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ABSTRACT 

The exact scalar wave solution for light scattering from a general dielectric 

disk array is found. The exact solution as well as a numerical evaluation is given 

for an array of three dielectric disks, whose centers are placed on the vertices of 

an equilateral triangle. The various (differential, total and averaged total) cross 

sections and the poles of the scattering matrix are given. These results are analyzed 

in part by considering the effects which arise from the geometry of the system, and 

in part by comparison with the results (cross sections and poles) for a system with 

an identical arrangement of three hard (perfectly conducting) disks and with a 

system of one dielectric disk. 

This analysis helps rule out structure that arises from the chaos, which 

IS very likely to exist, in the classical (geometric) limit of the three (or more) 

dielectric disk system. In the future, after I study the geometric (classical) and 

physics (semiclassical) regimes of this system, I plan to reanalyse the exact wave 

solution in an attempt to discover the traces of the chaos present in the system. 

Time dependent Hartree-Fock theory (TDHF), with improved formulation 

and improved computer capabilities, is used to repeat the calculations of charge 

capture for the HeH on He collision. The results of these calculations allow us to 

discuss the effects of various numerical truncations and to establish with certainty 

the viability and the accuracy of TDHF in its application to ion-atom collisions. 

Initially, we had hoped to find chaos in the TDHF problem, as it is nonlinear. 

However, due to the complexity and computational difficulties present in the TDHF 

problem, a simpler scattering system of light scattering from dielectric disk arrays 

was chosen for study. 
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Chapter 1: Introduction 

The material contained in this dissertation began with the study of the ap

plication of time-dependent Hartree-Fock (TDHF) theory to ion-atom collisions. 

In particular, the bench mark TDHF calculations for charge captures in the HeH 

on He collision were repeated. Previously, limited computer capabilities led to un

certainties in the original calculations. l When better computer facilities became 

available to the group, TDHF and the mean field approximation was successfully 

applied to various scattering phenomena.2 ,3 These successes not withstanding, the 

robust nature of TDHF in its application to ion-atom collisions had not been clearly 

illustrated. The validity of TDHF to describe the full single particle dynamics in 

a complex system was never in question, but due to the large computational re

quirements, the practicality of its implementation was in some doubt4 Therefore 

the bench mark calculations of the HeH on He collision was reinvestigated to es

tablish, with certainty, the robust character and the strengths and weaknesses of 

TDHF. These calculations led to a number of publications5 ,G which led to the ac

ceptance of TDHF as a feasible method for describing ion-atom collisions. Chapter 

3 discusses time-dependent Hartree-Fock theory and its application to ion-atom 

collisions. The results of the TDHF calculations for charge capture in HeH on 

He are given and compared to a number of experimental results as well as other 

realistic theoretical calculations used to describe ion-atom collisions. The strengths 

and weaknesses of TDHF and the use of TDHF to define dynamical correlations 

(two or more particle interactions) are also discussed in this chapter. 

The other part of the dissertation was motivated by the desire to study 

the occurrence of deterministic chaos in atomic collisions. The study of nonlinear 
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phenomenon and chaos has become increasingly important in the study of physics. 

Deterministic chaos appears to be ubiquitous in nonlinear systems, including most 

classical mechanical systems, although not in quantum mechanics which is linear. 

However, ever since the WKB approximation was found, studying both the classi

cal and quantum mechanical formulations has been useful because the analysis of 

the classical picture has helped to understand the the quantum mechanics. More 

precisely, the study of the quantum and classical systems aims at uncovering ves

tiges of classical chaos in the quantum observables. This correspondence betweell 

the quantum and classical behavior has been shown for bound systems (see ref. 

7-9), however the situation is not so clear cut in the case of scattering systems10 as 

the study is relatively new (since the late eighties). TDHF was originally chosen 

because it is nonlinear. However, it was soon realized that the search for chaos 

in the TD HF equation was like looking for a needle in a haystack. A search for 

a simpler system was then begun and after a number of months the system of 

light scattering from dielectric disk arrays was chosen. The first. publication of this 

workll reports various cross sections in the long wave length (quantum) limit of 

the system. This dissertation extends this work to include further analysis of the 

scattering cross sections as well as a limited analysis of the poles of the scatter

ing matrix S. Chapter 2 covers the analysis of the exact wave solution of light 

scattering from dielectric disk arrays as well as the numerical solution to a system 

of three dielectric disks on the vertices of an equilateral triangle. I will also give 

the solution for one dielectric disk, which has been extensively studied by others, 

and discuss its relevance to the interpretation of the three dielectric disk case. I 

will further find the poles of the scattering matrix for the one and three dielectric 

disks case and the three hard disks case (which has previously been studied by 

Gaspard and Rice12 ). In this chapter I will also discuss future research plans. The 
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analysis here is entirely conventional, future work on the geometric limit may allow 

the data to be reinterpreted in the frame work of chaotic analysis. In the rest of 

the introduction a brief background on chaotic scattering will be given which may 

explain the choice of the quantities calculated here (such as the poles of the S 

matrix which are not observables). 

A detailed, mathematical discussion of chaos will not be given here as no 

chaotic analysis was performed. However the study of chaos is important here to 

the extent it serves as the major motivation for this work and remains a future goal 

in this research. As discussed previously, the study of non-linear systems and chaos 

are becoming more important in the study of physics. Until relatively recently the 

main focus in physics was the study of regular (integrable, non chaotic) systems. 

However, it appears that the majority of systems in nature are not members of 

this elite group. Two of the most widely known nonlinear systems are probably 

the weather and fluid flow. These two systems, among others, stubbornly resisted 

previous efforts by physicists to gain fundamental insights into them. The approach 

taken to these systems were more typical of engineers rather than physicists. Be

ginning in the sixties and to a much greater extent in the late seventies and early 

eighties, physicists utilized computers to more thoroughly investigate these non

integrable, nonlinear systems. The work of Feigenbaum13 ,14 in the late seventies 

was arguably the most significant as he discovered some basic properties shared by 

non linear equations. Much work, both theoretical and experimental, followed and 

now the complexities in nonlinear systems, such as the weather, are now better 

understood. Details can be found in a number of popular books which now exist 

on the subject.15 ,16 
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Some general properties of chaotic systems have been found. Among these 

properties are self similar structures and extreme sensitivity to initial conditions. 

A self similar structure is one which shows the same pattern as it is examined 

at finer and finer scales. Extreme sensitivity to initial conditions, when coupled 

with limited computer and experimental accuracies, leads to the lack of long term 

predictability in the system. For this reason, it was originally questioned if chaos 

could even exist in a scattering system because no matter how complex the motion 

in the scattering region the outgoing trajectory was simple. However the question 

of the presence or absence of chaos in scattering systems was answered by Eckhart 

and Jung17 who discovered a scattering system with extreme sensitivity to initial 

conditions and a self similar structure in the time delay function. Later studies by 

Jung et aI,18 found a set of trapped trajectories with self similar properties which 

lead to this complex behavior. The chaotic scattering systems studied thus far to 

the best of my knowledge involve three types of potentials. The hill-like potentials 

studied by Jung and others ref. 17-19, the hard disks studied by Gaspard and 

Rice12 and others2o. The third type of system involves scattering from a surface 

of constant negative curvature21 . The work of Gaspard and Rice,12 who studied 

particle scattering from hard disks, inspired the work contained in this dissertation. 

Hard disks are equivalent to light scattering from perfectly conducting disks. The 

extension to dielectric disks seems rather natural. The system of dielectric disk 

arrays has some advantages over the hill-like potentials studied as this system con

tains the caustics (points where various trajectories converge such as the rainbow 

caustic), as does the hill-like potential system, but this system is more realistic and 

has a better chance of being checked experimentally. One long term goal of this 

study is to investigate the interaction of chaos and caustics. 
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The search for quantum chaos began soon after the studies of classical chaos 

began. However, it was soon realized that true chaos (in the sense of trajectories 

or wavefunctions separating at an exponential rate) does not exist in quantum 

mechanics7- 9. This lack of "true" chaos appears to be due to the uncertainty prin

ciple or to the fact the Schrodinger equation is linear in the wavefunction 7/J(x) and 

all the observables depend upon the form of 7/J(x). Although chaos in the strictest 

sense does not exist in quantum systems, the form of the wavefunction (both static 

and dynamic7- 9,22-27) is affected by the presence of chaos in the equivalent classi

cal system. In the equivalent classical system the operators of the quantum system 

are replaced by variables. One of the most fruitful markers in the quantum system 

is the analysis of level statistics. Specifically the distribution of spacing between 

adjacent eigenenergies as well as the spectral rigidity (the amount of deviation from 

the average) is affected by the type of classical motion. It was found that the pres

ence of chaos in the classical system manifests itself as a repulsion between energy 

levels (i.e. the average level spacing is larger in a system with classical chaos). 

It was also discovered that for systems with classical chaos the spectral statistics 

could be modeled by random matrix theory (RMT), in which the Hamiltonian 

consists of matrix elements which are chosen at random from certain ensembles. 

Classically regular systems can not be modeled by RMT, in this case the level 

statistics follow a Poissonian distribution. The reason RMT can be used to model 

quantum systems with completely chaotic classical equivalents is not entirely clear. 

The details of RMT can be found in references 8 and 25. A similarly useful marker 

in quantum scattering systems, although searched for,28,29 has not been clearly 

established.Io Blumel and Smilansky29 used a statistical approach basically identi

cal to the RMT approach and found that the distribution of eigenphases of the S 

matrix in a quantum system with a chaotic classical system agreed with one of the 
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RMT ensembles. They conjectured that this could be used as a marker for classical 

chaos. However, the marker, to be useful, should be an experimentally measurable 

property. Currently it is not clear if a relationship exists between a measurable 

property and the eigenphases of the S matrix. 10 Another possible marker could 

be the distribution of poles in the S matrix rather than the distribution of the 

eigenphases. Gaspard and Ricel2 , who used a semiclassical approach and did not 

attempt a statistical interpretation, found no strict rules. They merely state that 

the quantum lifetimes may be longer than the classical lifetimes when the classical 

system is chaotic. A recent (1992) paper 31 takes the first step to more rigorously 

establish a connection between quantum time delays and classical chaos. Although 

the connection appears fairly reasonable, it definitely has not been clearly shown. 

However, Lewenkopf and Weidenmiiller10 have criticized the use of most of these 

potential markers. To the best of my knowledge, an experimentally measurable 

marker has not yet been discovered. Obviously more research needs to be done be

fore the connection between chaos and quantum scattering systems becomes well 

defined or accepted. 
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Chapter 2: Exact Wave Solutions for Dielectric Disk Arrays 

The exact scalar wave solution for dielectric disk arrays is discussed in this 

chapter. Electromagnetic scattering from a single dielectric cylinder or disk has 

been extensively studied, most notably by Van de Hulst.32 There has also been a 

number of studies performed on scattering from conducting cylinder arrays.33-35 

There has been much less work performed on scattering from dielectric arrays. To 

the best of my knowledge, only arrays with a maximum number of two dielectric 

disks have been studied.36 ,37 It is unlikely that chaos could be present in a system 

of only two dielectric disks as it is not present in the case of two conducting disks or 

two hill-like potentials. It is postulated here that the minimum number of dielectric 

disks required for chaos to exist is three, as this is the minimum number required for 

the hard disks and the hill-like potential. However, there is more than one trapped 

trajectory present in the case of two dielectric disks. The presence of multiple 

trapped trajectories might lead to the presence of chaos in the two dielectric disk 

system, however I did not see any evidence of chaos in the existing data. Section 2.1 

covers the procedure used in the solution and derivation of the scattering matrix 

and the cross sections. Section 2.2 applies the procedure described in section 2.1 

to a single disk and to a general array containing N non-overlapping disks. Section 

2.3 applies the procedure of section 2.1 to a special case of three dielectric disks in 

an equilateral triangle arrangement. Section 2.4 contains the results obtained from 

the solutions found in section 2.3. Section 2.5 discusses the numerical difficulties 

encountered in the calculation of the results given in section 2.4. Finally, section 

2.6 discussed future research goals. 

Section 2.1: Derivation of the Scattering Matrix and Cross Sections 

In this section we discuss the general method for finding the exact scalar 

wave solution to the scattering of light from dielectric disk arrays. The disks may 

be replaced by cylinders and the following results will hold provided the photon 

strikes the cylinders perpendicular to the cylinder's axis. The disks are assumed 

to be perfectly circular. The disks which form the scatterer are N in number 
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and may be of any radius in any non-overlapping configuration. A plane wave is 

directed toward the scatterer from infinity. A partial wave expansion allows the 

exact scattered wavefunction to be found. The exact wave solution requires an 

infinite number of terms in the wave expansion; however, this series converges and 

at some point (at term N c ) the additional terms become negligible. Although in 

theory any value of k, the wave number of the wavefunction, may be used, the 

larger the wave number the greater Nc must be to give an accurate answer. In 

practice the memory of the computer will determine the maximum possible Nc 

and, therefore, determine the maximum value of k. 

