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Abstract 

The old question concerning the mathematical formulation of the fluid dynamic 

limits of kinetic theory is examined by studying the solution of the Cauchy problem 

for two differently scaled linearized Boltzmann equations on a periodic domain as 

the mean free path of the particles becomes small. 

Under minimal assumptions on the initial data, by using an a priori estimate, 

it is possible, in a Hilbert space functional frame, to prove the weak convergence 

of solutions toward a function that has the form of an infinitesimal maxwellian in 

the velocity variable. The velocity moments of this function are then proved to 

satisfy either the linearized Euler or the Stokes system of equations (depending on 

the chosen scaling), by passing to the limit in the conservation relations derived 

from the Boltzmann equation. 

A theorem injecting continuously the intersection of certain weak spaces into a 

normed one is proved. Together with properties of the Euler semigroup, this allows 

to show strong convergence of the first three moments of the distribution function 

toward the macroscopic quantities density, bulk velocity and temperature, solutions 

of the linearized Euler system. 

The Stokes case is treated somewhat differently, through the introduction of a 

result, proved by using the adjoint formulation for linear kinetic equations, that ex

tends the averaging theory of Golse-Lions-Perthame-Sentis. The desired convergence 

for the divergence-free component of th second moment toward the macroscopic ve

locity is then shown. 



Chapter 1 

INTRODUCTION 
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Kinetic equations are used to model, at some microscopic level of description, 

the state of a gas of particles interacting through various forces. We consider alike, 

monoatomic particles moving under the action of a conservative interparticle force 

with finite range. If the density of the gas is sufficiently low, collisions involving 

more than two particles can be safely neglected. The evolution of the system is 

then governed by the classical Boltzmann equation 

(l.la) 

with the initial condition 

(LIb) F(O,x,v) = FI(x,v) ~ 0, 

and suitable boundary conditions. The so called distribution function F(t,x,v) 

represents the density of particles in the single particle phase space (so F is non

negative). 

The collision operator B(F, F), that models the interactions between particles, 

has quadratic nonlinearity and is given by 

(1.2) B(F, F) = fJ(F{F I -FIF)b(VI -v,w)dwdvI, 

where b, the Boltzmann kernel, is a nonnegative measurable function satisfying 

certain regularity conditions that will be discussed later. The variable w ranges 

on the unit sphere SD-I, with dw its rotationally invariant, unit measure. Here 

Fi, F' , FI , F stand for F( t, x, .) evaluated at the velocities vi, v' ,VI and v respec

tively. The primed velocities are defined by 

(1.3a) 

(1.3b) 

v' = V +WW'(VI - v), 

v~ = VI - W W· (VI - v) , 
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for all (V, VI, W) E R D X R D X SD-l. They represent the general solution of the 

equations of conservation of momentum and energy for particles pairs entering a 

binary, elastic collision with initial velocities V, VI and final velocities v', v~: 

(lAa) 

(lAb) 

V + VI = V' + v~ , 

The general form of the collision kernel b follows from noticing the Galilean and the 

rotational invariance of the collision process, so that 

(VI - V) 
pc = W· I I ' VI - V 

where E is the classical differential cross section. The precise form of b depends 

upon the intermolecular forces and is therefore derived from the microphysics. In 

any event, b is assumed to be in Lfoc(R D, SD-l) and to satisfy the bounds 

(1.5) o ~ b( VI - V, W) ~ C (1 + IVI - vi ), c> O. 

These conditions hold for the classical Boltzmann kernel with small angular cut

off: this is the model first introduced by Grad [Gl], in which grazing collisions are 

weakly represented. We will consider only this case throughout the dissertation. 

Among the properties of B(F, F), the most relevant ones are: 

1) B acts only on the velocity variable, which means that collisions are assumed to 

take place over a much smaller lengthscale than any other length in the problem. 

2) Existence of conservation laws at the level of collisions, that is 

(1.6) J 'ljJB(F,F)dv = 0, 

3) The equation B(F, F) = 0 holds true if and only if F = Mp,u,o, where 

(1.7) M P elv-uI2/20 
p,u,o = (27rB)D/2 
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is a Maxwellian distribution with parameters p, u, () that in general can be function 

of space and time (in which case one talks of local Maxwellian). The parameters 

satisfy the relations 

(1.8) ! Fdv =p, ! vFdv = pu, 

which indicate p as the density, u as the bulk velocity and () as the temperature 

times k, the Boltzmann constant (the mass of a particle and the Boltzmann constant 

are usually set equal to one by suitable choice of units). 

4) The following relation is true 

(1.9) ! logF B(F,F)dv::; 0, VF>O 

and leads to the the "entropy inequality" 

(1.10) at / Flog F dv + \lx' (/ vF log F dV) ::; 0, 

a local formulation of the well known H-theorem. 

5) -L = DB(M), the Frechet derivative of the operator B, evaluated at the absolute 

Maxwellian M, as a linear operator has a Fredholm alternative, that is Lf = 9 has 

solutions if and only if 9 is orthogonal to N(L*), the Null space of the adjoint of L, 

where N(L*) is spanned by (1, V, IvI2). 

The transition from microscopic to macroscopic description is realized multiplying 

the Boltzmann equation by 'ljJ. and integrating over the velocity to get 

(1.11) 

Making the identification (1.8), we obtain, formally at least, the system of conser

vation laws: 

(1.12a) 
atp + \lx'(pu) = 0, 

Ot(pu) + \lx' (! V@VFdV) =0, 

(mass conservation); 

(momentum conservation); 
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also written as 

(1.12b) 

where P = J(v - u) ® (v - u)Pdv is a positive definite matrix (the stress tensor) 

and the energy conservation equation 

(1.13) 

where q = J % Iv - u1 2 ( V - u) P dv is the heat flux and pe = %tr P is the internal 

energy density. 

These equations give a fluid dynamic description, but the system is not closed, 

since P and q are defined in terms of higher moments of the distribution function and 

we end up having more unknowns then the D + 2 equations. Ad hoc assumptions 

on P and q allow, however, to recover the Euler or the N avier-Stokes equations. 

Dimensional analysis is an useful tool in order to display the scales involved in the 

problem. One can make the Boltzmann equation dimensionless by using the space, 

time and velocity scales associated to the domain and the initial data. The size of 

the spatial domain determines a length scale d, while the initial data pI determines 

a density scale p and a velocity scale 01/ 2 with 0 = kT/m, where k is the Boltzmann 

constant, m is the mass of a particle and T is the temperature corresponding to the 

equilibrium Maxwellian distribution !VI associated with pl. Finally, the Boltzmann 

kernel b, having the units of (density x time)-l, yields a timescale f. It is of the 

order of the mean free time (m.f.t.), the average time interval that particles in the 

equilibrium density M spend travelling freely between collisions. 

Expressing the old variables in terms of the new, dimensionless variables in the BE, 

the initial value problem can be reformulated [eel as: 

(1.14a) 
1 

atp + v· 'VxF = -B(P, P), 
€ 

(1.14b) P(O,x,v) = pI(x,v) ~ O. 



11 

where F is now a dimensionless phase space density and € = Bl/2f/d is the dimen

sionless mean free path (m.f.p.) or Knudsen number. It represents the ratio of the 

mean free path of particles between collisions to some characteristic length of the 

system. The mean free path and mean collision time are the basic length and time 

scale for the Boltzmann equation. In problems of conventional gas dynamics, both 

of these quantities are very small compared to macroscopic sizes: to give an exam

ple, for a gas at room temperature and at atmospheric pressure, a typical speed is 

104 cm/sec., m:.f.p. is 10-6 cm. and m.f.t. is 10-10 sec .. 

It is our goal to explore, to some extent, the connection between kinetic theory 

and macroscopic fluid dynamics: the macroscopic limits are obtained when the 

gas becomes dense enough that particles undergo many collisions on the scales of 

interest: this is clearly obtained by letting the Knudsen number € go to zero. The 

singular character of the problem at hand is now manifest, since the small parameter 

€ basically multiplies all the derivatives in the equation. 

For the Boltzmann equation (BE), a state of the system is defined by giving a 

distribution function F( t, x, v)j for a set of fluid equations, a state is defined in 

terms of the first few moments of F, namely the density p(x, t), the velocity u(x, t) 

and the energy or temperature O(x, t). The reduction in the amount of detail which 

is required to specify a state in the fluid description, suggests that a limiting process 

is involved. This reminds one of other limiting processes, like the one starting from 

Liouville's equation and resulting in the Boltzmann equation. It should be possible 

to find a direct mathematical transition from the BE to a set of fluid equations, 

at least for a perfect gas. This transition seems to make sense only by letting the 

collision time approach zero in a suitable way. What one expects then, is that the 

very large manifold of solutions F( t, x, v) of BE (one for each initial data FI (x, v)) 

condenses down to a much smaller manifold which associates a single F(t,x,v) to 

each set of initial values pI (x), 1l (x), 01 (x). 
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This idea of coordinatizing the distribution function by the conserved densities 

p, u, 0, is the essential feature of the Chapman-Enskog approximation to solutions 

of the Boltzmann equation. It leads to a hierarchy of fluid equations: Euler, N avier

Stokes, Burnett, etc .. [Ce]. 

The basic reason of this phenomenon of the reduction to fluid dynamics is that 

there exist three different time scales. The collisional one, given by the m.f.t., 

represents the order of magnitude of time required for an initial non-Maxwellian flow 

to settle down to a state close to local equilibrium. After this, the fluid equations 

take over, in a regime where dissipation can be neglected: this is the time scale 

of the Euler equations; then again there is a decay time, but a much longer one: 

it is the regime of the Navier-Stokes equations. The macroscopic decay time, a 

result of viscosity and heat conductivity, is roughly proportional to the square of a 

representative macroscopic time divided by the collision time so that, as € goes to 

zero, simultaneously the collision time decreases and the macroscopic decay time 

increases. The separation of these time scales is only possible when € is sufficiently 

small. 

In order to make rigorous the formal expansions required in the Chapman-Enskog, 

as well as in the Hilbert theories, control of higher order derivatives of the densities 

is required. This causes troubles, since in general we do not have it. An integral 

approach would be more suited then. Working with test functions directly on the 

conservation equations for the velocity moments of the distribution function and 

balancing with care the various terms, we can pass to the limit of vanishing m.f.p. 

and hope to derive a fluid description. This can be done, formally, for a certain 

class of fluid equations [BGL1]. 

The objective of this dissertation is to rigorously show this transition for the 

case of the linearized Bolt7.mann equation on a periodic domain, in two different 

scalings, one leading to thp, linearized Euler system, the other to the linearized 
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incompressible Navier-Stokes system of equations, referred to, here, as the Stokes 

system. Results somewhat similar to ours have already been derived for the Euler 

case by Grad in the 60's [G3] and Ellis-Pinsky in the 70's [EP]. They used, however, 

a machinery that strongly exploited specific features of the operators at hand, like 

detailed properties of the spectrum and hard estimates on kernels; the Stokes case 

has been treated to a lesser extent and in a not completely clear manner. Our 

derivation will instead, make use of the method of the limiting moments, the limits 

being justified by functional analytical techniques. 

The linearization and the incompressible scaling 

The linearization of the BE is realized by considering small fluctuations around 

an equilibrium for the nonlinear equation. The choice of periodic boundary enables 

one to identify absolute Maxwellians as possible equilibria for the system. F will 

therefore be considered close, in some sense to be specified, to the dimensionless 

equilibrium Maxwellian 

1 <_b:1:) M= De 2 • 

(271")"2 
(1.15) 

The form of M comes from the fact that, by choosing a suitable frame of reference, 

it is always possible to set the initial bulle velocity u I equal to zero. Introducing 

the relative density G(t,x,v) by F = MG, the new problem for G reads: 

(1.16a) 

(1.16b) 

where now 

(1.17) 

1 
8t G + v· 'VxG = -B(G, G), 

€ 

G(O,x,v) = G1(x,v) 2:: 0, 

Note that the above expression induces, in a natural way, a new measure in the 

velocity space, namely dJ-l( v) = ]vI dv. The normalization yields 

(1.18) 
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for the collision kernel, 

(1.19) Idw= Idx= IMdv=l, 

for the variables and 

(1.20) 

II G1 
Mdvdx = 1, II vG1 Mdvdx = 0, 

for the initial data. 

