration with an increasing 

welding speed. 
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Table 7. Surface temperature of the keyhole 

0 0 Vo surface temperature (K) 
(W/cm2) (cm/s) 

2D 3D 

O.5xl<f 0.2 3180.6 3150.2 

0.3 3195.7 3167.8 

0.4 3211.7 3182.0 

0.5 3222.0 3207.9 

0.6xl<f 0.2 3186.9 3157.3 

0.3 3205.4 3192.2 

0.4 3213.8 3201.2 

0.5 3227.0 3210.5 

0.7xl<f 0.2 3182.7 

0.3 3200.0 

0.4 3219.1 

0.5 3230.1 

0.8xl<f 0.2 3193.5 

0.3 3201.9 

0.4 3217.6 

0.5 3225.8 

0.9xl<f 0.2 3188.1 

0.3 3208.1 

0.4 3212.1 

0.5 3229.1 
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6. Liquid Layer Thickness 

At the beginning of the present analysis, the approximation of a thin liquid 

layer was made. Based on this approximation, it was claimed that the convective 

flow of the liquid metal contributes little to the heat transfer in the liquid layer. 

Thus the fluid dynamics in the liquid phase was not considered in this study. 

Therefore, it is important to verify the thin liquid layer approximation by calculating 

the liquid layer thickness. The liquid layer thickness can be calculated from Eq. 

(2.21) which says that the heat flux across the liquid layer thickness is constant. 

Therefore, the thickness can be obtained as 

(4.3) 

where h is the liquid layer thickness, k( is the thermal conductivity of the liquid 

metal, Ts is the surface temperature at the L-V interface, T m is the melting 

temperature, CIa is an absorbed laser power, and qv is a vaporization power. 

Unfortunately, the numerical value for the thermal conductivity of the pure liquid 

iron is not available from the literature. The calculation adopting the thermal 

conductivity of the solid iron produces the liquid layer thickness in the order of 1 

mm, which is much higher than what was reported. However, the thermal 

conductivity of the liquid iron is smaller than that of the solid iron because of an 

increase in electrical resistivity on melting [14]. Consequently, the prediction of the 
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liquid layer thickness will be lower. 
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7. Effects of Additional Parameters 

Effects of three additional parameters are investigated here. The main reason 

for this investigation is to confirm the validity of the numerical results which were 

obtained based on the assumed parameters: ambient pressure, convective heat 

transfer coefficient, and laser beam distribution parameter. The radiative heat loss 

effect will be discussed later in a different section. Only the 2D model is used for 

this inquiry. 

7.1. Effect of Ambient Pressure 

Knight's vaporization model allows the effects of the various ambient pressures. 

At a constant laser power, 0 0 = 0.9xlOS W /cm2 and welding velocity, Vo = 0.2 cm/s, 

three different ambient pressures are tested, and the following results are obtained. 
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7.1.1. Effect on depth of penetration 

The following table shows the effect of the ambient pressure on depth of 

penetration. 

ambient pressure (torr) penetration depth (nun) 

0.01 9.49 

100 9.86 

760 (1 atm) 14.25 

Very little change in depth of penetration is observed between 0.01 and 100 

torr, but the depth of penetration increases sharply from 100 to 760 torr. When 

considered that an empirical depth of penetration is 12.02 nun at the corresponding 

laser power and welding speed, it can be deduced that a real ambient pressure in the 

experiments may be somewhere between 100 and 760 torr. Also, from the above 

results, it can be said that more penetration may be obtained with higher ambient 

pressure due to the higher surface temperature of the cavity. However, in a real 

welding situation, the plasma plume may be created with the higher ambient pressure 

and reduce the absorbed power, resulting in the less penetration. 
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7.1.2. Effect on energy distribution 

In the following table, the effect of the ambient pressure on energy distribution 

is shown. 

ambient pro vaporization fusion conduction 
(torr) (W/cm2) (W/cm2) (W/cm2) 

0.01 7.B7x103 (7B.7) 4.13x102 (4.1) 1.72x103 (17.2) 

100 7.53x103 (77.9) 4.14x1Q2 (4.3) 1.72x1oJ (17.B) 

760 5.41x1oJ (74.7) 4.2Ox102 (5.B) 1.41x103 (19.5) 

Basically, there is no significant change in the energy distribution observed from 

the above results. However, it can be said that more power is used for fusion and 

conduction, and less power is consumed for vaporization as the ambient pressure 

increases even though this change is minimal. This fact is consistent with more 

penetration with an increase of ambient pressure. 

