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ABSTRACT 

This paper tests a new methodology; the discrete time no arbitrage-based model 

of Heath, Jarrow and Morton (HJM). From within Ho and Lee's framework, HJM's 

model is shown to encompass Ho and Lee's AR model as a special case. Several 

discrete stochastic models of the term structure based on restrictions placed on 

the variance of the forward rate process are discussed. These models are tested in 

HIM's no arbitrage-based framework. For testing, it is necessary to use current 

bond prices to substitute out for the market price of risk implied in the initial 

term structure. In this way, additional current bond prices appear in the pricing 

formulas, but the market price of risk does not. 

Several sets of forward rate models are tested. To avoid measurement errors 

associated with fitting splines to coupon-bearing bonds, coupon-free data are used. 

Weekly T-bill quotes over a twenty-three year period, starting in 1968 are split into 

two equal sets about the structural break of October 7, 1979 following the shift 

in the Federal Reserve's monetary policy. These two data sets are split in half for 

further testing. 

Hansen's Generalized Method of Moments (GMM) is employed to estimate the 

models' parameters with a minimum of assumptions. Because of models are not 

nested, the resulting J statistics are not suitable for model comparisons. As an 

alternative, "simulated residuals" resulting from the imposition of the parameter 

values obtained from the GMM estimation are calculated. The model generating 

the set of simulated residuals with the smallest variance is assumed to have the 

best fit. The F test is used for pairwise comparisons of the models. The sets of 

simulated residuals are not normally distributed. However, unless two samples are 
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from radically different distributions, the F test is quite robust to the assumption of 

sample normality and can be used still be used to perform an informal comparison 

of two similar samples. 



CHAPTER 1 

INTRODUCTION 

15 

Over the last twenty years a number of sophisticated. models have been developed 

for pricing financial instruments. Interest-rate derivative securities have been some 

of the most difficult to price, due to the difficulty of modeling the stochastic move

ment of interest rates. There have emerged two major paradigms for modeling the 

term structure; namely the no arbitrage-based approach and the equilibrium-based 

approach. 

Until quite recently, the equilibrium methods have been predominant. The most 

prominent equilibrium-based method is Cox, Ingersoll and Ross's (CIR) 1985 model 

[19J. CIR's model is a general equilibrium model in continuous time. CIR's model 

is based on a single state variable, the instantaneous spot rate. The spot rate is 

assumed to evolve according to a square root process. Given parameter values, the 

value for the spot rate determines the entire term structure. The benefit of being 

able to determine the entire term structure from just the spot rate comes at the 

cost of specifying a preference structure. 

Unfortunately, an implication of this is that derivative asset prices can be depen

dent on the market price of risk, or preferences. When this happens, it is because 

the variance of the forward rate process is dependent upon the market price of 

risk. In CIR's model it can also be shown that, although the market price of risk 
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is stochastic, it is constrained to a particular functional form. 

The modern approach to no arbitrage-based pricing began III 1986 with Ho 

and Lee's [37] important JF article. Ho and Lee presented a major result for 

contingent claim pricing with the development of their AR model. l The initial 

term structure is taken as exogenous. The entire term structure is allowed to shift 

each period. Ho and Lee work in a bond-price framework to develop a one-factor 

model. A pure discount bond price lattice is used to model stochastic movements 

of the term structure. Two restrictions are imposed on the stochastic movement 

of bond prices within the lattice. These restrictions are the absence of arbitrage 

opportunities and path independence. The path independence restriction, although 

not necessary, makes computations much easier. 

Heath, Jarrow and Morton (HJM) [33] have rigorously developed a continu

ous time no arbitrage-based model based on the fundamental insights of Ho and 

Lee. HJM however, work in a forward rate framework that is more amenable to 

mathematical analysis than Ho and Lee's pure discount bond price framework. 

III a recent paper, HJM [32] usc martingale methods2 to present a no arbitrage-

based discrete time version of their continuous time model. Working within a 

forward rate framework; as in their continuous time model, HJM show that Ho and 

Lee's path independence assumption is equivalent to restricting the variance of the 

forward rate process to be a constant.3 

Since Ho and Lee's model preceded Heath, Jarrow and Morton's model, most 

1 AR is Ho and Lee's abbreviation for arbitrage-free rate movements. 
2 As shown in Harrison and Pliska [31], there exist no arbitrage opportunities if and only if 

there exists an equivalent martingale measure making bond prices relative to an accumulated 
money market account a martingale. 

3110 and Lee's AR model can be viewed as a one-factor IIJM discrete time model that has 
constant jump sizes and constant volatility of forward rates. 
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no arbitrage-based studies to date have used the AR model. HJM's model offers 

several advantages over Ho and Lee's AR model. First, it is a multi/actor model, 

whereas Ho and Lee's AR model is a single-factor model. Second, it allows for 

specification of a wide variety of volatility functions for the variance of forward 

rate movements. Third, in the HJM framework it can be shown that 110 and Lee's 

parameter estimates are inherently unstable.4 Finally, HJM's forward rate frame-

work allows for an alternative mathematical approach that allows easier analysis of 

continuous time limits and treatment of unusual interest rate options. 

Although lIJM's model was designed for contingent claim pricingj in this pa

per it will be used for pricing bonds, more specifically Treasury bills and STRIPs. 

lUM's model has been adapted to pricing bonds, (as opposed to interest-rate op

tions) to evaluate how well the basic model explains the evolution of the term 

structure without contingent claim pricing complications. One problem with using 

tIJM's discrete time model for this, is that (like the Ho-Lee model), it is a risk-

neutral pricing model, formulated in a risk-neutral world. As a consequence, three 

difficulties emerge when it is used for real-world bond pricing. First, it is difficult to 

see the role of the market price of risk. Second, the HJM discrete time model con

verges to a continuous time limit if and only if the real-world probabilities are equal 

to the martingale probabilities. Fortunately, there is a variant of fIJM's discrete 

4Estimating Ho and Lee's AR model requires implicit estimation of their parameters: 1T, the 
implied probability of an upstate move in discount prices and 6, a perturbation function spread 
parameter. Their implicit estimation procedure requires determining parameter values by com
paring calculated values with market values and repeating this until no further improvement is 
possible. Therefore, a procedure that involves estimating 1T and 6 by inverting contingent claim 
values will provide unstable parameter estimates that change as the estimation interval docs. 
HJM [32] show that for the continuous time approximation of their model, the limiting process 
for forward rates is independent of the parameters 1T and 6. Hence, HJM's estimation procedure, 
which is based on parameters of the limiting process, (the forward rate volatility coefficient.s) 
avoids the problem of estimating unstable parameters. 
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time model that addresses these difficulties. Amin [2] presents a binomial lattice 

where the change in forward rate movements is given by the sum of a drift term 

(determined to prevent arbitrage opportunities) plus/minus a volatility function 

where the binomial probabilities include the specification of an O(..;Ji) function. 5 

This allows for the explicit specification of the market price of risk and convergence 

to HJM's continuous time model in both the risk-neutral and real-world economies. 

The third difficulty with using HJM's model for bond pricing, is the problem 

of choosing the correct market price of risk. Rather than specify a market price of 

risk that could bias statistical tests, making them a joint hypothesis of accepting 

the model and the choice of the true market price of risk; the market price of risk 

that is implied in the initial term structure will be used. This is accomplished by 

using current bond prices to proxy for the market price of risk. 

To evaluate how well the term structure observed from the data fits with the 

stochastic interest-rate models theoretical evolution of the term structure, a forward 

price deviation is defined. Under conditions of certainty, the forward rates implied 

in the current term structure will become the actual spot rates, and equivalently, the 

forward prices for pure discount bonds also will become the actual bond prices. Let 

z(t, T) denote the holding period yield from time t to time T. Then for continuous 

compounding under conditions of certainty, 

In terms of pure discount bond prices, (where P(T, T) == 1) this can be expressed 

as 

P(O,t)· P(t,T) = P(O,T) 

5 A function 1(11) is said to 0(11) if Iimh_o ¥ is bounded. 
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or, 

In P(O, t) + In P( t, T) = In P(O, T) 

Then the forward price deviation, 

_ [P(O,T)] F(t, T) = In P(O, t) - In P(t, T) 

measures the fit of how P(t, T) evolves from P(O, T) and P(O, t). 

To avoid the problem of specifying the market price of risk6 m the pncmg 

formulas, the market price of risk will be substituted out for by using current bond 

prices. In this way, additional current bond prices appear in the pricing formulas, 

but the market price of risk does not. 

Empirical specifications of different forward rate volatility models of the term 

structure are presented. There are two one-factor volatility models, a constant 

variance model and an exponential decay model. A third model is a two-factor 

model that combines both volatility functions by having two stochastic terms. The 

first set of empirical specifications tests the one-factor models by using a single 

substitution for each stochastic term. 

A second set of forward rate volatility models is tested based on an observation 

by Brenner [13]. Working with HJM models in a continuous time framework, 

Brenner tested a set of "square root" models that were obtained by multiplying 

prior HJM models by the square root of the spot rate. This removed the possibility 

of negative interest rates. Additionally, larger variances were modeled at higher 

levels of interest rates, like CIR's square root model. The HJM square root models 

have the drawback of being path dependent. By substituting out1 for the path 

6If a market of risk is specified, then a test of a model's fit will measure the joint hypothesis 
of a particular forward rate volatility coefficient and the correct market price of risk. 

7This substitution is in addition to the previously mentioned substitution for the stochastic 
terms. 
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of the spot rate with another current bond pnce, an empirical specification in 

terms of current bond prices can be obtained. Unfortunately, a drawback to using 

this second set of empirical specifications is that there is a question if well-defined 

solutions exist and whether or not the processes satisfy the no arbitrage conditions 

HJM put forth. In Appendix C it is shown that with an additional substitution, 

the first set of models are observationally equivalent to the second set.8 

Hansen's (1982) [28] Generalized Method of Moments (GMM), is employed as a 

non parametric technique to estimate the models' parameters with minimal assump-

tions placed on the covariance matrix.9 We only need the estimated moments of the 

residuals to apply GMM. In particular, a mean of zero on residual terms is imposed 

as a first moment restriction that is sufficient for the model to be overidentified. 

The overidentification allows for the models' parameters to be estimated. The 

goodness of fit of the model to the data is given by Hansen's J statistic. The J 

statistic measures the degree to which the moment conditions are satisfied. The J 

statistic is asymptotically distributed as X2 • Unfortunately, since the models are 

not nested, the J statistics obtained from parameter estimation of different models 

can not be used for the basis of a formal test of which model best fits the data.1O 

8 As a result, the second set of models allows the testing of a more general form of forward 
rate stochastic processes that does not allow for negative interest rates. Some potential problems 
have been eliminated at the cost of making more general tests; that of testing which general 
functional form of the volatility functions fits the data the best. Brenner has shown that within 
a continuous time framework, an additional substitution performed on standard models gives 
empirical specifications identical to the corresponding square root models. 

9In a continuous time test of HJM models, Brenner [14] uses maximum likelihood estimation 
to obtain parameter value estimates. To use maximum likelihood it's necessary to impose as
sumptions on the bond price error terms in order to identify and estimate the models. If these 
assumptions are incorrect, then the incorrect maximum likelihood functions will be maximized, 
biasing the parameter estimates, and hence the tests of the overall fit of the models. GMM avoids 
these potential problems, but is not as asymptotically efficient as maximum likelihood estimation, 
leading to wider confidence intervals about the estimated parameter values. 

iOS un [61] uses the J statistics from GMM estimation of discrete unnested CIR models for an 
"informal" comparison of goodness of fit. 
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In addition to the fact that the models are not nested, the weak, nonparametric 

nature of the J statistic requires an additional test to determine which model fits 

the data the bestY 

The following "informal" comparison is made to test which model fits the data 

the best. The estimated parameter values obtained from the GMM estimation are 

used to calculate a new set of "simulated residuals." The model generating the 

simulated residuals with the smallest variance is taken to be the model that fits the 

data the best. The robustness of the F test with respect to normality [38] is used 

for pairwise F tests of the variances of the sets of simulated residuals. 

llThe estimated parameter values and hence the simulated residuals and the resulting F statis
tics are dependent upon the imposed moment restrictions. This paper has taken the approach 
of making minimal moment restrictions. The other extreme is maximum likelihood estimation, 
which specifics the entire probability distribution. As more restrictions are made, tighter confi
dence intervals can usually be obtained, but the trade-off is that the estimated parameter values 
may be biased if the imposed moment restrictions are incorrect. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 The Term Structure 

2.1.1 Classical Term Structure Hypotheses 

The term structure has been the subject of a voluminous collection of studies, 

theories and papers for over a hundred years. Three classical hypotheses about 

the shape of the term structure that have developed over time are the expectation 

hypothesis, the liquidity p7'emium hypothesis and the market segmentation hypoth

esis. Two good recent surveys of the term structure literature are Shiller [59] and 

Bierwag [7]. 

The oldest of the classical hypotheses about the shape of the term structure 

is the expectations hypothesis. Irving Fisher! [26] discussed this in 1896. The 

expectations hypothesis can be stated as "forward rates equal expected future spot 

rates."2 With the expectations hypothesis, a downward-sloping term structure 

implies expectations of lower interest rates. Conversely, an upward sloping term 

structure implies expectations of higher interest rates. 

1 Schiller [59] cites a few sources that have brief discussions prior to 1896. 
2111 IIJ M 's notation, the forward rate 1 at time s over the interval [t, t + ~], is I(s, t) and the 

spot rate is r(t), where expectations are taken at time s. 
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Hicks [35] put forth the liquidity premium hypothesis in 1946. According to 

Hicks, lenders prefer to lend over short time intervals, while borrowers prefer to 

borrow over long time intervals. This "market imbalance" is due to the fact the 

c.p., long-term bonds are more risky than short term bonds. This leads to the 

conclusion that long forward rates should be larger than the expected future spot 

rates. 

Culbertson [21] presented the third classical hypothesis of the term structure, 

the market segmentation hypothesis, in 1957. He observed that different investors 

have different time horizons. For example, commercial banks prefer short to medium 

term maturities, to balance their short term deposits. In this way, the duration of 

assets and liabilities is kept in line so as to reduce impact of a large adverse shift 

in interest rates. On the other hand, life insurance companies have long-term li

abilities, and for the same reason desire long-term bonds. Other investors have 

legal or tax-related reasons to favor bonds of a certain maturity, (or more gener

ally duration). Culberton's hypothesis is that investors having different maturity 

preferences trade in different markets, with little interaction. For a given maturity, 

interest rates are determined primarily by supply and demand for securities of that 

maturity. 

2.1.2 The Local Expectations Hypothesis 

The modern form of the expectations hypothesis, termed the Local Expectations 

Hypothesis was developed by Cox Ingersoll and Ross [18] in 1981. They showed 

that (among the variants of the expectation hypotheses), the only one valid in 

equilibrium with uncertainty was the Local Expectations Hypothesis. The Local 

Expectations Hypothesis can be stated as: 



Every pure discount bond over the shortest possible time interval has an 

expected rate of return equal to the risk-free rate over the corresponding 

time interva1.3 

2.2 Stochastic Term Structure Movements 

24 

Models for pricing contingent claim securities with stochastic interest-rate move-

ments are more recent, having been developed for the most part over the last twenty 

years. There are two major paradigms for modeling interest-rate movements. The 

first is the no arbitrage-based approach. Limited structure is imposed. Unlike the 

equilibrium based methods, a preference structure is not imposed, reliance is placed 

on no arbitrage restrictions. The no arbitrage-based models prior to Ho and Lee's 

1986 AR model will be called "traditional" no arbitrage models.4 

The second paradigm is the equilibrium-based approach. Preferences are explic-

iLly stipulated and the observed term structure is not matched by construction, but 

can be matched by inverting one or more of the model's parameters as a function of 

the initial term structure and the other parameters.s Predicted interest rates and 

bond prices are based on the current value of one or more state variables. Often, 

only one state variable is used: the (instantaneous) spot rate. 

3The Local Expectations Hypothesis is equivalent to the existence of a risk-neutral measure 
whose existence is necessary and sufficient for the existence of an underlying economic equilibrium. 

4Prior to IIo and Lee's 1986 model, no arbitrage-based models were really attempts at equi
librium models. 

5The inversion is also a feature of the traditional no arbitrage models. 
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2.2.1 Traditional No Arbitrage Models 

The "traditional" no arbitrage models do not match the initial term structure 

by construction. The "traditional" no arbitrage models can arguably be called 

equilibrium models since they are essentially partial equilibrium models. 

Like the formal equilibrium models, the "traditional" no arbitrage models at

tempt to determine the entire term structure in terms of only a few state variables. 

Unlike the formal equilibrium models, the "traditional" arbitrage models are not 

guaranteed to satisfy a general equilibrium. eIR [19] discuss this modeling prob-

lem in the context of comparing the two approaches. eIR go on to criticize no 

arbitrage-based approaches because of this modeling problem.6 

Vasicek [63] takes the current value of the spot rate as the only state variable 

for the entire term structure. The market price of risk; defined as the increase in 

expected instantaneous rate of return on a bond per an additional unit of risk, is as-

sumed to be a constant. The spot rate is modeled to follow an Ornstein-Uhlenbeck 

process. This process, suggested by Merton, is an elastic random walk. The spot 

rate moves erratically, but continuously around a fixed point. It could be described 

to move with random velocity. Vasicek does not explicitly specify preferences, but 

by setting the market price of risk equal to a constant, a preference structure spec-

ification is implicitly made. One problem with specifying the Ornstein-Uhlenbeck 

process for the spot rate is that negative interest rates are possible. 

Although most of the traditional no arbitrage-based methods model nominal 

6The modern no arbitrage based models are not subject this problem. The inability to satisfy 
an equilibrium is caused by the exogenous specification of a market price of risk. The modern no 
arbitrage based models match the initial term structure by construction and impose constraints on 
the evolution of the stochastic interest rate process so that there exists a unique equivalent mar
tingale measure. From Harrison and Kreps [30] these modern no arbitrage models are guaranteed 
to satisfy a general equilibrium. 
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interest rates, Richard [55] relates the price of bonds to the real rate of interest. 

He models the anticipated rate of inflation to allow the analysis of nominal bond 

prIces. 

