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ABSTRACT 

We construct the horseshoes for the standard map and show that the Hausdorff 

dimension of the horseshoes increases to 2 as the parameter goes to infinity. We also 

show that the Aubry-Mather set of the standard map is a subset of the horseshoes. 
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§1. Introduction 

The fundamental problem in dynamical systems is to describe the long time 

behavior of orbits. In this paper we are going to study the dynamics of a special 1-

parameter family of area-preserving twist maps of the cylinder, the standard map. 

The area-preserving twist map, which was introduced and studied by Poincare 

in the last century when he was working on the Hamiltonian systems of two degrees 

of freedom, has been extensively studied recently (see [AuLe] [Kato] [MatI]). The 

reason that many researchers are interested in understanding the map is that by 

studying this map one might be able to explain the behavior of a class of Hamilto

nian systems. There is an interesting result by Moser [Mos2] which says that every 

area-preserving monotone twist map is the " time-one " map of a Hamiltonian 

system whose hamiltonian is periodic in time and satisfies the Legendre condition. 

Area-preserving twist maps are also connected with some special systems, 

for example the billiard system in a convex domain can be reduced to an area

preserving twist map. For the billiard system in a convex domain Birkhoff showed 

that for any integers p and q there is a periodic orbit with period q and going 

around the boundary of the table p times. Such an orbit, which is constructed by 

a variational method, is called a (p, q)-orbit. 

The variational method, which was used to construct the (p, q )-orbits for the 

billiard system in a convex domain, has been generalized to area-preserving twist 

maps. Much of the recent work on area-preserving twist maps deals with the 

existence of orbits which have certain minimality property. These orbits are the 

counterpart of (p, q )-orbits in the billiard system. Each of these "minimal" (p, q)

orbits of area-preserving twist maps has certain order on the annulus. This order 

is the same as the order of E. rotation on the circle. Therefore one can introduce 
q 

a rotation number for such an orbit and the dynamics of these orbits is simply 

1-dimensional. The rotation number of the (p, q)-orbit is just E.. By considering 
q 

the limit of a sequence of (p, q )-orbits of area-preserving twist map one can prove 
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that for each real number 0' in a certain interval there is an orbit which has rotation 

number 0'. Sometimes orbits with the same rotation number form an invariant circle, 

sometimes they form a Cantor set. Those invariant circles are the continuation of 

KAM tori for a small perturbation from a integrable system. The existence of these 

minimal orbits, which form the Aubry-Mather sets, gives some indication of what 

could happen to those KAM tori after they are broken. But it is still not clear how 

the invariant tori become Cantor sets. 

The standard map is a I-parameter family of area-preserving twist maps of 

the cylinder. For zero value of the parameter the map is integrable. The cylinder is 

decomposed into layers of invariant circles with different rotation numbers. When 

the parameter value increases the map begins to lose its invariant circles. And after 

certain parameter value it was shown that the standard map does not have any 

invariant circle (see [Mat2]). But for each real number 0' there is an Aubry-Mather 

set with rotation number 0'. And these Aubry-Mather sets are Cantor sets. Katok 

[Kato] asked the question about the hyperbolicity of the Aubry-Mather sets for 

general twist maps. It was shown by Le Calvez [LeCa] that for a generic area

preserving twist map and a generic rotation number the Aubry-Mather set of that 

rotation number is hyperbolic. For the standard map Goroff [Goro] proved that for 

the parameter value k > 2Jl + 7r2 the Aubry-Mather sets are uniformly hyperbolic. 

For large values of the parameter the standard map exhibits " chaotic " be

havior. There is a well-known conjecture for this map which says that at least for 

certain values of the parameter there is an ergodic component on the cylinder with 

positive Lebesgue measure. But it is still not clear how one can prove this. Recently 

by using a functional analytic method Aubry and Abramovici [AuAb] showed that 

for large values of the parameter the standard map has a lot of eha,otic orbits. Each 

of these orbits, which is characterized by a sequence of infinitely many symbols, 

is the fixed point of a contraction mapping on a complete metric space. For the 

mapping to be a contraction they need a lower bound for the parameter value. 
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By studying the geometric properties of the standard map for large values of 

the parameter, we give a much more detailed description of the behavior of the 

map. We construct the "horseshoes", i.e., hyperbolic basic sets. The horseshoes 

are described by subshifts of finite type. We also find that the set of all chaotic 

orbits constructed by Aubry and Abramovici is a subset of our hyperbolic basic 

sets. Our construction is valid for smaller value of the parameter than allowed by 

the functional analytic method in [AuAb] and by a general theorem (see [BoRu]) 

it is easy to see that the Lebesgue measure of the horseshoes is zero. In [AuAb] 

Aubry and Abramovici made a conjecture which implies that the set of all " chaotic 

" trajectories which they constructed has Lebesgue measure zero. Our result shows 

that this conclusion holds. 

We also study the relation between the horseshoes and the hyperbolic Aubry

Mather sets. Using the properties of the Aubry-Mather sets described by Bangert 

[Bang], we prove that for the parameter k > 27l' the Aubry-Mather sets are the 

subset of our horseshoes and hence they are uniformly hyperbolic. This improves 

the result of Goroff [Goro]. 

Our construction of the hyperbolic basic sets also implies that the " size" of 

the horseshoes depends on the value of the parameter. One way to define the size 

of the horseshoes is by its Hausdorff dimension. By applying the relation among 

Hausdorff dimension, entropy and Lyapunov exponents, which was obtained by Lai

Sang Young [Youn], we estimate the lower bound of the Hausdorff dimension of the 

horseshoes and show that the Hausdorff dimension of the horseshoes goes to 2 as the 

parameter approaches to infinity. This result supports the idea that for large values 

of the parameter the "chaotic" orbits dominate the behavior of the standard map. 

According to Fathi [Fath] the Hausdorff dimension of the hyperbolic Aubry-Mather 

sets is zero. Therefore it is clear that the hyperbolic basic sets are much larger than 

the hyperbolic Aubry-Mather sets. 

We also try to find other types of the behavior of the standard map. By a 
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geometric consideration we construct the elliptic periodic orbits of the map. It was 

proved by Donskaya [Zasl] that for the standard map there is a sequence of values 

of the parameter approaching to infinity such that the map with these parameter 

values has elliptic periodic orbits. Our method gives us more than that: there is 

a subset in the parameter space with infinite Lebesgue measure such that for each 

element in this set the map has elliptic periodic points with period 2. Actually, we 

find a sequence of disjoint intervals in the parameter space, each of which has the 

length O( ~), such that for the parameter in these intervals, the standard map on 

the cylinder has an elliptic periodic point with period 2. 

The following is the outline of this dissertation: 

In §2, we introduce the standard map, its generating function and a symmetry 

of the standard map: reversibility property. We also give the relation between the 

orbits of the map and the critical points of a special functional. 

In §3, we construct the horizontal and vertical strips for the horseshoes, study 

the relation of these strips and determine the symmetry properties of these strips. 

In §4, we use the relation between horizontal and vertical strips to describe 

our symbolic dynamics for the standard map. We also state the theorem about the 

existence of the horseshoes in this section. 

In §5, in order to follow Moser's scheme we construct the sector bundle on the 

cylinder, which will be used to show the existence of the horseshoes. 

In §6, we show that for each element in our symbolic dynamics there are a 

sequence of nested horizontal strips and a sequence of nested vertical strips which 

are needed in Moser's scheme. The existence of these sequences depends on the 

preservation of the sector bundle constructed in §5. 

In order to show the sequence of nested horizontal strips converges to a hori

zontal curve and the nested vertical strips to a vertical curve we need to show the 

expansion of the vectors in the sector bundle. In §7 we show that for the area pre

serving mapping if the sector bundle is strictly preserved then one automatically has 
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the expansion of the vectors in the sector bundle. We derive this conclusion from a 

more general result for diffeomorphisms on a 2-dimensional symplectic manifold. 

In §8, we show that those sequences of nested strips do converge to some curves. 

In §9, we show that the mapping between the symbolic space and the horseshoes 

is a homeomorphism. In this section we also obtain some smaller horseshoes which 

will contain the Aubry-Mather sets. 

In §10, we compare the" chaotic" trajectories in [AuAb] with our horseshoes. 

The coding of " chaotic" trajectories is the same as ours, but our horseshoes contain 

more orbits. 

In §11 and §12 we give the definition of the Aubry-Mather sets and list some 

properties of these sets. We also show that the Aubry-Mather sets of the standard 

map are the subset of the horseshoes if the values of the parameter k > 211". 

In §13 we project the horseshoes to the torus. We also discuss the symbolic 

dynamics on the torus. In §14 we estimate the Hausdorff dimension of the horse

shoes. 

In the last section we prove the existence of elliptic periodic points for the 

standard map. 
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§2. The Standard Map. 

