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ABSTRACf 

Solar seismology is a relatively new field in solar astrophysics. It provides us a 

way of "looking" into the deep interior of the Sun. The goal of solar seismology is to 

derive information about the internal structure of the Sun from the observed properties 

of solar oscillations. This is called the inverse problem of solar seismology. This 

project is to explore a new set of methods and algorithms to solve the inverse problem. 

The continuous orthonormalization (CON) method and the adjoint method 

adapted by Rosenwald can be used to compute the eigenfrequency sensitivities to the 

solar structure parameters in a very efficient way. In this work, the computational 

algorithm for using these methods has been modified and improved. Continuous 

parametrization for the internal structure of the Sun is introduced. The solar interior is 

subdivided into sections, and polynomial fits are applied to the solar structure 

parameters in each section. The eigenfrequency sensitivities to these polynomial 

coefficients -- the continuous parameters -- are computed. These sensitivities can be 

used to predict the change in solar eigenfrequencies when the structure parameters are 

perturbed (with the necessary physical constraints satisfied). The inverse problem for 

the solar internal structure is formulated by using these sensitivities. The generalized 

inverse technique is used to solve the nonlinear inverse problem in an iterative process. 

Observed data of low-degree g-modes have been used for a preliminary inversion. The 

nonlinearity of the solar seismic inverse problem is demonstrated. A nonlinear 

inversion process has been successfully performed and the results analysed. The 

inversion results indicate that the standard solar model is a good approximation of the 

real Sun. Only relatively small perturbations to the model are needed to explain the 

frequency deviations between observation and theory. 



CHAPTER 1 

INTRODUCTION 

1.1. An Overview of the Dissertation 

'6 

Solar seismology consists of two aspects: the observation of the global (and local) 

oscillations of the Sun and the theoretical interpretation (inversion) of the observed 

data. In this dissertation, I will mainly discuss the second aspect, and focus on the 

inverse problem of gravity modes (g-modes). There are two reasons for paying special 

attention to g-modes. First, it has been recognized since the early days of solar 

seismology that low-degree g-mode signals in comparison to acoustic mode (p-mode) 

signals provide us with information more valuable about the core structure of the Sun. 

For example, with g-mode data we would be able to make unambiguous predictions of 

solar neutrino flux (refer to discussions in § 1.3). Second, although both observation and 

inversion of p-mode oscillations have been attracting a lot of attention, little has been 

done on g-modes (as summarized by Pecker 1991, p. 23). Several international 

networks are being built to obtain high-quality solar oscillation data (see discussions in 

the next section). An important objective of these networks is to detect g-modes. As 

will be discussed later in this dissertation, g-modes have characteristics very different 

from p-modes. Since an inverse technique optimized for p-modes will in general not be 

optimized for g-modes, it is important to develop an effective inverse technique for g

mode data. 

In the remainder of this chapter, a brief review of solar seismology will be given. 

Then in Chapter 2, the forward problem and inverse problem are formally introduced 

and the general question of the inverse problem is discussed. In Chapter 3, applications 

of two new computational algorithms in solar seismology are presented, along with 
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some numerical results. This chapter is a summary of the series of works at SCLERA 

(Santa Catalina Laboratory for Experimental Relativity by Astrometry, operated by the 

University of Arizona) by Drs. Rosenwald and Rabaey and myself on theoretical studies 

of solar oscillations. This includes the development of algorithms and software, and the 

numerical computation of the eigenfrequencies, eigenfunctions and eigenfrequency 

sensitivities of solar oscillation modes. In Chapter 4, the continuous parametrization of 

the structure of a standard solar model is introduced, and the eigenfrequency 

sensitivities to the continuous parameters are derived and numerically computed. Then 

in Chapter 5, a new inverse algorithm is introduced. The new algorithm utilizes the 

eigenfrequency sensitivities to the continuous parameters of the standard solar model. 

The linearized inverse problem is solved and an iterative process is devised to obtain a 

solution for the original nonlinear problem. And finally, in Chapter 6, the inverse 

results are discussed. Also discussed are the significance and possible applications of 

the new inverse method introduced in this dissertation. 

The notations of Unno et al. (1979) are followed wherever possible throughout 

this dissertation. If not otherwise specified, the following rules are used: 1) scalar 

quantities are in normal-case letters; 2) vectors are in bold-face, lower-case letters; and 

3) matrices are in bold-face, upper-case letters. 

1.2. Solar Seismology •• A Brief Review 

Solar seismology is a relatively new subject. During the last two decades, it has 

progressed rapidly. According to Harvey (1990), the doubling time for helioseismology 

publications was about four years, which is shorter than nearly all astronomical 

disciplines. There have been many reviews written about this subject (e.g., Shibahashi 

1990 and Harvey 1990, in Progress of Seismology of the Sun and Stars; Part II in the 

book Solar Interior and Atmosphere edited by Cox, Livingston, and Matthews 1991; H. 
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Hill et al. 1991). In recent years, oscillation-related phenomena have also been reported 

for many stars, and recently a new field called "asteroseismology" is attracting more 

and more attention (e.g., refer to Dappen et al. 1988, Shibahashi 1991, Winget et al. 

1991). Solar seismology is also called seismology of the Sun, or "helioseismology." 

The evidence of 5 minute oscillations in the solar atmosphere was detected early 

in the 1960's (ref. the reviews by H. Hill 1978 and Toomre 1984). For over a decade, 

people tried to explain these oscillations as some purely atmospheric phenomenon. 

Harvey (1990) referred to this period as the "dark ages" for helioseismology, since the 

true nature of solar oscillations had not been demonstrated. H. Hill and his 

collaborators developed a special technique to observe the solar diameter (H. Hill, 

Stebbins and Oleson 1975). Though solar oscillations were not their original objective, 

H. Hill and Stebbins (1975) discovered in 1974 their first evidence of global solar 

oscillations of longer periods in their solar diameter observations. Strong evidence for 

solar global oscillations with periods ranging from 10 minutes to 2 hours were obtained 

(Brown, Stebbins and H. Hill 1978; H. Hill and Caudell 1979; H. Hill, Bos and Goode 

1982; Bos and Hill 1983). Deubner (1975, 1977) was the first to show the ridge 

structure of the k-ro diagram, which was considered as clear evidence of the global 

nature of 5-minute oscillations. However, this is not sufficient to demonstrate their 

global nature, because the coherence times for these oscillations might not be long 

enough for the oscillations to propagate around the Sun (Gough 1980). The discovery 

of structure in the global 5-minute oscillation came near the end of the 70's (Claverie et 

al. 1979) in the global velocity observation. A review on the observational evidence for 

the global nature of 5-minute oscillations can be found in H. Hill (1980). Since then the 

5-minute oscillations became known as the global nonradial pressure- (or acoustic) 

mode oscillations. Today, a great number of 5-minute and longer-period p-mode 
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oscillations have been detected and classified (e.g., H. Hill 1985; Duvall et al. 1988; 

Libbrecht and Kaufman 1988). 

Typically, solar oscillations are detected by observing either the Doppler shifts of 

spectral lines formed in the solar atmosphere, or intensity variations in various 

wavelength bands. The oscillation amplitude of a single mode is very small. The 

velocity amplitude of a single-mode 5-minute oscillation is =5-10 cm/s, with an 

incoherent sum of 107 modes yielding =300-500 m/s in high spatial resolution 

measurements; the intensity contrast signal of a single mode is =1-2 parts per million, 

with an incoherent sum of =5 parts per thousand, again for high spatial resolution 

measurements. The dominating source of background noise is from granulation, which 

has an rms radial velocity of ,.. 1 km/s, and an rms intensity contrast of = 15%. The 

oscillation signal to granulation noise ratio is about an order of magnitude lower for 

intensity than for velocity (F. Hill et al. 1991); but intensity observations have several 

significant advantages over velocity observations in other aspects. For example, it is 

easier to make more precise photometric measurements than Doppler measurements. 

Since oscillatory velocity for p-modes is predominantly vertical, the observable 

oscillatory velocity amplitude decreases towards the solar limb. To make things worse, 

strong supergranular motions are predominantly horizontal and thus dominate the 

velocity signal near the limb. However, the oscillatory temperature fluctuation is a 

scalar and the intensity observation is much less affected by any of these limb effects. 

The most useful information in solar seismology is the frequency of oscillations 

as a function of their "quantum numbers," namely, the radial order n, the angular degree 

1, and the azimuthal degree m. There are two major factors limiting the quality and 

precision of observed oscillation frequencies. First, observations from a single ground

based station are severely compromised by the day-night gap in observed data, which 

causes sidelobes to appear in the helioseismic power spectrum at mUltiples of ± 11.57 
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JlHz from each solar oscillation frequency. This contaminates the power spectrum and 

makes the mode identification extremely difficult. There are three ways to overcome 

this difficulty -- observations from space, from polar regions and from a network of 

stations placed around the Earth. Second, the temporal length of the sequence of 

observations detennines the precision with which the frequencies can be measured. 

The observational instruments can also be divided into four broad classes: non

imaged whole disk, differential whole disk, imaged, and diameter (more detailed 

discussions can be found in F. Hill 1990 and F. Hill et al. 1991). Observations have 

been obtained both on the ground and from space. The observations can be simply 

grouped into two types: non-imaged and imaged. Non-imaged observations detect the 

low-degree oscillations. There are several major international observational projects in 

progress. These include the Global Oscillation Network Group (GONG), organized by 

the US National Solar Observatory; three space experiments on the joint NASA/ESA 

Solar and Heliospheric Observatory (SOnO): the Solar Oscillation Investigation (SOl) 

experiment, the Global Oscillations at Low Frequency (GOLF) experiment, and the 

Variability of Irradiance Global Oscillations (VIRGO) experiment. Two other non

imaging networks have been partially in operation. They are the Birmingham Solar 

Seismology Network, with headquarters at the University of Birmingham in the United 

Kingdom, and the IRIS network, developed and adminsitered at the Universite de Nice 

in France (refer to the review by F. Hill 1990). Another imaging network is the 

SCLERA network, which is being developed at the University of Arizona in Tucson. 

The first photometric instrument is in operation at Yunnan Observatory, Kunming, 

China; the second such instrument will soon be in operation in Kislovodsk, Russia; and 

a third one will be located in Tucson, Arizona, USA. The second set of instruments 

being developed for the International Network of SCLERA is an astrometric telescope 

engineered to produce diffraction limited images of the solar disk. 
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1.3. Solar Seismology and Astrophysics 

Until recently there were very few observational constraints on the theorists who 

sought to determine the internal structure of the Sun. These constraints are the Sun's 

mass, radius, luminosity and some incomplete knowledge of the composition of its 

surface layers. This situation has changed with the fIrst measurement of solar neutrino 

flux, and then the development of solar seismology -- providing still more constraints 

on solar models. 

A better understanding of the internal structure of the Sun is of fundamental 

impcrtance in astrophysics. The Sun serves as a great laboratory for both physicists and 

astrophysicists. For example, the study of the solar convection zone provides a testing 

ground for any theory on turbulence; the detection of the solar core structure will be a 

crucial test for many nonstandard solar models and stellar evolution theory. As 

discussed by Christensen-Dalsgaard (1982), the stellar modeling is probably better done 

for inner zones, i.e., the energy generating region. At least we are more confIdent about 

our nuclear theory than about the theory of turbulence and convection. This says that 

any measurement (or detection) of the inner structure of the Sun would be of more 

importance in terms of testing stellar evolution theory. The development of solar 

seismology during the last two decades has indicated that there is a great opportunity for 

us to "look" into the deep interior of the Sun. 

As the discussions in Chapter 2 will show, the eigenfunctions of high-order and 

high-degree p-modes only have large amplitudes near the surface of the Sun, so that 

they contain little or no direct information about the deep interior of the Sun. Thus the 

discovery of a 160-minute oscillation and observations of the solar g-modes would be 

very important in terms of the study of the deep interior of the Sun. However, this 

remains a controversial area at this time. A short review on the observations of g-mode 
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oscillations will be given in the next section. In the current section, a brief discussion is 

given on some of the important topics in the study of solar seismology. 

The detennination of helium abundance Y in the Sun is very important to the 

theory of solar structure. It is also important to cosmology because it can help us in 

detennining the initial helium abundance of the universe (e.g., Fuller et al. 1991). 

Unfortunately, it cannot be measured directly by the application of standard 

spectroscopic techniques to the optical spectrum of the Sun's photosphere. Therefore, 

there has been a lot of interest in using a solar seismological method of measuring Y 

(e.g., Dziembowski et al. 1991 and Guenther 1991). 

Another remaining fundamental problem is presented by the diffusion of helium, 

which is ignored in standard solar models (Guenther 1991). If there does exist helium 

diffusion through the bottom of the convection zone, the Y value detennined by 

helioseismological methods may not represent the Sun's helium abundance at the time 

of its formation. It would then be of less value to a cosmology study. However it could 

still be used to put a strong constraint on the primordial helium abundance. 

The properties of the internal sound speed detennined from solar seismology 

could put a strong constraint on the solar models (Turck-Chieze 1990). Sound-speed 

information detennined from p-mode observations so far has not reduced the neutrino 

problem of the Sun, and it was suggested that the solution of the neutrino problem 

should be sought outside macroscopic physics (Dziembowski et al. 1990). Since g

modes are especially sensitive to the structure in energy-generating zones of the Sun, 

the detection and classification of g-mode oscillations will allow a considerable 

extension and refinement of the deduced structure of the solar interior. In a recent 

book, Ulrich and Cox (1991, p. 164) noted that, with the data that is anticipated from g

mode analysis, we would be able to deduce the solar structure with great precision and 

provide unambiguous predictions of solar neutrino fluxes. On the other hand, solar 
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oscillations might be the cause of the solar neutrino problem. As discussed by H. Hill 

(1986), the constructive interference of phase-locked g-modes might cause temperature 

perturbations in the core of the Sun large enough to modulate the solar neutrino flux. 

The theoretical work of Czarnowski (1989) on the nonlinear multimode coupling of 

solar g-modes and the observational evidence of intermediate-degree g-modes with their 

phase-locking phenomena (Rabaey and Hill 1990), showed that there is indeed such a 

possibility, and this makes future work on g-modes more interesting and more 

significant (see the discussions by Rabaey and Hill 1990). 

1.4. Solar Gravity Mode Oscillations 

While the field of p-mode studies has been rapidly advancing, the progress in g

mode studies has been slow. The detection of solar g-modes is much more difficult 

than that of p-modes for many reasons. For example, compared with p-modes, the 

anticipated amplitudes of g-modes are lower and the number of g-modes per unit 

frequency interval are larger. It was apparent in the early 1970s that if g-modes were 

excited, the amplitude must be very small, because otherwise they would have already 

been detected. Difficult demands are placed on instrumentation and data analysis 

techniques because of the relatively small signals and the very complex normal mode 

spectrum. A complete review of works on g-mode oscillations can be found in H. Hill 

et al. (1991). Here, only a brief account of the observational results of g-modes will be 

given. 

The pioneering work of g-mode detection has been done at SCLERA, Crimean 

Astrophysical Observatory, Birmingham University and Stanford University. The latter 

three were directed principally toward understanding the 160-minute oscillation first 

announced in 1976 (Severny et al. 1976; Brookes et al. 1976), while work at SCLERA 

is on the more general problem of g-mode detection. During the last decade, numerous 
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works on the detection and classification of g-modes have been reported. As 

summarized by H. Hill et al. (1991), these works might be ordered as follows: 

1. Demonstration of the temporal coherence of the 160-minute oscillation. 

2. Detection of g-mode signals without specific mode classification by 

reliance on asymptotic theory predictions of eigenfrequencies. 

3. Detection and classification of g-mode by reliance on the first-order 

asymptotic theory predictions of eigenfrequencies. 

4. Detection and classification of g-mode by extensive use of observed 

spatial and temporal properties of eigenfunctions. 

To date, there has been very little agreement between the various results. The 160-

minute oscillation looks as though it may be a very special case which could prove to be 

much more complicated and intriguing than a single g-mode solar oscillation. Though 

there still are some people questioning its solar nature, new evidence of its possible 

universality has been reported. The 160-minute periodicity has not only been found in 

the solar system, it has also been found in the optical and X-ray observations of 

extragalactic objects (Kotov 1985, 1990; Kotov and Lyuty 1990; also see H. Hill et al. 

1991). One interpretation of the 160-minute oscillation is that it might be the result of 

the resonant interaction of solar g-mode oscillations (Kotov 1985). In this case it might 

not correspond to a single g-mode eigenfrequency (Sevemy et al. 1984). Due to all 

these complications, the data on 160-minute oscillations will not be used in the inverse 

problem studied here. 

For the purpose of solving the inverse problem, one needs eigenfrequency data for 

classified modes. The results from the second group of works can give an estimate of 

the Po value (refer to discussions in §2.3) which can be used to put a constraint on solar 

models; but, without specific classification of individual modes, it is not significant for 

the inverse work. There have been continuing efforts on the detection of g-mode 
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signals by examining the cross correlation between observed power spectra and the g

mode frequency pattern predicted by the asymptotic theory. Most works used the flrst

order asymptotic theory. Examples of this type of work can be found in van der Raay 

(1988, 1990), Scherrer (1984), Delache (1984), Henning and Scherrer (1988a,b), 

Frohlich (1988), and Palle and Roca-Cortes (1988a,b). Positive results were reported in 

most of these works. Recently, Frohlich (1990) used the second-order asymptotic 

theory to analyse the data obtained from the IPHIR experiment on the (former) USSR 

planetary mission to satellite Phobos of Mars. They did not flnd g-mode signals in their 

data and only gave an upper limit on the signal level of total irradiance observations. 

Results from the different groups differ quite significantly. This might be expected for 

two reasons: 1) The internal rotation of the Sun breaks the eigenfrequency degeneracy 

in azimuthal degree m for any given n and t. In fIrst-order approximation, 

eigenfrequency changes will be linear in m. Such changes in the eigenfrequencies are 

called the rotational splittings. The rotational splittings complicate the spectrum and 

greatly reduce the usefulness of the uniformly spaced periods of oscillation predicted by 

asymptotic theory. 2) The fIrst-order asymptotic formula has very large errors for low

order modes (=10% at =60 J.lHz). Recently, Palle (1991) summarized the results from 

this "matching the asymptotic prediction" type of g-mode searching; the observations 

analyzed include the Tenerife resonant scattering data, the ACRIM/SMM irradiance 

data and the Stanford differential velocity data. Based on the analysis of these 

observations, Palle made the following conclusion: 

..... the discrepancies between observers suggest that the solar g-modes though probably 

detected, are not yet measured nor classified. What is of general agreement is the 

existence of signals, embedded in noise, in the low-frequency range, where g-modes are 

expected to lie." 
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However, the analysis of a totally different type of observation -- the differential 

radius observation at SCLERA (Bos 1982) -- has not only shown evidence for the 

existence of g-modes, but has also yielded strong evidence for the detection and 

classification of more than 70 g-mode multiplets, which include hundreds of individual 

g-modes. The SCLERA group has been in the frontier of this branch of solar 

seismology for over a decade. Special techniques, both in observational design and data 

analysis, have been developed to detect low-degree, low-frequency oscillations (e.g., H. 

Hill, Stebbins, and Oleson 1975; H. Hill, Bos, and Goode 1982). The detection and 

classification of many low-frequency p-modes, f-modes, and g-modes have been 

reported (H. Hill and Caudell 1979; H. Hil11985; Rabaey, Hill, and Barry 1988; H. Hill 

and Gu 1990; Rabaey and Hill 1990). Here the f-modes are referring to the so-called 

fundamental modes, which have intermediate frequencies between p-modes and g

modes and have no radial nodes (radial order n=O). 

A series of cross-correlation studies has been made and significant evidence for 

the existence and classification of g-modes has been found. The classified g-mode 

spectra are compared with power spectra of different types of observations in the cross

correlation studies. A review is given in Section V of H. Hill et al. (1991). Here we list 

some examples of the cross-correlation studies between the low-degree g-mode data of 

H. Hill and Gu (1990) and other data: the disk center intensity power spectra (Oglesby 

1987), the ACRIM/SMM irradiance power spectra (Kroll et al. 1988a,b), and the 1978 

solar diameter observations (H. Hill 1992). 

Recent theoretical work on solar models by the Yale group (Guenther et al. 1992) 

used the more up-to-date "physics" (opacities, composition and equation of state) and 

constructed a more modem and superior standard solar model. They computed the 

theoretical g-mode eigenfrequencies of this model and compared them with the reported 

observed g-mode frequencies from three groups of observers, including H. Hill and Gu 
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(1990), van der Raay (1988), and Henning and Scherrer (1988b). The comparison has 

been done only for those modes with R. =1 to 3. They found that the SCLERA data are 

most consistent with the model predictions. This is an encouraging result in terms of g

mode detection and classification. However, there remain some significant deviations 

between the observed and the new model predictions, so that the current work on the 

inverse problem of g-mode eigenfrequencies remains of value to solar seismology. 

For all the g-mode work to date, only those g-modes detected and classified at 

SCLERA used extensive spatial information and have been subjected to numerous tests. 

