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ABSTRACT 

The free-electron laser (FEL) is a device for converting kinetic 

energy in a relativistic electron beam directly into laser light. A 

classical theory of the FEL is discussed. This theory uses the Boltz-

mann distribution to describe the electrons and Maxwell equation to 

describe the evolution of the laser field. The harmonic expansion of 

the Boltzmann equation leads to a set of "quasi-Bloch" equations 

describing the electron distribution. The behavior of the momentum 
\ 

distribution is discussed theoretically in the small-signal regime of 

the FEL. The distribution function changes in nontrivial ways. The 

electron distribution does not oilly experience a recoil, but is also 

subject to spread through the amplification process. The recoil plays 

a relatively minor role compared to the spread. This behavior of the 

electron distribution may play an important role in the efficiency of 

the FEL. 

Free-e1ectron lasers, except for those using helical wigglers, 

are predicted in most cases to generate higher harmonics, of the funda-

mental optical frequency, in the forward direction. Thebasic equations 

describing this process are derived by using the multiple-scaling 

perturbation theory, which leads to the slowly-varying Maxwell and 

Boltzmann equations. 

Harmonic generation in the FEL offers a possible means to extend 

the wavelength range of the device towards high frequency_ Numerical 

x 



calculations are shown for CW operation using a linearly polarized 

wiggler. Higher harmonic emission becomes enhanced as the magnetic 

field is increased and as the energy spread in the electron beam is 

reduced. 

xi 

Coherent pulse propagation in the picosecond pulse regime of 

the FEL is treated. Coherent transient effects such as laser lethary 

are discussed. The effect of laser lethargy is seen to play an impor

tant role in the pulsed FEL, as it does in conventional swept-gain 

amplifiers based on an atomic medium. Numerical calculations of the 

harmonics in the pulsed FEL are presented. The optical pulses show a 

ringing behavior which is sensitive to the reflectivity of the cavity 

mirrors and to the electron current. 



CHAPTER 1 

INTRODUCTION 

During the last forty years, the application of magnetized, 

intense, relativistic-electron beams to the generation of electro

magnetic radiation at wavelengths ranging from 10 em down to fraction 

of a millimeter (even at the optical range during the last ten years) 

has enabled significant advances to be made in peak power capabilities. 

The physical mechanisms are conveniently divided into three categories 

according to the experimental feature which determines the output 

wavelength. First, there are "traditional" microwave mechanisms 

(klystrons, magnetrons) in which wavelength is tied to. the spatial 

scale of a resonant cavity or periodic structure. Secondly th~re is 

the electron cyclotron maser mechanism (gyrotrons) that produces 

radiation at the electron cyclotron frequency or its harmonics and 

thus ties output wavelength to magnetic field strength. Third, there 

is coherent backscattering of a relatively low frequency electro

magnetic wave from the counterstreaming electron beam (free-electron 

lasers) which produces an output wave doubly Doppler shifted to a much 

higher frequency. In this case, output wavelength clearly depends 

on electron energy as well as input wavelength. The later category 

(i.e. the free-electron lasers) have produced the most impressive 

results. These devices eliminate the atoms as "middle men" (in the 

conventional lasers) in this transition between electronic to 

1 



electromagnetic energy, which is a very attractive step for several 

reasons: (1) under the proper conditions the efficiency of these 

devices could be made higher than the ordinary electron pumped lasers; 

(2) the device could be scalable to a higher power; and (3) most 

important of all, these devices would be tunable, probably from the IR 

to the UV at least. 

2 

The history of free-electron lasers can be traced back through 

a quarter-century. In 1951, Motz proposed and developed (Motz, Thon 

and Whitehurst 1953) a narrow band source of synchrotron radiation using 

a magnetically "undulated" relativistic electron beam. Then, Motz and 

Nakamura (1959) showed that this arrangement could be used as an ampli

fier of millimeter wave radiation in a rectangular waveguide. Several 

devices of this type were constructed by Phillips (1960) who called them 

"ubi trons" (!:.ndu1ated E.,eam interaction), and Sprangle (1974). The 

theoretical approach of Motz and Nakamura (1959) relied heavily on the 

traveling-wave tube analysis developed by Pierce (1950) at the end of 

IV. IV. II. The basic gain process in these tubes was dominated by collec

tive effects (where many electrons oscillate together so that amplifica

tion is nonlinear in the current), was classical and re'quired the use of 

a waveguide to support and confine the electromagnetic field. 

The cyclotron maser was introduced in the late fifties 

independently by Twiss (1958), Schneider (1959), and later by Hirschfield 

and Granatstein (1977). They make use of a gain mechanism similar to 

the ubitrons: fast electrons oscillate in helical orbits through a 

uniform magnetic field to amplify radiation confined in a cylindrical 

microwave cavity. Historically, conventional lasers, based on the 
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emission from atomic or molecular structures followed in the early 

sixties, and provided a means .of producing powerful coherent beats at 

optical wavelengths (Schawlow and Townes 1958). A necessary technical 

advance at this time was the replacement of waveguides with optical 

resonators. Theoretical concepts developed the microscopic description 

of stimulated emission from single electrons in atomic states. Note

worthy progress continued on free-electron sources. In 1968, Pantell, 

Soncini, and Puthoff showed theoretically how a relativistic electron 

beam colliding with an intense microwave field would amplify short

wavelength radiation by means of stimulated Compton scattering. Madey 

(1971) used the Williams-Weizsacker approximation (the static magnetic 

field replaced by an equivalent electromagnetic field) to relate this 

mechanism to stimulated bremsstrahlung, and showed how a relativistic 

electron beam moving through a strong static periodic magnetic field 

could provide useful gain at optical wavelengths. Palmer (1972) 

independently developed a clear classical picture of how energy could 

be transferred efficiently between free circularly-polarized electro

magnetic waves and free, pre-bunched relativistic electrons guided 

through a static helical magnet, and discussed qualitatively the possi

bility of self-induced bunching to form powerful lasers. Arutyunian 

and Tumanian (1963) and Sukhatmc and Wolff (1973) analyzed stimulated 

Compton scattering with quantum mechanical perturbation theory. In 

contrast to the earlier work of Motz (1951) and Phil1isp (1960), the 

theoretical results of these authors are applicable only in the single 

particle regime where collective effects are negligible. 



A complete analyses of the free-electron lasers and related 

devices is presented in two volumes in the serial publication, Physics 

of Quantum Electronics (Jacobs, Sargent and Scully 1978; Jacobs et ale 

1980). Both classical and quantum mechanical formalisms were used in 

these books. 

4 

Madey and his collaborators at Stanford began to build a free

electron laser in 1972. They have demonstrated stimulated amplification 

(Elias et ale 1976) and laser oscillation (Deacon et ale 1977) by pass

ing a beam of relativistic electrons through a static, transverse, 

helical magnet. Since the first operation of Madey's laser (Elias et 

ale 1976), many independent theoretical contributions have been made. 

In a series of papers at the University of Arizona: Hopf et al . (l976a, 

19i6b) ; Al-Abawi, Hopf and Meystre (1977), Al-Abawi et ale (1979); 

Moore and Scully (1980); Bonifacio et ale (1980); and Kuper, Moore and 

Scully (1980). Analytical and numerical calculations are presented by 

these theorists to solve the classical, coupled Boltzmann'sand~faxwell's 

equations to describe gain, electron bunching, laser saturation and 

pulse propagation in the free-electron laser. Colson (1977) analyzed 

evolution of the laser radiation field and electron distributions in a 

free-electron laser using the interrelating the classical equations of 

motion, quantum mechanical radiation theory, and full quantum field 

theory. Madey and Deacon (1977) developed a criterion for the appli

cability of the classical approximation, and worked on the physics of 

recirculating the electron beam, and numerical integration of the 

single particle equations of motion to describe bunching. Mayer (1977) 
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has related the free-electron laser to collisionless Landau damping of 

electronic vibrations in a plasma, while Baier and Milstein (1978) have 

analyzed the single particle electron motion in the laser cavity to 

rederive the gain formula. 

The interest in the free-electron laser has been extended beyond 

the explanation of the basic gain mechanism, saturation, and the evolu

tion of the electron distribution to the harmonic generation in the 

device by using different periodic magnet geometry (for example, uniform 

linear wiggler or tapered linear wiggler). Martini (1980) presented a 

paper dealing with the process of coherent doppler frequency up conver

sion of electromagnetic field by a periodic array of a relativistic 

charged particles. Colson (1981) used the nonlinear wave equation and 

self-consistent pendulum equation to generalize free-electron laser 

operation to higher harmonics. Independently, Al-Abawi, Moore and 

Scully (1981, 1982) in a series of papers, gave a detailed analytical 

and numerical calculation for the harmonic generation in the uniform 

wiggler using the multiple scaling technique (Moore and Scully 1980) to 

derive the slowly varying Maxwell and the generalized pendulum equations. 

In order to fix the physics of these types of devices in our 

mind's eye, let us contrast them with an earlier type of device in this 

field. In a famous paper, Smith and Purcell (1953) report on experi

ments in which they pass an electron beam over a ruled grating on a 

metal surface, such that the electrons produce image charges in the 

grating. When the electrons pass above the valleys in the ruling, they 

see an image charge which is farther "down" than when they pass above 

the peaks. The image charge therefore oscillates. The radiation 
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frequency is determined by the periodicity of the grating and the 

velocity of the electron beam. This is summarized in Fig. 1. In prac-

tice, due to the random injection times of the electrons, radiation 

from this device is incoherent and weak. As we see shortly, one would 

like to "bunch" the electrons in the beam in order to enhance the 

energy output. 

Consider next the physics of the free-electron laser. The basic 

layout of the FEL is shown schematically in Fig. 2. In this device, 

oscillations are produced by passing a relativistic electron beam 

through a periodic magnet field. The electron is distorted by the 
-+- -+-
vxB force, and the structure of the electron current is determined by 

the electron velocity (v) and the magnitude and wavelength (A ) of the q 

magnetic field. If one fires electrons one at a time down the axis, 

the electron is "jiggled", and radiation is emitted. If one looks from 

downstream along the axis, the emission is Doppler up-shifted and 

appears at a wavelength 

(1) 

where y is the usual relativistic factor 

(2) 

Since magnet can be constructed with A in the 1-10 cm range, and y is 
q 

readily available from 1 to 300, one sees the possibility of tuning 

ranges within a single device that go from the far infrared to the XUV. 



I 
OJ 

+ 
OJ 

. 
~ 
u 

• .-t 
> 
~ 
'0 --~ u 

'"' :::l 
c.. 

1 
.:: 
+..l 
• .-t 
S 

Cf.l 

~ 
.c: 
+01 

!.I-I 
0 

e 
Co:) 

'"' 

'7 
I 

OIl 
Co:) 

• .-t 
"0 

U 
• .-t 
+..l 
~ e 
~ 
.:: 
u 

Cf.l 

-. 
OIl 

• .-t 
t.I. 



TRANSVERSE MAGNETIC FIELD 

INCIDENT 
e--beam f

U

_

U

! t ! t 

Fig. 2. Schematic description of the free-electron laser. 

SCATTERED 
e--beam 

00 



However, a difficulty appears when one has many electrons. In 

this case the radiation from the various electrons interfere destruct

ively with each other resulting in no emission. We can see this non

radiative aspect of the device by looking at the electric current, j, 

which we write as 

(3) 

where z is the axis of the magnet. In this case the current is time 

independent, so that it cannot radiate anymore than can any DC current 

in an induction coil. There are, of course, small noise terms due to 

the discrete nature of the electrons (Schott noise) which provide the 

weak "spontaneous" emission in the device. 

9 

From this discussion, one sees immediately the difference 

between this case (FEL) and, either stimulated Raman scattering, or 

ordinary lasers. In these cases, one gets enhanced emission by making 

the amplitude of the microscopic transverse current larger C.i. e., the 

transverse current of one electron). In the FEL, if one makes the 

transverse current larger, one still gets no radiation. In fact, if 

the transverse current gets too large, the dipole emission, instead of 

going down the axis, is predominantly along a line tangent to the elec

tron path through the magnet, and hence is emitted onto the ';/alls of 

the device. Finally, we note when one does the analysis in detail that 

one finds that the spatial structure of the transverse current is fixed 

insofar as it contributes to the radiation, so we have come to a dead 
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end trying to get radiation by pursuing the normal notion governing 

ordinary and Raman l~sers. 

Instead, we must produce the radiation in the FEL by changing 

the axial (i.e. the longitudinal) behavior of the current. The elect-

rons should be clustered (bunched) periodically along their path, since 

that results in a maximum removal of destructive interference. Interms 

-+ 
of our previous discussion, we note, the time structure of J and j are 

closely correlated so that now we have a macroscopic (i.e. classical) 

radiating current 

j = j(z, t) + T (4) 

where j is the time average current. 

The cause of the bunching in the FEL is due to the ponderomotive 

forces which act in the axial dimension. These are 

F = - av iaz, pond pon (5) 

and 

V e2 
IAI2 = pond mc2y 

(6) 

-+ 
where A is the vector potential. The ponderomotive force, while common 

in plasma physics and some quite old E-and-M t'exts is known to most 

radiation physicists only as the "A2" part of the quantum mechanical 

interaction Hamiltonian, the two views are equivalent in this case. 

In the usual semi-classical laser theory (Lamb 1964), the 

atomic medium is described in terms of a density matrix p. This density 
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matrix describes not single atoms, but a whole ensembel of atoms. 

Similarly in our treatment of the FEL \'1e do not follow the notions of 

individual electrons, but instead we use collisionless classical dis

tribution function f(~)P,t), as a function of position, canonical 

momentum, and time. In this way one is able to build the entire theory 

of the FEL in close analogy to conventional laser theory (Hopf et al. 

1978). The electromagnetic field is governed by Maxwell's equations. 

In conventional laser theory these equations are converted to a wave 

equation for the electric fi'eld E. In treating the FEL, it turns out 

to be more convenient to deal with the Coulomb-gauge vector potential A. 
We assume that the electron density is sufficiently low that the scalar 

potential <p, which accounts for the Coulomb repulsion of the electron, 

can be neglected. The analogy between conventional laser theory and 

our treatment of the FEL is summarized in Table 1. 

While we are interested in free-electron devices in general, in 

Chap. 2 we concentrate strictly on the Stanford experiment and, even 

then, on a simplification of the Stanford experiment. In particular, 

we would like to look at the problem of stimulated emission of radiation 

from an electron in a wiggler field in which the electrons are exper

iencing helical magnetic perturbation. First, we outline the classical 

theory of the free-electron laser following the work done by Hopf et al. 

(1976a, 1976b, 1978, 1980). This theory uses the Boltzmann distribu

tion to describe the electrons and assumes that a single cavity mode 

of the electromagnetic field takes part in the lasing. The collision

less relativistic Boltzmann equation is coupled via the transverse 

current to the Maxwell equation which describe the evolution of the 



Table 1. Analogy between conventional laser theory and the classical theory of the free-electron 
laser. 

Conventional Laser 

i 
p = - n [II, p] 

1 -+ v2"E - -:7 E c 

= - i n [Hp - pH] 

-+ 
llO P 

Free-Electron Laser 

af at = - {H,f} - L(aH ~ 
i ap. ax. -

1 1 

V2A ~ i = - llO :i 
c T 

ali af J 
aXi aPi 

I-' 
N 
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laser field. Then, writing the electron distribution in terms of 

harmonic expansion, the Boltzmann equation reduced to a quasi-Bloch 

equations. The behavior of the momentum distribution function is dis

cussed theoretically in the small-signal regime of the free-·electron 

laser (A1-Abawi et ale 1977). The distribution function is derived 

analytically following a series of approximations that reduce this prob

lem to the Klein-Gordon equation. The distribution function change 

in nontrivial ways that may play an important role in the efficiency 

of the FEL. 

In Chap. 3. we are going to discuss the harmonic generation in 

the free-electron laser using a uniform linear wiggler. One of the 

most attractive features of free-electron lasers is that they can be 

made to lase over a wide spectral domain. which in principle could 

extend from the infrared to at least the ultraviolet. In these devices 

a highly relativistic electron beam (with energy mc2y) passes through a 

periodic statis field, and amplification is achieved in the direction 

of the electron beam at a wavelength As given by Eq. (1). Most theoret

ical work on the PEL has been done using a helical wiggler (circularly 

polarized magnetic field). This magnet gives a.nal'I'OW gain bandwidth 

near the lasing frequency. With an arbitrary nonperiodic magnet geom

etry the gain in general is not concentrated near anyone frequency 

and is consequently small. However, in the case of a non-helical 

periodic or quasiperiodic magnet, the gain can be appreciable at the 

fundamental frequency wsJ while higher harmonics nws of this frequency 

are generated in the forward direction by the nonlinear dynamics of the 
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FEL. Therefore, harmonic generation may provide a means to extend the 

tunable range of the FEL to shorter wavelengths in the UV . . 
The starting point of our analysis is the Maxwell-Boltzmann 

description of an FEL with an arbitrary magnet geometry. For complete-

ness, we include the formulation of Maxwell and Boltzmann equations 

for an arbitrary magnet geometry given by Moore and Scully (1980). We 

then specialize to the case of a quasiperiodic wiggler (Al-Abawi et al. 

