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ABSTRACT 

A linear stability analysis is undertaken to investigate the effects of 

cross-diffusion and gravity modulation on the onset of convective instability 

in horizontally unbounded multiply diffusive fluid layers. We consider layers 

of incompressible Boussinesq fluid in which all thennophysical properties are 

constant except for the density insofar as it contributes to a buoyant force. It 

is assumed that the density is a linear function of the various components 

present and the fluxes are linear combinations of all the gradients of those 

components. 

We begin with a study of the effects of coupled molecular diffusion in a 

triply diffusive fluid layer under a constant gravity field. The bounding 

surfaces are perfectly conducting, perfectly permeable, and free of stresses. 

Stability is determined by way of temporal eigenvalues of a linear system of 

ODE's. We find that the off-diagonal elements of the diffusivity matrix may 

strongly affect the linear stability criteria, regardless of their relative value 

(as long as they do not vanish) as compared to the main-diagonal elements. 

We also investigate the combined effects of a sinusoidally varying 

gravity field and cross-diffusion in several doubly diffusive configurations. 

In particular, we consider: 1) stress-free and rigid boundaries with imposed 

gradients, and 2) stress-free and rigid boundaries when a solute gradient is 

induced by Soret separation. Stability is determined by way of Floquet 

multipliers of a linear system of ODE's with periodic coefficients. The topology 

of neutral curves and stability boundaries exhibits features not found in the 

modulated singly diffusive or unmodulated multiply diffusive fluid layers. In a 

gravity modulated doubly diffusive layer with cross-diffusion, when one 
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Rayleigh number, say R:h is fixed or induced, neutral curves spanned by the 

other Rayleigh number (R1) and the horizontal wavenumber are in general 

muItivalued. In addition, finite as well as semi-infinite RI stability ranges can 

be found. A notable feature is the occurrence of double minima, each one 

corresponding to a different asymptotically stable neutral response. A 

temporally and spatially quasi-periodic bifurcation from the basic state is 

possible when the Rayleigh numbers of the double extrema coincide. In this 

situation, there are two incommensurate critical wavenumbers at two 

incommensurate onset frequencies at the same Rayleigh number. 
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CHAPTER 1 

INTRODUCTION 

There are several technologically important alloys. such as nickel

based superalloys used in turbine blades (Giamei and Kear; 1970) and other 

high-strength applications. that contain significant mass fractions of as many 

as seven metallic elements. Convection in a solidifying cast of these kinds of 

materials plays a crucial role in the physical properties of the resulting ingot 

after solidification. Furthermore. in an inherently multiply diffusive molten 

alloy system. the coupling among the various stratifying agencies can 

strongly affect the convective stability of the melt. The effect of cross

diffusion in determining the stability criteria in isothermal as well as 

nonisothermal fluid systems is not as yet thoroughly understood. 

Recent efforts to improve materials processing. have led to the rapid 

development of space manufacturing technologies. These technologies 

include the growth of ultrahigh purity crystals for electronics (e.g .• 

compound semiconductors such as gallium arsenide) and the production of 

superalloys. However. these areas of technology have not yet been well 

characterized under microgravity conditions and particularly under the effect 

of gravity jitter (g-jitter). 

The present theoretical investigation. concerning the effects of cross

diffusion and gravity modulation on the onset of multiply diffusive 

configurations. has been motivated to a great extent to gain some fundamental 

understanding into some of the difficulties that arise with processing 

materials in space. 
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1.1 Instability Modes in Multicomponent Convection 

Multicomponent convection is referred. to phenomena in which two or 

more stratifying agencies with different rates of diffusion and each one 

contributing to the density of the fluid can combine to produce overturning 

motions in a fluid system. These kinds of convective phenomena are present 

in a wide variety of fluid systems. Examples include: solidification of molten 

alloys, geothermally heated lakes, convection in the Earth's mantle, 

atmosphere and the oceans, magmas, stellar interiors, etc. (Turner; 1985). It 

has been well established theoretically and observed experimentally that very 

interesting convective phenomena can occur if in a fluid layer. under a 

constant gravity field, at least two stratifying agencies having different 

diffusivities are present. 

There are basically two types of instabilities in multicomponent 

convection which can be illustrated by the thermosolutal problem. This is a 

doubly diffusive system (also called nonisothermal binary system) that has 

been studied extensively (Turner; 1973, 1985, Schechter, Velarde and Platten; 

1974, Huppert and Turner; 1981, Platten and Legros; 1984). The basic physics 

underlying these modes of convective instabilities is applicable to layers in a 

modulated gravity field. 

If the temperature is greater at the bottom of the layer and the solute 

concentration is greater at the top both gradients are destabilizing, 

consequently, this configuration causes convection at the outset. When a 

gradient is destabilizing and the other is stabilizing, convection may occur 

even when the overall density stratification is hydrostatically stable. This is a 

surprising feature that can only be observed in multiply diffusive and 

multiply stratified systems. 
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Consider a fluid system where warm salty water· overlies denser, colder, 

fresher water. In the absence of cross-diffusion effects, the temperature 

gradient is dissipated by heat diffusion, whereas the concentration gradient is 

dissipated by molecular diffusion. However, heat diffuses two orders of 

magnitude more rapidly than salt. If a fluid parcel of the warm salty region is 

displaced downward, due to a perturbation within the fluid layer, into a colder 

fresher region, the parcel will transfer heat but not salt to its surroundings. 

As a result it. will acquire negative buoyancy and the parcel will tend to sink 

deeper. In this case, convection sets in via disturbances which grow 

monotonically in time, i.e., steady onset. Experimentally, this gives rise to long 

narrow cells known as fingers, which have also been observed in the ocean 

(Turner; 1973). This mode of instability is also known as finger instability. 

The opposite configuration, with colder, fresher, lighter water 

overlying warm salty water, can lead to overstability. A fluid parcel that is 

displaced upward, will transfer to its surroundings heat but not salt. As a 

result buoyancy forces will drive it back to its original location. Actually, it 

may overshoot its original position of neutral equilibrium and continue 

oscillating about it depending on the magnitude of the two gradients. Thus, at 

the onset of instability, oscillatory motion with a certain frequency will 

prevail. This is also known as diffusive instability. 

1.2 Importance of Cross-Diffusion 

Oftentimes it is assumed that the off-diagonal terms in the diffusivity 

matrix are negligible. However, there is experimental evidence that the onset 

of convection is in some systems strongly affected by cross-diffusion effects, 
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as pointed out by Preston et a1. (1980). In their experiments. fingers were 

observed in an aqueous mixture of dextran and sorbitol when both components 

were bottom heavy (i.e.. stably stratified). Later. McDougall (1983) argued on 

theoretical grounds that a finger instability is possible provided the off

diagonal elements of the diffusivity matrix are large enough. 

Recent advances in instrumentation and data reduction techniques 

have made possible the accurate measurement of multicomponent diffusion 

coefficients. Noulty and Leaist (1987) have reported measurements of the nine 

diffusion coefficients for the quaternary (triply diffusive) system 

water/potassium chloride/potassium phosphate/phosphoric acid solution. In 

this mixture some of the off-diagonal elements are of the same order of 

magnitude as the main diagonal diffusivities. 

In nonisothermal systems. two cross-diffusion effects can significantly 

contribute to the convective stability of the layer. namely. the Soret and the 

Dufour effects. In the Soret or thermal diffusion effect a flux of solute is 

caused by a temperature gradient. whereas in the Dufour effect a flux of heat 

is caused by a concentration gradient. The pioneering work of Hurle and 

Jakeman (1971) considered these effects for the water-methanol system for 

which interesting stability boundaries were found. This paper was followed 

by several investigations in thermal diffusion: Velarde and Schechter (1971). 

Schechter. Prigogine and Hamm (1972). Platten and Chavepeyer (1973). 

Caldwell (1976). Gutkowicz-Krusin. Collins and Ross (1979). Platen and Legros 

(1980). Kolodner. Williams and Moe (1988). Cross and Kim (1988). More 

recently. Henry (1990) carried out a three-dimensional simulation of Soret 
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driven convection in fluid-filled cylindrical containers in a constant low 

gravity setting. 

1.3 Importance of Gravity Modulation 

During the solidification of a molten alloy using the standard process of 

cooling from below, solutes are rejected at the growing interface, therefore 

leading to the development of temperature arid concentration gradients 

(McFadden et al.; 1984). The distribution of these stratifying agencies may be 

convectively unstable in which case undesirable solute redistribution may 

occur, which in tum would adversely affect material properties of the 

castings. It has been suggested that this situation could be improved by 

diminishing buoyancy driven convection outside the earth's gravitational 

pull. The advent of orbiting platforms and spacecrafts makes it now possible to 

process materials in a low gravity environment where the mean gravity is at 

least four orders of magnitude smaller than its value go on the Earth's surface. 

In fact during the last five years, several fluid mechanics experiments have 

been carried out on board orbiting laboratories. 

In a microgravity environment, the gravity field is not constant due to 

several unavoidable sources of residual acceleration (Monti; 1990, Nelson; 

1991). Thus, creating random gravity fluctuations in magnitude and 

orientation, which are referred to as g-jitter. Sources of residual acceleration 

include movements of the crew, operation of machinery, spacecraft 

maneuvers, atmospheric drag, solar wind, etc. Table 1.1 shows lower and 

upper bounds for typical g-jitter conditions (Wadih, Zahibo, and Roux; 1990, 

Nelson; 1991). 
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Table 1.1 Upper and lower bounds for typical g-jitter conditions 

Lower Bound Upper Bound 

FREQUENCY [Hz] 10-2 
10

3 

AMPLITUDE [go] 10-5 
10 

-4 

MEAN [go] 10-5 
10 

-4 

Because of its random nature. g-jitter alone may cause a fluid system to 

become unstable. Consequently. its impact in buoyant convection must be 

carefully studied (Nelson; 1991). Previous work on the effect of g-jitter in 

convective phenomena. particularly in the determination of the onset of 

convection. has been focused on the study of singly diffusive systems where 

temperature or solute concentration is the only stratifying agency. For this 

system. the oscillatory character of the g-jitter has been modeled as a simple 

periodic function of time. 

