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ABSTRACT 

The electromagnetic diffraction problem is formulated in 

terms of either the electric or magnetic Hertz potential. This 

approach is equivalent to traditional methods based on the vector form 

of Green's theorem, but it iG less widely known. The components of 

the Hertz potentials are independent, and each satisfies a scalar wave 

equation. The formal solutions for these components are therefore 

given by two equations referred to as the Rayleigh formulas, which are 

familiar from scalar diffraction theory. 

A physical interpretation of the Rayleigh solution shows that 

the diffracted wave may be thought of as a superposition of 

elementary, electromagnetic Huygens wavelets. Depending on the type 

of Green's function that is chosen, these wavelets have the same form 

as fields radiated by dipoles of different orientations (D-theory) or 

by special types of quadrupoles (Q-theory). .Using techniques which are 

well known from scalar theory, it is shown that the diffracted wave 

can be represented as an angular spectrum of electromagnetic plane 

waves, and that this description is equivalent to the Q-theory 

approach. 

The use of approximate, Kirchhoff-type boundary conditions in 

the Hertz potential formalism is investigated. When these boundary 

conditions are used in the D-theory, the diffracted wave is found to 

be identical with the results of more traditional theories that apply 

vii 
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the boundary conditions directly to the fields in the aperture. Using 

these boundary conditions in the Q-theory yields different results, 

because they are applied to the Hertz potentials rather than to the 

fields themselves. The differences between the two approaches are 

most apparent when the aperture is small in comparison with the 

wavelength. 

To determine which theory is more appropriate for Kirchhoff

type boundary conditions, an experiment to measure the diffraction 

from subwavelength-diameter pinholes is performed. The Q-theory 

shows better agreement with the results. It is also determined' that 

the best agreement is obtained when the magnetic rather than electric 

Hertz potential is used. 



CHAPTER 1 

INTRODUCTION 

Diffraction theory is a general classification given to a wide 

range of problems dealing with the propagation of electromagnetic 

waves. In addition to the study of diffraction from apertures, these 

include particle scattering, radio wave propagation, antenna theory, 

radar imaging, and coupling of microwave cavities. Needless to say, we 

cannot address all of these topics in this dissertation. Instead, we 

will concentrate on diffraction from apertures in an infinite plane 

screen that is assumed to be perfectly conducting. We begin by giving 

a brief review of the relevant literature and then outlining the 

content of the dissertation. 

Background 

The mathematical theory of diffraction has been under 

development for more than 100 years. Kirchhoff (1883) formalized the 

earlier work of Huygens and Fre'snel and developed a scalar theory of 

diffraction from apertures based on assumptions about the boundary 

conditions on the wave function and its normal derivative. The theory 

proved remarkably accuratE! for predicting the diffraction from 

apertures that were large in relation to the wavelength, even though 

the assumed boundary conditions were later shown to be inconsistent 

with each other. 

I 



Kirchhoff's theory was modified by Rayleigh (1897) and 

Sommerfeld (1896), who used the theory of Green's functions to 

eliminate the inconsistencies. Kottler (1923a) was able to show that 

Kirchhoff's original treatment was actually the solution of a salt us 

problem where the boundary conditions specified jumps in the wave 

function and its derivatives at the boundaries of the aperture. 

Kirchhoff's treatment and the Rayleigh-Sommerfeld theory have been 

compared by Wolf and Marchand (1964), who showed that the differences 

between the theories could be expressed in terms of a boundary 

diffraction wave. The boundary wave was found to be significant only 

near the plane of the aperture, which explained the excellent 

agreement between the theories in the far field. 

2 

One defect of the Kirchhoff and Rayleigh-Sommerfeld theories 

was that they were both scalar formulations, and they neglected the 

fact that light is actually characterized by electric and magnetic 

vectors whose components are related by Maxwell's equations. The 

theories worked well for most cases of optical diffraction because 

the apertures were generally large compared with the wavelength, and 

the observation point was usually far from the aperture. However, 

when polarization effects became important, as for the diffraction of 

microwaves from apertures of wavelength dimensions, a more complete 

theory had to be used. It might be supposed that a vector formulation 

could be derived by applying Kirchhoff's theory sepatately to each 

component of the electric and magnetic fields, but this method was not 



acceptable because fields generated in this fashion do not satisfy 

Maxwell's equations. 

Kottler (1 923b) found a way around this difficulty and 

obtained the first acceptable vector theory by including contour 

integrals over fictitious line sources along the edge of the aperture. 

Kottler's theory was an approximate one, and he was later able to 

show (Kottler, 1967) that like the scalar Kirchhoff solution this 

vector theory was consistent with the solution of a saltus problem. 

As such it was most applicable to the case of diffraction from a 

"black" screen (Kottler, 1965). 

3 

Another electromagnetic formulation was given by Stratton and 

Chu (1939), who used a vector analog of Green's theorem to arrive at 

their solution. For Kirchhoff-type boundary conditions this solution 

reduced to Kottler's result, although in principle it could be used to 

represent an exact solution specified by the boundary values on the 

diffracting plane. This was of little practical significance, however, 

because exact solutions required detailed information about the 

boundary conditions that was generally not known prior to solving the 

problem. In fact, exact solutions were known for only a few special 

cases, and they were sufficiently complex to be of limited utility. 

In view of the difficulties of obtaining exact solutions, many 

authors instead attempted to formulate approximate theories. Bethe 

(1944) gave a detailed vector treatment of diffraction from holes 

smaller than a wavelength. Copson (1946) later rederived Bethe's 

results and solved the complementary problem of scattering from a 



circular disc. Both of these theories were thought to be rigorous 

p.!lproximatiolls until the microwave experiments conducted by Andrews 

(1947) showed the diffracted field near the aperture to be 

considerably more complex than anticipated. 

4 

Andrews' work stimulated much interest in the problem, both 

experimental and theoretical. Near field measurements of microwave 

diffraction from circular apertures included those reported by Tranter 

(1948); Andrews (1950); Hogg (1953); Robinson (1953); Buchsbaum et ale 

(1955); and Ehrlich, Silver and Held (1955). Smythe (1947) discussed 

the use of a double current sheet in an approximate theory that gave 

good results in the far field for apertures whose dimensions were at 

least slightly larger than the wavelength. Bouwkamp (1950a,b) pointed 

out errors in the near field results of Bethe and Cops on, and provided 

a more rigorous treatment of small hole diffraction that agreed well 

with experiment in the near field. Meixner and Andrewjewski (1950) 

developed a small hole theory for the near field that was useful for 

aperture diameters up to about one wave. Experimental evidence 

discussed in this dissertation indicates that the far field 

distributions predicted by these last two theories are not correct. 

Bekefi (1952, 1953), Neugebauer (1952), and Woonton (1952) 

proposed a theory applicable to diffracting apertures whose dimensions 

were greater than the wavelength. The theory was similar to an 

earlier one due to Moglich (1927). Bekefi used a single component 

Hertz vector to help solve for the diffracted field, and he obtained 

good agreement with experiment even in the near field. Similar 
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theories were discussed by Severin (1951), Vasseur (1952), and Luneburg 

(1964). Karczewski and Wolf (1966) compared these theories and the 

one due to Kottler (1923b) and analyzed the predicted far field 

structures. 

In addition to the work discussed above, there was a large 

number of papers that have not been mentioned. For a more complete 

review, the reader is referred to articles by Bouwkamp (1954) and 

Tremblay and Boivin (1966). Butler, Rahmat-Samii and Mittra (1978) 

give a classified bibliography of papers published after Bouwkamp's 

work. 

The approach followed in this dissertation is similar to that 

of Bekefi, although it is simpler and more general. The theory is 

founded on the assumption that Kirchhoff-type boundary conditions 

should be applied to the magnetic Hertz vector rather than the 

electric field. Since the components of the Hertz vector may be 

treated independently, it is possible to determine the diffracted 

fields by solving a scalar wave equation for each component. We are 

therefore able to use existing techniques associated with scalar 

theory to find solutions satisfyine Maxwell's equations. The strength 

of the theory is that it is simple and in general shows good agreement 

with the measured distributions of diffracted intensity for apertures 

of arbitrary shape and size. 

Content of Dissertation 

The remainder of the dissertation is divided into four 

chapters. Chapter 2 contains the development of the theory. The 
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Hertz vector formalism is introduced, and the choice of boundary 

conditions is discussed. A formal solution for the diffracted electric 

field is derived, and the result is compared to Bekefi's work for the 

case of normal incidence. We also give a physical interpretation of 

our solution and show how it differs from results that have been 

obtained previously. Finally we demonstrate the equivalence of this 

approach with the concept of an angular spectrum of electromagnetic 

plane waves. 

Numerical calculations designed to test the theory are the 

topic of Chapter 3. We consider the diffraction from an infinite slit 

and from a circular aperture. Whenever possible, the results are 

compared with experimental measurements found in the literature and 

compared with the predictions of other theories. 

In Chapter 4 we describe an experiment to measure the far 

field diffraction patterns of subwavelength-diameter pinholes. A 

brief description of the apparatus is given and the experimental 

procedures are discussed. The results are presented in a series of 

graphs comparing the experiment with theoretical predictions. 

The final chapter contains a brief summary of the main 

conclusions and mentions promising areas for future study. Special 

attention is given to the experimental aspect of the problem. 



CHAPTER 2 

AN ELECTROMAGNETIC FORMULATION 

OF DIFFRACTION THEORY 

The goal of this chapter is to examine electromagnetic 

diffraction from a new perspective. It was noted in Chapter 1 that 

very few diffraction problems have been solved rigorously, although 

many appr"oximate theories have been proposed that work well for 

apertures that are either large or small with respect to the 

wavelength. There has been much less success in finding theories that 

are accurate regardless of the aperture dimensions. The present 

theory is an attempt to remedy this situation. 

The approach to be discussed makes no reference to either the 

size or shape of the aperture. In addition, it possesses a simple 

physical interpretation either in terms of sources located in the 

aperture, or as a superposition of electromagnetic plane waves. 

An Electromagnetic Boundary Value Problem 

The usual method of treating diffraction from apertures is to 

make use of arguments based on Maxwell's equations and the theory of 

Green's functions to obtain solutions in terms of the boundary values 

of the electric and magnetic fields. When it is possible to specify 

the correct boundary conditions over the entire diffracting plane, the 

diffracted wave can be exactly determined. However, determination of 

7 
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the exact boundary conditions is uaually a very difficult problem and 

no general methods of solution are known. 