The N dielectric disks with an index of refraction n, which may be complex 

and may depend on k, are placed in fixed positions and are surrounded by a vacuum. 

Under these conditions the wavefunction must obey the following equations: For 

the region outside the cylinders 

(2.1.1) 

and for the regions inside the cylinders 

(2.1.2) 

where k' = nk, k is the magnitude of the momentum vector k of the incoming 

photon and r is the position vector. It should be noted that the restriction of the 

index of refraction to a single n is not necessary. A single index of refraction is 

chosen for simplicity. Additional n only add to the complexity of the equations 

but do not add to the physical understanding of the problem. The solutions to 

equations 2.1.1 and 2.1.2 are found in numerous sources38 and may take various 

forms, in general, the initial conditions determine the exact form of the solution. 

The wavefunction inside and on the surface of the j-th disk must obey 

equation 2.1.2. The general solution associated with the l-th partial wave of the 

incident wave which is regular over the entire disk is 

00 

¢kl(i'j) = e i11l'/2 L XljmJm(k'fj)eimOj (2.1.3) 
1n=-oo 
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where rj and OJ are the polar coordinates of a point rj inside the disk j relative to 

the center of the disk and are illustrated in figure 2.1.1, and where J is a Bessel 

function of the first kind. The values of the coefficients X'jm are to be determined 

using Green's theorem which will be discussed later. 

The initial conditions for the incoming wavefunction are chosen to produce 

a plane wave obeying eq. 2.1.1, which is: 

(2.1.4) 

This plane wave may also be expressed as a sum of Bessel functions of the first 

kind; 
00 

1/Jk(r) = L ei17r/2J,(kr)ei/(4>r-4>/:). (2.1.5) 
1=-00 

where k and ifJk are the polar coordinates associated with the momentum vector of 

the incoming photon k and rand ifJr are the polar coordinates associated with the 

position vector r (see figure 2.1.1). The wavefunction, with or without a scatterer 

present, can be expressed as an expansion with respect to the polar angle of the 

incoming wave vector k. 

00 

1/Jk(r) = L 1/Jkl(r)e- i1rPk (2.1.6) 
1=-00 

The scattering matrix S is given in terms of 1/Jkl(r) in the far field limit as: 

ihr/2 +00 

.1. (r) '" e ""' {o e- i(kr-l'7r/2-7r/4) + S ei(kr-l'7r/2-7r/4)}e il 4>r (217) 
'f/kl - (27rh)1/2 L....J II' II' .. 

1'=-00 

Note that when no scatterer is present, that is, SIl' = Oil', equation 2.1.7 gives 

J1(kr) in the limit of large argument. The differential scattering cross section in 

two dimensions is defined as the amount of flux that reaches the differential angle 

difJr divided by the incoming flux and is represented as 

dO' _ A A 2 

difJr = I/(k, r) I (2.1.8) 



22 

The k and r are unit vectors in the k and r directions respectively and the scattering 

amplitude f(k, r) is defined by the wavefunction in the far field limit as 

ikr 

~k(r) ~ eik.r + ;1/2 f(k, r). (2.1.9) 

Comparing eq. 2.1.7 and eq. 2.1.9 gives the relationship between f(k, r) and the 

scattering matrix as 

A e-i1T/4 +00 
f(k A) '"' eil'(c!>r- 7r / 2)(S c )e- il (c!>k- 1T/ 2) 

,r = (27r k )1/2 L...J 1/' - vl/' 
1,/'=00 

(2.1.10) 

The total cross section is defined as 

(2.1.11) 

and the averaged total cross section which is averaged over incoming polar angle, 

(!>k, is 

(2.1.12) 

Now all the desired cross sections are expressed in terms of the scattering 

matrix S or in terms of f(l<, r) which can be expressed in terms of the scattering 

matrix via equation 2.1.10. The heart of the problem is to express the scattering 

matrix in terms of the physical properties of the system. This is done by finding the 

far field wavefunction via Green's theorem and boundary conditions then employing 

equation 2.1.7 to solve for the scattering matrix S. Green's theorem is used to 

determine the wavefunction at a given point in space. The far field wavefunction is 

determined by applying Green's theorem two times. In its first application Green's 

theorem is used to determine the wavefunction on the surfaces of the disks. This 

allows the coefficients X'jm of the wavefunction inside the disks, eq. 2.1.3, to be 

determined. Once these coefficients are known, Green's theorem is applied to a 

point far from the scatterers and thus the far field wavefunction is then known. 

The application of Green's theorem in solving scattering problems is a well 

known and frequently used method. Derivations of Green's Theorem can be found 

in standard graduate text books, such as "Classical Electrodynamics" by J.D. 

Jackson.38 Green's theorem in two dimensions is: 
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l d2r'[7/Jk(r')(\7'2 + k2)G(r,r') - G(r,r')(\7'2 + k2)7/Jk(r')] 

= 1 dl'. [7/Jk(r')\7'G(r,r') - G(r,r')\7'7/Jk(r')], (2.1.13) !aD 
where 7/Jk(r') is the wavefunction at the point r' and G(r', r) is Green's function 

which is discussed below. It should be noted that Green's theorem holds not 

only for the wavefunction 7/Jk(r) but also for each individual wavefunction 7/Jkl(r) 

of equation 2.1.6. The left side of equation 2.1.13 is a surface integral over the 

domain D. The right side of equation 2.1.13 is a line integral enclosing the domain. 

The domain, D, is the area between infinity and just outside the surface of the 

disks and is illustrated in figure 2.1.2. Green's function is chosen to have the two 

dimensional free particle form: 

G(r, r') = :iH~l)(klr - r'D (2.1.14) 

where H(l) is the Hankel function of the first kind. 

Green's theorem allows one to find the wavefunction at a given point r. The 

Green's function has the following property: 

(\72 + k2)G(r, r') = -47TO'(r - r') (2.1.15) 

where O'(r - r') is the delta function, which when integrated has the effect of re

placing r' with r. This allows the first term on the left hand side of equation 2.1.13 

to become 7/Jk(r) if and only if the point r is in the domain D. If the point r is not 

in the domain, then the first term is zero. 

The second term on the left hand side of equation 2.1.13 is always zero 

because in the domain D the wavefunction must obey equation 2.1.1. This allows 

equation 2.1.13 to be written as: 



'l/Jk(r) = J dl' . ['l/Jk(r')'V'G(r, r') - G(r, r')'V''l/Jk(r')] 
!aDoo 

N 

- L fa dl'· ['l/Jk(r')'V'G(r,r') - G(r,r')'V''l/Jk(r')] 
i=l aDj 

if the point r is inside the domain D, or 

0= J dl' . ['l/Jk(r')'V'G(r, r') - G(r, r')'V''l/Jk(r')] 
laDoo 

N 

- L fa dl'· ['l/Jk(r')'V'G(r,r') - G(r,r')'V''l/Jk(r')] 
i=l aDj 
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(2.1.16) 

(2.1.17) 

if the point r is outside the domain D. By definition a path integral is positive 

when the path is in the counterclockwise direction; this explains the negative sign 

in the term summed over j. For simplicity, the integral over the closed path will 

be denoted as 100 for the integral at infinity and Ii for the integral around the disk 

J. 

Recapping the two-step process used to find the scattering matrix S: in the 

first step, the point r is placed on the surface of one of the disks. This point is 

outside the domain D therefore equation 2.1.17 holds. The boundary conditions 

of continuity of the wavefunction and its derivative at the surface of the disk allow 

equation 2.1.3, with rj = aj, where ai is the radius of disk j, to be used as the 

conditions on the path around disk j in the second term of the right hand side of 

equations 2.1.16 and 2.1.17. The integral over the path at infinity 100 is known, 

independent of the wavefunction on the N disks, thereby reducing equation 2.1.17 

to a set of linear equations for the unknowns X'im which can be solved by standard 

matrix inversion methods. 

With the wavefunction known on the paths of the N disks, the second step 

in the process is to place the point r far from the N disks but still inside the 

domain D. In this case equation 2.1.16 holds and wavefunction, 'l/Jk(r), is the far 

field wavefunction. The scattering matrix is then found by the use of equation 
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2.1. 7. In the next sections these steps will be applied to various configurations of 

dielectric and perfectly conducting disks. 

In the application of this two-step process, various properties of Bessel func

tions are used39 • These properties such as the addition theorem are given in Ap

pendix A. There exist some tests which may be performed on the scattering matrix 

and cross sections. These tests provide checks on the accuracy of the code and the 

effects of the limited numerical precision of the computer. These tests may also 

help to determine if enough terms in the sum over the partial waves have been used 

to give accurate results. The S matrix must be unitary due to the conservation 

of probability. Checking this explicitly on the computer generated S matrix is the 

first test performed. All results quoted here have deviations from unitarity of less 

than 10-12 • The Optical Theorem, which relates the total scattering cross section 

to the scattering amplitude in the forward direction, constitutes the second test. 

The derivation of the optical theorem in three dimensions can be found in many 

sources.40 The derivation in two dimensions appears in Van de Hulst32 • The equa

tions used in Van de Hulst differ from those presented here by phase factors and 

constants; therefore, I have included the derivation of the optical theorem in two 

dimensions in Appendix B and simply state it here. 

u = j¥[Im(J(k, k)) - Re(J(k, k))] (2.1.18) 

The results quoted in this dissertation obey the optical theorem to at least 1 part 

in 1012 • 

The pole structure of the S matrix has long been associated with resonances 

in the scattering cross sections.41 When an isolated pole in the complex plane lies 

near the real axis, it can often be associated with a resonance in the scattering 

cross section. In systems which have both bound and continuum states, the poles 

of the S matrix will either be bound states or (if close to the real axis) resonances 

in the cross section. As discussed in the introduction, Random Matrix Theory 

(RMT) has been successfully applied to the distribution of bound state energies 

to use as a marker of the type of motion present in the equivalent classical system 
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(where operators are replaced by their equivalent state variables). This success has 

lead to attempts to perform a spectral statistical analysis on the S matrix. Due to 

unitarity, the eigenvalues of the S matrix become eigenphases. In the case of the 

hill-like potentials, where classical chaos exists, studied by Bliimel and Smilansky,28 

the eigenphases of the S matrix are to be consistent with the statistics of Dyson's 

circular ensemble. The details of Dyson's circular ensemble are not important, but 

the fact that the eigenphase statistics agree with a RMT ensemble is important. 

It is reassuring that what is true in the case of a bound system, that the statistics 

of the quantum variables agree with RMT predictions for a system with classical 

chaos, is also true in the case of scattering systems. However, at the present, I know 

of no statistical analysis results on quantum scattering systems whose classical 

mechanics are regular. 

It may also be possible to associate poles in the quantum scattering matrix 

with eigenvalues of the semiclassical scattering matrix as Gaspard and Rice12 were 

able to do in one case. The poles of the S matrix for three dielectric disk, three 

conducting disks and one dielectric disk will be reported on in section 2.4. The 

details of the method used to find them will be discussed in section 2.5. 
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Figure 2.1.1 The definition of angles <Pkl <Prl <Ph and OJ and the vectors Sjl 

rjl and aj 

direction ot 
observation 

y 

Figure 2.1.1 
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Figure 2.1.2 The path 11sed in equation 2.1.13 which encloses the domain D. 

The enlargements show the details of the path. The domain excludes the area of 

the N disks and can be thought of as enclosed by the paths enclosing the disks, 

aD}, aD2 , aD3 , ... , aDN and the path at infinity, aDoo • The straight lines connect

ing these closed paths are two paths traveling in opposite directions infinitesimally 

close together and therefore do not contribute to the total path integral. The closed 

paths around the disks are infinitesimally close to but do not touch the surface of 

the disks. 
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Figure 2.1. 2 
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Section 2.2: One and N Dielectric Disks 

The special case of light scattering from one dielectric disk of radius a cen

tered at the origin, surround by a vacuum has been widely studied32
• In the 

wavelength region of interest here scattering falls under the heading of Mie scat

tering. For completeness, the application of the procedure described in section 2.1 

to the one disk case is detailed in appendix C and only the results will be shown 

here. To ease the complexity of the notation the superscript (1) on the Hankel 

functions will be omitted; all Hankel functions in this paper are of the first kind 

unless otherwise explicitly stated. 

With only one disk present, the index j is dropped from all notation. The 

point r is placed on the surface of the disk as described in step one of section 2.1. 

In this case equation 2.1.17 is obeyed. Application of this equation leads to an 

equation for the coefficients Xlm of equation 2.1.3. 