1981), introducing separate "fast" and "slow" variables to describe 

amplitude. Similarly we introduce fast and slow variables to describe 

the temporal behavior of the light and electron distributions on the 

scale of picosecond pulse envelopes. We next use multiple-scaling per-

turbation theory to obtain the slowly-varying Maxwell and Boltzmann 

equations. Finally, these equations are transformed to the equivalent 

coupled Maxwell and single-particle equations,l which are more amenable 

to numerical analysis. These equations are governing nonlinear optical 

harmonic generation in the FEL, which apply either to continuous wave 

(CW) operation or to coherent transient phenomena, such as the pico-

second pulse regime of the Stanford experiment. Then, we investigate 

higher harmonic emission, in a single- pass, in the strong-signal CW 

regime of the PEL with a linearly polarized magnetic field. Such a 

magnet, which is being used in several PEL devices under construction, 

offers several advantages over the helical wiggler. In particular, it 

can be constructed of permanent magnets. The wiggler geometry can be 

1. Contributors to the single-particle theory of the PEL 
include Baier and Milstein (1978); Bambini and Renieri (1978); Colson 
(1978); Deacon et al. (1979); Phillips (1960); and Planner (1978). 
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varied relatively easily by varying the positions of the magnet: There 

is also consiJerable freedom in adjusting the harmonic content of the 

wiggler by using repeated sequences of magnets of different strengths 

and shapes. For the linear magnet only odd harmonics can be generated 

(Al-Abawi et al. 1981; Colson 1981). Higher harmonic emission becomes 

enhanced as the magnetic field is increased and as the energy spread in 

the electron beam is reduced CAl-Abawi et ale 1982). Finally in this 

chapter we present pulse propagation in the linear wiggler, showing 

that the system exhibits phenomena similar to laser lethargy (Al-Abawi 

et al. 1979). In the picosecond pulse calculation of the harmonic 

generation, we look at the possibility of getting the harmonic to lase. 

First the pulses show the ringing behavior. Later when the pulses con-

verge to a self-consistent shape, they have lost the ringing behavior. 

But for higher electron current or higher mirrors reflectivity, this 

behavior becomes a permanent characteristic of the pulses. In fact, 

this result disagrees with the work done by Kuper et ale (1980) in which 

they did not see the ringing behavior for the helical wigglel·. However, 

the ringing behavior is a characteristic mostly found in coherent pulse 

propagation. 

1. Linearly polarized wigglers are being used for the FEL and 
undulator experimental projects headed by C. Brauat Los Alamos National 
Laboratory, N.M.; J. Slater at Math Sciences NW, Bellevue, Wash.; G. 
Neil at TRW, Redondo Beach, CA.; H. Winick at SPEAR, Stanford, CA.; C. 
Pel1igrini at Brookhaven National Laboratory, Upton, N.Y.; V. Baier at 
Novosobirsk, USSR; L. Elias at University of California at Santa 
Barbara; and Y. Farge at Orsay, France. 



CHAPTER 2 

ELECTRON DYNAMICS IN THE FREE-ELECTRON LASER 

Introduction 

The basic layout of the Stanford FEL is shown in Fig. 3. At 

the heart of the beast is a magnet wound as a solenoids, but with a 

reverse winding in which there is an oppositely directed current. This 

creates two equal but opposite axial magnetic fields which cancel, 

leaving a weak transverse field which spirals down the device. A re1a-

tivistic electron beam is then directed down the axis of the device and 

is distorted by the ; x B force into a spiral current whose structure 

is determined by the electron velocity (v) and the magnitude and wave-

length of the magnetic field. The emitted light in the fon~ard direc-

tion is Doppler up-shifted, Eq. (1). In order to obtain enhanced 

emission from the FEL, it is necessary to "bunch" the electrons so that 

they radiate coherently. 

In the Stanford experiment the cross sectional area of the 

electron beam is much less than that of the laser beam. It is also 

much less than the distance characterizing transverse variation in the 

static helical magnetic field. We may, therefore, approximate the 

fields seen by the e1ectrol1s as plane waves. We therefore assume that 

the total vector potential A can be written in terms of a sum of plane 

waves representing the static magnetic field and the laser field 

~ ~ -r 
A = Astatic(z) + A1aser(z,t) . (i) 

16 



ELECTRON 
BEAM 

HELICAL MAGNET 
( 3.2 em PERIOD) 

~---- ...... 
I-MI~~~-> (f'J'J'j'J'JJ'JJ'J'J'vt/'J'..fJJJ 

I... 5.2m ---, 

Fig. 3. Schematic of the Stanford free-electron laser. 

-------~---... 
LASER MIRROR 
BEAM 

The figure shows counter wound magnet, path of the relativistic electrons, and cavity 
mirrors. ~ 

-I 



18 

The vector potential for the circularly polarized magnetic field takes 

the form 

it . statl.c 

-ik z -k.... q = 2 ze A.e 
- l. + C.c. , (8) 

where k is the magnet wave number (k 
q q = Zrr/Aq), and e± are circularly 

polarized unit vectors defined by 

(9) 

The laser field may be expanded as a sum over all the spatial modes of 

the cavity. If we assume that only one mode takes part in the lasing, 

then the laser field takes the form 

k~ -i(w t-k z) = Z-ze A (t)e· s s 
- s + c. c. , (10) 

where w = ck is the laser field frequency, and A (t) is a slowly s s s 

varying amplitude of the lasing mode. We note that at a distance ~ Aq 

off-axis, At t' necessarily has a more complicated form than is given s a l.C 

in Eq. (8), since Eq. (8) does; not satisfy the wave equation. The 

wavelength A is determined by the construction of the magnet and is 
q 

typically a few centimeters, while typical electron beam radii are a 

few millimeters. It is possible to replace the static field by a 

traveling wave propagating in the opposite direction to the electron 

beam. This is called the Williams-Weizs~cker approximation (Heitler 

1954). The traveling wave takes the form 
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1 ~ - i (k. z + w. t) = 2-~e A.e 1 1 + c.c .• 
- 1 

(11) 

where w. = ck., and A. = 2A. The factor of 2 in the expression of the 
1 1 1 q 

wavelength can be explained by a very simple argument. We recall that 

the static field has a sinusoidal dependence on the longitudinal 

coordinate, z. That is, Astatic ~ Sin(kqz). Thus we may write 

A . ~ sin [kq2Z + kq2z] 
statlc (12) 

Since we describe electrons which enter the magnet at't = 0, we may 

make the substitution z = v z t and since v z = c, the expression for the 

static field becomes 

A t t' ~ sin(k.z + w.t) s a lC 1 1 
(13) 

where we have made the identification ki = kq/2. So the total field 

in the cavity is written 

_~ .. [ -i(kiz + wit) -i(wst - k Z)] 
A = 2 eA. e + As (t) e s + c. c. (14 ) 

- l. 

Of course there is also a left-traveling wave at the lasing frequency, 

but the left-traveling wave does not interact resonantly with the 

electron beam. In this regard the FEL differs from the usual laser. 

To see what the condition for a resonant interaction should be, 

we assume that the electrons are nearly monoenergetic with velocity 

near some resonant velocity vs' and that they act like mirrors to 
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reflect the low-frequency wave [Eq. (11)] into the lasing mode. Phase-

+ . matching between the lasing mode and A at veloc1ty v gives ww s 

k.v + w. = - k v + W 
1 S 1 S S S 

Solve for v first, then for k , we get s s 

where 

v s 

k 
s 

1 
= 

1 

v s 
+ -c 

v s 
c 

k. 4y 2k. = 1 S 1 

(15) 

(16) 

(17) 

(18) 

The factor of Ys2 comes from the fact that the Doppler-shift formula 

must be applied twice in this situation. The formula is first applied 

to describe the scattering process in the electron rest frame. The 

second shift is encountered when transforming from the electron frame 

back into the laboratory frame. Noting that ys is readily varied up to 

Ys ~ 300 and taking Ai = 1-10 cm, we see that As is potentially tunable 

from the far infrared to the x-ray ultraviolet. 

Electrons Bunching 

Having introduced some of the basic assumptions and apprvxima-

tions of the theory, we now turn to ·the problem of providing a physical 
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description of the bunching process. (We recall that electrons bunching 

is one of the main factors contributing to gain in the FEL). As a 

starting point we consider the force on the electrons, F = e(E + ~xB). 

Using Hamiltonian mechanics, it can be shown (Hopf et ale 1976b) that 

the motions arising from the longitudinal and the transverse parts of 

the Lorentz force factorize. This leads to the results that the per·· 

pendicular velocity ~T is proportional to A (as we see in the next 

section), and the longitudinal force, which is the one that gives bunch-

ing and "stimulated" emission, is given by 

(19) 

Such a force, which is proportional to the gradiant of A2, is histor-

ically designated as a "ponderomotive" force. Using Eq. (14), the 

square of the total field, A2, is 

A2 = As2(t) + A.2 + (A.*A (t)e- i (6wt-Kz) + c.c.) , 
l. l. S 

(20) 

where 6w and K defined in Eq. (16). Since the terms A 2 and A.2 do not s l. 

contribute to the derivative, we see that it is the interaction between 

the static and the laser fields which gives rise to FL' It is easy to 

see that this force is the one responsible for eiectron bunching if we 

consider the potential function from which it is derived. The"bunching 

potential" is proportional to the cross terms in Eq. (20), and is there-

fore sinusoidal in nature. It propagates with the resonant velocity 

vs ' defined in Eq. (16). Figure 4 illustrates how the bunching process 

works. Electrons enter the magnet region with a velocity approximately 
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Fig. 4. The bunching process. 

Here the incident electrons are shown stationary with respect 
to the bunching potential. The phase of the bunching potential 
[i.e., the phase of the cross term in Eq. (20)] is given by 
e = CWs - wi)t - Cki + ks)z. 



equal to the resonant velocity, v , and are therefore stationary (pr s 

nearly so) with respect to the bunching potential. Depending on their 

initial phase, the electrons are either accelerated or decelerated. In 

either case they tend to "fall" into the potential wells, and become 

bunched (at optical frequencies. since w »w.) at the bottom. This s 1 

particular configuration in which the electrons enter with velocity Vs 

does not yield gain, however, because the same number of electrons are 

accelerated and decelerated. In order to get gain it is necessary to 

bias the electron velocity so that Vz > vs' We then find that th~~~ is 

some net deceleration of the electrons, and their excess energy is 

radiated into the lasing field. This effect corresponds to inverse 

Landau damping. When v < v , Landau damping is the dominant phenomz s 

enon, and the electrons absorb energy from the field. 

The Classical Theory of the Free-Electron Laser 

It was argued for some time that this device was an essentially 

quantum-mechanical device associated with Compton scattering, since it 

is argued that it is the electron recoil AP = h/Ac' where AC is the 

Compton wavelength, which is the source of a finite gain. But as shown 

by Hopf et al. (l976a), this problem is completely classical, and the 

gain is produced by a bunching of the electron density in the presence 

of a field. The treatment used to describe the FEL is in many ways 

similar to semiclassical laser theory (Sargent, Scully and. Lamb 1974). 

The atomic laser is characterized by a field equation for E, and a 

matter equation describing the time rate of change of the charge density. 

The equations are coupled by the relationship between the charge density 
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and the polarization vector. In similar fashion, the FEL is modeled by 

a wave equation for the vector potential, A, and by a matter equation 

involving the electron distribution function, f. In this case the 

transverse current desnity provide the coupling. 

The solutions to both problems are obtained self-consistently. 

For the atomic laser this means that one assumes an electric field in 

the cavity, and uses quantum mechanical arguments to calculate the 

microscopic dipole moments. The microscopic moments are then summed 

according to the laws of statistical mechanics to obtain a macroscopic 

polarization. The electric field is then deduced from the polarization 

via M~~ell's equations, and the condition is imposed that the deduced 

field must equal the assumed field. In the case of the FEL, the vector 

potential gives rise to a ponderomotive force on the electrons. The 

Boltzmann equation is used to determine the electron distribution func

tion and hence the radiating current. This current derives Maxwell's 

equation, which in turn determines the vector potential, A. 
We now proceed to discuss the derivation of the working 

equations of the theory. The approach to the problem is summarized in 

Fig. 5. The starting point is to consider the Hamiltonian, H, of a 

single relativistic electron subject to a magnetic field 

(21) 

Here P is the canonical momentum and (P - eA) is the kinetic momentum. 

The use of this Hamiltonian involves neglect of Coulomb forces between 

the electrons in the beam, i.e., of the electrical repulsion between the 

~.---.-.-
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Fig. S. OU"dine of the derivation of the working equations of the 
free-electron laser. ' 

25 



26 

electrons. This is a good approximation for the condition of Stanford 

experiment, although such corrections could be important in conceivable 

future experiments using denser beams. Using the Hamiltonian in Eq. 

(21), one then obtains the single-particle equations of motion 

(22) 

and 

P. = -
J. 

'"'H aA. 
o ev . .-.l. ax. = J ax. ' 

J. J. 

(23) 

where a dot expresses the total derivative with respect to time. Since 
~ 

A does not depend on the transverse coordinates (the plane wave assump-

tion), we see from Eq. (23) that the transverse canonical momentum 

obeys 

(24) 

Hence it is equivalent to the statement that the transverse canonical 

momentum is a constant. For a properly aligned FEL with negligible 

emittance we set this constant equal to zero, 

(25) 

This choice corresponds to having no average transverse kinetic 

momentum, i.e., no mean motion orthogonal to the axis of the FEL. So 

the transverse kinetic momentum is given by 
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-+ -+ 
PT = - eA (26) 

This result is used to obtain the bunching potential in Eq. (19). Note 

also that the z-components of the canonical and kinetic momentum are 

equal, Pz = Pz' since A is transverse (Az = 0). So we have 

Equation (22) gives the equation for the conjugate variable z 

z = my (28) 

The next step is to introduce the collisionless relativistic 

Boltzmann equation l for the electron distribution function, f. This 

equation has the form 

df af + 
dt = at 

. 
-+ x • 

. 
V f + P x o . (29) 

Here f = f(~.P,t) is a function of position i. canonical momentum P~ 

and the time t. The total number of electrons N(t) is given by 

(30) 

Equation (25) allows us to reduce the three-dimensional problem 

to a much simpler one-dimensional problem. To show that, we factorize 

1. With the neglect of collisions in an electron gas, C1emmow 
and Willson (1956) derived a form of Boltzmann's transport equation 
with the help of relativistic equations of motion. Also they proved 
its invariance under a Lorentz transformation. 
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the electron distribution function as 

-+ ± -+-+ 
f(x,p,t) = u(r)o(PT)h(z,pz,t) , (31) 

-+ we have used the fact that Pz = Pz' u(r) is the transverse spatial 

distribution of the electron beam, and h(z,p ,t) is the one-dimensional z 

electron distribution function. Substituting the equations of motion 

(22), (23) and Eq. (31) into Eq. (29), we find that, as a consequence 

of the plane-wave approximation, the Boltzmann equation is separable 

into transverse and longitudinal parts. The longitudinal Boltzmann 

equation takes the form 

(32) 

From Eqs. (30) and Eq. (31), the one-dimensional distribution function 

has the normalization 

L 

JdZ fdPz h(z,pz,t) = N(t)/(electron beam area) , 

o 

where L is ~he length of the interaction region. 

(33) 

The Boltzmann equation is coupled via the transverse current 

iT to the Maxwell equation 

M27 _ 1- 2,2A = _ ].I -r 
v A. oJT ' (34) 

where the transverse current density defined as 
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(35) 

Since PT = 0, then ~T is given by 

~it 
my (36) 

Insert Eqs. (36) and (31) into Eq. (35), we get 

~ + e2 + + f h(~,pz,t) 
J'T(x,t) = - -- A u(r) dp m z y 

(37) 

Now inserting JT in the Maxwell equation (34), using the fact that the 

total field it is a function of z and t [Eq. (14)], and integrating both 

sides over the transverse dimensions (r) of the cavity, we obtain 

(38) 

where F = filling factor = Electron ~earn Area/Cavity Mode Area. 

Equations (32) and (38) are the basic classical equations of motion for 

the FEL. They can be further simplified by the usual procedures 0; 
laser theory. In particular, we take A. to be constant and A (t) to be 

~ s 

slowly varying caA /at « w A). We also project Maxwell equation onto s s s 

the cavity mode to obtain the equation of motion for As. In this case 

the LHS of Eq. (38) becomes 

w 
LHS :: 2i ~ e 

c2 

aA -i(w t - k z) 
s s s + 
~ e c.c. (39) 



30 

The wave number ks is determined by the boundary conditions of 

the cavity to be ks = 2Tin/Lo, where Lo is the round trip optical path. 