Most currently available theories are attempts to find 

approximate solutions by specifying approximate boundary conditions on 

the fields. The boundary conditions must be consistent with Maxwell's 

equations and with assumptions about the characteristics of the 

diffracting screen. From considerations involving the continuity of 

the fields and from experimental evidence it is usually argued that 

the tangential component of the electric field vanishes over the dark 

surface of the diffracting screen, and that the tangential component 

of the magnetic field is unperturbed in the aperture. However, these 

conditions alone do not tell us how to specify the remaining 

components so that Maxwell's equations are satisfied. 

One common approach to this problem is to try to construct 

charge and current distributions that produce fields which are 

consistent with the known boundary conditions. These distributions 

determine the scalar and vector potentials V and A from which the 

diffracted fields are easily calculated. The difficulty with this 

approach arises because of the fact chat V and the components of A 

are not independent. Rather, they must satisfy the Lorentz condition 

,., • A + 1- av 
v c2 at == 0, (2.1) 

which embodies the assumption that there is conservation of charge. 

Thus the charge and current distributions may not be specified 
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arbitrarily, and this complication makes it difficult to obtain 

approximate solutions that satisfy Maxwell's equations. 

Fortunately, Hertz (1893) found a simple way to relate sources 

and their radiation fields. He discovered a pair of vector potentials 

known as the electric and magnetic Hertz potentials, either of which 

could be used in place of the coupled potentials V and A. In this 

dissertation the electric and magnetic Hertz vectors will be denoted 

by the symbols Z and Z*, respectively. The Hertz vector components 

are independent, and this property makes it simple to specify source 

distributions that are consistent with Maxwell's equations. For this 

reason we shall us,e the Hertz formulation to determine the diffracted 

field. 

The Hertz Potentials 

In free space Maxwell's equations are written (in MKS units) 

'l • E = 

'l • B = 

'l • E = 

0, 

0, 

dB 

at • 

'l • B 1 aE 
= c2 at ' 

and the Hertz potentials are as~umed to satisfy 

(2.2) 

(2.3) 

(2.4) 

(2.5) 
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and 

E 

1 az 
c 2 '7 x at 

az* 
-'V x at. 

10 

(2.6) 

(2.7) 

In the remainder of this dissertation the sinusoidal time dependence 

e-iwt will be assumed and derivatives with respect to time will be 

suppressed. An expression for the electric field in terms of Z is 

found by first taking the curl of Eq. (2.6) and comparing the result 

with Eq. (2.5). This gives the result 

E 'V x 'V x z. (2.8) 

In a Cartesian coordinate system Eq. (2.8) may be rewritten as 

E (2.9) 

where the Laplacian operator, 'V2, operates on each of the rectangular 

components of Z. Substituting Eq. (2.6) in Eq. (2.4) yields 

'V x E ::: (2.10) 

This result can be integrated to obtain another expression for E of 

the form 
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E (2.11) 

where F is an arbitrary function of the coordinates x, y, and z. 

Equations (2.9) and (2.11) must be equivalent. This condition is 

satisfied if 

F v • Z (2.12) 

and 

o. (2.13) 

Because F is an arbitrary function, the components of Z are 

independent and the vector wave equation (2.13) really represents 

three independent scalar wave equations, one for each component of Z. 

The same approach can be applied to the magnetic Hertz potential and 

the resulting equations are identical to (2.12) and (2.13) except that Z 

is replaced by Z*. The diffracted fields are found by solving the 

wave equations for Z and Z* subject to boundary conditions that must 

still be specified. Knowledge of either Hertz potential allows us to 

calculate E and B according to 

E 

B 

or 

iw 
- -2 V x Z, 

c 

(2.14) 

(2.i5) 
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E iwV' x Z*, (2.16) 

(2.17) 

We stress again that the Hertz potentials are used because their 

components are independent, and this enables us to reduce the vector 

diffraction problem to an essentially scalar one. 

Solution of the Scalar Wave Equations 

The problem to be considered is the diffraction of an 

electromagnetic wave incident on an infinite conducting plane screen 

(S) in which has been cut an aperture (Sa) of arbitrary shape and size. 

The coordinate system is chosen so that the origin lies in the plane 

of the screen, and the z-axis is directed along the surface normal. 

The diffracted wave lies in the half space z ) O. 

It is well known from the theory of Green's functions that 

consistent solutions to the scalar wave equations for the components 

of Z and Z* may be written in terms of the boundary values of either 

the potentials or their normal derivatives. These solutions are known 

as the Rayleigh formulas and have the form 

1 a ikr 
Z(x,y,z) == 2n J J Z(x' ,y';z'::O) az' (7) dx'dy', (2.18) 

S+Sa 
and 

1 II (az(x' ,~' ,z')) ikr 
Z(x,y,z) == 

2n (7) dx'dy', (2.19) 
s+s az z'==O a 

where 



r 

l3 

(2.20) 

The corresponding results for the magnetic Hertz potential are 

obtained by simply replacing Z with Z* in Eqs. (2.18) and (2.19). If 

the exact boundary conditions for Z or az/az' can be specified, then 

the Rayleigh solutions are mathematically equivalent and exactly 

determine the Hertz potentials in the half space z ;> O. The 

diffracted fields are then found by substituting either (2.18) or (2.19) 

into Eqs. (2.14) and (2.15). However, the exact boundary conditions are 

generally not ,known until after the problem has been solved, so in 

most cases one must try to construct approximate solutions. 

From scalar diffractiO'Ll theory we know that specifying 

approximate boundary conditions in either Eq. (2.18) or (2.19) yields 

self-consistent solutions for the potentials. However, the two most 

common approximations do not have the same form, and the solutions 

they imply are therefore not equivalent. The approximations we are 

referring to are the cases where either the (electric or magnetic) 

Hertz potential or its normal derivative is assumed to be unperturbed 

in the aperture and zero on the dark portion of the diffacting screen. 

(These are referred to as "Kirchhoff-type" boundary conditions.) Under 

these conditions the solutions (2.18) and (2.19) both represent 

convolution integrals over the aperture. The kernels of the 

convolutions correspond to the Dirichlet and Neumann Green's functions 

for a plane, respectively. 
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The Dirichlet solution is physically the more appealing of the 

two because its kernel can be thought of as a scalar spread function 

that operates on the incident potential directly to obtain the 

diffracted potential. The Neumann solution, on the other hand, 

represents the ~onvolution of a kernel having the form of an expanding 

spehrical wave with the derivative of the incident potential. Although 

mathematically it is acceptable to operate on the derivative of the 

potential to calculate a self-consistent solution, it is difficult to 

attach physical significance to such an operation. On the basis of 

these admittedly heuristic arguments we might expect that the 

approximation based on the Dirichlet Green's function would produce 

more accurate results. This point will be investigated later, but for 

now we wish to relate these approximate solutions to the work of 

other researchers. 

The Neumann approach is equivalent to methods that have been 

previously investigated by several authors in which the boundary 

conditions are written in terms of the incident electric and magnetic 

fields. For example, see the paper by Karczewski and Wolf (1966). 

These authors review the work of Kottler (1923b), Luneberg (1964), 

Severin (1951), and Vasseur (1952), and discuss the characteristics of 

the solutions in the far field. Ve shall see that this approach is 

useful as a large-hole theory, but not surprisingly it breaks dO"(OlU 

when the aperture dimensions are on the order of a wavelength or 

smaller. 
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One point we would like to make regarding these earlier works 

is that they make clear the advantage of using the Hertz vector 

formalism to express the solutions. Kottler noted that the electric 

field satisfies the wave equation 

V2E + k2E = O. (2.21) 

and that the solutions have the same form as (2.18) and (2.19). 

However, the components of E are not independent and must satisfy Eq. 

(2.2). Kottler therefore found that the simple boundary conditions 

assumed for the Hertz potentials could not be applied to E unless 

contour integrals around the edge of the aperture were included in the 

theory. This complication does not arise in the Hertz vector 

formulation. 

The Dirichlet approach is fundamentally different from 

previous theories because the boundary conditions are applied directly 

to the Hertz potentials, rather than to either of the fields. It is 

this point that distinguishes the solutions we discuss in this 

dissertation from the work of Moglich (1927) and Bekefi (1953), who 

also used the formal solution (2.18) as the basis for developing the 

approximate theories. 

Bekefi considered the case of an aperture illuminated by a 

plane wave at normal incidence, and reduced the problem to a solution 

of Eq. (2.18) for a single transverse component ofZ. He did not, 

ho~vever, impose boundary conditions directly on the incident potential, 

ZOo Instead he assumed boundary conditions on the electric and 
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magnetic fields of the form given by Bethe (1944) and derived an 

integral equation for the x-component of ZO(x,y;z=O). To obtain near 

field solutions of the integral equation for apertures whose 

dimensions are greater than or equal to A, Bekefi made use of the high 

frequency (geometrical optics) approximation and concluded that the 

problem could equivalently be cast in the form 

Zx(x,y,z) = 
1 II (3Zx(X'"y',z')) (eikr 

- 2'IT -r-J dx'dy', 
S+Sa 3z z'=O 

(2.22) 

where the boundary conditions on 3Zx /3z' are related to the incident 

Hertz vector Zo by 

and 

( 3Z0X) 
on Sa' 

3z z=O 

o on S. 

(2.23) 

Thus, even though Eq. (2.18) served as the starting point of Bekefi's 

work, his treatment of diffraction in the near and far fields was 

actually more closely related to the theories discussed by Karczewski 

and Wolf (1966). Bekefi compared his theory to experimental results 

for the diffraction of microwaves from circular apertures and found 

that they agreed well for apertures whose diameters were greater than 

A. For smaller apertures the agreement with experiment breaks down. 
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Electromagnetic Huygens Wavelets 

Another way of comparing the approximate solutions based on 

Eqs. (2.18) and (2.19) is to consider what happens when the aperture 

shrinks to negligible extent. In the Neumann solution, assuming the 

boundary conditions (2.23) implies that the diffracted Hertz potential 

approaches the form 

Z (2.24) 

where dA is an infinitessimal constant proportional to the normal 

derivative of Zox at the point (x' ,y' ,0). Stratton (1941) has shown 

that Eq. (2.24) represents the Hertz potential of an electric dipole 
... 

located at (x' ,y' ,0) whose moment is parallel to i. For larger 

apertures, the field calculated from Eq. (2.19) evidently corresponds 

to a superposition of electromagnetic Huygens wavelets radiated by 

dipoles located at each point in the aperture; i.e., a dipole sheet. 

