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NOMENCLATURE 

In this text the following general rules apply: 
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(b) Column and algebraic vectors are in boldface lower-case characters. 

(c) Scalars are in lightface characters. 

(d) The summation convention is applied when tensors are written in component fonn. 

(e) Left superscripts denote the configuration in which an event occurs. 

(f) Left subscripts denote the configuration to which an event is referred to. 

(g) The meaning of a symbol is described when it first appears. If a symbol has dif
ferent meanings in different sections, such is clearly stated. 
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-1 
, 

o 

t 

t+~t 
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First derivative with respect to time 

Second derivative with respect to time 

3x3 skew symmetric matrix from the components of a vector 

SUPERSCRIPTS 

Transpose of matrix or vector 

... Jnverse of a square matrix 

Components of a tensor expressed in a body fixed coordinate frame. 

Event occurs in the initial configuration. 

Event occurs in the previously known equilibrium configuration. 

Event occurs in the current configuration. 
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o Event related to the initial configuration. 

0' Event related to the initial ghost configuration. 
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b Position vector of a point in a defonned configuration with respect to the body 
fixed coordinate system 
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d Vector of nodal positions with respect to the inertial coordinate frame 
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E Modulus of elasticity 

g Vector of external applied forces to a rigid or flexible body 
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q Vector of Cartesian coordinates of a multibody system 

r Position of the body fixed coordinate system in the inertial frame 
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u Vector of nodal displacements of a finite element with respect to the body fixed 
coordinate frame 

v Displacement of a point of a flexible body with respect to the body flXed coordinate 
frame 

w Modal coordinates of a flexible body 
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a Vector of nodal angular velocities with respect to the inertial reference frame 

a Vector of nodal translations with respect to the inertial reference frame 

£ Green-Lagrange strain tensor 

;11~ Body fixed coordinate frame 

e Vector of nodal rotations with respect to the body fixed reference frame 

A Vector of Lagrange multipliers 
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an Virtual rotation 

p Mass density 

't Cauchy stress tensor 

X Mode of vibration of a flexible body 
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CI) Angular velocity of the body fixed reference frame with respect to the inertial ref
erence frame 

Diagonal matrix of the squares of the natural frequencies of a flexible body 
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ABSTRACT 

The problem of fonnulating and numerically solving the equations of motion of 

flexible multibody systems for application to structural impact is considered in this dis

senation. As an alternative to experimental tests and to numerical procedures such as 

hybrid models and finite element methods, multibody dynamics contains the ingredients 

for efficient crash analysis of these problems provided that a proper description of the 

deformations of the system components is included. 

Based on the principles of continuum mechanics, updated md total Lagrangian for

mulations are used to derive the equations of motion for a flexible body. The finite element 

method is applied to these equations in order to obtain a numerical solution of the problem. 

It is shown that the use of convected coordinate systems not only simplifies the fonn of the 

flexible body equations of motion, but it also lowers the requirements for objectivity of the 

material law. 

A simpler form of the finite element equations of motion is obtained when a lumped 

mass fonnulation is used, and the nodal accelerations are expressed in a nonmoving refer

ence frame. In this form, not only the geometric and material nonlinear behavior of the 

flexible body is accounted for, but also the inertial coupling between the gross motion and 

the distributed flexibility is preserved. A reduction on the number of coordinates describ

ing the flexible body is achieved with the application of the Guyan condensation technique 

or the modal superposition method. For partially flexible bodies with a small deformable 

part, an efficient kinetostatic method is derived assuming that the deformable part is 

massless. 



IS 

The equations of motion of the complete multibody system are formulated in terms 

of joint coordinates. The necessary velocity transformations between the set of indepen

dent velocities and the dependent velocities are derived. Special emphasis is paid to the 

formulation of the constraint equations of kinematic joints involving flexible bodies. 

The dynamics of a truck rollover is studied in order to illustrate the efficiency of the 

developed methodology. Several simulations are performed using a general purpose 

multibody dynamics analysis code. 



1.1 Motivation 

CHAPTER I 

INTRODUCTION 
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The greater number of automobiles, aircraft, trains and ships in motion lead to an 

increasing number of collisions and, consequently, to an increase in the potential for 

human injury. Due to this fact, the subject of crashworthiness and structural impact is 

drawing increasing attention from industry and academic communities. The main goals of 

this discipline are related to the assessment of occupant survivability during the crash or 

rollover of transportation vehicles. Such evaluation is done by quantifying the levels of 

structural deformation, kinetic energy absorption, vehicle trajectories, forces or injury 

indices undergone by those vehicles. 

Though an airplane, a helicopter, or an automobile are completely different in shape 

and size, they share structural similarities derived from their construction. In crash or 

rollover situations the structures of these vehicles are mainly subjected to compressive 

loads that cause them to undergo large elasto-plastic d~fonnations. The similarity in 

structure and loading suggests that the methods developed to study the crash behavior of 

aircraft should be applicable to the analysis of automobiles and vice versa. In this sense the 

word "vehicle" is used to refer indiscriminately to airplanes, helicopters, automobiles, 

trucks, trains or ships. 
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Historically, crashwonhiness and structural impact analysis have relied strongly on 

destructive experimental tests. This fact is evident in standards set by the Federal Aviation 

Administration and the National Highway Safety Administration, which emphasize the 

behavior of the vehicle components during prescribed experimental tests. However, 

experimental results are neither generalizable nor repeatable due to the high nonlinearity of 

the behavior of the vehicle. The development of fast computers provided a numerical 

alternative to these procedures. Two types of numerical models are cunently being used to 

approach the problem: those based on the finite element method (mathematical models) 

and those based on systems of lumped masses and nonlinear springs (hybrid models). 

Numerical models have serious limitations, specially when the objective of the 

analysis is not only the structural integrity of the vehicle but also its ride stability and 

maneuverability. The hybrid models are simple to use, but they rely on experimental data 

for the vehicle components. In this sense they cannot account for structural modifications 

in the vehicle design. The mathematical methods, on the other hand, can accurately model 

the vehicle structural behavior, but if the ride stability and maneuverability are issues in the 

analysis, the mathematical models become computationally expensive. 

In the simulation of severe ride stability problems, such as rollover and crash, the 

analyst may be interested in simulating the trajectories and accelerations of vehicle com

ponents after impact, or in reproducing the conditions that led to it. The methods devel

oped for this purpose are generally based on rigid multibody dynamics, where the 

structural behavior of the system components is represented by parameters such as the 

coefficient of restitution and the amount of defonnation energy. These parameters are 

typically estimated from experimental data or from an educated guess. 
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Once the assumption of rigidity is relaxed, the use of multibody dynamics can deal 

not only with the gross rigid body motion of the components, but also with their structural 

behavior. The existing f011l1ulations for flexible multibody systems can handle elastic 

bodies experiencing some degrees of nonlinear structural behavior. It is the goal of the 

proposed research to derive formulations for flexible multibody systems that are able to 

handle a wide range of nonlinear structural defonnations, including elasto-plastic effects. 

Doing so, the dynamics of multibody systems is applicable to the ride stability and crash

worthiness analysis of vehicles in crash situations. 

1.2 Literature Review 

The beginning of the discipline of crash-impact can be credited to Hugh DeHaven in 

the late part of the 1920's. According to Wilson [1], up until 1970 this discipline relied 

exclusively on experimental tests. The impact tests (full scale rollover of automobiles) 

were initially started in the 1930's but new developments in the automobile collision 

analysis were not reponed until the early 1950's. During the 1950's and 1960's, research 

focused on the development of scenarios to perfonn such tests, instrumentation to measure 

their outcome, and methodology to analyze the data generated by the experiments. Tid

bury [2,3] and Neilson [4] confIrm this historical analysis and add that due to the destruc

tive nature of crash-impact tests, the costs associated with them are very high. 

Furthermore, they pointed out difficulties in generalizing the experimental results to 

different situations. In face of these problems, Neilson concluded that it is necessary to 

develop accurate numerical procedures to overcome the limitations of the experimental 

tests. 
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An important flISt attempt to develop a numerical method to predict the crash per

formance of a vehicle was proposed by Kamal [5,6]. In his model, Kamal uses a system of 

rigid masses and nonlinear springs to represent the inertia and structural characteristics of 

the vehicle. The rigid masses represent parts of the vehicle, such as the engine and the 

passenger compartment, which do not experience appreciable deformations during an 

actual crash. The nonlinear springs represent the deformable part of the structure, and their 

characteristics are obtained by performing quasistatic crush tests on the structural compo

nents. Ni and Song [7] applied the hybrid approach of Kamal jointly with a finite element 

model. The finite element model is used to represent the moderately nonlinear regions of 

the vehicle while the hybrid procedure is used to model the highly nonlinear regions, also 

referred to as crush regions. In the aerospace industry, hybrid methods have been used to 

describe aircraft crashes. Wittlin [8] developed the computer program KRASH for the 

analysis of airplanes and helicopters based on this methodology. Using some of the same 

principles in their formulation, Nikravesh and Chung [9,10] proposed a hybrid model 

based on a multibody formalism. This method describes the vehicle components as a 

system of rigid bodies kinematically constrained by joints. Each rigid body can have up to 

six degrees of freedom which enables a three dimensional description of the crash. The 

deformability of the structure is represented by torsional and translational springs placed at 

the joints between the bodies. The method is applied to the crash simulation of a car in 

frontal and oblique impact and the results compare favorably with the experimental tests. 

Hybrid models provide relatively simple numerical models to describe the vehicle 

crash-impact. Computationally, these methods are relatively inexpensive. However, they 

still require experimental tests to obtain data to construct the model. This implies that they 

cannot be used before a prototype of the vehicle is built and they cannot represent modifi-
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cations of the original structure. Moreover, these models can only be used for the simu

lation of a crash that results in deformations similar to the defonnations of the experimental 

test. 

In late 1960's and early 1970's, advances in the finite element method [12-18] pro

vided a tool for the analysis of nonlinear structural problems. Based on some of these 

advances, Thompson [19] proposed a finite element model for the prediction of the crush 

of a vehicle. Such a model accounts for the existence of large inelastic defonnations, as 

well as for the existence of a geometric stiffening effect due to axial loads, without any 

consideration for the gross motion of the vehicle. In this sense, most of the general purpose 

programs for nonlinear finite elements [20-22] can be used to study the crashworthiness 

and structural impact of vehicles. 

The dynamic analysis of nonlinear problems by finite elements has very high com

putational requirements. In order to improve the efficiency of the numerical procedures for 

this type of problems, Belytschko and Hsieh [23] proposed the use of a convected 

coordinate system for the formulation of the structural stiffness. It is shown that this 

technique greatly simplifies the strain-displacement and nodal force-stress relations and, 

impiicitly, improves the performance of the finite element formulation. Other researchers 

[24-26] who have employed the convected coordinates have shown that the requirements 

for objectivity on the material constitutive laws are reduced. The advantage is that the 

material constants for each material can be used for a much wider range of problems. 

To add special modelling techniques suitable for the study of the post-impact 

response, and to increase the efficiency of the finite element applications, some special 
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purpose programs were developed. An example is DYCAST [27-29] that includes a 

complete library of finite elements for crush analysis. This program offers very sophis

ticated modeling capabilities for the plastic deformations due to the use of advanced con

stitutive relations and failure criteria. It allows the use of nonlinear boundary conditions in 

order to model the contact/rebound of the structure during impact. The main applications 

of this program have been in aircraft crash simulations. Another mathematical simulator 

that gained popularity is the program PAM-CRASH developed by Haug et AI. [30,31]. 

This is a three dimensional explicit finite element code that has some specialized capabil

ities for the analysis of the basic crash event including the detection of contact between 

different structural parts, localized member or spot weld failure and the use of special 

hybrid elements. In the applications presented, special attention was paid to the shock 

wave propagation in crash-impact. Based on the plastic hinge concept, several authors 

[32-34] have shown that the FEM models provide accurate crush predictions for automo

biles [32,33] and marine structures [34] with significant reductions in computer time. 

In a review of the performance of the programs for crash response, Kamat [35] con

cluded that it is necessary to improve the theoretical predictions. He identified the areas 

that need improvement as being: material models; numerical integration techniques; 

modelling; and local effects. He also concluded that there is a need for the creation of a 

large data base to validate new models. Since hybrid models are not so sensitive to these 

problems as FEM models, Kamat pointed out that hybrid models are still well accepted. 

This perception is reinforced by Johnson and Mamalis [36] who reviewed the aspects of 

crashworthiness in the late 1970's and they did not mention any FEM applications in the 

structural impact of railway vehicles, aircraft, ships, elevators or automobiles. 
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Often, the main focus of an analysis is not in the structural behavior of the vehicle but 

in its pre-impact and post-impact motion. This is the case in the study of initial conditions 

that lead to a collision with a known outcome. Mathematical models, and to a certain 

degree hybrid models, constitute a very expensive way to perform this type of analysis. In 

this sense, the study of the dynamics of vehicle impact has relied on the principle of con

servation of energy, conservation of angular and linear momentum, and Newton's second 

law. 

Cheng et ale [37] presented an overview of the techniques available to study the 

vehicle dynamics from the point of view of accident reconstruction. They cited two major 

trends in the approach to this task. In the first, the conservation of energy is used together 

with the conservation of linear and angular momentum to study the dynamics of collisions 

between two automobiles. The most advanced application of this approach is on the pro

gram CRASH3 [38]. This code assumes only planar motion for which the force-deflection 

of the vehicle is linear, and the post-impact trajectory of the vehicle is not controlled by the 

driver. However, these assumptions are not necessarily valid for the analysis of rollovers, 

sideswipes, severe crashes, multiple impacts, or impacts with yielding objects such as trees 

or guardrails. The second approach noted by Cheng et al. uses a momentum impulse for

mulation including friction and restitution to model the collision. The estimation of the 

friction and coefficient of restitution is the result of the analyst's judgement, generally 

based on experience. However the post-impact velocities are very sensitive to these 

parameters due to the high nonlinearity of the problem. Vehicle motion is limited to the 

horizontal plane and its pitch and roll motion, as well as any terrain irregularities, are 

neglected. 
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Procedures based on multibody dynamics provide valuable tools for the simulation of 

the dynamic response of vehicles. The moving components of a vehicle are treated as a 

collection of rigid and flexible bodies that are kinematically constrained by the use of 

joints. Nikravesh [39] presented a general. computer procedure for the analysis of planar 

and spatial systems of rigid bodies. He paid special attention to the mathematical aspects 

of the dynamic modelling and to the numerical methods for integration of the system's 

equations of motion. Furthennore he addressed the problem of the interaction between 

vehicles and other objects. The interaction between tires and the ground is possibly the 

most important aspect of the vehicle response since the simulation outcome depends on its 

modelling. Gim [40] presented a comprehensive study of pneumatic tires with a mathe

matical model where no limitations are imposed on the condition of the road or on the type 

of tire. The problem of interactions between other vehicle components and ground was 

"addressed by Lankarani and Nikravesh [41]. They studied the problem as an intermittent 

motion problem where the system equations of motion are integrated in the canonical fonn 

and a set of momentum balance-impulse equations are derived at impact. Lankarani and 

Nikravesh treated the components of the mechanical system as rigid bodies. 

In applications for crashwonhiness and structural impact, some components of the 

multibody system must be flexible. Several reviews [42-44] pointed out that the most 

popular procedure to represent their flexibility is the finite element method. In fact, Erd

man and Sandor [42] in their review of methodologies used in the elastodynamic analysis 

of mechanical systems until 1970 concluded that closed form analytical solutions were 

only obtained for basic mechanisms (such as four-bar linkages and slider-cranks). 

Thompson and Sung [43] stated that virtually all the simulations of flexible multibody 

systems employ the finite element method to describe the deformations of the system 
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components. They also reported the introduction of geometric nonlinear elastodynamic 

effects and of coupling between the elastodynamic response and rigid body motion in their 

model. Comparing the numerical results with experimental work, Thompson and Sung 

showed that coupling is not important for most commonly used mechanical systems. 

Lowen and Chassapis [44] approached the coupling effect between axial forces and trans

verse deflections. To model the flexible multibody system, they reponed the use of quad

rilateral elements and beam elements. 

Using reference frames fixed to planar flexible bodies, Song and Haug [45] suggested 

a finite element based method that yields coupled gross rigid body motion and small elastic 

deformations. They applied this method to the simulation of a slider-crank. In order to 

take advantage of standard finite element codes, Sunada and Dubowsky [46] presented a 

method for the analysis of flexible mechanisms with complex shaped link~. In their pro

cedure, the body fixed coordinates are established in terms of the 4x4 matrix method. The 

time invariant matrices are generated with the program NASTRAN in a pre-processing 

stage. The modal superposition technique is used to reduce the number of elastic degrees 

of freedom. The method, accounts for the coupling between the elastodynamic response 

and the rigid body motion. 

Shabana and Wehage [47,48] derived the equations of motion for a flexible multi

body system based on an energy principle. Cartesian coordinates were used to describe 

rigid body motion and a set of generalized coordinates were used to describe the small 

elastic deformations. In order to reduce the number of coordinates associated with the 

deformations, substructuring and the modal superposition techniques were used. The 
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equations of motion for the multibody system reflect the coupling between the large rigid 

body motion and the system elastodynamics. This method was successfully applied to the 

analysis of large scale vehicles. 

The modal superposition technique has been a popular method to reduce the number 

of degrees of freedom that are necessary to describe the defonnations of a flexible system. 

Kulief and Shabana [49] used this technique in the analysis of flexible multibody systems 

in impact situations. They assumed that bodies can have small defonnations in the elastic 

domain. The discontinuities in the system velocities are accounted for through the use of 

impulse-moIl'entum balance. Baler and Shabana [50] extended the analysis of flexible 

multibocly systems to cases where a certain degree of nonlinearity (axial effects) was 

presenL. In their method, the geometric nonlinearity of the system is represented by a 

nonlinear stiffness matrix. This stiffness matrix is decomposed into a constant part and a 

variable part. The variable part of the stiffness matrix is multiplied by the vector of the 

nodal displacements and the result is added to the nodal forces. The constant part is used 

in the calculation of the modes of vibration which are constant throughout the analysis. 

The representation of the deformation of a flexible member by modal coordinates is 

computationally efficient if only a small number of modes is required. It is well known 

from the structural theory [51] that the modal superposition technique provides good 

results only if the natural frequencies are well separated from each other. This means that 

the effect of the modes associated with the higher frequencies have a negligible contribu

tion on the elastodynamic behavior. Yoo and Haug [52,53] accounted for the contribution 

of the higher frequencies through the introduction of static correction modes. They 
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showed that if such static modes are used, then the number of modal coordinates necessary 

for the analysis can be reduced without reducing the accuracy. Again, only the linear 

elastic behavior was considered in this methodology. 

A problem inherent in using the modal superposition technique is that in the cas~ of 

non-linear deformations (or non-linear material response), the set of modes of vibration is 

not constant throughout the analysis. Several attempts to study multibody systems with a 

non-linear elastodynamic response have been made. Thompson and Sung [54,55] pres

ented a variational formulation of planar multibody systems with flexible linkages 

described by non-linear finite elements. The sources of nonlinearities are the coupling 

between axial and flexure modes, the structural damping (as a relation between the stresses 

and the strain rate) and the coupling between the gross motion and the elastodynamics of 

the flexible linkages. The results of this model were compared with experimental data 

indicating high correlation. Naganatham and Soni [56] presented a methodology to 

account for the nonlinear coupling effects between the gross motion and linear elastic 

deformations of the system components. They used a reduced order integration scheme to 

generate the conventional element stiffness matrices. They also considered the existence 

of a geometric stiffness due to the gross motion of each element (centrifugal stiffening). 

The influence of the coupling between the axial effects and the transverse defonna

tions in the motion of multibody systems has been the subject of many studies. In partic

ular Kane et ale [57] developed a comprehensive theory to deal with the vibration of a beam 

attached to a moving body. This beam element accommodates extension, bending, torsion, 

shear displacements, and warping. Special attention is paid to the geometric stiffness (re

ferred in Kane's paper as centrifugal stiffening) and to the coupling between the gross 
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motion and the system elastodynamics. Ryan [58] showed that when the angular velocity 

of a spinning beam is of the same order as its natural frequency, the geometric stiffening 

effects cannot be neglected. Ryan emphasized that most of the commercial codes for 

flexible multibody systems disregard this fact. 

Due to the high computational costs that are associated with the problems of flexible 

multibody systems with geometric nonlinearities, only recently they have been addressed 

in literature. Gerardin and Cardona [59] developed a methodology that accounts for the 

nonlinearities resulting from the large rotations of finite elements relative to the body fixed 

coordinates. Their procedure was applied to a rotating beam and to a gear box command. 

Fang et ale [60] used a perturbation technique on the modal description of the flexible 

components. The main objective of their paper was to define the system through the modal 

coordinates associated with the initial eigenproblem so that the modes of vibration and 

natural frequencies of the flexible body are calculated only once. 

1.3 Scopes and Objectives 

The study of crash-impact of vehicles has relied on experimental tests, hybrid meth

ods, mathematical methods and momentum-impulse balance methods. None of these 

methods is able to cover all aspects required for a complete analysis. As discussed earlier, 

in order to use experimental or hybrid methods, it is necessary to construct vehicle proto

types to test The finite element method alone cannot simulate the motion of all vehicle 

components in all phases of impact with a reasonable computational cost. Methods based 

on energy conservation or momentum-impulse balance cannot describe the structural 

deformation of the vehicle during the crash. On the other hand, the dynamic analysis of 
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flexible multibody systems provides a methodology for the analysis of the vehicle behav

ior. However, the models developed so far cannot cope with a wide range of nonlinear 

structural deformations. 

In this dissenation, the study of new models for the analysis of flexible multi body 

systems during crash-impact situations is presented. The complete nonlinear behavior of 

each flexible body is preserved in the derivation of the equations of motion. The finite 

element method is applied in order to obtain the numerical description of the continuum 

mechanics equations. Such effects as inertia variance, elasto-plastic deformations, geo

metric and material nonlinear behavior are included in the numerical description. Special 

attention is paid to the computational efficiency of the flexible multibody model. Different 

simplifying assumptions are introduced into the numerical model for the flexible bodies. 

These assumptions are discussed in the light of the efficiency increase that they introduce 

in the formulation. 

