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ABSTRACT 

In this study, the effects of edge contact-frictional force imposed by the machine 

heads on the distribution of stress state prior to buckling of plates are investigated. 

A contact-friction interface element is included in the pre-bul!kling analysis which 

considers the possibility of slip between the machine heads and the plate. All 

analyses are performed using the incremental theory of plasticity in which the 

formulations given by Ramberg-Osgood and Richard are implemented to calculate 

the tangent modulus. The pre-buckling stress states are used to determine the 

buckling stresses. In the buckling formulation of the plate, an element stiffness 

based on Hermitian interpolation function is included. The buckling stresses are 

compared with those of the test results and the closed form solutions available in 

the literature. The effect of edge boundary imperfections are also considered in 

this study. 
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CHAPTER 1 

INTRODUCTION 

The effect of friction force can be important in the stability analysis of 

structures. For example, the design of a silo wall is generally based on the lateral 

load applied by the grain. Usually the presence of axial friction forces on the wall of 

a silo due to the grain is ignored. However, it has been shown in an investigation by 

Briassoulis and Curtis [1] that the error due to ignoring the effect of axial friction 

forces, in the calculation of maximum hoop stress may be significant, depending on 

the thickness, radius and height-to-radius ratios. They carried out an instability 

analysis on a probabilistic basis that sets the limit on the unstiffened length of a 

silo, including the effect of axial friction forces due to the grain. It was shown that 

unless the axial friction force is considered, the error in the maximum hoop stress 

corresponding to the critical unstiffened lengths at 50% probability of buckling can 

be in the range of 19% - 24% depending upon the wall thickness. 

Recent tests [2] have shown that structural loads induced by skin friction 

can affect both the failure mode and ultimate capacity of buried archs. Kiger et al. 

[2] investigated qualitatively the importance of the load induced by friction as soil 

is settled or compacted around an embeded structure. They conducted a dynamic 

test on two identical arch structures [Fig 1.1] in which one structure was covered 

with a double layer of Teflon to reduce frictional loads as much as possible. In this 



Arch with 
Teflon cover 

Arch without 
Teflon Cover 

Fig.!.!. Overall post-test view of arches showing damage (Adapted 
from Ref.2) 
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test, it was observed that at a dynamic peak overpressure of about 1700 psi, the 

Teflon-covered arch did not collapse, while the other arch totally collapsed. 

Another example [3], where the effect of frictional force can be important, 

is the analysis and design of a retaining wall. Thus, these reviews confirmed the 

fact that friction forces play an important role in the stability of structures. 

In the recent past, Gjelsvik and Lin [4] studied the effect of edge frictional 

shear on the plastic buckling of plates. In developing plate buckling theory[5,6], 

it is universally accepted that the plate buckles from a state of uniform compres

sion[Fig.1.2]. But during actual tests, the situation is not so simple. When a 

deformable plate is compressed by the relatively rigid heads of a testing machine, 

frictional forces are developed between the machine head and the plate. These 

friction forces prevent lateral expansion of the plate in the vicinity of the machine 

head. Thus, in the plate shown.in Figure 1.3, Clx and Clxy are introduced in the 

plate in addition to Cl y • If the plate buckles after plastic flow, Clx and Clxy will 

have an effect on the buckling stress because the incremental stress-strain law is 

dependent on the current stress state. This effect can be traced to the reduction 

of the shear modulus from the elastic value. This reduction in the shear modulus 

is large for large plastic flow. 

Before the investgation of Gjelsvik and Lin [4] on the effect of edge fric

tional force on the buckling of plastic plates, there was a discrepancy between the 

experimental results by Pride and Heimerl [7] and results based on the incremental 

theory of plast.icit.y. The buckling stresses predicted by the incremental theory were 

too high by an amount tha t depends on the width to thickness ratio. In the early 



1 1 1 t 1 1 t 1 t 

itt itt tit a y 

Fig.1.2. Plate buckling formula for a state of uniform compression 
(from Ref.6) 

Kl 7r2 '1l Et2 

O"cr = 12(1- v2)b2 

Kl = 4.0 for long plates 

'11 = 1.0 for elastic buckling 

'11 < 1.0 for plastic buckling 

b = width of the plate 

t = thickness of the plate 

E = modulus of elasticity 

v = Poisson's ratio 
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Fig.lo3. Plate with frictional stress imposed by the machine heads 
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investigation, several investigators considered the discrepency to be a result of 

geometric imperfections present in the test specimen. For example, Neale [8] carried 

out an accurate analysis of a plate with a dished initial shape. The results obtained 

by him are not convincing as an explanation for the discrepancy between theory 

and experiment. For the same size of a plate, it is noted that the imperfection 

necessary to eliminate the buckling stress difference between theory and experiment 

increases rapidly with plate thickness. But in practice it can be expected that the 

absolute out-of-flatness of a plate will be independent of plate thickness and hence 

the relative out-of-flatness decreases with increasing plate thickness. Furthermore, 

in the experiment performed by Pride and Heimerl[7], the initial shapes of the 

specimens were measured and found not to be dished shape but cylindrical with 

the axis parallel to long side. The plate with a cylindrical initial shape has higher 

buckling stress than a flat plate. Pride and Heimerl estimated the increase in 

buckling stress as one percent. Finally, Gjelsvik and Lin [4] reasoned that the 

source of this discrepancy was in the analytical approaches that neglected the 

effect of friction acting on the loaded edge during test. 

It is clear from the above review that the boundary stresses in the plate 

introduced by friction between the machine heads and the plate may have an effect 

on the buckling of a plastic pla.te. The plastic buckling stress can be increased if 

the edge frictional force is removed. But in practice, it would be difficult to do 

so. Gjelsvik and Lin [4], for example, analyzed 14S-T6 aluminium flat plates for 

two different types of boundary conditions, i.e., plates simply supported on four 

sides and plates simply supported on three sides. They assumed no slip between the 

machine head and the plate during test. They used the program ANSYS, developed 

by Swanson Analysis Systems Inc. [9], for the prebuckling stress analysis. In an 
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attempt, to confirm the no-slip assumption, they checked that the maximum ratio 

of shear stress G'xy to normal stress G'y, i.e, J1. on the boundary was less than 0.2-0.3, 

the coefficient for friction between aluminium and steel (G' xy ::; J1.G' y). But there 

is no proof that their confirmation calculation of no-slip really means that no slip 

occured during loading from zero to the buckling load. 

In reality, while performing a test for plate buckling, the value of the coef

ficient of friction between the machine head and plate will depend on the degree 

of polish of the machine heads and plate edges. In other words, during an actual 

test, it may happen that some portion of the edge of the plate slips laterally as the 

plate is compressed by the machine head. In this case, the plastic buckling stress 

will depend upon the value of the friction coefficient between the machine head 

and the plate. 

This research work investigates the effect of the value of the coefficient of 

friction, 1', on the plastic buckling of plates, which may arise during actual tests. 

The possibility of slip between machine head and plate is considered in this study. 

To include the effect of edge frictional effects a contact-friction interface elemen

t, developed by Katona [10] using the principle of virtual work, is employed for 

performing the pre-buckling stress analysis. A finite element computer program is 

developed for the pre-buckling stress analysis in which the contact-friction inter

face element. is implemented. A finite element formulation for the plastic buckling 

of a plat.e, based on Hermitian interpolation functions [11], is used in developing 

a comput.er program for the buckling analysis. This finite element formulation, 

which was developed for the deformation theory, is modified for the incremental 
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theory of plasticity. To estimate the tangent modulus, E" the nonlinear stress

strain relationships, proposed by Ramberg and Osgood [12] as well as by Richard 

[13] is included in the analyses. 

The objectives of this research work are to : 

1. investigate how edge frictional forces affect the stress state prior to buckling 

2. study how edge frictional forces affect the buckling load 

3. determine the effect of width to thickness ratios, ~, and edge supporting 

conditions on the buckling load 

4. determine the effect of edge boundary imperfections, as shown in Figure 1.4, 

on the stress state and the buckling load 

The results of this study can be used for comparison with actual test results 

provided the values of the coefficient of friction are estimated. 



ini tially the edge may 
have partial contact 

Fig.1.4. Plate with edge boundary imperfection (upper edge) 
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CHAPTER 2 

REVIEW OF PREVIOUS STUDIES 

Surprisingly, little work has been done on plate buckling considering the 

effect of the edge contact-frictional force. The effect of the edge frictional force 

on the plastic buckling of plates has been studied by Gjelsvik and Lin [4]. It is 

noted that the buckling stress of a plastic plate is reduced due to the inclusion of the 

effect of frictional force between the machine head and the plate. Since incremental 

theory of plasticity is employed in the study, the technique of incremental finite 

element procedure is used in their research work. The basic technique of this 

method is the subdivision of the load into a sequence of small increments. Within 

each load increment the equations are assumed to be linear. In other words, during 

application of each load increment, a constant value of the element stiffness matrix, 

[k], is assumed which can be different for different elements and different load steps. 

