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ABSTRACT 

In nonlinear optical waveguide structures, injection of an optical beam abo\·c a. 

given threshold intensity can be theoretically shown to emit spatial solitons. An all

optical switch based on this phenomenon is designed anel computer simulations show 

that the phenomenon persists despite detrimental effects such as saturation of the 

nonlinearity and nonlinear absorption. 

In the cylindrical geometry of an optical fiber, a soliton ring can be emitted from 

the core and fragment into filaments via a transverse modulational instability. 

The inclusion of temporal dispersion is shown to destabilize spatially stable so

lutions, both for normal and anomalous group velocity dispersion. For a saturating 

nonlinearity, the temporal dispersion can be used to generate trains of nonlinearly 

self-bound light packets from a continuous sub-emission-threshold input field. 



Overview 

CHAPTER 1 

INTRODUCTION 

Wave propagation in highly nonlinear integrated optical waveguides is a subject which 

combines applied and fundamental research. On the one hand, a tremendous world

wide investment has been made to understand and develop nonlinear integrated opti

cal devices for use in future digital computers and communications systems. On the 

other hand, the soliton, which is the key player in the dynamics, also arises in many 

other nonlinear physical systems, manifesting itself on scales ranging from molecular 

to interplanetary. 

The remainder of this Chapter will sketch out the developments leading up to 

this work. A single-dimensional geometry for a soliton-based switch will then be dis

cussed, first for an ideal model of the optical response in Chapter 2 and then for a 

more realistic model in Chapter 3. The possibilities admitted by the addition of a 

second dimension are explored in the remainder of the text; Chapter 3 contains a 

straightforward generalization of the single-dimensional case, while Chapter 4 con

siders the effects of group velocity dispersion in a spatio-temporal model; Chapter .5 

examines the emission and breakup of "soliton rings" in the cylindrical geometry of 

a fiber; and finally Chapter 6 proposes a quasi-ID system which should be amenable 

to physical experimentation in the near future. 
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1.1 Background 

The simplest linear integrated optical waveguide consists of a central region with a 

high index of refraction surrounded by a region with a lower index of refraction. In 

analogy with a quantum-mechanical potential well, a waveguide can have a discrete 

set of bound modes and a continuum of radiation modes, and two adjacent waveguides 

exchange energy when the optical field "tunnels" through the index barrier that scp

al'ates them. The behavior of this coherent coupler is power-dependent if the indices 

of refraction depend on the intensity of the optical field. In the lowest level of approx

imation, this nonlinearity can be treated to first order as only leading to a change in 

the eigenvalues (propagation constants) of the guided modes. In this "weakly non

linear" limit, the field profiles are assumed to be unchanged by the nonlinearity. A 

number of all-optical switches based on this concept have been proposed. 1
•
2 When 

the nonlinear contribution to the index of refraction approaches the linear index dif

ferences defining the waveguide, significant changes in the field shape will take place, 

and the perturbation method above will no longer work. In the "strongly nonlinear" 

limit, the field can define its own waveguide by nonlinearly changing the index of 

refraction, forming a soliton. A new type of all-optical switch based on the dynamics 

of these highly nonlinear fields is the subject of this dissertation. 

1.1.1 History of the soliton 

The birth of the soliton concept is universally acknowledged to have taken place along 

the banks of the Union canal (connecting Edinburgh and Glasgow) during the summer 

of 1834, in an observation by shipbuilder John Scott Russell. His original account 



reads·: 

I believe I shall best introduce this phrenornenon by describing the cir

cumstances of my own acquaintance with it. I was observing the motion 

of a boat which was rapidly drawn along a narrow channel by a pair of 

horses, when the boat suddenly stopped - not so the mass of water in the 

channel which it had put to motion; it accumulated round the prow of 

the vessel in a state of violent agitation, then suddenly leaving it behind, 

rolled forward with great velocity, assuming the form of a large solitary 

elevation a rounded, smooth and well-defined heap of water, which con

tinued its course along the channel apparently without change of form 

or diminution of speed. I followed it on horseback, and overtook it still 

rolling on at a rate of some eight or nine miles an hour, preserving its 

original figure some thirty feet long and a foot and a half in height. Its 

height gradually diminished, and after a chase of one or two miles I lost 

it in the windings of the channel. Such in the month of August 1834 was 

my first chance interview with that singular and beautiful phrenomenon 

which I have called the Wave of Translation ... 

1.5 

He proceeded to conduct a series of well-documented3 solitary wave experiments in 

a water tank. His notes were subsequently forgotten for sixty years, until 1895 when 

Korteweg and de Vries'\ published their now famous equation (now known as the 

KdV Equation) for the motion of water waves in a shallow channel. The solitary 

wave solutions to the equation were at the time considered to be nothing more than 

a mathematical curiosity. It was assumed that special initial conditions would be 

needed to launch such a wave, and that in a collision of two such waves, the non-

linear interaction would scramble them. Seventy more years would pass until digital 

computers would prove both these assumptions to be wrong . 

• As reported by John Murray, 14th Meeting of the British Association for the Advancement of 
Science, London (1844). 
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The first time solitary waves arose in computational physics, however, they led to 

confusion. In 19.55, Fermi,s Pasta, and Ulam6 used a computer to study the problem 

of phonons in an anharmonic lattice. For a closed, linear system, any initial condition 

can be analyzed in terms of the normal modes of the system, and the distribution of 

energy in these modes never changes after that. Nevertheless, observation tells us that 

any physical system tends to evolve towards a thermal distribution of energy, implying 

some type of mechanism for exchange of energy among the modes. The point of the 

FPU experiment was to provide a scheme which would reconcile theoretical mechanics 

and the physical wodel. The hypothesis was that a small nonlinear perturbation would 

provide the coupling between modes that would lead to thermalization, in keeping 

with the equipartition theorem. To their surprise, they found that the energy does 

not spread equally, but goes to just a few nearby modes, and the energy density of 

these modes shows an almost periodic behaviour over time. i 

In computer experiments involving the sine-Gordon equation in the eady 1960's, 

Perring and Skyrme8 found solutions whose shape and velocity were preserved after a 

collision. Independently, Zabusky and Kruskal9 observed the same type of behaviour 

for the KdV equation. In the spirit of the day, these solutions were quickly given 

particle-like names; the former became know as the Skyrmion, while the latter was 

christened Solilon. As solutions of this type began to appear elsewhere, the second 

name was applied more generally, and is the one in common usage today. 

What is a soliton? 

Solitons arise in nonlinear partial differential equations in which linear dispersion 

can be counteracted by a nonlinear phase modulation. This takes different forms in 
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different systems. In nonlinear optical fibers, for example, temporal solitons strike 

a balance between the pulse spreading due to group velocity dispersion and the fre-

quency chirp induced by the nonlinearity. Similarly, in integrated optics, the tendency 

is for a beam to diffract, but a nonlinear index change will induce a "waveguide" in 

the middle of the beam which can pull the field together; the field shape that balances 

these two effects in such a way that a beam can propagate unchanged through a ho-

mogeneous medium is a spatial soliton. Despite the fact that they contrive such an 

apparently delicate balance between competing effects, these nonlinearly self-bound 

packets are robust and can survive the perturbations inherent in any real physical 

system. t Recently, temporal solitons were propagated in an optical fiber for over 

lO,OOOkm. lO ,l1 

The literature is full of examples of recent application of the soliton concept, of 

which a few of the more interesting include: 

• Oscillating soliton stars12 as solutions to the equations of general relativity. 

• Plasma solitons involved in the formation of collisionless shock waves in inter-

planetary space. 13 

• On the surface of the ocean, there is the dreaded tsunami wave, and trains of 

solitons1" have been photographed by a NASA satellite. 

• Solitons as energy transport mechanisms in ID biological molecules. IS 

• Solitons as particles in field theory. 

t A formal definition for the soliton is given in Section 3.3 on page 74. where the distinction 
between solitons and solitary waves will be discussed. 
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1.1.2 Nonlinear integrated optics 

Although the research in the 1960's in nonlinear optics was primarily in fundamental 

phenomenology such as harmonic generation and laser damage, it became clear by the 

late 1970's that some of these effects could be used in the budding field of integrated 

optics. Jensen 16 and (independently) Maier 17,18 suggested the nonlinear coherent 

coupler, in which evanescent field coupling between parallel waveguides could be 

enhanced or inhibited by a nonlinear phase shift in one or both of the guides. The 

x- and V-junction waveguide switches also took advantage of nonlinear phase shifts 

between modes, as did the Mach-Zender interferometer (which is just two V-junctions 

back-to-back, with a pair of straight segments in between). This field has become 

a mature technology, with electro-optic versions of some of these devices already 

available on the market. 

The devices described above are all based on a nonlinear phase shift between the 

field in different parts of the device. The nonlinearity is assumed to be small enough 

that any reshaping of the modes can be ignored, and the analysis only needs to 

consider a linear shift in the mode index proportional to the intensity. These devices 

are thus only slightly nonlinear. 

A second type of device allows a much larger nonlinearity, and assumes that the 

guided wave profile depends strongly on the power in the wave. These systems are 

typically characterized in terms of a nonlinear dispersion curve which defines the 
.. 

guided wave power as a function of the guided mode index {3. The earliest work 

on this type of system was done by Miyagi and Nishida,19,20 but only for a single 

interface. The highly nonlinear double interface problem was first investigated by 

Akhmediev.21 ,22 Stegeman pioneered the use of these systems as upper cutoff or lower 
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threshold all-optical devices,23.24.25,26.2i.28,29 based on the existence or non-existence 

of solutions at a given power. 

Although this will be discussed In more detail later, the issue of stability for 

solutions involving self-focusing nonlinearities was explored by Akhmediev and Jones 

& Moloney.3D The dynamical evolution of the instability was studied by Gubbels & 

Wright,31,32 who found that under some conditions, solitons could be emitted from 

the waveguide. 

1.2 Derivation of the wave equation from Maxwell's equa-

tions 

The starting point is Maxwell's equations in media: 

\7·D 0 (1.1 ) 

\7·B 0 ( 1.2) 

\7xE 
aB 

(1.3 ) at 
\7xH 

aD 
(1.4 ) at 

From this point on, the magnetic induction H will be taken to be everywhere pro-

portional to the magnetic field B, allowing an approximate treatment using only 

Transverse Electric (TE) fields. Including variations in the magnetic susceptibility J.l 

complicates the problem and adds nothing qualitatively new in the regimes in which 

the calculations are done. 

The single most important step so far is in the description of the response of the 

medium to an electric field E by the electric displacement D. Maxwell's equations 
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are linear and (classically) exact in free space and for explicit charge and current 

distributions. However, a treatment at the microscopic level for an extended medium 

would be prohibitive and the results would be so complicated as to be uninterpretable. 

Instead, D is used to describe an "average" response which is in principle simpler. 

Unfortunately, D turns out to be a Pandora's box of phenomena, most importantly 

(from the point of view of this dissertation) leading to nonlinearities with respect 

to the magnitude of E. Keeping this in mind, the derivation of the wave equation 

proceeds. 

Using B - ILoR and equation (1.4), it is straightforward to obtain the curl of 

equation (1.3): 

\7 x (\7 x E) - \7(\7. E) - \72E 

82D 
-flo 8t2 

(1.5 ) 

The electric displacement D is defined in terms of the electric field E and the 

electric polarization P (see, for example, Hopf & Stegeman33): 

D 

P 

foE + P 

pIll + p(2) + p(3) + ... 

(1.6 ) 

(1. 7) 

where the polarization has been expanded in terms of its linear and first two non-

linear parts. p(2) can be dropped for isotropic media such as the ones which will be 

considered here, because inversion symmetry implies that it is identically zero. In the 

degenerate case, the expression for p(3) in terms of the susceptibility tensor and the 
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electric field is 

( 1.8) 

where X(3) is a third order tensor of 4th rank, which thus has :3'1 = 81 components. 

This fully general formalism can be simplified for the case of interest. For isotropic 

media, symmetry relations reduce X(3) to only three independent components; as a 

further simplification, only a single polarization will be considered, allowing a scalar 

representation. t 

The refractive index n(r) is defined in terms of the electric susceptibility XW : 

(1.9 ) 

Combining equations (1.5) through (1.9), 

(1.10) 

where c-2 == Eollo. The \7 . E term is only significant if the index of refraction 

varies along the direction of polarization of E. vVhen the index distribution is one-

dimensional, the polarization of E will always be chosen to be parallel to the index 

step, rendering this term identically zero. For two-dimensional index distributions 

(such as in an optical fiber with core index nl and cladding index no), this term can 

be safely ignored in the "weakly-guiding" limit,35 in which terms of order .6. (defined 

below) and higher are ignored; for small transverse index steps, it is proportional to 

t For a more general analysis, the reader is encouraged to consult Maker & Terhune.34 
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the index difference: 

n 2 _ n2 
1 0 

?n 2 
- 1 

(1.11) 

n1 - no 
(1.12) 

n1 

~ 1 (1.13 ) 

where the difference between the indices no and n1 defines the spatial index step. 

The monochromatic field E can be expressed in terms of positive and negative 

frequency components: 

1 . . 
E(r, t) = 2j [E(r)e- llut + E*(r)e'wtJ (1.14) 

where j is the polarization unit vector. Inserting (1.14) into (1.10) yields the 

Helmholtz equation, 

(1.15) 

where k6 = w2 
/ c2

• This is an elliptic nonlinear equation and is in general difficult to 

solve numerically. 

Paraxial Approximation 

Since the physical systems which will be studied consist of beams propagating pri-

marily in the forward direction through index distributions which vary primarily in 

the transverse direction, the isotropic generality of equation (1.15) is superfluous. 

Identifying z as the propagation direction, the ansatz is made36 that the field can be 
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separated into an envelope and a phase: 

E(r) = £(rT' ::)e it3ko =. (1.16) 

This is the gist of the paraxial approximation, which is discussed in more detail in 

Lax37 and Agrawal.38 

For guided waves, £(rT'::) = £/3(rT), and /3 is the mode index. For an arbitrary 

field distribution £, there is no such clear physical interpretation for /3. From a 

numerical point of view, the choice of /3 is largely unimportant as long as it is on the 

order of (n(r))r. Substituting (1.16) into (1.15) and eliminating the exponential, one 

obtains 

8
2
£ '/38£ 2 (2( (32) co 8:: 2 +2z 8z +\IT£+ n rT'z)- ,,=0. (1.17) 

where \l T is the transverse Laplacian, and the transverse coordinates have been scaled 

to ko. All of the information about the spatial distribution of the waveguide is con

tained in n2 (rT, z). 

Slowly varying envelope approximation (SVEA) 

In all of the numerical calculations done here, the envelope of the field £( z) vanes 

slowly on the scale of a wavelength. Using terms from equation (1.17), this is expressed 

as: 

(1.18) 
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The SVEA involves dropping the leftmost term, yielding a parabolic wave equation: 

(1.19) 

This equation is used extensively in integrated optics calculations. Nearly all of the 

calculations presented in this dissertation kept the "Helmholtz" term of equation 

(1.17). For identical input parameters, there was no qualitative difference between 

the results obtained using (1.17) or (1.19); for further discussion, see Appendix (A) 

page 134. 