Vasicek's model is extended by Langetieg [45]. Langetieg constructs a multi

variate Ornstein-Uhlenbeck model. The work of CIR and Dothan is related and 

seen as solutions for assumed distributions; i.e. the square root process and geo

metric random walk. Vasicek's and Richard's models are also discussed as solutions 

for particular distributions. Langetieg obtains a solution for the multivariate OU 

process for the special case of constant coefficients and distinct eigenvalues. 

2.2.2 Spot Rate Models 

Cox, Ingersoll and Ross's (CIR) [19]1985 square root model is the best known and 

most frequently referenced of the equilibrium models. CIR's square root model is 

a general equilibrium stochastic interest-rate model formulated in continuous time 

that has been successful for theoretical development and empirical use. However, 

several assumptions are made for tractability purposes to obtain a closed form par-

tial differential equation solution. The spot rate is taken to be a sufficient statistic 

for the currently observed term structure; as well as the evolution of the term 

structure over time. Logarithmic preferences are also assumed of investors. These 

assumptions allow CIR's square root model to price bonds (or options) in terms of a 

single factor, the instantaneous spot rate. Thus, a priori CIR's model is more suit

able for bond pricing in contrast to the pricing of interest-rate contingent claims.7 

Some of the shortcomings of applying CIR's model to the pricing of contingent 

7Whether an equilibrium-based model, such as CIR's square root model, or a no arbitrage
based model such as Heath, Jarrow and Morton's is a better interest-rate contingent pricing model 
ex 1JOsi is of course an empirical question. 
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claims have been pointed out in HJM [33]. 

eIR model the spot rate to evolve according the following square root process.8 

dr = ,.(0 - r(t)) dt + u{ri.i) dZ 

The spot rate serves as a proxy for the entire initial term structure. The observed 

(initial) term structure is not matched by construction. This would imply the exis

tence of arbitrage opportunities if the term structure implied by the model differed 

from the initial term structure.9 To preclude arbitrage opportunities, the observed 

term structure can be matched by inverting one of the model's four parameters in 

terms of the other three parameters and the initial term structure. Another way of 

putting this is: if one is given a preference structure, it is not possible for all the 

parameters of the state variable to be chosen freely. Thus we have that at least one 

parameter must specified in terms of the other parameters; i.e. although there are 

four stated parameters, in reality there are only three. 

Equilibrium bond price dynamics10 for the eIR model are given byll 

dP(t, T) = r(t)[l - )"B(t, T)]P(t, T) dt - B(t, T)P(t, T)r:r~ dZ 

The 7nm·ket price of risk is given by, 

E [~!~i;)] - r(t) dt 
q = -'--;::======-

[ 
dP(t.T)] 

var P(t.T) 

ilSee equation (17) page 391 ofCm [19). 
9The current term structure exactly matching the term structure implied by CIR's model is a 

probability zero event. 
lOThese bond price dynamics are from a model which has not been inverted to match the initial 

term structure. See Hull and White [42) for discussion of the dynamics of an extended CIR model 
that matches the initial term structure. 

IlSee equation (24) page 394 of cm [19). 
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Taking expectations and simplifying gives the market price of risk in terms of the 

market price of risk parameter A, the instantaneous spot rate r(t), and the square 

root of the volatility u. 

q= 
-AVrCi) 

(2.1) 

Thus, the market price of risk is constrained to the particular functional form given 

by equation 2.1. Finally, CIR's model is a single factor model. 

A one-state variable model implies that bond prices with the same maturity 

are perfectly correlated. Multifactor models can model more complex interest-rate 

movements. For example, a two-factor model could have a short-term factor to 

model the more volatile short-term movements and a long-term factor to model the 

less volatile long term movements.12 

Artzner and Delbaen [3] have developed a sophisticated equilibrium model using 

a martingale approach. They work in a market with two assets: a money market 

account accruing at the spot rate and pure discount bonds. They develop a model 

for pricing pure discount bonds. The necessary and sufficient conditions to preclude 

arbitrage are given. These conditions require that bond prices divided by the money 

market account be martingales with respect to a risk-neutral measure. A partial 

differential equation is solved to get a solution for bond prices in terms of the 

instantaneous spot rate. 

2.2.3 No Arbitrage-Based Models 

The modern (or complete) no arbitrage-based models began with Ho and Lee. In 

their important 1986 paper, Ho and Lee [37] presented a major result for con-

1211owever, a multifactor general equilibrium model would complex and difficult to work with, 
one reason elH. chose to use a single factor model. 
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tingent claim pricing with stochastic interest rates by creating a model taking all 

of the initial term structure as exogenous. A binomial lattice is used to model 

movements of the entire term structure, using prices of pure discount bonds. Re-

strictions are imposed on the term structure movements to ensure no arbitrage 

opportunities. Additional restrictions are also imposed to make bond price move-

ments path-independent. The path independent restrictions are not necessary for 

Ho and Lee's framework, but they do make computations easier. 

The purpose of Ho and Lee's arbitrage-free interest-rate movement model (AR 

model), is to price interest-rate contingent claims 1'elative to the observed (ini

tial) term structure. The AR model evaluates contingent claims independent of 

the preference structure. I3 1-10 and Lee's AR model does have several drawbacks. 

The first is that since bond price movements (and subsequently bond prices) are 

generated from a single binomial process, returns of bonds of all maturities are 

perfectly correlated. I4 The second problem is that their restriction on bond price 

movements within the binomial lattice implies negative interest rates with positive 

probability. IS A third problem with Ho and Lee's model is that their parameter 

estimates are unstable. 1-10 and Lee suggest implicitly estimating the two parame-

ters for their AR model: the implied binomial probability 71", and the perturbation 

function spread parameter 8; by equating the actual market prices of contingent 

claims wi th their model's predicted theoretical price. Since the parameters are 

based OIl stochastic movements of the term structure and not on a particular con-

13Preferellces can not be compJeteJy arbitrary. HJM [33] place some mild restrictions on trading 
strategies and admissible forward rate processes. These are also implicit restrictions on prefer
ences. This mildly restricted set of preferences is called the class of admissible preference struc
tures. Within this large set, preferences are arbitrary. 

14This is a problem shared with other one-factor models. 
15Negative rates are only possible at the extreme ends of the binomial lattice, and hence the 

probability of negative interest rates is small. 



30 

tingent claim, the resulting estimated parameter values should be valid for pricing 

other interest-rate contingent claims. I6 It can be seen that in the limit 7r and 8 

vanish. Therefore, the implicit parameter estimates of these parameters are going 

to be unstable and will change as the estimation interval changes. 

There are several no arbitrage-based models that extend Ho and Lee's model 

wi thin the Ho-Lee framework. One of these is Bliss and Ronn's 1989 [9] model. Bliss 

and Ronn developed a state-dependent trinomial model, expanding on Ho and Lee's 

binomial lattice. They also performed some empirical tests. Their trinomial model 

is a compromise between the more general and analytically complex multinomial 

models and the simpler but empirically constrained binomial models. 

Bliss and Ronn have tested their model on options on Treasury-bond futures 

contracts [10]. According to Abken [1], their results indicated a systematic discrep

ancy between the option prices predicted by the Bliss-Ronn model and the Treasury 

bond futures options prices. Ho and Lee [36] have undertaken an empirical study 

of the pricing of Eurodollar futures options. In contrast, their reported results 

indicate that the Ho-Lee model has significant explanatory power. 

Heath, Jarrow and Morton (HJM) (1989) [33] analyzed a multifactor extension 

of Ho and Lee's model in continuous time. Ho and Lee modeled the movement 

of pure discount bond prices, HJM instead model the movement of forward rates. 

This change in perspective simplifies the mathematical analysis. Bond prices are 

inherently nonstationary, thus estimation techniques will lead to unstable parameter 

value estimates. In contrast, forward rate processes are stationary. 

16I1J M take limits of their discrete JFQA models and show that continuous time limiting valu
ation formulas for interest-rate contingent claims are dependent only upon the parameters of the 
volatility functions for the forward rate process. By considering the discrete time approximations 
to these, HJM are able to write discrete time interest-rate contingent claim pricing formulas that 
depend only upon the parameters of the volatility functions for the forward rate process. 



31 

HJM [32] have published a discrete version of their model. This recent paper 

shows that an equivalence is obtained between lIo and Lee's perturbation functions 

for the up/down stochastic bond price movements: the h's and h*'s and HJM's 

stochastic forward rate functions: the u's and v's. This observation allows Ho and 

Lee's model to be seen as a special case of a one random shock forward rate model. 

Ho and Lee's path independence condition is shown to be equivalent to a particular 

restriction on the variance of the forward rate process. 

Like Ho and Lee's AR model, HJM's model matches the entire observed term 

structure by construction. This allows pricing independent of the preference struc

ture, and for the extraction of all the information contained in today's term struc

ture. For contingent claim pricing; "preference-free" pricing is ideal. In fact, this is 

the objective of the HJM and Ho and Lee models. To adapt HJM's model for bond 

pricing, in addition to specifying a volatility coefficient, it is necessary to have a 

real-world probability measure that determines forward movements and takes into 

account investors' risk preferences. Therefore, it is necessary to stipulate the market 

price of risk. 

Stipulation of the market price of risk puts HJM's model into a equilibrium

based pricing framework suitable for bond pricing given a particular set of prefer

ences, namely those implied by the market price of risk. However, it is possible to 

specify testable models that are no arbitrage-based but still independent of the pref

erence structure. This can be done by using observed bond values from the initial 

term structure to recover the market price of risk. In other words, the market price 

of risk implied by the observed term structure is used. Thus, a no arbitrage-based 

pricing model that is independent of the preference structure can be used to price 

bonds, without the need to specify the market price of risk. 
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HJM [34] has a straightforward presentation and a historical estimation pro

cedure for implementing the HJM [32] discrete time model. They have written a 

"user's guide" for practitioners wishing to implement their model. Amin [2] gives 

a thorough presentation of a more rigorous, generalized version of this model in a 

recent working paper. This model leads to the same testable implications, and so in 

that aspect it is equivalent to HJM's discrete JFQA model. However, Amin's model 

allows for the use of real-world probability measures as well as risk-neutral proba

bility measures that converge to a well-defined continuous time limit.H Since this 

paper is concerned with testing bond pricing models in a real-world environment, 

this change of perspective is useful for analyzing the models and taking continuous 

time limits. 

2.2.4 Empirical Tests 

Brennan and Schwartz [11] and [12] construct and test a two-factor continuous 

time bond pricing model using the short term spot interest-rate and a long term 

spot interest-rate; the return on a con sol. They test their model with Canadian 

government data. Numerical methods are used to obtain a solution. Their results 

are mixed, having difficulty predicting short-term prices, but being somewhat more 

successful at predicting prices of long-term bonds. Unfortunately, their model as 

presently formulated does not appear accurate enough for practitioners on, say, Wall 

Street. One possible problem with their model is that although arbitrage restric-

tions have been imposed, guaranteeing the existence of an equivalent martingale 

measure in the presence of the infinitely lived con sol bond may require additional 

17In lIJ M 's J FQA paper, necessary and sufficient conditions for the absence of arbitrage oppor
tunities are that there exist probabilities such that the bond prices relative to the money market 
account are martingales. These probabilities are the martingale or risk-neutral probabilities. 
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restrictions to be placed on their model. 

Brown and Dybvig [15] estimate a nominal version CIR using maximum like

lihood methods. Their data is Treasury bills, notes and bonds. This data was 

arranged by quote date and then by time to maturity to provide cross sections 

of default-free bond prices. At a given point in time, within a cross section they 

are only able to identify three observable parameters: cPt, cP2' and cP3 from CIR's 

original four parameters: ..x, 0', K and OJ since CIR's model uses the spot rate of 

interest as a sufficient statistic for the entire observed term structure and its evo

lution over time. To prevent arbitrage opportunities, an inversion is required and 

one parameter must be specified in terms of the others. This inversion will allow 

for all the model's parameters to be identified. 

A time series of estimates for the parameters cPb cP2, cP3 and for the spot rate r 

is obtained on the basis of the data on the prices of U.S. Treasury issues trading at 

a point in time. Brown and Dybvig's conclusion: CIR overestimates short interest 

rates, but does a good job estimating the variance of short term rates. Of the 

Treasury issues tested, T-bills fit the best, possibly due to complications with the 

coupons from notes and bonds. 

Gibbons and Ramaswamy [27] use the steady state distribution of the spot 

rate. The initial term structure is irrelevant for the steady state distribution, so 

using the steady state distribution allows Gibbons and Ramaswamy to identify 

all four parameters of CIR's square root model. Unfortunately for Gibbons and 

Ramaswamy, the benefit of being able to identify all four parameters comes at the 

cost of using the incorrect distribution unless they are looking at extremely long 

time intervals. Gibbons and Ramaswamy go on to use a modified version of the 

Generalized Method of Moments (GMM) to test the CIR model on real interest 



34 

rates. 

One of the most recent tests of stochastic interest rate models was done in a 

working paper by Chan, Karolyi, Longstaff and Sanders [16]. Unlike many previous 

empirical papers that test one or two models, this paper tests and compares eight 

different single factor spot rate models. To perform comparisons, the eight models 

are nested with the following stochastic differential equation:18 

dr = (a + f3r) dt + o-r'Y dZ (2.2) 

Hansen's Generalized Method of Moments is used along with hypotheses tests de-

veloped by Newey and West. 

Monthly T-bill and T-notes up to five years are used. The data is broken 

into two sets around the October 1979 structural break following the shift in the 

Federal Reserve monetary policy. Dummy variables are employed to check the null 

hypothesis of a structural break. Surprisingly, it is found that for five of the eight 

models, including CIR, there is no evidence of a structural break at the 95% level. 

Tests are performed in terms of the real rate and in terms of the nominal rate. For 

nominal rates, this paper concludes that one of the most important features of a 

stochastic term structure model is its dependence on the volatility of the level of the 

interest-rates, i.e. the parameter I in equation 2.2. For real rates, this dependence 

is unimportant, as there seems to be little correlation between real-rate volatility 

and the level of the real rate. The specification of a spot rate process by itself is not 

sufficient to identify a term structure model. Some type of preference structure, 

(or market price of risk), must also be specified. Therefore, it is not possible to 

fully identify which models these authors have tested. If no preference structure 

IIlThis specification for testing single-factor equilibrium models places some implicit restrictions 
on the market price of risk. 
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has been specified, it is possible for several different forward rate processes to imply 

the same spot rate process. 

The answer of Chan, Karolyi, Longstaff and Sanders paper to the question of 

which model is best, depends on if real rates or nominal rates are being modeled. 

Models that allow the conditional volatility of interest-rate changes to be highly 

dependent on the level of interest-rate, such as Dothan's model, do well in modeling 

nominal interest-rates changes. Models that assume that the conditional volatility 

of interest-rate changes is constant, such as Vasicek's model, do poorly in 11}0deling 

nominal interest-rate changes. For real rates, Chan et. al. find the situation is 

reversed, and they determine that models like Vasicek's outperform models like 

Dothan's. 
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CHAPTER 3 

THE HO-LEE MODEL 

In 1986 Ho and Lee [37] presented a methodology to price interest-rate dependent 

claims by using a pure discount bond lattice to model movements in the entire 

term structure. They placed two restrictions on bond price movements within the 

lattice: 

1. No arbitrage opportunities exist. 

2. Path Independence. 1 

3.1 Preliminaries 

3.1.1 Perfect Capital Markets 

Ho and Lee begin by making the standard perfect capital market assumptions: (for 

discrete time). 

1. The market is frictionless with no taxes and no transaction costs. All securi-

ties are perfectly divisible. 

1 Defined by a lattice with the property that an upward movement followed by a downward 
movement is equivalent to a downward movement followed by an upward movement. 
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2. The market clears at discrete, regularly separated points in time. 

3. The market is complete; i.e. there are pure discount bonds for each maturity 

at each point in time. 

4. There are a finite number of states at any given point in time n. 

The price of a pure discount bond or discount function at time n for state i with 

maturity T is denoted by: 

Assumptions on the discount function: 

3.1.2 The Perturbation Functions 

The entire term st7'uclul'e is modeled to shift over time, as each discount function 

changes, depending on the occurrence of an upstate or downstate shift. Under 

certainty, the forward rates would become the actual future spot rates. Given the 

perfect capital market assumptions, the initial observed discount function would 

contain the future discount functions. With uncertainty, the implied forward dis-

count function serves as a base from which future term structures evolve. Thus, Ho 

and Lee are lead to define the perturbation functions; h(T) and h*(T) to measure 

the deviations of the discount functions from the implied forward discount functions 

(or forward prices.) This gives: 

T = 0,1,2, ... 



38 

(3.1) 

T = 0,1,2, ... 

At this point it should be noted that the binomial lattice can be completely de

termined given the initial observed discount function, the binomial probabilities of 

upstate/ downstate movements and the specification of the perturbation functions 

hand h*. Since the discount function or bond price pFt) is specified to be one at 

maturity, the following condition is implied for the perturbation functions. 

To ensure the price after an upstate move is greater than a price after a downstate 

move, the following condition must also be true for the perturbation functions. 

h(n»h*(n), n=2,3, ... ,T 

3.2 No Arbitrage Opportunities 

A requirement of no arbitrage opportunities is imposed by stipulating that there be 

no arbitrage profit from the creation of any bond portfolios. This can be stated as 

follows. 

If a portfolio that is constructed out of any two pure discount bonds 

having different maturities realizes a risk-free rate of return over the 

next period, the (risk-free) rate of return must equal the rate of return 

on a one-period pure discount bond over the period. 

The proof of this (see Ho and Lee's [37] Appendix) is a variant of Cox Ross and Ru-

binstein's binomial option pricing formula [20]. From this no arbitrage restriction, 
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lIo and Lee derive the following relationship for the implied binomial probabilities, 

7r and 1 - 7r and the perturbation functions hand h*. 

7rh(T) + (1 - 7r)h*(T) = 1 T = 0,1,2, ... (3.2) 

The implied binomial probabilities, 7r and 1 - 7r are analogous to Cox Ross and 

Rubinstein's, risk-neutral probabilities, p and 1 - p. Rewriting equation 3.2 by 

substituting for the perturbation functions, h(T) and h*(T) from equation 3.1, we 

obtain the following equation. 

