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ABSTRACT 

In this dissertation, the initial-boundary value problem 

u(x + 1) = u(x); u(x,O) = u/(x) 

is studied analytically and numerically. This partial differential equation is a 

hybrid between the well-known Korteweg-deVries and Kuramoto-Sivashinsky 

equations. It is shown numerically that this problem has for strong disper-

sion (62 ~ 1) travelling wave at tractors which can be constructed as pertur-

bations of cnoidal waves of the Korteweg-deVries equation. The perturba-

tion theory is extended to the spectral structure and the linear stability of 

these travelling waves. The linear stability theory makes use of the squared 

eigenfunction basis related to the spectral theory of the Korteweg- deVries 

equation. This yields better estimates of the linear stability than those 
• 

previously known. This seems to be the first use of the squared eigenfunc-

tion basis in the study of dissipative perturbations of the Korteweg-deVries 

equation. 

Next, the equations of motion for the action and angle variables of the 

KdV-equation are written down for the perturbed flow and the transient and 

attracting phases of the dynamics of the initial- boundary value problem are 

interpreted with these equations. A numerical study of the dynamics of these 
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'spectral coordinates' exhibits a series of interesting phenomena. In certain 

parameter regions a mode reduction is considered and a perturbation theory 

of the action and angle variables is applied to the truncated system. 

Finally, the effects of an additional uniform damping term vu in the 

initial-boundary value problem are discussed. 

We also compiled various ideas and concepts for an analytical proof of 

the existence of travelling wave attractors for strong dispersion. They might 

serve as guidelines for the actual proof which is still missing. 

A theoretical appendix presents some proofs and calculations to comple

ment the main text and a numerical appendix describes the computational 

setup in the numerical study of the initial-boundary value problem. 
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1 Introduction 

In this dissertation we investigate the partial differential equation 

(1) 

under periodic boundary conditions u( x + 1) = u( x). Our interest in this 

equation comes from the fact that it is a hybrid between two important 

nonlinear equations of mathematical physics. On the one hand, we have the 

periodic Korteweg-de Vries (KdV) equation 

with u( x + 1) = u( x), a completely integrable infinite-dimensional Hamil

tonian system. It is solved by the 'inverse spectral transform', which is 

accomplished through an associated (Schrodinger) eigenvalue problem. On 

the other hand, there is the Kuramoto-Sivashinsky (KS) equation 

with u( x + 1) = u( x), a prominent example for a group of nonlinear dissipa

tive PDE's for which the existence of a finite-dimensional universal attractor 

and of an invariant, exponentially attracting manifold containing the attrac

tor, an inertial manifold, have been proved. 

Intuition would suggest that for strong dispersion (82 ~ 1) the behavior 

of solutions to equation (1) is close to solutions of the KdV-equation, while 
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for weak dispersion (82 ~ 1) the behavior is closer to the KS-equation. We 

will see that this intuition is basically right with the exception that in the 

strongly dispersive case only solutions close to the simplest nontrivial KdV

solutions, namely travelling waves, seem to appear in the attractor. This 

phenomenon is sometimes called self-organization [1]. 

Our presentation focuses on applications of the inverse spectral transform 

(1ST) to understand the transient and attracting phases in the dynamics 

of eq113,tion (1) in the strongly dispersive case. Issues relating to inertial 

manifold theory will be touched more briefly. Here we suggest that objects 

such as inertial manifolds which are normally constructed as graphs over the 

asymptotically dominant Fourier modes, are in our case better constructed 

over the dominant modes of the 'squared eigenfunction basis' related to the 

spectral theory of the KdV-equation. 

In Section 2 we address questions of scaling and the choice of parame

ters in the study of equation (I). Then we bring a phenomenology of the 

attractors as the dispersion 82 is varied. 

In Section 3 we describe the shape, spectral structure and linear stability 

of possible attractors in the strongly dispersive case with a cnoidal wave 

perturbation theory. 

In Section 4 we use the equations of motion of the spectral data, i.e., 

the gaplengths and the Dirichlet eigenvalues of the associated Schrodinger 

eigenvalue problem, to study the transient and attracting phases of the 
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evolution of (1). 

In Section 5 we present ideas to attack our problem which are not related 

to the 1ST. We also discuss the meaning of the inertial manifold theory in 

our problem. 

Section 6 is an in-depth study of one aspect of an idea presented in 

Section 5. It discusses the equivalence of two distance functions related to 

the Schrodinger eigenvalue problem. 

Section 7 shows what happens if we add a uniform damping term vu to 

equation (1). 

A theoretical appendix brings a discussion of some details we have skipped 

in the main text and calculations to illuminate ideas in the main text. 

A numerical appendix describes the numerical routines created to study 

equation (1) and addresses questions about the speed and accuracy of our 

numerical methods. 

Finally, an appendix with the figures mentioned in the text is attached. 

These figures come as computer graphics printouts. The captions display 

only the most necessary information, so the reader must consult the text for 

more detailed data. 



2 The setup of the problem 

2.1 Scaling and choice of parameters 

The partial differential equation 

Uj + auu., + bu.,., + cu.,.,., + du.,.,.,., = 0 

16 

(2) 

under periodic boundary conditions u( x + L) = u( x) has been used to de

scribe the long waves on a viscous fluid flowing down an inclined plane [2] 

and the unstable drift waves in plasma [3]. Here the positive constants 

a, b, c, d and the length L of the period are given by the physics (c might be 

zero). Under an appropriate rescaling of x, t and u we are able to reduce 

the number of parameters by three and get the equation: 

(3) 

(Here ... ve have substituted u = -ua.L/b,x = x/L,t = tb/PJ,2 = r./bL
"

B2 = 

d/b£2 and then dropped the tildes). The period length for equation (3) be

comes 1. (We choose the negative sign in front of the nonlinearity, because 

most of the papers on the 1ST use that sign; we can easily obtain the solu

tions of (3) with a positive sign by applying the transform u(x, t) -+ -u(x, t) 

to solutions of (3) with the negative sign). The KS-equation is obtained in 

the special case 0 = O. 

In [4] the equation (2) is scaled such that only the parameter in front 

of the third derivative, measuring the dispersion, remains. This can be 

achieved only if the period length L is allowed to vary. If we substitute 
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'it = u/(3, x = x/(3, I = t/(32, ~2 = 02/(3 and then drop the tildes again, the 

parameter (3 disappears from equation (3), but now the periodicity is (3-1. 

In [5],[6],[7] the following form of the KS-equation is used: 

(4) 

where u(x +271', t) = u(x, t) and a > O. If we differentiate this equation with 

respect to x, set 'it := -u." x := x/271', I := at/471'2 and (32 := 1/7I'2a and 

drop the tildes again, we obtain our model equation without the dispersive 

term. We see that the results in the literature are easily translated into our 

terminology. 

In the case of strong dispersion 02 ~ 1, we will introduce a perturbation 

parameter € := 0- 2 and the model equation 

becomes the perturbation problem 

(5) 

where we have set U := €u, T:= t/€ and where € is a small positive number. 

Note that the spatial coordinate is not scaled so that the periodicity remains 

the same. Thus in the strongly dispersive case our equation can be regarded 

as a perturbation of the KdV-equation. 

We note that equation (3) preserves the mean fol udx. Therefore we will 

always work on the subspace of mean zero functions. We emphasize that this 
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does not mean a loss of generality. Suppose we have initial data with mean 

M, i.e., f01 u(x,O)dx = f01 uJ(x)dx = M and the corresponding evolution is 

u(x,t), then v(x,O) = vJ(x) := uJ(x) - M are mean zero initial data and 

the evolution u(x, t) is related to the evolution v(x, t) by 

u(x, t) = v(x + Mt, t) + M 

i.e., by a horizontal and a vertical translation. This follows from the unique

ness of solutions to the initial-boundary value problem for equation (3)(see 

[8] and Appendix 9.1). 

Then the range of interesting values for the parameter (3 is bounded: 

Indeed, for (3 > (3ma:r: := 1/27r the dynamics of our system is trivial. A 

repeated application of Poincare's inequality lIuli $ 21." lIu:r:1I (where 11.11 is 

the P-norm) gives 

~:tlluII2 = (lI u:r:1I2 - (32I1 u:r::r:1I2) $ (4~2 - (32)\\u:r::r:1I2 

$ (1 - 47r2(32)lIu:r:1I2 $ 47r2(1 - 47r2(32)lIuIl 2 =: -'YlluW 

with a positive number 'Y. It follows that lIu(t)1I2 $ lIu(0)1I2exp( -2'Yt) ~ 0 

as t ~ 00 exponentially. If we linearize equation (3) about u = 0, the Fourier 

modes of the solution are unstable for k $ (27r(3)-1, and stable otherwise 

(the unstable mode with the strongest growth is the one which is closest 

to k = (2v'27r(3)-1). Thus the argument above shows that the dynamics is 

trivial if all linearized modes are stable. More generally, if the initial data 

have a primitive period of 1/ N (like uJ(x) = sin(27r N x)), the dynamics will 
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be trivial for (3 > 1/27r N (using the fact that the subperiodicity is preserved 

by the equation, the argument is the same as above). 

2.2 Phenomenology of the attractors as the dispersion is var
ied 

The long-time dynamics of equation (3) changes qualitatively as 82 is varied 

([4],[16],[17]). We illustrate this with a few pictures where we keep the 

parameter (32 fixed ((32 = 5 X 10-4 , seven unstable linearized modes, the 

fifth mode has strongest growth) and choose as initial data UI(X) = u(x, 0) = 

10 cos(27rx). Figure 1 shows the growth rates for the Fourier modes of the 

linearized equation (3) with this value of (32. For strong dispersion 8'2 = 

0(1) the attractor is a travelling wave which is a perturbed cnoidal wave 

whose primitive period 1/ N and whose amplitude depend on (32, on 82, 

and on the initial condition. Therefore different travelling waves coexist as 

attractors. The initial condition only affects the pulse number N of the 

attractor; once the pulse number N is determined, the amplitUde of the 

attractor only depends on (32. The application of the Poincare inequality 

tells us that N, the number of pulses per period, must be less or equal 

N maz := [(211"(3)-1], where [.J denotes the integer part. This means that the 

space of the initial conditions can be split into Nmaz subsets, also called 

basins of attraction, where an initial condition from the k-th subset leads 

to an attractor with pulse number N = k. Little is known about the shape 

of these basins of attraction. The dependence on the initial condition is 
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numerically demonstrated in [17], where initial data of the form UI(X) = 

A cos(271"x) are used. It is shown that a moderate change in the amplitude 

A only will lead to attractors with different pulse numbers N. As a general 

rule, however, N tends to be close to the mode number which is linearly 

most unstable, k = (2y'271",8)-1. 

A typical wave evolution for this case with 82 = 1 and ,82 = 5 X 10-4 

is shown in Figure 2. Ten snapshots of the solution are shown at selected 

times between t = 0 and t = 1. The attractor has a primitive period of 1/5, 

hence N = 5. (In this and the other pictures of this subsection we have 

plotted -u(x, t) instead of u(x, t) for aesthetic reasons. The pictures have 

to be read from left to right row by row). Figure 3 shows the evolution for 

6 = 0.5,62 = 0.25; note that we have N = 3 in this case: the number of 

pulses in the attractor also depends on the dispersion. 

A further decrease in the dispersion has two effects: the shape of a single 

pulse becomes asymmetric (the pulse develops a 'tail') and the distances 

between pulses are not equal anymore, but assume certain fixed, distinct 

values. In [4] it was proposed that the second fact (the distinct inter-pulse 

distances) is actually a consequence of the first fact (the asymmetry in the 

pulse shape). The interaction of a pulse with the tail parts of its adjacent 

pulses was studied and it was shown that for large dispersion, when the tails 

are monotone, the pulses are mutually repelling (hence equidistant, because 

of the periodic packing), whereas for smaller dispersion, the tails have an 
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oscillatory structure which leads to bound states between adjacent pulses 

with definite, distinct interpulse distances. To be a little more specific, the 

interaction of two adjacent pulses separated by the distance s and having 

small tails which satisfy the linearized (about u = 0) equation is studied in [4] 

perturbatively and from the energy relation for equation (3) an oscillation 

equation for s in a force field is derived. If the tails have an oscillatory 

structure, the potential in that equation will admit bound states which are 

responsible for the distinct interpulse distances. 

We observe that there is also a medium dispersion range where the pulses 

have monotone tails but there are distinct interpulse distances. Figure 4 

shows a typical wave evolution for this case (monotone tails, but distinct in

terpulse distances) with 8 = 0.25,82 = 0.0625, and Figure 5 a wave evolution 

with oscillatory tails in the attractor where 8 = 0.1,82 = O.Ol. 

If the dispersion is decreased more, the interpulse distances are not 

asymptotically constant in time, but exhibit fluctuations about some mean 

value which are at first periodic and then become irregular. Finally, in the 

very weakly dispersive case, the evolutions become chaotic and annihilations 

and creations of pulselike structures take place. Figure 6 shows this case, 

where 8 = 0.05,82 = 0.0025. 

Extensive numerical studies ofthe zero dispersion case, i.e., the Kuramoto

Sivashinsky equation, can be found in [5], [6] and [12]. These studies report 

strange-looking fixed-points, travelling waves, 'pulsating' or 'beating' waves 
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as attractors as well as chaotic at tractors and various kinds of bifurcations 

at certain values of (3. Our chosen (3 corresponds to a value of a = 202.64 

in equation (4) in which case there is a chaotic attractor to the KS-equation 

[5]. 

We see that the dispersion 82 introduces order into the system. For 

our chosen /32 the threshold value between a travelling wave attractor and 

more irregular attractors lies about 82 = 0.005. It is surprising that quite 

a small dispersion suffices to turn a chaotic attractor into a travelling wave 

attractor. 

From this discussion it seems clear that only for strong dispersion the 

analytical tool of the inverse spectral transform will have a chance to be 

useful. In the following sections we show that this is indeed the case. 



23 

3 Attractors in the strongly dispersive case - a 
cnoidal wave perturbation theory 

As we pointed out in subsection 2.1, in the case of strong dispersion 82 ~ 1, 

our model equation can be rewritten as a perturbation of a KdV-equation: 

(6) 

The numerical results in several hundred experiments show that in this case 

the solution approaches a travelling wave attractor after a transient phase. 

On this travelling wave attractor the L2-norm is constant, which is equivalent 

to satisfying the equilibrium condition IIU.,II = ,8IIU.,.,II: 

In Figure 7 we have plotted the resulting equilibrium amplitude as a function 

of (3-1 (amplitud.e = difference between ma..x.imum and minimum of the wave 

solution). The function u was assumed to be a mean zero cnoidal wave with 

primitive period 1/ N and amplitude A. The equilibrium condition then 

uniquely determines the equilibrium amplitude Aequilibrium. 

Three curves have been plotted for pulse numbers N = 1, N = 2 and 

N = 3. Note that the curve for N = 1 originates at ,8-1 = 211", the curve for 

N = 2 originates at ,8-1 = 411", and the curve for N = 3 at ,8-1 = 611". Below 

these cutoff values the attractor would be the trivial solution u = o. This 

is clear from subsection 2.1. The different curves seem to have the same 

asymptote for ,8-1 -t 00. 
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Under this equilibrium condition and with a travelling wave ansatz, a 

perturbation theory in £ is actually successful in describing the attractor. As 

the 0(1) problem is solved by cnoidal waves, the perturbation calculation 

can easily be performed on a computer. As the size of the 0(1) solution is 

known numerically, the validity of the ordering in the perturbation theory 

is checked by just inspecting the sizes of the terms in equation (6). 

3.1 Perturbation theory of the PDE-solution 

In this subsection we use standard perturbation theory to construct the 

travelling waves which are candidates for at tractors of the equation (6). 

According to the numerics we can assume the attractor to be a traveling 

wave u = u(e)(x-e(e)t), where u(e) = u(0)+W(I)+£2U(2)+ ••• and c(e) = e(O) + 

£e(I)+£2 e (2)+ .•.• We introduce a new spatial coordinate x = x-e(e)t moving 

with the wave, and drop the 'hat' again; then we insert the expansions for 

u(e) and e(f) into (6) and collect the terms of the same order in € (D = d~): 

0(1) : 

0(£) : 

(D3 _ (u(O) + c(O»)D)u(O) = OJ 

L(O)u(l) = _D2u(0) - (F D 4 u(0) + eel) Du(O)j 

O( £2): L(O)u(2) = _D2u(l) _ (P D4U(l) + u{1) DuCI) + c(I)Du(l) + e(2)DuCO). 

where L(O) = D3 - u(O)D - (Du(O») - e(O)D and its adjoint L(O) t = _(D3 -

(u(O) + e(O»)D) (on the space L~er[O, 1]). 

The first equation is solved by the cnoidal wave 

u(O)(x) = 02 - (02 - ot}en2( J0
3 ~ 01 (x - XO)) 
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where O!l < 0!2 < 0:3 are real parameters. The modulus of the Jacobian 

elliptic function above satisfies m = k2 = (0!2 - 0!1)/(0!3 - ad. The speed 

c(O) is then given by c(O) = -(at + a2 + (3)/3. We center u(O) such that it is 

an even function (xo = 0). 

The parameters O!t, 0!2 and 0!3 are chosen such that 

(i) the primitive period is 1/ N j 

(ii) the relation lIuzlI = .Blluzzll is satisfied (this is also the solvability condi

tion of the O( E) problem); 

(iii) the mean zero condition is satisfied. 

Then we use the second equation (the O(E) problem) to calculate u(l). 

The evenness of u(O) and the structure of the equation entail that u(1) is odd. 

The function tP) a.nd the constant C(l) are determined uniquely from these 

four conditions: 

(i) the solvability ofthe O( E2) problem (Fredholm alternative); observe that 

ker(L(O) t) = span( u(O»); 

(ii) the periodicity of U(l); 

(iii) the orthogonality of U(l)to u(O)j 

(iv) the mean zero condition for U(l). 

To actually obtain U(l) we integrate the O(E) problem once and solve the 

resulting second-order problem with variation of parameters. The solution 
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formula was then integrated numerically. The explicit formula for u(1)( x) is 

It also turns out that the first order correction to the speed, fC(I), is zero. 

Finally we use the third equation to calculate U(2). Now the symmetry 

properties of u(O) and u(1) and the structure of the equation show that u(2) 

must be even. Again U(2) and C(2) are uniquely determined from the solvabil-

ity condition of the O(~) problem, the periodicity of U(2), its orthogonality 

to u(O) and the mean zero condition for U(2). But now the second-order 

correction to the speed, f 2C(2), is not zero. We emphasize that if u(O) has 

primitive period liN, also U(l), U(2), ••• and therefore ute) will have primitive 

period liN. This fact will be important in the next subsection. 

The most important result of this subsection concerns the shape of the 

perturbed travelling wave u(e). Note that m(l) ex: 8- 2• This means that 

as the dispersion gets smaller, the shape of ute) becomes more and more 

asymmetric. 