Thus their eigenfrequency data are the most likely to have correctly identified 1 values, 

which is the most important infonnation (along with the eigenfrequencies) needed for 

inverse work. We will use only these data in the inverse work reported in this 

dissertation. 
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CHAPTER 2 

FORWARD AND INVERSE PROBLEMS IN SOLAR SEISMOLOGY 

The main objective of solar seismology is to infer the internal structure of the Sun 

from the observed properties of solar oscillations. This is generally called an inverse 

problem. The fIrst step in any inversion procedure is to solve the forward problem. In 

solar seismology, the forward problem is the computation of the properties of small 

oscillations about the equilibrium state of the Sun, which requires solving an eigenvalue 

problem of a set of linearized ordinary differential equations (ODE's). The relationship 

between forward and inverse problems is schematically illustrated in Fig. 2.1. 

Solar model: 

internal 
structure 
parameters 

corrections to 
structure 
parameters 

Forward 

r---~------------~--~ 

Differential 
and/or 

integral equations 
~--~------------~--~ 

Inverse 

solar oscillations: 

theoretical 
eigenfrequencies 

observed 
eigenfrequencies 

Fig. 2.1. Schematic illustration of the forward and inverse problems in solar 

seismology. 
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2.1. Standard Solar Models 

The equilibrium state of the Sun can be represented by that of a standard solar 

model. As generally recognized, there are many so-called standard solar models. 

According to the definition by Ulrich and Cox (1991) in the book entitled, Solar 

Interior and Atmosphere, a "standard solar model" is not "standard" in the sense that it 

is the "model" adopted by the community as a standard against which all other solar 

models are to be compared. Instead, this designation has been used to identify those 

models based on the simplest possible physical assumptions and the best available 

physical input; and the nonstandard solar models are based on one or another novel 

hypothesis. 

The standard solar models are derived from the ZAMS (Zero Age Mean 

Sequence) model through a try-and-match process, i.e, given the mass and age of the 

Sun, match the radius and luminosity of the Sun by varying some "free" parameters. 

Usually, there are two "free" parameters. One of them is chosen as the initial chemical 

composition (e.g., the initial helium abundance) and another is the mixing-length 

parameter used in the description of convection. The theory of stellar evolution is 

considered one of the most successful theories in astrophysics. This is quite true in 

terms of stellar astrophysics, where only the gross properties are of importance. 

However, in the case of the Sun, for which we have a great amount of detailed 

observational data, one of the greatest challenges is to get a model with enough 

accuracy to match the observed data. Besides, at least one of the "free" parameters may 

not be "free" after all. For example, the helium abundance in the convection zone might 

be determined by solar seismology. 

For the purpose of solar seismology, our concern is: How accurate are these 

standard solar models in terms of both physics and numerical techniques? Since the 

solar neutrino problem was discovered more than 20 years ago, many efforts have been 
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made to improve and modify the solar models (e.g., Bahcall et al. 1982; Bahcall & 

Ulrich 1988); but, in the words of Pecker (1990) in his introduction to the book, Inside 

the Sun, the current situation of solar modeling is "dominated by numerical acrobatics," 

and is far from physical insight or accurate data. To see whether one should agree with 

Pecker, we can refer to the discussion on standard solar models by Ulrich and Cox 

(1991). In their Table III, Ulrich and Cox listed 16 recent solar models (dating from 

1988 to 1991) and three parameters for each model, respectively: initial helium 

abundance Y, solar neutrino flux (in SNU) and the mixing-length parameter n(=.t/Hp' 

where 1 is the mixing length and H the pressure scale height). The ranges in values for 
p 

all three parameters are quite large; for example, Y varies from 0.237 to 0.291, n varies 

from 1.24 to 2.29. Figure 2.2 shows the spread in Y and n. As stated by Gabriel 

(1990), "given the uncertainties in the physics our objective can only be to compute a 

solar model with high mathematical coherency." It will be through the resolution of 

the inverse problem that we will learn how it diverges from the real Sun. As in the case 

of Earth seismology, we may not be able to derive a theoretical Earth model as accurate 

as that which can be obtained from seismology data. 

Most standard solar models match the observed oscillation frequencies reasonably 

well (typically SO.S% for p-modes) and can reproduce well the overall dispersion 

relation of the modes. The difference between theoretical and observed frequencies is 

small but statistically significant. Nevertheless, a standard solar model can be used as a 

good reference model for the inverse work. Here, two standard solar models are 

considered. The first model is from Saio (1982), which will be called the Saio model, 

and the other is from Christensen-Dalsgaard (1989), which will be called the JCD 

model. In Table 2.1, some parameters of these two models are listed. 
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Table 2.1. A list of selected model parameters. Besides Y and (X. defined in the text, T c 

and p are the central temperature and density, respectively; X is the position of the 
c con 

bottom of the convection zone in fractional radius; and Po is the asymptotic period 

spacing parameter for g-modes (§2.3). All dimensioned quantities are in cgs units, 

except Po which is in minutes. 

Model Y M R T X 
c con 

Saio 1.99E33 6.9483E10 1.519E7 1.486E2 0.719 35.655 

JCD 0.2822 2.5207 1.989E33 6.9645E10 1.563E7 1.587E2 0.735 34.110 

Y ALES 0.2875 1.1949 1.989E33 6.9598E1O 1.534E7 1.466E2 0.745 37.586 

Y ALEC 0.2892 1.8942 1.989E33 6.9598E10 1.574E7 1.507E2 0.724 37.311 

Y ALES: Yale Standard Solar Model (Guenther et al. 1992). 
Y ALEC: Yale Combined Solar Model (Guenther et al. 1992). 

2.2. Basics of Nonradial, Adiabatic Oscillations of the Sun 

The small-amplitude oscillations of the Sun can be described by the linearized 

perturbation theory. Since the solar rotation is relatively slow, one generally assumes as 

a first approximation that the Sun is a spherically symmetric system. Thus the 

horizontal (angular) properties of the solutions (the eigenfunctions) can be well 

represented by the spherical harmonics, y~(a, t\l), where a and t\l are the polar and 

azimuthal angles in the spherical coordinate system. Therefore, for any single 

oscillation mode, the Eulerian perturbation of any scalar physical quantity is of the form 

fni mer, a, t\l) = fni (r) y~(a,t\l) exp(icrt) , (2.2.1a) 
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and the Eulerian perturbation of a vector is written as 

= [f~1 ,r' f~1 ,h 1a, f~1 ,h -ina-h" ] Y~(9,cp) exp(icrt) , (2.2.1b) 

where cr is the angular frequency of the oscillation, fnR. (r) is the radial dependence of the 

scalar eigenfunction, and f' ft and f' a h are the radial and horizontal component, 
n",,r n"" 

respectively, of the radial dependence of the vector eigenfunction. Since we neglect the 

rotation, the radial dependence of the eigenfunctions and the eigenfrequencies will be 

degenerate in m for a given nand 1. 

The differential equations which govern the linear adiabatic nonradial oscillations 

are (Unno etal. 1979, §17): 

(2.2.2a) 

(2.2.2b) 

(2.2.2c) 

(2.2.2d) 

Here y 1 to y 4 are the Dziembowski dimensionless variables and they are functions of r 

alone, 



33 

Y 2 = (P , / p + cI> ' )/(gr) , (2.2.3a) 

(2.2.3b) 

where P is the pressure, <1> is the gravitational potential, g is the local gravity, all 

referring to the equilibrium state of the Sun; l; is the radial component of the 
r 

displacement eigenfunction; P' and <1>' are the Eulerian perturbations of P and <1>, 

respectively; ro is the dimensionless frequency defmed by 

2 (12 R 3 
ro = OM ' (2.2.4) 

where 0 is the gravitational constant, R is the radius of the Sun, and M is the total mass 

* of the Sun. The four parameters U, V g' c1 and A depend on the internal structure of the 

equilibrium state of the Sun. They are the only model parameters appearing in the 

oscillation ODE's, Eqs. (2. 1.2a)-(2. 1.2d), and they are defined as 

d.l nMr 41[0 r3 
U = d.ln r = M (2.2.5a) 

r 

(2.2.5b) 

V - _1_ d.lnP 
g - - r 1 d.t n r ' (2.2.5c) 

(2.2.5d) 
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where Mr is the mass inside radius r, and r 1 is the fIrst adiabatic exponent. Common 

notations are used for other quantities. Examples of these structure parameters for the 

* JCD model are given in Figs. 2.3 through 2.6. The parameter A is closely related to the 

Brunt-VaisaIa frequency N, as can be seen in Eq. (2.2.5d). 

There are two center boundary conditions: 

(2.2.6a) 

and 

(2.2.6b) 

where c
lO 

is the value of c
1 

at the center of the Sun. The two mechanical outer boundary 

conditions are given by 

(2.2.6c) 

and 

(2.2.6d) 

* where the coeffIcients a l and a3 are determined by the values of V g and A at the surface 

of the Sun and the values of I. and ro. The basis for these boundary conditions can be 

found in Unno et al. (1979), Eqs. (17.33)-(17-35) and (17.47). 

2.3. The General Properties of the Nonradial, Adiabatic Solar Oscillations 

The numerical method for solving the differential Eqs. (2.2.2a)-(2.2.2d) will be 

the topic of the next chapter. Here, we will discuss the properties of the eigenfrequency 

spectrum computed from standard solar models and the asymptotic theory which can be 
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used to approximate the eigenfrequency spectrum. Most of the discussions in this 

section will be limited to g-modes only. 

The eigenfrequency spectrum of a standard solar model is exemplified in Fig. 2.7, 

which is computed for the JCD model using the numerical method discussed in the next 

chapter. Only nonradial oscillation modes (with .t >0) are illustrated in the figure, and 

solid lines connect eigenfrequencies of the same radial order n. One distinctive feature 

of the spectrum is that p-modes (with n>o) and g-modes (with n<O) are separated by the 

fundamental modes (f-mode, with n=O). Notice that the dimensionless eigenfrequencies 

in Fig. 2.7 are related to eigenfrequencies in ~Hz by a constant factor, which can be 

well approximated by 100. For a detailed discussion about the general properties of 

adiabatic oscillations, one can refer to Unno et al. (1989) and Christensen-Dalsgaard 

and Berthomieu (1991). In this section, we will mainly discuss the asymptotic 

properties of solar g-modes. The asymptotic properties of p-modes will be mentioned 

in the next section. 

From a standard solar model, the general properties of global oscillations can be 

studied analytically through the asymptotic analysis. The asymptotic theory was 

developed by Tassoul (1980) and extended by Provost and Berthomieu (1986) and 

Berthomieu and Provost (1991) for g-mode oscillations. The original eigenvalue 

system described by Eqs. (2.2.2a)-(2.2.2d) is of fourth order, and there is no general 

asymptotic solution for such equations; but when the Cowling approximation is used, 

i.e., when neglecting the perturbation of gravitational potential, the system is reduced to 

second order and asymptotic solutions can be derived. The asymptotic solution for g

modes given by Tassoul (1980) is valid only under the assumption that the frequency is 

smaller than the Brunt-Vaisala frequency N. However, in the convection zone of the 

Sun, N is very close to zero. Provost and Berthomieu (1986) combined the analytic 

solution of Tassoul, which is appropriate for the radiative interior, with the numerical 
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solutions in the convection zone and derived an expression for the second-order 

asymptotic fonnula. This fonnula has been widely used in g-mode detection programs, 

as discussed in §1.4. The period of g-modes given by second-order asymptotic theory 

can be expressed as 

with 

2 W9.=LV1 +V2 , 

L2= 9.(9.+1) 

(2.3.1) 

(2.3.2a) 

(2.3.2b) 

where Po' 0, VIand V 2 are detennined by the internal structure of the Sun. The 

analytical expressions for Po and VI are relatively simple, but those for 0 and V 2 are 

complicated and have a slight dependence on the eigenfrequency itself. The analytic 

expression for Po is given by 

Po = 21t2 I (N/r)dr , (2.3.3) 

where the integration is from the center of the Sun to the bottom of the convection zone. 

The value of Po is of particular importance for the following reasons. First, Po is 

detennined by the structure of the deep interior of the Sun, and various standard and 

non-standard solar models give well-defined predictions for the value of Po. Second, it 

should be possible to detennine Po quite accurately from the observed eigenfrequency 

spectrum, so the detennination of Po from observational data can be used to discriminate 

between different solar models. Actually this can be considered as the simplest case of 

the inverse problem. The value of Po given by most standard solar models is around 35 

to 38 minutes (refer to Table I of H. Hill et al. 1991). Some nonstandard solar models 
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have been proposed to solve the solar neutrino problem, and they give quite different 

values of Po. One example is the model with turbulent diffusion mixing, proposed by 

Schatzman and Maeder (1981)(also refer to Berthomieu, Provost, and Schatzman 1984). 

This model gives Po ranging from ",54 to =63 minutes, which is significantly higher 

than those for standard solar models. Another example is the so-called WIMP (Weakly 

Interacting Massive Particles) model proposed by Faulkner and Gilliland (1985) and 

discussed by Faulkner et al. (1986). The value of Po of the WIMP model may be as low 

as 29 minutes, as given by Faulkner et al. (1986), or 32.56 minutes as given by Dappen 

et al. (1986). These two references were published in the same issue of Nature, and 

seem to be referring to the same model, but somehow gave different Po values for 

reasons unknown. However, both values are significantly lower than those for standard 

solar models. 

Unfortunately, the Po values determined from observations have a scattering 

almost as large as those predicted from different standard and nonstandard solar models. 

A summary of the asymptotic parameters determined from different observations is 

given in Table VIII of H. Hill et al. (1991). The value of Po determined from the 

asymptotic type of g-mode detections (refer to § 1.4) varies from ",30 to ",42 minutes. 

This large scattering of observational results may be due to the fact that the asymptotic 

type of mode detection itself explicitly assumes the validity of the asymptotic theory. 

However, the validity of the asymptotic theory for low-order and/or low-degree modes 

is a question yet to be answered. There have been a few discussions about the validity 

and accuracy of the asymptotic formula. As demonstrated in the work of Provost and 

Berthomieu (1986), the first-order asymptotic formula is quite inaccurate, especially for 

those modes with low i and n values. Even the second-order asymptotic formula is not 

accurate enough for small n and t values. 
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These large scatterings of observed values of Po might be understood from the 

following considerations: 

1) The asymptotic eigenfunctions are derived for the low-frequency 

approximation (ro<.<N), so that intrinsically the asymptotic fonnula is more valid for 

higher-order modes and less valid for lower-order modes. Also the asymptotic theory is 

based on the Cowling approximation, which is very good for high-order and high

degree modes because when n and t are high, the potential perturbation tends to be 

smoothed out, particularly for the outer region of the Sun. However, this is not the case 

for low-order and low-degree modes. The works of Kidman and Cox (1986) and Cox, 

Guzik, and Kidman (1988) showed clear evidence of the invalidity of the asymptotic 

theory for low-order and low-degree modes. For example, Kidman and Cox 

demonstrated that, with the fIrst-order asymptotic theory, one must be at radial order 40 

or above before one is relatively close to a constant value for Po. Cox, Guzik, and 

Kidman (1988) also pointed out that the Po values determined by asymptotic-type 

observations may be incorrect due to this fact. 

2) Besides systematic deviations at the low-order, low-degree end of the 

spectrum, the g-mode frequencies might also have quasi-periodic deviations from 

asymptotic predictions. Such quasi-periodic deviations will further complicate the 

detection and classification of g-modes when using the asymptotic properties, since 

such deviations make the determination of Po more diffIcult. 

Quasi-periodic deviations of observed oscillation frequencies from asymptotic 

predictions were fIrst noticed by H. Hill and Rosenwald (1986b) when working on 5-

minute oscillations. It was later noted that a similar phenomenon exists in geophysics 

for the free oscillations of the earth, called the "solotone effect" (refer to §3.5 of 

Rosenwald 1989 and references therein). Such "solotone effects" have also been 

reported for g-modes (Gu, Hill, and Rosenwald 1988). For example, the reported 
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relative amplitude of such quasi-periodic deviations from second order asymptotic 

theory is about 0.6% for 1 =4 g-modes (Figure 1 of Gu, Hill, and Rosenwald 1988). 

Similar to the solotone effect in geophysics, the "solotones" of solar oscillations must be 

due to one or more discontinuities in the properties of the model parameters of the Sun. 

Efforts have been made to infer amplitudes and locations of these discontinuities (H. 

Hill and Rosenwald 1986b; H. Hill, Gao, and Rosenwald 1988). The eigenfrequency 

sensitivities can be used to help solve this problem. 

2.4. The Inverse Problem in Solar Seismology 

We have now discussed the so-called forward problem. That is the computation 

of frequencies of small amplitude oscillations about the equilibrium state of the Sun; it 

involves determining the eigenvalues of a set of ordinary differential equations (ODE's) 

with specified boundary conditions. The coefficients of these ODE's depend on the 

structure parameters of the equilibrium solar model. The combination of these ODE's 

and the assumed boundary conditions form an eigenValue problem. The forward 

problem is actually the first step of the inverse problem. The second step is to infer 

what those coefficients are for the real Sun from the observed eigenfrequencies. 

2.4.1. Review of Inverse Techniques Used in Solar Seismology 

There are three categories of inversions (e.g., Gough 1985). The first and the 

simplest is to execute the forward problem and try to adjust some model parameters to 

match the observed data. This method is also called "inverse perturbation." The second 

category is the use of analytical methods, such as the asymptotic formulas. The third is 

based on the adoption of numerical methods from geophysics and other fields where 

inverse techniques have been well developed. 
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Obviously the "inverse perturbation" method is a "hit-or-miss" method and it is of 

limited value; but since it is simple and straightforward, it has been used in many areas, 

including solar seismology. However, it can only be used as a preliminary guess, such 

as the case for Po discussed in the last section. Although one may be able to construct a 

model which will give the observed value of Po' this model is in general not unique, 

since there may be many different models with similar values of Po. For most inverse 

problems, the system is so complicated that it is impossible to try all possible choices of 

the source parameters to fit the data. Solar seismology is certainly such a case, since we 

are talking about a fourth-order eigenvalue system. 

Omitting considerations of the "inverse perturbation" method, the inverse 

techniques in solar seismology can be simply divided into two types: the asymptotic 

(analytical) type and the non-asymptotic (numerical) type. 

A. Asymptotic Inversion. The asymptotic theory of solar oscillations is based on 

the solution of a second-order system by use of the WKBJ method. In principle, this 

method is equally applicable to high-order p- and g-modes (Gough 1985). However, 

due to the lack of high-order g-mode data, only the asymptotic formula for high-order p

modes has been widely used with success (Gough 1985, 1986; Christensen-Dalsgaard et 

al. 1985). The asymptotic formula for p-modes is given by 

[ n + a.(ro,1) ] 1t/ ro = F(ro/L) ::: f ~ [ 1 - L 2c2/(ro2 r2 ) ] 1/2 dr/c , 
t 

(2.4.1) 

where a.(ro, 1) is called the Duvall phase (c.f., Christensen-Dalsgaard and Hernandez 

1988), L is defined in Eq. (2.3.2), c is the sound speed, and r
t 

is the radius of the lower 

turning point of the mode. Note that r
t 

is a function of ro and 1. When one regards the 

left-hand side of Eq. (2.4.1) as a continuous function of roIL, the equation can be 
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transfonned to Abel's integral equation which has an analytical inverse solution. Since 

this solution gives the absolute value of the sound speed c directly, and not as a relative 

change, it is also called the "absolute inversion." In comparison, there is also a 

"differential inversion": one can perturb Eq. (2.4.1) about a reference model, and the 

perturbation of the sound speed, oc, can be solved through the inversion of the Abel

type integral equation (Christensen-Dalsgaard, Gough, and Thompson 1988). Many 

efforts have been made to improve the accuracy of this asymptotic type inversion. For 

example, Shibahashi (1988, 1991) had developed a similar fonnulation, in which he 

introduced acoustic length and acoustic potential. A summary can be found in the 

reviews by Gough and Thompson (1991) and Unno et al. (1989, §41). 

B. Non-Asymptotic Inversion. For a general integral equation, it is not possible to 

find an analytical solution for it, so a numerical inversion is the natural choice. The 

most widely used inverse technique for a general integral equation is the Backus-Gilbert 

method, which uses the optimally localized averages (refer to the review by Christensen-

Dalsgaard, Schou, and Thompson 1990). One of the most studied subjects of inversion 

in solar seismology is the internal rotation curve of the Sun (Ritzwoller and Lavely 

1991). The difference between the inversion of solar internal rotation and the inversion 

of structure parameters is that there is no "standard model" for solar internal rotation. 