Gershuni and Zhukovitski (1963). Gershuni et al. (1970). and Gresho and 

Sani (1970) studied for the first time the effect of gravity modulation on a 

singly diffusive horizontally unbounded fluid layer with rigid boundaries. 

These authors found that certain combinations of the modulation and flow 

parameters can stabilize (destabilize) the development of convection for a 

destabilizing (stabilizing) temperature gradient. They also pointed out that the 

stability behavior of the fluid system is analog to a pendulum with viscous 

damping undergoing oscillations at the pivot point. 
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1.4 Overview 

In light of the importance of cross-phenomena in establishing the 

stability criteria in multiply diffusive fluid layers under a constant gravity 

field and the impact that g-jitter has on the boundaries of convective stability, 

it is the objective of the present work to perform a linear stability analysis 

including cross-diffusion and gravity modulation in order to determine the 

nature of the critical disturbances at the onset of convection. To this end, we 

consider several fluid configurations (described below) where these effects 

are taken into account. 

In chapter 2, starting with the general assumptions of the theory of 

irreversible thermodynamic processes, we introduce the concept of 

generalized fluxes of the stratifying agencies (generalized Fick's and Fourier's 

laws) and present the conservation equations. In addition, the Soret or 

thermal diffusion effect in which a concentration gradient is induced by a 

temperature gradient is also discussed. 

In chapter 3, the effect of coupled molecular diffusion on the onset of 

convection in a triply stratified fluid layer under a constant gravity field (for 

brevity, triply cross-diffusive layer) will be considered (see figure 1.1 (a». For 

this configuration stress-free boundaries will be studied, since full analytical 

solutions can be obtained when the imposed gradients are constant and 

vertical. 

In chapter 4, the effect of gravity modulation will be investigated for 

singly diffusive systems and for the following configurations: 1) doubly 

diffusive fluid layer with stress-free and impervious boundaries; 2) cross

diffusion and gravity modulation (or gravity modulated doubly cross-diffusive 

layer) will be incorporated in a model in which gradients of two components 
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are imposed on a fluid layer bounded by stress-free and rigid boundaries, and 

finally 3) Soret driven convection will be studied for both rigid and free 

boundaries. A gravity modulated doubly diffusive layer is schematically 

depicted in figure 1.1(b). 
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CHAPTER 2 

PHENOMENOLOGY OF CROSS-DIFFUSION 

The purpose of this chapter is to present some of the principles behind 

the general conservation equations (mass and energy) for coupled 

multicomponent fluid systems from which our linear stability analyses will be 

based in the subsequent chapters. To this end, we begin with the 

thermodynamic notion of generalized fluxes driven by inhomogeneous 

distributions of components (generalized forces) within a multiply diffusive 

system. This notion is also applicable to more familiar empirical relations that 

account for heat and mass fluxes. 

We emphasize that cross-phenomena is a natural occurrence in 

multicomponent systems and its consideration may be crucial for a more 

accurate description of such systems. It is assumed throughout this 

dissertation that the driving forces (temperature and concentration gradients) 

are not overly strong so that the system is not too far from thermodynamic 

equilibrium (Onsager's assumption). Furthermore, we assume that the 

diffusion processes take place in fluid media in which charged chemical 

species, chemical reactions, and extremely high concentration gradients are 

excluded. The above leads to simplifications on the conservation equations 

which are compatible with experimental observations. 

Finally, we discuss the thermal diffusion or Soret effect and deduce an 

expression (within the dilute solution approximation) for the solute 

distribution induced by an imposed temperature gradient, which will be used 

in the stability analysis of chapter 4. 
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2.1 Generalized Fluxes 

In a general nonisothermal multicomponent fluid system, the coupling 

of temperature and concentration gradients of the various chemical species 

contributes to both the transport of energy and matter, i.e. heat and molecular 

diffusion. According to Onsager, the heat and mass fluxes (JI) can be expressed 

as a linear combination of the driving gradients or " generalized forces" (Xj ) 

(De Groot; 1952) by 

(2-1) 

where N is the number of components or driving gradients. These linear 

relations are known as the phenomenological equations and the elements of 

the matrix Lij are the phenomenological coefficients. Onsager's reciprocity 

law states that Lij is symmetric. The driving forces are basically gradients of 

functions of the thermodynamic state variables. However, from an 

experimental point of view (determination of diffusion coefficients), (2-1) is 

not the most appropriate form to represent the fluxes because the generalized 

forces are not pure gradients of the stratifying agencies, i.e. temperature and 

concentration. Once (2-1) is recast into more practical relations, like the 

generalized Fick's and Fourier's laws, the diffusivity matrix loses its symmetry. 

In terms of easily measurable gradients, (2-1) takes the form 

N 

J j =-LpDijVrj 
j=l (2-2) 
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where p is the density of the fluid mixture, Dij is the diffusivity matrix and rj is 

the jth component of the system. Even though a relationship between Lij and 

D ij exist, reciprocity does not hold for Dij because (2-2) is an empirical 

equation. In this dissertation, we will use (2-2) since most experimental data is 

reported in terms of the generalized diffusion coefficients Dij (although the 

task of experimentally determining them is not trivial). 

For an isothermal system rj is the mass fraction (concentration) of the 

jth solute (component). The dimensions of the diffusion coefficients are 

i,j = 1,2, ... N 

In each volume element of an isothermal multi component fluid layer, the 

average velocity of the chemical species rj may differ from one another, so 

that there appear not only convection but also a macroscopically perceptible 

motion of the individual particles, i.e. diffusion. The Dij are determined 

experimentally when the diffusion flux through a volume element is measured 

relative to the convective velocity (mean volume velocity of the element). 

For a multicomponent nonisothermal system rl represents temperature 

(J 1 is a heat flux) and rj ( Ij are mass fluxes for j = 2, 3, ... , N) concentrations. In 

this case, the dimensions of the diffusion coefficients in (2-2) are 

rn,n = 2, ... ,N 
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From (2-2), the possibility of transport of matter by a temperature 

gradient in a nonisothermal binary system is evident. Thus, in a mixture 

initially homogeneous with respect to concentration, an imposed temperature 

gradient will induce a nonuniform concentration distribution (separation). 

This transport phenomenon (cross-phenomenon) is known as thermal 

diffusion or Soret effect. The reciprocal effect, i.e. the transport of heat by a 

concentration gradient is known as the Dufour effect and is more relevant in 

gases than in liquids where is usually neglected. 

In general, in a multiply diffusive fluid system we must consider the 

following transport processes: 1) mass transport by temperature gradients 

(thermal diffusion) and by concentration gradients (diffusion), 2) heat 

transport by temperature gradients (heat conduction)' and by concentration 

gradients (Dufour effect), and 3) momentum transport by velocity gradients 

(momentum diffusion). The momentum flux is not coupled with either 

temperature or concentration gradients because the former is a second order 

tensor while gradients of stratifying agencies are vector quantities or fi rst 

order tensors. The exclusion of this kind of coupling is a consequence of 

Curie's theorem (De Groot; 1952). 

2.2 Conservation Equations 

For an isothermal system the conservation equations for the stratifying 

agencies are obtained by a local mass balance yielding 

(2-3) 
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In general Dmk is a function of concentration. temperature and pressure. 

however. in the present investigation it will be considered as a constant. 

In the case of a nonisothennal multicomponent system. heat transfer 

due to diffusion must be included in the energy equation. Following Platten 

and Legros (1984). a local energy balance in which viscous dissipation is 

neglected yields 

(2-4) 

where Cp is the isobaric specific heat. t is the thennal conductivity and hj is the 

specific partial enthalpy of the jth stratifying agency. 

Data for all the elements of the diffusivity matrix Dij is limited to very 

few systems and not very many components. The most complex isothermal 

systems for which data has been reported are due to Rai and Cullinan (1973) 

and Noulty and Leaist (1987) for quaternary liquid mixtures or isothermal 

triply cross-diffusive systems. Data for several isothermal doubly cross-

diffusive system can be found in Cussler (1976). In the case of nonisothermal 

systems only binary mixtures or doubly cross-diffusive systems have been 

studied. A review of data for these systems was done by Velarde and Schechter 

(1971). In the present work we will consider a doubly cross-diffusive system 

(isothennal and nonisothermal) with time periodic gravity variation and a 

triply cross-diffusive system with constant gravity. 

For a nonisothermal binary mixture the fluxes are 
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J 1 = -1O'T-pDFVr (2-5a) 

(2-5b) 

where the subscript 1 denotes beat flux and 2 refers to mass flux. The 

dimensions of the diffusion coefficients are 

where DF is the Dufour coefficient (mass conduction), DT is the thermal 

diffusion coefficient and D is the molecular diffusion coefficient. 

2.3 Soret Effect 

The dominant cross-diffusion effect in a non isothermal binary liquid 

mixture is thermal diffusion or Soret effect. In liquids DF is practically zero 

while DT can be either positive or negative. Physically, the sign of the Soret 

coefficient can be illustrated by considering a fluid layer with a homogeneous 

solute distribution in which a temperature gradient is imposed and kept 

constant. If DT is positive (negative) the solute will migrate towards the cold 

(hot) boundary. By considering zero mass flux across the bounding surfaces 

of a horizontal fluid layer, a detailed picture of the induced solute distribution 

can be found by solving (2-5b) for r, yielding 

r(z) - q . 
- q +(l_q)eBZ

' (2-6) 
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where q is the value of r at the boltom of the layer. By invoking the dilute 

solution approximation, also noting that s is a small number, we obtain 

( 
D l\T ) r( z) = q 1- ~d z 

(2-7) 

The above linear distribution justifies a posteriori a useful approximation, 

namely, that the mass flux in (2-Sb) can be written as a linear combination of 

the temperature and solute gradients 

where 0 21 is an effective thermal diffusion coefficient. If OT (or 0 21 ) is 

positive, a stabilizing temperature gradient will induce a finger-like 

configuration, whereas a destabilizing temperature gradient wiII induce a 

diffusive-like configuration (see figure 2.1). The solute gradient is directly 

proportional to the imposed temperature gradient, i.e. the concentration 

gradient is not an independent variable of the problem. We wiII refer to this 

situation as an induced doubly diffusive stratification. 