3.2 Perturbation theory of the associated eigenvalue prob
lem 

The solution of the periodic KdV-equation 
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is closely connected with the spectral theory of the eigenvalue problem 

/I u(x, t) >. 
- y + -6-Y = "6 Y' (7) 

where the potential u(x, t) is just the solution of the KdV-equation. This 

eigenvalue problem is the key to the Inverse Spectral Transform, it gives the 

action and angle variables for the periodic KdV-equation and thus exhibits 

the Hamiltonian structure and complete integrability of that dynamical sys-

tern. As our equation (6) is a small perturbation of a periodic KdV-equation, 

it seems natural to extend our perturbation theory to the eigenvalue prob

lem (7) with the potential U(l)(X, t) constructed in the previous subsection 

to get the perturbed spectral coordinates for the attractor. 

We begin with a short review of the periodic, antiperiodic and Dirichlet 

spectrum of the eigenvalue problem (7). At this point we are not interested 

in the time dependence, so that we may consider at a fixed time the problem 

u(x) >. 
_y" + -6-y = 6Y' 

where u E t~er[O, 1] and Y E C2[O, 1], following [9]. There is an infinite 

sequence of eigenvalues 

with eigenfunctions of period 2. The lowest eigenvalue >'0 is simple, the 

eigenfunction Yo being root-free and of period 1. Then come pairs of eigen-

values >'2n-l ~ >'2n, n = 1,2,···; the corresponding eigenfunctions Y2n-l 
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and Y2n have both n roots in the period 0 $ x < 1 and are periodic 

(u(x) = u(x + 1)) if n = 2,4,6"" and antiperiodic (u(x) = -u(x + 1)) 

if n = 1,3,5,···. In the case '>'2n-l = >'2n we speak of a double point; its 

eigenspace is two-dimensional. The periodic and antiperiodic eigenvalues 

obey the asymptotic estimate 

'>'2n-l,2n = 6n2
1r2 + O( n-2

) as n _ 00. 

The periodic and antiperiodic eigenvalues can be characterized in terms 

ofthe Floquet discriminant .6.(.>.). It is constructed from two (not necessarily 

periodic or antiperiodic) solutions Yl(X,.>.) and Y2(X, >.) of the equation (7) 

satisfying the initial conditions Yl(O,>',q) = yHO,.>.,q) = 1 and y~(O,'>',q) = 

Y2(O, >.,q) = 0. The Floquet discriminant is then defined as 

.6.(>.) = Yl(1,'>') + y~(I, ,>,)j 

the periodic eigenvalues are those for which .6.( '>'n) = +2 and the antiperiodic 

eigenvalues are those where .6.(>'n) = -2. The periodic and antiperiodic 

eigenvalues on the one hand and the Floquet discriminant on the other 

hand are equivalent pieces of information. 

The essential point now is this: if the potential u( x, t) evolves according 

to the periodic KdV-equation, then the periodic and antiperiodic eigenval

ues, or, equivalently, the whole graph of the Floquet discriminant .6.('>'), stays 

invariant in time. This fact gives us infinitely many constants of motion and 

shows the complete integrability of the KdV-equation. 
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The Dirichlet eigenvalues are obtained if we require the eigenfunctions 

y(x) to satisfy the Dirichlet boundary conditions yeO) = y(l) = o. They 

also form an infinite sequence (J.Ln, n = 1,2, .. ·) and interlace with the >.

eigenvalues: 

In other words, J.Ln resides in the n-th instability gap, J.Ln E [>'2n-ll >'2n], n = 

1,2,···. Finally, there are the Neumann eigenvalues (vn , n = 1,2,3,···) 

which are obtained if we require the eigenfunctions to satisfy the Neumann 

boundary conditions y'(O) = y'(l) = O. They satisfy 

The Dirichlet and Neumann eigenvalues lie at the endpoints of all the sta

bility gaps, {J.Ln, vn} = {A2n-ll >'2n} 'rIn EN, if and only if the potentiai u is 

even [9]. 

The knowledge of the perturbed solution u{<) can be used to get the 

corrections to the eigenvalues in equation (7). The simple periodic and 

antiperiodic eigenvalues and eigenfunctions of the eigenvalue problem (7) 

are analytic as functions of the potential [37]. The double eigenvalues are 

analytic if the perturbation is even or odd (see the Appendix 9.3 for details). 

This is the case for our perturbation (see subsection 3.1). Therefore we can 

set >.«) = >.(0) + (>,(1) + (2).(2) + ... and y«) = y{O) + (y(l) + (2y{2) + ... and 
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collect terms of the same order in €: 

The first problem has the three simple eigenvalues >.~O) = (0'1 + 0.2) /2, 

>'~~-l = (0.1 + 0.3)/2, and >.~~ = (0.2 + 0.3)/2 with the corresponding eigen

functions y~O) ex dn(sx), Y~~-l ex cn(sx), ym ex sn(sx), where s = VOJ i203 

and an infinite number of double eigenvalues (>.~?2-l = >.~?2 =: >.~o~, n = 

1,2,3,···, N - 1, N + 1, .. ·) with the corresponding normalised eigenfunc-

tions [9] 

(0) () >.~~~ + u(O)( x )/2 + 3c(0) /2 
Y2n-l ,2n X = 2 >.(0) >.(0) . 

n,d - N crit 

or, alternatively, 

>.~~~ + u(O)( x )/2 + 3c(0) /2 
\(0) \(0) 
"n d - "N crit I 

exp(±i (>.(0) _ >.(0»)(>.(0) _ >.(0) )(>.(0) _ >.(0»)/6. 
n,d 0 n,d 2N-l n,d 2N 

r d~ 
Jo >.~~~ + u(O)(~)/2 + 3c(O)/2)· 

The first basis of the two-dimensional eigenspace at the double points (sines 

and cosines) will be used in the remainder of this subsection; the second 
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basis (complex exponentials) will be used in the subsection on the linear 

stability theory. 

As uCO) has exactly one open gap, the three simple eigenvalues determine 

already the whole Floquet discriminant .6.(..\): in particular, the critical point 

in the open gap ..\~)cri" which is defined by d~~(..\)I>.=>.(o) . = 0, is obtained 
Ncr.C 

from 
>.(0) d 

..\ (0) . = V6N f 2N IL IL 
N cr.t J>.~~L J(J.L _ ..\~O))(J.L - ..\~~-1)(..\~~ - J.L) 

and the double eigenvalues ..\~~~ are obtained for 1 ::; n ::; N - 1 from 

f>'~~~ (J.L - ..\~)crit)dJ.L = -v'i27l"n. 
J>.~O) J(J.L - ..\~O»)(J.L - ..\~~-1)(J.L - ..\~~) 

and for n ? N + 1 from 

>.(0) (..\(0) )d f n,d J.L- Ncr;t J.L =v'i27l"(n-N). 
J>.~"J J(IL - ..\~O»)(J.L - ..\~~-1)(J.L - ..\~~) 

Furthermore, the primitive period liN satisfies the relation 

>.(0) d 
1 J6 f 2N J.L 

N = 6 J>.~"J_l J(J.L - ..\~O»)(J.L - ..\~~-1)(..\~~ - J.L). 

To illustrate the meaning of the pulse number N in the context of the 

spectral theory and to give a feeling for the location of the eigenvalues, Figure 

8 compares the Floquet discriminant for an unperturbed u(O) to the Floquet 

discriminant for u«() for N = 2. This figure is just a sketch, it exaggerates 

the size of the higher gaps and the size of the Floquet discriminant on them 

for uC(). Note that the gaps with a gapnumber that is not divisible by N are 

closed. This is a general fact [33]: 
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Fact 1 If the potential u in the eigenvalue problem (7) has the primitive 

period 1/ N, all the gaps with a gapnumber not divisible by N are closed. 

Since u( f) has primitive period 1/ N, we only have to consider corrections 

about the double eigenvalues A~o~,d' n ~ 1. We are now going to calculate 

these corrections. 

The solvability of the O( €) equation gives the first order correction of 

the eigenvalues. At the simple eigenvalues A~O), k = 0,2N - 1, 2N, the 

null space of the self-adjoint differential operator in the O( 1) problem is 

one-dimensional; the Fredholm alternative gives in this case for the 0 (£) 

correction to the eigenvalues (using normalised yiO») 

But since all the squared zero-order eigenfunctions are even (because the 

potential u(O) is even) and u(l) is odd, this integral is zero for k = 0, 2N -

1,2N. 

The second order corrections to the simple eigenvalues are then obtained 

from the 0(£2) equation: 

At th d bl · al ( \ (0) \ (0) \ (0) ) h 1 e ou e elgenv ues A2nN-l = A2nN =: AnN,d' owever, t le 

situation is different. Here the operator in the 0(1) problem has a two-

dimensional null space spanned by the two eigenfunctions given above. There-
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fore the general solution to the 0(1) problem is given by 

with real constants A and B (not both zero). Note that Y~~N-l is odd and 

Y~~N is even. Now the Fredholm alternative takes the form of a system of 

two equations: 

Using the symmetry properties (even- and oddness) and the normalisation 

of the functions involved, the system simplifies to 

nN,d Jo 2nN-1 2nN 
{

A), (1) = B f1 U(I)y(O) yeo) dx 

B ,(1) A fl (1) (0) (0) d 
AnN,d = Jo U Y2nN-IY2nN X 

This can be solved nontrivially for A and B if and only if the coefficient 

determinant is zero which gives A = ±B and 

(1) (1) (0) (0) 1
1 

).nN,d = ± 0 U Y2nN_Iy2nNdx. 

This means that at the double eigenvalues ).~~N-l = ).~~N there is in 

general an O(€) correction and that the closed gap opens symmetrically 

about the double eigenvalue (to this order). 

To confirm this perturbation theory, some of these corrections were cal

culated numerically and the values ).~oh,d + €).~~,d compared to the values of 

).~~N-l,2nN directly obtained from the diagnostic routine. Figure 9 shows a 

graph of the numerical gaplengths versus the values obtained from the first 
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order perturbation theory for gaps 2 to 20 (f = 0.2,,82 = O.Ol,N = 1). We 

note that about the first five gaps are significantly open, wheras the higher 

gaplegths are less than 10-4 • Figure 10 shows a similar picture, but here 

f = 0.1,,82 = 0.007, N = 1. The agreement is in both cases very satisfactory. 

We do not show a case with N = 2, because there all the gaps except the 

fourth are very small and the influence of numerical errors will distort the 

result. 

Another aspect of the perturbation theory, namely the asymmetry of the 

shape of u«) (Subsection 3.1), is confirmed numerically in the following way: 

the PDE perturbation theory in 3.1 and the eigenvalue perturbation theory 

in 3.2 are connected via the trace formula, applied to u(£): 

00 

A~<) + 2:(A~~-l + A~~ - 2!l~()(T:ru«»)) (8) 
n=l 

where T.:! denotes the translation f(s) -+ f(s + x). Note that we are 

using here also perturbed Dirichlet eigenvalues /-L(f); on the travelling wave 

U(f) they can be obtained with a similar perturbation theory as the >.(t), 

but working on the space S = {J E i2[0, 1], f(O) = f(l) = O} instead of 

.i~er[O, 1]. Therefore 

/-L~1) = 11 u(1)(g~O»)2dx = 0, n ~ 1 

because (g~O»)2 is even [37] and u(l) is odd, and 

/-L~2) = 11 (u(1)g~1)g~O) + U(2)(g~O»)2)dx, n ~ 1. 
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Taking into account the constancy of the>. - eigenvalues on the travelling 

wave attractor u«) and comparing orders in the trace formula (8), we see 

that the perturbative terms in the solution (particularly the odd function 

w(1)(x)) lead to an asymmetry in the J.L - oscillation in the higher gaps 

(the ones after the large open gap). This asymmetry is quite evident in 

the spectral pictures of the attractor (Figure 11) (note that in the pictures 

showing the spectral dynamics every gap is scaled such that the distance 

between the minimum and the maximum of the points in the gap, taken 

over the whole evolution, is the same for all the gaps shown; the absolute 

sizes ofthe eigenvalues and gaplengths are given in the legend). 

3.3 Perturbation theory for the linear stability of possible 
attractors 

In Subsection 3.1 we have constructed travelling waves which are candidates 

for attractors of the equation (6). We now investigate the linear stability of 

these travelling waves in order to determine if they can really be attractors. 

This is again done with a perturbation theory in E. 

If we linearize equation (6) about the travelling wave u«)(x), we get with 

(Remember that our x here is moving with the wave; we avoid introducing a 

phase variable ().) Again we write down a perturbation scheme in E, assuming 
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W(l)(X) + €2V(2)(X) + ... ) and use the operator L(O) from 3.1 and the fact 

that C(l) = 0, so that the scheme becomes: 

0(1) : 

In order to solve this perturbation scheme, we need some information 

about the linea.rized and adjoint linearized KdV-equations; 

Fact 2 If the potential u(O) evolves in time according to the [(dV-fiow (in 

our case, a travelling wave), then the derivatives 

(vrO):= D(YrO»)2, k = 1,2,··, ,2N - 2, 2N + 1,···) 

of the squared normalised eigenfunctions yrO) from 3.2 (under the proper 

time-dependence) together with v~~ -1 : = ~~::: and v~~ : = D (sn 2 (sx )) ex: 

Du(O) (both time-dependent) are a set of solutions to the linearized [(dV

equation v, - (u(O)v)z - Vzzz - c(O)vz = 0 (or, sloppily: Vt + L(O)v = 0), 

which constitutes a basis for t~e~[O, 1], the subspace of mean zero functions 

in L~e~[O, 1], at every instant in time. 

Furthermore, the (time-dependent) functions 

together with W~~_l := Cosn2 ( sx )-1 ex: Uo (where Co is a normalisation con

stant) and w~~ := J; ~~::: dx are a set of solutions to the adjoint linearized 
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KdV-equation VI - (u(O) + c(O»)V., + V:z::z::z: = 0 (or, sloppily: VI - Lbv = 0), 

which also constitutes a basis of .i~e~[O, 1] at every instant in time. 

The set (v~O), k ~ 1) is biorthogonal to the set (w}O), I ~ 1) , i.e. 

This fact is proved in the theoretical appendix. 

Remark 1 In order to have a complete basis, one must be careful with the 

choice of appropriate basis functions y~~)-l' y~~) at the double points. The 

choice of complex exponentials for these basis functions (see 3.2) gives a 

complete basis, whereas the choice of sines and cosines would not. Therefore 

in this subsection we will use the complex exponentials as a basis for the 

eigenspaces of the double points. Moreover, this basis is convenient in the 

calculation of the O'~O). Consequently, the space we work in this chapter is 

.i~e~[O, 1], the Hilbert space of square- integrable complex valued functions on 

[0,1] with the inner product defined above. 

We are now ready to solve the perturbation scheme (*), (**). First we 

look at the 0(1) problem. 

We will see that the 0(1) problem (L(O) + O'(O»)v = 0 has a double eigen

value 0'~~_1 = O'~~ = 0 and infinitely many pairs of complex conjugated 

eigenvalues O'~~)_l = O'~~), n = 1,·", N - 1, N + 1, .. ·. The double eigenvalue 

has the 'ordinary' eigenfunction v~~ and the generalised eigenfunction V~~_1 

(see Appendix 9.2), while the complex conjugated eigenvalues have the 'or-
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dinary' eigenfunctions V~~_l = v~~, n = 1" ", N - 1, N + 1" ". The same 

is true for the adjoint problem (L6 + U<°»v = 0, if we replace the vkO) with 

the w~O). 

The actual calculation proceeds as follows: the eigenvalues aka) are ob-

tained if we plug the ansatz 

with the y~O)(x) from 3.2 into the Lax equation for the time dependence of 

the eigenfunctions [19]: 

and 

The result is that a~~_l = a~~ = 0 (at the simple 'x-eigenvalues) and 

0'(0) = ±ii (,x(0) _ ,X(0»(,x(0) _ ,x(0) )(,x(0) _ ,X(0»/6 
2n-l,2n 3 n,d ° n,d 2N-l n,d 2N (9) 

for n = 1,2, .. ·,N -l,N + 1, .. ·. (at the double 'x-eigenvalues). 

Now we deal with the O( €) problem. Here we will need a different method 

for the simple and the double eigenvalues. 

The value of a~l) is obtained from the solvability condition of the O(E) 

problem (Fredholm alternative). This means that we must know the null 

space of L6 + 01,0). For k = 1" .. ,2N - 2, 2N + 1, ... we have simple eigenval

ues O'~O) and the null space is spanned by wkO), whereas for k = 2N -1, 2N we 
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have the double eigenvalue a~~_l = a~~ = 0, but the null space is spanned 

only by w~~ and W~~_l is a generalized eigenfunction (algebraic multiplicity 

two, geometric multiplicity one, see also the Appendix 9.2). This means that 

the value of akl
) for k = 1,,, " 2N - 2, 2N + 1, ... (at the double eigenvalues) 

is determined by 

For k = 2N -1,2N (at the simple eigenvalues), however, the perturbation 

expansion in powers of € is not appropriate. This is plausible from the 

example of the eigenvalue perturbation theory of a 2 x 2 matrix with one 

ordinary and one generalised eigenvector. For instance, if we take the matrix 

M(() = (~ ~) + O( (2), 

we immediately see that the eigenvalues cannot be expanded in powers of to, 

but must be expanded in powers of €t. Extrapolating to function space, we 

see that for k = 2N -1, 2N we must expand a(() and v(() in powers of €~: with 

a(() = a(0)+da(1)+€a(2)+ ••• and v(()(x) = ij(0)(X)+dij(l)(X)+€ij(2)(X)+'" 

the perturbation scheme (*),(**) is replaced by: 

0(1) : 

O(€!) : 

O(€) : 

(_L(O) - a(O))v(O) = OJ 

(_L(O) _ a(O))ij(1) = a(l)ij(O) 

(_L(O) _ aCO))ijC2) = 

aCl)ijCl) + a 2ijCO) + D( uCl)ijCO)) - D2ijCO) - fP D4ijCO). 
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The 0(1) problem is the same as before; in particular, &(0) = 0, v~~ = 

D( 2( » d .(0) C 2( ) 1 M .(1) 7.,·a,,(O) h sn sx an W 2N -1 = osn sx -. oreover, V 2N = .l~ aceO) , were 

the constant J( is determined from L(O)(I(~~:::) = D(sn2(sx». 

Therefore the 0 ( €~) correction will be 

But this quantity is easily seen to be zero: the first term on the right-

hand side is an odd function integrated against an even one, and the other 

two terms are the integrals of perfect derivatives. This means that vel) is a 

scalar multiple of v(O) (V(l) = av(O» and that we must carry the perturbation 

scheme further: 

Again we see that &(2) = 0 and V(3) is a scalar multiple of V(2) (V(3) = av(2»). 

Continuing in the same fashion, we see that all the fin are zero and that 

V(f)(X) can be expanded in powers of € (because the part with the odd powers 

of €! is only a scalar multiple of the part with the even powers in d). Indeed, 
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vC')(x) is just a scalar multiple of Du('), and the adjoint eigenfunction W~~_l 

becomes a scalar multiple of uC'). There is also a perturbed analog me') to 

the generalised eigenvector ~~t::: it is obtained from the equation 

which is always solvable because the solvability condition 

is automatically satisfied. 