Internal rotation is represented by the fine structure of the eigenfrequency spectrum, 

which is called rotational splitting, similar to the Zeeman splitting of the optical spectral 

line. The eigenfrequencies CJ) n of a spherically symmetric, non-rotating star are n'('rn 

degenerate in azimuthal order m for a given value of n and .t., i.e., 
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The slow rotation of the Sun causes the eigenfrequencies to split, and ill the 

approximation that the Sun is rotating uniformly on a sphere, 

ro, =ron+mro'., n",m n... n", (2.4.2) 

where 

ro~.t = J: Kn! (r) Q(r)dr, (2.4.3) 

2 2 2 JR 2 2 2 2 + (L - 2)Tln!] p(r)r / 0 (l;n.l + L TIn! )p(r)r dr, (2.4.4) 

where ~nl and TIn! are the radial and horizontal components of the displacement 

eigenfunction, respectively, and Q(r) is the angular velocity of the unknown internal 

rotation. The function Kn.l (r) is known as the rotational kernel of mode (n,I). Here it 

has been assumed that n is a function of r only. Equation (2.4.3) is a special case of the 

more general linear inverse problem: 

d. = J K.(x) f(x)dx , 
I I 

(2.4.5) 

where d. is the ith data element, and f(x) is the unknown function to be inferred. 
I 

The inverse problem presented by Eq. (2.4.5) is linear in the sense that each data 

element d. is a linear function of f(x). Also, it has been called "continuous inverse" in 
I 

comparison with the "discrete inverse." According to Menke (1989), the words 

"continuous" and "discrete" are referring to the model parameters to be inverted. There 
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are two excellent textbooks on inverse problems. One is by Twomey (1977), which 

mainly deals with the "continuous inverse" problem, and another is by Menke (1989), 

which mainly deals with the "discrete inverse" problem. These two types of inverse 

problems are quite similar, however, in terms of the algorithms and data-analysis 

techniques. This is because most continuous functions can be adequately approximated 

by a finite number of discrete parameters, i.e., the "continuous inverse" problem can be 

transformed into a "discrete inverse" problem. A good example can be found in 

Twomey's book, where the so-called "quadrature inversion" reduces the integral 

equations to systems of linear equations (Twomey 1977, §2.2 & §6.1). The inverse 

algorithm using the variational principle for internal structure parameters has recently 

been developed (refer to the review by Gough and Thompson 1991). It leads to 

equations similar to Eq. (2.4.5), but it has more than one unknown function. So Eq. 

(2.4.5) can be considered as typical in solar seismology inversion. 

The most popular method used for the "continuous inverse" problem is the 

Backus-Gilbert method, developed in geophysics and adapted to solar seismology by 

Gough (1985, and references therein). The basic idea of this method is that instead of 

doing inversion for the unknown function f(x) , we try to solve for some localized 

averages of f(x.) at a finite number of discrete points x.. In practice, we need to 
1 1 

compromise between resolution and error magnification in finding the optimally 

localized averages. Since the inverse algorithm developed in this dissertation is a 

"discrete inverse," we will not discuss the Backus-Gilbert method any further. Detailed 

discussions about this method can be found in Christensen-Dalsgaard, Schou, and 

Thompson (1990). 
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2.4.2. Review of Inverse Results in Solar Seismology 

There has been a lot of effort made to infer precise information about the interior 

structure of the Sun from observed oscillation data (mostly p-modes). It would be a 

very difficult task to try to summarize the inverse results obtained so far. For reviews 

on the inverse results of the internal rotation, one can refer to Goode et al. (1990) and 

Libbrecht and Morrow (1991). Here the discussion will be limited to the stratification 

inverse problem. A very brief review will be given below to demonstrate that there is a 

need for a new, more efficient and better inverse method in solar seismology. 

Before we start to introduce a new inverse method, there are a few questions that 

need to be answered first: 1) With all the available data from solar seismology, how 

much have we learned about the internal structure of the Sun? 2) With all the available 

data from solar seismology, how well has the internal structure of the Sun been 

determined? 3) Are the mathematical tools and numerical techniques we have been 

using adequate and sufficient? I will try to answer the first two questions in this 

subsection and the third question in the next subsection. 

As discussed in the last section, there are two types of the stratification inverse 

method: the asymptotic method and the numerical (Backus-Gilbert) method. The 

asymptotic method has been used to infer the sound speed distribution from high-order 

p-mode data (e.g., Christensen-Dalsgaard, Gough, and Thompson 1988, 1989; 

Kosovichev 1988; Sekii and Shibahashi 1989; also see reviews by Unno et al. 1989, 

§41, and Gough and Thompson 1991). The asymptotic method has also been used to 

infer the density distribution (Shibahashi 1991). As discussed in §2.4.1, the asymptotic 

formula expressed by Eq. (2.4.1) allows us to do either "absolute inversion" or 

"differential inversion" to determine the sound speed distribution. Many of the early 

asymptotic inversions are the "absolute inversion" type. As discussed by Sekii and 
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Shibahashi (1989) and summarized by Gough and Thompson (1991), the absolute 

asymptotic inversion is quite inaccurate (as compared with the accuracy of 

observational data), especially for the core region. Numerical tests have been done for 

different asymptotic inversion methods. It has been shown that the relative error of the 

sound speed determined from absolute asymptotic inversion is =5-10% for r<0.2R and 

r>O.9R and is ... 1-2% for the rest of the solar radius (refer to Fig. 7 of Sekii and 

Shibahashi 1989, and Figs. 7a-c of Gough and Thompson 1991). However, the 

differential asymptotic inversion (Christensen-Dalsgaard, Gough, and Thompson 1988, 

1989) seems to be able to provide a much more accurate determination of the sound 

speed with the relative error much better than 1% for r>O.3R (Fig. 7d of Gough and 

Thompson 1991). One disadvantage of the differential asymptotic inversion is that its 

results depend on a reference model. It must be noted that most of these numerical tests 

were performed by using error-free data. Since error always exists in observational 

data, the sound speed inferred from an inversion using real data might have a larger 

relative error than that shown in the numerical tests. The results from differential 

asymptotic inversions shown that the sound speed distribution of the "real Sun" is very 

close to that given by a standard solar model, the deviation is no more than = 1 % (Fig. 4 

of Christensen-Dalsgaard et al. 1988, or Fig. 11 of Gough and Thompson 1991). 

However, the results for r<0.2R are not significant, as noted by Gough and Thompson 

(1991). 

Some non-asymptotic inversion methods have been developed recently. Such 

methods use the variational property of the eigenfunctions and formulate the inverse 

problem through the variational integral in the form of Eq. (2.4.5), then solve the 

integral equations by the Backus-Gilbert method or other similar methods. Examples 

can be found in Gough and Kosovichev (1988), Dziembowski et al. (1990, 1991), and 
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Kosovichev (1990). In principle one would expect that the results from a non

asymptotic method are more reliable, but, as noted by Dappen et al. (1991), different 

numerical inversions have produced conflicting results for the stratification of the core 

(r:S0.25R). Dziembowski et al. (1990) compared the relative squared-sound-speed 

deviation from a standard solar model as obtained by four different inversion methods 

(including both asymptotic and non-asymptotic methods). The comparison showed that 

the results from different inversions are roughly consistent in the region from r",O.4R to 

r",0.9R (refer to Fig. 7 of Dziembowski et al. 1990), but again the results are 

inconsistent for r:S0.2SR. Most of the results indicate that the squared sound speed in 

the upper radiative zone exceeds that of a standard solar model by '" 1 %. This deviation 

could be explained by a ",,20% increase of opacity in the same region (Gough and 

Kosovichev 1988). 

Because of the relatively abrupt change in the gradient of the square of the sound 

speed expected at the base of the convection zone, it has been possible from sound

speed inversions to infer the location of the base of the convection zone. This location 

was estimated from the results of an absolute asymptotic inversion as ",0.7R 

(Christensen-Dalsgaard et al. 1985). A recent study using the differential asymptotic 

inversion results in a more accurate determination of this location, which is at 

r/R=O.713±0.003 (Christensen-Dalsgaard et al. 1991). This result seems to be one of 

the most significant results of all the inversions for p-mode data. 

Since different authors usually use different reference models, it is often 

impossible to compare directly the results from different inversions. Thus it is difficult 

to make conclusions based on all the inversion results. As discussed by Turck-Chieze 

(1990), if one believes the sound-speed distribution determined from the differential 

asymptotic inversion and the corresponding error bars, such inversion results might be 

used to put very strong constraints on solar models. By comparing the radial 
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distribution of the squared-sound-speed determined from an inversion (Christensen

Dalsgaard, Gough, and Thompson 1988) and those from different nonstandard solar 

models, it seems possible to discriminate against some nonstandard solar models. For 

example, the solar model with strong turbulent mixing is likely to be excluded, as well 

as the model with large initial mass loss. However, models with central limited mixing 

and very weak initial mass loss cannot be excluded (refer to Turck-Chieze 1990). In a 

recent review, Faulkner (1991) noted that both the numerical inverse results and 

asymptotic properties of p-modes do not have enough accuracy to discriminate between 

a standard solar model and the WIMP model. 

It has been argued that the helium abundance in the solar convection zone can be 

determined directly from the eigenfrequencies of the high-degree p-modes (refer to 

Dappen and Gough 1986 and references therein). However, if the inverse results for the 

sound-speed distribution are said to be inaccurate (at least for the solar core), the 

inversion of helium abundance can be regarded as elusive. For example, in an effort to 

determine the helium abundance by using an asymptotic type inversion, Dappen, 

Gough, and Thompson (1988) had such serious reservations about the accuracy of their 

result that they preferred not to quote it. Recently, new efforts have been made toward 

the determination of the helium abundance in the solar convection zone by using 

different methods. Gough and Kosovichev (1990) also tried to detennine the hydrogen 

abundance in the solar core. Since the helium abundance in the convection zone is a 

simple positive number, it is very easy to compare the helium abundance results from 

different inversions. Dziembowski et al. (1990) developed a new algorithm (non

asymptotic type) for inferring the helium abundance in the solar convection zone. With 

an improved computation of their reference models and the equation of state, 

Dziembowski et al. (1991) report 

Y = 0.232±0.00S . 
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There are two other independent solar seismological determinations of the helium 

abundance of the Sun: the value obtained by Vorontsov et al. (1991) is 

y= O.25±O.OI ; 

and the values obtained by Dlippen et al. (1991) give a higher value of Y: 

Y= O.268±O.002. 

The inconsistency of these results is obvious (more discussions can be found in H. Hill 

et al. 1992). 

From the above discussions, one can clearly see that while progress has been 

made in determining the internal sound-speed distribution and the depth of the 

convection zone, a lot more remains to be done for the inverse problem in solar 

seismology. The fact is, the existing inverse techniques are not compatible with the 

accuracy of the observational data available today, and we are expecting new data 

coming soon from various observational projects (§ 1.2). The new data will not only 

have better accuracy than that available now, they will also be more extended in the 

domain of .2. and n values. Therefore there is a strong need for improvements to the 

existing inverse techniques and development of new, better inverse methods. Gough 

and Thompson (1991) discussed some aspects of the possible improvements to the 

existing inversion techniques. 

2.4.3. Problems and Possible Solutions 

We have briefly discussed some typical inverse methods and the inversion results 

obtained using these methods. We saw that the inversion results are inaccurate, 

especially for the solar core (with r<O.20R). The results obtained by authors using 

different methods are often inconsistent for the solar core. What are the sources of the 

inaccuracy and inconsistency? There is no simple answer. I will concentrate on a few 

aspects of this problem. 
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A. Since the first step of an inverse problem is to solve the forward problem, I 

will make some remarks on the forward problem first. There have been few 

publications concerning the details of the computational algorithm of the forward 

problem: the eigenvalues of a fourth-order ODE system (some of the only examples I 

have found are Christensen-Dalsgaard 1982, and Rosenwald and Rabaey 1991; the later 

is the foundation of the current work). Before Rosenwald (1989), the forward problem 

was solved through the difference equations. If the number of mesh points is not large 

enough, the inaccuracy of the solution can be quite large for some oscillation modes and 

it depends on the number of mesh points (see discussions by Christensen-Dalsgaard and 

Berthomieu 1991). This is caused by the stiffness (refer to discussions at the beginning 

of Chapter 3) of the fourth-order ODE system for modeling the oscillations. More 

discussions about this problem can be found in Rosenwald (1989, §3.2) and Forsythe, 

Malcolm, and Moler (1977, §6.S). 

B. Early inversions used the asymptotic formulation, which to date is adequate 

only for high-order p-modes. So the asymptotic inverse results obtained from low-order 

and low-degree p-modes are less significant, especially for the solar core. Besides the 

asymptotic inversion, no details of the derivation of the inverse kernels have been 

published yet. Let's assume that all the kernels are derived correctly; how good can 

these kernels be? All the numerical inverse methods utilize the variational formulation 

of the adiabatic eigenvalue problem (refer to the review by Gough and Thompson 

1991). As discussed by Rosenwald (1989, §3.2), there are at least two problems 

concerning the accuracy of the variational formulation. First, when it is used to 

improve the computation of eigenfrequencies, the results are highly dependent on the 

errors in the equilibrium solar model and it is difficult even to utilize the variational 

formulation to do the forward problem (Christensen-Dalsgaard 1986). Second, the 

variational formulation uses too simplistic a treatment of one of the outer boundary 
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conditions. If the kernels are inaccurate, the inverse formulation would be more ill

conditioned and cause the inverse results to be more unstable due to the errors in the 

observed data (e.g., refer to the general discussions in Menke 1989). Even if one can 

get accurate kernels, the inverse problem is still ill-conditioned and many of the inverse 

algorithms which have been used are inadequate for solving such ill-conditioned 

problems. The generalized inverse techniques may provide a better solution. More 

discussions on this problem will be given in Chapter 5. 

C. One of the interpretations for the inconsistency between the results obtained 

by different authors was given by Dappen et al. (1991): it is that different authors were 

using different data or different mode sets. It is already known that p-mode frequencies 

vary with time during the solar cycle. However, this may be only part of the problem 

and it cannot be the solution to the whole problem. For example, the frequency 

variation during the solar cycle is very small (less than ..... 1 J.LHz) compared with the 

frequency deviation between theory and observation (Libbrecht and Woodard 1990). It 

is unlikely that such small frequency variations between different observed data can 

explain the relatively large deviations between different inverse results. 

D. Finally, and maybe most importantly, the following question has not been well 

investigated: How valid is the linear treatment of the inverse problem? It has long been 

recognized that the inverse problem in solar seismology is nonlinear in nature (Gough 

1985, §6), yet, besides the asymptotic inversion, almost all the other numerical 

inversions are using a linear treatment for the problem (Gough and Thompson 1991). 

There are two poter.thl.l1y serious problems when using linear methods to solve 

nonlinear problems. First, the most obvious one is that when the perturbation is not 

small, the linear approximation might not be good enough. Therefore the linear 

solution might be far away from the "real" nonlinear solution. Second, to make the 

solution converge, different constraints are often added to the inversion process. The 
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inclusion of these constraints introduces one or more "free" parameters into the solution, 

so the linear solution is intrinsically non-unique, and the final inversion results depend 

on the chosen values of these free parameters. In addition, these choices are often 

subjective; examples can be found in Gough and Kosovichev (1988), Dziembowski et 

al. (1990), and Dappen et al. (1991). Therefore, a formal nonlinear treatment of the 

problem is necessary for improving the inversion results. Such a nonlinear treatment 

will be used in the current inverse work (Chapter 5). 
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Fig. 2.2. The initial helium abundance Y and the mixing-length parameter a for 16 

recent solar models. Data obtained from Ulrich and Cox (1991, Table Ill). 
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Fig. 2.7. The theoretical eigenfrequency spectrum of nonradial adiabatic oscillations for 

the JCD standard solar model (Christensen-Dalsgaard 1989). The 

eigenfrequencies are computed for the non-rotating model. Those 

eigenfrequencies with the same n values are connected by solid lines in the 

figure. Negative n values correspond to g-modes. 
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The theoretical eigenfrequencies of oscillations for a solar model are the 

eigenvalues of a set of ordinary differential equations (ODE's) with a given set of 

boundary conditions (Be's). However, this set of ODE's is very "stiff." As discussed 

by Davey (1983), the "stiffness" is defmed in the following sense. The solutions of 

linear differential systems are usually exponential in character, and if some solutions 

have widely differing exponents, they will grow or decay very rapidly as the 

independent variable changes; thus due to the fmite word-length of computers, it is 

often impossible to form sensible numerical combinations of the basic solutions. The 

continuous orthonormalization (CON) method can be used to transform a set of stiff 

ODE's into a set of non-stiff ODE's. The combination of the adjoint method and CON 

method makes it possible to evaluate the eigenfrequency sensitivities in a very efficient 

way. In this chapter, the CON method and the adjoint method will be briefly 

reintroduced. A new, improved computational procedure will be discussed and the 

computational results will be presented. 

3.1. Continuous Orthonormalization (CON) Method 

3.1.1. Solving the Stiff Eigenvalue Problem with the CON Method 

For simplicity we rewrite Eqs. (2.2.2a)-(2.2.2d) in a vector form 

y' = Ay, (3.1.1) 
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where y is a 4-vector, y' is the derivative of y relative to 1. n x, and A is a 4x4 matrix. 

Equation (3.1.1) represents a fourth-order ODE system. With two center and two outer 

boundary conditions as described by Unno et al (1989), Eq. (3.1.1) can be solved by the 

numerical method. Because of the "stiffness" of the problem, it is difficult to solve this 

equation efficiently with any normal numerical method. The so-called continuous 

orthonormalization (CON) method changes the problem from a set of stiff ODE's to a 

set of non-stiff ODE's by increasing the order of the system and transforming the 

system from linear to nonlinear (Davey 1983; Meyer 1986). In this case, if we integrate 

Eq. (3.1.1) from the center to the surface, since there are two central BC's, we can 

construct two 4-vectors y 1 and Y2 which satisfy the two center BC's and are orthonormal 

to each other at the center. Now instead of integrating the fourth-order linear Eqs. 

(3.1.1), we integrate the eighth-order non-linear equations 

y.' = A y. + g .. y. , 
1 1 1J J 

(3.1.2) 

simultaneously from the center to the surface. Here the scalar quantity gij is especially 

chosen to guarantee that as we integrate from the center to the surface, y 1 and y 2 remain 

orthonormal. For a given matrix A, one can solve gij in terms of Yi(i=1,2) from the 

following orthonormal conditions: 

and 

Yt y , - 0 k i - . 

(3.1.3a) 

(3.1.3b) 

where yt is the complex conjugate transpose of Yk. Using these orthonormal conditions, 

gij can be determined from the following equations: 
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Ykt Ay. + g .. Ykt y. = 0, 1 IJ J 
(3.1.4) 

It was proven (Davey 1983) that the general solution y of Eq. (3.1.1) must be some 

linear combination of y 1 and y 2' i.e., 

(3.1.5) 

where Al and A2 are two scalars (they can be functions of x). Then the eigenvalue is 

determined by matching the solution y with the outer BC's. Assume the two outer BC's 

can be written as 

at x=r!R=1 (3.1.6) 

or, when using Eq. (3.1.5), 

at x=l, 1 ~i~2 (3.1.7) 

where b 1 and b
2 

are two 4-vectors. For nontrivial solutions of A1 and A
2
, the discriminant 

on the left-hand side of Eq. (3.1.7) must be zero, i.e., 

(3.1.8a) 

where we have introduced two 1 x2 matrices of 4-vectors: 

(3.1.8b) 

and 



61 

Y
I 

= Y(p,x=I); (3.1.8c) 

B T is the transpose of B, and (b.y.) is the scalar product of b. and y .. The roots of Eq. 
1 J 1 J 

(3.1.8a) give the eigenfrequencies. Both B and Y I are functions of p, which represents 

all the model parameters. The dimensionless eigenfrequency ronl. of a nonnal mode 

(eigenmode) depends on the radial order n and angular degree I., similar to the quantum 

numbers we see in quantum mechanics; but their properties are quite different. The 

theoretical eigenfrequency spectrum for the JeD standard solar model is plotted in Fig. 

2.7, where ronR. is plotted against R. and ro's with the same n values are connected by 

solid lines. Different eigenmodes are generally categorized into three groups, namely, 

the p-modes, f-modes, and g-modes. Their frequency properties can be seen in Fig. 2.7. 

The p-modes, or pressure modes, for which pressure is the restoring force, have higher 

frequencies, and their eigenfunctions have large amplitude near the surface. The g

modes, or gravity modes, for which gravity is the restoring force, have lower 

frequencies, and their eigenfunctions have large amplitudes near the center. The f

modes, or fundamental modes, have intennediate frequencies between g-modes and p

modes, and their eigenfunctions have similar properties as p-modes at high frequencies 

and as g-modes at low frequencies. Examples of the y I eigenfunctions are given in Fig. 

3.1 for the n= 10, I. =4 g-mode and in Fig. 3.2 for the n=lO, R. =4 p-mode. More 

discussions on the numerical computation of the forward problem will be given in 

§3.3.1. 

3.1.2. Symbolic F ormuiation of the Eigenfrequency Sensitivity 

The eigenfrequencies are determined by Eq. (3.1.8a), which can be symbolically 

written as 
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D(p, 00) = 0; 00 = oonR. ' (3.1.9) 

where p represents all system parameters involved in the ODE's. When these 

parameters are perturbed, the eigenfrequency changes, 

but 

and 

(3.1.10) 

Then we have 

(3.1.11) 

The left-hand side of Eq. (3.1.11) is the sensitivity of the eigenfrequency oonR. to 

system parameters p. The equation is only symbolic because the partial derivatives on 

the right-hand side of Eq. (3.1.11) cannot be evaluated analytically, since we do not 

know the explicit dependence of D(p, 00) on p and 00. This is why the adjoint method 

will be introduced in the next section. 