Let us denote by F the standard map, a one parameter family of area-pre

serving monotone twist maps of the cylinder Sl x R. One lift of this map to the 

R 2 has the form 

k k 
f(x, y) = (x + y - 2"'" sin2rrx, y - -sin2rrx ), 

II 2rr 

where 0 :5 k < 00. It is clear that if k = 0, F is integrable. Furthermore, if we let 

(x', y') = f(x, y), 

then 

y'dx' - ydx 

is exact. This is so because if we replace y' by x, - x and y by 

then we will have 

y'dx' - ydx = (x' - x)dx' + (x - x' - ~sin2rrx)dx. 
2rr 

One can easily check that the right hand side of above equation is a differential of 

a function hex, x'). It is not hard to see that 

1 k 
hex, x') = -(x - X')2 + -2 cos2rrx, 

2 4rr 

where a constant difference is allowed. Therefore, we have 

I ah (') alz ') y = ax
' 

x, x and y = - ax (x, x 
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and we call hex, x') the generating function of J. 

Let X : Z ~ R be a two-sided infinite sequence with 

X(n) = X n , 

and 

S={XIX:Z~R } 

the space of all such sequences. Let 

(Xl 

n=-(Xl 

The functional W may not be well-defined on S, but the critical point of tV IS 

well-defined. A sequence {xn }~(Xlis a critical point of W if 

ah ah 
ax' (Xn-I, xn) + ax (X n , xn+d = 0 

for all n. Combining this with the relation between the map f and the generating 

function h, we conclude that a sequence {(xn, Yn)}~=-oo is an orbit of the map J, 

i.e., J(xn,Yn) = (xn+l,Yn+d for all n, if and only if {xn}~=_(Xl is a critical point 

of the functional lV. Therefore, instead of looking for some orbits of the map one 

can study the critical points of the functional W. 

The standard map F is also reversible. The reversibility is described by a linear 

map T, where 

(1 -1) 
T = 0 -1 ' 

which satisfies 
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and 

This reversibility will help us to determine the dynamics of the standard map. 
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§3. The Geometry of the Map F 

Let us consider following vertical strips in R 2 : 

Again if we let f(x, y) = (x', y'), then the image of every vertical line x = a 

under the map f is a line with the equation y' = x, - a, therefore, we construct 

following parallelograms: 

where -n indicates how high the An,i is and i indicates which of the two vertical 

strips So and SI the An,i belongs to. We also use these An,i as a partition of the 

cylinder ( after projecting them into the cylinder ), and this partition is shown in 

following Figure 3.1. 

Figure 3.1 

Notice that for each An,i ( see Figure 3.2 ) the four boundary segments 



c 

Figure 3.2 

CD, DE, EF, FC are line segments with 

J2 1 
d(C,D) = d(F, E) ="2 and d(D,E) = d(F, C) = 2' 

17 

where d( ., .) is the distance function. The coordinates of these four vertices C, D, E 

and F are 

We consider the pre-image of the An,i, i.e., I-l(An,d. By definition we have 

and 



Actually, we have explicit formula for 1-1: 

(x', y') ~ (x' - y', y' + ~sin2rr(x' - V')). 
2rr 

Therefore, 1-1 (An,i) is given as following Figure 3.3, 

, 
f:' 

p 

y../ 

(." 

1! ... J 
... If 

n e,Vel'l 

Figure 3.3 
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F' 

"{:I 

11 + I ... 1f 

where 0', D', E' and P' are the pre-images of 0, D, E and P respectively, and 

the curves D' E' and 0' P' are given by the graph of following functions 

i 1 k 
y = - + - - x + -sin2rrx 

2 4 2rr 

and 

i 1 k 
y = 2 -- 4 -- x + 2;sin2rrx 

n 1 n 1 
xE[--- -+-j 

2 4' 2 4' 

If we let k = (2 + b)rr where b is a positive integer, then for n even, the 

coordinates of C', D', E' and P' are 
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D'=(!!:-~ i+1-n-(2+b)) E'=(!!: ~ i-n+(2+b)) 
2 4' 2 2 + 4' 2 

c' = (~ _ ~ i - n - (2 + b)) p' = (~ ~ i - n - 1 + (2 + b)) 
2 4' 2 2+4' 2 

and for n is odd, the coordinates of these four points are 

D'=(!!:-~ i+1-n+(2+b)) E'=(!!: ~ i-n-(2+b)) 
2 4' 2 2+4' 2 

c' = (~ _ ~ i - n + (2 + b)) p' = (~ ~ i - n -1 - (2 + b)) 
2 4' 2 2+4' 2 . 

Translating j-1(An ,i) to [-h iJ x R, we have 

P-1(A .) C [-~ ~J x R 
n,1 4' 4 

if n is even and 

-1 [1 1 J p (An,i) C 4'4 x R 

if n is odd. 

We say P-1(An,d intersects with Am,j properly if P-1(An,i) and Am,j intersect 

in one of following two ways. 
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n even 71 cc{d 

Figure 3.4 

It is not hard to derive following two facts: 

1. If n + i is even, P-l(An,d intersects with Am,o properly if and only if 

In - m - i I S; b. 

2. If n + i is odd, p-l (An,d intersects with Am,l properly if and only if 

In - m + 1 - il S; 2 + b. 

We denote P-l(An,d by Bn,i. 

Now we are going to consider the reversibility property of those parallelograms 

An,i. Let us first look at the parallelogram which has the form A2n ,o (see Figure 

3.5) 



D 

A 
A.J..rt 0 

J 

B 

Figure 3.5 

where the four vertices A, B, C and D have following coordinates 

Applying the mapping Ton A2n ,i the T A2n ,o is given by Figure 3.6 as follows 

TC. 

Figure 3.6 

where the four vertices T A, T B, TC and T D have the following coordinates 

1 
TA=(n- 4,n) 

21 



1 1 
TD = (n - - n - -) 

4' 2 

22 

Here T A, T B, TC and T D are the images of A, B, C and D. It is easy to see that 

T A2n ,o = A_2n ,o. Same method can be applied to other types of the parallelograms. 

One can see that the vertices of the parallelogram change in the same way and the 

following relations are true: 

TA2n - 1 ,O = A l - 2n ,1 TA2n - 1 ,1 = A l - 2n ,O TA2n ,1 = TA_2n ,1. 
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§4. The Symbolic Description of the Dynamics and the Main Theorem 

Based on the information given in the last section, we are ready to define a 

special subshift of finite type. We use D = Z x {O, I} as the alphabet set in which 

each element (n, i) represents the parallelogram An,i' For any positive integer b, we 

introduce the transition matrix 

IT: D x D -+ {O, I} 

such that 

II[(no,io),(nl,idl = 1 

if (no, io) and (nl, i l ) satisfy one of following two conditions: 

Cl: io = iI, io = nl mod'l, and In} - nol ::; b + 2io. 

C2: io =I i1 , io = n1 mod'l, and In1 - no + (io - idl ::; b + 2io, 

and 

IT[(no,io),(nl,idl = 0 

otherwise. 

Let Eb be the sub shift of finite type defined by this transition matrix and 

the left shift on Eb. 

Remark: One should notice that the topology on 

IT~=_ooD = { 8 = ( ... ,8-1,80, 8},.··) I 8i E D, i = 0, ±1, ±2,··· } 
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is induced by a metric on this space. This metric is defined by following way: 

Let d be a metric on the space D which satisfies 

d(s, S') = 1 if and only if s =1= S' 

where s, S' E D. The metric p on the space 

is given by 

n=-oo 
where 

By restricting the metric p on the space I:b we can obtain a topology on this space. 

Now our main theorem can he formulated as follows: 

Theorem 4.1 Let b be a positive integer. For all k > (2 + b)7r and any seq1lence 

s = {dj }~-oo E I:b, the intersection 

+00 

n 
j=-oo 

contains exactly one point of the cylinder 8 1 x R. Moreover, the mpping 7 : Eb ~ 

8 1 X R defined by 

00 

7(5)= n F-jAdj 

j=-oo 

is a homeomorphism onto its image Ak C Sl X R and the following diagram com-

mutes. 
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§5. The Constant Bundle of Sectors 

Our proof of Theorem 4.1 will follow Moser's scheme in [Mos1]. To do this we 

need to construct a bundle of sectors on the tangent bundle of the cylinder so that it 

is preserved by the derivative of the map. For the standard map we have a natural 

bundle of sectors which is determined by the reversibility. For any p E Sl X R the 

sector 

in the tangent space Tp has the property that the linear map T (reversibility) maps 

this sector onto its complement. It is not hard to check that this is the unique sector 

such that the image of C+ under the linear map T is its complement. 

By reversibility of the standard map one can see that if DF preserves this 

constant bundle of sectors then DF-l preserves the complement of C+. This can 

be checked by differentiating the relation 

After differentiating this relation we have 

Df-1 = TDfT 

and it is clear that the claim which we made above is true. This will reduce half of 

our proof since we only need to consider the forward iteration. It is very simple to 

obtain the condition for which DF preserves C+. By computing the DF we have 

D F = (1 - kcos27rx 1 ) 
-kcos27rx 1 . 

For any vector (1, v)T E C+, where 0 ~ v ~ 2 and (1, v)T is the transpose of (1, v), 

the condition for DF(l,v)T E C+ is x E [t, ~l or kcos27rx 2: 4 provided:z; E [-t, tl. 



§6. The horizontal and Vertical strips 

To proceed our proof we have to define the horizontal and vertical strips which 

play important roles in the Moser's scheme. Because of the reversibility we only 

need to define the horizontal strips. The vertical strips can be obtained by applying 

the linear mapping T on the horizontal ones. 