To summarize, we have obtained a formula (10) for the first order correc-

tions to the growth rates of the modes of the squared eigenfunction basis at 

the double eigenvalues. We have also seen that the corrections to the growth 

rate 0'~~_1 = O'~~ = 0 for the modes of the squared eigenfunction basis at 

the simple eigenvalues vanish to all orders, so that also 0'~~_1 = CT~~ = o. 

This reflects the simple fact that Du(O) spans the null space of LCO) and 

hence possesses a zero eigenvalue, and Du(') spans the null space of L(') and 

therefore has also a zero eigenvalue. 

We have to mention that the perturbation theory outlined above is only 

valid for such wavenumbers k, for which k ~ (€,LP)-l rv 1000, because only 

then are the perturbative terms much smaller than the unperturbed terms. 

Otherwise the perturbation becomes singular. For those higher wavenum-

bers the theory has to be replaced be a linear (Fourier) theory where u(') 

is set to zero. Indeed, for A~O), A~~ -1' A~~ ~ A~O~,d' n 2': 2 we have from (9) 



42 

uiO
) "" 8k37r3 which matches the value from the linear theory, and ukl

) is 

then obtained as ui1
) = 47r2P - 167r4,82k4. 

Since the (viO
), k ~ 1) form a basis in .i~e~ [0, 1], we assume that also 

the (vif),k ~ 1) will form a basis for sufficiently small E. It follows that the 

travelling wave attractor U(f) is linearly stable if and only if all the quantities 

uil) are negative. 

For pulse number N = 1 the attractors were found to be linearly sta

ble for all ,82 for which we calculated 0'(1). Our figures show the quantity 

-0'(1) /lu(O)I, plotted over the mode number. Figure 12 compares three curves 

of these quantities with the corresponding quantities from Fourier theory, 

calculated for,82 = 0.02, ,82 = 0.015 and ,82 = 0.01 with N = 1. We see that 

there is an appreciable difference in the growth rates between KdV-theory 

and Fourier theory in the first few gaps, but at least from the tenth gap on 

the two curves agree. Recall that the term 'Fourier theory' means in this 

context that we linearize equation (6) about U = 0 and calculate the growth 

rates of the Fourier modes of that linearized equation. For the values of ,82 

shown in the picture and for all other values of ,82 in our runs all the uk!) 

belonging to the higher modes (n ~ 2) are real and negative. 

In the N = 2 case we have a different situation. Fourier theory says that 

attractors with pulse number N = 2 are possible only for ,82 ::; 1/167r2 = 

0.0063···. We found that even in this range there are at tractors which are 

linearly unstable in our theory. Specifically, whereas the modes with k = 
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3,4, ... are still stable in the whole {3 - range, the mode with k = 1 becomes 

unstable for {32 > 0.0054··· (Figure 13). In fact, we have never observed an 

attractor with pulse number 2 and {32 > 0.0054 in our experiments. This 

suggests that our stability theory gives a sharper criterion for the existence 

of attractors with certain values of {32 and N. Figure 14 is similar to Figure 

12, only that now N = 2 and f32 = 0.004, {32 = 0.003, or {32 = 0.002. These 

values belong to actual attractors in our experiments. 

In the N = 3 case the situation is similar. Here the modes with k = 

4,5, ... are stable, but the modes with k = 1,2 can be unstable even in the 

{3 - range which is allowed by the Fourier theory, which is for {32 ::; 1/3671"2 = 

0.0028· ... Figure 15 shows that attractors with pulse numbers N = 3 are 

linearly unstable down to {32 = 0.0021. On the other hand, we obtained an 

attractor with N = 3 and {32 = 0.001 in our experiments and this attractor 

is linearly stable. 

To sum up, there is strong experimental evidence that at tractors exist 

only for those combinations of Nand {3, which give nonpositive first-order 

corrections to the growth rates in our linear stability theory. These condi

tions are more stringent than those required by the Fourier theory. 

In (17} a linear stability analysis was done from a different viewpoint. 

This stability analysis applies to the medium dispersion range we mentioned 

in subsection 2.2, where the pulses are slightly asymmetric with monotone 

tails, but where nevertheless distinct interpulse distances are possible on the 
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attractor. 

Two problems are studied: first the stability of a single (perturbed) pulse 

in a larger period is investigated, again by linearizing about that perturbed 

single pulse, but then expanding the disturbance v in a Fourier basis and cal

culating the eigenvalues after a truncation of that Fourier basis numerically 

(Galerkin method). About 25 Fourier modes were required in the truncated 

series. The result of that calculation is that a train of three or less pulses is 

unstable, but a train with four or more pulses is stable. 

Second, the PDE was linearized about a pulse train like our u«) with 

a disturbance of the form v(x, t) = exp( ut)f( x) exp(21l'ipx) where p is a 

Floquet exponent p E [0,1] and f(x + 1) = f(x). Two types of instability 

are observed near p = 0 and p = 0.5. 

To sum up, the result of that analysis is that if we have a periodic or 

even aperiodic arrangement of pulses, then these configurations are stable 

if interpulse distances are below a certain threshold, but become unstable 

if some distances between pulses are too long. We emphasize the following 

three points: 

(i) The discussion in [17] was done for medium dispersion, whereas our 

analysis and perturbation theory applies only for very strong dispersion. 

Therefore there is no inconsistency between the two results. 

(ii) Our analysis consistently uses the spectral theory of the periodic KdV

equation, in particular, a squared eigenfunction basis in which the distur-
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bance is expanded, whereas the analysis in [17] mixes the periodic and whole 

line theory and uses Galerkin methods. To our knowledge, this constitutes 

the first application of the squared eigenfunction basis in the study of dissi

pative perturbations of the KdV-equation. 

(iii) Our discussion can therefore be much more analytical; only in the end 

the computer is needed to evaluate formula (10). 

Nevertheless, the stability analysis in [17] is a very interesting and im

portant complement to our discussion. 
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4 The use of the spectral coordinates to describe 
the transient and attracting phases 

This section is organized as follows: first we introduce the equations of mo-

tion for the gaplengths and the Dirichlet eigenvalues (Le., the action and 

angle variables of the KdV equation) under the flow of the perturbed KdV-

equation. Then we examine several numerical experiments exhibiting the 

spectral dynamics and show that significant features of these experiments 

can be explained with these equations. Based on these observations, we pro-

pose a finite mode truncation of the infinite system representing the spectral 

dynamics. This mode reduction is of central interest for many dissipative 

nonlinear PDE's (see the Subsection on Inertial Manifold Theory). Finally, 

we will write down that truncated system in the case of two modes and study 

it with a perturbation ansatz. The last subsection 4.4 presents a detailed 

calculation pertaining to a one mode truncation. 

We introduced the periodic, antiperiodic and Dirichlet eigenvalues for 

the eigenvalue problem (7) associated with the periodic KdV-equation in 

subsection 3.2. The significance of these eigenvalues for the dynamics of 

periodic KdV is that the A-eigenvalues stay invariant under the unperturbed 

KdV-flow and therefore are constants of motion for this infinite-dimensional 

Hamiltonian system. The J.L-variables execute an oscillatory motion in the 

gaps. The gaplengths In = A2n - A2n_1 play the role of 'action variables' and 

the J.L's the role of 'angle variables' ([20]). The terms 'spectral transform' 
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and 'inverse spectral transform' refer to the change of variables between the 

function u and the 'spectral coordinates' Cin' n ~ 1) and (J.Ln, n ~ 1). 

In the following we also have to take into account a spatial dependence 

of the J.L-variables, which is given by the behavior of the J.L'S under a spatial 

translation of u(x, t) (recall that in the trace formula the J.L's are evaluated 

at a translated potential): J.Ln = J.Ln(x, t). The equations of motion for 

the periodic and antiperiodic eigenvalues A(t) and the oscillatory J.L(x, t)

variables in the unperturbed KdV-equation are [21]: 

dAn 
--;It = 0, n ~ 0, 

aJ.Ln = ±67r2n2 y'A2(J.Ln) - \ 
ax n (/Jk-/Jn) 

I:¢n 61:' .. " 

aaJ.Ln = ±27r2n2 (AQ + A2n-1 + A2n + 2::(A2j-1 + A2j - 2J.Lj))· 
t j¢n 

\l.6.2 (J.Ln) - 4 n > 1 

n (/Jk-/Jn) , -, 
I:¢n 61:' .. ' 

(11) 

where the quantity under the square root allows a product expansion in 

terms of the A-eigenvalues: 

(12) 

The oscillatory motion arises because the square root in equation (11) flips 

signs whenever the J.Ln-variable hits the boundary of the n-th gap. The right 

choice of the sign initially is described in [10]. The equations (11) were 

recently studied numerically in [23],[24]. 
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Under the perturbation, the A-eigenvalues and hence the gaps move and 

the equations of motion of the action and angle variables are given by 

din _ ( f.l2 f2 f2 ) > l' dt - -€ U xx + fJ Uxxxx , 2n - 2n-1 , n - , (13) 

(14) 

where the periodic and antiperiodic eigenfunctions are now denoted by the 

letter I and gn is the Dirichlet eigenfunction belonging to 11". All the eigen-

functions appearing in (13), (14) are normalised. This is an infinite ODE-

PDE system for the in and the I1n which is strongly coupled. Therefore 

we must introduce simplifying assumptions in the further discussion. Note 

that the equations for ~ just give the information that the I1n in the trace 

formula must be calculated for a translated potential. Therefore in the fol-

lowing only the equations for ~ will be used. Also note that instead of 

the factor AO + A2n-1 + A2" + L:i;tn(A2j-1 + A2j - 211j) one could also write 

u(x, t) + 211n in equation (14). The system (13), (14) can in principle be 

closed, since there the solution u(x, t) and the normalised eigenfunctions In 

and gn can be written as an infinite sum or infinite products of the A'S and 

the I1'S and hence the i'S and the I1'S. Indeed, u( x, t) can be replaced by 

AO(t) + L:n~1(A2n-1(t) + A2n(t) - 2I1n(X, t))j the periodic and antiperiodic 
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eigenfunctions In can be expressed in terms of the '\'s and J.l'S with the help 

of the following theorems [9],[37]: 

Fact 3 Let 0 ~ x ~ 1 be fixed. Then 8~l>')(x) coincides with the function 

Y2(1, >., u), computed for u translated by x. 

Fact 4 

for simple eigenvalues An. At the double eigenvalues we have 

Fact 5 For u E L~er [0, 1], we have 

II J.lm(u) - >. 
Y2(1, A, u) = 36 2 2 

m~l m 7r 

The normalised Dirichlet eigenfunctions can be written as [37] 

This can also be written in terms of the A'S and the J.l'S using the following 

fact [9], [11], [37]: 

Fact 6 

gn(x) = 
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Using the product expansion of the Floquet discriminant (12), we can con-

vert this into an expression where only the A, J1. eigenvalues appear. In the 

finite gap case, which we will study in subsection 4.3 on mode reduction, 

the transition from the A-eigenvalues to the gaplengths "In is done by solving 

a nonlinear algebraic system representing the mean zero condition and the 

commensurability conditions for quasiperiodic KdV waves. 

The question remains if this hereby closed system for the action and 

angle variables is actually equivalent to the PDE (6), i.e., if every solution 

of (13), (14) is a solution of (6) and vice versa. A problem exists only 

for those instances in time where the eigenvalue problem (7) with u(x, t) as 

potential has double eigenvalues. In the Appendix 9.3 we discuss the validity 

of the equations (13),(14) in the neighborhood of double eigenvalues of u. 

In the next two subsections we discuss a few experiments showing the 

dynamics of the spectral data and compare our observations with the equa-

tions (13),(14). 

4.1 The attracting phase 

First we discuss the equations of motion (13), (14) on the attractor. We 

restrict ourselves to the parameter region 1/47r < f3 < 1/27r so that the first 

gap will dominate in the attractor (N = 1) and all the other gaps will be of 

order O( €) (Subsection 3.2). The gaplengths on the attractor satisfy 

d"ln dt = 0, n ~ 1. 
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The equations (14) for the Dirichlet eigenvalues consist of two parts: the 

contribution from the KdV-equation and the contribution from the pertur-

bative term. From the product expansion of 4 - L).2(JL) (formula (12)) we 

see that 

(see also [10],[33]). 

Introducing a restfactor 

which is of order O(n) (see [10]), we obtain that 

The term Pn := J(A2n - JLn)(JLn - A2n-1) oscillates between Pn, mar := 

(A2n -A2n_l)/2 and -Pmar. Therefore its maximal size and the maximal size 

of the whole KdV-term is determined by the gaplength "In = ).2n - ).2n-1' 

We see that in the dominant gap, which has a large gaplength, the KdV-

related term is in general much larger than the perturbative term (0(1) 

versus O(E)), but that in the small O(E) gaps the KdV-related term becomes 

of the same order as the perturbative term. This observation is the key 

to resolving the following paradox: we know from the numerics that the 

attractor is a travelling wave and we know that for a translated flow the 
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Dirichlet eigenvalues obey the equations 

The eigenvalue J.Ln, n ;::: 2 completes n oscillations in the n-th gap per one 

oscillation of the eigenvalue J.Ll. The points where the J.Ln' n = 1,2,3,··· hit 

the>. interlace [ll). How can the equations (15) agree with the equations 

(14)? The equations (14) for ~ contain two parts: a part coming from 

KdV and a part coming from the perturbation. We assert that these two 

parts almost cancel to give the equation (15) for the motion of the J.Ln in a 

travelling wave. In other words, because the gaplengths in the higher gaps 

become of order O(e), the KdV-term in the right-hand side of equation (14) 

(which is dominant in the large gap but not in the small gaps) is 'blocked' 

by the perturbative term 

P(" ) = -e(u«() + (32U«() (g«(»)2) '" -e(u(O) + (32U(0) (g(0»)2) rn %z XX%X, n xx xx:cz' n . 

For this, we show that the two terms are almost of the same size, but of 

opposite sign and that their oscillation frequencies and nodes are the same 

(namely n oscillations and nodes in the n-th gap). 

Regarding the size of the two terms, we note that the KdV-term essen-

tially becomes O( n3 ) X n-th Fourier coefficient of U(l), and that the perturba-

tive term behaves like O(n4)x n-th Fourier coefficient of u(O). Now observe 
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that u(1) is essentially Du(O) X restfactor (see the formula for u(1) in 3.1) 

and we obtain an agreement in the orders of growth. To see that the two 

terms are actually very close in absolute value and of opposite sign, we show 

two pictures: First, we show the part coming from KdV, which is obtained 

just by running unperturbed KdV on the attractor. Figure 16 compares the 

motion of the J.L variables for pure KdV with the motion of the J.L variables 

on the attractor of perturbed KdV (which is the same as for a translated 

motion). This figure therefore shows the size of the KdV term for J.L2 and 

J.L3' Figure 17 compares the perturbative term for J.L2 and J.L3 in equation 

(14) with the whole right hand side in this equation. This right hand side 

has the same sign as the KdV term, because the KdV-term is just the term 

for translation times a positive number. Figure 17 clearly shows that the 

zeros of the perturbative term are the points where the JL-variables hit the 

A-variables and that the perturbative term is negative when the correspond

ing JL increases and positive when it decreases. Therefore we can conclude 

that the KdV-term and the perturbative term have about the same sizes 

and opposite signs, at least in the case depicted (f = 0.1,,82 = 0.01). 

As for the frequencies and the nodes, first we calculate how the pertur

bative term evolves in time on the attractor. 

Note that J.Ln '" >.~~~, n ~ 2 and that g~() is for N 1 and n > 2 
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approximated by 

sine (>. (0) >. (0»(>. (0) >. (0»(>. (0) >. (0»/6 r dE. ) 
n,d - 0 n,d - 1 n,d - 2 Jo >.~~~ + U(0)(E.)/2 + 3c(0)/2 

according to Subsection 3.2. How does the Dirichlet eigenfunction g~O) 

change for a translated potential? We ha.ve for u(O)(x) = u(O)(x - ct) 

>.~~~ + u(O)(x - ct)/2 + 3c(0)/2 
2 >.(0) >.(0) . 

n,d - 1 cril 

sine (>. (0) _ >.(0»(>.(0) _ >.(0»(>.(0) _ >.(0»/6. 
n,d 0 n,d 1 n,d 2 

r~-ct dE. 

Jo >.~~~ + u(O)(E. - ct)/2 + 3c(0) /2) 

>.~~~ + u(0)(y)/2 + 3c(0) /2 
2 >.(0) >.(0) . 

n,d - 1 cril 

= (y = x - ct, TJ = E. - ct) = 

sine (>.(0) _ >.(0»(>.(0) _ >.(0»(>.(0) _ >.(0»/6. 
n,d 0 n,d 1 n,d 2 

1'J dTJ 

-cl >.~~~ + u(O)( TJ) /2 + 3c(0) /2) = 

>.~~~ + u(0)(y)/2 + 3c(0) /2 
2 >.(0) >.(0) . 

n,d - 1 erit 
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sin( (,\(0) _ ,\(0»)(,\(0) _ ,\(0»)(,\(0) _ ,\(0»)/6 r dry ) 
n,d 0 n,d 1 n,d 2 10 ,\~~~ + u(0)(ry)/2 + 3c(0)/2 . 

We see that the Dirichlet eigenfunction for the translated potential be-

comes a linear combination of the two basis functions of the form fl{X) = 

g(x)sin(h(x)) and f2(X) = g(x)cos(h(x)) in subsection 3.2 and that with 

v(O) = D2u(0) + (PD4 U(0) and v(O)(x) = v(O)(x - ct) 

2( (,\(0) ,\(0»)(,\(0) ,\(0»)(,\(0) ,\(0»)/6 r t 
dry ) 

cos n,d - 0 n,d - 1 n,d - 2 10 ,\~~~ + u(0)(ry)/2 + 3c(0)/2 -

~ (v(O)(y), g(y) cos(2h(y))) 

. 2( (,\(0) ,\(0»)(,\(0) ,\(0»)(,\(0) ,\(0»)/6 r t 
dry ) _ 

sm n,d- 0 n,d- 1 n,d- 2 10 '\~~~+u(O)(ry)/2+3c(O)/2 -

-~«(v(0)(y)exp(2i let dry ) g(y) exp(2ih(y)))) 
o >,~~~+u(0)(ry)/2+3c(0)/2' . 

From this we see that in the time when u(O) travels one period (c(O)t rv 

c(e)t = 1), the perturbative term in the n-th gap (n 2:: 2) oscillates n times. 

When the KdV-term is zero, i.e., when JLn hits the edge of the n-th gap, 

JLn = '\2n-l or JLn = '\2n, also the perturbative term is zero, because in that 

case gee) = fee) or gee) = f(f) and then (assume g(f) = f(c) ) n 2n-l n 2n n 2n-l 

d,(c) 

~-o dt -, 

because the '\-eigenvalues are constant on the attractor. 
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To sum up, the 'frequency-locked' motion of the higher gaps in the at

tractor is possible because the perturbative term balances the KdV -term. 

