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ABSTRACT 

A review of the applications of the Radon transform 

is presented, with emphasis on emission computed tomo

graphy and transmission computed tomography. The theory 

of the 20 and 30 Radon transforms, and ·the effects of at

tenuation for emission computed tomography are presented. 

The algebraic iterative methods, their importance ar.d limi

tations are reviewed. Analytic solutions of the 20 problem 

the convolution and frequency filtering methods based on 

linear shift invariant theory, and the solution of the 

circular harmonic decomposition by integral transform theory 

-- are reviewed. The relation between the invisible kernels, 

the inverse circular harmonic transform and the consistency 

conditions are demonstrated. The discussion and review are 

extended to the 30 problem-convolution, frequency filtering, 

spherical harmonic transform solutions and consistency 

conditions. 

The Cormack algorithm based on reconstruction with 

Zernike polynomials is reviewed. An analogous algoritlw 

and set of reconstruction polynomials is developed for the 

spherical harmonic transform. The relations between the 

consistency conditions, boundary conditions and ortho

gonal basis functions for the 20 projection harmonics 

xii 



xiii 

are delineated, and extended to the 3D case. The equiva

lence of the inverse circular harmonic transform, the in

verse Radon transform and the inverse Cormack transform is 

presented. The use of the number of nodes of a projection 

harmonic as a filter is discussed. Numerical methods for 

the efficient implementation of angular harmonic algorithms 

based on orthogonal functions and stable recursion are 

presented. The derivation of a lower bound for the signal

to-noise ratio of the Cormack algorithm is derived. 



CHAPTER I 

INTRODUCTION 

-
Computed tomography, in all its varied forms, is a 

relatively recent development in imaging science that relies 

heavily upon mathematical theory and computer technology. The 

goal of computed tomography is to provide a two-dimensional 

or three-dimensional image of the internal structure of an 

object without damaging or altering the object. Thus, com-

puted tomography finds application in radiology, where the 

radiologist wishes to obtain images of a patient's internal 

organs without having to resort to surgery or other invasive 

procedures. 

The data obtained in tomography is the Radon trans-

form, or shadow, of the object (Figure l). The mathematical 

problem, then, in computed tomography is to find the solu-

tion, or inversion, of the Radon transform (Radon, 1917, 

Korenblyum, Tetel'baum and Tyutin, 1958). There are nany ap-

plications based upon finding solutions to the Radon trans-

form. Some of these applications are found in metallurgy, 

in non-destructive testing (Oudin, 1979), in electron micro-

scopy (de Rosier and Klug, 1968, Crowther, de Rosier and 

Klug, 1970, Vainshtein, 1973), in determining the momentum 

distribution of electrons by positron annihilation 

1 
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Figure 1. Radon transform, or shadow of the object. 
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(Mijnarends, 1967, Miasek, 1966), in radar (Mager and 

B1eistein, 1978), in measuring fluid flows (Matu1ka, 1971), 

in radio astronomy (Bracewell and Riddle, 1967) and the 

theory of partial differential equations (John, 1955). 

Tomographic imaging systems that use high-energy 

photons such as x-rays and y-rays differ in this respect 

from classical optical devices that use low-energy photons. 

The x-ray or y-ray photons cannot be focussed by refraction 

or reflection the way in which low-energy light photons are 

focussed by a conventional system of lenses and mirrors. 

On the other hand, these high-energy photons have a tremen-

dous penetrating power, which is exploited by tomographic 
.. 

imaging systems. 

1. Types of Imaging Systems 

There are two general categories of imaging systems 

that utilize computed tomography. These are the transmis-

sion imaging systems and the emission imaging systems. See 

Figure 2. In transmission imaging, the source of photons is 

external to the object being imaged. Usually these photons 

are x-rays produced by bremsstrahlung, or "braking" radia-

tion produced by high-speed electrons scattering from a 

metal target. Conventional x-rays are produced in this way. 

The x-rays then pass through the object and the attenuation 

3 

of the beam is measured by detectors. The attenuation of the 
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Figure 2. Reconstructive tomography. 
Reconstructive tomography as ap?lied to trans
mission imaging (a) and emission imaging (b). 
(From Brooks and DiChiro, 1976.) 
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x-ray photon is a complex phenomenon, but to a good approxi

mation, it is safe to assume that either an individual 

photon travels unimpeded in a straight line to the detector, 

or else it collides inelastically with an atom in the ob

ject, and is thus removed from the x-ray beam entirely. The 

detector records the variation in the number of photons as 

a variation in the intensity of the beam. 

For photons with energies between 10 kev and 0.2 

Mev, which is the range of energies used in diagnostic 

radiology, the two principal means of attenuation are the 

photoelectric effect and Compton scattering. 

5 

In the case of the photoelectric effect, the photon is com

pletely absorbed by an outer-shell electron and the electron 

is ejected. Thus the photon is completely removed from the 

beam. In the case of Compton scattering, which predominates 

at the higher photon energies, the photon interacts with one 

of the electrons of the atom. The photon imparts some of 

its energy to the electron and the rest to a photon with 

lower energy. In this case, and especially if the beam 

used by the scanner is not a pencil beam but a fan-beam, the 

photon may not be removed from the beam. The effect is to 

cause inaccuracy in the projection data. 

One of the applications of transmission imaging is 

transaxial tomography (Figure 3). The et~~ology of the 

word tomography is from the Greek word torno, which means 



(a) (b) 

Figure 3. Conventional vs. reconstructive tomography. 
In conventional tomography (a), rays pass through 
all planes before reaching the detecting surface. 
By use of special motions (transmission) or col
limators (emission), unwanted plans are blurred 
while the desired layer is kept in focus. In re
constructive tomography (b), unwanted sections 
are completely excluded, and mathematical pro
cedures are used to reconstruct the desired 
plane. (From Brooks and DiChiro, 1976.) 

6 



"slice". Thus in tomography, one reconstructs a plane or 

"slice" through the object. In transaxial tomography, the 

x-ray source and the row of detectors rotate on a gantry 

7 

about the longitudinal axis of the patient's body, and several 

sets of data, called projection data, are taken at each 

angle. 

One convenient way of recording the projection data 

is the sinogram. Consider the system shown in Figure 4, 

where the object is rotated and the recording film is moved 

in such a way that a point absorber inside the object is 

imaged as a sine wave whose amplitude and phase depend in a 

unique way upon the location of the point absorber. 

An example of ·non-computed transmission tomography 

is what is sometimes referred to as motion tomography. In 

this approach, the source and detector move synchronously 

in such a way that only the points in one plane remain 

stationary relative to the source and detector. The images 

or projections of points in other planes are blurred. The 

response of the system to a point absorber, or point-spread 

function, is a scaled version of the motion pattern. An 

·image of the unblurred plane can be obtained in this way, 

without the need for intermediate processing, but there is 

a confusion of overlying blurred images from other planes. 

Another example of transmission tomography is in 

electron microscopy in the study of large aggregates of 



Figure 4. 

Dt'\'ice fOT Tt'cordinf! the l·[) x·ray projections of an object 
on film. 
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(a) Device for recording the ID x-ray projections 
of an object on film. (b) Three-point object and 
its sinogram. (From Grievenkamp, Swindell, 
Grnitro and Barrett, 1980.) 
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biomolecules that contain on the order of 105 ~ 107 atoms 

and that have periodic structure (Vainshtein, 1973). See 

Figure 5. Still another example of reconstruction from 

projection data is the measurement of plasma electron density 

by holographic interferometry (Figure 6) (Sweeney, Attwood 

and Coleman, 1975). 

The second major category of imaging systems that 

will be reviewed are the emission imaging systems. In 

emission imaging, the source of photons is inside the object 

being imaged. The photons are usually y-rays emitted by 

various radioactive isotopes. For instance, in nuclear 

medicine, thyroid studies are performed with 1311 , coronary 

and blood circulations with technetium-99 (Swindell and 

Barrett, 1977). With emission imaging, the goal is the re

construction of the isotope spatial density. Information 

about the spatial distribution of absorbers is not generally 

obtained. 

A particularly successful application of emission 

tomography is positron-emission imaging. The source of y

rays are radioactive isotopes that emit positrons upon decay. 

The positron usually travels on average only 1 or 2 rom 

before it comes to rest, at which time it has a high 

probability of interacting with an electron. These two 

particles annihilate each other and produce two 511 kev 

y-rays that exit from the object in opposite or nearly 



Figure 5. Gl~tamate dehydrogenase. 
The glutamate dehydrogenase complex in a dif-

ferent projettions (1.3 x 10
6 

magnification) 
(a)i and a model of it (b). (From Vainshtein, 
1973.) 

10 
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opposite directions. Detection systems, generally referred 

to as ring detectors, have been constructed which detect the 

coincidence of the two oppositely emerging photons (Figure 

7). If the attenuation is assumed to be constant, then the 

coincidence count is the integral of the emitter density 

along a straight line connecting the two detectors. If the 

spatial distribution of the attenuation coefficient of the 

object is not constant but is known from a priori considera-

tions, the emitter density can still be obtained from the 

coincidence count. 

Some of the elements that are positron emitters are 

150 , 13N and lle. A wide variety of organic compounds 

can be synthesized to measure or trace a particular metabolic 

or systemic function. For instance, lle carbon monoxide 

has been used in blood circulation studies of the human 

b ' d lle l' h b d ' d' f raln, an -pa mltate as een use ln stu les 0 rneta-

bolic changes of heart muscle that has been irreversibly 

injured (Ter-Pogossian, Raichle and Sobel, 1980). A serious 

disadvantage, however, to the application of positron-

emission imaging tomography is that the half-life of a posi-

tron emitter is typically on the order of minutes. The 

half-lives of 15 0 , 13N and lle are 2, 10 and 20 

minutes, respectively. In order to implement this technique, 

a dedicated cyclotron is required for in-house synthesis of 

the isotopes, and sophisticated chemical techniques are 



Figure 7. The UCLA positron ring camera. 
(a) Photograph. (b) Detector layout. 
(From Cho, et al., 1977.) 
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required for the rapid synthesis of radioactively-tagged 

organic molecules. 

2. Chronological History of Computed 
Tomography: an Overview 

X-rays were discovered by Wilhelm Konrad Rontgen in 

14 

1895. Soon it was discovered that most biological materials 

are transparent to x-rays and that they can be used to make 

shadowgraphs of the interior of the human body. These 

shadowgraphs found immediate application in diagnostic radi-

ology for the treatment of fractures and the localization of 

foreign bodies. There were attempts to use x-rays to pro-

duce films of moving objects, but the high dose of radiation 

to the patient prevented the application of this technique 

until the 1950's, with the development of image intensifiers 

which overcame this difficulty. 

The data collected by the various detector configura-

tions in tomography is often the Radon transform, or shadow, 

of the object. The mathematical solution for determining an 

object from its Radon transform was available as early as 

1917 in the work of the mathematician Johann Radon. How-

ever, the sciences of electronics and computing automata 

were not sufficiently advanced at the time to allow for a 

practical, clinically oriented application of Radon's 

solution. After 1917, the pace of advancement slowed. Not 

until the 19bO'S, with the advent of computed tomography, 
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did the tempo of invention and discovery resume the feverish 

excitement of the early years. 

In order to understand why there was such a long 

period of stasis, we must consider the limitations of any 

imaging system that uses x-rays or y-rays, and the limita

tions in general of any imaging system in medical optics. 

The necessary information must be collected while causing 

an absolute minimum amount of harm or discomfort to the 

patient. In radiographic imaging, the radiation used to 

obtain an image must be sufficiently penetrating to pass 

through a human body, but not so penetrating that detection 

of contrast in the image is impossible. 

However, a conventional radiographic image often 

yields a low contrast image of soft tissue structures. This 

is due to the small differences in the x-ray attenuation 

coefficient for biological materials. This difference is on 

the order of one percent for water and blood, for example. 

Also, a conventional radiographic image suffers from another 

inherent defect in that it is a 2D projection of a 3D 

object, the practical consequences of which is that not only 

is the radiologist incapable of determining the depth at 

which a structure is located, but also the confusion of 

overlapping structure may prevent the detection of an 

interesting object in the first place. 
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In 1958, Korenblyum, Tetel'baum and Tyutin inde- '. 

pendently discovered the inversion to the Radon transform 

and applied it to an analog tomographic system. Their work 

went unnoticed in the West until very recently. Analog 

tomography differs from computed tomography in that the 

computer and inversion algorithms are replaced by an equiva

lent electronic circuit or optical computer. Recent ex

amples of analog tomography are found in Barrett and 

Swindell (1977), Greivenkamp, Swindell, Gmitro and Barrett 

(1980) and Hansen (1981). 

In 1963, A. M. Cormack derived an equivalent form of 

Radon's solution using the circular harmonic decomposition. 

His work generated considerable interest among other workers 

in the field. In 1971, G. N. Hounsfield invented the first 

commercially practical tomographic system for the EMI corpor

ation of Great Britian. This device utilized the latest 

developments in x-ray scanning techniques and algorithms 

designed for the digital computer. In 1979, Hounsfield and 

Cormack shared the Nobel Prize in Medicine for the discovery 

and perfection of computed tomography. 

CT machines have an exquisite ability to distinguish 

between different types of tissue. For the first time, it 

was possible to distinguish between different types of brain 

tissue and between normal and coagulated blood. The spatial 



resolution of most CT machines is adequate and is on the 

order of 1-2 mm. ~1ost of this limitation is due to the 

size limitation imposed upon a photon detector, and upon 

patient dose. 
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CHAPTER II 

GEOMETRICAL AND PHYSICAL CONSIDERATIONS 

IN MEASURING THE RADO~ TRANSFORH 

1. Introduction 

In Chapter I we classified tomographic imaging 

systems as either transmission mode or emission mode. In 

this chapter, we shall classify the imaging system according 

to the type of Radon transform it provides as data. For a 

two-dimensional object, the Radon transform is a projection 

of two dimensions onto one dimension, or equivalently, the 

2D Radon transform consists of a two-parameter set of line 

integrals through the object. For a three-dimensional 

object, the Radon transform consists of integrals along 

planes through the object. Conventional transmission tomo

graphy utilizes the 2D Radon transform. In emission tomo

graphy, the possibilities are more varied, depending upon 

the type of detector used. For instance, the single-bore 

collinator provides line integrals of the object (see Figure 

8) while a slat colimator or slit aperture produce planar 

integrals (Barrett and Swindell, 1981). In crystallography, 

for the determination of momentum distribution of electrons 

by positron annihilation, the data obtained consist of 

planar integrals of a three-dimensional object (Mijnarends, 
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Figure 8. 
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1967}. In radio astronomy, line integrals of a two

dimensional radio source are obtained (Bracewell and Riddle, 

1967). There is a third possibility which has generated 

considerable interest, and that is the direct reconstruction 

of a three-dimensional object from its line integrals 

(Vainshtein and Orlov, 1974; Tanaka, 1979). However, no 

practical scanning device has been built using this method, 

nor does the data constitute the Radon transform of the 

object, since the data consists of line integrals of a 3D 

object. As another example of the 3D Radon transform, 

medical imaging using nuclear magnetic resonance can provide 

planar integrals of the spatial distribution of the nuclear 

spin or their relaxation times. 

In this chapter we shall first derive the attenua

tion law (Beer's law) for a beam of monochromatic photons 

passing through matter. We shall then apply Beer's law to 

transmission imaging systems. We shall also discuss the 

geometries of transmission and emission imaging syste~s and 

the Radon transforms these systems provide. We shall also 

derive the Radon transform with attenuation for single

photon emission imaging, and for positron emission imaging. 
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2. Derivation of Beer's Law 

Consider a source of monochromatic radiation of \,;ave-

length AO emanating from the point P (Figure 9). A ?ar

ticular photon emerg~ng at an initial angle ~ follows a 

trajectory given by passes through the object, anc 

is either scattered, absorbed or emerges from the object 

unscathed and is detected by the detector at S. In the 

limit of a large number of photons, an average intensity 

I(P,S~AO) is recorded. 

Because refraction of high-energy x- or y-ray 

photons is entirely negligible, the ray path is a straight 

line through the object. This is not always the case. In 

the measurement of the electron density of plasma by holo-

graphic interferometry, refraction can be substantial 

(Sweeney et al., 1975). See Figure 10. 

From experiment, the attenuation ~I of a mono-

chromatic pencil beam of intensity I is found to be 

~I 

T = 

The variable ~ is the attenuation coefficient that 

characterizes the material. The units of ~ 
-1 

are L . 

(2.1) 

Integrating this equation alo~g the ray path yields 

(2.2) 
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Figure 9. -+ Ray trajectory given by r$(s). 
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P is the source, S is the detector. 
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rays 0' probe, }-26GO a ... . rays 01 probe, I.-S32Jj R 
.1 r ., 

Figure 10. Ray trace through the centerplane of a simulated 
plasma field. 
Ray curvature due toorefraction is significantly 
greater for the 5320A probe than for the 2660ft 
probe. 



where 10 is the unattenuated intensity measured at s. 

See Figure 11. 
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There are several ass~ptions that underlie this de

rivation: 

1) The beam width is negligible; 

2) the radiation is monochromatic; 

3) the attenuation process is linear, i.e., 61 ~ Ii 

4) there are sufficient photons so that the effects of 

noise due to Poisson statistics are ninimal. 

In practice, these conditions are impossible to achieve. 

The beam width is not negligible nor is it necessarily a 

pencil beam. With the possible exception of radionuclide 

8mission imaging, the radiation is not monochromatic. If 

bremsstrahlung x-rays are the source, the distribution of 

wave lengths is no~ even approximately monochromatic. See 

Figure 12. The assumption that the attenuation coefficient 

is linear is based on the assumption that , .... hen the photon 

interacts 'vi th an electron, it is entirely removed from the 

beam. If the mechanism of interaction is the photoelectric 

effect, this is the case. With Compton scattering, a 

secondary photon is generated and the probability is high 

that it will be scattered out of a thin beam. However, if 

the secondary photon is scattered back into the plane of a 

thin beam, non-exponential a ttenua tion vlill result. For 

the vlavelengths and materials under discussion, CODpton 
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Figure 11. Attenuation of ray of intensity I by a uniform 
absorber with linear attenuation coefficient 
~ and thickness ~s. 
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Figure 12. Relative energy distribution of Bremsstrahlung 
following the passage of 19.5 MeV electro~s 
through a Pt target. (Born and Beitler, 3rd 
Ed. ) 
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scattering is usually the dominant attenuation mechanism. 

