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Abstract 

An Oligopoly is a special type of market system in which the number of 

producers is small and the interactions among them are significant. Since the 

interactions are significant, in order to reach higher profit it is very important 

for a producer to set up a prediction scheme to predict the decisions of 

the competitors and a good long-term strategy to occupy greater market 

share. To model and solve such problems, theoretical studies, field studies, 

and laboratory experiments (which include computer simulations), are the 

three major approaches. In this study, theoretical approach was used to 

develop four prediction schemes and study their stability conditions. Then 

laboratory experiments were conducted to study the decisions of the human 

subjects to identify the uses of these prediction schemes. 

The results of the experiments provided many important messages. In 

these experiments, not only the prediction schemes that developed by the 

theoretical approach have been actually used, but also from the strategies 

that developed by the experiment participants I saw the competitions have 

moved from the technical level to the psychological level. Based on the 

findings, I proposed some guidelines to develop a good decision model. 
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Chapter 1 

Introduction 

An oligopoly is a special type of market in which the number of producers 

is small and the interactions among them are significant. Therefore, no firm 

in an oligopoly can dominate the entire market, also the influence of any 

firm on the market price is not so small that it can be neglected. In other 

words, the producers on the supply side are neither totally competitive nor 

monopolized, see Friedman (1981). 

1.1 Literature Review 

Since the first treatment of oligopoly by Cournot in 1838, see the English 

translation (1927), increasing attention has been given to oligopoly. At the 

beginning, oligopoly was modelled as a static and single period noncoopera

tive game. In the most simple dynamic extension, the Cournot's model was 

defined as follows: when anyone of the producers determines its production 

level, it assumes that the other firms will not change their production levels 

from the previous time period. Therefore, 
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N 

S~(t) = LXI(t-1), (1.1 ) 
I;f;n 

where XI is the production vector of firm I and s~(t) indicates the n-th 

firm's expectation of the total production level of the rest of the industry 

at the beginning of time period t. Howe,:er, such a model could not catch 

the multi-period phenomena, for example, the trend of the demand function 

and the cyclic behaviors. Also, the 'adjustment could only be done on the 

production level. The first critique was given by Bertrand in 1883, he argued 

that the assumption of Cournot's expectation is inappropriate. In a real 

market, besides production levels the producers also adjust their prices in 

order to reach optimal profits. Therefore, Cournot's model is always called 

the quantity setting, and Bertrand's model the price setting. 

Later on other researchers also expressed their concerns with original 

Cournot model. More complicated models were developed in order to cap

ture the behaviors of the real markets, for example, see Edgeworth (1925), 

Stackelberg (1934), and Sweezy(1939). The main reasons are the following: 

First, the real markets are dynamic and the firms produce and sell goods 

repeatedly. Second, the decision makers are intelligent, they are able to 

apply their intelligence to observe, to learn, and to adjust the models and 

parameters. After several time periods, the quality of their decisions should 

improve. In order to survive and earn higher profit, such learning capabil

ities are very important. That is, the dynamic oligopoly models that are 

able to learn from what have happened, for example, the trends and the 

other multi-period phenomena, to develop a model that can cope with the 

changes of the real markets are better models. 
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In both economics and mathematics, more complicated models and solu

tion methodologies are being developed every year. For example, Hotelling 

(1929) considered the effects of the distances between producers and buyers 

and transportation costs on the price setting. Chamberlin (19.56) developed 

a model based on the concept that: if every producer is only concerned 

with his own profit, not the profits of the other producers, such competi

tion cannot lead to the maximal profit for every producer. In order to reach 

maximal profits, a certain understanding and compromise are necessary, and 

such behavior is called a coalition. 

In a famous book by von Neumann and Morgenstern (1944), the oligopoly 

was simply modelled as an N -person game. Based on the decisions given by 

all the players, the N-person game leads to a particular outcome in the set 

of possible outcomes, and each individual is assumed to have preference for 

the set of the possible outcomes. Therefore, in an N-person oligopoly game, 

without knowing the decisions of the other players, every producer has to 

make a decision that he thinks will lead to his best outcome (best payoff), 

this is called a non-coorperative game. There are other types of games, for 

example, cooperative games, Harsanyi (1959), Cyert and De Groot (1973), 

and games with side payments, Aumann et al. (1964). Game theories were 

studied and applied to solve many oligopoly problems, for example, Nash 

(1951), Shubik (1959), Harsanyi (1959), Szidarovszky (1970), and Friedman 

(1977). 

In oligopoly problems, how one producer interacts with the other pro

ducers is very import().nt. However, economists are usually more concerned 

with the stability of a market and the existence and uniqueness of a solu

tion. The studies of the existence and uniqueness of an equilibrium point 
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fora single product Cournot game dated back to Fra'nk and Quandt (1963). 

Later, Okuguchi (1976, 1983), Szidarovszky and Yakowitz (1977), Gabay 

and Moulin (1980), Kolstad and Mathiesen (1987), and Okuguchi and Szi

darovszky (1990) further investigated similar problems. 

Nonlinear complementarity problems were introduced by Karamardian 

(1969), Okuguchi (1983). With the results from the theory of nonlinear 

complementarity problems, Okuguchi and Szidarovszky (1990) analyzed the 

existence and uniqueness of the solutions of single product Cournot prob-

lemG. 

In the early days, the existence of equilibrium points for concave games 

were proven by the Nikaido-Isoda theorem (1955). Later, the existence of 

the equilibrium point of concave multiproduct oligopoly market games was 

proven (Okuguchi and Szidarovszky, 1985). For the monotone and strictly 

monotone problems similar results were introduced in Ortega and Rheinbolt 

(1970). For single product oligopoly with product differentiation, the result 

of existence was presented in Friedman (1986). More work on multiproduct 

oligopoly was done by Szidarovszky and Okuguchi (1989a, b, c), and a more 

comprehensive summary of related work was presented in Okuguchi and 

Szidarovszky (1990). 

Beside the theoretical approaches, laboratory experiments and field stud

ies are also important to the oligopoly research. The theoretical approaches 

have several limitations, for example, most economic problems in the real 

world are very complicated and time-dependent, in order to come up with a 

model for a problem, the complexity must be reduced and the uncertainties 

or stochastic nature must be ignored. It is possible that with such assump

tions the model formulated may not accurately represent the actual problem. 
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Laboratory experiments, which include the computer simulations, and field 

studies not only provide the necessary bridge between the theoretical mod

els and real-world problems, but they also lead to the development of new 

models. 

Many problems in economics and decision sciences, especially oligopolies, 

have been studied extensively by laboratory experiments over the past forty 

years, and the contributions are significant, see, for example, Smith (1982). 

The first set of oligopoly experiments were conducted in the late 1940's, 

they tested the two-sided markets with finite numbers of sellers and buyers. 

The participants are the students in the Columbia University and they acted 

as sellers and buyers (Smith, 1962). Such experiments proceed as follows: At 

the beginning of a trading period, the experiment conductor tells the sellers 

the unit cost and the buyers the retail price of that fictitious goods. Then 

each buyer write down the price and the quantity he is willing to buy and 

each seller write down the price and the quantity he is willing to sell. When 

all the offers are handed in, the experiment conductor is able to determine 

the competitive price and the quantity of goods sold in order to verify the 

models or the theories that developed earlier, or based on the results new 

models can be developed. However no monetary motivation was provided 

to the subjects. 

It is interesting to see the results of the earlier oligopoly experiments 

(1959-1963) indicated that the competition in the demand side is always 

more stimulated. This interesting phenomenon reflects the nature of most 

markets in the 1950's, for example, some automobile manufacturers have 

backlogs of over six months. The experimental studies on the oligopolies 

has become one of the main streams of research since the early 1960's, for 
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example, Sauerman and Selten (1960) and Friedman (1963 and 1969). With 

the development of computer hardware, computer software, and the local 

area networks, the efficiency, the accuracy, the scope and the complexity 

of problems to be experimented, and the analysis and dissemination of the 

experiment results have been much improved, McCabe et. al. (1991). 

1.2 Definitions of Oligopoly Markets 

The single product oligopoly is the most simple version of oligopoly mar

kets. It can be considered as a special case of the multiproduct oligopolies. 

The production cost, G'n(a:n), for the n-th producer is a linear function of 

its production level, Xn E [0, LII ], where LII E R + denotes the production 

capacity and is a positive finite number. If we assume no time lag between 

producing and selling the products, and also no inventory and backlog are 

allowed, then the profit is simply determined by the market price, its own 

production cost and production level. However, the supply-demand relation 

tells us that the market price also depends on the total output from all the 

producers. Therefore, if the number of producers is small, the interactions 

among them should be significant, and therefore, cannot be ignored. For ex

ample, consider a market with N firms that producing homogeneous goods, 

then the market price, P, is determined as follows: 

N 

P = F(XI + X2 + ... + XN) = F(LXj), 
j=l 

and the revenue, R It • of each firm is: 

N 

RIt = Xn ' F(L:Vj) = RII (Xl,X2'''·,XN). 
j=1 

(1.2) 

(1.3) 



Finally, the profit earned by firm n can be determined as follows: 

Qn(Xt,X2"",XN) = RII (:1:t,X2"",XN)-Cn(X II ) 

= Xn ' F('Lf=t Xj) - CII(xn ). 
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( 1.4) 

Any change in the production level of any producer only changes the market 

price partially, this is the major difference between oligopoly and the other 

types of markets, such as, a monopoly or a total competitive market. 

The single product oligopoly can be modelled as an N-person normal

form game, r = {NjXt"",XNjQt,···,QN}, and it is defined by a set of 

strategies, XII = [0, Llll, and a set of payoff functions, Qn. 

Definition 1.1 A vector x· = (xi,' .. , :Z:~"'" x'N) is called a Nash-Cournot 

equilibrium point of a single product oligopoly game, r, iffor n = 1,2"", N, 

1. X;L is a strategy, X;L E [0, Llll, and 

2. for any arbitrary Xn E [0, L7J, 

At the equilibrium point, x*, the strategy of each player, x~, is optimal 

against the strategies, xj, of the other players, for all j ::j:. n. That is, no 

player can increase its own profit by unilaterally moving its strategy from 

the Nash equilibrium point. 

It is very important to notice here that without further restrictions or 

assumptions, the COUl'Ilot oligopoly described above does not necessarily 

have an equilibriu m poil! t (existence is not necessarily true). If it does, 

then the equilibrium point does not need to be unique (uniqueness is not 

necessarily true). For details and examples, see section 2.1 of Okuguchi and 

Szidarovszky (1990). 
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A multiproduct oligopoly is more complicated. The definition and the 

notations, the necessary assumptions, and the proofs of existence and unique

ness for a Nash equilibrium will be given in Chapter 2. Various expectation 

schemes and their associated stability conditions, as well as the new theo

retical results on multiproduct oligopolies will be discussed in Chapter 3. 

Chapter 4 provides the discussion of the design and the results of oligopoly 

laboratory experiments. The important findings of laboratory experiments, 

such as, the learning behavior, the uses of prediction schemes, and the de

velopment of decision strategies are also reported in Chapter 4. Comments 

and conclusions are provided in Chapter 5. 

i 

--J 
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Chapter 2 

Existence and Uniqueness of 

Equilibrium in Multiproduct 

Oligopoly Markets 

In this chapter the sufficient conditions of existence and uniqueness of the 

Nash-Cournot equilibrium for multiproduct oligopolies will be discussed. 

Single product oligopolies and other particular models are considered as 

special cases of multiproduct models, therefore, the general existence the

orem will automatically become applicable to them. We notice that this 

chapter is based on Okuguchi and Szidarovszky (1990), and their earlier 

works. 
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2.1 Multiproduct Oligopoly Game and Cournot 

Equilibrium 

Consider a market with N producers, each produces lV1 different products. 

If x!:n) (1 $ n $ N, 1 $ Tn $ AI) denotes the production level of product 

f fi I (m) [0 L{m)J vIm) '( 1 N ~'f) h m 0 rm n, anc Xn E ,n = .. ~ II $ n $ ,1 $ Tn $ JV ,were 

X7~m) denotes the feasible production,level and Ll:n
) the maximal production 

level of firm n of product m, then the output of firm n is characterized by 

an output vector Xn = (xllI),···, :1:1:"1)). Let the production cost of firm n 

be denoted by Gn(xlI)' If we assume that the unit price Pm of product m 

depends on the total output 

N N 
S - (" x(1) .. , "x{M)) 

- L..J n' 'L..J' n (2.1 ) 
n=1 11=1 

of the industry, then the profit function of firm n can be formulated as: 

Qn(Xl"",XN) = E~!=IXl:II)'Pm(s)-Gn(XII) 
= x~· P(s) - GII(XII ), 

(2.2) 

where P = (PI,"', PM)T. The demands for different products are indepen

dent of each other, and the cost function Gn of firm n is assumed to depend 

only on the output XII of firm n. 

It is also assumed that the set of strategies XII of firm n is a subset of 

the Cartesian product [0, d11)J X ... X [0, dIM)J. Assume that: 

2.1. Xn is a closed, convex bounded set in Rtf, furthermore, if Xn E Xn 

and 0 $ tn ~ Xn then tn E X n. 

2.2. There exists a closed, convex set S ~ Rtf, such that S f: {O}, P(s) = 0 

if s rf. Sj furthermore, s E Sand 0 $ t $ s imply that t E S. 
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2.3. For all n, Cn(xn) is strictly increasing in each component x!:n), and is 

continuous on Xn' 

2.4. For all n, Qn is continuous on the cross product of all the Xn's and is 

concave in Xn for any fixed Xj E X j{j :j:. n) in the set 

N 

x· = {(Xl," .,xN)IXn E Xn,n = 1,2, ... ,N,L:xn E S}. 
n=l 

Theorem 2.1 Under assumptions 2.1-2.4 the multiproduct oligopoly game 

has at least one Nash-Cournot equilibrium point. 

Proof. The proof is divided into three parts: first, we show no equilibrium 

point exists in Y = (Xl X X2 X ••• X XN )\X .. ; second, we show that any 

equilibrium point in X· is also an equilibrium point in the cross product 

of the XII'S; and finally, we observe that the game over the set x· satisfies 

the conditions of the Nakaido-Isoda theorem and therefore has at least one 

equilibrium point. To prove the first part, assume one equilibrium point 

exists in Y and call it x· = (xi,"" xiv) ¢ x·. Then by assumption 2.2, 

P(s·) = 0, where 

N . ,,"", .. 
s = L.J xn' 

n=1 

Since S :j:. {O}, x" has at least one positive component denoted by X!:~IO)*. 

Since S is closed, there exists a value 0 < X~'~IO) < X!:~IO)* such that 

X = (X(I)* ... x(mo-l)* X(III) X(1II 0 +1)* ... x(M)*) EX (2.3) no no" no ' 110 ' lie ' , no n, 

and 

( ... * * ) d X* X = Xl,""Xno_l,Xno'Xllo+l,""XN 'j': • (2.4) 
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This vector satisfies the relation 

Qno(X) = X~o·P(Ln;enoX~+xno)-Cn(Xno)=-Cno(xIlO) 

> -Cn(X~o) = X;tr . P(L;;=! x~) - Clto(x~o) (2.5) 

= Qno(x*). 

which contradicts the assumption that x· is an equilibrium point. Hence 

any equilibrium point over the cross product of the Xn's should be in X;t' 

Consider no\v the pseudogame with the additional condition that the 

total output vector s of all producers must belong to set S. Let rand 

r* denote the original game and the pseudogame, respecti\'ely. The above 

arguments imply that any equilibrium point of game r is necessarily an 

equilibrium point of game r". We shall next prove that any equilibrium 

point of game r· is an equilibrium point of game r as well. 

Assume that x* = (xi,···, xN) is an equilibrium point of game r*. 

Let n be any firm (1 ~ 11 ~ N), and let Xn E Xn be arbitrary. Define 

x = (xi"",x~_!,X'lIX;I+!"",xN)' Ifx E X*, then Qn(x*) ~ Qn(x), 

since in this case x is a feasihle simultaneous strategy vector for game r*. 

If x ~ X*, then 

(2.6) 

where x = (xi, .. ·,x~_!,O,x~+!"",xN) E X·, and therefore Qn(X) :::; 

Qn(x*), Consequently, Qn(x) ~ Qn(x*), which proves that x" is an equilib

rium point of game r. 
Finally we note t hat game r* satisfies the conditions for the generalized 

Nikaido-Isoda theorem. and hence it has at least one equilibrium point that 

is also an equilibriulll point for game r. 
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The concavity of functions Qn on the set X· is an assumption that 

cannot be easily \'erified in most cases. The following lemma will imply 

a sufficient condition for the concavity of function QII in its lI-th variable. 

First a defintion is presented. 

Defil1itiOl1 2.1 A function f: D - RAt (where D ~ R'\!) is called mOl1O

tOl1e if for all x, y ED, 

(x - y)T(f(x) - f(y)) ~ O. (2.;) 

Lemma 2.1 Let function f be defined on a convex set D S;; R~l. Assume 

that -f is monotone on D and each component of f is concave on D. Then 

fUllction g(x) = xTf(x) is also CGncave on D. 

Proof. Let 0', ;3 ~ 0 such that 0' + ;3 = 1, and let x, y E D. Then by 

multiplying relation (2. i) by 0;3 we have 

(2.8) 

which implies 

(2.9) 

Since each component of function f is concave, 

f(O'x + ;3y) ~ af(x) + ;3f(y). (2.10) 

From inequility (2.10) we conclude that for all xED, 

(2.11) 
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That is, 

g(ox + /3y) ~ og(x) + ,£3g(y), (2.12) 

which proves the assertion. 

o 

Remark. A practical characterization of monotone functions given in Or

tega and Rheinboldt (19;0) is as follows: 

Let D be an open, convex set and let f be continuously differentiable 

on D. Then -f is monotone if and only if matrix J(x) + J(x)T is nega

tive semidefinite for all XED. where J(x) is the Jacobian of f. That is. 

uT(J(x) + J(x)T)u ~ 0 for all u E R·\f. 

On the basis of Lemma 2.1 we can prove the following: 

Theorem 2.2 Assume that conditions 2.1. 2.2, and 2.3 hold, furthermore 

function P is continuous and -P is monotone on S. If each component 

of function P is concave on S and functions Gn are convex on Xn (n = 
1,2"", N), then the multiproduct oligopoly game has at least one equilib

rium poin t. 

Proof. Lemma 2.1 implies that profit functions Qn are concave in XII' 

From the assumptions of the theorem we conclude that functions QII are 

continuous. Therefore the generalized Nakaido-Isoda theorem implies that 

pseudogame r- (introduced in the proof of Theorem 2.1) has at least one 

equilibrium point. The proof of Theorem 2.1 also implies that this is an 

equilibrium point of game r as well. 

o 
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Corollary. The Remark which has been made after proving Lemma 2.1 

implies that the monotonicity of -P can be replaced by the assumption 

that for the .Jacobian J(x) of P, J(x) + J(x)T is negative semidefinite. Let 

Jij(x) denote the (i,j) element of matrix J(x). Assume that 

Jii(X) < 0 

IJii(X)1 ~ L:#i l./ji(X)1 and IJii(X)1 ~ L:#i lJij(x)l· 
(2.13) 

Then the Gerschgorin Theorem (Szidarovszky and Yakowitz, 1978) implies 

that all eigenvalues of matrix J(x) + JT(x) are negative. Consequently, 

function -P is monotone. In many applications it is easy to show that 

relations (2.13) hold. 

The uniqueness of the equilibrium point under the assumptions of The

orems 2.1 and 2.2 is not generally true. A single-product duopoly which has 

infinitely many equilibrium points was introduced in the Example 2.1.2 of 

Okuguchi and Szidarovszky (1990), in which the conditions of Theorems 2.1 

and 2.2 were satisfied with N = 2 and AI = 1. 

2.2 Fixed Point Problems and Cournot Equilib

rium Problem 

In this section the relations between the equilibrium point problems of mul

tiproduct oligopoly and other types of problems in applied mathematics 

will be discussed. Following the proof in the previous section, the existence 

of equilibrium points can be proven or shown in many different ways. In 

the proof of the previolls section, it was shown that the conditions of the 

Nakaido-Isoda theorem were satisfied by the multiproduct oligopoly game 
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over X*, and the usual proof of the N akaido-Isoda theorem is based on the 

Brouwer fixed point theorem. In an alternative proof one may apply the 

Kakutani fixed point theorem, see Kakutani (1941), which is an extension 

of Brouwer's theorem to point-to-set mappings. 

This approach to the existence of equilibrium points uses a "best reply 

mapping." We note that this is a point-to-set mapping and will use Kaku

tani's Fixed Point Theorem. For the.multiproduct oligopoly game defined in 

the previous section the existence of an equilibrium point using the Kakutani 

Fixed Point Theorem requires the following definitions: 

Definition 2.2. The best reply mapping for player n is a point-to-set 

mapping from X to Xn such that for all x = (XI, X2, ••• , XN) E X, 

(2.14) 
and 

Therefore, rn{x) gives the best strategy choice(s) for firm n with respect to 

the strategy combination x. 