In pure KdV the solution u(x, t) = Ao + 2En~1(A2n-l + A2n - 2}-Lj(x, t)) is 

a superposition of independent terms ('nonlinear normal modes'). In our 

travelling wave attractor, however, the motion of the J.Ln in the higher gaps 

is slaved to the motion in the first gap. 

4.2 The transient phase 

Now we make a few observations about the transient phase. For the most 

part of this subsection we again consider only such combinations of the initial 

condition and the parameter (3 which lead to at tractors with a dominant first 

gap. Sometimes the higher gaps will decrease rapidly from their initial sizes 

and then stay small throughout the entire wave evolution: Looking at a 

typica,l picture of such an evolution (Figure 18, where f = 0.1, (32 = 0.01 and 

the initial condition is UI(X) = 20cos(27rx) + 20cos(47rx) + 20cos(67rx)), 

we observe that the second and third gaps close rapidly (and the faster the 

higher the gapnumber), until they are almost zero, and finally open up a 

bit in the approach to the attractor. The motion of J.L2 is initially much 

faster than on the attractor, even when the gaplength becomes small. This 

is because the motion of J.L2 is in the beginning phase still dominated by the 

KdV-termj when the wave grows, the perturbative term grows much faster 

than the KdV-term until it almost cancels the perturbative term. In the 

third gap however, we observe also a slow motion initiallYj this is because 
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the perturbative term is essentially 

For the initial condition we used, UI(X) = 20cos(27rx)+20cos(47rx)20cos(67rx), 

the Fourier coefficients are equal initially, but the factor factor 47r2P -

167r4p2k4 in the perturbative term is much larger for k = 3 than for k = 2 

(-91.453 for k = 2 and -907.116 for k = 3 and (32 = 0.01) so that P(J-Ln) will 

balance the KdV-term also initially. 

An interesting feature appearing in most spectral plots of the transient 

phase is a reversal of direction of the wave on the approach to the attractor 

(Figure 19, € = 0.1, p2 = 0.008, the initial condition here also UI( x) = 

20 cos(27rx) + 20 cos( 47rx) + 20 cos( 67rx)). We show that this is a consequence 

ofthe invariance ofthe mean (in our case: mean zero). In the equation (14), 

the term coming from KdV for the nrst gap is 

The term coming from the perturbation is of a smaller order in the first gap. 

From this we see that if >'0+>'1 +>'2 is close to zero, we will have &:t' = 0 inside 

the first gap. Now it is a fact that for a mean zero cnoidal wave with N = 1 

the wave speed changes sign when the amplitude A = 02 - 01 = 2(>.2 - >'d 

increases above 420 (Figure 20). Since >'0 + >'1 + >'2 = -3cCO) /2, this means 

that the term >'0 + >'1 + >'2 changes sign on the approach to the attractor, 

hence we observe a reversal of the direction of the wave propagation for 
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evolutions where the saturation amplitude is above 420. With Figure 20 

(which is for pulse number N = 1) and Figure 7 (equilibrium amplitudes) 

we can therefore predict if a change in the direction of propagation of the 

wave solution will occur. In Figure 18, we have fP = 0.01 with an equilibrium 

amplitude of about 408, slightly less than the zero in the plot of the wave 

speed. Therefore there is no change in direction. In Figure 19, however, 

we ha.ve f32 = 0.008 with an equilibrium a.mplitude of 518, which is above 

the zero in the wave speed, and observe a change of direction. For pulse 

numbers N > 1 the 'wave speed over wave amplitude' plot of Figure 20 

must be stretched by the factor N2, so that for N = 2, for instance, the 

zero of the wave speed is at an amplitude of about 1700. Figure 21 shows 

the change of the direction of propagation in a three-dimensional plot of the 

solution shown in Figure 19 from the spectral viewpoint. 

As an aside we also mention that for mean-zero potentials, the first 

(periodic) eigenvalue >'0 is always nonpositive. This follows from the fact 

that the eigenfunction Io has no roots in [0,1]. Therefore we can divide the 

eigenvalue problem (7) by Io and get 

Ii' u(x) 
_-2- + -- = >'0 

Io 6 

Integrating over the interval [0,1] and using integration by parts on the first 

term, we get 

11 (/6)2 
- 0 (/0)2 dx = >'0 ~ o. 
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We now leave the parameter range 1/47r < {3 < 1/27r and discuss 

a case where there is a 'struggle' between the first and the second gap, 

i.e., where the second gap is of comparable size to the first gap during 

most of the transient phase. Here we observe a smaller, faster oscillation 

superimposed on the large and slow J.L1-oscillation at the time when the 

wave changes direction (Figure 22, f. = 0.1, (32 = 0.005, initial condition 

u!(x) = 10cos(27rx) + 10cos(47rx) + 10cos(67rx)). This can also be under

stood in terms of the system (13), (14): if we look at the equation for a~, , 

we see that for >'0 + >'1 + >'2 '" 0 the term >'3 + >'4 - 2J.L2 becomes relevant in 

the contribution from KdV. But this term oscillates as fast as the J.L2 in the 

second gap. If therefore the second gap is still quite large, the fast oscillation 

in that gap will appear in the first gap when the wave changes direction. 

This also illustrates the strong coupling in the ODE-PDE system (13), (14). 

For reasons of simplicity, we have so far restricted our discussion to 

the N = 1 case. We include two figures showing the N = 2 case and 

observe similar phenomena with them in the transient phases. Figure 23 

(f. = 0.2, (32 = 0.003, initial condition UI( x) = 20 cos(27rx) + 20 cos( 47rx) + 
20 cos(67rx)) shows a case of a 'struggle' between the first and the second 

gaps, Figure 24 (f. = 0.2, (32 = 0.002, initial condition UI(X) = 20 cos(27rx) + 

20 cos( 47rx) + 20 cos(67rx)) shows a 'struggle' between the second and the 

third gaps, with the second gap always emerging as the winner. 
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4.3 Mode reduction and a perturbation theory for the action 
and angle variables 

In many nonlinear partial differential equations with dissipative terms one 

finds that only a few degrees offreedom determine the asymptotic dynamics. 

It is of great theoretical and practical interest to identify these asymptoti-

cally dominant modes, or at least to give estimates on their number. The 

process of replacing the infinite-dimensional PDE by a low- dimensional dy-

namical system which still captures the essential dynamics is called mode 

reduction. One theory which has this goal is the Inertial Manifold Theory 

(see Subsection 5.4) and the finite-dimensional dynamical system on the 

inertial manifold is called inertial system or inertial form. 

We want to know if mode reduction also makes sense for our PDE (6). 

Because of numerical experience (Figures 18,19,22,23,24,26) and the fact 

that the linearized equation (about u = 0) has only finitely many unstable 

modes we expect that a mode reduction is indeed appropriate. For instance, 

in Figures 18,19 and 26 only the first mode seems to be important, whereas 

in Figure 23 only the second mode is important. Two modes (the first and 

the second) are needed in Figure 22 and in Figure 24 (the second and the 

third). Intuitively, we leave out those modes where the gaplength decreases 

rapidly from its initial size and stays small during the whole wave evolution. 

The term 'mode' in this context means 'nonlinear mode' as it is given by 

the KdV spectral theory, i.e., the motion of a Dirichlet eigenvalue /Ln. The 
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power in the n-th nonlinear mode is then given by 'Y~. 

The first question we address is the following: if all the modes with 

n > M are negligible in the sense discussed above (small gaplength), can we 

omit them in the system (13), (14) and still capture the essential dynamics 

of the system? 

For this, we look at the sizes of the neglected terms in the system (13), 

(14). First, we consider the term 

u"'''' + [32u"""",,,, = -2 L(JLn. "'''' + f32JLn. "'''''''''') = 
n~l 

M 

-22:)JLn. "'''' + [32 JLn. "'''''''''') - 2 L (JLn.:z;", + f32 JLn. "''''''''''). 
n=l n>M 

The terms JLn. "':z; and JLn. "'''''''''' need not be uniformly small even for n > M. 

Their size depends on the shape of u(x, t). Therefore it seems hard to see 

anal.ytlcally· jf the neglected terms rcm~n small and the truncation !las to 

be justified numerically from case to case. The omission of the terms with 

eigenvalues An and JLn for n > M from the product expansion of the Floquet 

discriminant ~(A) and of Y2(1, A) seems less problematic for eigenvalues 

A < A2M. 

Now let us assume that a mode truncation can be justified. For the wave 

evolutions of Figures 18,19 and 26 a one mode truncation seems sufficient. 

The truncated equations are: 

(16) 
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(17) 

(In these equations we did not write u(X,t),i2N-bi2N,9N and the ).'s in 

terms of the action and angle variables; we know that this can be done in 

principle, but would make the equations much messier.) This one mode 

truncation can also be interpreted as approximating the wave by a suitably 

varying mean zero KdV cnoidal wave (which has two degrees of freedom, 

phase and amplitude). The equation (16) for the action variable IN then 

governs the amplitude of that approximating cnoidal wave and the equa-

tion (17) for the angle variable governs the phase. In the next subsection 

we explicitly calculate the equation governing the amplitude of the approx-

imating cnoidal wave in terms of elliptic functions (see also subsection 5.3 

on the concept of the ~Ivianifold of Relative Equilibria'). 

As we saw in the preceding subsection 4.2, for small enough values of 

/32 the wave will experience a change of direction in the approach to the 

attractor. This can be also predicted from the one mode truncation model 

(see Figure 19). 

Next we consider a two mode truncation which is appropriate in Figures 

22 and 24. We assume that the two relevant modes are the first mode and 

the second mode. Then the truncated system reads: 
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dlt2 = 2€(JL1,:r:r + f32 JLl, :r:r:z::z: + JL2, :r:r + f32 JL2 :r:z::z::r, (14)2 - (l3f); (19) 

ddJLl = ± 1 ",11"-2(>'0 + >'1 + >'2 - 2JLl + >'3 + >'4)· 
t 36v3 

JCJLl - >'O)(JLl - >'dC>'2 - JLd(>'3 - JLdC>'4 - JLd 
~ 
24 .. ' 

JCJL2 - >'0)(JL2 - >.t)(JL2 - >'2)(JL2 - >'3)(>'4 - JL2) 
1-'.-1', 
6ir'> 

Note that also here we did not express everything in terms of the action and 

angle variables for reasons of simplicity. Again we can interpret this two 

mode reduction as an approximation of the solution of the PDE (6) by a 

quasiperiodic two-phase KdV wave with suitably varying parameters. 

We try to study this two mode truncated system with a perturbation 

theory for the action and angle variables. Numerical experience (Figures 

18, 19, 22, 23, 24, 26) shows that two time scales are relevant for the wave 

evolution: the fast time scale t of the oscillation of the angle variables and 

a slow time scale T = d of the motion of the action variables (gaplengths). 

Therefore our perturbation ansatz will be 
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This ansatz is inserted into the equations (18) - (21) and terms of the same 

order in € are collected. One immediate consequence is that 

i.e. the action variables move only on the slow time scale T. A more detailed 

study of that perturbation scheme is currently carried out by the author and 

will appear in a forthcoming paper. 

4.4 An ODE which governs the evolution of the action vari
able in the one mode truncation 

In this subsection we explicitly calculate the equation for the action variable 

IN in the one mode truncation in terms of elliptic functions, integrate it 

numerically and compare the solution to the amplitude evolution from the 

PDE. This calculation was also done in [18], but less systematically and 

without the context of mode truncation. 

We consider cnoidal waves of the form 

where al < a2 < 03 are real parameters and the squared modulus of the 

Jacobian elliptic function above satisfies m = k2 = (a2 - ad/(03 - ad. 

The primitive periodicity of the cnoidal wave (liN) and the mean zero 

condition leave us with only one free parameter. We choose the squared 

modulus m as our free parameter. The three quantities all a2, a3 as well as 
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the amplitude A = a2 - a1 can be expressed in terms of m as follows: 

a1 = -48N2 K(m)(K(m) - E(m)), 

where K(m) and E(m) are the complete elliptic integrals of the first and 

the second kind [25]. 

Now we let m = meT) depend on the slow time scale T = ft such that 

it satisfies the energy equation derived from our model problem, namely 

11 sn2(2J( Nx)dx = (K(m) - E(m))/mK(m); 

11 sn4 (2KNx)dx = [(2+ m)K(m) - (2 + 2m)E(m)]/3m2K(m); 

11 sn6(2K Nx)dx = [(4m2+3m+8)K(m)-(8m2+7m+8)E(m)]/15m3 J((m); 

11 sn8 (2KNx)dx = 

[(24m3+17m2+16m+48)K(m)-(48m3+40m2+40m+48)E(m)]/105m4J((m) 

to find 
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16 
4S-2I1u,"11 2 = 15 N 4J(5(m)[(1- m)(m - 2)K(m) + 2(m2 

- m + 1)E(m)] 

4S-2\\u,","112 = 1280 N6 J(7(m). 
105 

[(m3 + m2 
- 4m + 2)J((m) - (2m3 - 3m2 

- 3m + 2)E(m)]. 

Now we use dllull
2 

- dllull
2 

dm and 
dT - dm dT 

~! = [E(m) - (1 - m)J((m)]/2m(1- m) :! = -[K(m) - E(m)]/2m 

to get 48-2dI1,:t and finally to obtain the following ODE for meT): 

dm _ldm 
dT = € dt = f(m); m(O) = mo , (22) 

where the right-ha.nd side f(m) is given by 

and the expressions above are inserted. 

The usefulness of the ODE (22) lies in the fact that the amplitudes 

obtained from its solution meT) approach the same equilibrium value as the 

numerically calculated amplitudes of the PDE (6). This is not too surprising, 

because the right-hand side f(m) becomes zero exactly for \\u,"\\ = ,Bllu,","\\, 

which is just the equilibrium condition we introduced earlier. Nevertheless, 

it is instructive to compare the numerically calculated amplitudes with the 
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amplitudes obtained from the ODE (22). Note that if we multiply f(m) 

with a constant C, meT) will still approach the same equilibrium value. 

Figure 25 compares the two amplitude evolutions where we chose C = 10 to 

make the picture more suggestive and where € = 0.2,,82 = 0.01, N = 1 and 

the initial condition for PDE is a cnoidal wave with A = 10 and N = 1. 
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5 Ideas for a rigorous analysis of the lllodel prob
lem 

In this section we address four ideas connected with open problems for equa-

tion (1). Although we cannot solve the problems at this point, we present 

these ideas as possible directions to follow. 

5.1 The existence of an absorbing set 

The first and very essential problem is to show the existence of an absorbing 

ball B(<p,r) for the solutions of equation (1), i.e., we would like to show 

that for any initial condition UI(X) := u(x,O) there exists a time to such 

that lIu(·, t) - <p(')11 ~ r for all t > to. Here the norm can be the P-norm, 

the HI-norm or the H2-norm. The existence of such an absorbing ball 

for all three norms has been shown for the Kuramoto-Sivashinsky equation 

[13],[14], out only in the case of odd initial da.ta (because the KS.equation 

preserves oddness, such solutions remain odd for all time). That proof 

cannot be applied directly to our problem, because with the third derivative 

oddness is not preserved anymore. Nevertheless, we bring the important 

steps of the argument in the cited literature and discuss how it might be 

modified for our purpose. 

In this subsection we work with odd functions u(x, t) = -u(1 - x, t). 

The first step is to write the function u(x, t) as the sum of an (unknown) 
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odd COO-function ¢( x) and the odd function v( x, t): 

u(x, t) = ¢(x) + vex, t). 

The time-independent function ¢( x) is determined in the course of the proof. 

The KS-equation 

becomes the following equation for vex, t): 

VI - vv" - (v¢)" + V.,., + [32 V"3:3:,, = J( ¢), 

where I(</» = ¢D¢- D2¢- [32 D4¢. Multiplying with V and integrating over 

[0,1], and then integrating by parts, we obtain 

With a clever choice of </>( x), we want to derive a Gronwall inequality from 

this equation. If we can choose </> such that the relation 

(24) 

holds for arbitrary 0:, we can continue from (23) and get with Ilv" 112 ::; 

1 d [32 
2 dt IIvll2 + 2 II v"" 112 + 0:IIvl12 ::; Ilv,,112 + (J, v) 

SlIvllllv",,1I + III(¢)lIlIvll S ~ IIv",,1I2 + ;211v112 + ~2I1J(¢)112. 
At this point we choose 0: = 3/[32 and get 
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and further 

~ IIvII2 + ;211v112 ~ ;211v1I2 ~ ~2I1f(4))W, 

IIv(t)1I2 $ IIv(O)Wexp( -2t/.LP) + ~41If(4))112(1 - exp( -2tj f32)). 

This means that limsuPt--+oo IIv(t)112 $ ~lIf(4))1I2 and that there exists an 

absorbing ball for the L2-norm centered at 4> with radius T = ~ Ilf( 4» II· 

Now how shall we choose 4> that the relation (24) holds for arbitrary o:? 

Setting q = ~D4> (so that q is even), we see that relation (24) is connected 

to the requirement that all the eigenvalues of the fourth order Schrodinger 

operator ](ov := f32 D4v - qv, acting on the odd functions in Jl4[O, 1], are 

bounded below by 0: (it is actually even a sharper requirement). Now we 

see why we must restrict ourselves to the subspace of odd functions: in the 

whole space j{4[O, 1], the lowest eigenvalue of the operator ](0 is nonpositive: 

the eigenfunction Va is even (because q is even) and has no zeros in [0,1]. 

With M = max~E[O.11Ivo(x)1 we have 

11 f32 D4vo 11 f32 D3Vo DvO 
>'0 = dx = dx 

o Vo 0 V5 

$ _M-211 

f32 D2 vodx ~ o. 

Therefore we will not be able to obtain the relation (24) on the whole space 

(with a time-independent 4». On the subspace of odd functions, however, 

the lowest eigenfunction Vo is excluded, and we can push the next eigenvalue 

as far to the right as we want: we split up 
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and we choose q( x) such that q( x) + 0 is a weak approximation of the Dirac 

measure at 0 (v(O) = 0, because v is odd). Hence we set 

M 

q(x) = 20 L cos(271"kx). 
k=1 

Choosing M large enough, we can achieve 

and therefore obtain the relation (24). 

Since our equation (1) does not preserve oddness, this approach with 

a time-independent 'gauge function' </>( x) will not work in our case. We 

have to modify this method so that </>(x, t) travels with the wave. The 

regime 1/471" < f3 < 1/271", with an initial condition close to a cnoidal wave, 

is probably the most tractable: in this case </>(x, t) might be chosen as the 

properly shifted cnoidai wave with squared modulus m(T) obeying the ODE 

(22). However, we did not follow this through. 

5.2 Why travelling wave attractors? 

The second problem is to show rigorously that the attractor in the strongly 

dispersive case is a travelling wave close to a KdV cnoidal wave. We present 

here an idea based on a private communication by C.D.Levermore. 

