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ABSTRACT 

Recent advances in understanding planetary formation indicate that mass and energy 

accumulation are dominated the impact of objects containing up to several percent of the 

protoplanet's mass. This work examines consequences of such "giant" impacts, including 

the initiation of core formation and the development and subsequent evolution of deep 

magma oceans. Large, high speed impacts on silicate planets with masses >_1023 kg 

result in formation of intact melt regions. Iron rapidly settles to the melt region's base, 

forming a negatively buoyant mass. If the differential stress generated by this mass too 

large, it overcomes the elastic strength of the mantle beneath and rapidly forms a core. The 

same process might also trigger differentiation of the largest known icy bodies. A melting 

model based on the Hugoniot equations, empirical particle velocity-distance, and linear 

shock-particle velocity relationships was developed. Impact-induced core formation occurs 

in silicate planets with masses between 1-6 x 1023 kg. Thus, the largest planetesimals that 

accreted to form the Earth were already differentiated. Impact-induced core formation may 

occur in icy bodies as small as Triton, if an intact melt region forms on bodies that small. 

If the icy bodies accreted high speed, heliocentric particles, core formation can be triggered 

in somewhat smaller bodies. Giant impacts do not explain whole-body differentiation of 

asteroid sized bodies. Giant impacts on large terrestrial planets can form magma oceans 

1000-2000 km deep. It is widely assumed that such a magma ocean necessarily 

differentiates by fractional crystallization. Scientists making this assumption have not 

accounted for the possibility that crystal suspension in a planetary-scale convecting system 

may prevent crystal-magma separation. It is shown that crystals <1-2 cm in diameter are 

suspended from the onset of cooling. Surprisingly, the ability of a magma ocean to 

suspend crystals is only weakly dependent on gravity and depth. The difference in magma 

ocean evolution between the Earth and Moon may be due to gravity's effect on the solidus, 

liquidus, and adiabatic temperature profiles. 
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1. INTRODUCTION AND ACCRETION THEORY 

1.1 IN1RODUCTION 

Ideas about the formation of the planets and their early thermal states have recently 

undergone a revolution. Modem accretion theory (Safronov 1969, 1978, Wetherill 1976 

1986, 1989, 1990) recognizes tllat the terrestrial planets plausibly accumulated from a 

hierarchy of proto planetary bodies, although it is also possible that accumulation occurred 

primarily from a nearly uniform distribution of -10 km diameter planetesimals (e.g., 

Greenberg 1989). Toward the end of accretion, some of these protoplanetary bodies may 

have been as larger than 1110 the mass of the embryo planet. Collisions between a 

protoplanet and a planetesimal of this size would cause extensive melting (e.g. Kaula 1979, 

Stevenson 1981, Melosh 1990). Even in the absence of such collisions, catastrophic 

segregation of the core could have released enough energy to raise the temperature of the 

whole Earth by 15000 K (Verhoogen 1980). Additionally, the Earth may have had an early 

steam atmosphere that interfered with the planet's ability to radiate accretional energy (Abe 

and Matsui 1985, Matsui and Abe 1986). If the Moon was formed by the giant impact of a 

Mars-sized body, not only did a large portion of the Earth melt, but much of it was 

vaporized. (Cameron and Benz 1988, Benz and Cameron 1990, Melosh and Kipp 1988, 

Melosh 1990). This line of reasoning suggests that the early Earth underwent widespread 

melting events, after which a magma ocean would have covered its surface to substantial 

depths. 

The implications of accretion in a large impact environment are just now being 

examined. Accretion in a large impact environment has consequences for the planet's initial 

thermal state, the timing and mechanisms of core formation, the extent of primordial 

planetary melting and differentiation, planetary spin, isotopic mixing of planetesimals 

originating in different parts of the Solar System, the origin of the Earth's moon, the extent 

of primordial outgassing of the planet, primordial atmospheric evolution, and many others. 

This dissertation is an attempt to use physical principles to understand some of these 

consequences. In particular, this work is restricted in scope to examining the effects of 

giant impacts on the initial thermal state of the planet, the timing and mechanisms of core 

formation, and the extent of primordial planetary melting and differentiation. Isotopic 

mixing of different source regions has been discussed by Wetherill (1988a) and Goodrich 

and Drake (1991), although the outcome is not at all certain. The origin of the Earth's 
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moon due to the collision of a giant projectile was first proposed by Hartmann and Davis 

(1975) and independently by Cameron and Ward (1976), and has been examined more 

recently in general terms by Boss (1986), Hartmann (1986) and Stevenson (1987). It has 

also been addressed with hydrocode calculations performed by Cameron, Benz, and their 

coworkers in a series of four papers (Benz et al. 1986, 1987, 1989, Cameron and Benz 

1991) and by Melosh and Kipp (Kipp and Melosh 1986, Melosh and Kipp 1988). The 

chemistry of the Moon formed by a giant impact has been reviewed by Wanke and Dreibus 

(1986), Newsom and Taylor (1989), and O'Neill (1991). The consequences of large 

impacts on the spins and obliquities of the planets was modeled by Kaula (1990). The 

extent of melting by the giant impact has been discussed as an output of hydrodynamic 

code calculations by Benz and Cameron (1990) and in more general terms by Melosh 

(1990), Melosh et al. (1993), and Tonks and Melosh (1992, 1993a). 

The extent of primordial differentiation resulting from a giant impact has been the 

subject of great controversy. Based on physical considerations (Melosh 1990, Benz and 

Cameron 1990, Melosh et al. 1992, Tonks and Melosh 1993a, Chapter 6 of this work), 

one result of a high speed giant impact is extensive melting, leading to the possibility 

(probability?) of magma ocean formation. If the reasonable (but unproven) assumption is 

made that a magma ocean undergoes fractional crystallization, the solidified ocean shows 

chemical fractionations that are consistent with the geochemistry of the Moon, but not of 

the Earth's mantle. These considerations led some workers to argue giant impacts did not 

occur in the early solar system (Ringwood, 1990). Tonks and Melosh (1990, Chapter 6) 

showed that magma oceans on Earth-mass planets do not necessarily undergo fractional 

crystallization. 

The timing and mechanisms of core formation in the terrestrial planets, the asteroids, 

and the satellites of the outer solar system remain unsolved puzzles of planetary accretion. 

Core formation scenarios proposed before the current emphasis on giant impacts have 

difficulty explaining both iron segregation and upper mantle geochemistry. The giant 

impact environment gives rise naturally to large scale melting and segregation of iron from 

silicates (or silicates from ice), allowing rapid and efficient core formation that overcomes 

physical difficulties of the core formation process. The triggering of core formation by 

giant impacts is modeled in Chapter 5. 

The remainder of this chapter introduces accretion theory and the origin of the Moon 

from their historical perspective. It also introduces the other chapters and discusses the 

motivation for the work that follows. 
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The history of man's understanding of the solar system's origin is long and has a 

voluminous literature. It is impossible in a short description as must be given here to 

discuss the subject at any length. The discussion that follows is a very brief history of the 

planetesimal hypothesis that forms the basis of modern accretion theory. Historical 

reviews of solar system origin theories (up to the 1960's) are found in ter Haar and 

Cameron (1963). Jaki (1978) and several articles by Brush (1978, 1979, 1980a, b, 1981, 

1986) further review important aspects of solar system origin history. 

At the end of the 19th century, Laplace's nebular hypothesis of solar system origin was 

generally accepted as the conceptual framework for understanding the initial conditions of 

the Earth. Laplace envisaged the Sun and planets as having formed from a cloud of matter 

that condensed by self-gravity. As collapse proceeded, the nebula began spinning at an 

ever increasing rate because of angular momentum conservation. At successive intervals, a 

ring of gas would be thrown off as the centripetal acceleration exceeded the nebula's 

gravity. These gas rings collapsed in time to form the planets. It is interesting to note that 

Laplace never published the idea in any of his papers on celestial mechanics. It was 

published in a non-mathematical text intended for lay readers (Laplace 1794). The model 

predicted that the Earth (and the other planets) began as hot, gaseous masses that cooled 

and solidified. As the planet cooled, it formed a solid crust on its outer surface. This crust 

was subject to compression due to planetary contraction as it continued to cool. This model 

served as the basis for a number of geological concepts such as volcanoes and mountain 

building. It was known that the hypothesis suffered from major difficulties. Specifically, 

the angular momentum distribution of the solar system was difficult to understand. The 

model predicted that most of the solar system's angular momentum should reside in the 

Sun when in fact it resides in the planets (largely in Jupiter). However, most astronomers 

believed that Laplace's theory could be made to work. 

During the latter half of the 19th century, a great debate raged over whether the Earth's 

interior was solid or liquid. Physical arguments about the observed nutations of the Earth 

and Moon were used to show that the Earth must be solid. Although he accepted the basic 

framework that the Earth started as a liquid, W. Thomson (Lord Kelvin) used the theory of 

heat conduction to show that if it began as a liquid, the Earth would completely solidify in 

some twenty million years. Besides "proving" that the present Earth is solid, this time 

scale was far shorter than required by geological models of mountain building and erosion. 
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It was also shorter than the inferred time scale required for Darwin's theory of evolution. 

DUling this period, American geologist T. C. Chamberlin examined the then current 

explanations of the causes of the Ice Age. The Earth's atmosphere was hypothesized to 

have been originally rich in carbon dioxide. The level dropped over time as C02 was 

sequestered into carbonate rocks, lowering solar absorption and triggering global cooling. 

Chamberlin learned of calculations based on the kinetic theory of gases that showed at high 

temperatures, gases would escape from the atmosphere. He realized that the hot initial state 

of the Earth was inconsistent with a carbon dioxide rich initial atmosphere (Chamberlin 

1897). He considered the idea that the Earth was formed from accumulation of cold, solid 

particles and discovered that the idea had been discussed by astronomers under the name 

"meteoritic hypothesis" earlier. The theory appeared to have a fatal defect: Planets formed 

from solid particles in adjacent circular orbits have retrograde rotations. This is contrary to 

the observed rotational states of most of the observable planets. Chamberlin overcame this 

flaw by realizing that most such meteoroids are in elliptical orbits and move faster at 

perihelion than at their average orbital distance. He and his close associate, astronomer F. 

R. Moulton, showed that accreting particles in elliptical orbits generate a net prograde 

rotation. In addition, Moulton (1900, 1905) presented objections to the nebular hypothesis 

that centered mainly around the angular momentum problem. This work convinced most 

astronomers that the nebular hypothesis must be abandoned. 

Chamberlin's theory was first published in detail in the Carnegie Institution Yearbook 

of 1904, (Chamberlin 1905) and consisted of two principal hypotheses. First, a close 

passing star negated the Sun's gravity, allowing two filaments of solar material to flow 

away from the Sun (which was thought in those days to have approximately the same 

composition as the Earth) and into orbit around it. Upon cooling, this material condensed 

into small particles that accumulated together to form "planetesimals" (a term he coined 

meaning infinitesimal planet) which then coalesced to form the planets. Coalescence 

occurred so slowly that planets formed as a cold solid objects. This agreed with Kelvin's 

"proof' that the Earth is now solid. The view of a cold initial state prevailed until Jeffreys 

demonstrated the existence of the Earth's liquid outer core (Jeffreys 1926). 

At first, the theory was received with some enthusiasm. In 1911, French 

mathematician Henri Poincare proved a theorem that provided another serious objection to 

the nebular hypothesis. If the mass now present in the planets were spread over the entire 

volume of the solar system, the material would have such a low density that it would 

dissipate before condensing. The filaments proposed by Chamberlin did not spread out so 
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much and avoided this difficulty. However, when reviewing hypotheses of solar system 

formation, Poincare ignored Chamberlin-Moulton's theory. 

About a decade after the planetesimal hypothesis was published, Jeffreys (1916, 1917) 

argued that high speed collisions between planetesimals would vaporize them before they 

could collect into planets. His demonstration that the Earth has a liquid core convinced 

most scientists that the Earth must have begun in a hot initial state, returning to the 19th 

century concept of an initially hot Earth. These arguments convinced most scientists that 

the planetesimal hypothesis was incorrect and it fell out of favor. By this time, the 

encounter hypothesis had become so enmeshed with the planetesimal hypothesis that 

Chamberlin claimed that they were inseparable. Jeffreys retained the viewpoint that the 

material forming the planets was drawn out of the Sun by a passing star. Jeans also 

rejected the planetesimal hypothesis though he further developed the theory of ejection of 

material from the Sun by a passing star (Jeans 1930). 

Although the encounter hypothesis of the Chamberlin-Moulton theory was generally 

accepted by astronomers until about 1935, it was never detailed sufficiently to provide 

convincing explanations of the quantitative properties of the solar system. Even so, its 

supporters believed it overcame the defects of the nebular model and showed qualitatively 

why the planets contained the majority of the solar system's angular momentum. Russell, 

however, found two difficulties with the theory, which he published in Scientific 

American, Saturday Review, and in a series of public lectures in 1934, but curiously, 

never in an astronomical journal (Russell 1935). First, the temperature of the gas would be 

millions of degrees and would dissipate before condensing into the planets, based on 

models of stellar structure proposed by Eddington in the 1920's. This objection was 

worked out in detail by Spitzer (1939). Second, a dynamical calculation showed that it was 

impossible for a passing star to leave enough material in orbit with the necessary angular 

momentum. His original estimate was confirmed in detail by Lyttleton (1960). Although 

Russell succeeded in dealing fatal blows to stellar encounter theories, the fatal objections to 

the nebular hypothesis still remained. This led Jeffreys as late as 1952 to insist that science 

simply has no adequate explanation for the existence of the solar system (Jeffreys 1952). 

Although the encounter hypothesis fell into disfavor, the concept of planet formation by 

accretion of cold planetesimals was retained by some workers. Progress was still made in 

other areas relating to solar system origin. Payne (1925) showed that hydrogen is by far 

the most abundant element in the Sun's atmosphere, although she had difficulty believing 

the result and presumed that there was something wrong in the method. This discovery 
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was confirmed by Russell (1929) and in the 1930's a number of astrophysicists confirmed 

hydrogen is the most abundant element in other stars and probably for the whole universe 

(Stromgren 1951). If the Earth and the other rocky planets formed from a cloud originally 

composed of a solar abundance of all elements, now called the solar nebula, then lost most 

of the hydrogen afterwards, its density must be much greater than the density assumed in 

the 19th century nebular model. Because of the nebula's much higher original mass, 

Poincare's criterion for gravitational collapse might be fulfilled. Other problems of the 

original nebular hypothesis still remained in addition to the new problem of how the planets 

were formed with such radically different compositions than that of the Sun. 

The planetesimal hypothesis was revived by Lindblad's demonstration that partially 

inelastic collisions between particles initially having a distribution of inclinations and 

eccentricities tend to damp the distribution and cause all the particles to move in nearly 

circular orbits in a thin disk (Lindblad 1934, 1935). As a result, collisions between 

accreting particles occur at low speed, negating Jeffreys' argument that accreting particles 

vaporize upon collision. He also suggested that a cold particle in a hot gas grows by 

condensing gas on its surface. ter Haar (1944) expanded this idea to show that solid 

particles could grow initially by non-gravitational forces. Jeffreys also began to reconsider 

his original objection to the planetesimal hypothesis, suggesting that the vapor pressure of 

solids might be lower than the nebular pressure. If so, condensation outweighs the 

vaporizing effect of collision (Jeffreys 1944). After Parson (1944 1945) published an 

estimate of the vapor pressure of iron that indicated condensation is favored in interstellar 

space, Jeffreys (1948) admitted his original objection to the planetesimal hypothesis had 

been answered. 

Nebular models were also revived, mainly due to a paper by von Weizsacker (1944). 

He postulated a nebula surrounding the early Sun containing about 1110 of its mass 

(required to provide enough heavy elements to construct the planets). If the nebula were 

concentrated in a disk about the center, its density is relatively high and it might be able to 

further collapse. He also showed that the gas does not rotate like a rigid solid (an 

assumption of Laplace's original mode!), but is faster toward the Sun and slower further 

out. Friction, however, tends to equalize the orbits. As a result, instabilities develop, 

generating turbulent convection currents and the formation of a pattern of vortices. He 

assumed that the best place to accumulate particles into planets are the regions where 

adjacent vortices come into contact. Weizsacker's theory was enthusiastically adopted, 

especially in the United States where it was reviewed by Gamov and Hynek (1945) and 



20 

Chandrasekhar (1946). Further work into turbulence theory, however, indicated the 

proposed regular pattern of vortices does not occur. 

Alfven incorporated the planetesimal hypothesis into his own work on solar system 

origin (e.g., 1942a, 1962), but also showed that ionized gas surrounding a rotating 

magnetized sphere acquires angular momentum from the sphere, slowing the sphere's 

rotation (Alfven 1942a, b, 1943). This result was obtained earlier by Ferraro (1937), but 

he did not discuss its implications on the early history of the solar system. Alfven (1946, 

1954) proposed that the early Sun had a strong magnetic field and that its radiation ionized 

the surrounding dust and gas. The nebula, then, obtained most of the early Sun's original 

angular momentum. Alfven further proposed that the material making up the solar nebula 

was captured by the nearly formed Sun from several interstellar sources. Magnetic 

breaking was worked out in numerical detail by LUst and SchlUter (1955) and became a 

major component of later solar nebular models. It removed one of the major criticisms of 

the nebular models. During this same period, Struve (1945, 1950) and others used spectral 

analysis to estimate rotational speeds of stars. They discovered that stars in their late stages 

of evolution generally rotate more slowly than young stars. This evidence further removed 

the objection that the slow rotation of the Sun constrained the angular momentum of the 

original nebula. 

The planetesimal hypothesis was further developed in the USSR by Schmidt (e.g., 

1944, 1957, 1959) and his coworkers. They proposed that the already formed Sun 

captured material from a single interstellar cloud. Schmidt's theory was further developed 

by Safronov and others in the 1960's and 1970's, culminating in the publication of his 

Evolution of the Protoplanetary Cloud and Formation of the Earth and the Planets. 

Safronov dropped the capture of material from an extrasolar system source in the late 

1960's and concentrated on the coagulation of small particles into larger bodies. He 

decoupled the distribution of particles masses from the distribution of particle speeds, 

presuming for calculational convenience that coagulation of planetesimals occurred in a gas

free environment. By presuming the large number of planetesimals in solar orbit can be 

treated all analogous to molecules in the molecular theory of gas, he obtained analytical 

approximations to the coagulation equation. Additionally, he showed that a linear 

relationship exists between the mean relative velocity of accreting particles and the escape 

velocity of the largest planet in an accretion zone. This pioneering work was published in 

Russian in 1969 (Safronov 1969), but was largely unknown in the West until its translation 

into English in 1972. His work has been adopted and modified by several others. Its 
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strongest advocate has been Wetherill who not only extended the theory, but used computer 

simulations to evaluate some of its consequences. 

Nebular theories also continued to be developed. Among the most influential were 

those of Kuiper (1951a, b, 1956). Kuiper decided that the problem of solar system origin 

was not yet solvable, so he turned attention to the formation of double stars. He then 

developed the concept that the solar system is an "unsuccessful" double star. He presumed 

the nebula was massive, about 0.1 times the mass of the Sun, and presumed the planets 

formed by gravitational collapse of solar composition gas, forming gaseous protoplanets. 

Solids rained to the base of the gas envelope, forming rocky cores. The extra gas was then 

stripped from the terrestrial planets, leaving the cores. 

During the late 1930's and 1940's, chemistry began to playa larger role in theories of 

solar system origin. Element abundances in the Sun were worked out by analysis of 

meteorite chemistry (Goldschmidt 1937, Brown 1949). Urey, who won the 1934 Nobel 

prize in chemistry for his discovery of deuterium, became interested in the solar system's 

origin after being asked to lecture at the University of Chicago by H. Brown. He was 

primarily interested in explaining the chemical properties of the solar system. He started 

with Kuiper's model, but rejected gaseous protoplanet formation in favor of planetesimal 

accumulation (Urey 1952). He assumed that numerous asteroid and lunar sized objects 

formed, which then accumulated into planets. These bodies were the precursors of 

meteorites. He suggested that the Moon was one of these precursor bodies and that by 

returning samples from it, scientists could discover a great deal of information about the 

solar system's origin. His influence was very important on the policymakers of the U.S.'s 

space program. 

During the 1960's, several obselvations shed light on the solar system's origin. These 

included observations and theories of T-Tauri stars, solar chemical composition, a large 

body of meteorite chemical data as workers developed analytical techniques to be used on 

the upcoming lunar samples, and discovery of isotopic anomalies in meteorite samples. 

Additionally, detailed information about planetary surfaces became available by sending 

space probes to other planets. After discovery of excess 129Xe in the Richardton meteorite 

(Reynolds 1960), theorists reasoned that a short lived isotope (1291) was synthesized by a 

supernova and incorporated into meteorite parent bodies with 100 million years. Since a 

supernova also produces a shock wave that might compress interstellar clouds enough to 

cause gravitational collapse, the isotopic anomaly might indicate that the supernova 

triggered solar system fOimation (Cameron 1962). 
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The supernova trigger hypothesis was not taken sedously until a 26Mg anomaly was 

established (Lee et al. 1976). The anomaly was attributed to 26Al, which has a half life of 

only about 700,000 years. To be observed, it must be produced, transported, and 

incorporated into meteorites on a time scale of a few million years. Thus, Cameron and 

Truran (1977) reintroduced the supernova triggering hypothesis for collapsing of molecular 

clouds. It has since been shown (Hillenbrandt and Thielemann 1982) that the reaction 

producing 26Al occurs in normal nova ejecta. Cameron (1985b) also estimates that 26Al is 

produced in the envelopes of red giants. Consequently, supernovae are not required to 

produce 26Al and, hence, may not have triggered the collapse of the solar nebula. 

The 1960's brought a revival in attempts to understand the structure and physics of 

nebulae collapsing under self-gravity (Cameron 1962, Schatzman 1967). A brief historical 

discussion of the modern development of solar nebula models is given by Wood and 

Morfill (1988). Cameron (1962) was the first to attempt to understand the solar nebula in 

light of current understanding of star formation in any kind of a quantitative way. In the 

model, interstellar matter collapses under self gravity into smaller and smaller volumes. As 

it does, the interstellar gas and dust is compressed, heated, and radiates to space. Once 

sufficiently dense and opaque, it begins to retain the compressional energy, heating it, and 

causing its temperature to rise. Once the internal temperature rises to about 1,000 K, the 

pressure of the nebula stops the free-fall collapse. Quasi-stable structures with a mass of 

about 2-4 solar masses in hydrostatic equilibrium formed, one of which formed the Sun 

and solar system. The protosun continued to contract and radiate energy until it reached 

about the size of the present solar system. At this point, a critical fraction of its mass 

reached about 1800 K at which H2 dissociates to a significant degree. This dissociation 

provided a sink for compressional energy besides radiation, and the nebula began free-fall 

collapse once again. The nebula began spinning ever more rapidly as contraction occurred 

due to angular momentum conservation. Frozen-in magnetic field lines (after Alfven's 

theory) kept the protosun and the nebula rotating as a rigid body. At some point in the 

collapse, material along the equator reached Keplerian velocity, leaving some material in 

orbit. This material formed into the planets. The protosun con,~inued to grow as material 

close to the sun lost angular momentum due to the frozen-in magnetic field lines and 

spiraled in. The midplane pressure was calculated to be about 10-3 atmospheres, a value 

still used by meteoriticists when estimating the conditions under which chondrules formed. 

The nebula was hot (>1800 K), implying that the interstellar dust was vaporized and 

recondensed as the nebula cooled. By applying eqUilibrium thermodynamics, the 
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condensation sequence of iron, silicate minerals, and more volatile materials was 

determined (Lord 1965, Grossman 1972, Grossman and Larimer 1974). With this 

sequence and the density/temperature profiles from Cameron's model, the approximate 

densities of planets forming in different parts of the solar nebula were worked out (Lewis 

1972, 1974). When the Allende meteorite fell in 1969, it was found to contain Ca, AI-rich 

inclusions. These minerals make up the very most refractory end of the condensations 

sequence and were interpreted as initial condensates from the solar nebula (e.g., Marvin et 

al. 1970). 

A critical paper by Larson (1969) showed that this relatively simple picture could not be 

completely accurate. He showed that a nonrotating ball of initially uniform gas does not 

collapse in the way predicted by Cameron. Rather, the material in the center collapses 

rapidly with the material further out being added much later. For the nominal 1 solar mass 

model, material from the outer edges of the sphere is added as late as 2 x 105 years after 

initial collapse. If the initial state included a nonzero angular momentum, the inner 

collapsed material is spun out into a disk and the accreting material fell onto the disk rather 

than directly onto the central object. The collapse of the solar nebula, then, became an 

example of the astrophysical viscous accretion disk, developed by Lynden-Bell and Pringle 

(1974) in connection with nebular variable objects. 

Cameron (1976) noted that because the time scale for disk growth (-105 years) is much 

longer than the disk's evolutionary time scale due to simple mass and momentum transport 

(-103 years), it is unrealistic to model the disk as having formed rapidly followed by its 

evolution as presumed in his earlier models. Disk accretion and evolu .. ion must be coupled 

together. Cameron (1978) revised his model of the solar nebula to a viscous accretion 

disk. The much longer disk evolution time scale leads to much smaller temperatures, too 

low to vaporize the more refractory materials. During this same time, meteorites with 

similar chemical compositions but variable isotopic ratios were discovered. This 

observation undermined the previous assumption (based on the original Cameron model) 

that the nebula was originally well mixed. By the end of the 1970's, most meteoriticists 

began to favor more complex meteorite parent body formation histories than those predicted 

by equilibrium condensation, including components that formed as interstellar grains. 

The essential features of an accretion disk are shown in Figure 1.1. Infalling 

interstellar material falls toward the growing star. At some point, it encounters the 

relatively high density accretion disk. It is suddenly decelerated as it moves across the 

shock front, strongly heating it. Once inside, it joins the orbiting disk. Adjacent parcels of 
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Figure 1.1 Schematic cross-section of the present view of the solar nebula. Material close 
to the center of the initial gravitational instability fonns a central body and a disk. Infalling 
material from further out in the gravitational instability falls through the shock front where 
it is heated and added to the disk. Turbulent viscosity redistributes angular momentum, 
with some material gaining angular momentum and some material losing it. There is a 
certain radius inside of which material falls onto the growing star and outside of which, 
material is spun out to greater radii. After Wood and Morfill (1988). 
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gas have different Keplerian velocities, producing shear in the gas. Friction between gas 

particles transfers angular momentum; some gas gains angular momentum, some gas loses 

it. The gas that loses angular momentum spirals toward the central object; the gas that 

gains angular momentum moves to larger radii. The disk's evolutionary time scale is 

determined by the effective viscosity of the disk. The mechanisms that contribute to disk 

viscosity and their magnitudes continue to be major uncertainties in this model. There are 

several variants of this general picture, emphasizing different aspects of the problem and 

making different assumptions. The most up-to-date comprehensive reviews are found in 

Protostars and Planets II (Lin and Papalouzou 1985, Morfill et al. 1985; Hayashi et al. 

1985; Cameron 1985a). These models are reviewed with their differences and similarities 

outlined by Wood and Morfill (1988). 

Scientists interested in the formation of the solid planets also continued to make 

progress. Mter Safronov showed that 1-10 km sized planetesimals would grow rather than 

fragment, a fundamental problem became how these planetesimals were formed in the first 

place. A plausible solution was demonstrated by Goldreich and Ward (1973), although a 

similar idea had been proposed by Gurevich and Lebedinskii (1950) and was invoked by 

Safronov. A thin disk of dust gravitates to the midplane of the solar nebula. Within this 

midplane, gravitational instabilities might develop, causing the dust to gather into km sized 

particles whether the dust is sticky or not. This concept has become an essential part of 

most planetary formation theories and helped bridge the gap between the nebular 

hypothesis and the planetesimal hypothesis. 

By the late 1970's, planetesimal accretion was thought to occur too slowly to account 

for the formation of the Jupiter and Saturn. Cameron (1978) reintroduced and quantified 

Kuiper's gaseous protoplanet model largely to overcome this difficulty. In this scenario, 

the solar nebula is very massive. Gravitational instabilities collapse to form giant 

protoplanets. As protoplanets cool, condensation occurs and solid particles rain to the 

planet's center. Later, a extreme solar wind removes the gaseous envelopes around the 

inner planets, leaving only the rocky cores. In the outer solar system, cores were not 

completely stripped, leaving the gas giants. It is an attractive hypothesis because 1) it is 

based solely on the nebular model and 2) it attributes the same formation processes for all 

planets. When this scenario is scrutinized carefully, however, it runs into nearly fatal 

problems at almost every key step in the process (Pollack 1985). For example, it seems 

implausible that the solar wind could have blown away the required amount of gas 

(Greenberg, 1989), and condensed material probably could not sink to form a core 
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(Stevenson 1985a). It also poorly predicts the ratio of the envelope to core mass and the 

value of the core mass (-15 times the mass of the Earth for all four outer planets). 

Consequently, it has generally fallen out of favor. 

The work reviewed above (and other work not mentioned) has resulted in a consensus 

of the key events that led to planetary formation. Greenberg (1989) points out that such a 

consensus is remarkable, given the large gaps in understanding and because the qualitative 

effect of several processes have not yet been incorporated into numerical models. Part of 

the reason for the consensus is that other alternatives (such as the gaseous protoplanet 

hypothesis) no longer remain viable. Still, important details of the story are disputed 

among various workers. Reviews of the current status of planetary accretion theory 

include Weidenschilling (1988), Wetherill (1989, 1990), and Greenberg (1989). Planetary 

accretion can be conveniently broken down into three periods, corresponding to the 

importance of different physical processes and the way in which they are treated. They are 

designated here as early, middle, and late accretion. In reality, the distinction between the 

three phases is not clear cut; each phase blends into the next phase in a continuous manner. 

When Wetherill, for example, treats late accretion as beginning with 500 planetary 

embryos, he is knowingly neglecting the role of numerous small bodies that are 

undoubtedly still a part of the system. A major difficulty in formulating a complete and 

internally consistent description of the entire accretion process is the need to use different 

approximations during the different stages of accretion and the fact that the validity of these 

approximations do not overlap. Particle in a box (gas kinetics) type calculations work well 

only when the number of particles is large; full orbital dynamics (or even approximations to 

it) is only feasible for a relatively small number of particles. 

Early accretion consists of aggregation of 11m size grains to km sized objects. 

Gravitational forces between the individual grains are not important, although the 

gravitational force of the whole nebula might be. Clues to this period can be found by 

examining undifferentiated meteorites. These meteorites are composed of a complex 

mixture of small particles (grains, refractory inclusions, and chondrules) that were 

somehow assembled into larger parent bodies (planetesimals) that were the precursors to 

the planets. These grains settled into the midplane of the solar nebula. If dense enough, 

the dust layer undergoes gravitational instabilities that cause coagulation of dust particles 

into approximately km sized objects as discussed above (Goldreich and Ward 1973). This 

idea is attractive because it avoids the complex (and poorly understood) physical and 

chemical processes that cause grains to adhere to each other (Wetherill 1989). However, as 
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Weidenschilling (1988) points out, even a small degree of turbulence prevents these 

instabilities from collapsing. He argues that other coagulation mechanisms must operate, 

including van der Waals bonding, electrostatic attraction, ferromagnetism, chemical 

reactions, and sticky coatings. The ability to coagulate depends on several mechanical 

factors, such as relative velocity, particle size, density, fluffy vs. smooth structure, and 

mechanical strength. Growth can occur by several mechanisms depending on the nebular 

environment (which is highly unconstrained at this time). Gas drag, which significantly 

affects particles up to km's in radius, causes drift toward the midplane and orbital decay. 

Coagulation concentrates bodies near the midplane of the nebula with formation of up to 

meter sized bodies on time scales of a few thousand years. Growth up to km sized objects 

requires an additional 103-104 years. As Wetherill (1989) states, this stage of growth "is 

badly in need of further detailed attention." 

The middle stage of accretion involves the growth of 1-10 km sized objects that are 

attracted by their mutual gravity. There does not seem to be much debate about the starting 

point of this stage. This stage has been studied analytically by Safronov (1969), 

Nakagawa et al. (1983), and numerically by "particle in a box" gas kinetics calculations by 

Greenberg et al. (1978), Stewart and Wetherill (1988), and Wetherill and Stewart (1989). 

Growth into large asteroid-sized bodies is governed by gravitational attraction of the objects 

and requires on the order of 105-106 years. The outcome of this stage depends on the 

physics that is included. As a body grows, its gravity increases, causing its gravitational 

capture cross section to also increase. The gravitational cross section, however, also 

depends on the approach velocity. Safronov showed that the approach velocity of particles 

in a particular accretion zone is governed by the escape velocity of the largest planetesimal, 

although if it becomes significantly larger than the second body, control of the approach 

velocity can be passed on to the second body. This demonstration was based on the 

competition between gravitational stirring and collisional dampening. In his model, the 

increase in speed cancels out the increase in gravitational cross section due to increased 

gravity, resulting in a hierarchical, orderly growth. The important implication is that most 

of the system's mass resides in the largest bodies. 

Greenberg et al. IS numerical calculations showed that the largest bodies grow much 

faster than their nearest neighbors. This results primarily because the gravitational cross 

section due to the planet's increased gravity grows faster than the gravitational cross 

section's decrease due to increasing approach velocity. As a result, the largest body grows 

much faster than the secondary body, which in tum grows much faster than the tertiary 
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body, and so forth. Their simulation resulted in a system consisting of only a few large 

bodies, with most of the mass contained in small bodies near their original mass. An 

example of their results is shown as Figure 1.2. Unfortunately, the method breaks down 

well before this stage of planetary accretion is complete. These workers speculate that the 

largest bodies continue to grow much faster than the smaller bodies, resulting in a system 

characterized by only a few large planetary embryos with most of the system's mass 

contained in small bodies. In their calculations, the approach velocity remained nearly 

constant, so the ratio of the impact speed to escape velocity decreased as the planets grow. 

Wetherill (1986) argues that Safronov's results as well as others (Wetherill 1980a, b, 

Stewart and Kaula 1980) show that the impact speed to escape velocity ratio is 

approximately constant. Consequently, the runaway growth observed in Greenberg et 

al. IS models is probably not sustained. Wetherill and Stewart (1989) also performed 

particle in a box calculations of middle stage accretion, using what they felt was an 

improved representation of the random velocities that include equipartition of energy terms. 

Their results are shown in Figure 1.3 for four different sets of assumptions. These 

calculations show that the approach/escape velocity ratio remains near unity as the system 

evolves, leading to less runaway growth than predicted by Greenberg et al. 

Stewart and Kaula (1980) discovered a bifurcation in the equations of accumulation, 

allowing either orderly or runaway growth to occur depending on the initial conditions of 

the system. As a result, the final result of this stage of accretion is not certain. Greenberg 

(1989) describes the two end member possibilities noted above: Large, isolated planetary 

embryos that gravitationally pump up each other's eccentricities until their orbits begin to 

cross and they collide (designated here as hierarchical growth), or a small number of 

runaway growth embryos that grow until they have sweep up all of the material within their 

gravitational cross section and are isolated from the rest of the (much smaller) particle soup 

(designated here as soup growth). Runaway growth can and probably does occur within 

the hierarchical growth framework (Wetherill 1990) as well as in the soup growth 

framework. The critical difference between the two scenarios is whether most of the 

system's mass resides in large bodies (hierarchical growth) or in small bodies (soup 

growth). Which scenario results depends on whether the approach/escape velocity ratio 

decreases or remains relatively constant. This ratio, in turn, determines whether runaway 

growth continues or is limited. The scenario that actually occurred during middle accretion 

is not presently clear. The two end members generate very different initial conditions for 

the thermal histories of the planets. 
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Figure 1.2 Numerical simulation of the evolution of an accreting system using "particle in 
a box" methodology. Initial planetesimals were presumed to be 1 Ian in diameter. Particles 
< 1 Ian in diameter are the result of fragmentation. Most of the system's mass remains in 
small particles around the initial particle diameter (the peak at 1 km), and the encounter 
velocity remains low. This leads to large gravitational cross sections for the largest planets. 
Incipient runaway occurs by the time protoplanets are about 1000 Ian in diameter. Beyond 
that stage, particle in a box approximations break down. Mter Greenberg et ai. (1978). 
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Figure 1.3 Particle in a box calculations performed by Wetherill and Stewart (1989). 
Assumptions are listed on each graph. Fig 1.3a corresponds to the "Safronov case" where 
the random velocity distribution is determined by gravitational perturbations and collisional 
damping. There is no tendency to produce a runaway under these conditions. Fig. 1.3b 
corresponds to the calculations of Nakagawa et al. (1983), where gas drag is considered to 
be the most important damping. There is no tendency to produce a runaway and the 
resulting distribution is similar to Fig 1.3a. Both produce distributions with most of the 
system's mass in the large bodies after starting with most of the mass in small bodies. 
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produced by runaway accretion (the bulge in the mass distribution). Mter 2.6 x 105 years, 
the largest body has swept up the other large bodies and the mass distribution is 
discontinuous. The largest body has a mass of about 1026 g while the remaining bodies all 
have masses < 1024 g. The runaway is even more extreme when the gravitational stirring 
action of the largest body is suppressed (Fig 1.3d). 
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The role of large bodies in the accretion process has received considerable attention as a 

way to explain the present large value of the Earth-Moon system's angular momentum. 

Impacts imparting angular momenta of either sign are nearly equally probable (Wetherill 

1986). Harris (1977) showed that only if relative velocities of planetesimals are strongly 

concentrated at implausibly slow and unstable values (-0.5 km s-1) can average 

accumulation of small bodies result an angular momentum half as large as that of the Earth

Moon system. Simulations of planetary spins and obliquity outcomes (Hartmann and Vail 

1986, Kaula 1990) show that the difference between the planets can be understood as the 

result of accretion of large bodies. These considerations, coupled with the other evidence 

already discussed, have led a large number of workers to believe that the large impact, 

hierarchical scenario of middle stage accretion is correct 

Late stage accretion begins when planetary embryos are isolated from one another or 

from the particle soup containing most of the system's mass. Continued growth requires 

that either hierarchical growth embryos are gravitationally perturbed into crossing orbits or 

that the small particle soup is radially transported. This stage of growth for hierarchical 

accretion has been simulated by Wetherill (1980b, 1985, 1986, 1988a, b, 1992) using 

Monte Carlo techniques under large number of different initial conditions. His early 

simulations (Wetherill 1980a, b, 1985) presumed that embryos had the same mass. Later 

simulations, starting with his work for the Origin of the Moon book (Wetherill 1986) 

presumed a distribution of embryo masses. Early simulations were performed with the 

embryos lying between 0.7 and 1.1 AU, necessary to match the angular momentum of the 

terrestrial planets. The latest simulations included Jupiter as an external perturber and 

spread the embryos out over the entire terrestrial planet region. These simulations show a 

remarkable similarity in the final outcome notwithstanding the large variation in initial 

conditions. The general characteristics of these simulations is described in Wetherill (1989, 

1990) and include a high probability of growing a small number of terrestrial planets 

(usually about 4) in approximately the positions of the present terrestrial planets with their 

approximate mass. Preservation of distinct chemical reservoirs and isotopic signatures is 

not expected because of extensive mixing of protoplanets throughout the entire terrestrial 

planet region. Because of stochastic variation, each planet could show a distinctive isotopic 

signature, although extreme variations are not expected. A comprehensive analysis of 

isotopic mixing might provide a test of this scenario. 

Growth in this environment is also characterized by merger of planetesimals having 

comparable masses, so called "giant" impacts. In this work, a "giant" impact is considered 
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to be any impact where the projectile/planet mass ratio is greater than 0.05 (about the ratio 

of Mercury to the Earth's mass). Giant impacts are partially the consequence of presuming 

that most of the mass in the system at the beginning of the computation is in the large 

isolated embryos and partly due to growth of the individual embryos. Merger of such large 

protoplanets has the potential to significantly change the orbits of the planets. In some of 

Wetherill's late accretion simulations, the "planet" that became Mercury started near Mars' 

present orbit and was placed in its present position by impacts. If this scenario is correct, 

Mercury's anomalously high density cannot be explained by preferential accretion of the 

most refractory materials presumed in the equilibrium condensation models (Lewis 1972). 

It might be explained by the giant impacts (Benz et al. 1989). 

Another important consequence is the time scale required for the system's evolution. 

Growth is rapid at first because of the large number of bodies. The Earth, for example, 

grows to about half of its present mass within about 10 MY. It achieves about 90% of its 

present mass by about 40 MY, but requires an additional 60 MY to acquire its last 10%, 

making the growth time scale on the order of 100 million years. During its growth, it 

typicallyaccretes 1 Mars-sized object (or larger) 1 object between Mars and Mercury sized, 

and several lunar-sized objects. The consequences of accretion in this environment are 

examined in this work. 

If middle stage accretion is characterized by soup growth and the majority of the 

system's mass remains in small objects, late stage accretion continues only by radial mass 

transport after the embryo's accretion zones are depleted. Greenberg (1989) outlines a 

number of different processes that might accomplish this, including pumping up 

planetesimal eccentricities by gravitational stirring, collisional diffusion, embryo-soup 

torques that may cause significant orbital change of embryos, gas drag, and resonance 

effects. Since most of the mass is contained in small objects, growth in this environment is 

relatively quiescent, punctuated only by the occasion impact of fairly large object. This 

accretion environment has important, but different consequences for the initial thermal state 

of the planets that are discussed later. Unfortunately, this type of growth has not been 

modeled in the detail that hierarchical growth has been. 

In summary, the general story of planetary accretion is now accepted by most workers, 

but it is not complete. There are two plausible outcomes of the process: A late stage 

marked by infrequent, but very violent impact events or a rather quiescent final stage of 

accretion characterized by the sweeping up of numerous small planetesimals. The thermal 

consequences are different in each case. This work explores the consequences of planetary 
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accretion in the large impact environment. The history of thermal models is reviewed in 

§1.3. 

1.2.2 Role of Increasing Projectile Sizes 

A characteristic of Chamberlin's planetesimal hypothesis and its later incarnations is 

that the size of the impactors is quite small. Chamberlin's original goal was to have the 

Earth accrete cold, which required small bodies colliding at low speeds. As seen in §1.2.1, 

there is still a debate about the size of impactors involved in the accretion process. Over the 

years, there has been a growing appreciation for processes that require the formation of 

relatively large planetesimals. Processes recognized before Safronov's work was well 

known include lunar-sized meteorite parent bodies (Urey 1959) and capture theories for 

lunar formation (Gerstenkorn 1969, Singer 1972). Once the Safronov theory became well 

known, the role of large planetesimals became more widely appreciated. Several other 

processes involving large planetesimals were recognized, including disintegrative capture 

by bodies passing within the Roche limit of the Earth (Opik 1972, Smith 1974, Mitler 

1975), impact heating of the Earth (Safronov 1969, 1978) and Moon (Ruskol 1975), 

formation of the Moon by large impacts (Hartmann and Davis 1975, Cameron and Ward 

1976), pre-differentiation of lunar planetesimals (Kaula and Bigeleisen 1975) and the 

existence of large bodies necessary to produce the late heavy bombardment during the 600 

MY after the end of accretion (Wetherill 1975). Today, giant impacts are invoked for many 

of the unexplained phenomena of the solar system, including lunar formation (see § 1.2.3), 

the existence of large lunar basins (Cadogan 1974; Wood and Gifford 1980), the 

anomalously high density of Mercury (Benz et al. 1988), the obliquities and spins of the 

terrestrial planets (Hartmann and Vail 1986, Kaula 1990), the Martian crustal dichotomy 

(Wilhelms and Squyres 1984, Frey 1991), and core formation of the Earth and other 

terrestrial planets (Tonks and Melosh 1992). 

Safronov recognized that his orderly accumulation theory predicted that there is a 

hierarchical distribution of planetesimal sizes rather than the approximately 1-10 km bodies 

predicted from earlier theories. The solution to the coagulation equation he obtained did not 

predict the size of the next largest planetesimal with any degree of accuracy. This is 

primarily because of the tendency for runaway accretion. Making use of runaway 

accretion, he predicted a second largest mass planetesimal in the Earth's accretion zone of 

about 10-3 earth masses. Attempts to calculate the size distribution of the largest bodies 

were undertaken by Marcus (1965, 1969), Hallam and Marcus (1974), Hartmann and 
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Davis (1975), and Weidenschilling (1974) using less comprehensive treatments than 

Safronov. Hartmann and Davis concluded that the availability of large planetesimals is 

strongly dependent on the velocity distribution and predicted that under plausible 

conditions, 500-3000 km secondary and tertiary objects could have been formed in the 

Earth's accretion zone. They then went on to propose that the Moon was formed from 

material ejected by these large collisions. 

Wetherill (1976) used a variant of Safronov's approach to calculate the size of the next 

largest planetesimal. He points out that as the planetesimal distribution evolves, contrary to 

Safronov, that the speed distribution in the Earth's accretion zone is not dominated 

completely by the protoearth. Rather, planetesimals are excited into orbits that not only 

cross the protoearth's orbit, but the orbit of proto Venus as well. Consequently, the 

runaway of the largest planetesimal is reduced and the smaller planetesimals grow in an 

orderly, hierarchical fashion. He showed that the second largest planetesimal can be as 

large as 0.5 the planet'S mass, but is more likely to be around 0.1 of the planet's mass. 

Cameron and Ward (1976) approached the problem in a different way. It has long been 

known that the Earth-Moon system possesses an anomalously high angular momentum 

compared to the other terrestrial planets. They proposed that the excess angular momentum 

was brought into the system by a large planetesimal and estimated the mass necessary to 

provide it. The angular momentum brought in by the planetesimal is the product of three 

values 
(1.2.1) 

where L is the magnitude of the angular momentum, mp is the projectile's mass, Vi is the 

impact speed, and b is the impact parameter. All three parameters are variables in the 

calculation. The impact parameter can vary between 0 and the combined radii of the 

protoearth and projectile, the impact speed must be at least as great as the escape velocity of 

the Earth (at the point of contact with the projectile) and could be greater, and the mass is 

the variable desired. The angular momentum in the initial calculations was set equal to 

approximately the angular momentum of the present Earth-Moon system. Cameron (1992) 

has more recently argued that this angular momentum sets a lower limit on the collision 

because over the history of the solar system, solar tides have continually removed angular 

momentum from the Earth-Moon system. Using reasonable values of the impact speed, 

they calculated the projectile's mass. The minimum mass necessary was found to be about 

0.1 times the mass of Earth. They proposed that a collision of this magnitude would eject 

several lunar masses of material at nearly the Earth's escape velocity that would coalesce to 
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form the Moon. 

Additional work has not clarified the issue of the next largest impactor in an accretion 

zone. As discussed above, the outcome of middle stage accretion is not certain. Giant 

impacts are characteristic of Wetherill's simulations of the late stage of accretion. He also 

argues that past efforts have concentrated on the growth of bodies with one dominant 

protoplanet. At some stage in middle accretion, however, both protoearth and protoVenus 

become involved in gravitationally stirring planetesimals. With an increase in relative 

velocity that two planet stirring brings, there is a increase (relative to the largest 

proto planets) in the accumulation rate of smaller protoplanets. From all of the above 

considerations, it seems likely that the largest planetesimals that the Earth accreted had 

masses near those of the smaller terrestrial planets. 

1.2.3 Origin of the Moon by Giant Impact 

One of the stated scientific goals of the Apollo program was to determine which of the 

competing lunar origin theories was correct. At that time, there were three classic lunar 

origin hypotheses: Coaccretion (the "binary planet" theory), fission from the Earth, and 

intact gravitational capture. A brief history of lunar origin theories up to 1935 is found in 

Brush (1986). Later lunar origin theories are reviewed by Brush (1981, 1982). 

Co accretion was originally discussed as part of Laplace's original nebular hypothesis. 

It was later placed in the then current cosmogony by Roche, who corrected Laplace's 

calculation of the extent of the Earth's rotating atmosphere. G. H. Darwin studied the 

effects of tides in removing angular momentum from the Moon and traced its history back 

to a time when the Moon must have been within 6,000 miles of the Earth. He concluded 

"that if the Moon and Earth were ever molten viscous masses, then they once formed parts 

of a common mass" (Darwin 1879, p. 536). The popular concept that the Moon was once 

derived from where the Pacific ocean is now located (which the author remembers being 

taught in grade school) was added in a letter to Nature by Fisher (1882). Poincare's 

theory of rotating spherical fluid bodies was incorporated as was Fisher's speCUlation. The 

fission theory was attacked by Moulton and by American astronomer See (1909 a, b). See 

proposed that the Moon, like other satellites, was captured. Other writers had proposed the 

idea of capture, but were generally ignored. Jeffreys (1930), a firm supporter of Darwin's 

fission theory earlier in his career, attacked it and deprived it of most of its support. Until 

the 1950's there seemed to be no progress or consensus about the origin of the Moon. No 

more than a handful of scientists supported any given theory. NOlke (1922, 1924, 1930) 
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was probably the most influential writer on the subject, defending a modified coaccretion 

hypothesis. Daly (1946) published a paper on lunar origin in which he included a 

speculation that the Moon may have been formed by the impact of a protoplanet onto the 

newly formed Earth. However, his paper was published in the Proceedings of the 

American Philosophical Society, a publication that astronomers and physical scientist 

generally do not read for technical information. This paper was discovered and reported 

only recently (Baldwin and Wilhelms 1992). Capture was placed back in the spotlight in 

the 1950's by Gerstenkorn (1955) who retraced the Moon's orbit to an earlier epoch (much 

as Darwin did) and proposed the Moon had been captured in an initially retrograde orbit. 

The capture hypothesis was popularized by Urey (1966), MacDonald (1966), and Singer 

(1968). At the time of the Apollo moon landings, it was probably the most popular of the 

theories, due largely to Urey's influence. He argued that the Moon was one of the original 

protoplanets and much could be learned about early solar system history by studying the 

lunar samples (see Brush 1981 for a summary of Urey's contribution). Ringwood (1960) 

and Wise (1963) resurrected the fission hypothesis. Coaccretion was discussed by 

Schmidt (1959) and developed in detail by Ruskol (1960, 1963, 1972a, b , 1973), and 

later by Harris and Kaula (1975), and Harris (1978). At the time of the lunar landings, all 

three concepts had vocal advocates. 

Contrary to the stated scientific goal, the lunar landings and study of lunar samples did 

not answer the question as to which of the three classical theories was correct. In fact, all 

three failed (see Wood 1986, for a review of the hypotheses) although each still claims 

adherents. The Moon was found to have formed a global primordial feldspar-rich crust 

with a positive europium anomaly. Pieces of this crust were found in both mare breccias 

and in the lunar highlands. The mare basalt source region appeared to have the 

corresponding negative europium anomaly. §6.2 discusses how these anomalies may have 

been formed. It appeared that the Moon underwent global differentiation early in its 

history. As a consequence, a global magma ocean was postulated to have formed in the 

early history of the Moon (Wood et al. 1970). In this global magma layer, the less dense 

feldspathic component floated and the denser components sank (see §6.2 for a more 

detailed version). Models of whole lunar composition based on the returned samples 

indicated that the bulk composition of the Moon is very similar to that of the Earth's mantle 

(see Taylor 1986, Drake 1986). Additionally, the oxygen isotopic signature of both the 

Earth and Moon are identical to within analytical error (Clayton and Mayeda 1975). This 

signature is distinct from samples of all other planetary objects, including the SNC 
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meteorites, which are thought to have come from Mars. These considerations imply that 

the Moon and the Earth were born out of the same material. Additionally, all intact silicate 

planets are known to have a significant complement of iron. The bulk density of the Moon 

(about 3340 kg m-3) is very close to that of the Earth's mantle. Consequently, the Moon is 

highly depleted in iron compared to the Earth, a fact that must be accounted for by any 

lunar origin theory. These considerations, along with the dynamical problems, create 

nearly fatal arguments against the gravitational capture hypothesis. 

