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ABSTRACT 

In this work, several problems in the field of Hamiltonian dynamics are studied. 

Chapter I is a short review of some basic results in the theory of Hamiltonian dynamics. 

In chapter 2, we study the problem of computing the geometric monodromy of the 

torus bundle defined by integrable Hamiltonian systems. We show that for two degree 

of freedom systems near an isolated critical value of the energy momentum map, the 

monodromy group can determined solely from the local data of the energy momentum 

map at the singularity. Along the way, we develop a simple method for computing 

the monodromy group which covers all the known examples that exhibit nontrivial 

monodromy. In chapter 3, we consider the topological aspects of the Kirchhoff case of 

the motion of a symmetric rigid body in an infinite ideal fluid. The bifurcation diagrams 

are constructed and the topology of all the invariant sets are determined. We show that 

this system has monodromy. We show also that this system undergoes a Hamiltonian 

Hopf bifurcation as the couple resultant passes through a certain value when the steady 

rotation of the rigid body about its symmetry axis changes stability. Chapter 4 is devoted 

to checking Kolmogorov's condition for the square potential pendulum. We prove, by 

essentially elementary methods, that Kolmogorov's condition is satisfied for all of the 

regular values of the energy momentum map. In chapter 5, we use Ziglin's theorem to 

prove rigorously that some of the generalized two degree of freedom Toda lattices are 

non-integrable. 
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1. PRELIMINARIES 

In this introductory chapter, we review some of the basic facts from the theory of 

Hamiltonian mechanics which will be used in later chapters. For a detailed treatment 

of this subject, we refer to the text book by Arnold [2]and Abraham and Marsden [1]. 

Most readers should probably start with chapter 2. 

1.1. Poisson Manifolds and Hamiltonian Systems 

The most fundamental concept in Hamiltonian dynamics is the notion of Poisson bracket. 

In this section, we review briefly the basics of the Poisson formalism. 

Let ll1 be a smooth manifold and (,'oo(ll1) the space of smooth functions on ill. A 

Poisson structure on A1 is by definition a bilinear map {" .}: (,'oo(M) x (,'oo(M) ---7 

(,'00(1l1) with the following propel1ies: 

( 1) skew-symmetry 

{tg} = -{gJ} (1.1) 

(2) Leibnitz rule 

(1.2) 

(3) Jacobi identity 

{{f,gL h} + {{g, hLl} + {{h,f},g} = O. (1.3) 

The map {.,.} is called the Poissoll bracket. It makes (,'ooUvl) into an infinite 

dimensional Lie algebra. The pair (M, {" . }) is called a Poisson manifold. 

Let If be a smooth function on a Poisson manifold (NI, {-, . }). It follows from the 

Leibnitz rule (1.2) that 

Xu = {" H} (1.4) 
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is a derivation, i.e., a vector field on j\;[. It is called the Hamiltonian veetorfield defined 

by H. The dynamical system 

x = Xll(X) (1.5) 

or equivalently 

.t = {.f, H} V.f E coo(1l1) (1.6) 

is called the Hamiltonian system with Hamiltonian H. 

From this definition it is clear that any function F satisfying 

{F, fI} = 0 

is a conserved quantity (integral) of the dynamical system (1.5). It follows from the 

Jacobi identity and the Leibnitz rule that the space of integrals of (1.5) form a subalgebra 

of the Poisson algebra (C=(M), {., .}). 

It is also clear from the Jacobi identity that the commutator of two Hamiltonian 

vector fields is again a Hamiltonian vector field 

[Xll, XCi] = -X{ll,G}. (1.7) 

Hence the map H ~ Xll is an anti-homomorphism from the Poisson algebra 

(C=(1\1), {., . }) to XM , the Lie algebra of vector fields on 111. 

A Possion structure on M is called non degenerate if the following condition 

is satisfied: for any .f E C'XJ(M), if III E M is not a critical point of i, then 

there is agE cco(JH) such that {r 9 }(/II) =/: O. The class of Poisson manifolds 

with nondegenerate Poisson structure is of fundamental impOltance for Hamiltonian 

mechanics. For these Poisson manifolds, we have a non degenerate closed two-form w 

on M defined by 

W(XF,Xr;) = {G,F}. (1.8) 
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The nondegeneracy of w follows from the nondegeneracy of the Poisson structure; the 

closedness of w is a consequence of the Jacobi identity. A manifold M endowed with 

a nondegenerate closed two-form is called a symplectic manifold, denoted by (Al, w). 

The form w is called the symplectic form. 

For a nondegenerate Poisson manifold (NI, {.,.}), the symplectic structure on M 

induced by the Poisson structure completely determines the Poisson structure. To see 

this, notice that the Hamiltonian vector field X II defined by a smooth function If can be 

equivalently computed by 

(1.9) 

This relation, together with (1.8), determines the Poisson bracket for any F, G E CCO(NJ) 

and thus determines the Poisson structure on M. 

One impol1ant property of symplectic manifolds is that they have the same local 

structure (Darboux' theorem). That is, for every point m E lvI, there are local 

coordinates q I, . .. , qll, PI , ... ,PIl near '111, called the canonical coordinates, in which 

the symplectic form w reduces to 

II 

W = Ldpi /\ d{ (1.10) 
i=1 

Thus, locally, Hamilton's equation :i: = Xll(x) can always be reduced to the canonical 

form 

.i an. fJlI 
q = fJPi' Pi = - fJqi ' i = 1,2,··· n. 

A simple yet imp0I1ant result in Poisson geometry is that every Poisson manifold is 

the union of immersed submanifolds on which the Poisson structure is non degenerate 

and thus defines a symplectic structure on it. These submanifolds are called the 

symplectic leaves of its Poisson structure. 

In modern language, a Poisson structure on 111 is equivalent to a field A of 

contravariant, skew-symmetric two-tensors, called the Poisson tensor of the structure, 
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for which the Schouten bracket [A, A] vanishes identically (see [32]). In local 

coordinates, this means that the Poisson bracket can be expressed as 

(1.11) 

where A ii are the components of the Poisson tensor A and satisfy 

( 
a Vd a \Ii a \ik) '"' Aii_! _. + Aki_! _. + A/i_'_. = O. 

L:-t a;z:1 8.?;1 ax l 
1 

In the case when the Poisson structure is nondegenerate, the symplectic form determined 

by it has the following local expression 

W = L Aiidri 1\ ell), (1.12) 
i,J 

where (AiJ is the inverse of (AiJ). 

We now consider some special types of Poisson brackets. 

(I) Constant brackets. This is the simplest type of Poisson bracket where the 

Poisson tensor A does not depend on In E M. By a linear change of coordinates, the 

constant brackets can always be reduced to the form 

o I 
- I 0 

o I 
- I 0 

o 

o 

In the nondegenerate case we can introduce canonical coordinates q I , ... qn, PI, ... , Pn 

such that 

(1.13) 
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where I is the 12 x 12 identity matrix. 

An important class of Poisson manifolds of constant type is the natural symplectic 

structure on T* N, the cotangent bundle of an arbitrary smooth manifold N. Let 

ql, (/, ... , (t be the local coordinates on N and PI, P2, . " , Pn be the coordinates on 

T:; N in the basis dql, dq2, ... , dqn. Then the Poisson tensor on T* N is given exactly 

by (1.13). As a concrete example, the canonical symplectic structure on IR 2n = T*IR n is 

of constant type. 

(2) Lie-Poisson brackets. We now consider a very important class of Poisson 

brackets where the Poisson tensor (Aij) depends linearly on the coordinate functions 

(we assume that Jl1 is a linear space). These brackets are always associated with the 

dual of Lie algebras and are called the Lie-Poisson brackets. 

Let (} be a Lie algebra, (}* its dual. Let (;1, e2, ... , en be a basis of (} and (I, (2, •.. , (n 

be the dual basis for (}*. Let ct be the structure constants of (} relative to the basis 

ej, that is rei, eJ = Ek Ci~ek. Let ;'Vj be the coordinate functions on (}* in the basis (j. 

Then coo (9*) is the space of smooth functions of:1: j. Define the Poisson bracket of the 

coordinate functions by 

{:ri' :r.d = L Ctixk (1.14) 
1... 

and let 

(1.15) 

We then have a natural Poisson structure on (}*. The coordinate free description of the 

bracket (1.15) is given by 

{1", G}(;r) = (;r, [\1 F', \1G]) (1.16) 

where \1 1", \1G E ((}")* ~ (} are the gradients of F, G and (.,.) is the pairing between 

(}" and (}. 



14 

On (Q*~ h· }), Hamilton's equation (1.5) take the form 

i: = -ad';,;lJx (1.17) 

where ad~, 1] Egis the coadjoint representation of 9 on g". 

Equation (1.17) has an obvious set of integrals. In fact, since the right-hand side 

is given by the infinitesimal coadjoint representation, the associate HamHtonian vector 

field is tangent to the coadjoint orbits so that the motion is confined to the coadjoint 

orbits in g*. Let [(9*) be the set of Ad*-invariant functions on g.., that is, functions 

such that 

Then 1(9*) Poisson commutes with any smooth function on g ... These functions are 

called the Casimirs of the Poisson bracket. They allow us to reduce Hamiltonian 

systems on g* to systems on the coadjoint orbit. 

Remark. When 9 admits a non degenerate scalar product (., .) which is invariant under 

the adjoint action, that is, 

([a, b], c) = (a, [b, c]) V a, b, c, E g, (1.18) 

Hamiltonian's equation (1.17) can be reduced to the Lax form. In this case, we can 

identify g* with 9 by the relation 

With this identification, the coadjoint representation ad· goes over into the adjoint 

representation ad. We can write the Lie-Possion bracket as 

(x·, [\7 F, \7G]) 

(:r, [\7 F, \7G]) 

(\7G, [x, \7 F])· 
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and Hamilton's equation (1.17) becomes 

x = -advIP; = [x, \7 If]. (1.19) 

We now consider an example which will be referenced later. Let E(3) = SO(3) xlR3 

be the Euclidean group (where x is the semi-direct product). Its Lie algebra, ro(3) x 1R3 

with the Lie bracket 

[(A, a), (B, b)] = (AB - BA, Ab - Ba), 

is isomorphic to the Lie algebra 9 = IR 3 X IR 3 with the following Lie bracket: 

[ i j] - '" k [,i rj ] '" rk [fi f j
] - 0 e , e - ~ C(ike, e,. = ~ Cijk., , . -, 

k k 

where ei,.t, i = 1,2,3 is a basis for g. By our general construction above, the 

Lie-Poisson bracket on g- = 1R3 X 1R3 ~ {(x,y): x = (XI,X2,X3), y = (YI,Y2,Y3)} is 

given by the following: 

hJi,fJ.d = LCi.iklJl.·, {Yi,:I:.;} = LCijkXk, {Xi,Xj} = O. 
k k 

More explicitly, we have 

_, , (OF OC) (DF DC) (DF DC) {l',Cr}(x,y)=y, oy x oy +X· Dy x ax +X· Dx x ay ,(1.20) 

where x and· are the usual vector and scalar product on IR 3. 

It is not hard to check that 1(9-), the space of Ad"'-invariant functions on g" is 

generated by the following two functions: 

and thus the coadjoint orbit in g- has the description 

Oa,b= {(x,y): x·x=a,x·y=ab}, a>O. (1.21) 
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It is also straightforward to check that the Poisson bracket (1.20), when restIicted to 

tJu,b, is nondegenerate. Hence it induces a symplectic structure on tJu,b. 

We note that Hamilton's equation (1.17) has the following simple form: 

. oH oH. oH 
y = x x ox + y x oy' x = x x oy . (1.22) 

We now consider two specific mechanical systems which can be thought of as 

Hamiltonian systems on (9"', { ., . }). 

(A) The rotation of a heavy rigid body with a fixed point. The Hamiltonian function 

is 

(1.23) 

Here the axes of the coordinate system coincide with the principal axes of the body, 

the origin is the fixed point of the body, I j are the principal moments of inertia, Ii are 

the coordinates of the center of mass, ;r i are the direction cosines of a static unit vector 

relative to the moving frame and (so that L: :z:r = I) and Yi are the components of the 

angular momentum of the body. The motion of the body is confined on the coadjoint 

O(,b. 

(B) The motion of a rigid body in an infinite ideal fluid. In this case, the Hamiltonian 

function is a positive definite quadratic form 

(1.24) 

The dynamical interpretation of the variables is the following: x is the impulsive force, 

y is the angular velocity of the body, i~~ is the impulsive momentum, ~~ is the kinetic 

momentum. 

In this case, Hamilton's equation 0.22) is commonly called the Kirchhoff equation. 

(3) Quadratic hractcts. To end this section, we give an example where the Poisson 

tensor ,\ depends quadratically on the coordinate functions (again, we assume that !vI is 
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a linear space). We remark that, unlike the Lie-Poisson brackets, the quadratic brackets 

has not been extensively studied. 

Let 111 = ~n X ~n = {(X,y): x = (XJ,'" ,Xn),y = (YJ,'" ,Ynn. Define a 

Poisson bracket on lvI by putting 

{Xj,XJ - ° 

{Xj,Y;} LXT 
1;l:i 

Yi;'Vj - YjXi 

and let {F, G} be defined as in (1.15). We then have a Poisson manifold (lvI, {" .}). 

However, this Poisson structure is degenerate. It has two Casimir functions: 

PI = X . X = L :1:7, 
i 

P2 = X • Y = L X iYi· 
I 

It is not hard to check that when restricted to the common level surface 

{a,b = {(x,y): X· x = (l, X· Y = ab}, a> 0, 

the Poisson structure becomes non degenerate and hence induces a symplectic structure 

on {a,b. 

We note that the Poisson structure on the symplectic leaf {I ,0 = T sn-I ~ T'" sn-I 

is equivalent to the canonical symplectic structure on T* SI1-1 (we identify T sn-I with 

1'*8 11
-

1 via the standard Riemannian metric on 8 11
-

1). 

We now give some examples which are related to the quadratic bracket just defined. 

We assume that for all of these examples, the phase space is the symplectic leaf 

" - I'S'71-1 "-'1,0 -. . 

(C) The geodesic flow on the sphere 8 11
-

1 = {x E ~3: Ixl = I}. The Hamiltonian 

function is given by 

(1.25) 
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(D) Neumann's system. In this case, the Hamiltonian is 

I I 
11= -y·y+-(Ax)·x 

2 2 
(1.26) 

where A = diag(al, a2,'" , (In)' Physically, this system describes the motion ofa point 

mass on the sphere Stl-I under the influence of a quadratic potential U = 4(Ax). x. We 

remark that this is a classical system which can be integrated explicitly. 

(E) The generalized spherical pendulum. Let n = 3 and consider the Hamiltonian 

system on £1,0 = TS2 defined by the Hamiltonian function 

(1.27) 

where .r is a smooth function. We call this system the generalized spherical pendulum. 

Notice that when .r(X3) = X3, this is the usual spherical pendulum. 

1.2. Symmetry and Reduction 

It is well known that the conservation of linear and angular momenta of mechanical 

systems is related to the invariance of the system under translations and rotations 

(Noether's theorem). In this section, we review Noether's theorem in a modern setting. 

Let (Ai, {.,.}) be a connected Poisson manifold and G a connected Lie group. A 

smooth left action <1>: G x M -; M of G on M is called canonical if <1>(g, .) is canonical 

for all g E G, that is, 

(1.28) 

for all FI ~ 1'2 E CO:V(M) and for all.c; E G. In the case when {-, .} is non degenerate, i.e., 

(M, { ., . }) is symplectic, the action is canonical iff it is symplectic, that is 

(1.29) 

for all 9 E G, where w is the induced symplectic form on M. 
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Let 9 be the Lie algebra of G. For each ~ E g, the map <De: (t, 112) --t <D(exp(tO, rn) 

is an ~ action on ill, i.e., it is a flow on M. The corresponding vector field 

dl ~M = -d <D(exp(tO, m) 
l t=O 

(1.30) 

is called the infinitesimal generator of the action corresponding to ~. It is easy to check 

that the map ~ --t 61 is a Lie algebra homomorphism from 9 to (''\:'1\,[. 

Assumption: In the following, we assume that the flow <De is globally Hamiltonian. 

That is, for each ~ E g, there is a Je E coo (i\1) so that 

(1.31) 

Notice that Je is determined uniquely up to Casimirs. 

It is not hard to see that the map ~ --t J~ can be chosen to be linear, that is 

, " 

Je+11 = Je + J11 (1.32) 

for all ~, 'I E g. With this choice, the map .J can be represented as 

Je(m) = (.J(rn),O \1m, E i\1,e E 9 (1.33) 

where J(m.) E g" and <.,.> is the pairing between g" and g. The map J: ill --t g .. 

thus defined is called the momellfum map of the action. 

Let F' be a G-invariant function on (M, { ., .}). It is clear from our discussion above 

that {F, Je} = 0 for all ~ E g. In the case when F is the Hamiltonian of a Hamiltonian 

system on (M, {.,. }), this observation gives the classical Noether's theorem. That is, 

the momentum map J is a conserved quantity of the system. 

A canonical action <D: G x M --t M of G on a Poisson manifold (lvI, h .}) is 

called a Hamiltonian action if the map .J : 9 --t (coo(J\1), {., .}) is a Lie algebra 

homomorphism. That is, for all ~, '/1 E g, Jle ,111 = {Je, JII }. For Hamiltonian actions, 

the momentum map has an important equivariance propertity: 

(1.34) 
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In other words, for Hamiltonian actions, the momentum map carries the action of G on 

1'V1 to the coadjoint action of G on g~. 

Let us look at some simple examples. 

(1) Linear momentum. Let M = T*~n = {(q, p) : q = (ql, ... , qn), p = 
(PI, ... , Pn)} with the canonical Poisson structure. Let G = ~ act on M by translation 

It is easy to see that the infinitesimal generator of this action is given by 

(1.36) 

which is clearly globally Hamiltonian and the Hamiltonian function is 

III 

.Je(q, p) = ~ L Pi· (1.37) 
i=l 

The momentum map J is obviously the total linear momentum 

n 

J(q, p) = L Pi· (1.38) 
i=l 

(2) The angular momentum. Let M = T*~3 with the standard Poisson structure. 

Let G = 80(3) act on 1\1 by 

<1>(A, (q, p») = (Aq, Ap). (1.39) 

It is easy to check that this is a canonical action. For any ~ E g, 

-(
2

) 
(ll , 

o 

the infinitesimal generator of this action is given by 

f) a 
~M = (~q) . ~ + ((p) . ~ 

uq up 
(lAO) 
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which is generated by the Hamiltonian 

Je(q, p) = ~q . p = t· q x p, (1.41) 

where t = (aI, (l2, a3) E JR3. (Note that the map e ~ t is a Lie algebra isomorphism 

between 9 = 80(3) and (JR3, x ).) The momentum map is clearly given by 

.](q,p) = q x p (1.42) 

which is, of course, the standard formula for angular momentum. 

We now state the important Marsden-Weinstein reduction theorem [1]. 

THEOREM 1.2.1. Let (M, w) be a symplectic manifold and <P : G x ivI ~ M a 

Hamiltonian action. Let.]: M ~ g- be the momentum map for the action <P. 

Assume that I' E g- is a regular value of,] and that the isotlVpy glVup Gil under 

the Ad- action on g- acts on .]-I(lt) freely and plVperly. Then iVIII ~ j-I(f.l)/GII is 

in a natural way a symplectic manifold. The symplectic fOlm wlI on j-I(f.l)/GII is 

characteJized by 7r~WII = i~w, where 7r/I : j-I (It) ~ Alii is the canonical plVjection and 

ill: j-I(".) ~ ill is the inclusion. 

In the case when G is a symmetry group of a Hamiltonian system, theorem 1.2.1 

enables us to reduce the dimension of the phase space. 

THEOREM 1.2.2. Under the assumption of theorem 1.2.1, let f1: iV/ ~ JR be invmiant 

under the action ofG. Then the flow Ft of.\-Jl leaves j-I(lt) invaJiant and commutes 

with the action of Gil on .]-1(11), so it induces canonicaJlya flow H t on iVIII satisfying 

7r/1 0 Ft = fit 0 i/l' This flow is a Hamiltonian flow on iV/II with a Hamiltonian H/l 

satisfying f1/1 07r 11 = JJ 0 i/l' M'I is called the reduced phase space. Ifll is calJed the 

reduced Hamiltonian. 
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We now look at our two simple examples. 

(1) Linear momentum. It is easy to check that all values 11 E lit'" = lit 

are regular values of the momentum map J(q, p) = Li Pi. J- I (I1) is given by 

{(q, p), Li Pi = It}· The isotropy group Gil = G = lit clearly acts on J-I(I1) freely and 

properly. In canonical coordinates (q I - qtl, ... , qn-I - qn, qn, PI,' ., , Pn-I, Li Pi) on 

1\1 = 1It2n, the reduced phase space .J-I(lt)/G'l is canonically 1It2(n-l) with coordinates 

QI - 11 - '71t ••• Qn-I - 111 - 1 _ 111 P - P ... D - P . -I, ", , -I, 1,,1- I, ,~n-I- n-I. 

If H(q, p) is invariant under translation, that is, H = H(ql - qn, ... , ql1-1 -

qll, PI, ... ,Pit), then the reduced Hamiltonian on 1\1'1 is 

n-I 

H'l = H(QI, ... ,Q1I-1, PI,'" , Pn - I , P - I: Pi). 
i=1 

(2) Angular momentum. In this case, the set of regular values of the momentum 

map J(q, p) = q x p is given by R = {II E 1It3 ~ 50(3) : IT :I OJ. Without loss of 

generality, we can assume II = ,\(0,0, I), ,\ > O. With this simplification, J-I(I1) is 

given by the equations 

(/P2 - (/'P2 - 0 

o 

,\ > 0, 

from which one sees that q3 = jJ3 = O. Therefore, .J-I(ll) can be identified with 

1It4 = {(q I, (/, PI, P2) : (hJ2 - q2pI = ,\}. The isotropy group Gil is the subgroup of 

.5'0(3) which leaves (0, 0, I) invariant, that is, 

{ (

COS rb sin dJ 0) } 
Gil = - s~n rjJ co~ q) ~ ,rjJ E [0, 27r) ~ 80(2) ~ 8 1

• 

It is easy to check that Gil acts on J-I(/I) freely and properly. Thus, by theorem 1.2.1, 

1\1'1 = J-I (fl)/G'I is a symplectic manifold of dimension 2. The symplectic form Wit is 



23 

obviously the restriction of the canonical form LT=I dqi I\dPi on JV1w In polar coordinates 

q I I' cos 0, PI = Pr cos 0 - Po sin 0 
I' 

2 • 0 . 0 Po 0 q rsm , PI = Pr sm + - cos 
r 

Po )., 

on J-I(ll), 111'1 is canonically the (1', Pr) plane without the origin and Wit is the canonical 

2-form dPr 1\ dr. 

For any SO(3) invariant function 

H(q, p) = II(p . p) + h(q . q) + h(q . p) 

on 1\11 = 1ft6, the reduced Hamiltonian H" on 1\1'/ is the function 

H" = II (p; + ~:) + h(,.2) + h(rpr)' 

1.3. Integrable Systems, Action-angle Variables 

From now on, we assume that all the Poisson manifold (A1, {', . }) are nondegenerate, 

i.e., they are symplectic. 

A Hamiltonian system with Hamiltonian H on a 2n-dimensional symplectic manifold 

0\11, {" . }) is called completely imegrable if there exist 17, independent smooth functions 

II = H, h, ... ,Ill in involution, i.e., {Ii, Ii} = 0 for i, j = 1,2"" ,n. For completely 

integrable systems, the map I = UI,.h ... ,In) is called the energy momentum map 

. It is clear that I: 1\1 -t Iftll is a submersion on an open dense subset of iV1. If the 

flow of X Ii is complete for all i = 1,2"" ,n, then they define a canonical action of 

Iftll on 1\1 and hence if 7" is a regular value of I, the common level surface 1-1(1') is 

a n-dimensional manifold with a nondegenerate 1ft II action. Therefore, the connected 

component of I-I (1') is diffeomorphic to 1['1.' X 1ft II • In the case when 1 is proper, 

1;1 (7'), the connected component of I-I (1'), is diffeomorphic to 1['11. Furthermore, in the 

neighborhood of 1.-;-1 (1'), one can introduce the so-called action-angle variables in which 
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the flow of Xu is just a rectlinear winding around Til. The following theorem, called 

the Liouville-Arnold theorem, is a precise formulation of this observation [14] [2] [1]. 

THEOREM 1.3.1. Let H = II, /2"" , III be an integrable system on (M,w). Let l' be a 

regular value of the energy momentum map I = (J I, ... , Ill)' Then for each compact 

connected component Ie-I (1') ofI-I(1'), there is an open neighborhood V of 1;1(1') in 

1\1, Xi; invmiant for all i = I,··· ,12, and a diffeomDIphism (1, ¢»: V ~ V X (lRjZ)11 

with V open in 1R11, such that I = a 0 I for some diffeomDIphisma: f(V) ~ V and 

II 

W = L ellj /\ d¢>j on U. 
j=1 

The variables (1, ¢» are called the action-angle variables. It is clear that in these 

variables, the flow of Xli is linear. 

For explicit computation of action-angle variables, the most effective approach is 

the following construction due to Arnold [2]. 

THEOREM 1.3.2. Let,i(1'), i = 1,2"" n be closed curves in I;I(1'), dependingcontin

uouslyon 1', such that their homology classes fDIm a basis of HI (fe-I (1'), Z). Let 0' be a 

l-fDIm on lJ such that w = dO'. Then 

(1.43) 

define a set of action vaJiables on U. 

We now present some classical examples of completely integrable systems. 

(1) The rotation of a heavy rigid body with a fixed point. Recall that the phase 

space of this system is the coadjoint orbit in the dual of the Lie algebra of the Euclidean 

group E(3), equipped with the Lie-Poisson bracket. More precisely, 

(1.44) 
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and the Poisson bracket is given by 

{Yi,Yj} = LCijkYk, {Yi,Xil = LCijkXb {Xi,Xj} = O. (1.45) 
k k 

The Hamiltonian function for this system is given by (1.23). There are three 

integrable cases: 

(I) The Euler case: /1 = /2 = /3 = O. The extra integral is the square of the total 

angular momentum 1112 = YI + Y~ + Y~. 

(II) The Lagrange case: II = /Z, /1 = /2 = O. In this case, the system is invariant 

under the rotation about the third body axis. The corresponding momentum map J = Y3 

is the extra constant of motion. 

(lli) The Kovaleyskaya case: II = 12 = 13/2, /3 = O. The other integral is 

(1.46) 

We remark that f{ is not connected with an obvious symmetry of the system. 

(2) The motion of a rigid body in an infinite ideal fluid. The phase space is the same 

as in the last example (however, the dynamical meaning of the variables is different). 

The Hamiltonian is the the positive definite quadratic form (1.24). The integrable cases 

are: 

(I) The Kirchhoff case: ({ I = (/2, hll = b22 , ell = e22, and bij = eijO for i i= j. 

Here, just as 'in the Lagrange case, there is an axial symmetry and the extra integral is Y3. 

(II) The Clebsch case: Here the coefficients of the Hamiltonian are the following: 

(1.47) 

where (Ii and Cj satisfy the relation 

(1.48) 

The supplementary integral has the form 

(l.49) 
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(In) The Steklov case: bij = bibij + 11, CI = /-l2 al (a2 - a3) + 1/,···. The extra 

constant of motion is 

L (yJ - 2/l(aj + II )XjYj) + /l2 (a2 - a3)2 + 1/
11

) xi + .... 
j 

(1.50) 

(3) The Neumann system. As disscussed in section 1.1, the phase space is 

the T 5 11
-

1 with the standard Poisson structure and the Hamiltonian is the quadratic 

form (1.26). The involutive set of integrals is: 

k = 1,2,··· In. (1.51) 

Notice that I1 = ! L:j (lj Fj • 

We remark that all these systems are algebraically separable. That is, the motion of 

the complexified system can be linearized on the Jacobian of some Abelian variety. 
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Geometric monodromy is an obstruction to the global existence of action variables. 

In this chapter, we study the problem of computing the monodromy group for integrable 

Hamiltonian systems. We develop a simple method for determining the monodromy 

operator for 2-degree of freedom integrable systems which admit an S I-symmetry. We 

also develop an effective method for computing the monodromy operator for higher 

dimensional integrable systems. 

2.1. Introduction 

Let (1\1, { ., .}) be a 2n-dimensional symplectic manifold and H = iI,'" , in a 

completely integrable system on (J\;f, h,}), Assume that Rj, the set of regular values 

of the energy momentum map I = <II,'" ,III), is connected. Assume also that .f is 

a proper map and that for all l' E Hj, I-I(1') is connected. Then by theorem 1.3.1 

.f: .r- I (R j) --t R j is a smooth fibration with fiber the n-torus. A natural geometric 

problem is to understand whether or not this fibration has interesting topology, which 

is to say whether or not this fibration is golobally trivial. Since the local action-angle 

variables provide a local trivialization for this fibration, this question is, in some sense, 

equivalent to whether there exist global action-angle coordiantes. Duistermaat [14] 

proved the following result: 

THEOREM 2.1.1. The fibration I: I-I (11 j) --t 11 j is topologically t.Livial if and only if 

the monodromy and the Chem class are tJivial. FUlthelmore, if the symplectic fOlm w 

on (1\1, {.,.}) is exact, then the existence orgolobal action-angle vmiables is equivalent. 

to the condition that the fibration I : I-I (Hj) --t Rj be topologically trivial. 

Thus, monodromy and the Chern class are two obstructions for the triviality of the 

fibration .r: .r- I (R j) --t R j. It has been proved for some classical mechanical systems 
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like the spherical pendulum [14] [9], the Lagrange top [10] and the Kirchhoff case of 

the motion of a rigid body in an infinite ideal fluid [4], that the monodromy is nontrivial. 

There are essentially two ways to compute the monodromy operator. One is the 

so-called Cushman principle (see [9]). This method is based on the observation that 

near an isolated critical value of the energy momentum map, the topology of the energy 

surface changes. By figuring out this change of topology, one can sometimes determine 

the monodromy operator. However, for this method to work, one requires that the level 

sets on the energy surface fit nicely, that is, the bifurcation diagram on the energy surface 

is simple. But this is not always the case (see [4] for examples). The other approach is 

due to Duistermaat (see [14]). Here, one realizes the homology group HI (F-I(b), Z) as 

the period lattice Pb, which can be computed by finding the local action angle variables. 

However, to determine the monodromy operator from the period lattice P b is not at all a 

trivial task. One always needs to study some complicated integrals. 

In this chapter, we provide a simple criterion for computing the monodromy operator 

for 2-degree of freedom systems which admit an 8 I-symmetry. We also develop an 

effective method for computing the monodromy operator for higher degree of freedom 

integrable systems. 

This chapter is organized as follows. In section 2.2, we define the monodromy for 

a smooth fibration with compact connected fibers. The basic machinery there is the 

Ehresmann fibration theorem. In section 2.3, we study the monodromy for two degree of 

freedom integrable systems which admit an 5'1 symmetry. In section 2.4, we develop an 

simple approach to compute the monodromy operator from local action-angle variables. 

As an example, we show that a degenerate three degree of freedom Neumann system 

has monodromy. 



29 

2.2. The Monodromy Group of a Smooth Fibration 

Let /: 1\1 ~ N be a smooth proper map of rank dim N such that /-I(n) is connected for 

all n EN. Then / defines a smooth fibration with compact fibers. Let ,(t): t E [0, 1] 

be a piecewise smooth loop in N. By a smooth deformation (defined in section 2.2.1) 

of /-1 h(O») along the loop ')'(t), one gets a diffeomorphism, called the monodromy 

map of the loop " T-y: /-1 h'(O») ~ /-1 h(O»). The action of T-y on the homology 

h-y: H .. U- I h'(O»), Z) ~ H .. U- I h(O»), IE) is called the monodromy operator of the 

loop')'. In this section, we give a precise definition of the monodromy map T-y and the 

monodromy operator h-y by using the so-called Ehresmann connectioll. We show that the 

homotopy type of the monodromy map is determined by the homotopy class of the loop 

,. In particular, the monodromy operator II _,' depends only on the homotopy type of the 

loop ,. Thus one has an induced homomorphism h: 7r(N,n) ~ Aut(H .. U-I(n),Z)). 

The image 11.( 7r(N, n») is called the l1lollodrol1lY group of the fibration .r: !vI ~ N with 

respect to n EN. 

We also consider the situation when N = j)1I, 1\1 has a smooth boundary a!vI 

and /loM is a regular map. In this case, we prove, by generalizing the Ehresmann 

fibration theorem, that we have a well-defined action of T_I on the relative homology 

h~l: H .. (U-I(a),a/-I(o»),Z) ~ H .. (U-I(o),a/-I(a»),Z), that is, h~ is determined 

by the homotopy class of the loop ". As a result, we have a well-defined variation 

operator va 1'_" = h~ - id: [f .. (U-1«(I)JJ.r-1(a»), Z) ~ IJ .. U-I(a),Z). 