2i 
XII = ---------------

a7r[kJI11(k'a)H;(ka) - k' J(II(k'a)Hl(ka)] 
(2.2.1) 

Xlm=O, for m ~ 1 

In step two, the point r is now placed at a point far from the disk Equation 2.1.16 

then applies and the far field wavefunction is determined. The scattering matrix 

S is found via equation 2.1.7. The S matrix is also diagonal and the elements are 

(2.2.2) 

The scattering matrix has the property of time reversal invariance. This property 

will not be proven here but is shown in Appendix D where the time reversal invari

ance for N disks will be proven. The use of equation (2.1.10) gives the scattering 

amplitude and equations (2.1.8), (2.1.11) and (2.1.12) produce all the scattering 

cross sections. Results from calculations will be shown in section 2.4. 

The procedures outlined in section 2.1 are now applied to N dielectric disks. 

Details of the calculation may be found in appendix D. These N disks may be placed 

in any non-overlapping configuration and may be of any radius, aj. 
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Following the first step outlined is section 2.1, the point r is placed on one 

of the disks. This disk will be labeled disk jt, the other N -1 disks will be labeled 

with j. When the point r is on the surface of the disk j', the point is outside the 

domain D, therefore equation (2.1.17) applies: 

N 

o = 100 - L Ii" 
i"=l 

(2.2.3) 

where 100 is the closed path integral at infinity and Ii" is the closed path integral 

over the disk j". The solution of Xlim constants in the N disk case can not be 

found so easily as the one disk case, however the solution can be represented in 

matrix form as: 

(2.2.4) 

where the X matrix elements are X 1im , the M matrix elements are 

(2.2.5) 

and the Y matrix elements are 

(2.2.6) 

where the ti'i' Iii', li'i' <Pi, <Pi', Rii' and si' are defined in figure 2.2.1. The W 

and V are 

(2.2.7) 

and 

(2.2.8) 

Solving for X involves inverting the M matrix, 

(2.2.9) 
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This may be done as long as the determinant of the M matrix is not zero. This 

is true for all real k. The poles of the S matrix correspond to the zeros of the 

determinant M matrix, these zeros occur only in the complex plane. The inversion 

of the M matrix was the most time consuming and troublesome part to perform 

numerically. These difficulties will be discussed in section 2.5. Time reversal invari

ance is a physical requirement of the system. This property is present in equation 

(2.2.4) and will be proven in appendix D. 

Once the Xljm are known, the far field wavefunction can be found. In the 

second step outlined in section 2.1 the point r is placed at a position far from the 

disks but still within the domain D. Equation (2.1.16) then applies 

N 

¢kl(r) = leo - L ljll 
j"=l 

(2.2.10) 

Once the wavefunction is known it may be compared to the form of the wavefunc

tion which contains the scattering matrix, (eq 2.1.7). This allows the S matrix to 

be determined as 

N 

SIl' = Oil' + i7r L 
eo 

L ajXljmJl'_m(ksj)e-i1'cpj 

j=ll',m=-eo 

(2.2.11) 

The use of equation (2.1.10) gives the scattering amplitude and equations (2.1.8), 

(2.1.11) and (2.1.12) produce all the scattering cross sections. 



33 

Figure 2.2.1 The illustration of the variables {jjl! {jlj! <Ph <Pi'! Rjj'! Sj and 

sj'. In this case €ijl = 1 and €jlj = -1. The point r is on the disk j'. 

x 

Figure 2.2.1 



Section 2.3: Three Dielectric Disks in an Equilateral Triangle 

Arrangement 

34 

The scattering matrix, eq. (2.2.11), calculated in Section C, holds for any 

number of disks in any non-overlapping arrangement. In this section the scattering 

matrix S for a system of three dielectric disks of equal radius a, whose centers are 

placed on the vertices of an equilateral triangle of sides R is found. The system is 

illustrated in fig. 2.3.1. The values of the parameters are as follows: 

nj = n 

Rjjl = R 

Sj = S = R/VS 
<Pj = 27r(j - 1)/3 

Ijj' = 7r/6, for j,j' = 1,2,3 

The variables Xljm are found by solving eq.(2.2.4). Numerically the most 

time consuming part of the problem is the inversion of the M matrix, eq.(2.2.9). 

When there are symmetries present in the system, such as the C3v group present 

here, it is advantageous to make use of these symmetries to block diagonalize the 

S, X, M and Y matrices. Block diagonalization reduces the size of the matrices 

one must manipulate. Numerically, this reduces the memory and run time require

ments. Also, in any analysis of the scattering system pertinent to chaos, the effects 

of symmetry must be isolated at the onset. The symmetry of the C3v group allows 

each of the matrices to be decomposed into four submatrices. The tests of unitary 

and the optical theorem hold for each of the submatrices of the S matrix. 

The C3v symmetry leads us to write the elements of X matrix of equation 

2.2.5 in the following way: for m =f. 0 

X = Allml + (Iml)mBllml + C + D 
11m 2 m 2i 1m I-m (2.3.1) 

X = Allml + (Iml)m Bliml + C e- i27r/ 3 + D ei27r/ 3 
12m 2 2' 1m I-m m 2 

(2.3.2) 



x = Allml + (Iml)m Bllml + C ei27r/3 + D e-i27r/3 
13m 2 m 2i 1m I -m 

and for m = 0 

X 110 = AlO + ClO + DlO 

X A + C -i27r/3 + D i27r/3 120 = 10 lOe lOe 

X A + C i27r/3 + D -i2rr/3 130 = lo lOe lOe 
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(2.3.3) 

(2.3.4) 

(2.3.5) 

(2.3.6) 

The equation for the (j'm',jm) element of the eq.(2.2.5), is written explicitly for 

each j: for j = 1 

for j = 2 

00 

~; L Xll m8m'm+ 
m'=-oo 

[X12me-i(5m-m')7r/6 + XI3mei(5m-m')7r/6] X [Hm-m,(kR)Wmm,] 

JI_m,(ks) 
-

00 

a7r "'" 
2i L.....J 

m'=-oo 

and for j = 3 

where 

and 

W
mm

, = kJlml(k'a)J:n(ka) - k'J{ml(k'a)Jm(ka) 

kJlm'l(k'a)H:n,(ka) - k'J{m'l(k'a)Hm,(ka) 

(2.3.7) 

(2.3.8) 

(2.3.9) 

(2.3.10) 

(2.3.11) 
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Substituting equations 2.3.1-6 into equations 2.3.7-9 and further separating the 

resulting equations allows the A and B matrices to be found. 

2Wmm,[Hm-m,(kR)cosCiC5m - m')) + C _l)m Hm+m'CkR)cosCiC5m + m'»]} 

(1 + 2cos(27l"1/3»[J (k) (l)m'J (k)] ( ) = V. l-m' s + - l+m' ~s 2.3.12 
m' 

and 

2Wmm,[Hm_m,(kR)cos( iC5m - m'» - (_l)m Hm+m'CkR)cosCiC5m + m'»]} 

= (1 + 2C~~27l"1/3» [J,-m,(ks) _ C _l)m' J,+m,(ks)] C2.3.13) 

and for m = 0 
3a7l" AlO m'7l" 

4i {80m, + 2Wom,Hm,(kR)cos(-6-)} 

= (1 + 2C~,27l"1/3»[JI_m'(ks)] (2.3.14) 

Noting that A',-m = Aim and B',-m = -B'm, we observe that the matrices A and 

B are known. It is interesting and useful to note that the factor (1+2cos(27l"1/3» on 

the right hand side of equations (2.3.12-14) are nonzero only for I = 0, ±3, ±6, ±9 .... 

The C matrix is separated from A, B and D in the following way. Equa

tions (2.3.1+4) remain untouched, equations (2.3.2+5) are multiplied by ei2rr
/ 3 , 

and eq.(2.3.3+6) are multiplied by e-i2rr/ 3 • When these modified equations are 

substituted into equations (2.3.7-9), the C matrix is separated and its elements 

are: 

3a7l" 
2i 

00 

L C,m{Dm'm + 2IVmm,Hm_m,(kR)cos( i(5m - m' + 4»} 
m=-oo 

= (1 + 2cos(27l"(l + 1)/3» J,_m,(ks) 
'Vrn' 

(2.3.15) 
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The factor (1 + 2cos(27l"(l + 1)/3)) is nonzero only for 1= 2,5,8,11, ... and 1= 

-1,-4,-7,-10, .... 

The D matrix is separated in the same way with the factors multiplying 

eq.(2.3.2+5) and eq. (2.3.3+6) interchanged. Its elements are: 

= (1 + 2CoS(~:~1-1)/3» Jl-m,(ks) (2.3.16) 

The factor (1 + 2cos(27l"(l- 1)/3» is nonzero for only 1= -2, -5, -8, -11, ... and 

1=1,4,7,10, .... 

The A, B, C and D matrices can be found by inverting equations 2.3.12-

16. Equations (2.3.15-16) pose some numerical difficulties in their present form. 

However, these difficulties are not insurmountable and will be addressed in section 

2.5. 

The poles of the S matrix in the cases of three disks are separately deter

mined in each of the submatrices, denoted by M A , M B and Me respectively. Due 

to the symmetry present, the poles of the M D matrix are same as the poles in the 

Me matrix. The matrix elements of MA are given by the the multiplier of Allml 

in equation (2.3.12), for MB by the multiplier of Bllml in equation (2.3.13) and for 

Me by the multiplier of Clm in equation (2.3.14). 
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Figure 2.3.1 The illustration of the three dielectric disk system studied. The 

values for the variables are given in the text. 

x 

Figure 2.3.1 
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Section 2.4: Results 

Various cross sections (differential, total and averaged total) and the poles in 

the S matrix for the three dielectric disk system are given in this section. These re

sults for one dielectric disk, whose cross sections can be found in numerous sources, 

and for the three hard disk system, which are also calculated by Gaspard and 

RiceI2 , are also given in this section and are used to provide insight into the three 

dielectric disk results. 

In the case of scattering from only one disk or cylinder, the axial symmetry 

causes the total and averaged total cross sections to be identical. The results for 

ka ranging from 8 to 18 are given in figure 2.4.1. There are two basic structures 

of the one disk scattering. One structure is a smooth, slowly varying background. 

Superimposed on this background is sharply peaked structure with peaks ka ~ 0.78 

apart. These are the numbered peaks in figure 2.4.1. These structures can be 

understood as Mie scattering, which is understood as a combination of Van de 

Hulst scattering and partial-wave resonance scattering. The details of Van de 

Hulst scattering and partial-wave resonance scattering can be found in Appendix 

E. Van de Hulst scattering has its origins in the change in path length (phase shift) 

a wave undergoes when passing through the cylinder or disk undeflected. This 

gives rise to the slowly varying background observed. Van de Hulst scattering is 

discussed in his book32 and has a total cross section given by 

a = 2a7l"H I (2ka(n - 1», (2.4.1) 

where HI is the Struve function, whose properties can be found in Abramowitz 

and Stegun3!J. An additional phase shift of 271" leaves the change in phase shift 

unaltered; therefore, it is to be expected that the distance between peaks in k of 

the Van de Hulst oscillations are 

b.k = __ 71" __ 
a(n - 1) 

(2.4.2) 

The Van de Hulst cross section and the actual one disk cross section over the k 

range 0 to 100 are shown in figure 2.4.2. 
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In partial-wave resonance scattering the resonances arise from the fact that 

the scattering matrix S can be expressed in terms of a sum of phase factors ei26,. 

The scattering cross section associated with I can then be expressed as: 

4 1 
Ul = k -co-t~2 (":"":O~l )-+-1 (2.4.3) 

where 
kJllI(k'a)Y,'(ka) - k' J{II(k'a)Yi(ka) 

cot(OI) = , 
kJIII (k' a)J;( ka) - k' J{ll(k' a)Jl(ka) 

(2.4.4) 

where Yi is the Bessel function of the second kind of order l. It is alternately known 

as the Neumann function and may be denoted in some of the references as Nl. The 

resonances arise when the k is such that it produces cot( 01) = O. The partial-wave 

resonance scattering gives rise to the sharply peaked structure of the cross section. 

The 1 associated with each peak is labeled in figure 2.4.1. The k values at resonance 

have their origin in the structures of Jl and Yi and their derivatives. The functions 

are complex, and solutions to cot( 01) = 0 are not given in simple form. However, the 

individual functions Jl and Yi oscillate in roughly an amplitude modified sine wave 

(see ref. 39). The frequency of the functions differ when the index of refraction 

differs from 1.0. The repeated resonances in k can then arise in the same fashion 

as a beat arises when two different frequencies of sound interact. Each 1 produces 

these resonances. This effect is illustrated more clearly in the distribution of poles 

in the scattering matrix (see Figure 2.4.3). 