3.2. Adjoint Method and Eigenfrequency Sensitivities 

The adjoint method has been used extensively in optimal processes and optimal 

control theory (Hachtel and Rohrer 1967; see also Director and Rohrer 1969). 

Rosenwald adapted this method for computing the eigenfrequency sensitivities to the 
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structural parameters (Rosenwald 1989; Rosenwald and Rabaey 1991). The key point 

of this method is that it allows the evaluation of various partial derivatives of a 

performance function P relative to any "constant" quantity p appearing in the ODE's, 

such as cont (the eigenvalue itself), R., c 1O, and all the discretized system parameters, i.e., 

the elements of the piecewise constant function. Here a brief description of the adjoint 

method will be given. Details of the derivation can be found in Rosenwald and Rabaey 

(1991). 

The performance function is defined as the integral of the local performance 

function h. The function h was called instantaneous performance function in 

Rosenwald and Rabaey (1991) because, historically, the adjoint method was developed 

for the optimal design of switching circuits (Hachtel and Rohrer 1967), in which time is 

the independent variable. In order to utilize the results of the CON method, Rosenwald 

defined the local performance function as 

d T h = h(p, x, Y(p, x) ) = dt n x {det [B Y(x)]}, (3.2.1) 

where Band Yare defined in Eqs. (3.1.8b)-c). The performance function is given by 

f x=l P(p) = x::o h (p, x, Y(p, x)) dtn x. (3.2.2) 

It is easy to prove that 

P(p) = D - det[ B T Y(x=o) ] . (3.2.3) 

By choosing the boundary conditions properly, the second term in Eq. (3.2.3) can be set 

to zero. Therefore the partial derivatives involved in Eq. (3.1.11) are the same as the 
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partial derivatives for pep). Here, p includes all constant parameters in the original 

ODE's (2.2.2a)-(2.2.2d). Now we specifically define p as the system parameters, 

p = [p] = [ c
lO

' U(i), cl(i), Vg(i), A*ci); i=1 to (Ntot - 1) ] , (3.2.4) 

where Ntot is the total number of mesh points. Accordingly, 

pep) = pcp, !, (0) . (3.2.5) 

Each element of p is considered as a constant, i.e., independent of x. This is well

justified if enough mesh points are used. 

The computation of the partial derivatives of P from Eq. (3.2.3) cannot be done 

directly because one cannot get the implicit dependence of Y(p,x). The adjoint method 

solves this problem by introducing a Lagrangian function 

L=h+qT (yl -F), (3.2.6) 

where F is a 1 x2 matrix defined according to Eq. (3.1.2), which can be rewritten as 

Y I = F ( Y, p, x) or Y I _ F ( Y, p, x) = 0 , (3.2.7) 

where Y I is the derivative of Y relative to ! n x and the Lagrangian mUltiplier q T is 

called the adjoint state vector, which is defined by the adjoint state equation, 

dq TId! n x = - q T aFlay + ahlay , (3.2.8a) 
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and the surface boundary condition (transversality condition), 

T T q = q (p, i, co, x=l) = 0 . (3.2.8b) 

Since the left-hand side of Eq. (3.2.6) is a scalar, one can see that q is a lx2 matrix of 

two 4-vectors, just like Y and F. Now in Eq. (3.2.2), with the replacement of h by L 

and the utilization of Eqs. (3.2.3) and (3.2.7), it can be demonstrated that 

(3.2.9) 

All partial derivatives on the right-hand side of Eqs. (3.2.8a) and (3.2.9) can be 

evaluated explicitly and q T can be solved from Eq. (3.2.8a), which is a set of non-stiff 

eighth-order ODE's, with the surface Be's given by Eq. (3.2.8b). Therefore. the right

hand side of Eq. (3.2.9) is computable, as is the right-hand side of Eq. (3.1.11). For 

more details, one can refer to Rosenwald and Rabaey (1991). 

Note that the application of the adjoint method gives the partial derivatives in an 

integral form and the integral can be evaluated without knowing the eigenfunction. 

Denote the integrands in Eq. (3.2.9) by Hco' H.t and Hp such that 

.lll.. = 
aco f Hco din x, (3.2.10) 

.lll.. = 
ai f Hi dR. n x, (3.2.11) 

aD f Hp din x. ap-= (3.2.12) 
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Notice that all integrals are evaluated at ro=con1 . The integration of Hco gives the 

normalization factor for the real eigenfrequency sensitivities in Eq. (3.1.11). With the 

piecewise constant representation of the model parameters defined in Eq. (3.2.4), for all 

model parameters except c 10' Hp is nonzero only in the bin where it is defined (and of 

course it is a constant inside that bin). Therefore, Eq. (3.2.12) can be rewritten as 

(3.2.13) 

corresponding to the discretized parameters p(k,i), where 

* p = p(k,i) = [ U(i), c1 (i), V g(i), A (i)], k=1 to 4 . (3.2.14) 

* For each of [U, c1, V g' A ], or for each given k, the assembly of all Hp(k,i) describes a 

sensitivity curve. For example, for parameter U(x), we can consider 

~~ (p=[U(i), 1 sisNtot] } 

as discretized values of a continuous function Hu(x), i.e., 

with p=U(i); 1 sisNtot ; (3.2.15) 

and X. can be taken as the midpoint between x. and x. l' 
1 I ~ 

x. = ( x· + X. 1 )/2 . 
1 1 1+ 

(3.2.16) 
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It can also be taken as the midpoint in the log scale of x, or even as x. itself. It does not 
I 

matter as long as the mesh points are well distributed so that the width of each bin is 

reasonably small. From Eqs. (3.1.11) and (3.2.15), 

(3.2.17) 

for ro= ron! and p=U(i), l~i~Ntot' The function Hu(x) was originally called the 

sensitivity curve of parameter U by Rosenwald (1989) and Rosenwald and Rabaey 

(1991). As can be seen from Eq. (3.2.17), Hu( xi) is really not the sensitivity of ron! to 

the piecewise constant parameter or "bin parameter" U(i). Not only because of the scale 

factor aD/aro, but in addition the bin parameter is defined on the linear scale of x and 

Eq. (3.2.17) is defined on the log scale of x. It is more appropriate to rewrite Eq. 

(3.2.17) as 

(3.2.18) 

where 

(3.2.19) 

for ro= ron! and p=U(i), 1 ~i~Ntot; and define KU as the sensitivity curve of parameter 

U(x). Similarly, one can define sensitivity curves K , Kv ' KA* for c
l
' V and A*, 

C I g g 

respectively. 



3.3. Numerical Results/rom the CON and Adjoint Methods 

3.3.1. Numerical Results/or the Forward Problem 

68 

A software package has been developed at SCLERA by Rosenwald (1989) for the 

application of the CON method and the adjoint method to solar seismology. The CON 

method has been used to compute the eigenfrequencies from a given solar model with 

high accuracy and efficiency. The original software has been applied to both the Saio 

model (Rosenwald 1989; Rosenwald and Rabaey 1991) and the JCD model (Rosenwald 

and Rabaey 1991). 

The CON method was introduced to avoid some serious difficulties met by the 

DON method (discrete orthonormalization method; refer to Rosenwald and Rabaey 

1991, §2.1, for more details). In principle, the CON method transforms the original stiff 

problem into a non-stiff (but higher-order) problem, and its results are much less 

sensitive to the number of mesh points than the DON method. Thus one can improve 

the efficiency of the computation by reducing the number of mesh points to an 

optimized level. In fact, as few as 141 mesh points have been used for computing the 

theoretical eigenfrequencies of the Saio model. However, reducing the number of mesh 

points will cause inaccuracy in model representation, since the model parameters are 

given as piecewise constant functions of the solar radius. Thus there is a limit on how 

much efficiency can be gained by reducing the number of mesh points while 

maintaining adequate accuracy in eigenfrequency computations. With the CON 

method, if the model is precisely known everywhere (not just at the given mesh points), 

the eigenfrequencies can be computed to any pre-specified accuracy (within the limit of 

the computer). Therefore the accuracy of eigenfrequency computation depends on the 

"accuracy" of the model; more precisely, it depends on how accurate the model can be 

defined. For the two solar models involved in this work, the Saio model was computed 

with 282 mesh points, while the JCD model data was given with 682 mesh points. 
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Careful study of the two models showed that the JCD model has better numerical 

behavior than the Saio model, particularly for the center zones. 

When integrating the non-stiff differential equations (3.1.2) from the central to the 

surface, the accuracy of the integration depends on the accuracy of the interpolation of 

model parameters between mesh points. Therefore, it is important to choose an 

appropriate interpolation algorithm when a small number of mesh points are used. In 

the early work of Rosenwald (1989) and Rosenwald and Rabaey (1991), linear 

interpolation in 1 n x was used for all noncentral bins and quadratic interpolation was 

used for the central bin (this is required to satisfy the central Be's; more discussions 

will be given in §4.2.1). In this work, spline interpolation is used for all noncentral 

bins. 

To compare the two interpolation methods, three different mesh-point 

distributions of the Saio model are used to compute eigenfrequencies for .t =4 and .t = 19 

in the frequency range of 60 to 5000 IlHz. For simplicity, Ml, M2, and M3 correspond 

to the Saio model with 141, 281, and 682 mesh points, respectively. The 

eigenfrequencies of Ml computed with spline interpolation are denoted as ro(Ml, S) and 

those computed with linear interpolation are denoted as ro(Ml, L), with similar 

notations for eigenfrequencies of M2 and M3. The tolerance for all frequency 

computation in this work is 10-6. The relative deviations between ro(M3, S) and ro(M3, 

L) and the relative deviations between oo(M2, S) and ro(M2, L) are plotted as functions 

of n for .t =4 in Fig. 3.3(a) and 1 =19 in Fig. 3.3(b). As expected, the difference between 

two interpolation methods becomes smaller as the number of mesh points gets bigger. 

The eigenfrequencies computed with spline interpolation almost always have larger 

values than those computed with linear interpolation. For M2, a typical relative 

deviation is about 3xlO-4. To see how the mesh-point distribution affects the computed 

eigenfrequencies, the relative deviations between ro(M3, S) and ro(M2, S) and between 
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ro(M3, S) and ro(M1, S) are plotted in Fig. 3.4(a), and the relative deviations between 

oo(M3, L) and oo(M2, L) and between oo(M3, L) and oo(M1, L) are plotted in Fig. 3.4(b) 

for 1. =4. Similar comparison are shown in Fig. 3.5 for 1. =19. It can be easily seen from 

these two figures that as the number of mesh points increases, the eigenfrequencies 

computed with spline interpolation converge much better than those computed with 

linear interpolation. For example, while the typical relative deviation between oo(M3,L) 

and oo(M2,L) is about 4xlO-4, the relative deviation between oo(M3,S) and ro(M2,S) is 

about the same order of magnitude as the computation tolerance. The large value of 

relative deviation at the high-n end of g-modes for .t =4 is caused by the fact that the 

central bin of the original Saio model is too large for g-mode computations. 

3.3.2. Numerical Results for Eigenfrequellcy Sensitivities 

The combination of the CON and adjoint methods can be used for the 

computation of solar eigenfrequency sensitivities. Part of this work is the continuation 

of software development It was discovered that the computation of the sensitivity 

curves is unstable, particularly for g-modes. One source of the instability came from 

the integrand of Eq. (3.2.2), Hoo' which fluctuates between positive and negative values 

and makes the integration unstable. It was also discovered that the computed 

sensitivities were unstable against small perturbations of the equilibrium model. More 

discussions can be found in Rosenwald and Rabaey (1991, §3.4 and §4.2). 

Efforts have been made to understand the above-mentioned phenomena and to 

overcome difficulties concerning the instability. For a better understanding of the 

problem, it is necessary to talk a little bit about the numerical integration algorithm for 

solving initial value problems. As discussed in §3.1, the original two-point boundary 

problem is solved by matching the solutions from an initial value problem to the outer 

boundary conditions. There are three major types of numerical methods that have been 
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developed for solving the initial value problems for ODEs: the Runge-Kutta methods, 

Richardson extrapolation methods and the predictor-corrector methods (press et al. 

1986, Chapter 15). It is complicated and difficult to make an optimized choice of one 

particular method. Since the application of the CON method should reduce the stiffness 

of the problem, a reliable and accurate method with easy-to-use computer codes is what 

we need. The subroutine RKF45 discussed by Forsythe, Malcolm and Moler (1977, 

§6.7) is based on the Runge-Kutta method with adaptive step size control. It was used 

successfully in the early work of Rosenwald (1989, see also Rosenwald and Rabaey 

1991) for computing the eigenfrequencies and in computing eigenfrequency 

sensitivities for f-modes and some low-order p-modes. 

Note that when using the adjoint method, in order to carry out the integration in 

Eq. (3.2.9), one not only needs to have Eq. (3.1.2) integrated from the center to the 

surface at ro=con1 ' but also needs to integrate Eq. (3.2.8a) from the surface to the center to 

get the adjoint state vector qT. Since the pre-specified accuracy is achieved through the 

adaptive step size control, the accuracy of q T cannot be guaranteed if the integration 

results from Eq. (3.1.2) are only available to Eq. (3.2.8a) at the given mesh points. This 

is due to the fact that the values of Y integrated from Eq. (3.1.2) are very rough; in fact, 

it has discontinuities even in the zeroth order at some points. Therefore, it is impossible 

to use any normal interpolation algorithm to interpolate the values of Y in between 

mesh points since there might be discontinuities near these mesh points. 

It has been discovered in this work that the instability problem reported in 

Rosenwald and Rabaey (1991) is simply an artifact, caused by the inaccuracy in the 

integration processes discussed above. One possible solution to this problem is to 

increase the number of mesh points. However, since the locations of the discontinuities 

vary from one mode to another, it would be very difficult to construct a special mesh

point distribution to be adequate for many different modes. To increase the number of 
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mesh points drastically would also jeopardize the efficiency being gained by the 

application of the CON method and adjoint method. Ideally the problem would be 

solved if we have different mesh-point distributions for different modes. It is not 

practical because it means that we need a different model for every different mode to be 

considered. If we examine carefully the relations between the three integrations in Eqs. 

(3.1.2), (3.2.8a) and (3.2.9), it can be recognized that when integrating Eq. (3.2.8a) the 

accuracy of interpolated Y values is the key problem. If the values of Y at every 

controlled step and the location of the step are recorded temporarily when Eq. (3.1.2) is 

integrated outward, and then this infonnation is utilized to integrate Eq. (3.2.8a) inward, 

the accuracy of Eq. (3.2.9) can be guaranteed. 

After the implementation of the new integration procedure, we are now able to 

compute the sensitivities for all modes of interest. The most significant result of the 

improved computation is that the instability problem encountered in the early work of 

Rosenwald (1989) and Rosenwald and Rabaey (1991) was found to be an artifact. As a 

matter of fact, it has been proved empirically that the integrand Hro(x) in Eq. (3.2.10) is 

either positive definite or negative definite. Then the integration of the right-hand side 

is always stable. 

The Hro(x) curve and other old sensitivity curves Hu' He I' etc., for the n=7, R. =1 g

mode will be used as an example to demonstrate what improvements have been made. 

First, these curves are re-computed with the same integration method as in Rosenwald 

and Rabaey (1991) for the 281 mesh point Saio model and the results are shown in Figs. 

3.6-3.8. These results are the same as those given in Rosenwald and Rabaey (1991) 

except that in order to compare them with the new results, the whole range is plotted 

here while only the innennost 25% were plotted in Rosenwald and Rabaey (1991). 

Second, the same curves are computed for the same model with the same mesh-point 
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distribution but with the new integration method; the results are shown in Figs. 3.9-

3.11. The difference is quite obvious, not only in magnitude but also in characteristics. 

Both the HCJ) curve and the old sensitivity curves are extended to the whole radiative 

zone, which is much bigger than the innermost 25% reported early. Another difference 

of particular interest is that the HCJ)(x) curve in Fig. 3.9 is fluctuating between positive 

and negative values, while in Fig. 3.6 it is positive definite. The roughness in Figs. 3.9-

3.11 is an artifact caused by the sparse mesh-point distribution at the center half of the 

radius. The JeD model has 682 mesh points and its mesh-point distribution is better 

suited for the computation of g-modes. Since this model will be used as the reference 

model for the inversion work given in this dissertation, a few more examples will be 

computed for this model. 

The computed HCJ)(x) curve and the old sensitivity curves are shown in Figs. 3.12-

3.14 for the n=lO, 1=4 g-mode, and the new sensitivity curves defined in Eq. (3.2.19) 

are given in Figs. 3.15-3.16. As expected, the region of high sensitivity for a typical g

mode is concentrated near the center of the Sun, as shown in Figs. 3.15-3.16, but this 

feature is not obvious in Figs. 3.13-3.14. The sensitivity curves for the relative 

perturbation in model parameters are given in Figs. 3.17-3.18. To see the different 

characteristics of different types of oscillation modes, the HCJ)(x) curve and sensitivity 

* curves Kp(P=U, c
l
' Vg and A ) are shown in Figs. 3.19-3.21 for the 1=20 f-mode, and 

Figs. 3.22-3.24 for the n=lO, 1 =10 p-mode. Notice that HCJ) is either positive definite or 

negative definite from the center to the surface, and this guarantees the stability of the 

denominator in Eq. (3.1.11). Although we cannot give analytical proof of the definite 

sign of the HCJ)(x) curves, computed results for a variety of modes have shown that the 

HCJ)(x) curve for any given mode is always positive or always negative. Sometimes the 

curve will go slightly across zero, but that is probably caused by numerical inaccuracy. 
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interpolation methods for .t =4 (a) and for 1 =19 (b). Two different mesh 

point distributions of the Saio model are used for the computation: M2 with 

281 mesh points and M3 with 682 mesh points. The relative deviation is 

computed as ~ro/ro=[ro(S)-ro(L)]/ro(S). 
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mesh point Saio model, using the same integration method as in Rosenwald 

and Rabaey (1991). 
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Fig. 3.9. The Hro(x) curve for the n=7, 1=1 g-mode, computed from a 281 mesh point 

Saio model, using the new integration method. 
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Fig. 3.10. The Hu(x) and H (x) curves for the n=7, 1 =1 g-mode, computed from a 281 
C I 

mesh point Saio model, using the new integration method. 
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Fig. 3.11. The Hv g (x) and H A * (x) curves for the n=7, t = 1 g-mode, computed from a 281 

mesh point Saio model, using the new integration method. 
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Fig. 3.12. The HCJ)(x) curve for the n=10, 1. =4 g-mode computed from a 682 mesh point 

JeD model. 
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Fig. 3.13. The Hu(x) and H (x) curves for the n=1O, .t =4 g-mode, computed from a 682 
C 1 

mesh points JeD model. 



. 
..: 

::r: 

.. 
> 

::r: 

2 

1 

o 

-1 

o 

-200 

-400 

-600 

0.0 

0.0 

jcdmd1.682, n= 10, ~=4 g-mode 

0.5 

jcdmd1.682, n= 10, 1=4 g-mode 

0.5 
r/R 

87 

1.0 

1.0 

Fig. 3.14. The Hvix) and HA*(x) curves for the n=lO, .t =4 g-mode, computed from a 

682 mesh point JeD model. 
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Fig. 3.15. The Ku(x) and K (x) curves for the n=lO, .I. =4 g-mode, computed from a 682 c. 

mesh point JeD model. 
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Fig. 3.16. The KVg (x) andK A * (x) curves for the n=lO, J. =4 g-mode, computed from a 682 

mesh point JeD model. 
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682 mesh point JeD model. 
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Fig. 3.19. The HCJ)(x) CUlVe for the 1=20 f-mode computed from a 682 mesh point JeD 

model. 
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Fig. 3.20. The Ku(x) and K (x) curves for the 1 =20 f-mode, computed from a 682 mesh c. 

point JeD model. 
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Fig. 3.21. The KVg(x) and KA*(x) curves for the 1=20 f-mode, computed from a 682 

mesh point JeD model. 
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CHAPTER 4 

CONTINUOUS PARAMETRIZATION AND SENSITIVITY ANALYSIS 

There are two questions that need to be discussed before we start to work on the 

inverse problem of solar seismology: 1) What kind of parameters will we be dealing 

with? Or, what is the optimal choice of model parameters? and 2) How many structure 

parameters are allowed to be perturbed? These will be the topics of this chapter. The 

derivation of eigenfrequency sensitivities to the continuous parameters will be given as 

a preparation for the new inverse fonnulation to be discussed in the next chapter. 

4.1. Structure Parameters of the Sun 

The model parameters involved in an inverse problem can be categorized into 

three groups (Polis 1983), in other words, there are three different parameter spaces one 

can choose to represent the model: 1) the piecewise constant parameters (the bin 

representation); 2) assumed functional fonns; and 3) general functions. We will 

discuss these different model representations using a standard solar model as an 

example. 