We remark that the idea of using Ehresmann connection to define the monodromy 

operator has already appeared in [6] and has been implicitly used in [25]. 

This section is organized as follows. In 2.2.1, we review the Ehresmann fibration 

theorem. In 2.2.2, we define the monodromy operator. In 2.2.3, we generalize the 

Ehresmann fibration theorem to manifolds with boundary. In 2.2.4, we define the 

relative monodromy operator and the variation operator. 
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2.2.1. The Ehresman Fibration Theorem 

In this section, we summarize Ehresmann's theory of connections and holonomy for 

smooth fiber spaces. All the results in this subsection can be found in Wolf [47]. 

Let ill, N be smooth connected manifolds, I : 1\1 ~ N be a smooth map of rank 

dim N. The integrable distribution Ker1.r <Jg {X E .l'(Nf) : Tf(X) = o} is called the 

vertical distribution for f. A smooth distribution H is called an Ehresmann connection 

for f if it is complementary to Ker1.r. 

Fix an Ehresmann connection Jj. Let,' : [0, 1] ~ N be a piecewise smooth path in 

lUll) and Xo E I-I <1'(0». A curve ~' : [0, 1] ~ iV[ is called the horizontal lifting of, 

at Xo if 

(I) -)-(0) = Xo 

(2) I 0 ~'(l) = ,(l) 

(3) 1/i(l) E H(~'(l». 

It is not hard to see from these conditions that the horizontal lifting '1 must satisfy certain 

system of ordinary differential equations. Therefore, if exists, it is unique. 

Definition. An Ehresmann connection is called good if for every piecewise smooth 

curve, : [0, I] ~ I(ill) and all :ro E I-I <1'(0», there is a horizontal lifting of, at x o. 

It is not true that every smooth maximal rank map admits a good Ehresmann 

connection. However, for the class of proper maps, such a connection always exists. 

LEMMA 2.2.1. Let M be a paracomp,?ct connected smooth manifold, f : N! ~ N a 

smooth proper map of rank dim N. Then I admits a good Ehresmann connection. 

Proof. Since 1\1 is paracompact, it admits a Riemannian metric. Let H be the orthogonal 

complement of Ker'lT with repect to this Riemannian metric. It is not hard to see that H 

defines a Ehresmann connection. To show that 11 is a good Ehresmann connection, we 
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need to prove that all piecewise smooth paths in f(JI;f) have a horizontal lifting. Clearly, 

it is enough to prove that any smooth path can be lifted. 

Let')' : [0, 1] -7 I(Af) be a smooth path. View horizontal lifting as solving a system 

of ordinary differential equations. It follows from the existence and uniqueness theorem 

that for any x E f-I(,(O» there is a local horizontal lifting 1 : [0, rex)] -7 Jl;J where 

rex) depends continuously on x. Since I was assumed proper, I-I(,(O» is compact, 

which implies that r(x) ~ r > 0 for all :/: E I-I (,,«0». Thus a local horizontal lifting 

always exists. It follows, by repeated local lifting, that a horizontal lifting of, exists. iii 

Remark. The assumption that M is connected is inessential in lemma 2.2.1. One can 

easily see that lemma 2.2.1 is also true for the case when 1\1 consists of finitely many 

connected components M I , M 2 ,'" ,ilh,. and I(Mi) = f(M), i = 1,2,'" ,k, 

In the following, we asssume that M, IV are paracompact connected manifolds, that 

I : M -7 N is of maximal rank and that it admits a good Ehresmann connection. 

Let ')' : [0, 1] -7 I(1\1) be a piecewise smooth path. Let 1x denote the horizontal 

lifting of, at x. The map 

is called the parallel translation along, with repect to the corresponding Ehresmann 

connection. In the case when "l is a closed path, that is ')'(1) = ,(0), the map T"( is called 

the monodromy map of the loop " . 

LEMMA 2.2.2. For all a E I(M), I-I (0) is a regularly embedded submanifold of 1\1. 

FUlthermore, 1~; : I-I ("«0» -7 I-I (')(l» is a diffeomolphism. 

Proof. By Froebenius' theorem, the level surface I-I(a) is an immersed submanifold 

of 1V/. Since I is continuous, it follows that /-I(a) is closed. Thus, it is a closed 

regularly embedded submainfold of ill. 
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To prove that T-y is a diffeomorphism, we need only to prove the assertion for 

smooth paths. Since horizontal lifting is nothing more than solving a system of ordinary 

differential equations, the fact that solutions of ODEs depend smoothly on the initial 

data implies that T~I is smooth. Let i be the smooth path defined by 1'(t) = ,(1 - t). It 

is easy to see that T"I is the inverse of T~". Thus T-y is a diffeomorphism. I!I 

Fix a base point a E J(1\1) and let ra be the set of piecewise smooth closed paths 

in f(1\1) beginning and ending at a. The set of diffeomorphisms G a = {T-y : , E fa} 

forms a group, called the flO/anomy group of the given Ehresmann connection with 

repect to (l E f(1l1). The following theorem, called the Ehresmanll fibration theorem 

, says that the map f : M -Jo N defines a locally trivial fiber bundle whose structure 

group is the holonomy group. 

THEOREM 2.2.1. Let M, N be paracompact connected smooth manifolds and J : !vI -Jo 

N a smooth map of rank dim N which admits a good Ehresmann connection. Then 

f : 111 -Jo fUv1) is a locally tJivial liber space. FUlthelmore, if we give the holonomy 

group Ga , a E f(1l1), the compact-open topology for its action on f-I(a), then 

f : 111 -Jo f(111) is a smooth liber bundle with topological structure group Ga. 

Proof. By the rank condition on f, fUll) is open in N. We can assume J is surjective 

in the proof. Give N a Riemannian metric. Let U be a normal geodesic neighborhood 

of (l EN. For any b E U, let ,'(J ,1J(l), 0 S; I S; I be the geodesic arc in U from a to b. 

Define a smooth map 

It is not hard to see that the retraction 7~"a cC;c) -Jo X as well as the projection 

f : 1~'a,c. (x) -Jo c are smooth. Hence II -I is smooth. This proves that J is smoothly 

locally trivial. With this trivialization, the transition functions take values in the 

holonomy group Ga. 
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Because we are dealing with the compact-open topology, it is not hard to see that Ga 

is a topological transformation group on .r- I (a). One can check easily that the transition 

functions are continuous (see Steenrod [44], p. 19). I!l!J 

A direct consequence of this theorem is the following 

COROLLARY. Let .M, N be paracompact smooth manifolds, f : Al ~ N be a smooth 

proper map of rank dim N. Assume that 1\{ consists of finitely many connected 

components M I , Ilh, ... , 11h,. ~7nd that .r(MI ) = .rUth) = ... f(11h). Then, f : 1\1 ~ 

f(M) is a locally trivial fiber space. In particulaI~ ifN is the unit disk nn in IRn and f 

is sUljective, then the fibration .r ~ /)11 is globally tLivial. 

COROLLARY. Let 111, N be paracompact connected smooth manifolds and f : N! ~ N 

be a map of maximal rank. The following statements are equivalent. 

(1) f : 111 ~ N is a locally tlivial fiber space. 

(2) I admits a good Ehresmann connection. 

(3) All Ehresmann connections are good. 

Proof. (3)=? (2): Give a Riemannian metric on M. Let H be the orthogonal complement 

of Ker1J. It is clear that H is an Ehresmann connection for f : 111 ~ N. 

(2)=? (l): Follows from the proof of the Ehresmann fibration theorem. 

(1 )=?(3): It follows from the local triviality that all horizontal vector fields can be 

integrated locally. By pasting the local liftings, one can easily see that a horizontal 

lifting always exists. 

We end this subsection with the foHowing simple fact. 

LEMMA 2.2.3. Let 111, N be smooth connected manifolds and suppose that f : N! ~ N 

defines a tlivial fibration. Let It : I-I (a) x N ~ 1\1 be a tLivialization off: N! ~ N. 

Then there is an Ehresmann connection tor f so that the parallel translation along any 

piecewise smooth path, beginning at (/ is given byT'''i(x) = h(x, ,(1)). 
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Proof. Let Til. : If-I(a) x TN -J. TM be the tangent map of h. Define H = 
Th( {OJ x IN). It is not hard to check that with respect to H, the horizontal lifting of" 

,(0) = a, at Xo E I-I(a) is given exactly by h(xo, ,(t). 1'1 

2.2.2. The Monodromy Operator 

Parallel translation allows us to define continuous deformation of cycles. Let ,: 

[0, I] -J. I(Jli) be a piecewise smooth path in N from a to b. Let 8 be a p-cycle in 

I-I(a). By parallel translating the fiber I-I<I(O» along" we get a continuous family 

of cycles 8(l) such that 8(0) = 8 and 8(1) c I-I (b). It is clear from this definition that 

8( I) depends on the Ehresmann connection. However, if we pass from the cycles to 

their homology class, we can show that the homology class [8(1)] depends only on the 

homotopy class of the path,. 

LEMMA 2.2.4. Let HI, Ih be two Ehresmann connections for I : Ai -J. N. Let ,: 

[0, I] -J. I(111) be a piecewise smooth path. LetT~ denote the paralleItranslation along 

" with respect to Hi, i = 1,2. Then 7:,1 al1dl~ are homotopic. 

Proof. Let's first prove a local version of our statement. Suppose that b(t) : t E [0, In 
c U where U is a neighborhood of (/ = "'l(O) such that the fibration II I-I(U) : I-I (U) -J. 

U is trivial. Let Ii : I-I(a) xU -J. I-I(U) be a trivialization of this fibration. Let P be 

the projection (:1.:, u) E I-I(a) x U -J. :r E I-I(a). Denote by f'~ the parallel translation 

of I-I(a) along the path ,'(I), I E [0, .<;], with respect to the Ehresmann connection Hi 

(i = 1,2). Clearly, r~ are continuous families of smooth maps from I-I(a) to Ai and 

r& is the identity map on I-I(a). Fmthermore, 11,-1 0 r~: I-I(a) -J. I-I(a) x b(s)} 

(i = 1,2)arediffeomorphisms. Define F(;r,u): I-I(a) x [0, I] -J. I-I(,(1» by 

F'(. ) = {hCP 0 11-
1

0 rl-2u Cx),,(1» II E [0, i] 
x, II _I '2 I 

h(? 0 II 0 12u-1 (:I:), ,'(1» II E [2' I]. 

It is clear that F' defines a homotopy between 1:~ = r,~ and T~ = f';. 
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Since .r : 111 ~ N is a locally trivial fibration, one can see easily that there is a 

partition 0= to < tl < t2 < ... < tk = I of [0, 1] and k open sets Ui in N such that: 

(1) the fibration flf-I(U;) : .r-I(Ui ) ~ Ui is trivial, i = 1,2"" ,k. 

(2) [ii-I, id c Uj , i = 1,2,'" ,J.~. 

By the fact that compositions of homotopic maps are homotopic, one sees easily that 

our assertion follows from the local version just proved. 

It follows from this lemma that the homology class of the translated p-cycle does 

not depend on the Ehresmann connection chosen. The following lemma shows that it 

only depends on the homotopy class of the path ,. 

LEMMA 2.2.5. Let,l,,2 be two homotopic paths in f(111), ,i(O) = a and,i(1) = b. Let 

'[''''''i denote the parallel translation of.r- I (a) along,i (i = 1,2) with 1'espect to a fixed 

Ehresmann connection. Then 1' ..... 1 and '[''''''2 are homotopic. 

Proof. It is enough to prove the result for smooth paths. Assume that ,i are smooth 

paths. Let F: [0, I] x [0, I] ~ .r(M) be the homotopy between,l and ,2. It is not hard 

to see that we can take F to be smooth. Let ~/ be the smooth path defined by F(·, s) and 

let 7'.9 denote the parallel translation of I-I (a) along,s. The smoothness of horizontal 

lifting implies that ,[,,9 depends smoothly on s. Thus, 1'\ s E [0, I] defines a smooth 

homotopy between J~il and '/~"2' II 

Let (l be a fixed base point in .r(M). Recall that ra is the set of piecewise smooth 

loops connecting (l to itself. The two lemmas above tell us that we have a homomorphism 

which depends only on the fibration.r: ill ~ .r(111). It is called the mOllodromy of the 

fibration. Let, be a piecewise smooth loop based at a. The automorphism 
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is called the mOllodromy operator of ,'. 

Example. We now give an example where the monodromy group can be determined 

explicitly. Consider the map 

where x: yare the affine coordinates on Cp2. The map .f has an isolated singularity 

(x:!}) = (0: 0). Let 111 = Cp2 \ I-I(O) and N = Cpl \ {O}. It is easy to see that 

I: M ~ N is a regular proper map. 

The vertical distribution is C{ 2y ,fr. + 3x2 ty}' A convenient choice of a horizontal 

distribution (an Ehresmann connection for () is: H = C{ 2xaa + 3Yaa}. Let ,(t) = x y 

c2r.it: l E [0: I] be the generator of 7r I (lV: I). It is straightforward to check that, with 

the Ehresmann connection chosen above, the horizontal lifting of, at (xo, Yo) E I-I (1) 

is given by 

- (.) (2r.i t -it) ,(0 = ;r l): !J(l) = e 3 xo, c" Yo . 

In pruticular, the monodromy map '/~ .. = ~.( I) has the following simple expression: 

'I' ( 2::-i ) ~,.(;r: y) = e 3 ;r, -y . 

To compute the monodromy operator Ii." we need to choose abasis for HI U-I(l), Z). 

We first give a geometric description of the fiber I-I(1). We triangulate the Riemann 

sphere as a tetrahedron with ve11ices 00, AI. = e 2~i k, k = 0, 1,2. We cut the tetrahedron 

along the three edges going to 00 and thereby get a large triangle consisting of 4 small 

triangles, the faces of the tetrahedron. If we cut the 2-fold covering .f-I(I) of the 

Riemann sphere in the same way, then it falls into two large triangles. Identification 

along one side yields a parallelogram. FUl1her identification along the opposite sides 

gives us a reaI2-torus, which is homeomorphic to I-I(I) (see Figure 2.1 (A) and (B)). 

With this construction, it is easy to see how cycles in I-I (I) are mapped to cycles in 

Cpl and conversely how cycles in Cpl are lifted to curves in I-I(I). Each curve in cpl 
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which does not run through the branch points lifts uniquely to a curve in the covering, 

provided that we choose a point q in the covering to correspond to a fixed point p on the 

curve in Cpl. This can be done by specifying in which of the two sheets the point q 

resides. Thus a curve in the covering can be described by its image in cpl and a mark 

of + or - on a suitable point on the image curve. 

We choose a basis for HI U- I (1), Z) as follows. Let 8J, respectively 82, be the 

closed circuits in CCpl encircling the branch points -1, e 2~i , respectively, -1, e 4~i (see 

Figure 2.1 (A». Their preimage in I-I(I), D..k, is clearly a basis for H1(f-l(1), Z) (see 

Figure 2.1 (B». 

Under the monodromy map 1~_, the two cycles 8k , k = 1,2 in Cpl are rotated 27r /3. 

That is, 81 is mapped into a closed curve enclosing the branch points e 2~i , e 4;i; 82 is 

mapped into a circuit encircling the branch points e 2~i, -1. On the covering j-l(1), 

the map 1:,_ clearly switches the two sheets (see Figure 2.1 (C) and (D». From this 

information, one sees easily that we have the following relation: 

Thus, in the basis D..I, D..2 of 111(/-1(1), Z), the monodromy operator h"( is represented 

by the matrix (! ~l). The monodromy group h(7rI(N, 1) is a cyclic group of order 

6. 

2.2.3. Ehresmann's Theorem for Manifolds with Boundary 

In this subsection, we generalize the Ehresmann fibration theorem to manifolds with 

boundary. 

Let M, N be paracompact connected smooth manifolds. Suppose 111 has a smooth 

boundary 0 M. Let I : M -; N be a smooth proper map. In this subsection, we assume, 

unless otherwise specified, that the following two conditions are fulfilled: 

(1) aM consists of fintely many connected components (fJ i\lf) I,. .. , (fJ NIh and 

I(M) = I«oJl1)l) = ... = I«;-)M)d. 
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00 

00 
00 

fAl 

00 

00 
00 

fll) 

Figure 2.1, Monodromy for the map I = lJ 2 - x 3• (A) The Riemann sphere is 
triangulated as a tetrahedron. The three finite vertices AI.: = e 2;i 1.:, k = 0, 1,2 are the 
branch points of the elliptic curve I-I (I) = {(:1:, y) E C2: y2 = x 3 + I}. The two cycles 
OJ, j = 1,2 are a basis of fJ 1(/-1 (l), Z). (B) The fiber I-I (1) is a 2-fold covering of 
the Riemann sphere. Topologically, it is a real 2-torus . .0. 1 and .0.2 are the preimages 
of 01 and 02 under the covering projection. (C) Under the monodromy map T-y, the 
two cycles on the Riemann sphere are rotated 1200

• (D) The action of the monodromy 
operator hAlon the fundamental cycles .0. 1, .0.2• It is clear from the picture that we have 
hA,·(.0.I) = .0. 1 - .0.2, hAI(.0.2) = .0. 1• 
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(2) f and flaM are ofrank dim N. 

Definition. A compatible Elzresmanll connection for .f : 111 ---+ N is a smooth distribu

tion If on 111 which satisfies the following two conditions: 

(1) If is complementary to Ker7J; 

(2) when restrict to [JJ11, If c T(fJM). 

A compatible Ehresmann connection is called good if any piecewise smooth path, in 

I(111) can be lifted at Xo for all :/;0 E I-I (,(0». 

If f : M ---+ N admits a good compatible Ehresmann connection If, then one can 

easily see that horizontal lifting with respect to If preserves a 111. More precisely, 

let, be a piecewise smooth path in f(M), let 1'3:0(t) be the horizontal lifting of, at 

:/;0 E I-I (,(0». Then 1'xo(s) E al11 for some s E [0, 1] if and only if Xo E al11. 

LEMMA 2.2.6. Let 111 be a smooth para compact connected manifold with a smooth 

boundmy aM. Let I : M ---+ N be a smooth propel' map. Suppose that for all 

a E I(111), I-I(a) intersects aM tl'c7nsven;a11y. Then I admits a good compatible 

Ehresmann connection. Moreovel; any Ehresmann connection for flaM: a!v! ---+ N 

can be extended to a good compc7libJe Ehresmann connection for.f : !v! ---+ N. 

Proof. Since al11 is a paracompact smooth manifold without boundary and flaM is 

a proper map, it follows from lemma 2.2.1 (see the remark below lemma 2.2.1) that 

IloM : aM ---+ N admits a good Ehresmann connection. To prove our assertion, we 

only need to show that any Ehresmann connection If oM for flaM can be extended to a 

good compatible Ehresmann connection for .r. 
Let (U, </y) be a chart with boundary, i.e. U C 111, un al11 i- 0, </y(U) = 1I n ~+ 

where V is an open disk centered at 0 E ~m, and </y(U n a!v!) = 1I n {xm = OJ. 
Let XI, :1:2, ••• , X 11I be the local coordinates in this chaIt. It is clear that in these 

coordinates, T(aM)lunoM is generated by the vector fields -ao 'ao. ,'" '-a a . Thus, 
XI X2 Xm_1 
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when restricted to una 1\1, HaM is generated by n smooth vector fields 

Clearly, Cj are smooth vector fields in lJ also, thus span{ el, e2,'" , en} defines a 

smooth distribution on U. The transversality of the intersection .r-l(a) n aM implies 

that the projection of KerTJ to span{ a'~1Jl } is nonzero. Therefore, we have 

span{Cl, C2,'" , cn} ED Ker1Jlu = (TlVJ)lu 

Let Ker7Jlu be generated by Cn+l, Cn+2,'" ,Cm • Define a metric 9u on U by putting 

< Ci,Cj >= 8ij . Now let Iffi = {(U(Y,1>o)} be the set of charts with boundary which 

covers 01\1. Extend Iffi, by adding charts with no boundary, to an open covering 0 

of 1\1. Let (\10, 'ljJO) be a partition of unity subordinated to the open covering 0. For 

\10 C U, where U is a chart with boundary, define the local metric 90 on \1.0 by putting 

90 = 9u, where 9U is the local metric on U defined above. For lI.o contained in 

a chart with no boundary, define the local metric 90 by putting < a~i' a~j >= 8ij , 

where :1:1, ,'1:2, ••• ,:rm are the corresponding local coordinates. Clearly, 9 = L: 'ljJ090 

is a well defined Riemaniann metric on M. Define an Ehresmann connection HM for 

f : 1\1 -f N by letting lhI be the orthogonal complement of KerTJ with respect to 9. 

It is not hard to see that Hu is an extension of HaM. In pru1icular, HM is a compatible 

Ehresmann connection for f. 

Since f is a proper map and horizontal lifting with respect to a compatible Ehresmann 

connection preserves aM, one can see easily that an argument similar to that in the 

proof of lemma 2.2.1 shows that H M is good. 

THEOREM 2.2.2. Let 1\1 be a paracompact connected smooth manifold with boundmy 

aM. Letf: kI -f N beasmoothpropermap. Assume that for all a E f(lVI),f-l(a) 

intersects (Ji\J transversally. Then f : M -f f(M) as well as flaM: aM -f f(lVJ) m'e 

locally tIivial fiber spaces. FurthermOJ'e, the local tIivialization off: lVI -f N can be 

chosen to be compatible with the 10ClJI trivialization offl alll : a kI -f f(lVI). 
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Proof. Let 110M be an Ehresmann connection for fla1l" : o]vI ~ f(M). Let JIM be a 

compatible extension of 11 aM. Since parallel translation with respect to JIM preserves 

the parallel translation with respect to 110M, the argument in the proof of Ehresmann 

Fibration Theorem shows that .f : M ~ N is a locally trivial fiber space and that the 

local trivialization of f : M ~ .f(M) can be chosen to be compatible with the local 

trivialization of .flaM: aM ~ .f(M). II 

A direct consequence of theorem 2.2.2 is the following 

COROLLARY. Let]VJ be as in theorem 2.2.2. Let f : ]vI ~ Dn (n = rank f) be a smooth 

sUljective proper map. Assume that for all (l E DIl, .f-I(a) intersects aNI transversally. 

Then.r : j\1 ~ DIl as well as flaM: fJM ~ DIl are tlivial fibrations. Moreovel; the 

tlivialization for f : .11,1 ~ J)1l can be choosen to be compatible with the tJivialization 

offlaM : fJjU ~ 1)H. 

Theorem 2.2.2 can be generalized fut1her to the case when f 1\1 ~ N has 

singularities in in/(J\i). We summarize it in the following 

LEMMA 2.2.7. Let M~ N be panlcompc7ct connected smooth manifolds and f : NI ~ N 

be a smooth proper map. Suppose that M has a smooth boundmy fJ lVI which 

consists offinitely many connected componel1ts (fJ M) I, ... , (fJ JUh. Suppose also that 

f(111) = .r«fJM)j)~ i = I ~ 2~ ... /". Suppose further that flaM: fJJU ~ N is of rank dim 

Nand f- I (a) intersects aM tlc7nsven,ally for all a E f(M). Let C f' denote the set of 

critical values off. Then any Ehresmanll conllection for flaM: fJjU ~ f(1\1) can be 

extended to a good compatible Ehresl11c7JlIJ connection forf : i'vI\f- 1 (Cf ) ~ f(lVI) \ Cf . 

In particulm; parallel translation along paths in f(M) \f -I (Cf ) can be chosen in such a 

way that it is compatible with the pa1C711el t1C7nslation for fl aM: OJ\1 ~ f(1\1). 
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2.2.4. The Variation Operator 

Let JV! be a smooth paracompact connected manifold with a smooth boundary 8JV!. Let 

.r : 1\1 ~ Dll be a smooth proper map. Assume 

(I) 8J11 consists of finitely many connencted components (8J11)i,i = 1,··· , k and 

.r(JV!) = f«OJV!)i), i = 1,2,··· ,,~. Furthermore, for all a E f(lVI) , I-I(a) intersects 

OJV! transversally. 

(2) .rlaM is a regular map. 

It is clear from (2) that the fibration .rl oM: 0 M ~ Dll is trivial. Let a be a fixed regular 

value of f. Fix a trivialization of the fibration .rlaM: OJV! ~ Dll 

By lemma 2.2.3, there is a good Ehresmann connection Hai\J on 8A1 so that for any 

piecewise smooth path " beginning at a, the horizontal lifting of, at x 0 E I-I (a) n 8 lVI 

is given by ~(l) = 11(:1:0, ,(l)). By lemma 2.2.7, Hall! can be extended to a compatible 

Ehresmann connection fhl for .rIM\j-lcCj ): M\.r-I(C'j) ~ Dll\C'j, where OJ is the 

set of critical values of .r: M ~ Iyl. 

Let ra be the set of piecewise smooth loops in D'l \ C'j beginning and ending at a. 

Let 1~1 denote the parallel translation of .r-I(a) along ~I with respect to the Ehresmann 

connection fhf. It is clear from the construction of IhI that 1~ is the identity on 

.r- I (a) n a 111. 

Let " E ra and let {) be a relative p-cycle in Hp«.r-I(a), 8.r- I(a)), /Z). Since T-y 

is the identity on .r- I (a) n aM, '/~I{) is a relative p-cycle in Hp«.r-I(a), 0 f-I(a)), /Z). 

FUithermore, the difference 7\6 - 8 is an absolute p-cycle in H,lr-I(a), /Z). 

Definition. (I) The automorphism h~.: 6 I-t 1''''1(8) of Hp«.r-I(a), o.r-I(a)), /Z) is called 

the relative monodromy operator of ,. 

(2) The homomorphism var-,.: H(U-I(a), o.r-I(a)), /Z) ~ HU-I(a), /Z) defined by 

{) I-t 1\.6 - 8 is called the variation operator (~l,·. 
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The following two lemmas show that once we fix the trivialization of the boundary 

fibration a I: (8 1\;1) ~ f(iVl) , the relative monodromy operator and the variation 

operator are determined uniquely by the homotopy class of the loop 'Y. 

LEMMA 2.2.8. Let HI, H 2 be two compatible extensions of H aiH. Let'Y be a closed 

piecewise smooth path beginning at a. Denote by 1~ the paraJJel translation of j-I(a) 

with respectto Hi, i = 1,2. Then T..~ and,!:; are homotopic wlative to j-I(a) n aM. 

LEMMA 2.2.9. Let ')'1, ')'2 be two homotopic piecewise smooth paths beginning at a. 

Let 1:,,; be the paraJJel translation of I-I (a) along'Yi with respect to a fixed compatible 

extension of HaM. Then 1:"1 and'[:"2 are homotopic relative to f-I(a) n alvI. 

The proofs of these two lemmas are essentially the same as those of lemma 2.2.4 

and lemma 2.2.5. Therefore, they are omitted. 

THEOREM 2.2.3. Let 1\1 be a pm,7compact connected smooth manifold with a smooth 

boundmy. Let I : M ~ Dn be a smooth proper map. Assume that lvI, j satisfy the 

two conditions mentioned at the beginning of this subsection. Assume fUlther that j is 

of maximal rank on M. Then for any piecewise smooth loop "( connecting a to itself, 

var~1 = O. 

Proof. It is enough to prove our assertion for smooth loops. By theorem 2.2.2, the 

fibration I : 11{ ~ Dn is trivial and the trivialization can be chosen to be compatible 

with a given trivialization for II DM: fJJ\1 ~ Dn. Let 

be such a trivialization. It is clear that the Ehresmann connection determined by 9 is 

a compatible extension of 11 DM. Since the variation operator does not depend on the 

Ehresmann connection (as long as it is compatible with HaM), we may regard T"( as the 

map g(., ,(I» on I-I (a). 



44 

Let " be a smooth loop in DlI beginning and ending at a. Clearly, I is smoothly 

homotopic to the constant loop c(t) = a. Since var~1 is determined by the homotopy 

class of,', it follows that var~i =varc. Because g: f-I(a) x {a} -). f-I(a) is just the 

projection to the first factor, one sees immediately that varc = O. 

2.3. Monodromy in Two Degree of Freedom Integrable Systems 

In this section, we study the monodromy in two degree offreedom Hamiltonian systems 

which admit an .5'1 symmetry. Our primary concern is the case when the energy 

momentum map has an isolated singularity. We prove in this case that the monodromy 

operator can be determined from some local data of the energy momentum map at 

the singularity, provided that some nondegeneracy conditions are satisfied. For the 

degenerate case, we develop a deformation argument which, in some circumstances, 

can determine the monodromy operator effectively. We also give an example where 

the monodromy is nontrivial but the energy momentum map does not has an isolated 

singularity. 

Our main result is the following 

THEOREM 2.3.1. Let.r = (/I,,h) be a completely integrable hamiltonian system on a 

paracompact connected 4-dimensional symplectic manifold (lVI, w). Denote by R J and 

.5'f the set of regular values and the set of clitical values of the energy momentum map. 

Assume 

(/) RJ is connected and fora11 (/ E Hf, .r-I(a) is compact and connected. 

(2).5'f contains only one isolated point fJ = (0, 0). Moreovel~.r is singular only at 

one point ;7:0 E .r-I(O, 0). 

(3) There are canonical local coordinates (ql, q2, PI, P2) near Xo in which w -

L;==I dpj /\ dqj and.r has the f'o11owing nOl1nal fOlm: 

(2.1) 
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where a > 0, b > 0 and c are constants. 

Let w E R f be a fixed regular value of.r near p = (0,0). Let I be a closed 

loop around p = (0,0) beginning and ending at w. Then the monodromy operator 

It"!: IlI(f-I(w), Z) ~ IlI(f-I(w), Z) can be represented, in some appropliatechoice of 

basis for IlI(f-I(w), Z), as the matIix G ~). 
The idea behind this result is the following observation: all the systems known 

to have nontrivial monodromy have an S I symmetry, that is, the other constant of 

motion is the angular momentum. Thus, in some canonical local coordinates, the energy 

momentum map can always be written in the form (2.1). Furthermore, for all of these 

systems, the energy momentum map is singular only at some isolated points on the 

singular fiber. This suggests that the monodromy is, in some sense, a local phenomenon 

and one should be able to compute it from some local data at the singUlarity. Indeed, 

as stated in theorem 2.3.1, this is true under some nondegeneracy conditions. The 

monodromy operator is determined completely by the quadratic part of the energy 

momentum map near the singularity. 

Here is a sketch of the proof of theorem 2.3.1. Since the local normal form is 

invariant under the S I action generated by the flow of X f2' we prove, by using the 

stability theorem for equivariant maps (see [11]), that in some local coordinates, the 

energy momentum map can be written in the form 

where 1/, is an orientation preserving diffeomOlphism on lR 2. Notice that the local 

coordinates are not canonical. Since we are only interested in the topology of the 

fibers, we don't need the local coordinate change to be symplectic. It is clear that the 

diffeomOlphism 1~ does not affect the monodromy. Therefore, to study the monodromy 

for the torus bundle defined by (2.1), we only need to study the monodromy for the torus 

bundle defined by a smooth map which has the local representation 

(2.2) 
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If we set w = YI + iX2, z = ;1:1 + iY2, then this local representation is just the real 

and the imaginary parts of F(w, z) = 11)2 - z2. By using the Ehresmann fibration 

theorem (see section 2.3.1), we can reduce the problem of computing the monodromy 

operator to the problem of determining the variation of the covanishing cycle for the 

holomorphic map F = w 2 - ;::2. This variation can be computed easily by using the 

classical Picard-Lefschetz theorem (see [25]). 

This section is organized as the follows: in 2.3.1, we prove theorem 2.3.1 for the 

case when the local normal form is given exactly by (2.2). The machinery we use there 

is the Picard-Lefschetz formula for w 2 - ;::2, which will be proved for completeness. 

In 2.3.2, we use the stability theorem for equivariant maps to show that the map (2.2) 

is stable. With this result. the local normal form (2.1) can be further normalized via 

non-symplectic maps to the simple form (2.2) in a sufficiently small neighborhood of 

the singular point. In 2.3.3, we prove theorem 2.3. I. In 2.3.4, we present examples 

(which cover all published systems exhibiting monodromy (! ~)). 

2.3.1. Monodromy in '['2 Bundles 

In this subsection, we prove the following theorem. 

THEOREM 2.3.2. Let 1\11 be a paracompact connected 4-dimensional smooth manifold. 

Let I : M ---+ IR 2 be a smooth proper map. Assume 

(I) I has only one cdtical point ;/:0 E M with cdtical value I(xo) = o. 
(2) All the regular fibeJ:f; I-I (0, h) [01'«(/, b) near (0, 0) are diffeomOJphic to the two 

dimensional torus '['2. 