7.1.3. Effect on pressure distribution 

The effect on pressure distribution can be observed in a table below. 

ambient pro static gas pro dynamic gas pro hydrostatic pro 
(torr) (N/m2) (N/m2) (N/m2) 

0.01 6,715.5 7,262.3 343.3 

100 26,705.5 2,206.5 359.3 

760 117,325.0 329.4 50B.l 
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As the ambient pressure increases, the static gas pressure goes up, while the 

dynamic gas pressure declines. The increase of the hydrostatic pressure is due to the 

deeper penetration. 

7.1.4. Effect on surface temperature 

The effect on surface temperature is introduced in the following table. 

ambient pressure (torr) surface temperature (K) 

0.01 2831.9 

100 2928.6 

760 3188.1 

It is obvious from the above results that the surface temperature of the weld 

cavity decreases as the ambient pressure becomes lower. In the material processing 

where the high temperature in the workpiece should be avoided, the environment of 

a low ambient pressure can be recommended. 

Z2 Effect of Workpiece Surface Cooling 

During laser welding, a shielding gas (helium or argon) is blown over the 

welding spot in order to remove the plasma and to protect the weld surfaces from 
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oxidation. Thus this gas flow of a high flow rate cools down the welding surface. In 

the numerical models used here, the cooling effect is incorporated into a surface 

boundary condition. In the following table, its effect on penetration depth is shown. 

heat transfer coefficient welding speed penetration depth 
(W/m2 'K) (cm/s) (mm) 

5 0.2 11.49 

100 0.2 14.25 

5 0.5 6.09 

100 0.5 6.09 

At a lower welding speed, the higher surface cooling produces more penetration 

depth, while at a higher welding speed the surface cooling does not have any 

influence on the penetration depth. 

7.3. Effect of Beam Distribution Parameter 

In this study, the beam distribution parameter was defined in the following 

manner, 
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(4.4) 

where Ora is a laser power density, 0 0 is a maximum laser power density, b is a beam 

distribution parameter, and ro is a beam radius. Thus, the smaller b is, the more 

spread in the beam profile is. Below, three different beam distribution parameters 

were attempted to investigate their effects on the penetration depth. It should be 

pointed out that total laser power remains the same for the three different cases. 

beam distribution parameter penetration depth (mm) 

1 13.28 

2 14.25 

3 13.14 

According to the above results, it can be said that the beam distribution 

parameter has very little effect on the penetration depth as long as the total laser 

power is constant. 

So far the effects of three welding parameters have been discussed. In 

summarizing the above results, the following conclusions can be drawn: the ambient 

pressure has the most significant effect on the depth of penetration among the three 
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parameters. In addition, it changes predominantly the distributions of power and 

pressure, and the surface temperature. Meanwhile, the surface cooling has some 

effects on the depth of penetration at a lower welding speed, but has no longer 

effects at a higher welding speed. Finally, the beam distribution parameter has little 

influence on the depth of penetration. 
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8. Analysis of Radiative Heat Loss 

One of the assumptions encountered frequently in heat transfer analyses of the 

laser welding problem is an ignorance of radiative heat loss from the weld cavity. 

This assumption was also made in the current study. During laser welding, the 

surface temperature of the weld cavity rises up to 2000 to 3000 K in vacuum or 

higher than a boiling temperature, enough to make the radiation effect significant. 

However, some studies showed that the cavity created by the strong vaporization of 

the material due to a high intensity laser beam acts as a black body in a way that the 

portion of the radiative heat loss escaping the opening of the cavity is very small 

compared to a total laser energy input into the cavity [2,12]. 