~he mean free path of the photon in a honogeneous material 

is defined to be the reciprocal of the linear attenuation 

coefficient. For water, the linear attenuation coefficient 

27 

due to Compton scattering is for 200 kev photons ).l = 0.16 
cs 

-1 
cm The mean free path is about 6 cm. For medical images 

of about 10 cm in diameter, the path length is significant 

compared to the dimensions of the reconstruction. Further-

more, for diagnostic x-ray imaging of biological materials, 

which consist of elements with low atomic numbers, Compton 

scattering is the dominant means of attenuation (Attix, 

Roesch and Tochlin, 1968). 

3. Transmission Imaging 

In this type of imaging system, the source at P is 

outside the object. Without reference to detector geometry, 

the intensity recorded at S is a function of the positions 

of Sand P and the wavelength AO. Equation 2.2 becomes 

(2.3) 

If the wavelength dependence is averaged out, the result is 

I{S,P) = 

fOO I(S,P,A)dA 
A . 
m~n 



In the absence of an object, 10 depends only on the at

tenuation coefficient of the medium between the source and 

detector. This medium is usually air, so that 

28 

(2. 5) 

where ~a is the attenuation coefficient of air and L is 

the path length between Sand P. Using this in (2.4), 

we obtain 

I(S,P) = f: . dAIO(A,p)exp{-~a(A)L} 
m~n 

(2.6) 

In computed tomography, the detector is usually connected 

to an amplifier that measures the signal 10garithr.1ically, 

so that the quantity actually measured is proportional to 

-in[I(S,P)]. If we assume that the attenuation coefficient 

of air and the attenuation coefficient of the object do not 

vary appreciably with wavelength, the the measured quantity 

is 

-in[I(S,P)] = J:~(S)dS. (2.7) 



We can describe the straight. line PS in the 

following way. Let the Cartesian coordinates of the object 

be (x,y) . The ray PS forms an angle TI 
¢ - "2 with the 

x-axis. Refer to Figure 10. The Cartesian coordinates 

(x' ,y') are rotated an angle ¢ from the (x,y) axes. 

The ray PS is a distance x' from the origin. Equation 

(2.7) becomes 

f(x',cj» = -in[I(S,P)]. 

For parallel-beam geometry, and for an object 

density of bounded support, Sand P can be taken to be 

at infinity, so that 
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f(x' ,¢) = J:oo~(X"Y')dY'. (2.8) 

Thus the tomographic problem can be stated mathe-

matically as finding the solution of integral equation 

(2.8). The functions f(x',cp) are called the projections 

of the density ~(x,y). 

The first question one might ask is \vhat is the 

miniraun number of proj ections needed to reconstruct the 

density ~(x,y). If the object has a high degree of 

symmetry, then one would expect that fe\ver projections 

would be needed. Clearly, the projections of an object 
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with circular symmetry are all identical, so anyone projec-

tion suffices to reconstruct the object. If the 6ensity 

V(x,y) is separable in Cartesian coordinates, i.e., V(x,y) 

= a(x)n(y), -then only two projections are needed, since one 

projection can be found that is proportional to a(x) and 

another can be found that is proportional to n(y). For 

medical imaging, however, V(x,y) will be arbitrary. 

Furthermore, the resolution distance of the reconstruction 

should be as small as possible, so a large nunber of pro-

jections are needed. State-of-the-art reconstructions fro~ 

line projections are able to provide a resolution distance 

very close to the distance between individual detectors in 

the detector array, which is about 1/2-1 mm. 

If we discretize (2.7) as a system of linear equa-

tions, we obtain 

f (x! , <P • ) 
~ J 

1-1 

kIlaijkV(xk'Yk) (2. 9) 

where the a ijk are weights that are non-zero only if the 

ray passes through the pixel containing (xk,Y
k

). 

There are several schemes for deter~ining the a ijk . How-

ever, the presence of noise and other sources of error in 

the signal inevitably means that the syste~ (2.9) is in-

consistent and does not have a solution. These problems can 
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be overcome with the use of iterative techniques. We shall 

discuss the algebraic iterative methods in greater detail in 

Chapter III. 

4. Transmission CT-geometry 

The transmission CT geometry that we shall investi

gate here is the fan-beam scanner geometry which has been 

the basis for so many successful commercial systems. Figure 

13 shows the basic geometry of the set-up. The laboratory 

or object coordinates are the x-y axes. The longitudinal 

axis of the source and detector ensemble are rotated an 

angle T from the x-axis. The angle a is the angle of 

the ray with respect to the source-detector axis. For fan

beam geometry, it is convenient to define Radon space polar 

coordinates as follows: 

p = D sin a 

¢ = T - a. 

For a point absorber given by ~(~) = o(~ - ~o) located at 

~o = (rO,e
O

) in laboratory coordinates, the projections 

f(p,¢) are, fron simple trigonometry, 
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Figure 13. Fan beam geometry illustrating Radon coordinates. 
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:.rhe projection of a point absorber is the PSF of the system. 

For a fan-beam scanner, the PSF is a circle in Radon space. 

Refer to Figure 14. 

Sinogram 

If the projection data are recorded in a suitable 

way on film (Figure 15) then the results are a sinogram. 

However, the data are taken in pI - T coordinates, where 

(2.10) 

and the data must be reordered to obtain data in p - ¢ co-

ordinates. In Figure 16, lines of ¢ = constant are ShOvlD 

in pI - T coordinates. The curves are given by 

(2.11) 

If 
I 

pI I 
D

1
+D

2 
« 1, then near pI = 0, Equation (2.11) may 

be replaced with the approximation 

T = CPo + mpl 

where 

(2.12) 
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Figure 14. Radon space representation of the projection of 
a point absorber located at (rO,e o) in object 
coordinates. 
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Figure 16. Curves of ~ = constant in a Sinogram. 
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Barrett and Swindell (1981) have exploited this coordinate 

conversion in an analog reconstruction method. Korenblyum, 

et ale (1958) also used a slightly different version of the 

sinogram in their analog reconstruction method. 

5. Emission CT-geometry 

Let us refer to Figure 17. The object emitter 

density is given by N(x,y,z). The origin of the system 

is chosen as the center of the object. The distance be-

tween the origin and the ~perture plane is sl' and the 

distance bebleen the aperture plane anI the detector plane 

is s2' The quantity N(x,y,z) is defined so that 

N(x,y,z)dxdydz is the number of photons emitted per second 

into 4Ti steradians from a volume element dxdydz at 
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(x, y, z) 
-+ 

= (~, z) = r, where r is a 2D vector and 
-+ 
r is a 3D 

vector. The fractional solid angle subtended by a detector 

with area dx"dy" located at ~" is 

(2.13) 

where e is the angle between the ray and the z-axis. Thus 

the total number of photons per second arriving at the de-

~ector point ~" with area d2~" is 

f(~II)d2~1I (2.14) 
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Figure 17. Geometry for 3D emission imaging with a single 
aperture. 
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where g(r') is the aperture transnittance function. The 
tV 

function g(r') can take many forms. For medical imaging 
tV 

techniques that utilize x- or y-rays, g(~I) is usually 
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a binary function with a transmittance of I or O. Binary 

functions are used because they are easy to fabricate. If 

a point emitter is located at the origin, the spatial in-

tensity distribution in the detector plane r" 
tV 

will be a 

scaled version of the aperture function.· See Figure 18. 

For this reason the function g(r') is called a coded 
tV 

aperture, because each point emitter produces a unique 

scaled and shifted replica of the pattern that cr (r I ) 
J tV 

de-

scribes. Many point emitters produce overlapping replicas 

of the code. Some apertures do not overlap. For instance, 

if g(r') consists of a single pinhole located at the 
tV 

origin, the recorded intensity distribution at r" 
tV 

will 

be a line integral of the emitter density along the ray 

connecting r" 
tV 

and r I = o. 
tV 

If multiple pinholes are 

used, their patterns overlap and the "decoding", or de-

termination of the emitter density becomes more difficult. 

However, because a typical y-ray emitter produces a rela

tively low number of photons, the aperture should transmit 

as many photons as possible in order to minimize patient 

dose and to minimize noise in the reconstructed image. This 

is the motivation for using coded apertures such as the 
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Figure 18. Point emitter. 
A point emitter is located at the origin. The 
aperture plane contains a coded aperture that 
consists of a Fresnel zone-plate with binary 
transmittance. The intensity distribution in 
the detector plane is a scaled version of the 
aperture pattern. 
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multiple pinhole array, the Fresnel zone plate and the 

rotating s'lit. All of these apertures transmit many times 

more photons than the single pinhole, but the decoding of 

the image, that is, the solving of (2.14), becomes more 

intractable. 

With physical assumptions that are compatible with 

most detection systems, (2.14) can be simplified. Note 

that 3 cos e is a function of ;Jt:" and z. For the 

coded aperture case, it cannot be factored out of the in-

tegral. 

that is, 

Usually we assume the paraxial approximation, 

3 cos e ~ 1. 

Also, notice that by similar triangles, we have 
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r' = ar" + br 
'\; '\; '\; 

(2.15) 

where 

Thus Equation (2.14) becomes 

f(r") 
'\; 

b = 

For a pinhole located at , 
~O' 

transmittance is 

(2.16) 

the aperture 
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g(~') = o(~' - ~o). 

For a straight-line slit coded aperture the transmittance is 

g(~') = Ao(~'·n - p), (2.17) 

where n is a unit vector, and A is the slit width per-

pendicu1ar to the z-axis. See Figure 19. The variable p 

is the distance of the straight line froM the origin of the 

aperture plane. Using (2.17) in (2.16) and naking a change 

of variables, we have 

1 (2.18) 

For the case of a slit located along the y'-axis, we 

have 

n = i and p = o. 

Using (2.15), Equation (2.18) becomes 

f(~") (2.19) 
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Figure 19. Geometry of a slit-coded aperture. 
The positron of the slit is given by ~ = pn. 
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The integrand is zero except when 

,{, • i = -a CC . i) . 

This corresponds to points in the object given by 

(2.20) 

Equation (2.20) is the equation of a plane which is normal 

to the vector 

+ 
m = i + 

<;(' • i) " 
------,k 

and which passes through a point whose coordinates are 

(~,z) = (O,O,-sl). Refer to Figure 20. Equation (2.19) 

represents an integration over a plane of the object ana is 

called a planar projection of the object. When a complete 

set of planar projections is available, a method of recon-

struction based the decomposition of the projections into 

orthogonal functions has been developed by Hijnarends (1967), 

and Ludwig (1966). However, in clinical radiology, and 

other areas, obtaining a complete set of projections is im-

practical. Therefore, a lot of work has been devoted to 

the problem of reconstruction given an incomplete set of 

I 
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Figure 20. Planes of integration for single-slit detector 
of Equation (2.17). 
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projection data (Chiu, Barrett, Simpson, Chou, Arendt~ Gindi, 

1979; Mager and B1eistein, 1978; Ein-Ga1, 1975). 

Rotating Slit Aperture 

It is also interesting to develop the plane inte-

gra1s for the case of a slit coded aperture located at 

"-

for any and such that In\ = 1 and for any value 

of p. The resulting equation of the plane is 

(2.21) 

As measurements are taken for different values of ~"·n, a 

series of planar integrals are generated. For the rotating 

slit geometry, p is fixed and n~ 
.J.. 

and change in such 

a way that At each change of and 

the plane integrals are taken. The 3D Radon transform 

consists of the integration of the object over all planes. 

Because the set of all planes can be specified by three 

independent variables, the Radon space for a 3D object 

has three dimensions. As in the 2D case, a 3D object 
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is uniquely determined by its representation in Radon space. 

Consider the following example when 

and 

(2.22) 

The unit normals to the planes of integration are 

given by 

" .... 

The distance of each plane from the origin is given by 

P(sl+s2)-sl~"·n 
A 2 1/2·· 

(1+ (-p+~" • n) ) 

The independent variables here are n l , .n2 and ~. 

These variables define a point in 3D Radon space. Figure 

21 shows the 2D surface of rotation obtained when ~ is 

taken to be the distance from the origin, and n is parallel 

to the x-y plane, so that the z-axis is the axis of the 

surface of rotation. 

is constant. 

Note that is constant when r"·n 
tV 



Figure 21. The 2D surface of rotation in 3D Radon space 
for the rotating slit geometry of Equation 
(2.21). 
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For a three-dimensional density consisting of N3 

points, the rotating slit with p constant provides data 

for N detector points and N angles, or about N2 pieces 

of information. So approximately N rotating slits or N 

sequential positions of the same slit would be required in 

order that the reconstruction problem be sufficiently 

determined. 

Attenuation in Emission Imaging 

Equation (2.16) did not include the effects of at-

tenuation. We shall study two cases: first, the case for 

single-photon emission, and secondly, the case of positron 

emission. For single-photon emission, the signal between 
-+ 

the source at R = (~, z) and the detector at 
-+ 
R" = (~",sl + s2) is attenuated by an amount e -z where 

z is the line integral of the attenuation coefficient be-

tween (~,z) and (~",sl + s2). If we assume the source 

to be monochromatic, then the total number of photons per 

d ., ~ th d t t . t r" wl·~ .... h area d 2rll secon arrlvlng a.... e e ec or pOln ~ ~ 

is 

d 2 
II 

f(~")d2~1 = 4~ JJJd2~dZN(~'Z)g(~1) 

"exptJ:dOIR" - RI"(V~ 3 cos 8 

(2.23) 
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where 

and 

-+ -+-+ v = (1 - a}R + aRne (2.24) 

Again, as in the development of (2.16), (2.23) can 

be simplified by taking 3 cos e ~ 1 in the paraxial approxi-

mation. Note that the projections f(~") provided by 

(2.23) are not sufficient to recover both the emitter 

density N(~,z} and the attenuation 1..1. In practice, if 

one wishes to determine the emitter density N(~,z}, one 

must first determine the attenuation coefficient by so~e 

other means, e.g., by first taking a transmission scan of the 

object or by assuming 1..1 to be constant. The latter means 

is quite satisfactory with positron-emission imaging in 

radiology because the elements with low atomic numbers are 

very transparent to 511-kev y-rays (Attix, et. al., 1968). 

Ring Detector with positron 
Emission Imaging 

In positron-emission imaging, coincidence detectors 

are used to determine whether or not a positron emission 

has taken place anywhere along a straight line connecting 

the two detectors. When a ring detector is suitably col-

limqted, only photons that originate in a two-dimensional 
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slice through the object are detected. 7he coordinates of 

the data in 2D Radon space are (p,~) in polar form. For 

a 2D planar object, Equation (2.23) becomes 

f(p,~) = 2lnffN(r,e)cS(p - r cos(S - ~).)rdrde 
(2.25) 

exp tffv(r,8)O(p - r cos(8 - ~»rdrd~ 

The locations of the detectors at ~l and ~2 determine 

the Radon coordinates (p,~). If some initial guess about 

the absorption coefficient is made, then a reconstruction of 

emitter density N(r,8) from its line integrals is possible. 

An interesting feature of t!le Cormack algori thrn is that it 

can reconstruct a density from the line integrals of a ring 

detector without interpolation of the projection data. See 

Figure 22. 
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Figure 22. Ring detector geometry. 
The coincidence detectors are located at equally 
spaced angular increments around the circ~.
ference of the ring. 



CHAPTER 3 

MATHE!"1.ATICS OF Cm1PUTED TOHOGRAPHY 

THEORY OF RECONSTRUCTION 

1. Introduction 

In this chapter we shall discuss the mathematical 

theory that forms the foundation for the methods of recon

struction used in computed tomography and elsewhere. That 

foundation is, of course, the Radon transform and the inverse 

Radon transform. Given the Radon transform of an object, 

there are several ways of obtaining a reconstruction. 

Korenblyum, et al .. (1958), achieved the first successful 2D 

reconstruction by finding the fan-beam solution to the Radon 

transform. Their approach was to implement the mathematical 

solution directly using analog computer elements. Another 

approach is to approximate (2.8) with a set of linear equa

tions (2.9), and to solve this algebraic set of equations by 

iterative methods. Hounsfield (1973) used this method in 

the first successful application of computed tomography. 

Another approach is to obtain a solution by using the theory 

of linear shift-invariant systems. Filtered back projection, 

filtered summation image, 2D Fourier reconstruction and 

direct convolution are of this type, and some of these 

methods are in use today. 
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Still another approach is the solution by circular 

harmonic decomposition for the 2D case, or spherical harmonic 

decomposition for the 3D case. These solutions have not 

found much application because of numerical instabilities 

sometimes associated with them, the complexity of the com-

puter algorithms required or the slow execution time of some 

algorithms. As we shall show, many or all of these dif-

ficulties can be overcome. 

In this chapter we shall derive the inverse 2D Radon 

transform and illustrate its application to an analog 

processor. We shall review the theory of filtered back-

projection and 2D Fourier reconstruction, and we shall 

briefly outline the theory of the algebraic iterative 

methods. We shall also discuss the theory of 3D reconstruc-

tions from planar integrals. The substance of this chapter, 

however, is the theory of the circular harmonic decornpo-

sition (CHD), or Cormack transform, for the 2D case, and 

the spherical harmonic transform (SHD) for the 3D case. 

2. The Radon Transform 

We wish to solve the integral equation 

f(p,~) = J ~(x,y)ds . 
£(p,¢) 

(3.1) 

The radial variables p and ¢ are the Radon space 
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coordinates of the projection data f. For parallel-beam 

geometry (figure 1), ~ would correspond to the projection 

angle. However, fan-beam geometry is much more common in 

transmission imaging, so we shall derive the solution to 

(3.1) for the fan-beam case. 

For fan-beam geometry, it is more convenient to use 

Radon space coordinates (n,¢) such that 

n = Dsina (3.2) 

¢ = 'T - a 

F(a,'T) = f(n,cp) .• 

The variable a is the angle between the detector and the 

longitudinal axis of the scanner. The variable D is the 

distance between the source of the fan-beam and the origin 

o of the object coordinates (x,y), and 'T is the pro-

jection angle, or the angle between the (x,y) coordinate 

system and the (x' ,y') coordinate system. Refer to 

Figure 13. We first take the 2D Fourier transform of the 

object ]J(x,y): 

00 

'V 
Jf]J(X,Y) exo{-2TIi~·r}dxdy ]J(~1'~2) • 'V 'V 

, (3. 3) 

-00 

with ~ = (~1'~2) = (v cost;;,\) sint;;) and r = (x, y) 
'V 'V 

= (r cos8,r sine). We make the change of variables from 



56 

(x,y) to (n,l) with 

~.~ = vn or n = r cos(~ - e). 