Let us recall the model parameters involved in the forward problem. There are 

four model parameters (as functions of radius) involved in Eqs. (2.2.2a)-(2.2.2d), i.e., U, 

* c
I
' Vg and A. They are defined in Eqs. (2.2.5a)-(2.2.5d) and are functions of solar 

radius. Due to the mass continuity and hydrostatic conditions, there are only two 

independent parameters. The interrelations between the four parameters are given by 

di nC t 
U = 3 - dinr ' (4.1.1) 



* A +V = g 3 U d1nU 
- - d1 nr 
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(4.1.2) 

The first type of parameter space is the most commonly used. In principle, most 

physical models should be represented by some continuous functions of the independent 

variable; but in reality, discretization is necessary for two main reasons. First, if no 

analytic function can be used, then digitization means discretization. Second, the data 

from most physical measurements are "discretized." Piecewise constant representation 

is an approximation to the real model, but it is "general" in the sense that no specific 

knowledge is assumed about the model except that the model is smooth inside the small 

bins. The piecewise representation works fine for very simple models. However, for 

complicated models such as the standard solar models we are considering, some serious 

difficulties arise. For example, to improve the accuracy of the inversion one wishes to 

have more mesh points and finer bins. However, the amount of observed data is limited 

and usually the number of observed data points is less than the number of "bin 

parameters" one would like to use; this could make the inversion problem ill-posed. 

Also, as the number of bins increases, the matrix involved in the inversion gets bigger 

and the amount of computation needed increases as the cube of the number of free 

parameters. In many cases, the problem will become incomputable. Another problem 

comes from the implementation of the constraint conditions like those given by Eqs. 

(4.1.1) and (4.1.2), where derivatives are involved. Since the derivatives are 

approximated by the differences in the piecewise constant representation, a large 

number of bins are needed to implement these constraints with adequate accuracy. 

In the second type of parameter space, the model is described by a set of 

analytical functions. Therefore, the model structure is detennined by the coefficients of 

some representation of these functions. We can call these coefficients the continuous 

parameters, in contrast with the discretized parameters. There are many cases in which 
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one can use the second parameter space. For example, Gaussian exponential functions 

and power series, with wavelength (or energy) as the independent variable, is often used 

in modeling the spectrum line profiles and cosmic ray spectra. In such cases, one has 

some physical basis to assume a special functional form to describe the model, but in 

many more other cases, the model involved are very complicated and it may become 

impossible to represent the model by simple functions of the independent variable. This 
... 

is certainly true for the four model parameters U, c1' V g' and A ,as exemplified in Figs. 

2.3-2.6. There is a more fundamental question: If one assumes a special functional 

form to represent the model parameters, what if the "true" model happens to be 

parametrized in some substantially different way? 

The third type of parameter space may be an ideal one: it is more general 

compared to the second type of parameter space and it is more accurate compared to the 

first type of parameter space. The problem is, how do we choose a general function in 

practice? One of the natural choices is the polynomial function. In principle, one can 

use Taylor series to expand any function in some finite range, and it is "general" if the 

number of terms in Taylor series is large enough, or if the range of the independent 

variable is small enough. It can be imagined that the number of parameters needed to 

construct the "general" function could be as many as the number of bins needed for a 

reasonably good piecewise constant model. With the third type of parameter space, it is 

much easier to implement the constraint conditions as compared with the first two types 

of parameter space. As will be discussed in the next section, we can combine the 

characteristics of all three of these parameter spaces in the multisection polynomial 

representation. 

The second question about the model parameters is how many parameters are 

allowed to be perturbed? The complete set of parameters needed to describe the 

internal structure of the Sun includes T, P, p, Y, Z, etc., as functions of solar radius. 
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Most standard solar models also give parameters such as energy generation rate, opacity 

and parameters concerning the equation of state. Obviously, only a few of these 

parameters are independent. Parameters like the opacity 1C and the adiabatic index r 1 

can be derived from more basic parameters like T, P, p and chemical composition. 

4.2. Multisection Polynomial Fit to the Solar Structure Parameters 

4.2.1. General Considerations 

No one knows what kind of function the internal structure of the Sun corresponds 

to, but we can subdivide the solar interior into small sections and use polynomial 

functions to fit the structure parameters in each section. Such a fitting procedure is 

general, provided that the sections are small enough and the polynomials converge 

quickly in each section. This is not an easy task, since the structural parameters change 

drastically with the radius (see Figs. 2.3-2.6). Though we cannot assume any particular 

functional form for the structural parameters from physical considerations, there are 

asymptotic properties and boundary conditions that the parameters should satisfy. For 

example, near the center, due to the symmetry and continuity requirements, these 

parameters should behave quadratically when r~; also U --.3 as r~, and c 1--.1 as r--.R. 

* Both V g and A go to zero as r~. There are also continuity conditions which can be 

applied to these parameters. For the current work, we assume that there is no 

discontinuities of zeroth order in these parameters. From Eqs. (2.2.5a)-(2.2.5d), one can 

see that U is directly related with density p and V A. is directly related with local gravity g 

and density p. We can assume the continuity of these two parameters up to the first 

* order (the discontinuity of first order in A at the bottom of the convection zone is 

corresponding to the discontinuity of second order in U). All of these continuity 

conditions and boundary conditions can be formulated into the multi section polynomial 

fit 
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After some detailed study of the four structure parameters and numerous tests, U 

and V g are chosen as the two independent parameters. Next, a way is found to 

formulate multisection polynomials such that they can provide not only enough 

precision in fitting the model parameters but also enough flexibility to describe small 

perturbations of the internal structure. 

4.2.2. Formulation o/the Multisection Polynomial Fit 

The formulation used for the first stage of our inversion program is given as 

follows: First, we define the range of x=r/R for a given section s as Rs' 

(4.2.1) 

where Xs_1 and Xs are the positions of the lower and upper boundaries of section s, 

respectively, and s is counted from the center to the surface; Ns is the total number of 

sections. We use 

xeR s 

to denote that the point x is within the section s. Second, the multisection polynomial 

function is written as 

n L us 
U(x) = . =0 us/x - Xs_1Y , xeRl' s = 1 ; (4.2.2a) 

J-

n L us 
U(x) = . =0 J- us/x - Xs~ , xeRs' 2sssNs ; (4.2.2b) 
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and 

(4.2.2c) 

where nand n are the orders of the polynomials in section s for U and Vg, us vs 

respectively, and Usj and v sj are constant coefficients. In Eq. (4.2.2b), the upper 

boundary of the section was chosen as the starting point of the polynomial to simplify 

the formulation of the physical constraints in the following discussion. 

The constraints from boundary conditions and continuity conditions can be 

represented as predetermined values of some coefficients and the interdependency 

between coefficients of different sections. As discussed above, we have from the 

central boundary conditions, 

(4.2.3a) 

vlO=o, (4.2.3b) 

The continuity conditions for U and V are incorporated into the formulation by 
g 

requiring that the values of the polynomial functions and their first-order derivatives of 

two neighboring sections are equal at the common boundary. Therefore, the polynomial 

coefficients of different sections are coupled or correlated. There are many possible 

ways to formulate the correlations between the polynomial coefficients of different 

sections. Here we consider two of the simple ways: one is the forward correlation, in 

which the polynomial coefficients of section s+ 1 are dependent on the coefficients of 

section s; the other is the backward correlation, in which the polynomial coefficients of 

section s are dependent on the coefficients of section s+1. Either way, the perturbation 
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of the internal structure will be non-localized. This could cause instability in the 

fonnulation when these continuous parameters are perturbed. Numerical tests have 

shown that if the forward correlation is used, the fonnulation for U is unstable against 

any small perturbations. For example, if the polynomial coefficients of the inner 

sections were perturbed by ~ 1 %, the change of U in the outer sections could be orders 

of magnitude larger. This is caused by the huge magnitude change in the structural 

parameter U (notice that U=3 at the center and U"'IO-8 near the surface). Since both U 

and V are monotonic functions of x, with U having a negative slope and V having a 
g g 

positive slope, we choose backward correlation for U and forward correlation for V g' 

Numerical tests have shown that such a fonnulation is stable against perturbations to 

any of the polynomial coefficients. The detailed fonnulation of the continuity 

requirements is given as the following: 

(4.2.4a) 

(4.2.4b) 

(4.2.4c) 

n 
'" us. '-1 

u( 1)1 = £..i. I J u .( -AX Y , 3sssN; s- J = S J S S 
(4.2.4d) 

n 
'" vs . 

v( 1)0 = £..i. -"I V .( AX Y, 1sss(N -1), s+ J;v S J S S 
(4.2. Sa) 



n 
"" vs . '-1 

v( 1) 1 = £.J. 1 J v . (.1X Y , s+ J = sJ S 

where 

.1X =X -X l' 
S S s-

* 

1 ~s~(N -1) ; 
S 
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(4.2.5b) 

(4.2.6) 

Parameters c
1 

and A can be written in tenns ofu . and v . according to Eqs. (4.2.2a) and 
SJ SJ 

(4.2.2b). From Eq. (4.1.1), c1(x) can be uniquely determined from U: 

(4.2.7a) 

with 

C1(x)=- J! [3-U(t)]dtnt. (4.2.7b) 

Now, using the continuous parameters defined above, we can compute the integration 

analytically. First, let us define 

ci s)(x) = - J:s [3 - U(t)] dR. nt, for xERS; 

then we can rewrite Eq. (4.2.7b) as 

for XER , s~2 ; 
S 

where the explicit expression for Ci s)(x) is given by 

(4.2.8a) 

(4.2.8b) 



n 
(s) _ 1L- ~ us (s) 

C1 (x) - (3 - u 0) 9, n (X ) - £.J. 1 u . I. , 
s s J= sJ J 

s<!2 ; 

and 

I~s)(x) = (-X ~ 9,n (XX) 
J s s 

~ j k ~-k k k 1 + £.Jk 1(' )( - X r (x - X ) -k' s<!2; = J S S 

and 

k ., 
( ) 

]. 

j = k!G-k)! 

is the binomial coefficient. For section 1, 

n 
(1) _ ~ ul (1) 

C1 - - £.J. 1 U1 · I. , 
J = J J 

and 

(1) 1" I. (x) = -. (xJ - XJ
1 

) , 
J J 

* For A we have, 

* x dU(x) 
A (x) = 3 - U(x) - U( x) d x - V i x) , 

where U(x) and V (x) are given by Eqs. (4.2.2a)-(4.2.2c), and 
g 

n 
dU(x) _ ~ us . '-1 
d - £.J. 1 J U .(x - X Y , xER, 2~s~N ; x J= sJ S S S 
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(4.2.8c) 

(4.2.8d) 

(4.2.9a) 

(4.2.9b) 

(4.2.10) 

(4.2. 11 a) 

(4.2. 11 b) 
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The total number of continuous parameters (total number of polynomial coefficients) is 

N 

N ff=L sl[(n +1)+(n +1)] coe s = us vs 

or 

NS 

N ff = L 1 (n + n ) + 2N . coe s = us vs s 
(4.2.12) 

There are two constraint equations at each intersection boundary and there are (Ns-1) 

such boundaries. For each of the two independent structural parameters there are two 

central boundary conditions; therefore, the total number of independent parameters, or 

the degree of freedom for the continuous-parameter representation of the solar internal 

structure, is 

N 

N = N ff - 4N = LSI ( n + n ) - 2 N . p coe s s = us vs s 
(4.2.13) 

There are many options in choosing the independent parameters. With the above 

formulation, it is simple and convenient to choose higher-order polynomail coefficients 

as the independent parameters. Then most of the relations between dependent and 

independent parameters are already given by Eqs. (4.2.4c)-(4.2.4f), in which dependent 

parameters (low-order polynomial coefficients) are given as functions of independent 

parameters (high-order polynomial coefficients). From Eqs. (4.2.4a) and (4.2.4b), for 

U, the two dependent parameters in section 1 are: 
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(4.2. 14a) 

and 

(4.2. 14b) 

with u1j(j ~4) as independent parameters. 

4.3. Solar Model Represented by Continuous Parameters 

With the above formulation, a least-squares fit was performed to find a set of 

continuous parameters which would best fit the internal structure of the standard solar 

model. Hereafter, CPCs) will be used as the abbreviation for continuous parameter(s). 

An efficient nonlinear curve-fitting subroutine, cUifit (Bevington 1969), was chosen for 

the numerical computation. Here the results for the JCD model with 682 mesh points 

will be given. 

The total number of sections and the order of polynomials in each section are 

chosen such that a minimum number of parameters is used to achieve the necessary 

precision of the fit. The precision of the fit can be improved by increasing either the 

number of sections or the order of the polynomials. For the CP model to be general and 

the formulation to be stable, each of the polynomials should converge in the first few 

terms. So it is preferable to use more sections rather than using higher-order 

polynomials. In this work, fourth-order polynomials are adopted for every section 

except the last section for parameter U, i.e., 
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n = 4, for s= 1 to N -1 us S 
and n = 3 for s=N . 

US' s' (4.3.1a) 

and 

n = 4, for s= 1 to N . vs S 
(4.3.1b) 

Then, on average, there are about three independent parameters in each section for both 

U and V ; the total number of independent parameters is 83: 41 from U and 42 from V . g g 

With the orders of polynomials given by Eqs. (4.3.1a) and (4.3.1b), the width of each 

section can be chosen under the following convergence conditions: 

(4.3.2) 

Or, if we define u (s,j) and v (s,j) as the normalized coefficients, nonn nonn 

u (s,j) = u .(~X y / u 0 ' nonn SJ S S 
v (s,j) = v .(~X y/v 0; nonn SJ S S 

(4.3.3) 

then Eq. (4.3.2) becomes 

I u (s,j) I « 1, nonn I v (s,j) I «1, for j>2 . nonn (4.3.4) 

It can be seen from Figs. 2.3 and 2.5 that both U and V change rapidly near the 
g 

surface of the Sun. Therefore, to satisfy the conditions in Eq. (4.3.2), it is necessary to 

use nonuniform section divisions. For example, the sections near the surface must be 

much smaller than those in the radiative zone. Since we will consider only g-modes in 

this work, the above conditions can be relaxed for those sections near the surface. After 

numerous tests, the section division given in Table 4.1 is chosen. The polynomial 

coefficients for parameter U are given in Table 4.2 at the end of this chapter. The 
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relative residues of the multisection polynomial fit for parameters U and V are shown g 

in Fig. 4.1. Except near the two ends, the relative residues for both parameters are less 

than 0.1 %. The .... 1 % residue near x=O for V g is due to the numerical irregularity of the 

original model (the behavior of the first derivative of V is not smooth as x~). The 
g 

* other two structural parameters c
1 

and A can be computed analytically from U and V g 

according to Eqs. (4.2.7) and (4.2.10). The relative deviations between the analytically 

* computed c
1 

and A and the original parameters are shown in Fig. 4.2. In Fig. 4.2(b) the 

* relative deviation is out of plotting range for most of the convective zone, where A =0 

* * (for x:::0.75). The relatively large fluctuation of llA fA in Fig. 4.2(b) is mostly caused 

by the numerical irregularities of the original model. In the CP model, the constraint 

equations (4.1.1) and (4.1.2) are strictly enforced, but for the original model the 

derivatives can only be evaluated on the base of mesh points, and Eqs. (4.1.1) and 

(4.1.2) cannot be satisfied with enough precision due to the numerical irregularities, 

particularly near the center and the surface. 

To see how well the CP's can represent the original model, theoretical 

eigenfrequencies have been computed for the CP model and compared with those 

computed from the original discretized model. The eigenfrequency deviations for .9. =4-

and .9. =20 in the frequency range of 60 to 5000 J,lHz are shown in Fig. 4.3. From Fig. 

4.3(a), one can see that the relative frequency deviation is less than ",,0.02% for p-modes 

and less than =0.1% for g-modes. Except for some high-order p-modes, the absolute 

frequency deviation is less than =0.2 11Hz. The frequency deviation between theory and 

observation is about a few per cent. Considering the numerical accuracy of the original 

model and the inadequate section widths near the surface for p-modes, these results 

clearly show that the CP model represents the original model well. 
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Table 4.1. The section division and polynomial orders for 

each section for the JCD model with Ntot=682, Nsect=14. 

s I X n n ~X 
s us vs s 

0 1 0.000000 
1 50 0.039709 4 4 0.39709E-Ol 

2 98 0.118921 4 4 0.79212E-Ol 

3 142 0.249187 4 4 0.13027E+OO 

4 197 0.449739 4 4 0.2oo55E+OO 

5 246 0.644532 4 4 0.19479E+OO 

6 270 0.735582 4 4 0.91050E-Ol 
7 300 0.824936 4 4 0.89354E-Ol 

8 354 0.928768 4 4 0.10383E+OO 
9 410 0.973774 4 4 0.45006E-Ol 

10 464 0.989590 4 4 0.15816E-Ol 
11 524 0.996605 4 4 0.70 147E-02 
12 586 0.999188 4 4 0.2S837E-02 

13 640 0.999620 4 4 0.43223E-03 
14 682 1.000000 3 4 0.37954E-03 

4.4. Eigenfrequency Sensitivities to the Continuous Parameters 

In Chapter 3, we discussed the eigenfrequency sensitivities (the sensitivity curves) 

computed by the combination of the CON and adjoint methods. Now we will derive the 

sensitivities to continuous parameters from sensitivity curves. We will define the 

assembly of all the continuous parameters as the second set of structural parameters, 

q = (u" IsssN, Osjsn ; v., lsssN ,Osjsn ), 
SJ S us SJ S vs 

(4.4.1) 

which should be equivalent to the first set of structural parameters defined in Eq. 

(3.2.1). Both sets of parameters are capable of fully representing the structure of the 

reference model within a certain range of error. With the continuous parameters, the 
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* four original structural parameters U, c1' V g' A can be written as analytical functions of 

q and x: 

U(x) = U( u " x) = U( q, x) , 
SJ 

v (x) = V (v" x) = V (q, x) , 
g g SJ g 

* * * A (x) = A (u " v " x ) = A (q, x) . 
SJ SJ 

(4.4.2a) 

(4.4.2b) 

(4.4.2c) 

(4.4.2d) 

Therefore, the fIrst set of structural parameters can be expressed analytically in terms of 

the second set of structural parameters, i.e., 

with 

x' = (x. I + x· ) / 2 , 1 1- 1 

lsks4, lsisN ; 
tot 

(4.4.3a) 

(4.4.3 b) 

and k=l to 4, corresponding to U, c
I
' V g and A *, respectively. Now Eq. (3.1.9) can be 

transformed to 

D( q, ro) = 0 when ro = ronl . (4.4.4) 

The sensitivity to CP's can be written as 
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~ron& _ ..M2 / ..M2 
~q - - ( aq) (ao» , (4.4.5) 

which is similar to Eq. (3.1.11). 

Now, from Eqs. (4.4.2a)-(4.4.2d), (4.4.3a) and (4.4.3b), we can write 

(4.4.6) 

and symbolically we have 

(4.4.7) 

where the sum is over all the discretized bins. The partial derivatives of D relative to c
lO 

and the sensitivity curves can be computed by the adjoint method discussed in Chapter 

3. Now we want to use these results to realize Eq. (4.4.7). 

Equation (4.4.7) is symbolic because of the fact that the sensitivity curves are 

based on discretized parameters and they are "localized" functions, but in computing 

au aC I aVg aA* 
aq , aq , aq , aq , (4.4.8) 

u, c l' V g and A * are continuous functions and q represents continuous parameters; 

therefore aD/aq is not localized. To realize Eq. (4.4.7), we use the definition of the old 
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sensitivity curves Hu' H ,etc. Regarding these sensitivity curves as continuous 
C I 

functions of x, then we can fonnally write Eq. (4.4.7) in an integral fonn: 

aD _ -2JL ac 10 + f ( au 
aq - ac I 0 aq Hu aq 

(4.4.9) 

In the above equation, all the partial derivatives of c lO' U, cI ' V
g
, and A* relative to q 

can be computed analytically from the multi section polynomial functions defined in last 

section. Then the eigenfrequency sensitivities to q can be computed from Eqs. (4.4.5) 

and (4.4.9). 

The CP's defined by Eq. (4.4.1) are the assembly of all the polynomial 

coefficients. To do the inverse problem we need to have the eigenfrequency 

sensitivities to the independent CP's. For simplicity, we choose a subset of q as 

independent parameters, such as p(k) listed in Table 4.2. Notice that p is now used to 

denote the array of independent CP's. The numbering of p(k) can be arbitrary and the 

numbering in Table 4.2 is chosen for convenience. As discussed in §4.2, the couplings 

between polynomial coefficients in different sections can be written in explicit fonns, as 

those given by Eqs. (4.2.4a)-(4.2.4d), (4.2.5a) and (4.2.5b). Therefore, the partial 

derivatives of dependent parameters relative to independent parameters can be 

evaluated analytically. Let p(k) be the kth independent parameter, then 

aD ~ ( aD 
ape k) = k.Jj aq( j) 

ag(j) ) 
ap(k) , (4.4.10) 
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where the sum is over all the polynomial coefficients defined in Eq. (4.4.1). Therefore 

the eigenfrequency sensitivities to independent CP's can be obtained from Eqs. (4.4.5) 

and (4.4.10). 