In chapter two, the principle of virtual work is used to derive the continuum 

mechanics equations of motion for a flexible body. An updated Lagrangian and a total 

Lagrangian formulation are reviewed and developed for such purpose. Depending upon 

the finite element used for a certain application and the material constitutive law, one for

mulation may present advantages relative to the other. In both Lagrangian formulations, 

convected coordinate frames are used in order to improve the efficiency of the kinematic 

description of the flexible bodies. The equilibrium equations obtained in this form are 

incremental equations in terms of the displacements. Since the dependence of the equa

tions of motion on displacement increments is not linear, a direct solution of the equations 



29 

is not possible. The continuum mechanics equations are linearized relative to the 

displacement increments. The capabilities for the description of any nonlinear behavior of 

the flexible body are fully maintained. 

To numerically construct the equations of motion of a flexible body, the finite ele

ment method is used in chapter three. It is assumed that isoparametric finite elements are 

used for the discretization of the continuum. For both updated and total Lagrangian 

formulations, the specific matrices and vectors necessary to the numerical description of 

the flexible body equations of motion are derived and presented. Special attention is paid 

to the calculation of the mass matrix and gyroscopic force vector in order to preserve the 

complete nonlinear coupling between the gross rigid body motion and the distributed 

flexibility. To apply the finite element equation of motion to crashworthiness and struc

tural impact problems, the constitutive relations for inelastic materials are reviewed and 

derived. Furthermore, the relative advantages between the updated and the total 

Lagrangian formulations are discussed in this chapter based on the nonlinear behavior of 

the flexible body. 

The study of simplified models for the numerical description of flexible bodies is 

presented in chapter four. Starting with the finite element equations of motion previously 

derived, several simplifying assumptions are applied in order to obtain the equations of 

motion for a rigid body and for a partially flexible body. The numerical description of the 

rigid body is obtained by assuming that there is no relative motion between the particles of 

the flexible body. The model of a partially flexible body is obtained by applying a lumped 

mass formulation for the mass matrix and expressing the nodal accelerations in terms of the 

inertial reference frame, rather than in terms of the body fixed coordinate frame. It is seen 
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in chapter four that this formulation for a flexible body leads to a form of the equations of 

motion where the mass matrix is diagonal and invariant. This form for the mass matrix is 

extremely efficient from the numerical point of view. The model preserves all the capa

bilities for describing large strains, large displacements and material nonlinearity. The 

numerical efficiency of this second model can be further improved by reducing the nodal 

degrees of freedom of the flexible body. A Guyan reduction technique and the modal 

superposition technique are used for this purpose. The range of application of the models 

obtained with these coordinate reduction techniques is discussed in chapter four. 

One of the most distinct differences between the analysis of flexible multibody sys

tems and the traditional nonlinear finite element analysis is the way the relative motion 

between the components of the system is described. In traditional finite element analysis, 

the complete system is treated like a "large" structure where kinematic constraints are 

introduced to restrict the motion of some of the nodes. In a multibody analysis, the system 

is approached as a collection of bodies. Some of these may be rigid and some may be 

flexible. Relative motion between the bodies is described by kinematic constraints such as 

revolute joints or translational joints. In chapter five two forms of equations of motion for 

a constrained multibody system are derived. In the first form of the equations of motion, 

designated as the standard form, a set of Cartesian coordinates is used to describe the 

position of each body of the system. The kinematic constraints are introduced in the 

equations through the use of the Lagrange multiplier technique. The second form of the 

equations of motion of the multibody system uses a set of joint coordinates. It is shown 

how the Cartesian velocities can be obtained from the joint velocities using a velocity 

transformation matrix. For an open loop system, the number of joint coordinates is equal 

to the number of degrees of freedom of the system. If the system has closed loops, then a 
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second step of velocity transfonnation is performed to obtain a minimal set of joint coor

dinates. Special attention is paid in chapter five to the formulation of kinematic constraints 

involving flexible bodies. Alternative forms of involving the description of joints between 

flexible bodies in the equations of motion of the multibody system are discussed. 

In crashwotthiness and crash impact analysis, it often happens that one or more of the 

multibody system components can often be studied as a rigid body with a flexible 

appendage. This is to say that under certain circumstances, the mass of the flexible pan of 

a rigid-flexible body can be neglected when compared with the mass of the rigid pan. The 

model obtained for rigid-flexible bodies using the massless assumption is designated as 

kinetostatic model. In chapter six of this text, the kinetostatic formulation is derived. In 

the first pan, the material of the body is assumed to be linear elastic and the deformations 

small. The representation of the structural impact of the nodal points with obstacles is 

demonstrated using this simplified model. In the second pan, all of the assumptions that 

lead to linearity in the kinetostatic model are relaxed. As a consequence, a fully nonlinear 

kinetostatic model for a rigid-flexible body is obtained. 

The application of the methodology developed in this text to the study of the crash

worthiness of a vehicle is done in chapter seven. The rollover of a truck is analyzed using 

a complete dynamic description of the vehicle and using a kinetostatic method. The results 

obtained are compared and discussed in terms of efficiency and accuracy. In chapter eight 

concluding remarks are made and the areas for future research are identified. 
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KINEMATICS OF A FLEXIBLE BODY 
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For a complete description of the motion of a multibody system, it is fundamental to 

understand the kinematics of defonnation of each one of its components. This chapter is 

dedicated to the derivation of the differential equilibrium equations of a flexible body. 

Based on the work of Bathe et ale [15,16] an updated and a total Lagrangian fonnulation 

are presented in order to include the effects of large displacements, large rotations, large 

strains and material nonlinearities in the dynamics of a flexible body. The methodology 

applied here includes the use of convected coordinate frames attached to the system com

ponents. It is shown that the description of the stresses and strains in the convected coor

dinate system is much simpler and more efficient than if the reference frame is the inertial 

frame. The convected frame, here designated by body fixed coordinate system, is rigidly 

attached to an infmitesimal volume of the flexible body. 

2.1 Equilibrium Equations 

Let XYZ denote a fixed Cartesian coordinate reference frame. In order to define the 

position PAd the ctfientation of a flexible body with respect to XYZ, a new coordinate sys

tem ~11~ is defined rigidly attached to a point on the flexible body as depicted in figure 2.1. 

The motion of the flexible body involves a continuous change of its shape and generally 

large displacements and rotations, as described by figure 2.2. The initial equilibrium con

figuration of the flexible body is denoted as configuration O. The configuration t+& 
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denotes the current equilibrium configuration, which is generally unknown. The last 

known equilibrium configuration is at time t and it is referred to as the updated configura-

tion. 

The principle of the virtual displacements can be used to express the equilibrium of 

the flexible body in the current configuration as 

f (0 t+ble)T t+bl't t+bldv = t+blR 

'+MV 

where the external virtual work t+blR is given by: 

t+blR = f t+blp (Oh)T t+blii t+bldv + 
I+MV 

(ah)T :::fb t+bldv + f (Oh)T :::f. t+blda 
'+MA 

(2.1) 

(2.2) 

In equations (2.1) and (2.2) ah is a virtual variation in the current displacements compatible 

with the boundary conditions, i.e., oh = ot+blh while Ot+ble is the correspondingvarlation 

in the vector of infmitesimal strains. The vector t+bl't denotes the Cauchy stresses which 

are measured in the current configuration. t+blV, l+blA and t+Atp are respectively the 

volume, area and mass density of the flexible body in the equilibrium configuration t + M. 

The vectors of body forces and surface forces are respectively denoted by ::~fb and ::~f .. 
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Equation (2.1) cannot be solved in the fonn presented if it is referred to the current 

unknown configuration. However, if the quantities involved in the equation of virtual 

displacements are referred to a previously known configuration, then a solution for such 

equation may be obtained. In practice the choice for such reference configuration is taken 

between the initial configuration and the previously known equilibrium configuration. The 

option for the fonner leads to a total Lagrangian fonnulation (T.L.) while the latter leads to 

an updated Lagrangian fonnulation (U.L.). These two fonnulations are reviewed and 

derived in the next sections. 

Figure 2.1 Inertial reference frame XYZ and body fixed 
coordinate system ;11~ 



3S 

Initial COnfiguration 0 

x 

Current COnfiguration t-fd t 

Figu", 2.2 G1lJss lllotion of a f1eJ<ible body. 

j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 

J 

j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 
j 

j 
j 
j 

j 

j 
j 
j 

j 
j 
j 
j 

j 
j 
j 

j 

j 
j 

j 

j 
j 
j 

j 

j 
j 
j 



36 

2.2 Updated Lagrangian Formulation 

The Cauchy stresses in equation (2.1) are always referred to the configuration in 

which they occur and not to any previous equilibrium configurations. This implies that 

another stress measure must be adopted if equation (2.1) is used for the updated equilib

rium configuration. The 2M Piola-Kirchoff stress is an appropriate stress measure for this 

fonnulation. The strain measure must be energy conjugate to the stress measure. In this 

sense the Green-Lagrange strain must be used instead of the infmitesimal strain. There

fore, equation (2.1) becomes 

f (8'+4Ie)T '+4I
't '+4Idv = 

/+6/v 

f(8'+~e{ '+~S 'dv 

'v 

(2.3) 

where '+,4IS is the 2M Piola-Kirchoff stress tensor corresponding to the current configura-

tion but measured in the updated configuration. The components of this stress tensor are 

(~.4) 

The variation of the Green-Lagrange strain tensor is denoted by '{r,Me. The components of 

this tensor are written as: 

a'hi 

(2.5) 
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where the vector of displacements I+4IU is calculated as: 

(2.6) 

It has been shown by several researchers [23-26] that referring equation (2.3) to a 

convected coordinate system presents great advantages over the traditional updated 

Lagrangian fonnulation. If finite elements with rotational degrees of freedom are used to 

discretize the body, the use of such a system is particularly important. A natural convected 

frame is the ~T\~ body fixed coordinate system. FurtheImore, let a ghost configuration of 

the flexible body be associated with such coordinate system. For the purpose of this 

alternative updated Lagrangian formulation, let the ghost configuration be the same as the 

updated configuration, but translated and rotated like a rigid body as depicted in figure 2.3. 

The updated ghost configuration is referred to as t. 

The Green-Lagrange strain tensor components I+~£;j measured in the current con-

figuration and referred to the updated configuration are equal to the components of the 

same strain tensor referred to the corotated ghost configuration and expressed in the body 

fixed coordinate system, i.e. 
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The procedure that led to this result was presented by Nygard and Bergan [26] and it is 

reviewed in appendix A. In this case the strain tensor components ,~,At£'ii are written as 

(2.7) . 

where the displacement vector I+AtU' is now defined as 

(2.8) 

A similar relation holds for the components of the 2nd Piola-Kirchoff stress tensor. 

The components of this tensor referred to the corotated updated configuration and 

expressed in the body fixed coordinate frame are written as 

I+AtS' 
I' ij 

" = -p-
I+Atp 

Equation (2.1) is finally written as: 

f (a I+Ate)T I+Att I+Atdv 

I+""V 

= f(a ';,Ate,{ '+,~S' I'dv 

I'V 

(2.9) 

(2.10) 
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Updated equiUbrium 
configuration t 

Current configuration t+m 

Figure 2.3 Representation of the updated ghost configuration 
associated with the body fixed coordinate system 

At this point the stresses t+t~S' and the strains !:Me' are still unknown. They can be 

decomposed into a known quantity and an unknown increment. For the 2nd Piola-Kirchoff 

stress tensor such incremental decomposition yields: 

(2.11) 
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where "t' is the Cauchy stress tensor of configuration ( in body flXed coordinates, and ,S' 

denotes the increment of the 2M Piola-Kirchoff stress tensor from the updated equilibrium 

configuration to the current configth-cltion and referred to the updated ghost configuration. 

Similarly the Green-Lagrange strain can be decomposed into the sum of the strain in con

figuration (and an increment. Using equation (2.7) it is obsetved that: 

'+41£' = ",' " ,~ (2.12) 

The Green-Lagrange strain increment ,.e' can be decomposed into the sum of a term 

linearly dependent on the displacement increments and on a nonlinear term, i.e., 

,,£' = ,.e' + "11' (2.13) 

Comparing this equation with equation (2.7), the linear and nonlinear terms are written 

respectively as: 

1 (au'. au'· ) 
,.e'ij = 2 a"b:

j 
+ a"b~i (2.14) 

-
2 a"bi a"b'. 

(2.15) 
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where the increment of displacement u', expressed in the body fIXed coordinate system. is 

given by 

u' = '+41U' - "u' (2.16) 

The strain increments are related with the stress increments by the constitutive 

equation: 

,S' = "e ,.e' (2.17) 

where ,.e is the material constitutive tensor for the updated Lagrangian formulation. The 

coefficients of the material constitutive tensor are obtained from the results of experimen

tal tests on a specimen of the material. Finally equations (2.10) through (2.17) can be 

substituted in equation (2.1) to get 

f(8,.eY ,.e ,.e' "dv + f(8"n'l "t' "dv = 
I'V I'V 

t+AlR - 5(8,.eY "t "dv (2.18) 
I'V 

In equation (2.18) the virtual work '+AlR must also be expressed in terms of the 

updated ghost configuration. For this purpose the integrands of the integrals on the right 

hand side of equation (2.2) are written as 
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'+&p '+&r. '+&dv - "p '+&r. "dy ,+& b - " b 

(2.19) 

where it is assumed that the surface and body forces are independent of the configuration 

in which they are represented, i.e., the loading conditions are independent of the defonna

tion. Now the virtual work is written as 

'+&R = - J "p (Shl '+&ii "dy + 
"v 

J "p (Sh)T '+,~fb "dy + f(Shl '~~fl "da 
"v 'A 

(2.20) 

where "V, "A and "p are respectively the volume. area and specific mass of the flexible 

body in the updated configuration. 

The nonlinear equilibrium equation (2.18), resulting from the updated Lagrangian 

fonnulation, is not linear in the increment of displacements. This implies that a direct 

solution of such equation is not possible. An approximate solution can be obtained by 

assuming S,.e' = S,oe'. In addition an approximate incremental constitutive equation must 

be used instead of equation (2.17), i.e., 

,S' = ,.e ,.e' 
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where ,e' is the linear part of the strain tensor. Substituting these approximate relations 

into equation (2.18) results in: 

Jo; ,.e'l "C ,.e' "dv + J(a ,:r\')T "t' "dv = 
"v "v 

'+&R - J(a ,.eY "t "dv 
"v 

(2.21) 

which is the linearized equation of motion of the flexible body for the updated Lagrangian 

formulation. The solution of this linear equation for the unknown displacements is now 

possible. 

2.3 Total Lagrangian Formulation 

In the total Lagrangian formulation all the quantities that appear in equations (2.1) 

and (2.2) are referred to the initial configuration of the flexible body. In this sense the 

integrands of the virtual external force in equation (2.2) are calculated using: 

(2.22) 

Consequently the virtual work of the external forces can be written as: 
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1+
41R J ° = - p 

°v 

J 0p (Bh)T I+:'fb °dv + J(Bh)T I+:'f, ada (2.23) 
0v 0A 

where the quantities °V,oA and 0p are respectively the volume, area and specific mass of 

the initial configuration of the flexible body. In equation (2.22) it is assumed that the 

surface and body forces are independent of the configuration in which they are represented, 

i.e., the loading conditions are independent of the deformation. 

The Cauchy stresses and infmitesimal strains of equation (2.1) are replaced by the 2ad 

Piola-Kirchoff stresses and by the Green-Lagrange strains respectively. In this case 

equation (2.1) becomes 

J (B 1+41e)T 1+41t 1+
41dv = f(B I+:'e{ I+~S °dv (2.24) 

1+6IV °v 

where 1+04lS is the 2ad Piola-Kirchoff stress tensor corresponding to the current configura

tion but measured in the initial configuration. The components of this stress tensor are 

given by: 

'+41s ° ii 
(2.25) 
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The variation of the Green-Lagrange strain tensor, corresponding to the current configu
ration but measured in the initial configuration, is denoted by 'O'+ot.le. The components of 
this tensor are written as: 

,+t.I~ .. 
O-ij (2.26) 

where the vector of displacements' +t.Iu is now calculated as: 

(2.27) 

As discussed in the previous section, referring equations (2.26) and (2.27) to a con

vected coordinate system presents great· advantages over the conventional Lagrangian 

formulation. In this sense let a ghost configuration of the flexible body be associated with 

the body fixed coordinate system (!;11~). For the purpose of this alternative total Lagran

gian formulation, let the ghost configuration be the same as the initial configuration, but 

translated and rotated like a rigid body as depicted in figure 2.4. 

The Green-Lagrange strain tensor '+~£V measured in the current configuration and 

referred to the initial configuration has components equal to the components of the same 

strain tensor but referred to the corotated ghost configuration, i.e. 

,+t.I~.. __ ,+61.,,' 
O-ij O'~ij 
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The strain tensor components I+,/"e'ij are expressed in the body fixed coordinate system and 

are written as 

I+IlI~' 
0' ... ij 

where the displacement vector I+llIu' is now defined as 

(2.28) 

(2.29) 

The components of the 2ad Piola-Kirchoff stress tensor referred to the corotated ghost 

configuration and expressed in the body fixed coordinate frame are written as 

1 + IllS , 
0' ij (2.30) 

The stresses '~A1S' and strains '~llIe' are still unknown at this point. However they can be 

decomposed into their values on the last known equilibrium configuration t plus an 

unknown increment from that configuration to the current configuration. This is 

(2.31) 

(2.32) 



Ghost configuration 0 

Current configuration t+m 

Figure 2.4 Representation of the ghost configuration associated 
with the body fixed coordinate system 
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The Green-Lagrange strains ~' are completely known at configuration t. Any vari-

ation on the Green-Lagrange strains in the current configuration, due to a virtual displace

ment, only affects the unknown strain increment. Thus 

(2.33) 
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Let the Green-Lagrange strain increments be decomposed into the sum of a term 

linearly dependent in the displacement increments and another term quadratic in such 

increments. This is written as 

a£' = ~' + 0'11' (2.34) 

In order to identify the form of the terms in equation (2.34), the strains can be evaluated for 

the current configuration and for the last known equilibrium configuration, using equation 

(2.28). Substituting those results into equation (2.32) and comparing the outcome with 

equation (2.34) yields the linear and nonlinear terms respectively as: 

(2.35) 

(2.36) 

In equations (2.35) and (2.36) u' denotes the increment of displacement from the pre-

viously known configuration to the current configuration, expressed in the body fixed 

coordinate system. Such increment is written as: 

u' = ,+.vu' - 'u' (2.37) 
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Now the 2ad Piola-Kirchoff stress increments oS' are related with the Green-Lagrange 

strain increments rre' through a constitutive tensor o-C according to 

(2.38) 

Finally the equilibrium equation of the flexible body in tenns of virtual displace

ments is obtained by substituting equations (2.24) through (2.38) into equation (2.1). This 

result is written as: 

f(S a-eY O'C a-e' 0' dv + 
O'v 

f(SO'l1'f ~' O'dv = 
O'v 

'+41R - f (S o.e')T ~ 0' dv (2.39) 
O'v 

As in the updated Lagrangian fOmlulation, a direct solution of equation (2.39) is not 

possible due to the nonlinearity in the displacement increments. An approximate solution 

for this equation can be obtained by assuming arre' = So.e'. In addition an approximate 

incremental constitutive equation must be used instead of equation (2.38), i.e., 

oS' = O'C o.e' (2.40) 

Applying these approximate relations on equation (2.39) leads to: 



so 

feB o-e'l O'c o-e' 0' dv + feB O'TlY :rs' 0' dv = 
O'v O'v 

'+41R - f (B o-e,)T :,s 0' dv (2.41) 
O'v 

Equation (2.41) is the linearized equation of motion of the flexible body for the total 

Lagrangian fonnulation. The solution of this equation is now possible through the use of 

traditional numerical techniques 
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For a complex flexible body, the sohition of the incremental equations of motion 

resulting from the total or updated Lagrangian formulation has to be obtained numerically. 

In this chapter the finite element method is used for the numerical discretization of the 

equilibrium equations of a flexible body. The formalism presented here is similar to the 

procedure proposed by Bathe et al. [15,16]. The use of the convected equilibrium config

urations gives rise to the equations of motion for the body fixed coordinate frame. The 

nodal equations of motion of the flexible body are similar to the standard equations of 

motion derived from the application of nonlinear finite elements to standard structural 

problems. The nodal equations of motion are coupled to the equations of motion of the 

body fixed frame by the mass matrix. Since the mass matrix of the flexible body is not 

constant, another source of nonlinearities appears in the flexible body behavior. 

The set of equations of motion obtained in this chapter presents the most general 

behavior of a flexible body. In order to apply these equations to the crashworthiness 

analysis and structural impact, it is necessary to develop constitutive equations for inelastic 

materials. Such material laws are reviewed and derived here under the framework of both 

Lagrangian formulations. 

The choice between the use of an updated or a total Lagrangian fonnulation depends 

on the type of finite elements and material constants. Provided that appropriate constitu-
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tive tensors are used, both the total and the updated Lagrangian formulation should give the 

same numerical result. In this sense the choice of one of the formulations is decided based 

on its numerical effectiveness. This discussion has attracted the attention of many 

researchers, such as Bathe et al. [15,16], and consequently it will not be discussed here in 

further detail. In order to illustrate the procedure described in this chapter, the matrices for 

a thick beam element are presented in appendix B. 

In the formulation that follows, it is assumed that isoparametric finite elements are 

used. Furthermore, the matrices describing the flexible body are obtained from the 

assemblage of the matrices of each finite element in a standard way. In this sense, what 

follows is referred to each single finite element. Moreover, the finite element equations of 

motion are developed for the updated Lagrangian formulation. At a later stage the equa

tions of motion for the total Lagrangian formulation are presented. 

3.1 Updated Lagrangian Formulation 

Referring to figure 3.1, the position of a point included in the domain of a finite ele

ment is written as: 

(3.1) 

where r is the position of the body fixed coordinate system I+Ar(~ll~) associated with the 

current configuration. In equation (3.1), A denotes the transformation matrix from the 

body fixed coordinate system to the inertial frame XYZ. Since r and A are always referred 
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to the body fIXed coordinate system associated with the current configuration, the left 

superscript t + llt is ignored for simplicity. Now the position of the· point relative to the 

body fixed reference frame (denoted as I+"'b') can be decomposed into the sum of the 

position of the point in the reference configuration plus an increment of displacement. This 

is written as: 

(3.2) 

where v' denotes the increment of displacement of the point from the previously known 

ghost configuration to the current configuration. 

Ghost updated 
configuration t ............... - ........ , .. 