This is equivalent to the rotation 

n = x coss + y sin~ 

l = Y cos~ - x sin~ .. 

Equation (3.3) becomes 

= foo dne-2TtiVnJ ~(x,y)d~ 
_00 ~.~=vn 

Equation (3.4) is an important result. It is called 

the Central Slice Theorem (Barrett and Swindell, 1981), and 

it has a simple and elegant physical interpretation. 

Equation (3.4) shows that for a fixed value of the conju-

gate variable ~, the 2D Fourier transform evaluated at 

is equal to the lD Fourier transform in conjugate variables 

v - n of the line integral given by f(n,Tt/2 - ~). Thus 

the lD Fourier transform of a set of projections given by 

. f(n,Tt/2 - s), 
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is a line in 2D Fourier space defined by the ray ~. See 

Figure 23. 

The object density can be recovered from (3.4) by 

taking the inverse Fourier transfor~: 

]J (x,y) 

We introduce the factor 
-ov e and we see that 

• exp{2nlvr cos(e - ~)}vdVd~ 

(3. 5) 

(3.6) 

Taking the limit as 0 ~ 0 and making use of the 

change of variable ¢ = n/2 -~, we obtain 

]J(X,y) = (3.7) 

The integral over n in (3.7) is the convolution of f(n,¢) 

with 1/n2 evaluated at n = r sin(¢ + e), and it can be 

written as 
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Figure 23. Central slice theorem. 

58 

\ 

\ 
\ 

\ 
\ 

--_.- -----_._----- -", 

Fourier Space 



59 

ll(X,y) = - l2;f(n,<p) 0~1 . 
4n n In=r'sin(8+<p) 

(3.8) 

From the properties of convolutions, one can easily show that 

h(n) 0 da (n) 
dn 

= dh~ ( n) 0 a (n ) • 
an 

Using this fact in (3.7), we obtain 

= 1 J2n foo f(n,<p)/an dnd~ 
ll(X,y) - ~-2 P n-r sin(<p+8) ~ 

4n 0 _00 

(3.9) 

(3.10) 

This is the inverse Radon transform. The P denotes Cauchy 

principal value; otherwise the n-integral diverges. The -function in (3.8) must be interpreted as a generalized 

function. In the form (3.6), before the limit 0 ~ 0 is 

taken 'ole can wr i te 

l..l (x, y) = - ~f (n , ¢) CD ~ I 
4TI n In=r sin(8+<p)-o/2TIi 

= ~a/dnf (n, <P) CD p [- fJ II 

4n n =r sin(8,<p)-o/2~i 

If we interpret 1 
2" 
n 

as the derivative of p (- 1:1 t n)' then the 

integral (3.6) exists as 0 ~ 0 and (3.6) converges to (3.7). 
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An alternate form of the inverse Radon transform 

using coordinate transformation (3.2) i~ 

1 
J

2TI fTI/2 (a/) 
( ) = p aa F(a,a+cp) ~ d m 

~ x,y - ---2 J D sina- r sin(9~) a ~ 
4TI 0 -TI/2 ~ 

(3.11) 

Equation (3.11) is the fan-beam solution. Korenblyurn, et 

al., (1958) showed that near the singularity 

(3.12) 

integral (3.11) can be evaluated by using 

a.+E 

J 
l. -lYao}F(Ci.,a+¢) da 'V 

D sina-r sin(9+cp) a.-E 
l. 

I 
a2 I 

2E ac7F (a,a + cp} la=a.' (3.13) 

l. 

Figure 24 illustrates the analog device built by Korenblyum 

et al., {1958} that consists of an optical-analog computer 

and uses (3.ll) as its operating principle. 

We shall now define the integral operators used thus 

far in the following way. The 2D Radon transform (3.1) 

becomes 

(3.14) 

and the inverse 2D Radon transform (3.10) becomes 
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A / .... --''? 
I 6 \ 

, I 

n 

Figure 24. Television monitor. 
(A) Nonitor: (b) photo:r.lultiplier: (B) mechanical 
system for movement of the sinogram, affixed to a 
rotating drum: (r) logrithmic amplifier: (A) dif
ferentiator: (E) .multiplier: (>K) scan generator, 
which generates voltages proportional to sine 
and coso; (3) summing circuit; (N) inverse func
tion generator: (K) second differentiator; (n) 
"keg" for pole at ai: (M) intervator; (H) reset 
key: (0) control grid of CRT; (A) photographic 
plate for final image. (From Korenblyum, et ale 
1958. ) 
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ll(X,y) -1 = R2 {f(p,cjl)} (3.15) 

The 2D Fourier transform (3.3) we shall denote by 

F..,{ll(X,y)} 
~ 

(3.16) 

and the inverse 2D Fourier transform shall be defined by 

ll(X,y) (3.17) 

The ID Fourier transform becomes 

(3.18) 

and its inverse is 

h(n) (3.19) 

With this notation, (3.4) can be written simply as 

(3.20) 

3. r·lethoC!s Using the Rho-Filter 

The reconstruction methods which have found the 

widest application are those that developed from one of 
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the earliest reconstruction methods called back-projection 

and summation image. 

This reconstruction process consists of the two 

separate operations of back-projection and summation. The 

back-projection operation, denoted B { .}, smears the 

projection f(p,¢) back along the rays which define the 

line integrals. IlIJ.athematically, back-proj ection can be 

written as 

(3.21) 

Refer to Figures 25 and 26. 

The summation image b(r) 
'V 

is obtained by summing 

all of the contributions from all back-projections at the 

point r = (r,6) 
'V 

in object space. For a discrete number 

r·1 of projections taken at equally spaced incre.rnents, 

b(r) 
'V 

1 M 
= -2-- L\ f(r sin(e + ¢.),~.) 

nM j=l J J 
(3.22) 

with ¢j = 2n(j - l)/M. As one might expect, (3.22) produces 

a highly blurred reconstruction. In the continuous limit 

(3.22) becomes an integral 

lJn = - f(r sin(6 + ¢),~)d~ . 
7f 0 

(3.23) 
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Figure 25. Back-projection. 
1981. ) 
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(From Barrett and Swindell, 



e·.! 

__ . ,./1 _ 

Figure 26. Back-projection and summation. 
Back-projection and summation for p (number of 
scans) = 6, 9,18 and 36 (a)i examples of a 
symmetric images (b ann d); and the- reconstruc-
tions for p = 18 (c and e). (From Vainshtein, 
1973. ) 
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Note that (3.23) has the same form as the ~-integral 

in (3.10) if we use the fact that the projection data 

f(n,~) = f(-n,¢ + n). We obtain 

with 

where 

1 In = - -2 G(r sin(8 + ¢),¢)dq, 
2n 0 

rCO 

G(o,¢) = PJ af/a ndn 
-co o-n 

(3.24) 

= af/ao(o,~) * ~ (3.25) 
o=r sin(e+~) 

Let us take the Fourier transform of (3.25). Thus 

= [-2nik£'(k)] [2ni sgn(k)] 

(3.26) 
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+1, k > 0 

sgn(k) = 

k < 0 

and ~(k) is the Fourier transform of f(o). Equation 

(3.26) represents a means of evaluating the convolution in-

tegral (3.25) in frequency space. Using the fast Fourier 

transform, we can evaluate the convolution in a very ef-

ficient way. The method called filtered bac]c-proj ection 

uses this algorithm. That is, 

i) the projections f(n,o) are obtained and Fourier

transformed with respect to n to obtain ~(k); 

ii) 
'V 
G(k,¢) is obtained from (3.26), and inverse Fourier-

transformed to obtain G(o,~); 

iii) G(o,¢) is then back-projected to obtain the image 

]J (;~) • 

Filtered back-projection requires approximately rnulti-

plications for ~~2 points in rectangular coordinates and 

is a good deal faster than the direct evaluation of the 

convolution (3.25), which would require approximately 

multiplications for the same reconstruction (Brooks and 

di Chiro, 1976). 

3'Ti 3 
T~ 

Another method is to obtain the 2D Fourier transform 

of the density as in (3.4). 



If we consider a space-limited function, i.e., a 

density such that I~(r,e) I = 0 for Irl > RO' we may 

recover the 2D Fourier transform exactly for frequency 

68 

components separated by about a distance l/RO in frequency 

space. Using the frequency space sampling theorem, we can 

recover the Fourier transfrom of ~ at frequencies other 

than those given in equal increnents of rand e. In this 

way we can reconstruct the Cartesian forM of the Fourier 

transform. 

4. The Algebraic-Iterative Methods 

The algebraic solution of (2.8) begins with the 

discretization (2.9) of (2.8). Because of the large di-

mension of the system (2.9) and the inconsistent nature of 

noisy data, (2.9) cannot be inverted directly but can be 

solved approximately by iterative methods. Most methods 

seek to minimize the residuals; that is, given the solution 

~.e (x, y) at the .e th iteration, the residual 

defined by 

1, r .. 
~J 

M .e 
= f (x! ,CP .) - La .. k~ ( ) 

~ J k=l ~J Xk'Yk 

A solution 1, 
~ (x, y) will be found when 

\' .e 2 
L (r.;') . . .... J 

~,J 

< E , 

1, 
r .. 
~J 

is 

(3.27) 

(3.28) 



where E > 0 is the convergence criterion. A typical 

algebraic iterative method is presented below. The ..e
th 
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iteration is obtained from .£-1 
lJ in the following way: 

i) the residuals .£ r .. 
l.J are calculated from (3.27). 

ii) Each cell in the object density that contributes to 

the l.'_J.th . ." .£ d' ray recel.ves a correctl.on ulJ accor l.ng 

to its weight a ijk 

a. ·kr .. l.J l.J 
r4 • 

I a~'k 
k=l l.J 

iii) The total correction from each ray to the object 

density lJ.£ (x,y) is 

1, 1,-1 \' 
l..l (x,y) = l..l (x,y) + ~~l..lj (x,y) 

J 

(3.29) 

(3.30) 

iv) Go to i) and repeat until the convergence criterion 

(3.28) is satisfied 

Iterative methods can be classified according to the 

sequence the corrections (3.30) are made. If all cor-

rections are applied simultaneously, the method is called 

the iterative least squares technique (ILST). If each 

point is corrected simultaneously for all rays passing 
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through it before moving to other points, the method is 

called simultaneous iterative reconstruction technique (SIRT) 

(Herman, 1980, p. 210). If ray-by-ray correction is used; 

the method is called algebraic reconstruction technique 

(ART) (Herman, 1980, p. 189). In this variation, the re-

.sidual r .. 
~J 

for the i_jth ray is divided equally among 

each cell contributing to that ray. In other words, the 

residual is back-projected along the ray from which it 

originated. Hounsfield (1973) used this method in the 

first Ern scanner. Gordon, Bender and Herman (1970), vmrkinq 

in electrom microscopy, independently discovered the method. 

There are two separate problems associated with 

convergence of the above algorithm. The first problem is 

to insure that the sum of squares of the residuals does,in 

fac~ become less than E as ~ + 00. The second problem 

associated with iterative solutions of (3.27) is to de

termine under what circumstances the iterative solution ~1 

converges to the true density ~, given that the residuals 

can be made as small as possible. For instance, if the 

matrix of coefficients {a. 'k} has a determin~nt that is 
~J 

nearly zero, condition (3.28) will be satisfied and yet ~! 

will not converge to the solution ~. This fact is related 

to the condition number of the matrix A = {a"kL 
~J 

The 

condition number, cond(A) , is defined as the absolute 
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value of the largest eigenvalue of A to the smallest eigen

value of A (Forsythe, Malcom and Moler, 1977), or 

equivalently, 

cond(A) = 
max 

x 
\lAx\! 
1!x1! 

(3.31) 

The symbol II • II represents a norm and can be, but does not 

necessarily have to be, the Euclidean norm 

where the vector 

!lx\1 

x={x.}. 
~ 

2 = L Ix. I , . ~ 
~ 

For the matrix equation Ax = b, 

the relative error ~ \Ix\! is related to the relative error 

of by (Forsythe, et al., 1977) 

~ < !!11~11 Hxll cond (A) IIb,l -. (3.32) 

For single-photon emission imaging, the integral equation 

can be discretized as in (2.9). The condition nunber for 

such problems can be quite high but if the data are known 

'-lith low relative error, and the computer possesses the 

necessary precision, good results can be obtained ~lith these 



algebraic iterative methods. Proofs of convergence can be 

found in the literature (Bracewell, 1956; Goitein, 1972; 

Budinger and Gullberg, 1974; Herman and Lent, 1976). 
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The algebraic iterative methods are useful when the 

integral equations are too intractable to be solved ana

lytically, as may be the case in emission imaging with at

tenuation, or when the data are incomplete. For the latter 

case, the algebraic iterative methods offer better recon

structions than the analytic, non-iterative methods (Brooks 

and di Chiro,1976). Also, the algebraic iterative methods 

can be used when the ray trajectories are not straight lines, 

although this problem does not arise in x-ray or y-ray 

tomography. 

5. The Circular Harmonic Decomposition 

This method is based on the expansion of the density 

~(r,e) and the projections f(p,~) in angular harmonics. 

~here is much interest in this approach not only because of 

its use as a theoretical tool for Radon transform theory, 

but also for the qualitatively different reconstructions 

that algoritTh~s based on it can provide. Cormack (1963) 

first derived the circular harmonic decomposition (CHD) for 

the 2D Radon transform. Ludwig (1966) found the cor

responding deconposition for the nD Radon transform. 

Mijnarends (1967) independently derived the spherical 
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harmonic decomposition (SHD) for the 3D Radon transform. 

In this section we shall derive the angular har-

monic components of both the 2D Radon transform and its 

inverse. These transforms are the Cormack transform and 

the inverse Cormack transform, respectively. We shall then 

derive the angular harmonic decomposition (SHD) for the 3D 

Radon transform. 

The circular harmonic expansion of the density 

~(r,e) and the projections f(p,~) are 

co . 
~(r,e) = I ~n(r)e~ne (3.33) 

with 

and 

with 

~ (r) 
n 

f (p, cjJ) 

f (p) n 

n=-co 

1 J2TI -ine 
= 2TI 0 ~(r,e)e de (3.34) 

co 
f (r) e in¢ = L (3.35) 

n n=-co 

1 J2TI . ~ -~n (3.36) = 2TI 0 f(p,~)e d~. 
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It is sufficient to consider a density ~ that is identi-

cally zero outside the unit circle. The Radon transform 

of ~ is 

f(p,~) = J ~(r,e)d~ 
s., (p, ~) 

(3.37) 

- f:"f:u,r.S)J,r coslS - $) - p)rdrd6 . 

Using (3.33) in (3.37), we obtain 

f (p, ~) 

(
1 ex> J27T . e 

= rdr l. gn(r) e
1n 

6(r cos(S - ~) - p)d6 . 
10 n=-co 0 

The 8-integral can be evaluated using the fact that 

where 

Ja(X)6(h(X»dX 
a (x. ) 

= I !dh/dXlx=x. 

X. 
1 

are the zeros of 

1 

h(x) that are within the 

(3.38) 

(3.39) 

limits of integration of x. The zeros of the argument of 

the delta function in (3.38) are at 

e = <p ± cos -1 (p Ir) , r ::: p. (3.40) 
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Using this result in the 9-integral of (3.38), we obtain 

r27T +in9 
J
o 

e 6(r cos(9 - ~) - p}d9 

+in¢[ {: -l( / )} {' cos-l(p/r)]} = .e exp ~n cos p r + exp -~n 

= 
2e+inQl T (p/r) 

n 

r/l_p2/r 2 

(3.41) 

where we have used the identity for the Chebyshev polynomial, 

T (x) _ cos (n cos- l (x» . 
n 

This representation is also valid when x is a complex 

number. Using (3.42) in (3.38) we obtain 

<Xl . Jl]..l (r)T (p/r) 
f(p,~) = 2 L e-~n~ n n rdr. 

n=-<Xl p h 2 2 r -p 

Comparing this with (3.35), we obtain 

f (p) 
n 2J

l ]..l (r) T (p/r) 
= n n rdr 

p 1r2_p2 

Equation (3.44) is the Cormack transform of ]..l (r). 
n 

(3.42) 

(3.43) 

(3.44) 

We shall now solve this integral equation for the 

angular components ]..In(r). We shall use the Mellin 
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transform to solve (3.44), which can be rewritten in the 

follO\ying way: 

(3.45) 

where h(r) is the Heaviside step function defined by 

1, r > 0 

h(r) = r = 0 (3.46) 

0, r < 0 

The Mellin transform is defined by 

f
cc 1 

f'(v) = M{f(p)} = OdPpV- f(p), a < Re (v) < b , (3. 47) 

and the inverse Mellin transform is given by 

(3.48) 

The constant c must be chosen so that the integration 

contour lies in the strip of convergence of the integral 

(Davies, 1978). Equation (3.45) is a Mellin-type convolution 

in p/r. Denoting the Mellin convolution by the symbol 0, 
we can recast (3.45) as 
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f (p) 
n 

2T (p) 
= (Pll (p» (1) n h ( 1 - p) , 

n T2 
v"l-p-

(3.49) 

where 

g(p)(])a(p) = fOOg(r)a(r/p)dr . 
o r 

(3.50) 

Mellin transforming this equation yields 

~ (v) = ~ (v + l)~ (v) n n r (3.51) 

where 

ti (p) = M n 2 h(l 
l-p 

(3.52) 

(3.53) 

(Oberhettinger, 1974). The function B(x,y) is the Euler 

Beta function and is defined in terms of Gamma functions: 

B(x,:y) = r (x)r (y) 
r(x+y) 

In the frequency domain, '" II (v) 
n 

(3.51), yielding 

(3.54) 

is obtained from 



where 

Thus 

'V 'V 
l.l (v) = -(v - l)f (v - l)c (v) , 

n n n 

'V 'V 
-(v - l)c (v)k (v - 1) = 1 • n n 

'\" 
C (v) 

n 

Taking the inverse Mellin transform of (3.55) yields 

l.l (r) 
n 

rOO 
= J '(af/ap)c (r/o)dp . o n - p 

We must now find the inverse Hellin transform of 

The inversion integral is 
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(3.55) 

(3.56) 

(3.57) 

(3. 58) 

(3.59) 

First, we must determine the strip of convergence 

for the placement of the contour of (3.59). In general, 

we shall consider densities l.l that are bounded and of 

bounded support, but not necessarily continuous. These 

conditions imply that the f (p) 
n 

are bounded and of bounded 
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support and continuous. Under these conditions, (3.47) will 

exist for v > O. Equation (3.52) can be analyzed by making 

the change of variable p = cos .t: 

~ (v) 
n J

1 v-1 -1 = P cos(n cos (P))dp 

o 11_p 2 

J
7T / 2 -1 

= 0 (cos t) cos(nt)dt. (3.60) 

The factor v-1 (cos t) requires v > O. The result (3.53) 

requires a closer look. The Euler Beta function is defined 

by (Gradshteyn and Ryzhik, 1980) as 

(3.61) 

This integral converges only when Re(x) > 0 and Re(y) > O. 

