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Abstract 

Various results concerning the spectra of the Ising model in a strong transverse 

field and the anisotropic Heisenberg antiferromagnet are proved. It is proved that 

the ground state energy of the Ising model in a strong transverse field in all dimen

sions converges to its infinite volume limit exponentially with a specific power law 

correction. It is also proved that this model in all dimensions has continuous spec

trum in the infinite volume limit. For the anisotropic Heisenberg antiferromagnet 

it is proved that in dimensions of at least two, the energy spectrum contains a con

tinuous part in the infinite volume limit. All results are obtained by perturbation 

theory using polymer expansions. 
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CHAPTER 1 

Introduction 

1.1 Quantum Spin Systems 

Quantum mechanical spin systems consist of spins on a lattice which interact via 

the laws of quantum mechanics. Such systems have been studied since the inception 

of quantum mechanics. One such model, the isotropic Heisenberg antiferromagnet, 

provided the context for the first many-body problem solved in quantum mechanics 

[3]. These models form a basis by which to understand such physical phenomenon 

as ferromagnetism and antiferromagnetism. While exact solutions of the models 

are possible in some cases, it has proved fruitful to analyze the models by way of 

expansions in many cases. The models which I consider here are all perturbations 

of simpler models, and the results are driven by the small parameter which controls 

the perturbation. 

A full designation of a quantum mechanical spin system consists of at least 

three elements. First, there must be the designation of the lattice on which the 

spins reside. The vertices of the lattice are the sites at which the spins are fixed in 

space, and the edges are the bonds which connect interacting sites (at least in the 

models with only nearest neighbor interactions). There are models in which there 

is no lattice (i. e., the spins are located in some continuous space), but I do not 

consider such models here. Second, there must be the designation of the value(s) 

of s for the spins. A spin behaves like a quantum mechanical angular momentum, 

and the value of the quantum number s is related to the magnitude of the "angular 

momentum" which is the spin. In all of the models which are considered here all 
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of the spins have s = 1/2; that is, all of the spins are spin-l/2 particles. The 

spin-l/2 particles can be represented by vectors in C2. There are three operators 

aX, aY and aZ which, together with their commutation relation 

(1.1) 

are of central importance to the subject. For each spin the state space is spanned 

by the set of common eigenvectors of the operator a2 def (ax )2 + (ay)2 + (az )2 

together with one of the three ai operators. It is most common to use the operator 

a Z as the second operator, and I will always use this choice here. Let Is, m) be an 

eigenvector of both a2 and a Z
; then 

a2 ls, m) = s(s + 1)ls, m), (1.2) 

and 

(1.3) 

The value of s can only be a nonnegative integer or half-integer, and for a fixed 

value of s the values of m are in {-s, -s + 1, ... ,s - 1, s}. For any particle 

the value of s is unique, but the particle's state can be a linear combination of 

a Z eigenvectors. Because I will only consider spin-l/2 particles hereafter, I will 

no longer indicate the value of s in the eigenvectors, and I will use the notation a 

(where a = 2m) to denote the eigenvalues of aZ
, and la) to denote the eigenvectors. 

The third element in the designation of a quantum mechanical spin system 

is the Hamiltonian. This operator contains the interactions between the spins on 

the lattice as well as any external interactions involving the spins. The Hilbert 

space on which the Hamiltonian acts (for spin-l/2 particles) is the tensor product 

space ®iEA C 2. Along with the Hamiltonian there is a designation of the boundary 

conditions for the model. 

A picture of spin-l/2 models which helps in understanding them (though 

it is not entirely accurate) is to imagine an arrow at each lattice site which points 

in either the positive or negative z direction (if the states are eigenvectors of a Z
). 
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If a = +1 (respectively, a = -1), then the arrow points in the positive (negative) 

direction, and is said to be an "up" ("down") spin. In this basis, the spin operators 

have the following representation: 

aX = (0 1), aY = i (0 -1), and aZ = (1 0). (1.4) 
1 0 1 0 0 -1 

The action of the aX operator will appear later, so we present it once here for 

completeness. In the usual basis 

aX I - 1) - I + 1) 

aX I + 1) I - 1). 

Put in terms of the picture described here, aX simply "flips" a spin. 

(1.5) 

(1.6) 

There are a couple of operators besides aX an? aY which will appear. These 

operators are a+ and a-, and are defined by 

(1.7) 

The action of these operators on the eigenvectors of a Z are 

a+1 + 1) 0 (1.8) 

a+l- 1) 1+1) (1.9) 

a-I + 1) 1-1) (1.10) 

0--1- 1) o. (1.11) 

In terms of the simplified picture described above, a+ (respectively, 0--) annihilates 

an up (down) spin, and "flips" a down (up) spin. 

1.1.1 Statistical Mechanics of Quantum Spin Systems 

The application of the techniques of statistical mechanics to quantum mcchnical 

spin systems also yields many interesting results. A characteristic feature of statis

tical mechanics is that in the given model, various quantities are often considered 
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in the infinite volume (i.e., infinite numbers of spins) limit. This limit contains 

many of the physical results which are found in the laboratory. All of the results 

in this thesis are derived by way of convergent expansions in the infinite volume 

(or thermodynamic) limit. 

In statistical mechanics we always begin with a Hamiltonian HA and a 

finite lattice A, and calculate the partition function ZA(f3) as defined by 

(1.12) 

where f3 is equal to the inverse temperature. The free energy FA(f3) is also often 

of interest, and is defined by 

(1.13) 

Finally, the expected value of an observable (or self-adjoint operator on the Hilbert 

space) (] is 

(1.14) 

The thermodynamic limit of either of the quanti ties I~I FA (f3) or E A,{3 ( (]) 

is the limit-where the size of the lattice goes to infinity (i.e., IAI ~ (0). The zero 

temperature limit of these quantities is the limit f3 ~ 00. The existence of the 

thermodynamic and zero temperature limits of the quantities found here will be 

proved by means of expansions. 

1.1.2 Spectrum in the Thermodynamic Limit 

The application of perturbation theory to the quantum mechanical spin models 

in the thermodynamic limit is of a somewhat unusual nature. While the Hamil

tonian operator is clearly an unbounded operator in the infinite volume limit, a 

more fundamental problem exists in analyzing the spectrum of the operator in that 

limit. This problem is that the Hamiltonians are not defined in the infinite volume 
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limit because the Hamiltonians are (infinite) sums of operators. Thus the stan

dard Rayleigh-Schrodinger perturbation theory does not apply. There are several 

methods which have been invented to do perturbation theory in the ground state 

for these models. 

Two methods which I have not used here are a method developed by 

Kirkwood and Thomas [15] and a method developed by Albanese [1, 2]. The 

Kirkwood-Thomas method proceeds by writing the ground state 

1JI def E lJI(E, CTA)ICTA) (1.15) 
G'A 

as 

(1.16) 

where ICTA) denotes the state of the spins on the lattice A. This can be done 

(for some models) with a real-valued function F because there is a basis in which 

the lJI(E,CTA)'S are positive (which can be shown by a Perron-Frobenius argument). 

The method proceeds by expanding the F(E, CTA)'S in power series and using the 

eigenvector equation to solve for the coefficients of the terms in the expansion. 

The Albanese method uses what is called a "dressing transformation", 

which takes the ground state for E = 0 into the ground state for non-zero E. If we 

let 10) denote the ground state for E = 0, and let H€ be the Hamiltonian, then the 

unitary dressing transformation T( E) satisfies the following property: 

(1.17) 

for small enough E, and EO(E) depends only on E. The dressed Hamiltonian can be 

written as 

(1.18) 

where S is the (diagonal) unperturbed operator, and V annihilates the ground 

state. Various bounds can then be obtained on V which permit perturbation 

theory to proceed in the infinite volume limit. Some of the results on the existence 
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of continuous spectrum as discussed in Chapter 3 may be obtainable through the 

use of this method [2]. 

The methods which I use here rely heavily on so-called polymer expansions. 

These expansions are based on writing the partition function in question (or any 

of the other quantities of interest) as a gas of interacting geometrical objects (such 

as connected sets of bonds 9r plaquettes) with small activities. In general, the 

Hamiltonian acting on spins on the lattice A is of the form Ho + €p, where Ho is 

diagonalizable, and P is the perturbation. The partition function is then 

Z = Tr {exp [-fj(Ho + €P)]} , (1.19) 

and using a slight variant of the Trotter product formula we obtain 

Z = lim Tr {[exp( -Ho/N)(l - €P/N)tf3 }. 
N-+oo 

(1.20) 

If we restrict the values of fj to the rationals, then for a sequence of N, N fj is an 

integer. Then we can write the trace as a sum over basis vectors, and we can also 

insert a sum over states between each pair of adjacent factors in the product of 

N fj terms. Doing that, the partition function can be written as 

f3-1/N 
Z= lim L II ('l/Jd exp(-Ho/N)(l-€P/N)I'l/Ji+l/N), 

N -+00 .1. .1. . 0 
,/,O''''',/,{J-l/N 1= 

(1.21) 

where 'l/Jf3 def 'l/Jo. Finally, using the fact that Ho is diagonal in the basis, 

f3-1/N 
Z= lim L II exp(-hh/N )('l/JiI 1 -€P/NI'l/Jj+l/N), 

N -+00 .1. .1. . 0 
,/,O''''',/,{J-l/N 1= 

(1.22) 

. def 
where exp( -h'o/N) = ('l/Jjl exp( -Ho/N)I'l/Jj)· 

Now, each of the terms in (1.22) can be interpreted as a set of geometrical 

objects on A x 3, where 3 = {O, l/N, ... ,fj - l/N}. This new lattice in one 

dimension more than the dimension of A can be pictured as a set of copies of A 

spaced apart by a distance of 1/ N. The "extra" direction 3 is often called the 
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time direction. The geometrical objects on this new lattice which are in the sum 

(1.22) are the polymers. The expansion for the logarithm of the partition function 

is a series over sets of polymers, and involves a function of the polymers known as 

the connected part of the potential. The connected part of the potential derives 

from the interaction of the polymers coming out of (1.22). The usual interaction in 

(1.22) is a hard-core interaction which follows from the fact that the polymers are 

connected, and hence cannot intersect one another. Each of the sets of polymers 

in the sum is called a cluster. A typical polymer expansion for the logarithm of 

the partition function is 

00 

InZ = L L J((Xr) ... J((Xn)U(X1 , ... ,Xn), (1.23) 
n=l Xl, ... ,Xn 

where the Xi'S are polymers, the J((Xi)'s are the weights of the polymers, and 

U is the connected part of the potential. The existence of such expansions relies 

on the fact that € is small. When the original potential in (1.22) is a hard-core 

interaction, U will be zero unless the polymers overlap (i. e., the clusters consist of 

connected, overlapping sets of polymers). In the general setting these expansions 

usually allow us to conclude that the zero temperature and thermodynamic limits 

exist (see the appendix for a discussion of these standard results). In the present 

dissertation, these expansions are used as a means to get all of the results. 

