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ABSTRACT 

An asymptotic analysis of a leaky parallel-plate waveguide is presented. The walls 

of the waveguide consist of bonded wire meshes which are modeled using a sheet 

impedance boundary condition. The fields are excited by magnetic line sources exte

rior to the waveguide. The wire meshes allow for coupling between the interior of the 

waveguide and the exterior region. In addition, each mesh can support a surface wave. 

We employ Fourier transform techniques to derive an integral representation for the 

magnetic field. We present various interpretations of the integral representation and 

evaluate the integral asymptotically using the method of steepest descents. The case 

of a pole near the saddle point is considered in detail. The integral is also evaluated 

numerically to determine the accuracy of the asymptotic results. The contributions 

to the radiation pattern of the structure from the surface-wave and leaky-wave poles, 

as well as the saddle point, are considered individually. The parameters of the struc

ture are adjusted to exploit the contributions from the poles in the near far zone. The 

transient response of the structure to a double exponential pulse is also investigated. 

An alternative representation which is computationally efficient for computing the 

transient response in early time is derived. The use of the alternative representation 

for dense distributions of leaky-wave poles is also considered. 



CHAPTER 1 

INTRODUCTION 

14 

Traveling wave antennas are an important class of antennas which often feature 

simple feed arrangements, specialized pattern characteristics like frequency scanning, 

and flush mounting capabilities [1]. Typically, a traveling wave antenna is fed by a 

single source which launches a wave onto a waveguiding structure thereby effectively 

illuminating an aperture. The fields of the antenna are determined by the propaga

tion characteristics of the guiding structure. Two principal types of traveling wave 

antennas are leaky-wave and surface-wave antennas. Practical examples of leaky

wave antennas include periodically slotted waveguides [2]. Examples of surface-wave 

antennas include impedance boundaries such as dielectric coated ground planes and 

corrugated or periodic surfaces [3]. Traveling wave antennas are usually analyzed in 

terms of their modal characteristics. 

Surface waves and leaky waves are two well known examples of a general class of 

waves known as complex waves. In a comprehensive analysis, Tamir and Oliner [4] 

characterize the properties of complex waves and their radiation patterns. Complex 

waves, which can exist in both lossy and lossless media, can exhibit both propagation 

and attenuation. Complex waves can have phase velocities greater than or less than 

the speed of light, i.e., they can be "fast" or "slow" waves. The most useful way of 
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classifying complex waves in problems involving radiation is by how they behave at 

infinity. Complex waves that satisfy the Sommerfeld radiation condition are referred 

to as proper (or spectral or modal) complex waves. Waves that do not satisfy the 

radiation condition are described as improper (or non-spectral). Complex waves often 

result from complex pole residue contributions to certain integral representations for 

the total field. Pole residue contributions are typically described in terms of an 

inhomogeneous plane wave propagating at some angle with respect to the structure 

under investigation. Often a pole contribution is characterized by a diagram showing 

the constant amplitude and phase contours. Bernard and Ishimaru have shown [5] 

that although the propagation angle predicted by the pole residue is correct only in 

the far zone, the pole contribution tends to be concentrated in a limited range of 

angles. 

To study the behavior of complex waves the problem of a line source over a planar 

interface is commonly used [4]. The standard solution for this class of problems 

is obtained by integral transform techniques. The solution is given in terms of an 

inverse transform which is a spectral representation for the field. The evaluation 

of the inverse transform integral is in general difficult and, except for special cases, 

must usually be performed numerically. One such special case is when the observation 

points are located far (in terms of the wavelength) from the source. In the far zone 

the integral may be evaluated asymptotically by the method of steepest descents or 

the saddle point method [6]. The steepest descents representation is a non-spectral 
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representation so non-spectral (e.g. leaky-wave) poles can contribute to the total 

field. Excellent examples of this type of analysis can be found in [7] and [8]. 

In this dissertation we consider a structure related to a traveling wave antenna: a 

wire mesh waveguide. Our choice for the structure was motivated by Casey and his 

report [9] on the fields of a gamma-ray beam for open tunnel high altitude electro

magnetic pulse tests. In this report Casey modeled a cylindrical beam emerging from 

an aperture in a ground plane with a perfectly conducting cylinder. A more realistic 

model [10] would account for longitudinal exponential attenuation by replacing the 

perfectly conducting cylinder with a wire mesh cylinder. The wire mesh allows for 

the possibility of complex waves. The aperture source could also be modeled by an 

equivalent ring source. 

In Chapter 2 we present the basic formulation for the leaky waveguide under 

investigation. We have chosen to restrict the gamma-ray beam simulator model to 

two dimensions. The resulting geometry is a leaky parallel-plate waveguide excited by 

two line sources configured to provide a circulating magnetic current. This restriction 

simplifies the analysis while still allowing us to investigate the basic characteristics 

of the structure. After discussing the problem geometry, we provide a description 

of the model used to simulate the wire mesh walls of the waveguide. In the main 

section of Chapter 2 we derive an integral representation for the magnetic field using 

Fourier transform techniques. A physical interpretation of the integral representation 

is given which proves to be useful in the transient analysis of the structure. 
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In Chapter 3 we evaluate the integral representation for the magnetic field asymp

totically. Several different alternative integral representations, both spectral and 

non-spectral, are discussed. We then consider the types and locations of the singu

larities of the integrand in our integral representation. We present several limiting 

cases where the approximate locations of the singularities can be determined analyt

ically. The method of steepest descents for the case when poles are located near the 

saddle point, as developed by Van Der Waerden [11] and presented by Bernard and 

Ishimaru [5], is then used to evaluate the fields asymptotically. Asymptotic results 

are compared with results obtained by numerical integration techniques to determine 

where the asymptotic expressions can be used. 

In Chapter 4 we present radiation patterns for the leaky parallel-plate waveguide. 

The contributions from the saddle point, leaky-wave, and surface-wave poles are 

presented separately. Each contribution is characterized ill terms of the parameters 

of the structure. The total radiation pattern is then considered. The parameters of 

the structure are adjusted to exploit the contributions from the poles in the near far

field pattern. Results from an example which uses the leaky-wave pole contributions 

to fill in a specific null in the saddle point pattern are presented. 

The transient response of the structure is considered in Chapter 5. A double 

exponential pulse waveform is used to excite the magnetic line sources. We obtain 

transient results in the general case by computing the frequency domain results using 

the asymptotic expressions developed in Chapter 4 and then numerically transforming 
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the results to the time domain. We also present an alternative representation which 

is computationally efficient for computing the transient response in early time. 

Tamir and Felsen have shown [12] that for certain cases the leaky-wave poles 

associated with a dielectric gap structure can be represented asymptotically by a 

branch point singularity. In Chapter 6 we investigate how this type of alternative 

representation is related to the representation developed in Chapter 5. We also 

consider whether such a substitution is useful for dealing with the dense distributions 

of leaky-wave poles which can occur for the structure under investigation. 

In Chapter 7 we summarize our basic results and present conclusions. We also 

make recommendations for future work on this problem. 



CHAPTER 2 

PROBLEM FORMULATION 

19 

In this chapter we describe the mathematical formulation used to analyze the 

leaky waveguide under consideration. We begin by describing the geometry of the 

problem. Next, we discuss the idealized source and equivalent sheet impedance model 

which are used in our formulation. We also consider the plane wave reflection and 

transmission properties of a sheet impedance boundary. In the main section of this 

chapter we derive an integral representation for the magnetic field. In the last section 

we present a physical interpretation of this integral representation. 

2.1 Problem Geometry 

The geometry under consideration is the parallel-plate waveguide shown in Fig

ure 2.1. The region exterior to the waveguide is characterized by the free-space 

constitutive parameters EO and lio. Although we are primarily concerned with the 

case when the interior of the waveguide is also free space, it is instructive to allow for 

the presence of a dielectric material with a relative permittivity Er inside the wave

guide. The walls of the waveguide consist of wire meshes. The wire meshes allow 

coupling between the regions interior and exterior to the waveguide. We may control 

the coupling between the two regions by varying the mesh parameters and/or the 
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frequency of interest. The parameters of the wire mesh located at y = a are denoted 

by the superscript (+). Similarly, the parameters of the wire mesh at y = -a are 

indicated by the superscript (-). We model each wire mesh using an equivalent sheet 

impedance boundary condition which is discussed in detail in Section 2.3. We point 

out that the wire mesh can also support a surface wave because of its periodic nature. 

The fields are excited by two magnetic line sources located outside the waveguide 

at y = ±b. The notation used to differentiate between the two wire meshes is also used 

to distinguish between the strengths of the upper and lower magnetic line sources. 

We note that the problem is two-dimensional because neither the geometry nor 

the sources vary with the x-coordinate. 

2.2 Idealized Source Model 

The mathematical model for the two uniform magnetic line sources exterior to the 

waveguide is given by 

(2.1 ) 

where M denotes the magnetic current density and b > a. The above source con

figuration excites the (Hx, Ey , Ez) field components. These field components are 

classified as a transverse magnetic to z (TMz) field in Section 3-12 of [13]. We have 

assigned each line source a unique strength in order to determine the contribution 
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from each source to the total field. We are interested primarily in the case 

(2.2) 

which is the two-dimensional representation for a cylindrical ring source. 

2.3 Wire Mesh Sheet Impedance Model 

The electromagnetic properties of wire meshes have been studied using the method 

of average boundary conditions by many including Kontorovich [14J. An excellent 

summary of the theory of scattering from wire meshes has been given by Wait [15J. 

To model the bonded wire mesh waveguide walls we use the approach of Casey 

[16J, [17], [18J. The method used by Casey is an extension of the method used by 
-0 

HiII and Wait [19J. An equivalent sheet impedance operator Zs describes the local 

behavior of the mesh by relating the space-averaged tangential electric field to the 

space-averaged surface current density by 

(2.3) 

A top view of the bonded wire mesh used for the walls of the parallel-plate wave-

guide is shown in Figure 2.2. We consider the case when the mesh wire spacing or 

period as is small with respect to the wavelength and the radii rw of the cylindrical 

wires are small in comparison to as. For eiwt time dependence we can express the 

sheet impedance operator as 

(2.4) 
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where Z~ is the per-unit-Iength (PUL) internal impedance of the mesh wires, La is 

A 

the sheet inductance parameter, i is the identity dyadic, Ii is the unit vector normal 

to the mesh surface, k is the free-space wave number, fr is the average of the relative 

permittivities of the media on each side of the mesh, and Vt is the transverse del 

operator for the surface perpendicular to Ii. Under the thin wire approximation of a 

purely axial wire current [20] the PUL internal impedance of the mesh wires is given 

in terms of the DC PUL resistance 

R' =_1_ 
w 1rT2 U w w 

(2.5) 

and the diffusion time constant 

(2.6) 

by 

(2.7) 

where In denotes the modified Bessel function of order n. The sheet inductance 

parameter La (with units of Henry) is given by 

L Iloas I ( 1 ) - -- n 
a - 271" 1 _ e-2rrrw/a. 

(2.8) 

Typical values of the wire mesh parameters as, l'w , and U w are given in Table 2.1. 

Typical values for Z~as and Ls are plotted in Figures 2.3 and 2.4. Note that both 

Z~aa and La are increasing functions of as and decreasing functions of Tw. Also 

observe that U w only affects Z~. 
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Parameter Minimum Maximum Units 
rw 0.5 20.0 mm 
as 3.0 20.0 cm 
o"w 1.1 x 106 3.7 X 108 Sim 

Table 2.1: Typical mesh parameter values. 
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Observe that the argument of the modified Bessel function in equation (2.7) can 

be written as 

(2.9) 

where 8 is the skin depth of the wire material. For the limiting case of rw » 8 we 

can use the large argument approximation given by equation (9.7.1) in [21] 

(2.10) 

valid for I arg( z) I < 7r /2 in equation (2.7) to obtain 

(2.11 ) 

For the numerical evaluation for Z~ it is convenient to express Z~ in terms of 

Bessel functions of the first kind rather than modified Bessel functions of the first 

kind. We accomplish this conversion by using equation (9.6.3) in [21] 

(2.12) 

valid for -7r < arg(z) :::; 7r/2 to obtain 

Z' - _ R' ;:.-:-::- J 0 ( i v'ZWT:) 
w -. w y ZWTw2 'J (' r:::-::::-) 

Z 1 ZyZWTw 
(2.13) 

We evaluate the integer order Bessel functions of the first kind using the method 

described in [22]. 



29 

2.3.1 Reflection Properties of a Sheet Impedance Boundary 

In this section we derive the reflection and transmission coefficients for a plane 

wave obliquely incident on a wire mesh modeled by the sheet impedance boundary 

condition presented in Section 2.3. The expressions obtained in this section will be 

used later to interpret our integral representation for the magnetic field in a ray-optic 

sense as well as to understand the reflection and transmission properties of the wire 

mesh waveguide walls. 

Consider the case when the incident magnetic field is parallel to the sheet impedance 

boundary (TMz polarization) as shown in Figure 2.5. Note that we define the angle 

of incidence using the convention of Figure 2.1. The incident magnetic field can be 

written in the form 

(2.14) 

where 

A == ksin () (2.15) 

f3 == kcos () (2.16) 

The form of the reflected magnetic field is 

(2.17) 

and from phase matching considerations the transmitted magnetic field is given by 

H trans - 11 T ei>',y+i!3z 
x - - 0 12 (2.18) 
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Figure 2.5: Geometry for plane wave reflection and transmission analysis. 
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where 

(2.19) 

From Maxwell's equations the tangential electric field is given by 

E ___ 1 dHx 

z - iwf. dy (2.20) 

The boundary conditions at the sheet impedance are that the tangential electric 

field is continuous: 

Einc+reHI = Etransl 
z y=o z y=o (2.21) 

and from equation (2.3) 

(2.22) 

where from equation (2.4) the sheet impedance operator is given by 

(2.23) 

Applying the boundary conditions we obtain the system of equations 

(2.24) 

(2.25) 

Solving equations (2.24) and (2.25)' we find that the reflection and transmission 

coefficients are given by 

(2.26) 
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(2.27) 

which in the limit Er ~ 1 reduce to 

(2.28) 

(2.29) 

In Figures 2.6 and 2.7 we plot the magnitude of Rl and T12 versus () respectively for 

a typical mesh located in free space. 

2.4 Integral Representation 

In this section we derive an integral representation for the magnetic field using 

Fourier transform methods. We choose to work with the electric vector potential F 

defined in Section 3-12 of [13] rather than with the fields directly. The electric vector 

potential satisfies the Helmholtz equation 

The fields are related to the potential by 

E=-\7xF 

H = -iWEF + -, 1_\7(\7. F) 
ZWJ.lo 

(2.30) 

(2.31) 

(2.32) 
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Since our source M given by equation (2.1) only has an x-component, the vector 

Helmholtz equation reduces to the scalar equations 

(2.33) 

Iyl < a 

The non-zero field components are given by 

Hx -iw€Fx (2.34) 

Ey 
8Fx = 8z 

(2.35) 

Ez 
8Fx = 8y 

(2.36) 

Next, we introduce the Fourier transform pair whose sign convention is convenient 

for the later asymptotic analysis 

J(z) 

j((3) 

= _1 100 

j((3)e- i{JZd(3 
211" -00 

(2.37) 

(2.38) 

Note that a C) is used to indicate a transformed quantity. Transforming equa-

tion (2.33) we obtain 

(2.39) 

IYI < a 

where 

(2.40) 
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(2.41 ) 

The transformed field components are given by 

fIx = -iWfFx (2.42) 

Ey i;3Fx (2.43) 

Ez 
dFx 

= 
dy 

(2.44) 

The boundary conditions derived from (2.39) at the source locations are 

(2.45) 

dFxl _ dFxl _ M+ 
dy y=b+ dy y=b-- (2.46) 

and 

F:I -p:1 x - x y=-b- y=-b+ (2.47) 

dFx / _ dFxl _ M-
dy y=-b+ dy y=-b- - (2.48) 

The boundary conditions at the wire mesh involve the tangential field components. 