However, from definition (3.54) we see that, by analytic 

continuation, B(x,y) is defined for all complex values of 

x and y except at isolated poles of order 1. If we 

require that Re(x) > 0 and Re(y) > 0, this implies that 

(3.57) is valid for 

Re(v) > n • (3.62) 

The singularities of (3.57) are at 
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v = - n - 2j , j = 0, 1, 2, •.• , 

and v a non-negative integer such that 

v = n , n - 2 , n - 4, ..• . (3.63) 

See Figure 27. 

If we require that condition (3.62) hold, then the 

constant c is chosen so that the inversion contour lies 

to the right of all the poles. However, because of the 

properties of B(x,y) provided by analytic continuation, 

the contour could be placed anywhere in the right-half plane. 

The problem of where to place the contour is not trivial and 

it has been the substance of recent publications on the 

theory of the circular harmonic expansion by Ver1y (1981) 

and Hansen (1981). Before we continue the discussion of 

the location of the contour, we must investigate the closure 

of (3.59) in order to evaluate it by the residue theorem. 

Thus we need to determine a contour C and the value ;n 

of (3.59) around the contour: 

(3. 64 ) 

For large lvi, the integrand of (3.63) is asymptotic to 



... .--.~-~--·~l-------· 

n = 5 

c 

'l,.'. 

Figure 27. Simple poles of the integrand of (3.57) and 
integration contour for a causal inverse. 
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-\) J. 

p (3.65) 

For 0 ~ p ~ 1, (3.63) closes in the left-half plane, and 

C can be chosen as in Figure 27. The contributions to the 

value of (3.64) are zero except along the contour of (3.59) 

Thus ~n = cn(p)· These calculations are detailed in 
... \. 

Appendix A. 

We now return to the discussion of the placement of 

'the inversion contour. If we invoke the hypothesis of 

analytic continuation, we may place the contour anywhere in 

the right-half plane. We would then obtain n/2 formally 

different inverses depending on how many poles C encloses. 

If we place the contour to the right of all poles, as 

equation (3.62) requires, we obtain (Oberhettinger, 1974) 

1 Tn(l/p) 
= - - h(l - p) . 

'IT ~ 
Il-p-

(3.66) 

Hansen (1981), and Verly (1981) have described this 

kernel of (3.58) as causal and unstable. It is unstable, 

in their terminology, because cn(p) is unbounded as 

p -+ o. It is causal because f (p) 
n 

is said to be causal 

in the p-domain. That is, fn(p) = 0 for 1 ~ p < roo 

This definition arises because the Mellin transform, upon 

change of variable 

transform 

-t 
P = e becomes the tvlO-sided Laplace 
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fCO \1-1 
oP f(p)dp = f

CO -\It -t 
_coe f(e )dt. (3.67) 

Using the fact that fn<p) are causal, we obtain 

I
co 

\1-1 
P f (p)dp o n 

(3.68) 

The causality of the fn changes the two-sided Laplace 

transform to the usual Laplace transform. This constitutes 

an additional argument for the placing of the inversio,J;1 

contour to the right of all singularities. As is \l1ell-

known from the theory of the Laplace transform, the Brorn"Jich 

contour of the inverse Laplace transform must be placed to 

the right of all poles. In turn, this implies that the in-

version contour of (3.59) be placed to the right of all 

isolated singularities 

Hansen (1981) and Verly (1~81) derive the inverse 

when c is chosen to be slightly greater than zero. The 

res'J.lting inverse is said to be stable and non-causal. This 

result is 

1 
1 [ P r 0 < 1, 0 

Q 1+ll-p2 ' 
P < n > 

'IT -

en(p) = (3.69) 

!V (!) 
'IT n-l r 

r > 1, n > 0 



-1 
where Vn(r) = sin(n c~~ r) are the Chebyshev polynomials 

sin(cos (r» 

of the second kind. Ver1y (1981) showed that e (p) is 
n 

essentially identical with cn(p) because 
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(3.70) 

with 

JCXl (af (p)/ap}i (r/p}dp ~ 0 • 
o n n P, 

(3.71) 

For this reason, the function in(p) is called the invisible 

kernel. We shall return to the discussion of the equivalence 

of en(p} and c (p) when we discuss and show the equiva
n 

1ence of the circular harmonic inverse (3.73) and the inverse 

Radon transform in Chapter 5. To prove (3.71), we must use 

the consistency conditions, which require that 

(3.72) 

for 0 < k < I n I , Inl - k = even. 

We shall derive the consistency conditions in 

Chapter 4. There, we shall also delineate the relation 

between the consistency conditions, the symmetry and 

boundary conditions, and the orthogonal basis of the 
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projection harmonics. We shall also show that the Cormack 

algorithm (Cormack, 1964) automatically conditions or filters 

the f (p) 
n 

so that they are consistent. We shall also show 

that the 3D algorithm presented in Chapter 4 accomplishes 

the same task, since there are consistency conditions as 

well for the radial spherical harmonics. 

Using (3.66) in (3.58), we obtain 

(3.73) 

Ein-Ga1 (1975) was the first to derive this result 

using the Mellin transform. 

Equation (3.73) is called the inverse Cormack trans-

form of order n because Cormack (1963) first obtained a 

slightly different version. He found that 

with 

lJ n (r) = 

= - 1:. dd [f (r) tr;\\j (r)] 
'IT r n \!.Y n 

j (r) = 
n 

rT (l/r) 
n h(l - r) . 

11-r2 

(3.74) 

(3.75) 
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~ve c?.:l1 "lse the Mellin transform to show that (3.74) 

and (3.73) are equivalent. Using the elementary properties 

of the Mellin transform on (3.74), we find that 

~ (v) = -(v - l)~ (v - l)j (v - 1) 
n n n 

= -(v - l)~ (v - l)~ (v) n n (3.76) 

where we have used the fact that 

M{af/ar} = -(v - l)~(v - 1) 

and 

M{rf(r)} = f(v + 1) . (3.77) 

Comparing this with (3.55), we see that (3.74) and (3.73) 

are indeed equivalent. 

An interesting correspondence between the ~ (r) 
n 

and their corresponding f (r) 
n 

results by taking the cosine 

transform of fn for n even and the sine transform of 

f for n odd: 
n 
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(3.78) 

l-laking the change of variable cos~ = x, we see that the 

integral over x becomes 

n dx = f
lo T2 (x)cos(rxt) 

J
IT/2 

cos(2n~)cos(rt cos~)d~ 
o !1-x2 

IT n 
=2"(-1) J 2n (rt) (3.79) 

where we have used a well-known integral representation of the 

Bessel function of order 2n. Using this in (3.78), we obtain 

(3.80) 

For n odd, we obtain 

(3.81) 

A relation analogous to that given in Figure 23 can 

be found for the components of the CHD. The 2D Fourier 

transform of ~(r,e) is 



The circular harmonic expansion of U(v,~) is 

U(v,t,;) = 
co 
L U (v)e-in~ 

n n=-co 

Using (3.34) and (3.83) in (3.82), we see that 

co 
L U (v)e-in~ 

n n=-co 

Equating components of -in~ e , we have 

U (v) = drr~ (r) e-1n e- TI1vrcos8d 8 J 
co J 2TI . 8 2· 

nOn 0 . 

where 

( . n (20 

In(z) = ~) J
o 

exp{n8 - zcose}de • 
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(3.82) 

(3.83) 

(3.84) 

(3.85) 

(3.86) 

Equation (3.85), apart from a factor of (i)n, is 

the Hankel transform of lJ n' so we can restate (3.85) in 
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operator form as 

(3.87) 

The Hankel transform is its own inverse, so the 

inverse Fourier transform is 

]J (r) = (i)-nH {U (v)} • 
n n n (3.88) 

On the other hand, fron (3.4), one can easily see 

that 

(3.89 ) 

in other words, f(p,TI/2-¢ and U(v,¢) are Fourier 

transform pairs. By taking the CHD of (3.89), we see that 

f (p) and U (v) are also Fourier transform pairs. These 
n n 

relations, which are analogous t~ those of Figure 23, are 

shown in Figure 28. The Hankel transform of the CHD of the 

object are related by the central slice theorem. If Vle 

denote the Cormack transform of the 
th n angular component 

of ]J(r,e) (equation (3.45» by 

f (p) = C {]J (r)} , 
n n n 

(3.90) 



l--'---
I 

; (r) 
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i Object Space 
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u (v) 
n 

Fourier Space 

90 

Figure 28. CHD representation of the central slice theorem. 
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and the corresponding inverse Cormack transform (3.73)· 

by 

(3.91 ) 

we arrive at the following identities (Ein-Gal, 1975): 

(3.92) 

which is the CHD analogy to (3.20). In order for (3.92) to 

be consistent with (3.80) and (3.81), we must require that 

(3.93) 

The consistency conditions (3.73) or equivalently, 

the necessary boundary conditions and symmetry properties 

of the f (p) implied by the CHD, allow condition (3.93) 
n 

to be met. 

The 3D Radon Transform 

The 3D Radon transform is the planar projection of 

the density 
~ 

]..I (r) , where 
~ 

r is a 3D vector in object space. 

The corresponding variable in 3D Radon space will be denoted 

by 
~ 

p. The set of planar projections is 
~ 

f (p) • The 3D 

Radon transform can be represented by 
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(3.94) 

where p = pn, and n is a unit vector. Equation (3.94) 

is actually a 20 integral of 
+ 

1-1 (r) over the plane defined 

by 

+ ron = p (3.95) 

Refer to Figure 29. 

In operator notation, the 30 Radon transform shall 

be denoted by 

(3.96) 

and its inverse by 

+ -1 + 
1-1(r) = R3 {f(r)} (3. 97) 

To find we take the 10 Fourier transform of 

f (p+) . h 1 w~th respect to t.e sca ar p. The conjugate variable 

in frequency space is v •. 

f,(v,n) 
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= Jd3r+1I(r)e-2niv~.~ = F { } 
to' 3 jJ (t,;, n , I;; ) =~v • (3.98) 

The coordinates (t,;,n,l;;) are the frequency-space variables 

conjugate to (x,y,z). Note that (3.98) implies that the ID 

Fourier transform of the projections yields the ·3D Fourier 

transform of the object along the line vn. Equation (3.98) 

is the central slice theorem for the 3D Radon transform. We 

can recover the object by taking the inverse 3D Fourier 

transform of ~(v,n) 

+ 
jJ (r) (3.99) 

where d~n is the element of solid angle. Frequency space 

spherical coordinates will be denoted by 

The differential ele~ent of solid angle is 

d~ = sine de d~ , n v v v 
(3.100) 

and the integral over is taken over 4n steradians. 
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Next, we shall need some symmetry properties of f(p,n) and 

A(v,n). From (3.94), we see that 

f(p,n) = f(-p,-n) (3.101) 

and from (3.98) we obtain 

A(v,n) = A(-v,-n) (3.102) 

With the use of (3.101) and (3.102), (3.99) becomes 

r 2 A 

J 
d~ Fl{v A(v,n)} ~ A 

2n n p=ron 

This integral over the surface determined by 

(3.103) 

~ A 

P = ron is the 3D analog to back-projection and summation 

as defined by (3.23). The quantity back-projected and 

summed is much simpler in the 3D case; it is the quantity 

a2
f 
~ and not a convolution integral. Another useful repre-
ap 
sentation of the 3D inverse Radon transform can be obtained 
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by making the following observation. The Laplacian operator 

~2 = a
2
/ax2 + a

2
/ay2 + a

2
/az 2 acting on a function of z 

alone is just 

? 
~"'f(z) 

If we take n!lz, 
-+ 

then z = ron and 

(3.104) 

With this result, (3.103) becomes 

-+ 
f.l (r) 

-1 '" 
= R.3 (f (p, n) ) (3.105) 

This equation has a straight-forward physical in-

terpretation. Let us take the planar projection of an 

impulse f.l(t) = oCr). It is sufficient to take the impulse 

at r = 0 since the Radon transform is invariant with 

'" 
respect to translation. From (3.94) we have f(p,n) = o(p). 

Using this in (3.105) we find that 

-+ o (r) , (3.106) 

which is a well-known result from electrostatics. 
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The Spherical Harmonic Decomposition 

The spherical harmonic expansion of an object is 

-+ 
1-1 (r) = 

co n 
L L 1-I nm (r)ynm (e,<p) 

n=O m=-n 
(3.107) 

The spherical harmonics ynrn(e,<p) are given by 

(3.108) 

where m 
Pn(cos8) are the Legendre functions and where 

= 1, E = 2, m = 1, 2, m 
(Morse and Feshbach, 1953). 

The radial components 1-I
nm

(r) are given by 

1-1 (r) = j2TId¢jTIsin8d8lJ(r,8,<!»y* (8,<1» 
nm 0 0 nm 

(3.109) 

We can express the proj~ctions f(p,n) - f(p,~,~) 

and the 3D Fourier transform of the 

object in the same way 

(3.110) 

n 'V L L lJnm (r)Ynm (8 , cj> ) 
n=O m=-n v v 

co 

(3.11) 

These quantities can be related by the central slice 

theorem. If [" = 8 
v 

and <p , 
v 

f and are a lD 
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Fourier transform pair. These relationships among the 

spherical harmonics of lJ, f and 
'V 
lJ are shown in Figure 

30. 

In spherical coordinates, the 3D Fourier transform 

of lJ is 

(3.112) 

where is the angle between 
-+ -+ 
v and r. substituting 

(3.111) and (3.107) into (3.112) we obtain 

n 
L lJ

nn 
(r)Ynm (w) 

m=-n 

• e -ivrcosc; (3.113) 

where Wv = (8 v '¢v)' w = (8,¢), and dw = sin8d8d¢. 

Next, we need several identities. The Fourier kernel 

can be expanded as 

-i2iTvrcosC; 
e 

(Xl 

= L c P (COSC;) 
n=O n n 

(3.114) 

where Pn(x) are the Legendre polynomials, with the c n 

given by 

c = 2n+lf1 e-i2iTvrxp (x)dx = (2n + 1) (i)nj (2iTvr) 
n 2 -1 n n 

(3.115) 
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Figure 30. SHD representation of the central slice theorem. 
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where jn are the spherical Bessel functions of order n. 

Also, an addition theorem for spherical harmonics yields 

P (COS?;;) 
n 

4TI n 
= 2n+l I y* (w)Y (w) run nm v m=-n 

Using these facts in (3.113) we obtain 

\' '\y (w) 4TIi nfoo r 2dr \' \']..1 (r) = L L run v L L nlm l 
n m 0 nl ml 

• j (2TIVr)j dwY I I (w)y* (w) . 
n 4TI n m run 

With the normalization we have used for the Ynrn ' the 

w-integral is Q Q 
nlm' nm 

The result is 

In operator notation, we shall denote (3.118) by 

(3.116) 

(3.117) 

(3.118) 

(3.119) 

Equation (3.119) is called the spherical Bessel transform 
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of order n, and is self-reciprocal, so that 

~nrn(r) 

(3.120) 

We now wish to find the spherical harmonic expansion 

of the Radon transform. Equation (3.94) may be cast as 

where 

f (p, n) 
r 3 -+ 

= Jd r~(r)o(p - rcoss) 

is the angle between 
-+ 
r and n. 

(3.121) 

toVe expand the 

kernel of the Radon transform in terms of Legendre 

polynomials: 

with 

00 

o(p - rcoss) = I anPn(cos s ) 
n=O 

1 
= 2n+ 1 J 0 (p ) () d an 2 -1 - rx P n x x 

= 

2n+lp ( /r) 
2r n p 

o 

if P < r 

if P > r 

(3.l22) 

(3.123) 
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Using (3.122) and (3.123) in (3.121) we obtain 

L If (o)Y (w) = I LY (w) 27rJoordr 
n m mn - run n n m run n p 

From this we obtain 

(3.124) 

This result, the SHD of the 3D Radon transform, was obtained 

by Ludwig (1966) as a special case of the harmonic expansion 

of the nD Radon transform. Mijnarends (1967) obtained the 

result independently for the 3D case. In operator form, we 

shall denote (3.124) by 

f (p) = S {~ (r)}. run n run (3.125) 

To find the inverse of (3.124), \ole take the Fourier 

transform of (3.124), and use (3.115) 

= 7r ~ {r)rdr e-~ 7r Pp (p!r)dp f
OO Jr. 2 z 

o run -r n 
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(3.126) 

Using the fact that the spherical Bessel transform 

is self-reciprocal, we can write down the solution in 

operator form 

(3.127) 

Because j2n(x) and f 2n ,m(x) are even functions of x, 

and j2n+l(x) and f 2n+l ,m(x) are odd functions of x, 

the order and limits of integration of (3.127) can be 

changed: 

].lnm(r) 

(3.128) 

The integral over z is a generalized function and 

the result is 
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1 - --a" (p - rx) , 
41T2 

(3.129) 

where a" ( denotes the second derivative of 10 delta 

function. 

Using this result in (3.128) we obtain 

(3.130) 

This result can be written in operator form 

llnm(r) 
-1 = S {fnI!1(p)}~. n . (3.131) 

For n = 0, the spherically symmetric case, PO(x) 

= 1, and we obtain the Vest-Steel formula (Vest and Steel, 

1978 ) 

II (r) (3.132) 

This formula was first obtained in the study of 

rotationally symetric crystal structures by positron an-

nihilation (OuHond, 1929; Berko and Plaskett, 1958; Miasek, 

1966; Stewart, 1957). 