By taking 7r and 1 - 7r to be the risk-neutral probabilities, Equation 3.3 tells us 

that the bond price is equal to the expected bond value at the end of the period 

discounted by the rate of the one-period bond. 

3.3 Path Independence 

For computational simplicity, lIo and Lee impose the additional condition of path 

independence. Start at an arbitrary node; say the discount function, pi(n)(T + 2). 

For path independence, the discount function resulting from an initial upstate move 

followed by a subsequent downstate move must equal the discount function resulting 

from a initial downstate movement followed by an subsequent upstate movement. 

To arrive at the implications of path independence, consider an arbitrary node, 

say ~.(n)(T + 2). Apply equation 3.1 to the two different sequences of movements 

and equate. 

[ 
h(T + 1)] [h*(T)] [h*(l)] = 
h*(T + 1) h(T) h(l) 1 
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Figure 3.1: Path Independence 

Next, use equation 3.2 to substitute out for the downward perturbation function 

h-. Solving the resulting difference equation gives the unique solution. Again, use 

equation 3.2 to write the solution in terms of h-(T). Now the perturbation functions 

can specified in terms of two parameters. rr is the implied binomial probability of 

an upstate move in discount prices. 8 is the perturbation function spread parameter 

that is a volatility measure inversely related to term structure uncertainty. 

h(T) 
1 

= rr + (1 - rr)8T 

(3.4) 

h*(T) 
8T 

= rr + (1 - rr)8T 

With path independence, the evolution of the term structure can be written as an 

embedded tree. 2 

2In a emhedded tree (or closed lattice), given any two adjacent nodes, the discount functions 
arrived at from an upstate movement from the lower node and a downstate movement from the 
upper node coincide. Since the initial state is labeled as time 0, this results in n + 1 states at 
time n. For an open lattice, there would be 2n states at time n. Implementation of numerical 
algorithm to price contingent claims using an embedded tree for any reasonably small trading 
period length is significantly more computationally intensive than using a closed lattice. 
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3.4 The Recursive Bond Price Formula 

p/n)(T) = price of bond at time n in state i with maturity T with path indepen
dence. 

Figure 3.2: The Ho-Lee Bond Price Lattice 

By applying equation 3.1 recursively backward, an expression for the bond price in 

state i at time n with time to maturity T - n can be given in terms of the initial 

term structure and a quotient of a product3 of Ho and Lee's perturbation functions 

for the up and down bond price lattice movements; hand h*. 

p/n)(T _ n) = P(O)(T) II [h(T - 1 - ~)] II [h:(T - 1 - ~)] 
p(O)(n) 'ck' h(n - 1 - k) . k . h (n - 1 - k) 

PI I pIC n-I 

3There are 11 + 1 bracketed terms. By picking i, we take k to be successively, i different integers 
picked without replacement from {O, 1, ... ,II}. By picking n - i, k successively takes on the value 
of the remaining n - i integers. 
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Starting at P(O)(T), there are (7) possible paths to Pj(n)(T - n). By the path

independent condition they are equivalent. Picking out a particular set of paths 

gIves, 

p.(n)(T _ n) = IT [h(T - 1 - k)] IT [h*(T - 1 - k)] 
• h(n - 1 - k) h*(n - 1 - k) k=O k=o 

Using h*(k) = 8kh(k) gives the price in terms of Ho and Lee's upward bond price 

lattice perturbation function h's and their perturbation function spread parameter, 

8. 

p.(n){T _ n) = IT [h(T - 1 - k)] 8(T-n)j 
• k=o h{n-l-k) 

Using h(k) = 8- k h*(k), gives the price in terms of the Ho and Lee's downward bond 

price lattice perturbation function, h* and perturbation function spread parameter 

o. 
p.(n)(T _ n) = IT [h*(T - 1 - k)] 6-(T-n)(n-i) 

t h*(n - 1 - k) k=O 

3.5 Binomial and Martingale Jump Probabili-

ties 

Pick an arbitrary discount function on the lattice, say Pj(n) and assume constant 

binomial probabilities4 across time. Let q be the probability of an upstate move 

and 1 - q be the probability of a downstate move. Now, we can make use of eIR's 

Local Expectations Hypothesis (discrete time). "The expected return on each pure 

discount bond over one period will be the risk-free rate." The expected return of 

4 Also referred to as up and down probabilities and real-world probabilities. 



the T-period bond over the next time period is: 

1+1 + 1 1+1 
[ 

p.<n+l) (T) 1 [ p.(n) (T) 1 
q p/n)(T + 1) (- q) Pj(n)(T + 1) 

using equation 3.1 and substituting 

Simplifying 

qh(T) + (1 - q)h*(T) 
P

j
(n)(I) 

equating this with the return on a one-period bond, 1/ p}n)(I) gives, 

qh(T) + (1 - q)Jt*(T) = 1 
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Comparing with equation 3.2, we have q = 1l". The implied binomial probability5 

1l" must equal the binomial probability q for the Local Expectations Hypothesis to 

hold. 

3.6 Forward Rates 

3.6.1 Bond Price Path Independence 

The forward rate f(t, T) at time t for the period [T, T + ~l is defined by 

e-J(t,T)LI. P(t)(T _ t) = P{t)(T + ~ - t) 

which gives 

f(t, T) = ~ In [P(t)(T - t) - P(t)(T + ~ - t)] 

5 Also referred to risk-neutral probabilities and martingale probabilities. 
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The recursive price formula can be used to look at the evolution of forward rates 

according to Ho and Lee's model. Since HJM work with forward rates defined over 

trading dates ~, it is necessary to define the Ho-Lee bond price lattice over trading 

dates, so Ho and Lee's perturbation functions hand h" will measure stochastic 

movements over trading dates rather than time units. A recursive price formula 

over trading dates is, 

P(t)(T _ t) = P(O)(T) lIt [h"(T - ~ - k~)] 8(T-t)i 
I P(O)(t) k=O h*(t - ~ - k~) 

Then, 

1 [P(O)(T) h*(T - t) 8Cf- t )7] 
h(t, T) = ~ In P(O)(T + ~) + h*(T) + 8(T-"i+J)7 

simplifying, 

1 [ P(O)(T) ] 
~ln P(O)(T + ~) = ! In [exp {-~ f(t>,jt»t>} - exp {- tf(t>,jt»t>}] 

= f(O,T) 

and 

2. In [h:(T - t)] = 2. In [7r + (1 - 7r)8~ r/f-t] 
~ h-(T) ~ 7r + (1 - 7r)8t 8T 

Therefore, 

The value of the random variable i at time t is determined by how many upstate 

moves (occurring with probability q) and downstate moves (occurring with prob

ability 1 - q) have taken place. Due to the path independence assumption, the 

order of upstate and downstate moves is not relevant. This means that at time 

t the stochastic term is In 8 2:~=1 aj, where aj is a Bernoulli random variable with 
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P(aj = 1) = q and P(aj = 0) = l-q. HJM's binomial and martingale probabilities 

are equal to one minus Ho and Lee's probabilities. Changing probabilities gives, 

1 { - -} In 8-1 t 
f(t, T) = f(O, T) + ~ In [(1 -11") + 11"8, -In [(1- 11") + 1I"8T

-
t
] + ~ ~ aj 

;=1 

where 

{ 

P(aj = 1) = 1 - q 

P(aj = 0) = q 

Specify the variance of the forward process as 

where O'(t, T) is a random function. 

Repeat the above calculation for f(t - ~,T), to obtain 

and hence, 

In 8-1 
f(t, T) - f(t - .6., T) = at~ 

1 8-1 

E[f(t, T) - f(t - ~,T)] = (1 - q)T 
I 8-1 

vart_~ [f(t, T) - f(t - ~,T)] = (1 - q)qT 

Equate with the variance specification, 

In 8-1 

O'(t, T)../LS. = (1 - q)q~ 

Since 8 is a constant, O'(t, T) = 0' for all valid t and T. Hence, Ho and Lee's 

path independence assumption implies the variance of the forward rate process is 

restricted to be a constant and we have, 

{ 
_O'~3/2 } 

8 = exp , 
Jq(l - q) 



The solution, which exists uniquely by path independence can be written as 

or equivalently, 

1 [h(T)h*(1) i] 
Ji(t, T) = J(O, T) + ~ In h(T _ t)h(1) e 
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J( t, T) = J(O, T) + ~ { In [(1 - 7r) + 7re-TW~3/2] - In [(1 - 7r) + 7re-(T-t)W~3/2]} 
In ~ -1 t 

+ ~ I>j 
j=1 

where W is the "adjusted" volatility parameter. 

W= a 
- Jq(1- q) 

Determining the Stochastic Forward Rates 

Next, it will be shown that the implication is valid in the other direction. However, 

it is necessary to first to discuss the stochastic forward rate process. The magnitude 

of an upward movement at trading date j - 1 for the trading interval [T, T + ~] is 

given by the random function v(j.6., T). The magnitude of an downward movement 

at trading date j - 1 for the trading interval [T, T + .6.] is given by the random 

function u(j.6., T). The forward rates at the trading date j.6. are: 

fi+l(j.6., T) = Ji((j - 1).6., T) + v(j.6., T) 

fi(j.6.,T) = Ji((j-l).6.,T)+u(j.6.,T) 

The forward rate at time t for the interval [T, T + .6.] is 

i t-i 
Ji(t, T) = J(O, T) + L v(j.6., T) + L u(j.6., T) 

j=1 j=l 

The stochastic process for the forward rate at time t over the interval [T, T + .6.] 

can then be written compactly as, 
t t 

J(t, T) = J(O, T) + L aj[u(j.6., T) - v(j~, T)] + L v(j~, T) (3.5) 
j=l j=1 
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where, 

{ 

0, upstate movement 

a j = 1, downstate movement 

3.6.2 Constant Volatility of Forward Rates 

Start with equation 3.1, the bond formula6 resulting from the assumption of no 

arbitrage. The first period price after an upstate move is 

P(tl)(T) = P(O)(T + b.) h(T) 
1 P(Ol(b.) 

In HJM's forward rate notation, 

exp {- t!l(b.,jb.)b.} = exp{-2::J=o!(O,jb.)b.} h(T) (3.6) 
j=l exp{-!(O,O)b.} 

From the I-IJM forward rate lattice, we have the following equation. 

It (b.,jb.) = !(O,jb.) + v(b.,jb.) 

Next, substitute into the LHS of equation 3.6 for !l(b.,jb.). Factor the initial spot 

rate out of the numerator of the RHS and cancel with the denominator. This results 

111 

exp { - (t. f(O,j"'l + v(""j"'l) "'} = exp {- t. f(O,j"'l'" }h(Tl 

Canceling the forward rates leaves7 

"(Tl = exp {-t. v("',j"'l'" } 

6See equations (7) and (8) page 1017 of Ho and Lee [37]. 
7This corrects a minor error in HJM's 1990 paper. 

(3.7) 
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The first perioQ~ F~C\'. after an downstate move is 

In HJM's forward rate notation, 

{ 

T . } exp{-2:]=oJ(O,j.6.).6.} 
exp - t;Jo(.6.,).6.).6. = exp{-J(O,O).6.} h(T) (3.8) 

From the HJM forward rate lattice, we have the following equation. 

Jo(.6.,j.6.) = J(O,j.6.) + u(.6.,j.6.) 

Substitute into the LHS of equation 3.8 for Jo(.6.,j.6.). Factor the initial spot rate 

out of the numerator of the RHS and cancel with the denominator. This results in 

exp {- (t J(O,jb.) + U(b.,jb.)) b.} = exp { - t J(O,jb.)b. }h(T) 

Canceling the forward rates leaves, 

h'(T) = exp {-t U(b.,jb.)b.} 

Again, the variance of the forward rate process is given by 

vart_6 [J(t, T) - J(t - .6., T)] = (J2(t, T).6. 

where (J(t, T) is a random function. 

From equation 3.5 

'i 'i 
J(t, T) = J(O, T) + Laj[u(j.6., T) - v(j.6., T)] + L v(j.6., T) 

j=1 j=1 

and, 

'i-I 'i-I 
J(t - .6., T) = J(O, T) + L aj[u(j.6., T) - v(j.6., T)] + L v(j.6., T) 

j=1 j=1 

(3.9) 



Thus, 

where, 

and hence, 

Then, 

f(t, T) - f(t - ~,T) = aj[u(t, T) - v(t, T)] + v(t, T) 

{ 

P(aj = 1) = 

P(aj = 0) = 

1- q 

q 

E[f(t, T) - f(t -~, T)] = q(u(t, T) - v(t, T)) + v(t, T) 

vart_~ [f(t, T) - f(t -~, T)] = q(l - q) [u(t, T) - v(t, T)r 

Solving for ll(t, T), 
(J.jiS 

u(t, T) = J + v(t, T) 
q(1 - q) 

Replace l' by j.6., multiply by -~, sum over j from I to T and exponentiate. 

{ T } {T (J ~ 3/2} {T } exp - ~u(t,j~)~ = exp - ~ J _ exp - ~v(t,j~)~ 
;=t )=t q(l q) )=t 

This gives, 

exp{-LT~tu(t,j~)~} {T (J(t,T)~3/2} 
l' = exp - L -7======-

exp{-Lj="iv(t,j~)~} j=t Jq(l-q) 

Now restrict the variance of the forward rate process to be a constant. 

Define 

6 = cxp { ~~~~:J 
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Use equation 3.7 and equation 3.9 to make the identification between Ho and Lee's 

upstate bond price perturbation function hand I-IJM's upstate forward rate move-

ment v. A similar identification is made between 1-10 and Lee's downstate bond 
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price perturbation function h* and HJM's downstate forward rate movement u. 

Then, 

From Ho and Lee, path independence is equivalent to 

[ 
h(T + 1)] [h*(T)] [h*(l)] = 1 
h*(T + 1) h(T) h(l) 

Making use of the above identifications for Ho and Lee's perturbation functions h 

and h* gives 

Hence, the constant variance restriction implies path independence.s Putting this 

together with the first part of the proof we have the following if and only if impli-

cation. 

Within Ho and Lee's discrete bond price lattice framework, the assump-

tion of path independence is equivalent to restricting the variance of the 

forward rate process in Heath, Jarrow and Morton's forward rate frame-

work to be a constant. 

With path independence, Heath, Jarrow and Morton's forward rate stochastic pro

cess can be written as the following lattice. 

SThus, the path independence condition imposed by lIo and Lee is equivalent to restricting 
the variance of the forward rate process to be a constant. 
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h(4~,T) 

jo(O, T) h(4~, T) 

jo(4~, T) 

ji(j~, T) is the forward rate in state i at trading date j for the trading interval 
[T,T+~l· 

Figure 3.3: The HJM Trading Date Lattice with Path Independence 
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CHAPTER 4 

THE HEATH-lARROW-MORTON MODEL 

4.0.3 A Risk-Neutral Bond Pricing Model 

Ho and Lee's AR model and HJM's discrete model are both pricing models for risk

neutral economies. Although they both mention the real-world probabilities q, the 

fundamental structure of their models is based (implicitly [or Ho & Lee, explicitly 

[or HJM) on martingale pricing. Since their primary focus is on contingent-claim 

pricing, this is a satisfactory arrangement; a risk-neutral economy is much easier 

to work with, and can be viewed as a real-world economy where the market price 

of risk has been subtracted from the drift term. 

Unlike their discrete model, HJM's continuous time model of the forward rate 

process incorporates the specification of the market price of risk. HJM's discrete 

Lime model converges to their continuous time model if and only if the up and down 

probabilities equal the martingale probabilities.1 

1 In continuous time, Girsanov's Theorem is invoked to replace the real-world Brownian motion 
less the market price of risk with a risk-neutral Brownian motion. 
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4.0.4 A Real-World Bond Pricing Model 

In this paper, since the HJM model is being used to price bonds and not contingent 

claims, the real-world economy, represented by the market price of risk is of some 

importance. There are many real-world economies, (i.e. market prices of risk) that 

will give the same contingent claim value. By using HJM to price bonds it is 

necessary to pick one. By picking the wrong one, the resulting statistical tests will 

be biased. Instead of choosing a particular functional form of the market price of 

risk and then testing the joint hypothesis of the volatility coefficient(s) ·and the 

market price of risk; the market price of risk that is implied by the initial term 

structure will be used (i.e. the initial term structure of volatilities.) In a risk

neutral economy, like the discrete HJM, the market price of risk is bundled up 

endogenously in the risk-neutral stochastic term. A variant of HJM's model is used 

by Amin [2] and HJM [34] that explicitly allows for the market price of risk by 

allowing for an O( JK) function to appear in the specification of the real-world 

probability measure (up and down probabilities.) 

Specification of the Model as a Binomial Lattice 

Forward rates will be allowed to evolve according to a binomial lattice that will 

converge in the limit to the HJM continuous time model in both the real-world 

economies and the risk-neutral economies. The lattice is determined by having a 

forward rate for a given time and interval equal the forward rate at the previous 

time plus/minus a volatility function (corresponding to upstate/downstate move) 

plus a drift function (determined such that there are no arbitrage opportunities). In 

the real-world lattice, the up and down probabilities will include a O( JK) function 

that will allow the specification of the market price of risk. By setting the discrete 
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market price of risk term O( JLS:) equal to zero, the risk-neutral probabilities are 

seen to be one-half. 

4.0.5 Notation 

Assume a discrete trading economy of length [0, r] for a positive fixed r . 

.6. == length of interval between trades. 

N intervals of length .6. make up a unit of time, i.e . .6. =1;. 

Let t E [O,r] be arbitrary. 

I == tN = t (±) = the no. of trading intervals of length .6. before and including 

time t. 2 

z(t, T) is the holding period yield from time t to time T. 

Bonds are assumed to be default-free and pure discount. 

P( t, T) is the price at time t of a bond with maturity T: 

- defined V T E [0, r], V t E [0, T]. 

P(t, T) > 0. 

P(T,T) = 1. 

!(t, T) is the !orwal'd mtc.3 

r(t) is the spot mte4 at time t for the interval [t, t + .6.]. 

2The arguments of the forward rate are in units of time, while the summation index is over 
the number of trading intervals. For monthly differencing, Do. is 1/13. 

3This notation assumes one period forward rates. An alternative notation would be II (T, T + 1) 
at time t for the time interval [T, T + Do.]. 