.. / 
/ "~---,, I'. -._-._-

I " 

If ' . , 
! : 

t~tt 
Current configuration -"\ Ghost initial 

~nfiguration 0 

) 
t+.1t 1) ) 

t~tt 

z 

y 
x 

Figure 3.1 Position of a point in a flexible body 
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In isoparametric fmite elements, the coordinates and displacement fields are inter

polated using the same shape functions. In this case the position of each point in terms of 

nodal coordinates is written as: 

I' , M 

Nt ('Xjt)' b i = l: 
t .. l 

I+Alb'. 
M 

Nt (/+AlXjt)' = l: (3.3) 
I 

t .. l 

where 'Xjt is the ilh coordinate of the kill node for the updated ghost configuration t. M is 

the number of nodes of the finite element, and the shape function for node k is denoted by 

Nt. The displacement field and the increment of displacements are given by 

M 
v'. = l: NI: (uj

t/
)' I 

1:-1 

I' , M 

NI: ("uj'Y Vj = l: (3.4) 
1:=1 

M 
1+41V'. = l: NI: (,+41Ujl:), I 

1:=1 

where I+41U' and I'U' denote the vectors of nodal displacements in the current configura-

tion and in the updated ghost configuration respectively. u' is the vector of nodal dis

placement increments calculated as: 

u' = I+41U' - I'U' (3.5) 
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Equations (3.2) through (3.5) can be substituted in equation (3.1) to yield: 

'+41h = r + A N ("x+u') (3.6) 

The virtual displacement of the point in tenns of the nodal displacements is written as: 

(3.7) 

The virtual variation of the transfonnation matrix is a small rotation which is written as: 

aA = A ax' 

where 'It' is a small rotation of the body fixed coordinate system. Finally the virtual dis

placement is written as: 

.. 

a,+41
h = [I -Ab' AN1[:;'] 

au' 
(3.8) 

In this equation b' is evaluated for the current configuration. The left superscript t+1lt is 

omitted for simplicity, and the overscore - represents a skew-symmetric 3x3 matrix made 

of the components of a 3-vector. The acceleration of the point is obtained by differentiat

ing equation (3.6) twice with respect to time, i.e., 
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(3.9) 

where 00' and 00' are the angular velocity and the angular acceleration of the body fixed 

coordinate system. 

The virtual work due to the inertial forces can now be evaluated. Assume that the 

mass of the flexible body is conserved throughout the motion. In such a case 0p ='p and 

°v = 'V, which implies that 

f 0p (Sh)T ,+41ii °dv = 
°v 

f "p (Sh)T ,+41ii "dv 
I'V 

(3.10) 

Substituting equations (3.8) and (3.9) into equation (3.10) and rearranging the terms yields: 
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This equation represents the inertial forces. It can be written in a more compact fonn as: 

(3.12) 

where the mass matrix M is symbolically written as: 

(3.13) 

The mass matrix is a symmetric matrix and its coefficients are given as: 

(3.14a) 

Mr. = -A f 0p b' °dv (3.14b) 

°v 

(3.l4c) 

M.. = - f 0p b'b' °dv (3.l4d) 
°v 
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(3.14e) 

(3.141) 

The vector s in equation (3.12) contains the quadratic velocity terms (gyroscopic forces) 

as: 

Aro'ro' f 0p b' °dv Aro' f 0p N °dv 
°v °v 

s = fop b'ro'ro'b' °dv + 2 f 0p b'cii'N °dv ii' (3.15) 
°v °v 

fop NTro'ro'b' °dv f 0p NTcii'N °dv 
°v °v 

The rest of the tenns of the vinual work are now evaluated for the updated Lagran

gian formulation by substituting equation (3.8) into equation (2.20). For the external 

applied forces, this result is written in a compact form as: 

f (ah)T ':,41f, "da + 
'A 

f "p (ah)T ':,41f
b "dv 

"v 
= [:;,] "g 

au' 
(3.16) 
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The vector of the external applied forces is evaluated over the updated configuration as 

I 1+l1If 1'00 + I I'p ':,111(6 I'dv I' 6 
'A "v 

I·g = I b' AT ':,111(6 1'00 + I"p b' AT ':,111(6 I'dv 
(3.17) 

'A "v 

I NT AT ':,111(6 "00 + I "p NT AT ':,111(6 "dv 
'A "v 

In order to fonn the flexible body equations of motion, the variation of the internal 

energy associated with the virtual displacement must be evaluated. For the updated 

Lagrangian fonnulation such terms are associated with the integrals of equation (2.21). 

For a finite element such integrals are written as: 

f ~ ')T ,,' (u ,.e "e ,.e dv (3.18) 

"v 

I( !,t'{ a "rl' "dv 
"v = [:H: : LH:,] (3.19) 

a .e' I'dv , 
= [f:]l~] (3.20) 
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In equations (3.18) and (3.19) the matrices :.KL and :'~L denote respectively the linear 

stiffness matrix and the nonlinear (or geometric) stiffness matrix. In full, the stiffness 

matrices are written as: 

:.KL = f :.B:: ,.e :.BL "dv (3.21) 
I'V 

f 'BT , , 'B "d 
= I'V " NL ,It " NL V 

(3.22) 

In these equations ;.BL and ;.BNL denote the linear and nonlinear strain matrices respec-

tively. ;:t' is the stress tensor for the reference equilibrium configuration. In equation 

(3.20) :.F denotes the nodal forces due to the actual state of stress, i.e., 

:.F = f :.B:: :.i' "dv 
I'V 

(3.23) 

The vector :.i' contains the components of the stress tensor. 

In appendix B, the matrices and vectors represented by equations (3.21) through 

(3.23) are reviewed and derived for a three dimensional beam element. The element is then 

tested and based on the obtained results, its perfonnance is evaluated. The tests are cases 

that involve geometric and material nonlinearities. 
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The finite element equations of motion for the flexible body can now be assembled. 

For such purpose equations (3.12) through (3.20) are substituted into equation (2.21) 

yielding: 

The two first rows in equation (3.24) are related to the motion of the body fixed coordinate 

frame. Note that this motion does not depend explicitly on the deformation of the flexible 

body. However the motion of the body fixed coordinate frame and the defonnation of the 

body are effectively coupled due to the fonn of the mass matrix and the gyroscopic tenns. 

3.2 Total Lagrangian Formulation 

The finite element equations of motion for a rigid body are now obtained using the 

total Lagrangian fonnulation. For this purpose the position of a point in the finite element 

with respect to the body fixed coordinate system is decomposed into the position of the 

point in the ghost original configuration and an increment of displacement Using a pro

cedure similar to the one that led to the development of equations (3.3) through (3.24), 

results in the equations of motion for the total Lagrangian fonnulation written in a compact 

fonn as: 
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[Mw 
Mr. 

~][f:] [.~] ["'] M.,. M .. = o'~: - 5.: -
Mfr Mit O'gl 51 

[~t] [: 
0 

° FO] 0 

~KL : ~KNL l :' 
(3.25) 

0 

In equation (3.25) the mass matrix M and the gyroscopic force vector 5 are identical to the 

ones obtained for the updated Lagrangian fonnulation once they do not depend explicitly 

upon the defonnation of the flexible body. The vector of the external applied forces g'is 

now written as: 

f HAtf O'da + f O'p '~Atfb O'dv 
0' I 

0'04 IYy 

o,g f b'AT '+Atf 0'00 + f O'p b'AT '~Atfb O'dv (3.26) = 0' , 

IYA IYy 

f NT AT I+Atf 0'00 + f O'p NT AT t+Atf O'dv 0' , 0' b 

0'04 O'y 

The vector of the accumulated nodal forces for the last known configuration is now 

evaluated as: 

~F = f ~Br :,.8' 0' dv (3.27) 
O'y 
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where ~BL denotes the linear strain matrix for the previous known configuration and:,s' 

denotes the vector of the 2DCi Piola-Kirchoff stresses of configuration t, written with respect 

to the initial ghost configuration. The linear stiffness matrix ~KL and the geometric stiff

ness matrix ~~L are respectively written as: 

~KL = f ~Br O'C ~BL 0' dv (3.28) 
O'v 

I K f I BT I , I B O'd 
0' NL = o· NL o·'t o· NL V (3.29) 

O'v 

In equation (3.28) O'C denotes the constitutive tensor referred to the initial ghost configu-

ration. In equation (3.29) ~BNL is the nonlinear strain matrix while :,s' is a 2nd order tensor 

composed ofthe 2nd Piola-Kirchoff stresses. 

3.3 Constitutive Relations for Inelastic Materials 

One or more flexible components of a multi body system may experience elasto

plastic deformations. An example of this type of behavior is the structuraI impact and 

crash analysis of vehicles. For these problems an elasto-plastic constitutive tensor ,.e or 

o-C must be used to evaluate the linear stiffness matrix in equations (3.21) or (3.28) 

respectively. 
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The material yield condition, when isotopic hardening and isothermal conditions are 

assumed, is given as 

(3.30) 

where I't is the Cauchy stress tensor and I't is the hardening parameter (which is a 

function of the state of strain). Yielding starts when equation (3.30) is satisfied. In such 

case the strain increment ,.e has an elastic component and a plastic component. Assume 

that the strain increment is decomposed into the sum of a plastic pan and of an elastic part, 

which is written in terms of differential strain increments as 

d,.e = d.eP +d .eE 
I I 

(3.31) 

The differential plastic strain increment is related to the plastic potential function by the 

plastic flow equations. For the most of the materials used in vehicles (i.e. metals) the 

plastic potential function and the yield function coincide. In this case the flow rule, des

ignated by associated flow rule, is written as: 

(3.32) 

where A. is the plastic multiplier (still unknown). The relation between the differential 

elastic strain increment and the differential stress increment is given by a nonlinear or lin

ear elastic model (the Hooke's law is an example of a linear elastic model). The subject of 
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choosing the elastic constitutive equation is beyond the scope of this work. The interested 

reader is referred to the work by Chen and Han [64]. For the purpose of this work let it be 

assumed that the relation between the elastic strain increment and the differential stress 

increment is given by the Hooke's law, written here as: 

d .eE , E -1 = (,.C) d,S (3.33) 

where ,.CE is the elastic constitutive tensor. Now equations (3.32) and (3.33) can be 

substituted in equation (3.31) to obtain 

E -1 'I af 
d ,.e = (,.C) d ,S + A a "t (3.34) 

During the plastic defonnation /=0 and consequently 

or after rearranging 

(
a/ )T a "t d ,S - H A = 0 (3.35) 
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where H =-'J...-1(ajlo "t) d "t. The plastic multiplier can now be eliminated between 

equation (3.34) and equation (3.35) (being careful not to divide or multiply anything by H), 

which yields 

d ,S = "e d,.e (3.36) 

where the elasto-plastic constitutive tensor is written as 

E E of ( of)T E r ( of)T E of ]-1 
"e = "e - "e 0 "t 0 "t ,.e l H + 0 "t ,.e 0 t't (3.37) 

The parameter H remains an unknown and needs to be determined. Zienckiewicz [65] 

show~ that if the Huber-Von Mises yield surface is used in equation (3.30), and if the 

simple work hardening rule is assumed, then H is the slope of the plot of the stress versus 

plastic strain for an uniaxial test 

The constitutive tensor for the total Lagrangian fonnulation can now be obtained 

from ,.e using the relation: 

(3.38) 

When equation (3.38) is used to relate the constitutive tensors ,.e and O'e, the updated and 

total Lagrangian fonnulations lead to the same results. Therefore any difference in the 
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solution of a problem between the two Lagrangian fonnulations lies in the definition of the 

constitutive tensors rather than in any other reason. However the use of equation (3.38) to 

relate the tensors increases the computational cost of the solution. For an alternative pro

cedure to find such relation the reader is refeITed to Bathe and Ozdemir [16]. 

The fonnulations reviewed and derived in the previous sections are applicable to any 

type of geometric and material behavior. However in practical analysis it is most likely 

that the material constants that appear in the constitutive tensor are defined for small strains 

only. For elasto-plastic analysis in particular, the updated Lagrangian fonnulation uses 

constitutive equations very similar to the equations used in small strain analysis. More

over, the use of convected coordinates reduces the need for objectivity of the material law 

once the average large rotation of the finite elements is eliminated from the stress and strain 

measures. These features make the updated Lagrangian fonnulation quite attractive to 

study problems where the strains are small. 
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The equations of motion for the flexible body as depicted by equations (3.23) and 

(3.24) provide a complete description of the coupling between the nonlinear gross motion 

of the body and its defonnation due to distributed elasto-plastic effects. The inertia matrix 

which is responsible for the coupling is not constant. This matrix needs to be inverted at 

every time step in order to explicitly calculate the accelerations. Consequently, the solu

tion of these equations in the fonn presented in the previous chapter is computationally 

expensive for most of the finite elements used in practical applications. In this sense, it is 

desirable to find alternative fonns for the flexible body equations of motion. 

In this chapter the specialization of the equations of motion for two different cases is 

presented. In the first case, the equations of motion for a rigid body are obtained as a 

special case of equations (3.23) and (3.24) by eliminating the defonnation of the flexible 

body. In the second case, the equations of motion of the flexible body are simplified by 

first using a lumped mass fonnulation of the inertia matrix and then refening the nodal 

accelerations to the inertial reference frame. These simplifications do not reduce the range 

of application of the equations of motion. The nonlinear inertial coupling, the geometric 

and material nonlinearities are preserved in the behavior of the flexible body. Further 

computational efficiency in the numerical solution of the equations of motion is obtained 

if the number of degrees of freedom of the finite element model is reduced. For this pur

pose a Guyan reduction method and the modal superposition technique are applied. 
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4.1 Rigid Body 

The equations of motion for a flexible body developed in the previous chapter can be 

reduced to the Newton-Euler equations of motion for a rigid body. The assumption for 

such a reduction is that there will be no relative displacement between the particles of the 

body, i.e., the nodal displacement, velocity and acceleration vectors with respect to the 

body fixed coordinate system are identically null. Thus, the equations of motion presented 

by equations (3.23) and (3.24) are reduced to: 

[:: ::][~] = [~.] - [:;J (4.1) 

The coefficients of the mass matrix are invariant once the body fixed coordinate frame is 

used in the rotational equations. The mass matrix is a full 6x6 matrix which becomes 

diagonal if the center of mass of the rigid body is chosen as the origin of the body fixed 

coordinates and if the coordinate axes are coincident with the principal directions of inertia 

of the body. In that case, the submatrices Mr. and M.,. become 3x3 null matrices and M .. 

becomes a diagonal matrix. The non-zero entries of the mass matrix are written as: 

[m 0 0] Mrr = m = o m 0 (4.2a) 

o 0 m 

r~ 0 0] M .. = J' = OJ"" 0 (4.2b) 

o 0 Jr,. 
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where m represents the total mass of the rigid body and J' is the principal inertia tensor of 

the rigid body measured in the body fIXed coordinate frame. 

The vectors in the right-hand side of equation (4.1) represent the externally applied 

and gyroscopic forces. The external forces applied over the rigid body are given by: 

g, = Ir, da + I pfb dv (4.3a) 
A v 

g'. = I b'A
T
" da + I P b'ATfb dv + 0' (4.3b) 

A v 

where 0 represents the pure moments applied over the rigid body. The gyroscopic forces 

are written as: 

s, = 0 

s. = -w' J' 00' 

(4.4a) 

(4.4b) 

In equation (4.3a), the vector g, is identified as the resultant of the external applied forces 

acting over the center of mass of the rigid body. Equation (4.3b) represents the sum of the 

external applied moments and the moments resulting from transporting the external 

applied forces from their point of application to the center of mass of the rigid body. 

Substituting equations (4.2) through (4.4) into equation (4.1) results in: 



m i' = g, 

J' w' = g'. - iilJ'(J)' 

which are the equations of motion for a rigid body. 

4.2 Rigid.Partially Flexible Body 
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(4.Sa) 

(4.Sb) 

The procedure described in this section can be applied to both of the Lagrangian 

fonnulations from the previous chapter. For notational simplicity, the left subscripts in the 

force tenns and stiffness matrices are omitted here. Moreover, it is assumed that the 

matrices and vectors of the finite elements used to model the flexible body have been 

assembled using a standard finite element procedure in order to obtain the numerical 

equations of motion. 

The equations of motion for a flexible body, as depicted by equations (3.23) and 

(3.24) present a variant full mass matrix. This mass matrix effectively couples the rigid 

body motion of the body fixed coordinate system with the defonnation of the flexible body. 

The numerical methods used in multibody dynamics require the accelerations to be calcu· 

lated explicitly. This involves the inversion (or factorization) of the mass matrix which is 

a time consuming numerical procedure. Consequently, other fonns for the equations of 

motion of the flexible body with simpler fonns of the mass matrix are desirable. 

The off-diagonal coupling tenns of the mass matrix cannot be simply ignored for 

most of the practical problems. However, if this matrix is closer to a diagonal matrix, a 

solution can be obtained more efficiently. The use of a non-consistent mass (lumped mass) 



72 

fonnulation leads to a diagonal mass matrix. It has been pointed out by several researchers 

[66,67] that this methodology does not considerably affect the convergence of the finite 

element fonnulation. The lumped mass fonnulation together with a replacement of the 

nodal accelerations with respect to the body fixed coordinate system (vector ii') by the 

nodal accelerations with respect to the inertial frame (vector ') yields a much simpler fonn 

for the equations of motion of the flexible body. This procedure is described in this sec

tion. 

The most popular technique to achieve a lumped mass matrix is to consider the finite 

element mass being concentrated at the nodal points [68,69]. In this case, the nodes are 

treated as point masses without rotational inertia. In equation (3.14) the coefficients of the 

mass matrix for each finite element are written as: 

Mrf 

/I 

= IL m· 
j=1 J 

/I 

= -A L m.b.' 
j=1 J I 

/I 

= AL m·N· 
j-I J J 

" -, -, = -L m· b· b· 
j .. 1 J J I 

(4.6a) 

(4.6b) 

(4.6c) 

(4.6d) 
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" M., = ~ -, 
.L. m· b· N· 

jrel J J J 
(4.6e) 

" T L m· N. N· 
j_1 J J J 

(4.6.f) 

where n is the number of nodes for the finite element. Due to the symmetry of the inertia 

matrix M.,. = M;. ' Mfr = M~ and MI. = M~/. Here, the integrals representing the gyr0-

scopic forces in equations (3.15) are evaluated as: 

" L m· b·' 
j=1 J J 

(4.7a) 

" L m· N· 
j_1 J J 

(4.7b) 

f 0p h' iii iii b' °dv = 
°v 

" - --L m· b·' Ct)'Ct)'b' 
j_1 J J 

(4.7c) 

f 0p 6' 00' ~dv = 
°v 

" L m· 6.' iii N· 
j_1 J J J 

(4.7d) 

f 0p NT iii 00' b' °dv = 
°v 

" L m· N~ iii 00' N· 
j-l J J J 

(4.7e) 
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f 0p NT iiJ' N °dv = 
°v 

II T -, 
L m· N· CI) N· 

j_1 J J J 
(4.7j) 

The equations of motion of the flexible body are further simplified by referring the 

nodal accelerations to the inertial reference frame, rather than to the body fixed coordinate 

system. Let the translational acceleration of a node k with respect to XYZ be denoted by 

at while the angular acceleration of the same node is denoted by iit. Referring to figure 

4.1, the position of node k in the flexible body is written as: 

(4.8) 

Differentiating the position of node k twice with respect to time yields the global transla

tional acceleration, which after transforming to the body fixed coordinates is written as: 

The global angular accelerations of node k relative to the inertial frame are now written as: 

(4.10) 

where e and G represent the nodal angular velocity and angular acceleration with respect to 

the body fixed coordinate frame. Equations (4.9) and (4.10) are rearranged and written in 

matrix form as: 



75 

(4.11) 

Let the vectors of the nodal accelerations of the finite element with respect to the 

body fixed coordinate frame and with respect to the inertial frame be partitioned respec

tivelyas: 

til = [!] 

The relation between these two vectors is obtained by repeating equation (4.11) for all n 

nodes of the flexible body, which is written in condensed form as: 

where matrices A!', Sand i are made from (3x3) matrices as: 

AT = s = 

(Xl + 81
)' 

(x2 +82
)' 

(x" +8")' 
[.:.] 

(4.12) 
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Furthennore, Wi' and W2' are (3nx3n) matrices containing the (3x3) skew symmetric 

matrix associated with the vector of angular velocity of the body fIXed coordinate system, 

as: 

WI' = [:: :' ·~·l if)' 
W; = n~ 

o 
iflro' 

o 
o 1 o 

01'01' 

Equations (4.6) through (4.12) can be substituted into equation (3.24) or (3.25), and 

the outcome can be rearranged and simplified (see appendix C for details) to get 

" L [m(x' + 8')d1t = v,.' 
t=l 

M -, 
TIl 

(4.13) 

(4.14) 

(4.15) 

In these the left subscript is eliminated for simplicity. However it is implicit in this deri

vation that the left subscript 0' or t' must be used for the total or updated Lagrangian for

mulation respectively. 
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Figure 4.1 Flexible body 

Equation (4.13) is the equation of motion for a system of panicles. It can be shown 

= (i ml:) (re>' 
1:-1 

where rc' is the acceleration of the center of mass of the system of particles. Equation 

(4.14) indicates that the time rate of change of the angular momentum about the origin of 

the body fixed coordinate system is equal to the resultant moment of the external fOICes 
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about the origin of the body fixed coordinates. If the body fIXed coordinate system is fixed 

to the center of mass of the flexible body, equations (4.13) and (4.14) are simply the 

translational and rotational equations of motion of the body fixed coordinate frame. 

Equation (4.15) is the equation of motion of the nodes of the flexible body in reference to 

the body fixed coordinate frame. Note that due to the use of a lumped mass formulation, 

the mass matrix Mffcan be written as 

Mff = Diag(m1I, 0, ... ,m"I, 0) 

where mA: is the lumped mass of node k, and I and 0 are 3x3 identity and null matrices 

associated with the translational and rotational accelerations respectively. However, no 

null matrices will appear in matrix Mff if finite elements without rotational degrees of 

freedom are used in the discretization of the flexible body. 

In the derivation of equations (4.13) through (4.15) no assumption was made about 

the location of the body fixed coordinate frame. It was observed that if the body fixed 

coordinate system is fixed to the center of mass of the flexible body, then equations (4.13) 

and (4.14) have a simple interpretation. Very often it is desirable to locate the origin of the 

body fixed frame in a point different from the center of mass. For this purpose assume that 

there is a rigid region of the flexible body (as small or as large as desired) and to which the 

body fixed frame is attached, as illustrated in Figure 4.2. Let the mass of the rigid part be 

denoted by m and its tensor of inertia by J. If the rigid part is separated from the rest of the 

flexible body, then the Newton-Euler equations of motion for that region are simply 

equations (4.5a) and (4.5b) rewritten here as: 



mr = f 

J'ro' = n' - ro'J'ro' 
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(4.16) 

(4.17) 

where f and n are respectively the external forces and moments applied over the rigid part. 

y 

rigid part 

I 

(a) 

Updated configuration 

i 
i i 

',,( VI 
'-----_ . ..,,;. 