Fission is attractive because it naturally explains the observed iron depletion, the 

oxygen isotopic data, and the overall compositional similarity to the Earth. However, its 

fatal flaw is the amount of angular momentum required to make the mechanism work. The 

prefission Earth must have about 4 times the angular momentum that it presently does. As 

discussed above, accretion of small planetesimals does not lead to high angular momenta. 

Another question is where did the extra angular momentum go? Solar tidal braking is not 

efficient enough to do the job. Other mechanisms that have been proposed do not appear to 

be physically plausible. 

Co accretion is attractive because it does not require invoking a rare event (such as an 

oblique giant impact at the end of accretion) to do the job. It explains the silicate chemistry 

well, but has difficulty explaining the lunar low iron content, the angular momentum of the 

Earth-Moon system, and melting of a magma ocean. 

A variant of both the fission and coaccretion hypotheses was proposed by Ringwood 

(1970). He argued that because the Moon appears to be chemically like the Earth's mantle, 

it must have been derived from it. He suggested that a fairly large number of impacts 

characteristic of accretion somehow boiled off material from the Earth's mantle that accreted 

in a circumterrestrial disk to form the Moon. His model was severely criticized on 

dynamical grounds by Wood (1977), who argued that it not possible for a large number of 

impacts to concentrate enough material in orbit to form the Moon. Additionally, the angular 

momentum problem still remains. 

The giant impact hypothesis is the most recent of the lunar origin theories. It was 

heavily discussed at the 1984 conference on the origin of the Moon and is currently the 

most widely accepted theory of lunar origin. It has been studied by detailed numerical 

calculations performed by H. J. Melosh and M. E. Kipp at Sandia National Laboratory 

(Kipp and Melosh 1986, Melosh and Kipp 1987), and by W. Benz, Cameron and 

coworkers in a series of 4 papers (see §6.2 for references). Other aspects of the problem 

have been studied by Ward and Cameron (1978), Ringwood (1979), Cameron (1983, 
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1985b, 1986), Thompson and Stevenson (1983), and Stevenson (1984, 1985b). The 

scenario envisages a giant projectile (-0.1 times the mass of Earth) colliding with the Earth 

at an oblique angle (necessary to impart the angular momentum). Because both bodies are 

already hot from accretional heating, the collision produces a large vapor volume. The 

vapor expands and some is placed into orbit. After condensing, the orbiting material 

accretes into the Moon. Because accretion in a geocentric accretion disk is thought to be 

much, much faster than around a circumsolar disk, a magma ocean might form due to 

accretion of this material (however, see Davies 1985, who claims that an accreting body's 

temperature depends on its radius and not on its growth rate). The model explains the 

similarity between the chemistry of the Moon and the Earth's mantle (they are made out of 

similar material), the low iron content (the core of the impactor is envisaged as merging 

with the Earth's core, and virtually no iron gets into orbit), the oxygen isotopes (as long as 

the projectile was close to the isotopic composition of the Earth), the low lunar volatile 

content (since vaporized volatiles would be preferentially lost from the accretion disk by 

solar wind or continued acceleration by pressure gradients), and the angular momentum 

problem. The giant impacts necessary for the mechanism to work are the natural outgrowth 

of Safronov-Wetherill hierarchical accretion, although the timing of such an event could be 

a problem (Ringwood 1990). While there are still many details left to be worked out and 

objections to be answered, it is safe to say that the impact origin of the Moon has a greater 

consensus among scientist than any other theory that has been proposed since Darwin's 

fission theory fell out of favor in the 1930's. 

1.2.4 Present Status 

The giant impact hypothesis still has many details to be worked out. There are 

questions as to whether the predicted composition of the Moon is correct, how much 

impactor material was incorporated into the Moon, how elements were fractionated by 

volatility, the mechanisms and volume of material placed into Earth orbit, and many others. 

One of the very interesting objections that has been raised are the effects that the giant 

impact would have on the Earth itself (Ringwood 1990). These effects are the subject of 

this work. 

1.3 INITIAL THERMAL STATE OF THE PLANETS 

1.3.1 Physicist's Model 

Ideas about the initial thermal state of the Earth and Moon also have a rich history. 
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Laplace's nebular hypothesis predicted that the planets formed hot as they condensed from 

the nebular cloud. Geologists and physicists of the 19th century accepted a hot initial 

Earth. Geologists used it to explain geological processes such as mountain building (see 

§1.2.1). The great debate over the solidity or fluidity of the Earth was not an issue about 

the initial thermal state, but its present state, as Kelvin showed that an initially molten Earth 

would completely solidify in 20-100 MY. 

Chamberlin (1897) was the fIrst to criticize the hot initial Earth based on the abundance 

of C02 as discussed in § 1.2.1. Acceptance of his cosmogony also lead to acceptance of a 

cold, initial Earth. Over the years there were many speculations about the initial thermal 

states of the planets. It was recognized that radioactive decay was an important energy 

source as well as the energy released from core formation and accretional energy. Because 

of radioactive decay, it was possible to construct models of core formation that depended 

only on radioactive heating (e.g., Elsasser 1963). The author recalls being taught as late as 

1982 in an introductory geology class that the Earth formed as cold, homogeneous object 

and was gradually heated due to radioactive decay until it differentiated (Press 1978, pp. 

12). Early attempts at calculating the accretional heating (e.g. Hanks and Anderson 1969, 

Urey 1952, pp. 110, Mizutani et al. 1972) presumed what has been described as the 

"physicist's model" of accretion (Melosh 1990). In this model, a layer of thickness dr is 

added to the outside of the planet in time dt. The layer is assumed to be laterally uniform 

and infinitesimally thin, assumptions that are not physically COlTect. The in falling material 

brings the kinetic energy it possesses at an infinite distance from the planet, its gravitational 

binding energy, and any internal energy it initially possessed. This energy is converted 

into internal energy upon impact, causing the temperature to rise. This energy is balanced 

by the energy that is radiated to space and heat conduction to the interior. An equation 

describing the energy balance between these competing modes can be written (e.g., Melosh 

1990, eq. 1). Studies based on this equation show that radiation is extremely effective in 

removing accretional energy. In order to cause melting of the Earth, Hanks and Anderson, 

for example, required accretion to occur in 105-106 years. Mitzutani et al. (1972) found 

that the Moon must accrete within 1000 years for magma ocean formation. These time 

scales are much shorter than the accretion time scale. Taken at face value, the implication is 

that the Earth and the other telTestrial planets accrete as relatively cold objects. If so, core 

formation is delayed until some time after accretion has occurred and the Moon was never 

substantially molten. 
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1.3.2 Large Impact Thermal Histories 

Safronov (1969, 1978) first discovered the solution to this difficulty. He realized that 

planets do not accrete in the idealized way visualized in the physicist's model. Instead, 

each impactor generates a crater and a localized hot ejecta blanket of finite thickness in 

addition to the directly heating the rocks beneath the crater. Because of its finite thickness, 

only the very top layers of the ejecta blanket cool rapidly; lower layers require a much 

longer time to cool. However, a growing planet has another ejecta blanket heaped on top 

of the original blanket, insulating it from further heat loss. If accretion is sufficiently rapid 

and the ejecta blankets are sufficiently thick, there is a net deposition of accretional heat into 

the planet. Melosh (1990) estimated that if the accretion time scale is 100 MY, a 

planetesimal must be larger than about 15 km before it generates an ejecta blanket thick 

enough to retain a significant fraction of its accretional energy before being buried by 

another ejecta blanket. Large impacts also help in accretional heat loss, however, by 

excavating initially hot material, which more readily radiates to space, and by causing 

stratigraphic uplift of more deeply buried, hot material. Because the deeper hot material is 

closer to the surface, its energy can more readily escape to space. In the hierarchical 

accretion scenario, most of the planetesimals are larger than this limit; in the soup accretion 

scenario described by Greenberg (1989), most of the mass remains in bodies 1-10 km, at 

or somewhat below this limit. Safronov (1969, 1978), Ruskol (1975), and Wetherill 

(1976) studied accretional energy deposition in the hierarchical accretion environment 

analytically and Kaula (1979, 1980) modeled it using computer simulations. The major 

difficulty in these studies is determining the balance between the complex and competing 

processes of ejecta blanket burial, direct shock heating of the rock, and heat loss due to 

stratigraphic uplift, and radiation. Kaula lumped all of these poorly modeled processes into 

a single factor, h, which represents the fraction of the projectile's kinetic energy that shows 

up as internal energy in the target. h must vary between 0 (no net heat deposition) to 1 (all 

of the projectile's kinetic energy is converted to target internal energy). It is generally 

thought that in the hierarchical accretion environment, h > O. Kaula assumed a value of 

0.133 for his standard model. Figure 1.4 shows the results of his" standard model". The 

planet's interior is cold, due to the low impact speeds of small planetesimals, with the 

temperature increasing toward to outside as the planet grows. The increasing temperature 

results from increased impact speed. Once the planet reaches the size of Mars in his 

"standard model", accretional heating is sufficient to cause melting of the planet's outer 

layers. 
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Figure 1.4 Result of Kaula's (1979) numerical simulation of the thermal history of a 
growing planet in a hierarchical planetesimal environment. By the time the planet reaches 
about 10% of Earth's mass, the temperature of the outer edges has reached the melting 
temperature. Growth from 10% to 100% of the Earth's mass is accomplished in a high 
temperature environment. The projectile kinetic energy to target internal energy factor, h, is 
set to 0.133. 
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Kaula (1980) included the effect of convection in cooling the molten region of the 

planet. He concluded that the planet's temperature did not increase much above the 

liquidus because convection is efficient at removing energy. Additionally, he concludes 

that core formation began when the planet was about 10% the mass of the Earth. These 

studies conclude that significant melting is a consequence of accretion in a hierarchical 

environment. When applying the same model to the Moon, he found that it is difficult to 

melt that body. If melting occurs, it does so relatively deeply rather than at the near surface 

due to impact mixing of the near surface layers and the planet's rapid growth. 

1.3.3 Thermal Effect of Giant Impacts 

Study of the thermal effects of giant impacts has begun only recently. Although Kaula 

(1980) implied that the larger the projectile, the more projectile kinetic energy is converted 

into target internal energy (i.e., the factor h increases), interest in the thermal effects of 

giant impacts on the planet began only after the Origin of the Moon conference in 1984 with 

its emphasis on the giant impact hypothesis of lunar origin. Most of the early attention 

concentrated on the plausibility of forming a circum terrestrial disk out of which the Moon 

might accrete. Very little work was directed toward the effects on the Earth until the 

Conference on the Origin of the Earth in 1988. Simple physical considerations, such as 

those repeated in §4.1 showed that the available impact energy was sufficient to melt the 

entire planet (Melosh 1990). Stevenson (1987) pointed out, however, that the distribution 

of impact energy may be as important as or more important than the total available energy. 

Numerical simulations of the Moon-forming giant impact (Benz et al. 1986, 1987, Kipp 

and Melosh 1988) showed that formation of the circum terrestrial disk was possible. They 

indirectly showed the effects of the giant impact on the Earth. Both works indicated that 

melting was widespread, and both authors conclude that the effect of the giant impact is 

wide scale melting. However, these authors did not quantify the melt volume, look in 

detail at its distribution, or study its implications. 

This work explores the thermal effects of giant impacts. Chapter 2 introduces the 

physics of the impact process necessary to develop a semiquantitative model of the melt 

produced in an impact. Chapter 3 examines the distribution of that melt. Chapter 4 uses 

the impact melt model of Chapter 2 coupled with the melt distribution to calculate the depth 

of magma oceans generated by giant impacts. Chapter 5 discusses the mechanism of 

impact-induced core formation and develops an accretion model that estimates the planet 

mass necessary for giant impacts to efficiently induce core formation. Chapter 6 critically 
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examines the implicit assumption that a magma ocean necessarily differentiates by fractional 

crystallization by looking at the stirring action of thermal convection. Finally, Chapter 7 

summarizes the results of this study, discusses its implications, and points the direction for 

future study. 
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2. THE PHYSICS OF SHOCK-INDUCED MELTING 

2.1 INTRODUCTION 

Any attempt to estimate the melt volume produced an impact necessarily requires a 

knowledge of the physics of impact cratering and shock wave propagation and attenuation. 

This chapter describes the physics necessary to develop a semiquantitative shock melting 

model. Concepts presented in §2.2-§2.4 were developed by other workers and are 

described here because they are used later. §2.2 describes the stages of impact cratering a 

as general background to the cratering process, §2.3 discusses the physics of shock waves 

in solids, §2.4 describes equations of states necessary to compute thermodynamic 

quantities such as the internal energy and entropy, and finally §2.5 describes the integration 

of these bodies of physics into a shock melting model. This model is applied in later 

chapters to estimate the volume of melt produced by a giant impact and determine 

conditions under which giant impacts trigger core formation. 

2.2 STAGES OF IMPACT CRA TERING 

Impact cratering is a complex, rapid, but orderly process. To aid in understanding of 

such a process, it is convenient to subdivide it into stages, such as was done for the stages 

of accretion in § 1.2. As in accretion, the subdivision can be accomplished because 

different physical processes dominate during different stages. In performing such a 

subdivision, it is vital to remember that the stages blend into each other and that defining 

exactly where one stage ends and another begins is somewhat arbitrary. What happens at 

the end of one stage may be happening contemporaneously with the beginning of the next 

stage. Nevertheless, it is convenient to divide impact cratering into three stages: contact 

and compression, excavation, and modification. This division was first suggested by 

Gault et al. (1968). Because these divisions are referred to later, they are briefly described 

here. Each stage is developed in detail in one or more chapters of Impact Cratering: A 

Geological Process by H. J. Melosh (1989). 

The contact and compression stage begins when the projectile first contacts the planet. 

During this stage, the projectile-target interface is significantly compressed as the projectile 

pushes target material out of its path and as the target resists the projectile's penetration. 

Compression results in areas of high pressure, generating a shock wave that propagates 

throughollt the target and projectile. These shock waves begin with pressures typically of 
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the order of several hundred GPa near the impact site at impact speed of a few kIn s-l. The 

net effect of this stage is the partitioning of projectile kinetic energy into the target. Once 

the shock wave reaches the back interface of the projectile, it reflects and changes into a 

rarefaction wave that also propagates through the projectile, causing the projectile material 

to unload from high pressure. The contact and compression stage is considered completed 

when the rarefaction wave propagates completely through the projectile. 

The excavation stage is characterized by two interrelated processes: shock wave 

propagation and excavation flow field initiation. An approximately hemispherical shock 

wave propagates outward from the point of contact followed by a rarefaction wave that 

decompresses the material. The shock imparts a radially outward velocity field to the 

material in addition to doing irreversible work on it. The rarefaction wave causes 

decompression of the shocked material and imparts an upward and outward component to 

the velocity field. This velocity flow field sets up the excavation flow, which results in the 

formation of what is known as the "transient crater". Its shape and size depend in the 

projectile's initial density, mass, and impact speed, and on target strength and gravity. 

This stage is considered complete when the transient crater is forms. 

The modification stage begins immediately after L'le crater excavation. Generally, the 

transient crater is not stable in the target's gravitational field. As a result, the transient 

crater is modified until the resulting structure is gravitationally stable. The results of the 

modification stage depend on the size of the transient crater. For small craters, the transient 

cavity has walls that are steeper than the angle of repose, thus collapse of the crater wall is 

common. Larger craters are modified more spectacularly, leaving slump terraces and even 

central peaks. Even larger craters produce multiringed basins. What happens at the scale 

of giant impacts considered here is not clear. There is rapid isostatic adjustment. The time 

scale for isostatic adjustment is a function of the effective viscosity of the entire planet. It 

undoubtedly depends on the fraction of melt retained within the crater as well as on the 

planet's gravity, discussed further in Chapter 3. 

2.3 SHOCK WAVES IN SOLIDS 

2.3.1 Introduction 

A basic knowledge of shock wave generation, along with their propagation and decay 

is essential to understanding the processes that occur during a hypervelocity impact, 

including cratering flow and changes in the properties of materials involved. Shock waves 

are not the only possible types of waves that propagate in solids; others include elastic 
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waves and plastic waves, each representing a stronger disturbance in the material. These 

types of waves are not considered here. 

This remaining sections of this chapter review the physics of shock wave formation, 

propagation, and decay. First, shock wave generation and equations describing parameter 

changes across the shock are reviewed (§2.3.2). To apply these equations, the material's 

equation of state must be known (§2.4). Once both these equations and the equation of 

state are known, the thermodynamic states accessible to a shocked material can be 

calculated. The locus of all possible shocked states from a given set of initial starting 

conditions is known as the Hugoniot curve and is discussed in (§2.3.3). The thermal 

effects of shocking a material are considered next (§2.4). Shock wave decay is then 

reviewed (§2.5.2). Integrating these concepts leads to a model of shock-induced melting 

that can be used to quantify the melt volume produced by the initial shock wave (§2.5.3). 

Melt distribution is considered in Chapter 3. 

2.3.2 The Hugoniot Equations 

A high speed impact of two bodies causes sudden compression of both the projectile 

and target as the projectile-target interface is rapidly accelerated. This sudden compression 

generates an area of local high pressure. This high pressure area radiates outwards as a 

shock wave that propagates through both the projectile and target, transforming the 

projectile's kinetic energy into other energy forms. The local high pressure area becomes 

increasingly large as more of the projectile and target become involved. If the impact speed 

is larger than the shock wave speed, a volume of target material approximately equal to the 

projectile's volume is compressed to a high, approximately constant pressure. This core of 

high pressure has been observed in numerical calculations (e.g., O'Keefe and Ahrens 

1975, 1977, Vickery and Melosh 1992, unpublished data) and has been called the "isobaric 

core" (Croft 1982). Use of the isobaric core is a convenient calculational tool and a good 

approximation as long as impact speed is higher than the shock speed. The radius of the 

isobaric core is computed in §2.4.6. 

As the shock passes, the material's thermodynamic state changes very rapidly from its 

initial state to the shocked state. The change is so rapid that the shock can be treated as a 

mathematical discontinuity. The relationships between thermodynamic parameters across a 

shock were first derived by P. H. Hugoniot in 1887 and are known as the Hugoniot 

equations. They are 

p(U - up) = PoU (2.3.1) 



P -Po = PoupU 

E - Eo = (P + Po)(Vo - V)/2 
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(2.3.2) 

(2.3.3) 

where Po and p are the uncompressed and compressed densities, Vo (=1/po) and V (=1/p) 

are the corresponding specific volumes, Po and P are the pressures in front and behind the 

shock front, Eo and E are the specific energies of the material in front and behind the 
shock, up is the particle velocity behind the shock front, and U is the shock speed. The 

Hugoniot equations represent conservation of mass, momentum, and energy across the 

shock respectively and are strictly valid for fluids. A simple derivation of these equations, 

is found in Melosh (1989), Appendix 1. In solids, pressure must be replaced by the 
longitudinal stress, -crL, for the equations to be valid. However, P = -crL - 2Y/3, where Y 

is the yield stress. If P»Y, true of all cases considered in this work, the scalar pressure 

can be used without serious error (Melosh 1989, p. 38). 

The Hugoniot equations provide the fundamental quantitative description of the changes 

in thermodynamic properties across the shock. However, they do not directly calculate 

several important thermodynamic quantities, such as temperature and entropy. 

Additionally, the Hugoniot equations do not predict the outcome of the shock event, such 

as the temperature or phase after decompression. Because is information is related to the 

thermodynamic parameters calculated by the Hugoniot equation, it can be derived using the 

material's equation of state. 

2.3.3 The Hugoniot Curve 

The shock causes an extremely rapid change in the material's thermodynamic 

parameters, resulting in irreversible work being done on the material. Shocking a material 

to a given shock pressure from a specified initial state results in a unique shock state. The 

locus of all possible unique states to which a material can be shocked from a given initial 

state is called the Hugoniot curve. An example of the Hugoniot curve of dunite initially at 

room temperature and atmospheric pressure is shown in Figure 2.1. It was calculated 

using the ANEOS equation of state package (Thompson and Lauson 1984), discussed in 

§2.4.4. The Hugoniot curve can be plotted as a function of any two thermodynamic 

variables (once derived from the equation of state). Typically, Hugoniots have been plotted 

in P-V space because area such a diagram represents work. For our purposes, it is more 

convenient to plot the Hugoniot in pressure-entropy (S) space. Fig. 2.1a shows the 

Hugoniot plotted in P-V space; Fig. 2.1 b shows the same Hugoniot plotted in P-S space. 
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Figure 2.1 The Hugoniot curve of dunite plotted in pressure-volume space (Fig. 2.1a) and 
pressure-entropy space (Fig. 2.1b). Also shown are typical release adiabats. The release 
adiabat plots as a vertical line in P-S space regardless of how complex the material is. 
These curves were constructed using the ANEOS equation of state for dunite (Benz et al. 
1989) 
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The Hugoniot curve is not a thermodynamic path. Shock compression is an irreversible 

process and as such cannot be represented by a continuous path on a thermodynamic 

diagram (see Melosh 1989, p. 38-39). A straight line from the initial state to the shocked 

state lying on the Hugoniot is called the "Rayleigh line". 

Mter the shock passes, the material decompresses from its shocked state to ambient 

pressure. Decompression from the shocked state is an adiabatic process, occurring on a 

time scale short compared to the heat diffusion time scale, but long compared to the 

system's relaxation time scale. Thus the second law of thermodynamics implies that the 

process is isentropic. Hence, decompression can be represented as a continuous 

thermodynamic path from the shocked state to ambient pressure. Typical release adiabats 

are also plotted on Figure 2.1. On a pressure-specific volume diagram, the release adiabat 

is close to the Hugoniot. As a result, the Hugoniot curve has been used to represent the 

release adiabat. The area under the Rayleigh line represents the work done on the material 

by the shock; the area under the release adiabat is the reversible energy retrieved from the 

material upon adiabatic release. The difference in these two areas represents the irreversible 

work done on the material by the shock. Release adiabats have been plotted in pressure

temperature space by Melosh (1990), Melosh and Vickery (1991), and in density-entropy 

space by Kieffer and Simonds (1980). In these spaces, release adiabats are complex 

thermodynamic paths. In pressure-entropy space, however, the release adiabat is 

particularly simple, namely a vertical line (Fig. 2.1b). For the present purpose, it is most 

useful to plot Hugoniots and phase diagrams in pressure-entropy space (§2.5.2). 

2.4 EQUATIONS OF STATE 

2.4.1 Introduction 

The state of a material is its unique thermodynamic condition. It is specified by 

knowing all of a material's thermodynamic parameters. For example, if a material's 

pressure (P), temperature (T), specific volume (V = lip), entropy (S), and internal energy 

(E) are known, the material's state is specified. If anyone of these parameters change, the 

material is in a different state. The equation of state is the relationship between a 

material's thermodynamic quantities. It can be written in several ways; for example, P = 
P(E, V) = P(S,1) = P(p,1). If the equation of state and any two thermodynamic parameters 

of a material are known, its state is uniquely determined. All other thermodynamic 

parameters are fixed. The equation of state includes all the complexities of the atomic, 
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molecular, and crystalline structure of the material. Consequently, realistic equations of 

state of complex materials like silicate minerals and real rocks are impossible to derive from 

fundamental principles. Progress can be made, however, by applying various 

approximations to different regimes of behavior and by constraining models with 

experimental data. Because of its importance to many fields of study, the equation of state 

of many materials has received extensive research. Examples are discussed in later sections 

of this chapter. Additionally, Poirier (1991, Chapter 4) reviews several different equations 

of state. 

The simplest equation of state is that of an ideal gas. It is valid for a dilute group of 

particles that interact only by elastic collisions. The relationship is given by the familiar 

equation 

PV=vRT (2.4.1) 

where R is the universal gas constant, v is the number of moles of gas present, and the 

other symbols are defined above. At the opposite extreme is the Thomas-Fermi equation of 

state. It is the limit where material is compressed sufficiently that the electrons are 

degenerate; shared uniformly by all the nuclei. They obey the exclusion principle; hence 

the electron gas is treated by Fermi-Dirac statistics. The material loses its atomic identity. 

The Thomas-Fermi equation is valid for pressures comparable to the deep interior of stars 

(> 10,000 GPa). Even Earth core pressures are well below the limit where it can be 

applied. Neither the ideal gas nor the Thomas-Fermi equation of state have application in 

the planetary problems are considered here. Equations of state that are more applicable to 

the problem of high speed impacts are now considered. 

2.4.2 Linear Shock-Particle Velocity Relationship 

Two important measurable parameters in shock wave studies are the shock velocity and 

the particle velocity. The shock velocity (U) is the speed that a shock wave propagates 

through a material at a given temperature and pressure. The particle velocity (up) is the 

speed to which a small parcel of material, macroscopic compared to atomic dimensions, but 

small compared to the dimensions of the impact, is accelerated by the shock. Particle 

velocity is in a direction parallel to shock wave propagation. For a specified state of the 

material, there is a specific particle velocity that corresponds to a specific value of the shock 

velocity. Consequently, specification of the particle and shock velocities specifies the 

material's state, providing yet another way to express the equation of state. The conversion 

between the pair (U, up) and (P, V) is accomplished through the Hugoniot equations. 
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If the shock velocity is plotted versus the particle velocity, and a polynomial is fit to the 

result, a linear relationship frequently results (Takeuchi and Kanamori 1966; Melosh, 1989 

pg.252): 

u= C} + C2Up (2.4.2) 

where C} and C2 are experimentally measured parameters of the material. Only a few 

materials have quadratic and higher terms. Even in complex materials that undergo phase 

changes, the shock-particle velocity equation of state can usually be represented by a small 

number of individual segments. There are notable exceptions to this general trend (Rigden 

et al. 1988). Why this linear relationship exists is unclear as there is no known 

fundamental physical reason for it. Berger and Joigneau (1959) and Ruoff (1965) showed 

that if the Hugoniot equations are combined with the Mie-Griineisen equation of state, it is 

possible to express the shock velocity as a power series of particle velocity. Eq. (2.4.2) 

includes the first two terms of the expansion. Although its theoretical basis remains 

elusive, the linear shock-particle velocity relationship is an established experimental result 

that can be exploited. The linear shock-particle velocity parameters C1 and C2 have been 

determined for a number of materials. Table 2.1 lists values for several materials. Because 

of its simplicity and its almost universal application to materials that make up the bulk of 

planets, the linear shock-particle velocity relationship is extensively used to approximate the 

equation of state in the calculations that follow. 

2.4.3 Planar Impact Approximation 

The shock velocities, particle velocities, and shock pressures generated by a high speed 

impact in both the target and projectile depend in detail on the geometry of both the 

projectile and target, the equation of state of each material, and impact speed. Two 

impacting spheres, for example, generate very high local pressures because of the geometry 

of the two converging surfaces, causing the phenomenon of jetting. Even in this case, 

however, the shock velocities, particle velocities, and shock pressures of the bulk part of 

the material are relatively constant in each body. This observation, seen in numerical 

calculations such as those referred to in §2.3.1, gives rise to the isobaric core. These 

calculations show that the shock velocities, particle velocities, and shock pressures 

generated by a high speed impact can be accurately estimated using a technique known as 

the planar impact approximation, also known as impedance matching. The brief discussion 

here is based on the more detailed discussion in Melosh (1989, pp. 54-57). 

The target is considered to be an infinite half space in an inertial reference frame initially 
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Table 2.1 Linear Shock-Particle Velocity Parameters 

Material Po C} c2 Pressure 
(kg m-3) (km s-l) Range 

(GPa) 
Iron* 7680 3.80 1.58 
Aluminum* 2750 5.30 1.37 
Diabase* 3000 4.48 1.19 
Basalt* 2860 2.60 1.62 
Serpentinite§ 2800 2.73 1.76 
Granite* 2630 3.68 1.24 
Calcite (carbonate)* 2670 3.80 1.42 
Permafrost (water saturated)* 1960 2.51 1.29 
Coconino Sandstone* 2000 1.50 1.43 
Dry Sand* 1600 1.70 1.31 
Ice (0° C)* 910 1.28 1.56 
Water* 1000 1.48 1.60 
Liquidus Komatiite (T = 1550 K)** 2745 3.13 1.47 
Quartz (single crystal)t 2640 3.68 2.12 <15 

5.56 0.14 15-38 
1.74 1.70 >38 

Bronzitite (Stillwater, Mont)t 3280 6.00 1.10 <39.8 
7.30 0.20 39.8-60 
5.20 1.20 >60 

Dunite (Twin Sisters, Wa)t 3320 6.60 0.90 <44 
7.80 0.20 44-73 
4.40 1.50 >73 

* These curves are "mean fits" over the full pressure range and ignore phase 
transitions. From Kieffer and Simonds (1980). 

§ Clark (1966) 
**Miller et at. (1991a) 
t Kieffer (1977) 
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at rest. The projectile is considered to be an infinite slab of thickness I and contacts the 

target with an impact speed, Vi. The three dimensional impact problem is thus reduced to 

one dimension. This reduction eliminates complications caused by rarefactions propagating 

inward from the finite edges. Consequently, the mean pressure calculated by the technique 

is somewhat higher than that of the three dimensional problem. 

Once contact initiates, a shock wave propagates through both the target and projectile, 

bringing both materials to a common particle velocity, Ut, and pressure, P. The particle 

velocity, u,. is measured in the rest frame. It is equal to the change in target's particle 

velocity due to the collision. The Hugoniot equations along with the appropriate equation 

of state are then applied to both materials, imposing the conditions that both particle 

velocities and pressure must be equal. The Hugoniot equations implicitly assume that the 

unshocked material is initially at rest. However, the projectile material is not at rest The 

unshocked projectile is moving at speed Vi relative to the unshocked target. If the particle 

velocity in the projectile's reference frame is up, the particle velocity in the target's frame 

(the rest frame) must be Vi - up. Likewise, if the shock velocity in the projectile's frame is 

Up, the shock velocity in the rest frame must be Vi - Up. Equality of particle velocities in 

the two materials requires that 

Ut = Vi - up (2.4.3) 

The above technique is valid for an arbitrarily complex equation of state. If the 

equation of state is approximated by the linear shock-particle velocity relationship, an 

algebraic solution can be found. Because the linear shock-particle velocity relationship is 

used often in this work, the solution is outlined below. 

Using this assumption, the equations of state of both materials are expressed as 

Ut = CIt + CltUt 

Up = CIp + C2pUp 

(2.4.4) 

(2.4.5) 

The pressure in the shocked target material is given by the combination of eq. (2.4.4) with 

the second Hugoniot equation. Likewise, the pressure in the shocked projectile material is 

given by the combination of the second Hugoniot equation with eq. (2.4.5). Solving 

condition (2.4.3) for up, setting the pressures in the two shocked materials equal, and 

solving for Ut yields 

Ut 

where 

-B + -V B2 + 4A C 
2A 

A = PtC2 - PpC2p 

(2.4.6) 

(2.4.7) 
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B = PtCtt + Popctp + 2popC2pVi (2.4.8) 

C = -ppVi(ctp +C2pVi) (2.4.9) 

where Pt and Pp are the densities of the un shocked target and projectile respectively. In the 

special case where the two materials are the same, derivation of the above solution yields 

Ut = 1/2 Vi (2.4.10) 

This important exception must be specifically considered when implementing the above 

solution since A goes to O. The pressure is found by substituting the value of Ut into eq. 

(2.4.4) to find Vt then using the second Hugoniot equation. 

The projectile's kinetic energy is initially partitioned into target kinetic and internal 

energy equally in the isobaric core, as can be shown by combining the Hugoniot equations. 

The relationship between the particle velocity and the internal energy results from 

combining the three Hugoniot equations. Expressing density as lIV, solving the first 

Hugoniot equation for the shock velocity, and substituting into the second Hugoniot 

equation yields: 
(2.4.11) 

If E » Eo and P » Po, true in nearly all cases within the isobaric core, eq. (2.4.11) 

combined with the third Hugoniot equation yields: 

E= Ut212 (2.4.12) 

where E is the internal energy per unit mass in the target material. However, the kinetic 

energy of the target is also 

(2.4.13) 

Thus, both the kinetic and internal energies of the target material are equal. The total 

energy per unit mass within the isobaric core is simply 
Et = u,2 (2.4.14) 

The planar impact approximation allows an estimate of the energy partitioning during 

this early stage of contact. The compression stage ends when the projectile shock wave 

reaches the projectile's back surface in a time fe = /IV p. During this time, the 

projectile/target interface has reached a distance of Utfe, and the shock wave in the projectile 

has reached a distance of Vtfe. Because of the infinite extent of both the projectile and 

target, the energy is calculated on a per area basis. The original kinetic energy (per unit 

area) of the projectile is given by 

(2.4.15) 

where the term ppl gives the mass per unit area. At the end of compression, the energy per 

unit area in the target material equals 
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(2.4.16) 

where the term PtUttc gives the affected target mass per unit area. The fraction of the 

projectile's initial kinetic energy that is partitioned into the target as kinetic energy is given 

by the ratio of these two energies. The unit area representation given in the two equations 

above cancels. Substitution for the time tc into eq. (2.4.16) and expressing Vi as the sum 

of the two particle velocities as required by condition (2.4.3) yields 
PtUtUt 2 

ftk = U (utlup)/(1 + utlup) (2.4.17) 
Pp pUp 

where ftk is the fraction of the projectile's kinetic energy partitioned into target kinetic 

energy. But the term PtUtUt is simply Pt - Po by the second Hugoniot equation. Similarly, 

the term PpUpup is Pp - Po. These pressures must be equal as one of the conditions of 

impedance matching. Therefore 

ftk = fte = (utlup)/(1 + utlup)2 (2.4.18) 

where fte is the fraction of the projectile's kinetic energy partitioned into target internal 

energy. The sum of the kinetic and internal energy fractions gives the fraction of the 

projectile's energy partitioned into the target. Under most circumstances, this fraction is 

112. Even in the extreme case of an iron projectile impacting a silicate body, this fraction is 

still approximately 0.44. 

The fraction of the projectile's kinetic energy remaining in the projectile and the internal 

energy are given by similar expressions (Melosh 1989, pp. 57) 

ipk = 11(1 + uplUt)2 

ipe = (uplUt)/( 1 + uplUt)2 

(2.4.19) 

(2.4.20) 

It is convenient to define the ratio of the target's particle velocity to the impact velocity 

X = utlvi (2.4.21) 

This ratio depends on the linear shock parameters of the two materials and on the impact 

speed. If both the target and projectile are composed of the same materials, X = 112. 

Figure 2.2a shows X computed by the planar impact approximation as a function of impact 

speed for several different target/projectile combinations. Figure 2.2b shows the 

corresponding prediction for energy partitioning into the target. Except for low speeds, the 

energy partitioning is close to 112 for all the combinations plotted. This information is used 

in §2.5.5 to derive the radius of the isobaric core. 
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Figure 2.2 Predictions of the planar impact approximation. Fig. 2.2a shows the ratio X as 
a function of impact velocity for several different projectile/target combinations. Fig. 2.2b 
shows the energy partitioning into the target. Except at low impact speeds, about 112 of the 
projectile's kinetic energy is initially partitioned into the target. 
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2.4.4 Tillotson Equation of State 

An equation of state commonly used for high-velocity impact computations is the 

Tillotson equation of state (Tillotson, 1962). It is reviewed in detail by Melosh (1989, 

Appendix II). It reproduces the linear shock-particle velocity equation of state at "low" 

pressures and extrapolates to the Thomas-Fermi equation of state at extremely 

highpressures. Most equations of state models are derived to model the condensed state of 

matter. However, in high speed impacts, vaporization plays an important role. Tillotson 

included terms to represent decompression of shocked material into the vapor phase. 

The equation of state has two forms used under the two density conditions. In the 

regime where the material's density is greater than the zero-pressure density, the 

"condensed state" form is used. If the density is less than the zero-pressure density, the 

"expanded state" form is used. The condensed state form reproduces the linear shock

particle velocity equation of state and thus provides a good description of the material's 

behavior. Unfortunately, the expanded state form approximately represents a vapor, but it 

does not guarantee thermodynamic consistency. It can be shown that there are serious 

problems in two-phase regions (Benz et al. 1989). For example, a wide range of 

pressures can be derived, depending on the liquid mass fraction for a given internal energy. 

As a consequence, pressure gradients calculated by the Tillotson equation may be incorrect. 

Although the Tillotson equation of state works well in impact situations where phase 

changes are not important, it is not the equation of choice for the problems considered in 

this work. 

2.4.5 ANEOS 

The current approach to dealing with equations of state is the use of ever more complex 

computer programs that use all the available experimental equation of state information 

along with appropriate approximations to the equation of state in different regimes of 

validity. One of the best of these algorithms is the Analytical Equation of State package 

(called ANEOS, Thompson and Lauson 1984). The current version of ANEOS is an 

-8,000 line FORTRAN code designed for use with a number of different computer codes 

that solve the hydrodynamic equations of motion. Pressure, temperature, and density are 

derived from the Gibbs free energy and are thus guaranteed to be thermodynamically 

consistent. Other thermodynamic properties such as entropy and specific heat capacity are 

derived from standard thermodynamic formulae. ANEOS allows for treatment of two solid 

phases or the liquid-solid phase boundary and the liquid/vapor phase boundary. 
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Unfortunately, it does not allow for simultaneous treatment of two solid phases and the 

solid/liquid phase boundary, of interest in the context of impact melting. 

ANEOS requires the input of 24 parameters, including the linear shock-particle velocity 

parameters, the Debye temperature, the zero temperature evaporation energy, etc. As a 

result, developing the equation of state for a new material is not a trivial task. Dunite, 

considered to be a reasonable analog of the equation of state of the mantle, was developed 

by Melosh and Kipp and reported in Benz et al. (1989), Appendix 1. The ANEOS 

equation of state for ice was developed by E. Pierazzo (Tonks et al. 1993). These 

equations of state are used in the subsequent calculations. Benz et al. (1989) demonstrated 

the accurate fit of the ANEOS dunite equation of state with forsterite phase diagram data 

plotted in pressure-inverse temperature space and Twin Sisters Dunite Hugoniot data 

plotted in pressure-density space (see their Figures Al and A2). Figure 2.3a shows the 

phase diagram of ANEOS dunite plotted in pressure-entropy space (Melosh et al. 1992, 

their Figure 12). Figure 2.3b shows the phase diagram of ANEOS ice also in pressure

entropy space. In both cases, the liquid part of the liquid-vapor phase boundary is well 

modeled by ANEOS using the input parameters already developed until close to the critical 

point. The vapor part of the phase boundary is not well modeled in pressure-entropy 

space. The reason for this poor treatment is because ANEOS treats the vapor phase as a 

monatomic, single component gas rather than as molecular gases. The vapor entropy 

calculated by ANEOS includes the large entropy of dissociation. Consequently, it predicts 

critical points pressures and vapor entropies that are too high for a given internal energy 

and pressure. This complication is overcome by superimposing the correct pressure

entropy phase boundary found from other methods and decompressing isentropically from 

the shocked state, which is well treated by ANEOS. 

2.4.6 Derivation of the Isobaric Core Radius 

Determining the radius of the isobaric core is critical to computation of the melt volume 

produced by a large impact, since shock pressure decreases radially outward from it. It can 

be estimated by applying energy conservation, the planar impact approximation, the 

Hugoniot equations, and the linear shock-particle velocity relationship. Consistent with the 

planar impact approximation, consider an isobaric core of constant pressure and particle 

velocity. The energy per unit mass within the isobaric core is given by eq. (2.4.14). 

Energy conservation requires 
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Figure 2.3 Phase diagrams predicted by the ANEOS equation of state for dunite (Fig. 
2.3a) and ice (Fig. 2.3b) with the actual phase diagram superimposed for ice and an 
approximation of the real phase diagram for dunite. ANEOS fits the liquid branch of the 
phase diagram quite well until the pressure approaches the critical pressure. The vapor part 
of the diagram is not fit at all. The reason for this discrepancy is due to ANEOS's 
treatment of the vapor as a monatomic rather than a molecular gas. As a result, the vapor's 
entropy is much too high for a given pressure and internal energy. 
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(2.4.22) 

where it is the fraction of the projectile's energy that is partitioned into the target and is 

given by two times eq. (2.4.18). The mass of the isobaric core depends on its assumed 

geometry. The simplest geometry is a hemisphere centered on the surface. Others (e.g., 

Croft 1982) have presumed the isobaric core is a sphere buried at a depth equal to its radius 

so that the top is just tangent to the target's surface. Recent hydrocode calculations 

(Vickery and Melosh 1992, unpublished data) indicate that the isobaric core is a squashed 

sphere, with a geometry between these two end member models. The derivation below is 

for the hemispherical model although the spherical model gives similar results. The 

restriction to vertical impact is relaxed by allowing 

Ut = X Vol = X Vi cosi (2.4.23) 

where i is impact angle measured from the vertical. Presuming the isobaric core is a 

hemisphere and substituting eq. (2.4.23) for the target's particle velocity, eq. (2.4.22) 

becomes 

(2.4.24) 

where a is the radius of the projectile, Pt is the density of the target, ro is the radius of the 

isobaric core, and Pp is the density of the projectile. Solving eq. (2.4.24) for ro, we obtain 

ro = a ( 2itPP 2 )113 (2.4.25) 
X PtCOS i 

Ifit is set equal to 112, eq. (2.4.25) is the same as Tonks and Melosh (1992) eq. (17). The 

isobaric core radius scales as the projectile radius. Secondary dependencies include the 

impact angle and the ratio of the projectile to target density. As noted above,it is not much 

different from 112 for impact speeds high enough to generate extensive melting, and when 

the cube root is taken, the precise value of the energy partitioning is not very important. If 

the isobaric core is a buried sphere, a factor of 2 appears in the denominator, multiplying 

X2. The radius of a spherical isobaric core is smaller than the radius of a hemispherical 

isobaric core by a factor of 2-113. 

2.5 SHOCK-INDUCED MELTING 

2.5.1 Entropy of Melting 

Entropy is a thermodynamic property that can be thought of as a measure of the degree 

of randomness or disorder in a system. The second law of thermodynamics summarizes 

two characteristics of entropy (Reif, 1965, pp. 122-123). 1. In any process in which a 
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thermally isolated system goes from one macrostate to another, the entropy tends to 

increase. In symbolic form 

(2.5.1) 

2. If the system is not thermally isolated, but undergoes a quasi-static process in which it 

absorbs an amount of heat, oQ, then 

dS=oQIT (2.5.2) 

The symbol oQ implies that while it is an infmitesimal quantity, it is not an exact differential 

(Reif 1965, pp. 78-79). 

A quasi-static process is one in which the parameters of a system are changed slowly 

compared to the system's relaxation time, so that it remains near equilibrium at all times 

during the process. Nonquasi-static processes, such as shock compression, increase the 

system's entropy even if heat is not absorbed. Only in a quasi-static, thermally isolated 

process is ~S = o. 
An adiabatic process is a quasi-static process in which no heat is absorbed. Release 

from shock compression is such a process. It occurs on a time scale that is short compared 

to the thermal diffusion time, but long compared to the system's relaxation time. As a 

result, eq. (2.5.2) applies and dS = O. Thus, release from shock compression is an 

isentropic process. 

At a specified ambient pressure, a material requires a certain value of entropy for 

incipient melting and a higher value for complete melting. Even higher values are required 

for vaporization. Irreversible shock compression increases a material's entropy. As 

argued above, release from shock compression is an isentropic process. If the equation of 

state and the melting entropy is known, the Hugoniot curves can be used to find the shock 

pressure necessary to induce melting in the material. This procedure is outlined in §2.5.3. 

Because dunite is considered to be a reasonable analog of the Earth's mantle and the 

ANEOS dunite equation of state is now available, it is used as the equation of state of 

silicates in growing planets. Another important class of objects that may have undergone 

similar large impact processes are the icy satellites of the outer planets. The entropies of 

incipient and complete melting for these materials are important quantities that are now 

estimated. 

ANEOS dunite was constructed using experimental data from on Twin Sisters dunite. 

The nominal composition was reported by McQueen et al. (1967) as -92% olivine (fogg) 

and -8% minor phases including 7% pyroxene (enstatite 85) and 0.5% serpentine. It is 

presumed here that ANEOS dunite can be adequately approximated as an ideal solution of 
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88% forsterite and 12% fayalite and that minor components can be neglected. It is 

recognized that the olivine is a real solution and that the minor components may have an 

important influence. Data from the JANAF Thermochemical Tables (Stull and Prophet 

1971) and Robie et al. (1979) are used to find the entropies of each component at 298 K, 

the olivine solidus temperature of 1490 K, and the olivine liquidus temperature of 2163 K. 

The entropy of the ideal solution is given by 

Sol(1) = XfoSfo(1) + XfaSfa(1) + Smixing (2.5.3) 

where Xi is the mole fraction of component i. The entropy of mixing of an ideal solution is 

given by Wood and Fraser (1977, p. 84; their equation 3.8) as 

Smixing = -nR(Xfa In Xfa + Xfo In Xfo) (2.5.4) 

where R is the gas constant and n is the number of positions in each formula unit on which 

mixing can take place. For the olivine solution (Fe, MghSi04, n is 2. Care must be 

exercised in applying these equations between the solidus and liquidus because melting is 

incongruent and the mole fractions change as a function of the melt fraction. However, 

because only the entropies at the solidus and liquidus are desired, incongruent melting is 

not a difficulty. The entropy of mixing as calculated byeq. (2.5.4) for f088 olivine is about 

41 J/kg K. This is the same for both solidus and liquidus olivine. If the mixture is ideal, 

completely melting the olivine does not change its mixing properties. 

Completing the calculation required use of both JANAF table data and data from Robie 

et al. (1979). The JANAF tables contains forsterite information up to its melting 

temperature of 2163 K and includes data for both the liquid and solid phase. 

Unfortunately, it contains no information about fayalite. The Robie et al. (1979) data 

includes both fayalite and forsterite information, but only to temperatures of 1800 K. This 

range covers the melting properties of fayalite but not of forsterite. Mixing the two data 

sets caused concern, so the two data sets were tested for compatibility. Columns 1 and 2 

of Table 2.2 list the Robie et al. data for fayalite and forsterite converted into MKS units. 

Column 3 lists the JANAF table data for forsterite. For the three temperatures listed, which 

covers the entire range of the Robie et al. data, the forsterite measurements are close from 

the two sources. Thus, the two data sets can probably be mixed without gross error. 

The fayalite entry of Table 2.2 at 2163 K is an extrapolation using the Robie et al. data 

at 1800 K and the thermodynamic relationship 
2163 

Sfa(2163 K) - Sfa(l8oo K) = f Cp dTIT 
1800 

(2.5.5) 

which results from the definition of heat capacity (Cp) and eq. (2.5.2). Robie et al. list the 
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Table 2.2 Entropies of fayalite, forsterite, and their ideal solution (approximation of 

Twin Sisters Dunite (Xfo = 0.88» in J/kg K 

Robie et al. Robie et al. 
1979 1979 IANAFTable Mixture 

Temperature (K) fayalite forsterite forsterite 

298 (solid) 728.0 675.3 676.2 723.0 

1490 (solid) 2089.0 2479.5 2485.1 2478.5 

1800 (Fa liquid- 2615.6 2734.6 2742.6 

Fo solid) 

2163 (liquid) 2832.5 3234.3 3227.0 
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heat capacity of liquid fayalite as a constant, making the solution of (2.5.5) simple. 

The melting entropy of dunite is simply the difference between the solidus entropy (the 

entropy of the solid solution of forsterite and fayalite at 1490 K) and the liquidus entropy 

(the entropy of the mixture of liquid forsterite and fayalite at 2163 K). Using these data, 

this entropy difference is about 750 J/kg K. This includes the entropy of fusion and the 

entropy added by raising the temperature of the system from its solidus to its liquidus 

temperature. The contributions to the melting entropy by each source are not separated. 

Ice is a much simpler substance because it is a single component system. Its solid 

phase becomes quite complex under higher pressures where several high pressure phase 

transitions become important. Its entropy of melting" however, is due solely to the phase 

transition since the transition occurs at constant temperature. The entropy of melting can be 

calculated by using eq. (2.5.2), replacing oQ by the latent heat of fusion. Using a latent 

heat of 2.3 x 105 J/kg, the melting entropy of ice is 842.5 J/kg K. 

2.5.2 Melting Shock Pressure Extraction 

Once the melt entropy is known, it can be coupled to the Hugoniot curves to extract the 

melting shock pressure. First, Hugoniot curves at initial temperatures of interest are 

calculated. Because shock decompression is an isentropic process, the decompression 

curve is a vertical line on a pressure-entropy diagram, regardless of the complications of 

phase changes. Thus, the shock pressure required to increase the entropy to any level is 

given simply by the intersection of the Hugoniot curve with the isentrope (vertical line) of 

interest. Using this concept, the shock pressure required for complete melting is given by 

the intersection of the Hugoniot with the complete melting isentrope. This procedure is 

used below to estimate the shock pressures required to cause complete melting in both 

dunite and ice. 

Figure 2.4a shows Hugoniots calculated by ANEOS for dunite at an initial pressure of 

1 bar and initial temperatures of 298 K and 1490 K. The entropies of the initial states 

calculated directly by ANEOS are 663.4 and 2684.3 J/kg K at these two temperatures 

respectively. Although different from the values calculated from the thermodynamic data 

(Table 2.2, column 5), they are within about 7.5%. The difference is probably due to the 

minor components of Twin Sisters dunite used to derive the ANEOS input parameters, the 

effects of real solution behavior, and uncertainty in the thermodynamic data. There are two 

possible ways to handle the difference. One possibility is to presume ANEOS entropies are 

correct and simply add the melting entropy (about 750 J/kg K) to the entropy calculated by 
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Figure 2.4 Figure 2.4a shows Hugoniots computed directly by the ANEOS equation of 
state dunite. The entropy of melting from Table 2.2 is added to the dunite entropy at the 
1490 K, 1 bar initial state computed by ANEOS to find the complete melting isentrope. 
Figure 2Ab shows the results of the narrowing the scale to read the melt pressures. This 
procedure yields melting pressures of 168 GPa for room temperature dunite and 115 GPa 
for solidus dunite. 
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ANEOS for the initial state of the 1490 K dunite. Results of perfonning this procedure are 

shown in Figure 2.4b, which is an enlarged version of Figure 2.4a. This procedure 

predicts that the complete melting shock pressure of solidus dunite is about 115 GPa and 

about 168 GPa for room temperature dunite. The 115 GPa shock pressure required for 

complete melting of solidus dunite is a function of the melting entropy and is independent 

of the entropy of the 1490 K initial state. 