The dipole strengths are determined by the boundary conditions. For 

this reason we shall henceforth refer to the approximate Neumann 

solution as the D-theory or dipole theory. 

We should emphasize that the D-theory can also be formulated 

in terms of the magnetic Hertz potential by replacing Z with Z* in Eq. 

(2.23). Although the two formulations represent different 

approximatons, at this point we have no reason to choose one over the 
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other. The elementary Huygen& wavelet in the magnetic D-theory has 

the same form as the field radiated by a magnetic dipole. 

We now turn our attention to the approximate Dirichlet 

solution. The primary goal of the remainder of this dissertation will 

be to study the properties of this solution. 

In the Dirichlet approach we begin by imposing boundary 

conditions of the form 

Z = Zo 

and (2.25) 

z = 0 on S. 

Again we note that Eq. (2.25) could equally well have been written in 

terms of Z* rather than Z. Useful insight into the nature of the 

Dirichlet solution can be gained by substituting Eq. (2.18) into Eq. 

(2.14) and (2.15), and then interchanging the order of integration and 

differentiation. Writing the total field in terms of the contributions 

due to each component of Z gives 

E = L 
j=x,y,z 

1 d 2 ~ eikr 
21T J J ZOj(x',y',z'=O) dZ [V(V·)+k ]ej (-r-) dx'dy', 

Sa 
and (2.26) 

B = L ~ 
j=x,y,z 21TC2 

a ~ eikr 
J J ZOj(x',y',z'=O) dZ [Vx]ej (-r-) dx'dy', 
Sa 

(2.27) 

where the V operator operates only on the unprimed coordinates and 
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the minus signs are due to the fact that the normal derivatives are 

taken with respect to z and not z'. The components ZOj are defined by 

the expression 

= (2.28) 

When Eqs. (2.26) and (2.27) are examined with Eq. (2.24) in mind, 

we find that the integrands represent elementary wavelets that are 

proportional to the normal derivatives of fields radiated by dipoles 

oriented parallel to each of the coordinate axes. These normal 

derivative fields are equivalent to the fields radiated by three 

specific types of quadrupole moments, and for this reason we shall 

refer to the Dirichlet solution as the Q-theory or quadrupole theory. 

Expressions analogous to Eqs. (2.26) and (2.27) can also be 

obtained when the boundary conditions (2.25) are written in terms of 

..,.* 1.0 • The only significant difference between the two formulations is 

that the elementary wavelets in this case have the form of magnetic 

rather than electric quadrupoles. This point will be demonstrated in 

Chapter 3. 

To briefly summarize this section, we state that the D-theory 

is an approximation based on the Neumann Rayleigh fo~mula for Neumann 

boundary conditions, which reduces to a superposition of elementary 

dipole fields. The Q-theory on the other hand is derivable from the 

Dirichlet Green's function and the diffracted fields predicted by this 

theory are equivalent to superpositions of electric or magnetic 
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quadrupole moments. Because the elementary wavelets have different 

forms, the two theories must quite obviously give different results 

t-lhen the aperture is sufficiently small. A more thorough 

investigation of this point will be given in Chapter 3. 

Plane Wave Decomposition 

of the Diffracted Fields 

It is possible to obtain results equivalent to the Q-theory 

via a parallel approach in Fourier space. This method provides 

additional insight because it makes it possible to relate the 

diffracted wave. to a superposition of electromagnetic plane waves 

having the same wavelength but propagating in different directions. 

The concept of an angular spectrum of plane waves was first discussed 

by Debeye (1909) in connection with the scalar theory of diffraction 

and was later generalized to include vector plane waves by Booker and 

Clemmow (1950). The treatment presented here is patterned after the 

work of Wolf (1959). 

We begin with the modest assumption that Z (z=O) possesses the 

two dimensional Fourier transform, S, so that 

co 

J J S(a,a) exp[i21T(~a+ya)] dada, 
-co 

where the coordinates are scaled to the wavelength as 

.. 
x x 

1"' y :t. 
A' and z z 

1". 

(2.29) 

(2.30) 
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In this scaled coordinate system Z satisfies the wave equation 

o. (2.31) 

Equation (2.29) represents three independent scalar integrals, one for 

each component of Z. The integrands of these scalar equations have 

the same form as the intersection of a scalar plane wave of 

amplitude, Si' with the plane of the aperture (i=O). 

It is easily verified that solutions of the wave equation 

(2.31) that are reducible to the form of Eq. (2.29) when i=o may be 

written 

co 

J J Sea,S) exp(i21T y i) exp[i21T(ia+yS)] dadS, (2.32) 
-co 

where y is defined 

(2.33) 

From Eqs. (2.32) and (2.33) it is clear that each component of Z may be 

thought of as a superposition of scalar plane waves whose direction 

cosines are a, 13, and y. Since the integrals are over the entire 

Fourier plane, the superposition includes evanescent as well as 

propagating waves. 
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An expression for the electric field is obtained by 

substituting Eq. (2.32) into the scaled form of Eq. (2.14). 

Interchanging the order of differentiation and integration, and then 

evaluating the derivatives yields 

Q) 

k2 j J [S-(S'p)pj exp[i21T(~(l+y~+~y)] d(ld~, (2.34) 
-Q) 

where 

p at + ~j + yk. (2.35) 

The value of S is determined by inverting the Fourier transform 

equation (2.29) and imposing the boundary conditions (2.25) on Z. The 

form of Eq. (2.34) is different from that of Eq. (2.32) because the 

integrand of (2.34) is identical to an electromagnetic (rather than 

scalar) plane wave which is transverse and propagates in the direction 

of p. The integral in Eq. (2.34) therefore represents a superposition 

of electromagnetic plane waves with different propagation vectors, p. 

When the values of (l, ~, and yare all real (i.e., when a2+b2 "1) the 

component waves are propagating waves. When the values of either (l 

or ~ lie outside the unit circle, y is pure imaginary and the 

corresponding components are evanescent waves that decay 

exponentially in the z direction. 

We can also derive an angular spectrum of electromagnetic 

plane waves from the magnetic Hertz vector formalism. The 

superposition integral has the slightly different form 
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co 

E := -k2c J J (p x S*) exp[i21T(~u+ya+~y)] dada. (2.36) 
-co 

Here S* is the Fourier transform of the aperture distribution of Z*. 

Comparing Eqs. (2.34) and (2.36) is another way of showing that the 

electric and magnetic Hertz vector formalisms represent slightly 

different approximations. 

Equivalence with the Bvundary Value Problem 

Equations (2.32) and (2.34) may be rewritten in terms of the 

incident electric field instead of the incident Hertz vector. This is 

simply a matter of convenience and does not mean that Eqs. (2.25) are 

being replaced with boundary conditions on the fields. It is known 

that the Hertz potential for a propagating electromagnetic plane wave 

is itself a plane wave. Thus, when the incident field is a plane wave 

we have 

(2.37) 

Equation (2.37) holds even if the incident field is a more general wave 

provided the diffracting aperture is far enough removed from the 

source. The reason for this is that the source generates a wave that 

includes both propagating and evanescent components. The evanescent 

wave decays much more rapidly than the propagating part away from the 

source, and so if the source is sufficiently distant from the 

diffracting aperture the incident field may be adequately described by 

a spectrum of propagating plane waves. Since Eq. (2.37) holds for each 
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of the waves in the superposition, it holds for the total wave as 

well. 

Scaling Eq. (2.?6) to the wavelength and applying Eq. (2.37) 

yields 

(2.38) 

Similarly, Eq. (2.34) becomes 

E(i,y,~) = Jj IEO-(EO~p)pJ exp[i21T(iu+ya+~y)] dada, (2.39) 
-00 

where EO is the two dimensional Fourier transform of E(x,y;z=O). 

Equations (2.38) and (2.39) are equivalent ways of calculating the 

diffracted field. This equivalence is easy to demonstrate. The first 

step in deriving Eq. (2.39) from (2.38) is to perform the required 

divergence and gradient operations, and then split the resulting 

expressions into their Cartesian components. The integral in Eq. (2.38) 

is then split into several simple convolution integrals. Taking the 

two dimensional Fourier transform of both sides and applying the 

convolution theorem yields an expression for £ in terms of £0 and the 

Fourier transform of the Dirichlet kernel. The latter transform may 

be evlauated with the aid of the following relation obtained by Lalor 

(1968) from Weyl (1919) 



25 

00 

II ei2ny~ ei2n(ia+ya) dada (2.40) 
-00 

By taking the inverse Fourier transform of the simplified expression 

we obtain the desired result (2.39). 

Either Eq. (2.38) or (2.39) may be used to calculate the 

electric field. The magnetic field is determined from similar 

expressions of the form 

(2.41) 

and 

(2.42) 

Note that Eq. (2.42) also has the form of an angular spectrum of 

electromagnetic waves. The component waves are transverse and are 

orthogonal to the E-vectors of the corresponding component waves in 

Eq. (2.39). Thus Eqs. (2.39) and (2.42) represent identical plane wave 

decompositions. This is not too surprising, however, since 

specification of the three components of E completely determines B 

via Maxwell's equations. 

The derivations for the magnetic Q-theory are carried out in a 

completely similar fashion. The four equations corresponding to Eqs. 

(2.38, 2.39, 2.41, and 2.42) are given by 
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i [Vx] a ( e
i
:

1T I- ) di'dy', E 
- (21T)2 if cBo az r 

a 

(2.43) 

00 

E = f f( cio x p) ei21T(ia+ye+zy) dade. (2.44) 
00 

(2~)3 if [V( V·)+(21T)2] BO a ( e
i21Tr 

di'dy', B = -,.,-) 
az r 

a 

(2.45) 

and 

B = j fIBo-(BO • p)pJ ei21T(ia+ye+zy) dade. (2.46) 
00 

Because the derivations of these four equations are so similar to the 

derivations in the electric Q-theory, there are no obvious reasons for 

choosing one approach in place of the other. The decision to ignore 

one of these approximate solutions must ultimately be made on the 

basis of comparison with experiment. This point will be discussed in 

Chapters 3 and 4. 

Summary 

It was shown that self-consistent solutions to the problem of 

diffraction from an aperture that satisfy Maxwell's equations can be 

derived from approximate boundary conditions imposed on either the 

electric or magnetic Hertz potential of the incident wave. The 

diffracted wave may be thought of as a superposition of elementary 

waves radiated from sources located at each point in the aperture, 
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or it may be treated as a decomposition into an angular spectrum of 

electromagnetic plane waves. Both of these approaches are equivalent 

formulations of the problem. 