The program, ANSYS [9], which implements the incremental finite element method 

is used for pre-buckling stress analysis. 

The 14S-TG aluminum plate, as shown in Figure 2.1, is divi,ded into 80 

rectangular elements. Since 110 slip between the machine head and pla~e is assumed, 

the boundary conditions used are zero stress on the lateral edge AB and zero 

displacement in the x-direction on the upper edge AA and lower edge BB. Uniform 

displacement.s in t.he y-dircct.ion on the upper edge AA are used as a stepwise load. 

Two types of plates, i.e., one simply supported on four sides and the other simply 



A A 

x 
~~~~~~+-.+-~~ 

Fig.2.1. Finite elements used in pre-buckling study by Gjelsvik and 
Lin (from Ref A ) 
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supported on three sides and free on the fourth side are used for various aspect 

ratios and width to thickness ratios. 

For the buckling analysis, the finite element method for plastic buckling as 

described by Pifko and Isakson [11] is used. In general, the criterion for buckling 

analysis is the vanishing of the determinant of the matrix [K], written as follows: 

[K] = [1<g] + [1<m] (2.1) 

in which [Kg] = bending stiffness matrix and [I\m] = initial stress stiffness matrix. 

A computer program is developed according to this procedure in which the bend

ing stiffness matrix and the initial stress stiffness matrix based on the Hermitian 

interpolation functions and the incremental theory of plasticity are included. The 

determinant of [K] is evaluated at a succession of stress states at various load levels. 

The unloaded plate is in stable equilibrium, and therefore, initially, ilK] I > O. The 

critical state of stress is determined by a change in the sign of the determinant. 

These critical stresses are compared with those as obtained by experiments [7] on 

plates of the same dimensions. Finally, the maximum ratio of the shear stress (j xy 

to normal stress (j y on the boundary is checked to determine if it is less than the 

coefficient of friction between aluminium and steel which is 0.2-0.3. 
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CHAPTER 3 

CONSTITUTIVE RELATIONS 

3.1 Constitutive Equations 

The strain increment of a material, iij, at a particular stress state, 0' ij, is 

given by 

(3.1) 

Where iij is elastic strain increments and ifj is the plastic increments. For 

an isotropic material, the elastic strain increment can be expressed by Hooke's law, 

I.e., 

(3.2) 

where E is the elastic modulus and v is the Poisson's ratio. The plastic strain 

increments, ifj' for a material which hardens isotropically and yields according to 

Von Mises yield criteria is given by [14,15] 

(3.3) 

where 

(3.4a) 

(3.4b) 
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(3.4c) 

hij = ]{ ronecker - delta (3.4d) 

Sij is the deviatoric stress tensor and J2 the second invariant of the stress tensor. 

H' is the slope of an equivalent stress (Je and equivalent plastic strain €~ curve. 

The equivalent stress and piastic strain are defined as 

By definition 

(Je = ..j3:i; 

H' _ d(Je 

- d€~ 

(3.5) 

(3.6) 

(3.7) 

The equivalent stress-strain diagram is considered to be identical to a uniax-

ial stress-strain diagram. To get this equivalent stress-strain curve from a uniaxial 

test the (J axis is replaced by (J e and the € axis by €e where 

_ (Je l' 
€e - E + Ee (3.8) 

or 
d(Jc 

(3.9) dE P = dE --e e E 

then 
1 1 1 

(3.10) = ---
H' E t E 

where 

E
t 
= d(Je 

dEc 
(3.11) 
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is the tangent modulus. Combining Equations (3.1), (3.2), (3.3) and (3.10), it 

follows that 

where 
E 

p=
E t 

(3.12) 

(3.13) 

Generally, the value of the tangent modulus, E t , of the stress-strain curve for 

a nonlinear material is determined empirically by fitting a curve to the experimental 

data. Ramberg and Osgood [12], for example, specified the stress-strain curve 

[Fig.3.l] by the use of three parameters, the secant stress 0'0.7, the secant stress 

0'0.85 and the shape parameter n. According to Ramberg and Osgood, the stress-

strain curve is given by the eqa.tion 

€=~+~~ ~ 
( )

n-l 

E E, 0'0.7 
(3.14) 

and 
log (17) 

11.=1+ 7 

log (.!!..!J.:L) 
110.65 

(3.15) 

where 

0'0.7= secant stress corresponding to a secant of 0.7 E 

0'0.85= secant stress corresponding to a secant of 0.85 E 

Generalizing the a hove rela.tions for the multiaxial stress case and using 

the effective stress O'e and the effective strain €c, P can be written by combining 

equations (3.11), (3.13) and (3.14) as 

3 ( ) 11-1 
P = 1 +::11 ~ 

I 0'0.7 
(3.16) 



0;.1 
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Similarly, Richard's stress-strain formula[13] for a nonlinear material is given 

by 
(T 

E € = ----=---:-

(l_I::ln)~ 
(3.17) 

in which 
In(2) 

n - - --i--'-:-

- In (~) 
(3.18) 

where the parameters 0"1 and 0"0 are defined as shown in Fig.3.2. The corresponding 

p for the multiaxial stress case using the effective stress O"e and the effective strain 

fe can be wri t ten as 
1 

p = --------:-:-
(l_I~ln) ~ 

(3.19) 

Plane stress is assumed for the plate before and after buckling. The corre-

sponding stress components in the plate are 

0"11 = O"x 

(3.20) 

0"12 = O"xy 

and the relevant strains are 

f11 = fx 

(3.21 ) 

f12 = fxy 

U sing the a hove equations it follows that 

(3.22) 
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(3.23) 

(3.24) 

(3.25) 

Using the above relations, the strain increments can be expressed in terms 

of stress increments according to the incremental theory in the following matrix 

form [4]: 

UJ 1 - v2 

[~ 
B 

C] C') -
E 

J J( ~y (3.26) 
J( S 0' xy 

where 

A= 
1 p-1 (20'x-O'y)2 

1 - v2 + 4(1 - v2 ) • O'~ - O'xO'y + O'~ + 30'~y (3.27a) 

(3.27b) 

c = p - 1 30'xy(20'x - O'y) 
2( 1 - v 2 ) 0'; - 0' x 0' Y + O'~ + 30'~y 

(3.27c) 

(3.27d) 



33 

l.~ P - 1 \ = --'---
2(1 - v2 ) 

(3.27e) 

(3.27f) 

By inverting the above relations, the stress increments can be expressed in 

terms of strain increments as shown in the following matrix form: 

rz}- E [CJI Cl2 C13 
]{ ix } 

uy - 1 2 Cl2 C22 C23 €y (3.28) 
axy - v C

l3 C23 C33 -rxy 

where 

Cll = ~ (JS _ ]{2) (3.29a) 

Cl2 = ~ (CK - BS) (3.29b) 

Cl3 = ~ (BK - CJ) (3.29c) 

C22 = ~ (AS - C2) (3.29d) 

C23 = ~ (BC - .4K) (3.2ge) 

C33 = ~ (AJ - B2) (3.291) 

and 

6:. = AJS + 2BCf{ - C2J - A]{2 - SB2 (3.30) 
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3.2 Stress Resultants 

For a plate, the membrane force increments due to stretching of the middle 

surface are given by 

. Ii N x = u';dz 
-I 
T 

. j! Ny = u;;dz 
-I 
T 

. 1~ Nxy = u~dz 
-I 
T 

(3.3la) 

(3.3lb) 

(3.3le) 

where t is the thickness of the plate and urn is the membrane stress incre-

ment. Similarly, moment increments in the plate due to bending are 

(3.32a) 

(3.32b) 

(3.32e) 
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where iJb is the bending stress increment. The strain increments at any 

point in the plate are the sum of membrane strain increments and bending strain 

increments, i.e., 

(3.33) 

where €m is the membrane strain increment and €b the bending strain in-

crement. From the Kirchhoff's assumption of plate theory, 

(3.34) 

where 

(3.35) 

are the curvature and twist rates. Using the incremental stress-strain equation 

(3.28), the stress resultants can be written from equations (3.31) and (3.32) 111 

terms of membrane strain and bending strain increments as follows: 

Et 
1 _ //2 

(3.36) 
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and 

(3.37) 

The above constitutive relations for the incremental theory of plasticity are 

used to develop element stiffness matrices in the following chapters. 
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CHAPTER 4 

METHOD OF PRE-BUCKLING STRESS ANALYSIS 

4.1 General 

The finite element method based on incremental or stepwise loading is em

ployed in the pre-buckling stress analysis. In the finite element method, the plate 

is represented by an assemblage of finite elements interconnected at their nodal 

points. A thin plate loaded by in-plane loads in the prebuckling state is considered 

as an example of plane stress configuration. A displacement function, generally a 

polynomial function, is used to represent the approximate displacement field for 

each element. The basic technique of the incremental or stepwise procedure to solve 

a nonlinear problem by the method, as mentioned in Chapter 2, is to devide the 

load into a sequence of small increments. A constant value of the element stiffness 

[k] is assumed at each load step. Thus the incremental finite element procedure 

