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ABSTRACT 

This dissertation contains a number of varied, yet closely 

related, results that are relevant to the construction of mathematical 

and statistical models of inventory systems. Its primary focus is on 

the sensitivity of some specific inventory models to errors in certain 

modeling assumptions. 

Motivation for this research is provided through the development 

of analytical expressions that show that the deterministic economic 

order quantity can be quite sensitive to errors in the forecast of'the 

demand rate whenever the lead time is non-zero. Similar results are 

provided for the stochastic case by means of a carefully designed exper

iment that shows that the speci~ic form or "shape" of the distribution 

chosen to represent the stochastic behavior of the lead time demand can 

have a significant impact on a minimum cost (Q,R) policy. Together, 

these results refute the "conventional wisdom" that inventory models are 

generally insensitive to errors in model specification or parameter 

estimation. 

Considerable attention is also given to the postulation of a 

"robust" model for the lead time demand distribution (LTDD). This 

discussion culminates with the introduction of a new probability distri

bution, based on a hyperbolic cosine transformation of normal random 

variables, that appears to be well-suited for modeling the LTDD. 

Furthermore, it is concluded that the two- and three-parameter versions 

of the lognormal and inverse Gaussian distributions can also be 

xi 



xii 

considered as viable candidates to model the LTDD in a wide variety of 

inventory systems. 

A number of new algorithms for computing optimal (Q,R) policies 

are also introduced. These significantly reduce both the amount and 

complexity of computation required by the standard iterative method. 

Two additional sets of analytical results are chronicled in this 

work. The first allows the LTDD to be characterized (by its first four 

moments) on the basis of information about the distributions of the lead 

time and demand rate. The second expresses the linear loss functions 

(LLF's) for a number of probability ditributions whose LLF's are not 

readily available in the inventory control literature·. Complete and 

intuitive proofs of these results are included. 



CHAPTER 1 

INTRODUCTION 

An inventory model is a mathematical and statistical model 

of an inventory system that is constructed for the purpose of deter

mining an ordering policy for the replenishment of stocks. Such 

models have perennially been of importance to inventory managers, 

but today's volatile economic climate gives them added significance. 

In times of high interest rates, for example, the pressure to main

tain low levels of inventory is increased, since investment capital 

must often be borrowed or could be invested elsewhere at a high rate 

of return. On the other hand, a trend toward "consumerism" can exert 

an opposite in1uence--customers may.be less tolerant of shortages and 

the resultant economic loss could be significant. 

The inventory manager is thus faced with choosing an ordering 

policy, which he hopes will minimize costs, by balancing such opposing 

forces with the use of only limited information in a very dynamic 

environment. These ordering decisions are usually based on various 

simplifying assumptions and require forecasts or estimates of future 

costs and demands. It is imperative not only to develop methodologies 

for obtaining accurate forecasts but also to develop means of assess

ing the effects of forecasting and modeling errors on the resulting 

ordering policies. [Two recent reviews of the research literature 

that address some of these issues are Ehrhardt and Hagner (1980) and 



Silver (1981).] This dissertation is presented in response to these 

needs and is focused on the related problems of model selection and 

model evaluation. 

The specific directions taken in this research are described 

in the following two sections. The first of these provides the broad 

framework within which the dissertation fits. The second section 

contains a discussion of the specific goals of this work and provides 

an overview of the chapters that follow. 

1.1 General Context for this Research 

The so-called "forecast errors" that arise in stochastic 

inventory modeling can be attributed to three fundamental sources: 

specification error, estimation error, and residual error. Speci

fication errors result from discrepancies between the real-world 

system and model assumptions and approximations. Estimation errors 

are those that arise in the estimation of the parameters of the 

underlying stochastic model from sample data. Finally, residual 

errors are those errors that are inherent in the system because of 

its stochastic nature. 

It is important to identify the relative magnitudes of the 

effects of each of. these types of errors in order to appropriately 

apportion the modeling effort. For example, suppose that a conve

nient probability distribution exists that can be used to approximate 

the distribution of·the lead time demand for a wide variety of 

inventory systems with only a relatively small specification!rror. 

That is, this distribution is a good descriptor of the random process 

2 



by which the demand during the lead time actually occurs. One need 

not expend a lot of effort to determine the exact distribution of 

the lead time demand if such an approximation will suffice. On the 

other hand, if the relative effect of e~ti~ation error is large, 

one might need to apportion a great deal of effort toward data col

lection in order to obtain sufficiently: accurate estimates. Clearly, 

there is a cost associated with the acquisition of data which must 

be traded off against the potential reduction in costs that would 

result from an ordering policy based upon more precise estimates. 

Finally, it is important to identify the magnitude of the residual 

error, since it represents the uncontrollable error in the system. 

That is, even if the exact stochastic model was known, future 

demands could not be predicted exactly because of this inherent 

randomness in the system. No amount of modeling effort can reduce . 

this error. 

The primary focus of this research is the development of 

robust statistical procedures within the inventory control frame

work. Robust procedures are those that are resistant or insensitive 

to deviations from model assumptions. Hence, in this context, 

robust procedures or models are those that are insensitive to errors 

of specification or estimation. 

The selection of a robust model within the inventory control 

framework can be a formidable task since the inventory control liter

ature contains an abundance of models for a wide variety of inventory 

systems. [This body of literature is much too vast to cite in detail; 

3 



a fairly comprehensive review can be found in Silver (1981).] These 

models differ primarily in the assumptions made about the process 

by which demands occur over time, and most, if not all, are developed 

within a particular contex~ delineated by a specific set of assump

tions. Little, however, is usually said about model selection or 

the possible consequences ,assoc.iated with deviations from any of 

the various assumptions. [A notable exception is Brown (1977), 

who takes a more general view in the construction of a practitioner

oriented information system for inventory control.] 

Another major goal of this research is the development of 

a general methodology for choosing an appropriate inventory model 

and evaluating the consequences of its use. This global research 

effort will include the examination of a number of related statis

tical issues that center on the assessment of the sensitivity of 

ordering policies to errors in model selection, distributional 

assumptions, forecasts, and parameter estimation. Ultimately, it 

is hoped, this will provide the basis for the development of a class 

of robust statistical procedures which, when used in conjunction with 

a well-defined process for model selection, will provide the desired 

methodology for obtaining optimal ordering policies and assessing 

their precision. 

1.2 Specific Goals of this Dissertation 

The major purpose of this dissertation is to explore the 

sensitivity of some specific inventory models to errors in certain 

modeling assumptions. Particular emphasis is given to the effects 

4 
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of errors in the specification of a distributional model to represent 

the process by which demands occur during the lead time. Of course, 

these inventory models may also be sensitive to errors in the speci

fication or ~stimation of other model parameters (such as the various 

cost parameters) but, as we shall demonstrate in Chapter 2, it appears 

that the demand process is the key element in these models. 

Chapter 2 provides the motivation for this research, as we 

examine the sensitivity of the simplest of all inventory models, the 

deterministic economic order quantity (EOQ), to errors in the forecast 

of demand. The results we obtain differ substantially from the 

accepted "conventional wisdom" and demonstrate quite vividly that 

errors in the forecast can have tremendous impact on the cost of 

operating an inventory system. 

In this chapter, we identify some important "pivotal quan

tities"--those terms that have the most significant impact on the 

resulting ordering policy and its cost. In the deterministic 

case, these include the lead time demand, the EOQ, and certain 

ratios of costs. In the stochastic case (discussed in Chapter 5), 

we can identify these as the mean and standard deviation of the 

lead time demand distribution, the cumulative probability of this 

distribution that corresponds to the optimal reorder point, and 

the expected number of shortages per cycle. The identification of 

these quantities is important, since they allow one to focus the 

modeling effort on those elements that have the greatest impact on 

the resulting ordering policy. 



The third chapter is intended to bridge the classes of 

deterministic and stochastic inventory models. A major portion of 

this chapter is concerned with the means by which the lead time 

demand distribution (LTDD) can be characterized. The lead time 

demand is, of course, the total demand (which occurs according to 

some random process) during the order lead time (which is likely to 

be a random variable as well). The development of a model for the 

LTDD generally requires the synthesis of information about the 

distribution of demand in specific intervals of time (say days, 

weeks, or months) with information about the distribution of the 

lead time. One approach is to regard the lead time demand as the' 

sum of a random number (the lead time) of random variables (the 

demands in each period). Given this perspective, we present some 

results that relate the moments of these distributions, and which are 

potentially quite useful for estimating the parameters of the LTDD. 

We further show, in Appendix A, that these results have a broader 

applicability than one might generally assume. 

We would also like to ascertain whether there exists a 

reasonable (i. e., realistic and mathematically tractable) distri

bution that would allow one to accurately model the LTDD for a wide 

variety of inventory systems. We refer to this as the selection of 

a robust model for the LTDD. For this reason, Chapter 3 contains 

a review of some well-known distributions that have been proposed 

as models for the LTDD. We also introduce a new distribution that 

appears to be particularly well suited for modeling the LTDD. 

6 
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[Some of the important characteristics of these dj.stributions 

are summarized in Appendix B, while Appendix C contains the derivations 

of the linear loss functions (LLF's) for a number of distributions 

whose LLF's are not widely known or are not readily available in. the 

inventory control literature. The mathematical foundations for the 

new prob~bi1ity distribution are developed in Appendix D.] 

Perhaps the single most important goal of this dissertation 

is to determine the sensitivity of stochastic inventory models to 

distributional assumptions, particularly with regard to the LTDD. 

This, quite obviously, is intimately related to the selection of a 

robust model for the LTDD and is the subject of Chapter 5. Before 

we can carry out such an analysis, however, we must first define 

an appropriate and viable context. 

Most inventory systems will be dynamic in nature and, as a 

result, many inventory models are necessarily complex in order to 

reflect this dynamism. Many require the use of recursive calculations 

such as dynamic programming or utilize the theory of Markov chains 

to produce "steady-state" results. Unfortunately, as Scarf (1963) 

writes, these appear to "provide us with no information about the 

dependency of optimal policies on the many parameters involved in the 

model or about the sensitivity of costs as a function of their 

policies." For this reason, we restrict our attention to a simple 

class of stochastic models. 

We consider the class of continuous-review models with a 

stationary demand pattern. These so-called (Q,R) models are reviewed 



in Chapter 4. This chapter also introduces a number of attractive 

methods for computing minimum cost (Q,R) policies. These methods are 

important simply on a practical level as they offer significant 

improvements in terms of computational complexity and efficiency 

over the existing methods. More importantly, perhaps, these methods 

also provide valuable insight into the nature of (Q,R) models and 

are expected to greatly facilitate further sensitivity analyses. 

Given this context, a carefully designed and thoroughly 

analyzed experiment, which is performed in order to assess the sensi

tivity of '(Q,R) models to distributional assumptions and to examine 

the viability of the various candidate distributions as models for 

the LTDD, is presented in Chapter 5. The results of this experiment 

are summarized by a set of specific guidelines for selecting a robust 

model for the LTDD. A serendipitous facet of these results is the 

identification of an important pivotal quantity--the cumulative 

probability of the LTDD that corresponds, to the optimal reorder 

point. This quantity gives the probability that no shortages occur 

in an optimal policy. An appealing property of this quantity is 

that it appears to be non-parametric in nature; that is, it does 

not depend on the specific form of the LTDD. This appears to provide 

a valuable tool for model selection, since it provides a criterion 

by which one could evaluate the amount of effort to apportion to the 

process of model specification. 

The sixth chapter concludes this dissertation with a discus

sion of the implications of our results on related problems. This 

8 



discussion includes a summary of our most important results and 

provides an outline of some specific possibilities and directions 

for future research. 

9 



CHAPTER 2 

SENSITIVITY OF THE EOQ TO ERRORS 
IN THE FORECAST OF DEMAND 

The economi.c order quantity (EOQ) has enj oyed considerable 

popularity because of its reputation as a very robust result. That is, 

the EOQ appears to be insensitive to errors in the specification of its 

parameters (i.e., the fixed ordering cost, the inventory holding cost, 

and the demand rate) that could result in the miscalculation of the 

optimal order quantity. 

This bit of "conventional wisdom" has been echoed by many au-

thors. For example, Peterson and Silver (1979) write, "Total relevant 

costs are not seriously affected by large deviations of the rep1enish-

ment quantity away from the minimizing value." Tersine (1982) makes 

a similar, but more specific statement: "Basic inventory models are 

not very sensitive to errors in the measurement of parameters. Wide 

variations in demand level and cost parameters do not result in wide 

variations in model outputs." Woolsey and Swanson (1975) state the 

case succinctly and emphatically: "The best justification for this 

model is that it is jolly robust in the face of gross goofs in the 

forecasted demand." 

Unfortunately, the general statements of Peterson, Silver, 

and Tersine are not as universally true as one might infer. Addition-

ally, the more precise statement of Woolsey and Swanson is true only 

10 
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in a rather limited sense. That is, as we shall demonstrate, the EOQ 

is indeed insensitive to errors in cost measurement but can be quite 

sensitive to errors in the forecast of demand whenever the order lead 

time is non-zero. 

In the next section we demonstrate that this misleading bit of 

conventional wisdom is based upon an algebraic result that holds only 

when orders are filled instantaneously. In its place, we derive re

sults for the actual cost of operating the inventory system when the 

demand rate is misspecified and the lead time is non-zero. Subsequent 

s~ctions contain a discussion of these results and a number of illus

trative examples. 

2.1. Review of the EOQ Model 

Consider a simple inventory system where the demand for a 

product occurs at a known and constant rate of D units per year. As

sume there is a fixed ordering cost of K dollars per order and a unit 

variable cost of c dollars per unit, both independent of the number of 

units ordered. Further assume that inventory carrying costs are as

sessed at a rate of h dollars per unit of inventory per year. Short

ages are not allowed. 

In this case, the average annual total relevant cost (TRC) of 

operating the inventory system using an order quantity Q is given by 

TRC(Q) 

where N is the average number of orders per year and I is the average 
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level of on-hand inventory (measured in unit 'years). Note that these 

relevant costs do not include the cost of purchasing D units since 

this amount will be purchased regardless of the order quantity used. 

When the demand rate is a constant D, we find that N = D/Q and 

I = Q/2, so that 

TRC(Q) = KD/Q + hQ/2. (2-1) 

Minimizing this expression with respect tc Q, we obtain the famous 

economic order quantity (EOQ) 

Q* = 12KD/h, (2-2) 

which has an associated cost of 

TRC(Q*) = 12KDh. 

If there is a fixed delivery lead time of L years, L ~ 0, the optimal 

policy is to order Q* units whenever the inventory position falls be

low the reorder point R* = LD units, which is the amount demanded dur

ing the lead time. 

Next suppose that the ordering cost K is incorrectly estimated 

to be K' = (1 + p)K, where lOOp represents the percentage error in K'. 

Then, using the EOQ, we would decide to use an order quantity 

Q' = 12K'Dh = 11 + P Q*. 

This situation is depicted in Figure 2.1 in which Q' is either less 

that Q* if P < 0 or greater than Q* if p > O. In either case, note 
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that the inventory level will decline from Q' to zero at a rate D. 

This implies an average of Q'/2 unit-years of inventory and D/Q' or-

dering cycles per year. Thus, the actual cost of operating this sys-

tem will be 

TRC(Q') = KD/Q' + hQ'/2. 

Following some straightforward albegraic manipulations, the ratio of 

the actual cost to the optimal cost can be expressed as 

- = - + vI + p , TRC (Q ' ) 1 [1 r.:--:--} 
TRC(Q*) 2 11 + p 

which is a function of palone. 

_ This result forms the basis of the conventional wisdom. For 

example, if p = 1 or p = -1/2 (i.e., K' overestimates K by 100 percent 

or understates it by half), this ratio is approximately 1.06. That is, 

even with this gross error, the cost of operating the system is only 

six percent greater than the optimum! 

The same result holds if the carrying cost h is similarly 

misspecified. 

One might expect a similar result to hold if the demand rate 

is misstated since D plays the same algebraic role as K in both the 

EOQ and TRC formulas, equations (2-2) and (2-1), respectively. That 

is, suppose that the demand rate is incorrectly forecast to be 

F = (1 + f)D, where 100f is the percentage error in this forecast. On 
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the basis of the EOQ, we would use the order quantity 

(2-4) 

with a reorder point ~ = LF. Substituting the expression of QF into 

the TRC function (2-1), we are led to a result developed by Brown 

(1967) (among others) that states 

(2-5) 

Unfortunately, this result holds only when the lead time is zero. 

The problem with expression (2-5) lies in the fact that, if the 

demand rate is misspecified, the simple expression given for the total 

relevant cost of operating the inventory system, equation (2-1), no 

longer applies. This is because the expression incorporates three 

implicit, yet rather important, assumptions: 

(i) the average inventory is Q/2; 

(ii) there are D/Q ordering cycles per year; and 

(iii) there are no shortages. 

Each of these in turn hinges upon the assumption that the lead time 

demand is exactly equal to R* = LD. Thus, each of these three as-

sumptions is potentially violated whenever the lead time demand is 

incorrectly for.ecast. 

For example, as Figure 2.2 indicates, if the forecast over-

estimates the demand rate, excess inventory is carried. Conversely, 

if the forecast underestimates the actual demand rate, shortages occur, 
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as depicted in Figures 2.3 and 2.4. Compare these figures with Figure 

2.1. It should now be clear that these three assumptions will not be 

violated as long as the demand rate remains D (since this implies that 

the slope of the sawtooth function representing net inventory remains 

-D) • 

In the next section, we derive results which account for the 

violation of these assumptions. [It sho',dd be noted that this was at

tempted by Eisenhut (1969) who gives a result which does account for 

shortages. Nonetheless, it neglects the other two assumptions and is 

marred by an apparent typographical error.] 

2.2. Derivation of Results 

In this section, we assume that all of the relevant cost 

param~ters are known but that the demand rate is incorrectly forecast 

to be F = (1 + f)D, where D is the actual demand rate experienced. The 

inventory system will be operated with an order quantity QF = 12KF/h 

and reorder point ~ = LF. For clarity of presentation, we assume that 

whenever an order arrives it is sufficient to raise the net inventory 

level above the reorder point. (If not, similar results hold but with 

the reorder point based upon the inventory position.) 

We consider three cases. In the first, the forecast over

estimates the actual demand rate and no shortages occur. In the re

maining two cases, the forecast underestimates the demand and the 

shortages which do occur either are backordered or result in lost 

sales. 
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2.2.1. Forecast Overestimates Demand (f > 0) 

In this case, depicted in Figure 2.2, there will never be a 

shortage. Indeed, immediately prior to the arrival of an order, there 

will be a positive net inventory, s, representing the amount of over-

stock. Immediately after an order arrives, the net inventory is 

raised to QF + s. Since the demand rate is constant, the net inven

tory level will decrease linearly from Q
F 

+ s to s, so that the aver

age on-hand inventory level will be 

I = [(QF + s) + sJ/2 = QF/ 2 + s. 

The amount of overstock is simply the amount of stock left over at the 

end of the lead time, or 

s = ~ - LD = fLD. 

There will obviously be an average of N D/QF ordering cycles per 

year. 

Since there are no shortages, the total relevant cost as-

socia ted with this policy is given by 

(2-6) 

Replacing QF with expression (2-4) and then simplifying algebraically, 

we can obtain 

+ fLD/h/2KD ] . 
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Finally, utilizing expressions (2-2) and (2-3), we can obtain the 

ratio of actual to optimal costs 

TRC(Q1!,) = 1:. [ I + /1 + f] + fLD/Q* 
TRC(Q*) 2 11 + f 

(2-7) 

whenever F > D, or f > o. 

2.2.2. Forecast Underestimates Demand (-1 < f < 0), Backorders Case 

In this and the following case, shortages will occur. Here we 

consider the case where all shortages are backordered, as depicted in 

Figure 2.3. 

The average annual total relevant cost of operating this sys-

tem using the order quantity QF will be given by 

(2-8) 

where K, h, N, and I are as defined previously, p is a fixed cost per 

unit backordered, E is the (average) total number of backorders per 

year, p is a shortage cost which depends on the length of time that a 

unit remains on backorder, and B is the average backorder level, 

measured in unit-years. 

It is convenient to first determine the number of shortages 

per cycle, s. This is simply the amount by which the reorder point 

underestimates the lead time demand, or 

s = LD - ~ = -fLD. 

(Recall that f is negative here.) 
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The average number of cycles per year is N = D/~. The average 

number of backorders per year is the number of shortages per cycle 

times the average number of cycles per year, or 

- 2 
E = sN = -fLD /QF' 

The average on-hand inventory level is the average value of 

the positive portion of the net inventory function depicted in Figure 

2.3. This is easily computed as the area of the shaded triangle di-

vided by the length of a cycle. The length of a cycle is obviously the 

time it takes to consume QF units at demand rate D, or T = QF/D. The 

height of the triangle in question is QF - s and its base is (QF - s)/D, 

so that we have 

The average backorder level can be computed in a similar man-

ner, resulting in 

We can now obtain the following expression for the average 

annual total relevant cost: 

2 2 ~ 2 = KD/QF + h(QF + fLD) / 2QF - pfLD /QF + p(fLD) / 2QF; 

= KD/QF + h(QF/ 2 + fLD) - PfLD
2

/QF + (h + P)(fLD)2/2QF (2-9) 
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Replacing QF by expression (2-4) and then Q* by the EOQ (2-2), we can 

obtain an expression which, when divided by TRC(Q*), yields the ratio 

TRC(QF) 1 [ 1 
TRC(Q*) = 2 11 + f 

+ h + f] + fL~ + 1 ( fL~ ) 2 
Q 2v'l+f Q 

(2-10) 

whenever 0 < F < D (or ~1 < f < 0) and all shortages are backordered. 

2.2.3. Forecast Underestimates Demand (-1 < f < 0), Lost Sales Case 

In this situation, as depicted in Figure 2.4, all shortages 

result in lost sales. If lost sales do occur, we will stock less than 

D units per year. Thus we first consider the total annual cost func-

tion 

TRC(QF) = KN + c(D - E) + hI + pE, 

where E now represents the average number of lost sales per year and 

P is a fixed cost associated with a lost sale. Notice that we now 

only sell (and order) D - E units per year and explicitly include the 

purchase cost in the total cost expression. If we assume that the 

shortage cost p exceeds the purchase cost c, then we can define a mean-

ingfu1 total relevant cost expression via 

- - -TRC(QF) = KN + hI + eE, (2-11) 

where e = p - c > o. 
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Proceeding as before, we next compute the number of shortages 

per cycle. This, again, is simply the amount by which the reorder 

point underestimates the lead time demand, or 

s = ~ - LD = -fLD. 

Next, as should be evident from Figure 2.4, the length of a cycle is 

the length of time it would take for Q
F 

+ s units to be demanded at 

rate D, or 

T = (QF - fLD)/D. 

Thus, the average number ot' cycles per year is 

N = 1fT = D/(QF - fLD), 

so that the average number of lost sales per year is 

E = sN 
2 

-fLD /(QF - fLD). 

The average inventory level in this case is simply the aver-

age value of the net inventory function depicted in Figure 2.4. Com-

puting this as the area of the shaded triangle divided by the cycle 

length, we obtain 

Utilizing the preceding results, we can obtain the total 

relevant cost function 

(2-12) 



Replacing QF by expression (2-4) and Q* by the EOQ (2-2), we can 

reduce this expression to 

= v'2Ki5h [1 + (1 + f) -. efLD/KJ. 

2[/1 + f - fLD/Q*J 

Thus, the cost ratio of interest is 
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1 + (1 + f) - efLD/K 

2[~ - fLD/Q*J 
(2-13) 

whenever 0 < F < D (-1 < f < 0) and all shortages result in lost sales. 

2.3. Discussion 

The analysis in the previous section assumes that the order 

quantity Q
F 

will be used every time an order is placed over the in

finite planning horizon. This means that we never recognize that the 

forecast of demand F is consistently in error and never adjust the 

ordering policy to compensate. Practically this is unrealistic, but 

the expressions for the total relevant cost in equations (2-6), (2-9), 

and (2-12) can still be interpreted as the annual costs we'd expect 

to incur if we made no immediate adjustments. 

Note that the ratio given in expression (2-7), which cor-

responds to the case where the forecast is greater than the actual 

demand, can be viewed as the ratio one would expect from the "conven-

tional wisdom" (2-5) with an additional term, fLD/Q*, which adjusts 

this ratio upwards to account for carrying excess inventory. Not.e 
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that this term is simply the amount of excess inventory expressed as 

a fraction of the optimal order quantity. 

A similar interpretation can be attached to result (2-10) 

where the forecast underestimates demand and shortages are backordered. 

Again, this ratio can be viewed as a modification of that "predicted" 

by the conventional wisdom. One part of this result, the terms 

fLD + 1 ( fLD)2 < 0 
Q* 2/1 + f Q* 

(2-14) 

ac.count for a decrease in inventory holding costs (which should be 

expected since less inventory is carried). Note that the quantity 

fLD/Q* again plays a pivotal role, although here it expresses the 

negative of the number of shortages per cycle as a fraction of Q*. 

[It should be noted that the only assumption required to produce 

inequality (2-14) is that the order quantity QF exceeds the number 

of shortages, which is exactly what we have assumed.] 

The remaining terms in (2-10), 

1 ( i) (fLD) 2 _ 
2t1 + f h Q* 

1 (PfLD) 
21l+f K ' 

(2-15) 

account for the presence of shortages. Note that expresslon (2-15) is 

strictly positive when -1 < f < O. The first term (involving the time-

dependent ordering cost) is also intimately related to the quantity 

fLD/Q*. The similarity between this term and a like term in (2-7) 

should not be surprising since both quantities serve to adjust the 
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conventional wisdom [expression (2-5)] for the presence of additional 

time-dependent costs. The second term in (2-15) is a function of the 

quantity -pfLD/K, which is the ratio of the fixed cost of incurring 

-fLD shortages to the fixed ordering cost. This might be interpreted 

as a measure of the tradeoff between the fixed cost of shortages and 

that of placing an additional order to alleviate them. 

The cost ratio given by expression (2-13) in the lost sales 

case is a bit more cumbersome to discuss, but it does contain some 

similarities to the previous expressions. First, it should be noted 

that this ratio reduces to the conventional wisdom (2-5) when L = o. 

Second, the quantity fLD/Q* again plays a key role, serving to inflate 

the denominator and adjust the ratio downward to accou~t for the fact 

that, on the average, less inventory is held than would be expected. 

Finally, the term corresponding to the shortage cost, -efLD/K, ex

presses the ratio of the cost of incurring -fLD lost sales to the set

up cost. This would have an interpretation similar to that of the 

like expression found in the backorders case. 

2.4. Examples 

In this section, we provide a number of examples which lend 

numerical significance to the cost ratios developed earlier and serve 

to illustrate a number of interesting points. 

2.4.1. Example 1 

Suppose that the following data are relevant to the purchase 

and supply of an item for which the demand rate is essentially constant: 
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K $1000 per order; 

h $50 per unit per year; 

D 1200 units per year; and 

L = 2 months (1/6 years). 

If management decrees that no shortages be allowed, then the optimal 

order quantity is given by the EOQ (2-2) to be Q* ~ 219 units and the 

optimal reorder point is R* = 200 units. The average annual total 

relevant cost of this policy is, from equation (2-3), TRC(Q*) = 

$10,954.45. 

Suppose now that ·the demand rate is incorrectly forecast to 

be 1320 units per year, a ten percent overestimate. Utilizing the EOQ, 

we would order a quantity Q
F 

~ 230 units and use the reorder point 

~ = 220 units. Since the actual lead time demand is 200 units, the 

use of this reorder point yields an excess of 20 units carried in 

inventory. The actual cost associated with the use of this policy can 

be obtained from expression (2-7) as 

1000(1200/230) + 50[(230/2) + 20] 

Therefore, the ratio of actual to optimal costs is 

11,967.39 
10,954.45 

1.092. 

$11,967.39. 

[which is the same as can be obtained from expression (2-7) with 

f = 0.10]. Thus, overestimating the demand rate by 10 percent results 
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in a nine perce,nt increase in costs. Compare this with the conven-

tional wisdom (2-5), 

TRe (QF) 1 [1 + 11 + 0.1] 
TRC(Q*) = 2 11 + 0.1 

1. 0011, 

which predicts a mere 0.11 percent (or virtually negligible) increase 

in costs. 

Suppose next that the demand rate is incorrectly forecast to 

be 1080 units per year,a ten percenE underestimate. On the basis of 

the EOQ, we would order QF = 208 units and utilize ~ = 180 as the 

reorder point. Since the actual lead time demand is 200 units, this 

means that 20 shortages will occur during each ordering cycle. 

Suppose further that all shortages are backordered and that 

management estimates the cost of a shortage to be $100, independent 

of the, duration of the shortage (i.e., p = 100 and p = 0). These 

costs are consistent with management's earlier decree of "no shortages 

allowed. ") Then, from expression (2-9), we have 

TRC(QF) =, [(1000)(1200) + (50)(208 - 20)2/2 - (100)(-0.1)(1200)2/6]/208 

= $21,555.77. 

It is easily verified that the ratio of this cost to the optimal is 

1.97 and that the same result can be obtained from (2-10) with f = -0.1. 

Thus, underestimating the demand rate by ten percent results in nearly 

a 100 percent increase in costs, and not a mere 0.14 percent increase 

as would be predicted by the conventional wisdom. 
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If shortages result in lost sales and the cost of a lost sale 

is assumed to be $100 per unit (that is, the cost of a lost sale in 

excess of the purchase price), we can utilize equation (2-12) to ob

tain the actual cost of this policy as follows: 

TRC(QF) = [(1000)(1200) + (50)(208)2/2 - (100)(-0.1)(1200)2/6]/228 

= $20,533.33. 

The ratio of this cost to the optimal is approximately 1.87, which is 

the same as can be obtained from expression (2-13) with f = -0.1. 

Thus, instead of a 0.14 percent increase as predicted by the conven

tional wisdom, costs actually increase by roughly 87 percent, a strik

ing difference. 

Table 2.1 gives similar results for this example for values of 

f ranging from -1/2 to 1. 

2.4.2. Example 2 

Consider the same situation as in Example 1, but suppose that 

backorders are assessed a cost at the rate of $100 per unit per year 

(i.e., p = 0 and p = 100). The behavior of the cost ratio (2-10) as a 

function of the forecast error f is depicted in Table 2.2. Note that, 

in some cases, it is cost effective to incur some shortages (as indi

cated by a ratio less than one). This happens because the EOQ is not 

necessarily optimal when shortage costs are explicitly considered. 

That is, if we were to find the optimal values of Q and ~ that minimize 



f F 

1.00 2400 

0.50 1800 

0.40 1680 

0.33 1600 

0.30 1560 

0.25 1500 

0.20 1440 

0.10 1320 

0.05 1260 

0 1200 

-0.05 1140 

-0.10 1080 

-0.17 1000 

-0.20 960 

-0.25 900 

-0.30 840 

-0.33 800 

-0.40 720 

-0.50 600 

Table 2.1 

* Cost Ratio as a Function of f; Example 1 

TRC(QF)/TRC(Q*) 

Conventional Backorders Lost Sales 
QF s = fLD Wisdom Case Case 

310 200 1.0607 1. 9735 

268 100 1.0206 1.4771 

259 80 1.0142 1. 3793 

253 67 1.0104 1.3147 

250 60 1.0086 1. 2825 

245 50 '1.0062 1.2344 

240 40 1.0042 1.1867 

230 20 1.0011 1. 0924 

225 10 1.0003 1. 0459 

219 0 1.0000 1.0000 

214 -10 1.0003 1.4687 1.4456 

208 -20 1.0014 1.9686 1.8751 

200 -33 1.0042 2.6904 2.4256 

196 -40 1.0062 3.0784 2.6927 

190 -50 1.0104 3.6990 3.0843 

183 -60 1.0159 4.3726 3.4668 

179 -67 1.0206 4.8555 3.7176 

170 -80 1.0328 5.9177 4.2115 

155 -100 1.0607 7.8226 4.9418 

* A D 1200, K = 1000, h = 50, p 100, p = 0, e 100, and L = 1/6. 
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f F 

-0.05 1140 

-0.10 1080 

-0.17 1000 

-0.20 960 

-0.25 900 

-0.30 840 

-0.33 800 

-0.40 720 

-0.50 600 

Table 2.2 

* Cost Ratio as a Function of f; Example 2 

Number of Conventional 

" 

QF Backorders Wisdom TRC(QF)iTRC(Q*) 

214 10 1.0003 0.9579 

208 20 1.0014 0.9233 

200 33 1.0042 0.8900 

196 40 1.0062 0.8796 

190 50 1.0104 0.8724 

183 60 1.0159 0.8765 

179 67 1.0206 0.8864 

170 80 1.0328 0.9258 

155 100 1.0607 1.0462 

* A D = 1200, K = 1000, h = 50, p 0, p 100, and L = 1/6. 
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the appropriate total relevant cost function, we would obtain expres-

sions similar to the following (see, for example, Hadley and Whitin 

(1963)]: 

Q = 

and 

(pD)2 jh ~ P 
h(h + p) 

-, 

s = (hQ* - pD)/(h + p). 

For this example, Q = 362 and s = 121 units. Thus, the original 

mandate not to allow shortages is inconsistent with the particular 

cost structure given. 