For any parallelogram Ad, where d E D, we say a curve v (see Figure 6.1 ) 

A.{ 

Figure 6.1 

is a horizontal curve if v satisfies the following conditions: 

(1) The endpoints of the curve v are on the vertical boundaries of Ad. 

(2) The curve v is the graph of a function h(x), x E I where I = [-~, il or 

[~, ~l, and the function h(x) - x is a Lipschitz function with Lipschitz constant 1. 

We call a region U C Ad a horizontal strip (see Figure 6.2 ) 

v 

Figure 6.2 

if U is bounded by two horizontal curves VI and V2 which are the graphs of functions 

hI (x) and h2(X), x E I, such that 

More precisely, one can define a horizontal strip U in Ad by 
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If U is a horizontal strip in Ad, then we call TU a vertical strip in Adl where 

Adl = TAd. We use V to represent this vertical strip. 

From this definition, it is easy to see that if v is a horizontal curve then for any 

two points on the curve the direction of the segment which connects the two points 

is in the sector C+. More specifically, we have the following 

Lemma 6.1 Let v be a curve in Ad with the endpoints on the vertical boundaries 

of Ad. Then v is a horizontal curve if and only if for any PI, P2 E v the vector 

P2 - PI E C+. 

Proof: If v is a horizontal curve, we assume that the graph of function h( x) is the 

curve v. Let PI = (xI,h(xJ)),P2 = (x2,h(X2)) where X2 > Xl, then 

Since Ih(X2) - h(xd - (X2 - xdl :::; (X2 - xt), therefore 

On the other hand, we have 

this shows that h(x) - X is Lipschitz with Lipschitz constant 1. Q.E.D. 

Using this lemma one can describe some property of the horizontal strip under the 

standard map. 

Proposition 6.1 Let U E Ad be a horizontal strip and II(d, d') = 1 for some 

d' ED. Then 

1. Adl n FU is a horizontal strip in Adl if Ad C 51. 
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2. Ad' n FU is a horizontal strip in Ad' if Ad C So and kcos271'x ~ 4 for any 

( x, y) E U n B d' • 

Proof: In both cases DF preserves the the constant bundle of sectors C+. If VI 

and V2 are the two horizontal boundary curves then F(Vi n Bd')' i = 1,2, are two 

horizontal curves in Ad" This can be proven by following consideration. For any 

pi, pi E F( Vi nBd' ) there are PI, P2 E Vi nBd' such that p~ = FPi, i = 1,2. Therefore 

by mean value Theorem we have 

where z E Vi n Bd', Since DF preserves the constant bundle of the sectors C+, 

Ad' n U is a horizontal strip in Ad" Q.E.D. 

To construct the nested sequence of horizontal strips, we have to define the 

horizontal strips of the first generation. We choose the following as the horizontal 

strips of the first generation. For any d, d' E D with II( d, d') = 1 we define 

We need to prove that U d' ,d is a horizontal strip in Ad" To do this we have to 

consider following two cases. 

(1) Ad E SI. For this case Ud',d is a horizontal strip because for any z E AdnBd' 

DFz preserves the sector C+. By Proposition 5.1 Ud',d is a horizontal strip. 

(2) Ad E So. For this case a careful study needs to be done. 

Let k ~ (2 + b)rr where b is a positive integer. We consider Am,o, An,o and BI,i 

which have following relative positions (see Figure 6.3 ): 



"+-- Bti , 

$-4-P-~ _---- 1: 
--1--- Am c 

f.... -

Aile 
" 

I 

1i 

Figure 6.3 
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where PI is the intersection of the curve FI H and the line segment Fl E I . And p~ 

is the intersection of the curve G D2 and the line segment C2D 2. Let :r 1 and x~ be 

the x-coordinates of PI and p~ respectively, then it is easy to see that Xl < 0 and 

x~ = -Xl. vVe also let P2 be a point on the curve FI H such that if X2 E [- ~,O] is 

the x-coordinate of P2 then kcos27rX2 = 4. Let q be a point on the line segment 

FIEI such that P2Q is a vertical segment. 

Proposition 6.2 (2 + b )7rCOS27rXI ~ JI5. 

Proof: From the discussion in §3., the curve FIH and the line segment FIEI are 

given by 
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(2 + b) . n 1 
y = a - x + sm27rx and y = x - - - -

2 2 4 

respectively, where x E [-t, iJ and a = -~ - ! - i + (2t
b
). Then Xl satisfies 

2x + ~ _ (2 + b) _ (2 + b) sin'J7rx - 0 
2 2 2 ~.-. 

Therefore we have 

4Xl - (1 + b) - (2 + b)sin27rXl = O. (1) 

Let Xl = - ~ + 61 , then 0 < 61 < i. Since sin27rXl < 0, we obtain 

-V1 - cos2 27rXl = (2! b) 61 - 1. (2) 

By simple algebraic operation, (2) becomes 

(3) 

On the other hand, using Xl = -~ + 81 , (1) becomes 

461 - (2 + b) + (2 + b)cos27r81 = 0 

or 

Therefore we have 

so 



Furthermore, consider function 

1 
g(8) = 87r2 (2 + b)8 -167r2 82

, 8 E [0, 4]. 

Since g'(8) = 87r2 [(2 + b) - 48] > 0, 

we have 

64 > 
16 - 7r2 (2 + b)2 _ 15 

for b 2: 1. Q.E.D. 
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From this proposition we can show that in case (2) Adl n FAd is a horizontal 

strip. Consider Ad n Bdl (see Figure 6.4 ). 
B 

I 
-,---j-- B.{, 

Figure 6.4 

Since AB and CD are mapped into the boundaries of the Adl n FAd and they have 

the slope 1. By Proposition 6.2 we have 

DF (1) = (2 -kcos27rx ) 
1 1 - kcos27rx 

and 

° 
1 - kcos27rx V15 - 1 ') < < <~, 

- 2 - kcos27rx - V15 - 2 
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this shows that Ad' n F Ad is a horizontal strip. 

To show that 

U - nn F- i+l A d! ,d2 ,···,dn - i=1 d; 

is a horizontal strip where II(d i , di+l) = 1, i = 1"" , n - 1, we only need to show 

that if II(dl ,d2 ) = II(d2 ,d3 ) = 1 then 

is a horizontal strip. From the discussion above, we know that 

is a horizontal strip, we have to show that for (x, y) E Ed! n Ud 2 ,d;! DF(x,y) preserves 

the bundle of sectors C+. This is true if Ud 2 ,d;! c SI. We only need to consider 

the case when Ud 2 ,cl;! C So. To do this let us go back to Figure 6.3. What we need 

to show is that for the worst case the intersection of the curvilinear triangle region 

with the vertices PI, P2 and q, which we denote by ~, and Acl2 n FAd;! is empty. 

For this purpose we need 

Lemma 6.2 For b 2:: 1 and k > (2 + b)rr, 

where X2 = -i + b2. 

Proof: Since kcos2rrx2 = 4, by simple trigonometry we have ksin2rrD2 = 4. There

fore we obtain 
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= 1 - J 1 _ 16 = 16 
k 2 k(k + Jk2 - 16) 

and 

4 
82 > 271"2(2 + b) 

From the proof of Proposition 5.2 we have an estimate that 

The direct computation gives us 

Q.E.D. 

Based on this lemma we can conclude 

Proposition 6.3 Let d1 , d2 and d3 E D with II(d},d2 ) = II(d2 ,d3 ) - 1. If 

Ad2 C So, then for any (x, y) E Bd! n Ad 2 n FAd3 we have kcos27rx > 4. 

Proof: We only need to show that for the worst case 

In order to prove this we have to consider two cases: 

1. Ad3 C So. 

2. Ad3 C Sl' 

Let us consider first the case 1. 

By reversibility we know that T Ad2 n T F Ad3 is a vertical strip in T Ad2 and 

Tfl. is also a curvilinear triangle in T Ad2 (see Figure 6.5) 
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Figure 6.5 

Since Ad3 C So, this implies that Ad2, Bd2 C So. By direct calculation we can claim 

that Ad2 C So. To show that T~ and TAd2 n TF Ad3 do not intersect we need to 

prove that the Tpz is under the curve VI. For the worst case it suffices to show 

that the length of T(pzq) is less than J281 • Equivalently we need to show that the 

length of Pzq is less than 81 . Since the curve PIPZ is given by the graph of 

k 
T1(X) = C - x + -sin27f'x, 

27f' 

where c is a contant, we have to show Tl (-t +02) -Tl (-t) < 01 +02. It is equivalent 

to prove 

by Lemma 6.2, above inequality is true. 

For the case 2 since Ad3 C S1, this implies that Bd2 C S1. Again by simple 

computation we can claim that TAd2 C S1. Also Tb.. c TAd2 (see Figure 6.6). 
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Figure 6.6 

It suffices to show that TP2 is under the curve V2. The curve V2 is given by the 

graph of a function 

k 1 3 
l(x) = c' - x + -sin27rx, x E [-4' -41 27r 

where c' is a constant. We need to prove that l( t + 51) - {l( t) - ! + 52 + 5d > o. 
This is equivalent to show that 

By Lemma 6.2 and the assumption of 01 < 02, it suffices to show that 602 < ~. 

