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ABSTRACT 

In this thesis, the nonlinear poroelaStic theory including finite strain, mate

rial nonlinearity and material incompressibility is presented systematically in an 

axisymmetric cylindrical coordinate system using a total Lagrangian description. 

The large arteries are viewed as poroelastic materials. Special efforts are made to 

develop the material constitutive relations and incompressibility constraints among 

material properties. The material property tests and experimental data reduc

tion schemes for poroelastic material under finite strain are discussed as a nonlinear 

inverse problem. The author shows that the finite strain poroelastic theory is a 

natural extension of conventional finite strain elastic theory. The finite element 

formulation is derived from poroelastic theory in full detail using Galerkin ap

proach. The displacement formulation of the finite element method is expanded to 

include the displacements of pore fluid relative to the deforming solid. The penalty 

method and selective reduced integration are implemented for poroelastic materi

als composed of incompressible solid and incompressible fluid. A finite element 

computer code using four-node isoparametric element was programmed for both 

cylindrical and Cartesian coordinate systems. Examples are given to verify the 

computer program and demonstrate the generality of the poroelastic theory. Basic 

structural analyses using finite element methods are carried out and discussed. 
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CHAPTER 1 

INTRODUCTION 

In this world, many materials can be considered as porous solid materials that 

are saturated with fluid. The study of the ID:echanics of porous media will help 

us in many fields, such as soil mechanics, groundwater hydrology, water purifi

cation, petroleum engineering, bioscience, and biomechanics. Since the human 

body contains a large volume of fluid, the fluid motion and mass transport play an 

important role in biomechanics. Unlike most engineering structural materials, soft 

tissues such as arteries, heart, skin, connective tissues, etc., undergo finite strains, 

and exhibit a highly nonlinear response. Thus a nonlinear poroelastic theory 

including finite strain is essential in biomechanical analysis. The poroelastic 

study here is initially aimed at large arteries. It is believed that basic study of 

the structural response of large arteries will provide a fundamental understanding 

of normal function and nourishment of arterial tissue, and help to reveal the me

chanical aspects of arterial diseases and design vascular prosthetics. However the 

theory provided here are very general, and can be applied to many other problems. 

The fundamental work of .poroelastic theory was provided by Biot (e.g. [1941 

,1962]). This theory is based on the linear thermodynamics of fluid-saturated 

porous media. This theory was later extended to nonlinear problems [Biot,1972), 

[Carter, 1979). Biot's linear approach [1962] has been applied by Kenyon [1976, 

1979a, 1979b] to model the arterial response. Jayaraman [1983, 1985] and Jain and 

J ayaraman [1987] studied the water transport in the arterial wall using this linear 

theory. Mow et al [1980,1985] and Kwan [1985] developed a "biphyasic" model 
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utilizing the fonnulations of Bowen [1976, 1980]. This model, as indicated by its 

name, describes the porous media 88 two phases - solid and fluid. This approach 

was used by Spilker, et al [1988] in finite element models for the study of articular 

cartilage and hydrated soft tissues [1990]. Based on the fundamental work of 

Biot, Simon, et. al introduced poroelasticity into FEM to simulate the response 

of spinal motion segments [Wu, 1984; Simon, 1985a, 1985b]. This poroelastic 

FE model was later extended to include the geometric nonlinearity [Simon 1988a, 

1988c; Gaballa, 1989]. The theoretical work to include the ionic swelling effect in 

the poroelastic model was also initiated [Simon, 1988b]. 

The mechanical response of large arteries has been studied for more than 100 

years. Most of the studies of arterial response were based on classical linear elastic 

theory. The work of Bergel [1961, 1972]; Patel, et al [1969]; Dobrin and Doyle 

[1970] represented the typical effort to simulate the orthotropic, viscoelastic char

acteristic and nonlinearity of arteries. Tickner and Sacks [1967] treated artery as 

a compressible, unifonnly stressed, thin tube, whereas others assumed that arte

rial tissues are incompressible material undergoing finite strain [Opatowski 1967], 

[Chuong and FUng 1983]. Based on experimental observation, FUng [1984a,b] 

pointed out that the unloaded state may not be a stress-free state and the stress

free state may never exist in an artery's normal life. He also point out that the 

nonnal arterial wall is uniformly stressed in its working pressure range. An elastic 

model of arterial wall is summarized in his recent book [Fung, 1990] including the 

effect of prestress, material nonlinearity and finite strain. A thin wall theory with 

a Logarithmic type of energy density function was also proposed by Takamizawa, 

et al [1987]. In all models above, no fluid phase is included when nonlinear material 

properties are considered. 
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In this thesis, a model is developed to simulate the mechanical response and 

free tissue fluid motion of large arteries using a poroelastic theory including ma

terial nonlinearity, finite deformation, fluid motion and the overall material com

pressibility. A finite strain poroelastic theory is presented in full detail to provide 

a foundation for the mechanical modeling. Special attention is given to the mate

rial properties and data reduction of exp"erimental data. To provide a numerical 

solution for the poroelastic problem, a finite element" formulation where bulk and 

fluid displacements are the primary variables is derived using a Galerkin method 

and programmed in FORTRAN. 

1. A Poroelastic Model of Arteries 

The free tissue fluid flow through the arterial wall is an important factor in 

arteries modeling. A poroelastic model is necessary in order to include this 

fluid motion. In spite of the observed low permeability of the arterial wall 

(IV 10-7 mm2 / sec.mmH g), a large percentage change of fluid flow is expected 

when average blood pressure changes significantly. This may affect the nourish

ment of blood vessel wall tissues. Given the low permeability, the fluid volume 

change due to fluid movement during the short period of a pulse may not be sig

nificant; however when the average blood pressure rises, the overall average wall 

stresses will shift accordingly. This will in turn affect the fluid supply and the 

blood vessel remodeling. The "viscoelasticity" observed in arterial response is also 

related to the fluid motion. If the amount of tissue fluid in the arterial wall 

changes, the artery will exhibit compressibility. According t.o Chuong and F\mg 

[1984], even very small compressi"bility will have a marked influence on the values 

of material constants to be determined. The poroelastic model will also take 
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into account the influence of fluid boundary condition. A static test of arterial 

material takes much longer time to reach equilibrium than that of conventional 

elastic material due to fluid equilibrium. 

2. The Compressibility 

Even when solid and fluid materials are assumed incompressible, the overall 

artery wall still shows compressibility due to the gain or loss of fluid. This com

pressibility makes the nonlinear mechanical modeling and determination of mate

rial properties much more difficult. Fo~ an incompressible material, the volume 

between any arbitrary radius and the external (internal) radius is constant, thus 

the deformed radius can always be expressed in terms of the deformed external 

(internal) radius. This will greatly simplify the analysis of the problem. This is 

why when nonlinearity is included, either incompressibility is assumed or a thin

tube assumption is used in most of the analysis reported in the literature. When 

the finite element method is used, for the "forward" problem in which geometric 

configuration, material property, load, and boundary conditions are given to solve 

for the deformed shape and fluid motion, the compressibility is not a problem since 

the deformed shape can be interpolated piecewise. However, for the inverse prob

lem in which material properties are unknown, internal radius, external radius, and 

intermediate radius after deformation must be measured for the compressible situ

ation. These measurements are very difficult. Because of the great difficulties in 

measuring the intermediate radius, linear or quadratic displacement assumptions 

along the whole artery thickness may be required in the data reduction procedure. 
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3. Material and Geometric Nonlinearity 

Unlike metal and most engineering materials which usually undergo small 

strain, arteries experience very large strain. For example, the outer radius of an 

artery may double its size when blood pressure is raised from zero to 200 mm Hg 

[Vaishnav, 1990]. Accompanying the large deformation is the highly non-linear 

blood pressure - radius curve [Vaishnav, 1990]. In this thesis both geometric 

nonlinearity caused by finite deformation and the material nonlinearity will be 

included. 

A total Lagrange approach is adapted to describe the stress and strain fields. 

The formulations of the equilibrium equation, strain - displacement relation and 

constitutive law in the total Lagrangian description are more complicated than 

those using the Eulerian description because of the area and direction transforma

tion, but the material properties will be much easier to evaluate when the unde

formed configuration is referred to. 

Many mathematical expressions have been proposed in the literature to de

scribe stress - strain relations. A list of proposed material law expressions can 

be found in Fung's book [1981, Chap.8]. In all these laws, a strain energy func

tion is used to describe arteries as a type of hyperelastic material. Most of these 

strain energy functions are either of polynomial or exponential type. Recently, a 

logarithmic type was also proposed by Takamizawa and Hayashi [1987]. An expo

nential form of strain energy function proposed by Fung is adopted here because of 

its generality, simplicity, and requirement of fewer numbers of parameters. This 

exponential constitutive relation combined with finite deformation will introduce a 
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strong nonlinearity into the problem. This nonlinearity is taken into account when 

choosing a numerical solution algorithm. 

4. Material Property Test 

Like any other theory, poroelastic mechanics is developed from observed phe

nomena, and in turn provides better understanding of these phenomena as well 

as guidance to experimentalists and engineers. The theoretical research here has 

been carried out in cooperation with the experiments carried ~ut by a group in the 

Physiology department. One objective of these combined efforts is to provide the 

arterial material properties - fundamental data needed for mechanical analysis. 

In this thesis, the artery wall will be tested as a nonlinear poroelastic material 

in which the gain or loss of fluid will be included, and fluid environment will 

be considered. A few other feature will also make the experiment unique. For 

example, the overall artery is compressible in our model. In most of the arterial 

tests, incompressibility is assumed [Carew], [Chuong and Fung, 1983]. However, 

even small compressibility can make the material constants very different [Chuong 

and Fung, 1984]. When Chuong and Fung obtained the material constants of 

their exponential strain energy density function, biaxial tension tests, and flat slab 

samples were used. It is expected that an axisymmetric plane strain setting with 

internal pressure will provide a better estimate of these material parameters. 
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5. General Poroelastic Theory and Finite Element Formulation 

It is intended here to develop a general poroelastic theory systematically. In 

most of the cases, only poroelastic formulations in axisymmetric cylindrical coor

dinates are presented. Note that general formulations in cartesian coordinates 

can easily be inferred from the formulation of cylindrical coordinates. A gener

alized two-dimensional plane strain formulation can be directly obtained from the 

axisymmetric cylindrical formulation with a little modification. In this thesis, it 
'.' 

will be shown that poroelastic theory is a natural extension of conventional elastic 

theory. The poroelastic theory presented here can be reduced to the special case 

of conventional elastic theory. It is also demonstrated that the formulations for 

finite strain automatically reduce to the formulations of infinitesimal strain when 

deformation is small. Detailed discussion is given for the constitutive relations 

and the relations between material constants. It is the constitutive relation that 

characterizes the stress field and strain field in a poroelastic material and pro

vides a guide line for material tests and data reduction. For example, if a linear 

isotropic elastic material is incompressible, the Lame's constant A becomes infin

ity, therefore there is only one independent material constant Jl. Following are 

some fundamental questions to be addressed here: What happen to the material 

constants if an isotropic poroelastic material is composed of incompressible solid 

and incompressible fluid? Are there any constraints between material constants 

for incompressible orthotropic elastic material? What about incompressible or

thotropic poroelastic material? The answers to these questions will determine 

how many independent material constants need to be measured and what kind of 

experiments are required. The constraints for material compliance matrix and the 

constraints for material stiffness matrix are discussed. Based on the poroelastic 
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theory presented, a "u - w" finite element formulation is derived using Galerkin 

approach. In the "u - w" formulation, the bulk displacements u and relative 

fluid displacements w are the primary unknowns. A generalized four-node, 

isoparametric element (with an expanded number of nodal d.o.f. 's) is adapted for 

numerical discretization. Both modified and full Newton-Raphson iteration method 

are implemented in the program for equilibrium iteration. The Newmark method 

is used as the basis for time integration. The finite element FORTRAN program, 

called POROUW, is written in a very general way so that a wide variety of problems 

can be accommodated. Examples are given to verify the computer program and 

to demonstrate the generality of poroelastic theory. These examples are also used 

to illustrate the fluid boundary conditions and material parameters. Generic large 

arteries are analyzed using the finite element method. Basic structural analyses 

are carried out and discussed. 



CHAPTER 2 

BASIC EQUATIONS FOR NONLINEAR 

POROELASTIC MATERIAL UNDER 

FINITE DEFORMATION 

1. Basic Assumptions 

20 

The porous material under consideration is subject to the following assump-

tions: 

a) The material of solid skeleton is perfectly elastic. There is a one to one 

correspondence between its deformation and stresses. 

b) The pores are saturated with mobile fluid. The porous cell is so tiny that 

it can reside together with the particle of solid skeleton as one particle, and the 

undeformed coordinate of solid and fluid are the same. However the fluid and the 

solid skeleton do occupy space. Let vI, VB, v be the deformed volume of fluid, 

solid skeleton and bulk material, then 

(2.1.1) 

c) The current porosity n is the ratio of fluid volume over the bulk volume 

for a saturated porous material. 

dv l 
n - dv 

The porosity n may change during the deformation. 

mation is 

(2.1.2) 

The porosity before defor-
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dV/ 
n - 0 

o - dV
o 

(2.1.3) 

Here capital letters are used for variables in reference configuration. 

denotes undeformed configuration. 

Subscript '0' 

d) The fluid and solid material are assumed incompressible. Their densi

ties pI and p" are constant during the deformation. However the overall 

material shows compressibility because of the gain or loss of fluid. The bulk density 

p is 

p -
dm 
dv 

dm" + dml 

dv 

p"dv" pldvl 
dv + dv = (1 - n) p" + n pI (2.1.4) 

As n changes during the deformation, p changes accordingly. The bulk density 

in the undeformed configuration is 

(2.1.5) 

e) The friction between solid skeleton and fluid is an internal force within the 

bulk material, therefore this force will not appear in the overall equilibrium. The 

influence of this friction on the fluid motion is assumed to obey Darcy's Law. 

2. The Displacement, Strain, and Stress for an Axisymmetric Poroelastic Struc-

ture 

The poroelastic theory described here is a natural extension of conventional 

elastic theory. In poroelastic theory, displacement, strain and stress of bulk 

material are defined in the same way as in conventional elastic theory. Addi-

tional variables are defined for the pore fluid. In this thesis, many variables are 
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described using both the Eulerian and the total Lagrangian description. In the 

Eulerian description, variables are mapped on a deformed body, whereas in the to

tal Lagrangian description, variables are mapped on the undeformed configuration 

through appropriate correspondence rules. 

a) The displacement of solid and fluid in an axisymmetric cylindrical system 

The motion of porous material is described by the coordinates of deformed 

solid and fluid at time t 

r(r,z,t), z(r,z,t), r'(r,z,t), z'(r,z,t) 

r(R,Z,t), z(R,Z,t), r'(R,Z,t), z'(R,Z,t) 

in Eulerian description 

in Lagrangian description 

Here superscript f is used to denote the motion of fluid; otherwise it denotes 

the motion of solid or bulk (they are the same). Sometimes superscript s is 

used to distinguish the motion of solid. In this thesis, the capital letter is used 

to indicate Lagrangian description, while the lower case letter is used for Eulerian 

description whenever possible. A" '" " atop a letter is also used to indicate the 

variable in Lagrangian description. Sometimes an index notation is used. Then 

XR, Xo, Xz represent R, fJ, Z and Xn Xo, X% represent r, fJ, z respec

tively. The index forms for other variables are defined similarly. A summation is 

implied for repeated subscripts except for the subscripts r, fJ, z and R, fJ, Z. 

(1) The displacement and velocity of the solid 

The displacement and velocity of the solid in Eulerian description are 

U r = r - R, U% = Z - Z (2.2.1) 
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Ur 
dUr BUr 

+ 
BUr. 

+ 
BUr. (2.2.2) - - at -r -z dt Br Bz 

U% 
du% Bu% Bu% . Bu% . 

(2.2.3) - dt - -+ -r+ -z at Br Bz 

The displacement and velocity of the solid in Lagrangian description are 

UR - r - R, uz =z-Z (2.2.4) 

UR 
dUR BUR 

(2.2.5) - dt - at 

UZ 
duz Buz (2.2.6) - dt - at 

The acceleration of the solid can be defined similarly. 

(2) The displacement and velocity of the fluid 

The displacement and velocity of the pore fluid in the Eulerian 

description ! '1 (i r,z) are defined as Ui , Ui -

Ul 
r - rl - R, UI 

% = z! - Z (2.2.7) 

. I dUI BUf BU!. au! . 
(2.2.8) 

__ r r + Ur - - at --r + --z dt Br Bz 

ill -
dUI BUf BU!. BU!. 

(2.2.9) -_% % + - at --r + --z % - dt Br Bz 

The displacement and velocity of the pore fluid in the Lagrangian 

description I . f U1 , U/ (1 = R,A) are defined as 

Uf 
R - r! - R, Uk = z! - Z (2.2.10) 

. ! dUk BUk 
(2.2.11) UR - dt - at 



il' _ dUk 
Z - dt -

au' --Z.. 
at 
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(2.2.12) 

Since the pore fluid occupies only n 
T bulk volume, the fluid displacement 

relative to the solid skeleton in the overall volume is (see Figure 2.1) 

i = r,z Eulerian description (2.2.13) 

We also have 

z = r,z Eulerian description (2.2.14) 

Using Wi, Wi, the fluid motion can easily be evaluated using bulk dimensions, 

which are more easily observed variables. The relative movement Wi, Wi also 

provide a spatial view of the fluid motion in the space of the solid skeleton. 

The rate of fluid flow in bulk volume is 

Eulerian description (2.2.15) 

b) The strain and strain rate in Lagrangian and Eulerian description 

The strain and strain rate of the bulk porous material are defined similarly to 

conventional solid materials. 