Another possibility is to simply adjust both Hugoniot curves so that the initial state 

entropies match the entropies calculated by the thennodynamic data. This is the procedure 

followed in Figure 2.5. It shows the Hugoniot curves for dunite initially at 1 bar and 298 K 

and 1490 K respectively, but adjusted so that the initial entropy matches the entropy 

calculated by the thennodynamic data. Also shown is the complete melting isentrope 

computed from the thennodynamic data at 3227 J/kg K. Figure 2.5b is a magnified 

version of the same plot. Shock pressures corresponding to complete melting are about 

150 GPa for the room temperature (298 K) and 115 GPa for the solidus (1490 K) dunite. 

Incipient melting of room temperature dunite occurs at a shock pressure of about 102 GPa. 

The melting shock pressure using this procedure is about 11 % different than using the first 

procedure. This is because after the shock pressure is above -50 GPa, the Hugoniot 

flattens out significantly. This flattening results in a large irreversible entropy change with 

only a relatively small change in pressure. An important point is that the shock melting 

pressure for solidus dunite is some 69-77% of the shock melting pressure for room 

temperature dunite. This point is discussed in more detail in §6.3. 

Because only one solid phase is treated in the ANEOS equation of state of ice, the 

solid-liquid phase boundary can also be calculated. Consequently, it is not necessary to go 

through the procedure of calculating the melting entropy and adding it to the solidus 

entropy. The liquidus entropy is output directly by ANEOS. Figure 2.6 shows the results 

of this calculation for three plausible ice temperatures, 95 K, 150 K, and 225 K, 

representing cold icy material, an intermediate temperature, and a temperature near the 

solidus. Shock pressures required to completely melt ice are again found by the 

intersection of the complete melting isentrope and the Hugoniot curves. Figure 2.6b shows 

the numerical values of the melting pressure at these temperatures. 

The vastly different materials dunite and ice show the same basic characteristics. The 

shock pressure required for complete melting depends only weakly upon initial 

temperature. In the worst case for dunite (Fig. 2.4b), the melting pressure of room 

temperature dunite is 1.45 times the melting pressure of solidus dunite even though the 



<is 

o 

ANEOS Dunite Hugoniots: 
Adjusted to fit Thermodynamic Data 

Incipient Melling 
Entropy 

1000 2000 3000 

Entropy (J/kg K) 

Figure 2.5a 

Expanded Graph 

-- To= 298 K 
- - - - To = 1490 K 

4000 5000 

ANEOS Dunite Hugoniots: Expanded Scale 

200 
-- To =298 K 
- - - - To = 1490 K 

~ 150~ ____________________________ ~~ 

~ 
~ 
::J 
Ul 
Ul 
()) a: 100 

~-- As = 750 Jlkg K --,........==---------J~ 

50~~~~~~~~~~~-+~~~-r~~~ 

2400 2600 2800 3000 3200 3400 

Entropy (J/kg K) 

Figure 2.5b 

68 

Figure 2.5 Hugoniot curves and the complete melting isentrope for ANEOS dunite. In this 
case, the curves were shifted to match the initial state entropies to the thermodynamic data. 
This procedure yields a total melting pressure of about 150 OPa for the room temperature 
dunite and about 115 OPa for the solidus dunite. The difference in complete melting shock 
pressure between the vastly different temperature materials is not nearly as great as might 
be expected. This is because significant irreversible entropy change does not occur until 
the shock pressure is quite large. 
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Figure 2.6 ANEOS ice Hugoniots and the complete melting isentrope. Using the 
procedure outlined above, the melting pressures are found to be 11.2, 9.8, and 6.9 GPa for 
ice initial temperatures of95, 150, and 225 K respectively. 



70 

entropy that must be added to room temperature dunite is about 3.7 times the melting 

entropy. The Hugoniot curve shows two distinct regimes of behavior. At relatively low 

shock pressures «-50 GPa for dunite, < 2-3 GPa for ice), the Hugoniot curve plotted in 

pressure-entropy space is very steep. The shock's passage does very little irreversible 

work on the material. Nearly all shock energy put into the material is recovered upon 

decompression. Consequently, the shock pressure must be above this threshold level 

before significant irreversible entropy and energy increases takes place. Once the system is 

shocked to pressures above the threshold, its entropy and energy increase rapidly. The 

pressure at which this transition occurs depends on material properties. The transition in 

ice, for example, occurs at a shock pressure about an order of magnitude lower than in 

silicates. The Hugoniot is relatively flat above the threshold and the shock pressure 

required to add the entropy difference between room temperature dunite and solidus dunite 

is not that substantial. A consequence of this observation is that the planet's initial 

temperature does not have nearly as large an effect on the volume of the complete melt 

region generated by the initial shock wave as might be expected. This point is addressed in 

detail in §4.3. 

2.5.3 Shock Melting Model 

There are a number of shock propagation and shock melting models in the literature 

(e.g., Gault and Heitowit 1967, Brackett and McKinnon 1991, Cintala 1992). The model 

presented here was first published by Vickery and Melosh (1991) and is based on a 

combination of empirical and theoretical results. Once the melting shock pressure is 

known, the physics of shock wave propagation and attenuation can be used to make a 

quantitative estimate of the radius of the melt region and its corresponding volume. As 

noted in §2.3.2, a high speed impact causes the generation of a region of approximately 

constant pressure, known as the isobaric core. There are small regions of localized higher 

pressure that depend on the geometry of the collision, but the pressure of the bulk isobaric 

core volume can be estimated using the planar impact approximation. 

Outside the isobaric core, particle velocity and pressure decrease rapidly with distance. 

If the width of the shock is approximately constant and if the compressed density of the 

material is close to its uncompressed density, conservation of momentum requires that the 

particle velocity drops off roughly as -lIr2 (first suggested by Opik (1958), but largely 

ignored. Pointed out by Melosh 1989, p. 62). A data compilation of the peak particle 

velocity's relationship with distance measured from underground nuclear tests (Perret and 
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Bass 1975) shows that peak particle velocity drops off as: 

upeak oc r -1.87±O.05 (2.5.6) 

valid over a range of particle velocities from 1 m s-1 to 10 kIn s-l. The peak particle 

velocity is the largest particle velocity recorded at any time at a distance r from the crater. It 

is essentially the same as the particle velocity in the detached shock (Melosh 1989, p. 62). 

The exponent may be 1.87 rather than 2 because of the porosity of the alluvium in which 

the tests were performed and because of material compression. The exponent may be 

substantially lower than 2 for water ice since it undergoes several solid phase changes. If 

this expression is substituted using the conservation of momentum exponent into the 

second Hugoniot equation (eq. 2.3.2), the linear shock wave-particle velocity relationship 

(eq. 2.4.2) is used, and the particle velocity in the isobaric core is expressed by eq. 

(2.4.23), the following relationship for the shock pressure drop off with distance from the 

impact is obtained. 

P(r) = X ViCOSiP{~ J(ct + XC2ViCOS{~ J) (2.5.7) 

where ro is the radius of the isobaric core, r is the radial distance from its center, and n is 

the exponent in the particle velocity-distance relationship (eq. 2.5.6). Figure 2.7 shows an 

example of the pressure decline predictcd by this equation. Figure 2.7a shows the drop off 

from an isobaric core pressure of about 190 GPa, corresponding to a serpentinite projectile 

impacting a serpentinite target at about 11 km s-l, to a pressure of 110 GPa. Over this 

interval, the decline is very close to a straight line on the log-log plot, indicating that over 

this interval the pressure drop off can be accurately represented by a power law. Figure 

2.7b shows the same graph over a wider pressure range. There is a notable departure from 

power law behavior, but only in the region of relatively low pressure. As the pressure 

inside the isobaric core increases (higher impact speed), the power law fit becomes 

increasingly worse as it must cover an ever increasing pressure range. However, even 

when the impact speed is 25 km s-l, a power law could be used to describe the pressure 

decline down to the melt pressure with a high degree of accuracy. The power required to 

fit the curve depends on the pressure range, but is between -3.2 and -3.5. A power law 

representation of the pressure decline, however, is not necessary to make further progress. 

The pressure decline eq. (2.5.7) is a quadratic in the ratio (rofr)n. If the pressure is 

fixed, the equation can be solved by the quadratic equation for the radial distance r that 

corresponds to the pressure P(r). This calculation yields 
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Figure 2.7 Illustration of the radial dependence of pressure outside the isobaric core as 
determined by the model. Figure 2.7a shows the dependence out to about 10 times the 
radius of the isobaric core; Fig. 2.7b shows the decline from the peak pressure to the 
melting pressure. From the peak pressure to the melting pressure, the decline is accurately 
described as power law with an exponent of 3.24-3.46 over this relatively small pressure 
range. If the impact speed is higher, the con"elation to a power law fit becomes worse, 
although it is adequate for speed even up to 25 km s-l. Over the larger pressure range, the 
deviation from power law behavior is plainly seen. 
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r=ro 
( 

2XViC2COsi JlIn 

-yq2 + 4P(r)c2/ pt - q 
(2.5.8) 

The term in the brackets contains the dependence of the radial distance on the impact 

speed, pressure, and material properties. If the pressure is set equal to the complete 

melting shock pressure, the radius calculated represents the radial distance away from the 

center that melting can occur. This case defines the melt radius, rm. It is given by 

(
Vi COSi)lIn 

rm=ro m Vi 
(2.5.9) 

where Vim is the minimum impact speed required to cause melting to the edge of the 

isobaric core. It is found by setting melt radius equal to the isobaric core radius, assuming 

normal incidence, and solving for the impact speed. It is given by 

v.m _ "" ct 2+4PmC2/p - ct 
I - 2XC2 

(2.5.10) 

where Pm is the complete melting shock pressure. 

The same set of equations can also be applied to find the radius of the partial melt 

region. If the shock pressure corresponding to a given degree of partial melt is known, the 

radius to that degree is given by eq. (2.5.8) in the same manner as finding the complete 

melting radius. 

The derivation above presumes that the isobaric core pressure is at least equal to the 

complete melting shock pressure. This implies that the normal component of the impact 

speed must be at least the minimum impact speed (Vim) to apply these equations to the 

complete melt region. There is melting at impact speeds below this minimum because of 

small regions of higher pressure, partial melting, and because pressure is not really 

constant throughout the isobaric core. The partial melt region might contribute a significant 

volume if the planet's temperature is close to its solidus. As a consequence, calculation of 

the partial melt volume was performed when calculating the depths of magma oceans and 

the fraction of the planet melted by the initial shock (Chapter 4). The technique is described 

in more detail later. 

The melt volume produced by this melt radius depends on its geometry. Because shock 

waves propagate radially, the melt region has spherical symmetry, neglecting the 

propagation of rarefaction waves due to reflection off the free surface. Two different 

geometries have been considered and are shown in Figure 2.8. We previously presumed 

that the isobaric core is a hemisphere centered on the surface (Tonks and Melosh 1992). 

The melt region is also a hemisphere centered on the surface. This geometry is shown in 
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Melt Not Present 
Because of Planet's 
Spherical Shape 

Because of Planet's 
Spherical Shape 

Figure 2.8. Schematic diagram of the two geometric models of the isobaric core and melt 
region. Figure 2.8a shows the hemispherical model, which presumes that the 
hemispherical isobaric core is centered at the surface surrounded by a melt region of radius 
rm. Figure 2.8b shows the truncates sphere model, which presumes that the spherical 
isobaric core is buried to a depth equal to its radius and is surrounded by a sphere that is 
truncated at the planet's surface. 
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Figure 2.8a. Others have considered the isobaric core to be a sphere buried at a depth of ro 

so that it is tangent to the planet's surface. This geometry is shown in Figure 2.8b. The 

melt region is a sphere but is truncated at the planet's surface. Recent numerical 

calculations (Vickery and Melosh, unpublished data, 1992) show that the isobaric core is 

really a squashed sphere. Much of the distortion is due to the effects of rarefaction waves 

that lower pressures near the planet'S surface. Besides complicating the shape of the 

isobaric core and melt regions, these distortions also decrease the melt volume predicted by 

the regular geometric shapes. The true picture lies somewhere between these two 

geometries. These geometries can be considered as end member models and their 

implications can thus be examined. 

In the limit where the melt region is small compared to the planet's radius, the planet 

appears as an infinite half space and the full geometric shape of each model contributes. 

However, we are interested in the case where the melt region's radius is a significant 

fraction of the planet's radius. This is the case shown in Figure 2.8. The melt that lies 

above the planet's spherical surface but below the plane tangent to the impact site is melt 

that exists in the geometric model but does not in reality exist because of the planet'S 

spherical geometry. The melt volume (Vm) calculated by the model is corrected for this 

effect by introducing the geometric correction factor,fg. Thus 

v,n=fgVmh 

where v,il is the melt predicted by geometric model. 

(2.5.11) 

The hemispherical model is the simplest to calculate. The isobaric core radius by eq. 

(2.23.25) and the melt radius by eq. (2.4.9), the calculation yields 

11 h-f:. 3-f:. 3( ftpp XViCOSi]ln 
Y m - 3 7t rm - 3 7t a 2 2· m X PICOS I Vi 

(2.5.12) 

This can be written as 

V, h = V, . ( ftPP)(ViCos iJln 
m pro] 2X2Plcos2i Vim (2.5.13) 

The geometric correction factor is calculated by 

fg = (Vl1lZ - Vb)IVl1lZ (2.5.14) 

where Vb is the volume between the planet's surface and the plane tangent to the impact 

point. The geometry of the problem is shown in Figure 2.9. The volume Vb is given by 

the integral 
21t r m It 

Vb = J de J r2dr J d(cos<j» 
o 0 $0 

(2.5.15) 
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Hemispherical Model 
Melt not present because of planet's spherical shape 

Melt Region 

rm 
Surface 

Figure 2.9 Geometry of the calculation of the geometric correction factor for the 
hemispherical model. The melt volume between the plane tangent to the impact point and 
the planet's surface is computed using a spherical integration. The angle <1>0, which is a 
function of the radial coordinate r, defines the lower limit of the <I> coordinate integration 
and is given by the law of cosines (eq. 2.5.16) 
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The lower limit <po(r) is derived from the law of cosines 

Rp2 = Rp2 + r2 - 2Rprcos<po (2.5.16) 

which yields <Po = r12Rp, where Rp is the planet's radius. Performing the integral using 

this value of <Po yields 

1T _ V, h(3rm) vb- m -
8Rp 

Solving for the geometric correction factor yields 
+ _ 1 3rm 
Jg - - IDqj 

(2.5.17) 

(2.5.18) 

If Rp » rill' the solution approaches the infinite half space solution. If the shock melts the 

entire planet, rill = 2Rp and the solution (2.5.11) using eg. (2.5.18) for the geometric 

correction factor yields the planet's volume. 

The truncated sphere model is geometrically more difficult because it depends both on 

the isobaric core radius and on the melt radius. The volume of bottom hemisphere of the 

truncated sphere that lies below the plane passing through the isobaric core's center and 

parallel to the tangent plane of the impact point is simply 2/3'Itrm3. The upper truncated 

hemisphere can be calculated by the method of washers 
'0 '0 

Vmh = 'It f r(z)2dz = 'It f (rm2-z2)dz 
o 0 

(2.5.19) 

which yields 

(2.5.20) 

The geometric correction factor can also be calculated using the method of washers. 

Figure 2.10 shows the method of problem solution. The melt volume that is not present 

because of the planet's geometry is given by the melt volume in the spherical section above 

the intersection of the truncated sphere with the planet's surface (V *) minus the melt volume 

in the spherical cap that extends above this intersection (Vcap). Define the auxiliary 

distances Zh as the height that the intersection plane between the melt sphere and the 

planet's surface lies above (negative if below) the isobaric core's center and Zb as the height 

that the intersection point lies above planet's center (negative if below). These distances 

and their geometric relationships are shown in Figure 2.11. The calculations are similar, 

but the origins and limits of integration differ. V * is given by eg. (2.5.19) but the limits of 

integration vary from Zh to Rp. Vcap is similar, except the sphere being integrated is the 

planet with the limits of integration ranging from Zh to Rp (see Fig. 2.1 Ob). Thus, 
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Figure 2.10. Calculation of the geometric correction factor for the truncated sphere model. 
The method of washers is used to calculate the combination of the cross and single hatched 
volumes. The method of washers is again used to compute the cross hatched volume. The 
volume that must be corrected is the single hatched volume, given by the difference 
between these calculated two volumes. 
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Geometry of the Geometric Correction for 
the Truncated Sphere Model 

Planetls 
Surface 

Center of 
Isobaric 

Rp - ro 

Figure 2.11. Geometric relationships between the distances Zh and Zb and the three 
important problem parameters Rp. roo and rm. Zh and Zb are found using the law of cosines 
to calculate cosS as a function of Rp. roo and rm. Mter finding the cosS. Zh and Zb are 
determined using standard geometric relationships. 
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(2.5.21) 

(2.5.22) 

The distances ZIl and Zb can be detennined as functions of ~p, ro, and rm. The law of 

cosines yields 

and 

Zb =~p cosS 

Thus 

and 
_ ~p2 _ (~p _ ro)2 - rm2 

Zh = Zb - (~p - ro) - 2(Rp - ro) 

Using these limits, equations (2.5.21) and (2.5.22) integrate to 
1 1 

V* = 1t (rm2ro - rm2Zh - 3" r03 + 3" Zh3) 

21t 3 3 2 1 3 
V cap = 3<~P + 2" ~p zb - 2" zb ) 

The geometric correction is given by 

fg = (Vmh - V* + Vcap)/Vmh 

fg = 1- (V* - Vcap)/Vmh 

(2.5.23) 

(2.5.24) 

(2.5.25) 

(2.5.26) 

(2.5.27) 

(2.5.28) 

(2.5.29) 

(2.5.30) 

In general, the geometric correction for the truncated sphere model is smaller than for 

the hemispherical model. The truncated sphere model inherently buries a larger fraction of 

the melt more deeply within the planet. For small craters, the difference is not substantial. 

However, when the projectile's radius is a significant fraction of the planet'S, the geometric 

correction becomes increasingly important. Specific examples are shown in §4.2. 

2.5.4 Partial Melt Volume and Melt Volume Scaling 

The melt volume of the partial melt region can also be estimated using the above 

formalism if the relationship between entropy and melt fraction is known or can be 

adequately assumed). The partial melt region is broken into several shells with the 

boundary of each shell corresponding to a given partial melt fraction. 100 shells were used 
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in the calculations reported later. The boundary of each shell was marked by a 1 % melt 

fraction difference. The Hugoniot curve for the initial temperature in question was used to 

find the shock pressure corresponding to the partial melt fraction bounding each shell. The 

radius of each shell was then found using eq. (2.5.9). The volume of each shell was then 

calculated by finding the volume bounded by radius rn+1 minus the volume bounded by 

radius rn (eq. 2.5.11), where rn is the radius of the nth shell. The volume equation 

appropriate to the melt region's geometry (eq. 2.5.12 or eq. 2.5.20), complete with its 

geometric correction (eq. 2.5.18 or eq. 2.5.30) were used. For example, the volume 

within the shell bounded by the complete melt volume and the 99% partial melt fraction 

radius is simply the volume associated with the 99% partial melt fraction radius minus the 

complete melt volume. The melt volume within each shell is given by taking the shell's 

volume and mUltiplying by the partial melt fraction. Each of these melt volume 

contributions is added to the complete melt region's volume. The consequences of 

including the partial melt volume are further explored in §4.3. 

lbere has been considerable discussion in the literature about melt volume scaling (see 

Bjorkman and Holsapple (1987) and Melosh, 1989, pp. 122-123 for a summary). The 

melting model presented here predicts that the melt volume scales at less than energy 

scaling (v2 dependence), but higher than momentum scaling (v dependence). Hydrocode 

calculations of O'Keefe and Ahrens (1977) indicate that the melt volume scales by energy 

scaling. Bjorkman and Holsapple (1987) performed new hydrocode calculations and 

concluded that at speeds up to about 20 km s-1, the energy scaling result is a possible 

outcome because melt is produced close enough to the impact site that their point source 

solution breaks down. At speeds higher than about 20 km s-1, the point source solution 

applies and the melt volume appears to scale at less than energy scaling. The vj3/2 

dependence is a consequence of using the second Hugoniot equation to calculate the 

pressure in the isobaric core and the linear shock-particle velocity relationship coupled with 

eq. (2.5.6) to describe the particle velocity-distance relationship. If the isobaric core radius 

is independent of impact speed and pressure drops off as r3, energy scaling is the result. 

Presume that pressure drops off as r'Yand solve for the melt radius. 

r= r.JPo)lI'Y 'Pm 
where Po is the pressure in the isobaric core. Volume goes as r3, so 

Vm - po3/'Y 

(2.5.31) 

(2.5.32) 

The isobaric core pressure is given by the second Hugoniot equation, which has a term 
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linear in impact speed and a telTIl quadratic in impact speed (after applying the linear shock

particle velocity relationship). At high speeds, the quadratic telTIl dominates, so Po - Vi2. 

Eq. (2.5.32) yields 

Vm - Vi6/y (2.5.33) 

If 'Y = 3, this model predicts energy scaling. However, if either the linear telTIl of the 

second Hugoniot equation dominates or 'Y > 3, the model predicts a dependence that is less 

than energy scaling. Eq. (2.5.7) predicts that pressure declines more rapidly than r 3, 

resulting in a velocity dependence smaller than energy scaling. This simple analysis also 

shows that 'Y < 3, melt volume grows faster than energy scaling, setting a practical upper 

limit on 'Y. 
This chapter developed the physics necessary to quantitatively calculate the melt volume 

generated by the initial shock wave in a high speed impact. The distribution of shock

induced melt is coupled with the melt model in the following chapter. The model is then 

applied to estimate the melt volume produced by giant impacts and to the problem of core 

fOlTIlation in accreting planets in Chapter 5. 
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3. THE DISTRIBUTION OF SHOCK-INDUCED MELT 

3.1 INTRODUCTION 

The physics necessary to construct a quantitative model of the melt volume produced in 

a hypervelocity impact was developed in Chapter 2. The geometric figures used to 

construct the model (Figures 2.8-2.11) are static. Cratering events, however, are highly 

dynamic by nature. A significant fraction of the projectile's kinetic energy is partitioned 

into kinetic energy of both the projectile and target materials after the collision. However, 

because shock waves travel much faster than the bulk particle velocity of the material 

involved, the shock passes and decompression to ambient pressure occurs before the 

material travels a significant distance. As a result, the static picture used in Chapter 2 to 

calculate the melt volume is sufficiently accurate. 

The material, however, does not remain static. The particle velocity field imparted by 

the collision causes large movements of material. A significant volume is excavated from 

the vicinity where the impact occurred. An even larger volume pushed downward and 

outward. For purposes of distinction, material that is not excavated from the crater is 

designated as "displaced". Excavation and displacement result in the formation of a 

transient crater during the excavation phase of cratering described in §2.2. Some melt is 

excavated from the crater. This melt mixes with excavated solids and cools rapidly by 

radiation unless the ejecta curtain is thick. Consequently, most of the excavated melt has 

already solidified by the time it is emplaced on the surface of the planet. This melt is 

referred to as the excavated melt. 

Melt that is not excavated from the crater is referred to as the retained melt and the 

fraction of melt that is not excavated is referred to as the retained melt fraction. The 

retained melt does not stay where it is generated, but is generally displaced from the crater. 

Although some excavated melt may slump back into the crater, the retained melt is 

incorporated into the breccia lens in simple craters and forms the extensive melt sheets 

found in large craters. The retained melt has the greatest potential for triggering core 

formation and forming a magma ocean. Additionally, if the retained melt volume is a 

considerable fraction of the crater's volume, melt significantly affects subsequent crater 

modification. It is of considerable importance to estimate the retained melt fraction. 

The only way to find the complete distribution of impact melt is by use of computer 

codes that solve the hydrodynamic equations of motion. Even these types of calculations 

are fraught with uncertainties because of uncertain initial conditions, values of input 
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parameters, and approximations used to describe the physics within the code. Progress can 

be made, however, by examining general aspects of the physics of crater excavation and by 

using analytical models to describe it. 

Giant impacts are completely out of the realm of either experimentation or observation. 

The largest terrestrial impact structure presently known is the Sudbury structure, estimated 

to be approximately 100-120 km in diameter (Grieve et al. 1991). It was formed by a 

projectile between 5 and 10 kIn in diameter, eight or nine orders of magnitude smaller in 

mass than the putative Moon-forming giant impact. Although scars of large lunar impacts 

exist (Cadogan 1974, Wood and Gifford 1980), these are still much smaller than giant 

impacts. Additionally, these craters have been subjected to significant modification that 

obscures the crater's original parameters. To make progress, it is necessary to scale the 

relatively small crater dimensions from the laboratory and terrestrial/planetary experience to 

dimensions of giant impacts. 

This chapter examines the distribution of impact melt. First, crater excavation is 

considered in a general sense, then the Maxwell Z-Model is introduced (§3.2). Current 

crater scaling relationships are reviewed and applied to giant impacts (§3.2.3). The 

retained melt fraction is estimated for the two geometric melt models (§3.3). Criteria for 

intact melt pond formation are developed (§3.4) and results are compared to terrestrial 

impact structures (§3.5). 

3.2 PHYSICS OF CRATER EXCAVATION 

3.2.1 General Considerations 

A significant fraction of the projectile's initial kinetic energy is partitioned into kinetic 

energy of the target material. In the planar impact approximation, the particle velocities of 

both the target and projectile are equal and are directed downward before the rarefaction 

passes. In real impacts, the initial particle velocity field is radially away from the impact 

site before the rarefaction (Melosh 1989, pp. 74). The rarefaction then passes, causing 

decompression from the shocked state. Decompression adds a component of particle 

velocity directed toward the planet'S surface. The particle velocity of material along the 

symmetry axis remains radially outward. However, away from the symmetry axis, the 

component added by the rarefaction turns the flow line upward. The interaction between 

the shock wave particle velocity field and the rarefaction results in the excavation flow 

field, a net particle velocity field that has an upward-and-outward flow path that results in 

excavation of material from the crater. A schematic diagram of the general flow path is 
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shown in Figure 3.1. The particle velocity vectors are connected together to form 

streamlines. The volume between two adjacent streamlines are called streamtubes. 

Material in a given stream tube generally stays within that streamtube and interacts weakly 

with material in other stream tubes. Consequently, the excavation flow can be treated as 

motion of individual stream tubes to a first approximation. The peak particle velocity of the 

target material is typically about 112 of the impact velocity before the rarefaction. Mter the 

rarefaction passes, the residual particle velocity is typically 113-1/5 of the peak particle 

velocity. Thus, the residual particle velocity is approximately 1/6-1110 the impact speed. 

Excavation flow is nearly always subsonic. As a result, the excavation flow is 

incompressible and is thus subject to the continuity equation 

V·u =0 (3.2.1) 

Streamlines are approximately perpendicular to the growing crater's wall and cut across 

all pressure contours. As a result, each stream tube contains a mixture of material 

experiencing all different shock levels. Thus, even the lowest velocity ejecta contain some 

of the most highly shocked material. Streamlines that are high up on the growing crater's 

wall are directed upward and outward. Streamlines further down dip downwards before 

turning up. All streamlines, except the streamline along the symmetry axis, turn upward 

and would intersect the surface if the surface were of infinite extent 

Because stream tubes interact only weakly with each other and the flow is 

incompressible, they are subject to Bernoulli's law. Streamtubes diverge as they leave the 

symmetry axis; consequently, the speed of material within them must decrease. As a 

result, even the highly shocked, originally high speed ejecta slow as excavation flow 

continues. The upward component of the particle velocity must be large enough to 

overcome gravity and retarding forces such as drag in order for the ejecta to be excavated. 

As a result, there is a certain stream tube containing ejecta with just enough upward kinetic 

energy after streamtube expansion to overcome the gravitational potential energy. This 

streamline defines the limits of excavation flow. The material in streamtubes that begin 

farther down the crater wall is not excavated from the crater, but is displaced. Room is 

made for this material by plastic deformation of the target material. 

Experimental and numerical studies show that a hemispherical crater is initially 

generated during the contact and compression stage. Its radius is comparable to the 

projectile's radius. The final crater depth is determined by the depth to which the axially 

symmetric stream tube plunges. The strength and effective viscosity of the plastically 

deforming underlying material and increasing isostatic pressure decelerate the motion of 
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Ejecta curtain 

Maximum pressure contours 

Figure 3.1 Schematic diagram of the excavation flow field in impact cratering. Arrows 
illustrate the upward and outward flow path imparted to the material by the combination of 
the shock and rarefaction waves. The rarefaction wave has moved beyond the figure. Also 
shown are contours of maximum shock pressure. The flow paths cut across these 
contours, implying that each stream tube contains material shocked to each pressure level. 
When the material reaches the target's surface, it is ejected ballistically and becomes part of 
the ejecta curtain. Ejecta close to the impact site leave at high speed; material further away 
is slower. After Melosh, 1989, Figure 5.9. 
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the motion of the stream tube, limiting the crater depth. The crater expands approximately 

hemispherically up to this point. By the time the maximum depth has been reached, the 

rarefaction causes the upward and outward velocity field to be set up. The crater then 

grows laterally with material continuing to be excavated until the limiting stream tube is 

excavated. Material in stream tubes below the limiting stream tube is displaced. When the 

excavation stage is over, the crater formed assumes an approximately parabolic shape. 

This crater is called the transient crater because other modification processes occur to 

change its shape after formation. 

The depth to diameter ratio of the transient crater is typically between one-fourth and 

one-third for both experimental craters and several well-studied terrestrial craters. 

Currently, there is no unequivocal evidence that the depth/diameter ratio depends on effects 

such as crater size, acceleration of gravity, or impact speed. Large simple craters on other 

planets, such as the 90 km crater Pan on Jupiter's moon Almathea, seem to have 

depth/diameter ratios comparable to small laboratory craters (Melosh 1989, pp. 78). 

Laboratory experiments show that the excavation flow generates the classical straight

sided, inverted cone-shaped ejecta curtain. An important feature of the ejecta curtain that 

has been observed in the laboratory is the nearly constant ejection angle of about 45°. 

These observations provide important constraints on any model of excavation flow. The 

shape is formed by the timing, ejection speed, and ejection angle of material excavated from 

the crater. Each individual parcel of material within the ejecta curtain is on a ballistic path 

and seldom interacts with other parcels. The physics of the ejecta curtain's motion differs 

than that of the excavation flow. Consequently, it is not discussed further here. It is 

discussed in Melosh (1989, pp. 92-93). 

3.2.2. The Maxwell Z-Model. 

To make further progress, the general discussion of excavation flow in §3.2.1 must be 

quantified. The details and quantification of the excavation flow can be determined by 

direct experimentation or detailed numerical calculations. Even numerical calculations are 

subject to difficulty in determining the final transient crater. However, a relatively simple 

analytical model of the excavation flow was developed by D. Maxwell and K. Seifert in 

1973. It was originally published in a limited circulation Physics International Company 

report. Maxwell later published a useful summary of the model (Maxwell 1977) that 

received broader circulation. Implications of the Z-model for planetary cratering 

phenomena has been published in Croft (1980). It has been compared with detailed 
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numerical calculations (Austin et al. 1981) and is summarized in Melosh (1989, pp. 80-

81). Although caution must be exercised when using the model, it provides a relatively 

simple description of the overall excavation flow. For the present application, the 

kinematic properties of the Z-model are exploited to determine the geometry of the 

excavation flow and the streamtube that defines the extent of excavation. 

Maxwell and Seifert noticed in hydrocode calculations of explosion cratering that the 

radial component of the excavation flow velocity, u" usually falls off as a simple power of 

distance r from the explosion. 

U, = a(t)lrZ (3.2.2) 

where a(t) gives the strength of the flow as a function of time and Z is the dimensionless 

power. As discussed above, streamtubes are subject to the continuity equation. This 

requires that the angular component of the flow velocity, us. equals 

us = ur(Z - 2)sinS/(I+ cosS). (3.2.3) 

The geometry of streamlines can be found by taking the ratio of the two velocity 

components and integrating. It is given by 

r = rt (1 - cosS)lI(Z - 2) (3.2.4) 

where rt is the horizontal distance along the surface where the streamline emerges (at S = 

90°). Streamlines predicted by the model are shown in Figure 3.2 for different values of Z. 

The accuracy of the Z-model has been compared to numerical calculations. The 

velocity components are in remarkable agreement with numerical calculations of explosions 

if the value of Z == 2.7. The model also seems to match the flow fields of impact cratering 

calculations fairly well if the source of the flow is buried to an equivalent depth. The best 

detailed fit occurs using Z values that are functions of time and the angle S. In one 

comparison (Austin et al. 1981). Z varied between 2 near the impact site to 4 near S = 90°, 

with the best overall fit at Z == 3. 

The ratio of ue/u, is the tangent of the flow angle (q,). This ratio taken at the surface 

where the stream tube emerges is 

tan q, = Z - 2. (3.2.5) 

Thus, one of the important predictions of the model is a constant ejection angle. consistent 

with the production of the inverted straight-sided cone-shaped ejecta curtain. If Z = 3, q, = 

45°, consistent with experimental observations. Coupled with numerical calculations, this 

observation confirms that Z = 3 is the most appropriate single value to use. 

The kinematic description of the model can be used to estimate the depth of excavation. 

The maximum excavation depth of any streamline is simply H = rtcosSz. The angle Sz 
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Z Model Profiles 

r 

Z=2 

Z=3 Z=4 
Figure 3.2 The defmitions of the coordinates rand e, and excavation flow fields predicted 
by the Maxwell Z-model for Z = 2 (radial flow), 3, and 4 respectively. The angle of 
ejection at the surface is constant, as seen in impact experiments. Z = 3 has been found to 
be a good overall approximation of the flow field for impact cratering. (Mter Melosh 
1989, Figure 5.15) 
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where maximum excavation depth takes place is found by differentiating H and setting the 

result equal to zero. This becomes 
dr(S) . 
dScosS + r smS = 0 (3.2.6) 

The fIrst term is found by differentiating eq. (3.2.4) with respect to S. After some algebra, 

the result is 

H = 'I (Z - 2)(Z - 1)(1 - Z)I(Z - 2) (3.2.7) 

If 'I is set equal to the transient crater radius and Z = 3, the maximum depth of excavation 

is Hexc = Dat/8, where Dat is the diameter of the transient crater. This value is about 113 of 

the transient crater's depth. 

Maxwell and Seifert attempted to make the model into a more dynamical description of 

the cratering process by calculating the function a(t). It gives the strength of the flow at a 

particular time and is estimated using energy conservation in each of the stream tubes. It is 

assumed that the material in adjacent stream tubes does not interact. The sum of the kinetic, 

gravitational, and distortion energy is found in each stream tube at the initial time. The total 

energy is conserved as the flow progresses. Kinetic energy is expended as the gravitational 

and distortional energy increases, causing a net decline in the flow velocity. The radial 

position at any time t is then a function of the position at the initial time and the function 

a(t). 

Despite being an approximate theory, the Z-model gives a reasonably accurate 

description of the gross features of the flow field. The kinematic description of the 

geometry of the cratering flow discussed above is sufficient for the purposes of the work 

described later. Eq. (3.2.4) with 'I set equal to the transient crater's radius is used to 

describe the geometry of the excavation zone in the work that follows. 

3.2.3 Crater Scaling Laws 

As discussed in §3.1.1, the dimensions of giant impacts are completely out of the realm 

of our experience. The only way to make any progress toward understanding the events in 

giant impacts is to use laws that allow scaling from laboratory scale impacts to the giant 

impacts we are considering. Figure 3.3 shows the parameters important in the crater 

scaling problem. A set of parameters describes the projectile, including the projectile 

density, Pp; its radius, a; mass, mp; the impact angle as measured from the vertical, i; the 

impact speed, Vi; and the kinetic energy, W. Another set describes the target, including the 

target's density, P t; yield strength, Y (not important for the present application); 
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Figure 3.3 Parameters of the crater scaling problem. Target parameters include the 
acceleration of gravity (g), the strength (y), the porosity ($), and the target density (Pt). 
Projectile parameters include the radius (a), its density (pp), its mass (mp), its kinetic 
energy (W), the impact speed (Vi), and the angle of impact as measured from the vertical 
(i). Crater parameters include the transient crater radius (raU, the transient crater depth (hau 
as measured from the plane of the original surface, the apparent height, (ht), and the 
apparent diameter of the transient crater (Dt) 
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gravity, g; and porosity, <p. Finally, crater parameters include the radius of the transient 

crater as measured from the plane of the original target surface, rat; the diameter of the 

transient crater as measured from the top of the rim top, Dt; thickness of the ejecta blanket, 

0; the depth of the transient crater, hat; and the distance from the crater's center, r. The 

goal of scaling laws is to find relationships between the projectile, target, and crater 

parameters such that if two sets of these parameters are known, the other set can be 

estimated. 

Past attempts to find appropriate scaling relationships are summarized by Melosh 

(1989, pp. 112-122). Two such attempts are reviewed here: Hydrodynamic scaling and pi 

scaling. 

Hydrodynamic scaling results from the observation that the hydrodynamic equations of 

motion are invariable under a scale transformation. This scaling is fully reviewed in 

Melosh (1989, pp. 114-115). The discussion here follows after his. 

The full hydrodynamic equations for a compressible medium in the presence of a 

gravitational field are 

(3.2.8) 

(3.2.9) 

(3.2.10) 

where p is the density, Lij is the deviatoric stress tensor, Ui is the cartesian component of 

the flow velocity, P is the pressure, the index i ranges from 1 to 3 and denotes the x, y, 

and z cartesian coordinates, and Et is the total specific energy density, given by 

Et = E + 112 UiUi (3.2.11) 

Repeated indices means summation over the three vector components. For example, UiUi = 

UIUl + U2U2 + U3U3. The three equations represent conservation of mass, momentum, and 

energy respectively. To solve the equations, the equation of state must also be known, 

typically in the form P = P(p,E). A full analytical solution of this set of equations is 

possible only in the most simple cases. All hydrodynamic computer codes are approximate 

solutions to the above equations. 

Fortunately, the equations do not have to be solved to examine their scaling properties. 

If the distance and time variables are multiplied by a constant scale factor, a, the density 

remains constant, and gravity and deviatoric stress are negligible, the form of the 

hydrodynamic equations remains the same. Velocities, pressures, and energy densities are 
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invariant. Only the time and distance scales change. All properties of a small laboratory 

scale experiment could be multiplied by the constant factor a. to planetary scales. For 

example, if the diameter, the depth, and the formation time are measured for the small 

laboratory scale experiment, hydrodynamic similarity requires that the planetary scale 

measurements are obtained by multiplying by the scale factor. 

Unfortunately, gravity, and possibly the deviatoric stress terms cannot be neglected in 

planetary sized impacts (or impacts into materials with significant strength). In order for 

the equations to be invariant with a scale transformation including gravity, the gravitational 

term must scale as a-I. This implies that a laboratory scale crater formed in the Earth's 

gravity field is equivalent to that of a large impact only if the large impact occurred gravity 

field equal to lIa of the Earth's. If, for example, a 1 meter laboratory crater in a 1 g 

gravity field is equivalent to a 1 km crater in a 10-3 gravity field. This problem can be 

overcome if the laboratory crater is measured in very high gravity environments. Modem 

centrifuge technology allows for experimental craters up to 1 meter in diameter at gravities 

of 500 g. This allows laboratory scaling factors of about 500 for terrestrial craters and 

3000 for lunar craters. Thus, hydrodynamic similarity permits direct scaling of laboratory 

data up to km-sized planetary craters. These scaled craters are far below the range of giant 

impacts. Additionally, the deviatoric stress has been neglected. In all likelihood, it can not 

be ignored for giant impacts, making hydrodynamic similarity of restricted use for scaling 

large planetary impacts. 

The crater diameter is theoretically a combination of a large number of parameters 

discussed earlier. Conceivably, it can depend on the target's density, strength, and gravity 

and on the projectile's density, radius, (or its mass) and impact speed. As a result, the 

transient crater diameter can be written 

Dat = F(pr. Y, g, Pp, a, Vi) (3.2.12) 

At first glance, the transient crater diameter appears to be a function of 6 variables. 

However, because of the interrelationships between them, the combination of all these 

variables must yield the dimension of length. All these parameters can be expressed as 

dimensions of length, time, and mass. Current trends in crater scaling involve putting 

these parameters together into dimensionless combinations, then finding relationships 

between them. This approach is known as pi-group scaling, based on the "pi-theorem" 

originally devised by E. Buckingham in 1914. The current definitions of the pi groups 

were published by Schmidt (1980). Later, the relationships between the groups were 

corrected, based on more and improved data by Schmidt and Housen (1987). 
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An auxiliary relationship is 
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(3.2.13) 

(3.2.14) 

(3.2.1S) 

(3.2.16) 

(3.2.17) 

where V is the crater volume, 1tD is the dimensionless crater radius, roughly equal to the 

crater/projectile diameter, 1t2 is the "gravity size scale", 1t3 measures the influence of the 

target's strength, and 1t4 is simply the ratio of the target to projectile density. 1tv is the ratio 

of the mass displaced from the crater to the projectile mass, and measures the efficiency of 

cratering. By making these definitions, the scaled crater diameter can be written as a 

function of the other parameters, that is 

1tD = F'(1t2,1t3 1t4). (3.2.18) 

The functional relationships between the scaled parameters are determined by 

experimentation. Such experiments have met with considerable success. 

The equation is much simpler in the regime where the material's strength has little 

influence. In this case, which dominates large planetary craters, eq. (3.2.18) becomes 

1tD = F"(1t2). (3.2.19) 

The validity and functional form of eq. (3.2.19) has been assessed experimentally. 

Figure 3.4 shows the results of a large number of different experiments and hydrocode 

calculations. These include impacts of pyrex spheres into water from 1-3 km s-l, impacts 

into sand performed in centrifuges at SOO g, data obtained from drop bucket experiments at 

< 1 g, as well as the results of hydrocode calculations. Although there is some scatter in 

the data, the most remarkable observation is the set of linear trends that exist on this log-log 

plot, requiring that eq. (3.2.19) has the functional form 

1tD = CD 1t2-~ (3.2.20) 

where CD and J3 are experimentally determined constants. 

The different linear arrays on Fig. 3.4 imply that some dependence has not been 

accounted for. Because each material forms a linear array, the missing factor must be a a 

material parameter. It was first thought that this parameter was the angle of internal 
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Figure 3.4 Gravity scale crater radius (1t,) versus gravity scale size (1t2). Experimental 
data includes dry Ottawa sand (Schmidt (S) 1980), hydrocode limestone calculations 
(Bryan et al. 1980), water (Gault and Sonett (G&S) 1982), water (Schmidt and Housen 
(S&H) 1987) and saturated sand extrapolation into the gravity regime, considered to be the 
best estimate for competent rock (Schmidt and Housen 1987). The data for anyone 
material closely follows a straight line on this log-log plot, supporting the power-law 
relationship eq. (3.2.20). The close proximity of the line for water and competent rock is 
deceptive. Although the crater diameter is similar between water and rock, a crater in water 
is approximately hemispherical while it is approximately parabolic in rock. Consequently, 
the crater volume is larger for a water crater than for a rock crater. After Schmidt (1980), 
Schmidt and Housen (1987), and Melosh (1989, Figure 7.3). 
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friction. However, it is now thought that porosity is the missing factor, as evidenced by 

the fact that competent rock and saturated soil both plot along the same trend. A new 

parameter could be defined to account for this. For the present purposes, material averaged 

over the volume involved in a large collision acts like competent rock. Table 3.1 lists the 

values of CD and ~ for some experimental materials. The listed values for competent rock 

are based on extrapolation of Schmidt and Housen's (1987) experiments in saturated sand. 

They note that the experiments they performed were insufficiently large to completely leave 

the strength regime. However, they determined the slope and intercept that would exist if 

their data were extrapolated to the gravity regime. Because saturated sand has no porosity, 

these parameters are their best estimate of the scaling behavior of competent rock. These 

parameters are used in the calculations below. 

It is sometimes convenient to express the parameters in terms of the transient crater 

volume. In the gravity regime, experimental evidence also requires that the scaled crater 

volume (7tv) is related to 7tz according to the power law crater volume (7tv) is related to 7tz 

according to the power law 

7tv = Cv7tZ-r (3.2.21) 

The parameters Cv and yare also listed in Table 3.1 for several materials. 

The crater diameter and crater volume are related by geometric parameters. In most 

solids, the transient crater assumes an approximately parabolic shaped form with a volume 

of 

(3.2.22) 

As noted earlier, the depth/diameter ratio of craters is approximately 1/3-114. If this ratio is 

independent of crater size, 7tv and 7tD are related by 

7tD = (
7that) 7tv1l3 
8Dat 

(3.2.23) 

As seen from Table 3.1, the exponent ~ is equal to y/3 to within experimental uncertainty, 

providing experimental confirmation that the depth/diameter ratio of craters in the gravity 

regime is independent of depth. 

The power law dependence of eqs. (3.2.20) and (3.2.21) is not explained by 

hydrodynamic invariance or by pi-group scaling. However, the data show that these 

simple equations allow the scaling of crater dimensions on a firm experimental basis, at 

least in the gravity regime. These equations are used to estimate the crater diameter. 

Substituting eqs.(3.2.13) and (3.2.14) into (3.2.20) and solving for the crater radius yields 
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Table 3.1 Pi scaling Relationship Parameters 

Diameter Constant5 Volume Constants 

Target Material CD J3 Cv 'Y 
Water 1.88 0.22 2.1 0.65 

Quartz Sand lAO 0.016 004 0049 

Ottawa Sand 1.68 0.17 0.24 0.51 

Competent Rock 1.60 0.22 0.2 0.65 

or Saturated Soil 
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r = 2CJ'!!i!.)1/3 ( Vi
2 .)3 

at \. Pt 3.22ga) 
(3.2.24) 

The experiments on which these laws are based were perfonned in a constant gravity 

environment. Additionally, the targets were planar surfaces. In most cases, cratering 

events on planetary surfaces can be treated as occurring on constant gravity, planar 

surfaces. However, gravity decreases with depth in the planet. Only in rare cases is this 

decrease significant over the crater's depth, even for giant impacts. The gravity at the core

mantle boundary of the Earth is close to the Earth's surface gravity. Thus, the constant 

gravity condition is approximately fulfilled. More importantly, however, giant impacts 

generate craters that are a significant fraction of the planet's radius. Consequently, the 

planar surface approximation breaks down. The "crater radius" calculated by eq. (3.2.23) 

must be thought of as the crater radius that would exist if the impact occurred on an infmite 

half-space. In our application, however, the crater radius calculated by this method is 

compared to the radius of the melt region. The melt radius is valid for an infinite planet, 

although the geometric correction appropriately adjusts the melt volume for a finite planet 

Because both radii are compared to the same standard, their ratio is not a strong function of 

the planet's geometry and using the infinite half-space model gives a good approximation to 

the ratio. We use pi scaling theory to find the crater diameter and the Maxwell Z-model to 

fmd the geometry of the excavated region to calculate the retained melt fraction. 

3.3 RETAINED MELT FRACTION 

The retained melt fraction is defined as the fraction of impact melt that is not 

excavated from the crater. It is an important quantity for several reasons. It is primarily the 

retained melt that can fonn magma oceans and gravitationally segregate and cause a core 

formation or core addition event. Additionally, the retained melt fraction measures the 

importance of melt in crater modification events. Consequently, the retained melt fraction 

is an important quantity to calculate. 

The retained melt fraction is estimated using the hemispherical geometry shown in 

Figure 3.5a. The retained melt fraction in the spherical geometry is much more complex 

and is considered later. In either case, however, the retained melt fraction is given by 
V h ~xc 

In - 111 

f= Vmh (3.3.1) 

where Vmh is the melt volume before geometric correction (eq. 2.5.12 or eq. 2.5.20) and 

v;,~c is the excavated melt volume (not the total volume excavated, which generally includes 
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some solids). The melt volume is not corrected for the planet's geometry because the 

excavated melt volume calculated by the Maxwell Z-model and pi group scaling both 

presume a planar impact surface. The geometric figure of the excavated material is 

approximated by using Maxwell's Z-model (eq. 3.2.4). The excavated melt volume is 

obtained by calculating the melt volume that is within the excavation zone. It is given by 

the integral 
rm 1t/2 

v,~c = 21t J r2dr J sinada (3.3.2) 
o adr) 

where the lower limit on a, ac(r), is given by the geometry of the excavation zone (eq. 

3.2.4; see Fig 3.5a) and is equal to 

adr) = cos-1{ 1-(~)Z.2)} (3.3.3) 

Using eq. (3.3.3), eq. (3.3.2) becomes 
w ~xc 2 21t rmZt 1 
vm = -3 1trm3 - Z 1 Z.2 + rat 

The first term in the equation is simply Vmh. Hence, eq. (3.3.1) becomes 

1=_3 (rmjz-2 
Z+1 rat) 

For the case of impact cratering where Z = 3, eq. (3.3.5) becomes 

/= 0.75 ;~ (rat~ rm) 

(3.3.4) 

(3.3.5) 

(3.3.6a) 

If the melt region extends beyond the radius of the transient crater, the retained melt fraction 

has a different dependence. In this case, the melt volume continues to grow as rm3. 

However, the excavated melt volume is simply I141trat3. Thus, using eq. (3.3.1), the 

retained melt fraction becomes 

/ = 1 - 0.25 (~:)3 (rat< rm) (3.3.6b) 

The retained melt fraction is shown as a function of rrr/rat in Figure 3.6. 

The geometry of the truncated sphere model is shown in Figure 3.5b. Although the 

geometrical figure appears to be similar to Figure 3.5a, the geometry is in fact much more 

complex. The volume is given by 
rb(a) 12 

v,~C = 21t J r2dr sinada (3.3.7) 
o adr) 

where ac(r) is given by eq. (3.3.3) and rb is the radius of the melt region boundary, which 

in this case is a function of the angle a. Because the two limits depend on the two 
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Figure 3.5 Geometry for calculation of the retained melt fraction for the hemispherical 
model (Fig. 3.5a) and the truncated sphere model (3.5b). The excavated melt volume is the 
melt volume that falls within the excavation zone and is calculated by direct integration for 
the hemispherical model. Direct integration is not possible for the truncated sphere model 
and the excavated melt is approximated as described in the text 
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independent variables r and a, straightforward integration is not possible. The integral 

could be solved by numerical techniques. However, it is simpler to approximate the 

excavated melt by eq. (3.3.4), then solve for the retained melt fraction using eq. (3.3.1) 

and the spherical model's melt radius. This procedure overestimates the excavated melt 

volume because this approximation yields the maximum possible excavated melt volume. 

However, this technique still yields retained melt fractions that are substantially larger than 

calculated by the hemispherical model except at the largest crater diameters. The retained 

melt fraction in the spherical model is a complex function of the melt/crater radius ratio and 

depends on the isobaric core radius. However, from the melting model, the melt radius 

could be written 

rm = S(Vi, Pm, x) rc (3.3.8) 

where S is a function of the impact speed, the shock melting pressure, and the 

projectile/planet mass ratio (x) respectively. If these values are held constant, the melt 

radius is proportional to the isobaric core radius. Consequently, the retained melt fraction 

is a function only of the melt/crater radius ratio under these condition, similar to the 

hemispherical model. The retained melt fraction for the spherical model as a function of the 

melt/crater radius ratio is shown in Figure 3.7. The impact speed, melt pressure, and 

projectile/planet mass ratio are held constant at 15 km s·l, 115 GPa, and 0.1 respectively. 