1.3 Nonlinear guided wave phenomena 

')'f.lf)£ f)2£ (2 2( 112)) _ 
_lfJ f)z + f)x 2 - f3 - n x, £ £ - O. ( 1.20) 

The wave equation (1.20) above has stationary solutions which are unchanged 

in form under propagation. These are found by setting the partial derivative with 

respect to :: to be zero and solving the resulting ordinary differential equation: 

(1.21) 

For the Kerr nonlinearity,39 in which n2(x, 1£12) contains a term proportional to 

1£12, closed-form solutions to this equation can be found, and the intensity 1£1 2 of 

these solutions can be integrated to obtain a dispersion relation connecting the power 

and effective index (3 of the guided wave. Since this process includes finding solutions 

to a transcendental equation, it is most convenient to transform to a normalized set 

of parameters, and then later rescale to the parameters of interest. 



Cladding 
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Figure 1.1: Component layout of slab waveguide. 

1.3.1 Normalized dispersion curves 

For an index distribution n2(x,I£12) described by a slab as shown In figure (1.1), 

the parameter normalization begins with the waveguide film thickness. Following 

Kogelnik,'10 

(1.22) 

where no is the background refractive index, n f is the film refractive index, and F is 

the film thickness. This yields for the "normalized" film thickness f = koF 

v 
f = J 2 2 nf - no 

( 1.23) 

For the guide to be monomode, then V ~ 7r must be satisfied. Therefore, at the cutoff 

point between the TEo and TEl modes: 

7r 

f = J 2 2 nf - no 
(1.24) 
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Substituting nj = no + .6. and expanding the square root in a Taylor series gives the 

approximate expression for the film thickness at this cutoff point: 

'if .6. 3.6. 2 

.r ~ (1 ) -';=2=n=0.6.= - -41-iO + -32-n-6 - ... ( 1. 25) 

Alternatively, one can solve equation (1.24 exactly for the linear index step .6.: 

.6.= (1.26 ) 

The effective index /3 can also be rescaled to accomodate different indices of re-

fraction of background (no) and film (no + .6.): 

/3'= (1. 27) 

To make the nonlinear part of the dispersion curve parameter-independent, the non-

linear coefficient must also be rescaled: 

( 1.28) 

Thus the nonlinear dispersion curve, which gives the guided wave power as a func-

tion of /3, and has as implicit parameters n2, j, nj, and no, can be calculated for one 

set of parameters and then generically applied to any other set of parameters using 

the transformations above. The solution of equation (1.21) contains trigonometric 

functions and exponentials in the linear film and substrate, and Jacobi elliptic func-

tions in the nonlinear cladding. Applying the boundary conditions of continuity and 

continuous differentiability at the two boundaries of the waveguide, and requiring 



that the field and its derivative go to zero at ±oo, the solution becomes a negative 

exponential in the substrate, a hyperbolic secant in the cladding, and either trigono-

metric (for f3 < nf) or exponential (for f3 > nf) functions in the film. Integrating 

the moclulus squared of these solutions yields the unwieldy expressions below for the 

one-dimensional flux S: 

Sc 20:qc (1 - tanlH/czc) (1.29) 

Sf 
2 2 2 tan 1 qc,;"c { ( }2 _) o:qc (1 - tanh CfcZc) f 1 - pqc t;,2 

82 ( 2 tanh
2 

qczc ) + 2", 1 + pqc t;,2 

( ) ( tanh qczc ) } + C2 - 1 pqc 2 

'" 
Ss q~ ( h2 ) ( 81 tanh qczc ) ( 1.30) 0:- 1 - tan qczc Cl + qc 

qs t;, 

Sgllide Sc + Sf + S9 (1.:31 ) 

where the parameter-dependent constants are: 

0: 271.071.2 (1.32) 

t;, JIf32 - n}1 ( 1.33) 

qc = Jf32 - n~ (1.34 ) 

qs Jf32 - n; (1.35 ) 

tanh qczc ( "') ("'Pt + qs ) 
qc '" + tqs 

( 1.36) 
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Figure 1.2: Nonlinear dispersion relations for the guided-wave power S(f3). The 
leftmost curve is for a homogeneous medium; the next four are for film thicknesses 
of 20, 40, 60, and 80, in a (linearly) symmetric waveguide; and the top curve is for a 
surface wave. 

and the functional form of the rest depends on whether j3 > nj or 13 < nj: 

j3 < nJ j3 > nj 

p -1 +1 

81 sinli,f sinh KJ 

82 sin 21i,f sinh 21i,f ( 1.37) 

Cl COSK,j cosh li,f 

C2 cos 21i,f cosh 21i,f 

t tanli,f tanh KJ 

Some examples of S(f3) are shown in figure (1.2). The different curves are for 

different film thicknesses, and are all for the TEo solution. The leftmost curve is in 

the limit of infinitesimal film thickness, and coincides with the dispersion curve for a 



29 

soliton in. a homogeneous nonlinear medium containing no waveguide. The next four 

curves are for thicknesses of 20Ao, 40Ao, 60Ao, and 80Ao; all four have an approximately 

linear relation between Sand f3 for low powers. Coupled-mode theory, on which the 

phase-shift devices discussed on page 18 are based, applies to this regime. 

Employing equation (1.24), the film thickness at which the TEl mode appears is 

f = .56.4 for nc = 1.551, no = 1.55; thus the first three curves are monomode, and the 

next two have several modes, although only the lowest order one is shown for clarity. 

The top curve is in the limit of infinite film thickness, which is equivalent to a single 

interface which guides a nonlinear surface wave. Note that this is the only curve 

which does not have a linear (infinitesimal power) limit; the only guided waves which 

exist for the single interface problem are nonlinear. At high powers, the solutions 

asymptotically approach the soliton solution of the leftmost curve, indicating that 

the linear substrate and film become irrelevant, while nearly all of the power is in the 

nonlinear cladding. 

1.3.2 One-dimensional stability 

An interesting feature of the curves for finite film thickness is that for thin films, the 

power increases monotonically with f3, while for thicker films, a local maximum in 

the power is evident before the asymptotic limit, implying that there is a region of 

negative slope of S(f3) sandwiched between two regions of positive slope. For these 

cases, there can exist three different solutions, each characterized by its own f3, for a 

given power. Akhmediev21 ,22 and Jones & Moloney30 have shown that the so-called 

negative-slope branch (II) is always unstable, while (for the geometry considered here) 

the positive-slope branches (I) & (III) are stable. This is discussed in more detail in 
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Chapter 4, specifically on page 84. 

Given the following two constraints: 

• for a finite film thickness, the power S((3) must have a linear limit, for which 

(30 < nj (i.e.::I Sguide((30) = 0); 

• for thick films, Sguide((3) ~ Ssurjace((3) for (3 > nj, 

it is implied that S((3) for thick films must have a "bump" for finite (3. What is not 

so obvious is that films thin enough to be manama de can be thick enough to force 

this bump. 
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Figure 1.3: Equi-power contours for nonlinearly guided waves as a function of effective 
index 13 and film thickness f 

Figures (1.3) and (1.4) show S(fJ, J) for a continuum of film thicknesses. In figure 

(1.4), the higher-order modes are clearly visible in the 10w-fJ region for f > 60. Figure 

(1.3) is a contour plot of the same data, and it is obviolls that the valley between 

branches (II) and (III) manifests itself before the onset of the second mode. 
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Figure 1.4: Grid plot of the same data as in figure (1.3). 
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Figure 1.5: Comparison of the linearly guided mode and the nearest Gaussian ap
proximation just below the TEl cutoff. 

The field profile along the lower part of branch (I) is relatively insensitive to the 

power, and can be approximated by a Gaussian profile. Figure (1.5) attests to the 

fact that this approximation is quite good, at least for a film which is just below 

the cutoff for the TEl mode. As the power is increased, however, the guided profile 

deviates more and more from the Gaussian profile, and when the evolution of the 

system is calculated, the profile will reshape to accomodate the nonlinearity. 
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1.3.3 Soliton emission 

Wright32 et al. discovered that when the power is raised above some critical threshold 

on the upper part of branch (I), the wave fragments and a soliton is emitted into the 

cladding. For yet higher powers, several solitons can be emitted and travel away from 

the waveguide, leaving behind a sub-threshold field which settles into the low-power 

guided mode of the guide. 

This dynamical effect known as soliton emission is the basis of the remainder of 

this dissertation. 
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SOLITON COUPLER 
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Although several solitons can be emitted from the film, this Chapter will con

centrate on the emission and capture of a single soliton in a multi-layered structure. 

This is a continuation of the work started by Monica Gubbels, who found that the 

phenomenon of soliton emission could in principle survive under adverse conditions 

such as misalignment of the input beam, non-Kerr nonlinearity, and reasonably low 

linear absorption.4l 

The waveguide geometry is the same as in figure (1.1). Looking from the "output" 

end of the waveguide, figure (2.1) demonstrates the phenomenon. At z = 0, part of 

the linearly guided intensity profile is visible. Shortly after being injected, it begins to 

shift towards the nonlinear cladding, where it spikes up and then separates from the 

film. While it moves away, the newly born soliton experiences a damped oscillation, 

or ringing, as it settles into its stable profile. The physics at work here warrants 

further examination. 

In a homogeneous linear optical system, a localized wave packet will tend to 

diffract. The Laplacian operator in equation (1.19) induces a convex phase curvature 

on the wavefront, and since one can think of the local direction of propagation as being 

perpendicular to the wavefront, the packet spreads out. Anything which causes the 

wavefront at a point to lag relative to nearby components of the wavefront will cause 

the field to focus, because the wavefront will be concave and the perpendiculars to the 

wavefront will point slightly towards each other. Thus a region of higher refractive 

index will appear to be attractive to a field profile, due to its slowing effect on the 

wavefront. Armed with this insight, one can re-examine the emission process. 
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Figure 2.1: Soliton emission. 
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The input field is injected into the center of the film, but due to the nonlinearity on 

the +x side, it experiences an asymmetric index distribution. This induces the shift 

towards the higher index region, which feeds back by increasing the index asymmetry, 

until the field has almost completely shifted out to the cladding. There it self-focuses 

as a result of the higher index induced in the center of the field compared with the 

periphery. However, the new soliton does not remain in the vicinity of the film. Since 

the film index doesn't change with intensity, the soliton "sees" a higher index on the 

+x side than on the -x side, causing it to be attracted to the +x side. Once it starts 

moving in that direction and separates from the film, the attraction (and thus the 

acceleration) disappears, but the motion continues; the soliton conserves its linear 

momentum. 

This concept of the light being "attracted" to regions of higher index, and as a 

consequence being attracted to itself in the nonlinear medium, will be used again and 

again to understand the dynamics in the balance of this dissertation. 

In the meantime, it would be desirable to trap the escaping soliton in a second 

parallel waveguide, so that this single system would be an upper cutoff device (in the 

first guide) and a lower threshold device (in the second guide.) There is a full range of 

linear and nonlinear index distributions to choose from; the robustness of the soliton 

turns out to be very useful in selecting the best geometry. 

2.1 Effective particle theory 

To address this problem, it helps to make use of the effective particle theory developed 

by Aceves et al. 42 to gain some insight into the various possibilities. The goal of this 

theory is to reduce the partial differential wave equation to an ordinary differential 
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equation which has the same form as Newton's equation. 

Restating the wave equation: 

(2.1 ) 

where T = z/2(3 has been substituted. To make this look more like a Schrodinger 

equation, the last term is made to look like a potential: 

V(I£12) = (32 _ n2{x, 1£12) 

a£ = iV2£ _ iV£ aT 

(2.2) 

(2.3) 

Using equation (2.3) it is straightforward to prove that the flux S, defined below, is 

conserved: 

S 

as 
aT 

I: dxl£(x, Z)12 

O. 

(2.4) 

(2.5) 

The wave equation (2.1) can be obtained using Euler's equation from the following 

Lagrangian density: 

(2.6) 

(2.7) 
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where V is defined in (2.2). The wave equation is obtained via 

~(8~)_ 8£ = 0 
8r 8E 8E 

(2.8) 

where £ = 8E/8r. The Hamiltonian density is obtained from 'H = TI£ + IT*£OO - £, 

where IT = 8£/8£: 

(2.9) 

The transverse momentum operator is defined to be Px = -i8/8x. When (2.9) is 

integrated to give the Hamiltonian, this can be used to make the first term in (2.9) 

look like a kinetic energy. 

H - i: dx'H 

-i: dx { £* ( - ::2 ) £ + V } 

-i: dX{T+V} 

where integration by parts is used in the second step. Defining a potential function 

U and ignoring the fluctuations in the momentum, one obtains a "classical"-looking 

Hamiltonian: 

H - (Px)2 + U (2.10) 

U - I: dxV (2.11) 

(p;) - (Px)2 + (~p;) (2.12) ......-.,...... 
fluctuations 

At this point, a transition IS made from a "field" equation to an "equivalent 
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particle" equation. This particle has a "center of mass" x( r) which is the first moment 

of the field £: 

x = - dx£*x£ 1100 

S -00 

(2.13) 

where S is defined in equation (2.5). Likewise the momentum is obtained using the 

definition of the momentum operator given above: 

(2.14) 

Now writing the field as £(x,r) = :F(x - x(r))ei.p(X,T), and referring to eqn (2.7), 

clearly the phase dependence can be dropped in the expression for the potential, and 

it can be parametrized in terms of the "center of mass" x as follows: U = U(x). Now 

Hamilton's equations can be used to obtain Newton's equation for x. 

dx aH 
(2.15) dr - apx 

- 2px (2.16) 

dpx aH 
(2.17) dr - ax 

au 
(2.18) 

ax 
d2x _?au (2.19) ""'-'t- -dr2 ~ ax 

The gradient of the potential is expressed in terms of the field intensity 1£12 = :F2 

and the interaction V, which includes the nonlinearity n 2 (x, :F2
). 

au 100 a lF2 --=- = dx--:: dsV(s) ax -00 ax 0 
(2.20) 

'"--"" 
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Given a functional form for the nonlinearity, and the geometry of the waveguide, 

the integral denoted by the brace in (2.20) is straightforwardly evaluated analytically. 

It is worth noting that equations (2.16) and (2.19) can be thought of as a nonlinear 

version of Ehrenfest's theorem. 

Going further requires some assumptions about the form of the solution F. The 

most interesting case, from the point of view of soliton emission and capture, is when 

£ describes a soliton incident from -00. 

£(x,x(r)) 

1£(x,x(r))l2 

- /fqSech[q(X - x(r))]eik"x 

2q2 
-sech2[q(x - x(r))] 
a 

_ F2 

(2.21) 

(2.22) 

Here q2 = (32 - n6, (3 being the effective index characterizing the particular soliton, 

and a is the Kerr coefficient. Using (2.22), the flux S defined in (2.5) is 

S 
2q2 joo 
~ -00 dxsech

2
[q(x - x(r))] 

4q 

and the momentum of the soliton is 

~ JOO dx£* (-i!...) £ 
S -00 ax 
kx 

(2.23) 

(2.24) 

(2.25) 

(2.26) 
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Figure 2.2: Effective particle potential around trapping guide. 

2.2 The soliton coupler: an all-optical switch 
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The structure of the potential depends on the distribution a( x) around guide 2. We 

consider the case where guide 2 has a nonlinear film so that a(x < D + d) = ao. 