As in the 28 circular harmonic expansion, there 

are also consistency conditions associated with the radial 
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projection harmonics. They are 

(3.133) 

for 0 < k < n , n + k = even. 

We shall continue the discussion of the SHD con-

sistency conditions in Chapter 4. 



CHAPTER IV 

ALGORITHMS BASED ON THE 

ANGULAR HARMONIC DECOMPOSITION 

1. Introduction 

We now turn to the problem of finding effective algo

rithms for the solution of the reconstruction problem framed 

in terms of the angular harmonic decomposition. We shall 

present algorithms for both the 2D and 3D cases. Cormack 

(1964) first obtained an algorithm for the 2D case based on 

the expansion of the density ~(r,e) and the projections 

f{p,¢) into sets of orthogonal basis functions. Marr (1974) 

independently obtained the same algorithm, but in a slightly 

different form. We shall present an algorithm for the 3D 

case which is analogous in many important features to the 

2D case. The Zernike polynomials (Zernike, 1934) were used 

by Cormack as the basis functions for the density. We shall 

derive the properties of the Zernike polynomials, and the 

analogs to the Zernike polynomials for the 3D case. 

We shall also derive and discuss the consistency con

ditions and the symmetry properties of the projection 

harmonics. Using these symmetry properties, we shall derive 

a set of orthogonal functions that span the projection 

106 
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harmonics. We shall also prove that the basis of the pro-

jection harmonics is a proper subset of the functions of 

this span that satisfy the consistency conditions, which 

are in turn a proper subset of the span. From this, it is 

easy to see that the 2D algorithm filters or conditions the 

data so that the consistency conditions are satisfied. 

2. The CHD Algorithm 

We begin by reviewing the circular harmonic decompo-

sition of the density and p~ojections: 

00 

]J(r,e) L ]In(r)e 
ine 

= (4.1) 
n=-oo 

where 

1 tTI . 8 ]J (r) -In = 2TI 0 ]J(r,8)e , 
n 

and 

00 

f (p, ¢) = \' f (p)ein¢ L 
n=-oo n 

(4. 2) 

where 

1 J 2TI . 
fn(p) = 2TI 0 f(p,¢)e- 1n¢d¢ . 
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The f and]J are formally related by the circular 
n n 

harmonic transform {cf. (3.44) and (3. 73»: 

and 

]J (r) 
n 

(dfn{p)/d~)Tn(p/r) dp 

Il-r 2/p 2 p 

(4.3) 

(4.4) 

The direct numerical quadrature of (4.4) runs into numerical 

difficulties as r ~ O. The singularity at p = r is not 

the problem; the integrand is an odd function of p, i.e., 

when n is even, af lap is odd about p = 0, and the 
n 

factor lip is really l/!p! for p < 0, so the singu-

larity is logarithmic in nature and can be evaluated as a 

Cauchy principal-value integral at p = r. As p ~ I, how-

ever, the function T (x) = cosh{n cosh x) 
n 

for x > 1, 

becomes exponentially unbounded as r ~ 0, so numerical 

quadrature, if not practical, has not been widely used to 

evaluate (4.4). 

Expansion by Orthogonal Functions 

A solution by expansions in orthogonal functions is 

possible. It can be shown that the Fourier cosine trans

form of (4.3), for even orders, is (Cormack, 1964; Zeitler, 
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1974i Lewitt and Bates, 1978) 

(4.5) 

For odd orders, the Fourier sine transform is 

If ~(r,e) is confined to the unit circle, the 

fn(p) can be expanded in sets of functions orthogonal on 

[0,1]. Taking p = cos~, we wish to find 

such that 

f (COs~)) = 
n 

where 6~k is the Kronecker delta. One such set is 

sin[(!n\ + 2t + l)cos-lp] 

-1 
Un~ (cos p) = 

p > 1 

(4.7) 

(4.8) 

(4. 9) 

The are a complete set for the projection harmonics 



f. A proof of completeness is given in the next section. n 

substituting (4.9) into (4.6) yields terms of the 

following form for n odd: 

J
'IT/2 
o sin[(\n\ + 2~ + l)w]sin(t cos~)sinwd~ 

110 

= 2'IT ( \ n \ + 2~ + 1) (-1) ~ J 
t Inl+2~+1 

(4.10) 

Exactly the same result is obtained by substituting (4.9) 

into (4.5) for n even. The proof of (4.10) is given in 

Appendix B. 

The corresponding or"thogonal functions for the 

density ~(r,8) are the circle polynomials of Zernike 

(Zernike, 1934), which were first used in the geometrical 

theory of aberrations. Below, we shall sho\-1 how Zernike 

polynomials may be derived from first principles of ana-

lyticity, orthogonality on the unit circle, and invariance 

with respect to rotation (Born and Wolf, 1975). They have 

several important properties. First, any analytic function 

in polar coordinates may be represented by components 

R In l(r)ein8. The Zernike polynomials have the series 
m 

representation 

~ 

L 
k=O 

where ~ = m-\n\ 
2 

( -1 ) k ( \ n \ + 2~ _ k) ! r I n \ + 2~ - 2k 
k' (Inl+~-k)! (~-k)! 

(4.11) 
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They satisfy the orthogonality relation 

(4.12 ) 

Our notation for Zernike polynomials follows Born and Wolf. 

The following equatiion is derived by Born and Wolf: 

Comparison of (4.13) and (4.10) show that if the 

given by (4.9), then 

fJ (r) 
n 

( -1 ) n+ 1 
'IT ( I n I + 2.e + 1) R I n I (r) • 

m 

Therefore, the expansion 

f (cos1jJ) = 
n 

co 

l. a.e sin [ ( I n I + 2.e + 1) 1jJ] , 
.t=0 n 

yields the reconstructed density 

(4.13) 

fare 
n 

(4.14) 

(4.15 ) 

(4.16) 

where m = 2.e + Inl. This result was first derived by 

Cormack (1964). To find the invert (4.15) by use of 
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the fast Fourier transform. The use of the coordinate 

tr.ansformation p = cos\); may seem avlkward, but it is 

natural to certain imaging systems, such as ~he posi~ron 

ring camera, or fan-beam geometries. 

The Zernike Polynomials 

We shall derive the properties of the Zernike po1y-

nomials from the conditions of orthogonality and invariance 

with respect to rotation. Let Va(x,y) and VS(x,y) be 

two representative members of a set of polynomials in 

Cartesian variables x and y that are orthogonal on the 

unit circle: 

II 2 2 V~(x,Y)V6(x,y)dxdy = AaSOaS . 

x +y .:.1 
(4.17) 

The AaS are normalization constants to be chosen later. 

We can easily find a complete set U(x,y) of polynomials 

by Gram-Schmidt orthogonalization. Once we have found one 

such set, we can show that V(x,y) are complete by using 

the fact that any polynomial U(x,y) of degree n in x 

and y is a linear combination of polynomials V(x,y) of 

degree less than or equal to n in x and y. \'Je want 

the V(x,y) to be invariant with respect to any ro~ation 



113 

x' = x cos8 + y sin8 

(4.18) 

y' = -x sin8 + y cos8 . 

This means that V(x,y) must be of the same form in (x',y'). 

This requires 

V(x,y) = G(8)V(x',y') (4.19) 

where G is a continuous function of period 21T and 

G (0) = l. 

Two successive rotations 8
1 

and 62 must be the 

same as one rotation 8 1 + 62 . This implies that 

(4.20) 

The general solution is well-known, and is 

G(e) 
ine = e (4.21) 

Hence, V has the form 

V(r cose,r sine) = R(r)e
in6 

. (4.22) 
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Next, suppose that V(x,y) is a polynomial of de

gree n in x and y. There will be terms like (r cos6)n, 

(r sin6)n. This implies that R(r) must be a polynomial 

of degree no lower than Inl. Furthermore, R(r) is even 

or odd according as 

of terms like r I n I, 
n is even or odd. Thus R consists 

Inl+2 r , If m denotes the de-

gree of R, then m ~ Inl, and m - Inl is even. The 

notation for a typical polynomial is 

From (4.17) we obtain 

where 

Since 

1 

fo Rm In I (r)Rklnl (r)rdr = ano k m m. 

= 
Anm 

is a polynomial of degree 

(4.23) 

(4.24) 

(4.25) 

Inl or 

greater and is even or odd according as n is even or odd, 

then Rlnl has the representation 
m 

(4.26) 
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\vhere 
2 

t = rand Q. (m-I ~ I) /2 (t) is a polynomial in 

~(m - Inl). From (4.24), we obtain 

t of 

degree 

(4.27 ) 

where 

k = ~(m - Inl), k' = t (m ' - I n I) . 

The polynomials that satisfy orthogonality relation (4.27) 

are the well-known Jacobi polynomials Gk(p,q,t) that 

satisfy 

where 

= k!r{k+q)r(k+p)r(k+p-q+l) 

(2k+p)r 2 {2k+p) 

(4.28) 

(4.29) 

with P - q > -1, q > O. These polynomials are related to 

another form of the Jacobi polynomials p~a,S) (x) define& 

on the interval [-1,1] (Abramowitz and Stegun, 1972) by 
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Gk(p,q,t) = k!r(k+p)p(p-q,q-l) (~t - 1) . 
r(2k+p) k ~ 

(4.30) 

Using (4.30) and (4.26), with p - q = 0, q = Inl + 1, we 

obtain 

(4.31) 

Following Zernike, we choose the normalization constant so 

that 

Rlnl(l) = 1. 
m 

Using the fact that p~CJ.,(3) (1) = (k;CJ.), 

and 

(4.32) 

we see that 

(4.33) 

Fro~ (4.33), (4.30) and (4.29), the normalization constant 

is 

n 
a = m n+l· 

1 (4.34) 
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We want to establish that the functions (4.9) are 

an orthogonal basis for the f • 
n 

We first need to find a 

set of orthogonal functions that span a projection harmonic 

fn and then detennine the subset of basis functions needed. 

The first result that we need to show is that f 2n (p) 

is an even function of p and that f 2n+l (P) is an odd 

function of p. This proceeds directly from the fact that 

f(p,¢) = f(-p,¢ - TI) • (4.35) 

From the c,ircular harmonic decornposi tion, 

~f2TIf( ~) i2n¢d~ 
= 2TI P,'+' e "" 

o 

1 J2TI i2ncjl = 2TI 0 f(-p,¢ - TI)e d¢. (4.36) 

Make the change of variable 

and use this in (4.36): 

(
iT '2 = f(-p,T)e~ nT dT = 

J -TI 
f 2n (-p) • (4.37) 
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The proof is similar to show that 

(4.38) 

From the fact that f (1) = 0 for all n, a com
n 

plete set of orthogonal functions on the interval [O,n] is 

sin [ (2m + 1) \Ii] , m = 0, 1, 2, •.• , (4.39) 

for n even, and 

sin(2my), rn = 1, 2~ • •• I (4.40) 

for n odd. Note that the functions (4.39) and (4.40) are 

the half-range expansions of the odd periodic extension of 

the function from the interval [O,n) to the 

interval [n,2n). As a practical consideration, this fact, 

(4.39) and (4.40) constitute the folding rules to be used 

with the fast Fourier transform (Brigham, 1974). 

However, the functions given by (4.39) and (4.40) 

are a proper superset of the functions Un! given by 

(4.9). 

the f 
n 

To show that Un! 

are spanned by the 

are complete, we must show that 

U 
n! 

The proof begins as follows. Suppose there exists 

an fn(p) not in the span of the Un!' Let 
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f (p) = s (1Ji) , 
n 

with 

(4.41) 

We can always find Sew) by the Gram-Schmidt method. For 

n even, (4.5) yields 

K (t) = (-1) S(cos-lp)cos(pt)dt lJOO 
1T 0 

= fOOg (r)J (21Trt)rdr . o n n 
(4.42) 

The function 9 (r) can be uniquely determined by taking 
n 

the n-th order inverse Hankel transform of K(t): 

9 (r) = IooK(t)J (2nrt)tdt . 
nOn 

(4.43) 

Since the Zernike polynomials forn a conplete basis 

for the circular -harmonic components gn(r), we can write 

9 (r) 
n 

with at least one c l 1 o. However, (4.44), (4.10) and 
n 

(4.13) imply that 

(4.44) 
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(4.45) 

A similar argument holds for n odd. 

If (4.45) is true, then (4.41) cannot be true. Thus, 

the U
nt 

(Equation (4.9)) form a complete, orthogonal basis 

for the fn (p). 

The Consistency Conditions and Their 
Relation to the Orthogonal Basis of 
the Projection Harmonics 

Now that we have the requisite set of basis functions 

for the fn we shall derive the consistency conditions and 

show that the expansion of the fn as a linear co~bination 

of the basis functions (4.9) also satisfies the consistency 

'conditions. This"implies that the Cormack algorithm con-

ditions or filters the data so that the reconstruction is 

composed entirely of consistent projections. Using (3.51), 

we have 

f (\!) [~ (\!)] -1 = 
n n 

'V 
1J (\! + 1) 

n 
(4.46) 

and by using the fact that fn(p) - 0 for p > 1, we have 

1 
If r (\!+ 1 ) J \! 

\!-l \!+n+I \!-n+l lJ n (r)r dr . 
2 \! r ( 2 ) r( 2 ) 0 

(4.47) 



121 

The zeros of the left-hand side of (4.47) imply that for 

Re (\» > 0, 

flf (r)rkdr = 0 
o n 

(4.48) 

for 0 < k < Inl, Inl - k = even integer. Note that this 

implies that there are no consistency conditions for n = 0 

or 1. On the other hand, by using the functions sin (j ;~,) 

for fn and making the change of variable cos~ = p, we 

see that (Gradshteyn and Ryzhik, 1980) 

}

l , , -1 k 
oS1n[JCOS p]p dp (4.49) 

IJTI/2 k = ~ 0 {cos[(j + l)~] - cos[(j - l)~]} cos ~d~ 

= 2k+l:k+l)[~(k+~+3~k-~+1) - k+j+ll k-j+3 ] 
B( 2 ' 2 )1 

= TI r (k+ 2) . j 

2k (~+l) r (k+j+l) r (k-j+l) (k+l-j) (k+l+j) 
2 2 

The pole of order one at j = k + 1 in the fraction cancels 

f d ' kIf [r(k+1
2

- J')]-1, so the zero 0 or er one at J = + 0 

that the zeros of (4.49) are at 

j = 2m + k + 3, m = 0, 1, 2, .... (4.50) 
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For k = Inl - 2 in particular, we obtain j = Inl + 2m + 1, 

which implies that the basis functions (4.9) also satisfy the 

consistency conditions. However, we saw that the symmetry 

and boundary conditions alone imply that the 

by 

f are spanned n 

sin [ (2m + 1) Ii!) , m = 0, 1, 2, ••• , (4.39) 

for n even, and 

sin(2m~), m = 1, 2, ... , (4.40) 

for n odd. Clearly, not all of these functions satisfy the 

consistency conditions. In particular, for n = 2, (4.48) 

is not true when k = 0 and f (p) = sin1;'J. 
n 

So, the relations between the various constraints 

on the data are that the basis functions (4.9) are a proper 

subset of the set of functions that satisfy the consistency 

con~itions which are in turn a proper subset of the span 

(-1 • 39) or (.:.40). 

3. The SHD Algorithm 

In this section we shall present an algorithm for 

3D reconstruction based on expansions of orthogonal func-

tions. The orthogonal polynomials Elnl (r) 
m 

that form the 



basis for the spherical harmonics ].l (r) 
nm 
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will be derived, 

and the complete solution analogous to (4.15) and (4.16) 

will be given. 

Using the spherical harmonic decomposition (3.107), 

we obtain the S'liD of the 3D Radon transform of 
-+ 

].l (r) : 

(4.51) 

and the SHD of the inverse Radon transform: 

(4.52) 

Also important to the derivation of the SlID algorithm is the 

relation 

(3.126) 

Equating real and imaginary parts of (3.126), we 

see that 
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fOOCOS(2TIZP)f (p)dp 
o nm 

(4.53) 

for n even, and 

JOOsin(2TIZP)f (p)dp o nm 

I
cc 

n-l 2 ~ 
= ( -1) ( ) / 4 TI ]J ( r) j ( 2 TI r Z ) r .... c1r o nm n 

(4.54) 

for n odd. 

Expansion by Orthogonal Functions 

The reconstruction polynonials can be represented in 

terms of Jacobi polynomials 

Elnl(r)= 
m 

r In Ip (0, In 1+1/2) (2r 2 _ 1) 
k 

wher-c m = I n I , Inl + 2, ••. I and k = m-In! • 
2 

(4.55) 

Equation 

(4.55) will be derived below. These polynomials satisfy the 

orthogonal~ty condition 

(4.56) 

and they have the nor~alization condition 
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Elnl (1) = 
m 1 . (4.57) 

In order to find the SED algorithI'l, we must find the 

solution of (3.126) for Elnl and the corresponding.basis 
m 

functions for the f nm . The solution of the left-hand side 

of (3.126) is 

flElnl (r)j (27frz)r 2dr 
o m n 

(-1) (m-lnl)/2 
= 2 z jn+l (27fz) (4.58) 

This calculation is tedious and is detailed in Appendix c. 