Expand now around G = 1 by letting G = 1 + 8g. Inserting the expression for G 

into B(G, G) yields 

B(G, G) = II ((1 + 8gD(1 + 8g') - (1 + 8g1)(1 + 8g)) bdw M 1dv1 

(1.22) = 8 I I(g~ + 9' - g1 - g)bdw M 1dv1 + 0(82) = -8Lg + 0(82), 

so that the Boltzmann equation can be rewritten, neglecting higher order terms, as 

(1.23) 

The linear operator -L, defined by 

(1.24) 

is the Frechet derivative of the operator B at the "point" M. The scaling given by 

(1.23) will lead, in the limit of vanishing €, to the linearized Euler equations. 

In order to get the Stokes equations, however, a new scaling is required. It is 

possible to show that a kinetic parameter like the Knudsen number is related to 

adimensional quantities that appear in the treatment of compressible fluids: the 

Mach number lvI a and the Reynold number Re. M a is the ratio of the a typical 

bulk velocity U to the sound speed c, while Re is a dimensionless reciprocal viscosity 
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of the fluid, Re = jJU dl J.L. The viscosity coefficient J.L turns out to be proportional 

to the mean free path: m.f.p. I'V J.LI(jJc)j therefore € = MaIRe [LL],[Ce]. Clearly, in 

order to obtain a fluid limit with a finite Re (finite viscosity), since € is going to zero, 

it must be that also M a vanishes. This is the incompressible limit as classically 

defined. 

To realize densities corresponding to small M a, it is natural to consider them 

as perturbations about the equilibrium Maxwellian picked up by the initial data. 

Note that this agrees with the linearization previously carried on. The flow will be 

incompressible if its kinetic energy in the acoustic modes is much smaller than that 

in the vorticity modes. Since the acoustic modes vary on a faster timescale (they 

correspond to high frequency disturbances), they may be ruled out by looking at 

long times, that is assuming that the solution is consistent with motion on a slow 

timescale: this can be quantified by rescaling time to the order of €-l so that B.E. 

takes the form 

(1.21 ) 

We will show in the following that this scaling will lead us, as hoped, to the linearized 

incompressible N avier-Stokes equations. 

Remark 1. Since g€ is a perturbation around an equilibrium, it no longer needs 

to be nonnegative. 

Remark 2. As shown by Bardos, Golse and Levermore, starting from the nonlinear 

BE, a whole family of scaled kinetic equations could be considered in general, with 

different scales in time, space and departure of the initial data from AtI, correspond

ing to different powers of €. At the formal level of description it is then possible 

to recover, under suitable hypothesis, various fluid limits like the incompressible 

linearized and nonlinear Navier-Stokes equations, the incompressible linearized and 

nonlinear Euler equations [BGL1]. The case we are dealing with here is the (unique) 

scaling compatible with the usual Stokes equations. 
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One may question the relevance of the study of the linearized Boltzmann equation. 

There are a few reasons that make it worth, aside from the obvious one that, unless 

you can prove something for the "simple" linear case, there is no hope for further 

research when nonlinearity comes in: 

1) There are conditions under which the results obtained from the linearized BE 

can be used to faithfully represent the physical situation. For example whenever 

the initial data shows little departure from a basic undirsturbed maxwellian distri

bution Mo (in some sense to be made precise in a functional frame); in particular 

if IpI_Pol, lul-uol, IIJI;-lJol, are much less than 1. More complicated situations arise 
Po uo 0 

if we want to include the boundaries in our considerations. 

2) The fact that the linearized version has the same structure (but for the non

linearity in the collision term) of the BE suggests that one may obtain valuable 

insights into the features of the solutions of the latter by studying the solutions of 

the former one (for example features related to the behavior near the boundaries, 

where nonlinearities are expected to play little role). 

3) Some of the most useful methods of solution of the BE are based upon per

turbation techniques: basically they are expansions in series of a small parameter 

t, leading (as in the Hilbert expansion) to a sequence of inhomogenous linearized 

BE to be solved in cascade. 

The program 

In chapter 2 we will set up the Cauchy problem for the linearized BE in an 

analytical frame. We will only assume the sequence of initial data g! to belong to a 

bounded set and then show the weak convergence (in L2([O, T]; L2(M dvdx))) of the 

solution g( of the Cauchy problem for the linearized Boltzmann equation toward 

a function 9 belonging to the null space of the operator L. This will be realized 

using an a priori estimate dased on the nonnegativity of L. We will conclude the 
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chapter proving theorem 2.4. It is a result that provides a way of passing from 

precompactness in spaces endowed with weak topologies to precompactncss in the 

usual norm topology for Hilbert spaces. The whole strategy of the thesis will revert 

around this theorem. 

Chapter 3 is devoted to the treatment of the Euler scaling. By analyzing the equa

tions for the velocity moments of the distribution function and assuming enough 

regularity in the initial data, we can apply theorem 2.4 getting strong convergence 

of the moments toward a function that satisfies the linearized Euler system of equa

tions. A density argument then completes the proof. 

In the final chapter we analyze the Stokes scaling by introducing a new version 

of a result generically known as averaging lemma. It is a remarkable tool that, by 

enhancing the spatial regularity of the moments, allows one to apply directly the 

main theorem to the projection of the moments onto the subspace of divergence-free 

functions. For this component one can indeed prove the needed weak compactness 

properties. 



Chapter 2 

THE SETTING OF THE PROBLEM 

We consider the following set of initial value problems (indexed bye) 

(2.1a) 

(2.1b) 

eratgf. + V· Vxgf. + ~Lgf. = 0, 
€ 

gf.(O,x,v) = g!(x,v), 
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where r = ° for the Euler case and r = 1 for the Stokes case. The problem is posed 

on the D-dimensional torus TD, that is for periodic boundary conditions on the 

space domain [O,I)D and x E TD,v E RD,t E R+, g! E L2(dr),dr = dfl(v)dx, 

where dfl(v) = M(v)dv, with M(v) given by (1.15). 

In the following we will denote by IIJllx, IIJllv, IIJllx,v, IIJII, respectively the norm 

of J in L2(dx), L2(dfl(V», L2(dr) and L2([O, T]; L2(df». (J,g) is the inner product 

in L2(dfl(V», while (JIg) is the inner product in L2(df). 

We recall that in general, for a, b E R, -00 :::; a < b :::; +00, X Banach space 

and 1 :::; p < 00, by LP([a, b]j X) we mean the space of p-integrable functions from 

[a, b] in X, the integrability being in the sense of Bochner [Yo]. LP([a, b]; X) is a 

Banach space for the norm (J: IIJ(t)lI~dt)i. If, moreover, X is Hilbert and p = 2, 

L2([a, b]; X) is Hilbert for the scalar product J: (J(t), g(t» dt. 

Note: L2([O, T); L2(dr» coincides with L2(dtdr). We will conform to the former 

notation because of the different role played by the time variable. 

We shall use the notation w-L2([a,b];X) to denote the space endowed with its 

weak topology, i.e. the coarsest topology for which all the linear forms defined by 

f ~ J get) < h,J(t) > dt 

are continuous, with g E L2([a, b]) and h E X*, the dual of X, while < .,. > denotes 

the duality pairing. 
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Finally, for X Hilbert, L2([a, b]j W - X) is the space of L2 integrable functions 

from [a, b] into X equipped with its weak topology, so that a sequence In --? 0 

in L2([a, b]j w-X) if J;(h, In)~dt --? 0, \/h E X. 

C([a, b]j X) is the space of functions continuous from [a, b] in X with the topology 

of uniform convergence over compact subsets of [a, b]. For -00 ~ a < b ~ +00, 

C([a,b]jX) is Banach for the norm SUPtE[a,b] III(t)lIx. C([a,b]jw-X) is the space 

of continuous functions from [a, b] into X equipped with its weak topology, so that 

a sequence In --? 0 in C([a, b]; w-X) if SUPtE[a,bjl < h, In > X I --? 0, \/h E X. 

For the linear problem above, L2 kind of spaces are the natural ones, also because 

of the basic a priori estimate we will derive for it. Moreover, the goal of recovering 

limiting equations that can be put in divergence form, like the fluid equations, 

suggests a time integrated approach, hence the use of L2([0, T]j L2(dr)). 

The properties of L, the linearized collision operator, have been extensively 

investigated and we refer to the bibliography for a detailed derivation of them 

[Gl],[G2],[Ce]. Basically, they are inherited from the nonlinear Boltzmann operator 

properties and the symmetries thereof. Here we list the relevant ones for the present 

work: 

i) L acts only on the velocity variable. 

ii) L : D(L) C L2(dJ-l(v)) --? L2(dJ-l(v)) is generally unbounded, selfadjoint, defined 

on the domain D(L) = {I E L2(dJ-l(v))ILI E L2(dJ-l(v))}, dense in L2(dJ-l(v)). Lis 

positive semidefinite, i.e. (LI, J) = J I LfdJ-l( v) ~ 0 for all I E D(L). 

iii) There exists a nullspaceof L, N(L) of dimension D+2, spanned by {l,v, !lvI2}. 

iv) L is positive definite if restricted to Nl.(L), the orthogonal complement of N(L) 

and there exists -\ > 0 such that (Lg,g) ~ -\lIgll2 for all 9 E Nl.(L). 

v) L preserves the even/odd parity of the functions on which it acts. 
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A critical point in all the analysis is that L is not positive: the origin is a multiple 

eigenvalue of multiplicity D + 2 with eigenfunctions {I, v, ~ IvI2 }. The existence of 

the eigenfunctions is closely related to the fact that, at the collision level, mass, 

momentum and energy are conserved. It is because L is not positive, that solu

tions of the BE do not decay simply to zero but exhibit fluid-like behavior under 

appropriate circumstances. 

In the present work we will limit our considerations to the classical case (essen

tially the only one studied in depth) of the Boltzmann Equation with hard repulsive 

potentials (exponent of the expression for the intermolecular force 2:: 5) with cut-off. 

In this case L can be rewritten as [GIl: 

L = v( v) - J( , 

where v( v) the diagonal, or singular part, is a positive, monotone, continuous func

tion, related to b, the collision kernel, via 

The hypothesis b E Lloc (R D , SD-l), implies J b dw E Lloc (R D). From this one sees 

that, denoting by I * 9 the convolution of I and 9 (f * 9 = J I( x - y) g(y) dy), 

v(v) = (J bdw) * M is smooth. Moreover, v obeys the bounds 

0< vo < v(v) ~ G(I + Ivl)Q , 

In a gas of hard molecules, the high velocity tail of an initial distribution g1 will 

very rapidly equilibrate, this effect gradually penetrating toward the center. This 

comes from the observation that, roughly speaking, the number of particles seen by 

any given particle, is proportional to its speed raised to a power depending on the 

strenght of the interaction potential. For inverse power laws with potential rv r- n , 

the exponent a is equal, to (1 - ~). In particular, the case n = 4 leads to the so 

called Maxwell particles, where v is independent of the speed of the particle. This 
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is one of the limiting cases for hard molecules (the other extreme corresponds to the 

hard sphere model, where n = 00) and the most thoroughly investigated, because 

of its simpler structure. 

J( is a compact, selfadjoint operator on L2( dp,( v)). Since J( is compact, the essential 

spectrum of L consists of exactly the values taken by v(v) [G2]. It follows that the 

origin is an isolated point of the spectrum and property iv) holds. 

The Cauchy problem (2.1) can be wiewed abstractly as an evolution problem in 

a Banach space (here is the Hilbert space L2(dr)). The tool of choice is then given 

by the semigroup theory of linear operators. 

Let 

(2.2) 
1 1 

Af = --v· 'V x - --L 
er er+1 ' 

with domain D(Af ) = {f E L2(dr)lv''Vx f E L2(dr), v(v)f E L2(dr)}, dense in 

L2(dr). The adjoint of Af is easily checked to be 

(2.3) 

with D(A;) = D(Ac). Being that A* closed, one can conclude that A is closed too. 

We than have, for every 9 in the domain of Ac: 

111 
(gIAcg) = --(glv, 'Vxg) - -+1 (gILg) = --+1 (gILg) :::; 0, Ve > 0 

er er er 

(As can be seen integrating by parts, the first term on the right hand side vanishes 

because of the boundary conditions). 