Figure 3.8 shows a comparison between the two melt models. The impact speed and 

projectile/planet mass ratio conditions are the same as were used to construct Fig. 3.7. The 

retained melt fraction is shown as a function of the planet's mass. Also plotted is the melt 

volume predicted by the truncated sphere model normalized to that of the hemispherical 

model after correcting for the planet's geometry. Although the hemispherical model 

produces about 5% more melt than the truncated sphere model for a given impact speed, 

planet mass, and melt pressure, the truncated sphere model loses much less of its melt to 

geometric correction. As a result, the truncated sphere model produces about 30% more 

volume in a giant impact under these impact conditions. Except for impacts on the very 

largest planets, the spherical model predicts a higher retained melt fraction than the 

hemispherical model. The primary reason is that the spherical model inherently buries a 

larger fraction of the melt near the symmetry axis where the flow is nearly radial and leaves 

more solids within the excavation zone. As a result, the minimum retained melt fractions 

are about 50% rather than the 20% predicted by the hemispherical model on small planets. 

As planets become larger, the retained melt fraction predicted by the two models converge. 

This can be understood by examining Figure 3.9. The first pair of figures shows a 
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Figure 3.6 The retained melt fraction as a function of the ratio rm/ral for the hemispherical 
model. Although rm and ral individually depend on impact conditions, the retained melt 
fraction is just a function of the geometry. Iff'? 0.75, the melt radius is larger than the 
crater radius and the crater is fonned entirely within the melt region. 
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Figure 3.7 Retained Melt Fraction as function of the melt/crater radius ratio. This function 
was calculated presuming an impact speed of 15 Ian s-l. The curve is independent of the 
planet mass and plots as nearly a straight line with an equation/= 0.4629 + 0.40161rmlrat. 
There is some hint of departure from straight line dependence at r,n/rat ~ 1. The end of the 
plot at rnJrat = 1.09 represents the collision onto an Earth-mass planet of a projectile with 
0.4 of its mass. 
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Figure 3.8 Comparison between the hemispherical and truncated sphere models. Plotted 
are the retained melt fraction and the melt volume of the truncated sphere model normalized 
to that produced by the hemispherical model, after geometric correction. It is displayed as a 
function of the planet's mass and is computed assuming an impact into a silicate planet by a 
projectile 0.1 times the planet's mass at 15 km s-l. The retained melt fraction increases 
with planet mass. This is because as gravity increases, it is more difficult to excavate 
material from the crater and hence the crater shrinks. The spherical model inherently buries 
more of its melt below the axis of symmetry and out of the excavation zone. As a result, 
the retained melt fraction computed by this model is inherently higher. Although the 
hemispherical model produces slightly more melt than the truncated sphere model, the 
spherical model loses less melt to geometric correction. The partial melt region is not 
included in this calculation. 
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Figure 3.8 Comparison between the hemispherical and truncated sphere models. Plotted 
are the retained melt fraction and the melt volume of the truncated sphere model normalized 
to that produced by the hemispherical model, after geometric correction. It is displayed as a 
function of the planet's mass and is computed assuming an impact into a silicate planet by a 
projectile 0.1 times the planet's mass at 15 km s-l. The retained melt fraction increases 
with planet mass. This is because as gravity increases, it is more difficult to excavate 
material from the crater and hence the crater shrinks. The spherical model inherently buries 
more of its melt below the axis of symmetry and out of the excavation zone. As a result, 
the retained melt fraction computed by this model is inherently higher. Although the 
hemispherical model produces slightly more melt than the truncated sphere model, the 
spherical model loses less melt to geometric correction. The partial melt region is not 
included in this calculation. 
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condition where the melt radius is substantially smaller than the crater radius. Most of the 

melt of the hemispherical model is near the surface and is relatively easily excavated. The 

truncated sphere model buries this melt more deeply and less of its melt is found in the 

excavation region. Thus, the retained melt fraction predicted by the truncated sphere model 

is significantly larger than that predicted by the hemispherical model. The second pair of 

figures shows a condition where the melt and crater radii are nearly equal. The 

hemispherical model now buries the vast majority of its melt below the excavation region as 

does the truncated sphere model. Consequently, the two models tend to asymptotically 

converge at retained melt fractions of around 0.7S. The apparent crossing of the two 

curves in Figure 3.9 is due to the approximation made in computing the retained melt 

fraction for the truncated sphere model. 

Crater scaling relationships imply that as the impact becomes larger, the ratio of the 

melt/crater radius becomes larger. If the retained melt fraction is ~ 0.7S, the crater is 

formed completely within the melt region for the hemispherical model and almost 

completely within the melt region for the spherical model. The melt extends well below the 

crater's deepest point. These conditions have important implications that are discussed 

later. The melt/crater radius ratio can be calculated by dividing the melt radius derived from 

the melt model in §2.S.3 by the transient crater radius derived from pi scaling theory. If x 

is defined as the ratio of the projectile's mass to the planet's mass and the acceleration of 

gravity is expressed as a function of the planet's mass, the ratio of rm/rat calculated by the 

hemispherical model is 

rm = 3.22~ 2~ (1-)1/3(Vil-2~n COSi)1/n{rf41tp2XMp2J~1/3~ 
rat CD 41t Vim '-'\ 3pp ~ 

(3.3.9) 

where G is the gravitational constant and Mp is the planet's mass. 

In this form, the ratio rm/rat and consequently the retained fraction depends on impact 

speed, planet's mass, and projectile's mass, expressed by use of the ratio x. P is 

approximately 0.22 for competent rock. As a result, the retained fraction shows only a 

weak dependence on all these factors. Some, however, are more important than others in 

determining the fraction's value. The densities of the planet and projectile do not vary by 

more than a factor of about 2-3. If the exponent in the particle velocity-distance 

relationship is 2 (as assumed throughout the calculations), the retained melt fraction 

depends on impact speed as vp·06, a very weak dependence, especially because it varies 

only by a factor of 3-S above the minimum impact speed. The projectile/planet mass ratio x 

can vary over many orders of magnitude. Likewise, the planet's mass varies over some 6-
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Figure 3.9 Effect of increasing the melt region relative to the crater size. In small craters, a 
significant fraction of the melt calculated by the hemispherical model is excavated because 
the excavation region near the melt zone's center, which contains a large fraction of the 
melt. The center of the truncated sphere model's melt zone lies below the excavation zone, 
allowing the truncated sphere model to retain a larger melt fraction. As the melt radius 
increases relative to the crater radius, a larger fraction of the melt is buried beneath the 
excavation zone. Although this is true for both models, the amount of melt bUlled beneath 
the excavation zone grows faster for the hemispherical geometry than for the spherical 
geometry. As a result, the retained melt fractions predicted by the two models converge as 
the melt region grows relative to the crater. 
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8 orders of magnitude from asteroid-sized bodies to large terrestrial planets. Figure 3.8 

showed the retained melt fraction as a function of the planet's mass. Figure 3.10 shows 

the effect of impact speed, holding the mass ratio x constant. Figure 3.11 shows the effect 

of the projectile/planet mass ratio on the retained melt fraction holding the impact speed 

constant. Figure 3.12 shows the retained melt fraction as a function of the crater radius on 

an Earth-sized planet. It was assumed that a rocky projectile impacted an Earth-mass planet 

at about 15 km s-1. Only the volume of complete melt region is included in these figures. 

The spherical melt model predicts a much higher retained melt fraction than the 

hemispherical model for small craters. The two models converge at the largest craters. 

3.4 FORMATION OF AN INTACT MELT REGION 

Experience with terrestrial craters shows that the retained melt is either incorporated into 

the breccia lens in simple craters or forms a relatively thin melt sheet in complex craters. 

The melt sheet of the -100 km diameter crater Sudbury forms an annulus approximately 

2.5 km thick around the crater's center (Grieve et at., 1991). As seen in the scaling 

relationships above, the melt volume increases more rapidly than crater volume with 

increasing projectile radius. This effect is shown in Figure 3.13. It was constructed 

assuming an impact speed of 10 km s-1 onto an Earth-mass planet and used the scaling 

relationships to determine the melt/crater radius ratio, rm/rat. Even the largest known 

terrestrial impact craters are dominated by solids-the melt/crater radius ratio is relatively 

small. Most material both excavated and displaced from the crater is solid. The retained 

melt is spread into a thin sheet over the crater floor. During the modification phase in large 

craters, the floor may be uplifted, causing the melt sheet to pool into an annulus. Even so, 

the sheet is still thin compared to the crater's dimensions. However, as the projectile 

diameter increases, the melt region's radius becomes a larger fraction of the crater radius. 

Additionally, the retained melt fraction increases. This implies that the melt sheet becomes 

increasingly thicker with crater diameter and that the melt becomes increasingly more 

important in determining crater modification. During a giant impact on a terrestrial-mass 

planet, nearly all of the material both excavated and displaced from the crater is melt. In 

this case, crater collapse must be dominated by the low viscosity melt rather than 

acoustically fluidized solids. In this case, the majority of the retained melt forms an deep, 

intact melt pond. The formation of this melt pond is required for impact-induced core 

formation to occur as discussed in Chapter 5. 

Determining a criterion for intact melt region formation is a difficult task because the 
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Figure 3.10 Effect of impact speed on the retained melt fraction for the hemispherical 
mode. Doubling the speed has only a small effect on the retained melt fraction. This is 
because although the melt volume increases significantly, so does the crater size for a given 
projectile mass. The net effect is an increase in the retained melt fraction, but only by a 
factor of about 20.06 power. 
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Figure 3.11 Effect of the projectile/planet mass ratio (x) on the retained melt fraction. The 
impact speed, and melting pressure are held constant for the calculation. The mass ratio 
has a significant effect on the retained melt fraction, especially since it can change over 15 
or more orders of magnitude. The calculation was performed using the hemispherical 
model. 
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Figure 3.12 Retained melt fraction as a function of the crater radius for a given planet The 
figure was constructed assuming the impact of a silicate projectile onto an Earth mass 
silicate planet at 15 km s-l. The projectile/planet mass ratio was varied from 0.2 down to 
about 10-16. The retained melt fractions calculated by the two models converge in the limit 
of very large craters, but are very different for small craters. 
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Figure 3.13 Implications of crater scaling laws on the melt region's volume. This figure is 
constructed presuming a 10 km s·l impact onto an Earth mass planet by a silicate projectile, 
using the hemispherical model. If the projectile/planet mass ratio is small, the melt region 
is small compared to the crater. As the projectile becomes larger, the melt radius becomes 
an ever larger fraction of the crater radius. In the very largest impacts, the melt radius is a 
significant fraction of the crater radius and melt entirely dominates the crater. 
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transition is continuous. Any criterion for requires a somewhat arbitrary choice. There is 

some pooling of melt in craters as "small" as Sudbury, although not enough to form a 

deep, intact melt pond. Crater collapse in this structure was dominated by the rheology of 

solid material. If the melt radius is equal to the crater radius, the crater is formed entirely 

within the melt region. In this case, it seems obvious that melt rheology completely 

dominates crater collapse and the retained melt must pool to form an intact melt pond. 

This, however, is be too conservative a criterion. The dominance of melt in regulating 

crater collapse depends on the fraction of melt in the material displaced from the crater. The 

larger the liquid fraction, the lower the effective viscosity of the mixture and the more 

important the melt is in determining the modification flow regime. If the liquid fraction 

displaced from the crater is small, melt is unimportant and forms a surface sheet, such as in 

Sudbury. If the retained melt is >50% of the entire crater's volume, the fluid flow 

mechanism is viscous flow of a liquid rather than solid state flow or acoustically fluidized 

flow. Additionally, there is a spatial effect-the liquid is mainly centered where streamlines 

are nearly radial. As the melt region becomes a larger fraction of the crater volume, the 

remaining displaced solids are located along the crater sides where the streamlines flow 

upward and outward. This concentrates solids near the surface and causes the bulk of the 

melt to remain as a body. Based on these considerations, it is considered here that if the 

retained melt volume is greater than or equal to half the crater's volume, an intact melt 

region forms. In symbols 

(3.4.1) 

where Vmh is the melt volume not corrected for the planet's spherical shape and Vc is the 

transient crater's volume. Because the crater volume is not corrected for the planet's 

spherical shape, it must be compared to the uncorrected melt volume. The crater's volume 

is found by assuming a crater geometry. Craters typically assume a parabolic form with a 

depth to diameter ratio between 114-1/3 for most solids. This could be somewhat different 

in a giant impact due to the effects of lithostatic pressure and the planet's finite surface. 

Lacking better information, it is assumed that the transient crater is a paraboloid with a 

depth to diameter ratio of 113. It's volume is computed using the method of washers as 

Vc = 1/31trat3 (3.4.2) 

Criterion (3.4.1) can be recast in terms of the retained melt fraction. Application of this 

criterion is straightforward for the hemispherical model, and yields a retained melt fraction 

of about 0.57. Since criterion (3.4.1) is not exact, it is considered that an intact melt region 

is formed when the hemispherical model's retained melt fraction is between 0.5 and 0.6. 
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From Figure 3.11, a giant impact (x = 0.1) fulfills this condition when the planet is 

somewhere between the mass of the Moon and the mass of Mercury. 

The retained melt fraction is not a simple function of the melt to crater radius for the 

truncated sphere model. It is necessary to work out the criterion (3.4.1) numerically. 

Figure 3.14 plots the retained melt fraction and the ratio of the retained melt volume to the 

crater volume for both the hemispherical model and the truncated sphere model. Figure 

3.14a is computed for silicates planets; Figure 3.14b is for icy bodies. An intact melt 

region should form after impact by a giant projectile when a silicate planet is somewhere 

between the mass of the Moon and Mercury, but only when an icy body is near the mass of 

the largest known icy bodies. This is mostly because these bodies have weaker gravity for 

a given mass, allowing more efficient melt excavation. 

Figure 3.15 shows the effect of the presumed density on the projectile and planet The 

calculations on which Figure 3.14b is based used a density of the water ice-silicate mixture, 

1230 kg m-3. The actual density of many of these bodies is higher. Callisto, Titan, and 

Ganymede have mean densities of around 1800-1900 kg m-3. The smaller icy satellites of 

Jupiter and Saturn have densities in the range of 1250-1500 kg m-3. A density of 1500 kg 

m-3 was used for comparison purposes. Increasing the planet and projectile's density has a 

significant effect on the retained melt fraction. There are two primary reasons for this 

effect. Increasing the density decreases the planet's radius for a given planet mass. 

Consequently, the planet'S gravitational acceleration increases. This has no effect (for a 

given impact speed) on the melt region's radius, but decreases the crater size. Hence, melt 

excavation is not as efficient. Additionally, the density affects the minimum impact speed 

required for melting to the edge of the isobaric core. A higher density tends to decrease this 

speed. At a density of pure water ice, 915 kg m-3 (Bakanova et al. 1976) and melting 

pressure of 6 GPa, Vim = 3.3 km s-l. However, at a density of 1500 kg m-3 and melting 

pressure of 6 GPa, Vim = 2.4 km s-1. This density contrast, however, represents an 

extreme case. The calculation for silicate planets presumed a density of 3320 kg m-3. It 

may have been more appropriate to use the density of a mixture of 70% hydrated silicates. 

This mixture has an approximate density of 4300 kgm-3. v~n would change from -7.3 km 

s-1 in the low density material to 5.8 km s-1 in the high density material, lowering the mass 

required for intact melt region formation. These considerations indicate that giant impacts 

generate intact melt regions in bodies larger than lunar mass silicate bodies and on Europa 

to Callisto mass icy bodies. The mass of the body depends somewhat on the 

projectile/planet mass ratio, the melting pressure, and impact speed. It also depends on the 
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Figure 3.14. The retained melt fraction and the ratio of the retained melt volume to the 
crater volume for silicate bodies (Fig. 3.14a) and icy bodies (Fig. 3.14b) Assumed 
conditions include Pm = 115 GPa, Vi = 15 km s-l, uncompressed density = 3320 kg m-3, 

and dunite shock parameters for silicate bodies, and Pm = 10 GPa, Vi = 5 Ian s-l, 
uncompressed density = 1230 kg m-3, and ice shock parameters for icy bodies. The 
retained melt volume equals half the crater volume at retained melt fraction of about 0.57 
for the hemispherical model and about 0.70 for the truncated sphere model. This occurs on 
silicate planets about the mass of Mercury, but only on the very largest icy bodies. 



115 

Effect of Density on Retained Melt Fraction 

P1 = 1500 kg m-3 

-3 
c P2 = 915 kg m 
0 
:;:: 0.8 
0 co 
'-

LL 
0.6 Intact Melt Region Criterion 

~ 
Q) .,-/ 
~ .,-/ 

"0 0.4 .-- 0 -Q) !1l C ." .~ c c 0-- = '@ ~ -- .... .- - !1l 
~ () - -" i= I-

Q) 
0.2 ---"---- ." . 

a: 

o~--~--~~~--~~~~*---~~~.w~~~~~~ 

1020 1022 1023 

Planet Mass (kg) 

Figure 3.15. Effect of presumed densities on the calculation of the displaced and buried 
melt fractions. Figures 3.14b was based on a density of both the target and projectile equal 
to 1230 kg m-3. However, the density of these bodies is also determined by the silicate 
mixture in them. Some of the larger bodies have mean densities of up 1800-2000 kg m-3. 
The effect of changing density from 915 to 1500 kg m-3 is significant and may result in 
formation of the intact melt region in somewhat smaller bodies than indicated by Figure 
3.14b. 
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precise density of the material. However, the densities are fixed within certain small ranges 

by cosmochemical considerations. Of all these variables, only the projectile/planet mass 

ratio ranges over several orders of magnitude and hence principally determines the mass at 

which intact melt regions are formed. 

The equations and figures presented in this chapter consider only the complete melt 

region. The partial melt region (or the liquid-solid phase region for water ice) can also be 

included in determining the retained melt fraction. The method is similar to calculating the 

partial melt volume. The partial melt region is broken into shells bounded by spherical 

surfaces of constant partial melt fraction. Eq. (3.3.6) and its equivalent for the truncated 

sphere model are used to find the excavated volume of a particular partial melt fraction 

surface. The contribution to the excavated melt is found by taking the excavated volume of 

the j+ 1 shell and subtracting that of the jth shell and multiplying by the appropriate partial 

melt fraction. The contribution of each shell is added to the excavated melt volume from 

the complete melt region. Additionally, the uncorrected melt volume contributed by each 

shell must be added. Once both the total excavated and uncorrected melt volumes are 

determined, eq. (3.3.1) is used to calculate the retained melt fraction. The partial melt 

region does not change the retained melt fractions reported earlier in this chapter 

significantly. Examples of the effect of the partial melt region are shown in §4.3. 

3.5 COMPARISON WITH TERRESTRIAL MELT VOLUMES 

Grieve and Cintala (1992) recently compiled melt volume estimates for a number of 

terrestrial impact structures. Their melt model overestimated the melt volume by a factor of 

3-5 in most cases. The model developed in this work can also be applied to the same 

dataset. The result is shown as Figure 3.16. The solid line represents the retained melt 

volume predicted by the truncated sphere model for a given crater radius; the dotted line 

represents the retained melt volume predicted by the hemispherical model. The 

computation assumes normal incidence, an impact speed of 15 km s·l, the densities and 

shock parameters listed by Grieve and Cintala (1992) for comparison, and includes only 

the complete melt region. Crater diameters reported by these authors were adjusted by the 

"modification scaling" relationship proposed by Croft (1985) 
Dat = D QO.15±0.4DrO.85±O.04 (3.6.1) 

where DQ is the diameter of the simple to complex crater transition in crystalline targets 

(about 4 km on the Earth), and Dr is the final crater diameter. The model presented here 

underestimates the melt volume by a factor of 2-3 in most cases, about the same factor as 
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Figure 3.16 Comparison with terrestrial melt volume estimates with the model. All melt 
volumes were taken from the data compilation of Grieve and Cintala (1992). Linear shock 
parameters and densities of the granite and "chondrite" stated by these authors were used 
for this comparison. Other conditions include normal incidence, a complete melting shock 
pressure of 100 GPa, and an impact speed of 15 km s·l. Asterisks indicate that the volume 
estimate is considered uncertain; X's indicate that the volume estimate is considered to be 
fairly reliable. The transient crater radius was computed by using the present crater radius 
and eq. (3.6.1) from Croft (1985). This melting model predicts the general trend of the 
data, but underestimates the melt volume in most cases by a factor of 2-3. 
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Grieve and Cintala overestimate it. There are several potential causes of the underestimate: 

normal incidence rather than the most probable incidence angle of 45°, partitioning of 

projectile kinetic energy into the target only during the contact and compression phase (that 

is, assuming the energy partitioned to generate the isobaric core is 112 the projectile kinetic 

energy), using too high a value for the complete melting pressure of granite (assumed to be 

100 GPa in the computation), using the conservation of momentum particle velocity

distance exponent of 2 rather than perhaps a more realistic value of 1.6-1.87, and exclusion 

of the partial melt region. 

This chapter discussed the distribution of impact melt. The melt is either excavated 

from the crater or is retained. Because the retained melt is the most likely to form magma 

oceans and differentiate to trigger core formation or additions events, the retained melt 

fraction was estimated. The two geometric melting models predict quite different values for 

small craters and for small planets. The two models converge for large craters on large 

planets. An intact melt region is formed by giant impacts on silicate planets larger than 

lunar mass and on icy bodies larger than Triton. The melting model predicts the trend of 

the estimated melt volume for melt sheets in terrestrial impact structures, but underestimates 

the volume by a factor of 3-5 in most cases, although this value can be increased changing 

some model assumptions. The retained melt fraction is used extensively in the next two 

chapters to discuss magma ocean formation by giant impacts and impact-induced core 

formation. 
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4. IMPACT-INDUCED MAGMA OCEAN FORMATION 

4.1 INTRODUCTION 

The thermal and chemical consequences of giant impacts are just beginning to be 

explored. The impact of a planetesimal containing 10% of the planet's mass deposits a 

truly prodigious amount of energy into a planet. For example, a Mars-mass projectile 

(mass of 6 x 1023 kg) striking an Earth-mass planet at 15 km s-1 contains 6.75 x 1031 J of 

kinetic energy. If half of that energy is partitioned into the planet and is eventually 

converted into internal energy, the planet receives an average energy increase of -5 x 106 

J/kg. According to the ANEOS equation of state for dunite, this energy density 

corresponds to a temperature of -3400 K at 1 bar, with vaporization limiting the 

temperature increase (Benz et al. 1989). At higher pressures deep within the planet, this 

energy density corresponds to -7000 K (Melosh and Vickery 1991) because vaporization 

cannot limit the temperature increase. This energy is sufficient to melt the entire planet. As 

a result of this first-order calculation, a number of workers proposed that the formation of a 

deep magma ocean is a direct consequence of the collision (see e.g., Melosh 1990, Benz 

and Cameron 1990). However, Stevenson (1987) pointed out that not only is the total 

amount of energy important, but its distribution may be equally as important. If the energy 

is concentrated near the impact site, the impact may result in a substantial volume of vapor 

and superheated melt that absorbs a large fraction of the impact energy, leaving a significant 

fraction of the planet relatively unperturbed. The total energy deposited by the impact 

includes energy directly deposited by the shock wave, energy deposited by excavated 

material when it falls back to the planet, energy deposited by viscous relaxation of the 

planet as it isostatically adjusts to the voluminous crater and ejecta blanket, and energy in 

the accreted projectile material. This chapter explicitly estimates the melt generated by the 

initial shock wave and the depth of magma oceans that result from it. Other impact energy 

sources are discussed in a general way in §4.4. 

Melt generated by the initial shock wave can, in principle, form a magma ocean in one 

of two ways. The shock wave generated by the giant impact produces a large, intact 

volume of melt, shown in Figure 4.1a. Some of this melt is excavated by the cratering 

flow; the rest is retained within the crater. The excavated melt not only mixes with 

excavated solids, but the melt cools during its ballistic flight, implying that the emplaced 

ejecta is at least partially solid. If the effective viscosity of the mixture is sufficiently low 

and if the melt is sufficiently thick, the excavated melt could spread out to approximately 
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Melt Flows onto Su rface 

Figure 4.1a Mechanism of magma ocean formation by the retained melt. A giant, high 
speed impact forms an intact melt region. Although some of the melt is excavated from the 
crater, a significant fraction is retained. The crater and the less dense melt region are 
isostatically unstable, and the planet viscously adjusts. 
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Magma Ocean of Uniform Depth Formed 

Figure 4.1 b If the isostatic adjustment time scale of the intact melt region is short compared 
to the magma cooling time scale, the magma is extruded onto the surface, forming a magma 
ocean of approximately uniform depth. 
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uniform depth on the surface after emplacement. It is likely, however, that by the time 

excavated melt is emplaced, most has solidified (although there may be some remelting 

upon emplacement). Thus, the excavated melt probably does not form a magma ocean. 

This is discussed in more detail in §4.4. The resulting crater and the retained melt body are 

not isostatically stable. As a result, the retained melt may be extruded onto the surface by 

isostatic adjustment of the planet (Fig. 4.1b). A magma ocean forms by this process 

occurs only if the isostatic adjustment time scale of the planet is short compared to the 

magma cooling time. These time scales are discussed in §4.4. 

In this chapter, the quantitative understanding of impact-induced melting developed in 

Chapter 2 is used to estimate the melt volume produced by the primary shock wave. 

Magma ocean depths that result from this melt are then estimated. The temperature 

dependence on melt volume and magma ocean depth are discussed in §4.3. Finally, the 

impact energy not partitioned into the initial shock wave and the time scale for extrusion of 

the retained melt are discussed in §4.4. 

4.2 CALCULATION OF MAGMA OCEAN DEPTHS 

The melting model described in Chapter 2 was used to calculate the melt volume 

produced a giant impacts. The melt volume was geometrically corrected using eq.(2.5.11) 

with the appropriate geometric correction factor. The partial melt volume was included in 

the total melt volume for all calculations reported below unless specifically noted otherwise. 

The retained melt fraction, including the modification for the partial melt region described at 

the end of Chapter 3, was used to compute the excavated and retained melt volume. Figure 

4.2 shows a comparison of the melt volumes calculated by the two models, assuming the 

projectile-planet mass ratio is 0.1 and impact speed of 15 km s-l. The melt volume 

produced by the spherical model is normalized to that predicted by the hemispherical 

model. The spherical model yields about 95% of the melt volume generated by the 

hemispherical model under the same impact conditions before geometric correction. 

However, the hemispherical model loses more melt to geometric correction than does the 

truncated sphere model. As a result, the spherical model predicts about 30% more melt 

than the hemispherical model under these conditions. 

The excavated and retained melt volumes calculated by the model were used to 

determine corresponding magma ocean depths. The excavated magma ocean depth is 

considered to be the thickness of a uniform magma layer formed by the excavated melt if it 

were uniformly distributed around the planet with all other materials underneath. 
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Figure 4.2 The melt volume produced by the spherical model normalized to the melt 
volume produced by the hemispherical model after correction for the planet's geometry. 
The figure was constructed presuming an impact speed of 15 km s-l, an initial temperature 
of 298 K, and a projectile/planet mass ratio of 0.1. The truncated sphere model generates 
about 95% of the melt produced by the hemispherical model before correction for the 
planet's geometry, but it loses more melt to geometric correction, allowing the truncated 
sphere model to produce about 30% more melt after geometric correction. 
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The retained magma ocean computation considered that the magma is extruded over all 

solids, but not over excavated melt. Figure 4.3 shows the depths of magma oceans 

generated by both the excavated and retained melt as a function of the planet's mass at 

impact speeds of 10 and 15 kIn s-1. Figure 4.3a results from the hemispherical model; 

Figure 4.3b from the truncated sphere model. The projectile/planet mass ratio is set to 0.1 

and the material is presumed to be at an initial temperature of 298 K (melt pressure = -150 

GPa). The hemispherical model predicts that magma oceans formed by the excavated melt 

are deeper on small planets that those formed by the retained melt. This reflects the small 

retained melt fraction on small planets predicted by the hemispherical model, even for the 

impact of a "giant" projectile. The retained melt fraction is small because the planet's low 

gravity allows material to be more easily excavated, producing a small melt to crater radius 

ratio. The turnover in excavated magma ocean depth is due to a rapidly decreasing 

excavated melt fraction. Giant impacts between planets having masses near the mass of the 

present terrestrial planets have small excavated magma ocean depths. Magma oceans 

formed by the retained melt can become deep, -1000 km for an Earth-sized planet being 

struck by a Mars-sized projectile at 15 km s-1. The truncated sphere model predicts a much 

larger retained melt fraction as well as predicting more total melt. Consequently, magma 

oceans formed by the retained melt are deeper than those formed by the excavated melt 

Figure 4.4 shows the effect of changing the impact speed and projectile mass in the 

calculation. Figure 4.4a results from the hemispherical model; Figure 4.4b from the 

truncated sphere model. Only magma oceans generated by the retained melt are shown for 

clarity. Increasing the impact speed by 1.5 times (from 10 km s-1 to 15 km s-1) slightly 

more than doubles the melt volume. Doubling the projectile mass (from a projectile/planet 

mass ratio of 0.1 to 0.2) doubles the total melt volume. It more than doubles the retained 

melt volume since the retained melt fraction scales most strongly with increasing projectile 

mass. 

4.3 EFFECT OF PLANET'S INITIAL TEMPERATURE 

Because of accretional heating, it is likely that the large planets were much hotter than 

the Earth's current temperature during late accretion. However, because a largely melted 

planet cools rapidly compared to the late accretion time scale, the planet was probably not 

melted at the time of the giant impact, but was near its solidus temperature, although it is 

conceivable that a planet had a buried magma ocean (e.g., Agee and Walker 1988a). 

Figures 4.5-4.8 show the effect of the planet's initial temperature. Figure 4.5 shows 
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Figure 4.3 Magma ocean depths produced by both the excavated and retained melt Figure 
4.3a shows the hemispherical model; Fig. 4.3b the truncated sphere model. The magma 
ocean depth from the retained melt predicted by the spherical model is larger than that of the 
hemispherical model, while the excavated magma ocean depth is smaller. This is the result 
of both the much larger retained melt fraction and the 30% larger melt volume predicted by 
the spherical model after geometric correction. The true picture lies somewhere between 
these end member models. The turnover in the excavated melt magma ocean is due to a 
rapidly increasing retained melt fraction as the planet becomes larger. The excavated melt 
probably does not form a magma ocean because the excavated melt mixes with the 
excavated solids, rapidly cools, and forms a mostly solid, high viscosity mixture. 
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Figure 4.4 Effect of changing impact speed and projectile/planet mass ratio_ The figures 
were constructed assuming an initial temperature of 298 K and show only magma oceans 
formed by the retained melt for clarity. Comparing the two dotted lines shows the effect of 
increasing speed by a factor of 1.5 with a constant projectile/planet mass ratio. Comparing 
the center dotted line to the solid line shows the effect of doubling the projectile/planet mass 
ratio at constant impact speed. These changes have a comparable effect to changing the 
initial material temperature from room temperature to the solidus temperature and including 
the partial melt region on the total melt volume and magma ocean depths. See Figure 4.7. 
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magma ocean depths if the complete melt region is included. For clarity, only magma 

oceans generated by the retained melt are shown. The planet's initial temperature has a 

significant effect, but the difference is not as extreme as might be expected. Using data 

from the JANAF tables and Robie et al. (1979), the heat of fusion for dunite, including the 

energy required to raise its temperature from the solidus to the liquid (1490 K to 2163 K) at 

1 bar pressure is approximately 9.5 x 105 J/kg. The energy required to raise the 

temperature of dunite from current Earth conditions to the dunite solidus is approximately 

1.5 x 106 Jlkg. It still requires a shock pressure of about 115 GPa to completely melt 

solidus dunite, only about 35 GPa lower (150 GPa) than the pressure required to 

completely melt room temperature dunite. This seeming paradox can be understood by 

examining the Hugoniot curves in pressure-entropy space. The Hugoniot is nearly vertical 

from the initial state to a shock pressure of some 40-60 GPa. This implies that until the 

shock pressure reaches this level, very little irreversible work is done on the material. The 

material's entropy increases only slightly. Once the shock pressure gets above -50 GPa, 

the amount of irreversible work done on the material increases rapidly with shock pressure. 

This effect results in the relatively flat slope of the Hugoniot above -50 GPa. Thus, it does 

not require a significantly higher shock pressure to input the energy and entropy required to 

raise the material's temperature from 298 K to the solidus temperature once the shock 

pressure is above -50 GPa. The shock pressure where the Hugoniot flattens out depends 

on the material. Ice, for example, has Hugoniot curves that flatten out at lower shock 

pressures and thus melts at lower shock pressures. 

The partial melt region becomes increasingly important as the planet's initial 

temperature increases. The incipient melting pressure for 298 K dunite is about 100 GPa. 

However, the incipient melting pressure for solidus dunite is theoretically 0 GPa. This 

implies that the partial melt region is narrow if the planet begins cold, but extends 

throughout the planet if it is originally at the solidus. Figure 4.6 shows this effect. The 

radius of each partial melt shell was computed by the code and contours corresponding to 

100%, 80%, 60%, 40%, 20% and 2% are shown. Figure 4.6a presumes that the planet's 

initial temperature is 298 K; Figure 4.6b presumes the initial temperature is 1490 K (the 

dunite solidus at 1 bar pressure). Each contour of the partial melt region in the 298 K 

planet is quite narrow. A substantial portion of the planet is not melted at all. However, 

some partial melting extends through the entire initially solidus temperature planet. The 

radius of the complete melt region is only slightly larger, generating about 30% more melt 

volume, but each partial melt shell is wider than the corresponding shell in the cold planet. 
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Figure 4.5 Effect of initial temperature on magma ocean depth generated by the complete 
melt region. These figures were constructed presuming an impact velocity of 15 km s-1 
and a projectile/planet mass ratio of 0.1. For clarity, only magma oceans formed by the 
retained melt are shown. Only the complete melt region was included in this calculation. 
Initial planetary temperatures of 298 K and 1490 K were used. The effect on the complete 
melt region is not as drastic as either increasing impact velocity by a factor of 1.5 or 
doubling the projectile/planet mass ratio. Compare with Figures 4.3 and 4.7. 
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Earth Mass Planet: Projectile/Planet Mass Ratio 
= 0.1 ; To = 298K 

~ Isobaric Core (Melt) 40-60% Melt 

II Complete Melt Region 1m 20-40% Melt 

II 80-100% Melt mill 2-20% Melt 

rm 60-80% Melt 
Figure 4.6 Effect of initial planetary temperature on the partial melt region. Figure 4.6a 
shows the isobaric core, complete, and partial melt regions for a 298 K initial planet. 
Figure 4.6b shows the isobaric core, complete, and partial melt regions for a 1490 K initial 
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Earth Mass Planet: Projectile/Planet Mass Ratio 
= 0.1; T = 1490K o 

~ Isobaric Core 

Complete Melt Region 

II 80-100% Melt 

fill 60-80% Melt 

40-60% Melt 

20-40% Melt 

Iii 2-20% Melt 

planet. The most significant effect is seen on the radii of the partial melt contours. The hot 
planet has some degree of melting throughout while the partial melt region in the cold initial 
planet is quite narrow. As a result, the hot planet has a much larger total melt volume. 
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Figure 4.7 shows the depth of magma oceans if the partial melt region is included. 

Comparing Figures 4.5 and 4.6 shows that the partial melt region is particularly important 

to magma ocean depths on a 1490 K initial planet 

Figure 4.8 shows the same comparison between the two geometric models as shown in 

Fig. 4.2, but at an initial planet temperature of 1490 K. The important point here is that the 

ratio of the truncated sphere to the hemispherical model melt volume is now -1.2 rather 

than the> 1.3 for the 298 K initial temperature. This results from the larger partial melt 

shells for the hotter temperature. As the partial melt shells grow, the geometric correction 

also grows. Because the largest shell can only be as large as the planet itself, the two 

models tend to converge. 

The melt model can also be used to predict the fraction of a planet that is melted by the 

shock wave (fm). It is found by dividing the geometrically corrected total melt volume by 

the planet's volume. Figure 4.9 shows the effect of changing the projectile-planet mass 

ratio for a given impact speed (and fixed minimum impact speed for isobaric core melting) 

and Figure 4.10 shows the effect of changing the impact speed for a given fixed projectile

planet mass ratio on the fraction fm. Both figures were constructed using the spherical 

model. The initial temperature affects the ratio of the impact speed to minimum impact 

speed because it affects the complete melting shock pressure (eq. 2.5.10). A 15 km s-l 

impact into a cold planet (298 K) plots at Vi/Vim = 1.6 while the same impact into a planet at 

its solidus (1490 K) plots at vi/Vim = 2.1. The canonical values of the putative Moon

forming giant impact (x = 0.1, Vi = 15 km s-l) yield 40-65% melting of the planet by the 

initial shock wave depending on its initial temperature. Whole planet melting requires the 

impact of a planetesimal containing 40-50% of the planet's mass. 

4.4 DISCUSSION OF OTHER IMPACT ENERGIES AND TIME SCALES 

The above depth estimates presume that the melt spreads uniformly over the planet's 

surface. As argued above, the excavated melt spreads over the surface only if its viscosity 

is low. Because of mixing with excavated solids and radiative cooling, the emplaced 

mixture probably has a significant solid fraction and does not flow substantial distances 

across the planet. If the melt radius is greater than the crater radius, the crater is formed 

entirely within the melt region and all the ejecta is melt. This situation occurs when the 

retained melt fraction is ~ 0.75 for the hemispherical model and occurs only in the very 

largest impacts on large planets (see Fig. 3.8). The depth of magma oceans formed in 

these impacts, however, is dominated by the retained melt. In this case, the excavated melt 
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Figure 4.7. Same as Figure 4.5 except now the partial melt region is included in the total 
melt volume. Magma ocean depths on the initially cold planet are not much different than 
those of Fig. 4.5a. However, there is a significant difference in the depth of magma 
oceans on initially hot planets. This difference is comparable to the difference in changing 
impact speed or the projectile/planet mass ratio. Compare with Figures 4.3 and 4.5. 
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Comparison between the Two Models 
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Figure 4.8. Same as Figure 4.2 except the planet's initial temperature is now the solidus. 
The retained melt fraction includes the partial melt region. The ratio of the truncated sphere 
to the hemispherical model's melt volume is now -1.2 rather than the> 1.3 when the planet 
was cold. The reason for convergence is because of the geometric correction. The partial 
melt region covers the entire planet. As a result, the geometric correction trims the partial 
melt shell down to include only material in the planet. If the complete melt region covered 
the entire planet, the two models would predict the same melt volume. 
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Figure 4.9 Fraction of the planet melted by the initial shock wave. Both Figures 4.9 and 
4.10 use the truncated sphere model. This figure was constructed presuming a constant 
impact speed (15 km s-1) and varies the projectile/planet mass ratio. A separate curve is 
computed for each of the two initial temperatures used throughout the calculation. 
Canonical values for the Moon-forming giant impact (i.e., 15 km s-1, mplMp = 0.14) 
yields about 40% melting if the planet were initially cold and 65% if it were originally at the 
solidus. 
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Truncated Sphere Model: Earth Mass Planet 
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Figure 4.10 The fraction of the planet melted by the initial shock. This figure was 
constructed presuming a constant projectile/planet mass ratio (0.1) and varied the ratio of 
the impact speed to the minimum impact speed. Initial temperature enters twice on this 
figure. A separate curve exists each initial temperature because of inclusion of the partial 
melt. Additionally, the ratio of the impact to minimum impact speed is a function of the 
planet's initial temperature. A 15 km s·1 collision has an impact to minimum impact speed 
ratio of about l.6 if the material were initially at 298 K and a ratio of about 2.1 if the 
temperature were originally at the solidus. Whole planet melting requires a projectile with 
approximately 40-50% of the planet's mass. However, very large degrees of melting are 
achieved (>50%) by projectiles containing 20-25% the planet's mass. 
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may form the first layer of the magma ocean with the retained melt contributing the bulk 

later. In most cases, however, the excavated melt probably does not form a magma ocean. 

As discussed above, the retained melt can be pushed onto the surface due to viscous 

deformation of the whole planet as it attempts to return to isostatic equilibrium. If this 

process is rapid compared to the magma cooling time scale, a uniform depth magma ocean 

forms, implicitly assumed in the above depth estimates. These time scales could, in 

principle, be calculated using hydrodynamic computer computations. However, such 

calculations are extremely model dependent and depend on many poorly constrained 

parameters. As a result, such calculations still do not constrain the problem and no such 

calculation is attempted here. The isostatic relaxation time scale depends mainly on the 

effective viscosity of the combination of melt and remaining solid planet. This time scale 

undoubtedly depends on strain rate in a complex, non-Newtonian fashion. The relaxation 

time scale of the present Earth, measured by glacial rebound, is of the order of 10,000 

years. Glacial rebound, however, is a relatively low stress response. Isostatic adjustment 

of the extensive crater formed in a partially melted planet must be much more rapid except 

possibly near the very end of adjustment. The magma cooling time scale depends critically 

on the insulating properties of the atmosphere and the formation of an insulating crust. The 

time scale for cooling of a magma ocean to 50% crystallization with no insulating crust or 

atmosphere is on the order of 10,000 years (Tonks and Melosh 1990). Comparing these 

time scales implies that the retained melt is probably extruded before magma cools 

significantly and forms a global magma ocean. 

This work semiquantitatively estimates the melt volume produced by the initial shock 

wave. As discussed above, the impact energy is partitioned into both the target and 

projectile and into both kinetic and internal energy. Unless material has sufficient kinetic 

energy to escape from the planet, this energy eventually shows up as internal energy. 

Model simulations of giant impacts performed by Benz et al. (1989) and Benz and 

Cameron (1991) indicate that the ejecta generates as much or more melting than the initial 

shock wave. This results from the relatively small number of discrete particles that make 

up the planet (about 5000) in their code and the large impact parameter of the impact. 

Because of the large impact parameter, very little energy is deposited in the initial impact. 

The projectile ricochets off the planet and impacts more directly later. Ejecta emplacement 

could potentially generate significant melting. However, only ejecta with speeds less than 

escape velocity reimpact the planet. This is necessarily a lower speed than the original 

impact. Additionally, this material is broken into fragments that are relatively small 
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compared to the original projectile. As a result, this material deposits its energy and causes 

melting near the planet's surface. A planet's surface temperature is limited to around 3400 

K, the temperature of the liquid-vapor phase boundary for reasonable planetary surface 

pressures. This temperature causes a thermal pulse to propagate into the planet The pulse 

lasts only as long as the time required to radiate away the energy. The time required to 

radiate 3/4 of the impact energy of the Mars-sized impact (-5 x 1()31 1) onto an Earth-sized 

protoplanet at 3400 K is only about 450 years. At the surface temperature of 16,000 K 

predicted by Benz and Cameron's (1991) smooth particle hydrocode (SPH) models, it is 

only about 1 year. Even at the relatively cool temperature of 1490 K (the dunite solidus), 

this time is only about 11,000 years. The conductive cooling (or heating) time scale is on 

the order of 'O2/l(, where 8 is the layer thickness and l( is the thermal diffusivity (Turcotte 

and Schubert 1982, p. 160). Assuming a thermal diffusivity of 10-6 m2/s and using the 

radiative cooling time scale of 11,000 years, the thickness that is subjected to the thermal 

pulse is only about 600 m. Even if an insulating atmosphere severely limits radiative 

cooling and increases the time scale to, say 108 years, the corresponding thermal diffusion 

depth is only about 50 km. Although the above estimate is crude, it demonstrates that as 

long as the ejecta's energy is deposited near the planet's surface, it does not penetrate very 

far into the planet. These considerations imply that ejecta emplacement does not effectively 

cause melting deep within the planet. 

Another potentially important source of deep melting is the energy deposited by viscous 

dissipation during isostatic adjustment. The large crater excavated by the impact contains 

significant gravitational potential energy. It readily collapses because of the low viscosity 

melt and partial melt surrounding it, forming a melt pond near the surface similar to that 

shown in Figure 4.1a. Gravitational potential energy is deposited in the melt and partial 

melt because solids are only weakly involved in the collapse process. However, a 

significant fraction of the gravitational potential energy remains because of the density 

difference between the melt and solids. This is converted to internal energy by viscous 

dissipation as the planet undergoes isostatic adjustment (Figure 4.1b). The rate of energy 

deposition, e, goes as 

e= a E (4.4.1) 

where a is the deviatoric stress and E is the strain rate. Using the relationship between 

stress and strain rate, the energy dissipation rate can also be written as 
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(4.4.2) 

Mter crater collapse, the strain rate is determined by the effective viscosity of the solids-the 

melt responds essentially instantaneously. Because the strain rate in the liquid and solid 

portions of the planet are nearly the same, (4.4.2) implies that most of the viscous 

dissipation occurs in the solid because of its much higher viscosity. The total energy 

available for viscous dissipation depends only on the gravitational potential energy of the 

melt region. For illustrative purposes, suppose that the melt region is a sphere of radius 

Rp/2 (about 10% of the planet's mass) buried in one hemisphere of the planet at a depth of 

Rp/2. If the gravitational energy of this region were dissipated homogeneously throughout 

the planet and went into melting, the following energy balance results: 

11t (~ J ~plf = 11t Rp3pLAq, (4.4.3) 

where 4/31t(Rpl2)3Ap is the differential mass of the melt region, effectively centered at a 

depth of Rp/2, 4/31tRp3p is the planet'S mass, L is the latent heat (which is taken here to 

include not only the energy required to melt the material, but to raise its temperature from 

the solidus to the liquidus), and Aq, is the melt fraction. Solving for the melt fraction yields 

An. - -.L ~pRp (444) 
0'1' - 16 g pL' . 

Using typical parameters for an Earth-mass planet (~p/p = 0.1, Rp = 6371 km, g = 10 m s-

1, and L = 9.5 x 105 J kg-I), ~q, is about 0.4. If all the energy goes into heating the planet, 

(4.4.4) can be used to find the temperature increase if Uq, is replaced by Cp~T. Assuming 

a specific heat capacity of 1275 J (kg K)-I, AT = 330 K. The precise degree of melting 

induced by isostatic adjustment depends on the precise values of these parameters, which 

may vary significantly due to pressure effects, and on the isostatic adjustment time scale. If 

the magma cooling time scale is large compared to the isostatic adjustment time scale, the 

ocean largely solidifies before isostatic adjustment takes place and a large part of the density 

anomaly is removed. Even so, this argument demonstrates that isostatic adjustment may 

result in significant additional melting, especially in the largest terrestrial planets. On 

smaller planets, the isostatic adjustment energy is much smaller. For a Mars-mass planet, 

the difference in planet radius and gravity reduces the melt fraction by a factor of 4. On a 

Moon-massed planet, melt fraction is reduced by a factor of about 13. Resolution of this 

issue probably requires full three-dimensional hydrocode calculations of isostatically 
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adjusting planets containing highly variable viscosities with the effects of convection and 

radiative cooling included. 

Another important energy source is gravitational energy released if the projectile 

originally had a core before the impact that sunk through the protoplanet's mantle and 

merged with the protoplanet's core. This is the scenario envisaged in current simulations 

of the Moon-forming giant impact. Both the initial shock energy and the gravitational 

potential energy that the projectile's core gains by sinking into the planet's core are 

inherently buried deep within the planet. A core containing 30% of the Mars-mass 

projectile sinking -3000 km in the Earth's gravity field to merge with the proto-Earth's core 

gains about 2.5 x 1030 J of gravitational energy, nearly 1120 of the initial impact kinetic 

energy, in addition to the shock energy it receives from the impact. If an energy density of 

5 x 106 J/kg corresponds to melting, this is enough energy to melt about 1112 of the Earth. 

Because of the high pressure at the core-mantle boundary of an Earth-mass planet, 

vaporization does not limit the temperature rise, so the material may become extremely hot, 

driving vigorous thermal convection within the mantle. This energy probably melts part of 

the lower mantle, triggering the release of volatiles some time after most of the impact's 

energy has been radiated to space. Nevertheless, even this energy is not likely to cause 

whole mantle melting. These considerations indicate that although these secondary 

energies are quantitatively important, a significant fraction of the planet may remain 

unmelted by the primary shock wave and can serve as the source of the present volatile 

inventory of the Earth. Because these other energies may generate a significant melt 

volume, the quantitative estimates of the melt volumes and magma ocean depths presented 

in this chapter must be considered as lower limits on the amount of melting that occurs in a 

giant impact. 

In summary, giant impacts on large planets generate large, intact melt regions 

containing melt volumes up to a few times the projectile volume. Large melt regions are 

probably not created on asteroid-sized bodies. This melt is rapidly extruded onto the 

surface to generate a magma ocean of considerable depth. The magma ocean's depth 

depends on the impact speed, projectile radius, and gravity of the target planet. A relatively 

large shock pressure (> 50 GPa for dunite) is required before substantial irreversible 

entropy increase takes place. Complete melting of solidus dunite requires shock pressures 

-75% of the shock pressure required to completely melt room temperature dunite. As a 

result, the complete melt region of a hot planet is only about 30% larger than that of a cold 

planet. However, the partial melt region of a hot planet extends much further than the 
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partial melt region of a cold planet, resulting in more total melt generation in a hot planet. 

The primary shock wave of the canonical Moon-forming giant impact melted about 30-55% 

of the planet, depending on its initial temperature. Ejecta emplacement deposits its energy 

in the upper few tens of kilometers of the surface, causing melting in this layer but 

probably has little effect deeper within the planet. Isostatic adjustment may deposit most of 

its energy in melt and not generate a substantial volume of further melting. This remains an 

unresolved issue. A significant fraction of the planet may escape melting and is thus 

capable of retaining buried volatiles. Merging of the projectile's core with the protoplanet's 

core causes very high temperatures deep within the planet, setting up vigorous mantle 

convection, and possibly causing the release of volatiles from the mantle not melted by the 

primary shock. 



5. IMPACT-INDUCED CORE FORMATION 

5.1 CORE FORMATION PROCESSES AND THE GIANT IMPACT MODEL 

5.1.1 Introduction 
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One possible thermal effect of a giant impact is potential triggering of whole-planet 

differentiation. The timing and mechanisms of core formation in the terrestrial planets, the 

asteroids, and the satellites of the outer solar system remain unsolved puzzles of planetary 

accretion. Evidence from Rb-Sr and Pb-Pb systematics implies that the Earth may have 

undergone iron-silicate separation essentially contemporaneously with accretion (Oversby 

and Ringwood 1971, Vidal and Dosso 1978, Allegre et al. 1982). However, these 

interpretations are model dependent. Alternate interpretations require a delay in core 

formation for a time period on the order of a few times 108 years, presumably due to 

radioactive decay, and rapid core formation thereafter (Vollmer 1977, Gancarz and 

Wasserburg 1977). There is good evidence that the differentiated asteroids, such as the 

HED suite and presumably and parent bodies of the iron meteorites, underwent significant 

melting (and presumably core formation) very early on (Taylor, 1992). The eucrite 

Juvinas, for example, has a Rb-Sr model age 4.50±0.07 Ga (Allegre et al. 1975), a Sm

Nd age of 4.56 ± 0.08 Ga (Lugmair et al. 1976), and Pb-Pb concordant age of 4.539 ± 
0.004 Ga after accounting for the disturbances in that isotopic system (Manhes et al. 