Current configuration 

(b) 

Figure 4.2 Flexible body with an undefonnable region: 
(a) rigid part; (b) flexible part 

Assume that the flexible body shown in figure 4.2(b) is attached to the rigid body 

shown in figure 4.2(a), by the nodes that belong to the boundary",. Furthermore let the 

body fixed coordinate frame attached to the rigid body be the same as the body fIXed 
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coordinate frame of the flexible body. Then equations of motion of the flexible body fixed 

coordinate frame, equations (4.13) and (4.14), can be replaced by the equations of motion 

for the rigid body, provided that proper kinematic constraints are enforced. For this pur

pose, the vectors of the nodal displacements, velocities and accelerations are partitioned as: 

q/ = [i~ 
a:J u' = [11 u' = [!l 

where the underscored vectors contain displacements, velocities and accelerations of the 11 

nodes that belong to the boundary '1'. Herein, equation (4.l5) is written as: 

M* 0 0 0 

[il + 

K611 K~ K~ K~ 

[:' 0 M* 0 0 K!5 K~ K~ K!!! 
= 

0 0 0 0 Kea ~ Kee ~ a' 
0 0 0 0 ~ ~ ~ Kee a' 

~ 'F6 

= ~' 'F! 
(4.18) 

f,e' 'Fe 
~' 'Fe 

where K = 'KL +'K.vL is used for notational convenience. Since the boundary nodes are 

fixed to the rigid body, the kinematic constraints affecting them are written as: 
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w = w = w = ~ = 8 = r = 0 (4.19) 

These constraints are substituted into equation (4.18) yielding: 

(4.20) 

M· ii' + K!8 S' + ~ 9' = ~' - rF~ (4.21) 

(4.22) 

For the boundary nodes, it is necessary to eliminate the nodal accelerations 8' and (j' which 

are implicit in equations (4.21) and (4.22). For this purpose, equation (4.19) is substituted 

into equation (4.12) which relates the global nodal accelerations to the accelerations rela

tive to the body fixed coordinate frame. This substitution yields: 

[~ -8 
I 

-I ~] 0 

r 
Of 
d' (4.23) 
-
ii' 
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where the submatrices A , S , i and W 2' have the same fonn as before but the dimension is 

now 34X3 (if all the degrees of freedom of the boundary nodes are fIXed to the rigid body). 

Using the Lagrange multiplier technique, the constraints described by equation (4.23) are 

appended to the equations of motion of the rigid body. Thus 

mr + AA.5 = r 

J'm' - STA.II + rAe = n' - iilJ'ro' 

(4.24) 

(4.25) 

which represent the equations of motion for a constrained rigid body. Similarly, the effect 

of the constraints must be included in the equations of motion for the deformable body. For 

this purpose, the constraints related with the nodal translations and nodal rotations are 

appended to equations (4.21) and (4.22) respectively yielding: 

M" !I' + K~ 5' + K~ 9' - A.II = ~' - 'F~ (4.26) 

(4.27) 

The Lagrange multipliers and the acceleration vector of the constrained nodes can be 

eliminated from equations (4.24) through (4.27). Therefore, equation (4.23) is rearranged 

and rewritten as: 

(4.28) 
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This result is now substituted into equation (4.26) and (4.27) leading to: 

~ = ~5' + ~e' - L' + 'Fe (4.30) 

Equations (4.29) and (4.30) are now substituted into the constrained equations of motion 

for the rigid body yielding: 

J'm' - ST [M* (-xr r + sci>' - W 2!') + K~5' + K~e' - ~' + 'F6] + 

f [~5' + ~e' - L' + 'Fe] = ~' - (jlJ'w' 

Rearranging these equations leads to the equations of motion of the constrained rigid body, 

to which the body fixed coordinate system is attached. as 

= [ gr+AC~ ] 
~' -o-lJ'(jJ' -sTc~-fc~ 

(4.31) 

In these equations. vectors C6' and Ce' represent respectively the reaction force and reac-

tion moment of the flexible part of the body over the rigid part. These reaction for

ces/moments are written as 



C' 6 = D.' - M·W 'X' -'F - ('K +'K ) S' - ('K +'1£) 9' ~ _ 2 _ ! L NL ~ I. &~L ~ 

= -f7-'+'F +('K +'K ) S'+('K +'1£ ) S' ~ ! L NL ~ L &~L !II 
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(4.32) 

(4.33) 

The equations of motion for the unconstrained nodes of the flexible body, given by 

equation (4.20), are appended to equation (4.31) to obtain: 

-AM·S 

J'+STM*S 
o 

0][ f] ~ff ~: (4.34) 

Equation (4.34) is the complete equation of motion for the rigid/flexible body which 

includes large displacements, large rotations, large strains and material nonlinearities. By 

a proper choice for the location and orientation of the body fixed coordinate frame in the 

rigid region, the mass matrix in equation (4.34) can be turned into an invariant diagonal 

matrix. In this case, the position of the origin of the body fixed coordinate system must be 

coincident with the center of mass of the rigid part plus the boundary nodes of the flexible 

part. Furthermore, such a coordinate system must be aligned with the principal inertia 

directions of the rigid part plus the boundary nodes. 

When finite elements with rotational degrees of freedom are used to discretize the 

flexible body, some null elements appear in the diagonal of the submatrix Mff as mentioned 
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earlier. Such null coefficients are the rotational inertias of the nodes of the fmite element 

mesh, which is a direct result of the lumped mass formulation. Therefore, equation (4.34) 

cannot be solved explicitly for the accelerations. 

Several approaches may be used to solve this problem. In the f1I'St approach, the 

nodal degrees of freedom of the flexible body are modified in such a way that the explicit 

use of the rotational degrees of freedom is eliminated. For this purpose, a Guyan conden

sation technique or the modal superposition method may be used. These methodologies 

are discussed in the next sections. 

A second approach for solving equation (4.34) is to introduce non-zero rotational 

inertias in the diagonal of the mass matrix Mff• In practice this corresponds to the use of an 

alternative lumped mass fonnulation for submatrix Mff where the diagonal rotational iner

tias of the nodes are obtained as a result of lumping the off-diagonal terms of the consistent 

mass matrix Mff• This methodology, introduced by several researchers such as 

Zienckiewicz [66] and Sunada [70], has shown to provide very good results in structural 

systems. The price paid for this approach is that the contribution of the rotational inertias 

of the nodes for the inertial coupling between the nodal coordinates and the reference 

coordinates are neglected, otherwise the mass matrix of equation (4.34) will no longer be 

diagonal. 

4.3 Reduction of the Nodal Coordinates 

There are two main reasons why the reduction of the number of nodal coordinates 

describing the flexible body is desirable. The f1I'St reason is the impossibility to solve 
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equation (4.34) explicitly for the accelerations. as mentioned in the previous section. The 

second reason is that the nodal accelerations and velocities need to be integrated numer

ically. Smaller sets of integration variables are desirable since the computational cost of 

the numerical integration is proportional to the number of integration variables raised to the 

power of two or three (depending on the numerical method used to integrate the differential 

equations). In this section two general methodologies (a Guyan reduction technique and 

the modal superposition method) are used to achieve the reduction on the number of nodal 

coordinates. 

4 3 1 Guyan Reduction 

The equation of motion for a flexible body is represented by equation (4.34). The 

last row of this equation. which is identical to equation (4.20). is rewritten here as: 

= [~1 [ 'F6
'] [ 'KM 'KIieJ[Sl 

~' J 'Fa' 'Ke" 'Kee a' J 
(4.35) 

From the second row of equation (4.35), the relation between the translational degrees of 

freedom and the rotational coordinates is obtained as: 

a' = '~ (&' - 'Fa - 'Ke"S') (4.36) 
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The simplified equations of motion for the flexible body, without the explicit use of the 

rotational degrees of freedom, are obtained by substituting equation (4.36) into equation 

(4.34). Rearranging the outcome of this substitution yields: 

-AM·S 

J'+STM·S 

o 

r g,+AC~ ] 
= t &,'-;;lJ'(jJ'-STc~_tc~ (4.37) 

~' - 'F,,' - 'Km 'K;! (~' - 'Fe> + ( 'Km 'K;! '~ - 'K~8' 

As stated before, by a proper choice for the location and orientation of the body 

fixed coordinate frame in the rigid region, the mass matrix in equation (4.37) can be 

turned into an invariant diagonal matrix. 

4 3 2 Modal Superposition TechniQye 

In order to achieve computational efficiency in the solution of the flexible body 

equations of motion, the modal superposition method has been widely used [47-50]. This 

method is extremely efficient when the mass and stiffness matrices are time invariants and 

the frequency components of the external applied forces are of the same order as the lower 

natural frequencies of the flexible body. The evaluation of natural frequencies and cor

responding modes of vibration, which is necessary in the application of this method, is 

generally an expensive computational procedure. If the above requirements are met, i.e., 

if the mass and stiffness matrices are invariant, then the calculation of such quantities 
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needs to be done only once (generally in a pre-processing phase). Moreover, if the fre

quency components of the externally applied forces are within the same range as the 

lower frequencies of the flexible part of the body, only the few lower frequencies and their 

respective modes of vibration need to be calculated. 

Although, in many practical problems, such as space structures, the stiffness matrix 

is not invariant, the modal superposition method has still been applied successfully [SO]. 

The procedure used is to decompose the stiffness matrix into an invariant part and a dis

placement dependent part. The eigenproblem associated with the structural characteris

tics of the flexible body is then solved involving only the invariant stiffness matrix. The 

nonlinear stiffness matrix multiplied by the vector of nodal displacements is simply 

treated as a load vector. For cases where the material constitutive equation is linear, i.e, 

the constitutive tensor is constant, the invariant stiffness matrix in equation (4.34) is 'KL' 

while the displacement dependent stiffness matrix is 'K,yL. This approach is discussed in 

this section. 

The nodal equations of motion of the flexible body are described by the last row of 

equations (4.34). Since the fIrst two rows of equation (4.34) are uncoupled from the nodal 

equations of motion, they are solved for rand 00'. Then iiJ' is substituted by ii' from 

equation (4.12) to obtain 

M", UM' , 'F 'K ' K ' f » = g - - NL U - 'L U - E (4.38) 
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where vector fe represents the inenia forces due to the substitution of the global acceler-

ations by nodal accelerations with respect to the body flXed frame, and it is written as: 

(4.39) 

Equation (4.38) is rewritten in the fonn 

Mff ii' + KL U' = g' - 'F- 'KNL u' - fe (4.40) 

Once the matrices in the left hand side of equation (4.40) are invariant, the eigenproblem 

a."isociated with the structural part of the flexible body needs to be solved only once. The 

eigenproblem is written in the fonn: 

Mff ii' + KL U' = 0 (4.41) 

The solution of equation (4.41) is a set of eigenvalues (which are the square of the natural 

frequencies) and the corresponding eigenvectors (modes of vibration). Note that due to 

the way equation (4.34) was obtained, there are no zero natural frequencies associated 

with equation (4.41), i.e., the rigid body modes of vibration do not exist 

The modes of vibration are linearly independent of each other and they form the 

basis for the modal space. Then the nodal displacements can be expressed as a linear 

combination of such modes, as 
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u' = X w (4.42) 

where w is the vector of modal amplitudes and X is the modal matrix whose columns are 

the modes of vibration of the flexible body. The modes of vibration are nonnalized with 

respect to the mass matrix and they have the following properties: 

XT M X = I 'if (4.43) 

(4.44) 

where cf is a diagonal matrix composed of the squares of the natural frequencies. Once 

the modal matrix does not depend on the defonnation, the second time derivative of 

equation (4.42) yields: 

ii' = X W (4.45) 

which relates the nodal accelerations with the modal accelerations. Equations (4.42) and 

(4.45) are substituted into equation (4.40) to obtain: 

Mff X W + KL X W = g' - 'F - 'KNL U' - f. (4.46) 
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Premultiplying this equation by the transpose of the modal matrix yields: 

XT M X - XTK X XT (g' - 'F- 'K,&I'L u' - f~) tf w+ 'L W = n,_ (4.47) 

Due to the properties of the modes of vibration represented by equations (4.43) and (4.44), 

equation (4.47) is reduced to: 

w = XT (g' - 'F - 'KNL U' ~'I,.) - ci W (4.48) 

which are the modal equations of motion for the flexible body. The complete set of 

equations of motion for the flexible body are composed of the fIrst two rows of equation 

(4.34) and equation (4.48). 

It should be noted that with this procedure the number of variables which has to be 

integrated numerically is reduced from nn nodal accelerations to 11m modal accelerations, 

where 11m «On. It must be emphasized that in this procedure the existence of a constant 

constitutive tensor is assumed. If that is not the case, for instance in elasto-plastic prob

lems, then the eigenproblem associated with equation (4.41) has to be solved in every 

time step, and that turns this method into a prohibitively expensive numerical procedure. 



92 

CHAPTER V 

EQUATIONS OF MOTION FOR MUL TmODY SYSTEMS 

A multibody system is defined as a collection of rigid and/or flexible bodies inter

connected by kinematic joints and/or force elements. The kinematic joints between bodies 

constrain the relative motion of such bodies (examples of these joints are the spherical, 

translational and universal joints), while the force elements develop internal forces 

between bodies due to their relative motion (examples of force elements are springs and 

dampers). Also, external forces may be applied to the elements of the systems such as 

those shown in figure 5.1. 

The dynamic analysis of a rnultibody system involves the solution of a system of 

second order differential equations, possibly mixed with algebraic equations. The former 

are the equations of motion of the rigid and/or flexible bodies while the latter are constraint 

equations due to the kinematic constraints. Once the number of coordinates used to 

describe the equations of motion of the system is larger than the number of degrees of 

freedom of the multibody system, algebraic constraints are necessary to describe the 

dependency between such coordinates. If Cartesian coordinates are used, a large number 

of coordinates is required to model the multibody system, and in addition, a relatively large 

number of constraint equations are necessary. On the other hand, if Lagrangian coordi

nates are used, the number of coordinates is equal to the number of degrees of freedom of 

the system and there are no constraint equations. Though the Lagrangian coordinates lead 

to a smaller set of equations, the equations are much more complicated than the equations 

obtained using Cartesian coordinates. 
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Ba" joint 

Figure 5.1 Schematic representation of a multi body system 



94 

In this chapter the equations of motion of the multibody system are initially formu

lated using Cartesian coordinates. In order to illustrate the form of the algebraic equations 

representing the kinematic constraints, the equations for a rigid joint are derived. Then the 

equations of motion are reduced to a smaller set of equations in terms of joint coordinates. 

This reduction is achieved through the use of a velocity transformation process. For open 

loop systems the number of equations obtained is minimal. For closed loop systems two 

steps of velocity transformation processes are applied in sequence in order to eliminate all 

kinematic constraints. Special attention is paid to the problem of formulating kinematic 

constraints which involve flexible bodies. 

5.1 Equations of Motion in Cartesian Coordinates 

The motion of a multibody system is described by a set of n second order differential 

equations of the form: 

M q = g + gee) (5.1) 

where M is the system mass matrix, q is a n-vector containing the linear, angular and nodal 

accelerations of the bodies, and g is a vector containing the externally applied forces, the 

quadratic velocity terms and the internal forces due to the force elements and distributed 

flexibility. Vector gee) represents the reaction forces due to the kinematic constraints. The 

set of equations (5.1) is composed by the equations of motion of the individual bodies of 

the system as presented in the previous chapters. 
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The vector of forces g(c) can be described as a function of the kinematic constraints. 

Let the kinematic joints be described by a system of m independent algebraic equations in 

thefonn: 

~(q) = 0 (5.2) 

The velocity and acceleration equations are obtained by taking the fIrst and second deriv

ative of equation (5.2) with respect to time. Thus 

cj, - ~q q = 0 (5.3) 

ell - ~q q - "( = 0 (5.4) 

where 

(5.5) 

In these equations the right subscript q represents partial differentiation with respect to q. 

For instance, the Iacobian of the constraint matrix is ~q = [dcl>loq] and it has the dimen

sionofm Xn. 

By means of the Lagrange multiplier technique the constraint forces are related with 

the kinematic constraints as: 
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(5.6) 

Since the vector of Lagrange multipliers A. is unknown, the substitution of equation (5.6) 

into equation (5.1) effectively adds m new unknowns to the set of n unknowns that already 

exist Equation (5.4) provides the extra set of m equations necessary to solve for the n+m 

unknowns, i.e., 

(5.7) 

This is a mixed system of second order differential equations and algebraic equations that 

describes the constrained multibody system. To solve equation (5.7), an appropriate set of 

initial conditions must be available. These have the form: 

{
q(O) = qo} 
q(O) = qo 

(5.8) 

The numerical solution proceeds with the integration of q, obtained from the solution of 

equation (5.7), and q. The new q and q resulting from the integration are in turn used to 

form the new ~q, g and 'Y. Equation (5.7) is then solved for the accelerations as before and 

soon. 
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5.2 Kinematic Constraints for Cartesian Coordinates 

The kinematic constraints are expressed as a set of nonlinear algebraic equations that 

depend upon the system coordinates and possibly time. In what follows, it is assumed that 

the generalized coordinates describing the flexible bodies are the same as those used in the 

formulation of equation (4.34). In this case the vector of accelerations of body i is written 

in the following partitioned form: 

In what follows, the term rigid body may mean the rigid part of a partially flexible 

body as described in section 4.2, or it may mean a completely rigid body. The nodal 

accelerations of body i will still be shown in the formulation though they may not be used 

or they may be non existent. Moreover any reference to a constraint involving a flexible 

body means that at least one node of one of the bodies is involved in the definition of the 

joint kinematic constraints. For the purpose ~f establishing constraints with flexible 

bodies, the right superscripts k and I are used to refer to the nodes to which the constraint 

is applied. 

To illustrate the formulation of kinematic constraints between two bodies, the rigid 

joint is described here. This joint constrains the relative translations and rotations of the 

bodies. Referring to figure 5.2(a), let a rigid body i be rigidly attached to a rigid body j at 

a point P. The fIrSt condition for this constraint is that the position of point P in body i is 

the same as point P in body j. Thus 
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(S.9) 

The constraint acceleration equations are obtained from equation (S.9) by differentiating it 

twice with respect to time. This yields: 

<1>(1) _ -roo t: + ro.{ 
I I J J (S.10) 

The second condition for the rigid constraint is that no relative rotation between body 

i ann body j is allowed. This is to say that the angular accelerations of the two bodies 

remain equal 

A. ro.' - A. cO.' = 0 
I I 'J J (5.11) 

Finally, the acceleration constraint equations (S.lO) and (5.11) are rewritten together in a 

matrix form as: 

i'i . , 
Wi 

d/ 

[~ -t;Ai 0 0 -I fjAj 0 :] 
.. , 

[ -f",( + Oi~] Cb(riglrig) ai 
- = 

Ai 0 0 0 -A. 0 i'j 0 J . , 
Wj 

d/ .. , 
aj 

(S.12) 
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Comparing equation (5.12) with equation (5.4) it is observed that the matrix in the left hand 

side is the jacobian matrix 4»q while the vector of the right hand side of equation (5.12) is 

the vector "( in equation (5.4). 

Now the rigid constraint is established between two flexible bodies as depicted in 

figure 5.2(b). This constraint imposes not only that a node k in body i is always coincident 

with another node I in body j, but it also imposes that the relative angular orientation of 

these nodes remains unchanged. The first condition is expressed as: 

4»(1) _ d~ - d~ = 0 , '} (5.13) 

The acceleration equation associated with this constraint is obtained as: 

(5.14) 

The second condition for the rigid constraint is that the angular acceleration of the con-

strained nodes must be the same, i.e., 

(5.15) 

The acceleration constraint equation for a rigid joint between two flexible bodies is written 

by putting equations (5.14) and (5.15) together. Thus 
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rj . , 
Cl)j 

d/ 

[: 
0 A~ 0 0 0 -A~ -::] 

.. , 
[:] C/>(fz.ljz. ) 

, 'J ~ (5.16) -
A~ = 

0 0 0 0 0 rj , . , 
Cl)j 

d/ .. , 
aj 

where A~ is a 3 x 3n matrix with all its coefficients zeros except for the coefficients that are 

multiplied by the accelerations of node k of body i. The 3 x 3 submatrix corresponding to 

the non zero coefficients is the transformation matrix from the body i fixed coordinate 

system to the inertial frame, i.e., Aj • 

For the rigid joint, the considered cases are summarized in table 5.1. The case of a 

joint between a rigid body and a flexible body is also presented in table 5.1 as a combina

tion of the other two cases. 

At this point it should be noticed that most of the kinematic joints explicitly use the 

nodal angular accelerations of the two connected flexible bodies. Consequently, the 

reduction of the number of coordinates of the flexible body in the Guyan condensation 

method must not include the constrained nodes. Moreover a lumped rotational inertia, 

obtained in the fashion discussed in section 4.2, must be supplied for the constrained nodes, 

otherwise the equations of motion of the multibody system cannot be explicitly solved for 

the accelerations. 



Figure 5.2 Rigid joint between two bodies: (a) two rigid bodies; (b) two 
flexible bodies; (c) one rigid body and one flexible body 
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Table 5.1 Jacobian Matrices and r.h.s. vectors for the rigid joint 

Case 4»q, 4»fIJ "f 

RigidlRigid [! 
-§fA; 0 

~J [~I fjAj o 0] [ ~i( + cOjS:] 
Ai 0 -A· o 0 0 I 

[! 
-f:A· o 0] [: 

0 -A~ -:J [ -c;;(] Rigid/Flexible ' , I 

A· o 0 0 0 , 

[: 
0 A~ ::] [: 

0 _AI. 

-:j] [:] FlexiblelFIexible 
, I 

0 0 0 0 

S.3 Joint Coordinate Method 

The constrained equations of motion expressed by equation (5.7) can be convened to 

a smaller set of equations in terms of a set of coordinates known as joint coordinates. For 

instance for a multibody systems with open kinematic loops, this conversion yields a set of 

differential equations equal to the number of degrees of freedom. The methodology pres

ented here is largely based on the work by Nikravesh [72] and by Nikravesh and Ambrosio 

[73]. 

Consider one branch of an open-loop system as shown in figure 5.3. The bodies are 

numbered in any desired order. The relative configurations of two adjacent bodies are 

defined by one or more of so-called joint (or natural) coordinates equal in number to the 
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number of relative degrees of freedom between these bodies. For example, ~ii contains two 

angles if there is a universal joint between bodies i and j, or it contains only one transla

tional variable if there is a prismatic joint between the two bodies. 