Since kcos27rX2 = 4, we have sin27r52 = %. For b ;::: 1 we have % :::; ~. This implies 

that 27r02 :::; i and we obtain 02 :::; /2. Q.E.D. 

From above discussion we can conclude that if di E D where i = 1,2,··· such 

that the condition of II(d i , di+J) = 1 for i = 1,2,··· holds then 

where 



n 

Udl, ... ,d" = n pi-l Adi' 
i=l 
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is a decreasing sequence of horizontal strips in Adl • We need to show that this 

sequence converges to a horizontal curve in the super norm. 
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§7. Uniform Expansion of the Vectors 

In this section we are going to discuss the expansion of the tangent vectors under 

diffeomorphisms of a 2-dimensional symplectic manifold. What we are interested 

in here is the condition on diffeomorphisms which guarantees the expansion of the 

tangent vectors if certain sector bundle is strictly preserved. Our approach is based 

on [Ruel], [Woj2] and [Woj3]. We give a condition for diffeomorphisms which implies 

a uniform expansion for the vectors in the sectors. 

Let us consider a linear symplectic space W of dimension 2 with the symplectic 

form w. W = R x R is called the standard linear symplectic space if 

where Wi = (~i, T/i), i = 1,2. We call any I-dimensional linear subspace 11 c W a 

line. 

Definition 7.1. Given two transversal lines VI and V2 we define the sector between 

c = { wE W I w( VI, V2) 2:: a for 'W = VI + V2, Vi E Vi i = 1,2 }. 

Geometrically the sector C between 111 and Vi is given by following figure. 

I~' 
/::" 

----------~~----------x 

v. 

Figure 7.1 
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We also define a quadratic form associated with this ordered pair of transversal 

lines VI and V2 by 

where w = VI + V2, Vi E Vi, i = 1,2, is the unique decomposition. This gives us 

c = { w E W I Q( 10) ~ 0 }. 

Since any two pairs of transversal lines are symplectically equivalent, we have 

a canonical change of coordinate from (~, 1]) to (e', r/) so that the sector C in the 

coordinate (e', 1]') is the first and the third quadrants. Also the spaces VI and V2 

are ~' and 1]'-axes respectively. In this coordinate system the quadratic form Q 

has the form 

where w = (e', 1]'). 

We may assume that the sector C in the coordinate system (~, 1]) is given by 

C = {(~,1]) E W I ~1] ~ 0 }. 

Let A : W ~ W be a linear symplectic map. We say A strictly preserves the 

sector C if A maps every non-zero vector in C strictly inside C. We assume that 

in the coordinate (C 1]) the mapping A is given by the matrix 

Therefore we have 

det (~ ~) = ad - be = 1. 
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Let us consider the sector C and its image AC. In the coordinates (~,1]), the 

slopes of the boundaries of Care 0 and +00. The slopes of the boundaries of AC 

are 

We denote the cross ratio 

e d 
a and b· 

e d 
[0, +oo,~, bl 

by (. By definition of the cross ratio we have 

r = ad 
.., be· 

Note that this cross ratio is preserved under the linear change of coordinates. It 

measures how much the sector C is squeezed under the mapping A. 

Next lemma says that the strict sector preservation implies the increasing of 

the quadratic form Q. 

Lemma 7.1. If a linear 8ymplectic map A 8trictly pre8 erve8 the 8 ector C, then 

there i8 an a > 1 8uch that 

Q(Aw) 2: aQ(w) 

for any w E C. 

Proof: Since A maps vectors in C strictly inside C, then the vectors (a, e) and (b, d) 

are inside the sector C. This implies that ae, bd > O. If a, e > a and b, d < 0, 

then by continuity there is a vector w E C such that Aw does not belong to C. 

Without loss of generality we may assume that a, b, e and d are all positive. Since 

ad - be = 1, for (~, 1]) with ~1] 2: a we have 
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This means that 

where w = (e, 'r/). Since ad - be = 1, we have 

.;;;d + ~ = vI + be + ~ > 1. 

Q.E. D. 

Note that the constant (Jad + ..;bc)2 derived from above lemma can be ex

pressed by the cross ratio ( since 

r-; " J(+1 vad + vbe = J(=T. 
(-1 

Also one can prove that if there is an a > 1 such that for any wEe 

Q(Aw) ~ aQ(w), 

then the mapping A strictly preserves the sector C. 

In proof of Lemma 7.1 we use the condition det(A) = 1. Actually this condition 

is not necessary. One can impose some extra conditions on the matrix A so that the 

strict preservation of the sector still implies the uniform increasing the quadratic 

form Q. Let us consider a matrix B with 

det(B) = e2 > o. 
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For such a matrix we have the following 

Lemma 7.2. If the linear mapping B strictly preserves the sector C, then for any 

wEC 

Q(Bw) ;:::: aQ(w), 

where 

Proof: Let det(B) = e2 • We consider 

A' = ~(B). 
e 

It is clear that we have det( A') = 1. Also the cross ratio ( is the same for Band 

for A'. Then for any w = (~,1]) E C we have 

Q(A'w);:::: (~) 2 Q(w). 

This implies that 

Q(Bw) = e2Q(A'w);:::: e2 (~) 2 Q((~,'T]». 
Q. E. D. 

Before giving our main theorem in this section we need some notations. We let 

( M, w ) be a 2-dimensional symplectic manifold and S : M ~ M an orientation 

preserving diffeomorphism. Since w is a volume form, there is a smooth function 

j : M ~ R + such that 
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S*w = jw. 

The function j is called the Jacobian of the diffeomorphism S. Let C be a sector 

bundle on M. If S strictly preserves the sector bundle, then we can compute the 

cross ratio and denote it by (z at any point z EM. Since the cross ratio (: does 

not depend on the coordinates, it is well-defined. Now we have following 

Theorem 7.1 Let (M,w) be a 2-dimensional symplectic manifold and < . , . > 

a Riemannian metric on M. Let S : M --t M be an orientation preserving dif

feomorphism of M. Suppose that N c M is a compact subset and C a continuous 

sector bundle on N such that if z and Sz are in N then DzS maps vectors in Cz 

strictly inside CS z • Assume that for any z,Sz EN the inequalitJ/ 

is satisfied. 

j(z) (~z + 1)2 > 1 
Kz=-I 

Then there exist c > a and a > 1 such that if 

z Sz ... sn z EN , , , 

then 

for all v E Cz . 

Proof: Let z, Sz EN. It is well-known that there is a coordinate system (x, y) on 

the neighborhood of z such that the 2-form w on this neighborhood has the form 

w = dx A dy. 
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This is also true that near point S(::) one has a coordinate system (x', y') such that 

the 2-form w on the neighborhood has the form 

w = dx' /\ dy'. 

Without loss of generality we may assume that the sectors at points z and Sz 

are given by 

and 

CSz = { w' = (e,r!') E TszM I Qsz(w) = erl' ~ 0 }, 

where the symmetric 2-form Q is induced by the 2-form w as we did in the previous 

calculation. 

In these coordinate systems the map S can be expressed by the following: 

x' = x'(x,y), y' = y'(x,y), 

and the derivative DzS has the form 

where 

ax' ax' ay' ay' 
a=-a ' b=-a ' e=-a andd=-a . x y x y 

Since (S*w)z = j(z)wz, this implies that in the coordinate systems (x, y) and 

(x', V') we have 

j(z) = ad - be. 
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Also since DzS maps vectors in Cz strictly inside CSz , one can conclude that a, b, c 

and d are non-zero and they have the same sign. Without loss of generality we may 

assume that a, b, c and d are all positive. At the same time we can compute the 

cross ratio function (z in these coordinate systems 

Let w = (~, 7]) E Cz. We consider Qsz(DzSw). In the coordinate systems (x, y) 

and (x', y') we obtain by Lemma 7.2 that 

Let 

N' = S-lNnN. 

It is clear that the set N' is also a compact subset of M. Since sector bundle C 

is continuous, the cross ratio function (z is continuous on N'. Using the condition 

of 

j(z) (""z + 1)2 > 1 
V(z-l 

for z E Nt one can conclude that there is a: > 1 such that 

for all zEN'. This gives us following inequality: 

for all zEN' and w E C z. 

For z E Nt we let 



46 

and 

!vI;; = sup Q;;(w). 
wEe .. IIwllz=l 

Since the sector bundle C is continuous, it is clear that m z and M;; are continuous 

on N' with respect to z. From the fact that the S preserves the sector bundle C 

one can conclude that there are two positive numbers M and m such that for any 

zEN' inequalities 

mx 2:: m and !vIz ~ M. 

are satisfied. If 

z,Sz,'" ,snz EN, 

for any w E Cz we have 

We can complete the proof of this theorem by letting c = Jif. Q. E. D. 

Now we consider a special case. Let 

S:M -tM 

be a symplectic diffeomorphism. Then we have following 
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Corollary 7.1. Let (M,w) be a 2-dimensional symplectic manifold and < .,. > 

a Riemannian metric on M. Let S : M -t M be a symplectic diffeomoTphism. 

Suppose that.N c M is a compact subset and C a continuous sector bundle on .N 

such that if z, S z E .N then D zS maps Cz strictly inside Cs z. Then there exist c > 0 

and Q' > 1 such that if 

z,S(z),··· ,sn(z) E.N 

then 

for any v E Cz • 

Proof: Since S is symplectic, then 

S*w = w. 