A simple model is constructed here in order to study the effect of the multiple 

internal reflection inside the keyhole on the radiative heat loss. The analysis of the 

problem is that of a radiation exchange between the surfaces of an enclosure with 

one opening surface through which the laser energy arrives at the cavity wall and 

simultaneously the radiative energy escapes. The shape of the cavity was assumed 

to be a conical cylinder of which the radius of the top circle is a mUltiple of the 

radius of the laser beam and of which a height is a depth of penetration. According 

to the current numerical welding models, the surface temperature of the cavity is 

quite uniform over the cavity surface so that this condition is applied here. The 

hemispherical and total emissivity of the cavity surface was considered to be 
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independent of the surface temperature. It was also assumed that all radiations 

reflect diffusely since the emitted and reflected radiations must go through many 

reflections before they are completely absorbed by the cavity surface. The cavity 

surface was considered to be gray. 

Figure 16 shows a conical enclosure consisting of two surfaces, one of which is 

an open surface at top (surface 1) and the other is a cavity wall (surface 2). For 

surface 1, the following energy balance should be satisfied. 

(4.5) 

where Q} is a radiative heat loss, Al is an area of surface 1, F }.2 is a view factor 

viewing from surface 1 to surface 2, and qo 2 is a radiosity from surface 2. Since , 

surface 1 is an opening, it should be considered that the surface temperature T} = 

o K, emissivity €} = 1, and as a result the radiosity qo,} is only attributed to the laser 

energy. 

(4.6) 

where a is the radius of the top circle, and Ola is a gaussian distribution of a laser 

power intensity given as 

(4.7) 



laser beam 

h 

Figure 16. Schematic diagram of a conical enclosure 

€2 = 0.3, 0.5, 0.8 

T2 = Ts 
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where 0
0 

is a maximum laser intensity and ro is the radius of the laser beam. 

In surface 2, the cavity wall, the following two relations hold. 

(4.8) 

(4.9) 

where €2 is the emissivity of surface 2, T2 is the temperature of surface 2, and F2-2 

is the view factor viewing surface 2 itself. 

The configuration factors are introduced here. 

FI _2 - 1 , 

Here h is the height of the conical cylinder. The equations (4.5), (4.8), and (4.9) can 

be solved for 0 1, Q2' and qo,2 when T2 is given. It should be pointed out that, to be 

accurate, the cavity wall temperature T2 should be treated as a part of the solution 

by including the conductive heat flow into the bulk body of the workpiece as well as 

the vaporization heat loss. 

Some of the results from the radiation analysis are presented here. The 

numerical data for this calculation are the following; the maximum laser power 

density 0 0 is O.5x1(P W /cm2, the radius of the laser beam ro is Imm, and the radius 
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of the top circle a is 1.5 ro based on the S-L interface shape obtained in Figs. 11 and 

12. From Table 7, the surface temperature can be estimated to be about 3180 K. 

The emissivity of the cavity wall is assumed to be 0.3, 0.5, and 0.8. Figure 17 shows 

the ratio of the radiative heat loss to the total laser power incident on the cavity wall 

as a function of the height of the cavity, that is, depth of penetration. It is obvious 

from Fig. 17 that with an increasing depth of penetration, the radiative heat loss falls 

down since the configuration factor F2_} decreases. Therefore, the cavity acts more 

like a black body with an increase in depth of penetration. With the above welding 

parameters, the depth of penetration was predicted to be 7.8 mm, and with it in Fig. 

15 the radiative heat loss is in a range of 9 to 30 % of the total laser power, 

depending on the emissivity of the cavity wall. 
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CHAPTER 5 

CONCLUSIONS 

computational analyses of two-dimensional (2D) and three-dimensional (3D) 

models of deep penetration laser welding were performed, and the results were 

discussed compared to empirical results. 

The objective of the present study was to investigate the heat and fluid flows 

around the keyhole in a more realistic manner than the previous researches. To do 

so, a very unique approach was carried out which may be characterized by the 

modular approach and the matching scheme. The solution procedure was iterative 

in a way that the analysis was done by the modular approach based on a current 

solid-liquid (S-L) interface and the new SoL interface would be found by the 

matching scheme. 

The modular approach analyzed each region (solid, liquid, and vapor) 

individually with the most suitable method to each region. In the present study, the 

heat transfer in the solid region was solved numerically using the BEM, the thermal 

and fluid motions in the liquid layer were solved analytically with aid of the thin 

liquid layer approximation, and the analysis of the gas dynamics in the vapor region 

utilized one-dimensional solution which was already developed in the literature. The 

conservation laws of mass, momentum, or energy on the two interfaces were used as 
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the boundary conditions for the above solution procedures. The shapes of two phase 

interfaces also needed to be found as part of the solutions. 