This example vividly demonstrates that the cost ratios we 

have developed cannot in general be interpreted as the ratios of 

"actual to optimal" costs since the EOQ is not necessarily optimal 

when shortage costs are explicitly considered. Nevertheless, these 

ratios do provide evidence that the EOQ is much more sensitive to fore-

cast errors than the conventional wisdom implies whenever the lead 

time is non-zero. 

2.4.3. Further Examples 

Figures 2.5 through 2.11 are designed to illustrate the rel-

ative behavior of the cost ratios as functions of the model parameters. 

Figures 2.5 through 2.10 each correspond to a baseline model where 

L = 1/6, D = 1200, K = 2000, h = 50, p = 25, P = 250 and all short-

ages are backordered. Figure 2.11 depicts the lost sales case with a 
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Figure 2.5. Cost Ratio as a Function of the Lead Time, L. 

34 

F 



35 

2.5 

COST RATIO: 
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Figure 2.6. Cost Ratio as a Function of the Demand Rate, D. 
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Figure 2.7. Cost Ratio as a Function of the Ordering Cost, K. 
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Figure 2.8. Cost Ratio as a Function of the Holdine Cost, h. 
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Figure 2.9. Cost Ratio as a Function of the Unit Backorder Cost, p. 
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Figure 2.11. Cost Ratio as a Function of the Cost of a Lost Sale, e. 
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similar cost structure. Figure 2.5 depicts the cost ratios given in 

expressions (2-7) and (2-10) as functions of the lead time. (Recall 

that the conventional wisdom corresponds to the case in which the lead 

time is zero.) Figures 2.6 through 2.11 depict the cost ratios as 

functions of D, K, h, p, p, and e, respectively. Figures 2.9, 2.10, 

and 2.11 also demonstrate that the ratio (2-7) is not affected by 

either of the shortage costs (p, p, or e) when the forecast overesti

mates the actual demand; i.e., when f > O. 

Note also, in Figure 2.11, that the cost ratio (2-13) is. less 

than one and decreases as f decreases when the cost of a lost sale is 

e = 1 or e = 10. This is because, for these values of e, the relation 

(eD)2 < 2KDh 

holds which, as Hadley and Whitin (1963) point out, is an indication 

that it is not cost effective to operate the inventory system at all 

under the given cost structure. 



CHAPTER 3 

PROBABILISTIC MODELING 
IN INVENTORY SYSTEMS 

In the previous chapter, we focused our attention on the 

class of deterministic inventory models in which it was assumed 

that all of the model parameters were known constants. In the real 

world, this undoubtedly will not be the case. Rarely will any of the 

parameters be exactly fixed, nor can one hope to know their values 

with certainty. Instead, these parameters are. apt to be stochastic 

in nature, owing either to their own inherent variability (as in a 

fluctuating interest rate) or our inability to measure them precisely 

(as in holding or shortage costs). 

In the class of stochastic inventory models (which we now 

consider) we will identify two significant sources of randomness--

the order lead time and the demand rate. There are certainly other 

sources of randomness or uncertainty which could be considered, such 

as the interest rate or the holding and shortage costs. We will not 

explicitly consider these as random variables, however, for two main 

reasons. First, it would seem unreasonable to expect to have 

sufficient information to determine their distributions, and second, 

the results of Chapter 2 suggest that the effects of errors in modeling 
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s,uch parameters are not as severe as those of errors in mode1~ng 

the lead time or demand rate. 
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It also happens that the lead time and demand rate are not 

nearly as important individually as they are collectively through 

their convolution, the lead time demand (LTD). The LTD is, of course, 

the demand for product during the order lead time, and the focus of 

this chapter is the modeling of this important random variable. 

We begin in Section 3.1 with a review of some relevant 

terminology and notation. We then briefly examine a number of 

approaches for determining the lead time demand distribution (LTDD) 

as a function of its components, the distributions of the lead time 

and the demand rate. A major portion of this second section deals 

with a set of useful results for determining the first four moments 

of the LTDD as functions of those of its components. Given this 

perspective, the characteristics of a "good" or "robust" distributional 

model of the LTD can be postulated. Section 3.3 is devoted to this 

discussion and contains an evaluation of a number of candidates for 

modeling the LTDD. In addition, a "new" distribution, which possesses 

a number of properties that would appear to make it well suited for 

modeling the LTDD, is introduced. 

3.1 Terminology and Notation 

We will follow a standard and rather strict statistical 

notation. Random variables will be denoted with capital letters 

while particular values of that random variable will be denoted with 

lower case. The distribution of a random variable, say X, will be 



characterized by either its cumulative distribution function (CDF) 

or its probability density function (PDF) denoted by FX(o) and fX(o), 

respectively 0 (For clarity, we will not distinguish between the 

probability density function of a continuous random variable and the 

probability mass function of a discrete random variable. We will 

assume, unless otherwise noted, that all random variables are con-

tinuous. The appropriate translations for the discrete. case should 

be obvious in most contexts.) The parameters of a distribution 

will generally be denoted by Greek letters, except where common 

practice would dictate otherwise. 

Certain functions related to the CDF and PDF will be seen 

to be of great importance in the dete~ination of optimal ordering 

policies. The first of these is the quantile function or inverse 

CDF. The quantile function (QF) wJll be denoted as F~l(o) and is 

defined such that, for 0 < P < 1, 

-1 
x FX (p) if and only if p = FX(x). 
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For simplicity we have assumed that FX is continuous and monotonically 

increasing so that this inverse is well defined. The second function 

of interest is referred to as the linear loss function (or the 

linear loss integral) and will be denoted as LX(·). The linear loss 

function (LLF) is defined as follows: 
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In inventory control, the LLF is interpreted as follows. If the 

random variable X represents the demand in a period and s is the 

amount of stock available during that period, then x - s is the amount 

by which demand exceeds supply so that ~(s) is the expected number 

of shortages. 

We will also adopt the notation of Bury (1975) to represent 

the moments of a random variable. The me9n (or first moment about 
, 

the origin) of the random variable X will be denoted as ~l{X), The 

kth central moment (or the kth moment about the mean) will be denoted 

as 

k = 1; 2, ... , 

where, when necessary, the subscript on the expected value ope~ator 

will be used to indi~ate the random variable with respect to which 

the expectation is taken. (On the other hand, the CDF, PDF, QF, and 

LLF will always carry the subscript of the relevant random variable.) 

The second central moment is, of course, the variance. The standard 

deviation will be denoted simply as 1~2{X), while the coefficient of 

variation (COV) will be given by 

The standardized values of the third and fourth central moments will 

have the forms 

and 



respectively, and will be referred to as the skewness and kurtosis 

of the random variable X. 

The terminology of stochastic inventory models which we shall 

adopt is intended to be consistent with that already defined in 

Chapter 2. Unlike the deterministic case, however, we assume that 

the demand during a year is described by a continuous random variable 

with mean D, now referred to as the mean annual demand rate. More 

generally, we assume that the demand in a period of length t can be 

described by the (conditional) random variable ylt which has a sta

tionary probability distribution with PDF fyft(y1t). We also let the 

lead time be a random variable with PDF fT(t). Both random variables 

may be either discrete or continuous and are assumed to be defined 

over some subset of the non-negative real line. For convenience, we 

also define the random variable X to describe the demand during a 

period of length one; i.e., X = yl(t = 1). 

As mentioned previously, an important random variable in this 

and other stochastic inventory models is the demand during the lead 

time, which we will denote as y. The distribution of Y is described 

by the (marginal) PDF fy(Y) which can be obtained as follows: 

if T is continuous; 
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(3-1) 

if T is discrete. 



3.2 Modeling the LTDD 

An important issue in stochastic inventory modeling is that 

of choosing a functional form to represent the distribution of the 

lead time demand (the LTDD), particularly when both the order lead 

time and demand in a given period are random variables. A good 

review of methods for determining the PDF of the LTDD when the PDF's 

of both the lead time and demand rate are known is given by McFadden 

(1972). For this reason, we will not dwell on this subject but will 

quickly review a number of means of modeling the distribution of the 

LTD, given varying degrees of information about the lead time and 

demand rate distributions. This will provide the proper perspective 

for the analysis that follows and present a result that may be useful 

for the estimation of the parameters of the LTDD. 

In the continuous review case, the lead time is regarded as 

a continuous random variable, and the LTDD can be obtained as the 

marginal distribution described in expression (3-1). In some special 

cases, when both the lead time distribution and the conditional 

distribution of demand in a period of specified length have special 

forms, the LTDD has a well-known form. The literature contains a 

number of examples of this. For instance, McFadden (1972) shows 

that when the lead time has a gamma distribution with mean as and 

variance aS2 , where a is an integer and the demand in a period of 

length t has a Poisson distribution with mean At, the LTD has a 

negative binomial distribution with mean (a + l)p and variance 

(a + l)p(l - p), where p = SICS + A). Even when the LTDD has a known 

form, it may not correspond to a simple distribution, as demonstrated 
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by Bagchi and Hayya (1982) who show that, under certain conditions, 

the LTDD has a Hermite distribution when the lead time is normal and 

the demand per unit time is Poisson. These results are of question

able value in practice since such results about compound distributions 

are not widely known and occur only for a limited combination of lead 

time and (conditional) demand distributions. They also assume that 

the functional forms of these distributions are known. 

In the periodic review case, the lead time is regarded as 

a discrete, integer-valued random variable. When the lead time is 

a fixed and integral number of periods, the LTD is simply the sum of 

the demands which occur in each period. In this case, the lead time 

demand can be modeled as the sum of t (hopefully) independent, random 

variables. This is a familiar concept and, for certain distributions 

(e.g., the normal, Poisson, or certain gammas), the distribution 

of the sum will have a well-known form. For other distributions 

(e.g., the lognormal), the distribution of the sum does not have this 

nice property. In such cases, one can at best only obtain a mathe

matical expression for the PDF of the sum that, unfortunately, is 

usually quite complex. 

In cases where the lead time is a random variable, the situ

ation can be much more complicated. In the case of periodic review, 

the LTD can be viewed as the sum of a random number (the lead time) 

of random variables (the demands in each period). As such, the PDF 

of the sum does not have a simple form. There are, of course, some 

special cases where the PDF does have a nice form, but these are few 

and far between. Expressions for the PDF of the LTDD can be obtained, 
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however tediously, by equation (3-1) when the PDF's of the lead time 

and the demand in a period are given. In practice, though, it is 

unrealistic to expect that either of these PDF's will be known with 

certainty. Indeed, it is likely that we scarcely will be able to 

guess their means and variances accurately much less their distribu-

tional forms. 

Suppose next that we have some information about the first 

few moments of the component lead time and demand distributions. It 

is well known [see, for example, Ross (1976)] that the mean and 

variance of such a random sum will have the forms 

, , 
= 1l1(X)1l1(T) (3-2) 

and 

112 (Y) 

respectively, where 

T = lead time; 

X
t 

= demand in period t, t = 1, 2, • •• and 

T 
Y = lead time demand = I X

t
• 

t=l 

[The random variables Xl' X
2

, ••• are assumed to be independent 
, 

and identically distributed with mean 111(X) and variance 112(X),] 

(3-3) 

Less well known (although easy to prove) is the fact that expressions 

(3-2) and (3-3) hold in the continuous-review case as well, provided 

that the conditions 
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, 
111 (y It) 

and (3-4) 

112(ylt) = t112(X) 

hold for all t > 0, where 
, 

111 (yl t) and 112 (ylt) are the conditional 
, 

mean and variance of the demand in a period of length t and 111 (X) 

and 112 (X) are those in a period of length one. It does not seem 

unreasonable to expect conditions of this sort to hold in the inven-

tory context. 

These results can be extended to the third and fourth central 

moments of Y, as outlined in Appendix A. Independently obtained by 

Wan and Lau (1981), these results can be used to obtain the following 

expressions for the skewness and kurtosis of the LTD: 

, 
111 (T)Y3(X) + 3112(T)Y2(X) + 113(T) 

[11~(T)Y2(X) + 112 (T)]3/2 
(3-5) 

and 

'2 2 111(T) [y4(X) - 3Y2(X)] + 112 (T) [4y
3

(X) + 3Y2(X)] 

, 2 
[111 (T)Y2(X) + 11 2(T)] 

(3-6) 

+ + 3, 

where we utilize the concise notation 

k 2, 3, and 4. 



Note that Y2(X) is the square of the coefficient of variation; i.e., 

y2(X) = [Y(X)]2. These results also apply in the continuous review 

case, provided that the conditions 
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and (3-7) 

hold, as also described in Appendix A. (This appendix summarizes 

a number of relevant results and contains an alternate, intuitively 

appealing, and independently derived proof of the results published 

by Wan and Lau.) The gene~ality of these conditions is uncertain, 

but they may not be as unreasonable as one might first expect. For 

example, one can easily verify that they hold whenever ylt has either 

a normal or a gamma distribution with a mean and variance propor-

tional to the .length of the interval t. 

Some particular cases of these results are summarized in 

Table 3.1. (See Appendix B for the particular parameterizations used 

for the indicated distributions.) Note that the assumption of spe-

cific distributional forms for the lead time and demand distributions 

simplifies the form of results (3-5) and (3-6) considerably. In 

fact, it allows the moments of the LTDD to be obtained as functions 

of a relatively small number of parameters. It is also interesting 

to note that, as shown in Table 3.2, in some special cases the 

skewness and kurtosis of the LTDD can be expressed solely as functions 

of the coefficients of variation of the lead time and demand rate 

distributions. 



Distribution 
of T 

Poisson(A) 

Poisson(A) 

Poisson(A) 

Poisson(A) 

Poisson(A) 

Table 3.1 

Moments of the LTDD for Specified Distributions 
of the Lead Time (T) and the Demand Per Unit Time (X) 

Distribution Skewness of the LTDD Kurtosis of the LTDD 
of X a3 (Y) a

4
(Y) 

General 
Y3(X) + 3y2 (X) + 1 Y4(X) + 4y3 (X) + 6y2 (X) + 1 

+ 3 
lI[y

2
(X) + 1]3/2 A[Y2(X) + 1]2 

2 1 + 3(cr/Jl)2 1{3 _ 2 } + 3 Norma1(Jl,cr ) 
1I[1 + (cr/Jl)2]3/ 2 A [1 + (cr/Jl)2]2 

2 Lognorma1(Jl,cr ) ;: exp (3cr2 1 2) 115.. 2 
exp (3cr ) IA + 3 

Gamma(a,f3) (a + 2)/lAa(a + 1) 
2 (a + 5a + 6)/[Aa(a + 1)] + 3 

Poisson(8) A(82 + 38 + 1) 83 + 682 + 78 + 1 + 3 
82 [(8 + 1)/A8]3/2 A8(8 + 1)2 

I 

VI 
N 



Distn. Distribution 
of T of X 

Gamma(a,b) General 

Gamma(a,b) 2 Normal(j.l,o ) 

Gamma(a,b) Gamma(a,S) 

Gamma(a,b) Poisson(8) 

Table 3.1--continued 

Skewness of the LTDD Kurtosis of the LTDD 
a

3
(Y) a4 (Y) 

2 223 
Y3(X) + 3by2(X) + 2b Y4(X) + 4by3 (X) + 3(b-l)Y2(X) + 12b Y2 (X) + 6b 

lab[y
2

(X) + b]3/2 
2 + 3 

ab[y2 (X) + b] 

3b(0/j.l)2 + 2b2 422 3[(0/11) +4b(0/11) +2b] . + 3 
1ab[(0/11)2 + b]3/~ 2 2 a[ (o/j.l) + b] 

2(ab)2 + 3ab + 2 6~ab23 + 12(ab)2 + llab + 6 
+ 3 

rab[ab + 1]3/2 2 ab[ab + 1] 

2(8b)2 + 38b + 1 6(8b)3 + 12(8b)2 + 78b + 1 
+ 3 

rab[8b + 1]3/2 ab [8b + 1]2 

\J1 
W 



Distn. Distribution 
of T of X 

General 
2 

Normal(~,cr ) 

General 2 
Lognormal(~,cr ) 

General Gannna(a,13) 

General Poisson(e) 

Table 3.l--continued 

Skewness of the LTDD Kurtosis of the LTDD 
a
3 

(y) O:4(Y) 

2 3~2(T)(cr/~)4 + 6~3(T)(cr/~)2 + ~4(T) - 3~~(T) 3~2(T)(cr/~) + ~3(T) 

[~i(T)(cr/~)2 + ~2(T)]3/2 
2 2 + 3 

[~i(T)(cr/~) + ~2(T)] 

[~i(T)(W3 - 3w + 2) 632 
[~i(T)(w - 4w - 3w + l2w - 6) 

2 . + 3~2(T)(W - 1) 3 2 + ~2(T)(4w + 3w - l8w + 11) 

+ ~3 (T)] /D3/2 2 . 2 
- 3~2(T) + 6~3(T)(w - 1) + ~4(T)]/D + 3 

where 2 w = ~xp(cr ) and D = ~i(T)(w - 1) + ~2(T). 

2 
2~i(T) + 3a~2(T) + a ~3(T) 

2 
{6~'(T) + lla~2(T) + 6a ~3(T) 

2 3/2 
a [~i(T)/a + ~2(T)J 

3 2 i 2 
+ a [~4(T) - 3~2(T)]}/~[~i(T) + au2(T)] + 3 

2 2 3 2 
~i(T) + 3e~2(T) + e ~3(T) ~i(T) + 7e~2(T) + 66 ~3(T) + e ~4(T) - 3~2(T) 

le[~i(T) + e~2(T)]~/2 
+ 3 

e[~i(T) + e~2(T)]2 
-----------.------.~-- --------

I , 

\Jl 
.p... 



Distribution 
of T 

Poisson(,,) 

PoissonO) 

Poisson(A) 

Poisson(A) 

Poisson(,,) 

Table 3.2 

Moments of the LTDD in Terms of the COV's of T and X 

Distribution Skewness of the LTDD Kurtosis of the LTDD 
of X <l3(Y) <l4(Y) 

2 yeT) 
1 + 3i(x) 

y2 (T) {3 - \ 2} + 3 Norma1(1l,a ) 
[1 + y2(X)]3/2 [1 + y (X)] 

Lognormal (ll ,cr2) y(T)[l + y2(X)]3/2 y2(T)[1 + y2(X)]3 + 3 

2 
y2(T){6

y4
(X) + ~y2(X) + 1} + 3 Gannna(<l,S) yeT) 1 + 21 (X) 

[1 + y2(X)]1/2 1 + y (X) 

Exponential (8) 3y(T) /12 6y2(T) + 3 

4 2 r 4 2 } Poisson(8) yeT) y (X) + 3y (X) +.1 y2(T) 1 (X) + 71 (X) + 6y (X) + 1 + 3 
[1 + y2(X)]3/2 [1 + y2(X)]2 

U1 
U1 



This suggests a number of options for choosing a distribution 

to model the LTDD. First, if the functional forms of fT(t) and 

fylt(ylt) are known or can be specified (and if we are fortunate), 

the functional form of fy(Y) can be specified by appealing to a known 

result from the theory of compound distributions. If the PDF's of 

the lead time and demand in a period of length t do not have such 

nice forms, we can obtain a (usually complex) expression for the 

PDF of the LTD or, more simply, utilize the results (3-2), (3-3), 

(3-5), and (3-6) to obtain the first few moments of the LTDD. Given 

these moments, one could then choo5~ as a model of the LTDD a distri-

bution which has these same first few moments. 

If we are unable or unwilling to postulate a certain dis

tributional form for the PDF's of T and ylt, we can still utilize 

this last strategy, provided that the first four moments of the lead 

time and demand rate distributions can be found or estimated. Of 

course, it is well known that the third and fourth sample moments are 
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subject to extreme sampling variability, and thus, one may be unwilling 

to estimate four moments. In such circumstances, estimation of two 

moments may suffice provided that either (i) we are willing to fit 

a model of the LTDD by using just its first two moments or (ii) we 

are willing to postulate specific distributional forms for the lead 

time and demand rate distributions and utilize results of the form 

given in Table 3.1. A compromise between these two strategies is 

to fit a distribution to the first three moments of the LTDD. 

This strategy is expected to be quite useful when the LTDD 

must be fit from sample data. In most statistical contexts, 



distributions are fit to data by first postulating a functional 

form for the PDF or CDF. Then, sample data are used to estimate 
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the parameters of this distribution by methods such as maximum likeli

hood or the matching of moments. Follow-up tests are then applied 

to evaluate the so-called goodness-of-fit. If the fit is not adequate, 

one usually tries another functional form until an adequate (or even 

a "best") fit is obtained. 

Unfortunately, this procedure may not be readily applicable 

for fitting the LTDD because data may not be available on the demand 

during the lead time. Rather, it is conceivable that information 

would be available on the demand experienced during certain convenient 

periods of time, say days, weeks, or months. Likewise, a firm 

might keep records of when orders are placed and received so that 

actual lead times might be observed. It seems unlikely that data 

would be regularly kept on the demand during every order lead time. 

Thus, one is likely to have data available to fit or estimate the 

parameters of each of the component distributions but not for the 

lead time demand distribution itself. 

One obvious way to proceed in such circumstances is to fit 

distributions for both the lead time and demand per period and 

utilize special results of the form given in Table 3.1 to obtain 

the first four moments of the LTDD. Then, a distribution for the 

LTDD can be fit by using the method of moments. This would be 

particularly attractive if each of the component distributions could 

be fit by using just one or two parameters. 



Alternatively, the estimates of the first few moments of the 

LTDD could be derived from estimates of the first few moments of 

the lead time and demand per period distributions by using the 

general results (3-2), (3-3), (3-5), and (3-6). This alternative 

scheme would be attractive in those situations in which one was 

reluctant to make assumptions about the forms of the component dis

tributions. The price to be paid for this is the estimation of the 

higher-order moments, which can be subject to extreme sampling 

variability. This latter method would thus be preferred in situ

ations in which a large amount of data (say greater than 150 

observations) was available. [See Dudewicz, Johnson, and Ramberg 

(1976) for a discussion of sampling variability with respect to 

the sample third and fourth moments.] 

The course of action one takes will depend on the degree to 

which a particular inventory model is sensitive to errors in the. 

specification of the distributions of the lead time and demand rate 

or, more generally, of the lead time demand. A relevant question 

at this point is whether any "robust" models for the LTDD exist, 

and if so, how many moments or parameters of the distribution are 

adequate to provide a "good" model of the LTDD. 

3.3 Candidate Distributions for the LTDD 

In this section, we review a number of distributions that 

could serve to model the lead time demand. Particular attention 

will be given to those features that would make a distribution a 

viable candidate as a "robust" model of the LTDD. By this, we refer 
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to the ideal of postulating one distribution to model the LTDD for 

a wide variety of inventory systems. We first discuss the features 

that an "ideal" distribution would possess. 

59 

First and foremost, the ideal distribution must provide a 

"robust" model of the LTDD. We mean this in the sense of the defini

tion put forward by Huber (1981) who states: "robustness signifies 

insensitivity ta small deviations from assumptions." We are concerned 

with distributional robustness and the sensitivity of inventory models 

to discrepancies between the shape of the true underlying model and 

that of the assumed model. By the "true underlying model" (or some

times, the "actual distribution"~, we mean the distribution that 

describes the process by which the actual demand during the lead 

time occurs. We further fine tune this definition to mean that the 

ordering policies and costs derived from the assumed model do not 

deviate greatly from those that would be obtained if the true under

lying model were .used. 

A related feature that a model of the LTDD should possess 

is that of versatility: the ability of its PDF to assume a wide 

variety of curve shapes. (We will restrict our interest to the 

class of unimodal densities.) We will assume that a distribution's 

shape can be described, at least on a rough basis, by its skewness 

and kurtosis, as measured by the previously defined functions u3 and 

u
4

• In this sense, then, one could state that a versatile distri

bution is one which can aSSume a wide variety of (u3 ,u
4

) pairs. 

It should be noted that, traditionally, these values of 

shewness and kurtosis have been interpreted as measures of the degree 



to which a distribution is, r~spectively, asymmetric or "peaked." 

Current thought suggests, however, that these values are somewhat 

unreliable descriptors of the shape of a distribution, particularly 

when taken individually. [See, for example, Darlington (1970) or 

Chisolm (1970)]. Indeed, it is easy to produce examples of distri

butions whose shapes have characteristics counter to the usual 

intuitive interpretations [see Mykytka (1978) or Johnson, Tietjen, 

and Beckman (1980).] Nevertheless, when considered together, these 

functions do provide a means of distinguishing betWeen the relative 

shapes of certain PDF's, as we shall see in Chapter 5. 

Another desirable feature is that of mathematical tract

ability--we desire a distribution that admits the straightforward 

computation of "optimal" or "nearly optimal" ordering policies and 

their associated costs. In particular, this requires that the CDF, 

QF, and LLF be relatively easy to compute. 

It would also seem pertinent that a "robust" model of the 

LTDD mirror some of the relevant properties that we would expect 

of the actual distribution. For example, the model should not admit 

the possibility of negative demands, unless our real world system 

allows items to be returned. Burgin (1975) also suggests that the 

actual (observed) distribution has the following property: "As the 

mean demand of items increases the observed distributions change from: 

(a) monotonic decreasing to 

(b) unimodal dis.tributions heavily skewed to the right, 

and finally to 

(c) normal type distributions (truncated at zero)." 
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[It should be noted, however, that Burgin is an advocate of the 

gamma distribution (which has these properties) as a model for the 

LTDD and does not present any justification for these properties.] 

We shall not insist that our model of the LTDD behave quite in this 

manner, although we will accept as reasonable the assumption that 

the distribution be positively skewed (reflecting our intuition that 

the upper tail of the actual PDF will be longer than its lower tail). 

We reject as overly restrictive Burgin's implicit assumption that 

the shape of the density be a function of its mean. 

Finally, our model should allow for the straightforward and 

relatively accurate estimation of its parameters from sample data. 

With these characteristics in mind, we now review some 

particular candidate distributions. A summary of pertinent facts 

about the most important of these is given in Appendix B. These 

facts include the specific parameterizations used in this thesis and 

the functional forms o£ the PDF, CDF, QF, moments, and LLF of each 

distribution. Appendix C contains the derivations of the linear 

loss functions for those distributions whose LLF's can not be readily 

found in the inventory control literature. 

3.3.1 Normal Distribution 

The normal model of the LTDD enjoys considerable popularity 

in practice as well as in introductory texts. This is primarily 

because it is very well known and extensively tabled. Another 

important reason for its popularity is a belief that the Central 

Limit Theorem (CLT) applies over the lead time. This is likely to 
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be true when the lead time is long and constant, but is subject to 

question otherwise. Unfortunately, this belief in normalcy is often 

somewhat blind. As an example, the following is an excerpt from a 

recent paper [Worra1 (1981)] in a refereed journal which seeks to 

justify the use of the normal distribution: 

It can be concluded that the demand for any product • • . 
c~n be considered as repeated sampling from a probability 
distribution with mean ~ and standard deviation cr. It 
therefore follows from the Central Limit Theorem that once 
~ is sufficiently large, the demand will be distributed 
normally with mean ~ and variance cr2 • 

This is clearly a misinterpretation of the CLT and is presented to 
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emphasize the fact that the state of the art in distributional modeling 

of the LTDD is often rather primitive. 

The normal distribution is also lacking in versatility. It 

is obviously symmetric and allows only skewness and kurtosis values 

of zero and three, respectively; Further, it is defined on the entire 

real line and admits the possibility of negative values, particularly 

when its coefficient of variation is large. 

Some possible modifications to enhance its versatility include 

"folding" or truncating the distribution, but these are not expected 

to yield a form which is as tractable or versatile as desired. 

Surprisingly, neither is seen in practice. We will shortly see, 

however, that certain transformations of normal random variables can 

be quite attractive. 

3.3.2 Lognormal Distribution 

The lognormal distribution is a well-known transformation of 

the normal that is used extensively in engineering practice. It has 



been rec~mmended by many authors for representing a wide range of 

distributions, from normal types to highly skewed and heavy-tailed 

distributions [see Fenske (1972) or Tadikamalla (1979)]. It is 

relatively easy to use since its CDF and LLF (and QF) are simple 

transformations of the standard normal CDF (QF), which allows the 

easy computation of reorder points and protection levels (provided 

that the standard normal CDF or QF can be easily evaluated). 

Although the distribution is quite versatile, it is still 

somewhat limited: the possible values of skewness and kurtosis are 

2 restricted to a nearly linear curve in the (a3 ,a4) plane (see 

Figure 3.1). Furthermore, as shown in Appendix B.2, a3 and a4 are 

functions of the coefficient of variation, thus possibly limiting 

its versatility. This limitation can be eased somewhat through the 

introduction of a location parameter (see Section B.2). In this 

2 case, the (a
3

,a4) pairs are still restricted to the same curve, but 

they are no longer functions of the COV. This is intuitively appeal-

ing (since one can easily envision a positive lower bound to the 

LTDD) but could perhaps result in an unrealistic range (i.e., the 

modeled range excludes some possible values or admits a significant 

probability of negative demands). 

3.3.3 Gamma Distribution 

The gamma distribution has also been widely recommended as 

a model for the LTDD, emphatically so by Burgin (1972, 1975) and 

Burgin and Wild (1967). [The gamma is also advocated by many other 

authors, including Das (1976) and Tadikamalla (1978).] The reasons 
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Figure 3.1. Regions in the (~;,a4) Plane for Various Distributions 



for this are much the same as those for the lognormal. The gamma, 

however, is somewhat more versatile than the lognormal since its PDF 

can assume not only unimodal and positively skewed shapes but can 

also take on some J-shapes, of which the exponential is a special 

case. 

The disadvantages of the gamma are also akin to those of the 

lognormal: its possible skewness and kurtosis values are restricted 

2 
to a line in the (a3 , a4) plane (see Figure 3.1) and are functions 

of its COV. In addition, the calculations of the gamma CDF, LLF, 

and QF can be tedious and require the calculation of the complete and 

incomplete gamma functions. These are not as commonly available as 
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are tables for the standard normal CDF and generally must be evaluated 

numerically. Thus, the computation of reorder points or protection 

levels can be difficult. 

The gamma also can be modified to a three-parameter distri-

bution, as shown in Appendix B.3. This enhancement makes the gamma 

distribution more versatile and attractive. 

3.3.4 Weibull Distribution 

The Weibull distribution is similar to the gamma and lognormal 

distributions but has received less attention in the inventory 

control literature. Based on a transformation of exponential random 

variables, it is attractive since its CDF and QF have simple forms. 

As seen in Appendix B.4, however, its LLF and higher-order moments 

also require the evaluation of the complete and incomplete gamma 

functions. 



Like the lognormal and gamma, the Weibull's skewness and 

kurtosis values are restricted to a nearly linear curve in the 

(a;,a4) plane (as again depicted in Figure 3.1) and can be viewed 

as functions of its COV. It also has a three-parameter version, 

which must be considered as a viable candidate to model the LTDD. 

3.3.5 Inverse Gaussian Distribution 

An intriguing and relatively unknown (at least in the inven-

tory control literature) candidate for the model of the LTDD is the 

inverse Gaussian distribution. Proposed as such a model by 

Tadikamalla (1980), the inverse Gaussian shares many of the charac-

teristics of the lognormal, gamma, and Weibull while· offering a 

couple of slight advantages. Like these three, it is a two-parameter 

distribution whose skewness and kurtosis values fallon a line in 

2 the (a3 ,a4) plane that lies between the gamma and lognormal curves 

(see Figure 3.1). Furthermore, a3 and ~4 are linear functions of 

the coefficient of variation. Its CDF and LLF are also straight-

forward functions of the standard normal CDF, although its QF does 

not exist in a simple closed form. Values of the QF, however, are 

tabled [see Wasan and Roy (1969)] or can be determined numerically 

-1 by using a procedure such as Newton's method to find x = FX (p) such 

that FX(x) = p. This added simplicity, coupled with the fact that 

its moments lie between those of the gamma and lognormal, makes the 

inverse Gaussian an intriguing and attractive candidate. 

It should be noted that, despite its apparent simplicity, 

some minor numerical difficulties can be encountered when using the 
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inve~se Gaussian since the values of its parameters can often be 

quite large. For example, the computation of its CDF involves the 

calculation of the product 

exp (2A!l.I)-4> [-IVy' (y III + 1)], 

where 4>(-) is the standard normal CDF. When A is large compared to 

II and y, this involves the multiplication of a very large number and 

a very small one, creating problems of numerical precision, par

ticularly on a hand-held calculator. 

3.3.6 Logistic Distribution 

Fortuin (1981) suggested the· use of the logistic distribution 

to model the LTDD on the basis of the simple form of its LLF. 

Unfortunately, the logistic distribution is somewhat limited: it is 

like the normal in that it is symmetric and has fixed values for its 

skewness (a3 = 0) and kurtosis (a4 = 4.2). This lack of versatility 

precludes it from serious consideration as a robust model. 

3.3.7 Pearson Distributions 

Since robustness and versatility are our key concerns, it is 

natural to consider the various families of four-parameter distri

butions. These include the Pearson system, the generalized lambda 

family, the Schmeiser-Deutsch family, and the Burr and Johnson 

systems along with other, less well-known families. 