approximates a non-linear problem as a series of piecewise linear problems. 

The stiffness matrix for a linear two-dimensional isoparametric quadrilateral 

element is formulated using the constitutive law matrix as obtained in Chapter 3 

for the incremental theory of plasticity. The elastic-plastic stress-strain expression, 

as described in Chapter 3, is also included in the analysis to determine the tangent 

modulus at each load increment. 
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To study the effect of the value of the coefficient of friction, p, between 

the machine heads and the plate during actual test, the contact-friction interface 

element developed by Katona [10] is included in the analysis. A computer program 

is developed according to the incremental FEM in which the concept of contact

friction interface element is implemented. The formulation of an isoparametric 

quadrilateral element and the concept of contact-friction interface element are p-

resented in the following sections. 

4.2 Linear Two-dimensional Isoparametric Quadrilateral Element 

In the matrix displacement formulation for a finite element, the determi-

nation of the stiffness matrix is based on the use of a displacement interpolation 

function. The concept of an isoparametric element is that the same displacement 

functions are used to describe the element geometry. In other words the shape 

functions which define the displacements within the elements in terms of the n

odal displacement (Ui, Vi) are the same as the shape functions which define the 

coordinates in terms of the nodal coordinates (Xi, Yi). 

The plane stress finite element that is used in the pre-buckling state is a 4 

noded isoparametric quadrilateral element as shown in Figure 4.1. Each of the four 

corners or nodal points of the element is assumed to possess two degrees of freedom, 

i.e., displacements u and v in the x and y directions, respectively. Thus the element 

posesses eight nodal forces (four pairs of Fx and Fy) and eight nodal displacements 

or nodal degrees of freedom (four pairs of u and v). The displacement functions of 

this isoparametric quadrilateral element are 
·1 

1l = L Nd ~, 11) II i 

i=1 

(4.1 ) 
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Fig.4.1. A 4 noded isoparametric quadrilateral element; (a) "Parent" 
rectangular element (b) The linear element in ~ 7J space (c) Mapping 
of the element into xy space, where nodal coordinates define its shape 
(from Ref.16) 
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4 

v = :E Ni (e, 7]) Vi (4.2) 
i=I 

and the geometric functions are 
4 

X = LNi (e, 7]) Xi (4.3) 
i=l 

4 

Y = 2: Ni (e, 7]) Yi (4.4) 
i=l 

where 
1 

N} (e,7]) = 4 (1- 0(1-7]) 

1 
N2 (e,7]) = 4 (1 + e)(l-7]) (4.5) 

1 
N3 (e, 7]) = 4; (1 + e)( 1 + 7]) 

1 
N4 (e, 7]) = 4 (1 - e)(l + 7]) 

are called shape functions in terms of the isoparametric coordinates e and 7] such 

that Ni(e, 77) takes the value of unity at point, i, and zero elsewhere, i.e., at nodes 

j i- i. 

In the state of plane stress, the three strain components can be written in 

terms of displacement derivatives in the following form: 

or 

{ } [~ 0 Ex 8x 

Ey = 0 
8N) 
8y 

8N) 8N) 
"fry ay ar 

{ } { 

8u } Ex 8x 
8v 

Ey = 8y 

{xy ~~ + g~ 

8N2 0 8N3 0 8x 8x 

0 8Na 0 8N3 
8y 8y 

aN~ 8N2 8N", 8N", 
ay ar ay ax 

8N1 

8x 

0 
8N1 
ay 

(4.6) 

u} 

VI 

o 1 
U2 

8N1 V2 (4.7a) 8y 
U3 8N.! 

ax V3 

U4 

V4 
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or 

{e} = [B]{u} (4.7b) 

To find the element stiffness matrix [k] we need to compute matrix [B] and since Ni 

is defined in terms of e, 77, in Equation 4.5, it is necessary to change the derivatives 

from tx and tv to te and ;rj. Using the chain rule of partial differentiation we 

can write 
8Ni 8x 8Ni 8y 8Ni 
8e = 8e 8x + 8e 8y 

(4.8a) 

8Ni 8x 8Ni 8y 8Ni 
87] = 877 ax + a7] 8y 

(4.8b) 

In matrix notation 

{ 
El!.i } [ ax ae _ ae 
aNi - ax 
arj arj 

!!J!.] { £!:!.i } ae ax 
!!J!. aNi 
arj ay 

(4.9) 

or 

{ 
£!:!.i } { £!:!.i } a~i = [J] ~i ( 4.10) 

where the [J] is the Jacobian matrix which transforms the derivatives from 

(e,7]) to (x,y) coordinates and vice versa. This Jacobian matrix can be written as 

[~ 
aN2 aNI 

aN r YI } 
[JbX2= a8J1 

ae ae W] X2 Y2 (4.11) aN, aNI aN2 x Y3 ae ae ae ae 3 
x4 Y4 

or 

[J] = [ J11 
hI 

J12 ] 
h2 

(4.12) 



or 

where 

The inverse relations from Equation 4.9 are 

{ 
!!lii } { !!lii } IR; = [J);~2 :k 
8y 2xl 8q 2xl 

-J12 ~ 
] { 

8N· } 

1-7] 
o 

-1-e 
e+7] 

J11 2x2 8;:'/ 2xl 
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(4.13) 

(4.14) 

(4.15) 

is the determinant of the Jacobian matrix [J). The stiffness matrix relating 

the membrane forces Fx, Fy to the corresponding nodal displacement u, v is 

[k) = J J BTCBtdxdy ( 4.16) 

Where C is the constitutive law matrix relating plane stresses to plane strains and 

t is the thickness of the plate. Using the theorem of transformation of double 

integral, i.e., dxdy = IJI ded17, the stiffness matrix can be written as 

( 4.17) 

This element stiffness matrix is generated numerically by a subroutine based on the 

computer coding given in Reference 16, which is included in the computer program 

as developed for this research work. 
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4.3 Contact-Friction Interface Element 

The interface element as given in Reference 10, is formulated using the 

principle of virtual work and is capable of accounting for frictional sliding, tensile 

separation or complete bonding (or rebonding) for a general step by step load 

history. The advantage of this interface element is that it is readily adaptable 

to standard FEM programs because it consists of an element" constraint" matrix 

and an element "load vector" analogous to the typical element stiffness matrix and 

load vector. The general equation relating the element constraint matrix and load 

vector as obtained from the principle of virtual work, is given by 

( 4.18) 

where 

C* [0 CT]. h . t . I = C lOIS t e constramt rna nx 

tt i = { u.;} is the incremental displacement vector 

!I = { aOI } is the load vector 

and 

C I = constraint coefficient matrix 

aI = specified constant vector (e.g. displacement,gap) 

ttl = nodal displacement vector of the interface nodes 

>. = internal constraint force vector, enforcing constraint 
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The matrix and vector quantities associated with u/ are those degrees of 

freedom affected by the constraints. It is noted that Cj is symmetric and can 

be assembled like any element stiffness matix. Global storage location for the 

constraint force, A, is established by using dummy nodes in finite.element mesh. 

As shown in Figure 4.2, the interface element is defined [10] by two nodes 

and in x, , y' coordinates which makes an angle of ¢ with the global x, y coordinate 

system. A dummy node [Figure 4.2] is also included in the interface element model 

to identify the internal (constraint) forces, A, enforcing constraint. At the end of 

any load step k, the interfa.ce response is characterized by the interface normal 

force, A~, the tangential force, A!, the relative normal movement, .6.~, and the 

relative tangential movements, .6.!, where the superscript identifies the load step 

and no superscript implies an increment during a load step, e.g., An = A~ _ A~-l. 

In Figure 4.2, nodes 1 and 2 are initially at the same geometric location, 

the relative movement is expressed in terms of nodal displacements in the x', y' 

cordi nates as follows: 

1\ k _ (' , )k 
Un - U 2 - U 1 (4.19) 

1\ k _ (' , )k 
Us - V2 - vI ( 4.20) 

In the global nodal displacement system, it follows that 

.6.~ = U2 cos ¢ + V2 sin ¢ - UI cos ¢ - VI sin ¢ ( 4.21) 

.6.! = -1l2 sin ¢ + V2 cos ¢ + UI sin ¢ - VI cos ¢ ( 4.22) 

The constraint matrices and load vectors for the three different interface 

states, i.e., fixed, slip and free state, which need to be considered during a load 

step, are idcnt.ified as follow. 



node 2 

node 1 
node 3 (dummy) 

/ 
.L.-____ ~ X, U 

FigA.2. Interlace element representation in separated state, initial 
state at x',y' origin (from Ref.IO) 
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For the fixed state, the relative normal and tangential movements between 

the nodes of an interface element [Fig.4.2] are specified by two constraint equations: 

where 

[
-cos¢> 
sin¢> 

-sin¢> 
-cos¢> 

cos¢> sin¢> VI al 

(

U

I

) -sin~ cos~ 1 ~: = (hI) 

al = specified normal separation(increment) 

bI = specified relative slip(increment) 

( 4.23) 