(3) In some local coordinates (:r I, ;1'2, !II, Y2) c'lt xo, I can be represented as 

(2.3) 

Let (l be a fixed regular value of I near (0,0). Let I be a simple smooth loop at 

(/ going around (0,0) couIJtercJockwise. Then the monodromy operator h~1 of the 
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fibration I : 111\I-1 (XO) - ]R 2\ {O} can be represented, in some appropriate basis for 

HI U- I (a),7l),asthematIix C ~). 
The idea of the proof of theorem 2.3.2 is the following: since we are only interested 

in the behavior of.f near the singular fiber I-I(O), we can assume that M = I-I(DD, 

where D~ is the open disc of radius (; in ]R2. we cut out a small neighborhood U of 

the singular point in which I has the simple local representation (2.2). Then lVI \ U 

and D are manifolds with a common boundary. Since I is regular on lit I \ U and D~ 

is contractible, the fibration I: M \ U - j)~ is global trivial. The same conclusion 

holds also for the fibration I: fJO = fJ(M \ U) - D~. Thus, we need to study the 

fibration I : D \ I-I (0) - D~ \ {O}. It is clear that all the fibers are topologically 

the closed cylinder. One generator of fll U-I(a), 7l) is obviously the circle around the 

cylinder. The other generator is a relative cycle 81 in I-I (a) n D plus a relative cycle 82 

in I-I (a) n (111 \ U). Since 82 remains unchanged as we travel along any closed path 

connecting a to itself, we only need to figure out how 81 changes as we going around 

a simple loop I once. That is, to determine the variation var-y(81). We show that this 

variation can be computed easily by viewing I as the real and imaginary part of the 

analytic map w2 - z2 (recall that w = !II + iX2, Z = XI + iY2) and using the classical 

Picard-Lefschetz formula. 

The Picard-Lefschetz Formula for 1/)2 - ;:2 

We first prove the classical Picard-Lefschetz formula for the simple function F = w 2-z2• 

We remark that a complete disscusion on the subject of Picard-Lefschetz theory can be 

found in [25] and [20]. 

We will use the following notation: 

B r : the open ball of radius r centered at the origin in ]R 4; 

B rl ,r2: the open ring Br2 \131'1; 

5'1': the 3-sphere fJ B1"; 
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Dr: the open disc of radius r in IR 2 centered at the origin. 

Let 101 = {(w, z) E ((:2 : Iwl2 + Izl2 :::; 9} (the number '9' is chosen for convenience, 

it is not essential). Consider the map F(w, z) = 102 - z2: M -)0 C. It is clear that F is 

a smooth proper map which has an isolated singurity (10, z) = (0,0). 

In the following, we will take 10 = !JI + iX2,Z = XI + iY2, Xj, Yj E IR and think of F 

as a real map F =( ReF, 1m F) from the closed ball .83 C ]R4 to IR2. 

It is evident that the set F- I (D2) is a smooth submanifold of 101 with boundary 

f}j~I n F-I(D2). Since we are only interested in the structure of F-I(a, b) for (a, b) near 

(0,0), we will take 1\1 = if n F- I (D2) and think of F as a map from]vI to D 2• 

It is not hard to see that F : 1\1 -)0 D2 has the following properties: 

(1) (w, z) = (0,0) is an isolated singularity of Fin 1\1; 

(2) FlaM is a regular map. 

(3) Both F and FlaM are surjective proper maps. 

LEMMA 2.3 .1. For all «(l , b) E D2 \ {O}, p-I (a , b) intersects fJ]vI transversally in two 

circles. 

Proof. The intersection P-I(o, b) n aM is given by 

In polarcoordiantes!J1 = r cos 0,!J2 = r sin 0, :rl = s cos <jJ, X2 = s sin <jJ, F-I(a, b)nfJM 

is determined by 

which is clearly two circles. 

s= ~ 
V~' 

sine <jJ _ 0) = b , 
J81 - (l2 
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It is not hard to see that the tranversality of the intersection F-l(a, b) n o/VI 

is equivalent to the conditions that the gradients of ReF, ImF and /w/ 2 + /z/2 are 

independent at the intersection. I.e. the following matrix is of full rank at the 

intersection: 

(=~~ ~J~2 ~: :!~2). 
XI X2 YI Y2 

One can check easily that this matrix is of full rank if and only if Xl YI + X2Y2 =I O. But 

this is trivially true since we have 

III 

From this lemma, it is not hard to see that 0 Jl1 consists of two connected components 

(oJl1)l, (fhl1h and that I«fJil1)d = I«(JMh) = D2. Since of : o/VI ~ D2 is a 

regular proper map. it follows from the Ehresmann fibration theorem (more precisely, 

its corollary) that the fibration fJ F : fJ M ~ D2 is globally trivial. Therefore, all the 

conditions needed for defining the variation operator are satisfied. 

LEMMA 2.3.2. The fibration FICiM: fJAI -f IJz is tJiviai. 

Proof. As we just said, the triviality of this fibration is guaranteed by the Ehresmann 

fibration theorem. For later reference, we construct explicitly a trivialization for the 

fibration FICiM: (Jjlt! ~ D2 . 

Define It : (FI&M)-I(l, 0) x D2 -f (FICiM)-I(D2) by 
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where 

CI - J9+a (2.5) 
10 

C2 
bJ 5(81 - :2 - b2) 

(2.6) 

81 - a2 - b2 
(2.7) C3 = 

8(9 + a) 

It is easy to check that II maps (1"laM)-I(1,O) x {(a, b)} diffeomorphically onto 

(1"lc)F)-I(a, b), which means II is the desired trivialization. 

By lemma 2.2.3, HaM = span{Th(;a)' Th(:b)} defines an Ehresmann connection 

for FlaM: a1\1 -+ D2 such that for any piecewise smooth path I begining at 

(1~ 0), the horizontal lifting of " at (:rl~ .T2~ JJl~ yz) E 1"-1(1,0) is given exactly by 

h(xl~x2~JJl~JJz~I(l)). In the sequel, we will fix this connection H8M for FI8M: 

aM -+ th. In other words, we fix the trivialization h for the fibration FI8M: 

aM -+ D2 • 

Since F is singular at (w~ .::) = (0,0), F is not of maximal rank when considered 

as a proper map 1" : j\1 -+ ])2. In order to apply the Ehresmann fibration theorem, 

we need to restrict 1" to 1\1\1"-1(0,0). It is obvious that A1\F-I(0,0) is a smooth 

connected manifold. Its boundary aM\(81")-I(O, 0) is still a smooth submanifold of 

M which consists of two connected components. Therefore, the map FIM\F-I(O,O) : 

M\ F- 1 (O~ 0) -+ f)2 \ {O} satisfies all the requirements for the Ehresmann fibration 

theorem. 

Fix the Ehresmann connection H fJM given by 2.3.2, by lemma 2.2.6, there is a good 

compatible extension of J-J oM. Denote this Ehresmann connection by H M. 

We now turn to the computation of the monodromy and the variation operator of 

the fibration FIM\F-I(O,O): M\F-I(O~ 0) -+ D2\{0}. Since 1T1(D2\{0}) is generated by 

the homotopy class of the smooth circle T(l) = (COS(21Tt), sin(21Tt», t E [0, 1], we only 

need to determine the monodromy operator II r and the variation operator varT • 
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LEMMA 2.3.3. F-I(l, 0) is diffeomOlphic to the closed cylinderS I x [-1,1]. 

Proof. In coordinates w = YI + iX2,Z = XI + iY2, the level surface F-I(1, 0) is given by 

the equations 

2 2 2 .2 < 9 !IJ +!}z +xl +x2 _ . 

Let C be the closed cylinder {IlT + Il~ = I} x [-1, 1]. Define a smooth map 

7/J : F-IO, 0) ~ C by: 

It is not hard to see that 1/' is a diffeomorphism between F-I(I,O) and C. In fact, 

~,-I : C ~ p-I(l, 0) is given by: 

Thus, the only notrivial homology group is HI (P-I(l, 0), ~). It is not hard to see 

that HI (F'-I(l, O),~) is generated by the circle (recall that w = YI + iX2,Z = XI + iY2) 

The homology class of .6., denoted also by .6. (we make no distinction between the 

homology class and its representatives), is called the Picard-Lefschetz vanishing cycle. 

It is clear that .6. is homotopic to the boundary circle P -I (l, 0) n f) ill. Since the 

parallel translation of p-I (1,0) n f) M along T is the identity map, we conclude that 

/i r(.6.) = .6.. That is, lir is the identity automorphism on HI (P-I(1, 0), ~). 
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We give p-I (l, 0) the orientation determined by the diffeomorphism 'ljJ -I : C ~ 

p-I (1, 0) where the orientation of C is determined by the following: at «(1,0), 0) E C, 

111,7', 112 is a positively oriented system of coordinates of JR3. Also, we orient.6. so that 

in the VI,]/2 plane, .6. runs counterclockwise. 

By Poincare duality, the relative homology group H[(P-I(1, 0), Z) is isomorphic to 

Z. It is generated by the relative cycle \7 dual to .6., that is, such that the intersection 

index \7 0 .6. = I. \7 is called the Picard-Lefschetz covanis/zing cycle. As a 

representati ve of \7, we can choose the nonsingular submanifold 

of p-I (I, 0), oriented so that 'j' 0 .6. = I. 

Since HI (P-I (1,0), Z) is generated by the cycle .6., we see that varT(\7) = k.6. for 

some integer k. It is clear that k = \7ovw"r(\7). To calculate this intersection index, we 

choose another representative for \7, taking this to be the nonsingular submanifold 

of p-I (I, 0), oriented by the condition ,/,' 0 .6. = 1. Since T' and T are homotopic 

closed submanifolds of M, it follows, by the fact that the intersection index is invariant 

under homotopy, that k = 1"ovarr O'). 

Let 

() () f) f) 
'Il' = '/1-. - -1/1-· - + ;r1- - XI-

I '-{);rl' ();/'2 -all l f)V2 

I 
Ll2 

() j) f) f) 
;l:1~. +;1'2~ +lJI~ +lJ2~ 

(;;/' I (;;l' 2 UVI (j]/2 

and define jj = span { v;, vl}' It is easy to check that jj is a compatible Ehresmann 

connection for the map PIM\F-I(O,O): AI\F'-I(O,O) ~ D2\{0}. However, jj is not 

complementary to KerTF on p-I (0,0), thus it is not an extension of H 8M. In other 

words, the parallel translation with respect to fI is not compatible with the product 
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bundle structure of the fibration aF: aM ~ D 2• We introduce If simply because it 

will help us to compute the intersection index k = T'ovarT(T). 

It is not hard to check that horizontal lifting of Tat (xf, x~, yf, yJ) E F-'(I, 0) with 

respect to If is given by 

r(t) = (x~ cos iii - ]J~ sin iit, x~ cos 7rt + yf sin 7rt, 
o· l 0 i o· tOt) -;z:2SIn7r,+?/i COS7r ,X,SIn7r +Y2COS7r . 

Denote by ft, respectively, nt the parallel translation of F-'(1, 0) along the path 

T(8),8 E [0, i] with respect to lhf' respectively, Il. From the formula above, one sees 

immediately that {l, (1') = 1". Hence, 

It is easy to see that for 0 < l ::; 1, the boundaries of {It(T) and f t(T) do not intersect. 

Therefore, we have 

I,~ = '[" 0 varTCI') = {ltC/') 0 rtC/') for all 0 < t ::; 1. 

LEMMA 2.3.4. For small t > 0, I.; = {ltef') 0 I"'t(1') = -I. 

Proof. It is clear that k = {ltC/') 0 I't('l') = l' 0 {l-t(l't(1'». Thus, we need to compute 

the intersection index To {l-t(l't('f'). Notice that {l-t 0 f t is a diffeomorphism on 

P-'(l, 0) and that 1', {l-t(I'tU'» are two nonsingular submanifolds of F-'(1, 0). 

Let's write down the diffeomorphism {l_t 0 r t on aF-'(l, 0). 

{l-t(I'tCf'))(;I:~,;I:~,!Jr,!J~)= ./
5

- ~ 2 t(;I:~COS7rl+~5Y~Sin7rt), V . SIn ii 

(;L~ cos iit - ~yr sin nl), (!J~ cos iii + ;L~ sin 7rl), (y~ cos 7rt - x~ sin 7rt») 

Under the diffeomorphism 1/) : F-'(l, 0) ~ C the covanishing cycle T is mapped 

to {(l,0)} x [-1,1]. The boundary of 'j' is {«(l,0,), 1), «(1,0), -l)}. Under the 
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diffeomorphism '¢. 0 fL t 0 r to these two points are transformed to 

(( 
~ 2 COS7ft,=r-2V ~ 2 Sin7ft) ,±I). 

5 - sm 7ft 5 - sm 7ft 

From this, one can see easily that under the diffeomorphism fL t 0 r t , the endpoints of T 

are moved in oppsite directions. Based on this fact, it is easy to see that the intersection 

index k = To fLt(rt(T» = -1. 

We summarize our discussion in the following 

THEOREM 2.3.3. Fix a l1ivia/ization for the fibration a F': a J\t! -t D2 as in lemma 2.3.2. 

Let")' be the smooth loop at (1,0) defined by,(l) = (cos 27ft, sin 27fl), t E [0, I]. Let fj. 

and \7 be the Picard-Lefschetz vanishing and co vanishing cycle on F-I (1,0). Then 

h~i(~) = ~ 

var~i(\7) = -~. 

Remark. There is a very nice way to visualize the variation of \7. Let us take 

M = {(w,:::) E C2: I:::I:S; 10, w 2 - ::;2 < 2} and consider F as the map from J\tJ to 

D2. It is not hard to see that with this setup that F': Iv! -t D2 satisfies all the necessary 

requirements for defining the variation operator. 

In the following, we will regard F-I(a, b) as pmt of the Riemann surface of 

w = V:: 2 + (/ + ib. 

Let B(;/:) be a bump function such that 

- {I /3(:1:) = 0 
if 0 :s; ;/: :s; 2 

if:r 2: 3 

and let T be the loop defined by T(l) = c 2;;it . Define the homotopy lifting r t: 
p-I(l) -t P-I(T(l) along the loop T by 
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It is easy to see that r I: F-I ( 1) ~ F -I ( 1) is the identity outside the compact set 

{(z,w) E 111: Izl :::; 3 and w2 - z2 = I}. 

By thinking F as a real proper map, the homotopy lifting r t constructed above can 

be viewed as the parallel translation of F-I(1) along the path 7(8),8 E [0, t]. It is not 

hard to see that one can construct an Ehresmann connection H for F so that the parallel 

translation of F-I(1) along 7(8), s E [0, l] with respect to H is exactly r t. 
The vanishing cycle .0. in p-I (I) can be represented by the loop encircling the 

branch cut [-i, i] and the covanishing cycle V can be represented by two line segments, 

-10 ::; z ::; 0 on the top sheet and 0 ::; :: ::; 10 on the bottom sheet (see Figure 2.2 (B». 

Ifwe think F-I(l) as the cylinder.5'1 x [-1, 1], one sees easily from our construction 

that the diffeomorphism r I can be represented as follows: it is fixed outside a certain 

annulus, and the circles making up the annulus are rotated through different angles, 

varying from 0 on one of its edges to 2iT on the other (see Figure 2.2 (C) and (D». 

Proof of Theorem 2.3.2 

We now prove theorem 2.3.2. For convienence of exposition, we reformulate our 

assumption in the following manner: Let M be a paracompact connected smooth 

manifold and f: if ~ JFt2 be a smooth proper map such that 

(1) for all (a, b) E ])2, I-I (0, b) is diffeomorphic to ]'2; 

(2) / has only one singular point ;ro E iff and /(:1:0) = (0,0); 

(3) near ;1:0, there are local coordinates (lJ, ¢), ¢(U) = {(x I, X2, YI, Y2) : xI + x~ + 

!If + !Ii ::; 1O}, in which / is represented by 

It is evident from our assumptions that 1U *ff /-1 (])2) is a paracompact connected 

smooth manifold. From now on, we will think / as a proper smooth map from !vI to D2 • 
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Figure 2.2, The Picard-Lefschetz theorem for i = 11)2 - z2. (A) The regular fiber 
w2 - z2 = a, (l f:. 0 is diffeomorphic to the closed cylinder S'I x [-1,1]. This can be 
seen by viewing it as part of the Riemann surface of w = (z2 + a)!, which is formed by 
two copies of the complex plane glued along the branch cut ( - (d i, (d i). (B) Vanishing 
and covanishing cycles on i-I (I). (C) The action of r t on the vanishing and covanishing 
cycles. (D) Under the action of II = r I, the vanishing cycle .6. is mapped to itself while 
the covanishing cycle \7 winds once around the cyclinder, i.e., is mapped to \7 - .6.. 
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Let iVII = 4>-1 (Ii) n iVI and 1\h = 1\1\4>-1 (B3). Clearly, M I, M2 are smooth 

submanifolds of 1\1 with a common boundary 4>-1(83) n M. 

Notice that when restricted to cp-I(B3), 1 is exactly the real and imaginary part of 

F = 102 - .:;2 studied in the last subsection. Therefore, th.e Picard-Lefschetz formula 

can be applied. 

Fix the Ehresmann connection 110M• for 1 : cp-I(83) n 8lvI -; D2 determined by 

the trivialization given in lemma 2.3.2. Let IfMi be the compatible extension of HallJ. 

to !lh, i = Il 2. It is not hard to see that H = {11M., If oM. , Ihf2 } defines an Ehresmann 

connection for /IM\f-.(O,O) : J'1\/-I(Ol 0) -; ])2\ {OJ. 

Let "y(l) = (cos 21il, sin 21il), l E [Oll]. Denote by rt the parallel translation of 

/-1(1,0) along the path ;'(s), s E [0, l] with respect to 11 = {IfM., 11aM., fhfJ. Let.6. 

and \7 be as in theorem 2.3.3 . Clearly,.6. is one of the generators of 11I(J-I(1, 0), Z). 

Extend \7 to be the other generator.6. 1 of If I (J-I (1,0), Z). Since both 11M. and 11M2 

are compatible with HoM, it follows that r't(.6.d, l E [0,1] is a continuous family of 

cycles such that rt(.~I) C 1-1 ('YU». 

Write.6. 1 = \7 1 + \72 where \7 1 = \7 and \72 is a relative cycle in (JIM2 )-I(1,0). 

Since the fibration 1 I M2 : J'h -; D2 is trivial, by theorem 2.2.3, var..,,(\7 2) = 0. By 

theorem 2.3.3 , var-,.(\7I) = -.6.. Therefore, we have 11.-,.(.6.) = .6. and h..,,(.6. I) = .6.1 -.6.. 

In other words, in the basis.6. l .6. 1 of HI U- I (1,0), Z), the monodromy operator h.." can be 

represented as the matrix (~I n. Ifwe use .6.,-.6.1 as the basis for HI(J-I(1, 0), Z), 

one can easily see that II_I is represented by (! ~) . 
Remark. Let 1 : M -; 1R2 be as in theorem 2.3.2. It is easy to see that any orientation 

preserving diffeomorphism ~, : IR 2 -; 1R2 which preserves the origin does not change 

the monodromy. Thus, the following result is true. 

THEOREM 2.3.4. Let j\1 be a paracompact connected 4-dimensional smooth manifold. 

Let / : 1\1 -; 1R2 be a smooth map. Assume 
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(1) J has only one cJitical point Xo E 111 and J(xo) = O. 

(2) AlI the nonsingulm·level sUliaces are diffeomOlphic to '['2. 

(3) There exists a local coordinate (x I, X2, YI, Y2) nearxo and an Olientation preserving 

diffeomOlphism 1/; : 1Ft 2 ~ 1Ft2, 1/;(0) = 0 such that f can be represented as 

Let w be a fixed regular value near 0 and ')' be a closed loop around 0 beginning and 

ending at w. Then the monodromy operator hAl can be represented, in some appropJiate 

basis ofIlIU-I(W),7l),as thematJix (! ~). 

2.3.2. Normal Form for the Energy Momentum Map 

Let /1, /2 be a completely integrable system which satisfies the assumptions of theo

rem 2.3.1 . That is, the energy momentum map / = (fl, /2) has an isolated critical 

value (0,0) and / is singular only at one point Xo E /-1(0,0); furthermore, there 

are local canonical coordinates (;1: I, ;1:2, YI, J/2) near ;1:0 in which the symplectic form is 

W = L]=I dYj 1\ dXj and / takes the form 

where a > 0, b > 0 and c are constants. In this subsection, we prove that this local 

representation can be normalized further, via non-symplectic transformations, to 

where ~, is an orientation preserving diffeomorphism on 1Ft 2. The idea of this further 

normalization is the following: consider the integrable system 
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on (]R4, 2:J=1 dyj /\ dx j). It is clear that the flow of F2 generates an SI action on ]R4 

( (
XI)) (COS 2l - sin 2t 

t X2 -f sin 2t cos 2l 
, YI 0 0 

Y2 0 0 

o 0) (XI) o 0 X2 

cos2t -sin2t YI' 
sin 2t cos 2t Y2 

(2.8) 

Since FI is invariant under this 5'1 action, the map F : ]R4 -f ]R2 is an SI-invariant 

map. We prove, by using the stability theorem of equivariant maps, that F is stable. 

Therefore, any invariant map close to F can be transformed to F. The main reference 

for this subsection is [11] and the references cited there. 

The Stability Theorem for Equivariant Maps 

Let G be a compact Lie group acting linearly on ]Rtl. By a classical theorem of Hilbert 

(see Weyl [46] p. 274), the algebra P(IRll)G of G-invariant polynomials on]R tl is finitely 

generated. The following theorem, due to Schwarz [40], extends the Hilbert theorem to 

COO (]Rll)G. 

THEOREM 2.3.5. LetG bea compact Lie group acting lineaJlyon ]Rtl. Let PI, P2,'" ,Pk 

be the HiJbertgenerators of P(]RlI)G. Let f1 = (PI, P2,' .. ,pd : ]Rtl -f ]Rk be the Hilbert 

map. Then 

Therefore, any smooth G-invariant function can be written as smooth functions of the 

Hilbelt generators PI, P2, ... ,(n·· 

Definition. Let G be a compact Lie group acting linearly on ]Rtl. A local diffeomorphism 

¢Y : ]R tl -f ]RII, ¢Y(O) = 0 is called G-equivariant if 9 . ¢Y(x) = ¢y(g. x) for all 9 E G and x 

near O. 

Let fG (]R1l, ]RP) denote the space of G-invariant germs from (]R tl, 0) to (]RP, 0). Denote by 

DijJ'if(]Rtl) the space of local G-equivariant diffeomorphisms on (]R tl, 0). Let Diffo(]RP) 
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denote the space of local diffeomorphisms of (~P, 0). There is a natural action of 

Dif.fff(~n)xDif.fo(Iff..P) on EG(~n, ~P) defined by 

Definition. (l) F, j" E EG(~111 ~P) are called equivalent if F and F are in the same 

Dijjg(~Il)xDif.fo(~I') orbit, that is, there is (1/), ¢) E Dif.fff(~Il)xDif.fo(~P) such that 

ft' = 1/; 0 F 0 ¢-l. 

(2) F E EG(~n, ~P) is called stable if the Dijjg(~Il)xDif.fo(~I') orbit of F is open in 

EG(~1\ ~1'). In other words, any G-invariant smooth map close to F is equivalent to F. 

Suppose that F E EG(~1\ ~1') is stable. Let F E E(~n, ~P) be close to F. 

Consider the curve F + l(F - F), I E [0, 1] in EG(~n, ~1'). The stability of F implies 

that there is a family of diffeomorphisms (¢ t, 1/;t) EDijjg (~Il) x Dif.fo(~P) such that 

1/Jt 0 F 0 ¢i 1 = F + l(F - F). Differentiate this relation with respect to t and set t = 0 

to get 

ft' - F = (N't I (F) + DFd¢"t
1

1 
. 

ell 1=0 ell t=O 

Since 1;' is arbitary, the left hand side is just EG (~Il, ~1'). The first term of the right hand 

side can be identified with FP(F), the space of p-vectors whose components are smooth 

functions of F. Since ¢ is equivariant, the second term of the right hand side can be 

identified with DF"yG where .1.'G is the space of G-equivariant vector fields on ~ n. We 

call this set the Jacobian module of F, denoted by .:J(F). Based on this observation, 

we have the following 

Definition. F E EG(~1\ ~1') is called infinitesimally stable if 

It is clear that the condition for infinitesimal stability is one that can be effectively 

checked. The following result (see Bierstone [5], Poenaru [36]), which is the funda

mental theorem of equivariant singularity theory, says that stability and infinitesimal 

stability for equivariant maps are equivalent. 
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THEOREM 2.3.6. F E £G (]R n, ]RP) is stable if and only if it is infinitesimally stable. 

Stability of the map F = (Yf + y'J. - xI - x~, 2(X2YI - XIY2» 

As noted before, the Hamiltonian flow of F2 generates an 8 1 action on ]R4 (see (2.8». It 

is not hard to see that the Hilbert generators for this action are 

V" x2 + x2 "'\. = . I ·2, }/ 2 2 = YI +712, 

There is one relation among these generators, namely 4XY = 8 2 + Z2. 

In the following, we will use the complex coordinates 

In these coordinates, the Hilbert generators can be expressed as 

The Hamiltonian vector field X F2 takes the following form 

v 2' {---( a . a) 
"'\. F2 = - 1 ~ ::: j ::1.,." - ~j ::1(" . 

j=1 U_.1 U J 

By theorem 2.3.6, the stability of F is equivalent to the condition 

The rest of this section is devoted to checking this condition. 

(2.9) 

We first determine 3(F). Let F(){, V, Z, 8) denote the ring of SI-invariant functions 

on ]R4 (modulo the relation 4X}? = 8 2 + Z2). In order to determine 3(F), we need to 

find (ySI, the F(X, Y, z, S) module of 8 1-invariant vector fields on ]R4. Let 

a a a a 
0' = cIa" +C2~ +d l ::1( +el2a( 

:::1 {J~2 {J I 2 

be a general vector field on ]R4, where Cj, elj are smooth functions of Zk, (k. The 

condition that 0' commute with .Y F2 leads to the following equations: 
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From these two equations, it is easy to see that as an F(X, Y, Z, S) module, X SI is 

generated by the vector fields: 

The real forms are: 

o 
zl-a ' 

ZI 

a a a a 
V5 i(zl 0:)_ - ':;2~ - (I al" + (2 a( ) 

(j';'1 v.;, 2 .,1 2 

· a a 0 0 
V6 = Z(.::I::1_ +':2,;).,. +(1 0 " +(2~) 

CI.;, I U ··2 ~ 1 V(2 

· a "a 
V7 t.(.::I-:;) - ~I a - ) 

V':2 ~2 

· a _ a 
Vs 1(Z2~-~2~)_) 

VZI V~I 

The action of Vj, j = 1,2,··· ,8 on the Hilbelt generators X, Y, Z, S is given in the 

following table: 

II X I V I Z IS 
VI 0 0 0 0 
V2 2X -21" 0 0 
V3 0 Z 2X 0 
V4 Z 0 2J/ 0 
liS 0 0 -2S 2Z 
V6 2X 2V 2Z 2S 
1)7 0 -.5' 0 -2X 
Us .5' 0 0 2Y 
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From this table, one can check easily that .J(F) is generated by 

__ (Y+X) 
(3 - 0 ' 

( 8) (Y-X) (5 = 2X ' (6 = S . 

Denote by JV1. (gl, g2, ... , gn) the maximal ideal in F(X, Y, Z, S) generated by the 

smooth functions gl, g2, ... , g/1' It is easy to see that the stability condition (2.9) is 

equivalent to the following condition: 

6 

(JV1.(l/+X, Y-X, Z, 8»2 = LF(X, Y, z, 8)(j + (M(Y-X, S»2. (2.10) 
j=1 

We need the following 

LEMMA 2.3.5. (1) If/(XI, :/:2,'" , :r ll ) is a smooth function even in XI, then there is a 

smooth function 1 such that 

{( 'I' "~I' .,. '/,) - {-(,,/,2 X ••• 't,) , .. 1",2, '''II -, "1,,2, '· ... n· 

(2) Ifg(:c I, :C2, ••• , x ll ) is a smooth function odd in :/:1, then there is a smooth function 9 

so that 

Proof. It is clear that the second assel1ion follows from the first one, therefore, we only 

need to prove the first statement. Define 

it is clear that .1 is smooth on {u > OJ. We claim that all the derivatives of j remain 

bounded as Il -1 0+, By Taylor's theorem, for all integers k > 1, / can be written as 

k-( 
{(,/'( X'2 ". "') - "" (I '("/'2 'I"~ ,., '/' )x,2

j + x2kllk(X'1 X2 ••• x) , ",., , .(, Il - L-...t .I' " , .' , , , .. /1 • ( 'I' '. ,., , n, 
.i=0 
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where hk is a smooth function in XI, :1:2,··· ,Xn • Thus, we have 

From this, one can check easily that all the derivatives of j up to order k in u remain 

bounded as u ~ 0+. Since k is arbitary, our claim follows. 

It remains to define j for u :::; 0, i.e., to construct a Coo extension of j to u < o. 
Since all the derivatives of 1 remain bounded as u ~ 0+, such an extension always 

exists (see Seeley [41] ). 

LEMMA 2.3.6. Let f(V+X, Y-X, Z, 8) E A-1(Y"+X, V-X, Z, S). Then f can be wJitten 

as 

f = (Y+X)f(l)«Y+X)2, V-X, Z, SO) + 

Z.r<2)(y+.'(, Y-X, Z, 8) + f(3)(V -X, SO), 

where P1), f(2), P3) are all (.'rx., genns. 

Proof. Let ge, go be the even and odd pmts of fin Y+X. By lemma 2.3.5, ge, 90 can be 

expressed as 

gco,I"+X, Y-)(, Z, 8) h l «Y+X)2, V-X, Z, SO) 

9001"+X, Y-X, Z, 8) = (Y+X)h 2«V+X)2, 11'-X, Z, SO). 

Since (Y +X)2 = (Y _X)2 + 8 2 + Z2, one sees immediately that 

By Taylor's theorem, 113 can be expressed as 

11301" -X, Z, .5') = h4(V-.\, 8) + Z hs(11' -X, Z, S). 

Therefore, our claim follows by taking .r< 1) = 11. 2, .[<2) = Its and .r<3) = h4 • II 



Now, we are ready to check the stability condition (2.10). 

L (
II(Y+X,y-X,Z,S») (IA()/ ,,. },,, ,,. Z S»2 L 

et h(Y+X,Y-X,Z,S) E jVl +.'\, -.'l., ", . et 

II (Y +X)I~I) + zIf) + I~3)(y -x, S) 

h - (Y+X)I~I) + zIF) + I?)(Y-X, S) 

be the decomposition of II, h given by lemma 2.3.6. Then 

(
II) _ ((I) (2) (OJ f(2) (IP)(Y -X, S») /z -. I (3 + . I (I + .2 (4 + .2 (2 + I~3)(y -X, S) , 

which is clearly in .J(F) + F 2(F). 
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Therefore, we have proved that the map F = (yf + y~ - xi - x~, 2(X2YI - XIY2») is 

stable. 

Similarly, one can prove 

THEOREM 2.3.7. Fora =I 0, b =I 0, the map 

is stable. 

2.3.3. Proof of Theorem 2.3.1 

By assumption, there are local canonical coordinates in which the energy momentum 

map has the following normal form: 

I (/1, /z) 

= (~(Yf + yi) - ~(;rT + :d) + C(;1'2lJl - XIY2) + h. o. t., X2YI - XIY2) 

where a > 0, b > 0 and c are constants. 

Consider the map .i = UI - c/z, h). By theorem 2.3.7, in a small neighbor

hood of the origin, .1 can be brought to its quadratic prut. That is, there is a 



66 

(J>, 0) EDijjtCllf .. 4)xDiffo(TR.2) such that 

- - - 1 (a 2 2 b 2 2 ) 'ljJ 0 .f 0 (p- = Z(lh + 112) - Z(XI + X2)' X2YI - XIY2 . 

It is not hard to see that J; can be chosen to be orientation preserving. From here, by a 

linear change of coordinates, one can see easily the following 

LEMMA 2.3.7. There are local coordinates (Xh X2, YI, Y2) at Xo and an olientation 

preserving local diffeomOlphism 1/., : (~.2, 0) ~ (I~.2, 0) so that the energy momentum 

map can be wlitten as 

Now theorem 2.3.1 clearly follows from theorem 2.3.4 if we can show that the local 

diffeomorphism If; can be extended to a global one. 

LEMMA 2.3.8. Any local diffeomOlphism 1/) : (IR 2, 0) ~ (IR2,0) can be extended to a 

global diffeomOlphism -0 : IR2 ~ IR2. 