In principle we should have a sum over all the modes, but we assume the 
~ 

laser operates in a single-mode. Using the fact that e±'e± = 0 and 
~ ~ 

e±.e+= 1, and using Eq. (39), we reduce Eq. (38) to 

aA L 
s e2Fa A I f d -i(Kz-6wt) f~d h ar- = 2iw

s
m€0 i r ze Pz y (40) 

o 

where a = L/Lo. Notice that we neglect the term involving As on the 

RHS, because it cannot give either gain or absorption; instead it 

describes the change in the velocity of the scattered wave (i.e., 

frequency pushing and pulling of the laser mode). Such subtleties are 

beyond the scope of this work. Equations (32) and (40) are the basic 

equations describing the theory of the FEL. 

Electron Dynamics 

In order to achieve appreciable efficiency in the FEL, it has 

been suggested that one should recycle the electron beam from one shot 

to the next. In a description of the problem taking into account the 

electron recoil only, this would appaar to be straightforward, since 

one could simply replace the energy lost through recoil in each cycle 

of the accelerator. With the description of the problem in terms of the 

coupled Maxwell-Boltzmann equations, however, we have been able to com-

pute the development of the electron distribution in detail, and we 

find that the picture is basically quite different. We show in this 
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section that the effects that lead to small-signal gain in an PEL are 

small compared to other effects which occur together with them. These 

other effects have the consequence of spreading out the electron dis-

tribution in momentum space, and, for large fields, cause the momentum 

distribution to split into two parts. This presents no difficulty on a 

single-shot basis. It may, however, present difficulties ina recycling 

configuration since it increases the emittance of the electron bearn. 

By applying the harmonic expansion to the electron distribution, 

one can rewrite the Boltzmann equation in terms of a set of generalized 

Bloch equations. By dropping the small term which gives rise to gain 

from the generalized Bloch equations, we obtain a Klein-Gordon equation 

which can be solved exactly, and gives the modification of the electron 

distribution. The spread and eventual break-up of this distribution 

into two parts appears explicitly and is shown to be the dominant 

process in the small-signal regime. This is compared to a numerical 

solution of the generalized Bloch equations to confirm that the Klein-

Gordon equation indeed describes the large effects that occur in the 

distribution function. 

Harmonic Expansion and the Quasi-Bloch Equations 

In order to describe saturation effects (Hopf et al. 1976b), 

the traditional approach in laser theory is to expand the equation 

describing the medium in powers of the field (here A.A *). As it has 
~ s 

been shown by Hopf et al. (1976a), this successfully leads to gain 

prediction in the small-signal regime. This approach fails in the 

strong-signal regime, because the perturbative expansion diverges. 
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The reason for this breakdown of perturbation theory is clear if we 

realize that each electron emits thousands of photons in one pass 

through the FEL device. 

Since perturbation theory cannot be used for the FEL, we use a 

technique which draws upon the procedures of high-energy laser theory 

instead. Specifically, we describe the unknown parameters in terms of 

slowly varying entities, such as appear, for example, in the optical 

Bloch equations for the density matrix of a two-level atom. For this 

we express hCz,p ,t) as the harmonic expansion z 

= nCz~p ,t) + z L 
m=l 

C
. im(~wt-Kz) 
~~e + c.c., (41) 

where K = k. + k and ~w = w - w .• The coefficients vary slowly com-
~ s s ~ 

pared to K. This expansion has several advantages over the perturbative 

one. First, each term in Eq. (41) contains the saturation to all orders 

in the field, and we do not encounter the divergence problems associated 

with the power expansion. Second, a computer calculation has shown that 

the higher harmonics have little effect on the predictions of the theory 

if the laser is not too strongly saturated. We therefore keep only the 

term with m = 1. Substitute Eq. (41) with ~>l = 0 into Eq. (40), we 

see that only gl* yields laser gain. gl yields an antiresonant term, 

which we neglect. We find 

(42) 

o 



The function gl plays a role somewhat (but not entirely) analogous to 

the role that the slowly varying part of the off-diagonal element Pab 

plays in the Bloch equations. The function n is analogous to the 

atomic populations. These analogies are summarized in Table 2. 

Table 2. Analogy between the electron distribution function and the 
elements of the density matrix for conventional lasers. 

Atomic Medium Electron-Beam Medium 

( t) i(~wt-Kz) 
gl z'Pz' e 
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Substitution of Eq. (41) into Eq. (32) yields a pair of coupled 

equations for the slowly varying quantities, nand gl, of the form 

where 

an 1 an -+--= az v at z 

K , 

Ke
2 

(A A.* ~ + ) a c.c., 
Pz s ~ Pz 

= _ Ke2 A A.* an 
Pz s ~ apz 

(43) 

(44) 

(45) 

is a measure of the detuning between the cavity. and the electron beam. 

Equations (43) and (44) can be conveniently rewritten in a 

form resemble to the usual optical Bloch equations. Since, in this 
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section, we are interested in the electron dynamics in the FEL only, 

we assume for simplicity that: the device operates in the small-gain 

limit, small-cavity limit (where the cavity bandwidth is very broad 

compared to the initial electron momentum distribution, which can be 

approximated by a a-function), and at steady-state limit where an/at 

= agl/at = O. First we define 

(46) 

and 

e2A A.* s 1 -icP ---- = S'2e , (47) 
(mc) 2 

where S'2 is a real function. From Eq. (46) we find 

1 a 2 a 
p z ap z = (mc) 2 -;; , 

(48) 

We write the quasi-Bloch equations in terms of a real 

dimensionless function Ri related to nand gl by 

(49) 

(SO) 

where ne is the electron density inside the cavity when no field is 

present, cr is defined by 

(51) 
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and 1\ is defined as the velocity at which there is neither gain nor 

loss (center of the gain line) 

(52) 

Using Eqs. (45-50) into Eqs. (43) and (44), we get the quasi-Bloch 

equations 

aRl aR3 
j..IR2 = - 2KQ at- ' az (53) 

aRz 
--+ az j..IR l = 0 , (54) 

aR3 aRl 
--= - 4KQ- . az al/J (55) 

Using the fact that p = m v and Eqs. (46) and (52) we can expand the z z 

detuning parameter, Eq. (45), about l/J = e Zy 2 the point of zero gain, s s s 

to get 

j..I = - K 

2y 413 2 
s s 

(l/J - 13 2y 2) • s s (56) 

Now we can define a dimensionless independent variable (~,P) instead 

of (z,l/J). The dimensionless energy P is measured relative to the zero 

gain condition such that 

P = o(l/J - 13 2y 2) s s 

and the dimensionless length ~ as 

(57) 

o 



36 

E;, = zit (58) 

where the scale length ~ is 

(59) 

in terms of which the saturation condition (Hopf et al. 1976b) is given 

as t ~ L. From Eqs. (56), (57), and (59) we get 

(60) 

In terms of the dimensionless independent variables (E;"P), the quasi-

Bloch equations (53-55) have the form 

.£!l. -+- PRz aE;, = -

& - PR1 = ° aE;, 

~ = _ .£!l. 
aE;, ap 

with the boundary conditions 

R1(0,P) = Rz(O,P) = 0. 

R3 (0,0) prescribed by the initial electron 
momentum distribution. 

R. (E;,,±cn) = 0; i = 1, 2, 3. 
~ 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

We see that the scaling coefficients serve to eliminate all 

explicit field dependence from Eqs. (43) and (44). The set of Eqs. 

(61-63) presents a striking resemblance to the usual optical Bloch 
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equations, where R3 would be the population inversion and Rl the 

polarization. However, it differs from them in two respects. First, 

the signs on the RHS of Eqs. (61) and (63) are opposite in the usual 

Bloch equations, and second, the RHS's of the equations contain deriva-

tives of R3 and R1, respectively. The difference lies in the fact that 

in a free-electron laser, the gain is not proportional to the electron 

distribution function itself. rather to its slope in momentum space. 

This slope plays the role of an inversion. 

Electron Recoil 

To complete this formal development, we still have to express 

Maxwell's equation (42) in terms of the new variables Ri . We are going 

to compute the time derivative of IAsI2. 

* aA aA * = A ___ s + A s 
s at s at (67) 

Using Eqs. (42). (48). and (49) in (67) we get 

(68) 

To write Eqs. (68) in terms of the dimensionless independent variables 

e; and p. by Eqs. (46), (57), and (58), we have 

dz = g,de; (69) 

d - mc dP 
Pz - 20'e y 

5 S 

(70) 

y (1 + P/20'y 2)~ ys . 
5 5 

(71) 
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The approximation of y '" y s is justified in the small-cavity limit where 

the range of P is very small. By taking y '" y , we eliminate a small s 

gain contribution on the order A./L. Using Eqs. (69-71) into Eq. (68), 
1 

and restoring the coefficient in the physical units, we get 

Lit 

(i] 3 f dr; fOl dP Rl (r;, P). (72) 

o _00 

The double integral on the RHS of Eq. (72) can be reexpressed in a way 

that shows explicitly that the gain is due to the recoil of the elec-

trons. Integrating by parts and using the fact that Rl (r;,-Ol) = Rl (r;, 

+00) = 0, ;/e find that 

Lit 

aP - f dr; foodPRl(r;,p) (73) 

o _00 o _00 

Using Eq. (63) and doing the integral over r;, we get 

(74) 

Since Rl and R2 contribute in a rapidly-varying time-dependent fashion 

to the electron di~tribution function [Eq. (41)], the RHS of Eq. (74) 

can be understood as the time average of the difference between the 

average final energy and the average initial energy of the electrons. 

The recoil aP and the gain are computed, in Appendix A, for the small-

signal regime and the small-cavity limit of the FEL. Defining the 

• 
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small-signal regime as the limit in which R3(~.P) is practically not 

changed by the interaction. and let 

(75) 

The third term of this equality comes from the definition of the small-

cavity limit. The set of equations (61-63) can then easily be solved 

and give the electron recoil (see Appendix A) 

oP = - !.i (
L) 3 L (Sinx) 2 
Q.J ax x J • 

(76) 

where x = PoL/2Q. = - ~j.lL. From Eq. (72) the small-signal gain is given 

by (see Appendix A) 

(77) 

From Fig. 6. the point of maximum gain is x 

recoil is 

(78) 

Electron Spread 

Next we see that. although it is responsible for the gain, 

electron recoil is a small effect when compared to other effects which 

occur simultaneously with it, namely 

of the electron distribution into two parts. 

The presence of a large momentum spread in the electron 

distribution is found by virtually any analysis of the equations other 
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Fig. 6. The small-signal gain of the free-electron laser. 
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than the one used for gain. The crudest and simplest method is to 

ignore the terms -~R2 and ~Rl in Eqs. (53), (54), and (55) and combine 

them to give 

a2R3 _ 8K2Q a2R3 = 0 
az 2 aljJ2 

(79) 

This is just like the free space Maxwell's equation, and is solved by 

(80) 

which corresponds to an evolution as shown in Fig. 7. The spread 

occurring during the transit of the cavity is given by 

(81) 

From the definition of Q [Eq. (48)], we see that the amount by which 

the distribution spreads out depends upon the magnitude of the field. 

Next, we develop an approximate analytic solution for the func-

tions R. (i = 1, 2, 3) in Eqs. (61-63) in the so called small-cavity 
1 

limit l of this problem. This limit, is the optimum configuration for 

the FEL and the one used experimentally. For our purposes this limit 

can be described as follows: we take Po to be the center of the 

initial distribution function [i.e •• the center of R3(~ = 0, P)]. In 

the small-cavity limit, the range over which one can vary Po and still 

obtain finite gain or loss at a fixed wavelength As is much wider than 

1. The nomenclature was first introduced by Sukhatme and Wolf, 
1973. 



z=o 

CPo 

(a) 

z=L 

CP,.' o 
(b) 

Fig. 7. The momentum spread in the electron distribution. 
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The electron distribution is found by ignoring the terms which 
give the gain in the bloch equations. The ~read occuring 
during the transit of the cavity is 6~ = 212 Kn. ' 
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the initial width of the distribution function. This is corresponding 

to the "homogeneously broadened" limit of the FEL and enables us to 

take the initial distribution to be a-function 

(82) 

The amount by which the distribution spreads out depends upon the 

magnitude of the field. In the small-signal regime, the spread due to 

the field is small compared to Po, so that the domain of interest in 

P remains extremely small. We notice from Eq. (72) that the only part 

of Rl(~'P) which contributes to the gain is its symmetrical part in P. 

Let us then decompose P as 

P = Po + Q (83) 

where Po is the center of the initial electron distribution. In the 

small-cavity limit and small-signal regime, Q is always much smaller 
_6 _7 

than Po (typically Q == 10 -10 Po). So the major part of the dynamics 

contained in the generalized Block equations comes therefore from Po. 

However, if we set Q = 0 on the LHS of Eq. (61), we observe that Rl (;,P) 

does not develop any symmetrical part, since R3(0,P) is a symmetric 

function of P. Thus the major part of the evolution of RiC;,P), (i 

= I, 2, 3), is not related to the buildup of gain, but rather to the 

change in index of refraction inside the cavity. 

In the remainder of this section, we deal with this main part 

of the evolution of the electron distribution function, and analyze in 

which way it may alter the efficiency of a free-electron laser. 
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Letting Q = 0 on the LHS of Eqs. (61-63), and introducing the 

new variables 

q - PoQ 

y = PO~ , 

we reduce the generalized Bloch equations to 

= _ ~3. 
aq 

~- _.& 
ay - aq 

subject to the boundary conditions 

R1(O,q) = R2(O,q) = 0 , 

(84) 

(85) 

(86) 

(87) 

(88) 

(89) 

Differentiating Eq. (86) with respect to y and Eq. (88) with respect 

to q, we find that Rl(y,q) obesy the Klein-Gordon equation 

a2R, _ a2R, + Rl = 0 , 
ay2 aq2 

(80) 

whose solution is well known (Garabedian 1964; Gradshteyn and Ryzhik 

1965, pp. 472). With the boundary conditions in Eq. (89), the problem 

• 
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can be solved easily in terms of Bessel functions. The solution of 

Eq. (90), is found to be 

(91) 

where JO is the zeroth order Bessel function and H defined as 

H(Y.q) = { 1 

. 0 

Iql < y 
(92) 

Iql > y 

Calculating the partial derivative in Eq. (91), and using Eqs. (87) and 

(88) to calculate R2 and R3. we end up with the solution to the quasi-

Bloch equations (86-88). given by 

where 

R1(y.q) = - !z HCy.q) 2..... J Ocly2_q2) - ~[o(y+q) - o(y-q)], (93) 3q 

R2(y.q) =!z H(y.q) rdX ~q J O(/x2_q2) +!z H(y.q) • (94) 

Iql 

R3(y.q) = ~ H(y,q) IY 
dx Jo(/x2-q2) 

Iql 

+ ~ H(y,q) ~ JO (Iy'Z_q2) + ~Io(y+q) + o(y-q)]. (95) 3y 

= { 

H(y,q) 
H(y,q) 

-H(y.q) 

q > 0 
(96) 

q < 0 
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-TIle functions H(y,q) and H(y,q) are illustrated on Fig. 8. We note that 

Rdy,q) and R2(y,q) are antisynunetric, and R3(y,q) is symmetric, which 

confirms that the solution (93), (94), and (95) does not contribute to 

the gain. 

R.(y,q), i = 1, 2, 3, are composed to two parts: a background 
1 

term, which contains the Bessel function and its integrals and deriva-

tives, and a dominant term, composed of delta-functions or step-functions. 

The background term is always very small, and, for any practical purpose, 

can be ignored. Since Rl and R2 contribute in a time dependent fashion 

to the distribution function (g~ving a time average contribution of 

zero), the most interesting term turns out to be R3(y,q). Let us con-

sider R3(y,q). At Y = 0, i.e. when the electrons enter the laser, it 

reduces to R3(0,q) = a(q), as prescribed by the boundary condition. 

For y ~ 0, however, R3(y,q) breaks down into two parts, shifted from the 

initial distribution by ±q, which corresponds to an energy shift in the 

electron distribution. Since the center of gravity of the electron 

distribution is not shifted itself (R 3(y,q) is symmetric around q = 0), 

this breakdown can be understood as a change in the phase-velocity of 

EM field due to change in index of refraction). The forces of gain, on 

the other hand, introduces an asymmetry in the two delta functions [of 

course not shown by Eq. (95)], and can be understood as a change in the 

group-velocity of the electron distribution. 

In Fig. 9, we have plotted R3(y,q) for different values of y. 

These curves were obtained numerically, using the exact set of general-

ized Bloch equations (61-63). The initial a-function electron momentum 
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q q 
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Illustration of the domains and values of the step-functions 
HCy,q) and H(y,q). 
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Fig. 9. The evolution of the momentum distribution function R3(y,q) 
as it passes through the wiggler. 