Figure (2.2) shows the effective particle potential V(x) around guide 2 as a function 

of x for a( x > D + d) = ao (dashed line) and a( x > D + d) = 0 (solid line). When 

the region x > D + d is nonlinear, the potential is symmetric, whereas if it is linear, 

it is asymmetric, and in particular there is a restraining potential barrier that can 

stop the soliton from passing straight through waveguide 2. This indicates that the 

region x > D + d should be linear in order to capture the incident wave in waveguide 

2. In this case, if proper consideration is taken of the inelastic collision of the soliton 

with the potential barrier which gives up radiation, then the incident wave can lose 

energy and be captured in the potential well (figure 2.2). 
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Figure 2.3: Waveguide structure for soliton coupler. 

From the above considerations we can deduce the distribution of the Kerr-type 

nonlinearity a( x) to construct a soliton coupler. In order to obtain soliton emission, 

we want a(x < -D) = 0, whereas to capture the soliton, we require a(x > D +d) = 0 

(see figure 2.3). Thus the film of guide 2 and the region between the guides should 

be nonlinear; the remainder should be linear. 

Having discussed the separate components of the soliton coupler, we now consider 

the compound device. Figure (2.4) shows the evolution of the incident fields for 

an input flux below [Sin = 1.0; figure (2.4a)] and above [Sin = 2.25; figure (2.4b)] 

the critical flux for soliton emission (Se = 1.8). Below the critical flux there is no 

transfer of energy between the two guides. Specifically, the guides are sufficiently 

separated in such a way that there is no transfer of energy due to evanescent field 

overlap as in a conventional nonlinear directional coupler. I6 In contrast, above the 

critical flux a significant fraction of the incident flux is transferred to waveguide 2 
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(b) 

Figure 2.4: Evolution of t.he int.ensity profile in the soliton coupler (a) below and (b) 

above emission threshold. 
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Figure 2.5: Transmitted flux versus input flux for (a) guide 1, and (b) guide 2. 

through the capture of a spatial soliton which is emitted from the input guide 1. 

Figure (2.5) shows the transmitted flux through the input guide 1 (figure 2.5a) and 

catching guide 2 (figure 2.5b) as a function of the input flux·. Figure (2.5a) strongly 

resembles that obtained previously for soliton emission from a nonlinear waveguide 

(NLWG) and shows 100% transmission through the input guide, followed by a sharp 

threshold beyond which soliton emission occurS.32 In comparison, figure (2.5b) shows 

that no energy is transferred to guide 2 below the critical flux for soliton emission, 

but just above a significant fraction (~ 80%) of the input energy is transferred to 

guide 2. Figure (2.5) clearly shows an extremely sharp switching characteristic which 

is due to the fact that soliton emission is a threshold effect.32 It is also interesting 

-For each guide we have taken the transmitted flux as the integral of the modulus squared field 
from x = 0 to ±60. This definition allows for radiation loss to be apparent in figure (2.5) if the sum 
of the transmissions does not equal the input. 
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A B guide 1 guide 2 
a a a a 
a 1 1 a 
1 a 1 a 
1 1 0/1 1 

Table 2.1: Truth table for soliton coupler switch. 

to note that the energy transferred to guide 2 stays fairly constant above the switch 

point, showing some limiting action, which may be a desirable feature. We remark 

that in contrast to a nonlinear directional coupler, 16 the switching characteristics 

of the soliton coupler are insensitive to the waveguide separation as long as linear 

coupling is absent. This is clear from figure (2.1) where the emitted wave is seen to 

propagate away from guide 1 essentially unchanging; therefore the absolute position of 

guide 2 is irrelevant. Furthermore, qualitatively identical results are obtained when a 

Gaussian input beam resembling the linear waveguide mode is used, showing relative 

insensitivity to the input beam profile. 

The characteristics of this switch are ideal for digital logic design. Assigning a 

power level of 1.0 to be logical 1, and anything below to be logical 0, a truth table 

can be built in terms of the outputs of the two guides. If the two coincident input 

beams, denoted A and B, are injected into guide 1, the truth table is shown in table 

(2.1). When both A and Bare 1, a soliton is emitted and captured in guide 2; this 

is equivalent to a logical AND operation on A and B. The residual in guide 1 is less 

than what is needed for logical 1 when the soliton is emitted, so in this case there 

is a zero for A and B both 1, just as there is when A and B are both 0; otherwise, 

guide 1 yields a logical 1. This defines the logical XOR operation on A and B. If 

the input beams are given a slightly higher power of 1.4, the soliton power will not 
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change much thanks to the flatness of the line in figure (2.4b), so the residual power 

in guide 1 will increase enough to be a logical 1.0, and guide 1 will be the logical OR 

operation on A and B. 

Alternatively, the soliton coupler can be thought of as an adder with carry. Guide 

2 is the carry bit, and guide 1 is the sum bit. Finally, since any switch can be made 

into a bistable device through feedback, in principle the soliton coupler could be made 

into a flip-flop by somehow feeding the output of guide 2 back into guide 1, although 

this would probably not be practical. 
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CHAPTER 3 

SOLITARY WAVE EMISSION 

3.1 Two-level atom nonlinear optical response 

The Kerr nonlinearity of Chapter 2 is a useful starting point and helps to develop 

some fundamental intuitive tools, but it does not contain some of the detrimental 

characteristics that a real physical system will exhibit, such as absorption and satu-

ration of the nonlinearity. The model used in this Chapter is simple, yet it forces an 

examination of some of the material parameter trade-offs that one is faced with in 

nonlinear integrated optics. 

3.1.1 Basic model and notation 

All three media (cladding, film, substrate) have a field-independent response, but the 

cladding has an additional field-dependent susceptibility modelled after the standard 

two-level atom response (see, for example, Yariv36): 

X(w,IEI 2) 
-~-i 

(3.1) - 2Xmax 1 + ~2 + IEI2 

Xmax 
1 FiT2fJNo (3.2) -

fon 2 

IEI2 ~2n~2T IEI2 (3.3) 

~ - (w - WO)T2 (3.4) 

Cl'o 
N~2T2ko 

(3.5) 
fon 

Cl'(~, IEI2) Cl'o 
(3.6) -

1 + ~2 + IEI2 
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8n(~, IEI2) 00 ( ~ ) ( IEI2 ) (3.7) -
ko 2(1 + ~2) 1 + ~2 + IEI2 

r(~, IEI2) 00 1 
(3.8) 

ko 1 + ~ 2 + IE 12 
IEI2 Ul T2 Td Ii 2) I (3.9) 

- 1/ Is (3.10) 

where g:J is the atomic dipole moment, T2 and Tl are the longitudinal (loss of atomic 

coherence) and transverse (population difference) relaxation times, respectively, Wo 

is the atomic resonance frequency, N is the atomic density, 8No is the population 

difference when lEI equals zero, I is the intensity, and Is is the atomic saturation 

intensity. 

The linear index of refraction of the material will in general vary with the detuning. 

In order to simplify the analysis, we will separate the linear part of the real component 

of the susceptibility ~{X} = X' from the nonlinear part: 

X~I(W, IEI2) - X'(w, IEI2) - X'(w, IEI2 = 0) 

- 2Xmax (1 +~~2) (1 + l~~ IEI2) 

(3.11 ) 

(3.12) 

The frequency-dependent linear index X~ = X'(w, IEI2 = 0) will become part of the 

background linear index of refraction, such that the linear part of the index of re-

fraction in our model does not vary with detuning. Thus the electric displacement is 

written: 

D - €0(1 + X~ackground + X~ + X~l + iX")E 

- (€ + €OX~1 + i€oX")E 

(3.13) 

(3.14) 
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where X" = ~{X} is the imaginary component of the susceptibility. Now we can make 

the connection wi th the wave equation: 

(3.15) 

(3.16) 

The field is polarized and homogeneous in the y-direction and oscillates at angular 

frequency w. In accordance with equation (3.3) above: 

1 [~ . 1 E(r, t) = 2Y ~ ~E(x, z)e
,
(l3

z
-

wt
) + C.c. (3.17) 

where the transverse (x) and axial (z) coordinates are in units of free-space wave-

lengths (c/w) and {3 is the effective index. Substituting (3.17) into (3.16) yields the 

propagation equation: 

{ 
82 82 8 } 

8x2 + 8z2 + 2ino 8z + [n~(x) - n&] E = -B(x - d)no[ir + 2bn]E (3.18) 

3.1.2 Limiting cases 

It is instructive to examine several limits in order to put the propagation results in 

context. In the limit of large detuning and/or low intensity, we recover the Kerr 

medium response with linear absorption: 

(3.19) 

(3.20) 
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This suggests that the relative importance of the absorption with respect to the 

index change can be made arbitrarily small by going to large detunings and intensities. 

These general guidelines are not very helpful in predicting whether emission is likely 

to occur for a given .6. and Xmax. To do this we first re-cast our nonlinearity in a 

more standard form. Typically the nonlinear index is written: 

n no + c5n( IEI2) 

n2 _ n~ + 2noc5n(IEI2) + c5n2(IEI2) 

(3.21 ) 

(3.22) 

(3.23) 

where the approximation is valid for a nonlinearity which is small compared to the 

index. As IEI2 -+ 00 the saturated value of the refractive index change for a given 

value of .6. is given by 

(3.24) 

which has maxima at .6. = ±1. For.6. = +1 we define the maximum achievable 

nonlinear refractive index change as 

(3.25) 

Rewriting in terms of the material parameters, 

1 + .6.2 + IEI2 
(3.26) 

2c5nmax .6. IEI2 

(1 + .6.2) 1 + .6.2 + IEI2 
(3.27) 
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3.1.3 Parameter space 

As was discussed above, the material properties can be described by bnmax and b.. 

In addition the linear waveguide properties are specified by no, and those of the 

input beam are specified by the field profile and power. Clearly this presents a large 

parameter space, which one cannot hope to characterize fully. In order to reduce 

the size of the space, the input profile is fixed to be a Gaussian beam that closely 

resembles the linear TEo mode of the waveguide (see the next section), and no and 

bno are chosen such that the linear structure is single mode. Since the interest is 

limited to self-focusing effects, there is the added restriction that b. > O. It proves 

useful to introduce the parameter fL, defined by 

(3.28) 

so that fL is the ratio of the maximum achievable nonlinear refractive index change 

to the linear index step. Numerical calculations have shown that the results are 

insensitive to the precise value of no in the slowly varying approximation used here. 

Therefore the pair of parameters (fL, b.) fully characterizes the problem for a given 

input power. In order to map out this parameter space more efficiently, the criterion 

established by Gubbels et al.31 for the occurence of solitary-wave emission* is adopted. 

This requires that the saturated induced index bnllat, obtained in the limit IEI2 ~ 00, 

exceed the linear index step at the boundary between the film and the cladding. Then 

·In contrast with the work presented here, Gubbels et al. assume lossless conditions. 
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using equations (3.24)-(3.27), one obtains 

> 8no 

or 
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(3.29) 

(3.30) 

Figure (3.1) shows the boundary corresponding to 8nsa t = 8no in the parameter 

space (J1., b..). It has been conjectured31 that a minimum requirement for solitary 

wave emission is that the parameters lie between the upper and lower boundaries in 

figure (3.1). This criterion is based solely on the saturable refractive-index change 

and does not account for absorption. For a fixed value of J1. the linear absorption 

decreases with increasing b... Thus, from the point of view of minimizing absorption 
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losses, it is best to operate close to the upper boundary. However, close to the upper 

boundary, 8nsat/8nO ~ 1, which means that higher input powers are required for 

localized wave emission to be obtained. That is, the higher the ratio 8nsat/ 8no, the less 

the system has to be pushed into saturation to obtain localized wave emission. This 

argument shows that there is a trade-off between saturable refractive-index change 

and absorption in this system. 

3.1.4 Fixed numerical parameters 

Numerical solutions of equation (3.18) were obtained by using the beam-propagation 

method43 ,44 (see Appendix A) with a step length of one wavelength and 4096 trans-

verse points on a grid of size Xmax = 1800. The injected field profile is a Gaussian, 

with a spot size wo = 45: 

£( - 0) - f;~J P(O) -(x/wO)2 X,z - - e, 
7r Wo 

(3.31) 

which closely matches the linear TEo mode of the waveguide, for which no = 1.55, 

8no = 10-3
, and d = 35. 

The evolution of the field as a function of propagation distance is studied as the 

power is varied and for several material parameter pairs (J-l, ~). In most cases the field 

is propagated for 7500 free-space wavelengths, although this propagation distance was 

shortened under situations that led to collisions between a part of the field and the 

edge of the numerical grid. 

In trying to distill the information from the vast amount of data generated, it is 

fruitful to define and plot two functions analogous to the average position (x) and 

momentum (p) of quantum mechanics that succinctly display the essential dynamics 
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of the system: 

1 1+00 

2 (X(Z)) - P(Z) -00 dxlt'(x, z)1 x, (3.32) 

1 1+00 f) (p(z)) P(z) -00 dxt'*( -i f)x)t'(x, z), (3.33) 

where the power P( z) is defined by 

1
+00 

P(z) = -00 dxlt'(x, z)12. (3.34) 

3.1.5 Results 

To illustrate the different types of behavior, the starting point is the pair of material 

parameters (/1 = 12,.6. = 22), which is inside but fairly close to the conjectured 

emission boundary. Several numerical propagations are done with a range of power 

levels spanning 4 orders of magnitude. In figure (3.2) the average displacement (x) is 

plotted as a function of propagation distance for several different power levels. Two 

regimes of behavior are evident: a low-power, oscillatory regime and a high-power, 

emIsSIOn regIme. 

At low powers, the field in the cladding causes a slight increase in the index just 

outside the film boundary, rendering the index distribution asymmetric. Since the 

center (x) of the injected field coincides with the center of the film, which is no longer 

symmetrically bound, the field will initially shift toward the side with the higher index. 

The index induced in the cladding an(It'12) at these low powers does not approach the 

film-cladding index difference ana, so after the initial momentum d(x) / dz carries the 

field too far toward the cladding, (x) slows down and moves back toward the center 
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of the film. This completes the first cycle of the oscillation of (x( z)), which persists, 

although with decaying amplitude, as the' field propagates. 

As the power of the injected field is increased, this ringing of (x( z)) is accompanied 

by significant beam reshaping, and the amplitude (x(z))max = (x(z'T)) increases to the 

point that (x) oscillates in and completely out of the guide, as illustrated in figure 

(3.3a). Figure (3.3c) shows the drop in the percent transmission as the excursion 

of the field into the absorptive cladding increases. Meanwhile the half-period Z'T 

of the oscillation appears to become unbounded as we approach a critical power, 

beyond which the field escapes the confinement of the film and the system is no 

longer periodic, as shown in figure (3.3b). 

This marks the transition to the second regime of behaviour, where the field 

evolves into a localized wave, which breaks away from the film and becomes asymp

totically free. The transmission increases with increasing power in this regime, as ex

pected for a saturable absorber. In contrast with previous studies of soliton emission 

into a Kerr medium,32 however, at this point in the (IL,~) space, only one localized 

wave is emitted regardless of the injected power. 