and the value of the load parameters, i.e., aI, bI are defined at the end of 

this section. 

Similarly the slip state is determined by constraining the normal displace-

ment increments and specifying the tangential interface force increment: 

where 

[-cos~ -sin~ cos~ sin~ [ G) = 01 

T - pk _ >.k-l 
- 8 

pk = f11>'~ Isgn(>'~) ; maximum Coulomb frictional force 

11 = coefficient of friction 

( \k) [+1, sgn ",q = -1, 
f01'>'~ > 0 
for>'~ < 0 

k = load step 

( 4.24a) 

( 4.24b) 

( 4.24c) 

(4.24d) 
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Finally the free state is characterized by eleminating both constraint equa

tions and specifying the normal and tangent interface force increments: 

(4.25a) 

(4.25b) 

The corresponding constraint matrices and the load vectors for these three 

states (fixed, slip, free) are presented in Table 4.1. 

An incremental-iterative alogorithm has been given in Reference 10 which 

illustrates the implementation and validity of the interface element. According 

to this procedure, the solution for the first itera.tion of the very first load step is 

determined by assuming the node pairs of interface elements are in a particular 

state (fixed, slip, free). This trial solution is then used to determine if the assumed 

state is correct and, if not, what new state is to be assumed for the next trial. At 

the same time, the trial solution is used to estimate the new load vector parameters 

a1, b1 or a1, T or N, T depending on whether the new state is assumed as fixed, 

slip or free respectively. From Reference 10, Table 4.2 provides a set of physical 

criteria to test the validity of an assumed state for each iteration within a load 

step. This table can be considered as a 3 x 3 decision matrix where the previous 

assumed state corresponds to a row and new state corresponds to a column. For 

example, if the previous state in a given load step k is assumed fixed then row 

1 is checked to find out if the total normal interface force ,\~ is compressive and 

the total tangent interface force ,\~ is less than the maximum Coulumb frictional 

force Fk. If not, the assumed fixed state is incorrect and the new state is slip or 

free depending on whether the total interface normal force, ,\~, is compressive or 

tensile. Similarly, in row 2, the assumed slip state is correct if ,\~ is compressive 



Table 4.1. Element constraint matrix Cj and load vector !I 
for three interface states 

State 

Fixed 

Slip 

Free 

c = cos¢ 
5 = sin¢ 

UI 

0 
0 
0 
0 
-c 
s 
0 
0 
0 
0 
-c 
0 
0 
0 
0 
0 
0 
0 

VI U2 V2 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
-s c s 
-c -5 C 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
-5 c 5 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

An A8 'load' 
-c s 0 
-s -c 0 
c -s 0 
s c 0 
0 0 al 
0 0 hI 
-c 0 -5T 
-5 0 cT 
c 0 sT 
5 0 -cT 
0 0 al 
0 1 T 
0 0 cN - 5T 
0 0 sN + cT 
0 0 -cN + 5T 
0 0 -5N - cT 
1 0 N 
0 1 T 
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Table 4.2. Decision matrix for selecting a new state during 
iteration within load step 

Iteration -+ i Fixed Slip 
! 
i-I 

Fixed Ak < 0 and Ak < Fk n s Ak < 0 and Ak > Fk n If 

Slip Ak < 0 and l:J. . Fk < 0 n If A~ < 0 and l:J. s • Fk > 0 

Free l:J.~ < 0 

49 

Free 

Ak > 0 n 

A~ > 0 

l:J.~ > 0 
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and the relative slip increment 6. 8 has the same sign as the columb friction force 

Fk. However, if the relative slip increment ~8 has sign opposite to the friction force 

Fk, a fixed state is assumed for the next iteration since the relative slip movement 

can not reverses its direction until the passive frictional force reverse its direction. 

In row 3, an assumed free state is correct if the normal gap ~! is greater than 

zero. Otherwise the new state is assumed to be fixed for the next iteration. This 

also implies that a slip state can be reached from a free state through an iterative 

path, i.e., free to fixed and fixed to slip. Thus the Table 4.2 provides the choice of 

a new state for the next iteration within the load step. 

For the new states of the next iteration the constraint load vector parameters 

aI, bI or aI, T, or N, T corresponding to fix, slip and free are calculated from 

Table 4.3 as given in Reference 10. These incremental values are dependent on 

the solution of the previous load step k-l and the current trial solution for the 

current load step k. For example, if a slip state existed at load step k-l and the 

next iteration for load step is assumed to be fixed, the values for al and bI are 

set to zero. On the other hand, if the next iteration for load step k is assumed to 

be free then N=_>.~-l and T=_>.~-I so that at the next iteration the net force is 

>.~ = >.~ = O. Similarly if a free state exists at load step k-l and if the trial solution 

of the current iteration of the load step k is such that a fixed state must be assume 

for the next iteration then the load parameter al is set to _~~-I so that resulting 

solution gives zero normal gap. At the same time the value of b is set to ~8 I i: I, 
which is proportional to that portion of the normal gap increment which does not 

cause penetration. Once the new state and the values of the load parameter are 

ddermined from Tables 4.2 and 4.3, the corresponding constraint matrices and the 
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Table 4.3. Specified values for constraint load vector 

Load step ~ k Fixed Slip Free 
! 
k-1 

Fixed al =0 al =0 N = _,V-l 
n 

b1 =0 T = Fk - ,V-l 
B 

T = _>.k-l 
n 

Slip al =0 al =0 N = _>.k-l 
n 

b1 =0 T = Fk _ >.k-l 
s 

T = _>.k-l 
s 

Free a - b.k- l 
1 -- n al = _b.~-l N =0 

b1 = b.s I~I T = Fk T =0 
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load vector to be assembled during the next iteration are obtained from Table 4.1. 

For all the subsequent load steps the very first iteration is started by assuming the 

interface state remains as in the step just completed. The solution at the end of 

load step k is determined by the following equation: 

(4.26) 

where 

a: k = 6~, 6:, A~, A: ; defines the interface solution at load step k 

a: = 6 n, 6 s, An, As ; defines the interface solution increments 

Finally, the convergence is obtained by satisfying the criterion on the main 

diagonal of Table 4.2 as well as satisfying the Coulumb frictional law for maximum 

frictional force, Fk. This incremental-iterative procedure is employed in developing 

the computer program in FORTRAN for the pre-buckling stress analysis. The 

corresponding flow diagram is presented in Figure 4.3. 



ENTER NODES, ELEMENTS, ELEMENT TYPES, 
PROPERTIES, FRICTIONAL STATES AND LOADS 

LOOP FOR LOAD INCREMENTS 

GENERATION OF GLOBAL STIFFNESS MATRIX 

APPLY BOUNDARY CONDITIONS 
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SOLVE FOR DISPLACEMENT INCREMENTS AND INTERFACE 
FORCE INCREMENTS AND COMPUTE TOTAL INTERFACE RESPONSE 

FIND NEW STATES FOR INTERFACE ELEMENTS AND 
THE CORRESPONDING LOAD VECTOR PARAMETERS 

NO 

YES 

COMPUTE STRESS INCREMENTS AND TOTAL STRESSES 

Fig.4.3. Flow chart for plastic analysis of plates including the edge contact
frictional force effects 
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CHAPTER 5 

BUCKLING ANALYSIS 

5.1 Development of the basic procedure 

The method used in this research work to determine the stability of a fiat 

plate is based on the displacement method of finite element analysis. In this 

method, the matrix equation relating the generalized nodal force to the generalized 

nodal displacement is 

[K]{d} = {f} (5.1) 

where f is the vector of generalized nodal forces in the transverse direction, [K] 

is the total stiffness of the structure, and d is the vector of generalized nodal 

displacements in the transverse direction. The total stiffness matrix consists of two 

parts, i.e., 

(5.2) 

The bending stiffness matrix [K B] is a function of the plate material properties. 

'\Then the prebuckling stresses are in the plastic range, the bending stiffness matrix 

is a function of the current state of plastic deformation, and is, therefore a nonlinear 

function of stresses. The initial stress stiffness matrix [KG] is based on geometric 

considerations, which account for the infiuence of in-plane forces on the bending 

stiffness and is a linear function of the stress state immediately prior to buckling. 
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The bending problem is formulated on the basis of the homogeneous problem 

associated with Equation 5.1, i.e., 

[K]{ d} = ([ KB] + [KG]) {d} = 0 (5.3) 

Equation 5.3 is satisfied for a non zero displacement vector only if the stiffness 