1984). Additionally, there is evidence that the IIAB iron parent body underwent Re-Os 

isotopic closure within 100 MY after the formation of the oldest chondrules if all 

uncertainties are combined (Horan et al. 1992). 

Planets could, in principle, form cores either by "bottom up" or "top down" formation 

(Stevenson 1990). Bottom up formation occurs if iron accumulates first followed by 

silicates. Top down accumulation occurs if planetesimals consisting of an approximately 

homogeneous mixture of iron and silicates accrete followed by separation of the iron from 

the silicates. Bottom up accumulation cannot be ruled out observationally, but seems 

improbable for several reasons, recently reviewed by Stevenson (1990). First, the 

difference in the condensation temperature between iron and the major silicates is smaller 

than the variation in temperature expected over a fraction of an astronomical unit (Boss et 

al. 1989). Consequently, largely iron planetesimals cannot be built in the solar nebula. 

Second, mechanical separation due to the strength differences between iron and silicates 

work only over small scales. The accumulation process is expected to efficiently mix the 

inhomogeneities that exist in the planetesimals, giving rise to an approximately 
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homogenous planet. Third, the outer core of the Earth is liquid. However, any reasonable 

geothermal gradient yields an outer core temperature lower than that of pure iron. As a 

result, other elements (silicon, sulfur, carbon, oxygen, and hydrogen have been listed as 

possibilities) must be present in the core to depress the freezing point. Due to their 

volatility, they could not have been incorporated in an iron planetesimal. These arguments 

are discussed in more detail by Ringwood (1979, 1984) and Jacobs (1987, pp. 81-126). 

Most workers accept that gravitational separation of iron due to melting of an initially 

homogeneous body is the most likely method of core formation. Although there were 

undoubtedly variations in the precise composition of individual planetesimals, they formed 

with roughly solar abundances of iron and silicates. There is, however, no consensus 

about when, where, and what energy source caused melting to occur, allowing planets to 

form cores. 

Older theories envisaged an initially cold earth that gradually heated by radioactive 

decay (Elsasser 1963). Once sufficiently hot, partial melting began and mobilized iron. 

Most current theories of core formation presume that a substantial portion of the planet 

accretes cold, the impact velocity of infalling planetesimals becomes high enough to begin 

melting the outer layers of the planet (Kaula 1979, 1980, Davies 1985). Both iron and 

silicates melt during this stage of planetary growth. In both sets of models, iron percolates 

through cracks and along grain boundaries in the solid mantle because of its high density 

compared to silicates. Because either the liquid metal's flow paths converge or because it 

runs into an impenetrable barrier, it pools to form large diapirs. These diapirs sink toward 

the center of the planet by viscous flow in the warm upper mantle. At some point they 

encounter the cold interior that does not flow viscously. Elsasser's original model 

presumed that as diapirs descend, they experience a temperature increase produced by the 

release of gravitational potential energy. This energy diffuses into the surrounding rock, 

heating it, and significantly decreasing the rock's effective viscosity. This allows the diapir 

to continue its descent until it reaches the planet's center. A more recent model, proposed 

by Vityazev and Mayeva (1976), presumes that the melted iron segregates into a spherical 

shell at some depth within the Earth. It melts the cold silicates at its base, which then float 

to the top of the spherical shell. Gravitational potential energy is released as the iron shell 

slowly migrates downward. Both of these processes are slow because they require heat 

diffusion from the iron into the surrounding silicates. Stevenson (1981) pointed out that 

the iron shell proposed by Vityazev and Mayeva is not stable. If the silicate core is 

displaced slightly from the exact center of the sphere, the displacement grows rapidly 
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without bound. Any instability quickly displaces the silicate core to the top of the iron 

shell, allowing the molten iron to flow to the opposite side. This applies a large differential 

stress to the silicate core, fracturing it, and allowing the liquid iron to move to the planet's 

center. In this scenario, the mantle and core are not in chemical equilibrium. This concept 

was further developed by Ida et at. (1987). 

Recent work raises serious objections to all of these models because the liquid iron 

must readily percolate through the mantle and pool at depth. Percolation only occurs in a 

medium with interconnecting cracks, grain boundaries, and void spaces. Stevenson 

(1990) argued that because of the high interfacial surface energy between liquid metal and 

upper mantle minerals, the dihedral angle between them is too high to allow formation of an 

interconnecting network unless the degree of partial melting is high. Consequently, liquid 

iron can not form into large diapirs by percolation. He speculated that the surface energy 

may change enough to allow percolation at high pressures deep in the Earth's mantle. 

However, the liquid iron-silicate surface energies at these high pressures are not well 

enough constrained to determine whether percolation occurs. If it does, the lower mantle 

might have been stripped of iron early on. If so, the upper mantle is dense relative to the 

lower mantle, inducing gravitational instability and possible overturn. Such a scenario 

might explain core formation in the Earth. However, it does not work for smaller planets 

such as Mars because percolation cannot occur at the much lower pressures in that planet'S 

mantle. 

Segregation of liquid iron from a deep magma ocean overcomes the problem of the iron 

having to percolated through the solid mantle, although the cold original core still must be 

displaced. Magma oceans may result from a number of mechanisms that operated during 

accretion and are reviewed in § 1.3.2 and §4.1. Stevenson (1990) argues that core 

formation under these conditions is rapid and complete. In this scenario, the liquid iron is 

in chemical equilibrium with the mantle. This implies that the highly siderophile elements 

should be strongly depleted, more so than is observed for the Earth unless they were added 

after the magma ocean stage and efficiently mixed into the mantle (Dreibus and Wanke 

1987). 

Giant impacts have the potential to generate large, deep melt pools as discussed in §3.4. 

If they remain relatively intact, these melt pools allow iron to separate from the silicates and 

form large scale density anomalies. Davies (1982) suggested that there is a limit to a 

material's long-term strength. Even if a material is cold, it can only support a certain 

maximum density anomaly before the mantle underneath rapidly deforms around it, 
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allowing it to sink to the center. Based on his preliminary work, I studied the possibility 

that large impactors characteristic of late accretion can trigger core formation by creating 

large density anomalies (Tonks and Melosh 1992). This process is necessarily stochastic. 

On one hand, a large planet may fortuitously escape the large, high speed impacts required 

for core formation. On the other hand, the improbable impact of a relatively large, fast 

body on a small planet might trigger early core formation. This chapter describes the model 

of impact-induced core formation, outlines its calculational implementation, and estimates 

the conditions under which giant impacts trigger core formation. 

5.1.2 Core Formation by Impact-Induced Triggering 

The most exact way to treat the effect of a giant impact is to perform a series of 

extensive hydrocode calculations similar to those done by Melosh and Kipp (1988, Melosh 

1990). However, performing one such calculation for just the first 30 minutes after the 

collision required some 100 hours of CRA Y supercomputer time. To treat core formation 

adequately would require that the time after the collision be extended by at least an order of 

magnitude. Additionally, ways to track the separation of iron from silicates and account for 

material that leaves the computational grid must be devised. A large number of such 

calculations must be performed to understand the effects of varying parameters such as 

impact velocity, projectile size, and angle of incidence. Such extensive numerical solutions 

are currently not feasible. However, consideration of the physics of shock melting and 

cratering flow reviewed in Chapters 2 and 3 allows the construction of a simpler analytical 

model of core formation that approximates the overall effects of the collision without 

directly treating the detailed dynamics of the cratering problem. 

Based on these considerations, the simplified model shown in Figure 5.1 was used to 

estimate the conditions under which large impacts trigger core formation. The conditions 

under which several of the model's assumptions are valid are discussed later. Assume that 

a silicate planet is composed of primitive carbonaceous chondrite-like material that includes 

about 30 weight percent of millimeter sized iron-iron sulfide grains (or blobs) distributed 

homogeneously throughout the planet that are small compared to the projectile radius. 

Assume likewise that an icy body is composed of about 40% silicates uniformly mixed 

through an icy matrix. A large planetesimal strikes the planet The passing shock melts the 

lower density matrix material (and perhaps the iron grains in a silicate planet, but not the 

silicates in an icy body), creating a large, intact melt pond (Fig.5.1a). The dense phase 

gravitationally segregates from the less dense phase because of its high density on a time 
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Figure 5.1 Schematic diagram of the impact induced core fonnation mechanism. Fig. 5.la 
A large planetesimal strikes a planet of approximately chondritic composition and 
containing about 30 weight percent of millimeter sized iron grains. The impact creates an 
approximately hemispherical shaped melt pond. Both the silicates and the iron grains are 
melted. 
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Figure 5.1b 

Fig. 5.1 b Due to the density contrast between the iron and silicate melt, the iron settles to 
the base of the melt region, fonning a large iron body with an anomalously high density. If 
this density anomaly creates a differential stress large enough to overcome the material 
threshold stress of the underlying mantle, its creep rate becomes very large and it quickly 
moves to the planet'S center and form a core. 



147 

scale that is short compared to the planet's isostatic adjustment time scale. This segregation 

generates a negatively buoyant mass at the base of the melt pond (Fig. 5.1 b) This high 

density mass could potentially migrate toward the center of by two mechanisms: 

Catastrophic material failure of the underlying mantle or solid state creep. If the material is 

cold. as are the deep interiors of accreting planets, viscous flow is extremely slow. It is 

limited by the time scale for heat diffusion from the density anomaly. The material's elastic 

strength must support the body's negative buoyancy. A solid can withstand only a given 

amount of differential stress before it undergoes brittle failure. Kinsland and Bassett 

(1977) and Kinsland's (1978) interpretation of their deviatoric strain experiments in cold 

solids indicates that the stress required to cause failure increases linearly with overburden 

pressure up to a maximum value and remains approximately constant at higher pressures. 

If the density anomaly generates a differential stress greater than the material's elastic limit, 

the underlying mantle fails, allowing the density anomaly to displace it and move to the 

planet's center. 

If the mantle is a significant fraction of its solidus temperature all the way to the planet's 

center, it viscously flows around the density anomaly, allowing the it to move to the center 

of the planet. However, if the diapirs are small, the deviatoric stress is low and the strain 

rate, regulated by power law creep, is also very low. Tsenn and Carter (1987) showed that 

the strain rate in olivine makes a transition from power law creep to Dom creep at about 2 

kbar. A reproduction of the best fit curve to their Figure 6 is shown as Figure 5.2. When 

the deviatoric stress is 5 kbar, the strain rate of dry olivine at 1400 C is about 1 s-l, but the 

slope of the strain rate versus deviatoric stress curve is so steep that at -7-8 kbar, the strain 

rate is 104 s·l. This implies that if the mantle is this hot and if the deviatoric stress 

generated by the iron is greater than 8-10 kbar, the iron rapidly sinks and forms a core. 

Although the result of different mechanisms, both hot and cold materials show a 

significant increase in strain rate above a certain value of deviatoric stress. Consequently, 

the maximum deviatoric stress that a material can withstand before it either undergoes 

elastic failure if cold or flows rapidly if hot is designated as the "threshold stress" (CJb). If 

the deviatoric stress caused by the iron is larger than the material's threshold stress, a core 

is rapidly formed. Even if the material's threshold stress is larger than the deviatoric stress 

induced by the dense phase, it eventually migrates to the center by the slow processes of 

power law creep and heat diffusion. The situation reverts to the conditions proposed in 

Elsasser's original model. The time scale for core formation by the descent of diapirs due 

to power law creep is limited by heat diffusion and is several hundred million years 
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Figure 5.2 Strain rate of olivine at 1400 C as a function of the deviatoric stress, based on 
the work of Tsenn and Carter (1987). See their paper for original data and references. 
Below about 2-5 kbar, the strain rate is controlled by power law creep and strain rate low. 
Above about 5 kbar, the strain rate is controlled by Dorn creep and is very high. The 
transition in strain rate occurs over a small interval in deviatoric stress. The important 
implication is that above the transition, the creep rate is high and an anomaly generating this 
stress flows quickly to the planet's center. Below this threshold, strain rate is slow, 
requiring a long time to reach the planet's center. 
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(Stevenson 1981). The conditions under which giant impacts trigger catastrophic core 

formation by generating density anomalies with negative buoyancies larger than the 

threshold stress is of interest here. For the purposes of the calculation, core formation is 

considered to have occurred when the stress induced by the iron exceeds the material's 

threshold stress. A second way giant impacts can trigger core formation is producing a 

melt region that extends to the planet's center. The density anomaly (or at least some 

fraction of it) ends up in the center upon segregation. 

5.2 DETAILED DESCRIPTION OF THE MODEL 

The giant impact core formation model described above requires the integration of 

several different bodies of physics. This section describes those not already discussed in 

previous chapters in detail and discusses their practical implementation. First, a knowledge 

of the accretion environment must be known (§5.2.1). An estimate of the impact melt 

volume and its distribution must then be made (Chapters 2 and 3). The iron segregates 

from the silicates (§5.2.2). Finally, the conditions that result in core formation are 

discussed in §5.2.3. These individual elements are integrated into a cohesive model of 

impact induced core formation. Results of the model for silicate bodies are given in §5.3. 

Results for the icy satellites are given in §5.4. These results have strong implications for 

asteroid-sized objects, discussed in §5.5. 

5.2.1 Statistics of Giant Impacts 

As discussed in §1.2.1, current cosmogonic theory now recognizes the importance of 

impacts between objects of comparable mass. As discussed there, the outcome of middle 

stage accretion is not clear. "Soup" accretion (Greenberg et al. 1978) predicts that there are 

a small number of large planetary embryos and most of the system's mass is contained in 

small bodies. There is only a minute probability of large impacts within this environment. 

Hierarchical accretion (Safronov 1969; Wetherill 1990) predicts that most of the system's 

mass is contained in larger bodies. Mass and energy accumulation during accretion's late 

stage is dominated by large planetesimals. Numerical models of the middle stage of 

accretion show that the actual mass distribution does not follow a single power law, but can 

be represented as a number of power law segments (Greenberg et al. 1978, Wetherill and 

Stewart 1989). Only the segment containing the largest bodies is of interest here. 

Safronov's original work (Safronov 1969) predicted that the mass of second largest body 

in the distribution was about 0.1 % of the largest. Further research predicted that the 
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second largest body in the distribution is even larger. Wetherill (1990) pointed out that 

solutions to the equations of accumulation have a bifurcation, with one branch leading to 

orderly accretion and the second branch leading to runaway accretion. In orderly accretion, 

the planet is simply the largest planetesimal in a continuous (approximately) power law 

distribution. In runaway accretion, larger bodies grow faster than smaller bodies due to 

their increased gravitational cross section. Consequently, the embryo planet has a mass 

that may be considerably larger than the largest planetesimal in the continuous distribution. 

This is the foundation of the mass distribution in soup accretion. Wetherill (1990) found 

that the planet is usually about 10 times the mass of the second largest planetesimal in 

hierarchical accretion. Because it is not known a priori in which branch of the bifurcation 

the system is at the time of impact-induced core formation, we examine both branches. 

For this work, impacting planetesimals are assumed to follow a power law distribution 

for ease of calculation. The Monte Carlo code itself can accommodate any specified 

planetesimal distribution. Most workers use a cumulative size distribution of the form: 

Ncum(D) = KD-n (5.2.1) 

where Ncum(D) is the number of planetesimals with diameters greater than D, n is the 

power in the distribution, and K is a constant related to the total number of particles in the 

distribution. Evidence from the cratering records of planetary surfaces (summarized in 

Melosh 1989, pp. 187-196), from the inferred size distribution of comet nuclei (Delsemme 

1987), and impact fragmentation experiments (Fujiwara 1986) all indicate that a cumulative 

size distribution of form (5.2.1) with n approximately equal to 2 is valid for the late stages 

of accretion. It seems natural that this kind of a distribution should arise from processes 

that depend on cross-sectional area such as impact or coagulation (Hartmann 1969, 

Turcotte 1986, Chapman and Morrison 1989, p. 57). 

For the present purposes, it is more convenient to describe the distribution in term of 

mass rather than diameter. Therefore, a distribution of the form 

Ncum(m) = K'm-P (5.2.2) 

is defined, where Ncum(m) is the cumulative number of planetesimals in the distribution 

with a mass greater than m, p is the power, and K'is a constant related to the total number 

of planetesimals in the distribution. Tremaine and Dones (1993) recently discussed the 

properties of this type of distribution. They showed that this distribution produces impacts 

of the correct size to explain such solar system properties as the spin and obliquity states of 

the Earth and Mars, generation of the South Pole-Aitken basin on the Moon, and accretion 

of the Moon forming giant impact if p ~ 0.4. Because mass goes as diameter cubed, p = 
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n/3. If n = 2, p = 2/3. Because the precise value of p is not known, it was varied from 

0.835, consistent with the observed asteroid population and the theoretical size distribution 

due to asteroid fragmentation (Dohnanyi 1969), to 0.5 with a nominal value of 2/3 to test 

the sensitivity of the results on p. 

For orderly accretion, it was assumed that the planet is the largest planetesimal in the 

distribution (ml). For runaway accretion, the largest planetesimal in the distribution was 

set equal to 0.1 of the planet's mass. A random mass distribution of the form of eq. 

(5.2.2) of N planetesimals was then generated. Because the number of particles in the 

distribution is finite, the smallest mass (ms) in the distribution must be determined. This is 

accomplished practically as follows. 

By construction, the total number of particles greater than or equal to ms must be N. 

After setting Ncum(m) = N and setting m = ms in eq. (5.2.2), the constant K' is found to 

be 

K'=NmsP (5.2.3) 

The ratio Ncum(m)/N corresponds a random number between 0 and 1, known as a 
"uniform deviate" (Press et al. 1989, pg. 192). When the ratio Ncum(m)/N = 1, m = ms. 

Taking the ratio Ncum(m) to N (with m = ms), a projectile with mass m is found as: 
-.!!!:L 

m = i}lIp (5.2.4) 

where i} is the uniform deviate. The mass of a planetesimal generated by eq. (5.2.4) is 

independent of mass of the largest planetesimal. Occasionally (once per distribution 

generated on the average), a uniform deviate very near 1 may cause the generation of a 

mass ~ the largest mass in the distribution. Because only one is allowed, these values are 

set equal to ms. Because of the great number of particles near ms, this assignment does not 

affect the statistical properties of the mass distribution. 

The choice of the smallest mass in the distribution must be done carefully. If it is 

chosen too small, there are not enough large planetesimals to fill the distribution. A given 

particle in the distribution must have a 1 in N chance (on the average) of being randomly 

selected. If N = 1000, for example, ms corresponds to a uniform deviate interval from 1 to 

0.999, the next largest particle corresponds to the interval 0.999-0.998, and so forth. The 

interval between 0.000 and 0.00 1 corresponds to mI. To obtain the proper value of ms, m 

is set equal to ml in eq. (5.2.4) and is solved for ms, substituting 0.001 for'iJ. 

Figure 5.3 shows two examples of distributions created by the numerical routine, 

assuming N = 10,000 and p = 2/3. Symbols are the generated distribution. A line of slope 
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Figure 5.3 Two example mass distributions calculated by the numerical routine. Symbols 
represent the calculated distribution; the line of slope -2/3 is independently drawn and 
superimposed on the calculated distribution. When the cumulative number of particles is > 
10, the calculated distribution falls on the line. Below about. 10 particles, the distribution is 
dominated by the statistics of small numbers. This is the behavior expected by using a 
continuous distribution. 
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-2/3 was drawn independently of the generated distribution then superimposed on it. In all 

cases except at the largest masses (where the cumulative number of particles is <10), the 

numerical routine creates a distribution that nearly perfectly fits a straight line of slope -2/3. 

Straight line deviation is expected in this range because of the statistics of small numbers. 

This models the accretion process-the exact mass of anyone planetesimal cannot be 

precisely determined. Only the behavior of the distribution as a whole can be modeled. 

The number of planetesimals to use in the distribution must be chosen. This is a trade 

off between examining the effects of a large number of small planetesimals, graininess of 

the distribution due to the statistics of small numbers, and computation time. Runs using 

distributions of 10,000 particles and 1,000 particles yielded nearly identical results. These 

results are shown as Figure 5.4. The meaning of the graph is discussed later. It suggests 

that the effect of the numerous small planetesimals on the core formation process is 

negligible and that use of a 1,000 particle distribution is a sufficient approximation. A 

smaller number of particles in the distribution might have been adequate. However, if too 

few particles are used, the distribution becomes dominated by stochastic variations that 

result from the statistics of small numbers. 1,000 particles seemed a reasonable tradeoff. 

Until the planet grows to the mass of the Earth, it is presumed to be in an accretion 

environment described by a mass distribution of the form of eq. (5.2.2). Because the total 

mass of the 1,000 particles in the distribution is smaller than the accretion zone's mass, it is 

necessary to replenish the distribution so that the planet continues to grow. This is 

accomplished practically by replacing a particle striking the planet by another particle with 

the same mass. However, as a planet accretes, the distribution certainly evolves. To 

account for this evolution, a new distribution is generated each time the planet's mass 

grows by a factor of 10. The simulation could have used a digitized version of Wetherill 

and Stewart's (1989) distributions if they had been available. Because the results were not 

greatly affected by the distribution's slope, that level of accuracy is probably not necessary. 

5.2.2 Impact Velocity and Planet Disruption 

After generating the particle distribution, the particle's impact, one at a time, on the 

planet is modeled. A particle is randomly chosen from the distribution to strike the planet. 

The impact angle is selected from the normal cosisini distribution (Shoemaker 1962). The 

impact velocity has two components: The escape velocity of the planet and a component 

due to its motion a large distance from the planet (voo), designated as the approach velocity. 

The distribution of approach velocities that existed during the accretion process is not 
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Figure 5.4 Comparison of a 10,000 particle run with a 1,000 particle run. Both were run 
under exactly the same conditions. The two distributions yield virtually identical results, 
demonstrating that a 1,000 particle is a sufficient approximation. 
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known and certainly changed with time. In most of the silicate planet calculations, Voo was 

allowed to be a free parameter. To examine the stochastic variation introduced into the core 

formation process by having a velocity distribution, two end member velocity distributions 

based on Safronov (1969) accretion theory were considered. 

Wetherill (1988b) argued that for planets to grow, the mean approach velocity cannot 

be much higher than the escape velocity of the embryo planet. If it is, a large fraction of 

collision fragments would leave the system at velocities higher than escape velocity, 

preventing the planet's growth. Thus, the ratio of the mean approach velocity of 

planetesimals to the escape velocity of the embryo is critical. The Safronov number 

contains this ratio and is defined as 

(5.2.5) 

where u is the mean approach velocity and Vesc is the escape velocity of the largest planet in 

the distribution. A major difference between hierarchical accretion and soup accretion is the 

presumption of how the Safronov changes. Hierarchical accretion presumes the Safronov 

number is approximately constant, whereas soup accretion presumes that small 

planetesimals are relatively unaffected by the gravitational perturbations of the largest 

protoplanet, hence the Safronov number decreases as planets grow. Because this work 

explores the consequences of hierarchical accretion, the Safronov number is assumed to be 

constant. Wetherill and Stewart's (1989) growth simulations show that the Safronov 

number is approximately constant at about 0.3 over a wide range of conditions. 

At one extreme, the velocity distribution was presumed to be linear with uniform 

deviate: 

Voo = 2ut} (5.2.6) 

where t} is a uniform deviate. As an opposite end-member model, a Maxwell-Boltzmann 

speed distribution was used: 

p(V) = ~~ voo2e - (vooIvpk)2 (5.2.7) 
Vpk 1t 

where p(v) is the probability of a particle having a speed between v and v+dv, Vpk is the 

velocity at the distribution's maximum. Vpk was set equal to the mean approach velocity 

from Safronov theory (u in eq. (5.2.5) with e = 0.3). The velocity distribution evolves 

with time because Vpk is calculated at each iteration of the code using eq. (5.2.7). Most 

particles in a Maxwell-Boltzmann distribution are near the peak speed, but a small fraction 

have low and high speeds. The linear distribution gives a maximum approach speed of 2u; 

the Maxwell-Boltzmann distribution gives a practical maximum approach speed of 5u (the 
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integrated distribution at Voo = 5Vpk is 1.0 out to 8 decimal places). A Maxwell-Boltzmann 

distribution results from a collisionally evolved system with perfectly elastic particles. 

Although planetesimals are certainly not perfectly elastic, a small fraction has low and high 

approach velocities because of their orbital characteristics. A Maxwell-Boltzmann 

distribution provides a speed distribution with these characteristics. The distribution is 

implemented by use of its probability propelties. The area under the distribution represents 

the probability that a particle has a speed between 0 and a specific value, v. This 

probability corresponds to a uniform deviate. The specific speed corresponding to a given 

uniform deviate is given by the solution to 

l} = J p(v)dv 
o 

(5.2.8) 

If v = 00, the probability is 1 (corresponding to a uniform deviate of 1), and is given by the 

solution to (5.2.8). This equation was numerically integrated for finite values of speed. 

Figure 5.5 shows the results of this integration, giving the speed produced as a function of 

uniform deviate. 

A more precise speed distribution could be constructed using a generalized Opik 

approach of planetesimal encounters with the planets, such as was done by Kaula (1990) 

and is inherent in Wetherill's late accretion simulations (Wetherill 1985, 1986, 1988, 

1990). However, this approach is only valid for late accretion. It is not known a priori 

that impact-induced core formation occurs during late accretion. Additionally, this 

approach requires assumptions about the distributions of planetesimal semimajor axes, 

eccentricities, and inclinations, and neglects three body effects. Such a calculation would 

most likely result in a velocity distribution with a small fraction of planetesimals having 

relatively high approach velocities, most approaching at speeds near the escape velocity of 

the planet, and a few approaching at relatively slow speeds. These are the characteristics of 

the Maxwell-Boltzmann distribution. Consequently, use of either the Maxwell-Boltzmann 

distribution or the linear distribution seems to be a sufficient approximation. Comparing 

the results of the two end-member distributions allows a test of the core formation 

mechanism's sensitivity to the precise form of the velocity distribution. 

Once the approach velocity, Voo , is either set or randomly chosen from one of the two 

distributions described above, the impact speed, Vi, is calculated as: 

(5.2.9) 

Impact-induced core formation requires accretion of large, high speed impactors. 

However, such impacts can potentially disrupt the planet rather than forming a core. A 
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Figure 5.5. Practical implementation of the Maxwell-Boltzmann speed distribution. The 
area under the distribution bounded by 0 and speed v is the probability that a particle has a 
speed less than v. The area under the entire distribution is 1. As a result, a uniform deviate 
corresponds to a specific value of speed, given by eq. (5.2.8). The speed, normalized to 
the peak: velocity, that corresponds to a given uniform deviate is shown here. 
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disruption criterion is required so that cores formed on disrupted planets are not counted. 

The simplest criterion is to compare the energy partitioned into the planet by the impact to 

the planet's gravitational binding energy. The gravitational binding energy is the energy 

released when the planet was formed and for a uniform density planet is given by: 

E - ~ ..... J47tPave}1I3 M 5/3 
b-5L 3 p (5.2.10) 

where G is the universal gravitational constant, Pave is the planet's average (compressed) 

density, and Mp is the planet's mass. The fraction of the impact energy partitioned into the 

planet is a function of the impact angle, the impact speed, and the densities of the projectile 

and planet materials. The planar impact approximation allows estimation of this energy 

partitioning. If the two bodies have the same density (consistent with the model), about 

50% of the projectile's initial kinetic energy is partitioned into the planet. By setting one 

half the projectile's kinetic energy equal to the gravitational binding energy, the maximum 

speed that a projectile of mass mp can strike without disrupting the planet if found. This 

criterion is: 

(5.2.11) 

This criterion severely overestimates a projectile's ability to disrupt the planet because it 

implicitly assumes that the impact energy partitioned into the planet is uniformly distributed 

and is all used to excavate material from the planet. In reality, the projectile's energy is 

distributed very inhomogeneously with much of the planet receiving little or no energy even 

in the largest impacts. Additionally, a large fraction of the energy is converted into internal 

energy that is used to vaporize, melt, and shock the target material. The numerical 

calculations and analytical work of Asphaug and Nolan (1992) indicate that it is difficult to 

excavate a large fraction of the ejecta at speeds exceeding escape velocity, even on small 

asteroids. Additionally, the existence of large basins on the Moon (Cadogan 1974, Wood 

and Gifford 1980, Taylor 1982, pg 87) imply that disrupting planetary-sized bodies is 

difficult. A better, though still approximate, disruption criterion is derived by equating the 

volume of material displaced by an impact of a given speed and mass with the planet's 

volume, using pi scaling theory as discussed in §3.2.3 (Schmidt and Housen 1987). 

Although the displaced volume derived from pi scaling theory strictly applies to a crater in a 

half-space subjected to a uniform gravitational acceleration, it shall be seen that this 

criterion comes considerably closer to the truth than the binding energy criterion. The 

scaled volume (XV) is related to the scaled gravity (X2) by (§3.2.3): 
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(5.2.12) 

where V is the displaced volume (equated to the volume of the planet in our criterion), Pt is 

the target's density, and mp is the projectile's mass. The bulk planet's properties are like 

competent rock (Schmidt and Housen 1987) with only a small amount of porosity. Values 

of the constants Cv = 0.2 and 'Y = 0.6 from Table 3.1 were used. 1t2 is given by: 
3.22ga 

1t2 = 2 (5.2.13) 
Vi 

(eq. 3.2.14) where g is the acceleration of gravity, a is the projectile's radius, and Vi is the 

impact speed. Combining eqs. (5.2.12), (5.2.13), and solving for the impact speed as a 

function of the projectile's mass yields: . 

. _ {(41tPt2)1I3(3.22GMp(3+Y/3Y)J~1I2 -(3-y/6y) 
v, - 3 1/"{ mp Pp Cv 

(5.2.14) 

Pi scaling theory is strictly valid for an infinite half space with constant gravity. If the 

planet's surface gravity is used, this criterion somewhat underestimates the ability of the 

projectile to disrupt a planet because the planet's gravity weakens as more and more 

material is excavated and escapes from the planet. The acceleration of gravity existing at a 

depth in the planet below which contains half of the mass was chosen instead. 

A third criterion that might be used is to reason that if the planet is to be disrupted, the 

particle velocity at some large depth within the planet must be at least escape velocity. It 

does not require that the particle velocity antipodal to the impact equal escape velocity since 

gravity (and hence escape velocity) decreases as excavation occurs. However, because 

particle velocity falls off radially with distance, the particle velocity at the planet's center 

must be larger than escape velocity in order to excavate more than half of the planet's 

material. The criterion is developed by setting the palticle velocity at some radial distance 

from the impact site larger than the planet's radius but smaller than its diameter (say 3/2Rp 

where Rp is the planet's radius) equal to the planet's escape velocity. Using the particle 

velocity-distance relationship and isobaric core radius (eqs. 4.4.2 and 4.4.25) and solving 

for the impact speed as a function of planet and projectile mass yields 

Vi = (1.5)n2(3/2-n/3) {q4~Pt)1I3r/2 M/l+n/3)mp-(nI3) (5.2.15) 

where n is the power in the particle velocity-distance relationship. The particle velocity in 

the isobaric core is presumed to be 112 the impact speed. If n = 2 and 'Y = 0.6, eqs. 

(5.2.14) and (5.2.15) have the same dependence on projectile and planet mass. Although 
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these criteria are based on distinctly different physical premises, they yield the same 

dependence for reasonable choices of parameters. The numerical constants depend on the 

somewhat arbitrary choice of 3/2Rp as the radius requiring a particle velocity equal to 

escape velocity and on the precise value of the pi scaling constant Cv. 

These criteria can be at least partially tested by comparing them to the smooth particle 

hydrocode calculations of Benz et al. (1988). These authors noted that an projectile with 

116 of Mercury's mass colliding with Mercury at 20 km s-l does not disrupt the planet, but 

at 38 km s-l it does. Figure 5.6 shows these two points along with the gravitational 

binding energy limit (5.2.11), the excavation disruption limit (5.2.14), and the particle 

velocity limit (5.2.15) for a planetary mass equal to the mass of Mercury. Both of these 

impact conditions lie well above the gravitational binding energy limit. The 38 km s-l 

collision lies close to the particle velocity limit and somewhat below the excavation limit. 

Because there is only one point to test the limit, the close agreement between our limit and 

the hydrocode calculations may be fortuitous. Clearly, however, the gravitational binding 

energy limit is a poor criterion for disruption. 

In a study of the evolution of asteroid size distributions, Davis et al. (1979) assumed 

that if the largest fragment was ~1I2 of the original planet and if all other fragments 

escaped, the planet is catastrophically disrupted. They estimated the fragment size 

distribution, the ejecta speed distribution, and determined the conditions necessary for 

catastrophic disruption. Their disruption criterion is expressed as the minimum ratio of the 

planet's mass to the projectile's mass that can collide at a given speed without disrupting 

the planet as a function of the planet's diameter (their Figure 1). The excavation limit (eq. 

5.2.14) can be recast in this same way. Figure 5.7 shows the comparison between these 

two criteria. Any combination above the curves does not cause disruption. The two 

criteria compare favorably, especially considering the vastly different approaches taken to 

the problem. The most notable difference occur in extremely small planets, where 

planetary strength may be important. The excavation limit is used in the accretion 

simulation below as the criterion for disruption. 

5.2.3. Segregation of the Iron from the Melt. 

Stevenson (1990) discussed the mechanism of iron segregation from a silicate-iron 

emulsion. Iron has a large differential density compared to the silicates. Additionally it has 

a high interfacial surface energy in silicate liquids and thus tends to fOlm large droplets. 

Silicates in an water melt pond probably do not melt, but settle to the bottom of the melt 
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Planet Mass = Mass of Mercury (3.3 x 1023 kg) 
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Figure 5.6 Gravitational Binding Energy Limit (eq. 5.2.11), Excavation Limit (eq. 
5.2.14), and Particle Velocity Limit (5.2.15) for a Mercury-mass planet. If the projectile's 
mass and impact speed plot below the lines, the planet remains intact by these criteria. The 
two points plotted at projectile mass 5.5 x 1022 kg correspond to Benz et al. IS (1988) 
hydrocode calculation of giant impacts on Mercury. The Gravitational Binding Energy 
Limit is poor because it presumes that impact energy is uniformly distributed as particle 
velocity in the planet. The excavation limit and the particle velocity limit predict similar 
dependencies for reasonable parameters. The exact placement of the curves depends 
somewhat on numerical constants. It can be seen, however, that the 20 kIn s-1 run of Benz 
et ai. (1989), which escaped disruption, lies well below these limits although it lies above 
the gravitational binding energy limit. The disrupted 38 km s-1 computation lies close to 
particle velocity limit. The excavation limit and particle velocity limit are more realistic than 
the gravitational binding energy limit. 
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Figure 5.7 Comparison of excavation disruption criterion eq. (5.2.14, solid lines) with 
that of Davis et al. (lines with data points marked) for impact speeds of 5 and 10 km s-l. 
Although the two criteria are quite different in origin, their predictions are not vastly 
different over the range of planet diameters where disruption is important. Deviation at 
very small planets occurs because Davis et al. included strength, but eq. (5.2.14) only 
includes gravity. 
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pond as solids. In either case, the dense phase gravitationally segregates to the base of the 

melt region. The segregation time scale depends on a number of factors, including the 

viscosity of the melt, the size of the liquid iron droplets (or grain size of solid particles), 

and the vigor of convection. Because energy is deposited in the melt region from the top 

down, the melt. on top is hottest and coolest at depth. As a result, the melt pond is 

convectively stable initially. Consequently, the time scale for iron segregation is 

determined by the droplet size and magma viscosity. 
rm 

t=
Vs 

(5.2.16) 

where Vs is the settling velocity given by the Stokes velocity and rm is the radius of the melt 

region. The Stokes velocity is given by: 
2~pgac2 

Vs = 911 (5.2.17) 

where ~p is the density difference between the dense phase droplet (or grain) and the less 

dense phase, g is the acceleration of gravity, ac is the droplet (or grain) radius, and 11 is the 

liquid's viscosity (Turcotte and Schubert 1982, p. 266). The grain size of silicate particles 

in the ice during the accretion is unknown. A number of possibilities exist, from very 

small (J.lm sized) clear up to many meters in size (see discussion in §5.4). A liquid droplet 

(such as liquid iron falling through a silicate liquid) falling in a fluid medium can only grow 

to a certain maximum size before it is tom apart by dynamic pressure of the fluid moving 

around it. The balance between surface tension and the dynamic forces acting to disrupt the 

droplet is expressed by a dimensionless ratio known as the Weber number. If the Weber 

number is >10, the droplet breaks up (Young 1965). The maximum iron droplet size is 

given by: 
50' 

a --
c - p~v2 

(5.2.18) 

where 0' is the surface tension, p is the liquid's density, and ~V is the speed of the iron 

droplet relative to the fluid. Because convection is not occurring, the speed of the iron 

droplet relative to the fluid is simply the settling speed and the equation is easily solved. 

After substituting eq. (5.2.17) into (5.2.18) for the droplet size, the separation time scale, 

t, is given by: 
_ (9p211 )1/5 

t - rm 50~pg0'2 (5.2.19) 

Assuming the iron-silicate liquid surface energy is 1000 ergs cm-2 (Stevenson 1990), the 

acceleration of gravity is 2 m s-2 (corresponding to a planet with a mass of -1.5 x 1023 kg), 
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and the silicate viscosity is 1 poise (Shaw 1972, Tonks and Melosh 1990), the droplet 

radius is about 5 mm with a corresponding Stokes velocity of -56 em s-l. The droplet falls 

through a distance of 1000 km in about 0.06 years. The values assumed in this calculation 

are conservative. Viscosity is probably much lower due to superheating and gravity is 

higher if the planet is larger than 1.5 x 1023 kg. However, due to the 115 power in eq. 

(5.2.19), the settling time scale is not very sensitive to the exact values of these parameters. 

The iron segregation time scale is much shorter than the isostatic adjustment time scale of 

the whole planet. Thus, if a large melt region forms due to a giant impact, the assumption 

that the iron settles out before the planet isostatically adjusts is justified. Because the 

viscosity of water is two orders of magnitude lower than the viscosity of silicate melts, 

silicate grain sizes may be as small as 50 Jlm and the segregation time scale will not be 

much different than predicted above. 

5.2.4. Core Formation Conditions 

The settling dense phase form a layer with a thickness h above the base of the melt 

pond. This thickness is found by calculating the depth required to fill the melt hemisphere 

(Figure 5.1b) with the volume of the dense phase. This volume is calculated using the 

method of washers, illustrated in Figure 5.8. The volume is given by the integral 
h 

V(h) = f 7tr2(z)dz (5.2.20) 
o 

where h is the vertical distance above the base, V(h) is the volume above the base at height 

h, z is the vertical coordinate, and r(z) is the radius of the "washer" at height z. It is given 

by 

r2(z) = rm2 - (rm-Z)2 (5.2.21) 

Using this geometric relationship, the integral (5.2.20) can be solved for h knowing V(h). 

This relationship becomes 

(5.2.22) 

If the segregated iron fraction is 30% (by mass) and if the iron/silicate density remains 

constant, h is -O.3rm. This height is calculated from eq. (5.2.22) with each code iteration. 

Next, the stress produced by the segregated iron is estimated, using two alternate 

methods. First, the average stress produced on the hemispherical surface of the iron

mantle interface is calculated. This is given by the differential weight of the iron divided by 

the surface area of the iron-mantle interface. Second, the maximum stress at the base of the 

segregated iron is computed. This is given by: 
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(5.2.23) 

where g(r) is the acceleration of gravity as a function of depth within the planet. We 

assumed the density contrast between the iron and the planet's mantle material is constant 

with depth. Both methods yield essentially the same core formation criterion. 

All materials have finite strength. They also respond to long term differential stresses 

by undergoing creep at a rate determined by the material's temperature and the differential 

stress. If a material is cold and its elastic strength is exceeded, the material fails (Kinsland 

1978). The elastic strength depends on the exact material, but is in the range of 10-20 

kbars for olivine. This strength increases linearly with overburden pressure up to a 

maximum value and is then approximately constant In the interior of planets and certainly 

at the base of a melt region created by a large impact, the material is hot and failure may 

occur instead by rapid non-Newtonian viscous flow. As long as the deviatoric stress is 

below some limit, the creep rate is slow. Tsenn and Carter (1987) showed that in olivine a 

major transition in the strain rate occurs when the differential stress exceeds about 5-8 

kbars. The strain rate becomes rapid, from -1 s-1 at a deviatoric stress of 5 kbar to about 

1()4 s-1 at a deviatoric stress of about 7 kbar. It becomes even more rapid at larger stresses. 

Other mantle minerals probably display similar behavior at higher stresses. The deviatoric 

stress at which the material either undergoes elastic failure (if cold) or this transition in the 

creep rate (if warm) is designated as the material's threshold stress (O'b). Thus, following 

after Davies (1982), if the differential stress created by the dense phase is greater than the 

material's threshold stress, core formation is considered to have occurred. 20 kbar was 

used as the threshold stress in most of the calculations for silicate bodies, but calculations 

with a threshold stress of 2 kbar that may be applicable to planets with masses less than 

1022 kg were also performed. The threshold stress for icy bodies was set to 1 kbar 

although a set of computations with a threshold stress of 0.5 kbar was also performed 

(Kirby et al. 1987). Although failure criteria for real materials are relatively abrupt, they 

are not as abrupt as the single number assumed in the model. This results in a larger spread 

in the core formation transition than the calculation predicts. 

Most of the dense phase that segregates into diapirs eventually makes its way to the 

core. Small diapirs, however, generate small density anomalies that require long time 

scales to sink to the core. The time scale is limited by the time scale for heat diffusion into 

the material surrounding the diapir and on the diapir's differential stress. Finding 

conditions that allow giant impacts to trigger the first large planet differentiation event by 

producing large density anomalies that sink rapidly through the cold inner core of an 
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Figure 5.8 Geometry of the method of washers used to calculate the depth of the 
segregated iron anomaly. The r(z) is computed as a function of rm and z using the 
Pythagorean theorem. The resulting method yields a cubic equation in h that can be solved 
using standard methods. 
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undifferentiated planet are of interest here. After this first core formation event, dense 

phase diapirs formed by smaller impacts will be mobilized and add to the core because of 

the release of gravitational potential energy. As the planet continues to grow, the dense 

phase of incoming planetesimals will be added to the core in an efficient manner since the 

interior of the planet is now near or at its solidus. 

5.2.5 Summary of the Calculation 

The individual elements described above are integrated into a Monte Carlo simulation of 

the accretion process as follows. A planet with a predetermined initial mass grows by 

accumulating particles, one at a time from a mass distribution of the form eq. (5.2.2), 

assuming either orderly or runaway accretion. A particle from the distribution is randomly 

selected to strike the planet. Its impact angle is chosen from a weighted random 

distribution. The approach velocity (voo) is either chosen from one of the two distributions 

described in §5.2.2 or is fixed during the run. The volume of material displaced by the 

projectile is compared to the planet's volume to check for disruption (§5.2.2). The radius 

and pressure of the isobaric core is calculated (§2.4.6). The projectile's mass is added to 

the planet's mass, neglecting the small amount that may be ejected at speeds exceeding the 

planet's escape velocity. The new gravitational acceleration is then computed. The radius 

and volume of the melt zone are calculated (§2.5.3). 30 weight percent iron is assumed to 

segregate from the silicates in the melt zone; 40 weight percent silicates is assumed to 

segregate from the ice. The differential stress created by the dense phase is calculated 

(§5.2.3). If this differential stress is greater than the threshold stress, a core is presumed to 

form (§5.2.4). If the impacting planetesimal neither disrupts the planet nor causes core 

formation, the code randomly selects another planetesimal from the distribution to strike the 

planet and the above process repeats until either a core is formed, the planet is disrupted, or 

the planet grows to the size of the Earth with no core formed. 

The results of these calculations are statistical in nature. Each calculation yields core 

formation at a different value of the planet's mass depending on the stochastic combination 

of projectile mass, impact angle, and impact speed. Only the probability that a large impact 

induces core formation in a planet with mass M under given conditions can be determined. 

To discuss the statistics of core formation, the outcome of a relatively large number of 

growth histories under the same conditions but using different random numbers must be 

computed. 
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5.3. RESULTS FOR SILICATE BODIES 

Figures 5.9-5.21 show the results of the calculations for silicate bodies. The 

cumulative percentage of growth histories resulting in impact-induced core formation is 

plotted as a function of planet mass. These graphs can be thought of as the probability that 

a large impact triggers core formation in a planet by the time it grows to mass M. The 

linear shock-particle velocity parameters for serpentinite were used for most of the 

computations. Serpentinite, a hydrated silicate, is considered to be an approximation of 

carbonaceous chondrite material. The results do not appear to be sensitive to the exact 

choice of parameters (Figures 5.11 and 5.19). As discussed in §3.4, a silicate planet must 

be larger than lunar mass (-8 x 1022 kg) before an impact crater retains enough melt to 

form an intact melt pond. These calculations do not explicitly include this condition. 

Consequently, all conclusions drawn from this work must tempered by this fact. The 

silicate body calculations reported in Figures 5.9-5.16 do not include the partial melt 

region, the retained melt fraction, or the geometric correction. Additionally, a single 

melting pressure of 110 GPa was presumed. As a result, the planet mass at which core 

formation takes place must be considered to be a minimum. The effect of including 

complications such as the partial melt region, retained melt fraction, geometric correction 

and melt pressure extraction based on the ANEOS equation of state is examined in Figures 

5.17-5.21. 

Figures 5.9-5.14 show the results of calculations with a fixed approach velocity. 

1,000 growth histories were computed for each approach velocity. Conditions used in 

these runs is reported in Table 5.1. The first important result shows that if the planet's 

mass is smaller than a certain minimum, no cores are formed. This minimum mass is 

approximately 5x1021 kg for a threshold stress of 2 kbar and 1023 kg for a threshold stress 

of 20 kbar, for the 30 weight percent segregated iron assumed. These specific numerical 

values arise because the planet's gravity must be strong enough to generate differential 

stress larger than the threshold stress. Even if a planet smaller than the minimum were 

struck by a large, high speed impactor and an intact melt region formed, the iron mass still 

cannot generate a stress greater than the threshold stress. The iron could then generate a 

core only by the much slower process of power-law creep. 

There is a narrow range of planetary masses where the probability of core formation 

changes from 0 to 100%. The variation in the mass at which cores form in these figures is 

due solely to stochastic variation in the projectile's mass, because there is no stochastic 

variation in the impact speed. The mass at which the transition occurs depends strongly on 
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the approach speed. An approach velocity of 10 km s·1 is fast enough to cause melting 

beyond the isobaric core without the addition of the planet's escape velocity. This results 

in core formation at planetary masses near the minimum necessary to generate the needed 

differential stress. A small fraction of collisions (about 5%) results in disruption, resulting 

in a probability of core formation of less than 100%. At the opposite extreme, a planet's 

escape velocity alone is high enough to cause the large amount of melting required only if 

its mass exceeds 2 x 1024 kg (about 113 the mass of the Earth). An approach velocity of 3 

km s·1 adds only a small fraction of the kinetic energy required to cause melting. 

Consequently, the majority must be supplied by the planet'S escape velocity. Thus, the 3 

km s·1 plot lies close to the 0 km sec·1 plot in all cases. Approach velocities of 5 and 7.25 

km s-1 are also plotted on Figure 5.9. 

There is a significant difference in the mass of planetesimals that can trigger core 

formation between the 10 km s·1 and 0 km s·1 cases. Because the radius of the isobaric 

core is on the order of the projectile's radius (eq. 2.4.25), larger planetesimals generate 

larger melt regions for a given impact speed. For Voo = 10 km s·1, the smallest planetesimal 

that can cause core formation is about 0.01 of the planet's mass (with some variation 

depending on the model parameters chosen). For Voo = 0, the smallest projectile that can 

cause core formation is about 10-4 of the planet's mass. This is because the planet's mass 

must be -1024 kg to generate the minimum impact speed required for large scale melting. 

A larger planet has a much stronger gravitational field that creates the required differential 

stress with a relatively smaller melt region. 

Figures 5.9-5.13 show the effects of changing various model parameters with a 

constant (Jb. The effect of runaway accretion (Figure 5.10) on core formation is small. 

The fraction of disruptions goes to 0 at an approach velocity of 10 km s·1, but 

planetesimals in the distribution are still large enough to cause core formation. There may 

be a slight steepening of the core formation transition because the lumps of mass accreted 

are, on average, a smaller fraction of the planet'S mass than in the orderly growth cases. 

There is very little difference between using dunite shock parameters (Figure 5.11) and 

serpentinite parameters. Likewise, changing the slope of the mass distribution also appears 

to have a very minor effect (Figures 5.12 and 5.13) in the range tested here. There are still 

enough relatively large planetesimals to cause core formation. 

Figure 5.14 shows the effects of lowering the planet's threshold stress to 2 kbar. If 

melt ponds form on such small planets, impact-induced core formation might occur in 

bodies as small as -5x1021 kg if7 km s·1 planetesimals exist during that stage of accretion. 
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Table 5.1: Run Conditions and Corresponding Figures 

General Conditions: No geometric correction, no retained melt fraction, 

no partial melt region 

Figure p CJb Linear Shock Speed Runaway 

Number kbar Parameters Distribution accretion? 

Used? 

5.9 213 20 Serpentinite N N 

5.10 213 20 Serpentinite N Y 

5.11 213 20 Dunite N N 

5.12 0.835 20 Serpentinite N N 

5.13 0.5 20 Serpentinite N N 

5.14 213 2 Serpentinite N N 

5.15 213 20 Serpentinite Y N 
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Core Formation in Silicate Bodies: Hemispherical Model 
Orderly Accretion P = 115 GPa, 0' = 20 GPa, p = 2/3, 
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Figure 5.9. Results of the simulations. Run conditions are noted on each figure and in 
Table 5.1. The percentage of histories that yielded core formation is plotted versus the 
planet's mass when the core formed. A Mercury-mass planet has a 95% chance of forming 
a core if planetesimals have a speed of 7.25 km s-1 or greater. If the planetesimal speed is 
10 km s-l, some 5% of the planets are disrupted and are not included on the graph. The 
mass at which cores can form must be above a certain minimum value (about 1023 kg for 
these conditions). The transition between planets that form cores and those that do not is 
quite sharp, occurring over less than a factor of 2 in planetary mass. Finally, the mass at 
which cores form is not a linear function of the approach velocity (voo). The 3 km s-1 
planetesimals do not contribute much kinetic energy to the core formation process and its 
transition lies close to the transition for Voo = 0 km s-l. The curve for each random speed 
represents the calculation of 1,000 planetary growth histories. 
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Figure 5.10. Same conditions as in Figure 5.9 except runaway accretion (largest 
planetesimal in the distribution is 0.1 the planet's mass) was assumed instead of orderly 
accretion. Only 3 approach velocities were calculated. There were no disruptions-the Voo = 
10 Ian s-1 curve grows to 100%. The transition between those planets that form cores and 
those that do not may be somewhat sharper because the average planetesimal that strikes the 
planet is smaller by a factor of 10. 
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Conditions: p = 2/3, O'b = 20 kbar, Orderly Accretion, 

Dunite Shock Parameters. 
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Figure 5.11. Same conditions as in Figure 5.9 except dunite linear shock parameters were 
used instead of serpentinite. Core formation begins at a slightly smaller planet mass. 
Additionally, melting occurs at a slightly smaller impact velocity. However, these 
differences are only second order effects. 
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Figure 5.12. Same conditions as in Figure 5.9 except pin eq (5.2.2) was set to 112 instead 
of '213. This distribution contains a greater number of large planetesimals. The differences 
in the core formation process, however, are minor. There is a slightly higher percentage of 
disruptions, consistent with a larger fraction of large planetesimals. 