To characterize the Soret effect, the fonowing dimensionless Soret number 

(also known as separation ratio) is introduced 
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where P I is the thennal expansion coefficient and P 2 is the solute analog. In 

the literature, this number is often defined in terms of an average solute 

concen trati on. 

Among the various binary systems used in convective stability 

experiments, the water/ethanol and ethanollbenzene solutions have been 

fairly well studied (Velarde and Schechter; 1971). Depending on the solute 

concentration in these mixtures, Sr can be either positive or negative. For 

instance, in the water/ethanol system Sr may vary from -0.8 to 0.3 for ethanol 

weight fractions ranging from 0.075 to 0.4 (Kolodner et a!.; 1988). 

A different situation arises when in a multicomponent system all the 

gradients are imposed, namely, that all component distributions are 

independent. As we will later see, cross-phenomena affects the stability 

criteria of this configuration for both unmodulated and modulated cases. 
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CHAPTER 3 

TRIPLY CROSS-DIFFUSIVE LAYER 

The effect of strongly coupled molecular diffusion in multicomponent 

systems was studied by McDougall (1983), who considered a doubly diffusive 

layer. He showed that with sufficiently large cross-diffusion coefficients 

fingers can form even when both components are stabilizing. Thus, 

confirming the experimental work of Preston et al. (1980), who observed 

finger convection in an aqueous mixture in which dextran and sorbitol were 

both bottom heavy. 

In previous theoretical investigations on the onset of convection in a 

triply diffusive fluid layer, the effect of coupled molecular diffusion (off

diagonal contributions to the fluxes) was neglected. These studies include the 

work of Griffiths (1979), Moroz (1989), and Pearlstein, Harris and Terrones 

(1989). A careful investigation of the topology of the neutral curves and 

stability boundaries carried out by Pearlstein et al. (1989) revealed the 

existence of multiple extremal values of the Rayleigh number on oscillatory 

disconnected neutral curves. It was also found that stability boundaries are 

sometimes multivalued, and for fixed values of the diffusivity ratios, Prandtl 

number, and two of the three Rayleigh numbers, three values of the third 

Rayleigh number may be required in order to specify the linear stability 

criteria. Also, the onset of convection may occur by way of a quasi-periodic 

bifurcation from the motionless state. More recently. Terrones and Pearlstein 

(1989) generalized the stability analysis to include an arbitrary number of 
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components, however, systems with more than three components are beyond 

the scope of this dissertation. 

To the best of our knowledge, no study has incorporated full cross

diffusion in the analysis of triply diffusive systems. In this chapter, the effect 

of including all nine elements of the diffusivity matrix in a fluid layer where 

three imposed gradients of three different components is considered. Using 

the equations for the generalized fluxes presented in chapter 2, the general 

governing equations are obtained. By performing a linear stability analysis, 

the general equations required to determine the topology of the oscillatory 

and steady neutral curves are derived. These equations are validated with 

McDougall's (1983) work and the earlier papers on the pure triply diffusive 

problem. Numerical results are given for values of cross-diffusion 

coefficients experimentally determined by Noulty and Leaist (1987). Results 

are presented in the form of neutral curves in a plane where all parameters 

are constant except for one Rayleigh number and the magnitude of the 

horizontal wavenumber. 

3.1 Linear Stability Analysis 

An incompressible horizontal fluid layer of infinite extent, thickness d, 

and in which the density p depends on three different stratifying agencies 

(chemical species and possibly temperature) is investigated. The layer is 

assumed to be bounded by stress-free horizontal boundaries at which the 

concentration and temperature are imposed, i.e., held constant. The model is 

based on the assumption of a Boussinesq fluid with all thermophysical 

properties constant except for the density in body force term of the 
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momentum equation. The continuity, momentum, and conservation equations 

in dimensional form are, respectively, 

m= 1,2,3 (3-1a-c) 

The density is a linear function of three stratifying agencies 

j ¢m= 1,2,3 (3-2a-b) 

where ~m are the isobaric expansion coefficients. Following (2-2) the fluxes 

are expressed as linear combinations of the gradients of the three components 

present 

3 

J m =-LpDll\iVrj 
j=1 
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The governing equations admit the following motionless basic state 

solution in which the imposed gradients of the stratifying agencies are 

constant and vertical. 

Vi =0 

- Aq r =q + __ m z 
m m d 

(3-3a-c) 

The linearized perturbation equations are derived by considering a first order 

regular perturbation expansion applied on the basic motionless state 

Vi = O+BUi 

p=p+BP 

m = 1,2,3 

where B «< 1) is the perturbation parameter. We introduce the following 

dimensionless parameters 

X.=~i 
I d ' 

V Pr=--, 
Dn 

dUo U·= __ I 
I , 

V 
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where Pr is a generalized Prandtl number, Rm are the Rayleigh numbers and 

'Ymlt. are diffusivity-expansion coefficient ratios. Note that 'Ymm correspond to 

the diffusivity ratios "em defined by Griffiths (1979). For a nonisothermal fluid 

layer, Dl1 is the thermal diffusivity K = kip C p , whereas for an isothermal fluid 

layer, D11 is the molecular diffusivity of the most rapidly diffusing component 

and Pr represents a Schmidt number. According to our sign convention, a 

positive Rm means that the mth component is destabilizing. 

Because of the one-dimensionality of the basic state and the horizontal 

isotropy of the problem, the analysis is restricted to two-dimensional motions. 

Thus, a stream function is introduced 

aqt aqt 
u=-, az w=--ax 

Upon elimination of the pressure by cross-differentiation we obtain 

(3-4a-d) 
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3.2 Steady and Oscillatory Onset 

To obtain the growth rate (0') or characteristic equation, disturbances 

which are periodic in the horizontal direction 

Sj (x,z, t) = Soieat COS(k.x)sin(n7tz) i=1,2,3 

and that satisfy stress-free boundaries at z = 0, 1 

are substituted into the perturbation equations (3-4a-d). By requiring the 

existence of nontrivial solutions we obtain the characteristic equation which 

in detenninant fonn is 

Yn(Yn +;:) -k -k -k 

-kRI O'+Yn "f12Yn "flaY n =0 
-kR2 "f21Yn 0'+ "f22Y n "f23Yn 
-kRa "falYn "fa2Yn 0'+ "faaY n (3-5) 

For neutral solutions we set (J = ioo (00 is the onset frequency of the 

disturbance) in (3-5), which hereafter will be referred to as (3-5*), and solve 

for R 1. The resulting equation is used to find the neutrally stable values of R 1, 

which must be real, by requiring either 00 = 0 or 1m { (3-5*) } = o. 
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The Rayleigh number Rh, above which the layer is unstable with 

respect to steady onset, is found by setting ro = 0 in (3-5*), which has a 

minimum at k2 = (nn)2/2. Thus, the critical Rayleigh number (n = 1) for steady 

onset is 

(3-6) 

The equations that follow were derived using the symbol manipulator 

REDUCE (Hearn; 1985) and were validated with some of the relations found by 

McDougalI (1983) for the doubly cross-diffusive case. However, the explicit 

form of the equations generated by symbolic computations is not transcribed 

here because of the overly large algebraic expressions involved. We note that 

McDougall's nondimensionalization becomes singular in the case of vanishing 

gradients. Furthermore, his resulting equations would be inappropriate for 

the algebraic manipulations used herein by rendering even more complex 

expressions. 

For oscillatory onset, ro is nonzero, requiring 1m { (3-5*) } = 0 from 

which a dispersion relation biquadratic in ro, is obtained. Eliminating ro from 

Re{ (3-5*) } = 0 and Im{ (3-5) } = 0 we obtain an equation that is satisfied at 

every point (R1o,k) on the oscillatory neutral curve, which we symbolically 
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represent by ER = O. On this curve, extremal values RIo may also occur at values 

of k2 different from (n7t)2/2, which are found by requiring that the derivative 

of ER with respect to k2 vanishes. Thus obtaining a polynomial Hz = 0 in Z, 

where Z = Yn3/k2 To obtain the corresponding critical values of RIo, we 

eliminate Z from Hz = 0 and ER = 0, (the resulting polynomial, generated by 

REDUCE, has more than five thousands independent terms), yielding Ecr = O. 

In the pure triply diffusive case, Pearlstein et al. (1989) found 

oscillatory disconnected neutral curves with ·two extrema at the same Rayleigh 

number. They pointed out, that in this case, the oscillatory neutral curve is 

heart shaped and the onset of oscillatory instability occurs at a given value of 

R I for two different values of the critical wavenumber and two different onset 

frequencies. To determine whether or not a set of parameters for which a 

heart shaped neutral curve exist in the triply cross-diffusive case we proceed 

as follows: 1) A set of thermophysical constants (Prandtl number, expansion 

coefficients, and cross diffusivity ratios) and a value of Z are fixed, from these, 

two different wavenumbers are obtained by solving the cubic equation Z = c (c 

> 277t 4/4). 2) The condition of having steady onset occurring at a higher 

Rayleigh number than the oscillatory onset is imposed by equating RIo to the 

value of Rls (given by (3-6» minus an arbitrary positive number. 3) Feeding 

the previous condition into the equations Hz = 0 and Ecr = 0, we obtain a 

quadratic system to be solved for R2 and R3• 4) The newly computed R2 and R3 

are substituted into the equation ER = 0, which is solved for Rio' If the solution 

is real and Ria - Rio > 0, then a heart shaped oscillatory disconnected neutral 

curve exist for a set of physically meaningful parameters. This procedure is 

also generated symbolically by REDUCE. 