The question arises whether there are any points (IL,~) for which localized wave 

emission is completely inhibited, even at high powers. As stated above, inequality 

(3.30) has been put forth as a criterion for wave emission based on the requirement 

that the saturated nonlinear index in the cladding exceed the linear index step be

tween the cladding and the film. To verify this criterion, the evolution of the field is 

examined as seven different detunings ranging from ~l = 28 to ~7 = 16 at IL = 12, 

which spans the boundary of inequality (3.30) as shown in figure (3.1). Since the 

emission criterion is based on an argument involving the saturation of the nonlinear-
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ity, it is appropriate to scale the input power for each detuning ~n to the saturation 

intensity 1 + .6.;, in order to permit a more reasonable comparison of the results: 

pO 
Pn(z = 0) = 1 + ~2 

n 

(3.35) 

where pO = pmid is chosen such that P4(Z = 0) = 0.7 (in the same units as in figure 

(3.2)), which is just below threshold at ~4 = 22; these results are shown in figures 

(3.4c) and (3.4d). Also shown are the low-power case with pO = phigh = lOpmid, 

figures (3.4e) and (3.4f). Figures (3.4a), (3.4c), and (3.4e) show the evolution of the 

average position (x) as a function of z, and figures (3.4b), (3.4d), and (3.4f) show the 

phase-space evolution of (p(z)) versus (x(z)). 

At low power the phase-space plot, figure (3.4b), shows that the oscillations of 

the system are nearly harmonic regardless of the detuning. However, there is a slight 

skew toward positive momentum, most noticeably for the smaller ~'s, which is due 

to the net flow of the field toward the cladding to replace the field that is absorbed 

there. The absorption of the field in the x > d region has the effect of reducing 

(x) without modifying (p), such that the maximum excursion in the next period will 

be reduced, and the path in phase space spirals in toward a stable point near the 

origin. For clarity, in figure (3.4b) all orbits beyond the first one are omitted for 

each detuning. Figure (3.4a) clearly shows the ringing of (x(z)) as the oscillation 

amplitudes decrease with distance. This decrease is largest for the paths with the 

larger amplitude oscillations, which correspond to the lower detunings. This follows 

from the fact that the effect of damping increases with increasing absorption, and 

at low detunings the absorption rate is higher than at high detunings (see equation 

(3.27). 
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At intermediate power (figures (3.4c) and (3.4d)), the oscillatory motion of the 

field becomes markedly anharmonic for the bound waves. For the smaller detunings, 

the field escapes the film, as demonstrated in the top three traces of figure (3.4d). 

After the initial large increase in (p) as emission begins, there is a slight decrease 

as the localized wave is severed from the waveguide before the momentum stabilizes. 

The wiggle indicated in the top trace is evidence of a nonzero field left behind in the 

film, which oscillates as in figure (3.4b), thus modulating the total (p) for the system. 

The definitive test of the emission criterion is in the very high-power limit. For 

the power level used in figures (3.4e) and (3.4f), the system is well into the saturation 

regime: the intensity of the injected beam at the boundary between cladding and 

substrate is approximately 75 times the saturation intensity. Figure (3.4e) would seem 

to indicate that wave emission occurs for detunings on both sides of the boundary. 

In the phase-space plot (figure (3.4f)), however, it is clear that the bottom line, 

corresponding to .6.1 = 28, crosses the (p) = 0 line, which implies that the emitted 

wave is not truly free of the guide but is in some type of bound state. 

Figure (3.5) clarifies this point. The emitted wave slows its transverse motion and 

evolves into a type of surface wave as it propagates, as suggested by the ending orbit in 

the phase-space plot of figure (3.4e). Although not shown here, the case .6.2 = 26 has 

been examined with a propagation distance of 15,000 wavelengths and verified that the 

phase-space path also crosses (p) = 0, as one might infer from the linearly decaying (p) 

for the second-lowest line in figure (3.4f). For the point that straddles the boundary, at 

.6.3 = 24, the boundedness was too difficult to determine; the deceleration is so small 

in comparison with the initial momentum that the transverse propagation distance 

would have to be quite large before it would be evidently bound or unbound, and the 



62 

o 200 400 600 
Transverse coord. x 

Figure 3.5: Evolution of transverse intensity distribution corresponding to the bottom 
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numerical grid size needed for this calculation is prohibitive. 

As the material parameters for the above two cases do not strictly satisfy the 

criterion of inequality (3.30), the following qualification is proposed: wave emission 

can occur at high powers for situations where 8nsa t < 8nQ, but the emitted wave 

remains bound to the guide. It should be emphasized that for the soliton coupler,45 

in which the soliton emitted from one waveguide is trapped in a parallel waveguide, 

the freedom or boundedness of the emitted wave is not an important issue because 

the separation between the two guides is finite; the emitted wave can be caught by 

the second guide even though it is not completely free of the first guide. 

3.1.6 Rescaling 

Given the system dynamics found numerically at the few points that have been ex-

ami ned and the wide range of points available in the parameter space, it is desirable 

to reduce the space by finding relations between the behavior at different points. 

Equation (3.27) can be rewritten as 

(3.36) 

where 1£81 2 = 1£1 2 /(1 + D.2
) is the saturation intensity. If we consider a set of (/L,D.) 

that lie along the line defined by D. = S /L, the equation (3.36) takes the form 

(3.37) 

Since absorptive losses are prohibitive for detunings smaller than D. ~ 10 (see 

figure (3.7) below), the middle term will differ from unity by less than 1% and can 
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justifiably be neglected. The remaining two terms imply that the response of the 

nonlinear index as a function of the scaled intensity is independent of Il and ~ along 

a straight line going through the origin in (Il,~) space. One such line is the upper 

asymptote of the criterion boundary, for which a substitution of S = 2 into equation 

(3.37) yields a 8nsa t = 8no, as expected. For the line passing through the point 

(Il = 12, ~ = 22) examined in figure (3.2) three scaled powers are chosen and the 

evolution at six different points along the line is shown in figure (3.6). The deviations 

between paths at the same scaled power are primarily attributed to the differing 

importance of absorption, the variation of which is not scaled out as in equation 

(3.37). Figure (3.7), corresponding to the lower of the middle set of lines in figure 

(3.6), shows the drastic effect of near-resonant absorption on the evolution of the 

emitted wave profile. Above ~ ~ 100 the paths are nearly indistinguishable owing to 

the strongly bleached absorption. 

From an intuitive standpoint, the reason why this rescaling works is simple. At 

all points along a given line with slope S, the nonlinear index change saturates to 

the same value. If we express the power in terms of the saturation intensity, then the 

induced index for a given scaled intensity will be the same regardless of where on the 

line the point (Il,~) is located. Since the behavior of the system is governed by the 

induced index change, it follows that the system will behave identically at different 

points along this line. 

The importance of this scaling rule is that a system can be characterized in de

tail for one set of parameters and subsequently the response can be predicted over a 

wide range of parameters having the same ratio as the original set. Thus, ignoring 

absorption, the two-dimensional parameter space (Il,~) is effectively reduced to a 



65 

200 
/\ 

....-... 
N 

"""-"" 
><: 

v 100 

o 
o 2000 4000 6000 

z (propag dist) 

Figure 3.6: Average position as a function of propagation distance after rescaling 



30 .-... 
C\2 
<J 

+ 
~ 

"-"" 

~ 20 
~ 

-+-l 
• r-I 

rn 
~ 
Q) 10 -+-l 
~ 
~ 

0 

I , 
I 
I 

, 
I 
I , 

I 

I 
I 
I 

1 Z=O 
I 
I 

I 

I 
I 
I 

I 
I 
I , 
I 
I , 
I 
I , 
I 

I 
I 

\ 
I 

\ 
I 

\ 

o 

100 

a L.....-______ --' 

.". z=5000 . . , . . 

200 

z=10000 
,''''\ , . . . , . . 

400 

z=15000 

600 
Transverse Coord. x 

Figure 3.7: Evolution of intensity profile near resonance 

66 



67 

one-dimensional space spanned by S. This rule is limited, however, because different 

ratios have to be characterized separately. No other transformation has been found t 

that would give a method of connecting the behavior at one ratio with that at an-

other, permitting predictions over the whole space. Semi-empirical rules based on, 

for example, the periods of figure (3.2), work well over a limited range, but they all 

break down as the boundary of inequality (3.30) is crossed. 

3.2 Solitary wave catcher 

Clearly solitary waves can be emitted from a slab waveguide in which the transparency 

condition can be exceeded; that is, the linear index difference at the boundary is less 

than the saturated nonlinear index change which can be induced in the cladding. 

In order for this system to be used as an optical switch, however, the solitary wave 

needs to be trapped in a parallel guide as was done with the Kerr soliton switch (see 

Section (2.2)). In the Kerr case, the catching guide was most effective when it was 

significantly (by a factor of two or more) wider than the soliton it was supposed to 

catch. So the first step is to get an estimate of the size of the solitary wave which is 

emitted from the film. Since several values of the saturated nonlinear index change 

are going to be used, the widths of the solitary waves emitted will in general be 

different. Ignoring the linear film and loss terms, and considering only the nonlinear 

cladding, equation (3.18) becomes 

(3.38) 

tIn analogy with the derivation of inequality (3.30), the substitution 6,2 = Cp. rescales r along 
parabolas intersecting the lines of inequality (3.30), but since the effects that we are interested in 
are driven by changes in the index rather than by the absorption, this proves to be useless. 
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Figure 3.8: Log-log plot of the guided wave solutions with saturation. For comparison, 
the guided wave solutions for a Kerr medium are denoted by the straight dashed line. 

The nonlinear coefficient can be scaled out under the following transformations: 

Z 
Z""'"--

8nsat 
and (3.39) 

and define the stationary wave eigenvalue q2 = UP - n~)/2no8nsat. Stationary so

lutions for a given q2 with finite energy must be found numerically. Setting the z 

partial derivative term to zero, the ordinary differential equation to be solved is: 

(3.40) 

This is solved easily enough using a Runge-Kutta routine. Figure (3.8) is a log-log 
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plot of the half-width at half maximum (HWHM) of these solutions as a function of 

the peak intensity 10 = 1£1 2
• It should be emphasized that there is a minimum size 

that a stationary wave can have, corresponding to the minimum in the curve. This 

is a direct consequence of the saturation of the nonlinear index. For the Kerr case, 

which closely follows the saturable case at low peak intensities, there is no minimum 

to the size. 

The relevance of this minimum is that it introduces a length scale into the equa

tion. In fact, when a flat field with a random perturbation is injected into a homo

geneous medium described by equation (3.38), it quickly goes to filaments of roughly 

this minimum size. The addition of the waveguide complicates the problem, because 

if the size of the solitary wave depends on the index change it can induce, then it 

might also depend on the index step of the waveguide from which it was emitted. 

Nevertheless, numerical experiments for many different input powers yield emitted 

solitary waves with HWHM which vary from approximately 1.8 to 2.0, in the units 

of equation (3.40). 

The smallest saturated index change that will be examined in the next Section 

is 8nsa t = 0.0011. For this value, the HWHM corresponding to the minimum of the 

curve in figure (3.8) is roughly ~ 30, so the width of the catching guide is chosen to 

be 120.0 in order to accomodate it. 
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Figure 3.9: Propagations below (left) and above (right) the solitary wave emission 
threshold at /l = 20. 

3.2.1 Comparison with Kerr emission/capture 

The emitting and catching guides thus have different widths, as shown in figure (3.9), 

to accomodate the broader solitary wave at low saturation. The first run is for a power 

just below threshold at /l = 20; this power is denoted So, and all other powers will 

be expressed relative to So. There is enough intensity at the boundary of the linear 

guide to raise the index enough for the field to start moving out into the cladding, 

but not enough power to support a solitary wave which could propagate away, so 

the field just bounces in and out of the cladding as it propagates (the propagation 

direction in figures (3.9)-(3.12) is from bottom to top). Figure (3.9b), on the other 

hand, has a power of 3So, and a solitary wave containing most of the power is emitted 
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Figure 3.10: Propagations approaching the Kerr limit: J-l = 30 (left) and 11 = 40 
(right). 

and travels across to the catching guide, leaving a small amount behind. When it 

gets to the catching guide, however, it fragments, and not all of it transmits into the 

catching guide. The portion that actually enters gets further fragmented when it hits 

the "linear wall" at the far side of the catching guide; it reflects in two pieces, the 

first of which transmits back out into the cladding and interferes with the original bit 

that was left there. The further evolution is irregular, with lumps in both guides and 

in the gap in between them, bouncing around and exchanging energy. 

This fragmenting of the emitted wave is very different from the behaviour of the 

emitted soliton in the Kerr case of Chapter 2. This is clearly a consequence of the 

saturation, and the proof is in figure (3.10), in which onsat is raised by 50% and 100% 
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Figure 3.11: Short (left) and long (right) propagations at J.l = 20, intermediate power. 

relative to the value in figure (3.9). At J.l = 30, 8nsa t = 0.00175, and a power of So 

is used. Although there is still a bit of fragmentation, already there is improvement 

at the first collision with the catching guide, where the transmission appears to be 

complete. Still, it breaks into pieces when it hits the linear wall. Finally, at J.l = 40 

and 8n lla t = 0.0022, there is a clean emission and capture. In fact, figure (3.10b) is 

reminiscent of figure (2.4a) on page 44 for the soliton coupler. This all points to the 

saturation as the cause of the breakup of the solitary wave at the boundaries. 

Returning to the low 8nsat case, an intermediate power of 2So is launched to 

see whether the field settles down in the long term. Figure (3.11) shows the short-

and long-term evolution of this field. Since it is closer to cutoff than 3So, very 

little of the field is left behind in the emitting waveguide, as evidenced by figure 
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Figure 3.12: Short (left) and long (right) propagations at Jl = 20, high power. 

(3.lla); nevertheless, just like at 3So, the solitary wave fragments when it hits the first 

boundary of the catching guide. Over much longer propagation distances, however, 

all of the field eventually ends up in the catching guide; this "state" consisting of a 

single big lump plus weak radiation appears to be an attractor, and may be connected 

with soliton turbulence which will be discussed in Chapter 4. 

At twice the power (4So), however, the situation gets a bit more complicated. The 

fragmentation and energy exchange among solitary waves becomes uninterpretable, 

and the initial propagation is quite turbulent. Nevertheless, in the long run it settles 

down as before, but in contrast with figure (3.11), the asymptotic state consists of a 

surface wave at the emitting guide plus a trapped wave in the catching guide. From 

a device point of view, this is undesirable. 
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The lessons to be learned from this Section are simple. Solitary wave emission is 

robust enough to survive heavy saturation and absorption, but the capture is quite 

sensitive to non-Kerr effects. 

3.3 Slab emission in two transverse dimensions 

Calculations in one transverse dimension are useful for exploring the material param

eter trade-offs and developing an intuitive understanding of the solitary wave emission 

process. Ultimately, however, the more realistic three-dimensional problem (with two 

transverse dimensions) must be analyzed to make the connection with eventual ex

periments. The knowledge gained from working with the saturable as well as the Kerr 

nonlinearity in the one transverse dimensional problem will be useful here because 

the Kerr nonlinearity in three dimensions (two transverse dimensions) will lead to 

filamentation (blow-up instabilities46.47 ). According to the strict definition,9.48.49 a 

soliton must obey the following two conditions: 

• (i) it is a localized, travelling-wave solution whose 

• (ii) shape and speed are preserved under propagation, even if it collides with 

another soliton (only the phase is allowed to change). 