R3(y,q) resemble the population inversion in the conventional 
lasers. These curves were obtained numerically, using the 
exact set of generalized Bloch equations. 
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distribution was simulated by a Gaussian of width much smaller than the 

cavity bandwidth (ratio 1/1000). The computation was carried out in 

the small-signal regime up to z = rr/lOO~ (or y = rr/lOO). At this point, 

the asymmetry in R3 introduced by the amplification, as well as the 

background term from Eq. (95) are so small that they cannot be drawn on 

the figure. The maximum of the background term is about 10- 4 the maxi

mum of the Gaussian, and the asymmetry in R3 on the order of 10- 7 times 

the maximum value of R3. The antisymmetric part of R3(y,q), which 

gives rise to gain, is plotted on a blown-up scale on Fig. la, and the 

background term B3(y,q) 

B3(y,q) = ~ H(y,q) fYdX Jo(/xZ-qZ) 

Iql 

(97) 

is plotted on Fig. 11. These numerical results are in complete agree-

ment with the analytical solution (95). A similar agreement is obtained 

Next, we are going to calculate the energy spread due to the 

break-up of the electron distribution and compare it with recoil energy 

(73). Define the energy spread 6P as the root of the second moment of 

the electron distribution function 

(98) 

where, as in the case of the recoil, we neglect the contribution from 

the rapidly varying terms Rl and R2. The a-functions, from Eq. (95), 
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along gives ~P = t;. In Appendix B, we compute the spread exactly and 

we find that 

~P = (2/Po) sin~Pot; (99) 

This spread reduces to the a-function contribution for small t;. The 

contribution from the background can be readily determined from the 

difference between the exact answer and the a-function contribution. 

The point of maximum gain is PoL/2i = 1.3, in which case the exact 

spread at the output is given by 

~P = (0.74) (L/i). (100) 

The splitting of R3(~,P) is independent of the initial distribution, 

which is in complete agreement with the numerical result (in the numer

ical calculations the initial distribution has a finite width P). In 

the case of finite widths, if ~p < P, the output width is P + ~P, and 

if P < ~P, two peaks result, each with a width P. 

Let us look at the ratio of recoil to spread, from Eqs. (78) 

and (100) we get 

(101) 

One sees that for L « i (small-signal regime) it is the spread which 

is dominant. Hence, except for very small distance inside the cavity, 

the breakdwon of the distribution into two parts is a much larger 

effect than the change in the electron distribution due to light 

amplification. 
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The relevance of these results is obvious if one remembers that 

the FEL will always operate in the small-signal regime, because it is 

unlikely to saturate. This means that unless FEL's are operated with 

a carefully controlled gain, in a pulsed mode, and recycling the 

electron beam from one shot to the next, they will have a very poor 

efficiency. Furthermore, it is des irab I e to avoid too broad an electron 

distribution, since the FEL would operate in the large-cavity limit, 

with corresponding decrease in gain. If one wants to operate a FEL in 

an efficient way, it will therefore be necessary to optimize the per-

shot gain, such that the' electron momentum distribution breakup is so 

small that the electron beam can be reshaped without too great a 

decrease in the electron density n • e 



CHAPTER 3 

HARMONIC GENERATION IN THE FREE-ELECTRON LASER 

Introduction 

In the previous chapters. we developed a self-consistent 

classical theory of the FEL in terms of coupled Maxwell and Boltzmann 

equations. In order to eliminate rapid oscillations from the equations. 

the Boltzmann distribution was expanded in terms of harmonics of the 

frequency of the bunching potential. and harmonics other than the first 

two were neglected. This led to a set of "quasi-Bloch" equations [Eqs. 

(61) - (63)] describing the electron distribution. which provided a 

good qualitative description of FEL physics. In particular. it pro

vided the first calculation of nonlinear saturation of the device (Hopf 

et al. 1976b) clearly showed the importance of bunching. as well as 

first demonstrating velocity spread in the electron distribution (Al

Abawi et ale 1977). Furthermore, by means of these equations. we were 

able to show that effects of laser lethargy are important in the FEL 

and to provide a good explanation for the power-tuning curves (Al-Abawi 

et al. 1979). 

Independently Colson (1977). Louisell et al. (1979) developed 

a theory of the FEL in which pendulum equations are used to describe 

the motion of the electrons. While their theory provides a more accu

rate description of the FEL in the strongly-saturated regime. it is not 

a self-consistent theory and does not apply to the pulsed regime of the 

54 
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present Stanford experiment (Deacon et al. 19i-;"). Instead, the amplitude 

of the laser field is taken to be constant, and gain formula is inferred 

by using conservation of energy. Thus, their theory applies only to 

single-mode operation with small gain per pass. 

Later Moore and Scully (1980) combine the best features of both 

of the above approximations, i.e., their theory is self-consistent and 

applies to high laser powers (Hopf et ale 1980). In order to accomplish 

this they use a multiple-scaling perturbation expansion to carry out 

the slowly-varying amplitude and phase approximation without recourse 

to the "harmonic expansion". This is a well-known technique in the 

theory of nonlinear oscillations (Davidson 1972), though it has not 

been much applied to laser theory. In the case of small gain continu-

ous wave operation with a helical magnet of constant amplitude, the 

equations for the electrons reduce to the pendulum equations used by 

Louisel1 et ale (1979). 

Theory of the Quasiperiodic Wiggler 

We assume that the electron density is sufficientlY low that 

the scalar potential ~, which accounts for the Coulomb repulsion of 

the electrons, can be neg1ected1 (this assumption is appropriate to the 

Stanford experiment). In practice the cross-sectional dimension of the 

electron beam is much less than that of the laser beam. Then, assuming 

1. Collective effects in the FEL have been discussed by: 
Gover and .Yariv (1978); Kroll and McMullen (1978); Mayer (1977); 
Sprang1e and Drobot (1979); and Louise11, Larn and Copeland (1978). 
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that the filling factor (the electron beam area divided by the laser 

mode area) 

F = aol Ao , (102) 

is small, the motion of the electrons is governed by the one-dimensional 

Hamiltonian 

(103) 

The transverse canonical momentum is zero for a properly aligned FEL, 

so that the transverse kinetic momentum is -eA, where 

A A (z) + A (z t) = static laser· , (104) 

is the sum of the vector potential of the magnet and the laser field 

evaluated on axis. These fields are assumed to be transverse fields 

independent of the transverse coordinates 

Astatic(Z) 

Alaser (z, t) 

.... 

+ c.c. 

1.... .... 

= 2-~e A (z,t) 
- s 

+ c.c. 

(105) 

(106) 

For the present Aq(z) is taken to be arbitrary. We assume that the 
.... 

electrons propagate in the positive z direction. As(z,t) is also 

assumed to propagate in the positive z direction. Of course there is 

light propagating in the negative z direction at the lasing frequency, 

but this light does not interact resonantly with the electron beam, 

so we can ignore it. Equation (32) is the collisionless relativistic 



Boltzmann equation corresponding to the Hamiltonian in Eq. (103) 

:3h + v ah 
at z az 
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(107) 

which describes the motion of the longitudinal electron distribution 

h(z,p ,t). From Eqs. (104) - (106), we obtain z 

(108) 

The static field is ordinarily the dominate part of A2, so we assume 

that IAsl « IAql, in other words IAsl2 is small and can be neglected. 

However, the cross term involving the product of the static wiggler 

field and the laser field leads to bunching of the electrons at optical 

frequencies,-and is therefore crucial to the operation of the FEL. 
A 

Since the Hamiltonian, Eq. (103), is time independent when As = 0, it 

follows that in this case y is constant, although Pz and V z in general 

are not. This fact suggest that we use y as an independent variable in 

the Boltzmann equation rather than p. To do this transformation, from z 

Eq. (103) we have 

(109) 

So the partial derivatives in the z, t, y coordinates are given by 

(110) 

(111) 
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(112) 

Using Eqs. (110) - (112) in Eq. (107) yields the Boltzmann equation in 

the ~, t, Y coordinates 

(113) 

Note that aA2/at, rather than aA2/az, appears in Eq. (113). However, 

the dominate term IAql2 in Eq. (108) does not contribute to aA2/at, 

" since A is independent of time. Using Eq. (108) in Eq. (113) and 
q . 

neglecting the term of order IAsI2, we get 

" " * (E A s q 
ah 

+ c. c.) ay = 0 

where the electric field amplitude is given by 

" 

(114) 

aA s 
Es = - at (115) 

Substituting the longitudinal kinetic momentum Pz = mvzy in Eq. (103). 

we get the axial velocity v of the electrons z 

(116) 

To proceed further, we assume that the electrons have a narrow distribu

tion of energies centered at mc 2yo. We define a detuning parameter ~ 

such that 



where k is a constant to be defined later. The second term in s 
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parentheses in Eq. (117) is assumed to be much less than one. We assume 

that Yo » 1, so that v may be replaced by c in the third term of Eq. z 

(114). This approximation is not adequate in the second term of Eq. 

(114), since we wish to describe a process which is resonant in the 

electron velocity. However if we define the mass shift 

l1(z) = 1 + (118) 

which is a measure of , the relativistic nature of the transverse motion 

of the electrons, then we can get a good approximation to l/vz• by 

using Eqs. (116) - (118) we obtain 

1 -= v 
z 

1 
= -c [1 + ~l 

2y2 

1 =-+ 
C 

We next define new independent variables according to 

(119) 

" 'I,' 
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(120) 

(121) 

where L is the retarded time and ~ is a generalized position coordinate. 

The coordinate ~ is a useful means for taking into account variable 

mass shift. Although in the absence of laser radiation the wiggler can-

not change 'electron energy (if one neglects incoherent emission), more 

or less of the electron energy gets transfered to transverse motion as 

Ll becomes larger or smaller. The z-component of the electron ve10~ity 

gets correspondingly smaller or larger. However, in terms of the (~,L) 

coordinates the electron motion appears uniform, aside from effects 

induced by the lasing process itself (the spread in the velocity distri-

bution of the electrons). To transform the Boltzmann equation into the 

(~,L,~) coordinates, we note that 

(122) 

(123) 

(124) 

So using Eqs. (122) - (124) and inserting Eq. (119) in Eq. (114) we 

obtain 



where 

ah 1 
~ + c 

K = 

61 

~ * 

[_l_~:] ~~ _ K(Es Ai + c.c.) ~~ = 0, 
2Yo 2 s 

(125) 

(126) 

Equation (125) is the basic equation describing the electron distribu-

tion. 

Let us next turn our attention to the wave equation. In Chapter 

2, [Eq. (38)], we showed that, if we neglect diffraction, Al obeys aser 

the wave equation 

[
a 2 1 a 2 ] A = e Z F A Jco dp h (z ,p z ' t) 
az 2 - c2 at 2 laser -m";'c-z;;"'€-O -co Z Y 

(127) 

provided that h is normalized such that JdZ JdPzh is equal to the number 

of electrons in the magnet divided by the electron beam area. Later ''Ie 

describe an approximate way of putting diffractive spreading of the beam 

back into the Maxwell equation. Although the total field A appears on 

the right hand side of Eq. (127), the contribution from Alaser is in 

practice negligible. Therefore, introducing Eqs. (105) and (106) and 

transforming to the variables ~, T, and ~ we obtain 

(128) 

However, since A is an optical field propagating to the right, varias 

tions in As as a function of CT occur over an optical wavelength. By 



contrast, variations in A as a function of !; are much slower (on the s 
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order of the magnet length L). Therefore we drop the first term on the 

left-hand side of Eq. (128) and Eq. (115) to obtain 

(129) 

where 

(130) 

Equation (129) is the basic equation for the laser field which together 

with Eq. (125) provides a self-consistent description of FEL physics. 
A 

Note that the wiggler field appears only through the ratio A /6. At q 

this state A is completely arbitrary. q 
A 

Since the field E s oscillates at optical frequencies, Eqs. (125) 

and (129) are not readily solvable as they stand. Moreover, one must 

introduce ~ periodic structure to the wiggler in order to determine the 

frequency of operation of the laser and concentrate the gain at this 

frequency. To do this we define a quasiperiodic wiggler according to 

(131) 

(132) 

The complex function Aq(!;,S) is assumed to be slowly varying in !; and 

to be periodic in S with period 2rr and zero mean. Thus, S is an angle 

describing the phase of the wiggler. Equations (131) and (132) also 

define ks ' A FEL with such a wiggler produces radiation at frequency 

Ws = cks ' and in general at multiples of ws' 
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Multiple-Scaling Perturbation Theory 

In order to deal with the rapid oscillations in Eqs. (125) and 

(129), we wish to develop a perturbation expansion. \'Ie do this by 

means of multiple-scaling perturbation theory, which is a well-known 

technique in the theory of nonlinear oscillations (Davidson 1972). 

There are three main stages in the use of multiple-scaling perturbation 

theory. First, variables describing the rapid and slow processes in the 

system are identified and treated as independent variables. A small 

parameter € is introduced to describe the relative rates of the slow 

and fast processes. Second, the dependent variables are expanded in a 

power series in € and solved order by order. Third. the arbitrariness 

which results from regarding the fast and slow variables as independent 

must be removed at each step in the perturbation by requiring that the 

solutions have no secular (unbounded) growth in the fast variable. 

At this point it is useful to scale the independent variables 

such that we measure ~ in units of the effective magnet length L' 

L' = IL
8(Z) dz (133) 

o 

~ in units of IlL', and T in units of L'/2cY02. The time unit L'/2cY0 2 

is typically on the order of picosecond and is therefore an appropriate 

one for describing short-pulse propagation. The Maxwell and Boltzmann 

equations in the scaled independent variables now read 

(134 ) 
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A * ah ah ah -+ (1- e~) -= KL'2CE A + c.c.) 
a~ a, s q a~ 

, (135) 

where 

e: = 2Y02/k L' = l/21TN s , (136) 

serves as the small expansion parameter for the theory and N is the 

number of periods in the wiggler. For the Stanford experiment, we 

have e: :: 10- 3 • ~ and, serve as "slow" variables. As a "fast" vari-

able, we choose the optical phase 

~ = ws ' (without scaling) 

= ,Ie (in scaled units), (137) 

and the phase of the bunching potential 

e = e - ~ = (~ - ,)/e (138) 

We now regard Es(~",e.~). Aq(~,~+e), and h(~.,,~,e.~) as depending 

independently on the fast (e,~) and slow (~,,) variables. Using Eqs. 

(137) and (138) and the chain rule, to transform the partial deriva-

tives in Eqs. (134) and (135), we thus make the replacements 

1 a 1 a 
E ~ - e: ae 

Equations (134) and (135) now take the form 

• 



dh dh 1 dh 
-+-+---
d~ dT e: acp 

Next we assume a perturbation expansion 

E = E(O) 
s s + e: + ••• 

+ ••• 

Introduce these expansions in Eqs. (139) and (140), we get the 

equations of the nth order (n = 0, 1, •.. ) 

n-1 
dE (n) dE (n) 

e:nDAq(~,e+cp) Id~h(n) , s n s e: de 
+ e: 

d~ = 

n-1 ah en) n [;h en) ah (n) [ah en) _ a~~n)J] e: + e: 
a~ 

+ aT -~ aq, aq, 

n+1 ah(n) 
KL,2 L m+n 

- e: ~ = e: aT m 
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(139) 

(140) 

(141) 

(142) 

(143) 

(144) 
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One can solve Eqs. (143) and (144) order by order. However, if E is 

sufficiently small, we are really only interested in E(O) and h(O). 
s 

The equations of order liE are the leading terms. These are 

aE (0) 
s 

~:--- = 0 
ae 

ah(O) 

a<p = 0 

(145) 

(146) 

These equations say that the laser field does not have rapid oscilla-

tions if evaluated on a trajectory moving at the speed of light 

(<p = constant), and that the electron distribution does not have rapid 

oscillations if evaluated on a trajectory moving at the speed of 

the bunching potential (e = constant). 

Now to look at the equations of order EO 

aE (1) 
s 

---';a;"'e- + 

ah (1) 
+ 

a<p 

ah(O) 
+ 

a~ 

x [E (0) (~,T.<P) 
s 

ah (0) ah (0) 
KL,2 

aT + lJ ae = 

* ah (0) 
A (~.6+<p) + c.c.] 

alJ q 

If we regard Eq. (147) as being of the form 

aE (1) 
s ---';ae;"'-'- = driving term, 

(147) 

(148) 
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where the driving term is a specified function of e, it is clear that 

the average of the driving term over e must be zero iI.'l order to prevent 

secular growth in Es (1). A similar argument applies to Eq. (148), 

except that the angle to be averaged over in this case is $. Imposing 

condition of no secular growth yields the desired slowly varying 

Maxwell and Boltzmann equations 

aEs 1 J21T J 
~ = 0 21T deAq(~.e+$) d~h(~.L.~,e), 

ah ah -+ -+ a.; at" 

o 

ah 
~ - = ae 

Here we have dropped the superscripts for simplicity. 

(149) 

(150) 

Equations (149) and (ISO) can be written in a somewhat more 

illuminating form by introducing Fourier series expansions of the laser 

and wiggler fields 

L 
n~O 

A (~)e-inB 
n 

(151) 

(152) 

The Maxwell equation (149) separates into a set of equations for the 

various harmonic amplitudes 
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1 J21T - de 21T 
-ine J e d~h(;,T,~,9) . (153) 

o 

The Boltzmann equation (150) becomes 

(.154) 

We see that the ponderomotive force, while periodic. is in general not 

simply sinusoidal but has higher harmonic content. From Eq. (153) we 

see that, if An ~ 0, radiation at frequency nws will be generated even 

if not initially present. All that is required is that the electron 

bunching have higher harmonic content. which is invariably the case if 

the FEL is saturated. On the other hand, if all radiation is in the 

small-signal regime, the various harmonics become decoupled and evolve 

independently, as we see later. 