The Korteweg-deVries equation 
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can also be written in the form 

where H(u) is the Hamiltonian H(u) = JOl(62;~ + ~o)dx. ~~ denotes the 

variational derivative; if the functional F( u) = f( u, u"" u"''''' ... ), then 

6F 8f d 8f d2 8f -=-----+--_ ... 
6u 8u dx 8u", dx2 8u",,,, 

(see [26]). Now consider the functional F(u) = .B26-2H(u)-~llulli2 and the 

following PDE: 

(25) 

This PDE differs from our equation (1) only by the additional term 

Note that this term goes to zero as 62 -- 00, so that equation (25) becomes 

close to equation (1) for strong dispersion. Now we have 

dF = fl 6F Ut dx = 
dt 10 6u 

This shows that F( u) is nonincreasing in time. If we knew the ex-

istence of an absorbing ball for the L2-norm and the Hl-norm of u, we 

could conclude that F( u) is also bounded below and that therefore the limit 

.. ...., 
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lim, ..... oo F =: Fa exists (the term with u3 in the Hamiltonian is no prob-

lem, since fol lul 3dx ;:; lIuliLoo Ilulil. ;:; cllull~2I1ullif,2 by Agmon's inequality 

([14],p.50)). This means that for t -+ 00 we have O:z: ~~ == 0 or 

Assuming that A(t) is a also constant in time, this is just an equation defin

ing a cnoidal wave u = f( x - c(O)t): 

travelling with speed c(O) = 62(3-2. With the proper integration constants A 

and B this is just our wave u(O) from the perturbation theory. Therefore, as-

suming the existence of an absorbing ball in 12 and HI, this argument would 

show that our equation is attracted to a travelling cnoidal wave solution of 

KdV in the limit 62 -+ 00. 

5.3 The concept of the 'Manifold of Relative Equilibria' 

The next topic is motivated by numerical observations. From our experi-

ments we know that if we start with an initial condition close to an N = 1 

cnoidal wave and if we have 1/47r < f3 < 1/27r, the solution remains close to 

an N = 1 cnoidal wave for all times (Figure 26, € = 0.1, (32 = 0.015, initial 

condition a cnoidal wave with A = 20 and N = 1 plus a perturbation of 

the form cos(27rx) + cos(47rx) + cos(67rx)). Figures 18 and 19 show that 

even if other gaps are large in the initial condition, the solution will soon be 
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close to an N = 1 cnoidal wave for that parameter range and will remain 

so. Therefore it seems natural to try to prove a theorem which states that 

if the initial condition is within O(~") of an N = 1 cnoidal wave, the solution 

will be within an O(€) distance of an N = 1 cnoidal wave for all times (for 

1/47r < (3 < 1/27r and with an appropriate norm to specify 'closeness'). 

A group of Dutch mathematicians and physicists have proved that as-

sumption analytically for simpler perturbations of KdV (like Ut - UU.r + 

82U.r.r.r + €U = 0, see [28], [29],[30],[31]). Central to their argument is the 

notion of the Manifold of Relative Equilibria (MRE) [28], [29], [30], [31]: it 

consists of the critical points of the Hamiltonian H under the constraint 

that the L2-norm l( u) = lIullL2 is constant. Hence it consists of functions U 

which satisfy 

{ 
\7 H(u) - X'VI(u) = 0 

leu) = "y 

The constant A is the so-called Lagrange multiplier, and its value depends 

on "y. A similar calculation as above shows that for the KdV-Hamiltonian 

11 82U2 u3 

H(u) = (_.r + - )dx 
0 26 

this manifold of relative equilibria consists just of the (mean zero) cnoidal 

wave profiles with primitive period 1. This manifold can be parametrised 

with two parameters, for instance, with the L2-norm (or amplitude, modu-

Ius, speed) and the centering parameter Xo. If we define the distance of a 
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function u(t) to the MRE in Hilbert space as 

d(u(t),MRE):= inf lIu(t) - p(t)IIL' = 
p(t)EMRE 

Ilu(t) - p*I\L' = I\u(t) - (-y(t), xO(t))I\L', 

then we can reformulate the theorem stated above: if d( u(O), M RE) = O(E), 

does it follow that d(u(t),MRE) = O(E) 'rjt > O? Here pet) can be inter-

preted as the projection of u(t) on the MRE. The proof of such a theo-

rem for a uniformly damped spherical pendulum (where the MRE are cir-

cular motions of the pendulum in a horizontal level) is contained in [31] 

and was obtained for the case of a KdV equation with uniform damping 

by the author in a private communication with Gianne Derks. It uses 

the fact that our distance d( u( t), M RE) is equivalent to the difference of 

the Hamiltonians H(u(t)) - H(p(t)). This equivalence was used earlier by 

T.B.Benjamin to show the nonlinear stability of solitary KdV waves on 

the infinite line [27]. The proof derives an inequality for the expression 

Jt(H(u(t)) - H(p(t)):= ftL(t): 

d d ~ 
dt (H( u(t)) - H(p(t)) = dt L(t) ~ C1 + C2(t)y L(t) + C3(t)L(t) 

and shows that if the Cb C2 , C3 satisfy certain properties, the Gronwall 

lemma can be applied. 

A similar proof for our problem should be harder, because here we don't 

know anything about the behavior of the L2-norm. 



76 

5.4 Inertial manifold theory 

Finally, we discuss the relevance of inertial manifold theory to our prob-

lem. In our exposition we follow [14] and [32]. Inertial manifold theory was 

developed for nonlinear dissipative evolution equations of the form 

du 
dt +Au+R(u)=O (26) 

where A is a linear closed unbounded positive self-adjoint operator in some 

Hilbert space and R( u) contains the nonlinear terms; the equations dealt 

with should also possess an absorbing set and a finite-dimensional global 

attractor. Important examples are the KS-equation where 

and the complex Ginzburg-Landau equation 

Uc - (>. + ia)uzz + (,..; + i,B)\u\2u - 'Yu = 0 

These equations have complicated global attractors (fractal sets) and it is 

desirable to imbed these attractors in a finite-dimensional smooth manifold 

which still captures the asymptotic dynamics. These inertial manifolds are 
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finite-dimensional Lipschitz manifolds which are positively invariant under 

the semigroup generated by the equation and attract exponentially all or

bits of the equation. An inertial manifold is constructed as a graph over the 

first N eigenfunctions of the operator A (in the examples above those eigen

functions are Fourier modes). After one has proved a number of technical 

conditions, the existence of this graph is shown with a contraction mapping 

argument. One of these technical conditions is the cone condition, which re

quires the difference v(t) = Ul(t) - U2(t) of any two solutions of the equation 

to satisfy 

i.e., to lie in the cone 

where PN is the projector on the space spanned by the first N eigenfunctions 

and Q N is its orthogonal complement. 

Returning to our problem, we can guess from the construction of the 

attractors as perturbations of KdV-cnoidal waves that the inertial manifold 

is in this case naturally constructed as a graph over such a cnoidal wave. As 

the cnoidal wave u(O) is part of a squared eigenfunction basis for the linear 

operator 

-Lbw = D3W - (u(O) + c(O»)Dw 

it is suggested that this operator plays the role of the operator A in (26) and 
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not the operator f32 D4. Here we restrict to 1/47r < f3 < 1/27r, N = 1, so that 

u(O) is determined by the equilibrium condition, the mean zero condition, 

and the primitive period of 1. The construction of the inertial manifold then 

proceeds along the lines of the perturbation theory from subsection 3.1. We 

expand U(l)( x) in the squared eigenfunction basis 

The coefficients Cll C2, ••• are obtained using the biorthogonality of the 

(vkO),k ~ 1) and the (WkO),k ~ 1) (see Appendix 9.2). The coefficient C1 

belonging to wiG) = u(O) vanishes: we have 

( u(1) v(O)} = (U(l) {)u(O)} = 0 
, 1 , {)dO) 

because U(l) is odd and ~~::: is even. At any rate, if we think of u«) = 
u(O) + €U(1) + €2U(2) + ... as a graph over the squared eigenfunction mode 

w~O), then the component of that mode is 0(1) but the components of the 

other modes are O(€). This means that 

Therefore a cone condition is satisfied, at least on the attractor. 

A construction of the inertial manifold over the dominant Fourier modes 

would involve many more dominant modes (a larger N) and would be unnat-

ural to our problem. We did not check, however, if the machinery of inertial 

manifold theory can be carried through with A = -Lb (among other things, 

A = -Lb is not self-adjoint). 
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6 The equivalence of two distance functions in con
nection with the Schrodinger eigenvalue prob
lem 

6.1 Preliminary facts 

In section 5 we mentioned a proof by a group of Dutch scientists which 

showed that the wave evolution for a uniformly damped KdV -equa.tion stays 

close to an N = 1 cnoidal wave if it was initially close to an N = 1 cnoidal 

wave. One ingredient in this proof was the equivalence of the distance func-

tion d(u(t),MRE) = lIu(t) - p(t)IIL2 and the distance function measuring 

the difference between the Hamiltonians, L(t) = H(u(t)) - H(p(t)). In this 

section, we discuss the equivalence of the P-distance and the gap distance 

(defined below) between functions in .i~er[O, 1]. We feel that this equivalence 

might be important in a proof of analogous theorems for our problem. At 

first we recapitulate the analogy between Fourier analysis and KdV spectral 

theory. 

The theory of Fourier transforms is a powerful tool when applied to 

linear partial differential equations. A particularly useful fact is Plancherel's 

theorem which states that the Fourier transform is an isometry between 

the original function space and Fourier space. For the L2-completion of 

I-periodic functions, L~er[O, 1], this isometry takes on the well-known form 

(Parseval's identity) 
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where til: = f01 q(x)e-2l1"ik:cdx. 

Now it is known that a generalization of the Fourier transform method, 

the inverse spectral transform (1ST), can be applied to solve certain special 

nonlinear PDE's. Perhaps the best known example of such a PDE is the 

KdV-equation 

qt - 6qq., + q.,.,., = 0, 

and the spectral transform in this case is built from the spectral data of 

the Schrodinger operator L(t) = - ::~ + q(x, t). It seems natural to ask if 

some generalization of Parseval's identity holds for this 'nonlinear Fourier 

transform', or, in other words, how well the size of the solution is reflected in 

the size ofthe spectral data. We begin by formulating this intuitive question 

more precisely. 

We consider differential operators of the form L = - d~2 + q( x) with real 

periodic potentials: q(x + 1) = q(x). These operators are self-adjoint on 

P(R) and their spectrum is a union of count ably many intervals 

When >. belongs to the interior of spec(L), any solution of Ly = AY is 

bounded on R; when>. is one of the an's or bn's, at least one of the eigen

functions is bounded (in fact, it will be I-periodic or I-antiperiodic); when A 

lies in the complement of spec(L), solutions of Ly = AY grow exponentially 

as x -. ±oo. For this reason the intervals [an, bnl are called stability bands 
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and their complements (-00, ao), (bo, al)' ... , are called instability gaps. We 

define for each finite gap (bn-t. an) the gaplength 'Yn = an - bn- 1 and obtain 

thus a sequence ('Yn, n ~ 1) of nonnegative real numbers. 

This sequence ('Yn, n ~ 1) constitutes one half of the spectral data. The 

other half consists of the Dirichlet eigenvalues (Pn, n ~ 1), defined by the 

eigenvalue problem 

Ly = py, y(O,p) = y(l,p) = o. 

Exactly one Pn resides in each gap, Pn E [bn_b an]. Under the KdV time 

evolution of q(x, t), the gaps [bn- l , an] and hence the gaplengths 'Yn are 

invariant, while the Dirichlet eigenvalues execute oscillatory motion in the 

gaps. The spectral transform is the map 

q(x) -+ hn,P;) 

(where ± denotes the sign of f1,n). 

We would like to interpret 'Y,;(q) as the 'power in the n-th nonlinear mode 

of q'. Intuitively, such an interpretation is reasonable because 

(1) the gaplength 'Yn determines the amplitude of oscillation of the 'angle'

variable Pn j 

(2) this gaplength is invariant under the KdV time flow; 

(3) at q = 0, 'Y~ reduces to the power in the n-th Fourier mode, 

'Y~(q = 0) = cJnq;; = IcJnl 2
• 

The following precise result holds [33],[34]: 



82 

Fact 7 The potential q is in L~er[O, 1], if and only if the 'gap-vector' ("/n, n ~ 

1) is in (12)+, the space of sequences of nonnegative real numbers satisfying 

This fact enables us to construct a distance function on L;er[O, 1] associ

ated with the gaplengths. To make this distance definite, we must restrict 

ourselves to the space Eo, the subspace of L~er[O, 1] of even functions with 

mean zero (q(x) = q(1 - x), f01 q(x)dx = 0). Then we can work with the 

Dirichlet eigenvalues JLn, n ~ 1 defined above and the Neumann eigenvalues 

associated with the problem 

y" + (-X - q)y = 0, y'(O) = Y'(I) = O. 

We know from [34] that in Eo JLn and Vn are endpoints of the n-th gap, i.e. 

"Yn(q) = IJLn(q) - vn(q)l· The number O"n(q) = JLn(q) - vn(q) is called the 

signed gaplength of the n-th gap of q. Crucial is the [33],[34]: 

Fact 8 Let Eo be the space of even potentials with mean zero in L;er[O, 1]. 

Then the map 0" which takes a potential in Eo to the vector of its signed 

gaplengths is a real analytic isomorphism between Eo and [2. 

This fact tells us that for any qll q2 in Eo, the gap distance 

d(qllq2) = I\(O"n(qd - O"n(q2)),n ~ 1)1\12 = (L:(O"n(qd - O"n(q2))2)! 
n~l 

is well defined. The three properties defining a metric are obviously satisfied 

for this distance function d on Eo x Eo. 
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In this section we ask: Are there subsets of Eo, where the gap distance 

between two potentials can be bounded above and below by constant mul

tiples of the L2-distance, i.e., where an inequality 

(27) 

holds for all potentials ql, q2 in the subset and fixed positive constants A 

and B? An affirmative answer would constitute a generalization of Parseval's 

identity for 'nonlinear Fourier analysis' (in the sense discussed above). 

6.2 Some results on equivalence 

6.2.1 Global inequivalence 

Our first result is: 

Theorem 1 The equivalence (27) does not hold on the whole space Eo. 

The basic idea of our argument is the following: we set ql = q and q2 = 0 

and scale the potential q with a positive real parameter 0'.\ then its L2_ 

norm goes to infinity at a faster rate than the gap distance d( a 2q, 0), which 

of course contradicts the left-hand side of (27). 

The reason why care is necessary regarding the asymptotic behavior of 

gap distances is that we have a competition between an increasing scaling 

parameter which makes the gaps grow and an increasing gapnumber which 

makes the gaps decay. This contrasting asymptotic behavior forces us to 
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consider three different regions (Figure 27) when we compute the gap dis

tance: in the first and third regions we use known formulas describing the 

growth of the gaplengths if either the scaling parameter or the gapnumber 

goes to infinity and the other quantity remains fixed. These two regions give 

for d( 0:2q, 0)2 a growth of 0(0:3 ); a middle region, however, is necessary to 

ensure the validity of the asymptotic estimate in the third region and this 

region changes our growth estimate to d( 0:2q, 0)2 rv O( 0:3+,), f. > O. 

In order to display explicitly the scaling behavior of the gap distances, 

it will be sufficient to restrict ourselves to potentials with the properties P1-

P3listed in [36]. These technical properties require the potential to assume 

its maximum q(x*) at a unique point x* on [0,1) with q"(x*) < ° and to 

assume its minimum value at a unique point x* on [0,1) with q"(x*) > 0, 

to be monotone between successive maxima and minima and to be real 

analytic and symmetric about x*. In addition for some B,O < B ~ 00, 

and all f3 satisfying B > f3 > q(x*), the equation q(x) = f3 should have two 

simple roots xo(f3) = x* - is(f3) where s(f3) is real, and Xl(f3) = xo(f3) in 

the strip ° < Rex ~ 1, which are closer to the real axis than any other 

root in this strip. An example for such a potential is q( x) = cos 21l"x; the 

corresponding eigenValue problem is known as Mathieu '8 equation. We now 

consider eigenvalue problems of the form 
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and split the expression L:::'::l/~(a) into three partial sums; then we apply 

to the terms in each partial sum the asymptotic formulas from [35], [36]: 

00 

d(a2q, O? = L I~(a) = 
n::l 

N,(a) N2 (a) 00 

L I~(a) + L I~(a) + L I~(a) = (Sd + (S2) + (S3) 
n=l n::N,(a)+l n=N2(cr)+1 

The indices Nl(a) and N2 (a) will be determined in the course ofthe proof. 

The motivation behind this splitting is that we have regions of different 

asymptotic behavior when the order n of the gap and the scaling parameter 

a of the potential both go to infinity: Our N1(a) characterises a line in the 

n - a: plane; if we follow a path on which n < N1(a), the stability bands will 

decrease exponentially, if we follow a path where n > N1(a), the instability 

gaps will decrease exponentially. The middle sum is inserted so that we can 

ensure it. #- u along l{2{a) and that the third sum can be bounded by a 

fixed number. 

For the terms in (Sd and (S2) we will use the result (2.1) from [35]: 

+~ ( (n + ~r + ~] [~::~~**; -~ (~::~::n 2] + lower order terms 

Computing an - bn - 1 we obtain for the length of the n-th gap: 

n [ III/(X) 5 ( "'(x ))2] 
In(a) = (2qll(X*))~a: + 4" ~II(X**) - 3" !I/(X:) + lower O1'der terms 

(28) 
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For the terms in (S3) we use results from section 6 of [36]. According to 

these the following holds: 

Fact 9 If a and n tend to infinity satisfying 

n ~ ~ rl 

[q(x*) - q(t)]tdt + I(a- 6
, J( > 0,0 < 8 < 1 

7r Jo 

then the instability gap lengths satisfy the relation 

where €( n) is defined to be the real root of 

and a is defined by the relation 

__ 1 ("(fJ)rr"_2\ q(~* I ;_\]*,1_ 
u - - - J l.... A - '" T·V J - ,""v • 

7r -.(fJ) 

(29) 

(Here x* is the point where the unique maximum of q in [0,1] is attained 

and Xo = x* - is(j3) and Xl = x* + is(f3) are the complex conjugated roots 

of q(x) = 13). 

Furthermore, the considerations in section 6 of [36] tell us that 

for n ~ a and 

aa = O(a t ), (a < 0) 
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Note that for simplicity here and in the following we set fJ = ~. Inserting 

this into (29), we get an estimate 

(30) 

where C1 and C2 are two positive constants. 

Now we are ready to put the pieces together. We define: 

and consider the region 0: > 0:0 where N2(0:) > N1(0:) holds (we are inter-

ested in the behavior 0: --t 00 anyway) 

We know that each in(O:) in 81 grows on the order 0(0:) as 0: increases. 

But also the number N 1(0:) of terms in 8 1 is 0(0:), so the contribution to 

Now we look at 82 , Again we learn from equation (28) that the in( 0:) 

in 82 grow at most O( o:~) as 0: --t 00 (in the asymptotic expression for 

the gaplength as computed from (2) constant multiples of 0: and n are the 

essential terms, and the above statement comes from the fact that n "" o:i, 

at worst, in 8 2 ), The number N2(0:) - Nl(O:) of terrl!s in 82 is also o(o:~), 

so that the contribution to d(0:2q, 0)2 from 82 is at most o(o:¥). 