Therefore, Sp( Af ), the spectrum of the operator Af , lies in the left half plane and Ac 

is dissipative. By the same token, A: is dissipative too. For a Hilbert space this is 

enough to conclude that Ac is m-dissipative (that is the range of (I - Ac) = L2 (dr)). 

According to the Phillips-Lumer theorem, the operator Ac generates a strongly 

continuous contraction semigroup of linear operators [Yo]. Let's denote it by Gc(t). 



22 

The solution of the initial value problem (2.1) is then given by gf.(t) = Gf.(t)gI and 

9f. E C([O, 00); L2( dr)). 

What does one mean by solution of the BE? Let's be general for the moment and 

consider A, a densely defined, closed operator on the Banach space X. Denoting 

by A * the adjoint of A and by (, ) the pairing between X and its dual X', we give 

the following 

Definition. A function u E C([O, T]; X) is a weak solution of 

(2.4) 
d 
dt u = Au(t) + J(t), t E (0, T], J E C([O, T]; X), 

if and only if for every v E D(A*), the function (u(t), v) is absolutely continuous on 

[0, T] and 

(2.5) 
d 
dt (u(t),v) = (u(t),A*v) + (f(t),v) 

holds for almost all t E [0, T]. 

If the semigroup is "good enough" (analy tic, or differentiable), then the weak solu

tion is indeed a strong solution, in the sense that, for any initial data, the solution 

gets instantaneously in the domain of the generator [DL). The Boltzmann generator 

does not give rise to such a nice semigroup, though we will see in the fourth chapter 

that, averaging over the velocity, a smoothing property will show up. 

We have the following 

Theorem 2.1. There exists for each w E X a unique weak solution u(t) of (2.4) 

such that u(O) = w, if and only if A is the generator of a strongly continuous 

semi group {T(t)} of continuous linear operators on X and in this case u(t) is given 

by the variation of constants formula 

(2.6) u(t) = T(t)w + lt T(t - s)f(s)ds. 

Proof. See [Ba]. 
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The preceeding theorem will allow us to write down the conservation equations and 

claim that the first three moments (<PgE) form a weak (and hence distributional) 

solution of this system. 

One of the motivating ideas for the present work comes from the attempt to 

provide a "softer" approach to the somewhat "hard" one used by Ellis and Pinsky 

[EP] to deal with the convergence of the rescaled Boltzmann semi group to fluid 

dynamic equations in both TD and RD. The main ingredients of their work were 

a contour integral representation of the Boltzmann semigroup and the existence 

and differentiability of the eigenvalues Oli (e) of AE( e) in a neighborhood of (Ol, e) = 
(0, 0). Here AE(e) denotes the space Fourier transform of the generator AE (AE(e) = 
-~L - iv·e). This led to an explicit, though complicated, spectral representation 

of the Boltzmann semigroup Gf.' Together with the corresponding expression for 

the Euler semi group E(t), this allowed to compute the estimate on the norm of the 

difference (GE - E)gI, and show the convergence to the solution of the linearized 

Euler system. The long and tedious calculations required, resulted in a somewhat 

cumbersome paper, with some results of difficult interpretation (at least for me). 

Using some recently developed tools of functional analysis, we recover analogous 

results, but in a different (and simpler) way that moreover conforms to the general 

approach to fluid dynamical limits of the fully nonlinear Boltzmann equation started 

by recent work of Bardos, Golse and Levermore [BGLl], [BGL2], [BGL3]. At the 

moment, we have not treated the whole space problem, limiting our consideration 

to the periodic domain. 

The a priori estimate 

Multiplying Boltzmann Equation (2.1a) by gE and integrating over dr we have: 



24 

or 

Thus at II g((t) 1I;,v~ ° and, integrating in time, 

(2.8) 

so that the norm of gE(t) is bounded uniformly in e for all t > ° if it is so initially. 

Remark. This estimate is the linear analog of the well known entropy inequality 

known as the Boltzmann H-theorem [Ce]. The L2 norm IIgE(t)II;,v plays the role of 

the entropy functional and Er\l J;(LgE(r)lgE(r))dr is the dissipation. 

For any reflexive Banach space, like L2([0, T]j L2(dr)), weak compactness is 

equivalent to boundedness. It follows that the sequence {gEl is weakly compact 

in L2([0, T]j L2(dr)) so that there exists a subsequence (call it again gE for sim

plicity), such that g( ~ 9 weakly in L2([0, T]j L2(dr)) for some element 9 in 

L2([0, T]j L2(dr)). 

Since L is semipositive, it is possible to introduce the unique operator Ll/2, 

defined by L = Ll/2 Ll/2, which is also semipositive and selfadjoint [DL], so that 

(2.9) 

it_1_( I ) -it 1 ( 1/2 I 1/2) _It_1_ II 1/2 112 d 
+1 g( Lg( dr - -+1 L gE L g( dr - +1 L gE x v r. 

o €r 0 er 0 €r , 

Thus (2.8) implies 

(2.10) 

i.e. Ll/2gE ~ ° in L2([0, T]j L2(dr)) Observe that this convergence does not imply 

the convergence of g( in L2([0, T]j L2(dr)) to some g. How to get around this 

annoying fact is at the very core of this dissertation. Let us start with the following 

result: 
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Lemma 2.2. Let X be a Hilbert space and T a closed, densely defined, unbounded 

operator on X Let fn in D(T) converge weakly to f in X. If IITfnll < C, then f is 

in D(T) and Tfn converges weakly to Tf. 

Proof. Let w E D(T*), where D(T*) is the domain of T*, the adjoint of T. Then, 

denoting the inner product in X by ( " . ), one has 

I(T*w,J)1 = lim I(T*w,fn)1 = lim l(w,Tfn)1 :::; lim IITfnllllwll :::; Cllwll· n ..... oo n ..... oo n ..... oo 

Since D(T*) is dense in X, the linear functional w -+- (T*w'J) can be extended 

to a continuous linear functional on X. By Riesz representation theorem, one can 

always find agE X such that (T*w'J) = (w,g) for all w E D(T*). This implies 

that f belongs to D(T) (= D(T**)) and (T*w, J) = (w, TJ)' Now, for any v EX 

we have (v, Tfn) = (v - w, TIn) + (w, TIn) for some wE D(T*) such that IIv -wll 
can be made small at will. Since IITInll < C, the Cauchy-Schwarz inequality yields 

the result. 

Lemma 2.2 says that L1/2gf. converges weakly to L1/2g in L2([0, T]j L2(dr)), for any 

T> O. Since 

it follows that L1/2gf. converges strongly to L1/2g = 0 in L2([0, T]j L2(dr)). 

J; IIL1/2g(T)1I2 dT = 0 for any t > 0 gives that L1/2g = 0 for almost any t,x, so 

that get, x,.) belongs to N(L1/2), the null space of the operator L1/2. 

From get) E N(L1/2) we get get) E N(L), since N(L1/2) is contained in (actually 

coincides with) N(L). Therefore one can write, with suitable choice of normaliza-

tion, 

(2.11) g(t,x,v) = p(t,x) + V· u(t,x) + (~lvI2 + ~D)B(t,x), 

for some p(t,x),O(t,x) E LOO([0,T]jL2(dx)), u(t,x) E LOO([0,T]j(L2(dx))D. 
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Consider now the two components of ge, g!1 and g;-, respectively in N(LI/2) and 

in its orthogonal complement N .l..(Ll/2). 

Proposition 2.3. The strong convergence of Ll/2ge to zero in L2([0, T]j L2(dr», 

implies that g;- converges strongly to zero. 

Proof. Ll/2gf. ~ 0 implies Ll/2g;- ~ OJ now, for the operator Ll/2 restricted to the 

subspace N.l..(Ll/2), one has, according to property iv), (g;-,Lg;-)v ~ >'(g;-,gf)v, 

with>' > o. Therefore, integrating in space and time, we get 

J J (g-;-, Lg-;-)v dx dt ~ J J >.(g-;-, g-;-)v dx dt 

Remark. Nowhere in this section we used that we are working on TD, but for 

getting rid of the boundary term in the a priori estimate (2.8) (all what is needed 

is this term to be nonnegative). Therefore, any domain without boundary would 

work as well, in particular RD. 

The continuous injection theorem 

The next theorem represents one of the major technical tools of the present 

work. It allows to pass from two results of convergence in different weak spaces to 

a single, strong convergence. In its general version, it represents an improvement of 

a previously known theorem used, for example, to give a modern proof of the Leray 

theory [Le] on the existence of weak solutions for the incompressible Navier-Stokes 

equation [Lv]. 

Before giving the theorem, the fractional Sobolev spaces HS need to be intro

duced, since the cases s = 1, s = !, will come up later. Recall that, for m non 

negative integer, neRD, 
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with DC. = 8fl ... 8rt, a = (aI, a2, ... , aD), aj EN). 

In general, for s not integer, H8(n) can be defined by interpolation between L2(n) 

and Hm(n), for m integer [LM]. For the special choice n = T D , however, we may 

define for any s E R, 

H 8 (T D ) = {f E L2(TD) I L (1 + IkI2)8Ij(k)12 < oo}, 
kEZD 

where j denotes the Fourier transform of f. 

For the present work, the following theorem will be needed: 

Theorem 2.4. Consider a sequence 9f belonging to both a precompact subset 

of C([O, T]j W - L2( dx)) and a weakly precompact subset of L2([0, T]j H8( dx )), s 

nonnegative. Then 9f belongs to a precompact subset of L2([0, T]; L2(dx)). 

This theorem is an immediate consequence of the following, more general result: 

Theorem 2.5. Let V,H be two Hilbert spaces (take them real for simplicity), V 

dense in H, with the injection mapping V ~ H compact and set 

(2.12) x = L2 ([0,1]; w-H) n w_L2 ([0, 1]j V). 

Then the map X --)0 L2 ([0,1]; H) is continuous. 

Proof. Let V* denote the dual of V with the norm in V* defined to be 

(2.13) 
_ 1< U,v > I 

lIullv* = sup II II . 
vEV v V 

where u is a continuous linear functional on V and < u, v > denotes the duality 

pairing. For this norm V* is a Hilbert space. 

Remark. in the case V = HI/2(TD ), V* can be identified with H-I/2(TD ). 

From the fact that, for u E H one has < u,v > = (u, v)lI Vv E V, so that 

(from (2.13)) l(u,u)III ~ lIullv*lIullv, and the elementary inequality valid for any 
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two positive real numbers a, b, 2ab ~ 8a2 + ib2, 8 > 0, it descends that, \/8> 0, we 

have 

(2.14) II U Ilk ~ ~ II U II~ + 2
1
8 II U II~* . 

Integrate in time from ° to 1 the above expression for any Un element of a sequence 

in X, so that 

(2.15) 

Claim: {Un} convergent to zero in X implies that Joll1unll~.(t)dt converges to zero 

as n goes to 00. 

Indeed, consider u, v E H and the linear functional fu on H, defined by fu( v) = 
(u, v )v*. It is easy to check that fu is continuous. By Riesz representation theorem, 

there exists w E H such that (u,v)v* = (W,V)H for all v E H. Define on H, the 

bounded linear operator A: U ~ w = Au. By the symmetry in U and v, A is clearly 

selfadjoint. 

Lemma 2.6. A is compact. 

We can thus expand the range of A in its eigenfunctions <Pk and corresponding 

eigenvalues J1.k : 
00 

Au = L J-lk(U, <Pk)H <Pk. 
k=O 

It follows that 

00 

(2.16) lIunll~* = (un,un)V" = (Aun,unhI = LJ-lk(un,<Pk)k, 
k=O 

so that 
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Choose N so that fol L:~N /lk(U n, ~k)1Idt < ~j this is possible, since A is compact, 

and can therefore be approximated in norm by a finite rank operator. Now use the 

fact that, by assumption, fol(h, u n )1{ dt converges to zero for any h in H, so that 

fol L:f=l /lk(U n, ~k)11 dt < ~ for n sufficiently large. This proves the claim. 

The hypothesis Un -+ ° in w-L2([0, 1]; V) guarantees that fol lIun(t)lIy, dt is bounded 

independently of n. Let n go to infinity first and then 8 go to zero in (2.15) and 

the theorem is proved. 

Proof of Lemma 2.6. Let the operator A be defined as above. Suppose that 

A is not compact. Then there exists a sequence Un bounded in H, such that Wn 

does not have any H-convergent subsequence. Pick Vn = W n, so that IIwnlllI = 
(Un,Wn)V-, where the lefthand side does not have any convergent subsequence, 

while the righthand side, by compactness of the injection mapping H ~ V*, does 

have a convergent subsequence. We have reached a contradiction. 