The scattering from the three dielectric disks is affected by both the three 

hard disk and one dielectric disk as seen in the differential cross sections shown in 

figures 2.4.4 and 2.4.5. In the case of three hard disks, the oscillations of differential 

cross section with respect to scattering angle are roughly uniform. While in the 

case of the one dielectric disk, there is the well known interference pattern with 

much slower oscillations and more variance in peak value. The three dielectric disks 

case shows the more rapid oscillations of the three hard disks with the peak values 

modified and roughly follows the one dielectric disk curve. The largest peaks in 

the three dielectric disk cross section occur where there is a peal\: in both the three 

hard disk cross section and in the one dielectric disk cross section. The dramatic 
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flattening in the three dielectric disk cross section for the scattering angles between 

110° to 140° corresponds with the very low cross section values between these angles 

in the one dielectric disk scattering. 

The averaged total cross section for three dielectric disk with R = 2.5a and 

R = 6.0a are shown in figure 2.4.1. One general feature of the three dielectric 

disk scattering is lowering of the amplitude of the Van de Hulst scattering peak 

for the averaged total cross section. This reduction may be understood in terms 

of Van de Hulst scattering at different angles. At <Pk = 0°,120°,240° the total 

scattering cross sections are identical because the scatterer is identical at the three 

given angles. For R ~ 4a, the disks do not shadow (overlap in a projection) one 

another at these three angles. As the incident angle is changed the amount of 

shadowing of one disk by another is changed. For example at <Pk = 30° disk 3 

will completely shadow disk 1, regardless of disk separation. The phase shift of a 

photon going through disk 3 and, therefore, disk 1 is twice that of a photon going 

through only one disk. At <Pk = 30° the total cross section is a combination of the 

photons passing through both disk 3 and disk 1 and the photons passing through 

only disk 2 which roughly gives 

0' ~ a7r[H1 (4ka(n -1)) + H 1 (2ka(n - 1))] (2.4.5) 

The first Struve function has a period one half that of the second Struve function. 

There is then a minimum in the first Struve function when the second Struve 

function is maximum. This effect can be seen in figure 2.4.4 which shows the total 

cross sections for incident angles 0° and 30° and the averaged total cross section 

for R = 2.5a. The complete shadowing of one disk by another occurs at 30°, 90°, 

150°, 210°, 270° and 330°. Partial shadowing occurs at other angles, the larger 

the R the smaller the range of angles where shadowing occurs. This accounts for 

the more dramatic flattening in the case of R = 2.5a as compared to the case of 

R = 6.0a. For disk separations less than 4a there is some degree of shadowing 

present at all angles. 

In the case of one dielectric disk the effects of the poles in the scattering 

matrix on the cross section can clearly be seen in figure 2.4.3. The lines in figure 
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2.4.3 are positioned at the peaks in the cross section. When the poles are isolated 

and near the real axis, the cross section has a sharp resonance. The closer the pole 

is to the axis, the stronger the resonance. The pole structure has some very regular 

properties. New sets of poles begin at an imaginary k of r.J -0.628 (perhaps by 

coincidence", 7f' /5) at regular intervals in real k of", 2.227 (perhaps by coincidence 

'" 7f'1n, where n is the index of refraction). Although these poles form a regular 

structure, I have been unable to find any source to explain these regularities. 

The poles of the three dielectric disks S matrix for the cases of R = 2.5a and 

R = 6.0a are shown in Figures 2.4.6 and 2.4.7, respectively. The lines indicating 

the position of the peaks in the one disk cross section and the position of the 

one disk poles nearest the real axis are also shown in the three disk pole figures. 

There is a pole in each of the submatrices, M A , ME and Me (defined in section 

2.3), which correspond to each of these one disk poles closest to the real axis. 

Analysis using perturbation theory may be of use in predicting these poles each of 

the submatrices. Although many of the poles in the three disk case are closer to 

the real axis than the corresponding one disk poles, they do not produce stronger 

resonances because the background of poles ('" -i 0.62 in one disk) is much higher 

(r.J -i 0.3 for R = 6.0a, r.J -i 0.25 for R = 2.5a) in the three disk case. In the case 

of R = 6.0a the poles which are clearly above the background are clustered near 

the lines of the one disk cross section peaks. This accounts for the alignment of 

the peaks of the averaged total cross section for R = 6.0a with the peaks of the 

one dielectric disk averaged total cross section. 

In the case of R = 2.5a this clustering of poles in the submatrices, M A , MB 

and Me, about the one disk poles also occurs over much of the range of kj however, 

in the range of 11 > k > 12 there are a number of poles (circled and denote by 1 in 

figure 2.4.6) above the background and off the one disk peaks, which may account 

for the dramatic flattening of the three disk cross section. The poles labeled 2 and 

3 in figure 2.4.6 should be the poles responsible for shifting the three disk peaks 11 

and 12 to the left of the one disk peaks. 

The poles in the S matrix of the three dielectric disks are far more numerous 

than the poles of the three hard disks. The poles of the hard disks, which were 
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also found by Gaspard and Rice12 , are shown in figures 2.4.9 and 2.4.10. As 

expected, the small number of poles in the hard disk S matrix leads to relatively 

flat scattering cross section which is shown along with the dielectric disk data in 

figure 2.4.11. As Gaspard and Rice point out the pole very near the real axis at 

approximately ka = 11.5 in the R = 2.5a case is responsible for the sharp resonance 

in the corresponding cross section (line d). However, Gaspard and Rice could not 

make any connection between any eigenvalue in the semiclassical scattering matrix 

and this pole in the quantum mechanical S matrix. 
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Figure 2.4.1 The averaged total cross section vs wave number. Line a is the 

averaged cross section for the case of three dielectric disks with R = 6.0a. Line b 

is the averaged cross section for the case of three dielectric disks with R = 2.5a. 

Line c is the averaged cross section for the case of one dielectric disk with radius 

a. 
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Figure 2.4.2 The Struve Function (dotted line) and the total cross section 

for one dielectric disk (solid line) vs wave number times radius for one dielectric 

disk of radius a. 

8 

2 

o 
o 

A 
" , ' , ' , , , , , 

- one dielectric disk scattering, n= 1.4 

----- Van de Hulst scattering, n=1.4 

20 40 60 80 100 
ka 



46 

Figure 2.4.3 The poles of the scattering matrix for one dielectric disk of 

radius a. The subscripts on the points indicate the I associated with the pole. The 

lines show the positions of the peaks in the total scattering cross section. 
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Figure 2.4.4 The differential cross section for three hard disks (solid line) 

with an incident angle cPk of 0.00
, wave number ka = 9.456 and disk separation of 

R = 6.0a and one dielectric disk (dotted line) of radius a vs. scattering angle. 
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Figure 2.4.5 The differential cross section for three dielectric disks with an 

incident angle 1>k of 0.00
, wave number ka = 9.456 and disk separation of R = 6.0a 

vs. scattering angle. 
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Figure 2.4.6 The total and averaged total cross section for three dielectric 

disk with R = 2.5a vs wave number. Line a is the total cross section with rPk = 0.00
• 

Line b is the averaged total cross section. Line c is the total cross section with 

rPk = 30.00
• 
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Figure 2.4.7 The poles of the scattering matrix for three dielectric disks with 

R = 2.5a. The points or groups of points labeled are discussed in the text. 
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Figure 2.4.8 The poles of the scattering matrix for three dielectric disks with 

R = 6.0a. 
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Figure 2.4.9 The poles of the scattering matrix for three conducting disks 

with R = 2.5a. 
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Figure 2.4.10 The poles of the scattering matrix for three conducting disks 

with R = 6.0a. 
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Figure 2.4.11 The total averaged cross section vs ka for the following con

ditions. Line a is three dielectric disks with R = 6.0a, line b is three conducting 

disks with R = 6.0a, line c is three dielectric disks with R = 2.5a and line d is 

three conducting disks with R = 2.5a. 
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Section 2.5: Numerical Considerations 

One of the numerical concerns is that the sums involved in the calculations 

of the coefficients X'jm and the scattering cross section be large enough for the 

results to converge. The second numerical concern involves the conditioning of the 

M matrix. 

In a well behaved system, the first consideration is addressed simply by 

increasing the number of elements in the sum. The results converge when the 

sums are large enough. However, when the system is poorly behaved, i.e. the M 

matrix is ill-conditioned, addressing the first consideration may not be so simple. 

When a matrix is ill-conditioned, some or all of the elements of its inverse may be 

inaccurate. An ill-conditioned matrix is, in general, a matrix with both large and 

relatively small matrix elements. The location of the large and small elements are 

important in determining if the matrix is ill-conditioned. When small differences 

between two large elements are important in calculating the LU decomposition of 

the matrix, the limited computer accuracy will lose these small, but important, 

differences and, therefore, produce inaccuracies (see ref. 42). The location of the 

inaccuracies will determine how the final results of the calculation are affected. 

As the calculation of the coefficients of the wavefunction inside the disks, X'jm, 

involves the inversion of the M matrix via equation 2.2.9, the conditioning of the 

M matrix, or its submatrices M A , MB, Me and MD is important. If one is lucky, 

the results will converge before the ill-conditioning takes over and destroys the 

stability of the results. As mentioned in section 2.3, the form of N1e and NID as 

they stand in equations 2.3.15 and 2.3.16 caused numerical difficulties, which will 

be discussed below. 

In the case of the hard disks study by Gaspard and Rice12 , all the matrix 

elements are well behaved. In the case of dielectric cylinders some of the matrix 

elements are not well behaved. These matrix elements are the elements correspond

ing to smalllml, where m and m' are of different signs. The worst case occurs with 
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m = 0, here the matrix elements approach 

1 (2m' )Imll 
Mj'mljO ~.J'i'ffi'i ek'R . (2.5.1 ) 

The position of these badly behaved matrix elements in equations 2.3.16-17 causes 

difficulty in the standard matrix inversion routines. The Bessel functions in equa

tion 2.2.11 make the scattering matrix most sensitive to the accuracy of the Xljm 

with small m. Inaccuracies in Xljm with large m can be ignored. Standard matrix 

inversion routines use partial pivoting. In the case of equations 2.3.16-17 the large 

matrix elements appear in roughly a horizontal band near m = O. Partial pivoting 

brings these large elements to the diagonal early (large -m) in the routine. Once 

pivoted, these large elements dominate the matrix and small, but important, dif

ferences in the other elements are lost. The inaccuracies will appear anywhere to 

the right (including the small m elements) of this crucial pivot. 

In the case of R = 6.0a, the cross sections clearly converged by mmax ~ 150 

and the instability caused by the ill-conditioning did not affect the cross section or 

the unitary of the S matrix until mmax ~ 250. However, in the case of R = 2.5a, the 

instabilities appeared at mmax ~ 140, while the cross sections may have converged 

at only mmax ~ 120. 

Ill-condition is generally an intractable problem as unitary transformations 

will not remove this condition. However, there may be ways of reducing the effect 

of the ill-conditioning. In this system the position of the inaccuracies may be 

moved to large m and m'. This is done by reordering the rows and columns as 

follows: 0,1, -1,2, -2, ... , mmax, -mmax. In this arrangement all the large matrix 

elements appear in the upper right hand corner. Under these conditions the large 

elements can only effect Iml greater than or equal to itself. This rearrangement 

does not remove the ill-conditioning but moves the inaccuracies to parts of the 

matrix that are unimportant to the results. 
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Although a unitary transformation cannot remove the ill conditioning, other 

transformations may. In this case equation 2.2.4 may be rewritten using the trans

forming matrix, F, which is a diagonal matrix with elements of Fjm = k' Jlml(k'aj). 

Equation 2.2.4 becomes 

(2.5.2) 

where 

(2.5.3) 

(2.5.4) 

(2.5.5) 

where 

(2.5.6) 

(2.5.7) 

and 
kJI 'I(k'a ',)H' (ka ") U'I I - m J m ' } - 1 

} m - k' J' (k'a ',)H I(ka ") , Im'l J m } 
(2.5.8) 

and the scattering matrix elements are 

N 00 

Sil' = 011' + i7f' L L a)(ljmJl'_m(ksj)Jm(kaj)Tjme-il'r/>j. (2.5.9) 
j=l m=-oo 

Equation 2.5.3-5 may be further manipulated by dividing by Zjm. The off- diagonal 

M matrix elements are then identical to the hard disk elements, and the diagonal 

elements look like the single dielectric disk elements. The fact that the M matrix 
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can look like the combination of hard disks and a single dielectric disk is not 

surprising and may make it possible to interpret the poles of the N dielectric disk 

M matrix as the perturbed N hard disks or perturbed single dielectric disk poles. 

The numerical results of the differential, total and averaged total cross sections for 

the rearranged, ill-conditioned matrix and the well-conditioned matrix are identical 

to at least 12 digits. All results quoted here and in the our paperll passed all the 

test preformed (optical theorem test and test of the unitarity and symmetry) to at 

least 1 part in 1012 • 

The memory requirements for the calculation of the cross section are pro

portional to roughly N;, where Nc is the maximum number in the sums over m 

and I, for convergence Nc is roughly 4knR. The time requirements roughly pro

portional to N;. On a Cray2, an Nc of", 100 takes roughly 1 cpu second per pair 

(total and averaged total) of cross sections and roughly 2-3 megabytes of memory. 