To the terms in 83 we apply the estimate (30). First, the sum 

00 

L i~(O:) 
n=N,(o)+1 
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is certainly smaller for fixed a, than when we evaluate the In(a) when a 

and n go both to 00 along a line n rv at. Second, we have for the terms 

in S3 ; ~ at - 00 which is necessary to apply the estimate (30). We can 

therefore write 

2 

and S3 is always bounded by the fixed number L:::=1 Cf(2n + 1)2c-2c,n'S . 

The result is that d(a2q, 0)2 = (Sd + (S2) + (S3) grows at most O(o:¥), 

while lIa2qlll, grows 0(0:4 ), which is what we wanted to show. 

Remark 2 Instead of ~ one could pick any number between 1 and ~ in the 

definition of N 2( 0:), which shows that the squared gap distance grows at most 

like O(a3+ f
), € > O. On the other hand, our discussion of the partial sum Sl 

shows that the squared gap dista.nce grows a.t least W~e 0(0'3). Equation (28) 

shows that for fixed n and large 0: the gaplengths grow linearly in 0: with a 

coefficient c = (2qll(X*))!. Now choose a sequence of potentials (qN, N ~ 1) 

for which the corresponding coefficients satisfy CN > N1+<, but which have 

all the L2-norm IIqN II = 1 (such a sequence certainly exists, because we have 

to change the potentials only locally about x*). Furthermore, we require the 

third and fourth derivatives of qN at x* to vanish so that the coefficient o/n 

in (28) is zero (in Eo x* = ~ and the odd derivatives there vanish anyway). 

Then the squared gap distances d(N2qN,0)2 of the sequence of potentials 

(N2qN' N ~ 1) grow at least like O(N4+f). which contradicts the right-hand 
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side of {27}. We see that the right-hand side of (l) does not hold on the 

whole space Eo either, while the left-hand side of (27) does not even hold on 

any 'ray' {a2q} of Eo. 

6.2.2 Equivalence on certain subsets 

The next question we ask is: if the equivalence (27) does not hold on the 

whole space, does it hold at least on certain subsets of the space Eo ? 

Although we did not succeed in characterising the subsets where the 

equivalence holds, we state two main tools to attack this problem and some 

simple corollaries obtained from them. 

First, the analyticity of the gap map 0' provides a natural means to 

control the gap distance. For analytic maps between Banach spaces we have 

a Cauchy's formula ([37],p.134), which reads in our context (after we have 

complexified our spaces): 

Fact 10 Suppose 0' is analytic on Eo. Then for every q and every h in Eo 

1 1. O'(q+(h) 
u(q+ zh) = -2 . ( d(, Izl < p < 00. 

11'2 1(I=p - z 

If L:~=o ;h P: (h) is the Taylor series expansion of 0'( q + h), then the remain

der term of the p-th partial sum can be expressed as 

P 1 n 1 1. 0'( q + (h) 
O'(q + h) - E ,Pq (h) = -2' (P+l(( 1) d(. 

n=O n. 11'2 1(I=p -
(31) 

Furthermore, analytic maps are known to be locally bounded ([37], p.133). 

The other main tool is the Counting Lemma ([37],p.28): 
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Fact 11 If N > 2 exp(l\ql\), then for every n > N the Dirichlet eigenvalues 

(Pn, n ~ 1) and the Neumann eigenvalues (vn, n ~ 1) satisfy the relations 

This means that for large enough n the location of the gaps is known quite 

accurately. 

With this information we can easily prove the following corollaries: 

Corollary 1 The right-hand side of the equivalence (27) holds on any bounded 

subset of Eo. 

To show this, we first prove that the gap map (f maps bounded sets into 

bounded sets. The estimate in the Counting Lemma can be refined ([37],p.35) 

to give for n > N ~ 2exp(l\ql\): 

(32) 

(33) 

where 0(11) is to be understood in the sense that the difference of the other 

terms is < C~qll with some positive constant C. Now let us consider the 

set of potentials in a bounded set, I\ql\ s R. There are finitely many (at 

most 2exp(R)) gaps for which the Counting Lemma does not apply. For 

these gaps we use the fact that J.Ln(q) and vn(q) are compact functions of 

q ([37],p.31) and therefore attain their maxima and minima on the ball 

Ilql\ s Rj hence also 'E~=l(J.Ln(q) - vn (q))2 attains a finite maximum 1111 on 
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the ball IIqll ~ R. For the gaps with n > N > 2 exp(llqlD the Counting 

Lemma does apply and we get from (6) and the triangle inequality 

CE (JLn - n21r2)2]! < C~:::: (I(cos 21rnx, q)1 + C~qll ?]! 
n>N n>N 

and from (7) in the same fashion 

[L (vn - n21r2)2]~ ~ M31IqI!L" 
n>N 

Now, using the triangle inequality again, we have 

n>N n>N n>N 

Therefore 

N 

jju(q)II¥, = :l)JLn(q) - Vn(q»2 + L (J-Ln(q) - vn(q»:! 
n=l n>N 

i.e., u(q) maps bounded sets into bounded sets. Now we show that on 

the bounded ball IIqIIL' ~ R the gap-distance can be bounded by the £2-

distance. Let q2 - ql =: hand 8 > 0, then 

where M = SUPlIgIIL,5R+6l1u(q)II/2 which exists because of the argument 

above. 
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Corollary 2 At any point qo E Eo, the equivalence (27) holds in a (suffi-

ciently small) ball centered at qo, i.e., the equivalence holds locally. 

Let go = O'(qo) and choose T > 0 small enough such that the analytic map 

0'-1(g) is locally bounded, 1I00ilh~I< .. (go + h)11 < M. On the other hand, 

O'ilhil< .. (go+h) contains an open ball B centered at qo and radius R. According 

to Corollary 1 we have 1I00(q)1I ~ CRVq E B and then R can be made so 

smail that CR < T (the C may stay fixed as R geLs smaller). In a baH B 

with such a radius R the equivalence (27) is satisfied: the right-hand side 

was already shown in Corollary 1 and the left-hand side follows from the 

local boundedness and the analyticity of 0'-1 exactly as shown in Corollary 

1. 

Remark 3 In Corollary 1 the Counting Lemma enabled us to show the 

n/"J,,,/ J,,, .. ,,,,,1,,,1"·"o<,s "111,,, ,.,,., ... ..,.,,., ... ,.,. C;: .... ,." nil ' .. ".,,, .. ~,, rO"'Tlting T pmma' :J ... vv .... vv~ ... ""'''''u. ... ''v ..., ... ,,, .... :J-r ""-1:' ...,. _.............. ....... . _ ... _ .......... _' u. ..... I:: .!..J .... .. -~ 

is available, we know only the local boundedness of 0'-1 and can therefore 

make only a local statement about the left-hand side of the equivalence (27). 

Corollary 3 tells us that there is equivalence in shells about qo, if we measure 

distances from qo. 

Corollary 3 For any qo E Eo, the equivalence (22) with q2 := qo is satisfied 

in any shell T ~ IIq - qoll ~ R, R > T > O. 

The right-hand side follows from Corollary 1. If the left-hand side were 

false, we could find a sequence (q"" k ~ 1) of potentials in the shell with 
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IIqk - qoll/lIgk - gall ~ k, 'Vk. But since \\qk - qoll ~ R, 'Vk, this means 

IIgk - goll- 0, gk - go. Therefore, by continuity of a- 1
, also qk - qo. But 

this contradicts I\qk - qoll ~ r. 

Remark 4 The restriction to the subspace of potentials of mean ze7'O is 

necessary for the left-hand side of the equivalence (27), but not for the right

hand side. The linear isomorphism q - q - [q] ([q] = Jo1 q(x)dx) takes any 

even potential into Eo and the new L2 - norm is controlled by the old one 

because of \[qll ~ \\q\\L2. 

Remark 5 The restriction to a subspace of even potentials can be ignored 

if we let the gap distance be indefinite. Let q be any potential in L~er [0,1] 

with mean zero. We can still apply the corollaries 1 to 3 and get inequalities 

between the L2.norm of q and the F-norm of the sequence of its gaplengths 

by choosing an even potential in the isospectral manifold of q. The isospec

tral manifold of q consists of all potentials with the same stability bands 

and instability gaps as q; the mean and the L2-norm are invariants on this 

manifold. 

Remark 6 Our concept of 'gap distance' is only one way to define a dis

tance between isospectral manifolds using spectral data. We choose two even, 

mean zero potentials on the respective manifolds and measure the gap dis

tance between these potentials. Working with the perturbed KdV-equation, 

however, a more natural distance between isospectral manifolds (also called 
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invariant tori} is the infimum of all gap distances between potentials on these 

manifolds. It is not clear at this point whether these two notions of distance 

are equivalent and this question needs further attention. 
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7 The effect of a uniform damping term on our 
model problem 

In this section we add a uniform damping term vu to equation (3) and look if 

the methods presented in Section 3 can be generalised for that more general 

problem. The equation 

(34) 

with a positive damping parameter v was studied in [18]; now the Fourier 

mode with wavenumber k in the linearized equation is unstable if and only 

if 

(35) 

We show that for v > Vcrit := 1/4(32 the dynamics of equation (34) 

becomes trivial. Using the fact that IIU.,1I 2 = 101 u;,dx = - I; uu.,.,dx and 

the Cauchy-Schwarz inequality we get 

:t lIull2 = lIu.,1I2 - ,82 II u.,., II 2 
- v\lul1 2 S IIUIIIlU.,.,II- ,82 \lU.,., \1 2 

- vlluW 

S a? II ull2 + 4~2I1u.,.,112 - ,82I1u.,.,112 - vlluW = (02 - v)lIull2 + (4~2 - ,82)lIu.,.,\l2 

for any o. At this point we choose 0 2 := Vcrit = 1/4,82 and we see that 

with a positive number /, so that \lull goes to zero exponentially. 

Equation (35) shows that if we choose a v between the maximal linearized 

growth rate O'kma: and the second largest linearized growth rate which is 
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O'kmoz-l or O'kmoz+l, then we know for sure that the attractor in the strongly 

dispersive case will have N = kma:r: pulses per period. This provides a 

'filtering' method by which we can make the attractor independent of the 

initial condition (because the pulse number is always N = kma:r:, and the 

equilibrium amplitude then depends only on 82, f32 and v). 

We illustrate the effect of the damping term on the number of pulses 

N in the attractor with a few pictures: we take Figure 3 where we had 

82 = 0.25, f32 = 5 X 10-4 and N = 3 and apply a uniform damping to that 

wave evolution (the initial condition is again Ul(X) = 10cos(27rx)). Figure 

28 shows the wave evolution for v = 1.0. Here we still have an N = 3 

attractor. If we increase the damping term more, we will get an N = 4 

attractor (Figure 29, where v = 10.0). For a still larger v we finally get an 

N = 5 attractor (Figure 30, where v = 400.0). The critical v - value in 

this example is Vcrit = 500. This confirms our earlier observation that an 

increasing II forces the attractor to have pulse numbers which are closer and 

closer to kma:r:, until the attractor has definitely the pulse number kma:r: for 

v which are slightly less than Vcrit. The initial conditions for Figures 28, 29, 

30 are cnoidal waves with A = 10 and N = 1. 

In the strongly dispersive case we can again convert equation (34) into 

a perturbed KdV-equation: 

(36) 



97 

The equilibrium condition now reads 

this means that for increasing v the equilibrium amplitude decreases. Figure 

31 shows the dependence of the saturation amplitude on v for /32 = 5 X 10-4 

and for pulse number N = 5 (this is the pulse number which the attractors 

will assume for large v). We see that the equilibrium amplitude reaches 

a value of zero for a v-value far below Veri!' The equilibrium condition 

thus gives a sharper criterion for the existence of nontrivial at tractors than 

the estimate above. For a somewhat weaker dispersion, however, nontrivial 

attractors are observed for v-values right up to Veri!, as Figure 30 shows 

(v = 400, Veri! = 500). 

The cnoidal wave perturbation theory of subsection 3 can also be carried 

out for this problem. The actual calculation is, however, a bit more tedious. 

For instance, in the calculation of U(l)(X) we cannot use the fact that the 

O(E) problem is a perfect derivative (as it is for v = 0), but have to solve 

the full third-order inhomogeneous ODE boundary value problem with the 

help of a Green's function. But again U(l) will be odd, U(2) will be even, 

and so on. It is interesting to see how the linear stability of the attractors 

is modified. The equation (10) for the first-order corrections to the growth 

rates of the modes in the squared eigenfunction basis now reads 

a (l) -
k -
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We see that the values of the all) for equation (36) are just the values of the 

all) for equation (6) minus v. This means that if a certain perturbed cnoidal 

wave is an attractor for equation (36), it has a stronger stability than if it 

is an attraetor of equation (6) with the same (P. Again the Fourier theory 

and the KdV-related stability theory have to be used together to get good 

criteria for the exisience of aLiractors with certain pulse numbers. 
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8 Conclusion 

We set out to investigate how the Inverse Spectral Transform of the Korteweg

de Vries equation can be applied to study the dynamics of equation (1). 

Building on the complementary numerical and analytical studies by Toh 

and Kawahara [4], [16], [17], [18], we were able to carry out a systematic 

perturbation analysis of the travelling waves u«(l(x) which are possible at

tractors for strong dispersion (Subsections 3.1 and 3.2). We used the squared 

eigenfunction basis of the KdV-theory to study the linear stability of these 

travelling waves which makes it possible to carry the analytical theory far

ther and obtained with this method sharper estimates for linear stability 

than with a Fourier theori (Le., than linearizing about u = 0 and using 

Fourier modes). 

We emphasize that this is in our knowledge the first application of the 

squared eigenfunction basis for dissipative perturbations of the Korteweg

de Vries equation. 

Our numerical plots of the dynamics of the spectral coordinates showed 

a number of interesting phenomena (Subsections 4.1 and 4.2): the transi

tion from a transient phase with a few degrees of freedom to the travelling 

wave attractor, the coupling of the equations in the system (13), (14), and, 

most strikingly, a change in the propagation direction of the wave in certain 

parameter regimes. 

We truncated the infinite system representing the equations of motion 
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for the action and angle variables and applied perturbation theory to study 

the spectral dynamics analytically (Subsections 4.3 and 4.4). This work is 

still in progress. 

An important problem is to show rigorously the existence of travelling 

wave at tractors close to KdV cnoidal waves for strong dispersion. Although 

we did not succeed in proving this, we compiled various ideas and methods 

to attack this problem (Section 5). We also discussed the issue of the equiva

lence between the L2-distance and the gap distance for periodic Schrodinger 

operators in detail (Section 6). This analysis together with the ideas in Sec

tion 5 might prove useful to show the existence of travelling wave attractors. 

In this context, the boundedness of the inverse gap map, a- 1, is still an open 

problem. Finally, we examined the effect of an additional damping term vu 

in equation (1) (Section 7). 

The major open problem remaining is the proof of the existence of (local) 

travelling wave attractors for equation (1) with strong dispersion. We would 

hope that our work is of value to anyone trying to solve this and related 

problems. 
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9 Theoretical appendix 

9.1 The existence and uniqueness of solutions to the initial 
-boundary value problem for equation (3) 

In this appendix we are concerned with the existence and uniqueness of 

solutions to the initial-boundary value problem 

u(x + 1) = u(x) u(x,O) = uJ(X). (37) 

We can restrict our discussion to the subspace of mean zero functions, where 

f; u(x)dx = O. For this initial-boundary value problem the theorem 3.1 on 

page 114 of [14] can be applied. We first state (a simplified version of) this 

theorem and then proceed to apply it to our problem. 

We are given two Hilbert spaces V and H with V C H, V dense in H, 

the injection of V in H being compact. Furthermore, we are given a linear 

unbounded self-adjoint operator A in H with domain D(A) = {u E V, Au E 

H}, so that we have 

D(A) eVe H c V', 

where V'is the dual of V. 

Furthermore, we are given a linear continuous operator R form V to V' 

which maps D(A) into H and such that there exist Oll O2 with ° ::; 0; < 1 

and two positive constants Cll C2 such that 

(38) 
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(39) 

Finally we are given a bilinear continuous operator B mapping l' X l' 

into V' and D(A) x D(A) into H such that 

(B(u,u),u) = 0, Vu E V, ( 40) 

IIB(u,v)IIH + IIB(v,u)IIH ~ c4I1ullvllvll~-8'IIAvll~, Vu E V, "Iv E D(A), 

(42) 

IIB(u,v)IIH ~ csllull~lIull~-85I1vll~8'IIAvll~, Vu E V, 'Iv E D(A), (43) 

where C3, C4, Cs are appropriate constants and 0 ~ (}i < 1. 

Then the following theorem holds: 

Fact 12 If the inequalities (38)-(43) are satisfied and Uo is given in H, then 

there exists a unique solution to the initial value problem 

du 
Tt+Au+B(u,u)+Ru=O, u(O)=uo 

with 

u E C([O, T); H) n L2(O, T; V), 'IT > o. 

If Uo E V, then 

u E C([O, T]; V) n L2(0, T; D(A)), 'IT> o. 
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A proof of this theorem is given in [14] using a Faedo- Galerkin method 

(Le., showing it for a finite-dimensional truncation and then going to the 

limit). 

Now we come to the application of this theorem to our problem. Here we 

have H = .i~er[O, 1], V = H;er[O, 1], and we use the inner product (v, w)v := 

J; v",,,,w,,,,,,dx in V, which leads to a norm which is equivalent to the usual 

Sobolev norm. The operator A is given by Au = (328iu and has the domain 

D(A) = H:er [O,I], the operator R is given by Ru = 8;u + P8;u and the 

bilinear operator B( u, v) is given in the following way: consider the trilinear 

form 

b(u,v,w):= -11 

uv",wdx, 

then we associate with b the bilinear continuous operator B from V x V into 

H via 

(B(u,v),w) = b(u,v,w) 'Vu,v,w E If. 

With these specifications, the inequalities (38)-(43) are easily verified with 

the combined use of the Poincare and Cauchy-Schwarz inequalities. It suf

fices to set Oi = 1/2 in all these inequalities. We will verify inequality (38), 

the inequalities (39)-(43) are verified similarly. We have 

$ (by Poincare) 1/21l"llu"""II~21Iu",,,,,,,,,,1I~2 + 62111 u"""u""""""dxI 1
/

2 

$ (by Cauchy - Schwarz) 1/271"IIu",,,,1Ii!,21Iu,,,,,,,,,,,,IIi!/ + 621Iu"""IIi!~2I1u",,,,,,,,,,1Ii!,2, 
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and conclude that the inequality (38) is satisfied with 01 = ~ and C1 = 

Then Fact 12 tells us that there exists a unique solution to the initial-

boundary value problem (37) with initial data Uo E .i2 [0, 1] on [0, TJ, "IT > 0 

and also gives information about the regularity of that solution. Roughly 

speaking, the solution will be twice more often differentiable than the ini

tial condition (the solution is in H~er[O, 1] if Uo is in L~er[O, 1], and it is in 

Hier[O, 1], if Uo is in H~er[O, 1]). 