4 Note: r(l) = I(t, t). 
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The relationship between forward rates and bond prices 

_ -In [P~(~j:~)] [ ] [ ] 
f(t, T) = b.. VT E b.., ... , T, Vt E 0, T, .•• , T - b.. 

Replace T by b..j, multiply by b.. and sum over j from I to T - 1, 

1'-1 [ 1'-1 1'-1 1 ?; f(t,jb..)b.. = - In?; P(t, (j + 1)b..) -In?; P(t,jb..) 

therefore, 

P(t, T) = exp { - '5 f(t,j~)~} VT E [~, •.. , M], Vt E [0, T, ••• , ~(T - 1)] 

or, 

P(t, T) = exp { - f(t, t)b.. - f(t, t + b..)b.. - ... - f(t, T - b..)~} 

Also, f( t, T - ~) is the forward rate from T - b.. to T at time t. Since P(T, T) = 1, 

the summation runs from I to T - 1. 

4.1 A One-Factor Model 

Real-World Economy 

fi+1 (t + ,6" T) 

fi(t + ~, T) 

= fi(t, T) + ii(t, T),6, + O"(t, T)..;;5., q 

= fi(t, T) + ii(t, T),6, - O"(t, T)..;;5., 1 - q 

= 1/2 + O(~) 
= 1/2 - O( V1S.) 

Taking expectations5 with respect to the real-world probability measure, 

= ii( t, T)b.. + 0"( t, T)..;;5. [20( V1S.)] Et [f(t + b.., T) - fi(t, T)] 

vart(f(t + ,6" T) - fi(t, T)] = 0"2(t,T)b..[1- 402(V1S.)] 

5Where Ed,] is an abbreviation for E[·I.rt]. 



Risk-Neutral Economy 

fHl(t+b.,T) = fi(t,T) + a(t,T)b.+ CT(t,T)v'K, 7f' = 1/2 

fi(t + b.,T) f;(t,T)+a(t,T)b.-CT(t,T)v'K, 1-7f' - 1/2 

Taking expectations with respect to the risk neutral probability measure, 

itt [f(t + b., T) - fi(t, T)] 

Vai-t(f(t + b., T) - fi(t, T)]] -

a(t, T)b. 

CT 2(t, T)b. 

A One-factor Stochastic Difference Equation for Forward Rates 
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The two sets of equations for stochastic forward rate movement can be compactly 

summarized by the following stochastic difference equation 

f(t + b., T) - f(t, T) = a(t, T)b. + ajCT(t, T)Vb. (4.1) 

where aj is a Bernoulli random variable taking on the values +1 or -1 with the 

probabilities given by real-world or risk-neutral probability measures. Equation 4.1 

models the movement of forward rates as a binomial lattice, with the up/down 

movements given by a volatility function CT. To be a useful model it is necessary 

to prevent arbitrage opportunities. This can done by imposing restrictions on the 

stochastic movement of bond prices. 

4.1.1 Arbitrage-Free Pricing 

To start off with, impose the condition of no arbitrage. This is equivalent to the 

existence of an equivalent martingale measure that makes them relative bond price 

a martingale. Define an accumulation factor, or money market account by 

{ 

0 
B(t) = _ 

exp {L:j:~ r(jb.)b.} 

,t = 0 

,t> 0 
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This equals the value of a money market account with a $1 initial investment that 

earns the instantaneous spot rate of interest. This will be used as the numeraire in 

defining the relative bond price, given by 

Z(t T) = pet, T) 
, B(t) 

The martingale condition6 is, 

E [Z(t+~,T)] = 1 
t Z(t, T) 

Applying the martingale condition and using the definition of Z(t, T) gives, 

E [(pet +~, T)) ( B(t) )] = 1 
t pet, T) B(t + ~) 

Next, usc the definition of the money market account and simplify the ratio of B(t) 

over B(t + L:l). Moving this to the right hand side and taking logs gives, 

- [Et(P(t + ~'T)]l 
J(t, t) - In pet, T) 

Substituting for the bond prices, 

f(i, i) = In [~exp {- (.t Ji(t,j~)~ + ii(t,j~)~2 + (J(t,j~)~3/2)} 
J=t+1 

+ ~ exp {- (.~ Ji(t,j~)~ + ii(t,j~)~2 - (J(t,j~)~3/2) }] 
)=t+1 

1'-1 
+ L J(t,jL:l)~ 

j=t 

Simplifying, 

L ii(t,j~)~2 = In J=t+I' )=1+1 ' 1'-1 [exp {I:,!-_1 (J(t j~)~3/2} + exp {- I:'! __ 1 (J(t j~)~3/2}l 

j=t+1 2 

6The tilde indicates expectation with respect to the martingale probability measure. 
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or, 

,~ 5(t,jfl)fl = ! In (COSh (,~ a(t,jfl)fl3/2
)) 

3=t+1 \;=t+1 

(4.2) 

This is the required functional form for 5 to avoid arbitrage opportunities. Next, 

we want to find an explicit solution for 5. Expand the RHS into a Taylor series, 

- l- ]2 T-1 1 T-1 

L 5(t,jfl)fl = - L a(t,jfl)fl _ 2 -
j=t+1 '=t+1 

Differencing gives, 

&(t,T)fl = ~ ,~a(t,jfl)fl - ,~a(t,jfl)fl { l T ]2 IT -1 ]2} 
=t+1 =t+1 

at time i, 

Now equation 4.1 can be completely specified. 

f(t + fl, T) - f(t, T) = &(t, T)fl + aja(t, T)v'15. 

where, 

5(t,T)fl = ~ ,~a(t,jfl)fl - ,~a(t,jfl)fl { l T ]2 IT-1 ]2} 
=t+1 =t+1 

and aj is a Bernoulli random variable taking on the values {I, -I}. 

Under the l'cal-world probability measure: 

P(aj = 1) = q P(aj = -1) = 1 - q 

Under the l'isk-neutral p1'Obability measure: 

P(aj = 1) = 7r P(aj = -1) = 1 - 7r 

(4.3) 
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Equation 4.3 may be written in summation form as: 

i-I i-I 
f(t, T) = f(O, T) + L a(i.6., T).6. + L aiO'(i.6., T)\I'E (4.4) 

i=O i=O 

where, 

a(i.6., T).6. = ~ .~ O'(i.6.,j.6.).6. - .~ O'(i.6.,j.6.).6. 
{ [ 

l' ]2 [1'-1 ]2} 
;=1+1 ;=1+1 

4.1.2 Continuous Time Limits 

Limits in the Risk-Neutral Economy 

Take limLl_o of equation 4.3 under the risk-neutral probability measure. 

df(t, T) = a(t, T) dt + O'(t, T) dW(t) 

where, 

a(t, T) = O'(t, T) iT O'(t, v) dv 

The corresponding integral equation is 

where, 

0:( T, T) = 0'( T, T) iT 0'( T, v) dv 

Limits in the Real-World Economy 

Take lil11Ll_o of equation 4.3 under the real-world probability measure. 

df(t, T) = a(t, T) dt + O'(t, T) lim [20~)] + O'(t, T) dW(t) 
Ll-O .6. 

Define 

-¢(t) == lim [20( V/5.)] 
Ll ..... O ViS. 
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Then, 

df(t, T) = a(t, T) dt + cr(t, T) dW(t) 

where, 

a(t,T) = cr(t,T) [iT cr(t,v)dv - <P(t)] 

Then the corresponding integral equation may be written as 

f(t,T) = f(O,T) + fota(r,T)dr+ fotcr(r,T)dW(r) 

where, 

a(r, T) = cr(r, T) [iT cr(r, v) dv - <p(r)] 

4.2 A Multifactor Model 

It is possible to construct a multifactor model and still retain the underlying bino-

mial process. By using a sequential process, if the up and down probabilities are 

appropriately defined, the discrete multifactor model will converge in the limit to 

the HJM continuous time model in both the real-world and risk-neutral economics. 

In the sequential process each of the stochastic components resolves separately. At 

each node, after the resolution of one stochastic term let the forward rate process 

in a given state be further split into an up or down substate (or subnode) where the 

second stochastic term is resolved. Let the up/down probabilities be the same for 

the subnode as the prior upstate/downstate node probabilities, but independent.7 

7 A variant of this technique for placing a multifador model within a binomial lattice was first 
done by Evnine (25). Kishimoto (44) independently developed this method. 



Real-World Economy 

fi+l (t + fl, T) = fi(t, T) + a(t, T) + O"l(t, T)y7S. + 0"2(t, T)y7S. q~ 

H-H (t + fl, T) = Ji(t, T) + a(t, T) + O"l(t, T)y7S. - 0"2(t, T)y7S. quqd 

ft(t + fl, T) - Ji(t, T) + a(t, T) - O"l(t, T)y7S. + 0"2(t, T)y7S. qdqu 

fl(t + fl, T) = fi(t,T) + a(t,T) - O"l(t,T)y7S. - 0"2(t,T)y7S. qJ 

where, 

qu = (i + O(~)) 
qd = (i -O(~)) 

a(t,T) - al(t, T)fl + a2(t, T)fl 

Taking expectationsS with respect to the real-world probability measure, 

Edf(t+fl,T)-fi(t,T)] = al(t,T)fl+a2(t,T)fl 

+ (O"l(t,T)JK + 0"2(t,T)JK) [20(~)] 

vart(f(t + fl, T) -li(t, T)] = (O";(t, T) + O"i(t, T))fl [1 - 402(~)] 

Risk-Neutral Economy 

fi+! (t + fl, T) = Ii(t, T) + a(t, T) + O"l(t, T)y7S. + 0"2(t, T)y7S. 11"2 
u 

H-H (t + fl, T) = Ii( t, T) + a( t, T) + 0"1 (t, T)JK - 0"2 ( t, T)y7S. 1I"u1l"d 

ft(t + fl, T) = Ii(t, T) + a(t, T) - 0"1 (t, T)JK + 0"2(t, T)-I/S. 1I"d1l"u 

fl(t + fl, T) = fi(t, T) + a( t, T) - 0"1 (t, T) JK - 0"2(t, T)-I/S. 11";1 

where, 

1I"u = 1I"d = 1/2 

8Where Ed,] is an abbreviation for E[·JFt ]. 
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Taking expectations with respect to the risk-neutral probability measure, 

Et [I(t + .6., T) - I;(t, T)] = al(t, T).6. + a2(t, T).6. 

vart(l(t + .6.,T) - !;(t,T)] = (}"~(t,T).6. + (}"~(t,T).6. 

A Multifactor Stochastic Difference Equation for Forward Rates 
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The two sets of equations for stochastic forward rate movement can be compactly 

summarized by the following stochastic difference equation, 

where aj and bj are Bernoulli random variables taking on the values +1 or -1 with 

the probabilities given by real-world or risk-neutral probability measures. We next 

want to impose constraints so that the effects of the two separate random shocks 

on the forward rate process are independent. These conditions are imposed by 

the requirement of no arbitrage in each of forward rate shocks. This condition is 

termed additivity.9 Apply the martingale condition and take expectations given aj 

and given bj . 

E [Z(t + .6., T)] = 
t Z(t,T) 1 

By the additivity assumption, we obtain 

9Independence of the two random shocks on the change in the forward rate process will allow 
the forward price stochastic difference equation to be expressed as the sum of the these two shocks. 
This greatly facilitates the analysis and construction of the forward price deviations. 
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4.3 Testable Models 

4.3.1 Obtaining the Forward Price Deviation 

Subtract J(O, T) from both sides of equation 4.3 and multiply by !:l. Then on the 

LHS, we have 

J(t, T)!:l- J(O, T)!:l 

Replace T with j!:l and sum from I to T - 1. 

T-l T-l 
L J(t,j!:l)!:l- E J(O,j!:l)!:l 

Recall, 
-In [P(t.T+~)] 

J( T) P(t,T) 
t, = !:l 

which gives us, 

T-l [P( t, (j + 1 )!:l)] T-l [P(O, (j + 1 )!:l] 
~ -In P(t '!:l) - ~ -In P(O '!:l) 
J=t ,) J=t ,) 

Sum and rearrange to define the Jorwa7'd price deviation. 

_ [P(O, T)] F(t, T) = In P(O, t) -In(P(t, T)) 

Under condi tions of certainty 10, 

(ez(O,t)t) (ez(t,T)(T-t)) = ez(O,T)T 

In terms of normalized prices, (where P(T, T) = 1) this can be expressed as 

P(O, t) . P(t, T) = P(O, T) 

IO\Vhere :(t, T) is the holding period yield from t to T as previously defined, 
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or, 

In P(O, t) + In P( t, T) = In P(O, T) 

Then the forwa7'd price deviation, 

_ [P(O, T)] 
F(t, T) = In P(O, t) - In P(t, T) 

measures the fit of how P(t, T) evolves from P(O, T) and P(O, t). 

4.3.2 The Standard Models 

Define 

where 0"1 is a constant. 

0"2 ( t, T) _ 0"2e-,\(T-tj where 0"2 and), are constants. 

The following restrictions are separately imposed on the variance of the forward 

rate process to give the standard models. 

(i) vart {J(t + ~,T) - f(t, T)} = O";(t, T)~ 

(ii) vart {J(t, T) - f(t -~, T)} = O"i(t, T)~ 

(iii) 

a combination of (1) and (2) 

{ 

vart {J(t + ~,T) - f(t, T)lbd = 

vart {J(t + ~,T) - f(t, T)lad = 

O"r(t,T)~ 

O"~(t, T)~ 

Model (i) will be referred to as the constant variance model. Model (ii) will be 

referred to as the exponential decay model. Model (iii) will be referred to as the 

combined model. For the combined model, the constraints imposed to ensure the 

independence of the two random shocks on the change in the forward rate process 

allow for additivity. This allows the forward rate process stochastic difference equa-

lion to be expressed as the sum of the components of the two random shocks. Since 
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the initial F(t, 1') is formed by summing the f(t, T)'s, it is also additive. (But not 

tlJe final form after the substitutions). 

For the first two models, the stochastic term is substituted out for by bringing in 

another term F(t, J). For the one-factor standard models, (i) and (ii), the general 

form of the empirical specificationsll are given by 

F(t, T) = a(t, T) + (3(t, T)F(t, 1<) (4.6) 

Model (i) has a single parameter, 0"1. Model (ii) has two parameters, 0"2 and >.. 

Models (i) and (ii) have two factors due to the substitution for the single stochastic 

term. For the combined model there is an additional substitution to get rid of the 

extra noise term. For the standard model (iii), the general form of the empirical 

specification ll is given by 

F(t, T) = a(t, T) + (31(t, T)F(t, J) + (32(t, T)F(t, J<) (4.7) 

TVlodel (iii) has three parameters, 0"1, 0"2, and ,\. 

The Testable Standard Models 

(i) Standard Constant Variance Model 

(T - t) 0"2 
F(t, T) = (I( _ t) F(t, K) + 1(T - t)(T - J<)t 

(ii) Standard Exponential Decay Model 

F(t, T) = 

llSee Appendix A for details of the derivations. 



(iii) Standard Combined Model 

+ 

+ 

(T - t) (e->.t - e->.K) - (K - t) (e->.t - e->.T) 
F(t, T) = (J _ t) (e->.t _ e->'K) _ (I( _ t) (e->.t _ e->.J) F(t, J) 

(T - t)(J( - t)(I( - T) (e->.t - e->.J) 

+(T - t)(J - t)(T - J) (e->.t - e->.K) 

+(1( - t)(J - t)(J - J() (e->.t - e->.T) 

_1 (O"?t) 
Den 2 

(J - t) (e->.t - e->.T) (e->.t - e->.K) (e-.\I{ _ e->.T) 

+ +( J - t) (c>.t - e->.T) (e->.t - e->.J) (e->.T _ e->.J) 

+( J - t) (e->.t - e-.\I{) (e->.t - e->.J) (e-,\J _ e-.\l{) 

where, 

Den (J - t) (e->.t - e->.K) - (1( - t) (e->.t - e->.J) 

'i-I 
S2 = 2:e2>.iC:. 

i=o 

4.3.3 The Square Root Models 
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One drawback of the standard models is that they allow for the possibility of nega-

tive interest rates. By multiplying the volatility coefficients of the standard models 



(i), (ii), (iii) by r(t)j the spot rate, we obtain the square root models. 12 

where 0'1 is a constant. 

0'4(t, T) _ 0'4(t, T)C>'(T-t)Frfi) where 0'2 and>' are constants. 

(i-sr) 

(ii-sr) 

(iii-sr) 

vart {f(t + b,., T) - f(t, T)} = 0'5(t, T)b,. 

vart {f(t + b,., T) - f(t, T)} = O'~(t, T)b,. 

a combination of (1) and (2) 

{ 

vardf(t + b,., T) - f(t, T)lbd = 0'5(t, T)b,. 

vardf(t + b,., T) - f(t, T)latl = O'~(t, T)b,. 
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The problem of potentially negative interest rates is eliminated at the cost of making 

the process path dependent. This adjustment also models larger variances at higher 

levels of interest rates similar to CIR. Unfortunately, the square root models may 

allow for arbitrage opportunities and there is a question if well defined solutions 

exist for the forward rate square root processes. The square root model can not be 

directly tested in the present framework, since the empirical specification after one 

substitution is path dependent upon the sum of unobservable spot rates. 

To arrive at a testable equation in terms of available bond prices, an additional 

bond price is used to substitute out for the unobservable sum of the spot rates. 

The results of this second substitution will be called the general form empirical 

specifications. It is important to note that the general form empirical specifications 

arrived at by the extra substitution of the square root models are identica[13 to the 

empirical substitutions obtained from making an extra substitution of the standard 

model. 14 

12The three square root models will be labeled with an "sr" after the roman numeral to distin
guish them from the corresponding standard models. 