Definition 2.3. The best reply mapping is a point-to-set mapping from X 

to X such that for each strategy combination x E X, 

r(x) = {tit E X, t = (tl, ... ,tN), ttl E r ll{x), n = 1,2, ... ,N}.(2.15) 

Lemma 2.2. The vector x" E X is an equilibrium point of the multiproduct 

oligopoly game if and only if x* is a fixed point of mapping r. 

In the above definition the dimension of the fixed point problem is lVJ X 

N, each strategy vector XII has AI elements and there are N firms. The 
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dimension can be reduced by the following idea. A new 1'vl -dimensional 

fixed point mapping can be defined as follows: 

Let D C Rr be the demand set of the market with sED, where 

s = L:;;=1 x ll • For n = 1,2, ... , N and for all til' X Il E X II and SED, define 

where nil is the profit of firm n after changing its strategy from X Il to til' 

assuming that the total output was s. Next for all sED, define 

XII (s) = {xll lxn E X II , nll (xn ,xn ,s) 

= maxU,.EX,. {nll(ull ,xll ,s)1 s - X Il + Un E D}} 
(2.16) 

and let 

N 

X(s) = {vlv = L x ll , X Il E XII (s), n = 1,2, ... , N}, 
11=1 

then we have the following theorem. 

Theorem 2.3 A vector x" = (xi, ... , x'N) E X is an equilibri um point for 

the multiproduct oligopoly game if and only if for 

N 

s .. = LX~' 
11=1 

we have 

s .. E X(s") and x~ E XII (s"), k = 1,2, ... , N. 

Remark 1. That is, x" is an equilibrium if and only if 5" is a fixed point 

of mapping X. 

Remark 2. The point-to-set mapping, X, is now of dimension !vI instead 

of !vI x N. Hence the problem becomes much easier to be solved with 

computers. 
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Because of the equivalence of the existence of a fixed point and that of an 

equilibrium point, Theorem 2.:3, which ensures the existence of at least one 

equilibrium point, can be proven by applying fixed point existence theorems. 

The uniqueness of the equilibrium is next discussed. 

The usual definitions of a strictly monotone mapping can be extended 

to point-to-set maps as follows: 

Definition 2.4. A point-to-set mapping R from X to X is called strictly 

monotone if for all Xl, X:.! E X and YI E R(xt) and Y2 E R(X2), 

for all X2 :f. X2. 

If R is a point-to-point mapping in RN then we have the usual definition 

of a strictly monotone mapping. Contractions are defined next. 

Definition 2.5. A point-to-point mapping R from X to X is called a 

contraction, if there exists a constant q, 0 ~ q < 1, such that for all XI, 

X2 E X, 

where II . II denotes some vector norm. 

Using the above definitions a uniqueness theorem for equilibrium points 

can be proven, which can be formulated as follows. 

Theorem 2.4. Assume that one of the following holds: 

1. Mapping X - r(x) is strictly monotone; 

2. Mapping r(x) - X is strictly monotone; or 

3. Mapping r(x) is point-to-point and contraction. 
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Then, if the equilibrium point exists, it is unique. 

Proof. Assume that xi and xi are two different equilibrium points. Then 

xi E r(xi) and xi E r(x2). That is, 0 E R(xi) and 0 E R(xi), where 

R(x) = r(x) - x. If condition 1 or condition 2 holds then we may select 

Yt = Y2 = 0 E R(x*), and in this case 

which contradicts with the assumption in Lemma 2.2. 

Assume next that condition 3 holds, then r(xi) = xi and r(xi) = xi, 

therefore 

IIr(xl) - r(x2)11 = IIxi - x211 =F 0, 

which contradicts with Definition 2.5. Thus the theorem is proven. 

o 

Corollary. Assume next that rex) is a point-to-point mapping, then obvi

ously, the equilibrium point is unique if R(x) is one-to-one, that is, R(x(l)) = 

R(x(2)) implies that x(1) = x(2), where R(x) = r(x) - x. In the mathe

matical literature there are several well known conditions that guarantee a 

function R(x) is one-to-one. Assuming continuous differentiability of R(x) 

the most frequently applied conditions are: 

1. All leading principal minors of the Jabobian JR(X) of R(x) are positive, 

JR(X) is then called a P-matrixj 

2. All leading principal minors of the Jabobian JR(X) of R(x) are negative, 

JR(X) is then called an N-matrixj 
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3. Matrix JR(X) + JR(x)T is negative (or positive) semidefinite, and be

tween any point x(l) :f x(,2) there exists a point X(D) such that JR(x(D))+ 

JR(x(D)f is negative (or positive) definite. 

Condition :3 implies that -R(x) or R(x) is strictly monotone and this im

plies R(x) is one-to-one. A stronger version of condition 3 is: 

3a. Matrix JR(X) + JR(xf is neg(\.tive (or positive) definite for all x. 

If Jr(x) denotes the .Jacobian of r(x), then JR(X) = Jr(x) - I. Con

sequently condition :3a is equivalent to the assumption that 

3b. All eigenvalues of matrix Jr(x) + Jr(xf are less (or greater) than 2. 

The relation of equilibrium point problems to nonlinear complementarity 

problems will be examined in the following. 

2.3 Relations of Equilibrium Point Problems to 

Nonlinear Complementarity Problems 

In order to see the relationship between equilibrium point problems and non

linear complementarity problems, a theorem will be introduced and proven 

in this section. Then the existence and uniqueness conditions for multiprod

uct oligopolies will be provided under certain conditions. 

Nonlinear complementarity problems can be stated as follows: 

Given a mapping h from RN to RN, find a nonnegative vector t E R~ 

such that h( t) is nonnegative and the vectors t and h( t) are orthogonal, 

that is, 

tT . h(t) = O. 
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Karamardian (1969) has shown that if the given mapping, h, is continuous 

and strongly monotone on orthan t R~, then the nonlinear complemen tarity 

problem has a unique solution. 

The multiproduct oligopoly game was introduced in Section 2.2, so its 

definition is not repeated here. We will now assume the following: 

2.5. All assumptions of Theorem 2.1 are satisfied; 

2.6. For all n, Xn is the cross-product of [0, d:n)j's where L~:n) is the ca

pacity limit of firm n to produce product m. 

2.7. S = {sis = 2:;;=1 Xn, Xn E X n , n = 1,2, ... , N}. 

2.8. Functions P and en are differentiable (n = 1,2, ... , N). 

Assumptions 2.5 and 2.7 imply that the profit functions, Qn, are all 

continuous on X, which is the cross product of the Xn's and concave in 

Xn E Xn for fixed values of Xj E Xj (j f: n). 

Let x* = (xi, ... , xN) be an equilibrium point. Then by definition, x~ 

maximizes the function 

Q( * * * *) n Xl"'" Xn-l, Xn, Xn+l,"" XN 

in X n. Hence, x* is an equilibrium point if and only if x = x* satisfies the 

following: 

~O if (m)* - 0 Xn -

8Q .. (x) = { =0 if 0< (m)* < L(m) (2.17) 8 (m) Xn 11 

Xli 
.(m)* _ L(III) 

~O if Xn - n 

Slack variables zf!m), /!~m), and wf:n) can he introduced in order to rewrite 

the above inequality as equality. Let 
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{ - 0 if ,(m) > 0 
.. (III) _ - Xli 
Nft -

(111) - 0 
, 

;:::0 if Xli -

=0 if ,(m) < L(m) 

vim) = { Xli 11 

11 , (111) _ L(m) 
, 

;:::0 if .1: 11 - 11 

and w~:n) = L~:II) - :V~:II), then the above equation can be rewritten as 

8QlI(x) _ v(m) + ",(m) - 0 
,) ,(m) 11 -11 - , 
UX lI 

The above definitions imply 

and 

v(m) , w(m) = v(m) ,(L(m) - x(m)) = 0 for all m 
11 11 11 11 11 , ' 

Rewrite the above two equations in vectol' forms, we have 

'VXn QlI{X) - Yll + Zll = 0, 

zT 'x - yT , w = 0 11 11- 11 11 , 

(2,18) 

(2,19) 

(2,20) 

These equations can be written as a nonlinear complementarity problem 

as follows: 

where 



L 

with 

L - (L(I) L(M))T n- It , •• ,' tl • 

If the following definitions are made: 

VI 

V= L= 

( 
-V'xQ(X) + V ) 

h(t) = , 
L-x 

V'X1Ql(X) 

V' X2Q2(X) 
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(2.21 ) 

then the nonlinear complementarity problem can be stated as follows: 

tT·h(t) = 0, 
(2.22) 

for all t ~ 0, h(t) ~ o. 

The above defintions lead to the following theorem. 

Theorem 2.5. Under conditions 2.5 to 2.8, a vector x" is an equilib

rium point of a multiproduct oligopoly game if and only if there exists a 

nonnegative vector v· such that x" and V" both solve the above nonlinear 

complementarity problem. 

The uniqueness of the equilibrium points for multiproduct oligopoly 

games will be verified by using some results of nonlinear complementarity 

problems. First we introduce the following definition. 

Definition 2.6. Let I C {1,2, ... ,N} be a set of integers. A function 

f : X - RN is called strictly monotone with respect to I, if f is monotone 

and for x = (xd, y = (yd, with Xi f:. Vi for at least onei E I, 
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(x - yf(f(x) - f(y)) > O. 

If I = 0, then strict mono tonicity with respect to I means monotonic

ity as in Definition 2.1, if I = {1, 2, ... , N}, then strict monotonicity with 

respect to I means strict monotonicity as in Definition 2.4. 

Assume X is convex in RN and that f is continuously differentiable on 

X. Let III denote the number of elements in I and let FI(X) denote the 

III X III matrix with elements ~ (i,j E I). Also define FI(X) as an N X N 

matrix with elements 

if i E I and j E I 

otherwise. 

The following theorem will be proven next: 

Theorem 2.6. If FI(X) + Fl(x) is positive definite and if FI(X) + :Fl(x) 

is nonnegative definite for all x E X, then function f is strictly monotone 

with respect to I. 

If I is 0 or {1, 2, ... , N}, then the well known conditions for monotonicity 

and strict monotonicity, see section 5.4 of Ortega and Rheinbolt (1970), for 

example, are obtained as special cases. 

Proof. Let x, y E RN such that for at least one i E I, Xi i: Yi. The 

definition of the Jacobian implies that 

Jd(x - yf . F(y + t(x - y)). (x - y)dt 

= (x - yf . [f(y + t(x - y)]lb 

= (x - y)T . (f(x) - f(y)), 

(2.23) 

where F denotes the Jacobian of f. Now let XI denote the I-dimensional 

vector, constructed by the componen ts Xi (i E I). Then 



(x - y)T . F(y t t(x - y)). (x - y) 

= L{~t Lj~d·1:i - yj}. F(y t t(x - Y))/i,j . (;!:j - Yj) 

= LiEI LjEI(;Vi - Vi)· F(y t t(x - Y))/i,j' (.1:j - Yj) 

t Li(ll 01' j(ll L(;Vi - Vi)· F(y + t(x - Y))/i,j' (Xj - Yj) 

= (Xl - Ylf· FI(Y t t(X - y)). (Xl - yJ) 

t (X-y)T·,tI(ytt(X-y)·(X-y). 

3.5 

(2.24) 

By the hypothesis of the theorem, the first term is positive and the second 

is nonnegative for all t E [0, 1]. Hence, the integral of the above equation is 

positive, which implies 

(X - yf . (f(x) - f(y)) > O. 

Therefore by Definition 2.6, f is strictly monotone with respect to I. 

o 

The following theorem establishes the uniqueness of the equilibrium 

point for a multiproduct oligopoly game. 

Theorem 2.7. If the Jacobian H of the vector-valued function 

V'XIQt(X) 

V' x~Q2(X) 

is negative definite, then the equilibrium point is unique, if it exists. 

Proof. By Theorem 2.5, x* is an equilibrium point if and only if there 

exists a vector v· ~ 0 such that (x*, v*) is a solution of the nonlinear 

complementarity prohll'lll t ~ 0, h(t) ~ 0, t T . h(t) = o. The Jacobian of h 

is 
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1 

-H 

1 

:F= (2.25) 

-I 

o 
-I ;2.HNx;2.HN 

Hence 

( 

-(H + HT) 

:F +:FT = '" 
o 

(2.26) 

Since matrix H is negative definite, -(H+HT) is positive definite, therefore 

h is strictly monotone with respect to the components corresponding to the 

x-part of t. 

To show the uniqueness of the equilibrium point, assume there are two 

different equilibrium points, Xl and X;2, and with some VI and V;2, tl and t2 

can be formulated as follows: 

where tl and t;2 both solve the nonlinear complemantarity problem. Then, 

llsing the characteristics of monotonicity 

0< (tl - t;2)T . (h(tl) - h(t;2)) = tT· h(tl) + tI . h(t;2) - tT • h(t;2) 

-tI· h(td 

= O+O-tT·h(t2)-tI·h(td<O, 



I .. 

which is a contradiction. Hence the equilibrium point is unique. 

3i 

o 
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Chapter 3 

Dynamic Oligopolies and 

Expectation Schemes 

In this chapter, dynamic oligopolistic models, and algorithms with vari

ous expectations of multiproduct oligopolies will be investigated. In the 

first section, the general conditions and the model of multiproduct dynamic 

oligopolies will be introduced. This chapter is mainly based on Okuguchi 

and Szidarovszky (1990). 

Section 2 discusses the dynamic oligopolies under Cournot expectations. 

In addition, a generalized model to remove the limitation of the number of 

firms in a stable market under pure COllrnot expectation will be discussed 

at the end of this section. 

Section 3 discusses the necessary assumptions and various algorithms of 

learning with adaptive expectations. such expectation is more robust than 

the Cournot expectation. Two generalized models which allow the firms to 

have greater flexibili ties in choosing production levels will also be discussed. 
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However. there is a limitation in the theoretical research. detailed discussions 

of this limitation, assumptions and the final model are also provided. 

Section 4 discusses the oligopolies with extrapolative expectations. 

3.1 General Models of Dynamic Oligopolies 

Following the model of multiproduct oligopoly given in Chapter 2. dynamic 

oligopolies include the following processes. 

At the initial time period t = 0 each firm selects an initial estimation 

s!f(O) (which is called expectation) of the output of the rest of the industry, 

and based on the expectation, each firm maximizes its expected profit 

(3.1 ) 

The profit maximizing outputs are the initial outputs xn(O) of the firms in 

the market. At all further time periods t > 1, the expectations are first 

updated according to some rules 

s~(t) = F({Lxl(O), ... , LXI(t - l)}i {s~(O), ... , s~(t - I)}), (3.2) 
I¢n I¢n 

where {LI# XI(O), ... , LI¢n xl(t-l)} are the true outputs and {s!f(O), ... , s!f(t

I)} the expectations formed for the rest of the industry, and F can be any 

function that utilizes all or part of the above information to determine how 

to modify the expectation. 

Then the output xn(t) (1 :::; n :::; N) is selected again by maximizing the 

expected profi t 

(3.3) 
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In order to guarantee the existence of solution{ s), we assume that the 

following conditions hold: 

3.1 Xn is a closed, convex, bounded set in R~I such that Xn E Xu and 

0$ til $ Xu imply that til E XII' 

3.2 There exists a convex, closed set X in R~f such that X :f {O}. P(s) = 0 

if 5 f/. X, furthermore,s E X and 0 $ t $ 5 imply that t EX. Assume 

furthermore that P is linear in X, that is 

P(s) = As+ b, 

where A and b are nonzero constant matri.x and constant vector, re

spectively. 

3.3 For all n. function Gn is strictly increasing in each component X::l and 

is continuous on XII' Assume furthermore they are quadratic on XII' 

that is, 

where B II , bll , and en are nonzero constant matrix, constant vector, 

and a constant number, respectively. 

3.4 For all fl, function QII is strictly concave in XII for any fixed Xl (l :f k) 

on the set X- = {(Xt,X:2,"',XN)IXn E Xn(n = 1 •. ··,N),L:;;=1 Xn E 

X}. 

Note that conditions (3.1) - (3.4) imply that 



! 
w 

41 

and matrix (A+AT -B,t -BD is negative definite for all n. It is known, see 

Okuguchi and Szidarovszky (1990), that the multiproduct oligopoly game 

always has at least one equilibrium point. 

At each time period, each firm maximizes the expected profit: 

max xTt(A. s~(t) + A· Xn ~ b) - (xTtBxn + bTtxn + cn) 

subject to Xu E Xn' 

Assume that 

3.5 The optimal solution Xn of the above problem is an interior point of 

With the additional assumption 3.5, the first order optimality conditions 

imply that the gradient of the objective function with respect to Xn at the 

optimal solution equals zero. That is, 

[(A + AT) - (Bu + B~)] . Xn + A· s~(t) + b - bn = O. (3.5) 

Since assumption (3.4) implies that matrix (A+AT)_(Bn+BD is invert

ible, we have the following: 

Xn(t) = -(A + AT - Bn - B~)-t . (A· s~(t) + b - bn). (3.6) 

This equation describes the state transition relation for the dynamic market 

system. The profit-maximizing output of each firm depends on its expecta

tion s~(t) on the output of the rest of the industry, therefore the dynamism 

of the system largely depends on the selection of the prediction procedure. 

In the next three sections, three different kinds of expectations will be dis

cussed. 
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3.2 Cournot Expectations 

Cournot expectation is the most simple version of the expectations: 

s~(t) = Lx/(t - 1). (3.7) 
/~n 

As discussed in Chapter 1, when one producer determines the production 

level, the producer simply assumes the other firms will keep the same pro

duction levels as the previous time period. 

Using vector and matrix notation, the recursion formula (3.6) can be 

rewritten as the following: 

x(t) = Hex(t - 1) + f3e, (3.8) 

where x(t) = (Xll(t)), furthermore xn(t), xll(t - 1), and f3e are column 

vectors with M, M and Mil elements, and 

0 -Dl 

-D2 0 
He = 

-DN -DN o 

Definition 3.1 An equilibrium point of a multiproduct oligopoly game with 

Cournot expectation is called globally asymptotically stable, if x( t) con

verges to the Nash equilibrium point as t --- 00 regardless of the selection of 

the initial outputs. 

Theorem 3.1 The equilibrium point of a multiproduct oligopoly game with 

Cournot expectation is globally asymptotically stable if and only if all the 

eigenvalues of matrix He are inside the unit circle of the complex plane. 



I 
'd 

43 

Corollary. Under assumptions 3.1 - 3.5 the equilibrium point for a multi

product oligopoly game with Cournot expectation is unique, since the equi

librium point is globally asymptotically stable and converge to the same 

equilibrium point regardless of the location of the initial strategy x(O). 

Definition 3.2 The spectral norm of any real square matrix M is defined 

to be 

where max IAMTMI denotes the modulus of the eigenvalue with the largest 

absolute value of matrix MTM. 
It is known from literature, for example, Lancaster (1969), that the above 

matrix norm satisfies the following conditions: 

(i) IIMlls;:: 0 and IIMlis = 0 if and only if M = 0; 

(ii) IIaMlis = lal . IIMlls, if a is a real or complex number; 

(iii) 11M + Nils $ IIMlis + IINlls; 

(iv) 11M. Nils $ IIMlis' IINlls; 

(v) IAI $ IIMlls, if A is any real or complex eigenvalue of matrix M. 

where M and N are square matrices with the same size. 

The coefficient matrix He of Equation (3.8) can be factored into the 

product of -HI' H 2 , where 

o 

HI = (3.10) 

o 
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with En = (A + AT - Bn - B~)-l, and 

0 A A 

A 0 A 
H 2 = (3.11) 

A A 0 

Since Hl is symmetric and block d~agonal, IIHlll is equal to the absolute 

value of its maximal eigenvalue. Let a~n) denote the eigenvalues of matrix 

(A+AT -Bn -Bn, then the eigenvalues ofHl are the numbers of {-dnr hn. 
C¥j 

Hence 

1 1 
IIHliis = ~ax{ ---;;;-) } = { ( ) }. 

l,n la\ I min' la n I I l,n I 

(3.12) 

Matrix Hi has a special structure, since it has the same matrix A in 

blocks. This structure will be discussed next. 

Definition 3.3 Let M = (mi,j) be a p X q matrix, and N be a real or 

complex matrix. The Kronecker product of matrices M and N is defined to 

be 

( 

mllN ... mlqN) 
M®N= : ". : . 

mplN mpqN 
The eigenvalues of matrix M ® N can be obtained easily from the eigen

values of matrices M and N as they are given in the following lemma. 

Lemma 3.1. Let M and N be real or complex quadratic matrices, let Ai and 

J.Lj denote the eigenvalues of M and N, respectively. Then the eigenvalues 

of matrix M ® N are the products Ai • J.Lj. 