This implies that the Jacobian j (z) = 1 for all z EM. Also the map S strictly 

preserves the sector bundle C. This gives us that for z, Sz EN 

j(z) (J(,z+1)2 >1 
V(z -1 

since the cross ratio (z > 1. By Theorem 7.1 we obtain our result. Q. E. D. 
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§8. Convergence of Horizontal Strips 

From §6 we know that for every horizontal strip 

and every vertical strip 

D F strictly preserves C+ on 

Therefore by reversibility DF-1 strictly preserves the complement of C+ on this 

intersection since 

The derivative DF has the form 

DF = (1 - kcos27rx 1 ) 
-kcos27rx 1 . 

This implies that there are only finite different 

on the cylinder for DF. On the other hand, C+ is given by 
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where 

Hence by compactness we may assume that there is Q' > 1 such that, for any z in 

those finite different intersections Bdo n Ad1 n F Ad2 , 

By reversibility one can make a similar assumption for DF-J. 

For convenience we need another assumption as follows: 

For any horizontal strip U and any vertical strip V in Ad the inequality 

holds for all z E Un V. 

Similar assumption for DF-I is also needed. 

To show the convergence of the sequence of horizontal strips in §6 we define 

the diameter of horizontal strip. Let 

U = {( x, y) I hI (x) S; y S; h2 (x), x E I } 

be a horizontal strip where hl(x) < h2 (x), X E I. The diameter of U is defined by 

d(U) = max(h2 (x) - hI (x)). 
xE] 

Let Uj CAdi, i = 1,· .. , n, be horizontal strips satisfying 

II(dj,di+d = 1, i = 1,2,···,n-1. 

We are going to show that there are positive integer n and real f3 < 1 such that 
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Suppose that 

is bounded by two horizontal curves Vl, V2 and 

where Pi E Vi, i = 1,2 and PlP2 is a vertical segment (see Figure 8.1). 

Figure 8.1 

Let 

It is clear that 

F-(n-l)p(t) = z(t) = (x(t), y(t)) 

is a vertical curve in 

Un n F-(n-l)Ul n F-(n-2)U2 n··· n F-lUn_1 

and z(O) z(l) are the two endpoints of the vertical curve z(t) and they are on the 

horizontal boundary of Un. We also have 
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Z'(t) = (x'(t), y'(t)) = DP-(n-l)p'(t). 

Since z'(t) and p'{t) are in the complement of C+, by the discussion in §7 we 

have 

IIz'(t)1I = IIDP-(n-l)p'{t)11 ;::: allp'(t)11 

where a > 1 and n large enough. Since z'{t) = (x'(t), y(t» is strictly inside the 

complement of C+, there is 8 > 0 such that 

y'{t) > 2 + 8 or _ 00 < y'{t) < -8. 
x'(t) - x'(t) -

This implies that there is constant a such that 

Ilz'(t)1I ::; aly'(t)l· 

Therefore we have 

IIp'(t)11 ::; ~ly'(t)l. 
a 

We may assume that ~ < 1 (Otherwise we use kn instead of n , then r!r < 1). Let 

f3 = ~. This gives us 

::; f3 11 ly'(t)ldt = f3ly(l) - y(O)1 ::; f3d(Un). 

This estimation implies that the sequence of horizontal strips 
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in §6 converges to a horizontal curve v. Again by the strict preservation of C+ 

there is 8' > 0 such that for any (Xl, yd (X2' Y2) E v 

8' < YI - Y2 < 2 - 8' . 
- Xl - X2 -

This important fact guarantees that the intersection 

00 

n=-oo 

contains exactly one point since the vertical curve 

00 

n F-nA d n 

n=O 

and the horizontal curve 

intersect transversely. 
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§9. The Homeomorphism Property of the Mapping 7 and More 

From the previous sections it is clear that the mapping 7 is well-defined. In 

this section we are going to show that this mapping 7 is a homeomorphism between 

2::b and its image. Let us define the image by Ak. It is easy to show that for different 

sand s' in 2::b, 7(S) and 7(S') are different. Therefore the mapping 7 is bijective. 

We need to show that 7 and 7-1 are continuous. The topology on the space 2::b 

was specified in §4. To show 7 is continuous we let S E 2::b and z = 7( s). We want 

to show that 7 is continuous at s. For any E > a there is a ball Bf(z) centered at 

z with radius E. We let s = {sn}. Then by the discussion of last section there is 

N > a such that 

N n F- n ASn C B((z). 
n=-N 

It is clear that the set 

is an open neighborhood of sand 

N 

7(U) C n F- n Asn C B((z). 
n=-N 

This shows that T is continuous at s. Therefore 7 is continuous on 2::6. To show the 

continuity of 7-1 let us consider 7-1 at z. Since 7(S) = z, we have 

N zEn F-nAsn ' 
n=-N 

Note that the horizontal boundaries of Ad l n F Ad2 are inside Ad l • By induction we 

can conclude that the horizontal boundaries of 
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are inside 

This is also true for vertical strips. These facts imply that z is a interior point of 

N n F-nAsn 

n=-N 

for any N. We can conclude that the interior of above set is a neighborhood of z. 

Then from 

N 

r(U) = n F-n ASn n Ak 
n=-N 

one can derive that r- 1 is continuous at z, hence it is continuous on Ak. 

The commuting diagram is satisfied automatically. This completes our proof 

of Theorem 4.1. 

To find the connection between the Aubry-Mather sets and the horseshoes of 

the standard map we need to reduce the the lower bound of the parameter further. 

But if we let b = 0 it is not easy to prove above theorem. Fortunately we can see 

later that when b = 0 the Aubry-Mather sets are completely restricted inside the 

strip 

1 3 
[4'4] x R. 

Therefore it is necessary to look for the horseshoes inside above strip. We 

consider the standard map on the vertical strip 
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only, we may let 

and Z be the alphabet set in which each element n represents An. For any non

negative b, we define the transition matrix as follows: 

II*: Z X Z -j. {O,l} 

II*(m,n) = 1 if 1m - nl:S; b~2 and II*(m,n) = 0 otherwise. 

Let ~b be the sub shift of finite type defined by this transition matrix and a the left 

shift on ~b' then we have 

Proposition 9.1. Let b be a non-negative integer. for all k > (2 + b)-rr and 

s = {m n } E ~b' the intersection 

00 

n F-nA 
mn 

n=-oo 

contains exactly one point. Moreover, the mapping 

r* : ~b -j. Sl X R 

defined by 

00 

n=-oo 

M a homeomorphism from ~b onto its image At (~b zs equipped with the product 

topology), and the following diagram commutes. 

U 
--t 

F 
--t A* b 
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The proof of this Proposition is much simpler than the proof of Theorem 4.1 

and we leave it to the interested readers. 
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§10. Chaotic Trajectories of the Standard Map 

Aubry and Abramovici [AuAb] give a result of chaotic trajectories of the stan

dard map, which uses the functional analytic method to prove that the existence of 

those orbits is related to some symbol space. We formulate their results as follows: 

Theorem 10.1.( Aubry, Abramovici [AuAb] ) Let b be a positive integer, mn any 

sequence of integers satisfying 

for all n. Then for 

there is a unique sequence {xn(k)}~=_=, which is a critical point of the functional 

W, such that for all n 

In addition, this solution depends continuously on the parameter k and we ha.ve 

lim xn(k) = mn 
k-= 2 

for all n. 

In particula1', when the sequence of integer {O'n} = {mn - mn-d is periodic with 

period s ( O'n+s = O'n ), the corresponding trajectory (xn mod 1 , Pn = Xn - xn-d 

is represented in the standard mapping as a periodic cycle with the same period s. 

Geometrically, it is clear that they are looking for the trajectory (xn, Yn) of f 

such that 
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Consider mn+l, mn and mn-l, then 

correspond to some An,i'S in our case and 

corresponds to some Bn,i'S, therefore if 

then (Xn-l, Yn-d, (xn' Yn) and (Xn+h Yn+d are the segment of an orbit if and only 

if 

cross each other properly. Also it is easy to see that for any integer sequence {m n } 

in Theorem 10.1, it corresponds to the sequence s = {( nj, i j)} in Theorem 4.1 such 

that 

if m j is even and 

if mj is odd. 

It is obvious that our geometric approach not only reduces the lower bound of the 

parameter, increases the invariant set, it also gives a more clear picture of those 



59 

chaotic orbits. The relation between two different symbol spaces will also help us 

to study the Aubry-Mather sets of this standard mapping. 
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§11. The Aubry-Mather Sets and Their Properties 

In this section we are going to give a brief description the Aubry- Mather sets of a 

measure-preserving twist map and their properties, which one can find in [Bang]. 