Recently Andersen et al.50 and Regan and Andersen51 have reported three

dimensional simulations for a Gaussian beam incident on a linear-nonlinear interface. 

Their results show that the incident beam collapses as it enters the Kerr medium, as 

expected. In contrast, the nonlinearity used here is saturable. 

Although the self-focusing aspect of the medium leads to self-bound beams, these 

structures are n.ot solitons in the strict sense of the word since their stability is not 
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Figure 3.13: Slab waveguide linear/nonlinear index layout. 

guaranteed.48 Instead they will be referred to as solitary waves. A further difference 

from Andersen's work is that he considered only one interface, whereas the calcu-

lations presented here are for a linear film bound by two interfaces, with a linear 

substrace below and a nonlinear cladding above as shown in Figure (3.13). In this 

configuration, when a Gaussian beam is injected at low power, it will remain within 

the film, while at high power, a solitary wave, localized in two dimensions, is emitted 

into the cladding and propagates away from the film. 

3.3.1 Numerical parameters 

\Vith the exception of the added spatial dimension, the waveguide parameters are 

all the same as for the two-dimensional case in the previous section; namely the 

film thickness is 70 (in the scaled units of equation (3.38)), the cladding and sub-



76 

strate indices are ne = ns = 1.55, and the index of the film is nJ = 1.551. In the 

same notation as before, the material parameters used are (p = 20, ~ = 22), yielding 

8nsat = l.S( n J - ne,s), corresponding to S = 3.6. To simplify the interpretation, mate

rial absorption has not been included in the response (although there is an absorptive 

region at the boundary to frustrate reflections - see Appendix A). A Gaussian beam of 

fixed profile but variable power was launched at the input, to simulate butt-coupling 

of a laser beam into the waveguide: 

(3.41) 

where 10 = 2Po/7rW5 is the peak input intensity in units of the saturation intensity 

1 + ~ 2 , and Wo is the Gaussian spot size, which is chosen to closely matches the TEo 

mode of the waveguide in the x direction for both waveguide widths described below. 

3.3.2 Single emission 

As demonstrated above, for an input beam at low power, the field will diffract in 

the y-direction while keeping its profile in the x-direction essentially unchanged due 

to linear guiding. In figure (3.14) the evolution of the beam for low and high input 

powers is shown. On the left, the input peak intensity is 10 = 1, and the field evolves 

essentially linearly, although in figure (3.14a) a slight displacement towards the upper 

nonlinear region is slightly noticeable. Before this shift has any time to grow, however, 

the diffraction along y spreads the field out and reduces the intensity at the boundary. 

In contrast, the field on the right has enough impetus to exit from the slab. The input 

intensity (which has a central peak of 10 = 30) causes enough of an index increase at 

the boundary that the field can start to flow out into the cladding where it forms the 
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Figure 3.14: Low (10 = 1) and high (10 = 30) power beam evolution in nonlinear slab 

waveguide 
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secondary peak which can be seen in figure (3.14e). Nevertheless, this self-binding 

process competes with the diffraction in the y-direction, and as (in analogy with the 

1D Kerr emission of Section (2.2)) the peak in the nonlinear medium grows at the 

expense of the peak in the guide, the initial y-diffractive phase curvature spreads the 

beam out in the nonlinear medium as can be seen in figure (3.14f). After drawing 

approximately 90% of the power from the slab, the beam breaks away (figure (3.14g)), 

all the while bearing the ghost of the initial diffraction in its elongated shape. As 

it gets away, however, the nonlinear self-binding takes over and pulls the filament 

together (figure (3.14h)). 

It must be kept in mind that the stability of this solitary wave is not guaranteed as 

it is in the ID Kerr case. Still, beyond this point it displays a remarkable robustness, 

as it remains localized until it collides with the boundaries of the numerical grid. 

During its propagation, the peak oscillates between 1 = 10 and 1 = 25. 

In order to display quantitatively the results for different peak input intensities 

10 , the mean displacement (x(z)) is calculated similarly to Section (3.1), although it 

is defined slightly differently here: 

(3.42) 

It should be noted that in equation (3.42) only the field at y = 0, which is the 

symmetry plane for this problem, is considered. In all the calculations in this Section, 

this symmetry was preserved under propagation so that (y(z)) = O. Figure (3.15) 

shows (x) as a function of propagation distance for a variety of peak input intensities. 

The horizontal lines show the positions of the waveguide boundaries. For 10 > 10 

the mean displacement increases monotonically with propagation distance and evolves 
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through the film-cladding interface. This indicates that a majority of the input power 

has broken away and is propagating away from the slab waveguide into the nonlinear 

cladding medium. 

3.3.3 Surface waves and multi-emission 

For the one-dimensional case with a Kerr nonlinearity, it is possible to obtain mul-

tisoliton emission in which a sequence of solitons are emitted as the field evolves in 

the propagation direction z (see figure 2 of Wright32
). For the three-dimensional case 

with saturable nonlinearity, as the peak input intensity is increased to 10 = 100 a 

novel effect is observed. Just as the nonlinear wave is emitted it self-focuses, and 

divides into two peaks as shown in figure (3.16a). As this pair continues to propagate 

away from the slab, it squeezes together in the y-direction and squirts out in the x-
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direction, and then vice-versa, much like a water balloon tossed in the air. According 

to a conjecture by Zakharov52,53, this ringing cycle will inevitably die down and leave 

a single "calm" solitary wave plus radiation. 

Figure (3.15) indicates a further interesting phenomenon, namely, for 10 = 10 

the mean displacement is seen to evolve nearly parallel to the film-cladding interface 

for z < 1000"\0' In figure (3.16b) the intensity profile for 10 = 10 is shown at z = 

1600"\0. As the field propagates, it remains localized in both transverse dimensions 

but the center of the beam oscillates perpendicularly to the slab while remaining in 

the vicinity of the boundary (see figure (3.15)). This suggests that localized surface 

waves are being excited, and are similar to those found by Akhmediev et al.54 ,55 for 

slab waveguides with nonlinear bounding media. 
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CHAPTER 4 

SPATIO-TEMPORAL INSTABILITY 

As an alternative to two transverse spatial dimensions, in this Chapter the pos-

sibility of one transverse spatial dimension plus the "transverse dimension" of time 

is considered. This introduces new dynamics into the problem, in that the sign of 

the temporal Laplacian corresponding to the group velocity dispersion (GVD) can 

be either positive or negative, depending on the material parameters and the central 

frequency of the optical field. In contrast, the spatial Laplacian cannot change sign. 

This is not the only way that time can be included in these types of problems. 

Mitchell & Moloney56 considered a time-dependent nonlinear response, and found 

that it could frustrate soliton emission. More generally, it would be desirable to 

model both the GVD and the retarded nonlinearity at the same time, but that would 

be beyond the scope of this Chapter. 

4.1 Equations and parameters 

The wave equation used in our calculations assumes paraxial conditions (for deriva-

tion, see Appendix B): 

(4.1) 

where t is the time in the moving reference frame and has been scaled to 

Jkb2 + kokg/ >'0. The sign of the GVD is given by ~ and can take on the values 

-1,0, +1, corresponding to normal, absent or anomalous GVD, respectively. The 
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index distribution is defined by 

where no = 1.55 is the background refractive index, b..n f = 0.001 is the linear index 

step between the film and the background, and the film thickness f = 56.0 is chosen 

such that the waveguide is single mode in the x-direction. For all the runs shown 

in figures (4.2) and (4.3) the (horizontal) temporal dimension ranges from -642 to 

+642, and the (vertical) spatial dimension ranges from -200 to +200, although only 

-100 to +100 is shown. The nonlinear function h"nnl(I£12) is either Kerr or saturable: 

Kerr medium: h"nnl = 

saturable medium: h"nnl = 

n21£12 

1£12 

n 2
1 + 1£1 2 

( 4.3) 

( 4.4) 

Equation (4.1) is solved on a grid with 256 space points along one axis and 128 time 

points along the other, as a function of the propagation distance z. The boundaries 

are periodic in the temporal direction, but an absorber is put on the edges of the 

spatial direction, which contains the index variations defining the waveguide. 

4.2 Normal GVD 

The issue of spatio-temporal instability for nonlinear guided waves in a self-focusing 

medium with normal GVD has not been previously considered. Modulational in

stability in fibers 57,58 has been investigated, but transverse spatial variations of the 

field are relatively insignificant in this case, so fiber modulational instability can be 

treated as a one-dimensional (temporal) system. As a consequence, the instability 
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only occurs for situations in which the nonlinearity of the medium has the same sign 

as the GVD. 

For a homogenous system (in which the n 2 term in equation (4.1) has no spatial 

variation) with normal GVD, the instabilities were studied in the context of shallow 

water waves. 59 ,60 It was found that the distribution of spatial k-vectors which manifest 

the instability fill the region of k-space between the hyperbola k; - k; = ",2 and its 

asymptote k; = k;. Thus an unstable direction can be found for any magnitude of 

kj there is no cutoff spatial frequency beyond which a system described by equation 

(4.1) with different signs for the Laplacians is stable. 

Although the waveguide used in this Chapter is not everywhere nonlinear, one 

might expect that the "shallow water waves" instability described above might affect 

the stability of the guided wave nonetheless. The numerical propagation results shown 
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in figure (4.2) validate this suspicion. The top row of figures correspond to branch (I), 

the middle row to branch (II), and the bottom row to branch (III). In all three cases, 

the one-dimensional spatial solution to the nonlinear wave equation is injected with 

a small random spatio-temporal perturbation (with an amplitude of 0.001 relative to 

the guided-wave solution). The left column is the input field, and the two subsequent 

columns are further along in the propagation. In figure (4.2 bottom right), a solution 

corresponding to branch (III) has clearly developed temporal oscillations which have 

led to a spatial redistribution of the field. This is not surprising, as the branch (III) 

solution is almost entirely in the nonlinear medium and consequently is affected by 

the full brunt of the instability. 

Since the branch (II) solution is unstable in one dimension, it is (trivially) unsta

ble in two dimensions. In fact the 1D spatial instability which has been previously 

observed30 developed more rapidly than did the spatio-temporal instability, as can be 

seen by comparing (RosS, z=O) with (RosS, z=lS00) in figure (4.2). The spatial pro

file has changed drastically, but the temporal oscillations are barely noticeable. After 

the initial field reorganization which puts the field near the branch (III) solution, the 

instability proceeds as in the bottom row. 

Perhaps the most interesting case is branch (I), which is quite stable with respect 

to spatial perturbations. Most of the field is inside the linear film, but the tail extends 

out into the nonlinear cladding, where it can develop a spatio-temporal modulation. 

As figure (4.2) attests, this is enough to drive the rest of the field unstable, albeit 

three times more slowly than for the other two cases. 

These examples of spatio-temporally unstable evolution of spatially stable solu

tions for branches (I) and (III), combined with the branch (II) spatially unstable 
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solution, indicate that the entire family of solutions characterized by the curve shown 

in figure (4.1) can be destabilized by the inclusion of normal GVD. 

4.3 Anomalous GVD 

With anomalous GVD, the wave equation is of the same form as the two-transverse 

dimensional spatial wave equation. For this case, it has been sh9wn theoretically61,62 

that all branches of the dispersion curve shown in fig (4.1) are unstable, in contrast 

with the one-dimensional case, where only branch (II) is unstable. Moloney63 had 

previously tested all three branches by direct numerical propagation, and found that 

indeed branches (II) and (III) are unstable, but found no evidence for instability on 

branch (I). In fact it was found here that the instability on branch (I) develops more 

slowly than on branches (II) and (III), but is present nonetheless. 

In the work by Vysotina et al.,62 the predictions for the modulational instability 

frequency with highest gain for branch (I) are much shorter that what was observed 

here, but the inverse growth rate of approximately 1000 seems to agree well with the 

results shown in figure (4.3). This may be due to the fact that the prediction was for 

an instability eigenfunction, which may not be particularly well represented in the 

random initial conditions used in the propagation. 

The branch (II) and branch (III) propagations agree well with Moloney's previous 

results for two transverse spatial dimensions. 

Summary 

Even though only a few examples have been shown here, there is no reasonable doubt 

that the entire branch (II) and branch (III) solutions will be unstable. However, for 
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branch (I), this is not immediately clearly the case, because the overlap between the 

field and the nonlinear region is small. One of the results from Chapter 3 helps to 

elucidate this question. 

It was argued on page 68 that the dynamical length scales (both transverse and 

longitudinal) can be related to induced nonlinear index changes. The propagation 

distance for a given effect to take place scales inversely with the nonlinearity, and the 

transverse structure size scales as the inverse square root of the nonlinearity. 

To the extent that spatial shape differences between different solutions along 

branch (I) can be ignored, the index change at the film-cladding boundary is pro

portional to the power. Since this boundary nonlinearity is the largest one that the 

branch (I) solution sees, this would indicate not only that all of branch (I) is spatio

temporally unstable, but also that the propagation distance over which the instability 

manifests itself increases with decreasing input power. Testing this conjecture fully 

requires significant computational resources; the limited propagations that have been 

calculated in the branch (I) regime seem to follow this general trend. 

4.4 Beyond the instabilities 

For a self-focusing Kerr nonlinearity, when the power in the nonlinear region exceeds 

a certain threshold (11.69 in the units used here64 ,65,66), the field focuses to a small, 

bright spot in a runaway process known as self-filamentation.46 ,47 When this occurs, 

new physical phenomena are brought into play, and the approximations inherent in 

the wave equation (4.1) are no longer valid. To avoid this situation, the saturating 

model for the nonlinearity in equation (4.4) is employed. 
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Figure 4.4: Sub-threshold solitary wave emission using group velocity dispersion. 

4.4.1 Solitary wave pulses from a continuous input 

In figure (4.4) the calculation of figure (4.3) above is repeated, but with the saturating 

nonlinearity. The one-dimensional spatial field profile is well below the minimum 

required for solitary wave emission; the peak is at 1.25 times the saturation intensity, 

and for the waveguide parameters used here, the peak would have to exceed 1.75 

times the saturation int.ensity for emission to occur. 

Rather than inject a random perturbation on the spatial Gaussian, a single fre

quency modulation was used. In order to optimized the process, the periodicity with 

highest gain was picked from the branch (1) curve of figure (4.3). Since all the peri

oels were represented to some degree in the random perturbation in figme (4.3), it is 

reasonable to clssume t.hat the dominant wavelength which appears in the final plot 

is the periodicit.y with t.he highest gain. 

The initial development is quite slow, with the field oscillating slightly back and 
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forth within the waveguide, while the temporal modulation gradually grows in am

plitude. The middle plot in figure (4.4) shows a very distinct peak, which extends 

further out into the nonlinear region than the rest low-power regions of the field. 

After several thousand more wavelengths, almost all the power has been pulled into 

the central peak, due to the nonlinearly increased index, and the peak has escaped 

completely into the nonlinear medium. 

So, the system starts as a field which is temporally continuous, or completely 

unbound in time, and so weak that it must be linearly bound in space. Through 

a process which combines modulational instability with solitary wave emission, the 

system generates a spatio-temporal pulse, nonlinearly bound in both space and time. 



CHAPTER 5 

FIBER 
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In previous Chapters, the one-dimensional distribution of the index of refraction 

was symmetrically extended to a second dimension, maintaining a slab structure. In 

all cases, the nonlinearity was only in the cladding, so that the emitted solitons or 

solitary waves had only one direction to go. 