13Brcnner discovered a similar equivalence working within a continuous time framework. 
14See Appendix C for details of the equivalence. 
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The general form empirical specifications don't distinguish the standard models 

from the square root models. IS Additionally, the general form empirical speci-

fications do not contain any of the a's. Because the square root forward rate 

processes are path dependent, an additional substitution for this path dependency 

with another current bond price is necessary. This substitution has the effect of 

substituting out all the terms containing parameter a. Testing general form spec-

ifications measures how well a general functional form specification of the forward 

rate volatility coefficients fits the data. For (i-sr) and (ii-sr) the empirical general 

form specificationslG are: 

F( t, T) = 131 (t, T)F(t, J) + 132 (t , T)F(t, K) (4.8) 

For (iii-sr) there are two additional substitutions made to get rid of the two unob-

servable sum of spot rate terms, resulting in two additional factors in the general 

form empirical specification.16 

F(t, T) = f31(t, T)F(t, J)+f32(t, T)F(t, K)+f33(t, T)F(t, L)+f34(t, T)F(t, M) (4.9) 

General Form Empirical Specifications 

(i-sr) Square Root Constant Variance Model 

1 r (T-t)(T-K) (T-t)(T-J), 
F (t, T) = (J _ t)(J _ K) F(t, J) + (1< _ t)(1< _ J) F(t, 1\) 

(ii-sr) Square Root Exponential Decay Model 

( -At -AT)( -AI< -AT) (-AT -AJ)( -At -AT) e -e e -e e -e e -e 
F(t, T) = (e- Al{ _ e-AJ)(e- At _ e-AJ ) F(t, J)+ (e-At _ e-AK)(e- AK _ e-AJ ) F(t, 1<) 

15There may well be other arbitrage-free models satisfying the general functional form. 
16See Appendix B for details of the derivations. 
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(iii-sr) Square Root Combined Model 

G(T)D(M) - G(M)D(T) G(L)D(T) - G(T)D(L) 
F(t, T) = G(L)D(M) _ C(M)D(L) F(t, L) + C(L)D(M) _ G(M)D(L) F(t, M) 

+ [A(T)O'I + A(M)0'2 + A(L)0'3]F(t, J) 
(G(L )D(M) - G(M)D(L)) ((J - t) (e-,\t - e-,\K) - (I( - t) (e-,\t - e-,\J)) 

+ [B(T)O'I + B(M)0'2 + B(L)0'3]F(t, J() 
(G(L )D(M) - G(M)D(L)) ((J - t) (e-,\t - C'\K) - (I( - t) (c'\t - c,\J)) 

where, 

G(T) = 

D(T) = 

and, 

(T - t)(I{ - t)(I( - T)(e-,\t - e-,\J) 

+(T - t)(J - t)(T - J)(e-,\t - e-,\K) 

+(1( - t)(J - t)(J - ]()(e-,\t - e-,\T) 

(J - t)(e-'\t - e-,\T)(e-·\t - e-·\K)(e-,\K _ e-,\T) 

+(I( - t)( e-,\t - e-,\T)( e-'\t - e-,\J)( e-,\T - e-,\J) 

+(T - t)(e-'\t - e-'\/{)(e-,\t - e-,\J)(e-,\J - e-'\/{) 

0'1 = A(T) [G(L)D(T) - G(T)D(L)] 

0'2 = A(M)[G(T)D(L) - G(T)D(L)] 

0'3 = A(L)[G(M)D(T) - G(T)D(M)] 
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CHAPTER 5 

THE GENERALIZED METHOD OF MOMENTS 

5.1 Discussion of the T-Bill Data Sets 

\\Teeldy T-bill quotes are taken from The Wall Street Journal. The Federal Reserve 

Board significantly changed its policy, and consequently the dynamics of interest 

rate movements when it shifted its emphasis from the interest rate level (Federal 

Funds) to the money supply (bank reserves). This change occurred over the weekend 

and was reported in The Wall Street Journal on Monday October 8, 1979. Initially, 

the data are split into two equal samples of 608 weekly observations. Data set one 

runs from 2/15/68 to 10/04/79. Data set two runs from 10/11/79 to 5/30/9l. 

These two large data sets are subsequently split in half, primarily to isolate the 

early 80's. Data set one will be split into data set one-A: running from 2/15/68 

to 10/18/73, and data set one-B: running from 12/13/73 to 9/13/79. data set two 

will be split into data set two-A: running from 10/11/79 to 6/13/85, and data set 

two-B: running from 8/08/85 to 5/09/91. The data consists of the midpoints of 

Thursday bid and ask discounts for T-bills with maturities from one week to twenty

six weeks. Thursdays are used as the recording date because thirteen and twenty-six 
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week T-bills are delivered and mature on Thursdays.! Recorded banker's discounts 

based on a 360 day year are converted to true prices.2 Although weekly data is 

available, four week differencing intervals are used.3 This differencing reduces the 

number of bond maturities in the cross section from twenty-six to twenty two. For 

comparability with other studies and because of the large amount of data available, 

term structure changes were analyzed over nonoverlapping four week periods.4 The 

608 weekly observations on T-bills will be reduced to 151 monthly observations with 

four week differencing and nonoverlapping estimation periods. 

In this paper we are interested in determining how well the data fit the square 

root models: (i-sr), (ii-sr), (iii-sr) and standard models: (i), (ii) and (iii). For the 

standard models, equation 4.6 and its two-factor counterpart, equation 4.7; and for 

the square root models: equation 4.8 and its two-factor counterpart, equation 4.9 

are exact no arbitrage-based theoretical pricing models. Since we are taking the 

midpoint of the bid-ask spread5 , the T-bill rates include measurement error. Con-

sequently, current and forward T-bill prices will contain measurement error. To 

account for the measurement error a residual error will be included in the estima-

tions. Let w(t, T) denote the total measurement error in the forward price deviation 

residuals, (Tile residuals wi11iater be referred to as w 's). This gives the total con-

1 Bill Carleton has pointed out that not all T-bills are delivered on the data specified in the 
Wall Street Journal. However, the reported date is taken as the actual delivery date since that is 
the best available information. 

2When Thursday falls on a holiday and quotes are not available, Friday quotes are used and 
adjusted for the extra day to give the impJied price for Thursday. 

30ne week differencing intervals were tried, but the resulting noise made meaningful estimation 
impossible. 

1Starting with time zero observations as a basis, changes in the fourth week are compared. 
Next, the fourth week observations are used as a basis, and changes in the eighth week are 
compared and etc. This method only uses a quarter of the available data, but the resulting 
number observations in the cross section is still large. 

50ther factors contributed to measurement error include differences between actual and listed 
delivery dates, holidays and recording transactions errors. 
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tribution of measurement error from bond prices for the evolution of the bond price 

P(t, T) from the initial prices P(O, T) and P(O, t). t indexes the weekly observa

tions, while T refers to the bills' remaining time to maturity; one week, two weeks, 

etc. The notation of the models needs to be changed for incorporating the time 

series and total measurement error residual term. Time will be indexed by t, while 

the T-bills' maturities will be indexed by T. 

5.1.1 The Empirical Pricing Models 

Square Root Models (i-sr) and (ii-sr) 

F(t, T) = i31 (t, T)F(t, J) + i32(t, T)F(t,]() + w(t, T) 

Square Root Model (iii-sr) 

F(t, T) = i31(t, T)F(t, J)+i32(t, T)F(t, ]()+i33(t, T)F(t, L )+i34(t, T)F(t, M)+w(t, T) 

Standard Models (i) and (ii) 

F(t, T) = a(t, T) + i3(t, T)F(t,]() + w(t, T) 

Standard Model (iii) 

F(t, T) = a(t, T) + i31 (t, T)F(t, J) + i32(t, T)F(t, J() + w(t, T) 

5.2 Applying GMM 

To determine which models fit the data best it is necessary to impose moment con

straints on the residuals, w(t, T). To test these models in the most general frame-



T-Bills Data Set One 

Figure 5.1: T-Bills Data Set One 

T-Bills Data Set Two 

Figure 5.2: T-Bills Data Set Two 
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work without imposing additional assumptions on bond variances, covariances, etc.j 

Hansen's (1982) Generalized Method of Moments (GMM) technique will be used to 

estimate the parameters of each model. The GMM approach is straightforward. It 

requires that the number of moment restrictions exceed the number of parameters 

to be estimated. Since there are a large number of bond maturities this condition 

is easily satisfied. Our test of a model's fit is: 

Ho : E[w(t, T)] = 0 

where, 

1, ... ,N and N is the no. of observations in the time series. 

T = 1'1, ... , TB and B is the no. of bond maturities in the cross section. 

GI\1l\1 estimation tests our hypothesis by measuring how close the sample moments 

of the w's are to the theoretical moments of zero for each bond maturity. A measure 

of this closeness is: 

9N(0) = ~ t[hm(w(t,T)) -E[hm(w(t,T))J] 
1=1 

where, 

hm the m,th order functional moment restriction. 

1, ... ,N the N being the no. of observations in the time series. 

m, = 1, ... , M, with M being the number of moment conditions. 

The system of moment equations of w(t, T) is overidentified if the number of pa

rameters in OJ denoted Op is less than the number of rows in the vector 9N(0). 

I.e., 
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If the system of moment equations of w(t, T) is overidentified, then there exists a 

Op X (M x B) matrix A such that, 

(5.1) 

Hansen and Singleton (1982) have shown that equation 5.1 is equivalent to the 

following two-step minimization: 

(1) ming'tv(O)I gN(O) ~ e1 o 

(2) ming'tv(O)WHs gN (0) ~ O2 o 

where WHS is estimated from 01• 

Then, 

and, 

The covariance matrix of the parameters is given by 

where D is the expected value of the Jacobian matrix, 

5.2.1 Parameter Estimation 

For the estimated parameters we want to impose a constraint so that they and 

their confidence intervals are positive. To restrict the parameter A to be positive, 

take x = In A. The transformed estimation problem now is to estimate eX with x 
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unrestricted. To recover the original .x, let x be the solution to the transformed 

problem. Then ~ = eX is the solution to the original estimation problem, with ~ 

restricted to be positive. Likewise, for (7, take 2y = In «(72). Then 0-2 = e2Y • 

5.3 The T-Bill Data 

5.3.1 First Moment Restrictions 

The moment restrictions imposed on the models are first moment restrictions.6 

Since the number of bond maturities is large relative to the number of estimated 

parameters, first moment restrictions are sufficient for parameter estimation. Addi-

tional higher order moment restrictions could be employed at the cost of additional 

computing complexity and more assumptions on the residuals. Writing out equa-

tion 5.2 we have 

w(t,TJ) - 0 
1 151 

9l5l(0) = 151 L 
t=1 

where Ti references the bond's maturities and B is the number of available bond 

maturities. 

5.3.2 The Standard Models 

(i) Standard Constant Variance Model 

]( = 26, B = 21, ~ = 1/13 parameters: (7 (YI = In «(7d) 

( 
T - 4) e2Y1 

F(t, T) = -- F(t,]() + -2 (T - 4)/52· (T - 26)/52·4/52 + w(t, T) 
26 - 4 

GIn equation 5.2 M is 1. 
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(ii) Standard Exponential Decay Model 

]( = 26, B = 21, /:). = 1/13 parameters:.A, U2 (x = In (.A), Y2 = In (.A2)) 

(iii) Standard Combined Model 

1\ = 26, J = 5, B = 20, /:). = 1/13 parameters:.A, U3, U4 (x = In (.A), 

Y3 = In (U3), Y4 = In (U4)) 

(T - 4)/52(e-e:r 4/52 _ e-e:r 26/52 ) _ (26 _ 4)/52(e-eZ 4/52 _ e-ez T/52) 
F(t, T) = F(t J) 

(5 - 4)/52(e-e:r4/52 - e-e:r26/52 ) - (26 - 4)/52(e-e Z 4/52 _ e-e Z 5/52) , 

where, 

(5 - 4)/52(e-eZ 4/52 - e-e:rT/52 ) _ (T _ 4)/52(e-e:r4/52 _ e-eZ 5/52) , 

+ (5 - 4)/52(e-ez 4/52 _ e-e:r26/52 ) _ (26 _ 4)/52(e-e:r4/52 _ e-ez 5/52) F(t, l\) 

+ 

(T - 4)/52(26 - 4)/52(26 _ T)/52(e-e Z 4/52 _ e-eZ 5/52) 

+(T - 4)/52(5 - 4)/52(T - 5)/52(e-eZ 4/52 _ e-eZ 26/52) 

+(26 - 4)/52(5 - T)/52(24 - 26)/52(e-eZ 4/52 _ e-eZ T/52) 

'::'1 

(5 - 4)/52(e-eZ 4/52 _ e-ez T/52)(e-e:r4/52 _ e-eZ 26/52)(e-eZ 26/52 _ e-ez T/52) 

+(26 - 4)/52(e-eZ 4/52 _ e-ez T/52)(e-e z 4/52 _ e-er 5/52)(e-e Z T/52 _ e-e Z 5/52) '::'2 

+(T - 4)/52(e-eZ 'I/52 _ e-eZ 26/52)(e-eZ
4/52 _ e-eZ 5/52)(e-eZ 5/52 _ e-eZ 26/52) 

+ w(t, T) 



1 - e2e'<4/52 

1 - e2e:r11 
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Parameter estimation for the standard combined model with the T-bill data sets 

did not converge. The T-Bill data only allows for analysis of the short end of 

the term structure, (the longest T-bill examined was six months). In testing a 

two-factor model if there is in fact only one factor for the short end of the term 

structure, significant difficulties will be incurred in the estimation procedure in 

trying to finding the second, nonexistent factor. 

5.3.3 The Square Root Models 

(i-sr) Square Root Constant Model 

J( = 26, J = 5, B = 20, ~ = 1/13 parameters: No parameters. 

(T - 4)(T - 26) (T - 4)(T - 5) 
F(t, T) = (5 _ 4)(5 _ 26) F(t, J() + (26 _ 4)(26 _ 5) F(t, J) + w(t, T) 

(ii-sr) Square Root Exponential Decay Model 

f{ = 26, J = 5, B = 20, b. = 1/13 parameters: >. (x = In >.) 

(e-e:r4/52 _ e-e:rT/52) (€-e:r26/52 _ e-e:rT / 52 ) 

F(t, T) = (e-e:r26/ 52 _ e-e:r5/ 52 ) (e-e:r 4/ 52 _ e-e:r 5/ 52) F(t, J) 

(e-e:rT/52 _ e-e:r5/52) (e-e:r4/52 _ e-e:rT / 52) 

+ (e-e:r.t/52 _ e-e:r 26/ 52 ) (e-e:r 26/ 52 _ e-e:r5/ 52 ) F(t, J() + w(t, T) 
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(iii-sr) Square Root Combined Model 

f{ = 26, J = 5, L = 25, M = 6, B = 18, ~ = 1/13 parameters: >. (x = In'x) 

C(T)D(6) - C(6)D(T) C(25)D(T) - C(T)D(25) 4 

F(t, T) = C(25)D(6) _ C(6)D(25) F(t, L) + C(25)D(6) _ C(6)D(25) F(", M) 

where, 

+ A(T)al + A(6)a2 + A(25)a3 F(t J) + B(T)al + B(6)a2 + B(25)a3 F(t K) 
(C(25)D(6) - C(6)D(25») l' (C(25)D(6) - C(6)D(25») 1 ' 

+ wet, T) 

A(O = (~- 4)/52(e-e%4/52 _ e-c%26/52) _ (26 _ 4)/52(e-er 4/52 _ e-cr{/52) 

B(O = (5 - 4)/52(e-er4/52 _ e-er{/52) _ (~- 4)/52(e-er4/52 _ e-er 5/52) 

C(O = 

D(O = 

and, 

(~ - 4)/52(26 - 4)/52(26 - 0/52(e-er 4/52 _ e-er5/52) 

+(~ - 4)/52(5 - 4)/52(~ - 5)/52(e-er4/52 _ e-er26/52) 

+(26 - 4)/52(5 - 4)/52(5 - 26)/52(e-cr4/52 _ e-er{/52) 

(5 - 4)/52(e-Cr4/52 _ e-er {/52)(e-er4/52 _ e-er 26/52)(e-er26/52 _ e-cr{/S2) 

+(26 - 4)/52(e-er 4/52 _ e-er{/52)(e-er 4/52 _ e-er 5/52)(e-er {/52 _ e-er5/52) 

+(~ _ 4)/52(e-er 4/52 _ e-er26/52)(e-er 4/52 _ e-er 5/52)(e-er 5/52 _ e-er26/52) 

al = [C(25)D(6) - C(6)D(25)] 

a2 = [C(T)D(25) - C(25)D(T)] 

a3 = [C(6)D(T) - C(T)D(6)] 
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and 

1 = (5 - 4)/52 (e-e%4/52 - e-e%26/52) - (26 _ 4)/52 (e-e%4/52 _ e-e%5/52) 

Parameter estimation for the square root combined model with the T-bill data 

sets did not converge. The T-Bill data only allows for analysis of the short end 

of the term structure, (the longest T-bill examined was six months). In testing a 

two-factor model if there is in fact only one factor for the short end of the term 

structure, significant difficulties will be incurred in the estimation procedure in 

trying to finding the second, nonexistent factor. 

J STATISTICS: STANDARD MODELS 
DATA SETS ONE & TWO 

STANDARD J Statisticsa 

MODEL Data Set One Data Set Two 

Constant 143.93 195.14 
« .001) « .001) 

Exponential 143.93 165.84 
Decay «.001) « .001) 

OJ) valucs are in parcntheses. 

Table 5.1: J Statistics: Standard Models (Data Sets One & Two) 

5.4 Confidence Intervals about the Spot Rate 

The parameter estimates and their confidence intervals can be used to infer spot rate 

confidence intervals. To simplify matters we will look at the continuous time limits. 



J STATISTICS: SQUARE ROOT MODELS 
DATA SETS ONE & TWO 

SQUARE ROOT J Statisticsa 

MODEL Data Set One Data Set Two 

Constant 143.93 195.14 
« .001) « .001) 

Exponential 101.16 176.10 
Decay « .001) « .001) 

0p values are in parentheses. 

Table 5.2: J Statistics Square Root Models: (Data Sets One & Two) 

ESTIMATED PARAMETER VALUES 
STANDARD MODELS DATA SET ONE 

II STANDARD MODEL II Parameters I Estimated Parameter Valuesa II 
Constant a1 2 0.238730 

(0.1873 to 0.3043) 
Exponential Decay A2 1.17065E-1O 

tb 

Cr22 0.238659 
(0.2113 to 0.2695) 

° Numbers in parentheses are the 95% confidence intervals. 
bConfidence interval is too large to be worth reporting. 