matrix is singular. Therefore, the critical stress is obtained when the stiffness 

matrix becomes singular. In other words, the buckling criterion is associated with 

the vanishing of the determinant of the stiffness matrix, i.e., 

det ([ K B ] + [ KG ]) = 0 (5.4) 

Alternatively, calculation of the critical stress can be efficiently performed by ex

pressing Equation 5.3 in the form of an eigenvalue problem as follow: 

([ 1( B ] + .xc [1( G ]) { d} = 0 (5.5) 

or 

- [1(G ]{ d} = ;c [1(B ]{ d} (5.6a) 

or 

[1( B ]{ d} = -.xc [1(G ]{ d} (5.6b) 

where the parameter .xc is a scaling factor determining the critical stress state and 

is also a function of stress in this case. Now a trial and error procedure is employed 

for determining the buckling stress as follows: 

At some trial loading level, the stress state is calculated and the matrices 

[1(B] and [I{a] are computed based on these stresses. The eigenvalue equation 

5.6 is then solved and the lowest value of the parameter .xc is examined. If this 
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value is equal to one, the stated buckling criterion is satisfied and trial stress is the 

cri tical one, i.e., det( [K B] + [ KG]) = O. On the other hand, if Ac is greater than 

one, the trial stress level is less than the desired critical state and vice versa. Thus 

a succession of eigenvalue problems are solved for various stress states in order to 

determine the critical buckling stress. 

An alternate procedure[17] for determining critical stress is obtained setting 

Ac equal to one and seeking a stress level to satisfy the buckling criterion. In this 

procedure, the determinant of ([KB] + [KG]) is evaluated at a succession of stress 

states at various load levels and the critical state of stress is determined by a change 

in the sign of the determinant. Thus, this technique makes use of the determinant 

directly and needs sufficiently close spacing of load levels in order to avoid the cross 

over load points corresponding to the fundamental buckling stress. This technique 

of determining the buckling stress is used in this research work. 

5.2 Development of the element stiffness matrices 

The plastic buckling analysis of a rectangular plate is idealized by an assem

ble of rectangular finite elements. The development of the element stiffness matrices 

is based on the use of a displacement function which provides the compatibility of 

deflection and rotation between the elements along the interfaces. Various types of 

displacement functions has been used previously by a number of authors to develop 

a stiffness matrix for a rectangular plate element. For example, Bogner, Fox and 

Schmit presented a general method of generating element displacement function

s based on Hermitian interpolation polynomials[18]. In this method, a twisting 
8 2 . 

degrees of freedom aI~I~, has been included in addition to the conven~ional three 
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degrees of freedom at each node. Thus the total degrees of freedom at each node 

are 

(5.7) 

and the corresponding order of the stiffness matrix is 16 X 16. This element stiffness 

is based on an elastic analysis. Pifko and Isakson[ll] developed element stiffness 

matrices, based on a Hermitian displacement functions proposed by Bogner et 

al. [18] and showed its application to the plastic buckling of plates by the Finite 

Element Method. Their results indicate that the buckling stress calculated on 

the basis of these displacement functions converges rapidly to the exact solution 

when the idealization is successively refined. Pifko and Isakson used Stowell's 

deformation theory of plasticity in the development of the bending stiffness matrix. 

In this research work, the bending stiffness matrix proposed by Pifko and 

Isakson is modified to incorporate the incremental theory of plasticity. The deriva-

tion of the bending stiffness matrix and the geometric or initial stress matrix are 

presented in the following sections. 

5.2.1 Bending Stiffness Matrix 

For a rectangular plate with sides a and b, as shown in Figure 5.1, the 

incremental transverse displacement proposed by Bogner et al. [18] can be written 

as 
2 2 [ 

w(x, y) = t; ~ HOj(x)Hoj(Y)lVjj + H1i(X)Hoj(y)aWij,x 

+HOi(X)H1j(y)bwjj,y + Hli(X)Hlj(y)abWij,XY] (5.8) 
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Fig.5.1. A typical rectangular finite element 
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where 
1 

H01 (x) = "3 (2x3 - 3ax2 + a3) (5.9a) 
a 

1 (3 2) H02 (x) = -"3 2x - 3ax 
a 

(5.9b) 

1 ( 3 2 2) Jill (x) = 3' x - 2ax + a x 
a 

(5.9c) 

1 ( 3 2) H I2 (X) = a3 x - ax (5.9d) 

1 
HOI (y) = b3 (2y3 - 3by2 + b3) (5.ge) 

1 (3 2) H02 (Y) = - b3 2y - 3by (5.9j) 

1 
H l1 (y) = b3 (y3 - 2by2 + b2y) (5.9g) 

1 ( 3 2) H I2 (y) = b3 Y - by (5.9d) 

The element displacements for the rectangular element with four nodes 11, 12, 21, 

and 22, as shown in Figure 5.1, are given by four nodal displacements 

As mentioned earlier, there are four degrees of freedom at each node, i.e., 

Wij 
aWi; 
ax 

aWij 
8y 

8 2W ij 
8xay 

(5.10) 

(5.11a) 

For example, at node 11 as shown in Figure 5.1, the corresponding degrees of 

freedom are 

{ 

W}} } alii)) 
. ax 

{811 } = ~ 
8y 
~ 
8x8y 

(5.11b) 
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The generalized strain increment for a plate element can be defined as 

(5.12) 

and the corresponding generalized stress increment is 

{ 0- } = {M} = { ~: } 
Mxy 

(5.13) 

The relationship between the stress {o-} and the strain {e} can be expressed 

using Equation 3.37 as 

{o-} = {AI} = [C]{e} (5.14) 

where the matrix [C] is defined from Equation 3.37, i.e., 

(5.15) 

The relationship between the strain and the nodal displacements can be 

expressed as 

{€}=[B]{8} (5.16a) 

where the matrix [B] is the strain-displacement transformation matrix. The 

complete form of the abo\'e relation can finally be written in the following matrix 

form: 

{ a'., } 
Wij 

ax 2 [BII B12 B 13 B14] 8 Wij 
a2 ti. 

B21 B22 B 23 B24 
ax 

(5.16b) ay2 atl'ij 

2a 2 ti. B31 B32 B33 B34 
ay 

aJ'ay a2Wij 
axay 
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where 

, '(8' ) Bll = ~ f; ax2 [HOi(X)] . HOj(Y) (5.17a) 

, '(8' ) B12 = ~ f; ax2 [Hli(X)] . HOj(Y) . a (5.17b) 

, '(8' ) B13 = ?=?= ax2 [HOi(X)] . H1j(Y) • b (5.17c) 
1=1 J=l 

, , (~ ) 
B14 = ~ f; ax2 [Hli(X)] . Hlj(Y)' ab (5.17d) 

2 2 ( a2 ) 
B21 = ~ f; HOi(X)' ay2 [HOj(Y)] (5.17e) 

"( 8' ) B22 = ?=?= Hli(X)' a 2 [Hoj(Y)] . a 
1=1 ]=1 Y 

(5.17j) 

"( 8' ) B 23 = ?=?= HOi(X)' a1 2 [Hlj(Y)] . b 
1=1 J=1 y 

(5.17g) 

"( 8' ) B24 = ?=?= H1i(X)' a 2 [H1j(y)] . ab (5.17h) 
1=1 ]=1 y 

, , C 8 ) 
B31 = 2?=?= ax [HOi(X)] . a; [Hoj(Y)] 

1=1 )=1 Y 
(5.17i) 

, , (8 8 ) 
B32 = 2?=?= ax [Hli(X)] . a [HOj(Y)] . a 

1=1 )=1 Y 
(5.17j) 

, , (8 8 ) 
B33 = 2?=?= ax [HOi(X)] . a [H1j(Y)] . b 

1=1 )=1 Y 
(5.17k) 

, , (8 8 ) 
B34 = 2?=?= ax [H1i{X)] . a:;- [HIj(Y)]' ab 

1=1 )=1 Y 
(5.171) 

and 

o 1 (? ) 0.1: [Hod:!')] = a3 6:1'- - 6ax (5.18a) 
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{)2 1 
(5.18b) fJ 2 [H01 (x)] = 3" (12x - 6a) 

x a 

!... [H02(X)] = -~ (6x2 - 6ax) 
{)x a3 (5.18c) 

{)2 1 
(5.18d) - [H02 (X)] = -- (12x - 6a) 

{)x2 a 3 

{) 1 
(5.18e) a [Hl1(X)) = 3" (3x2 - 4ax + a2) 

x a 
{)2 1 

(5.18!) {) 2 [Hl1(x») = 3" (6x - 4a) 
x a 

: [HI2 (X») = ~ (3x2 - 2ax) 
x a 

(5.18g) 

82 1 
(5.18h) {) ? [HI2 (X)) = 3" (6x - 2a) x- a 

{) 1 
fJy [HOI(Y») = b3 (6y2 - 6by) (5.18i) 

{)2 1 
fJy2 [HOI (y)] = b3 (12y - 6b) (5.18j) 

{) 1 (2 ) fJy [H02 (Y)] = - b3 6y - 6by (5.18k) 

fJ2 1 
(5.181) - [H02 (Y)] = -- (12y - 6b) {)y2 b3 

{) 1 
{)y [Hll (y)] = b3 (3y2 - 4by + b2) (5.18m) 

{)2 1 
fJy2 [Hll(Y)] = b3 (6y - 4b) (5.18n) 

{) 1 
By [H12 (y)] = b3 (3y2 - 2by) (5.180) 

{)2 1 
(5.18p) - [H12 (y)] = - (6y - 2b) By2 b3 

The stiffness matrix [J{B] which relates the bending and twisting moments Mx , 

i1y and lIIry to the corresponding nodal displacements UJij, Wij,x, Wij,y and Wij,xy 

can be written as follows 

[I{n] = J J [B]T[C] [B]tdxdy (5.19) 
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Finally, substitution of the strain-displacement transformation matrix [E], the con

stitutive law matrix [C] and plate thickness t in the above equation results in the 

bending stiffness matrix as in the following form: 

(5.20) 

Where []{el], []{e2], etc. are numerical matrices which are independent of the ele

ments of the constitutive law matrix [C]. Numerical values of the first four columns 

of these matrices are presented in Figure 5.2 as per Reference 11. The values for 