An alternative generalization of the index distribution in two dimensions which 

preserves the one-dimensional geometry containing a central region of high index 

bounded by regions of lower index is a cylindrical distribution, such as in an optical 

fiber. Fibers contain a (typically) circular core with a slightly higher index than the 

surrounding cladding. Additionally, the model used here has a self-focusing nonlin

earity in the cladding, consistent with Chapters 2 - 4. One might expect that, just 

as in the previous cases, a solitary wave would be emitted from the core into the 

cladding. However, the cylindrical symmetry introduces an ambiguity: if the input 

beam and the core have no angular variation, then there is no inherent directional 

bias for the emitted solitary wave. If only one is emitted, then it is not obvious which 

direction it will take. If several are emitted, they might reasonably be expected to 

travel in opposite directions to conserve momentum, but again it is not clear how 

many should be emitted. 

In fact, what is observed in the numerical experiments is that the solitary wave 

goes out in all directions, forming an expanding ring. However, this ring can become 

unstable, and as will be shown below, it eventually breaks up into filaments via a 

modulational instability. 



93 

,Ji: 
500 I 

I 
I 
I 

>- I 
CII I 
c: ~------Q) 0 

'"C ~ 

:J .... -Ci 
E -500 « -500 500 

'"C Trans X 
Q) 

i.L. 

OL----------~------~~~~ __ __ 
a 50 100 

Radius 
Figure 5.1: Comparison of LPo} mode of fiber and approximate Gaussian. Inset shows 
the quadrant of the field displayed in figure (5.3); the black spot in the center is the 
fiber core. 

5.1 Model and physical parameters 

The fiber refractive-index distribution has the form: 

for r < ro; 

for l' > ro, 
(5.1) 

where ro is the fiber core radius and t:msat is the saturated value of the nonlinear index 

change. For all the calculations shown here the background refractive index no = 1.55 

and the linear index step !J.nl = 0.001, for which the fiber is weakly guiding35 and 

single mode. 70 
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In all the calculations, the input field was 

(5.2) 

and the input power Po = 7rW5Io/2 was varied, where 10 is the peak input intensity. 

For the parameters above, a Gaussian field profile with spot size Wo = 45 approximates 

the single linearly guided mode LPol • Figure (5.1) shows the injected field (dashed 

line) in comparison with the guided mode (solid line). 

5.2 Ring emission and break-up 

For the slab waveguide, the established rule of thumb is that for localized wave emis

sion from waveguides to be possible, a minimum requirement is that the saturated 

value of the nonlinear index change must exceed the linear index step: .6.nsat > .6.ne. 

Bearing this in mind, the initial parameters are chosen such that .6.nsa t = 1.8.6.ne and 

a Gaussian beam is injected with 10 = 100, which guarantees that the requirement is 

met at the core-cladding interface. Figure (5.2) shows the evolution of the intensity 

profile 1£(" z)12 for this case, which remains cylindrically symmetric, thus forming a 

ring. The ring radius Rpeak increases with propagation distance as the peak intensity 

of the ring Ipeak drops. Since the power contained in the ring must remain constant, 

one might expect that the peak intensity of the ring would be inversely proportional 

to the ring radius. In fact we measure that the product IpeakRpeak undergoes damped 

oscillations as shown shown in the inset of figure (5.2), indicating that the radial pro

file of the ring "breathes" as the ring propagates away from the core. This breathing 

was also previously observed in the soliton emi~sion in Chapter 2 (see page 35). 
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Figure 5.2: The solid line is the intensity profile of the emitted ring at propagation 
distances of 500).0, 1000).0, 1500).0, and 2000).0, as the ring expands out from the ori
gin. The arrow denotes the intensity of the peak of the ring in units of the saturation 
intensity. The dashed line is the cosh-2 profile of equation (5.3). Inset shows the peak 
of the fing multiplied by the radius of the peak as a function of propagation distance, 
which would be fiat if equa.tion (5.3) were exact; the circled points correspond to the 
profiles shown below. 
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Despite the fact that the nonlinearity is well saturated at the peak of the ring, 

the radial intensity profile far from the core is well approximated by 

IC'{ )12 = 7] h-2 (, - Rpeak{Z)) 
C- " Z R () cos 

peak Z a 
(5.3) 

where 7] and a are constants. The dashed lines in figure (5.2) denote these approx-

imate solutions that we would expect without breathing. The parameters a, 7], and 

Rpeak were fitted by eye at z = 2000"\0, where most of the breathing has subsided. 

At the shorter propagation distances, Rpeak is again fitted by eye, but a and 7] are 

held constant. Comparison of the solid and dashed lines clearly shows the breathing 

of the emitted ring. 

When llnsat is smaller than the core-cladding index step llne, we observe that 

no rings are emitted, as expected. However, as llnsat is increased, the field intensity 

needed to eliminate the index difference at the core-cladding boundary is reduced. 

Thus ring emission is expected to occur at lower powers as llnsat is increased. Figure 

(5.3) shows the results for the case where lln.mt = 4llne. Figure (5.3b) corresponds to 

the same input power as in figure (5.2), and figure (5.3a) is at 30% of that value. The 

most obvious new feature in figure (5.3b) is that two rings are emitted instead of only 

one, for the same input power as in figure (5.2). At the lower power shown in figure 

(5.3a), the ring is fully free from the core and propagates away while developing 

an azimuthal modulation. However, for the higher power shown in figure (5.3b), 

the inner ring, whose peak intensity is of the order of the saturation intensity, has 

also developed an azimuthal modulation, while the other ring, which has a peak 

intensity 2.5 times the saturation intensity, displays no apparent modulation. Note 

that cylindrical symmetry is also preserved in figure (5.2) where the intensity does 



97 

3 3 

>. >. - -in 'in c 15 c 15 OJ OJ - -c c 

0 0 

(0) (b) 

Figure 5.3: Single quadrant intensity profiles for single and double ring emission. 

not drop below four times saturation. In all cases examined, the rings retain nearly 

perfect cylindrical symmetry (to the extent possible on a cartesian grid) as they are 

emitted from the core. The azimuthal modulation develops as the ring expands away 

from the core and the peak intensity drops down to near the saturation intensity and is 

due to a transverse inst.abilit~·:17.71.72 Transverse inst.abilities arise for nonlinear waves 

whose description requires fewer dimensions than that of the full geometry in which 

the problem is posed. For the case at hand, the rings can initially be described by 

using the two-dimensional coordinates (1', z). The transverse instability corresponds to 

growth of pert.urbations that depend on the azimuthal angle 0 in three-dimensional 

cylindrical coordinates. ",hidl results in periodic ])('am breakup:'7.73 Such periodic 

beam breakup has beell disclIssed by Campillo et (d:'7 for the case of self-focusing in 

a Kerr-type nonlinear llwdiurll. 

III mall)' of om 11lll1Wrical simlllations t.he observed azimllt.hal modulation of the 
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rings had fourfold symmetry, which would seem to implicate the Cartesian numer

ical grid as the source of the symmetry-breaking perturbation. Indeed, when small 

perturbations of other than fourfold symmetry were introduced, it was possible to 

induce a variety of different paths through which the symmetry breaking evolves. For 

example, when the center of the injected Gaussian and the center of the waveguide 

differed by a few percent of the waveguide width, the breakup was biased towards 

the side of the waveguide closest to the center of the Gaussian. However, it must be 

pointed out that in any physical realization of this system there shall be imperfections 

in the cylindrical symmetry of both the fiber and the input beam, and these will act 

as sources for any latent transverse instabilities. 

Given that angle-dependent perturbations exist for all rings, it is curious that the 

transverse instability grows on some rings but not on others, as evidenced in figure 

(5.3b). An intuitive explanation for this can be obtained by considering the one

dimensional modulational instability for a self-focusing medium.71,72 Here the true 

radial dependence of the field profile is ignored and the ring corresponding to the 

peak of the intensity profile is treated as an effective one-dimensional problem with 

periodic boundary conditions. In this effective one-dimensional picture the field is 

initially flat with intensity Ipeak and period 271" Rpeak. If Ipeak is several times higher 

than the saturation intensity, then a given modulation of the field will produce a 

smaller nonlinear change in the index than it would have if Ipeak were only a fraction 

of the saturation intensity. We can therefore think of the rim of the ring as having 

a local Kerr coefficient n2(Ipeak) = 6.nsat!(l + Ipeak) that decreases as Ipeak increases 

and the response saturates. From the one-dimensional analogy it then follows that 

the spatial modulation wavelength Amax of maximum growth rate varies inversely 
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with the local Kerr coefficient. 71 •72 As n2(Ipeak) is decreased, Amax is increased and 

vice-versa. Thus if the ring peak intensity is well above saturation, the circumference 

of the ring L = 27r Rpeak is too short to support four modulation wavelengths in the 

gain regime. This interpretation is presented in more detail in Section 5.4. 

In general, several spatial rings may be emitted into the nonlinear cladding and 

subsequently go unstable. It is important to point out, however, that no ring can 

propagate away from the core indefinitely and remain stable against transverse in

stabilities. As Rpeak increases, Ipeak will decrease (by conservation of power in the 

ring), which causes the local Kerr coefficient to increase and permits a smaller Amax 

to experience gain, and concurrently L will increase. Eventually L will always exceed 

Amax, and the ring will be unstable. 

5.3 Filament dynamics 

A dramatic example of this is shown in figure (5.4), where a Gaussian beam with 

10 = 20 was injected into a fiber with ~n3at = 8~nl. A sequence of three concentric 

rings was emitted, with each ring undergoing transverse instability in turn. The net 

result is that each ring breaks down into a set of filaments or hot spots.71 Figure (5.4) 

shows the intensity profile after a propagation distance z = 1500Ao. Four filaments 

remain from the middle ring, and there are another four from the outer ring that are 

not shown in the figure. As the system evolves through propagation, the filaments 

in close proximity of one another react violently. Each filament is self-trapped owing 

to the higher refractive index at their center relative to its periphery and is also 

attracted to other nearby filaments owing to the higher index at its center relative to 

the background (in analogy with the attraction between temporal solitons in optical 
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Figure 5.4: Filaments produced from the breakup of the ring. 

fibers74 ). This attractive force between the filaments in figure (5.4a) causes them to 

remain in the vicinity of the fiber over long propagation distances. Nevertheless, they 

do not simply coalesce into one large filament. Instead they maintain a remarkable 

consistency in their sizes, with half-width at half-maximum (HWHM) variations of 

no more than a factor of 2 between filaments. 

A possible explanation for the homogeneity of the filament sizes involves the length 

scale introduced by the saturation of the nonlinearity. In the case of two-dimensional 

self-focusing with a Kerr response, a localized packet of light which is above a crit-

ical threshold will collapse into a singularity with infinitesimal width and infinite 

height. 47 Below the critical power threshold, the packet cannot hold itself together 

and disperses. In neither case is the filament stable, and no transverse scale of length 

can be used to characterize the filament. This is evident in the fact that the cubic 

nonlinear Schrodinger equation (1.19) is symmetric under the following transforma-
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(5.4) 

Saturation, on the other hand, will arrest the runaway process of critical filamenta-

tion because there is a maximum to the index difference which can be induced. Since 

the index distribution can be thought of as a potential energy well,. this is analagous 

to saying that for a potential well of a given depth, there is a limit to how tightly 

bound the wavefunction can be. Thus there is a minimum size for the wavefunction, 

and hence a transverse length scale. 

The exact value of this length scale can depend on many things: 

• The quantity used to characterize the length; for example, the HWHM value 

of the guided field will in general differ from the 1/ e distance or the average 

displacement (r) = J Ir£12dr. 

• In the linear case, the shape of the potential energy well. 

• In the nonlinear case, the form of the index change as a function of intensity; 

the choice here (see equation (5.1)) is a ratio, elsewhere75 an exponentially 

saturating function is used such as ~nsat(1 - e- I£1
2
). 

Nevertheless, the important point is that the saturation does introduce a length scale 

that is not present in the cubic nonlinear Schrodinger equation. In figure (5.5a) the 

HWHM of stationary solutions in two dimensions as a function of the peak intensity 

10 is shown for both the Kerr response (dashed) and the saturable response (solid). 

For intensities which are low with respect to the saturation intensity, the two lines 

merge, as expected. As the intensity approaches the saturation value, the width of 

the guided field in the saturable case does not reduce as quickly as in the Kerr case 
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Figure 5.5: (a) HWHM as a function of peak intensity for nonlinearly guided waves 
in a 2D homogeneous saturable medium; (b) guided intensity profiles corresponding 
to the three solutions denoted by the tokens in (a). 

because the index change is not as large in the center of the field. As the intensity 

goes well beyond the saturation value, the HWHM actually becomes larger than the 

minimum value of 1.86. The intensity distribution for the three labelled points is 

shown in figure (5.5b). It is in the vicinity of this minimum that the filaments of 

figure (5.4a) reside. 

Zakharov et a1.52
•53 have conjectured that the inevitable long-term behaviour of 

these filaments is to coalesce into one big lump in a sea of radiation. We were unable to 

propagate the filaments far enough to ascertain whether this is true for the saturable 

case; if it is inevitable, then it certainly is slow. 

5.4 Modulational instability: one-dimensional analogy 

The previous Section examined the filament interactions; an intuitive explanation for 

the instability leading to the formation of these filaments was given in Section 5.2. In 
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this Section, the heuristic argument of Section 5.2 is given a mathematical framework. 

Starting from a nonlinear Schrodinger equation of the form: 

(5.5) 

there is the obvious plane-wave solution Ao when 

(5.6) 

To investigate the stability of this solution, perturb it slightly by setting 

A = Ao + c(rj (5.7) 

Choosing an Ic(rjl « IAol allows expansion of the nonlinearity around Ao: 

(5.8) 

For infinitesimal c we can truncate the series of equation (5.8), keeping only the terms 

which are linear in c. Substituting (5.8) into (5.5) yields: 

Subtracting the plane-wave equation leaves: 

2; ac + ,,2 2 • vTc - q c az (5.10) 

(5.11) 



Using (5.6) and simplifying gives: 

Conjugating to provide the pair of equations: 

2i ;; + V'}E + g'(IAoI2)(A~E + AOE*)Ao = 0 

-2i~~ + V'}E* + g'(IAoI2)(AoE* + A~E)A~ = 0 

104 

(5.12) 

(5.13) 

(5.14) 

Taking advantage of the linearity of equations (5.14), we can consider a single spa

tial Fourier component of the perturbation E, which has wave-vector k. The Laplacian 

term can then be re-written: V'}e-ik.r = _Pe-ik.r. 

Forming a column vector r from the conjugate pair (E, E*) allows us to write the 

pair of equations (5.14) in the following way: 

(5.15) 

where we have dropped the arguments to 9 and g' for convenience. Now we seek the 

eigenvalues of the matrix, so that we may obtain solutions of the form r = roeoz. 

These eigenvalues 8 obey the following quadratic equation: 

(5.16) 
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Solving for the eigenvalue: 

82 
- l {(g'I AoI2)2 - (k2 - g'IAo12? } 

l{k2g'IA012 - k4} 

~ 8 ±~v'g'IAoI2 - k2 (5.17) 

Clearly 8 is real only for P :5 g'IAol2j instability only occurs for positive g', and for 

If I smaller than an upper bound k max • Beyond k max , the perturbation € only oscillates. 