Proof. Let 1/'/ be the linear part of 1/'. Let 8(1') be a bump function such that 

IJ(7') = {I 0 ~ r ~ ( and d~~r) ~ 4c. By taking ( properly, one can show that the 
o l' > 2( 

map J;(x) = lp/(;r) + B(lxj)(lp(X) - 11'1(;/:)) is the desired extension. II 

2.3.4. Some Examples 

In this subsection, we give a few examples in which theorem 2.3.1 can be applied. In 

fact, all the known examples with monodromy (: ~) are covered by theorem 2.3.1. 

The Motion of a Particle in the Champagne Bottle 

The simplest mechanical system which has monodromy is the motion of a point mass 

in a 8 1 symmetric double well (see Bates [3]). The Hamiltonian formulation of this 

system is the following: 
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Define a potential in the plane by V(r) = 1A - 1'2 where 1'2 = x2 + y2 and x, y are 

the usual Cartesian coordinates in ~2. The Hamiltonian of a point mass moving in the 

plane under the influence of this potential is 

in the standard canonical coordinates (x, y, Px, py). The 5'1 symmetry of the system 

gives rise to the conserved angular momentum 

L = 1JPx - XPy· 

Thus, this system is completely integrable in the sense of Liouville. 

By changing to pular coordinates, one can check easily the following: 

(1) (0, 0) is the only isolated critical value ofthe energy momentum map E = (If, L) : 

~4 --; ~2, 

(2) The unstable equilibrium (:1', !J, Jl.r, jJy) = (0,0,0,0) is the only singular point of 

Eon E-I(O, 0). 

(3) All of the regular level surfaces E'-I (a, b) for (a, b) near (0, 0) are diffeomorphic 

to 1I'2. 

Since E = (IJ, L) is already in the normal form required by theorem 2.3.1, we see 

that all the assumptions of theorem 2.3.1 are fulfilled. Therefore, we conclude that 

the monodromy group of the torus bundle E = (IJ, L) : ~ 4 --; ~2 is generated by the 

. (1 0) matrIX I I . 

The Magnetic Burke's Egg 

The usual Burke's Egg is the motion of a pmticle in the plane under the potential 

field V (;r, !J) = - ~ (x 2 + y2). Since the motion is unbounded, we cannot talk about 

monodromy. However, if we impose a magnetic field of magnitude 1'2 and consider 

the motion of a charged pmticle under the influence of both the potential field and the 

magnetic field, the motion will always be bounded. This example is called by Bates 
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(private communication) the 'magnetic Burke's egg'. The Hamiltonian description of 

this system is as follows: 

Let w = (qf + q'Ddql /\ q2 + dpl /\ dql + dP2 /\ '12 be the symplectic form on ]R4. Then 

the Hamiltonian of the system is 

The other constant of the motion is the 'augmented angular momentum', namely 

As in the Champagne bottle, it is not hard to check that (0,0) is an isolated critical 

value of the energy momentum map E = (Il, L), that (0,0,0,0) is the only singular 

point of B on B-1 (0,0) and that al1 the regular level surfaces are diffeomorphic to ']I'2. 

Furthermore, the coordinates 

XI - '11, :1:2='12, 

YI 
f/2 2 2 

PI + 4('11 + (h), 

are canonical coordinates. One can check easily that in these coordinates, the energy 

momentum map B has the form 

Il !(112 + 112) - !(:r2 + :1:2) + higher order terms 
2.11 .}2 2 I 2 

L 

Therefore, by theorem 2.3.1 , this system has monodromy and the monodromy operator 

can be represented by the matrix (! ~). 

The Spherical Pendulum 

The spherical pendulum was the first mechanical system discovered to have monodromy 

(see Duistermaat [14], Cushman [9]). As a physical system, the spherical pendulum 
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is the motion of a point mass on a two sphere 8 2 under the gravitational force field. 

Mathematically, it can be described as a Hamiltonian system on (T" 52, w) where w is 

the area form on 8 2 • The hamiltonian function is 

I 2 2 2 
H = 2(P.r + Py + p) + z. 

Since rotation of 8 2 about the z-axis is a symmetry of the system, the corrsponding 

angular momentum 

L = JJP.r - :rpy 

is a conserved quantity. Thus, the spherical pendulum is completely integrable. 

Again, it is straight forward to check that (1,0) is the only isolated critical value of the 

energy momentum map E = (/1, L), that the unstable equilibrium (x, y, z, Px, py, p:J = 

(0, 0, I, 0,0, 0) is the only singular point on E -I (1,0) and that all the regular level 

surfaces are diffeomorphic to '['2. 

Near the unstable equilibrium, the coordinates 

YI 
YP= - ZPy 

J}2 = 
Z 

are canonical. One can check easily that in these coordinates, the energy momentum 

map takes the following form: 

Jj ~ (!J~ + !J~) - ~ (;I:T + :d) + higher order terms 

L = :1:2.'J1 - :1:1!}2. 

Therefore, by theorem 2.3. I , the monodromy operator of the torus bundle E : JR 4 4 JR2 

can be represented as (! ~) . 
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The Lagrange Top 

The Lagrange top is an axially symmetric rigid body fixed at a stationary point in a 

uniform force field. The motion of the body can be described (with some simplifications) 

in the following way. 

Define a bracket on ~ 6 by putting 

and extend {.,.} to COO(~ 6) in the natural way. The motion of the Lagrange top is 

described by the equations 

where H is the Hamiltonian function 

1 
H = "2(Y; + yi + Ay~) + X3, (2.11) 

where A > & is the ratio of the unequal moments of inertia. 

However, the bracket thus defined is degenerate. The two Casmir function are 

F~. ,(.2 + ,(.2 + c,.2 
,1 ; 'I ; '2 '''3' 

When restricted to the joint level surface 

\1 del' {1" 11a= '2=a, (2.12) 

the bracket {', .} is nondegenerate and gives a symplectic structure on Ma. Therefore, 

the motion of the Lagrange top is effectively a two degree of freedom Hamiltonian 

system. 

The axial symmetry of the Lagrange top implies that the momentum of the body 

with respect to the symmetry axis is a conserved quantity of the motion. Namely, 

L = l/3 (2.13) 
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is a constant of the motion. Therefore, the Lagrange top system is completely integrable. 

It can be shown (see Cushman and Knorrer [10]) that for la I < 2, the energy

momentum map E = (11, L) : lVJa ~ ]R2 has an isolated critical value (ho,/o) = 
(~Aa2 + 11 a) and that the unstable equilibrium (0,0,1,0,0, a) is the only singular point 

of Eon E-I(ho, 10). Moreover, all the regular level surfaces are '['2. In order to apply 

theorem 2.3.1 , we need to find local canonical coordinates so that E = (11, L) is of the 

required normal form. These local canonical coordinates are given by 

q2 

PI 
1 aX2 

--(Y2- --), 
:1:3 I + X3 

1 aXI 
-(YI- --). 
:7:3 1 + X3 

])2 = 

One can check easily that in these coordinates, the energy momentum map E is of the 

desired normal form: 

11 = 

L = 

I 2 I,) 2 I 1 2 2 2 
I + '2 Aa + '2(Pi + P2) - '2(1 - 4a )(ql + fJ2) 

+~a(211 - I )(fJ2]J1 - (/17)2) + higher order terms 

a + fj2jJi - fjl]J2· 

Therefore, we claim that for 1(11 < 2, the torus bundle E = (11, L) : At/a ~ ]R2 has 

monodromy and the monodromy operator can be represented by the matrix (~ ~). 

2.3.5. The Degenerate Case 

Theorem 2.3.1 requires, beside the 8 1 symmetry of the system, the following two 

non degeneracy conditions: 

(1) the singular points of the energy momentum map are isolated, the singular values 

are distinct; 
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(2) near a singular point, the quadratic part of the local normal form of the energy 

momentum map is stable. 

When either of these two conditions are not met, theorem 2.3.1 fails. In this 

subsection, we study some of these degenerated cases. We present a deformation 

argument which, in some cases, can determine the monodromy operator. 

We begin with an interesting example. Consider the two Poisson commuting 

functions 

1 
h = -(pi + p~) - «(d + qi)2 + (q~ + qi)3 

2 

9 q2PI - qlP2 

on (1ft41 I::T=I dPi /\ dqi)' The physical interpretation for this system is the motion of a 

point mass in the plane under the influence of a degenerate S'I symmetric potential well 

defined by V = -(qf + qi)2 + ('If + qD3• 

It is straightforward to check that the following facts hold for the energy momentum 

map I = (Ii, g). 

(1) (01 0) is an isolated critical value of I; 
(2) on I-I (0,0), I is singular only at (q, p) = (0, 0). 

(3) all the regular fibers I-I(I') for l' near (0, 0) are diffeomorphic to 1['2. 

However, since the local normal form is not stable (in fact, one can show that f is 

(2,1 )-determined in the class of S'I invariant maps, see [11], P. 63), theorem 2.3.1 is not 

directly applicable. Nevel1heless, we can still use it to compute the monodromy of the 

fibration I : I-I (R f) -; R f' where R f is the set of regular values of J. The construction 

we are about to present is called the deformatioll argument. Roughly speaking, it is 

the following: we consider a 'nice' perturbation I'\ of the energy momentum map J 

for which all the conditions required by theorem 2.3.1 are satisfied and thereby the 

monodromy of the fibration defined by f'\ can be easily computed. Then by continuity, 
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we concl ude that the monodromy of the fibration f : f -I (R f) ~ R f is the same as that 

of the fibration defined by the perturbated energy momentum map f ,\. 

We now return to our example. Consider the perturbed integrable system 

I 2(PT + p~) + A(q~ + qi) - (q~ + qi)2 + (q~ + qi)3 

q2PI - QlP2 

on (1R4, 2:::7=1 dPi /\ dQi) , where IA I < 1/3 is a smaH parameter. Notice that our example 

corresponds to the case when A = O. It is not hard to check that the critical values of 

the perturbed energy momentum map f'\ = (h '\, g'\) have the foHowing description (see 

Figure 2.3): 

where 

if A ~ 0 

if 0 < A :::; 1. 
From this description, one can see easily that when A ~ 0, (0,0) is an isolated critical 

value of the the energy momentum map .r\ (see Figure 2.3 (A) and (B». A little more 

effOlt will show that all the nonsingular fibers (,(\)-1(1') for l' near (0, 0) are 2-tori and 

that (q,p) = (0,0) is the only singular point of f'\ on the singular fiber (j,\)-I(O,O). 

For A < 0, since r\ is already in the normal form required by theorem 2.3.1, we claim 

that the monodromy operator h~,. of a simple closed loop "I around (0,0) is represented 

by the matrix (! ~). 
When A > 0 small, Cf A does not contain an isolated point; instead, it contains an 

isolated closed curve Sf (see Figure 2.3 (C». It is not hard to see that for l' contained in 

the interior of the region bounded by .) fA. the level surface (p. )-1 (1') is 1I'2 + 1I'2. For all 

the other regular values, the fiber is 1I'2. Thus, r' is a smooth fibration with fibers 1I'2 on 

r\-I(RjA). where RjA C RfA is the open region outside the closed curve Sf>.. By the 
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la1l'txllI .. O.c 

0.' 

0.' 

0.' 

0.2 

lJI 0 .................................. . 

-0.2 

-0.4 

-0.1 

-0.' -0.' 
_ 1L---~----~----~----~ ____ ~~~ -1 L-__ ---L ____ --'-____ -'-____ ~ __ _ 

·0.) -0.2 -0.1 0.1 0.2 0.) -0.1 -0.2 -0.1 

(A) (B) 

hmbdl .. 0.2 0.' r--------.-----..;..;...:.;..:,.----------r-------::::I 
1e~bda .. 0.) 

0.' 

0.) 0.) 

0.2 0.2 

0.1 0.1 

.... «. . 0 

-0.1 -0.1 

-0.2 -0.2 

-O.l -0.1 

-0.' L-_____ -'-______ -'-______ -': ______ ~ 
-0.4 

-0.1 -0.05 O.OS 0.1 ·0.1 -O.OS 

(C) (I) 

Figure 2.3, The set of critical values of map J'\. (A) and (B) For).::; 0, ('f>. contains 
an isolated critical point (0,0). (C) When). > 0 is sufficiently small, ('f>' contains an 
isolated closed curve. (D) When). > 0 is big, CIA does not contain any isolated piece. 
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h h 

(A) (B) 

Figure 2.4, Illustration of the deformation argument. (A) The critical values of the map 
F = (A,h\.ci). (B) A simple loop I encircle the isolated piece of CF begining at 
a = (AO, ho, 90) is homotopic to the loop 8: going from a to b = (A h ho, 90) (81 in the 
figure), running around the point (AI, 0, 0) once on the A = Al plane (82 in the figure) 
and comming back from b to (( (83 in the figure). 
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smooth dependence of j'\ on the parameter A, one sees easily that this fibration should 

have nontrivial monodromy. We now proceed to compute the monodromy operator. 

Consider the map 

where (. is a small positive number. It is easy to see from our construction that C F, the 

set of critical values of F, is given by 

CF = U {AJ x Cp , 
,\EC-c,c) 

where Op is defined in (2.14). Notice that OF contains an isolated piece which is part 

of the swallowtail surface (see Figure 2.4 (A». 

Let He;.. C RF be the open region outside the isolated piece of CF. Then one 

sees easily that when restricted to F-I(He;..), F is a regular proper map and thereby 

defines a smooth fibration. It is clear that for all (A, h\g") ERe;.., F-I(A, h\g>') = 

{A J x ({\)-I (Ii:" g'\), which can be thought of as the level surface for the Hamiltonian 

system (h\ .<r\). In the following, we will think of F as the restricted map between 

M~' P-I(He;..) and N ~ N.F. 

We claim that the fibration F: M -7 N has nontrivial monodromy. To see this, 

let -(. < )1( < 0 be fixed and let (l = (,\o~ lio, go) E N be a fixed regular value of F. 

Consider a small simple loop I around the isolated part of C F connecting a to itself. 

It is easy to see that ''f is homotopic to a closed path 8 going from a = (AO, ho, go) 

to b = (A I, lio, go), running around the point (,\ 1,0,0) once on the plane A = A I and 

returning back to (l (see Figure 2.4 (B». Since the monodromy operator h-y depends 

only on the homotopy class of {, we conclude that h~1 = !to. But it is easy to see from 

theorem 2.3. I that, in some appropiate basis of III «f,\)-I(a), 7l.,), ho is represented by 

the matrix G ~). Since,' is the generator of 7r1(N, a), we see that the monodromy 

group for the fibration F: M -7 N with respect to a is the infinite cyclic group with 

generator h~I' = G n, which is, of course, isomorphic to 7r1 (N, a) ~ 7l.,. 
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Remark. The discussion above also shows that for all A > 0 small, the fibration defined 

by j'\ has nontrivial monodromy. This provides an example which exhibits nontrivial 

monodromy but the energy momentum map does not have an isolated critical value. It is 

interesting to note that for all the published examples which have nontrivial monodromy, 

the energy momentum map has an isolated critical value and that all the nondegeneracy 

conditions of theorem 2.3. I are satisfied. 

The technique used in this example can be used in some other examples where the 

non degeneracy conditions mentioned at the begining of this section are violated. We 

will discuss one more example later. Now we state a general result which covers our 

last example. 

THEOREM 2.3.8. Let 11, h be two independent Poisson commuting functions on a 4-

dimensional symplectic manifold (M, w). Deonte by Rj,Cj the set of regular values, 

respectively the set of clitical values, of the energy momentum map j = <Ill h). 

Assume 

(I) C j contains an isolated point (0, 0), moreovel; I is singular only at one point 

:1:0 E I-I (0,0); 

(2) for aI/ regular values l' near (0, 0), f- I (1') is compact and connected, i.e., it is 

diffeomOJphic to]'2; 

(3) in some canonical local coordinates (fJl, fJ2, PI, P2) near xo, f has the fol/owing 

representation: 

/. (2 2) I (2 2)11 .( 2 2)111 (2 2) . I - a PI +]12 - ) fJl + fJ2 + C fJl + fJ2 + g fJl + fJ2 

where a, b, c are some positive constants, rn > n > I are integers and g(fJr + qD = 

o(qy + fJ~rl1. 
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Let tv be a fixed regular value off neal' (0,0). Let I be a simple piecewise smooth 

loop connecting w to itself. Then, in some appropliate basis of H1(f-l(w), Z), the 

monodromyoperatorh')' is repJ"(~sented by the matlix G ~). 
Proof. The idea of the proof is the same as that in our last example. The only technical 

difficulty is that we have to construct a 'nice' perturbation of the energy momentum 

map in the sense that the monodromy for the perturbed system can be determined easily. 

By the assumption that (0,0) is an isolated critical value of the energy momentum 

map f = Ul, h), we can choose an (I > 0 so that in the region 

(0,0) is the only critical value of f. 

We choose a 1'0 < (1 so that the local normal form 

hold for qr + qi + PI + P~ < 101'5. Furthermore, the following conditions holds for 

PI + p~ + qr + qi < 41'5: 

(I): -b«(d + q~rl + c(rd + q~rll + g(q? + q~) :::; 0 

(2): c«(d + qiyn + g(rd + q~) ~ 0 

(3): -~(rd + qi)Il+1 + rllc(q? + q~yll+1 + g'(q? + qi)(q? + qi)2 :::; 0 

(4): fI(q, p)2 + h(q, pf ::; d. 

Let i3(u) be a smooth function on ~ such that 

- {1I 8('11) = 2 
ro 
2" 

and 0 ::; 13'(u.) :::; 4. 
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Let ¢: \I ~ {(qJ, q2, Ph P2) E ~4: qr + q~ + PI + P~ < IOr6} be the local coordinate 

function. Define a smooth function B(:1:) on AI by 

{
B(I¢(XW) 

B(x) = 2 
TO 

T 

xE\I 

otherwise, 

Consider a deformation I" = Ui', Ii') of the energy momentum map I defined by 

Ii\ = II + )"B(x), 12' = 12, 

where).. is a small parameter. Note that Ii', Ji' are stilI Poisson commuting functions. 

We claim the following facts hold: 

(1) for ).. :::; 0 small, (0, 0) is an isolated critical value of I A. Furthermore, 

(q, p) = (0,0) is the only singular point of.f" on U,')-I(O, 0); 

(2) for)" > 0 small, Cp contains an isolated piece in Ui')2 + Uz')2 :::; fl 

Before we prove these facts, we first make the following observations: 

(a) We have IIi' - III :::; (1/2 and .fi\ = h., thus the region Ui')2 + u,ff < 10102 is 

in the image of the perturbed energy momentum map. 

(b)OutsidethecoordinateneighborhoodU = ¢-I({(q,p) E ~4: Iq12+lp12 < r5}), 

we have Ii' = II + )..~ and Ii' = .12. Thus, the only critical points introduced by the 

perturbation are contained in U. 

(c) :1:0 = ¢-I ({ (q, p) = (O,O)}) is always a critical point for 1". The corresponding 

critical value is (0,0). 

(d) If ;r c = ¢-I (q, p)) is a critical point of .r.' in lJ and that q = 0, then we must 

have p = O. 
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Based on these observations, we need only to find those critical points Xc = 4>-1 (q, p») E 

U of j'\ so that q =1= O. We can use the polar coordinates 

ql - 1'cosO 

q2 

PI 

P2 

1'sinO 

pr cos 0 - ! Po sin 0 
l' 

Pr sin () + !po cos O. 
l' 

In these coordinates, Ii\ n\ take the following form: 

-Po· 

It is easy to see that a point (/', 0, PI" po) is a critical point of f ,\ if and only if ~ = 0 and 

~ = O. For A small, these two conditions are equivalent to the following equations: 

(2.15) 

For A < 0 small, since the right hand side of the last equation is negative, there are no 

critical points in U besides ;7:0. This proves that (0,0) is an isolated critical value for j'\ 

when A < O. 

When A > 0 small, one can see easily from equation (2.15) that we have p~ ::::; 4A1'4. 

By our choice of 7'0, we have 

and 

2 2 

fi\ = a(p~ + ~~) - br211 + cr2m + g(r2) + AB(p~ + ~~ + 1'2) 

., . p~ ') < 40,\,.- + ,\l3(? + ,.-) ,.-
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where C\ are some constants. The last inequality comes from the following facts: 

_~r2n+2 + rncrZm+2 + g'(rZ)r4 :::; 0 

p~(a + )..B') = _nbrZn+Z + mcrZm+2 + g'(r2)r4 + )..B'1·4 ~ 0, 

This proves that for).. > 0 small, we have IIi'1 :::; AI)..r2 and IIi'l :::; A2\/Xr2 for 

some constants AI, Az independent of)... Thus, when).. > 0 is small enough, all the 

critical values of 1'\ corresponding to critical points in U are contained in the region 

<ii')2 + <ii')2 < CT. This completes the proof of fact (2). 

Consider the map 

where C is a small positive number. The set of critical values of F" is given by 

CF >. = U {>.} X Cf >.· 
,\EC-c,c) 

It is easy to see that C F>' contains an isolated piece SF>' which consists of the line 

segment {()..,O,O): - ( < ,\ :::; O} and U,\ECO,c)P} x Sf>., where Sf>' is the isolated 

pmt of Cf in Ui\)z + Ui\)2 :::; d. Denote by RIc>. C RF >. the (connected) set ofregular 

values of p,\ outside SF>.' It is not hard to see that F" defines a fibration between 

111 ~ (F,\)-I(RIc>.) and N 1§!' RIc>. with fiber the 2-torus 'f2. 

By using the same argument as in our last example, we see that this fibration has 

nontrivial monodromy and that the monodromy operator of a simple loop around SF>' is 

represented by the matrix (! n in some appropriate basis of HI (F'\)-I(w), Z). Our 

assertion clearly follows from this fact. II 

Remark. The assumption that the higher order term g in the local normal form is a 

function of (jf+(ji only is not essential. In fact, one can show similarly that theorem 2.3.8 

still holds when g is replaced by 

( Z 2)1ll+1 ( )2 ) g = fli + (jz 91 + (jIPI + (jzpz g2 
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where 

91 91(q~ + qi, pi + p~, qlP2 - q2PI) 

92 - 92(qr + q~, pi + p~, QlP2 - Q2PI, QIPI + Q2P2). 

To end this section, let's look at another interesting example where the deformation 

argument can be used to determine the monodromy of the system. 

Consider the motion of a particle on the unit sphere S2 = {x = (x), X2, X3) E 

~3: Ixl = 1} under the influence of a vel1ical force field of magnitude -X3. This 

system will be called the square potential spherical pendulum. We remark that this is 

a completely integrable system and has been studied in [4]. The phase space of this 

system is 

TS2 = {(x, y) E ~6: x· x = I, x· y = O} 

(see chapter I, example E) and the energy momentum map is given by I = (h, 9) where 

I 2 2 2 I 2 
II = 2(YI + liz + Y3) + 2X3 

It is straightforward to check that we have the following facts: 

(1) (~, 0) is an isolated critical value of I; 
(2) I has two singular points (x, y) = (0, 0, ± 1), (0, 0, 0») on I-I (~, 0); 

(3) the local normal form near each of these two singular points is of the required 

form by theorem 2.3.1; 

(4) all the regular fibers are diffeomorphic to '['2. 

Since the critical values of r are not distinct, we cannot use theorem 2.3.1 to 

compute the monodromy of the fibration defined by f. However, if we consider a small 

deformation of f by letting 

/z,\ 
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one can see easily that for A =1= 0 small, the critical value (1/2,0) splits into two critical 

values «(1 ± A)2/2, 0) and for each of them, all the conditions required by theorem 2.3.1 

are satisfied. Therefore, the monodromy operator of a small simple (positive) loop 

around each of these two critical values is given by the matrix (! ~). The monodromy 

group of the fibration j'\: (f,\)-I(RI >.) -1 RI >. (A =1= 0) is isomorphic to Z. We remark 

that the monodromy group in this case is not isomorphic to 'Tr1(RI >., a). 

By considering the map F = (A, h", g'\) and using the same argument as that 

in our last example, we can show that the monodromy group of the fibration j = 
fO: .r- I (17.1) -1 17.1 with respect to a fixed regular value tv E 17.1 is the infinite cylic 

group generated by the matrix (~ ~). 

2.4. Computing Monodromy From Local Action Variables 

Our results in last section can only be applied to two degree of freedom systems. In this 

section, we develop another approach which can be used to compute the monodromy 

for higher degree of freedom integrable systems. We also give an example of a three 

degree of freedom system which exhibits nontrivial monodromy. 

Let (ivJ, w) be a 2n-dimensional symplectic manifold and 11, 12, ... In be n inde

pendent Poisson commuting functions on M. As before, we assume we are in the nice 

situation that 17.1, the set of regular values of the energy momentum map 1 = (fl, ... In), 
is connected and that I: Mr ~. I-I (R I) -1 B ~. R I is a smooth fibration with fiber the 

n-torus 1l'1l. 

We first recall the general construction of local action variables (see [33] and [14]). 

Let ¢Kr) denote the flow of the Hamiltonian vector field X f;- It follows from the 

assumption that 1- 1(1') is a compact connected submanifold of JvIr for all l' E B that 

the map 

<f>: ~t1 x 1-1(1') -1 I-I (1'), 

((t = (tl,'" ,In)),:r E I-I(1'») -1 </>~I 0 </J~2 0'" 0 </J!:l(X) 
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is a smooth transitive (]Rn, +) action on 1-1(1'). Thus, for any Xo E 1-1(1'), <1>(t, xo) is a 

diffeomorphism between ]Rill Pj(r) onto 1-1(1'), where 

is the isotropy group of the action, which does not depend on the choice of Xo E 1-1(1'). 

Since the group (]R n, +) and the orbit j-1 (1') have the same dimension, it follows 

that Pj(r) is a discrete subgroup of (]RII, +). Since 1-1(1') is compact, Pj(1') is an 

n-dimensional lattice, which is called by Duistermaat the period lattice for the map 1 
at r (see [14]). 

Since f: Mr ~ B is a submersion, it follows from the Ehresmann fibration theorem 

that 1: MI' ~ B is a locally trivial fibration. That is, for each 1'0 E B, there is a 

neighborhood U of 1'0 and a diffeomorphism 

such that 

1(G(:r l 1"») = I" 

G(:/:l 1'0) =:/: for all x E j-1(ro). 

Thus, for any fixed Xo E /-1("0), the map I" E U H x(r) = G(xo, r) is a local smooth 

section of the fibration f. By applying the implicit function theorem to the equation 

<I>(T1 ;1:(r» = ;1:(1"), we get fOl'every To E Pj(ro) a unique smooth mapping T: U ~ ]R1l 

so that T(I"o) = To and T(r) E Pj (,') for all I" E U. Letting To run through a basis of 

a basis of Pj(I"o), we get a basis TI(r), T2(I"), .. , 1 Tll(r) of Pj(r) depending smoothly 

on r E U. 

The local action variables on /-1 (U) are constructed as follows: we choose a 

diffeomorphism rJ = (rJJ, "12,'" 11/11) from U to some open set in ]Rn so that the 

Hamiltonian flow of Ij = 1/j 0 / (notice that the I/s can be thought of as smooth 
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functions of f) is given by 

which by construction is periodic with period 1. Since 

we see that if 17 can be found, it is determined uniquely up to a constant by the equations 

all) _ Tj 
~ - J..~ j~ /.. = 1 ~ 2, ... ~ n 
ur" 

where T{ is the kth component of Tj. These equations can be put in a more compact 

form 

(2.16) 

where .J(rl) is the Jacobian of the map 11. 

.. aTj aTj 
Remark. For these equatIOns to be consIstent, one must show that we have -a ' = a k 

rk r, 
for all j, /.~, I = 1, 2, ... n. This is indeed the case. For a complete proof of this fact, 

see [14] P 691. 

Let U and (; be two open sets in 13 so that on f-I(U) and f-I({;) we have local 

action variables hand h, I,' = 1~2~··· ,11. Suppose that Un {r 1= 0. We want 

to know how are I j and i" related on f-I (U n (;). Let l'c be any point in U n U. 
By our construction above, both TI (,.J, ... Tll(,.J and T1(,.J, ... TIl(r'c) are basis for 

Pj(rc) ~ :In. Thus, there is an A(,.c) E 8L(n,:l) so that 

TI(r,J 
T2(1'c) 
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Since both T k(7') and Tk(t) depend smoothly on t E Un U, it follows that A(re) E 

S'L(n,71) is a constant matrix, i.e., A(rJ does not depend on re E Un U. Because 

h = TJk 0 I and h = r,k 0 .r are determined by the equations (see (2.16» 

it follows that 

Therefore, we must have 

where At is the transpose of A and C is a constant vector. This means that the local 

action variables are related by 

on I-I (U n U). We summarize this fact in the following 

LEMMA 2.4.1. Let (II, ... , In, ¢I, ... ,1)11), (JI ,'" , Jn, 1PI, ... ,1Pn) be local action

angle vaJiables on I-I(U) and f-I(V) respectively. Assume that Un \I =f. 0 is 

connected. Then on f- I (If n V), we have 

VI,'" ,In)=(/I,''' ,fn)A+c 

(4'1,'" ,IPn)= (¢I,'" '~?n)(At)-1 +(!JI(II,'" ,In),'" ,gn(I)"" ,In», 

where A = (Clij) E S'L(n,71) is a constant matJix, c is a constant vector and gk aJ"e 

smooth functions satisfying 

n (O!Jk O!JI.') L Clkl '::11 - Clkm ~f = 0, 
k=1 {.I III (j I 

for 1,711, = 1,2,··· n. 
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Proof. We have already proved that the action variables are related in the required 

form. The rest of the assertion is a direct consequence of this fact and the fact that both 

(II,' .. , Ill, rPl,' .. , rP71) and (.11,' .. , .111 , 1PI,' .. , 'IPn) are canonical coordinates, that is, 

Now we return to the problem of computing monodromy from local action variables. 

Recall that II, /2, ... , In are a set of n independent Poisson commuting functions on 

(1\1, w) and that I = UI,'" , In): Jltfr ~ Rj --t B ~ Rj is a smooth fibration with 

fiber 'fll. By Liouville-Arnold theorem (see theorem 1.3.1), for each b E B, there is a 

neighborhood U of b such that there are action-angle variables on I-l(U). Cover B 

with a collection of small open balls { BI!.} I!.E=- so that for each Be, there are action-angle 

variables uL ... ,I~, rPf,· .. , rP~) on I-I (Be). By lemma 2.4.1, 

1{ = U R-Span -. - .. ,. -{
fJ () fJ}[ 

eE=- ()J;' ()I~' , fJI~ j-I(B~) 

is a well-defined smooth distribution on MI' complementary to KerT I. Thus, it can serve 

as an Ehresmann connection for f: Mr --1 B. With this connection, parallel translation 

has a very simple description. We first discuss this parallel translation locally. Let 

Eo be an open subset of B so that on f-I (Eo), there are action-angle variables. Let 

,(0 = (((I (i), ... , ((n(t), l E [0,1] be a simple smooth path in 130 • Then it is not 

hard to check that for any point .'1:0 = UP, ... , J~, rf>?, .• , , rf>?t) E I-I (,(0»), the lifting 

-r(i) = cil(i),··· , lll(l), ¢I(l),··· , ¢n(l» of, at Xo with respect to 'H is given by 

where h = hUI,'" , In) are the local action variables (recall that 1(,··· , In are 

functions of II, ./i, ... , In). 

Thus, locally, the parallel translation of 



88 

along, C Bo is just the translation along the angle variables, that is, 

T-, : f-I(,(O» ~ f- I('(1))l 

(11(,(0»,'" , In(,(O», cPh'" 1 cPu) I-t (11(,(1)),'" , In(,(1», cPl,'" , cPn)' 

The general case can be described as follows: Let ,(t) be a simple smooth path in B. 

let B I, B 2,'" , Bm be a covering of ",. such that there are action coordinates on f-I(B j ) 

and Bj n Bk = 0 for /j - kl > 1. Denote by (Ik, <I>k) the action-angle coordinates on 

f-I(Bk). By lemma 2.4.1, there are some Ak,k+1 E 8L(n, Z), Ck,k+1 E IRn and some 

smooth map g such that on the overlap f-1(B,,: n Bk+)), we have 

I k Ik+l A k,I .. +l + CI.·,k+1 

With these fixed sets of local action-angle coordinates, the parallel translation of 

along ",. can be described as 

where 

A~ Am-I,m' A m- 2,m-l ... A I,2 

A:~: (A;n_l,m)-1 . (A;n-2,m-I)-I ... (AL2)-I, 

and I?, <p? are some constant vectors depends only on the path,. 
I I 

The interesting case is when ')' is a simple smooth loop connecting a = ,(0) to itself. 

In this case, we may take Bm = B I • Our discussion above shows that the parallel 

translation along, can be described as 

(2.17) 
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In particular, the monodromy operator h~1 of, can be computed easily. To see this, let 

[<r>}] denote the homology class of the closed curve 

{Ul(a), ... , I,~(a), <r>1, ..• , <r>~): <r>1 E TR.jZ, <r>i = 0 for k =II}. 