The prototype for such families is, perhaps, the Pearson 

system [see Hahn and Shapiro (1967) or Kendall and Stuart (1958)]. 

Each member of the Pearson family ·can be obtained as the solution to 
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a particular differential equation. There are a large number of PDF's 

which satisfy this equation, including the normal, lognormal, gamma, 

and beta as special cases. This is both an advantage and a 

disa~vantage. The versatility of the distribution i~ u~surpassed 
2 . 

[it covers the entire possible region of the (a3 ,a4) plane] but leads 

to tedious calculations and decisions in model selection. It appears 

to be little used in inventory control practices [an exception is 

Lau and Zaki (1982)]. 

3.3.8 Generalized Lambda Distribution 

The generalized lambda distribution (GLD) , also known as the 

Ramberg-Schmeiser-Tukey distribution, was developed by Ramberg and 

Schmeiser (1977) for the purpose of efficiently generating random 

variates in simulation studies. [See Ramberg et a1. (1979) for a 

complete discussion.] As such, the quantile function of the GLD 

has an attractively simple form. The distribution is quite versatile 

and can assume a wide variety of density shapes, including some 

(but not all) U and J shapes. [Figure 3.2 depicts the portion of 

2 the (a3 ,a4) plane covered by the GLD.] The simplicity of its QF also 

makes the GLD quite attractive in inventory modeling [see Silver 

(1978) or Kottas and Lau (1978) for some applications], although it 

appears to be hampered somewhat by the fact that its CDF and LLF do 

not exist in a simple closed form. These aspects, however, are not 

as restrictive as one might expect. In fact, we shall demonstrate 

in Chapter 4 that the GLD is remarkably· well suited for routine 

inventory calculations. 
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3.3.9 Schmeiser-Deutsch Family 

Kottas and Lau (1978) also suggest the use of the Schmeiser-

Deutsch distribution (S-D) in inventory modeling. l~is distribution, 

as descri~ed by Schmeiser and Deutsch (1977), is also quite versatile 

and attractive as a model for the LTDD since it allows for easy 

computation of the various functions of interest. Unfortunately, 

the distribution has a discontinuity at its median value and thus 

provides an unusual model for the LTDD. Because of this feature, we 

exclude the S-D from further consideration. 

3~3.10 Johnson System 

The Johnson system of distributions is based on hyperbolic 

transformations of normal random variables [see Johnson (1949)]. 

2 It is extremely versatile and covers the entire (a3 ,a4) plane. It 

includes, as a special case, the three-parameter lognormal. Since 

it is based on one-to-one transformations of normal random variables, 

it allows for the straightforward comput~tion of its PDF, CDF, and 

QF from those of the standard normal. For all these reasons, it 

is a prime candidate as a model of the LTDD. 

More specifically, Johnson considered transformations of 

the form 

x = E + Ag[(Z - y)/n] , 

where Z ~ N(O,l) and A and n are positive constants. An unbounded 

distribution referred to as the S-U is obtained by letting the func-

tion g be the hyperbolic sine. A bounded distribution, the S-B, 
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results when g is replaced by the hyperbolic tangent. A distribution 

that is equivalent to the three-parameter lognormal, denoted as the 

S-L, can be obtained by letting g(o) = exp(o)/2. 

The PDF's, CDF's, QF's, and moments of these three are 

summarized in Sections B.7 through B.9 of Appendix B. The LLF's 

of both the S-U and S-L are derived in Appendix C. Additionally, 

2 Figure 3.3 shows the regions of the (a3 ,a4) plane covered by the 

S-U, S-B, and S-L and includes the curves for the gamma, Weibu11, 

and inverse Gaussian distributions for comparison. 

3.3.11 The S-C Distribution 

The Johnson system of distributions is attractive both for 

its versatility and for the fact that it is based on certain trans-

formations of normal random variables. As seen in Appendix B, the 

simple forms of the transformations that define the S-U and S-L 

distributions enable the PDF, CDF, QF, moments, and LLF of each to 

be computed in a straightf9rward manner from those of the standard 

normal. The transformation that defines the S-B, however, is rather 

complex, and as a result, its moments and LLF are virtually intract-

able. For this reason, a surrogate for this transformation was 

71 

sought so that the resulting distribution would have the computational 

advantages of the S-U and S-L but would overcome this intractability. 

A candidate was suggested by a figure (redrawn here as 

Figure 3.4) in the introductory calculus text by Thomas (1966). This 

figure shows the intimate relationships between the hyperbolic sine, 
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exponential, and hyperbo+ic cosine functions. The functions plotted 

are: 

(i) Y 

(ii) Y 

(iii) y 

exp(x)/2, 

sinh(s) [exp(x) - exp(-x)]/2, and 

cosh(x) = [exp(x) + exp(-x)]/2. 

Since the sinh and exponential transformations of normal random 

variables define the S-U and S-L distributions, respectively, it 

was hoped that the cosh transformation would provide a similarly 

viable distribution. In addition, since the S-U'covers the region 
. 2 

of the (a3 ,a4) plane below the S-L curve, it was conjectured that 

the cosh transformation might provide a distribution which covers 

2 a portion of the (a3 ,a4) plane above the S-L curve. Further, it is 

readily apparent that the cosh transformation results in a distri-

bution whose range is bounded below and unbounded above, as we 

would prefer for a model of the lead time demand. 

In Appendix D, we develop the PDF, CDF, QF, and moments of 

this distribution. For convenience, and because the transformation 

is analogous to those used by Johnson, we have labeled it as the 

S-C distribution. (It should be noted, however, that the cosh 

transformation is not one-to-one and thus is not in the class of 

transformations considered by Johnson in the development of the S-U, 

S-L, and S-B.) The LLF for this distribution is developed in 

Section C.6 of Appendix C. All of these results are also summarized 

in Section B.IO of Appendix B. 

A number of different density shapes are possible with this 

distribution. For example, Figure 3.5 depicts seven PDF's, each 
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with zero mean and unit variance. Each also has parameter n = 5, 

while the parameter y is varied from zero to -5. The most striking 

aspect of these PDF's is that the value of the PDF approaches 

infinity as X approaches its lower bound, E + A. This, however, 

is not expected to pose any severe modeling problems. Note also 

that a variety of curve shapes, from the usual unimodal shape to 

exponential-like shapes, are possible. As a further comparison, 

Figure 3.6 depicts these same densities translated so that each has 

the same lower bound. (Further plots of the PDF of the S-C depicting 

its shape as functions of y and n are given in Chapter 5.) 

2 
·The S-C does not cover the entire region of the (a3 ,a4) 

plane covered by the S-B, but it is conjectured that it covers the 

vast majority of unimodal densities in this region. As shown in 

Figure 3.7, it covers the gamma line from (O~3) to (8,15) and a 

large portion of the Weibull curve. It stops short of U-shaped 

densities. 
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CHAPTER 4 

(Q,R) INVENTORY MODELS 

In Chapter 2, we considered a continuous review inventory 

system with a known and. constant demand rate. It is, perhaps, 

unrealistic to expect that a demand process will be this well behaved 

in practice (although it should be acknowledged that the EOQ can 

sometimes provide a good approximate model). As a first step toward 

injecting more realism into an inventory model, we consider the 

class ~f (Q,R) models where the demand per unit time is considered 

to be a stationary random variable with annual mean rate D. 

Additionally, we assume that the lead time is a continuous random 

variable and that conditions within the system are such that at most 

one order is ever outstanding. 

Before we examine the sensitivity of these models to errors 

in modeling the distribution of the lead time demand, we examine, 

in this chapter, the (Q,R) model in detail. In this discussion, we 

not only review the usual procedure for finding optimal (Q,R) policies 

(in Section 4.1), but we also develop three new and attractive 

methods for determining these optimal policies. These methods, 

introduced in Section 4.2, offer many computational advantages over 

the standard iterative scheme and are rigorously compared in 

Section 4.3. 

79 



80 

4.1 The (Q,R) Model 

As in the deterministic case, we assume that our inventory 

system is operated using a (Q,R) policy where an order for Q units 

is placed whenever the inventory position falls below R units. We 

assume, for simplicity, that units are demanded one at a time, so 

that we do not overshoot the reorder point R. We also assume that 

the cost ~tructure outlined in Chapter 2 is relevant, except that 

we now restrict ourselves to the case where p, the time-dependent 

shortage cost, is zero. All shortages are assumed to be backordered. 

Our object is to find those values of Q and R which minimize 

the expected total relevant costs (ETRC) per year, as given by 

, , , 
ETRC(Q,R) K~l(N) + h~l(I) + P~l(E), (4-1) 

where 
, 

~l(N) E[number of orders per year]; 
, 

~l(I) E[average on-hand inventory level]; and 
, 

~l(E) E[number of backorders per year]. 

This notation is used to explicitly indicate that the number of 

orders per year, the average on-hand inventory, and the number of 

backorders per year are each random variables. 
, 

As before, the expected number of orders per year, ~l(N), is 

simply the mean annual demand rate divided by the order quantity, 

i.e. , 

, 
~l(N) D/Q. 
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(Recall that D represe~ts the expected annual demand, a slight 

variation from our strict statistical notation.) 

It is difficult to obtain an exact expression for the expected 

level of on-hand inventory, but it is well known that 

" , 
Q/2 + R - ~l(Y) < ~l(I) < Q/2 + R + ~l(Y)' 

, 
where ~l(Y) is the expected lead time demand. Most practitioners 

, 
choose the lower bound as an approximation for ~l(I). This choice 

is based upon the rationale that, if there is at most one order 

outstanding at any given time, the expected inventory level immedi-
, 

ately before ~ order arrives is R - ~l(Y) (the reorde! point less 
, 

the expected lead time demand) and is Q + R - ~l(Y) immediately 

after. Since the mean demand rate is constant, the expected on-hand 

inventory level will decline linearly, so that the expected on-hand 
, 

inventory level will have an average of Q/2 + R - ~l(Y)' The result 

of this approximation is to slightly understate the inventory holding 

costs, resulting in an ordering policy that has a slightly larger 

inventory than would be optimal. This has an intuitive appeal since 

it is more likely that the consequences of having a few extra units 

on hand will be much less severe than those of incurring a few extra 

shortages. In any event, practice has shown that the influence of 

this approximation is slight. 
, 

The expected number of backorders per year, ~l(E), is 
, 

conveniently obtained as ~l(E) = 1y(R) , where 1y(.) is the linear 

loss function associated with the distribution of the lead time 

demand. 
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We can now write the objective function to be minimized as 

, 
ETRC(Q,R) = KD/Q + h[Q/2 + R - ~l(Y)] + pDLy(R)/Q. (4-2) 

* * First order conditions for Q and R to minimize this expression are 

(4-3) 

and 

R* = F;l[l - (hQ*/pD)], (4-4) 

where F;l(o) is the quantile function associated with the LTDD. 

The equations given as (4-3) and (4-4) are typically solved 

for the optimal values of Q and R using the following quickly-

converging iterative scheme. The EOQ is used to start the iterative 

process. 

ALGORITHM 4.1: STANDARD ITERATIVE SCHEME 

Step 0 (Initialization): Set the convergence criteria sQ and 

sR. Let the initial values of Q and R be given by 

and 

Step 1: Compute Ly(RO) and let 

Q
1 

= /2'-D-[-K -+-P-Ly-(R-
O
-) ]-/-h 

and 



Step 2: If both IQl - Qal < EQ and 1Rl - Ra l < ER, then stop-

Ql and Rl are optimal. Otherwise,go back to Step 1 with 

This process can be quite tedious, especially for hand computations, 

if the LLF and QF of the LTDD are difficult to compute (even if 

convergence is obtained within four or five iterations). 

An alternative to this scheme is suggested by Das (1976), 

who notes that condition (4-3) can be written as 
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(4-5) 

where QW is the EOQ and the function Sy(R) is defined as 

(4-6) 

In the literature of reliability and maintainability, this function 

is known as the "mean residual life." In the context of inventory 

models, one could refer to it as the "mean residual demand" since it 

gives the conditional expected amount by which the LTD exceeds the 

reorder point given that it does indeed exceed R. 

* Now, we know from condition (4-4) that R satisfies 

* * 1 - Fy(R ) = hQ IpD, 

so we can rewrite expression (4-5) as 

* Q 

Thus, after squaring both sides of this equation and bringing all 

terms to the left-hand side, we can write condition (4-3) as 
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* 2 * 2 (Q) - 2Sy(R ) - QW = O. 

* Then, by the quadratic formula, the value of Q > 0 which satisfies 

'. this condition is 

(4-7) 

This alternate expression was presented by Das in the hope of avoiding 

the often cumbersome c~lculation of Ly(R). Specifically, Das pro

poses to streamline the standard iterative method by replacing the 

first part of Step 1 with 

Step I (Das): Compute Sy(RO) via (4-6). Then let 

QI = S(RO) + ;6~ + Si(RO)· 

Unfortunately, the stated procedure is only economical when Sy(R) 

has a simple form to exploit. For example, it is a constant when 

Y has an exponential distribution but is, in general, much more 

complex. 

Thus we have seen that the existing procedures for an optimal 

(Q,R) policy involve the repeated evaluation of both the LLF and QF 

of the lead time demand distribution. Furthermore, as a quick scan 

of the results summarized in Appendix B should readily suggest, 

these functions may have a rather complex form even for some very 

well-known and attractive distributions. Such computations may be 

shunned even by practitioners who have access to a digital computer 

(much less those who must rely on a hand-held calculator) if numerical 
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routines for computing functions such as the standard normal CDF or 

incomplete gamma function are not readily available. 

In the next section, we shall present three new and attractive 

* * schemes for finding approximate values for Q and R. The first 

exploits some special features of the generalized lambda distribution 

to allow the computation of expressions (4-3) and (4-4) in an extremely 

simple manner. The second is an extremely appealing mod~fication 

* * of Das's procedure, and the third allows Q and R to be calculated 

directly from initial estimates of Q and R. 

* * 4.2 Alternate Methods for Computing Q and R 

4.2.1 The GLD Iterative Method 

As noted previously, the calculation of the optimal order 

quantity and reorder point via the ?sual iterative scheme can be 

quite tedious for many common distributions since the forms of the 

linear loss and quantile functions may be quite complex. Surprisingly, 

the generalized lambda distribution offers a simple alternative. 

If the four parameters of the GLD are known, the calculation 

of the reorder point via (4-4) for a given order quantity is simple 

because of the tractable form of the QF of the GLD: 

R 
A 

Al + {[I - (hQ!pD)] 3 

The surprise comes in evaluating the LLF for this value of R. 

Although the expression for the LLF of the GLD, 

(4-8) 



1y(R) = (AI - R) [1 - Fy(R)] 

A +1 
+ {I - [Fy(R)] 3 }/[A

2
(A

3 
+ 1)] 

A4+1 
- [1 - Fy(R) ]/[A

2 
(A4 + 1)], 

looks formidable, it is easily computed since we know from (4-8) or 

(4-4) that in an opt~mal policy 

* * 1 - Fy(R ) = hQ /pD. 

"Hence, to compute the LLF of the GLD, one merely needs to evaluate 

an algebraic expression and does not have to evaluate its CDF, which 

does not exist in a simple closed form. Thus, the calculations 

required in the usual iterative scheme can be simplified tremendously 

provided that the indicated exponentiations can be readily performed. 

The algorithm can be stated as follows. 

ALGORITHM 4.2: GLD ITERATIVE METHOD 

Step 0 (Initialization): Set the convergence criteria SQ and 

sR. Find the parameters of the GLD which "best fit" the 

LTDD. Let the initial values for Q and R be given by 

and 

where 
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Step 1: Compute 

A +1 
(AI - RO)qO + [1 - (1 - qO) 3 ]/[A

2
(A

3 
+ 1)] 

A 4+1 
- qo /[A2(A4 + 1)], 

and let 

and 
A3 A4 

A + [(1 - q) - ql ]/A2 , 1 . 1 

where 

Step 2:· If both IQo - Qll < EQ and IRO - RII < ER, then stop-

Ql and Rl are optimal. Otherwise, go back to Step 1 with 

. QO = Ql' RO = Rl , and qo = ql· 

An obvious drawback of this procedure is that it assumes 

that the four lambda parameters are known. The determination of 

these parameters can present some difficulties, depending upon the 

amount of information available about the LTDD. If we can somehow 

specify the first four moments of the LTDD, however, this process 

can be reduced to a simple table look-up [see Ramberg et al. (1979) 

or Mykytka (1978)]. Methods for specifying these four moments are 

discussed in Chapter 3. 

4.2.2 The Modified-Das Procedure 

The alternative procedure presented by Das (1976) is expected 

to be of little practical use since the function Sy(R) has a rather 
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complex form for most probability distributions of interest. A brief 

examination of the plots of some typical Sy(R) functions, however, 

suggests that the function can be reasonably well approximated by 

linear or quadratic expressions, especially in the upper tails of the 

distribution where most reorder points are typically computed. 

Consider Figures 4.1 through 4.4 which display Sy(R) for the 

lognormal and gamma distributions with coefficients of variation of 

0.25, 0.5, 0.75~ and 1.0, respectively. Each of these distributions 

has a mean of 100. In each of these figures, the plotting symbols 

are spaced at one standard deviation intervals. The most striking 

aspect of these curves is that they each are very nearly linear for 

"large" values of R, say those greater than the mean or the mean plus 
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one standard deviation. [Note in Figure 4.4 that when the COV is 1.0, 

the gamma distribution is equivalent to the exponential and its mean 

residual demand function is exactly linear (and is, in fact, con-

stant).] 

A sound means of finding a linear or quadratic approximation 

to Sy(R) is to utilize a first- or second-order Taylor series 

approximation expanded about some convenient point RO. To do this, 

we require the fir~t and second derivatives of Sy(R) , which in turn 

require those of 1y(R) and Fy(R). The latter are well known to be 

and 
, , , 

Fy (R) fy(R). 
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Figure 4.1. The Mean Residual Demand Function, Sy(R) , when COV = 0.25. 
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Figure 4.2. The Mean Residual Demand Function, Sy(R) , when COV = 0.5. 
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Figure 4.3. The Mean Residual Demand Function, Sy(R) , when COV = 0.75. 
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Figure 4.4. The Mean Residual Demand Function, Sy(R), when COV = 1.0. 
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It is also well known (and easily shown using Leibnitz's Rule from 

calculus) that 

, 
Ly(R) 

so that 
, , 

Ly (R) 

Then, using the usua.l rules for the derivative of a quotient, we 

can obtain 

(4-9) 

and 

" , 
Sy (R) = [fy(R)Sy(R) + fy (R)]/[l - Fy(R)] 

The linear approximation to Sy(R) is thus given by 

where 
, 

Sy(RO) - ROSy(RO) (4-:10) 

and 

(4-11) 

Similarly, the quadratic approximation to Sy(R) can be written as 



where we have 

and 
, , 

b22 = Sy (RO)/2. 

Given an initial value of R, we can then iteratively solve the 

equations 

and 

* * R = Qy[l - (hQ /pD)] 

until convergence is obtained, using J = 1 if a linear approximation 

will suffice or J = 2 if a quadratic approximation to Sy(R) is 

desired. 

The major advantage of this procedure is that it requires 

the LLF of the LTDD to be evaluated only once (at R
O
)' That is, we 

compute it only once to develop the linear Taylor series approxima-
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tion to the mean residual demand function, and only this simple linear 

function is used in those instances in which (roughly) the standard 

iterative procedure would require the evaluation of the LLF. This 

would be expected to greatly facilitate the calculations in the usual 

iterative scheme, even if a few more iterations were necessary to 



attain the same precision. One possible form of this scheme that 

has performed well in a wide variety of test cases is the following. 

ALGORITHM 4.3: THE MODIFIED-DAS PROCEDURE 

Step 0 CInitialization): Set the convergence criteria EQ and 

ER. Let the initial values of Q and R be given by 

and 

, 
Step 1: Compute LyCRO) and fyCRO) and then Sy(RO) and SyCRO) via 

(4-6) and (4-9), respectively. Note that Fy(RO) = 1 - hQO/pD 

from Step O. Then compute blO and bll from (4-10) and (4-11). 

Also, since Ly(RO) is available, recompute a new starting 

value for Q by 

Step 2: Let 

and define 

Then let 
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Step 3: If both IQl - Qol < EQ and 1Rl - ROI < ER, then stop-

Ql and Rl are optimal. Otherwise, go back to Step 2 with 

[Note that this procedure also uses the EOQ as a starting value for 

Q but revises it once the value of the 1y(R
O

) is obtained. The 

resulting values (QO,RO) then provide a very good point about which 

to expand the linear Taylor series approximation.] 

4.2.3 Method of "Direct Approximation" 

The third method for determining nearly optimal values for 

the order quantity and reorder point involves the development of an 

approximation to the expected total relevant cost function, since 

it does not seem unreasonable to expect that ETRC might be well 

approximated by a quadratic, particularly near the optimum. Expand-

ing ETRC(Q,R) as a second-order Taylor series about the point 

(QO,RO), we can obtain the following approximate total relevant cost 

(ATRC) function: 

(4-12) 

where 

(4-13a) 

(4-13b) 
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(4-13c) 

(4-13d) 

(4-13e) 

and 

(4-13f) 

The values of Q and R that minimize this expression are found from 

the usual first-order conditions to be 

(4-14) 

and 

(4-15) 

* * Replacing R by expression (4-15) in the expression for Q gives the 

* following closed form expression for Q :" 

* * Given this value of Q ,R can be found from equation (4-15). Thus 

we have seen that "optimal" values of the order quantity and reorder 

point can be computed directly from the initial estimates QO and RO' 

* * (Q and R are optimal, however, only for the approximate total. 

relevant cost function.) 

Note also that if QO is given and RO is chosen with respect 

to QO such that condition (4-4) holds, then aOl = O. Likewise, if 

RO is specified and QO is selected so that condition (4-3) holds 

with respect to RO' then a lO = O. 



As in the modified-Das procedure, this method requires only 

one calculation of the LLF of the LTDD. Additionally, however, it 

does not require the QF to be computed at all (although the CDF and 

PDF must be evaluated). This could be a significant advantage if 

the quantile function had a complex form. 

Starting values may be chosen arbitrarily, but brief experi-

ence with the method indicates that it can be quite sensitive to this 

choice. An obvious means of proceeding is to use the same starting 

point as in the modified-Das procedure and as embodied in the 

following algorithm. (This does, however, require the QF to be 

evaluated once.) It is called the method of "direct approximation" 

since the "optimal" values of Q and R are computed directly from the 

first-order conditions satisfied at the minimum of the approximate 

total relevant cost function. 

ALGORITHM 4.4: METHOD OF "DIRECT APPROXIMATION" 

Step 0 (Initialization): Let the initial values of Q and R be 

given by 

and 

Step 1: Compute 1y(RO) , Fy(RO), and fy(RO) and then, since 

1y(RO) is available, recompute a new starting value for Q by 
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Step 2: Compute the co~stants aOO ' a01 ' a20 , a02 ' and all from 

equations (4-13a) and (4-13c) through (4-13f). 

Step 3: Compute the "optimal values" 

and 

which minimize ATRC. Stop. 

An. alternate starting procedure might be to specify RO as 

the mean LTD plus, say, two or three standard deviations, thus 

eliminating the need to compute the quantile function. The initial 

value for Q can be obtained from RO by using expression (4-3). 

Further, although the stated procedure does not require it, one could 

perform a few iterations of this procedure until convergence was 

obtained. 
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Experience (to be discussed in the next section) has suggested 

that while Algorithm 4.4 does not perform too badly with the starting 

values given, its performance does degrade somewhat when those start-

ing values are not close to the optimal values. Furthermore, it 

* * should be recalled that Q and R are chosen to satisfy the first-

order necessary conditions associated with ATRC and not those 

associated with ETRC, the function we actually wish to minimize. It 

was thus conjectured that a reasonable alternative to the stated 

* procedure would be to choose as the "optimal" value of R that value 

* which satisfies condition (4-4) for the calculated value of Q . 
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ALGORITHM 4.5: THE MODIFIED-DIRECT METHOD 

Steps 0, 1, and 2: Proceed as given in Algorithm 4.4. 

Step 3: Compute the "optimal values" 

and 

* -1 * R Fy [1 - hQ /pD]. 

Stop. 

As indicated, we refer to the resulting algorithm as the "modified-

direct method." As we shall see in the next section, this modification 

improves the performance 'of Algorithm 4.4 considerably. 

4.3 Comparison of Methods 

Having presented three new methods for computing optimal or, 

at least, nearly optimal (Q,R) policies, it is now of interest to 

compare their performance with that of the standard iterative method 

(Algorithm 4.1). For this purpose, 120 test cases were postulated. 

These differ on the basis of (i) the functional form of the lead time 

demand distribution, (ii) the coefficient of variation of the LTDD, 

and (iii) the set of model parameters used. 

Five different models for the LTDD were used: the normal, 

lognormal, gamma, Weibu11, and inverse Gaussian distributions. The 

mean of each was fixed at 100, and the coefficient of variation was 

fixed at each of the four values: 0.25, 0.5, 0.75, and 1.0. The 

six different sets of model parameters utilized are summarized in 

Table 4.1. In the first two sets, the cost parameters (K, c, h, and 
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Table 4.1 

Parameter Sets Used in the Experiment 
to Compare Algorithms for Computing (Q,R) Policies 

Parameter 
Set K c h p. D 

1 100 100 10 1000 1200 

2 100 100 10 1000 5200 

3 250 100 50 500 1200 

4 250 100 50 500 5200 

5 500 100 100 200 1200 

6 500 100 100 200 5200 



p) are set so that shortages will be discouraged (that is, the cost 

of ordering and holding goods is low while the shortage penalty is 

relatively high). These two cases differ on the basis of the mean 

annual demand rate, D, which is either at a relatively low value 

(1200 units per' year) or high value (5200). The last two parameter 

sets also differ on the basis of D and have their cost parameters 

set so as to encourage shortages (high ordering and holding costs, 

low shortage penalty). The remaining two sets are intended to 

represent an intermediate case with regard to shortages. 

One criterion for the comparison of these methods is the 

number of iterations required to converge to a solution. (For those 

methods that require convergence criteria to be set, values of 

EQ = ER = 0.001 were used.) We will use this as a measure of compu

tational complexity, keeping in mind that the computations required 

within an iteration of each algorithm may differ greatly. It also 

should be recalled that either of the direct methods require just 

one "iteration." 

Given that a procedure converges to a solution, the next 

important question is how close to the optimum that solution is. 

* * Specifically, let (Q ,R ) denote the optimal policy (as obtained 

via the standard iterative method) and let (Q,R) be the policy 

obtained from the procedure to be compared. The figure of merit 

we use to measure the closeness of this solution to the optimum is 

referred to as the "error ratio" and is defined as follows: 

-- * * * * Error Ratio = [ETRC(Q.R) - ETRC(Q ,R )]/ETRC(Q ,R ). 

100 
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Thus, 100 times this amount is the percentage error in the cost of 

the (Q,R) policy from that of the optimal policy. 

The GLD iterative method, the modified-Das procedure, the 

method of direct-approximation, and the modified-direct method were 

each compared with the standard iterative method on these bases. 

The results for the full experiment are summarized in Tables 4.2 

and 4.3. Two tables showing some further detail for a few selected 

cases are presented as Tables 4.4 and 4.5. Note that the values given 

6 in these tables for the error ratio are multiplied by 10 , so that a 

value of 1000 corresponds to a one percent error. It is interesting 

to note that the performance of the various algorithms seems to depend 

somewhat upon the distribution used as a model of the LTDD and even 

more so upon its coefficient of variation. The number of iterations 

required for the iterative methods clearly increases with the COV. 

The accuracy of the two direct methods also appears to degrade as 

the COV increases, while that of the standard or GLD iterative pro-

cedure does not. On the other hand, the GLD iterative procedure 

appears to have some trouble when the LTDD is Weibull. [This may 

reflect the fact that the moments of the Weibull lie in the region 

2 
of the (u

3
'u4) plane near the edge of the region covered by the GLD.] 

The direct methods perform most poorly on the most highly skewed 

distributions (i.e., the lognormal and inverse Gaussian distribution 

with COV = 1.0). This is not surprising since these procedures must 

utilize information about the LTDD (the values of its PDF, CDF, and 

LLF) at just one point (RO)' 



Distribution 

Normal 

Lognormal 

Gamma 

Weibull 

Inverse Gaussian 

Coefficient 
of Variation 

0.25 

0.50 

0.75 

1.00 

. 
Overall:. 

-----

Table 4.2 

Results of the Experiment to Compare (Q,R) Algorithms; 
Average Values 

Average Number of Ite+ations. -6 Average Error Ratio (x 10 ) 

Number Standard GLD Modified GLD Modified 
of Cases Method Method -Das Method -Das 

24 7.2 7.2 4.3 67 0 

24 11.1 11.1 5.9 152 1 

24 10.1 9.8 3.8 259 0 

24 9.4 9.2 3.9 783 0 

24 10.9 10.9 4.8 417 2 

30 5.8 5.8 3.5 308 0 

30 8.6 8.4 4.4 646 0 

30 11.2 11.1 5.2 74 0 

24* 13.3 13.1 5.6 395 0 

114* 9.5 9.4 4.6 353 1 
-- ------------ --- --

*does not include the case where LTDD 'V Weibu11 with COV = 1.0, 
since this is the same case as LTDD 'V Gamma with COV = 1.0. 

Direct Modified 
Method -Direct 

8 1 

8644 11 

578 7 

544 6 

2866 3 

0 0 

54 0 

1034 3 

10748 18 

2549 5 

I 

! 

I-' 
o 
N 



Distribution 

Normal 

Lognormal 

Gamma 

Weibu11 

Inverse Gaussian 

Coefficient 
of Variation 

0.25 

0.50 

0.75 

1.00 

Overall 

Table 4.3 

Results of the Experiment to Compare (Q,R) Algorithms; 
Maximum Values 

Maximum Number of Iterations Maximum Error Ratio (x 10-6) 

Number Standard GLD Modified GLD Modified Direct 
of Cases Method Method -Das Method -Das Method 

24 13 13 6 336 0 

24 17 16 9 1076 5 

24 17 17 5 2541 0 

24 17 17 7 10278 0 

24 17 17 6 2397 33 

30 8 8 4 2541 0 

30 12 12 5 10278 0 

30 15 15 7 513 1 

24* 17 17 9 2397 33 

114* 17 17 9 10278 33 
---- - - -

*does not include the case where LTDD ~ Weibu11 with COV = 1.0, 
since this is the same case as LTDD ~ Gamma with COV = 1.0. 

94 

78169 

6077 

6077 

26380 

3 

387 

8661 

78169 

78169 

Modified 
-Direct 

15 

119 

61 

61 

16 

0 

3 

26 

119 

119 

...... 
o 
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Table 4.4 

Results of the Experiment to Compare (Q,R) Algorithms; Lognormal LTDD 

Number of Iterations -6 Error Ratio (x 10 ) 

Coefficient Parameter Standard GLD Modified GLD Modified Direct 
of Variation Set Method Method -Das Method -Das Method 

0.25 1 6 6 3 449 0 0 
2 5 5 3 1076 0 0 
3 7 7 4 169 0 3 
4 6 6 3 36 0 0 
5 8 8 4 75 0 3 
6 6 6 4 103 0 0 

0.50 1 11 11 5 65 0 133 
2 8 8 5 26 0 8 
3 12 12 5 72 0 387 
4 9 9 5 74 0 24 
5 11 12 5 10 0 335 
6 9 9 5 24 0 19 

0.75 I 15 15 7 10 0 4565 
2 12 12 6 26 0 391 
3 15 15 7 14 0 8661 
4 12 12 6 5 0 732 
5_ 14 14 7 3 0 5340 
6-- 11 11 6 10 0 409 

, 
1.00 1 17 16 9 277 3 55825 

2 15 14 8 575 0 5783 
3 16 16 9 177 5 78169 
4 14 14 8 114 1 7822 
5 15 15 9 117 3 35796 
6 13 13 8 146 0 3358 

Average 11.1 11.0 5.9 152 1 8644 
--------------- ---

Modified 
-Direct 

0 
0 
0 
0 
0 
0 

0 
0 
1 
0 
2 
2 

0 
0 
0 
0 
0 
0 

62 
4 
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8 

67 
5 
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o 
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Table 4.5 

Results of the Experiment to Compare (Q,R) Algorithms; COV 1.0 

Number of Iterations -6 Error Ratio (x 10 ) 

Parameter Standard GLD Modified GLD Modified Direct 
Distribution Set Method Method -Das Method -Das Method -

Normal 1 7 7 4 95 0 1 
2 6 6 4 289 0 0 
3 9 9 5 44 0 12 
4 7 7 4 23 0 0 
5 11 11 6 3 0 30 
6 7 8 5 16 0 1 

Gamma 1 12 11 4 56 0 131 
2 9 8 4 80 0 7 
3 14 14 5 52 0 672 
4 10 10 4 48 0 36 
5 14 14 5 8 0 972 
6 10 10 4 21 0 47 

Weibu11 1 11 10 5 216 0 47 
7. 8 8 4 513 0 2 
3 13 13 5 157 0 294 
4 9 9 5 101 0 14 
5 14 14 6 13 0 522 
6 10 10 5 69 0 23 

Inverse Gaussian 1 14 14 5 126 0 784 
2 10 10 5 87 0 46 
3 15 15 6 18 0 3226 
4 12 11 5 62 0 198 
5 15 15 6 51 1 3650 
6 11 11 5 9 0 206 

I Average (includes Lognormal) _ 11.2 11.1 5.2 74 0 1034 
-

Modified 
·-Direct 

0 
0 
0 
0 
3 
0 

1 
0 

11 
0 

23 
0 

1 
0 
8 
0 

26 
0 

5 
0 

12 
1 
7 
0 

3 

I 

I 

I 

I 

I-' 
o 
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The major conclusions that one can make from these results 

are the following. 
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1. The GLD iterative method presents an attractive, although not 

superlative, alternative ~o the standard iterative procedure. 