The surface current on the top wall of the waveguide can be expressed as 

J s = y X (HI - HI ) y=a+ y=a- (2.49) 

In view of the above equation (2.3) becomes 

Ezl = -Z; (Hxl + - Hxl _) y=a y=a y=a (2.50) 
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where Z; represents the equivalent sheet impedance operator for the mesh at y = a. 

The equivalent sheet impedance operators for both the upper and lower meshes are 

of the form 

(2.51) 

In the Fourier transform domain we may write 

(2.52) 

where the transformed sheet impedance operators are given by 

(2.53) 

For later analysis it is convenient to express Zs in terms of ). rather than (3. Using 

(2.40) we find 

(2.54) 

In addition to (2.52), the transformed tangential electric field Ez must be continuous 

at y = a 

(2.55) 

Repeating the above analysis at y = -a we find 

(2.56) 

E~I -E~I • - z 
• y=-a- y=-a+ 

(2.57) 
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In terms of the transformed potential Fx the boundary conditions on the tangential 

field components become 

(2.58) 

(2.59) 

(2.60) 

(2.61) 

2.4.1 Green's Function Solution 

In this section we solve (2.39) first with M- = O. We then use this solution 

and exploit the symmetry of the geometry to construct a solution to (2.39) for an 

arbitrary value of M- using superposition. 

We begin by making the definition 

(2.62) 

Using the results from the previous section we note that we must now solve the 

Green's function problem 

(2.63) 

Iyl < a 

with the boundary conditions adapted fl'oll1 the previous section 

9/ =9/ y=b+ y=b-
(2.64) 
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(2.65) 

(2.66) 

(2.67) 

(2.68) 

(2.69) 

Choosing the branch 

Im{") < 0 (2.70) 

we note that an appropriate solution is given by 

C e-i>.y 
1 , y>b 

a<y<b 
g= (2.71) 

-a < y < a 

y <-a 

After some straightforward but tedious algebraic manipulations we find that 

(2.72) 

and 

(2.73) 

where we have defined the quantities 
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(2.75) 

Then the solution to the original problem (2.39) in the region y > b is given by the 

superposition of 9 for y > band 9 for y < -a with Z; interchanged with Z;, M+ 

replaced by M-, and y replaced with -yo 

As noted earlier, we are mainly interested in the special case fr = 1. We shall 

return to the general case in Chapter 6. For now we will only consider the special 

case fr = 1 where the above coefficients simplify to 

c - __ + 0 s 0 s IA(2a-b) eiAb 
{ -A(A + 2Wf Z-)ei2Aa + A(A - 2Wf z+)e-i2Aa

} . 

1 - 2iA 2iAD(A) e 
(2.76) 

and 

(? )2Z~ +Z~-C = _ _Wfo s s iA(2a-b) 

6 2iAD{A) e (2.77) 

where 

(2.78) 

The solution to (2.39) for y > b is then given by 

(2.79) 
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We are also primarily interested in the case M+ = - M- = Mo. For this case we 

define 

and using the previously defined quantity D(>.) we set 

f(>.) = N(>.) 
- D(>.) 

(2.80) 

(2.81) 

Recall that the transformed magnetic field is proportional to the transformed po-

tential. Multiplying the transformed potential by -iwf.o and applying the inverse 

Fourier transform we obtain an integral representation for the magnetic field 

(2.82) 

The first integral is related to the Fourier transform of the zero order Hankel function 

of the second kind 

(2.83) 

Then we can write the magnetic field as 

(2.84) 

The evaluation and interpretation of the integral in the above expression will be the 

main focus of the remainder of this dissertation. Accordingly we define 

(2.85) 
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2.4.2 Physical Interpretation 

An alternative method for deriving the integral representation for the magnetic 

field would use a transmission line analogy to determine the appropriate reflection 

and transmission coefficients [23]. Besides being more direct and algebraically less 

involved this approach is appealing because it has a clear physical interpretation. 

In this section we consider the integral representation in terms of reflections and 

transmissions. We concentrate on the case fr = 1 but the extension to the gen-

eral case is straightforward. We begin by interpreting the integral representation in 

a geometrical- or ray-optic sense. We then decompose the ray-optic reflection and 

transmission coefficients by accounting for the individual reflections and transmis-

sl0ns. 

Note that we can write the transformed magnetic field as 

iJ = wfoM+ -i>.(y-b) + wfoM+ R(A) -i>'(y-2a+b) + wfoM- T(A) -i>.(y+b) 
x 2A e 2A e 2A e (2.86) 

where (see Figure 2.8) the first term is the direct ray from the source at y = b, the 

second term is the ray from the source at y = b reflected at y = a, and the last term 

is the ray emanating from the source at y = -b which is transmitted through the 

structure. After some algebraic manipulations of (2.79) we find that the ray-optic 

reflection coefficient can be written as 

(2.87) 
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Figure 2.8: Ray-optic interpretation of the problem. 
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and the ray-optic transmission coefficient is given by 

( 
2w(o zt ) ( 2w(o z;- ) 

T(>.) = >'+2w(ozf >'+2w(oZ;-

1 - C+2~~ozf ) C+2;(OZ. ) e-
i4

>'a 
(2.88) 

We now show how to find alternative expressions for the above ray-optic reflection 

and transmission coefficients in terms of the plane wave reflection and transmission 

coefficients developed in Section 2.3.1. We begin by noting that the integration over 

j3 required by the inverse Fourier transform can be interpreted as a superposition of 

plane waves incident at all possible (real and complex) angles. 

Consider the ray-optic reflection coefficient using the configuration shown in Fig-

ure 2.9. From Section 2.3.1 we know the plane wave reflection coefficients can be 

written as 

Rl 
>. 

(2.89) = >. + 2WEoZ: 

R2 = Rl (2.90) 

R3 
>. 

(2.91) = >. + 2WEoZ; 

and the plane wave transmission coefficients are given by 

(2.92) 

(2.93) 

Then by considering each reflection and transmission we can write 

00 

- Rl + T12T21R3e-i'l>.a E (R2R 3)m e-i4>.am (2.94) 
m=O 
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If the relation 

(2.95) 

is satisfied we can evaluate the summation to obtain 

(2.96) 

which agrees with equation (2.87). Therefore equation (2.94) is an alternative repre-

sentation for (2.87). 

Proceeding similarly for the ray-optic transmission coefficient, we consider the 

configuration shown in Figure 2.10. Again from Section 2.3.1 we can write 

(2.97) 

Then by considering each individual reflection and transmission as before, we find 

00 

= T43T 21 L (R2R3Y"e- i4
>.alll (2.98) 

m=O 

Again if (2.95) holds we can perform the summation analytically to obtain 

(2.99) 

which agrees with equation (2.88). Thus equation (2.98) is equivalent to (2.88). 

Because each term in (2.94) and (2.98) corresponds to a reflection or transmission 

at one of the wire meshes, the modal characteristics of the waveguide are contained 

implicitly in these expressions. We shall see that for some special cases only a finite 
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number of terms in the summations will contribute significantly, making (2.94) and 

(2.98) computationally efficient to use in these cases. For example, when we are 

interested in the response of the structure in a specific time interval, only a finite 

number of reflections and transmissions can occur. Additionally, for some time

harmonic simulations the reflection properties of the meshes may be such that the 

factor (R2R3)m decays rapidly. 
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CHAPTER 3 

ASYMPTOTIC ANALYSIS 

In this chapter we consider the asymptotic evaluation of the integral representation 

for the magnetic field by the method of steepest descents. We begin by looking at 

the various representations of the integral in the ,a-plane. Next, we consider the type 

and locations of the poles of the integrand in the A-plane. In the main section of 

this chapter, we derive the steepest descents representation for the magnetic field. 

Considerable attention is given to the case when poles are close to the saddle point. 

In the last section of this chapter, we compare results obtained from the asymptotic 

analysis to results obtained using numerical integration techniques. 

3.1 Longitudinal and Transverse Spectral Representations 

In this section we consider the various representations of the field in the ,a-plane. 

The transformation from A to,a is given by (2.70). In Figure 3.1 we show the ,a-plane. 

We have selected the branch cut so that Im(A) < 0 is the entire top sheet as described 

in Section 5.3b of [6]. In addition, we have assumed an infinitesimal amount of loss 

in the wave number k so that the branch points shift off the real axis. The integral 

(3.1 ) 
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Figure 3.1: ,8-plane assumi ng infini tesimal losses in k. 
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can be interpreted as a superposition of plane waves of the form e- i {3z traveling in the 

y-direction. The longitudinal spectrum consists of real eigenvalues between positive 

and negative infinity. 

To evaluate I in the ,a-plane we close the contour up (down) for observation points 

with y > 0 (y < 0) as shown in Figure 3.2. From Cauchy's theorem, I is then given by 

the integration along the branch cut, which gives the continuous transverse spectral 

contribution (radiation), and the residues of any poles enclosed, which constitutes the 

discrete (modal) transverse spectral contribution. Symbolically this can be expressed 

as 

The above integral can be interpreted as a superposition of plane waves of the form 

e-i>.y traveling in the z-direction. 

3.1.1 Pole Locations in the A-plane 

In this section we consider the location of the poles of the integrand in our integral 

representation. As noted earlier, only the TMz field components are excited for our 

particular sources and geometry. This polarization has two classes of poles: leaky-

wave and surface-wave poles as shown in Section 5.6a of [6]. The leaky-wave poles 

lie on the improper sheet and result in non-spectral complex waves [4]. Note that 

the leaky-wave poles do not appear in Figure 3.1 because they lie on the bottom 

(improper) Riemann sheet. The surface-wave poles lie on the imaginary A-axis of 
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Figure 3.2: Integration contour in the ,a-plane assuming finite losses in k. 
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the proper sheet and result in spectral complex waves [4]. In Figure 3.3 we show the 

A-plane. The proper Riemann sheet is shown shaded. The integrand f has poles at 

the zeros of 

(3.3) 

In general the zeros of D must be found numerically by, for example, using [24]. 

However, in order to obtain a better understanding of the locations of the poles we 

will now consider several limiting cases. 

In many of the limiting cases we consider the limit of no losses. This limit is 

important because it provides us with a starting point from which to search for the 

poles of f numerically. In addition, the equations often become tractable only in the 

limit of no losses. Using (2.4) we can write D in the limit of no losses as 

(3.4) 

An important point we note about this limit is that if A is a zero of D then -A· 

where (.) denotes complex conjugation is also a zero. 

3.1.1.1 Limiting Case: Small Sheet Impedance 

In this section we consider the limiting case of a small sheet impedance. Observe 

that the zeros of D also satisfy 

(3.5) 
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for n = 0,1,2, .... We now define the quantity 

D.n == 4Aa - 2m!' (3.6) 

From Chapter 4 of [13} the square root of the eigenvalues in the transverse plane for 

the TMz modes of a parallel-plate waveguide with a plate separation of 2a are given 

by 

A=~ 
2a 

n = 0,1,2, ... (3.7) 

Then D.n gives the shift in the location of the leaky-wave poles from the case where 

the wire meshes are replaced with perfect electric conductors. In the limit 12s1 « 1 

we have 

(3.8) 

In this limit we expect that ID.nl « 1 so that to first order in D.n we find 

(3.9) 

In the loss less case where Ls « /10 we have 

(3.10) 

or 

A = ! (nrr) ±! (nrr)2 _ W2
f.o(L+ + L-) 

2 2a 2 2a aSs 

n=1,2, ... (3.11) 
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3.1.1.2 Limiting Case: Large Mesh Separation 

In this section we consider the effect of large separations, 2a, between the walls of 

the waveguide on the location of the surface-wave poles. For a true surface wave we 

have N = 0, >." < 0 where>. = N + iN'. In the limit /2>'''a/ » 1 

(3.12) 

Then the surface-wave pole locations are approximately 

(3.13) 

and 

'\" 2 ZN-ZA ~ - WEo s (3.14) 

Thus in the limit of large plate separations the surface-wave poles associated with 

each impedance boundary do not interact. For the lossless case the surface-wave pole 

satisfies 

(3.15) 

Then the surface-wave pole location is given by 

( J!:!!...) 2 + k2 
2Ls 

(3.16) 

where the minus sign gives the correct location >." < O. For /Lo/2Ls » k we obtain 

>." ~ _ Lsk
2 

/Lo 
(3.17) 
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3.2 Steepest Descents Representation 

In this section we consider the asymptotic evaluation of the fields using the method 

of steepest descents as described in Chapter 4 of [6]. We begin by introducing the 

following transformation from the A-plane to the a-plane 

A = k sin a = k(sin a' cosh a" + i cos a' sinh a") 

where a = a' + ia". This transformation makes 

f3 = k cos a = k( cos a' cosh a" - i sin a' sinh a") 

regular in the a-plane. In addition, we introduce the coordinate system 

We can now express I as 

where 

y=rsinO 

Z = l'COS 0 

1= r f(ksina)ekrt(Ot)da 
lea 

t(a) = -i cos(a - 0) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

and COt is shown in Figure 3.4. Also shown in Figure 3.4 is the mapping of the A-plane 

quadrants in the a-plane with the proper Riemann sheet in the A-plane shaded. Note 

that some portions of the a-plane are proper while other portions are improper. 
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For kr » 1 the main contribution to I will occur at the saddle points of t, which 

are located at 

t'(a) = isin(a - 0) = 0 (3.24) 

or 

a=O+ml' n = O,±l, ... (3.25) 

Because we are interested in 0 < 0 < 71'/2 we select n = O. The path of steepest 

descent (and ascent) is the path of constant phase which passes through the sad

dle point. Therefore the steepest descent path is described by the transcendental 

equation 

Im[t(a)] = constant (3.26) 

Since the steepest descent path passes through the saddle point, it satisfies 

cos( a' - 0) cosh a" = 1 (3.27) 

The steepest descent path is selected instead of the steepest ascent path by ensuring 

that the endpoints lie on the propel' Riemann sheet. We show the deformation of the 

contour COl into the steepest descent contour CSDP in Figure 3.4. 

From the residue theorem [25] we know that there will be two contributions to 

the integral I: the contribution from the saddle point; and the contribution from 

any leaky-wave or surface-wave poles crossed in the contour deformation. In addition 

to any poles that are crossed in the contour deformation we must correctly account 

for the effect of poles near the saddle point [5], [26J. Therefore we will consider two 



60 

separate cases: the case where there are no poles near the saddle point; and the case 

where there is a pole near the saddle point. First we need to better understand the 

locations of the poles in the steepest descents plane. 