The rainbow become barely visible at k fV 50, for R = 2.5a the calculation of the 

total and averaged total cross sections would take roughly 6 cpu minutes and 7 

megabytes of memory. 

The zeros in the determinant of the M matrix (the poles of the S matrix) 

are found using the following routine. The complex plane is divided into boxes of 

length 0.025 in real ka and 0.01 in imaginary ka. The determinant is calculated 

at the corners of this box; if both the real and imaginary parts of the determinant 

change sign within the box, a search for a poles, starting from the center of the box, 

is initiated. The search uses Newtons method, i.e., the derivative is calculated and 

is used to guide one to the solution, and a poles can usually be found in less than 15 

iterations. The calculation of one determinant has roughly the same computational 

requirements as those per pair of cross section, but due to the large number of 

determinants required this is a very time consuming method. Unfortunately, poles 

can also be missed using this method, if the size of the box is too large. In the 

current analysis missing a pole in the quagmire of poles near fV -i 0.25 to -i 0.3 

is not important and separate searches along the values of the one disk resonances 

can be performed. In the statistical analysis of the distribution of poles finding all 

the poles would be important. Fortunately, there are some methods that can be 
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used to determine whether or not all the poles have been found. A closed path 

integral, which depends on only the poles enclosed, could be used in the following 

method. The line integral would be calculated for a path which just excludes the 

pole and another which just includes the pole. Any discontinuities between the 

second measurement of one pole and the first measurement of the next pole would 

indicate the presence of a pole in the intervening area enclosed by the different 

paths. 

Section 2.6: Future Research 

Although Lewenkopf and Weidenmiiller10 question the usefulness of the sta

tistical analysis of the eigenphases and imply a similar doubt about the statistical 

distribution of the poles in the S matrix, their opinion has not been rigorously 

established. Therefore, I hope to apply the statistical analysis of the poles in the 

S matrix for the three dielectric disks, the three hard disks and the one dielectric 

disk. Comparing the results of the one and three dielectric disks may lead to a 

fruitful marker for classical chaos in quantum scattering systems. 

I also plan to investigate the geometric and physical regimes of this system. 

The definition of chaos in this system is not so easy as in the hard disk system. 

This is due to the fact that in the geometric (classical) and physical (semiclassical) 

regimes the trajectory splits each time a disk boundary is encountered. A good 

method to solve the problem in these limits and a clear definition of chaos must first 

be established before this system can be analyzed in these regimes. The rainbow 

caustic is a manifestation of the physical regime, with a Cray it is possible to find 

the exact wave solution up to the wave number where the rainbow becomes visible. 

Once a good method for solving the trajectory splitting problem is found, I 

would like to investigate the system using Jung's Poincare type map30 for scattering 

systems. Useful insight might be gained when studying these maps as the index of 

refraction changes. 



60 

Chapter 3: Atomic Scattering 

Atomic Scattering by Helium is discussed in this chapter. Section 3.1 dis

cusses the serious methods based on quantum mechanics which have been used to 

investigate ion-atom collisions. The details of time-dependent Hartree-Fock theory, 

which is the method we use to investigate ion-atom collisions, is discussed in section 

3.2. Improvements in computer capabilities available, and improvements in the for

mulation of the computer code have occurred, since the original time-dependent 

Hartree-Fock calculations of He2+ on He were preformed. These improvements 

are discussed in section 3.3. The results of the time-dependent Hartree-Fock cal

culations are compared to experimental results and to other serious theoretical 

calculations in section 3.3. The relevance of the results in interpreting the strength 

and wealmesses of time-dependent Hartree-Fock are also discussed in this section. 

Section 3.1: Introduction 

Well-known difficulties hindering a proper theoretical treatment of ion-atom 

collisions arise from the short-duration, strong, nonlinear interactions between the 

components, as well as the rearrangement of the constituents. Our group addresses 

these difficulties with time-dependent Hartree-Fock (TDHF) theory,1,43 which pro

duces the best solution whose wavefunctions are Slater determinants (a linear su

perposition of product single-particle solutions). Other serious methods which have 

been applied to atomic collisions are based on expansions in molecular or atomic 

state bases44 ,4s. However, these methods are limited in range of energy over which 

each method is applicable. The molecular state basis expansion gives reasonable 

results below rv 100 keY, while the atomic state basis expansion gives reasonable 

results above rv 200 keY. In previous work on He2+ on He collisions at 30 keY and 

250 keY, Garcia et al. found that they could bridge the gap between the energies 

at which molecular and atomic states are applicable. Molecular and atomic basis 
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expansion methods are also limited in the number of electrons which, in practice, 

may participate in the interaction. In these basis expansion methods the number 

of states and, therefore, the computational difficulty increase exponentially with 

the number (N) of electrons participating in the interaction. While in TDHF the 

computational difficulty increases linearly with N. This allows TDHF to be used 

in systems with many electrons, such as the 100 electrons in the jellium modeP for 

the interaction of ions in solids. TDHF can also be used to measure directly the 

ionization, using an energy resolution function developed by Schafer46 • Ionization 

cannot be directly measured with the basis expansion methods. 

Due to the limited computer resources available to Garcia et aI., the first 

TDHF calculations of the HeH on He collision had various numerical truncations 

imposed, the effects of which were not checked. There were also some formulational 

problems, as explained below. In this dissertation the calculations of single and 

double charge transfer cross sections are repeated for the collision of HeH on 

He with improvements. With the improved computer capabilities and improved 

formulations the strengths and wealmesses ofTDHF may now be accessed. This will 

allow for more intelligent interpretations of the results in more complex systems, 

in which the basis expansion methods cannot be practically applied. With the 

numerical uncertainties either under control or known, TDHF, which gives the full 

single particle dynamics, may be used to access the importance of correlation (two 

or more particle dynamics) in a given collision. 

Section 3.2 discusses the formulation of TDHF for atomic collisions. Section 

3.3 discusses the improvements in formulation and computer capabilities. Section 

3.4 discusses the results and compares them to both experimental and other theo

retical data. 

Section 3.2: Time-Dependent Hartree-Fock Theory 

Time-dependant Hartl'ee-Fock (TDHF) theory43 takes into account all the 

single particle forces present in the system. TDHF produces the best possible 
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(mean field) wavefunction of a given Hamiltonian, which are Slater determinants 

of single particle orbits. In systems having approximate cylindrical symmetry, as 

is the case studied here, the computational load can be significantly reduced by 

solving the Lagrangian in a coordinate system that rotates with the internuclear 

axis. This rotation introduces a Coriolis term into the Hamiltonian. 

The Lagrangian L for the general system is 

a A A 

L =<1flih at - (H - wLy )11f > (3.2.1) 

where II is the Hamiltonian and wLy is the Coriolis term. The variational solution 

is based on the least action principle which gives 

(3.2.2) 

When the wavefunction 11f > can span the entire Hilbert space, the variational 

solution produces the Schrodinger equation. When the wavefunction is restricted 

to Slater determinants, the variational solution produces the TDHF equations. The 

general Hamiltonian for atomic system is 

(3.2.3) 

where 

(3.2.4) 

and Vab denotes the potential between particles a and b, where Xi, i = 1, ... , N are 

the nuclear coordinates and Xi, i = 1, ... , A are the electronic coordinates. 

Numerically, the TDHF equations are solved by spatially discretizing the 

Lagrangian. The calculations are carried out 'inside a box' (i.e. limited in size); 

a grid is produced by dividing the two dimensional real space into Cartesian cells 

of dimension f1z by f1p. The wavefunction is discretized and is calculated at the 
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grid points (corners of the cell). The variational principle is used to produce the 

discretized Euler-Lagrange equations. 

(3.2.5) 

The discretized equations are found in Appendix F. The discretized Euler-Lagrange 

equations are solved using finite difference with zero boundary conditions. The 

grid wavefunction is propagated in time using the Peaceman-Rachford scheme47 • 

Numerical solutions using finite differences and the Peaceman-Rachford scheme are 

standard methods, the details of these methods can be found in references 5 and 47. 

The advantages of using TDHF such as automatic inclusion of the continuum states 

during the collision have been discussed previously,43 The transition probabilities 

are computed by projection onto specified final states. 

Section 3.3: Improvements 

The effects of truncations in azimuthal quantum number, number of projec

tions states, number of impact parameters run and in the size of the box could not 

be checked during the original calculations preformed by Garcia et al. due to rather 

severe limitations in computer capabilities. Improved computer capabilities now 

allow us to investigate the effects of these limitations. A number of improvements 

have been made both in the formulation of the solution and in the computational 

limits. 

The first improvement in the formulation of the solution was to correct 

the form of the discretized Coriolis term. Previously the discretized Coriolis term 

was non-Hermitian which caused technical difficulties. The manifestly Hermitian 

discretized Coriolis term developed by Kwong5 in use here is given in appendix F. 

In previous calculations the nuclei responded only to other nuclei in the system 

and were oblivious to the presence of the electrons. In the next improvement 

classical quantum coupling (CQC) developed by K wong3 corrects this deficiency. 
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CQC provides for the completely self-consistent equations of motion and for the 

conservation of total energy and momentum. Using the WKB approximation for 

the nuclear coordinates, we obtain for the equations of motion 

Xj = PjlMj 

N A 

Pj = - LVXj Vnn(Xi(i),Xj(i)) - L < 1fJIVXj Ven(Xj,XdI1fJ >. 
i:Fj 

(3.3.la) 

(3.3.lb) 

(3.3.le) 

The second term in equation (3.3.lc) is the CQC term. The effects of CQC are 

expected to be seen only at low energies. It is expected that CQC should increase 

both the single and double capture cross sections. The reason for this can be 

understood in terms of the work by Lichten48 • When the atom and ion are close 

enough to interact (inside a ball of fixed radius), there is an oscillation of the 

charges between the two nuclei at the frequency of E In, where E is the energy 

difference between the symmetric and antisymmetric wave functions (independent 

of projectile energy). The capture cross section depends only on the amount of 

time spent in the interaction region. This oscillation of charge produces regular 

oscillations in the capture cross section with respect to impact parameter b (see 

figure 3.4.1). In the collision with CQC the nuclei respond to the presence of 

the electrons. This allows the electrons to partially screen the nuclei from each 

other and to attract the nuclei; therefore, the presence of CQC allows the nuclei to 

come closer to each other during the collision and allow the nuclei to separate at a 

smaller velocity. When comparing collisions with and without CQC, the collision 

with CQC spends more time in the interaction region. To spend the same amount 

of time and, therefore, have the same cross section the impact parameter must be 

larger. 

Previous computational limits have been removed. The expansion in az

imuthal quantum, m, introduced by the Coriolis term may now take on any value. 

The maximum m is increased from 1 to 2. The computations are run on a grid 

or inside a 'box'; the maximum possible box size has been increased from 4 by 13 



65 

A to 8 by 20 A. The final projection states have been increased from Is through 

2p to Is through 4f. Discussion of the projection states and the parameters used 

are found in Appendix G. The effects of the increases in the parameters and the 

improvements in the formulation will be discussed in the results section 3.4. 

Section 3.4: Results 

The single and double capture cross sections, whose processes are defined 

in equations 3.4.1 and 3.4.2, respectively, are calculated for energies ranging from 

1 to 250 keY. 

3HeH +4 He(ls2) =}3 He+ +4 He+ 

3HeH +4 He(ls2) =}3 He +4 HeH 

(3.4.1) 

(3.4.2) 

The results of all the runs are found in table 3.4.1. As expected, CQC increases 

the scattering cross sections. At 1 keY, the effect is on the order of 9-10% . Figure 

3.4.1 demonstrates this effect for the double capture cross section at 1 ke V. There 

is a similar shifting of the single capture cross section. This effect is nearly non

existent for 5 keY as illustrated in Figure 3.4.2. Increasing the projection states 

had less then a 1.0% effect on both the single and double capture cross sections at 5 

keY and only a slightly larger effect « 3%) at higher energies. Increasing the box 

size from a small box (4A by 13A) to a medium box (6A by 15A) or big box(8A 

by 20A) had negligible « 1.0%) effect on the individual capture probabilities. 

However, the increase in box size made it easier to see the asymptotic values for 

the capture probabilities. The increase in maximum azimuthal quantum number 

had a similarly small effect on the capture cross sections. The largest effect may well 

be calculating the cross sections with fine enough resolution in impact parameter b 

to see all the peaks and troughs. This is especially important at low energies as the 

capture probability oscillates rapidly with b. At low energies < 50 keY the capture 

cross sections are very stable (varying < 1 % ) at nearly all impact parameters. In 
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the case of higher energies> 100 keY these oscillations, which may be due to the 

nonlinearity of the equations, are slightly larger. In the case of 250 keY there are 

quite a few impact parameters which have 2 or 3 % variance in value; however, 

large values greater than approximately 0.8 have small variance ('" 1 %). The larger 

the value of the capture cross section, the smaller the variance in value. 