It requires roughly the same number of iterations while 

yielding results within 0.035 percent of the optimum. Its 

major advantage is that each iteration may be easier to 

perform than those of Algorithm 4.1. 

2. The modified-Das procedure offers the most appealing iterative 

procedure. Not only does it require roughly half the number 

of iterations as the standard or GL~ procedure, but the 

computation required within each iteration is obviously much 

simplier. As shown in· Tables 4.2 and 4.3, the order policies 

produced are essentially optimal, with a mere 0.0001 percent 

average error. 

3. The direct-approximation method as stated in Algorithm 4.4 

is an alternative that requires the fewest complex calculations 

but suffers slightly from inaccuracies. The policies pro

duced can be described only as "nearly-optimal." The average 

error of 0.25 percent is not perceived as severe (although 

it can be significantly above that level, as shown in 

Tables 4.3 through 4.5), but it is excessive when viewed in 

light of the accuracy attained by either the modified-Das 

or modified-direct method. 

4. The modified-direct method is clearly superior. Not only 

does it require a minimal amount of computation, but it 



yields policies that are essentially optimal. (An average 

error of 0.0005 percent could undoubtedly be considered 

negligible in most, if not all, inventory contexts.) 

107 

·On the basis of this experiment, within which we have 

attempted to attain a fair degree of generality, we would then recom

mend the modified-direct method as the clear choice for computing 

optimal (Q,R) policies. Such a recommendation, however, must be 

tempered with a note of caution: our brief computational experience 

suggests that the method can be sensitive to its starting values. 

One is advised to use those starting values given in Step 1 of 

Algorithm 4.1, since brief experimentation with other values has 

sometimes led to rather large inaccuracies in the resulting ordering 

policy. An example of such behavior is summarized in Tables 4.6 and 

4.7. The particular experiment performed duplicates the experiment 

previously described where the starting values for each algorithm are 

and 

Note that both the standard iterative method and the modified

Das procedure require a few more iterations to converge to the optimum 

when this new starting point is utilized. Also, the accuracy of the 

modified-Das procedure is somewhat degraded as the average error 

ratio increases by an order of magnitude to 0.0013 percent. This is 

still expected to be quite acceptable. The accuracy of the modified-



Table 4.6 

Results of the Experiment to Compare (Q,R) Algorithms 
Using the Alternate Starting Point; 

Average Values 

Average Number Average Error 
of Iterations Ratio (x 10-6) 

Number Standard Modified Modified Modified 
of Cases Method -Das -Das -Direct 

Distribution 

Normal 24 7.2 4.5 31 369 

Lognormal 24 10.8 6.3 5 826 

Gannna 24 10.1 4.1 1 2597 

Weibu11 24 9.4 4.3 5 2728 

Inverse Gaussian 24 10.8 5.0 20 1046 

Coefficient 
of Variation 

0.25 30 5.8 5.8 4 250 

0.50 30 8.6 4.6 6 1465 

0.75 30 11.1 5.5 10 2820 

1.00 24* 13.0 5.9 31 1276 

Overall 114* 9.4 4.9 13 1462 

*does not include the case where LTDD ~ Weibull with COV = 1.8, 
since this is the same case as LTDD ~ Gamma with COV = 1.0. 
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Table 4.7 

Results of the Experiment to Compare (Q,R) Algorithms 
Using the Alternate Starting Point; 

Maximum Values 

Maximum Number Maximum Erro~ 
of Iterations Ratio (x 10- ) 
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Number Standard Modified Modified Modified 
of Cases Method -Das -Das -Direct 

pistribution 

Normal 24 13 6 344 3638 

Lognormal 24 16 10 50 8680 

Gamma 24 17 5 11 27174 

Weibull 24 17 6 39 39193 

Inverse Gaussian 24' 17 7 249 14702 

Coefficient 
of Variation 

0.25 30 8 4 61 2105 

0.50 30 12 6 96 14702 

0.75 30 14 8 201 39193 

1.00 24* 17 10 344 12677 

Overall 114 17 10 344 39193 

*does not include the case where LTDD ~ Weibu11 with COV = 1.0, 
since this is the same case as LTDD ~ Gamma with COV = 1.0. 



direct method is much more drastically reduced, although it eQuId 

still be described as performing reasonably well. With its average 

error now at 0.14 percent, however, one is somewhat reluctant to 

recommend it as strongly as before. Thus, one is again advised to 

use only the starting values given in the stated algorithm unless 

values that are known to be close to the optimum are available. 

A final feature of our experiments that is worth noting is 

that the various algorithms each appear to have certain parameter 

sets for which they work quite well and others for which they do not 

perform as admirably. For example, each of the iterative methods 

require fewer iterations when the expected number of'shortages at 

the optimum is low. This can be traced directly to the fact that 

the starting values used, particularly the EOQ as the initial order 

quantity, implicitly assume that the expected number of shortages 

is zero. On the other hand, despite the increased number of itera

tions, there is no apparent effect upon accuracy. 

110 

The same is not true for the two direct methods. Note, for 

example, in Tables 4.4 and 4.5 that both methods have larger errors 

when the demand rate is low. The reasons for this are not particularly 

clear, but there is evidence to suggest that it is a matter of how 

well the starting values approximate the optimal values of Q and R. 



CHAPTER 5 

SENSITIVITY OF (Q,R) INVENTORY MODELS 
TO DISTRIBUTIONAL ASSUMPTIONS 

One of the major goals of this thesis is to examine the 

sensitivity of stochastic inventory models to distributional assump-

tion~. These assumptions generally reduce to the selection of a 

specific probability distribution to model the lead time demand. 

Various authors have proposed the use of a variety of distributions, 

but by and large, these suggestions have been made either for mathe-

matical convenience or to exploit some particular property of a 

particular distribution. Little has been done to substantiate the 

viability of any particular distribution as a general model for the 

LTD. 

In this chapter, we present a carefully designed experiment 

that was performed in order to assess the viability of various distri-

butions as models for the LTDD, as well as to explore the sensitivity 

of (Q,R) inventory models to distributional assumptions. This 

experiment gives particular attention to the influence of the shape 

of the LTDD on optimal (Q,R) policies. The appropriate context for 

this experiment is provided in Section 5.1, which contains a review 

of some similar sensitivity analyses. After identifying the strengths 

and weaknesses of these studies, detailed discussions of the design 
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and results of our experiment are presented in Section 5.2. These 

results are summarized in Section 5.3 in terms of a number of specific 

guidelines for model selection. These guidelines include recommenda

tions for when certain distributions can, and when some others cannot, 

be regarded as providing robust models for the LTDD. 

5.1 Literature Review--Sensitivity Analyses 

The question of the sensitivity of models to distributional 

assumptions has received only scant attention in the inventory con

trol 1iterature~ We have been able to identify only seven studies 

that address this question: four in the open literature [Aggarwal 

and Dhavale (1973), Naddor (1978), Fortuin (1981), and Lau and Zaki 

(1982)], and three which have not yet appeared in print [Jacobson 

(1981), Tadikamal1a (1982a), and Tadikama11a (1982b)]. As shown in 

the following reviews, these seven are of varying degrees of quality 

and completeness. Indeed, of the published papers, only Lau and Zaki 

consider the problem in any significant depth. 

5.1.1 Aggarwal and Dhavale (1973) 

In the first of the published studies, Aggarwal and Dhava1e 

(1973) restrict their attention to single-period models (in which 

there is but one opportunity to order) and compare the use of the 

uniform, exponential, normal, and lognormal distributions as models 

of the LTDD. Their results, particularly as they relate to distribu

tional assumptions, are somewhat disappointing and difficult to 

interpret. A primary reason for this is the way in which the par

ticular probability distributions were assigned. The authors write, 
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"It must be emphasized that for the purpose of realistic comparison 

of various distributions, the values assigned to their means and 

their ranges are kept equal." [In fact, they restrict the range to 

(0, 2~) where ~ is the mean demand per period.] How they do this for 

the normal, lognormal, and exponential distributions, which have 

infinite support, is not clarified. Furthermore, they do not indi-

cate how the variances for the normal and lognormal models were 

assigned. Thus, each of the distributions used may have a very 

different dispersion, rendering all comparisons tentative at best. 

The conclusions made by the authors are also somewhat mis-

leading. In particular, they write: 

The total expected cost for the exponential distribution 
turns out to be the largest in comparison with the other 
distributions • • • the uniform distribution has slightly 
smaller expected costs • • • [and] the normal and log
normal distributions have the smallest expected costs in 
all cases. Evidently, the lognormal and normal distribu
tions are the most desirable distributions for [computing 
optimal] policies. 

This statement must not be construed as a recommendation that a 

normal or lognormal distribution should be used for the purpose of 

reducing the expected total costs. In practice, we are concerned 

with selecting that distribution that most accurately portrays the 

actual behavior of the LTD and not with selecting that distribution 

that results in the lowest costs for the model. 

Despite these shortcomings, Aggarwal and Dhavale do present 

some valuable conclusions regarding the sensitivity of the single-

period model to the values of the unit purchase cost, the mean demand 



rate, the inventory carrying rate, the unit shortage cost, and the 

fixed ordering cost. 

5.1.2 Naddor (1978) 

In a brief technical note, Naddor (1978) shows how periodic 

review models of the (s,8) type (in which an order sufficient to 
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raise the inventory position to 8 is placed whenever the end-of-period 

inventory falls below s units) are affected by the assumption of 

different distributions, shortage costs, and lead times. His results 

suggest that "the optimal decisions depend on the means and standard 

deviations of demand but not on the specific forms of the distribu-

tions." 

Naddor considers only discrete distributions: the Poisson, 

uniform, negative binomial, beta (discretized), and, as an extreme 

case, a two-point distribution. He also truncates these distribu

tions, where necessary, at a distribution-dependent upper bound. He 

only considers two examples, one of which specifies a rather high 

probability (around 0.70) that zero demand will occur in a period. 

Furthermore, each distribution is selected to have the same coeffi

cient of variation (COV): COV = 0.5773 in the first example and 

COV = 2.0 in the second. 

Naddor's conclusions are apparently valid, but their gener

ality would seem to be restricted by the small number of examples 

considered. Furthermore, one could argue that the distributions 

considered are not very different in shape. For instance, in the 

example where there is a large probability of zero demands, the most 
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prominent characteristic shared by the probability mass functions of 

each distribution is a large "spike" of probability at zero. One 

might reasonably wonder if any other shape characteristics (for 

example, the skewness and kurtosis of each distribution) are signifi

cantly different. 

5.1.3 Fortuin (1981) 

Fortuin (1981) attempts to compare the use of five different 

PDF's in a (Q,R) inventory model, but does so only in a very limited 

way. These limitations arise since (i) he considers only one example 

and (ii) the ordering policy is determined in an ad hoc manner. 

In particular, Fortuin compares the normal, lognormal, gamma, 

Weibu11, and logistic distributions as models for the LTDD in an 

example where its coefficient of variation is 1/6. In such a case, 

one would expect these distributions to mimic each o~her quite 

closely. Indeed, he finds the resulting ordering policies virtually 

indistinguishable and thus advocates the use of the logistic distri

bution on the basis of its simple mathematical form. 

Fortuin's results are obscured by the fact that the order 

quantity and reorder point used are not optimal in any sense: the 

order quantity is simply 1. 25 times the expected lead time demand, 

while the reorder point is related to an arbitrarily defined service 

level. In addition, he compares only the expected optimal costs for 

each model and does not consider the actual costs that would result 

when the wrong distributional form is specified. 
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5.1.4 Lau and Zaki (1982) 

The most recent of the sensitivity analyses that have 

appeared in the inventory control literature is that of Lau and Zaki 

(1982). (In fact, it appeared after the research to be described in 

Sections 5.2 and 5.3 was completed.) Their major conclusion is that, 

although the shape of the LTDD "significantly affects such basic 

inventory-modeling figures as the reorder point, stock-out risk, and 

expected lost sales, [the] shape appears to have little effect on 

the optimum solution and the total cost of a continuous-review (Q,R) 

system. " 

Lau and Zaki model the LTDD with a four-parameter distribu

tion (specifically, with either a Schmeiser-Deutsch or Pearson 

distribution) so that the shape of the LTDD would not be dependent 

upon either its mean or standard deviation. They fix the mean and 

standard deviation and then vary the skewness and kurtosis in order 

to assess the effect that the shape of the LTDD has on various 

"inventory-modeling figures." Specifically, these figures are the 

following: 

(i) The reorder point, RO•80 ' defined as the 80th 

percentile of the LTDD; 

(ii) 'the stock-out risk, defined as the probability that 

the lead time demand exceeds the reorder point, 

where the reorder point is specified as the mean LTD 

plus one and one-half standard deviations; 

(iii) the expected number of shortages given that the 

reorder point is specified as in (ii); and 



(iv) the optimal solution to the (Q,R) model and its 

associated cost. 
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Lau and Zaki demonstrate that the first three of these 

figures can be highly dependent on the shape of the LTDD. That is, 

these figures depend on the values assigned to the skewness and 

kurtosis of the LTDD and also on the functional form of the LTDD 

(i.e., on whether it is represented with a Pearson or Schmeiser

Deutsch distribution). That the reorder point and stock-out risk 

depend on the shape is hardly surprising and results from the fact 

that distributions with different shapes will have different quantile 

functions. The dependence of the linear loss function on th~ shape 

of the LTDD is less obvious, but it is not surprising that the 

expected number of shortages would also be dependent on shape. 

What is surprising is that, after making the preceding 

observations, Lau and Zaki also conclude that the optimal solution 

and cost are not dependent on the shape of the LTDD. This appears 

to be somewhat contradictory: they argue, on the one hand, that 

various factors that influence inventory decisions are dependent on 

the shape of the LTDD and yet, on the other hand, that the optimal 

decision is not. 

This apparent contradiction is based on two conjectures that 

concern the expected total relevant cost equation [given in this 

dissertation as equation (4-2)]. Lau and Zaki note that this equa

tion can be divided into two components, one consisting of the 

ordering and holding costs and the other consisting of the shortage 

costs. Their first conjecture is that "only the annual shortage cost 
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component is affected by [the lead time demand] distribution." Their 

second conjecture is that "even if the shortage cost component is 

strongly affected by [the LTDD's] shape, this cost component will 

remain small relative to [the other] component [and] therefore 

* * (Q ,R ) will not be affected." On the basis of these conjectures, 

Lau and Zaki argue that the influence of the shape of the LTDD will 

only be significant when the stock-out risk is relatively high. 

They provide a number of examples to demonstrate this point for which 

the stock-out probability is around 0.25. 

The rationale behind the first of these conjectures is 

unclear; however, it is likely that it is because only the shorta.ge 

cost is an explicit function of the expected number of shortages, 

whereas the terms in the other component have the appearance of 

constants. This conjecture can be legitimately questioned since it 

ignores the fact that the optimal order quantity and reorder point 

are also affected by the shape of the LTDD. This should be obvious 

from examination of the first-order conditions that yield these opti

* mal values [equations (4-3) and (4-4)] and explicitly display Q and 

* R as functions of the linear loss function and quantile function of 

the LTDD. Apparently, Lau and Zaki ignore their own results about 

the stock-out risk, expected number of shortages, and reorder point 

which verify the fact that the QF and LFF of the LTDD (as well as R) 

are dependent on the shape of the LTDD. 

These conjectures also appear to ignore an essential quality 

* * of the optimal solution: Q and R are chosen to obtain an optimal 

tradeoff between the two cost components. Hence, even though the 
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optimal shortage cost may be relatively sm?ll, this shortage cost 

component (which directly depends on the shape of the LTDD) may have 

a strong influence on the optimal solution. 

[Another factor that might lead one to question Lau and Zaki's 

understanding of the (Q,R) model is their reference to the expected 

number of shortages as the "expected lost sales." This is incorrect. 

The (Q,R) model assumes that all shortages are backordered.} 

5.1.5 Jacobson (1981) 

A careful study of the sensitivity of continuous review (Q,R) 

policies that has not appeared in the open literature is Jacobson 

(1981). Jacobson considers the effect on total expected costs of 

choosing the "wrong" distribution to model that of the lead time 

demand. Her work is distinctive in its use of a carefully planned 

experimental design to set the model parameters. 

Jacobson examines three candidates for models of the lead 

time demand distribution (the normal, lognormal, and gamma) and 

compares costs as follows. First, particular model parameters 

(i.e., costs, annual demand rate, and mean and variance of the LTDD) 

are postulated. These model parameters are selected according to a 

full-factorial experimental design where the relevant factors are: 

(i) ordering cost (2 levels), 

(it) inventory holding cost (2 levels), 

(iii) shortage cost (2 levels), 

(iv) mean annual demand rate (2 levels), and 

(v) the coefficient of variation of the LTDD (4 levels). 



Then, for each candidate distribution, an appropriate cost equation 

is developed which is used to find the corresponding "optimal" 

ordering policy. Next, each candidate distribution is considered 

in turn as the "actual" LTDD and its cost equation utilized to 

determine the cost of using the ordering policies derived from the 

other distributions. The differences of these costs from the cost 

Qf the optimal policy are then measures of the cost of using the 

"wrong" distributional model. 

Jacobson's major conclusion is that distributional assump

tions can be quite important when the coefficient of variation of 
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the LTDD is large or the shortage cost is high. Her results also 

show that the largest difference in costs occurs when the normal 

distribution is used as a model and the actual distribution is either 

lognormal or gamma. Little difference is seen between the gamma and 

lognormal models. 

These results are not especially surprising and tend to 

reinforce our intuition. It seems clear that the normal model would 

be inferior to the lognormal or gamma since (i) it is symmetric and 

(ii) it admits the possibility of negative demands. Both of these 

factors would be significant when the coefficient of variation is 

large. These differences are evidenced quite vividly in Figures 5.1 

through 5.4, which are scaled so that the normal PDF has roughly the 

same shape in each. As seen in these figures, the three distributions 

do not differ considerably when the coefficient of variation is low. 

(Each distribution has a mean of 100.) When the COY is large, 

however, the gamma and lognormal have similar shapes that are quite 
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Figure 5.l. Normal, Lognormal, and Gamma PDF's with COV = 0.25. 

0.015 

0.010 
COy 00.50 

Iy 

o.oos 

-so o so 100 ISO 200 y 

Figure 5.2. Normal, Lognormal, and. Gamma PDF's with COV = 0.50. 
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Figure 5.4. Normal, Lognormal, and Gamma PDF's with COV = 1.00. 



distinct from that of the normal. One could conclude from this that 

the expected costs will not differ considerably provided that the 

shapes of the respective distributions do not differ significantly. 

This discussion suggests a point upon which Jacobson's 
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experiment can be criticized. Note that the shapes of both the gamma 

and lognormal distributions can be viewed as functions of the 

coefficient of variation. That is, both become more highly skewed 

and heavier-tailed as the eov increases. Any conclusions regarding 

the sensitivity of (Q,R) models to the shape of the LTDD would be 

obscured by this fact. This suggests that it would be worthwhile to 

continue this type t;Jf investigation while utilizing as the "actual" 

LTDD a distribution whose shane does not depend on the eov. 

5.1.6 Tadikamalla (1982b) 

An analysis similar to Jacobson's also has been carried out 

by Tadikamalla (1982b). Tadikamalla compares the normal, logistic, 

lognormal, gamma, and Weibull models for the LTDD in (Q,R) models 

and examines their impact on 

(i) the optimal values of Q, R, and ETRe (the total 

expected relevant cost); 

(ii) the expected number of shortages; and 

(iii) the percentile values F;l(p) for p = 0.90 and 0.99. 

As might be anticipated, he shows that the percentile values do not 

differ significantly from distribution to distribution when the eov 

is small. When the eov is large, there are significant differences 

in these percentiles only between the symmetric (normal and logistic) 
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models and the skewed (lognormal, gamma, and Weibu11) models. The 

optimal values of Q and R and their associated expected optimal costs 

display similar sensitivity. Interestingly, he also shows that the 

expected number of shortages is much more sensitive to distributional 

assumptions, not only between the symmetric and skewed distributions 

but within these groups as well. 

These results confirm those of Jacobson but can also be 

criticized on similar grounds; as Tadikama1la himself writes, "among 

the skewed group, all the three distributions considered ••• are 

much similar in shape for a given mean and variance." Additionally, 

and perhaps more importantly, he compares only the expected optimal 

* * costs. For example, let Q. and R. denote the optimal order quantity 
J J 

and reorder point when the LTDD has CDF F., and let ETRC(Q,RIF.) 
J J 

denote the expected cost of using the policy (Q,R) for this LTDD. 

Tadikamalla compares expected optimal costs of the form 

* * * * ETRC(Ql,RlIFl ) and ETRC(Q2,R2 IF2). More meaningful comparisons 

* * * * would be made between ETRC(Ql,RlIFl ) and ETRC(Q2,R2 IFl ). These 

are, respectively, the expected optimal cost when the LTD is distribu-

ted according to Fl and the actual cost that would be incurred if an 

ordering policy was developed while assuming that the LTD was dis-

tributed according to F2 when it actually behaved according to Fl. 

The difference between these latter two costs is expected to be 

significant since small deviations from the optimal Q and R values 

result in significant changes in the expected number of shortages, 

which in turn would be expected to greatly influence the ETRC function. 
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5.1.7 Tadikamalla (1982a) 

Tadkiamalla (1982a) also presents an interesting study of the 

sensitivity of (Q,R) models to the shape of the LTDD that is similar 

to that of Lau and Zaki (1982). In particular, he models the lead 

time demand distribution with a member of the Johnson family of 

distributions (see Section 3.2.10) and fixes "the mean and variance 

of the lead time demand [to] study the effect of ~he shape of the 

distribution as measured by its skewness (a
3

) and kurtosis (a
4

) on 

(i) the reorder level •.• to have a given protection p, 

(ii) the potential lost sales for a given reorder level 

R, and 

(iii) the determination of [the optimal] Q and R." 

(Note that Tadikamalla erroneously refers to the expected number of 

backorders as the "potential. lost sales.") 

His results show that both the percentile values and expected 

lost sales change substantially with R. Interestingly, however, he 

concludes that "except in extreme cases, we may have to agree with 

Naddor's conclusion that [the cost of an optimal policy] and the 

optimal decisions Q* and R* are insensitive to the shape of the lead 

time demand even in the random lead time case." This conclusion 

seems to contradict his results as described in the first sentence 

of this paragraph. That is, if a small change in R can be expected 

to significantly affect the expected number of shortages, it seems 

reasonable to expect a similarly significant change in costs 

(particularly when the shortage penalty is large). Tadikamalla is 

led to such an apparent contradiction because he only compares the 
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expected optimal costs and not the expected optimal and actual costs, 

as discussed in Section 5.1.6. 

5.2 An Experiment to Test the Sensitivity of 
(Q,R) Models to Distributional Assumptions 

The studies reviewed in the preceding section all suggest 

that the optimal ordering policy is insensitive to the shape of the 

LTDD and depends predominately upon only its coefficient of variation. 

On the other hand, we argued that such conclusions are tentative at 

best since the experiments performed (i) generally compare distri-

butions with similar shapes and (ii) often compare only the optim~l 

costs that would be obtained under the different distributional 

mode1s--not the optimal cost with the actual cost that would result 

from using the wrong distributional model. 

We now present a similar experiment that overcomes these 

shortcomings. Our goal is to make a definitive statement concerning 

the ~ensitivity of (Q,R) models to distributional assumptions. 

We first present a complete discussion of the experimental 

design. This includes the choice of the particular parameters used, 

the distributions utilized to represent the actual LTDD, and the 

distributions used as models of the LTDB. A detailed summary of the 

experiment is given at the end of this next section. The results 

of this experiment are discussed in detail in Sections 5.2.2 and 5.2.3. 

5.2.1 Design of the Experiment 

We refer to the process of designing an experiment such as 

this in a literal, and not a statistical, sense. That is, although 



the experiment intimately involves the stochastic modeling of an 

inventory system, the experiment itself is deterministic. Given a 

set of experimental conditions, which includes a probability distri

bution to represent the LTDD, the response of interest is a ratio of 

expected costs. This ratio does depend on how we choose to model a 

particular random variable (the LTD) but is not itself a random 

variable. Replications of the experiment under the same experi

mental conditions will resu~t in exactly the same response. 

5.2.1.1 Parameter selection. It is important to choose 

the parameters of the (Q,R) model (i.e., the four relevant costs and 

the mean annual demand rate) carefully in order to ensure that the 

results will have wide applicability and not be restricted to one 
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or two special cases (for which we have criticized others). One 

option is to develop a full-factorial design along the lines of 

Jacobson, postulating a number of levels for each parameter and 

running the experiment for each possible combination. This, 

unfortunately, would create an inordinate amount of data to be 

examined and thus is not an attractive alternative. Indeed, although 

well presented, Jacobson's discussions are often somewhat labored 

because of the volume of information produced when just two levels 

were specified for each parameter. 

An obvious shortcut is. to select a subset of all possible 

combinations that is representative of the entire set. A careful 

review of Jacobson's results seems to suggest a logical way of doing 

this. Jacobson's experiment suggests that the sensitivity of the 

(Q,R) model to distributional assumptions is the most acute when 
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the optimal reorder point lies in the extreme upper tail of the LTDD, 

a situation that occurs when shortages are discouraged. Conversely, 

this sensitivity is much less acute whenever the reorder point is 

not quite as large, as is the case wh~n the shortage penalty is low 

relative to the ordering and holding costs. 

Thus, it appears that one benchmark with respect to which a 

set of parameters may be categorized is the cumulative probability 

* * * of the LTDD that corresponds to R ; i.e., Fy(R) = p[y ~ R]. This 

is the probability that no shortages occur at the optimum, or 

equivalently, one minus this probability is the optimal stock-out 

risk. Furthermore, some initial tests, which were performed in order 

to aid in the selection of specific parameter values, suggest that 

this probability remains relatively stable for a given parameter 

set regardless of the distribution used to represent the LTDD. As a 

result, a somewhat ad hoc decision was made to utilize five different 

* parameter sets for which Fy(R ) ranges from a relatively low value 

of 0.9500 to a relatively high value of 0.9995. The exact parameter 

sets selected are presented in Table 5.1. The values shown for 

* Fy(R ) are the minimum, average, and maximum values observed for 

each parameter set over the entire range of distributions used to 

represent the LTDD in the complete experiment. 

5.2.1.2 Representation of the Actual LTDD. Another major 

concern in the design of this experiment is the selection of a 

distribution to represent the actual LTDD. As indicated previously, 

one desirable feature that this distribution should possess is that 

its shape be independent of its coefficient of variation. 



Parameter 
Set K c 

1 100 100 

2 250 100 

3 250 100 

4 500 100 

5 500 100 

Table 5.1 

Parameter Sets Used in Experiment 

h p D 

10 1000 5200 

50 500 5200 

50 200 5200 

100 200 5200 

100 100 5200 

Fy(R*) = ply ~ R*] 

Minimum Average Maximum 

.9986 .9991 .9994 

.9895 .9939 .9956 

.9762 .9852 .9889 

.9555 .9710 .9778 

.9163 .9428 .9556 

i-' 
N 
\0 
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Additionally, in order to provide the most general context for the 

experiment, its PDF should be able to assume a wide variety of 

shapes. This would imply that the distribution should cover a large 

portion of the skewness-ku,rt9sis plane. Finally, in order to compute 

the cost of optimal and other (suboptimal) policies, the CDF and LLF 

of this distribution should be tractable. 

These considerations suggest the use of one of the four

parameter distributions discussed in Chapter 3, such as the Pearson 

system, generalized lambda family, or Johnson system. The Pearson 

system is unattractive because of the large number of functional 

forms for its CDF. For its simplicity in this regard, the GLD is 

quite attractive, but unfortunately, it is cumbersome to use since 

its CDF and LLF do not exist in simple closed forms. The Johnson 

system, however, is an appealing alternative with its three functional 

forms, the S-U, S-L, and S-B, offering a compromise between the 

Pearson and GLD. This appeal is enhanced by the fact that, for the 

S-U and S-L distributions, the CDF, LLF, and QF can each be directly 

evaluated from those of the standard normal distribution, for which 

efficient and well-proven computer routines exist. [We will utilize 

the FORTRAN routines available from IMSL(1982).] 

This tractability does not extend, unfortunately, to the S-B 

distribution. Indeed, not even the moments of the S-B are easily 

computed. [See Johnson (1949).] For this reason, we offer the S-C 

distribution as a surrogate for the S-B. (This distribution is 

introduced in Chapter 3 and discussed in detail in Appendix D.) 

This choice is particularly attractive since the S-C has many of the 
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characteristics that we intuitively would expect the LTDD to possess, 

particularly a positive skewness and a range that is bounded from 

below. Like the S-B, it can approximate various well-known distribu

tions, such as the gamma, Weibull, and inverse Gaussian, which share 

these characteristics. Furthermore, the CDF and LLF of the S-C can 

be computed directly from the standard normal CDF. Its quantile 

function is not as tractable (see Section D.2 of Appendix D for a 

discussion of this), but it can be evaluated at any value p, 0 < p < 1, 

by searching for that value y for which ~y(y) - p = O. (The secant 

method appears to be an efficient search procedure to use in this 

context.) 

On the basis of these considerations, the S-U and S-C dist~i

but ions were chosen to represent the actual LTDD. The S-L was ignored 

since it is a limiting case of both the S-U and S-C distributions 

and can be closely approximated by either. (Theorem D.B in Appendix D 

demonstrates the convergence of the moments of the S-C to those of 

the S-L.) This choice is not expected to bias the results of the 

experiment in any significant way since the ordering policies pro

duced using these distributions to represent the actual LTDD are 

nearly identical to those produced when the GLD is used. (This 

indicates that the GLD and the S-U or S-C are virtually indis

tinguishable for the purpose of computing optimal ordering policies.) 

5.2.1.3 Selection of the Parameters of the Actual LTDD. 

Given that the S-U and S-C distributions are used to represent the 

actual LTDD, we want to choose particular members of these families 

in order that a wide variety of PDF shapes are represented in the 
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experiment. For example, our experiment was initially conducted 

assuming that the actual LTDD had the shape of a lognormal or gamma 

PDF. It is well known that the range of PDF shapes offered by these 

distributions is essentially covered by those depicted in Figures 5.1 

through 5.4 Hence, we postulated nine different shapes for the PDF 

of the actual LTDD--four corresponding to those of lognormal distri

butions with coefficients of variation 0.25, 0.5, 0.75, and 1.0 and 

five corresponding to those of gamma distributions with COV's 0.25, 

0.5, 0.75, 1.0, and 1.25. S-C distributions with the same shape were 

then chosen to represent the actual LTDD. 

The shape parameters of the specific S-C distribution used 

in each case were selected by setting the parameters Y and n so that 

the skewness and kurtosis of the S-C matched those of the postulated 

lognormal and gamma distributions. (Plots of the resulting S-C and 

its ·lognormal or gamma counterpart are virtually indistinguishable.) 

A distribution whose shape was independent of its COV could then be 

obtained by setting the parameters E and A to attain a given mean 

and variance. (However, if setting the parameters of the S-C in 

this manner resulted in a distribution that had a significant 

probability of obtaining negative values, it was eliminated from 

consideration as a viable LTDD.) 

Of course, to attain the desired generality, it was necessary 

to examine distributions other than those with gamma or lognormal 

shapes. To determine which specific members of the S-U and S-C 

distributions to include in the main experiment, the PDF's of these 

distributions were plotted for a wide range of combinations of the 
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parameters y and n. Some typical plots are shown in Figures 5.5 

through 5.14. The shapes of these PDF's, expecially those of the S-C, 

tend to be functions of the parameter Y rather than of n, although 

it is obvious that both jointly determine the shape. In conjunction 

with these plots, the behavior of the skewness and kurtosis of each 

distribution as functions of Y and n was also examined as depicted 

in Figure 5.15. Compare this figure with the preceding ones and 

observe tha~, taken together, the skewness and kurtosis do serve to 

distinguish between distributional shapes, at least on a qualitative 

level. 

2 The (a
3

, a
4

) pairs that correspond to the nine lognormal or 

gamma shaped densities used in the initial portion of this experi-

ment are identified in both Figure 5.16 and Table 5.2. Similarly, 

those pairs that correspond to the particular S-U and S-C distribu-

tions which we decided to use in the main portion of the experiment 

are summarized both in Figure 5.17 and Table 5.3. These latter pairs 

were selected in an attempt to choose a representative sample of the 

shapes depicted in Figures 5.5 through 5.14. As seen in Figure 5.17, 

2 they cover a large portion of the (a3 , a4) plane. Note that some 

symmetric and negatively skewed distributions are also included in 

Table 5.3. The results of each of these experiments will be discussed 

in detail in the following sections. 