Then it is clear that [<r> lJ, ... , [<r> ~J is a basis of HI (f-I (a), Z). It follows from (2.17) 

that in this basis, the monodromy operator is represented by the matrix A~. Thus, we 

have proved 

THEOREM 2.4.1. Let, be a simple smooth loop beginning at a. Let B I , B2, ... , Bm = 

BI be a coveling of, so that Bi n 13j = 0 for Ii - jl > 1 and that there are 

action-angle coordinates (I"', <l>k) on .r- I (Ed for all k = 1,2,··· ,1n. Suppose that on 

.r-I(Bk n B k+I ), (Ik, <r>k) and (Ik+l, <r>k+l) are related by 

I'" Ik+1 A = k,k+1 + Ck,k+1 

Then in the basis [<r>I1, ... , [<I>!J oflfl U- I (a), Z). The monodromy operator h-y of, is 

represented by the matIix 

We now give some examples where the monodromy group can be determined by 

using theorem 2.4.1. 

2.4.1. The Spherical Pendulum 

Our first example is the spherical pendulum. The chief interest in this example is not 

in that theorem 2.4.1 provides a new method to compute the monodromy, but on the 

fact that we can compute the action variable explicitly by using Abelian integrals. We 

remark that even for this simple example, the computation of action variables is not 
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trivial and has only been pmtially done before. The fact that this system has monodromy 

has always been ignored. 

Recall that the spherical pendulum is the motion of a particle on the unit sphere S2 

under the influence of universal gravity (see page 18,example E). The phase space of 

the spherical pendulum is 

The energy momentum map for the spherical pendulum is given by J = (H, G) where 

is the total energy of the particle and 

is the angular momentum about the ;r3-axis. 

It is straightforward to check that the set of regular values of the energy momentum 

map f = (/1, G) is given by 

II = {(h, y) E JR': II > -I, !I' < 4(3 + /,')l ;74/,(9 - /,') } \ { (1,0) } (2.18) 

and that for all r E R. the level surface f-I (7') is diffeomorphic to the 2-torus '['2 

(see [14] [9]). 

We are going to prove the following theorem about the action variables for the 

spherical pendulum. 

THEOREM 2.4.2. Let rh,g be tbe elliptic curve 

(2.19) 

and let .:; I < ':;2 < Z3 be tbe finite branch points of r 11,9 (note that fOJ" (IL, g) E R, all 

the finite branch points of [\,g are real and satisfying -1 < ZI < Z2 < 1 < Z3). Let 
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li(h, g), i = 1,2,3 be the closed paths on rh,.'] defined by 

Il(h,g): 
-1 +Zl . 1 +Z2 . 1 +Z2 . -I +Zl . -1 +Zl . 
---0 =}---o =}--+EZ =}--+EZ =}---EZ 

2 2 2 2 2 

2 . 1 + Z2 . 1 + Z2 . 2' 2 . 
- -0 =}---o =}--+EZ =}- +EZ =}- -EZ 

2 2 

2 . 1 + Z3 . 1 + Z3 . 2' 2 . 
- -EZ =} -- -0 =} --+EZ =}- +EZ =>- -EZ 

2 2 

and let Wh,.'] be the memmDIphic differential fDIm 

def Y liz 
Wh,.'] = 1 _ z2 (2.20) 

on rh,.']. Define 

Let Ui, i = 1,2,3,4 be the open subsets 

U1 - {(h,g)ER: g>O} 

U2 {(h,g)EH: h<l} 

lh = {(h,g)ER: g<O} 

[14 {(h,g)ER: h>l} 

of R. Then sets of local action vaIiables are given by: 

(1) On f-1(Ud, 
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Moreovel~ on the oveJ'lap I-I (Ui n Uj ), these these local action variables are related 

by: 

Thus, the action variables for the spherical pendulum can be expressed explicitly via 

Abelian integrals. It is clear from this description and theorem 2.4.1, that the monodromy 

operator liT of the smooth loop r(t) = (1,0) + E(cos(27ft + 7f /4), sin(27ft + 7f /4» is given 

by 

Since r is a generator of 7f1 (R, r(O», we see that the monodromy group for the fibration 

f : f- I (R) ~ R with respect to r(O) is the infinite cyclic group generated by It T' 
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We now prove theorem 2.4.2. Since the motion of the pruticle never passes through 

the poles of 8 2 for 9 i= 0, we can use the polar coordinates 

XI - sin ¢> cos () 

X2 sin ¢> sin () 

X3 cos ¢> 

YI - ~ cos </1 cos 0 - 0 sin <P sin 0 

Y2 - ~ cos <p sin 0 + 0 sin <p cos 0 

JJ3 - -c;b sin <p. 

In these coordinates, the Hamiltonian and the angular momentum read 

H 
I· . 2 
2(<j/ + 02 sin </1) + cos <p 

G iJ sin c;b 

and the symplectic form is the exact 2-form da, where 

By dividing out the X G orbits, our system reduces to a one degree of freedom system 

on (~2, d(iJ 1\ dc/J) with Hamiltonian 

where 

\ ' ( ') 1 9
2 

, 
If} q) = - -.-7-, + cos cp 
. 2 sllr (p 

is called the effective potential. 

(2.21) 

We now use theorem 1.3.2 to compute the action variables. We choose a basis for 

lJIU-I(h,g), Z) in the following manner: 
. . 

/1: fix 4), </1 and 0, let () run through [0, 2rr]; 



,'2: fix 0, let </> and if> run through the curve 

{ 
. 1 . } 

(</>, </» E (0, 7r) x~, "2 </>2 + l~(</» = h 

once in the clockwise direction and determine iJ by 9 = iJ sin2 </>. 

The corresponding action variables I j = J""i (J" have the following expression: 

II - 27rg 
IV 

h - 2 f V2(h - cos </» - g2 sin-2 
</> d</> J,p-

where 0 < </>- < </>+ < 7r are the roots of 

2(11 - cos </» - g2 sin-2 </> = o. 

By the change of variable z = cos cP, one can check easily that 

f.:;+ V2(1I - ,:;)(1 - z2) - g2 
h = 2 J:;_ I _ z2 dz, 

where z- < z+ are the roots of 2(11 - z)(I - z2) - g2 = 0 in the interval (-1, 1). 
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From this expression, it is easy to see that we have h = 'l/J, (h, g) = f-Y1 (h,g) Wh,g' This 

proves that on I-'(Ud and 1-' ([13), the action variables are of the desired form. 

For (II, g) E U2 , since Wh,g has a simple pole on '"'n (h, g) when 9 = 0, 1PI (h, g) is not 

well-defined. However, because Ai2(11~ g) is always away from the poles of Wh,g' 1/J2(h, g) 

is a holcmorphic function of(h,g) for (h,g) E [12. Moreover, one can check easily by 

residue theorem that we have 

for (II, g) E U, nU2 and for(h,g) E U2 nlh. Since for(h,g) E U, nU2, theholomorphic 

functions I, = n = 27rg, 12 =lh(lI, g) + trg = Ii are a set of action variables, we see 

that we can take 1" 12 as a set of action variables on 1-' (U2). This proves that the local 

action variables on 1-'([12) are of the desired form and that the transition functions on 

f-'(U, n U2) and f-'(U2 n U3) are just as described in theorem 2.4.2. The rest of the 

assel1ion can be proved similarly. 
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2.4.2. A Three Degree of Freedom Example 

In this subsection, we give an example of a three degree of freedom integrable system 

which exhibits nontrivial monodromy. We remark that all the published examples which 

have nontrivial monodromy are 2 degree of freedom systems. 

Our example is the limiting case of the Neumann system. Recall that the three degree 

of freedom Neumann system is the motion of a particle on 8 3 = {x E ~4: Ixl = I} 

under the influence of a potential field 

where (li i= (lj for i i= j are some constants. The Hamiltonian function is 

I 4 I 4 

/J (x, y) = 2 L!I? + 2 L (li X 7. 
i=( i=( 

This system is completely integrable. The constants of motion are 

F 2 '" (:rjlJk - Xk]/j)2 
'j(x, y) = !J.; + ~ 

/,i=j (/.1 - (lk 
j = 1,2,3,4. 

Leto( = 2,(/2 = 2+2c(,(/3 = 1,(/4 = 1+(2whereciaresmallpositiverealnumbers. 

One can check easily that in the limt of Ci ~ 0, we have an integrable system 

141 
JJ(x, y) = 2 ?= YT + :ri + x~ + 2(x~ + x~) 

1=( 

(2.22) 

with the following integrals: 

G(x,y) = :l:(]J2 - :Z:2]J(, G2(x,y) = X3Y4 - X4Y3· (2.23) 

The phase space for this system is naturally 

1'5'3 = {(x,y) E JRH: Ixl = I, X· Y = O} 

endowed with the natural symlectic structure on 1'5'3 ~ T" 5'3 (see chapter 1, section 1.1). 
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(A) (B) 

Figure 2.5, Monodromy in the three degree of freedom Neumann system. (A) Critical 
values of the energy momentum map f = (IJ, G 1, G2). Notice that it contains a 
co-dimension 2 piece C. (B) A tubular neighborhood around a segment 6 of C. 
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By some elementary calculations, one can check the following 

LEMMA 2.4.2. Let f = (lJ, G I, G2): T 8 3 --+ JR3 be the energy momentum map for 

the system desclibed above. Then the set of cdtical values of f has the following 

descdption: 

Cj = { (~(ll2+ 1)+1/, ±~ 1/, It(1 - 1/») : It E JR, 1/ E [0,1] } U 

{(~A2+1'A'0): AE[-I,I]}. 

The image f(T 8 3) is given by 

Fwthelmore, for any regular value I" off, the level surfacce I-I (1') is diffeomorphic to 

'['3. 

From this lemma, we see that Cj contains a one dimensional piece 

(see Figure 2.5 (A». Therefore R j , the set of regular values of f, is not simply 

connected, which makes it possible for the fibration f : f-I(R j ) --+ R j to have 

nontrivial monodromy. In the following, we determine the monodromy group for this 

fibration. 

Let 

and choose a 8 > 0 so that the tubular neighborhood 

Us = {p = (Ii, f}1, f}2) E IR3: dist(p, 6) < 46} 
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of (; is completely contained in R j (see Figure 2.5 (B». Let 

VI - {(h, 91,92) E Us: 92> O} 

V2 - {(h, 91,92) E U6: 1 2} 
h < "291 

V3 - {(h, 91l 92) E Us: 92 < O} 

V4 - {(h,91,92)E Us: 1 2} h> "291 . 

The following theorem computes explicitly the action variables on 1-1 (ltj), J = 

11 2,3,4. 

THEOREM 2.4.3. Let 1\,.'11t,92 be the elliptic curve 

Let ZI < Z2 < Z3 be the three finite branch poiIJts ofrh,.'11t,92 (it is straightfOlward to 

check that for(h, 91 ,92) E Us. all the three finite branch points ofrh,.'1I,.'12 m-e l-eal and 

satisfyingO < ZI < Z2 < I < Z3). Let i'i(h, 91,92) be the closed path 

.... /1 (h, 91,92): 

"n(lt, 91,92): 

ZI ' I +Z2 ' I +Z2 ' ZI ' ZI • 
2- u =} -2-- u =} -2-+cz =} 2+cz =} 2- cz 

'::1 . 1+'::3 . I +Z3 . ZI . ZI . 
--u =} --' -cz =} --+cz =} -+0 =} --0 
2' 2 2 2 2 

on r h,,91 ,in' Let Wh ,.'] 1 ,.']2 be the meromOlphic differential fonn 

on [\,,91,.'72 and let 

Then a set of local action vaIiables on I-I (VI.') m-e descIibed as the following: 

(1) On I-I(\tj), j = 1,2,3. 
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Moreovel~ on the overlap f-1(V1 n \'4), the transition function is: 

(
1 0 0) 

(fi,Ii,Ij) = (ff, n,l~) 0 1 -1 . 
o 0 1 

The proof of this theorem is basically the same as that of theorem 2.4.2 and is 

therefore omitted. 

Let 1'0 be any fixed regular value of f in U6 and let T be a simple loop around 

C begining at 1'0. Then it follows from theorem 2.4.1 and 2.4.3 that the monodromy 

operator of h r is represented by the matrix 

(

1 0 
IIr = 0 I 

o I 

Since 7rl (R j, 7'0) is generated by T, it follows that the monodromy group of the fibration 

f : f-l(R j ) -+ R j is the infinite cyclic group generated by hr. 
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3. THE TOPOLOGY OF THE KIRCHHOFF TOP 

In this chapter, we study the Kirchhoff case of the motion of a rigid body in an 

infinite ideal fluid from the topological point of view. Our physical model is when 

the rigid body is an ellipsoid of revolution. Two cases are distinguished, the prolate 

ellipsoid case and the oblate ellipsoid case. We construct the bifurcation diagram of the 

integral manifolds for both cases. In the prolate ellipsoid case, we show that the torus 

bundle defined by the energy momentum map has nontrivial monodromy (see Chapter 2) 

and that the motion of the ellipsoid undergoes a Hamiltonian Hopf bifurcation as the 

couple-resultant passes through a critical value when the steady motion (spinning about 

and simultaneously translating along one of its symmetry axis) of the ellipsoid changes 

stability. 

3.1. Introduction 

In this introductory section, we briefly review Smale's topological program and 

Fomenko's recent theory on the classification of isoenergy surfaces for Bott integrable 

systems. 

3.1.1. Smale's Topological Program 

In 1970, Smale proposed a program for studying the topology of Hamiltonian sys

tems [42]. This topological program was originally aimed at Hamiltonian systems with 

symmetry and has been sucessfully applied to many important classical mechanical 

systems such as the planar n-body problem [43] and the rigid body problem [26]. For 

systems which do not admit an obvious symmetry, especially for two degree of freedom 

integrable systems, Smale's program can still be carried out. Some nice examples are the 

integrable Henon-Heiles system [17] and the Kowaleysky top [29]. Roughly speaking, 

this topological program can be described as follows. Consider a Hamiltonian system 
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H on (M271 , w) with k ::; n first integrals H = 11,12, ... ,Ik. Let F = (II, 12, ... ,Ik) 
be the energy momentum map. Then for all c E lRk, the set Ie = F-I(c) is invariant 

under the flow of X I!. To describe the topological nature of the flow of X I! one should 

determine 

(1) the topological type of the invariant set lefor all c E lR k; 

(2) the flow of XI! on each Ie; 

(3) the bifurcation set ~F of the energy momentum map F; 

(4) how the invariant sets Ie fit together to make up the energy surface. 

For two degree of freedom integrable systems, the first two questions are more or 

less answered by the Arnold-Liouville theorem which says that if the flow of X f; are 

complete, then the generic level surfaces are the disjoint union of 'l['2 = SI X SI or 

8 1 x lR or lR x lR and that the flow of XTl are just the linear motion on Ie. However, 

there are still some open questions concerning these two problems. As pointed out by 

Flaschka [15], almost nothing is known about the topology of Ie and the behavior of the 

flow of X II when the flow X J; are not complete. [15] also contains some nice examples 

of this nature. 

The last two questions are pm1ially answered by the recent work of Fomenko [16] 

described below. 

3.1.2. Fomenko's Classification of Isoenergy Surfaces 

We begin with some terminology used by Fomenko. Let H be a Hamiltonian system 

on (Jl14,w). An integral I for Xll is called Boft on a regular energy surfaces H-I(e) if 

the critical points of.r on H-I(c) form some critical smooth submanifolds. I is called 

orielltable if all of its critical submanifolds are orientable . .r is called simple if all the 

critical submanifolds of f on If-I(c) are connected. For Bott integrable two degree 

of freedom Hamiltonian systems, Fomenko's five elementary building blocks for the 

energy surfaces are the following (see figure 3.1): 



type 1: the solid torus 8 1 x D2, the boundary of this manifold is 1'2; 

type 2: the cylinder 1'2 x DI, the boundary of this manifold is 21'2; 
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type 3: the orientable saddle N2 x 8 1 where N2 is D2 with two disks removed. The 

boundary of this manifold is 31'2; 

type 4: the nonorientable saddle N2 X 8 1 where x is the twist product. This manifold 

can also be described as a nontrivial fiber bundle A3 ~ 8 1 with fiber N2. It is clear 

that over 8 1 there are only two nonequivalent fiber bundles with fiber N2. One is the 

trivial fiber bundle N2 x 8 1, the other is ;\3 which is characterized by the fact that after 

translating the fiber N2 along the base 8 1 it returns to the original position with the 

position of the holes in the disk interchanged. Clearly, the boundary of A 3 is 21'2. 

type 5: ](3 = ](2xDI where ](2 stands for the Klein bottle. The boundary of this 

manifold is 1'2. 

Remark. From the topological point of view, only the first three of the five types of 

manifolds listed above are independent. The last two are combinations of the first three. 

More precisely we have (see [16]) 

A 3 (.5'1 X D2) + (N 2 X 8 1) 

/\,3 (.5,1 X D2) + A3 = 2(8 1 X D2) + (N X 8 1) 

where + stands for gluing by a diffeomorphism of the boundary tori. 

Fomenko's theory on the topology of three dimensional energy surface of integrable 

Hamiltonian systems is summarized in the following two theorems. 

THEOREM 3. I. I. Let H be an integrable Hamiltonian system on (NI4, w) with a Batt 

integral I. Let fI-l(c) be a regular compact energy surfc'lce. Let 172 be the number of 

stable peliodic orbits ofXH on Jj-I(c) (on which I attains a stlict local minimum or 

maximum), p the number of two dimensional clitical tali off on IJ-I(C) (minima or 

maxima off), q the number of clitical circles off (unstable trajectOlies of the system) 
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with alien table separatlix diagram, .'3 the number of clitical circles of f (unstable 

trajectOlies of the system) with nonoIientable separauix diag111m, r the number of 

clitical Klein bottles of j (minima 01' maxima). (This is a complete list of all the critical 

submainfolds of j on H-I(e).) Then H-I(e) can be represented as the result of pasting 

together (by diffeomOlphisms of the boundmy tOli) the following element81Y blocks: 

[fthe integral f is oIientable, then the last summand disappears, i.e., r = O. 

THEOREM 3.1.2. Let H-I (e) be a regular compact energy surface. Then all bifurcation 

of the Liouville torus are compositions of the following (see figure 3.2): 

type I: a torus '['2 conuClcts to the axial circle of a solid torus and disappe81"S from 

the level surface of j, i.e., '['2 ~ 5'1 ~ 0; 

type 2: two tOli move towards each other along a cylindel; merge into one torus and 

then disappear from the level sUlface off, i.e., 2'['2 ~ '['2 ~ 0; 

type 3: a torus splits into two tOli as it passes through the center of an orientable 

saddle and stays on the level sUlface off, i.e., '['2 ~ 2'['2; 

type 4: a torus sphClls twice around a torus (following the topology of the nomientable 

saddle A3) and stays on the level sUlface off, i.e., 'f2 ~ '['2; 

type 5: a torus '['2 uClnsforms into a Klein bottle (coveling it twice) and disappe81"S 

from the level surface off, i.e., 'f2 ~ /(2 ~ 0. 

Moreovel; from the topological point of view, only the fil"St three bifurcations are 

independent. The last two split into compositions of the first three. 

The classification given by these two theorems is called the Hamiltonian decompo

sition of the isoenergy surfaces. If we represent the five types of bifurcation listed in 

theorem 3.1.2 by the symbols shown in figure 3.2, then the Hamiltonian decomposition 

can be conveniently represented by a simple graph f(11- 1 (e), j). (See figure 3.2 (F) 

for some examples of r(H-I(c), f).) 
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(AI (Il) (e) 

Figure 3.1, Fomenko's five elementary building blocks for surfaces. (A) the solid torus 
8 1 x D2; (B) the cylinder '['2 x DI; (C) the orientable saddle N2 x 8 1, where N2 is 
1]2 with two disks removed; (D) the nonorientable saddle N2 X 8 1, where x is the twist 
product; (E) [(3 = [(2 X DI, where 1(2 is the Klein bottle. 
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Figure 3.2, Fomenko's five types of bifurcations on isoenergy surfaces. (A) a torus 
shrinks to a circle and disappears, '['2 -t S I -t 0; (B) two tori merge into one torus 
and disappear, 2'['2 -t '['2 -t 0; (C) a torus splits into two as it passes through an 
orientable saddle, '['2 -t 2'['2; (0) a torus sprials twice around a torus as it passes 
through a nonorientable saddle; '['2 -t2 '['2; (E) a torus transforms into a Klein bottle 
and disappears, '['2 -t J( -t 0. (F) An example of Hamiltonian decomposition, here 
we show three different decompositions of IfU>3. The symbol on the bottom of each 
picture is a symbolic notation for the corresponding bifurcation. 
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We remark that the Hamiltonian decomposition does not tell the topology of the 

energy surface. The problem lies on the fact that this decomposition does not tell how 

the boundary tori are glued together. For example, all of the three manifolds 8 I X 8 2,83 

and ITUJ3 are the results of gluing two solid tori. However, the gluing maps are different. 

For 8 1 x 8 2
, the gluing map is the identity map; for 8 3 , it is (~l ~); for IRP3, the 

gl uing matrix is (~2 ~). For a proof of these facts, see [9]. 

3.1.3. Plan of This Chapter 

The objective of this chapter is to carry out Smale's program for the Kirchhoff case of 

the motion of a rigid body in an infinite ideal fluid. In section 3.2, we introduce the 

Hamiltonian formulation for the Kirchhoff equations. We show that in the Kirchhoff 

case (which is characterized by the fact that the rigid body has three perpendicular 

planes of symmetry), the Kirchhoff equations are effectively a two degree of freedom 

Hamiltonian system depending on two parameters. The phase space for this system is the 

symplectic leaf of certain Poisson structure on IR 6. In section 3.3, we study in detail the 

topology of the Kirchhoff equations in the case when the rigid body is a prolate ellipsiod 

of revolution. We show that this system has nontrivial monodromy which has not been 

noticed before. We show also that the Kirchhoff equations undergo a Hamiltonian Hopf 

bifurcation as the couple-resultant passes a critical value. In section 3.4, we state without 

proofthe corresponding results for the case when the rigid body is an oblate ellipsoid of 

revolution. We remark that topologically, the oblate ellipsoid case is different from the 

prolate ellipsoid case (the proof will not be gi ven here though). 

3.2. The Kirchhoff Equations 

Consider the free motion of a rigid body in an infinite ideal fluid. To describe this 

motion, it is convenient to regard both the fluid and the rigid body as a single system 

and use the so-called body coordinates, i.e., coordinates with respect to a frame rigidly 
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attached to the rigid body. Denote by v = (v I, V2, V3) the velocity of the origin of the 

body frame, W = (w), W2, W3) the angular velocity of the body (both with respect to the 

body coordinate system), then the motion of the rigid body is described by the Kirchhoff 

equations [34] 

d aT 
elt Dv 
d fJT 
dl fJw 

fJT 
= - xw 

fJv 
[-)T aT 
-;:)""xw+-a xv, 
uw v 

where T is the total energy of the system. By choosing the body frame properly, T can 

always be written as the symmetric bilinear form 

T = !Aw. w + Bw . v + !cv. v 
2 2' 

(3.1) 

with A diagonalized, i.e., A =diag«(( I, ((2, (£3). 

3.2.1. The Energy Function for an Ellipsoid 

As a concrete example [31], the total energy T of the motion of an ellipsoid x 2 / a2 + 

IP / b2 + :;2/(;2 :::; 1 can be described as 'f' = T., + TL where 

is the energy of the ellipsoid (rn is the mass of the ellipsoid) and 

'I' 1 (A 2 1'3' 2 (' 2) I (I? 2 Q 2 R 2) , T. = 2 VI + 112 + ,,1'3 + 2 WI + w2 + W3 
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is the total energy of the fluid. The constants 1.-,;,111 , Iz , A, B, C, P, Q, R have the 

following expressions: 

1 I 1 
Ix - _(b2 + c2)m I = _(a2 + c2)rn I = _(a2 + b2)m 

5 ' 11 5 'z 5 ' 

A 
o (3 , 

- --M B = --M C = --lVI 
0-2' (3-2' ,-2' 

P -
! (b2 

- c2)2(, - (3) M 
5 2(b2 - c2) + (b2 + c2 )«(3 - ,) , 

Q 
1 (a 2 - c2)2(') - 0) 

= lVI, 
5 2(a2 - c2) + «([2 + c2)(0 -,) 

R 
1 (b2 - ((2)2(0 - (3) 

- - A1 
5 2(b2 - ( 2) + (b2 + ( 2)«(3 - 0) , 

where 111 is the mass of the liquid enclosed by a volume equals the volume of the 

ellipsoid and 

o = abc rXJ 

d)' , 
fo (a 2 + ).))«(12 + )')(b2 + ).)(c2 +).) 

/3 fo
oo cI)' 

abc , 
o (b2 + ,\)v'(a2 + )')(b2 + ).)(c2 +).) 

100 cI)' 
, = abc -;-;;---;--:-;;:;:=;;:==~~~~==;'7 

o (c2 + .. \)v'(a 2 + )')(b2 + ).)(c2 + ).) 

In the case when the ellipsoid is an ellipsoid of revolution, i.e., a = b, these constants 

can be computed explicitly via elementary functions described below. 

(I) Prolate ellipsoid (0 = b < c). Let c = JI - ([2/ c2 be the eccentricity of the 

meridian section, then 

'J _ I I - e2 
I (I + e) /)----- n --

c2 2c3 1 - e 

, = 2(1 - e
2

) (! In (~) _ e) . 
e3 2 1 - e 

(2) Oblate ellipsoid (a = b> c). Again, let e = JI - c2/a 2 be the eccentricity of 

the meridian section. We have 
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3.2.2. The Hamiltonian Formulation 

Let's recall the Hamiltonian formulation of the Kirchhoff equations (see page 16, 

example B). Define a bracket on ~6 = {(x,y), x = (XI,X2,X3),Y = (YI,Y2, Y3) E ~3} 

by putting 

{Yi,Jh} = LCijkYk, {Yi,Xj} = LCijkXk, {Xj,xj} = 0, i,j = 1,2,3 (3.2) 
k k 

and extend {., .} to coo(~6) by the Leibniz rule. Then (coo(~6), ., {., .}) is a Poisson 

algebra. The Kirchhoff equations can be expressed in the Hamiltonian form 

which is equivalent to 

. all all all 
y = x x ox + y x oy' x = x x oy' (3.3) 

where y = ~~ (called the kinetic momentum), x = ~~ (called the impulsive force) and 

JJ(x, y) = T(w, v) is the total energy of the system in coordinates (x, y). 

Notice that the Poisson bracket defined above has two Casmir functions 

F2 X· x 

F':, = y·x 

which correspond to the conservation of the magnitude of implusive force and the 

magnitude of couple-resultant of the system. It is not hard to check that on the common 

level surface 

Oa,b = {(x,y) E ~6: X· x = a2 > O,x· y = ab} 

the Poisson bracket is non degenerate and hence defines a symplectic structure on Va,b. 

Notice that Oa,b is canonically diffeomorphic to Ol,b via the Poisson diffeomorphism 

(x, y) -+ (ax, y). Thus, we can assume, without loss of generality, that a = 1. I.e., we 
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can think of the Kirchhoff equations as a two-degree of freedom Hamiltonian system on 

the symplectic manifold 

J'v1b = {(x, Y) E 1R6: X· x = 1, X· Y = b}. 

Remark. Physically, this simplication means that we consider the motion ofthe Kirchhoff 

top with the magnitude of the implusive force fixed and the magnitude of the couple

resultant fixed. 

3.2.3. The Kirchhoff Top 

As noted before (see 1.3), the Kirchhoff equations have three integrable cases. The 

Kirchhoff case (we will call it the Kirchhoff top) is characterized by the property that 

the rigid body has three perpendicular planes of symmetry. The Hamiltonian function 

for the Kirchhoff top has the form: 

JJ = ~ (({I(yi + y~) + (/3yn + ~ (cI(xi + x~) + C3 Xn ' (3.4) 

where (ti, Ci are positive constants and (/3 > (L1/2. Another integral for the Kirchhoff 

top is obviously 

G = Y3, 

which is the momentum map of the canonical .5' I action defined by the simultaneous 

rotation on the (:1: I, x2)-plane and the (y I, l/2)-plane. We remark that for all but one 

regular energy surface, G is a Bott integral for the Kirchhoff top. 

By using the relation X· x = 1 and a rescaling of time, the Hamiltonian function (3.4) 

can be fUl1her simplified to 

1 (2 2 2) 1, 2 
JJ = 2: 1h + 112 + AY3 + 2: G x3, (3.5) 

where A > 112 and C are some parameters which depend on the shape of the rigid 

body. For convenience of exposition, we will think of the rigid body as an ellipsoid of 

revolution. There are two different cases: 
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1. Prolate ellipsoid (a = b < c). In this case, A > 1, C > o. 
2. Oblate ellipsoid (a = b> c). In this case, A > ~, C < o. 

Since these two cases are topologically different, we will treat them separately. 

3.3. Topology of the Kirchhoff Top, the Case of a Prolate Ellipsoid 

As disscussed in the last section, the motion of a symmetric prolate ellipsoid x2 / a 2 + 

!/2 / a2 +;;;2/ c2 ::; 1, a < c in an infinite ideal fluid is an integrable Hamiltonian system on 

kh={(x~Y)E~6: x·x=l,x·y=b} (3.6) 

with Hamiltonian 

11 1 (2 2 1 2 C'.2) . = 2 lit + !h + 1113 + x3 (3.7) 

where the parameter A and C satisfy the relation 

;\ > I, C> o. (3.8) 

To study the topology of this system, we need to study the energy momentum map 

which is by definition the map 

EJ\i/b : Mb -; IR2~ (x, y) -; (JJ(x, y), G(x,y», (3.9) 

where G = !/3 is the momentum map corresponding to the S't symmetry of the system. 

3.3.1. The Bifurcation Diagram 

Since F1Hb is obviously a proper map, the bifurcation set L,FJ\h coincides with the set of 

critical values of FAlb, which has the following description. 

THEOREM 3.3.1. Forb # 0, L,Elh can be paramel1ized as 

L,a = {(hb, ±b)} U {(h(v), ±g(v»: v E Vb} 



where 

and 

Forb = 0, 

Ab2 1 C' - +-
2 2 

h(v) = ! 2 V(V - b) (A (C + V2) 2 (C _ 2)) 
2 V + -2C v + v 

g(v) @CJ-b 
_ (C+V2) --

-vC 

1
(0, b-J~L4C] U [b+J~L4C, b], 

Vb ~ [b b-Jb"i=iC] u [b+Jb"i=iC 0) 
'2 2' , 

(0, b], 

b> 2,jC 

b ~ -2,jC 

othelwise. 

The image of the energy-momentum map is 
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(3.10) 

(3.11) 

(3.12) 

(3.13) 

Proof. By definition, (II., g) is a critical value of HVib iff F1VI-I(h,g) contains a critical 

point. Thus, we need to determine the critical points of FJV1b. It is not hard to see that 

for (x, y) to be a critical point of BH b : Mb -t ~2 is equivalent to the condition that the 

following matrix is not of full rank 

C 
0 C;r3 !/I !/2 

Ai') R= 0 0 0 0 0 
;rl ;/:2 ;/:3 0 0 o . 
!JI !/2 ,I} 3 :1:1 X2 ;1:3 

When b f. 0, this happens exactly when 

or 
C+v2 2 v(v-b) 

!/I = VXI,!/2 = VX2,!/3 = X3,X 3 = C,V f. 0, 
11 -
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subject to 
v(v - b) 

o ::; -c ::; 1. 

When b = 0, rank(R)< 4 iff 

:I; I = X2 = lJI = Y2 = Y3 = 0, X3 = ± 1 

or 

YI = Y2 = 0, X3 = 0, x~ + x~ = 1 and Y3 E IR 

By a careful examination of these two cases, one gets the parametrization above. 

Now we determine the image of FJ\lb. What we are about to do is the following: 

since the Kirchhoff top has an Sl symmetry and G(x, y) = Y3 is the corresponding 

momentum map, we use the reduction technique developed in [8] to reduce Xu to a 

one degree of freedom system on Mb/S I • We show that if 9 = g(v) = c:v2 J!!.<o...c}) , the 

image of the reduced Hamiltonian Hg = JJ IJlhl SI is [he v), +00), which is what we want 

to prove. 

Let iv! be the Poisson manifold (1R6, {" .}) where {.,.} is defined by (3.2). Consider 

the canonical action of 5'1 on 1\1 defined by 

where 

<P: (l, (x,y») E 5'1 x M 1-1 (<PtX, <Pty) E ill 

(

COS l - sin l 0) 
<P t = sin l cos l 0 . 

001 

This action clearly leaves the plane :rl = :f2 = YI = Y2 = 0 fixed and is the diagonal 

action of 50(2, IR) on 1R2 x /R2 = {(x, y) EM: :t3 = Y3 = OJ. 

It is not hard to check that the momentum map for this action is exactly G(x, y) = Y3. 