The relationship between the solutions of the scalar and 

vector diffraction problems was made clear by the use of the Hertz 

vector formulation. In short, we found that the Rayleigh formulas for 

the scalar field represent the solutions for the Hertz potential 

components in the vector problem. The electromagnetic fields are 

determined by operating on the scalar solutions with vector 

differential operators. 



CHAPTER 3 

APPLICATION OF THE THEORY 

AND NUMERICAL RESULTS 

The formal treatment of electromagnetic diffraction developed 

in the previous chapter is an exact theory that depends on finding 

solutions to three independent scalar wave equations, one for each 

component of either the electric or magnetic Hertz vector. In 

practice, however, these wave equations can seldom be solved exactly, 

and so we suggested an approximate method of solution in which 

Kirchhoff-type boundary conditions are applied to the Hertz potential 

rather than to the fields themselves. The purpose of the present 

chapter is to evaluate the strength of this approximation. 

This is difficult to assess on purely theoretical grounds, 

because there are no general methods for completely specifying the 

boundary conditions so that Maxwell's equations are satisfied 

everywhere, including the surface of the screen. The only alternative 

is to compare the theory with experimental results and with the 

predictions of other theories. This makes it possible to estimate the 

accuracy of subsequent calculations, and to identify any limitations on 

the applicability of the theory. In addition, comparison with 

experiment provides a criterion for using either the electric or 

magnetic Hertz vector in our approximation. Up to this point we have 

28 
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had no reason to choose one over the other. In anticipation of our 

discussion of the experimental results in Chapter 4, we shall 

concentrate on providing a detailed description of the magnetic Q-

theory, and simply point out how it differs from the electric case. 

Characteristics of the Elementary Wavelets 

It has been shown that the diffracted field can be written as 

a superposition of elementary electromagnetic wavelets originating at 

each point in the aperture. The first step in analyzing solutions for 

the diffracted field should therefore be to investigate the behavior 

of these elementary wavelets. Because it is the more easily measured 

quantity, we shall concentrate on a description of the electric rather 

than the magnetic field. 

The E-field is determined by the equation 

E(x,y,z) <3 f f ZO*(x',y';z'=O)G(x',y';x,y,z) dx'dy', 
Sa 

where <3 is an operator having the form 

6 iwVx, 

and 

G(x' ,y';x,y,z) 

(3.1) 

(3.2) 

(3.3) 

To rewrite Eq. (3.1) explicitly as a superposition of elementary 

wavelets, we let 
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Zo *(x' ,y';O)e, (3.4) 

where e is a unit vector parallel to ZO*. We then associate e with 

the Dirichlet Green's function G and bring 0 inside the integral. 

Equation (3.1) then becomes 

E(x,y,z) 

where SE is defined 

J J ZO*(x',y';O)SE(x',y';x,y,z) dx'dy', 
Sa 

From Eq. (3.6) we see that SE acts like a sort of vector spread 

(3.5) 

(3.6) 

function and operates on Zo* (which is proportional to EO) to get the 

diffracted field. The spread function SE has the same form as the 

normal derivative of the field of an elementary magnetic dipole whose 

moment is parallel to e. 
We can demonstrate this assertion by making use of arguments 

presented by Whitmer (1962) and Stratton (1941). We begin by 

explicitly including a source term in our analysis that describes the 

contribution of a free magnetic polarization, M. Equations (2.3) and 

(2.4) are therefore replaced by 

V·M, (3.7) 



and 

VxE + aB at = 
a~l 

at 
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(3.8) 

To calculate the fields generated by this source term, recall that E 

is given by 

E = -Vx az* 
at (2.7) 

Taking the curl of this equation, substituting into Eq. (3.8), and 

integrating the time dependence, we find that 

B = V x V x Z* - M, (3.9) 

which in Cartesian coordinates may be rewritten 

B = V( V'Z*) - V2 Z* - M. (3.10) 

Substituting Eq. (2.7) into Eq. (2.5) and then integrating yields another 

expression for B of the form 

(3.11) 

where f is an arbitrary function of the coordinates x, y, and z. 

Comparing Eqs. (3.10) and (3.11), we use this fact to make the 
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iden tifica tion 

f iJ • Z*, (3.12) 

and thereby obtain the inhomogeneous wave equation for Z* 

-H. (3.13) 

If we assume that H o when z > 0, then the solution to Eq. (3.13) 

may be written 

Z* 
eik /r-r' / 

Z*(x' ,y';z=O) dx'dy'. 
Ir-r' I 

(3.14) 

The significance of Eq. (3.14) is made clear if we consider the 

solution to the equation 

(3.15) 

where o(r-r') is a delta function centered on the point r' and e is a 

unit vector parallel to g. From the theory of Green's functions we 

know that g is given by 

g 
eik /r-r' / .

Ir-r' I e. (3.16) 
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Examining Eqs. (3.13) and (3.15) we see that g is proportional to the 

magnetic Hertz potential corresponding to a free magnetic dipole 

located at r'. The field described by Eqs. (2.7) and (3.14) must 

therefore be equivalent to the normal derivative of a superposition of 

magnetic dipole fields originating in the plane z = O. 

Equation (3.6) is perhaps the simplest way to describe the 

total elementary wavelet, but in a Cartesian coordinate system it is 

usually more convenient to split the source term into three 

components, each of which is parallel to a particular coordinate axis. 

The field E is then given by 

E(x,y,z) = 'i.. J J ZOi *(x' ,Y';O)SEi(x' ,y';x,y,z)dx'dy', 
i=x,y,z Sa 

where we have assumed that 

= I 
i=x,y,z 

and that the elementary wave fields SEi are defined as 

S i 
E = 

The corresponding elementary magnetic fields have the form 

where 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
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(3.21) 

In the following discussions we shall drop the subscripts E and B, and 

we will assume that Si represents the electric field. 

We now wish to obtain explicit expressions for the elementary 

fields and examine their characteristics. The expressions are found by 

evaluating the derivatives in Eq. (3.19). When ei = i we find that 

( iw eikr)....r 1 2 -I '" 
{j '(ik - -) - z U(r) + k[zyU(r)]}, 

r2 r r j 

(3.22) 

where 

U(r) k2 3ik 3 
r + r2 - r3 • (3.23) 

Similar expressions for sy and SZ are given by 

sy 

(3.24 ) 

and 

SZ = ioo eikr '" '" ( 2 ) {-i[zyU(r)] + j[xzU(r)]}. 
r 

(3.25) 

To help visualize the shape of these fields and to study their 

behavior in the near field, we have used Eqs. (3.22) and (3.25) to 

produce polar plots of the square of the electric field amplitude in 
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the x-z and y-z planes for several values of r. Figure 3.1 gives 

profiles for Isxl2. The results for sy are identical to those in Fig. 

3.1 except that the orientations are reversed, which corresponds to a 

rotation of 90 degrees about the z axis. Only one curve appears in 

Fig. 3.2 because SZ is rotationally symmetric about the Z axis, and its 

intensity distribution does not change as r increases. 

The most striking difference between these figures is the 

distribution of radiated intensity. The wave described by SX 

propagates primarily in the z direction while the direction of maximum 

radiated intensity for SZ makes an angle of about 45 degrees with the 

z axis. 

Another noteworthy feature of these plots is that close to 

the origin SX and sy have fairly large amplitudes in the plane of the 

aperture. In addition, from Eqs. (3.22) and (3.24) we see that the 

field vectors are tangent to the plane. This would not seem to be an 

ideal characteristic for the spread functions because when SX and sy 

are integrated over a finite aperture using the approximate boundary 

conditions (2.25), the resulting field will in general have nonvanishing 

tangential components over a portion of the dark side of the 

diffracting screen. This limitation is not a serious one, however, 

because it is clear that the components falloff quickly as r 

increases. Their contribution to the radiated intensity is negligible 

when the point of observation is more than one wave from the edge of 

the aperture. This amounts to only a modest restriction on the 

applicability of the theory. 
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Figure 3.1. Near Field Plots of Isxl2 for Several Values of r. 
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X,Y 

X,Y 

The solid line gives the shape of the profile in the y-z plane, while 
the dashed line corresponds to the results for the x-z plane. All of 
the plots are polar graphs; i.e., the length of a vectoc from the origin 
to any point on the graph is proportional to the value of ISXl 2 at a 
distance, r, from the origin in a direction parallel to the vectOr. 
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Figure 3.2. Polar Distribution of Isz l2 in a Plane Containing the 
Z Axis. 
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Figure 3.1 indicates that the distribution of radiated 

intensity changes rapidly as the wave propagates out from the origin 

and then quickly starts to converge to some limiting shape. This 

behavior can be explained by comparing the propagating and evanescent 

parts of the wave. Figure 3.3 shows profiles of the propagating and 

evanescent parts of IsxI 2 for several values of z. When z is sm~ll 

the evanescent part dominates p.nd determines the shape of the wave. 

The evanescent components, however, decay exponentially in the z 

direction and are soon small with respect to the propagating wave. We 

conclude that it is the propagating parts of the Si which contribute 

most to the diffracted wave and determine its shape. 

The far field behavior of the functions SX and SZ is 

illustrated in Fig. 3.4. The first graph shows polar plots of IsxI 2 in 

the x-z and y-z planes. The second graph is a polar plot of Isz 12 in 

the x-z plane. Notice the similarity of these plots with the limiting 

forms in Figs. 3.1 and 3.2. 

The profiles of Isxl2 are the more useful plots because they 

represent the limiting diffraction pattern for an infinitessimal 

aperture illuminated by a normally incident plane wave. What is 

significant about these plots is the fact that the diffracted 

amplitude goes to zero whenever the observation point approaches the 

plane of the aperture. In the x-z plane the far field obliquity 

factor is cos4 e and in the y-z plane it is cos2e, where e is the angle 

between the z axis and the line connecting the point of observation 

with the origin. These would seem to be very reasonable results 
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Figure 3.3. Intensity of the Propagating (Solid) and Evanescent 
(Dashed) Waves in the y=O Plane for Several Values of y. 

(a) z=0.2"}". The intensity is reduced by a factor of 5 
relative to the other plots. 

(b) z=0.3"A. 
(c) z=0.4"A. 
(d) z=0.5"}... 
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Figure 3.4. Far Field Polar Plots of Isxl2 and Iszl2. 

(a) Polar graph of Isxl2 in the x-z (dashed) and 
y-z (solid) planes for r=IOOO;\. 

(b) Polar graph of Iszl2 in any plane containing 
the z axis for r=lOOO;\. 
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although they are quite different · from the predictions of earlier 

theories. 