Figures 3.4.3 and 3.4.4 compare the results of the improved TDHF to the 

measured values of several experimental groups49-52 and to the results of two 

standard basis expansion methods. The TDHF double capture cross section results 

agree well with available experimental results over a range of 30 to 350 ke V (Fig 

3.4.3). Below", 30 keY, the TDHF results show a leveling off of the double capture 

cross section, which appears to be in agreement with the experimental data of 

Berkner et al.49 . However, their lowest energy was only 7.2 keY. Experimental 

data below 10ke V are scarce. The data of Afrosimov et al. 50, which goes down to 

",1 keY, show a definite rise as the energy is decreased below 10 keY. This rise has 

been predicted by the molecular-orbital calculations of Harel and Salin44 and is 

consistent with an adiabatic resonant reaction53 . Other experimental results51 ,52 

either have little or no data below 10 keY and do not clearly indicate either a rise 

or a leveling off below 10 keY. It should be noted that some of the experimental 

data of different groups do not agree with each other (errors included). As Bayfield 

and Khayrallah54 point out, there appears to be a need for more experiments to 

determine a standard single and double cross sections for the He2+ on He collision. 

The TDHF results for single capture are in good agreement with Afrosimov 

et al. 50 and Allison51 over the energy ranges ",,30 to 250 ke V, with the point at 

250 keY slightly underestimated. However, our results are high for energies :::;10 

keY. with respect to all data. In order to understand this discrepancy one must 

determine the consequences of restricting the two-electron wavefunction to a Slater 

determinant. In the spin-singlet channel, the coordinate space wave function is a 

product of two identical single particle orbitals. If P2 is the asymptotic overlap 

probability of this single-particle orbital with the Hartree-Fock orbitals around the 

projectile ion, the double capture probability is roughly pi. Similarly, if PI is the 

overlap probability with the hydrogenic orbitals, the single capture probability is 
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=::; 2PI (1- PI). Now because the Hartree-Fock orbitals and the Hydrogenic orbitals 

(at least the low-lying ones where the majority of capture occurs) are geometrically 

similar, PI and P2 are approximately equal. As a consequence, TDHF has trouble 

distinguishing between a 50 % probability of double capture and a 100 % probability 

of single capture. This effect can be seen in the double and single capture cross 

sections in Figure 3.4.5. Heuristically, TDHF calculates the charge distribution, 

which is distributed statistically into various channels for the calculation of the cross 

sections. At intermediate energies, when many channels are open, the quantitative 

agreement of our results with experiment is evidence that single-electron dynamics, 

containing only information about the motion of the nuclei and the changing charge 

distribution of the other electron, is the dominating factor. 

The same product nature of the TDHF wave function causes problems below 

30 keY, which can be more clearly elucidated with the help of the state resolved 

data of Afrosimov et al. 55. In this experiment they found that, at low energies, one

electron capture is dominated by capture in states with n ~ 2. They explained this 

by the near-adiabatic model of transitions as the internuclear distance decreases 

from infinity to the united atom limit. The computed adiabatic potential curve56 

for the channel He+ (Is) + He+ (Is) is far from the incoming potential curve for 

He2+ + He (ls2) at most internuclear distances, while the potential curves for He+ 

(Is) + He+ (n = 2) crosses the incoming potential curve. Consequently, the cap

ture into He+(1s) is suppressed at low energies. This suppression, together with the 

resonant capture into He(ls2), is inconsistent with the statistical relation between 

the single and double capture probabilities inherent in TDHF considered above. 

More precisely, at low energies, the mean-field charge overlap probability with the 

Is orbital PI '" P2 = P typically oscillates with large amplitude as a function of 

the impact parameter out to a certain radius. The single-capture probability to 

He+(ls), being'" 2P(1 - P), is thus sizable on average, which leads to the over

estimation of the single capture cross section. For example, the data of Afrosimov 

et al. 55 shows at 10 keY '" 10% and at 5 keY only'" 0.05% of the single capture is 

into the Is state, while the TDHF calculation puts over 90% of the single capture 

in the Is state. Since ionization is negligible, unitarity imposes a corresponding 
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short fall in the double capture cross section. This difficulty produced by capture 

into a single state at low energies might be reduced when considering systems with 

more electrons. This may be true because the density of states is greater in a more 

complex system and the adiabatic curve is more likely to be close to a number of 

states. 
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Table 3.4.1 The table contains the single and double capture cross sections 

for energies ranging from 1 to 250 keY. The comments column contains the numer

ical conditions under which the calculations were performed. M is the maximum 

azimuthal quantum number in the m expansion of the wavefunctions. The medium 

box is 6..4 by 15A and the big box is 8A by 20..4. The parameter bmax is the largest 

impact parameter used in the collision. The parameter Nb is the number of impact 

parameters b for which the cross section 0'( b) was calculated. In some of the lower 

energy collisions a spline was used to smooth the cross section data. 
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Table 3.4.1 

Energy all 0'20 Comments 
(keV) J12 J12 

1 0.584 1.494 WITH CQC, M = 2, med. box, Is to 2p 
bmax = 1.6, Nb = 70, used spline 

1 0.531 1.345 NO CQC, M = 2, med. box, Is to 2p 
bmax = 1.6, Nb = 84, used spline 

5 0.711 1.590 WITH CQC, Is to 2p, M = 2, med. box 
bmax = 1.6, Nb = 43, used spline 

5 0.714 1.604 WITH CQC, Is to 4f, M = 2, med. box 
bmax = 1.6, Nb = 43, used spline 

5 0.687 1.588 NO CQC, M = 2, med. box, Is to 2p 
bmax = 1.6, Nb = 45, used spline 

10 0.922 1.596 with CQC, M = 2, med. box, Is to 2p 
bmax = 1.6, Nb = 33, used spline 

30 1.366 1.534 with CQC, M = 3, big box, Is to 2p 
bmax = 1.6, Nb = 33, used spline 

50 1.680 1.217 no CQC, M = 2, med. box, Is to 2p 
bmax = 2.5, Nb = 35 

100 1.796 0.884 no CQC, M = 3, med. box, 1s to 2p 
bmax = 2.5, Nb = 35 

150 1.698 0.622 no CQC, M = 3, med. box, Is to 2p 
bmax = 2.5, Nb = 37 

250 0.974 0.236 no CQC, M = 3, med. box, Is to 2p 
bmax = 2.5, Nb = 35 
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Figure 3.4.1 The differential cross section for double capture times the im

pact parameter vs the impact parameter for the 1 keY collision without CQC (solid 

line) and with CQC (dashed line). 
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Figure 3.4.2 The differential cross section for double capture times the im

pact parameter vs the impact parameter for the 5 keY collision without CQC (solid 

line) and with CQC (dashed line). 
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Figure 3.4.3 The total cross section for double capture vs energy for the 

TDHF calculations as well as a number of experimental groups and the two basis 

expansion method results. 
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Figure 3.4.4 The total cross section for single capture vs energy for the 

TDHF calculations as well as a number of experimental groups and the two basis 

expansion method results. 
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Figure 3.4.5 The differential single capture cross section (solid line) and the 

differential double capture cross section (dashed line) times the impact parameter 

vs the impact parameter for the 30 ke V collision. 
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Appendix A: Mathematical Formulas 

The addition theorems for Bessel functions is a tool that is used in the 

derivation of the wavefunctions. These theorems can be found in many standard 

formula reference books such as Abramowitz and Stegun3S and are just stated here: 

00 

Z,,().R)e±i,,1/J = L Z,,+m().r2)Jm().r1)e±im9 (A.I) 
m=-oo 

where Z is any of the Bessel functions or any linear combination of Bessel functions. 

The angles 7/J and f) and the variables R, 1'1 and r2 are defined in figure A.I. The 

restriction r2 > r1 applies for all Z except for Z = J, where r2 can also be equal 

to r1. All the Bessel functions used have the following property: 

(A.2) 

The derivative of any Bessel function, Z,,().z), may be expressed in terms 

of other Bessel functions 

(A.3) 

For large arguments the Hankel function can be approximated as: 

H (kr') = _2_ ei(kr' -m7l" /2-71"/4) 
( )

1/2 

m rrkr' 
(A.4) 
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Figure A.I The variables used in the addition theorem for Bessel functions, 

equation (A.I). 

Figure A.1 
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Appendix B: The Optical Theorem 

The optical theorem relates the total scattering cross section to the scat

tering amplitude in the forward direction. Conservation of energy or probability 

leads to this theorem. The optical theorem states the total scattered energy or 

probability must equal the amount of energy or probability missing in the shadow 

of the scatterer, i.e. the scattering in the forward direction. 

The scattering amplitude in the forward direction, from eq. (2.1.10), can be 

rewritten in the braket notation, 

A A e- irr /4 
f(k, k) = (27rk )1/2 < ¢IS - 11¢ > (B.1) 

where S is the scattering matrix and I is the identity matrix. Eq. (B.1) can be 

rewritten as 

A A 1 - i S + st S - st 
f(k,k) = V47rk [< ¢I 2 - 11¢ > +i < ¢I 2i I¢ > ] (B.2) 

The total scattering cross section, eq (2.1.12), written in braket notation is 

1 2 S + st 
a = k < ¢I(st - l)(S - 1)1¢ >= k < ¢Il - 2 I¢ > (B.3) 

Equating eq. (B.2) and (B.3), the optical theorem is found 

( )

1/2 

a = 4; [Im(J(k, k» - Re(J(I" k»] (BA) 
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Appendix C: One Dielectric Disk Scattering 

As described in section 2.1 the first step is to place the point r on the surface 

of the disk, this point is outside the domain therefore equation 2.1.17 applies. 

The quantities required in equation 2.1.17 are the wavefunction and the Green 

function and their radial derivatives on the path. As discussed in section 2.1, 

Green's theorem holds separately for 'lj;k/{r) in the sum describing the complete 

wavefunction 'lj;k{r) , eq. (2.1.6). In order to reduce the complication ofthe notation, 

all Hankel functions mentioned are of type one, H~), unless specified otherwise. 

Figure C.1 illustrates the path at infinity. The Green function is expanded 

in terms of the known vectors r, whose magnitude is a, and r'. The addition 

theorem and the large argument approximation for the Hankel function are used 

to expand the Green function to become: 

1 
G{r, r') = --:-Ho{klr - r'l) 

4z 

00 

= ~ 1 '"'" ei(kr'-m7r/2-7r/4) Jm{ka)eim(O-cPr,) , (C.1) 
2i {27rkr')1/2 m~oo 

where the variables are defined in figure C.l. The far field wavefunction (eq. 2.1.7) 

is used for the wavefunction along the path at infinity: 

i/7r /2 00 

.1 •• (r') = e '"'" [e- i(kr'-I'7r/2-7r/4)8 ,+ ei(kr'-I'7r/2-7r/4)s 'lei/'Or' 
'f/kl (27rkr')1/2 I'~oo I,I I,I 

(C.2) 

The path at infinity and around the disks are all taken to be perfect circles. This 

makes the direction of the path integral in the radial direction, dl = r' drPr" There

fore, one only needs to deal with the gradients of G{r', r) and 'lj;{r') in the radial 

direction. The gradient of the wavefunction and the Green function are easy to 

perform. The integral along the path at infinity is: 



Ioo = 1 dl· [1/Jkl(r')V"G(r, r') - G(r, r')V"1/Jkl(r')] 
JaDoo 
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(0.3) 

The integral just outside the surface of the disk must now be performed. 

Figure 0.2 illustrates this path. The Green function is again expanded using the 

addition theorem and becomes: 

G(r, r') = :iHo(klr - r'l) = 4~ 
00 L Hm(kr')Jm(ka)eim((}-(}r/) (004) 

m::-oo 

In this case r' equals a but for the time being will be left as r' for clarity until the 

final steps are performed. The wavefunction and its derivative on the path just 

outside the surface of the disk is equal to the value on the surface of the disk by 

virtue of continuity across the boundary. The wavefunction on the smface of the 

disk is given by equation 2.1.3: 

00 

1/Jk/(r') = ei1rr/2 L X'jm l Jlm/l(k'r')eim'(}rl (0.5) 
n~/=-oo 

Again the magnitude of r' is a but is represented as r' for clarity. The subscript j 

has a value of 1 but will be keep as j for clarity. There can be no approximation 

of the Bessel or Hankel function, as r' is not large, so the derivative must be taken 

explicitly. The derivative of any Bessel function can be expressed in terms of other 

Bessel functions, as shown in Appendix A. This property makes the coding of the 

equations easy but also makes the equations unnecessarily complicated; therefore, 

the derivatives dZ,;2"z) will be simply denoted as >"Z~(>"z). Again the gradients of 

the wavefunction and the Green function are easily performed. The integral on the 

path just outside the disk is 



11 = 1 dl· [1/Jkl(r')\7'G(r, r') - G(r, r')\7'1/Jkl(r')] = !aD! 
00 
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L X'imJm(ka)[kJlml(k'a)H:n(ka) - k' J{ml(k'a)Hm(ka)]eim8 . (C.6) 
m=-oo 

Green's theorem (0 = 100 - It) allows the coefficients X'im to be found. 