According to Theorem 2.4, if one can show that a sequence 9f. converges In 

C([O, T]j W - L2( dx)) and is bounded in L2([0, T]j HS( dx )), then the existence of a 

subsequence gf.k that converges strongly in L2([0, T]j L2( dx)) is assured. Actually, 

from theorem 2.5, more is true, and we could replace C([0,T]jw-L2(dx)) above, 

with L2([0, T]j w-L2(dx)). This constitutes the aforementioned improvement. 

Remark. The fact that, for general unbounded domains the Rellich lemma does 

not hold, so that HS, s > 0, is not compactly imbedded in L2, is what prevents a 

straightforward extension of the outlined method to R D or alike unbounded spatial 

domains. 

According to the strategy outlined above, we will later need the following: 

Theorem 2.7. Let Af.9! be bounded in L2( dr) independently of €, then gf. belongs 

to a precompact subset of C([O, oo)j W - L2( dr)). 

Proof. According to the Arzela-Ascoli theorem, S c C([O, oo)j W - L2( dr)) IS 
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precompact iff S is equicontinuous and pointwise precompact. 

Clearly, 9E' being bounded, is pointwise precompact (that is, precompact for every 

fixed t). To show equicontinuity we will first prove the following lemma: 

Lemma 2.8. AE9E stays bounded independently of € if it is so initially. 

Proof. for 9E solution of BE is 

(2.18) 

We have (AE + A:) = -~L, seminegative operator, so that 1t IIAE9€1I;,v ::; O. 

Note that 8tAE9€ = A€8t9E because of the following theorem [Yo]: 

Let Set) be a Co semigroup with generator A. If v E D(A) then S(t)v E D(A) for 

all t > O,and 1tS(t)v = S(t)Av = AS(t)v. 

Here 9! E D( A E ) by assumption. This proves the lemma. 

Remark. Because of 118t 9EII = IIAE9EII ::; IIAE9!1I, 9E belongs to a bounded set in 

Cl([O, 00); L2( dr». 

Weak equicontinuity basically boils down to uniform bound on time derivative; 

indeed gE is equicontinuous in time if for all h E B, where B is a finite subset of 

L2(dr) ,(hlgE(t2) - gE(tl» ~ 0 uniformly in € as t2 ~ tl. 

By the fundamental theorem of calculus, for tl < t2, we write: 

::; sup IIhllx,v 1t2 IIAgEllx,v dt ::; sup IIhllx,vIlAg:llx,v(t2 - tI), 
hEB t1 hEB 

(2.19) 

which goes uniformly to 0 as t2 ~ tl. 
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The foundation for the detailed treatment of the Euler and Stokes cases has now 

been laid. 



Chapter 3 

THE EULER CASE 

32 

This chapter is devoted to studying the limit leading to the linearized Euler 

system. The starting point will be the linearized Boltzmann equation (1.24) 

(3.1) 
1 

8tge + V· V xge = --Lge, 
€ 

ge(O,x,V) = g;(x,v), 

where space and time are scaled in the same way (indeed the Euler equations are 

invariant under this scaling). 

Acting directly on the system of conservation laws deduced from BE, we will 

show first that the moments of g, the weak limit of the sequence ge, solve the 

linearized Euler system. Next, taking advantage of the properties of the semigroup 

associated to the latter equations and by a density argument, we will prove that 

the convergence to 9 is strong. 

In the following, let (I) denote the average over the velocity of the function f: 

(3.2) (I) = J f( v) dp,( v ) 

The local macroscopic laws of conservation of mass, momentum and energy are 

obtained multiplying equation (3.1) by 1, v, ~ Ivl2 respectively, and averaging over 

the velocity, to get 

(3.3) 

8t(ge) + \Ix' (vge) = 0 

8t(vge) + \I x' (v ® vge) = 0 

8t(!lvI2ge) + \Ix' (v!lvI2ge) = O. 

The fact that ge solves (3.1), in the sense defined in chapter 1, is clearly enough 

to conclude that the moments (ge), (vge), (!lvI2ge), are solution in the sense of 

distributions of the above system of conservation laws. 
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Theorem 3.1. Let ge, solution of (3.1), converge weakly to gin L2([O, T]j L2(dr), 

with get, x, v) = pet, x) + v . u(t, x) + (~lvI2 - ~)O(t, x). Then pet, x), u(t, x), O(t, x) 

are solution, in the sense of distributions, of the system of equations 

(3.4) 

8tp(t,x) + \7x·u(t,x) = 0 

8tu(t,x) + \7xp(t,x) + \7xO(t,x) = 0 

~8tO(t,x) + \7x·u(t,x) = o. 

(continuity equation), 

(momentum equation), 

(energy equation) . 

This is the compressible, linearized Euler system of equations. 

Proof. The assumption of convergence for ge entails the convergence in the sense 

of distributions for its moments, so that one can pass to the limit in the equations 

(3.3), replacing g,; with g. We have 

(3.5) 

8t (g) + \7 x • (v g) = 0 , 

8t(vg) + \7 x· (v (8) vg) = 0, 

8t(~lvI2g) + \7x • (v~lvI2g) = o. 

Plugging the expression for 9 in the first equation gives 

8t(p(t,x) + v· u(t,x) + (~lvI2 - ~)O(t,x») 

(3.6) + \7 x . (v (p(t, x) + v . u(t, x) + (~lvI2 - ~ )O(t, x»)) = o. 

Recalling the mutual orthogonality of the basis elements {l,v, ~lvl2 - ~} of the 

Nullspace of L, the above equation becomes precisely the continuity equation 

(3.7) 8t p(x,t) + \7x·u(t,x) = o. 

A similar procedure in the second equation yields 

(3.8) 8t (v (p(t, x) + v· u(t,x) + (~lvI2 - ~)O(t,x»)) 

+ \7 x . (v (8) v (p(t, x) + v . u(t, x) + (~lvI2 - ~)O(t, x»)) = o. 



34 

Simple computations give 

(3.9) 

(3.10) 

and one gets 

(3.11) 

while 

(3.12) 

by skewness of the integrand. Finally, 

Assembling the terms yields the momentum equation 

(3.14) 8tu(t,x) + Vxp(t,x) + VxB(t,x) = O. 

To get the energy equation we combine the first and third equations in (3.3): 

(3.15) 

Passing to the limit as € goes to 0, we note that ((~lvI2 - ~)g) = ((~lvI2 - ~)2B), 

with ((~lvI2 - ~)2) = ~. In the above computations we used the fact that 

(3.16) 

The last term to contribute is (v(~lvI2 - ~)g) = (vu.v(~lvI2 - ~)) = u, since the 

i-th component of this vector has value 

(3.17) 
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Therefore the final equation is 

(3.18) ~{)tfJ(t,x) + Vz·u(t,x) = 0, 

as was to be shown. 

Before going further into the analysis, a brief discussion of the linearized Euler 

equations is required. The system (3.4) can be rewritten in matrix notation as 

(3.19) 

where ~ = {p, u, O}T and M is the matrix of partial differential operators: 

(3.20) 

with domain D(M) = {f E (L2(dx))D+21 Mf E (L2(dx))D+2}. 

Taking the Fourier transform of M we get, indicating with k the conjugate vari

able to x, 

(3.21) 
ik 
o 

2 ·k 
D'l 

The eigenvalues of this matrix are readily seen to be 0, ilkl( Djj2 )1/2, -ilkl( Djj2 )1/2, 

where 0 is D-fold degenerate. Since all the eigenvalues lie on the imaginary axis, 

the standard semi group theory insures that the Cauchy problem is well posed in 

L2( dx). Moreover, the strongly continuous Euler semi group of linear operators E( t) 

solving the Cauchy problem for an initial value (Po, uo, Oo)T by 

(3.22) ( 
P(t)) (po) 
u(t) = E(t) uo , 

OCt) 00 

is in fact a unitary group on L2(dx). 
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We are now ready to tackle the problem of the strong convergence for gE. We 

will proceed in steps, first starting with initial data in HI n N(L), then employing 

a density argument for more general initial data. 

Taking the spatial gradient of equation (3.1) we get (V'x commutes with at and 

L): 

(3.23) 

One sees therefore that V'XgE satisfies the same equation as gE, and a similar a priori 

estimate, namely IIV'XgEllx,v < IIV'xg!lIx,v. Let 

(3.24) Z = L2(dJ-l(v)jHI (dx)) = {I E L2(dr) 1111112 + IV'xl12 dxdJ-l(v) :5 oo}. 

Equipped with the norm 

(3.25) 

Z is a Hilbert spacej moreover Z is dense in L2( dr). Take as initial condition for 

(3.1) a sequence g! such that both g! and V'xg! are bounded in L2(dr)). It is clear 

that 

(3.26) 

for any t ~ 0. Therefore, gE belongs to a bounded set of L2([O, T]j Z). For any xCv) 

in L2(dJ-l(v)), in particular for polynomial functions, the velocity average (XgE) is 

consequently bounded in L2([O, T]j HI(dx)): just notice that, for a given t, 

llV'x 1 XgE dJ-l(v) 12 dx = 111 XV'XgE dJ-l(v) 12 dx 

(3.27) :5 IIxlI~ 1 IV'xgEI2 dJ-l(v)dx :5 C'lIg;lIz. 

All the above results hold if we pick a fixed initial data of the form 

(3.28) 
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where pI,uI,()I E Hl(dx). 

Proposition 2.7 states that, for IIAEgIllx,v < 0, for some finite 0, gf. belongs to a 

pre compact subset of 0([0, T]j w-L2(dr», so that (Xgf.) belongs to a precompact 

set of 0([0, T]j W-L2(dx» (this could also be obtained, directly and more generally, 

from the moments equations and we will use this approach when dealing with the 

Stokes case). Our choice of initial data satisfies the hypothesis of proposition 2.7. 

This allows to invoke the injection theorem 2.4 so that, passing to a subsequence, 

(Xgf.) ~ (Xg) in L2([0, T]j L2(dx», where 9 = p(x, t)+v.u(x, t)+(~ Ivl2 - ~)()(x, t) is 

such that (p, u, (), solve the Linearized Euler system of equations (3.4) with initial 

condition (pI, uI , ()I). We have thus proved the following 

Proposition 3.2. Let gI(x,.) E N(L) for almost every x, IIgIliz < O. Then the 

first three moments of 9 constitute the (unique) weak solution of the linearized 

Euler system with initial data ('l/JgI), where 'l/J = (l,v, ~(~lvI2 _ ~»T. 
Note. Since ('l/Jg!) belongs to D(M), the solution is actually strong. 

We will show now that not only the moments, but the function gi itself is strongly 

convergent (to g). The proof is in two parts and takes advantage of the particular 

structure of the operator L. 

Proposition 3.3. J( gE ~ J( 9 in L2([0, T]j L2( dr». 

Proof. As showed by Grad [G2], J( is a selfadjoint, compact operator on L2(dp(v». 

It has therefore a spectral representation in the form J( f = L.:~=1 An (<Pn, J) <Pn, 

where An, <Pn are the n-th eigenpair of J( and (<Pn, J) = J <Pnf dp( v). 

Let J( m = L.:~=l An (<Pn, .) <Pn be a finite rank approximation to J(. For each fixed 

n, the family (<Pn, 9E) (= (<Pn 9E}) belongs to a bounded subset of L2([0, T]j Hl(dx». 

Upon extraction of a subsequence, (<Pn, 9i) converges to (<Pn, 9) in L2([0, T]j L2( dx ». 
It follows that J(m9E ~ J(mg in L2([O, T]j L2(dr». 
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Now a classical argument gives: 

IT IIKge - KglI;,v dt = IT IIKge - Kmge + Kmge - Kmg + Kmg - Kgell;,v dt 

::; IT(IIKge - Kmgellx,v + II K mge - Kmgllx,v + IIKmg - Kgll x,v)2 dt 

(3.29) 

::; 2111K - Kmll121T IIgell;,v dt + 21T IIKmge - Kmgll;,v dt 

+ 2111K - Km 11121T IIgll;,v dt. 