(1) The strain and strain rate of solid in Eulerian description 

In Eulerian description, the strain tensor for small deformation eij is defined 

as 
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o ! (our + ouz) 2 OZ or 
o (2.2.16) 

! (Our + ouz ) 0 
2 oz or 

Using material rate Ur , Uz defined in a) (1) for finite deformation, the velocity 

strain or Eulerian rate of deformation Dij can be defined as 

o ! (Our + ouz ) 
2 oz or 

D8r D88 D8z o o (2.2.17) 

! (our + ouz ) 0 2 oz or 

The spin tensor [Wij] is 

o o ! (Our _ ouz) 
2 oz or 

W8r 0 W8z o o 0 (2.2.18) 

o ! (ouz _ our) 0 
2 or oz o 

Note that some author [Fung, 1965, §16.4] defines spin tensor Oij = -Wij. For 

axisymmetric plane strain, 

OUr oUz 0 
oz = or = (2.2.19) 

(2.2.20) 

(2.2.21) 

all off-diagonal terms of Dij are zero, and Wij are all zero. 
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The rate of bulk volume change Did: is 

OUr Ur oUz 
Did: = Drr + Dss + Dzz = 0 + - + -0 r r z 

(2.2.22) 

(2) The strain and strain rate of solid in Lagrangian description 

The undeformed coordinates R, e, Z and the deformed coordinates r, B, z, 

with e = B for axisymmetry, are related by 

dr or 
0 

or dR oR oZ 
rdB 0 

r 
0 RdB (2.2.23a) - R 

dz oz 
0 

oz dZ 
oR oZ 

or 

{dxd - [FI;] {dXJ} (2.2.23b) 

where 

or 
0 

or 
oR oZ 

[FiJ] 0 
r 

0 - R o ).99 0 

oz 
0 

oz 
oR OZ 

(i - r,B,z, J = R,B,Z) (2.2.24) 

[FiJ] = [).iJ] is the deformation gradient matrix with 

).rR 
or 

).99 = r 
)'zz = oz - oR' R' oZ 

).rZ 
or 

).zR 
8z 

(2.2.25) - oZ ' - oR 



The chain rule of differentiation becomes 

ax]~ _ F-l~ 
- aXj aX] - ]j ax] 

(1 = R, Zj 
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{<iX;} - {~:} • (2.2.26) 

(2.2.27) 

(2.2.28) 

j = r, z) 

Using deformation gradient, the Jacobian of the deformation gradient matrix [FiJ] 

is 

(2.2.29) 

Let dL and de denote the lengths of {dX} and {dx} respectively. Then 

(2.2.30) 

dL2 = dR2 + (RdO)2 + (dZ? _ {dX]}T{dXI} _ {dxd[Fi/]-lT[F]j]-l{dxj} 

(2.2.31) 

so that 



28 

8r 
0 

8z 8r 
0 

8r 
8R 8R 8R 8Z 

(dR, Rd8, dZ){ 0 
r 

0 0 
r 

0 - R R 
8r 

0 
8z 8z 

0 
8z 

8Z 8Z 8R 8Z 

1 0 0 dR 

0 1 0 } Rd8 (2.2.32) 

0 0 1 dZ 

The strain tensor in Lagrangian description is the Green strain tensor [EI J] which 

is defined as 

[EIJ] = ~ ([Fn]T[FkJ] - I) 
1 

- 2(FkI FkJ - aIJ) (2.2.33) 

or 

ERR ERB ERZ 

ERB EBB EBZ 

ERZ EBZ Ezz 

A~R + A~R - 1 0 ArRArZ + AzzAzR 

1 
0 A~B - 0 - - 1 

2 
(2.2.34) 

ArR'\rZ + ,\zZ,\zR 0 A~z + A~z - 1 

Then 

ERR ERB ERZ 
8UR 

0 .!.( 8UR 8uz) 
8R 2 8Z + 8R 

ERB EBB EBZ 0 
UR 

0 + - R 

ERZ EBZ Ezz !(8UR 8uz) 0 
8uz 

2 8Z + 8Z 8Z 



29 

[(OUR? + (OUZ )2] 
oR oR 

0 [OUR OUR 
oR OZ + OUZ OUZ] 

oR oZ 
1 0 (~)2 0 +-2 R 

[OUR OUR 
oR oZ + OUZ OUZ] 

oR oZ 
0 [ ( OU R)2 + ( ou Z )2] 

oZ 8Z 

(2.2.35) 

Generally ERZ = EZR =F 0, but for axisymmetric plane strain AzZ is a 

constant, and ArZ = AzR = OJ a;: = a::l = OJ ERZ = EZR = 0, so 

all off-diagonal terms of [EI J] are zero. Then 

[ 
AR 0 0] 

[FiJ] = 0 A(J 0 
o 0 AZ 

(2.2.36) 

J = IFiJl = ArRA(JOAzZ (2.2.37) 

ERR ERO ERZ ( dr)2 _ 1 0 0 
dR 

ER(J Eoo Eoz 
1 (.!:.)2 _ - - 0 1 0 2 R 

ERZ Eoz Ezz 0 0 AZ2 - 1 

(2.2.38) 

Returning to the general axisymmetric case, the strain rate in Lagrangian descrip-

tion is 

(2.2.39) 



ERR ER8 ERZ 

E8R E88 E8Z 

8r 8f 8z 8i 
8il8R + 8R8R 

o 
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o All 

r r o 

All 

RR 

o 8z 8i 8r 8f 
8Z8Z + 8Z8Z 

(2.2.40) 

where 

1 (8f 8r 8r 8f 8i 8z 8z 8i) 
All = '2 8R 8Z + 8R 8Z + 8Z 8R + 8Z 8R 

Again for the special case of the axisymmetric plane strain 

ERR ER8 ERZ 
dr di-

0 0 --dRdR 

E8R E88 E8Z 0 
r i-

0 (2.2.41) -
RR 

EZR EZ8 Ezz 0 0 
8z 8i 
8Z8Z 

(3) The relation between strain rates in Lagrangian and Eulerian description 

Following [Fung 1965, §16.6], the strain rate in the Lagrangian description is 

related to the velocity strain by 

(2.2.42) 

c) Bulk stress and fluid stress 

Let [Uij] be the Eulerian stress tensor, [SlJ] be the second Piola-Kirchhoff 

stress tensor, and [T/j] be the first Piola-Kirchhoff stress tensor of bulk material. 

Then 
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[~., Ure ~rz ] 
[Uij] - uer Uee uez , 

uzr U::8 Uz% 

Uij - Uji (2.2.43) 

[SRR SRe SRZ] 
[SKL] = SeR See Sez 

SZR Sze Szz 
(2.2.44) 

[TRr TRe TR, ] 
[T/j] - Ter Tee Tez , 

TZr Tze Tzz 
T/j :f: TJi in general (2.2.45) 

These bulk stresses [Uij] , [SKL] and [TMn] are related by relations given in 

([Fung, 1965], rOden, 1972], [Mattiasson, 1981]) as 
Ukl - J-1 FkISJJFLJ, 

TIl - JFj-'/Ukl, 

SJJ = JF/-'/UklF;l 

TIl = SJJFLJ 

For the special cases of axisymmetry 

SRR 
dR r 

See 
dr R - Urr dr R>'z, - Uee dR -;>.z, Szz 

TRr 
r 

Tee 
dr 

- Urr R>'z, - Uee dR>'z, 

(2.2.46) 

(2.2.47) 

In the Eulerian description, the pore fluid stress u~ is assumed be hydro

static so that 

(2.2.48) 
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where the hydrostatic fluid stress is 1r1 with the sign convention that 1r1 is 

negative for pressure. This hydrostatic pressure 1r1 is related to the "first 

Piola-Kirchhoff pore fluid stress" [Tlj]1 and the "second Piola-Kirchhoff pore 

fluid stress" [51 J]I by 

(2.2.49) 

(2.2.50) 

d) The relation of fluid flow in Eulerian description and Lagrangian descrip

tion (wand it) 

In the Eulerian description, the relative fluid flow qj though defonned area 

ds (with unit normal nj) is plwjds. In the Lagrangian description the 

fluid flow ql though the corresponding undefonned area dS (with unit 

nonnal nl ) is pI ifhdS. Since the Eulerian and Lagrangian descriptions 

describe the same phenomenon, the relative fluid flow in any arbitrary direction 

(say K) described in the Lagrange description Qf< and in the Eulerian description 

Q~ should be the same. That is 

QE _ QL 
K - K 

Now in the Eulerian description 

(K = R, Z, j = T, z) (2.2.51) 

where "." denotes the dot product. In the Lagrangian description 

(K = R,Z, 1= R,Z) (2.2.52) 

Using Nanson's fonnula [Mattiasson, 1981, §3.3] that relates the corresponding 

areas 
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(2.2.53) 

equation (2.2.51) becomes 

QE I ~ ~ F-1 • dB K = p DK· D J Jj Wj (2.2.54) 

Since 

equation (2.2.52) becomes 

(2.2.55) 

and 

(2.2.56) 

Q~ = pI J Fj(JwjdS (2.2.57) 

Comparing equations (2.2.55) and (2.2.57), and using pI = pI we have 

;., JF- 1 • 
WK = KjWj (2.2.58) 

(2.2.59) 

Using axisymmetric cylindrical coordinate systems, equations (2.2.58) and (2.2.59) 

take the form 

Wz (2.2.60) 

(2.2.61) 

For the case of axisymmetric plane strain, the second equation above vanishes and 

the first equation becomes 
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or (2.2.62) 

e) The volume flow rate in Eulerian and Lagrangian description (' and C) 
and their corresponding fluid pressure. 

The correspondence rule that relates relative fluid flow in Eulerian description 

w and the relative fluid flow in total Lagrangian description it requires that the 

. amount of relative fluid flow across any arbitrary closed surface is the same. Then 

By definition 

( = V·w 

" = V·\t 

The use of divergence is gives 

Iv V· wdV = is n· wdS 

Then 

so that 

(2.2.63) 

(2.2.64) 

(2.2.65) 

(2.2.66) 

(2.2.67) 

(2.2.68) 

(2.2.69) 
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The above correspondence rule also means that the virtual work done in both 

descriptions should be the same, so that 

(2.2.70) 

where i l and 'lrl are fluid stress in Lagrangian and Eulerian description. Since 

(2.2.71) 

Thus the value of the fluid pressure at a point in both descriptions is the same. In 

the remainder of this thesis, the ""," will be omitted for i/. However, it 

should be emphasized that 'lrl in Eulerian description is mapped on the deformed 

body while 'ifl in Lagrangian description is mapped on the undeformed body. 

Comparing with sfJ (introduced above), here 'lrl gives the value of the pore 

fluid pressure, and sf J is the second Piola - Kirchhoff fluid stress obtained from 

the fluid pressure 'Trl. 

3. Eulerian Poroelastic Field Equations in Cylindrical Coordinates (Axisymmet

ric problems) 

a) Kinematics 

The spatial rate of deformation tensor [Dij] is 

8ur 0 1 (8ur 8uz) 
Drr Dro Drz 8r - - + 2 8z 8r 

DOr Doo Dez 0 
ur 

0 - r 

Dzr Dzo Du 1 (8u r 8uz) 0 
8uz - - + 8z 2 8z 8r 

(2.3.1) 
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The spin tensor [Wij] is 

0 Wrs Wrz 0 0 ! (8ur _ 

2 8z 
8uz ) 
ar 

WSr 0 W9z - 0 0 0 

Wzr Wzs 0 ! (aU% _ aur) 0 0 
2 ar az 

(2.3.2) 

F1 . t· It· 8ur - 8u. - 0 D - D - 0 TXT W or axlsymme nc pane s nun, 8% - 8r -, r% - %r - , vt'r% = %r = 

0, i.e. all off-diagonal terms of Dij are zero, and all Wij are zero. 

The rate of bulk volume change Dkk is 

aUr 
Dkk = Drr + DS8 + Dzz = -- + ar 

The rate of relative volume fluid flow is 

b) Conservation of momentum and Darcy's Law 

(2.3.3) 

(2.3.4) 

(1) The dynamic equilibrium equation of the bulk at a point in the material is 

aUjr 1 
- (88) + pbr - pUr - pfwr (2.3.5a) 

aXj + -(urr = 0 r 

aUj% 1 + pb% pu% pfwz 0 (2.3.5b) 
aXj + -Ur% - -

r 

(j - r, z) 
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For axisymmetric plane strain, the second equation is satisfied automatically, 

and the first one becomes 

dUrr 1( ) dr + ;: U r - Uo + pbr - (2.3.6) 

(2) The equilibrium in fluid phase, Darcy's Law 

The generalized Darcy's Law [Simon, 1990a] gives 

Equation (2.3.7) becomes 

K - l • 
rr Wr K - l • 

rz W z (2.3.8a) 

K - l • K-l • + I(B - zr Wr - zz W z P z (2.3.8b) 

in cylindrical coordinates. Here, Kij is the permeability tensor for orthotropic 

material, Kijl is the inverse of Kij defined as the element of [Kij]-l matrix 

in the ith row and the ph column. Similar notations apply to other variables. 

For axisymmetric plane strain, equation (2.3.8b) will be satisfied automati

cally. Equation (2.3.8a) is then simplified as 

d7r1 K 1 • Ib I·· 1 I·· dr - ;;. Wr + p r - p Ur - n - p Wr - 0 (2.3.9) 

c) Constitutive Law 

For small deformation, the constitutive relation in Eulerian description can be 

wri t ten in a general form as 
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U·· - CLLleLl + 'lf16·· IJ - IJ.. .. IJ (2.3.10) 

(2.3.11) 

(i,j,k,i = r,6,z) 

where C;jl;l is the stiffness matrix of drained 1)ulk material at which Til is 

zero, {J~j is the coupled stiffness, Q' is the fluid stiffness. 

For finite strains, the Jaumann rate of Eulerian stress is an objective stress 

rate defined by 

(i,j - r,6,z) (2.3.12) 

For the axisymmetric 

case, Wr8 - W z8 - 0, U r8 - U z8 - 0, Wrz - -Wzr , and the 

J aumann rate is 

v urr urzWrz urzWrz urr 2urzW rz (2.3.13a) U rr = - - - -

V 
U88 (2.3.13b) U88 = 

v 
Uzz - uzrWzr uzrWzr 2uzrW zr (2.3.13c) Uzz = - - Uzz -

V 
Ur8 (2.3.13d) U r8 = 

In the special case of axisymmetric plane strain, u rz - 0, and the Eulerian 

stress rate is then identical to J aumann rate, 

The incremental form of constitutive relation is 

(2.3.14a) 
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(2.3.14b) 

(i,j,k,i = r,6,z) 

where Cijkl is the drained incremental stiffness of bulk material that can be 

measured for the drained state where ir l is zero. 

4. Total Lagrangian Poro-hyperelastic Field Equations in Cylindrical Coordi

nates (Axisymmetric problems) 

a) Kinematics 

The Green's strain is 

ERR ERe ERZ 

ERe Eee Eez 

ERZ Eoz Ezz 

(8r)2 (8Z )2 
8R + 8R - 1 0 

8r 8r 8z 8z 
8R8Z + 8Z 8R 

1 
0 (!.-)2 _ 1 0 - -

2 R 
8r 8r 8z 8z 

0 (8z? (8r)2 - 1 
8R8Z + 8Z8R 8Z + 8Z 

(2.4.1) 

The Lagrangian rate of Green's strain is 

ERn Eno ERz 

EeR Eoo Eoz -

EZR Eze Ezz 



or or oz oz 
0 All oR oR + oRoR 

0 
r r 

0 - RR 

All 0 
OZ oz or or 
oZoZ + oZoZ 

where 

1 (or or or or oz oz oz oz) 
All = 2 {JR {JZ + {JR {JZ + {JZ oR + {JZ oR 

The relative fluid strain and strain rate are 

- OWR WR {Jwz ,= oR + R + oZ 

b) Conservation of momentum and Darcy's Law 

40 

(2.4.2) 

(2.4.3) 

(2.4.4) 

(1) The overall equilibrium equations in the Lagrangian description are 

(2.4.5) 

{JTJz TRz b 
oXJ + if + Jp z - (2.4.6) 

(J = R,Z) 

(2) The Darcy's Law in Lagrangian description 

Apply the chain rule to the Darcy's Law in the Eulerian description, and 

replace Wj using equation (2.2.59) 
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we then have 

87r
f 

F1-:1 _ K-1J-1F ..; + feb .. -1 .. ) 0 8X1 I ,j jJWJ P ,- U, - n w, = (2.4.7) 

Multiply both sides of the above by Fa, the above equation can be rewritten as 

(2.4.8) 

(I,J = R,Zj i,j=r,z) 

In the cylindrical coordinate system, 

87rf - 1 • 18x; (b· ii j 
-1 •• ) 0 

8R KRKWK + P 8R J 
n Wj - (2.4.9a) 

87r1 - 1 • 8x' -1 .• ) 

8Z 
- KZKWK + pl_'(b· - ii j - n Wj - 0 8Z J 

(2.4.9b) 

(K = R,Zj j = r, z) 

where 

(2.4.10a) 

and 

KIJ = JFii/ ](klF'J/ (2.4.lOb) 

For axisymmetric plane strain, :tt = :~ = 0, and the second overall 

equilibrium equation and the second equation in Darcy's law are satisfied automat

ically. Also the first equation in both sets are given as 

dTRr 1 (T rJ"I) J b J" I (dr..) 0 dR + R Rr - .L 99 + p n - p Un - p dR W R - (2.4.11) 
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and 

( J) -l 1 dr dr .,:.' 0 
n p dRdRwR - (2.4.12) 

c) Constitutive Law 

The materials considered here are assumed to be poro-hyperelastic. The 

poroelastic material is said to be °hyper-poroelastic if it possesses an elastic po

tential which is the function of the elastic strain and the amount of fluid added 

(lost) during the deformation. Here the form of the constitutive relation is given 

for completeness. More details about constitutive relation of poro-hyperelastic 

material is discussed in Chapter 3. Let W be the strain energy density per 

unit undeformed volume for the poro-hyperelastic material. Then the constitutive 

relation can be written as 

(m,n = r,8,z) 

which can often be written in a general form as 

SIJ = CYJKLEKL + {JIJt 

ir l = {JIJEIJ + Q( 

(I,J,K,L = R,8,Z) 

(2.4.13) 

(2.4.14) 

(2.4.15) 

(2.4.16) 

where CYJKL is the undrained tangential material stiffness, Q is the fluid 

stiffness and {J I J is the coupled stiffness. 
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CHAPTER 3 

MATERIAL PROPERTIES FOR PORO·HYPERELASTIC 

MATERIALS AND EXPERIMENTAL DATA 

REDUCTION ME~HODS 

1. The Conservation of Mass 

Consider a small piece of porous material undergoing finite deformation. 

Vo, Vo", V! are its infinitesimal volume of porous bulk, infinitesimal volume 

of fluid material and solid material, Po, p!, p!, no are its density of bulk 

material, density of solid material, density of fluid material and porosity before 

deformation, respectively. In the current configuration, these variables are 

v, va, vi, p, pfJ, pi, n. The material also experiences a fluid out-flow rate 

of (. 

By definition 

J 
v 

-
Vo 

(3.1.1) 

We have 

j v 
-

Vo 
(3.1.2) 

v 
v Vo j 

- -V - J v 
(3.1.3) 

Vo 

j - J~ 
v 

(3.1.4) 
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Using [Mattiasson (C.13)] 

(3.1.5) 

where again Dij is the spatial rate of deformation or velocity strain in the Eulerian 

description. Thus equation (3.1.3) gives 

j v 
- = - = Dkk J v 

From equation (2.1.5), we have 

p = (1 - n)pll + n pI 

a) The conservation of mass of solid material m 8 

The mass of solid material in volume v is 

The mass of the solid mil is conserved, i.e. 

or 

dm8 

dt = 0 

If the solid is incompressible, i.e. 

or 

(3.1.6) 

(3.1.7) 

(3.1.8a) 

(3.1.8b) 

(3.1.9a) 
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pll = p! (3.1.9b) 

equation (3.1.8b) is then reduced to 

(1 - n)ti = nv 

or 

v 1 - n 
ti n 

(3.1.10) 

Integration on both side of equation (3.1.10) gives 

In v = -In(1 - n) + constant 

(1 - n)v = constant = (1 - no)Vo (3.1.11a) 

(3.1.11b) 

Note that equations (3.1.11a) and (3.1.11b) can also be obtained by substituting 

equation (3.1.9b) into equation (3.1.8a). 

Substitution of equation (3.1.6) into equation (3.1.10) yields 

n = (1- n)Dkk 

b) The conservation of mass of fluid mf 

The mass of the fluid mf in the current volume v is given by 

mf = pfnv 

The rate of change of fluid mass is related to the in-flow of fluid by 

dmf f' - = -p (v dt 

Substitution of equation (3.1.13) into equation (3.1.14) gives 

(3.1.12) 

(3.1.13) 

(3.1.14) 



46 

(3.1.15) 

If fluid is incompressible, pI = 0, equation (3.1.15) becomes 

iw + nv + (v = 0 (3.1.16) 

or 

v n + n- + ( = 0 
v 

(3.1.17) 

In view of equation (3.1.6), equation (3.1.17) becomes 

n + nDkk + ( = 0 (3.1.18) 

c) Poroelastic material composed of incompressible solid and incompressible fluid 

If both solid material and fluid material are incompressible, 

(3.1.17) can be eliminated by using equations (3.1.10), and 

v v . 
(1 - n)- + n- + ( = 0 

v v 

That is 

v 
v 

+ ( = 0 

n in equation 

(3.1.19a) 

with consideration of equation (3.1.6), this incompressibility constraint can be ex-

pressed as 

j 
( 0 - + -

J 
(3.1.19b) 

or 

Dkk + , - 0 (3.1.19c) 
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Using variables in a total Lagrangian description, equation (3.1.19b) becomes 

(3.1.19d) 

Integration of equation (3.1.19d) gives 

J + (' = constant 

with the consideration that J = 1 if (' = 0, we have 

J - 1 + (' = 0 (3.1.1ge) 

For small deformation, equation (3.1.1ge) becomes 

ekk + , = 0 (3.1.20) 

Equations (3.1.19a) (3.1.1ge) and (3.1.20) are various expressions of the incom

pressible condition. The physical meaning of these equations is clear: the increase 

of bulk volume equals the volume of relative inflow of fluid. 

2. The Linear Constitutive Relation for Small Deformation 

The constitutive relation to be discussed next is for small strains and small 

displacements of general poro-hyperelastic materials. Despite its limitations, the 

linear constitutive relation provides a basic relation between stress and strain. 

The anisotropic constitutive relation which relates the bulk stress ,.... in-
VI" 

finitesimal bulk strain eij, fluid pressure (71, and relative fluid out-flow volume 

, can be expressed in general as 

(3.2.1a) 

(3.2.1b) 
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where C81ct is the "undrained" material stiffness, fJij is the coupled stiffness, 

and Q is the fluid stiffness. IT we define 

(3.2.1c) 

material property fJij can be replaced by (Xij without losing its general

ity. Equations (3.2.1a) and (3.2.1b) then take the form 

(3.2.1d) 

(3.2.1e) 

It is obvious that if , is zero, then C8kt relates the bulk stress (7ij and 

bulk strain elct as in conventional solid mechanics. When ,= 0, the 

material is said to be in an undrained status. Since there is no relative fluid 

motion, Ci~kt consists of 21 independent material constants for the general 

anisotropic material, nine independent material constants for orthotropic material, 

or two independent material constants for isotropic material. Compared with 

conventional elastic material laws, the poroelastic material law requires f3ij and 

Q, i.e. another 7 material constants for general anisotropic porous material; or 

/311, /322, /333 and Q, four material constants for orthotropic porous material; 

or /3 and Q, 2 material constants for isotropic porous material. In addition, 

the permeability is needed to relate fluid pressure with its velocities (this will be 

discussed later in the thesis). For the isotropic material, equation (3.2.1) can be 

rewritten as 

(3.2.2a) 

(3.2.2b) 
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The basic material properties are the constants >., 1', f3 (or a) and Q. 