2i 
XII=--~~~~~~~~~~~~~~ 

mr[kJI11(k'a)Hl(ka) - k' J1,I(k'a)H,(ka)] 

X'm = a , for m =11 

(C.7) 

With the coefficients X'im known, so that the wavefunction inside and on the 

surface of the disk is also known, the far field wavefunction can now be found. 

The second step is to place the point r far from the disk but still inside 

the domain D. Equation 2.1.16 then applies. Again, the Green function, the 

wavefunction and their radial derivatives must be known on the paths at infinity 

and just outside the surface of the disk. Figure C.3 illustrates the path at infinity. 

Performing the path integral along the path at infinity gives 

(C.8) 

The path just outside the disk is illustrated in figure CA. Performing the 

integral along this path gives 

00 

11 = L Xl1mHm(kr)[kJlml(k'a)J~I(ka) - k' J{ml(k'a)Jm(ka)]eimcf>r. (C.9) 
m=-oo 

Recalling that Xl1m = a for m =11, applying equation 2.1.16 and replacing XII by 

its value from equation C.7, we obtain for the far field wavefunction 

1/Jkl(r) = eil7r/2eilcf>r [Jl(kr)

[JI11(k'a)J{(ka) - k'J{lI Ck'a)J/Cka)] ] 
H, (h) -;-=-~-:--7-::::-:--;-:--:--~-::!7-~~::::=--;-:---,,~ 

[JI11(k'a)HICka) - k' J(II(k'a)H,(ka)] . 
(C.10) 
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Comparing this far field wavefunction to the far field wavefunction expressed in 

terms of the scattering matrix S, equation (2.1.7), we determine the scattering 

matrix S to be 

[ 
[Jill (k'a)Jf(ka) - k'J{II(k'a)J,(ka)] ] 

Sill -+ Sll = 1 - 2 . 
[Jill (k'a)Hf(ka) - k' J{II(k'a)H,(ka)] 

(C.11) 

Using equation (2.1.10) the scattering amplitude is 

~ ~ __ 2e-i7r/ 4 ~ il(tPr-tPk) [JIII(k'a)Jf(ka) - k'J{'I(k'a)J,(ka)] 
f(k, r) - (27rk)1/2 If:'= e [JIII(k'a)H{(ka) _ k'J{lI(k'a)H,(ka)]' (C.12) 

Now all quantities, such as differential scattering cross section, total scattering 

cross section and averaged total scattering cross section, can be calculated. 
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Figure C.1 The path of integration at infinity is illustrated for the first 

application of Greens theorem. In the first application, the point r, of magnitude 

a, is on the surface of the disk, which is outside the domain D. The gap between 

the path just outside the disk and the surface of the disk is exaggerated for clarity. 

y 

Domain D 

Figure C.l 
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Figure C.2 The path of integration just outside the disk is illustrated for the 

first application of Greens theorem. The gap between the path and the surface of 

the disk is exaggerated for clarity. The point r is on the surface of the disk, which 

is outside the domain D. Both vectors rand r' are of magnitude a. 

Figure C.2 
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Figure C.3 The path of integration at infinity is illustrated for the second 

application of Greens theorem. In the second application the point r is at a large 

distance from the scatterer but still within the domain D. The gap between the 

path just outside the disk and the surface of the disk is exaggerated for clarity. 

Domain D 

Figure C.3 
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Figure C.4 The path of integration for the path just outside the disk is 

illustrated for the second application of Greens theorem. In the second application 

the point r is at a large distance from the scatterer but still within the domain D. 

The gap between the path and the surface of the disk is exaggerated for clarity. 

The magnitude of r' is a. 

x 

Figure CA 
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Appendix D: Scattering from N Dielectric Disk Arrays 

As described in Section 2.1, the first step in the solution procedure is to 

place point r on the surface of one of the disks. This disk is labeled disk j', the 

other N - 1 disks are labeled by j. The point r is now located outside the domain 

D, so the correct form of Green's theorem to use is eq.(2.1.17) 

N 

o = 100 - L Ijll, 
j"=1 

(D.1) 

where 100 is the integral associated with the closed path at infinity. The Ijll are 

integrals associated with the closed paths just outside the surface of the disk jl/. 

Again all paths are assumed to be perfectly circular. 

The calculation of 100 follows from Appendix C quite easily. In this case 

there is one extra use of the addition theorem to produce 100 as: 

00 

100 = eil7r/2eiltPjl L Jl_m(ksj' )Jm(kaj' )eimBjl (D.2) 
m=oo 

Figure D.1 illustrates this path. The integral over the smface just outside the 

disks must now be performed. The N integrals are broken into two categories: the 

integral over disk j' and the N - 1 integrals over the remaining disks. The integral 

over disk j' itself is identical to the one disk case: 

00 a"7T'L 1'1 = -]- Xl 'I IJ I(ka ") ] 2i ] m m ] 
m=oo 

Now only the integrals of the other disks labeled with j remain. 

(D.3) 

Green's function is expanded using the addition theorem in a series of steps. 

The first step uses the relationship rj - rj' = X + aj, and the second step uses the 

relationship X = Rjjl - aj'. All variables are defined in figure D.2. In the first 

step Green's function becomes 

00 

G(r, r') = :iHo(klr - r'D = :i L: Hm(JoX)Jm(kaj )eimXj (DA) 
m=oo 
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As figure D.2 illustrates, the angle Xj can be expressed as 

Xj = 7r + 8 - OJ - €jjl'Yjjl. (D.5) 

The second step produces 

00 

Hm(kX)eim6 = L Hm+ml(kRjjl )Jml(kaj' )eim'Xjl, (D.6) 
m'=oo 

where Xjl can be expressed as 

Xj' = 7r - €jlj'Yjlj - OJ'. (D.7) 

Replacing m' with -m' and recalling that €jlj = -€jj' produces the Green's func

tion 
00 

G(r, r') = :i L Hm-ml(kRjj' )Jml(kaj' )Jm(kaj) 
m,nl'=OO 

(D.8) 

Equation 2.1.3 describes the wavefunction on the surface of the disk. Its use pro

duces the following integral for the j th disk: 

(D.9) 

Applying Green's theorem, eq. (D.1), gives the relationship for X 1jm , 

(1 - £'1 ·)H l(kR· ',)W· '1 leim7rei£jlj(m-Yjjl+m'-Yjlj)} UJ J m-m JJ ]m] m 

_ JI-m' (ks j' )eiltPjl 

Vi'm' 
(D.IO) 
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where 

(D.ll) 

and 

(D.12) 

Equation (D.lO) can be represented in matrix form and be solved numerically. 

With the Xljm coefficients known, the far field wavefunction can be found. 

The point r is placed at a distance far from the scatterers but still with the domain 

D. In the case the correct form of Green's Theorem is equation (2.1.16) 

N 

¢kl(r) = Joo - L Jjll 
j"=! 

(D.13) 

The integral over the path at infinity is identical to the one disk case and is 

(D.14) 

The integrals over the N disks have the same form and no longer need to be 

separated into two categories. The path over disk j is illustrated in figure (D.3). 

The wavefunction on the disk j follows from eq. (2.1.3). The integral over the path 

just outside disk j is 

00 

Ij = a~; ei11r/2 L XljmHm,(kr')Jm'_m(ksj)e-im'q,j eim'q,r 
m,m'=-oo 

(D.15) 

Green's theorem (D.13) is applied to find the far field wavefunction, which 

is compared to equation 2.1.7, the far field wavefunction in terms of the scattering 

matrix S, to solve for S. The elements of the scattering matrix are then: 
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N 00 

SIl' = Oil' + i7r I:: I:: ajXljmJI'_m(kSj )e-i/'<Pj 
j=l m=-oo 

(D.16) 

Time Reversal invariance 

Time reversal invariance can be expressed as 

f(k, r) = f( -r, -k) (D.17) 

Using equation (2.1.10) one can easily to show that eq. (D.17) leads to 

(l I') SIl' = (-1) - Sil', (D.18) 

which yields 

M- ( l)(m-m')M-
jmj'm' = - j' -m'j -m, (D.19) 

where 

(D.20) 

Owing to the delta functions, the first term in eq. (D.20) upon the interchange 

of j with j', m with -m' and m' with -m remains unchanged. Recalling that 

fjj' = -fj'j, Rj'j = Rjj' and e- im
'7I' = (_l)m-m' einm , we find that the second 

term becomes 

(D.21) 

Thus time reversal invariance is obeyed. 
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Figure D.1 The path of integration is illustrated for the first application of 

Greens theorem. In the first application the point r is on the surface of disk j', 

which is outside the domain D. The gap between the path just outside disk j' and 

the surface of the disk j' is exaggerated for clarity. 

Figure D.l 
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Figure D.2 The path of integration just outside disk j is illustrated for the 

first application of Greens theorem. In the first application the point r is on the 

surface of disk j', which is outside the domain D. The gaps between the paths just 

outside the disks and the surface of the disks are not shown in order to simplify the 

illustration. However the point r is on the surface of the j' disk and the point r' 

is on the path just outside the surface of the disk j. The variable €ii' is positive if 

one travels from disk j to disk j' in the counterclockwise direction as is true in this 

illustration. This leads to the following properties: €i'i = €ij', also €ii = O. In this 

illustration the following geometric properties are true: Xi = 7r - €ii"ii' - Bi + C¥, 

Xi' = 7r - €i'i'i'i - Bj' and 'i'i + 'ij' + €ij'(¢i' - ¢i) = 7r. 

x 

Figure D.2 
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Figure D.3 The path of integration just outside disk j is illustrated for 

the second application of Greens theorem. In this case the point r is far from the 

scatterers but still within the domain D. The gap between the path and the surface 

of the disks is exaggerated for clarity. The magnitude of r' = a, the radius of the 

disk. 

x 

Figure D.3 
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Appendix E: Mie Scattering 

Section 1: Van de Hulst scattering 

Van de Hulst32 ,4o scattering assumes the wave passes through the cylinder 

or disk undefl.ected. As the wave passes through the disk it experiences a phase 

shift of 
ei2ka(n-1) cos 8 (E.1.1) 

where the variables are defined in figure (E.1). This phase shift is related to the 

forward scattering amplitude as: 

( 
k )1/2 fa f(k, r) = 27l" e- irr / 4 -a dy(1- ei2ka(n-1)cos8) (E.1.2) 

where y = 1 sinO. The optical theorem is used to find the total scattering cross 

section of 

a = 2Re laa dy(1 _ e i2ka (n-1) cos 8) (E.1.3) 

A change of angular variable of 0 = "( - 7r /2 allows eq. (E.1.3) to be written as 

a = 4a - 2Re l rr 
sin ,,(d,,(ei2ka (n-1) sin -y (E.1.4) 

The integral is preformed using the following properties38 of the Anger function, 

J v , and the Weber function, E v , 

which gives 

Jv(Z) ± iEv(z) = 2. (rr dOe±i(vO-:sinO), 
7r Jo 

a = 4a - 2a7rE1(2ka(n - 1)) = 2a7rH 1(2ka(n -1)), 

where Hv is the Struve function. 

(E.1.5) 

(E.1.6) 

As the Van de Hulst scattering is produced by a phase shift, an additional 

phase shift of2m7r, where m is any integer, will leave the relative phase unaffected. 

This explains the periodicity of ka = 1n7r / (n - 1) observed in the Struve function. 
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Section 2: Partial wave resonance scattering 

The scattering matrix has the property of being unitary. Therefore, it may 

be expressed in terms of a sum of a phase factors, 2:~-oo ei261 • The total scattering 

cross section, eq. (2.1.12), may then be written as 

(E.2.1) 

The elements S1l of the scattering matrix are equated to the one disk results, eq. 