Using the fact that the operator norm IllKm - Kill vanishes and that J[ IIgell;,vdt is 

bounded independently of €, the right hand side converges to ° letting first € --l- ° 
and then m --l- 00. This proves the proposition. 

Concluding: 

Proposition 3.4. ge converges strongly to 9 in L2([0, T]j L2(dr)). 

Proof. The weak convergence of ge to 9 and the strong convergence of K g€ to Kg in 

L2([0, T]j L2(dr)), implies that (gfIKgf) converges strongly to (gIKg) in L2([0, T]). 

Also 

I
T

(gILg)dt = I
T

(gIVg) - (gIKg)dt 

(3.30) = lim rT 
(g€ILg€) dt = lim rT 

(g€lvg€) - (g€IKg€) dt = 0. 
e-+O Jo f-+O Jo 

It follows that 

(3.31) 

So v1/ 2g€ --l- v1/ 2g in L2([0, T]j L2(dr)). Since v-1/ 2 is bounded, the convergence 

of ge to 9 in L2([0, T]j L2(dr)) follows. 
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If we now consider a function IE L2(dr) such that I(x, .) is in N(L) for almost 

all x and is therefore expressible as 

(3.32) I(x, v) = p(x) + v.u(x) + (~lvI2 - ~)(J(x), 

it is possible to extend the operator E(t) to L2(dr) by 

(3.33) E(t)f = E(t) (1, V, tlvl' - ~) (~) = (1, V, tlvl' - ~) E(t) (~) . 
Furthermore, decomposing any function h(x,v) in L2(&) as h = hI! + h.l., with hI! 

in N(L) and h.l. in N.l.(L), we can define E(t)h = E(t)hl!. So extended to L2(dr), 

E(t) is no longer strongly continuous as semigroup, but is still a contraction. 

According to proposition 3.4, for gl satisfying the conditions of proposition 3.2, 

IIgf - gil = IIGfgl - Egll1 converges to zero as € goes to zero. 

Now take any II E L2(dr) n N(L). Fix 8 > o. Corresponding to it we can find 

a function gl in N(L) such that "Vxg1 E L2(&) and IIgl - I 1l1x,v < 3Tr. This is 

possible, since such functions are dense in L2(dr) n N(L). Then we have 

(3.34) 

But, by the previous results, there exists an € such that II(Gf - E)gll1 < ~ for all 

€ < €, while 

(3.35) 

since both Gf. and E are contractions and we are done. 

Once done for fixed initial data, it is immediate to generalize to a sequence of 

initial values in L2(dr) and show the 
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Theorem 3.5. If g! ~ gI in L2(dr), gI E N(L), then IIgE - gil = IIGEg! - EgIII 

converges to zero in L2([0, T]; L2( dr)). 

So far we have in many occasions restricted ourselves to subsequences, but the 

uniqueness of the solution of the linearized Euler system allows us to claim con

vergence for the whole sequence. This is a consequence of the following classical 

theorem for the proof of which see [DL]: 

Theorem 3.6. Given E, reflexive Banach space, and {xn} bounded sequence in 

E, if Xn has only one weak limit point x, then the whole sequence Xn is weakly 

convergent to x. 
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Chapter 4 

THE STOKES CASE 

The purpose of the present section is to derive the incompressible Stokes equations 

(ISE in the following), in the limit of vanishing mean free path, starting from the 

scaled version (1.23) of the linearized Boltzmann Equation 

(4.1) gE(O,X,V) = g!(x,v). 

We will then approach the proof of strong convergence of a sequence of averages of 

solutions of BE to the solution of lSE in a way alternative to the one used for the 

Euler case. This will be essentially accomplished by introducing a new result, which 

has an interest of its own, concerning the uniform regularity of the velocity averages 

of gt;. One could have used a procedure similar to the one employed in chapter 3, 

but a more careful treatment would have been required especially dealing with the 

semigroup associated with lSE. 

We will start by proving the following 

Theorem 4.1. Let gE, solution of the equation (4.1), converge weakly to g in 

L2([0, T]; L2(dr» as € ~ 0, with 

(4.2) g(t,x,v) = p(t,x) + V· u(t, x) + (~lvI2 - ~)O(t,x). 

Then p(t,x),u(t,x),O(t,x) satisfy in the weak sense defined below, the Stokes sys

tem of equations: 

(4.3) 

(incompressibility condition); 

(Boussinesq condition); 

(momentum equation); 

(energy equation). 

Note. The constant v appearing in the momentum equation is the so-called kine

matic viscosity and should not be confused with the previously introduced collision 

frequency v( v). 
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Proof. The methods used in thr present proof follow the approach presented, in 

broader contest, in [BGL2]. The formal manipulations there shown are now made 

rigorous for the specific case in exam. 

Define, for a compact domain f! c R D , 

(4.4) v = {u E (coo(f!))D, \1x 'u = 0, J udx = O} 

and let 1i be the closure of V in (L2(dn))D. For f! = TD, a direct Fourier series 

calculation shows that, for Ii E V'(TD),i = 1,2 ... ,D, with 1= (ft,h, .. ,ID), the 

equality I = \1 xp holds for some p E V'(TD) if and only if, (I, </» = 0 'V</> E V 

(for a generic domain f! C R D, this would be a consequence of a profound- result of 

differential topology, the Hodge decomposition theorem). 

It is then possible to decompose L2 into a direct sum L2 = 1i EB 1iI , where 

1iI = {u E L2,U = \1xpfor somep E HI (f!)}. Physically, this corresponds to 

split a function into its acoustical (in 1iI ) and nonacoustical components. It is 

this decomposition that justifies the following definition: we say that the Stokes 

equation, 

(4.5) 

posed on a periodic domain, or on the whole space, is satisfied in the weak sense if, 

for any compactly supported, infinitely differentiable function </>( x), with values in 

RD and such that \1 x'</> = 0, 

holds for almost every tI, t2 > O. Analogous definitions apply, mutatis mutandis, 

for the remaining equations. 

Before starting the derivation of the Stokes system, let's note that from gf. -)0 g 

in W-L2([O, T]j L2( df)) it follows that the velocity moments (c.pgf.) converge to (cpg) 
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in w-L2([0,T];L2(dx)) and hence also in the sense of distributions, for any cp 

polynomial in v. 

a) Derivation of the incompressibility condition. 

Averaging BE over the velocity domain yields 

(4.7) 

According to our weak notion of solution for BE, this means that, for any smooth 

function ,p( x) and any tl, t2 > 0, 

(4.8a) 

or, 

(4.8b) · J .,l(x) «g,(t,))) - (g,(t,))) dx - t J V • .,l(x) . (vg,) dx dt = o. 

Taking the limit as € goes to zero, the first term vanishes (since the integrand is 

uniformly bounded), while the second one converges to 

(4.9) t J V • .,l(x) . (vg) dxdt. 

Plugging in the expression for 9 and using the orthogonality of the basis elements 

of the Nullspace of the operator L, we are left with 

( 4.10) 

I.e. 

( 4.11) \7x • u(t,x) = 0, 

satisfied in the weak sense stated above (here and in the remaining of the section, all 

differential relations are to be considered satisfied in the weak sense). This equation 

states the incompressibility of the fluid-like limiting behavior of the Boltzmann flow. 
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b) Derivation of the Boussinesq relation. 

Multiply BE by v and average it to get 

( 4.12) 

Multiplying by a test function ¢>, integrating and taking the limit as € goes to zero, 

the first term drops so that, reasoning as before, we obtain 

( 4.13) V'x,(v®vg)=O. 

Plugging in the expression for 9 yields 

(4.14) V'X·(v®vp)+V'X·(v®vv'U)+V'X·(v®v(~lvI2- ~)B) =0. 

But 

( 4.15) V'X' (v ®vp) = V'x' (lp) = V'xP, 

the second term vanishes by the oddness of the integrand, while 

(4.16) V' x . (v ® v(~lvI2 - ~)B) = V' x' (v ® v(~lvI2 - ~))B = V' x·(lB) = V' xB, 

SInce 

( 4.17) 

Therefore, 

( 4.18) 

This result is known as the Boussinesq relation. It says that the fluctuations in the 

gradient of the density balance those in the gradient of the temperature. 
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From (4.18) we deduce that p(x,t) +B(x,t) = J(t), for some J, function of time 

only. Integrate in space and time the energy conservation equation derived averaging 

BE upon multiplication by ! Iv12 , 

and pass to the limit, to get 

(4.19) 

or, using the limiting form of g, 

(4.20) j p(x,t) +B(x,t)dx = J J(t)dx = j(!lv I2gI(X))dx = C. 

This means that p + B is constant in time, and in particular, p + B = 0, whenever 

J(!lvI2gI(X)) dx = O. But this condition is automatically enforced by consistency 

with J(!lvI2GI) dx = ~ (see 1.20). 

c) Derivation of the Stokes equation (the momentum equation). 

After dividing by €, rewrite (4.12) as 

(4.21) 

where the trace of the tensor v ® v has been separated out. The last term has the 

form V xP€, for Pe = ~ ( b 1 V 12 g €) and therefore it vanishes when, according to our 

prescription, we integrate (4.21) against a divergence-free test function. Therefore, 

we are going to ignore this term in the computation below. 

The goal is to replace the second term in the equation (4.21) with an expression 

whose limit we can compute. To this end let's now define 

(4.22) 
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where L-l is the pseudoinverse of the linearized Boltzmann operator L. Indeed, 

consider the restriction of L to the closed subset N(L)l. of L2(dp,(v)) (the orthogo

nal complement of the nullspace of L). So restricted L is one-to-one on its domain of 

definition, since Lu = 0 implies u = 0 by construction. Moreover, by virtue of prop

erty iv) in chapter 2, there exists a positive,X such that (uILu) ~ 'xliuli;,v for every 

u in N(L)l. n D(L). But the Schwartz inequality gives (uILu) ::; liulix,vIILulix,v, 

and consequently IiLulix,v ~ 'xliulix,v, that is L is bounded away from zero. The 

conditions for invertibilty of the operator L are thus satisfied on N(L)l.. L-l is 

exactly the inverse of the restriction of L defined above. Having factored out the 

projection of v 0 v into the nulls pace of L makes therefore c}} a well defined function 

with values in RDxD. 

Next, multiply BE (4.1) by c}} and average it over the velocity domain. Using the 

selfadjointness of L, we obtain 

(4.23) 

In the limit as € goes to zero, the first term vanishes, so that 

(4.24) 
1 

\7 x . (v 0 c}} gE) = --((v 0 v - b Ivl2 I)gf) + G(€). 
€ 

One can then pass to the limit in (4.21) to get 

( 4.25) 

A little manipulation of the term \7 x • (v 0 c}} g) yields 

= \7x ' (L- 1 (v 0 V - blvl2I) 0vv, u(t, x)) . 

The final equality comes from the following result: 
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Lemma 4.9. Consider, in L2(df.L(v», the equation Lr' = r, where we take either 

r = (v ® v - blvl2I) or r = v(!lvI2 - Dt2) (the latter one is for use in the next 

subsection). The solution r' can then be written as r'(v) = 'Y(lvl)r(v). 

Proof. First notice that, since r lies in N( L).1., the equation above has a unique 

solution in N(L).1.. 

Define 'Y(v) by r'(v) = 'Y(v)r(v). For any central force law of interaction, the 

nonlinear Boltzmann operator has rotational symmetry, which is inherited by its 

linearized version, so that, for any rotation matrix 0 in RD, LO = OL. This 

commutativity entails that the angular dependence of the eigenfunctions of L has 

to be given by the spherical harmonics. Observe that each scalar component of r is 

expressible as product of some function r(lvl) times a spherical harmonic Y;m(O, ¢J). 

From L(1'(v)r(lvI)Y;m(O,¢J» = r(lvDY;m(O,¢J) it follows 'Y(v) = 'Y(lvD, proving the 

lemma. 

Indeed, because of the parity constrains induced by the lemma, 

(4.26) (L-1 (v ®v - blvl2I) ®v (p(t,x) + (!lvI2 - ~)O(t,x»)) = O. 