Generalized Pendulum Equations 

The Boltzmann equation [Eq. (154)] can be reformulated in terms 

of the Lagrangian (single-particle) variables. In the FEL, we have 

electrons entering the magnet at different times in different veloci-

ties and phases. Define TO = T - ~, which is the retarded time at the 

speed of the electrons. in other words TO is the initial time at which 

the electrons enter the magnet. Also, define ~O and 90 as the initial 

energy detunings and the initial phase angles. respectively. at the 

entrance (~ = 0) to the magnet. Then the energy detuning ~ at later 
A 

position ~ is given by ~C~.To,~0,90). and the phase angle 9 at later 
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position is given by 8C1;,TO,llO,8 0). Initially, we assume the electrons 

enter the cavity uniformly in phase, that is, 

1l(O,TO,IlO,8 0) prescribed by the initial 
energy distribution 

electron I ( 155) 

To find the equation of motion of the single-particle variables, first 

let us write the Boltzmann equation (154) in terms of the initial time 

TO = T - ;, we get 

(156) 

Notice that we have restored L' back in ; and 11. Equation (156) is 

simply a first order partial differential equation which can be solved 

easily by using Cauchy method (Chester 1971). In fact the equations 

of motion of the single particle variables are given by the character-

istic equations of Eq. (156), which are 

(l57) 

x A *(~)ein8(;,TO'IlO,eO) + } 
<, c. c. . 

n 
(158) 
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Assuming that the initial electron momentum distribution is h(O,TO'~O' 

80) and using the Cauchy method of solving first order partial differ-

ential equations, we find the solution of Eq. (156) to be 

h(~,T,~,8) = Id~o I2W
d6 0 h(O,To,~o,e~) 

o 

A A 

x o(~-~(~,To,~0,80))o(8-8(~,TO)~0,80)). (159) 

Inserting Eq. (159) into the Maxwell equation (153) and carrying out 

the integrations over ~ and 8, we obtain 

DA (~) 
n 

A 

x h(O'To,~o,eo)eine(~'To,~o,eo). (160) 

From Eq. (154) we see that h(~,T,~,8) when integrated over 8 

and ~, is a function of T-~. This means that the temporal distribution 

of the electrons does not change appreciably during propagation through 

the magnet. Taking into account the definition of D, Eq. (130), and 

the normalization of h, Eq. (33), we have 

J 
1 J271' a D d~ 2w de h(~,T,~,8) = 02 I(T-~) , (161) 

o 

where I(T-~) is the electron current and we define 

e a = ---...:=:-.--
2mcyo 

(162) 
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a = (EocAO)~ (163) 

where Ao is the laser mode area. We can take into account the fact 

that the mode area may be different for the different harmonic by 

including an index n on an' If the electrons entering the wiggler are 

unbunched, then h(O,Lo,~o.eo) is independent of eo. Eq. (161) suggest 

that we define ~(LO'~O) to be the current per unit interval in ~O 

entering the magnet 

(164) 

.. 
Substituting Eq. (164) into the Maxwell equation (160), we get 

~ 

-ine(~,T-~,~o,eo) x e . (165) 

Ma~~ell's Equation with Diffraction 

By regarding a as a complex function of ~, we can account for n 

diffracti ve be,1.m spreading and phase shift 

~ J2~deoe-ine(~'L-~.~0.eo) 
2~ 

o 

(166) 



The way in which cr (~) is included in the Maxwell equation (166) is 
n 
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motivated by the requirement that the energy be conserved (the rate of 

change of the optical energy of a light pulse passing point ~ is equal 

to the rate of change of the net recoil energy of the electrons passing 

the point ~). Using Eq. (163) the beam power P is given by 

P = L Icr E 12 
n;eO n n 

(167) 

So, the optical energy eopt of a light pulse passing the point ~ is 

found by integrating Eq. (167) over T 

e t(~) = fdT L Icr E 12 
op n;eO n n 

(168) 

In order to obtain conservation of energy, we differentiate Eq. (168) 

* and insert Eq. (166) [multiplied by E (~,T)] to get 
n 

f f 
1 f21T 

= Ct. dT dllO.9CT-~,llO) 2rr deO 

o 

'" 
x L {An(~)En*(~'T)e-ine(~'T-~'llO) + c.c.} • 

n;eO 
(169) 

Converting the integral over T to an integral over TO= T - ~ and 

inserting Eq. (158), we obtain 

(170) 
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Using Eqs. (126) and (162) for definition of K and ~, we obtain 

f 1 J27T 
dlJ 0 27T de 0 (171) 

o 

It follows from Eq. (117) that the right side of Eq. (171) is the rate 

of change of the net energy recoil of the electrons passing the point 

S. Thus, total energy is conserved. It remains to be seen how Ones) 

should be determined, later we see how to do this. 

Equations (157), (.158), and (166) are the fundamental equations 

for the harmonic generation. We see from Eq. (166) that if A ~ 0, 
n 

radiation at frequency ThWs will be generated even if not initially 

present. All that is required is that the electron bunching have 

higher harmonic content, which is the case if the FEL is saturated. 

The power in the n'th harmonic with a given circular polarization is 

/0 E /2, where /0 'E /2 gives the power at the same frequency, but n n -n -n 
* with opposite circular polarization. If we assume that A = A (which -n n 

* is the case for the linear wiggler), then E = En' In this case the -n 

total optical power at frequency nws is 2/onEn /2. So we need to keep 

track of the positive n only. 

CW Calculations for the Linearly Polarized Wiggler 

Most proposed FEL devices (some under construction) will use 

linearly polarized magnets. In the present work we concentrate only 

on the uniform linearly polarized magnet, such a magnet (with the 
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magnetic field polarized in the y-direction and the vector potential 

polarized in the x-direction) is described by the function 

A (z) 
q (172) 

where k~ is the magnet wave vector and A~ is the constant rms amplitude. 

Although the wiggler field does not have higher harmonic content when 

viewed as a function of z, such content is nevertheless effectively 

created by the mass shift. From Eq. (118) we see that the mass shift 

~~ in such a wiggler is a rapidly varying function of position 

where 

and 

2e2A2 
D.~ = 1 + ---~ cos2(k~z) = I~[l + 2o~ cos(2k~z)]. 

m2c2 

D. is the average mass shift over a magnet period 

A~ e2A2 
D.~ 

-1 f D.(z)dz 1 + 
~ = A~ = 

m2c2 
0 

0Q. - ~(1 - !) 
~Q. 

can take on values between zero and one-half. 

Carrying out the integration in Eq. (121), we obtain the 

generalized position coordinate 

0Q. 
~ = r~[z + ~ sin(2k~z)] 

(173) 

(174) 

(175) 

(176) 
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The generalized position coordinate ~ provides a mechanism for treating 

oscillations in the z-component of electron velocity associated with 

periodic transfer of electron energy between longitudinal and transverse 

motion in the wiggler. Even though the amplitude of such oscillations 

may easily be a thousand times the laser bandwidth, there is no broad-

ening in the emitted radiation at the fundamental frequency. This is 

analogous to the unbroadened radiation from a Mossbauer nucleus 1 

undergoing large, but periodic, oscillations in a crystal lattice. 

Harmonic Coefficients for the Linear Wiggler 

The evaluation of the wiggler harmonic coefficients A may be 
n 

carried out by inverting Eq. C.1521 

A = JL J2rr
dS A (S)einS • n 2rr q (177) 

o 

Using Eqs. (121), (131), and (132). we get 

J
2rr ~ ink2~/~2 

An = (2rr~2)-1 dWAqe (178) 

o 

where W = k2z and we have used the fact that ks 6! /2yO = k!. Inserting 

Eqs. (172) and (176) into Eq. (178), we obtain 

1. Mossbauer Effect: Resonant absorption (emission and 
absorption of a photon by a media) does not take place in nucleus in 
the gaseous state. Since, due to recoil of the nucleus, the energy of 
the absorbed photon is larger than the energy of the emitted photon. 
But for nucleus in crystal the resonant absorption takes place, since 
one should take into account the recoil of the crystal which is very 
small (Omar, 1975, p. 617). 
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f
27T 

An = 2
J

5. AQ,(27T6Q,)-1 d1jJ cos1jJ exp[in(ijJ+0x, sin21jJ]. (179) 

o 

* It is evident that A = A J and it is easy to check that it is -n n 
* consistent with the basic Eq. (166) to assume E = E. Note that the 

-n n 

total optical power at frequency nws is 21a E 12. The integral (179) 
n n 

1 is zero for even n, and for odd n has the real value (Gradshteyn and 

Ryzhik 1965, pp. 400) 

A = +- (-1) (n-l)/2 [J (no)-
n 2~ n-l t Q, -2-

J n+l 
2 

where J is then'th order Bessel function. That is why the linear 
n 

(180) 

wiggler generates odd harmonics only. The harmonic coefficient as a 

function of 0Q, are shown in Fig. 12 clearly excitation of the harmonic, 

requires an increasingly strong wiggler field as n increase. 

The Small-Signal Gain for the Harmonics 

Since A is constant for the linear wiggler and if we neglect 
n 

diffraction for the moment (assume that a is constant) then the linear 
n 

gain for the harmonics can be easily calculated in the CW regime 1 small-

gain, cold-beam (where the electrons all enter with the same energy) 

and the small-signal regimes where E (~) is approximately constant and 
n 

the harmonics are uncoupled and can be treated separately. By using 

1. We disagree here with the Bessel-function expression of 
Madey and Taber (1980. p. 741). The differences seems to be traceable 
to sign errors in their Eq. (52). 
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Fig. 12. Harmonic coefficients of the linearly polarized wiggler as a 
function of o~ for the 1, 3, 5, and 7th harmonics. 

o~ is a measure of the wiggler field strength. The harmonic 
coefficients, A , are found by multiplying the ordinate by 
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Eqs. (157), (158), and (166), the gain per pass in this regime is found 

(In Appendix C we.show in detail the calculation of the gain of the 

harmonics in these limits) to be 

(181) 

where n = ~~OrtL, I,is the current and wn is the beam waist of the 

n'th harmonic. The mode area of the harmonic is given by (~/2)w 2 
n 

= (As/4Inl)[d(2R-d)]~, where As/n is the wavelength of the n'th har-

monic, R is the mirror radius and d is the resonator length. We see 

that the mode area decreases for the higher harmonics, which tends to 

increase the gain. To insure optimal interaction between the field and 

the electrons, the field mode area should be larger than the electron 

beam area. This can be easily satisfied for any harmonic by adjusting 

d or R. Equation (181) is the usual antisymmetric gain formula, Fig. 

13. But we notice that for higher harmonics the energy detuning for 

the point of maximum gain is decreasing, and the gain bandwidth narrows, 

so a higher electron beam quality is needed to generate higher harmon

ics. Figure 14 shows the maximum gain (in the small-gain, small-

diffraction, small-signal and cold-beam regimes) for the fundamental and 

the first few harmonics, using numbers typical of the Stanford experi-

ment, but for a linear magnet. We see that the gain of the harmonic 

can easily be too small for lasing (even smaller when diffraction and 

finite beam aperture are taken into account). However, the optical 

harmonics can be generated in appreciable amount (even below threshold) 
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G IN 
n= 

-3 
----5 
---7 

Fig. 13. The small-signal gain of the 3, S, and 7th harmonics. 

The gain of the harmonics as a function of energy detuning 
~oL', in the small-gain, small-diffraction, small-signal, and 
cold-beam limits. The bandwidth narrows and the maximum gain 
shifted to smaller energy detuning. (B eak = .24T, At = 3.2 
em, E = 43 MeV, I = 1 amp). P 
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The limits and the parameters are the same as in Fig. 13. We 
see that for the Stanford parameters the gain for the higher 
harmonics is very small. 
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by radiation from higher harmonics in the bunched electron beam density 

where the bunching is created by saturating radiation at the funda-

mental frequency. The amount of harmonics generated is determined by 

the magnet strength, the magnet wavelength, the electron energy and 

the electron current. 

Diffractive Beam Spreading 

In the CW regime we ca1cu1at e the amount of harmonic generated 

in a single pass, assuming that only the fundamental frequency Ws is 

initially present at the entrance of the wiggler. Also we assume that 

the resonator mirrors are transparent for the harmonic, later we 

consider the case where the harmonics are left in the resonator to 

oscillate. The fundamental equations for the harmonic generation in 

the CW limit are 

1 J27T 
X 27T deo (182) 

o 

(183) 

- K (184) 

We used the fact that A are real constants. As we saw, by regarding 
n 

cr as a complex function of ;, we can account for diffractive beam 
n 



spreading. The Nay in which cr is included in Maxwell's equation is 
n 
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motivated by the requirement that the energy be conseried. It remains 

how cr (~) should be determined. In general, this is not clear. 1 How
n 

ever, if we assume that the fundamental field lases in the fundamental 

Gaussian mode of a resonator and if the mirror losses are small. it 

should generally be a good approximation to use the function crl(~) 

corresponding to Gaussian beam propagation in the bare resonator. Fur-

ther discussion of diffraction and the calculation of 01(;) is given in 

Appendix D. If the beam waist WI of the fundamental mode is located in 

the center of the magnet, then for the fundamental mode (n = 1) we take 

(185) 

Since we assumed that the resonator mirrors are transparent to 

the harmonics, in other words the harmonics are not supposed to be con-

tained in the resonator, so that a modal projection is not appropriate 

for them. Instead, to account for diffractive spreading, we need to 

replace Eq. (165) for the harmonic in the CW regime by the paraxial 

wave equation 

[;; + 2io~nks VT2] En(r.<) = 2EO:C2yO u(r) An(;) 

2~ . A 

x Jd~o ~(~o) i~ J deoe-~ne(~,~o,eo). (186) 

o 

1. A detailed study of optical beam quality in tapered wiggler 
FEL oscillators is given by Elliott (1982). He presented a simple 
means of computing the relative amplitudes of the free-space cavity 
modes present in an FEL oscillator. 
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where VT
2 is the transverse Laplacian, En(r,~) are the optical field 

amplitude for oscillation of frequency nCks and u(r) is the normalized 

transverse distribution of the electrons, which we take to be a 

Gaussian 

u(r) 1 = -- e 1Tao 
(187) 

where aO is the electron beam area. In Appendix E we show in detail 

the derivation of Eq. (186) from Maxwell's equations and the applica-

tion of multiple scaling technique. By choosing the appropriate 

Green's function, a solution to the wave equation (186) is given by 

x J21Tdeoe-ine(~' ,~o,eo) 

o 

One sees from Eq. (188) that light at higher optical 

(188) 

frequencies, even if not initially present (E (0) = 0, n = 3,5, ... ), 
n 

can be radiated by higher harmonics in the electron bunching present 

in the strong-signal regime. We assume that the electron bunching is 

influenced by the fundamental mode only [i.e., the harmonic radiation 

intensi ties are sufficiently weak such that we can keep only the n = ± 1 
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terms in Eq. (184)]. Also, we assume that the harmonics initially are 

not present and leave the cavity at the end, while the fundamental mode 

is reflected back. Later, we take into account the influence of the 

harmonics on the electron bunching and to let the harmonics to oscillate 

with the fundamental mode in the cavity. Since the wiggler is strictly 

periodic, the "slow" generalized position coordinate ; can be approxi-

mated by ; = I~z, and so Eqs. (182)-(184) can be rewritten as 

(189) 

.-

~z ~(z,~o,ao) = - 2KI~Al{El(z)eia(Z,~o,eo) + c.c.} , (190) 

(191) 

Equations (189) and (190) represent the evolution of the electron 

bunching influenced by the fundamental mode only, which its evolution 

represented by Eq. (191). Note that, since it is consistent to take 

E = E*, it is sufficient to keep track of the amplitude for positive 
-n n 

n only. The power in the fundamental mode is thus 2101El12, and the 

power of the nth harmonic (n = 3, S, ••. ) is given by 

(192) 

Using Eq. (188) and the approximation ~ = ~~z into Eq. (192), the 

integral over r can be easily calculated, and the harmonic power is 

given by 



where 

F (z) 
n 

Numerical Calculations 

z F (z')F *(Zll) 

f dz'dz" n n 
aO - i(z'-z")/nk ' s 

o 

2rr .'" 
~ f deoe-~ne(z,~o,eo) 
2rr 

a 
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(193) 

(194) 

In the numerical results presented below we consider how the 

harmonic power varies as we vary (one at a time) several of the physical 

parameters of the linearly polarized FEL system, starting from a con-

figuration with the following parameters: wiggler wavelength, At = 3cm; 

wiggler length, L = 5.2 m; electron beam area, aO = 0.1 mm2 ; electron 

energy, E = 43 MeV; fundamental optical wavelength, AS = 5.75 ~m; elec

tron current, I = 2 amp; peak magnetic field, B = .66T; energy detuning, 

~OL' = 5; initial ill~HM energy spread, L'~~ = 0.1; input optical power 

at the fundamental wavelength, P. = 65.9 kW; optical beam waist, WI 
~n 

= 2.3 mm. The variables A and WI are not kept fixed, but are regarded s 

as dependent variables determined by the values of E: At' and B. 