Finally, we sketch another way to prove the existence and uniqueness for 

(37). This method is better applied to the 'integrated form' of (37), namely 

1 ( )2 2 2 Ut - '2 U., + ~ U.,.,., + U.,., + f3 U.,.,.,., = 0, 

U(x + 1) = U(x), U(x, 0) = Uo(x), (44) 

and the result for the problem (37) is then obtained by differentiation. 

The proof consists of three steps: First, one writes the problem (37) as 

an integral equation 

i
t 1 

U(t) = S(t)U] + Set - s)( __ (U.,(S))2 + U.,.,(s) + ~2u.,.,.,(s))ds, 
o 2 

(45) 

where Set) denotes the semigroup associated with 

to get a Picard iteration scheme and shows local in time existence and 

uniqueness of solutions to that integral equation with a contraction mapping 
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argument ([40] [41]). Such solutions are called mild solutions. Second, one 

must show that these mild (local) solutions are classical solutions. Finally, 

one uses a priori estimates on the norms of U and its derivatives in order 

to get global existence in time. The last step has been carried out for the 

KS-equation in [8]. For a general overview see also [39]. 

9.2 The biorthogonality and completeness of the squared 
eigenfunction basis in the one gap case 

In this appendix we discuss the biorthogonality and completeness of the 

squared eigenfunction basis in the case where the potential u has only the 

N -th gap open. This completes the subsection 3.3 on the linear stability of 

the attractors. 

We recall that in subsection 3.3 we defined two sets of functions in 

j} C[O 1]' The first set contained the functions v(O)(x t) '= D(y(O))2 k = per , • k ,. k' 

1, . ", 2N - 2, 2N + 1" .. with the squared normalised eigenfunctions YkO) 

from 3.2 together with V~~_l(X, t) := ~~~:; and v~~(x, t) := D(sn2(sx)) ex 

Du(O). Here u(O) is a mean-zero cnoidal wave satisfying the equilibrium con-

dition \lu.,11 = .Bllu.,.,\1 and having the primitive period liN and the time 

dependence of the eigenfunctions is given by the Lax equation 

8t(y~O))2 = _~(y~O))28.,u(O) + ~u(O)8.,(y~O))2 + ~>.~O)8.,(y~O)? + c(O)8.,(y~O)r\ 

(46) 

and ~~::: shall have the same time dependence as v~~(x, t) := D(sn2(sx)). 

The second set contained the functions w~O)( x, t) := (y~O))2, k ~ 2, to-
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gether with W~~_l(X, t) := Cosn2(sx) -1 ex u(o) (where Co is a normalisation 

constant) and w~~(x, t) := I; ~~~: dx, all under the proper time dependence. 

The function ~~:;: has mean zero, because u(o) itself has mean zero for 

all c(O), and the function I; ~~((;: dx has mean zero, because it is the integral 

of an even function (see below) and is therefore odd. 

First we show that the (viO), k 2: 1) are all solutions to the linearized 

KdV -equation Vt = (u(O)v)x - Vxxx + c(O)vx , and that the (wi0), k 2: 1) are all 

solutions to the adjoint linearized KdV-equation Wt = u(O)wx-wxxx+c(O)wx. 

For this, we use the equation (46) together with the following third-order 

equation for the squared eigenfunctions [19]: 

- a;(YiO»)2 + ~u(O)a",(YiO»)2 + ~a",( u(O)(yiO»)2) = ~A~O)ax(y~0»)2. (47) 

If we replace the term p~0)ax(YiO»)2 in equation (46) by the left-hand side 

of equation (47), we obtain just 

i.e., the squared eigenfunctions satisfy the adjoint linearized KdV-equation. 

And so does ~~::;, since u(O) satisfies linearized KdV, and the derivatives 

with respect to x and with respect to c(O) may be interchanged. A simple 

calculation then shows that if! satisfies the adjoint linearized KdV -equation, 

then ax! satisfies the linearized KdV-equation itself. Therefore the (vkO), k ~ 

1) satisfy linearized KdV and the (wiO), k 2: 1) satisfy adjoint linearized KdV. 

N ext we claim that the set (VkO) , k 2: 1) is biorthogonal to the set (w~O), 1 ~ 



107 

1), i.e., 

«(J,g) := 10
1 

fgdx). 

This is easily seen if k, 1 = 1,2" . " 2N - 2, 2N + 1" . " i.e., for the squared 

eigenfunctions at the double points, because we have 

(YkO»)2, (Dy}0»)2) = 21\YiO»)2(Dy}0»)2dx = 2101 

ykO)y}O)W[ykO) , y}O)]dx 

( 48) 

where W[f g] denotes the Wronskian As ...!!...W[y(O) yeO)] - (>.(0) _>.(O»)y(O)y(O) , • d:z: k' I - k,d I,d k I , 

we have a perfect derivative on the right-hand side of (48) and obtain 

and because of >'1°~ i- >.~~ the desired relation. IT k = l, we have , , 

(YkO»)2, (DYiO»)2) = 10
1 

(YkO»)2)(DYkO»)2dx = 

fa1 (~«YkO»)2~«Dy~0)?) + ~«YkO»)2)~«DYkO»)2))dx = O. 

N ow if we had also 

(yiO)?, (DYiO»)2) = fa1 (yiO)?)(DyiO»)2dx = 

fa1 (~«YkO»)2~«DYkO)?) - ~«YkO)?)~«DYkO»)2))dx = 0, 
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then both 

and 

10
1 

ORe (YiO)?)~( (DYiO))2) )dx 

would be zero. But these integrals are of the form ± f01 g2(X) sin2(h(x))dx 

and ± f; g2( x) cos2 ( h( x) )dx and therefore not zero. This shows that (VI;, Wk) :f 

0, k = 1,2, .. ·, 2N - 2, 2N + 1, . ". Now we add the two basisfunctions V~~_l 

and v~~ on the one side and W~U_I and w~~ on the other side. What is 

W~~_l = ~~::;? We calculate this quantity directly from 

and 

• ,,(0) &'0' (0)( () ) d (0) • 
usmg ~~(O) = U ;/rTt :r:,m / ;m ' Now observe that wIth z := s(m)x 

i.e., we have to be careful to note that the 'total partial derivative' of u(O) 

with respect to the modulus consists of two parts. Using the formulas in 

([25], p.283-284), we find that 

d(sn
2
(sj:)x, m )) = CI(m) + C2(m)sn2(s(m)x), m) + C3(m)sn4(s(m)x, m), 

where CI (m),C2(m),C3(m) are functions of the modulus m involving the 

complete elliptic integrals K(m) and E(m). 
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~~~:: may be considered as a generalised eigenfunction to the operator 

L(O). Indeed, if we differentiate the equation 

with respect to c(O) and interchange differentiations with respect to x and 

with respect to c(O), then we obtain 

or 

a (0) a (0) a (0) !'l (0) 
D3(_u_) _ _ u_D (0) _ (0) D(_u_) _ D (0) _ (0) D(_uu_) 

actO) actO) u U ac(O) U c ac(O) 

a (0) 
= L(O)(_u_) _ Du(O) = 0 

&(0) 

a (0) 
L(O)(_u_) = Du(O) 

actO) . 

But this is exactly the definition of a generalised eigenfunction. 

This property will help us to prove the biorthogonality relations involv-

ing the two squared eigenfunctions at the simple eigenvalues. The relations 

(V~~_l!W~~) = (v~~,W~~_l) = 0 are trivial. The relations (v~~,w1°») = 

O,(v~O),W~~_l) = 0, k = 1,2, .. ·,2N - 2,2N + 1"" are shown with ex-

actly the same argument used for the eigenfunctions at the double points. 

Therefore we only have to show (V~~_I' w~O») = (v~O), w~~) = 0, k = 

1,2,· .. ,2N - 2,2N + 1"" and (V~~_l'W~~_I) f- 0, (v~~,w~~) f- O. As 

for the first two relations, we note that we can always find a function z1°) 

which satisfies LbzkO) = w~O), k = 1,2"", 2N - 2,2N + 1" ". Just take 

z~O) := w~O) / (TiO). Then we have 

( V(O) w(O») - (v(O) L(O) tz(O») - (L(O)v(O) z(O» 
2N -1' k - 2N -I' k - 2N -1' k 
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(D (0) (0») (0) (0») - 0 k - 1 2 ... 2N 2 2N + 1 ... U ,Zk ex: v2N' wk - , - " , -, , 

and the other relation follows from integration by parts. Finally, 

(0) (0») (ou(O) (0») (ou(O) (0») _ 1 d (0)112 
(V2N_l,W2N_l ex: Oc(0)'U ex: am ,U - 2dm 11u i- 0, 

as we can see most easily from a graph (Figure 32) and the other rela-

tion again follows from integration by parts. This completes the proof of 

biorthogonality. 

N ext we show that both the functions (vlO), k ~ 1) and the functions 

(wlO), k ~ 1) are linearly independent. This is a simple consequence of the 

biorthogonality. Assume, for instance, that an identity of the form 

holds on the interval [0,1]. We take the inner product of both sides with 

w1~} and obtain C1 = 0 by the biorthogonality relations. In the same fashion 

we conclude that C2 = ... = Cn = O. Therefore the (vlO), k ~ 1) are linearly 

independent and by an analogous argument also the (w~O), k ~ 1). 

To show completeness, we use a Theorem which is stated and proved in 

[37], p.163: 

Fact 13 Let (ek, k ~ 1) be an orthonormal basis of a Hilbert space H. Sup-

pose (dk, k ~ 1) is another sequence of vectors in H that is linearly indepen-

dent. If, in addition, 

L IIdk - ekll 2 < 00, 

k~l 
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then (dk , k ~ 1), is also a basis of H (therefore this set is complete). 

In our case, the orthonormal basis (en,n ~ 1) of L~e~[O,1] is the Fourier 

basis where e2k_l = exp(2i1l'kx) and e2k = exp( -2i1l'kx) for k ~ 1. The 

sequence (db k ~ 1) is the squared eigenfunction basis (w~O), k ~ 1) with 

normalised w~O). The Counting Lemma and Theorem 4 in [37] tell us that 

for k ~ No > 2 exp(lIu(O)11) we have 

{ 

W~~)_l = exp(2i1l'kx) + O(ljk) 
w~~) = exp(-2i1l'kx) + O(1jk), 

the requirements of the theorem above are met and we can conclude that 

the (w~O), k ~ 1) form a basis. As for the (v~O), k ~ 1), let f be a function 

in t~e~[O, 1]. We want to write f as a linear combination of the viO). Let 

g(x) = J: f(t)dt - M with a constant M such that 9 has mean zero. The 

function 9 is again in t~e~' because it is periodic, has mean zero and 

Then we know that 9 can be written as a linear combination of the w~O). 

If we differentiate that relation, we see that f can be written as a linear 

combination of the v~O). Therefore also the (v~O), k ~ 1) form a basis. 

We point out that a squared eigenfunction basis was used in [42], [43], 

[44] to study the linear stability of quasiperiodic solutions ofthe Sine-Gordon 

equation. The appendix of [42] contains a proof of the biorthogonality 
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and completeness of that squared eigenfunction basis in the case where 

the (Takhtajian-Faddeev) eigenvalue problem has a quasiperiodic poten-

tial. Naturally, this proof must use more complicated arguments than ours, 

because it is more general. 

Finally, we mention that some of the biorthogonality relations as well as 

other useful relations are proved in [22]. 

9.3 The differentiability of the gaplengths at double points 

In Section 4 we introduced an inifinite ODE-PDE system for the spectral 

coordinates, i.e. the In (action variables) and the fLn (angle variables): 

dIn _ ( (32 f2 f2 ) > l' Tt - -€ U:r;:r; + U:r;:r;:r;:r;, 2n - 2n-l , n - , ( 49) 

where 9n (x) is the Dirichlet eigenfunction belonging to fLn and all the eigen-

functions are normalised. 

In this appendix we discuss if this ODE-PDE system is strictly equiva.-

lent to the PDE (6), i.e., if every solution to the ODE-PDE system gives a 

solution to equation (6) and vice versa. A problem exists only in the neigh-

borhood of double eigenvalues in the spectrum of u(x, t). We show tha.t the 

gaplengths In are not differentiable at such double points, but the squared 
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gapJengths 1'~ are. Therefore one could take the squared gaplengths instead 

of the gaplengths themselves as action variables in equations (49),(50) and 

have differentiability at the double points. For existence and uniqueness of 

a solution, however, more is required: that the right hand side of (49),(50) 

satisfies a Lipschitz condition or has bounded derivatives (Picard's theorem). 

We did not check these conditions at the double points. For the purpose of 

this study we circumvent this problem by going back to equation (6) itself 

in the neighborhood of double points. It is with this caution that we must 

view the ODE-PDE system (49),(50). 

Now we discuss the question of the differentiability of the gaplengths. 

For that we assume that the potential u* has a double point at n = Nand 

consider the perturbed potential u*+hu with 0 < h ~ 1. First we want to do 

a 'practice problem', namely the case u* = 0, N = 1. In that case the general 

solution to the O( 1) problem is given by y( x) = C sine 7r x) + D cos( 7r x) and 

with u = A sin 27rx + B cos 27rx + ... the Fredholm alternative for the O( h) 

problem reads 

{ 
(Ay,sin(7rx)} = (uy,sin(7rx)} 
(Ay,COS(7rx)} = (uy,cos(7rx)} 

where A stands for the O(h) corrections to the closed first gap due to the 

perturbation. Using the expressions for u and y listed above, this system 

simplifies to 

{ 

1 \C - AD _ BC 
2" - 4 4 
lAD = AC + BD 
244 
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or 

{ 
(B + 2>')C -AD = 0 

AC +(B - 2>.)D = 0 

which has a nontrivial solution if and only if 

Now 'l(hii) = (>.+ - >'-)h+O(h2 ), so if ,I were differentiable at u* = 0, the 

differential would be given by d~l1lu=u"( ii) = 2}( (ii, sin 27l'x) F + «(ii, cos 27l'x))2. 

But this is a linear functional if and only if the perturbation u contains ei-

ther no first sine-mode or no first cosine mode. Carrying out an analogous 

calculation for the other gaps we see that the 'gap map' u -+ ern, n ;::: 1) is 

differentiable at u = 0 if and only if we restrict to the subspace of even or 

to the subspace of odd potentials. 

On the other hand, if we consider If instead of II> we see that d,rlu=u* = 

o and that d2,rlu=u"( u) = 8« (ii, sin 27l'x))2 + «(ii, cos 27l'x) )2) which is a pos

itive definite bilinear form 12[0,1] x 12[0,1] -+ [2 and thus a proper second 

derivative. 

Armed with the experience from this practice problem, we now deal with 

the general case. We choose two orthonormal basisfunctions f2N-1> f2N for 

the two-dimensional eigenspace at the double point of the form 

f2N-l = g(x) sin(h(x)), f2N = g(x) cos(h(x)). 

This is always possible according to [9] where the explicit form of g(x) and 
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h(x) is given in terms of the Floquet discriminant and its derivatives: 

2~ { sin} V2 re -A()")dTJ 
-A()..) cos (JI~()..)I Jo 8!:l()")/8q(TJ))· 

Then DUiN -1) - DUiN) and DU2N _ d2N) are two independen t, mean 

zero 'squared eigenfunctions'. We normalise them and add the normalised 

'squared eigenfunctions' at the other eigenvalues so that we obtain a com-

plete (but not necessarily orthogonal) 'squared eigenfunction' basis for .i2 [O, 1]. 

Each of the elements in this basis solves linearized KdV (like the via) in sub

section 3.3). Now we expand u in that basis 

and do a perturbation theory for the two eigenvalues of the small opening gap 

at n = N to get the first terms of the Taylor series expansion 1'N(u*+hu) = 

o + hd')'; .. iu=u' (u) + .... This perturbation theory runs along the lines of 

subsection 3.2. With the general solution to the 0(1) problem being 

we get the following system (or eigenvalue problem): 

where).. stands for the O(h) corrections to the closed N-th gap due to the 

perturbation. Using the basis expansion for u, we get the system 

{ 
)"c = alAC + a2AD + a3BC + a4BD 
)"D = blAC + b2AD + b3BC + b4 BD 



where we have abbreviated 

al = J~(D(fiN-l) - D(fiN))!iN_ldx 

b1 = J~(DUiN-l) - DUiN))f2N-d2N dx 
a2 = Jo1(DUiN_l) - D(fiN))f2N-d2N dx 

b2 = J:(D(fiN-l) - D(fiN))fiNdx 

a3 = J~ DU2N-d2N )!iN_ldx 
ba = J~ D(hN-d2N )f2N-d2Ndx 
a4 = J~ D(f2N-d2N )f2N-d2Ndx 

b4 = J~ D(f2N-d2N )!iNdX 
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The other basis functions besides DUi.N_l) - DUiN) and D(f2N-d2N) 

do not enter in these integrals because of the biorthogonality of this basis 

to its adjoint basis consisting of (undifferentiated) squared eigenfunctions. 

(the w~o) of subsection 3.3) These biorthogonality relations ensure that the 

(differentiated) squared eigenfunctions at the other eigenvalues k #- N are 

orthogonal to fiN-l' f2N-d2N and fiN. The biorthogonality relations are 

proved in Appendix 9.2. 

These integrals can be evaluated to give al = b2 =: p, b1 = a2 =: q, aa =: 

T, b3 = a4 = 0, b4 =: s, where s - T = q, so that we obtain the sytem 

(eigenvalue problem) 

or 

{ 
>'c = pAC + qAD + r BC 
>'D = qAC + pAD + sBD 

{ 
(Ap + Bq - >')C +(Aq)D = 0 

(Aq)C +(Ap + Bs - >.)D = 0 

The practice problem is recovered with p = 0, q = ~, r = -~, s = o. Now 



this symmetric matrix has two real eigenvalues 

and 

).± = Ap + B(r + s) ± J(Ap + B(r + s))2 + 4(Aq)2 
2 
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Again we see that this is in general not a linear functional acting on u and 

that therefore ~t N is not differentiable at u = u*, but that 

is a positive definite bilinear form t2[0, 1] x t 2 [0, 1] ~ [2 and that IF. is 

differentia.ble at 11. = 11.* with va.nishing first derivative and positive definite 

second derivative. In the last formula we must interpret (.,.) not as the 

usual inner product, but as the (not necessarily orthogonal, but well defined) 

projection of it onto the stated basis element. 

9.4 Calculations of the gap distance for concrete families of 
potentials 

In this appendix we examine two concrete families of potentials which are 

in some sense extremal cases - one of 'concentration type' and another of 

'oscillation type'. Every potential in each family has L2-norm 1, and the 

potentials of both families converge to q = ° weakly, but not strongly. The 
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first family consists of rectangular potential wells which approach a negative 

'Vb -function' at x = ~ (periodically extended). The second family consists 

of rapidly oscillating potentials of the form v'2 cos 21rmx. For both families 

we explicitly estimate the gap distances d( q, 0) and clearly see that they 

are bounded above and below. These examples confirm our Corollary 3 in 

Section 6. 