Note the analogy to (4.13). The solution to (3.126) is found 

by noting that 

(4.59) 

and that jl obeys the recursion formula 

-1 
= ( 2l + 1) z j.£ (z) (4.60) 

Putting (4.58), (4.59) and (4.60) together, we see that a 

density component 

]J (r) = Bini (r) 
n TIl 

has as a projection the components 
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fnm(p) (4.61) 

or conversely, the projection harmonic expanded in terms of 

Legendre polynomials 

co 

fnm(p) = L a..,nPn+2n (p) 
£,=0 ~"'" '" 

yields the reconstructed density 

l.I (r) nm 

co 

= (_l)n ; I. (n + 2£ + 3/2)a;nEl~t (r) , 
1,=0 '" '" 

where 

a~o = a nO' 

a* nl = a nl + a 

a* = n2 a n2 + a 

L 
a* = I a 

nL k=O nk 

nO' 

nl 

The 3D Reconstruction Polynomials 

+ anD' 

(4.62) 

(4.63) 

(4.64) 

We need to find a function Ein\(r) such that the m 

density can be expressed in terms of the spherical harmonic 
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expansion. This requires that the density be linear 

combinations of 

v'" (x,y,Z) = Elnl'r)Y (9 rh) • 
u. m \ nm ''I' (4.65) 

If we require orthogonality on the unit sphere, this implies 

n 
A <5 ,. m rom (4.66) 

There are infinitely many different ways to choose a poly

nomial basis satisfying (4.66). A polynomial in x, y and 

z would have terms like 

(rcos¢sin9) n, (rsincpsin8) n 

and n (rcos8) . As in the 2D case, this requires E~nl (r) 

to be expressed as a polynomial in Inl Inl+2 m r , r , ... , r , 

where m = I n I + 2£ , ~ = 0, 1, 2, .... Therefore 

has the representation 

E I n I (r) 
m 

(4.67) 

where 2 
t = r, Q(m-lnl)/2(t) is a polynomial in t of 

degree ~(m - Inl) and c~ are normalization constants. 
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From (4.66) we have 

(4.68) 

With the weight function tlnl+l/2 , the are 

Gegenbauer polynomials defined on [0,1]: 

Qk (t) = G ( I n I + 3/2, I n I + 3/2, t ) . (4.69) 

Using the identity (4,30) and the normalization (4.57), we 

obtain the result 

where pea,S) (x) are the Jacobi polynomials defined on 
k 

[-1,1]. 

The Consistency Conditions for the SHD 

(4.55) 

As in the 2D case, there are certain values of the 

positive integer k for which 

J 
co }-

P '"f (p)dp = 
o nm 

o . (4.70) 

For the finite interval 0 ~ p ~ 1, the powers of k for 

which (4.70) is true are necessary conditions for the infinite 
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dimensional orthogonal basis of the fnrn (p) . NOlJl, 

= JoodPpkJIlJ (r)P (p/r)rdr 
o pnrn n 

= JCXldrlJ (r)rJrpkp (p/r)dp 
o run 0 n 

J
oo k+2JI k = drlJ (r)r x P (x)dx . 
o nrn 0 n 

(4.71) 

For k - Inl odd, the integral over x is zero. This is 

paralleled in the 2D case, but is not the important content 

of the consistency conditions. For 0 < k < Inl, and 

k - Inl even, the x-integral becomes 

III k 2 _Ix Plnl (x)dx . (4.72) 

The Legendre polynomials Plnl (x) are orthogonal to any 

power of x less than n , so 

J
IXkp (x)dx = 0 for 0 < k < Inl, k - Inl 
o n 

(4.73) 

even. Equation (4.73) is the consistency condition for the 

projections. From this, it is easy to see that the 

orthogonal basis Pn (p) 'Pn+2 (p), ••• of the fnm (p) 
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satisfy the consistency conditions. Thus, the SUD algorithm 

given above filters or conditions the data so that the 

reconstruction is constituted entirely of consistent 

projections. 



CHAPTER V 

EQUIVALENCE OF THE RADON TRANSFORM 

AND THE CIRCULAR HARMONIC TRANSFORH 

1. Introduction 

The equivalence proof we shall present here consists 

of two separate parts. First, \ole must sho .... ' that the 2D Radon 

transform (3.l) is equivalent to the circular harmonic trans

form (3.44). This problem is really trivial since the de-

ri v ation of (3. 44) begins with (3. 1) • Secondly, \'7e must ShOVl 

that the inverse Radon transform (3.10) is equivalent to the 

inverse circl.l1ar harmonic transfonll (3. 73). This problem 

turns out to be much more difficult and is worthy of analysis. 

No such similar difficulty exists for the spherical harmonic 

transform; Chiu (1980) presents a relatively straightfonlard 

derivation of the inverse spherical harmonic transform from 

the 3D inverse Radon transform. Such an approach is not used 

in the 2D case because the kernel of the inverse Radon trans

form does not seem to lend itself to such a treatment. 

In this chapter we shall develop the symmetric and 

antisymrnetric for~s of Raaor. transform and then use the 

resulting lemma to shm'7 that the inverse Radon transforn 

implies the inverse circular harmonic transform. We shall 
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then show the converse; hence the two forms of the inverse 

are equivalent. 

2. Symmetric and Antisy~metric Forms 
of the Radon Transform 

If an object is symmetric with respect to an axis, 

say the x-axis, then its projection is symmetric with respect 

to the same axis in Radon space. Similarly, if the object is 

antisy~rnetric with respect to the x-axis, so is its pro-

jection. Let superscripts e and 0 denote even and odd, 

respecti vely. The follo\'1ing lemma and result (5.12) is due 

to H. Y. Chiu (1980). 

Lenun a. i ) If 

e e 
]..I (r,e) = ]..I (r,2 TI - e) , (5. 1) 

for 

(5.2) 

it follows that 

(5. 3) 

ii) For 
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o 0 
11 (r , 8) = -11 (r , 27T - 8) I (5.4) 

then 

o 0 
f (i?I<P) = -f (p , 27T - 4» • (5.5) 

Consider the line integral (5.3) I \vhere s., (p, ¢) is 

the ray path defined by 

p = r cos(8 - ¢) • 

The element of arclength is 

ds (5.6) 

If we make the change of variable 8' = 27T - 8, then d~' 

= -de, and ds' = ds. We have 

e 
= f (p I ¢) • (5.7) 

Similarly, one can show that 



fO (p, 21T - <p) = o -f (p,cp) • 

3. The Inverse Radon Transform Implies 
the Inverse Circular Harmonic Transform 

The inverse Radon transform is 

l1(r,e) 

of 
1 f21T Joo dP(P'~) 

= - ---2 d<pP dp--~~~---
4'lT 0 -00 r cos(<p-e)-p . 
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(5.5) 

(5. 8) 

As the Lemma has shown, 11e and fe are Radon transform 

pairs and so are 110 and fOe Any function can be written 

as a sum of even and odd components, that is, 

l1(r,e) e 0 
= 11 (r,e) + 11 (r,e) (5. 9) 

and 

f (p, ¢) 
e 0 = f (PI¢) + f (p,¢) (5.10) 

Furthermore, using the circular harmonic expansions 

(3.33)-(3.36), it is easy to show that 

e e 
11n (r) = \.l (r) (5.11) -n 

0 0 
11n (r) -11 (r) , 

-n 

fe (p) e = f (p) n - -n 
fQ ( ) n p = -f~n (p) 
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substituting (3.33) and (3.35) into (5.8) and using relations 

(5.11), we obtain 

. 1 foo af
j 

1 f2~ in~+ -in~ ~J = -P dp ----E.(_) e e d'" 
n 4~2 _00 ap 2 0 r cos</>-p 't' (5.12) 

where j denotes e or o. Using relations (5.9) and (5.10), 

we have 

~n(r) 
inq,+ -in~ e e 
r cos¢-p 

We first consider the integral 

incp+ -in</> e e 
r cos</>-p 

l"1ith the use of the substitution 

icp z = e , 

the integral becomes a contour integral in the complex 

z-plane 

J = _2i~ dz zn + z-n 
r r c z2 2pz + 1 

r 

where C is the unit circle. 

(5.13) 

(5.14) 

(5.15) 

(5.16) 
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There is a singularity of order n at z = 0 and 

two other simple poles, the locations of which depend on 

whether p2/r4 is greater than unity or less than unity. 

Case I 
2 2 

P /r >"1. Both poles are located on the real 

axis. See Figure 31a. The one inside the unit circle is at 

a (5.17) 

This can easily be seen by expanding a in a power series 

in rip: 

a 133 
= 2r/p + O(r /p ) 

The other singularity is at 

(5.18) 

(5.19) 

Only the residues at the origin and at a contribute to the 

value of the integral J. Evaluating the residue at a 

yields 

. 47\ [ zn+z-n 1 
C l = 11m (- --r) (Z - a_) (z-a ) (z-a ) 

z4 a - + 

27\ (a_)n+(a_)-n 
= -- (5.20) 

r 
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Complex z-plane 

./ 
" , 

" 

~-.-.---t----+<----)~~ 
a I c:. .~ -,,-- -....... - -- ---

\ J + 

\\ I // 

.- 1 • 

/ ' ''\ 
~I 

I 
I 

.. a 
'-..', + 

~--/ --__ ~----__ ~--~--~----~--4-i I 

I z 1 1 

Figure 31. contour of Equation (5.16). 

a) Location of poles for 

b) Location of poles for 

\ /a 
I . 
I .-

I-----~ 

p2/r2 > l. 
2 2 

P /r < 1. 
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Case II 2 2 
p Ir < 1. The poles of order one are at 

(5.21) 

The modulus of this complex number is unity, so both singu-

larities lie on the unit circle. For a Cauchy principal 

value integral (Nhittaker and ~I]atson, 1973), \V'e evaluate the 

residues by indenting the contour as shown in Figure 31b. Each 

residue is given one-half the value it would have if it were 

completely enclosed by the contour. Therefore the ~wo simple 

poles contribute 

n -n 
(a+) +(a+) 

(5.22) 

2i/l-p2/r2 

If we write a+ = a + is, a = a - is, where a = p/r, 

S = 11 - p2/r2, then we have 

and 

(5.23) 

From this we obtain 
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(5.24) 

Case III. For p2/r2 = 1, the singularities coalesce 

and the singularity becomes a pole of order two. Using the 

residue theorem, we find that 

n -n 
c

3 
= 2'ITi(- 2i)lim d (z _ 1)2 z +z = 0 • 

r z~l dz 2 ~ (z-l) 
(5.25) 

The results for all the cases can be summarized as 

follows: 

J = 

2 'IT [ n -~ - -- a) + (a) + A , 
r - - n 

A , 
n 

(5.26) 

where An is the residue of the pole of order n at z = o. 

The residue An is found by evaluating the expression 

= lim 1 
z+o (n-l)! 

The expression involving 

2n z 
2 

z -2(p/r)z+1 

(5.27) 

will vanish after n - 1 differentiations and taking the 
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limit. To evaluate the expression involving 

1 
2 ' z -2 (p/r) z+l 

we compare it to the generating functions for Tschebychev 

polynomials of the 2nd kind (Abramo\'litz and Stegun, 1972) 

and we find that 

co 
1 

2 z -2(p/r)z+1 
= nloUn(p/r)Zn 

\l7here 

U (x) -
n 

-1 sin( (n+l)cos x) 
-1 sin (cos x) 

(5.28) 

(5.29) 

Thus, by using (5.29) and (5.28) in (5.27), we find 

that 

J = 
41T 
-U (o/r) , r n· 

Furthermore, one can easily show that 

2 2 
P /r > 1 

(5.30) 

2 2 
P /r < 1 



where T (x) are the Tschebyshev polynomials of the first n 

kind. Using the fact that fn(p) and T (p) are even or n 

odd functions of p according as n is even or odd, the 

principal value integral over p can be evaluated on the 

domain p > o. Combining results yields 

~n (r) 
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J
CC

o 

dfn (p) 
+ J:.... d U 1 (p/r) dp . TIr p n-

(5.32) 

It will turn out that when the consistency conditions 

(3.72) are used, the last integral on the right will have the 

value zero. This is the space domain derivation (as versus 

the frequency do~ain derivation using the Mellin transfo~) 

of the invisible kernel (3.71). 

In order to apply (3.72) to (5.32), integrate by 

parts: 

J
CC df (p) 

~p Un- l (p/r) 
o -

= Ifn(PlUn- 1 (p/rl J: - ~J:fn(PlU~-l(P/rldPJ (5.33) 

If ~n(r) is of compact support, then fn(p) = 0 for suf-

ficiently large p. Now, U 1(0) = 0 if n - 1 = odd n-
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integer, and fn(O) = 0 if n is odd. So Un_l(O)fn(O) = 0 

always. Now apply the consistency conditions (3.72) to (5.33) 

and use the 

powers n -

fact that U~_l(p/r) is a polynomial in 

2, n - 4, ... , and we have shown that 

J
CXl df (p) 
.. .~ U -1 (p / r) dp = o p n 

o • 

Hence (5.32) becomes 

"j..ln(r) 
dfn(p) 

dp 

Tn (p/r) dp 

! 2 2 P l-r /p 

p/r of 

(5.34) 

(5.35) 

This is the inverse circular harmonic transform (3.73), except 

that the upper limit, which is 1 in (3.73), has been re-

placed with CXl in (5.35). The equations are equivalent for 

"j..l (r,e) of bounded support on the unit circle, and (5.35) is 

valid as long as "j..l belongs to L2 in R2 . The function 

f(x,y) is L2 if 

(5.36) 

Thus, we have proved Theorem 1: 

Theorem 1. The inverse Radon transform implies the 

inverse circular harmonic transform. 



4. The Invisible Kernels of the 
Circular Harmonic Transform, and 

Proof of Uniqueness of the Inverses 

We are now in a clear position to understand the 
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difficulty in reversing the steps from (5.35) to obtain (5.8). 

There are functions other than 

41T 
..:....:.:.u 1 (p/r) r n-

that satisfy (5.34) for a given r. Take some integer j, 

such that j satifies the consistency conditions (3.72), 

i.e., 0 < j < Inl and Inl - j even. We have 

1 . 
~u l(p/r) 

1 . 1 -(p/r)J = + r:(p/r)J - -U (p/r) r r n- r n-l 

1 1 n-l 
= =u 1 (p/r) + - I ckUk(p/r) (5.37) 

r n- r k=O 

with at least one c k ~ 0 for k ~ n - 1. Linear combina

tions of these powers of (p/r) span the function space of 

the invisible kernels i(p) (cf. (3.71)). The first term 

of (5.37), together with the "visible" kernel of (5.35) will 

yield the usual contour integral for J given by (5.16). 

However, (5.37) will yield a contour integral 

J' = J - nIl ck[a;p 2 z-k dz - E (a l-k
cl k=O z -2 (p/r) z+l '-2 2 

vp /r -1 
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where 

E = 

Equation (5.38) is never zero. Tracing (5.38) through the 

inverse Radon transform shows that (5.38) will yield an 

extraneous density 

eine]J I (r) = 
n 

]J (r)eine 
n (5.39) 

Since e is arbitrary, we must have 

and c = 0 k for all 

]J~(r) = ]In(r) , 

k. This step, which depends on the 

fact that the inverse Radon transform is unique, 

Kruskal, 1978) shows that the inverse circular harmonic 

transform is unique. With a uniqueness proof, we have now 

proved Theorem 2: 



145 

Theorem 2. The inverse circular harmonic trans-

form implies the inverse Radon transform; hence they are 

equivalent. 

Cormack (1963) gave a uniqueness proof for the 

Cormack transform (3.44) and also for the form of the inverse 

(3.74). 

5. The Nodes of the Projection Harmonics 

A special consequence arises from the consistency 

conditions when ~ (r) 
n 

is of bounded support on the unit 

circle. Cormack (1963) showed that f 2n (p) and f 2n+l (P) 

have at least n zeros in the open interval (0,1). Thus, 

if a projection harmonic does not have the requisite number 

of nodes, it does not satisfy the consistency conditions. 

We shall show that this is not a sufficient condition. If 

a projection harmonic has the requisite number of nodes, 

that does not imply that it satisfies the consistency con-

ditions. Consider the following counterexample. We are 

given the density 

e , o < r < 1 

~(r,e) = (5.40) 

r > 1 

The quantity is the Zernike polynomial with indices 

Inl = m = 2, and 



146 

(5.41) 

The projection is 

f ( ) = (1 _ 2) 1/2 (4 2 !.) 
2 P P 3P 3 

(5.42) 

o < p < 1 . 

The projection harmonic f
2

(p) has a node at 1/2 and so 

it has the minimum number of nodes. Clearly, 

(5.43) 

However, if we are given the projection 

(5.44) 

where E(p) is any integrable function, and \E(p) \ < 0, 

then by choosing 0 > 0 small enough, fi will have the 

same number of nodes, but (5.43) will not be met. The func-

tion E(p) could represent random noise from the detectors. 

There is another, more practical consequence. 

Testing the projection harmonics for the minimum number of 

nodes and removing those harmonics with insufficient nodes 

from the reconstruction mig'ht be a good way to filter the 
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data, especially noisy data. However, since random noise 

has a zero mean value, and the presence of random noise tends 

to make the projection harmonic "bumpier", a noisy harmonic 

is at least as likely to have the minimum number of nodes 

and to satisfy the consistency conditions. The use of this 

filtering method could be used to partially rectify 

systematic errors in the proje~tions. 



CHAPTER VI 

NUMERICAL INPLEMENTATION OF ANGULAR HARMONIC 

ALGORITHMS BASED ON ORTHOGONAL FUNCTIONS 

1. Introduction 

The algorithm presented in Chapter IV for the CHD is 

summarized below: Given the CHD of the density and the pro-

jections «4.1) and (4.2», we can obtain, for each projec:t.ion 

harmonic 

-1 f (cos p) = n 

00 

L ai, sin [ ( I n I + 2i, + 1) cos -lp] , 
/.=0 n 

the density harmonic 

lJ (r) = (_1)n+1 TI I (Inl + 2t + 1)atR 1nl (r) 
n t=O n In l+2i, 

(4.15) 

(4.16) 

where the are the Zernike polynomials defined by 

(4.33) • We assume that measured projection data 

exist, where '" = TIm/r.1 , 'f'm m = 0, 1, ••• , M - 1, 

f (p . '¢ ) 
J m 

and 

p. = R cos(-dj - l)/N), j = 0,1, •.• , N - 1, and R is 
J 

the radius of reconstruction which may be set equal to unity. 

The Zernike polynomials can be evaluated using the 

direct series representation (4.11), but this method is 

148 
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numerically unstable. The theory of the circular harmonic 

transform ,hm,,'ever, has been the subj ect of considerable in-

terest in the literature. Hansen (1981) and Verly (1981) 

discuss the theory and its application to an optical analog 

processor. Ein-Gal (1975) has also discussed aspects of the 

theory. Reconstruction algorithms have been constructed by 

Smith, Peters, Miiller and Fibe (1975) and by Hernan (1980). 

They found that, at the very best, a Cor~ack reconstruction 

algorithm was at a great disadvantage in terms of image 

quality when compared to filtered back projection. i\le have 

found a way to overcome the numerical instabilities sometimes 

associated with the CHD algorithm. The method is also COI'llpU

tationally efficient in its present forI'll. The execution time 

is proportional to 9N 3/32, for the reconstruction of N2 

points on a polar grid. This method compares favorably to 

early algorithms using filtered back-projection. 