For a detailed proof see section 4.1 of Okuguchi and Szidarovszky (1990). 
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Before discussing the stability condition of matrix -HI' H2, norm of H2 

must be determined. Notice that 

0 A A 0 A 

HfH2 
A 0 A A 0 

= .. 
A A 0 A A 

(N - I)ATA (N-2)ATA 

(N - 2)ATA (N - I)ATA 
= 

(N - 2)ATA (N - 2)ATA 

(N - 1) (N - 2) (N - 2) 

(N - 2) (N - 1) (N - 2) 
= 

(N - 2) (N - 2) (N - 1) 

The first factor can be rewritten as 

I+(N-2)·1, 

A 

A 

o 
(N-2)ATA 

(N-2)ATA 
(3.13) 

(3.14) 

where 1 is the matrix with all unit elements. It is easy to show that the 

eigenvalues of matrix 1 are 0 and N. Consider the eigenvalue equation of 

matrix 1: 

(n = 1,2, ... ,N). 

If ,,\ = 0, then any arbitrary vector with the property Ul + U2 + ... + UN = 0 

is an eigenvector. If ,,\ :rf 0, then Ul = U2 = ... = UN, by substitution: 

Nu=,,\u, (Un = u:rf 0, n = 1,2, ... ,N), 
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which implies A = N. The eigenvalues of matrix (3.14) can be obtained in 

the same way and they are 1 and 1 + (N - 2)N = (N - 1)2. Let {3j denote 

the eigenvalues of matrix AT A, which are all nonnegative. Then we have 

And finally, if A is one of the eigenvalues of matrix He, then 

IAI $ IIHelis $ IIHtlls 'IIH2I1s = { . 1 (n)}' (N - 1). /m~{{3j}. 
mtnj,n laj I V J 

It is guaranteed that A is inside the unit circle of the complex plane if the 

upper bound for IAI is less than unity. Thus the following theorem is proven: 

Theorem 3.2. Let a~n) denote the eigenvalues of matrix A + AT - Bn - B; 

and let {3j denote the eigenvalues of matrix AT A. Then under assumptions 

3.1-3.5, the equilibrium point is globally asymptotically stable with respect 

to Cournot expectation if 

Corollary. Assume now that M = 1, then matrices A and Bn become 

scalars, and therefore 

Hence the above stability condition can be written as 

(N - l)IAI < 12A - 2Bnl (n = 1,2, . .. ,N). 

Since assumption 3.4 assumes matrix A + AT - B - BT is negative 

definite, which implies that 2A - 2Bn < 0, this inequality is equivalent to: 
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A < 0 and Bn> (3-~)A (n= 1,2,.",N) 

or (3.15) 

A> 0 and Bn> (1+~)A (n = 1,2,,,.,N). 

To interpret the results, first consider the case when A < O. If N = 2 then 

global asymptotical stability is guaranteed for all Bn > 4, which implies if 

the cost functions are convex or slightly concave, the equilibrium point is 

still globally asymptotically stable. If N = 3, then the convexity of the cost 

functions implies the global asymptotical stability of the equilibrium. If 

N> 3, then sufficiently large positive values of Bn satisfy inequality (3.15), 

and the cost functions must be strongly convex. 

Consider next the case when A > O. Then inequality (3.15) holds for 

sufficiently large values of Bn. That is, the cost functions must be strongly 

convex. Consider next the special case of linear cost functions, when Bn = 0 

for all n. Note that inequality (3.15) cannot be satisfied with nonnegative A. 

It holds with negative A if and only if N = 2 (see, for example, Theocharis, 

1959). 

For N > 3, Cournot expectation does not guarantee a globally asymptot

ically stable equilibrium point. The heuristic explanation of the instabillity 

is based on noticing that at each time period, each firm completely follows 

the moves of the competitors, and therefore its own output also varies, and 

so the process never settles down. The process can be stabilized by limiting 

the variability of the output vectors. In the following discussions we make 

the simplifying assumption that the cost functions are linear. 

At each time period t > 0, each firm first determines the expected profit 

maximizing output x~(t) with Cournot expectation, and a point between 

xn(t - 1) and x~(t) is selected as the new output xn(t). That is, firm n 



r--
I 

48 

moves the output in the direction of the expected-profit maximizing out

put, but does not move all the way to that endpoint. This process can be 

mathematically formulated as 

(3.16) 

where Dn is a diagonal matrix with all the diagonal elements in the unit 

interval [0,1]. 

Assume assumption 3.2 holds and assumption 3.3 is modified as follows: 

3.3'. Cn(xn) = b~xn + Cn, where bn is an M-vector and Cn is a scalar. 

Under these assumptions the profit maximizing function (3.4) can be 

written as: 

x~(AXn + A· LXI(t - 1) + b) - (b~xn + cn), 
l;ell 

and by assuming that 

3.6 The expected-profit maximizing output is positive, 

simple differentiation shows that 

X~(t) = -4 LXI(t - 1) - 4A -I(b - bn). 
l;en 

Therefore process (3.16) can be rewritten as: 

(3.17) 

Xn(t) = (I - Dll)xn(t - 1) - 4Dn[LXI(t - 1) + A -I(b - bn)],(3.18) 
l;en 

for n = 1,2, ... , N. Note that the coefficient matrix of this system of differ

ence equations is H = 1 - HI with 
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DI !DI !DI 

HI = 
!D2 D2 !D2 

(3.19) 

~DN ~DN DN 

and therefore process (3.18) is globally asymptotically stable if and only if 

all eigenvalues of H are inside the unit circle. 

In order to investigate the global asymptotical stability of process (3.18) 

we need the following lemma. 

Lemma 3.2. Let a and b be vectors with N elements, then det(I + abT ) = 

1 + bTa. 

Proof. Notice that 

1 + alb l alb2 al b3 albN 

a2bl 1 + a2b2 a2 b3 a2 bN 

det(I + abT ) = det a3bl a3b2 1 + a3b3 a3bN 

aNbl aNb2 aNb3 1 + aNbN 

Substract the .J!l:L.multiple of row N - 1 from the Nth row, then substract 
aN_I 

the aaN-I.multiple of row N - 2 from the N - lth row, and so on, finally 
N-2 

substract the !!l.·multiple ofthe first row from the second row, then we have 
al 

the following: 
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det(I + abT ) = det 

Let Uj denote the determinant ofthe i x i matrix I+abT • If i = 1, obviously, 

Ut is a scalar and it equals 1 + al b1• If i = 2, then 

From the above equation, it is easy to see that 

Therefore by finite induction for all n ~ 1, 

n 

Un = 1 + L aj . bj, 
j=1 

which proves the assertion. 

o 

Corollary. Let G be a square matrix with N columns and a, b vectors 

with N elements. Then the eigenvalue equation of matrix G + abT has the 

form: 

det(G + abT - AI) = det(G - AI) . det(I + (G - AI)-labT ) 
(3.20) 

= det(G - AI) . [1 + bT(G - AI)-la]. 

I 

--J 
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Generally, the cofficient matrix for process (3.18) has the form: 

1- 0) -!O) -!O) 

Hs= 
-!02 1-02 -10 2 

(3.21) 

-!ON -!ON I-ON 

We first consider the special case of a single-product oligopoly, where the 

coefficient matrix Hs has scalar blocks: 

1 - D) -!D) -iD) 

Hs= 
-!D2 1 - D2 -!D2 

-!DN -!DN 1- DN 

The characteristic polynomial of matrix Hs Can be written as: 

det(Hs _ ,,\1) = det ( ( 1 - %- -..\. 0 ) 

o I-~-"\ 

+ C: ) (1, .. ,1) ) 

= (l-%--..\)x ... x(I-~-"\) 

.[1 + (1, ... , I)diag( 1-~->""" 1-4->.) ( -7 )] 
_l2..r:i.. 

2 

= (1- %- -..\) x ... x (1 - ~ -..\). [1- L:f=1 2 g/-2X]' 

(3.22) 

Now divide all firms in the market S = {1, 2, ... , N} into T groups {S), S2, . .. , Sr} 

such that Sj n Sj = 0 (i f= j), S) U S2 U ••• U Sr = lSI. It is assumed that 
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for all j E Sj, Dj = OJ, that is, all the firms in the same group use the same 

speed of adjustment. It is also assumed that the OJ's (1 $ i $ r) are distinct 

real numbers and they are ordered such that 01 < 02 < .,. < Or. 

Consider the first case when only one firm is in group i, that is, ISd = 1 

and the speed of adjustment equals Dj • Then the factor 1 - %- - A in 

equation (3.22) cancels out, so A = 1 - %- is not a zero of equation (3.22), 

therefore it is not an eigenvalue of matrix Hs. Assume next that there are 

more than one firm in group i, that is, lSi! > 1. Then factor 1 - ~ - A 

appears at least twice in equation (3.22), it does not cancel out, therefore, 

A = 1 - %- is a zero of equation (3.22) and it is an eigenvalue of matrix Hs. 

Assume now A #1 - %- (j = 1,2, ... , N), then it satisfies equation 

Define JL = 1 - AI, then this equation is equivalent to the following: 

Let g(JL) denotes the left hand side of equation (3.24), then 

lim g(jt) = 0, 
1l ..... ±OO 

and for all i = 1,2,···, r, 

lim g(JL) = -00 and 
6· IJ-T-O 

lim g(JL) = 00. 
~ 

Il ..... =t+o 

Simple differentiation shows that 

(3.23) 

(3.24) 
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that is, 9 is locally strictly decreasing. These propertie's imply that 9 has 

exactly one root between ¥ and sT (i = 1. 2 ... '. r - 1). a.ud an additional 

root between :f a.ud 00. 

Hence. the eigenvalues of Hs are characterized as follows. If ISil > 1 for 

some t, then 1 - ¥ is a.n eigenvalue with multiplicity ISil - l. If ISil = 1, 

then 1 - ~ is not an eigenvalue. The other eigenvalues of Hs are the roots 

of equation (3.24). 

The dynamic process (3.18) is globally asymptotically stable if and only 

if for all eigenvalues -' of Hs. 

-1<-'=1-11<1. 

that is, when 0 < jJ < 2. Observe that 9(0) < 0, therefore all roots of 9 

belong to the interval (0.2) if a.nd only if 

"1 > O. (~r < 4, and 9(2) < l. 

In cases when 1 - ~ is a.n eig<'nvalu(' of Hs, the.:;e conditions imply that the 

corr<'sponding solution is also in the inten'al (0.2). The third condition can 

be rewritten as 

Since all terms are positive on the left hand side, each term should be less 

than one, that is, for all i, 

This inequality ca.n be rewritten as 

(3.25) 
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The above derivation can be summarized as follow: 

Theorem 3.3. The dynamic single-product oligopoly model (3.18) is glob

ally asymptotically stable if and only if 

4 
0< Dj < lSi! + 1 (j = 1,2,···,N;j E Sd (3.26) 

a.nd 

N D. 
L4_~·<1. 
j=1 J 

(3.27) 

Remark. This result call be interpreted as follows. Any group of firms 

with ISd members may choose an arbitrary common value of Dj (Dj E Sj) 

such that (3.26) holds. The other firms always can stabilize the process by 

selecting sufficiently small values of D/ (l rt Sj) such that (3.27) is satisfied. 

Consider next the special case of r = 1. That is, when 1511 = N. In 

this case 01 = 02 = ... = ON. Let a denote this common value. From the 

previous derivations we know that Jl = I is a root with multiplicity N - 1, 

and in this case equation (3.24) has the form 

N. a = 1, 
2p - a 

where the OJ values replace the OJ numbers. This equation can be rewritten 

as 

o(N + 1) 
Jl. = 2 . 

Since the eigenvalues of matrix Hs are the values 1 - p, we conclude that 

the dynamic process is globally asymptotically stable if and only if both 

1- ~ and 1 _ o(N + 1) 
2 2 
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are strictly between -1 and 1. Simple algebra shows that it happens if and 

only if a < 4 and a < N~I' Since the second inequality implies the first 

one, the resulting necessary and sufficient stability condition is as follows: 

4 
O<a<N+l' (3.28) 

Note that this result coincides with Theorem 4.2.4 of Okuguchi and Szi· 

darovszky (1990). 

As an additional example, consider the special case of r = 2. Then 

IS21 = N -ISll. Then the dynamic oligopoly game is globally asymptotically 

stable if and only if 

4 
o < aj < lSi! + 1 

and 

Simple algebra shows that the second inequality holds if and only if 

where 

U=l_IStlat e(O,l). 
4 - al 

Consider next the case of multi-product oligopolies. Assume that for 

n=1,2, ... ,N, 

Dn = diag( Dnl , D1I2 , ••• , DnM)' 
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An appropriate permutation of the rows and corresponding columns of ma

trix Hs shows that the eigenvalue problem of Hs is equivalent to that of 

matrix 

fIs= 

with 

HSm = 

HSI o 

o HSM 

1- DIm -!DIm 

-tD2m 1 - D2m 
(m= 1,2, ... ,M). 

Notice that the eigenvalues of fIs are the eigenvalues of matrices HSm (1 ~ 

m ~ M) and all matrices HSm have the same structure as Hs in the single

product case. Then we have the following result. 

Theorem 3.4. The dynamic multi-product oligopoly model (3.18) is glob

ally asymptotically stable if and only if for all m, 

4 
O<Dnm < /Sim/+ 1 (n=I,2, .. ·,NjnE Sim) 

and 
N L Dnm < 1 

n=l 4 - Dnm ' 

where we assume that the firms from sets Sim select the same Dnm values 

for product m. 

Remark. The conditions of this theorem can be interpreted as requiring 

that all conditions of Theorem 3.3 must hold independently for all of the 

products. 
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3.3 Adaptive Expectations 

Adaptive expectations are more general than Cournot expectations. Adap

tive expectations consider not only the actual output of the rest of the 

industry but also the error of the estimation in the previous time period: 

s~(t) = s~(t - 1) + Mn' (ExI(t - 1) - s~(t - 1)), (3.29) 
l:;6n 

where Mn is a constant matrix with diagonal elements Mi (i = 1,2, ... , M) 

denoting the speeds of adjustments, s~(t-1) the estimation, and EI:;6n XI(t-

1) the true output of the rest of the industry. If matrix Mn equals I, 

then the above equation equals (3.7), therefore, Cournot expectation can be 

considered as a special case. 

Consider again the multiproduct oligopoly game given in Chapter 2, and 

assume conditions 3.1 - 3.4 hold. 

Also, it is important to notice here that under certain conditions, nega

tive expectations are possible. For example, if any firm uses a large speed 

of adjustment, that is, Mi > 1.0, the estimation of the previous time period 

s~ (t - 1) is large, and the true production of the rest of the industry is 

very small, then it is possible to have negative estimations as shown in the 

following: 

8~m)(t) = s~~m)(t - 1) + M,\m). (Ex~m)(t - 1) - 8~m)(t - 1)) 
l:;6n 

= S~lI)(t - 1)(1 - M~m») + M~m) E x~m)(t - 1). 
l:;6n 

if (MAm) - 1.0)s!:n)(t - 1) > M,\m) EI:;6n x~m)(t - 1), the expectation shm)(t) 

becomes negative. However, if all the elements of matrix Mn are less than 
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unity, it is impossible to have negative expectations. 

In any real market, it is impossible to have negative production levels, 

because both backlog and inventory are not allowed in this study as men

tioned in Chapter 1. In such case, if any firm forms a negative expectation, 

it should be adjusted to zero, and the resulting dynamics of such market is 

entirely different. Because of such kind of adjustments, non-differentiability 

is introduced, therefore the location of the equilibrium point is not unique, 

it depends on the selection of the initial strategy xn(O). Also, there is in 

general no global asymptotical stability for such market. Therefore it is im

portant to exclude the possibility of negative expectations and we need one 

more assumption to continue our discussion. 

3.7. For any firm n, the expectation is always nonnegative, s~ ;::: 0 (n = 

1,2, ... , N). 

Dynamic processes under adaptive expectations are similar to those un

der Cournot expectations as presented. Substitute (3.28) into process (3.2) 

to have 

where a is a constant vector. Let Dn = (A + AT - Bn + BD-l A, then 

the above recursive dynamic process can be modelled as a linear difference 

equation: 



i 
,." 

Xt(t) Xt(t - 1) 

X2(t) X2(t - 1) 

XN(t) 
=HA' 

XN(t - 1) 

sf(t) sf(t - 1) 

sf(t) sf(t - 1) 

s~(t) s~(t - 1) 

where f3A is a constant vector, 

( Hl1 H12 ) HA= 
H21 H22 

with 

0 -DIMI 

-D2M2 0 
Hll = 

and 

+ f3A' 

-DIMI 

D2M2 

.59 

(3.31) 

(3.32) 

i 

-J 
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The above derivations imply the following theorem: 

Theorem 3.5. Under assumptions 3.1- 3.4 and 3.7 the equilibrium point of 

multiproduct oligopoly game with adaptive expectation is globally asymp

totically stable if and only if all the eigenvalues of matrix HA are inside the 

unit circle of the complex plane. 

Remark. Consider the special case when Mn = 1 (n = 1,2, ... , N), then 

process (3.30) reduces to process (3.8). Furthermore, if H22 = 0 and Hn 

equals the matrix He of (3.9), matrix HA and matrix He have the same 

nonzero eigenvalues. That is, under such condition the assertions of Theorem 

3.1 and Theorem 3.5 are the same. 

Since the dimension of matrix HA is very large (2M N), it is very difficult 

to verify the conditions of Theorem 3.5. In the following theorem, it is 

possible to reduce the size of the matrix HA, so eigenvalues can be found 

easier. 

Theorem 3.6 Under assumptions 3.1-3.4 and 3.7, the equilibrium point 

of the multiproduct oligopoly game with adaptive expectation is globally 

asymptotically stable if and only if all eigenvalues of matrix 

I-Ml -MID2 -MIDN 

H(l) - -M2Dl I-M2 -M2DN 
A -

-MNDI -MND2 I-MN 

are inside the unit circle. 

Proof. The eigenvalue problem of matrix HA can be rewritten as 

L/;=n -(D7I M n )u/ - D7I(1 - M 7I )vn = AUn 

L/;=II Mnu/ + (I - Mn)vn = AVn. 

(3.33) 

(3.34) 
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Premultiply the second equation by Dn and add it to the first equation to 

have 

(n = 1,2, ... ,N). 

If A = 0, then it is inside the unit circle. If A =P 0, then 

Substitute this relation to the second equation of (3.34) to have the eigen

value problem of Equation (3.33): 

- E MnD/v/ + (I - Mn)vn = AVn 
/:;en 

Thus, the theorem is proven. 

(n = 1,2, ... ,N). 

o 

Remark. Notice the dimension of matrix (3.33) is N M, which is half of 

that of the original matrix HA' Also, if Mn equals the identity matrix 1 for 

n = 1,2, ... , N, then s~(t) = sn(t - 1), and adaptive expectation coincides 

the Cournot expectation. Matrix H~) becomes the following: 

o -Dl 

o 

It can be decomposed into the product of two matrices: 



, 
be 

0 I 

H(l) - H(l) - I 0 
A - e --

I I 

or 

Dl 

H~) = He =-
D2 

0 

I 

I 

o o 

o 
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o 

o I I 

I 0 I 

I I o 

For square matrices M and N with the same size, the eigenvalues for MN 

and NM are the same, therefore, He and Hg) have the same eigenvalues. 

Corollary. If some norms of matrix (3.33) is less than unity then the 

equilibrium point is globally asymptotically stable with respect to adaptive 

expectation (3.28). By selecting the block row norm we obtain the following 

sufficient global asymptotical stability conditions: 

III - Mnll + E IIMnDll1 < 1 (n = 1,2, .. . ,N). 
l;en 

These inequalities hold, if 

III - Mnll + IIMnli' EIIDIII < 1 (n = 1,2, .. . ,N). 
l;en 

The second condition can be interpreted as: If matrices Mn are given so 

that III - Mnll < 1, then all the block matrices Dl must be small enough so 

that for all n, 

1 
E IIDIII < 11M II (1 - III - Mnll)· 
l;en n 
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Next the eigenvalue problem of H~) is investigated. For the sake of 

simplicity assume Dn is independent of n, that is, Dn = D. Then the 

eigenvalue problem of H~f) can be written as 

- E MnDv/ + (I - M 71 )vn = "vn (n = 1,2, ... , N). 
/1: n 

Let v = L:~=1 Vn, rearrange the terms of the above. equation as 

(3.35) 

Assume all the eigenvalues of matrix (I - Mn + MnD) are inside the 

unit circle, then any other eigenvalue of matrix (3.33) satisfies the relation 

By summing up this equation for n = 1,2, ... , N, 

N 

v = E[I + Mn(D - I) - ..\It1MnDv. 
n=1 

'Thus, we proved the following theorem: 

Theorem 3.7. In addition to assumptions 3.1 - 3.4 and assumption 3.7, 

assume Bn is independent of n, and all the eigenvalues of matrices (1-

Mn + MnD) are inside the unit circle as well as all solutions of the following 

nonlinear eigenvalue problems: 

N 

det(E[I + Mn(D - I) - AItlMnD - I) = 0, (3.36) 
n=1 

are inside the unit circle (n = 1,2, ... ,N). Then the equilibrium of the 

multiproduct oligopoly game with adaptive expectation (3.29) is globally 

asymptotically stable. 