First, we look at the gain of the fundamental mode in the strong 

signal regime, taking into account diffractive beam spreading. In Fig. 

15 (a-c) we show the gain as a function of peak magnetic field B, mag-

net wavelength At' and electron energy E. We see that the magnetic 

field strength is the most effective parameter to increase the gain 

even for the harmonics as we see later. But the problem is the wave-

length of the radiated field, which increases as the magnetic field 



" 

z 
« 
(!) 

1.5 

1. 

.5 

.6 1.2 
9(T) 
(0) 

5 10 
A1(em) 

(b) 

50 100 
E(MeV) 

(e) 

Fig. 15. The fundamental gain as a function of: (a) magnetic field strength. (b) magnet 
wavelength, (c) electron energy. 

'~e see that the magnetic field strength is an effective parameter for increasing the gain. ro 
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increased. The wavelength A of the fundamental mode (the wavelength s 

of the n'th harmonic A = A In) is given by n s 
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(195) 

In Fig. 16 (a-c) we see the wavelength AS of the radiated field in ~m 

as a function of peak magnetic field, magnet wavelength and the electron 

energy. In order to have the harmonics in the optical domain, one 

should choose the magnet wavelength at the point of maximwn gain and 

to increase the magnetic field and electron energy. But for the 

millimeter domain we have less retriction. 

An important parameter is the energy detuning. In Fig. 17 

(a-b) we show the fundamental gain and the harmonic power (in the 

strong-signal regime with diffraction) as a function of energy detuning. 

We see that, the higher the harmonic, the smaller the energy detuning 

at which maximum harmonic generation occurs. If the device operates 

as a laser oscillator at the fundamental frequency with the energy 

detuning giving maximum gain for the fundamental mode, this does not 

correspond to the optimal detuning for the generation of harmonics. 

However, it might be possible to shift the detuning to smaller values 

by use of an intracavity eta1on. Of course, in a situation where the 

FEL is used simply as an amplifier, the detuning is completely at our 

disposal. In the next section we present calculations for the pulsed 

FEL for situations where the harmonics themselves can contribute to 

the lasing. 
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In (a). the gain of the fundamental mode in the strong-signal 
regime with diffl'action is given as a function of lloL'. In 
(b). the harmonic power as a function of lloL'. We see that 
the energy detuning giving maximum power in the harmonic is 
less than the detuning giving maximum fundamental gain. 
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Another important parameter governing the amount of harmonic 

generation is the spread in the initial electron energy distribution 

(assumed here to be a Gaussian). From Fig. (18) we observe that the 

higher harmonics are increasingly sensitive to the energy spread, 

which means that a higher beam quality is needed for higher harmonic 

generation. 

Now we discuss how harmonic generation is affected by the 

magnetic field, the magnet wavelength and the electron energy. Figure 

19(a) shows the dependence of the harmonic power on the magnetic field 

(peak value). We see that at no value of B can a higher harmonic pro-

duce more intensity than a lower one. For example, to generate 200 

watts in the third harmonic requires B = .312 T and A = .978 ~m, but s 

the same power in the 9th harmonic requires B = 1. 66 T and A9 = 1. 22 ~m. 

Nevertheless, harmonic generation is still very helpful in making the 

device able to genera.te appreciable power at shorter wavelength. For 

example let us consider the power generated by a FEL with B = .66 T, 

At = 3 em, E = 43 MeV and an output mirror with reflectivity 97% at the 

fundamental frequency. We assume oscillation at the point of maximum 

gain of the fundamental, ~oL' = 5. The input fundamental power in this 

case is 1.84 ~m which is larger than optimal for harmonic generation. 

At the entrance of the wiggler the harmonics are not present. The 

mirror is assumed to be transparent to the harmonics. Then the powers 

leaving the cavity in a single pass are Pl = 113 kW at A = 5.75 ~m; s 

P3 = 2025 W; Ps = 253 W; P, = 52 W; P9 = 22 W; PI 1 = 6 W, where A n 

= A In. s 
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We see that the higher harmonics severely affected by 
electron energy spread. 
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In Fig. 19(b) the harmonic powers are shown as a function of the 

magnet wavelength. One can see that for the higher harmonics a s,ughtly 

larger magnet wavelength is optimal. Although the range of magnet wave-

length which gives appreciable harmonic generation is fairly limited, 

assuming other FEL parameters are held fixed, the wavelength of the 

radiated field [Eq. (198)] is minimized by keeping the magnet wave-

length at the lower end of this range. 

The decrease in harmonic power at short magnet wavelengths comes 

about because of the decrease in mass shift, which leads to a reduction 

in the harmonic coefficients A. The power decrease at long magnet 
n 

wavelengths is caused by the larger mode area at longer A. Since the s 

input power is held constant, on-axis intensity decreases and higher 

harmonics in the electron bunching become weaker. 

If we vary the electron energy, Fig. 19(c) shows that the power 

of the harmonics decreases as the electron energy is increased. We 

notice that it decreases faster for E > SO MeV (8 = .66 T, At = 3 cm). 

However, one must keep in mind that the wavelength of the radiated 
. -2 

field is also decreasing as As~E . For E = 100 MeV the wavelength of 

the radiated field in the 9th harmonic is about 1000 A. 

To a large extent one can compensate for the decrease in 

harmonic power at large E by increasing the power at the fundamental 

frequency, but eventually the initial energy spread becomes a limiting 

factor, preventing strong harmonics in the electron bunching and reduc-

ing the gain at the fundamental frequency. 

Finally, we want to look at the dependence of the harmonic 

powers on the input fundamental power. The harmonic powers are very 
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small in the small-signal regime, because the ponderomotive force is 

too small to get the electrons bunched in phase. Harmonic generation 

becomes appreciable in the strong-signal regime, but decreases again 

somewhat if the fundamental power is too large. This is shown in Fig. 

20 and is what one would suspect, because the larger the signal the 

faster the saturation. If the fundamental power is excessive, the 

electron bunching required for harmonic generation gets smeared out 

well before the end of the wiggler. By looking at the harmonic power 

as a function of position through the magnet (Fig. 21), we see that one 

can do better in the very-strong-signal regime (VSSR) by reducing the 

length of the magnet. In the moderately-strong-signal regime (MSSR) 

the maximum power is generated at the end of the magnet, while in the 

VSSR harmonic generation starts early and the maximum harmonic power is 

generated before the end of the magnet. This power is not as large as 

that generated in the MSSR, where the power peaks at the end of the 

magnet. 

To understand this behavior we look at the electron phase-space 

distribution. (Jl C~), e C~)) • Combine Eqs. (189) and (190). using the 

;-coordinate, one gets 

(196) 

where € = 14KAIIE11, and we assumed that the phase of El is slowly 

varying. Equation (196) is the well-known pendulum equation. In the 

limit of small gain € is substantially constant. However, as energy 

transferred to the laser field, IEII increase and consequently € grows. 
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In (1), for a moderately strong-signal regime (MSSR) with Pin 
= 33 kW. In (2), for a very strong signal regime (VSSR) 
with Pin = 297 kW. 
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For qualitative discussion we assume e: is constant, which enables us to 

look at the contours along which the electrons are moving. The pendu-

lum equation describes the slow evolution of the electron's ~-motion. 

Much physical insight may be gained from a study of the pendulum equa-

tion. A first integral of Eq. (196) yields 

(197) 

... 
where we used Eq. (189). 9(0) = 90' and for simplicity we assume a 

... 
monoenergetic electrons at ~ = 0, ~(O) = ~O. The first term on the 

right hand side of Eq. (197) is the analog of the pendulum kinetic 

energy, while the second is the analog of the pendulum potential energy, 

so E represents the pendulum energy. For the phase-space plot of ~ vs 

9. let us rewrite Eq. (197) as 

1 A = (2ke:)2[1 - k2 cos 2 (9/2)]. (198) 

where k2 = E/2e: + !z. "Closed" or bound orbits OCCllr for 0 ~ k2 ~ 1. 

While "open" orbits occur when k2 > 1. In Fig. 22. we sketch the 
... 

phase-space diagram, ~ vs 9, of the orbits. The critical orbit corres-

pond to k = 1 and it is given by 

A 

~ = ± 2e: sin(9/2). (199) 

As we see from Fig. 22. where ~o > 2e:. we obtain only open orbits for 
A 

which ~ > O. As ~ increase, electrons gain energy from the field and 
A 

as ~ decrease they lose energy to the field. A similar argument 
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applies when ~o < -2E and all orbits are open. This corresponds to the 

small-signal regime (~0/2E)2 »1. When (~/2E)2 < 1, we see by Fig. 2~ 

that some orbits are open and some closed, depending on the initial 

electron phase, 80' 

Next, using this picutre of the phase-space diagram, we explain 

the behavior of the harmonic power as a function of position, Fig. 21, 

for different initial fundamental power. We are going to use the exact 

solution of Eqs. (189) and (190) to plot the phase-space diagram. As 

shown in Fig. 23, in the MSSR the electrons decelerate as they pass 

through the magnet and get bunched in phase, keeping bunched until the 

end of the magnet. But in the VSSR, Fig. 24, the electrons decel-

erate and get bunched early in their traversal of the wiggler. As they 

continue their path they start to rotate along the closed orbits and 

accelerate again and lose their strong bunching. The maximum power in 

the MSSR is larger than that in the VSSR because the electrons in the 

first case continue to be bunched in phase for a long distance. That 

gives the electrons the chance to produce more radiation. In the 

second case they remain bunched in phase for a shorter distance. 

In this section we looked at the case where the harmonics are 

too weak to appreciably affect the electron motion and where the har-

monics are not present at the entrance of the wiggler. We saw that the 

harmonics can be generated in appreciable amounts by the nonlinearity 

of the device in the strong-signal regime and by using a strong magnetic 

field (B k ~ 0.6 T). One difficulty is that harmonic generation needs pea 

a higher beam quality, a narrow electron energy distribution. In the 

e 
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Fig. 23. The phase-space electron distribution in the moderately strong 
signal at different points in position through the wiggler. 

In the MSSR case Pin = 33 kW. We see that the electrons get 
bunched in phase at the end of the magnet. 
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In the VSSR case Pin = 297 kW. We notice that the electrons 
get bunched in phase early in the wiggler, and that the 
bunches have largely washed out by the end of the wiggler. 
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next section, we present short pulse calculations of harmonic generation, 

starting with the discussion of laser lethargy in a pulsed laser. Then 

discussing harmonic generation, taking into account the combined 

influence of the harmonics and the fundamental mode in driving the 

electron bunching, and looking at the possiblity of getting the 

harmonics to lase. 

Pulse Propagation in the Linear Wiggler 

In this section we discuss coherent pulse propagation in the 

free-electron laser. First, we show that the phenomenon of laser 

lethargy plays an important role in the physics of the pulsed FEL, as 

it does also in swept-gain amplifiers using an atomic medium. In the 

FEL, laser lethargy erodes the single-pass gain by minimizing the over

lap between the electron and optical pulses. In order to compensate 

for this effect, the optical pulse is shifted by a delay time ot > 0 

and is reinjected into the wiggler. Later, we discuss harmonic genera

tion in the pulsed PEL with a linear wiggler, taking into account the 

time delay which is necessary to compensate for laser lethargy. The 

harmonic pulses show the ringing behavior which is very sensitive to 

the mirror reflectivity, and the electron current. 

Laser Lethargy 

In this section we consider a new effect peculiar to the pulsed 

dynamics. This effect has been given the name "laser lethargy", and 

was first recognized in the analysis of swept-gain lasers (Hopf, et a1. 

1975; Hopf, Meystre and McLaughlin 1976). Laser lethargy may be 



103 

understood as a manifestation of electron inertia. In the case of an 

atomic medium one pumps atoms to an excited energy level. If these 

atoms interact with resonant radiation, the atomic density matrix 

evolves under the influence of this radiation, and eventually an oscil

lating dipole moment is formed. However, initiallY the atoms have no 

dipole moment and cannot emit coherently. Thus, radiation ,from the 

atoms is delayed with respect to the time when the atoms begin to 

interact with external radiation. In pulsed operation the emitted 

radiation is added to a later part of the pulse than the radiation which 

stimulated the emission. The net effect is a slowing down of the pulse. 

In the simplest model of an atomic swept-gain amplifier, the atoms are 

stationary in the lab frame and the pulse lengths are determined by the 

spontaneous emission lifetime. Note that the lethargy effect occurs 

even when the population inversion is swept at the speed of light. 

In the FEL the same lethargy effect arises sequentially, except 

that radiation is produced by electron bunches instead of oscillating 

atomic dipoles (Al-Abawi et ale 1979; Hopf et al. 1980; Moore and 

Scully in print). Electrons entering the wiggler are unbunched and 

cannot radiate coherently. Bunches start to form when the electrons 

feel the influence of the ponderomotive force; that is, when they are 

simultaneously within the wiggler field and the laser field. Because 

of electron inertia, it takes a while for the bunches to form and to 

generate additional radiation. Unlike the case of the atomic swept 

gain amplifier, where the atoms may be considered to be at rest, the 

electrons in the FEL are moving relativistically. Thus, the bunches 

form at some distance past the entrance of the wiggler, even in CW 
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operation, so that there is no gain at the entrance of the wiggler. In 

short pulse operation the electron bunches radiate into a later part of 

the optical pulse than the part which initiates the bunch formation, 

effectively slowing down the optical pus Ie. The pulse is slowed down, 

rather than simply lengthened, because mirror losses damp out the 

leading edge of the pulse, where there is no gain. 

To discuss the lethargy effect in the PEL in detail. let us 

model the PEL. The FEL is pumped by an accelerator which produces 

electron pulses whose temporal width. is very small (. = 5 psec for e e 

the Stanford experiment). These pulses arrive with a period. T • e The 

cavity length is adjusted so that the optical pulse (of whidth. =.) o e 

cycles with a period. T = T • in such a way that the two pulses over-o e 

lap. This is a very similar in operation to a mode-locked laser. Let 

us define a delay, ott which is equal to the difference between the 

electron repetition period and the optical round trip transit time (i. 

e., ot = T - T). Intuitively one would expect ot =' 0 to be the ideal e 0 

operating point, but it is not. 

Consider unfolding the resonator so that the optical pulse 

propagates in a single direction. In the electron rest frame this can 

be represented by a series of interaction regions in which an optical 

pulse is propagating through the electrons that make up the gain pulse. 

(Note: This does not mean to say that the leading edge of the light 

pulse propagates through the entire interaction region. Rather, we 

must imagine interaction regions which appear at regular intervals of 

time in a fashion which corresponds to the injection of electrons into 

the cavity). Each of the interaction regions is analogous to the 



105 

propagation of a gain pulse in an atomic medium. The consequence of 

this configuration is shown in Fig. 25. Suppose, initially, that the 

optical pulse covers the electrons as shown in Fig. (2sa). At the 

input Cz = 0) there are no bunches (i.e., no radiation). At the output 

(z = L) there are bunches, but they are located at the trailing edge of 

the optical pulse. This means that only the back edge of the optical 

pulse is built up. After many passes, the leading edge is lost to the 

mirror losses, and a situation arises as shown in Fig. C2sb). There 

the leading edge of the electron pulse,sees no light at the input, and 

since this light is used to make the bunches, there are no bunches on 

the leading edge of the electron pulse at the output. Again, no radia

tion is emitted into the leading edge of the optical pulse, and after 

many passes the system evolves to the configuration shown in Fig. C2sc). 

The pulse is being progressively pinched off, and will eventually 

vanish. If one chooses, for example, a Guassian rather than a square 

electron pulse, then the light appears to walk off the gain medium, 

Fig. C2sd), which is one of the signatures of lethargy. 

When one calculates pulse propagation in the FEL with zero 

delay time Cot = 0), one finds that after many passes the optical pulse 

lays behind the electron pulse until the light is just over taking the 

electrons near the end of the wiggler. Since the amount of overlap 

between light and electrons is small, there is little gain, the FEL 

goes below threshold, and no steady-state operation is possible (by a 

steady state we mean that the same pulse shape is reproduced at the end 

of the wiggler after each pass). In Fig. 26 we plot the gain per pass, 

Gn, versus the number of passes, n, through the device for zero delay. 
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Fig. 25. Schematic diagram for the lethargy effect in the pulsed regime 
of the free-electron laser. 