41 

We previously noted that Karczewski and Wolf (1966) have 

examined several of these approaches, and have expressed them in a 

Hertz vector formalism similar to the present theory. The main 

difference with the earlier theories is that the Hertz potential is 

determined by an integral of the form of Eq. (2.19) rather than Eq. 

(2.18). The Neumann Green's function implies a different type of 

elementary wavelet than the present theory. When boundary conditions 

like Eq. (2.23) are used, the limiting diffraction patterns have the 

same form as the fields radiated by a free magnetic dipole. The 

spread functions therefore have obliquity factors of cos2e and unity. 

We shall see that the latter obliquity factor does not agree well 

with experiment. In fact, it was this difference between the spread 

functions that provided much of the motivation for investigating the 

solution derived from Eq. (2.18). 

Diffraction from an Infinite Slit 

The vector spread functions discussed in the previous section 

represent elementary wavelets that describe diffraction from 

apertures of negligible extent. When diffraction from finite apertures 

is to be studied, these wavelets must be integrated over each point in 

the aperture. In this section we study the problem of diffraction 

from a slit of finite width and infinite extent. We show how the two

dimensional integrals over the aperture can be reduced to one

dimensional integrals of the vector line spread functions, Li. 
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The analysis proceeds in the following manner. We first wish 

to calculate the field diffracted by an infinitely long slit of 

infinitessimal width, dye To do this it is necessary to calculate the 

Hertz potential of the diffracted wave via Eq. (2.18) at a point, P, 

located a distance, s, from the slit as shown in Fig. 3.5. Because the 

slit is infinitely long, the x coordinate of the field point may be set 

equal to zero without loss of generality. Denoting the Hertz 

potential of the incident wave by ZO*' we find that the Hertz 

potential of the diffracted wave is given by 

00 iks' 
dZ*(x,y,z) 1 J ZO*(x',O,O) 

d (_e_,_) dx', (3.26) 
21T 

-00 
dZ s 

where 

s' = (x,2 + s/')1/2, (3.27) 

and 

s (y2 + z2)1/2. (3.28) 

The potential in Eq. (3.26) is written as a differential quantity 

because it corresponds to an elementary wave that must still be 

integrated in the y direction to obtain the field diffracted from a 

slit of finite width. If the incident field is made up of plane waves 

whose propagation vectors lie in the y-z plane, then ZO* is a constant 

function of x'. Equation (3.26) may therefore be rewritten 

dZ*(x,y,z) J 
00 eiks ' 
-- dx'. s' 

-00 

(3.29) 
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Figure 3.5. Geometry for Diffraction from an Infinite Slit. 
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The integral in Eq. (3.29) can be evaluated with the aid of integral 

tables (Gradshteyn and Ryzhik, 1965). Equation (3.29) then becomes 

dZ*(x,y,z) = Zo* a ( ) 
2i az [HO 1 (ks)], (3.30) 

where HO(1) is the zero order Hankel function of the first kind. 

The diffracted field is found by substituting Eq. (3.30) into 

Eq. (2.16) and evaluating the derivatives, and it has the form of a 

vector line spread function. Following the approach of the previous 

section, we split the source term, ZO*, into its Cartesian components, 

each of which generates a different type of line spread function, Li. 

The Li are given by the following expressions, 

(3.31) 

LY = (I) i I kR J (~)(kS) - (k:~2) H2(1)(kS)]. (3.32) 

and 

LZ = ( I) i I( k~~Y) H2(l)(kS)} (3.33) 

Far-field polar plots of ILi l2 in the y-z plane are given in Fig. 3.6. 

These profiles are virtually identical to those shown in Fig. 3.4. 
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Figure 3.6. Far Field Polar Plots of Iti l2 . 
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We again point out that the far field obliquity factors 

obtained here differ from the results of previous theories. For 

example, see the papers by Morse and Rubenstein (1938) and Stratton 

and Chu (1939). These authors predict an obliquity factor of unity for 

/LX/2, and cos2 e for /Ly/2. Experimental evidence for slits narrow 

enough to test these results directly is not available so we must 

consider the fields diffracted by slits of finite width. 

To calculate the fields diffracted by slits of width, w, we 

must integrate the line spread functions over the aperture. The 

resulting expression has the form 

w/2 
E(x,y,z) J ZOi *(y' ,z=O)Li(x,y_y' ,z)dy'. 

i=x,y,z -w/2 
(3.34) 

Equation (3.34) was used to calculate the diffracted intensity 

distributions for slits of width AI 5, J.../2, and J.... The results 

corresponding to illumination by a plane wave are shown in Fig. 3.7. 

All of the profiles lie in the y-z plane and the long arrows show the 

direction of incidence. The E-plane curves correspond to the case 

where the E-vector of the incident wave lies in the y-z plane. The B-

plane curves correspond to when the B-vector of the incident wave is 

in the y-z plane. We see that as the slit width increases, the 

obliquity factors for the two different polarizations become more 

nearly the same. For still wider slits they become virtually 

indistinguishable and approach the results of scalar diffraction 
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(b) B-PLANE PROFILES 
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Figure 3.7. Polar Intensity Plots of the Diffraction from Slits of 
Width-A/5, A/2, and A for Several Angles of Incidence. 

(a) In this case the incident electric field is a plane 
wave polarized perpendicular to the slit axis. The 
arrows show the angle of incidence. The diffraction 
pattern narrows as the slit width increases. 

(b) Diffracted intensity profiles when the incident 
electric field is polarized parallel to the slit axis. 
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theory. The most significant feature, however, is the fact that all of 

the profiles tend to zero when ~ ~pproaches 90 degrees. This result 

is contrary to the predictions of the D-theory, which says that the 

diffracted intensity at 90 degrees can be appreciable when w < A. 

Kapany, Burke, and Frame (1965) have measured the far-field 

diffraction patterns of narrow slits. Their results are compared with 

the predictions of the dipole and quadrupole theories in Fig. 3.8 for a 

slit 4.41 wavelengths wide. The diffracted intensity is plotted on a 

log scale to accentuate differences between the theories. The upper 

graph describes the case where the incident E-vector is perpendicular 

to the slit axis (E-plane). The lower graph applies when the incident 

E-vector is parallel to the slit (B-plane). 

The purpose of this particular comparison is primarily to 

demonstrate that the differences between the theories are indeed quite 

small for slits wider than a few wavelengths, and to show that the 

theories agree well with experiment. This is quite clear from the 

figure. Unfortunately, the differences between the theories are too 

small to argue conclusively about which one represents a better fit. 

Kapany et ale also studied slits less than two wavelengths wide, but 

the results were not useful for our purposes because the slits were 

too irregular in shape to permit a more conclusive comparison. 

To summarize this section, we stress that the far-field 

obliquity factors predicted by the Q-theory differ considerably from 

the predictions of earlier theories when the slit widths are less than 

a wavelength. As the slit width increases, the difference between the 
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Figure 3.8. Comparison of Experiment and Theory for Diffraction from 

a Slit of Width 4.41A. 

(a) Incident electric field polarized perpendicular to 
slit axis (E-plane). 

(b) Incident electric field polarized parallel to slit 
axis (B-plane). 
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obliquity factors for the two orthogonal polarizations diminishes. 

When the slits are sufficiently wide (w > several wavelengths) the 

differences between the various theories become insignificant. 

Experimental data available in the literature do not deal with slits 

narrow enough to conclusively verify our predictions about the nature 

of the line spread functions, but they do agree well with calculations 

based on Eq. (3.34). Additional comparisons are evidently required to 

argue effectively about the relative usefulness of the quadrupole 

theory. 

Diffraction from Circular Apertures 

Diffraction from circular apertures has been studied 

extensively, especially in the microwave region. Apertures of 

approximately wavelength dimensions have been studied, although most 

of the results have been for the near field. For this reason we begin 

the section with a brief analysis of the present theory close to the 

plane of the aperture. 

It should be noted that the Q-theory is not expected to show 

good agreement with experiment in and near the aperture. The 

structure of the field in this region was first measured by Andrews 

(1947) and for a variety of reasons was found to be quite complex. It 

is obvious that we cannot expect to match the detailed nature of the 

fields in the aperture by using the Kirchhoff-type boundary conditions 

in Eq. (2.25). (This difficulty applies to the D-theory as well.) 

However, we hope to show that the theory works well in the far field 

and is therefore useful for a wide range of applications. In many 
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cases the simplicity gained by using the Kirchhoff-type boundary 

conditions more than compensates for the lack of agreement between 

experiment and theory in the aperture. 

We shall limit our near-field discussions to the case of 

apertures illuminated by a normally incident plane wave since most of 

the available experimental results deal with this situation. If the 

incident wave is polarized so that its B-vector points in the x 

direction, then the diffracted electric field is found by convolving 

the spread function SX with the circular aperture. 

From our earlier discussion of the spread function 

characteristics, it is possible to deduce some of the properties of the 

electric and magnetic field$ in the plane z = O. Examination of Eq. 

(3.22) reveals that the components Ex and Ez are both zero in the 

aperture plane. The latter condition agrees with rigorous boundary 

conditions proposed by Bethe (1944) and with experimental measurements 

of the diffraction of microwaves made along the E and B-plane 

diameters of the aperture. Here we define the E and B-planes as the 

two planes containing the z-axis that are respectively paFallel to the 

E and B-vectors of the incident wave. The fact that Ex = 0 everywhere 

in the aperture may be overly restrictive. For example, see the paper 

by Bekefi (1953). 

When the magnetic spread functions are evaluated according to 

Eq. (3.20) and then substituted into an equation analogous to (3.17), we 

readily find that Bx equals the unperturbed incident value in the 

aperture and is zero over the dark side of the diffracting screen. 



The y-component of B vanishes when z = O. These results are in 

excellent agreement with experimental observations reported by 

Ehrlich et ale (1955) and Buchsbaum et ale (1955), as well as with 

Bethels work. 
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To complete our analysis of the theoretical aperture fields, 

we must still examine the behavior of the components Ey and Bz• 

Although we can see from Eq. (3.22) that Ey is only a function of r 

when z = 0, these components are more difficult to describe in general 

terms because they depend on the size and shape of the aperture. It 

is very hard to obtain analytic solutions for these components, even 

for the case of the circular aperture, and so they must usually be 

evaluated numerically. Nonetheless it is possible to make a few 

significant observations. First of all, because Ey is only a function 

of r when z = 0, the theoretical E and B-plane profiles must be 

identical. The Ey profiles therefore cannot agree well with 

experiment since it is known that the experimental profiles exhibit 

distinct differences. In addition, the calculated Ey values do not go 

identically to zero at the edge of the aperture, and therefore violate 

the condition that the tangential E-field must vanish over the 

diffracting screen. 