Corollary. Consider a special case if all the firms have the same matrix 

Mn = M. Then the above equation implies there is a vector v such that 
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N 

(I)I + M(D - I) - AI)-lMD - I)v = O. 
Il=l 

Premultiply by (I + M(D - I) - AI), we have 

[NMD - (MD - M + I - AI)]v = O. 

That is, 

det[(N - 1)MD + M - I + AI] = o. 

From the above equation and the assertion of Theorem 3.7 we can conclude 

that if all eigenvalues of matrices 1- M + MD and -(N - 1)MD - M + I 
are inside the unit circle, the equilibrium point is globally asymptotically 

stable. 

Another special case presented here is that when BIl = 0, Mil = 0:1 (n = 

1,2, ... , N), and matrix A is symmetric, we have D = (A + A7')-lA = !I, 

and therefore the eigenvalues of matrices 

0: 0: 
1- M + MD = (1 - 0: + -)1 = (1- -)1 

2 2 

and 

1 (N + 1)0: 
-(N - 1)MD - M + I = (-(N - 1)0:' - - 0: + 1)1 = (1 - )1 

2 2 

are 1 - ~ and 1 - (N~l)a, respectively. 

We note the eigenvalues of matrix HA of (3.32) have the same values. 

Hence we have proven the following theorem. 

Theorem 3.8 Assume assumptions 3.1-3.4 and 3.7 hold, A is symmetric, 

BIl = 0, and Mil = 0:1 (n = 1,2, ... , N). Then the equilibrium of the multi

product oligopoly game with adaptive expectation is globally asymptotically 

stable if and only if 0 < n < N~l' 
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Corollary. The fastest convergence speed of the dynamic system occurs for 

the value of 0:*, which minimizes the magnitude of the largest eigenvalue of 

HA. That is, the value of 0:* is obtained by minimizing 

0: (N + 1)0: 
max{/1 - 2"/; /1- 2 }. 

It is easy to find that 0:* = N~2' 

A further generalization which allows different firms to select different 

speeds of adjustments is presented in the following. Assumptions 3.1 - 3.4 

and 3.7 are still valid. Theorem 3.5 implies that the dynamic process is 

globally asymptotically stable if and only if all eigenvalues of matrix H~) = 
I - HA are inside the unit circle, where 

Ml !Ml ~Ml 

H.-\.= 
!M2 M2 ~M2 

(3.37) 

~MN ~MN MN 

Notice that this matrix is the same as (3.19) for Cournot expectations, so 

Theorems 3.3 and 3.4 remain valid with the only modification that matrices 

Dn (1 $ n $ N) are replaced by matrices Mn. In addition all special results 

are also valid with this smaIl modification. 

The generalized process (3.18) under Cournot expectation and general

ized process (3.30) under adaptive expectations are more generalized than 

the original processes. However, such generalized processes still lack of the 

flexibilities to model the dynamic behavior of real markets. In the real world, 

it is possible that a producer uses adaptive expectations to estimate the out

put of the rest of the industry in order to calculate the profit maximizing 
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output x*(t). However, when the profit maximizing output is found, the 

producer does not move all the way to that point, but to a point between 

the productic:)ll level of the previous time period and that profit optimizing 

output. That is, adaptive expectations are combined with limited output 

changes, which were earlier discussed for only Cournot expectations. Such 

process can be easily simulated with computers, but for the theoretical ap

proach, it is very difficult. To illustrate this statement consider a single 

product oligopoly with N firms, and assume that 

(3.38) 

where ,4, b, bn , and en are given constants. Let Xl (0), ... , XN(O) denote 

the initial outputs of the firms. At each further time period t > 0, each 

firm first predicts the output of the rest of the industry, and based on this 

prediction maximizes its expected profit as in the case of earlier models. If 

s~(t) denotes the prediction by firm 71, then its expected profit is given as 

(3.39) 

Assume that the profit ma...x.imizing output is positive, it can be obtained by 

simple differentiation: 

(3.40) 

Assume that firm n cannot make large output changes during single time 

periods, therefore its output is adjusted as 

(3.41) 

This equation can be interpreted as an appropriate point is selected between 

the current and profit ma...x.imizing outputs. 
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It is also assumed that the firms adjust their predictions adaptively ac

cording to the formula 

s;(t) = s;(t - 1) + Pn(t)· (Lxl(t - 1) - s~(t - 1)), (3.42) 
I;i:n 

where the right hand side is the sum of the previous prediction and a portion 

of the prediction error. 

Substitute relation (3.42) into (3.40), and then combine the resulting 

equation with (3.41) to get the following: 

(3.43) 
= (1 - Gn(t))xn(t - 1) -1Gn (t);3n(t) LI;i:n XI(t - 1) 

-1Gn (t)(1 -/~n(t))s~(t - 1) + ('n(t~(.!n-b). 
For the sake of simplicity assume that all the firms in the market have 

the same 0: and P, sllch that 

Gn(t) == G ::j: 0 and Pn(t) == P ::j: 0 (1 $ n $ JIl, t ~ 0), (3.44 ) 

that is, system (3.42)-(3.43) is time-invariant with coefficient matrix 

1-0 oa "a _ o(l-a) 
-2' -y 2 

"a 1- a "a _ o(l-d) 
-"'2 -"'2 2 

"d "a I-a _,,(l-a) 
-"2 -"'2 2 

Ii,,= 

0 13 ;3 1- ;3 

P 0 ;3 1 -;3 

,13 ,13 0 1-;3 

.(3.45) 
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It is well known that the system is globally asymptotically stable if and only 

if all eigenvalues ,\ of H..t are inside the unit circle. However, the above 

matrix does not have the special structure of matrices (3.19) and (3.36), 

tllerefore, Lemma 3.2 cannot be applied here to find the region of global 

asymptotical stability. 

The eigenvalue equation of matrix H.4 can be formulated as: 

013 " o( 1 - 13) 
(1 - ll')u.n - -:) L.... 'Ill - 2 I)n = '\Un (1 ~ 71::; N) 

- I#n 

13Ltll + (1- ij)"n = '\Vn (1 ~ n ~ N). 
I#n 

Multiply (3.47) by], and add the resulted equation to (3.46), 

'\ll' 
(1 - 0. - '\)Un = T')n. 

(3.46) 

(3.4 7) 

(3.48) 

If ,\ = 0, then it is inside the unit circle, so it is sufficient to determine the 

nonzero eigenvalues of H..t. If ,\ :f 0, then 

2( 1 - 0. - ,\) 
Vn = \ 11.,,, 

,,0. 

and substitute this equation into (3.47), 

N 

L til = Un· h('\) 
1=1 

with 

(3.49) 

(3.50) 

(3.51 ) 

Assume next that ,\ is a root of h. Simple calculation shows that this 

condition is equivalent to equation 

(3.52) 
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It is well known that the roots of this quadratic equation are inside the unit 

circle if and only if 

(a - 2)(0 - .») 
-I± 2' - «a-I)(,J-I)<I (3.53) 

(see, for example, Okuguchi and Szidarovszky, 1990, Lemma 4.5.1). Simple 

calculation shows that these inequalities are equivalent to the following: 

3 o < 0,8 < 0 + 0 < ~oo + 2. (3.54 ) 

Assume next that ..\ is not a root of h. Then (3.50) implies that til = 

tl;2 = ... = !IiV. and tht'rt'fore N = h("\), which can be rewritten as 

\;2 \ (N - 1 )oJ + 20 + 23 - 4 ( 1)( ,J ) - 0 "+,, 2 +0- ,..1-1-. (3.55) 

The roots of this equation are inside the unit circle if and only if 

-1 ± (N - 1 )00 ~ 2a + 2,3 - 4 < (n _ 1)(.0 _ 1) < 1. (3.56) 

Simple calculation shows that these relations hold if and only if 

(3 - V)oJ o < 0,8 < 0 + 3 < ~ '+ 2. (3.5i) 

Note that the right hand side of (3.5i) is ahvays less than that of inequality 

(3.54). Hence the system is globally asymptotically stable if and only if 

(3.5 i) holds. 

Obviously, a and p must be positive. Fix the value of ;3 > O. If ;3 S 1, 

then 0:;3 < 0+;3 always holds. If.8 > 1. then it holds if and only if a < (P~l)' 

The remaining inequality of (3.5 i) can be rewritten as 

a(4+(N-3)3)<S-4p. 

We will next distin~uish between the following two cases. 

Case 1. If N = 2 and 3 > 4, then (3.58) has the form 

(3.58) 



8 - 4f3 
a> 4-f3' 

and therefore (3.57) is now equivalent to inequalities 

f3 8 - 4f3 
f3-1 >a> 4-f3' 

We will next prove that there is no such a by showing that 

8 - 4f3 f3 -->--. 
4-f3 f3-1 

Note that this relation is equivalent to the quadratic inequality 

3f32 - 8;3 + 8 > 0, 

which always holds, since its discriminant is negative. 

Case 2. Otherwise, (3.58) can be written as 

8 - 4;3 
a< 4+(N-3)f3 
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(3.59) 

(3.60) 

(3.61) 

(3.62) 

(3.63) 

Since both a and the denominator of the right hand side are positive, we 

have proven the following: 

Theorem 3.9. The above dynamic system is globally asymptotically stable 

if and only if 

and 

0<f3<2 

8 - 4f3 
0< a < 4 + (N - 3);3 

(3.64) 

(3.65) 

Remark 1. Note first that the case of f3 = 1 corresponds to Cournot 

expectations with limited output changes. In this case (3.65) reduces to 

4 
O<a<N+l' (3.66) 
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Remark 2. Consider the case of Q = 1, which corresponds to the case 

of adaptive expectations. It is easy to see (based on the symmetry of the 

conditions in Q and {3) that the system is globally asymptotically stable if 

and only if 

4 
O<{3<N+l' (3.67) 

Note that this result coincides with Theorem 4.2.4 of Okuguchi and Szi

darovszky (1990). 

Remark 3. Let B(I3, N) denote the right hand side of inequality (3.6,5). 

Notice that B(O, N) = 2 and B(2, N) = 0, furthermore B({3, N) decreases 

in both {3 and N. For all fixed {3 E (0,2), B({3, N) tends to zero as N ~ 00. 

The above generalized scheme of adaptive expectations shows the diffi

culty of theoretical research for a close form solution for stability analysis. 

Up to now all the models discussed are deterministic systems. 

In the real world, the estimations of the output of the rest of the industry, 

the decision making processes, and the actual productions face many uncon

trollable parameters, for example, the uncertainty of availability of resources, 

the acts of God, and the sudden change of demand function. The markets 

behave more like either stochastic processes or even chaotic processes, how

ever the government regulations and consumers provide an invisible hand to 

stabilize market. Modelling of such behaviors, for example, the occurances 

of limit cycles and bifurcations, are more challenging and hopefully provide 

more insights into the oligopoly (see, for example, Chiarella, 1991). 
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3.4 Extrapolative expectation 

Extrapolative expectation is the last expectation of this chapter. Consider 

again the multiproduct oligopoly market given in Chapter 2 and assume 

that conditions 3.1 - :l.4 hold. These conditions imply that the multiproduct 

oligopoly game has at least one equilibrium point. In this section, dynamic 

markets under extrapolative expectations will be investigated, in which the 

expectations depend on the observations of several previous time periods. 

That is, we assume that each firm forms expectation on the rest of the 

industry according to the formula: 

L 
s~(t) = L E~n) • sn(t - i), (3.68) 

i=l 

where matrices E~n) are given and they are constant with Er=l E~n) = I. 

Here we assume that the expectation depends on several previous obser

vations. The most simple case is to consider only the observations of the 

previous two time periods, in which 

s~(t) = En' LX/(t - 1) + (I - En)' LX/(t - 2), 
i:j::n I:j::n 

by assuming the linearity of the prediction function. The first order condi

tion of the optimization problem implies that 

Xn(t) = -(A + AT - Bit - Bn-l(As~(t) + b - bit) 

= -Dn Ef:l E~n) . E~n X/(t - i) + an, 
(3.69) 

where an is a constant vector. The above equation can be summarized with 

the following difference equation 

L 

x(t) = L HiX(t - i) + aE, (3.70) 
i=l 
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where 

Xl (t) al 

x(t) = X2(t) a2 
aE = 

XN(t) aN 

and 

0 -DtEP) -DtEP) 

-D2Ef2) 0 D2E~2) 
Hi= (3.71) 

-DNEfN) -DNE!N) 0 

Observe that the above equation is a recursion of L-step iteration pro

cess, so it can be interpreted as an L-order difference equation. Because 

of its linearity, sequence {x(t)} is convergent from arbitrary initial vectors 

x(O), x(l), ... , x(L-l), if and only if all solutions of the nonlinear eigenvalue 

problem 

L 
det(>.LI - E Hi>.L-i) = 0 (3.72) 

i=l 

are inside the unit circle. It is known that the above equation is equivalent 

to the usual eigenvalue problem of the following matrix 

I (3.73) 

I 0 
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Now we have the following theorem: 

Theorem 3.10. If all the eigenvalues of matrix (3.73) are inside the unit 

circle, recursion (3.70) converges to the equilibrium point with arbitrary 

initial vectors x(O), x( 1), ... ,x( L - 1). 

In order to check the stability conditions, the following theorem is useful. 

Theorem 3.11 If matrix HE with some matrix norms is such that 2:r=l IIHdl < 

1, then the equilibrium point is globally asymptotically stable with respect 

to the process of difference equation (:3.70). 

Proof. If " is an eigenvalue of matrix HE, then 

Ui = "Ui+l (1::; l::; L - 1). 

Repeated application of the second equation shows that for i = 1,2, ... , L-

1, Ui = "L-i uL , and UL i: O. Substitute this relation to the first equation 

to have a nonlinear eigenvalue problem: 

(3.74) 

Now we assume that 1"1 2:: 1. Then 

L 

l"ILlluLII ::; E l"IL-iIIHill'lIuLII, 
i=1 

dividing by lIuLIl i: 0, we have 

L L 

I"IL ::; E l"IL-iIIHili ::; l"I L
-

1 E IIHili ::; l"I L
-

1
, 

i=1 i=1 

which is a contracdition, thus we have proved the theorem. 
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Corollary. Select the block-row norm for each matrix HE. Then we have 

the following sufficient conditions for the global asymptotical stability of 

process (3.70): 

L 1 
?:ml~xIIDnEfn)1I < N _ l' 
1=1 

(3.75) 

Remark. Notice here, if we select L = 1 and E~n) = 1 for all n, then we 

have the case of Cournot expectation. 

There is an important special case, when Bn = O. We discussed it in a 

previous section and will also discuss it now. 

Theorem 3.12. Assume for all n, matrix Bn = 0, and all the eigenvalues 

of D are real, 'also let L = 2 with E~n) = al and E~n) = (1 - a)1 for all n. 

Then the equilibrium is globally asymptotically stable if and only if 

-~ < a < ~ ( for N = 2); 

N -3 < a < 1 . 1Y±l (for 2 < N < 7). N-:::r 2 w:::r 

For N ~ 7, no such a exists. 

Proof. Note first that in this case 

0 -aD 

-aD 0 
HI = 

-aD -aD 

and 

-aD 

-aD 

0 

=aHs, 
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0 -(1- a)D -(1 - a)D 

-(1 - a)D 0 -(1 - a)D 
H2 = 

-(1-a)D -(1- a)D 0 

= (1 - a)HE 

where HE = -(1 - I) ® D. Since all the eigenvalues of D equal! and the 

eigenvalues of 1 - I are -1 and N - 1, the eigenvalues of HE are equal to ! 

and l-;,N. The triangular factorization of matrix HE shows that in this case 

Equation (3.73) is equivalent to the following pair of quadratic equations. 

,,2 _ ~,,_ 1 - a = ° (3.76) 
2 2 

and 

(3.77) 

For Equation (3.76) the roots are inside the unit circle if and only if 

I-a < 1 
2 ' 

- I - I'2a + 1 > 0, and 

I - I'2 CV + 1 > 0, 

which hold if and only if -~ < a < 3. For Equation (3.77), the same 

conditions become: 

(l-N)(l-a) < 1 
2 ' 

_(l-:)a _ (l-N~(l-cv) + 1 > 0, and 

(l-N)a _ (l-N)(I-cv) + 1 > ° 
2 2 ' 

which hold if and only if %:~ < a < t . %!~. For N ~ 2, ! . %!~ < 3, for 

N ~ 3, %:~ > -!, anel for N ~ 7, %:~ ~ ! . %!~. Thus the theorem is 

proved. 
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Remark. If Q = 1, extrapolative expectations coincide with Cournot ex

pectations. Also, Q = 1 satisfies the conditions of the Theorem 3.12 if and 

only if N = 2. 
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Chapter 4 

Laboratory Experiments 

and Learning Behavior 

In the previous chapters we have discussed several oligopoly models, their 

stability conditions, and learning processes. In order to successfully apply 

them in practical problems, it is important to know if they have been used 

by decision makers and to what extent they are valid. I used laboratory 

experiments to provide answers to these questions and to study the learning 

behavior, the development of strategies, and the quality of these strategies 

to good decision making. 

Beside the theoretical approaches, the laboratory experiments and the 

field studies are two useful methodologies to verify or develop the oligopoly 

models. In this chapter I focus the attention on the controlled laboratory 

experiments. 

As mentioned in the literature review, the first set of oligopoly exper

iments can be dated back to the late 1940's. The laboratory experiments 
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have become a main stream of oligopoly research in the early 1960's. To

gether with the theoretical approaches and field studies, during the past 

three decades, experimental methods have been used by many economists to 

investigate various economics problems, for example, doupolies, oligopolies, 

auctions, and resource allocations (Smith, 1982). 

For the same type of economic problems, there are many designs of labo

ratory experiments. For those experiments that have been conducted in the 

Economics Science Laboratory at the University of Arizona, mostly human 

subjects, normally undergraduate students participate as buyers or sellers. 

Based on different experiment designs, for example, demand functions, cost 

functions, number of subjects, etc., subjects interact directly or indirectly 

with each other within the designed markets. The experiment processes and 

the results of most experiments are recorded either manually or automati

cally, for example, by a computer. With the aid from the modern computer 

technology, the necessary tasks of conducting an experiment, for example, 

compute the price and the revenue as well as record the results, can be done 

much more efficiently and with less errors. 

For the markets where the numbers of sellers or buyers are small, for 

example, oligopolies and duopolies, the experiments provided important 

contributions to reveal the market behavior. Before the early 1960's, the 

theoretical research and field studies dominated the economics research. 

However, the importance of experimental approaches has been recognized 

(Smith, 1988/1989) by the strong empirical evidences they have provided. 

But it is too early to tell whether theoretical research or experimental ap

proaches will make more important contributions to the oligopoly research. 

In laboratory oligopoly experiments economists analyze the decisions on 
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the production levels in all or some of the trading periods so that the be

haviors of individual subjects. their learning and development of prediction 

schemes can be studied. Systematic studies of the subject behaviors not 

only support or verify the conditions and models that have been developed, 

but also lead to the development of new models. 

Two sets of oligopoly experiments have been conducted for this study. In 

the first section a brief discussion of the experiment design and procedures 

is provided. The second section discusses and analyzes the data collected 

from the first set of experiments. The data, strategies, and decision rules 

collected from the second set of experiments are discussed and analyzed in 

section 3. Conclusions are provided in the fourth section. In these laboratory 

experiments, my tasks were to design and conduct the experiments, and also 

to analyze the experiment results. 

4.1 Experiment Design 

The first design contains a set of five experiments and the second a set of 

three experiments. They were all executed in the Economic Science Labo

ratory at the University of Arizona. A group of five subjects participated 

in each multi-period experiment as sellers. No buyers participated in these 

experiments, since the demand function P(Ef=l Xi) governs the behavior of 

the market. The demand function determines the market price as a function 

of total production by all the sellers in the market. It is assumed that all the 

products are sold in their production period and no backlog or inventory is 

allowed. 

Subjects are undergraduate students of the University of Arizona. They 
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are randomly recruited by the experiment monitors from campus class rooms 

and they are not required to have a major in either economics or business. 

All the subjects were promised $5.00 for showing up for an experiment, 

but only the first five students are selected to participate. Normally, an 

oligopoly experiment with fifty trading periods lasts two hours. In order 

to facilitate the calculations of production levels and the possible profits, 

subjects are allowed to use calculators. However, the software for the second 

set of experiments provided an on-screen calculator for every subject to 

calculate, for example, his expected profit based on his production level and 

the assumed total productions of his competition. 

Once a group of five subjects is formed, instructions to the oligoply 

experiment are shown on the screens. One or more experiment monitors 

are a.vailable to ans\ver any question that relate to the experiment in the 

instruction reading period. In order to avoid the formation of coalitions, 

subjects were told to remain silent and absolutely no communication was 

allowed throughout the entire experiment. 

Each of the first set of experiments has fifty trading periods, and the 

length of the experiment was not revealed to the subjects. However, some 

evidence indicates that some subjects might have guessed the length of ex

periments. Therefore, the data in the last few periods of some experiments 

are questionable. 