(2.2.2), 
'26 kJIII(k'a)Jf(ka) - k' J{II(k'a)J,(ka) 

e I I - 1 - 2 -:-::----;-:-:--:-::-~:--:'--:-:-~-:-:-:--:-=-:;-:--:-
- kJIII(k'a)Hf(ka) - k' J{II(k'a)H,(ka)· 

(E.2.2) 

Recalling that the Hankel function is 

H,(ka) = J,(ka) + iYi(ka), (E.2.3) 

where Yi is the Bessel function of the second kind, and noting that 

(E.2.4) 

we are able to make the following associations: 

cos(o,) = kJIlI(k'a)Y,'(ka) - k'J('I(k'a)Yi(ka) (E.2.5) 

(E.2.6) 

which produces the cot( 0,) given in eq. (2.4.3). 
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Figure E.1.1 The illustration of the pat.h length 1 and its associated y which 

appears in the integral of equation E.1.2. 

y 

1 = 2a.cos(cf») 

Figure E.1.! 
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Appendix F: The Discretized Lagrangian 

The Coriolis term couples states of azimuthal quantum number m differing 

by 1. In order to discretize the Lagrangian, the wavefunction and the potential are 

expanded in terms of the azimuthal quantum number. 

U(p,z,¢;) = 'LUI'(p,z)e-illr/>, 

II 

(F.2) 

where the U denotes the sum of all the potentials. Insertion of equations (F.l) 

and (F.2) into equation (3.2.1) gives the following Lagrangian for the electronic 

coordinates 

where the matrix elements m'e 

and 
.I.I'*L~ II/t' .1.1" _ .1.1'* ih [ir/>( f} f} z f}) 
'f/ 'f/ - 'f/ - e z- - p- - --

y 2 f}p f}z ip f}¢; 

ir/>( f} f} z f} )].I.It' +e- z- - p- + -;-- 'f/ 
f}p f}z zp f}¢; 

(F.5) 

and 

(F.6) 

Discretizing the system involves solving the equation (via the variational 

principle) on a grid whose lattice coordinates are 

Pi = (j - 1/2)6.p j = 1, .. . ,Np (F.7) 

Zk = (k - N:;/2 - l)~z k=l, ... ,N:; (F.8) 
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Derivatives are approximated between two lattice points. The discretization in 

the z direction is simple and in the p direction slightly more complex. A general 

element is 

j.I* 1'* j.I-1 j.I-1 

= ZkPj+l/2 (9j+l,k + 9j ,k) (9j+l,k + 9j,k ) 

2/:);.p Jpj+l VPf Jpj+I VPf 
(F.9) 

After some algebra one obtains 

(F.10) 

and 

J fJ fJ fJ A. .I,j.I*LA .1,1" - "'""' A A itt [ Pj ( 1'* /,-1 1'* 1'-1) 
p p z 'f' 'f' y'f' - ~ w.pw.Z2' 2/:);.z 9j,k9j,k+I - 9j,k+19j,k + 

I,jk 

[( 1) ( 1)] Zk [ (1'* /,-1 1'* /'-1) /:);.p 1'* /'-1] fL - --. fL + - 2/:);.p Cj+1 9j,k9j+I,k - 9j+I,k9j,k - Pj 9j,k9 j,k 

-[(fL - 1) --. (fL + 1)] + ;: [(fL - 1)9j:~9i.kl - (fL + 1)9i.~9j:tl], (F.ll) 

where 
1 

Cj = -yr=P==-=1/::=4 (F.12) 

and [(J.l- 1) --. (J.l + 1)] denotes a term identical to the previous term with (J.l- 1) 

replaced by (J.l + 1). 

The term fJLlfJ9i.~ III the Euler-Lagrange equation for the Hamiltonian 

becomes: 

I A I A 2 
1 fJ < 1/J He 1/J > "'""' "'""' - tt ( 1 [I' 11 11 ] 

/:);.z/:);. fJ 1.'* = ~ ~ ?m' (6. )2 Cj+19j+I,k + Cj-I9j_l,k - 29j,k + 
P 9),k 11jk i=I ~ I P 
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1 [/' + I' 2 "]) ""' UI'-I" 1" (~Z)2 gj,k+l gj,k-l - gj,k + L..J gj,k 
1" 

(F.13) 

and for the Coriolis term becomes: 

Zk [(2 1) /,-1 ( ) 1'+1]) + pj fl- gj,k - 2fl + 1 gj,k • (F.14) 
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Appendix G: Final Projection States 

The final projection states for capture on one electron are Hydrogen like 

states (with Z = 2). The projection states for double capture are states produced 

by a Herman-Skillman routine57 . These states are then fitted with a 10 p~rameter 
fit of Slater type orbitals. This procedure follows the work of Clementi and Roetti58 

who have fitted the ground states for neutral atoms and positive ions with Z = 2 

to 54 and the negative ions with Z = 3 to 53. 

Slater type orbitals are given in the form 

(G.1) 

where 

(G.2) 

and Yim(B, ¢) are the standard spherical harmonics. The fitting parameters are 

the ai and 6i and the nil are chosen with the restriction of being greater than or 

equal to 1 + 1. The principle quantum number is suppressed in equations (G.1) and 

(G.2). Five pairs of ai and 6i 

by the Herman-Skillman program. The ground state fitted by Clementi and Roetti 

is more nearly correct than the one produced by the Herman-Skillman program 

and is therefore used. 

The fitting was accomplished using a simplex method59 • The fitting searches 

for Ylow, the minimum of the squm'e of the difference between the Herman-Skillman 

wavefunction and the Slater type orbitals of equation (G.1). A very good fit with 

a Ylow of 10-5 can usually be obtained with less that 5000 iterations. This takes 

approximately 10 cpu minutes on a VAX. The number of iterations depends highly 

on the number of nodes in the wavefunction. Wavefunctions with many nodes take 

longer to fit. The n/i are chosen before fitting of the parameters. Although the 

actual values chosen for nli can make a large differences in the quality of the fit, the 

n/i are not parameters in the fitting routine. Table G.1 contains the parameters of 
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the Helium states. There has been pervious work done by Tweed60 which gives a 

34 or 50 parameter fit of the exact wavefunction for excited states of Helium. These 

fits were not used because the Hartree-Fock states could be fitted well enough with 

this 10 parameter fit. 

The wavefunctions are calculated for a stationary atom. These wavefunc

tions must be boosted43 to move with the nucleus when calculating the capture 

probability. The boosted wavefunction is 

(G.3) 

where hk is the momentum of the nucleus being projected onto, b is the impact 

parameter, R is the internuclear distance and I n is the cylindrical Bessel function 

of order n. The cross section into state cP/m = cP J is 

ClJ = lim 27rJbdb l < <I>/I1/JTDlIF > 12 = lim 27rJbdbl~ <cP'JI1/JTDIlF > 12, 
t-+oo t-oo L...J 

m' 
(GA) 

where < cPf 1 is the (complex conjugate of the) m' wavefunction defined by the right 

hand side of equation (G.3). The total cross section is the sum of the cross sections 

of the various final states 1/J J. 
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Table G.1 The parameters ~'i and aj of equations (G.2) and (G.1) used to 

fit the Hartree-Fock wave functions produced by the Herman-Skillman program. 

The exception being the ground state which is given by Clementi and Roetti. 
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Table G.1 

nli eli ali 

He ls2 Is 1 = 0 
1 0.141714000e+01 0.768380000e+00 
1 O.237682000e+01 O.223460000e+00 
1 O.439628000e+01 OA08200000e-01 
1 O.652699000e+01 -0. 994000000e-02 
1 0.794252000e+01 0.230000000e-02 

He ls2s Is 1 = 0 
2 O.364379787e+01 0.27802079ge+OO 
1 0.288971496e+01 -0.12585274ge+00 
1 0.174225688e+01 0.745462656e+OO 
1 0.577095222e+01 O.24119941ge+OO 
1 O.676412773e+01 -O.916913301e-01 

He ls2s 2s 1 = 0 
1 O.23496224ge+01 O.191203222e+OO 
1 O.468575287e+01 -0.865601003e-02 
2 0.607600212e+OO -O.105064285e+01 
2 O.869474471e+OO -OA93625887e-01 
2 0.14749414ge+01 O.154987842e+OO 

He ls2p Is I = 0 
2 0.388665676e+01 O.101258121e+OO 
1 0.190970087e+01 O.794583738e+00 
1 0.131923616e+01 O.801144987e-01 
1 0.58818821ge+01 O.534251891e-01 
1 0.833876228e+01 -O.603445293e-02 

He ls2p 2u I = 1 
2 0.111834502e+01 0.71898534ge-01 
2 0.519515514e+OO O.954237938e+00 
2 0.246226621e+01 O.227954201e-01 
2 OA82549381e+01 -O.358311692e-02 
3 0.162378597e+01 -O.178632382e-01 
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Table G.l - continued 

He Is3s Is I = 0 
2 O.351889467e+Ol 0.618149154e-Ol 
1 0.202520990e+Ol 0.721935630e+00 
1 0.160478091e+0l O.19487012ge+OO 
1 0.57442731ge+Ol 0.915539041e-0l 
1 0.628083563e+Ol -0.564137325e-01 

He ls3s 3s 1 := 0 
1 0.186126292e+Ol 0.130763292e+OO 
3 0.383886725e+OO 0.266824484e+01 
2 0.349554360e+OO -O.223265886e+Ol 
3 0.469662380e+Ol 0.360818091e-02 
4 0.616945446e+OO 0.252143353e+OO 

He ls3p Is I = 0 
2 0.36336998ge+Ol 0.124745890e+00 
1 O.191834545e+Ol -0.556741618e-01 
1 0.186352611e+Ol 0.892755151e+00 
1 0.635338688e+0l 0.19131366ge+OO 
1 0.685184526e+Ol -0.13092201ge+OO 

He Is3p .illl. I = 1 
2 0.119900203e+Ol O.190851107e+00 
3 0.340205997e+OO -0.562181711e+OO 
3 0.181814742e+Ol -0.355067523e-02 
3 0.750322700e+OO 0.404143304e+00 
4 0.398285210e+OO -0.551094472e+OO 

He Is3d Is I = 0 
2 0.419888115e+Ol -0.273768492e-Ol 
1 0.218523502e+Ol 0.765183628e+OO 
1 0.16256502ge+Ol 0.274522603e+OO 
1 O.584132528e+Ol 0.104033567e+OO 
1 O.590563011e+Ol -0.115321502e+OO 
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Table G.1 - continued 

He ls3d 3d 1 = 2 
3 0.363838911e+00 0.205600962e+00 
3 0.327853054e+00 0.800777435e+00 
3 0.35466117ge+01 0.768773025e-03 
3 0.808211565e+00 0.473681986e-01 
3 0.754337728e+00 -0.515249185e-01 

He ls4s Is 1 = 0 
2 0.335851145e+01 0.921076015e-01 
1 0.204503107e+01 0.495315373e+00 
1 0.175600576e+01 0.377791137e+00 
1 0.539268112e+01 0.71926198ge-01 
1 0.70657548ge+01 -0. 203458630e-0 1 

He ls48 4s 1 = 0 
1 0.171080470e+01 0.953357592e-01 
2 0.684996307e+00 -0.352327228e+00 
3 0.209562987e+00 0.50888305ge+00 
4 0.261550516e+00 -0.206954050e+01 
4 0.429460824e+00 0.125080645e+01 

He ls4p Is 1 = 0 
1 0.185602248e+01 0.717858911e+00 
1 0.238823152e+01 0.287682116e+00 
1 0.31421285ge+00 0.357100012e-03 
1 0.658397150e+01 -0.162662496e-02 
1 0.718380260e+01 0.302778004e-03 

He ls4p 1121 = 1 
4 0.552657425e+00 -0.101097584e+01 
5 0.420357496e+00 -0.177671134e+01 
4 0.817714214e+00 0.160214052e+00 
3 0.234570071e+00 0.279210496e+01 
2 0.10535045ge+01 0.176711276e+00 
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Table G.l - continued 

He 1s4d Is 1 = 0 
1 0.195121503e+01 0.874298453e+00 
1 0.251294637e+01 0.114716604e+00 
1 0.113689780e+01 0.139125735e-Ol 
1 0.629684401e+Ol 0.459149992e-02 
1 0.764275455e+01 -0.348247611e-02 

He 1s4d 4d 1 = 2 
4 0.247933403e+00 -0.139806640e+01 
4 0.301096648e+OO 0.545406401e+00 
3 0.316769391e+OO 0.936051190e+OO 
3 0.117201507e+01 0.54738828ge-02 
4 0.245602071e+OO -O.528515995e+OO 

He 1s4f Is 1 = 0 
1 0.190416515e+01 O.797928214e+OO 
1 0.242293835e+01 O.204207286e+OO 
1 0.645634830e+OO 0.194054702e-02 
1 0.62749509Se+01 0.173786900e-02 
1 0.758610106e+Ol -0.178588403e-02 

He 1s4f 4f 1 = 3 
4 0.103013372e+02 O.993100002e-05 
4 O.53234686ge+01 -OA0381000ge-04 
4 0.335806632e+01 0.656830016e-04 
4 0.153453338e+Ol 0.823180017e-04 
4 0.250007182e+OO 0.999995470e+OO 
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