As an example, the numerical results of sensitivity computation for the n=1O, t =4 

g-mode are given in Table 4.2. The value of the dimensionless eigenfrequency for this 

mode is 

ron1 = 1.70066, 

and 

aD/aro = 8.94062E+01, 

aD/at = -2.51342E+Ol, 

aD/acw = 4.14221E-02. 

Actually, Table 4.2 includes only those CP's (q's and p's) contributed by U, so it is not 

a complete list of the CP's. The last two columns of Table 4.2 are the eigenfrequency 

sensitivities to the relative perturbations of q and p, respectively; and qaWdq and 

paWap are defined as 

qawaq = u. aro/au., paWap = p(k) aWdp(k) . 
SJ SJ 

(4.4.11) 

There are a few interesting features in Table 4.2. First, for each section, the 

sensitivities (qaWaq) for the low-order polynomial coefficients are much larger than 

those for high-order (order >2) coefficients. This is consistent with the convergence 

condition for the multisection polynomial CP model. Second, the sensitivities to q get 
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smaller as the section is closer to the surface, which is expected for such a g-mode. The 

third feature is that when the coupling between the polynomial coefficients from 

different sections is considered, the sensitivities to independent parameters p are more 

"spread out" than those to q. This can be explained by the fact that the general CP's for 

a given section are "localized" in that section while the independent parameters are not, 

due to the continuity conditions. 



Table 4.2. Multisection polynomial coefficients for parameter U and the 

eigenfrequency sensitivities to continuous parameters for the n=lO, R. =4 g

mode. 

s k j p(k), u. unonn(sj) qaro/aq paro/ap 
SJ 

1 0 3.00000E+OO l.00000E+OO O.OOOOOE+OO 
1 O.OOOOOE+OO O.OOOOOE+OO O.OOOOOE+OO 
2 -1.07738E+02 -5.66263E-02 2.39839E-Ol 
3 5.06139E+02 1.05634E-02 -2.82784E-02 

41 4 -7. 11945E+02 -5.900 18E-04 -1.53514E-06 4.32956E-04 

2 0 2.2975SE+OO 1.00000E+OO -3.865S8E+OO 
1 -6.81703E+OO -2.3S030E-Ol -5.89594E-Ol 

40 2 S.0894IE+OO 1.38992E-02 -5.34109E-03 -1.22079E-Ol 
39 3 -1.28494E+02 -2.77971E-02 3.S5329E-04 -2.S2072E-Ol 
38 4 -1.86192E+03 -3.190S9E-02 -2.4591SE-OS 3.01802E-Ol 

3 0 1.43767E+00 1.00000E+00 -9.70107E-Ol 
1 -6.28119E+OO -S.69133E-Ol -3.08844E-Ol 

37 2 7. 15146E+OO 8.44107E-02 -4.S0349E-03 -1.0950SE+OO 
36 3 6.S9932E+Ol 1.0l469E-01 4.47714E-04 1.644S6E+OO 
35 4 2.2983SE+02 4.60342E-02 -4.66775E-05 -8.96476E-Ol 

4 0 S.13680E-01 l.00000E+OO -2.24586E-Ol 
1 -2.73069E+OO -1.06612E+OO -1.43699E-0l 

34 2 7.43279E+00 S.8198SE-Ol -7.S7224E-03 -4.143S8E+OO 
33 3 -2.42262E+Ol -3.80427E-Ol 1.19965E-03 -3.56690E+OO 
32 4 -7.29576E+Ol -2.29764E-Ol -2.02666E-04 2.67460E+OO 

S 0 1.88036E-0 1 1.00000E+00 -1.2004SE-OI 
1 -9 .63792E-0 1 -9.98427E-Ol -6.300S8E-02 

31 2 2.74600E+00 5.54126E-Ol -8.2S344E-03 -2.6079SE+OO 
30 3 1.2991SE-Ol 5.10672E-03 1.1S232E-03 3.33697E-02 
29 4 2.40780E+Ol 1.8436SE-Ol -1.71222E-04 -l.S426IE+00 

6 0 1.206S2E-01 1.OOOOOE+00 -7.76026E-03 
1 -4.80368E-Ol -3.62507E-Ol -1.86159E-03 

28 2 3.66085E+00 2.51537E-Ol -2.67482E-04 -2.17468E+00 
27 3 1.34151E+Ol 8.39252E-02 1.96930E-05 1.05836E+00 
26 4 4.98209E+Ol 2.83784E-02 -1.50818E-06 -4.70403E-Ol 

7 0 7.49362E-02 1.00000E+00 1.859S3E-05 
1 -S.3675SE-Ol -6.4002SE-Ol -6.71537E-OS 

2S 2 4.S0S59E-02 4.8036SE-03 -1.21257E-05 -3.06030E-02 
24 3 6.S3408E+00 6.22057E-02 1.01935E-06 5.S057SE-Ol 
23 4 3.22614E+Ol 2.74436E-02 -S.3436IE-08 -3.37437E-Ol 

117 
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Table 4.2. (continued). 

s k j p(k), u. 
5) 

unonn(sj) qCJco/CJq pCJco/CJp 

8 0 2.11062E-02 l.OOOOOE+OO 2.26555E-04 
1 -4.58183E-Ol -2.25404E+OO 2.59335E-04 

22 2 1.07199E+OO 5,47580E-Ol 3.89339E-05 -9.7341OE-Ol 
21 3 5.58345E+OO 2.96138E-Ol -3.00293E-06 7.71076E-Ol 
20 4 8. 16180E+OO 4,4948IE-02 2,4715IE-07 -1.54167E-Ol 

9 0 3.71966E-03 l.OOOOOE+OO 1.09515E-05 
1 -2.84925E-Ol -3.44744E+OO 2. 14194E-05 

19 2 3.10276E+OO 1.68959E+OO 2.384lOE-06 -1.34464E+OO 
18 3 2.31878E+Ol 5.68278E-Ol -8.30093E-08 6.72112E-Ol 
17 4 9.56414E+Ol 1.0549IE-Ol 3.04892E-09 -1.65579E-Ol 

10 0 4.73499E-04 1.00000E+OO 1.750 14E-07 
1 -1.24574E-Ol -4.16100E+OO 4,43573E-07 

16 2 5. 17326E+OO 2.73289E+OO 4.08971E-08 -8.1738lE-Ol 
15 3 5.15815E+OO 4.30965E-02 -5 .09060E-1O 1.92740E-02 
14 4 3.69204E+Ol 4.87868E-03 6.64512E-12 -2.90462E-03 

11 0 1.44642E-05 l.OOOOOE+OO -2.56309E-09 
1 -1.35363E-02 -6.56468E+OO -3.04881E-09 

13 2 5.20513E+OO 1.77074E+Ol -3.17360E-1O -3.6971lE-01 
12 3 -4.78544E+02 -1.l4198E+Ol -2,41802E-13 -3.S71S7E-Ol 
11 4 -2.36329E+04 -3.95605E+OO 7,49643E-15 1.64856E-Ol 

12 0 3.9S942E-07 l.OOOOOE+OO -2.14429E-1O 
1 -6.33282E-04 -4. 13238E+OO -4.34281E-1O 

10 2 8.03234E-Ol 1.35419E+0 1 -1.07616E-09 -2.11317E-02 
9 3 -3.28640E+02 -1.43151E+Ol 1.92607E-12 -3.34904E-02 
8 4 3. 14717E+04 3.54184E+OO -3.73820E-15 -1.10455E-02 

13 0 6.13011E-08 l.00000E+OO -1.30556E-ll 
1 -3.66386E-04 -2.58334E+OO -4.22802E-12 

7 2 9.37405E-Ol 2.85680E+OO -1.l6476E-12 -4.13293E-03 
6 3 -2.96609E+03 -3.90704E+OO 2.12783E-16 -8,47774E-03 
5 4 -6.82930E+06 -3.88822E+OO 1.28908E-18 1. 12487E-02 

14 4 0 4.69425E-09 1.00000E+OO -3.29486E-02 -2.80133E-08 
3 1 -4.06178E-05 -3.28407E+OO 2.29657E-06 -2.07304E-04 
2 2 -4.96187E-04 -1.52266E-02 -3. 18606E-1O 1.9219lE-06 
1 3 -7.54684E+02 -8.78992E+OO 6.13576E-14 -1.66408E-03 
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Fig. 4.1. The residues of CP fitted model parameters U, V relative to the original 
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model. 
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model). 
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CHAPTER 5 

INVERSE PROBLEM WITH CONTINUOUS PARAMETERS 

With the eigenfrequency sensitivities derived in the last two chapters, we can now 

formulate an inversion algorithm for the original eigenvalue problem, which is 

described by Eqs. (2.2.2a)-(2.2.2d) and (2.2.6a)-(2.2.6d). This is quite different from all 

the previous inversion algorithms used in seismology studies. Because these 

sensitivities are derived directly from the original ODE's and the corresponding 

boundary conditions, there are no approximations besides those inherited in the original 

ODE system. The next step is to choose a robust inversion technique to solve the 

inverse equations. 

5.1. Inverse Problem Formulation with Eigenfrequency Sensitivities 

5.1.1. Reference Model and Observational Data 

Now, with the combination of CON and adjoint methods, we can compute the 

sensitivities of eigenfrequencies to the continuous parameters. As discussed in §2.1, we 

can assume that the internal structure of a standard solar model differs from that of the 

real Sun only by some small perturbation. Then, the inverse problem can be solved in 

the following way: choose a standard solar model as a reference model; compute the 

theoretical eigenfrequencies for the reference model and compare them with the 

observed eigenfrequencies; then infer what perturbation to the reference model is 

needed for the theoretical eigenfrequencies to match the observed eigenfrequencies. So 

there are two necessities for doing the inverse work: a reference model and the 

observed data. Here the JCD model has been chosen as the reference model and the 

SCLERA data for low degree g-modes is used as the observed data. 
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During this work, two standard solar models have been used for various tests and 

numerical experiments, the Saio model (Saio 1982) and the JCD model (Christensen

Dalsgaard 1989). The main reason for choosing the JCD model as the reference model 

is the numerical consistency of the model. When the two solar models were examined 

carefully, it was found that the JCD model has much better internal consistency than the 

Saio model. This is probably because the Saio model was derived with many fewer 

mesh points than the JCD model. In general, given the same input physics, the stellar 

evolution code generates more accurate models when it uses more mesh points (of 

course there is a limit). The main purpose of this work is to demonstrate the 

effectiveness of the new inverse algorithm. A reference model with good numerical 

behavior is very important, since we do not want any extra complications added to the 

problem. Therefore, although the actual frequency deviations from observation are 

smaller for the Saio model than for the JCD model, we still choose the JCD model as 

the reference model. 

As discussed in § 1.4, the SCLERA g-mode data are comparatively the most 

reliable ones. There are 53 low-order, low-degree g-mode multiplets reported by H. 

Hill and Gu (1990). As discussed in Gu, Hill and Rosenwald (1988), in addition to 

systematic deviations, the observed eigenfrequencies also show some quasi-periodic 

deviations from theoretical eigenfrequencies predicted either by a standard solar model 

(the Saio model) or by second order asymptotic theory. For oscillation modes with a 

given angular degree .2., the frequency deviations show some quasi-periodic structure in 

radial order n. Rosenwald (1989, §3.5) noticed that such a phenomenon is similar to the 

"solo tone effect" exhibited in the free oscillations of the Earth. Such "solotone effects" 

are caused by some discontinuities present in the model. The CP model can be 

formulated to have one or more flexible discontinuities of the model parameters in 

radius. The simple CP model discussed in Chapter 4 only allows second order 
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* discontinuities of U and V and flrst order discontinuities of A at the intersection g 

points. To simplify the problem for the initial run of the new inversion algorithm, the 

quasi-periodic deviations will be "smoothed out" and the inverse problem will be solved 

only for the systematic deviations. 

In Fig. 5.1, the observed g-mode data are superposed onto the theoretical 

eigenspectrum of the JCD model. From this figure, it can be seen that the observed data 

points well match the theoretical eigenfrequency spectrum pattern, but the systematic 

deviations between observed and theoretical eigenfrequencies from the JCD model are 

quite significant, averaging about 4%. The.t value of an oscillation mode can be 

detennined from the observed spatial properties (e.g., H. Hill and Gu 1990) and it is 

independent of any reference model. However, the classillcations of n are model 

dependent Therefore, there is a possibility that the observed data might have wrong n 

classillcations. The original n classifications of the observed data were determined with 

the Saio model as the reference model. When we examine Fig. 5.1 in detail, it can be 

found that for high-order g-modes, the n values might differ by 1. In principle, if the 

observed data do not cover the full spectrum (at least include the f-modes), there is 

always a possibility of misclassification of n values. In order to demonstrate the 

effectiveness and stability of the the new inversion algorithm, the original n 

classification will be used. 

The quasi-periodic deviations superposed on the systematic deviations can be 

removed ("smoothed out") by taking running-point averages of the deviation curve. For 

.2. =1 (m=O), there are only 4 observed g-modes, not enough to distinguish the quasi

periodic deviations from systematic deviations. Therefore we will not use .t =1 g-mode 

data for the inversion. The total number of "observed" data points is then reduced to 49. 

An example of original frequency deviations and smoothed frequency deviations is 

shown in Fig. 5.2 for .t =4 g-modes. 
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5.1.2. Inverse Problem Formulation 

As discussed in Chapter 3, the theoretical eigenfrequencies ro~~ ) of the Sun can be 

computed using the CON method for any normal mode (or eigenmode) oscillation. The 

comparison of the computed eigenfrequencies with observed eigenfrequencies ro~~) 

shows small but significant discrepancies. 

Let us assume that the internal structure of the real Sun can be represented by the 

model parameters p. (1 ~i~N ) of the reference model plus some perturbation ~p. 
1 P 1 

(1~i~N). Here the model parameters can be either the discrete parameters defined in 
p 

Eq. (3.2.14) or the continuous parameters defined in Eq. (4.4.8). Provided that the 

perturbation is small, we can use the sensitivities of the eigenfrequencies to relate the 

perturbation of model parameters ~Pi with the corresponding eigenfrequency changes 

(s) 
~ronR. ' 

(5.1.1) 

Due to the nonlinear nature of the problem, this equation can only be a linear 

approximation to the real eigenfrequency changes. For very small perturbations, 

however, one can assume that this is a very good approximation. 

The observed eigenfrequency deviation is defined as 

(5.1.2) 

Now the inverse problem is to infer the model parameter perturbations which would 

match the following equation: 
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(5.1.3) 

This is the final inverse equation, which is linearized. Our objective now is: for a given 

set of observed frequency deviations, compute all the frequency sensitivities and solve 

the inverse equation for model perturbations ~Pi(i=1 to Np)' The correlations between 

these parameters have to be dealt with either explicitly in the inverse equation or by 

using strict constraint conditions. If there is no error in the data, and the problem is 

linear and well detennined, then one can fmd a solution for ~Pi which will exactly 

satisfy Eq. (5.1.3), but this rarely happens in the real world. This is because normally 

the problem is either overdetermined or underdetennined and sometimes it can even be 

"mixed-detennined" (refer to §3.8 of Menke 1989). Even in the case that Eq. (5.1.3) 

has an exact solution, it does not mean very much because the problem is nonlinear in 

nature and the solution is supposed to be approximate. 

Detailed formulation of an inverse problem involves the optimization of some 

performance function or objective function (sometimes called an error function). There 

are different criteria one can choose for the optimization. That is, we can use different 

objective functions. One of the most popular choices is to apply the least-squares 

method, which uses the following objective function, 

(5.1.4) 

where W nt is the weighting factor for the corresponding mode. If we assume that every 

data point has the same error, then it is natural to choose W nR. such that the objective 

function becomes the "relative error function", i.e., 
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(S.1.S) 

For convenience, we will leave out the weighting factor in Eq. (S.1.3) in the following 

derivations, i.e., we will assume unitary weight for all data points. The wieghting factor 

can easily be added in later. Let us use Menke's notation to rewrite Eq. (S.1.3) in a 

general matrix form, 

d=Gm, (S.1.6) 

where 

d = [ ~ro~~), (n,R.) combinations for all observed modes] (S.1.7a) 

and 

m = [~p., i=1 to N ] 
1 P 

(S.1.7b) 

are the data vector and model vector, respectively, and 

aro G = [G .. ]=[ ( ap ).] ; 
1J j 1 

(S.1.7c) 

where the subscript i corresponds to a given mode (n,R.). Let N be the total number of 

observed modes, and 

M=N 
p 

is the total number of model parameters involved. Then G is an NxM matrix. It is 

sometimes called the kernel or data kernel or even the Green's function because of the 
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analogy with the case of continuous functions (Richardson 1991). With these notations, 

Eq. (5.1.3) can be written in a matrix fonn, 

T F = (d - G m) (d -G m ) . (5.1.8) 

When N>M, and providing that the rank of G is equal to M, the inverse problem 

of Eq. (5.1.6) is overdetennined and the optimization of Eq. (5.1.8) leads to 

(5.1.9) 

If N<M, the problem is purely underdetennined and there is no unique solution for Eq. 

(5.1.8) in the least-squares sense. However, if the length of the model vector is also 

optimized, one can obtain the unique "minimum-length" solution, 

(5.1.10) 

In both cases, the existence of solutions depends on the non-singularity of the inverse 

matrix products. Problems arise even when the inverse matrix products are nonsingular 

but near singular, which will cause the inversion results to be unstable. To avoid such 

problems, different constraint conditions often have to be included. For example, in the 

Backus-Gilbert type of inversion, the "smoothness" condition is usually used. The 

"smoothness" can be implemented in zeroth order, first order, and even higher orders 

(e.g., refer to Chapter 6 of Twomey 1977). In our case, to ensure that the perturbations 

to the model parameters are small, we can choose the smoothness condition of the 

zeroth order, which is equivalent to the constraint on the amplitude of the model vector 

m. Also in our case, the model vector m is actually the perturbation of the model 
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parameters. Then the constraint condition is consistent with the small perturbation 

assumption. 

The constraint condition can be treated as an additive term to the objective 

function F with the Lagrangian multiplier ~, 

(5.1.11) 

where mo is a constant vector. Normally, mO is set to zero. The optimization of the 

objective function given by Eq. (5.1.11) leads to 

for the least-squares case of N>M, and to 

for the minimum-length case of N<M. 

5.2. Singular Value Decomposition and Generalized Inverse 

5.2.1. Singular Value Decomposition 

(5.1.12) 

(5.1.13) 

The singular value decomposition (SVD) of a general matrix G is a powerful 

technique for solving matrix inversion problems (e.g., refer to §2.9 of Press et al. 1986). 

It has also been called spectral decomposition. Using this technique, any NxM matrix 

can be written as the product of three matrices: 

(5.2.1) 
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where U(NxN) and V(MxM) are matrices of the eigenvectors of GTG and GGT, 

respectively, and W is fonnally an NxM diagonal matrix. The number of positive 

diagonal elements in W is no bigger than min(N,M). These diagonal elements are 

corresponding to the square roots of all the nonzero eigenvalues of G TG. G TG and 

GG T have the same set of nonzero eigenvalues (Richardson 1991, §5.2) and they are 

called the singular values of G. Due to the fact that the eigenvectors are orthogonal to 

each other for both U and V, they can be chosen to be of unit length. So that U and V 

are orthogonal matrices, 

(5.2.2) 

If we assume that P is the rank of G, 

P ~ min(N,M). (5.2.3) 

Then it can be proved that the decomposition is equivalent to 

(5.2.4) 

where Up(NxP) and V p(MxP) are composed of those eigenvectors corresponding to all 

the nonzero eigenvalues of G T G (or GG T) and W p(PxP) is a diagonal matrix with all the 

nonzero eigenvalues, 

W = diag [ 1..., i=1 to P] . 
1 

(5.2.5) 
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The geometrical interpretation of Eq. (5.2.4) is given as the following. Up contains P N

vectors corresponding to P nonzero singular values. These N-vectors span a subspace 

in the whole data space. All the data vector which can be predicted by the model (Le., 

which can be given by Eq. (5.1.3)) lies completely in this subspace. This subspace can 

be called the real data space, or Up-space. The rest of the (N-P) N-vectors make up the 

subspace called the zero-space or UO-space and the "forward" system in Eq. (5.1.3) 

cannot map any model parameters into this subspace. Similarly, V p contains P M

vectors corresponding to the same P nonzero singular values and so on. 

In the case of 

P=N=M, (5.2.6) 

all the singular values are nonzero and the inverse problem with kernel G is well 

determined. In this case, the SVD technique provides the inverse matrix 

(5.2.7) 

Therefore, we can solve Eq. (5.1.5) directly, 

(5.2.8) 

with 

w-1 = diag [ A.~l, i=1 to P] . 
I 

(5.2.9) 

Although the result from Eq. (5.2.8) is equivalent to solutions from other matrix inverse 

methods, it provides much more infonnation about the problem. For example, if the 

problem is illposed, Le., the matrix G is near singular, one can tell from Eq. (5.2.9) 
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exactly how illposed the problem is by comparing the smallest A. with the largest A. 
I 1 

(computing the so-called condition number, see §2.9 of Press et al. 1986). 