Let (j be the mean bulk stress, O';j be the deviatoric bulk stress, and e~j be 

the deviatoric bulk strain 

0'
- 1 J." - '3 VijO'ij 

Notice that for the Kronecker delta 

Then the constitutive relation (3.2.2a) for isotropic materials gives 

where 

21' - >. ekk + - ekk + f3( 
3 

K~ is the undrained bulk modulus. Then 

(3.2.3a) 

(3.2.3b) 

(3.2.3c) 
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The constitutive relations (3.2.2a) and (3.2.2b) are now decomposed into two parts: 

one part relating average stress and strain, and another part relating deviatoric 

stress and strain. These are listed below 88 

li = Ka t!kk + (i( 

u/ = fJ ekk + Q( (3.2.4) 

, = 211 e~· Uij I) 

and 

1 
fJ2 (Qu - fJu/) ekk -

KaQ -

( 
1 

{i2 (-fJu + Kau /) -
KsQ -

(3.2.5) 

, ..Lu~. eij - 21' I) 

Using equation (3.2.1h) to eliminate (in equation (3.2.1a), yields another 

general form of the constitutive relation 

Uij Cgkl ekl -
fJijfJkl + fJij u/ - Q ekl Q 

(Cgkl -
fJijfJkl) + fJij f - Q ekl -u 

Q 

C~kl ekl + fJij f - -u 
Q 

(3.2.6a) 

where 

(3.2.6b) 
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C~kt is called drained material stiffness, because C~kt plays a role similar to 

the stiffness of a solid material when ql = O. Again the porous material is said 

to be in a "drained" condition when fluid pressure is zero. 

For isotropic materials, equation (3.2.6a) reduces to 

(3.2.7a) 

where 

(3.2.7b) 

Then 

(,\d + 2 f3 
- aIL) ekk + _ql 

Q 

Kdekk 
f3 

- + _ql 
Q 

So that 

(3.2.8) 

where Kd is the drained bulk modulus. Then for isotropic materials, the 

constitutive law relating average stress and strain can also be written as 

{ 

(j = Kd ekk + g ql 

ql = f3 ekk + Q( 

(3.2.9a) 



and 

1 
eu - Kd(u 

or replacing f3 by aQ 

and 

{ 

u = K d eu + aCTI 

CTI = Q(a ekk + C) 

a) The mean stress of solid skeleton 
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(3.2.9b) 

(3.2.9c) 

(3.2.9d) 

Let dFt and dF! be the force acting on the average solid area njdAIl and 

fluid area njdA' respectively, where nj is the unit normal vector associated 

with dA. The total force acting on the bulk area njdA is dFi and 

dFi = dFt + dF! 

dAI 
dA - n 

dA" 
1 

dA - - n 

The solid stress O'ti' fluid stress f 0' .. 
I) 

and bulk stress 0' ij are related to the 

surface force by 
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dF! 
1 - u!.fI,·dA' IJ J 

also 

dFi = dFt + dF! 

Thus 

(3.2.lOa) 

The mean stress of bulk material jj, the fluid stress u/ and the mean stress of 

solid skeleton (j1J are related similarly by 

(3.2.10b) 

Substitute equation (3.2.4) into equation (3.2.lOb), for isotropic material, we have 

(1 - n)(j1J = (Ks - n(3) ekk + «(3 - nQ)( (3.2.11) 

Note that utj here only represents the average solid stresses in a small area of 

solid material. The true stress in the solid skeleton depend on its microstructure 

and can be quite different from this average solid stress. In this sense, the stress 

results obtained from poroelastic theory will not reflect the true stresses in solid 

skeleton. Nevertheless, these average stresses are directly related to the macro

deformation of the porous material, and thus can play an important role in the 

mechanics of porous materials. 
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b) The relations between volume change of the bulk material, the solid skeleton, 

and the fluid 

For a bulk material with volume v, its volume change dv is generally 

caused by fluid in-flow dV{n, elastic volume change of solid skeleton dv:, and 

elastic volume change of fluid dv!. 

dv = dv· + dv l + dv! e e In (3.2.12a) 

where dV{n = -(v. Equation (3.2.12a) can also be written in the form 

dv dv· dv l 
__ e+_e_( 

v v V 
(3.2.12b) 

using the relation v· = (1 - n)v, vI = nv, equation (3.2.12b) becomes 

dv dv· dv· dv· dv l 
_ e + _e _ ( = (1 _ n)_e + n_e - ( (3.2.12c) 

v v"/(l- n) vI In v· vI 

where ¥., d;} are the elastic volume strains of solid skeleton and fluid separately. 

When u l = 0, equation (3.2.1b) gives 

(3ij 

Q 
8( 

- - 8eij 

(3.2.13a) 

(3.2.13b) 

Clearly O!ij represent the ratio of the fluid volume increase to the bulk strain 

eij when u l = O. 

For isotropic poroelastic material 

( = (3 
-- ekk 

Q 
(u l - 0) (3.2.13c) 



a = 
/3 __ ...L 
Q eu 

( 
- - dvlv 
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«(71 = 0) (3.2.13d) 

Here a is the fluid volume increase due to overall volume strain ekk when 

ql = o. Substituting equation (3.2.12c) into equat,ion (3.2.13d), and noticed 

that elastic volume change of the fluid dV! = 0 for (71 = 0, we have 

a= 
-( 

-( + (1 - )
dv: n-

. v" 

(3.2.13e) 

By equation (3.2.5) the value of ekk and -( always take the same sign if 

(71 = O. It is obviously from equation (3.2.13e) that 0 =:; a =:; 1. 

If the solid is incompressible, ¥. = 0, then equation (3.2.13e) gives 

a = 1. (for incompressible solid) (3.2.131) 

or 

/3=Q (3.2.13g) 

Using equation (3.2.13d) to eliminate ( in the first equation of (3.2.4), we have 

for isotropic material 

(3.2.14) 

where 

(3.2.14a) 

or using equations (3.2.3b) and (3.2. 7b) 

(3.2.15) 
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Kd, the drained volume stiffness for overall bulk material at q/ = 0, is 

a fundamental property of bulk material which relates bulk stress to elastic bulk 

deformation, and again reflects the influence of infinitesimal microstructure. 

c) The bulk modulus of isotropic solid material 

When q/ = 0, then dv{ = 0, equation (3.2.12c) becomes 

, dv: dv 
(1 - n) - = - + ( 

VB V 
(3.2.16) 

also equation (3.2.10b) becomes 

u = (1 - n)uB (3.2.17) 

Using equation (3.2.13c) to replace ( in equation (3.2.16) yields 

, (1 - n) - = 1 - - - = 1 - - ekk dv: ( (3) dv ( (3 ) 
VB Q V Q 

(3.2.18) 

or 

(3.2.19) 

Substitution of equations (3.2.17) and (3.2.18) into equation (3.2.14) gives 

(1 _ n)(jB = K (1 - n) dv: 
d (3-;;:;-

1 - Q 

The bulk modulus KBolid of solid material is defined by 

Comparing equation (3.2.21) with equation (3.2.20) yields 

(3.2.20) 

(3.2.21) 
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(3.2.22) 

using equation (3.2.14a) to substitute Kd in terms of K., the volume stiffness 

K·olid of solid skeleton material is related to K., Q, f3 by 

d) The bulk modulus of fluid material 

When u l = US = 0', from equation (3.2.5), we have 

Q - (J _ 
- K.Q - f32

u 

The elastic strain of solid material is given by equation (3.2.21) as 

(Q - (3) -
- K.Q - f32

u 

(3.2.23) 

(3.2.24) 

(3.2.25) 

(3.2.26) 

Substituting equations (3.2.24), (3.2.25), and (3.2.26) into equation (3.2.12c) 

dv l dv dv: 
n vie = - + , - (1 - n) -v VB 

(Q - (3) + (-f3 + Ks) - (1 - n)(Q - (3)-
= K.Q - f32 u 

nQ + KIJ - (1 + n)f3_ 
= K.Q - {32 u 

We have the bulk modulus 

Kiluid = KIJQ 

Q + .!.K. 
n 

(3.2.27) 



which is defined by 

u l = K Ilu,d dv{ 
vI 

e) The constitutive relation expressed in volume stiffness 
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(3.2.28) 

The constitutive relations relating mean stress and volume change of isotropic 

porous material derived from previous sections are rellsted here for convenience. 

and 

{ 

u = KIJ ekk + (3( 

u l = (3 ekk + Q( 

1 
(32 (Qu - (3u l ) ekk - KIJQ -

( 
1 

(32 (-(3u + KlJu l ) - KIJQ -

KIJ A 2p. - +-
3 

Kd 
(32 

- K--
IJ Q 

KlJolid KIJQ - (32 
- Q-(3 

KIluid _ 

(3.2.29) 

(3.2.30) 

(3.2.31) 

(3.2.32) 

(3.2.33) 

(3.2.34) 

Now we can rewrite constitutive relation equations (3.2.29) and (3.2.30) using vol

ume stiffness. From equation (3.2.32) 

(3.2.35) 
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From equations (3.2.32) and (3.2.33) 

1 
(3.2.36) 

From equation (3.2.34), we have 

1 1 1 K. 
K/laid = Kd + n K.Q - {J2 (3.2.37) 

and by substituting equation (3.2.36) into equation (3.2.37) 

Ka n n ( 1 
- Ka~'id) KaQ - {J2 - K/laid - + (1 + n) -

Kd Kd 

n 1 1 + n 
(3.2.38) - K/luid +- Kaolid Kd 

Substituting equations (3.2.35), (3.2.36) and (3.2.38) into equation (3.2.30), we 

have 

1 1 1 

r;' } Kd 

-
1 1 

KlJolid Kd 

KlJolid Kd {:, } (3.2.30) 
n 1 1 + n 

K/luid + 
Kd Kaolid 

Let 

1 
Kd 

f1 -
1 1 

KlJolid Kd 

n 1 1 + n 
K/luid + Kd K80lid 

1 - n n 
- KdKlJolid + KdK/luid 

1 
(3.2.40) 

we have 



The basic material properties ~,p, (J (or a) and Q used in equations (3.2.2a) 

and (3.2.2b) are replaced by material properties Kd, KIIOUd, Kf1uid and p.. 

f) The constitutive relation for poroelastic material composed of incompressible 

solid and incompressible fluid materials 

When the solid material is incompressible by definition, 

Kllolid -t 00 (3.2.42) 

Also, from equation (3.2.13f), a-I, (J - Q. Equation (3.2.32) becomes 

(3.2.43) 

Generally, because of the gain or loss of fluid, the bulk matrix shows compress

ibility even when solid material is not compressible i.e.. K d is of finite value. 

Substituting (J = Q into equation (3.2.34) gives 

Kf1uid = nQ (3.2.44) 

the second relation of equation (3.2.29) becomes 

u f = Q(ekk + () (3.2.45) 

the first relation of equation of equation (3.2.29) gives 

u = (1(8 - Q) ekk + Q(ekk + () (3.2.46) 



or using equation (3.2.43) 

ij = Kd eu + Q(eu + C) 

(7ij = (Kd - ~p) eUDij + 2p eij + Q(eu + C)Dij 

Substituting equation (3.2.45) into equation (3.2.48) gives 

ij = Kd eu + (71 
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(3.2.47) 

(3.2.48) 

(3.2.49) 

(3.2.50) 

If in addition fluid is also incompressible, then KIluid --+ 00. Equation 

(3.2.44) gives 

Q--+oo (3.2.51) 

Since 'the fluid pressure is of finite value, equations (3.2.45) and (3.2.51) will lead 

to 

ekk + C --+ 0 (3.2.52) 

Equations (3.2.45) and (3.2.47) can be understood as a penalty form of constitu

tive relation. When both solid and fluid are incompressible the basic material 

properties are K d and p.. 



62 

3. Constraints Among Material Compliance Constants for Incompressible Linear 

Poroelastic Material (Small Strain, Small Deformation) 

The general form of constitutive relations (3.2.1a) and (3.2.1b) can be rewritten 

using material compliance constants as 

e = fO' (3.3.1) 

where 

ell 0'11 

e22 0'22 

e33 0'33 

e = e12 0' - 0'12 (3.3.2) 
e23 0'23 

e31 0'31 

( 7rf 

and f is an augmented 7 x 7 material compliance matrix. For orthotropic material, 

if the axes of the orthotropic coordinate system is coincide with the principal axes 

of the material, f takes the form 

ill h2 h3 0 0 0 I'll 
h2 122 123 0 0 0 1'22 

h3 123 fa3 0 0 0 1'33 

f - 0 0 0 144 0 0 0 (3.3.3) 
0 0 0 0 iss 0 0 
0 0 0 0 0 i66 0 

I'll 1'22 1'33 0 0 0 R 

When both fluid and solid skeleton are incompressible, the constraint between 

eij and , is 

ell + e22 + e33 + ( - 0 (3.3.4a) 

or 
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(3.3.4b) 

Substituting equation (3.3.1) into equation (3.3.4) and using the symmetry of 

f, we have 

[

Ill 
112 
113 
1'11 

112 113 
122 123 
124 fa3 
1'22 1'33 

~::] {~} - 0 
1'33 1 
R 1 

(3.3.5) 

To satisfy equation (3.3.5) for arbitrary 0"11, 0"22, 0"33 and trf requires 

That is 

. ft2 + 122 + 123 + 1'22 = 0 
{

Ill + h2 + Il3 + 1'11 = 0 

Il3 + fa2 + fa3 + 1'33 = 0 
1'11 + 1'22 + 1'33 + R = 0 

(3.3.6a) 

(3.3.6b) 

Four constraints in equation (3.3.6) reduce the number of independent material 

constants in f from 13 to 9. Choosing Ill, 122, fa3, 1'11, 1'22, 1'33 and R as 

independent material constants, we have 

1 
123 - 2. (Ill - 122 - fa3 + R) + 1'11 

Il3 
1 

+ 122 fa3 R) - -(-Ill + + 1'22 2 (3.3.7) 

ft2 
1 

- 122 fa3 R) - -(-Ill + + + 1'33 2 

R - -1'11 - 1'22 - 1'33 



For incompressible isotropic poroelastic material 

/12 - /13 - 123 

')'11 - ')'22 - ')'33 - ')' 

we then have 

1 
')' = --R 

3 

The independent material constants in f reduced to 2: II 1 and R. 
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(3.3.8a) 

(3.3.8b) 

(3.3.8e) 

(3.3.8d) 

(3.3.9) 

(3.3.10) 

The above constitutive relation for poroelastic materials is a natural general

ization of the constitutive law for conventional elastic materials. By eliminating 

variables 7r f ", and constants R, 'Yij, the above relations reduce to the relations 

for conventional elastic materials. For example, the constraints for orthotropic ma-

terial in equation (3.3.7) will become 

123 
1 

- -(111 - 122 - faa) 2 

113 
1 + 122 faa) - -(-/11 
2 

(3.3.11) 

1I2 
1 

- 122 + faa) - -(-/11 
2 

The incompressibility constraints reduce the independent material property from 

9 to 6, /11, 122, faa, 144, 155, and 166' For isotropic elastic material, equation 

(3.3.11) reduces to 



1 
112 = --Ill 

2 

65 

(3.3.12) 

If the engineering material properties are used, J - 1 
11 - 11' and equation (3.3.12) 

represents the well know constraint for an incompressible isotropic elastic material 

v = 0.5 (3.3.13) 

where E is the Young's modulus, v is the Poisson ratio. 

4. Hyperelastic Materials in the Total Lagrangian Description 

Consider first the hyperelastic material law used for conventional elastic ma-

terial [Fung 1965 §16.6, Oden §15.3, Mattiasson §6.4]. A material is said to be 

hyperelastic if it possesses an elastic potential function, called the strain energy 

density function & such as 

d 1 
dt& - -O'ijDij 

P 
in Eulerian description (3.4.1) 

d 1 . 
dt£ - -SIJEJJ 

Po 
in Lagrangian description (3.4.2) 

The units of £ are energy per unit mass. In equations (3.4.1) and (3.4.2), a unit 

deformed volume and a unit undeformed volume are implied separately. Therefore 

two different densities P and Po are used. The Eulerian description is rather 

complicated because p changes with Dij. In the Lagrangian description, 

Po is constant. Then a strain energy density function W can be defined per 

unit undeformed volume as 

(3.4.3) 

Substitution of equation (3.4.3) into Equation (3.4.2) gives 
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(3.4.4a) 

By the chain rule of differentiation, W can also be expressed as 

. oW· 
W = OEI J EI J (3.4.4b) 

Comparison of equation (3.4.4b) with equation (3.4.4a) gives 

and 

oW 
SIJ = oEIJ (3.4.5) 

(3.4.6) 

A "poro-hyperelastic" material is defined here following the developments of 

[Biot, 1972]. The strain energy density function W is a function of strain 

EIJ and m, the total mass of fluid added during the deformation. In the 

total Lagrangian formulation here, the strain energy density function per unit of 

undeformed volume is used, instead of strain energy density function per unit mass 

[Biot, 1972]. 

The additive fluid is measured in relative fluid volume strain as (and the 

fluid density as p! j both referred to undeformed configuration. Then 

m , = - p! (3.4.7) 

and 

W = W(EIJ, () 

The total increment of W is then 
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dW 
BW -I- B~i( - BEIJ dEIJ Be 

(3.4.8) 

and 

SIJ 
BW 

-
BEIJ 

(3.4.9) 

t/J' = B~ 
Be 

(3.4.10) 

Comparing the above expressions with equation (3.3.2.18) in [Biot, 1972], it is 

found that 

.,p' = _pi fP dp 
o 10 pi Po 

(3.4.11) 

where p and Po are current fluid pressure and environmental fluid pres

sure (positive for pressure) respectively, and pi is the current fluid density 

which· is a function of pressure for a compressible fluid. If the fluid is incompress

ible, pi = p! = constant, and 

.,p' = 1r1 = -(p - Po) (3.4.12) 

.,p' is the gauge fluid stress 1r1. Equations (3.4.8) '" (3.4.10) can be rewritten 

as 

so that 

SIJ -
BW 

BEIJ 

BW 
1r1 = ---=-

Be 

Equations (3.4.14) and (3.4.15) can be expressed in the general form 

(3.4.13) 

(3.4.14) 

(3.4.15) 
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(3.4.16) 

7r1 = fJ'uEIJ + Q', (3.4.17) 

Here OfJKL' fJ}J' Q' may be constants or functions of EKL and/or ,. The 

notation ", is used to distinguish this secant constitutive form other constitutive 

relations. O'/'JKL is called the "undrained secant material stiffness". It plays a 

role similar to the secant material stiffness for the conventional elastic material 
..., 

(when (' = 0). Using equation (3.4.17) to eliminate (, we have 

SIJ -- O,d E + fJ}J _I IJKL KL Q' II 
(3.4.18) 

where 

G'd _ G'u fJhfJk L 
IJKL - IJKL - Q' (3.4.19) 

is the "drained secant material stiffness". These relations are similar to the 

corresponding relations in small deformation theory described in section 2. 

It should be emphasized that 7r1 is an Eulerian stress as discussed in Chapter 

2, 2.e. It transforms to fluid stress sf J of the Lagrangian description by 

(3.4.20) 

where 

(3.4.21) 

HIJ is call Finger's tensor [Fung, 1965]. 

From equations (3.4.14) and (3.4.15), an incremental form of the constitutive 

relation can be obtained as 
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a2w 'a2w-
- aEIJaEKL ~EKL + aEIJa,~e (3.4.22) 

a2w a2w -
- ~EKL + ---~/" 

aeaEKL (ae)2 ~ 
(3.4.23) 

Equations (3.4.22) and (3.4.23) also define the undrained tangential material stiff

ness CYJKL, fluid stiffness' Q, and coupled stiffness PrJ coefficients as 

so that 

a2w a2w 
- aEr Ja, - a,aEr J 

• U' -
SIJ = CrJKLEKL + PIJe 

ir' = pIJEIJ + Q( 

(3.4.24) 

(3.4.25) 

(3.4.26) 

(3.4.27) 

(3.4.28) 
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5. Constitutive Relation for Hyperelastic Porous Materials Composed of an 

Incompressible Solid and an Incompressible Fluid 

When a poroelastic material is composed of incompressible solid and incom

pressible fluid, the deformations must satisfy the incompressibility conditions. One 

form of these incompressible conditions in the Lagrangian description is given in 

equation (3.2.1ge) as 

J-1+(=0 

This means that the solid strain and fluid strain are no longer independent. A 

Lagrangian multiplier is used to introduce this incompressibility condition into 

strain energy density function W to form an extended strain energy density 

function W* . 