Figure 5.3 An open-loop multibody system 

The vector of joint coordinates for the system is denoted by ~ and it contains all of the 

joint coordinates, the absolute coordinates of a base (reference) body if the base body is not 

the ground (floating base) and the independent nodal coordinates. Therefore, vector ~ has 

a dimension equal to the number of degrees of freedom of the system. The vector of joint 

velocities is dermed as ~, which is the time derivative of~. It can be shown that there is a 

linear transfonnation between ~ and q as [74-76] 



104 

q = D ~ (5.17) 

Matrix D, called the velocity transformation matrix, is orthogonal to the Iacobian matrix 

fbq• This can be shown by substituting equations (5.17) in (5.3) to find cbqB~ = O. Since ~ 

is a vector of independent velocities, then 

fbq D = 0 (5.18) 

The time derivative of equation (5.17) gives the transfonnation fonnula for the accelera

tions, 

q = D~+Ii~ (5.19) 

Substituting equations (5.6) and (5.19) in (5.1), premultiplying by DT, and using equation 

(5.18) yields 

(5.20) 

where 

(5.21) 

f = DT (g - M Ii ~) (5.22) 
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Equation (5.20) represents the generalized equations of motion for an open-loop multibody 

system, for which the number of the selected coordinates is equal to the number of degrees 

of freedom. 

The equations of motion for open-loop systems, represented by equation (5.20), can 

be modified for systems containing closed kinematic loops. Assume that there is one or 

more closed kinematic loops in a multibody system, such as the closed-loop shown in fig

ure 5.4(a). In order to derive the equations of motion for such a system, the closed-loop is 

cut at one of the kinematic joints in order to obtain an open-loop system as shown in figure 

5.4(b). For this cut system, which will be called the reduced system, the joint coordinates 

are defined as for any open-loop system. It is clear that if we now close this system at the 

cut joint(s), the joint coordinates will no longer be independent, i.e., for each closed-loop 

there exist one or more algebraic constraints between the joint coordinates of that loop. 

Assume that the dependency equations between the joint coordinate of the closed 

loops can be expressed in the fonn of constraint equations 

'P(~) = 0 (5.23) 

The time derivative of these constraints yield 

'P-Cp~=O (5.24) 
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where Cp is the Jacobian matrix of the constraints. Similarly the time derivative of these 

equations yields the acceleration constraints for the closed-loops as 

(5.25) 

where 

(5.26) 

Now the equations of motion for an open-loop system, equation (5.20), can be modified for 

a closed-loop system as: 

M P - C~ v = f (5.27) 

where v is a vector of Lagrange multipliers associated with the close-loop constraints. 

Equations (5.23) to (5.27) present a set of mixed algebraic-differential equations of motion 

for a multibody system when the number of selected joint coordinates is greater than the 

number of degrees of freedom. 

A method for systematic generation of the elements of the constraints in equations 

(5.23) to (5.25) is presented in [77]. In this reference it is shown how matrix Cp and vector 

ycan be generated from the velocity transfonnation matrix B and the Jacobian matrix cl>q. 
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Funhennore, in this reference it is shown how equations (5.23) through (5.27) can be 

converted, by a second step of transfonnation, to a set of generalized differential equations 

of motion equal in number to the number of degrees of freedom. 

• • 
(a) 

• . (b) 

Figure 5.4 (a) A closed-loop system, and (b) its corresponding reduced 
open-loop system. 
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5.4 Velocity Transformations 

The velocity transfonnation matrix B defined in equation (5.17) depends on the 

kinematics and topology of the multibody system. Let a block matrix By be defmed in 

order to represent the velocity transfonnation due to a joint between body i and body j .. 

Then the system matrix B can be assembled from all the block matrices By of the individual 

joints, based on the system topology. 

For the purpose of demonstrating the fonnulation of the block matrices By, the 

velocity transfonnations for a revolute joint and for a rigid joint are derived here. In 

appendix D, the transfonnation matrices for three other types of joints are presented. For 

each joint type three cases are analyzed: rigid to rigid body joint; flexible to flexible body 

joint; and rigid to flexible body joint. For joints defined between a rigid body and a flexible 

body it is assumed that the topology of the system is such that the nodal velocities of a 

constrained node are calculated from the rigid body velocities and never the other way 

around. 

The constraints involving flexible bodies are established between a node k of flexible 

body i and some other point in body j (node I if body j is flexible). For notational purposes, 

the flexible body velocities are partitioned as 

.T T ·T ·TT Q; = [r ,co ,d ,a l; 
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if the constraint only involves the rigid part of the body. Otherwise the velocities are par

titioned as 

T T ·T 'T ·IIT .l:TT t'I; = [t ,CI) ,d ,a ,(d) ,(a)]j 

where vectors il and eX contain the linear and angular nodal velocities for all the nodes of 

the flexible body with the exception of the constrained node k. Vectors ill: and if contain 

the linear and angular velocities of node k respectively. In the joint coordinate method the 

body fixed angular velocities and accelerations are expressed in their global components 

rather than in the body fixed coordinate system. The flexible body equations of motion 

obtained in previous chapters are transformed from the body fixed components to the 

global components, i.e., 00' is transfonned to roo 

5.4.1 Reyolute Joint 

Let two bodies be attached by a revolute joint as depicted in figure 5.5. The axis of 

the revolute joint is defined by a vector h which is rigidly attached to a point P in a rigid 

body or to a node of a flexible body. The joint coordinate associated with this constraint is 

an angle f3 described about vector h. 

Let the revolute joint connect rigid bodies i andj (or rigid parts of the partially flex

ible bodies) as depicted in figure S.S(a). Then the angular velocity and the velocity of the 

center of mass of body j depend on the velocity of body i and on the joint velocity. The 

angular velocity of body j is given by: 
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(5.28) 

The velocity of the center of mass of body j is written as: 

which is the same as: 

(5.29) 

substituting CIlj in this equation by equation (5.28) yields: 

(5.30) 

Now the relation between the velocities of body i andj and the joint velocities (independent 

velocities) is written as: 

ti I 0 0 0 0 0 0 ti 
CIli 0 I 0 0 0 0 0 COi 
iii 0 0 I 0 0 0 0 . 

0 0 0 0 
iii 

~ I 0 0 . 
(5.31) = I -(Si+Sj) 0 0 0 0 -s·b ~ 

tj 'J ilj 
CIlj 0 I 0 0 0 0 h 

ilj 0 0 0 0 I 0 0 aj 

0 0 0 0 0 I 0 ~ aj 
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An inspection of the structure of the velocity transformation matrix B reveals that the 

non-zero entries are associated with small block matrices. These block matrices are: 

where Fij,r) is a 6 x 6 matrix associated with the floating base body and R~,r) is a 6 x 1 

matrix associated with the revolute joint. The superscript (r,r) means that the joint is 

defined between two rigid bodies. 

In the second case, a revolute joint is set up between two nodes of two flexible bodi, .) 

as depicted in figure 5.5(b). The linear and angular velocities of node I of body j are 

dependent on the velocities of node k of body i. Thus 

a~ = C< + h~ 

il~ = a: 
(5.32) 

(5.33) 



FigureS.S 

y 
(a) 

1). 
J 

y 

(b) 

Revolute joint: (a) between two rigid bodies; (b) between two 
flexible bodies. 
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The complete set of velocities of body j are related to the independent coordinates by 

i'; 

co; I 0 0 0 0 0 0 0 0 0 0 t; 

d; 0 I 0 0 0 0 0 0 0 0 0 co; 
. 0 0 I 0 0 0 0 0 0 0 0 d; 
~ 
." 0 0 0 1 0 0 0 0 0 0 0 a; 
d; 0 0 0 0 1 0 0 0 0 0 0 ·k 
." 0 0 0 0 0 I 0 0 0 0 0 

d; 
<Xi • k (5.34) = ai 
i'j 0 0 0 0 0 0 1 0 0 0 0 

Olj 0 0 0 0 0 0 0 1 0 0 0 i'j 

dj 
0 0 0 0 0 0 0 0 I 0 0 aj 

0 0 0 0 0 0 0 0 0 I 0 dj 
<Xj ., 0 0 0 0 1 0 0 0 0 0 0 <Xj 
dj 0 0 0 0 0 I 0 0 0 0 h ~ . , 
<Xj 

The structure of the velocity transformation matrix B shows that the block matrices for this 

case are: 

= [0
1 

01] F;JJ) 

The matrices F1J) and R~J) are respectively a 6 x 6 matrix associated with the "floating 

node" k and a 6 x 1 matrix associated with the revolute joint. The superscript (ff) means 

that the joint is defined between two flexible bodies. 
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The last case studied here is the constraint due to a revolute joint between a rigid body 

i and a node of a flexible body j. This case is a combination of the two cases previously 

presented. The relation between the velocities of the rigid body and the node I of body j are 

written as: 

. , 
coj + h~ N .. = --I (5.35) 

., 
tj SjCOj d j = - (5.36) 

Then the relation between the absolute velocities and the joint velocities is written as: 

tj 
I 0 0 0 0 0 0 0 0 tj 

Cl)j 
0 I 0 0 0 0 0 0 0 

ilj coj 

0 0 I 0 0 0 0 0 0 ilj 
~ 0 0 0 I 0 0 0 0 0 
tj 0 0 0 0 I 0 0 0 0 

{Xj 

= 0 0 0 0 0 0 0 0 tj (5.37) 
Cl)j I 
ilj 0 0 0 0 0 0 I 0 0 {Xj 

{Xj 0 0 0 0 0 0 0 I 0 ilj 
., I -Sj 0 0 0 0 0 0 0 aj dj 

0 I 0 0 0 0 0 0 h ~ . , 
aj 

The block matrices FJ.n and R~.n for this case are: 

The dimensions of these block matrices are the same as in the cases previously described. 
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5 4 2 Ri~d Joint 

Let body i be attached to body j by a rigid joint as depicted in figure 5.6. The con

straint imposed by this joint implies that there will be no relative motion between the 

constrained points of body i and body j. 

In the first case considered here, both bodies i and j are rigid bodies. The relation 

between their velocities due to the rigid joint is described by: 

(5.38) 

(5.39) 

These equations are now used in the velocity ttansfonnation in order to relate the general

ized velocities with the joint velocities. This relation is written as: 

ti I 0 0 0 0 0 
CJ)i 0 I 0 0 0 0 ti 

iii 0 0 I 0 0 0 Wi 

~ 0 0 0 I 0 0 iI; 
(5.40) = I -(8;+5) 0 0 0 0 tj el; 

CJ)j 0 I 0 0 0 0 ilj 

ilj 0 0 0 0 I 0 elj 

elj 
0 0 0 0 0 I 

The structure of the velocity ttansfonnation matrix B shows that the block matrix for this 

case is: 
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This is a 6 x 6 matrix associated with the floating base body. 

If both bodies i and j are flexible and rigidly attached to each other at nodes k and I 

respectively, the relation between their nodal velocities is given by: 

• 1 
C1.j = • k 

C1.j 
(5.41) 

'1 dj = • k 
dj 

(5.42) 

The velocity transfonnation that relates the generalized velocities with the joint velocities 

is written as: 

tj 

(OJ I 0 0 0 0 0 0 0 0 0 tj 

ilj 
0 I 0 0 0 0 0 0 0 0 

0 0 I 0 0 0 0 0 0 0 
(OJ 

~ 0 0 {3 or 0 0 0 0 0 0 
ilj 

'k 
.II. 

dj 0 0 0 0 I 0 0 0 0 0 ~ 
• k • t 

U j 0 0 0 0 0 I 0 0 0 0 dj (5.43) = 
tj 0 0 0 0 0 0 I 0 0 0 • k 

C1.j 

(OJ 0 0 0 0 0 0 0 I 0 0 
tj 

ilj 
0 0 0 0 0 0 0 0 I 0 

Uj 

Uj 
0 0 0 0 0 0 0 0 0 I 

ilj 
0 0 0 0 I 0 0 0 0 0 

'1 dj 0 0 0 0 0 I 0 0 0 0 C1.j 
• 1 
uj 



y 
(a) 

1). 
J 

y 

(b) 

Figure 5.6 Rigid joint: (a) between two rigid bodies; (b) between two flex
ible bodies. 
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For the rigid joint between two flexible bodies the matrix B only has one block matrix 

which is: 

= [01 °I] ~J) 

This is a 6 x 6 matrix associated with the "floating node" k. 

The last case presented here is the rigid joint between a rigid body i and a flexible 

body j. The relation between the velocities of the rigid body and node I of body j are 

written as follows: 

./ aj = w; (5.44) 

"/ dj = t; - 5; co; (5.45) 

Then the relation between the generalized velocities and joint velocities is written as: 

i'; 
1 0 0 0 0 0 0 0 

Wi 
0 1 0 0 0 0 0 0 t· , 

ci; 0 0 1 0 0 0 0 0 co; 
<lj 0 0 0 1 0 0 0 0 ci; 
tj 0 0 0 0 1 0 0 0 a; 

(5.46) = 0 0 0 0 0 I 0 0 coj tj 

cij 0 0 0 0 0 0 1 0 aj 

aj 
0 0 0 0 0 0 0 I cij 

"/ 1 -s; 0 0 0 0 0 0 dj 
0 1 0 0 0 0 0 0 

aj 

"/ aj 
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The block matrix for this case is F;J> and it is written as: 

The transfonnation matrix B is a sparse matrix with many of its non-zero entries 

being constants. The only non-constants entries in B are those of the block matrices. Then, 

the only non-zero entries of matrix Ii are those corresponding to the time derivative of the 

block matrices. For the case of a rigid joint between two flexible bodies, matrix Ii is a null 

matrix. 

5.5 Partial Reduction of the Equations of Motion 

The joint coordinate method using the velocity transfonnations reduces the system 

equations of motion to a minimal set when all the constraints are eliminated. There are 

situations however where it is desirable to maintain some of the constraints. An example 

of one of these situation is the modelling of the contact between a node of the flexible body 

and an obstacle during an impact situation. When the contact starts, which can be detected 

by monitoring the position of the node with respect to the obstacle, a position constraint for 

the node is turned on. While the contact occurs, the direction of the reaction force over the 

node is along the outer normal of the surface of the obstacle. Once the node starts 

rebounding from the obstacle, the constraint must be turned off. Since the direction of the 

reaction force is related to the sign of the Lagrange multiplier associated with it, a change 

in the sign of the multiplier implies the need for the elimination of the constraint. Other-
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wise the constraint would force the node to remain in contact with the obstacle. Clearly for 

this type of problems, i.e., problems with intermittent constraints~ it is useful to maintain 

the constraints in the equations of motion in explicit form. 

In this section the velocity transformations associated with a selected number of 

constraints are used to reduce the number of equations of motion. All remaining con

straints are left untouched. Without any loss of generality, let it be assumed that constraints 

involving flexible bodies are not reduced by the methodology discussed in the previous 

section. 

Consider the multi body system represented in figure 5.7. The equations of motion 

can be written in terms of Cartesian coordinates as depicted by equation (5.1). These 

equations can be partitioned into coordinates associated with the motion of the body fixed 

coordinate systems and nodal coordinates. The reaction force vector can be written as a 

sum of one term involving the rigid bodies constraints and another term. involving the 

flexible bodies constraints, i.e., 

(5.47) 

where <1»11, is the Jacobian matrix of the constraints involving rigid bodies, <l»1If is the Jaco

bian matrix for constraints involving flexible bodies, and [<1»11.( , <I»~ is the Jacobian 
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matrix for constraints between rigid and flexible bodies. The force vectors g, and g, 

include the external applied forces. gyroscopic forces and internal forces due to the force 

elements and body flexibility. Rearranging equation (5.47) yields: 

(5.48) 

The velocity transfonnations defined in the previous section are used here to elimi

nate the explicit use of the constraints between rigid bodies. These velocity transforma

tions are defined as: 

q, = B~, (5.49) 

The frrst time derivative of this equation yields 

ii, = B 13, + B ~, (5.50) 

Now equation (5.50) is substituted into equation (5.48) yielding: 

[~" ~I] [: ~] [~] -[:~] ~ -
-[~~ ::r [~] = [~] (5.51) 
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The Ill'St row of this equation is premultiplied by Dr yielding 

[~ ~] [~" ~6] [: ~] [!] -
_ [BT:~] ~, _ [~~B ::r [~] = [B~g,] (5.52) 

Since the velocity transfonnation matrix B is orthogonal to the Jacobian matrix cl>q,' the 

tenn associated with the Lagrange multipliers A,. becomes zero. Finally, the partially 

reduced equations of motion of the multibody system are obtained as: 

(5.53) 

where 

(5.54) 

(5.55) 

In order to solve equation (5.53) for the unknowns, an extra set of equations is nec

essary. These equations are the constraint acceleration equations which involve flexible 
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bodies, i.e., equation (5.4). rIte same set of coordinates used in the equations of motion 

must be used in the acceleration equations. In this case the velocity transfoI1Jiation must 

also be applied here. Equation (5.4) can be rewritten as: 

(5.56) 

The generalized rigid body accelerations are related to the joint accelerations by equation 

(5.50), which is substituted into equation (5.56) yielding: 

(5.57) 

Equations (5.53) and (5.57) are solved together to obtain the joint accelerations p, and 'it, 

and the Lagrange multipliers 1../. 



z 

x 

Cut joint 
Cut joint 

-

y 

Figure 5.7 Multibody system model using joint coordinates between rigid 
bodies only. 
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CHAPTER VI 

KINETOSTATIC METHOD FOR STRUCTURAL IMPACT 

In the crash worthiness and structural impact analyses, the elastodynamic effects play 

an imponant role in the behavior of the multibody system. These problems are character

ized by the impact of one or more components of the system during small periods of time. 

During the impact periods, the defonnation of the components has a critical importance for 

the motion of the system. 

In the procedures discussed in the previous chapters, the inertial coupling between 

the gross motion of the body fixed coordinate systems and the distributed defonnation of 

the flexible body was accounted for. For bodies with a relative complex geometry. a large 

number of nodes may be necessary to describe the system. This implies that a large num

ber of degrees of freedom will result and consequently a large number of equations of 

motion has to be assembled and solved. Because of the extensive computation time 

associated with the solution of these equations and the long periods of analysis, this is a 

relatively expensive procedure. 

For some applicati~~s of the crashworthiness analysis considered in this work, the 

mass of the deformable part of the flexible body is relatively small compared to that of the 

rigid part. The deformable part may be a layer around the rigid body, or simply a 

deformable appendage. Under certain conditions, the flexible part of the body behaves like 

a massless structure attached to a rigid body. This concept is illustrated in figure 6. 1 (a) for 

the rollover of a vehicle where the flexible part is designated by X. 



I 

," (a) 

bodyi 

(b) 

Figure 6.1 Schematic representation of the rollover of a vehicle with a roll
bar cage: (a) global displacement of the vehicle; (b) defonnation 
of the rollbar cage during impact; (c) the force/moment applied to 
the chassis due to the structural defonnation 
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In this method, the following assumptions are made: the mass and moments of 

inertia of the structure can be neglected when compared with those of the rigid body; the 

mass and moments of inertia of the rigid part include those of the flexible part; the defor

mation of the flexible part does not change the inertial characteristics of the body. Under 

these assumptions, the construction of a simplified model for the partially flexible body, 

referred to as the kinetostatic model, is described in this section. 

For simplicity of notation, the defonnable part of the flexible body is here designated 

simply by "the structure" while the rigid part of the same body is referred to as "rigid body 

i". In the first section' of this chapter, it is assumed that the material constitutive law for the 

structure is linear elastic; the defonnations are small; no other force besides the reaction 

forces from impact is applied over the structure. In the second section, these restrictions 

are relaxed and a complete nonlinear structural behavior is allowed for the flexible body. 

6.1 Small Linear Elastic Deformations 

The equations of motion for a rigid/flexible body are given by equations (4.34). The 

rigid and flexible equations are numerically uncoupled. In the right hand side, the action

{reaction forces between the flexible and the rigid part are accounted for. Using the 

assumption of a massless structure for the flexible equations of motion, all of the nodal 

masses are eliminated. In order to maintain the total mass of the rigid/flexible body, the 

inertia of the structure is added to that of the rigid body i. Equation (4.34) becomes: 
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(6.1) 

where the mass m and the inertia tensor J' contain the inertial properties of the rigid body 

i and the structure. The first two rows of equation (6.1) are the equations of motion for the 

rigid body. Vectors c,,' and ee' represent the reaction forces and moments and are given by 

equations (4.32) and (4.33). The last row of equation (6.1) is the static equilibrium equa

tion for the structure. 

Assuming that the structure is linear elastic, i.e., the constitutive equation is linear 

and the defonnations are small, then equation (6.1) can be partitioned into: 

(6.2a) 

K u' = gJ (6.2b) 

Comparing equation (6.2b) with equation (3.24) or (3.25) it is observed that the nonlinear 

stiffness matrix vanishes due to the assumption of the small defonnations. The linear 

stiffness matrix becomes constant due to the assumption of the linear elastic material law. 

In this sense u' is a vector of total nodal displacements rather than a vector of displacement 

increments. This implies that the vector of the equivalent nodal forces 'F' vanishes. The 

vector of the applied nodal forces g/ still contains the external applied forces over the 
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nodes and the forces due to the force elements that are connected to the structure. For the 

purpose of deriving an expression for the nodal forces due to the impact with an obstacle, 

let it be assumed for the moment that all the forces applied over the structure (vector g/> 
are only due to the impact, i.e., g/ are the reaction forces of the obstacle over the structure 

plus the contact friction forces. 

When the structure impacts another object, for example a rigid nonmoving obstacle, 

it undergoes some deformations as shown in figure 6.1(b). In turn, the effect of the 

deformation of the structure over the attached rigid body is described by applying a for

ce/moment on body i, as depicted in figure 6.1(c). This force/moment, denoted by f, is 

simply the resultant of the reaction forces of the structure over the rigid body. Referring to 

equation (6.2a), the reaction force/moment is given by 

(6.3) 

where vectors c{,' and ee' depend upon the nodal displacements of the structure. The 

objective is to calculate the vector of nodal displacements u'in an efficient manner, so that 

the reaction forces f can be obtained. 

Let the jth node of the finite element representation of the structure come in contact 

with the surface of an obstacle. The surface of the obstacle is defmed by the global coor

dinates of a point Qj. denoted by dJ, and a normal unit vector Dj as shown in figure 6.2. 