Aside from the perturbative methods, there have also been some exact 

results in the study of quantum spin systems. All exact results in quantum spin 

systems have been in one space dimension (apart from the classical Ising case). As 

mentioned previously, the earliest results in many-body quantum mechanics were 

Bethe's calculation of the ground state of the Heisenberg antiferromagnet in one 

dimension [3], and Hulthen's subsequent calculation of the ground state energy 

per site in the same model [12]. A portion of the spectrum of the Heisenberg 

antiferromagnet has been found by Des Cloizeaux and Pearson [10] who generalized 

the Bethe-Hulthen result. For the anisotropic Heisenberg antiferromagnet, there 

are similar results by Des Cloizeaux and Gaudin [9] and Tellenbach [21]. 
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The XY model is another model for which some exact results in one di

mension have been found. This model has the following Hamiltonian: 

H = L(1 + ,)aiai+1 + (1 - ,)aYaY+1 - Bai, (1.24) 
i 

and the spins have s = 1/2. The interaction between spins is only in the xy 

plane, and any magnetic field is perpendicular to the plane. Lieb, Schultz, and 

Mattis were the first to diagonalize the Hamiltonian (1.24) for the case B = 0 

[17]; Niemeijer [19] generalized their method to the B f:. 0 case. The method in 

either case relies on the lordan- Wigner transformation. This transformation has 

the effect ofrewriting (1.24) as a one-dimensional system offree fermions (although 

in actuality there is a boundary term which needs to he dropped first). One of 

the models considered in Chapter 3 is the Ising model in a transverse field, which 

is a special case of the Hamiltonian (1.24). While our results are not obtained 

by exact solution methods, we are able to obtain results on the spectrum of this 

Hamiltonian in dimensions greater than one. 

1.2 Introduction to the Results 

All of the results in this dissertation concern features of the spectrum of quantum 

mechanical spin systems in the thermodynamic limit. For finite lattice sizes, the 

problem of finding the spectrum of these systems is simply one of diagonalizing 

matrices. For a Hamiltonian H acting on spins on a finite lattice A the spectrum 

consists of those values of E which satisfy the eigenvalue problem 

Hlw) = Elw) (1.25) 

for some vector Iw) in the Hilbert space. By taking the inner product of a vector 

IW/) with a vector satisfying (1.25), this problem is easily rewritten as a problem 

in diagonalizing 211\1 x 211\1 matrices. However, this definition becomes difficult to 

work with when IAI -? 00. The strategy which I will follow is based on the fact 
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that the free energy of a system at zero temperature is equal to the (internal) 

energy of the system. Thus, after calculating the free energy (per unit volume) for 

a finite system, I take the zero temperature limit followed by the infinite volume 

limit. 

The model considered in the second chapter of the dissertation is the 

Ising model in a strong transverse field. The main result of that chapter concerns 

the convergence of the finite volume ground state energy per site to its infinite 

volume limit. The ground state energy in a finite volume is defined to be the 

lowest eigenvalue of (1.25). As the thermodynamic limit is taken, this eigenvalue 

(divided by the number of sites in the lattice) converges to a limit; and this limit 

is the ground state energy in the infinite volume. These two results are standard 

results in the theory of polymer expansions. The new result which I will prove 

here is a statement about the rate of convergence - namely, that the convergence 

is exponential with a specific power law correction, e-eL / Ld/2, where L is the 

"diameter" of the lattice, ~ > o. This result is potentially important in finding the 

value of ~ (which is also the correlation length) numerically for this model because 

the numerics are usually limited to rather small lattice sizes. It will also be shown 

that the same asymptotic behavior is true for the space correlation functions. That 

is, the correlation function (aoafe) (where ej is one of the unit axes in the lattice, 

and l is an integer) is asymptotically equal to e-e1/ld/ 2 for the same value of ~ as 

above. 

The main method used in proving the aforementioned result is an appli

cation of a method developed by Bricmont and Frohlich [6] for classical systems to 

the quantum mechanical system. The difference of the free energy per unit volume 

in finite volume and its infinite volume limit can be analyzed using the techniques 

of Bricmont and Frohlich in a classical approximation to the quantum mechanical 

system, and then taking the appropdate limit. This method yields a result for the 

given difference whose asymptotic behavior can be extracted by standard methods. 
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For the third chapter of the dissertation, I consider the problem of ana

lyzing the spectrum of a quantum mechanical spin system in the infinite volume 

limit. As mentioned previously, this requires the study of an unbounded operator 

in a setting where the operator is no longer defined. While the Hamiltonian is un

defined in the infinite volume limit, the states are well defined. We can define an 

infinite volume thermodynamic state as a functional w(·) acting on a C* -algebra 

of operators known as the quasi-local observables. The values of the functional 

are called the expectations of the observables in the state. The expectations of 

observables can also be defined in finite volumes, and we take the limits of the 

finite volume expectations to get their infinite volume values. A ground state is a 

functional w which has the following property, 

w(O*[H,O]) ~ o. (1.26) 

See [4] and [5] for details. Typically, once we have an expression for the infinite 

volume expectation at any temperature, we can find the expectation in the ground 

state by letting the temperature go to zero. 

We usually can study the time evolution of an expectation by using the 

time-dependent operator eiiIl Oe-iill , where ° is the observable and H is the 

Hamiltonian. Although H is not defined in the infinite volume limit, for real values 

of t, the operator eiilI Oe-itll is well defined [5]. To get some information about 

the spectrum in the ground state we could calculate the quantity w( O*eiilI Oe-iill). 

However, for the expansions in our calculations to work we must calculate the above 

in purely imaginary t. Unfortunately in imaginary t the quantity has the disadvan

tage of not being defined for all temperatures. What makes the method work in 

this case is that the system is in the ground state; requiring the limit f3 ~ 00 (with 

f3 equal to the inverse temperature). When we evolve the observable in imaginary 

time we can use the usual approach to find an expectation, first rigorously done 

in [11], of writing a quantum mechanical spin system as a classical spin system 

in one additional dimension. Nonetheless, the quantity w( O*e- tll OetIl) can yield 

information about the spectrum. If the preceding quantity could be calculated for 
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all observables in the algebra for all t, we could regain the complete spectrum. 

Unfortunately, that is not always possible. In this dissertation, however, we do 

perform this procedure for one observable and large t, and thus can obtain some 

information about the spectrum of H near the ground state energy. 

The approach which we take to this problem for the two models described 

in the third chapter of the dissertation will be to write all of the quantities which 

we need in a finite volume and at finite f3, and then proceed to the infinite volume, 

infinite f3 limits. The expansions we develop are based on the work done by Bric

mont and Frohlich [6] on classical spin systems, except that in our case one of the 

dimensions is continuous. The two models which appear in the third chapter are 

the spin-l/2 anisotropic antiferromagnetic Heisenberg model in dimensions greater 

than or equal to two, and the ferromagnetic Ising model in a strong transverse field 

in dimensions greater than or equal to one. We will show that in the infinite volume 

ground state of both of these models, the spectrum above the lowest energy level 

contains a continuous part and is separated from the lowest level by an energy gap. 

The existence of an energy gap has been shown previously [15, 22, 20, 1, 14]. In a 

finite volume, the energy level above the lowest level is N-fold degenerate in both 

unperturbed models. What we have shown is that under the perturbation, in the 

infinite volume limit, these levels spread into a continuous band of energy levels. 

For the dimension equal to one, various exactly solvable models have been shown 

to have continuous spectrum [18], but our results are valid for dimensions greater 

than (or, depending on the model, equal to) one. We cannot rule out bound states 

within the continuum because we can only do the calculations with the single ob

servable 0"0; and to get all of the spectrum would require doing the calculations 

with all observables for all values of t. I will comment on the effect which other 

observables might have on the spectrum, as well as the difficulties encountered in 

getting a result with other observables in the last section of the chapter. 
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CHAPTER 2 

Convergence to the Ground State in the Thermodynamic Limit 

2.1 Preliminaries and Statement of the Theorem 

In this chapter we will consider the Ising model in a strong transverse field. We 

define the model by giving the Hamiltonian of our system as well- as the Hilbert 

space on which the Hamiltonian acts. The Hilbert space is the tensor product 

space of IAI copies of C 2 , and the Hamiltonian acting on this Hilbert space is 

HA = -<r:aiaj + L)ai + 1). (2.27) 
(ij) i 

where the sum is over nearest neighbor pairs of sites (ij) on the lattice A with 

periodic boundary conditions, and the a's are the usual Pauli spin operators. 

Throughout this chapter the lattice A will be {I, ... ,L}d. We will develop an 

expansion for the free energy of this system in the ground state and intend to 

analyze its convergence asymptotically as L -+ 00. As a preliminary step we apply 

a unitary transformation which rotates every site about the y axis by 7r /2 radians. 

After this transformation (2.27) becomes 

HA = -€ I: aiaJ - I:(ai - 1). (2.28) 
(ij) i 

Since A is completely determined by L, we will designate HA by HL hereafter. 

The free energy per site is defined by 

(2.29) 
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with 

(2.30) 

where the sum is over all configurations of the spins on the lattice. The infinite 

volume limit of the function h is of interest here, and we will denote the limit 

(which we will show exists) by foo. 

The theorem which we will prove in this chapter follows. 

Theorem 1 For the Hamiltonian given in (2.27) in dimensions d ~ 1, for suffi

ciently small €, there are functions hand f 00 which depend on d and € such that 

h(fJ) (defined in (2.29)) approaches h as fJ --? 00, and, in turn, h approaches 

foo as L --? 00. There exists a ~ > 0, which depends only on d and €, such that the 

convergence of h is asymptotically given by 

(2.31) 

as L --? 00. The quantity on the left-hand side is asymptotic to that on the right

hand side in the sense that there are strictly positive constants p and q < 00 such 

that the left-hand side is bounded below (respectively, above) by p (q) times the 

right-hand side. 

2.2 The First Expansion 

Using a slight variant of the Trotter product formula we begin the first expansion 

of ZL: 

(2.32) 

We choose the usual complete set of basis vectors {/w)} where O"i/w) = O"dw) with 

O"j = ±1 (if O"j = +1, the spin at site i is "up"; if O"j = -1, the spin at site i is 
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"down") for each i E A. By inserting a sum over the set of basis vectors between 

each of the N {3 factors in the product, the right hand side of (2.32) becomes 

(2.33) 

with IW/3) def Iwo). The exponential terms are diagonal in the basis, so we now 

have 

(2.34) 

where (Ji(t) is the value of the spin at site i at time t. 