Conditions: p = 0.835, O'b = 20 kbar, Orderly Accretion, 

Serpentinite Shock Parameters. 
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Figure 5.13. Same conditions as in Figure 5.9 except p = 0.835 instead of 2/3. This 
distribution contains a larger fraction of small bodies. The differences in impact induced 
core formation, once again, are minor. There is a slightly smaller percentage of 
disruptions. There are still enough large bodies in the distribution to trigger core 
formation. 
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Figure 5.14. Same conditions as in Figure 5.9 except that the threshold stress is now 2 
kbar instead of 20 kbar. Planets about the mass of Ceres have a significant probability of 
impact-induced core formation if the planetesimals have approach velocities> 7.25 km s-l. 
A significant fraction (about 1/3) of these planets is disrupted. Whether the planetesimal 
speeds were this high during this stage of accretion is uncertain. If the approach speeds are 
low, the planet must grow to _1024 kg before core formation can occur. The escape 
velocity must become large to increase the planetesimal's speed above the minimum 
required for melting, exactly the same situation as for the higher threshold stress cases. 



177 

However, there are two problems. First, note the trade off between core formation and 

disruption. Only some 67% of the planets survived disruption with an approach speed of 

10 km s·l. Second, the large, intact melt pond required for core formation by this 

mechanism cannot form as discussed above. If the approach speed is 0 km s·l, core 

formation still occurs at about the same planet mass as when the threshold stress is 20 kbar. 

This is because melting does not begin unless the impact speed is greater than the minimum 

impact speed, and must be produced by the planet's escape velocity. 

Figure 5.15 shows results of the calculation when the approach velocity is selected 

from the speed distributions described in §5.2.2. As expected, the planet's mass when 

core formation occurs shows a much larger stochastic fluctuation than when the approach 

velocity is the same for all impacts. These calculations show that a planet the mass of 

Mercury has a 75% chance of having a core triggered by giant impacts, while a planet the 

mass of Mars has nearly a 100% chance under these conditions. There is very little 

difference in the probability of core formation between the two very different distributions. 

Both include sufficiently fast projectiles to cause extensive melting. This shows that as 

long as the speed distribution contains a small fraction of relatively fast planetesimals, its 

detailed form is unimportant to the core formation process. 

The results shown above include only the complete melt region and are not corrected 

for the planet's geometry. They are also based on a single melting pressure presumed to be 

110 GPa. Additionally, the total melt volume was considered to have contributed to the 

core formation process. Figure 5.16 shows the effect of changing the complete melting 

pressure under these conditions. The melting pressure is based on ANEOS dunite as 

described in §2.5.2 and the computation uses dunite linear shock-particle velocity 

parameters. It shows the effect of initial temperature on the complete melt region. A 

melting pressure of 150 GPa requires a somewhat higher speed projectile to induce melting 

to the edge of the isobaric core. The complete melt region is larger in the hot planet for a 

given impact speed. As a result, core formation probability is higher in the hot planet of the 

same mass. 

Figure 5.17 shows the effect of including the partial melt region, the geometric 

correction, and the retained melt fraction. One simulation shown in Figure 5.17 is the 150 

GPa melt pressure computation of Figure 5.16. The other was computed under identical 

conditions (To = 298 K, crb = 20 GPa, orderly growth, dunite impact parameters) but 

included the portion of the partial melt region containing greater than 50% melt fraction, 

corrected for the planet'S geometry, and multiplied the melt volume by the retained melt 
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fraction. This presumes that only the retained melt is involved in the core formation 

process. The partial melt region was truncated at 50% melt fraction because at higher melt 

fractions, a major rheological change occurs. The melt-crystal mush must deform by solid

state creep or porous flow mechanisms rather than by viscous liquid flow. Iron does not 

readily flow past this boundary. Consequently, melt in the partial melt region containing 

less than 50% melt fraction is not involved in the core formation process. This rheological 

boundary and its important implications for magma ocean evolution is discussed further in 

§8.4. The core formation transition is shifted to more massive planets. This is because of 

the loss of a significant melt volume due to geometric correction and use of the retained 

melt fraction. The addition of melt from the partial melt region is not significant for the 

cold planets presumed in these computations. 

Figure 5.18 shows the effect of changing the planet's initial temperature, now including 

the partial melt region. There is a small probability that a core might be formed on a planet 

as small as 1023 kg, but the probability doesn't become substantial until the planet is nearly 

the mass of Mars. A hot planet forms cores at somewhat lower planetary masses. The 

shift is more somewhat more substantial than demonstrated in Fig. 5.16 for simply 

changing the complete melting shock pressure. 

Figure 5.19 shows the effect of using serpentinite shock-particle velocity parameters 

and the truncated sphere model. Figure 5.19a shows a comparison of the 298 K initial 

temperature run of Fig. 5.17 to a calculation under analogous conditions (orderly growth, 

crb = 20 kbar) but using serpentinite parameters rather than dunite parameters as used in the 

Fig. 5.17 calculation. The melting pressure in this calculation was based on ANEOS 

dunite because the ANEOS equation of state for serpentinite has not been determined. 

Because of its volatile content, the melting pressure for a carbonaceous chondrite-like 

material is probably lower than dunite. As a result, core formation may occur in smaller 

planets than shown here. The effect of simply using serpentinite parameters on the 

calculation is not significant. Also plotted is a computation under the same conditions but 

using the truncated sphere model. The geometric correction factor, retained melt fraction, 

and partial melt regions are explicitly considered in the calculation. Cores can form in 

significantly smaller planets using the truncated sphere model. This is because the 

truncated sphere model loses less melt to geometric correction and the retained melt fraction 

is higher. Additionally, because the melt radius is smaller, the larger iron volume generates 

a deeper iron layer than the hemispherical model. Figure 5.19b compares this run with the 

150 OPa melt pressure run of Fig. 5.16. These runs are nearly identical. 
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Comparison of Linear and Maxwell-Boltzmann Distributions 
P = 110 GPa, a = 20 kbar, Orderly Accretion 
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Figure 5.15. Same conditions as in Figure 5.9 except the approach speed was selected 
from either the linear or the Maxwell-Boltzmann speed distributions. The scale of the 
graph is expanded compared to Figures 5.9-5.14. The stochastic variation in the core 
formation mechanism is greater than for a set Voo. A planet with a mass equal to the mass of 
Mercury has about a 75% probability of forming a core, and a planet with the mass of Mars 
has a 100% chance (if it survived disruption). The percentage of disruptions is small. The 
two vastly different speed distributions yield nearly identical results. 
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Effect of Melt Pressure: 
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Figure 5.16. Comparison of the 150 GPa shock melting pressure run with the Maxwell
Boltzmann distribution run of Figure 5.15. Both use the Maxwell-Boltzmann speed 
distribution and other conditions of Figure 5.9, except for the shock melting pressure. The 
lower shock melting pressure causes melting at lower impact speeds. As expected, this 
allows core formation to occur in slightly smaller planets. However, the difference is a 
second order effect and core formation still occurs in planets between 2 and 6 x 1023 kg. 
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Figure 5.17 Effect of including the partial melt region, the geometric correction, and the 
retained melt fraction. Fig. 5.17 shows a repeat of the 150 GPa melt pressure curve from 
Fig. 5.16. The other curve was calculated accounting for the partial melt region 
(insignificant at an initial temperature of 298 K), the geometric correction, and the retained 
melt fraction. The main difference is the result of the loss of about 30% of the melt due to 
geometric correction and about 40% of the remaining melt due to melt excavation. 
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Figure 5.18 Effect of initial planetary temperature on the core formation process. The 
calculations displayed in this figure accounted for the geometric correction, the retained 
melt fraction, and the partial melt region. The hot planet forms cores at planetary masses 
lower than the cold planet as expected. The difference, however, is not as great as the 
difference made by including the geometric correction and the retained melt fraction (both 
of which are somewhat small for the hemispherical model). 
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Figure 5.19. Effect of changing the linear shock-particle velocity parameters and the 
geometric model. Fig. 5.19a shows the Fig. 5.17, Pm = 150 GPa (To = 298 K) run 
compared to runs using serpentinite shock-particle velocity parameters, and using the 
hemispherical and truncated sphere model. The effect of changing the shock-particle 
velocity parameters is not significant The truncated sphere model allows core formation in 
smaller objects. This is mainly due to the melt volume not lost to geometric correction. 
The truncated sphere model run is compared to the 150 GPa melt pressure run of Figure 
5.16 in Fig. 5.19b. These two runs produce similar results. This results because the two 
melt models produce about the same melt volume before geometric correction. 
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The effect of decreasing the threshold stress to 2 kbar and having the approach speed 

determined by the Maxwell-Boltzmann distribution is shown in Figure 5.20. This effect 

was also shown in Fig. 5.14 by treating the approach velocity as a free parameter. Because 

the peak approach velocity in the M-B distribution depends on the planet's escape velocity, 

the mass at which core formation begins is about an order of magnitude higher than when 

approach velocity is allowed to be a free parameter. Approach velocities are not high 

enough to allow the impact speed to exceed the minimum impact speed until the planet is 

-4-5 x 1022 kg. The fraction of disruptions goes from about 33% when the approach 

speed was allowed to be a free parameter to 0% for the M-B distribution. Planets have a 

100% chance for impact-induced core formation by the time they reach a mass of 2 x 1023 

kg, much smaller than the mass required if the approach speed is fixed at 3 km s-l. The 

figure also shows the effect of changing the power in the distance-particle velocity 

relationship (eq. 2.5.6) to n = 1.6 from the n = 2 assumed in most calculations. The 

smaller power implies a larger melt region and should allow core formation in smaller 

bodies. The difference is not significant. This is because n affects only the fraction of the 

melt region that lies outside the isobaric core. Because the impact speed of most projectiles 

that trigger core formation is not much larger than the minimum impact speed required to 

cause melting to the edge of the isobaric core, most of the melt volume is contained within 

the isobaric core. Consequently, the effect of the smaller value of n is small. 

The model's sensitivity to the exact functional form of the pressure dependence with 

distance outside the isobaric core was also tested. The melt model presented in Chapter 2 

uses a pressure-distance relationship with a term that falls off as r2 and another term that 

falls off as r4. Another pressure relationship quoted in the literature was suggested by 

Croft (1982): 

(5.3.1) 

where Po is the pressure in the isobaric core, '0 is the radius of the isobaric core, and r is 

the radial distance from the center of the isobaric core. As seen in §2.5.3, over the 

pressure interval between the isobaric core pressure and the melting pressure, eq. (2.5.7) 

predicts a pressure dependence that is well approximated by eq. (5.3.1) with 'Y- 3.1-3.3. 

Runs using this pressure model and the Maxwell-Boltzmann speed distribution were 

performed, setting 'Y equal to 2 and 3 respectively. These runs are plotted with the 

Maxwell-Boltzmann distribution run from Fig. 5.15 and shown as Figure 5.21. Only 

slight differences in detail exist between the runs and the conclusions are identical. 
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Figure 5.20 Effect of decreasing the threshold stress to 2 kbar. In this case, the threshold 
stress was decreased to 2 kbar, and the velocity distribution was modeled by the Maxwell
Boltzmann distribution. The partial melt region was also explicitly included. Compare 
with Figure 5.14. Core formation does not begin under these conditions until the planet is 
an order of magnitude larger than in the case of fixed approach velocity of 10 km s-l. This 
is because projectiles with high enough speeds aren't available in the Maxwell-Boltzmann 
distribution until the planet grows to this mass. If there are large, > 7 km s-1 projectiles 
available, core formation begins at the lower mass predicted by Fig. 5.14. Also shown is 
the effect of decreasing the power in the particle velocity pressure relationship from n = 2 to 
n = 1.6. This change has only a minor effect. 



186 

Sensitivity to Exact Pressure Dependence 
P = 110 GPa,O' = 20kbar, Orderly Accretion 
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Figure 5.21. Comparison of 3 models of pressure dependence with distance. Pressure 
dependence is described by eq. (2.5.7), used for all other runs (Figures 5.9-5.16). The 
other dependence is described by eq. (5.3.1) with 'Y = 2 and 3 respectively. There is a 
small difference between the models, but the difference is a second order effect and does 
not change the conclusions of the calculations. 
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Another class of objects that potentially undergo whole-body differentiation are the icy 

bodies of outer solar system. With densities ranging from Mimas's 1170 (Morrison 1982) 

to Pluto's -2000 kg m-3 (Stern 1989), these objects are thought to be mixtures of ice and 

silicates, because water ice is the expected cosmochemically abundant volatile that 

sequesters the solar abundance of oxygen. If ice has a density of about 1000 kg m-3 and 

silicates have a density of about 3 kg m-3, the rock:ice ratio is about 1: 10 for the 1170 kg 

m-3 density and 1:1 for the 2000 kg m-3 density. 

Current ideas about the formation of satellite systems were reviewed by Stevenson et 

al. (1986). Conditions that existed during satellite formation are not well constrained. It is 

thought that the regular satellite systems of the outer planets formed in a manner analogous 

to the planetary accretion in the solar nebula. There are, however, some major differences. 

Gas drag was probably important during satellite formation. In addition, heliocentric 

particles were captured by the central planet and also struck growing satellites. Because the 

accretion time scale is much shorter than the time scales of dissipative processes, Stevenson 

et al. (1986) conclude that satellites formed, then migrated inward. A large fraction were 

disrupted in the process, and the remaining objects are the few that survived. As a result, a 

satellite's current orbit may not be the orbit in which it formed. Because the difference 

between condensation temperatures of ice and silicates is large, the objections raised in 

§5.1.1 to "bottom up" accretion do not apply to the icy satellites. Silicates condensed out 

of the nebula well before ice. Silicate dust grains might have coagulated into relatively 

large bodies before ice condensed. Such bodies may have served as cores to mostly icy 

bodies that accreted later to form the icy satellites. It is also conceivable that silicate grains 

did not coagulate into large cores before ice condensed. If so, the protoplanetary bodies 

out of which the icy satellites were formed originally consisted of an approximately 

homogenous mixture of ice and rock. It is thought that most of these bodies have 

differentiated into an ice mantle and silicate core in a manner analogous to the segregation 

of iron from silicates, although the lack of tectonics on and the general dark appearance of 

Callisto have been attributed to failure of that body to differentiate (Schubert et al. 1981). 

Ideas that have been suggested to explain Callisto's lack of differentiation have not been 

successful. Large impacts might have triggered core formation by a process similar to that 

described above for silicate bodies. It seems natural to ascertain the consequences of the 

impact-induced core formation model described above to formation of the icy satellites. 
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The tenns "satellite" and "planet" are used interchangeably throughout this section. 

There are other major differences, however, between silicate and icy bodies. The 

melting pressure is much lower. As shown in §2.5.2, the melting pressure for ice is about 

10 GPa compared to -100 GPa for silicates. This implies that the minimum impact speed 

required for melting to the edge of the isobaric core is substantially smaller. The lower 

shock melting pressure also implies that only ice and other volatile species melt. The time 

scale for segregation from the melted ice is detennined by the physical condition of the 

silicates. If they are small, flaky grains, the segregation time scale may be quite long. If 

they are large, roughly spherical rocks, they segregate rapidly. 

The threshold stress is lower. Rheological experiments perfonned by Kirby et al. 

(1987) show that the elastic threshold stress for cold ice is about 1 kbar. "Wann" ice 

undergoes ductile failure at lower deviatoric stresses. Most of the runs performed 

presumed a threshold stress of 1 kbar rather than the 20 kbar presumed for silicate bodies, 

although 0.5 kbar was also used for one set of computations. 

The density contrast is smaller between ice and rock (-2000 kg m-3) than that of 

silicate-iron (-4500 kg m-3). Significantly, the planet's gravity is also weaker than that of a 

silicate planet of the same mass because its lower mean density requires a larger planetary 

radius. Thus, crater and melt excavation is more efficient on an icy body. 

Finally, most of the satellites of the outer solar system fonned in the gravity fields of a 

large central planet. As a result, they were probably bombarded by heliocentric particles 

intercepted into the central planet's gravity well. These objects struck the satellites at higher 

speeds than particles in the satellite's own accretion zone, increasing both the chance of 

impact induced core formation and catastrophic disruption. Both of these possibilities are 

treated below. 

5.4.2 Results for Accretion from Satellite's Feeding Zone 

The algorithm developed in §5.2-5.3 was directly applied to simulate the growth of icy 

bodies in an accretion environment described by eq. (5.2.2). All particles that accrete to the 

satellite are considered to be part of the planet's feeding zone. As in §5.3, both orderly and 

runaway accretion scenarios were calculated and various parameters were changed to 

assess their effects. The accreting object and projectiles were presumed to be composed of 

60% ice and 40% rock homogeneously distributed throughout. Silicates were presumed to 

segregate to the base of the melt zone on a time scale short compared to the isostatic 

adjustment time scale. The algorithm explicitly allows segregation to occur from only the 
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retained melt, calculates both the hemispherical and truncated sphere models, and includes 

the geometric correction. The silicate body computations used only the hemispherical 

model and did not include the geometric correction and the retained melt fraction (with the 

exception of Fig. 5.l9). All runs used the Maxwell-Boltzmann distribution with a peak 

speed given by eq. (5.2.5) to simulate the speed distribution that existed in the system. As 

noted in §5.3, the detailed shape of the distribution did not seem to have a significant effect 

on the outcome. Figures 5.22-5.28 show the results of these simulations, with the run 

conditions, except for the Safronov number, stated on each figure. The Safronov number 

was set to 0.3 as in silicate bodies except for one set of runs that specifically tested its effect 

(Figure 5.26). 

Figure 5.22 results from presuming a melting pressure of 10 OPa, threshold stress of 

1 kbar, and p = 2/3. The effects of both orderly and runaway accretion are shown. 

Additionally, the effect of using the different geometric models (HM = hemispherical 

model; SM = truncated sphere model) are plotted. Pluto-mass bodies have a small, but 

non-zero probability of impact-triggered core formation (if the truncated sphere model is 

accurate). By the time objects grow to the mass of Europa, impacts have triggered core 

formation in nearly all of the objects that survive the accretion process. Only about 26-31 % 

of icy bodies growing in an orderly accretion environment survive to a mass where core 

formation can occur. The rest are catastrophically disrupted. This is a much higher 

percentage than for silicate bodies, resulting mainly because an equal mass silicate body has 

a larger gravity by a factor of 1.5-2. Thus, it is easier to disrupt an icy body. Because the 

accreting objects are, on the average, ten times smaller in the case of runaway accretion, 

nearly all planets survive. The satellite's mass when impact induced core formation begins 

to occur is nearly the same for both orderly and runaway accretion. It is determined 

primarily by the threshold stress and the geometric melt model assumed. 

Because of the much greater tendency to cause disruption, the choice of the planet'S 

initial mass must be done more carefully than in the case of silicate bodies. The lower limit 

of initial mass is determined by computational time-the lower the initial mass, the more 

particles that must accrete and the longer the computation time. If the initial mass is chosen 

so that only a few particles accrete before core formation, the object is artificially protected 

from earlier large impacts that might disrupt it. Orderly accretion computations run under 

the conditions of Figure 5.22 were started with an initial mass of 1022 kg, well below the 

mass at which core formation begins. In this simulation, about 40% of the planets formed 

cores (60% disruptions). Another simulation was performed starting with a 7.5 x 1021 kg 
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initial planet, which resulted in 71 % disruptions. The simulations displayed as the orderly 

accretion, hemispherical model curve in Fig. 5.22 began with a 5 x 1()21 kg planet and had 

74% disruptions. An additional run began with a 2.5 x 1021 kg planet and also had about 

74% disruptions. This series of runs shows that a 5 x 1021 kg initial planet is small 

enough not to artificially protect the planet from disruption. 

Figure 5.23 shows a histogram of the projectile/planet mass ratio that caused the 

object's disruption from the computation used to construct the orderly accretion, 

hemispherical model curve Figure 5.22. The majority of these projectiles lie in the 0.1-

0.25Mp range. However, a significant fraction are larger. This is simply the result of 

presuming the planet is the largest planetesimal in a continuous distribution as was done in 

orderly accretion. Because the same mass distribution routine was used to perform the 

runs of silicate bodies, they were also subjected to the same type of mass distribution. 

Even so, only a small fraction of silicate bodies were disrupted. In theory, the same type 

of histogram could have been constructed for the disruption of silicate bodies. However, 

there were so few disruptions that the statistics would not have been good enough for the 

histogram to have any meaning. An important conclusion that can be drawn from these 

calculations is that if icy bodies grew in an orderly accretion environment, a significant 

fraction were disrupted. 

Figure 5.24 shows the effect of changing the slope of the distribution. Only the 

hemispherical model was run with a melting shock pressure of 10 GPa and a threshold 

stress of 1 kbar. There is a slight shifting of the mass at which core formation occurs to 

smaller bodies with p = 112, but these are second order effects. Orderly accretion disrupts 

fewer planets with p = .873 because there are fewer large planetesimals. 

Figure 5.25 shows the results of changing the melting pressure to 6 GPa (consistent 

with ice near its solidus) and changing the threshold stress. Only the truncated sphere 

model computations are shown and p = 2/3. The mass range in the figure covers two 

orders of magnitude rather than the one order of magnitude shown in the other figures. 

Decreasing the melting pressure decreases the smallest mass at which core formation 

occurs. However, just as in silicate bodies, it is a second order effect. Lowering the 

threshold stress to 112 kbar shows the optimum conditions for impact-induced core 

formation in icy bodies. Under these conditions, the truncated sphere model predicts that 

objects as small as 4 x 1021 kg (somewhat larger than the mass of Titania) have a finite 

probability that impacts induce core formation. Impacts trigger core formation in nearly all 

Pluto-Triton-mass bodies that survive accretion. 



CI.l 
Q) 

. c:: 
0 ..... 
CI.l 

~ 
oS ::: 
0 
~ 

0 
4-4 
0 
..... 
= Q) 
u 
~ 
Q) 

I-l.t 

191 

Core Formation in Icy Bodies: 
Pm = 10 GPa, O'b = 1 kbar, p = 2/3 

100 r -.-. 

I I . 
80 . 

Orderly Accretion; HM 

/ / 
- - - - - Orderly Accretion; SM . 

/ / - ... - Runaway Accretion; HM 
60 

- Runaway Accretion; SM -

I / . 
40 I Cd ~ / 9 = . c.. .~ ~ 9 .9 :.,. 8--------

:::I 
f!3. j /" ? ~ ~ c3 0: u 

20 " / 

" 

O~--~~--~~--~~~~--~~~-r~----~~ 

1022 1023 

Planet Mass at Core Formation (kg) 

Figure 5.22 Core formation in icy bodies. Run conditions include a melting pressure of 
10 GPa, threshold stress of 1 kbar, p = 2/3, orderly accretion, and Safronov number of 
0.3. HM denotes results from the hemispherical model; SM denotes the truncated sphere 
model. The truncated sphere model has both a higher retained melt fraction and more total 
melt due to the geometric correction. As a result, the truncated sphere model begins core 
formation in smaller planets. However, the difference is not outstanding. The transition 
between planets that form cores and those that do not occurs between about 2 and 6 x 1022 

kg. This is about an order of magnitude smaller than the transition in silicate bodies. 
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Core Formation in Icy Bodies: Hemispherical Model 
Orderly Accretion, P = 10 GPa, 0' = 1 kbar, p = 2/3 
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Figure 5.23 Histogram showing the projectile/planet mass ratio of the projectile that caused 
catastrophic disruption of the planet Data was taken during the run from which the orderly 
accretion, hemispherical model data of Figure 5.22. Most of the projectiles that caused 
catastrophic disruption lie in the 0.1-0.25 range, although a significant number of 
extremely large projectiles existed. This results from the planet being the largest 
planetesimal of a distribution whose mass is dominated by the largest bodies. 
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The effect of the Safronov number is shown in Figure 5.26. It is plausible that the 

Safronov number changed with time and is a function of the central body around which 

accretion is taking place. The Safronov number was set equal to 3.0 for these simulations. 

Two effects are obvious: The body's mass where the core formation transition occurs 

increases and the number of planetary disruptions decreases. If the Safronov number is 

larger, the approach velocity is a smaller fraction of the planet's escape velocity. 

Consequently, the planet must have a larger escape velocity to produce an impact speed 

large enough to generate the required wide-scale melting. Because the impact speed is 

lower, the number of disruptions decrease substantially. About 25% of planets are still 

disrupted. This is still higher than for silicate bodies except when -10 km s-1 projectiles 

strike asteroid-mass objects. There is a significant difference in the probability of 

differentiation for the largest icy bodies. Callisto has a very small probability of forming a 

core. Ganymede has about a 20% chance under these conditions. In all other cases, both 

bodies have a 100% probability (since they survived the accretion process) of impacts 

triggering core formation. If gas drag was present during this stage of satellite accretion, 

collisional velocities are damped and this high Safronov number may be the most applicable 

case presented here. If so, impacts from the satellite's accretion zone may not trigger core 

formation in even the largest known icy bodies. 

Figure 5.27 shows the effect of including the partial melt region (to 50% melt fraction). 

Condition include a melting shock pressure of 10 GPa, threshold stress of 1 kbar, p of 2/3, 

and use of the truncated sphere model. Including the partial melt region only slightly 

decreases the planet's mass at which core formation begins. This is because at the 

presumed initial temperature of 150 K, the partial melt region is narrow and contributes 

only a small melt volume to the core formation process. If the body were near its solidus at 

the time of the giant impact, the partial melt region is more significant (Tonks and Melosh 

1992; Tonks and Melosh 1993a). In this situation, however, the time scale for a diapir 

sinking into the planet's center is quite short, and smaller impacts would generate smaller, 

rapidly sinking diapirs. Consequently, exclusion of the partial melt region in the earlier 

results does not significantly underestimate the planet's mass at which giant impacts trigger 

core formation. 

Figure 5.27 also shows the result of changing the power in the particle velocity

distance relationship from 2 to 1.6. It also includes explicit calculation of the partial melt 

region. An examination of the statistics of the two runs shows that two curves are virtually 

identical and are equivalent within the statistical uncertainty of the simulations. Core 
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Core Formation in Icy Bodies: 
Hemispherical Model, P = 10 GPa, (J = 1 kbar 
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Figure 5.24. Effect of changing the power of the planetesimal power law distribution. The 
distribution with p = 112 has more large projectiles than the distribution with p = 0.873. 
This is reflected in the slightly smaller planetary mass at which core formation occurs and 
in the larger fraction of disruptions under orderly accretion. The impact-induced core 
formation process is not strongly dependent on the precise value of p. 
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Core Formation in Icy Bodies: 
Truncated Sphere Model, P = 6 GPa, p = 2/3 
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Figure 5.25. Effect of changing complete shock melting pressure and threshold stress. 
Under these conditions, Pluto and Triton-mass bodies have a significant probability of an 
impact triggering core formation, but Titania-mass bodies do not. Because these are the 
optimum conditions for impact-induced core formation, the mechanism is not viable for the 
majority of the smaller known icy bodies. 
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Figure 5.26. Effect of the Safronov number. Because the Safronov number detennines 
the impact speed, its value has a major effect on impact-induced core fonnation. Changing 
the Safronov number by an order of magnitude shifts the core formation transition by 
nearly an order of magnitude. Orderly accretion with a higher Safronov number causes 
fewer disruptions than for low Safronov numbers. If the Safronov number were as high as 
3.0 as assumed here, only the very largest icy bodies have a non zero (albeit small) 
probability of impact-induced core formation. 
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Core Formation in Icy Bodies: Truncated Sphere Model 
P = 10 GPa, p = 2/3, a =10 GPa 
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Figure 5.27 Effect of including the partial melt region and changing the power in the 
particle velocity-distance relationship. Conditions include runaway accretion, melting 
pressure = 10 GPa, p = 2/3, threshold stress = 1 kbar, and use of the truncated sphere 
model. Inclusion of the partial melt region allows core formation in slightly smaller 
objects, but again is a second order effect. Changing the power in the particle velocity
distance relationship to 1.6 (and including the partial melt region) produces a simulation 
that is statistically indistinguishable from the n = 2 simulation. 
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formation usually occurs at impact speeds close to the minimum impact speed required to 

cause melting to the edge of the isobaric core. The change to n = l.6 results only in 

expansion of the melt region beyond the isobaric core. Because of the rapid drop in shock 

pressure outside the isobaric core, the melt region outside the isobaric core contributes only 

a small fraction of the total melt volume in most cases. As a result, this change does not 

significantly increase the total melt volume, resulting in no statistically significant change in 

the core formation process. 

5.4.3 Results Including Accretion of Heliocentric Objects 

Most of the major satellites of the outer solar system are be lived to have grown in the 

gravity fields of their central planets. It is not known at what stage in the central planet's 

growth the satellites were formed. It is almost certain, however, that the central planet 

accreted solid material from heliocentric space during satellite growth. Even in the present 

epoch, the giant planets accrete small quantities of heliocentric mass, mostly stray comets, 

but also some asteroidal material that is scattered outward by resonances. The satellites 

undoubtedly intercepted some of this material during their growth. Collision of this 

material may have resulted in either accretion or loss of the material's atmospheric volatiles 

(Zahnle et al. 1991) to form an atmosphere depending on impact conditions. They argue 

that because the impact speed of heliocentric material depends on the satellite's position in 

the central planet's gravity field, some satellites may lose all accreting volatiles but others 

may retain them. They show that because of the higher impact speed in the Jovian system, 

Europa, Ganymede, and Callisto retained essentially none of the atmospheric volatiles, but 

Titan was able to retain enough of these volatiles to generate a thick atmosphere. Because 

of their high speed, heliocentric bodies may also be dominant in triggering core formation 

as well as disrupting the satellites. 

Incorporation of heliocentric material into the Monte Carlo simulation of impact-induced 

core formation is relatively simple in principle. A given (most likely small) fraction of the 

total material that accretes is assumed to be heliocentric. These objects are presumed to 

follow a power law distribution of the form (5.2.2), so a second particle distribution was 

generated to represent them. The code selects a uniform deviate. If it is a number between 

o and the heliocentric particle fraction, a particle is selected from the distribution 

representing the heliocentric particles. Otherwise, a particle is selected from the distribution 

representing material from the satellite's accretion zone. If a heliocentric particle is chosen, 

its impact speed is determined as described below. The consequences the impact into the 
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satellite are then detennined in the same way as describe.d above. 

The impact speed of a heliocentric particle can be roughly estimated as 

Vi2 = voo2 + Vsat2 + vi + vese2 = vene2 + vese2 (5.4.1) 

where Voo is the approach velocity of heliocentric particles with respect to the central planet, 

Vsat is the orbital velocity of the satellite, vfis the speed due to gravitational focusing, equal 

to the escape velocity of the central planet at the satellite's orbital distance, Vene is the 

particle's encounter speed, and Vese is the escape velocity of the satellite (Lissauer et al. 

1988). If the satellite orbital speed is taken to be its speed in a circular orbit, Newton's law 

of gravity gives 

Vsat = 1I2vf= GMepfasat (5.4.2) 

where Mep is the mass of the central planet and as at is the satellite's orbital radius. The 

escape velocity of the satellite is generally negligible compared to the other speeds in the 

equation, although it is explicitly included in the computer simulation. One difficulty is 

detennining an approach velocity distribution. Zahnle et al. (1991) considered speed 

distributions of late volatile rich veneer heliocentric objects that originated from three 

sources: Planetesimals in the Uranus-Neptune region of the solar system, Kuiper belt 

comets, and Oort cloud comets. They computed a range of approach velocities of 4.4-21.8 

km s-l for Uranus-Neptune planetesimals and a range from 5.4 to 31.5 km s-l for 

planetesimals from the Oort cloud (Kuiper belt comets had intennediate speeds) at Jupiter's 

distance from the Sun, based on the orbital properties of a uniformly distributed population 

of projectiles. Approach velocities were lower at Saturn due to that planet's distance from 

the Sun. During satellite formation, it is likely that a larger fraction of the heliocentric 

population originated closer to the central planet than even the Uranus-Neptune region, 

although there is some probability (albeit small) that one of the high speed comets from the 

Oort cloud impacted the growing satellites. Hence, heliocentric particle approach speeds 

ranged all the way from a low of 0 km s·l to a high given by the Oort cloud comets. The 

Maxwell-Boltzmann distribution was used to model this speed distribution. The speed of 

the distribution's peak (Vpk) was chosen such that a uniform deviate of 1.0 corresponded to 

the highest speed calculated by Zahnle et al. (1991) for Oort cloud comets. This yields a 

speed at the distribution's peak of 6.3 km s·l at Jupiter and 4.6 km s·l at Saturn. The mean 

approach speed v of the Maxwell-Boltzmann distribution is related to the velocity at the 

distribution's peak by 

(5.4.3) 
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(see Rief 1965, p. 269). This gives a average approach speed at Jupiter of 7.7 km s-1, 

comparable to the 8 km s-1 mean approach velocity for Jupiter estimated by Smith et aI., 

(1979). This method gives an approach velocity distribution that is dominated by objects 

near the distribution's peak without having to make assumptions about the heliocentric 

particle distribution during this stage of accretion. It allows for a small, but nonzero 

probability that an object approaches at the high Oort cloud speeds. The simulation is not 

overly sensitive to the approach speed-the impact speed is largely dominated by the 

satellite's orbital speed and the gravitational focusing speed. Figure 5.28 shows the speed 

distribution predicted by the numerical routine. Figure 5.28a shows the distribution of 

approach speeds; Figure 5.28b shows the distribution of the encounter speeds. The 

approach velocity is a function only of the planet's orbital distance from the Sun. The three 

curves identified as "Europa", "Ganymede", and "Callisto" are based on the same 

equations and numerical constants. The scatter between them is due to the statistical nature 

of the computation. Curves identified as "Europa", "Ganymede", "Callisto", and "Titan" 

represent a satellite growing in the present positions of these satellites. The difference 

between these curves on Figure 5.28b are due almost exclusively to differences in the 

orbital distances of these satellites. Impact speeds are higher for satellites closer to Jupiter. 

Impact speeds on Titan are smaller because of Titan's distance from Jupiter, Saturn's 

smaller mass, and its position further away from the Sun, which decreases the mean 

approach velocity. 

It is not at all clear how much of the accreted material is due to heliocentric particles. It 

is undoubtedly a complex function of the stage of planetary growth the satellite is in, the 

stage of the central planet's growth, the position of the satellite in the central planet's 

gravitational field, and the approach speed. If the central planet is essentially full grown (or 

at least the core is fully formed), the fraction is probably quite low. If satellite formation is 

comparable to accretion of the terrestrial planets, the impact rate during the final sweep-up 

heliocentric particles accreting to the planet. However, the stage of satellite formation when 

impact-induced core formation is important may be before this point. The encounter speed 

of heliocentric particles is large compared to the speed of particles in the satellite's own 

accretion zone. The probability of impact (gravitational cross section) depends on the 

encounter speed. As a result, objects in the planet's own accretion zone are much more 

likely to strike the planet than are heliocentric particles. These arguments suggest that the 

fraction of heliocentric objects that accrete to the planet is quite low. Because 

approximately the same number of particles must cross through a smaller spherical surface 
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Figure 5.28 Approach (Fig. 5.28a) and encounter speed distributions (Fig. 5.28b) 
computed by the numerical technique utilized in the computation. The numerical constants 
and equations used for each satellite in the Jovian system were exactly the same. The 
spread represents the statistical scatter in randomly choosing 1000 (or 5000 in one case) 
approach speeds. The scatter between curves made by selecting 1000 random speeds from 
the distribution is about the same as between these curves and the curve made with 5000 
random speeds. A satellite in Europa's position experiences the fastest heliocentric 
particles because of gravitational focusing and the satellite's orbital speed (of those planets 
plotted here), Titan experiences encounter speeds lower than the large Jovian planets. 
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of material in the planet's own accretion zone may be low enough to enhance the fraction of 

as they get ever closer to the planet, the inner satellites are subject to a higher heliocentric 

particle flux than are the outer satellites of a given central planet. The increase in flux, 

however, is partially compensated for by a decrease in the satellite's gravitational cross 

section that results from the higher encounter speeds deeper in the planet's gravity well. 

The fraction of heliocentric particles was varied from 0.005 down to 0.0001. Table 5.2 

lists the fraction of growth histories that resulted in core formation and disruption triggered 

by both heliocentric particles and those from the satellite's own accretion zone. Figures 

5.29 and 5.30 show the results of these computations. Run conditions include a melting 

pressure of 10 GPa, a mass distribution power of 2/3 (for both the satellites accretion zone 

and the heliocentric particles), threshold stress of I kbar, runaway accretion for satellite 

accretion zone particles, a large heliocentric particle distribution (that is, the largest body in 

the distribution is the satellite's mass at the beginning of the computation), and a power of 

1.6 in the particle velocity-distance relationship. Figure 5.29a shows the percentage of 

growth histories that yielded cores (regardless of which set of particles triggered core 

formation) as a function of the satellite's mass at core formation. The heliocentric particle 

fraction is assumed to be 0.005. Included is the n = 1.6 plot from Figure 5.27 for 

comparison. In all cases, the core formation transition begins at slightly smaller satellites 

than in the case of particles only form the satellite's accretion zone. Disruption is important 

in all cases. Disruption becomes more important deeper in the central planet's gravity well. 

There is only a 16% chance that a satellite growing in Europa's position will survive the 

accretion process. Figure 5.29b normalizes the fraction of growth histories that yield core 

formation to the total number of cores formed by a satellite. This is done so that the shapes 

of the curves can be examined. The mass at which core formation occurs in Ganymede, 

Callisto, and Titan al~ group near the same value. The mass at which core formation occurs 

in a Europa-position satellite is higher. This is probably because of the large number of 

disruptions, although it is not clear that this is significant. In all cases, heliocentric particles 

tend to trigger core formation in slightly smaller satellites than do the satellite accretion zone 

particles. 

Figure 5.30 shows the effect of the fraction of heliocentric particles that accrete during 

this stage of growth. Only a satellite in Europa's position was calculated because the effect 

is most extreme. The effect is similar for all satellites. As the fraction of heliocentric 

particles increases, a larger fraction of satellites are disrupted. "Europa" only has a 16% 

chance of escaping disruption by the time a core is formed. The computation was truncated 
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when a core formed. It is likely that continued. bombardment after catastrophic core 

formation would result in an even smaller chance of survival. if the fraction of heliocentric 

particles is 0.5%. If the heliocentric fraction is only 0.01 %, "Europa" has about a 90% 

chance of survival, and if the heliocentric fraction is 0%, "Europa" has around a 99% 

chance of survival. The satellite mass where core formation occurs also shifts to slightly 

larger objects. This is because the satellite accretion zone's particles provides a larger 

fraction of the impacts that trigger core fOlmation. Because the impacts are at lower 

speeds, the planet'S mass when core formation occurs tends to be larger. 

Figure 5.31 shows the effect of assuming that the heliocentric particle distribution is 

much smaller than the growing satellite. In this case, the heliocentric particle distribution 

was computed assuming that the satellite is 10 times the mass of the largest planetesimal in 

the heliocentric distribution (as well as in the satellite accretion zone distribution). 

"Europa" was chosen because the effect is the most extreme. Also shown is the "Europa" 

curve from Fig. 5.29a. The number of disruptions decrease from nearly 84% to about 

40%. However, the satellite mass at which core formation occurs is about the same. 

In a gaseous environment that may have existed during satellite formation, the approach 

velocities of particles in the satellite's accretion zone are significantly damped. This could 

be modeled by choosing a large Safronov number. As seen in Fig. 5.26, a Safronov 

number of 3.0 results in only a small chance of core formation. Consequently, only 

heliocentric particles have a strong probability of triggering core formation. This 

possibility was examined by revising the code to only add the mass contributed by the 

satellite accretion zone bodies but not allowing them to trigger core formation. Core 

formation (and disruption) could only be triggered by heliocentric particles. The results are 

shown in Figure 5.32. These show the results for "Europa", "Ganymede", and "Callisto" 

assuming a large heliocentric particle distribution. The difference between the curves and 

1 00% are due mostly to disruption. If growth occurred under these conditions, large 

impacts should have triggered core formation in both Ganymede and Callisto. The 

probability that core formation occurs does not reach its maximum until these satellites are 

nearly fully grown. This suggests that if a small heliocentric particle distribution were 

used, these satellites might become full grown before core formation occurred. 

To test this hypothesis, a series of simulations were made, varying the heliocentric 

fraction from 0.005 to 0.0001. If the mass when core formation occurred exceeded the 

satellite's present mass, the satellite was considered to survive accretion without impact

induced core formation. Table 5.3 shows the results of these computations. Figure 5.33 
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Table 5.2 Results of accretion with heliocentric particles 

% Growth % Growth % Growth % Growth 
Fraction of Histories that Histories that Histories Histories 

Satellite Heliocentric had Cores had Cores Disrupted by Disrupted by 

Position Particles Formed by Formed by Heliocentric Accretion 
Heliocentric Accretion Particles Zone 

Particles Zone Particles 
Particles 

Europa 0.005 12.2 0.9 86.0 0.9 

Ganymede 0.005 14.5 2.2 82.8 0.5 

Callisto 0.005 23.6 3.5 72.4 0.5 

Titan 0.005 35.4 6.4 57.7 0.5 

Europa 0.0005 28.2 46.6 24.2 1.0 

Europa 0.0001 84.2 9.1 6.3 0.4 
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Figure 5.29 The probability of impact-induced core formation as a function of the 
satellite's mass. The fraction of heliocentric particles is 0.005 in all cases. The difference 
between 100% and the maximum of the curve represents the probability of catastrophic 
disruption. The probability of disruption decreases with distance from Jupiter. This is 
because the encounter speed decreases. The encounter speed at Titan is lower than the 
encounter speed at Callisto, resulting in even a smaller chance of disruption. Fig. 5.29b 
shows the same curves normalized by the percentage of cores formed for a given satellite 
position. The shapes of all curves are roughly the same. The mass when core formation 
occurs shifts to slightly smaller planets. The mass where core formation occurs for Europa 
is larger than for the other three, but smaller than with no heliocentric particle flux. 
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Figure 5.30 Effect of the heliocentric fraction. A satellite in Europa's position was 
considered in all cases because the effect is most extreme. The heliocentric fraction has a 
large effect on the fraction of growth histories that result in disruption (Fig. 5.30a), but 
only a small effect on the mass of the satellite when core formation occurs (Fig. 5.30b). 
The probability that core formation is triggered by a heliocentric particle also decreases (See 
Table 5.2). 
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Figure 5.31. Effect of the size of the heliocentric population. Figures 5.29 and 5.30 are 
based on heliocentric projectile populations with the largest mass in the distribution 
equaling the satellite's initial mass (5 x 1021 kg). The computation was repeated for a 
satellite in Europa's position assuming a heliocentric distribution with the largest mass 
equal to 0.1 the initial mass of Europa. The heliocentric fraction was assumed to be 0.005. 
The fraction of growth histories resulting in disruptions decreases. Satellite accretion zone 
bodies have a larger probability of triggering core formation. 
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Figure 5.32 Effect of assuming core formation triggering only by heliocentric particles. 
Large heliocentric planetesimal distributions were assumed in both cases. The probability 
of impact-induced core formation is only slightly different between Ganymede and Callisto. 
The core formation transition does not reach its maximum until Ganymede and Callisto are 
nearly full grown. 
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plots the percentage of growth histories (or the probability of core formation) as a function 

of the fraction of heliocentric particles. Most of the difference between these curves and 

100% is because the satellite grew to its present mass without core formation occurring. It 

is clearly seen that the heliocentric fraction has a pronounced affect on the probability of 

core formation. At the smallest heliocentric fractions tested, the satellites had only 10-20% 

impact-induced core formation. At the largest heliocentric fractions tested, the probability 

of impact-induced core formation is large. There is a differential effect-Ganymede has a 

greater probability of impact-induced core formation than does Callisto. This is due both to 

their positions in Jupiter's gravity well and on their mass. It is conceivable that under these 

conditions, a large heliocentric particle triggered core formation in Ganymede but Callisto 

survived accretion without undergoing impact-induced core formation. 

5.5 ASTEROID-SIZED BODIES 

Evidence from the meteorite collection and spectral analysis of asteroids indicates that at 

least some classes of asteroids are differentiated objects, based on the interpretation that 

most meteorites come from asteroids. Among the meteorite types interpreted as coming 

from differentiated parent bodies are the irons (parent body cores), pallasites (olivine-iron 

mixture, interpreted as coming from core-mantle boundary), and the eucrite-howardite

diogenite suite (interpreted by Consolmagno and Drake (1977), Gaffey (1983), and Binzel 

(1993) to have come from the asteroid Vesta). The energy source required to trigger 

whole-body differentiation of asteroid-sized bodies remains enigmatic. Possible energy 

sources include electromagnetic induction heating (Sonett et at. 1970; Herbert and Sonett 

1980), inclusion of 26A1 (Urey 1955; Lee et al. 1977), and impact heating. The model 

presented above allows examination of the hypothesis that impacts were important in 

triggering whole body differentiation in asteroids. 

Figure 5.9 shows that impacts do not trigger core formation until a planet is larger than 

lunar mass if the t11reshold stress is -20 kbar. Even if the threshold stress is low (about 2 

kbar), the planet must be larger than the mass of Ceres before impacts can trigger core 

formation in the same was as on larger planets. This is simply because a smaller object has 

lower gravity and cannot generate the required differential stress required for the 

mechanism to operate. Additionally, the intact melt region must form. However, since 

asteroids have low gravity, virtually all of the melt is excavated. Figure 5.14 shows that 

asteroid-sized objects probably do not form intact melt regions. In addition, the high speed 

region of mixed olivine and iron-perhaps the source region for the pallasites. Because it is 
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Table 5.3 Results of a series of accretion simulations with a small heliocentric particle 
distribution, dampened satellite accretion zone particle speeds, and varying heliocentric 

particle fractions. 

Satellite Heliocentric % Growth % Growth % Growth 
Fraction Histories Histories Histories 

Resulting in Resulting in Resulting in No 
Cores Disruption Core Formation 

Ganymede 0.025 

Ganymede 0.005 89.5 3.6 6.9 

Ganymede 0.0025 

Ganymede 0.001 44.1 0.7 55.2 

Ganymede 0.0005 26.2 0.8 73.0 

Ganymede 0.0001 4.9 0.1 95.0 

Callisto 0.025 

Callisto 0.005 71.6 3.0 25.4 

Callisto 0.0025 

Callisto 0.001 24.3 0.6 75.1 

Callisto 0.0005 10.7 0.5 88.8 

Callisto 0.0001 2.9 0.0 97.1 
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Figure 5.33 Probability of impact-induced core formation as a function of heliocentric 
particle fraction. The largest mass in heliocentric particle distribution is presumed to be 0.1 
the satellite's initial mass. If the heliocentric fraction is very small, the probability of 
impact-induced core formatio~ is low. Satellites have an excellent chance of growing to 
their present mass without impacts triggering core formation. There is a differental effect
Ganymede has a larger probability of impact-induced core formation. Symbols represent 
heliocentric fractions where the computations were performed. 
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impacts necessary to cause wide scale melting have a high probability of disrupting 

asteroids. 10 km s-l impacts disrupted about 1/3 of asteroid-sized planets in the simulation 

reported as Figure 5.14. Based on these considerations, it is difficult to understand how 

impacts could trigger whole-body differentiation unless porosity dramatically increases the 

melt volume and causes melting of a significant fraction of the asteroid. Other impacts and 

low gravity cause asteroids to have relatively high porosity. Porosity may have a 

significant effect, because the void space collapses during shock compression, increasing 

the PdV work done on the material. The added energy may allow much more melting to 

occur than predicted by the solid rock model presented here. However, more shock energy 

may also be deposited closer to the impact, increasing vapor production, but not necessarily 

increasing the radius of the melt region. This issue requires further detailed study. 

It is possible that impacts trigger localized differentiation. The concept is presented in 

Figure 5.32. A large, high speed impact excavates a large crater on an asteroid-sized body. 

Melt is buried by excavated solids. If the fraction of melt is sufficiently high, iron might 

segregate from silicates at the base of this ejecta blanket (Fig 5.31b), leaving a sheet of 

differentiated iron up to several hundred meters thick. Because this iron is buried under the 

thick ejecta blanket, it cools slowly. At the interface between the iron and silicates is a 

relatively close to the surface, excavation and delivery of this material to Earth is much 

easier to understand than the disruption and excavation of asteroid core material. The 

above concept has yet to be critically tested. Among the tests that need to be performed are 

the calculation of the depth of the melt sheet and its burial depth under the ejecta blanket, 

the solid fraction in the ejecta blanket, and whether it can produce the chemical properties of 

the iron meteorites. 

5.6. SUMMARY AND CONCLUSIONS 

Large impacts are effective in triggering whole-planet differentiation of silicate bodies 

with masses comparable to the small terrestrial planets. Likewise, impacts effectively 

trigger core formation in the icy bodies, but only the largest (Europa, Callisto, Titan, and 

Ganymede) are large enough for the mechanism to be effective. If the latter stages of 

accretion were characterized by large impacts, as predicted by hierarchical accretion, core 

formation was contemporaneous with accretion. A Mars-mass protoplanet growing in the 

hierarchical environment has nearly a 100% probability that a large impact triggered core 

formation. Consequently, both the proto-Earth and the Moon-forming giant impactor were 

already differentiated at the time of the collision. This assumption, made originally to 
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create an iron-poor Moon, is justified as a natural consequence of the hierarchical accretion 

process. 

Impacts do not trigger core formation within asteroid sized objects in the same way as 

in the larger planets. An asteroid must be nearly Ceres-sized before the segregated iron 

could plausibly generate the stress necessary to overcome the planet's threshold stress. 

However, large melt ponds required for impact-induced core formation do not form in 

small asteroids. Differentiation of these objects most likely requires nearly complete 

melting (Taylor 1992) by AI-26 or magnetic induction heating. It is possible that most 

planetesimals that formed the terrestrial planets were already differentiated objects. The 

consequences of this possibility needs to be more fully explored. 
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Figure 5.34 Concept of localized impact differentiation. Fig. 5.34a A large, high speed 
impact on a small body generates a large crater and a thick ejecta blanket. A significant 
fraction of the generated melt is buried under the ejecta blanket. This view is taken before 
collapse of the large transient crater. 
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Figure 5.34b After collapse of the transient crater and iron segregation to the base of the 
melt sheet. If the solid fraction of the melt sheet is <-50%, iron gravitationally segregates 
to the base. The iron sheet might be several hundreds of meters thick and be buried up to 
several km deep by the overlying ejecta blanket. Production of mesosiderites is a natural 
consequence of the model as is relatively easy excavation by later impacts. 
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6. GEOCHEMICAL CONSEQUENCES OF MAGMA OCEAN 
FORMATION 

6.1 INTRODUCTION 

As shown quantitatively in Chapters 2-5, a high speed, giant impact generates a 

significant melt volume. Regardless of whether the planet isostatically adjusts to form a 

uniform magma ocean or the melt pond cools in place, it eventually cools and solidifies. 