In this chapter we shall present a method to evaluate 

series (4.l6) by indirect means using a recursion formula for 

the Zernike polynomials. lore shall co~pare the image guali ty 

of this ~~thod to that of a standard filtered back-projection 

method, the Shepp and Logan filter (Shepp and Logan, 1974). 

We shall also present an analoS'ous development for 

the 3D SHD algorithm of Chapter IV. At present, however, a 

working algorithm based on (4.62), (4.63) and (4.64) does not 
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exist, so a comparison study is not available. Finally, we 

shall review the theory of the random process and use this 

to analyze the signal-to-noise ratio of the CHD algorithm. 

2. Evaluation of Zernike Polynomials 
by Indirect Hethods 

The use of the direct formula (4.11) to evaluate 

(4.16), aside from being exorbitantly expensive in terms of 

floating-point operations, quickly leads to numerical in-

stabilities. This is due primarily to the fact that (4.11) 

contains the differences of large numbers, which causes 

numerical error to build up rapidly. The approach we have 

used is to avoid the direct calculation of Zernike polynomials 

or of series (4.16). He use a method that evaluates (4.16) 

by a recursion formula and is similar to Horner's method for 

the evaluation of a polynomial (Hildebrand, 1974). 

Recursion Formula 

By use of the definition of Zernike polynomials (Born 

and ~'701f, 1975), 

(4.33) 

one can show (Abramowitz and stegun, 1972) that a suitable 

recursion formula for the pi O' Inl) (x) is ~iven by 



2 Ce + 1) Ce + I n I + 1) (2.e + I n I ) p (0, I n I ) (x) 
.e+1 
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(6. 1) 

- [(U + Inl + 1) (_n2 ) + (2.e + Inl) )x]p(O, Inl) (x) 
3 .e 

+ U (.e + I n I ) (U + I n I + 2) P ; ~ i I n I ) (x) = 0 , 

where (z)3 = r(z + 3)/r(z). The p(O, Inl) (x) 
.e are Jacobi 

polynomials (Abramowitz and stegun, 1972). By the use of 

(4.33), (4.16) may be rewritten as 

"fl
n 

(r) = rlnl I c~p;o,lnl) (2r2 - 1)., 
.e=0 ¥.i 

where c.e are constants. 
n 

(6. 2) 

In order to simplify the notation, let us restate the 

problem. vle wish to evaluate a series of the form 

s = (6.3) 

where the n-dependence has been temporarily suppressed and 

= p(O,lnl) (x) . 
.e 

The functions ¢.e are given by the recursion formula 

(6.4) 
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(6.5) 

The parameters Y.e' at 

as .e. By dividing by 

and S.e can depend on 

''le obtain 

x as ''lell 

Q>.e+l (x) +a.eQ>L(x) + bL Q>.e-l (x) = 0 , (6.6) 

where at = aLlYL and b.e = SL /Y L • 

If a sequence UN' UN-I' ... , NO is defined by the 

recurrence formula 

L = N, N - 1, ••• , 0 , (6.7) 

with Un+l = UN+2 = 0, then by substituting (6.7) into 

(6.3), we find that 

Using (6.6) in this result, we obtain 

N 
S = l c

L Q>L (x) = CPo (x)u O + (<PI (x) + aO<PO (x) )u l ' 
L=O 

(6.8) 
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where and are found by using (6.7). 

Stability Proof of the Recursion Formula. 

When used in conjunction with high-speed computers, 

recurrence relations provide an important and powerful COB

puting tool. If p(O,\n\) (x) is known for two consecutive 
t 

values of L, then the function may be computed for other 

values of L by successive applications of the relation. 

Since the computation must be carried out with rounded 

values, it is vital to know how the error will be propagated 

by the recurrence relation. If the relative errors do not 

increase, the process is said to be stable. If the relative 

errors increase, the process is said to be unstable. Also, 

stability may depend on 

i) the values of x or other parameters in the differ-

ence equation, 

ii) the particular solution being computed, and 

iii) the direction in, which the recurrence formula is 

applied. 

The recurrence relation (6.1) must be stable for in-

creasing L in order to generate explicit values of Zernike 

polynomials as used in Table 6.1. On the other hand (6.7) 

requires that the recursion be stable for L large and 

decreasing. 



154 

Table 6.1. Relative error of ~ethods for evaluating Zernike 
polynomials. 

Indirect Method Direct Method 
m (Eq. (6.S)) (Eq. (4.11) ) 

8 0 0 

14 6 x 10-7 4 x 10-3 

16 9.5 x 10-7 0.032 

lS 2 x 10-7 1.13 

26 1.7 x 10- 6 205 

32 5 x 10-7 Floating pt overflow 

100 5 x 10-7 

500 3.9 x 10-4 

_ A 

800 4.8 x 10--' 

1022 4.9 x 10-4 

To show that (6.1) is stable for increasing i, 

take £ so large that the value of n is insignificant. 

We obtain the asymptotic form of (6.1): 

p (0, \ n \ ) (x) 
1, +1 

= 2xP (0, \ n \ ) (x) 
t 

If the round-off error of p(o,\n\)(x) 
t 

(6.9) 
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are the random variables and '" £~-l respectively, then 

the round off error is given by (6.9): 

(6.10) 

Equation (6.10) is a second order difference equation in 

with coefficients independent of ~. From the theory of 

homogeneous linear difference equations with constant coef-

ficients (Spiegel, 1971, p. 153) we know that (6.10) has two 

linearly independent solutions. Equation (6.10) can be 

solved by setting and solving for 8. This yields 

82 
- 2xS + 1 = 0 . (6.11) 

Recall that -1 < x < 1, with 2 
x = 2r - 1. 

We obtain the solution 

(6.12) 

Note that \8+\ = 1. 

Let 



1 t;6 

where hl and hO are constants obtained by solving (6.13) 

for the initial conditions, which are 

The errors 

p ( 0, I n I ) (x) 
k 

and 

El and EO are the errors in computing 

and p(O, Inl) (x) respectively, for k 
k-l ' 

(6.14) 

suf-

ficiently large so that (6.9) holds. Solving the equations 

(6.15) 

and 

(6.16 ) 

\11e obtain 

hl = 
El-S+E O 

13_-13+ 
(6.17) 

hO = 
E:1-S_EO 

S -13 + -
(6.18) 

Therefore the modulus of the error I~~I is bounded by the 

inequality 

(6.19) 
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Inequality (6.19) shows that the recursion formula is 

neutrally stable for l large and increasing. 

For l large and decreasing, we wish to find the 

error in calculating the sequence of from 

(6.7). From (6.7) we obtain 

(6.20) 

with initial conditions 

(6.21) 

The asymptotic form (6.9) is still valid for (6.20), so we 

again obtain a solution of the form ~ = a13l 
l . 

is 

EN-i\EN_l 
hN = 13N- l (13 -13 ) , 

- - + 
E
N

-i3_ EN
_

l 
eN- l «(3 -(3 ) • 
+ +-

The solution 

(6.22) 

The modulus of the error I ~ I is bounded by the inequality "-l - -

(6.23) 
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Equation (6.23) shows that the recursion formula is neutrally 

stable for ! large and decreasing. 

Table 6.1 shmvs the relative error llRO/RO at r 1 
I!l m 

for several values of m, and contrasts the two methods, 

which are the direct method, (4.11) and the indirect ap

proach, (6.S). It is known analytically that 

(4.32) 

The direct approach begins to diverge at m = 16, where m 

is the degree of the polynomial Rlnl (r). Even with a 
m 

careful refinement of the numerical implementation of (4.11), 

numerical instability becomes evident for m > 30. For a 

high resolution image of 128 x 128 pixels, m must be at 

least 256. Our method, on the other hand, shows less than 

7 x 10- 5 relative error for m = 1000. 

A Computational Exa~ple 

In order to illustrate the working of the algorithm, 

let us trace the fate of the projection component 

(6. 24 ) 

which is the projection of the density 



]J(r,e) 
1 

= Rl(r)cos e = r cos e . 

The general formula and the corresponding steps in the 

computational example are shown in Table '6.2. 

Comparison to Filtered Back-Projection 
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(6.25) 

Comparison studies were made between the algorithm 

and a standard filtered back-projection algorithm using the 

Shepp and Logan filter. The Shepp and Logan filter is based 

on the methods discussed in Chapter III, Section 4. We shall 

not present the mathema'tical details of the Shepp and Logan 

filter here. Instead readers should consult Barrett and 

Swindell (1981); Shepp and Logan (1974); Ter-Pogossian, et 

al. (1977)." 

Two types of images were reconstructed. The images 

shown in Figures 32a, b, c and d are reconstructions of el-

lipses that represent a typical medical image, for example, a 

transverse corss-section through a human skull above the oc-

cipital plane. The images in Figures 34a, band c consist 

of triangles arranged in parasol patterns, and illustrate 

the resolution and the capability of each algorithm to re-

construct a highly discontinuous object density. All re-

constructions consist of parallel-projection data sets. 

Figures 33a and 33b have photon noise added. Figures 33c, 

33d and 34a-34c are reconstructions from ideal data. 



Figure 32a. Cormack 

(Photon 
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algorithm 128 x 128 with p~ton_~noise. 

count = l04/projection bin. ~ 



Figure 32b. Filtered back-projection 128 x 128 with 
photon noise. 

(Photon count - 104/projection bin.) 

161 
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Figure 32c. Comack a1gorit~m 128 x 128 with no noise. 



Figure 32d. Filtered back-projection 
noise. 

163 

128 x 128 with no 
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Figure 33a. Cormack algorithm 128 x 128. 
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Figure 33b. Filtered back-projection 128 x 128. 
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Figure 33c. Cormack algorithm 128 x 25~. 



Table 6.2. A computational exa~ple. 

.0 

1 

2 

General Formula 

00 

11(r,8) = L 

11 (r) 
n 

f (p) 
n 

n=-
( ) in8 11 r e 

n 

3 P = cos ;jJ 

4 

5 

f (p) = n 

a;' = 
n 

11 (r) = 
n 

00 

I a ~ sin [ ( \ n \ + 2;, + 1) tjJ] 
;, =.0 

~JTIf (cos y)sin[(\n\ 
4TI .0 n 

+ 

Example 

11 (r , 8 ) 1 8 = R1 (r)cos 

= r cos 8 

11 1 (r) = 11_1(r) 
1 

= '2r 

fl(p) = f_1(P) 

= p(1 _ p2)1/2 

f 1 (cos ~) = f_1 (cos ~) 

= sin 2\jJ 

.0 .0 1 a
1 = a -1 = 8TI 

2t + l)l~]d¢ 

1 = -r 
2 

167 
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Because of the cosine distortion, and the use of an 

FFT algorithm that requires a data dimension that is a power 

of 2, it is impossible to ideally compare the resolution 

properties of the two algorithms. For a set of 128 x 128 

projections, i.e., 128 projection angles in 180 0
, and 

128 rays per projection, the radial distance between points 

at the center of the reconstruction is 0.024R for the 

Cormack algorithm and 0.0156R for the Shepp and Logan 

filter, where R is the radius of the circle of reconstruc

tion. These comparisons are shown in Figures 33a and 33b. 

With little additional computational expense, a 128 x 256 

Cormack reconstruction can be obtained. Here, the radial 

distance between points at the center of reconstruction is 

0.123R. The resolution is much improved, and the result is 

shown in Figure 33c. 

Another means used to compare the two methods of 

reconstruction was to calculate the ratio of the signal to 

the dispersion or standard deviation of the signal. Pro

jection data with no noise added were used. From the center 

of the right interior ellipse 100 points were sampled. 

Ideally, these points should have the same value for the 

reconstructed object density, but due to dispersion and 

numerical error introduced by truncation and round-off this 

does not occur. An average value and standard deviation 

(or dispersion) was calculated from this sample. The 
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Shepp and Logan filter yielded a signal-to-dispersion ratio 

of 219, while the Cormack algorithm yielded a signal-to-

dispersion ratio of 132. The difference is not dramatic in 

a visual comparison of image quality. Much of the smoothing 

of the Shepp and Logan filter can be attributed to the back-

projection operation, which introduces an averaging or 

smoothing operation. There is no such averaging in the 

Cormack algorithm, because reconstruction is obtained without 

interpolation for points on a polar grid. The smoothness of 

the final image is due to the interpolation done in post-

processing the image for display in rectangular coordinates. 

An analysis of the number of floating-point multi-

lies required as shown in Table 6.3. The anal:.rsis is based 

on the assumption that the constant coefficients used in 

(6.1) are precomputed. 

3. The SHD Algorithm 

The SHD algorithm proposed in Chapter 4 also re-

quires the evaluation of a polynomial series 

II (r) = nm 
co I I 

I cf- E I n I +2n £,=0 nm n JlJ 

In Chapter IV, we showed that 

(6.26) 

(4.55) 



Table 6.3. Floating point operations required for an 
N x M reconstruction. 

N = Number of projections in 180 0 

M = Number of detectors 
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Total per step 

1. Eq. (4.2) 2N log2(2N) 

!-1/2 times 

HN log 2 (2N) 

2 • Eq . ( 4 • 15 ) 2M log2(2M) 

N times 

2MN log 2 (2!>-1) 

3 • Eq • ( 4 • 1 6 ) 

4. Eq. (4.1) 

9N2~1 
Total mul tiplies ~ 32 

2N log 2 (2N) 

r-1/2 times 

NM log 2 (2N) 

while ~ = m-i n, . Equation (4.55) yields the neutrally 

stable recursion formula 

2(~ + 1) (1, + In\ +"~) (2l + Inl + ~)pi~ilnl+l/2) (x) 

1 (0, In 1+ 1/2) 
+ ( 2~ + I n I + "2) 3 x] p ~ ( x ) 

(6.27) 
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where (z)3 ~ r(z + 3)/r(z~ .. For I much larger than n, 

vle obtain the asymptotic form 

p(O, \n\+ 1/2) ( ) _ 2xP(O, \n\+1/2) (x) 
L+l x L 

(6.28) 

+ P(Ol' \n\+1/2) (x) = ° . 
L-

Thus the asymptotic analysis of stability used for the 

Zernike polynomials of Section 2 applies without chanqe to 

the pol ynomials E~ n \,r) , and we can use the method (6.8) 

to evaluate the series (6.26). 

4. Theory of the Random 

Process - A Reviewl 

In this section, we shall develop the theory of 

random processes for radiographic images. We shall derive 

the autocorrelation fUnction for a linear filter, and a 

statistical description of proj ection data. Then \ve shall 

use these concepts to derive a lower bound for the signal-

to-noise ratio (SNR) of the CHD algorithm. 

IThe material in section 4 is mainly due to Barrett and 
Swindell (1981). 



Derivation of the Non-Stationary Auto
correlation Function for a Linear System 
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Photon noise in radiographic images may be modeled 

in terms of Poisson impulses. The random process u(r) 
'V 

defined as 

k 
u (~) = L 0 (~ - r.) , 

j=l 'VJ 

where k and the .t:j are random variables. The mean 

density h(~) is defined by 

h (~ ) = < u (.t; ) ) , 

is 

(6.29) 

(6.30) 

where h is the mean number of detected photons per unit 

area. The autocorrelation function is given by 

_ (u(r)u(r + L» 
'V 'V 'V 

(6.31) 

The output random process for a linear filter with 

a net psf of q(~) is given by 

(6.32) 

The mean of the output is 
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(6.33) 

The function h(~), with normalization may be interpreted 

as the probability density function pr(~j) 

Specifically, we have 

h (~.) 
= J 

Jh(~)d~ . 

for the 

The autocorrelation furnction of R t is given by 
u 

Using (6.31) in (6.35), we obtain 

+ [q(~)**h(~)]·[q(~ + ~)**h(~ + ~)] . 

(6.34) 

(6.35) 

(6.36) 

The local signa1-to-noise ratio is defined as the ratio of 

the mean of the random process to the standard deviation, 

which is found by computing the autocorrelation function of 

the zero-mean process ut(r) defined by 

(6.37) 
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The autocorrelation of this process is given by 

(6.38) 

The variance of ut(~), 2 
a t(~), is given by 
u 

2 t 2 
a t (r) = < [Lm (~~] ) - R t(~,~) 

lm u 

The signal-to-noise ratio, SNR(~), is given by 

SNR(~) = 
h (~) **q (~) 

(6.40) 

To use (6.40) on any possible radiographic system 

consisting of source, apertures or collimators, detectors, 

and any choice of reconstruction algorithm, it is necessary 

to identify the last point in the system for which the im-

pulse random process (6.29) is still valid. The randoM 

process after that point is determined by the convolution 

integrals (6.33) and (6.38). It is interesting to note 

that for a given system with psf q(~), the signal-to-noise 

ratio is deterMined by h(~). 

Statistical Description of Projection Data 

In this subsection, we derive the form of the auto-

correlation function for the case of transmission tomogra?hy. 



We shall assume that a complete set of projection data 

f (p . , ¢ ) 
J m 

exist, where p. = cos 1j; •• 
J J 

Let z be perpen-
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dicu1ar to the p - 9 plane. The photon density per unit 

area arriving at the jth detector in the mth projection 

will be h(p.,¢ ,z). The detector is centered on z = 0 
J m 

and is of height ~z. The width of the detector is tp. 

The mean number of photons counted during one exposure time 

is N. and"is given by 
Jm 

p.+~p/2 

N. 
Jm f 

J 
= n dp J

6Z/ 2 
dzh(p,Q ,z) 

-~z/2 IT\ 

(6.41) 
p.-~p/2 

J 

where n is the quantum efficiency of the detector. The 

quantity N. represents the mean of a random variable 
Jm 

which must obey Poisson statistics if the x-ray source is 

stable, i.e., one for which the mean output is constant. 

Let us assume that the mean value of the unattenuated 

N. , 
Jm 

source is NO. Strictly speaking, NO is the mean of a 

random variable NO' but for now we shall consider NO to 

be constant also. 

The proj ect~_on is found by the 

use of (2. 8): 

!
N. " Jml 

f. = -.en --J Jm _. 
NO 

(6.42) 



In order to investigate the random nature of 

take the zero-mean random variable 

~N 0 = No - No 
Jm Jm JID 

No, 
Jm 
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(6.43) 

The counts froID ~wo different detectors or the count from a 

given detector at two different times are stochasticall';T in-

dependent Poisson random variables. Therefore, 

vlhere 0jkom.c is a Kronecker delta defined by 

for j = k and ID = .c 

othervlise 

and where we have used the fact that the variance of a 

Poisson random variable is equal to its mean. 