The first two experiments of the second set have trading periods divided 

into two parts. The first part has fifty or sixty trading periods played by the 

subjects as in the first set of experiments. When the first part concludes, 

each subject writes down her Ihis strategy in terms of decision rules and 

instructs a. laboratory assistant on how to use those rules to play for her Ihim 
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in the next twenty trading periods. Assistants cannot inject any personal 

judgement into the d(>cisions. th(>y simply act a.s robots. In order to motivate 

the subjects to transmit their best strategy. the monetary payoffs for the 

second part are dou bled. 

I selected the highest earning five subjects from the first two experiments 

to participate in the third experiment. Overall it has seventy trading periods 

and divided into thre(> parts. fourty' for th€' first part.. and fifteen for the 

second and third parts. SimilaT to the first. and second experiments, the 

subjects are interviewed for their strat.egies when the first part is concluded. 

and laboratory assistants substitute for t.he subj(>cts to play the second part. 

When the second part is finished, the subjects are interviewed again and they 

can modify or improve their strategies for the third paTt. 

Subjects are given an up-front capital payment. If the accumulated 

capital of any subject becomes negative, the subject is bankrupt and asked 

to leave the experiment. The first three periods are practice periods, and 

no monetary rewards given to the subjects for the profits earned. 

The experiment subjects sit in separate carrels a.nd no verbal commu

nication is allowed. In front of each subject is an IB!\f PC connected by 

local area network to a host computer. From which each subject is fed the 

instructions for the experiment, and the total production level of the other 

subjects and the market price during the experiment. The decision on the 

production level of each subject can be entered to the host computer through 

his own terminal. When all the decisions are entered and received by the 

host computer, the host computer sums up the productions, determines the 

market price, calculates the profit of each subject, and 'finally, adds the 

profits to the total capital accumulated earned so far by the subjects. 
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For all the five experiments, the demand function p(t) is chosen to be: 

5 

P(t) = 80 - LXi(f). (4.1 ) 
i=1 

The demand function remains the same for all the trading periods. Each 

of the five subjects has the identical cost function Ci which depends only on 

her /his own production level: 

(4.2) 

The reason I selected linear price and cost functions was the fact that 

most theoretical results are known for this special case only, and therefore 

they can serve for interesting comparisons. It is easy to show that the 

monopoly equilibrium is 30 units for the entire market, or 6 units per subject. 

The price function and his/her own cost function were known to all par

ticipants. The graphs of these functions were even shown on the screen at 

all times. At each trading period each subject selects a production level. 

This single number is the only response of the participants at each trading 

period. They have maximum two minutes at each trading period to make 

their decisions. After all subjects have entered their entries, the main com

puter determines the sale-price and the profit is returned to each subject. 

This information is then used to make their newest decisions. The total 

profit of each subject is recorded and presented on the screen at all times. 

The number of time periods was not given to the subjects at the beginning 

of the experiment, since we did not want to have useless results at the end 

of the experiment. For the sake of simplicity we present here the list of 

information shown on each subject's screen at all times: 

- price function and the actual price of previous trading period, 
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- cost function and the actual cost of previous trading period, 

- total production level divided into: his/her own last decision and the total 

output from the rest of the industry, 

- profit earning at each trading period, and total earned up to that time. 

At each time period the subject could use their terminals as calculators to 

check out decision alternatives by computing the expected prices and cost 

data. 

The entire procudure can be easily duplicated, since the applied software 

(COURNOT OLIGOPOLY) is now in public domain, and can be obtained 

from the Economic Science Laboratory by request. 

In the next section, I will first analyze the data of all the five experiments, 

and then discuss the behavior of two special subjects. 

4.2 Data Analysis of the First Set of Experiments 

The data sets collected from the five experiments show there is wide range of 

variations in the subjects' behavior. Some have developed good prediction 

schemes, generated good decisions, and naturally, earned the largest profits. 

Such variations in the subjects' behavior are the most interesting and most 

important phenomena to observe in experiments, since they provide very 

precious insights into the actual behavior of the decision makers. Also, it is 

very important to understand how the behavior or prediction schemes are 

developed, for example. what the subjects have learned, how fast were and 

what triggered the learning processes. 

To identify what behavior or strategies can lead to the maximal total 



I 
'd 

85 

profits is also one of the goals of this study. However, since the profit earned 

by anyone of the subjects depends not only on his decisions but also on 

the decisions of the other subjects, one strategy might work well in one 

experiment, but may show poor performance in others. So, when we study 

the learning behavior of one subject, it is important to know the behavior 

of the other subjects. The interactions among the subjects are dynamic 

but deterministic. These phenomena are the major challenges to theoretic 

oligopolists. 

In summary, the main purposes of this section are: 

1. Identify what expectation schemes were used by subjects in predicting 

the production levels of the competitors. 

2. Identify any learning behavior that exist. 

3. Identify the long-term strategies, if any, the subjects used, and their 

relations to the total profits. 

4. Identify some good decision models that tend to maximize profit. Such 

a model should include the learning mechanism, the short-term expec

tation scheme, and the long-term strategy. 

Data sets of all the five experiments are shown in Tables A.I-A.5 attached 

in Appendix A. They include the market price, P(t), the total input into 

the market, Er=l Xi(t), the production levels, Xi(t), and the profits, Qi(t), 

of all the subjects, where i E {I, 2, 3,4, 5} and t = 1,2, ... ,50. Profit Qi(t) 

is determined as: 

Qi(t) = Xi(t). (P(t) - 20.0). (4.3) 
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Figure 4.1: Production adjustment \'s. profit increment, Subject A. 

Among all the players, subject :2 in the first experiment (Subject A) and 

subject 3 in the fourth experiment (Subject B) provided us remarkable data 

sets. The reason I give special attention to these two players is the fact. 

that form their output selections well defined strategies can be detected. 

The data set of the first experiment shows that subject A has used the 

Cournot expectation: a more detailed discussion is provided later. Figure 

.5.1 shows that the adjustments on the production level in most time periods 

depend on the profit Subject A earned in the previous time period. The 

decisions made in the second half of the experiment provide even stronger 

support of this hypothesis. 

Figure 5.2 shows the adjustment on the production level of Subject A is 

also dependent on the market price in the previous period. 

It is also important to see that the production level decisions by Subject 
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Figure 4.2: Production adjustment \"S. mark~t pric~. Subject A. 

A have a strong correlation with the profh ma.:dmizing outputs predicted 

by Cournot expectation as shown in Figure ,5.3. 

In order to identify the learning beha.vicr and ';\'hat parameters affected 

the production decisions I use regression a:r:alysis. 

The first step here is to understand the :'ependo?nce of predicted produc

tion levels of the i-th firm, Si(t), on its ow:, prod"Jction level, Xi(t - 1), its 

expected production levels, Si( t - 1 I. and r.he actual production levels in 

the previous time period, Si(t - 1). I mer.:ion that the \'alues Sr(t) were 

not recorded, and they are computed by sO:\'ing equation (3.6) for s~(t). I 

formulate the following linear relation: 

( ·L4) 

For Subject A. I have Wj as follows: 
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Figure 4.3: Actual productions vs. productions predicted by Cournot Ex

pectation, Subject A. 

W1 = -0.282, W2 = -0.224, and W3 = 1.023. 

That is, 

S.'4(t) ~ -0.282x..t(t - 1) - 0.224S;t(t - 1) + 1.023S . .J.(t - 1). (4 .. j) 

The relatively small values of W1 and W2 indicate that the expectation 

scheme used by Subject A is Cournot expectation. The reason is the coef

ficient W3 = 1.023. The high value means the decisions made by Subject 

A were dominantly controlled by the sum of the actual productions of the 

competitors in the previous time period, SA(t - 1). W1 and W2 are small, 

therefore, production level, XA(t - 1), and the expected sum of the competi

tors, S.:i.(t - 1), are not very important in the decisions of Subject A. 

I further calculate S~4 (t) by: 
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S)(t) = -0.282xA(t - 1) - 0.224SA(t - 1) + 1.023SA(t - 1), (4.6) 

and plot both S-.:t(t) and SA(t) together as shown in Figure 5.4. It is clear 

that SA(t) follows SA(t), even if there are major changes in the behavior of 

the competitors. 

Such result is also supported by our t-test analysis with SAS statistics 

package. For all the t- tests in this study, I let the level of significance Q 

equals 0.05. The importance parameters to a t-test are the Ti values for 

Ho where parameter Wi equals 0.0 and the associated probability Pi' If 

a calculated probability Pi is higher than the level of significance, in this 

study, the hypothesis of the dependence of one variable on the other should 

be rejected, otherwise the hypothesis should be accepted. In this case, the 

t-values and probabilities for parameters, xA(t-1), SA(t-1), and SA(t-1), 

are: 

TI = -1.369, 

T2 = 0.666, 

Pt = 0.1777, 

P2 = 0.5888, 

T3 = 5.530, and P3 = 0.0001. 

Small value of Pa indicates the hypothesis that SA(t) depends on SA(t - 1) 

should be accepted, since P3 is much smaller than the level of significance 

0.05. High values of PI and P2 suggest the hypothesis that St(t) depends 

either on Xi(t - 1) or on St(t - 1) should be rejected, since both PI and P2 

are greater than 0.05. 

I next study the data set of Subject B. I have coefficients Wi as: 

WI = 0.101, W2 = 0.546, and W3 = 0.404. 
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The last two coefficients, W2 = 0.546 and W3 = 0.404, indicate that 

the expectation scheme includes both the predicted sum, SB(t -1), and the 

actual sum, SB(t - 1), of productions of the competitors in the previous 

time period. The dependence on the production level, XB(t), is difficult to 

determine, since the ranges of xB(t-l), SB(t-l) and SB(t-l} are different. 

Therefore, it would be helpful to use t-test to check the dependences on 

the three parameters. The Tj values and the associated probabilities Pj I 

obtained are as follows. 

Tt = -8.201, P t = 0.0001, 

T2 = -4.780, P2 = 0.0001, 

T3 = 4'.889, and P3 = 0.0001. 

Low Pt , P2 and P3 values indicate the hypothesis that SB(t) depends on 

all of the three variables should be accepted, since they are much smaller 

than 0.05. Based on these test results, I can conclude that Subject B did not 

use a pure Cournot expectation as the one by Subject A, but he developed 

and used a modified Cournot expectation that includes more information 

(more decision variables) and all the decision variables are important in 

his decisions based on the results of t-test. Such a complicated prediction 

scheme gives Subject B better predictions of the behavior of the competitors. 

A more detailed discussion will be provided later. 

Similarly, I plot both s'1(t) and SB(t) of Subject B together in Figure 

5.5. From the figure it is clear the approximated s'1(t) follows the SB(t) 

especially in the places where there are changes in the behavior of the com

petitors. 
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It is also important to see that there is certain learning beha\;or. Sue:' 

learning behavior can be seen from the shrinking of the gaps between S;'(fJ 

and S;(t) as well as the adjustment to the changes of the markets as show:. 

in both Figure ·5A and Figure 5.5. For Subject A, the data fit very ";I.·ell h:. 

the whole experin:ent except the first ten periods and the last five p~riods. 

Subject A is learning in the beginning of the experiment, and it is possibl", 

that some players in the same experiment might have anticipated t::'e end 

of the experiment and overproduced when it was about to finish. 

For Subject B. the expectation scheme is more complicated and includes 

more information. therefore the experiment data set does not fit in as ";I.·ell 3': 

that of Subject A. X otice also that there is always a time lag. Some lea.rning 

behavior can be seen as indicated by the shrinking of the gap betwee~ St(:) 

and S;( t) and the quick adjustments to the changes of the market. 
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Figure 4.5: Predictions vs. predictions fitted by regression. Subject B. 

In addtion to the above three variables, I include two more variables, they 

are the adjustments on the assumed total production, Si(t- 1) - Si(t - 2), 

and the actual total production, Si(t - 1) - Si(t - 2), in the pre\ious time 

period. 

Sf(t) = WliXi(t - 1) + W2i Sf(t - 1) + lV3iSi(t - 1) (4.7) 

+W4i(S;(t - 1) - S;'(t - 2» + WSi(Si(t - 1) - Si(t - 2». 

However, for both subjects the regression analysis and the t-test pro

vided similar results as the previous analysis with three \cU'iables, and the 

dependence of Sf(t) on either S;(t-l)-Sf(t-2) or Si(t-l)-Si(t-2) is 

weak, since both the P4 and Ps values are higher than 0.0.5 So, the hypoth

esis that assumes S;'(t) depends on the adjustments for both Subject A and 

Subject B should be rejected. 

To see again what expectation schemes have been used I use regression 
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Figure 4.6: Actual productionsvs. productions determined by COUI:lot 

Expectation, Subject A. 

analysis to study the production level decisions. Xi(t). I plot the production 

levels xi(t) predicted by Cournot expectation and the true production le.els 

Xi(t) together. See Figure 5.6 for Subject A and Figure 5./ for Subject B. 

It is encouraging to see that the production le\-~ of joth Subjec"': A 

and Subject B are very close to the values predicted by Cournot expecta

tion. This observation supports again that both subjects use either the p11re 

Coumot expectation or a modified version of Counot e."tpectaton. It is 

remarkable that Subject B has only 98 units of total errors in predictions, 

or average error is less than two units per time period. 

Cournot expectation assumes the production le~els of ~he com~titors 

will not be changed from the previous time period. Such a prediction schmte 

is very primitive as it depends only on the data of one siDgte per..od. How-



! nw 

"Dol": COllmot ClIreal.Ion, "Solid": ACIUII prod •. 
16r---~--~---+--~----~--~~~--~--~----, 

10 II 
I! 8 

I 
6 I 

I 
I 

.- " II 
:t 
~ 

2 
0 5 10 

.. t 
! I 
I I 

\ 1 .. .. .. 
V . 
! 

15 20 25 30 

Time period 

35 

\; 
\I , 

40 45 so 

94 

Figure 4. i: Actual productions vs. productions determined by Cournot 

Expectation, Subject B. 

ever, the learning or the development of the prediction scheme is a multiple. 

period process. We can expect that the data the subjects used in decision 

making should also cover several time periods. 

Even though the decisions made by both Subject A a.nd Subject Bare 

very close to the values predicted by Cournot expectation, I believe their 

decisions or predictions also depended on what they saw in earlier time 

periods. In order to see the dependence of the decisions on the earlier data, 

I use regression analysis again to cover the data of T time periods. I use 

linear regression first and then t·test to see the dependence of expectation 

SiC t) on the actual total productions from the competitors up to the previous 

T time periods. That is, 
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T 

S;(t) ::::: E Wj . Si(t - j). (4.8) 
j=l 

This is a special case of extrapolative expectations as discussed in Chapter 

3. For T = 1, it gives Cournot expectation. I first analyze the data set of 

Subject A, I start with T = 3 and I get: 

WI = 1.162, TI = 4.561, PI = 0.0001, 

W2 = -0.369, T2 = -1.291, P2 = 0.2034, 

W3 = 0.210, T3 = 0.835, and P3 = 0.4081. 

From the results of t-test, it is clear that the decisions made by Subject 

A only influenced by the data in the past one time period, since PI is very 

small and WI. is close to 1.0. Based on the high values of P2 and P3 , the 

hypothesis that SA(t) depends on SA(t-2) and SA(t-3) should be rejected 

even though the absolute values of WI and W2 are not small. It is interesting 

to see that W2 is negative, it is a sign that the expectation depends slightly 

on the adjustments SA(t - 1) - SA(t - 2). I next let T = 4, and have 

WI = 1.200, TI = 4.547, PI = 0.0001, 

W2 = -0.428, T2 = -1.501, P2 = 0.1410, 

W3 = 0.152, T3 = 0.536, P3 = 0.595, 

W4 = -0.004, T4 = -0.015, and P4 = 0.9878. 

These numbers provide the same message as the previous analysis with 

T = 3. That is, the decisions only influenced by the data in the past one 

time period. However, it is interesting to see that ITjl decreases and Pj 

increases as j increases. This is a proof that the human memory is decayed 

as time passed by. 
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Figure 4.8: Actual predictions S-( t) and predictions fitted by regression 

analysis s'".4(t) for T=4, Subject A. 

By using the computed coefficients W4 I get S~(t), and I plot both 

S-(t) and s'".4(t) in Figure 5.8. From Figure 5.8 I see that the gap between 

S-(t) and s'".4(t) is very small after the first five time periods. This tells us 

that Subject A developed a prediction scheme right after the start of the 

experiment, where the data considered in each decision cover earlier time 

periods. The most important is that Subject A was able to predict the 

transitions and follow what was recommended by the prediction scheme he 

developed. 

Next let T = 5, I have 

WI = 1.192, Tl = 4.676, 

W2 = -0.457, T2 = -1.587, 

W3 = 0.071, T3 = 0.256, 

PI = 0.0001, 

P2 = 0.1206, 

P3 = 0.799, 
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nmepcriod 

Figure 4.9: Actual predictions S-(t) and predictions fitted by regression 

analysis S~~(t) for T=5, Subject A. 

W.a = -0.210, T4 = -0.734. P4 = 0.467, 

Ws = 0.261, Ts = 1.037, and P3 = 0.3063. 

The results I have here indicate the data that subject A observed earlier 

than three time periods became noise in his decisions. I use the computed 

coefficients again to get S'";t(t). I plot both SA(t) and S~'4.(t) in Figure 5.9. 

However. the gap between SA(t) and S:'4.(t) does not shrink significantly as 

I expected. This indicates that there is a limit on the memory of Subject 

A, or Subject A simply drops the old data while making a new decision. 

Our conclusion here are: First, for Subject A, the data of the past one 

time period is the most important in his decisions. Second, the importances 

of the data in the earlier time periods decresed as the distance in time 

increased. 
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I conducted the similar regression analysis and t-test to the data set of 

subject B. First I let T = 3 and have: 

WI = 0.395, 

W2 = 0.158, 

TI = 4.083, 

T'}, = 1.60i, 

PI = 0.0002, 

P2 = 0.1154, 

W3 = 0.15i, T3 = 1.618, and P3 = 0.1130. 

It is clear that the decisions of subject B depend on only SB( t - 1), but 

such dependence is not as strong as that of subject A, the reason has been 

discussed earlier. Influences of SB(t - 2) and SB(t - 3) on subject B's 

expectations are not very significant as indicated by the values of Tj and Pj. 

Next I let T = 4 and T = 5. For T = 4 I have: 

WI = 0.384, TI = 4.042, PI = 0.0002, 

W2 = 0.163, T2 = 1.71 i, P'}, = 0.0936, 

W3 = 0.145, T3 = 1.526, P3 = 0.1348, 

W4 = 0.156, T4 = 1.652, and P4 = 0.1062. 

For T = 5 I have: 

WI = 0.384, TI = 3.978, PI = 0.0002, 

W2 = 0.164, T2 = 1.704, P2 = 0.0963, 

W3 = 0.144, T3 = 1.520, P3 = 0.1365, 

W4 = 0.139, T4 = 1.456, P3 = 0.1534, 

Ws = 0.135, Ts = 1.407, and Ps = 0.1674. 

For both analyses with T = 4 and T = 5, the results show again the data 

that older than three time periods did not play any major role in Subject 

-.1 
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B~s decisions. Such behavior is similar to that of Subject A, but the \'alues 

of Wj tell us the decisions of :mbject B. unlike t.he decisions of Subject A 

which were dominated by 5AU -1) (WI = 1.162). only affected pa.rtially by 

5B(t - 1) (11'1 = 0.384). 

Next, similar to the previous analysis. I provide a t-test and an addi

tional regression analysis to study the dependences of expectation on the 

adjustments on SB(t) up to T time periods earlier~ that. is: 

T 

S;(t) :::: L Wi' (SiU - j) - Sj(t - j - 1 )). (4.9) 
j=1 

I start from T = 2 and I first. test the data. set of Subject A. Then 

WI = 0.750~ TI = 2.482. PI = 0.0170, 

W:2 = 0.134. T2 = 0.443. and P2 = 0.6596. 

The analysis results show the prediction of Subject A only affected by the 

adjustment in the previous time period Sj(t-l )-S,(t-2) not the adjustment 

in any earlier time period. Next I let T = 3, and have: 

1171 = 0.952, 

W:2 = 0.294, 

TI = 3.062, 

T:2 = 0.925. 

PI = 0.0038, 

P:2 = 0.3603, 

lF3 = 0.245, T:2 = O.SH, and P3 = 0.4203. 

The result of T = 3 provides an even stronger support that the decisions of 

Subject A were affected only by the adjustment 5j(t - 1) - Sj(t - 2). 

Similar t-tests and regression analysis have been performed for the data 

set of Subject B. However. for both T = 2 and T = 3, I did not find any 

clear correlation between the expectations and the adjust men ts. 

The adjustments 011 the prediction S;(t) - S,(t - 1), or equivalently, 

the adjustments 011 t he production level, are believed to depend on what a 
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subject has observed over many time periods. In many cases, the magni

tude of the adjustment on the production level is more important than the 

production level, the reason is a small production level adjustment might 

cost more than the production, for example, purchase a new machine to 

increase the production level by one unit might cost more than to produce 

one hundred units of products. In the following I use t-test and regression 

analysis to study the dependences of expectation adjustment on various vari

ables. First, I test the dependence of St(t) - Si(t - 1) on Si(t - j), where 

j E {I, 2, ... , T}. That is, function relation of the form 

T 

S;(t) - Si(t - 1) = E Wi' Si(t - j) (4.10) 
j=I 

is determined. 