Let F : Sl x R -t Sl X R be an area- preserving twist map and f : R 2 -t R 2 

its lift. Let h(x,x') be the generating function of f. Suppose {(xn, Yn)}~=-oo is an 

orbit of f which satisfies that for any segment 

in {xn} and any finite sequence (x~,,·. x~+m) with Xn = x~ and Xn+m = x~+m' 

n+m-1 n+m-1 

L h(Xi' xi+d::; L h(x~, X~+l)' 
i=n i=n 

we say that this orbit belongs to Aubry-Mather sets which we denote by A1. The 

most important property of an orbit in M is that it is ordered, which is characterized 

by the following: 

Proposition l1.1.(Bangert [Bang]) Let {(xn, Yn)}~=-oo be an orbit of f in A1, 

then there exists a continuous map p : R -t R such that 

(1) P is strictly increasing and p( x + 1) = p( x) + 1. 

(2) p(xn) = X n+1. 

This Proposition assures that for any orbit in M there is a circle map associated 

with it. On the other hand, for any circle map, one can define the rotation number 

of that map, therefore for any orbit in Proposition 11.1, we can define the rotation 

number which is given by 

1
. Xn - Xo 

a: = 1m . 
n-oo n 
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Let us denote by JvJ( 0') the subset of M consisting of all the orbits of rotation 

number 0'. For different 0', M( 0') has some special properties: 

Proposition 11.2. (Bangert [Bang] ) If 0' = E. is rational, then JvJ( E.) has q q 

following two kinds of orbits: 

(1) The configuration {xn} is periodic with the period (p, q), z.e., 

X n+q = Xn + p. 

(2) If the configuration {xn} is not periodic in the above sense, then there exist 

two minimal periodic configuration {Yn} and {zn} such that 

Yn < Xn < Zn 

for all nand 

lim (xn - Yn) = 0 and lim (zn - xn) = O. 
n~-~ n-~ 

Proposition 11.3 ( Bangert [Bang] ) If 0' is irrational, then the set lvJ( 0') consists 

of two kinds of trajectories: 

(1) The configuration {xn} can be approximated by a sequence of configurations 

{x~p} such that the rotation number of {x~j)} for each j is rational ~; and 

1· Pi 1m - = 0'. 
i-oo qi 

(2) For the {xn} which can not be approximated by those with rational rotation 

numbers, there exist two orbits in M( a) with the configurations {t n } and {zn}, 

which can be approximated by those with rational rotation numbers, satisfying 

Yn < Xn < Zn 
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for all n, and 

lim (zn - Yn) = lim (zn - Yn) = O. 
n-+-CX) n-+oo 

These properties will directly help us to find the relation between the Aubry-Mather 

sets and the hyperbolic invariant set (horseshoes) of the standard mapping. 
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§12. Hyperbolic Aubry-Mather Sets and the Horseshoes 

Let us denote by Mk the Aubry-Mather sets of th~ standard mapping with 

parameter k. 

Goroff [Goro] proves that for k > 2Vl + 71"2, the Aubry-Mather sets of the 

standard mapping are uniformly hyperbolic. In particular, there is 8 > 0 such that 

if (x, y) E Mk, then 

-kcos271"x > 8. 

In this section, we are going to show that for k > 271", 

where A k is given in a previous section. Let {(x n, Yn) } ~= -00 E M k for k > 271", then 

there exists a circle homeomorphism p : R -t R such that 

Therefore, we have 

If one can show that cos271"xn < 0 for all n, then there are Sm n , where mn are odd, 

such that 

so we have 
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Using the relation between the result in [AuAb] and our horseshoes, we conclude 

that 

]l,Ih c Ak. 

This assertion can be proved by considering following two cases: rational rota

tion number and irrational rotation number. 

Suppose that p, q E Z, q =1= 0 and (p, q) = 1. Consider those orbits in Mk whose 

rotation number is E. If {xn} is the configuration of such an orbit and it is periodic, q 

I.e., 

X n+q = Xn + p, 

then (Xo, Xl,' .. ,Xq-l) is a global minimal point of the function 

where Xq = Xo + p. 

q-l 

H(xo, Xl,'" ,Xq-d = L h(Xi, Xi+J) 
i=O 

Proposition 12.1. Suppose (Xo, Xl,'" ,xq-J) zs a global minimum of H, then 

there is an i where 0 ::; i ::; q - 1, such that 

COS27rXi ::; O. 

Proof: Suppose for all i = 0,1, ... ,q - 1, COS27rXi > O. 

We consider (Yo, Yl, ... ,Yq-l) where 

1 
Yi = Xi - 2' 

Then one obtains COS27rYi = -COS27rXi < 0, and 
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This contradicts the fact that (Xo,··· ,Xq-l) is a global minimum of H. Therefore 

there is an i such that 

COS27rXi ::; o. 

Q.E.D. 

We know that if (xo,··· ,Xq-l) is a global minimal of H, then after a periodic 

extension, we obtain a minimal configuration of an orbit in Mk( E.) with the rotation 
q 

number E.. By coosing appropriate lift, we can assume that 
q 

o < !!. ::; 1, 
q 

then we have 0 < Xn - Xn-l ::; 1 for all n. Since there is a circle homeomorphism p 

such that p( x n) = x n+ 1, we can conclude 

Proposition 12.2. Suppose (xo,··· ,Xq-l) is a global minimal of Hand k 2:: 27r. 

Then for those Xi such thai cos27rxj ::; 0, we have 

cos27rXj < O. 
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Proof: Suppose there is Xi such that cos27rxj = O. Since (xo, ... ,Xq-l) is a minimal, 

therefore 

8H k 
-8 = 2Xi - Xi-l - Xi+l - -sin27rXi = 0, 

Xi 27r 

where sin27rXi = ±l. Let sin27rXi = 1, then we have 

Because of Xi+l - Xi > 0, then we obtain Xi - Xi-I> 1, and this is a contradiction. 

Q.E.D. 

Next result gives us the location of the orbit in Mk by checking one point on 

the orbit. 

Proposition 12.3. Let k 2: 27r and {xn} be the configuration of an orbit in lvh 

with rotation number 0 < a :S 1. Suppose that there is an i such that 

COS27rXi < 0, 

then for any n, 

cos27rX n < o. 

Proof: Without loss of generality we assume 

COS27rXi 2: 0 and COS27rXi_l < o. 

By the minimality property, the segment (Xi-I, Xi, xi+d is a minimal segment so 

we have 



k 
2Xi - Xi+l - Xi-l = 27r sin27rXi 

and 

2 - kcos27rXi 2:: O. 

Assume Xi-l E (-~, -t), since 

so we obtain 

2 
COS27rXi :5 k' 

Suppose sin27rXi > 0, then 

k R ~sin27rXi 2:: 1 - 2" > 0.9, 
~7r 7r 

so we have 

1 > Xi - Xi-I> 0.9 

and 

This fact indicates that Xi-l is very close to -~, so we can conclude that 

1 
sin27rX i_l > 2' 

consider the segment (Xi-2,Xi-l,Xi), we also obtain 

k 
(Xi-l - Xi-2) - (Xi - Xi-d = -sin27rXi_l, 

27r 

67 
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this gives us Xi-l - Xi-2 > 1 and this is a contradiction. 

For sin27rXi < 0, then Xi E (-i, 1), therefore 

This indicates that Xi-l E (-~,-i) and Xi-l is very close to Xi. We can get an 

estimate for 2krrsin27rXi-l as follows: 

k. k. 1 k 7r 1 
-szn27rx'_1 < -szn27r(-- - 0.1) = --cos- < --. 
27r z - 27r 4 27r 5 - 2 

Agian consider the segment (Xi-2,Xi-l,Xi), we have 

so we obtain 

k . 
(Xi-l - Xi-2) - (Xi - xi-d = -SZn27rXi_l, 

27r 

1 1 
(Xi - xi-d 2: 2 + (Xi-l - Xi-2) 2: 2' 

This contradicts to the fact (Xi - xi-d ::; 0.1. 

Using this idea and induction, we can prove that for all n, cos27rx n < 0 . 

Q.E.D. 

Based on these Propositions and the properties in the previous section, we can 

prove following several corollaries: 

Corollary 12.1. If {xn} is periodic with the rational rotation number, then for all 

n, cos27rxn < O. 

Proof: From the Proposition 12.1 and 12.2, there is i such that 

COS27rXi < O. 

From the Proposition 12.3, cos27rxn < 0 for all n. Q.E.D. 
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Corollary 12.2. For the non-periodic {Xn} with rational rotation n1t.mber, we also 

have cos27l"xn < 0 for all n. 

Proof: Since {xn} is non-periodic with rational rotation number, by Proposition 

11.2, there is a periodic configuration {zn} with the same rotation number such 

that Xn < Zn and 

lim (zn - xn) = o. 
n-oo 

Since {zn} is periodic, then there is 0' > 0 such that 

cos27l"Zn :::; -0' 

for all n. Therefore, there is no such that cos27l"xno < 0 . Using Proposition 12.3, 

we have cos27l"xn < 0 for all n. Q.E.D. 

Corollary 12.3. For the {xn} with irrational rotation number, we have 

cos27l"Xn < O. 

Proof: Let 0' be the rotation number of {x n }. 

If {x n} can be approximated by a sequence of configurations {x ~jl} such that 

the rotation number of these configurations are ~ for each j and 

1· Pj .1m - = 0', 
)-00 qj 

then 

lim x(j) = x . n n 
)-00 
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for all n. Since cos 27!'x~!> < 0 for all nand j, we have cos27!'xn ::; 0 for all n. 

Applying the idea in the proof of Proposition 12.2, we have 

cos27!'Xn < 0 

for all n. 