The theoretical aperture values of Bz also differ somewhat 

from experimental measurements. In the E-plane, Bz equals zero 

according to both experiment and theory, but in the B-plane the 

profiles only roughly agree. Measurements reported by Buchsbaum et 

ale (1955) indicate that Bz rises rapidly near the edge of the aperture 
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and then goes to zero over the surface of the diffracting screen. The 

theoretical profiles also predict a rise in Bz near the edge, but they 

do not exactly satisfy the latter condition. In any event, we conclude 

that the agreement between theory and experiment regarding the 

aperture fields is at best only fair. 

We emphasize again that the present approach was not intended 

to be a rigorous attempt to solve for the boundary values of E and B. 

We have merely been investigating the usefulness of the approximate 

boundary conditions (2.25) for predicting the shape of the fields in 

the aperture. Many authors have discussed the problem of solving for 

the apertu"re fields and several have found solutions that are in close 

agreement with experiment. See, for example, the papers by Bethe 

(1944), Meixner and Andrejewski (1950), Bouwkamp (1950b), Bekefi (1953), 

Spiegel and Young (1975), and Butler et ale (1978). However, many of 

these methods are applicable only to apertures of special size and 

shape and are often quite complex. In addition, the theories do not 

always give the proper results in the far field. The advantage of the 

present approach is that it is simple, it is applicable to apertures of 

arbitrary shape and size, and we shall see that it supplies a good 

description of the diffracted wave in the far field. 

To acquire a better understanding of the behavior of the Q

theory in the transition from the near to far fields, we calculated 

the axial intensity as a function of z for circular apertures of 

several different diameters, and compared them with experimental 

measurements reported by Andrews (1947). The results are shown in 
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Fig. 3.9. When the observation point is within the Fresnel zone, the 

correlation between experiment and theory is only fair. However, for 

observation points that subtend less than one Fresnel zone at the 

aperture, the axial intensity falls off monotonically, and agreement 

between experiment and theory is then quite good. It is useful to 

consider this result when fashioning applications for the theory. 

We now briefly consider the behavior of the diffracted wave in 

the far field. Over the years, many different theories have been 

presented to deal with this problem. Scalar diffraction theory is 

probably the most widely used because it gives excellent results for 

many of the situations commonly encountered in the laboratory; namely, 

when the aperture is large compared with the wavelength and when the 

observation point is relatively close to the z axis. The present 

theory reduces to the scalar result when these conditions are 

satisfied. 

The advan.:age of using a vector theory, of course, is that it 

gives specific information about the polarization fo the diffracted 

wave, and is generally applicable to larger observation angles and 

smaller apertures. Many useful vector theories are available to deal 

with apertures that are much larger than a wavelength, and these 

differ only insignificantly from the Q-theory in that case. However, 

when the aperture dimensions are smaller than A, these theories 

predict widely varying results. 

Karczewski and Wolf (1966) examined several of the most 

important vector theories and discussed the limiting forms of the 
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obliquity factors they imply in the E and B-planes. All of the 

theories they mentioned predicted that the diffracted intensity 

measured along a direction parallel to the aperture plane should 

remain appreciable in at least one of these planes. In contrast, the 

Q-theory predicts that the obliquity factor tends to zero in both 

planes. 

There are also distinctions to be made within the Q-theory. 

At the beginning of this chapter we noted that the two profiles in the 

upper graph of Fig. 3.4 represented the limiting forms of the 

diffraction of a normal incident plane wave from an infinitessimal 

pinhole. In the magnetic Q-theory the wider of these curves 

corresponds to the E-plane profile and the narrow one to the B-plane 

profile. In the electric Q-theory, the profiles have the same shape 

but their orientation is reversed. 

The differences between the Q and D-theories and the 

differences between using the electric and magnetic Hertz potentials 

provide convenient ways to determine which theory best models 

experiment. Until now, little experimental work has been done in this 

regime. One possible reason for this is that microwave diffraction is 

difficult to measure when the aperture is small compared with the 

wavelength, and the apparatus can be quite large. Laser sources 

having plenty of power are available in the visible, but it can be 

difficult to obtain apertures with the desired characteristics. 

In the next chapter we describe a method for obtaining 

pinholes of subwavelength dimensions, and we discuss an experiment to 
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measure the diffraction from these pinholes using a krypton laser as a 

source. We shall see that the magnetic Q-theory agrees reasonably 

well with the results, and that the measured obliquity factors do 

indeed both tend to zero. 



CHAPTER 4 

FAR FIELD EXPERIMENTAL EVIDENCE IN 

SUPPORT OF THE THEORY 

Until now we have been discussing an electromagnetic 

diffraction theory that reduces the tas~ of determining the diffracted 

wave to the solution of a boundary value problem for either the 

electric or magnetic Hertz potential. Approximate expressions for the 

diffracted fields are easily obtained by assuming that the boundary 

values of Z or Z* can be specified according to Eq. (2.25). 

When the diffracting aperture is large compared with the 

wavelength, the boundary conditions (2.25) can be applied to either 

Hertz potential, and we find that the far field intensity distributions 

are nearly identical. However, when the aperture is about wavelength 

dimensions or smaller, the two approximations give different results. 

Since there is no a priori reason for using one potential instead of 

the other, the choice can only be made by comparing the different 

predictions with experimental measurements. Similarly, the question 

of whether it is better to specify the boundary values of the 

potentials or their normal derivatives over the plane of the 

diffracting screen can also be decided only by comparison with the 

experiment. 
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The resolution of these two points, and the goal of 

determining how small an aperture can be before agreement with theory 

breaks down, provided the motivation for the work we describe in this 

chapter. We decided to measure the far field diffraction patterns of 

small pinholes because this seemed to be the simplest way of 

obtaining the necessary data. 

We had originally hoped to conduct our experiment in the 

submillimeter wavelength range using a far infrared waveguide laser 

operating at 432 ~m as a source. At this wavelength it would have 

been a simple matter to obtain pinholes of well defined shape and 

size. In addition; the pinholes could have been burned in foils which 

were thin in comparison with A, so the finite thickness of the foils 

would have had no significant effect on the data. To obtain sufficient 

power to make measurements in the far field, we planned to focus the 

laser beam on the pinhole using an all-reflecting microscope 

objective. Unfortunately, the far-infrared laser was out of operation 

for several months and time constraints demanded that another source 

be found. 

Our alternatives were to do the experiment at 10.6 ~m or in 

the visible. Using the 10.6-~m line posed some difficulty because of 

the lack of optical components needed to make the measurements. 

Another problem was that the pinholes available to us were burned in 

foils 13.6-~m thick, so the thickness could not be ignored. 

For these reasons we decided to perform the experiment in the 

visible using pinholes that occur naturally in thin aluminum films 
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deposited on glass substrates. The films were thick enough to be 

opaque (~100 nm) and yet were thin in comparison with the wavelength. 

The main disadvantage of using visible radiation was that the pinholes 

had to be extremely small, and even using a scanning electron 

microscope, we could not accurately determine their size and shape. 

This problem is what ultimately limited the usefulness of our results. 

Experimental A9paratus and Procedure 

Apparatus 

The apparatus used to make our measurements is shown in Fig. 

4.1. It was mounted on a Newport Research Corpor&tion air table to 

isolate it from building vibrations. The Coherent Radiation CR 500K 

krypton laser was tuned to the 568.2-nm line and could be adjusted to 

give a maximum output of about 150 mW. The output beam was linearly 

polarized. It was focussed on the pinhole using a microscope 

consisting of a lOX eyepiece and an objective with a numerical 

aperture of 0.25. The laser beam slightly underfilled the exit pupil 

of the microscope, so the focussed spot was somewhat greater than 5 

waves in diameter. Since the largest pinhole was about 1.S waves in 

diameter, it is a reasonable approximation to say that the pinholes 

were uniformly illuminated. 

A half-wave plate was used to rotate the plane of 

polarization of the laser beam so that both E and B-plane 

measurements could be made. The Polaroid polarizer was used to 
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attenuate the beam during alignment of the apparatu6, and to establish 

the direction of polarization for the measurements. 

The detector was a United Detector Technology, Inc. PIN SOP, 

MWO 4379 photodiode with a sensitive area 2.8 mm in diameter. The 

output of the photodiode was amplified using the circuit shown in Fig. 

4.2 before being fed to the signal channel of a PAR model 124 lock-in 

amplifier. The reference signal was generated by a PAR model 175 

chopper. Diffracted intensity levels were determined by reading a 3 

and 1/2 digit display on the lock-in. Most of our measurements were 

made on the 10 and 100 mV scales. The most sensitive scale had a 

peak reading of 100 nV. 

The diode and the amplifier circuit were contained in a small 

metal box that was mounted on an arm that was in turn attached to a 

1/2 inch diameter post. The post fit into a standard laboratory 

mount) and the arm could be swung tn an arc centered on the axis of 

the post. A protractor was glued to the lab mount so that its 

reference point was at the center of the arc. A pointer attached to 

the metal arm was used to make angle readings. 

The pinholes used in this experiment were naturally occurring 

defects in evaporated aluminum films deposited on I-inch square 

microscope cover slides. The cover slides were cemented to 2 x 2 x 

3/16 inch aluminum plates, covering 3/4 inch diameter holes drilled in 

the centers of the plates. Each of the plates had been painted black, 
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and they were waxed to a collar that fit into an x-y adjustable mount. 

The mount could be positioned so that the pinhole was centered on the 

axis of the detector arm. 

Three different pinholes were used to make quantitative 

measurements. Each of them was found on a separate cover glass. 

They were chosen and prepared in the following manner. The cover 

glass was first glued to a microscope slide, aluminum side down, and 

was then examined under a microscope at low power. Pinholes were 

considered good candidates if they were unresolved, reasonably faint, 

and if their diffraction pattern seemed to be fairly symmetric. The 

pinholes also had to be sufficiently isolated so that it would be 

possible to mask them off from other defects. 

The next step was to examine likely candidates under high 

power using a lOOX oil immersion objective (NA = 1.32). Only pinholes 

that could not be resolved with this objective and whose diffraction 

patterns still appeared symmetric were chosen for the experiment. 

Different sized pinholes were chosen by estimating their size on the 

basis of how bright they appeared in the microscope. This required a 

fair amount of practice. 