these elements reappear in the remaining columns according to the pattern shown 

in Figure 5.3 and 5.4. 

5.2.2 Geometric or intial stress stiffness matrix 

As mentioned earlier, for plate buckling analysis, the geometric stiffness 

matrix accounts for the effect that the in-plane or membrane stresses has on the 

bending stiffness of an element. To determine the geometric stiffness matrix, the 

generalized strain increment.s at any point within the element are defined as 

€ = ~ (aw)2 
x 2 ax (5.21) 

. = ~ (ow)2 
Ey ? a 

~ y 
(5.22) 

and 

€ x = (atu) (OIL') 
y ax Dy (5.23) 
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or in matrix form 

{€} = { ~: } 
€xy 

(5.24) 

and the corresponding stress increments are 

{a}={t:} 
O'xy 

(5.25) 

The relationships between the slope of the displacement curve and the nodal 

displacements are defined by the follwing matrix equation 

(5.26) 

where {8} is the incremental nodal displacement matrix as defined in E

quation 5.10 and the matrix [G] is defined as follow: 

(5.27) 

in which 

(5.28a) 

(5.28b) 

(5.28c) 

(5.28d) 

2 2 ( f) ) 
G21 = L?= HOi(x). a; [Hoj(Y)] 

1=1 J=I Y 
(5.28e) 
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(5.28j) 

(5.28g) 

(5.28h) 

where the Hermitian polynomials and their derivatives are described in E

quations 5.9 and 5.18, respectively. Finally, the corresponding geometric stiffness 

matrix follows: 

CTx
y

] [G] . tdxdy 
CTy 

which, after the calculations have been carried out can be expressed as 

(5.29) 

(5.30) 

The numerical values of the first four columns of the matrices [J(mx], [I<my] 

and [J(mxy] as given in Reference 11, are shown in Figure 5.5. 

5.2.3 Conclusion 

The stiffness matrix for the plastic buckling analysis, ([/{B] + [KG]), de-

pends on the properties of the elements and the initial or membrane stress system 

within the plate. At each load level, the constitutive law matrix and the stiffness 

matrix for each element is updated before assembly and solution for the whole 

plate. Although t.his incremental t.echnique requires considerable comput.ing time, 

it provicles a relatively complete load-cleformation relation and eliminates missing 
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the fundamental buckling mode; a possibility when the determinant criterion is 

used. A computer program in FORTRAN is developed for the plastic plate buck

ling analysis using the incremental theory of plasticity and the direct determinant 

criteria. The corresponding flow chart of this program is presented in Figure 5.6. 

In Chapter 6, this program is used to determine the buckling stress of a plate for 

different values of the coefficient of friction, Il, between the machine head and the 

plate edges as well as for different width to thickness ratios, ~. 



72 

ENTER NODES, ELEMENTS, PROPERTIES 
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Fig.5.6. Flow chart for plastic buckling analysis of plates 
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CHAPTER 6 

RESULTS AND DISCUSSION 

6.1 General 

Computer programs were developed by the author according to the theory 

described in Chapters 4 and 5. Program N APICFE deals with the nonlinear analy

sis of a plate including contact-frictional effects. And program PBPDDC considers 

the plastic buckling of plates using the direct determinant criterion. In this study, 

the program NAPICFE was used to investigate the pre-buckling stress state sys

tem and the buckling stress was determined using the program, NAPICFE. The 

results of the first program, N APICFE, were used as input in the second program, 

PBPDDC to calculate the buckling stress of a plate. 

The finite element model of the plate including the machine head for the 

pre-buckling analysis is shown in Figure 6.1. The machine head was considered to 

be 100 times stiffer than the plate so that it behaves essentially as a rigid body. 

The plate was divided into 80 elements in order to have good convergence. All the 

sample plates were considered to be made of 14S-T6 aluminum alloy like the plate 

material used in Reference 7. 

A number of calculations have been performed on the pre-buckling stress 

state and buckling of rectangular plates with various width to thickness ratios, ~. 
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Two sets of boundary conditions were investigated in the calculation of buckling 

stress. In the first set of boundary conditions, plates were considered simply sup

ported on four sides. This was the case studied by Pride and Heimerl[7] in their 

experimental work. For this case, the nonlinear behavior was incorporated ac

cording to the formulation proposed by Ramberg-Osgood[12] and the formulation 

proposed by llichard[13]. The second set of boundary conditions were considered 

to be simply supported on three sides and free on the fourth side. 

Finally, to study the effect due to the presence of edge boundary imperfec

tion, a series of calculation were performed for plates with a symmetric imperfection 

at the loading edge (edge near the upper machine head). This case was considered 

in order to have the advantage of using one half of the plate for pre-buckling and 

buckling analyses. 

6.2 Results and Discussion 

6.2.1 Effect of the coefficient of friction, /.t, on the stress state system 

prior to buckling 

To study how the coefficient of friction, j.l, between the lateral edges AA or 

BB of the plate and the machine head [Fig.6.1] accounts for the frictional effects in 

the distribution of stresses, plates were analyzed with various width to thickness 

ratios, ~. The values of the coefficient of friction, j.l, were considered to be 0.0, 0.1, 

0.2 and 0.7 for this study. The dimensions of the plates were those as used by Pride 

and Heimerl[7]. As mentioned earlier, the plates were made of 14S-T6 aluminum 

alloy[Fig.6.2] for which the Ramberg-Osgood parameters are: n = 19, O"e = 10,700 
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ksi and 0"0.7 = 63.2 ksi. The finite element mesh to investigate the distribution of 

stresses in the plate are shown in Figure 6.3. Uniform incremental displacements 

along the y-direction were prescribed on the upper edge AA as a stepwise input. 

The corresponding stresses (in ksi) at Gauss points along the contact surface are 

summarized in Figures 6.4, 6.5 and 6.6 to highlight the pre-buckling distribution 

of stresses in the plate with respect to the coefficient of friction, p. Figures 6.7, 

6.8, and 6.9 illustrate the stress contours for different values of the coefficient of 

friction, p. It is observed from these stress contours that the stresses 0" xy and 0" x 

are generally smaller than O"y and die away from the edge (near the machine head) 

towards the middle of the plate as expected according to Saint Venant's principle. 

It is also noted that the extent of slippage of the boundary edge AA and BB 

increases with decreasing values of the coefficient of friction, p, again as expected. 

Thus, the results of these analyses demonstrate that the stress state near the edge 

boundary is dependent upon the degree of friction between the machine head and 

the plate. 

In Figure 6.4, the nature of stress singularity is also observed at the corner 

elements for the case with no slip (p=O.7) between the rigid machine head and the 

plate. 

6.2.2 Effect of the coefficient of ft'iction, g, on the buckling stress 

To determine the effect of the coefficient of friction, p, between the rigid 

machine head and the plate edge on buckling, plates were investigated to check 

instability using the computer program, PBPDDC, which considers the buckling 

of a plate using the concept of direct determinant criterion. As discussed earlier, 
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Fig.6.5. The stress distribution at the Gauss points along the contact 
surface prior to buckling for Plate Sa (1l=0.2) 

80 



y 

o 
lOlO 

y 

Fig.6.6. The stress distribution at the Ga.uss points along the contact 
surface prior to buckling for Plate 8a (JL=O.1) 

81 



O"y til = 0.7) 
OJ 

~ -
~ Lf) Lf) 

Lf) 

p 

I I I 
I 

I I I 

I I I 
I I I I I , I , I I 

R 

- r0 .1) U) 
..r -.:f ..f 

~ Lf) to to 
I , I I 
I I I I 
I I I I 
( 

I I I 
f f 

, 
T s· 

II 

0" Y (f-L = 0.2) 
0 I'-

l!) 
C\..I '<t I'-

Lf) Lf) L() Lf) -

R p 

I I I 
I. 

I I I I . I I 
I I 

I I I 
I I 

I· I I I 

r0 ~ (\j to 
..f ..t ..f N Lf) Lf) If) to 
I I I I -
I I I I 

T 

I I I I I I I 
I I I I 
I f s 

A 

r 

Fig.6.7. The stress contour of C1 y in Plate 8a for different values of 
the coefficient of friction, J1. (prior to buckling) 

82 



83 

U y (/1 = 0.1) 
r-