5.2.2. Generalized Inverse Method 

What is amazing about the SVD technique is that it can provide a generalized 

inverse solution to Eq. (5.1.5) in general situations, i.e., even when 

N*M and P<min(N,M), (5.2.10) 

the SVD technique provides a generalized inverse matrix: 

(5.2.11) 

So one can replace G-1 in Eq. (5.2.8) with G- 1 to obtain a generalized inverse solution. 
g 

It is also called the natural generalized inverse (Menke 1989, §7.6). It can be proved 

that, in the case of P=M<N, G- 1 gives the least-squares solution, which is equivalent to 
g 

that given by Eq. (5.1.8); and in the case of P=N<M, G- 1 gives the minimum-length 
g 

solution, which is equivalent to that given in Eq. (5.1.9). 

With the constraint conditions, the objective function in Eq. (5.1.11) leads to two 

basic solutions given by Eqs. (5.1.12) and (5.1.13). Using the SVD of G given by Eq. 

(5.2.1) and the properties of U and V given by Eq. (5.2.2), it can be mathematically 

proven that, when ~*O, 
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(5.2.12) 

The proof is not very difficult and can be found in §5.7 of Richardson (1991). This is a 

surprising result, because it tells us that, when ~;tO, the least-squares solution and the 

minimum-length solution are equivalent! An intuitive interpretation is that the nonzero 

~ "damped out" or "smoothed out" the differences between the real-space and zero

space for both U and V in the inverse process. The explicit form of the middle term in 

the last part of Eq. (5.2.12) is 

(5.2.13) 

Inversion techniques have been developed in many different fields. As a result 

different termonology is used to describe the same or similar inversion techniques and 

sorting them out can be quite confusing. Besides the two basic techniques mentioned in 

the previous section, some other examples are: the method of damped least-squares, the 

constrained least-squares method, ridge regression, the Marquardt-Levenberg method 

(Lines and Treitel 1984), the stochastic inverse (Richardson 1991, §5.7) and the 

gradient expansion algorithm (Bevington 1969, Chapter 11), etc. It turns out that all of 

these methods are closely related and very similar, sometimes identical to each other. 

They can all be unified in the generalized inverse theory by Eq. (5.2.12), except for the 

gradient-expansion method of Bevington (1969, pp. 235-236), which is equivalent to 

(5.2.14) 
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This looks like the constrained least-squares solution in Eq. (5.1.11), but instead of 

adding a constant to all the diagonal tenns of GTG, it changes all the diagonal tenns by 

a factor of (1 +~). Both Eqs. (5.1.12) and (5.2.14) share the same spirit of the Marquardt

Levenberg algorithm, which can be considered as a compromise between two extreme 

methods: the steepest decent method, which is optimal when the system is furthest away 

from the solution, and the Gauss-Newton (the usual least-squares) method, which is 

optimal when the system is very close to its solution (refer to Lines and Treitel 1984). 

However, the generalized inverse solution given by Eq. (5.2.12) is more "robust" than 

that given by Eq.(5.2.14). This is because Eq. (5.2.12) will guarantee a solution even 

when the problem is purely underdetennined, as long as ~>O, while there is no such 

guarantee for Eq. (5.2.14). Another disadvantage of the gradient expansion method is 

that it can not incorporate the SVD technique in an efficient way, i.e., its inverse 

operator can not be reduced to that given by Eq. (5.2.12). In practice, one often needs 

to try different ~ values for each given G matrix. For the gradient expansion method, 

one needs to recompute the matrix inverse in Eq. (5.1.14) for each different~. While 

for the generalized inverse method, one only needs to do SVD once, and simply 

substitute different ~ values into Eq. (5.2.13) and recompute the product of matrices in 

Eq. (5.2.12). However, for a given value of ~, the gradient expansion method has better 

model resolution (refer to Menke 1989; Richardson 1991). 

Notice that Eq. (5.2.12) is a "unified" solution for different types of problems. 

There are several names for ~ corresponding to its historical origin; ~ is variously 

called: the Lagrangian multiplier for constrained least-squares, the damping factor, the 

tradeoff parameter, the Marquardt's factor, etc. (refer to Menke 1989; Twomey 1977; 

Lines and Treitel 1984). When a given problem is highly nonlinear, the linearized 

inverse solution is strongly dependent on the value of~. The selection of ~ is thus a 

very important decision; this process is discussed in §5.3.1. 
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5.2.3. About the Constraint on Mass Conservation 

Since the total mass of the Sun is a well-detennined quantity, it is necessary to 

keep its value constant when perturbing the model parameters. For those inversion 

algorithms which use the variational formulation of adiabatic oscillations, the mass 

conservation is treated as yet another constraint condition. A summary for such 

inversion algorithms can be found in Gough and Thompson (1991). 

Now if we use the continuous parameters, all independent model parameters are 

* . related to U and V g. The model parameters c
l 

and A are treated as denved parameters 

and can be analytically computed in the CP model. The two correlation equations for 

U, V g' c 1 and A * are given by Eqs. (4.1.1) and (4.1.2). These two equations are derived 

from the mass continuity equation and the hydrostatic equilibrium equation. It is not 

difficult to prove that if the total mass of the Sun is used in the definition of c l in Eq. 

(2.2.5b), then so long as Eq. (4.1.1) is satisfied during the perturbation process, the mass 

conservation is guaranteed. 

The mass conservation is defined as 

41t J ~ r2p (r) dr = M = constant. (5.2.15) 

Using the definition of U and c
1 

in Eq. (2.2.5a)-(2.2.5b), the above equation can be 

rewritten as 

J 1 2 
OX (U/c l) dx =1. (5.2.16) 

This can be proved most easily by using Eq. (4.1.1). Therefore, with the CP model 

formulated in the last chapter, the mass conservation is guaranteed automatically. 
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5.3.1. The Nonlinearity o/the Inverse Problem 
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When we try to solve the inverse problem, it must be kept in mind that the 

problem is nonlinear in nature. In principle, it has been realized that the inverse 

stratification problem of solar seismology should be treated as a nonlinear inverse 

problem and solved in an iterative way (e.g., Gough 1985). Although there has been no 

specific work on the nonlinearity of the inverse problem, it is not very difficult to see 

just how nonlinear the problem is. For example, in the work of Gough and Kosovichev 

(1988), linear integral equations were used to invert the density perturbation of the 

reference model from a set of observed low-degree p-mode data. In order to fit the data, 

the tradeoff parameter (similar to the damping factor ~ in Eq. (5.1.11» had to be set to 

very small values. When the tradeoff parameter was set to zero, the inverted relative 

density perturbation was found to fluctuate with an amplitude of ~5x105 (Figure 3 of 

Gough and Kosovichev 1988). This is a clear indication of the very nonlinear nature of 

the problem. More discussions on this issue will be given later in the chapter. 

So far, most of the previous inverse work uses linear treatment in one way or 

another. There are three main reasons why people treat the structural inverse problem 

of solar seismology as a linear problem. 1) In the variational formulation, the frequency 

variation is stationary to the variations in the eigenfunctions (refer to Gough 1985, p. 

74). That is, the eigenfunction variations only have a second order effect on the 

frequency variations. Therefore, the frequency perturbations are linear with respect to 

perturbations in model parameters. 2) In most cases, only one (at most two) model 

parameters are inverted. For inversions using the variational formulation, the inverted 

model parameters are usually the density p (e.g., Gough 1985; Dziembowski et al. 

1990) and/or the sound speed (e.g., Gough and Thompson 1991). For inversions using 

the asymptotic formulation, the inverted model parameter is usually the sound speed or 
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its equivalent (e.g., Christensen-Dalsgaard et al. 1988; Sekii and Shibahashi 1989, 

Gough and Thompson 1991). The information obtained from these inversions is not 

enough for reconstructing a new reference model and to redo the forward problem. 3) 

Without an efficient numerical algorithm for solving the forward problem, it is naturally 

quite difficult to have an efficient iterative process. 

5.3.2. Iterative Process for the Inverse Problem 

With all the techniques discussed in the earlier chapters and the inverse 

formulation discussed in the previous section, it is now possible to develop an iterative 

process to improve the reference model to match the observed frequencies. First, let's 

add the weighting factor into the inverse formulation. Note that in Eq. (5.1.4), we can 

combine W n1 into the definitions of ~ro~~) and Gir That is, we redefine Eqs. (5.1.2) and 

(5.1.7c) as 

d = [ ~ro~o) lro~o) ] , 
1 1 

(5.3.1) 

G = [0 .. ]=[ (A a ). lro. ], 
IJ p. 1 1 

J 
(5.3.2) 

where 

i=(n, 1.) for all combinations of (n, 1.). 

Now with d and G given by Eqs. (5.3.1) and (5.3.2), all the inverse formulas presented 

in the last section remains the same. From Eqs. (5.2.12) and (5.2.13), the generalized 

inverse solution with the objective function given by Eq. (5.1.11) can be written as 

(5.3.3) 
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The diagonal matrix is defined in Eq. (5.2.13). The iterative procedure is described as 

follows. 

1. Start with the CP model discussed in §4.3 as the initial reference model. Do 

the forward problem using the CON method discribed in §3.1. Compute the 

initial frequency deviations d defined in Eq. (5.3.1). 

2. Compute eigenfrequency sensitivities to the independent CP's for all the 

observed modes and construct the G matrix defined in Eq. (5.3.2). 

3. Do the singular value decomposition for G; choose an appropriate value of 

~, and compute the generalized inverse solution given by Eq. (5.3.3). 

4. Add the inverted model perturbations to the initial model parameters (or 

model parameters from the last inverse step) and reconstruct a new reference 

model. 

5. Do the forward problem for the new reference model, get new observed 

frequency deviations d. 

6. Compute all the eigenfrequency sensitivities for the new reference model and 

construct a new G matrix. Go to step 3. 

Repeat steps 3 through 6 until convergence is obtained. 

There are two problems in the above procedure which need to be discussed. One 

key problem is how to choose ~ at each step. It depends on the particular problem 

under consideration. For a nonlinear problem, if the solution converges, then it should 

not matter what ~ values have been chosen for different steps. However, the choice of 

~ may affect the speed of convergence significantly. There is no definitive "best" way 

to choose the value of ~, but there are some general rules one can follow in order to be 
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able to choose "semi-optimal" values of p. Lines and Treitel (1984) discussed how to 

choose p for the Marquardt-Levenberg method, which is equivalent to the damped least

squares method as described by Eq. (5.1.12). A particular choice of P in Eq. (5.1.12) 

for the damped least-squares method allows either the linear least-square method or the 

steepest-descent method to dominate the parameter search. Setting p=o implies that the 

linear least-square method dominates. The linear least-square method converges better 

when the system is close to a solution, while the steepest-descent method has better 

initial convergence properties. 

From the above discussion, we can use the following steps for choosing p: 

Initially, set P(=PO> to a large positive value in step 3 and complete steps 3 through 5. 

Compare the root-mean-square (rms) of d with that of the previous step, if the rms of d 

decreases, proceed the iteration. If the rms of d increases, then increase P by a factor Rp 

and repeat steps 3 and 5 and compare the rms again. Repeat this process until the rms 

of d decreases. Then decrease p by the same factor Rp (or a different one), and proceed 

to the next step. 

Now the question is how to choose the initial Po and the factor Rp. Bevington 

(1969) gave a method for choosing p in an iterative procedure using the gradient 

expansion method. This method was originally from Marquardt, in which 

Po= 0.001 and Rp= 10, (5.3.4) 

but these values may not be adequate for the generalized inverse process. In the 

examples given by Lines and Treitel (1984), Po varies from 0.3 to 20 (and Rp was 

chosen as 2.0 in one case). So the values of Po and Rp can vary quite significantly from 

one problem to another. In this work, since we have only 49 observed g-mode data, it is 
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relatively easy to complete the forward problem; thus it is feasible to test a few p values 

at each step and choose an semi-optimal ~. 

Another problem is when to tenninate the iterative process. The convergence of 

the problem can be measured in several ways. Different problems will have to use 

different criteria for convergence. In most cases, there are errors in observed data. 

When the rms of d is reduced to the same magnitude as the standard deviation of the 

observed data, there is no need to continue iterating further, but this may never happen 

in a real problem and one then must use other criteria to stop the iterative process. For 

example, one would stop the iteration when the improvement in data matching is 

insignificant or when further iteration will cause unrealistic changes in the model. 

Now we will discuss why in some cases the rms of d may never be reduced to the 

same magnitude as the standard deviation of the observation. One of such cases is 

when the theoretical model is incorrect. For example, if the mixing length-theory is not 

valid for the treatment of the convection zone, the oscillation equations may not be 

valid (at least not accurate enough) in the convection zone. Then the theoretical 

oscillation frequencies cannot include any effect from the real convection. Therefore, 

there is a subspace in the N-dimensional data space that cannot be reached by the 

model, i.e., even in the case of N<M, one may still have P<N in Eq. (5.3.3) and never be 

able to reach the (N-P) subspace (the base vectors for this subspace are contained in VO>. 
Another example of an incorrect model is when non adiabatic effects near the surface 

are not included. Both of these problems will mainly affect the frequencies of p-modes. 

Since we deal only with g-modes in this dissertation, we do not worry very much about 

the adverse effects of convection theory and nonadiabaticity. The depth of the 

convection zone, however, should have some effect on the g-mode frequencies, 

because the bottom of the convection zone defmes the upper boundary of the g-mode 

propagation region (c.f., Gabriel 1986). A major problem here may come from the 
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simple CP model. With the formulation discussed in Chapter 4, the CP model allows 

discontinuities only at the intersection points, which are fixed. So the current CP model 

is not capable of representing discontinuities at arbitrary adjustable positions. This is 

probably all right for the radiative zone since we already know that any discontinuity in 

the radiative zone will cause the "solotone effects" in g-mode frequencies and we have 

smoothed out such effects from the observed data (§5.1.1). Since the bottom of the 

* convection zone is a discontinuity point (first order in A and second order in U), 

problems might arise if the depth of convection zone of the reference model is different 

from that of the real Sun. In this work, we only use low-degree g-mode data and these 

modes are most sensitive to the core structure. Therefore we will assume that the depth 

of the convection zone in the model is very close to the real Sun and any difference will 

have only second-order effects on the low-degree g-mode frequencies. 

5.4. Solving the Nonlinear Inverse Problem/or Solar g-mode Oscillations 

5.4.1. Numerical Results 

From all the previous discussions, we can now run the iterative procedure to solve 

the inverse problem for the 49 data points of g-mode data. The following parameters 

are used for the first few steps of the iterative procedure: 

(5.4.1) 

Some parameters of the iterative steps are shown in Table 5.1. The condition number is 

defined as the ratio of the largest singular value to the smallest nonzero singUlar value 

of the G matrix: 

R - I.. /1.. cond - max min' (5.4.2) 
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and rms(y) is defined as the root-mean-square of the argument y, which is an array of 

data. The three different arguments of rms are: 

.1p/p: the relative perturbation of the independent CP model parameters; 

.1fJP) = ro(o) - ro(t)(l) for the new reference model; and (5.4.3) 

(5.4.4) 

Here ro(s)(l) is the eigenfrequency of a given mode predicted by the linearized forward 

problem of the Ith iterative step, i.e., 

(5.4.5) 

where ro(t)(I-l) is the theoretical eigenfrequency for the given mode computed (using the 

CON method) from the reference model of the Ith step, or the inverted model from the 

(I-I) step, and mel) is the inverted model perturbation for the Ith step. Also listed in 

Table 5.1 are the two global model parameters c lO and Po' where Po is the asymptotic 

period of g-modes as defined by Eq. (2.3.3). The model parameter c lO is called the 

central condensation factor. It is an important parameter because it directly relates to 

the center density of the Sun. From Eq. (2.2.5b) it can easily be derived that 

c lO = P average /p center' (5.4.6) 

For the last 5 iterative steps, different ~ values were tested to detennine a semi

optimal ~ which would give a "semi-optimal model." That is, the chosen ~ value gives 
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the smallest /).(jP) = (jJ(o) - (jJ(t)(J) (for reasonable model perturbations) among all the ~ 

values tested. 

5.4.2. A Simple Analysis of the Iterative Process 

One can see from Table 5.1 that the condition number of G is very large (>101<) 

throughout the iterative process, which says that the G matrix is nearly singular for all 

iterative steps. One can imagine that without the damping factor ~ the inverse results 

would be very unstable (set ~=O in Eq. (5.3.3)). Notice that in Eq. (5.1.11), ~ can be 

regarded as the weight for the constraint conditions, so that the constraint conditions 

stabilize the inverse solution. 

In order to have a clear picture of the iterative procedure, nns(/).(jJ(t») and 

nns(/).(jJ(s») are plotted in Fig. 5.3. There are quite a few interesting features in Fig. 5.3. 

One obvious feature of the nns(/).(jJ(t») curve is that it drops off very fast for the 

fIrst two steps and then decreases slowly. This is expected for a convergent process. 

Notice that the standard deviation of observed frequencies is about 0.0003 to 0.0006 in 

dimensionless frequency (H. Hill and Gu 1990). Therefore the improved model from 

these convergent results could not fIt the data to the precision of observation. As 

discussed in §5.3.2, the remaining unfItted part of the data must belong to a subspace of 

the data space which cannot be reached by the model. In this particular case, it maybe 

caused by the fact that the CP model cannot represent discontinuities of the model 

structure at arbitray locations in the radiative zone. Although we "smoothed out" the 

quasi-periodic deviations in the data (§5.1.1), the discontinuities might cause some 

other systematic deviations as well as the quasi-periodic deviations and such systematic 

deviations will be beyond the reach of the current model. 

Another obvious feature of the Fig. 5.3 is that as the process converges, the 

differences between the numerically computed theoretical frequencies (jJ(t) and the 
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sensitivity predicted frequencies oo(s) get smaller and smaller, untill they are almost zero 

for the last few steps. After the frrst iteration, the difference between rms(/}.oo(t») and 

rms(/}.oo(s») is very large, with rms(/}.oo(t») almost 5 times larger than rms(/}.oo(s»). This is a 

clear indication of the nonlinearity of the inverse problem and it says that the problem is 

very nonlinear even when the frequency deviation is only about a few percent. 

Figure 5.4 shows the variation of c lO and Po during the iterative process. Notice 

that the values of c lO and Po at the zeroth step are referring to the initial reference model. 

In Fig. 5.4(b) one can see that Po increases quickly for the frrst two steps and then 

converges slowly during the rest of the iteration. The value of c lO keeps increasing 

slowly for most of the iterative steps and it converges in the last few iterations. 

In Fig. 5.5, rms(/}.p/p) are plotted against the iterative steps. Since p is the array 

of all the independent CP model parameters, the magnitude of /}.p is not a very good 

measure of the real change in the model structure. However, one can still gain some 

insight into the iterative process by looking at Fig. 5.5. Except for the frrst and last few 

steps, rms(/}.p/p) drops slowly and continuously, indicating the stability of the inversion 

algorithm. 

Although we have not analyzed the inverted model in any detail yet, from the 

simple discussions above we can nevertheless say that the iterative inversion process is 

a great success. To have a better picture of the inversion results, a portion of the 

theoretical eigenfrequency spectrum of the inverted reference model from the final 

iterative step (the 18th step) is shown in Fig. 5.6. As in Fig. 5.1, the observed data are 

also shown in the figure. By comparing Fig. 5.6 with Fig. 5.1, the improvement in 

frequency matching is very obvious. 



Table 5.1. Results of the iterative inversion procedure. The JeD model is 

the reference model. I is the step number in the iterative process. 