W* = W + ~Q*(J - 1 + (? (3.5.1) 

where W in equation (3.5.1) is the strain energy density function for the drained 

porous material. When the fluid pressure is zero, the fluid gives no contribution to 

W and then W is a function of ErJ only. Drained porous material behavior 

is similar to a compressible material, so is its strain energy density function. The 

second term in equation (3.5.1) represents the contribution from' bulk and fluid 

strain. Since Er J and ( are no longer independent, they appear in a penalty 

form with Q as the penalty factor. Expression (3.5.1) also allows the components 

of strains to be treated formally as independent variables W* . 

8W* 8W + Q*(J - 1 ()~ SIJ = 8ErJ - + 8EIJ . 8ErJ 
(3.5.2) 

7rf 
8W* 

Q*(J - 1 + C) - 8( - (3.5.3) 



It is shown in Appendix 1 that 

oJ -- = JHIJ 
oEIJ 
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(3.5.4) 

where HI J is Finger's strain tensor. In view of equation (3.5.4), equation 

(3.5.2) becomes 

SIJ = oW + Q*(J - 1 + ()JHIJ 
OEIJ 

Substitution of equation (3.5.3) into equation (3.5.5) yields 

oW 
SIJ = -- + 7r1 JHIJ 

oEIJ 

(3.5.5) 

(3.5.6) 

It is obvious from equation (3.5.6) that fluid pressure 7r1 is only part of the total 

hydrostatic pressure u H (iUkk) presented in a poroelastic material. Another 

part of hydrostatic pressure comes from 8~';J' To demonstrate that 7rf is in 

general not equal to 7r
H , consider a cube of poroelastic material that is subjected 

to a uniform pressure p in one direction while the fluid is allowed to flow 

freely. At the final steady state, 7rf = 0, but 7rH = -ip. Equation (3.5.6) can 

be written using a general form of drained secant material stiffness C}SKL as 

(3.5.7) 

where 

C'd E oW 
IJKL KL = oEIJ 

Note that as a result of incompressible materials, C}S K L is also subject to certain 

constraints. 

Also note that for small deformation 
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J - 1 + ( -. eu + , , 

the above relation will naturally reduce to the relation described in section 2 with 

From equations (3.5.6) and (3.5.3), an incremental form of constitutive relation 

can be obtained as 

a2w 
6SIJ = 8E

IJ
8EKL 6EKL + 6(7r1 JHIJ) (3.5.8) 

67r1 = Q*(6J + 6() (3.5.9) 

Equation (3.5.8) also defines the drained tangential (incremental) material stiffness 

Ad 
CIJKL - (3.5.10) 

Again since W is a strain energy density function subject to volume constraint 

(incompressible), 61JKL is also subject to certain constraints. More discussion of 

this follows in the next section. Using equation (3.5.10), equation (3.5.8) becomes 

(3.5.11a) 

(3.5.11b) 

A( 7r1 J H IJ), the increment of' S IJ due to the presence of fluid pressure (in total 

Lagrangian description) can be decomposed as 

(3.5.12) 

The first term on the right hand side of equation (3.5.12) reflects the effects of fluid 

pressure increments, whereas the second term reflects the effects of bulk volume 

change and rotation. In view of the relations derived in Appendix 1 



equation (3.5.9) becomes 

comparison of equation (3.5.15a) with equation (3.4.28) gibes that 

{hJ = JQHIJ 
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(3.5.13) 

(3.5.14) 

(3.5.15a) 

(3.5.15b) 

(3.5.15c) 

From now on, Q will be used for penally factor Q* . Provide that there is no 

confusion with Q used in Eulerian description, ' 'in Q will be dropped. The 

second term on the right hand side of equation (3.5.12) becomes 

(3.5.16) 

Substitution of equations (3.5.15) and (3.5.16) into equation (3.5.12) gives 

equations (3.5.8) and (3.5.9) now become 

Ad I (C1JKL - 2J 7r HIKHJL)l:J.EKL 

7r1 
+ QJ(J + Q )HIJHKLl:J.EKL 

- Q(JHKLl:J.EKL + l:J.C) 

Denoting 

(3.5.17) 

(3.5.18) 

(3.5.19) 
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(3.5.20) 

and note that J + ~ -. J with Q -. 00. Then equation (3.4.18) gives 

(3.5.21) 

In view of equation (3.5.19) 

(3.5.22) 

Equations (3.5.19) and (3.5.21) can be written in a form of expanded material 

stiffness matrices 

(3.5.23) 

The fluid stress trf is accumulated from each D.7r f , which is calculated from 

equation (3.5.15). 
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6. Material Properties of Orthotropic Materials 

In previous sections, when the bulk modulus is involved, the discussion was 

limited to isotropic material. For orthotropic material, there is no bulk modulus 

relating volume change to mean normal stress unless certain constraints between 

material properties exist. In this section, these volume related constraints will be 

discussed in detail. 

a) Volume change, normal stresses and material properties of linear orthotropic 

elastic materials undergoing small deformation 

If the principal axes of an orthotropic material coincide with the coordinate 

axes, the stresses and strains are related by 

0'11 Cuu C1122 C1133 0 0 0 ell 

0'22 C2211 C2222 C2233 0 0 0 e22 

0'33 C3311 C3322 C3333 0 0 0 e33 (3.6.1a) - 0 0 0 C1212 0 0 0'12 e12 

0'23 0 0 0 0 C2323 0 e23 

0'13 0 0 0 0 0 C1313 e13 

or 

(3.6.1b) 

where 

(3.6.2a) 

also 

Cijkl = 0 (if i = j and i =f. i, or i =f. j, i =f. k, and j =f. i) (3.6.2b) 

The same is true when i, j exchange positions with k, i. It is noticed that the 

same value of mean normal stress if does not always produce the same volume 
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change e, in another words, the same volume change does not always correspond 

to the same value of mean normal stress. Here ij and e are 

(3.6.3) 

e = e"" = ell + e22 + e33 (3.6.4) 

To illustrate this phenomena, consider a cube of orthotropic material subject to 

plane strain e33 = O. Only the first three equations of (3.6.la) are needed, i.e. 

(3.6.5) 

Arbitrarily assume that 

0 2222 - 501111 , 0 3333 - 301111 , 0 1122 - 0.301111 , 

0 1133 - 0.401111 , 0 2233 - 0.201111 , 

ell - e' , e22 - 5e' 

Then (7 ij can be calculated as 

{ :~~} = [O~3 053 ~:~] {!} 0 1111 e' 
(733 0.4 0.2 3 0 

Also 

e - ell + e22 + e33 = 6e' 

ij -
1 
'3«(711 + (722 + (733) 

1 
1.4)01111 e' - '3(2.5 + 25.3 + 

- 9.73301111 e' 



77 

Conversely, if ell = 5e' and e22 = e', then e remains the same, but fj = 

4.6701111 e'. From this example, it is clear that the mean stress fj alone cannot 

determine the volume change e for orthotropic materials. The volume change 

also depends on which direction of the material the normal stresses are applied. IT 

the change of volume of an orthotropic material depends only on fj, this 

type of orthotropic material will be denoted as a volu.me con&eMJative orthotropic 

material. Here, volu.me con&eMJative does not mean 'no volume change', rather it 

means 'no directional effect' for volume change. An incompressible orthotropic 

material is a special case of volume conservative orthotropic material where the 

change of volume is zero. For volume conservative orthotropic materials, there 

exists a volumetric modulus Kaolid, which relates the volume change e and 

mean normal stress as 

fj 

Kaolid = -= e 

Substitution of equation (3.6.5) into equation (3.6.3) gives 

+ (01133 + 0 2233 + 0 3333) e33] 

or with index notation 

1 1 1 
fj - '3 O'ijOij - -O'kk - '3( Oiikl ekl) 3 

1 1 1 
- 30iill ell + 30ii22 e22 + 30ii33 e33 

(3.6.6) 

(3.6.7) 

(3.6.8a) 

(3.6.8b) 
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Comparing equation (3.6.8a) or equation (3.6.8b) with equation (3.6.6), the condi

tions for an orthotropic material to be volume conservative are 

0 1111 + 0 2211 + 0 3311 - 3K.olid 

01122 + 0 2222 + 0 3322 - 3K.olid (3.6.9a) 

0 1133 + 0 2233 + 0 3333 - 3K.olid 

or 

Oml - 0ii22 - Oii33 - 3Kaolid (3.6.9b) 

Equation (3.6.9a) or equation (3.6.9b) means that a Kaolid exists which equals 

Oml, Oii22, and 0ii33. Obviously isotropic materials automatically satisfy these 

conditions, and are volume conservative. For a volume conservative orthotropic 

material, a new material stiffness Oijkl can be defined as 

Oijkl = Oijkl - K.olidDijDkl (3.6.10) 

e.g. 

0;111 - OU11 - Kaolid, etc. 

0;212 - 0 1212 , etc. 

With equations (3.6.10), the condition (3.6.9a) or (3.6.9b) become 

Oi111 + 0 2211 + 0 3311 - 0 

Oi122 + 0 2222 + 0 3322 - 0 

Oi133 + 0 2233 + 0 3333 - 0 

or 

°ii11 - 0~22 - 0~33 - 0 

(3.6.lla) 

(3.6.llb) 
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For volume conservative orthotropic material, the constitutive relation of equations 

(3.6.1a,b) can be rewritten as 

0"11 Ci111 Oi122 Oi133 0 0 0 
0"22 0 2211 0 2222 0 2233 0 0 0 
0"33 ( 03'311 03'322 03'333 0 0 0 - 0 0 0 Oi212 0 0 0"12 

0"23 0 0 0 0 0 2323 0 
0"13 0 0 0 0 0 Oi313 

Kaolid Kaolid Kaolid 0 0 0 ell 
Kaolid Kaolid Kaolid 0 0 0 e22 

+ Kaolid Kaolid Kaolid 0 0 0 ) e33 (3.6.12a) 
0 0 0 0 0 0 e12 
0 0 0 0 0 0 e23 
0 0 0 0 0 0 e13 

or 

(3.6.12b) 

where O;jkl is subject to three constraints (3.6.11a) or (3.6.11b). The total 

number of independent material properties O;jkl is reduced from nine to six 

because of these constraints. There are total seven independent material properties 

including K/Jolid. For isotropic material, the constraint (3.6.11a) or (3.6.11b) 

becomes 

or 

O• 10· 
1122 = -- 1111 2 

(3.6.13) 

Substitution of equation (3.6.13) into equation (3.6.12a) gives 
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O• Oill1 ( ) K ( ) - 1111 ell - -2- e22 + e33 + lolid ell + e22 + e33 

3 • Oilll ( ) K ( )() - 2011U eu - -2- eu + e22 + e33 + lolid eu + e22 + e33 3.6.14 

etc. These relations correspond to the well known constitutive relation of isotropic 

material 

(3.6.15) 

with 

C
• 4 
11U = aIL 

If an orthotropic material is incompressible, then 

K lolid -t 00, eu -t 0 

7rH = Klfolidekk. Equation (3.6.12b) becomes 

(3.6.16) 

with Oijkl subjected to three constraints (3.6.11a) or (3.6.11b). For incompress

ible isotropic material, equation (3.6.15) becomes 

(3.6.17) 

b) Volume change, nonnal stresses, and material properties of poroelastic ma

terial under small deformation , 

In this section, the discussion made in previous section is extended to or-

thotropic poroelastic material. Assuming the principal axes of the material are 

coincide with coordinate axes, the generalized constitutive relation of equations 

(3.2.1a) and (3.2.1b) can be written in a matrix form as 
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0'11 CK11 Cft22 CK33 0 0 0 fJll ell 

0'22 C~ll C~22 C~33 0 0 0 fJ22 e22 

0'33 Cfall Cfa22 Cfa33 0 0 0 fJ33 e33 

0'12 - 0 0 0 cg12 0 0 0 e12 

0'23 0 0 0 0 C~23 O· 0 e23 

0'13 0 0 0 0 0 CYa13 0 e13 

0'1 fJll fJ22 fJ33 0 0 0 Q ( 

(3.6.18a) 

where C&kl are Wldrained material stiffness, Q is the fluid stiffness and 

fJ11 , fJ22, fJ33 are coupling material stiffness coefficients. fJij can also be 

defined in the form 

fJll = QllQ, fJ22 = Q22Q, fJ33 - Q33Q. (3.6.18b) 

The fluid stress 0'1 and the mean normal stress if are 

if - 1 
aO'ij6ij 

1 u - a [(01111 

(3.6.19) 

(3.6.20) 

Following the discussion made in previous section, it is found from equations 

(3.6.19) and (3.6.20) that the same bulk volume change e and fluid outflow 

( with different combination of ell, e22, e33 will yield different u and 
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u f • Thus there is no "volumetric modulus" for general orthotropic material to 

relate the change of volume to it and u f . For an orthotropic poroelastic 

material to have "volumetric modulus", the necessary conditions are 

{Ju = {J22 = {J33 = {J (3.6.21a) 

or 

(3.6.21b) 

and 

ofIu + Ogll + OYall - OR22 + Og22 + Ofa22 

- OR33 + Og33 + OYa33 

- 3Ku 
II (3.6.22) 

Denote this type of orthotropic poroelastic material as a volume con~ervative 

orthotropic poroelastic material. Now a new set of material stiffness O;jkl can 

be defined as 

(3.6.23) 

where KU 
II is the undrained volumetric stiffness of overall poroelastic mate-

rial. Substitution of equation (3.6.23) into equation (3.6.22) yields 

Oil 11 + 0 2211 + 03311 - 0 

Oi122 + 0 2222 + 0 3322 - 0 (3.6.24) 

Oil33 + 0 2233 + 0 3333 - 0 

For volume conservative orthotropic poroelastic material, equations (3.6.19) and 

(3.6.20) become 



c; = K!, (ell + e22 + eaa)' + P' 
ql = p(ell + e22 + eaa) + Q' 

and the constitutive relation (3.2.1a) becomes 

qij = C;jkl ekl + K!, SijSkl ekl + PSij' 

= C;jkl ekl + K!, Sij eu + PSij' 

If the poroelastic material is also incompressible, then 

or 

Thus 

eu + , = 0 

P=Q-+oo 

Q.= 1 

ql = Q(eu + C) 

c; - K!, eu + Q' 

- (K!, - Q) eu + Q(eu + ') 

qij = C;jkl eu + (K!, - Q) eUSij + Q(' + eu)Sij 

= C;jkl ekl + Kd eUSij + ql 
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(3.6.25) 

(3.6.26) 

(3.6.27) 

(3.6.28) 

(3.6.29a) 

(3.6.29b) 

(3.6.30) 

(3.6.31) 

(3.6.32) 

where K d is the drained overall bulk modulus for the incompressible orthotropic 

poroelastic material. Note that the drained poroelastic material is always 'com

pressible', therefore Kd # 00. It can be seen from equation (3.6.31) that the 
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mean overall stresses (j is obtained from two parts: the mean bulk stress due to 

volume change and the fluid stress. When (71 is zero, the porous media is in a 

drained state and jj is the mean overall stress corresponding to eu. Again 

eu generally is not zero because of loss or gain of fluid. 

For isotropic materials, we have 

(3.6.33) 

c· - c· - c· - C· - 2233 - 2211 - 3311 - 3322 (3.6.34) 

Substitution of equations (3.6.33) and (3.6.34) into constraints (3.6.24) yields 

C• - lC· 
1122 - -'2 1111 

Equation (3.6.32) is then reduced to 

(3.6.35a) 

or 

(3.6.35b) 

or 

(3.6.35c) 

where C• - 41/ 
1111 - '3'-' p. and ,,\(d) are the Lame's constant for drained porous 

material. The same p. is used for undrained porous material. 

c) Volume change, normal stresses, and material properties of elastic material 

under finite strain, large deformation 
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In this section, the discussion made in section 1) for elastic material is extended 

from small strain, small deformation to finite strain, large deformation. The general 

form of constitutive relations are 

(3.6.36) 

where CtJKL is the secant material stiffness that is dependant an EIJ. Then 

- 8C'rJMN E E + Cr'JKLEKL 8EKL MN KL 

The general incremental form of the constitutive relations is 

(3.6.37) 

where CIJKL is the incremental tangential material stiffness, thus 

CrJKL _ 8C'rJMN E + Cr'JKL 
8EKL MN (3.6.38) 

At this point consider the Eulerian description. Replace E K L using 

Then multiplication of FiIFjJ on both sides of equation (3.6.37) yields 

(3.6.40) 

where 

Cijkl is the tangential material stiffness matrix in Eulerian description. Also 

lMattiasson, §6.5, (6.181)] 
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(3.6.42) 

where q ij is the objective Truesdell stress rate defined by 

(3.6.43) 

The Truesdell stress rate is related to the Jaumann stress rate ~ij by [Mattiasson, 

§6.5, (6.182)] 

Substitution of equation (3.6.42) into equation (3.6.40) gives 

(3.6.44) 

Following the procedures used in section 1), it is observed that the same value of 

mean Truesdell stress rate does not always result in the same rate of volume change 

unless the material properties satisfy the following constraints 

(3.6.45) 

Because of the existence of Kaolid for volu.me conservative material, a new set of 

tangent material stiffness Cijkt can be defined as 

(3.6.46) 

equation (3.6.44) becomes 

(3.6.47) 

and constraints (3.6.45) take the form 

C• - C· - C· 0 iiI I - ii22 - ii33 = (3.6.48) 
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Thus, among six Eulerian material properties related to normal stresses only three 

are independent. Obviously 

Now return to the total Lagrangian view. Substitution of equation (3.6.41) 

into equation (3.6.46) gives 

F -1F-1C* F-IF-l + K H H - Ii Jj ijkl Kk Ll /Jolid IJ KL (3.6.49) 

where HIJ and HKL are Finger's tensor. 

A new set of tangential material stiffness in the total Lagrangian description 

Cj J K L can be defined as 

Substitution of equation (3.6.50) into equation (3.6.49) yields 

C* F-IF-IC* F-1F-1 
IJKL = Ii Jj iikl Kk Ll 

(3.6.50) 

(3.6.51) 

(3.6.52) 

The constraint equation (3.6.48) can now be converted to the constraints to mate

rial properties in total Lagrangian description as 
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H'iJCiJKLFIKFlL - 0 

H'iJCiJKLF2KF2L - 0 (3.6.53b) 

H'iJCiJKLF3KF3L - 0 

Adding the three constraints in equation (3.6.53a) leads to 

(3.6.53c) 

or 

H -1C* H-l 0 IJ IJKL KL = (3.6.53d) 

Equation (3.6.53c) or equation (3.6.53d) is necessary condition of satisfying equa

tion (3.6.53a). Substitution of equation (3.6.50) into equation (3.6.53b) gives an

other form of the constraint equation 

(3.6.54a) 

or in view of equation (A.1.12) 

(3.6.54b) 

Among many CIJKL forms ~hich satisfy the constraint equation (3.6.54a), the 

simple form of CIJKL 

obviously satisfies these constraint equations. Beginning with equation (3.6.50), 

the constitutive relation for "volu.me conservative" orthotropic material can be 

obtained from equation (3.6.37) as 
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(3.6.55) 

where C1JKL are subject to constraints (3.6.53). Considering that 

then 

(3.6.56) 

Equation (3.6.47) also gives 

1 JW l: J"'- J • H K D '3 UijVij = U = 7r = 601id kk (3.6.57) 

where irH is the rate of mean normal stress,. the rate of hydrostatic stress. 