Unfortunately, such analysis did not give us any strong correlation be

tween Subject A's adjustments on prediction, SA(t) - SA(t - 1), and the 

sums of production in earlier time periods, SA(t - j), because all the proba

bilities Pj are much higher than the level of significance of 0.05. However, it 

is encouraging to see the analysis on the data set of the second experiment 

provided us with strong correlation between SB(t) and SB(t) - SB(t - 1). 

Following are the analysis results I have for T = 3: 

WI = -0.605, 

W2 = 0.157, 

TI = 6.255, 

T2 = 1.607, 

PI = 0.0001, 

P2 = 0.1154, 

W3 = 0.157, T2 = 1.618, and P3 = 0.1130. 

So the adjustments on the expectation of Subject B are affected by how 

much he has adjusted in the previous time period. The influences on the 
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Figure 4.10: Dependence of prediciton on the adjustments of prediction, 

T=l, Subject A. 

data in earlier time periods are insignificant based on the Wj and Pj values. 

I have similar results for both tests with T = 4 and T = 5. 

It would be interesting to see if the adjustment of predictions of Subject 

A depend on the adjustments of his predictions in earlier time periods: 

T 

S;i.(t) - SA(t - 1) ::::: L: Wj(S;i.(t - j) - S;i.(t - j - 1)). (4.11) 
j=1 

Again, I use regression analysis to analyze the data set, first I let T = 1: 

S:4(t) - SA(t - 1) ::::: W1(S:4(t - 1) - S.:i(t - 2)). 

Here i have WI = 0.527. I plot the actual S.:i(t) - SA(t - 1) and the 

fitted S.4(t) - S.4.(t - 1) = 0.527(SA(t - 1) - S.:i(t - 2)) together in Figure 

5.10. It shows tha.t there is only a weak correlation. 

Next I let T = 2, 
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Figure 4.11: Dependence of prediciton on the adjustments of prediction~ 

T=2, Subject A. 

SA(t) - SA(t - 1) ::::: W1(SA(t - 1) - SA(t - 2» + W2(SA(t - 2) - 5A(t - 3», 

where I have WI = 0.;13 and lV2 = 0.332. I plot the actual 5A (t) -
SA(t-l) and the fitted S.~(t) - SA(t -1) = 0.713(SA(t -1)- S.'4(t - 21t-

0.332(SA(t - 2) - SA(t - 3) together in Figure 5.11. It is clear that ~he 

correlation is now much stronger. 

Finally, I let T = 3: 

3 

SA(t) - SA(t - 1) ::::: L: Wj(S.4(t - j) - SA(t - j - 1». 
j=l 

where I have WI = 0.;38, W2 = 0.-137, and W3 = 0.163. I plot :;he 

actual S:4(t) - SA(t - 1) and the fitted SA.(t) - SA(t - 1) :::: 0.i3.'3(5:4(t-

1) - SA(t - 2» + 0.43i(SA(t - 2) - S:4(t - 3» + 0.163(SA(t - 3) - SA(t _.j,) 

together in Figure .5.1:2. I notice that no significant improvement is obtabed 
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Figure 4.12: Dependence of prediction on the adjustments of prediction, 

T=2, Subject A. 

from T = 2 to T = 3. The reason is that there is a limit on the memory of 

Subject A, or simply Subject A intentionally ignores the adjustments on his 

predictions in the earlier periods. If we assume exponential discount rate, 

the dependence of Wj on the adjustments of the prediction in any earlier 

period j can be estimated as follows: 

Wj ~ 0.723. e-O.646.(j-I), for j :::; 3. 

I also use t-test to ferform the similar analysis, first we let T = 3 and I 

have: 

WI = 0.5;4, 

W2 = 0.376, 

Tl = 6.968, 

T2 = 4.151, 

PI = 0.0001, 

P2 = 0.0002, 

W3 = 0.19;, T2 = 2.431, and P3 = 0.019-1:. 
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Notice here that the Wj values here are slightly different from what 

I have in the regression analysis earlier. However these values shoud be 

more accurate and they project the same trend as the previous regression 

analysis. The reason is in our earlier regression analyses I did not include the 

constant term Wo, for example, Equation (4.11), however, the SAS package 

automatically assign a constant term (intercept with the horizontal axis) to 

every t·test. So, in this case, Equation (4.11) should be modified as: 

T 

Si(t) - Si(t - 1) ~ Wo + E Wj(Si(t - j) - Si(t - j - 1)). (4.12) 
j=1 

From the low Pj values, it is clear that all the adjustments in the past 

three time periods have affected the decisions of Subject A, and the impor

tance decreases geometrically as the distance j of time. increases. 

Next let T = 4 and I have: 

WI = 0.608, Tl = 7.203, PI = 0.0001. 

W2 = 0.438, T2 = 4.476, P2 = 0.0001. 

W3 = 0.287, T3 = 2.994, P3 = 0.0047. 

W4 = 0.143, T.\ = 1.694, and p.\ = 0.0981. 

From the Wj, Tj, and Pj values, I see that the same message I have obtained 

from the analysis with T = 3 is confirmed. Also based on the Pj values I can 

conclude that the adjustments made earlier than four time periods before 

are not important in the adjustments of Subject A's expectation. 

It is also a surprising to notice that the correlation in Figure 5.11 or 

in Figure 5.12 is formed from the very beginning of the experiment. That 

is, the prediction scheme of Subject A is not developed entirely during the 

experiment, but it depfluds on his initial behavior and prior model at the 

I 
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start of the experiment. In summary: a good decision maker in oligopoly 

must not be only able to learn quickly from what he has observed, but also 

be able to use the prior knowledge he has built on prediction schemes before 

the experiment. As the experiment proceeds and as more information is 

collected, the prediction scheme is tuned. 

In the previous paragraphs, the learning behavior, various prediction 

schemes and their development were discussed. They are very important in 

the prediction of the behavior of the competitors, but so is the long-term 

strategy, for example, sacrifice the profits in the early time periods in order 

to knock the competitors out of the market. As we have observed from 

many cases in the real world, for example, the automobile and petroleum 

industries, a good long-term strategy sometimes is more important than the 

short-term goais and an accurate prediction scheme. A good decision model 

should include all objectives, which conclusion is strongly supported by the 

first set of experiments. 

4.3 Data Analysis of the Second Set of Experi

ments 

The main purposes of this section are to study the uses of prediction schemes 

and the existence of learning behavior, to describe the qualities of some 

strategies, and to explain the involvement of psychological issues in oligopoly 

games. I also attempt to link the strategies that have been identified to the 

ones used in the real world. To fulfill these purposes I designed experiments 

with the following qualities: 
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1. An impartial agent is assigned to play the second part or second and third 

parts of the experiment based on the strategy and decision rules the 

subject provides, without injecting his personal judgement. From the 

total profits earned we can determine whether the provided strategy 

works or not. It is also possible to obtain information on how much 

a subject has learned and how the strategy was developed, from the 

interviews used to transfer the strategies. 

2. Many of the complicated strategies and decision rules are very difficult 

to infer from the results of the experiments using regression analysis 

or other methodologies such as statistical pattern recognitions. How

ever, apperently complicated interactions can often be explained by 

the subjects in terms of deterministic decision rules and equations. 

3. Besides the strategies and the decision rules, some factors, for example, 

aggressiveness and the quickness oflearning, can also be assessed from 

the interviews. These factors are sometimes more important than the 

particular strategies as developed by subjects. 

4. The same possible monetary reward motivates different people to differ

ent degrees. Some subjects are very aggressive, some are not. What 

causes such differences? To most subjects, the motivation and the 

dedication are the most important factors. Only the aggressive and 

dedicated subjects are able to earn the highest total profits. From the 

interviews, we could sense aggressivity, modesty, cautiousness, and just 

how much he/she cared about earnings. 

However, these experiments have the following limitations: first, the 

strategies and the decision rules provided by the subjects cannot cover all 
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the possible situations; second, some subjects are superstitious or have cer

tain preconceived notions in predicting what will happen, but they cannot 

explain such behavior clearly. 

As mentioned earlier, there are three experiments in this set. Data sets 

of these experiments are shown in Tables A.6 - A.S. It is interesing to see 

that the strategies developed in the first experiment are very similar to those 

of the first set of experimen ts. However, the behavior of the markets in the 

second and third experiments are totally different from the first experiment. 

There was an aggressivbe subject whose total profit earned in each of these 

experiments was much higher than the average of the other subjects. Her 

behavior and strategy might reflect competition in the real world and was 

very helpful for us to gain insight. These competitions are not only technical 

but also psychological. 

Let's discuss the first experiment first. The strategies and the decision 

rules developed are matching the results I obtained from the first set of 

experiments. The subjects developed and used strategies which included 

both short-term expectation schemes, for example, Cournot expectations 

or their modified versions, and long-term strategies, for example, market 

dominant strategies. 

Amongst the five subjects, one, A5, used a pure Cournot expectation 

and three subjects used more complicated strategies but still relied on the 

information predicted by Cournot expectations. These three subjects were 

AI, A2 and A3. I discuss the strategy of Subject A5 first. The following is 

quoted from his written instruction: 

"Estimate that each player (subject) produces 9 - 10 units, total 

39 - 40 units from the other players (we denote it by Ss(t»). 



,,. 

Based on the level of Ss(t - 1) from the pl'evious time per'iod, I 

find my production level xs(t) at which I have highest pr'ofit. I 

averaged xs(t) between 8-10 units if40 ::; Ss(t-1) < 45. IfSs(t) 

increased above 45, xs(t) drops to al'ound 5-7 units. 

The refo l'e, my decision l'ules are: if"s < 40, then Xj(t) = 10; if 

40 ::; "s(t - 1) < 45 then 8 ::; Xs < 10,' if 45 ::; S's(t - 1) < 50 

then 6::; Xs < 7; and if 50::; Ss(t - 1) then 4 ::; Xs < 5." 
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It is not a coincidence, that the competitive Nash-equilibrium for these 

experiments is 10 unit. Instead of 6 units per subject of monopoly Nash

equilibrium (30 units for the entire market), Subject A5 assumed that the 

other competitors were more likely to produce 10 units. The prior model of 

Subject 5A must sound like: 

[Let's shar'e the market, each one shares one fifth of the mal'ket, you al'e 

happy, I am happy, and no one in the market is a losel'. But, sometimes the 

mal'ket fluctuates, I have to make some adjustments in ordel' to maintain 

the level of my profit, and my decision is based on what happened in the 

pl'ellious time pe1'iod.] 

Compared with Subject A5, Subject Al is more aggressive and more 

flexible. His strategy considers more information in each decision, for ex

ample, the production levels in earlier time periods. The production level 

of Subject Al is always much higher than the average of the competitors. 

Simply, Subject Al wants to be the dominant player. However, his decisions 

still influenced by the total productions from the competitors in the previous 

time period Sl (t - 1), this is the use of Cournot expectation. For example, 

Subject Al developed an equation: 
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Xt(t) = a - b· St(t - 1), 
1 

where lL = 24 and b = 3' 
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to calculate the production level. If St (t - 1) = 30, then Xt (t) = 14, and 

if St(t - 1) = 36, then Xt(t) = 12. However, if a trend is noticed, then the 

decision will consider the above equation and the predicted trend. 

Subjects A2 and A3 used strategies that were similar to the modified 

Cournot expectation scheme with adjustment factor a as discussed earlier 

in Chapter 3. The adjustments on the production levels Xi(t) did not move 

all the way to the values predicted by Cournot expectations, but somewhere 

in between. 

It is interesing to see how much information Subject A2 has considered 

in each decision: 

"First, look at my profit in the previous time period Q2(t - 1). 

Second, look at the total production of the others in the previous 

time period 82 (t - 1). Then determine our optimal production 

X2(t) by the calculator. Always use the calculator to find the 

maximum profit and the productioTl level X2(t). 

After a high number of S2(t - 1), it is expected that S2(t - 1) 

will decrease. For example, if S2( t - 1) = 42, then in the profit 

calculator let S2(t) = 38 or 39 to calculate our X2(t). Similarly, 

if S2(t - 1) is low and is around 32 or 33, then it will go up to 

around 37 or 38. If a treTld of S2(t) starts taking place aTld you 

notice it, follow it. For example, iTl the past four time periods, 

[ifS2(t-4+j) = {39,37,40,39}, wherej = 1,2,3,4,jthenS2(t) 

seemly will decrease. " 
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The strategy of Subject A3 is very simple, select either 9 or 10 units 

(again, it is competitive Nash-equilibrium) depending on the optimal pro

duction xj predicted by Cournot expectation. If xj > 10, then select 10, 

otherwise, select 9. 

Subject A4 did not develop a sound strategy. In most time periods, A4 

selected X4(t) = 6 units, but sometimes X4(t) for no clear reason, jumped up 

to 14 or 15 units and then went back to 6 units. This occured at t = 14 and 

t = 20. It is interesting to see that there were two occassions when Subject 

A4 tried to send a message to the other subjects by setting X4( t) = 0 or 

1. The message to the other subjects is "if total productions decreased, the 

price would go up". However, these messages were not perceived by the 

other subjects, since the production levels of individuals were not posted on 

the screen, and it is hard to detect from noise in the overall production level. 

The second experiment was very interesting and exciting. We observed 

a strategy developed by an aggressive subject that was so effective that the 

subject earned very high total profits in this experiment and also in the 

third experiment held one week later. The second experiment provides us 

an opportunity to know how the dominant subjects set up their strategies 

to control the markets. 

The other lession we have learned here is that the laboratory experi

ments are an invaluable aid in studying such markets as they provide the 

opportunity to observe the behavior of the decision makers under controlled 

conditions at much less cost than a field experiment. 

In the second experiment, Subject 83 single-handedly plays against the 

rest of the market. Subject 83 not only earned total profit almost equal 

to the sum of her competitors (13732 pesos to 14264 pesos), but also was 
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able to intimidate and punish his/her competitors whenever they tried to 

increase production. Such aggressive behavior was never observed in any 

of the other oligopoly experiments that were conducted in the Economic 

Science Laboratory at the University of Arizona. 

The strategy of Subject B3 was: first calculate the monopoly Nash

equilibrium of the entire market, i.e. L:f=t Xi(f) = 30, then starting with a 

"modest" production level of 25 units, increase it gradually up to 32 units 

by t = 4. Subject B3 did not optimize the short-term profit and ignored 

the losses in the beginning, for example, at f = 2. She played the strategy 

consistently and kept on pressing the competitors to lower their production. 

After several time periods, the other subjects were never be able to challenge 

the dominance of Subject B3. 

Whenever the other subjects increased their production, Subject 3B sim

ply increased his/her production to fool the competitors (contrary to the 

suggestion obtained from the Cournot expectation). So the competitors 

thought that the profits dropped were due to their adjustments, and there

fore, they reduced their production to their previous levels. 

In the second half of the experiment, the other subjects were forced to 

wrestle with each other, but never with Subject B3. It would be very helpful 

to show the entire strategy of Subject B3: 

"I started out at a "modest" number first (abotlt 25) so as to 

find out how the other subjects set their production levels. Peri

odically, ellery other period 01' so, 710 matter what I be/ielled the 

total production of my competitors S3(t) to be, I bid a high X3(t) 

ellen if I wOtlld lIot be able to make much profit. This might (I 

hope it would) C(llIse the S3(t) to drop, because of their expecting 
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me to put in a high number. However. [watched what the S3(t) 

has been consistently and then see what my X3(t) would callBC me 

to make the most profit based on my guess of the S3(t). 

[ never bid ot'er 34 unless the S3( t - 1) drops very low, because 

[wo!lld risk losing a great deal of profit. 

Other than periodically tossing in a higher ntlfnber (28 - 32) to 

set S3(t) off balance, [ bid consi~~tently ba,.:;ed on my expectations 

of the S3(t) and where [would gain the most profit from thiB. 

With measuring the expectation of S3(t). be sure to be guessing 

modestly in your expectations of the competitors so aB not to lose 

a lot If the competitors should bid erratically. 

[Acquiescence. if pre,~sed (or losses of profit) two time periods in 

a row.}" 
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It is easy to see that this sophisticated strategy is beyond the technical 

level. It seems that to develop such an effective strategy, good psychological 

intuition is needed. 

One week later, the five best subjects from the first two experiments 

were selected to participate in the third experiment. Since all the subjects 

have previous experience. the competition that Subject B3 faced might have 

been much stronger. Here is what I observed: 

1. The average profit per time period of Subject B3 dropped slightly by 8 

percent (171.65 pesos to 158.53 pesos). This indicates that the dom

inance of Subject B3 in this experiment (11097 pesos to 22996 pesos 

from the other four competitors) is not as great as in the previous 
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experiment (13732 pesos to 14264 pesos from the other four competi

tors ). 

2. The average total profit of the selected three subjects from the first group 

(Subject AI, Subject A2, and Subject A3) dropped by 17 percent (7106 

pesos to 5870 pesos). but compared with the average of the total profit 

of Subject B3's victims (5870 pesos in 70 time periods to 3443 pesos 

in 80 time periods) in the second experiment, it is much better. So, 

Subject B3 still dominated the third experiment, but her strategy was 

not as effective. 

The second experiment and the third experiment lead us to the following 

discussion: 

1. What is a good prediction strategy in an oligopoly market? 

From the first set of experiments and the first experiment of the second set, 

an accurate prediction scheme and a good long-term strategy, for example, 

market dominance strategy, are enough to guarantee a high total profit. 

Emerging from the second and third experiments of the second set, I have 

observed more complicated strategies. A good strategy, if measured by the 

total profit earned, should be able to do the following: 

1. Estimate or calculate accurately all the important parameters of the 

market, for example, the monopoly and competitive Nash-equilibria. 

2. Be aggressive. For example, Subject B3 accurately calculated the 

monopoly Nash-equilibrium to be 30 units for the entire market, so 

the goal is to maintain a production level not much lower than that. 

In order to maintain such a high production and to keep the price 
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higher than the unit cost, the total production of the competitors 

should be kept as low as possible. 

3. Understand the behavior of the competitors and accurately predict the 

reactions of the competitors. In playing dynamic games and making 

decisions in oligopoly markets, it is important to know the possible 

reactions of the competitors in all possible situations. It is also helpful 

to sense how smart and how tough your competitors are in order to 

gauge punishment or intimidation strategies and to recognize whether 

they work or not. 

4. Sacrifice the short-term ma.ximum profits for higher average profits 

in longer time span. It is a very difficult strategy to follow, since 

most people believe "a bird in hand is better than two in the bush". 

However, the experiment results show that the subjects who do employ 

this strategy are likely to have the highest total profits. 

5. Protect the strategy and develop low-cost tricks to manipulate the 

competitors. Never let the competitors know the strategy. Generate 

production noise that will lead competitors to make decisions that 

favor the success of the strategy. For example, Subject B3 randomly 

tossed in high production levels when regular strategy (eg., Cournot 

expectation) suggested not to do so. The consequence of this act was 

that the productions of the competitors generally decreased in the next 

time period and lower production levels prevailed for several more time 

periods. 

2. How complicated are the competitions in the real world? 

From the experiments. the complexity of the strategy of Subject B3 is far 
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beyond our expectations. The strategy is so complicated that it cannot be 

explained simply by rules or simple theories. Subject B3 used her psy

chological intuition to set up her strategy. For example, when should 

you generate a random signal and what is the appropriate signal to manip

ulate the competitors? When and how should you press the competitors: 

be aggressive, be modest or even be acquiesce? These questions are difficult 

to answer with equations or simple rules. They are the behavior of intelli

gence, and such intelligence is able to perceive what happened, to learn 

from what is perceived, to remember what is learned, and finally, to apply 

what is learned. 

3. What are the connections of the experiment results to the 

real-world problems? The experiments are conducted in a controlled and 

isolated environment (the laboratory): the parameters limit the productions, 

prices, and profits. However these experiments still provide important mes

sages concerning the problems of the real world. 

Message 1. - The U.S. has lost the dominance in several markets, for 

example, personal computers, textile, and electronics, to the countries in 

the Pacific rim and Europe, such as, Japan, Korea, France, and Germany. 

One major factor is that decision makers only pay attention to the short

term profit, for example, to one season or to one year, not to the long-term 

development. In many cases, if there is a big profit, the management would 

rather distribute the profit to the management, the employees, and the 

stock-holders than reinvest to the research and development (RID), new 

technology or education to improve the competitiveness. If the economy or 

the market turnes sour, it is very difficult for such firms to survive. 
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Message 2. - If a firm cannot keep track of the market, or only slowly 

adjusts to market change, then it is a follower. A leader is very quick in 

learning market changes and is very flexible to adjust to the changes. In 

addition a leader has to develop a good strategy to use to manipulate the 

decisions of the followers. 

4.4 Conclusions of Laboratory Experiments 

From the results of these experiments, and from the strategies and the de

cision rules provided by the subjects, it is seen that theoretical results are 

confirmed in reality, when prediction schemes developed in the previous 

chapters have actually been spontaneously employed by untrained subjects. 