43 

3.3 Results and Discussion 

Numerical computations will be based on data from one of the 

diffusivity matrices experimentally obtained by Noulty and Leaist (1987). In 

particular. we will use the diffusivity matrix for the system water/potassium 

chloride (l)/potassium phosphate (2)/phosphoric acid (3) solution: 

[

194 
Dij = -0.05 

0.03 

-0.14 0.40] 
2.21 -104 x10-:-9 

-136 2.02 (3-7) 

The single component (binary) diffusion coefficients for potassium chloride, 

potassium phosphate. and phosphoric acid (in m2/sec) are 1.94X10-9
• 1.146X10·9 

and 1.1 X 1 0 -9. respectively. It is noted that the last two binary diffusion 

coefficients are about half of their quaternary counterparts 022 and 0 33 , We 

use a Schmidt number at 25° C based on 011 (Sc = 464). From data supplied by 

Weast (1975), we obtain the expansion coefficient ratios: P2/Pl = 1.06, P3/PI = 0.8. 

Table 3.1 shows, for moderate values of R2 and R3, discrepancies up to 

9% between the critical Rayleigh number for steady onset computed with (3-7) 

and that computed by using the binary diffusion coefficients. Note from table 

3.1 that coupled molecular diffusion can contribute to either stabilize or 

destabilize the fluid layer depending on the values of R2 and R3' Since for 

steady onset Ri,e is linear in R2 and R3• the absolute value of the difference 

between Rl,e computed with cross-diffusion and Ri,e computed with binary 

diffusion is also linear in R2 and R3. Clearly. as the absolute values of R2 and R3 

increase. so does the discrepancy. 

An even more pronounced difference between critical Rayleigh 

numbers occurs for oscillatory onset. This can be demonstrated by first 
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neglecting cross-diffusion. We choose a set of parameters for which the 

celebrated heart shaped oscillatory disconnected neutral curve exist. This 

situation is illustrated in figure 3.1, for R2 = -13730.72 and R3 = 11528.58, where 

the heart shaped neutral curve with twin maxima at Rl = 3558.47 (occurring at 

k 1 = 2.0238, k2 = 2.4338) and minimum at Rl = 3460.01, lies below the steady 

neutral curve with a minimum at Rl = 3569.27. 

Cross-diffusion is then incorporated and the linear stability criteria is 

recomputed. Figure 3.2 shows a dramatic change in the stability criteria, 

namely, the oscillatory neutral curve (dotted curves) disappears altogether, 

leaving a single steady neutral curve with a minimum at Rl = 3216.59. There is 

an 11 % difference between the values for steady onset computed with (3-7) 

and those computed with binary diffusion coefficients. 

To further investigate the sensitivity of the oscillatory onset due to 

changes in the off-diagonal elements of the diffusivity matrix, the matrix Dij is 

parametrized as follows 

eD12 
D2 +e(D22 -D2) 

£D32 (3-8) 

where E = 0 represents pure triply diffusion, whereas E = 1 represents full 

cross-diffusion. A single subscript in the elements of the above diffusivity 

matrix refers to values for a binary diffusion coefficient. Figures 3.3(a-f) 

depict a sequence of neutral curves for several values of the parameter E. At e 

= 0, figure 3.3a shows a heart shaped disconnected oscillatory neutral curve 

which disappears between E = 0.0081 and 0:0082 (see figures 3.3(e-f». The twin 
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maxima of the heart shaped curve are lost between E = 0.003 and 0.005 (see 

figures 3.3 (b)-(c». The complete disappearance of oscillatory onset from the 

neutral curve at E = 0.0082 shows a drastic change in the stability criteria. At 

this value of E the diffusivity matrix is 

[ 

194 
Dij = -4.lx10""" 

2.5x10""" 

-llx10-3 

1155 
-llx10-2 

3.3x10-3 ] 
-B.5x10-3 x10-9 m2 

/ sec 

111 

note that the largest off-diagonal element is only two orders of magnitude 

smaller than the diagonal elements, whereas the smallest is four orders of 

magnitude smaller. This situation irrefutably illustrates the great sensitivity 

of a triply cross-diffusive system to small variations in the elements of the 

diffusivity matrix. Regardless of how small the off-diagonal elements are, the 

mere existence of cross-diffusion affects the linear stability criteria 

particularly oscillatory onset. 

To further compare the effect of cross diffusion we recomputed several 

neutral curves by eliminating the off-diagonal elements in the above £-

parametrized diffusivity matrix. In this instance, figure 3.4 shows that the 

heart shaped feature (twin maxima) is lost between E = 0.001 and 0.002 and 

disappearance of the oscillatory curve occurs between E = 0.00294 and 0.00295. 

For this case, a fairly simple analytic expression for the critical values of Rl 

on the oscillatory neutral curve that occur at wavenumbers different from 

Tt/(2)112 can be obtained 



where 

K = {l+Pr} (t: - t~) 

L = (t2 + Pr) (1- t:) 

M = (ta +Pr) (l-t:) 
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The above representation is considerably simpler than equation (2.14) 

reported by Pearlstein et al. (1989) in which instead of using three simple 

auxiliary factors (K. L. M) these authors required thirteen cumbersome 

expressions. 

An interesting question that derives from the existence of a heart 

shaped oscillatory neutral curve is the possibility of experimentally observing 

a quasi-periodic bifurcation from the motionless basic state. In order to 

experimentally achieve this bifurcation. a hydrostatically stable state that 

lying below the steady neutral curve "and above the twin maxima of the heart 

shaped neutral curve must be attained. The finite Rl gap of stability between 

the steady and the oscillatory onset curves has to be large enough in order to 

avoid convection due to experimental fluctuations in the stratifying agencies. 

In the pure triply diffusive case explored by Pearlstein et a1. (1989). the 

largest stability gap reported was less than 0.3% of the critical Rayleigh 

numbers that bounded the gap. From an experimental point of view. even to 

maintain at all times a 0.3% variation in the Rayleigh numbers is rather 

stringent and cannot be considered as a safe range in which to conduct a 

delicate stability observation. 

It would be desirable to generate a set of parameters for which the 

stability gap is ample enough or even better to have an inverted heart shaped 
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neutral curve. To this end, using (3-7) we computed two Rayleigh numbers 

that maximize the length of the stability gap while preserving the heart shape 

of the oscillatory neutral curve. For an oscillatory twin-critical Rayleigh 

number of 6131.25 the maximum gap was 14 (less than 0.5% of the critical 

bounding Rayleigh numbers), which is well beyond experimental accuracy. 

For this case, figure 3.5 shows that the twin maxima are barely perceptible 

with critical wavenumbers occurring at 2.1992 and 2.2439. Figure 3.6 shows a 

case for which maximum separation of the critical wavenumbers (k1 =2.0238, 

k2 = 2.4337) was attained, but with a stability gap size of unity. The critical 

steady Rayleigh number is 6231.11, while the oscillatory onset is at 6230. 

Extensive numerical computations for different thermophysical 

properties showed the following: 1) physically meaningful parameters can 

only give a heart shaped oscillatory neutral curve with twin maxima and not 

with twin minima, 2) when a heart shaped curve is being separated apart from 

the steady curve, the upper part of the heart shaped curve flattens and the 

wavenumbers at which the twin maxima occur rapidly join together leaving a 

single upper maximum, 3) when the critical wavenumbers at which the twin 

maxima occur are separated from each other, the stability gap decreases. In 

addition, twin maxima are nonexistent in the case of a pure triply diffusive 

layer with rigid boundaries (Lopez et al.; 1990). The strong sensitivity of 

the oscillatory onset to cross-diffusion, the even stronger sensitivity of the 

heart-shaped oscillatory neutral curve to small variations in the elements of 

the diffusivity matrix and Rayleigh numbers, and the fact that realistic 

boundaries preclude the occurrence of twin maxima, are indicative that 

experimental observation of a quasi-periodic bifurcation from the motionless 
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basic state is highly improbable in any triply diffusive system with imposed 

stratification. The twin maxima behavior is not a strong feature in 

multicomponent convection under a constant gravity field, because it is 

boundary dependent and restricted to a very small range in the parameter 

space. 

Table 3.1 Comparison between critical steady onset Rayleigh 

numbers computed with the diffusivity matrix (3-7) and with binary diffusion 

coefficients (Sc = 464, P:Z!Pl = 1.06, P3/Pl = 0.8). 

R2 R3 RI,e RI,e % Error 

(X-Diffusion) 

102 -10 4 19705 18125 8.0 

-102 104 -18424 -16810 8.8 

104 -102 -17201 -16095 6.4 

103 -5X 104 95060 87147 8.3 

-5XI04 103 88887 83536 6.0 

-10 2 8XI03 -14575 -13282 8.9 

8XI03 -10 2 -13594 -12709 6.5 

5XI04 -10 3 -87605 -82221 6.1 
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CHAPTER 4 

GRAVITY MODULATED DOUBLY CROSS-DIFFUSIVE LAYER 

The study of the effect of gravity modulation on convective phenomena 

falls into a larger category of convective problems where a certain parameter 

can have periodic time dependence (parametric modulation). Parametric 

modulation of a convectively stable configuration can significantly influence 

the stability of a system by increasing or decreasing its susceptibility to 

convection. This added new freedom for controlling the stability of a system, 

is dependent upon the magnitude of the modulation amplitude and frequency. 

Suitable combinations of the dynamic and modulation parameters may lead to 

parametric resonance and hence to instability of the system (Cartmell; 1990). 