It is instructive to expand (6.42) in a Taylor 

series about ~No = 0 
Jm 

r N oj f 0 = -in I JID -
Jm -

NO 
l 

+ ... . 

(6.44) 

(6.45) 

(6.46) 



In medical applications, the photon count NO is 

on the order of 105 , and the count N. is attenuated 
Jm 

by a factor of twenty to one thousand, so the series 

:77 

(6.46) converges quite rapidly and it makes sense to use it 

to compute 

have 

< f. }, Jm 
the mean value· of the projection. 

N 'J (f. ) = -in Jm + 
Jm -

NO 

_1_+ 
2N. 

Jm 

. .. , 

V-le 

(6.47) 

where we have used (6.44) and the fact that (bNjm) O. 

Since N. »1, 
Jm 

we have 

To find the autocorrelation function of 

form the zero mean random variable 

bf. Jm 
=f. -<f.}~ 

Jm Jm 
f. 

Jm 

f. , 
Jm 

(6.48) 

(6.49) 

Using the Taylor series (6.46) and simplifying notation by 

using N = N. , 
Jm 

we obtain 

Nt = NkJ,' and 
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(t:.f. t:.fk ) ( t:.N + (6N) 2] x f_ ~ + 
(6N.)2]> 

(6.50) = - N Jm 1, 2N2 l N' 2N,2 

+ 1 for N N' 
4N3 ' 

= 

= (6.51) 
1 for N'f N', 

4N3 ' 

where we have used (6.45), and 

< (t:.N) 2 (t:.N' ) 2} = (t:.Nt:.N') 2, 

< (t:.N) 2 t:.N') = < ~N (t:.N' ) 2) = o • 

Since fluctuations in the counts at two different 

detector locations are independent Poisson random variables, 

the value of (6.5l) should be zero for N:f N'. Hm:ever, 

the analysis is valid only for N» 1, and the retention 

of an extra term for 

sion like O(1/N5) 

t:.f. 
Jm 

in (6.49) results in an expres-

for N:f N'. So, for N large, we 

have 

< t:.f. t:.f~k) Jm JfJ 

(6.52) 

To make the transition to the continuous formulation, 

where discrete sums are replaced by integrals, we use 
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O. 
JID 

o (p. - p ) dp , 
J m (6.53) 

for a set of discrete points p. = (j - l)t.p . 
J 

For a set of 

M projection angles in TI radians 

(6.54) 

and t,(j) = TI/H. We can write the autocorrelation function 

and mean value as 

and 

TI 0 (<Pk-G>,e) 0 (P) 
= M 

n. 
Jm 

(6.55) 

(6.56) 

where n. = N. /t.p, 
Jm Jm. 

and no = N/6p are the linear photon 

densities of N. and NO' 
JIn 

respectively. 

the radial angle, 

and 

n. = 
Jm 

-
--:-N~j r.t_, _ = n jm 
sin Wt.~ sin W ' 

In terms of 

(6.57) 
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where and are the angular photon densities of 

N. and NO' respectively. 
Jm 

5. The Signal-to-Noise Ratio 
for the CHD Algorithm 

In order to use (6.55)-(6.57) to find the SNR, we 

shall write the algorithm as follows. For a reconstruction 

consisting of N projections and M detectors per projec-

tion, we have 

where 

where 

l.1 (r) = n 
L Inl L (I n I + 2.£ + 1) R I n 1+2.£ (r) 

.£=0 

L = )[ I I' I - I n I + 11 / 2 • 

La, 

for 

for 

(6.58) 

In I < M 

(6.59) 

Inl > M , 
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where [xl denotes the greatest integer less than or equal 

to x, and where F(~,¢) = f(cos ~,~) for parallel 

proiections. 

The zero-mean random variable ~~(r,e) is 

J
2TI 

x dQsin[(lnl + 2! + l)~l 
o 

(6.60) 

The autocorrelation function is 

<~]..l (r, S) ~]..l (r' , S' )} 

= Leins L ein's'L( Inl + 2! + 1)RII~II+2.e (r) 
n n' ! 

TI J2TI . 2TI .,' 
X J"d~~" sin[ (In' I + 2!' + 1)\)1' d<jle-1n

<P f dq,'e-
1n 

<p 
OJ 0 J 0 

1 (6.61) 
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where we have used (6.56), (6.58), and the fact that the 

summation and integral operators in (6.60) commute with 

each other. 

Let us calculate the SNR for the case of a cylin-

drical object of radius R b" o J 
and a constant attenuation 

coefficient ~O. The linear photon density of projection 

data is given by 

Ii(~ ,~l = Ii (~l = Doexp f2VORObj [1 

rect [R ~::/ 1J ' (6.62) 

where nO is given by (6.57), rect(·) is defined by 

__ f,' rect (xl ~ 

Ixl < 1/2 

(6.63) 

Ix I > 1/2 

and R is the radius of the reconstruction. 

Using (6.57) and (6.62) in (6.61), and evaluating the 

¢' -integral, we see that n = n', so the double sums over 

nand n' reduce to one sum over n. Evaluating the t,,-

integral, we obtain 
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fTdljlSin[(\n\ + 2,t + l)l)J]sin[(ln\ + 2,t' + l)\jJ]sin ljI 

x 

0 

exp 1~'R .. [1 _ R2~OS21j;11/2 rect r ~n cos 'p n nO (

6

.64) 

L 0 OD) l R~bj r·'Obj D 
The integral (6.64) can be simplified as follows. 

The quantity l/:(lj;,~) given by (6.62) is bounded above by 

1 --= 
n(;jJ) 

(6.65) 

where nO = NO/~lj;, the a~gular photon density at the origin. 

Using (6.65) in (6.64), and using a little trigonometry, we 

have 

f: dljlsin [ ( I n I + 2,t + 1) lj;] 

x sin[ (In\ + 2,t' + IHI]l:.....eXP{2lJ OR b" sin -t} 
't" nO - 0 J 

(6.67) 

where 

\!+ = 2( n +,t +,t' + 1) , 

and (6.68) 

\! = 2 (,t - ,t') • 



Comparing (6.67) with an integral representation for the 

modified Bessel functions of integer order of the first 

kind I (z), i.e., m 
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I (z) m 
= (-i)mfTIexp{z sin 8}cos m8d8 , 

TI 0 
(6.69) 

we obtain for (6.67), and for each value of Inl, £ and 

£' the following expression: 

(6.70) 

since v+ and v are both even integers, the expression 

(6.70) is real and positive. We can simplify (6.70) by 

making use of the asymptotic behavior of In(t), for t 

fixed and for n -+ co. From Abramm-litz and Stegun (1972, 

p. 378), we find that 

where 

and 

y = II + z2 + R.Y1.{~} 
l+z 

(6.71) 



Clearly, 

t = vz • 

I (t) + 0 exponentially rapidly as n + 00. 
n 

Therefore, the dominant ~erm in (6.70) is 
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(6.72) 

This also implies L = L'. Combining (6.72) and (6.60) and 

the fact that (6.70) is an alternating series in v+ and 

v_, we obtain 

(6.73) 

The variance is 

2 
CJ (r,e) = (t,]...l(r,e)t,]...l(r,e» • (6.74) 

At the origin, 

for n = 0 

for n t- 0 
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for all £, so we obtain for the variance evaluated at the 

origin, 

For N = M, L = N/2 and for M -+ co, we obtain 

The average signal at the origin is 

<11(0,0) 

Using (6.77) and (6.76), we have 

<11(0,0)) = 
0(0,0) 

SNR (0,0) > 

(6.75) 

(6.76) 

(6.77) 

(6.78) 

How does this compare to conventional filtered back-

projection? We shall consider the case for the image 

obtained by the rho-filter of Chapter III with the sharp 

cut-off apodization. Its one-dimensional Fourier transform 

is 

__ ITf /!Voli E I 
Q (~ ) 

for 

for ~ < ~ m 

(6.79) 



(Barrett and Swindell, 1981), where C is the maximum '->m 

spatial frequency of the image. The maximum spatial fre-

quency, ~m' can be found in terms of M, the number of 

projections. In the space domain, the radial angles 1¥. 
J 

are given by 

l,87 

1I. (j 
M 

- l), j = 0, 1, 2, ..., ul 2 • (6.80) 

The interval between adjacent sample .points is then-

T = 7T M . (6.81) 

\vhen Fourier transforming with respect to conjugate vari-

ables v and ~, where v is the angular frequency 

variable, we know that the maximum frequency is 

(6.82) 

The resolution of the image, or the distance between two 

nearly resolvable points in the image is 

01 = 0.70 and 
~ 

(6.83) 

Barrett and Swindell (1981, p. 603) showed that the 

SNR of the rho-filter (6.79) is 

",~ 
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(6.84) 

For the CHD algorithm, we obtain 

SNR (0,0) (6.85) 

If we can argue that 01 and 02 are approximately 

equivalent, we see that the two algorithms have the same 

power law for the resolution parameter. For medical imaging, 

the quantity 2~ORobj ~ 5. For x large, IO(X) has the 

asymptotic form 

(6.86) 

One can show (Barrett and Swindell, 1981) that the dose, D, 

(absorbed energy per unit mass) for a cylindrical object of 

thickness ~z is given by 

(6.87) 

This relation assumes that ~O~z« 1, which is usually the 

case in medical imaging. Using (6.87) in (6.84), we obtain 

D ex (6.88) 
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Using (6.87) in (6.85), and using (6.86), we obtain 

~-3(SNR{0,0»2 exp{~ORobj) 
D ex ,u 2 .780 (6.89) 

Thus, we see that for the CHD algorithm, the dose increases 

slightly less stringently as object radius increases than it 

does for a filtered back-projection algorithm. 

Table 6.4 illustrates the different SNR for 

r=-- 104 -3/2 
~OvnO = cm • Since the dose is proportional to the 

square of the SNR, the CHD algorithm seems to offer a slightly 

better SNR for a given dose. Table 6.5 sho\'JS the observed 

power laws for the exact expression (6.64) and the approxi-

mation (6.65). The observed quantity is the exponent of the 

resolution parameter, 6. Note that (6.64) seems to imply a 

different power law, 61 . 261 rather than 03/
2

• 
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Table 6.4. Signa1-to-noise ratios for ~01:nQ = 104cm-3/ 2 . 

Number of Projections (A) (B) (e) (D) 
+ •• _------

8 223.0 187 219 129 

16 111. 0 94 l~9 74 

32 56 47 76 42 

64 28 23 45 23 

128 14 12 27 12 

256 6.9 5.8 16 6.4 

(A) Eq. (6.84) , filtered back-projection 

(B) Eq. (6.85), eHD 

( e) Numerical integration of (6.64) 

(D) Numerical integration using approximation (6.65) . 
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Table 6.5. Observed power law. 

Number of Projections (A) (B) 

8 

1.27 1. 30 

16 

1. 26 1.31 

32 

1. 261 1.35 

53 

1. 261 1.40 

128 

1.261 1.47 

256 

(A) Numerical integration of (6.64) 

(B) Numerical integration using approximation (6.65). 



CHAPTER VII 

UNSOLVED PROBLEHS 

One of the purposes of this dissertation has been to 

es~ablish the usefulness and practicality of algorithms based 

on the harmonic decomposition. We hope that the general use 

of these algorithms will lead to the opt.imization of their 

computer programs. Another important task is the implemen

tation and development of an efficient reconstruction pro

gram based on the SHD algorithm of Chapter IV. 

A proble~ of interest might be the efficient imple

mentation of the CHD algorithm by means of specialized 

Fourier transform hardware. To see how this can be done, 

express the reconstructed density given by (4.16) in terms 

of Tschebyschev polynomials with the proper coordinate dis

tortion instead of as Zernike polynomials. This process is 

called economization of a series (Abramowitz and Stegun 

1972). Now, all of the important computational steps in the 

algorithm consist of Fourier transforms,· which can be im?le

mented electronically by very efficient lD analog or 

digital Fourier transform devices. 

Another area of interest is the application of non

linear programming theory and techniques to medical image 
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processing. Nonlinear processing is especially useful since 

optical intensities must be non-negative in magnitude. With 

linear techniques, this constraint is often not realized. 

Nonlinear progralnming might also be applied to the problem 

of reconstruction from incomplete projections. The power of 

nonlinear programming is that almost any type of constraint 

or ~ priori infor~ation can be incorporated into the method. 

Examples include non-negativity constraints, information 

about the power spectrum, equality or inequality constraints, 

information about the noise associated with the imaging 

process; the list is almost endless. Possible applications 

in tomography would include elimination of beam-hardening 

artifacts, elimiriation of dispersion due to first-order 

compton scat~ering and the iterative solution of single

photon emission problems where photon attenuation is 

significant. 



APPENDIX A 

EVALUATION OF (3.64) 

The contour C is shown in Figure 27. The contour 

integraL (3. 64.L.in. tpe Go.m2J...~~ z-plane, where z = x + iy, 

consists of the sum of the following line integrals 

f J J
C+iR 

+ + + I 

A B c-iR 
(A.l) 

where c l is a semicircle of radius R, A is the line form 

(c,R) to (O,R), and B is the line from (O,-R) to 

(CI - R). Integral (3.59) is obtained by taking the limit 

For Ivl large, the integrand of (3.64) is asymp-

totic to 

-v 1 
P 

/v 

Clearly, the contribution from c l vanishes as 

(A. 2) 

R ~ 00. To see that the integrals A and B vanish, we 

note that 

.... 194 
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-iRtnp ("R)-1/2f
O 

-1/2 -xtnPd ~ e 2 X e X 
c 

(A. 3) 

-+ 0 as R -+ 00. 



PROOF OF EQUATION (4.10) 

We begin by setting 

v = \ n\ + 21, + 1, 1, = 0, 1, 2, ••• 

and taking n odd. 

The left hand side of (4.10) is 

J
TI/ 2 

I = 0 sin(vw)sin(t cos w)sin WdW . (B.l ) 

From simple trigonometric identities (B.l) reduces to 

lJTI/2 
I = ~ 0 cosl(v - l)w]sin(t cos W)d~ 

lJTI/2 - 2 0 cos[(v + l)~]sin(t cos ~)d~ 

(B.2) 

with the change of variable ¢ = TI/2 = $, the first 

integral in (B.2) becomes (Gradshteyn and Ryzhik, 1980) 

196 
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J
7T/2 

II = sin[ (\I - 1)7T/2] 0 sin[ (\I - 1)cp]sin(t sin cp)dcp 

n-l - + 1, 
= (-1) 2 1T 

¥\I-l (t) (B. 3) 

The second integral yields a similar result so that 

(B.l) can be written as 

n-l -- + 1, 
I = (-1) 2 (B. 4) 

v1i th the recursion formula for Bessel functions, 

(B. 5) 

(B.l) becomes 

n-l 
-2- + f, 

I = ( -1 ) 1T (n+ 21, + 1 ) J ( t ) 
t n+2f,+1 

(B. 6) 

The proof is similar for n even. 



APPENDIX C 

SOLUTION OF (4.58) 

Let 2TIz = v. Thus (4.43) becomes 

Assume n > O. Now 

where 

Gk(p,q,t) has the Rodriguez formula (Abramowitz and 

Stegun, 1972) 

Gk(p,q,t) 

(C.1) 

(C. 2) 

(C. 3) 

(C. 4) 

(C. 5) 

n k = (-1) r(k+q) (1 _ t)q-p t 1- n ~{(1 _ t)k+p - q
t

k+q-1} 
r(2k+q) dtk 
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For p = q = n + 3/2, we obtain 

(C 06) 

so 

1,+n+3 
Elnl (r) = (-1) (1,-\n\)/2 r(. 2 ) -n-l d(.e,-n)/2 

1, r (1,+3/2) r d (r2) Ce-n)/2 

[rn+L+1 (1_r 2 ) U-n)/2] 0 (C. 7) 

Using (C o7) in (Col), we obtain 

1 
I = foEln\ (r)jn(Vr)r

2
dr 

= flo 1 (-1) (L-n)/2r -n+l d(L-n)/2 
(L;n)! d(r 2 ) (L-n)/2 

• [rn+L +1 (1 _ r2) Ct-n )/2] 
(C. 8 ) 

• -R-(!vr)n+l/2 \ ~-1) (~r/2) dr F*r 
co i 2i 

2vr 2 i;O ~!r(n+~+3/2) 

1fv 
n+l/2 k 2i = 1 (-1) (L-n)/2 ...:!!...(~:~:) \' (-1) (v/2) 

(1,-n) I 2v 2 ~ i!r(n+i+3/2) 
2 0 ~ 
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(C. 9) 

Make the change of variable 2 
u = r , and the integral of 

(C. 9) becomes 

lr l i d{J·-n)/2 (n+L+l)/2 _ u) (L-n)/2] 
2; u te-n)/2[u (1 o du 

= ~f(i,w,x,y), 

w = L-n n+,e+l 2' x = 2 

Integrating by parts yields 

f(i,w,x,y) 

and 1. -n 
y =-y 

- if(i - l,w - 1, x,y) . 

Since y > wand i + x - w > 0, we obtain 

f(i,w,x,y) = -if(i - l,w - l,x,y) • 

There are two cases to consider. 

I. i > w. 

(C.IO) 

(C.ll) 
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with repeated integration by parts, we have 

f (i,w,x,y) = (-1) wi (i. - 1) ••. (i - w + l)f (i - w,O,x,y) 

II. i < w 

• I 
= (_l)w 1-

(i-w) ! 
r (i-\'1+x+1) r (y+1) 

f{i-w+y+x+2) 

f (i ,w,x,y) = (-1) ii (i - 1) •.. f (O,w - i,x,y) 

(C.12) 

(C.13) 

Using (C.12) and (C.13) in (C.9), and making the change of 

variable 

,t-n 
. i = -2- + In , (C.14) 

we obtain 
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we obtain 

I = 
1 (-1) (.t-n)/2 ~(~).e+1/2r re - n + 1) 

(.t;n) ! 2 2v 2 2 

(C.1S) 

Therefore 

(-1) (.t-n )/2. 
= v I n+3/2{v) (C.16) 
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