Substituting equation (3.6.57) into equation (3.6.56), we have 

(3.6.58) 

If in addition the orthotropic material is incompressible, then 

Dkk -+ 0, J = 1 

equation (3.6.57) takes a penalty form 

equation (3.6.58) becomes 

For isotropic material, constraints (3.6.48) leads to the relation 

C• 10· 
1212 = -- 1111 2 

(3.6.59) 
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3 
0 0 

2 1 1 1 

O;jkl Oillt 0 
3 

0 Oi111 1 1 1 -
2 2 

0 0 
3 1 1 1 
2 

- ~OilllDikDjl ~OilllDijDkl (3.6.60) 

where Oi111 is the material stiffness in Eulerian description. Substitution of 

equation (3.6.60) into equation (3.6.51) gives 

0 * 30* F-1F-1F-1F-1c c 
IJKL = '2 1111 Ii Jj Kk Ll VikVjl 

10* F-1F-lF-tF-1 c c '2 1111 Ii Jj Kk Ll VijVkl 

(3.6.61) 

Equation (3.6.61) illustrates the value of incremental material stiffness 

0iJKL. For volume conservative isotropic material, there are two material prop

erties Oi111 and Kaolid. For incompressible isotropic material, there is only 

one independent material property 0ilu. The relative value between entries of 

OiJKL are defined in equation (3.6.61). Note that equation (3.6.61) for total La

grangian description is similar to equation (3.6.60) used for Eulerian description, 

only Dij is replaced by HIJ. In both descriptions, there is only one basic 

material property, 0i III . 

d) Volume change, normal stresses, and material properties for poroelastic 

material under finite strain, large deformation 

In this section, the discussion made in previous sections will be extended to 

poroelastic material and finite strain. A general form of the constitutive relation 

in total Lagrangian description is 
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(3.6.62a) 

(3.6.62b) 

where "I" is used to indicate the secant material properties. The incremental 

form of constitutive relation can be obtained from equations (3.6.62a,b) as 

ac'U ac'u, 51J = IJKL E E + I!..,KL E ;: + CI,UJKLEKL aEMN KL MN a( KL':t 

a(3h ..... + a(31J I'~ + (3' t + aEMN (EMN a( ':t':t IJ 

+ (aC}~KL E + a(3lJ'l + (3' ) 7 
a( K L a( ':t 1 J ':t 

+ !.-J E + ---::::-( + Q' ( ( 
a(3' aQ .... , ) . 
a( IJ a( 

or with the definitions of incremental material stiffness 

Q _ a(3} J E + a~;: + Q-' 
B( IJ B( ':t 
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(hJ aC'BKL E + a
f3!/, + f3h - a( KL a( 

or 

f3IJ - af3'rJ E 
IJ 

aEMN + aQ' , + 
aEMN 

f3h 

Then 

SIJ 
U • 

= CIJMNEMN + f3IJ( (3.6.63a) 

irf = f3IJEIJ + Q( (3.6.63b) 

A well defined material should keep the symmetry of material stiffness, thus the 

above two expressions for f3I J should give the same value. For linear material, 

Cu C'u IJKL = IJKL 

f3IJ = f3'IJ 

The value of fluid stress rate irf can also be calculated using the Eulerian 

description as 

(3.6.64) 

where f311, f322' f333 are material stiffness in Eulerian description. 

Following a discussion similar to that in section 2), it is found from equation 

(3.6.64) that for an orthotropic material to be volu.me conservative, the constraints 

for f3i; are 

f311 = f322 = f333 = f3 (3.6.65) 

Equation (3.6.64) then becomes 



Substitution of relations 

into equation (3.6.64) gives 

irf = f3HIJEIJ + QJ-1( 

Comparison of equations (3.6.63) and (3.6.69) yields 

Replacement of E K L by 

and multiplication of Fi! FjJ on both sides of equation (3.6.62) yields 
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(3.6.66) 

(3.6.67) 

(3.6.68) 

(3.6.69) 

(3.6.70) 

(3.6.71) 

(3.6.72) 

(3.6.73) 

In view of equations (3.6.42), (3.6.68) and (3.6.70), equation (3.6.73) becomes 

(3.6.74) 

where 

(3.6.75) 

Also 

(3.6.76) 
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In order for the orthotropic poroelastic material to be volume co n"ervative, the 

conditions are 

where Ka corresponds to the volumetric materi~ stiffness. With the requirement 

of the existence of Ka for volume con&ervative poroelastic material, a new set of 

tangent material stiffness Cijlt:l can be defined as 

equation (3.6.74) becomes 

JUij = Cijlt:tDkt + KaDU 6ij + f3HIJFiIFjJJ( 

and constraints (3.6.77) take the form 

(3.6.78) 

(3.6.79) 

(3.6.80) 

Because of these constraints, the independent material properties Cijkl related 

to normal stresses are reduced from six to three. Using equation (3.6.75), relation 

(3.6.78) becomes 

CYJKL - Fji1 Fi/(Cijkt + K86ij6kt)FK~FLl 

- Flil Fi/CijktF'KlFil + KaH/JHKL 

where again H/J and HKL 'are Finger's tensor. 

(3.6.81) 

A new set of tangential material stiffness for the total Lagrangian description 

CiJKL can be defined as 

(3.6.82) 

Substitution of equation (3.6.82) into equation (3.6.81) yields 



C • F-1F-1C·· F-1F-1 
IJKL = Ii Jj ijkl Kk Ll 
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(3.6.83) 

(3.6.84) 

The constraints (3.6.80) can now be converted to the constraints for material prop-

erties in total Lagrangian description 

Fi/FiJC; J K LFIK FIL - Crill - 0 

Fi/ FiJC; JK LF2K F2L - Cfi22 - 0 (3.6.85a) 

Fi/FiJC;JKLF3KF3L - Cfi33 - 0 

or 

HiJC;JKLFIKFlL - Crill - 0 

HiJC;JKL F2KF2L - Cfi22 - 0 (3.6.85b) 

HiJC;JKL F3KF3L - Cfi33 - 0 

Adding up of three constraints in equation (3.6.85a) leads to 

(3.6.85c) 

or 

H -1C· H-l 0 IJ IJKL KL = (3.6.85d) 

Equation (3.6.85c) or equation (3.6.85d) is the necessary condition for satisfying 

equation (3.6.85a) or equation (3.6.85b). Substitution of equation (3.6.82) into 

equation (3.6.85b) gives another form of the constraint equation 

CIJKLF1KF1L - HIJKaHKLFIKFIL 

(3.6.85e) 



In view of relation (A.1.12) that 

HKLFIKFIL = HKLF2KF2L - HKLF3KF3L - 1 

the condition (3.6.85e) takes the form 
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CrJKLFIKFIL = CrJKLF2KF2L = CrJKLF3KF3L = HrJK.(3.6.85f) 

Using equation (3.6.82), the constitutive relation (3.6.63a) for volume cOnJeMJative 

orthotropic poroelastic material becomes 

SlJ - (CiJKL + KIIHlJHKL)EKL + {JHr/f. 

- CiJKLEKL + K.HlJHKLEKL + {JHr/f. 

where CiJKL subjects constraints (3.6.85). 

(3.6.86) 

If in addition the orthotropic poroelastic material is incompressible, then 

Dkk + ( -+ 0 

{J=Q-+oo 

Equation (3.6.66) then becomes 

irf = Q(Dkk + () 
or using equation (3.6.67) 

irf = Q(HKLEKL + J-1 (,> 

Equation (3.6.79) gives 

~Ja-ij8ij - J[j = J irH 

- K.Dkk + JQ( 

- (K. - JQ)Dkk + JQ(Dkk + () 

(3.6.87) 

(3.6.88) 

(3.6.89a) 

(3.6.89b) 
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K H E· + J';"/ - d KL KL " 

(3.6.90) 

where 

Kd = KIJ - JQ (3.6.91) 

Kd is the drained volumetric material stiffness, and irH is the rate of overall 

hydrostatic stress. Equation(3.6.B6) can now be rewritten as 

+ JQH]J(HKLEKL + J-l() 

- CiJKLEKL + KdHIJHKLEKL + JH]JQ(HKLEKL + J-1
,) 

(3.6.92a) 

Substitution of equation (3.6.90) into equation (3.6.92a) yields 

(3.6.92b) 

Relation (3.6.92b) is the penalty fonn of the constitutive law. 

Substitution of KIJ in equation (3.6.B5e) using relation equation (3.6.91) 

gives 

(CIJKL 

(C]JKL (3.6.93a) 

(C]JKL 

or 
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(3.6.93b) 

where 

(3.6.93c) 

are drained material stiffness. For isotropic material, the constraint equation 

(3.6.80) leads to 

C.. - lC" 
1212 - -'2 1111 (3.6.94) 

where Cill1 and Ci212 are entries of C;jkl in equation (3.6.60). Substitution 

of equation (3.6.94) into equation (3.6.83) yields 

(3.6.95) 

The basic material properties are Cilll and drained overall volume stiffness 

K d. For orthotropic linear material under small deformation, 

H ~ Ct.. C· IJ -+ Vij, IJKL = IJKL' 

equations (3.6.89a) and (3.6.92b) will reduce to 

7r' = Q(ekk + () (3.6.97) 

Uij - C;jkl ekl + Kd8ij ekk + Q(ekk + () (3.6.98a) 

Uij - C;jkl ekl + Kd8ij ekk + 7r' (3.6.98b) 

where C;jkl subject to constraint (3.6.24). 
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7. Identification of Material Properties - An Application to Soft Arterial Tissues 

It would be very useful if the material properties of a porous material could be 

related to the material properties of solid material from which the porous material 

is made (e.g. a foam made of plastic). For example, in the book Porow Media, 

Fluid Tramport and Pore Structure [Dullien, 1979] the attempt to relate pore struc

ture to fluid transportation was clearly described. A recent book, Cellular Solids, 

Structure & Properties [Gibson, 1988] provides some of the recent developments 

about cellular structure and their properties. Even when a foam is made from 

ideal elastic isotropic material, this task is not easy because the theory depends 

on the material properties of the solid, cellular material as well as its microstruc

ture. A highly anisotropic foam can be made from an isotropic solid material. 

Also, a compressible foam can be made from an incompressible rubber. Some par

ticular microstructures with re-entrant walls can result in a foam material with 

negative Poisson ratio where stretch in one direction causes expansion in another 

direction. Without pursuing a detailed analysis related to the microstructure, and 

without applying a statistical approach, it may be impossible to associate the real 

stresses and strains in the solid material to their average effects in porous cellular 

structures. The prediction of material properties of porous materials saturated 

with fluid is even more complicated than consideration cellular solid alone. The 

major emphasis here is not to predict material properties in general, but rather 

to identify the necessary material properties so they can be used to describe the 

macro - movement of the solid skeleton and fluid using a continuum view. Special 

attention will be devoted to the constitutive law(s) for soft arterial structures. 
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In this section, the porous material is assumed to be composed of an incom

pressible solid and an incompressible fluid. The subscript 'd' used to denote the 

drained stiffness will be dropped here for abbreviation. 

a) Relation between drained secant and tangent material stiffness 

The drained secant material stiffness 0IJKL and tangent material stiffness 

CIJKL have been used to relate stresses and strains. It is not practical to measure 

both these material properties. Again consider the definitions 

(3.7.1) 

(3.7.2) 

If the function is known, the relation between 

ObKL and C/JKL can be determined. Substitution of equation (3.7.1) into 

equation (3.7.2) gives 

8 (0' E ) _ 8G1JMN E + G1'JKL 
- 8EKL IJMN MN 8EKL MN 

If Gj J KLare constants, 

the secant and tangent material stiffness are the same. 

For soft tissues, an exponential form of hyperelastic strain energy density 

function was proposed by Fung [1984]. If this strain energy function is used for a 

drained porous material (and measured per unit undeformed volume) then 
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W - W(EIJ) - !Bo(e~ - 1) (3.7.3) 

where 

(3.7.4) 

and Bo and BIJKL are material constants. 

According to equation (3.5.6), the second Piola-Kirchhoff stresses are related 

to W by 

_ 8W + rrf J HIJ _ 
8EIJ 

and the stress-strain relation is 

Here. 

(3.7.5a) 

(3.7.5b) 

is the secant stiffness matrix, and again HI J is Finger's strain tensor given by 

H F -IF-l 
IJ = Ik Jk· 

According to equation (3.5.21), the increment of SIJ is related to W by 

~ . f 
- Bo e (BIJKL + 2BIJRSBKLPQERSEpQ)EKL + ir JHIJ 

or 

(3.7.6) 
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where 

is the drained tangential stiffness matrix, which is dependent on the deformation. 

If parameters B 1 J and Bo are available, then C} J K L, 01 J K L and C J J KLare 

all known functions of EIJ. 

A large artery can be modeled as a structure in axisymmetric plane strain. 

For this case 

SIJ = EIJ = 0, if 1 f. J , (1, J = R, B, Z) 

To simplify the experiments, the material test is designed to satisfy the axisymmet

ric plane strain conditions. In the following part of this chapter, notations SJ, EJ, 

BIJ and Ch will be used in place of Sll, Ell, BIIJJ, and ChJJ (no 

summation on 1 or J here) separately in a contracted matrix notation. Then 

equation (3.7.5) can be written in a matrix notation 

SR BRR BRO BRZ ER (~~)' 
So - Bo e~ BRO Boo Boz Eo + 7rf J (~)' (3.7.7) 

Sz BRZ Boz Bzz Ez (~)' 

where <P takes the form 

<P = B RREh + BooE~ + BzzE'i 

+ 2BROEREo + 2BRZEREz + 2BozEoEz (3.7.8) 
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Note that equation (3.7.7) is very similar to the constitutive law for a linear material 

undergoing small strain, i.e. (1ij = Cijkt ekt + (116ij • The strain dependent 

factor Bo e'" introduces material nonlinearity. There are seven material 

parameters (B I J and Bo) required. Note that when the material is isotropic, 

BRR = Boo = Bzz (3.7.9) 

then 

(3.7.10) 

and there are only three material properties (Bo, BRR and BRO). The strain 

invariants are 

II - 3 + 2(ER + Eo + E z) 

h - 3 + 4(ER + Eo + Ez) 

+ 2[(ER + Eo + EZ)2 - (E'A + E~ + E~)] 

So that equation (3.7.10) can be rewritten as 

¢ = ~BRR(II - 3)2 + (BRR - BRO)(II - 3) 

- (BRR - BRo)(I2 - 3) 

For small strain (say EIJ f'J 10-3 ) , ¢ is even smaller (¢ f'J 

(3.7.11) 

(3.7.12) 

(3.7.13) 

10-6 ), 

e'" ~ 1 , HIJ = 6ij. Letting BIJt = BoBIJ, equation (3.7.7) reduces to 

un [BkR Bko B~z]{ ER} 
+ ~f{D - Bko B~o Boz Eo (3.7.14) 

B'nz B~z BZz Ez 
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the fonn of the constitutive law for a linear material. 

b) Drained test of arterial tissue 

A drained test where 'Tr/ = 0 is often used to determine the material pa

rameters BIJ and Bo in the drained strain energy density function. Since 

the drained state is also a steady state, test measurements in the drained state 

generally are simpler than those in transient state. However, 'Tr/ = 0 does not 

mean that fluid is completely drained out. Since the pores are still saturated with 

fluid. Any change of strain will disturb the fluid pressure, so that time is needed 

to let 'Tr/ reduce to zero.· If permeability is very low (as in biological tissues), 

this stabilization may take a relatively long time. With 'Tr/ = 0 equation (3.7.7) 

can be rearranged as 

BRR 

un [ER ;go Ez 0 0 1] 
BRO 

BoetP ~ ER 0 Eo Ez BRZ - Boo 0 ER 0 Eo 
Boz 

(3.7.15) 

Bzz 

or 

is} - BoetP[EG]{B} 

where 

For each load step, . if S[, E[ (I = R, 8, Z) can be measured at 

a certain point in an artery, and three nonlinear equations will be available to 
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calculate BIJ. When enough load steps (number of load steps ~ 3) are applied, 

B 1 J can be calculated with the help of a least square approach. Suppose that 

a total of N loading levels are applied (again with N > 3). At each loading 

level i, {S}[J, and [EG][J can be obtained from the measured value of 

SI and El (1 = R, 8, Z). The stresses calculated from the strain measurement 

are {S}f where 

{SH Bo etP1 [EG]r BRR 
BRO 

{S}f Bo etPi [EG][J BRZ (3.7.16) - Boo 
Boz 

{S}N Bo etPN[EG]~ Bzz 

Define {S}G as the difference of stresses from the load measured and stresses 

calculated from the strain measured. 

{SH {S}~ 

{S}G - {S}f (3.7.17) 

{S}CN {S}M N 3Nxl 

Letting 

II = < S >G {S}G no summation on G (3.7.18) 

the best fitting BIJ and Bo are those which make II the minimum. 

c) Data reduction using thin wall assumption in drained test 

The data reduction procedure for drained material test results described in 

previous section is very general. As long as strains can be measured at enough 
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load steps and enough locations, stresses can be measured and calculated from these 

strains, and the material parameters can be obtained. However, in the arterial 

experiments only the external radius can be directly measured, it may be difficult 

to measure the internal radius. It is very difficult to obtain the deformation of 

intermediate radius of the arterial wall. Obtaining the measured strain field from 

limited displacement information is also a problem. One major disadvantage in 

the drained test is that the porous material changes its volume because of gain or 

loss in free tissue fluid. An incompressible deforming cylinder does not change its 

volume, so deformation and strain field can be determined from known deformed 

radius (internal a external) and the axial stretch. The data reduction procedure 

is then greatly simplified. For a compressible deforming body, the strain field is 

unknown and the nonlinear finite strain problem can not be solved analytically. For 

this case some simplification is needed, e.g. a "thin walled" tube assumption can 

be adopted in which the middle-wall strain is used as the average strain of the 

cylinder and the average stresses are used to represent the stresses across the wall. 

A material test of arterial wall is carrying out by a group at UMC. The 

experiment setting is sketched in Figure 3.1. In this test, the artery sample is 

immersed in physiological buffered saline (PBS), the fluid pressure is controlled by 

raising or lowering the test fluid reservoir. The fluid pressure in the artery is 

measured with a pressure sensor which is closely connected to the end of testing 

sample. All connecting tubes are specially coated in order to reduce the fluid 

friction. The test fluid used for drained test is water-immiscible Dow Corning 200 

fluid (DC200), which cannot flow through the artery wall. As pressure increases, 

the artery is inflated. The amount of test fluid flowing into the artery is measured 

by noting a small air bubble movement. Using this relative movement of distance 
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SB, the deformed internal radius can be inferred from the reference internal 

radius. The gage length, a length between two specially marked points on the 

artery, is also measured to give the axial stretch. The measurement for deformed 

configuration is carried out when the test reaches the equilibrium (the air bubble 

stops). The experiment will provide the following measurements. 

R o , ro the undeformed and deformed external radius 

Ri, ri the undeformed and deformed internal radius 

L g , I.g the undeformed and deformed gage length 

Pi, Po the internal and external pressure (positive for pressure), (Po = 0) 

If the thin walled tube assumption and plane strain conditions are imposed then 

1 [( dr )2 ERR = - -
2 dR 

dr ro ri 
dR ~ Ro - Ri' 

1 [ dZ)2 Ezz = - (- -
2 dZ 

dz _ !.a.. 
dZ Lg 

(3.7.19) 

(3.7.20) 

(3.7.21) 

Fung's form of W is to be used as one possible form for the view of the arterial 

wall as a porohyperelastic material. In the current experimental designs, the axial 

force can not be measured. (This will be measured in the future.) Therefore the 

third expression of equation (3.7.15) can not be used. 

relations of equation (3.7.15) can be rewritten as 

However the first two 
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BRR 

{ 8rr } c B' e"" [ERR E8s Ezz 0 E~Z] 
BRS 

8ss - o 0 ERR 0 Ess BRZ (3.7.22) 
Bss 
Bsz 

where 

The material constants Bzz and Bo are combined forming a new con

stant B~. The new material parameter set f3ij will only be valid for deformations 

considered at the same axial stretch ratio measured in the experiments. 

Note that the calculated stress { ~~: } C is a highly nonlinear function 

of B I J because of its exponential form and the multiplication of Bo and 

B I J • The measured stresses are 

{ 
8RR }M _ 

8S8 dr Rdz 
U88 dR-; dZ 

which can be approximated using equations (3.7.19) and (3.7.20). 

d) Undrained test 

(3.7.23) 

An undrained test is a test that is carried out in a relatively short time period, 

so that there is no significant loss or gain of fluid in the porous material due to very 
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low permeability. With this assumption, it is possible to treat the porous mate

rial as incompressible solid in a short time period after load and/or displacement 

application. 

For an undrained test, the porous material is assumed to be incompressible. 

IT the deformation of the external (or internal) radius and the axial stretch is 

measured, the strain field in a porous cylinder is known. Then the thin wall as

sumption is no longer needed and a more accurate estimate of material parameters 

can be obtained. 

Using Eulerian stress, equation (3.7.7) can be rewritten as 

Ur - BoJ-1 e4>(1 + 2Er)(BRRER + BReEe + BRZEz) + 7r'f 

Ue - BoJ-1 e4>(l + 2Es)(BReER + BeeEe + BezEz) + 7r'f 

U% - BoJ-1 e4>(l + 2E%)(BRZER + BszEe + BzzEz) + 7r'f 

These equations are similar to Fung's [1990] where 7r'f replaces H. 

(3.7.24) 

Assume that at an initial state "b"', all strains in the tube are known, i.e. 

at an arbitrary radius h' r , Jb' is known, and the corresponding undeformed 

radius Rb is also known. If the initial state is an undeformed state, then rb' = 
During the undrained test, using incompressibility, the 

current radius r can be obtained and the strains ERR, ES8 and Ezz, as 

functions of radius, can be calculated. 