Studies in this area include: temperature oscillations at the bounding surfaces 

of a fluid-filled cavity (temperature modulation), vertical oscillations of a 

fluid-filled cavity (gravity modulation), and oscillations of the inner and/or 

outer fluid-filled concentric cylinders (modulated Taylor-Couette flow). The 

temperature modulation problem, had attracted most of the attention in the last 

two decades, however, gravity modulation has gained considerable more 

interest in recent years because of its importance in understanding the effects 

of gravity jitter during materials processing in space. 

The problems of temperature and gravity modulation in fluid systems 

are mathematically equivalent only at very low modulation frequencies. In 

this range the spatial nonuniformity of the temperature gradient can be 

neglected. Thus, the eqUilibrium temperature gradient can be approximated by 

oscillations about a mean value. In the case of vertical oscillations of a fluid 
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layer, there are no spatial variations of the acceleration within the layer 

regardless of the frequency level. Gershuni and Zhukhovitskii (1963) 

obtained closed form solutions for stability boundaries when the bounding 

surface temperatures varied according to a periodic step function. Later, 

Venezian (1969) studied the effect of small amplitude sinusoidal temperature 

variations. A more complete study was done by Roppo, Davis and Rosenblat 

(1984), where three-dimensional disturbances were considered. A different 

approach was pursued by Bhattacharjee and Banerjee (1983) who studied 

perturbatively the effect of temperature modulation in a doubly diffusive 

system. In addition to small amplitude temperature oscillations they expanded 

the disturbances into minimal Fourier representations. Such Fourier 

truncations had been used before in a different context by Veronis (1965) and 

Da Costa. Knobloch. and Weiss (1981). Similar perturbation expansions were 

carried out by Zielinska et al. (1985) and Kumar, Bhattacharjee, and Banerjee 

(1986) for doubly and singly diffusive systems, respectively. 

Gershuni, Zhukhovitskii, and Iurkov (1970) and Gresho and Sani (1970) 

studied the onset of convection in a singly diffusive vertically oscillated fluid 

layer with rigid boundaries. In both of these studies. a single trial function 

was used to construct the stability boundaries. The former authors performed 

a thorough study and obtained more accurate results than the latter, however, 

they reported incomplete neutral curves; lacking the subharmonic branches. 

In addition to the unbounded fluid layer configuration, Wadih and Roux (1988) 

and Wadih, Zahibo, and Roux (1990) studied the effect of small amplitude 

gravity modulation on convection in long cylindrical cavities. A full Navier

Stokes simulation of the Benard problem in, a finite box was done by Biringen 
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and Peltier (1990). The results of these authors agreed with the stability 

calculations of Gresho and Sani (1970). Murray. Coriell and McFadden (1990) 

considered the effect of gravity modulation on the onset of convection for the 

unidirectional solidification problem. 

This chapter is devoted to the study of the effects of a modulated gravity 

field (not restricted to a small amplitude analysis) in doubly diffusive layers 

with and without cross-diffusion. Attention is focused on the determination of 

the linear stability criteria for such systems. Using Floquet theory 

(Yakubovich and Starzhinskii; 1975). the stability criteria is established by a 

systematic analysis of the topology of the neutral curves from which stability 

boundaries can be constructed. Boundaries of convective stability for gravity 

modulated doubly cross-diffusive systems are presented h'erein for the cases of 

dynamically free and rigid boundaries. Two physically different forms of 

layer stratification are considered: 1) imposed independent gradients of two 

components. and 2) a solute gradient induced by a fixed temperature gradient. 

4.1 Linear Stability Analysis 

4,1,1 Perturbation Equations 

Unbounded incompressible horizontal fluid layers under the influence 

of a periodically varying gravity field in which the fluid density depends on 

two stratifying agencies with different rates of diffusion and cross-diffusion 

are considered. As in chapter 3. the Boussinesq approximation is used to 

simplify the governing equations. The continuity. momentum. and 

conservation equations are essentially the same as (3-1a-c) except that here 

m=I,2 and the gravity is a periodic function of time. Gershuni et a1. (1970) and 
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Gresho and Sani (1970) expressed the gravity modulation amplitude as a 

function of the frequency and the maximum displacement of a shaker table. 

However. in a microgravity environment the time dependent gravity 

fluctuations can be described by a typical g-jitter amplitude and frequency 

rather than a displacement. Following Wadih and Roux (1988). we separate the 

frequency dependence from the gravity modulation amplitude. since in space 

there is no unique correlation between them. In this situation. we express the 

gravity term as 

As in (3-2a-b). the density is assumed to be a linear function of two 

components and the contribution to the fluxes of the stratifying agencies are 

given by 

We define the nondimensional independent variables. 

and dependent perturbation variables. 



along with the nondimensional parameters 

v Pr=--, 
Du 
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Note that three new independent parameters have been introduced, namely, 

the dimensionless modulation frequency 0, the mean to amplitude gravity 

ratio f, and the modulation amplitude ratio h. We have split the dimensional 

modulation amplitude g'l into a dimensionless factor h and a dimensional 

number gl (not necessarily equal to the mean gravity field go)' The quantity 

g I can be interpreted as a typical modulation amplitude and h as a 

magnification factor. This separation allows for a more general 

nondimensionalization in which we avoid the occurrence of singular 

parameters for vanishing values of either go or g'l' In addition, we only need 

to define one Rayleigh number (based on gl) for each component in the fluid 

layer. By setting h to zero, we can validate our results with the unmodulated 

fluid layer problem, preventing the parameter f from becoming singular. 

In terms of the stream function 'I' defined by 



i)lJI 
u=

i)z ' 

i)lJI 
w=--

i)x 

we obtain the linearized perturbation equations 

to which we append the following boundary conditions at z = 
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(4-1a-c) 

j/2-1. j/2 

(4-2) 

where j = 1 corresponds to rigid-rigid boundaries and j = 2 to free-free 

boundaries. Note that in the case of rigid boundaries. the origin of the 

coordinate system has been shifted to a plane midway between the boundaries. 

4.1.2 Amplitude EQuations 

The case of stress-free boundaries is mathematically simpler due to the 

separability of the perturbation equations for normal .disturbances that satisfy 

the homogeneous boundary conditions (4-2) for j = 2. The perturbation stream 

function and the concentrations can be written as 



'Y(x,z, t) = a(t)sin(mtz)sin(kx) 

Sl(X,Z, t) = b(t)sin(n7tz)cos(kx) 

S2(X,Z, t) = c(t)sin(n7tz)cos(kx) 
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Considering the fundamental (most unstable) mode of instability, and the 

following change of variables 

9 
t = 7t2 +k2' 

a(t)=A(9), bet) = kB(9) 
7t2 + k 2 

' 
(t) = kC(e) 

c 2 k 2 ' 7t + 

equations (4-1a-c) are reduced to a system of three ordinary differential 

equations with periodic coefficients (ODEPC) for the perturbation amplitudes 

dB 
-=RA-B-y C de 1 12 

(4-3a-c) 

For impervious boundaries the perturbation equations are not 

separable. In order to reduce (4-1a-c) to a system of ODEPC we expand the 

disturbances in terms of a complete set of trial functions: 
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N 

'P(X,z,t) = Ian (t)'i'n(z)eib 

n=l 

N 

Sl (x,Z, t) = Ibn (t)Sn (z)eib 

n=l 

(4-4a-c) 

The presence of the bi-Laplacian of the stream function in (4-1a), suggests the 

choice of trial functions that satisfy a fourth order eigenvalue problem 

(Chandrasekhar; 1961). Hence, leading to an orthonormal set of trial functions 

in the vertical direction 

Since the highest order spatial derivatives for perturbations of the 

stratifying agencies are second order, the trigonometric trial functions 

A {COS( D7tz) n odd 
Sn(z) = 

sin( D7tz) n even 
(4-6) 
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will form a complete set since they satisfy homogeneous boundary conditions 

as well. We substitute into (4-1a-c) the truncated series expansions (4-4a-c) 

together with (4-5) and (4-6) and use a Galerkin method, in which we require 

the residuals to be orthogonal to the trial functions. Finally, the amplitude 

equations are obtained as an implicit system of ODEPC. 

o 

0 -Fji 0 d bi = 
RIHji -Gji -Y12G~ bi 

dt 
0 0 -F:. JI 

cj R2H~ -Y21G;i -'t2G~ cj 

(4-7) 

Note that the matrix in the right hand side of (4-7) is a 21t/n-periodic matrix 

function of time. Also, some arrays in (4-7) are primed to distinguish the 

relative location of their elements in the global coefficient matrix. Similar to 

Paliwal and Chen (1980), we computed the following inner products 

analytically 

The first step in determining boundaries of convective stability is 
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finding asymptotically stable neutral solutions of (4-7). In the most general 

case of a gravity modulated doubly cross-diffusive fluid layer. the critical 

Rayleigh number depends on nine independent parameters. For the sake of 

brevity. we will lump these parameters into a vector P 

R1,crit = F{P) 

It is intuitively clear that to expect a neutral solution from a random choice of 

P will be a rare occurrence. For arbitrary values of p. solutions of (4-7) will 

be either damped or amplified in time. The task of finding neutral solutions 

can be considerably simplified by fixing seven parameters in P. thus reducing 

the search from a nine-dimensional space to a plane. Specifically. we confine 

ourselves to the RI-k plane from which stability boundaries in the RI-R 2 and 

R I-Sr planes can be generated. 

4.2 Numerical Method 

Unlike unmodulated linear stability analyses. here we ended up with a 

nonautonomous system of ODE's for the amplitude equations. In unmodulated 

linear stability analyses. establishing the stability of solutions is 

mathematically equivalent to determining their growth rate by solving a 

matrix eigenvalue problem (MEVP). When modulation is present. the stability 

analysis requires direct numerical integration of the amplitude equations in 

addition to the solution of a MEVP. We are ultimately interested in finding the 
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characteristic exponents of the system of ODEPC's which characterize 

asymptotic stability. This is achieved by following a procedure based on 

Floquet theory and its description is the purpose of the following subsections. 