In (a), initial relative position of light and electron pulses 
near input and output of the magnet. Bunches appear at Z IV L. 
In (b), configuration shown many passes later. The light pulse 
is the one radiated by the bunches in (a). In (c), configura
tion shown after many more passes. In Cd), configurations 
shown after many passes, using Gaussian pulses. 
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Fig. 26. Gain versus number of passes for zero time delay. 
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Here the gain is defined as G = (energy out) /(energy in) . The pulse n n n 

is initially a Gaussian that spans the electrons. From the figure we 

see that the gain drops monotonically as the optical pulse is gradually 

pushed off the electron pulse. This is precisely what happens in laser 

lethargy in swept-gain systems. As with the laser case, the decrease 

is caused by the expulsion of the electromagnetic pulse from the region 

of gain. After only a few passes (n ~ 50), at the point of closest 

approach (z = L), the peaks of the electromagnetic and electron pulses 

have separated by the FWHM. 

In order to compensate for the expulsion of the light pulse 

from the gain region, it is necessary to adjust the cavity length so 

that at is positive. With positive at one puts the light back on top 

of the electrons and obtains convergence to a steady-state. There is 

in general some finite range of positive at over which steady-state 

operation is possible, and one may calculate power-tuning curve giving 

the laser output power as a function of at, Fig. 27. The optimum at 

depends on the mirror losses, electron current, and optical power. It 

is an increasing function of the mirror loss. The reason is that for 

large loss the saturated gain per pass, which must equal to the loss in 

steady-state, is large. Therefore, the added-on (slowed down) light 

per pass is a substantial fraction of the incident light. Also, the 

optimum at is an increasing function of the electron current. The 

dependence on the current is explained by the argument given above: 

namely, more current implies more gain which implies more slowed-down 

light per pass. But the optimum at is a decreasing function of the 

optical power. This dependence is explained by the fact that high 



109 

o I 

DELAYJ ~t(psec) 

Fig. 27. Output power as a function of time delay. ct. 



110 

power gives deep wells in the ponderomotive potential and the electrons 

fall into the wells, get bunched, and begin to radiate quicker. In 

conclusion, we see that the phenomenon of laser lethargy plays an 

important role in the operation of the pulsed FEL. The cavity length 

should be shortened by an amount OZ ~ ~cot, in the order of a few 

microns, in orJer for the FEL to be able to generate the optimum power. 

Harmonic Generation 

In this section we discuss harmonic generation in the pulsed 

FEL with a linear wiggler. In the pulsed regime, we are going to let 

the harmonic pulses to oscillate with the fundamental mode in the 

cavity, assuming that all the modes have the same losses in the reso-

nator. Also, the cold-beam limit is assumed, where all the electrons 

enter the magnet with the same energy. We saw, in CW operation, that 

the energy spread in the electron distribution has more effect on the 

higher harmonics (see Fig. 19). In the cold-beam limit, the current 

density g(,o,~o) is defined as 

(200) 

Substituting Eq. (200) into the Maxwell Equation (166), we can calculate 

the integral over ~o easily to get 

x 2~ J2~deo e-ine(~,,-~,eo) 
o 

(201) 
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The assumption that the harmonics initially are not present (En(O,T)=O; 

n = 3,5,7, ... ), still holds. Also, in this limit one may supress the 

variable ~O in the single particle Eqs. (157) and (158). Keeping in 

mind that A is a real constant for the linear wiggler, we get 
n 

= -
A 

K L An[En(~'To+~)ein8(~'To,80)+ c.c.]. 
nfO 

(202) 

(203) 

Since the harmonics are supposed to oscillate in the resonator, 

a modal projection is appropriate for them. We assume that all the 

modes lase in the fundamental Gaussian mode of a resonator. In this 

case the complex function cr (~) is determined (see Appendix E) by 
n 

projecting Maxwell equation onto the Gaussian mode. If the beam waist 

wn = Wl/iJ1, (n = 1,3,5 ... ), is located in the center of the magnet, 

then we take 

(204) 

The predictor-corrector method (Carnahan, Luther,· and Wilkes 

1969, pp. 384) is used to solve Eqs. (201)-(204) numerically, which is 

the same method used in the CW calculations. The fixed parameters 

used in the calculations are summarized in Table 3. The experimental 

situation is represented schematically in Fig. 28. A Gaussian electron 

pulse and a weak optical fundamental pulse are initially injected in 

the resonator, later the harmonic pulses build up. The emerged optical 
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Table 3. The free-electron laser parameters for the linear wiggler 
used in the pulse calculations of harmonic generation. 

Wiggler length L = 5.2 m 

Wiggler wavelength A
t

=3.0cm 

Peak magnetic field B = 6600 Gauss 

Electric energy E = 43 MeV 

Electron pulse length FWAM = 3.42 psec 

Peak electron current I = 2 amp 

A s Nominal fundamental wavelength = 5.75 ].1m 

Optical beam waist Ws = 2.23 mm 

Mirror reflectivity 92.2% 
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pulses after each trip are reduced in amplitude to account for losses 

in the resonator, where we assumed that all the modes, en = 1,3,5, .•. ), 

have the same losses. The pulses are also shifted backward in L by a 

delay time ot and reinjected into the wiggler. The delay time ot is 

the difference between the electron pulse repetition rate and the round 

trip transit time of the cavity at the speed of light. This delay time 

represents a shortening of the resonator by an amount oz ~ ~cot. The 

delay is necessary to compensate for laser lethargy which erode the 

single pass gain by minimizing the overlap between the electron and 

optical pulses. After many passes through the wiggler, the emergent 

optical pulses are found to converge to a self-consistent shape, after 

which they are no longer changed. In fact, after many passes, the 

optical pulses begin to break up showing the nonlinear ringing behavior . 

• 
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This behavior is typically found in coherent pulse propagation. Later, 

the ringing gradually vanishes and the pulses converge to self

consistent shapes. 

In Fig. 29 we show the evolution of the fundamental optical 

pulse from a weak picosecond Gaussian pulse, with an i '.lput total power 

at 1.2 watts, Fig. 29(a). After many passes (120 passes) the pulse 

breaks up and shows evidence of nonlinear ringing, Fig. 29(b). Later, 

when the pulse starts to converge, the ringing graudally vanishe~ and 

the pulse converges to a self-consistent shape, Fig. 29(c). The har

monic pulses evolve in the same way. But the higher the harmonic 

number, the sharper and more numerious the spikes. This causes the 

harmonics to need more time to converge to a self-consistent shape. In 

Fig. 3D, we show the steady-state pulses for the fundamental and up to 

the 7th harmonic. The pulses converge to a Gaussian shape with a wide 

base. We see that the higher the harmonic the narrower the pulse. For 

the parameter in Table 3, and initial fundamental power of 1.2 watts 

(the harmonics initially do not exist), the output powers Pn are: 

Pl = 118 kW, P3 = 1.8 kW, Ps = O.lS kW, and P7 = 26.6 W. 

The ringing behavior could be a permanent phenomenon in the 

laser pulse, if the power trapped in the cavity increases. As the power 

gets larger, the trapped electrons, Fig. 24, rotate in the closed orbit. 

In other words, the velocity of the electrons decreases (gain), and 

then increases (absorption). This gain-absorption process is repeated 

at a rate proportional to the rotation velocity of the electrons in the 

closed orbit. So instead of having a smooth optical pulse, one gets a 
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Fig. 29. The evolution of the fundamental picosecond pulse. 

In (a), the input fundamental Gaussian pulse with a total 
power of 1.2W. In (b), the pulse after many passes showing 
the pulse break up. In (c), the steady state fundamental 
pulse, where the ringing is vanished. The output power is 
118 kW. 
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pulse which is broken up in to many spikes. If those spikes get above 

threshold they never vanish. The pulse converges in magnitude (the 

amount of change in the pulse power in each pass is negligible), and 

changes its shape (in terms of the number and the location of the 

spikes), while keeping the same optical profile. 

The power inside the cavity could be increased either by 

increasing the reflectivity of the cavity mirrors or by increasing the 

current. In Fig. 31, we show the converged fundamental optical pulse, 

using the parameters in Table 3, as we increase the reflectivity (RFL) 

of the mirrors. We see that as the reflectivity increases, the pulse 

breaks up and more spikes appear. By increasing the reflectivity, in 

Fig. 3l(a), by 2% the pulse breaks up, Fig. 3l(b). This means that the 

pulse shape in the FEL is sensitive to any changes in the reflectivity 

of the mirrors. The optical pulse has the same behavior when the elec

tron current is increased, holding all the other parameters constant. 

In Fig. 32 we compare the optical pulses for two values of the c'urrent. 

In (a) the current is 2 amp, the pulse converged to smooth Gaussian, 

while in (b) the current is 10 amp, the converged pulse still holds its 

Gaussian profile in addition to that it gets many spikes. For the 2 

amp current, the total power of the fundamental pulse inside the reson

ator is 1.S MW, where for the 10 amp current it is 16.8 MW. So in each 

pass the electrons make many rotations inside the closed orbit before 

they leave the cavity. We concentrate on the fundamental pulse only, 

in fact the harmonic pulses behave in the same manner when the reflec

tivity and the current are changed. We see that the reflectivity and 
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Fig. 31. The converged fundamental pulse for different mirror 
reflectivities. 

In (a), the pulse converged in magnitude and in shape for 
reflectivity of RFL = 92.2%. But when the reflectivity 
increased, as in (b) and (c) where RFL = 94% and RFL = 96% 
respectively, the pulse converges in magnitude but not in 

_ shape. 

118 



w 
Cl 
::> 
~ -.....J c.. 
2: « 
Cl 
.....J 
W -lJ... 
.....J 

~ 
Z w 
2: 
~ z 
::> 
lJ... 

TIME 1: 

I=2 amp 

(0) 

I=100mp 

(b) 

Fig. 32. The converged fundamental pulse for different electron 
currents. 

In (a), the pulse converge in magnitude and shape for a 
current I = 2 amp. As the current increases, in (b) where 
I = 10 amp, the pulse breaks up and converges in magnitude 
but not in shape. 
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the current could put a limit on the FEL operation, in terms of the 

pulse behavior. But one can balance the losses in the cavity for a 

given current in order to give a smooth optical pulse. 
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There is an interesting sidelight to the pulse break up 

phenomenon. The spectrum of the laser pulse (intensity as a function 

of frequency) remains remarkably smooth. Insepction of Fig. 33 (a-c), 

where the spectrum corresponding to the laser pulse of Fig. 31 (a-c) 

is plotted, shows that the spectrum exhibits much less structure than 

the laser pulse. We see that as the number and magnitude of the spikes 

increase, in the optical pulse, a second peak in the spectrum is gen

erated. This particular·phenomenon in the spectrum is not restricted 

to the uniform linear wiggler. The same behavior has been seen in the 

tapered wiggler, where the magnet wavevector is an increasing function 

of position (Al-Abawi, et al. 1982). The motion of the electrons in 

the phase-space orbit could give an explanation for this curious phe

nomenon. In each pass through the cavity the pulse gets modulated by a 

frequency proportional to the rotation frequency of the electrons in 

the closed orbit. This "modulation frequency" is not constant, it 

depends on the field energy. So we have a band of "modulatioTi frequen

cies". If we look carefully to the optical pulses in Fig. 31 (a-c), we 

see that the pulse profile is getting wider, as more spikes are gen

erated. That is why the main peak in the spectrum, Fig. 33 (a-c), gets 

narrower. 

Finally we discuss the electron distribution corresponding to 

the pulses given'in Fig. 30 and the parameters in Table 3. Initially 

the electrons assumed to be monoenergetic, in other words, all the 
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Fig. 33. The spectrum of the fundamental pulses in Fig. 31. 

Even the corresponding optical pulses break up. The spectrum 
is still behaving smoothly. As the number of spikes lncrease, 
a second weak peak is generated in the low frequency side of 
the spectrum. 
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electrons enter the wiggler with the same energy, which is taken to be 

43 MeV. The electron distribution is represented in our calculation by 

an ensemble of particles identified by values of -a ana 60 on a two

dimensional grid. At each -a point the grid of 60 points is shifted by 

a random number between 0 and 2rr. This is done mainly in order to 

accumulate a good statistical sample of final electron energies, so as 

to calculate the final electron energy distribution via a histogram. 

In the time domain the electron distribution assumed to be a Gaussian 

with a FWHM of 3.42 psec. Data from many passes is accumulated and 

appropriately averaged to form the histrogram. In Fig. 34 we show the 

computed electron energy distribution corresponding to the optical 

pulses in Fig. 30. We see that most of the electrons have lost energy 

and spread a lot in energy. 
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CHAPTER 4 

SUMMARY AND CONCLUSIONS 

Free-Electron Lasers present a potentially attractiVe al ternati ve 

to conventional lasers in applications where a high power and a wide 

tunability are required. Since there frequency range is not limited . 

by some atomic or molecular structure, they can therefore lase over a 

wide spectral domain simply by changing the energy of the electron 

beam. Various schemes of FEL have been considered, one of them has 

been successfully operated at Stanford. In this device, a highly 

relativistic electron beam is passed through a periodic static field, 

and amplification is achieved via stimulated emission of radiation in 

the direction of the electron beam. 

A number of quantum-mechanical theoreis of the FEL have been 

published. However, it has been shown that it can be described by 

classical mechanics and electrodynamics only. There are a number of 

advantages in describing the FEL classically. First, a classical theory 

is much simpler than a quantum mechanical one, and the possibilities 

of errors are therefore strongly reduced. Also, the classical approach 

allows one to analyze the strong-signal regime of the laser in a 

relatively simple way, a task almost impossible to achieve quantum

mechanically. 

In the classical treatment of the FEL we do not follow the 

motions of individual electrons, but instead we use the collisionless 
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classical Boltzmann distribution. In this way one is able to build the 

entire theory of the FEL in close analogy to conventional laser theory. 

The electromagnetic field is governed by Maxwell's equation. As we 

saw, in order to obtain enhanced emission from the FEL, it is necessary 

to bunch the electrons so that they radiate coherently. Bunching leads 

to a coherent oscillation of the electron distribution. 

The gain argument applies to the average electron velocity only. 

However, a single electron can be either accelerated, or decelerated, 

depending upon its position relative to the walking potential when it 

enters the cavity. Consequently, the electron distribution does not only 

experience a recoil, but is also subject to a spread in the momentum 

through its interaction with the field. We saw that in the small-signal 

regime the spread is dominent. This spread effect has very serious 

implications, both theoretically and experimentally. On the experimental 

side, it has been suggested that, in order to increase the efficiency 

of the FEL, one recycles the electron beam from one shot to the next. 

This would of course present no major difficulty if the dominant part 

of the electron dynamics was a recoil of the distribution. However, 

this is not the case, and one has to be careful not to allow for the 

distribution to become too broad, in which case the laser would eventually 

reach the large cavity limit (inhomogeneous medium), with an inherent 

decrease of gain. On the theoretical side, the relatively large spread 

of the electron distribution has also some very important consequences. 

Since the small-signal regime of the FEL is not characterized by an 

unchanged population inversion (as is the case for standard lasers), 



126 

a perturbative expansion of the Boltzmann distribution function follo\iing 

the standard procedure of laser theory is meaningless if one wants to 

study more than the linear gian, for example saturation. An alternative 

procedure is to expand the electron distribution function in harmonics 

of the pondermotive potential. 

The possibility of using nonlinear optical processes to generate 

coherent optical harmonics of the fundamental frequency in the PEL has 

been discussed. Hanlonic generation adds another mechanism for extend-

ing the spectral range of the FEL. The tunable range of the device 

can be further extended by this means toward shorter wavelengths in the 

UV. A number of FEL devices and undulator experiments now being 

constructed use linearly polarized wigglers. These devices are expected 

to produce significant amounts of radiation at higher harmonics. The 

analysis presented js based on the use of multiple scaling perturbation 

theory, by which the slowly varying Maxwell and Boltzmann equations 

are obtained. 

In the CW regime we looked at the case where the harmonics are 

too weak to appreciably affect the electron motion and where the 

harmonics are not present at the entrance of the wiggler. In a single 

pass through the wiggler. the harmonics can be generated in appreciable 

amounts by the nonlinearity of the device in the strong-signal regime 

and by using a strong magnetic field (B k~ 0.6 T). One difficulty is pea 

that harmonic generation needs a narrow distribution in the electron 

energies. 

• 
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In the pulse regime of the FEL, the laser lethargy effect play 

an important role in the operation of the device. Due to this effect 

the cavity length should be adjusted by an order of few microns in 

order to obtain a good overlap between the electron and the optical 

pulses. We present short pulse calculations of the harmonic genera

tion, taking into account the combined influence of the harmonics and 

the fundamental mode in driving the electron bunching. In the 

numerical calculation, in order to take care of the lethargic effect, 

the optical pulse each pass through the wiggler shifted by a delay time, 

which is the difference between the electron pulse repetition rate 

and the round trip transit time of the cavity at the speed of light. 

The optical pulses show a ringing behavior which later vanish leaving 

the optical pulses to converge to a smooth picosecond pulse, with 

appreciable amount of power in the harmonic pulses. For a high mirror 

reflectivity and electrorr current, the ringing is found to be a permanent 

behavior of the optical pulses. Although the pulse break up into many 

spikes, the spectrum continue to behave smoothly. 

The free-electron lasers may convert the dream of scientists 

of having a tunable, high power, and high efficient devi~es to reality. 