Crystals nucleating from the melt are generally more dense than the residual silicate liquid, 

although notable exceptions exist (e.g. olivine at pressures greater than about 7-8 GPa in an 

ultrabasic liquid, Agee and Walker 1988b; plagioclase in a liquid of approximately lunar 

composition, Walker and Hays 1977). As a result, crystals tend to gravitationally 

segregate from the melt and sink to the base of the melt region. This process enriches the 

crystals in compatible elements (those elements that are preferentially sequestered into the 

crystals) and the residual liquid in incompatible elements (those elements that are 

preferentially rejected by the crystals and stay behind in the liquid). As a result, this 

process, known as fractional crystallization, changes not only the absolute abundances of 

elements but also the ratios of various element pairs. Fractional crystallization and its 

implications are discussed in further detail in §6.2. 

Fractional crystallization of a cooling magma ocean is generally accepted as the 

explanation for the observed dichotomy between the europium-enriched feldspathic crust 

and the europium-depleted basaltic source regions of the Moon (e.g., Wood et al. 1970, 

Smith et al. 1970, Schnetzler and Philpotts 1971). Although the existence of a lunar 

magma ocean is not greatly disputed, the degree of melting is not well constrained. 

Thermal models of the Moon reviewed by Solomon (1986) indicate that the magma ocean 

cannot have been deeper than about 300 km, based on the absence of compressional 

features on the lunar highland surface. Studies that incorporate crustal differentiation, 

however, now stretch this limit to 640 km (Kirk and Stevenson 1988). Trace element 

analyses of the lunar samples indicate that the magma system from which the lunar crust 

and mare basalt source region differentiated has concentrations of refractory lithophile 

elements (e.g., Sr, U, Th, and the REE's) 10-20 times chondritic abundances (Palme et al. 

1984). Two possible interpretations of these data are 1) the bulk Moon has a high 

abundance of these elements and only -20% of the Moon melted, or 2) the crust and mare 

basalt source regions themselves represent a residual magma from a totally molten Moon. 

In the latter case, the bulk Moon began with 3-4 times chondri tic abundances of these 
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elements (Binder, 1986). The Apollo heat flow data are consistent with a bulk lunar 

abundance of uranium and thorium of 4-5 times the chondritic value (Keihm and Langseth 

1977), supporting a completely molten initial Moon. Warren and Kallemeyn (1993) 

recently argued that about 20% of the plagioclase in the lunar crust results from magmatism 

after the magma ocean phase. They argue that it is difficult to understand the source of the 

alumina necessary to produce this volume of plagioclase if the Moon were totally molten. 

Regardless of whether the Moon's magma ocean was deep or shallow, it is difficult to 

understand how the Moon could have undergone such widespread melting while the Earth 

did not melt at all. As shown in Chapters 2-5, lunar formation by giant impact requires that 

the Earth had a large, intact melt region that could potentially undergo fractional 

crystallization. 

A growing body of geochemical evidence suggests that unlike the Moon, the Earth 

could not have undergone significant fractional crystallization. The arguments, discussed 

in detail is §6.2, center around measurements of elemental partition coefficients, which 

have been measured by several laboratories under a number of conditions. These 

measurements imply that fractional crystallization of a small amount of perovskite and/or 

majorite gamet, for example, from a terrestrial magma ocean (or deep melt pond) would 

drive the nearly chondritic ratios of most refractory lithophile elements substantially away 

from their observed chondritic values (Kato et ai. 1988). Fractionation would also result 

in a primitive crust rich in Ba, K, Rb, and Cs and relatively depleted in U, Th, Pb, Sr, Zr, 

and Hf. Drake (1989) and McFarlane and Drake (1990) argue that fractionation of olivine 

by flotation at high pressure would yield ratios of ScISm, NilCo, and Irl Au more than 10% 

above their observed chondritic values. Ringwood (1988, 1990) argues that Kato et ai. IS 

(1988) results can be used as a test of the giant impact hypothesis and Safronov 

(hierarchical) accretion theory. Because the giant impact lead to significant melting of the 

Earth, he argues that such melting could not have occurred or the oldest (-4.2 Ga) zircons 

and most ancient (-3.9 Ga) crustal rocks would show some signature of the element 

fractionations described above. Hofmeister (1983) modeled the solidification of a 120 km 

deep terrestrial magma ocean in detail, assuming that the ocean undergoes a batch fractional 

crystallization process. The resulting hypothetical planet had a chemical structure quite 

unlike that of the present Eartll. Ohtani (1985) also examined the solidification of a magma 

ocean and concluded that it could result in either a stratified or a homogeneous structure 

depending on the stirring action of convection. All of these arguments depend on the 

implicit assumption that a magma ocean or deep magma body necessarily differentiates by 
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fractional crystallization. 

The key to reconciling the apparent discrepancy between the theoretical prediction of 

widespread melting in the Earth and the geochemical data that seem to imply little net 

differentiation may lie in the behavior of crystals in a convecting magma. Convection in a 

magma ocean is expected to be vigorous throughout cooling as long as the liquid looses its 

energy near the free outer surface. Although a thin conductive skin may form at the 

immediate surface, differential convective velocities are generally high enough to overcome 

its strength and keep the heat loss near the theoretical limit. This situation is quite different 

than that of a magma chamber, where a thick roof strongly inhibits convection by lowering 

the differential temperature across the liquid body (Brandeis and Marsh 1989). Convection 

may be similarly inhibited in a hypothetical deep mantle magma ocean (Agee and Walker 

1988b) if it is overlain by a crystallized upper mantle. Despite its importance, the effect of 

vigorous convection in keeping a magma ocean well stirred had not previously been well 

studied until the work reported here (also published in Tonks and Melosh 1990). It seems 

intuitively obvious that if convection is sufficiently vigorous, it causes crystals to remain in 

intimate contact with the magma throughout the entire cooling process. This prevents the 

separation of different minerals that probably fractionated different elements, resulting in a 

solidified magma ocean with the same composition as it had initially. If so, the Earth's 

upper mantle could have been extensively melted, yet not show the geochemical 

fractionations described above. Since the much smaller Moon does show signs of 

geochemical fractionation, any successful theory of magma ocean evolution must allow 

separation of crystals from a magma ocean on a small body such as the Moon but not on a 

body as large as the Earth. 

This chapter critically examines the implicit assumption that a magma ocean 

differentiates by segregation of minerals from melt in the context of a realistic model. First, 

the geochemical arguments are discussed in greater detail (§6.2). The physics of 

convection applicable to the regime of planetary scale magma ocean is described (§6.3.1). 

The mechanics of crystal settling and suspension are then reviewed in the context of 

modern sedimentation theory (§6.3.2). Next, the minimum crystal size required for 

separation from a turbulently convecting magma ocean and the maximum crystal fraction 

that allows the ocean to remain turbulent enough to suspend crystals is estimated (§6.4). 

This crystal fraction is then compared to the crystal fraction (48-52%) at which the crystal

magma mush "locks up" and no longer permits free separation of phases. The effect of the 

acceleration of gravity on crystal suspension, convective vigor, and the liquidus and 
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solidus temperature profiles is examined in detail (§6.5). If convection is able to keep 

crystals and liquid in intimate contact until the lockup point, chemical differentiation is 

regulated by the ability of the magma to percolate through the crystals during the remaining 

cooling history, from about 50% to complete crystallization. Percolation is examined in 

§6.6. Finally, implications to the cooling of magma oceans and directions for further 

research are discussed. 

6.2 FRACTIONAL CRYSTALLIZATION AND GIANT IMPACTS 

Chemical differentiation in natural systems results from two effects: Incongruent 

crystallization (or melting) and differential density. Natural silicate bodies (and icy bodies 

with minor phases included) contain a number of different components. As the melt cools, 

a particular mineral or mineral combination crystallizes out of the melt, generally containing 

a different mixture of elements than the original melt. A residual melt containing a mixture 

of the elements not sequestered into the crystal continues to cool. It has a slightly different 

composition than the original melt. This melt cools and forms more crystals, which also 

leave a residual melt. As cooling progresses, the crystals and liquid continue to change 

composition. It is possible that different minerals begin to crystallize at different stages in 

the melt's cooling history. For example, plagioclase does not crystallize out of a chondritic 

melt with approximately primitive Earth mantle composition until the melt is about 50% 

crystallized (Minear 1980). This process continues until all the melt is crystallized. 

However, unless the phases are physically separated during the cooling process, the 

resulting mixture consists of different minerals with different compositions, but the mixture 

has exactly the same composition it started with. Minerals generally have different 

densities than the residual melt. Consequently, in a gravitational field and in the absence of 

convection, crystals and melt separate. Usually crystals sink and the residual melt rises 

although there are exceptions (e.g., olivine at a pressure >-7-8 GPa). The residual melt 

continues to differentiate as it cools with continual removal of the crystals. The resulting 

solid is composed of the earliest formed crystals overlain by later crystals, with the latest 

crystals on the very top. The composition of the whole solid taken together is the same as 

the original, but the composition of each layer is different. This process is known as 

fractional crystallization. 

Solid minerals that coexist with the liquid are determined by the Gibbs free energy. 

The equilibrium condition is expressed by 

~G = Gsol- Gliq = 0 (6.2.1) 
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where AG is the change in the Gibbs free energy between the solid and liquid phase. The 

locus of states where AG = 0 is the phase diagram. The phase diagram is a function of all 

the thermodynamic variables and the composition of the material. For a complex silicate 

body such as the Earth, the phase diagram is complex. Figure 6.1 shows an approximate 

phase diagram for an Earth mantle composition. It was experimentally determined by 

Takahashi (1986) and others using a composition of the mantle peridotite KBL-l. At 

overburden pressures less than 15 GPa, the liquidus phase is olivine. The liquidus phase 

is the solid phase that coexists with the liquid at the liquidus temperature. It is the mineral 

that first solidifies when the melt is cooled below the liquidus temperature. Between the 

liquidus and solidus temperatures, there may be conditions where three or more phases 

coexist with liquid. In the field below 15 GPa, olivine coexists with pyroxene and near the 

solidus with an aluminous phase (plagioclase to 1 GPa, spinel from 1-2.5 GPa, and garnet 

above 2.5 GPa). Between 15 and 25 GPa, the liquidus phase is majorite garnet and at 

pressures higher than 25 GPa the liquidus phase is magnesium perovskite. 

If a terrestrial magma ocean (or melt pond) extended below about the 25 GPa depth and 

underwent fractional crystallization, the result would be the formation of a layered structure 

shown schematically in Figure 6.2. Below 25 GPa, the solid assemblage is Mg-perovskite 

and magnesiowiistite, undoubtedly with several percent of other phases. Between 15 and 

25 GPa the mantle is rich in majorite garnet. At pressures below 15 GPa, the mantle is rich 

in olivine and co~tains pyroxene and an aluminous phase. The upper mantle of the present 

Earth is an olivine rich assemblage mixed with pyroxene and other minor components. 

However, it represents the residual solid remaining after partial melting forms the mid 

ocean ridge basalts and from which the continental crust is ultimately extracted, and is not a 

product of fractional crystallization of a magma ocean. 

Because of crystal structure and chemical composition, each solid phase has the ability 

to sequester certain elements. Other elements are excluded due to having an incorrect 

charge or ionic radius. As a result, different elements are partitioned between melt and 

solid (or between iron and silicate) in predictable ways. The partition coefficient of element 

i, Dh between liquid and solid silicate is defined 
~ 

Di = I 
Ni 

(6.2.2) 

where Nis is the concentration of element i in the solid mineral and Nil is the concentration 

of element i in the liquid. An element is considered to be compatible if D; ~ 1 and 

incompatible if D; < 1. Although the concept noted above is general, the terms compatible 
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Figure 6.1 Phase diagram (plotted in temperature-pressure space) of the peridotite KBL-l, 
considered to be a good analog of the Earth's present mantle. Olivine is the liquidus phase 
to about 15 GPa, where the liquidus temperature shows its first discontinuity, majorite 
garnet is the liquidus phase up to about 25 GPa, and above 25 GPa, the liquidus phase is 
majorite garnet Data from Takahashi (1986). 
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Figure 6.2 Conceptual diagram of the stratified Earth if phases differentiated by density. 
The lower mantle would be composed of MgSi03 (Mg-perovskite) and (Mg, Fe)O 
(Magnesiowiistite), the upper mantle would have an Al rich garnet and ,,(, ~ spinel 
(Mg2Si04), and the very upper mantle would consist of olivine and Ca, Na 
clinopyroxenes. The primitive crust would contain a large fraction of the highly 
incompatible elements such as K, U, Th, Rb, Ba, Pb, REE's) After Ringwood, 1990. 
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incompatible are generally applied to trace elements (elements whose abundance is less than 

1 %). Typical values of partition coefficients for Mg-perovskite and majOllte garnet are 

listed in Table 6.1. The values listed must be viewed with some caution. These 

measurements are technically difficult to make and are subject to a number of uncertainties. 

This is particularly true of the high pressure work done by Kato et al. (1988) and 

McFarlane et al. (1992) quoted in Table 6.1. Although some within Table 6.1 are 

consistent between labs, others are vastly different Walker and Agee (1989) point out that 

temperature gradients in experimental charges lead to thermal (Soret) diffusion in the melt, 

which implies that thermal equilibrium, a necessary condition for these experiments yield 

correct values of the partition coefficients, may not have been achieved. It is important to 

note that measured Di'S can only be applied with confidence to conditions identical to those 

under which the experiments were performed. These conditions may be quite different 

from those in the early Earth's mantle. 

Suppose that Mg-perovskite crystallized from a deep magma ocean and settled to the 

bottom because of its high density. It would preferentially sequester compatible elements 

and leave the residual melt enriched in incompatible elements. For example, consider the 

SmlSc ratio. Sm and Sc are both refractory lithophile elements. Consequently, they do not 

vaporize until very high temperatures and prefer silicate phases rather than metallic phases. 

Their ratio is unperturbed by core formation events. As a result, the original ratio of these 

elements in the silicate portion of the Earth should be close to that of the original 

undifferentiated Earth, taken by most workers to be the solar ratio (found in chondritic 

meteorites). Sm is incompatible (Dj = 0.2) and is preferentially left in the melt while Sc 

(Di = 1.6) is compatible and is preferentially sequestered into crystals. The residual melt is 

left with a ScISm ratio that is lower than the original melt. The more Mg-perovskite that 

fractionates from the liquid, the more deviation from the original ratio occurs. The present 

mantle of the Earth, however, has a ScISm ratio that is near the chondritic value (Newsom 

and Palme, 1984). This is also true for most pairs of refractory lithophile elements. Figure 

6.3 shows the deviation from chondri tic ratios that would occur for a given percentage of 

Mg-perovskite and Mg-wiistite fractionation, taken from McFarlane et. al (1991, 1992). 

Only the MgI Al ratio remains close to chondri tic. The ratio of other element pairs deviate 

significantly from chondritic. As McFarlane et al. (1992) point out, this deviation accounts 

only for Mg-perovskite (or only for Mg-wiistite) fractionation. It does not account for 

other phases that may crystallize from the melt below the liquidus temperature. If 

fractionation does not occur until after two or more phases have begun to crystallize out of 
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Table 6.1 Measured Partition Coefficients for Selected High Pressure Phases 

Mg-Pv Mg-Pv Maj. Garnet Maj. Garnet Maj. Garnet 
Element Kato et al. Drake et al. Kato et al. Ohtani et al. Drake etal. 

1988 1993 1988 1989 1993 
Mg >I< 1.0 >I< >I< 1.0 
AI 0.5-0.8 1.2 2.5 3.1 2.2 
Si >I< 1.1 >I< >I< 1.1 
Ca 0.2 0.2 0.6 0.5 0.6 
11 3 0.6 0.4 >I< >I< 

Sc 5 1.6 1.7 >I< >I< 

Sm 0.3 0.2 0.2 * * 
V >I< >I< >I< 1.5 0.6 
Cr >I< * * 2.3 1.0 
Mn >I< >I< * 0.6 0.6 
Fe * 0.4 >I< * * 
AI 0.5-0.8 >I< 2.5 >I< >I< 

Na 0.02 >I< 0.1 >I< >I< 

Y 3 >I< 1.3 >I< >I< 

Yb 2 >I< 1.4 >I< >I< 

La <0.1 >I< <0.1 * * 
Hf 14 >I< 0.8 >I< >I< 

Zr 9 >I< 0.6 >I< >I< 

Nb -1 >I< <0.1 >I< >I< 

[K, Rb, Cs, <0.1 >I< <0.1 * >I< 

Ba, Sr, Th, 
U] 
>I< = Not Present or Measured 

Kato et al. (1988) experimental conditions included: Pressure = 15-25 GPa, T = 2373 K, 
ultrabasic composition. 

Ohtani et al. (1989) experimental conditions included: Pressure = 16 GPa, T = 2225 K. 

Drake et al. (1993) experimental condition include: Mg-Persovskite; Pressure = 22.6 GPa, 
T = 2700 K, Majorite Gamet; Pressure = 22 GPa, T = <2770 K, Synthetic CMS system 
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Figure 6.3 The variation of a number of element ratios that would be observed in the upper 
mantle of the Earth with the fractionation of Mg-perovskite (Fig 6.3a) and Mg-wiistite (Fig 
6.3b). Most of these element pairs would be driven substantially away from their observed 
chondritic ratios if significant fractionation of these phases took place in the early Earth. 
From McFarlane et al. (1991,1992). 
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the melt, the effects of these ratio fractionations may be mitigated. 

Ringwood used the Kato et al. (1988) partitioning data on majorite garnet and Mg

perovskite (see Table 6.1) to show the effect of fractionating these phases on the HflLu 

ratio. His Figure 2 is shown as Figure 6.4. This figure also shows the range of 

HflLuratios from which 4.2 Ga Western Australia zircons could have evolved. Although 

they lie within the range of garnet fractionations, they are well outside the extreme 

fractionation in these elements caused by Mg-perovskite fractionation. He further argues 

that accretion theory and the giant impact hypothesis of lunar origin can be tested using 

these data. He concludes that melting could not have occurred down to a level> 25 GPa 

where Mg-perovskite fractionation is important. 

The same argument holds true for the upper mantle. Agee and Walker (1988a) 

proposed that because olivine becomes neutrally buoyant at pressures above 7-8 GPa, the 

observed enrichment of Si in the upper mantle is due to flotation of olivine. About 30% 

olivine must be added to get the present upper mantle's Mg/Si ratio. Drake (1989) and 

McFarlane and Drake (1990) argue that measured partition coefficients for Ni and Co in 

olivine (which are probably more secure than the values of the lower mantle liquidus 

phases) drive the ratio of these elements away from its observed value of -0.9. Figure 6.5 

shows their Figure 6. Along with the NilCo ratio expected from their partition coefficients 

are plots of the ratio in a variety of mantle nodules. There are no mantle nodules that come 

close to the predicted fractionation of the NilCo ratio. In fact, most, including those 

thought to be more primitive, trend in the opposite sense. Evidence along these lines 

argues that if the Earth were largely melted, it did not experience the expected 

fractionations. Consequently, either the Earth was never substantially melted, it did melt 

but was quickly rehomogenized, or a mechanism operated that prevented fractionation 

during solidification of a magma ocean. 

The geochemistry of the Moon is most easily explained by fractional crystallization of a 

magma ocean. Because of its much smaller mass, central pressures never become large 

enough for the high pressure phases to be important. A highly simplified sequence of 

fractionation appears to have begun with olivine crystallizing out and sinking to the base. 

This enriched the residual liquid in the incompatible lithophile elements, including Ca, the 

REE's, K, U, Th, and P. At some point pyroxene also fractionated. Plagioclase, which 

sequesters Ca, fractionates and floats to the surface because it is negatively buoyant in the 

residual melt. The rare earth element, Eu, unlike the other REE's, assumes a divalent state 

under conditions of low oxygen fugacity, rather than the typical trivalent state. As a result, 
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Figure 6.4 Effect of majorite garnet fractionation on the SmIHf, ScISm, and SilMg ratios 
(Figure 6.4a) and the effect of majorite garnet and Mg-perovskite fractionation on the 
HflLu ratio (Fig. 6.4b). Shaded areas indicates uncertainties caused by errors of±2 in the 
HflLu ratio assumed in the calculation. Also shown is the permitted variation from which 
4.2 Ga Western Australia zircon evolved. From Kato et al. (1988). 
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Figure 6.5 Variation of the NilCo ratio that would be observed if olivine were added to the 
upper mantle by fractionation of the lower mantle. Approximately 30% olivine addition is 
required to explain the Si/Mg ratio of the upper mantle if their ratio was originally 
chondri tic. The upper line corresponds to 90% of the liquid remaining; the lower line to 
80%, using olivine/melt partition coefficients of DNi = 2 and DCo = 1. The upper mantle 
of the Earth currently has a Ni/Co ratio of about 0.9. Open circles at the 30% olivine 
addition show the NilCo ratio of 26 mantle nodules (20 from Basaltic Volcanism Study 
Project, 1981 and 6 from Jagoutz et al. 1979). Closed circles, arbitrarily placed at 28% 
olivine addition for clarity, represent the most primitive of the mantle nodules of Jagoutz et 
al. (1979); the closed square is the NilCo ratio of the theoretical upper mantle composition 
pyrolite (from Jagoutz et al. 1979). The eight crosses, arbitrarily placed at 20% olivine 
fractionation for clarity, show the variation in the NilCo ratio among undifferentiated 
meteorite types CI, CM, CO, CV, H, L, LL, EH, and EL. All ratios are normalized to the 
CI chondrites (Anders and Ebihara 1982). Figure from McFarlane and Drake (1990). 
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it substitutes for Ca+2 and is compatible in plagioclase (Drake 1975, Drake and Weill 

1975). Thus, the plagioclase enriched lunar crust shows a positive Eu anomaly. The 

residual magma, trapped between the olivine/pyroxene rich mantle and the plagioclase 

enriched crust, continued to slowly solidify. This magma was rich in the incompatible 

elements and grew continually richer as the major phases fractionated. The very last 

residual liquid is very rich in incompatibles and is called the KREEP component, an 

acronym for K, the REE, and P. The mare basalts are interpreted in this scheme to be 

partial melts derived from the Eu depleted mantle and show a negative Eu anomaly 

complementary to the positive europium anomaly of lunar highland material. These 

considerations imply that fractional crystallization is important for the gross differentiation 

of the Moon. Consequently, as noted in §6.1, any successful theory of magma ocean 

differentiation must explain why the Earth does not show the fractionations predicted by 

partitioning experiments, but the Moon does. A major difference between the Earth and 

Moon is their vast difference in mass, which, in tum, affects the gravitational acceleration. 

Gravity has two possible effects that might explain the chemical difference between the two 

bodies: The effect on the convective regime of a magma ocean and its ability to prevent 

fractionation, and its effect on the liquidus and solidus temperature profiles of the bodies. 

These effects are now considered. 

6.3 CONVECTION AND CRYSTAL SETILING 

6.3.1. Convection in a Magma Ocean 

The convection of a liquid body several hundred to a thousand kilometers deep occurs 

in a flow regime quite different from that of the present subsolidus convection familiar to 

most solid earth geoscientists. The viscosity of liquid magma is typically 15 to 25 orders 

of magnitude lower than that of the Earth's present mantle and convection is 

correspondingly more vigorous. Studies of subsolidus convection traditionally, and 

correctly, neglect acceleration and inertial forces in the flow. However, as shown below, 

such factors dominate convection in a planetary scale magma ocean, where buoyancy 

forces are balanced primarily by inertial forces. The convective flow is thus not just 

unsteady, but is turbulent in the strict sense that the ratio of inertial to viscous forces is 

much greater than 1 (Le., the Reynolds number is large). The convective regime of a 

planetary magma scale ocean thus has more in common with convection in a planetary 

atmosphere than with subsolidus convection: Indeed, the Rayleigh number for atmospheric 

convection is not very different from that of a magma ocean. 
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The convective regime of a system is largely defined by two dimensionless numbers, 

the Rayleigh and Prandtl numbers (in the Boussinesq approximation, which presumes that 

the change in fluid density resulting from thermal expansion only provides a driving force, 

but is dynamically unimportant otherwise, these two numbers define the flow uniquely. In 

the real world, the pressure- and temperature- dependence viscosity may play roles as well, 

although the success of parameterized convection models suggests that the Rayleigh and 

Prandtl numbers dominate). The Rayleigh number characterizes the vigor of the convective 

flow. It is essentially the ratio of the forces that drive convective flow (buoyancy) to the 

forces that tend to damp it (viscosity and heat diffusion). It is given by the following 

equation for a fluid layer of constant viscosity heated from below. 

Ra= agLlTD3 (6.3.1) 
1(V 

where a is the thermal expansion coefficient, g is the acceleration of gravity, p is the fluid 

density, D is the depth of the convecting fluid, 1( is the fluid's thermal diffusivity, v is its 

kinematic viscosity, and LlT is the superadiabatic temperature difference (potential 

temperature in meteorological parlance), given by: 

LlT = LlTfluid - LlTadiabatic (6.3.2) 

LlTfluid is the temperature difference across the convecting fluid, given practically by the 

temperature at the bottom of the magma ocean minus the surface temperature. It includes 

the temperature drop across the conductive boundary layer. LlTadiabatic is found by using 

the adiabatic temperature gradient, dTadiabatiddz, and is approximately equal to: 
dTadiabau·c (6.3.3) 

LlT di b . - D a a auc = z 

The adiabatic temperature gradient gives the rate at which the temperature of an isolated 

parcel of fluid changes as it rises or sinks. In a vigorously convecting system conductive 

heat transfer is negligible in the interior of the flow, so the fluid's internal temperature is 

controlled mainly by adiabatic compression or expansion. The mean temperature of the 

convecting fluid thus changes according to the adiabatic temperature gradient. The largest 

changes in temperature occur across a thin conductive boundary layer at the top or bottom 

of the convecting layer. The adiabatic temperature gradient is given by the following 

equation: 

dTadiabatic _ agT 
z --cp 

(6.3.4) 

where Cp is the specific heat capacity at constant pressure and the other terms are the same 

as in the definition of the Rayleigh number (Turcotte and Schubert 1982, p.190-192). The 
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adiabatic gradient in small-scale convective flows is normally quite small and in many 

applications the fluid can be considered as isothermal. However, in a large convecting 

body such as a magma ocean or the Earth's mantle, the adiabatic temperature gradient is 

often large enough to be important. Values of 0.3 K Ian-I for the Earth and 0.05 K Ian-I 

for the Moon were used in the calculations that follow. 

An equivalent form of the Rayleigh number appropriate for a system heated uniformly 

from within (applicable to a mass of magma in which latent heat production is important) is: 

R 
_ap08HD5 

a - KKV (6.3.5) 

where H is the rate of internal heat generation per unit mass, K is the thermal conductivity 

of the fluid, and the other terms are the same as defined above (Turcotte and Schubert 

1982, p. 279). The larger the Rayleigh number, the more vigorous the convection (e.g., 

larger Rayleigh number usually implies a higher convective velocity). Before a convective 

system heated from below and cooled from above can begin to flow, however, the 

Rayleigh number must exceed a certain minimum value which depends on the exact 

boundary conditions (Turcotte and Schubert 1982, p. 278). Linear stability theory 

(Chandrasekhar, 1961) shows that this value is of the order of 103 for most boundary 

conditions. This is much lower than that characterizing any of the magma oceans 

considered in this paper. The subsolidus mantle of the Earth is estimated to have a 

Rayleigh number of the order of 106-107 at the present time (Schubert 1979), a typical 1 

Ian magma chamber has an initial Rayleigh number of about 1014_1015, but a planetary 

scale magma ocean on either the Earth or Moon has a Rayleigh number in the range 1024_ 

1029, comparable to that of the Earth's atmosphere. 

The Prandtl number (cr) is the ratio of viscosity to the thermal diffusivity and measures 

the importance of thermal diffusion in regulating the flow. 
v 

cr=
lC 

where the terms are the same as defined above. 

(6.3.6) 

In a large planet such as the Earth, the pressure differences between the top and bottom 

of the mantle may involve variations in the physical quantities that go into the Rayleigh and 

Prandtl numbers. The kinematic viscosity v, for example, may be depth (pressure) 

dependent. Moreover the thermal expansion coefficient, the thermal diffusivity a, lC, and 

especially the kinematic viscosity are temperature dependent. Because of these 

dependencies, the convective pattern is not rigorously determined by the Rayleigh and 

Prandtl numbers alone. Nevertheless, these dimensionless numbers are used to get a first 
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order estimate of the convective regime, although it is probable that resolution of some 

details may require a higher degree of accuracy than is maintained here. 

Both experiments and numerical calculations show that in systems with Rayleigh 

numbers less than about 107 the flow takes on the form of steady cells or rolls (Elder 

1976). However, when the Rayleigh number exceeds about 107 this steady pattern breaks 

down and the flow becomes unsteady. Even in this unsteady flow regime, however, the 

dominant factor resisting flow is viscosity and the flow, while unsteady, is not turbulent. 

The mean flow velocity in this regime is given by a number of equations now familiar to 

geoscientists working on subsolidus convection in the Earth's mantle (Schubert 1979). 

However, the inadequacy of the standard subsolidus convection theory quickly becomes 

apparent if these equations are blindly applied to the case of a magma ocean, where the 

mean convective velocities predicted are roughly 1 km s·l, clearly too high to be reason

able. The reason for this discrepancy is that sub solidus convection theory considers only 

viscous forces and neglects inertial forces, which can be shown to dominate magma ocean 

convection. 

Any study of magma ocean convection must thus consider the central role of inertial 

forces. Fortunately, a reasonable theory of convection under these conditions has been 

worked out by Kraichnan (1962), who based his analysis on mixing length theory. He 

found that a vigorously convecting system can be logically divided into three distinct 

regions in which different physical processes control the heat transfer and fluid flow. 

Figure 6.6 illustrates such a system. It is interesting to note that Kraichnan used an 

approximation for the mechanical response of the upper conductive boundary layer which 

is actually exact for a magma ocean with an upper boundary of negligible strength. 

Region 1 is the conductive boundary layer, present in all convective systems. This 

region is extremely thin in high Rayleigh number systems and its thickness is greatly 

exaggerated in Figure 6.6. If the magma cools from above and is insulated below, region 1 

is absent from the bottom. In region 2, the viscous sublayer, flow is dominated by viscous 

forces but may be unsteady. Heat in this region is transferred mainly by convection. In 

region 3, designated as the inertial flow zone, flow is dominated by inertial forces that 

permit the formation of large scale turbulent eddies with spatial dimensions of the order of 

the depth of the ocean. These eddies sweep into both the conductive boundary layer and 

the viscous sublayer, giving rise to shear stresses that transport momentum upward from 

the bottom boundary of the ocean (more on this later). According to Kraichnan (1962), 

this inertial flow region exists if: 
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Figure 6.6. Convective flow breaks into 3 distinct regions of behavior at very high 
Rayleigh number (Kraichnan, 1962). Region 1 is a conductive boundary layer, region 2 is 
a viscous sublayer, and region 3 is the turbulent region where flow is dominated by inertial 
forces which produces large scale eddies (the inertial flow zone). 
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Ra1l3 ~ 350'112 (6.3.7) 

Figure 6.7 illustrates the different convective regimes as a function of the Rayleigh and 

Prandtl numbers using criterion (6.3.7) for the existence of the inertial flow zone. The 

Earth's mantle lies far below this boundary and is well described by the equations of 

Schubert (1979) because the flow is dominated by viscous forces throughout the 

convecting region. A planetary magma ocean of a few hundred kilometers depth lies high 

above this boundary, however, and the inertial flow zone is well developed, occupying the 

largest fraction of the ocean's volume. A 1 km magma chamber (actually a lava lake 

because of the surface condition) straddles the boundary, implying that an inertial flow 

zone may exist shortly after the formation of the chamber but that it probably disappears 

well before the chamber solidifies, especially if the Rayleigh number is lowered by the 

formation of a thick rigid roof. As demonstrated below, the existence of this inertial flow 

zone bears directly on the ability of a magma ocean to keep crystals in suspension. 

Another useful dimensionless number is the Nusselt number (Nu), defined as the ratio 

of the actual heat flux, h, transferred by a convecting system to the heat flux, he, that 

would exist if the system were cooling by conduction alone. Thus: 

h = Nuhc (6.3.8) 

where he is the heat that would be conducted through a slab of thickness D with the same 

temperature difference that exists over the convective region (including the conductive 

boundary layer). If there is no heat generation in the convecting region and if the 

conductivity is constant, the conductive heat flux is given by: 
KilT 

hc=V K=KPCP (6.3.9) 

K is the thermal conductivity of the fluid in the convecting region and the other terms were 

defined previously. The Nusselt number itself is related to the Rayleigh number through 

the following semi-empirical relationship (Schubert,1979): 

Nu = AaRan (6.3.10) 

where Acr may be a function of Prandtl number a and n is a constant. Kraichnan (1962) 

proposed that Aa = 0.089, independent of a, for a > 0.1 and n = 113. 

Equation (6.3.10) determines the overall cooling rate of a convecting fluid and forms 

the foundation of all parameterized convection models, so the precise values of the 

constants in this equation have been the object of several intensive studies. Priestley 

(1954) argued that if a fluid layer is heated from below at high Rayleigh number, heat 

transfer is controlled by conduction through a thin boundary layer and should be 
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Figure 6.7. Rayleigh number vs. Prandtl number, showing the convective regimes of 
common geological processes and of planetary magma oceans. The inertial flow zone 
exists above and to the left of the inertial flow zone disappearance boundary and disappears 
to the right of the boundary. The x marks where the highest Rayleigh-Prandtl number 
experiment of Martin and Nokes (1988) plots on this diagram. 
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independent of the thickness of the convective system. In this case the definitions of the 

Rayleigh and Nusselt numbers require that n must be 1/3. This argument is also supported 

by Kraichnan (1962). Schubert (1979) reviewed experiments that show the power n de

pends weakly on the Prandtl and Rayleigh numbers and on the boundary conditions. He 

concludes that a power law can be used to model the heat transport by a vigorously 

convecting system in general. Experiments by Chu and Goldstein (1973), Garon and 

Goldstein (1973), and Threlfall (1975) show that at Rayleigh numbers up to 109 this 

Nusselt-Rayleigh number relationship holds with n between 0.278 and 0.293. Long 

(1975), however, argued that as the Rayleigh number increases, n should approach 1/3. 

Further experiments of Goldstein and Tokuda (1980) at Rayleigh numbers up to 1011 show 

that n does indeed approach 1/3. Finally Hartke et al. (1988) showed theoretically that the 

Nu = AcrRa 113 at large Rayleigh number. The coefficient Acr is a function of the Prandtl 

number, in agreement with earlier theoretical arguments. Hartke et al. further derived a 

value of Acr which agrees with the experimental value of Goldstein and Tokuda. This 

power law can be used with confidence to model the heat transfer properties of the magma 

ocean. Unfortunately, Hartke et al. did not determine Acr as a general function of 0', so 

that it is difficult to generalize from the experimental data for water (0' == 6.6) to magma 

(0' ::= 1 (4). On the positive side, the results for crystal settling do not depend strongly 

upon Acr: It is shown later that the crystal suspension criterion depends on Acr to the 1/9 

power. Following these arguments, a value of n = 1/3 with a coefficient of Acr = 0.089 

was chosen in the models that follow. 

6.3.2 The Physics of Crystal Settling. 

Daily experience indicates that small particles can be suspended in a liquid by 

sufficiently vigorous stirring. This everyday observation, however, seems to defy 

explanation when considered logically. All particles denser than the liquid, no matter how 

small, fall with a finite velocity, called the terminal velocity, with respect to the liquid. 

Even though the liquid may be stirred with random velocity components that exceed the 

terminal velocity, if the average velocity is zero (as it must be in a closed container with no 

liquid flux in or out) it seems inevitable that the particles' steady downward motion will 

eventually cause them to settle out. This argument has, in fact, been put forward by a 

number of students of crystal settling in magma chambers (e.g., Martin and Nokes 1988, 

1989 and references therein). On the other hand, the commonly observed suspension of 

dust in the atmosphere or silt in a stream seems to contradict this simple argument. This 
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conundrum was first addressed by Bagnold (1965) who inferred that there must be a net 

momentum transport away from the boundary of a turbulent streamflow that would tend to 

keep small particles in suspension. Bagnold's speculation has since been confirmed by the 

discovery of the "bursting" phenomenon near the boundary of turbulent flows. This 

phenomenon, although still not fully understood, is now known to explain how sediments 

are suspended (Sumer, 1985). The essence of this phenomenon appears to be turbulence, 

so that particles in the unsteady but not turbulent convective flows typical of magma 

chambers may indeed settle out according to the above argument. On the other hand, when 

turbulence develops in a convective flow, sufficiently small particles may be suspended 

indefinitely. The development of turbulence in a convecting magma ocean thus plays a 

crucial role in the ability of crystals to separate from the liquid. The remainder of this 

section examines the physics of crystal settling quantitatively and in more detail. 

As crystals nucleate they tend to settle out of the magma under the influence of gravity. 

The terminal velocity of a small spherical object in a viscous fluid is given by Stokes' law 

(Turcotte and Schubert 1982, p. 266): 

(6.3.11) 

where ac is the crystal radius, v is the kinematic viscosity of the fluid through which the 

object is falling, p is the fluid's density and ~p is the density difference between the 

crystals and the fluid. Stokes' law is strictly valid for conditions in which the fluid flow 

around the object is laminar. Laminar flow around the crystal corresponds to the local 

Reynolds number being less than 1. The local Reynolds number is given by 

Re = 2~a (6.3.12) 

where a, the characteristic length scale, is equal to the radius of the crystal, Vfall is the fall 

speed of a crystal, and v is the kinematic viscosity. For small crystals « 1 mm), this 

condition holds even in the extremely turbulent convection of a magma ocean. For larger 

crystals, this condition breaks down and turbulence increases the drag above that calculated 

by Stokes' law as the fluid flows past the crystal. Thus, a large crystal will fall less rapidly 

than its Stokes' velocity. Stokes' law thus serves as an ~ limit to the settling velocity. 

This law is used in the theoretical arguments that follow. The numerical models described 

in §6.5 use a more general expression for terminal velocity. 

The criterion for particle suspension in a turbulent fluid has been addressed by a large 

number of workers in the sedimentological literature. Because of continuity, the speed of 

the fluid at the fluid's physical boundary must go to zero. However, in a turbulent fluid, 
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there is still a shear stress produced. The fluid velocity required to produce this shear 

stress (which depends on the magnitude of the turbulence present), is denoted as the fluid's 

effective friction velocity. It is found that solids remain in suspension when their tenninal 

velocity is about equal to the effective friction velocity associated with the turbulence. The 

suspension criterion for a turbulent magma ocean should be similar. In particular, if the 

effective friction velocity generated by the large eddies of the inertial flow zone (the 

equivalent of turbulence in stream flow) is greater than or equal to the tenninal velocity, 

crystals will stay suspended in the magma. This condition is best expressed by a 

dimensionless ratio called the Rouse number (denoted by S). The Rouse number is used 

extensively in sedimentology and works well in describing the suspension of particles in a 

stream or river (e.g., Vanoni 1975, p. 76). For the turbulent convection of a magma 

ocean, the Rouse number is simply: 

(6.3.13) 

where v* is the effective friction velocity resulting from the eddies of the inertial flow zone. 

In tenns of the Rouse number, if S ~ 1, crystals should remain suspended, but if S > 1, 

the turbulence of convection will not be able to keep the crystals in suspension. If the 

inertial flow zone disappears, it is presumed that the crystals eventually settle out. 

The importance of the inertial flow zone for the suspension of crystals has received 

independent (albeit inadvertent) experimental support. Martin and Nokes (1988, 1989) 

proposed that crystals in a convecting magma chamber may settle out even when the mean 

convective speed is much larger than the settling velocities of particles. They argued that 

the convective motion vanishes in a boundary layer at the base of the convective region 

and, by continuity, is small just above it. Thus, particles entrained in the main body of the 

convecting system can settle in this quiet boundary. Martin and Nokes performed 

experiments with solid polystyrene spheres in water that demonstrate the essential 

correctness of the theory. The water was mixed with varying amounts of NaCI to increase 

its density and sodium carboxymethyl cellulose to increase its viscosity. In virtually all 

cases, the spheres sedimented out of the liquid. However, they noted that in their highest 

Rayleigh-Prandtl number experiments (Rayleigh number of about 5x 107 and viscosity of 

570 cSt = 5.7xl0-4 m2 s-l) substantial reentrainment of the solids at the bottom occurred. 

Using the viscosity and density values reported by these authors and assuming that the 

thennal conductivity (0.006 W (em K)-I) and heat capacity (1 cal (g K)-I) of the fluid were 

the same as for pure water, the Prandtl number of the fluid used is about 4000. Using 

Kraichnan's criterion (6.3.7), the Rayleigh number must be about 1010 for the existence of 



239 

the inertial flow zone. This experiment plots somewhat below the boundary where the 

inertial flow zone disappears and is approximately marked by the x on Figure 6.7. If the 

Rayleigh number were increased in this experiment, the solids would be even more 

efficiently entrained as flow develops toward full turbulence. By the time the Rayleigh 

number reaches the value given by Kraichnan's criterion, suspension should be fully 

established. Martin and Nokes noted the need for development of a reentrainment criterion. 

It appears that the existence of the inertial flow zone, in conjunction with the Rouse 

number, is a highly conservative criterion, as argued above. 

If the terminal velocity is given by Stokes' law (6.3.11) and if the inertial flow zone 

exists, the dependence of the Rouse number on parameters such as the acceleration of 

gravity, depth of the magma ocean, crystal radius, and viscosity of the liquid-crystal 

suspension can be derived theoretically. The effective friction velocity is given by 

(Kraichnan 1962; equation 6.3): 
(6.3.14) 

where U o is the mean convective velocity and b is the solution to the following 

transcendental equation: 

b + A In b = A In Reo + B' (6.3.15) 

A and B' are constants and Reo is the characteristic Reynold's number for the top of the 

viscous sublayer. It is given by: 

Reo = DuJ2v (6.3.16) 

Using Laufer's (1951) measurements of flow in channels, A and B' are equal to 3.0 and 

4.8, yielding solutions to (6.3.15) with b between 19.1 and 61.2 for reasonable values of 

Reo. A nominal value of 42 was assumed to simplify the expressions since the factor of 3 

variation in b is smaller than the probable error in the estimate of the suspension's 

viscosity. 

The mean convective velocity Uo is derived from the theory of high-Rayleigh number 

convection (Kraichnan 1962; equation 6.7): 

Uo = (CXg1cln1l3( D )113 
2Zk 

(6.3.17) 

where Zk is the thickness of the conductive boundary layer. From Kraichnan's equation 

6.4 and the definition of the Nusselt number, the expression in the second parentheses of 

(6.3.17) can be recognized as the Nusselt number (Note that Kraichnan's equation 6.7 has 

Zk in the numerator. This is evidently a typographical error, because it must be in the 

denominator for the expression to be dimensionally correct). Using the power law relation 
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(6.3.10) between the Nusselt and Rayleigh numbers, equation (6.3.17) becomes: 

Uo = (agdn(1+n)/3 K<1-n)/3 D nv-nl3 Ao1l3 (6.3.18) 

where the tenns are defined above. The acceleration of gravity is raised to a positive power 

in this equation, implying that a magma ocean on a larger planet convects more vigorously 

than one on a smaller planet, all other conditions being the same. Increasing viscosity 

lessens the convective vigor. Combining equations (6.3.13), (6.3.14) and (6.3.11), the 

Rouse number S is given by: 
28 ac2dpg(2-n)/3 

S = 3 Ao1l3p(Mn(1+n)l3Dnv(1-nI3) 
(6.3.19) 

Taking n = 113 and Ao = 0.089 as noted above, this equation becomes: 
20.9 ac2d pg519 

(6.3.20) 

Equation (6.3.20) illustrates the qualitative behavior of settling crystals. First, even 

though a higher acceleration of gravity increases convective vigor, it increases the tenninal 

velocity of crystals even more, with the net effect that a higher acceleration of gravity aill£ 
crystal separation. Increasing the depth of a magma ocean decreases the Rouse number, 

thus enhancing the suspension of crystals. However, since the magma ocean depth is 

raised to the 113 power, a factor 1000 increase in depth (from 1 km to 1000 km) only 

decreases the Rouse number by a factor 10. By far the strongest dependencies are on the 

crystal radius, the fractional density contrast between liquid and crystals and, most 

importantly, the magma viscosity. Since the effective viscosity of the mixture of crystals 

and liquid increases exponentially with the concentration of crystals (Murase and McBirney 

1973; McBirney and Murase 1984), the Rouse number decreases as crystallization 

proceeds, enhancing the magma's ability to suspend crystals as time passes. 

Combining the analyses of convection and crystal settling, there are two factors of 

importance to the question of crystal settling in magma oceans, a) the minimum crystal size 

necessary for fractionation and b) the longevity of the inertial flow zone. If the inertial flow 

zone disappears before the crystal-magma mush locks up at about 50% crystallization, the 

theory of Martin and Nokes should apply and crystals of all sizes should settle out from the 

magma. Even if crystals were suspended by inertial flow early in the history of the magma 

ocean, the later evolution should be marked by geochemical fractionation. To estimate the 

relative importance of crystal settling and the evolution of the inertial flow zone, a realistic 

model of magma ocean cooling is constructed and reported below. 
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6.4 MODELING THE SUSPENSION OF CRYSTALS IN A MAGMA OCEAN 

The cooling of a simple magma ocean was modeled to address the two problems noted 

above: To crudely estimate the radii of crystals that might be suspended by a magma ocean 

and to estimate the longevity of the inertial flow zone. Additionally, the effect of the 

gravitational acceleration on the ability of a magma ocean to suspend crystals was 

examined, because gravity is the first order difference between the Earth and Moon. For 

simplicity, it is presumed that the crystal fraction is constant with depth at any stage of the 

cooling process. Crystals nucleate preferentially toward the bottom of a deep magma ocean 

because silicate melting curves have steeper slopes than an adiabat. The ratio of the 

adiabatic gradient to the melting curve gradient derived from the Clausius-Clapeyron 

equation is independent of the acceleration of gravity. However, the smaller the planet, the 

smaller both gradients become and in a magma ocean on a small planet the adiabat can lie 

between the liquidus and solidus temperatures (see Figure 6.13). In the limit of a very 

small planet, the fraction of the magma that has crystallized is independent of depth. The 

melting curves of peridotite at very high pressures of Ito and Takahashi (1987) indicate that 

this simplification may not be unrealistic for the Earth between about 200 km to 400 km 

deep (see Figure 6.15). In addition, the latent heat of fusion causes an entropy change with 

no temperature change and consequently tends to make the adiabat assume a slope that is 

more parallel (and hence more uniform crystal content) to the liquidus profile. The degree 

to which the assumption of uniform crystal content is fulfilled is a difficult, yet critical issue 

that is not fully resolved. This point is discussed further in §6.6. 

The planet is assumed to be melted uniformly to depth D and has already cooled to the 

liquidus at the beginning of the calculation. The temperature difference between the surface 

and the magma sets up free thermal convection. Convection is vigorous enough to destroy 

any rigid crust that might tend to form, so the upper boundary is treated as free. The heat 

transferred in the model is simply from the cooling and solidification of the magma; heating 

of the ocean from the bottom is not considered. If core formation on the Earth was 

concurrent with the formation of the magma ocean, additional heat flux would be added at 

the bottom of the ocean. However, the additional heat flux would only lengthen the 

cooling time: The behavior of the magma ocean as a function of the degree of 

crystallization would remain unchanged. Figure 6.8 illustrates the practical initial 

conditions of this calculation. The slopes of the adiabat, liquidus and solidus are so small 

that they can be treated as vertical. As pointed out above, this is only an approximation, 

but it allows the crystal fraction to be readily calculated throughout the magma ocean. To 
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begin the computation of magma ocean evolution, the initial Rayleigh, Nusselt, and Prandtl 

numbers are calculated from the presumed initial conditions (discussed below). After a 

time L\t, a unit volume of the ocean (equaling a unit area of the surface times the depth) has 

lost an amount of energy equal to hL\t, where h is the heat flux. This heat flux is 

determined using Equations (6.3.9) and (6.3.10). From the heat loss, a new magma 

temperature is calculated by assuming the heat loss is related to an effective specific heat 

capacity. This effective heat capacity is taken to be: 

C 
_ L + C p(Tliq - Tsol) 

eff-
Tliq - Tsol 

(6.4.1) 

where Tliq and Tsol are the liquidus and solidus temperatures, L is the latent heat of fusion, 

and Cp is the specific heat capacity of the liquid fraction. The crystal fraction is then 

calculated by linear interpolation (the "lever rule") between the solidus and liquidus. In the 

next time step, a new effective magma viscosity is determined from the temperature, from 

which new values of the Rayleigh, Nusselt, and Prandtl numbers are computed. A test is 

performed using eq. (6.3.7) to see if the inertial flow zone still exists at the new crystal 

fraction. If it does, the terminal velocity and effective friction velocity are calculated and 

their ratio is taken to find the Rouse number. This process continues until the magma 

ocean is about 50% crystallized or until the inertial flow zone disappears. 

The rheology of a magma mixed with crystals is complex. If the crystal concentration 

is fairly low, it can be adequately treated as a Newtonian viscous liquid (McBimey and 

Murase 1984). Its behavior undoubtedly becomes more complex as the crystal fraction 

increases. This does not pose a major difficulty in estimating the largest crystal radius that 

the ocean can suspend because the effective viscosity increases with increasing crystal 

fraction regardless of the suspension's detailed rheological behavior. Consequently, as 

crystallization continues, the Rouse number decreases, making crystal separation 

progressively more difficult and increasing the crystal radius that the ocean can suspend. 

The rheology of a crystal-magma mixture can be roughly approximated as a viscous fluid 

with an effective viscosity determined by both temperature and crystal content. 

Experimental data of Murase and McBimey (1973) taken up to about 50% crystallization 

indicates that the effective viscosity increases nearly exponentially with increasing crystal 

fraction. Above about 48-52% crystallization, there is a major transition in the 

suspension's rheology. At this point, the crystal density approaches that of hexagonal 

closest packing so the mixture "locks up", the crystals and liquid are unable to separate 

easily, and any further convection occurs by the mechanisms of subsolidus convection 
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Figure 6.8. The functional initial conditions of the magma ocean at the beginning of the 
computation. The 3 distinct regions of behavior defined by Kraichnan (1962) are shown. 
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(McBimey and Murase 1984). If the inertial flow zone still exists when lock up occurs and 

if crystals are less than the minimum radius for separation, the crystals and magma can not 

separate by crystal settling. The crystals and magma have remained in intimate contact up 

to this point. If any subsequent separation processes (e.g., percolation of the melt through 

the crystal matrix) are sufficiently slow, the crystals and residual magma continue to remain 

in intimate contact for the rest of the cooling history and the ocean cools without 

fractionation. 