4,2,1 FIQguet Them), 

Two essential theorems in the theory of ODEPC, also applicable to our 

stability analysis, can be concisely described after introducing some 

definitions regarding solutions of the system 

d<l> = E(t)<I> 
dt (4-2.1.1) 

where <I> is an N order column vector and E is an NX N continuous periodic 

matrix function that satisfies 

E(t) =E(t+'T) 

where 'T is the period of the modulation. 

A fundamental matrix H(t) of (4-2.1.1) is an NXN matrix where each of 

its columns is a linearly independent solution vector. Since there are 

infinitely many fundamental matrices associated with a system of ODE's, it is 

convenient to choose a particular set of initial conditions to single out a 

fundamental matrix. A matrizant G (t) is a fundamental matrix that satisfies 

the initial conditions 

G(O)=I (4-2.1.2) 
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where I is the identity matrix. The monodromy matrix is the matrizant· 

evaluated at the end of a period, i.e., G (11). 

It can be shown that for each solution of (4-2.1.1) there exists a number 

X called the Floquet multiplier with the property 

4>(t) = X4>(t + '1') 

The solution 4> will be periodic if and only if the absolute value of the 

magnitude of X is equal to unity. When X = I, solutions have the same period as 

the modulation perlod and are referred to as synchronous solutions (or '1'

periodic). When X = -I, solutions have a period twice the size as the modulation 

period or half the frequency (1) of the modulation frequency n ('1' = 21t1 (1) • 

These solutions are called subharmonic or 'T-antiperiodic. When X = eill , 

solutions are quasi-periodic with periods 21t'T/8 and '1' (Joseph; 1976). If X is 

less or greater than unity, solutions will die out or be amplified in time, 

respectively. 

Since we are mainly concerned with the asymptotic behavior as time 

approaches infinity, we need only determine the Floquet multipliers X. The 

behavior of solutions for large times can be inferred from the Floquet

Lyapunov theorem (Yakubovich and Starzhinskii; 1975) which states that a 

matrizant for (4-2.1.1) has the form 

G=F(t)eKt 

where F(t) is a nonsingular NXN function matrix of period '1' and K is an NXN 
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constant matrix. Clearly, the matrix K or its eigenvalues contain the 

necessary information to discern whether solutions will grow, decay or 

remain neutral at very large times. The eigenvalues of K are called the 

characteristic exponents an of the system (4-2.1.1) and are related to the 

Floquet multipliers through the following relation 

Because of the multivaluedness of the logarithmic function, the 

imaginary part of the characteristic exponent (or dimensionless frequency of 

the disturbance) is determined up to an additive multiple of 21t/rr. For instance, 

the value of a for a periodic synchronous <X = 1) response is 0 + i m(21t/'l), 

where m is a positive integer. Solutions of (4-2.1.1) will be stable if the real 

parts of all an are negative. The stability of a parametrically exited fluid layer 

is recognized by the characteristic exponents with maximum real part (aR,max)' 

A critical Rayleigh number Rt,crit makes aR,max = 0 for one (or several) kcrit and 

aR,max < 0 for all other values of k. For such (Rt,crill kcrit) pairs, Rt,crit occurs at 

the extremum of a neutral curve (on which a R,max = 0 everywhere). The 

imaginary part of a on a neutral curve will determine the kind of neutral 

response. 

4.2.2 Neutral Curves and Stability Boundaries 

The construction of stability boundaries demands knowledge of the 

topology of neutral curves, which in tum requires accurate location of 

marginally stable points. Our method of locating these points is based on 

wavenumber traverses over a chosen range of Rayleigh numbers. An 
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educated guess for the wavenumber and Rayleigh number (R t ) ranges is 

supplied by results from the unmodulated layer case, for which analytic 

solution are available for free boundaries (see Appendix). 

After a reasonably ample range has been set, we start the procedure by 

fixing the wavenumber and varying Rl successively. For an Mth order 

truncation of the perturbation variables, at each k-Rl point on each traverse, 

the matrizant is obtained by integrating a system of 3M amplitude equations 

with initial conditions (4-2.1.2) 3M times. The monodromy matrix is obtained 

after the amplitude equations have been integrated in time up to one full 

period of the modulation. Computation of the eigenvalues of the monodromy 

matrix renders a set of Floquet multipliers from which we calculate the 

characteristic exponents. We obtain marginally stable points on the neutral 

curves by adjusting Rl to drive the real part of the most unstable 

characteristic exponent to zero. 

The extremal Rayleigh numbers are found by quadratic interpolatio.n. 

From this extremal, we perform a horizontal traverse to search for a different 

neutral curve. If no other branch is found, the extremal Rayleigh number is 

critical, otherwise, it is needed to compute another extremum until a critical 

value is found. To determine the type of asymptotically stable solution, 

namely, synchronous, subharmonic or quasi-periodic, we calculate the 

imaginary part of the characteristic exponent on the neutral curve. 

In general, the amplitude equations will become stiff for certain 

regions in the parameter space. For this reason, the double precision Gear 

algorithm integrator DIVPAG, from the IMSL version 10 library, was utilized 

for all numerical solutions. The eigenvalues of the monodromy matrix were 
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computed with the code DEVLRG. also from IMSL. 

Convergence was verified by decreasing the time step size in the 

numerical integration and by increasing the number of terms in the Galerkin 

expansion of the perturbation variables. Our codes were validated with the 

results of Gershuni et al. (1970) and Gresho and Sani (1970) for the modulated 

singly diffusive layer (impervious boundaries case) and with the unmodulated 

singly and doubly diffusive layer (stress-free and rigid boundaries cases). Our 

results are more accurate than those reported by previous authors. because 

unlike a single term expansion. we used four terms of the Galerkin truncation 

(double precision computations with a series expansion consisting of four 

even terms were indistinguishable from those with three even terms). When 

in a single-component layer with rigid boundaries the modulation is turned 

off. computations using our Galerkin expansion yield a critical Rayleigh 

number of 1707.998 and a critical wavenumber of 3.116. which deviate 0.01% 

and 0.03% from the exact values, respectively (under the same conditions, 

Gresho and Sani had a 6.4% deviation, and Gershuni et al. had a 0.6% 

deviation). Nonetheless, the results of these authors retain all the features of 

the neutral curves and are fairly accurate as compared to our computations. 

Furthermore. the results of Gresho and Sani were recently confirmed by 

Biringen and Peltier (1990) who used a pseudospectral method to simulate the 

three-dimensional time-dependent Navier-Stokes for the Benard problem with 

gravity modulation. 

It is worthwhile to remark that the even and odd trial functions are not 

coupled because of the even symmetry of the boundary conditions with 

respect to our coordinate system and a~so the linearity of the amplitude 
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equations. The separation of even and odd functions also takes place in the 

unmodulated case as pointed out by Chandrasekhar (1961) for the unmodulated 

singly diffusive case. Gresho and Sani (1970) realized that also in the 

modulated case, odd solutions are not associated with the lowest Rayleigh 

number and thus can be discarded. 

Use of Chandrasekhar's trial functions assures a faster rate of 

convergence than the ad hoc trial functions proposed by Gresho and Sani 

(1970). Double precision computations with four even term expansions 

required on the order of one and a half hours of CPU time on the local CONVEX, 

while for three even term expansions about one CPU hour was needed for a 

typical neutral curve. 

4.3 Results and Discussion 

The results discussed in this section show fundamentally different 

features in the topology of neutral curves and stability boundaries not found 

in modulated singly diffusive systems. Among these new findings, which 

occur in both stress-free and rigid boundaries, we have: 1) the existence of 

neutrally stable quasi-periodic solutions; 2) neutral curves exhibiting multiple 

bifurcation points connecting three different classes of neutral solutions; 3) 

the existence of two onset incommensurate frequencies at two 

incommensurate wavenumbers for the same Rayleigh number; 4) the 

existence of connected and disconnected subharmonic neutral curves; and 5) 

strong sensitivity of the critical Rayleigh number to small variations in the 

cross-diffusion coefficients. As it will be shown later, these striking features 

have also an impact in the stability boundaries. 
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In an unmodulated doubly diffusive fluid layer, elements of the 

coefficient matrix in the linearized perturbation equations are constant. 

Since any constant function is also a periodic function of arbitrary period. 

Floquet theory is therefore applicable to the unmodulated stability problem. 

The characteristic exponents a become the growth rates a ( as defined in 

chapter 3) and validation of our code with the unmodulated fluid layers was 

possible. 

Results in this section are classified into the following groups: 1) singly 

diffusive stratification; 2) imposed doubly diffusive stratification in which 

both gradients of the stratifying agencies are independent of each other; 3) 

imposed doubly cross-diffusive stratification; and 4) induced doubly diffusive 

stratification in nonisothermal layers (Soret separation). 

4,3,) Singly Piffusiye Stratification 

The modulated single component layer with impervious boundaries was 

studied herein for code validation purposes. Although this case was previously 

analyzed by several authors, Gershuni et al. (1970) reported incomplete 

neutral curves by overlooking the synchronous branches. This oversight led 

these authors to incorrectly conclude that certain combinations of the 

amplitude to frequency ratio are conducive of full stabilization of the fluid 

layer. 

Figures 4.1 (a-d) show the evolution of neutral curves as ihe frequency 

of the gravity modulation is being decreased. It is shown that the existence of 

subharmonic neutral curves precludes full stabilization because while the 

synchronous extremum increases (stabilizing the layer) the subharmonic 
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extremum decreases, becoming eventually the critical Rayleigh number. 

Furthermore, if no subharmonic branches were present there will be an 

unusual finite range of wavenumber disturbances for which a layer could 

become unstable. 