If {Xn} can not be approximated by those with rational rotation numbers, then 

by Proposition 11.3 (2), there exist two orbits in Mk( a) with the configurations {Yn} 

and {zn}, which can be approximated by those with rational rotation numbers, 

satisfying 

Yn < Xn < Zn 

for all nand 

lim (zn - Yn) = 0 and lim (zn - Yn) = O. 
n~-~ n~oo 

It is easy to see that there is no such that 

cos27!'X no < 0 

smce 

cos27!'Yn < 0 and cos27!' Zn < 0 

for all n. Q.E.D. 

Using the explanation at the beginning of this section, we can conclude that 

if k > 271'. 



71 

Note that since Ak has a uniform hyperbolic structure therefore the Aubry

Mather set Mk is uniformly hyperbolic. This improve the Goroff's result about 

uniformly hyperbolic Aubry-Mather set of the standard map. Also using the con

dition of k > 27r one can show by the same method which Goroff used in [Gorol 

that the Aubry-Mather set is uniformly hyperbolic. 
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§13. The Symbolic Description of the Horseshoes on T2 

In Theorem 4.1 we give a symbolic description of horseshoes of the standard 

map on the cylinder. In this section we want to project the horseshoes into the the 

torus T2 and find the symbolic description of the the image of this projection. This 

information will be used to estimate the Hausdorff dimension of the horseshoes in 

the next section. 

For a fixed positive integer b we let 

D' = ((n,i,j) I i,j = 0,1. and n = 0,±1,···,±(b+2Ii -jl)} 

be the alphabet set. Geometrically, we use i = j = ° to represent A21,O, i = 0, j = 1 

to represent A21-1 ,O, i = 1,j = 0 to represent A21,l and i = j = 1 to represent 

A21-1,l. 

We also define a mapping R : I:b ~ D' Z by the formula 

where 

We let 

Let a' be the left shift on D' Z then we have following 

Lemma 13.1 The mapping R : I:b ~ I:~ is a covering mapping and the following 

diagram commutes 



L:' b 

0' 
---+ 

0" 
---+ L:' b 
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Proof: By the definition it is clear that R is continuous. It is also easy to see that 

above diagram commutes. 

Let N be a open set in L:~ given by 

Then 

00 

R-1(N) = U Nk 
k=-oo 

where 

Clearly N k is an open set in L:b and 

if k #- k'. This shows that R is continuous. To show that 
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is a homeomorphism for each k one should notice that RINk is bijective and con

tinuous. The continuity of (RINk )-1 can be seen from above formula for (RINk )-1. 

This proves that R: L;b ~ L;b is a covering map. Q. E. D. 

Let us denote the standard map on the T2 by F. Then by definition we have 

the following commuting diagram 

S1 X R S1 X R 

17r 17r 

where 7r is the natural projection form the cylinder onto the torus. Next Proposition 

tells us that there is a continuous mapping from ~b into the torus T2 which can be 

reduced from the homeomorphism T in Theorem 4.1. 

Proposition 13.1 There is a continuous mapping T' : ~b ~ T2 such that following 

diagram commutes. 

R 
---t 

where 7r is the natural projection. Moreover if 

T'()~b) = A~, 

then T' is a homeomorphism from ~b onto A~. 

To Prove this Proposi tion we need following 

Lemma 13.2 Let (Xi, Pi) be a covering space of Xi, i = 1,2. Suppose h : Xl ~ X 2 

is a homeomorphism and h' : Xl ~ X 2 for which the following diagram commutes 



PI 
~ 
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Then h' is continuous. Moreover h' : Xl ~ X 2 is a homeomorphism if and only if 

h' is bijective. 

Proof: It is clear that the map h' is surjective. The second assertion can be proven 

if we can show the first one. Let 

U(xJ) 

be the admissible open set of Xl E Xl. Then 

where Ua C Xl are disjoint open sets in Xl such that for each Q' 

is a homeomorphism. Obviously for a fixed Q' we have 

This implies that h' is continuous. Q. E. D. 

Proof of Proposition 13.1. : For the existence of the mapping 7 ' we need to show 

that for any X and Y E ~b if R(X) = R(Y) then 

7l" 0 7(X) = 7l" 0 7(Y). 

Let 
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x = {(nm, 1m)} and Y = {(n~, 1~)}. 

Since R(X) = R(Y), we have 

nm - nm-l = n~ - n~-l' 1m = 1~ and nm = n~ mod2. 

This implies that 

Therefore we obtain that 

00 

7r 0 reX) = 7r( n p-m Anm ,1m) 
m=-oo 

00 00 n ;:-m 0 7r(Anm,lm) = n ;:-m 0 7r(An~,I~) 
m=-oo m=-oo 

= 1f 0 r(Y). 

So r' is well-defined. On the other hand we can show that the mapping r' is 

injective. Suppose X, Y E L;b such that R(X) =1= R(Y). We also assume that X, Y 

have the same form as above. Without loss of generality we may assume that 

If 

io =1= i~ or no =1= n~(mod 2) 

then we have 
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Therefore we can assume that 

and 

io = i~, no = n~(mod 2). 

This assumption gives us 

7r(Ano io n FAn 1 i 1) n 7r(An' i' n FAn' I" ) = 0. 
t - , - 0' 0 -1' -1 

So we obtain that r' is injective. By Lemma 12. 2 we can see that r' : l.:b ~ A~ is 

a homeomorphism. Q. E. D. 

Using this Proposition we can show that a' and :F are conjugate. 

Theorem 13.1 The following diagram commutes. 

l.:' 
0" 

l.:' b 
-)0 

b 

1r ' 1r' 

A~ 
:F 

A~ -)0 

Proof: We need to show that this diagram commutes. For any x E l.:b there is 

X E l.:b such that 

R(X) = x. 

Using the relation between F and :F, Lemma 13.1 and Proposition 13.1 we 

have 

:F 0 r'(x) =:F 0 r' 0 R(X)) =:F 0 7rr(X) 
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= 7r 0 F 0 r(X) = 7r 0 r 0 O'(X) = r' 0 RO'(X) = r' 0 0" 0 R(X) = r' 0 O"'(x). 

Q.E. D. 

~~ is actually a sub shift of finite type. In the rest of this section we are going 

to determine the transition matrix for the sub shift of finite type ~~. Let us first 

consider the case that b is odd. From the definition of the mapping R it is not hard 

to see that there are b symbols of the form 

(2n, 0, 0), 

b + 1 symbols of the form 

(2n + 1,1,1), 

b + 2 symbols of the form 

(2n+1,0,1), 

and b + 3 symbols of the form 

(2n, 1,0). 

Let us call them symbols of type I, II, III and IV respectively. We can easily 

check that the type I can be followed by type I and I I, type I I can be followed by 

type III and IV, type III can be followed by type I and II, and type IV can be 

followed by type I I I and IV. Therefore the transition matrix for the subshift of 

fini te type ~~ has the form 
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where A, B, C, D, E, F, G and H are the matrices in which all the entries are equal 

to 1. Also these matrices have different sizes: A is b X b matrix, B is b x (b + 1), C 

is (b+1) x (b+2), Dis (b+1) x (b+3), Eis (b+2) x b, F is (b+2) x (b+ 1), G 

is (b+3) x (b+2), and H is (b+3) x (b+3). 

For even b the transition matrix II' has the same structure except that the sizes 

of the matices A, B, ... , H are different. These sizes can be obtained by exchanging 

band b + 1, b + 2 and b + 3. 

For the purpose of estimate the Hausdorff dimension of the horseshoes the 

following description of he symbolic dynamics is also useful. Let us consider only the 

case of odd b. We use vertices to represent transitions of above symbolic dynamics 

and edges to states of the system. This representation can be expressed by following 

graph. 

Figure 13. 1 

The incidence matrix of this graph is 
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Q = (bi l 
b+ 1 0 

o ) 0 b+2 b+3 
b 0 o . 
0 b+3 b+2 

Similarly for the even b the incidence matrix is 

Ctl b 0 

b~2 ) 0 b+3 
Q= b b+ 1 0 o . 

0 0 b+2 b+3 

Also for the purpose of the next section let us consider the largest eigenvalue 

L of the matrix Q. The next proposition gives a estimate of L. 

Proposition 13.2 Let b be any positive integer. Then the following inequality holds: 

L ~ 2b + 1. 

Proof: We consider a sub shift of finite type 2::~ C 2::b defined by the incidence matrix 

b+l 
o 
b 
o 

o 
b 
o 

b+l 

where b is odd. Let LS be the largest eigenvalue of Ql. Since 2::~ C 2::i" then the 

topological entropy of previous one is less than later, therefore we have L ~ LS. It 

is easy to see that 2b + 1 is the eigenvalue of Ql. For b even, one can obtain the 

similar result. Q. E. D. 

This inequality gives us an estimate of the topological entropy of the horseshoes, 

which is also important for the estimation of Hausdorff dimension. 
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§14. Hausdorff Dimension of A~ . 

Let us begin by the definition of the Hausdorff dimension. 

Definition 14.1. Let X be a metric space and Y C X a subset of X, for any 

positive number p, the p-dimensional Hausdorff measure of Y is 

00 

mp(Y) = sup inf I:[diamAi]P 
f i=1 

where inf is taken over all open covers {Ad of Y such that diamAi :; € for all i. 