Once a particular pinhole was chosen from among the possible 

candidates, it was again examined under low power. An aluminum shim 

was then placed on the cover glass. A small (-0.33 mm diameter) hole 

had been drilled in the shim using a jeweler's drill, and the shim was 

positioned so the desired pinhole was as close as possible to the 

center of the small hole. The microscope objective was then used to 



clamp the shim in place while it was glued to the cover slide with 

Duco cement. The cover slide was then removed from the microscope 

slide and cemented to an aluminum plate as previously mentioned. 

Procedure 
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Alignment of the apparatus was carried out in a very simple 

manner. The two mirrors in Fig. 4.1 were used to adjust the beam 

height and to steer the beam along one of the lines of mounting holes, 

parallel to the surface of the table. The microscope was then aligned 

parallel to the beam and fine adjustments were mace so that the 

defocussed spot projected on a white piece of paper was centered on 

the beam axis and was uniformly illuminated. The pinhole was 

positioned so that the small hole in the shim was approximately at 

the center of the defocussed spot. The microscope focus was then 

adjusted until an image of the hole, formed by light reflected back 

into the microscope, was projected onto the back of the polarizer 

mount. Using the x-y adjustment screws on the pinhole mount, this 

image was centered on the incident beam. The microscope was then 

focussed on the surface of the cover glass. 

A second microscope was used to view the aluminized slide of 

the cover glass. The metal film was not completely opaque to the 

bright laser spot so fine adjustments could be made to focus the spot 

on the film while viewing it through the second microscope. Light 

scattered off the objective of the first microscope also illuminated 

the unobscured pinhole, and the x-y adjustment screws were used to 

bring the two visible spots into alignment. 
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The next step was to mount the detector arm so that its axis 

of rotation approximately intersected the pinhole. The maximum error 

in this step was about 1 mm. The arm was then swung to the 90 degree 

position; that is, the direction normal to the cover glass. Fine 

adjustments of the pinhole position were then made to optimize the 

signal. 

Because the pinhole mount sagged slightly with time and 

because the laser output also varied, the optimum signal was not 

constant over the length of time needed to complete measurements of 

the diffracted intensity. The signal sometimes changed by as much as 

15 % over a period of an hour and a half. To compensate for this 

effect, we made measurements of the on-axis intensity before and 

after each off-axis measurement. The reference measurements could be 

used to normalize the data to a particular on-axis intensity level 

(Ion) by multiplying each off-axis value by the average of its two 

reference measurements, and then dividing by Ion. 

Measurements 

We made careful measurements of the E and B-plane diffracted 

intensity distributions of three different sized pinholes. The 

measurements were made in 5 degree increments between 10 and 170 

degrees, and each profile was measured at least two times so the 

results could be averaged. The diffraction patterns of the two 

smaller pinholes appeared to be slightly asymmetric when projected on 

a screen placed directly in front of the pinholes, so additional 
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measurements were made in these two cases aiter rotating the pinholes 

90 degrees. 

To obtain data about the relative sizes of our diffracting 

aperture, we made careful measurements of the on-axis intensity 

levels. The on-axis intensity was measured 10 times for each pinhole, 

realigning between every measurement. The reference signal in this 

case was the beam reflected from the front surface of the half-wave 

plate, and was measured with a Metrologic radiometer before each on

axis intensity level was recorded. 

Finally, after completing our diffraction measurements, we 

attempted to determine the absolute pinhole sizes using a scanning 

electron microscope. Because of the nature of the aluminum film, 

however, we were not successful. There lias not enough relief in the 

surface of the film to obtain anything but fuzzy images. The presence 

of other defects in the films, which were about the same size as the 

expected pinhole diameter, made it impossible to positively identify 

the diffracting apertures. 

Experimental Results 

The mean experimental measurements of the diffracted 

intensity levels from the three pinholes are presented in Figs. 4.3 

through 4.5 in the form of polar diagrams. The pinholes are numbered 

one to three according to size, with one corresponding to the smallest 

pinhole. All the graphs are normalized so that the axial value has 

the same height. Two curves representing the E and B-plane profiles 
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Figure 4.3. Experimental Diffracted Intensity Profiles (Polar Graphs) for 
Pinhole 1. 

E-p1ane (solid) and B-p1ane (dashed) profiles are shown for two 
different pinhole orientations corresponding to a 90 degree 
rotation about the z axis. 
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Figure 4.5. Experimental Diffracted Intensity Profiles for Pinhole 3. 

E-plane (solid) and B-plane (dashed) results are shown. 
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for a given pinhole orientation are plotted on each graph. Figures 4.3 

and 4.4 each present two graphs, because the diffraction patterns of 

the smaller pinholes were measured for two orientations that differ 

by a rotation of 90 degrees. 

All of the measurements were made with the detector located 

14 cm from the pinholes. The angle sub tended by the detector was 

therefore about 1.1 degrees. 

The precision of our measurements was quite high. In most 

cases repeated data were within 1 % of their initial value. The 

precision was mostly limited by fluctuations in the laser output 

caused by light reflected from the aluminum film being fed back into 

the laser. These fluctuations occurred on a comparatively rapid time 

scale, and we were able to compensate for them somewhat by setting 

the time constant of the lock-in amplifier to 3 seconds. Another 

factor that affected the precision to a lesser degree was the 

positioning accuracy of the detector arm (about ±1/2°). 

An inspection of Figs. 4.3 and 4.4 reveals that one of the two 

E-plane intensity profiles in each case is fairly jagged. We wish to 

emphasize that the irregularities are real and do not represent 

experimental error. They were not expected, however, and because it 

seemed unusual for the irregularities to depend on the polarization, 

we placed a screen directly in front of the pinholes to observe the 

entire diffraction pattern. In the case of pinholes 1 and 2, slightly 

curved fringes running perpendicular to the direction of the incident 

E-vector were observed for specific pinhole orientations. When the 
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plane of polarization was rotated 90 degrees, the fringes disappeared. 

The angular fringe spacings for pinholes 1 and 2 were approximately 

7.6 and 3.8 degrees, respectively. The fringe visibility was better for 

pinhole 1. No fringes were observed in the diffraction pattern of 

pinhole 3. 

The origin of the fringes is not known. The spacing was 

characteristic of sources separated by many wavelengths. Sources 

separated by that large a distance would have been easily resolved by 

the microscope used to view the pinhole, but in fact no such sources 

were observed. In addition, having separate sources would not explain 

why the fringes seemed to depend on the polarization. The fringes did 

not appear to be a characteristic of the apparatus, because they 

rotated with the pinhole provided the polar:tzation was also rotated. 

For the axial intensity measurements, the pinhcles were 

oriented so that no fringes were observed. The mean values of the 

axial intensity, scaled co the value for the largest pinhole, are given 

in Table 4.1. 

Table 4.1. Relative Axial Intensity Measurements 

Pinhole 

1 

2 

3 

Relative Axial 

Intensity 

0.00585 ± 0.0059 

0.1099 ± 0.0046 

1.000 ± 0.089 



73 

The relatively large standard deviations are indicative of how 

difficult it was to adjust the peak intensity. We should note, though, 

that the shapes of the diffracted intensity profiles given in Figs. 4.3 

through 4.5 were not significantly affected by the value of the axial 

intensity. 

Analysis of the Data 

At the beginning of this chapter we remarked that there were 

three primary reasons for carrying out the experiment. First, 

agreement with experiment was to be the criterion for selecting either 

the magnetic or the electric Hertz potential as the basis for our 

approximate solutions. By establishing the actual behavior of the 

diffracted fields, the experiment was also intended to make a 

comparison of the Q and D~theories mor'2 meaningful. Finally, we hoped 

that the experiment would help pinpoint any limitations that needed to 

be placed on the theories, especially with regard to the size of the 

aperture, and their usefulness in quantitatively predicting the far 

field intensity distributions. 

The theoretical considerations relevant to the first two 

points can be summarized by plotting far field tntensity profiles 

derived from the Q and D-theories for circular apertures of several 

different sizes. The results for the magnetic Q-theory are shown in 

Fig. 4.6 and the results for the magnetic D-theory are given in Fig. 

4.7. The solid lines correspond to the E-plane profiles and the dashed 

lines indicate the B-plane profiles. When the electric Hertz potential 
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D=O.3A D=O.9A 

D=o.6A D=1.2A 

Figure 4.6. Q-Theory E-Plane (Solid) and B-Plane (Dashed) Polar Inten
sity Profiles for Circular Apertures of Diameter, D. 
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Figure 4.7. D-Theory E-Plane (Solid) and B-Plane (Dashed) Polar 
Intensity Profiles for Circular Apertures of Diameter, D. 
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formulation is used, the curves all have the same shape, but the E and 

B-plane designations are reversed. Comparing Figs. 4.6 and 4.7 with 

the experimental results in Figs. 4.3 through 4.5 we see that both 

theories give better results when the magnetic Hertz potential -is 

used, because the E-plane profile is always as wide or wider than the 

B-plane profile. 

A more complete comparison of the quadrupole and dipole 

theories with experiment is difficult to make since we were not able 

to obtain an independent measure of the actual pinhole sizes. 

Although the dipole theory profiles are wider for any given sized 

pinhole, in most cases the profiles pt'edicted by both theories are 

similar in shape. Unless the pinhole diameters are known, the data 

can be fit by both theories equally well. 

Our measurements of the relative axial intensities of the 

three pinholes constituted an attempt to circumvent this difficulty. 

Because the diffracted field can be constructed from a superposition 

of elementary wavelets uniformly weighted over the aperture, the 

axial field amplitude in the Fraunhofer region is proportional to the 

area of the aperture. The axial field intensity is therefore 

proportional to the fourth power of the aperture diameter. By 

applying this relationship to the axial intensity measurements in 

Table 4.1, we can calculate the relative sizes of the three pinholes. 

This information becomes more useful to us once we establish 

an absolute size for ~t least one of the pinholes. This can be 

accomplished in an approximate sense by comparing the experimental E-
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plane profile of pinhole 3 with theoretical curves predicted by the 

quadrupole and dipole theories. On the basis of these comparisons, we 

can make two estimates of the actual pinhole diameter, one for each 

theory. The remaining experimental curves may then be compared with 

theoretical profiles that relate to pinholes whose sizes are in 

agreement with the axial intensity measurements. 

In the quadrupole theo:cy LIle apeL'i"ut·e diameter- that best fits 

the data for pinhole 3 is 1.3A. For the dipole theory, the best fit is 

a diameter of 1.4A. Table 4.2 shows the calculated diameters for the 

remaining pinholes. 