These examples are also illustrations of the fact that the gap map a( q) 

is not compact, whereas we know from [37] that each component an(q) is 

compact. 

We first consider potentials of the form 

{ 

(Cl - l)-t if 0 ~ x < 1;< 

q«x) = _(c 1 - 1)~ if 1;< ~ x < ~ 
(C1 - l)-t if ~ ~ x < 1 

Here we assume 0 < € ~ 1. All these potentials are even, have mean zero 

and the same P-norm 1. We will find it easier to do the actual calculation 

on the vertically shifted potentials 

ii,(x) = { -,-!(~ - <)-1 

if 0 < x < 1-< 
- 2 

if 1-< < x < 1+< 
2 - 2 

if .!.±f < x < 1 2 -

which have the same gaplengths as the q< (but, of course, not mean zero 

and P-norm 1). We need the following concepts from whole-line scattering 

theory: if we consider compactly supported potentials q(x), -00 < x < 00 

and if a solution y to the eigenvalue problem 

-y" + q(x)y = >'y, y E L2(R) 
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has the form 

_ { eik:r: + R( k )e-ik:r: left of support 
y( x) - T( k )eik:r: right of support ' 

where k2 = >., then R(k) is called the reflection coefficient and T(k) is called 

the transmission coefficient of the potential q (this terminology is obvious 

from the physical interpretation of particles being scattered on a spatially 

localized potential). 

Now if one of the potentials ~Mx) is I-periodically continued, then there 

is a Floquet discriminant ~£(k2) associated with it and there holds a rela

tionship for k2 > 0 between the discriminant of the periodic theory and the 

transmission coefficient of scattering theory [38]: 

(51) 

where (}£(k) = argT£(k). Furthermore we know that the stability bands 

[an,bn] are characterised by the condition 1~£(k2)1 ::; 2 on the Floquet dis-

criminant, with the periodic (antiperiodic) eigenvalues located at the points 

~£(k2) = 2 (~£(k2) = -2). This information enables us to estimate the 

gaplengths for our potentials qf' 

A standard calculation yields for Tf ( k) 

and for the absolute value ofT£(k) 

(53) 
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where kr = k2 + c~(l- E)-~. We get the gaplengths by solving 

(54) 

because 'Yn = k;t 2 - k;; 2. A final ingredient to this analysis is the Counting 

Lemma for the Dirichlet and Neumann eigenvalues ([37],p.28). In our case 

it tells us that for all our potentials the n-th gap lies close to n 27r 2 provided 

n > 6 (hence the inverse cosine and the phase in equation 0 will be very 

small quantities). This also means that the number of gaps in a certain 

finite k-interval is a linear function of the length of that interval (with a 

proportionality factor of 7r). 

The phase (}£(k) of T£(k) goes from t rapidly to 0 as k increases, and 

faster for smaller E. We will neglect (}£(k) in equation (54) for the moment 

and discuss its influence on the result later on. We fix an E and consider two 

separate ranges of k-values: 

1 1 
(1) k < _Cl. (2) k > _C 1 

- 2' 2' (55) 

Now we can estimate the contributions to the gap distance from the two k-

ranges. In the first range we can write sin Ekl rv Ekl in equation (53) and get 

as approximate gaplengths (using cos-1(1 - 8) tV V28 for 8 ~ 1) 'Y~ tV 32E. 

Invoking the Counting Lemma we see that the contribution to the squared 

gap distance from this range is ~ (that is, from the seventh gap on; the first 

six gaplengths can be bounded because of the compactness of J.Ln(q) and 

vn(q)). In the second range we replace sin2 Ekl by its maximum, 1; thereby 



121 

we overestimate the gaplengths and get 'i'~ < 32In27r 2€. Furthermore, we 

bound the infinite sum arising in this range by the integral from c 1/2 to 

00 and get for the contribution to the squared gap distance from the second 

range an upper bound of :4. 
We still have to check the influence of the phase B,(k) on these results. 

Put in simple terms, the contribution from the phases is of a smaller order 

in k, because we take their difference, while we add the contributions from 

cos- 1 IT,(k;i=) I as we compute k;; - k;; from (54). 

Again we distinguish between two ranges: 

(1) k ::; ctj 

(2) k > c!. 

In the second range we use 1 I d k2 < i < 2
1
0 (k ~ 77r because of the 

Counting Lemma) and have kl '" (k2 + ct)t '" k + 1/€h. This means 

that kl - k < 1 is much smaller than kl + k and from (52) we see that 

B,(k) '" €(kl - k) '" ,,:, . Looking at (54), we see that the influence of 

the phase will perturb the result only by a very small fraction in range (2) 

(because O,(k;;) - O,(k;;) '" O~(n7r)(k;; - k;;) and O~(k) '" O(1/k2
)). 

In range (1) we use the law of sines for the triangle spanned by the origin 

and the two complex numbers (~+ t + 2)exp(i€(k - kd) and (~+ t -
2)exp(i€(k + kd) and observe that €(k - k1 ) is very small. Furthermore, 

we choose an N > 2 (depending on €) such that k > c 1/ N. Then a short 

manipulation yields O,(k) < €1/4k- 2/ N , and again we see that including the 
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phase in equation (54) will perturb the result only by a small fraction. 

The point of these considerations is the following: we see that for E -+ 0 

the gap distance neither goes to 0 nor to 00, but stays within a finite range 

(although each individual gaplength goes to 0 as E -+ 0). But this is in 

agreement with our Corollary 3, because all the potentials are on the sphere 

Remark 7 Obviously the choice (55) of the two ranges in the calculation 

of the gaplengths is not unique. The distinction between regions where the 

argument of the sine in (53) is small, and regions where it is larger, is, 

however, essential and reflects a drastically different asymptotic behavior. 

The second family consists of potentials of the form qm(x) = J2 cos 27rmx, 

all of which are even, have mean zero and L2-norm 1. Here we use the 

asymptotic expressions for the Dirichlet and Neumann eigenvaiues from [34]: 

The O(~) is to be understood in the sense that the difference is uniformly 

bounded by ~ with some constant c (again for n > 6 because of the 

Counting Lemma). Werecall"Yn = IJLn-vnl and see that for large n "Yn(qn) -+ 

J2. Therefore the values of the gap distance are bounded below. They are 

also bounded above because of the uniform boundedness stated above (note 
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that IIqmll = 1 for all m and (qm,cos21l'nx) = 0 for m f:. n). Again we have 

agreement with Corollary 3. 
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10 Numerical appendix 

In this appendix we describe the numerical routines used to study equation 

(1) and address questions about the speed and accuracy of our methods. 

We numerically integrated equation (1) using a split step method. The 

split step method for the KdV-equation was first proposed by [45]. Compar

isons of numerical schemes for the KdV-equation have shown that the split 

step method is among the fastest available methods for KdV-like problems 

[46]. 

The nonlinear part u, = uu., was integrated with the classical fourth

order Runge-Kutta scheme, and a fast Fourier transform was used for the 

linear part. A step of D.t/2 of the nonlinear part was taken at the begin

ning and end of the time interval. As we will show later, this arrangement 

improves the order of accuracy (for a general overview of splitting methods, 

see [47],[48]). The accuracy of the method was tested on traveling waves of 

the KdV-equation of the expected saturation amplitude (see below). The 

time step D.t was kept so small that 

(i) it was considerably smaller than the 'breaking time' tbreak = IIU.,II~,l of 

the nonlinear part. This time was calculated again at each timestep. 

(ii) the maximal absolute error of these numerically integrated waves to 

their exact analytical formula was kept below 10-1 over a time interval of 

order 1 (this corresponds to an average relative error of less than 10-3 for 

amplitudes of size 102 ). Considering the possibility of phase errors and the 
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fact that the errors are largest for pure KdV (no dissipation), this level of 

accuracy seems quite good. 

The spatial mesh size normally used was ~x = 1/128. The default split 

step size used was ~t = 10-5 • The time frame for these integrations was a 

few CPU-seconds on a Convex C240. 

As initial conditions we used either cnoidal KdV-wave profiles of a given 

period and amplitude or trigonometric polynomials of the form al cos27rX + 

a2cos47rx + a3cos67rx. We also note that equation (1) conserves the mean 

J; udx. Therefore we worked always with mean zero functions. 

Several diagnostic routines were performed on the solution and displayed 

with NCAR-graphics: 

• Snapshots of the solutions were taken at selected times. 

• Coni.our-ploi,s of the solution were made at selected levels. 

• Fourier coefficients of the solution were plotted in time. 

• The next three KdV-invariants after the mean were plotted in time: 

the P-norm HI = J; u2dx, H2 = J;(82u;,+ u; )dx and H3 = Jol
( ~84U;'x+ 

382uu;, + ~4 )dx. The derivatives were approximated by the central dif

ference quotients and the integrals were evaluated with a trapezoidal 

rule. These invariants were calculated in unperturbed KdV-runs and 

found to be constant to three significant digits over a time of order 1. 
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• The spectral theory of the associated eigenvalue problem 

(56) 

was exploited. It is well known that the periodic and antiperiodic 

eigenvalues (corresponding to y(x + 1) = y(x) and y(x + 1) = -y(x)) 

are invariant under the unperturbed KdV -flow. In the perturbed prob-

lem they move and together with the Dirichlet eigenvalues (corre-

sponding to yeO) = y(l) = 0) they constitute an alternative repre-

sentation of the solution. In particular, we plotted 

- the Floquet discriminant of the eigenvalue problem (56) at selected 

times 

- the periodic, antiperiodic and Dirichlet eigenvalues in time 

- the gaplengths in time. 

The eigenvalues were obtained by discretizing (56) and solving the re-

suIting matrix eigenvalue problem (the second derivative was approximated 

by the central difference quotient). 

Finally, three-dimensional pictures of the solutions were produced with 

the DISSPLA graphics package. 

All calculations were carried out in double precision. 

Now we calculate the order of accuracy of our split step scheme and 

compare it to another scheme for the KdV-equation used in the literature, 

namely the method of Fornberg and Whitham [50]. Our discussions pertain 
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to both perturbed KdV and perturbed nonlinear Schrodinger equations: 

where we assume the perturbations P( u) to be linear in u and its spatial 

derivatives (u is real-valued in KdV, but complex-valued in the nonlinear 

Schrodinger equation). 

The ordinary split step method is a second order method, i.e., the local 

discretization error decreases O(.6.tf. Let the equation have the form 

Ut = (L + N)u, u(to) = Uo 

where L is a linear differential operator and N is nonlinear differential op-

erator and assume that the PDE is (formally) solved by u(t) = Uo exp(L + 

N)(t - to» locally about t = to. Then 

exp«L + N).6.t)uo - exp(L.6.t) exp(N .6.t)uo = 

(1 + (L + N).6.t + «L + N)Llt)2 + .. ,)uo-
2 

(1 + L.6.t + (L.6.t)2 + ... )(1 + N.6.t + (N Llt)2 + .. ,)uo = 
2 2 

(.6. )2 (LN + N L) 
t 2 uo, 

and we see that the split step error decreases like 0 (Ll t f . 

If the linear step, however, is sandwiched between two half-steps of the 

nonlinear operator, we obtain a third order method: 

N N 
exp«L + N)b.t)uo - exp( 2".6.t) exp(L.6.t) exp( 2"b.t)uo = 
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((L + N)6.t)2 
(1 + (L + N)6.t + + ... )uo-

2 
N (N ~t)2 (L6.t)2 N (N ~t)2 

(l+-~t+ + .. . )(l+L~t+ + .. ·)(l+-~t+ +-. ·)uo = 
2 8 228 

(~ )3( L2 N + N L2 LN2 + N2 L LN L _ N LN _ N3)u . 
t 12 + 24 + 6 12 16 0 

A further improvement of accuracy can be achieved if Richardson ex-

trapola tion is applied. The idea is the following [49]: Suppose the local 

discretization error can be expanded in a power series 

( 57) 

where u(t) is the numerically computed solution and u(t) is the exact solu-

tion. Then if we compute two half steps instead of one full step we get 

Multiplying equation (58) by 2M and subtracting equation (57) from equa

tion (58), we get: 

2M u«to + ~t) + ~t) _ u(to + 6.t) 

= (2M - l)u(to + 6.t) + O«~t)M+l). 

So if we replace u(to + 6.t) by 

2Mu(to + ~) + ~) - u(to + 6.t) 
2M -1 

we increase the order of accuracy by one. This can be immediately applied 

to our split step scheme where M = 3. 



129 

The Richardson extrapolation can basically be repeated as often as 

needed, but the computing time increases of course exponentially with each 

repetition. Using it once, we obtain a fourth order split step error. Together 

with the fourth order Runge-Kutta method for the nonlinear step and the 

exact Fourier transform for the linear step we have thus a method whose 

local discretization error decreases like O( bot)4. 

The method of Fornberg and Whitham [50] combines a leap-frog scheme 

in time with a pseudospectral method for the spatial derivatives. For the 

KdV-equation it reads: 

u(x, to + bot) - u(x, to - b.t) = 

2ill"ubotF- 1(kFu) + 8i7r382 F- 1 (sin(k3 b.t)Fu). 

The last term in this equation would normally be equal to 

8i7r382b.tF-l(k3 Fu), 

(59) 

but Fornberg and Whitham replaced k3 by sin(k3b.t)/(b.t). First of all, the 

two expressions agree as b.t -+ 0, but, more importantly, the introduction 

of the sine avoids any differencing errors for high wavenumbers. For high 

wavenumbers KdV looks like 

if we consider only one Fourier mode and make the ansatz 



then with 

u(x, t + ~t) = exp(87l"3ik302 )u(x, t), 

u(x, t - ~t) = exp( -87l"3ik302)U(X, t) 
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we obtain exactly the Fornberg-Whitham scheme (59) without the nonlinear 

term. It is clear how this scheme can be extended for perturbed KdV and 

NLS equations mentioned above, in particular for our model problem. A 

small drawback is that the leap frog scheme must be 'started' by another 

scheme (usually a one step scheme). A further development of this method 

was done in [51]. 

In [46] a comparison of computing time for these and other schemes was 

performed in the case of the unperturbed KdV and NLS equations. The 

conclusions were that split step is by far the fastest method for the NLS 

equation and still among the fastest for the KdV eqnation. The re;lson 

because the split step method works so well for unperturbed NLS is that 

the nonlinear part of the equation becomes a linear equation when taken by 

itself (in iUt = lul 2u the modulus lui stays constant at every point). Linear 

perturbations won't change this assessment of the computing time. 

Finally we want to discuss if the aliasing phenomenon plays any role in 

our schemes. Aliasing refers to the situation where higher modes 'contam

inate' the lower modes in the discrete Fourier transform because they are 

'packed' into the lower ones on a finite grid. The origin of aliasing and tech

niques for its removal are discussed in [52](i.e., the removal of aliasing coming 
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from a discrete FFT of the nonlinear term, caused by the convolution of the 

coefficients, particularly removal by 'padding', or the '2/3 method' and re

moval by phase shift). Aliasing is certainly less a concern in the split step 

method than in the other methods where nonlinear terms are transformed. 

As for the remaining error: according to the discussion in [52] we think that 

the 'linear' aliasing has a negligible effect in our split step scheme and that 

we don't have to use a filtering or removal technique when calculating the 

derivatives with the fast Fourier transform. 
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11 Computer graphics figures 

Figure 1: The growth rates of the first eight Fourier modes of the linearized 
equation (3) 
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The following five figures compare the attractors for decreasing dispersion 

Figure 2: Wave evolution and attractor for 62 = 1, {J2 = 5 X 10-4 
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Figure 3: Wave evolution and attractor for 62 = 0.25, {J2 = 5 x 10-4 
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Figure 4: Wave evolution and attractor for fJ2 = 0.0625, f32 = 5 X 10-4 
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Figure 5: Wave evolution and attractor for 62 = 0.01, {32 = 5 X 10-4 
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Figure 6: Wave evolution and attractor for 62 = 0.0025, {32 = 5 X 10-4 
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Figure 7: Equilibrium amplitudes versus {3-1 
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Figure 8: Schematic picture of the Floquet discriminant for a cnoidal wave 
potential u(O) with N = 2 and the corresponding perturbed potential U(f) 

(drawn by hand) 
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,Figure 9: Numerical versus theoretical gaplengths, E = 0.2,,62 = 0.01 
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Figure 10: Numerical versus theoretical gaplengths, € = 0.1, /32 = 0.007 
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Figure 11: Asymmetry of the Jl2,Jl3 - oscillations on the attractor for € = 
0.1,,82 = 0.01 
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Figure 13: The growth rate of the first mode as a function of f3 for N = 2 
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Fi~ure 15: The growth rates of the first two modes as a function of f3 for 
N =3 

100 

80 
LECEND • 

60 Th. cur ..... ho. 

040 

V) 
20 w 

c 
0 
J: 

0 
0 :a 

:-
t-
V) 
a: 

-20 -• Lo. --~ 
to -040 

-b0 

-80 

-100 

-120 L-~~~~-J ___ ~~ ___ ~~ ___ ~~~ ___ ~~ ___ ~~ __ ~~~~~~ 
1.8 2.0 2.1 2.2 2.3 2.4 

1000)( ~2, 
2.5 2.b 2.7 2.r: 



147 

Figure 16: Oscillations of Dirichlet eigenvalues for pure KdV and perturbed 
KdV on the attractor 
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Figure 17: Comparison between the full term on the right-hand side of 
equation (14) and the perturbative term 
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Fj~ure 18: The dynamics of the spectral coordinates for £ = 0.1 and fJ2 = 
0.01 
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Figure 19: The dynamics of the spectral coordinates for € = 0.1 and (J2 = 
0.008 
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Figure 20: The speed of a mean zero cnoidal wave as a function of its 
amplitude for pulse number N = 1 
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Fis;ure 21: A three dimensional plot of the solution u(x, t) for € = 0.1, 
{J2 ~ 0.008 betw.een the times t = 0.8 and t = 1.3 
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Figure 22: The dynamic.s of the spectral coordinates for € = 0.1 and f32 = 
0.005 
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Figure 23: The dynamics of the spectral coordinates for £ = 0.1 and {P = 
0.003 
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Fisure 24: The dynamics of the spectral coordina.tes for € = 0.1 and f32 = 
0.002 
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Figure 25: Wave amplitudes obtained from the PDE (6) and from the ODE 
(22) 
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Figure 26: The dynamics of the spectral coordinates for € = 0.2 and (P = 
0.015 
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Fjgure 27: Regions of different behavior in the n - a plane (drawn by hand) 
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The following three figures compare the attractors for increasing damp-

ing parameter v: 

Figure 28: Wave evolution and attractor for 62 = 0.25, /12 = 5 x 10-4 and 
v = 1.0 
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Figure 29: Wave evolution and attractor for 62 = 0.25, {j2 = 5 X 10-4 and 

v = 10.0 
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Fi~ure 30: Wave evolution and attractor for 62 = 0.25, f32 = 5 X 10-4 and 
II = 400.0 
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Figure 31: Equilibrium amplitude over the damping parameter v for pulse 
number N = 5 
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Figure 32: The P-norm of a cnoidal wave as a function of the modulus 
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