A short calculation (see [46]) shows that the algebra of 5' I invariant polynomials is 

generated by 
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The Hilbelt map for this S I action is 

Here ai satisfy the following relations 

(3.14) 

Thus the SI-orbit space !vI/ SI is the semialgebraic variety a(M) defined by (3.14). 

Notice that 

1\1b = {(x, y) EM: x· x = I, x· y = b} 

is invariant under <I> and that kh is the symplectic leaf of lvI. Therefore, the SI-orbit 

space 111b/SI of <I> is the semialgebraic variety defined by 

2 - I al + a5 -

(3.15) 

(3.16) 

(3.17) 

Solving al from (3.16), a3 from (3.17) and substituting the result into (3.15) gives 

Since the momentum map of <l> is G(x, y) = ]/3 = a6, the reduced phase space 

is the semialgebraic variety 

When 9 =/:. ±b, since N,'l is the graph of the function 

(b - '£]0"5)2 + al I I I 
a2 = I 2 ' a5 < - as 
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(see figure 3.3 A), Ng is diffeomorphic to ]R2. When 9 = b =I- 0, since Ng contains the 

vertical line {CO"2 1 0, I) E ]R3: 0"2 2:: O} (see figure 3.3 B), Ng is not smooth, it has a 

cone-like singularity at (0"21 0"41 O"S) = (0,0, I). However, it is still homeomorphic to ]R2. 

In particular, it is connected. The other two singular cases 9 = -b =I- 0 and 9 = b = 0 

behave similarly (see figure 3.3 C and D). 

The reduced Hamiltonian on Ng is clearly 

Since 11.'1 2:: 0, lima2 _+00 H.'1 = +00 and the set {(0"21 0"41 O"S) E Ng : 0"2:::; f(} is 

compact, 11.'1 has a global minimum. We now determine this minimum. 

We first consider the smooth case, i.e., when 9 =I- ±b. Since Ng is given by 

(b - 90"S)2 + O"~ I I 1 
0"2 = I 2 ,O"s < 1 

- O"S 

we see that the global minimum of H!J is the global minimum of the function 

Because l~ is smooth and lima5-± I 1':'7 = +00, the global minimum of F.'1 must be 

attained at a critical point of p!]' Since 

rJF;, 0"4 

rJ0"4 I - O"~ 

in;;, -(b - ,qO"s)(,q - bO"s) + O"lO"s + c' 
- = O"S, 
rJO"s (I - 0"~)2 

one finds that the critical points of 1':1 are solutions of the following two equations 

(3.18) 



Since 

_(g2 + b2)(l + 3aD + 2bg(3a5 + a~) 
(1 - a~)3 
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< _(g2 + b2)(1 + 3ag) + 21bgiO + 3ag) 

(l - a~)3 
(since la51 < 1) 

-(1 + 3ag)(lgl - Ibl)2 
(l - ag)3 

< 0, 

(b - g(5)(g - b(5)/(l - ag)2 is a strictly decreasing function for a5 E (-1,1). Since 

C a5 is an increasing function and 

it follows that equation (3.18) has a unique solution, i.e., Fg has a unique critical point. 

by 

Based on this observation, it is straightforward to check that when g(=I= ±b) is given 

C + 1,2 
9 = ±g(v) = ±-

v 

v(v - b) 
-C ,v E Vb, 

the critical point of Fg is 

o v(v - b) 
a~=O, a5 =± -C E(-I,l). 

Hence, the global minimum of F~J is 1;~J«(J4' (Js), which is exactly h(v), defined by (3.11). 

Now we consider the case when g = b =1= 0. In this case, 

Ng = {(a2, (J4, (J5) E ]R3: (J2(l - (J~) = b2(1 - (5)2 + al, a2 2::: 0, la51 :::; 1} 

fig = ~(Ab2 + a2 + C(J~). 

It is easy to see that the global minimum of Ifg (we already proved that Itg has a global 

minimum) must be attained either at the singular point (a!, aA, aD = (0,0, 1) or at some 
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smooth point (O"~, O"J, O"g) ENg, 10"5 I < 1. In the latter case, (O"~, O"J, O"~) must be a critical 

point of 

10"51 < 1. 

Since the critical points of Fg are the solutions of 

0"4 1/(1 - 0"5)2 + O"J0"5 _ C I I 
I _ O"~ = 01 (I _ 0"g)2 - 0"5, 0"5 < 1 

which is equivalent to 

(3.19) 

one sees that when I bl > 2,;c, I~ does not have any critical point, which shows that 

the global minimum of Hg is given by 

1 2 Ito = Hg(O,Oll) = 2(Ab +C). 

Let 

Uo = ~(b - Jb2 - 4C:), 

then Vo E \Ib, g(vo) = band h.(vo) = 11 0 . 

When Ibl :::; 2VC, one sees easily from (3.19) that l~ has a unique critical point. 

Since {±g(v): v E Vb} = JR, there is a VI E Vb so that b = g(vd or b = -g(VI). 

Without loss of generality, let's assume that b = g(vd. Then the critical point of Fg is 

and the corresponding critical value is lI(nd. Furthermore, we have 

Thus, the global minimum is given by h(vl). 

The case when g = - b =1= 0 and the case when g = b = 0 behave similarly. 
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COROLLARY. Let 

(3.20) 

Then 

L.EJI'h = {(h,g) E jR2: ?",h(O'S) has a multiple mot 0'5 E [-1, In. (3.21) 

Proof. It is clear from our discussion above that (h,g) is a critical value of EMb iff 

I1g-l(h) C !Vg contains a critical point. Since 11;;I(h) is the semialgebraic variety 

defined by 

0'2(1 - 0'5)2 - 0'1- (b - .170'5)2 = 0 

2h - Ag2 - CO'~ - 0'2 = 0 

we see that (0'2' O'~, O's) is a critical point in 11.;;1 (h) iff 

Thus, 

rank (I - (O'sf 
-I 

20'4 
o 

- 2O'2O'S + 2g(b - gO'S») 
-2CO'0 < 2. 

5 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

From these two equations, together with (3.22) and (3.23), one sees that (0'2,0'4' O's) is 

a critical point on 11;;1 (h) iff it satisfies the following equations 

O'~ = 211 - Ag2 - C(O'~)2 

Pg,h(O'~) = (2h - A.c/ - C(O'~)2) (1 - (O'~)2) - (b - gO';)2 = 0 
pI (0'0) = -2CO'° (1 - (0'0)2) - 2 (211. - Ag2 - C(O'°)2) + 2.17 (b - .170'0) = 0 g,11 5 5 5 5 5 
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Therefore, (h, g) is a critical value of £Alb iff Py,h(a5) has a multiple root a5 E [-1, 1]. 

III 

For a concrete example, take A = 2, and C = 3. We plot the set ~EMb' for different 

values of b in figure (3.4). 

Notice that for -2VC < b < 2/C, 'f,EJ\h contains two isolated points (h b, ±b). 

Thus, the set REJlh of regular values of FJHb, being homeomorphic to a disc with two 

points removed, is not simply connected. As we will see later, this allows the torus 

bundle over REJ\Ib to be nontrivial. 

Remark. Physically, the critical value (fib, ±b) corresponds to the unstable steady motion 

of the rigid body spining about and simutaneously translating along its symmetry axis 

(see 3.3.4). 

To construct the bifurcation diagram, we need to figure out the topological type of 

the common level surface £Alb-
I (h,g) for all (h,g) E 1ft 2. Since FJVIb-l(h,g) is compact, 

by Liouville-Arnold's theorem, all the regular common level surfaces are the union of 

two dimensional tori. We claim that all the regular level surfaces are connnected, i.e., 

they are diffeomorphic to '['2. To see this, let 

M = .5'2 X 1ft3 = {(x, y) E 1ft6 : x . x = l} 

and consider the map 

Then it is clear that the integral manifold NHb-l(h, g) in NIb is the same as F-I(h, g, b). 

Therefore, we need to study the topology of the level surfaces of F. 

It is not hard to see that the set of regular values RF of F is given by RF = UbEiRREJI,h 

which is diffeomorphic to 1ft 3 with the :1: and the lJ axes removed. In particular, RF is 

open and connected. Thus, by applying the Ehresmann fibration theorem to the map 
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Figure 3.3, The reduced phase space N!l of the Kirchhoff top. (A) When 9 =1= ±b, Ny is 
diffeomorphic to IR 2. (B) and (C) when 9 = ±b =1= 0, Ny contains a cone-like singular 
point (0"2, 0"4, O"s) = (0,0, ± I). (D) When 9 = b = 0, Ny contains two singular points. 
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Figure 3.4, Critical values of the energy momentum map of the Kirchhoff top, the 
prolate ellipsoid case. The parameters are: A = 2, C = 3. (A) and (B) For Ibl < 2( . ~. 
~Elh consists of a smooth curve and two isolated points. When b = 0, these two critical 

points merge into one. (C) When Ibl = 2C~, the two isolated critical points described 

above move to the boundary of ~E!lh' (D) For Ibl > 2C!, ~Elh is a piecewise smooth 
curve. 
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1" : 1"-I(RF) ~ RF we see that all the fibers 1"-I(r), 7' E RF are diffeomorphic. Thus, 

we need only to figure out the topological type of one particular regular fiber. We take 

(h, g, b) = (~, 0, 0). The fiber 1"-1 (~, 0, 0) is defined by the equations: 

2 2 A 2 C.2 C lh + Ih + Y3 + X3 = 2" 

Y3 = 0 

X
2 + x2 + .,.2 - 1 . I . 2 ''''3-

It is not hard to see from these equations that IX31 ::; fIfi. Therefore, we can use the 

following change of coordinates 

X2 -

l!1 

l/3 -

I + _2 + _2 
"'I ""2 

2Z2 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

It is straightforward to check that in coordinates (ZI, Z2, 10), 102), 1"-I(~, 0, 0) is 

described by 

2 C 2 2 3 2 4C 
WI = 0, l/J2 + 2(':1 + '::2 - ) = 

which is the standard equation for the two torus. 

Therefore, we have proved 
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THEOREM 3.3.2. All the regular level surfaces of Flvh are diffeomorphic to 1['2. 

We now describe the topology of the singular common level surfaces. We begin 

with the case when b = O. In this case, L.ElIfo consists of a parabola II = ! Af? and an 

isolated point (II, g) = (~, 0). For (II, g) on the parabola, since we have 

yf + yi + C.1:~ = 0, 

we see that the level surface F1\1r; I (h, g) is given by 

X3 = YI = Y2 = 0, XT + x~ = 1, 

I C -I (' , which is diffeomorphic to S', For (h, g) = (-4,0), the level surface FJ/o (2,0) IS 

defined by the equations 

Y3 = 0 

Yf+yi+c:d=c 

XIYI + :l'2!J2 + X3Y3 = 0 

:d + :r~ + ;r~ = I, 

Think of F1\/r;I(t, 0) as a bundle over 8 2, then for x E 8 2, X i= (0,0, ± 1), the fiber is 

two points, For x = (0,0, ± 1), the fiber is one point. Thus, topologically, h'\/o-I (}-, 0) 

is homeomorphic to two 8 2 with their corresponding poles identified. In other words. 

F1\lo-
l (t, 0) is homeomorphic to a 1['2 with two homologous cycles collapsed to points. 

When b i= 0 and Ibl < 2J(}, ~ElIh consists of a smooth curve parameterized by 

(3.11)- (3.12) and two isolated critical points (II, g) = G I1b2 + !C, ±b). For the isolated 

critical points, a similar argument as above shows that the corresponding level surfaces 

are homeomorphic to 1['2 with one cycle collapsed to a point. For (h.g) = (/'(1') . .11(1'» 

on the smooth curve, we have 
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From this equation, it is not hard to see that the level surface corresponding to (h(v), g(v» 

is diffeomorphic to 8 1 • 

When b =1= 0 and Ibl 2:: 2../C, L.FlIfb is a piecewise smooth curve. The level surface 

can be analyzed similarly. For (lI,g) on the smooth part of L.ElI'h' .Ell1b-
l (h,g) is 

diffeomorphic to 8 1• For the singular points of L. ElIh' the level surface is just a point. 

The bifurcation diagram is given in figure 3.5. 

3.3.2. The Topology of the Energy Surfaces 

To determine the topological type of the energy surfaces, consider the map 

(3.33) 

Obviously, the energy surface IJ-I(h) in Mb is E-I(h, b). Thus, we need to study the 

level surfaces of E. By use the same argument as in the proof of theorem 3.3.1, one can 

check the following 

THEOREM 3.3.3. Let L.E be the set of clitical values of E. Then 

Moreovel~ the image of E is given by 

Thus, L.E consists of two parabolae II = h,2 and II, = 4Ag2 + 4C. Clearly, L.E 

divides E(82 x JR3) into two connected regions. Denote the region between the two 

parabolae by I and denote the other region by II. 

Since E is a proper map, it follows from the Ehresmann fibration theorem that 

the differential type of E-I(h, b) can only change on passing through L.E. Therefore, 

to determine the topology of the regular energy surface, we need only to figure out 
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Figure 3.5, The bifurcation diagram for the prolate ellipsoid case. Here 0 I stands for 
'Jr2 with one cycle collapsed to a point once, O2 stands for 'Jr2 with one cycle collapsed 
to a point twice. (A) h = 0; (8) 1"1 < 2C!; (C) Ihl = 2C!; (D) Ihl > 2cL 
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the topology of a special representative. For region I, we pick (h, b) = (q, 0) as the 

representative. The corresponding level surface is given by 

2 2 A 2 C,.2 C !II + Jh + 113 + X3 = "2 

XIYI + X2!J2 + X3!J3 = b 

In coordinates (ZI, Z2, 101,102) defined in (3.27)- (3.32), one finds that E-I (q, 0) is given 

by 

which is diffeomorphic to 8 I X 8 2 . 

For region II, we choose (11., b) = (e,O) as the representative. The corresponding 

level surface E-I (C, 0) is defined by 

'1,/2 + '1,/2 + AIJ2 + Cx2 = 2C . I • 2 . 3 3 

'1.2 + '1,2 + '1. 2 I ;'1 "2 ;'3= . 

Ifwe think of E-I (C, 0) as a fiber bundle over 8 2, then it is easy to see that E-I(C, 0) is 

di ffeomorphic to TI 8 2, the unit tangent bundle of 8 2. It is a standard result in differential 

topology that TI8 2 is diffeomorphic to IRp3, the projective 3-space. 

We now determine the topological type of critical energy surfaces. For (It, b) on the 

parabola Ii = ~li, since 



we have 

b2 (x 1 Yl + X2Y2 + X3Y3)2 

< y2 + y2 + 1/2 - 1 2 ./3 

= yf + y~ + Ay~ + Cx~ - (A - l)y~ - Cx~ 

= b2 
- (A - l)y~ - Cx~, 
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and the equality holds iffy = AX. We see that X3 = Y3 = 0 and that (Yh Y2) = b(XI, X2). 

Thus, H-I(h l ) is homeomorphic to ,5'1. 

For (11., b) on the parabola II. = 4Ab2 + 4C, E-1(h, b) is defined by 

,.,.2 + '1. 2 + '1. 2 1 · ... 1 ;'2 ; '3 = . 

For each X E ,5'2, the first equation defines an eIIipsoid and the second equation defines 

a plane. Therefore, we can think of E-1 (It, b) as a fiber bundle (possibly with singular 

fibers) over.5'2 with fiber the intersection of the ellipsoid and the plane. For most x E 5'2, 

the fiber is a circle. However, it may degenerate to a point. This happens only when the 

plane and the ellipsoid are tangent to each other at the intersection. Since the normal of 

the plane and the ellipsoid are (;r I, a:2, :r3) and (1/1, Y2, AY3) respectively, at the point of 

tangency we must have (YI, Y2, AY3) = ;\(:1:1, a:2, X3). Substituting this relation into the 

equations above, one sees that the tangency can only happen at X3 = ± 1. Therefore, 

[I)-I(h, b) is topologically a circle bundle over,5'2 with the fiber at the poles pinched to 

a point. 

The Hamiltonian decomposition of the regular energy surfaces is summarized in 

figure 3.6. 
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Figure 3.6, The Hamiltonian decomposition of the energy surfaces for the Kirchhoff 
top, the prolate ellipsoid case. The darkened graph is the symbolic representation 
of the Hamiltonian decomposition. Notice that although the topology of the energy 
surfaces is different for Ii < ~(J\b2 + C) and Ii > ~(Ab2 + C), Fomenko's Hamiltonian 

decomposition for them is the same. (A) b = 0; (B) Ibl < 2C4; (C) Ibl = 2C4; (D) 

Ibl > 2cL 
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3.3.3. Monodromy 

Our discussion in section 3.3.1 shows that FJ\;h : FJ\;I; I (RFlIIb ) ~ RFlI'h is a smooth 

fibration with fiber the two torus. For Ibl > 2~, since RFlIh is diffeomorphic to 

~2, it follows from the Ehresmann fibration theorem that this fibration is trivial. For 

Ibl < 2~, since REJI'h is not simply connected and that the topology of the energy 

surface H-I(h) changes as h passes through the critical value h = 1b2 +~, it follows 

from Cushman's principle that the fibration FJ\;h : FJ\;Ib-1 (REJl.h) ~ RFlIIb is not trivial. 

That is, this fibration has monodromy. We now use theorem 2.3.1 to determine the 

monodromy group for this fibration. Suppose that b =J O. It is easy to show that the 

unstable equilibrium (x, Y) = ((0,0, I), (0,0, b») is the only singular point for FJ\;h on 

En1b-l(ib2 +~, b). Moreover, in local canonical coordinates 

'II = ;rl (3.34) 

'12 :t:2 (3.35) 

PI I ( bX2 ) -- l/2---
:7:3 1 + X3 

(3.36) 

]J2 - I ( bXI) - 1/1---
;1:3' 1 + x3 ' 

(3.37) 

the energy momentum map Bl1b takes the normal form 

C ;l 2 I ') 2 I ( b
2

) 2 2 
11 = "2 +"2b + 2(Pi + ])2) - 2 C -"4 ('II + '12) 

h h' +2(2/\ - I )(q2jJl - '11]12) + Igher order terms 

G = h + '121'1 - '111)2. 

Therefore, by theorem 2.3.1, for a small loop T around the isolated critical value 

(Ii, g) = (ih2 +~, b), the monodromy operator liT is given by the matrix G ~). 
By symmetry, one sees that the monodromy operator of a small loop around the 

other isolated critical value (Ii, g) = (ih2 + t, -b) of FJ\;Ib is also given by the matrix 

G ~). 
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When b = 0, since the critical values of lMo are not distinct, we cannot apply 

theorem 2.3.1. However, by using the technique developed in section 2.3.5, one 

can show that the monodromy operator for a small loop around the critical value 

(11, g) = (~, 0) of Enio is given by the matrix (~ ~) . 
From these discussions, we see that for any fixed regular value r of Ell-h, the 

monodromy group for the fibration EJlI b : EJlIb-
1 (RFlI1b) ~ RFlI1b with respect to r is 

isomorphic to the abelian group Z. 

3.3.4. The Hamiltonian Hopf Bifurcation 

The Hamiltonian Hop/bifurcatio/l, which occurs in the nonsemisimple 1 : -1 resonance, 

has been extensively studied in [11]. It is characterized by the coinciding of two pairs 

of (complex conjugate) eigenvalues on the imaginary axis, followed by a splitting into 

the complex plane, thus destabilizing the equilibrium. In this section, we show that the 

Kirchhoff equations describing the motion of a prolate ellipsoid in an ideal fluid undergo 

a Hamiltonian Hopf bifurcation when the couple-resultant F3 = b passes through the 

value b = ±2VC. 
For convenience of exposition, we will restrict ourselves to the case when F3 = b 

near 2VC and (h,g) near <1111/ + 1(:, b). With these restrictions, the solution of the 

Kirchhoffequations stays in the region {(x, y) E Mb: X3 > OJ. Thus, the coordinates 

fJ2 ;/:2 

ql J-. (!l2 _ bX2) 
;/:3 I + :/:3 

fJ2 = _J-. (1/1 - ~) 
;r3· 1 + X3 

are good coordinates. Moreover, (fJl, fJ2,]1I, ])2) are canonical, i.e., {fJi, fJi} = {Pi, Pi} = 

0, {Pi, fJj} = Djj. Therefore, for b near 2 VC and (11, g) near (~Ab2 + ~C, b), we can 

regard the Kirchhoff equations as a Hamiltonian system on (~4, dPi /\ dqi) . 
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In the coordinates (ql, q2, PI, P2), one checks that Rib = (Il, G) has the following 

form: 

Il - ~(Ab2 + C) + ~(l -2A)S + X + (~ - C) Y 

b2 
2 b A 2 

+4 Y - 4SY +"2S - 2XY + 03(S, X, Y, Z), 

G - b-S 

where 

S 1 2 2 
qlP2 - Q2PI, X = 2(QI + q2)' 

Y 1 2 2 
2(PI + P2)' Z = qlPI + Q2P2· 

Notice that when b = 2/C, the quadratic part of Il, Il;y'C = /C(1 - 2A)S + X, is 

in a nonsemisimple 1 : -I resonance. The semisimple part is /C(l - 2A)S and the 

nilpotent pmt is X. 

Notice also that (ql, Q2, PI, ]12) = (0,0,0,0) is an equilibrium of Xli. The linearized 

vector field, which is generated by the quadratic part 

2 b (Ii) Ilb = 2(1 - 2;1)S + X + 4 - C Y, 

of the Hamiltonian function H, is represented by the matrix 

\
r _ (~(l ~ 2;1) 

• Jl2 -
b _I 

o 

The eigenvalues of XJl2 are 
b 

- ~(l - 211) 
o 
o 
-I 

Ii-C 0 1 4 

o Ii - C 
b

4 o --(l-2A)' 
b 2 
2(1 - 2A) 0 

A= {±4i (Jb2 -4C ±b(2A-l)) 
±4 (J4C - b2 ± ib(2A - I)) 

Ibl > 2/C 

Ibl ::; 2/C. 

From this expression, one sees that when b > 2VC, Xli 2 has purely imaginary 
b 

eigenvalues and when b < 2,jC, .YJl2 has two pairs of complex conjugate eigenvalues 
/. 
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with nonzero real part. Thus, as b passes through 2.JO, the stability of the equilibrium 

(ql, q2, PI, P2) = (0,0,0,0) changes. This is precisely the characterization of the 

Hamiltonian Hopf bifurcation. 

To make this rigorous, we need to show that we are in the generic situation (in the 

sense of [11]). That is, we have to show that the splitting of the eigenvalues of X IJ2 
b 

as b passes through 2.JO, is not destroyed by small SI invariant perturbations. This 

amounts to showing that the curve r : 1Ft ~ sp( 4, 1Ft), b ~ X l[2 is not tangent to the 
b 

5])( 4, 1Ft) orbit 

0= {PXIl2 p-I: P E SP(4,~)} 
2VC 

of X Il2 at X Il2 and that the coefficient of y2 of the normal form of H is positive. 
2VC 2VC 

We need a result from [11]. 

THEOREM 3.3.4. A ven;al unfolding of the nonsemisimpie 1 : -1 resonance 

F = as + /3X, 0'(3 i- 0 

is given by 

In paJ'ticulaI~ a complement to the lc7ngent space of O(X F) - {P X F p-I P E 

5])(4, 1Ft)} in sp(4, 1Ft) at X F is spanned by X s and X y. 

Based on this result and that 

H;.,;c = VC(l - 2A)S +X, 

one sees easily that the curve r is given by ( a = .JO(l - 2A), (3 = 1) 

III = (~ - vc) (1 - 2A), 1/2 = (~ - C) . 
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Since we have 

we see that r is not tangent to 0 at X JJ2 • 
2VC 

It remains to investigate the higher terms of the normal form of H. Under the 

symplectic diffeomorphism ¢ = exp (ad(~ YZ)), (H, G) maps to (Il, G) where 

/J = ~(Ali + C) + ~(l - 211)S + X + (~ - C) Y 

( 
b2 2,) 2 b ( AI) 2 + - + -c Y - -SY + - - - S + 03(S X Y Z) 12 3 4 2 3 ' , , 

G b-S. 

Here J1 is in S normal form of order 4. It is clear that when b = 2~, the coefficient 

of y2 in iJ is positi ve. 

To close this section, let us show that the set of critical values of E1VJb for b near 2 ~ 

and (11".9) near (4111i + 4C, b) is part of the famous swallowtail surface. (Equivalently, 

this means that the singularity of the map (11, G, F'3) at (x, y) = (0,0,1), (0, 0, 2-/C») 

is of the swallowtail type.) To see this, notice that the coefficient of y2 in the normal 

form of /J, b2/ 12 + 2C /3, is nonzero for b = 2 -/C. Therefore, by a theorem of Van der 

Meer (see [H) ,chapter 3), FlHb is left-right equivalent to the map Gv x S where 

Gv = X + llY + y2, 11 near ° 
and X, Y, Z, S are defined in theorem 3.3.4. More precisely, this means that there 

is a local origin preserving 8 1 equivariant diffeomorphism 1/J E DiffgOR4) and an 

origin preserving local diffeomorphism ¢ E Diffo(]R2), both depending smoothly on the 

parameter b, so that 

(3.38) 
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From this relation, one sees that the set of short periodic orbits of X I-l on NIb (relative 

equilibria) is the same as that of X G'". From our disscussion in section 3.3.1, we 

know that all the critical values of FJVh except (h,g) = qAb2 + ~,b) are due to the 

relative equilibria. Moreover, for (h, g) = qAb2 + 2~' b), EJ\1b is singular only at one 

point (the equilibrium) of EJ\;f -I (11., 9). Thus locally, the set of critical values of FlVIb is 

diffeomorphic to the set of critical values of Gv x S. 

If we think of G v x S as the energy momentum map of the Hamiltonion system G v 

on (~4, elPi 1\ elf/i), then this system admits an S'I symmetry generated by the Hamiltonian 

flow <P t of S. Since the algebra of <Pi invariant polynomials is generated by X, Y, Z 

and S, subject to the relation 

Z2 + S2 = 4XY, X ~ 0, Y ~ 0, (3.39) 

we can remove the S'I symmetry by invariant theory (see [8] for a rigorous description). 

The reduced phase space P..9 = S-I (8)/8 1 is the semialgebraic variety defined by (3.39). 

The reduced Hamiltonian on p.~ is 

(3.40) 

The relative equilibria of G v are the Xs orbits on S-I(8) which correspond to critical 

points of 911 on p..~. Since Yv has critical points only on p.~ n {Z = OJ, solving for X 

from (3.40) and then substituting this into (3.39) we get 

S2 
y3 + 11 y2 + Yv Y + ~ = 0, X ~ 0, Y ~ 0. (3.41) 

The critical points of Yv on P,9 n {Z = O} correspond to the nonnegative multiple roots 

of (3.4 I), which is part of the swallow tail surface (see [11], ch. 4). 

3.4. Topology of the Kirchhoff Top, the Case of an Oblate Ellipsoid 

In this section, we state without proof some topological results about the Kirchhoff top 

in the case of an oblate ellipsoid. The proofs can be obtained in the same manner as in 

last section. 
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Recall that the motion of a symmetric oblate ellipsoid x 2 / a2 + y2 / a2 + z2/ c2 :::; 1, 

a > c in an infinite ideal fluid can be thought of as an integrable Hamiltonian system on 

l11b= {(x 1 Y)EIft6
: X'X= l,x·y=b} (3.42) 

with Hamiltonian 

(3.43) 

where the parameters A and C satisfy the relation 

A > ~l C < 0. (3.44) 

The energy momentum map for this case is the same as that for the case of a prolate 

ellipsoid, i.e., 

F1\.1b = (H, G): Mb -4 1ft 2 
, (x, y) -4 (H(x, Y), G(x, y). (3.45) 

3.4.1. The Bifurcation Diagram 

To compute the bifurcation diagram for the energy momentum map FlV/ b, the first thing 

is to figure out the bifurcation set of the BH b, which, by the properness of EMb, coincides 

with ~ElIIt" the set of critical values of EMb• ~fMb has the following parametrization. 

THEOREM 3.4.1. Forb =1= 0, 

2::(1 = {(h(v),±g(v)): v E Vd 

where 

h(v) (3.46) 

g(v) (3.47) 



and 

Forb = 0, 

where 

ho(v) 

go(v) = 

The image of BIb is given by 

b>O 

b < O. 

I 2 V2(C - V 2) (C + V 2)2 

2V + -2C + A -2C 
C +v2 
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(3.48) 

Some examples of EEMb are shown in figure (3.7) and (3.8). Notice that EEl'vh is a 

little bit more complicated than for the case of a prolate ellipsoid. Notice also that E El'vh 

is always connected. 

We now describe the topology of the common level surfaces and the bifurcation 

diagram for BIb. 

By the properness of B1b and the Liouville-Arnold theorem, all the nonempty 

regular level surfaces of EJlIb are the union of ]'2'S. To describe the critical level 

surfaces, we need some notation. Let P be the direct product of a "figure 8" and 8 1• 

Topologically, P is equivalent to two tori intersecting along a circle. Let 0 1 be 82 with 

north and south pole identified, i.e., 0 1 is ]'2 with one cycle collapsed to a point. Let 

Q be the topological space consisting of two copies of 0 1 identified along the equator. 

Then the critical level surface of FJ\1b is either a point or 8 1 or P or Q. The complete 

bifurcation diagram is shown in figure 3.9. 
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Figure 3.7, The set of critical values of the energy momentum map of the Kirchhoff top. 
the oblate ellipsoid case. The parameters are: A = ~,C = -1. 
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Figure 3.8, The set of critical values of the energy momentum map RI/", the oblate 
ellipsoid case. Here A = 2 and C = -1. 
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Figure 3.9, The bifurcation diagram for the oblate ellipsoid case. (A) b = 0; (B) 
Ibl < (-C)~; (C) Ibl = (-C)~; (0) Ibl > (-C)L 
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3.4.2. The Topology of the Energy Surfaces 

As in the case of a prolate ellipsoid, a simple way to to determine the topological type 

of the energy surfaces is study the level surfaces of the map 

(3.49) 

The energy surface H-I(h) in Ivh is given by E-I(h, b). 

We first describe the bifurcation set E B of E. 

THEOREM 3.4.2. If 1 :=:; A :=:; I, then 

If A> I, then 

~E = 

Moreovel; the image of E is the region to the light of~E' 

From this theorem, we see that if 1 :=:; A :=:; I, then ~E consists of two nonintersecting 

parabolae which divide E(8 2 x JR3) into two connected regions. If A > 1, then ~E 

consists of two intersecting parabolae and two line segments tangent to both parabolae. 

In this case, ~E divides E(8 2 x JR3) into six connected regions. 

For ~ < A < 1, the topology of the energy surfaces can be described as follows. For 

(II, b) in the region between the parabolae Ii = ~I/ and h = ~(Ab2 + C), E-I(h, g) is the 

disjoint union of two 8 3; for (It, g) in the region right to the parabola h = ~b2, E-I(h, g) 

is diffeomorphic to IRP\ for (h, g) on the parabola h = ~(Ab2 + C), E- I (1£, g) is two 

points; for (It, g) on the parabola It = ~I/, E-I(h,g) is homeomorphic to two pinched 

8 3 ( 5'3 with one circle pinched to a point) intersecting along one circle. 
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Figure 3.10, Topology of the energy surfaces, the oblate ellipsoid case with A > 1. Here 
Ro stands for two pinched 8 3 ( 8 3 with one circle pinched to a point) intersecting along 
a circle; RI stands for the disjoint union of two pinched 8 3; R2 stands for two copies of 
8 1 x 8 2 intersecting along one circle and H,3 stands for a circle bundle over 8 2 with the 
fiber at the poles pinched to a point. 
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For A > 1, the topology of the energy surfaces is a little more complicated. The 

details are surmarized in figure (3.10). 

The Hamiltonian decomposition of the regular energy surfaces is shown in figure 3.11 

and 3.12. 
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Figure 3.11, The Hamiltonian decomposition of the energy surfaces for the Kirchhoff 
top, the oblate ellipsoid case with 4 < A < 1. The regular energy surface is either 
diffeomorphic to 283 (the disjoint union of two 8 3) or diffeomorphic to JRP3. (A) b = 0; 
(B) Ibl < (-c)~; (C) Ibl = (-C!; (D) Ihl > (-C)L 
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Figure 3.12, The Hamiltonian decomposition of the energy surfaces for the Kirchhoff 
top, the oblate ellipsoid case with A > I. The regular energy surface is diffeopormpic 

to either 283 or 28 1 x 8 2 or 8 1 x 5'2 or ~p3. (A) b = 0; (B) Ibl < (A(A~I)) 1/2; 

( -c )1/2 ( -c )1/2. ( -c )1/2 (_AC)1/2. 
(C) A(A-I) < Ibl < (A-I) , (0) and (E) (A-I) < Ibl < (A-I) ,(F) 

Ibl ( -AC ) 1/2 
> (A-I) . 
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The square potential spherical pendulum is a classical mechanical system describes 

the motion of a particle on a 2-sphere 8 2 under the influence of the potential field 

U = z2/2. In this chapter, we prove that Kolmogorov's condition is satisfied for the 

square potential spherical pendulum, wihch is essential for applying KAM theory to this 

system. 