The Hausdorff dimension of Y is 

H D(Y) = sup{p I mp(Y) = 00 } = inf{p I mp(Y) = 0 }. 

To estimate the Hausdorff dimension of the hyperbolic basic set Ak we are going 

to use the formula proven by Lai-Sang Young [Youn]. We formulate the Theorem 

as follows: 

Theorem 14.1. Let f : M ~ M be a GHa a > 0 diffeomorphism of a compact 

two dimensional Riemannian manifold M and let J.L be a f-invariant ergodic Borel 

probability measure with exponents Al ~ A2. Then 

whenever the right side of this equation is not equal to %. 

Note that in above formula H D(J-L) is the Hausdorff dimension of the measure 

J-L which is defined by 

H D(J.L) = inf H D(Y) 
YCM, J.I(y)=1 

and hJ.l(f) is the measure theoretic entropy of f with respect to measure J.L. 
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Based on above information the estimation of H D(Ak) can be done by the 

following way: We consider the standard map on the torus T2, F : T2 ~ T2. For 

any F-invariant ergodic Borel probability measure p with p(AU = 1 we have 

HD(AU ~ HD(p). 

By Theorem 14.1 we obtain an estimate as follows: 

Let us consider first some uniform estimate of the Lyapunov exponents >'1, >'2 

for the standard map F. 

Lemma 14.1. 

where 

N = 2k + 1. 

Moreover this estimate is independent of the invariant measure. 

Proof: Since det(DF) = 1, then by the general theory one has 

for any F-invariant measure p. Let us assume that >'1 ~ O. Now we only need to 

show that 

>'1 ::; log N. 

We let 



It is clear that 

A(x) = DFlz = (1- kcos27rx 1). 
-kcos27rx 1 

A(x)A*(x) 
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is positive definite, where A * is the transpose of the matrix A. If al 2:: a2 > a are 

the two eigenvalues of A( x )A * (x), then 

Again by the condition of det(DF) = 1 we have 

IIDFlzll ~ y'tr(A(x)A*(x)) = y'(1 - kcos27rx)2 + (kcos27rx)2 + 2 

where tr A is the trace of the matrix A. This implies that for any .r -invariant 

probability measure /-L the Lyapunov exponent ).1 satisfies 

>q ~ log N. 

Q. E. D. 

To estimate the measure theoretic entropy hll(F) we should go back to the 

dynamical system (~b' 0", /-L'), where /-L' is O"-invariant Borel probability measure 

on ~b' 

Since we have 
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L:b 
(7' 

L:b ~ 

1r' 1r' , 
A~ 

:F 
A~ ~ 

for any a'-invariant Borel probability measure /1' on L:~ one can derive a F-invariant 

Borel probability measure /1 on A~ by 

Therefore we have a F-invariant Borel probability measure /1 on T2. Note that if 

/1' is ergodic, then /1 is ergodic. Furthermore we have 

Let 

be a (4b + 6) x (4b + 6) stochastic matrix satisfying 

Pij > a if and only if 1fij = 1, 

where 1fij is the (ij)-entry of the transition matrix II' for L:~. It is easy to check 

that (Pij) is irreducible, therefore the system (L:~, a') with the invariant measure /1', 

which is induced by the stochastic matrix, is ergodic. Actually one can show that 

is mixing (see [Walt] ). 

Let P = (Pi) be a (row) probability vector such that 

pP=p. 



Then by [Walt] the measure theoretic entropy of this system is 

h/l,(a') = - LPiPij logpij. 
i,j 

One can rewrite this formula by 

h., (CT') = 2( p; ( - 2t p;; logp;;) . 

If we maximize this entropy we obtain 

- LPijlogpij ~ 10g(2b+ 1) 
j 

since for fixed i there are at least (2b + 1) non-zero Pij. From the fact 

LPi=1 
i 
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we obtain the following: There is a a'-invariant measure 11', which is induced by 

some stochastic matrix (Pij), such that 

h/l,(a') ~ 10g(2b + 1). 

Note that by using the Proposition 13.2 one can derive that the topological 

entropy of ~~ can be estimated from below by 10g(2b + 1). 

Combining these estimate we have 

Theorem 14.1. Let b = [~] - 2. Then we have 

lim HD(Ak) = 2. 
k-+oo 

Proof: Clearly we have 
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HD(Ak) ~ 2. 

Also we have 

HD(A'.) > h '(0")( ~ _ ~) > 2log(2b + 1). 
k - /l Al A2 - log(2k+1) 

Since we have b -+ 00 as k -+ 00 and k ~ (3 + b)-rr, it is easy to see that this theorem 

is true. Q. E. D. 

Remark: Similar method can be applied to show that 

lim HD(Aj;) = 2. 
k-oo 
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§15. Elliptic Periodic Points of the Standard Map. 

In the previous sections we study the hyperbolic properties of the standard 

map. It seems that the hyperbolic orbits dominate the behavior of the standard 

map with the large values of parameter. In this section we are going to show that for 

certain values of the parameter the map has elliptic periodic orbits on the cylinder 

and the set of all these values has infinite measure. First we give a lemma which is 

important for us to find the elliptic periodic orbits. 

Lemma 15.1 If a matrix A has following form 

A = (l~pP i) 
where 0 < p < 4, then we have 

-2 < trA2 < 2 

where tr B is the trace of matrix B. 

Proof: It is easy to compute the A 2 

A2 _((1- P)2- P 2- P ) 
- -p(2 - p) 1 - p . 

Then 

trA2 = (1 - p? - 2p + 1 = (p - 2)2 - 2. 

Since 0 < p < 4, then we have -2 < (p - 2)2 - 2 < 2. Q.E.D. 

We Look for the periodic points with period 2 of the standard map on the 

cylinder. We require that those orbits have the form 

F(a,2a) = (-a, -n - 2a) and F( -a, -n - 2a) = (a, 2a) 
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where 0 < a < i and n is a positive integer. Now we are looking for the condition 

for existence of such periodic orbits. 

Since 

k k 
f(a,2a) = (a + 2a - ?sin27fa,2a - ?sin27fa) 

~7f ~7f 

and 

k k 
f( -a, -n - 2a) = ( -a - n - 2a - 27f sin27f( -a), -n - 2a - 27f sin27f( -a) ). 

It is not hard to see that the condition for these two points to be a periodic 

orbit with period 2 on the cylinder is that 

k 
2a - -sin27fa = -n - 2a. 

27f 

On the other hand, by Lemma 14.1 this orbit is elliptic if and only if 

° < kcos27fa < 4. 

Let u = kcos27fa. We define a function Gn which depends on u and a 

u 
Gn(u, a) = n + 4a - 27f tan27ra. 

Therefore, for every (u,a) E (0,4) x (O,~) such that Gn(u,a) = 0, (a,2a) is an 

elliptic periodic point with period 2. It is easy to see that such (u, a) always exists 

for every positive integer n. In other words, for any u E (0,4) there is a E (0, i) 
such that Gn ( u, a) = 0. By estimating the range of the parameter k, we have 

Theorem 15.1 There is a sequence of pairwise disjoint intervals In C R such that 

if k E UnIn then the standard map with this value of parameter has elliptic periodic 

points with period 2. Moreover, we have 
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where m is the Lebes9ue measure on the real line. 

Proof: Since 

aGn 2 
aa = 4 - usee 27ra, 

for those (u, a) such that G(U, a) = 0 we have 

aGn = 4 _ 27r(n + 4a) 
!:) < O. 
va sin27raeos27ra 

By Implicit Function Theorem, a is a function of u, so is k since k = -'2-1 
-. We 

cos 1I"a 

define 

then 

dk 4-u 
---~~<O. 

du eos?7ra aGn 
~ aa 

This implies that 9n( u) is a decreasing function of u on (0,4). From the equa

tion Gn(u,a) = 0 it is clear that a ~ i as u ~ o. So we have 

lim 9n(U) = lim .27r =27r(n+l). 
u ..... o+ a ..... 1 szn27ra 

4 

If we let an E (0, t) such that Gn{ 4, an) = O. Then by continuity we have 

We need to estimate 



gn(O + 0) - gn(4 - 0) = 27r(n + 1) - ; = 27r(n + 1) _ 27r(~. + 4an) 
COS~7ran szn27ran 

from below. Since 27r(n + 4an)cos27ran = 4sin27ran, we have 

This gives us 

_ 16{7r2 (2n + 4an + 1)(~ - an) -1} 

- 27r(n + 1) + J16 + 47r2(n + 4an)2' 
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Note that an -t t as n -t 00. This implies that for any € > 0 there is aN> 0 

such that for n > N we have 

1 1 1 
- - a > (- - €)tan?7r(- - a ) 4 n - 27r ~ 4 n 

1 1 
= (--€)---

27r tan27ran 
Since n + 4an = 2~ tan27ran, we have 

1 1 4 
'4 - an 2: (27r - €)27r(n + 4an)' 

This inequality implies that for large n there is constant c such that 

Therefore we obtain that 

+00 
2)gn(0 + 0) - gn(4 - 0)) 
n=l 

converges to the infinity. Q.E.D. 
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