Table 4.2 Theoretical Pinhole Diameters Used to Compare 

Theory with Experiment 

Diameter according to Diameter according to 
Pinhole the diEole theor~ the guadruEole theor~ 

1 0.39A ± 0.0098A 0.36 A ± 0.0091 A 

2 0.81 A ± 0.0084A 0.7SA ± 0.0078A 

3 1.4A ± 0.031A 1.3A ± 0.029A 
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Figure 4.8 represents a graphical comparison of the 

experimental results with t~eoretical profiles corresponding to the 

pinhole diameters given in Table 4.2. It is clear that at least 

qualitatively the experimental results agree more closely with the 

quadrupole theory predictions. This is especially true with regard to 

the wide angle E-plane data where we see that the dipole theory 

predictions are much too large. However, even though the experimental 

profiles seem to agree with the overall shape of the Q-theory curves, 

a quantitative comparison o.f the results does not conclusively verify 

our approach. 

One problem we recognize is that the experimental E and B

plane profiles generally do not differ in width by the theoretically 

predicted margin. The differences between the measured profiles are 

usually smaller than expected. This criticism especially applies to 

the dipole theory. Because the experimental E and B-plane profiles do 

not have the same relative shapes predicted by the quadrupole and 

dipole theories, tve find that we must make small adjustments to the 

estimated pinhole sizes if we use the B-plane data rather than the E

plane data as the basis for calculating the diameters in Table 4.2. 

The corresponding changes in the theoretical profiles slightly favor 

the quadrupole theory. 

Part of the discrepancy between the quadrupole theory and 

experiment can be attributed to the finite thickness of the aluminum 

film. Kashyap and Hamid (1971) studied microwave diffraction from 

slits and found that the beamwidth increased with the thickness 
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provided the ratio of slit thickness to width was less than 0.5. For 

our smallest pinhole the value of this ratio was just less than 0.5, 

so the broadening due to this effect could have been significant. The 

exact magnitude of the broadening is not known, however. 

In general, the data appear to support the quadrupole theory 

over the dipole theory, but it is not definitive. Irregularities in the 

measured profiles, which we suppose are due to irregularities in the 

shapes of the pinholes? are large enough that neither theory agrees 

particularly well with all of the data. Nevertheless, the experiment 

provides strong evidence that at least in the E-plane the wide angle 

behavior of the dipole theory solution is not correct when the 

aperture is smaller than a wavelength. On the other hand, it does 

suggest that the quadrupole theory should prove useful in predicting 

the far field diffraction patterns of apertures substantially smaller 

than a wavelength. 

Additional work in this a~ea is needed to argue conclusively 

about the nature of the diffracted field. In the visible it might be 

preferable to measure the diffraction from slits rather than pinholes 

if they can be made narrow enough «A) and with the proper degree of 

uniformity. Slits should be much easier to recognize and measure on a 

scanning electron microscope, and knowledge of the actual width would 

lend more significance to the diffraction measurements. 

An even better approach might be to carry out the experiment 

in the far infrared, as we previously mentioned, using pinholes burned 

in thin metal foils. At submillimeter wavelengths the size and shape 
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of the pinholes we would require could be easily established with an 

optical microscope. The extra effort in securing the necessary 

equipment and in aligning the apparatus would likely be rewarded with 

conclusive data about the far field intensity distributions. In any 

event, this is left as an area for future research. 



CHAPTER 5 

SUMMARY 

The first goal of this dissertation was to describe the 

relationship between the formulations most commonly used to analyze 

and predict the shape of the diffracted wave; namely, the angular 

spectrum of electromagnetic plane waves and the superposition of 

elementary electromagnetic Huygens wavelets. The motivation for 

considering this problem was provided by the fact that attempts to 

solve a similar point in scalar theory had met with great success. 

Specifically, we are referring to the fact that the equivalence of the 

Rayleigh diffraction formulas to different forms of the angular 

spectrum of scalar plane waves can be demonstrated with the aid of 

the mathematical identity (2.40). (For example, see Wolf, 1969, and 

Harvey, 1979). We suspected that a similar approach would be equally 

successful in vector theory. 

The technique for generalizing the scalar approach to include 

polarization effects was described in Chapter 2. We showed that the 

electromagnetic approach could be reduced to the problem of solving 

three independent scalar wave equations by making use of either the 

electric or magnetic Hertz potential. The formal solutions to these 

equations, which are well known from scalar diffraction theory, were 
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combined to give expressions for the diffracted Hertz potential. They 

take the form of the vector Rayleigh formulas (2.18) and (2.19). 

Substituting these expressions into Eqs. (2.14) through (2.17) 

to calculate the diffracted fields made it clear that the solutions 

could be regarded as superpositions of elementary electromagnetic 

wavelets. The form of the wavelets depended on the choice of Green's 

function. In the approach based on the Neumann Green's function, we 

showed that the elementary waves were identical to those produced by 

either free electric or magnetic dipoles, depending on which Hertz 

vector was used. In theories based on the Dirichlet Green's function, 

the wavelets were shown to have the same form as those radiated by 

different types of electric or magnetic quadrupole moments. 

A different method of solution, which is based on the simple 

assumption that the Hertz potential of the diffracted field has a 

Fourier transform, was also proposed. The method uses techniques that 

parallel those of scalar theory. Exploiting the fact that the vector 

problem could be split into three scalar ones, we were able to arrive 

at expressions for the diffracted fields that have the form of angular 

spectra of vector plane waves. As in scalar theory, we were able to 

demonstrate the equivalence of these results to the spread function 

approaches by using Eq. (2.38). 

It was emphasized that the formalisms developed in Chapter 2 

represent exact solutions for the diffracted wave provided the 

boundary conditions on the potentials and their normal derivatives are 

also specified exactly. The fact that the Q and D-theory spread 
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functions have quite different characteristics is then of no 

consequence. However, when approximate boundary conditions such as 

those of the Kirchhoff type are used instead, the differences between 

the spread functions become significant. 

The second goal of this dissertation therefore was to study 

the behavior of the two approxim~te solutions and try to discern which 

approach is most appropriate to use with Kirchhoff-type boundary 

conditions. It was noted that the traditional approach has been to 

impose the boundary conditions on the field vectors themselves. In 

the Hertz vector formalism this is equivalent to using the dipole 

theory approach. The approach supported by this dissertation has been 

to use the quadrupole theory. In this case the boundary conditions 

are applied to the Hertz vectors rather than to the field vectors 

directly. Because the two theories imply different spread functions, 

they must yield different results when the apertures are sufficiently 

small. 

Comparisons of the two theories with each other and with 

experimental evidence from the literature were made on the basis of 

numerical calculations presented in Chapter 3. We found that when the 

aperture dimensions are large with respect to the wavelength, the two 

theories predict virtually identical results in the far field, and both 

agree well with experiment. The agreement with experiment in the 

near field depends on the distance from the aperture. Within the 

Fresnel region, for example, we found that the calculated fields 

exhibit fluctuations on axis that are often slightly out of phase with 
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the measured fields. When the axial point is far enough from the 

aperture to sub tend only one Fresnel zone, the theory is then in good 

agreement with experiment. This point evidently marks the transition 

from the near to far field. The fact that the agreement with 

experiment breaks down in and near the aperture plane simply reflects 

the fact that the assumed boundary conditions are only approximate. 

To get better agreement in this region, it is necessary to use more 

accurate boundary conditions, although admittedly these can be 

difficult to obtain. 

As the aperture dimensions become small with respect to the 

wavelength, the two theories begin to predict different results. When 

the aperture extent is negligible relative to the wavelength, the 

predicted diffracted fields reduce to the forms of their respective 

spread functions. In the dipole theory the spread functions have far

field obliquity factors of unity and cos2 e. In the quadrupole theory 

the obliquity factors are cos2 6 and cos4 6. It seemed that a 

comparison of these results with appropriate experimental data would 

provide a good criterion for establishing which theory was more 

useful. However, we could not locate far-field experimental results 

for apertures smaller than a wavelength. 

As the final goal of the dissertation, we decided to measure 

the diffraction from subwavelength-diameter pinholes in order to fill 

this gap in the available data. It was hoped that sllch data would not 

only settle the question of which theory was more appropriate to use 

with Kirchhoff boundary conditions, but also the question of whether 
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the formalisms should employ the electric or magnetic Hertz 

potentials. This latter point could not be resolved by studying large 

apertures because in those cases the E and B-plane intensity profiles 

were nearly identical, and either potential could be used to generate 

solutions that would fit the data about equally well. 

The experiment was described in Chapter 4. Because we were 

not able to independently measure the size and shape of the pinholes 

with a scanning electron microscope, we were forced to estimate their 

relative sizes on the basis of absolute axial intensity measurements. 

We compared the measured profiles of the largest pinhole to 

calculated profiles from both theories, and thereby determined two 

estimates of its absolute diameter. Since the relative sizes of the 

other pinholes were known from the axial intensity measurements, we 

could generate theoretical predictions for each theory to compare with 

the actual measurements. 

On the whole, we found that the data were more consistent 

with the quadrupole theory than the dipole theory, although the 

uncertainty in determining the size and shape of the pinholes made it 

impossible to claim that the measurements were definitive. The 

differences between the Q-theory and experiment were attributed to 

irregularities in the shapes of the pinholes and to the effects of the 

finite thickness of the aluminum films. Finally, on the basis of the 

experimental results, we discovered that it was better to base our 

theory on the magnetic rather than electric Hertz potential, since the 

measured E-plane profiles were wider than the B-plane ones. 
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Much useful experimental work remains to be done in this area. 

We suggested in Chapter 4 that it might be advantageous to repeat the 

experiment with the pinholes replaced by thin slits. The slits would 

have to be carefully made to ensure their uniformity, but they could 

perhaps be obtained commercially, and they should prove much easier to 

examine under the scanning electron microscope. As an alternative 

method we also suggested using a far infrared laser as the source and 

using an all-reflecting microscope objective to focus the beam onto 

pinholes burned in thin metal foils. The characteristics of pinholes 

appropriate for study at this wavelength could be easily determined 

with the aid of an optical microscope. Either method should make it 

possible to obtain more conclusive data. 

On the theoretical side there are also many opportunities for 

further study. For example, it should be possible to generalize the 

methods we have discussed to handle problems in vector scattering 

theory. In addition, we could attempt to calculate more accurate 

near-field results by adapting the techniques of Bekefi (1953) to 

incorporate the magnetic rather than electric Hertz potential. These 

problems, as well as the experimental ones, will be left for future 

&tudy. 
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