Table 5.3: Estimated Parameters: Standard Models (Data Set One) 
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ESTIMATED PARAMETER VALUES 
STANDARD MODELS DATA SET TWO 

II STANDARD MODEL II Parameters I Estimated Parameter Valuesa II 
Constant 0-12 0.378958 

(0.2703 to 0.5312) 
Exponential Decay >'2 5.534311 

tb 

0-22 0.709410 

tb 

aNlImbers in parentheses are the 95% confidence intervals. 
bConfidence interval is too large to be worth reporting. 

Table 5.4: Estimated Parameters: Standard Models (Data Set Two) 

ESTIMATED PARAMETER VALUES 
SQUARE ROOT MODELS DATA SETS ONE & TWO 

SQUARE ROOT Parameters Estimated Parameter Valuesa 

MODEL Data Set One 

Constant no params. 
Exponential >'2 0.806176 

Decay (0.1982 to 3.2794) 

°NlImbers in parentheses are the 95% confidence intervals. 
bCollfidellce interval is too large to be worth reporting. 

Data Set Two 

3.5508 
tb 
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Table 5.5: Estimated Parameters: Square Root Models (Data Set One & Two) 
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SIMULATED RESIDUALS 
STANDARD MODELS DATA SET ONE 

STANDARD 
MODEL 

Constant 
Exponential Decay 

Data Set One 
Mean I RMSE 

-1.18603 E-05 3.52126 E-04 
-1.19012 E-05 3.52126 E-04 

Table 5.6: Simulated Residuals: Standard Models (Data Set One) 

Standard 1 T-Bills #1 

Figure 5.3: Sq. Residuals Standard Model One (Data Set One) 

SIMULATED RESIDUALS 
STANDARD MODELS DATA SET TWO 

STANDARD MODEL Data Set Two 
Mean RMSE 

Constant -8.91867 E-05 5.09562 E-04 
Exponential Decay -2.09954 E-05 8.22341 E-04 

Table 5.7: Simulated Residuals: Standard Models (Data Set Two) 
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Standard 2 T-Bills #1 

Figure 5.4: Sq. Residuals Standard Model Two (Data Set One) 

Standard 1 T-Bills #2 

Figure 5.5: Sq. Residuals Standard Model One (Data Set Two) 



Standard 2 T-Bills #2 

Figure 5.6: Sq. Residuals Standard Model Two (Data Set Two) 

SIMULATED RESIDUALS 
SQUARE ROOT MODELS DATA SET ONE 

SQUARE ROOT Data Set One 
MODEL Mean RMSE 

Constant -2.34541 E-04 4.81470 E-04 
Exponential Decay -2.27654 E-04 4.55071 E-04 

II 
II 

Table .5.8: Simulated Residuals: Square Root Models (Data Set One) 

SIMULATED RESIDUALS 
SQUARE ROOT MODELS DATA SET TWO 

SQUARE ROOT Data Set Two 
MODEL Mean RMSE 

Constant -2.87845 E-05 1.35507 E-03 
Exponential Decay -1.00560 E-04 8.14098 E-04 

'fa ble 5.9: Simulated Residuals: Square Root IVlodels (Data Set Two) 
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Sq. Rt. 1 T-Bills #1 

Figure 5.7: Sq. Residuals Square Root Model One (Data Set One) 

Sq. Rt. 2 T-Bills #1 

Figme 5.8: Sq. Residuals Square Root Model Two (Data Set One) 
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Sq. Rt. 1 T-Bills #2 

Figure 5.9: Sq. Residuals Square Root Model One (Data Set Two) 

Sq. Rt. 2 T-Bills #2 

Figure 5.10: Sq. Residuals Square Root Model Two (Data Set Two) 
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From HJM [32] equation (38) the forward rate process converges in distribution to7 

l(t,T) ~ I(O,T)+ fot a(s,T)dW(s)+ fot a(s,T) (iT a(s,Y)dY) ds 

The Standard Constant Model 

Take a(t, T) = a. Then 

Integrating gives HJM's equation (39), 

l(t, T) = 1(0, T) + aW(t) + a2 (Tt - ;) 

Taking T equal to t implies a spot rate p7'Ocess of 

t2 

r(t) = 1(0, t) + aW(t) + a 2

2 

The Exponential Decay Model 

Take a(t, T) = ac-,x(T-t). Then 

1(t, T) ~ 1(0, T) + fot ac-,x(T-s) dW(s) + fot ae-,x(T-s) (iT ac-,x(y-s) dY) ds 

Integrating gives8 

Taking T equal to t implies a spot rate process of 

7·(t) = 1(0, T) + lot ac-,x(t-s) dW(s) - ~ (~) 2 [(1 - e-2,xt) - 2 (1 _ c-,\t)] 

7In HJM's framework, f(t, T) converges only if 7r = q. The HJM framework can be modified 
to allow convergence when 7r f:. q as it was in Chapter 4, where Amin's alterative framework was 
used. 

6See IIJM [33] equation (38) where the estimated parameter is >./2. 
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Employ integration by parts9 to simplify the white noise term. Now 

Employing integration by parts on the integral on the RHS gives, 

Which gives us 

Hence, multiplication gives 

0" t e-,\(t-s) dW(s) = (_0"_) W{t) 
10 1 + A 

The simplified spot rate process can then be written as 

l' ( t) = f (0, T) + (1 : A) W ( t) - ~ (~ ) 2 [ (1 - e - 2'\t) - 2 (1 - e - ,\t) ] 

Assume an initial forward rate value of 0.1. We'll use the estimated parameter 

values to calculate 95% confidence intervals for the spot rate. For the standard 

constant. model the one year confidence interval about the expected spot rate for 

data set one is (0.1285±0.4775). For data set two the confidence interval is (0.1172± 

0.7579). 

9See IIoel Port and Stone [39] Chapter 5. Since the Wiener process is not differentiable, the 

integral, J: f(l) dW(t) does not exist the usual sense. By suitably defining this integral as an 
appropriate limit, namely 

lim Ib (W(t + c) - wet)) dt 
(-0 a C 

the following integration by parts formula may be employed: 

lb f(t)dW(t) = f(b)W(b) - f(a)W(a) -lb 

J'(/)W(t)dt 
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For the standard exponential decay model with data set one the confidence 

interval is negligible. For data set two the essentially unbounded confidence interval 

for the estimated parameter values do not allow the spot rate confidence intervals 

to be calculated. 

5.4.1 Exponential Decay Model Half-Life 

For the standard square root exponential decay models, the parameter). governs 

the rate of decay. Large values of ). imply faster rates of decay. We'll look at the 

time it takes for the volatility to decrease by half. Let this, half life decay time be 

denoted by x. 

Solving for x gives the half life. 
In (2) 

x=--
). 

For data set one with the standard exponential decay model, ). is extremely small 

and it apparent that the standard exponential decay model is collapsing to the 

standard constant model. Io 

For data set two with the st.andard exponential decay model, ). is quite large 

and consequently the forward rate volatility decays rapidly. For this data set the 

half life is six and a half weeks. 

For the square root exponential decay model with data set one the half life is 

about forty-five weeks. With data set two the half life is about ten weeks. 

It is also informative to check how long it takes the exponential model to decay 

laThe constraints imposed on the parameter estimation bound>' away from zero. 
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to a point where its volatility is equal to the constant model. 

This implies 
-In [~] 

t = (72 

..\ 

Thus, for data set two it takes about six weeks for the volatility of the standard 

exponential decay model to decay to a value equal to volatility of the constant 

model. 

5.5 Pairwise F tests on the T-Bill Data 

After the Generalized Method of Moments estimation of the parameters, the fitted 

parameter values will be used in pairwise comparisons of the alternative models 

by using F tests to determine which model performs best. The F test is a robust 

statistic with respect to the assumption of normalityll [38]. For each data set the 

residuals (or w's) resulting from the imposition of the parameters from the GMM 

estimation are calculated. The F statistic for the pairwise comparison between the 

different models is given by12 
·2 

F = 0"1 

a-i 
For a one-sided test, our hypothesis test is given by: 

Ho: 

liThe Kolomogorov-Smirnov goodness of fit test was used on the simulated residuals and was 
not. able to accept the hypothesis of normalit.y at a significance level of 0.01. 

12The a2 ,s indicate the variance for each data set given the imposition of parameters resulting 
from the GMM estimation of the various models and are not the volatility estimated coefficients 
from prior estimations which have the same notation. 
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At the level of significance 0, Ho is rejected if F > Fa, where Fa is the 100 X (1- 0) 

percentile of the F-distribution with n -1 and m -1 degrees of freedom. (The first 

sample has m degrees of freedom and the second sample has n degrees of freedom.) 

HJM STANDARD MODELS DATA SETS ONE & TWO 

Standard Constant Model vs. Standard Exp. Decay Model 

Data No difference. 
Set F= 1.00000. 
One p value for F{151 x 21,151 x 21) = 0.500 

Standard Constant Model vs. Standard Exp. Decay Model 

Data Accept the HJM Standard Constant Model at the 99+% level. 
Set F= 1.91993 in favor of the HJM Standard Constant Model. 

Two p value for F(151 x 21,151 x 21) < 0.001 

Table 5.10: F Test Results: HJM Standard Models {Data Sets One & Two} 
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HJM SQUARE ROOT MODELS DATA SETS ONE & TWO 

Sq. Rt. Constant Model vs. Sq. Rt. Exp. Decay Model 

Data Accept the HJM Sq. Rt. Constant Model at the 98% level. 
Set F= 1.05801 in favor of the HJM Sq. Rt. Exp. Decay Model. 
One p value for F(151 x 20,151 x 20) < 0.013 

Sq. Rt. Constant Model vs. Sq. Rt. Exp. Decay Model 

Data Accept the HJM Sq. Rt. Exp. Decay Model at the 99.99+% level. 
Set F= 1.66450 in favor of the HJM Sq. Rt. Exp. Decay Model. 

Two p value for F(151 X 20,151 X 20) < 0.001 

Table 5.11: F Test Results: HJM Square Root Models (Data Sets One & Two) 
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CHAPTER 6 

THE COX-INGERSOLL-ROSS SQUARE ROOT MODEL 

6.1 Background 

Since CIR's square root model is the most prominent equilibrium-based model used 

for pricing interest rate contingent claims, we'll test a version of it and compare it 

with the HJM models. CIR's modeP for bond prices in terms of the spot rate is used. 

This version of CIR's model is written in terms of three observable parameters. This 

version tested is given in Brown and Dybvig [15]. 

P(1', t, T) == A(t, T)e-B(t,T)r(t) (6.1 ) 

where 

A(t, T) 

B(t,T) -

and 

lelR make several assumptions including logarithmic preferences to arrive at their model. See 
[1£1] page 393. This version of their model will be taken to hold for nominal bond prices. 
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cP2 - (K + .\ + cPd/2 

cP3 - 2KO / (f2 

The long term yield is: 

The square root oj the volatility is given by: 

We will impose restrictions on the parameters to ensure positive estimated param

eter values: 

• To bound the entire forward rate curve away from zero, CIR require 2,d) ~ (12 

01' equivalently <P3 > 1. To impose this restriction, estimate In (cP3 - 1). 

• (J2 > ° implies <PI > cP2 > 0. To impose these restrictions, replace cP2 by the 

ratio <P1/<P2, and estimate In (cPl/cP2 - 1). 

• To ensure <PI > 0, estimate In <Pl. 

This version of CIR's model will be placed into an empirical framework by 

substituting out for the spot rates of interest with another bond price.2 Recall 

the definition of the j07'wa7'd price deviation: F(t, T) == In P(O, T) - In P(O, T) -

In P( t, T). Writing out the bond price as an evolution from the initial term structure 

gives the forward price deviation in terms of the parameters A and B and the time 

zero and time t spot rates. 

F(t, T) = In A(O, T) -In A(O, t) -In A(t, T) + B(t, T)r(t) + [B(O, t) - B(O, T)]r(O) 

2This technique was first used by Brenner [13]. 



Next, use equation 6.1 to solve for the spot rates using another bond price. 

r(t) = 

r(O) = 

InP(r,t,K) -lnA(t,K) 
-B(t, K) 

In P(r, 0, K) -In A(O, ]() 
-B(O,K) 
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Rewriting the eIR equation to allow estimation of the ratio rfJt/ (P2 and specifying 

monthly differencing gives, 

InA(t,T) = rfJ3 {In [rfJdrfJ2] + rfJd[rfJdrfJ2](T - 4)/52 -In (e<PdT- 4 }/52 - 1 +. [rfJdrfJ2])} 

B(t, T) 
_ [ (e<P1 (T-4}/52 - 1) 1 

rfJd [rfJdrfJ2] [e<PI{T-4}/52 - 1] + rfJl 

Also for the spot rates, 

7'(4) = 

r(O) = 

In P(r, 4, 26) -In A( 4,26) 
-B(t,26) 

In P(r, 0, 26) - In A(O, 26) 
-B(0,26) 



CIR'S SQUARE ROOT MODEL 
ESTIMATED PARAMETER VALUES 
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ESTIMATED PARAMETER VALUEsa 
DATA SET cPl cP2 cP3 

Data Set One 0.587946 0.476541 1.00000052 
02/15/68 to 10/04/79 (0.1140 to 3.0336) (1.882E-02 to 3.0011) tb 

Data Set One-A 0.342887 0.070445 1.00000059 
02/15/68 to 10/18/73 (0.1432 to 0.8208) (5.976E-06 to 0.8203) tb 

Data Set One-B 0.499886 0.375713 1.00001546 
12/13/73 to 09/13/79 (0.2022 to 1.2359) (1.699E-03 to 1.1526) tb 

Data Set Two 0.274080 0.266633 1.00000615 
10/11/79 to 05/30/91 tb tb tb 

Data Set Two-A 3.451877 3.326731 1.00000257 
10/11/79 to 06/13/85 (1.4942 to 7.9747) (1.3597 to 7.8622) tb 

Data Set Two-B 16.7372 16.6665 1.00000267 
08/08/85 to 05/09/91 tb tb tb 

°95% confidence intervals are in parentheses. 
bConfidence intervals are too large to be worth reporting. 

Table 6.1: CIR's Sq. Rt. Model: Estimated Parameter Values 
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CIR'S SQUARE ROOT MODEL 
J STATISTICS AND IMPLIED VALUES 

DATA SET II J 
I IMPLIED VAL DES" 

(J I TL 

Data Set One 186.04 0.325850 0.111405 
02/15/68 to 10/04/79 

Data Set One-A 142.92 0.195919 0.272442 
02/15/68 to 10/18/73 

Data Set One-B 102.58 0.305461 0.124174 
12/13/73 to 09/13/79 

Data Set Two 333.01 0.063016 0.007447 
10/ll/79 to 05/30/91 

Data Set Two-A 102.58 0.912496 0.125146 
10/11/79 to 06/13/85 

Data Set Two-B 179.35 1.534582 0.070649 
08/08/85 to 05/09/91 

Table 6.2: CIR's Sq. Rt. Model: J Statistics and Implied Values 

CIR T-Bills #1 

Figure 6.1: Sq. Residuals CIR's Sq. Rt. Model (Data Set One) 



CIR'S SQUARE ROOT MODEL 
SIMULATED RESIDUALS 

SIMULATED RESIDUALS 
DATA SET MEAN RMSE 

Data Set One -1.35495E-05 3.97244E-04 
02/15/68 to 10/04/79 

Data Set One-A -3.86432E-05 3.82283E-04 
02/15/68 to 10/18/73 

Data Set One-B -4.46277E-05 3.63943E-04 
12/13/73 to 09/13/79 

Data Set Two -1.04719E-03 1.53346E-03 
10/11/79 to 05/30/91 

Data Set Two-A 5.58138E-05 1.40388E-03 
10/11/79 to 06/13/85 

Data Set Two-B -1.88278E-04 2.62015E-03 
08/08/85 to 05/09/91 

Table 6.3: CIR's Sq. Rt. Model: Simulated Residuals 

CIR T-Bills #2 
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Figure 6.2: Sq. Residuals CIP.'s Sq. Rt. Model (Data Set Two) 
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Figure 6.3: Sq. Residuals CIR's Sq. Rt. Model (Data Set One-A) 
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Figure 6.4: Sq. Residuals CIR's Sq. Rt. Model (Data Set One-B) 
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Figure 6.5: Sq. Residuals CIR's Sq. Rt. Model (Data Set Two-A) 
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Figure 6.6: Sq. Residuals CIR's Sq. Rt. Model (Data Set Two-B) 
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CIR MODEL F TEST COMPARISONS DATA SET ONE 

CIR Sq. Rt. Model vs. HJM Standard Constant Model 

Data Accept the HJM Standard Constant Model at the 99+% level. 
Set F = 1.12813 in favor of the HJM Standard Constant Model. 
One p value for F{151 x 20,151 x 21) < 0.001 

CIR Sq. Rt. Model vs. the HJM Standard Exp. Decay Model 

Data Accept the HJM Stand. Exp. Decay Model at the 99+% level. 
Set F = 1.12785 in favor of the HJM Standard Exp. Decay Model. 
One p value for F( 151 x 20,151 x 21) < 0.001 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Constant Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 1.21203 in favor of the CIR Sq. Rt. Constant Model. 
One p value for F(151 x 20,151 x 20) < 0.001 

CIR Sq. Rt. Model vs. the HJM Sq. Rt. Exp. Decay Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 1.80821 in favor of the CIR Sq. Rt. Model. 
One p value for F{151 x 20,151 x 20) < 0.001 

Table 6.4: F Test Results: CIR Model (Data Set One) 
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CIR MODEL F TEST COMPARISONS DATA SET TWO 

CIR Sq. Rt. Model vs. the HJM Standard Constant Model 

Data Accept the HJM Stand. Constant Model at the 99+% level. 
Set F = 3.00937 in favor of the HJM Standard Constant Model 

Two p value for F(151 X 2,151 X 21) < 0.001 

CIR Sq. Rt. Model vs. the HJM Standard Exponential Decay Model 

Data Accept the HJM Stand. Exp. Decay Model at the 99+% level. 
Set F = 1.56744 in favor of the HJM Standard Exp. Decay Model. 

Two p value for F(151 X 20,151 X 21) < 0.001 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Constant Model 

Data Accept the HJM Sq. Rt. Constant Model at the 99+% level. 
Set F = 1.13165 in favor of the HJM Sq. Rt. Constant Model. 