Finally, from the relation (the summation convention over repeated indexes is 

adopted throughout this section) 

(4.27) 

we get 

(4.28) 

One can add to the expression (4.28),without altering it, the term - b Ivl2 I, since 

the latter is in N(L), which is orthogonal to the range of L-l. We can rewrite 

( 4.29) 
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By virtue of the lemma above, we can set 

(4.30) (L-1 (v ® v - b Ivl2 I) ® (v ® v - b Ivl2 I)) 

= (,8(lvl)(v ® v - b Ivl2 I) ® (v ® v - b Ivl2 I)) = T, 

T fourth order tensor. Notice that L-l being a positive definite operator, the 

diagonal entries of T are positive quantities, as one expects them to be, given their 

physical interpretation in relation with the kinematic viscosity v, as we are going 

to see. 

Componentwise we have Tijlm = (,8(lvl)(ViVj - blvI2Dij)(V1Vm - blvI2Dlm)), 

which, because of the oddness of the integrand, vanishes whenever there is an un

paired index. The many symmetries of the tensor T allow to write, by inspection, 

But Tijlm = Tijmi implies c = b, so Tijlm = C(DimDjl + Di/Djm) + a DijDlm. Since 

(v®v- blvl2I) is a traceless tensor, it has to be that Tijll = Tllij = 0, which yields 

2CDi/Djl + a DijDll = 0, that is a = - ~c, so that 

(4.31) 

The value of c is obtained by taking the double trace of T. One writes Tijij 

c(D + 2)(D -1), from which the positivity of c follows. 

To compute (T : V'xu) notice that DimDj181Um = 8jUi, DilDjm81Um = 8iUj, while 

the incompressibility condition yields DijDlm81Um = O. Therefore one gets 

(4.32) 

Taking the divergence of the expression (4.29), we finally obtain 
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where we used the incompressibilty condition and set c = v. 

From equation (4.25), because of the weak notion of solution derived from the 

Boltzmann equation, one has 

(4.34) ~ r 1>.udx = vJ~x1>.udx, 
at 01 

valid for any 1> E V, so that, for almost every tt, t2, relation (4.6) is verified. One 

can therefore write 

( 4.35) 

Identifying vas the kinematic viscosity, we have thus recovered the Stokes equation. 

d) Derivation of the energy equation. 

Combining the conservation laws for mass and energy 

(4.36a) 

(4.36b) 

yields 

(4.37) 

Dt2 (8t(g€) + ~\7x' (vg€)) = 0, 

8t(!lvI2g€) + !\7x ' (v!lvI2g€) = 0, 
€ 

As € goes to zero, the first term of (4.37) converges to 

8t((!lvI2 - Dt2) (p(t, x) + v· u(t,x) + Glvl2 - ~)B(t,x))) 

= ~8tB - 8t(p(t, x) + v· u(t,x) + (!lvI2 - ~)B(t,x)) 

( 4.38) 

where we used ((!lvI2 - ~)2) = ~, ((!lvI2 - ~)) = ° and the "integrated" Boussi

nesq relation p = -B. 
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For the second term of (4.37) we make use of a technique similar to the one employed 

for the corresponding term in the momentum equation, namely write 

(4.39) 

where now 

( 4.40) 

It can be checked that Glvl2 - D;2) V is in N(L).l.. and so it is in the range of L-1. 

Eliminate (w ~Lge) using the Boltzmann equation, which gives 

(4.41) 

The first term on the righthand side goes to zero, while taking the limit in the 

second term and bringing the gradient outside, one sees that ('lIv. \7 xge) converges 

to \7 x . (v ® 'lIg). But 

\7x ' (v ® 'lIg) = \7x ' (v ® W (p(t,x) + V· u(t,x) + Olvl2 - ~)B(t,x))) 

where again, the Boussinesq relation has been used. Since L -1 preserves the parity, 

the only surviving term is 

( 4.42) 
= (L -1[(~ Iv l2 - Dt2) v] ® v(~lvI2 - Dt2)) . \7 xB(t, x) = - Dt2 ~\7 xB. 

Here we set, using Lemma 4.9 and the symmetry properties of the integrand, 

(4.43) (L-1[(~1'V12 - Dt2) v] ® v(~lvI2 - Dt2)) 

= (a(lvl) (!lvl2 - Dt2) V ® v(tlvl2 - Dt2)) = Dt2 ~I. 
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with K, positive coefficient called the thermal conductivity. Its value is given by 

K, = 2('I!.LiI!)jD(D + 2). 

Taking the divergence of the expression (4.42) and gathering the limiting terms 

in (4.37), we finally get 

(4.44) at(}(t,x) = K,b.,(}(t,x). 

Notice that conduction is the only mechanism of transport of energy in the Lin

earized Navier-Stokes equations. This is because we are considering fluctuations 

around a bulk velocity u = 0, so that, to first order, the temperature field decouples 

from the velocity field. The presence of an external potential tP, however, would 

bring in a coupling term of the form c\1xtP·u. 

The Averaging Lemma 

Among the recent developments in the analytical treatment of transport phe

nomena, a group of theorems known as "averaging lemmas"[GLPS), has allowed 

the achievement of new, important results, both in linear and nonlinear problems 

[DPL), [BGPS), [BGL3). The key point in the subject is the property of the trans

port operator (at + v . \1 x) according to which, integration with respect to the 

velocity variable brings up extra-regularity in the space variable for the distribution 

function, provided the velocity measure m( v) is "good enough" . 

The exact statement of the theorem that would fit best in the present situation 

is the following: 

Theorem. For x, v E R D, let m( v) be a bounded measure on R D and set 

x, = (t, x), Vi = (v", v), m' = m ® 8V Il=1, where 8 is the Dirac mass. Assume 

further, that 

m{v: IA +v.el < a} ~ 0, a~O, 

uniformly in (A, e), A2 + lel2 = 1. Then, if II belongs to a bounded set of 

L2(dm(v)dx) and (at +v· \1 x)If belongs to a bounded set of L2([0, T]j L2(dm( v )dx )), 
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the velocity average J iE dm( v) belongs to a bounded subset of Hl/2( dt dx). The 

basic idea behind the theorem is that, in the Fourier space k corresponding to x', JE 
is "regular" in any direction not orthogonal to v'. The assumption on the velocity 

measure insures that the set of bad v's (such that V· k = 0) does not affect the 

velocity average. 

As it is, however, the theorem above can not be employed in our case for two 

reasons. First, the presence of € in front of the time derivative in BE, does not allow 

to fulfil the measure requirement in an uniform way, even if the measure p( v) is 

very nice. This means that one has to give up the extra regularity in time. What is 

more, because of the presence of an €-dependent unbounded operator like ~L, we 

do not have enough control on the right hand side of BE, that is (€ at + v . \1 X)9E 

does not belong to a bounded set of L2([0, T]j L2(dp(v)dx)). A different version of 

the averaging lemma is therefore required. 

The approach developed here is totally new, and is based on the "adjoint" treat

ment of the problem. By that we mean a reformulation of a linear transport prob

lem in terms of its adjoint semigroup. This allows a "separation of variables" that 

greatly simplifies the analysis. The hypothesis needed for the proof consists of 

enough "regularity" for the measure and the unbounded operator to make a certain 

integral convergent, as will be seen in the following. 

Theorem 4.10 (The averaging lemma). Let 9E(t,X,V) be the solution of the 

Cauchy problem 

( 4.45) 

with the family 9! belonging to a bounded set of L2( dr). Then 9f. has moments 

(¢9E) that belong to a bounded set of L2([0, T]j H!(dx)) for ¢ E L2(dr), polynomial 

mv. 

The proof is rather long and it articulates in the following steps: 



53 

a) manipulation of the original equation and subsequent splitting of the problem 

into two simpler ones using linearityj for each of those 

b) introduction of the Green operator and of the adjoint formulationj 

c) acquisition of some basic technicallemmasj 

d) fundamental estimate in the Fourier spacej 

e) recomposition of the original problem. 

Before proceeding with the proof, the right hand side of equation (4.45) has to 

be recast in a suitable form. 

Proposition 4.11. The semipositive, selfadjoint operator L1/2 can be represented 

as 

( 4.46) 

where](' is compact in L2(dv(v» and v = v(v). 

Proof. Rewrite L1/2 as 

(4.47) 

The last equality above is justified by the theory of square roots of semipositive 

operators [DL]. Let A = I - ~](. and, without loss of generality, assume IIAII ~ 1. 

Because of the positiveness of A, we may thus write 0 ~ I - A ~ I (in the sense of 

operator definiteness), which in turn gives that III -All = sUPllfll=l 1((1 -A)j,J)1 ~ 

1. Using the well known fact that the power series about 0 of (1 - z )1/2 converges 

absolutely \/z E C,lzl :::; 1, we write the Neumann series representation of A1/2 = 

(I - (I - A»1/2 to get A1/2 = 1+ cl(I - A) + c2(I - A)2 + ... = 1- C, C compact. 

We have then: ](' = v 1/ 2C = Cl )/2]( + C2 ,)/2](2 + ... = L.:~l cw-l+1/ 2 ](1. 

Every term in the sum is a compact operator, being 0 < v-i+ 1/ 2 < Mj on the other 

hand, ](' has to be bounded, therefore ](' is compact. 

Proof of theorem 4.10. Rewrite the equation as 

(4.48) € 8t gt; + v . V' xg€ = _(v1/ 2 - K)~Ll/2g{, 
€ 



54 

where the decomposition (4.46) for L1/2 has been. used. From the a priori estimate, 

for any positive time T, we have control of ~L1/29€ (it belongs to a bounded set 

of L2([0,T)jL2(dr)))j moreover, R being compact in L2(dp,(v)), is bounded in 

L2([0, T)j L2(dr)). Indeed: 

(4.49) 111 IRI(t, x, V)12 dp,(v) dxdt = 11 IIRI(t, x, v)II~ dx dt 

:::; c 11 III(t,x,v)II~ dxdt = CIII(t,x,v)II 2. 

Thus R(~L1/29E) is also bounded uniformly in L2([0,T)jL2(dr)). This implies, 

using the strict positivity of v 1/ 2 , that the same is true of 

so that it is possible to rewrite the equation as: 

(4.50) 
1 

€ Ot9€ + v . V xge = -V2 I€ , 

where 

(4.51) 

Because of the a priori estimate, one can add 9€ to both sides of (4.50), so that the 

Cauchy problem (4.47) can be reformulated as follows: 

( 4.52) 

for 

(4.53) 

uniformly bounded in L2([0, T]j L2( dr)). 

Regarding the right hand side as a forcing term and making use of the linearity 

of the equation, (4.52) can be solved by splitting it into two separated problems, 

one with zero initial data 

( 4.54) 9€(0, x, v) = 0, 
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and the other one with right hand side equal to zero 

(4.55) 

We are going to drop the index € from the functions involved, throughout this 

section; no confusion should arise. 

Let's examine first the zero initial data problem 

(4.56) €8t g -I- V· '\7 xg -I- 9 = u(v)h, g(O,x,v)=o, 

where x belongs either to R D or to TD and u( v) indicates, in general, a strictly 

positive, twice continuously differentiable function which, together with its first two 

derivatives, grows at most polinomially as Ivl goes to 00. 

Remark. The smoothness hypothesis on u gives a sufficient condition in order to 

make a certain integral appearing in the proof, convergent. 

Let G denote the Green's operator for (4.56), so that the solution can be written 

as 

( 4.57) i
t 1 i!..=.!l v 

g(t,x,v) = (Gh)(t,x,v) = - e- < u(v)h(s,x - (t - s)-,v)ds. 
€ 0 € 

G : D(G) C L2([0,T]jL2(dr)) -+ L2([O,T]jL2(dr)), is a closed, linear operator, 

generally unboundedj so is G*: D(G*) C L2([0, T]j L2(dr)) -+ L2([0, T]j L2(dr)), 

its adjoint operator. Note the slightly unusual definition of Green'operator, because 

of the presence of a. 