3.2.1 Pole Locations in the a-plane 

In this section we consider the dependence of the pole locations in the a-plane 

on the parameters of the structure. We find the pole locations in the a-plane by 

determining the zeros of D(k sin a) numerically using [24]. 

In Figure 3.5 we show the typical locations of the surface-wave poles in the a

plane as a; is varied from 5 to 15 cm. The surface-wave poles lie very near the 

negative imaginary a-axis. As a; increases the sheet inductance parameter L; also 

increases causing a~ to become more negative. In Figure 3.6 we show the leaky-wave 

pole locations for a~ ~ 0 and the same set of parameters used in Figure 3.5. The 

leaky-wave poles which lie along the real a-axis correspond to propagating parallel

plate waveguide modes. The leaky-wave poles with a~ ~ 7r /2 correspond to cutoff 

parallel-plate waveguide modes. Increasing at causes a~ to decrease because of the 

corresponding increase in L;. Increasing at also causes a~ to increase for poles along 

the real a-axis and to decrease for the poles with a~ ~ 7r /2. This behavior results 

from the nature of the transformation fr0111 the A-plane to the a-plane. 

In Figure 3.7 we show typical surface-wave pole locations in the a-plane as we 

vary a; from 0 to 15 cm with a; = 15 cm. We note that for larger values of a; there 



0.0 

...--. 
~ E -0.2-

I 

o a; = 5 em 
l!. a; = 10 em 
o a; = 15 em 

I 

D 

61 

I I I 

o 

• 

-

-0.4~~~~_~1~~~~1~ __ ~~~1 __ ~~~~1~~~~_~1~~~-J 
-0.0006 -0.0004 -0.0002 -0.0000 0.0002 0.0004 0.0006 

Re[a] 

Figure 3.5: Surface-wave pole locations in the a-plane for f = 100 MHz, a = 2.5 m, 
at = 5, 10,15 em, r~ = 0.5 mm, O';t = 3.7 X 108 Slm, and a; = O. 
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Figure 3.6: Leaky-wave pole locations in the a-plane for f = 100 MHz, a = 2.5 m, 
a; = 5, 10, 15 em, r~ = 0.5 mm, O'~ = 3.7 X 108 S/m, a-; = O. 
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Figure 3.7: Surface-wave pole locations in t.he a-plane for J = 100 MHz, a = 2.5 m, 
a; = 15 em, a; = 0, 5,10, 15 em, r~ = 1'~ = 0.5 mm, and O'~ = O'~ = 3.7 X 108 S/m. 
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are two surface waves present. One surface wave is associated with each wire mesh. 

The surface-wave pole associated with the upper wire mesh stays near the location 

predicted in Figure 3.5 for at = 15 cm. However, as a; increases a~ becomes more 

negative and a~ becomes less negative for this surface-wave pole. For the surface

wave pole associated with the lower mesh a~ is more negative and a~ is smaller 

than the values predicted in Figure 3.5 for the corresponding values of a;. This 

behavior indicates that the two wire meshes are physically close enough so that there 

is some interaction between the surface wave modes associated with each mesh. We 

will be able to understand this interaction better after we consider the contribution 

from a typical surface wave pole. In Figure 3.8 we indicate the leaky-wave pole 

locations in the a-plane for a~ 2:: a and the parameter values used in Figure 3.7. Note 

as a; increases the pole locations shift ill the same manner as when at increases in 

Figure 3.6. 

As the spacing between the wire meshes increases the number of leaky-wave poles 

which lie along the real a-axis grows, reflecting the additional number of propagating 

modes the waveguide can support. It has been observed that for typical parameter 

values at f = 100 MHz making a larger than twice the wavelength has little effect 

on the location of the surface-wave poles. Decreasing a below this limit causes a~ to 

become more negative for the surface-wave poles. 

Increasing the conductivity of the mesh wires causes a~ to become smaller for the 

leaky-wave poles along the real a-axis and Q~ less negative for the surface-wave poles 
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Figure 3.8: Leaky-wave pole locations in the a-plane for J = 100 MHz, a = 2.5 m, 
a; = 15 em, a-; = 0, 5, 10, 15 em, 7'~ = 1'~ = 0.5 mm, and O"~ = O"~ = 3.7 X 108 S/m. 
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due to the decrease in the resistive losses. Increasing U w causes a~ to increase slightly 

for the leaky-wave poles and a; to become slightly less negative for the surface-wave 

poles. 

3.2.2 Ordinary Saddle Point Method 

In this section we consider the asymptotic evaluation of I when there are no poles 

near the saddle point. We write the contributions to I as 

I = II + Ipole (3.28) 

where II is the contribution from the saddle point and Ipole is the pole residue con

tribution. 

First we consider the contribution from the saddle point. Following the derivation 

in Section 4.1a of [6] we introduce the transformation 

tea) = l(O) - S2 (3.29) 

which maps the steepest descent contour to the real s-axis and the saddle point to 

s = o. The s-plane is used to simplify the asymptotic evaluation of the integrals. 

Substituting the explicit form for t( a) we find that the transformation from the a

plane to the s-plane is given by 

s = J-i[l - cos(a - 0)] (3.30) 

or 

s = V2e-irr/ 4 sin ( a; 0) (3.31 ) 
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The positive sign was used for the radical since 

arg ( ~: ) s=o = arg{ do: )0=8 (3.32) 

and 

d - 1 -i1r/4 H is
2 
d s - -e - - 0: V2 2 

(3.33) 

In Figure 3.9 we show the locations of the integration contours Co and CSDP in the 

s-plane. Note the branch cuts are due to the square root in (3.30). Also note that 

the integration contour Co depends on the observation angle O. In Figure 3.10 we 

show typical leaky-wave and surface-wave pole locations in the s-plane. 

In the s-plane we can write 

where 

da 
g{s) = f{a{s)) ds 

Expanding g{ s) in a Taylor's series about s = 0 

00 

g(s) = L gn sn 
n=O 

where 

we can write 

1
00 00 

I -ikr '"""' n -krs2 d 
1 = e L..,.; gns e s 

-00 71=0 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 
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Figure 3.10: Typical pole locations in the s-plane. 
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Interchanging integration and summation and noting that the odd terms of the sum-

mation do not contribute to the integral we obtain 

(3.39) 

The above integral is related to the Gamma function by equation (6.1.1) in [21] 

100 2n -krs2d 1 100 
tn-1/2 -tdt r(n + 1/2) s e s = e = -':----,---'..,..-'-

-00 (k1.)n+I/2 0 (kr)n+1/2 
(3.40) 

which leads to the asymptotic series expansion for II 

I -ikr ~ f(n + 1/2) 
1 I"V e L...J 92n (kr)n+1/2 

n=O 
(3.41) 

It is more convenient to evaluate 9n as a function of 0:' rather than s: 

90 = f( 0:'( s)) ~: L=o = f( k sin O)v'2eirr
/

4 (3.42) 

92 = -- f(O:'(s))- = iv'2e t1r
/
4 

- + -1 d
2 

[dO:'] . (d
2 
f f) 

2 ds2 ds 3=0 d0:'2 4 O/=(J 

(3.43) 

To evaluate the derivatives of f with respect to 0:' we use the chain rule repeatedly 

elf df d)" 
dO:' d)" dO:' 

d
2 
f _.:!.-. (df el)") 

d0:'2 - dO:' d)" dO:' 

(3.44) 

(3.45) 

Observe that equation (3.41) is a complete asymptotic expansion for II. Typically 

only the first or leading order term is needed to describe the asymptotic behavior of 

II. When only the leading order term is used to approximate II, the result is referred 

to as the saddle point approximation 

I = ~7r e- i(kr-rr/4)f(k sin 0) 
saddle - k 

'7' 
(3.46) 
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Now we consider the contribution from the poles crossed in the contour deform a-

tion. Assuming that N poles at the locations a p , p = 1,2, ... , N are crossed in the 

contour deformation from COt to CSDP , we find from Cauchy's theorem 

N 

Ipo\c = 21ri E Res[f( k sin a )e-ikr cos(Ot-O) , a p] 

p=1 

N 
- 21ri E e-ikr cos(Otp-O) Res[J(k sin a), a p] 

p=1 

To evaluate the residue of f at a simple pole we use [27] 

. N()") I 
Res[J(ksllla),ap ] = dDd>' >.=ksinOtp 

d>' dOt 

3.2.3 Modified Saddle Point Method 

(3.47) 

(3.48) 

In this section we consider the asymptotic evaluation of I when there is a pole 

near the saddle point. We employ the modified saddle-point approximation of Van 

Der Waerden [11] as presented by Bernard and Ishimaru in [5], [26] and Felsen and 

Marcuvitz in Section 4.4a of [6]. 

Assuming that g( s) has a simple pole at Sp = s~ + is~ we can extract the effect of 

the pole from 9 by writing 

g(s) = 9(8) + _bI
_ (3.49) 

s - sp 

where 

bI == Res[g(s),sp] (3.50) 

Now we can separate II into two distinct contributions 

(3.51) 
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where 

12 = e-ikr 1: g{s)e
krs2 

ds (3.52) 

krs2 

13 b -ikr 100 

e d (3.53) - Ie -- s 
-00 s - sp 

We can evaluate 12 using the method presented in Section 3.2.2 since there are now 

no poles near the saddle point. Expanding 9 in a Taylor's series 

00 

9(S) = L g(s)sn (3.54) 
n=O 

where 

(3.55) 

we can write 

(3.56) 

Interchanging integration and summation and evaluating 12 as in the previous section 

we find 

I -ikr ~ ( bI ) f(n + 1/2) 
2 "'" e L-, 9n + n+1 (k o)n+1/2 

n=O sp 1 

(3.57) 

Now we turn our attention to 13 . Consider the related integral 

1
00 _082 

y(n) = _e_ds 
-00 s - sp 

(3.58) 

Multiplying both sides of the above equation by e08~ and then differentiating both 

sides of the resulting equation with respect to n we obtain 

(3.59) 
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Integrating both sides with respect to n we find 

(3.60) 

or in terms of the error function from equation (7.1.1) in [21] 

(3.61 ) 

Since 
ZlI', s" > 0 p 

y(O) = 0, s" = 0 
P (3.62) 

-ZlI', s" < 0 p 

we can write 

(3.63) 

where we have defined the following step function 

1, x> 0 

u(x) == 1/2, x = 0 (3.64) 

0, x < 0 

We can now express h in terms of the complementary error function by using equation 

(7.1.2) in [21] 

which can be written conveniently as 

where 

I - ')lI';b e- ikr cos(ap-O) 
pole - ~ • 1 

(3.65) 

(3.66) 

(3.67) 
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is 27l"i times the residue of the pole. We divide the s-plane into the region shown in 

Figure 3.11. In Table 3.1 we take into account whether or not a pole is crossed, the 

sign of s~, and how to treat the residue in each s-plane region. 

Using Table 3.1 we find for Sp in region II, III, or IV 

(3.68) 

or by using equations (7.1.2) and (7.1.9) in [21] we obtain 

(3.69) 

Similarly if Sp lies in region II or V we have 

(3.70) 

For the numerical evaluation of 13 it is more convenient to use the error function 

for complex arguments, w, defined by equation (7.1.3) in [21J rather than the com-

plementary error function. The w function is proportional to the plasma dispersion 

function described in [28J. Then 

(3.71 ) 

where the upper sign is used if Sp is in regions I, III, or IV and the lower sign is used 

when Sp is in region II or V. 

We can easily extend this method to handle N poles near the saddle point by 

writing 9(S) as 
b(l) 

9(s)=9(S)- 1(1) 
s - Sp 

(3.72) 
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Figure 3.11: Definition of the s-plane regions. 
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Pole Region Pole Crossed 8" 'p Residue 
I yes <0 add 
II yes >0 subtract 
III yes <0 add 
IV no >0 -
V no <0 -

Table 3.1: Poles treatment in each of the s-plane regions. 
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and modifying the expressions for 12 and 13 accordingly. 

3.2.3.1 Limiting Case: Large Numerical Distance 

In this section we consider the results of Section 3.2.3 for poles located away from 

the saddle point. This limiting case allows us to test the results of Section 3.2.3 as 

we expect them to simplify to the results of Section 3.2.2 when the poles move away 

from the saddle point. Following Sommerfeld [29] and Bernard and Ishimaru [26] we 

define a numerical distance. The numerical distance, d, refers to the difference in the 

complex phase between the space wave and the complex wave after traveling from 

the origin to the field point. We define 

d == ikr cos( ap - 0) - ikr (3.73) 

We can express the argument of the complementary error function in the equation 

for h in terms of the numerical distance 

(3.74) 

From equation (7.1.23) in [21] the complete asymptotic series expansion for the com-

plementary error function for large arguments is 

e- Z2 
[ 00 m 1 . 3 ... (2m -1)] 

erfc(z) '" r:;; 1 + 2::) -1) (2)m 
V 1I"Z n=l 2z 

(3.75) 

for I arg( z) I < 311"/4. By expressing the complementary error function in terms of the 

error function and using the fact that the error function is an odd function (about 
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the origin) we obtain the relationship 

erfc(z) + erfc( -z) = 2 (3.76) 

which leads to the alternative asymptotic expansion 

(3.77) 

which is valid for I arg( -z)1 < 371"/4. We can approximate the asymptotic expansions 

(3.75) and (3.77) by the first term in the series when Izl2 » 1. We interpret this 

restriction as Izl2 > 10. Since the magnitude of the argument of the complementary 

error function in the expression for 13 can be written in terms of the numerical 

distance this restriction is equivalent to lell > 10. 

Note that if the pole location ap = a~ + ia~ is known we have the following 

expression for kr in terms of the magnitude of d from (3.73) 

kr = Idl 
J[sin(a~ - ()) sinh a~p + [cos(a~ - ()) cosh a~ - IF 

(3.78) 

Using Idl = 10 in the above expression gives the minimum values of k1. needed for the 

pole contributions to be accurately described by the pole residues. When kr exceeds 

such a minimum value we may use the ordinary saddle point method. 

Consider a single leaky-wave pole located in region III. For Idl > 10 13 reduces to 

the residue contribution for one pole given by equation (3.47): 

(3.79) 
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In addition, for Idl > 10 the integral 12 reduces to the leading order term, Isaddlc, in 

the asymptotic expansion for 11 • 

3.2.4 Summary 

We now summarize our results for the steepest-descents representation of the 

integral I defined by 

(3.80) 

For the case when there are N poles located at S = SP' (or <:¥ = <:¥p) P = 1,2, ... , N 

with numerical distances Idl « 1 we have 

(3.81 ) 

where the signs in the above expression depend on the location of the pole. The 

above expression simplifies to 

N 
1 f'"V IsaddJc + 211"i L b~P)e-ikrcos(op-O) (3.82) 

1>=1 

when Idl » 1. In the above expressions we have used the definitions 

IsaddJc = _11" e-i(kr-rr/4) f(k sin 0) ~ kr 
(3.83) 

b(p) 
1 - Res[J( k sin Q), Qp] (3.84) 

Sp = l2e- irr/ 4 sin ( Qp 
; 0) (3.85) 

d = ih cos(Qp - 0) - ih (3.86) 
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3.3 Comparison with Numerical Integration 

In this section we numerically integrate I in the ,B-plane and compare the results 

to those obtained using the asymptotic expressions in Section 3.2. The results ob

tained in the previous section are asymptotic with respect to kr: as kr increases the 

results become more accurate. It is then natural to ask for what values of kr do the 

asymptotic expressions of Section 3.2 produce accurate results. 