Two p value for F(151 X 20,151 X 20) < 0.001 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Exp. Decay Model 

Data Accept the HJM Sq. Rt. Exp. Decay Model at the 99+% level. 
Set F = 1.88303 in favor of the HJM Sq. Rt. Exp. Decay Model 

Two p value for F(151 X 20,151 X 20) < 0.001 

Table 6.5: F Test Results: CIR Model (Data Set Two) 
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CIR MODEL F TEST COMPARISONS DATA SET ONE-A 

CIR Sq. Rt. Model vs. HJM Standard Constant Model 

Data Accept the HJM Stand. Constant Model at the 80% level. 
Set F = 1.03473 in favor of the HJM Stand. Constant Model. 

One-A p value for F{75 x 20,75 x 21) < 0.1734 

CIR Sq. Rt. Model vs. HJM Standard Exponential Decay Model 

Data Accept the CIR Sq. Rt. Model at the 99% level. 
Set F = 1.09278 in favor of the CIR Sq. Rt. Model. 

One-A p value for F{75 X 20,75 x 21) < 0.008 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Constant Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 1.15470 in favor of the CIR Sq. Rt. Model. 

One-A p value for F{75 x 20, 75 x 20) < 0.001 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Exp. Decay Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 1.92977 in favor of the CIR Sq. Rt. Model. 

One-A p value for F{75 x 20, 75 x 20) < 0.001 

Table 6.6: F Test Results: CIR Model (Data Set One-A) 
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CIR MODEL F TEST COMPARISONS DATA SET ONE-B 

CIR Sq. Rt. Model vs. HJM Standard Constant Model 

Data Accept the HJM Standard Constant model at the 99% level. 
Set F = 1.09166 in favor of the HJM Standard Constant Model. 

One-B p value for F{75 x 20,75 x 21) < 0.00082 

CIR Sq. Rt. Model vs. HJM Standard Exponential Decay Model 

Data Accept the HJM Exp. Decay Model at the 99% level. 
Set F = 1.09187 in favor of the HJM Exp. Decay Model 

One-B p value for F{75 x 20,75 x 21) < 0.0081 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Constant Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 1.45488 in favor of the CIR Sq. Rt. Model. 

One-B p value for F{75 x 20,75 x 20) < 0.001 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Exp. Decay Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 1.52174 in favor of the CIR Sq. Rt. Model. 

One-B p value for F{75 x 20,75 x 20) < 0.001 

Table 6.7: F Test Results: CIR Model (Data Set One-B) 
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CIR MODEL F TEST COMPARISONS DATA SET TWO-A 

CIR Sq. Rt. Model vs. HJM Standard Constant Model 

Data Accept the HJM Standard Model at the 99+% level. 
Set F = 2.34416 in favor of the HJM Standard Constant Model. 

Two-A p value for F{75 X 20,75 X 21) < 0.001 

CIR Sq. Rt. Model vs. HJM Standard Exponential Decay Model 

Data No difference. 
Set F = 1.00471 in favor of the HJM Standard Exp. Decay Model. 

Two-A p value for F{75 X 20,75 x 21) < 0.45 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Constant Model 

Data Accept the HJM Sq. Rt. Constant Model at the 75+% level. 
Set F = 1.03025 in favor of the HJM Sq. Rt. Constant Model. 

Two-A p value for F{75 X 20,75 X 20) = 0.2116 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Exp. Decay Model 

Data Accept the CIR Sq. Rt. Model at the 99% level. 
Set F = 1.14005 in favor of the CIR Sq. Rt. Model. 

Two-A p value for F{75 X 20, 75 x 20) < 0.003 

Table 6.8: F Test Results: CIR Model (Data Set Two-A) 
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CIR MODEL F TEST COMPARISONS DATA SETS TWO-B 

CIR Sq. Rt. Model vs. the HJM Standard Constant Model 

Data Accept the HJM Stand. Constant Model at the 99+% level. 
Set F = 6.55021 in favor of the HJM Standard Constant Model. 

Two-B p value for F{75 x 20,75 x 21) < 0.001 

eIR Sq. Rt. Model vs. HJM Standard Exponential Decay Model 

Data Accept the HJM Stand. Exp. Decay Model at the 99+% level. 
Set F = 4.55202 in favor of the HJM Standard Exp. Decay Model. 

Two-B p value for F{75 x 20,75 x 21) < 0.001 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Constant Model 

Data Accept the HJM Sq. Rt. Constant Model at the 99+% level. 
Set F = 1.86080 in favor of the HJM Sq. Rt. Constant Model. 

Two-B p value for F{75 x 20,75 x 20) < 0.001. 

CIR Sq. Rt. Model vs. HJM Sq. Rt. Exp. Decay Model 

Data Accept the CIR Sq. Rt. Model at the 99+% level. 
Set F = 3.98107 in favor of the HJM Sq. Rt. Exp. Decay Model. 

'l'wo-B p value for F{75 x 20, 75 x 20) < 0.001 

Table 6.9: F Test Results: CIR Model (Data Set Two-B) 
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6.2 Conclusions 

The Generalized Method of Moments is a method of testing data with a minimal 

amount of assumptions made on the data. These assumptions come in the form 

of moment constraints. In this paper the only assumptions made on the data for 

parameter estimations were mean zero residuals. In contrast, the commonly used 

maximum likelihood methods impose assumptions about the entire distribution of 

the data being tested. Since probability distributions can be completely character-

ized by their moment generating functions (or more generally their characteristic 

functions), assuming a particular distribution for a data set makes assumptions 

about all of the moments of the data. GMM estimation only imposes a subset 

of all the possible moment conditions. This reduces the chance of unbiased point 

estimates; unfortunately this comes at the cost of often large confidence intervals. 

By using maximum likelihood, one can obtain much tighter confidence intervals, 

but the parameter estimates likely will be biased if the distributional assumptions 

are incorrect. 3 

The T-bill data sets have a large number of observations and none of the models 

can be accepted by the J statistic. Since the models are not nested, we can't com-

pare their J statistics. To compare their relative performance then, the following 

"informal" technique is used. The estimated parameter values from the GMM are 

used to calculate "simulated residuals." Since the F test is robust with respect 

to the assumption of normality [38], simple pairwise F statistics are calculated, to 

examine which model fits the data the best. 

3If the "true distribution" is symmetric, then assumption of normality will not bias estimates, 
but will result in a loss of efficiency. 
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6.2.1 . The HJM Models 

The F test results indicate that for the standard models the constant model fits 

best.4 For the square root models the F test results indicate that the exponential 

decay model fits best. The parameter estimation for the multifactor models did not 

converge. Since the longest maturity for T-bills is six months, this is not surprising; 

for the true model may be only a one-factor model and the second factor is collapsing 

to the first factor. 5 

To determine which model fit the best out of all the models consideted, the 

simulated residuals of the standard model with the best fit; the standard constant 

model were compared with the simulated residuals of the square root model with 

the best fit; the square root exponential decay model.6 

The overall model of best fit out of all the models under consideration was the 

standard constant model.7 However, there are at least two reasons this may not be 

the best model for pricing interest-rate options. First, these models have been tested 

on T-bill data. Tests on actual interest-rate contingent claim data may change the 

4Because of the difficulty in estimating the standard exponential decay model the F test is 
biased in favor of the constant model. 

5In an attempt to estimate the "long end" of the term structure, STRIP data was obtained 
from Merrill Lynch TIGRs. Because the STRIPs are issued on a quarterly basis, and a limited 
time series of slightly less than three years was available, there were not enough data points to 
make the est.imation tenable. 

6This is all "informal" comparison, because as previously discussed, the empirical specifications 
for the square root models are identical to the empirical specifications for standard model after 
an additionlll substitution. 

7To examine if there was any benefit to using the square root models, further comparisons were 
made. The standard exponential decay models were compared with the square root exponential 
decay models. These results were mixed, but the exponential decay square root model fit better 
in the period after the Fed's October 1979 monetary policy shift. 

Although, allowing the forward rate volatility to depend on the level of interest rates did not 
improve the fit of the constant models, the comparison between the exponential decay models 
suggests that allowing the forward rate volatility to depend on the level of interest rates may be 
an important aspect of the modeling process to consider for the exponential decay models. 



110 

conclusions. Second, the T-bill with the longest maturity in the data sets used was 

twenty-six weeks. Long-term interest rate options may be best modeled by a two-

factor model. With the short term T-bill data, it was not possible to distinguish 

the second factor. With longer term data, these results suggest that a "hybrid" 

two-factor model consisting of the standard constant model and the square root 

exponential decay model would be an interesting candidate to consider.8 

6.2.2 The CIR Model 

The F test results for the comparisons between the HJM and CIR models are mixed 

for Data Set One. For data set two all of the HJM models are accepted over the CIR 

model. The HJM models seem to fit the term structure better after the October 

1979 structural break.9 

---------------
"'The caveats given for the square root models would have to be considered, namely that no 

arbitrage opportunities exist and that a solution exits. 
9This better fit for the HJM models is particularly pronounced for the time period from the 

mid eighties to the present. Additional tests with interest-rate options for a direct comparison 
between em and I1JM models over this time period would be very informative. 
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APPENDIX A 

DERIVATION OF THE STANDARD MODELS 

A.I The Standard Constant Variance Model 

In equation 4.4 specify 

a( t, T) = al 

Making the substitution gives, 

l(t,T) = I(O,T) + ~ajO"lJLS: + ~ ~ [(.t al~) 2 - (.~ al~) 2] 
1=0 1=0 ;=1+1 ;:::1+1 

Factoring and summing, 

i-I 2~2 i-I 

I(t, 1') = 1(0, T) + al L a(/;5. + a12 L [(1' - Z)2 - (T - 1 - z/] 
;=0 ;:::0 

'~--------__ v--------~ 
X 

Computing X, 



112 

Substituting for X gives, 

T-l [ t2] 
I(t, T) = 1(0, T) + 0"1.Ji. t; aj + 0"; Tt - 2" 

Calculate the forward price deviation, given by F(t, T) = 'L,I;:l [I( t, kfl)-1(0, kfl)] 

by subtracting 1(0, T) from both sides, multiplying by fl, replacing T with kfl and 

summing over k from t to T - 1. 

Then, 

F(t, T) _ fA~ O"?(T A) --=----'- - 0"1 V D L..J ai + - - L..l. t 
T - t i=O 2 

Solve for stochastic component; express in terms of K. 

0"1.Ji5.I: ai = F~t, J() _ O"? (I< - fl)t 
i=O Ii - t 2 

Substitute this into the forward price deviation in terms of T. After canceling terms 

and rearranging we have, 

F(t, T) = (~ = ~) F(t, J() + ~? (T - t)(T - J()t 
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A.2 The Standard Exponential Decay Model 

In equation 4.4 specify 

Making the substitution gives, 

1-1 
/(t,T) = /(O,T) + LbjO"2e-'\(T-iA)~ 

i=O 

Factoring and summing, 

Calculate the/orward price deviation, given by F(t, T) = r:,r,;;l [/(t, kb.)- /(0, kb.)] 

by subtracting /(0, T) from both sides, multiplying by b., replacing T with kb. and 

summing over k from I to T - 1. 

Computing X, 



Define, 
'i-I 

51 == e-'\~ L: e'\i~ 
i=O 

Then, 

'i-I 
52 == L:e2'\i~ 

i=O 

Substitute back in for X and divide by e-,\t - e-,\T, 

F(t, T) 
e-,\t - e-,\T 

After simplifying, 

Solve for the stochastic component; express in terms of I<, 
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Substitute this into the forward price deviation in terms of T. After canceling terms 

and rearranging we have, 
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A.3 The Standard Combined Model 

In equation 4.4 specify 

a{(t,T,lbd = a1 

Making the substitution gives, 

f(t, T) = I(O,T) + ~ajO"1JX + ~ ~ [(.f a1~)2 - (.~ a1~)2l 
,=0 ,=0 1=,+1 1=,+1 

i=O 

Calculate thef01'wa1'd price deviation, given by F(t, T) = L-r~l [f(t, k~)- f(O, k~)] 

by subtracting f(O, T) from both sides, multiplying by ~, replacing T with k~ and 

summing over k from I to T - 1. 

F(t,T) = (T-t) {Ul EaiJLS" + u~' (T-tl.)t} 

+ {e-,\t _ e-,\T} 

where, 
i-1 

51 == e-,\A E e'\iA 

i=O 

i-1 
52 == Ee2'\iA 

i=O 

Since there are two stochastic components, it's necessary to substitute out for two 

bond price terms. Set up a two-by-two matrix equation by writing the forward 
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price deviation in terms of J and J(. Our two-by-two matrix equation is, 

(; ;)(:)=(::) 
for the following terms defined as, 

(
.x ) ( 0"1 2:1:& aiVLS. ) (A B) ( J - t 
Y =: 1_:::'>;6 2:1:& bi e'\ill t::.. 3/2 ' CD=: J( - t 

-'\t -,\J ) e - e 

-'\t -'\K e - e 

and, 

where, 

Then the solution is, 

For the forward price deviation equation in terms of T, replace the stochastic com-

pOllents that have been expressed in terms of J and J( respectively, by using the 

solution of the two-by-two matrix equation. After simplifying and rearranging we 

have, 

F(t, T) 
(T - t) (e-,\t - e-'\J() - (J< - t) (e-,\t - e-,\T) 

-c(:-=J-c_---:-t )-;-( e---:'"'\ t---e --:'\-:-J(":-) ---("--R-' ---t )'-("-e---C-'\"-1 -_-e--7",\J:-:-=-) F ( t, J) 



+ 

where, 

+ 

+ 

(J - t) (e- At - e-AT) - (T - t) (e- At - e-AJ) 

(J - t) (e At - C AK ) - (I( - t) (e-At _ e-AJ ) F(t,]() 

(T - t)(I( - t)(I( - T) (e- At - e-AJ) 

+(T - t)(J - t)(T - J) (e- At - e-AK) 

+(I( - t)(J - t)(J - I() (e- At - e-AT) 

_1 (0"12t) 
Den 2 

(J - t) (e- At _ e- AT) (e- At _ e- AK) (e-A/( _ e- AT) 

+(I( - t) (e- At - e-AT) (e- At - e- AJ ) (e- AT _ e- AJ) 

+(T - t) (e- At - e-AI<) (e- At _ e-AJ ) (e-AJ _ e-AK ) 

Den _ (J - t) (e- At - e- AK ) - (I( - t) (e- At _ e- AJ ) 

1 - e2 ,\t 

117 
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APPENDIX B 

DERIVATION OF THE SQUARE ROOT MODELS 

B.l The Square Root Constant Variance Model 

In equation 4.4 specify 

O'(t, T) = 0'3Vr(t) 

Making the substitution gives, 

I-I 
f(t, T) = f(0, T) + L aiO'3Vr(ib.) 6. 

i=1 

Factoring and summing, 

~I 2b.2~1 
I(t, T) = 1(0, T) + 0'3 L aijr(ib.)b. + ~ L r(ib.) [(T - z)2 - (T - 1 - z)2] 

i=O 2 i=o 
~~----------~v----------~ 

X 

Computing X, 
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Calculate thelorward price deviation, given by F(t, T) = L,r~-l [/(t, kfl)-1(0, kfl)] 

by subtracting 1(0, T) from both sides, multiplying by fl, replacing T with kfl and 

summing over k from t to T - 1. 

T-l t-I 1'-1 t-l 
F(t, T) = 0"3 fl L: L: a;vr(ifl)fl + O";fl L: kfl L: r(ifl)fl 

k=t ;=0 k=t ;=0 

1'-1 fl t-l 1'-1 i-I 
O";fl L: - L: r(ifl)fl- fl L: fl L: ir(ifl)fl 

-2'0 - '0 k=t .= k=t .= 
Then, 

F(t, T) = 0"3 fl (T - t) ~ aivr(ifl)fl + O"~fl [(1: + t - ;)(1: - I) fl] ~ r(ifl)fl 

O";fl [(T - I)~] ~ r(ifl)fl- O"~fl(T - t)fl ~ ir(ifl)fl 

Simplify and express in terms of J. 

F(t J) I-I 2 i-I i-I 
J ~ = 0"3 L aiJr(ifl)fl + ~3 (J + t - fl) L r(ifl)fl - 0"2 fl2 L: ir(ifl)fl 

t i=O i=O ;=0 

Solve for the stochastic component and express in terms of 1<. 

i-I F(t 1<) 0"2 i-I i-I 
0"3 L aiJr(ifl)fl = I< ~ - 2

3 (1< + t - fl) L: r(ifl)fl + 0";fl2 L: ir(ifl)fl 
~o t ~ ~ 

Substitute this into the forward price deviation expressed in terms of J. After 

canceling terms, rearrange to define X as, 

X = O"j ~ r(ifl)fl = [F(t, J) _ F(t, 1<)] 1 
2 i=O J - t I< - t J - I< 

Then the forward price deviation in terms of T can be expressed as, 

F(t, T) = F(t, J() + [T _ I<]X 
T-t I<-t 

Substituting for X gives, 

(T - t)(T - 1<) (T - t)(T - J) 
F(t, T) = (J _ t)(J _ J() F(t, J) + (1( _ t)(I< _ J) F(t, 1<) 
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B.2 The Square Root Exponential Decay Model 

In equation 4.4, specify 

Making the substitution gives, 

1-1 
j(t, T) = j(O, T) + L biU4e->'(T-itJ.)Jr(i~)~ 

i=o 

Factoring and summing, 

i=o 

+ (J~~2 I: e2,\itJ.r(i~) (2e->.T E e->.jtJ. + e-2>.T) 
2 ;=0 j=i+l 

Calculate thejorward p1'ice deviation, given by F(t, T) = 'Lr::l [j(t, k~)- j(O, k~)] 

by subtracting j(O, T) from both sides, multiplying by ~, replacing T with k~ and 

summing over k from I to T - 1. 