In designing a similar experiment, Tadikamalla (1982a) chose 

2 
the shapes of the LTDD using a "grid" of points in the (a3 , a4) plane. 

2 Specifically, he chose combinations of values where a3 = 0, 1, 2, 3, 

or 4 and a;4 = 3, 4, 5, 6, 7, 8, or 9, excluding any impossible 
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Table 5.2 
Skewness and Kurtosis Values 

of the LTDD's Used in the Initial Experiment 

Parameters of S-C 
Shape of 

Distribution COV a
3 

2 y a
3 a4 n 

Lognormal 0.25 0.77 0.59 '4.06 -32.07 4.06 

0.50 1.63 2.64 8.04 -12.92 2.12 

0.75 2.67 7.14 17.91 -6.82 1.50 

1.00 4.00 16.00 41.00 -4.13 1.20 

Gamma 0.25 0.50 0.25 3.38 -6.91 10.03 

0.50 1.00 1.00 4.50 -3.34 5.37 

0.75 1.50 2.25 6.38 -2.09 3.97 

1.00 2.00 4.00 9.00 -1.40 3.46 

1.25 2.50 6.25 12.38 -0.89 3.57 
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Table 5.3 

Skewness and Kurtosis Values of the S-C and S-U 
Distributions Used in the Main Experiment 

Parameters Skewness \ '2 (Skewness) 

Distribution 2 y n ct.
3 ct.

3 

S-C -3.0 5.0 1.10 1.21 

-2.0 1.48 2.18 

-1.5 1.80 3.25 

-1.0 2.28 5.18 

0 2.91 8.50 

S-U 0 5.0 0 0 

S-C -3.0 2.0 1.89 3.59 

-2.0 2.15 4.64 

-1.5 2.43 5.90 

-1.0 2.87 8.24 

0 3.43 11.76 

S-U -2.0 2.0 1.39 1.93 

-1.0 0.87 0.77 

0 0 0 

1.0 -0.87 0.77 

2.0 -1.39 1.93 

S-C -3.0 1.5 2.73 7.45 

-2.0 2.92 8.51 

-1.5 3.15 9.92 

-1.0 3.57 12.73 
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Kurtosis 

ct.
4 

4.81 

6.16 

7.68 

10.52 

16.00 

3.17 

9.67 

11.24 

13.16 

18.86 

23.04 

7.25 

5.59 

4.51 

5.59 

7.25 

18.39 

20.10 

22.46 

27.25 
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Table 5.3--continued 

Parameters Skewness (Skewness) 
2 

Kurtosis 

Distribution y n 
2 

0.3 0.3 0.4 

s-u -2.0 1.5 2.41 5.80 15.75 

-1.0 1. 73 3.00 11.41 

-0.5 1.00 1.00 8.38 

0 0 0 6.89 

0.5 -1.00 1.00 8.38 

1.0 -1. 73 3.00 11.41 

2.0 -2.41 5.80 15.75 

s-c -3.0 1.25 3.72 13.87 32.09 

-2.0 3.86 14.92 36.72 

s-u -2.0 1.25 3.51 12.32 32.09 

-1.0 2.78 7.72 24.19 

-0.5 1. 72 2.95 16.31 

0 0 0 11.58 

0.5 -1. 72 2.95 16.31 

1.0 -2.78 7.72 24.19 

2.0 -3.51 12.32 32.09 

s-u -0.5 1.1 2.63 6.90 32.48 

-0.25 1.45 2.09 23.99 

0 0 0 20.36 

0.25 -1.45 2.09 23.99 

0.5 -2.63 6.90 32.48 



combinations. [Lau and Zaki (1982) use~ a similar procedure. It is 

not used in this thesis since it only considers the numerical values 

of the skewness and kurtosis and does not explicitly consider the 

shape of the resulting PDF.] 

For each of the shapes we have chosen, distributions to 

represent the actual LTDD were defined by setting the mean LTD to 
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100 and the COV to one of the values 0.25, 0.50, 0.75, 1.0, or 1.25. 

Thus, for each shape, five different LTDD's were possible. Of these, 

a portion were eliminated if they allowed a significant probability 

of negative values. We arbitrarily chose five percent as the cutoff 

for this probability. (Insisting that this probability be zero 

seemed overly restrictive, and values larger than five percent seemed 

much too liberal.) It turns out, however, that over 65 percent of 

the distributions used in the total experiment have zero probability 

of obtaining negative values. Another 15 percent limit this 

probability to less than two percent. Hence, we are confident that 

the distributions selected to represent the actual LTDD are realistic. 

5.2.1.4 Models for the LTDD. Since one of our goals is to 

establish the veracity of the conjecture that "optimal decisions 

depend on the means and standard deviations of demand and not on the 

specific forms of the distributions" [Naddor (1978)], a number of 

well-known distributions were postulated as models for the LTDD. 

In the class of two-parameter distributions (whose parameters would 

depend on only the mean and standard deviation of the LTDD) , we chose 

the normal, lognormal, gamma, Weibull, and inverse Gaussian distri

butions. In order to examine relatively simple models that could 



also respond to the shape of the LTDD, the three-parameter versions 

of these latter four distributions were also included. Finally, in 

order to compare another four-parameter distribution that could 

attain the same first four moments as the actual LTDD, the GLD 

(which, we have seen, i.s well suited for the computation of optimal 

ordering policies) was also postulated as a model. 

5.2.1.5 Summary. The experiment was carried out utilizing 

a complex (3000-line) FORTRAN program. The program (which will not 

be listed in this thesis owing to space considerations) was executed 

along the following lines, which summarize the complete experiment. 

Step 1. Choose a shape for the actual LTDD by setting its 

skewness and kurtosis (or, equivalently, by setting 

the parameters y and n of the appropriate S-U or S-C 

distribution) to one of the pairs of values given 

in Table 5.2. 

Step 2. Set the parameters 8 and A of the appropriate S-U 

or S-C distribution to correspond to a mean LTD of 

100 and a coefficient of variation of 0.25, 0.50, 

0.75, 1.00, or 1.25. (With each of its four parame

ters specified, the CDF of the actual LTDD, denoted 

FA' is well defined.) If the resulting distribution 

allows more than a five percent chance of obtaining 

negative values [i.e., if FA(O) > 0.05], consider 

this distribution no further and return to Step 1 

to ob tain a new shape. 
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Step 3. Find the parameters of each of the distributions 

postulated as models of the LTDD (i.e., the normal, 

GLD, and both of the two- and three-parameter versions 

of the lognormal, gamma, Weibull, and inverse Gaussian 

distributions). This is accomplished by matching 

as many of each distribution's first few moments as 

necessary to those specified for the actual LTDD in 

Steps I and 2. (With their parameters specified, 

the CDF's of each model, denoted generically as F , m 

are well defined.) 

Step 4 •. Choose a parameter set from those listed in Table 5.1. 

Step 5. Develop the expected total relevant cost function 

given as expression (4-2) for the actual LTDD and 

denote this function as ETRC(Q,RIFA). Find the 

* * optimal ordering policy (QA,R
A

) that minimizes this 

function. 

Step 6. For each of the distributions chosen as models of 

* * the LTDD, compute the ordering policy (~,Rm) that 

minimizes the expected total relevant cost function 

ETRC(Q,RIF ). m 

Step 7. For each of the distributions chosen as models of 

the LTDD, compute the expected cost of using the 

* * policy (Q ,R ) in the actual inventory system, 
m m 

* * ETRC(~,RmIFA). Compute the error ratio 
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Step 8. Go back to Step 4 and choose a new parameter set. 

If all have been examined, go back to Step 2 and 

choose another COV. If each of these have been chosen, 

go back to Step 1 and obtain a new shape for the 

actual LTDD. 

5.2.2 Results of the Initial Experiment 

As mentioned in the preceding section, this experiment to 

test the sensitivity of (Q,R) models to distributional assumptions 

was initially performed while assuming that the actual LTDD had the 

shape of a lognormal or a gamma distribution. Nine different shapes 

for the PDF of the actual LTDD were chosen by selecting nine differ-

ent skewness-kurtosis pairs corresponding to those of four lognormal 

distributions with coefficients of variation 0.25, 0.50, 0.75, and 

1.0 and those of five gamma distributions with COV's of 0.25, 0.50, 

0.75, 1.0, and 1.25. These are summarized in Table 5.2 in the 

preceding section and were selected to provide a set of actual LTDD's 

whose shapes were representative of those of the lognormal and gamma 

distributions. 

The results for this initial experiment are summarized in 

Tables 5.4 through 5.6. The major portion of these tables contains 

information about the behavior of the error ratio 



Table 5.4 

Results of the Initial Experiment; Average Values 

-4 
Number 

Average-Error Ratio (x 10 ) 

of 
Cases N LN 3LN r 3r W 3W IG 

Parameter Set 

1 30 12154 968 26 1733 21 5578 35 942 

2 30 2667 249 4 384 12 1159 8 244 

3 30 1022 98 5 137 11 413 6 93 

4 30 416 45 5 53 7 157 4 38 

5 30 141 24 3 21 3 51 2 17 

Coefficient 
of Variation 

0.25 45 1943 438 4 800 6 3100 9 479 

0.50 45 2788 204 7 466 9 1347 14 227 

0.75 35 . 3970 201 10 266 14 483 11 154 

1.00 20 5450 173 14 178 21 178 10 89 

1.25 5 6241 424 33 0 0 23 2 208 

3IG GLD 

14 6 

7 1 

5 2 

3 1 

2 1 

3 2 

5 2 

8 2 

12 2 

8 2 

Average 

* F (R ) m m 

.9992 

.9941 

.9854 

.9712 

.9430 

---

---

---

---

--- r-o 
Ln 
o 



Table 5.5 

Results of the Initial Experiment; Maximum Values 

Number Maximum Error Ratio (x 10-4) 
of 

Cases N LN 3LN r 3r W 3W IG 

Parameter Set 

1 30 22913 5147 72 7756 75 18748 150 5526 

2 30 5002 970 28 1433 80 3887 30 1017 

3 30 2030 325 30 510 59 1410 20 336 

4 30 894 182 23 191 31 535 13 127 

5 30 365 152 12 85 13 140 8 78 

Coefficient 
of Variation 

0.25 45 13715 5147 47 7756 42 18748 98 5526 

0.50 45 18559 1859 63 5782 61 11920 150 2716 

0.75 35 21114 2191 69 3510 74 5420 108 1464 

l.00 20 22711 1409 72 1903 80 1902 40 686 

l.25 5 22913 1349 72 0 0 83 5 684 
- -- - ---- ---- -- --- - - - - -- ------

3IG GLD 

39 41 

40 7 

24 7 

10 4 

8 2 

25 26 

35 41 

39 14 

40 7 

26 7 

Maximum 

* F (R ) 
m m 

.9994 

.9954 

.9884 

.9768 

.9534 

---

---

---

---

---
-----

I-' 
In 
I-' 



Table 5.6 

Results of the Initial Experiment; Summarized Values 

Number 
-4 Average Error Ratio (x 10 ) 

of 
Cases N LN 3LN r 3r W 3W 

Lognormal 
Shaped LTDD's 65 3558 285 0 676 24 1782 19 

Gamma 
Shaped LTDD's 85 3067 271 16 305 0 1233 5 

Overall 150 3280 277 9 466 11 1471 11 

Maximum Error Ratio ( 10-4) 

Lognormal 
Shaped LTDD's 65 22711 5147 0 7756 80 18677 150 

Gamma 
Shaped LTDD's 85 22913 2787 72 5341 0 18748 102 

Overall 150 f2913 5147 72 7756 80 18748 150 

IG 3IG 

332 10 

217 3 

267 6 

5526 40 

3127 20 

5526 40 

I 

I 

I 

GLD I 

, 

1 

I 

3 

2 

17 

20 

41 

I-' 
\Jl 
N 
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within certain subsets of "cases." Each "case" corresponds to a 

certain combination of (i) a shape for the actual LTDD, (ii) the 

coefficient of variation of the actual LTDD, and (iii) a parameter 

set. Tables 5.4 and 5.5, respectively, depict the average and 

maximum values attained by these error ratios for each postulated 

model of the LTDD within subsets. defined either by the cav of the 

actual LTDD or the parameter set used. Table 5.6 depicts both these 

values within subsets categorized by the shape of the actual LTDD, 

as well as over the entire initial experiment. Note that the error 

ratios in each of these tables have been multiplied by 10,000 in order 

to eliminate the leading zeroes in decimal fractions. Hence, a 

value of 100 corresponds to a ratio of 0.0100 or one percent. 

Note, first of all, that 150 different cases were considered 

in this initial experiment. Since each of the five parameter sets 

was used in conjunction with each LTDD, 30 different distributions 

were used to represent the actual LTDD. Since there are nine differ-

ent shapes and five distinct cav's, however, there should be 45 

different distributions to represent the actual LTDD (or 225 

different cases). The reason for this discrepancy is that 15 possi-

b1e distributions were omitted since they allowed more than a five 

percent chance of obtaining negative values. 

Second, note that there is an additional column in Tables 5.4 

* and 5.5 labeled as the average and maximum values of F (R ), m m 



respectively. * The term F (R ) refers to the value of the CDF F . m m .. m 

evaluated at the optimal reorder point, computed assuming that the 

LTD has the distribution described by F. Hence, for each model, m 

* F (R ) is the probability that no shortages occur at the optimum. m m 

The point made by including this probability in Tables 5.4 and 5.5 
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is that, for a given parameter set, the probability that no shortages 

occur at the optimum is essentially independent of the form of F 
m 

and depends almost entirely on the particular parameter set used. 

That is, no matter which distribution is chosen to model the LTDD, 

this probability remains nearly the same as long as the same parameter 

set is used. Hence, our earlier conjecture that this cumulative 

probability is a good benchmark against which to categorize a parame-

ter set appears to be valid. 

Third, note from Table 5.6 that the three-parameter lognormal 

and three-parameter gamma models have error ratios of zero when they 

are used to model LTDD's with lognormal and gamma shapes, respec-

tively. That is, the models obtain optimal ordering policies. This 

provides assurance that (i) the computer code for this experiment 

is working properly and (ii) the S-C distribution is, in these 

cases, virtually indistinguishable from the corresponding lognormal 

or gamma distributions (at least for the purpose of computing optimal 

ordering policies). On a similar note, the GLD provides policies 

whose costs are, on the average, within 0.02 percent of the optimum, 

indicating that the GLD and S-C distributions are likewise 

indistinguishable. 



Upon examin~ng the error ratios in either of these three 

tables, it becomes immediately clear that the normal model for the 

LTDD performs most poorly. On the average, it provides policies 

whose costs are 33 percent above the optimum. Even more striking is 

the fact that these costs can even be as high as one or two hundred 

percent above the optimal cost. Furthermore, as one might suspect 

from our previous discussions, the performance of the normal model 

degrades dramatically as the COV of the actual LTDD increases. Even 

more vivid is the behavior of its error ratio as a function of the 

parameter set: this ratio increases dramatically as the optimal 

reorder point becomes located farther out in the upper tail of the 

actual LTDD. Thus, an immediate conclusion is that the normal model 

does not provide a robust model of the LTDD. 
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The best model of the LTDD is, as we should expect, the four

parameter GLD. Even the largest error ratio observed for the GLD 

(0.41 percent) is essentially negligible. On the other hand, it 

would appear unnecessary to resort to a four-parameter model since 

each of the three-parameter models performs remarkably well. The 

best of these is the three-parameter inverse Gaussian, which yields 

optimal policies with costs that are, on the average, a mere 0.06 

percent above the optimum. This should not be surprising since the 

skewness and kurtosis of the inverse Gaussian lie "between" those 

of the lognormal and gamma in the (0;, 04) plane. Hence, one might 

expect that it can approximate either of these two distributions 

better than either can approximate the other. 
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On the other hand, the performance of the th~ee-parameter 

inverse Gaussian model is only slightly better than the three

parameter versions of either the lognormal or gamma distributions. 

These, in turn, are slightly better than the three-parameter Weibu11. 

Still, the fact that the inverse Gaussian outperforms the others is 

worth noting, especially in light of the fact that the lognormal and 

gamma models have the advantage of matching certain of the actual 

LTDD's exactly. 

Of the two-parameter distributions, the lognormal and inverse 

Gaussian appear to be the superior models. The overall average error 

ratio for each is roughly three percent, which is likely to be quite 

tolerable in many situations. Disconcerting, however, is the fact 

that this error can range as high as 55 percent. The gamma model is 

slightly less attractive since its error ratios tend to be higher 

than those of the lognormal or inverse Gaussian models, even when 

modeling LTDD's with gamma shapes. Still, the gamma does outperform 

the Weibu11, particularly when the COV of the LTDD is small. 

This performance of the two-parameter Weibu11 is worth a 

closer look. In Tables 5.4 and 5.5 it can be seen that the error 

ratios associated with the Weibu11 are not very different from those 

of the other two-parameter distributions (excluding the normal) 

when the COV of the LTDD is large, say greater than 0.75. When the 

COV is 0.25 or 0.5, however, the policies provided by the Weibu11 

are, on the average, 31 percent above the optimum, compared with that 

of its next worse competitor, the gamma, which is eight percent above 

the optimum. This is because, for small coefficients of variation, 
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the Weibull is negatively skewed. For example, when its COV is 0.25, 

the skewness of the Weibull is -0.185. Hence, it could be expected 

to do a poorer job of approximating positively skewed distributions 

than do the others. Surprisingly, the Weibull still outperforms the 

normal, perhaps because, even though its skewness is negative, its 

kurtosis is closer to that of the actual LTDD. 

The performance of each of the two-parameter models also 

degrades as the COV decreases. This is counter to some of the con-

clusions reached by the various authors discussed in Section 5.1. 

The reason for this is that we now represent the actual LTDD with 

distributions that can be heavy-tailed and highly skewed while having 

small coefficients of variation. In each of the previous studies, 

a small COV tended to imply that the LTDD was nearly symmetric and 

relatively light-tailed. Also, the previous studies compared models 

that became distinct only as the COV became relatively large. Since 

each of the two-parameter versions of the lognormal, gamma, and 

Weibull distributions approach a normal distribution as their COV 

decreases, these two-parameter models each attempt to fit the actual 

LTDD with a distribution that is nearly symmetric and light-tailed, 

regardless of the corresponding behavior of the actual LTDD. Hence, 

we see the first evidence that a facet of the LTDD other than just 

its coefficient of variation is important. 

Finally, note that, regardless of the model used, the error 

* ratios decline as the optimal probability of no shortages, F (R ), m m 

decreases. This suggests that distributional assumptions may not 

be as important in some contexts as they are in others. 
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5.2.3 Results of the Main Experiment 

The experiment described in the preceding section, although 

informative, is somewhat restricted since the actual LTDD's are 

represented with only lognormal or gamma shapes. To attain a greater 

generality, the experiment was repeated while using a wide variety 

of S-U and S-C distributions to represent the actual LTDD. The 

shapes of these distributions, as described by either their skewness 

and kurtosis values or their parameters y and n are sunnnarized in 

Table 5.3 of Section 5.2.1. For the sake of clarity, we will break 

these shapes into three groups depending on whether the corresponding 

PDF is positively skewed (a3 > 0), synnnetric (a
3 

= 0), or negatively 

skewed (a3 < 0). We isolate the positively skewed group, because it 

is from within this class that we "anticipate most actual LTDD's to 

arise. The synnnetric and negatively skewed groups are presented as 

extreme but possible cases. These also serve to demonstrate vividly 

some interesting facets of our results. 

5.2.3.1 Positively Skewed LTDD's. The results of the experi-

ment for this group of actual LTDD's are sunnnarized in Tables 5.7 and 

5.8, which contain the average and maximum values of the error ratios 

for each possible model as functions of both the parameter set and 

the COV of the actual LTDD, respectively. Note again that these error 

ratios are multiplied by 10,000, so that a value of 100 corresponds 

to a ratio of 0.0100 or one percent. These tables also contain the 

values of the cumulative probability of the model LTDD that corre

sponds to its optimal reorder point [i.e., F (R*)]. Note once again m m 

that these probabilities are relatively stable functions of the 



Number 
of 

Cases 

Parameter Set 

1 96 

2 96 

3 96 

4 96 

5 96 

Coefficient 
of Variation 

0.25 130 

0.50 130 

0.75 120 

l.00 70 

l.25 30 

Overall 480 
--------

N 

Table 5.7 

Results of the Main Experiment; Average Values 
(Positively Skewed LTDD's) 

-4 
Average Error Ratio (x 10 ) 

LN 3LN f 3f W 3W IG 

15433 1068 55 2607 105 6996 117 1213 

3198 239 9 519 22 1352 17 257 

1183 89 8 174 20 458 13 90 

468 40 8 66 18 167 13 37 

165 22 7 33 12 59 11' 19 

2612 713 15 1227 30 3871 33 777 

3695 180 22. 763 45 2008 49 274 

4488 92 21 401 47 714 43 109 

5753 119 11 227 19 227 8 59 

6727 154 12 114 17 41 5 42 

4089 292 17 680 35 1806 34 485 

3IG GLD 

71 4 

14 3 

11 2 

10 1 

8 1 

20 1 

30 2 

30 2 

9 3 

7 6 

23 2 

Average 

* F (R ) 
m m 

.9991 

.9935 

.9843 

.9694 

.9402 

---

---

---

---

---

---

I-' 
Ln 
\0 



Parameter Set 

1 

2 

3 

4 

5 

Coefficient 
of Variation 

0.25 

0.50 

0.75 

l.00 

l.25 

Overall 

Number 
of 

Cases 

96 

96 

96 

96 

96 

130 

130 

120 

70 

30 

480 

Table 5.8 

Results of the Main Experiment; Maximum Values 
(Positively Skewed LTDD's) 

. Maximum Error Ratio (X 10-4) 

N LN 3LN r 3r W 3W IG 

27075 5125 696 8192 1162 21589 1397 5561 

5589 1175 82 1738 128 4218 151 1231 

1183 401 63 594 119 1485 101 414 

976 142 84 209 120 542 133 146 

456 127 97 135 134 150 151 104 

15452 5125 449 8192 731 21589 874 5561 

21200 1763 616 5688 1015 12958 1217 2610 

24160 1961 696 3379 1162 5303 1397 1258 

25930 1874 101 1789 76 1789 35 1063 

27075 836 56 842 69 396 24 289 

27075 5125 696 8192 1162 215"89 1397 5561 
----- ----- - ---- _. - - ---- --

3IG GLD 

930 24 

105 25 

86 16 

103 8 

115 5 

589 17 

815 22 

930 24 

37 24 

35 25 

930 25 

Max~m 

F (R ) ! m m ' 

.9993 

.9953 
I 

.9882 

.9763 

.9525 

I 

---

---

---

---

---
-

---

I-' 
0\ 
o 



parameter set and are nearly the same as those produced in the 

initial experiment. 
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This portion of the experiment examines 480 different cases, 

corresponding to 26 different PDF shapes. Each of these shapes 

portrays valid LTDD's when the cav of the actual LTDD is 0.25 or 0.50 

(as evidenced by the fact that there are 130 cases for each of these 

cav's corresponding to the combinations of the five parameter sets 

for each of the 26 shapes.) As before, certain shapes produce invalid 

LTDD's (i.e., distributions for which P[Y > 0] > 0.05) for larger 

cav values. 

As also seen before, the error ratios associated with the 

GLD model are relatively insignificant (averaging 0.02 percent and 

never reaching more than one-fourth of one percent), indicating 

that the GLD and the corresponding S-U and s-c distributions are 

virtually indistinguishable for the purpose of computing optimal 

ordering policies. 

A particularly striking aspect of both Tables 5.7 and 5.8 is 

that the results contained in them very closely resemble the results 

obtained from the initial experiment (Tables 5.4 and 5.5). The reader 

is advised to compare these two sets of tables column by column. 

This exercise, without any additional comments here, should convince 

one that the results from the initial experiment can be generalized 

to the current setting with little qualification or trepidation. 

Hence, we can conclude that the normal distribution does 

not provide an exceptionally good model for the LTDD, except perhaps 

in certain situations where the shortage penalty is low relative to 
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the ordering and holding costs (i.e., when the optimal probability 

that no shortages occur is large). Indeed, if anything, the normal 

distribution is even less attractive than it was in the initial 

experiment. 

Of the remaining two-parameter distributions, the lognormal 

and inverse Gaussian distributions appear to perform equally as well 

and are the best among their.class. As with all of the two-parameter 

models, each has difficulty finding optimal policies when the shortage 

penalty is extremely high (i.e., with respect to the first parameter 

set) or when the COV is small. They do, on the other hand, perform 

well (with less than a one percent.average error) otherwise. 

The two-parameter gamma and Weibull models do not perform as 

well, yielding ordering policies whose error ratios are two to five 

times higher than those of the lognormal or inverse Gaussian models. 

The relative inadequacy of the Weibull is not surprising since it 

can be negatively skewed when its coefficient of variation is small. 

The inadequacy of the gamma model is rather surprising. Two possible 

reasons for the gamma's inability to find "better" ordering policies 

are (i) the fact that the gamma may approximate a unimodal LTDD with 

a J-shape (such as the exponential) or, more likely, (ii) the fact 

2 that the gamma line in the (a3 , a4) plane lies nearly on the boundary 

of the region within which the actual LTDD's are chosen. Hence, the 

gamma may be "farther away" in terms of shape than either of the 

2 other two-parameter models whose (a3 , a4) curves lie closer to the 

point corresponding to the skewness and kurtosis of the actual LTDD. 



As,a class, the three-parameter models all perform well. 

The ordering policies obtained have actual costs that are, on the 

average, within 0.4 percent of the optimum. The worst case, for a 

three-parameter Weibull model, yields a policy whose cost is about 
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14 percent above the optimum. Again, the lognormal and inverse 

Gaussian distributions perform the best, with the smallest average 

and maximum error ratios all within what should be acceptable limits 

in most inventory systems. Indeed, at worst, the lognormal has an 

actual cost that is seven percent over the optimum, while that for 

the inverse Gaussian is nine percent over. The average errors for 

each are almost negligible (on the order of one fifth of one percent). 

At this point, we can make some very general and tentative 

recommendations. First, if one desires to model the LTDD with a 

two-parameter distribution, a lognormal or inverse Gaussian model 

should be used. In no case is the normal model recommended, and the 

Weibull model should probably be avoided as well. Second, if either 

(i) the distribution of the actual LTDD appears to be highly skewed 

or heavy-tailed and yet has a small coefficient of variation or 

(ii) the optimal probability that no shortages occur is extremely 

large, then one ought to consider using a three-parameter model. 

The most convenient of these is probably the best choice. Finally, 

if a high degree of accuracy is desired, a four-parameter model should 

be used. This presupposes, however, that the parameters of this 

distribution as well as various model parameters are known precisely. 

If not, a four-parameter model may only provide a false sense of 

security. 
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Thus far, we have restricted our attention to cases in which 

the actual LTDD is positively skewed. This was done since we earlier 

agreed with the conjecture that LTDD's can reasonably be expected to 

have this property. Indeed, since we insist that the range of the 

LTDD be non-negative, it is reasonable to postulate that its upper 

tail will be longer and lighter than its lower tail, a condition 

consistent with a positive skewness. On the other hand, it would 

be difficult to argue that this will always be the case. 

For this reason, it is of merit to consider cases in which 

the LTDD is symmetric or negatively skewed. Additionally, consider-

ation of these cases will lend insight into the reasons why certain 

models perform well in certain cases and not in others. 

5.2.3.2 Symmetric LTDD's. The results for the portion of 

the experiment in which the actual LTDD was represented by an S-U 

distribution with zero skewness are summarized in Tables 5.9 and 

5.10. Five different PDF shapes are considered, corresponding to 

symmetric S-U distributions with kurtoses of 3.170, 4.508, 6.891, 

11.56, and 20.36. In all, 50 different cases are examined, corre-

sponding to the use of ten distinct distributions (each of the five 

shapes in conjunction with a COV of 0.25 or 0.50) with each of the 

five parameter sets. Each of the PDF shapes results in an invalid 

LTDD when the COV is greater than or equal to 0.75. 

There are two particularly striking aspects of these results: 

(i) the normal model produces ordering policies whose costs are much 

closer to the optimum than previously observed and (ii) the policies 

derived from the three-parameter models sometimes have larger error 



Number 
of 

Cases 

Parameter Set 

1 10 

2 10 

3 10 

4 10 

5 10 

Coefficient 
of Variation 

0.25 25 

0.50 25 

Overall 50 

Table 5.9 

Results of the Main Experiment; Average Values 
(Symmetric LTDD's) 

-4 Average Error Ratio (x 10 ) 

N LN 3LN f 3f W 3W 

2518 583 2513 579 1593 2529 3398 

363 322 361 148. 199 380 503 

81 210 81 98 39 107 118 

19 137 19 82 15 47 28 

17 77 17 66 24 40 18 

482 122 481 166 301 927 652 

718 409 716 223 448 314 974 

600 266 598 195 374 471 813 
- - --- -- -- ---

IG 3IG 

514 1579 

288 198 

204 39 

143 15 

86 24 

127 298 

366 444 

247 371 

GLD 

5 

1 

0 

0 

0 

1 

2 

1 

Average 

* F. (R ) 
m m 

.9993 

.9949 

.9875 

.9752 

.9509 

---

---

---

I 
I 

...... 
0\ 
VI 



Number 
of 

Cases 

Parameter Set 

1 10 

2 10 

3 10 

4 10 

5 10 

Coefficient 
of Variation 

0.25 25 

0.50 25 

Overall 50 

Table 5.10 

Results of the Main Experiment; Maximum Values 
(Symmetric LTDD's) 

Maximum Error Ratio (x 10-4) 

N LN 3LN r . 3r W 3W IG 

6005 2382 5995 . 1688 4224 6634 7513 1994 

850 1365 848 691 540 969 1078 1254 

199 731 198 404 116 224 258 713 

61 345 61 216 51 76 74 359. 

64 146 64 148 77 121 67 166 

4179 810 4172 1688 2945 6634 5217 927 

6005 2382 5995 1077 4224 3011 7513 1994 

6005 2382 5995 1688 4224 6634 7513 1994 

. 3IG GLD 

4194 22 

537 6 

115 2 

51 1 

76 1 

2924 16 

4194 22 

4194 22 

Maximum 

* F (R ) m m 

.9994 

.9954 

.9886 

.9771 

.9540 

---

---

---

I 

-

...... 
0\ 
0\ 
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ratios than their two-parameter counterparts. Both of these facts 

run counter to the intuition developed in examining positively skewed 

LTDD's. 

It should not be an overwhelming surprise that the normal 

model performs better in this case since, after all, it does have 

the property of being a symmetric distribution. Indeed, for all 

but parameter sets 1 and -2, its average error ratio is less than one 

percent and is only 3.6 percent for parameter set 2. Still, its 

ability to find an optimal policy degrades as (i) the optimal 

probability that no shortages occur approaches one or (ii) the COV 

of the actual LTDD increases. Both of th~se facts suggest that the 

normal model does not approximate the extreme tails of the actual 

LTDD well. This also should be expected since the normal has a 

kurtosis of three while the actual LTDD's studied here generally have 

much heavier tails. 

Of the three-parameter models, only the lognormal mimics the 

error ratios of the normal closely. This is somewhat unexpected 

since each of the lognormal, gamma, and inverse Gaussian distribu

tions approach the normal in shape as their skewnesses approach zero. 

In this setting, then, each of these three distributions should match 

the normal almost exactly. The fact that they do not is due to 

numerical difficulties, since certain parameters of each distri

bution become infinitely large as its skewness approaches zero. 

Numerical precision is a problem when the skewness of the lognormal 

is set to a value less than 0.001 or when the skewness of either 

the gamma or inverse Gaussian distributions is set to a value roughly 



less than 0.2. Hence, it was necessary to augment the computer code 

to set a minimum skewness for each of these three distributions. 

For each of the symmetric cases, the three-parameter lognormal thus 

has a skewness of 0.001 and a kurtosis almost identically equal to 

three. The three-parameter gamma and inverse Gaussian distributions 

have skewness 0.2 and kurtoses of 3.060 and 3.067, respectively. As 

a result, the three-parameter lognormal distribution is virtually 

identical to the normal, while the three-parameter gamma and inverse 

Gaussian distributions are not, although they are virtually indis

tinguishable from each other. This behavior is evidenced by the 

error ratios given in Tables 5.9 and 5.10. 

Despite the fact that their skewness and kurtosis values are 

nearly the same, it is somewhat astounding that the three-parameter 

gamma and inverse Gaussian distributions outperform (i.e., have 

smaller error ratios than) the three-parameter lognormal and the 

normal models. Indeed, it appears that both the gamma and inverse 

Gaussian models benefit from having their skewnesses constrained 

away from zero. On a related note, it is also quite surprising that 

the two-parameter versions of the lognormal, gamma, Weibull, and 

inverse Gaussian models each outperform their three-parameter 

counterparts whenever (i) the first or second parameter set is used 

or (ii) the COV of the actual LTDD is 0.25. (The sole exception 

to this occurs for the Weibull when the COV is 0.25.) 