Assume for the moment that we have an infinite amount of computer time on a 

computer with enough digits of accuracy so that we can evaluate I to a predeter

mined accuracy for all cases of interest without errors due to roundoff. We would 

still have the arduous task of compiling this information for all possible combinations 

of parameter values. Such a detailed numerical analysis, while providing useful in

formation, is not the intended focus of this dissertation. With this attitude in mind 

we now briefly compare the asymptotic results to the results obtained using numer

ical integration and we attempt to identify some lower bounds on k7' for which the 

asymptotic results are valid and to determine how these values of kr- depend on the 

parameters of the problem. We skirt the issue of convergence by relying entirely on 

graphical comparisons. 

A significant portion of the scientific literature related to electromagnetics is de

voted to the evaluation of highly oscillatory Sommerfeld-type integrals [30j. We 
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evaluate I by numerically integrating equation (2.85) along the real f3-axis. We em

ploy an adaptive Gauss-quadrature algorithm [31]. The infinite interval is truncated 

to a finite interval by taking into account the decay of the integrand. In addition, to 

smooth the oscillations near the branch points we use the transformation suggested 

by Johnson and Dudley [32]. For -k < f3 < k we substitute 

f3 = ksin cP (3.87) 

where -1r/2 < <p < 1r/2. For -2k < f3 < k and k < f3 < 2k we use 

f3 = k sec cP (3.88) 

with 21r /3 < <p < 1r and 0 < cP < 11"/3 respectively. 

Please note that in all the figures in this section we indicate the asymptotic con

tribution exclusively from the saddle point because the difference between the saddle 

point and total radiation pattern gives the effect of the poles which are of particular 

interest to us. Additionally, each of the plots in this section are for the region y > b 

or 0 < arcsin(b/r) < 0 < 900
• 

In Figure 3.12 we consider the magnitude of the magnetic field as a function of 

o for a typical geometry with 1.:1" = 150. We note that there is a fair amount of 

agreement between the numerical and asymptotic results. In Figure 3.13 we consider 

the case k1" = 200 and the results for h = 300 are shown in Figure 3.14. Note as 

kr- increases the pole contributions become more focused. The focusing of the pole 

contributions will be considered in more detail in the next chapter. As expected, the 
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Figure 3.12: Magnitude of Hx at kr = 150 for f = 100 MHz, a = 2.5 m, b = 5.5 m, 
a; = 10 em, r~ = 0.5 mm, CT~ = 3.7 X 108 S/m, and a-; = O. 
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agreement between the numerical and asymptotic results improves as kr increases. 

Both methods give the same basic pattern although at some points there is some 

discrepancy as to the exact value of the magnetic field. The results tend to agree 

better for larger values of () and away from the nulls in the saddle point pattern. 

The main reason for this behavior is that we have used the asymptotic expansion 

for I about the origin. From (2.80) we note that in order for the function f to be 

treated as a slowly varying function, the relation y » b - 2a must be satisfied. For 

angles near grazing y may not be sufficiently large. To avoid this restriction we can 

write the integrand in the form of equation (2.86) and apply the method of steepest 

descents to each term about the points y = b, y = b - 2a, and y = -b respectively. 

Additionally, it may be necessary to include the next order term in the asymptotic 

expansion for II (3.41) in regions where IsaddJe does not sufficiently approximate II. 

In Figure 3.15 we have increased the upper mesh wire spacing to 15 cm and have 

again considered the case kr· = 150. Note that increasing the upper mesh wire spacing 

has caused the peak pole contributions to increase and shift positions slightly. We 

will consider the shifts in the peak pole contributions in the next chapter. We will 

also see in the next chapter that increasing the mesh wire spacing typically causes 

the strength of the pole contributions to increase. The number of poles typically 

does not change as the mesh wire spacing is adjusted. The agreement between the 

numerical and asymptotic results in Figure 3.15 is on the same order as was observed 
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in Figure 3.12. In Figure 3.16 we have increased kr to 300. We observe that the 

agreement between the numerical and asymptotic results becomes better, especially 

in the regions where the pole contributions are significant, as kr is increased. 

We now compare results as a is increased while the difference b- a is kept constant. 

In Figure 3.17 we show the magnitude of the magnetic field at kr = 150 for a = 3 m 

and b = 6 m. Even though there are considerably more oscillations in the pattern, the 

agreement between the results is comparable to Figure 3.12. However, if we continue 

increasing a the results do not agree as favorably. In Figure 3.18 we consider a = 5 m 

and b = 8 m when kr = 150. There are now significant differences between the 

asymptotic and numerical results. In Figure 3.19 we have increased kr to 300. The 

agreement between the results from the two methods is better but only to the degree 

of what we had observed when kr = 150 for a = 2.5 m and b = 5.5. Note that by 

increasing a and b we have increased the size of our structure. Because the size of 

the structure has increased we expect that kr would also have to be larger in order 

to obtain results comparable to Figure :3.12. Additionally, increasing a affects the 

accuracy of the asymptotic results near grazing as discussed earlier. 

We now compare results as b is increased while a is held constant. In Figure 3.20 

we show the magnitude of the magnetic field for a = 2.5 m, b = 8.5 m, and kr = 150. 

The agreement between the two methods for larger values of () is similar to the 

previous cases. In Figure 3.21 we have increased kr to 300. The agreement between 

the results has improved and begins to approach the level seen in Figure 3.12. 
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Figure 3.18: Magnitude of Hx at k1' = 150 for f = 100 MHz, a = 5 m, b = 8 m, 
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Figure 3.19: Magnitude of Hx at 1.:1" = :300 for f = 100 MHz, a = 5 m, b = 8 m, 
a; = 10 em, r~ = 0.5 mm, a~ = 3.7 X 108 Slm, and a; = O. 
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Figure 3.20: Magnitude of Hx at kr = 150 for J = 100 MHz, a = 2.5 m, b = 8.5 m, 
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Figure 3.21: Magnitude of Hx at kr = 300 for J = 100 MHz, a = 2.5 m, b = 8.5 m, 
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Summarizing our observations, for a typical geometry we were able to obtain 

good agreement between the numerical and leading order asymptotic results away 

from grazing and nulls in the saddle point pattern for b- as small as 150. For 

kr = 150 we found an average difference between the numerical and asymptotic 

results of approximately 7%. For small values of kr the error can be reduced by 

proper selection of the expansion points used in the asymptotic expansions. As kr 

increased to 300 the average error dropped to around 4%. Changing the mesh period 

had little effect on these results. Increasing either a or b causes the size of the 

structure to increase. As a result k7. must be larger to obtain a comparable degree 

of accuracy. For example, increasing (l from 2.5 m to 5 m and b from 5.5 m to 8.0 m 

caused the average error to increase to about 16% at b- = 150 and 8% at kr = 300. 

In some cases it may be necessary to include the next order term in the asymptotic 

expansion for the integral in order to obtain the necessary degree of accuracy. 



CHAPTER 4 

RADIATION PATTERNS 
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In this chapter we consider the radiation pattern for the leaky parallel-plate wave

guide under investigation and its dependence on the parameters a, b, and as. We 

use the term radiation pattern to refer to the magnitude of the x-component of the 

magnetic field as a function of O. Throughout this chapter we consider the response 

of the structure at a particular frequency. In the next chapter we consider the tran

sient response of the structure. In this chapter we are particularly interested in the 

radiation pattern in the near far zone where the pole contributions are described 

using the modified saddle point method presented in the previous chapter. To bet

ter understand the various contributions to the radiation pattern we consider each 

contribution separately before considering the total radiation pattern. However, we 

must keep in mind that, from our definition of the radiation pattern, the total ra

diation pattern is not simply the sum of the magnitudes of the individual patterns. 

The total radiation pattern is the magnitude of sum of the individual patterns. We 

begin by examining the contribution from the saddle point. Next, we consider the 

various pole contributions. Finally, we examine the total radiation pattern. A simple 

example which uses the leaky-wave pole contributions to fill in a null in the saddle 

point pattern is also presented. 
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4.1 Saddle Point Pattern 

In this section we consider the saddle point pattern, that is, the radiation pattern 

due to the contribution to the magnetic field from the saddle point in the integral 

representation. Because we are primarily concerned with the near far-field radiation 

pattern we will use the modified saddle point method to evaluate the integral repre

sentation for the magnetic field. We point out that the saddle point contribution in 

this method is given by equation (3.57) and consists of the usual saddle point term 

plus a term which subtracts the effects of the nearby poles. Thus when we refer to 

the saddle point contribution in this section we are referring to the contribution from 

12 and not just the contribution from Isaddlc. 

We begin by deriving the radiation pattern for the structure under consideration 

with each wire mesh replaced with a perfect electric conductor (PEe). We then 

compare this pattern to the saddle point pattern for the structure with only the mesh 

at y = -a replaced with a perfect electric conductor in order to estimate the effects 

of a single wire mesh on the saddle point pattern. We then use our understanding of 

the effects of a single wire mesh on the saddle point pattern to consider the effects of 

two wire meshes. 

From equations (2.80) and (2.78) in the limit Z: ~ 0 and Z; ~ 0 

f(>.) ~ ei ,\(2a-b) (4.1 ) 
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Then using equation (2.83) we can write: 

(4.2) 

where 

ro - j(y - b)2 + Z2 (4.3) 

r1 - j (y - 2a + b)2 + Z2 (4.4) 

Using the large argument approximation for the Hankel function given by equation 

(9.2.4) in [21] and 

1'0 '" l' - bsinO (4.5) 

1'1 '" 1'0 + 2{ b - a) sin 0 (4.6) 

in the far zone (see Figure 4.1) we obtain 

wtoMo {f '(k /4) 'k . 0 Hx'" -e-' "T-lI' e,"aslIl cos(khsinO) 
2 7rh 

(4.7) 

Then by our definition the radiation pattern is given by 

/

W(OMO . ]/ P(O) = ~cos[k(b - a) sm 0 
27rh 

(4.8) 

Unless noted otherwise we choose Mo such that the maximum value of (4.8) is one 

for the radiation patterns presented in this chapter. From equation (4.8) we note 

that the nulls in the pattern occur when 

. {n + 1/'2}7r 
sm Onull = {b _ a)/,; n = 0, 1, ... (4.9) 
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1 
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------------------------------~~~--------------------------~ z 

Figure 4.1: Equivalent problem for y > b in the limiting case of as -+ O. 
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In Figure 4.2 we plot the saddle point pattern for various values of at. The pattern 

for at = 0 represents the limiting case of the upper mesh replaced with a perfect 

electric conductor. For small values of at, where the mesh approximates the behavior 

of a PEC, the patterns match the at = 0 case closely. As the mesh wire spacing 

increases the patterns keep the same basic shape but the locations and sizes of the 

peaks and nulls shift slightly. The amount of the shifting depends on both the mesh . 
wire spacing and e. For the larger values of 0 near 900 (broadside) the magnitude of 

the peaks and nulls increase and the locations of the relative maximum and minimum 

points tend to shift to smaller values of O. For small values of e (near end fire) the 

changes in the magnitude of the pattern are larger but the locations of the peaks and 

nulls are not affected as much. 

In order to understand the changes to the saddle point pattern caused by varying 

the mesh wire spacing we must recall the earlier discussion on the saddle point con-

tribution in the modified saddle point method. The changes in the magnitudes of the 

patterns in Figure 4.2 can be attributed to changes in the locations of the poles and 

their residues as at is varied. This assertion was confirmed by considering the results 

from the ordinary saddle point method in the regions not located near the poles. It 

may seem strange that the poles can affect the saddle point pattern but these effects 

are due to the way we have defined the saddle point contribution. Nonetheless it is 

still important that we understand how the parameters of the structure affect the var-

ious contributions we have identified. In order to better understand the dependence 
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of the saddle point pattern on the poles it is helpful to consider how the parameter a 

affects the saddle point pattern. 

First it should be noted that the changes in the locatiolls of the peaks and nulls 

III the saddle point pattern as a; is varied are also observed when the ordinary 

saddle point method is used. We can understand these changes by considering the 

reflection properties of the wire mesh. In the steepest descents analysis we were able 

to evaluate the slowly varying portion of the integrand at ). = k sin O. Therefore we 

can use the results of Section 2.3.1 to estimate the effects of a single wire mesh on 

the saddle point pattern. We note that in Figure 2.6 the magnitude of the reflection 

coefficient decreases when mesh wire spacing increases. As the reflection properties 

of the wire mesh change, the locations where the reflected and direct waves interfere 

constructively and destructively also change. The changing reflection properties also 

affect the higher order reflections in a similar manner. 

In view of equation (4.8) we expect that for small mesh wire spacings the pattern 

should be a strong function of the difference b - a. In Figure 4.3 we plot the saddle 

point pattern for a; = 5 cm and various values of a and b such that the difference 

b - a is constant. As expected the differences between the patterns are negligible. 

In Figure 4.4 we use the same values of (l and b but we have increased a; to 15 cm. 

There are now significant differences between the curves. Note that the effects of the 

nearby poles on the saddle point pattel'1l, pointed out earlier, are clearly evident in 

Figure 4.4. In Figure 4.5 where we again consider the same value of b - a and a; 



1.2 

1.0 

~ 

~ 0.8 

.. 
:I: -o 0.6 
Q) 
'0 

.3 
'c 
CTI 

~ 0.4 

0.2 

20 

........... _._.
..... 

• J
.Y 

.1 
:i 

:> 
,'/ 

? 

40 60 
(J [degrees] 

0= 1.5 m, b=4.5 m 
0=2.0 m, b=5.0 m 
0=2.5 m, b=5.5 m 

80 

102 

100 

Figure 4.3: Saddle point patterns at h = 1000 for f = 100 MHz, b - a = 3 m, 
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but with larger values of a and b the opposite behavior is observed, i.e. the pattern 

increases for smaller values of () and decreases for larger values of (). This behavior 

can be explained by considering the locations of the poles and the magnitude of the 

residues in each case. For the smaller values of a the leaky-wave pole located near 

a' ~ 7r /2 tends to have the larger residue, whereas for the larger values of a the 

surface-wave pole located on the (negative) imaginary a-axis tends to have the larger 

residue. 

We now consider the effects of two wire meshes on the saddle point pattern. In 

Figure 4.6 we show the saddle point pattern for a; = 5 cm and a; between 0 and 

15 cm. We observe that as a; increases the pattern decreases sharply at () = 00 

causing a null. For larger values of () the pattern increases slightly as a; increases 

and the peaks and nulls shift to smaller values of (). In Figure 4.7 we show the 

saddle point pattern for the same values of a; and a larger upper mesh wire spacing 

a; = 15 cm. In this case the pattern is only altered significantly for values of a; 

around 5 cm. The reason for this peculiar behavior is again due to a pole near near 

the saddle point. The surface wave associated with the lower mesh appears when 

a; ~ 5 cm. As a; increases the pole moves farther away from the real a-axis and 

the magnitude of the residue tends to decrease. 