For all nonlinear functions 9 the maximum wave-vector which experiences gain/loss 

is k max = v'g'IAoI2. The negative eigenvalues of equation (5.17) will be ignored in 

the remainder of this discussion as they correspond to perturbations which decay and 

become insignificant in any physical system. The gain 8 peaks at kpeak = k max /V2. 

These wave-vectors give a natural transverse length scale for instability: 

271' 
k max 

271' 
(5.18) 

v'g'IAo12 
J2>'min (5.19) 

The peak value of the gain is: 

(5.20) 



which gives a natural longitudinal length scale for instability 

4 
Zsj 

k;ax 
4 

g'I Ao12 

5.4.1 Saturable versus Kerr nonlinearity 

For the Kerr nonlinearity, the response 9 and its slope g' are given by 

and the maximum wave-vector kmax = y'9. 
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(5.21) 

(5.22) 

(5.23) 

Since the archetypical Kerr nonlinearity is simple in form and has been extensively 

studied, we shall lean on it as much as possible to take advantage of the intuition which 

has been built up around it. Equation (5.23) suggests that for non-Kerr nonlinearities, 

an "effective Kerr coefficient" be defined as n2,ej j = g'. 

For the two-level atom saturable nonlinearity, the response 9 and its slope g' are 

given by 

(5.24) 

(5.25) 
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In the limit of large IAol: 

n2,eff --jo 6.n satIAOI-4 (5.26) 

kmax --jo J 6.nsa tIAol-1 (5.27) 

Amin --jo 271" IAol (5.28) 
6.n sat 

For small IAol: 

n2,eff '" 6.n sat (5.29) 

kmax '" J 6.n sa tl Aol (5.30) 

Amin '" ~IAol-l (5.31) 
6.n sat 

Thus the minimum wavelength for instability initially drops linearly with the field, 

then turns around and increases linearly with the field due to saturation. 

5.4.2 Comparison between ID model and propagations 

Figure (5.6) shows Amin (solid curve) and Apeak = y'2Am in (dashed curve) as a func

tions of IAoI2. In order to verify the 1D modulational instability interpretation of the 

ring breakup, this is compared to measurements made on propagated fields as they 

break up. 

Since the ring experiences a fourfold perturbation, the biggest (initial) deviation 

from symmetry will be observable in the difference between the field cross sections 

along two radial lines separated by an angle of 271" /8; this is the separation between 

the peak and the valley of the four expected modulation waves around the perimeter 
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Figure 5.6: Comparison of the ID modulational instability threshold with the insta
bility development in the 2D propagations. The vertical axis is wavelength, and the 
horizontal axis is intensity. The region above the solid horizontal curve is predicted 
to be unstable; the dashed curve denotes the points of highest gain. Three different 
propagations are shown, and the separation of the pairs of lines in each case is a 
measure of the breaking of the symmetry of the ring. 
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of the ring. 

Following the evolution of the ring along the horizontal direction, the peak inten

sity Ipeak is plotted versus 1/4 of the ring perimeter 211" Rpeak /4, as an implicit function 

of the propagation distance. The same is done for the ring evolution along a diag

onal direction. If the ring stays perfectly azimuthally symmetric, the two lines will 

coincide. As the modulation develops, however, the lines will diverge and indicate 

symmetry breaking. 

These measurements were done on three different propagations, leading to three 

different pairs of lines in figure (5.6). As the rings expand outwards, the lines go 

from the lower right corner towards the upper left corner of the figure. This is 

intuitively correct, because the peak is expected to drop as the perimeter expands, 

by conservation of flux. 

In all three cases, it is obvious that the rings only break their symmetry after 

crossing the instability edge for the 1D model. This seems to indicate that the basic 

mechanism for the breakup can be understood in terms of a single degree of freedom, 

although the situation is somewhat clouded here because the rings continue to expand 

and to change their modulational instability gain function as they propagate. 

In a more controlled analysis,82 azimuthal-instability eigenfunctions were calcu

lated for second- and third-order cylindrically symmetric bound states of a homo

geneous saturable medium. Excellent agreement was found between the 1D model 

predictions for the number of filament peaks and the results from the 2D propagations. 
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CHAPTER 6 

RESTRAINED SECOND DIMENSION 

In previous Chapters, the issue of critical filamentation which arises for a two 

transverse-dimensional space with a Kerr nonlinearity was a major limitation. Either 

the calculations were done in one transverse dimension (Chapter 2), or a saturating 

nonlinearity was used (Chapters 3 and 5) in order to arrest the runaway filamentation. 

In Chapter 4, when the field did get out to the nonlinear (Kerr) region, filamentation 

took place. Of course, if less power than the critical power (11.69 in the units used 

here) is injected into the nonlinear medium, the beam just disperses. 

6.1 Background 

Although the choice between blowup and dispersal might seem unavoidable for a Kerr 

nonlinear medium, this is true only if the medium is homogeneous. In fact, a nonlin-

early self-bound soliton-like packet can be propagated in two transverse dimensions, 

by tailoring a waveguide such that the system becomes quasi-one-dimensional. If the 

field can be strongly bound and restricted to a single mode along one dimension by 

linear means, then (to a good approximation) it only has freedom to change within 

the other dimension*. If the intensities are kept low enough such that nonlinear index 

changes do not approach the linear index step binding the field along the "strong" 

direction, then there is the possibility of nonlinearly self-binding along the "weak" 

direction. 

·This idea of "reduced dimensionality" is used in semiconductors to create quantum wells, quan
tum wires and quantum dots, where a crystal is grown in such a way that the wavefunctions for the 
electrons are restricted to two, one, or zero dimensions, respectively. 



111 

6.1.1 Bellcore experiments 

This idea of restricting one of the dimensions is exactly what was done by a research 

group at Bellcore recently in a series of experiments.83 They started with a glass 

(Si02 ) slide, containing sodium ions, and diffused potassium into the top surface in 

an "ion exchange" process.84 Since potassium has a larger electronic polarizability 

than sodium, the top layer of the glass acquired a larger index of refraction. Then 

a second ion exchange was used to replace some of the potassium with sodium ions, 

and reverse the index change of part of the top layer. This three-layer stratification 

is thus roughly symmetric, with the middle layer of thickness ~ 3 - 4J.lm having an 

index increase of roughly 0.007 above the index of 1.53 of the upper and lower layers. 

The length of the waveguide is 5mm. The wavelength of the laser used was 620nm, so 

the waveguide was approximately 6 wavelengths thick, and the propagation distance 

was slightly more than 8000 wavelengths. 

A beam of 75fs pulses with a spatial beam size of 15J.lm FWHM within the film 

and 1.5J.lm FWHM across the film was injected into the middle film. At low powers 

it dispersed within the film, while at higher powers it held together and exhibited an 

approximate soliton shape (the minimum output width was for a power of 400W). 

No blowup was observed, even though the profile was self-bound and the nonlinearity 

for Si02 is of the Kerr type. The implication is that the quasi-lD concept is valid. 

6.2 Bridging the gap between ID and 2D 

An alternative to emission from a slab into the cladding is to embed two channel 

waveguides within a slab so that the solitary wave that is emitted from the input 

channel will be constrained within the slab as it travels across to the trapping channel. 



A = 1.55 

B = 1.551 

C = 1.55105 

NL = Kerr nonlinearity 

Figure 6.1: Buried channel waveguide geometry. 

This index configuration is shown in figure (6.1). Just as before, the background index 

is no = 1.55, and the slab index is nj = 1.551, so that a film thickness of f = 56.0 

yields a one-dimensional, monomode waveguide. To restrain the linear diffraction 

within the slab, a pair of channels are buried within it, but with a very small index 

step so that they are weakly guiding. The index difference between the channel and 

the rest of the slab is 5 x 10-5 , whereas the index difference between the slab and the 

background is 1 X 10-3 • Thus it is possible to change the index· enough to overcome 

the channel-slab index step, without greatly perturbing the slab-background index 

distri bu tion. 

In the Bellcore experiment, the nonlinearity was everywhere the same. In the 

calculations done for this Chapter, the distribution of the nonlinearity is chosen in 

accordance with the effective-particle theory of Chapter 2 so that the emitted soliton 
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will be trapped in channel 2. Thus channel 2 and the gap between the channels are 

both nonlinear, and the rest is linear. 

As mentioned in Chapter 2 and as demonstrated in figure (6.3) below, the gap 

between the guides can be arbitrarily large, because the soliton will not change as it 

crosses the gap. However, to decrease the calculation time, a relatively small gap of 

700'\0 is chosen. Within the slab which has width f = 56.0, the width of each channel 

is 300'\0. This linear index distribution yields a mono mode channel. 

The first step in the calculation is to find a good approximation to the linearly 

guided mode of the input channel. This proves to be a bit more subtle than one 

might expect, and in fact has been the subject of much attention in the literature for 

a number of years.85,40,86 Suffice it to say that treating the problem as separable in 

x and y and using a Gaussian approximation to the guided mode of each dimension 

separately does not work. A relatively good fit in terms of Gaussians was found by 

setting Wx = 40 and Wy = 200. 

This input field is shown in figures (6.2a and 6.2b), and the final field after a linear 

propagation of 10000'\0 is shown in figures (6.2a and 6.2b). The contour plots on the 

right indicate that the field profile becomes a bit more "square" to fit the channel, 

and the grid plots on the left show a slight increase in the peak amplitude as the 

field eases into the mode of the channel. Nevertheless, the input field appears to be 

a relatively good approximation. 

6.2.1 Nonlinear propagation results 

Now the same waveguide is used but a much higher power is injected, such that the 

nonlinearity becomes important. The total input power is 8.0, which is less than the 
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Figure 6.2: The approximate linear mode of buried channel. The top field is the 
injected Gaussian, the bottom field is after a propagation distance of 10000>'0. 
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Figure 6.3: Quasi-lD soliton emission and capture. The top frame is the injected 
Gaussian, and the frames beneath correspond to propagation distances in increments 
of 8000Ao. 
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critical power (11.69)64,65,66 for filament at ion in a homogeneous 2D Kerr system. A 

beam with a power of 8.0 in such a nonlinear system without the boundaries of figure 

(6.1) would not be able to hold itself together. 

In figure (6.3), the intensity contours are shown as a function of propagation 

distance, with the top frame at z = 0, and the successive frames below in steps of 

.6.z = 8000, ending with the bottom one at z = 72000. The thin lines denote the 

waveguide boundaries, while the thick lines separate the different frames. 

As in figure (6.2) above, an oblong Gaussian (with aspect ratio 5 : 1) is injected 

in the top frame of figure (6.3). In the second frame it has begun to lean towards 

the nonlinear side of the input channel, and in the third a sharp peak has formed in 

the nonlinear region. This "lump" breaks away in frame 4 and travels across to the 

catching channel in frames 5 and 6. Between frames 6 and 7, it crosses the boundary 

of the catching channel with very little radiation loss, and no spatial pulse breakup 

as in figure (3.9) on page (70). Note that the transverse velocity between frames 

6 and 7 is larger than the velocity between frames 3 and 6, which stays constant. 

This acceleration of the solitary wave can be understood in the "equivalent particle" 

picture of Chapter 2 as a gain of momentum of the "particle" as it rolls down the slope 

of the "well" in figure (2.2) on page 42. Frame 7 shows the spatial pulse distorting 

as it hits the "linear wall" on the far side of the catching channel, which causes some 

of the travelling-wave components to escape as radiation even as the "particle" is 

bouncing off the wall. After the inelastic collision, it reverses direction but cannot 

escape the catching channel, as shown in frames 8 and 9. By frame 10, the spatial 

pulse has fallen back in to the catching guide, in which it continues to bounce around 

for further propagation distances. The field left behind in the input channel seems 
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to be settling into a mode in frames 3 through 7, but in frames 8 through 10 it is 

obviously perturbed by the stray radiation from the collisions which have taken place 

at the catching guide. 

Comparison of figure (6.3) with figure (2.4b) on page 44 shows a remarkable 

similarity between the ID soliton coupler and this quasi-ID realization. In the next 

Section the agreement of these two models is examined. 

6.2.2 Validity of the ID treatment 

The upper curve in each of the figures (6.4a) and (6.4b) shows I&(x = O,y)l2, which 

is the intensity along the center of the slab. Superimposedt in both plots is the 

x-averaged intensity as a function of y. If &(x, y) were completely separable, i. e. 

&3(X,y) = X(x)Y(y), then the upper and lower curves would coincide (to within a 

constant factor). The extent to which the two curves differ gives a measure of the 

deviation from separability, and hence qualifies the ID approach of Chapter 2. 

Figure (6.4a) corresponds to the propagation distance between frames 2 and 3 of 

figure (6.3), and figure (6.4b) corresponds to frame 6. In each case, a slight deviation 

from overlap between the two curves indicates that there is slight reshaping of the 

x-component of the profile in that region. Clearly for low intensities, the nonlinear 

index change is not large enough relative to the slab-background index step to cause 

a change in the x-component of the profile, but at the peak of the intensity, there is 

approximately a 10% deviation. At these points, the x-peak intensity rises above the 

x-average intensity due to the sharpening caused by the nonlinear index change in 

the slab. 

t An overall scale factor is included to put both curves in the same units and so they have the 
same initial amplitude. 
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Figure 6.4: Comparison of fields from the ID projection (lower curve in each plot) 
and the central region (upper curve in each plot). The rectangle centered at y = -500 
denotes the position and size of the input channel. 
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These curves give a sense of the validity of the ID spatial approximation of ear

lier Chapters. "Freezing out" the second transverse dimension by strongly guiding 

the field within a slab yields a system which is qualitatively the same as a single 

transverse-dimensional approximation. Although the example of this Chapter is 

aimed explicitly at the soliton switch of Chapter 2, the excellent agreement indi

cates that the spatio-temporal results of Chapter 4 would be applicable to a fully 

three dimensional system (two transverse space dimensions, plus time, as a function 

of propagation distance) when one of the transverse degrees of freedom is strongly 

restricted by a slab waveguide. 
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OUTLOOK 
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Self-bound packets of light can in principle be generated at the boundary of certain 

nonlinear optical waveguides. This dissertation has explored this effect in different 

spatial waveguide geometries, including one which might eventually lead to a spatial 

soliton-based all-optical switch and which is not far removed from current spatial 

soliton experiments. 

The computations of Chapter 6 demonstrate that if the film used in the Bell

core experiment contained buried waveguides with the appropriate parameters, this 

switch could be experimentally verified. Thus the future direction for this research 

project involves fabrication of the waveguides. More generally, materials with larger 

nonlinearities and small absorption would make experimentation involving some of 

the other geometries more feasible. 

On the computational end, the logical direction to proceed would be to look at 

the full 4D spatio-temporal system, with two transverse dimensions plus time as a 

function of the propagation distance. The added dimension might reintroduce the 

blowup instability into the restrained-dimensional Kerr system, although additional 

temporal dynamics might arrest the blowup beyond some point. Currently, these 

calculations would require unreasonably large computational resources. 