We will denote by 2 the time axis (= {O, tt, ... ,{3 - tt } ). Each term in the 

sum (2.34) has a geometrical interpretation in terms of bonds in A x 2. The ground 

state of the unperturbed Hamiltonian has all of the spins in the "up" direction. If 

we consider only those spins in the "down" direction (i. e., those not in the ground 

state), then we can describe the terms in the sum by the "paths" of these spins 

in A x 2. If spin i is out of the ground state at time t, then it will appear in 

(2.34) with a factor of exp( -2/N), and we will associate the bond from (i, t) to 

(i, t+ liN) with that spin. When a (Ji(Jj term flips a pair of nearest neighbor spins 

then we will associate with the bond connecting the two sites a weight of €/ N in 

(2.34). Thus, every term in (2.34) corresponds to a set of bonds in A x 2. It is 

easily seen that each such set of bonds has no boundary, or, equivalently, every 

site must touch an even number of these bonds. Bonds parallel to the 2 axis we 

call time bonds, while those connecting sites in A we call space bonds. 

We can now write (2.34) as a sum over sets of bonds in A x 2. The sets of 

bonds are partitioned into connected components called contours. As mentioned 

above, contours have no boundary, and thus, under periodic boundary conditions 

of Ax 2, all contours are closed paths, or loops. When we rewrite Z L as a sum over 

contours there will be the constraint that there can be at most one space bond at 
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each t value. The constraint on the sum follows from the following observation: 

the off-diagonal factors in (2.34) (i.e., those associated with the space bonds) are 

given by 

1 if Wt = Wt+-k 

~ if (W t lafajl Wt+-k) = 1 for a single (ij) E A*' 

o otherwise 

where A*' indicates the set of bonds of the lattice A. 

(2.35) 

We therefore associate to each contour w a weight WL(w) composed of a 

factor of exp( -2/N) for every time bond in w, and a factor of f./N for every space 

bond in w. In terms of contours and their weights, (2.34) is now a weighted sum 

over sets of contours in A x 3: 

(2.36) 

where E is a sum over allowed disjoint sets of contours in A x 3, and WL(n) is the 

product of the weights of the contours in n. Aside from the requirement that all 

contours have no boundary, the allowed sets of contours which occur in the sum 

are those for which at most one space bond exists at each t value. The magnitude 

of the difference of the sum with the constraint (of at most one space bond at each 

time) and that without the constraint vanishes as N increases [13], and thus we 

may replace the constrained sum with an unconstrained sum. 

To proceed, we need to show that an expansion exists for the logarithm 

of (2.36) in the zero temperature limit. This can be done by the application of a 

result by Kotecky and Preiss [16], in which they prove that there is a convergent 

polymer expansion if the following condition holds for the weights of the polymers 

WL(w). Let S(w) be the number of space bonds in w, and let T(w) be the number 
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of time bonds in w. In terms of (2.36) the condition which must be satisfied is that 

for a constant p < 1, for each contour wo, 

I: WL(w)e1wl :::; plwol, (2.37) 
w:wonw=l0 

where Iwl = S(w) + T(w)/N. This condition has been proved to hold for the 

model under consideration by Schorr [20] and Kennedy [13]. The expression for 

Iwl is chosen for the following reasons. Because every contour is a loop, there are 

an equal number of space bonds and time segments (i. e., connected time bonds 

uninterrupted by space bonds). Because of this, we can "transfer" the l/N factor 

from each space bond to one of the time segments; allowing us to assign a weight of 

€ to each space bond, and a weight of exp( -2(1ength)/ N)/ N to each time segment. 

We therefore have a convergent polymer expansion which can be written 

In ZL(fJ) = lim I: <1>(0), 
N-+oo n 

(2.38) 

where 0 is a set of connected contours or a polymer, and <1>(0) is the product of 

the weights of the component contours multiplied by the connected part of the 

potential. If we let 100 = limL->oo lim,B-+oo W In Z L (fJ), then we must now consider 

the difference 100 - iL, where iL is defined in (2.29). In order to simplify the 

notation, we will take the limits to be implicit where necessary, and refer back 

to them only when required. Any expression for 100 must fix the location of the 

polymers, and hence we define the corners of a polymer to be the points on the 

polymer where a time segment is connected to a space bond. Any polymer which 

has non-zero weight in the limit has at least four corners, and so if we order the 

sites of the lattice, we are able to define Co(O) to be the first corner in O. We write 

the two quantities in the following form: 

and 

~ 1 C IL = L.J fJLcl VL (O)WL(Wt) ... WL(wn ) 

n={Wl, ... ,W,,} 

100 = 
n={Wl,""W,,} 

co(n)=o 

(2.39) 

(2.40) 
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Note that the connected parts of the potential in (2.39) and (2.40) are not the 

same functions. 

At this point the lattice is still A x 3, but in order to simplify things 

somewhat in the following we will do the calculations as if the {3 -+ 00 limit has 

already been completed. However, since the {3 -+ 00 limit is done before the 

L -+ 00 limit, it is easy to check in the following ~hat the convergence of h to 100 
is unaffected by this change. With that in mind, the difference of the two hand 

100 consists of the terms which appear in only one of either the infinite volume, 

or the given finite volume. Let CL be the polymers which have non-zero weight 

in the finite lattice and zero weight in the infinite lattice. Also let Coo be the 

polymers which have non-zero weight in the infinite lattice and zero weight in the 

finite lattice. Now 

1/00 - hi = (2.41 ) 

where 

{ 

VG(O)8 Vc(O) = 00 co(n),O 

-bVP(O) 
(2.42) 

and 

(2.43) 

In order to extract information about the asymptotics of the convergence of h 
to 100' we must be able to estimate the quantity in (2.41). We will be able to 

calculate the asymptotic behavior of the right hand side of (2.41) as L -+ 00, and 

then we will have proved the theorem. 

We next determine which polymers are in the sum in (2.41). First, the 

polymers which Coo contributes to the sum are those which are not valid polymers 

in the lattice of size Ld, but which are valid polymers in lattices of all sizes at least 
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Lg for some Lo > L. It is important to note that this set of polymers is included in 

the set of polymers n for which diam(IlA(n)) > L, where llA(n) is the projection 

of n onto A. Second, the only polymers which .cL contributes to the sum are those 

which, in the periodic extension of A, are infinite paths (i.e., polymers which wrap 

around A). We will call the polymers which have this property ribbons. Note that 

there are also contours which are ribbons; when we need differentiate between the 

two we use the terms ribbon polymer or ribbon contour. The asymptotic behavior 

of the sum (2.41) will be determined by those polymers which have the largest 

weights as L -+ 00, and therefore we must now estimate the relative weights of the 

two sets delineated above. 

When n E .coo we can find an upper bound for the sum of weights of these 

polymers by finding an upper bound for the sum of weights over the polymers whose 

projection in A has a diameter greater than L. Thus, we will use the following 

bound 

L VC(n)W(n) $ 
O:OEi.:oo 

L 
O:Co(O)=o 

OEDL 

v~(n) IIW(wi), (2.44) 
i 

where DL = {nldiam(I1A(n)) > L}. The right-hand side of the preceding can be 

bounded as follows. Since every polymer in the sum belongs to D L , there are at 

least 2L space bonds in every n. With each of these space bonds there is a factor 

of E which appears in the weight of the polymer for a total weight of, at most, E2L. 

The final bound which we find is 

L VC(n)W(n) $ O(ELe-JJL ), (2.45) 
o:oni.:oo :f0 

where J-L can be made as large as desired by taking sufficiently small E. 

When n E .cL , the polymer is a ribbon. Let Pi be the winding number in 

the ith direction of a given ribbon. Given the winding numbers of a ribbon, it is 

easy to see that a ribbon has at least L(lpll + ... + IPdl) space bonds. However, 

if one of the contours in a ribbon polymer is not a ribbon itself, then the polymer 
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must have at least 2L(lPll + ... + IPdl) space bonds. The ribbons which include 

exactly one ribbon contour and have only a single Ipd = 1 and the other pi's equal 

to zero will be the leading order contributions to the sum (2.41), while all the other 

ribbons will have higher order contributions which we will simply bound. Let n2 

be the set of ribbon polymers which do not include exactly one ribbon contour or 

which have Ei Ipd 2 2. From the discussion above it is clear that these ribbons 

will have at least 2L space bonds. The bound on the sum over polymers in n2 can 

then be found in a way similar to the bound (2.45), which yields 

L VC(n)W(n)::; O(€Le-JlL). (2.46) 
n:nnnd0 

2.3 The Second Expansion 

The only terms from (2.41) which have not yet been considered are ribbons in 

CL \ n2, which are those terms contributing to the leading-order behavior of the 

sum. The only polymers in Cr, \ n2 are those which include exactly one ribbon 

contour which winds around A in only one direction. Our next step is to consider 

the lowest energy polymers which are in this group. We will find that the polymers 

in this group can be characterized by their projections on the single axis in the 

direction of their sole non-zero winding number. Following [6], we will develop a 

new expansion in a single dimension whose asymptotic behavior as L ~ 00 can be 

found. 

The polymers which have not yet been included in either of the bounded 

sums (2.45) or (2.46) will have one ribbon contour with IPil = l5ij for some j. Let n{ 
be the set of ribbon contours for which Ipd = l5ij . Let Pj(1') denote the coordinates 

of a point in the projection of A onto the hyperplane orthogonal to ej, and let 1'j 

denote the ph coordinate of a point in A. Also let (Pj (T), 1'j, t) denote the full set 

of coordinates of a point in A x B. Each of the ribbon contours in n{ goes from 

(Pj (l'), 0, t) to (Pj (1'), L, t) for some value of Pj (1') and t. We can fix the location 



28 

14. 
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L ____ _ 

. -: ................................................................ » 
X 

Figure 2.1: A typical ribbon contour in d = 1. The excitations are enclosed by the 
shaded boxes. Because of the periodicity of the lattice, the left and right ends of 
the ribbon are actually the same point. 

of the polymers if we always make Pj(r) = 0 and t = O. Geometrically, a polymer 

which has one of these ribbon contours will appear as a path with other contours 

overlapping with it (see figure 2.1, which depicts a single ribbon contour only). 

The lowest weight which such a polymer can have occurs when the ribbon contour 

goes straight across the lattice. However, in the quantum mechanical case, the 

time direction is continuous, and there is a zero probability that the ribbon does 

not change its:::; value at every lattice site which it touches. The typical ribbon 

contour will therefore have some non-zero time segment at every such lattice site. 