The subscriptj is used for point Q and vector D in order to indicate that this surface contacts 

nodej. 
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Figure 6.2 Definition of the position constraint posed by the rigid surface 

At any given instant, the global coordinates of the undefomled position of node j, 

denoted by vector dj , can be calculated from the global configuration of body i. The "ap

parent penetration" aj of nodej into the contacting surface, as illustrated in figure 6.3, can 

be calculated as 

(6.4) 
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In reality, the structure deforms in such a way that node j remains on the surface of the 

obstacle. This means that if the vector of nodal displacements of node j is denoted by 8i , 

then the projection of this vector onto the normal to the surface must be equal to the 

apparent penetration a.i , or 

(6.5) 

Equation (6.4) is substituted into equation (6.5) to yield one constraint equation for node j 

as: 

(6.6) 

In order to apply this constraint to the static equilibrium equations of the structure, 

equation (6.2b), the nodal constraint equation (6.6) must be written in terms of the nodal 

displacements with respect to the body fixed coordinate system, i.e., 

oj [A (8/ + bi ') + r - dJ] = 0 

where matrix A is the transformation matrix from the body fixed coordinates to the global 

system. This equation is rearranged as: 

oj A 8/ = -oj (A b/ + r - dJ) (6.7) 
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This equation, which is another form of equation (6.5), is the constraint equation on the 

displacement of node j. If more than one node simultaneously contact one or more 

obstacles, equation (6.7) is written for each node and the resulting set of constraints 

become 

G u' = (X (6.8) 

where the rows of matrix G contain the components of normal vectors, u' is the vector of 

nodal displacements for all of the nodes, and vector (X contains (Xj' s for all of the contacting 

nodes. 

constraint 

Figure 6.3 Contact between node j on the structure and a rigid surface 
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The reaction force at node j is denoted by Nj and it may be assumed that there is also 

a friction force acting on the structure at that node. This friction force g/, as shown in 

figure 6.4, can be expressed by 

(6.9) 

where J.1 is the friction coefficient and Vj is a unit vector in the direction of the velocity of 

node j projected on the constraint surface. 

nodej 
constraint 

Figure 6.4 Reaction and friction forces at node j. 
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The potential energy associated with the deformation of a structure such as X is given 

by [78,79] 

1 x, = 2 (U')T K U' - (U')T g; (6.10) 

where K is the structural stiffness matrix, and g/ is the vector of external forces applied to 

the structure excluding the impact forces, i.e., the right hand side of equation (6.2b). All 

these quantities are written in the coordinate system attached to the rigid body i. When 

some nodes of the finite element representation of the structure come in contact with an 

obstacle, the constraints presented by equation (6.8) can be introduced in the functional of 

equation (6.8). For this purpose, the method of Lagrange multipliers is used. Thus 

1 
x, = 2 (uY K u' - (u'l g/ + cf (Gu' -a) (6.11) 

where (1 is a vector of Lagrange multipliers having a dimension equal to the number of 

constraints. Performing the flrSt variation on equation (6.11) with respect to u' and (1, a 

system of equilibrium equations is obtained as 

(6.12) 

Note that the term GT 
(1 in equation (6.12) represents the constraint forces due to the impact. 

For the jth node, the quantity 
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(6.13) 

is exactly the reaction force normal to the constraint surface at node j. Substituting this 

equation into equation (6.9) and observing that Dj is a unit vector yields 

(6.14) 

Note that the nodal constraints are unilateral; i.e., OJ does not change sign and it is a posi-

tive quantity as long as there is contact. Therefore, equation (6.14) is written as 

(6.15) 

where HJ =-J.LATVj• If more than one node is in contact with the obstacle, and friction 

forces are the only external forces on the structure (excluding the reaction forces), then 

equation (6.15) is evaluated for all those nodes. This yields: 

(6.16) 

where matrix HT contains all HJ's. Substituting equation (6.16) into equation (6.12) results 

in 
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(6.17) 

This equation is solved to find a as 

(6.18) 

The dimension of matrix [G K-1 (G - H)] is k x k where k is the number of nodes in 

contact. Therefore,. this is usually a very small matrix, and in most cases, a scalar. This 

means that the inversion of this matrix is not computationally time consuming. The stiff

ness matrix K needs to be inverted only once as long as its elements are not changed This 

is the case when only small linear elastic deformations are considered. 

After evaluating the Lagrange multipliers a from equation (6.18), equation (6.13) 

and (6.14) are used to calculate the reaction and friction forces at every contacting node. 

Since the structure is in static equilibrium, the set of reaction force/moments f as given by 

equations (6.3) is equivalent to the set of forces N and g, as if they are directly applied to 

the rigid body i. For a typical contact node j, Nj and gj act on body i at point j which is 

considered as an extension of body i. These forces cause a moment on body i due to the 

moment ann which is a vector locating point j relative to the origin of body i. 

During a simulation, as long as none of the nodes in the structure is in contact with 

any obstacles, f is a null vector. This means that the dynamic analysis proceeds as a 

muiti-rigid body system. In order to detect if a particular node j contacts or penetrates a 
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surface at a certain time step, the term aj is calculated from equation (6.4). A positive a j 

means no contact and a negative aj indicates a penetration. When a penetration is detected, 

the corresponding reaction force/moment is calculated and included in the vector of forces. 

This reaction force/moment is updated as long as the node is in contact with the obstacle. 

When more than one node is detected to be in penetration, the sign of all Lagrange multi

pliers in vector CJ must be verified. If any of these multipliers turns out to be negative, then 

its corresponding constraint must be removed and equation (6.18) must be solved again. 

This situation can be described by referring to figure 6.5. As illustrated in figure 6.S(a), the 

undeformed configuration of two of the nodes are in "apparent penetration" (negative val

ues for a/s are obtained from equation (6.4». However, in reality, if the deformation of 

the structure is considered, only one node may be in contact with the surface as shown in 

figure 6.S(b). If two nodal constraints are enforced, then an incorrect structural deforma

tion is obtained. The negative Lagrange multiplier indicates which nodal constraint is 

enforced incorrectly and consequently must be removed. 

6.2 General Nonlinear Kinetostatic Model 

For crash worthiness and structural impact analysis, the static equilibrium equations 

of the structure must reflect the nonlinear behavior of the flexible part. This means that 

equation (6.2b) must be rewritten in an incremental form. Then 

(6.19) 
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where u' is the increment of nodal displacements, g/ is the vector of external applied forces 

and moments, while 'F represents the equivalent nodal forces due to the state of stress of 

the reference configuration. 

-N. J, 

Figure 6.5 

constraint 

(a) (b) 

An apparent penetration of two nodes may yield: (a) a positive 
and a negative reaction force for two incorrectly enforced con
tacts.: (b) removal of the contact constraint on one node yields 
correct defonnation of the structure. 
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The constraint equations represented by equation (6.8) must be added to the static 

equilibrium equations. It must be understood that these constraints are applied to the 

increment of displacements. The constrained equilibrium equation is now written as: 

(6.20) 

Since equation (6.20) is an incremental equation. the tenn ~T a is the increment of reac

tion forces due to the constraints. Vector 'N represents the vector of the accumulated 

reaction forces for the reference configuration of the structure. 

If there is friction acting over the nodes in contact with the obstacle. the friction 

forces must be added to the right hand side of equation (6.20). The total friction force is 

equal to an increment of force described by equation (6.15). which is due to the increment 

of reaction force. and the accumulated friction force. which is here referred to as 'N". The 

constrained static equations in the case of existence of friction are written as 

(6.21) 

The accumulated friction force for a node j is obtained as 

(6.22) 
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where Vj is a unit vector in the direction of the projection of the nodal velocity over the 

surface of the obstacle. In order to solve equation (6.21) for the displacement increments 

u' and for the Lagrange multipliers a, an extra set of equations equal in number to the 

dimension of 0' is required. Such set is equation (6.8), which written together with equa

tion (6.21) yields 

(6.23) 

The set of equations represented by (6.23) is a nonlinear system of equations once the 

stiffness matrices, the constraint Jacobian matrix, and the stress equivalent nodal forces 

depend upon the total displacements of the nodes. 

By the nature of equation (6.23), some of the nodal displacements are prescribed 

while others are unknown. Conversely, the vector of nodal forces is known with the 

exception of the increments of reaction forces, which are represented by the product of the 

Lagrange multipliers by the constraint Jacobian matrix. This problem is fonnally similar 

to the problem of tracing the response of a structure near a limit point. When the incre

ments of displacement are relatively large, an iterative procedure must be used to obtain the 

forces and displacements that characterize the equilibrium of the structure. Increment 

displacement algorithms, such as the constant arc-length method or the increment control 

method, are well suited to solve this problem with accuracy [80-83]. 

The equations of motion for the multibody system in general, and the equations of 

motion of body i in particular are integrated in time using a predictor-corrector differential 
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integrator. Whenever a node begins to contact an obstacle, the integration of the acceler

ations and velocities is stopped. Then the integration procedure is restarted from the time 

at which contact starts. This implies that the numerical integrator will take very small time 

steps during the flI'St phase of the restart, and consequently, the nodal displacement incre

ments will also be small. If the behavior of the structure is almost linear, it is expected that 

the size of the integrator time steps to increase. Conversely, if the structural behavior is 

highly nonlinear such steps remain small. In this sense the nodal displacement increments 

during an integration step are very small. Consequently, the behavior of the structure 

during a step of integration is approximately linear. Then the error introduced in the 

solution of equation (6.23), by assuming a linear behavior, is relatively small. However, if 

the behavior of the structure is such that its response contains limit points, the stiffness 

matrix becomes non-definite and cannot be inverted. In this case the solution of equation 

(6.23) must be obtained by an incremental displacement tracing algorithm as mentioned 

previously. 

II the behavior of the structure is approximately linear during an increment of nodal 

displacements, the Lagrange multipliers are obtained by a process similar to equation 

(6.18), i.e., 

CJ = [G 'K'"l (G - H)Tfl [G 'K'"1 (g/ - 'F - 'N' + 'N" ') - ex] (6.24) 

Then, the nodal displacement increments are obtained as: 

(6.25) 
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For simplicity, 'K is used instead of 'KL +' ~L in equations (6.24) and (6.25). To solve 

for the Lagrange multipliers and nodal displacement increments, the stiffness matrix needs 

to be inverted every time step since this matrix is not invariant. 

Before proceeding for a new time step, the sign of each reaction force must be veri

fied. If a node j remains in contact with an obstacle, the new reaction force associated with 

it is updated as: 

(6.26) 

If the dot product of '+&Nj by OJ is positive, the constraint associated with node j is 

retained, otherwise it must be dropped. Moreover, if more than one node is in contact with 

the obstacle, and due to the direction of the reaction force the constraint associated with 

node j has to be removed, equations (6.24) and (6.25) must be solved again for the 

remaining set of constraints. The discussion at the end of the previous section, about the 

problem of removing constraints, is still valid for nonlinear structural behavior. 



CHAPTER VII 

APPLICATION TO THE CRASHWORTHINESS 

OF AN OFFROAD VEHICLE 
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The study of the crashwonhiness and structural impact of vehicles contributes to the 

assessment of occupant survivability during crash or rollover. The results of these studies 

help to quantify the levels of structural defonnation, kinetic energy absorption, vehicle 

components trajectories, forces and injury indices experienced by the occupants. The 

understanding of how the mechanical components influence the aforementioned quantities 

is essential for the design of vehicles including safe restrain systems. 

Historically, crashwonhiness and structural impact analysis has relied on destructive 

experimental tests. However, the use of numerical models for this type of analysis is 

becoming increasingly popular. An important advantage of the computer simulation is the 

possibility of studying a vehicle subjected to different sets of impact situations without 

perfonning experimental tests. Structural and mechanical modifications can be modelled 

even before the actual prototype is constructed. Each numerical model of the vehicle can 

be simulated for different conditions, i.e., different obstacle shapes, weather conditions, or 

initial conditions. In this chapter, the type of infonnation that can be obtained from vehicle 

dynamic simulations is illustrated with the study of an offroad vehicle. 

The simulations presented here use the Multi-BOdy System Simulation computer 

package (MBOSS) [84]. This is a general purpose computer program for the dynamic 
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analysis of multibody systems. It uses the joint coordinate method and velocity transfor

mations in order to represent the multibody system. MBOSS presents some advanced 

features for the dynamic simulation of vehicles. One feature is the use of a comprehensive 

numerical model for a tire and its interaction with the ground. To increase the capabilities 

of MBOSS to handle systems of rigid and/or flexible bodies, the methodology discussed in 

previous chapters is incorporated in the package. 

7.1 General Description of the Vehicle 

The vehicle simulated here is an M151-A2 1/2 ton utility truck presented in figure 

7.1. Originally this vehicle did not have any protection for the passengers in case of a 

rollover. In order to provide that extra protection, a rollbar cage was attached to the chassis 

of the truck. As a result the center of gravity of the vehicle was raised, increasing its roll 

instability. The vehicle was studied for different ride situations in order to quantify the 

consequences of the introduction of the rollbar cage. In this chapter only the simulations 

of the truck that involve structural impact and rollover are discussed. 

The model of the vehicle, excluding the rollbar cage, consists of the main chassis, the 

complete suspension system, and four wheels. The front wheels are connected to the main 

chassis by unequal A-arms (double wishbones), as shown in figure 7.2(a). The rear wheels 

are connected to the main chassis by semi-trailing arms, as shown in figure 7.2(b). Sus

pension springs, shock absorbers, and jounce stops are modeled by point-to-point spring

damper elements with nonlinear characteristics [85]. The vehicle model consists of twenty 

two joint coordinates and eight constraints providing fourteen degrees of freedom. Six 

degrees of freedom correspond to the main chassis, four to the four suspension systems, 



145 

and four to the rolling wheels. Six of the constraints correspond to the closed kinematic 

loops of the front suspensions. The remaining two constraints are for the steering of the left 

and right wheels. The multibody model for the MISI-A2 1/4 ton truck is presented in 

figure 7.3. The inertia characteristics of the vehicle are presented in table 7.1, and the 

initial positions of the rigid bodies of the system are presented in table 7.2. The kinematic 

joints used in the truck model are described in table 7.3. 

The geometry of each tire is modeled by the volume inside a torus. The tire model is 

equivalent to a three-dimensional spring system where the kinematic and dynamic prop

erties are derived as functions of the tire geometry, orientation, velocity and experimental 

data. The concept of a friction-ellipse is employed to calculate traction and braking forces. 

Lateral forces for each tire, due to elastic deformations when a wheel is steered, are 

included. The model is based upon a comprehensive development for pneumatic tires in 

reference [40]. 

The rollbar cage is a flexible frame mounted over the chassis to protect the passen

gers in case of a rollover. A computer-generated representation of the rollbar cage and the 

main chassis is shown in figure 7.4. The cage is attached to the chassis by six mounting 

brackets. The rollbars are made of 1025-1030 steel with a yield strength of 30,000 psi. The 

cross-sectional area of each bar is annular with an inside radius of 2.14 em and an outside 

radius of 2.54 cm. The finite element model of the cage is composed of 13 beam elements 

and 12 nodes. In order to simulate the attachment of the cage to the chassis, 6 of the nodes 

are fIXed to body 1. This leads to a finite element model with 36 degrees of freedom. The 

dimensional characteristics of the rollbars are presented in table 7.4. The rollbar cage 

modelled in this form has a first natural frequency of 24.1 Hz and a sixth natural frequency 
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of 520 Hz. In order to simulate a more realistic model of the structure, damping effects are 

accounted for. The respective damping matrix is calculated using Rayleigh damping [79]. 

The damping ratios used for the fust and sixth natural frequencies are 5% and 30% of the 

respective critical damping. 

7.2 Simulation Description 

The simulation of the truck rollover was performed using the MBOSS computer 

code. Some new subroutines were added to this code in order to describe the interaction 

between the ground,· the rigid bodies and nodes of the flexible bodies. 

The interaction between the ground and the nodal points of the flexible body, during 

rollover, is modelled through the introduction of unilateral kinematic constraints. When 

the contact between a node and the ground is detected, the integration is halted. A kine

matic constraint between the contacting node and the ground is introduced. The velocity 

of the node in the direction of the normal to the contact surface is reset to zero, then the 

integration of the equations of motion is restarted. The reaction force of the ground over 

the contacting node is equal to the product of the Lagrange multiplier by the Jacobian 

matrix of the constraint If the boundary of the impacting surface does not change in time, 

the Jacobian matrix is constant. In this case the sign of the Lagrange multiplier is directly 

associated with the direction of the reaction force. The kinematic constraint between the 

node and the ground is removed when the sign of the Lagrange multiplier changes, i.e., 

when the node comes out of contact with the ground. 
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To model the interaction between the rigid bodies and the ground, a generalized 

Hem contact force model proposed by Lankarani is used [86]. In this model, the reaction 

force of the ground over a point in the rigid body is calculated as 

g = K [1 3(I-e
2

) 1..] 8/1 
+ 4 8(-) 

where K (= 2.375 N/ml.5) is the generalized parameter, e (= 0.79) is the restitution coeffi

cient, 8 is the penetration velocity. and 8(-) is the approach velocity (velocity of the point of 

the rigid body at the time of impact). The apparent penetration of the point is represented 

by 8, and n (= 1.5) is a parameter. The force obtained using this equation presents a hys

teresis loop if the coefficient of restitution is not elastic. This loop is related to the loss of 

energy during impact due to local effects on the point of contact (damping or plastic 

deformations). A more detailed discussion of this model is presented in reference [86]. 

A rollover test for the truck was performed by placing the vehicle over a cart moving 

at a speed of 30 m.p.h. and impacting a water filled decelerator system, thereby throwing 

the truck off the cart [87]. The initial roll angle was 23 degrees, and the height of release 

was 30 cm as shown in figure 7.5. In order to maintain the total kinetic energy of the 

vehicle approximately the same as in the experimental test, an initial translational speed of 

departure of 25 m.p.h. plus an angular roll velocity of 1.5 rad./s was assumed. 

Several simulations of the rollover were performed. In the first simulation the kine

tostatic method was used. The rollbar cage was assumed to behave elastically and the 

deformations were assumed small. In the second simulation the inertia coupling between 
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large motion and structural defonnations of the rollbar cage was included. The material 

law for the rollbar cage was still assumed to be linear elastic. Finally a third simulation was 

performed assuming a completely nonlinear behavior for the rollbar cage. The material of 

the rollbar was assumed to be elasto-plastic, having a plastic modulus equal to one tenth of 

the Young's modulus. Large deformations were allowed for the structure. In order to be 

able to compare the results of the different simulations, a frictionless contact between the 

rollbar cage and the ground was assumed. 

7.3 Results 

The vertical displacement of the center of the mass of the chassis versus time is 

plotted in figure 7.6 for the three simulations. At 0.3s the left wheels impact the ground 

and at approximately 0.7s the top-left edge of the cage comes in contact with the ground 

The magnitude of the ground reaction force over node I of the rollbar cage and the total 

vertical displacement of the same node are shown in figures 7.7 and 7.8 respectively. The 

simulations show that the two methods predict very similar behaviors within the flI'St 1.5s 

if identical material laws and level of deformations are assumed. From figwe 7.9 it can be 

seen that the level of deformation for the rollbar cage is identical in both methodologies. 

However some of the system energy is used in the vibration of the rollbar cage is dissipated 

due to structural damping. The decay in amplitude of vibration corresponds to a damping 

ratio of 0.05 for the flI'St natural frequency of the cage. Due to the extreme nonlinear nature 

of the equations of motion, the small deviations between the results of the kinetostatic 

model and the "complete dynamic" model will cause the results to be quite different after 

the initial period. In about 1.9s, the vehicle which has almost rotated by 90 degrees, is 

ready to impact the ground on its side (figure 7.10). Due to the slight differences in the two 
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predictions, the dynamic method shows that the top comer of the cage impacts the ground 

for the second time, where the kinetostatic method shows that the chassis impacts the 

ground. This is evident from the ground reaction forces acting on the cage (figure 7.7). 

When the rollbar cage is allowed to exhibit a fully nonlinear behavior, the results of 

the simulation of the truck rollover are qualitatively different. It is observed that during the 

first 0.7 second the behavior of the truck is exactly the same observed when a linear elastic 

material was used for the rollbar cage. At 0.69 second, node 1 of the rollbar cage starts the 

contact with the ground. Shortly after, the level of deformations of the rollbar cage is 

enough to develop plasticity next to the mounting brackets. The motion of the vehicle after 

this initial impact is completely different from that of the other simulations. From figure 

7.6 it is observed that the center of mass of the chassis remains lower than in the case of 

elastic material. This corresponds to the expected behavior of the truck once a part of the 

total energy of the system is used in the plastic deformation of the cage. After the first 

impact, node 1 remains either in contact or in the vicinity of the ground, as shown in figure 

7.8. In figure 7.9 a permanent deformation of the rollbar cage is observed. The permanent 

deflection of node 1 is 13 cm after the first impact. After a second impact the permanent 

lateral deflection of the rollbar cage increases to 14.5 cm. These results agree very well 

with the outcome of a rollover test performed with the truck [87]. 
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Figure 7.2 The right suspension system for the truck: (a) front; (b) rear 
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@ 
Body Description 

1 Main chassis 
2 Left-front hub 

3 Right-front hub 
4 Left-rear trailing arm 

5 Right-rear trailing arm 

6 Left-front upper A-arm 
7 Left-front lower A-arm 
8 Right-front upper A-arm 
9 Right-front lower A-arm 

10 Left-front wheel 
11 Right-front wheel 
12 Left-rear wheel 
13 Right-rear wheel 

Figure 7.3 Multibody model for the M151-A2 1/4 ton truck 
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Table 7.1 Inertia characteristics for the MI51-A2 1/4 truck [85] 

Body # Mass Moments of inertia· (Kgm2
) 

(Kg) !;!; 1111 ~~ 

1 1360 1300 2500 2000 

2 17.3 0.6 1.0 0.6 

3 17.3 0.6 1.0 0.6 

4 17.3 0.6 1.0 0.6 

5 17.3 0.6 1.0 0.6 

6 5.0 1.0 1.0 1.0 

7 5.0 1.0 1.0 1.0 

8 5.0 1.0 1.0 1.0 

9 5.0 1.0 1.0 1.0 

10 22.7 1.0 1.9 1.0 

11 22.7 1.0 1.9 1.0 

12 22.7 1.0 1.9 1.0 

13 22.7 1.0 1.9 1.0 

• Approximate values 
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Table 7.2 Initial coordinates of the center of mass of the bodies [85] 

Body # x(m) y(m) z(m) 

1 0.0 OJ) 0.0 

2 1.232 0.524 -0.487 

3 1.232 -0.715 0.739 

4 -0.934 0.524 -0.487 

5 -0.934 -0.715 0.039 

6 1.232 0.254 -0.218 

7 1.232 -0.334 0.031 

8 -0.934 0.079 -0.312 

9 -0.934 -0.279 -0.150 

10 1.232 0.524 -0.487 

11 1.232 -0.715 0.039 

12 1.232 0.524 -0.487 

13 1.232 -0.715 0.039 



Table 7.3 Position and orientation of the kinematic joints [85] 

Joint Body 

e 1 

1· 6 

2· 1 

2· 8 

3b 2 

3b 6 

4b 2 

4b 8 

5· 1 

5· 7 

6· 1 

6· 9 

7b 3 

7b 7 

• Revolute joint 

b Spherical joint 

;A 11" 

1.232 0.319 

0.0 0.0 

1.232 0.195 

0.0 0.0 

0.0 -0.940 

0.0 0.260 

0.0 -0.067 

0.0 0.412 

1.232 -0.319 

0.0 0.0 

1.232 -0.195 

0.0 0.0 

0.0 0.094 

0.0 -0.260 

~" ;B 1'}B ~B 

-0.102 1.332 0.319 -0.102 

0.0 0.1 0.0 0.0 

-0.256 1.332 0.195 -0.256 

0.0 0.1 0.0 0.0 

0.125 

-0.017 

-0.095 

-0.083 

-0.102 1.332 -0.319 -0.102 

0.0 0.1 0.0 0.0 

-0.256 1.332 -0.195 -0.256 

0.0 0.1 0.0 0.0 

0.125 

-0.017 

ISS 



10int Body 

8b 3 

8b 9 

9· 1 

9· 4 

10· 1 

10· 5 

11· 2 

11· 10 

12· 3 

12· 11 

13· 4 

13· 12 

14· 5 

14· 13 

• Revolute joint 

b Spherical joint 

~A 

0.0 

0.0 

-0.502 

0.432 

-0.502 

0.432 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 
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Table 7.3 (Continuation) 

11A tA ~B 11B tB 

0.067 -0.095 

-0.412 -0.083 

0.484 -0.257 -0.608 0.102 -0.239 
.. 