A direct integration of the equilibrium equation 

BUr Ur U8 = 0 
Br + r 

(3.7.25) 
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gives 

(3.7.26) 

where Po and Pi are boundary stresses (negative for pressures). Multiply 

equation (3.7.25) by r2 and integrate by parts yielding 

(3.7.27) 

The static equilibrium equation in Z direction has the form 

F - Pi 7rr~ = 27r 1"'0 Uz rdr 
r; 

(3.7.28) 

where F is the applied axial force. Substitute equation (3.7.27) into equation 

(3.7.28) 

(3.7.29) 

In view of equation (3.7.24), equation (3.7.26) becomes 

(3.7.30) 

and equation (3.7.29) becomes 

1 + BzzEz) - 2(1 + 2Er )(BRRER + BRSEs + BRZEz) 

1 
- 2(BRSER + BssEs + BszEz)]dr (3.7.31) 
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Now ERR, E99 and Ezz are known functions of r and the integration limits 

ro, ri are also known. Thus for any given Bo, BRR and BR9, a numerical 

integration of equations (3.7.30) and (3.7.31) will give values for (Po - Pi) and 

F. Comparison of the calculated values with the measured values of Po, Pi and 

F, the best fit values of Bo, BRn and BR9 can be obtained by minimizing 

the differences in a least squares sense. . 

e) Optimization program and preliminary data reduction 

A FORTRAN computer program, named POROMT, was written to carry out 

the data reduction procedure of drained test. A set of optimization subroutines 

presented in Numerical Recipes [Press, 1986] was selected as an optimization pro

cedure. Application of these subroutines to a few nonlinear problems chosen from 

Hock [1981] (including some exponential types of nonlinear problems) showed that 

the optimization subroutines are suitable for this type of problem. The computer 

program is also verified by using deformation and loading "data" generated from 

a "forward analysis" program (assuming known Bo and BIJ). Optimization 

program POROMT then found the Bo and B/J with very good accuracy (rel

ative error less then 0.001). The input data generated from the forward analysis 

were also modified slightly to simulate the inaccuracies in the experiment data. A 

typical data fitting result is shown in Figure 3.2. Due to the difficulty in measur

ing the internal radius of the artery, real data currently are not available for data 

reduction. 

f) The test to determine the permeability. 
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Permeability is a very important material property which determines fluid 

movement. Note that even for steady flow, the fluid speed tV varies with radius 

in the arterial wall. The strain also depends on radius. Also, low permeability at 

one radius could limit the overall flow in the arterial wall. It would be preferable if 

thin layers of the arterial wall could be tested. Therefore the average permeability 

of the arterial wall is measured, i.e. the artery is assumed to be a thin-wall tube. 

A "pressurization test" . is used to obtain arterial permeability. The test 

equipment for pressurization test is the same as described in drained test and 

Figure 3.1, except that the artery sample is perfused with physiological buffered 

saline (PBS). The volume rete of fluid flow through the arterial wall is measured 

by noting the speed at which the small air bubble moves. The measurement is 

carried out when test reaches the equilibrium (the air bubble moves at a constant 

speed). 

condition 

The permeability is obtained from the Darcy's Law for axisymmetric 

dTr = j(-lfDR dR 

The pressurization experiment provides the following data at steady state 

Ro , r 0 the undeformed and deformed external radii 

Ri, ri the undeformed and deformed internal radii 

LT, iT the undeformed and deformed total lengths 

Pi, Po the internal and external pressures (positive for pressure), (Po = 0) 

q the volume rate of fluid flow 



113 

The total length here is different from the gage length used in the undrained 

test. The gage length is is used to measure the stretch of the artery. For fluid flow, 

the total length where the :fluid is allowed to flow out off the artery is used. As-

suming the arterial wall is "thin", 

d1r ..... Pi - po 
dR ..... Ro - Ri 

a simple average value of K is obtained. A few possible independent variables 

may be considered as the arguments of the nonlinear permeability function. For 

exam~le, for isotropic material, assume 

(3.7.32) 

for orthotropic material, assume 

The thin-walled assumption will allow calculation of approximate values for 

. K, Eij, (, II, 12 and Ia. Appropriate functional forms can then be de-

veloped based on plots of thin-walled values for K and its arguments. These 

functions can then be introduced in the FEMs. The numerical results calculated 

from finite element method can then be compared to the experimental data for 

pressure, force, deformation, and transmural flow. "Adjustments" in the form of 

K may be needed in order to obtain good fit of the experimental data and thus 

determine K as a function of the appropriate argument(s). 
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8. Porohyperelastic "Neo-Hookean" Material 

First consider the conventional neo-Hookean material. In conventional solid 

mechanics, isotropic hyperelastic materials are often modeled using a strain en

ergy density function of the principal strain invariant II, 12 and 13 [Oden 

§15.5}. One of such material law uses the linear terms of a power series of ~hese 

invariants, i.e. 

If only the first tenn is retained, equation (3.8.1) reduces to the W for the 

"neo-Hookean" material 

W = 0(11 - 3) (3.8.2) 

where the incompressibility condition 

J = 1 (3.8.3) 

is implied since a "neo-Hookean" material is an incompressible elastic mate-

rial. This incompressibility condition can be included in an extended strain energy 

density function W· of the fonn 

W· = 0(11 - 3) + !Q(J - 1)2 
2 

The constitutive relation is then given as 

8W· 
SIJ = 8EIJ 

U sing the relations 

_ C 811 + Q(J 
8EIJ 

1)~ 
8EIJ 

(3.8.4) 

(3.8.5) 

(3.8.6) 



8J 
-- = JHIJ 
8EIJ 

Q(J - 1) = 7r 
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(3.8.7) 

(3.8.8) 

yields 

(3.8.9) 

and 

SIJ = ir JHIJ + 7r jHIJ + 7r JHIJ (3.8.10) 

Considering that 

then 

or 

Since in a stress free state all strains are zero, 

(3.8.11) 

(3.8.12) 

(3.8.13) 

(3.8.14) 

(3.8.15) 

HI J = 61 J (3.8.16) 

o = 20 + 7r (3.8.17a) 

7r = -2q (3.8.17b) 

For the neo-Hookean material, the hydrostatic stress (J'H is dependent on 

both 7r and 2C 
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1J - lS H-l 
= '3 IJ IJ (3.8.18) 

Substitution of equation (3.8.9) into equation (3.8.18), using Hi] HIJ = 3 gives 

H 1 2C J-l " H-l + _ 
(1' = -. . OIJ IJ " 

3 
(3.8.19) 

The neo-Hookean material discussed above can be generalized and used in a 

porohyperelastic material law. The strain energy density function assumed for 

this porohyperelastic neo-Hookean material is 

• ( ) 1 ( )2 1 ( - 2 W = C II - 3 + -Kd J - 1 + -Q J - 1 + () 2 2 
(3.8.20) 

Here Kd is assumed to be a constant, however Kd could be dependent on 

stain for the more general case. Then the constitutive relation is 

8W· 
SIJ = --

8EIJ 

call K (J - 1)~ Q(J ;:)~ = 8EIJ + d 8EIJ + - 1 + ':. 8EI J 

Now define 1rd and 1r1' as 

1r1' = Q( J - 1 + C) 

(3.8.21) 

(3.8.22) 

(3.8.23) 

Substitution of equations (3.8.6), (3.8.7), (3.8.13), (3.8.22) and (3.8.23) into equa

tion (3.8.21) gives 

SIJ - 2CoIJ + (1rd + 1r1') JHIJ (3.8.24) 

SIJ - (ir d + ir l ') JHIJ + (1rd + 1r1') jHIJ + (1rd + 1r1') JiIIJ 



With the consideration of the relations 

and equations (3.8.12) and (3.8.13), equation (3.8.25) becomes 
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(3.8.25) 

(3.8.26) 

(3.8.27) 

(3.8.28) 

It can be seen from equation (3.8.24) that in a stress free state all strains are 

zero, then 

J - 1, 

and 

The hydrostatic stress u H can be obtained from equation (3.8.24) as 

1 1 J-1S H-1 - i Ukk - '3 JJ I J 

_ !. 2C . J-1SJJHiJ + 1rd + 1rI ' 
3 

(3.8.29) 

(3.8.30) 

It is clear that hydrostatic stress u H of neo-Hookean material is related to 

1rd and 1rI'. 1rd is related to the bulk volume change, while 1r I ' is related to 

the fluid stress 1r1 by the following equations 

I H d 1 2C J-1 " H-1 + I' 1r = 1r - 1r = -. . VIJ IJ 1r 
3. 

Obviously, in the undrained state «( = 0, J = 1), equation (3.8.22) gives 
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1f'd = 0 

and the porohyperelastic neo-Hookean material behaves the same as the conven

tional. neo-Hookean material. In the drained state, 1f'i = 0, the porohyperelastic 

neo-Hookean material behaves like a compressible solid. 

It is found from equation (3.8.28) that the drained tangential stiffness 

C1JKL is 

(3.8.31) 

It can be proved that neo-Hookean material does satisfy the incompressible 

condition discussed in section 6. Multiplying both sides of equation (3.8.31) by 

FIKFIL Gives 

(3.8.32) 

In view of equation (A.1.11) that 

and 

equation (3.8.32) becomes 

= K*HIJ (3.8.33) 

where 



Following the same procedure, it can be seen that 

c1JKLF2KF2L - K* HIJ 

c1JKLF3KF3L - K* HIJ 
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(3.8.34a) 

(3.8.34b) 

(3.8.34c) 

Thus the clJKL of neo-Hookean material does satisfy the constraint equation 

(3.6.85f). 

It should be emphasized that the porohyperelastic neo-Hookean material dis

cussed above does not necessarily correspond to the situation in which the porous 

solid is made of solid neo-Hookean material. Rather this section has provided 

a material in which the undrained response is incompressible and similar to solid 

neo-Hookean material. An analytic solution for conventional neo-Hookean material 

is provided in Appendix 5, which is used to compare the result of finite element 

program. 



CHAPTER 4 

FINITE ELEMENT FORMULATIONS FOR 

NONLINEAR POROELASTIC MATERIAL 

UNDER FINITE DEFORMATION 
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A few analytic solutions for simple linear poroelastic problems can be found 

in the literature [Biot, 1941, 1956], [Zienkiewicz, 1980], and [Simon, 

1984]. However, when geometric nonlinearity, material nonlinearity and multi

phase coupling are all involved, no analytic solution is available. The finite 

element methods are important methods to obtain the numerical solutions of such 

poroelastic field problems. 

Poroelastic theory is a natural extension of conventional elastic theory. With 

the introduction of two groups of new variables relative fluid displacement w and 

the corresponding pore pressure 7rf , poroelastic theory provides a basis 

for various finite element formulations. By adding relative fluid displacements as 

nodal degrees of freedom, a very general formulation u - w finite element 

formulation can be developed. When incompressibility assumed for both solid 

skeleton and fluid materials, a penalty method is introduced. In this thesis, a 

total Lagrangian approach using u - w formulation is implemented in the finite 

element program. A u - 7r (where the superscript f in tr f is now dropped 

here for abbreviation) formulation can also be developed under conditions that 

Wi and iii are negligible, so that Wi can be eliminated as a variable. In the 

u - 7r formulation, the primary unknowns are nodal displacements of bulk solid 

and fluid pressure [Gaballa, 1989]. In this thesis, only the u - w formulation 

is discussed in full detail. In this chapter, a Galerkin Method and a virtual work 
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principle are used to establish the weak forms of equilibrium. Conjugacy relations 

and correspondence rules are used to bring these equilibrium equations into a total 

Lagrangian description. An incremental form of equilibriUm in total Lagrangian 

description is then developed. After numerical interpolation and discretization, a 

finite element formulation is then derived. Newmark time integration schemes 

are used with displacement u, w as primary variables. 

1. The Galerkin Method and the Virtual Work Principle 

A weak form of equilibrium for the bulk and the pore fluid can be written as 

( 4.1.1a) 

and 

respectively. Using the divergence theorem, equation (4.1.1) becomes 

( 4.1.2a) 

l a. '7raw'n ·dS - 17r a8
w

i a· ·dV - 1 K:-:lw ·aw·dV I) I) 8 I) IJ J 1 
S V ~ V 

(4.1.2b) 

which can be reorganized as 
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(4.1.3a) 

and 

( 4.1.3b) 

The equilibrium relations in Eulerian description above can now be converted 

to total Lagrangian description. The correspondence relations linking Eulerian 

stress and second Piola - Kirchhoff stress and the conjugacy relations between 

corresponding stresses and deformation measurements [Mattiasson §5.4, §5.5, §5.6j 

Bathe, 1982, §6.2.2j Appendix §3] can be introduced as follows 

(4.1.4a) 

(4.1.4b) 

( 4.1.4c) 

(4.1.5) 

( 4.1.6a) 

(4.1.6b) 

The total mass is again given by 



dm = dm lJ + dmf 

yielding relations (3.1.7) and (3.1.11b) 

p _ (1 - n)plJ + npl 

plJ, pi are constants for incompressible 'solid and fluid materials. Then 

pdV - [(1 - n) plJ + n pf]dV 

where 

Then defines a density if as 
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(4.1.8) 

(4.1.9) 

(4.1.10) 

(4.1.11) 

(4.1.12) 

in equation (4.1.10). Now using relations (4.1.4) f'J (4.1.12) and considering the 

relation Wi = J-1 FiJ.fi;J and Wi = J-1 Fi JiJ;J , (4.1.3) can then be converted 

to a total Lagrangian description as 

= 0 (4.1.13a) 
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(4.1.13b) 

2. The Total Lagrangian Finite Element Formulation in Cylindrical Coordinates 

The derivation of an incremental total Lagrangian finite element formulation 

for an elastic solid under finite strain in Cartesian coordinates can be found in 

the literature (Hibbitt, 1970; Bathe, 1975). Following a similar procedure, the 

total Lagrangian finite element formulations of poroelastic material in cylindrical 

coordinates are derived using a principle of virtual displacement which represents 

the equilibrium of the body in current configuration at time t. 

f [8(1 rr 8(1 %r 1 ( ) b Jv 8r + 8z + ; (1rr - (188 + P r 

= 0 

- 0 

+ f [8(1r% + 
Jv 8r 

K - 1 ' - rr Wr 

f [87r K- 1 • K-1 • feb .. + Jv 8z - %r Wr - %% W% + P % - u% 

Integrating by parts, and noticing that (see Appendix 1) 

(4.2.1a) 

( 4.2.1b) 
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equation (4.2.1a) becomes 

I [ 8Sur + (8Sur + 8Suz) + 8Suz SUr ] d Jv (1rr 8r (1zr oz 8r (1u 8z + 7(188 V 

= 0 

+ f,(Pbr - PUr - pfwr)SurdV + i(Pbz - PUz - pfwz)SuzdV 

(4.2.2a) 

and equation ( 4.2.1 b) becomes 

Iv (I<;;}Wr + I<;/wz)SwrdV - Iv (K;,!wr + K;/wz)8wr dV 

+ Iv pf(br - Ur - n-1wr)SwrdV + Iv pf(bz - Uz - n-1wz)SwzdV 

= 0 (4.2.2b) 

U sing strain - displacement relations and the conjugacy relations between stress 

and strain in Eulerian and Lagrangian descriptions (see Mattiasson §5.6), we have 

1 [ 8Sur (8Sur 8Suz ) 
(1rr-8 + (1zr -8 +-8 v r z r 

= i[(1rrSerr + (1rzSerz + (1zrSezr + (1zzezz + (18S e8S]dV 

= I [SRRSERR + SRzSERZ + SzRSEzR + SzzSEzz + S8sSE88]dVo JVa 

(4.2.3) 
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and 

(4.2.4) 

Using the equations relating the fluid flow in Eulerian and Lagrangian descrip-

tion, 

1 (BOwr OWr BOwz) dV, = 1r --+-+-- 0 
~ Br r Bz 

(4.2.5) 

(4.2.6) 

then using the relation Wj = J-1 FjJwJ, 

(I,J = R,Z) (4.2.7) 

where 

(I, J = R, Z), (i,j = r, z) (4.2.8) 

In this equation ](/ J is the permeability in total Lagrangian description. In a 

fully expanded form, this relation represents 
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with the help of equations (4.2.3) '" (4.2.9), plus equations (4.1.7) '" (4.1.12) and 

noting that Ui = UI, and WidV = Fi/WldVo, the equilibrium relations (4.2.2a) 

and (4.2.2b) can be written using the total Lagrangian description as 

1 (8Mi5r 6wr 86wz) dV, 
7r --+-+-- 0 

Vo 8r r 8z 

(i - r, z), 

(4.2.10a) 

(4.2.10b) 

(I, J - R, Z) 

3. The Incremental Form of the Virtual Work Principle in the total Lagrangian 

description 

Before deriving the incremental form of the equilibrium equations the following 

notation is introduced. A subscript or superscript will be added to indicate the 

time. So equilibrium at time t + b.t is denoted by 

1 8HAt CEHAtdV, - 1 THAt cHAt,.. HAtd8 + 
JI u JI 0 - Ji uUi nJ 0 

Vo So 
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1 (- bt+~t - .·t+~t I Ft+~t ;:.t+~t) r t+~t..1TJ' ( ) + Pt+~t i - Pt+~tUi - Pt+~t iJ WJ vUi avo 4.3.1a 
Vo 

U .. ~+~t (J)-lF,. ;:.t+~t) Ft+~tr-t+~t..1TJ' • - n ,1WI iJ VWJ avo (4.3.1b) 

while J, I = R, 8, Z. For ~isymmetric models, all shear stresses and shear strains 

associated with 8 are zero. 

The first term in equation (4.3.1a) can be separated using stresses and strains 

at time t and their increments during ~t. The stress and strain at t and 

t + ~t are related by 

s~1~t - S) I + ~s'i/ 

The variations of strain and displacement at time t + ~t are 

and 
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since the values at time t are known. Consider the kinematic relation of the 

incremental Lagrangian strain. 

D.Ef'l = E~1At - Eh 

!(Ft+At Ft+At 
- 2 kI kJ ) 1( t t ) 6/J - 2 FkJFkJ - 6/J 

In the rest part of this thesis, 'Uk,! will be used to denote 

This definition is for notational convenience so that the formula derived later can be 

used for both Cartesian and cylindrical coordinates. In the Cartesian coordinate 

system, 'Uk,! = :~~. In cylindrical coordinates, the only exception is 'Uo,o = 

~ 1 r-R A At AFAt Ar Th 
.£'00 - = R"", u'Uo,o = U 00 = R' en 

where 
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AEJN[L 1 [A At A At] 
U - '2 UUk,[uUk,J 

Also 

1 SJH[At rEJH[AtdVo 1 (st + AsAt) r AEAtdV, (J = J[ U J[ (JU J[ 0 

Vo Vo 

Substitute this relation into equation (4.3.1a), and use the incremental form of the 

stress - strain relation described in Chapter 3, i.e. 

where CJIKL is the drained incremental stiffness (the subscript 'd' has been 

dropped for abbreviation), and HIJ is Finger's strain tensor. FUrthermore 

where Q is the fluid stiffness as described in Chapter 3, which serves as a penalty 

factor to enforce the incompressibility condition. Then 

(4.3.2a) 

where the subscript S denotes the contribution from solid (bulk), so that 

P HAt _ l THAt r HAt .. HAtdS + 1 - bt+At r AuAtdV, S - Ji (JUi nJ 0 PHAt i (JU i 0 
So Vo 
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Similarly, we can separate equation (4.3.1b) using the increments of '11", w, and 

(' as 

Then 

and equation (4.3.1b) becomes 

(4.3.2b) 

where the subscript F denotes the contribution from fluid , so that 
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Before equations (4.3.2a) and (4.3.2b) can be expressed using matrix form, 

consider fl.E'Jl, the nonlinear part of increment of E IJ. First 

(a) 

and then 

This can be expanded in cylindrical coordinates for axisymmetric models as 

[
st 

At At RR = f (8b.FrR , 0, 8b.FrZ ) 0 
iVa st 

ZR 

o 8hz ] {b.F;;} s~(J 0 0 dVo 

o 8kz b.F;t 



where 

Here F6.t 
iJ 

[SjJ] 

8hz 
8kz 
o 
o 
o 

o 
o 

8hz 
8kz 
o 

o 
o 
o 
o 

8~8 

written in a column form and 

SkR 8hz 0 0 
8kR 8kz 0 0 

- 0 0 8kR 8kz 
0 0 8kR Skz 
0 0 0 0 
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(b) 

(c) 

0 
0 
0 (d) 
0 

8~8 

is an expanded form of 8j J used for convenience in the computer program. The 

expanded form in Cartesian coordinates for 2-D plane strain and plane stress mod

els is similar except that ~Ff9t is set zero. 