1'-1 'i-I 
F(t, T) = (J4 L e->'ktJ. L bie>'itJ.Jr(i~)~ 

k=1 i=O 

+ (J~~2 ~ ~ [e2>'itJ.r(i~) (2e->.ktJ. .~ e->.jtJ. + e-2>.ktJ.) 1 
k=t .=0 )=.+1 , 

v 

X 
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Define, 
i-I i-I 

S1 == e>'A .z= e>.iAr ( ib.) S2 == .z= e2>.iAr ( ib.) 
;=0 i=O 

Using these definitions, precede as in the standard model to arrive at 

F(t,T) 
e->.t - e->'T 

Next, express the forward price deviation in terms of J. Solve for the stochastic 

component in terms of J< and substitute into the forward price deviation. After 

canceling terms and rearranging, 

F(t, J) F(t, J<) O'lb.2 
-.z=t-l 2>.iA (. A) (->'K -~J) 

-~---'-,,-~ = , + e r Zu e - e ' 
e->.t - e->.J c>.t - e->'/\ 2(1 _ e->.t.)2 i=o 

Rearrange again to define X as, 

\" 0'~b.2 ~ 2>.it. ('b.) [ F(t, J) F(t, J<)] 1 
.' = 2(1 - c-,\t.)2 ~ e r Z = e->'I _ e->.J - e->.t _ e->'K e->'K _ e->.J 

Then the forward price deviation in terms of T can be expressed as, 

F(t, T) F(t, J<) [->'K ->.TjX -"--:'-'---'-:-: = . + e - e 
e->.I - e->'T e->'I - e->.!\ 

Substituting for X gives, 

( -.\1 ->.T) (->'I< ->.T) (->'T ->.J) (->'t ->.T) e -e c -e e -e e-e 

F(t, T) = (e-'\/( _ c>.J) (e->.t _ e->'J) F(t, J)+ (C>.I _ e->'K) (e->'K _ e->.J) F(t, J<) 
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B.3 The Square Root Combined Models 

In equation 4.4 specify 

0" {(t, Tlbt} = 0"3Vr(i) 

0" {(t, Tlad = 0"4e->.(T-t>Vr(i) 

F(t, T) 

where, 
/-1 

S2 == L e2Ai~r( ib.) 
i=O i=O 

Proceed as in the standard case, solving a two-by-two matrix equation. The inter-

mediate solution is the solution to the standard model where the third and fourth 

terms are respectively multiplied by the sum of the spot rates for the constant and 

exponential decay models. 

Den F(t, T) = A(T)F(t, J) + B(T)F(t,]() + C(T) O"~t + D(T) aib.
3

S2 
2 

2 2(1- e-AA ) 

where, 



C(T) -

D(T) -

(T - t)(I< - t)(I< - T) (e- At - CAJ) 
+(T - t)(J - t)(T - J) (e- At - e- AK) 

+(I< - t)(J - t)(J - ]<) (e- At - e-AT) 

(J - t) (e- At - e-AT) (e- At _ e-AK ) (e- AK _ e-AT) 

+(I< - t) (e- At - e-AT) (e- At - e-AJ) (CAT - e-AJ) 

+(T - t) (e- At - e-'\/<) (e- At - e- AJ ) (e- AJ _ e-AK ) 
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Since the sum of the spot rate terms are unobservable, it is necessary to substitute 

out for them using two bond price terms. Let x and y denote the respective sum 

of spot rate terms and set up the following two-by-two matrix equation writing the 

forward price deviation in terms of L and in terms of M. 

( 
C(L) D(L)) (x) (DenXF(t,L)-A(L)F(t,J)-B(L)F(t,I<)) 

C(M) D(A1) y Den x F(t, M) - A(A1)F(t, J) - B(M)F(t, I<) 

Solve for x and y to get 

(
x) 1 ( D(M) -D(L)) ( "'/1 ) 
Y - C(L)D(M) - C(M)D(L) -C(M) C(L) "'/2 

where 

"'/1 - Den F(t, L) - A(L)F(t, J) - B(L)F(t, I<) 

"'/2 - Den F(t, M) - A(M)F(t, J) - B(M)F(t, I<) 

Substitute the solutions for x and y into the forward price deviation in terms of T. 

Rearrange in terms of the forward price deviations to get, 

C(T)D(M) - C(M)D(T) 
F(t, T) = C(L)D(M) _ C(M)D(L) F(t, L) 
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C(L)D(T) - C(T)D(L) 
+ C(L)D(M) _ C(M)D(L) F(t, M) 

+ [A(T)al + A(M)a2 + A(L)a3]F(t, J) 
(C(L )D(M) - C(M)D(L)) ((J - t) (e-,\t - e-,\K) - (K - t) (e-,\t - e-.\J)) 

+ [B(T)al + B(M)a2 + B(L)a3]F(t, K) 

(C(L)D(M) - C(M)D(L)) ((J - t) (e-,\t - e-,\K) - (1< - t) (C'\t - e-.\J)) 

where, 

and, 

(( - t)(1( - t)(1( - () (e-,\t - e-.\J) 
C(O = +(( - t)(J - t)«( - J) (e-,\t - e-,\J<) 

+(I( - t)(J - t)(J - J\) (e-,\t - e-,\e) 

(J - t) (e-,\t - e-,\e) (e-,\t - e-'\/<) (e-,\J( - e-,\e) 
D( () = + (K - t) (e-,\t - c'\e) (e-,\t - e-,\J) (e-'\{ - e-.\J) 

+«( - t) (e-,\t - e-,\J() (e-,\t - e-,\J) (e-.\J - e-,\J() 

Den _ (J - t) (e-,\t - e-,\J() - (Ii - t) (e-,\t - e-.\J) 
/-1 

82 - E e2'\Ar(i.6.).6. 
i=O 



and, 

ctl = [C(L)D(M) - C(M)D(L)] 

ct2 - [C(T)D(L) - C(L)D(T)] 

ct3 = [C(M)D(T) - C(T)D(M)] 
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APPENDIX C 

EQUIVALENCE OF EMPIRICAL SPECIFICATIONS 

C.l The Constant Models 

Start with the standard constant empirical specification expressed in terms of J. 

(
J - t) F(t, J) = J( _ t F(t, J() + O"~(J - t)(J - J()t 

Rearrange to define X as, 

X, _ 2 _ [F(t, J) _ F(t, J()] 1 
- 0"3 t - J-t J(-t J-J( 

ThClJ, the forward price deviation in terms of T can be expressed as, 

F(t, T) = F(t, J() + [T _ J(JX 
T-t J(-t 

Substituting for X gives, 

r (T - t)(T - J() (T - t)(T - J) , 
F(t, T) = (J _ t)( J _ ]() F(t, J) + (I{ _ t)(J( _ J) F(t, l\) 

This is identical with the empirical specification for the constant square root model. 
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C.2 The Exponential Decay Models 

Start with the standard exponential decay empirical specification expressed in terms 

of J. 

F(t, J) 

Rearrange to define X as, 

Thcn the forward price deviation in terms of T can be expressed as 

F(t, T) F(t, J() [->'I( ->.TJX 
---'--'---'-:-= = + e - e 
e-.\t - e->'T e->.t - e->.J( 

Substituting for X gives, 

which is identical to the empirical specification for the corresponding square root 

exponential dccay. 
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C.3 The Combined Models 

Express the forward price deviation for the standard combined model in terms of 

J. 

Let 

where, 
1 - e2 ,\t 

82 == 1 - e2,\~ 
Proceed as in the derivation of square root combined model. Set up a two-by
t.wo matrix equation by writing the forward price deviation in terms of Land M. 
Subst.itute out for x and y to arrive at the equivalence. 
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APPENDIX D 

HJM FORWARD RATE TIME UNITS LATTICE 

There are N trading intervals of length !l making up a unit of time. N is taken to 

be 2. 

h(2, T) 

10(0, T) 12(2, T) 

10(2, T) 

where, JiUb., T) = forward rate in state i at tmding date j for the trading interval 
[T, T + b.] with two trading intervals for each unit of time. 

Figure D.1: The HJM Time Units Lattice with Path Independence 



130 

REFERENCES 

[1] Peter A. A bken. Innovations in modeling the term structure of interest rates. In 
Robert W. Kolb, editor, The Investments Reader, chapter 21, pages 222-247, 
Kolb Publishing, 1991. 

[2] Kaushik 1. Amin. A simplified discrete time approach for the pricing of deriva
tive securities with stochastic interest rates. August 1990. Unpublished work
ing paper. 

[3] Philippe Artzner and Freddy Delbaen. Term structure of interest rates: the 
martingale approach. Advances in Applied Mathematics, 10:95-129, 1990. 

[4] Sudipto Bhattacharya and George M. Constantinides. Theory of Valuation 
Fronticl's of Modern Financial Theory, Volume 1. Rowman and Littlefield, 
1989. 

[.5] Gerald O. Bierwag. Duration Analysis. Ballinger, Cambridge, MA, 1987. 

[6] Gerald O. Bierwag. On some discrete stochastic processes of the term structure 
of interest rates. April 1989. Unpublished summary of working notes. 

[7] Gerald O. Bierwag. Theories of the term structure. Research in Financial 
Services, 1:79-111, 1989. 

[8] Fischer Black, Emanuel Derman, and William Toy. A one-factor model of 
interest rates and its application to treasury bond options. Financial Analysts 
Journal, 33-39, January/February 1990. 

[9] Robert R. Bliss and Ehud I. Ronn. Arbitrage-based estimation of nonsta
tionary shifts in the term structure of interest rates. Journal of Finance, 
44(3):591-610, July 1989. 

[10] Robert R. Bliss and Ehud 1. Ronn. A nonstationary trinomial model for the 
valuation of options on treasury bond futures contracts. November 1989. Un
published working paper: University of Texas at Austin. 



131 

[11] Michael Brennan and Eduardo Schwartz. A continuous time approach to the 
pricing of bonds. Journal of Banking and Finance, 3:133-155, 1979. 

[12] Michael Brennan and Eduardo Schwartz. An equilibrium model of bond pricing 
and a test of market efficiency. Journal of Financial and Quantitative Analysis, 
41:301-329, 1982. 

[13] Robin J. Brenner. An empirical examination of the Heath, Jarrow, and Morton 
term structure approach. January 1989. Unpublished working paper. 

[14] Robin J. Brenner. Three Essays on the Term Structure. PhD thesis, Cornell 
University, 1989. 

[15] Stephen J. Brown and Philip H. Dybvig. The empirical implications of the 
Cox, Ingersoll, Ross theory of the term structure of interest rates. Journal of 
Finance, 36(4):769-799, September 1986. 

[16] K. C. Chan, C. Andrew Karolyi, Francis A. Longstaff, and Anthony B. 
Sanders. The volatility of short-term interest rates: an empirical compari
son of alternative models of the term structure of interest rates. April 1991. 
Unpublished working paper. 

[17] John C. Cox, Jonathan E. Ingersoll, and Stephen A. Ross. An intertemporal 
general equilibrium model of asset prices. Econometrica, 363-384, March 1985. 

[18] John C. Cox, Jonathan E. Ingersoll, and Stephen A. Ross. A re-examination of 
the traditional hypotheses about the term structure of interest rates. Journal 
of Finance, 36(4):769-799, September 1981. 

[19] John C. Cox, Jonathan E. Ingersoll, and Stephen A. Ross. A term structure 
of interest rates. Econometrica, 385-407, March 1985. 

[20] John C. Cox, Stephen A. Ross, and Mark Rubinstein. Option pncmg: a 
simplified approach. Journal of Financial Economics, 7:229-263, 1979. 

[21] J. M. Culbertson. The term structure of interest rates. Quarterly Journal of 
Economics, 485-517, November 1957. 

[22] Robert C. Dalang, Andrew Morton, and Walter Willinger. Equivalent martin
gale measures and no-arbitrage in stochastic securities market models. Stochas
tics, 29:185-201, 1990. 

[23] Uri L. Dothan. On the term structure of interest rates. Journal of Financial 
Economics, 6( 1 ):59-69, March 1978. 



132 

[24] Darrell Duffie. Security Markets Stochastic Models. Academic Press, San 
Diego, CA, 1988. 

[25] Jeremy J. Evnine. Three essays in the use of option pricing. PhD thesis, 
University of California at Berkley, 1983. 

[26] Irving Fisher. Applications and interest. Publications of the American Asso
ciation of Economics, 11:23-29,91-92, August 1896. 

[27] Michael Gibbons and Krishna Ramaswamy. The term structure of interest 
rates: empirical evidence. 1986. Unpublished working paper. 

[28] Lars Peter Hansen. Large sample properties of generalized method of moments 
estimators. Econometrica, 50(4):1029-1054, July 1982. 

[29] Lars Peter Hansen and Kenneth J. Singleton. Generalized instrumental vari
ables estimation of nonlinear rational expectations models. Econometrica, 
50(5):1269-1286, September 1982. 

[30J J. Michael Harrison and David Kreps. Martingales and arbitrage in multiperiod 
securities markets. Journal of Economic Theory, 20:381-408, 1979. 

[31] J. Michael Harrison and Stanley R. Pliska. Martingales and stochastic in
tegrals in the theory of continuous trading. Stochastic Processes and their 
Applicat.ions, 11:215-260, 1981. 

[32J David Heath, Robert Jarrow, and Andrew Morton. Bond pricing and the term 
structure of interest rates: a discrete time approximation. Journal of Financial 
and Quantitative Analysis, 25(4):419-440, December 1990. 

[33] David I-leath, Robert Jarrow, and Andrew Morton. Bond pricing and the term 
structure of interest rates: a new methodology for contingent claims valuation. 
Econometrica, 60(1):77-105, 1992. 

[34] David Heath, Robert A. Jarrow, and Andrew Morton. Contingent claim val
uation with a random evolution of interest rates. Review of Futures Markets, 
9:54-82, 1990. 

[35] J.R. Hicks. Value and Capital. Oxford University Press, second edition, 1946. 

[36J Thomas S. Y. Ho and Sang Bin Lee. Interest rate futures options and interest 
rate options. The Financial Review, 25(3):345-370, 1990. 

[37J Thomas S. Y. Ho and Sang-Bin Lee. Term structure movements and pricing in
terest rate contingent claims. Journal of Finance, 41(5):1011-1029, December 
1986. 



133 

[38] Paul G. Hoel, Sidney C. Port, and Charles J. Stone. Introduction to Statistical 
Theory. Houghton Mifflin, 1971. 

[39] Paul G. Hoel, Sidney C. Port, and Charles J. Stone. Introduction to Stochastic 
Processes. Houghton Mifflin, 1972. 

[40] Chi-fu Huang and Robert H. Litzenberger. Foundations for Financial Eco
nomics. Elsevier Science, New York, NY, 1988. 

[41] John Hull. Options, Futures and Other Derivative Securities. Prentice-Hall, 
Englewood Cliffs, NJ, 1989. 

[42] John Hull and Alan White. Pricing interest-rate derivative securities. Review 
of Financial Studies, 3(4):573-592, 1990. 

[43] Robert Jarrow. A comparison of the Cox Ingersoll, Ross and Heath Jarrow, 
Morton models of the term structure: a note. August 1988. Unpublished 
working paper. 

[44] Naoki Kishimoto. Pricing contingent claims under interest rate and asset price 
risk. Journal of Finance, 44(3):571-588, July 1989. 

[45] Terence C. Langetieg. A multivariate model of the term structure. Journal of 
Finance, 35(1):71-97, 1980. 

[46] Francis A. Longstaff. A nonlinear general equilibrium model of the term struc
ture of interest rates. Journal of Financial Economics, 23:195-224, 1989. 

[47] N. J. Macleod and J. D. Thomison. A discrete equilibrium model of the term 
structure. Actuarial Research Clearing House, 1 :69-109, 1988. 

[48] Andrew J. Morton. Arbitrage and Martingales. PhD thesis, Cornell University, 
January 1989. 

[49] Daniel B. Nelson and Krishna Ramaswamy. Simple binomial processes as 
diffusion approximations in financial models. Review of Financial Studies, 
3(3):393-430, 1990. 

[50] Jeffrey Nelson and Stephen M. Schaefer. The dynamics of the term structure 
and alternative portfolio immunization strategies. In George G. Kaufman, 
Gerald O. Bierwag, and Alden Toevs, editors, Innovations in Bond Portfolio 
Management: Duration Analysis and Immunization, JAI Press, 1983. 

[51] Bernt Oksendal. Stochastic Differential Equations. Springer Verlag, 1985. 



134 

[52] George S. Oldfield and Richard J. Rogalski. The stochastic properties of term 
structure movements. Journal of Monetary Economics, 19(2):229-254, 1987. 

[53] A. R. Pagan and M. R. Wickens. A survey of some recent econometric methods. 
The Economic Journal, 99:962-1025, December 1989. 

[54] Hal W. Pedersen, Elias S. W. Shiu, and A. E. Thorlacius. Arbitrage-free pricing 
of interest rate contingent claims. Transactions of the Society of Actuaries, 
41:231-279, 1989. 

[55] Scott F. Richard. An arbitrage model of the term structure of interest rates. 
Journal of Financial Economics, 6(1):178-197, March 1978. 

[56] Matthew Richardson and Tom Smith. Testing for a given distribution. March 
1989. University of North Carolina at Chapel Hill. Unpublished Working Pa
per. 

[57] Daniel 1. Rubinfeld and Robert S. Pindyck. Econometric Models and Eco
nomic Forecasts. McGraw-Hill, 2nd edition, 1981. 

[58] Stephen M. Schaefer and Eduardo S. Schwartz. A two-factor model of the term 
structure: an approximate solution. Journal of Financial and Quantitative 
Analysis, 19(4):413-425, 1984. 

[59] Robert J. Schiller. The term structure of interest rates. In Benjamin M. Fried
man and Frank H. Hahn, editors, Handbook of Monetary Economics Volume 
I, chapter 13, pages 627-673,716-722, North-Holland, 1990. 

[60] Robert F. Stambaugh. The information in forward rates: implications for 
models of the term structure. Journal of Financial Economics, 21:41-70, 1988. 

[61] Tong-Sheng Sun. Connections Between Discrete- Time and Continuous- Time 
Financial Models. PhD thesis, Stanford University, June 1987. 

[62] Murad S. Taqqu and Walter Willenger. The analysis of finite security markets 
using martingales. Advances in Applied Probability, 19:1-25, 1987. 

[63] Oldrich Vasicek. An equilibrium characterization of the term structure. Journal 
of Financial Economics, 5(2):177-188, November 1977. 