-0.189 -0.013 0.326 -0.572 0.005 

-0.484 -0.257 -0.608 -0.102 -0.239 

0.189 -0.013 0.326 0.572 0.005 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 

0.0 0.0 0.0 0.1 0.0 



Chassis 

Rollbar cage 

Free nodes • 

Fixed nodes 0 

Figure 7.4 Rollbarcage for the M151-A2 1/4 ton truck 
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Table 7.4 Dimensional characteristics of the rollbar of the M151-A2 1/4 truck 

Node # ;(m) 11 (m) ~(m) 

1 0.303 0.708 1.001 

2 -0.483 0.692 1.045 

3 -1.387 0.692 0.995 

4 0.303 -0.708 1.001 

5 -0.483 -0.692 1.045 

6 -1.387 -0.692 0.995 

7 0.589 0.692 -0.231 

8 -0.432 0.692 -0.088 

9 -1.387 0.692 0.244 

10 0.589 -0.692 -0.231 

11 -0.432 -0.692 -0.088 

12 -1.387 -0.692 0.244 
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(J = 1.5 rad/s 

v = 25 m.p.h. 

Figure 7.5 Initial conditions for the truck during the rollover simulation 
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Figure 7.10 Position of the truck during the rollover. 



CHAPTERvm 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 Conclusions 

16S 

In this dissertation a general method has been developed to analyze flexible multi

body systems for crashworthiness and structural impact applications. This multibody for

mulation is able to handle a wide range of nonlinear structural defonnations including 

elastic-plastic material behavior. Special attention has been paid to the derivation of the 

equations of motion of a single flexible body and to the fonnulation of the kinematic con

straints. 

Based on updated and total Lagrangian fonnulations, the equations of motion for a 

flexible body experiencing nonlinear defonnations have been derived. The nonlinear 

defonnations maybe due to a nonlinear material law such as an elastic-plastic material 

behavior or due to a nonlinear geometric behavior such as buckling. It has been shown that 

the use of a convected coordinate system and a corotated ghost configuration leads to a 

simple and efficient fonn of the flexible body equations of motion. This is because the 

stress and strain tensors are simpler to obtain and the requirements for objectivity in the 

material law are lowered once the average large rotation is eliminated from the strain and 

stress measures. Finally, isoparametric finite elements were used to discretize the contin

uum mechanics equations. 
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The finite element equations of motion obtained show that the gross motion of the 

body fIxed coordinate frame is coupled with the elastodynamic effects. A variant full mass 

matrix is the responsible for this numerical coupling. This matrix has to be inverted in 

every time step during the integration of the equations of motion. Because the dimension 

of this matrix is equal to the number of degrees of freedom of the system, the integration 

process becomes prohibitively expensive. 

Simpler fonns of the flexible body equations of motion have been explored in this 

dissertation. A lumped mass fonnulation for the mass matrix and for the gyroscopic force 

vector has been used. This fonnulation, combined with the transfonnation of the nodal 

accelerations to the inertial coordinate system, simplified considerably the fonn of the 

equations of motion. The flexible body was treated as being rigid-flexible with the body 

fixed coordinate frame attached to the center of mass of the rigid part. The result of this 

methodology was a form of the equations of motion where the inertial coupling between 

the gross rigid body motion and the distributed flexibility has been preserved, while the 

mass matrix became diagonal and constant. The rigid part of the rigid-flexible body can be 

as small as a nodal mass or as large as desired depending on the particular application of 

the multibody system. All of the geometrical and material nonlinear behavior of the flex

ible body was maintained. 

When finite elements with rotational degrees of freedom are used in the discretization 

of the flexible body, the mass matrix resulting from the lumped mass formulation has null 

rotational inertias. To avoid the numerical problems associated with the explicit use of the 

null coefficients two different approaches have been explored. In the fust approach, non

zero rotational inertias were introduced in the diagonal of the mass matrix. These coeffi-
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cients were the result of lumping the off-diagonal terms of the consistent mass matrix of the 

flexible body. In the second approach. the number of degrees of freedom of the flexible 

body was reduced either by a Guyan condensation teChnique or by the modal supeIpOsition 

method. The Guyan condensation used to eliminate the rotational degrees of freedom, still 

allows the complete nonlinear behavior of the flexible body. However. the stiffness matrix 

has to be partitioned and one of its submatrices has to be inverted in every time step. When 

the modai superposition technique is used. the modei obtained cannot describe iarge strains 

or nonlinear material laws efficiently. Therefore. the use of the modal superposition 

technique is not suitable for applications to crashworthiness and structural impact analysis. 

The equations of motion for a constrained multibody system were fIrst presented 

using a set of global Cartesian coordinates. The kinematic constraints between the bodies 

were then derived with the emphasis on the constraints that involve flexible bodies. It has 

been shown that the use of a set of velocity transformations effectively reduced the number 

of equations of the multibody system. These transformations relate the global coordinates 

to the independent coordinates (joint coordinates). The integration of the new set of 

equations in terms of the joint coordinates is much more stable and efficient than the inte

gration of the original set of equations in terms of the global coordinates. 

A specialization of the equations of motion for the multibody system has been 

obtained for partially flexible bodies that have a massless deformable pan. This formula

tion represents a kinetostatic model that is computationally efficient. Constraints between 

the impacting bodies and the obstacles are introduced and deleted from the system by 

monitoring the position of the nodes of the flexible bodies. When none of these nodes are 

in contact with an obstacle. the multibody system is reduced to a system of rigid" bodies. 
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The methodology developed in this dissenation was applied to the rollover of a 

vehicle. This application shows the type of results and information that is possible to 

obtain with the use of multi body systems in crash analysis. Moreover, the differences 

between the specializations of the general formulation presented, were well demonstrated 

in the results of the rollover simulation. This application shows that multibody dynamic 

analysis can be an effective tool for the crashwonhiness and structural impact analysis. 

8.2 Recommendations 

There are four major areas in which further research is required in order to improve 

the efficiency of multibody dynamics for applications to crash worthiness and structural 

impact analysis. These are: numerical description of the flexible body equations of 

motion; kinematic relations between moving bodies; introduction of special purpose ele

ments in the multibody systems; numerical integration algorithms. 

The fonnulation of the equations of motion for a flexible body presented in this work 

describe completely the nonlinear behavior of a particular component. However, the use 

of the modal superposition technique to simplify the equations of motion restricts the range 

of application of this methodology. More investigation is required in order to use the 

modal superposition technique without sacrificing the description of the nonlinear behav

ior of the flexible body. 

In crash analysis the flexible body generally develops plastic strains only during the 

impact period. Outside this period. the structural behavior of the body is such that not only 

the strains are small but also the material behaves elastically. During these periods of 
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linear structural behavior there is no reason to describe the multibody system by an 

expensive nonlinear model. In the numerical implementation of this methodology it is 

desirable to implement the capability for the computer program to change automatically 

from one form of the description of the fle.ldble body to another. 

The formulation of kinematic joints involving flexible bodies and the respective 

veiociiy transformations require further research. Very often it is desirable to involve 

several nodes of the same flexible body in the definition of a kinematic joint. During 

severe defonnations, it may happen that the axis of the joint also defonns. So far no pro

visions have been made to describe these situations. In extreme cases, the joints may break 

or new joints may be created. The problem of birth and death of kinematic joints must be 

addressed. 

The flexible components of a vehicle may be extremely complex. Although the 

effect of these components over the system behavior is very often marginal, their descrip

tion by finite elements will increase the number of degrees of freedom of the multibody 

system. In some circumstances the behavior of these elements may be substituted by 

nonlinear lumped force elements. The characteristics of these elements can be obtained 

experimentally or through a static finite element analysis. A criterion for the use of this 

type of approach in a multibody system must be defined. 

Finally, an area of research that is critical to the use of multibody dynamics to the 

crash and structural impact is the development and selection of efficient numerical proce

dures for the integration of the multibody equations of motion. The response of flexible 

multibody systems contains not only slow frequencies but also fast frequency components. 
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Very often it happens that the frequencies that dominate the size of the integration algo

rithm time step are introduced by the numerical procedure, rather than the physical char

acteristics of the system. This is the case of the spurious frequencies. This problem can be 

approached from two different directions: more stable and efficient fonns of the equations 

of motion must be developed; more efficient algorithms must be devised in order to take 

advantage of particular fOnDS of equations of motion. 
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GREEN·LAGRANGE STRAIN TENSOR AND 
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The use of convected coordinate systems presents great advantages relative to other 

approaches where all tensorial quantities are expressed in a global coordinate system. In 

particular, the representation of the Green-Lagrange strain tensor and the 2nd Piola

Kirchoff stress tensor used in the Lagrangian formulations have a simpler form if 

expressed in a convected coordinate system. This is because the tensor components 

measured in the current configuration and referred to the updated configuration are equal 

to the components of the same tensor referred to the corotated ghost configuration and 

expressed in the convected coordinate system. In this appendix, this result is demonstrated 

for the Green-Lagrange strain tensor. 

Let a deformable body have a spatial motion with all of its points being displaced 

with respect to an inertial reference frame. In this case not only the body deforms but it 

also experiences translations and rotations as if it were a rigid body. To describe the 

deformation of the flexible body let the initial configuration C' be used as the reference 

configuration. The current deformed configuration is designated by ct. A ghost configu

ration cO' is defined as the reference configuration C', and translated and rotated like a rigid 

body. Consider now two neighboring particles of the continuum deformable body defming 

the infmitesimal vector dOh represented in figure A.I. Such vector is deformed and rotated 

when the deformable body moves from the reference configuration to the deformed con

figuration. The result is the new infmitesimal vector d'h. 



Reference configuration 

Deformed configuration 

t 1) ,0'1) 

Reference ghost configuration 

Figure A.I Two configurations of a flexible body 
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The size of the differential vectors dOh and d'h are denoted by dS and ds respectively. 

The squares of their lengths are given by: 

(A.I) 

(A.2) 

where both vectors dOh and d'h are expressed in the o(~ll') coordinate system. The dif-

ference ds2 
- dS 2 is a measure of the deformation known as Green strain. This is 

(A.3) 

The differential vector d'h is related to the vector dOh by 

d'h (A.4) 

where [a'hlaohl is the deformation gradient tensor. Equation (A.4) is substituted into 

equation (A.3) yielding 

(A.S) 

Rearranging equation (A.S) yields 
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(A.6) 

where :,e is the Green-Lagrange strain tensor for the deformed configuration but referred 

to configuration C>. This tensor is expressed in the reference configuration coordinate 

system o(~'Tl~). The Green-Lagrange strain tensor is written as: 

(A.7) 

Consider now the reference configuration translated and rotated as a rigid body in 

such a way that the body fixed coordinate system O'(~T)~) becomes coincident with '(~T)~). 

Under this condition, the differential vector dO'h defined in the reference ghost configura

tion has the same length as dOh, i.e., 

(A.S) 

A new deformation gradient tensor can be defined in order to relate d'h with dO'h. Thus 

(A.9) 

In equations (A.S) and (A.9) all the quantities are defined in the coordinate system asso

ciated with the reference configuration. If a transformation matrix A is defined from 

'(~T)~) to o(~'Tl~) then equation (A.9) can be rewritten as 
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d'h - A d'h' (A. 10) 

where the prime in the right hand side of a quantity indicates that such quantity is expressed 

in coordinates associated with '(~T)~). Equations (A.tO) and (A.8) are substituted into 

equation (A.S) yielding: 

(A.H) 

The transfonnation matrix A is an orthononnal matrix, i.e., the transpose of the transfor

mation matrix is equal to its inverse. Thus 

(A.I2) 

Then the Green-Lagrange strain tensor for the defomled configuration, referred to the 

ghost configuration cO' and expressed in coordinates of the system '(~1l~), is written as 

~£' = ! {[ d'h']T [ d'h'] _ I} 
2 acth' ao'h' 

(A.I3) 
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The differential vector dO'h is equal to the differential vector dOh translated and rotated by 

the same amount of the coordinate system '(~l1C) with respect to o(~l1C). Consequently the 

components of dO'h (expressed in '(~l1C) coordinates) are equal to the components of dOh. 

Introducing this identity and equation (A.13) into equation (A.12) leads to 

(A.14) 

Comparing equation (A.I4) with equation (A.6) yields 

~£ = :re' (A.IS) 

This concludes the proof of the identity between the Green-Lagrange tensors of the current 

configuration but referred to the initial configuration and to the initial ghost configuration 

respectively. 
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In this appendix, an updated Lagrangian fonnulation is used to develop a three 

dimensional beam element for large displacement and large rotation analysis. The proce

dure followed here is that of Bathe and Bolourchi [61]. The beam element is assumed to 

be straight and of constant cross section. Plane sections of the beam element remain plane 

during defonnation, i.e. , the shear is constant and the strains are small. This beam element 

has two nodes with six degrees of freedom per node (3 translations and 3 rotations). 

B.l Stress and Strain Matrices 

Let the beam element be a part of a flexible body. Within the flexible body, the 

motion of the element with respect to the body fixed coordinate system is described by 

figure B.1. The displacements of a point of the element is related with the nodal dis

placements by the shape functions. To interpolate the transverse and bending displace

ments of the beam, a set of Hermitian functions is used. The torsional and axial 

displacements of the beam are interpolated by linear functions. Refening to figure B.2, the 

beam interpolation functions are written as: 

N2 = 1 - 3 'II + 2 V 

N3 = (1 - 2 'II + V) L 

(B.1a) 

(B.1b) 

(B.1e) 



178 

(B.ld) 

(B.le) 

(B.1/) 

where 'If = riL. The incremental displacement vector for the nodes of the beam element is 

written as 

u = [~1' ~1 , S~l , a~l '~1 , a~l ,~ , ~2 ,S~ , ~ '~2 , ar;J 

The relation between the nodal incremental displacements and the incremental displace

ment of a point of the element is given by the relation 

,V = ,N u (B.2) 

The incremental displacement matrix ,N is related to a matrix of differential opera-

tors and to the interpolation functions by the identity IN = IFN·. These new matrices are 

written as 

a 
-t at 

o 
1 

~tl 
-s 

(B.3) 
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N. 0 0 0 0 o N4 0 0 0 
o Nz 0 0 0 

o 0 Nz 0 N3 
-N3 0 Ns 0 0 
o 0 0 Ns 0 

(B.4) 

o 0 0 N. 0 o 0 0 0 N4 

multiplying equation (B.3) by equation (B.4) yields 

,N - [ :::] = (B.5) 

[:' 
aN" aN" 0 

aN] aN] 
N. 

aNs aNs 
0 

aN6 -s~'] -s- -1- -I- s- -s- -I- I-ar ar or ar ar ar ar ar 
0 0 -tNl 0 0 0 0 0 -sNl 0 0 
0 0 -IN. U 0 0 0 0 -sN. I' 0 ., 

where ,N; represents the interpolation functions in the 'x; direction, which is one of the 

beam convected axes ('x;(i = 1,2,3) :sr,s,t) 

The Green-Lagrange strain increments are given by equation (2.13), rewritten here as 

,£ = ,e + ,11 (B.6) 

The linear tenn of this equation is given by 
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a,V1 2-

[ ,ell ] 

ar 
1 a,Vl O,V2 

,e - 2 ,e12 = --+- (B.7) 

2 ,e13 
2 as or 

d,Vt a,V3 
-+-at ar 

The nonlinear tenn of equation (B.6) is written as 

[ ,~" ] (~;,)' + (~;,)' + (~;,)' 
1 (a,v, a,v,) + (a,v, a,v, ) ,11 - 2 ,1112 = (B.8) 
2 ar as or as 

2 ,1113 (a,v, a,v,) + (a,v, a,v,) 
ar ot or at 

Substituting equation (B.2) into equations (B.7) leads to 

(B.9) 

In this equation the linear strain matrix !BL is given by 

a,Nf a,N: a,Nf2 
or ar ar 

:BL = (ap! + ap:) (aM + aPf) (ap!. + apt, ) (B.I0) 
as ar os ar as ar 

(aPI + aPi) 
ot ar 

(aPI + aPi) 
ot ar 

(a,NI, + api,) 
ot or 
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where ,NJ is the jib term of the ilb row of the incremental displacement matrix given by 

equation (B.S). The linear strain matrix :BL is used in equation (3.21) and (3.23) to cal

cuiate the linear stiffness matrix and the nodal forces due to the actual state of stress for the 

beam element. 

To calculate the geometric stiffness matrix of the beam element, equation (3.22) is 

used. In this equation, the nonlinear strain matrix is written as: 

o,Nf a,N~ a,N: O,Nf2 
ar ar or ar 
o,N~ a,N; a,N; O,N~2 
or ar ar ar 

o,Ni a,Ni a,N; O,Ni2 
ar ar or ar 

:BNL = 
o,Nf a,N~ a,N: O,Nf2 (B.ll) as as os os 
o,Ni a,Ni a,Ni O,Ni2 
as as as os 

o,Nf a,N~ a,N: O,Nf2 
at at ot at 

o,N~ a,N; a,N; a,N~2 
at at ot at 

The Cauchy stress matrix :'t in equation (3.22) is written as 
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, 
'tll 0 0 

, 
't12 0 

, 
't13 0 

0 
, 
'tll 0 0 0 0 

, 
't13 

0 0 
, 
'tll 0 

, 
't12 0 0 

''t , = I 
't12 0 0 0 0 0 0 (B.12) 

0 0 
, 
't12 0 0 0 0 

, 
't13 0 0 0 0 0 0 

0 
, 
't13 0 0 0 0 0 

The vector of Cauchy stresses that appears in equation (3.23) is given by 

(B.13) 

The Cauchy stresses ~'tij that appear in equations (B.12) and (B.13) are calculated from the 

strains !E;j using the material constitutive law 

, ='C '£ ,'tij , ij" , n (B.14) 

In order to obtain the beam element stiffness matrices and the vector of the nodal 

equivalent forces, as expressed by equations (3.21) through (3.23), a numerical integration 

procedure is used. For beams with rectangular cross section, the numerical integration is 

perfonned using the Newton-Cotes fonnulas. The composite trapezoidal rule is used if the 

cross section of the beam is circular. 
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Actual configuration 

Configuration at time t 

• 

Initial configuration 

Fiy.ure B.1 Motion of a beam element 
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1,2 Beam element end nodes 

3 Auxiliary node 

Figure B.2 View of the local coordinate system associated 
with the beam element 
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8.2 Test Results 

The beam element reviewed in this appendix was implemented in the MBOSS pro

gram [84]. To evaluate the perfonnance of the element for different geometrical and 

material responses two sets of tests were carried on. The fIrst set is composed of three 

static tests. The fIrst test is perfonned to evaluate the behavior of the beam element in 

problems where large rotations and large displacements are involved. For this purpose, a 

cantilever beam with an end moment is studied. The second analysis is perfonned over an 

elastic shallow arch in order to assess the element behavior for cases where the level of 

axial loading is high. A third case where the material is elasto-plastic is studied. For this 

purpose, a cantilever beam with a concentrated load at its free end is tested. The second set 

is composed of two dynamic tests. The fIrst of these tests is the study of a beam being spun 

up about one of its ends. In this problem the nonlinear behavior of the beam dominates the 

solution due to the contribution of the centrifugal stiffening and large rotations. The sec

ond dynamic test is the vibration of a frame due to a lateral load. Here the main issue is the 

elasto-plastic material behavior of the frame. 

B,2.1 Elastic Cantileyer Beam Wjth a Concentrated End Moment 

The objective of the study of a cantilever beam subjected to an end moment is to 

predict the behavior of the beam element for large displacements and large rotations. The 

geometry and physical characteristics of the beam are described in figure B.3. The finite 

element model is composed of ten beam elements. 
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In order to solve the static equilibrium equations for the cantilever beam, the 

Newton-Raphson method is used. The displacements of the tip of the beam versus the 

applied end moment are presented in figure B.4. It is observed that the results are in close 

agreement with those obtained by Bathe and Bolourchi [61] for the fll'St part of the dis

placement At the point where the results of Bathe and Bolourchi start to diverge from the 

analytical solution, the beam element implemented here continues to match the expected 

behavior. The difference observed in the results is due to the numerical methods used in 

the solution of the static equilibrium equations rather than in any intrinsic characteristic of 

the beam element. 
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Figure B.3 Elastic cantilever beam subjected to an end concentrated moment 
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B,2,2 Elastic Shallow Arch with Concentrated Apex Load 

To verify the performance of the beam element for problems where the effect of the 

geometric stiffness matrix is important, an elastic shallow arch is analyzed, The geometry 

and physical characteristics of the structure are presented in figure B,S. To model this arch, 

ten beam elements are used, 

The numerical procedure to solve the static equilibrium equations of the arch is the 

Newton-Raphson method, In figure B.6, the displacements of the point of application of 

the concentrated load versus the load increase are presented, It is observed that the results 

obtained in this work and those obtained by Bathe and Bolourchi [61] are in close agree-

ment. 

y 
p 

H 

w 

R 

L 

x 

p= 7,34 Degrees 
H =0,028m 
L=0,864 m 

R=3,38 m 
,9 4 

1=0,22910 m 
A = 1,209 10'" m2 

10 
E = 6,89610 Nm 
p= 178 N 

Figure B.5 Elastic shallow arch with concentrated apex load 
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B.2.3 EJastQplastic Cantilever Beam 

An elastoplastic cantilever beam subjected to a concentrated load in its free end is 

studied here to assess the perfonnance of the beam element for nonlinear materials. The 

geometry and physical characteristics of the beam are presented in figure B. 7. Once again 

ten beam elements are used to describe the structure. 