As a consequence of the modular approach, the matching scheme was 

developed in order to find the S-L interface in a process of trying to match the 

energy conservation at the S-L interface. The liquid-vapor (L-V) interface needed 

not to be obtained due to the thin liquid layer approximation, although it could be 

computed after the S-L interface was converged. Mathematically, the matching 

scheme is a non-linear least squares method which can find the arbitrary parameters 

in the function representing geometrically the S-L interface by minimizing errors in 

the energy conservation on the S-L interface. 

The present study is capable of predicting the shape of the S-L interface, depth 

of penetration, power distribution (vaporization, fusion, and conduction power), 

pressure distribution on the cavity wall (static vapor, dynamic vapor, and hydrostatic 

pressure), the surface temperature of the cavity wall, and the liquid layer thickness, 

at various welding parameters. Two major welding parameters are laser power and 

welding speed. Also the effects of additional parameters such as ambient pressure, 

cooling on the workpiece surface, beam distribution parameter, and the radiative 

heat loss were investigated. 

First, a few remarks on the numerical analysis itself are introduced below. 

(1) The two- and three-dimensional numerical models are both successful to the 
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same degree of accuracy in predicting depth of penetration, even though the 3D 

model predicts slightly lower depth of penetration. However, this amount of 

discrepancy can be tolerable in this kind of analysis where many assumptions were 

imposed. Therefore the 2D I!l0del is recommended for the first-order analysis since 

the computation time taken in the 3D model is considerably longer than the 2D 

model. 

(2) The BEM model is accurate and efficient in calculating the heat flux at the 

S-L interface. 

(3) The approximation of the thin liquid layer has shown through the scaling 

analysis that the heat carried with the molten metal flow is dominated by the 

conduction across the liquid layer. As a result, the hydrodynamics in the liquid layer 

needs not be computed. 

(4) The matching scheme requires an arbitrary interface function representing 

the S-L interface with unknown parameters, so that an appropriate choice of this 

function is crucial to save computation time and to obtain convergence. 

(5) It is important to place a sufficient number of nodal points on the S-L 

interface in order to achieve the accurate results. 

From the present numerical study, the following conclusions can be drawn. 

(1) Laser power and welding velocity are two important parameters which 

determine the geometry of the weld cavity. Depth of penetration increases with an 
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increase of the laser power and with a decrease of the welding speed, which coincides 

with the previous results. 

(2) The vaporization model predicts the vaporization heat loss much higher 

than what was previously reported. The 2D model shows that the vaporization heat 

loss is about 70 % of the total laser heat input. The conductive heat loss takes up 

to about 25 %, and the fusion power is only 5 % of the total laser power. 

Meanwhile, the 3D model predicts less vaporization loss, about 20 to 50 %, 

depending on the welding speed. The fusion power is again only about 5 % of the 

total laser power. 

(3) The pressure acting on the surface of the weld cavity, i.e., the L-V interface, 

is mostly contributed by a static vapor pressure, while a dynamic vapor pressure and 

a hydrostatic pressure are almost negligible, less than 1 %. However, at a high 

surface temperature, higher than 4600 K in the case of pure iron, the dynamic vapor 

pressure dominates. 

(4) The surface temperature of the weld cavity is slightly higher than the boiling 

temperature, which leads to a superheated weld cavity. This is a reason why a 

convection-dominated vaporization should be considered. Eventually, the weld cavity 

is formed by this type of vaporization. 

(5) The higher ambient pressure increases depth of penetration, which may be 

caused by the higher surface temperature. 

(6) The surface cooling helps increase depth of penetration at a lower welding 
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speed. However, at a higher welding speed no significant effect of the surface 

cooling is observed. 

(7) The beam distribution parameter has very little effect on penetration depth. 

(8) A simple radiative heat transfer model shows that a deep narrow cavity can 

reduce the radiative heat loss significantly. 
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APPENDIX A 

Interfacial Vectors and the Stress Tensor 

AI. Unit Normal Vector on the Solid-Liquid Interface 

When the trial function representing the solid-liquid interface is given as Z = 

F(X,Y), the outward unit normal vector on the solid-liquid interface can be described 

as 

nsl _ - F x i - Fyi + k 

VI + F; + F~ 
(At) 

where Fx and Fy are aF/aX and aF/aV, and i, j, and k are unit normal vectors in 

x, Y, and Z directions, respectively. The above notation for the derivatives will be 

carried on through the appendices. 