Thus the lowest energy polymers must be those which have single ribbon contours 

whose projections onto A go straight across the lattice (i. e., without any back

or side-tracking), and the excitations are those portions of the contour in which 

back- or side-tracking occurs. Let I1j(n) be the projection of any polymer n onto 

the ith axis in A (which will be denoted be ej hereafter). Consider a fixed interval 

X = (m, m + 1] in I1j(n). If the set I1i1(X) n n contains more than one space 

bond, then we will say that X is in the set of excitation intervals of n. 



define 

29 

Let Wo E f2 be the n{-ribbon in the polymer f2. For any interval X in ej, 

K(X,wo) = 
n:nnwo#0 
lli(fl)=X 

-¢(f2), (2.47) 

where ¢(f2) is the same function defined in (2.38). Because TIi(f2) = X, there are 

at least 21XI space bonds in f2, and thus it is easy to see that K(.,wo) is bounded 

by 

(2.48) 

where J-l > 0 can be made as large as desired by taking € sufficiently small. Since 

K(X,wo) is small we define k(X,wo) by 

exp K(X, wo) = 1 + k(X, wo). (2.49) 

Those elements of Wo for which have their projections in the excitation intervals of 

wo, we call the excitations of wo, and we denote the excitations of Wo by E(wo). Let 

the terms in sum on the right-hand side of (2.41) which contain exactly one ribbon 

contour in n{ (for some j) be denoted It. In terms of these new definitions, It 
IS 

d 

f~l L L vV(wo) II [1 + k(X,wo)] 
j=l wOE'R{ XCej 

d 

L L W(wo) L II k(Xi' wo) 

(2.50) 
j=l YceJ' j woE'R1 : 

llj(E(wo))=Y 

where the sum over Xl, . .. ,Xn is over distinct intervals which can overlap, and 

the sum over Y is over sets of disjoint intervals. Note that those parts of Wo E n{ 
which are not excitations consist of only space bonds parallel to the ej axis and 

one time segment for each space bond. Because there are equal numbers of time 

segments and space bonds, we can form a one-to-one pairing of each space bond 
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with exactly one of the time segments touching it. Let ti be the length of the time 

segment associated with the ith bond not in E(wo). A single excitation of Wo is the 

part of Wo in IIj1(Yi) for a fixed i. An excitation of Wo E n{ must have a single 

space bond parallel to ej entering it from the left and a single space bond parallelto 

ej exiting it from the right. For the ith excitation, denote the coordinates projected 

onto the d dimensional hyperplane orthogonal to ej of the space bond entering the 

excitation by (r;, si), and of the space bond exiting the excitation by (rt, st). For 

each excitation interval define (ri' Si) = (rt, st) - (r;, si). Because of the periodic 

boundary conditions we have the constraint brEi ri) = 1 and b(:Ei Si + :Ei ti) = 1, 

where 

{

I if x = 0 
b(x) = 

o otherwise 
(2.51) 

VVe will soon need to sum the weights of the time segments over all lengths. 

Recall that a time segment has an overall factor of liN, and a factor of exp( -2/N) 

for each time bond. Thus, 

00 1 
. E N exp( -2Ii l/N) 
1=-00 

1 00 1 
N +2~ N exp(-2i/N) 

1=1 

1 2 ( ( 2) )-1 N + N exp N -1, (2.52) 

and in the limit N -+ 00 the sum converges to 1. The polymer with the lowest 

weight is a single ribbon without any excitations. Such a polymer simply has L 

space bonds in it (each with a weight of E), and the sum over all lengths of its time 

segments converges to 1; giving it a total weight of €L. If we factor the weight of 

these polymers out of the sum, then we must put back in a factor of e IY1 for every 

excitation Y, while the weight of Wo outside of all excitations cancels the remaining 
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c 1 factors. Now (2.50) can be rewritten as 

L IIWt(i) x 
wo: Xt. ... ,Xn j 

nj(E(WO»=UiY; 

II €-lYgIU (IIjl(Yg) n wo) II k(Xh' wo), (2.53) 
9 h 

where Y;'s are disjoint intervals (in ej), the Xi's are distinct intervals (as in (2.50)), 

Wt ( i) is the weight of the time segment associated with the ith space bond, and 

U (.) is the weight ofthe argument's space bonds only. After describing Wo in terms 

of the (rj, Sj)'s and tj'S we get the equation 

j=l YI, ... ,Ym {(ri,si)},{ti} 

wo:(r,s),t 

nj(E(wo »=Ui Y; 

L II Wt(i) IT €-IYgIU(IIjl(Yg) n wo) X 
XI, ... ,Xn j 9 

(2.54) 

where the sum over Wo : (r, s), t means a sum over all wo's which conform to the 

given (r±, s±) and t restrictions. The symmetry of the d axes in A allows us to 

replace the sum over the axes in (2.54) by fixing the value of j and multiplying by 

d. 

The union of all intervals in the above equation can be partitioned into 

disjoint intervals II, ... ,1m. The weights of these intervals are now 

(2.55) 

where the sums are over Wo and .;'"\:/s with IIj(E(wo))U(UiXi) = I, the Xi'S distinct, 

Wo entering the interval at 0, and exiting the interval at (Pj(T), III, s). With this 



definition, (2.54) becomes 

1I , ... ,/m: (rl ,81 ), ... ,(rm ,8m) tl, ... ,tm i 

disjoint 

beL ri)b(L Si + L ti) IT U(h ri, Si). 
iii i 
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(2.56) 

We next discuss bounds on IU(I,r,s)l. From (2.48) we see that each factor of 

k(X,wo) in (2.55) is no larger than f ixi exp( -J.lIX/) times a term proportional to 

the size of that part of Wo inside of IIj l(X). Because Wo extends across a distance 

of at least lsI in the :=: direction, it contributes a factor of exp( -2IsIIN). Of this 

factor, exp( -lsIIN) can be factored out of the sum, and the remainingexp( -lsIIN) 

is still sufficient to control the sum. The number of space bonds which Wo contains 

can be seen to be at least Irl bonds (where Irl is the £1 norm of r) perpendicular 

to ej (since the contour must exit the excitation in the correct place), and at least 

2(111 - E IXi /) bonds parallel or antiparallel to ej (since 1 is connected and hence 

Wo must be in the excitation wherever there is no X). Thus the number of space 

bonds which Wo contributes to the sum is bounded below by 2(111 - E IXi /) + Irl. 
Therefore we have the bound 

IU(I,r,s)l:::; 0 (~ exp[-(lll + Ir/)J.l-lsIINJ). (2.57) 

To handle the constraints imposed by periodicity, we use the following 

identity to transform the b(Ei(rj, sj))b(Ej Sj + Ei ti) term: 

1 111' 111' (271' )d-l -11' dkl . .. -11' dkd- 1 exp( ik . ~ rj) 

1 111' -2 dqexp(iq(Lsk + Ltl))' 
71' -11' k 1 

(2.58) 

With the above transformation we define the weights in Fourier space by 

U(I,k,q) = LLexp(ik.r)exp(iqs)U(I,r,s). (2.59) 
r 8 



From (2.57) we get the bound on U: 

IU(I,k, q)1 
1 

< N L L cexp[-(III + Irl)J-l-lsl/N] 
r 8 

< O(exp( -IIIJ-l)). 

Every site not in UJ in the expression (2.56) will have a factor of 

LWt(i) exp(iqt) 

N-+oo 
-7 

L ~ exp( -2Itl/N + iqt/N) 
t 

1 [1 1] 
N 1 + e(-2+iq)/N _ 1 + e(-2-iq)/N - 1 

1 

Therefore we have (after using the last expression in its limiting form) 

where 

L L 1 /11" /11" 1 /11" 1 inl = € d (2 )d-l dk1 ••• dkd- 1- dqZ (k, q) 
7r -11" -11" 27r-11" 

Zl(k, q) = lim lim 
(3-+00 N-+oo 

h, ... ,/m : 

disjoint 

(1 + q2/4)Ei I/;I-L II U(h k, q). 
i 

2.4 Analysis of the Expansion 
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(2.60) 

(2.61) 

(2.62) 

(2.63) 

The last equation, (2.63), looks like the partition function of a one dimensional gas 

of interacting rods. Our next step is to show that the logarithm of the partition 

function of this gas, Zl(k, q), has an expansion. We can use the bound from (2.60), 

but there is now a factor of (1 + q2/4)1/1 multiplying each of the U(h k, q) weights. 

Since Iql :s; 7r, we can still obtain the bound 

which is exponentially decreasing in III for large enough J-l (which can be obtained 

by taking small enough E). Therefore a convergent polymer expansion exists for 
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Zl(k, q) - lim lim (1 \/4) L exp[Lg(k, q) + h(k, q)] 
(3-+00 N -+00 + q 

- exp[L( -In(1 + q2/4) + g(k, q)) + h(k, q)], (2.65) 

where g(k, q) is the free energy per site of the one dimensional gas, and h(k, q) 

results from terms which go all the way from 0 to L. Using (2.64), it is easy to 

check that both hand 9 are uniformly bounded in k, and 9 is bounded by O(e-pL ) 

(for the appropriate p which can be found from (2.64)). We now must discuss the 

limits N -t 00 and f3 -t 00. All of the bounds which we need in order to show 

convergence of both expansions leading to (2.65) are uniform in Nand f3 and the 

limits can be moved under the integrals by application of the Lebesgue dominated 

convergence theorem; that is, we can apply the limits to the quantities g(k, q) and 

h(k, q) before any integration. 

To find the asymptotic behavior of fli
l 

as L -t 00, we need to find the 

lowest order terms in the g and h. Of course the terms we are looking for are in 

the 9 term, considering the bound we have on h. The lowest order contributions to 

g(k, q) arise from those excitations which have III = 1. From that set of excitations, 

the contours which sidetrack only once have the greate.st weights. Recall that every 

space bond has a weight of €; therefore the weights of all contours other than the 

ones which sidetrack once are decreased by a factor of € relative to those which 

sidetrack only once. In d = 1 contours cannot sidetrack, and so the contours with 

the greatest weights are those which backtrack for only one bond and then turn 

around into the "correct" direction again. For d > 1, the contours which sidetrack 

(from the el direction) have the weight 

€(1 + q2/4) ,£1=2 exp( ik . ej) x 

J dS l J dS2 exp(iq(Sl + S2)) exp( -21st!) exp( -2Is21). (2.66) 

After evaluating the above, we find 
d 

€( 1 + q2 / 4) -1 L 2 cos( k j ). (2.67) 
i=2 
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The above expression has a maximum at k = 0, q = O. The expansion of ( -In(l + 
q2 /4)+g(k, q)) to orders €, k2, and q2 is -€(2d-1)/4q2-2€ E1=2(1-kl). Therefore 

evaluating the integrals by a standard steepest descent method, we find f!?l rv 

€L exp(2(d - 1)L)L-d/ 2• Thus the asymptotic behavior of Ifoo - hi is the samc, 

and the proof is complete. 