We now summarize the effects of the various parameters on the saddle point 

pattern. The difference b - a determines the overall shape of the pattern: that is, the 

number and locations of the peaks and nulls in the pattern at a given frequency. The 
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mesh wire spacing (either a; or a;) and the parameter a (with b - a held constant) 

can be used to control the relative magnitudes of the peaks and nulls as well as shift 

the locations of the peaks and nulls to slightly smaller values of o. 

4.2 Pole Contributions 

In this section we consider the contributions from the poles to the total radiation 

pattern. Recall that the structure under consideration supports two classes of poles: 

leaky-wave and surface-wave poles. 

For both classes of poles it is desirable to characterize the behavior of the pole 

contribution as a function of (r, 0) and (y, z). To characterize the pole contribution 

we use the ordinary saddle point method, valid when Idl > > 1, where the pole 

contribution is given by the residue of the pole. We can express the pole contribution 

as 

and 

I 2 ·b -krsin(a'-O)sillho" -ikrcos(o'-O)cosho" 
pole = 7rl 1 e P PeP P 

I - 2 ·b kycoso'sinho"-kzsino',sillho': -ikysillo' cosha"-ikzcoso' cosho" 
pole - 7rl 1 e P P I I e P P P P 

(4.10) 

(4.11 ) 

(4.12) 

From equation (4.11) we note that all pole contributions will decay exponentially 

as kr increases. This statement is true even for the surface-wave poles in this problem 
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because of the presence of resistive losses in the mesh wires. Thus it is desirable to 

know where the pole contributions constitute a significant portion of the total field. 

To this end we follow Bernard and Ishimaru [5] by determining the values of kr such 

that the magnitude of the pole residue contribution is one percent of the magnitude 

of the pole saddle point contribution: 

I Ipolel = 0.01 I Isaddle I (4.13) 

or 

k . ( I 0) 'n! " (J7r 27rlb1Ie- rsm Q p - SI IQp = 0.01 -1J(ksinO)1 
kr 

(4.14) 

Equation (4.14) can be solved using an iterative method to determine kr. In Fig-

ure 4.8 the dotted line indicates the values of kr which satisfy equation (4.14) and the 

solid line indicates the values of kr' such that Idl = 10 for a typical leaky-wave pole. 

For values of kr below the solid line, equation (3.71) must be used to describe the 

pole contribution. Above the solid line the usual residue term can be used instead. 

For values of kr above the dotted line the pole contribution is negligible. 

4.2.1 Leaky-Wave Pole Pattern 

In this section we consider the radiatioll pattern for the contribution from a typ-

ical leaky-wave pole. In particular, we characterize the effects each of the various 

parameters have on the pole pattern, 



110 

107 

106 Idl = 10 

Iipol.1 = 0.01 II.addl.1 

10
5 

-

\.. 104 I 
~ ... . . :·e .... ...... 

... 

10.3 

102 

101 

0 20 40 60 80 100 
() [degrees] 

Figure 4.8: Regions where a typical leaky-wave pole at (Xp = 0.628 + iO.002 must be 
treated differently for f = 100 MHz, a = 2.5 Ill, b = 5.5 m, a; = 10 em, r~ = 0.5 mm, 
O"~ = 3.7 X 108 Slm, and a; = O. 
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Recall that the leaky-wave poles lie on the improper Riemann sheet given by 

Im().) > O. The leaky-waye poles satisfy a~ < 7r /2 and a~ > O. The poles cor

responding to propagating modes have a~ ~ O. The poles corresponding to cutoff 

modes have a~ ~ 7r /2. Leaky-wave poles crossed in the contour deformation satisfy 

a~ > e. From (4.11) the leaky-wave pole contribution is outgoing and attenuating 

in 1'. From (4.12) the leaky-wave pole contribution is outgoing and growing in y and 

is outgoing and attenuating in z. Note that the growth in y is limited to the small 

sector of angles where the pole is crossed in the contour deformation. 

In Figure 4.9 we show the pattern determined by both the ordinary and modified 

saddle point methods for a leaky-wave pole located at a p = 1.079 + iO.007. The main 

difference between the two curves is the discontinuity in the ordinary saddle point 

method contribution at the point where the pole is no longer crossed in the contour 

deformation. The second difference between the patterns is that the contribution 

from the modified saddle point method is oscillatory and peaks at a different value 

of 0 than the pole residue contribution. 

In Figure 4.10 we show some typical leaky-wave pole patterns for kr = 500. We 

have also superimposed the a-plane locations of the poles on the same plot. In 

Figure 4.11 we consider the pattern for a single typical leaky-wave pole at a p = 

1.094 + iO.003 for kr = 300, 500, and 1000. We note that as kr increases the number 

of oscillations increases, the peak contribution becomes more focused, and the angle 

where the peak contribution occurs shifts tu a larger value of e. 
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Figure 4.9: Leaky-wave pole patterns at k1. = 300 for f = 100 MHz, a = 2.5 m, 
b = 5.5 m, at = 15 em, r~ = 0.5 mm, CT~ = 3.7 X 108 S/m, and a; = O. 



E 
~ ......... 

M 

:c -0 

OJ 
-c 
.3 
'2 
c-
o 

":E 

0.40 

0.30 

0.20 

0.10 

\ 

\ 

,\ 
/ \ 

\ / 
\ / 
'( \ / 
/\\ / 

'\ / V 
\/ \ 

\ 
\ 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ : .... . . , \ .:..: 

...... :.: ..... : .. : .. :.:.':-:.:.:..}....... ...... ".: 

113 

-_!--::-------'. 
O.OO~~~~ __ ~ __ ~ __ -L __ -~-~-~-~~~··~~~·~~·~-~·-~~~~·~·~~·~·~~~·~~~~·~~··~·~;·~·~~~2·~~.a 

0.0 0.5 1.0 1.5 
(J [radians] 

Figure 4.10: Leaky-wave pole pattel'lls and locations at kT' = 500 for f = 100 MHz, 
a = 2.5 m, b = 5.5 m, a; = 10 em, 7'~ = 0.5 mm, u;t = 3.7 x 108 S/m, and a; = O. 
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Figure 4.11: Leaky-wave pole pattel'l1s at kr = 300, 500, 1000 for f = 100 MHz, 
a = 2.5 m, b = 5.5 m, a; = 10 em, 7'~ = 0.5 mm, o-;t = 3.7 X 108 Slm, and a; = O. 
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The oscillations that occur in the pole contributions for ° < a~ in the a-plane or 

Sp = pe- i7r/ 4 where p > 0 in the s-plane result from the presence of the complex error 

function in the expression for 13 (3.71). From the definition of the error function for 

complex arguments 

(4.15 ) 

Using two terms in the asymptotic expansion (3.77) we find 

(4.16) 

Then the oscillatory pole behavior is asymptotic to 

( 4.17) 

Leaky-wave poles with a p ~ a~ are located in the s-plane at approximately 

(Ci-O) . 
sp ~ V2 sin p 2 e-ur

/
4 (4.18) 

Then in equation (3.71) we can wri te the argument of the complex error function as 

(4.19) 

so that we can identify 

(
a

l 
- 0) p = J2krsin p 2 ( 4.20) 

From Figure 4.12 the maximum value of Iw(pe-i7r/ 4 )1 occurs at approximately p :::::: 

1.525. Then using the above expression we find that the main contribution from a 

leaky-wave pole occurs at 
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I • (1.525) 
() ~ Q p - 2 arcsm J2kr 

I f2 
'" Q p - 1.525V kr (4.21 ) 

In Figure 4.13 we show the effect of increasing the wire mesh spacing a; with a; = 

o on a typical leaky-wave pole pattern. As a; increases the peak contribution shifts 

to a slightly smaller value of () and becomes more focused or localized. This behavior 

is due to the fact that changing a; also alters the value of the sheet impedance and 

therefore the location of the leaky-wave pole. Increasing a; causes Q~ decrease and 

Q~ increase. As Q~ increases we note from equation (4.11) that the pole contribution 

is attenuated more away from the point of peak contribution. Additionally we note 

that the magnitude of the residue typically tends to increase as Q~ increases. 

In Figure 4.14 we show the pattern from a typical leaky-wave pole as a; is varied 

from 0 to 15 cm with a; = 10 cm. We note that changing a; typically has the 

same effect on the pole pattern as varying a;: increasing a; causes the pattern to 

become more focused and the peak contribution to occur at a smaller value of (). The 

increase in the magnitude of the pole contribution with a; is due mainly to the fact 

that the magnitude of the pole resiuue typically increases as a; increases. In some 

cases, however, when both a; and a; are non-zero, the pole contribution may also 

decrease as a; increases (see Figure 4.15) because the magnitude of the pole residue 

does not increase with a;. 
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Figure 4.13: Leaky-wave pole patterns at k1. = 300 for f = 100 MHz, a = 2.5 m, 
b = 5.5 m, a; = 5, 10, 15 em, r~ = 0.5 111111, (]"~ = 3.7 X lOB Slm, and a; = O. 
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Figure 4.14: Leaky-wave pole patterns at h = 300 for f = 100 MHz, a = 2.5 m, 
b = 5.5 m, a;- = 10 em, a; = 0, 5, 10, 15 em, r~ = r;;; = 0.5 mm, and 0";1; = 0";;; = 
3.7 X 108 Sjm. 
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Figure 4.15: Leaky-wave pole patterns at kr = 300 for f = 100 MHz, a = 2.5 m, 
b = 5.5 m, a; = 10 em, a; = 0, 5, 10, 15 em, r~ = r;;; = 0.5 mm, and u;1; = u.;;; = 
3.7 X 108 81m. 
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We now summarize the effects of the various parameters on a typical leaky-wave 

pole pattern. The location of the peak contribution depends on the location of the 

pole. The location of the pole is determined to a large extent by a but also depends 

to a lesser degree on the mesh wire spacing. The peak contribution occurs near 

o = Q~ but with 0 ~ Q~ always satisfied. As the mesh wire spacing increases the 

contribution tends to become more focused about the point of peak contribution and 

the magnitude of the peak contribution is altered. 

4.2.2 Surface-Wave Pole Pattern 

In this section we consider the radiation pattern for the contribution from a typical 

surface-wave pole. In particular, we investigate how each of the various parameters 

affect the pole pattern. 

Recall that the surface-wave poles are located on the proper Riemann sheet. The 

surface-wave poles satisfy Q~ < 0 and Q~ < O. Poles crossed in the contour deforma

tion satisfy Q~ < O. From (4.11) the surface-wave pole contribution is attenuating 

and outgoing in 1'. From (4.12) the surface-wave pole contribution is incoming and 

attenuating in y and outgoing and attenuating in z. 

In Figure 4.16 we plot the pattel'll for a typical surface wave pole for k1" = 300, 500, 

and 1000. As expected, the pole contribution becomes more focused as k7' increases. 

An interesting point to note is that as kr increases the contribution near 0 = 00 can 

also change. If we assume no losses (Q~ = 0) in the pole residue contribution (4.11) 
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Figure 4.16: Surface-wave pole patterns for kr = 300, 500, 1000, for f = 100 MHz, 
a = 2.5 m, b = 5.5 m, at = 10 cm, 1'~ = 0.5 mm, O'~ = 3.7 X 108 Slm, and a:; = O. 
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the pole contribution becomes independent of kr at the point of peak contribution 

() = a~ = 0 and decays rapidly' away from this point. In our problem the sheet 

impedances have losses associated the finite conductivity of the mesh wires which 

causes a~ to be negative and thereby causes the contribution to change at () = 0° 

as kr is varied. Also note that the surface wave pole contributions in the modified 

saddle point method contribute over a wider range of angles than in the ordinary 

saddle point pole residue contribution. This change is again due to the redistribution 

of the various contributions in order to account for the proximity of the pole to the 

saddle point. 

In Figure 4.17 we show the pattern for the surface-wave pole associated with the 

upper mesh as a; is varied between 6 and 12 cm with a:; = O. We observe that 

the surface-wave pole contribution behaves similarly to the typical leaky-wave pole 

contribution in the region where () is larger than the angle where the peak leaky

wave pole contribution occurs. We also note that as a; increases, a~ becomes more 

negative and the contribution increases. Again this is related to the fact that the 

magnitude of the pole residue usually tends to increase as a~ becomes more negative. 

In Figure 4.18 we show the effect of increasing a:; on the pattern for the surface 

wave associated with the upper mesh. As lloted in Section 3.2.1 as a:; increases, a~ 

becomes more negative for the pole associated with the upper mesh. As was the case 

for some leaky-wave poles when both a; and a:; were non-zero, the magnitude of the 
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Figure 4.17: Surface-wave pole pattern at kr- = 300 for f = 100 MHz, a = 2.5 m, 
b = 5.5 m, a; = 6, 9, 12 cm, r~ = 0.5 mm, O'~ = 3.7 X 108 Slm, and a; = O. 
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Figure 4.18: Surface-wave pole pattern at kr = 300 for J = 100 MHz, a = 2.5 m, 
b = 5.5 m, a; = 15 em, a; = 6, 9, 12 em, r~ = r;;; = 0.5 mm, and u~ = u;;; = 
3.7 X 108 S/m. 



126 

pole residue decreases causing the magnitude of the pole pattern to also decrease. In 

Figure 4.19 we show the effect of increasing a:; on the surface-wave pattern for the 

surface wave associated with the lower mesh when at is non-zero. 

We now discuss the effect of the separation between the two wire meshes on 

the surface wave pole pattern. In Section 3.1.1.2 we showed that in the limit of 

large mesh separations the surface-wave poles associated with each mesh do not 

interact. However, as the two wire meshes are brought closer together we know from 

Section 3.2.1 that the locations of the surface wave poles are affected. We are now 

in a better position to understand the interaction between the surface wave modes 

associated with each wire mesh. As we saw above, the contribution from the surface 

wave pole decays more as y increases. The location of the surface wave pole associated 

with a single wire mesh in the limit of no losses is given by (3.17). Using equation 

(2.8) in the limit rw « as we find the surface wave pole is located at 

>.." ~ _ k
2

as In (~) 
211" 211"rw 

(4.22) 

Using equations (3.18) and (4.12) we can then express the exponential attenuation 

factor in the v-direction as 

( 4.23) 

For the typical mesh parameter values as = 10 em, and l·w = 0.5 mm at f = 100 MHz, 

the field decays by a factor of lie in the distance y = 4.2 m. This result agrees with 

the previously noted two wavelength limit for a observed in Section 3.2.1. Note that 
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Figure 4.19: Surface-wave pole pattern at h = 300 for f = 100 MHz, a = 2.5 m, 
b = 5.5 m, a; = 15 em, a-; = 6, 9, 12 em, r~ = r;;; = 0.5 mm, and O'~ = 0';;; = 
3.7 X 108 S/m. 
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as the mesh period increases the rate of decay also increases which helps to explain 

the behavior in Figure 3.7. It has been observed that when the two meshes are close 

enough to interact, reducing a has an effect similar to increasing as, but on a much 

smaller scale. 