How is it, in each of these cases, that the models whose 

first three moments match those of the actual LTDD yield ordering 

policies with higher costs than those obtained by models for which 
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only the first two moments match? Some insight into the answer can 

be obtained by examining Tables 5.11 and 5.12. These tables display 

for COV's of 0.25 and 0.50, respectively, a number of the character-

istics of the optimal policies derived from both of the two- and 

three-parameter versions of each of the lognormal, gamma, and inverse 

Gaussian models. These include: 

(i) the skewness and kurtosis of each distribution; 

(ii) a measure of the distance of this skewness-kurtosis 

pair from that of the actual LTDD defined by 

distance 

* (iii) the optimal order quantity, ~, and reorder point, 

* R , derived from each model; m 

(iv) the cumulative probabilities of both the model and 

actual LTDD that correspond to this reorder point 

* * [i.e., F (R ) and FA(R )]; and m m m 

(v) the error ratio obtained for this policy when the 

first parameter set is used. 

Because of space considerations, only three shapes for the actual 

LTDD are considered in these tables: those symmetric distributions 

with kurtoses of 3.170, 4.508, and 6.891. 

Note, in each of these tables, that the skewness, kurtosis, 

* order quantity, reorder point, and cumulative probability F (R) are m m 

the same for each model regardless of the kurtosis of the actual 

LTDD. This is because each model depends upon only the first two 



Table 5.11 

Characteristics of "Optimal" Ordering Policies; COV 0.25 

Order Reorder Model Actual Error 

Skewness Kurtosis Distance Quantity Point Percentile Percentile Ratio 

* * * * (X 10-4) Distribution a. 0.4 Measure ~ R F (R ) FA (Rm) 3 m m m 

* * * Actual (S-U) 0 3.170 0 331 185 --- 0.9994 ---
LN 0.766 4.060 1.174 338 214 0.9994 1.0000 526 
IG 0.750 3.938 1.073 337 212 0.9994 1.0000 471 
r 0.500 3.375 0.540 334 . 200 0.9994 0.9999 211 

3LN O.OOlt 3.000 0.170 329 181 0.9994 0.9990 26 
3IG 0.200t 3.067 0.225 331 189 0.9994 0.9996 20 
3f 0.200t 3.060 0.228 331 188 0.9994 0.9996 19 

* * * Actual (S-U) 0 4.508 0 340 205 --- 0.9994 ---
LN 0.766 4.060 0.887 338 214 0.9994 0.9996 46 
IG 0.750 3.938 0.942 337 212 0.9994 0.9996 27 
r 0.500 3.375 1.238 334 200 0.9994 0.9991 21 

3LN O.OOlt 3.000 1.508 329 181 0.9994 0.9969 807 
3IG O.ZOOt 3.067 1.456 331 189 0.9994 0.9982 298 
3r 0.200t 3.060 1.462 331 188 0.9994 0.9981 305 

* * * Actual (S-U) 0 6.891 0 351 223 ,--- 0.9993 ---
LN 0.766 4.060 2.932 338 214 0.9994 0.9990 57 
IG 0.750 3.938 3.047 337 212 0.9994 0.9989 89 
r 0.500 3.375 3.551 334 200 0.9994 0.9982 395 

3LN O.OOlt 3.000 3.891 329 181 0.9994 0.9953 1989 
3IG 0.200t 3.067 3.829 331 189 0.9994 0.9968 1108 

3r 0.200t 3.060 3.836 331 188 0.9994 0.9968 1122 
'---- - -- -- . -"--- - - - - -- --- - --- -- --- -

*optima1 va1ues.for the actual LTDD tskewness set to this value in computer code 

I 

i 

I 

i 

I 

I 

f-' 
~ 
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Table 5.12 

Characteristics of "Optimal" Ordering Policies; COV 0.50 

Order Reorder Model Actual Error· 

Skewness Kurtosis Distance Quantity Point Percentile Percentile Ratio 
*. * * * (x 10-4) Distribution ct

3 
ct

4 
Measure Qm 

R F (R ) FA (Rm) m m 1ll 

* * * Actual (S-U) 0 3.170 0 339 269 --- 0.9993 ---
LN 1.625 8.035 5.129 386 401 0.9993 1.0000 2382 
IG 1.500 6.750 3.882 371 383 0.9993 1.0000 1994 
r· 1.000 4.500 1.664 355 339 0.9993 1.0000 216 

3LN O.OOlt 3.000 0.170 336 261 0.9994 0.9990 41 
3IG 0.200t 3.067 0.225 340 277 0.9993 0.9996 33 
3r 0.200t 3.060 0.228 340 276 0.9993 0.9996 30 

* * * Actual (S-U) 0 4.508 0 359 308 --- 0.9993 ---
LN 1.625 8.035 3.883 386 401 0.9993 1.0000 1134 
IG 1.500 6.750 2.698 371 383 0.9993 0.9999 816 
r 1.000 4.500 1.000 355 339 0.9993 0.9997 179 

3LN O.OOlt 3.000 1.507 336 261 0.9994 0.9969 1249 
3IG 0.200t 3.067 1.455 340 277 0.9993 0.9981 460 
3r 0.200t 3.060 1.462 340 276 0.9993 0.9981 471 

* * * Actual (S-U) 0 6.891 0 381 343 --- 0.9993 ---
LN 1.625 8.035 1.987 386 401 0.9993 0.9998 392 
IG 1.500 6.750 1.507 371 383 0.9993 0.9997 199 
r 1.000 4.500 2.592 355 339 0.9993 0.9992 24 

3LN O.OOlt 3.000 3.891 336 261 0.9994 0.9952 2985 
3IG 0.200t 3.067 3.829 340 277 0.9993 o 9968 1659 
3r 0.200t 3.060 3.836 340 276 0.9993 0.9967 1679 

*optima1 values for the actual LTDD tskewness set to this value in computer code 
I-' 

" I-' 



or three moments of the actual LTDD, which remain unchanged within 

each table. Also note that, for each model, the optimal probability 

. * of no shortages specif~ed by the model, F (R ), matches the actual 
m m 

* optimal probability of no shortages, FA(R
A
), almost exactly. This 

is further evidence that this probability is independent of the 

distribution chosen to model the lead time demand. Note, however, 

that even.though this probability is virtually the same from model 

* to model, the corresponding reorder point, R , may differ consid-
m 

erably. 

There are two phenomena in these tables worth particular 

attention. The first is that there is obviously a positive corre-

lation between the distance measure and the error ratio: generally 

speaking, the larger the distance, the larger the error ratio. 
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Second, the error ratio also seems to be a function of the difference 

* * between FA(R
m
! and FA(R

A
): the closer the actual probability is 

to the optimal, the smaller the error ratio. These two observations 

suggest a reason why the three-parameter models sometimes have larger 

error ratios than their two-parameter counterparts: even though 

the three-parameter models match the first three moments of the 

actual LTDD better, their shapes may differ more from the actual 

LTDD than do the shapes of the two-parameter versions. This appar-

ently is because the two-parameter models tend to have heavier tails 

and match the kurtosis of the actual LTDD more closely, offsetting 

the fact that their skewnesses do not match as closely. A similar 

argument can be used to explain why the three-parameter gamma and 

inverse Gaussian distributions have smaller error ratios than does 



the lognormal. The fact that they are slightly skewed is offset by 

the fact that they have heavier tails. 

This discussion seems to imply that the following conjecture 

is plausible: a good model for the LTDD is a distribution that can 

accurately portray the upper tail of the actual LTDD. Furthermore, 

all of our results to date suggest that any discrepancies in these 

tails will be magnified when (i) the optimal reorder point is an 

extreme percentile of the LTDD and (ii) the variability of the lead 

time demand is large. 
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5.2.3.3 Negatively Skewed LTDD's. Having explored in detail 

the cases in which the actual LTDD's have positive or zero skewness 

we next explore the case of negatively skewed LTDD's in a more cur

sory fashion. The results of this portion of the experiment are 

summarized in Tables 5.13 and 5.14. 

These results are straightforward. First, the normal model 

asserts itself as the superior two-parameter model. An obvious 

reason for this is that, as a symmetric model, it more closely matches 

the shape of the negatively skewed actual LTDD than do either of the 

other positively skewed models. The error ratio for the normal is, 

however, larger than that of the Weibull in certain cases, mainly 

those in which the Weibull is negatively skewed. Although the 

average error ratios of both the normal and Weibull models are not 

exceptionally small (roughly six and seven percent, respectively), 

they maybe tolerable and are as good as can be expected without 

considering a negatively skewed class of models. 



Number 
of 

Cases 

Parameter Set 

1 20 

2 20 

3 20 

4 20 

5 20 

Coefficient 
of Variation 

0.25 50 

0.50 50 

Overall 100 

Table 5.13 

Results of the Main Experiment; Average Values. 
(Negatively Skewed LTDD's) 

-4 Average Error Ratio (x 10 ) 

N LN 3LN r 3r W 3W IG 

723 1863 723 1155 723 882 2958 1657 

524 1610 524 1161 657 682 551 1543 

457 1203 457 948 571 591 223 1189 

396 870 396 744 482 506 130 881 

307 523 308 499 359 384 94 545 

354 658 354 525 410 333 611 645 

609 1769 609 1278 707 885 972 1681 

481 1214 482 901 558 609 791 1163 
--- -----

3IG GLD 

724 471 

658 115 

572 41 

482 16 

359 5 

410 94 

708 164 

559 130 

Average 

* F (R ) m m 

.9993 

.9952 

.9882 

.9766 

.9534 

---
---

---
I-' 
'-J 
~ 



Number 
of 

Cases 

Parameter Set 

1 20 

2 20 

3 20 

4 20 

5 20 

Coefficient 
of Variation 

0.25 50 

0.50 50 

Overall 100 

Table 5.14 

Results of the Main Experiment; Maximum Values 
(Negatively Skewed LTDD's) 

Maximum Error Ratio (x 10-4) 

N LN 3LN f 3f W 3W IG 

2426 5910 2420 4229 2630 3033 12261 5412 

2345 4851 2347 3929 2673 3072 1957 4704 

1956 3545 1957 3062 2192 2523 909 3522 

1602 2572 1603 2355 1770 2037 789 2603 

1185 1611 1186 1598 1285 1477 622 1666 

1624 2175 1620 1785 1505 3033 8192 2110 

2426 5910 2420 4229 2673 3072 12261 5412 

2426 5910 2420 4229 2673 3072 12291 5412 
- -- -- ---

3IG 

5412 

2677 

2194 

1770 

1285 

1508 

2677 

2677 

Maximum 

* GLD F (R ) m m 

4139 .9994 

1051 .9956 

411 .9889 

172 .9778 

55 .9556 

2283 ---

4139 ---

4139 ---
- -- -------- - - -

I-' 
....... 
lJl 



The three-parameter versions of the lognormal, gamma, and 

inverse Gaussian models do perform better than their two-parameter 

counterparts but, generally speaking, no better than the normal. 

In these cases, the nearly symmetric models do an apparently better 

job of approximating the actual LTDD than do the more positively 

skewed versions. Overall, the best three-parameter model appears to 

be the Weibull, which has an average error ratio of roughly three 

percent. Again, this probably is because the Weibull distribution 

can assume a limited range of negatively skewed shapes. 

The most surprising result in this group is the apparent. 

inadequacy of the GLD. Intuitively, we would expect this four

parameter model to once again match the S-U almost flawlessly. 

Indeed, this intuition is reinforced by the fact that the GLD appar

ently was indistinguishable from an S-U distribution with the 

opposite shape (i.e., when both the GLD and S-U had the same first 

four absolute moments.) The apparent reason for this discrepancy 
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is the fact that, for some negatively skewed distributions, the upper 

tail declines to zero at a much faster rate than it does for posi

tively skewed distributions. 

For example, compare the upper and lower tails of the S-U 

PDF's depicted in Figure 5.8, which have their parameter y each set 

to -2. The lower tails of the PDF's with n equal to 1 or 1.25 are 

extremely steep, while their upper tails are relatively flat. The 

mirror images of these positively skewed PDF's are the PDF's of 

negatively skewed distributions with the same parameter n but with 

y = +2. Hence, the upper and lower tails would be reversed and the 
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upper tail of the negatively skewed distribution would be the steepest. 

Any slight differences in the GLD approximation from the actual S-U 

LTDD would thus be magnified greatly in the upper tail. 

We should note, however, that this phenomenon is only signifi

cant for very extreme cases in which the actual LTDD has a large 

negative skewness and a large kurtosis. We do not expect to run 

into an LTDD with these characteristics very often in practice. 

Indeed, the entire set of results given in Tables 5.13 and 5.14 

should, perhaps, be viewed cautiously because of this: Still, the 

relative values for these error ratios are expected to be meaningful. 

5.3 Conclusions and Recommendations 

The established intuition in stochastic inventory modeling 

can be summarized by the following three conjectures: 

(i) "optimal decisions depend on the means and standard 

deviations of [the lead time] demand but not on the 

specific forms of the distributions" [Naddor (1978)]; 

(ii) "except in extreme cases, [the cost of an optimal 

policy] and the optimal decisions Q* and R* are 

insensitive to the shape of the lead time demand 

[distribution]" [Tadikamalla (1982a~]; and 

(iii) distributional assumptions can be important when 

the coefficient of variation of the lead time demand 

is large or the shortage penalty is high [Jacobson 

(1981)]. 



The first of these suggests that, if the mean and variance of the 

LTDD can be accurately specified, any two-parameter distribution 

that has this same mean and variance could serve as a robust model 

of the LTDD. The second basically agrees with the first but adds 

a cautionary note which states· that this may not be true in some 

extreme cases. The third statement suggests where these extreme 

cases might occur. 

In this light, the results of our experiment can be viewed 
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as either (i) generally disagreeing with these conjectures or (ii) 

generally agreeing, but identifying these "extreme cases" much more 

specifically. We.be1ieve that the preponderence of evidence suggests 

that the first interpretation is the most appropriate. 

We have, for example, seen cases in which a two-parameter 

distribution can be safely used to model the LTDD, specifically those 

cases in which LTDD's with small COV's tend to have only a slight 

positive skew or in which those with large COV's tend to have higher 

degrees of skewness and heavier tails. Likewise, this also tends 

to be true when the optimal reorder point is not an extreme percen

tile of the LTDD. Still, even in these cases, we have observed 

that the lognormal or inverse Gaussian models gene~a11y yield ordering 

policies whose costs are much closer to the optimum than those 

obtained from either of the gamma or Weibu11 models. Further, we 

cannot recommend the normal model at all, except possibly in those 

rare cases in which we are sure that the LTDD is nearly symmetric 

and light-tailed. Hence, the statement that only the mean and 
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standard deviation, and not the specific form, of the LTDD are impor

tant is seen as a gross simplification. 

We have also identified cases in which one would be definitely 

advised against attempting to model the LTDD with a two-parameter 

distribution at all. These include cases in which the cumulative 

probability of the LTDD that corresponds to the optimal reorder 

point is large or in which a skewed and heavy-tailed LTDD has a 

small coefficient of variation. Since there is little" or no infor

mation available in the literature to suggest the types of conditions 

that are "typical" in inventory systems, we are reluctant to classify 

either of these cases as "extreme." Further, we have evidence to 

suggest that the conjecture we attributed to Jacobson is not quite 

accurate: we do agree that distributional assumptions can be impor

tant when the shortage penalty is high (since this tends to imply 

a large reorder percentile) but would argue that these assumptions 

are more important when the COV is small rather than large. 

It is intel:esting and instructive to note that the results 

of our experiment agree with the results of Jacobson that led her 

to this last conclusion (even though, overall, we make the opposite 

conclusion). The reason for this is that Jacobson bases her conclu

sion on the fact that, when the actual LTDD has a two-parameter 

lognormal or gamma distribution, the performance of the normal 

model degrades as the COV increases. A quick glance at Tables 5.4, 

5.5, 5.7, or 5.8 will verify that the error ratio associated with 

the normal model does increase with the COV. This is true, however, 

only for the normal distribution. This is because the normal is 



restricted to a symmetric shape, while the other two-parameter 

distributions become more skewed as the COV increases. Further, in 

order to be a valid LTDD, a symmetric distribution will necessarily 

have a small coefficient of variation (since otherwise it becomes 

more likely to admit negative values), while LTDD's with large COV's 

will tend (for the same reasons) to be positively skewed. The 

converse of either of these statements is not generally true. For 

these reasons, the non-no~al, two-parameter models tend to approxi-

mat'e LTDD's with larger COV's (since both will generally exhibit 

positive skewness) better than they tend to approximate those with 

smaller COV's,(which are more likely to have a variety of shapes). 

Recall that Tadikarnalla (1982a) also conducted an experiment 

which represented the actual LTDD with a distribution whose shape 

did not depend on its coefficient of variation. Why did he conclude 

that shape was not important, and yet we do? The answer is that he 

makes an inappropriate comparison of costs, comparing only the 

"optimal" expected costs for each model. Our results serve to 

demonstrate this point nicely. Consider the results compiled in 

Tables 5.11 and 5.12, and note that the cumulative probabilities 

for the various models which correspond to their optimal reorder 

* points [i.e., the values F (R )] are nearly identical. These give m m 

the probabilities that no shortages will occur during the lead time 

provided that the LTDD has the distribution specified by the model. 

Since these are the same from model to model, it can be concluded 

that each model selects the optimal reorder point and order quantity 
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in order to maintain a similar tradeoff between the costs of ordering 



and holding items in inventory and the costs of incurring shortages. 

Since these costs are held roughly in the same balance, it is not 

unreasonable to expect that the optimal costs (which Tadikamalla 

compares) would also be close to one another (particularly since 

each model has the same mean and standard deviation). 
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That the cumulative probability of the LTDD which corresponds 

to the optimal reorder point is the same regardless of the form of 

the LTDD isa most serendipitous result. Indeed, it suggests that 

this probability is a function only of the model parameters (i.e., 

the various cost parameters along with the mean and standard devia

tion of the LTDD). This clearly could lead to another direct method 

for computing optimal policies since, given this probability, the 

optimal reorder point and order quantity would be easy to compute. 

This fact could also facilitate the process of model selec

tion. We have seen repeatedly that the performance of the various 

models can depend quite heavily upon the parameter set used. Without 

some distribution-independent means of categorizing a parameter set, 

we might never know in practice if a model was providing "good results" 

or not. Since the optimal probability that no shortages occur is 

available independent of the model, however, we have a means of 

classifying a parameter set in order to decide whether or not a 

particular model can be expected to be a good model of the LTDD in 

this context or not. We shall return to this point in more detail 

as we summarize the results of the experiment through the following 

set of recommendations for model selection. (We assume for these 



that the LTDD is positively skewed and that its mean and coefficient 

are known or can be accurately est~mated.) 

1. A two-parameter lognormal or inverse Gaussian distribution 

will provide a "good" model of the LTDD (i. e., it will 

provide nearly optimal ordering policies) provided that 

either 

(a) the LTDD has a small COV (say less than 0.50) and is 

nearly symmetric or is only slightly skewed (say having 

a shape similar to that of the normal, lognormal, or 

gamma PDF's pictured in Figures 5.1 or 5.2), or 

(b) the LTDD has a large COV (say greater than 0.50), 

and, in either case, the "optimal no-shortage probability" 

(i.e., the cumulative probability of the LTDD that corre

sponds to the optimal reorder point) is not at an extreme 

level (say, less than 0.985 or, to be conservative, less 

than 0.975). 
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2. If the LTDD has a small COV but is more than slightly skewed 

(say having a shape similar to those in Figures 5.3 or 5.4) 

or if the optimal no-shortage probability is somewhat extreme 

(say greater than 0.985), then one can comfortably assume 

that a three-parameter lognormal or inverse Gaussian distri

bution will provide a good model of the LTDD. 

3. If the optimal reorder percentile is quite extreme (say 

greater than 0.995), one ought to be cautious in using even 

a three-parameter model. If additionally, the COV is small 

(say less than one-third), then serious consideration ought 



to be given to more accurately portraying the LTDD, perhaps 

modeling it with a four-parameter distribution. 
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These three guidelines suggest that a three-parameter log

normal or inverse Gaussian distribution will provide a robust model 

of a positively skewed LTDD. Either can be assumed to provide nearly 

optimal ordering policies, except in a few rather extreme cases. 

Furthermore, if one is willing to assume that the LTDD behaves like 

many two-parameter distributions and is such that its skewness and 

kurtosis increase as its coefficient of variation increases (perhaps 

a reasonable assumption), then except for cases in which the optimal 

no-shortage probability is extreme, either of the two-parameter 

versions of the lognormal or inverse Gaussian distributions will 

provide robust models of· the LTDD. 

Some additional observations are the following: 

4. The normal model does not provide a robust model of the LTDD 

and should be avoided, especially since the lognormal is 

almost as convenient to use and provides a much superior 

model. 

5. The Weibull model should also be avoided, except possibly 

in cases in which the LTDD is known to have a slight negative 

skew (and the optimal reorder percentile is not extreme) or, 

of course, in cases for which the LTDD is known or conjectured 

to have a Weibull distribution. 

6. If the LTDD is known to have a large negative skewness, or 

a large kurtosis, and/or the optimal reorder point corresponds 



to an extreme percentile of the LTDD, the effort required 

to fit a four-parameter model is probably justified. 

We conclude by noting that these guidelines presuppose that 

all of the relevant model parameters can be accurately found when 

necessary. Realistically, these guidelines must be tempered by 

considerations of parameter estimation. For example, it is pos'sible 

that the sample variability associated with estimating each of the 

parameters of a three-parameter model may be so large as to negate 

the benefits of using a three-parameter model over its two-parameter 

counterpart (whose parameter estimates may be much more stable). 

Likewise, an extreme optimal no-shortage probability may be an 

indication that a cost parameter (the shortage penalty, for instance) 

has been misspecified and is not an indication that a more complex 

model should be used. Hence, in a real world situation, it may be 

worthwhile to postulate a number of models and a range of parameter 

values and observe the behavior of the model in each setting. If 

the results are basically the same, then one may have added confi

dence that the model is indeed robust. 
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CHAPTER 6 

SUMMARY, CONCLUSIONS, AND POSSIBILITIES 
FOR FURTHER RESEARCH 

Many people, especially non-academicians, would assume that a 

dissertation should be, by definition, a ponderous and wearisome trea-

tise on an obscure topic--a magnum opus comprehensible only to a 

select few of cloistered pedants. We hope that those who do will be 

disap.pointed by this work since it has not been our intention to be 

.either ponderous or obscure. Rather, we have intended to produce a 

work that ties together a number of varied, but we11~deve10ped, 

results that are relevant to the construction of mathematical and 

statistical models of inventory systems. These results do not require 

an inordinate amount of mathematical theory but, instead, are based on 

some good simple ideas. They are intended to be instructive--1ending , 

insight into the problems of model selection and estimation--and, as 

such, are intended to be accessible to both the engineer and the stat-

istician. In this light, we adopt the philosophy of Efron (1982) who 

writes, "Good simple ideas ••• are our most precious intellectual 

commodity, so there is no need to apologize for the easy mathematical 

level. " 

The results that we have developed are quite diverse and 

include the following: 
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(i) analytical expressions that portray the sensitivity of 

the EOQ to errors in the forecast of demand, 

(ii) analytical expressions that allow the probability 

distribution of the lead time demand to be character

ized (by its first four moments) on the basis of 

information about the distributions of the lead time 

and demand rate, 

(iii) a new probability distribution that appears to be well 

suited for modeling the lead time demand distribution, 

(iv) a ·:number of new and efficient algorithms for computing 

minimum cost (Q,R) ordering policies, and . 

(v) empirical results that portray the sensitivity of 

(Q,Rl inventory models to distributional assumptions 

and suggest which. distributions can safely be used as 

robust models for the lead time demand distribution. 

In this chapter, we will briefly discuss the importance of each of 

these results and indicate possible directions for future research. 

Except where neGessary for emphasis, we will avoid repetition of 

previously stated goals or conclusions. (See Section 1.1 for a sum

mary of the broad research. effort into which this dissertation is 

intended to fit.) 

6.1 Sensitivity of the EOQ 

Chapter 2 contains a number of analytical expressions that 

provide convincing evidence that the EOQ can be quite sensitive to 

errors in the estimation (or forecast) of the demand rate whenever 



187 

the lead time is non-zero. These expressions, in conjunction with a 

number of illustrative examples and figures, clearly refute the 

"conventional wisdom" which states that, as a general class, inventory 

models tend to be insensitive to errors in model specification or 

parameter estimation. 

These results are important since they motivate and establish 

the validity of our subsequent analyses of stochastic inventory models. 

That is, it can be argued that stochastic inventory mode1s~ since they 

explicitly account for uncertainty, are less likely to be affected by 

errors of specification or estimation than their deterministic counter

parts. Hence, if determinis·tic models were highly insensi.tive to such 

errors, there would be little incentive to study their impact in the 

stochastic case. On the other hand, establishing that deterministic 

models can be significantly affected by such errors does provide this 

incentive. 

These results are also significant because they establish the 

role of the lead time demand as an important pivotal quantity. For 

this reason, our subsequent attention is focused on modeling the lead 

time demand and assessing the impact of errors in the modeling process. 

6.2 Moments of the LTDD 

Chapter 3 contains some important results relevant to the 

probabilistic modeling of the lead time demand for inventory systems 

with a stationary demand pattern. One of the major results of this 

chapter is a set of expressions that exhibit the first four moments 

of the LTDD as functions of those of its components, the distributions 
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of the lead time and the demand per unit time. These expressions 

allow one to select a distribution to model the LTDD by choosing a 

distribution with the same first few moments. They are especially 

relevant when one chooses to model the LTDD with a four-parameter. 

distribution (such as the generalized lambda, Pearson, or Johnson 

systems) since the parameters of these distributions are usually esti

mated via the method of moments. 

Unfortunately, the sampling variability of the third and 

fourth moments is known to be high, so model selection procedures that 

require these higher-order moments to be estimated are subject to 

large estimation errors. To reduce this error, one could assume simple 

functional forms for the lead time and demand rate distributions and, 

as a result, express the moments of the LTDD as functions of a smaller 

number of more stable parameters (see Table 3.1). One other option 

would be to assume a simple functional form for the LTDD that would 

require less than four moments to be estimated. Both of these methods 

would eliminate the estimation error associated with the higher-order 

sample moments but would replace it with some degree of specification 

error. The tradeoff between these would be a fertile area for future 

research. 

Another means of reducing the estimation error associated with 

the third and fourth sample moments would be to utilize some more 

stable descriptors of a distribution. An example of such alternatives 

to moments is given by Mykytka and Ramberg (l979) who discuss two 

surrogate measures of symmetry and tailweight originally proposed by 
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Hogg, Fisher, and Randles (1975). (~ore generally, the development of 

more stable arid straightforward alternatives to the method of moments 

could be expected to greatly enhance the usefulness and attractiveness 

of distributions such as the generalized lambda family and is another 

fertile area for future research.) Another significant contribution 

along these lines would be the development of a procedure akin to the 

method of maximum likelihood for estimating the parameters of the LTDD 

from sample data obtained from the distributions of both the lead time 

and the demand per unit time. 

We have, in this dissertation, considered only the case where 

the demands in consecutive periods are independent and identically 

distributed. It would be more realistic to consider situations in 

which these demands are correlated or have non-stationary distributions 

that are changing over time. Very little attention has been given in 

the inventory control literature to models of this type [some notable 

exceptions are Silver (l978) and Askin (l98l)]. The development of 

robust models for these cases would undoubtably be worthwhile. 

6.3 The S-C Distribution 

Chapter 3 also contains a discussion of the problem of select

ing a robust model for the LTDD. This discussion culminates with the 

introduction of a new probability distribution, referred to as the S-C, 

that is based on a hyperbolic cosine transformation of standard normal 

random variables. (~he mathematical foundations of this distribution, 

including its CDF, PDF, QF, moments~ and some limiting cases, are 

discussed in detail in Appendix D.) It potentially is quite useful 
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since it has a number of characteristics that we would expect the LTDD 

to possess, is quite versatile, and is relatively tractable. It has 

been demonstrated to be quite useful as a general model of the LTDD 

whose shape is independent of its mean and standard deviation. [See 

the experiment in Chapter 5 which studies the effects of specification 

errors in (Q,R) models.] 

It is conjectured that the S-C distribution provides a good 

general model for many of the lead time demand distributions that one 

is likely to encounter in practice. One reason for this conclusion 

is that the S-C can assume the general shapes that many authors postu

late for the LTDD Isee, for example, Burgin (1975), Fenske (1972), or 

Tadikamalla (1978)J. Indeed, it can mimic most of the distributions 

(e. g., the lognormal, gamma, and Weibull) that have been proposed as 

reasonable models for the LTDD. Another reason is suggested by the 

results of Arslan (1981) who computes the moments of the LTDD for some 

specific lead time and demand rate distributions. In most of the 

cases that Arslan examines, the skewness and kurtosis of the LTDD 

match those of an S-C distribution. A worthwhile exercise would be 

ta extend this research and verify this conjecture via analytical 

means or similar numerical computations. Additionally, it also would 

be appropriate to validate this conjecture on the basis of data ob

tained from real-world inventory systems. 



6.4 Algorithms for Computing 
Optimal (Q,R) Policie~ 

Chapter 4 contains a number of new algorithms for computing 
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minimum cost (Q,R) ordering policies. These are expected to be quite 

useful to practitioners solely because they significantly reduce both 

the amount and complexity of computation required by the standard 

iterative method. 

These algorithms were not developed, however 7 for this purpose 

alone. They were actually examined in an attempt to simplify the 

first-order conditions Iexpressions (4-3) and (4-4)J for a policy to 

minimize the expected total relevant cost. This simplification was 

desired in order to facilitate the analysis of the effects of estima-

tion errors in (Q,R) models: we would like to develop analytical 

expressions for the costs associated with misspecifying the mean or 

standard deviation of the LTDD (as we were able to do for the demand 

rate in the EOQ model), but the complexity of the simultaneous equa-

tions'that are the first-order conditions does not aLlow us to do this. 

In fact, the only obvious way to study the effects of such estimation 

errors when any of the iterative procedures are used to find optimal 

policies is through numerical calculations. This is undesirable since 

the results of such an analysis would depend on the particular values 

of the various parameters used in the calculations. 

Our current conjecture is that the concepts underlying either 

of the direct methods can be used to develop approximate analytical 

expressions of this type. The obvious strategy here is to develop a 

second-order Taylor series approximation to the expected total relevant 
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cost function about the point specified by the optimal solution and 

assess the sensitivity of this quadratic approximation to errors in 

the mean or standard deviation of the LTDD. A hindrance in this 

approach is the possibility that the resulting expressions will be 

too complex to be useful or insightful. Furthermore, such results 

would only be approximate and are likely to be valid only for studying 

the effects of small deviations of the sample mean and standard devi- . 

ation from their true values, since the Taylor series approximation 

is expected to be ¥alid only in a small neighborhood of the optimal 

solution. 

6.5 Sensitivity of (Q,R) Models 
to Distributional Assumptions 

Chapter 5 contains the major result of this dissertation: 

contrary to a small but growing body of results in the inventory con-

trol literature, the shape of the LTDD ~ have significant effects on 

a minimum cost (Q,R) policy. Further results are provided that estab-

lish a means of identifying situations in which these effects would be 

the greatest. In conjunction with these results, the two- and three-

parameter versions of the lognormal and inverse Gaussian distributions 

have been identified as robust models of the LTDD that can be used in 

a wide variety of inventory systems. 

These results are obviously important. They are particularly 

notable because the experiment that produced thes.e results represents 

the first major experiment comparing the normal, lognormal, gamma, 

Weibull, and inverse Gaussian distributions as models of the LTDD. 

Prior to this, each of these distributions had been proposed as models 
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with little more than sketchy theoretical or "philosophical" arguments 

to support them. These results also corroborate the conjecture that a 

robust model of the LTDD does indeed exist (except possibly in some 

extreme situations}. This is important not only for model specifica

tion but for parameter estimation as well: by specifying a particular 

distribution as a model of the LTDD, the general problem of estimating 

characteristics of the LTDD (such as its moments) is reduced to the 

specific problem of estimating the parameters of a particular distri

bution. Furthermore, we are now able to identify situations in which 

a large amount of modeling effort should be apportioned to model selec

tion and those in which it is ~ot necessary. This is expected to 

greatly facilitate the model-building process. 

The criterion by which we can classify inventory systems in 

this manner is an important pivotal quantity--the optimal probability 

that no shortages occur during the lead time. This is the cumulative 

probability of the LTDD that corresponds to the optimal reorder point. 

A valuable aspect of this pivotal quantity is that it appears to be 

independent of the distribution chosen to represent the LTDD. That is, 

regardless of the distribution used to model the LTDD, the optimal 

reorder point is chosen as a certain fixed quantile of that distribu

tion. The importance of this for model selection should be obvious; 

one .can first model the LTDD in the simplest manner possible and 

resort to a more complex model only if this pivotal quantity indicates 

that it would be worthwhile to do so. 
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The fact that the optimal no-shortage probability appears to be 

independent of the form of the LTDD might also provide the basis for a 

new algorithm for computing optimal (Q,R) policies. Since it seems to 

be distribution-free, it is reasonable to conjecture that .this quantity 

could be expressed directly as a function of the cost parameters and 

the mean and standard deviation of the LTDD. An approximate form for 

this function could possibly be obtained using a least squares approach 

similar to that employed by Ehrhardt and Wagner (1980) to develop the 

so-called "power approximation" for (s,S) inventory models. Basically, 

this procedure would require the computation of the optimal no-shortage 

probability (by finding the cumulative probability of the LTDD that 

corresponds to the optimal reorder point) for a wide variety of param

eter sets and then fitting a function to the "data" thus created via 

least squares. For any new set of parameter values, one could use 

this function to approximate the optimal no-shortage probability. 