2.5 Correlation Length 

Now that we have shown that the ground state energy per site of the Ising model in 

a strong transverse field on a lattice of size Ld converges to its infinite volume value 

as exp( -~L) / Ld/2, we are able to get a result on the spin-spin correlation function 

of aX with only a bit more effort. We will show that the correlation function at 

zero temperature has a correlation length equal to the value of ~ in Theorem 1, 

and the correction to the exponential decay is asymptotically given by Id/2. The 

correlation length and correction to the exponential decay of spin-spin correlations 

in the ground state has been found previously by Kennedy [13]. 

The correlation function which we now wish to consider is (aoate) , for 

integer values of I. This function is given by 

(2.68) 

The key to getting the result lies in the relation between the geometrical pictures 

of the expansions for the free energy per site and the correlation function. Using 

the Trotter product formula as before we obtain the geometrical picture of this 

correlation function. What we find is that the spins at the origin and lei are flipped 

at time 0, which yields a contour which goes between those two sites. All other 

contours will be closed loops as in the expansion of the free energy. The existence 

of expansions for both numerator and denominator of (2.68) follows exactly as 

in the previous proof. Then after the normalization, we find that terms in the 

expansion consist of a single distinguished contour between (0,0) and (lei, 0) and 
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. 0 I ej 

Figure 2.2: A typical path in the expansion for the two-point correlation function 
(d = 1). There are excitations along the distinguished path in addition to the two 
closed loop excitations overlapping the path. 

clusters of closed loops which overlap the distinguished contour. Thus a typical 

term in the expansion will look something like figure 2.2. The existence of the two 

limits which we take is also easily established using standard results in polymer 

expansions (see appendix). 

Recall that the leading order asymptotic behavior of the free energy per 

site is due to ribbons which wind around the lattice in only one of the directions. 

We were able to fix the direction and the location of the clusters in the lattice. For 

the correlation function the clusters are fixed by the location of the distinguished 

contour. Therefore, except for the fact that the ribbons are closed paths and the 

distinguished contours are not, the geometrical pictures as well as the weights 

are the same for the two functions. In turn, the free energies of the two gases 

of interacting one-dimensional rods (obtained by the second expansions for each 

function) are similar apart from "boundary terms." In fact the infinite Land 

infinite I free energies per site (of the respective functions) are identical. Because 
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the asymptotic behavior of both expansions does not depend on the boundary 

terms, the final result for the asymptotic behavior of both expansions is the same. 
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CHAPTER 3 

Continuous Spectrum in the Ground State of Two Spin-1/2 Models in 

the Thermodynamic Limit 

3.1 Preliminaries and Statement of the Theorem 

In this chapter we primarily consider the anisotropic antiferromagnetic spin-1/2 

Heisenberg model. We define the model by giving the Hamiltonian of our system 

as well as the Hilbert space on which the Hamiltonian acts. The Hilbert space is 

the tensor product space of IAI copies of C2 , and the Hamiltonian acting on this 

Hilbert space is 

H ~ € ( x x Y Y) 1 ( z ~ 1) 
A = L...J -2 (Jj (Jj + (Jj (Jj + -2 (Jj (JJ + , 

. (ij) 
(3.69) 

where the sum is over nearest neighbor pairs of sites (ij) on the lattice A with 

periodic boundary conditions, and the (J's are the usual Pauli spin operators. The 

lattice A will be a subset of Zd. To investigate the structure of the spectrum we 

will be calculating the quantity Tr((Joe-tllA(Joe-(fJ-t)llA), as a function of t. As a 

preliminary step we apply a unitary transformation which rotates every spin on 

the "odd" sublattice of A about the y axis by 1f radians. After this transformation 

(3.69) becomes 

1 
H. = - ~ €((J:r(JT + (J-:-(J-:) + -((J~(Jz. - 1) " L...J lJ lJ 21J ' 

(ij) 

(3.70) 

where of = (of + iaf)/2, and ui = (of - iuf)/2. The operator ut acting on a 

"down" spin changes it into an "up" spin, whii\:: an "up" spin is in the operator's 

kernel. (Ji has a similar action except with "down" and "up" interchanged. 
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We will also consider the Ising model in a strong transverse field. The 

Hamiltonian for this model is 

HA = -E Lata} + ~ L(ai + 1). 
(ij) 2 i 

(3.71) 

In this model too, a preliminary unitary transformation will make the model more 

amenable to the following expansions. The transformation in this case consists 

of a rotation of every site about the y axis by 7r /2 radians. The result of this 

transformation on (3.71) is 

H A = - ~ L (at - 1) - E L ai aj . 
2 i (ij) 

(3.72) 

In the following we will do the calculations for the anisotropic Heisenberg model in 

detail, and will merely indicate at which points a similar calculation for the strong 

field Ising model differs significantly from the one given. 

We now state the theorem which we will prove in this chapter. 

Theorem 2 For Hamiltonians given in {3.69} {in dimensions d 2:: 2} and {3.71} 

{in dimensions d 2:: I}, define the following function in finite volume A and at 

finite inverse temperature (3: 

(3.73) 

Then there is an EO > 0 such that when E < EO, the function ft(t) converges to a 

function f(t) as (3 -)- 00 and subsequently IAI -)- 00. In addition, there exists a 

unique Baire measure such that 

f(t) = 10
00 

exp( -tE)d/t(E), (3.74) 

and there exist mo > 0 which depends analytically on E, and ml which is greater 

than mo, such that dfl has no S1tpport between 0 and 171,0, yet has support throughout 

the entire interval [171,0, Tnt}. On this interval dfl is absolutely continuous with 

respect to Lebesgue measure. The width of the intel'Val is asymptotically O( E) as 

E -)- O. 
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3.2 The First Expansion 

Using a slight variant of the Trotter product formula we begin the first expansion 

of Tr(aoe-tlIAaoe-(.B-t)lIA) for (3.70): 

Tr(aoe-tlIAaoe-(.B-t)lIA) = 

l~ Tr (ao {exp (2: _1 (at a; -1)) [1 +..:.. 2:(ataj + a;aj )] }Nt 
N 00 (ij) 2N N (ij) 

Uo {exp (ti 2~(uiuJ -1)) [1+ ~ ti(uM + u,un] rp

-

tl

) . (3.75) 

We choose the usual complete set of basis vectors {Iw)} where ailw) = ailw) with 

aj = ±1 (if aj = +1, the spin at site i is "up"; if aj = -1, the spin at site i is 

"down") for each i E A. By inserting a sum over the set of basis vectors between 

each of the N(J + 2 factors in the product, the right hand side of (3.75) becomes 

2: (Wo laol w -},) (W t+-), laol wt+k) X 
Il1k 

IT (WT exp (~2~(ataj - 1)) [1 + ~ ~(ataj + a;aj )] wT+-k) x 
T=-}, (IJ) (IJ) 

.Bit (WT exp (~ 2~(aiaj - 1)) [1 + ~ ~(ataj + a;aj )] wT+-k) 
T=t+k (IJ) (IJ) 

(3.76) 

with IW.B+k) def Iwo). The exponential terms are diagonal in the basis, so we now 

have 
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where ai(k) is the value of the spin at site i at T = k. 

We will denote by 3 the time axis (= {O, h, ... ,f3 + h}). Each term in 

the sum (3.77) has a geometrical interpretation in terms of plaquettes in A x 3. 

Consider the plaquettes dual to the bonds between two sites with opposite spins. 

Such plaquettes dual to bonds in A * (which is the set of bonds in the lattice A) will 

be called time plaquettes, while such plaquettes dual to bonds in the 3 direction 

will be called space plaquettes. For the strong field Ising model the geometric 

interpretation is quite different. In this case the spins not in the ground state will 

appear to hop from site to site, and a term in the sum over configurations will be 

a collection of bonds in (A x 3)* corresponding to the "paths" of the spins out of 

the ground state. Bonds parallel to the 3 axis will be called time bonds, and bonds 

in A * will be called space bonds. 

Each time plaquette will occur in (3.77) with a factor of exp( -liN). The 

off-diagonal factors in (3.77) are given by 

( Wk 1 + ~ 2;(atat + aiaj) Wk+-b) = 
(13) I 

1 if W k = W k+.!. 
N 

!.t if (Wk latatl Wk+-b) = 1 for a single (ij) E A* 

!.t if (Wk laiajl Wk+-b) = 1 for a single (ij) E A* 

o otherwise 

(3.78) 

Thus, the space plaquettes arising from the off-diagonal terms will occur in (3.77) 

in connected pairs (which we will call space rectangles) with factors of tiN. As 

usual, in each term in the sum every edge between plaquettes must have an even 

number of plaquettes touching it. We call any such connected set of plaquettes a 

contour. Thus we can associate to each contour w a weight vV(w) composed of a 

factor of exp( -liN) for every time plaquette in w, and a factor of tiN for every 

space rectangle in w. The contours in the strong field Ising model will be connected 

sets of bonds, and the weights of time and space bonds are also exp( -liN) and 
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Figure 3.3: An example of a set of allowed contours (d = 2), including a portion 
of the contour which runs from (0,0) to (0, t + ~). 

€/ N respectively. 

In terms of contours and their weights, (3.77) is now a weighted sum over 

sets of contours in A X 3: 

(3.79) 

where E is a sum over allowed unconnected sets of contours in A X 3, and W(O) is 

the total weight of the contours in O. The allowed sets of contours which occur in 

E are those for which 1) at most only one space rectangle exists at each T value, 

2) there is a single space plaquette at the origin at both T = 0 and T = t + 1/ N, 

and 3) every closed path in A X 3 crosses an even number of plaquettes. An 

example contour set is shown in figure 3.3. The third constraint does not arise in 

the strong field Ising model because there are no plaquettes in that model; which 

makes the Ising model somewhat easier to calculate. The second constraint will be 

replaced in the Ising model by a requirement that there is a path which originates 

at the origin at T = 0 and ends at the origin at T = t + 1/ N. 

Returning to the Heisenberg model, the first constraint on the sum can 

be dropped with the introduction of a correction vanishing as N increases [13]. 