Summarizing, we note that as has the largest effect on a surface-wave pattern. As 

as increases the angular distribution of the pole contribution changes and the magni

tude is altered. Similar effects are observed as kr increases. It has been observed that 

for small plate separations where the decay of the surface wave pole contributions 

with respect to y allows the surface wave poles associated with each mesh to interact, 

reducing a has an effect similar to increasing as, but of a much smaller magnitude. 

Additionally, as kr increases the surface-wave pole contribution tends to focus around 

0=0°. 

4.3 Total Pattern 

In this section we consider the total radiation pattern of the wire mesh parallel

plate waveguide. As we expected the basic shape of the pattern is determined for the 

most part by the saddle point pattern. As before we begin by considering the limiting 

case of the lower wire mesh replaced with a perfectly conducting ground plane. We 

then consider the special case of transmission through the structure. In this section 

we also use our understanding of the pole contributions to modify the near far-field 
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radiation pattern. In particular, we use the leaky-wave pole contributions to fill in a 

null in the saddle point. 

In Figure 4.20 we show a typical radiation pattern for the structure under con

sideration. In Figure 4.20 we have also indicated the saddle point contribution to 

the pattern. We note that except for some oscillations, the basic shape of the total 

pattern is determined by the saddle point pattern. These oscillations are due to the 

behavior of the pole contributions in the near far zone. 

To support this assertion we consider Figure 4.21 where we again plot the total 

pattern using the same parameters as in Figure 4.20 and the combined contribution 

from the saddle point and the leaky wave pole located at Q p = 1.094 + iO.003. We 

note that in the region where the contribution from the leaky-wave pole under con

sideration is largest, the agreement between the total pattern and the contribution 

from the saddle point plus the leaky-wave pole is good. We can repeat this process 

of including an additional pole contribution for the remaining leaky-wave poles and 

surface wave pole to account for the other oscillations in the total pattern. 

In Figure 4.22 we consider the special case of transmission through the structure 

by setting M+ = O. Note the similarity between the saddle point pattern and the 

plane wave transmission properties of a single wire mesh shown in Figure 2.7. In this 

case the total radiation pattern is dominated by the leaky-wave pole contributions 

for larger observation angles. 
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Figure 4.20: Radiation patterns at k7- = 500 for f = 100 MHz, a = 2.5 m, b = 5.5 m, 
at = 10 em, r~ = 0.5 mm, cr~ = 3.7 X 108 Slm, a-; = O. 
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Figure 4.21: Radiation patterns at k1- = 500 for f = 100 MHz, a = 2.5 m, b = 5.5 m, 
a; = 10 em, r~ = 0.5 mm, O'~ = 3.7 X lOB Slm, a-; = O. 
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Figure 4.22: Radiation patterns at kr = 500 for f = 100 MHz, a = 2.5 m, b = 5.5 m, 
ad = a; = 15 em, r~ = r;;; = 0.5 mm, and O"~ = 0";;; = 3.7 X 108 S/m. 
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We now use our understanding of the various contributions to the radiation pattern 

to modify the near far-field radiation pattern of the structure. 

We have seen that the locations of the leaky-wave poles are determined for the most 

part by the spacing between the two wire meshes. Using the results of Section 3.1.1.1 

and equation (3.7) the locations of the leaky-wave poles in the a-plane are given 

roughly by 

. (n7l') 
a p ~ arcsm 2ka n = 0,1,2, ... (4.24) 

Combining this equation with equation (4.21) we obtain an expression for the angle 

where the peak pole contribution occurs ill terms of a, w, and h. Recall that equa-

tion (4.9) gives the approximate locations of the nulls in the saddle point pattern in 

terms of b - a and w for as small. By satisfying (4.21) and (4.9) simultaneously we 

can position the leaky-wave poles to provide a contribution to the total pattern where 

the saddle point contribution is minimal. Because both a and ware common to the 

two equations which we must satisfy we have a choice for the independent variable to 

vary. In this chapter we have been concel'lled with the response of the structure at a 

specific frequency so we choose to vary (l while holding w, h, and b - (l constant. 

So far in this discussion we have neglected the effect of the wire meshes on the 

leaky-wave pole locations. Clearly, equation (4.24) is a good approximation only 

when as is small. We treat as as a fine-Luning control. First, we find appropriate 

values for the parameters a, b, w, and kl'. Next, we simulate the structure and adjust 

as to obtain the desired effect on the total pattern. In Figure 4.23 we show the saddle 
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Figure 4.23: Radiation patterns at h = 500 for f = 81.5 MHz, a = 2.2 m, b = 5.2 m, 
a; = 12.5, 25.0 em, r~ = 0.5 mm, O'~ = 3.7 X 108 Slm, and a; = O. 
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point and total radiation patterns as ad is varied for a structure with its parameters 

chosen through the above procedure to fill in the first null in the saddle-point pattern 

with leaky-wave pole contributions. In Figure 4.24 we show the saddle point pattern 

and total pattern for the same structure with ad = 25 cm as a; is varied. 
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Figure 4.24: Radiation patterns at /.:7. = 500 for f = 81.5 MHz, a = 2.2 m, b = 5.2 m, 
a~ = 25 em, a-; = 12.5, 25.0 em, r~ = r~ = 0.5 mm, O'~ = 0';;; = 3.7 X 108 S/m. 
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TRANSIENT ANALYSIS 

137 

In this chapter we consider the transient response of the leaky parallel-plate wave

guide to a double exponential pulse excitation of the magnetic line sources. By 

transient response we mean the magnitude of the magnetic field as a function of time 

at a fixed observation point (r, B) for a specific set of parameters: a, b, as, rw , and 

o"w. In the next section we outline how to numerically compute the transient response 

of the structure for the general case. In the following section we describe an efficient 

method for computing the transient response at early times. In the last section of 

this chapter we discuss the results obtained from both methods. 

5.1 Transient Response 

In this section we describe how the transient response of the structure is computed 

for the general case. The transient response is obtained by transforming the frequency 

domain representation for the magnetic field to the time domain. Unfortunately, 

because f(>.) is a complicated function of frequency, Hx cannot be transformed ana

lytically to the time domain. Therefore we resort to performing the required Fourier 

transform numerically using a Fast Fourier Transform (FFT) algorithm. 
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For the time history of the magnetic line sources we use the double exponential 

pulse 

(5.1) 

were Mo is chosen to normalize the pulse to unity, a = 107 sec-I, f3 = 108 sec-I, and 

u(t) is a unit step function. A plot of Mo(t) versus t is shown in Figure 5.1. The 

frequency spectrum of the pulse is given by 

Mo(w) = Mo, 
a+zw 

Mo 
f3 + iw 

(5.2) 

and its magnitude is shown in Figure 5.2. Observe that the pulse spectrum decays 

slowly up until approximately 1 MHz where it then drops off rapidly. 

To compute the transient response of the system we evaluate the asymptotic ex-

pressions for the magnetic field developed in Chapter 4 at integral multiples of the 

selected sampling frequency. We then load the complex frequency domain data into 

the PV-WAVE™ [33] software system and multiply it by the pulse spectrum. The 

FFT command is then used to transform the frequency domain data to the time 

domain. 

The disadvantage of this approach is that we must search for complex poles of f at 

every frequency step. As the frequency increases the number of propagating modes 

which the waveguide can support also increases. As a result this method tends to be 

computationally intensive. 
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Figure 5.1: Time history of the double exponential pulse used to drive the magnetic 
line sources. 
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We can reduce the computation effort required by this method at the cost of 

reduced accuracy in the results. The rapid decay of the excitation pulse spectrum 

causes the frequency domain response to decay as the frequency increases. As a result 

we can compute the frequency domain response at the frequencies below:::::: 1 GHz 

and zero pad the response at the frequencies above ~ 1 GHz. By using this procedure 

we avoid having to locate the numerous closely spaced complex poles present at the 

higher frequencies. 

5.2 Limiting Case: Early Time 

In this section we consider the evaluation of the magnetic field in early time. We 

use the results of Section 2.4.2 but account for only a finite number of rays which 

can reach the observation point by a specific time. 

Recall in Section 2.4.2 we expressed the transformed field as 

if = wEoM+ -i,\(y-b) + wEoM+ R('\) -i_\(y-2a+b) + wEoM- T('\) -i'\(y+b) 
x 2,\ e 2'\ e 2,\ e (5.3) 

where R('\) is given by either (2.87) or (2.94) and T('\) is given by either (2.88) 

or (2.98). By using (2.94) and (2.98) the only singularities we have to consider in 

the inverse (spatial) Fourier transform are the poles at ,\ = -2WEoZs. Recall from 

Section 3.1.1.2 that these poles correspond closely to the location of the surface wave 

poles and will only contribute for small values of 8. The effects of the leaky-wave 

poles (modal representation) are contained implicitly in the infinite summations by 
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the terms which correspond to rays repeatedly reflected inside the waveguide. Using 

(2.94) and (2.98) we can write the magnetic field as 

where we have again considered the special case M+ = -M- = Mo. 

Transforming to the a-plane we can write the magnetic field as 

where 

Hx = wfoMo { r e-ikv'(y-b)2+z2 cos(Ct-O)da 
471" ica 

+ f Rle-ikv'(Y-2a+b)2+z2cos(Ct-O)da 
lCa 

00 

+ L: 1 T12T21R'; R;n+l e-ikr;';.cos(Ct-O) da 

m=O Ca 

f: f T12T21R'; R~le-ikr;' COS(Ct-O)da} . 
m=olCa '\=ksmo 

r! _ J[y + 2a(2m + 1) + b)2 + Z2 

r~ _ J(y + 4am + b)2 + Z2 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

Consider the evaluation of the above integrals by the method of steepest descents. 

From the earlier discussion we note that we may use the ordinary saddle point method 

presented in Section 3.2.2 if we restrict the observation angle appropriately. Thus we 

finally obtain 



+ 

where 

and 

(2WEoZ.t)2( k sin 0) ~ sm -ikr+ 
~ e m 

(ksinO + 2wEoZt)2(ksinO + 2WEoZ;) m=O 

(2WEoZ;)(2wEOZ;) f: sm -ikr;;;} 

(k sin 0 + 2WEoZt)( k sin 0 + 2WfoZ;) m=O e 

k2 sin2 0 
S == (ksin {I + 2WEoZt)(k sin (I + 2WEoZ;) 
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(5.8) 

(5.9) 

(5.10) 

Using k = W / c and the time shifting (01' delay) property of the Fourier transform 

we note that terms in (5.8) transform as 

(5.11 ) 

Then from the principle of causality we note that the terms in equation (5.8) will 

only contribute after the light travel time has elapsed. Thus given a specific time 

interval we can determine how many terllls must be included in each summation in 

order to accurately represent the field. We use a finite number of terms in (5.8) to 

compute the response in the frequency domain and then transform the response to 

the time domain using the FFT. 

One of the advantages of using the alternative representations for the reflection 

and transmission coefficients should now be apparent. By suitably restricting the 

location of the observation point we have avoided the computationally intensive pro-

cess of searching for the complex poles of the integrand at each frequency in the 
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inverse (spatial) Fourier transform. In addition, by limiting the duration of the time 

interval of interest we only have to account for a finite number of terms in the sum

mations in equation (5.8). As a result of these properties equation (5.8) provides a 

computationally efficient representation for computing the transient response in early 

time. 

Besides being computationally efficient in early time, equation (5.8) has the ad

vantage of a simple physical interpretation. Each term in (5.8) represents an image 

source. The first several image sources in the infinitely denumerable sequence are 

shown in Figure 5.3. Note that the strengths of the image sources must be ad

justed to account for the reflection and transmission properties of the structure. In 

Figure 5.4 we show the magnitude of the first several image source terms in (5.8) 

relative to the magnitude of the source at y = b as a function of frequency for the 

angle of observation 0 = 900
• In Figure 5.5 we indicate the relative magnitude of the 

first several image source terms for a larger upper mesh wire spacing. We observe 

that now a smaller number of the image sources contribute significantly to the field 

as frequency increases. We note that for certain configurations equation (5.8) would 

also be an efficient representation for computing the time-harmonic response. This 

approach would be particularly attractive at the higher frequencies, provided the 

limitations of the wire mesh model are observed. 
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Figure 5.3: Equivalent problem for y > b using an infinite array of image sources. 
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Figure 5.4: Relative image source strengths versus frequency at 0 
5 cm, r;t = 0.5 mm, O';t = 3.7 X 108 S/m, and a; = O. 
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Figure 5.5: Relative image source strengths versus frequency at 0 = 90° for at = 
15 cm, r~ = 0.5 mm, O"~ = 3.7 X 108 S/m, and a-; = O. 
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5.3 Results 

In this section we present the results from several simulations for the transient 

response of the structure under investigation. Results from the methods discussed in 

Sections 5.1 and 5.2 are presented. We use the interpretation presented in Section 5.2 

in terms of an infinite array of weighted image sources to explain the transient re

sponse regardless of which method was actually used to obtain the results. Unless 

noted otherwise the results were obtained from a sampling frequency of 475 kHz and 

8192 positive frequency samples of which only 2100 samples were computed and the 

remainder zero padded. 

In Figure 5.6 we show the magnitude of the magnetic field at 1· = 300 m for 

a single line source at the origin driven by the double exponential pulse shown in 

Figure 5.1. We will use Figure 5.6 to help us understand how the presence of the leaky 

waveguide affects the field radiated by the line source. The results in Figure 5.6 were 

obtained from a limiting case of the expressions in Section 5.2. Note that the results 

in Figure 5.6 appear to integrate to zero. By considering the frequency response we 

can verify that the DC response of fix is zero because the field of the line source 

reduces to a solenoidal electric field in the static limit w -)0 o. The basic shape 

of the transient response can be attributed to the factor in front of the brackets in 

equation (5.8) which is characteristic of the saddle point contribution for a line source 

excitation. 
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Figure 5.6: Transient response at l' = 300 m from a line source at r = O. 
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In Figure 5.7 the transient response at l' = 325 m, 0 = 90° from a magnetic line 

source at V == 25 m over a single wire mesh located along the z-axis in free space with 

as = 15 em, rw = 0.5 mm, and (J'w = 3.7 X 108 Sim is shown. The line source was 

excited with the pulse shown in Figure 5.1. The results were again obtained from a 

limiting case of the expressions in Section 5.2. Note that the reflected pulse arrives 

at 

t = (v+b)/c= 1 p.s (5.12) 

The reduced size of the reflected pulse is clue mainly to the subtractive effect of the 

trailing edge of the direct pulse (see Figure 5.6) and not because of the transmission 

properties of the mesh. We observe a similar transient response shape as before. As 

noted above this is characteristic of the line source excitation so we are unable to 

extract any information about the mesh structure from the overall response shape 

for this particular excitation. 