The optimal reorder point could subsequently be approximated as the 

quantile of the LTDD that corresponds to this probability. The optimal 

order quantity could then be obtained from the approximate reorder 

point using the usual first-order condition [expression (4-3)J. (We 

also conjecture that the power approximation implicitly uses a similar 

strategy to approximate the optimal reorder point, s, and order~up-to 

quantity, S. This is based on preliminary results which suggest that 

the function that yields s in terms of the model parameters is an 

approximation to the quantile function of a gamma distribution evalua~ 

ted at a similar pivotal probability.) 
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The ability to express the optimal no-shortage probability as 

a function of the model parameters also provides a direct way to soudy 

the effects of errors in the estimation of these parameters on the 

optimal reorder point and order quantity. These could then be used 

to examine the effect of such errors on the cost of operating the 

inventory system. 

Finally, it is reasonable to conjecture that our conclusions 

about the sensitivity of (Q,R) models to distributional assumptions 

would extend to other classes of stochastic inventory models. For 

example, some preliminary numerical results (,similar to those discussed 

in Chapter 5) have been obtained for single-period (s,S) models which 

indicate that these models are similarly sensitive to specification 

errors, although the effects may not be as severe. It is not unrea~ 

sonable to expect (s,S} models to exhibit similar behavior since they 

are the periodic-review counterparts of the continuous-review (Q,R) 

models. The class of multi-period (s, S) models are likely to be. much 

more difficult to examine since optimal solutions for them can be 

obtained only via dynamic programming algorithms. Solution procedures 

such as the power approximation, however, may allow approximate results 

to be obtained. The class of models with a time-varying or correlated 

demand pattern would be even more difficult to analyze and awaits the 

development of efficient solution procedures. 

In conclusion, this dissertation contains a number of results 

that are quite important in themselves, but also which, as we have 

shown in this chapter, lay the basis for important future research. 



APPENDIX A 

MOMENTS OF THE DISTRIBUTION 
OF THE LEAD TIME DEMAND 

The subject of this appendix is the determination of the 

moments of the lead time demand distribution (LTDD) as functions of 

those of the order lead time and the demand in a period. Such results 

were given for periodic review (s,S) inventory models by Wan and Lau 

(1981) [in a correction to a paper by Kottas and Lau (1979) which also 

motivated this research]. In this appendix, we present an alternate 

and, we feel, more intuitively appealing derivation of these results 

and show that under certain conditions they can be extended to the con-

tinuous review case as well. 

The basis for the results of Wan and Lau is the representation 

of the lead time demand (LTD) as the sum of a random number of random 

variables. In particular, let T denote the lead time, a discrete 

random variable defined on the positive integers. Also, let X
t 

denote 

the demand experienced in period t, t = 1, 2, 3, ••• , where Xl' X2 , 

X3 , • are assumed to be independent and identically distributed 

(UD). Then, the demand during the lead time, Y, is simply the sum of 

the demands over the (variable) lead time: 
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Wan and Lau derive the moments of Y by first considering Xt as the sum 

of its mean plus its deviation from the mean, i.e., 

so that one can write 

x = )l'(X) + D tIt' 

T T 
Y = ~ )li(X) + ~ Dt = Fl + FZ• 

t=l t=l 

The remainder of their derivation is mathematically correct, but since 

the quantities Fl and FZ have little intuitive flavor, it might seem 

somewhat confusing. In fact, this method led Kottas and Lau to their 

error as they overlooked the fact that Fl and FZ are both functions of 

T and are dependent. We present a more intuitive derivation based on 

arguments from conditional probability. 

We make use of the following result known as the Rao-Blackwell 

theorem [proofs of which can be found in Ross (197Z) and other standard 

texts]: if X and Yare any two random variables and g(X) is any func-

tion of X such that the indicated exp~cted values exist, then 

(A-I) 

We also shift our perspective somewhat and now regard T as 

either a discrete or continuous, positive-valued random variable with 

probability density (or mass) function fT(t). The distribution of de

mand during a period of length t has the conditional PDF fy1t(ylt) and 
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is represented by the random variable Ylt. In order to maintain a con-

sistent notation, we also let X represent the demand in a period of 

length one, i.e., X = yl(t = 1). The distribution of the LTD is then 

defined by the marginal PDF 

if T is discrete. 

As before, the random variable Y denotes the lead time demand. 

From result (A-l) , the kth central moment of Y can be ex-

pressed as 

llk(Y) Ky{[Y - lli(y)]k}; 

ET[EYIT{[Y - ll~(y)]kIT}]' 

where lli(Y) is the mean LTD, and k = 1, 2, 3, •••• 

(A-2) 

We will also need the following intermediate results: if c 

is an arbitrary constant and Z is a random variable whose indicated 

moments exist, then 

and 

E[(Z - c)4] = ~4(Z) + 4[~i(Z) - c]~3(Z) 
2 

+ 6[~'(Z) - c] ll2(Z) 
1 

4 
+ [lli (Z) - c] 

(A-3) 

(A-4) 



These results are easily obtained by adding and subtracting ~i(Z) to 

the term (Z - c), appealing to the binomial theorem, and simplifying 

using the definition of ~k(Z), k = 2, 3, and 4. 

Utilizing these results and letting c = ~i(Y) and Z ylT, we 

can rewrite expression (A-2) for k = 3 and 4 as 
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ET{~3(YIT) + 3[~i(YIT) - ~i(Y)]~2(YIT) 

+ [~i(YIT) - ~i(y)]3} 
(A-S) 

and 

ET{~4(YIT) + 4[~i(YIT) - ~i(Y)]~3(YIT) 

+ 6[~i(YIT) - ~i(y)]2~2(YIT) + [~i(YIT) - ~i(y)]4}, 
(A-6) 

respectively, where ~i(YIT) and ~k(YIT), k = 2, 3, and 4, are the con

ditional mean and the kth central moments of Y given T. 

When T is a discrete, integer-valued random variable, these 

conditional moments have a special form since, for a fixed value of T 

(say t), Ylt is the sum of t lID random variables each with mean ~i(X) 

and kth central moments ~k(X). For this case, it is easily proven that 

(A-7) 

and 
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Applying these results to expression (A-5) , we can obtain 

3 3 
P3(Y) = ET{TP3(X) + 3[T - pi(T)]TP2(X)pi(X) + [pi (X)] [T - pi(T)] }; 

= P3(X)ET(T) + 3p2(X)pi(X)E~{T[T - pi(T)]} 

+ [pi(X)]3ET{[T - pi(T)]3}, 

Next recalling the definitions of the central moments of T and noting 

that 

ET{T[T - Pi(T)]} = ET{[T - Pi(T)]2 + pi(T)[T - pi(T)]}; 

= ET{[T - Pi(T)]2} ~ 

we can obtain 

(A-8) 

In a similar manner we can apply the results designated as (A-7) to 

expression (A-6) to obtain 

~4(Y) = ET{~4(X) + 3T(T - 1)[P2(X)]2 + 4T[T - p~(T)]pi(X)p3(X) 

+ 6T[T - pi(T)]2[pi(X)]2p2 (X) + [T - Pi(T)]4[pi(X)]4} 

Next note that 

and also that 



ETtT[T - ~i(T)]2} = ET{[T - ~i(T)]3} + ET{[T - ~i(T)]2}~i(T); 

= ~3(T) + ~i(T)~2(T). 
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Utilizing these last two results along with that given by expression 

(A-8), we can simplify the previous expression for ~4(Y) to obtain the 

final result 

~4(Y) = ~4(X)~i(T) + 3[~2(X)]2{~2(T)' + ~i(T)[~i(T) - I]} 

+ 4~3(X)~i(X)~2(T) + 6~2(X)[~i(X)]2[~3(T) + ~i(T)~2(T)] 

+ [~i(X)]~~4(T). 

These are the same results obtained by Wan and Lau (1981), although we 

have shown that they have a wider applicability, holding in the contin

uous review case provided that the conditional moments of Y given T 

behave according to the expressions given as (A-7). 



APPENDIX B 

Sl~Y OF RELEVANT PROBABILITY DISTRIBUTIONS 

In this appendix, we summarize for easy reference a number of 

facts about the most important of the probability distributions used in 

this dissertation. In particular, we display the particular parameteri

zations used and present the PDF, CDF, QF, moments, and LLF of each 

distribution. The moments presented are the mean (~i)' variance (~2)' 

third central moment (~3)' and fourth central moment (~4)' l~ere their 

mathematical forms are sufficiently simple, the skewness (~3) and 

kurtosis (~4) are presented in addition to, or in lieu of, ~3 and ~4' 

The distributions considered are the normal, lognormal, gamma, 

Weibull, inverse Gaussian, generalized lambda, Johnson S-U, S-L, and 

S-B, as well as the new distribution that we have labeled as the S-C. 

The lognormal, gamma, Weibull, and inverse Gaussian distributions are 

presented in their three-parameter forms; the usual two-parameter ver

sions can be obtained by setting the location parameter E equal to zero. 
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B.l Normal Distribution 

Probability Density Function 

where 

fX(x) , = _1 exp[- 1 (x - ]1)2] 
a/2-IT 2 a 

<!>(z) = __ 1 __ exp(- z2/2), 
v'2TI 

Cumulative Distribution Function 

( x-]1) FX(x) = ~ ---a--- , 

_al,j,(X~]1), 't' -00 < X < 00, 

-00 < z < 00. 

-00 < x < 00, 
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where ~(z), the standard normal CDR, does not exist in a simple closed 

form, but is extensively tabled or can be evaluated numerically. 

Quantile Function 

-1 
FX (p) 

-1 ]1 + a~ (p) , o < p < 1, 

-1 where ~ (p), the standard normal QF, does not exist in a simple closed 

form, but is extensively tabled or can be evaluated numerically. 

Moments 

]12 (X) 
2 a • , 

y(X) = a/]1 (provided that ]1 ~ 0); 

Linear Loss Function 

L (s) 
X 

a{<!>(s) - s[1 - ~(s)]}, -00 < s < 00. 

3. 



B.2 Lognormal Distribution 

Probability Density Function 

where 

1 

(y - E)crili 
exp [ _ t (.In(y - /.) - ].I ) 2] , 

-;--~1 -:-- cp [ tn (y - (JE) - 11 ] 
(y - E)cr 

0, otherwise. 

00 < E: < 00, 00 < 11 < 00, and a > O. 

Cumulative Distribution Function 

Quantile Function 

Moments 

~ <I> [ .en (y - /) .., 11 ] , 

l 0, otherwise. 

y > E; 

O~p<1. 

2 
11i(Y) = E + exp(l1 + a /2); 

2 2 112(Y) = exp(211 + a ) [exp(a ) - 1]; 

y > E:; 

y(Y) _ exp(l1 + a2/2) [exp(a2) - 1]1/2/[E: + exp(l1 + a
2
/2)]; 
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where y(X) is the coefficient of variation of the two-parameter lognor-

mal distribution (i.e., X = Y - E) given by 

Ie 2 ' y(X) = exp(cr) - 1. 

Linear Loss Function 

2· 2 
exp(ll + ~ ){l _ ~[.e.n(S -d: )l - cr ]} 

+ (€ - S ) {I - 4l [ .en (s - a € ) - ll] } , s > e:; 

2 
€ + exp()l + a /2), otherwise. 



B.3 Gamma Distribution 

Probability Density Function 

a.-I 
1 (~) sr (a.) S y > e:; 

0, otherwise, 

where 

_00 < e: 00, a. > 0, and s > 0, 

and r(o) is the "gamma function" defined by 

r (a) 

00 

a-I J z exp(-z)dz, 

° 
which does not exist in a simple closed form, but is tabled [see, for 

example, Abramowitz and Stegun (1965)] or can be approximated using 

numerical procedures [see Burgin (1975)]0 

Cumulative Distribution Function 

{ 

r(y _ e:)/s(a.)/r(a.) , 

0, otherwise, 

y > e:; 

where re(o) is the "inc,?mplete gamma function" defined by 

e a-I 
re(a) = J z exp(-z)dz. 

o 
which does not exist in a simple closed form, but is tabled [see, for 
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example, Pearson (1957)1 or can be approximated numerically [see Burgin 

(1975)] • 
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Quantile Function 

Does not exist in a simple closed form, but is usually evaluated 

using numerical procedures. 

Moments 

. Linear Loss Function 

e: + a.S; 

3 2a.S ; 

2 
112 (Y) = a.S ; 

0.
3 

(Y) = 2/1a.; 

a.
4

(Y) = 3[1 + (2/0.)]. 

as[l - {f(s _ E)/S(a + l)/f(a + I)}] 

+ (E - s)[~ - {f(s _ E)/S(a)/f(a)}], 

E + as, otherwise. 

s > E; 
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"B.4 Weibu11 Distribution 

Probability Density Function 

~ (Y _ 8)0.-1 [_ ("~)o. ] " s s exp S ' y > q 

0, otherwise, 

where 

_00 < 8 < 00, a. > 0, and s > 0. 

Cumulative Distribution Function 

=~ 1-exp[ -(Ys"f} 
l 0, otherwise. 

y > E:; 

Quantile Function 

-1 1/0. Fy (p) = 8 + S[-~n(l - p)] , O~p<1. 

Moments 

~i(Y) = 8 + Sf(l + ~); 

2{ 2 1 2 ~2(Y) = S f(l + a) - [f(l + a)] }; 

y(y) = i'r(1 +~) - [f(l + 1)]2/[~ + f(l + 1)]. 
a. a. So.' 

= S4{f(1 + 1) - 4f(1 + 1)r(1 + 1) 
a. a. a. 

+ 6[f(1 + l)]2f (1 +~) _ 3[f(1 + l)]4}. 
a. a. 0.-



Linear Loss Function 

Ly(S) = t 
where 

s[r(l + 1) - rS(l +1)J + (8 - s)exp(-S), a. a. 

. 1 
8 + sr(l + -), otherwise, 

a. 
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B.5 Inverse Gaussian Distribution 

Probability Density Function 

y > E; 

0, otherwise. 

where 

_oo<e:<oo, ]1 > 0, and A > O. 

Cumulative Distribution Function 

·[IA (7- l)J 
+ exp(2AM. [ -/y : e (Y ~ E. + 1)] y > e:; 

0, otherwise. 

Quantile Function 

Does not exist in a simple closed form, but is tabled by Hasan 

and Roy (1969). 

Moments 

]12(Y) 
3 ]1 /1..; 

6 2 ]14(Y) = 3]1 (1 + 5]1/1..)/1.. ; 
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Linear Loss Function 

(" - 5 +0)0[;' ~ 0(1 -~ )] 
+ (" + 5 - O)eXP(2A/")O[- ~ ~ 0 (1 + 5 ~ 0)]. 5 > 0; 

- E +~, otherwise. 



B.6 Generalized Lambda Distribution 

Probability Density Function 

O;;p<l. 

where 

Cumulative Distribution Function 

Does not exist in a simple'closed form and must be evaluated 

using numerical procedures. 

Quantile Function 

Moments 

( 

-1 ( ) FX P O~p<l. 

( z' 
y(X) = /B - A /(A + A1A Z); 

113 (X) 

where the constants A, B, C, and D are defined by 

A = 1/(1 + A3) - 1/(1 + A4); 

B = 1/(1 + ZA3) + 1/(1 + ZA4) - ZS(l + A3' 1 + A4); 

C = 1/(1 + 3A3) - 3S(1 + ZA3,1 + A4) + Ja·(l +A3,1 + ZA4) 

- 1/(1 + 3A4); 

ZlZ 



and 

D = 1/(1 + 4A3) - 4S(1 + 3A3, 1 + A4) + 6S(1 + 2A
3

, 1 + 2A4) 

- 4S(1 + A3 , 1 + 3A4) + 1/(1 + 4A4), 

and S(-,-) is the "beta function" defined by 

S(a,b) = r(a)r(b)/r(a + b). 

Linear Loss Function 

CAl - s) [1 - Fx(s)] + A (A 1+ 1) {1 -
2 3 

1 A 4+1 
"""'A -(=A--=-+-l-:-) [1 - F X (s) ] , 

2 4 
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B.7 Johnson S-U Distribution 

Probability Density Function 

where 

_oo<e:<oo, A > 0, _00 < y < 00, and n > 0, 

and sinh-lee) is the inverse hyperbo~ic sine defined by 

-1 sinh (y) !/,n(y + /y2 + 1). 

Cumulative Distribution Function 

Quantile Function 

-1 
FX (p) 

where sinh(.) is the hyperbolic sine defined by 

sinh(y) = t[exp(y) - exp(-y)]. 

Moments 

° < P < 1, 

lli(X) = e: - A/Wsinh(9); 2 
112(X) = A (w - 1) [wcosh(29) + 1]/2; 

3,r- 2 
113(X) = -A vw(Ol - 1) [Ol(w + 2)sinh(38) + 3sinh(8)]/4; 
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. where 

~4(X) = A4(W - 1)2[w2(W4 + 2w3 + 3w2 - 3)cosh(46) 

2 
W = exp(l/n ) 

+ 4w2(w + 2)cosh(Z9) + 3(2w + 1)], 

and 9 = Yin, 

and cosh(·) is the hyperbolic cosine defined by 

cosh(y) = t[exp(y) + exp(-y)]. 

Linear Loss Function 

(e: _ s) {1 _ CP [Y + nsinh -1 (S ~ e: )] } 
, 
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+ ~ exp L~ 2 ) [ exp ( - ~ ) {I - ~ [y - ~ + nsinh -1 ( s ~ £)j) 
eXP!*){l- ~[y +~+nsinh-1(S ~ £m} 

if s > E; 

e: - Aexp(1/2n2)sinh(y/n), . otherwise. 



B.B Johnson S-L Distribution 

Probability Density Function 

{ 
x > £; 

0, otherwise, 

where 

_00<£<00, A > 0, _00 < y < 00, and n > O. 

Cumulative Distribution Function 

~ ~ [ y + n~n ( y) ] , 

l 0, otherwise. 

x > £; 

Quantile Function 

O<p<1. 

Moments 

lli (X) £ + Av'wexp(-8); 

]14 00 

where 

]13 (X) 
2 1) (w + 2)exp(-38); 

42653 2 A (w - 1) (w + 2w + 3w - 3w )exp(-48); 

432 a
4

(X) = w + 2w + 3w - 3, 

w = exp(1/n2
) and 8 yin. 
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Linear Loss Function 

(8 - s) { 1 - <P [y + ntn ( s ~ 8 )] } 

+ Aexp (2~2 - ~) {1 - <P Py ~ * + ntn (s ~ 8 )] } , 

if s > 8; 

2 e + Aexp(1/2n )exp(-y/n), otherwise. 



B.9 Johnson S-B Distribution 

Probability Density Function 

{ 
A

2
n ~[~ + n.R.n ( A (x - e:)(A + e: - x) 

fx(x) 

0, otherwise, 

where 

_oo<e:<oo, A > 0, - 00 < y < 00, 

Cumulative Distribution Function 

Quantile Function 

Moments 

-1 
FX (p) 

0, otherwise. 

e: + (e: + A)exp[ <p-l(p~ - Y ] 

1 + exp [ <p-l(p~ - Y] 

x - .e: 
x)], e: < x + e: -

and n > O. 

e: < x < e: + i\; 

O<p<l. 

The moments of the S-B are, according to Johnson (1949), 

"complicated in form" and are such that "although the analytical 
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e: + A; < 
= 

expressions for these moments must be very complicated, their numerical 

computation is straightforward." 

Linear Loss Function 

We regard the LLF of the S-B as practically intractable. 
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B.lO S-C Distribution 

Probability Density Function 

'. n j [ -1 (x -E)] l <P y + ncosh -1..-
I( ~) 2 _,,2 

v'~x - c:.. A ~ [Y ncosh -1 (¥)]). x > E + A; 

0, otherwise, 

where 

-OO<EOO, A > 0, - 00 < y < 00, and n > 0, 

and cosh-l(o) is the inverse hyperbolic cosine defined by 

-1 cosh (y) R.n(y + Ii - 1). 

Cumulative Distribution Function 

0, otherwise. 

Quantile Function 

The quantile function of the S-C does not ex:..!;:' in a simple 

closed form and must be evaluated using numerical techniques. 

Moments 

~'(X) = E + AliDcosh(8); 
1 

2 
~2(X) = A (w - 1) [wcosh(28) - 1]/2; 

~3(X) = A3~(w - 1)2[w(w + 2)cosh(38) - 3cosh(8)]/4; 
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P4(X) = ~4(w - 1)2[W2(W4 + 2w3 + 3w2 - 3)cosh(49) 

- 4w2(W + 2)cosh(29) + 3(2w + 1)]/8, 

where 

w = exp(l/n2) and 9 = yIn. 

Linear Loss Function 

(E _ s){1 _ q)[Y + ncosh-l(S ~ E)]+ q) [Y _ ncosh-1(S ~ E)]} 

+ ~ expL~2)[exp( -*){l - • [ y -* + nCOSh-1(S ~ £)1 
+ q) [ Y _ * _ ncosh -1( s ~ E)]} 

+ exp(~) {I _ q) [ Y + ~ + ncosh -1( s ~ E)] 

+ • [y + * -nCOSh-1(Y)]}] 
s > E + ~; 

E + ~exp(1/2n2)cosh(Y/n), otherwise. 



APPENDIX C 

DERIVATION OF THE LINEAR LOSS FUNCTION 
FOR SELECTED DISTRIBUTIONS 

In this appendix, we derive the linear loss function (LLF) for 

some distributions whose LLF's are not readily available in the inventory 

control literature.. In particular, we examine the three-parameter ver-

sions of the gamma, Weibu11, and inverse Gaussian distributions, the 

generalized lambda distribution, each of the Johnson S-U and S-L (three-

parameter lognormal) di~tributions, and the distribution which. we have 

labeled as the S-C. 

We will make use of the fact that, for any random variable X 

with PDF fX(x) and CDF FX(X)' its linear loss function can be written as 

00 

f(x - s) fX(x) dx; 
s 

00 

f x fX(x) dx - s[l - Fx(S)]' 
s 

so that it suffices to concentrate on evaluating the integral on the 

(C-1) 

right-hand side of this equation. We will denote this integral as IX(s). 

We will also make use of the following theorem. 

THEOREM C.1: Let X be a random variable whose linear loss function. is 

1x(s), and let Y = X + c for any real c. Then the LLF of Y is given by 

1y(s) 1x(s - c). 
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PROOF: The result can be obtained immediately by noting that the PDF 

of Y = X + c is given by 

and then utilizing the change of variable X = Y - c in the integral 

which defines 1y(s). 

Armed with this theorem, the LLF's of the gamma and inverse 

Gauss'ian distributions can be obtained almost immediately from known 

results, as shown in the following sections. 

C.l. Three-Parameter Gamma Distribution 

Burgin (1975) has shown that, if X ~ r(a,S), its LLF is given by 

where r e(·) and r(o) are the incomplete and complete gamma functions 

as defined in Section B.3. Now let Y = X + E; it is well known that 

Y has a three-parameter gamma distribution with location parameter E. 

By Theorem C.I, the LLF of Y is 

1y(s) = aSH - [r (S-E)/S(rJ. + l)/r(a + I)]} 

- (s - E){l - [r(S_E)/S(a)/r(a)]}. 
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C.2. Three-Parameter Inverse Gaussian Distribution 

Tadikamalla (1979) has shown that, if the random variable X has 

an inverse Gaussian distribution with parameters ~ and A, its LLF is 

given by 

(~ - S)~[/A/S (1 - s/~)] 

+ (~ + s)exp(2A/~)~[-/A/S (1 + s/~)]. 

If Y = X + E, then Y has a three-parameter inverse Gaussian distribution 

with parameters E, ~, and A. By Theorem C.l, we can obtain the LLF of 

Y as 

Ly(s) 

+ (~ + s - £)exp(2A/~)~{-/A/(S -E) [1 + (s - E)/~]}. 

C.3. Three-Parameter Weibull Distribution 

Expressions for the Weibull LLF are not common in the inventory 

control literarture, so we will derive the LLF for the three-parameter 

Weibull directly from its definition. We assume that the random vari-

able X has a three-parameter Weibull distribution with parameters €, a, 

and S. Focusing our attention on the integral that we have denoted as 

IX(s) , we can write 

00 

f (ax/S)[(x - E)/sJa
-

l 
exp{-[(x - E)/SJa } dx. 

s 
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It is convenient to modify this expression by adding and subtr.acting the 

term 

to obtain 

00 

r ~[(x - t)/aJ~ exp{-[(x - EilaJ~} dx 
s 

(C-2) 

The integral remaining in expression (C-2) can be manipulated by making 

the change of variable 

to obtain 

00 

r q[(x - E)/sJ~ exp{-[(x - E)/aJ~} dx 
s 

1/~ r ~ a y exp(-y) dy; 
Rs - E)/a] 

a{r(l + 1/~) - r. (1 + 1/a)}, 
[(s-E)/sJ

a (C-3) 

where the last expression follows immediately from the definitions of 

the complete and incomplete gamma functions, as defined in Section B.3. 

Substituting expression (C-3) into (C-2) yields 
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s{r(l + l/u) - r u(l - l/u)} 
[(s-e:)/S] 

We appeal 'to result (C-1) and the definition of the three-parameter-

Weibu11 CDF to obtain the final result 

s{r(l - l/u) - r (1 + l/u)} 
[(s-e:)/st 

+ (e: - s)exp{-[(s - e:)/R]u}. 

C.4. The Generalized Lambda Distribution 

Since the generalized lambda distribution is defined in terms 

of its quantile function, the evaluation of its linear loss function is 

is facilitated greatly by making the change of variable 

where 

in the integral IX(s). We can thus obtain 
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This integral ·is easily evaluated if we first express it as the sum cif 

three terms, as follows: 

Then, from the general result (C-1), we can write 

. A +1 
A (A 1+ 1) [1 - FX(S)] 4 • 

2 4 

C.5. The Johnson S-U Distribution 

1..4 
(1 - p) dp; 

We begin this section with a number of results that will prove 

to be useful in this and subsequent sections. The following lemma and 

its corollaries concern certain "partial expectations" of standard 

normal random variables. 



LEMMA C.Z: Let a and b be real constants such that b ~ O. Then 

u 
f exp(z ~ a)~(z) dz 
L 

1 a [1 1 exp (-Z-)exp (- b) <I>(U - b) - <P(L - b)]' 
Zb 

for all real Land U such that L ~ U. 

PROOF: By the definition of the standard normal PDF, ~(z), and the 

properties of exponentiation, we can write 

U z - a f exp(-b-H(z) .dz 
L 

U 1 z - a 1 Z 
= f - exp(--)exp(- - z ) dz; 

L & b Z 

U l' 1 Z Zz 2a 
= f- exp[--(z --+-)] dz. 

Lrz1T 2 b b 

Completing the square in the exponent and rearranging terms, we can 

obtain 

U 
f exp(z ~ a)~(z) dz 
L 

U 1 1 1 2 2a 1 
f - exp{- -[(z - -) + - - - J} dz; 
L ;z.rr Z b b b2 

1 U 1 l' 1 Z 
exp(-)exp(- ~) f - exp[- -(z - -) ] dz. 

Zb 2 b L & 2 b 
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Recognizing the integrand in this last expression as the PDF of a normal 

random variable with mean lIb and variance one, we can immediately 

obtain the stated result. 

COROLLARY C.2.l: Let a and b be real constants such that b ~ O. Then 

u 
z - a 

f sinh( b )~(z) dz 
L 

= 1. exp(---1....) {exp(- ~)[HU _1-.)_ HL _1)J 
2 2b2 b b b 

for all Land U such that L < U. 

PROOF: The result follows directly from Lemma C.2 and the definition 

of the hyperbolic sine. 

COROLLARY C.2.2: Let a. and b be real constants such that b f O. Then 

U z - a 
f cosh (-b-H (z) dz 
L 

for all real Land U such that L < U. 
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PROOF: The result follows directly fram Lemma C.Z and the definition 

of the hyperbolic cosine. 

We are now ready to derive the LLF for X - SU(£,A,y,n). First we 

use the obvious change of variable in I (s) 
x 

to obtain 

I (s:) 
x 

00 

. -1 x - £ 
Z = Y + nSl.nh (-A-'-) 

=.( [£ + Asinh(..? ~ Y)]cp(z) 
J -1 s - £ 
Y + 'nsinh (-A-) 

dz. 

Simplifying the integrand and using the result of Corollary C.Z.1, we 

can then obtain 
00 00 

£ \ cp(z) dz + 
-1 s - £ 

Y + n,sinh (-A-) 

dz; 

-1 s - £ = £{l - ~[y + nsinh (-A-)]} 

A 1 y 1 -1 s - £ + - exp(-) [exp(- -) {1 - ~[y - - + nsinh ( )]} 
Z znZ n n A 

Thus, from the general result (C-l) we can finally obtain 

-1 s - £ ] Lx(s) = (£ - s) {l - ~[y + nsinh (-A-)} 

+ ~ exp(....l::...-)[exp(- Y) {1 - ~[y - 1. + 
Z znZ n n 

-1 s - £ ] nsinh (-A-) } 

y 1 -1 s - £ ] ] - exp(-) {1 - ~[y + - + nsinh (-A-)}· 
n n 



C.6. The Johnson 8-L Distribution 
(Three.,..Parameter Lognormal) 
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Derivation of the LLF of this distribution is similar to that 

of the Johnson 8-U. We start by making the obvious change of variable 

to obtain 
00 

I (s) x ~ 
y + 

00 

= e:: ~ 
y 

x - e:: 
z = y + nRn(-A-) 

[e:: + Aexp(~)JHz) 
n 

dz; 

s - e:: nlnC- A
-) 

00 

Hz) dz + A ~ exp(~) 
n 

s - e:: s - e:: + nln(-A-) Y + nin (-A-) 

cjl(z) dz. 

Then, using the result of Lemma C.2, we can write 

[ s - e:: ] IX(S) = Edl - cp Y + nin(-A-) } 

+ Aexp(--L
2
)exp(- 2i"){l _ cp[y _ 1:. + nines : e::)]}. 

2n n n A 

Thus, from the general result (C-l) we can finally obtain 

L (s) 
x (e:: - s) {l - cp[y + nines ~ e::)J} 

Next suppose that we define'two new parameters ~ and cr by 

~ = in(A) - yin 

CC-4) 



and 

a = lIn. 

Then, clearly 

so that 

In(A) II + ya, 

o S - E 
Y + n~n( A ) = y + n[ln(s - E) - In(A).}; 

= y + ~[ln(s - E) - II - ya]; a 

=[In(s - E) - ll]la. 

We can also easily obtain, by straightforward substitution, 

2 
Aexp(-L)exp(-.r.) = exp(ll + ycr)exp(~ )exp[ll -(ll + ya)]; 

2n 2 n 
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(C-5) 

(C-6) 

Substituting the results (C-5) and (C-6) into the LLF of the Johnson 

S-L, (C-4), we then obtain the LLF of the three-parameter lognormal 

{l 
_ 

m[ln(s - E) - H]} L (s) = (E - s) 'l! 
X cr 

C.l. The S-C Distribution 

Using the PDF of this distribution as defined in Appendix D 

or shown in Section B.lO, we can write 



I (5) 
x 

00 

r 
xn [ -1 x - E ] -==:::;:::::; cp y + ncosh ( A ) dx 

s I(x _ e:)2_A2 

00 

J xn [ -1 x - e: ] + cp Y - ncosh ( A ) dx; 
s .; (x _ e:) 2_ A 2 
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We will consider these integrals one at a time. In integral Il(s), make 

the change of variable 

to obtain 
00 

-1 x - E 
Z = Y + ncosh (---A---) 

II (s) = \ [e: + Acosh(z ~ Y_) ]cj>(z) dz; 

-1 s - e: 
Y + ncosh (---A---) 

00 00 

= e: ~ cj>(z) dz + A ~ 
-1 s - e: 

y + ncosh (---A---) 

cosh(~)CP(z) dz. 
n 

-1 s - e: 
y + ncosh (---A---) 

Then, by Corollary C.2.2, we can write 

[ -1 s - E II (s) = d 1 - <P Y + ncosh (---A---) ] } 

A 1 [ :t.. [1 -1 s - E + - exp (-) exp (- ) {1 - <P Y - - + ncosh (---,---) ]} 
2 2n 2 n n ~ 

:t.. { [1 -1 s - e: + exp(n) 1 - <P Y + n + ncosh (---A---)]}]. 
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Likewise, in integral 12 (S), we can make the change of variable 

which implies 

-1 x - e: 
z = Y - ncosh (-,,-) , 

z - Y x = e: + "cosh(- --) 
n 

e: + "cosh (z - y)" 
n 

to obtain, by the same sequence of steps and an appeal to Corollary 

C.2.Z, 

-1 s - e: ] e: ~[y - ncosh (-,,-) 

+ ~ exp(.-L) {exp(- .r.)~[y 
Z znZ n 

1 - --
n 

-1 s - t: ncosh (-,,-) ] 

.v [1 -1 s - e: + exp(-!-)~ y + - - ncosh (-,-)]}. n n I\. 