The third constraint derives from the periodicity of A x 3 in every direction. The 

periodicity in the space directions deriving from the boundary conditions, and 
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the periodicity in the time direction deriving from the trace in (3.75). Given the 

periodicity, any closed path in A x B must cross an even number of spin flips -

hence the third constraint. We must also develop an expansion of Tr(e-,BIlA), but 

this expansion will be very similar to (3.79) except without the second constraint. 

The function we now need to investigate is 

'n'( aX e-tIl A aX e-(,B-t)Il A) 
f$(t) = lim 0 Tr( -gIl ) 

N-+oo e A 
(3.80) 

To proceed we need to first show that expansions exist for both the numerator 

and the denominator of f$(t) in the infinite volume and zero temperature limits. 

We will formulate our expansions in the infinite N limit as done in [14]. In the 

N -+ 00 limit, B = [0,.8] with periodic boundary conditions. We will now consider 

the B direction to be blocked, or divided up, into partitions of length 7. In the 

blocked picture we introduce new types of contours which we name polymers. The 

polymers will consist of time plaquettes, and blocks centered at sites in A with 

length in the B direction equal to 7. Specifically a block is a cube in A x B of the 

following type: 

B(il, ... ,id,m) = [il-~,il+~) x .. ·x [id-~,id+~) x [m7,(m+1)7), 

(3.81) 

for (il, ... , id ) E A. (In the Ising model, the geometrical objects in the blocked 

picture will be time bonds whose lengths are multiples of 7, and two-dimesional 

rectangles [i, i + 1) x [m7, (m + 1)7)). Let S(w) be the set of blocks in the blocked 

picture which intersect any space rectangle of w, and let T(w) be the set of time 

plaquettes in the blocked picture for which the spins on opposite sides of the 

plaquette are never aligned (throughout the length of the plaquette). 

Time plaquettes and blocks in the blocked picture are considered connected 

if they touch anywhere. Fix a connected set , of plaquettes and blocks in the 

blocked picture. For any polymer w with S(w) U T(w) = " it is easy to see that 

(3.82) 
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The weights for the blocks in S can be bounded by use of a comparison 

Hamiltonian. This method is developed in [14], but we reproduce it here for 

completeness. If we let m be the number of space rectangles in w, then 

IT (WT N€ '2Jato"j + aiaj) WT+~) = 
T (ij) 

(€T)m IT (WT N
1 

'fJatat + aiaj) WT+~)' 
T T (ij) 

(3.83) 

We can bound m from below by IS(w)l. The comparison Hamiltonian will be 

~ 1 
HA = -- ""'(a7at + a-:-a-:) 

T
LJ I J I J • 
(ij) 

(3.84) 

If we let T' = min( T, - In( €T)), then 

(3.85) 

with W(w) equal to the weight of the polymer under the comparison Hamiltonian. 

We will soon show that :Ew:S(w)UT(w)=,,), W(w) is bounded above by ekl"Yl, with k 

independent of € and T. Therefore, given € we can choose T such that e-T 
/ T ::; € < 

e-k /T, and then we have an exponentially decreasing bound 

(3.86) 
w:S(w )UT(w )=")' 

where rJ = T' - k. Therefore by standard results on polymer expansions, all the 

desired sums are absolutely convergent [7, 16]. 

To prove the claimed bound on W(w), let I be a set of sites, and let ll(I) be 

the projection onto the states which are in the ground state off of I. Also let 1(t) = 
{i: B(i,O) E ,}, and 1m(t) = {i: B(i,m -1) E ,}. Next break up ~ into its 

components in each of the (blocked) :=: slices: iiA1 = -~ '£(ij)E1m (")') ( at at + ai aj"). 

The following bound holds because every term in the expansion of the right hand 

side is positive, and every term on the left hand side occurs in the expansion of 

the right. 

L W(w) ::; Tr [ll(I(t)) exp( -HA) exp( -HX) ... exp( _H~/T)] (3.87) 
w:S(w )UT(w )=")' 
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It is easy to show that if A and B are both self-adjoint operators and A is also a 

positive operator, then 

Tr(AB) :::; IIBIITr(A). (3.88) 

To use the above identity in the current context, we let A = n(Ib)) and B = 
exp( -Hk) ... exp( _H~/T). We also define [ICb)] to be the number of connected 

components off of fb). Then 

(3.89) 

and 

lIexp( -H~) ... exp( _H~/T)II :::; exp(E IIHAII). (3.90) 
n 

Because [ICb)] :::; 11(')')1 and IIHAII :::; IInb)1 the claim is proved. 

Standard results in polymer expansion theory now let us conclude that 

there is an expansion for both numerator and denominator in equation (3.80) in 

the blocked picture. It is now appropriate to consider the effect of the periodicity 

of A x 3 on our expansions. Let us define a sheet as a polymer with at least one 

direction in A x 3 such that all closed paths in the given direction cross the polymer 

at least once. The weights of sheet polymers cannot simply be the sum of contour 

weights over all contours which have their support on the sheet because- of the 

global constraint imposed by periodic boundary conditions. We define U(·) and 

U(.) to be the weights of polymers without and with this constraint, respectively. 

We will show, however, that up to exponentially small corrections in the size of 

A x 3, we can approximate U(.) by U(·). As usual, we partition a set of polymers 

r into its connected components ')'1, ... , ')'n' The results of the expansion (without 

the global constraint) yield 

exp(E V C b1' ... ,')'n) II Ubi)) 
r:u i r 

def exp(E ¢(r)), (3.91) 
r 

where r : u is a sum over sets of unconnected polymers. The definition of the 

connected part of the "hard core" potential VC (.) is standard, and can be found 
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in [7]. At present the most important feature of V C ("Y1,'" "n) is that it vanishes 

unless Uni is connected. A similar expression holds for the sum over sets of 

polymers with the global constraint. We can now show that the contribution of 

sheets to our expansions is exponentially small in the size of A x 3. (Note that in the 

Ising model we do not have to consider any sheets or their attendant complexities). 

We must now bound the difference in the weights of polymers with and 

without the global constraint. This difference appears in the expansion in a term 

of the following form: 

(3.92) 

The exponent of this expression in terms of U ( "I) is the following 

L ¢(f) - L ¢(f) 
r r 

= ~ VCbl,"" In) [If Ubi) - If Ubi)] (3.93) 

V
C bI' ... , "171) [If U( "Ii) - If Ubi)]. (3.94) 

r: 
rcontains a sheet 

Because we already have a bound on U(·) and U(·), and every term in the sum has a 

sheet of size at least (diam( A x 3))d, standard results in polymer expansions allow 

us to conclude that there is some f.1 > 0 such that for large enough diam(A x 3), 

(3.95) 

with ( clef diam(A X 3). 

Up to this point we have ignored the contour which includes the spin flip 

at the origin at T = 0 and T = t. To take it into account, we factor out the sum 

over this single contour (denoted by a subscript 0) in the numerator of (3.80). The 

sum over the rest of the contours will then have the restriction that no contour is 

connected to the contour woo In the blocked picture this restriction will still hold. 



47 

The sum over the rest of the polymers will still have an expansion. Therefore, for 

large enough (, (3.80) will become 

J{JA(t) = "U( ) exp(Er:rn,o=0 ¢(r))[l + O(e-I-'(d)] 
~ I'D exp(Er ¢(r))[l + O(e-I-'(d)] 

1 + O(e-I-'(d) 
~U(')'o)exp( F: -¢(r))l + O(e-I-'(d), 

rn,o:p0 

3.3 The Second Expansion 

(3.96) 

Our next step is to formulate a second expansion based on the previous expansion 

(3.96), following the method developed in [6]. We must consider the lowest energy 

polymers which enter into our first expansion. We will then find that the parti

tion of polymers into lowest energy polymers and higher energy polymers can be 

characterized by the polymers' projections on the :=; axis. Based on this charac

terization, we can rewrite (3.96) as a sum over intervals on the :=; axis. vVe can 

make estimates to show that this new one-dimensional expansion also exists, and 

at that point we will be close to finishing the proof of Theorem 2. 

Consider tl1e blocks and plaquettes in a polymer 1'. Any component of a 

polymer which consists of only a tube of plaquettes surrounding a single site we 

will call a simple tube. Note that only I'D can include any simple tubes. Let II(')') 

be the projection of any polymer I' onto the :=; axis. This projection will consist 

of a number of intervals of length T. If for a fixed, single T-interval X C II(')'), the 

set II-I (X) n I' contains at least one block or a tube which is not simple, then we 

will say that X is in the set of excitation intervals of 1'. Note that the projection 

of every polymer which is not I'D is in the set of excitation intervals. A typical 

excitation is shown in figure 3.4. In the Ising model, an interval X is in the set of 

excitation intervals if II-I (X) n I' contains at least one rectangle or more than one 

time bond. 
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Figure 3.4: A typical excitation with simple tubes at both ends (d = 2). 

We now would like to develop our expansion in terms of intervals on the 

B axis. For a fixed 'Yo we define for any connected set of T intervals X, 

K(X,/,o) = L -¢(r), 
r:rn')'o:;60 

n(r)=x 

(3.97) 

where ¢(r) is the same function defined in (3.91). We can easily show that K(·, 'Yo) 

is bounded by 

IK(X, 'Yo) 1 S; cexp( -2dIXI77)I'Yo n rr-1(X)I, (3.98) 

where 77 is given in (3.86). Because K(X, /'0) is small we will define k(X, 'Yo) by 

exp K(X, 'Yo) = 1 + k(X, 'Yo). (3.99) 

Those elements of 'Yo which have their projections in the excitation intervals of 'Yo, 

we call the excitations of 'Yo, and we denote the excitations of 'Yo by Ebo). In 
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terms of these new definitions, (3.96) becomes (ignoring finite volume corrections) 

ft(t) E U(-yo) II [1 + k(X, 10)] ,0 x 

E U(-yo) E II k(Xj"o) 

- E E U(-yo) IT k(Xj, 10), (3.100) 
Y ,0: Xl,,,,,Xn 

II(E(fo»=Y 

where the sum over Xl, ... ,Xn is over distinct r-intervals which can overlap, and 

the sum over Y is over sets of disjoint r-intervals. The excitation interval of 10 will 

consist of disjoint intervals Yi., ... , Yn . Those parts of 10 which are not excitations 

consist of simple tubes. An excitation of 10, or 10 n I1-1(1~) (for a fixed i), can 

have (at most) a single simple tube entering it from the left and a single simple 

tube exiting it from the right. If the excitation contains (0,0) (resp. (0, t)), then 

the excitation will not have a tube on the left (right); otherwise the excitation 

will have one simple tube on both the left and the right. For the ith excitation, 

denote the A coordinates of the center of the simple tube on the left by ri, and for 

the simple tube on the right, rt. Clearly rt = ri+!o If the first excitation interval 

includes 0 define rl = 0, and if the last excitation interval includes t define r~ = O. 