In the last year the research, theoretically and experimentally, has 

extended beyond the using of uniform wigglers. The idea of using a 

wiggler with a varying magnetic field or period (tapered wiggler) could 

lead to large energy extraction via electron trapping. 



APPENDIX A 

ELECTRON RECOIL AND THE S~~LL-SIGNAL GAIN 

In this Appendix, we compute the electron recoil oP of the 

electrons and the gain in the small-signal regime and small-cavity 

limit. Since the gain can be obtained in the frame of a standard 

perturbation theory, it is sufficient here to take R3(~'P) to be 

unperturbed by the field, i.e., 

(AI) 

where the last term of the equality can be understood as the definition 

of the small-cavity limit. Under this approximation, the set of Bloch 

equations can be solved exactly. Let us define a function Q such that 

We see that Eqs. (61) and (62) may be written as 

aQ .PQ - + 1 
a~ 

(A3) 

with the initial condition 

Q(O,P) = O. (A4) 

Equation (A3) can be solved easily, using the integrating factor method 

we get 
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aR3 r -iP(;-;') Q = - - d;' e ap 
0 

aR3 (1 -iP; - e ) = - ap iP (AS) 

But from Eq. (A2) we have Rl = Re(Q), so from Eqs. (AI) and (AS) we 

find 

(A6) 

The recoil is given by Eq. (73). This integral with Eq. (A6) gives 

L/2 co 

oP = J d; J dP Si~;P ~p o(P-Po)· (A7) 

o 

Integrating by part and using the fact that Rl(;,+co) = R1(;,_co) = 0, 

we get 

o -co 

(AB) 

All what we got in Eq. (AB) is an integral over a sine function, which 

can be calculated easily, and using the fact that 1 + cosx = sin2 I ' 
we get 



where 

x = POL/2.Q. 1 
= - - llOL 2 
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(A9) 

(AIO) 

Now the small-signal gain can be easily calculated. First, 

let us define the scattered flux I as s 

The small-signal gain, g(sec- 1), is defined as 

gI • s 

Using Eqs. (A9) and (All) into Eqs. (72), we get 

(Al2) 

(A13) 

Comparing Eqs. (AI2) and (A13), we find the small-signal gain is given 

bv , 

(AI4) 

The gain is maximum if x = 1.3, i.e., if the initial energy Po is 

chosen such that [from Eq. (AIO)] Po = 2.6 .Q./L. The corresponding 

recoil is 
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(A15) 



APPENDIX B 

ELECTRON MOMENTUM SPREAD 

Here we compute the spread ~P of the electron distribution. It 

is given by the second moment of the electron distribution defined in 

Eq. (98). Multiplying the third Bloch equation (63) by (P - PO)2, and 

integrating over P 

(B1) 

Integrating the RHS of Eq. (Bl) by parts and using the fact that 

Rl(';'±IXI) = 0, (i = 1,2,3) , (B2) 

we obtain 

IXI IXI 

(B3) 

_IXI _IXI 

Let us define 

(B4) 

The first and second Bloch equations (61) and (62) can be combined to 

give 
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aR ~ 
~ - iPoR = - ap 

~ 

Multiplying (B5) by (P - Po) and integrating over P 

00 00 

~I; J dP(P-Po)R - iPo J dP(P-Po)R = 
00 

- J dP(P-P a) .& aP 

133 

(B5) 

(86) 

Again integrating the RHS of Eq. (86) by parts and using the boundary 

condition (82), we get 

00 00 00 

~I; J dP(P-Pa)R - iPa J dP(P-PO)R = I dP R3· (Bi) 

_00 _00 _00 

Now integrate the third Bloch equation (63) over P, we get 

_00 _00 

Using the boundary condition (82), we get 

00 

~I; f dP R3 = 0 , 

so 
00 

J dP R3 = constant. 
_00 

From the normalization of the dimensionless electron distribution 

function, this constant equal to one 



00 

r 
J dP R3 ;:.' i. • 
_00 

Using (B8) in (B7) we get 

00 00 

~~ f dP(P-Po)R - iPo J dP(P-Po)R = 1 . 

Define 
00 

Q = J dP(P-Po)R 

Eq. (B9) has the form 

~ - iPoQ = 1 . 
d~ 
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(B8) 

(B9) 

(BID) 

(811) 

Using the method of integrating factor, the solution to Eq. (B11) is 

1 - eiPo~ 
Q = - iPo 

From Eqs. (84), (BID), and (B12), we get 

00 

J dP(P-Po)Rl = 
_00 

(

_1_ ....,-,.."...;;.e ~_. P_O_~). 
- Re - 'P 

1 a 

= ~o sin(Po~/2) cos(Po~/2). 

Substituting Eq. (81.3) into Eq. (B3), we get 

(B12) 

(B1.3) 
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(B14) 

-= 

Finally, integrating Eq. (B14) with respect to ~ gives the energy spread 

-~ 

(B15) 



APPENDIX C 

THE HARMONICS GAIN IN THE S~~LL-SIGNAL REGIME 

In this Appendix we are going to calculate the gain in the 

small-signal regime. We restrict these calculations to the case of 

CW operation in the cold-beam limit, neglecting diffraction. By the 

cold-beam limit we mean that all the electrons enter the cavity with 

the same energy. In this case the variables L, LO' and ~o may be 

suppressed from Eqs. (157), (158), and (165) and these equations 

become 

K r l: E ( t; ) A * (~) e in e u;, eo) + c. c . ] , 
ln~o n n 

aI 1 J21T = - A (~)- deo 
2 n 21T a 

-ine(~,eo) e , 

n 0 

with the initial conditions 

" 
9(0,90) = 60 , 

~(o,eo) = ~O • 

If one performs the transformation ~' = ~ - ~o' S' = e - ~o~, and 

A'q(~) = Aq(~)e-i~ot;, then both the unprimed and primed variables 
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(Cl) 

(C2) 

(C3) 

(C4) 

(C5) 
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~ 

satisfy Eqs. (C1) - (C4), but Eq. (CS) is replaced by ll' (0,60) = 0. 

Thus, it is possible to include the energy detuning in the static field 

amplitude and thus take the initial electron detuning to be zero. We 

adopt this frame of reference in discussing the small-signal regime. 

In this regime, the phase angle 6 can be approximated oy 

A 

6(;,60) = 60 + 86(;,60) (C6) 

The changes in phase angle 86 are assumed to be small. So the phase 

angle 6 in Eq. (C2) can be substituted by 60, but in order to calculate 

the linear gain the phase angle 6 in M~~ell equation (C3) has to be 

substituted by Eq. (C6). Let us define these two functions 

- in6 0 - <86 e >, (C7) 

K (0 n = - A - in6 0 
<ll e > (C8) 

Since the initial electron detuning is zero, then K (0) = O. Expand 
n 

the term exp(-ino6) in the Maxwell equation to the first order and 

using the functions in Eqs. (C7) and (C8). The coupled linear equations 

describing the PEL in the small-signal regime are 

K (;) 
n 

(C9) 

(CIO) 
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(Cll) 

We see that the harmonics are uncoupled and can be treated separately. 

Using these equations we get 

= inaI A (~)E *(~)H (~) 
cr-rn n n + C.c. 

n 

= inaI ~ K *(~)H (~) + cr-zK d~ n ~ n ~ c.c. 
n 

= naI ~ [iH (~)K *(~) ] a 2K d~ n ~ n ~ + c.c. 
n 

(C12) 

Integrate Eq. (C12) along the cavity and we g~t 

IE (L')1 2 - IE (0)1 2 = na2I [iH (L')K *(L') + c.c.], (CI3) 
n n an K n n 

where we used the fact that K (0) = o. 
n 

Now, define the gain per pass as 

Using Eq. (C13) into Eq. (CI4) , the gain is given by 

(C14) 

(CIS) 
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For the linear magnet the coefficient for the static field A are real n 

constant, so A (~) = A e-i~o~. In the small-gain limit E (~) is 
n n n ~ 

practically constant, then from Eq. (CIO)we get 

So K (L') is given by n 

o 

1 in K (V') = KE A L I sinn e n n n n 

where 

1 
n = '2 n~oL' 

Using Eqs. (C9) and (CI6), Hn(~) is given by 

Hn(;) = J;d;IKn(;I) 
o 

From Eq. (CIS), H (L') is given by 
n 

o 

J;I d;II ein~o;II 

o 

KE A L' 
(L') n n [1. in _ 1] . H = - Slnn e 

n in~o n 

(CI6) 

(CI7) 

(CIS) 

(CI9) 
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Substituting Eqs. (C17) and (C19) into Eq. (CIS), we get the gain per 

pass 

ct.dA zL,3n 
Gn = _-cr_n""z:---sinn[n-3 sinn - n- z cosn]. 

n 
(C20) . 

Using Eqs. (126), (133), (162), and (163) to substitute the value of 

K, L', ct., and cr respectively, we get 
n 

where 

(C21) 

(C22) 

Equation (C2l) is the usual antisyrnmetric expression for the FEL gain. 

The maximum gain for the fundamental mode (n = 1) is near n = 1.3. 



APPENDIX 0 

DIFFRACTIVE BEAM SPREADING FOR A GAUSSIAN MODE 

In Eq. (182) we allow for the possibility that cr (~) may be 
n 

a complex function of ~ in order to account approximately for 

diffractive spreading of the laser beam. In the CW calculations, we 

assumed that only the fundamental field lases in the fundamental 

Gaussian mode of a resonator. So, if the mirror losses are small, 

it should generally be a good approximation to use the function crl(~) 

corresponding to Gaussian beam propagation in the bare resonator. In 

this Appendix we are going to assume that all the modes lase in the 

Gaussian mode (as we assumed in Chapter 3), so in general we are going 

to calculate cr (~). To do that, we are going to derive the Maxwell 
n 

equation (166) corresponding to laser beam propagating in the funda-

mental Gaussian mode by starting with the paraxial wave equation 

+ + E (~,r,L) = u(r)J(~,T) • n 

where V
T

2 is the transverse Laplacion, X the average mass shift, 

(01) 

k
n 

= nks the wavevector of the nth harmonic, u(1) is the normalized 

transverse distribution of the electrons, and J(~,L) is defined by 

(02) 
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Equation (01) provides a more exact treatment of diffraction than Eq. 

(166), but is considerably more complicated to solve. We are going to 

show that Eq. (166) may be obtained by projecting Eq. (01) onto the 

fundamental Gaussian mode of the resonator. 

+ The resonator modes ~ (~.r) are a complete orthonormal set of 
m 

solutions of the homogeneous paraxial wave equation 

In particular. the fundamental mode (Koge1nik and Li 1966) is 

where 

+ 
Expand the harmonic field E (~.r.L) in terms of the mode functions 

n 

~ (~.r) as m 
CY) 

L Cm(~'L)~m(~'~) 
m=O 

Inserting Eq. (06) into (01) and using (03) we get 

(03) 

(04) 

(05) 

(06) 

(07) 

If we multiply Eq. (07) by ~k*(~,r) and integrate over the transverse 

coordinate, we obtain 
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(08) 

Let us consider the term m = 0 in Eq. (08). Also assuming that the 

filling factor (the electron beam area divided by the laser mode area) 

* is small, we may evaluate ~O (~,r) at r = 0 on the right-hand side of 

(08) and carry out the transverse integration to get 

* = ~o (~, O)J (~,1:) (09) 

At this point we assume that we can truncate the sum in Eq. (06) and 

only retain the term for m = 0, since we assume that all the modes ar.e 

lasing into the fundamental Gaussian mode of a resonator. Thus, we have 

E (~,O,L) 
n 

Using Eq. (010) into (09), we obtain 

* ~o (~,O)J(~,L) 

Comparing Eqs. (011) and (166), we find that 

Using Eqs. (04) and (05) we get 

(010) 

(011) 

(012) 

(013) 
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Since the beam mode area W 2 = w12/n and k = nk , we find 
n n 5 

(014) 

which is equivalent to Eqs. (.185) and (205). 

In situations where diffractive effects are more complicated 

than simple Gaussian beam spreading, it is not clear whether Eq. (166) 

gives a good description of diffraction, or, if so, how one should 

choose (j (~). 
n 



APPENDIX E 

HARMONICS WITH DIFFRACTION 

In this Appendix we represent an outline for the derivation of 

the paraxial wave equation (186). The starting point of this ca1cu1a-

tion is the Maxwell equation (34) with the transverse variables. 

Transforming this equation to the variables "~' and ~ by using Eqs. 

(122) - (124) we obtain 

'iJ 2 - -6,- - A [ 
2 a a J A 

T c a~ aT s 

where 'iJT
2 is the transverse Laplacian, and u(r) is the normalized 

transverse distribution of the electrons. 

(E1) 

Equation eEl) is equivalent to the Maxwell equation (128) with 

the transverse variables are included, and it is the basic equation for 

the laser field. Since the field As oscillates at optical frequency, 

Eq. eEl) is not readily solvable. In order to deal with the rapid 

oscillation in Eq. eEl) we use the multiple scaling perturbation theory 

as we did in Chap. 3 in the CW calculations. We follow almost the same 

steps we did before. The periodic structure introduced to the wiggler 

by taking 

(E2) 

145 



146 

where Aq is periodic in B = ks~/2Y02. Also we are using the same fast 

and slow variables. Since nothing changes in the Boltzmann equation. 

we are concentrating on Maxwell's equations only. We are going 

the independent variables such that we measure ~ in units of L'. ~ in 

units of l/L'. ~ in units of L'/2cY0 2. and r in units of (L'/2k )~. s 

In terms of these scaled variables. we rewrite Eq. (El) as 

where E = 2Y0 2/k L'. s 

We now regard the fast variables e and ~ as an additional 

(E3) 

independent variable beside the slow variables ~ and~. In terms of 

these four independent variables. the Maxwell equation (E3) has the 

form 

(134) 

We may now represent As and h by an expansion in powers of E and equate 

coefficients to obtain the zeroth order A (0) s 

The solution of (ES) is 

A (0) = f(E.r.~.e) + g(~.r.T.e+~) s 

(135) 

(E6) 
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where f and g are an arbitrary function. The second term in Eq. (E6) 

can be neglected because it does not contain optical frequencies, where 

e + 4> = S is given by Eq. (138). 

A(O) = A(O) (~ r l' ~) 
S 5'" , ,'1' J 

So A(O) can be written as 
s 

which is independent on e. The first order A (1) is given by 

e
2
yo2 f (0) = - u(r)Aq dllh • 

2Eock 2 s 

(E7) 

(E8) 

In order to prevent secular growth in A (1) J the average over e of the s 

driving terms of A~l) in Eq. (E8) should equal to zero, using Eq. (E7) 

we get 

Now introducing the Fourier series expansion of A(O) 
s 

(0) \' 1 -in4> As (~, r, l' ,4» = L. -. - E (r, ~ , 1') e 
nfO ~nws n 

(E9) 

(E10) 

and the Fourier expansion of the Wiggler field [Eq. (152)], in Eq. (E9), 

we get 



x u(r)A (;) -- dee-~ne d~h, 1 J21T . J 
n 21T 

o 

where we restored the scaling in the independent variables and we 

replaced the mass shift 6(;,a) by the average mass shift 

I(;) = 2~ J21T~(;,a)da 
o 
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(Ell) 

(E12) 

Since for the linear magnet the average mass shift is an oscillating 

function. Now using the single particle equation and substituting 

Eqs. (159) and (164) in (Ell), we end up with the paraxial wave 

equation (186) in the CW limit 

x Jd~o.9(~o) 2~ rrrdeoe-ine(~,]J.o,eO) 
o 

Now to solve Eq. (E13), let us write it in the following form 

where 

CE13) 

(E14) 
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(E1S) 

An appropriate Green's function of the paraxial wave equation (E14) is 

+ +' , 1 
G (r, ~ 1 r ,~ ) = --"'---- e 

i27TXnk (~-~') s 

inXk s 
1"t·"t'12 
2(~-~') 

(E16) 

Using the Green's function given by Eq. (E16), the solution to Eq. (E14) 

is given by 

(E17) 

Using the normalized transverse electron distribution which we took to 

be a Gaussian defined by Eq. (187), the integral over the transverse 

coordinate in Eq. (E17) can be easily calculated by using the rectangu-

lar coordinates, we end up with 

~ 

E (r,~) = _..;;.,1_ J d~' 
n i27TXnks 0 ao+2i(~-~')/Xnks 

1 

r2 
x exp [ - ---~--_--] J C~ ') • (E1S) 

ao+2i(g-~')/~nks 

Using Eq. (ElS) in Eq. (ElS), we get the solution to the paraxial wave 

equation (E13) 
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1 J2'lT -ine(~' .].10.90) 
x 2'lT d90 e (E19) 

a 

which is the same as Eq. (189). Notice that we fixed the limit of 

integration over ~'. We know that the electrons radiate in the forward 

direction and we are calculating the field at point; in the cavity. 

So what counts in the field at point ~ are all the radiated fields 

from the beginning of the cavity ; = 0 up to the point ~ where we are 

measuring the field. 
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