Comb"ining these results with the general result (C-l), we can next write, 

after some simplification, the final result 

[ -1 s - e:] [ -1 s - e: ] = (e: - s) {1 - ~ y + ncosh (-,,-) + ~ y - ncosh (-,,-)} 

" 1 .r. 1 -1 s - e: + - exp(-·-) [exp(- ) {1 - ~[y. - - + ncosh (-,-)] 
Z Zn Z n n I\. 

+ ~[y - ~ - ncosh-l(~)]} 
n . " 

.r. . [1 -1 s - e: + exp(n) {l - ~ y + n + ncosh (-,,---)] 

[ 1 -1 s - e: ] + ~ y + n - ncosh (-,,-)]}. 



APPENDIX D 

MATHEMATICAL FOUNDATIONS 
OF THE S-C DISTRIBUTION 

In this appendix, we derive the PDF, CDF, and moments of the 

new probability distribution that we have labeled as the S-C, as well 

as discuss a number of its properties. We rely on the following defi-

nition. 

DEFINITION: A random variable X is said to have an S-C distribution 

with parameters E, A, y, and n, denoted X ~ S-C(E,A,Y,n) if and only if 

X = E + Acosh(Z - Y), 
n 

(D-l) 

where Z is a standard normal random variable and E, A, y, and n are real 

constants with both A and n positive. 

It is also necessary to define exactly what we mean by the 

notation "a = cosh-l(b)." Since the hyperbolic cosine is not a one-to-

one function, its inverse is not well defined. We will adopt, however, 

the same convention that one does in defining the square root and say 

that 

-1 
a = cosh (b) (b > 1) 

if and only if 

cosh(a) b and a > O. 
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For ease of computation, we further note that 

-1 
cosh (b) in(b + 1i,2 - 1). 

D.l. The CDF, PDF, and QF 

Because the cosh transformation is not one-to-one, it is 

most convenient to derive the CDF of the transformed random variable 

first. We will use a "theorem-proof" format for this and all sub-

sequent results. 

THEOREM D.l: If X ~ S-C(E,A,y,n), then its cumulative distribution 

function is given by 

q,[y -1 x -+ ncosh ( A E)] _ q,[y _ -1 x - E ncosh (-A-) ], 

FX(x) ifx > E + A· = , 
0, otherwise. 
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PROOF; First note that cosh(a) ~ 1 for all real a, so that the trans

formation (D-l) implies that X ~ E + A. Thus the range of X is the 

interval [E + A, ~), and FXCK) = 0 if x < E + A. 

Next suppose that x ~ E + A. Then, by the definition of a CDF 

and by the transformation (D-l), we have 

FX(x) ~ p[x ~ x]; 

prE + Acosh(~) ~ x]; 
n 

[ .L=....r. x - E] P cosh( n ) ~ A ; 

[ -1 x - E Z - y 
P -cosh (-A-) ~ n -1 Z - e: ] 

< cosh (---A--)' 
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-1 ·-1 
since cosh(a) ~ b if and only if -cosh (b) ~ a ~ cosh (b). 

Since Z is a standard normal random variable, this reduces to 

-1 x - 8 -1 x - 8 
FX(X) = ~[Y + ncosh (-A-)] - ~[Y - ncosh (-A-)]· 

The density function of X can now be found in a straightforward 

manner as the first derivative of its CDF. 

THEOREM D.2: If X tV S-C(E,A,y,n), then its probability density function 

is given by 

f (x) 
x 

__ --'-'-n __ {<j>[A 
lex - 8)2 _ A 2 

0, otherwise. 

-1 x - 8 ] +. ncosh (-A-) 

-1 x - 8 } + $[Y - ncosh (---A-)]' 

if x > 8 + A; 

PROOF: The result follows almost immediately from Theorem D.1. 

Suppose x > 8 + A. Then 

d 
f (x) = dx[F (x)] x x (definition of a PDF); 

d -1 x - 8 [ -1 x - 8 ] 
= dx {~[y + ncosh (-A.---) - ~ Y - ncosh (---A.---)} 

(from Theorem D.l); 

n -1 x - 8 = _____ :.L-.____ {$ [y + ncosh (-A.-) ] 

lex - 8)2 _ A. 2 

[ -1 x - 8 + $ Y - ncosh (---A---) J}. 
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This last expression follows from the chain rule of calculus and the 

fact that 

d[ -1 x - e: ] 
dx ncosh ( A ). 

n 

The quantile function of X ~ S-C(e:,A,Y,n) does not exist, un-

fortunately, in a simple functional for.m. This should be evident from 

the fact that its CDF is expressed as the difference of two functions 

whose inverses do not exist in simple closed forms. Nonetheless, 

-1 values of FX (p) for specified p, 0 ~ p ~ 1, can be found using numeri-

cal techniques (such as Newton'~ method or the secant method) f~r find-

ing the roots of the equation FX(x) - p = O. 

The problems inherent in inverting FX(x) to obtain the QF can 

be seen in the proof to the following theorem, which gives a result for 

the QF in a rather special case. 

THEOREM D.3: If X ~ S-C(e:,A,O,n), that is X ~ S-C(e:,A,y,n) with 

Y = 0, then 

-1 
FX (p) [ 1 -1 1 - p 

e: + ncosh ~ ~ (---2---)J, O<p<l. 

PROOF: By the definition of the quantile function, we have that, for 

O 1 F-l ( ) ].. f d 1 . f ( ) ~ p ~ , X P = xp an on y]. FX xp = p. Now, as we saw in the 

proof to Theorem D.l, this latter expression can be written as 

p 
1 x - e: [ -1 xp - € 

~[y + ncosh - (p ) J - ~ y - ncosh (-"---) J , A A 
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which is non-invertible. When y = 0, however this becomes 

I
x - e: 

[ - p ] p = 1 - 2~ -ncosh (A ) , 

s~nce, for all real z, ~(-z) = 1 - ~(z). This last equation is simply 

inverted. In particular, we can rearrange this expression to obtain 

1 _ p [ -1 xp - e: 
2 = ~ -ncosh (A )] 

-1 " 
, and, applying ~ (.) to both sides, we get 

-1(1 - p) 
~ 2 

1 x - e: 
- ncosh- ( p ). 

A 

Solving for xp ' we then have 

or equivalently 

1 -1.L.:.....E.] x = e: + Acosh[- ~ ~ ( 2 ) 
p n 

1 [ -1 1:....::.....P. ] e: + ncosh n ~ ( 2 ) , 

since the cosh function is symmetric about zero. 

In the preceding proof, we exploited the fact that both the 

standard normal PDF and the transformation (n-l) with y = ° are 

symmetric about zero to obtain an inv~rtible function of p. When 

y ~ 0, the transformation (D-l) is symmetric about z = y,"and we lose 

the ability to express the CDF as an invertible function of p. 
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D.2. Moments of the Distribution 

Before we derive the moments of the distribution of the trans-

formed random variable, it is convenient to develop some preliminary, 

and very useful, results. 

LEMMA D.4: If Z ~ N(O,l), then 

Z - a ] E[exp( b ) 
1 a 

= exp(-)exp(- -), 
2bZ b 

provided that b I o. 

PROOF: This lemma is more accurately stated as a corollary to a pre-

vious lemma. Its proof is easily obtained by letting U + ~ and 

L + ~ 00 in Lemma C.2. 

COROLLAR~ D.4.l; If Z ~ N(O,l), then 

[ Z - a 
E cosh( b )] 

provided that b ~ O. 

PROOF: The result follows immediately from Lemma D.4 upon writing 

z - a 1 [ z - a z - a ] cosh (--) /:,. - exp (--) + exp (- --) b = Z b b' 

Generalizing upon this last corollary, we have the following 

extremely useful lemma. 
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LEMMA DoS: If Z ~ N(O,l), then 

. Z - a n 
E{[cosh( b )]} = (l)n S( b) 2 n;a" 

where 

if n = 1, 3, S, 0 0 0 ; 

S(n;a,b) (n-2)/2 

I 
2 

(n) [(n - 2m)] h[ (n - 2m)a] exp 2 cos b ' 
o m 2b 

m=O 

if n = 2, 4, 6, 0 0 0 , 

provided that b ~ 0 0 

PROOF: For any n = 1, 2, 3, 0 0 0 we can utilize the definition of the 

hyperbolic cosine and the binomial theorem to write 

Z - a n 
E{[cosh( b )]} 

In Z-a Z-a n 
= E{(Z) [exp(-b-) + exp(- -b-)] }; 

Interchanging the operations of expectation and summation and 

utilizing the well-known properties of exponentiation, we can then 

write 

[ Z - a ]n E{ cosh( b ) } 

Inn n [ Z - a Z - a ] 
= (2') m:o (m)E{exp (n - m) (-b-)- m( b ) }; 



241 

Next we can rearrange the term in the exponent to obtain a form amen-

able to the application of ~emma D.4 and obtain 

[ Z - a Jn E{ cosh( b ) } 

(D-2) 

Now denote this summation as S(n;a,b) and the summand as s(n,m;a,b). 

There are two cases to consider. 

Case 1: n Is Odd. In this case, both (n + 1)/2 and (n - 1)/2 

are integer valued and we can write 

(n-1)/2 n 

S(n;a,b) = ~ s(n.m;a,b) + s(n,m;a,b). 

m=O m=(n+1)/2 

Now let the index of summation be k = n - m, so that m = n - k. Then 

(n-1)/2 (n-1)/2 

~ s(n,m;a,b) + ~ s(n,n-m;a,b). 

m=O k=O 

Next observe that 



s(n,n-k;a,b) 
2 

= ( ~k)exp[(2k -2n ) ]exp[- (2k - n)a]; 
n 2b b 

2 
= (n) [(n - 2k) ] [(n - 2k)a]_ k exp 2 exp , 

2b b 

= s(n,k;a,-b), 

since ( n ) _ 
n - k 

n 
(k) and -(2k - n) = n - 2k. Thus we can write 

(n-1)/2 

S(n;a,b) = I [s(n,~;a,b) + s(n,m;a,-b)]. 

m=O 

Finally, appealing to the definitions of the summands and the defini-

tion of the hyperbolic cosine, we can obtain 

S(n;a,b) 

(n-1)/2 

2 I 
m=O 

2 
(n) [(n - 2m)] h[ (n - 2m)a] exp 2 cos b ' 
m 2b 

whenever n is odd. 

Case 2: n Is Even. In this case, n/2 is integer valued and 

we can write S(n;a,b) as the sum 

(n-2)/2 n 

S(n;a,b) I s(n,m;a,b) + 
n I s(n,m;a,b). = (n/2) + 

m=O m=(n+2)/2 

Fo11wing a strategy similar to that used in the first case, we let 

k = n - m in the second summation to obtain 
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S(n;a,b) 

(n-2)/2 (n-2)/2 

L s(n,m;a,b) + (n/2) + L s(n,m;a,b); 

m=O 

(n-2)/2 

(n/2) + 2 L 
m=O 

k=O 

2 
(n) exp [(n - 2m) ] cosh [(n - 2m):a.] 
m 2b2 b· 

Inserting the two expressions for S(n;a,b) developed in Cases land 2 

into (D-2) yields the stated result. 
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We are now. ready to derive two general results that express the 

raw and central moments of the S-C distribution. 

THEOREM D.6: If X'U S-C(E,A,y,n), the kth raw moment (Le., the kth 

moment about the origin) of X is given by 

Jlk(X) ~ (k. ) ... k - j (~) j S ( . ) k 0 1 2 t... c.. 2 J ; .n., y, =",..., 
j=O J 

where S(n;a,b) is as defined in Lemma D.S. 

PROOF: By the definition of ~(X) and the transformation (D-l) , we have 

But then, by the binomial theorem we can write 



llk(X) 
k 

E{ L 
j=O 
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where we have simply interchanged the order of expectation and summation. 

The stated result immediately follows from Lemma D.S. 

COROLLARY D.6.l: If ~ ~ S-C(€,A,y,n), then 

lli(X) = E(X) e: + A.exp(~)coSh(.Y). 
2 T) T) 

PROOF: From Theorem D.6, we have 

1 
~i(X) = S(O;y,n) +2 S(l;y,n). 

The stated result follows immediately after noting that, from Lemma D.S, 

S(O;y,n) 1 (D-3) 

and 

S(l;y,n) (P-4) 

THEOREM D.7: If X ~ S-C(e:,A,y,T), then the kth central moment (i.e., 

the kth moment about the mean) of X is given by 

k 0, 1, 2, ••• , 

where S(n;a,b) is as defined in Lemma D.S. 
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PROOF: By the definition of Jlk(X), transformation (D-l), and Corollary 

D.6.l, we have 

k ~ 1 X k EO. [cosh( )-exp(-2)cosh( )] }. 
n 2n n 

Applying the binomial theorem and then simplifying, we can obtain 

k k . k· . 
A l: (_l)J (.)exp(~)[cosh(.r.)JJ 

j=O J 2n n 

·E{[cosh(~)Jk - j}. 
n 

The stated result is obtained immediately by applying Lemma D.5 to the 

expectation in this last expression. 

COROLLARY D.7.1: If X ~ S-C(e,A,y,n), then 

and 

where 

(i) 

(ii) 

(iii) 

Jli(X) = e + A~cosh(8); 
1 2 

Jl 2 (X) = 21.. (w - 1)[wcosh(28) - 1J; 

1 3, 2 
Jl 3(X) = 41.. yw(w - 1) [w(w + 2)cosh(38) - 3cosh(8)]; 

(iv) )l4(X) = tA4(w - 1)2[3(2w + 1) - 4w2(w + 2)cosh(28) 

+ w2(w4 + 2w3 + 3w2 - 3)cosh(48)], 

2 ro = exp(l/n) and e = y/no 
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PROOF: Statement (i) follows immediately from Corollary D.6.l upon 

making the appropriate substitutions for wand 8. 

Statements (ii), (iii), and (iv) rely on the following results 

(which are simple to prove by referring back to the appropriate defi-

nitions) : 

S(2;n,y) (D-5) 

and 

Likewise, we need the easily proved relations: 

[ 21 
cosh(8)] = 2[cosh(28) + 1]; (D-8) 

3 1 
[cosh(8)] = 4[coSh(38) + 3cosh(8)]; (D-9) 

4 1 
[cosh(8)] = S[cosh(48) + 4cosh(28) + 3]; (D-10) 

1 
cosh(8)cosh(28) = 2[cosh(38) + cosh(8)]; (D-ll) 

[ ] 2 1 
cosh(8) cosh(28) = 4[cosh(48) + 2cosh(28) + 1]; (D-12) 

and 

1 cosh(8)cosh(38) = Z[cosh(48) + cosh(28)]. (D-13) 

With this information, we can prove statements (ii), (iii), and (iv). 

First, from Theorem D.7 with k = 2, we have 



1 Y 2 + exP(2)~cosh( )] S(O;y,n)}. 
n n 

1 Utilizing results (D-3) through (D-5) and letting w = exp(2) 
n 

and 8 = yin, we can write 

~2(X) = A2{~[1 + w2cosh(28)] - ~ cosh(8)[2~ cosh(e)J 

+ W[cosh(8)]2}; 

2 1- 2 []2 A {2[~ + w cosh(28)] - w cosh(8) }. 

Then, by result CD-8) we have, using simple algebra, 

1 2 J = ZA (w - 1)[wcosh(28) - 1 , 

which is the result stated in (ii). 

Next, from Theorem D.7 with k = 3, we can write 

3 1 3 1 y 
A {-SS(3;y,n) - ~xP(----2)cosh(-)S(2;y,n) 

. 2n n 

3 1 [ y J2 + zexP(2) cosh(n) S(l;y,n) 
n 

3 y 3 - exp(--z)[cosh(n)] S(p;y,n)}. 
2n 
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Utilizing results (D-3) through (D-6) and letting w = exp(-z) 

and 8 = y/n, we can write 

3 1 9/2 3 1/2 
~3(X) = A {4 w cosh(38) + 4 w cosh(S) 

3 1/2 2 
- ~ cosh(8)[1 + w cosh(28)] 

+ 3w[COSh(8)]2[w1/ 2cosh(8)] 

- w3/ 2[cosh(8)]3}; 

3 1/2 1 4 3 
A w {4 w cosh(38) - 4 cosh(8) 

n 

3 _ 1 w2cosh(8) cosh(2S) + 2w[cosh(8)] }. 
2 
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Then, using results (D-9) and (D-l1), we can reduce this last expression 

algebraically as follows: 

3, 1 4 3 . 
~3(X) = A YW {4 w cosh(38) - 4 cosh(8) 

3 2 - 4 w [cosh(38) + cosh(8)] 

1 + 2 w[cosh(38) + 3cosh(a)]}; 

3, 1 4 2 
~ YW {4[w - 3w + 2w]cosh(38) 

3[ 2 - 4 w - 2w + 1]cosh(8)}; 

1 3, 2 
= 4 A YW {w(w + 2)(w - 1) cosh(38) 

- 3(w - 1)2coSh (8)}; 



1 3 r 2 
= 4 A yw(w - 1) [w(w + 2)cash(38) - 3cash(8)], 

which is the result stated in (iii). 

Lastly, nate that we can write, from Theorem D.7 with k = 4, 

4 1 
~4(X) = A [16 S(4;y,n) - 1 exp(~) cosh(Y) 

2 2n2 n 
s(3;y ,n) 

[cash(~)]2 S(2;y,n) 3 1 + - exp(-) 
2 n2 

3 v. 3 
- 2 exp(--Z) [cash(~)] S(l;Y,n) 

2n n 

1 Utilizing results (D-3) through (D-7), and letting w = exp(-Z) 
n 

and 8 = yIn, we can write this as 

4 1 8 2 
~4(X) = A {S[3 + w cash(4~) + 4w cash(2S)] 

r 9/2 r 
- YW cosh(8)[w cash(38) + 3vw cash(S)] 

2 2 + 3w[cash(8)] [1 + w cash(28)] 

3/2 3 r - 4w [cash(8)] vw cash(8) 

2 4 + w [cash(8)] }; 

4 1 8 2 
A {a[3 + w cosh(48) + 4w cosh(2S)] 

2 5 
+ (3w - 3w)[cash(8)] - w cash(S)cash(38) 

3 2 2 4 + 3w [cash(S)] cash(2S) - 3w [cosh(8)] }. 
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Then, using results (D-lO), (D-ll), and (D-12), we can reduce this 

last expression albegraically as follows: 

4 l[ 8 2 ~4(X) = A {S 3 + w cosh(49) + 4w cosh(29)J 

1 5 - 2 w [cosh(48) + cosh(28)J 

3 3 
+ 4 w [cosh(48) = 2cosh(28) + lJ 

3 2 ] - 8 w Lcosh(48) + 4cosh(28) + 3 }; 

1 4 3 2 
= 8 A {3 + 6w - 9w 

Continuing to manipul~te this expression algebraically, we obtain 

1 4 2 
~4(X) = 8 A [3(2w + l)(w - 1) 

2 2 
- 4w (w - 1) (w + 2)cosh(28)]; 

243 2 + w (w + 2w + 3w - 3)cosh(48)], 

which is the result given in (iv). 
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It is interesting to compare the results of this corollary with 

the corresponding moments of the Johnson S-L and particularly with the 

Johnson S-U distributions. For convenience, these are summarized in 

Table 0.1. Note particularly how closely the moments of the S-C and 

S-u compare, differing by a few minor sign changes and the replacement 

of sinh for cosh in the expressions for the odd moments. 

0.3. Some Additional Results 

From the results of Corollary 0.7.1, it should be clear that 

the standardized third and fourth moments of this distribution will be 

functions of the parameters y and n alone (or their surrogates, wand 

8). In this section, we examine the behavior of the skewness [a3 (X)] 

and kurtosis [a4 (X)] as functi"ons of y and n and, in particular, examine 

some limiting cases. 

We will make use of the results of the following corollary. 

COROLLARY 0.7.2: If X ~ S-C(S,A,Y,n), then the skewness and kurtosis 

of X are given respectively by 

and 

().4 (X) 

where 

/w(w - l)[w(w + 2)cosh(38) - 3cosh(8)J 
3/2 

1:2 [w cosh(28) - lJ 

22432 
3(2w + 1) - 4w (w + 2)cosh(28)+w (w + 2w + 3w - 3)cosh(48) 

2[w cosh(28) -lJ 2 ' 

w 2 
exp(l/n) and e = yIn. 



11' 1 

J.l 2 

J.l3 

J.l4 

Table D.1 

Comparison of the Moments of the Johnson S-L and S-U 
Distributions with Those of the S-C 

Johnson S-L Johnson S-U S-C 
. 

e: + AiWexp (-8) e: - AiWsinh(8) e: + AiWcosh(8) 

- 2 
A w(w - 1)exp(-28) 

2 
A (w - 1) [wcosh(28) + 1]/2 -A2(w - 1) [wcosh(28) - 1]/2 

A3w3/2(w _ 1)2 
3iW 2 -A w(w - 1) A3iW(w _ 1)2 

o[w(w + 2)sinh(38) o[w(w + 2)cosh(38) 
e(w + 2)exp(-38) 

+ 3sinh(8)]/4 - 3cosh(8)]/4 

A4(W _ 1)2 A4(w _ 1)2 

4 2 
A-.(w - 1) 

2 4 3 2 o[w (w + 2w + 3w - 3) 243 2 o[w (w + 2w + 3w - 3) . 
2 4 3 2 oW (w + 2w + 3w - 3) ocosh(48) ocosh(48) 

oexp(-48) 2 + 4w (w + 2)cosh(28) 
2 -

- 4w (w + 2)cosh(28) 

+ 3(2w + 1)]/8 + 3(2w + 1)]/8 

I 

N 
\JI 
N 
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PROOF; Immediate from Corollary D.?l. 

Note, first of all, that since we require n to be greater than 

zero, it turns out that w is greater than one. Additionally, it is a 

characteristic of the hyperbolic cosine that cosh(S) > 1 for all real S. 

Thus, we can write 

w(w - 1) > 0 

and 

cosh(S) - 1 > cosh(S) - 1 ~ O. 

Furthermore, since cosh(a) ~'cosh(b) whenever lal > Ibl, we can also 

write 

w(w + 2)cosh(3S) - 3cosh(S) > 3[cosh(3S) - cosh(S)] > O. 

Applying each of these inequalities to the expression for the skewness 

in the preceding corollary, we can conclude that 

Hence, the S-C distribution always has a positive skewness (or is skewed 

to the right). Likewise, it is easy to show that 

Also note that the momerits of the S-C distribution, as repre

sented in Corallaries D.?l and D.?2, depend only upon the absolute 

value of the parameter y (or, equivalently, of the parameter S) and not 

on its sign. This is because y (or S) appears only in the argument of 
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the hyperbolic cosine function, which is symmetric about zero. As a 

result, the case where y = 0 is a limiting case, and is the subject of 

the following corollary. 

COROLLARY D.7.3: Let X IV S-C(E:,A,y,n) with y O. Then 

2 
Cl.

3
(X) 

1 2 
= ZW(w + 3) 

and 

0,4 (X) 
1 4 3 2 

= -(w + 4w + lOw + l2w + 3), 2 

where 

w 2 
exp(l/n ). 

PROOF: The results are easily obtained via straightforward algebra 

after letting y = 0 [so that cosh(k8) = 1, k = 1, 2, 3, 4J in Corollary 

D.7.2. 

This corollary immediately suggests that the S-C distribution 

with y = 0 (or near zero) is highly skewed and heavy-tailed. This can 

be seen by noting that the requirement that n > 0 implies w > 1, so 

that, when y = 0, 

and 

1 
Cl.4 (X) > 2(1 + 4 + 10 + 12 + 3) 15. 

In fact, these lower bounds are attained as limiting cases as n + 00 
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We next turn our attention to the case where y + 00. In 

particular, we shall demonstrate that the third and fourth standardized 

moments of the S-C distributiqn converge to those of the lognormal (or 

Johnson S.-L). 

THEOREM 0.8: Let X ~ S-C(s,A,y,n). Then 

and 

Li.m ct4(X) 
y+oo 

where 

2 
(w - l)(w + 2) 

W
4 + 2w

3 + 3w
2 

- 3 

2 
w = exp(l/n ). 

, 

PROOF: It is convenient to first derive the result for ct4 (X). 

From Corollary 0.7.2 and the properties of limits, we can write 

Li.m ct4 (X) = ~2 (w + 1) t£m Ql(8) - 2w2(w + 2) 0:_ () -<.A.III Q
2 

e 
y+oo y+oo y+oo 

where we have let 

and 

12432 
+ 2 w (w + 2w + 3w - 3) Li.m Q3(8), 

y+oo 

cosh[2 C; - 1)8] 
2 ' [w cosh(28) - lJ 

8 yin. 

j 1, 2, 3, 

(D-l4) 
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Next, notice that 6 ~ ~ as y ~ ~ and let j 1. Then 

Urn 
6 ~ ~ [w cosh(2 ) - lJ

Z 
1 

Since cosh(Z6) ~ ~ as 6 ~~, it should be clear, that 

o. (D-15) 

When j Z, we have 

Urn cosh(Z6) 

[ lJ
2 

6 ~ ~ w cosh(Z6) -

If we take the limits of the numerator and denominator of this quotient, 

we obtain the indeterminate form ~/~. We can thus apply L'Hospital's 

rule to this quotient to obtain 

Obviously then 

Urn 2sinh(26) . 
4w[wcosh(26) - 1]sinh(28) , 8 ~ ~ 

Urn 1 
2w[wcosh(28) - 1] 8 ~ ~ 

o. 

Finally, when j = 3, we have 

cosh(48) 

[wcosh(28) - 1]2 

(D-16) 
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which is also an indeterminate form. Applying L'Hospital's rule, we 

have 

llm sinh(46) 
w[wcosh(26) - l]sinh(26)' 6 + co 

Next we utilize the well-known result 

sinh(x + y) sinh(x)cosh(y) + sinh(y)cosh(x), 

which implies 

sinh(46) 2sinh(26)cosh(26), 

to obtain 

(D-I7) 

(D-IS) 

Then, by invoking L'Hospital's rule to this indeterminate form, we have 

the final result 

lim 4sinh(26) 

6 + co 2w
2
sinh(29) 

or 

(D-19) 

Thus, substituting results (D-15),(D-16) and (D-19) into (D-13), we 

can obtain 

I 2 4 3 2 2 o - 0 + 2 w (w + 2w + 3w - 3)(w2)' 

which can be simplified to obtain the stated result, 



We next consider the result for CL~(X). As before, we appeal 

to Corollary D.7.2 and the properties of limits to write 

lim CL
3

(X) = %w(w - 1) lim Q(6), 
y-+«> y+«> 

where 
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2 2[ 2 . . 2 
Q(6) = w (w + 2)cosh(36)] -6w(w + 2)cosh(36)cosh(6) + 9[cosh(6)] . 

[wcosh(26) - 1]3 

We can simplify this last expression using results (D-8) and (D-13) 

to obtain 

Q(6) 
2 2 {w (w + 2) [cosh(66) + 1]/2 

- 3w(w + 2)[cosh(46) + cosh(26)] 

+ 9[cosh(26) + 1]/2}/[wcosh(26) - 1]3; 

1[ 2 2]- [ 9 -= 2 w (w + 2) + 9 Q1(6) - 3w(w + 2) - 2]Q2(6) 

(D-20) 
- 1 2 2- . 

- 3w(w + 2)Q3(6) + 2 w (w + 2) Q4(6), 

where 

Q.(6) = cosh[2(j 1)6] 
J [wcosh(26) _ 1]3 

j 1, 2, 3, 4. 

Next consider the limits of Qj (6); j 

for j = 1, 2, and 3, 

1, 2, 3, 4, as 8 + 00. Clearly, 

where Q. (6), j 
J 

Q.(6) = Q.(6)/[wc~sh(28) - 1], 
J J 

1, 2, 3, are as defined previously. Thus 
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.urn Q.(8) 
8 + co J 

Q. (8) = .urn __ J.I-__ _ 

8 
wcosh(28) - l' +co 

and,from results (D-15) , (D-16) , and (D-19), it should be clear that 

.urn Ql (8) = 0; 
8 + co 

(D-2l) 

.urn Q2 (8) = 0; 
8 + co 

(D-22) 

and 

= O. (D-23) 

Next, when j = 4, we have 

= cosh(68) 

[wcosh(28) - lJ3 ' 

whose limit as 8 + co is an indeterminate form. Applying L'Hospital's 

rule, we have 

.urn Q (8) = .urn sinh(68) • 
8 + co 4 8 + co w[wcosh(8) - lJ 2sinh(28) 

Applying results (D-17) and (D-18) consecutively, we have 

sinli(68). = sinh(26)cosh(46) + sinh(48)cosh(28); 

= sinh(28)cosh(46) + 2sinh(28)[cosh(28)J
2

; 

= sinh(28)[2cosh(48) + lJ, 

where the last expression follows from result (D-8). Thus 

.urn Q4(8) = .urn 
8+co 8+ 00 

2cosh(48) + 1 

[ 
2· 

w wcosh(8) - lJ 



= ~ .lim Q3(8) + ~ .urn Ql (8). 
w8+ 00 8+00 

Applying results (D-19) and (D-15), we then have 

" 

We can now take the limit of expression (D-20.) and, using results 

(D-2l) through (D-24) , write 

.urn Q(8) = i[w
2

(w + 2)2 + 9] .um Ql(8) 
8+ 00 8+00 

-[3w(w + 2) - t].um Q2(8) 
8 + 00 

- 3w(w + 2).um Q3(8) 
8 + 00 

1 2 2-
+ 2 w (w + 2) Q4(8); 

1 2 2 4 
0- 0 - 0 +2 w (w + 2) (~); 

w 

Therefore, since 8 + 00 as y + 00, we can obtain the final result 

o:~ 2( 1 _ 1) o:~ -
VUII a3 X) = 2 w(w VUII Q(e); 

y+oo y+oo 

= 1 w(w - 1)[2w(w + 2)2 /w ]; 
2 

2 
= (w - l)(w + 2) . 

260 

(D-24) 
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If we now compare the results of this theorem with the expres-

sions for a
3 

and a
4 

for the Johnson 8-L distribution given in Section 

B.8 of Appendix B, we see that they are identical. Thus, the 

2 (a
3
,a

4
) point for this distribution converges to a point on the log-

2 normal curve in the (a
3
,a

4
) plane as y + ~. 

Further notice that 

and 

n+~ y+~ 

2 a
3

(X) 

a
4 

(X) 

o 

3, 

indicating a convergence to "normal" skewness and kurtosis as both 

parameters (y and n) get large. 

D.4. Parameter Selection 

An obvious method of parameter selection is the method of moments: 

choose E, A, y, and n so that the resulting distribution has a specified 

mean, variance, skewness, and kurtosis. (It should be noted here that 

although moments are widely used in practice, the sample moments are 

sensitive to extreme observations and the sampling variability of the 

third and fourth moments can be large.) For the S-C distribution, the 

method of moments is facilitated somewhat by the fact that a 3 and a
4 

(or, equivalently, B1 and B2) are functions of the parameters y and n 

alone. Thus, for specified values of a 3 and a 4 , say a~ and aZ, we 

can find y and n by solving the simultaneous equations 
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a.* 3 
lw(w - 1).[ (w + 2)cosh08) - 3cosh(8)] 

i:2[wcosh(28) _ 1]3/2 
(D-25a) 

a.* 4 
3(2w + 1) - 4w2(W + 2)cosh(28) + W2(W4 + 2w3 + 3w2 - 3)cosh(48) 

2[wcosh(28) _ 1]2 
(D-25b) 

for 8 and w, and then setting 

n Il/.Q,n(w) 

and 

y 8n. 

Once values for y and n (or wand 8) have been obtained, one can set 

1 ,* * £ and A to match specified values for the mean, ~1 ' and variance, ~2. 

In particular, we can solve for A and E in the expressions for the 

variance and mean of the S-C distribution, respectively, to obtain 

2~2 

Irw 
* 

, ((Il---1-)-=-[ w-c-o'=s-h-( 2-8-)---1""="] , 

and 

* r ~i - Aywcosh(8). 

An obvious problem with this approach is that of solving the 

simultaneous equations (D-25), which are highly non-linear. A useful 

technique is that espoused by Ramberg, et a1. (1979) who solve a similar 

system of equations. Specifically, one can utilize non-linear program-

ming techniques to find values of 8 and w that minimize the objective 

function 
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subject to the constraint that w > 1, where the notation a3(8,w) and 

a4(8,w) is used to represent the right-hand sides of equations (D-25a) 

and (D-25b), respectively. Discussions of procedures for performing 

this minimization are contained in Lasdon (1970), Keuster and Mize 

(1973), Olsson and Nelson (1975), and Mykytka (1978). 

An alternative to the method of moments is given by Mykytka and 

Ramberg (1979). This procedure proposes the use of the median, inter-

quartile range, and two other statistics that are functions of order 

statistics as surrogates for the first four moments. Such a procedure 

would be valuable if the resulting parameter estimates were less sensi-

tive to sampling variability. 
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