In Figure 5.8 the magnitude of the magnetic field at l' = 327.5 m, 0 = 90° is 

shown for the structure with a = 2.5 Ill, b = 27.5 m, at = 5 cm, 1'~ = 0.5 mm, 

(J';t = 3.7 X 108 Slm, and a; = O. Only the response obtained from the method 

described in Section 5.2 is shown because the results from the two methods are 

indistinguishable on the scale used in Figure 5.8. However, the difference in the 

computational effort required by each method is substantial. The method described 

in Section 5.2 executed approximately 250 times faster than the method outlined in 

Section 5.1 for this particular case. 
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Figure 5.7: Transient response at 7' = :325 111,0 = 90° from a line source at y = 25 m 
over a wire mesh at y = 0 with as = 15 cm, 7'w = 0.5 mm, and O"w = 3.7 X 108 S/m. 
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Figure 5.8: Transient response at 7' = 327.5 m, 0 = 900 for a = 2.5 m, b = 27.5 m, 
a; = 5 em, r~ = 0.5 mm, 17~ = 3.7 X 108 S/m, and a; = O. 
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To justify using the asymptotic expressions to compute the frequency domain 

response at the lower frequencies we also computed the frequency domain response 

using numerical integration as described in Section 3.3 for the first several frequency 

domain samples. The agreement between the asymptotic and numerical frequency 

spectrums was very good. Most of the differences occurred between the phases of the 

frequency responses. Because the magnitude of the pulse spectrum decreases as the 

frequency increases we expect the accuracy of the asymptotic expressions to improve 

as the frequency increases. 

The direct ray from the line source at y = b arrives first at 

t = ~J(Y - b)2 + Z2 = 1 JiS 
c 

(5.13) 

The ray which originates from the image source at y = 2a - b arrives next at 

t = ~J(Y - 2a + b)2 + z2 = 1.167 JiS 
c 

(5.14) 

By comparison with Figure 5.7 both of these pulses are observed. The remaining 

image sources are the terms of the summations in (5.8) and correspond to multiple 

reflections off the waveguide walls before reaching the observation point. The rays in 

the first summation arrive at 

t = ~J[Y + 2a(2m + 1) + bj2 + Z2 
C 

and in the second summation at 

t = ~J(Y + 4am + b)2 + Z2 
C 

(5.15) 

(5.16) 
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for m = 0,1,2, .... For this particular simulation the bottom waveguide wall is a 

PEe so the sheet impedance for this wall is identically zero. As a result, only the 

first summation in (5.8) contributes to the magnetic field. From (5.15) the remaining 

rays arrive sequentially at 

t = (1.217 + 0.033m) IlS (5.17) 

for m = 0,1,2, .... The effect of each image source is seen as a short pulse along the 

trailing edge of the pulse from the im,age source at y = 2a - b. Before we consider 

the effects of these sources in detail, let us first increase the mesh wire spacing to 

amplify these effects. 

In Figure 5.9 we show the transient response for the same structure as in Figure 5.8 

except that we have increased at to 15 cm. We have used the same pulse excitation 

as before. We observe that the magnitudes of the short pulses corresponding to 

rays undergoing multiple reflections have increased especially for the portions of the 

pulses above the trailing edge of the pulse from the first image source. Otherwise 

the transient response is unchanged from Figure 5.7. In Figure 5.10 we show the 

transient response computed from the methods described in Sections 5.1 and 5.2 for 

the time interval 1.2 to 1.4 IlS. The pulses from the first five image source terms in 

the first summation can be identified. We attribute differences between the results 

to difficulties in properly locating the large number of complex poles at the higher 

frequencies and thereby not accurately computing the response using the method 

presented in Section 5.1. 
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Figure 5.9: Transient response at 7' = 327.5 m, () = 90° for a = 2.5 m, b = 27.5 m, 
at = 15 em, r~ = 0.5 mm, (j~ = 3.7 X 108 Slm, and a; = O. 
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Figure 5.10: Transient response at 1· = 327.5 m, () = 90° for a = 2.5 m, b = 27.5 m, 
at = 15 em, r;t = 0.5 mm, u;t = 3.7 X lOB S/m, and a; = O. 
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Because the Fourier transform operator is linear we can consider the transient 

response of each image source individually. In Figure 5.11 we show the transient 

response for only the image source at y = -6a - b obtained from 8192 positive 

frequency response samples of which 4000 were actually computed. In Figure 5.12 

we show the magnitude of the frequency spectrum of the pulse shown in Figure 5.11. 

As expected the frequency response of the pulse vanishes as the frequency goes to 

zero. 

In Figure 5.13 we show the transient response at r = 327.5, e = 90° in the 

time interval 1.2 to 1.4 ps for the structure with a = 2.5 m, b = 27.5 m, ad = 

15 cm, a; = 10 cm, r~ = r~ = 0.5 mm, and O'"~ = 0'";;; = 3.7 X 108 S/m. For this 

simulation the image source terms in the second summation in (5.8) contribute to 

the field. Note from Figure 5.3 that these image sources are located between the 

image sources in the first summation. As a result, the pulses from the image sources 

in the second summation arrive between the pulses from the image sources in the 

first summation. Note that there is a minus sign in front of the second summation 

causing the contributions from these pulses to be subtractive rather than additive. 

In Figure 5.14 we show the pulse from the image source at y = -Sa - b. Except 

for the change in polarity and reduction in magnitude it is similar to the pulse in 

Figure 5.11 

In Figure 5.15 we show the transient response at r = 327.5 m, 0 = 45° for the 

same structure as in Figure 5.10. Changing the location of the observation point 
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Figure 5.11: Transient response of the image source at y = -6a - b. 
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Figure 5.13: Transient response at 7' = 327.5 m, 0 = 900 for a = 2.5 m, b = 27.5 m, 
a; = 15 em, a; = 10 em, r~ = r;;; = 0.5 mm, and O"~ = 0";;; = 3.7 X 108 S/m. 
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Figure 5.14: Transient response of the image source at y = -Sa - b. 
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causes the arrival times of the pulses to be altered. The main differences between 

Figures 5.10 and 5.15 can attributed to the changes in the arrival times of the pulses. 



CHAPTER 6 

ALTERNATIVE REPRESENTATION 
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In this chapter we consider the relationship between the alternative representation 

for the magnetic field developed in Section 5.2 for the transient analysis and the 

branch cut or lateral wave representation developed by Tamir and Felsen for a line 

source excited dielectric gap [12]. The decomposition of the ray-optic reflection and 

transmission coefficients into the individual reflection and transmission coefficients 

used to derive the alternative representation in Section 5.2 mirrors the derivation 

by Tamir and Felsen. However, for large gaps the leaky-wave poles associated with 

the dielectric gap structure can be represented by a branch point singularity. In 

order to show that the representation developed in Section 5.2 is a limiting case 

of the lateral wave representation we consider a wire mesh parallel-plate waveguide 

filled with a material with relative permittivity €r < 1 and investigate the limit 

€r ~ 1. Additionally, we consider only a single magnetic line source at y = b 

because it simplifies the resulting expressions while still allowing us to demonstrate 

the relationships between the various representations. 

In the next section we consider the asymptotic representation of Chapter 3, which 

consists of a saddle point and pole contributions, for the magnetic field of a dielectric 
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filled wire mesh parallel-plate waveguide. We then re-derive the alternative repre-

sentation accounting for the presence of the dielectric which can result in a branch 

cut contribution. Particular attention is given to the branch cut contribution. In 

the last section of this chapter we discuss the advantages and disadvantages of each 

representation. 

6.1 Pole Representation 

In this section we consider the asymptotic evaluation of the integral representation 

for the magnetic field of a single magnetic line source over a dielectric filled wire mesh 

parallel-plate waveguide. The basic expressions in the integral representation were 

derived in Section 2.4 and are repeated here for convenience. We show that the 

asymptotic evaluation of the integral representation can be readily performed using 

the methods presented in Chapter 3. Particular attention is given to the changes in 

the leaky-wave pole locations caused by the addition of the dielectric. 

From the results in Section 2.4 we can still write the magnetic field as 

if we redefine f as 

(6.2) 

where 
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and 

(6.5) 

We remark that although there is a branch cut associated with Ao the integrand f(A) 

is an even function of A( so that there are no branch cuts present when evaluating 

the integral representation for the magnetic field in either the A-, /3-, or a-planes. 

Thus the method for asymptotically evaluating the integral representation developed 

in Section 3.2 can be applied without modification. Asymptotically the main contri-

butions come from the saddle point and the leaky-wave poles. The integral can also 

be evaluated numerically in the /3-plane as discussed in Section 3.3. 

We now consider how the presence of the dielectric material affects the leaky-wave 

pole locations. The poles of the integrand are given by the zeros of D((A). In the 

limit of vanishingly small surface impedances 

(6.6) 

so the leaky-wave poles are located at approximately 

J/, = 0,1,2, ... (6.7) 
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As expected the presence of the dielectric causes the locations of the leaky-wave 

poles to depend directly on A( rather than A. Observe that the first pole location 

corresponds to the branch point for A(. 

We now consider the locations of the leaky-wave poles in the a-plane. In the 

a-plane the branch point for A( is transformed to a = arccos Fr since 

(6.8) 

Note that in the limit €r -+ 1 we recover the results obtained previously. The leaky

wave poles corresponding to propagating parallel-plate waveguide modes satisfy 0 < 

a~ < 7r /2, a~ ~ O. The leaky-wave poles corresponding to cutoff parallel-plate 

waveguide modes lie in the region a~ ::::::: 7r /2, 0 < a~ < 00. By making the choice 0 < 

€r < 1 the branch point lies on the real ap-axis so that leaky-wave poles corresponding 

to propagating modes now lie in the region arccos Fr < a~ < 7r /2, a~ ~ O. As the 

plate separation (or the frequency) increases the leaky-wave poles tend to concentrate 

near the branch point. Typical leaky-wave pole locations in the a-plane for €r = 0.5 

are shown in Figure 6.1. 

6.2 Branch Cut Representation 

In this section we re-derive the alternative representation considered in Section 5.2 

for the case when the wire mesh parallel-plate waveguide is filled with a dielectric and 

driven by a single line source. The derivation essentially follows the earlier derivation 
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except that the presence of the dielectric results in branch point singularities in the 

integrals accounting for the individual reflections. 

Using the results of Section 2.4.2 we can write the transformed magnetic field due 

to a single line source at y = b as 

H = wEoM+ -i,\(y-b) wEoM+ R{ \) -i'\(y-2a+b) 
x 2A e + 2A A e (6.9) 

where from (2.94) the ray-optic reflection coefficient can be written in terms of the 

plane wave reflection coefficients as 

(6.1O) 

Using the results in Section 2.3.1 to account for the presence of the dielectric material 

we find 

and 

Rl = AAt + WEO~: (ErA - At) 
AAt + WEOZ;-{ErA + At) 

R2 = AAt + WEO~:{At - ErA) 
AAt + WEoZ;-(At + ErA) 

R3 = AAt + WEO~;(At - ErA) 
AAt + WEoZ;(At + ErA) 

(6.11 ) 

(6.12) 

(6.13) 

(6.14) 

(6.15) 

We remark that these plane wave reflection and transmission coefficients are not even 

functions of At so there will be branch point singularities in the integrals correspond-

ing to multiple reflections. The presence of the branch points can be explained as 
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follows. Since the multiple reflections occur in the region where the dielectric is 10-

cated, the corresponding image sources will be located in a dielectric half space. The 

semi-infinite dielectric results in the introduction of the branch points. Following the 

derivation in Section 5.2 we can write the magnetic field as 

(6.16) 

where 

(6.17) 

In Figure 6.2 we show the ,a-plane. Note that we have chosen the branch cut associ-

ated with A( such that Im(A() < 0 on the top sheet. 

We now consider the evaluation of the above integrals by the method of steepest 

descents. Transforming to the a-plane we find 

H wt:oMo { 1 -iky'(y-b)2+z2 cos(o-O) I 
x = 4 e la 

7f' Co 

+ f Rle-iky'(Y-2a+b)2+z2 cos(o-O)da 

lco 

+ f: 1 T12T21R'; R!f+l e-i4a(m+I)'\<e-iky'(y-2a+b)2+z2 COS(O-O)da} . 

m=O Co '\=ksmo 

(6.18) 

where 

(6.19) 

The integration contour Co is shown in Pigure 6.3. Also shown In Figure 6.3 is 

the deformation of Co into the steepest descents contour CSDP. Note that we have 
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Figure 6.2: ,a-plane for fr < 1 assuming finite losses in k and frk. 
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Figure 6.3: a-plane assuming finite losses in fork and for < 1. 
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associated an angle with the branch point 

Ob == arccos Fr (6.20) 

We can identify three main contributions to the magnetic field from the integral 

representation: the contribution from the saddle point, the contribution from any 

poles crossed in the contour deformation, and the contribution from the branch cut 

Wf.oMo{ } Hx = 411" [saddle + [pole + hranch (6.21) 

Away from the region 0 ~ Ob we can apply the ordinary saddle point method of 

Section 3.2.2 to obtain 

{2;ei1r/4{e-ih!(Y-bl2+Z2 + Rle-ikv'(Y-2a+bl2+z2 VI; 
+ T12T21R3e-ikv'(Y-2a+bl2+;:2 f: [R2R3]me-i4ka(m+Ilv'£r-cos2 o} (6.22) 

m=O 

Note that for 0 < (h the exponential term in the summation decays proportionally 

to the size of the plate separation in terms of the wavelength. In order for the saddle 

point approximation to hold in the region 0 > Ob we must ensure that 

kJ(y - 2a - b)2 +:;2 »4ka(mmax + 1) (6.23) 

where mmax is the last term used in the summation before it is truncated due to the 

As was the case when a pole was neal' the saddle point, the saddle point method 

must be modified in the region near the branch point at Ob. It turns out we do not 
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need to consider this case. The details on how to handle this case can be found in 

Section 22 of [7]. 

By following the restriction in Section 5.2 to avoid angles of observation near 

grazing we do not have to consider the contribution from the higher order poles 

located in the general area of the surface wave poles for large plate separations. 

For angles of observation 0 > Ob the steepest descent path CSDP crosses the branch 

cut twice as shown in Figure 6.3. Note that CSDP begins and ends on the Riemann 

sheet where CO/ is located. Because no singularities are crossed in the transitions 

between the Riemann sheets there is no contribution from the branch cut for this 

case. 

For angles of observation 0 < Ob the steepest descent path CSDP will only cross 

the branch cut once so that the contour deformation cannot be performed without 

some modifications. In the next section we consider how to perform the contour 

deformation and evaluate the resulting branch cut integration by using the method 

of steepest descents. 

6.2.1 Branch Cut Integration 

In this section we apply a modified versIOn of method of steepest descents to 

determine the contribution from the branch cut due to the presence of the dielectric 

material inside the waveguide. 
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In Figure 6.4 we show the integration path used to begin and end on the top 

Riemann sheet. The contribution from integrating around the branch cut can be 

written as 

i 'k () lo7r/2+iOO 
- 'k ( 9) hranch = f(ksina)e-' rcos 0/-0 da = f(ksina)e-' rcos 0/- da 

Cb Ob 
(6.24) 

where 

(6.25) 

and f+, f- are the values of f evaluated to the right and left of the branch cut 

respectively. 