Since the problem is set on a Hilbert space, G* can be computed by the formula 

(G* f* ,J) = (f* , G J) for any f E D( G), f* E D( G*). Here (I, g) is defined as 

(4.58) (f, g) = iT J J f(t, x, v) get, x, v) dp( v) dx dt, 

for T fixed and finite. We write 

l l T J J it i!..=.!l v 
(h*,Gh)=;. 0 dt dx dp(v) 0 dsh*(t,x,v)e- < u(v)h(s,x-(t-s);.,v). 
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Interchanging order of integration, using the translation invariance of the spatial 

variable x, (x --)- x - (t - s ) ~) and relabeling t --)- s, S --)- t, yields 

1 

/ / iT it .<!.::.!2 v "€ dx dp.(v) 0 dt 0 dse- • h*(t,x+(t-s)"€,v)O'(v)h(s,x,v) 

1/ / iT iT ll=.!2 v ="€ dx dp.(v) 0 ds s dt e- • h*(t,x + (t - s)"€,v)O'(v) h(s,x,v) 

1/ / iT iT i!.::.!2. v ="€ dx dp.(v) 0 dt t dse- • O'(v)h*(s,x+(s-t)"€,v)h(t,x,v), 

which leads to 

(4.59) i
T 1 1!.::!l v 

G*h*(t,x,v)=- e-' O'(v)h*(s,x+(s-t)-,v)ds. 
€ t € 

Now introduce the velocity average operator A, 

(4.60) 

(4.61) (Ag)(t,x) = / g(t,x,v)¢l(v)dp.(v) , 

where ¢l( v) is in L2 ( dp.( v )) and is chosen to be a polynomial in v (for the present 

needs it may be thought of as either ¢lev) = 1, ¢lev) = Vi, ¢lev) = Ivl 2 or ¢lev) = 

vilv I2 ). 

The adjoint operator A* : L2([0, T]j L2(dx)) --)- L2([0, T]j L2(dr)) can be obtained 

as follows: 

hence 

( 4.62) 

lT / g*Agdxdt = lT dt / dxg*(x,t) / g(t,x,v)¢l(v)dp.(v) 

= lT dt / dx / get, x, v) g*(x, t) ¢lev) dp.(v) , 

(A * g*)(t, x, v) = g*(x, t) ¢l( v) . 
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The decoupling of the velocity dependence will be very useful in the following. 

Next we show the boundedness of the operators A and A*: 

IIA*g*(t,x,v)1I2 = IIg*(t,x)¢(v)1I2 = iT dt J dx J dJ-l(v)lg*(t,x)¢(v)12 

(4.63) = lT dt J dx Ig*(t, X )12 J I¢( V )1 2 dJ-l( V) = II¢( v )II~ IIg*(t, x ) ilL; , 

hence IIA*II = IIAII = 1I¢lIv. 

Define the composition: 

and its adjoint 

This allows one to introduce the operator 

Here 1'Vla denotes the fractional derivative of order a in the spatial coordinate (for 

some positive real number a ). It can be defined as 1'Vla = (-.6.x)~: for a positive 

definite operator is indeed possible to introduce its fractional power [DL]. As in 

the theory of pseudodifferential operators, the action of 1'Vla is defined through the 

Fourier space, so that 1'Vla f = J lela jeix~de. 

In the next theorem, we will show the boundedness of 1'Vla AG for ° ~ a :s; !. 
This is, basically by definition, equivalent to proving that AG is bounded from 

L2([O, T]j L2(df)) in L2([O, T]j Ha(dx)). To that end, we need the following two 

lemmas: 

Lemma 4.12. Define 

( 4.65) 
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Under the assumption that ¢>2(V) is spherically symmetric (u(v) clearly is), SCaB) = 
w( alBI) for any real number a and we have 

(4.66) lei lT lei 100 

-I W«S2 - sd-) ds21 ::::; 2 Iw(r)1 dr. 
€ 0 € 0 

Proof. Observing that W(r) is even, as Fourier transform of an even function, the 

change of variable (S2 - Sl)1fi-l- 7' in the integral yields 

Remark. The spherical symmetry assumption is a simplifying one, but, by taking 

the supremum over all directions in the velocity space, the argument above can be 

easily extended to more general ¢>'s which encompass all the relevant cases for our 

purposes. 

Lemma 4.13. Consider K, bounded, integral operator in L1 ( a, b) and in Loo( a, b), 

00 ::::; a < b::::; 00, such that 

(4.67) Kf(x) = J k(x, y) fey) dy 

and let C = vllKlloolIKlh. Then, for any f E L2(a, b), 1(1,K!)1 ::::; Cllfll~, where 

(1, K!) is the quadratic form associated with K. 

Proof. First of all, it is easily seen that 11K II 00 = supx J Ik(x, y)1 dy, while IIKll1 = 
SUPy J Ik(x,y)1 dx. By the Riesz-Thorin interpolation theorem [Yo], K is bounded 

1 1 

for any p, 0 ::::; p ::::; 00 and IIKllp ::::; IIKII~ IIKII!, where pl. + ~ = 1. In particular 
1 1 

IIKII2 ::::; IIKII& IIKII{ = C. The quadratic form is therefore defined for every f in 

L2(a, b) and 
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Theorem 4.14. The operator IVla AG previously introduced by (4.64) is bounded 

in L2([O, T]j L2(dx)) for a = !. 

Proof. By passing to the Fourier representation, it can be checked that [IVla, A] = 
[lVla, G] = ° ([B, C] = BC -CB is the commutator of the operators B, C)j proving 

the claim is therefore equivalent to proving the boundedness of the operator 

(4.70) 

Let k E L2([O, T]j L2(de)) be the Fourier Transform of hE L2([O, T]j L2(dx)) in the 

spatial variable. The computation that follows is essentially the same working in 

TD or in R D as spatial domain. For convenience of notation, we will therefore 

use the integral sign for the e variable, to be interpreted as an infinite sum over 

Using Plancherel theorem and up to constant factors, we are led to the following: 

€211IVl aG* A*h1l2 = €2 11 lel2a iT IG* A*k12 dtdp,(v)de 

(4.71) 

= 11 lel2a iT dt lTle-(·~t) U(v)<jJ(v)h'(s,x)dsI2dp,(v)de 

where, recall, 

and h'(s,x) = h(s,x + (s - t);),ki = ll(si,e) and Smin = min{sI,s2}' In the 

previous result we used standard manipulations to bring the integration in the t 
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variable inside in order to perform it first and the following facts: 

a) hex + (8 - t)~) = e+i(s-tH·e h(e) 
€ 

h) [dt t ds, t dS2 = [ ds, (f dS2 f dt+ t dS2 f dt) 

fT fT rmin 

= Jo ds! Jo dS2 Jo dt 

l
smin 

2t € ~ 
c) e" dt = - ( e • - 1) . 

o 2 

In the last line of (4.71), take absolute values inside the time integrals, note that 

_ i!.rl!.ll (~ ) _~ _h±!l1 
e • e' -1 =e • -e • ~1, 

then apply Lemma 4.13 to the symmetric kernel 

(4.72) 

and finally, invoke Lemma 4.12 to obtain, for a = t, 

(4.73) 

€2111V'ltG' A'h!l2 :5 ~ J lei [dS, J.T ds2 1>li«s2 - s,) 1:1)1 h,h2 de 

~ .: J lei sup fTI1l1((S2 - sI)lfl) 1 dS2 fTlhl 2 ds de 
2 Sl Jo € Jo 

The last equality in the previous expression is justified by the following lemma: 

Lemma 4.15. It' Iw(r)1 dr is finite. 

Proof. The smoothness assumptions on q2 (v) imply that q2 (v) cjJ2 (v) e-¥ belongs 

to C2( dv) n LI (dv). From standard harmonic analysis, this is enough to ensure that 

its Fourier transform w(r) is absolutely integrable [Ka). 
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Note. The hypothesis on a(v) are satisfied when one lets a2 (v) = v(v). 

One may thus write 

(4.74) IIIV'I~G* A*II = 1I1V'I~AGIl $ C', 

as was to be shown. 

Remark 1. The same kind of estimate yields boundedness for a = o. Indeed, we 

just have to notice that W((S2 - Sl)~) $ M for some positive M, and then apply in 
. 1'2-'11 

the last lme of (4.71), for a = 0, the Lemma 4.13 to the kernel k(Sl,S2) = e--.-
. (here, it can be checked, C $ 2€». By interpolation, the operator BOt AG is therefore 

bounded for 0 $ a < ~. 
Remark 2. For a( v) = 1, we recover the plain linear case with G bounded operator. 

We pass now to the treatment of the problem with right hand side equal to zero 

introduced by (4.55), by studying 

(4.75) €Btg + v . V' xg + 9 = 0, g(O,x,v) = f(x,v). 

The Green's function G1 is given by 

(4.76) 
t v 

(G1J)(t,x,v) = e-'f(x - t-,v). 
€ 

To find the adjoint Gi, notice that the variable v plays the role of a parameter in 

the equation, so that one can compute Gi disregarding the integration over d/1( v): 

* t V t V iT J iT J o dt f (t,x,v)e-·f(x-t-;.,v)dx= 0 dt e-'f*(t,x+t-;.,v)f(x,v)dx, 

so that 

( 4.77) (G!f*)(x,v) = [T e-~f*(t,x +t~,v)dt. Jo € 

Here 
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We have 

(4.78) 

For A and A * defined as before, we consider the operator 

(4.79a) 

or, by duality, 

(4.79b) 

Theorem 4.16. 1'VlaGiA* is bounded uniformly in € for a = 1/2. 

Proof. From 

GrA*h = [T e-th(t,x + !v)t/J(v)dt , Jo € 

after taking the spatial Fourier tranform (the same considerations applies as in 

theorem 4.14), one obtains 

::; 2€ ioolw(r)1 dr iT Ihl2 dsde 

::; 2€ 100 

IW(r)1 d1' IIh1l2, 
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with the same notation ( with u(v) = 1) in the expression for 1IJ and estimates 

similar to those used before. 

Thus one has 

(4.80) 

Remark. The operator Gi A * is bounded as a composition of two bounded oper

atorsj by interpolation, 1\7la GiA* is bounded in L2([O, T]j L2(dx)), uniformly with 

respect to €, for any 0 ::; a ::; ~. 

It is now time to reassemble the parts and consider the full equation 

(4.81) €8t g + v· \7 xg + 9 = u(v)h, g(O,x,v) = gl. 

The Green operator 9 maps the "data" (gl, h) into the solution g: 

( 4.82) 

with 

I t I V lit i!.=!.l v (4.83) g=9(g ,h)=e--;g (x-t-,v)+- e- c u(v)h(s,x-(t-s)-,v)ds, 
€ € 0 € 

were we defined the spaces 

(4.84) 

Here ffi denotes the direct sum of the two vector spaces. 

Laata becomes an Hilbert space if we define an inner vproduct in it by 

( 4.85) «E,M)I(F,N»= 11 EFdxdp.(v) + loT 11 MN dxdp.(v) dt, 

so that the induced norm is 

(4.86) 
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Using (4.85), the adjoint operator 

(4.87) I'"!* • L2 L2 
~ • sol -+ data' 

is easily checked to be such that 

(4.88) 9*h* = (G*h*,Grh*) 

(iT iT ) t v 1 ~ v 
= e-'h*(t,x+t-,v)dt,- e- e u(v)h*(s,x+(s-t)-,v)ds . 

o € € t € 

From theorems 4.14 and 4.16 we obtain 

1 

1I1Y'II/29* A* h* IIL~l1tl1 = (1I1Y'll/2Gr A* h*1I12(dr) + 1I1Y'11/2G* A * h* 1I12([o,T];£2(dr») "2 

(4.89) < C IIh*lI£2 , 
Bol 

so that 

(4.90) 

From here one writes 

(4.91) 

Since 9 is the solution of the linearized Boltzmann equation when we let 

11 1-11 1 
h = -L"2g - -1 [((-L2g) - -1 g, 

€ V2 € V2 

and being both gI and h uniformly bounded in € in their respective norms, (4.91) 

allows to conclude that, for any T > 0, 1Y'l l / 2Ag is bounded in L2([0,T];L2(dx». 

Equivalently, Ag belongs to a bounded set of L2([0, T]; H~ (dx », as was to be shown. 

Remark. Theorem 4.11 does not work for the Euler case, since the estimate in 

L2([0, T]; Ht(dx» would not be uniform in € (we are out by a factor €1/2). 
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The strong convergence 

Sufficient conditions for the applicability of theorem 2.4 will be derived now for 

the relevant moments of the distribution function gE by exploiting the conservation 

equations. As far as the moment (vgE ) is concerned, unlike the Euler case, we 

are able to prove compactness in C([O,T];w-L2(dx)) only for its divergence free 

component. 

Lemma4.17. If gE(t) is bounded uniformly with respect to € in L2(dr), then 

({3gE (t)) is bounded uniformly with respect to € in L2(dx) for any (3 E L2(dJl(v)). 