I ~ R 
cond 

nns(~p/p) C
10 

o 8.856E-03 34.111 5.oo7E-02 

1.0 2.236E+11 2.183E-03 8.909E-03 35.116 1.562E-02 3.273E-03 

2 10.0 5.169E+1O 4.695E-04 8.947E-03 35.508 6.672E-02 5.148E-03 

3 1.0 4.554E+I0 2.969E-04 8.968E-03 35.558 6.226E-03 5.223E-03 

4 0.1 5.609E+1O 1.408E-03 9.oo2E-03 35.592 5.756E-03 4.722E-03 

5 0.1 8.992E+1O 1.243E-03 9.034E-03 35.605 5.20lE-03 4.306E-03 

6 0.1 4.531E+ 10 1.080E-03 9.066E-03 35.619 4.689E-03 3.914E-03 

7 0.1 8.119E+10 9.178E-04 9.094E-03 35.315 4.198E-03 3.551E-03 

8 0.1 8.884E+10 7.840E-04 9. 123E-03 35.646 3.783E-03 3.219E-03 

9 0.1 5.648E+I0 6.698E-04 9. 149E-03 35.659 3.407E-03 2.925E-03 

10 0.1 4.870E+ 10 5.708E-04 9. 174E-03 35.672 3.077E-03 2.673E-03 

11 0.1 3.207E+ 10 5.oo5E-04 9.198E-03 35.685 2.811E-03 2.464E-03 

12 0.1 4.155E+I0 4.466E-04 9.22lE-03 35.696 2.587E-03 2.298E-03 

13 0.1 5.416E+ 10 4.152E-04 9.243E-03 35.703 2.418E-03 2.17lE-03 

14 0.1 4.613E+10 3.92lE-04 9.263E-03 35.707 2.285E-03 2.078E-03 

15 0.1 4.612E+10 3.780E-04 9.282E-03 35.709 2.185E-03 2.012E-03 

16 0.2 5.428E+1O 2.20lE-04 9.294E-03 35.702 2.045E-03 1.976E-03 

17 0.8 6.253E+ 10 1.023E-04 9.299E-03 35.698 1.988E-03 1.964E-03 

18 0.4 3.190E+ 10 1.133E-04 9.305E-03 35.699 1.979E-03 1.955E-03 
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5.5. Further Analysis 0/ the Inversion Results 

5.5.1. Secondary Inversion 
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* When we use the CP model, the model parameters U and V
g

, and then c1 and A , 

can be obtained directly from the inverse results. If we want to derive the complete 

information about the inverted model, it is necessary to have additional 

non seismological assumptions and equations. Gough and Kosovichev (1988) called 

this process the secondary inversion. Even without additional assumptions, some 

structure parameters can be readily derived from Eqs. (2.2.5a)-(2.2.5d); several 

examples are now given. The density distribution can be derived from the definition of 

U and c
1
: 

per) = Pavemge U/(3c1); 
(5.5.1) 

and the fractional mass is determined by C
1
: 

(5.5.2) 

In order to derive sound speed and pressure distributions, it is necessary to use the 

hydrostatic equation, which has already been used in the derivation of the original 

ODEs. The sound speed c can be written in terms of V and c
1
: 

s g 

(5.5.3) 

and the pressure can be derived as 

Per) = PR + ( go P R/3) f 1 (xU/c2
1 

) dx ; avemge x (5.5.4) 
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where R is the radius of the Sun (the reference model), go is the surface gravity and P R is 

the surface pressure. In order to derive the temperature distribution, the equation of 

state must be known. This is not easy. The distribution of the temperature perturbation, 

however, can be estimated by the following equation: 

(5.5.6) 

where Xp and XT are the x-coefficients defined by J. Cox and Giuli (1968, Chapter 9, or 

refer to 1. Cox 1980, §4.2). For most parts of the Sun except near the surface, the 

values of Xp and X
T 

are very close to 1 (differing by no more than =1-2%). Then we 

can approximate Eq. (5.5.6) by 

IlTrr "" IlP/p -Ilp/p . (5.5.7) 

Again using the hydrostatic equation, the adiabatic exponent r 1 can be derived from the 

definition of V in Eq. (2.2.5c): 
g 

r 1 = Rxg p/(PV ) , r g 

where g is the local gravity, 
r 

(5.5.8) 

(5.5.9) 

Notice that from the above equations, we can get most of the important 

parameters describing the internal structure of the Sun; actually, all of the important 

ones except for chemical compositions. 
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5.5.2. Parameter Perturbations of the Inverted Model 

In the following discussions, the results from iterative step 18 will be considered 

as the converged model; all the inversion results will be referring to this step if not 

specified otherwise. The results of the primary inversion, i.e., the relative perturbations 

* of U, V g' c 1 and A are shown in Fig. 5.7. Since only g-mode data have been used for 

the inversion, we will pay little attention to the inverted model perturbations near the 

. * surface. As can be seen from FIgS. 2.3 through 2.6, all parameters but A change 

* monotonically with the solar radius and A is very close to zero in the convection zone. 

By comparing the sensitivity curves discussed in §3.3.2, it can be seen that the g-mode 

* eigenfrequencies are most sensitive to the perturbation to A. Thus it is particularly 

* interesting to look at how A has been perturbed during the iterative process. In Fig. 

* * 5.8, the distribution of A in the inverted model is compared with A in the initial model. 

* From this figure it can be seen that the perturbation to A is small, but this is not true for 

the intermediate models during the iterative process. As examples, the same 

comparison is done in Figs. 5.9 and 5.10 for the inverted model of steps 6 and 13, 

* respectively. One can see that the distribution of A is substantially perturbed for step 6. 

* Even for step 13, the perturbation of A is still quite significant near the bottom of the 

convection zone, while Fig. 5.3 shows that the frequency deviations for step 13 are not 

much different from step 18. These results have not only shown how well the iterative 

process converges, but also that the converged model is the one with minimum 

perturbation to the initial reference model. 

From Eqs. (5.5.1) and (5.5.4), the density and pressure distribution of the inverted 

model can be computed from U, c1 and V g and then the relative temperature perturbation 

can be estimated by using Eq. (5.5.7). The relative perturbations of T, P and p are 

shown in Fig. 5.11 as functions of fractional radius x for step 18. No perturbations near 

the surface should be taken seriously, since they do not come "directly" from the 
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information contained in the frequency data but are due to the continuity requirement of 

the CP model. It can be seen from Fig. 5.11 that the structure of the density 

perturbations and pressure perturbations are very similar. This results in very small 

temperature perturbations. The perturbations of sound speed and the adiabatic exponent 

are shown in Fig. 5.12. Perturbations to both parameters are small, less than .... 1 % for 

most of the Sun. It is interesting to notice that for the inner 40% of the Sun, r 1 is 

increased by about 1%. The value of r 1 is closely related to the chemical composition 

of the Sun, so an accurate determination of the value of r 1 is very important to the 

determination of internal helium abundance. 

5.5.3. Is the Inverted Model Realistic? 

First, let us compare some global model parameters of the inverted model with 

other solar models. The central density of the inverted model can be derived from Eq. 

(5.4.6) and the clO value given in Table 5.1, 

p (inverted model) = 151.12. center (5.5.10) 

This value is very close to that of the Yale Combined Model listed in Table 2.1, which 

gives a value of 150.7. The value of p t (inverted model) is also well inside the range cen er 

of those listed in Table 2.1. Similar conclusions can be made about the Po value, which 

is 35.699, but the value of Po is closer to that of the Saio model (35.655) than that of the 

Yale Combined Model (37.311). 

We have only used low-order and low-degree g-mode data. These modes are 

most sensitive to the inner structure of the Sun, particularly near the center, as is evident 

from the sensitivity curves discussed in §3.3.2. The value of Po is solely determined by 

the distribution of Brunt-VaisliHi frequency N below the bottom of the convection zone 
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* (Eq. (2.3.3)) and N is directly related to A. Also, considering the fact that Po is an 

asymptotic parameter of g-modes, and the asymptotic property is more valid for high

order g-modes than for low-order g-modes, we should expect that the inverted value for 

p is more significant than the inverted value for Po' Therefore, by comparing the center 

values of p t and Po in the inverted model with the four models listed in Table 2.1, we cen er 

can conclude that the inverted model is consistent with standard solar models, and it is 

probably more consistent with the Yale Combined Model. As mentioned in § 1.4, the 

Yale Combined Model matches the SCLERA data quite well (as compared with all 

other observed data). This might explain why both P te and Po of the inverted model cen r 

are so close to the Yale Combined Model. The observed frequency deviations of the 

Yale Combined Model for .t =3 g-modes are shown in Fig. 5.13, together with the 

observed deviations for the inverted model. One can see that although the deviation is 

relatively small as compared with those of the original JCD model, there are still some 

statistically significant systematic deviations and the inverted model fits the observed 

data best. Currently the data for the Yale Combined Model is not available. It will be 

interesting to compare the inner structure of the inverted model with that of the Yale 

model in the future. 

The above comparison not only shows that the inverted model is realistic, but also 

shows that the standard solar models are very good approximations to the real Sun and 

certainly serve well as reference models for inverse work. It has also shown, more 

importantly to this work, that the inversion method developed in this work is very 

efficient and powerful. 
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5.5.4. Compare Results with Other Inversions 

There has been no similar inversion work done for g-modes, but there have been a 

few works on inverting the inner structure of the Sun by using low-degree p-mode data 

and the variational integral formulation of the inverse problem. Some examples are 

Gough and Kosovichev (1988, 1990); Dziembowski et al. (1990); and Kosovichev 

(1990). All these works used the Backus-Gilbert type linearized inversion method. As 

has been shown in this work, the linearized inversion may be making too much of an 

approximation when the reference model differs by a few percent from the "real Sun." 

Since different inversion works use different reference models, it is difficult to compare 

directly the inversion results from these works. As one can see from Table 2.1 and from 

the discussions in §2.2, different solar models may have significantly different 

parameters and the differences may well be as large as of a few percent. 

Since most of the previous inversions have been done using the linear inversion 

method, their inversion results depend on the choice of one or more "free" parameters 

which are related to different constraint conditions (similar to the damping factor P in 

Eq. (5.1.11». For example, in Dziembowski et al. (1990), different results were 

presented for different values of their regularization parameter <x, which varied from 0 

to 500. The values of the central density of the inverted model corresponding to 

different values of <X vary from =130 to ",150 (cgs units, refer to Fig. 8 of Dziembowski 

et al. 1990). In another example, Dappen et al. (1991) used two such free parameters 

corresponding to two different constraint conditions. The dependence of the linear 

inversion results on these free parameters makes it even more difficult to compare such 

linear inversion results with the nonlinear inversion results obtained in this work. 

Given all these difficulties, it is still very interesting to compare some general 

features of these inversion results. For example, we can look at the amplitudes of the 

inverted model perturbations. With the JeD model as the reference model, the 
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inversion results of this work showed that the central density of P t for the "real Sun" cen er 

may be lower than the standard model by =4.8%. The value P t of the inverted model cen er 

given in Eq. (5.5.10) is consistent with the results given by Dziembowski et al. (1990) 

with a=500. No values of P t for the inverted model are available from other works. cen er 

The relative perturbations of P center reported by different authors are quite different. If 

we assume that the difference of P t for different standard solar models is about a few cen er 

percent, then we can check the consistency of different results. Gough and Kosovichev 

(1988) used Christensen-Dalsgaard's (1982) standard solar model as the reference 

model and used 1 s.t sS p-mode data in their Backus-Gilbert-type inversion. Their 

results showed that the inverted central density is more than 10% higher than the 

reference model (Fig. 10 of Gough and Kosovishev 1988). This seems to be 

inconsistent with the current results. However, the numerical test of their inversion 

algorithm reported in the same work showed that the uncertainties in the inversion 

results could be quite large (Figs. 8 and 9 of Gough and Kosovishev 1988). A revised 

analysis by Kosovichev (1990) gave an even larger perturbation to the central density -

over 20%. It seems that the linearized treatment of the inverse problem would be very 

likely to fail for such large perturbations. 

A more recent inversion by Dlippen et al. (1991) gave quite different results than 

those of Gough and Kosovichev (1988) and Kosovichev (1990). A new version of 

Christensen-Dalsgaard's standard solar model was used as the reference model. We 

may assume that their reference model is very close to the JeD model used in the 

current work. The curve of density perturbation as a function of fractional radius 

reported by Dlippen et al. (1991, Fig. 7) has a very similar structure to that given in Fig. 

5.11 in the region between X=0.25 and X",,0.70. 

Many previous inversions gave relative squared-sound-speed perturbations from 

reference models. Dziembowski et aI. (1990) summarized the results from four 
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different inversions. The relative squared-sound-speed perturbations of different 

inversions were nonnalized with one common reference model (another version of the 

JCD model) and compared in one figure (Fig. 7 of Dziembowski et al. 1990). It is 

shown that the results from the four different inversions are roughly consistent with 

each other in the upper radiative zone and in the convective zone (for X>O.30); but 

significant differences exit between the results of the four different inversions, 

particularly near the center. The relative squared-sound-speed perturbations from the 

JCD model for the current inversion are plotted in Fig. 5.12. By comparing Fig. 5.12 

with Fig.7 of Dziembowski et al. (1990), it can be seen that the results of the current 

inversion are consistent with those summarized in Dziembowski et al. (1990) for 

X>O.30. This is an important result. Because only g-mode data has been used in the 

current work and only p-mode data were used in all the other inversions. We know that 

g-modes are most sensitive to the central region of the Sun and p-modes are most 

sensitive to the outer region of the Sun, but both low degree g-modes and low degree p

modes have moderate sensitivity to the intennediate region --- the upper radiative zone. 

Therefore, the consistency of the inversion results in this region indicates that the 

observed g-mode data are consistent with the observed p-mode data as far as the 

internal structure of the Sun is concerned. Given that the observed p-modes are true 

nonnal modes of solar oscillations, this is a necessary condition for the observed g

modes to be true. 

In the central region of the Sun --- the energy generating zone (X<O.25), there is 

hardly any consistency between the results of different inversions using p-modes data, 

as evidenced in Dziembowski et al. (1990, Fig. 7). This can be expected when one 

considers the insensitivity of p-modes in the central region, together with the ill

posedness and nonlinearity of the inverse problem. However, g-modes are particularly 

sensitive to the central region and the inversion results using g-modes should be of 
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much more significance in this region. In Fig. 5.12, the current inversion yields a lower 

sound speed distribution than that of the standard model. 

The inversion results of Dziembowski et al. (1990) show an anomaly in the 

innermost part of the Sun. They suggest that such an anomaly may be interpreted as 

evidence that the Sun has a small convective core. There is no such evidence in the 

* current inversion results. Even though in Fig. 5.7, the relative perturbation of A is 

negative and its magnitude increases towards the center of the Sun, A * never becomes 

* negative. A negative value of A corresponds to regions with convective instability. 

As mentioned earlier, it is very difficult to compare different inversion results, but 

such comparisons are crucial for testing the reliability of different inversion methods. 

So far, there is still more confusion than clarity in the field. There is no good 

interpretation for the disagreements amongst the different results reported at the present 

time. Results of the nonlinear iterative process presented in this work indicate that one 

of the problems might be the invalidity of the linear treatment. 
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o 2 4 6 

Fig. 5.1. The cigenfrequency spectrum for the JeD solar model. The observed 

frequencies of low-degree g-modes are superposed onto the theoretical 

spectrum as small crosses. Modes with the same n values are connected by 

solid lines for theoretical frequencies and by dashed lines for observed 

frequencies. 
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Fig. 5.2. The observed frequency deviation for low-degree g-modes with 1 =4. The 
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eigenfrequencies (circles) and the sensitivity predicted frequencies (crosses) 

during the iterative process. 
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Fig. 5.5. The rms of the relative perturbations to the independent model parameters 

during the iterative process. 
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Fig. 5.6. The eigenfrequency spectrum for the inverted model. The observed 

frequencies of low-degree g-modes are superposed onto the theoretical 

spectrum as small crosses. Modes with the same n values are connected by 

solid lines for theoretical frequencies. 
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Fig. 5.8. Comparison of the distribution curves of A for the reference model (solid 

line) and the inverted model (dotted line). 



1 

o 

0.0 0.2 

STEP 6 

0.4 
X 

0.6 

163 

0.8 

* Fig. 5.9. Comparison of the distribution CUlVes of A for the reference model (solid 

line) and an intermediate inverted model at iterative step 6 (dotted line). 



1 

a 

0.0 0.2 

STEP 13 

0.4 
X 

* 

164 

0.6 0.8 

Fig. 5.10. Comparison the distribution curves of A for the reference model (solid line) 

and an intermediate inverted model at iterative step 13 (dotted line). 
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A set of new numerical algorithms and techniques has been adapted and 

developed for both the forward problem and the inverse problem of solar oscillations. 

The continuous parametrization of the structure parameters has been introduced. This 

gives us a different parameter space for inversion. The combination of the continuous 

parametrization with the CON and adjoint methods makes it possible to formulate the 

inverse problem of solar seismology in a new way. The preliminary results from this 

new inverse algorithm show that it is very effective and efficient 

6.1. Comparison with Previous Inversions in Solar Seismology 

First, improvements have been made in the computation of eigenfrequency 

sensitivities and the sensitivity curves. The eigenfrequency sensitivities to continuous 

parameters have been used to create a new formulation for the inverse problem. The 

continuous parametrization for the reference model reduces the number of model 

parameters to a manageable level without using the Backus-Gilbert method. The new 

inversion method solves the inverse problem of the eigenvalue system directly from the 

original differential equations. The Cowling approximation is not needed. The integral 

form of the variational formulation is not needed. 

Second, the current work is the fIrst nonasymptotic, nonlinear inversion of g

mode data. Previously, H. Hill et al. (1988) used the "inverse perturbation" method to 

interpret the quasiperiodic deviations (refer to §2.3) in the observed data and Ellis 

(1988) proposed an asymptotic inversion method for high-order g-modes. The 

inversion method presented in this work is more formal and more general as compared 
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with the "inverse perturbation" method and the asymptotic method. As discussed in the 

previous text, low-degree g-mode data are most sensitive to the core structure of the 

Sun, making the inversion results from g-mode data of special importance to solar 

physics. Although only the center frequencies (m=O mode) from 49 g-mode multiplets 

have been used for the inversion, and there remain quite serious controversies in g-

mode classifications, this work will be a starting point for accurate interpretation of g

mode data. 

Third, this is the first attempt to use nonlinear treatment for the stratification 

inverse problem in solar seismology. As shown in the last chapter, a nonlinear 

approach is necessary when the perturbation to a reference model is a few percent in 

relative amplitude. The nonlinear approach adopted in this work can be easily 

generalized and adapted for other inverse formulations. Korzennik and Ulrich (1989) 

used a nonlinear iterative approach for seismic inversion of the "correct" opacities. It 

seems there are quite a few similarities between the current work and the work of 

Korzennik and Ulrich (1989). For example, they used continuous parametrization (a 

series of Lorentzians) for the opacity table; but such continuous parameters do not 

represent the whole model, or in other words, their inverse problem is not "complete" 

and their solution can not be unique. 

Finally, this is the first attempt to use the generalized inverse technique for solar 

seismic inversion. There are many advantages in using this technique. It makes the 

inverse process more robust and efficient, and inversion results are easier to understand. 

The SVD technique has been used in some previous inversions, but it has only been 

used for the "regularized least-squares" inversion or as the "truncated singular value 

decomposition" (Gough and Thompson 1991). The "truncated singular value 

decomposition" is equivalent to setting l/A..=O in Eq. (5.2.7) for any A..<A. . ,where A. . 
1 1 mm mm 
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is the threshold value of A... Obviously, such method is less general and less robust as 
1 

compared with the generalized inverse solution given by Eq. (5.2.12). 

6.2. Future Development o/the New Inverse Method 

This is just the beginning of the development of a new inversion method. Since 

Rosenwald (1989) and Rosenwald and Rabaey (1991) developed the computational 

method for eigenfrequency sensitivities, much progress has been made. And much 

more progress will be made in the future. 

Obviously, the same method can be applied to the inversion of low-degree p

mode data. In the present fonnulation, the current method is not appropriate for high

degree p-modes. Because there are "too many" data points and we do not want to deal 

with a kernel matrix with a dimension of thousands. Recently, Korzennik and Ulrich 

(1989) used continuous parameters to represent the discrete frequencies (they too used a 

polynomial approach). It would be a natural extension of the current algorithm to use 

continuous parametrization for both model parameters and frequency data. 

It is not necessary to use the CP model if there are other better ways to reduce the 

number of model parameters during the inversion process. The use of continuous 

parameters does have the advantage of being "accurate" in terms of computing 

derivatives of model parameters and enforcing differential and integral relations 

between different parameters. The disadvantage is, it is often difficult to have an 

intuitive interpretation of the eigenfrequency sensitivities to the continuous parameters 

(CP's). Therefore it is more difficult to explore the model space using the generalized 

inverse technique. It is of considerable interest to find a better formulation of the CP 

model such that the continuous parameters can be easily interpreted in physical 

parameters (more than just some mathematical coefficients). 
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The CP model needs to be improved to allow at least one flexible (with respect to 

location) discontinuity point Then one will be able to do inversions for the position of 

the bottom of convection zone. 

6.3. Possible Applications 

The eigenfrequency sensitivities to the internal structure parameters of the Sun are 

of great importance in helping us understand the observed solar oscillation frequencies. 

It tells how these frequencies would change when the internal structure of the Sun is 

perturbed. Obviously, these sensitivities would help the "inverse perturbation" analysis, 

because then one would be able to tell which adjustable parameter is more capable of 

changing certain eigenfrequencies. The sensitivity analysis could be easily applied to 

the study of stellar oscillations and other similar inverse problems. 

The inversion algorithm developed in this work is valid for any similar eigenvalue 

system, e.g., the inverse problem of free oscillations of the Earth. When nonadiabatic 

effects are included, or a more complex convection theory is adopted, the order of the 

eigenvalue problem may increase. Both the CON method and the adjoint method can 

be easily modified to accommodate the new system. 

The sensitivity analysis may be combined with the asymptotic analysis to provide 

a better understanding of the asymptotic properties of solar oscillations. 

The nonlinear treatment of the inverse problem allows a much more stable and 

accurate solution. With enough data, the accuracy of the nonlinear inversion results 

may be capable of providing a powerful tool for monitoring the changes of the internal 

structure of the Sun from the long-term variations of the observed oscillation 

frequencies. For example, the small frequency variation during the solar cycle 

(Libbrecht and Woodard 1990) should contain information about the time variation of 

the solar internal structure. 
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