Figure 4.2 shows the synchronous and subharmonic critical Rayleigh 

numbers as a function of the dimensionless frequency. For increasing values 

of frequency, the subharmonic branch intersects the synchronous branch, at 

which point the instability mode changes. It is noted that because we used a 

different nondimensionalization than Gresho and Sani, their figure 4. does not 

match our figure 4.2. In their paper, these authors fixed "aFr" which in our 

nomenclature corresponds to h/n 2. When they increased n, they 

automatically increased the amplitude h in order to keep the ratio aFr constant. 

We fixed h and increased n, so in terms of Gresho and Sani's language, we 

decreased their aFro A comparison can be made point by point between both 

figures. For example, we used h = 5, while they set aFr = 10,5, for these values n 

is about 700. For these parameters we obtained a critical Rayleigh number 

(that belongs to a synchronous neutral curve) of 1955.4 and a critical 

wavenumber of 2.93, which are in excellent agreement with Gresho and Sani's 

results (their figure 4. should read ReX 1 0,3 instead of ReX 10.5). Our computations 

show that all of the qualitative features of these results also apply to stress

free boundaries. 

4.3.2 Imposed poubly PiffUsiye Stratification 

Figure 4.3 shows a neutral curve for an unmodulated doubly diffusive 

layer with stress-free boundaries. The growth rates, computed according to 
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Floquet theory, agreed with those obtained analytically for a constant gravity 

field. This case is representative of the most complex topology of a neutral 

curve in unmodulated doubly diffusive systems, namely, an oscillatory branch 

connected by two bifurcation points to a steady neutral curve. 

In figure 4.4(a-b), for the same thermophysical parameters, gravity 

modulation is introduced and a banana-shaped subharmonic branch 

bifurcates from a quasi-periodic branch. Note that even though the upper 

branches in figures 4.3 and 4.4 may look· the same, they represent different 

classes of solutions. The upper (dotted) branch in figure 4.4a represents 

periodic disturbances exhibiting a synchronous temporal response, whereas 

the upper branch in figure 4.3 represents steady disturbances. Increasing the 

amplitude of the modulation the subharmonic branch grows in all directions, 

lowering the critical Rayleigh number and therefore making the layer more 

unstable as shown in figure 4.4b, where the onset of convection is via 

subharmonic disturbances. 

The effect of frequency modulation is shown in figures 4.5a and 4.5b. 

The frequency of the modulation was chosen to be numerically equal to the 

onset frequency in the absence of modulation in figure 4.5a and to twice that 

value in figure 4.Sb. This resulted in a neutral curve with six bifurcation 

points (figure 4.5a) and the layer becoming unstable with respect to 

synchronous onset unlike the slightly more unstable subharmonic onset 

depicted in figure 4.Sb. 

A set of parameters relevant to materials processing is one 

representative of liquid metals. In this range, the Prandtl number is of the 

order of 10.2 and Schmidt numbers vary between 101-10 3• In the results that 
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follow we used typical liquid metal physical properties of binary tin based 

alloys with a diffusivity ratio of 3x 10-4 and a Schmidt number of 34 (Henry; 

1990). An interesting feature in this range is the existence of neutral curves 

with double minima (one quasi-periodic and the other subharmonic). Table 

4.1 shows the wavenumber and frequency values at which these minima 

occur. In figure 4.6 the critical Rayleigh number belongs to a quasi-periodic 

neutral curve which bifurcates into a subharmonic curve at k = 5.1544. For a 

slightly different value of R2 • figure 4.7 shows an even more interesting 

situation. namely. the occurrence of two incommensurate wavenumbers at two 

incommensurate onset frequencies at the same critical Rayleigh number. For 

this special combination of parameters. a temporally and spatially quasi

periodic bifurcation from the basic state is possible. In figure 4.7. the quasi

periodic/subharmonic bifurcation point occurs at k = 4.9223. 

With rigid boundaries. figures 4.8 and 4.9 display the same topology of 

figures 4.6 and 4.7. namely. a bifurcating subharmonic branch. It is evident 

that the value of R2 for which two different wavenumbers at two different 

frequencies at the same critical Rayleigh number occur lies in between the R2 

values from figures 4.8 and 4.9. Therefore. the temporally and spatially quasi

periodic onset behavior is also found in the case of rigid boundaries. unlike 

the unmodulated triply diffusive layer. where this behavior is only 

permissible in the presence of free boundaries (Lopez et a1.; 1990) under very 

restrictive conditions. 

Another consequence of the existence of the subharmonic branch in 

figures 4.6-4.9. is a discontinuous change in the length scale of the convection 

cells (A.I = 21td/kcrit) for continuous variations of R2• For a 3% variation of R2• 
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the critical wavenumbers in figures 4.8 and 4.9 are 3.37 and 5.83, respectively, 

implying a reduction of almost half in the length of the convection cells . 

In all neutral curves where a subharmonic curve branches out from a 

quasi-periodic curve, the values of the imaginary parts of the critical 

characteristic exponent al coincide at the bifurcation point. For example, in 

figure 4.6, on the quasi -periodic branch a I = 1.734 at k = I, increasing 

monotonically to end finally at the bifurcation point k = 5.151 with a value of 

a I = 5 which is exactly half the frequency of the modulation. At this 

bifurcation point the subharmonic curve commences (see figure 4.10) and the 

value of al remains constant along this branch. Numerical computations in 

the liquid metal range show the location of the quasi-periodic/subharmonic 

bifurcation point(s) being displaced to the left in the R1-k plane as R2 becomes 

more negative. The shifting of the bifurcation point(s) to the left is 

accompanied by a lowering of the subharmonic extremum and a narrowing of 

the subharmonic neutral curve with no appreciable change in the extremu~ 

of the quasi-periodic neutral curve. This situation makes it possible for the 

subharmonic extremum to meet the quasi-periodic extremum at the same 

critical Rayleigh number and therefore allowing the temporally and spatially 

quasi-periodic onset to take place. 

Most of the thermophysical properties used to depict the effects of 

gravity modulation on neutral curves were also tested on constant gravity 

configurations, for which we derived analytical solutions (see Appendix). In 

the liquid metal range (pc « I, 122 « 1, 112 « I), the imaginary parts of the 

temporal eigenvalues of the unmodulated problem are almost identical to the 

imaginary parts of the characteristic exp,onents of the modulated problem 
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with the same thermophysical properties. This numerical equivalence 

provides us with an indirect analytical result for the modulated stress-free 

boundaries fluid layer. This result can be derived by incorporating in the 

dispersion relation (for unmodulated doubly diffusive convection) the claim 

that subharmonic disturbances originate when the value of (XI along the quasi-

periodic branch reaches n /2. Therefore, a necessary condition for the 

existence of a subharmonic branch which bifurcates from a quasi-periodic 

neutral curve is 

(4-2.2.1) 

At leading order, the approximate location of the quasi-periodic/subharmonic 

bifurcation point is given by 

where the perturbation parameter is 

a = 121(Pr+ 't2) 
1+121 

(4-2.2.2) 

Similar relations to (4-2.2.1) and (4-2.2.2) can be derived for other parameter 

combinations as long as the imaginary parts of the most unstable temporal 

eigenvalues of the unmodulated problem do not differ substantially from the 

imaginary parts of the most unstable characteristic exponents of the 

modulated problem. The validity of (4-2.2.1) can be easily verified with the 
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parameters for figures 4.6 and 4.7. Calculations of the quasi

periodic/subharmonic bifurcation point using (4-2.2.2) for the values in 

figures 4.6 and 4.7 gives wavenumber locations at 5.5536 and 5.2727, 

respectively. These results are off by 7.2% and 6.6% from the actual values, 

respectively. These equations provide information regarding existence of 

subharmonic branches, but nothing can be inferred about extremum locations 

in these curves. 

For the dimensionless parameters used in figures 4.8 and 4.9, we 

estimated typical temperature differences (A T) between the upper and lower 

layers based on liquid metal data given by Webber and Stephens (1968) for a 

mean gravity of 1 milli-g and an amplitude of 0.1 milli-g. In these cases, 

critical thermal Rayleigh numbers are on the order of 2000. For layers of 2 cm 

and 3 cm deep, AT = 1250 °c, 370°C, respectively. With corresponding 

dimensional frequencies are on the order of 10,1 Hz, which have been 

observed in microgravity environments (Nelson; 1991). 

43,3 Imposed Doubly Cross-Diffusive Stratification 

Figure 4.11 shows the effect of the cross-diffusion coefficient "(21 in a 

stability boundary (Rl)l/S as a function of (_R2 )1/S for typical parameters in the 

liquid metal range (fifth roots of the Rayleigh numbers are used for graphical 

convenience). In this case, the Soret coefficient has appreciable influence 

only on the synchronous onset, while the subharmonic and quasi-periodic 

boundaries are hardly affected. The boundary of convective stability 

resembles that of an unmodulated doubly diffusive layer (Turner; 1974), 

however, values of -R2 beyond the quasi-periodic/subharmonic bifurcation 
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make the layer very unstable (feature not possible in the unmodulated layer). 

In the absence of modulation, the shaded area in figure 4.11 becomes a stable 

region (the chain-dotted line is part of the unmodulated stability boundary 

which corresponds to oscillatory onset). The appearance of this shaded region 

indicates that for certain parameter combinations, the effect of modulation is 

destabilizing and could be dangerous if convection need be avoided. Notice 

from figure 4.11 that a positive (negative) Soret number causes the layer to 

become more stable (unstable) for finger-like configurations (third quadrant) 

but more unstable (stable) for very weak diffusive-like configurations (first 

quadrant). When the Soret number is positive, the location of the 

synchronous/quasi-periodic bifurcation point lies in the diffusive-like region 

whereas a negative Soret number causes this point to lie in the second 

quadrant of the stability boundary. 