A2. Stress Tensor in Liquid Layer 

a - -p I + 2J.1. ( e - ~ V' u I ) , (A.2) 
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where a is a stress tensor, p is pressure, I is a unit tensor, fJ. is viscosity, and e is the 

rate-of-stain tensor, defined as 

e - .! ( Vu + (Vu)t) , 
2 

where u is a velocity vector. 

AJ. Unit Normal Vector on the Liquid-Vapor Interface 

When the liquid-vapor interface is represented in the local coordinates, Z = 

h(x,y), the outward normal unit vector can be expressed as 

nlv _ - hx i - hy j + k 

r;-:h; + h: (A.3) 

where i, j, and k are unit normal vectors in the local coordinates, x, y, and z. 

A4. Unit Tangential Vectors on the Liquid-Vapor Interface 

Two tangential vectors are considered here; one is in a local x direction, and 

the other is in a local y direction. Both vectors can be obtained using the compo-



127 

nents of the unit normal vector on the liquid-vapor interface. First a unit tangential 

vector in a local x direction is, 

(A.4) 

where subscripts 1, 2, and 3 denote the x, y, and z components of the unit normal 

vector. A unit tangential vector in a local y direction is given as 

(AS) 
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APPENDIX 8 

Derivatives Necessary in Calculation of Sensitivities 

81. Sensitivities of the Solid-Liquid Interfaces 

B1.1. Two-Dimensional Model 

The solid-liquid interface is given as Z = F(X;ak)' as described in Eq. (3.1a), 

and the unknown coefficient vector ak is given in Eq. (3.2a). The following quantities 

require calculation. 

az _r2 
--e 
aJJ ' k 

(B.1) 

(B.2) 

(B.3) 



az 
- - 1, ac 

azx _r2 X-Ek 
- - -2 e --, 
aBk 0; 

azx - - 0, ac 

where 2 (X-Ek]2 r - -- . 
Ok 
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(B.4) 

(B.5) 

(B.6) 

(B.7) 

(B.B) 

(B.9) 



130 

B1.2. Three-Dimensional Model 

The solid-liquid interface and the corresponding unknown coefficient vector ak 

are described in Eqs. (3.1b) and (3.2b). In the 3D model, one more coefficient is 

introduced in each gaussian function, Fk• In addition, the interface depends on the 

global coordinate Y. Hence, only the derivatives related to the coefficient Fk and 

also to Y will be described here, since the expressions for the rest of the derivatives 

are identical to those for the 2D model except for the different r. 

az 3 

- == Zy - L 
ay K-l 

2B _r2 Y 
- k e -, 

_2e-r2 Y 
F2 ' 

k 

F2 
k 

(B.lO) 

(B. 11) 

(B. 12) 

(B.13) 



p2 ' 
k 

azy _r2 Y [ Y2] - - 4BK e - 1-- , ap p3 p2 
k k k 

azy 
--0 ac ' 

where " - [X~~k r + [:.J'. 

82. Sensitivity of VG 
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(B.14) 

(B.1S) 

(B.16) 

(B.17) 

Here G is a principal solution which is given in Eq. (2.6a) for the 2D and Eq. 

(2.6b) for the 3D model. The sensitivity of VG can be expressed as 



132 

(B.1S) 

where the components of the gradient of G may be obtained by a proper differentia-

tion of Eqs. (2.6a) or (2.6b). First the 2D case is discussed below. 

B21. Two-dimensional Model 

- - -- exp --(~(q)-~(P» aG 1 (pe ) 
a~ 2n 2 

(B.19) 

aa ___ 1 exp(- Pe «~(q)_~(P») K(lPelr) C(q)-C(P) , ac 2n 2 1 2 r 
(B.20) 

B22 Three-Dimensional Model 



133 

- - - exp -[r-(~(q)-~(P»] ~ 1 (pe ) 
a~; 47Tr 2 

(B.21) 

3 

where r - L (~k(q)-~k(P»2 . 
k-l 
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