N N rf) I..P 
If) If) If) ~ 

I I I 
I 

I I I I 

I I I I 
I I I I 

p I I i I R 

N q I': <1' 
..,f V r0 N 

'LO lO LO lO 
I I I· I 
I I I I 
( I I 

I I I I 
I '1 I I s T 

A 

U y (/1 = 0.0) 
I..P ill ...0 ~ r<i r<i rf)' rf) 
If) If) If) If) 

I I I 

I I I 
I 

I I I 
I I I 

I 

I I I 
I I ( I 

p / I I 1 

R 

...0 ...0. ...0 ~ rIi rf) rr) rf) 
If) If) L() L() 

I I 

I I I I 
I I I I 
I I I 

I 
I I I 

I 
I 1 I 

I _I . s T 

V 

Fig.6.7 (continued) 



p 

5 

p 

5 

If) 

d 

(]" xy (J-t = 0.7) 

o 
N 

a xy (J-t = 0.2) 

(\j 

d 

00 
d 

o 
cO 

00 
o 

R 

-T 

R 

T 

Fig.6.S. The stress contour ofaxy in Plate Sa for different values of 
the coefficient of friction, J1 (prior to buckling) 

84 



85 

~ CJ xy (J.L = 0.1) 

p 

I': ,f) 
q! 

.r0:;..' ---ll----i'¢~_ 
~ -----r I --r: : R 

C\J I":: 0 I.D 

6 0 0 
5 T 

~ 

Fig.6.S (continued) 



(Jx (J1. = 0.7) 

(}I l[) l[) N r0 r0 N N - - -

p 

, 
I I , 

I ,. 
I 

I I 
I 

I 
I I I 
I 

I I .-l R 

C\J If) 

~ ui ~ 
f':-o. rt) , , . __ 0 

0' , 
T 5 

I 

V 

ax (Jl = 0.2) 
'-.D -
r<i t<) (J) 

- - 0 -
I 

I l[) 
I u) 

I I 

I I I 
I I , 

p I , , 
R 

T 

Q) 0 
ui IIi rt) 

r<) CX) 

I ; , cS 
5 

J 

r 

Fig.6.9. The stress contour of ax in Plate Sa for different values of 
the coefficient of friction, J.L (prior to buckling) 

86 



p 

5 

f'-; 
(Jx (p, = 0.1) 

o I'--

~ ~ ~ 
I I ----__ ~----~N~ __ 
I I 

.tr) 

: 
L-____________ ~AI~~----------~ 

r 

Fig.6.9 (continued) 

87 

R 

T 



88 

the stress states obtained by the first computer program, NAPICFE, were used 

as input in the second computer program, PBPDDC. The program PBPDDC e

valuates the determinant of the stiffness matrix for the stress state corresponding 

to each load step. The buckling stress (u cr = average u y over contact edge) is 

attained when the determinant reduces to zero. The buckling stresses for plates 

simply supported on four sides were determined using the Ramberg-Osgood param

eters and using Richard parameters. The parameters corresponding to Richard's 

non-linear stress-strain expression are Uo = 64.0 ksi, U1 = 57.0 ksi and n = 6 for 

14S-T6 aluminum plates. As mentioned earlier, the dimensions of the plates were 

the same as used by Pride and Heimer1[7] in the tests. The results of these analyses 

for the Ramberg-Osgood parameters are presented in Table 6.1 and Figure 6.10. 

These results indicate that the buckling stress decreases with increasing values of 

the coefficient of friction, 11, between the machine heads and the plates. Depending 

on the values of the coefficient of friction, 11, and the width to thickness ratios, ~, of 

the plates, this decrease in buckling stress is 1 % to 6%. In Figure 6.11, these result

s are compared with those obtained by experiments and the closed form solution 

using the incremental theory of plasticity[20]. Although the theoretical results are 

for infinitely long plates, these comparisons are still valid since the lengths taken 

by Pride and Heimer1[7] were sufficiently large so as to have no effect on buckling 

stress (usually the buckling stress is not affected when the length to width ratio is 

greater than two). This comparison has shown that the results of this study are in 

excellent agreement with the experimental results. The results of this study agree 

well with those obtained by the closed form solution for width to thickness ratios, 

~, greater than 26. However, as the value of the width to thickness ratio decreases 

from 26 the differences in the results between the present study and the closed 

form solution becomes large. This comparison confirms that the closed form 



Table 6.1: Critical stresses obtained by Ramberg-Osgood parameters 
and comparison with the experimental and closed form solutions 

Plate 1:. !!. (Jer (Jer (Jer (Jer (Jer (Jer b t 

No. Ii =0.7 It =0.2 Ii = 0.1 Ii =0.0 Expt. closed form 
(ksi) (ksi) (ksi) (ksi) (ksi) (ksi) 

2a 4.5 41.8 22.9 23.4 23.6 24.0 22.6 22.6 

7a 5.0 30.1 42.3 43.1 43.9 44.2 42.4 43.5 

8a 4.5 25.6 54.8 55.1 5.5.3 55.8 52.2 57.8 

9b 4 .. 5 22.5 60.7 60.9 61.0 61.4 59.0 65.8 
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solutions for buckling stress can be used in practice only if the width to thickness 

ratio is quite large (e.g. ~ greater than 26). 

Table 6.2 presents a comparison of the buckling stresses obtained using 

llichard's parameters with those calculated using Ramberg-Osgood parameters. 

As observed from Figure 6.12, a good agreement is obtained between the buckling 

stresses for all width to thickness ratios, ~ considered. 

A second plate simply supported on three sides and free on the fourth side 

(one of the unloaded sides) was investigated. The corresponding plate dimensions 

are given in Table 6.3. The Ramberg-Osgood parameters are used for this case 

study. The plate thicknesses are approximately three times those of the plates sim

ply supported on four sides. This increase is necessary to have plastic deformation 

in the plates. Results of these analyses are compared with those obtained using 

the closed form solution suggested by Shrivastava and Bleich[21]. As seen from 

Table 6.3 and Figure 6.13, the results of this study agree well with closed form so

lutions for large values of width to thickness ratio (~ greater than 9). But for low 

width to thickness ratio, ~, the results calculated by the closed form formula are 

much higher than the results of the present study. This study further suggests that 

the closed form solution using the incremental theory can be used safely for large 

width to thickness ratio (~ greater than 9). It is also noted in this case study that 

the percentage of reduction in buckling stress due to the increase in the friction 

coefficient is higher for low width to thickness ratio, ~. 

To investgate the effect of relative stiffness of the machine head to the plate, 

several analyses are performed for Plate 8a to determine the critical stresses using 

different values of the relative stiffness. Numerical results of these analyses for 



Table 6.2: Critical stresses using Richard parameters and comparison 
with those obtained using Ramberg-Osgood parameters 

Plate l:!. !! u~ ult··u u~~ ult··u u~ ult··u 
b t cr cr cr 

No. J1. =0.7 J1. =0.7 J1. = 0.1 J1. =0.1 J1. = 0.0 J1. = 0.0 
(ksi) (ksi) (ksi) (ksi) (ksi) (ksi) 

20. 4.5 41.8 22.9 22.9 23.6 23.6 24.0 24.0 

70. 5.0 30.1 41.4 42.3 42.S 43.9 43.1 44.2 

So. 4.5 25.6 54.1 54.8 55.0 55.3 55.4 55.S 

9b 4.5 22.5 60.6 60.i 61.1 61.0 61.3 61.4 

u~ = Critical stress obtained by Richard's parameter 

u~-o = Critical stress obtained by Ramberg-Osgood parameter 
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Table 6.3: Critical stresses for plates with simply supported on three 
sides and free on the fourth side 

Plate i!- f? O"cr 0" cr 0" cr 0" cr b t 
No. Il =0.7 Jl =0.2 Jl =0.0 closed form 

(ksi) (ksi) (ksi) (ksi) 
2a 4.5 12.62 25.9 25.9 25.9 25.3 

7a 5.0 10.05 39.6 39.7 39.7 39.9 

8a 4.5 8.31 55.6 55.8 56.1 58.2 

9b 4.5 7.58 60.7 61.5 64.2 70.0 
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relative stiffnesses of 10, 100 and 1000 are presented in Table 6.4. These results 

indicate that the critical stress for a plate may change for low relative stiffness of 

the machine head to the plate. But for a large value of the relative stiffness, i.e. 

for any value between 100 to 1000, the critical stresses remain unchanged. In other 

words, a value of 100 for the relative stiffness of the machine head to the plate as 

considered in this research is quite large enough to model the machine head as a 

rigid body compared to the plate. 

6.2.3 Effect of edge boundary imperfection on stress state 

and buckling stress 

The effect of an edge boundary imperfection on the stress distribution and 

buckling load has been studied by analyzing plates with a convex upper edge as 

shown in Figure 6.14 (imperfection type 1). This convex surface was considered to 

be parabolic with vertex at the center of the edge. The lower edge was considered 

to be perfect. At the begining of loading, only the center of the upper edge of 

the plate was in contact with the machine head. As the load was increased a 

line of contact developed and spread from center of the plate to the corner points. 

The imperfection in the plate, as shown in Figure 6.14, was expressed by the 

parameter, b=~, the ratio of the initial maximum gap to the width of the plate. 

The stress state prior to buckling for a value of delta equal to 0.002 with frictional 

coefficients, J.l = 0.7 and 0.0 is presented in Figures 6.15 and 6.16. It is observed 