For example, Cournot expectations, adaptive expectations, and extrapola

tive expectations were used by several participants. Also, it is more encour

aging to see that the subjects who have consistently used these prediction 

schemes could earn higher profits. 

Besides the prediction schemes, the long-term strategies are also impor

tant. Long-term strategies are difficult to represent with equations or rules. 

Similarly, the behavior of the subjects cannot be easily modeled by equa

tions or decision rules. Whenever humans are involved in games or decision 

making, such as, an economics experiment, many idiosyncratic behavioral 

traits playa role in the process. For example, the decisions of some sub

jects are influenced by the things they have observed in the immediate past, 

but not what they had seen in earlier time periods: what accounts for the 

internal discount rate. 

There are many important lessons and messages that can be learned 
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from these experiments. They tell the importance of conducting controlled 

laboratory experiments to understand human interaction in economic games. 
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Chapter 5 

Conclusions and Comments 

Decision making in dynamic market systems are very complicated processes. 

They include the considerations of, for example, the resources available, var

ious goals of the organization, uncertainties and risks, etc., and they are very 

difficult to be presented precisely by numbers or equations. In addition, the 

behavior and the mental models of the decision makers are very subjec

tive and inconsistent. These issues make it impossible for any model to 

include all the information that are important in the decision making pro

cess. Therefore, any model is only an approximation and simplified version 

of the real problem. 

Theoretical studies, field studies, and the laboratory experiments are 

the three major approaches to understand or to solve a dynamic market 

problem. Anyone of the above three approaches only sees or solves the 

problem partially. However, the combination of any two or more approaches 

is able to understand a problem more completely, similarly, the solution it 

provides should be better. 
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In this study, I used theoretical studies and laboratory experiments to 

study the dynamic market problems. Unfortunately, field studies are very 

time-consuming and are omitted from this study. Theoretical approaches 

and laboratory experiment approaches can help each other, for example, in 

verifying the results. Only the theoretical research, without the supports 

or the verifications from the experiments or field studies, the models, the 

equations, or the proofs of theorems, are difficult to be accepted and appre

ciated. One major question, as I mentioned earlier is "to what extent can we 

trust these models and the solutions they provide?" Without field studies 

or experiments, can we know the answer? Certainly the answer is "No". 

However, only the experiments or the field studies alone without systematic 

analysis and theoretical studies are very difficult to be used in obtaining 

fundamental conclusions. 

In this study, the marriage of the theoretical studies and laboratory 

experiments provided us remarkable results. For example, to see the uses 

of prediction schemes in the laboratory experiments and to see those who 

follow what suggested by the prediction schemes earned higher total profits. 

In these experiments I also observed the competitions or the strategies of the 

subjects have gone beyond the technical level. The knowledge of psychology 

were proved important in setting up the strategy to dominate a market. Such 

strategy includes a good prediction scheme to predict the possible responses 

of the competitors, a good long-term strategy, that is, to be aggrressive and 

consistent, and the uses of "tricks" to fool and control the behavior of the 

competitors to guarantee the success of such strategy. The details and other 

important messages are reported in Chapter 4. 

Psychologists have pioneered the study of behavior of learning and de-
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cision making, and much of this research have provided far-reaching im

plications for the decision making under uncertainties. And through the 

experiments and systematic studies, the contributions of psychologists to 

the studies of the behavior of invidual decision makers have been recognized 

by the economists. To the studies of dynamic market systems, there is still a 

large open area to be explored by the combination of the economical theories 

and the psychology. 

To make a summary of this study, I have following sentences: 

In decision making process, things that can be described with equations 

and rules are always important. But, we believe things that cannot be de

scribed with rules or equations are sometimes even more important. Also, we 

believe things that cannot be perceived are sometimes more important than 

the ones that can. But, nothing is more important than the abilities to learn 

from what have observed, to remember what have observed and learned, and 

apply them appropriately to solve problems. 



I ... 

Appendix 

:able A1: The Oata Set of the :irst EKper~~ent in the :irst Set 121 
Tima x1CtI01Ctlx2CtI02CtlxJCtI03(tlx1(tI04CtlxSCtI05Ctl XCtl ~Ctl 

1 6 144 17 408 6 144 2 48 5 120 J6 44 
2 4 76 20 380 5 95 4 76 a 152 41 39 
3 5 45 21 109 7 63 9 72 10 90 51 29 
4 J 12 JO 120 J 12 10 40 10 40 ~6 21 
5 3 12 35 140 2 8 4 16 12 48 56 24 
6 J -60 50-1000 2 -40 10 -200 15 -300 80 a 
7 4 132 4 132 5 165 4 132 10 330 27 53 
8 4 56 22 308 5 70 5 70 10 140 46 34 
9 3 66 17 374 3 66 7 154 a 176 38 42 

10 4 12 25 75 6 1B 7 21 15 45 57 23 
11 2 56 15 420 2 56 7 196 G 16B 32 4B 
12 3 3 26 26 3 3 7 7 20 20 59 21 
13 6 42 10 70 10 70 7 49 20 140 53 27 
14 4 a4 15 315 3 63 7 147 10 210 J9 41 
15 6 6 23 23 3 3 7 7 20 20 59 21 
16 5 30 10 60 10 60 7 42 22 132 54 26 
17 9 -98 25 -275 a -99 10 -110 20 -?o20 71 9 
18 B 24 6 19 11 33 7 21 25 75 57 23 
19 8 16 14 28 8 16 8 16 20 40 58 22 
20 a 96 12 144 6 72 7 84 15 1BO 48 32 
21 3 6 17 34 5 10 9 16 25 50 5a 22 
22 4 64 12 192 5 80 8 12B 15 240 44 36 
23 4 56 18 252 4 56 9 112 12 158 46 34 
24 10 10 1B 1B 6 6 3 9 16 16 59 21 
25 10 120 12 144 8 96 9 36 10 120 48 32 
26 10 90 12 108 5 45 9 a1 15 135 51 29 
27 12 -24 17 -34 5 -10 8 -16 20 -40 62 1B 
2B 12 36 B 24 10 30 7 21 20 60 57 23 
29 11 121 10 110 6 66 7 77 15 165 49 31 
30 12 132 14 154 5 55 8 S8 10 110 49 31 
31 12 0 16 0 4 0 B 0 20 0 60 20 
32 12 -132 16 -176 10 -110 8 -98 25 -275 71 9 
33 12 -72 7 -42 10 -60 7 -42 JO -190 66 14 
34 12 -12 7 -7 10 -10 7 -7 25 -25 61 19 
35 12 0 6 0 10 0 7 0 25 0 60 20 
36 12 -24 9 -16 10 -20 7 -14 2S -50 62 IB 
37 12 84 6 42 B 56 7 49 20 140 53 27 
38 2 12 15 90 5 30 7 42 25 150 54 26 
39 12 48 19 76 5 20 10 40 10 40 56 24 
40 12 -60 20 -100 3 -15 10 -50 20 -100 65 15 
41 12 108 6 51 1 9 7 ,3 25 225 51 29 
42 12 228 10 190 4 76 10 1~0 5 95 11 J9 
43 12 -36 15 -45 6 -1B 10 -30 20 -60 6J 17 
44 10 60 12 72 10 50 7 42 !5 90 54 26 
45 12 48 12 48 4 16 8 J2 20 80 56 24 
16 11 -12 15 -15 5 -15 9 -27 20 -~O GJ 11 
47 13 -104 12 -96 9 -72 9 -72 25 -200 68 12 
48 13 0 6 0 7 0 9 0 25 0 50 20 
49 13 -117 15 -lJ5 7 -63 9 -a1 25 -225 69 11 
50 13 -143 15 -165 8 -aB 10 -110 25 -275 71 9 

Fol1owinq are the sum of production: 
419 773 303 J81 B69 

,o11owing are che sum of profit: 
1221 2702 1119 14J7 2000 

Followinq are the sum of prediction error: 
526 674 462 450 B62 

Followinq are the sum of error of Cournot ~xp.: 
26B J05 245 205 425 

Sum of production for the first ten ?e:iocs: 
39 241 44 51 103 

:~llowinq are ~he fi:st index of profit: 
-107 99 -159 -~9 7 

:~llowing are ~he second index of p:o!it: 
151 469 sa 175 443 



Table A2: The Data set of the Secor.d Experiment in t:9 First Set 122 
Time x1(t)Ql(t)x2(t)Q2(t)x3(t)Q3(t)xo1(t)Qo1(t)x5(t)QS(~) Xlt) ? (t) 

1 21 42 12 24 1 2 1 2 23 4'5 58 22 
2 24 -144 15 -90 3 -19 2 -12 22 -132 56 14 
3 20 190 8 72 2 1B 1 9 20 1:0 51 29 
4 1S lOS 12 B4 2 1-1 2 14 22 154 53 27 
5 16 96 10 60 3 1B 2 12 23 139 54 26 

6 20 0 9 0 5 0 4 0 2.3 0 ~O 20 
7 21 -126 15 -90 4 -2-1 2 -12 24 -1H 56 1-1 
8 10 1GO 7 112 4 64 1 16 22 352 44 36 
9 20 20 8 8 4 4 2 2 25 25 59 21 

10 10 100 8 90 4 40 3 30 25 2:0 50 30 
11 19 19 9 9 4 4 3 3 24 24 59 21 
12 12 24 15 30 4 8 4 8 23 Hi 59 22 
13 15 15 15 15 5 5 4 4 20 20 59 21 
14 11 11 20 20 4 4 4 4 20 20 59 21 
15 10 -40 25 -100 4 -16 5 -20 20 -:!O 54 16 
16 17. 7.1 7.0 10 ., B 2 ., 7.0 40 5B 7.7. 
17 21 105 10 50 5 25 4 20 15 75 55 25 
19 19 -57 13 -39 5 -15 4 -12 22 -56 53 17 
19 11 132 10 120 5 60 2 21 20 240 "B 32 
20 15 135 9 72 5 45 3 27 20 130 51 29 
21 19 76 9 36 5 20 3 12 20 ;0 56 24 
22 5 100 7 140 5 100 3 60 20 1aIJ ~O 40 
23 10 90 13 117 5 45 3 27 20 130 51 29 
24 15 120 10 90 5 40 3 24 19 1:2 52 29 
7.5 10 ao 11 aR 5 10 ., Ji! i!7. p~ 57. 'R 
26 12 B4 12 B4 5 3S 4 29 20 HO 53 27 
27 15 -45 15 -45 5 -19 5 -15 22 -56 53 17 
2B 10 70 15 105 5 35 3 21 20 140 53 27 
29 15 -30 IB -36 5 -10 3 -6 21 -42 52 18 
30 10 40 IB 72 5 20 3 12 20 50 56 24 
31 15 135 13 117 5 45 3 27 15 135 51 29 
32 10 40 17 6B 5 20 4 16 20 ~o 56 24 
33 15 0 20 0 5 0 4 0 15 0 50 20 
34 9 -9 20 -20 6 -5 4 -4 22 -22 H 19 
35 10 -40 25 -100 6 -24 3 -12 20 -30 54 16 
36 15 60 20 eo 5 20 1 4 15 :0 56 24 
37 20 220 12 132 5 55 2 22 10 1:0 ·19 31 
3B 20 -160 19 -152 5 -~O 4 -32 20 -HO 59 12 
39 20 -60 21 -63 5 -15 2 -6 15 -45 53 17 

40 14 112 21 168 5 40 2 15 10 30 S2 28 
41 22 132 12 72 3 30 3 19 12 72 34 26 
42 10 200 10 200 5 J.'JO 3 60 12 2~0 40 40 
43 12 204 10 170 5 35 4 6B 12 2:4 43 37 
44 14 196 11 154 5 70 3 42 13 1~2 46 34 
1!l 22 17G !) 72 !l ·10 J 21 1J 101 ::;2 7.0 

46 19 lOB 13 79 5 30 3 18 15 :0 54 26 
47 14 210 10 150 5 75 3 45 13 1::5 45 35 
48 12 132 15 165 5 55 3 33 14 154 49 31 

49 23 -138 20 -120 w -30 4 -24 14 -H 56 14 
50 9 162 14 252 5 30 2 36 12 216 42 39 

Following are the sum of prod~c:ion: 
747 68B 231 149 929 

Followinq are the sum of profit: 
3066 2!l41 1!33 669 4lJ9 

Following are the sum of pr~cic::'c!'l e::c:: 
385 3~6 :39 313 7:3 

rol.lowillt] oro 1.\10 !JUII1 oe or~or ~c Cuutrtot ~x~.: 

303 279 :33 llS 359 
Sum of production for ~he ::'=s: :~!'I ?~=icds: 

177 lO J J2 20 ZZ'J 

i'ollowing are the fi:sc inceK ot ?::,ofit: 
152 142 - 3 -16-1 2~0 

i'allowing are t:he second i:\cex ~ ?:o.:i:: 
444 409 5 34 :7') 

_oj 



Table A31 The Data Set of the Third Experiment in the First Set 
Time xl(t)Ql(t)x2(t)Q2(t)x3(t)Q3(t)x4(t)Q4(t)x5(t)Q5(t) X(t) PIt) 

1 10 190 9 152 10 190 9 171 4 76 41 39 
2 13 130 15 150 8 80 8 80 6 60 50 30 
3 9 199 10 220 10 220 7 154 2 44 38 42 
4 9 90 20 200 10 100 7 70 5 50 50 30 
5 9 109 15 190 12 144 9 96 4 49 49 32 
6 11 09 10 90 15 120 9 64 9 64 52 29 
7 10 170 10 170 10 170 9 136 5 85 43 37 
9 9 126 12 169 9 126 7 98 9 126 46 34 
g 9 91 15 135 12 108 5 45 10 90 51 29 

10 7 63 15 135 13 117 7 63 9 81 51 29 
11 11 11 15 15 13 13 7 7 13 13 59 21 
12 9 108 15 180 8 96 7 84 9 108 48 32 
13 10 90 15 135 10 90 8 72 8 72 51 29 
14 9 162 9 144 10 190 9 162 6 109 42 39 
15 10 230 5 115 9 207 8 184 5 115 37 43 
16 10 200 10 200 a 160 9 190 3 60 40 40 
17 10 90 15 135 10 90 9 91 7 63 51 29 
19 9 63 15 105 10 70 9 63 10 70 53 27 
19 11 143 10 130 10 130 9 117 7 91 47 33 
20 10 160 5 90 10 160 10 160 9 144 44 36 
21 10 170 5 85 10 170 10 170 9 136 43 37 
22 10 0 20 0 10 0 11 0 9 0 60 20 
23 11 22 20 40 10 20 11 22 6 12 59 22 
24 9 27 20 60 10 30 10 30 9 24 57 23 
25 13 S2 20 90 10 40 10 40 3 12 S6 24 
26 15 105 10 70 10 70 10 70 B 56 53 27 
27 13 195 5 75 10 150 10 150 7 105 45 35 
29 14 42 15 45 9 27 10 30 9 27 57 23 
29 10 100 15 150 10 100 10 100 5 50 50 30 
30 9 -19 20 -40 10 -20 10 -20 13 -26 62 18 
31 10 30 20 60 B 24 10 30 9 27 57 23 
32 7 70 15 150 8 90 11 110 9 90 50 30 
33 5 90 10 1BO 10 190 10 190 7 126 42 39 
34 4 64 10 160 13 20B 11 176 6 96 44 36 
35 6 42 15 105 12 84 12 B4 9 56 53 27 
36 B 40 15 75 10 50 12 60 10 50 55 25 
37 6 60 15 150 10 100 12 120 7 70 50 30 
39 10 50 15 75 10 50 12 60 9 40 55 25 
39 12 24 15 30 10 20 12 24 9 19 59 22 
40 B 56 15 105 10 70 12 B4 9 56 53 27 
41 6 66 14 154 12 132 12 132 5 55 49 31 
42 4 32 13 104 15 120 12 96 9 64 52 28 
43 10 50 15 75 9 45 14 70 7 35 55 25 
44 11 -33 16 -49 11 -33 14 -42 11 -33 63 17 
45 9 64 15 120 13 104 14 112 2 16 52 29 
46 2 32 10 160 10 160 14 224 9 129 44 36 
47 4 32 12 96 12 96 15 120 9 72 52 29 
49 5 45 15 135 10 90 15 135 6 54 51 29 
49 6 72 5 60 11 132 17 204 9 109 49 32 
50 7 14 15 30 10 20 17 34 9 1B 50 22 

Following are the sum of production: 
447 669 520 S19 370 

Following are the sum of profit: 
4086 5370 4090 4692 3110 

FoJ.lowing are the sum of prediction error: 
297 458 272 311 312 

Following are the sum of error of cournot Exp.: 
147 216 136 153 142 

Sum of production for the first ten periods: 
95 130 109 74 62 

Following are the first index of profit: 
150 210 248 209 58 

Following are the second index of profit: 
300 452 394 366 228 
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Table A4: The Data Set of the Fourth Experiment in the First Set 
Time xl(tIQ1(tlx2(tIQ2(tlx3(tI03(tlx4(tI04(tlxS(tIQ5(tl X(tl P(tl 

1 5 40 8 64 12 96 20 160 7 56 52 28 
2 10 70 8 56 14 90 12 84 9 63 53 27 
3 8 120 8 120 13 195 8 120 8 120 45 35 
4 'I 105 9 120 15 225 5 'IS 10 150 15 35 
5 8 112 0 112 14 196 4 56 12 168 46 34 
6 10 90 7 56 15 120 5 40 15 120 52 29 
" U DU (\ GO 1J lU 10 110 12 1J2 1!J Jl 

8 8 00 7 70 14 140 12 120 9 90 50 30 
9 15 -150 9 -90 15 -150 20 -200 12 -120 70 10 

10 0 120 G !l0 12 100 10 t!;O !l lJ!; 1!i 1r, 

11 6 90 8 120 13 195 10 150 8 120 45 35 
12 8 104 7 91 14 182 8 104 10 130 47 33 
13 9 99 7 77 14 154 10 110 9 99 49 31 
14 B 120 6 90 13 195 10 150 9 120 45 3S 
15 7 42 8 48 16 96 14 84 9 54 54 26 
16 8 96 8 96 12 144 12 144 8 96 4B 32 
17 10 0 9 0 13 0 20 0 9 0 60 20 
18 8 112 6 84 12 168 8 112 12 168 46 34 
19 7 105 6 90 13 195 8 120 11 165 45 35 
20 B 90 9 90 12 120 9 90 13 130 50 30 
21 9 104 7 91 10 130 12 156 10 130 47 33 
22 8 104 7 91 13 169 10 130 9 117 47 33 
23 10 20 8 16 13 26 16 32 11 22 5B 22 
24 9 112 9 112 10 140 12 169 9 112 46 34 
25 9 72 8 64 12 96 14 112 9 72 52 2B 
26 9 32 8 32 14 56 19 76 7 28 56 24 
27 12 108 6 54 12 108 12 109 9 91 51 29 
29 8 104 6 79 12 156 11 143 10 130 47 33 
29 8 64 7 56 12 96 14 112 11 88 52 28 
30 12 108 6 54 10 90 14 126 9 81 51 29 
31 8 168 5 105 10 210 8 168 8 168 39 41 
32 7 147 7 147 12 252 6 126 7 147 39 41 
33 7 105 9 120 13 195 9 135 8 120 45 35 
34 1Z 132 7 77 13 143 9 99 8 88 49 31 
35 7 119 6 102 13 221 8 136 9 153 43 37 
36 9 Bl 9 72 12 108 12 109 10 90 51 29 
37 8 96 8 96 13 156 11 132 8 96 48 32 
38 12 48 8 32 13 52 14 56 9 36 56 24 
39 10 130 7 91 10 130 9 117 11 143 017 33 
40 9 9 7 7 14 14 17 17 12 12 59 21 
41 15 leO 7 84 10 120 8 96 8 96 48 32 
42 10 140 7 99 10 140 10 140 9 126 46 31 
43 0 80 8 80 12 120 12 120 10 100 50 30 
44 12 72 8 48 11 66 14 84 9 54 54 26 
15 to 60 0 10 'l 51 15 !l0 t:! n !i1 :!Ii 

46 15 120 6 48 8 64 13 104 10 80 52 28 
47 10 200 6 120 4 80 12 240 8 160 40 40 
48 8 112 7 98 10 140 12 168 9 126 46 34 
49 10 170 7 119 10 170 9 136 9 136 43 37 
50 9 104 9 104 12 156 10 130 9 117 47 33 

Following are the sum of production: 
452 360 606 566 475 

Following are the sum of profit: 
4614 3794 6350 5344 4977 

Following are the sum of prediction error: 
293 297 233 333 248 

Following are the sum of error of Cournot Exp.: 
147 117 98 162 106 

Sum of production for the first ten periods: 
87 74 137 106 103 

Following are the first index of profit: 
169 73 373 233 227 

Following are the second index of profit: 
305 243 508 404 369 
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Table AS: The Data set of the Fifth Experiment in the :i:st Se: 
Time x1(t)Q1(t)x2(t)Q2(t)x3(t)Q3(t)x4(t)Q4(t)x5(t)Q5(t) X(~) ~(t) 