For each excitation interval define rj = rt - ri. Because the tube begins and ends 

at 0 E·A, we have the constraint b(Ejrj) = 1, where 

(3.101) 

Between excitations, the simple tubes have a weight of exp( -2d(1ength)). If we 

factor out the weight of a simple tube from (0,0) to (0, t), then we must put back in 

a factor of exp(2dlY n [0, t)l) for every excitation Y. Now (3.100) can be rewritten 
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as 

ft(t) exp( -2dt) E II exp(2dlYi n [0, t)1) x 
Yl, ... ,1'm i 

'Yo: 

n(E(fo »=Ui Y; 

where Yi's are disjoint intervals, the Xi's are distinct intervals (as in (3.100)). 

When we describe the polymer 'o in terms of r/s we get the following equation: 

ft(t) = exp( -2dt) E II exp(2dlYi n [0, t)1) x 

E O(Eri) II U(II-l(Yi) n 10) E II k(Xj, 10), (3.103) 
rl, ... ,rm i 'Yo: r 

n(E(fo »=Ui Y; 

i X}, ... ,X .. j 

where the sum over 'o : r means the sum over all 10 polymers which obey the rr 

restrictions. 

The union of all the intervals in the above equation can be broken up into 

disjoint intervals II"'" 1m. The weights of these intervals are now 

U(I, r) = exp(2dlI n [0, t)l) E E II k(Xj, 10), (3.104) 
'Yo x}, ... ,xn j 

where the sums are over 'o and Xi'S with II(E(,o)) U (UiXi) = I, the Xi'S distinct, 

10 entering the excitation as a simple tube at 0, and exiting the excitation as a 

simple tube at (r, III). With this definition, the expansion becomes 

ft(t) = exp( -2dt) 
It, ... ,I",: 
disjoint 

E O(Eri) IIU(hri). (3.105) 
rl, ... ,rm i i 

We next want to show that there is an expansion for the sum over 1's and r's 

(subject to the constraints) of the product of the weights U(I,r). To do this, we 

can show the appropriate bound on IU(I, r )1. From (3.98) each factor of k(X, 10) 

in (3.104) is no larger than exp( -2dIXI1J) (times a term proportional to the size 
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of the part of /0 whose projection lies in X). Because /0 extends at least across 

I n [0, t) and also must traverse a distance of Irl in A, /0 contributes a factor 

whose magnitude is bounded above by exp( -(2dII n [0, t)1 + Irl/2)1]). In addition, 

there are small factors that are also present because there must be an excitation 

throughout III. Since every Xi is an excitation already, the space between the 

Xi's in I must be "filled" by excitations of /0. The excitations of /0 will add an 

additional 2(d - 1)111- Ei IXiI small factors. (Note that it is essential that d ~ 2, 

or this estimate will not work. In the Ising model the estimates are somewhat 

simpler and will also work for d = 1). Therefore we have the bound 

IU(I,r)l::; O(exp(-[lrl/2+2(d-1)IIIJ1]))· (3.106) 

We use the following identity to transform the term O(Ei ri) 

(3.107) 

After the above transformation, we define the weights in Fourier space by 

U(I,k) = Lexp(ik· r)U(I,r). (3.108) 
r 

From (3.106) we get the bound on U(I, k) 

IU(I, k)1 < L cexp( -(lrl/2 + 2(d - 1)111)1]) 
r 

< O(exp( -2(d - 1)1111])). (3.109) 

In terms of our new definitions, after the limits f3 --? 00 and IAI --? 00 (which limits 

exist by standard polymer expansion results [7]), (3.105) becomes 

1 17r 17r f(t) = exp( -2dt)-()d dk l •. . dkd 
2n -7r -7r 

m 

L IIU(h k ). 
II, ... ,! ... : i=l 

disjoint 

We define 
m 

Zr(t, Ie) (~f L II U(h Ie). 
1I'''',!m: i=l 

disjoint 

(3.110) 

(3.111) 
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Based on (3.109) we can assert the existence of an expansion for the log

arithm of ZT(t, k), and thus 

where 

f(t) = 1 111' 111' exp( -2dt)--d dkl ··• dkd x 
(2~) -11' -11' 

exp[t/7foo(k) + iI(k) + h(t,k)], 

Il, ... ,lm: 

left edge of Ui1i=O 

VC(Il,"" 1m) II lim U(Ii, k), 
. t->oo 
I 

(3.112) 

(3.113) 

and the other terms in the exponent of (3.112) are due to boundary effects and 

finite t effects (i.e. from intervals which include one or two endpoints, respectively). 

Both iI and h are uniformly bounded in k from (3.109). In addition, iI has no t 

dependence, and h is bounded by O(e-pt ) for p = 2(d - 1),,,/7. At this point in 

the calculations, the Ising model will have a similar result up to differences in the 

functions foo, iI, and h· 

3.4 Analysis of the Expansion 

To get results about the spectrum of H we must make a change of variables in the 

integral in (3.112). If we let g(t) be the integral 

1 111' 111' (2~)cl -11' dkl ••• -11' dkd exp[t/7foo(k) + iI(k) + h(t,k)], (3.114) 

we claim that the integral can be written as 

g(t) = 1: exp( -tE)dJ-l(E) (3.115) 

where dJ-l is a measure on [-.lVI, 00) for 0 < .lVI < 00 to be chosen later (the 

value of .lVI will be at most 2d - see (3.112)). To prove the existence of the 

proposed measure we will apply the Riesz-Markov theorem. Let X be the one 
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point compactification of [-M, 00). By verifying the hypotheses of the Riesz

Markov theorem for a set of functions whose closure is the set of all continuous 

functions on X, we show that the hypotheses hold for all continuous functions on 

X and then conclude the existence of a unique measure df-l. 

To the following set of functions we apply the Stone-Weierstrass theorem 

to show that its closure is the set of all continuous functions on X. Consider the 

set of functions in the subalgebra of CR(X) given by 

B = {~c;exp(-t;E) It; <: O,c; E R,N E z+}. (3.116) 

It is easy to verify that functions in B contain 1, and separate points in X. There

fore by the Stone-Weierstrass theorem B = CR( X) (where the bar indicates the clo

sure of the set). Now define the following functional on B, for b = Ei Ci exp( -tiE): 

(3.117) 

One can easily check that the definition of ¢(b) is well defined for all b E B (and 

thus for all functions in CR(X)), The definition (3.117) implies the following: 

¢(b) 2t Ci (2~)d [7r7r dkl ... [7r7r dkd exp[tfoo(k)/r + h(k) + h(ti, k)] 

L Ci lim L exp[ -tiE] f x 
i a->O E J{(-foo/T)-l([E,E+a))} 

(2~)d [7r7r dkl ·•· [7r7r dkdexp[!I(k) + h(ti,k)] 

def ~ ci f-: exp[-tiE]df-ldE), (3.118) 
I 

where in the second equality E ranges over the set {-!vI, -!vI + a, -A1 + 2a, ... }. 

It is easy to verify that, as defined above, df-lt is an integration measure for which 

f-lt(X) is uniformly bounded in t (recall the bounds on !I and foo), and which gives 

the point at infinity zero mass. To show that the functional ¢(.) is linear is trivial, 
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and to show that it is bounded is also easily done: 

1¢(b)1 < i: 12; Ci exp( -tiE)ldf-lt(E) 
I 

< IIbiloo i: df-lt(E) 

constllbll oo , (3.119) 

where the constant does not depend on t. From the last line in (3.118) it is also 

clear that ¢(-) is a positive functional. Therefore, by the Riesz-Markov theorem 

there is a unique Baire measure on X such that (3.115) holds true. We leave the 

determination of the support of df-l (which will determine the value of M) until 

later. 

Next we show that the measure in (3.115) has a continuous part. We 

define h( t) by 

h(t) deC (2~)d i7r7r dk!··· i: dkdexp[t/rfoo(k) + h(k)] 

(2~)d i7r7r dk!··· i: dkdexp[tfoo(k)/r + h(k)] 

limL:exp[-tiE] r (21)/j7r dk! ... j7r dkdexp[h(k)] 
0-+0 E J{(-foo/r)-l([E,E+o»} 7r ( -7r -7r 

deC i: exp[-tiE]dP(E). (3.120) 

The measure dP is continuous as long as foo(k) is not constant on any region of 

non-zero area. We will next show that this measure is equal to the measure df-l on 

the E-interval [-Nf, p - b) for some b which depends only on d and 1], for which 

o < b < p for large enough 1]. The bounds on hand hare Ih(k)1 :::; C! and 

Ih(t, k)1 :::; C2 exp( -pt). Thus, asymptotically as t -)- 00, 

Ig(t) - h(t)1 :::; (2~)cl i: dk!··· i7r7r dkclexp(t/rfoo(k) + h(k)) x 

Ih(t, k) + h(t, k? /2 + ... 1 

< C2 exp( - pt) -( l)cl j7r elk! ... j7r dkcl X 
27r -7r -7r 

exp(t/rfoo(1c) + h(k))[l + O(exp(-pt))]. (3.121) 
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Now assuming that the remaining integral above does not grow faster than exp( 8t) 

for some 8 < p, we have shown that the measures appearing in g(t) and h(t) are 

identical for energies in the interval [-NI, p - 8). Therefore, if the measure djl is 

continuous on some sub-interval of [-M, p - 8), the measure dJ..L is also continuous 

on that su b-interval. 

In order to prove the claims before and after (3.121) we will first show 

that the integral in (3.121) has an asymptotic expansion which does not grow too 

fast as t increases. To do the integral for large t we will use the method of steepest 

descent, which requires that we investigate the dependence of (3.113) on k. In turn 

we must consider (3.108). The values of r for which U(I, r) can be non-zero are 

restricted to even values of Irl (where I . I is the e1 distance). The r = 0 terms in 

the sum (3.108) will have no k dependence, and can be taken out of the integral in 

(3.112). The largest (in absolute value) k-dependent terms in (3.108) will be those 

with Irl = 2 (recall the bound (3.106)). Similarly, the largest terms in (3.113) have 

only one interval I of length r. Therefore, 

foo(k) = U([O, r), 0) + E exp(ik. r)U([O, r), r) + O(exp( -2d1J)). (3.122) 
r:lrl=2 

We must focus on the second term in the preceding sum, or more specifically, the 

largest terms in U([O, r), r) for Irl = 2. There are basically two types of excitations 

which can appear when Irl = 2: either r lies entirely along the direction of a unit 

vector in A, or r is the sum of two orthogonal unit vectors. For d = 2, figure 3.5 

shows examples of these two types of excitations. Both types of excitations have 

identical, positive weights (which we will denote by G). We can then write the 

sum as 

E exp( ik . r )U([O, r), r) 
r:lrl=2 

d d 

2G[E cos(2ki) + E (COS(ki + kj ) + COS(ki - kj ))] 
i=l i<j=l 

d cl 

2G[E cos(2kd + E (2 cos(ki ) cos(kj ))]. (3.123) 
i=l i<j=l 
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Figure 3.5: Examples of the two types of excitations for Irl = 2 with the largest 
weights (d = 2). 