Using equations (3.5.19) and (3.5.21), the incremental form of the constitutive 

relations are 



where 

1::1 7r' = Q[HKLI::1E~i + J-ll::1,~t] 

Asf] = CIJKLAEKL + JQHIJ(HKLAE~l + J-IA,~t) 

HIJ· - F-1F-1 
= 1m Jm 

Now rewrite HIJ in matrix form as 

Equations (4.3.2a) and (4.3.2b) can be combined and written in a matrix form 

134 
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(4.3.3) 

It can be seen that the left hand side contains acceleration, velocity, and 

incremental strains and the right hand side contains the boundary force, body 

forces, and pre-stresses (including both bulk stress and fluid pressure). 

The increments of fluid pressure and bulk stress can be written in matrix form 

as 

_ ([CIJKL {OJ] + QJ [J{HIJJ<HKL> {HIJJ]) {A~~l} (4.3.4) 

{O}T 0 < HKL > J- 1 ~,At 

In the total Lagrangian finite element formulation, 6.E~lI may be used in 

place of 6.EfJ in the first term of (4.3.2a) to linearize the problem at each time 

step. This simplification is usually valid because that at each time step, the incre

mental of displacement is kept small. It is also compatible with the linearization 
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of material properties at each time step. For linear material, this simplification 

will lead to a linear form of finite element equations [see Bathe 1975]. It is noted 

that symmetry is preserved in equation (4.3.2). 

4. Numerical Discretization and the Finite Element Formulation 

Isoparametric elements are used because of their flexibility in representing 

shapes of the elemental geometric boundary. In isoparametric elements the same 

interpolation function N{[,'1) is used to define both the geometry and displacement 

field. For an element with M nodes, the shape function is defined as 

I = X,Y or R,Zj K = 1, ... ,M 

-K K where X I are the nodal coordinates of node K and N (e, 71) is the 

corresponding shape function. In Cartesian coordinates, 

X(e,71) = N K ee, 71)XK 

yee,71) = N K (e, 71)yK 

In cylindrical coordinates, 

Ree,71) - N K (e, 71)flK 

Zee,71) - N K (e, 71)ZK 

The deformation is interpolated in the element using the same interpolation func

tion N K , i.e. 

UI(e,71) = N K (e, 71)uf 

Wl(e,71) = N K(e,71)wf 
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where iif is the time dependent displacement of node K. A time indicator, 

such as t + D.t, or D.t will be added to iif when necessary to specify the 

appropriate time or time increment. The same interpolation will also be used for 

velocities, acceleration, and their increments. Using the interpolation functions 

N{[,'1)' 

D.Ft::.t 
8D.V.R 8 

8R 8R 
0 rR 

D.Ft::.t 8D.V.R 8 
rZ 8Z 8Z 

0 

rUB} D.F~/ D.Ft::.t 8D.v.z 8 - - - 0 zR 8R 8R D.V.Z 
D.Ft::.t 8D.v.z 8 zZ 

8Z 0 
8Z 

D.Ft::.t D.V.R 1 0 ee 
R R 

8 
0 

8R D.iiRl 

8 
0 D.uZ1 8Z 
8 [:' 0 N2 0 NM 

N:J - 0 
8R Nl 0 N2 0 

0 
8 

D.iiRM 
8Z 

1 
0 D.iiZM 

R 

- [Bu]{D.u} ( 4.4.1a) 

where 
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N1,R 0 N2,R 0 NM,R 0 
N1,z 0 N2,z 0 NM,z 0 

[Bu] 0 N1,R 0 N2,R 0 NM,R (4.4.1b) -
0 N1,z 0 N2,z 0 NM,Z 

Nl 
0 

N2 
0 

NM 
0 

R R R 

Also 

8WR t 8 
8R 8R 

0 

{::r 8wz 
0 

8 
8Z 

-
8Z 

WR 1 
0 

R R 

8 
0 tORl 

8R 
8 

[ ~l 0 N2 0 NM iM] 

wZl 
- 0 

8Z Nl 0 N2 0 
1 WRM 

R 
0 wZM 

- [BwHw}t (4.4.2a) 

where 

N1,R 0 N2,R 0 NM,R 0 

[Bw] - 0 N1,z 0 N2,z 0 NM,Z (4.4.2b) 

Nl 
0 

N2 
0 

NM 
0 

R R R 

so that 



-

6C-At _ [1, 1, 1] 

86wR 
8R 

86wz 
8Z 

6WR 
R 

~EfiR 

~E~z 

2l:::.Ehz 

~E5'8 

_ [1, 1, 1HEw] { 6~R } 
6wz 

8l:::.u~t 8uk 8~u~t au~ a~u~t 
8R + 8R 8R + 8R 8R 

8~u~t 

auk 8u~ 8R 
1+ 8R 0 

8R 
0 0 

8~u~t 
But 

1 8u~ 8Z 
0 R 0 0 

az + az 8AUAt 
z: 

8uk 1 8uk 1 8u~ aut 8R 
--Z. 0 

8Z + 8R + 8Z 8R 8~u~t 
ut 8Z 0 0 0 0 1 +--R 
R ~u~t 

R 
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(4.4.3) 
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aUk 
0 

au~ 
0 0 1 0 0 0 0 aR aR 

0 0 0 1 0 0 
auk 

0 
au~ 

0 

+ az az 
[Bu]{~u} -

0 1 1 0 0 auk auk au~ au~ 
0 az aR az aR 

0 0 0 0 1 ut 
0 0 0 0 ...11 R 

- ([ALO] + [AL1])[Bu]{6u} - [ALHBu]{6u} (4.4.4) 

It should be mentioned that because N tL,. are functions of intrinsic variables 

e, 7], the derivatives in equations (4.4.1b) and (4.4.2b) with respect to R and 

Z have to be carried out using chain rules. For example, in cylindrical coordinates 

[ a~] = [:~ ;~] [:e] = J {:e} a ae a.,., {) RZ ,e" {) 
{)Z {)Z {)Z {).,., {).,., 

The Jacobian matrix can be calculated from 

[ 

ae {).,., ] [ aR {)Z]_l 
{)R aR ae ae 

J RZ,e" = ae a.,., = aR az 
. {)Z {)Z {)7J a.,., 

where 

[:! i~] -
{).,., {).,., 

[ 

aNti,,) ilK aN/f,,) Z K] oe ae 
K K 

~ilK ~ZK 
0" a" 
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[ 
12M] [ttl = N,E N,E . . . N,E ~2 
12M . 

N,f/ N,f/ . . . N,,, JlM 

Substitute equations (4.4.1) fV (4.4.4) into equation (4.3.3), yields 

{ 

fi }t+~t 
. dVo 

w 

+ f (8.6ii, 8.6w) [Br 0] [AI 0] ([CIJKL 0] 
JVa 0 B~ 0 1 0 0 
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( 4.4.5) 

where 

IT _ (1,1,1), m T = (1,1,0,1) , { ~==}t - 5RZ 

888 

equation (4.4.5) will then lead to a finite element formulation 

•• t+6.t 
MP 

• t+6.t + CP + (KL + KNL)6P = Rt+6.t - Ft (4.4.6) 

where 

[NT 0][ ~ IF ] H6t [N 
;] dV, M - l.o (nJ;pIFTF 0 NT pfFT 

(4.4.6a) 

l [: o ] C - dVo 
NTK-IN 

(4.4.6b) 



KL = f [B;' 0] [At 0] ([CIJKL 0] 
JVo 0 B~ 0 1 0 0 

+ QJ [J{HIJ} < HKL > {HIJ}]) .. [AL 0] [BU 
< HKL > J-1 0 IT 0 

p = {!} 
The incremental stresses in the element are then 

o ] dVo 

Bw 
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(4.4.6c) 

(4.4.6d) 

(4.4.6e) 

(4.4.6/) 

( 4.4.6g) 

{ 
f).stJ} = ([CIJKL 0] + QJ [J{HIJ} < HKL > {HIJ}]) 

f).1r l::. t 0 0 < HKL > J- 1 

(4.4.6h) 
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Using AEf} and ACt::..t calculated from equations (4.4.3) and (4.4.4), the 

increment of fluid stress can be calculated from 

(4.4.6i) 

and then the increments of bulk stress can be evaluated by 

( 4.4.6j) 

When a numerical discretization scheme is used for time integration, 

pH6t pHAt pHt::..t are discretized and expressed in terms of pt and , , 
~pAt. Equation (4.4.6) can then be used to solve for ~pAt. Then 

pHAt pHAt and pHAt can be obtained. , 

Generally, when the results of pHAt, pHAt, pHAt are substituted into 

the equilibrium equation at time t + ~t, some error is introduced due to lin

earization. Therefore iteration is needed to correct the results. Equation (4.4.5) 

can be used to solve for the correction in the next iteration if all terms related to 

P in Ft are updated (see Appendix 3 or Bathe [1982, p339]). Denote the 

previous equilibrium iteration as k -1, Then for the following iteration k, the 

correction of ~P(k) can be determined, from 

(4.4.7) 

when k = 1, F(t':;t) = Ft, i.e., the configuration t is used to calculate the result 

for the first iteration at time t + ~t. 
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5. Time Integration 

There are several commonly used time integration schemes, such as the central 

difference method in explicit integration methods; and the Houbolt method, the 

Wilson 8-method, and the Newmark method in implicit integration methods 

(see Chapter 9 of Bathe 1982). A Newmark method with 8 =!, ct = ~ (also 

called the trapezoidal rule or the constant average acceleration method) will be 

used here because it is unconditionally stable. The Newmark time integration 

scheme assumes: 

(4.5.1) 

(4.5.2a) 

Using equation (4.5.1) to eliminate Pt+£:.t 

(4.5.2b) 

Thus 

pt+£:.t - .!.(pt+£:'t _ pt) _ pt 
bot (4.5.3) 

pt+£:.t = (2.. ?(pt+£:.t _ pt) 4 . t _ pt -p 
bot bot (4.5.4) 

and considering the iteration as 

P t+£:.t 
(k) - P t+£:.t Ap 

(k-l) + U (k) (4.5.5) 

. (4.5.6) 
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pt+~t = (.!.)2(pt+~t _ pt +.6P ) _ ~pt _ pt 
(k) . .6t (k-1) (k).6t (4.5.7) 

Substitute equations (4.5.6) and (4.5.7) into equation (4.4.6), yielding 

[ 
2 2 t+~t t 4 . t .. t] 

M (.6t) (P(k-1) - p + .6P(k» - .6tP - P 

(4.5.8) 

which can be reorganized as 

(4.5.9) 

where 

(4.5.10) 

so that .6P(k) can then be determined. In equations (4.5.5) '" (4.5.7), all the 

unknowns Pt+~t p' t+~t p" t+~t b bt' d 
(k)' (k)' (k) can e 0 rune. 

a u - w formulation is used in which .6u and 

In the above discussion, 

.6 w are the primary 

unknowns. Other unknowns such as .. t+~t 
U , U• t+~t .. t+~t ,w , 

obtained using 6u, .6w and the relations in the corresponding time integration 

scheme adapted. 



147 

CHAPTER I) 

COMPUTER PROGRAM, EXAMPLES AND RESULTS 

1. The Computer Program POROUW 

The u - w penalty formulation of the finite element method dis-

cussed in Chapter 4 (see equations (4.4.6) and (4.4.17)) has been implemented in 

a FORTRAN computer program named POROUW. The widely used four nodes 

isoparametric element has been extended to include the relative fluid displacements 

w. All integrations are carried out numerically using Gauss quadrature (e.g. 

equations (4.4.6a) ,..., (4.4.6f». Special attention has been given to the numerical 

Integration of the stiffness matrix KL. In this "displacement" formulation, the 

incompressibility constraint (when both solid material and fluid material are in

compressible) is introduced via a penalty method. This can lead to a mesh locking 

[Hughes, §4.4]. A reduced and selective integration procedure is used to improve 

the performance of this element for the incompressible case. For a four-noded 

isoparametric element, the standard full numerical integration is a 2 x 2 Gauss 

quadrature. However, reduced integration related to penalty factor Q (e.g. the 

second term in equation (4.4.6c» is selected using one point Gaussian integration 

points. A nine-noded isoparametric element was also considered. For this ele

ment, 3 x 3 Gauss points and 2 X 2 Gauss points can be used for the full and 

the selective reduced numerical integration respectively. One technical difficulty 

arises in evaluating elemental stresses. The 2 x 2 set of Gauss points where the 

fluid stresses are more accurate do not coincide with the 3 X 3 set of Gauss points 

where the total stresses are more accurate in the element. A smoothing procedure 
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to remap the fluid stress may be needed to calculate the bulk stresses from equation 

(3.5.11). Each nine-noded isoparametric element also requires more storage space 

and calculation. Due to incremental loading and nonlinear equilibrium iteration, 

prestresses at all Gauss points must be stored. If the material properties are strain 

dependent, the total strains at all Gauss points and the corresponding material 

property values must be calculated at least once at each load step for the modi

fied Newton - Raphson scheme. The use of the nine node elements may require 

a larger number of storage for each elements, however, the total requirement for 

storage space and calculation is no more than that for four-noded element if same 

number of nodal points are used. In the four noded elements, the value of fluid 

stress and the increment of fluid stress at the centroid of the element are used as 

average values in calculating sf J and Asf J. 

As mentioned before, the poroelastic theory is a natural extension of conven

tional elastic theory. The poroelastic theory can be reduced to conventional elastic 

theory by eliminating the fluid variables and using the appropriate material 

properties. Poroelastic theory for finite strain can also be simplified to poroe

lastic theory of small strain and small deformation. Strain dependent material 

properties can easily be reduced to classical linear materials. The finite element 

computer code, POROUWhas been programmed in a very general way so that it 

can accommodate a wide variety of problems. The special cases of linear poroe

lasticity and classical elasticity can be used to verify the computer program. 

a) The program will reduce to the small strain, small deformation poroelastic 

case if 
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(1) All entries in [ALI], which contribute to the nonlinear part of [AL] (see 

equation (4.4.4», are set to zero. 

(2) HIJ is replaced by 6ij. 

(3) For small strains and small deformations, /1(JHIJ) in equations (3.5.12) 

and the second term in equation (3.5.20) can be ignored. 

b) H permeability is set to a relatively very large value, the damping matrix 

C vanishes (see equation (4.4.6» yielding the solution to a static consolidation 

problem. The solution w represents the part of total fluid motion related to 

the amount of fluid absorbed or squeezed out of the porous media. 

c) H all fluid d.o.f.s (at all internal nodes and boundary nodes) are set to zero, the 

program yields a solution for a conventional incompressible elastic problem. The 

incompressibility condition 

J-1+(=0 

then reduces to 

J = 1 

The constitutive relations of equations (3.5.3) and (3.5.7) reduces to 

7r
H = Q(J - 1) (5.1.1) 

and 

SIJ = C'IJKLEKL + 7r
H 

HIJ (5.1.2) 

where 7rH corresponds to hydrostatic pressure. 
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If in addition, conditions are also set for small strain and small deformation 

as described in a), the above relation is further reduced to 

1rH = Q eU (5.1.3) 

and 

(5.1.4) 

Comparison of the above equation to the well known relation for a linear material, 

U ij = 2P.eij - POij (5.1.5) 

shows that p = _1rH is the hydrostatic pressure, and 

C:jkl = 2P.OikOjl (5.1.6) 

d) . In POROUW program, incremental loading is used in combination with a 

Newmark time integration scheme. At each time step, iteration is performed to en

sure the equilibrium. Due to geometric nonlinearity or land material nonlinearity, 

the stiffness KL has to be evaluated once at every load step if a modified Newton

Raphson iteration method is used. This makes the nonlinear solution very time 

consuming. One advantage that can be obtained using this procedure is that the 

prescribed boundary conditions can be changed from one time step to another. A 

traditional (penalty) method to treat prescribed boundary condition is to add a 

large stiffness [( to the corresponding diagonal term of stiffness and a large force 

[( Aut to its force entry. Since stiffness is evaluated every load step, modifications 

of stiffness and loads due to the change of prescribed boundary displacement are 

also allowed at each time step. Even the nodes at which displacement is prescribed 

can be changed. This type of prescribed displacement boundary condition will be 
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called a ''variable displacement boundary condition". For example, in an axisym

metric case, both internal and external pressure and the prescribed axial stretch 

are allowed to change step by step. One practical use of this "variable displace

ment boundary condition" is to estimate the influence of different axial stretches 

on an artery. A sample piece of artery can be simulated by first stretching it from 

one in &itu. length to another in &itu. length, then applying internal pressure 

at this length. 

e) The program POROUW was written primarily for axisymmetric 3-D finite 

element analysis. It can also be used to simulate 2-D plane strain and 2-D plane 

stress problem. It is understood that for a plane stress model, the out-of-plane 

normal stress is zero, thus the fluid stress is also assumed zero for a poroelastic 

model. The changes needed to run plane strain or plane stress are 

(1) Set the fifth row of [Bu] and the third row of [Bw] (see equations 

( 4.4.1 b) and (4.4.2h)) to zero. 

(2) Use the material property Cijkl corresponding to plane stress or plane 

strain. For example, if traditional engineering material properties E, p. are used 

in the conventional elastic problem. For plane strain, 

>. = vE 
(1 + v)(l - 2v) 

E 
p. -

2(1 + v) 

o 
o 

2p. 
o ~] 

(5.1.7) 

(5.1.8) 

(5.1.9) 



152 

for plane stress, the A will be replaced by 

A = vE 
1 - v2 (5.1.10) 

2. Examples and Results 

Examples and results for various special cases are given to verify the program, 

as well as to demonstrate the mechanical behavior of poroelastic media. In all 

examples given, no units are assigned to variables. This is because all variables 

are assumed to have units consistent with the unit system used. Therefore results 

of the same unit system are implied. 

a) Example 1: The very first example used to test the program is a simple 

tension model of compressible solid (see Figure 5.1). In this example, all d.o.f. of 

fluid motion are set to zero, penalty factor Q = 0 and material properties are 

constant (v i: 0.5). Both plane strain (ez = 0) and plane stress are tested. This 

is a small deformation model. In a small deformation model, the load is relatively 

small, and the program is set related parameters as discussed in previous section 

to save computing time. Finite element and analytical results were identical. 

b) Example 2: The example shown in Figure 5.2 is used to test pure shear 

solution. The rest of the model is the same as in Example 1. Again the finite 

element results were in agreement with the analytical solution. 

c) Example 3: The example shown in Figure 5.3 is basically the same as in a) 

but different in two aspects. 
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(1) A distributed pressure was used instead of concentrated loads. In the 

program POROUW, distributed pressure is always perpendicular to the surface 

over which it acts, and the deformed area is used in calculation of the total load. 

(2) The material is assumed to be incompressible. There are two ways in the 

program that a solid material can be modeled as incompressible material. 

i) Setting Q = 0, 'II = 0.49 (or 0.499). A compressible model is used to 

approximate the incompressible condition 'II = 0.5. For a given 'II and G (or 

E), the program will calculate the corresponding E (or G). 

ii) Set Q = 103 E, using a penalty method discussed in equations (5.1.3) 

and (5.1.4). Finite element results agree with the analytical solution. 

d) Example 4: The example shown in Figure 5.4 is an internally pressured 

thin-walled tube made of compressible solid material. This example checks the 

axisymmetric part of the program. The approximate solution for this problem is 

Pi ri 
u88 = -

t 

The finite element results agree with these solution. 

e) Example 5: A thick-walled cylinder made of solid material shown in Figure 

5.5 were used to test the axisymmetric part of the program. Both incompressible 

and compressible materials were considered. The well known analytic solution for 

compressible cylinder undergoing small deformation can be found in the literature 

(e.g. [Volterra, §3.10]). The analytic solution for incompressible solid of small 

deformation is given in Appendix §4. In this example, E = 2.1 X 107• For the 

compressible cylinder, 'II = 0.3. The comparison of results U r , U8 along the 
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radius for compressible cylinder are shown in Figure 5.5a and Figure 5.5b. The 

comparison of the results U r , U8 along the radius for incompressible cylinder 

are shown in Figure 5.5c and Figure 5.5d. 

f) Example 6: Figure 5.6a is a simple poroelastic model. The symbols used for 

boundary condition of conventional solid. mechanics are used to show the boundary 

conditions of bulk material. The border shaded with short inclined lines indicate 

that there is no relative fluid movement across the boarder; otherwise, the relative 

fluid movement are allowed. In addition to the pressure load acting on the bulk 

material, a fluid pressure u l may also be applied to the "un-shaded" boundary. In 

this problem, u f = O. The poroelastic medium was composed of an incompressible 

solid and incompressible fluid. The penalty factor Q was set to a relatively 

high value. Relatively high permeability (K -. 00) was also used to obtain 

a static solution. When the solid skeleton is compressed, some fluid is squeezed 

out. Because both the solid and fluid are incompressible, the volume of the solid 

compressed should equal the volume of fluid squeezed out. In this problem, this 

means U x = -Wx • The computer program failed using the above boundary 

conditions. Mathematically, this is because the stiffness matrix is singular. It 

can be seen from equation (4.4.6c) that the rank of the stiffness (related to the 

d.o.f. of the fluid) is only one. Physically, with the fluid boundary conditions 

show in Figure 5.6a, the fluid ( wz) can still move in different patterns combined 

from two basic 'patterns shown in Figure 5.6b. This problem is handled by 

choosing a higher value of permeability, so that a relatively small damping matrix 

can be introduced. This is similar to the penalty method associated with the finite 

element method for conventional elastic materials, in which the selective reduced 

integration of penalty term alone may be singular due to the rank defect. However, 
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an additional elastic stiffness for a few order smaller prevents the solution from 

becoming singular. Physically, a friction distribution determines the pattern of 

the ftuid motion. The analytical solution of this example is rather simple, and is 

the solution for a piece of compressible solid with a material stiffness equal to the 

drained poroelastic material stiffness. 

g) Example 7: The example shown in Figure 5.7 is a classical consolidation model 

chosen from [Biot, 1941]. In ~his model, load is applied through a very porous slab 

at the top of the model. The fluid is allowed to escape at the top surface. 