In some parameter ranges, disconnected subharmonic neutral curves 

can be found. Figures 4.12(a-d) show the effect of including various cross

diffusion coefficients on neutral stability curves for the following parameters: 

Pr = 7, '&2 :;: 0.8, R2 = -2000, 0 = 20, f = I, h = 1. Figures 4.12(b,c) show a 

disconnected subharmonic neutral curve whose extremum determines the 

critical Rayleigh number. Figures 4. 12(c-d) show the effect of changing the 

sign in the Dufour coefficient (112) while maintaining all other parameters 

fixed. A positive Dufour coefficient makes the subharmonic disconnected 

curve disappear, causing the layer to become more stable. 

Figure 4.13 shows the rigid boundaries analog of figure 4.12(b) with the 

same properties except for R2 = -3200. The critical Rl occurs at a higher value 

than that of figure 4.12(b) since rigid boundaries stabilize the layer. 
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4,3.4 Induced poubly Diffusiye Stratificatjon 

Figure 4.14 shows a typical neutral curve when in a modulated stress

free layer a solute gradient is induced by Sore~ separation. In figure 4.14 the 

negative Soret number induces a diffusive-like stratification which cause the 

appearance of a finite range of linearly stable Rayleigh numbers. The range 

is bounded above by a quasi-periodic branch and below by a synchronous 

branch. The seemingly straight lower boundary of the stability range has a 

maximum near k = 1t/(2)1'\ however, its radius of curvature is much greater 

than that of the upper quasi-periodic boundary. 

For values of the Soret number greater than a certain critical 

(negative) value, the lower synchronous curve disappears yielding the usual 

semi-infinite range for RI' A similar topology is recovered for impervious 

boundaries as shown in figure 4.15. Figure 4.16 shows the stability boundary 

(R 1) 1/3 as a function of Sr. This curve is reminiscent of that reported by Hurle 

and Iakeman (1971) and Platten and Legros (1984) for an unmodulated layer. A 

distinguishing feature is the convex quasi-periodic branch in the second 

quadrant of the stability boundary in contradistinction to the concave 

oscillatory branch found in the unmodulated case. For this particular 

parameter vector no subharmonic branches were found. An extended" search 

of neutral curves for higher wavenumber values, showed the existence of 

subharmonic branches whose extrema did not contribute to the stability 

criteria. 
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Table 4.1 Gravity modulated doubly diffusive stress-free fluid layer for 

which double minima exist. Pr = 10.2
, 't 2 = 3XI0·4

, f = 1, h = 0.1, n = to. (QP) 

Quasi-periodic, (SH) subharmonic. 

Rz -3000 -4000 -5000 -6000 

Rl,QP 708.2 718.2 728.4 738.3 

RSII 2313.5 92.4 -198.0 -337.4 

kl,QP 2.22 2.22 2.22 2.22 

kSIl 6.62 4.05 3.13 2.65 

CllQP 3.15, 3.64, 4.06, 4.46, 

10.00 10.00 10.00 10.00 

o>sn 5.00 5.00 5.00 5.00 
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CHAPTER 5 

SUMMARY AND CONCLUSIONS 

Small variations in the elements of the diffusivity matrix led to 

substantial discrepancies in the stability criteria for triply cross-diffusive 

fluid layers. The differences among the various critical Rayleigh numbers 

were not only percentage wise but also in the class of disturbances that first 

became unstable (we note that our results were based on expressions obtained 

from closed form solutions). In some cases. computations of the stability 

criteria with binary diffusion coefficients predict the existence of an 

oscillatory disconnected neutral curve. which is not existent when the cross

diffusion coefficients are incorporated into the stability analysis. A case in 

point is the system water! potassium chloride! potassium phosphate! 

phosphoric acid solution. for which there exists a single critical Rayleigh 

number R1. CD above which the layer becomes unstable with respect to steady 

onset. Excluding cross-phenomena. computations reveal the existence of 

three critical Rayleigh numbers. two of which correspond to oscillatory onset 

(R u• R12) and one to steady onset (R13; R1. cD<Ru<RI2<RI3)' Our results showed that 

even negligibly small coupling among the stratifying agencies may have 

considerable effect as far as the theoretical prediction of the stability criteria 

is concerned. 

We also explored the feature of temporally and spatially quasi-periodic 

onset and assessed its experimental realizability. This feature can be traced to 

the existence of heart shaped oscillatory disconnected neutral curves with 

twin maxima (twin minima do not exist). Using the diffusivity matrix (3-7) we 
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computed the (R2 , R3) upper and lower bounds for which a heart shaped 

neutral curve exists. These bounds are 1.4% apart from each other and the Rl 

stability gap they create is extremely narrow; barely a 0.23% variation 

between bounds. Because twin maxima do not exist in the presence of realistic 

boundaries, the experimentalist would have to deal with the difficulty of 

taking measurements on a stress-free boundaries fluid layer in which three 

independently imposed solute gradients are not to exceed 0.7% fluctuations (in 

order to stay midway within the quasi-periodic window). The above constrains 

alone clearly indicate the unlikelihood of experimentally observing quasi

periodic onset in these kinds of systems. Therefore, rather than a robust 

behavior in triply diffusive systems, the possibility of a quasi-periodic 

bifurcation is an isolated mathematical oddity restricted only to ideal boundary 

conditions and a very narrow region in the parameter space. 

In sum, for the triply cross-diffusive fluid layer we emphasize that: 1) 

Oscillatory onset is extremely sensitive to variations in the off-diagonal 

elements of the diffusivity matrix. 2) The spatio-temporal quasi-periodic 

bifurcation is not likely to be realized experimentally. 

We initiated the study of the effects of gravity modulation by 

considering singly stratified fluid layers with stress-free and rigid 

boundaries. In the case of free boundaries we numerically solved a finite 

system of ODE's, whereas for rigid boundaries we numerically solved a 

truncated system of ODE's with periodic coefficients. For these systems, we 

validated our code with previous results and found that Gershuni et a1. (1970) 

reported incomplete neutral curves. This might be attributed to the numerical 

procedure employed by these authors, in which marginally stable points were 
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determined by using a Newton-Raphson iteration. This procedure has very 

small radius of convergence; requiring a very good initial guess. We used the 

more reliable although more CPU-time consuming method of vertical and 

horizontal traverses. 

The amplitude equations for doubly diffusive layers under gravity 

modulation do not possess a simple mechanical equivalent like the damped 

pendulum whose pivot point undergoes vertical oscillations, applicable only to 

singly diffusive systems. In addition to synchronous and subharmonic 

responses, disturbances for these systems also exhibit quasi-periodic 

responses. We found that these three kinds of asymptotically stable neutral 

solutions combine together to form a rich variety in the topology of neutral 

curves (singlevalued and mullivalued). 

Among the various striking features found in fluid layers bounded by 

either free-free or rigid-rigid boundaries we have: 1) The existence of quasi

periodic neutral curves. 2) The existence of connected and disconnected 

subharmonic neutral curves. 3) The existence of two incommensurate onset 

frequencies at two incommensurate critical wavenumbers for the same 

critical Rayleigh number, thus leading to a temporally and spatially quasi

periodic bifurcation from the basic state (a spatio-temporal quasi-periodic 

bifurcation may be more easily attainable experimentally in gravity 

modulated doubly diffusive layers than in unmodulated stress-free triply 

diffusive layers). 4) Abrupt change in the length scale of the convection 

cells. 5) Strong sensitivity of the critical Rayleigh number to variations in 

cross-diffusion coefficients. 6) For increasingly stable solute stratification in 

diffusive-like configurations, there is a critical solutal Rayleigh number 
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beyond which the layer becomes increasingly unstable via subharmonic 

disturbances. 

Future work should be aimed to search for new topologies in the vast 

parameter space for gravity modulated doubly cross-diffusive systems which is 

spanned by nine dimensionless parameters. This search can be made 

considerably simpler by first studying the stress-free boundaries 

configuration. Because, as we have shown, all the topological features of the 

boundaries of convective stability carryover to the rigid boundaries 

configuration. Extension of the present work to cylindrical cavities with 

several thermal boundary conditions (adiabatic, fixed temperature, and 

internal heat generation) would be of current interest, since this geometry is 

widely used in microgravity experiments. In connection with materials 

processing, a challenging problem is the study of thermosolutal convection 

during directional solidification in which (in addition to g-jitter) cross

diffusion and morphological instabilities are taken into account. The 

nonlinear development of convection in these systems remains an open 

question. Thus, the onset of convection via finite amplitude disturbances will 

have to be analyzed. 
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APPENDIX 

The equations that follow are valid for stress-free doubly diffusive 

systems under a constant gravity field. First. we consider a doubly cross

diffusive layer in which the gradients of two stratifying agencies are 

independently imposed. Second. we consider Soret driven solute stratification 

by a temperature gradient. 

a) Imposed gradients 

There is only one critical wavenumber for steady and oscillatory onset 

7t 
k =-,;: 

c '\'2 

The Rayleigh number above which the layer is unstable with respect to 

s~edy onset is given by 

and with respect to oscillatory onset is 

R = 1 [(1+'Y )(1+pr+'Y + 'Y22-'Y21'Y12)..:..(7t_
2

_+-=-k_2),-3 
1,0 1+ Pr+ 'Y 22 22 Pr k2 

21 



107 

The dispersion relation is 

(7t2 + k2t {Pr[121(l- 112) - 't2( 't2 - 121)] - ('t2 - 121)('t2 - 112121)} = 

b) Soret Convection 

The only critical wavenumber is the same as in part a). We assume that 

R 1 is imposed (temperature gradient) and R2 (solute gradient) is induced 

according to 

Note that our definitions for the Rayleigh numbers are related to more 

conventional definitions through 

For steady onset we have 



and for oscillatory onset 

The dispersion relation is 

Sr['t2(1+Sr)-1](1+'t2)(1+ Pr)('t2 + Pr) 't
2
[PrSr+ 't2(1+Sr)(1+ Pr)] = 

l+Pr(l+Sr) 

(1 + Pr- 't2Sr )002 

(1t2 +k2t 
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