that the normal stress, U y, is a maximum near the center of the imperfect edge and 

decreases gradually towards the corners. A similar distribution is found for stress, 

U x. The stress, U x, increases with the increasing values of frictional coefficient while 

the stress, U xy decreases with the increasing values of frictional coefficient. 



Table 6.4: A comparison of critical stresses in Plate Sa for different 
value of the relative stiffness of the machine head to the plate 

Observation Relative stiffness of the machine Ucr Ucr 

No. head to the plate p. =0.7 p. = 0.0 
(ksi) (ksi) 

1 10 55.1 55.7 

2 100 54.S 55.8 

3 1000 54.S 55.S 
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Although the same distribution pattern is observed for stresses, a x and a y , the 

distribution pattern for a xy is found to be dependent upon the width to thickness 

ratio, ~. The distribution of ax, a y and a xy near the perfect edge has the same 

nature as obtained for perfect plates studied earlier in Section 6.2.1. 

Although there is no trace of ax and a xy at the edge boundary of the perfect 

plates for no friction case, these stresses exist at the boundary of the imperfect 

plates. This result confirms that additional stresses, i.e., ax and a xy are introduced 

due to imperfection at the loading edge. 

The plates were then investigated to determine the critical stresses for dif

ferent values of the imperfection parameter, 6. The results are presented in Table 

6.5 and Figure 6.17. It is found from Figure 6.17 that the buckling stress is re

duced significantly due to the imperfection at the loading edge of the plate. This 

percentage of reduction in critical stress, as shown in Table 6.6 and Figure 6.18, is 

higher for lower width to thickness ratios, ~. It is also noted that the reduction in 

critical stress due to this type of imperfection is much higher than that obtained 

for perfect plates due to the effect of large friction coefficients. 

A second type of imperfection at the loaded edge is also investigated. In this 

case, as shown in Figure 6.19, the machine head is considered to be in contact at 

the center and corners of the plate. In other words, the upper edge of the plate is 

considered to have multiple convex surfaces with vertices at the center and corners 

of the edge of the plate. The critical stresses for this type of imperfection are shown 

in Table 6.7 for a value of imperfection parameter, 0.003. It can be seen that the 

critical stress decreases again as expected due to this type of imperfection. 



Table 6.5: Critical stresses for plates with imperfect loading edge (type 1) 

Plate !!. 
t 

8-!!. -b a I 
cr 

No. IL =0.7 
(ksi) 

7a 30.1 0.001 42.2 
0.002 41.9 
0.0025 41.4 
0.003 40.4 

7n 2S.1 0.001 47.S 
0.002 46.5 
0.0025 45.2 
0.003 43.9 

Sa 25.6 0.001 54.3 
0.002 51.7 
0.0025 50.1 
0.003 4S.3 

9b 22.5 0.001 60.0 
0.002 56.S 
0.0025 55.3 
0.003 53.6 

U:r = Critical stress for imperfect plate 

ut;. = Critical stress for perfect plate 

a P a I rP 
cr cr acr 

IL =0.7 IL = 0.0 IL = 0.0 
(ksi) (ksi) (ksi) 
42.3 43.7 44.2 

42.4 
41.6 
40.4 

47.9 49.1 49.S 
46.S 
45.5 
44.0 

54.S 54.7 55.S 
51.9 
50.3 
4S.6 

60.7 60.4 61.4 
57.5 
56.1 
54.4 
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Table 6.6: Percentage of reduction in critical stress due to imperfection 
(type 1) 

Plate £ C=~ % of reduction % of reduction t b 
No. Il =0.7 Il =0.0 

7a 30.1 0.001 0.4 1.1 
0.002 1.0 4.1 
0.0025 2.3 5.8 
0.003 4.7 8.6 

7n 28.1 0.001 0.2 1.4 
0.002 2.9 6.0 
0.0025 5.6 8.6 
0.003 8.3 11.6 

8a 25.6 0.001 0.9 2.0 
0.002 5.7 7.1 
0.0025 8.7 9.9 
0.003 11.8 12.9 

9b 22.5 0.001 1.2 1.6 
0.002 6.3 6.2 
0.0025 8.9 8.6 
0.003 11.6 11.3 
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Table 6.7: Critical stresses for plates with second type of imperfection 
at the upper loading edge 

Plate ~ 8-~ a' t -b cr 
No. Il =0.7 

(ksi) 
7n 2S.1 0.003 46.7 

Sa 25.6 0.003 51.2 

9b 22.5 0.003 57.S 

0'1r = Critical stress for imperfect plate 

at:. = Critical stress for perfect. plate 

,JJ O'~r O'JJ 
O'cr cr 

Il =0.7 Il = 0.0 Il = 0.0 
(ksi) (ksi) (ksi) 
47.9 49.7 49.S 

54.S 55.5 55.S 

60.7 60.7 61.4 

lOS 
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A comparison of percentage of reduction in critical stress for the types of 

imperfections considered in this research is given in Table 6.8. It is noted that the 

percentage of reduction as obtained due to second type of imperfection is lower than 

that as obtained due to first type of imperfection. Thus it can be concluded that 

the first type of imperfection, i.e., single convex surface with vertex at the center 

of the edge of the plate is more sensitive compared to second type of imperfection, 

in reducing the buckling stress of the plate. 



Table 6.S: A comparison on percentage of reduction in critical stress 
as obtained by imperfection type 1 and 2 

Plate !!. 
t 

a-I!. -b % of reduction due to % of reduction due to 
No. imperfection type 1 imperfection type 2 

7n 2S.1 0.003 S.3 2.5 

Sa 25.6 0.003 11.S 6.6 

9b 22.5 0.003 11.6 4.S 
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CHAPTER 7 

CONCLUSIONS 

7.1 General 

The importance of the effect of friction on the stability analysis of structures 

has been discussed. During an actual test a plate may experience edge contact

frictional forces depending on the value of the coefficient of friction, p" between 

the machine head and the edge of the plate. Computer programs based on a non

linear finite element analysis using the incremental theory of plasticity have been 

developed including the effects of edge contact frictional force. The possibility of 

slip and an edge boundary imperfection between the machine head and the plate 

has been considered in this study. It is noted in this study that by including the 

effects of edge contact-frictional force, a good agreement is obtained between the 

test results and the present study. 

The use of the three parameter method of mathematically describing the 

stress-strain relation in the yield region suggested by Ramberg-Osgood and as 

well as by Richard provides a nice simplification in the estimation of the tangent 

modulus of the material of the plate. Since the possibility of slip between the 

machine head and the plate has been incorporated, the method presented in this 

study appears to be a usable realistic approach to determine the critical stress of 

a plate for different values of the coefficient of friction, p,. Moreover, this method 
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considers the effect of edge boundary imperfection where the edge of the plate, 

initially, may not be fully contact with the machine head. 

7.2 Conclusion on results 

Several analyses of plates with various width to thickness ratios, ~ and 

coefficients of friction, J.L, between the machine head and the plate are carried out. 

From these analyses, the following conclusions can be drawn. 

The actual distribution of stresses in the plate is dependent upon the values 

of the coefficient of friction, J.L, between the machine head and the plate. 

The plastic buckling stress of a plate decreases with the increasing values of 

the coefficient of friction, J.L, as developed between the machine head and the plate. 

The critical stresses for large frictional coefficients determined by the method 

presented in this study agrees well with the test results obtained by Pride and 

Heimerl. 

Marked disagreement between this study and the closed form solution using 

the incremental theory of plasticity is obtained for low width to thickness ratio, ~. 

The plate with imperfection at the loading edge has a lower buckling stress 

than that of a perfect plate. 
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APPENDICES 

A.l. Buckling formula for Simply supported plates using the incremental 

theory [Ref.20] 

The critical stress for long plates simply supported on all sudes as developed 

by Pearson[11] is given as: 

where 

K7r2711Et2 

U cr = 12(1 _ v2 )b2 

K = 4.0 for long plates 

1[ fP+3 ] 711 = 2 Y4P +1 

E 
p=

Et 

E = modulus of elasticity 

E t = tangent modulus 

t = thickness of the plate 

v = poisson's ratio 

b = width of the plate 
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A.2 Buckling formula for long plates simply supported on three sides and free 

on the fourth side [Ref.21] 

According to Shrivastava and Bleich[21], the critical stress for long plates 

simply supported on three sides and free on one side is given by: 

where 

G = shear modulus 

t = thickness of the plate 

b = width of the plate 
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