The analytical results of the displacement u% at the top surface are given 

as 

where 

8 00 

u(t) = --ahpo '" 
% 7r2 ~ (2n 

1 - 2v 
a - 2G(1 - v) 

It is easy to see that to satisfy equilibrium the bulk stress u % at any time, 

and any location is -po However the fluid pressure u f takes different values 

at different locations and times. The analytical results are 

(t) 4 L 1 _[(2n-1)"']2 t • (2n - 1)7rx p(.) _ -p e 2h c 8'n..!.---~-
~ 7r 0 (2n 1) 2h 
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p(oo) _ 0 

where 

K 
c -

a 

K is the permeability. 

The series above converge very slowly, especially at time 0+ . A special 

computer program was used so that hundreds (even thousands) of terms can be 

used in the series. A comparison of finite element results to these analytical results 

is given in Figure 5.7b, Figure 5.7c and Figure 5.7d, and shows excellent agreement. 

h) Example 8: The finite element model of a thick walled cylinder under 

finite strain is shown in Figure 5.8. The material is assumed to be a neo-Hookean 

material with C=10 (see equation (3.8.4». The analytical solution is obtained 

using numerical integration as described in Appendix 5. The results obtained 

using these two methods are compared in Figure 5.8a and Figure 5.8b. It can be 

seen that both displacement results and stress results match very well. 

i) Example 9: The example of finite strain shown in Example 8 is expanded to 

poroelastic neo-Hookean material. C = 10, Kd = 10, (see equation (3.8.20», 

and permeability K = 1.0 X 10-2 are used in this example. A pressure load is 

applied upon the internal wall of the cylinder. The pressure increases from zero to 

10 in a very short time period (time = 0.000035, ~t = 0.000001). The pressure was 

then hold constant. Note that the total compressive force applied on the internal 

wall is composed from forces due to (7/ and (jll (see equation (3.2.lOb». 

Figure 5.9a shows the fluid stress (negative for pressure) distribution along the 

wall thickness at different time. It can be seen that when the cylinder is pressured 
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from inside, it tends to expand. This makes the fluid stress positive (tension), 

and the tube sucks fluid from both sides of the wall (see fluid displacement w in 

Figure 5.9c). As time increases, the fluid stress distribution gradually moves to the 

direction of steady state distribution, and the fluid stress is negative through out 

the wall. Figure 5.9b shows the fluid stress-time relation at the elements near the 

internal wall, middle of the tube and near the external wall respectively. Figure 

5.9c shows the bulk displacement U r and fluid displacement Wr at the internal 

and external walls. The fluid displacement at the external wall is negative (the 

fluid moves into the tube) at the beginning. This is due to the positive fluid stress 

gradient caused by the expansion trend in the bulk material. The fluid at the 

external wall then moves back in the outward direction at the external wall. The 

constant slop of Wr shows that fluid movement reaches a steady state of constant 

tOr. In Figure 5.9d, the bulk radial displacement U r versus wall thickness is 

shown at different time. This example demonstrates how the bulk deformation 

is coupled to the fluid stress, and how the fluid motion makes the bulk material 

become 'compressible' and 'creep'. 



158 

CHAPTER 6 

CONCLUSION AND RECOMMENDATION 

1. Conclusion 

a) In this thesis a nonlinear poro-hyperelastic theory, including finite strain, 

material nonlinearity and material incompressibility has been presented 

systematically in an axisymmetric cylindrical coordinate system using the total 

Lagrangian description. The fonnulations derived for axisymmetric cylindri

cal coordinate system can easily be expanded to a general Cartesian coordinate 

system. The computer code is programmed for both cylindrical and Cartesian 

coordinate systems. 

b) It has been clearly demonstrated that the nonlinear poroelastic theory pre

sented in this thesis is a natural extension of conventional elastic theory. In this 

poroelastic theory the conventional elastic stress and displacement variables are 

extended to include fluid stress and relative fluid displacements. The conventional 

material stiffness matrix is also augmented to accommodate these additional stress 

and strain variables. Many fonnulations and solution approaches used in conven

tional elastic theory can be extended for poroelastic theory, such as the extended 

incompressibility condition, the generalized strain energy density function and se

lective reduced integration of the penalty portion of the stiffness matrix. The 

solution procedures for incompressible solid material can also be used for poroe

lastic solids in the undrained state. Static solutions for poroelastic materials at 

the drained state are similar to those of conventional compressible elastic mate

rial. It is also shown that formulations for finite strain using the total Lagrangian 
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description can often be reduced to formulations for small deformation by replacing 

Finger's strain tensor H IJ with the Kroneckal delta 61 J. The poroelastic theory 

presented in this thesis unifies the elastic theory and the poroelastic theory; it also 

unifies the small strain and finite strain theory. 

c). A detailed discussion is given in this thesis regarding constitutive relations 

for poroelastic materials. The poroelastic material composed of incompress

ible solid skeleton and incompressible fluid is considered in greater detail. This 

discussion provides an insight of the characteristics of poro-hyperelastic material 

as well as guidance for experimental work and practical engineering applications. 

The nonlinear mechanical response of poroelastic materials is a rather complicated 

phenomena. This thesis will help identify the necessary independent material pa

rameters and design alternative material tests including the fluid environment and 

loading rate. 

d) This thesis derives the constraints among the material properties for a "vol

ume conservative" orthotropic material. The terminology volume conservative 

as defined by author, does not mean 'no volume change'. Rather volume con

servative means that 'no directional effect' is associated with volume change and 

mean stress. An incompressible orthotropic elastic material is a special case of 

volume conservative orthotropic material where the change of volume is zero. An 

orthotropic poroelastic material composed of incompressible solid skeleton and in

compressible fluid is a typical example of such volume conservative poroelastic 

materials. In the undrained state, its volume change is zero. In the drained state 

(fluid pressure is zero), the volume change is determined only by its hydrostatic 

stress and not effected by the direction of loading. If a material is not volume con

servative, it will not be an incompressible material. In the litera.ture, the kinema.tic 
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constraints among the displacements (or strains) are noted and enforced for incom

pressible material. However, to my knowledge, the constraints among the material 

properties of volume conse1'1Jative material has not brought to attention. The con

straints among deformation strains often accompanied by the constraints among 

the material properties. One well-known fact is that if an isotropic material is 

incompressible, the Poisson ratio has to' be 0.5. If the constraints among strains 

are enforced but the Poisson ratio is allowed to be some other value, say 0.3, for 

incompressible isotropic material, the results will be not consistent with so defined 

material. Similarly for volume conservative material, kinematic constraints are not 

enough. The constraints among material properties also have to be maintained. 

e) The data reduction schemes, posed as a nonlinear inverse problem in this 

thesis, are important in obtaining material properties from experimental 

data. These properties can then be used for mechanical analysis. Poroelastic 

materials behave differently in the drained and undrained states. The discussion 

about the material test using different states of poroelastic material should be help

ful in the design of experiments. A data reduction computer program, based on 

thin-walled assumption, was tested using the input data created by the forward 

analysis. The results of the data reduction program agree with the data used in 

the forward analysis. 

f) A total Lagrangian u-w formulation of poroelastic finite element method 

was derived in detail in this thesis. This fonnulation is an extension of the dis

placement fonnulation of finite element method of conventional elastic theory. It 

associates the poroelastic theory with the conventional theory of finite elastic defor

mation. The numerical finite element method includes incompressibility, penalty 
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method, selective reduced numerical integration, equilibrium iteration, and appro

priate time integrators. 

g) The u-w finite element formulation for poroelastic material developed in this 

thesis is implemented in a FORTRAN computer program called POROUW. Based 

on the unified poroelastic theory, this program is able to solve problems in cylindri

cal coordinate and Cartesian coordinate; large deformation and small deformation; 

poroelastic material and conventional elastic material; compressible elastic solid or 

incompressible elastic solids. All test problems considered showed accurate results 

when analytical and numerical solutions were compared. 

2. Recommendation 

a) In this thesis, volume conservative materials were discussed in detail. An 

important conclusion developed here showed that if an material is volume conser

vative, its material parameters must satisfy certain constraints. These constraints 

reduce the number of required independent material parameters. In material 

tests, a smaller number of independent parameters should be measured due to 

these constraints. On the other hand, these constraints make it more difficult to 

determine a proper form of the material property law. In this thesis, neo-Hookean 

elastic materials and neo-Hoo~ean poroelastic materials were examined, and were 

found satisfying these constraint conditions. It is recommended that these con

straints be used to examine various material laws such as Mooney material laws, 

and F\mg's strain energy density function to see whether these laws describe 'vol

ume conservative' materials. 

b). The material properties obtained from experimental data reduction are 
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essential to poroelastic mechanical analysis. Because of the complexity of the 

poroelastic response, the design of the material property tests requires the consid

eration of many new factors, such as the fluid environment, fluid pressure control, 

loading rate, and fluid permeability. Application of poro-hyperelastic theory to 

material property tests to obtain material parameters in a properly posed material 

constitutive law will be fundamental work of further research in poroelastic me

chanics. It has to be emphasized that even when the poroelastic material is made 

from the same solid material, the poroelastic material properties will be different 

from the pure solid, and may be highly dependent on porous microstructure. It 

is recommended that an isotropic form of material law be used first in the study 

of finite strains in poroelastic materials. This will make the tests simpler while 

providing a first assessment of the material properties. 

c) This thesis has concentr,ated on the displacement (u-w) formulation of the finite 

element method. If the effect of acceleration can be ignored, an u - 7r formulation 

of finite element method can easily be obtained using the penalty relation irf = 

Q(JHKLEKL + (). 

d) The mechanical response of a poroelastic material is much more complicated 

than conventional solid mechanics. Poroelastic mat~rial exhibits very different 

behavior in different states, e.g. the drained state (7r f = 0) versus the undrained 

state «( = 0). Conventional solid mechanics can be used to model poroelastic 

material in only very limited number of cases. It is possible that many poroelastic 

problems were approximated as elastic material without realizing the limitations of 

the models. Re-evaluation of these problems using the poroelastic theory for finite 

deformation and the associated finite element program presented in this thesis will 

provide a better understanding of the behavior and response of these material. 
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e) This thesis starts with the discussion of general compressible solid material 

and compressible fluid material, then later restricts itself to the poroelastic material 

composed of incompressible solid skeleton and incompressible fluid in the discussion 

of finite element formulation. Generalization of the finite element formulation to 

include a compressible solid skeleton and compressible fluid will expand the area 

of its application. 

f) Swelling and transport of ions play an important role in the biomechanics of 

soft tissues. A further development of poroelastic theory of finite strain should be 

undertaken in order to include this effects in the associated FEMs. 
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APPENDIX 

1. Equations Relating the Jacobian Determinant J, Green's Strain Tensor 

ElJ, and Finger's Tensor HlJ 

In Chapter 2, the determinant of the deformation gradient matrix [ :;~ ], the 

strain tensor in Lagrangian description El J, and Finger's tensor H 1 J are defined 

as 

J = I [:~~ll (A.1.1) 

EIJ (A.1.2) 

(A.1.3) 

Also [see Mattiasson (C.13) and equation (2.79)] 

(A.1.4) 

(A.1.5) 

where Dij is the spatial rate of deformation (velocity strain) in the Eulerian 

description. Then 

Substitution of equation (A.1.6) into equation (A.1.4) yields 

dJ . 
- = JEIJHIJ 
dt 

(A.1.6) 

(A.1.7) 



Comparing equation (A.L 7) with the relation 

implies that 

oJ -- = JHIJ 
OEIJ 
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(A.1.8) 

Taking the material derivative of both sides of equation (A.L3), and using the 

relation (from [Mattiasson (C.7»)) 

(A.1.9) 

gives 

Now using equation (A.1.5) yields 

(A.L1D) 

Substitute equation (A.L3) into equation (A.L1D) to obtain 

From the definition of Finger's tensor HIJ (see equa.tion (A.1.3», it can be seen 

that 
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= HIJ (A.loll) 

- 1 

2. Integration by Parts in Cylindrical Coordinates 

The integration 

(A.2.1) 

is often encountered in cylindrical coordinate formulations. In cylindrical coordi-

nates, 

dV = rdrdBdz (A.2.2) 

(A.2.3) 

(A.2.4) 
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Substitute equation (A.2.2) into equation (A.2.1) 

- [rf(r,8,z)8!;rdrd8dz - [f(r,8,z)8urdrd8dz 

(A.2.5) 

Considering equations (A.2.2) and (A.2.3), 

1 ( ) 88ur 1 ( ).. 1 f(r,8,z) (A) - - f r, 8, z -:-8 dV + f r, 8, z 8UrDrdS - 8urdV .2.6 
v r S V r 

Comparing this with the Green's theorem in Cartesian coordinates, one extra 

term, f f (r, 8, z) dV, is noted. This is due to the extra factor r in dV (dV = 
Jv r 

rdrd8dz). Only the integrand related to the partial derivative with respect to r 

has this extra term. For the integrand containing the partial derivative respect 

to z, such as Iv 8f(~:, z) 8uz dV, there is no such extra term. 

As a result of equation (A.1.16), in cylindrical coordinates, 

Iv 8;;r 8urdV 1 88ur is U rr8urDrdS - 1'!urr8UrdV - - v UrrardV + 
v r 

Iv a;;Z8uzdV 1 a8uzdV + is urz8uzDrdS - 1 !urz8UzdV - - Urz 
V ar v r 

and 
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J 8:zzr l:urdV - f 86ur dV f I: A dS 
u v - 1v CTzraz + 1s CTzruUrDz 

f a~zzz l:uzdV - f 86uz dV f 1:" dS u v - CTzzaz + ls CTnvUzDz 

3. An Iteration Scheme for the Solution of Nonlinear Equations 

Consider a general nonlinear equation 

(A.3.1) 

where A(ut+.6t), B(ut+.6t) and C(ut+.6t) are functions of unknown variable 

ut+.6t. Using 

(A.3.2) 

(A.3.3) 

then (A.3.1) becomes 

Because of nonlinearity in D(ut+.6t) and C(ut+.6t), C(ut+.6t) is still unknown 

until ut+.6t is detennined. However, by linearizing the equation and temporarily 

replacing ut+.6t with ut in D and C, 

D(ut)~u = C(ut ) - A(ut)B(ut ) (A.3.5) 

6.U(O) can be predicted as a fll'st approximation of equation (A.3.!). Then u is 

updated by u(i).6t = u~O) + 6.U(O)' Substituting u(t).6t into A, B and C 

in (A.a.l), the error is obtained as 
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(A.3.6) 

A modification of u(t)£)'t is needed to improve the result. 

update the right hand side (r.h.s.) of equation (A.3.4) 

We noticed that if we 

(A.3.7) 

This in fact represents the error expressed in equation (A.3.6). An correction of 

.6.U(l) can then be obtained. Thus the iterative expression becomes 

(A.3.S) 

When k = 1, A{u(t':;» = A(ut
), B(u(t':;» = B(u'), etc. 

In nonlinear finite element analysis {e.g. equation (4.3.1a,b», the contribu

tion from boundary force and body force (and acceleration) can be grouped and 

considered as C( u~t':;t» and the term of stress-strain multiplication can be con

sidered as A(u~t':;t»B(u~t':;t». The whole decomposition procedure creates a 

reformulated equation (4.3.2a,b) which takes the form of equation (A.3.3). Thus 

an iterative formulation of equation (4.4.7) can be directly obtained from equation 

(4.4.6). 

4. An Analytical Solution for Thick-walled Cylinder Made of ~ncompressible 

Elastic Material 

It is assumed that the cylinder under consideration is made of linear incom

pressible material. The internal and external radius r i, r 0 and internal and 

external pressure Pi and Po are shown in Figure A.4.1. It is also assumed 
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that deformation is small, and ez = 0 (plane strain). The kinematic relations 

in cylindrical coordinates are 

du 
er - dr 

u 
es - -r 

The incompressible condition requires 

er + es = 0 

substituting equations (A.4.1) and (A.4.2) into equation (A.4.3) gives 

du u - + - = 0 
dr r 

The general solution for equation (A.4.4) is 

r 

In view of equation (A.4.5), equations (A.4.1) and (A.4.2) become 

01 er - r2 

0 1 es = -;=2 

The constitutive relations for incompressible elastic material is 

qr - 2p.er - per) 

(A.4.1) 

(A.4.2) 

(A.4.3) 

(A.4.4) 

(A.4.5) 

(A.4.6) 

(A.4.7) 

(A.4.8a) 

(A.4.8b) 

where p is the hydrostatic pressure, assumed to be the function of radius 

r. With the use of equations (A.4.6) and (A.4.7), we have 
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(A.4.9) 

(A.4.lO) 

Substituting equations (A.4.9) and (A.4.10) into the equilibrium equation 

gives 

dUr ( ) r dr + U r - U (J = 0 

dp 
r- = 0 

dr 

which results in a constant hydrostatic pressure 

(A.4.11) 

(A.4.12) 

(A.4.13) 

Constants C1 and P (or C2 ) can be determined using boundary condition 

Pi = -urlr=ri 

Substituting equation (A.4.9) into these boundary condition gives 

Pi - 2/-, C
1 +p 

r~ 
I 

po - 2/-'C
1 +p r2 

0 

from which C1 and P are solved as 

r~(pi - Po) 
P - Pi - r2 r~ o I 

(A.4.14) 

(A.4.15) 

(A.4.16) 

(A.4.17) 

(A.4.18) 

(A.4.19) 
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The analytical solution of equations (A.4.5), (A.4.9) and (A.4.10) are 

r~ r2(p. - Po)! u • 0 • -
21'(r~ - r1) r 

r1 r~(pi - Po) (1- 1 
U r - -Pi + r2 2 2 r2) 

0 - ri r· 

r1 r~(pi - Po) (1- 1 
U8 - -Pi + r2 2 2 + r2 ) 

0 - ri ri 

5. The Analytic Solution of an Internally Pressured Tube Made of the Neo

Hookean Material 

Let R o, Ri be the external and internal radius of an undeformed Neo

Hookean tube, r 0, r i be the external and internal radius under internal pressure 

p. An analytic solution relating internal pressure and external (internal) radius 

will be derived in this section. Because of the incompressibility of the neo-Hookean . 

material, for an axisymmetric tube 

J = 1 (A.5.1) 

(A.5.2) 

When A = 1, the incompressibility also gives 

(A.5.3) 

or 

(A.5A) 

(A.5.5) 

where 



K - R2 2 
- 0 - ro 

For the test problem when ~% = 1, equation (A.5.2) leads to 

r 
~s = -, R 

The neo-Hookean material described in Chapt~r 3 (§3.8) gives 

Then 

Obviously 7r = -20 in the stress free state where U r = Us = o. 

Integration of the equilibrium equation 

dUr l( ) 
dr +;- U r - Us = 0 

gives 

or 

where 
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(A.5.6) 

(A.5.7) 

(A.5.S) 

(A.5.9) 

(A.5.l0) 

(A.5.11a) 

(A.5.11b) 
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£(r) 

- -20 1: [(r2 : K) 

- -20 1: [(r2 : K) 

_ - 201r 
[( r ) - .! - K] dr 

r2 + K r r3 ro 

[
11K] r 

- -20 21og(r2 + k) - logr + 2 r2 
ro 

- C [21ogr - log(r
2 + k) - 2~2 1:. 

_ 0 [lOge r2 ) _ K] _ 0 [lOge r~) _ R~ r~ r~] 
r2 + K r2 R~ 0 

(A.5.12) 

Obviously, in a stress free state, 

r = R, K = 0, £(r) = 0 

For a test case where external pressure is zero and internal pressure Pi = -(7 ri , 

(A.5.13) 

For any given value of ro, a corresponding internal pressure can be calculated 

which yields a pressure-radius plot. This plot is then used as an analytic solution 

to test the FEM program. 
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