The effective viscosity of the crystal-magma mixture is estimated in the following 

manner. The viscosity of the liquid fraction was first calculated using the computer 

program published by McBimey and Murase (1984), which is based on the method of 

Shaw (1972). The program requires input of the major element composition of the magma 

and the fraction of each liquidus phase crystallizing from the melt. For simplicity, it was 

presumed that olivine is the liquidus phase throughout the cooling of the ocean to 50% 

crystals. This assumption is valid for the Moon, but a magma ocean deeper than ~400 km 

on the Earth would have perovskite or majorite garnet as the liquidus phase. With olivine 

as the liquidus phase, the silica content of the residual magma increases as crystallization 

proceeds. This results in a substantial increase in the viscosity of the liquid fraction. The 

viscosity of the liquid fraction is probably somewhat overestimated for the Earth when 

perovskite or majorite garnet is the liquidus phase. Once the liquid fraction's viscosity is 

estimated, the effective viscosity of the mechanical suspension of the solid crystals and 

liquid is calculated using the following equation, derived from the empirical data of Murase 

and McBimey (1973) : 

Veff = Vliquid 1010
<1> = Vliquid e23.03

<1> (6.4.2) 

where Veff is the effective viscosity of the suspension, Vliquid is the viscosity of the liquid 

fraction, and <I> is the crystal fraction. The viscosities calculated by these methods are 

shown in Figure 6.9. Bulk Earth and Moon compositions input into the program of 

McBirney and Murase were taken from Taylor (1986). However, there is virtually no 

difference in the resulting viscosities of the two planets because the compositions of their 

silicate portions are similar and olivine is assumed to be the liquidus phase for both bodies. 

Equation (6.3.20) shows that an overestimate in the viscosity overestimates the maximum 

crystal radius for suspension for a given Rouse number. However, overestimating the 

viscosity by a factor of 10 only causes an overestimate in the crystal radius of a factor of 

about 2.8, which will not change the results qualitatively. 



245 

10 9 

10 8 
Viscosity of 

10 7 Suspension -Q) 

10 6 en 
'0 
a. 

10 5 '-" 

>-
10 4 :t::: 

en 
0 

10 3 0 
en 
:> 10 2 

10 1 

10 0 

1700 1800 1900 2000 2100 

Temperature (K) 

Figure 6.9. The viscosity of the suspension and the liquid fraction calculated according to 
Shaw's (1972) method (McBirney and Murase 1984) using bulk Earth composition and 
assuming that olivine is the liquidus phase throughout solidification. 
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The settling velocity is calculated using Stokes' law if the local Reynolds number was 

less than 1. If the Reynolds number was greater than 1, a numerical routine which 

calculates the settling velocity using the measured drag coefficient for spheres is invoked 

(Rouse 1946, sec 40). 

The evolutions of magma oceans with depths of 400 km and 1000 km on the Earth and 

400 km on the Moon were examined. Additionally, a 1 km lava lake on the Earth was 

studied under the same assumptions for comparison (note that, unlike magma chambers or 

real lava lakes such as the well-studied Alae Lava Lake in Hawaii, this computation 

assumes that no rigid roof forms, so that cooling takes place by free convection). The 

crystal radius was left as a free parameter because neither the size of crystals at nucleation 

nor the growth rate are well known. The overall cooling rate is quite sensitive to the 

assumed surface temperature. The surface temperature is the higher of either the 

equilibrium temperature of the Earth (about 250 K) or the blackbody temperature necessary 

to radiate the heat flux of the magma ocean to space. The radiation constraint dominated the 

models presented here. Consequently, the temperature difference AT = Tmagma- Tsurf 

between the magma, T magma, and the magma ocean's surface, Tsurf, was determined by 

requiring that the surface temperature Tsurf be high enough to radiate the heat flux predicted 

by eqs (6.3.1) and (6.3.10) to space (Le. h = EO"Tsurf where E is emissivity, taken here 

to equal 1, and 0" is Boltzmann's constant). Although it is assumed that the magma ocean's 

surface can radiate its heat unimpeded to space, the temperature difference may be 

decreased by planet'S atmospheric opacity. If the steam atmosphere scenario of Abe and 

Matsui (1985) is correct, the surface temperature of the Earth may, in fact, be quite high. 

However, some experimentation with different surface temperature conditions convinced 

me that the major effect of such variations is to change the cooling time of the ocean; the 

settling behavior of the crystals as a function of degree of crystallization (Fig. 6.10) is 

nearly independent of assumptions about surface temperature, within broad limits. 

Figures 6.10 and 6.11 show the behavior of the Rouse number in the above model. As 

noted, the Rouse number decreases as the ocean crystallizes due to the rapid increase in the 

suspension viscosity. Thus, as the ocean crystallizes, the minimum crystal radius needed 

for crystal separation grows, as argued above. In the early stages of both the 1000 km 

Earth and the 400 km lunar magma ocean, crystals smaller than about 0.5-1 cm initially 

remain suspended and crystals larger than -1 cm overcome the convective stirring and settle 

out on the average. These values must be regarded as order of magnitude estimates only 

due to significant uncertainty in a number of the parameters, although most enter rather 
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Figure 6.10 Comparison of 4 model runs showing the suspension criterion, the Rouse 
number, versus the crystal fraction with the crystal radius being as a free parameter. If the 
Rouse number is less than 1, the crystals should remain suspended in the fluid. The 1000 
Ian Earth magma ocean and the 400 km lunar magma ocean are very similar to each other in 
their ability to suspend crystals. The 400 km Earth magma ocean cannot suspend crystals 
as well. The crystal radius has a major effect on the ability of the magma ocean to suspend 
crystals. 
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Figure 6.11 The Rouse number versus time. As in Figure 6.10 the 1000 Ian Earth and 
400 lunar magma ocean are similar in their ability to suspend crystals. The differences are 
due to the difference in time required to cool the magma oceans. The first several percent 
crystallization occur very rapidly but the last 10% takes much longer to crystallize. The 1 
Ian lava lake model shows that it is only capable of suspending crystals of the order of a 
millimeter before settling occurs. Perhaps more important is the disappearance of the 
inertial flow zone at only 32% crystallization. 
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weakly into the calculation. Even if small crystals do initially settle through the low

viscosity magma, the effect of a small amount of fractional crystallization (less than about 

10%) could probably not be detectable in the current MORB incompatible/compatible 

element ratios, especially since the "chondritic" ratios themselves vary by roughly a factor 3 

from chondrite to chondrite (e.g., Wasson 1985). As time passes much larger crystals can 

be suspended in the flow. Thus, if the inertial flow zone exists and the radii of crystals 

remain smaller than the minimum up to the lockup point, the crystals and magma should 

remain in intimate contact during this stage of the cooling process. 

Comparison of the 1000 and 400 km Earth runs shows that deepening the ocean 

increases its ability to suspend crystals but that this effect is not strong, as expected from 

eq. (6.3.20). Comparison of the 400 km Earth and 400 km lunar runs shows that the 

effect of the acceleration of gravity is also not large as expected. The 400 Ian lunar magma 

ocean is more likely to keep crystals in suspension than is a 400 km terrestrial ocean, 

consistent with the behavior expected from equation (6.3.20), but the difference is very 

small and could be reversed if initial compositions were allowed to differ. The point 

remains that the effect of the higher acceleration of gravity on the Earth actually increases 

the ability of crystals to settle. A 1 km lava lake suspends crystals that are initially 10 times 

smaller. 

The magma cooling time scale is very short, being limited by the thickness of the 

conductive boundary layer and the rate of heat transfer from its surface. For the 1000 km 

terrestrial magma ocean, the boundary layer is of the order of a few millimeters thick. 

When the ocean is convecting as vigorously as predicted, it is unlikely that a chilled crust 

would remain coherent or become very thick because shear stresses generated by 

convection would easily tear sections apart. Convective velocities calculated for the 1000 

km terrestrial magma ocean were 151.5 em s-1 when the ocean is completely liquid to 22.5 

cm s-1 at 50% crystallization. Hofmeister (1983) argued that the thickness of the chilled 

crust would reach a steady state thickness of no more than a few meters. 

The rather rapid cooling times computed in Figure 6.12 are mainly the result of the 

assumption that the surface heat is radiated directly into space, the models correspond to 

magma oceans in which the hot magma has ready access to the surface, no permanent rigid 

crust forms to insulate the hot liquid below, and the atmosphere does not impede radiative 

loss. Although these assumptions may be good for the Moon, their validity is arguable for 

the Earth (however, a primordial Earth atmosphere may actually increase heat loss by 

convection and mass loss). Such rapid cooling times also imply that formation of a magma 
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ocean is not easy--if melting does not take place on a time scale shorter than the cooling 

time, then no magma ocean is expected. Large melt ponds generated by large impacts 

might cool in place rather than be spread over the planet's surface. If these time scales are 

accurate, accretion may have been characterized by formation of a series of deep lava lakes 

rather than a global magma ocean. The time scale for solidifying the last 50% of the liquid, 

however, is expected to be much longer because convective overtum is much much slower. 

The longevity of the inertial flow zone was also examined. As noted above, each 

iteration in the calculation performed a test using equation (6.3.7) to see if the inertial flow 

zone still existed. The inertial flow zone disappeared at 46% crystallization in the 400 kIn 

lunar run, 47% in the 400 km Earth run, and 49% in the 1000 km Earth run. Parameters 

are sufficiently uncertain and the model is sufficiently crude that these small differences 

probably have no significance. The inertial flow zone is expected to disappear first for the 

Moon because of its lower gravity, so the model shows the correct trend. However, the 

difference in the longevity of the inertial flow zone between the Earth and Moon is not 

remarkable and probably cannot account for the difference in geochemical evolution 

between the two bodies. The degree of crystallization at which the magma-crystal mush 

locks up is not precisely determined, but is around 48-52% (Murase and McBimey 1973). 

Magma oceans deeper than a few hundred kilometers on both the Earth and Moon probably 

retained the inertial flow zone until the lockup point. The inertial flow zone disappeared at 

about 32% crystallization in the 1 km lava lake run. In this case, crystals likely remain 

suspended in the very early stages of a lava lakes's cooling history. At some point well 

before the lockup point, however, the inertial flow zone disappears, allowing crystals to 

separate from the magma as cooling continues with fractional crystallization occurring, as is 

commonly observed. 

Based solely on the physics of convection and crystal settling, it appears that magma 

oceans on either the Earth or Moon should cool via equilibrium crystallization with no 

substantial difference between them. Gravity'S effect on increasing convective vigor is not 

significant enough to explain the difference between the Earth and Moon. In fact, a higher 

gravity has the opposite net effect to that which was expected. Although this result is new, 

and perhaps unexpected to the many geochemists who have speculated on the chemical 

differentiation of magma oceans, it is rather problematical in view of the accepted 

geochemical differences between the Earth and Moon. The simplifying approximations 

made have evidently gone too far, and some important feature has been left out of the 

analysis. In the next section the effect of gravity on the liquidus and solidus temperature 
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profiles, which in tum affects the mean crystal radius during the cooling process, is 

examined. 

6.5. ORA VITY, 1EMPERATURE PROFILES, AND CRYSTAL SETILINO 

The previous section showed that magma oceans on either the Earth or the Moon can 

plausibly keep crystals in suspension. Additionally, the effect of the acceleration of gravity 

on the combined process of convection and crystal settling is remarkably similar in the two 

bodies. Why, then, do these bodies exhibit such divergent geochemical evolutionary 

paths, with the Earth showing few signs of differentiation while the Moon's geochemistry 

is dominated by early fractionation. Since the answer to this conundrum evidently does not 

lie in the mechanics of magma ocean convection or the physics of crystal settling, it must be 

in other, hitherto neglected, differences that depend upon gravity. 

Besides affecting the overall vigor of convection, gravity also affects the slopes of the 

solidus and liquidus temperature profiles, which, in tum, determine the way in which 

crystals are distributed in a magma ocean. Although these slopes were explicitly neglected 

in the preceding analysis, they are now considered in more detail. Figure 6.12 illustrates 

the basic effect. The approximate adiabatic, liquidus, and solidus profiles for the Earth and 

Moon. Values of 0.3 K km-1 for the adiabat and 1.5 K km-1 for the slopes of the liquidus 

and solidus profiles are used for the Earth, typical of the upper few hundred kilometers. 

The difference in temperature between the liquidus and solidus is assumed constant at 300 

K. This is a simplifying assumption for illustrative purposes. The lower acceleration of 

gravity of the Moon causes the slopes, dTldz, of the liquidus solidus and adiabat to be 

lower than those on Earth by a factor of 116, although the.mill! of the slope of the liquidus 

and solidus to the slope of adiabat remains constant between the two planets, because both 

are linear in gravity. The adiabats are placed on the diagram so that the two oceans have 

equal depths of 600 km, where the bottom of the ocean defined as the depth to 50% 

crystallization. The adiabats are not corrected for possible refraction due to latent heat 

effects. Such refraction causes the adiabat to more closely follow the liquidus profile. This 

effect is more important for the Moon than the Earth. The adiabat of the lunar magma 

ocean lies entirely between the liquidus and solidus. Additionally, most of the terrestrial 

magma ocean's volume lies above the liquidus. This difference has important 

consequences for the mean crystal size in a cooling magma ocean. Figure 6.13 

schematically illustrates the effect. 

Nucleating crystals suspended in a lunar magma ocean remain below the liquidus 
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temperature. As a result, they do not melt no matter where they are transported in the 

ocean. As time passes, the mean crystal size increases until the crystals are large enough to 

overcome convective stirring and settle to the bottom (or float to the top). The thermal 

cycling of crystals as they circulate through the magma ocean may have enhanced the 

crystal size by the elimination of small crystals in favor of large ones, a phenomenon that is 

exploited in laboratory crystallization experiments (M. J. Drake, personal communication). 

On the other hand, the largest fraction of a terrestrial magma ocean is superliquidus. 

Crystals forming in the narrow sub liquidus region are swept by convection into the 

superliquidus region where they may melt completely. Because residence times in the 

subliquidus region are limited and growth times consequently short, the mean crystal size 

remains smaller than in the case of the Moon and probably remains under the threshold size 

for settling. Thus, a terrestrial magma ocean may have been able to keep the liquid and 

crystals in intimate contact and thus cooled via equilibrium crystallization, while a lunar 

magma ocean underwent fractionation. 

The residence time of crystals in the subliqiudus zones of the two magma oceans can be 

roughly estimated. Because the lunar magma ocean is nearly all subliquidus during the 

pertinent part of its cooling history, the residence time of crystals is the time required for 

the Moon to crystallize to the lockup point at about 50% crystallization. In the model, this 

time was on the order of 2,500 years (Fig. 6.11c). If crystals grew for the entire cooling 

time at the linear crystal growth rate of 10-10 cm s-l cited by Marsh (1988), they would 

reach radii of about 8 cm. Still larger sizes would be attained if the surface temperature 

boundary condition discussed above was such as to greatly prolong the cooling of the 

magma ocean. The large crystals thus formed can segregate from the melt by density 

differences, resulting in the geochemical fractionations observed in the lunar samples. On 

the Earth, the thickness of nucleation zone is of the order of 100 km (the exact thickness 

depends on the depth of the magma ocean and the phase diagram). Typical residence times 

of these crystals is on the order of the depth of the nucleation zone divided by the mean 

speed that crystals are swept along by the fluid. If crystals are swept at even 112 the 

convective velocity, this residence time is about 36 hours at the beginning of crystallization 

and about 10 days at 50% crystallization, using the convective speeds noted above a the 

1000 km magma ocean. At the crystal growth rate noted above, crystal radii is only about 

10-4 cm for the 10 day residence time, small enough to be easily suspended by convection. 

Crystals in a terrestrial magma ocean are thus unlikely to grow large enough to overcome 

convective stirring and fractionate from the magma. Of course, the final dregs of a magma 
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Figure 6.12. Effect of the acceleration of gravity on the slopes of the solidus, liquidus, 
and adiabatic temperature profiles. The Earth profiles (Figure 6.12a) are plotted using 0.3 
K km-1 for the adiabat and 1.5 K km-1 for the slope of the liquidus and solidus. The 
Moon profiles (Figure 6.12b) are plotted using the same values divided by 6 and starting 
from the same surface temperature. The adiabats are placed to correspond to magma 
oceans of 600 km depth on both the Earth and Moon. The ratio of the slope of liquidus 
profile to the slope of adiabat is independent of gravity as required by the Clausius
Clapeyon equation and the equation for the adiabatic gradient (eq. 6.3.2). The largest 
fraction of the Earth ocean is superliquidus while the entire lunar ocean is subliquidus. 
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Figure 6.13. Schematic diagram of the liquidus and solidus temperature profiJes for the 
Moon (Fig 6.13a) and Earth (Fig 6.13b) neglecting the phase changes on the Earth. 
Because an adiabat can lie entirely between the solidus and liquidus on the Moon, crystals 
continue to grow in size until they are large enough to settle out. However, on the Earth, 
crystals nucleate in a relatively narrow zone near the bottom of the ocean. Any crystals that 
are swept into the main body of the ocean remelt, keeping the mean crystal size small. 
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ocean might take significantly longer to cool, especially in the case of the Moon where the 

feldspathic crust floated on top of the residual magma, insulating it, and greatly increasing 

its cooiing time scale. 

These arguments are based on a simplification of the melting profiles. Figure 6.14 

illustrates more realistic temperature profiles for the Earth and Moon. This figure shows 

the phase diagram of Ito and Takahashi (1987), with pressure being converted to depth on 

the Earth and Moon using the appropriate gradients of 1 kbar/4 km depth on Earth and 1 

kbar120 km on the Moon. Also drawn are adiabats that would exist in a 600 km deep 

magma ocean on Earth and the Moon. 

On Earth, gravity causes the pressure to increase with depth relatively rapidly. At about 

400 km there is a major shift in the slopes of the profiles due to majorite garnet, a high 

pressure phase, becoming the liquidus phase. Likewise, the slopes take another large 

increase at a depth of about 550 km because the mineral perovskite becomes the liquidus 

phase. Thus, for the Earth to have a magma ocean deeper than ~400 km, the major part of 

the ocean must be heated to above ~2200 K and is superliquidus as illustrated. On the 

Moon, the transition to majorite garnet does not occur since the pressure never becomes 

high enough. Thus, lunar magma oceans do not have to be as strongly heated to reach 

50% crystallization. 

The effect of gravity on the temperature profiles of the Earth and Moon noted above still 

exists even in the more realistic picture. The situation for the Moon is almost identical to 

that illustrated in Figures 6.12 and 6.13. The phase changes below 400 km on the Earth 

cause the adiabat to cross the liquidus and solidus in a very narrow region. Cooling of a 

magma ocean less than about 550 km deep introduces additional complications. There are 

ocean depths which might have two subliquidus regions with different minerals being the 

liquidus phase. Even so, melting and recrystallization should occur which would also help 

keep the mean crystal size small. There is an obvious need for treating this problem in a 

more sophisticated manner than has done here. Nevertheless, the concept presented above 

may hold the key to reconciling the evidence that the Earth must have been melted in its 

early history with the evidence that the Earth never fractionated. 

Another consequence of the relationship between the temperature profiles is the part of 

the magma ocean where crystallization occurs. If the adiabat is refracted enough to make it 

nearly parallel to the solidus and liquidus on the Moon, a lunar magma ocean may 

crystallize from the top down. If so, a crust forms on top of the magma ocean early on, 

stifling convection. In a terrestrial magma ocean, crystallization occurs from the bottom 
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Figure 6.14. Realistic liquidus and solidus temperature profiles for the Moon and the Earth 
taken from the Ito and Takahashi (1987) phase diagram with pressure coordinate converted 
to depth. Also plotted are typical adiabats in magma ocean of depth 500 km on the Earth 
and the Moon showing the approximate relationship to the solidus and liquidus. As the 
magma ocean cools the temperatures follow adiabats shifted to the left (lower temperature) 
of the ones plotted. At the times shown temperatures in the entire lunar magma ocean lie 
between the liquidus and solidus. but only a small fraction of the Earth's magma ocean is 
subliquidus. 
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up. Thus, the chill crust on top of a terrestrial magma ocean does not thicken significantly 

and convection within a terrestrial magma ocean remains vigorous over a much longer 

fraction of its cooling history. 

6.6. CRYSTAL SETTLING VS. MAGMA PERCOLATION 

If convection keeps the crystals and liquid in intimate contact on the bottom of a 

terrestrial magma ocean, the geochemical evolution of the system after the crystal fraction 

exceeds about 50% depends on leakage of the residual magma from the interstitial space 

between the crystals into the main body of the magma ocean. If this leakage is rapid 

compared to the advance of the 50% crystallization surface, the ocean still fractionates and 

it does not matter that convection keeps crystals in suspension (see, e.g., Langmuir 1989). 

However, if the upward advance of the 50% crystallization surface is faster than the 

percolation of residual magma, the crystals remain in intimate contact with the residual 

liquid and the ocean solidifies via equilibrium crystallization. A crude estimate of these rise 

rates can be made as follows. In the model described above, the heat flux results from 

solidification and cooling of the magma. This heat flux, Q·s" must be: , 

Qs" = Es m (6.6.1) 

where Es is the energy the liquid must lose to solidify to 50% solid fraction, and m is the 

mass cooling to 50% solid fraction per unit time per unit area. This mass solidification rate 

can further be expressed as: 

m=pz (6.6.2) 

where z is the upward velocity of the 50% crystallization surface. The energy (H fus) 

required to completely melt dunite can be estimated using data from the JANAF Tables and 

Robie et al. (1979) similar to that done in §4.5.1. It is given by 

Hfus = X(Hfo1(2163 K) - Hfos(1490 K» + (1-X)(Hfa1(1490 K) - HfaS(1490 K» (6.6.3) 

where Hjn(7) is the enthalpy of the material i (forsterite or fayalite) in phase n (liquid or 

solid) at temperature T (in kelvins) and X is the mole fraction of forsterite in the olivine 

solution. For the solution comprising Twin Sisters dunite (fa = 13%, fo = 87%), Hfus = 

1.02 x 1 ()6 J kg-to Presuming that the energy required to crystallize 50% of the melt is one 

half of this value and using parameters from the 1000 km Earth magma ocean model (total 

heat flux of about 3.3 x 1()4 J m-2 s-t and density of 3300 kg m-3), the upward velocity of 

the 50% crystallization line is about 0.002 cm sec-t , or 0.62 km yeart . 

The rate at which the residual magma rises from of the interstitial space between crystal 
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(6.6.4) 

where (J' is the volume conductivity of the system, k is the permeability of the medium, Jl is 
~ 

the fluid viscosity, E is the impelling force on the fluid (the buoyant force caused by the 

density difference between the residual magma and the crystals in this application), and ri 
is the "Darcy velocity". The Darcy velocity is the volumetric flow rate per unit area, which 

equals the speed of fluid transfer through the porous medium per unit area (Hubbert 1956; 

Turcotte and Schubert, 1982, equation 9-1, p. 383). Modeling the porosity of the mush as 

a cubic matrix surrounded by circular tubes that carry the fluid (Turcotte and Schubert 

1982, equation 9-207, p. 414) and using buoyancy as the driving force, the speed of the 

magma with respect to the porous mush (~v) is: 
~ _ ac2<p~pg 

v - 241tJl (6.6.5) 

where ac is the grain diameter, ~p is the difference in density between the liquid and solid, 

<P is the melt fraction (-50% at the lock up point), g is the acceleration of gravity, and Jl is 

the viscosity of the fluid. From Figure 6.9, the viscosity of the magma at 50% 

crystallization is about 6000 poise. The grain diameter of crystals depends on the time 

they are allowed to cool. As noted above, on the Earth, the mean crystal radius probably 

remains relatively small, but on the Moon it may be comparatively large. Assume it is as 

large as 1 mm on the Earth. ~p is approximately 600 kg m-3. A melt fraction of 0.5 

corresponds to a permeability of 6.63 x 10-9 m2 in eq. (6.6.3), in the range of pervious 

sand (Turcotte and Schubert 1982, p. 382, Table 9-1). Using these values, the rise speed 

of the residual magma is 6.6 x 10-8 m s-1 or 2 x 10-3 km yr-l, about 30 times smaller than 

the advance of the 50% crystallization surface. If the heat flux were smaller because of 

atmospheric blanketing by as much as a factor of 10, the advance of the 50% 

crystallization surface is still 3 times faster than that of the interstitial liquid. By this 

argument, it appears that the residual magma cannot escape from the interstitial space. If 

the mush is formed by crystal suspension as indicated in the computations shown above, 

the magma ocean should solidify in equilibrium. Because a lunar-mass body has only 1/6 

the gravity of an Earth-mass body, the percolation rate of the interstitial liquid is even 

smaller than on Earth. However, the mean crystal radius is probably much larger than on 

Earth. If crystals grow to an average radius of 1 cm on the Moon, the percolation rate is 

only about a factor of 2 smaller than the advancement rate of the 50% crystallization 



262 

surface (for a given heat flux). However, the heat flux of a lunar magma ocean is smaller 

by a factor of about 2 due to that body's lower gravity for the same magma ocean depth. 

Thus, if the mean crystal radius developed in a lunar magma ocean is much larger than in a 

terrestrial magma ocean as argued above, the Moon probably experienced fractionation due 

to escape of the interstitial liquid. This provides an natural explanation of the vast 

difference between the geochemistry of the Earth and Moon. 

As the ocean solidifies, the Rayleigh number and rate of heat loss will decrease, also 

decreasing the rate of advance of the 50% crystallization surface. There is a crossover 

depth where these two rates are comparable. If this depth is less than 100-200 lan, the 

geochemical fractionation should not be seen on the Earth. The heat flux and the 

advancement rate of the 50% crystallization surface go as Ral/3, which itself goes as D3. 

Thus, heat flux is linear with depth. Assuming no change in the properties of the 

convecting part of the magma ocean, the cross over depth occurs when the heat flux (and 

the magma ocean depth) drops by a factor of 30. If the original ocean were 1000 lan as 

assumed above, the cross over depth occurs when the magma ocean is about 33 km deep. 

6.7. CONCLUSIONS AND SUBSEQUENT WORK 

Clearly, the fractional crystallization of a magma ocean is a far more complex process 

than has previously been envisaged. The simple physical analysis presented in this chapter 

indicates that it may be possible for a magma ocean to cool without fractional crystallization 

due to crystal suspension, contrary to the implicit assumption made by the majority of 

previous investigators. Several important principles that affect the ability of convecting 

systems to keep crystals in suspension have been demonstrated. These include: 1) the 

ability of a magma body to suspend crystals, regardless of their size, probably depends 

critically on the existence of the inertial flow zone. Magma bodies must be of planetary 

scale for the inertial flow zone to exist through cooling to the rheological lockup point. 

Crystal settling in layered intrusions, magma chambers, and lava lakes is probably 

controlled by the theory of Martin and Nokes (1988), rather than by convective 

suspension, 2) even though a higher acceleration of gravity increases vigor of convection, 

it aids crystal separation overall, 3) a magma ocean on either the Earth or Moon would have 

a difficult time fractionating unless the crystals become quite large, of the order of a few 

centimeters in radius, and 4) as the ocean crystallizes, it is less likely to separate due to the 

increase in viscosity. 

Contrary to what might be naively expected, the effect of the acceleration of gravity on 
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convective vigor and crystal settling alone is insufficient to cause the geochemical disparity 

between the Earth and Moon. Magma oceans on the two bodies are likely to have cooled 

by different paths because of the effect of the planet's gravity on the liquidus and solidus 

temperature profiles. 

The problem of convective stirring on a planetary scale is complex and needs more 

study. It may be the key to reconciling the evidence from the physics of planetary 

formation which predicts extensive early melting of the Earth and the geochemical evidence 

that indicates the Earth's upper mantle was never strongly fractionated. Examination of this 

problem from a physical point of view has turned up a number of surprising features and 

shown that little of the intuition gained from studies of subsolidus convection can be 

transferred to the problem of magma ocean convection. More study is needed on the 

physics of the upper conductive boundary layer and its control of the overall rate of magma 

ocean cooling, the effect of the complex interaction between liquidus, solidus and adiabatic 

profiles, and the phenomena controlling crystal size. Nevertheless, this study revealed a 

number of important qualitative features of crystal fraction in planetary scale magma oceans 

that must be reckoned with in any future studies of the problem. 

Subsequent to the publication of this work (Tonks and Melosh 1990), others have 

become interested in this problem. Miller et al. (1991a, b) published a series of two papers 

in which they measure the Hugoniot equation of state parameters for liquidus Komatiite. 

Using this equation of state, they calculate approximate adiabatic temperature gradients 

between the liquidus and solidus temperatures. Additionally, they modeled the evolution of 

a magma ocean that extended to the core-mantle boundary. They concluded that convection 

keeps crystals in suspension until approximately the lock up point (they claim is at 44% 

crystals). Their suspension criterion simply presumes that if the mean convective velocity 

is greater than the settling velocity, crystals are suspended. In making this assumption, 

they neglect the theoretical and experimental work of Martin and Nokes (1988) and 

necessity of the inertial flow zone's existence as argued in §6.2. That neglect is probably 

not a serious error given the work reported above. At the lockup point, they find that 

crystals and liquids move to levels of gravitational stability, forming quiescent boundary 

layers. They argue that although there may be some fractionation effects, these are not as 

extreme as predicted by the simple fractional crystallization model (e.g., Ringwood 1990). 

The most remarkable feature of the adiabats calculated in their work is the degree of 

refraction to which the adiabats are subjected. In most cases, the adiabats remain almost 

parallel to the liquidus profile (Miller et al. 1991 b, Figure 4a). If true, the crystal fraction 
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throughout the magma ocean remains nearly constant with depth, consistent with the simple 

model used in §6.3. The adiabatic gradient, then, can serve as a test of the hypothesis set 

forth in §6.5. A critical issue, then, is to adequately calculate the adiabatic temperature 

gradient in the melting range for reasonable mantle compositions. The large degree of 

refraction they calculate implies that the entropy associated with the latent heat overwhelms 

the entropy associated with raising the material's temperature from the solidus to the 

liquidus. It is not clear that is true. The entropy change due to the temperature rise is 
T2 

MT= J cp dT (6.7.1) 

and the entropy change due to the latent heat (11) is 

MH=H 
T 

(6.7.2) 

The necessary enthalpies were evaluated using data from Robie et al. (1979) and the 

JANAF tables in a manner similar to that done in §4.5.1. The energy change required to 

completely melt the solid solution mixture of olivine (M1melt> was calculated by rmding the 

enthalpy of forsterite and fayalite as liquids at 2163 K and subtracting their energy as solids 

at 1490 K, properly mixed for their mole fractions, assuming ideal solution behavior. The 

energy required to raise the temperature of the mixture (MIT) was estimated by 

MIT = X{HfoS(2163 K) - Hfos(l490 K)} + (1-X){Hfa1(2163 K)-Hfal(l490K)} (8.7.3) 

where H foS(T) is forsterite's energy as a solid at temperature T, H fa1(T) is fayalite's 

enthalpy as a liquid at temperature T, and X is the mole fraction of fo. The energy due to 

the latent heat is simply 

(8.7.4) 

There is an inconsistency in the JANAF table. It reports a latent heat of 17 kcal mol-I = 5 x 

105 J kg-I. However, forsterite's enthalpy as a solid at 2163 K is 2.35 x 106 J kg-I and its 

enthalpy as a liquid at 2163 K is only 2.40 x 106 J kg-I. If the latent heat of 5 x 105 J kg-I 

is used, the actual enthalpy of forsterite at 2163 K ought to be about 2.85 x 106 J kg-I. If 

the first energy is used and the effective heat capacity is presumed constant (given by 

dHT/(2163-1490 K», the entropy increases are 510 J kg-IK-I and 67 J kg-IK-I due the 

temperature change and latent heat respectively. If the higher forsterite liquid energy based 

on the latent heat is used, the two entropies are 510 J kg-IK-I and 342 J kg-IK-I 

respectively. Although the above analysis is crude, it illustrates the point that the entropy 

associated with the change in temperature, which gives rise to the slope of the adiabatic 

profile, is at least comparable to that of the latent heat contribution. Consequently, the 
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slope of the adiabat is refracted, but not parallel, to the liquidus and solidus temperatures 

unless the adiabat already nearly isothermal. This might be the case in a small body such as 

the Moon, but not in a large body such as the Earth. This issue needs to be resolve in more 

detail using an accurate representation of the mantle's composition. 

Abe (1993) presented a model of fractionation of a magma ocean using a one 

dimensional flow model and measured partition coefficients. He concluded that at high 

melt fractions, convection keeps crystals and magma in intimate contact. as argued here. At 

below a certain critical melt fraction (30-40%), separation is efficient because convective 

stirring is small due to the fluid's high viscosity. However, he claims that the fluid has a 

high permeability, allowing efficient percolation, contrary to the simple argument above. 

Even so, he further argues that chemical differentiation is controlled by the compositional 

differences between the melt and solids near the critical melt fraction and is rather 

insensitive to the partition coefficients greater than 10 or less than 0.1. 

Solomatov and Stevenson (1993a, b, c) extended the work reported above. Their 

work, consisting of a series of three papers published in a special section of the Journal of 

Geophysical Research on the physics and chemistry of magma oceans. In the first paper, 

they show that until the lock up point, convection is effective in keeping crystals in 

suspension using a different point of view than that presented in §6.2. They call criterion 

(6.3.19) a "local suspension criterion" and define what they call a "global suspension 

criterion". This criterion is developed using a comparison of the work required to suspend 

crystals to the work done by the upward momentum transport of the convecting magma. 

They confirmed the results of §6.2 that convection is effective in keeping crystals in 

suspension. In paper 2, they develop a model of what they call "nonfractional 

crystallization". Based on paper 1, they presume convection keeps the magma and crystals 

in intimate contact until the lock up point. By this point, they show, based on a simplified 

three component system, that all three components have begun to crystallize out, each 

sequestering its own set of elements. As previously noted, crystallization of two or more 

solid phases in intimate contact with the liquid and each other tends to mitigate against the 

fractional crystallization. Fractionation occurs only after the lock up point by compaction 

of the crystals. Their calculated adiabats also show significant refraction and in many cases 

are essentially parallel to the liquidus profile. 

In summary, turbulent convection characteristic of a deep magma ocean has the ability 

to suspend crystals and keep the fractionations predicted by partition coefficient 

measurements from occurring. The work presented here has spurred on additional 
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analyses, which have verified the important findings. Although our understanding of the 

processes that occurred as magma oceans cool is still in the developmental stage, it appears 

likely that under terrestrial conditions, a magma ocean may not have caused the 

geochemical fractionations. Fractionation probably results from magma separation by 

porous flow after the magma ocean has reached the rheological boundary. If future 

research upholds this conclusion, partition coefficient measurements and geochemical 

arguments cannot be used as test of accretion theory or the giant impact hypothesis of lunar 

origin. 
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7. SUMMARY, CONCLUSIONS, AND FUTURE DIRECTIONS 

Although not universally accepted, there is a growing consensus that giant impacts 

played a key role in establishing many of the gross properties of the Solar System. Giant 

impacts might play an important role in explaining such diverse observations as planetary 

spin states, the origin of the Earth's Moon, Mercury's anomalously high density, the 

Martian crustal dichotomy, and whole body differentiation of the terrestrial planets and icy 

satellites. The required giant collisions result naturally if planets grew in a more or less 

hierarchical fashion. This work estimates the minimum melt volume generated by giant 

impacts, assesses the role of giant impacts in triggering planetary differentiation, and 

examines the long held assumption that a magma ocean necessarily cools by fractional 

crystallization. 

The physics of shock melting was reviewed. This included examination of the equation 

of state, the Hugoniot equations, Hugoniot curve, and the particle velocity-distance 

relationship. The complete melting shock pressure of about 150 GPa for ANEOS dunite 

and 10 GPa for ice was determined. These values depend somewhat on the initial 

temperature of the material. Integrating these bodies of physics lead to the development of 

an impact melting model, which was used to estimate the melt volume generated by a giant 

impact, the depth of the magma ocean, and an impact's ability to trigger whole-body 

differentiation. 

The physics of crater excavation and scaling was then reviewed. Pi scaling theory of 

crater scaling coupled with the Maxwell Z model were applied to estimate the retained melt 

fraction as a function of both planet mass (assuming a constant projectile-planet mass ratio) 

and crater radius (on a given mass planet). An approximate criterion for the generation of 

an intact melt region, necessary for impact-induced differentiation, was also developed. 

Intact melt regions probably do not form until silicate planets grow to at least lunar-mass 

and icy bodies grows to about the mass of Europa. 

Depths of magma oceans and the fraction of the planet that is melted in a giant impact 

were then estimated. This work clearly demonstrated that if mass and energy accumulation 

during middle and late planetary accretion were dominated by large objects, wide scale 

melting is the inevitable result Magma oceans on an Earth-massed planet are at least 1000-

2000 km in depth. The impact of a Mars-mass object on an Earth-mass planet at a nominal 

impact speed of 15 km s-l melts at least 30% of the planet. Whole planet melting occurs 

with projectiles larger than about 0.4 times the planet's mass. 
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A model of impact-induced core formation was developed and its consequences 

explored. The model was applied to both silicate and icy bodies with the straightforward 

conclusion that large impacts effectively trigger core formation in planetary sized bodies. 

Large impacts may have been effective in triggering core formation in all the terrestrial 

planets and perhaps in bodies as small as the Moon. The largest planetesimals that collided 

in the late stages of accretion to form the final terrestrial planets were probably already 

differentiated. If impactor populations can be described by cumulative power laws (eq. 

5.2.2) with exponents less than 1, there are enough large projectiles for the mechanism to 

work efficiently. Impacts are also effective in triggering core formation in icy bodies. 

Under the nominal conditions of the model, however, only the largest icy bodies (Europa, 

Callisto, Titan, and Ganymede) are large enough for the mechanism to be effective. 

However, plausible conditions relax the condition to bodies as small as Triton and Pluto. 

This is still larger than the majority of Saturn's and Uranus' satellites. If orderly accretion 

occurred in these systems, the large icy bodies we see are the among the few that escaped 

catastrophic disruption during formation. If runaway accretion occurred, only a small 

percentage of bodies were disrupted. Accretion of heliocentric particles triggers core 

formation at slightly smaller satellite masses than objects from the satellite's own accretion 

zone. Heliocentric particles also drastically increase the probability of catastrophic 

disruption. The only plausible conditions that allow a major difference in the probability of 

core formation between Ganymede and Callisto include gas drag, which slows satellite 

accretion zone particles enough so that they do not trigger core formation, and accretion 

between 0.01-0.05% heliocentric particles. Even in this case, the difference between the 

two sattellites in their core formation probability is not outstnading. 

Impacts cannot trigger core formation within asteroid sized objects in the same way as 

in the larger planets. An asteroid must be nearly Ceres-sized before the segregated iron can 

generate the minimum threshold stress of silicates. More importantly, intact melt ponds do 

not form in small asteroids. As a result, impact processes do not directly trigger whole 

body differentiation of asteroid-sized bodies unless they can generate nearly complete 

melting of the whole asteroid. 

The reasonable, but unproved assumption that a magma ocean differentiates by 

fractional crystallization was examined. This work showed that the lack of chemical 

fractionation of a terrestrial magma ocean may be a consequence of convection and crystal 

settling in the regime of a magma ocean. If convection is sufficiently vigorous, it has the 

ability to keep crystals in suspension throughout its cooling history, causing the magma 
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and crystals to remain in intimate contact, and allowing the magma ocean to cool via 

equilibrium crystallization. There is not an outstanding difference in the balance between 

convective and settling behavior between a terrestrial and lunar magma ocean. Because 

mean crystal radius is the most important factor in determining crystal segregation, the 

difference between the Earth and Moon may result from the effect of pressure on the 

liquidus, solidus, and adiabatic temperature profiles on crystal radius. Because of the small 

slopes of the temperature profiles, crystals may grow larger in the lunar magma ocean than 

in a terrestrial magma ocean. If so, crystals in lunar magma oceans may segregate while 

those in a terrestrial magma ocean remain small enough to be suspended. Additionally, 

subsequent percolation of interstitial magma is much more rapid for larger crystals, 

plausibly exceeding the ascension speed of the 50% crystallization surface. This 

suggestion, as well as other possible explanations, remains to be tested in detail. The 

divergence in geochemical evolution between the two bodies might also result from melt

crystal separation after solidifying to greater than 50% crystals. 

Numerous outstanding questions remain and others have been raised as a result of this 

work. Because wide scale melting is a direct consequence of giant impacts, the most 

pressing unresolved implication is the geochemical difference between the Earth and Moon. 

A complete understanding of magma ocean solidification requires an understanding of the 

processes that occur from the time the ocean reaches the lock up crystal fraction (about 

50%) to complete solidification. An important conclusion of this work, which has been 

subsequently supported by other workers, is that fractionation is difficult during the magma 

ocean phase. If it occurs, it is probably during the partial melt phase due to separation of 

the interstitial magma from crystals. Recent work has made excellent progress on this 

difficult problem (Abe 1993, Solomotov and Stevenson 1993 a, b, c). It is not clear from 

their work, however, that a satisfactory explanation of the difference between the Earth and 

Moon has been found. The suggestion that the difference may be due to larger average 

crystal radii crystallizing from a lunar magma ocean provides a natural explanation. 

However, it needs to be tested in more detail. The effect of the temperature profiles on the 

part of the magma ocean that undergoes crystallization also remains to be explored. Testing 

these suggestions requires an extension of the understanding developed here. In particular, 

it requires the ability to estimate the adiabatic temperature gradient between the solidus and 

liquidus, as well as understand the effect of viscosity gradients present between the solidus 

and liquidus on the magma ocean's ability to suspend crystals. 

An important goal of further research should be an attempt to place constraints on the 
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accretion environment. This work dealt with the consequences of accretion within the 

hierarchical environment. The large amount of melting caused by giant impacts has 

implications for outgassing of the planets. Measurements of helium presently being 

outgassed from midocean ridges show that in addition to the expected radiogenic He-4 

there is also He-3. Because known process create He-3 within the Earth at an insignificant 

rate, one interpretation of this observation is that the Earth continues to outgas at a slow rate 

from primitive reservoirs inside the planet However, if giant impacts were as prevalent as 

currently thought and if each of these caused wide scale melting (whole planet melting as 

interpreted by some), it is difficult to understand how the Earth retained primitive reservoirs 

that did not outgas. It could be that He is sufficiently soluble in silicate melt to provide the 

required He. It could also be that parcels of magma never got close enough to the surface 

to outgas. If not, however, this work could be extended to test whether a planet the mass 

of Earth could accrete in a hierarchical environment and still retain primitive He-3 

reservoirs. If the probability is low or zero, it may be possible to place constraints on the 

early accretion environment. This possibility has not, to my knowledge, been tested. 

Differentiation of asteroid-sized bodies remains a difficult unresolved problem. The 

work shown in Chapter 5 demonstrated that large impacts among these bodies do not 

trigger whole body differentiation in the same way as on larger planets. The major 

difficulty is that the retained melt fraction is small (>20%). Even if the truncated sphere 

model with its inherently higher retained melt fraction were used, the displaced melt 

fraction is quite small. The retained melt is spread into a relatively thin sheet that lines the 

crater wall rather than forming an intact melt region. The other >50-80% of the melt 

produced is excavated. This melt cools during its ballistic flight. In addition, it mixes with 

excavated solids, further cooling it. However, it may be possible that this melt, which can 

form a sheet several to lO's of kilometers thick, can differentiate after emplacement on the 

asteroid's surface. If so, iron sheets hundreds of meters up to several kilometers thick, 

buried by 10's ofkm of silicates, may result. These iron sheets may be the source of some 

of our iron meteorite collection. The melt model, retained and excavated melt fractions 

coupled with further development of the physics of ejecta emplacement could be used to 

test this idea. 

The giant impact origin of the Earth's moon and hierarchical accretion theory provide a 

conceptual framework in which to study the early thermal conditions of the planets. It is 

clear that further research is required to understand the full implications of these concepts 

and to determine whether they provide a correct foundation on which to base our 
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knowledge of planetary fonnation. 
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APPENDIX 1: TABLE OF IMPORTANT AND RECURRING 
SYMBOLS 

Unit Key: kg = kilograms, m = meters, s = seconds, Nt = newtons = kg m s-2, 
J = Joule = Nt m = kg m2 s-2, Pa = Pascals (Nt m-2), K = Kelvins 

Eq. or page 
Symbol Meaning (Units) First 

Introduced 
L Angular Momentum (kg m2 s-I) 1.2.1 

Vi Impact velocity or speed (m s -1) 1.2.1 

b Impact Parameter (m) 1.2.1 

Inp Mass of projectile (kg) 1.2.1 

P Materia1 density in its shocked state (kg m-3) 2.3.1 

Po Material density in its unshocked state (kg m-3) 2.3.1 

U Shock Speed (m s-I) 2.3.1 

up Particle Velocity (m sol) 2.3.1 

P Shock pressure (Pa, or OPa) 2.3.2 

Po Ambient pressure before the shock (Pa) 2.3.2 

E Internal energy of the shocked material (J kg-I) 2.3.2 

Eo Internal energy of the unshocked material (J kg-I) 2.3.2 

V Specific volume of the shocked material (m3 kg-I) 2.3.2 

Vo Specific volume of the shocked material (m3 kg-I) 2.3.2 

S or S;(1) Specific entropy of component i at temperature T (J kg-l K-l) p.47 

v number of moles of an ideal gas 2.4.1 

R Universal gas constant (J mole- l K-l) 2.4.1 

T Temperature (K) p.49 

ct Intercept in linear shock-particle velocity relatio (m sol) 2.4.2 

C2 Slope of linear shock-particle velocity relation 2.4.2 
(dimensionless) 

Pp Unshocked projectile density (kg m-3) 2.4.7 

ptt Unshocked target density (kg m-3) 2.4.7 

ftk Fraction of projectile's kinetic energy partitioned into target 2.4.17 
kinetic energy 

fte Fraction of projectile's kinetic energy partitioned into target 2.4.18 
internal energy 

/pk Fraction of projectile's kinetic energy partitioned into target 2.4.19 
kinetic energy 
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fpe Fraction of projectile's kinetic energy partitioned into target 2.4.20 
kinetic energy 

X Ratio of the target particle velocity to the impact velocity 2.4.21 

i Impact angle, measured from the vertical 2.4.23 

ro Isobaric core radius (m) 2.4.24 

a Projectile radius (m) 2.4.24 

it Fraction of projectile's kinetic energy partitioned into the 2.4.24 
target (sum ofitk andite) 

oQ Infinitesimal heat transfer (J kg-I) 2.5.1 

Xi Mole fraction of component i in an ideal solid solution 2.5.3 

Cp Specific heat capacity at constant pressure (J kg-I K-I) 2.5.5 

r Radial distance from center of isobaric core (m) 2.5.7 

n Exponent in the particle velocity-distance relationship 2.5.7 

Pm Complete melting shock pressure (Pa or GPa) 2.5.10 

YIn Melt volume (m3) 2.5.11 

Vmh Melt volume predicted by the geometric model before 
accounting for planet's geometry (m3) 

2.5.11 

fg Geometric correction factor 2.5.11 

Vb Melt volume between planet's surface and tangent plane to 2.5.13 
the impact point (m3) 

Vproi Volume of projectile (m3) 2.5.13 

Rp Planet Radius 2.5.13 

Ur Radial velocity component in Maxwell ZModel (m s-l) 3.2.2 

us Angular velocity component in Maxwell Z Model (m s-l) 3.2.3 

Z Radial velocity decrease exponent in Maxwell Z Model 3.2.2 

aCt) Function of time in Maxwell Z Model that gives the flow's 3.2.2 
strength 

Dat Transient crater diameter, measured from original surface (m) p.89 

hat Transient crater depth measured from original surface (m) Fig. 3.3 

rat Transient crater radius measured from original surface (m) Fig. 3.3 

<I> porosity of target Fig. 3.3 

Dt Transient crater diameter, measured from top of rim (m) Fig. 3.3 

ht Transient crater depth, measured from top of rim (m) Fig. 3.3 

W Kinetic energy of projectile (1) Fig. 3.3 

'aD Dimensionless crater diameter scale 3.2.13 

'a2 Dimensionless gravity size scale 3.2.14 
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nv Dimensionless crater volume scale 3.2.17 

If.xc Melt volume excavated from the crater (m3) 3.3.2 
m 
f Retained melt fraction 3.3.1 

x Ratio of the projectile/planet mass ratio 3.3.8 

G Universal gravitational constant (Nt m2 kg-2) 3.3.9 

Mp Planet mass (kg) 3.3.9 

fm Fraction of the planet that is melted by the initial shock p.132 

Energy deposition rate (J s-l) 4.4.1 
e 

e Strain rate (s-l) 4.4.1 

11 Viscosity (Pa s) 4.4.2 

Ncum(m) Cumulative number of particles in the distribution with a 5.2.2 
mass~m 

K' Constant in the power law planetesimal distribution related to 5.2.2 
the total number of particles in the distribution 

p Power in the power law planetesimal distribution 5.2.2 

m[ Largest planetesimal in the distribution p. 146 

ms Smallest planetesimal in the distribution 5.2.3 

1'} Uniform deviate (a random number between 0 and 1) 5.2.4 

Voo Approach velocity p. 152 

e Safronov number 5.2.5 

Vesc Escape velocity of a planet 5.2.5 

It Mean approach velocity of infalling planetesimals 5.2.5 

Eb Gravitational binding energy 5.2.10 

Vs Settling velocity of a droplet (or grain) through a viscous 5.2.16 
fluid (m s-l) 

ac Dropet or grain radius (m) 5.2.17 

Ap Density contrast between liquid and crystals (kg m-3) 5.2.17 

('Jb Theshold stress (Pa) p. 165 

vi Speed generated by gravitational focusing, equal to the escape 5.4.1 
velocity of the central planet at the satellite's distance from 
the planet (m s-l) 

Vsat Orbital velocity of the satellite (m s-l) 5.4.1 

Mcp Mass of the central planet (kg) 5.4.2 

asat Orbital radius of the satellite (m) 5.4.2 

Di Liquid-solid partition of element i 6.2.2 

Nil Concentration of element i in the liquid phase (m-3) 6.2.2 
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Nis Concentration of element i in the solid phase (m-3) 6.2.2 

Ra Raleigh number 6.3.1 

K Thermal diffusivity (m2 s-l) 6.3.1 

v Kinematic viscosity (m2 s-l) 6.3.1 

a. Thermal expansion coefficient (K-l) 6.3.1 

Il.T Superadiabatic temperature difference (K) 6.3.1 

D Depth of convecting magma system (m) 6.3.1 

K Thermal conductivity (J s-1 m-1 k-1) 6.3.5 

cr Prandtl number 6.3.6 

h Heat flux out of a convecting region (1 s-1 m-2) 6.3.8 

he Conductive heat flux that would be present through a layer of 6.3.8 
thickness D if there were no convection present 

Nu Nusselt number 6.3.8 

n Power in the Raleigh number-Nusselt number relationship 6.3.10 

Vt Terminal velocity (m s-l) 6.3.11 

S Rouse number 6.3.13 

V* Effective friction velocity (m s-l) 6.3.13 

Uo Mean convective velocity (m s-l) 6.3.16 

<P Crystal fraction 6.4.2 

Rcus Enthalpy of fusion (including the energy required to change 6.6.2 
the temperature from the solidus to the liquidus (1) 
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