4.1. Introduction 

Integrable systems are very exceptional in real world. In fact, due to the limited accuracy 

of measurement, no real systems are perfectly integrable. For this reason, the study 

of nonintegrable systems is impOItant for real world problems. The most powerful 

technique in this regard is the perturbation theory of Kolmogorov-Arnold-Moser. In 

this section, we briefly review some of the most fundamental facts of this theory. 

Let (M2n, w) be a 2n-dimensional symplectic manifold, II = If, /2, ... ,in be n 

independent Poisson commuting functions on M2n. That is, the Hamiltonian system 

(1\1211, w, 11) is a Liouville integrable system. Assume that the energy momentum map 

P ~. UI, /Z, ... ,In) is a proper map. Then by the Arnold-Liouville theorem, for any 

regular value r of P, there are action-angle coordinates near F-I (1'). That is, in a neigh

borhood of F-I(r), one can introduce canonical coordinates (11,'" ,In, <PI,'" ,<Pn) so 

that F does not depend on the angle variables <P I, . . . ,<Pn. As a result, the flow of X II, 

which is described by the canonical equations 

j = 1,2"" ,n, 
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is just the linear winding on the IHorus I = c with frequencies (~X, ~~, ... , ~f~). The 

map 

(4.1) 

is called the frequency map. 

Integrable systems are the starting point for the KAM perturbation theory. Let U be 

a simply connected open set such that F: F-t (U) -? U is a torus bundle. Consider a 

small pet1urbation 

Hc(l, 1» = If(l) + (/1'(1, 1» (4.2) 

of the Hamiltonian function If. The following theorem, called the KAM theorem, says 

that if the frequency map for IJ is non-degenerate, then most of the invariant tori for the 

unpel1urbed system survive the pel1urbation. 

THEOREM 4.1.1. If the frequency map (4.1) for the unpelturbated system is non

degenerate, that is, 

det ( r ()2 ~/ ) =I 0 
iJ/jrJh j,k=I,"',n 

(4.3) 

on an open and dense subset ofU. Then for sufficiently small Hamiltonian pelturbations, 

most of the non-resonant tOJi do not vanish, but are only slightly defOJmed, so that in the 

phase space of the perturbed system, there are invaJiant tOJi densely filled with phase 

curve winding around them quasipeliodicly with n independent ii'equencies. Mora vel; 

the invll1iant toli fonn a majOJity in the sense that the measure of the complement of 

their union is small when the perturbation is small. 

Condition (4.3) is commonly called Kolmogorov's condition. Usually, checking (4.3) 

is very difficult. To my knowledge, it has only been established rigorously for the 

spherical pendulum (see [24]), Neumann's system, the geodesic flow on the ellipsoid 

(see [30]) and cel1ain special cases of the Lagrange top. In this chapter, we prove that 
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Kolmogorov's condition is satisfied for the square potential spherical pendulum. Our 

result is the following 

THEOREM 4.1.2. For the square potential sphelical pendulum, KolmogoJ'Ov's condi

tion (4.3) is true for all regular values of the energy momentum map. 

We remark that the square potential spherical pendulum is a degenerate case of the 

Neumann system. However, Knorrer's result [30] on the Neumann system cannot be 

applied to this system. The reason is that the condition a I < a2 < a3 (notation as 

in [30]) is crucial for Knorrer's argument. In fact, Knorrer's condition ( [30], p. 69) is 

not satisfied for this degenerate Neumann system. 

This chapter is organized as follows. In section 4.2, we first introduce the 

Hamiltonian formulation for the square potential spherical pendulum. Then we compute 

the action variables explicitly. In section 4.3, we first express Kolmogorov's condition 

for the square potential spherical pendulum as a simple relation among certain Abelian 

integrals, then we prove theorem 4.1.2. The approach adopted there is from [24]. 

However, due to the symmetry of the elliptic curve on whose Jacobian the flow of 

Xl! linearizes, the use of Picard-Fuchs and Picard-Lefschetz theory can be avoided and 

surprisingly, elementary methods suffice. We remark that for general quadratic potential 

spherical pendulum (which has a term cr3 added to the Hamiltonian (4.4) below), the 

verification of Kolmogorov's condition is much more complicated and has not been 

done rigorously. 

4.2. The Action Variables for the Square Potential Spherical Pen
dulum 

Physically, the square potential spherical pendulum is a point mass moving on the 

two-sphere 8 2 ~ {(:r I, ;1:2, :1:3): :rT + :r~ + ;r~ = I} under the influence of a vertical force 

field of magnitude ;1:3. Mathematically, it can be described as a Hamiltonian system on 

1'82 = {(x,y) E ~6: Ixl = I, < x,y >= O}, 
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the tangent bundle of 52, with the standard symplectic structure (see 18). 

The Hamiltonian for the system is the sum of the kinetic and potential energy of the 

particle and is the function 

(4.4) 

Since rotation of 52 about the X3 -axis is a symmetry of the system, the corresponding 

angular momentum 

G: T52 ~]R: (x,y)~ X2YI - XIY2 (4.5) 

is a conserved quantity of the motion. Therefore, the square potential spherical pendulum 

is a completely integrable system. 

We will use Arnold's construction (see theorem 1.3.2) to compute the action variables 

for our system. Before we do so, we need to find the set of regular values of the energy 

momentum map 

FJ\1: T52 ~]R2: (x,y) ~ (H(x,y),G(x,y». (4.6) 

We have the following 

LEMMA 4.2.1. The regular values of the energy momentum map are given by 

Moreovel~ for each (It,g) E R, the level sets EH-I(It,g) is diffeomOJphic to the 

two-torus 1[' 2• 

Since the torus bundle E1H: FJH-I(R) ~ R has monodromy (see [4]), there 

are no global action variables on £l/-I(R). Let U <Jg R\ {(h, 0) : h > ~} and 

V <Jg' {(It, g) : It > 4, Igl < (}, where (; is a small positive number. Then both U 

and V are simply connected and there are global action variables on FJ\1-1 (U) and 

EJl.I- I (V). In the following, we will construct the action variables explicitly. 



149 

For (h,g) E U, since the motion of the particle never passes through the poles of 52, 

we can use the polar coordinates 

X I = sin ¢ cos 0 

X2 = sin ¢ sin 0 

X3 = cos ¢ o E [0,271"],¢ E (0,71"). 

In these coordinates, the Hamiltonian and the angular momentum read 

I·· 1 
11 = -(d} + 02 sin2 dJ) + - cos2 

A. 2 . . 2 If' 

G = Osin2 ¢ 

and the symplectic form is the exact 2-form dO', where 

. • . 2 
0' = ¢ . d¢ + 0 sm ¢. dO. (4.7) 

By dividing out the Xc orbits, our system reduces to the one degree of freedom 

Hamiltonian system on (1Ft2, d¢ /\ d¢) defined by 

Here 

11 = - ¢2 + -:_, + cos ¢ = _¢2 + V (¢). I (. q2 2) I· 
2 sm2 q> 2 9 

\/~(¢) = -21 
( :q: . + cos2 ¢) 

S1l1 q> 

is called the effective potential. 

(4.8) 

Let's now construct the action variables on lJA1- I (U). For (Il, g) E U, we choose a 

basis of 111(/JJl;/-I(h., g), IE) in the following manner: 

/1: fix ¢, ¢, iJ, let 0 run through [0,271"]; 

/2: fix 0, let ¢, ;p run through the curve 
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once in the clockwise direction, and determine iJ from the relation 9 = iJ sin2 ¢. 

The corresponding action variables Ij = f')'j cr, where cr is the I-form given in (4.7), 

have the following representation: 

II = 27rg 
,V 

h = 2 ( V2h - g2 sin-2 ¢ - cos2 ¢ d¢ J.;,-

where 0 < ¢- < ¢+ < 7r are the solutions of the equation 

2h -l sin-2 ¢ - cos2 ¢ = o. 

By the change of variable z = cos ¢' one finds that 

j ::+ V(2h - z2)( 1 - z2) - g2 
h = 2 dz 

::- 1 - z2 

where z- < z+ are the roots of 

in the interval (-1, 1). 

(4.9) 

Let's now say a few more words about the action variable h given by (4.9). Let rh,g 

be the two parameter family of elliptic curves 

1, del" {( ) ",,2 
h,!] = ]J, z E \l." : (4.10) 

In the following, we will think of]J = y(z, h, g) as a (multi-valued) algebraic function of 

z and view rh,!] as the concrete Riemann surface of this function realized as a branched 

covering of the Riemann sphere via the projection (y, z) --t z (see figure 4.1 (A) and 

(B)). The branch points are 

2h + I ± V(2h - 1)2 + 4g2 

Z = ± 2 
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(A) ~) 

--~-- ---~_·~17. +01~+-:i~·~·.-yp.J~~( 

(C) (D) 

Figure 4.1, (A) r h,g is realized as a branched covering of the extended complex plane. 
The dashed line segments are the branch cuts. (B) rh,g is topologically the two torus. 
(C) The pathes I and 1 on rh,g used in defining the Abelian integral 'ljJ and -Jy. (D) The 
paths 8± mentioned in the proof of lemma 4.2.3. 
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It is easy to see that for (II, g) E U, the two branch points z-, z+ in the interval 

( - 1, 1) are al ways away from ± I. Let I be the closed path on r lita defined by 

-I +z- -1 +z- . I +z+ . 1 +z+ . -1 +z- . 
-Ei =9 +0 =9 --+0 =9 ---E2 =9 2 -E2, 

2 2 2 2 (4.11) 

where E is a small positive number (see figure 4.1 (C) ). We have the following 

LEMMA 4.2.2. For(h,g) E U, 

(4.12) 

For (II, g) E \I, since the motion always passes through the poles of S2 when 9 = 0, 

we cannot use the polar coordinates and thus the construction above fails. Nevertheless, 

by some nontrivial topological analysis of the energy surface (see [9] for a geometric 

description), one can still use Arnold's construction to compute the action variables. 

Instead of going over the details of this construction, we adopt a simple approach which 

relies on the Abelian integral (4.12). 

Consider the elliptic curve ['lita defined by (4.10). For (II, g) E V, it is easy to see 

that the two branch points 

z± = ± 211 + I + )(211 - 1)2 + 4g2 

2 

are always outside the interval (-I, I). Let ~. be the path (see figure 4.1 (C) ) 

z--I . ':--1. ':++1. z++1 . z--I . 
-2-- E2 =9 -2-+(1 =} -2-+0 =9 -2-- 0 =9 -2--El. (4.13) 

Let 1b(lI., g) be the integral 

- tlef 1. lJdz 4)(11,9) = --2' 
" I - z 

We have the following 
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LEMMA 4.2.3. For(h,g) E Un li, 

(4.14) 

Proof. It is not hard to see that the difference 0(h, g) - 'ljJ(h, g) can be expressed as 

f ydz f ydz 
J6- 1 - z2 + J6+ 1 - z2 

where 8± are small loops around (z, y) = (± 1, J-g2), the poles of the meromorphic 

differential form ydz /(1 - z2). (see figure 4.1 (D». We claim that (4.14) is a direct 

consequence of the residue theorem. To see this, we need to find a local representation 

for ydz/(I - z2) for(z, y) near(± I, J_g2). Near (I, J _g2), we can use w = y - J_g2 

as the local coordinate. In this local coordinate, 

ydz (J- g2 I ) 1 -2 = - -2-- + few) dw, 
-.. W 

where few) is a holomorphic function of w. The loop 8+ becomes a small loop around 

w = 0 clockwise. Thus, by the residue theorem, we have 

Similary, one can show that 

j YC[-:; __ .G 
-1--

2 
- IIlV -g~. 

6+ - Z 

1 yel::: - ·R - irl -g. 
6- I - z2 

Now (4.14) clearly follows from these two relations. 

From lemma 4.2.3, it is clear that on each connected component of FJVI-I(U n lI), 
J1 = 2irg, -h = 'ljJ(lI, g) define a set of action coordinates. Since J 1, J2 are smooth 

functions of (II, g) for (II, g) E li, we can choose J 1, J2 as the action variables on 

l!ll1- 1 (lI). 

We summarize our disscussion in this section in the following 



154 

THEOREM 4.2.1. Let r h,9 be the elliptic curve defined by (4.10). Let" i be the closed 

circuits on r h ,9 defined by (4.11) and (4.13). Letwh,9 be the meromOlphic differential 

Let 

Then 

(1) On FJ\l- I (U), 

are a set of action coordinates. 

are a set of action coordinates. 

def ydz 
Wh,9 = 1 _ z2· 

Moreovel~ on FJV/-I(U n \I), the two set of action vadables are related by the 

following equations 

Remark. We note that theorem 4.2.1 shows that the square potential spherical pendulum 

has monodromy, that is, the torus bundle EM: EJV1- 1 (R) -Jo R is nontrivial. In fact, let 

r(t) = (4 + (COS 27ftl (sin27fl): l E [0, I] be a small loop around the isolated critical 

value (4, 0) ofthe energy momentum map FJI'f. Let ¢h be the conjugate angle variables 

of Jk. Denote by [¢J,J the homology class of the loop ¢Jk E [0, 1], ¢JI = 0, I =f:. k in 

the fiber E\l- l (h(J), J2),g(J1, .h». It is clear that JJ1(liJV/-I(r(0», Z) is generated by 
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[cPJI;(T(O»], k = 1,2. From theorem 4.2.1, it is not hard to see that as we travel along the 

path r once and return to reO) = r(l), the homology class [q)JI;] becomes 

[q)J.] ~ [q)J.] + 2[q)J2 ] 

[q).12] ~ [q)J2]· 

Therefore, in the basis [q)JJ, I~ = 1,2 of HI (ElVI-I(r(O», IZ), the monodromy operator 

of the loop r is represented by the matrix (b ~). 

In the sequel, we will concentrate on the action variables II, h on FlVI-l(U) and 

prove that Kolmogorov's condition is true for (11" g) E U. For (h, g) E \I, the result can 

be proved similarly. 

4.3. Kolmogorov's Condition 

In this section, we express Kolmogorov's condition for the square potential spherical 

pendulum in terms of certain Abelian integrals. 

Our discussion in the last section shows that, as functions of the action variables, 

H, G are determined implicitly from the following relations 

for (H, G) E U. 

By some elementary calculations, one can show that the following holds: 

LEMMA 4.3.1. 
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Since 

a1jJ = 1 dz -; 0, 
all ~I y 

one sees immediately that Kolmogorov's condition is equivalent to the condition that 

the last Hessian is nonzero. Geometrically, this is equivalent to saying that the functions 

~~ and ~~ form a coordinate system on U. Numerical calculations clearly show that 

this is true (see figure 4.2). 

The following lemma expresses Kolmogorov's condition in in terms of Abelian 

integrals. 

LEMMA 4.3.2. Let 

1 
;-2} 

Wj = ~ d-; j = 0, 1. 
'Y Y 

Then KolmogoJ'Ov:" condition is equivalent to the condition that 

deC 2 2 2 D = WI - (211 + I)WIWo + (2h - 9 )wo -; 0 

P roof. Since the path I is away from the poles of the form w l1,g, we have 

(4.15) 

(4.16) 

From these expressions, it is straightforward to check that the Hessian for 1jJ(h, g) can 

be expressed as (4.16). 1'1 
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Figure 4.2, The level curves for the functions ~t and ~~. 
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To simplify (4.16) further, let's make the coordinate change 

2h + 1 - V(2h - 1)2 + 4g2 

Y = 2 v, z= 
2h + 1 - V(2h - 1)2 +4g2 

2 u. (4.17) 

In these coordinates, the elliptic curve (4.10) has the following description. 

(4.18) 

where 

2ft + I + V(2h - 1)2 + 4g2 
P = -----'---r===== 

211 + I - J(2h - IF + 4g2 
(4.19) 

For (h,g) E U, we have 

1 < p < +00. 

Let ,(p) denote the image of, (see (4.11) under the coordiante change (4.17). Define 

(4.20) 

We have the following 

LEMMA 4.3.3. 

D = ( 2 ) 3 (0 1 _ 00)(01 _ pOo). 
2h + 1 - V(211 - 1)2 + 4g2 

(4.21) 

In pmticulaJ; KolmogoJ'Ov's condition for the square potential spheJical pendulum is 

equivalent to the condition that 

(4.22) 

Proof. It is easy to see that (4.21) is the consequence of the relations 
5 

Wo= (
211 + 1 - V(2211 - IF + 492

) -"2 eo 

3 

(
211 + 1 - j(2h - 1)2 + 492 )-"2 

WI = 2 OJ, 

where Wi are defined in lemma (4.3.2). II 
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Now we prove theorem 4.1.2. By lemma 4.3.3, we need only to show that (4.22) 

holds for (lI,g) E U. 

THEOREM 4.3.1. 

(0) - ( 0)(0) - pOo) =J 0 foJ' P E (1, +00). 

Proof. We first show that 0) - 00 =J O. By definition, we have 

1 (u2 -. ~ l)clu 
0) - 00 ., 

~i(l') v-

= r dll 
.r,(I') (11 2 - p)v 

r1 du 
4 in (u 2 _ phj(u2 _ 1)(u2 _ p) 

< O. 

Next, we prove that 0) - pOo =J O. Notice that 

e e -I (u
2 

- p)clu 
)-PO- . 

• ~I(I') v3 

For any fixed P E (1, +00), let r.\ be the elliptic curve 

where A E (0, yIP) is a real parameter. Let ''leA) be the closed path on f,\ defined by 

~i(A) : 
A+ fiJ -- - u =} 

2 
'\+fiJ - A+fiJ . - +cz:::} +cz 

2 2 
A+fiJ . A+fiJ . 

=? 2 -cz=?- 2 -cz 

and let ¢(,\) be the elliptic integral 

d>(A) *11 clu = 21'\ clu . 
. 'Ye.\) v -.\ )(u2 _ A2)(u2 _ p) 

(4.23) 
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It is easy to check that we have 

2 
q/()..) =)..1 u ~ p duo 

,(.\) v 

In particular, 

(}, - p(}a = ¢'(l). 

Change the variable in (4.23) by putting u = 2)..t - )... One then sees that ¢()..) can be 

expressed as the real integral 

11' dt ¢()..) = - . 
).. a jl(l - I) (1~'\ - t) ('1~'\ + t) 

From this expression, it is straightforward to check that ¢'()..) is given by 

¢'().. = _1_ 10' (21 - 1)2 dt 

) 4)..2 . a Vt(l _ l) (1t\ - t) 3 ('1~'\ + t) 3 

Thus, we have 

0, - pOa = ¢'(l) 

I l' (2t - If £it 

4 a JI(I-l)(V;+'-t)3(V;_'+t)3 
> O. 
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In this chapter, we use Ziglin's theorem to prove rigorously the non-integrability 

of some two particle Toda lattices. We remark that the statements in [19] and [7] 

concerning the non-integrability of certain generalized Toda lattices are not precise. 

5.1. Introduction 

Given an n degree of freedom Hamiltonian system, it is usually very difficult to tell 

whether or not it is integrable. For integrability, one needs to construct n functionally 

independent first integrals in involution; there are no systematic methods for this. 

Nevertheless, some heuristic approaches do exist. The most effective one is the so

called Painleve test which says that if all the singUlarities of the solutions are movable 

poles, then the system is integrable. In [13] [18] [12], the Painleve test has been 

generalized to the 'weak Painleve' test which, roughly speaking, claims that if all 

the singularities of the solutions are movable poles and/or movable finite branching 

points, then the system is integrable. (For system with polynomial potentials, there 

are some restrictions on the order of branching.) UnfOitunately, the general statement 

is wrong, i.e., weak Painleve is not sufficient for integrability (see appendix B for a 

counterexample. ) 

To establish the non-integrability of a given system is equally difficult. The most 

common method is to numerically integrate the system and look for irregular motion. 

However, this method is not rigorous and works only for those systems where the 

irregular motion takes place in some compact domain of the phase space. For near 

integrable systems, if the unperturbed system has a homoclinic (heteroclinic) saddle 

connection, then one can, sometimes, use the Melnikov integral to check for the 

existence of a horseshoe in the perturbed system, which is clearly an obstruction for 
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integrability (see [23] [22] [21] for examples). Again, this method only works for a 

small class of systems. 

A significant advance towards this problem was made by Ziglin [51] (see section 5.2 

for a brief account of Ziglin 's result), where he established the connection between first 

integrals of an autonomous ODE and the invariant rational functions of the monodromy 

group of the linearized equation along a particular solution. Roughly speaking, Ziglin's 

theorem says that the number of functionally independent rational invariants of the 

monodromy group is an upper bound on the number of functionally independent first 

integrals. 

The most important application of Ziglin's result is to two degree of freedom 

Hamiltonian systems with Hamiltonian of the form 

(5.1) 

(see [48] [37] [19] [50] [49] [28] [38] [39] [7]). For example, Yoshida [50] showed that 

if \I is a homogeneous polynomial and X IT admits an irrational or complex Kowalevsky 

exponent, then (5.1) is not integrable. Ito [28] proved that if \I is the generalized 

Henon-Heiles potential \I = (t«(jr+q~) + cqrfJ2 + ~fJ~, then a necessary condition for (5.1) 

to be integrable is that J = 0, i, ~ or I, among which ;l = 0, * and 1 are known to be 

integrable. For the case when V is a polynomial of degree 3 or 4, a necessary condition 

for (5.1) to be integrable has been derived by Rod et. al in [39]. 

In [19] (see also [7]) the generalized toda system with Hamiltonian 

(5.2) 

was studied and the integrability condition 

1 
(\'2 = 211 (11 + I), for some 12 E Z (5.3) 

was obtained. However, (5.3) is the necessary condition for (5.2) to have a meromorphic 

first integral of the form F(e'll, (j2, PI, 1'2), not the necessary condition for (5.2) to have 
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a first integral of the form F(qll (j2, PI, P2). In fact, Ziglin's theorem cannot be used to 

establish the condition for (5.2) to have a meromorphic integral of the latter form. 

In this chapter, we will use Ziglin's theorem to derive a necessary condition for the 

integrability of certain transformed two degree of freedom Toda lattices. The technique 

adopted here is basically from [19]. However, our treatment is more precise. 

This chapter is organized as follows. In section 5.2, we give a briefreview of Zig lin's 

result. The comprehensive treatment can be found in Ziglin's original work [51]. In 

section 5.3, we apply Ziglin's theorem to the free end two particle Toda lattices and 

in 5.4 to the fixed end ones. 

5.2. Ziglin's Theorem 

Let J\1 be an 177, dimensional complex manifold and v : JVJ ~ TJVJ be an analytic vector 

field. Consider the differential equation 

;i: = v(:z:). (5.4) 

Let x = cp(l) be a nonconstant solution of (5.4), maximally continued to some domain 

D C <C. Then r = {cp(l): l E IJ} is a Riemann surface with local coordinate t. 

Consider the linearized equation of (5.4) along cp(l), 

( = D1)(x) (, ;r E r, ( E TxM. (5.5) 

The order of (5.5) can be reduced to In - I by restricting it to the normal bundle 

'l'riV1 I1T, where l'rM stands for the restriction of TJl1 to r. 
If we deonte by 7r' the projection 7r' : 'l'rM ~ 'f'rivJ ITt', then the restriction of (5.5) 

to TrJ\1 (fr can be written as 

(5.6) 

It is called the normal variatiollal equatio/l (NVE) of (5.4) along the solution x = cp(t). 
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If (5.4) has, in a connected neighborhood of r, k independent meromorphic first 

integral HI, liz, ... , lh, then the order of (5.6) can be further reduced to m - k - 1 

by restricting (5.6) to the common level surface of dH I, dH2 , ••• , dH k. (notice that 

dH I('rr- I(17»,'" , dlh(7r- 1(17» are first integrals of (5.6).) For simplicity, let 

F ~ {1J E TrJltI/Tr: dIJ j (7r- I (1J» = 0, i = 1,2, .. · , k} (5.7) 

and let p : Tr l\1 /1T ---+ F be the linear projection. Then the restriction of (5.6) to F is 

of the form 

(5.8) 

which is called by ZigIin the reduced NVE (RNVE) of (5.4) along the solution x = ¢(t). 

Let n = {U, ¢(l)) :l ED}. Clearly, n is a Riemann surface with local coordinate 

l. Let Pr : n ---+ r, (l, ¢(l» f-7 <p(l) and P.c : n ---+ C, (t, ¢(t» f-7 t. Clearly, Pr is 

a covering projection. Let (l = <p(lo) be a fixed point on r and let, be a continuous 

loop on r connecting ({ to itself. Let ~i(.S), s E [0, 1] be the lift of, based at the point 

(lo, </>(lo» E n and let ~' = Poci'. Let <I> be a fundamental solution matrix of (5.8), single 

valued in a small neighborhood of lo. By analytically continuing <I> along the path 

i, one gets another fundamental solution matrix 'l1, single valued in a neighborhood 

of II ~ ~.(l). Since Pr is a covering projection, it follows that 'l1 (t - to + t d is a 

fundamental solution matrix of (5.8), single valued for t near to. Thus, there is a constant 

matrix A(-y) E GL(nl - k - 1, C) so that <l>(l) = 'l1(t - to + tl)A(,) for t near to. By 

the local single valuedness of the solutions of (5.8), we see that A(,) does not change 

under homotopy of" i.e .• it is determined by the homotopy class of,. Therefore. it 

induces an anti-homomorphism 

9 : 7r1(I', <p(lo» -) GL(rn - k - 1, C). 

The image g(7r I (l', <p(lo» is called the monodromy group of the RNVE (5.8) with respect 

to ¢(lo). 

The key observation of Ziglin is the following 
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THEOREM 5.2.1. Suppose that (5.4) has r meromOlphic first integrals Fh F2,··· ,Fr 

in a connected neighborhood of r so that HI,··· ,Ih, FI ,··· ,Fr are functionally 

independent. Then the monodromy group of (5.8) has r functionally independent 

invmiant homogeneous rational functions. 

Thus, meromorphic first integrals of (5.4) produce rational invariant functions for the 

monodromy group of (5.8). Hence the number of functionally independent invariants 

of the monodromy group provides an upper bound for the number of additional 

meromorphic integrals of (5.4). In particular, if the monodromy group does not have 

any nontrivial invariants, then (5.4) cannot have any additional meromorphic integrals 

in the neighborhood of r. These facts can be used to prove certain Hamiltonian systems 

are non-integrable. The most general result in this regard is described below. 

Let 111 be a 2n dimensional complex Poisson manifold (we assume that the Poisson 

structure on M is analytic). Let 11 : M -. C be an analytic function and XH be the 

associated Hamiltonian vector field. In this case, the monodromy group is a subgroup of 

.5/J(n - I, C). Recall that a linear symplectic map A : C2n-2 -. C2n-2 is called resonant 

if its eigenvalues )1(, ... ,An_I, A (I, ... ,A~~I satisfy the following condition: there are 

some ki E :1:, ki ~ 0 and L kl =f 0 such that A ~I A~2 ... A~'~II = I. In particular, a linear 

symplectic map A : C4 -. C4 is resonant iff its eigenvalues are roots of unity. 

THEOREM 5.2.2. Suppose that the monodromy group of(5.8) has a nonresonant element 

A. In order that Xli have n - I meromOlphic first integrals in a connected neighborhood 

off', functionally independent together with 11, it is necessmy that any other element 

13 of the monodromy group preserves the fixed points of A and take its eigendirections 

into eigendirections. When this is so and none of the eigenvalues of B fOlm a regulm· 

polygon in the complex plane centered at the Oligin and having at least two veltices, 

then 13 must preserve the eigendirections of A , i.e., it commutes with A. 

For two degree of freedom systems, this theorem means the following 
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COROLLARY. Suppose that the monodromy group has a nonresonant element A and 

that XJl has an additional meromoJphic first integral in a connected neighborhood of 

r, functionally independent with JJ. Then for any other element B of the monodromy 

group, we must have [A, B] = I 01' A2, with only [A, B] = I possible if B does not 

admit ±i as its eigenvalue. 

5.3. The Nonperiodic Toda Lattice 

In this section, we study the integrability condition for the generalized nonperiodic 

(fixed end) two particle Toda lattice of the form 

H = ~ (PT + ]J~) + e Aql + e Bql+C'q2, 
2 

(5.9) 

where A, Band C are some real constants. We assume that 0 =1= A =1= B =1= 0 =1= C. 

The dynamics of this system is described by the following differential equations 

(jl = PI (5.10) 

(j2 P2 (5.11) 

PI - AeAq, - B e BQI +C'Q2 (5.12) 

P2 
_CeBQI+CQ2. (5.13) 

To apply Ziglin' s theorem to this system, we need to find a special solution of (5.10)

(5.13). The only managable solution is given by 

C 1 (B2+C2_AB) 
(ql, fj2, PldJ2) = Cl _ B 1/"(l) + A _ B In A(A - B) , 

c: . .) 
ljJ(l), A ~ 13 lNl), 4)(l) 

where 

1/;(l) A-B I ( 2 ) 
AC n 1 - cosh (.4~~ J2ho<t - to») 

A - J3 (A - 13 ( A(A - B) ) 6) 
+ AC In flo B2 + C2 - AB ' 
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with ho andio are some arbitary constants. UnfOltunately, the Riemann surface defined 

by this solution has a trivial first fundamental group. Therefore Ziglin's theorem cannot 

be used to derive the integrability condition for (5.9). 

In stead of working directly with system (5.10)-(5.13), let's make the following 

change of variables 

In these coordinates, system (5.10)--(5.13) becomes 

;1:1 ;/:1 AYI 

:1:2 :1:2 (13YI + CY2) 

1/1 -Arl - 13X2 

Y2 -CX2 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

which can be thought of as an analytic vector field on ((:4. This system has an obvious 

analytic first integral, namely 

(5.19) 

In the following, we will derive the necessary condition for (5.15)--(5.18) to have an 

additional meromorphic first integral independent of (5.19). We will prove the following 

THEOREM 5.3.1. A necessmy condition for (5.15)-(5.18) to have an additional mero

mOlphic first integral is 

A - 13(132 + C2 _ A13) = n(n + 1) forsome n E Z. 
AC2 2 

(5.20) 

Remark. Notice that condition (5.20) is not the condition for (5.10)-(5.13) to be 

integrable. I.e., there is still the possibility that (5.20) is not satisfied but (5.10)-(5.13) 

has a meromorphic first integral independent of 11. 



System (5.15)-(5.18) has the following straight line solution 

where 

2 
1/J(t)= . 

I - cosh ( J }::B Ct) 
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(5.21) 

(5.22) 

Since 1tb(L) is periodic with periods'/' = 2rri J ~t;/!z and has a double pole at tn = nT, 

we see that, topologically, the Riemann surface r = {¢(t): tED} is a punctured 

cylinder. It is not hard to see that the first fundamental group of r is the free group with 

two generators, one is the cycle around the cylinder and the other is the cycle around 

the pole (see figure 5.1 (A) and (8». 

LEMMA 5.3.1. The reduced nOlmal vadational equation of (5.15)-(5.18) along the 

solution ¢(l) is given by 

AC B2+C2_ AB 
A - /3!J2(l)(1 + A X2(t)(2 

-A(I' 

which is equivalent to 

(i2(2 AC d(2 2 2 

(It2 = l/2(l)-,- - (11 + C - AB):I:2(t)(2. 
A-/3 cl 

(5.23) 

(5.24) 

(5.25) 

Proof· Let (6,6, '71, '72) be the coordinate functions on Tx ll1 in the basis a~I' a~2' a~I' 

J~2' Then the linearized equation of (5.15)-(5.18) along the solution ¢(t) is given by 

AC B2 +C2 - AB 
6 - A _ B!J2(l)~1 + A _ B X2(t)1] I 

AC 
6 - A _ Bl/2(l)6 + :1:2(l)(BT/1 + C1]2) 

771 = -A~I - JJ6 

1]2 = -C6· 
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Notice that 

Tf= 

= 

= 

The last equation holds because x2(l) = '!f'U) ::I 0 for all i E C. 