1 5 130 5 130 13 338 6 156 5 130 3~ 46 
2 7 119 4 68 15 255 7 119 10 170 43 37 
3 7 133 6 114 14 266 7 133 7 133 41 39 
4 7 98 6 84 14 196 9 126 10 140 46 3~ 
5 5 65 3 39 15 195 8 104 16 208 47 33 
6 10 30 5 15 20 60 7 21 15 45 57 23 
7 4 52 6 78 15 195 9 117 13 169 47 33 
8 3 48 7 112 14 224 7 112 13 208 44 36 
9 8 32 10 40 14 56 8 32 16 64 56 24 

10 4 32 7 56 16 128 10 80 15 120 52 28 
11 4 48 5 60 17 204 1 84 15 180 48 32 
12 4 48 6 72 16 192 7 84 15 180 48 32 
13 9 -16 B -16 17 -31 12 -24 17 -34 62 18 
14 1 14 4 56 20 280 1 98 14 196 46 34 
15 1 12 4 48 20 240 8 96 15 180 49 32 
16 1 15 3 45 20 300 7 105 14 210 45 35 
17 5 45 3 27 21 189 8 72 14 126 51 29 
18 7 14 5 10 20 40 12 24 14 2B 59 22 
19 12 48 3 12 22 BB 1 28 12 48 56 24 
20 15 -30 4 -9 22 -1<1 7 -14 14 -28 62 18 
21 12 252 3 63 5 105 1 147 12 252 3~ 41 
22 12 144 4 48 15 180 7 84 10 120 48 32 
23 15 105 2 14 17 119 7 49 12 94 53 27 
24 9 104 5 65 15 195 1 91 12 156 4, 33 
25 14 126 3 27 15 135 7 63 12 lOB 51 29 
26 15 15 6 6 17 17 7 7 14 14 59 21 
27 15 180 3 36 12 144 6 72 12 144 48 32 
28 18 90 4 20 13 65 7 35 13 65 55 25 
29 16 112 7 49 10 70 7 49 13 91 53 27 
30 20 -40 5 -10 17 -34 7 -14 13 -26 62 18 
31 20 260 3 39 5 65 7 91 12 156 47 33 
32 15 120 5 40 10 80 8 64 14 112 52 2B 
33 20 40 4 8 10 20 12 24 12 24 5a 22 
34 20 -100 4 -20 20 -100 7 -35 14 -70 65 15 
35 25 175 2 14 5 35 7 49 14 9B 53 27 
36 20 120 3 18 12 72 7 42 12 72 54 26 
37 27 -216 6 -48 12 -96 10 -80 13 -104 68 12 
38 20 400 1 20 2 40 7 140 10 200 40 40 
39 20 120 3 18 12 72 7 42 12 72 54 26 
40 28 -140 2 -10 12 -60 11 -55 12 -60 6: 15 
41 25 250 2 20 4 40 7 70 12 120 50 30 
42 20 80 4 16 10 40 10 40 12 48 56 24 
43 30 -150 4 -20 12 -60 7 -35 12 -60 65 15 
44 30 30 2 2 8 8 7 7 12 12 59 21 
45 25 125 3 15 8 40 8 40 11 55 55 25 
46 20 240 2 24 8 96 8 96 10 120 48 32 
47 25 125 3 15 8 40 7 35 12 60 55 25 
48 30 -150 5 -25 9 -45 10 -50 11 -55 65 15 
49 30 150 2 10 5 25 7 35 11 55 55 25 
50 22 264 3 36 5 60 7 84 11 132 48 32 

Following are the sum of production: 
735 209 658 390 626 

Following are the sum of profit: 
3768 1532 4736 2740 4468 

Following are the sum of prediction error: 
665 355 442 326 392 

Following are the sum of error of Cournot Exp.: 
330 132 188 154 188 

Sum of production for the first ten periods: 
60 59 150 78 120 

Following are the first index of profit: 
70 -146 216 64 234 

Following are the second inde~ of profit: 
405 77 470 236 438 



Table AS: The Data Set of the First Experiment in the Second Set 126 

Time x1/t)Q1/t)x2/t)Q2/t)x3/t)Q3/t)X4It)Q4/t)x5(t)05(t) Xlt) p (t) 
1 9 117 15 195 10 130 6 79 7 91 47 33 
2 14 -70 20 -100 12 -60 9 -45 10 -50 65 15 
3 12 192 7 112 12 192 7 112 6 96 44 36 

" 14 112 12 96 12 96 6 49 9 64 52 28 
5 10 120 15 180 12 144 6 72 5 60 48 32 
6 13 -78 20 -120 13 -79 12 -72 8 -48 66 101 
7 16 48 10 30 13 39 12 36 6 10 57 23 
8 13 13 15 15 13 13 9 9 9 9 59 21 
9 11 209 7 133 12 228 7 133 4 76 41 39 

10 10 220 10 220 10 220 3 66 5 110 39 42 
11 13 143 11 121 12 132 5 55 9 88 49 31 
12 10 110 10 110 12 132 7 77 10 110 49 31 
13 12 36 15 45 12 36 8 24 10 30 57 23 
14 11 242 10 220 10' 220 1 22 6 132 38 42 
15 16 -80 12 -60 12 -60 15 -75 10 -50 65 15 
16 10 60 10 60 12 72 17 102 5 30 54 26 
17 14 112 10 90 12 96 10 80 6 48 52 2B 
18 12 120 15 150 10 100 6 60 7 70 50 30 
19 13 65 15 75 10 50 7 35 10 50 55 25 
20 13 104 7 56 8 64 14 112 10 80 52 28 
21 12 192 10 160 B 128 6 96 8 .. 28 44 36 
22 11 44 17 68 8 32 10 40 10 40 56 24 
23 11 66 12 72 B 4B 15 90 B 49 54 26 
24 12 84 14 98 10 70 9 63 8 56 53 27 
25 11 99 12 108 9 81 9 81 10 90 51 29 
26 13 117 11 99 9 81 B 72 10 90 51 29 
27 11 110 13 130 B 80 9 80 10 100 50 30 
28 12 96 13 104 8 64 9 72 10 80 52 28 
29 11 110 15 150 11 110 5 50 B BO 50 30 
30 11 143 12 156 10 130 5 65 9 117 47 33 
31 13 130 10 100 10 100 6 60 11 110 50 30 
32 12 48 13 52 9 36 12 4B 10 40 56 24 
33 11 121 13 143 9 99 6 66 10 110 49 31 
34 12 96 12 96 11 88 6 48 11 88 52 28 
35 13 143 10 110 11 121 6 66 9 99 49 31 
36 11 121 12 132 10 110 6 66 10 110 49 31 
37 12 144 11 132 10 120 6 72 9 108 48 32 
39 13 117 12 109 10 90 6 54 10 90 51 29 
39 14 154 10 110 10 110 6 66 9 99 49 31 
40 13 143 11 121 9 99 6 66 10 110 49 31 
41 11 209 11 209 9 171 0 0 10 190 41 39 
42 13 195 13 195 8 120 1 15 10 150 45 35 
43 13 117 14 126 8 72 6 54 10 90 51 29 
44 12 180 12 180 10 150 6 90 5 75 45 35 
45 12 120 13 130 9 90 6 60 10 100 50 30 
46 13 78 12 72 9 54 10 60 10 60 54 26 
47 12 120 11 110 9 90 10 100 8 80 50 30 
48 13 91 11 77 9 63 10 70 10 70 53 27 
49 11 143 8 104 10 130 9 117 9 117 47 33 
SO 11 110 10 100 10 100 9 90 10 100 50 30 
51 12 96 12 96 9 72 9 72 10 80 52 28 
52 11 165 10 150 9 135 6 90 9 135 45 35 
53 13 104 11 BB 10 80 9 72 9 72 52 28 
54 11 55 11 55 9 45 16 80 8 40 5S 25 
55 9 153 11 187 9 153 7 119 7 119 13 37 
56 12 132 11 121 10 110 6 66 10 110 49 31 
57 12 ;6 11 99 10 90 9 72 10 90 52 ~ . 

./) 

58 12 120 11 110 9 90 9 90 9 90 50 .30 
59 12 108 12 lOB 9 81 9 81 9 81 51 ' . .~ 

60 11 110 12 120 10 100 S 80 9 90 50 30 
61 11 55 11 55 10 50 14 70 9 45 55 25 
62 12 168 14 196 9 112 6 94 6 94 46 3·1 
63 12 120 11 11:) 10 100 ~ 70 10 100 50 .30 I 
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64 12 96 12 96 10 80 9 64 10 80 52 28 
65 12 84 11 77 9 63 12 84 9 63 53 27 
66 12 96 11 88 9 72 12 96 8 64 52 28 
67 12 144 12 144 10 120 6 72 8 96 <18 32 
68 12 132 11 121 10 110 6 66 10 110 49 31 
69 12 24 9 18 10 20 17 34 10 20 58 22 
70 13 130 13 130 9 90 9 90 6 60 50 30 

Fa110winq are the sum of production: 
841 831 697 569 608 

Followinq are the sum of profit: 
762<1 7328 6366 4458 5458 

Fo11owinq are the sum of prediction error: 
341 349 269 435 296 

Fo11owinq are the sum of error of Cournot Exp.: 
157 175 136 210 03 

Sum of production for tho first ton poriods: 
122 131 119 77 68 

Followinq ar9 the first index of profit: 
500 482 428 134 312 

Followinq are the second index of profit: 
694 656 561 359 525 
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Table A7: The Data Set ot the Second Experiment in the Second Set 128 

Time x1(tlO1(tlx2(tI02(tlx3(tI03(tlx4ItI04(tlx5(tIQ5(tl X(tl p etl 
1 6 60 6 60 25 250 9 80 5 50 50 30 
2 12 -12 6 -6 28 -28 9 -9 6 -6 61 19 
3 11 44 5 20 28 112 9 32 4 16 56 24 
4 7 21 5 15 32 96 a 21 5 15 57 23 
5 9 27 5 15 29 97 8 24 6 18 57 23 
6 3 30 5 50 30 300 7 70 5 SO SO 30 
7 3 51 5 90 21 370 7 12G G 100 ~2 30 
B 2 20 6 60 25 250 7 70 10 100 50 30 
9 5 25 5 25 30 150 7 35 8 40 55 25 

10 6 48 6 48 26 208 7 56 7 56 52 28 
11 6 60 6 60 25 250 8 80 5 50 50 30 
12 12 -12 6 -6 28 -29 9 -9 6 -6 61 19 
13 11 44 5 20 28 112 9 32 4 16 56 24 
14 7 21 5 15 32 96 9 24 5 15 57 23 
15 9 27 5 15 29 87 8 24 6 18 57 23 
16 3 30 5 50 30 300 7 70 5 50 50 30 
17 3 54 5 !l0. 21 378 7 126 6 109 42 38 
18 2 20 6 60 25 250 7 70 10 100 SO 30 
19 5 25 5 25 30 150 7 35 8 40 55 25 
20 6 48 6 48 26 208 7 56 7 56 52 28 
21 9 9 6 6 29 29 7 7 9 9 59 :!1 
22 4 96 5 120 15 360 8 192 4 96 36 44 

23 7 49 6 42 25 175 8 56 7 49 53 27 
24 5 40 5 40 29 232 7 56 6 48 52 28 
25 9 54 5 30 30 190 6 36 4 24 54 26 
26 10 20 6 12 30 60 7 14 5 10 58 22 
27 8 40 5 25 30 150 7 35 5 25 55 25 
28 5 15 6 18 32 ~6 9 24 6 18 57 23 
29 7 98 6 84 20 290 9 112 5 70 46 34 
30 8 8 6 6 31 31 7 7 7 7 59 21 
31 8 32 5 20 30 120 9 32 5 20 56 24 
32 8 32 6 24 31 124 7 28 4 16 56 24 
33 7 14 6 12 32 54 9 16 5 10 58 22 
34 3 21 7 49 32 224 8 56 5 35 53 27 
35 5 75 7 105 20 300 7 105 6 90 45 35 
36 5 0 7 0 34 0 7 0 7 0 60 20 
37 6 24 6 24 32 128 7 28 5 20 56 24 
38 5 30 6 36 32 192 7 42 4 24 54 26 
39 5 90 7 126 21 378 6 108 3 54 42 38 
40 6 18 6 18 30 ~O 9 24 7 21 57 23 
41 7 35 6 30 31 155 7 35 4 20 55 25 
42 5 80 6 96 20 320 7 112 6 96 44 36 
43 9 -18 7 -14 32 -54 7 -14 7 -14 62 18 
44 6 24 6 24 32 128 7 28 5 20 56 24 
45 5 30 6 36 34 204 6 36 3 18 54 26 
46 5 70 6 84 23 322 7 98 5 70 46 34 
47 7 91 6 78 22 236 7 91 5 65 47 33 
48 7 112 6 96 18 299 7 112 6 96 44 36 
49 6 36 6 36 28 168 7 42 7 42 54 26 
50 6 108 6 108 18 324 7 126 5 90 42 38 
51 6 18 6 18 32 96 6 18 7 21 57 23 
52 6 42 6 42 32 224 6 42 3 21 53 27 
53 7 21 6 18 33 99 7 21 4 12 57 23 
54 5 80 6 96 20 320 7 112 6 96 44 36 
55 6 18 6 18 32 96 6 18 7 21 57 23 
56 8 -16 6 -12 34 -59 7 -14 7 -14 62 18 
57 8 0 5 0 35 0 7 0 5 0 60 20 
58 8 104 6 78 23 299 7 91 3 39 47 33 
59 7 21 6 18 30 90 8 24 6 18 57 23 
60 6 96 5 80 21 336 8 128 4 64 44 36 
61 6 42 6 42 28 196 8 56 5 35 53 27 
62 6 24 6 24 30 120 8 32 6 24 56 24 
63 5 75 6 90 20 300 7 105 7 105 45 35 
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84 6 '/0 6 '10 2U 260 0 104 " 91 1" 3J 
6~ 6 30 6 30 28 140 8 40 7 35 55 25 
66 5 -10 6 -12 18 -36 7 -14 6 -12 42 18 
67 G 72 G 72 20 2"10 0 96 9 9G '10 32 
68 6 0 6 0 32 0 8 0 8 0 60 20 
69 8 104 5 65 20 260 7 91 7 91 47 33 
70 6 0 6 0 32 0 8 0 9 0 60 20 
71 8 104 5 65 18 234 7 91 9 117 47 33 
72 6 30 6 30 30 150 7 35 6 30 55 25 
73 5 65 6 78 22 286 6 78 9 104 47 33 
74 6 78 6 78 22 286 7 91 5 i8 47 33 
75 6 72 6 72 22 264 8 96 6 i2 48 32 
76 6 24 6 24 30 120 8 32 6 24 56 24 
77 5 60 6 72 20 240 7 84 10 120 48 32 
78 6 0 6 0 32 0 7 0 9 0 60 20 
79 8 80 5 50 20 200 6 60 11 110 50 30 
80 6 6 6 6 30 30 8 8 9 9 59 21 

Followinq are the sum of production: 
509 463 2157 584 487 

Followinq are the sum of profit: 
3204 3345 13732 4185 3150 

Followinq are the sum of prediction error: 
469 393 1575 414 401 

Following are the sum of error of Cournot Exp.: 
213 186 807 192 173 

Sum of production for the first ten periods: 
64 S4 271 76 62 

Following are the first index of profit: 
40 70 582 170 86 

Following are the second index of profit: 
296 277 1350 392 314 
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Tabla .... 0' Tha Data Sot of tho Third £:Kporimonl: in the Second Sot 

Time 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
49 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 

x1(t)Q1(t)x2(t)Q2(t)x3(t)Q3(t)x4(t)Q4(t)x5(t)Q5(t) 
'-5 0 10 0 0 0 11 0 6 0 
17 187 10 110 7 77 10 110 5 55 
16 20B 10 130 6 78 9 117 6 79 
15 180 10 120 7 84 9 108 7 84 
14 196 11 154 7 98 8 112 6 84 
18 144 12 96 7 56 9 72 6 48 
22 132 12 72 6 36 9 54 5 30 
16 160 12 120 11 110 5 50 6 60 
30 -150 10 -50 11 -55 7 -35 7 -35 
16 176 9 99 9 99 8 88 7 77 
19 171 10 90 8 72 8 72 6 54 
30 270 8 72 8 72 0 0 5 45 
21 63 11 33 11 33 9 27 5 15 
16 176 11 121 7 77 8 88 7 77 
15 210 9 126 8 112 8 112 6 84 
17 204 8 96 8 96 8 96 7 84 
17 238 7 98 7 98 8 112 7 98 
15 225 7 105 8 120 7 105 8 120 
16 176 11 121 7 77 7 77 8 88 
14 168 9 108 8 96 8 96 9 108 
30 -30 8 -0 7 -7 7 -7 9 -9 
16 176 10 110 7 77 8 88 8 88 
28 -28 10 -10 8 -8 7 -7 8 -8 
16 160 11 110 7 70 7 70 9 90 
15 195 9 117 7 91 8 104 8 104 
14 210 8 120 9 120 8 120 7 105 
14 23B B 136 B 136 7 119 6 102 
15 225 8 120 9 120 7 105 7 105 
15 195 9 117 8 104 8 104 7 91 
15 210 10 140 7 98 B 112 6 B4 
15 240 8 129 9 128 7 112 6 96 
15 210 8 112 9 112 7 98 9 112 
14 1B2 10 130 7 91 7 91 9 117 
14 196 10 140 7 99 7 98 8 112 
15 150 9 90 8 80 8 80 10 100 
14 294 8 168 0 0 8 16B 9 189 
15 240 8 128 B 128 3 48 10 160 
15 180 10 120 8 96 5 60 10 120 
17 153 11 99 8 72 7 63 8 72 
14 IB2 10 130 7 91 9 117 7 91 
15 195 9 117 9 117 8 104 6 78 
14 16B 10 120 9 108 8 96 7 B4 
15 180 10 120 8 96 8 96 7 84 
16 176 10 110 B 88 8 88 7 77 
17 170 10 100 8 80 8 80 7 70 
17 204 9 108 8 96 7 8~ 7 8~ 
18 180 9 90 9 90 7 70 7 70 
18 216 8 96 8 96 7 84 7 84 
28 28 9 9 8 8 7 7 7 7 
15 210 7 98 8 112 8 112 B 112 
17 153 9 81 9 81 8 72 8 72 
16 192 9 108 8 96 B 96 7 84 
17 153 10 90 9 81 8 72 7 63 
15 195 9 117 8 104 8 104 7 91 
16 144 10 90 9 81 8 72 8 72 
17 85 10 50 12 60 9 45 7 35 
16 64 10 40 12 48 8 32 10 40 
25 -100 10 -40 11 -44 8 -32 10 -40 
17 68 10 40 9 36 9 36 11 44 
14 196 9 126 8 112 8 112 7 98 
16 144 a 72 11 99 a 72 8 72 
15 150 10 100 10 100 8 80 7 70 
15 135 10 90 11 99 8 72 7 63 

X(t) 
GO 
49 
47 
48 
46 
52 
54 
50 
65 
49 
51 
51 
57 
49 
46 
48 
46 
45 
49 
48 
61 
49 
61 
50 
47 
45 
43 
45 
47 
46 
44 
~6 
47 
46 
50 
39 
44 
48 
51 
47 
47 
48 
~8 
49 
SO 
~o 
50 
48 
59 
46 
51 
48 
51 
47 
51 
55 
56 
64 
56 
46 
51 
50 
51 

PIt) 
20 
31 
33 
32 
34 
28 
26 
30 
15 
31 
29 
29 
23 
31 
34 
32 
34 
35 
31 
32 
19 
31 
19 
30 
33 
35 
37 
35 
33 
34 
36 
3~ 
33 
34 
30 
41 
36 
32 
29 
33 
33 
32 
32 
31 
30 
32 
30 
32 
21 
34 
29 
32 
29 
33 
29 
25 
24 
16 
24 
34 
29 
30 
29 
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I 
III ---_._._-_-.. " ........ .. 

64 11 1158 10 120 10 120 7 84 7 84 48 32 131 
65 15 150 10 100 11 110 7 70 7 70 50 30 
66 15 150 10 100 11 110 7 70 7 70 50 30 
67 15 120 10 00 11 88 9 72 7 56 52 20 
69 14 102 9 117 10 130 7 91 7 91 "7 33 
69 16 144 9 III .11 99 7 63 8 72 51 29 
70 15 165 10 110 10 110 7 77 7 77 49 31 

Followinq are the sum of production: 
11AO 663 Sn7 SJ2 !ill 

Followinq are the sum of profit: 
11097 6658 5744 5385 5209 

Followinq are the sum of prediction error: 
497 200 336 347 352 

Followinq are the sum of error of Cournot Exp.: 
267 135 153 177 164 

Sum of production for the first ten periods: 
109 106 79 05 61 

Followinq are the first index of profit: 
691 303 251 105 161 

Fol1owinq are the second index of profit: 
921 528 434 355 349 
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