Proof. A direct application of the Cauchy-Schwartz inequality: 

1I({3gE)II; = J I J {3gE dJl(v)12dx 

:::; (J 1{312dJl(v)) J IgEI2dJl(v)dx = ClIgEII;,v' 

Note: from the a priori bound on IIgE(t)lIx,v it follows that It II ({3gE)II;dt :::; C'T. 

Let P be the projection operator, P : L2(dx) ~ 1i, that associates to each 

function in L2( dx) its component onto the subspace 1i. 

Proposition 4.18. Assume g! bounded in L2(&). Then P(vgE), the divergence

free component of the moment (vgE), and ((~lvI2 - Dta)gE)' both belong to a 

precompact subset of C([O, T]; w-L2(dx)). 

Proof. P(vgE) is in C([O, T]; w-L2(dx)) since (vgE) is. According to the generalized 

version of the Arzela'-Ascoli theorem, we shall prove relative compactness by show

ing boundedness and equicontinllity of P(vgE) in C([O, T]; w-L2(dx)). Boundedness 

follows immediately from Lemma 4.17. 

As for equicontinuity, observe that the momentum conservation law (4.21) can be 

rewrit ten as 

( 4.92) 
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where we set 

(4.93) B(v) = (v ® v - b Ivl2 I). 

Recall that, letting 

(4.94) 

one has (see (4.23)) 

(4.95) 

in the weak sense. For e small enough, the first addend is negligeable, so that 

Plugging the expression for -~(R(V)gE) in (4.92) yields 

It follows that, for any h( x) E V, taking the absolute value, using the note from 

lemma 4.17 and neglecting terms O(e), 'one may write 

1/ h· ((vgE(t + s)) - (vgE(t)) dxl = 11 t

+
s 

/ V x V xh : (v ® (L- 1 R(v)) gE) dxdt'l 

~ C sligEII. 

This tells us that P(vgE) belongs to a bounded set of C1([0, T]; w-L2(dx)), thus 

fulfilling the definition of equicontinuity. 

A similar analysis leads to the equicontinuity result for ((! Ivl2 - Dt2 )gE): formula 

(4.37) reads 

( 4.97) 
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while (4.41) gives 

(4.98) 

for 'l1 = L-l[(~lvI2 - Dt2) v]. But € ('l1ot gf ) converges weakly to 0, so that 

( 4.99) 

and, for any smooth h, 

This completes the proof. 

Before concluding by appealing to theorem 2.4, we focus on the regularity of 

the weak limit u of the sequence P(vg f ). In the available literature on the Stokes 

equation, the question of the regularity of u(t, x) is tackled in some detail [CF], [Te]. 

The analysis revolves around the notion of Stokes operator S defined, for a domain 

n, by 

( 4.100) S : D( S) c H. ~ H., S= -P~x, 

where D(S) = H2(n) n V and P is the projection operator already introduced. 

Here V = {f E (H~(n))D IVx'u = OJ, and H~(n) is the closure of C~(n) in 

HI(n). 

The basic difference between the usual Laplacian and the Stokes operator sterns 

from the fact that the projector P and ~ do not commute in general. In the 

absence of boundaries (n = RD or TD or combinations thereof), however, they 

do commute and we have basically a parabolic equation like the energy equation 

with instantaneous smoothing of the initial data. Nevertheless, we would like to 

improve the initial regularity of u and () by direct analysis of the kinetic framework 

from which they were derived. The proof of theorem 4.19, in the following, closely 
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mimicks a procedure introduced by Bardos,Golse and Levermore in the treatment 

of the fluid limit of the nonlinear Navier-Stokes equation [BGL3]. The proofs of 

proposition 4.20 and lemma 4.21 are reported here for the sake of completeness. 

So far, from the averaging lemma, we have obtained that each component of (vg) 

and (v2g) belong to L2([0,T];H~(dx)). More is true: 

Teorem 4.19. Each Uj, i = 1,2, .. , D and () belong to L2([0, T]j HI (dx )). 

Proof. Define 

(4.101) 

With this notation, recalling the expression (1.24) for the linearized collision oper

ator L, the Boltzmann equation can be rewritten as 

For gE solving the above equation we have, for any test function X in eeo( dr) and 

almost any tt, t2 E [0, T], 

(4.103) • J (Xg,( t2)) dx - • J (Xg, ( t,)) dx - [' J (g,v' V xX) dx dt 

= -ilt2 J ((XqE)) dx dt. 

In the above formula we defined 

(4.104) 

In the limit of vanishing c, the first two terms on the lefthand side of (4.103) go to 

zero, while there exists a subsequence g€k converging to 9 in w_L2([0, T]j L2(dr)), 

so that, calli~g g€/c again g€ (with the usual abuse of notation), one has 

(4.105) 



It follows that the righthand side has to converge to, say, 

( 4.106) 

That is, qe ~ q in w_L2([0,T]jL2(dndx)), with dn = bdwdf-l(Vl)df-l(v). 

One can thus write 

( 4.107) 

to be understood, of course, in the sense of distributions. 

Consider now the a priori estimate (2.8), rewritten as 

( 4.108) 

The dissipation term can be recast into 

e~ l\ge, Lge) dt' = e~ it III egeqeb(VI-V,w)dwdf-l(Vl)df-l(v)dxdt' 

(4.109) = ~ it I((geqe))dxdt" 
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The use of the classical Boltzmann trick consisting in a repeated use of the sym

metries of the measure dn with respect to the exchange of coordinates (V,Vl) into 

(VI, v), (V,Vl) into (v',vD and (V,Vl) into (vi,v'), yields 

( 4.110) 

for any function X for which the formula makes sense. In particular, (4.109) can be 

put in the form 

(4.111b) 

Therefore (4.108) becomes 

(4.112) !lIg{(t)1I2 + tit I((q;))dxdt' = !lIy{(0)1I2, 
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and, taking lim inf, 

( 4.113) 

Now notice that the function r(q) = q2 is convex, so that q2 + 2q(q(; - q) ::; q;. The 

integration of this inequality, yields 

( 4.114) 

t J((q2)) dx dt' + liminf t J((2q (q£ - q))) dx dt' ::; liminf t J((q;)) dx dt' . Jo £-+0 Jo £-+0 Jo 
Since q(; converges to q in W_L2([0, T]j L2(dndx)), the second term in the lefthand 

side is zero. Therefore one can use (4.114) in equation (4.113) to get 

(4.115) 

Proposition 4.20. The following inequality holds for almost every value of x, t: 

(4.116) 

where IV xu+(V xu)TI, IV xOI, denote the euclidean norm ofthe matrix V xu+(V xu)T 

and of the vector V xO, respectively. 

Proof. Consider the limiting equation (4.107). Multiplying it by <1> and '11 (see 

(4.22), (4.40)) and integrating over v, gives (see (4.29), (4.42)) 

( 4.117) (<1> 12> L<1>) : Vxu = ((<1>q}) , ('11 12> L'lI). VxO = (('lIq}). 

Set ~ = tc<1>1 + <1> - <1>~ - <1>') and ~ = tcWI + '11 - 'lI~ - '11'). Noticing that, for 

j, hE L2(dJ-t(v)), h E D(L), the symmetries in the velocity variables allow to write 

(4.118) (J, Lh) = * J (J~ + f' - It - 1)( h~ + h' - hI - h)b dw dJ-t( VI) dJ-t( v) , 

it is easy to convince oneself that 

(4.119) (<1> 12> L<1» = 4((~ 12> ~)), (W 12> Lw) = 4( (~ 12> ~)) • 
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A similar game yields 

( 4.120) ((<1>q)) = ((q,q)) , ((wq)) = ((~q)), 

so that (4.117) assumes the new form 

( 4.121) 

Lemma 4.21. Any q E L2( dn) satisfies the inequality 

(4.122) 

where v is the kinematic viscosity and K, is the thermal conductivity. 

Proof. Let a E RD be any vector and A E RDxD be any traceless symmetric 

matrix. The results (4.32), (4.42) then imply that 

(4.123) ((el> ® el») : A = ~vA, 

since, by (4.119), T = (<1> ® L<1» = 4((el> ® el»). 

The use of the Schwartz inequality shows that 

( 4.124) 

= (~v A : A + Dt2 K,a. a) ( (q2)) . 

Note that the cross term gotten expanding (((el> : A + ~.a)2)), vanishes by virtue 

of Lemma 4.9. 

Now choose in the inequality above 

1 1 A 

A = 2-((<I>q)) , 
v 
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and the lemma is proved. 

Substituting (4.121) into (4.122), together with relations (4.32) and (4.42), produces 

then 

proving the proposition 4.20. 

Thus one has 

( 4.125) 

The dissipation term on the lefthand side shows that both \1 xU and \1 xB belong to 

L2([0, T]j L2(dx)) and so u and () are elements of L2([0, T]j Hl(dx)), as was to be 

proved. We are now ready to conclude. 

Let gl E L2(dr) have the form (which already encodes the relation pI = _()I) 

( 4.126) 

where BJ E L2( dx), u1 E 1-£. Then the following holds: 

Theorem 4.22. If g! converges to gI in L2(dr) as € goes to zero, then gE, the 

corresponding family of solutions of the linearized Boltzmann equat.ion, is such that 

P(vgE) and ((tlvI2 - Di2)gE) converge in L2([0,T]jL2(dx)), respectively to u and 

Dt2B, where u(x, t), B(x, t) form the unique solution of the Cauchy problem for the 

Stokes system of equations with initial condition u I , ()I. 
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Proof. P(vg,;) and (( ~ Ivl2 - D;2 )ge) satisfy the hypothesis of theorem 2.4 by 

virtue of the averaging lemma and of proposition 4.18. Therefore there exists a 

subsequence P(vgek ) and ((~ Ivl2 - D;2)gek) converging in L2([0, T]; L2(dx» to u 

and D;2 () respectively. 

From the momentum equation 

( 4.127) 

for any test function, ¢>(x), with values in RD, \lx'¢> = 0, 

( 4.128) 

Passing to the limit of € going to zero, restricting to the subsequence gek and using 

formula (4.34), one obtains 

(4.129) J ¢>.u(t) dx - J </J.uI dx - v fot J 6.¢>.u dx dt = 0. 

Thus u solves the Cauchy problem for the Stokes equation in the weak sense (4.6). 

But we also showed that u E L2([0, T]; HI (dx» and therefore, integration by parts 

in the last integral of (4.129) gives 

( 4.130) 

This suffices to insure that u E L2([0, T]; V) is the unique solution of the initial 

value problem for the Stokes equation with u(O, x) = uI [Te]. Similarly, and more 

simply, we can reach the conclusion for the temperature (). 

The very same theorem 3.6 used in the discussion of the Euler limit, enables us to 

claim convergence of the whole sequence for both P(vge) and (Olvl2 - Dt2)ge), 

ending the proof. 
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CONCLUSIONS 

How to relate kinetic theory and fluid dynamics has been an open question for 

over a century and still is. The moment formulation developed in the present 

work to approach the fluid limits of the linearized Boltzmann equation has made 

mathematically precise how a transition from a microscopic description of matter 

to a macroscopic one is obtained, in the relatively "easy" case of a linearized theory 

and periodic boundary. In the same functional framework, it should be possible to 

extend the results to the whole space by modifying theorem 2.4 in an appropriate 

way. 

The study of the nonlinear case should also be able to benefit from the insights 

provided by the analysis of the linearized case, for example as far as temporal reg

ularity of solutions is concerned. The problem is, then, naturally posed in Ll-type 

spaces and some of the tools available in the linear case are either of no use (like 

Fourier Transform and Hilbert spaces techniques) or loose much of their effectiveness 

(weak convergence is badly behaved when dealing with non linear terms). Nonethe

less, the 1988 Di Perna-Lions proof of existence of a global weak solution for BE 

shed new light on the subject and there is recent work by Bardos, Golse and Lever

more that provides significant partial results on the existence of the incompressible 

Navier-Stokes limit [BGL3]. 

Techniques similar to those used in this dissertation, could possibly be applied 

to more general kinetic equations, involving different collision kernels and exter

nal potentials or to discrete velocity models, all of which are of extreme interest 

in current applications. Finally, it is worth to note that, as a byproduct of the 

convergence proofs for the fluid limits of nonlinear kinetic equations, one would au

tomatically get the proof of existence of solutions for the corresponding macroscopic 

fluid equations. This is, however, still a dream. 
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