In figure B.8 the results obtained from the study of this problem are compared with 

those obtained by Yang and Saigal [88]. The close agreement between the two solutions 

can be observed. 
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Figure B.7 Elastoplastic cantilever beam subjected to an end concentrated load 
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B 2 4 Spinning Beam 

The problem of a cantilever beam attached to a rigid hub, which is spun up from rest 

to a constant angular speed, is analyzed here. This problem, fust proposed by Kane et ale 

[57], is studied to assess the performance of the beam element when effects such as cen

trifugal stiffening and large rotations are important. 

The cantilever beam, with a length of 10 meter and an annular cross section, is shown 

in figure B.9. The angular speed of the hub is a function of time, and it is prescribed as: 

Cl>(t) = {1~ [t- ~~6sin( ~~)] radls 0 ~ t S 15sec} 

radls t ~ 15sec 

The results of the simulation are presented in figure B.IO. If a linear behavior is 

assumed for the beam, i.e., if the geometric stiffness is neglected and the deformations are 

assumed small, the tip displacement becomes infmite after 7 seconds of simulation. If a 

full nonlinear behavior is allowed for the beam, it is noticed that the tip displacement of the 

beam with respect to its undeformed position increases while the angular acceleration 

increases. As soon as the angular acceleration of the hub begins to decrease, the tip of the 

beam starts to move back towards its undeformed position. When finally the angular speed 

of the hub becomes constant, the beam goes on oscillating about its undeformed position. 

These results are similar to those obtained in reference [57]. 
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Figure B.IO In-plane displacement of the tip of the beam 
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B,2 5 Vibration of an Elastoplastic Frame 

An elastoplastic frame is analyzed here to assess the performance of the beam ele

ment for dynamic problems where a nonlinear material law is used. The frame shown in 

figure B.II is subjected to a constant lateral force. In the structure modelled by 9 beam 

elements, a bilinear material law is used. 

For an elastic material behavior, the frame oscillates about its equilibrium position, 

as shown in figure B.12. When the material law is elastoplastic, the frame starts to yield at 

about 0.35 second. The plasticity continues to develop until a maximum displacement of 

about 12 cm is reached. After that the frame begins to oscillate about its new equilibrium 

position. This results are in close agreement ~ith those obtained using the program 

ADINA. 

F 
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Lz- 6,10 m 

°1- 41 •4em 

d,- 37.7 em 
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E _ 211dONlm z 

P_49,110
5
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ET- 21 10

9
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Figure B.II Elastoplastic frame subjected to a lateral load 
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APPENDIXC 

LUMPED MASS FORMULATION OF THE FLEXIBLE BODY 

EQUA TIONS OF MOTION 

In chapter four of this text a simpler form of the equations of motion for a flexible 

body is obtained by: evaluating the flexible body mass matrix using a lumped mass for

mulation; expressing the nodal accelerations in terms of the inertial reference frame rather 

than the body fixed coordinate frame. In this appendix, the procedure that lead to the 

simpler form of the equations of motion is described. For simplicity, no reference is made 

to the total and updated Lagrangian formulation, i.e., the left superscripts and subscripts are 

omitted. 

The equations of motion for a flexible body are given by equation (3.24). These 

equations are rewritten here as: 

(C.I) 

(C.2) 

(C.3) 
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where all the quantities are described in chapter three. The coefficients of the mass matrix 

and gyroscopic forces evaluated by the lumped mass formulation are given by equations 

(4.6) and (4.7). Substituting these equations into the equations of motion for the flexible 

body yields 

( t m.)r + A( t m.6.')ci>' + A( f mN.t, = 
j=1 J j_1 J J j_1 J J)U 

= g - Am'wl t m.b.') - 2Awl t m.N.\'" (C.4) 
r ~..i"'1 J J ~.i.1 J J)U 

l: m.b.' A i - l: m.b.'b.' 0)' + A l: m·b·'N· ii' = 
(

II -)T (" --). (" - ) 
j=1 J J j=1 J J J j_1 J J J 

(

II _'_'_") (" _,_ )" = ~ - 1: m·b· 0) 0) b· - 2 l: m·b· ro'N. u 
j_1 J J J j_1 J J J 

(C.S) 

( t mN~)ATi - (t m.N~6.')ci>' + A( t m.N~N.)ii' = 
j=1 J J j=1 J J J j=1 J J J 

= g, - F - Ku - (f mN.w'w'N.) - 2( t m.N~ro'N.\'·' 
j=1 J J J j_1 J J J)U 

(C.6) 

In these equations n is the number of nodes of the finite element and mJ is the nodal lumped 

mass. 

Assuming that each node of the finite element has 6 degrees of freedom (3 transla

tions and 3 rotations), vector u' is partitioned in a 3n translations a' and a 3n rotations 8'. 

For instance, if the finite element has two nodes then the nodal displacement vector is 

written as 
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The displacement of a point within the finite element is given by equation (3.4). Such 

is rewritten here as 

v = N u' (C.7) 

If the point in question is coincident with a node of the finite element, then the displace

ments of that point are the nodal displacements for node j that appear in vector v, i.e., 

The matrix of the shape functions for node j, denoted here by Nj , is a 3 x 3n matrix com

posed by n-l 3 x 3 null matrices and a 3 x 3 identity matrix. The location of the identity 

matrix within Nj is such that if equation (C.7) is applied to node j, the translations 

~ , 8rv and at;; are the only displacements not multiplied by the null matrices. As an 

example, for an element with two nodes, the shape function matrix evaluated at the second 

node would have the form 

Nj = [0, I , 0 , 0] 

Due to the form of the shape function matrix, the summations in equations (C.4) 

through (C.6) that involve shape functions are written as 
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" Im. N. = [mil , m,,1 , ... , m,,1 , 0 , 0 , ... , 0] (C.8) 
j_1 J J 

" Im. b.'N. = [mlbl' , "".b2' , ... I mAb,.' , 0 , 0 , ... , 0] (C.9) 
j_1 J J J 

" -,- [mlbl'ro' , m"b2'ro' , ... , m"b,,'ro' , 0 , 0 , .... , 0] I m· b· ro'N. = j_1 J J J 

(C.lO) 

mil 0 0 0 0 0 
0 m,,1 0 0 0 0 

" T 0 0 m,,1 0 0 0 Mff (C.Il) Im· N·N· = -j=1 J J J 0 0 0 0 0 0 
0 0 0 0 0 0 

0 0 0 0 0 0 

The remaining terms in equation (C.6) are similar to equation (C.II) with the identity 

matrix I substituted by ro' or ro'ro'. 

The relation between the nodal accelerations relative to the body fIXed coordinate 

system and the nodal accelerations with respect to the inertial frame is given by equation 

(4.12). This equation is rewritten as 

fi' - [~~ (C.12) 
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Equations (C.S) through (C.12) are substituted into the equations of motion of the 

flexible body. The result of this substitution in equation (C.4), for the terms that involve 

the shape functions, is given by 

A( :i: m.N.) ii' = 
j_1 J J 

(C.13) 

and 

(C.14) 

Term by term the right hand side of equation (C.13) is written as: 

" ~ ", A ~m· d· 
j=1 J :J 

(C.15) 

(C.16) 

Am' 00' (i m.b.,) + 2 A cO' (i m.S.,) 
i-I J J i-I :J J 

(C. 17) 
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Equations (C.t3) through (C.t7) are substituted into equation (C.4). Rearranging the out

come yields 

/I 

l: m.d.' = AT g, = g,' 
j-l J J 

(C.tS) 

This process can be repeated for equations (C.S) and (C.6). Thus 

/I 
~ -, -, , 
~m· b. d· = ~ 

j=1 J J J 
(C.t9) 

Mff ii/ = g/ - F - Ku' (C.20) 

Equations (C.tS) through (C.20) are the equations of motion of the flexible body. 

The only approximation introduced in this procedure is directly related with the lumped 

mass fonnulation. In this sense the equations of motion of the flexible body resulting from 

the assembly of the fInite elements describe accurately the dynamics of the flexible body 

provided that only simple fInite elements are used and the number of nodes in the fInite 

element mesh is large enough. 
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APPENDIXD 

VELOCITY TRANSFORMATIONS FOR KINEMATIC JOINTS 

In this appendix, the velocity transformations for spherical, translational and uni

versal joints are derived. For each kinematic joint, three cases are studied according to the 

type of bodies involved: rigid to rigid; flexible to flexible; and rigid to flexible. The 

procedure followed- here is similar to the methodology presented in section 5.1. Therefore, 

any reference to a rigid body means either a completely rigid body or the rigid part of a 

partially flexible body. For instance, figure D.l(a) illustrates joints involving only rigid 

bodies while all the joints of the system presented in figure D.l (b) involve flexible bodies. 

The vector of generalized velocities for a flexible body may be partitioned in two 

different forms. If only the rigid part of the body is constrained, the vector of velocities is 

partitioned as: 

For generality, if the body is completely rigid this form of velocity vector is still used. If 

the joint involves the flexible part of the body, the velocities are partitioned as 
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where vectors ci and ci contain the linear and angular nodal velocities for all the nodes of 

the flexible body with the exception of the constrained node k. Vectors ci" and a! contain 

the linear and angular velocities of node k respectively. 

Rigid body 

Partially flexible body 

(a) 
Partially flexible body 

Partially flexible body 

Rigid body (b) 

Figure D.I Flexible multibody system: (a) joints involving rigid bodies only; 
(b) joints involving flexible bodies 
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D.1 Spherical Joint 

Let two rigid bodies be attached to each other by a spherical joint at point P as 

depicted in figure D.2(a). The angular velocities of the rigid bodies are independent from 

each other. However the velocity of the center of mass of body j is dependent on the 

velocities of body i. This relation is given by: 

(D.1) 

Then the relation between the generalized velocities and the independent velocities is 

given by: 

tj I 0 0 0 0 0 0 tj 
Cl)j 0 I 0 0 0 0 0 

Wj 
ilj 0 0 I 0 0 0 0 

ilj 

~ 0 0 0 I 0 0 0 
= I 0 0 0 ~ (D.2) 

tj -(Sj +Sj) 0 0 

Cl)j 0 0 0 0 I 0 0 Wj 

dj 
ilj 0 0 0 0 0 I 0 
. 0 0 0 0 0 0 I aj aj 

An inspection of the structure of the velocity transformation matrix B reveals that the 

non-zero entries are associated with the block matrix 
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where Fij''') is a 3 x 6 matrix associated with the floating base body. The superscript (r,r) 

means that the joint is defmed between two rigid bodies. 

In the second case, both bodies are flexible as depicted in figure D.2(b). Let the 

linear velocity of node 1 of body j be equal to the velocity of node k of body i while the 

nodal angular velocities are independent of each other. Thus 

(D.3) 

Consequently the complete set of velocities of bodies i and j are related to the independent 

velocities by 

tj 
tj 

Wj I 0 0 0 0 0 0 0 0 0 0 

ilj 
0 I 0 0 0 0 0 0 0 0 0 Wj 

aj 
0 0 I 0 0 0 0 0 0 0 0 ilj 

." 0 0 0 I 0 0 0 0 0 0 0 <Xj 
dj 0 0 0 0 I 0 0 0 0 0 0 ." ." dj 

<Ii 0 0 0 0 0 I 0 0 0 0 0 ." (D.4) = a j 
tj 0 0 0 0 0 0 I 0 0 0 0 

Wj 0 0 0 0 0 0 0 I 0 0 0 tj 

ilj 
0 0 0 0 0 0 0 0 I 0 0 Wj 

0 0 0 0 0 0 0 0 0 I 0 dj aj ., 0 0 0 0 I 0 0 0 0 0 0 aj 
dj 0 0 0 0 0 0 0 0 0 0 I . , . , aj aj 
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The structure of the velocity transformation matrix B shows that in this case the block 

matrix is given by 

FifJ) = [I, 0] 

where F/J) is a 3 x 6 matrix associated with the floating base body. The superscript (ff) 

means that the joint is defined between two flexible bodies. 

The case of a joint between a rigid body i and a flexible body j is a combination of the 

two previous cases. The relation between the velocity of the rigid body and the velocity of 

node I of body j is written as 

(D.S) 

Then the relation between the generalized velocities and joint velocities is written as: 

tj 
I 0 0 0 0 0 0 0 0 tj 

CJ)j 
0 I 0 0 0 0 0 0 0 

ilj 
(OJ 

0 0 I 0 0 0 0 0 0 ilj · a; 0 0 0 I 0 0 0 0 0 · 
tj 0 0 0 0 1 0 0 0 0 

<X; 

= 0 0 0 0 0 0 0 0 
tj (D.S) 

(OJ 1 
ilj 0 0 0 0 0 0 I 0 0 (OJ 

aj 
0 0 0 0 0 0 0 1 0 ilj 

· 
• I I -Sj 0 0 0 0 0 0 0 aj 
dj 

0 0 0 0 0 0 0 0 I • I 
• I 

aj 
aj 
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The block matrix associated with this transfonnation matrix is 

~~J) _ [I -] l' ~ , -5i 

The dimension of this block matrix is the same as in previous cases. 

D.2 Translational Joint 

Let two rigid bodies i and j have their relative motion constrained by a translational 

joint as depicted in figure O.3(a). The axis of the translational joint is defined by a vector 

h which is rigidly attached to a point P in rigid body i. The joint coordinate associated with 

this constraint is a displacement ~ along vector h. Due to the translational joint, the angular 

velocities of the bodies are equal. Thus 

(D.6) 

The velocity of the center of mass of body j is related to the velocity of the center of mass 

of body i and to the joint velocity by: 

(D.7) 



t. 
J 

y 
(a) 

t· J 

1). 
J 

y 

(b) 

Figure 0.2 Spherical joint: (a) between two rigid bodies; (b) between two 
flexible bodies 
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Now the relation between the velocities of body i andj and the joint velocity is written as: 

tj I 0 0 0 0 0 0 tj coj 0 I 0 0 0 0 0 
dj 0 0 I 0 0 0 0 

coj 

dj 

~ 0 0 0 I 0 0 0 
= I -5·· 0 0 0 0 h ~ (D.8) 

tj 'I dj 
Cl)j 0 I 0 0 0 0 0 

dj 
0 0 0 0 I 0 0 aj 

aj 
0 0 0 0 0 I 0 ~ 

An inspection of the structure of the velocity transfonnation matrix B reveals that the block 

matrices are: 

where Fi?r) is a 6 x 6 matrix associated with the floating base body and R~·r) is a 6 x 1 

matrix associated with the translational joint. Vector sii = Sj + Sj + h~ is dermed from the 

center of mass of body i to the center of mass of body j. 
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In a second case, the translational joint is set up between two nodes of two flexible 

bodies, as depicted in figure D.3(b). The translational joint is established between node k 

of body i and node I of body j. Consequently, the angular velocities of these nodes are the 

same, i.e., 

(D.9) 

The linear velocity of node I of body j is related to the velocity of node k of body i and to 

the joint velocity by 

(D.IO) 

The relation between the global velocities and the independent velocities is written as 

tj 

coj 
I 0 0 0 0 0 0 0 0 0 0 tj 

ilj 
0 I 0 0 0 0 0 0 0 0 0 COj 

0 0 I 0 0 0 0 0 0 0 0 ilj a j 
0 0 0 I 0 0 0 0 0 0 0 ." ex; 

dj 0 0 0 0 I 0 0 0 0 0 0 ." ." 0 0 0 0 0 I 0 0 0 0 0 
dj 

a j ." (D.ll) = eli 
tj 0 0 0 0 0 0 I 0 0 0 0 

COj 
0 0 0 0 0 0 0 I 0 0 0 tj 

ilj 
0 0 0 0 0 0 0 0 I 0 0 COj 

0 0 0 0 0 0 0 0 0 I 0 ilj aj 
./ 0 0 0 0 I -6 0 0 0 0 h aj 
dj 0 0 0 0 0 I 0 0 0 0 0 ~ ./ aj 



The block matrices are: 

= [01 -Iii] I1J) 

where the block matrices have the same dimensions as in the previous case. 
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The last case involves the translational joint between a rigid and a flexible body. This 

is a combination of the two previous cases. The relation between the velocities of the rigid 

body and the velocities of node I of body j are written as follows: 

(D.12) 

(D.13) 

Then, the relation between the generalized velocities and the joint velocities is written as: 

ti 
I 0 0 0 0 0 0 0 0 ti 

COi 
0 I 0 0 0 0 0 0 0 

di 
COi 

0 0 I 0 0 0 0 0 0 if; a; 0 0 0 I 0 0 0 0 0 
tj 0 0 0 0 I 0 0 0 0 

(Xi 

= 0 0 0 0 0 I 0 0 0 tj (D.14) 
COj 

dj 0 0 0 0 0 0 I 0 0 Cl)j 

(Xj 0 0 0 0 0 0 0 I 0 dj 

" I -sij 0 0 0 0 0 0 h (Xj 
dj 

0 I 0 0 0 0 0 0 0 ~ ., 
(Xj 
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An inspection of the structure of the velocity transfonnation matrix B reveals that the block 

matrices are: 

where Fi;J) is a 6 x 6 matrix associated with the floating base body and R~J) is a 6 x 1 

matrix associated with the translational joint. Vector sij = Sj + h~ is defined from the center 

of mass of body i to node I of body j. 

D.3 Universal Joint 

Let two bodies be connected by a universal joint, as depicted in figure D.4. For this 

type of joint two axis of revolution are defined by vectors hi and h2• Each vector is rigidly 

attached to a point P in a rigid body or to a node of a flexible body. The joint coordinates 

associated with the universal joint are the angles ~I and ~ described about vectors hi and 

h2 respectively. 

Let the universal joint connect the rigid bodies (or rigid parts of the partially flexible 

bodies) i and j, as depicted in figure D.4(a). The angular velocity and the velocity of the 

center of mass of body j depend on the velocities of body i and on the joint velocities. The 

angular velocity of body j is given by: 

(D.tS) 



z 

x y 
(a) 

(b) 

Figure D.3 Translationaljoint: (a) between two rigid bodies; (b) between two 
flexible bodies 
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The velocity of the center of mass of body j is written as: 

(D.16) 

The relation between the velocities of body i andj and the joint velocities is written as: 

ti I 0 0 0 0 0 0 0 ti 

O>i 0 I 0 0 0 0 0 0 O>i 

d, 0 0 I 0 0 0 0 0 di 

a i 0 0 0 I 0 0 0 0 a; 
= I - (Si +Sj) 0 0 0 0 -sjhl -s·h dj 

(D.17) 
t· J J 2 

O>j 0 I 0 0 0 0 hi h2 aj 

dj 0 0 0 0 I 0 0 0 ~I 
aj 

0 0 0 0 0 I 0 0 ~2 

An inspection of the structure of the velocity transfonnation matrix B reveals that the block 

matrices are: 

where 14';,,.) and R~''') are 6 x 6 matrices associated with the floating base body and with the 

universal joint respectively. 



216 

In the second case, the universal joint is set up between two flexible bodies, as 

depicted in figure D.4(b). The linear and angular velocities of node I of body j are depen

dent on the velocities of node k of body i. Thus 

(D.18) 

(D.19) 

The complete set of velocities of body j are related to the independent velocities by 

tj tj 

Ol- I 0 0 0 0 0 0 0 0 0 0 0 coj , 
ilj 

0 I 0 0 0 0 0 0 0 0 0 0 
ilj 

0 0 I 0 0 0 0 0 0 0 0 0 
{Xj 

0 0 0 I 0 0 0 0 0 0 0 0 {Xj 

.A: .A: 
dj 0 0 0 0 I 0 0 0 0 0 0 0 dj 

.A: 
0 0 0 0 0 I 0 0 0 0 0 0 .A: 

{Xj (Xj (D.20) = 
tj 0 0 0 0 0 0 I 0 0 0 0 0 tj 

coj 
0 0 0 0 0 0 0 I 0 0 0 0 

Cl)j 

ilj 
0 0 0 0 0 0 0 0 I 0 0 0 iii 
0 0 0 0 0 0 0 0 0 I 0 0 

{Xj 
0 0 0 0 I 0 0 0 0 0 0 0 {Xj ., 

~I dj 0 0 0 0 0 I 0 0 0 0 hi h2 
• I ~ (Xj 

An inspection of the structure of the velocity transformation matrix B shows that the block 

matrices are: 

= [0
1 

01] Fir./) 
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Both block matrices are 6 )( 6 matrices. 

The last case is the constraint due to a universal joint between a rigid body i and a 

flexible body j. This is a combination of the two previous cases. The relation between the 

dependent velocities and the independent velocities is written as: 

ti 
I 0 0 0 0 0 0 0 0 0 ti 

Wi 0 I 0 0 0 0 0 0 0 0 Wi 

di 0 0 I 0 0 0 0 0 0 0 di · (Xi 0 0 0 I 0 0 0 0 0 0 (Xi 

tj 0 0 0 0 I 0 0 0 0 0 t· 
J (D.21) = 0 0 0 0 0 I 0 0 0 0 Wj Wj 

dj 
0 0 0 0 0 0 I 0 0 0 dj · 0 0 0 0 0 0 0 I 0 0 . 

(Xj 

I -Si 0 0 0 0 0 0 0 0 
(Xj 

• I ~I dj 
0 I 0 0 0 0 0 0 hi h2 • I ~ (Xj 

An inspection of the structure of the velocity transformation matrix B reveals that the block 

matrices are: 
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where FijJ> and R~J) are 6 )( 6 matrices associated with the floating base body and with the 

universal joint respectively. 



y 

y 

-h 
1 

-

(a) 

(b) 

-

-

t· J 

Figure D.4 Universal joint: (a) between two rigid bodies; (b) between two 
flexible bodies 
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