We now apply the modified version of the method of steepest descents described 

in Section 21 of [7]. We deform the contour Cb to maximize the contribution from 

the integral at fh and to have exponential decay away from this point. This path of 

integration satisfies the transcendental equation 

cos( a' - 0) cosh 0:" = cos( (h - 0) (6.26) 

and is shown in Figure 6.5. The branch cut contribution becomes 

hranch = e-ikrcos(Ob-O) r ](ksina)e-krsin(O/I-O)sinhO/"da 
JCb,SOP 

(6.27) 

By construction the main contribution to the above integral comes at a' ~ Ob. In 

this region we can use the approximations 

sin( a' - 0) sinh e/' :::::: sin( Ob - O)a" (6.28) 
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Figure 6.4: Branch cut integration in the a-plane for 0 < Ob and fr < 1. 
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da ~ ida" (6.29) 

and 

(6.30) 

where the sign in the above expression is chosen to make Im{A() < O. 

We cannot proceed any further without knowing how J depends on A(o First we 

consider the second integral in (6.18) involving RI • Using (6.25) we can write 

(6.31) 

where 

(6.32) 

Then the leading order contribution from the integration around the branch cut can 

be written as 

(6.33) 

where 

rl = V(v-2a+b)2+Z2 (6.34) 

Using the substitution t2 = a" and equation (3.40) we find 

laOO 

v;;!ie-kr1 sin(Ob-Ol Q
" da" = 2 laoo 

t2e-kr1 sin(Ob-Oltdt 

1 IT 
= -

2 [krl sin( Ob - 0)]3 
(6.35) 



so that 

hranch '" k 271" Fr sin fh e-i[kTI cos(Ob-O)+7r/4] h( k sin fh) 
[krl sin(fh - B)j3 
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(6.36) 

Next we consider the integrals in the summation in equation (6.18). Note that 

each term h3S an exponential factor which can be written as 

(6.37) 

Recall that the branch cut integration only contributes for B < Bb. Then the above 

term represents exponential decay proportional to the plate separation in terms of 

the wavelength. For large plate separations, equation (6.36) represents the leading 

order contribution from the branch cut. 

6.2.2 Summary 

In this section we summarize the branch cut representation for the special case of 

large plate separations. 

For B < Bb we found 

For B > Bb we have 

WEoMo {2;eirr/4{e-ikTO + Rle-ikTI 

471" V kr 
+ T12T21R3e-ikTI f: (R2R3)me-i4ka(m+l)V(r-cos2 Cl' } 

m::::O 

(6.38) 

(6.39) 



where 

ro = J(y - b)2 + Z2 

r} = J(y-2a+b)2+z2 

6.3 Discussion 
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(6.40) 

(6.41) 

In this section we consider the advautages and disadvantages of the pole and 

branch cut representations. In particular we are interested in the special case of 

large plate separations (or equivalently high frequencies) where dense distributions 

of leaky-wave poles are present in the pole representation. In Chapter 5 we discussed 

the complications with the pole representation at high frequencies. 

In Figure 6.6 we show the radiation pattern computed using the pole represen

tation and the branch cut representation for () < Ob and k1. = 4500. We have also 

indicated the saddle point contribution in order to estimate the effect of the 24 leaky

wave poles present in this example. For smaller angles of observation the pole and 

branch cut representations give nearly identical results. For angles of observation 

closer to Ob we can still see rapid oscillations in the pole representation associated 

with the near far-field pole contributions. As k1' increases to 9000 in Figure 6.7 and 

to 18000 in Figure 6.8, the radiation pattel'lls computed with the pole and branch 

cut representations are in excellent agreement over a wider range of angles. However, 

in Figure 6.8 we are in the far zone for all of the relevant pole contributions. If one 

is interested in the near far zone as we were in Chapter 4 the ability of the branch 



181 

1.2 I I I 

1.0 I- 1\ A ~ ~ j -

....... 
{ 0.8 I- pole -

branch cut 
'--' saddle point 

" J: - 0.6 I- -0 
QJ 
'0 

.3 
'c 
01 
~ 0.4 - -

0.2 '- -

0.0 I I I I 

0 10 20 30 40 50 
8 [degrees] 

Figure 6.6: Radiation patterns for J = 600 MHz, kr· = 4500, a = 5 m, b = 10 m, 
a; = 10 em, a:; = 5 em, r~ = r;;; = 0.5 Illm, O'~ = 0';;; = 3.7 X 108 , and Er = 0.5. 
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Figure 6.7: Radiation patterns for f = 600 MHz, k1. = 9000, a = 5 m, b = 10 m, 
a; = 10 em, a; = 5 em, r~ = r;;; = 0.5 mm, O"~ = 0";;; = 3.7 X 108

, and (Or = 0.5. 



183 

1.2 I I I I 

1.0 - 1\ fI II fI 1\ 1\ A 1\ " 
-

( , , , , , 
....... 
~ 0.8 - pole -

branch cut 

" 
saddle point 

J: 

'0 0.6 t-- -
Ql 
'U 
::l .... 
'c 
01 
~ 0.4 t-- -

0.2 t-- -

11 

0.0 I I I I 

0 10 20 30 40 50 
() [degrees] 

Figure 6.8: Radiation patterns for f = 600 MHz, kr = 18000, a = 5 m, b = 10 m, 
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cut representation to only produce equivalent results in the far zone is its main dis

advantage. The main advantage of the pole representation is its ability to provide 

results in the near far zone. 

We now compare the pole and branch cut representations in the region 0 > Ob. 

Note that for €r = 1 this is the only region possible in the alternative representation 

of Section 5.2. In order to use the saddle point approximation in this region we must 

be far enough away to satisfy (6.23). This restriction again places us in the far zone 

of the structure which is the main disadvantage of the branch cut representation. 

Recall that for the case €r = 1 we did not have this restriction. However, we 

still have to numerically evaluate the summation accounting for the infinite array of 

image sources. In Section 5.2 we saw that the computational efficiency of (5.8) for 

time-harmonic simulations was limited to certain parameter and frequency ranges 

where the decay of the term (R2R3)m was sufficient to justify the use of (5.8). This 

situation is clearly evident in Figures 5.4 and 5.5. 
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CONCLUSIONS 
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In this chapter we summarize our main results and d:aw conclusions about our 

analysis. We also present our recommendations for future work on this problem. 

We began our analysis in Chapter 2 by using Fourier transform techniques to 

formulate an integral representation for the magnetic field of a wire mesh parallel

plate waveguide excited by magnetic line sources exterior to the waveguide. To 

model the wire mesh waveguide walls we used a sheet impedance boundary condition. 

There are several limitations to the sheet impedance model. The model is essentially 

a quasi-static model: the period of the mesh must be small with respect to the 

wavelength of interest. Additionally, since the model uses the thin wire approximation 

the expression for the impedance of the mesh wires is based on the assumption that 

the current in the wires is purely axial. Finally, there are also restrictions as to how 

close the sources can be placed to the wire mesh. We found that the wire mesh model 

was useful as long as these limitations are observed. 

In Chapter 2 we also found that we could interpret the integral representation 

physically by treating the inverse Fourier transform as a superposition of plane waves. 

We could then express the transformed magnetic field in terms of the individual reflec

tions and transmissions at each wire mesh. This interpretation led to the alternative 



186 

representation for the transient analysis in Chapter 5 and the branch cut represen

tation in Chapter 6. 

In Chapter 3 we focused on the asymptotic evaluation of the integral representation 

for the magnetic field. We began by investigating the locations of the poles of the 

integrand. Using the simplifying assumption of no losses we were able to develop 

an analytic expression for the approximate location of the leaky-wave poles in the 

limit of a small surface impedance. Similarly, by assuming no losses and a large plate 

separation we were able to derive an asymptotic approximation for the locations of 

the surface-wave poles. 

We then applied the method of steepest descents for two different cases: first, when 

no poles were located near the saddle point; and second, when poles were located 

near the saddle point. We showed that results from the two cases became equivalent 

as the pole moved away from the saddle point. We were also able to precisely define 

the meaning of the phrase "near the saddle point": given the location of the pole and 

the observation point we could determine the regions where each method should be 

used. 

We also evaluated the integral representation for the magnetic field using numer

ical integration techniques. By comparing results obtained using the asymptotic ex

pressions and numerical integration we were able to determine where the asymptotic 

expressions could be used. 
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We found that the leading order asymptotic expressions produced acceptable re

sults for observation angles away from grazing and nulls in the saddle point pattern. 

For small values of kr the accuracy can be improved by proper selection of the 

expanSIOn points in the asymptotic expansions. Additionally, the accuracy of the 

asymptotic results may be improved by including the next term in the asymptotic 

expansion for the saddle point contribution. It was found that increasing the mesh 

period had only a small influence on the size of kr required to maintain the same 

level of accuracy. However, the restriction kr » 1 was sensitive to the size of the 

structure. As either a or b increased significantly the lower bound on kr needed to 

maintain an acceptable degree of accuracy also increased. 

In Chapter 4 we considered the radiation pattern of the structure which we de

fined to be the magnitude of the magnetic field as a function of O. We individually 

investigated the contributions from the saddle point, leaky-wave and surface-wave 

poles. 

We found that the saddle point pattern essentially defines the radiation pattern. 

The saddle point pattern itself is set by the distance between the line source and 

the waveguide wall. An interesting point about the saddle point contribution in the 

modified saddle point method is that it depends on the locations and residues of the 

poles. In the modified saddle point method, the usual contributions from the saddle 

point and poles are redistributed in order to accurately approximate the integral when 

a pole is near the saddle point. This redistribution or redefinition complicates the 
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characterization of the saddle point and pole contributions. The pole contributions 

are no longer simply the pole residues. Additionally, the saddle point contribution 

now depends on the pole locations and residues. 

The leaky-wave pole contributions were found to be limited to a small sector of 

angles near the real part of the pole locations in the steepest descents plane. The 

locations of the leaky-wave poles where found to depend strongly on the separation 

between the waveguide walls and to a lesser degree on the period of the wire meshes. 

We were able to derive an approximate expression for the locations of the peak pole 

contributions in the limit of no losses for the modified saddle point method which 

is asymptotic to the usual result for the pole residue contribution. The mesh wire 

spacing parameter as had a fairly significant influence on the magnitude of the pole 

contributions and a smaller influence on the focusing around the peak contribution. 

Typically as the mesh wire spacing increased so did the size of the pole contributions. 

Exceptions to this rule of thumb were observed for some leaky-wave poles when both 

waveguide walls were wire meshes. The reason for this behavior can be traced to the 

dependence of the pole residue on the mesh wire spacing. 

The surface-wave pole contribution was limited to a small sector of angles near 

grazing for kr large. For smaller values of kr the surface-wave pole contribution 

could contribute over a larger range of alJgles due to the use of the modified saddle 

point method. The mesh wire spacing had the same effect on the surface-wave pole 

contributions as it had on the leaky-wave pole contributions. The interesting aspect of 
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the surface-wave contribution was that each wire mesh waveguide wall could support 

a surface wave. We observed that for small plate separations where the decay of 

the surface wave pole contributions with respect to y allows the surface wave poles 

associated with each mesh to interact, reducing a has an effect similar to increasing 

as, but of a much smaller magnitude. Also because we accounted for losses in the 

mesh wires the peak surface wave contribution was not independent of kr in the near 

far zone. 

In Chapter 5 we investigated the transient response of the leaky parallel-plate 

waveguide to a double exponential pulse excitation of the magnetic line sources. 

Transient results were obtained for the general case by computing the frequency do

main response using the expressions developed in Chapter 4 and then numerically 

transforming the response to the time domain with an FFT algorithm. Even though 

the spectrum of our driving pulse allowed us to truncate and zero pad the frequency 

domain response, the process of searching for the complex poles at each frequency 

sample was computationally intensive. For most simulations, a large number of sam

ples over a wide range of frequencies complicated the task of accurately accounting 

for the pole contributions. An efficient algorithm for locating the poles numerically 

should be able to dynamically adapt to the frequency under consideration and adjust 

the search regions appropriately. 
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We also developed a representation which was efficient for computing the transient 

response because it only accounted for the finite number of reflections and transmis

sion which could occur at each wire mesh in a specific time interval. This approach 

avoids the computationally intensive process of searching for the ieaky-wave poles 

because the modal characteristics of the structure are implicitly contained in the 

terms accounting for multiple reflections. This approach also had the advantage of 

an interpretation in terms of an infinite array of image sources. This interpretation 

was used to explain the behavior of the transient response. We found that the overall 

shape of the transient response was determined by the line source excitation and the 

use of the saddle point approximation. No information about the structure could be 

extracted from the general shape of the transient response. However, by considering 

the arrival time of the individual pulses from the image sources one could determine 

the location of the line sources and the wire meshes. It may also be possible to extract 

some information about the mesh structure from the transient response data. 

In Chapter 6 we investigated how the representation in Chapter 5 related to the 

branch cut or lateral wave representation developed by Tamir and Felsen for dense 

distributions of leaky-wave poles associated with dielectric gap structures. In order 

to show the relationship between the two representations we needed to introduce a 

hypothetical dielectric material with a relative permittivity fr < 1 inside the wave

guide. 
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We began by considering the asymptotic evaluation of the integral representation 

for the magnetic field of a dielectric filled wire mesh parallel-plate waveguide. We 

referred to this representation as the pole representation since the main asymptotic 

contributions to the magnetic field come from the saddle point and pole contributions. 

The main difference caused by the introduction of the dielectric material is in the 

location of the leaky-wave poles. By making the choice Er < 1 we restricted the 

leaky-wave poles to lie in a limited region of the steepest descents plane so that they 

will only contribute significantly over a smaller range of observation angles. 

We then considered the alternative representation of Chapter 5 for the case of a 

dielectric present. The main difference in this case was that the introduction of the 

dielectric resulted in a branch cut in the terms accounting for multiple reflections 

in the integral representation for the magnetic field. The branch cut was located 

where the leaky-wave poles were found ill the pole representation. The branch cut 

contributed to the field for only a limited range of angles. For other angles of obser

vation the representation was equivalent to that of Chapter 5. Besides requiring the 

waveguide to be filled with a material with a relative permittivity fr < 1, the branch 

cut representation only produced equivalent results for k1' » 1. These limitations 

are the main disadvantages of the branch cut representation. The main advantage of 

the pole representation is that it can provide near far-field results in some cases. The 

main disadvantage of the pole representation is the difficulty associated with dealing 

with large numbers of leaky-wave poles for large plate separations. However, the 
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alternative representation in Chapter 5 may prove useful in these situations provided 

the limitations of the mesh model are observed. 

For future work on this problem we would recommend using the results of our 

analysis to consider the various applications of the double mesh structure. For exam

ple, the transmission properties of the structure should be examined in more detail. 

The reduced weight of the wire mesh makes it an ideal candidate for electromag

netic shielding applications. The double mesh structure may have some interesting 

properties for this type of application. It would be desirable to know the shielding 

effectiveness of the double mesh structure. For example, it should be possible to 

choose the parameters of the structure so that over a given range of frequencies the 

transmitted field is limited to a specified level. 

Another area of interest would be in being able to ascertain the parameters of the 

structure by considering only information about its reflection properties. We began 

a rudimentary analysis of this type in Chapter 5. A more detailed analysis would 

consider the construction of geometry specific pulses intended to probe the transverse 

resonances of the structure. The pla.ne wave reflection and transmission properties 

of the double mesh structure would also be of interest in this and the previously 

mentioned application. 
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