Notice also that we have the decomposition 

a a a a 
6- +6- +1]1- +171- = 
. aXI aX2 aYI aY2 

(
11-13) (132+C2-1113 () 11 a -C a a) 

1]1· -- IJ2U)-. - + --Y2(l)- + ---- - - + 
-C (11 - 13)2 . a'?'1 11 - 13 aX2 A - 13 aYI aY2 

(
C) ( 132 + C2 - 1113 a A(11 - 13) a) 

~1+6+ 11_13 Y2 (l)111+Y2(l)1/2 ' (11-J3)2+C2 aXI + (A-13)2+C2ax2 + 

( 
132+C2-A13) ( A(A-/3) a A(A-13) a) 

~I- A(A-13) 6 . (/\-fJ)2+c2aXI - (A-13)2+c2ax2 + 

( C) (A-13) '71 - --172 . -- . 
11-/3 C 

(
132+C2-/\B a A(/\-/3) a a) 

- ,1J2U)- + Y2(l)- - - . 
(11 - 13)2 + C 2 • a:vl (11- 13)2 + C2 aX2 aY2 

Therefore, a projection 71' : 'I'rM -f 'l'rM /'1'1' is given by 

«(01 (I, (2) 

del' C 132 + C2 - A13 
(~I + 6 + A _ /3 Y2(l)TII + Y2(l)TI2, ~I - A(A _ 13) 6, 

C 
'll - /\_/3'12). 
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One can check easily that the normal variation equations of (5.15)-(5.18) along the 

solution cp(t) is given by 

Since 

(0 0 
AC B2+C2 - AB 

(I A _ B Y2(l)(1 + A X2(t)(2 

(2 - -A(I. 

C 
DH(6,6, '71, '72) = ~I + 6 + --Y2(t)1]1 + Y2(t)1]2 = (0, 

A-B 

w see that when restricted to the zero set of D H, the reduced normal variation equation 

of (5.15)-{5.18) is given exactly by (5.25) and (5.24). 

LEMMA 5.3.2. The monodromy group of (5.25) with respect to the point x 2(tO) = ~ is 

generated by the following two matdces. 

where 

( 6 -I + r2
r.i
I3) 

1\12 ( 
I - 2i sin 27r /1 -1 + c-21ri/3 ) 

- 2isin27r/1(1 +c2r. ii3) 1 +2isin27r/1 ' 

(.J = _! +! 1 + 8(A - B)(B2 + C2 - AB) 
fJ 4 4 AC2 . 

(5.26) 

(5.27) 

(5.28) 

Proof. If we think of (h (2 as functions of z = X2(t) = '!jJ(l), i.e., if we let z be the 

independent variable, then equation (5.25) becomes 

-:-(1 _ -:-)(P(2 _ ! -:- d(2 A - B(B2 [,2 _ AB)! = 0 
~ ~ l 2 ~ I + AC'2 + ':,2, ( l 2 ( l 2/1 -' 

(5.29) 

which is the standard hypergeometric equation 

d2(2 d(2_ 
z(l - z)-l ") - h' - (0 + (.1 + l)z)-[ - o:/1~2 = 0 

cl- (l 
(5.30) 
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I·plane 
2T 
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4 ·T 

I.plane z·plane 
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Figure 5.1, (A) and (8) The Riemann surface r' = {¢(l): tED} is topologically a 
punctured cylinder. The black dots are the poles of ¢(i). /1 and /2 are the generators of 
7f1(r', ¢(lo». (C) The paths 71 and 72 are an alternate set of generators of 7f1(r', ¢(to». 
(D) Under rilt map Z = 1Nl), 71 and 72 are mapped to ')'0 and /11/0 1/11, where /0 is a 
simple positive loop around z = 0 based at z = 4 and ')'1 is a positive loop around z = 1 
based at z = 4. 
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with 

(5.31) 

The Monodromy group for (5.30) can be explicitly determined (see [35]). Let 

,0, respectively ,I, be the closed circuit (running counterclockwise) around z = 0, 

respectively z = I, based at Zo = ~. Then the monodromy group of (5.30) is generated 

by the monodromy matrices corresponding to "10 and ,I, namely, 

(
1 e-2r.if3 - e2r.h) (e2rrib-CX-f3) 0) 

]1,1(,0) = ° c-2r.h ,111(,1) = 1 _ e2r. ib- cx ) 1 . (5.32) 

By using the facts that, = ° and (\ + /3 = ~, we see that the monodromy group 

for (5.29) is generated by 

(
1 _1+c-2r.iJ3) (-1 0) 

1\;1('0) = ° 1 ,1\1('1) = 1 + c2rrif3 1 . (5.33) 

To determine the monodromy group of (5.25), we need to find the monodromy 

matrices corresponding to the generators of the 7r1(r, ¢(lo», where to is chosen so that 

x2(l0) = 1/)(lo) = ~ (e.g. to = J i~-g2 In(3 - 2 V2». Let T(, T2 be the paths (see figure 5.1 

(C) and (0» 

to + '/'s, .'; E [0, 1] 

{ 

io + (I + T - to) 25, 

I + T + (io - 1)(25 - 1), 

5 E [0, ~] 

5 E [~, 1], 

where T = 27riJ2~41!2 is the period of lMl). Then 71 = ¢(TI) and 72 = ¢(T2) are the 

generators of 7r1(l', ¢(lo». Furthermore, in the z-plane, 71 is homotopic to ,0 and 72 

is homotopic to ,11,01,11. Thus the monodromy group of (5.25) is generated by the 

matrices 

(
1 -1 +c-2r.iJ3) 

/\1/1 - M(,)'o) = ° 1 

_I -I, _I ( 1 - 2isin27r/3 
J1l('d 1\1(')'0) 1\;[(')'1) = 2" 2 /3(1 2r.i a ) 

1 SIn 7r + e . I-' 

-1 + c-
2rrif3 

) 
1 + 2i sin 27r/3 . 
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LEMMA 5.3.3. If j3 is not an integer or a half integel; then the monodromy group 

of (5. 25) does not admit any nontJivial rational invmiants. 

Proof. Suppose f = f(zl: Z2) is a rational invariant function of the monodromy group. 

Since f is invariant under the transformation (z I, Z2)T ~ 1\11 • (ZI' Z2)T, that is, 

we see that f must be a rational function of Z2 only, i.e., f = f(Z2). But f is also 

invariant under the transformation (z I, Z2? ~ llh . (ZI' Z2)T, Le., 

This implies that f cannot depend on Z2. Therefore, .f is a trivial constant function. IJ 

Proof of theorem 5.3.1. Suppose that (5.15)-(5.18) has a globally defined meromorphic 

first integral. Then by theorem 5.2.1, the monodromy group of (5.25) has a nontrivial 

rational invariant function. By lemma 5.3.3, this is possible only when j3 is an integer 

or a half integer, which is equivalent to (5.20). 

Remark. Via the rotation 

the system 

(5.34) 

studied in [19] is transformed to the form (5.9) with 

V 2 . 1 - 0
2 

A = 1 +0 B = , , Il+Q2 
and C _ -2a - 1l+Q2. 
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It is easy to check that condition (5.20) is exactly the one given in [19], i.e., (X2 = ! n(n+ 1) 

for some n E Z. We remark that whenever this condition is satisfied, the system (5.15)

(5.18) corresponding to (5.34) is 'weak Painleve', i.e., the expansion of Xi,Yi only 

involve rational powers of t. 

5.4. The Periodic Toda Lattice 

In this section, we study the generalized periodic two particle Toda lattice of the form 

(5.35) 

where A, B, e, D are some real constants. We assume that they satisfy the following 

conditions 

A =I I =I e, 13 =I 0 =I D, ;\2 + 132 =I Ae + ED and AD - Be =I O. 

For the same reason as in the nonperodic case, we cannot apply Ziglin's theorem 

directly to (5.35). Let 

:/:1 = c ql 

:1:2 = cAql+Bq2 

:/:3 = cCql+Dq2 

l}1 = PI 

l/2 1'2, 

then the dynamics of our system is described by the following differential equations 

;1:1 ;r 11I1 (5.36) 

;/:2 ;r2(AlI l + 13l/2) (5.37) 

;r3 ;r3(CYI + Dl/2 ) (5.38) 

l/I -;/,'1 - A:Z:2 - C:/,'3 (5.39) 

l/2 -13:r2 - DX3. (5.40) 
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Obviously, this system has two trivial first integrals. The energy function 

and 

F: - XAD-BCX-DXB 
-. 1 . 2 • 3' 

The energy function /J is clearly analytic. If the quantities B, D and AD - BC are 

not rationally related, then P cannot produce any meromorphic first integral for (5.36)

(5.40). However, if they are rationally related, then one sees easily that there is 

some integer k so that F = pI; is a meromorphic first integral of (5.36)-(5.40). We 

call (5.36)-(5.40) integrable if it has a globally defined meromorphic first integral, 

independent of H and possibly 1". In the following, we will derive a necessary condition 

for (5.36)-{5.40) to be integrable. We will prove 

THEOREM 5.4.1. Let§ = {n(I~+I) : It E Z}, then a necessmy condition [01"(5.36)-(5.40) 

to be integrable is 

I ;2A(A2 + B2 - A) E § 

1 - C (C2 + D2 _ C) E § 
D2 

AC + BD - C2 - lJ2(AC BD _ A2 _ B2) § 
(AD _ BC)2 + E . 

(5.41) 

(5.42) 

(5.43) 

The proof of this theorem is a straightforward application of theorem 5.2.1. But the 

details are rather technical. The intuitive idea is the following: system (5.36)-(5.40) 

has the invariant sets {:1: i = O}, i = I, 2, 3. Furthermore, if restricted to {x i = O}, the 

resulting system is equivalent to the nonperiodic case studied in section 5.3. Therefore 

if (5.36)-(5.40) is integrable, then the restricted system is also integrable, which leads 

to the conditions stated above. 

In the following, we will show that if (5.36)-(5.40) is integrable, then condition (5.41) 

must be satisfied. The other two conditions can be checked similarly. 



System (5.36)-{5.40) has the following special solution 

4>(t) - (XI(t), X2(t), X3(t), YI(t), Y2(t)) 

_ (A2 + 13
2 

- A13 I (t) .I.(t) 0 ~(t) I - A ~(t)) 
I - A 1fJ, 'P , , 1/;(t)' 13 1/;(t) , 

where 

2 
1/;(l) = . 

1 - cosh ( J I~A 13t) 
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(5.44) 

(5.45) 

(5.46) 

As discussed in section 5.3, the Riemann surface r = {4>(l) : tED} is a punctured 

cylinder. 

By a similar argument as that in the proof of lemma 5.3.1, one can show the following 

LEMMA 5.4.1. The reduced nOl1nal vadational equations of (5.36)-(5.40) along the 

solution 4>(t) are given by 

(I = 1 ~ A li2(l)(1 + (A2 + 13
2 

- A)X2(t)(2 

AC+13D-C 
-(I + I _ A (3 

BC - A [) + [) () • 
I _ A li2 t ~3· 

(5.47) 

(5.48) 

(5.49) 

LEMMA 5.4.2. With some approdate choice of the fundamental solution matJix of(5.47)

(5.49), the monodromy group of (5.47)-(5.49) with respect to 'lj.{t 0) = ~ is generated 

by 

(

1 _1+c-2r;ij3 0 ) 

~ ~ e4¥(RC-~lD+D-B) (5.50) 

b2 , (5.51) 
( 

I - 2i sin 27r/3 - I + e-2r;{3 

2i sin 27r /3(1 + c 2r;{3) I + 2i sin 27r,B 

o 0 
b

l 

) 

c-~(BC-AD+D-B) 

where bl , b2 are some complex constants and 

1 I J 8(1 - A) ,B = -- + - I + (A2 + 132 - A) 4 4 /32 • 
(5.52) 
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Proof. First notice that equation (5.49) can be solved explicitly as 

where ,\ is an arbitary complex constant. 

Secondly, if (3 = 0, then equation (5.47)-(5.49) is equivalent to 

d2(2 B d(2 2 2 
dt 2 = 1 _ A Y2(l)Tt - (A + B - A)(2. (5.53) 

If we think of (2 as a function of :; = li'(l), then equation (5.53) is equivalent to the 

Gauss hypergeometric equation 

with 

1 
1=0, a + f3 = --, 

2 
1- A 2 2 

and a + f3 = - 2B2 (A + B - A). 

By a similar analysis as that in section 5.3, one sees that there is a fundamental solution 

matrix 

<1> = (~I ~2) (t) 
q:>1 (P2 

for l near to so that the monodromy matrix of (5.53) is generated by 

~ (1 -1 + 1e.-
2rrif3

) 
J1l 1 = ° 

Clearly, 

are two independent solutions of (5.47)-(5.49). Let (I, (2 and (3 be any solution 

of (5.47)-(5.49). so that 
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for t near lo. Then 

is a fundamental solution matrix of (5.47)-{5.49) and with this choice of the fundamental 

solution matrix, the monodromy group of (5.47)-{5.49) is generated by 

(~ 
-I + c-2r.i/3 a, ) 

1111 - I a2 (5.54) 
0 cl!jfcBC-AD+D-B) 

( I - 2isinh~ -1 + c-2r.i/3 
6, ) 

l\;h 2i sin 2iT (3~ I + c2r.i(3) I + 2i sin 2iT{3 b2 . (5.55) 
0 c- 2~i (BC-AD+D-B) 

It is easy to see that we can choose (r and (i so that al = a2 = o. 

LEMMA 5.4.3. Let 1111 be as in (5.50). Suppose that (3 is not an integer ora halfintegel~ 

then 

(1) if(13C - AD + D - 13)/ F3 is iJ7Cltional, then any ICltional function !(ZI, Z2, Z3) 

invaIiant under the tlClnsfonntltion (.:: I, '::2, '::3)T ~ 1\11 . (ZI, Z2, Z3)T is of the fOlm !(Z2). 

(2) if(J3C - AD + D - 13)/ /] = ~ where /77" n E IZ, (m, n) = I, then any ICltionaJ 

function /('::1, Z2, Z3) invariant under the tli'lI1sfonnation (z I, Z2, Z3)T ~ NIl· (ZI, Z2, Z3)T 

is of the fonn .f('::2, z!n. 

LEMMA 5.4.4. Suppose that (3 is not an integer or a half integel~ then 

(1) if(l3C- AD+D- 13)/ B is il1"c7tioI1c'11, then the monodromygroupof(5.47)-(5.49) 

does not admit any nontIivial wtional invaJiants; 

(2) if(13C - AD + D - 13)/13 is 1"c7tional, then the monodromy group of (5.47)

(5.49) has only one functionally independent wtional invaIiant function, namely! = Z f 

for some n E IZ. Morevoel~ this invaJiants is genelClted by the tlivial first integlCll 

F = (~/:i4D-BCX2D~l:r)'1 of (5. 36)-(5.40). 
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The proof of these two lemmas only involve some elementary computations and 

therefore omitted. 

It is clear from lemma 5.4.4 and theorem 5.2.1 that if system (5.36)-(5.40) is 

integrable then f3 (see equation (5.52» must be an integer or a half integer, i.e., 

condition (5.41) must be satisfied. 

5.5. One More Example 

To close this chapter, let's look at one more example where Ziglin's theorem is applicable. 

Consider the Hamiltonian system defined by 

(5.56) 

where I(q(, q2) is an arbitary analytic function and a, f3 are some constants. We assume 

that f3 =I- O. We assume further that n 2 3 is an integer. 

THEOREM 5.5.1. A necessmy condition for (5.56) to have a globaJJy defined meromor

phic integral independent of JJ is 

0' rn(rn + I) 
-(1-~ -_-2-)-:-2 = 4 for some 111 E IZ. (5.57) 

The proof of this theorem is essentially the same as the proof of theorem 5.3.1. 
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APPENDIX A. THE KOWALEVSKY TOP 

The Kowalevsky top is an integrable case of the motion of a rigid body about a fixed 

point. It is characterizd by that the moments of inertia of the body have a fixed ratio 

2:2: 1 and that the center of mass lies on the equatorial plane. In moving coordinates, 

the motion of the body is described by the Euler equations 

v = v x w, Ie,;., = Iw x w + e xv, (A.I) 

where w = (WI,W2,W3) is the angular velocity, I = (II, /Z, h) is the inertia tensor, 

v = (/11, /12, /13) is a static unit vector and e = (e Il e2, e3) is the radius vector of the center 

of mass. By a suitable choice of the moving frame and the unit of measurement, we 

can assume that I = (I, 1, ~) and that e = (1,0,0). With this simplification, the Euler 

equations (A. I ) take the following form 

The first integrals for the Kowalevsky top are the total energy function 

(AA) 

the total angular momentum 

(A.5) 

and the Kowalevsky integral 

(A.6) 

Consider the energy momentum map 

EJ\4: 1R3 x 5'3 -1 lft\ (w, v) f-1 (H(w, v), L(w, v), J(w, v»). (A.7) 
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It has been proved by Kharlamov [27] that the critical values of E1\1 lie on the 

discriminant locus of the Kowalevsky polynomial 

which can be described as 

Part I: k=O 

Part II: k = (212 _ II) 2 

(A.8) 

(A.9) 

(A.IO) 

Part lli: (1 - k) (li2 + 1 - k) 2 - 2 (911.(1 - k) + 11.3) t2 + 2714 = O. (A.II) 

Notice that part In has the following parametrization 

(A.12) 

In [27], Kharlamov also gave a series of pictures (with no proof) which shows the part 

of the discriminant locus of (A. 8) that corresponds to the real motion of the Kowalevsky 

top. In this appendix, we find exactly the part of (A.9)- (A. 1 1 ) which is on the image of 

the energy momentum map 111'!. We will prove the following 

THEOREM A.0.2. For any fixed h ~ -I, the part of the discLiminant locus of (A.S) 

which is on the image of £11 is desclibed by 

PaJt I· I~ = 0, It ~ 0, 1/1 ~ f!i 
Part D: ,,~= (2/2 _ 11)2, 1/1 ~ Jh+I 

PaJt III: k = 1 + 112 + ,\(3,\ - 411), I = ±A~, A E Vh 

where 

{

[-I,hL 
'~t = [-l,~ (211- JII 2 -3)] U [~(2h+Jh2-3) ,Il], 

[-I,I]U [~(2h+Jh2-3),h], 

if -1 ~ II. ~ J3 
if J3 ~ II. ::; 2 

if II. 2: 2. 
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The II. slices of EllI(1R2 x .5'2) are plotted for different h's in figure (A.I) - (A.3). 

To prove this theorem, we need some simple facts. 

LEMMA A.O.I. For any (11., I, k) E ElI(1f~3 x 5'2), there is a (w, v) E ElVI-I(h, I, k) so 

that v = (111,0, 113) 

Proof. Suppose that for all (w, v) E ElI- I (h, I, k), V2 =J O. It follows from the 

compactness of ElI- I(h, I, k) that /112/ ~ EO > 0 for all (w, v) E ElVI-l(h, I, k). Let 

(WO, yO) E EllI- I (h, I, k) and let (w(l), vel)~ be the flow of XlI begins at (WO, yO). Since 

W3 = 112 (see (A.2», we see that limt_-:o /w(l)/ = 00, which is clearly impossible. II 

LEMMA A.0.2. ForaJJ(h,l,k) E Bl1(1R3 x 5'2), I;; < (h +2)2. 

Proof. Let (w, v) E FJVJ-I(h, /, /d. By lemma A.O.I, we can assume that 112 = O. 

Therefore, we have 

k (wf - wi + 11)2 + (2WIW2 + 112)2 

(wf + w~)2 + Il f + 2111 (wi - w~) 

< (w; + wi)2 + 11; + 2/111/(W; + wi) 

(w; +UJi + h/)2 

< (wf + wi - II) + 2)2 

< (II + 2)2. 

LEMMA A.O.3. For any (II, /, /.;) E E1H(1R 3 X 5'2), if 2/2 - h ~ 0, then k ~ (2[2 - h)2. 

Proof. Let (w, v) E BH-)(h, I, /.;). Again, we can assume that 112 = O. We have 

1 2 2 2 1 2 
2(W)II) + 2W3113) - (wI + w2 + 2W3 - 111) 

2122212 < 2w) + 2W3 - (WI +w2 + 2W3 - lId 

wi - wi + II). 
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Thus, 

LEMMA AO.4. Suppose h ~ -I, then 

1 < dcf 2(2/2 
- h) 1 

- It = < 
- 1 + J8[4 - 4hl2 + 1 -

(A 13) 

provided that It and [ satisfy 

It ~ - I and [2 E [max ( 0, ~) , It + I] (A.I4) 

oj' 

II E [0, I] and [2 E [0, ~] (AI5) 

oj' 

(AI6) 

oj' 

II > ~ and [2 E [~ (II. + Jlt2 - 2) ~] - 2 4 ' 2 . (AI7) 

LEMMA AO.5. Suppose It ~ I, then 

- I ::; [) ~ - 2[2 + J 8/4 - 4ltl2 + 1 ::; 1 (A. 18) 

provided that II. and 1 satisfy the following condition 

II E [I, V2] and /2 E [0, II - I] (A. 19) 

oj' 

oj' 

(A21) 
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The proof of these two lemmas only involves simple computations and therefore omitted. 

We now prove theorem A.O.2. We will deal with part I, nand m separately. 

Part I. Suppose k = 0, then 

2 2 2w 
VI = w2 - WI' V2 = - IW2· 

Substituting them into (A.4) and (A.5) gives 

I 
II = 2wr + 2:wj 2 0 

1 = -wl(wr+wi)± ~W3Jl- (wr+w~)2. 

Thus, 

It - 21' = ( V2wJ vi I - (wi + wll' Of )zw,(W; + wi»), <: 0, 

which shows that h ~ 0 and III:::; J'i.. We now show that all (h, I, k) E 1R3 

It 2 0, III :::; fii and k = 0 are in E\l(1R3 x .5'2). Let 

{ . tl£!'1/1 .3 \1 .4 V21 4 .2 . (x) - +;1, - 2: I -:/. /, - x, 

then /(0) = III - J'i. :::; 0 and /(l) = III + I > O. Therefore, ((x) has a real root in 

[0, 1). Denote it by Xo and let 

w = (sgn(l) ;ro, 0, sgn(l) J2h - 4X6) 

v = (-;1:6,0, )1 - ;I:~) , 

then it is easy to check that (w, v) is a critical point of FJVJ and that E\1(w, v) = (Il, I, k). 

Part n. Suppose (h, I, /... = (212 - hY) E /~H(1R3 x .5'2), then by lemma A.0.2, we have 

k = (2[2- 11.)2 :::; (h+2f, which gives III :::; /h+T. We now show that all (h, I, k) E !FR3, 

Ill:::; /h+T, /..: = (2[2 - 11.)2 are in the image of E\1. We have two cases. 
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Case 1: 2[2 - h ;:: O. Let (11" I, k) E 1R3 such that vmax (O,~) :::; III :::; v'h+T 
and k = (2[2 - hf. Let It be as defined in lemma A.0.4 and let 

(A.22) 

Then by lemma A.O.4, (w, v) E IR 3 X 8 2• It is straightforward to check that (w, v) is a 

critical point of FJVl and that EJVl(w, v) = (It, I, k). 

Case 2: 2/2 - h :::; O. In this case, Let 

w = (/11, - 2[2,0,2/), v = (0,0, 1). 

Then EJVl(w, v) = (II, I, k). Thus, all (II, I, k) satisfies h ;:: 0, III :::; A and k = 

(2/2 - 11)2 are in the image of BH. 

We remark that the (w , v) chosen above is not a critical point of EJVl. Kharlamov [27] 

showed that only part of this piece of the discriminant locus of (A.8) consists of critical 

values of fAl. Namely, when II :::; J2, III :::; ~ and when h > vrz, III E 

[0,4/11 - Jh2 - 2] U [4/11 + Jh2 - 2, A]. We now check this. For the cases 

when 0 S; h S; 1, 0 S; III S; A or 1 S; It :::; ~, ~ S; III S; A or h ;:: 

~, 4/h + Jh2 - 2 :::; III S; [if, one can check similarly as in case 1 that (w, v) defined 

in (A.22) is a critical point of Bl1 and satisfies FJVl(w, v) = (It, I, k). For the cases when 

II E [1, J2] and III E [0, ~], when II E [J2,~] and III E [0, 4/h - Jlt2 - 2] U 

[hili + Jh2 - 2,~] and when Ii ;:: ~ and III E [0, 4/h - Jh2 - 2], let 

w = (/(41 2 - 211 - /8/4 - 411/2 + 1), 

sgn(l)Vh - 3/2 + /8/4 - 4M2 + 1 /8/4 - 4M2 + 1, 0) 

v= (_212 + /8/4 - 4M2 + 1, 21/1Vh - 312 + /8/4 - 4ltl2 + 1,0). 

Then by lemma A.0.5, (w, v) E 1R3 X 8 2. It is not hard to check that (w, v) is a critical 

point of Btl[ and that Bl(w, v) = (II, I, I~). 
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Part m. Suppose (It, ±/(,\), k('\» E E\1(1R3 x 3 2) where 1('\) = ,\.Jh=). and k('\) = 

I + 1t2 + '\(3'\ - 41t). It is easy to see from 0 :::; k :::; (h + 2)2 that for any fixed It, the 

parameter ,\ has to be in the set 

{

[-I, It] U {OJ, 

h= [-I,It] 

[-I, ~ (211 - vr;-;;h3---=3')] U [~ (211 + J h3 - 3) , h] , 

if h E [-1,0] 

if h E [0, V3] 
if h > 2. 

LEMMA A.0.6. For It E [-1,0), (It, I, k) = (11,,0, 1 + h 2) rf. ElVI(IR3 X 3 2). 

Proof. Suppose (11,0,1 + 112) E EM(IR3 x 5'2), then there exists a (w, v) E IR3 X 32 so 

that ElVI(w, v) = (11,,0, I + 112 ). That is, 

II 2 2 1 2 
WI + W2 + '2W3 - III 

0 
1 

Willi + W21/2 + -W3113 
2 

1 + 112 = (2 2)2 2 WI - W2 + III + (2wIW2 + 112) • 

Therefore, 

2212 2212 
III = wI + w 2 + '2W3 - II > wI + w 2 + '2W3 ~ 0 

W~ = 211 - 2(wi +W~ - III) < -2(wi +W~ -III) 

and 

(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 
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Think of f as a function of w~, then .f attains its minimum at w~ = - 2(w? + wi - VI). 

Therefore, we have 

.f(w~) > I(wr + wi - 111) (by (A.27)) 

- 1 - llr - IIi - (wr + wi)2 + 211\ (wi + wi) - 4w\ (ll\WI + V2W2) 

1/~ - (wi + wi)2 + 211\ (wi + wi) + 2,13W\W3 (by (A.24» 

(113 + WIW3)2 - wiw~ - (wi + w~)2 + 2111 (wi + wi) 

> (113 + W\W3)2-wrw~ - (wf + (;"'i)2 + 2(wr + wi + ~w~)(wr + wi) (by (A.26» 

- (113 +W\W3)2 + (wr +wi)2 +wiw~ 

> 0, 

which contradicts (A.29). 

LEMMA A.0.7. For h > 2 and ,\ E (1, *(211 - JII2 - 3) 1, (h, ±/(.\), k(.\» rt BVf(1R3 x 

8 2). 

Proof. Since for II > 2 and ,\ E (1, ~(2h - JII2 - 3)], 

we see that 2/2 - h > h - 2 > O. By lemma A.O.3, we have k ~ (2[2 - h)2 > 

(II - 2)2. But it is easy to see that I,' = I + ft2 + ,\(2,\ - 411.) S (II - 2)2. Therefore, 

From these two lemmas, we see that if (II, ±l(.\), k(.\» E BVf(lR 3 x 8 2), then .\ has 

to be in the foil wing set 

{

[-I,ll], 

\01 = [-1, * (211 \- Jh2 -3)]] U [* (2h + Jh 2 -3) , h] , 
[-1,1] U [3 (211. + Jh2 -3) , II], 

if -1 S h S J3 
if J3 S h S 2 

if h ~ 2. 



Now we show that for all ,\ E \."1' (h, ±l(,\), k('\)) E ElVI(IR3 x 8 2). Let 

and 

0, 

[1, h], 

Uh = {[-I,l!.], 
[-1,1], 

if -I :::; h :::; 1 

if h ~ 1 

[1,1 (2h-vlI,2-3) U[1(2h+vh2 -3),h], 
[1 (2h + vh2-3) ,II, 

For,\ E Uh, let 

if h :::; 1 

if 1 :::; h :::; v'3 
if v'3 < h < 2 

if h ~ 2. 

w = (+~, 0, ±j2 (2,\ - II + JI + h2 + '\(3'\ - 4h)) ) 

v = (,\ - It + JI + h2 + '\(3'\ - 11.),0, 

j2(h -,\) (2,\ - Ii + JI + 11,2 + '\(3'\ - 4h))). 
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Then it is easy to check that (w, v) E IR3 X 8 2, that (w, v) is a critical point of El\If and 

that J~/(w, ,11) = (h, ±l(,\), "~('\)). 

For,\ E lh, let 

W = (+Vh - ,\,0,±j2 (2,\ - h - JI +h2 +'\(3'\ -4h))) 

v = (,\ - h - J I + 112 + ,\(3'\ - II) ,0, 

j2(h - ,\) (2,\ - II - JI + 112 + '\(3'\ - 4h)) Bigr). 

Then one can show that (w, v) E 1Ft3 X 8 2, that (w, v) is a critical point of ElVI and that 

FlH(w, ,11) = (h, ±l('\), k('\)). 

Remark. Let EJl;!: IR2 x 8 1 -t IR3 be the map 
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The proof above also shows that the pmt of the discriminant locus of (A.8) contained in 

B\1(JR3 x 8 2) is actually in the image of B\1. This is not an accident. In fact, one can 

show that these two maps have the same image. 

To close this appendix, let's make a few remarks on the relation between part 

II and part Ill. For h E [- 1, I), part II and part III has only two intersection points 

(h,i,k) = (h,±.Jh+T,(h + 2)2). For II. > 1, they have four intersection points 

(h, I, I;;) = (h, ±jhTI, (h ± 2)2). For h = j2, part II and part III has two second order 

tangent points (11., k, I) = (V2, ±2 ~3, D. For h > j2, they have four tangent points 

(II, I, k) = (II, ±4Jh ± Jh2 - 2, ~ (Ii + Jh2 - 2)2) (see figure A.4 - A.5). 
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h • 0.000 

a.!> 

n~ __ ~ __ ~ ___ -~·C~~ __ ~ __ ~~C~,.~ __ ~ __ ~ __ ~ 
·0 .... • I). ~ -0.2 0' 0, 0'. ·1 -0 8 ·0." -0.4 ·0.2 0.2 0.4 0.6 0.9 

(A) (B) 

II : O.SOO h a 1.000 

-, -0 ~ 0\ -, -0 , 0.' 

(C) (D) 

Figure A.I, f1 slices of the image of the map 1" (Il, L, f(), I. 
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(A) (8) 

h • ) I~ 

\.', 

(C) (I» 

Figure A.2, 11 slices of the image of the map F' (11, L, I\), II. 
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Figure A.3, 11 slices of the image of the map F (11, L, IO, lli. 
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h • Sqlt{J) 

0.' 

0.7 

0.' ---~ 

o.s 

0.. 
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0.' 0.52 0.S4 0.56 0.0,8 0.' 0,62 O.U D.6+: 
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0' 
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1 

(D) 

0.8 0.81 0.82 

Figure AA, Blow up of figure A.2 near the cusp point. 
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h ~ ."ft (l) 
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l.H I.J9 1.: 1.22 1.24 
1 

(C) (I)) 

Figure A.5, Blow up of figure A.3 near the cusp point. 
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, 
APPENDIX B. WEAK PAINLEVE AND 

INTEG RABILITY 

In this appendix, we present an example which has been shown to be nonintegrable 

but has the 'weak Painleve' propelty, i.e., all the singularities of the solutions of the 

system are movable poles and movable braching points. We remark that our example 

does not fit into the weak Painleve class defined in [13] where the order of the braching 

points are restricted to be multiples of the so-called 'natural power'. Nevertheless, our 

example shows that generally speaking, 'weak Painleve' is not equivalent to integrability. 

Consider the generalized Henon-Heiles Hamiltonian 

(B.1) 

where a, b, c, d are some constants. In the case when a = b =f:. 0, Ito [28] proved that a 

necessary condition for this system to be integrable is that 

ell 
d = 0, 6'"2 or 1. (B.2) 

The cases when ~ = 0, ~ and 1 have the Painleve property and are known to be integrable 

(see [45] [13]). 

Our example is the case when c = 1, d = 27, i.e., 

Hamilton's equation reads 

d2ql 

dl 2 

d2q2 

dl 2 

-(U/I - 2qlq2 

= -bq} - -qf - 27q~. 

It is not hard to check that this system has the 'weak Painleve' property. 

(B.3) 



The principal balance is 

with resonance 

5 
(1' + 1)1'(1' - 3)(1' - 6) = 0, 

where 0' is an arbitary constant. 

The two lower balances are 

with resonance 

and 

with resonance 

5 
(7' + -)(/' + 1 )/'(1' - 6) = O. 

3 

q. = ±15J=T(l-io)-2 

q2 = -3(l - 10)-2 

(1" + 10)(1' + 1)(1' - 6)(/' - 15) = O. 
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(B.4) 

(B.5) 

(B.6) 

It is straightforward to check that the principal balance gives a four parameter 

solution and that the two lower balances give two three parameter solutions. 
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