Therefore the right-hand side of (3.120) is asymptotically (as t ~ 00) given by 

d 100 

exp(U([O, r), O)t/r) exp(2Gd2t/r) Jl -00 dk j exp[-t(ckJ + O(lkI4))], (3.124) 

where c is a positive number depending only upon d. And after a change of 

variables the previous equation becomes 

exp(U([O, r), O)t/r) exp(2Gd2t/r) x 

IT [00 exp( -tEj) [ g + 0 (~)l dEj • 
j=1 1o 2 cEj t 

(3.125) 

Evaluating the integral above shows a leading-order t dependence of rcl/2. If we 

let {j = (U([O, r), 0) + 2Gd2)/r (which depends only on the parameters d, 17 and 

r), then {j can be made less than p for large enough 1]. Note that the continuity 

of the measure djl near the origin has also been established since we have found 

an expression for foo(k) which is not constant near the origin. Thus the claims 

preceding and following (3.121) have been proved, and dJ-l is therefore absolutely 
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continuous at least for an interval near the origin. The location and size of this 

interval are determined below. 

With only a little more work we can find the width of the gap in this 

portion of the spectrum above the ground state energy and show that the contin

uous part of the spectrum has width of O( f). Because h(t) and g(t) have identical 

measures out to order 1 - 8 (recall that 8 rv O(e-7J /r)), we may use h(t) rather 

than g(t) to investigate the measure within O(f) of O. From (3.120) we find that 

the support of djl is the image of the function -/oo/r. Referring to (3.122) and 

(3.123) we find that 100 has its absolute maximum value at k = O. Therefore the 

minimum value of E in the support of djl (and also dJ-l) is - loo(O)/r (and the value 

of M which was left undetermined above should be at least loo(O)/r). The width 

of the support of djl is found by identifying the minimum value of loo(k)/r. Again 

using the same two equations, we find that the minimum is (U([O, r), 0) - 2Gd2 )/r 

which is 0(8). Because the maximum is also 0(8), the support of djl has width 

of 0(8), which is O(f). The arguments at the beginning of this paragraph then 

allow us to conclude that the width of the continuous part of the measure dJ-l has 

a width of O(f). 

Lastly, we prove the analyticity of the gap in f. We have found that if 

we take the ground state energy to be 0, then the lower edge of the continuous 

spectrum that we have found has energy 2d - loo(O)/r. The definition of loo(k), 

(3.113), is an absolutely convergent series, and is therefore analytic in f if each of its 

terms is an analytic function of f. We will therefore show that U(/, k) is an analytic 

function of f. Tracing back definitions we find that it is sufficient to show that the 

weights of polymers are analytic functions of f. Since the weights of polymers were 

simply products whose factors were restricted to f/N and exp( -l/N), the weights 

of polymers are indeed analytic functions of f. 
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3.5 Conclusions 

Using the observable aij we have shown that the spectrum of the infinite volume 

ground states of the two Hamiltonians considered here contain a continuous com

ponent directly above the mass gap. We must note that to get the full spectrum 

we would have to carry out our calculations for all observables and all t. For large 

values of t one can conceive how the calculation would fare using an observable 

such as aij a:. For this observable, there are several possible conformations of ~he 

tubes which are of lowest energy. If the .l!l distance between the two sites at time 

o is odd, the two tubes may disappear altogether in the interior; as soon as the 

two tubes are adjacent to each other, the atat (or aiaj) operator may end both 

tubes. On the other hand, if the sites at time 0 are an even .l!l distance apart, then 

the two tubes will never touch. Although this "two site" observable is the next 

simplest observable which to consider, it introduces new difficulties. We must be 

careful since there is the potential for the appearance of two-magnon bound states 

[18]. If bound states occur there will be a discrete component to the spectrum. 

We can also consider how our calculation would proceed using observables 

which are products of aX operators for more than two sites. The essential dif

ference in these "multiple site" observ.>'1bles from the two or one site observables 

is that there will be many possible conformations of tubes of lowest energy, and 

the different conformations will occur with different entropies. For example, in 

d = 2 with a three site observable, in a view perpendicular to the =: axis, the three 

sites can lie in an "I" (i.e., collinear) or an "L" (i.e., on the vertices of a right 

triangle) shape. The "I" conformation can appear in two distinct orientations, 

while the "L" conformation can appear in four distinct orientations. All of the "I" 

and "L" conformations will have the same energy, but due to entropy effects, will 

have different free energies. This free energy difference makes the derivation of the 

expansion fail. 

All of the foregoing discussion shows that the spectrum in the ground 
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state will still have many more features than we have been able to reveal using our 

expansion technique. However, the features of the spectrum which we have found 

using the single site observable are nonetheless valid. While we cannot rule out 

the possibility of discrete or singular components of the spectrum, we can conclude 

that a continuous band near the ground state is a feature of the spectrum of both 

the spin-l/2 anisotropic Heisenberg model in dimensions greater than or equal to 

two, and the Ising model in a strong transverse field in dimensions greater than or 

equal to one. 
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APPENDIX A 

Results in Polymer Expansions 

This appendix reviews some of the important results about polymer expansions 

which we have referred to in the main body of this dissertation. The first re

sult which we discuss concerns the existence of convergent polymer expansions. 

This will be followed by a discussion about the existence of certain limits of these 

expansions (such as infinite volume and infinite f3 limits). 

Starting with a function (such as a partition function) which has been 

expressed as a sum of products of weights of polymers over different sets of the 

polymers, a polymer expansion is used to find expansions for related quantities 

(such as the free energy). For example, if the function is of the following type: 

(A.126) 

where the weight of the ith polymer is W(,i), and U('Y1, ... , In) is the interaction 

between polymers, then a polymer expansion can be used to find an expansion for 

the logarithm of this function: 

1 InZ=I:r I: <1>(,1"",In)' 
n n. ( ) ')'1 ..... ')'" 

(A.127) 

The function <I> is gi ven by 

(A.128) 

where UC (,1, ... , In) is a new interaction between polymers called the connected 

part of the potential. The motivation for an expansion of this type can be to 
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find the free energy or, as is often the case in this dissertation, to use the result to 

express the system as a "gas" consisting of some newly defined objects. The second 

motivation is justified when the resulting expansion can be seen as a partition 

function for some new system of polymers. There are many functions other than 

partition functions, such as correlation functions, to which the polymer expansion 

machinery can be applied (as is often the case here). Typical functions which can 

be used are thermodynamic expectations which yield to a geometric interpretation 

in terms of polymers. 

The question now is whether expansions such as (A.127) are convergent. 

The answer is that a polymer expansion will be convergent when the activities 

of large polymers are small enough. There are several ways of showing when a 

polymer expansion is convergent [8, 16, 7], and I will present the result referred to 

in the main body of this dissertation (i. e., the result by Kotecky and Preiss). In 

all cases which appear in this dissertation for which we use a polymer expansion, 

the interaction between polymers has a hard-core component; that is, there is 

an infinite potential barrier for overlapping polymers. Restricting our attention to 

hard-core potentials, the condition proven by Kotecky and Preiss to be sufficient to 

imply the existence of a convergent expansion for In Z is that there exist functions 

a : P ~ [0,00) and d : P ~ [0,00) (where P denotes the set of polymers) such 

that 

I: ea(-y)+d(-Y)IW(,)I $ abo) (A.129) 
/'!/'n/,o:;e0 

for each ,0 E P. Typically, the value a(,) is related to the "size" of the polymer 

,. The value of this function appears as the numbers of bonds or the numbers 

of plaquettes and bonds (with appropriate weighting factors) at various points 

in this dissertation. The function d allows an additional exponentially increasing 

term to be included, but we never need to make this term anything but zero in 

our calculations here. 

We often do not directly verify that the Kotecky-Preiss condition holds, 
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but instead prove something like the following which implies this condition. As

sume that we can show a bound like 

I: IW(()I s e-on 

')':a("'()=n 

Co(')')=o 

(A.130) 

for some a > 0 which can be taken as large as desired, and Co(,) = 0 denotes 

the constraint which fixes the location of 1 so that a specific corner of, is at the 

origin (this constraint fixing the location of 1 can be of some other form, but this 

is one example). Then the we can prove the condition in (A.129) (for d = 0) as 

follows. Begin by defining x to be any fixed location on ,0, Then 

I: ea("'()IW({)1 
,),:,),n')'0:;60 

I: I: enIW(()1 
n ')':'j'n'j'0:;60 

a('j')=n 

n 'j':a('j')=n 

Co (')')=x 

< a( (0) I: e-(o-l)n 

n 

< a((o) 

(A.131) 

Thus, a bound on the sums of weights of polymers of a particular "size" can be 

used to verify the Kotecky-Preiss condition, which in turn proves the existence of 

a convergent polymer expansion. 

The existence of the infinite volume and zero temperature limits can be 

shown through the use of convergent polymer expansions [7]. The difference be

tween, for example, the free energy per site in finite and infinite volumes consists 

of those polymers which are allowed on one but not the other of the finite and 

infinite lattices. With a suitable bound on the sums of weights of large polymers 

(such as (A.130)) this difference is shown to be exponentially decreasing in the 

size of the lattice. Recall that for quantum spin systems the polymers "live" on 

the Cartesian product of the (space) lattice and another direction orthogonal to 
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the lattice of length j3, and hence both infinite volume and infinite j3 limits are 

treated analogously. Thus convergent polymer expansions are uniformly conver

gent in both the size of the lattice and j3, basically because the weights of large 

polymers are exponentially decreasing in their "size". 

The analyticity of a convergent polymer expansion in its parameters (such 

as a small perturbation parameter in the Hamiltonian, or an external field) can 

also often be proved. In general a proof of analyticity begins from the fact that 

convergent polymer expansions are absolutely convergent [7]. Given the absolute 

convergence of the expansion, analyticity of the expansion follows from showing 

that the terms in the expansion are all analytic. For at least certain ranges of 

parameter values, proving that the individual terms are analytic is usually rather 

easy. In this way, analyticity of the expansions can be shown. 
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