This touches on yet another issue that has been ignored, which is the temporal 

dynamics of the nonlinearity. Group velocity dispersion is a generic way to include 

time in the calculations, in that it follows naturally from an expansion of the frequency 

dependence of the wavenumber around a central frequency. There is no such generic 

model for the time dependence of the nonlinearity. Eventually it would be desirable 
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to combine the GVD with the temporal response of the nonlinearity, but this would 

need experimental motiva.tion for a temporal response model for a particular material 

to be considered. 
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APPENDIX A 

BEAM PROPAGATION METHOD 

A.I Split-Step Propagation 

The evolution of the wave equation was calculated using a split-step method com-

monly used in optics known as the Beam Propagation Method· (BPM). This 

method was originally applied to underwater acoustic wave propagation (see the 

review by Tappert88), but has been pioneered in the field of optics by Feit 

and Fleck,44,89,9o,91,92,93,94,95 who applied it to fiber optics,96,97,98,99,100 integrated 

optics,101 and propagation through turbulent atmospheres43 and anisotropic media. 102 

This method can be applied to any parabolic-type partial differential equation, 

because it is based on the following identity: 

'l1(t + ~t) - T(~t)'l1(t) (A.l) 

(A.2) 

This is known in quantum mechanics as a time evolution operator. The wave 

equation supplies an operator expression for the partial derivative. 

(A.3) 

where n 2 is in general a function of x. The situation would be simple if the two 

• For an overall analysis and assessment of the approximations used in the BPM as applied to 
inhomogeneous media, see Van Roey et al.87 
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operators A and B commuted, because when [A, B] = 0, 

(AA) 

Unfortunately, this is not the case. Instead, approximate with 

(A.5) 

This approximation is good to third order in the propagation step L).z. Multiple 

application of (A.5) involves alternating between the two operators, since two eA/ 2 

operators in a row is equivalent to eA : 

(A.6) 

The eA term is easily evaluated (numerically) with the help of the Fast Fourier 

Transform. 

V2 - k2 -e e = e- e (A.7) 

where t = .r {e} is the Fourier transform of e. So the first step is equivalent to a 

free-space diffraction of the field: 

(A.8) 

The other operator eB corresponds to a phase shift in x-space due to the interaction 
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with the medium. 

(A.9) 

The function n2 (x) contains all the physically interesting information describing 

the geometry of the waveguides as well as the linear and nonlinear responses of the 

various materials constituting the waveguides. Both index and absorption variations 

can be included in n2(x). 

A.2 Sources of Error 

It is a tremendous leap of faith to assume that a continuous system with infinite range 

can be approximated by a discrete system with finite range. In fact it works quite 

well for the nonlinear Schrodinger equation (NLS), as long as certain constraints are 

respected. Most of the errors which accrue are due to having chosen a numerical mesh 

(in both the transverse and propagation directions) which is not appropriate for the 

input parameters. Some of these errors and their implied constraints are described 

below. 

A.2.1 Reflections 

By necessity the numerical grid has a finite width. The Fourier transform of a function 

defined over a finite interval is equivalent to the Fourier transform of a periodic 

function with period equal to the interval. Thus the application of the free-space 

propagation operator eA will cause the ripples which reach the boundary at ±xmax to 

"wrap around" to =Fxmax and propagate back towards the central region of interest. 
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For physical situations which are inherently periodic, such as the spatio-temporal case 

of Chapter 4, this is desirable, but for many problems the physical bounds are assumed 

to be practically infinite, such that ripples propagate away forever. Zeroing the field 

at the numerical boundaries will prevent wrap-around, but this leads to reflections. A 

gradual absorber greatly reduces the reflection of ripples while removing wrap-around 

alltogether. Any function which goes from 1 to 0 near the boundary will work, but 

a high-order exponential seems to work best. For all of the calculations which have 

been presented in which periodic boundary conditions were not explicit, the field was 

multiplied by exp{ -(O.95x/xmax )50} at every step. This function does a good job of 

attenuating both high and low frequency ripples with very little reflection. 

A.2.2 Waveguide boundaries 

When the position-dependent phase shift eitlz(n
2

(x)-{J2)/2{J is applied at each step, the 

relative phase shift induced between adjacent grid points must clearly be well within 

±71', otherwise information will be lost. Mathematically, this means that 

(A.I0) 

where Xi is the spatial position corresponding to grid element i. This is best expressed 

in terms of a constraint on the step length .6.z: 

(A.ll) 

where the simpler form takes advantage of the fact that n(xi) - n(xi+d ~ n(xd and 
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Even though the step length can be made short enough to satisfy the constraint, 

a discrete boundary unavoidably leads to high spatial frequency generation, because 

it will cause the phase distribution to be discontinuous at the waveguide boundary 

(to the extent that the notion of discontinui ty can be applied to a grid.) This shows 

up as spurious noise during the propagation, and the high frequencies will radiate 

away towards the boundary absorber. The sharp waveguide boundaries in effect are 

an artificial loss mechanism. 

To minimize the spurious noise and loss and to allow a longer step length, it 

helps to "soften" the boundaries by convolving the index distribution n(xd with a 

Gaussian. This reduces the index difference between adjacent grid points by doing 

a weighted average of the index over nearby points. From a physical point of view, 

this is not an unreasonable approach, because there are no truly discrete waveguide 

boundaries within a real solid. 

A.2.3 Step length too large: K-space errors 

The operator eB can cause problems as well, if the step length is too large. In Fourier 

space, the operator becomes eiAZkU2{J for the discrete k-space component ki • This 

phase shift must not approach ±7r, otherwise the field will propagate too rapidly to 

be correctly affected by the spatial index variations in x-space. Thus the condi tion 

(A.12) 

Alternatively, this can be expressed in terms of the spatial parameters nx , which 

is the number of transverse grid points, and X max , which is the total width of the 

grid. The FFT transforms to a space which has nx points and ranges from -kmax to 
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kmax , with each point separated by 2n"/xmax • Equation (A.12) can conveniently be 

expressed as 

(A.13) 

or (A.14) 

If this requirement is not heeded, the evolution of the field can very quickly get 

out of control. Ablowitz and Herbstl03.104 have shown that this step-length instability 

can lead to numerically induced chaos. 

Numerical method stability analysis 

In fact, the pair of half-steps which come from splitting equation (A.3) can lead to 

spurious gain at high k-vectors if the step length is too long. This gain can be calcu

lated using a linear stability analysis of a flat field seeded with infinitesimal sidebands 

(this derivation is similar to the one done by Firth et al.lOS.106 for counterpropagating 

beams.) 

E(O) = Eo + eeikx + pe-ikx (A.15) 

where Eo is a (real) flat solution such that n2( E5) - /32 = O. Applying eL1tA for the 

linear free space propagation yields 

(A.16) 

(A.17) 
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For the interaction half-step, a choice of nonlinearity must be made. For conve-

nience, the Kerr response is used: n2(1£12) = n6 + 2nOn21£12. Inserting the interme-

diate field (A. 1 7) leads to 

where terms quadratic in e and Jl are dropped. Taking advantage of the fact that 

n2(£ci) - {J2 = 0, the interaction operator becomes 

iAt(n
2_(32)/2(3 [iD.tnon2£0 ([ '+ '*] ikx + [ ,* + '] -ikX)] e = exp j3 e Jl e e Jl e (A. IS) 

and can be expanded in to first order in the infinitesimal e 

(A.19) 

This will serve as the first-order interaction operator. Applying it to the interme-

diate field (A.17) to get the full-step evolved field: 

£(D.t) _ eAtB £' 

[1 + (iD.t~n2£0) ([e' + Jl'*]eikx + [e/* + JlI]e- ikX
)] [£0 + c'eikx + fl'e- ikX

] 

"" £0 + (iD.tn;n2£ci) ([e' + Jl'*]e ikx + [e /* + fl']e- ikX ) + c'eikx + Jl'e- ikx 

'" I V 

if 

where again the higher order terms in e and Jl have been dropped. To isolate the 

sidemodes of interest, the flat field £0 is subracted from £(D.t) and positive and 



129 

negative frequency terms are grouped together. 

t(~t) (1 + ir)t' + ifl1'* 

11(~t) (1 + if)I1' + ifE'* 

This is most easily solved in matrix form. Taking the complex conjugate of the 

equation for 11( ~t) allows the following: 

(A.20) 

where n = ~tP /2{3. The quadratic equation for the eigenvalues is obtained in the 

usual way: 

Solving for ).: 

cos n + f sin n ± J ( cos n + f sin n)2 - 1 

- a± va2 -1 

(A.21) 

(A.22) 

(A.23) 

where a = cos n + f sin n. Expressed in terms of the new basis, ItO(~t), 11°(~t))± = 

)'±(~t)ltO,I10)±' For small n, a > 1, and clearly). > 1 and the sidemodes will 

undergo gain as was calculated for modulational instability in Section 5.4; this much 

is expected. The deviations from this behaviour are of interest here. First express ).± 
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Figure A.l: Numerical instability exponential growth rates 

in terms of an amplitude and a phase: 

(
v'ex2 -1) 4> = tan- l 

ex 
(A.24) 

with the constraint that 4> = 0 when ex2 > 1. To make the connection with the 

exponential growth rate 8 of the modulational instability derivation, assign 

I..\±I = eo't:.t 

8' = In I..\±I 
t:::.t 

(A.25) 

(A.26) 

Figure (A.l) shows ex and 8' as functions of n for two cycles. Note that the gain 8' 
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which becomes nonzero at n = 7r is a numerical artifact caused by a step length which 

is too long. This must be avoided by using the "rule of thumb" given in equation 

(A.13) above. 

The stability edges are the points at which IAI 1. For each cycle of n, these 

four points are given by 

n = n7r and 
2r 

tan(n + n7r) = (1 _ P) (A.27) 

Writing n in terms of its constituent parameters, the original condition for stability 

(A.ll) is recovered. 

A.2.4 Step length too small 

Due to the finite precision of the computer, there is a limit to how small the step 

length can be before phase errors start creeping in. The best way to see this is by 

taking a Taylor expansion of the trigonometric functions, and assuming a small step 

length so the the functions can be represented by: 

sin () I'V () _ ~()3 + .. . 

cos () I'V 1 _ ~()2 + .. . 

(A.28) 

(A.29) 

Since the precision of both functions increments in powers of ()2, machine precision t 

will force the two series to be truncated at the nth term when ()n ~ 10-8 . 

The following example allows an estimate of the amount of phase error incurred 

t Here assume that the floating-point precision is 16 digits, which is typical for double precision 
(8-byte) IEEE floats. 
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Figure A.2: Angular error due to machine precision in a multi-step rotation. 

for a given steplength. Holding mO = 271' constant while varying m, a rotation matrix 

for an angle 0 is applied m times to a vector. Ideally the followi~g would hold true: 

[ 1 
m [ 1 cos 0 sin 0 cos mO sin mO 

- sin 0 cos 0 - sin mO cos mO ' 
(A.3D) 

implying that the vector should return to its original position. Figure (A.2) shows the 

absolute value of the difference between the initial and final angles; the final angles 

fell on both sides of 71'/2, but with a larger and larger spread as the rotation angle 

got smaller. Clearly the error goes up exponentially as the step length gets smaller. 

In this case the initial vector had the real and imaginary parts equal at an angle 

00 = 71'/2, yielding roughly equal errors in the final real and imaginary components. 
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Different choices of initial angles yielded different amounts of error in the real and 

imaginary parts. Note that only rotations are done; if a pair of FFT's was done in 

between each rotation, as is done in the BPM, one might expect that the errors would 

be still larger. 

Angles down to 10-2 appear trustable, and 10-2 to 10-4 are marginably accept

able, but smaller than 10-4 would probably lead to trouble; the error below 10-4 is 

more than 4 orders of magnitude above the machine precision. 

Since the phase error is largest with the smallest values and goes linearly with the 

angle, this error will manifest itself as a shift of the origin in x-space. 

A.2.5 Absolute limit on the number of transverse points 

In section (A.2.3) it was shown that in order to avoid spurious gain brought on by the 

numerical method, the upper bound on the step length is given by inequality (A.12), 

namely 

(A.31) 

At the same time, in section (A.2.4) above, the limitation imposed by the size of the 

rotation angles used at each step can be expressed in terms of the k-number and other 

parameters, 

(A.32) 

The smallest and largest k-numbers are related by kmax = nx 6,.k/2 = nx kmin /2. 

Now the two limits can be combined to give 

(A.33) 
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This inequality makes it clear that there is an absolute limit on the number of trans

verse points that can be used with this method. The maximum value of nx is when 

the two bounds are equal, in which case 

3545 

(A.34) 

(A.35) 

Since a choice of parameters which comes within a factor of two of either limit is 

suspect, the maximum nx should be reduced by a factor of four. For the FFT's, a 

choice of nx which is a power of two is preferred, so a very generous upper limit would 

be nx = 1024; a more trustable one would be nx = 512. Of course this depends on 

machine precision. 

A.3 Helmholtz propagator 

In Section 1.2 the parabolic wave equation was obtained from the elliptic wave equa

tion by dropping the second-order derivative of the envelope with respect to the 

propagation direction. Graphically, this can be thought of as approximating a circu

lar wavefront by a parabolic wavefront, as shown in figure (A.3). The angle relative to 

the horizontal is equal to Jk2 /2'f32, which is equal to ±1 at the dashed lines. Clearly 

the approximation is good within these boundaries, but it begins to drop off outside, 

where the paraxial approximation starts to break down. A better way to treat these 

high k numbers is to keep the "Helmholtz" term from equation (1.17), and treat it 

as a loss in the free-space propagation half-step. Since the interaction half-step will 
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o 

-1 

-1 o 
propagation direction - ... 

Figure A.3: Comparison of elliptic and parabolic wavefronts 

stay the same, the modified diffraction part of (1.17) is 

2if3 B£ = - \7~£ _ 
Bz 

"Helmholtz" 
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(A.36) 

To undo approximation (1.16), the field is transformed back to E = £e i{3z, yielding 

(A.37) 

(A.38) 

where the second line comes from the same Fourier transform trick as before. This 

can be formally solved: 

E(z + ~z) = e±iAzV{32_ k2 E(z) (A.39) 
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By expanding the argument of the exponential in powers of k2 , the Helmholtz prop-

agator can be compared with the parabolic one (A.S): 

parabolic propagator 

Helmholtz propagator 

= -i!:J.zk2/2f3 

{ 

~ i!:J.z(f3 - k2/2f3 + ... ) 

= -!:J.ZJk2 - f32 

(AAO) 

for Ikl < f3 
(A.41) 

for Ikl > f3 

The k-dependent part of the phase factor is similar for small P, but for P > f32, 

the wave components are attenuated. The extra global phase shift ei~z{3 can be 

ignored because it introduces no new dynamics; alternatively, it can be applied in the 

interaction half-step. 

The instability analysis and its implied absolute limit on the number of transverse 

points no longer applies, because there is no periodicity in the decay term, so the 

"modulo 271''' problem does not arise for P / f32 > 1. Thus to insure that the k

space phase shift per step stays much smaller than 71', the (approximate) step-length 

condition becomes: 

271' 
!:J.z « 7i (A.42) 
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APPENDIX B 

SPATIO-TEMPORAL WAVE EQUATION 

This follows the derivation of Jain et al. 107,108 The starting point is the Helmholtz 

equation in media, where the weakly guiding approximation has already been made: 

n(x,w,IEI2) ndx,w) + n21EI2 

~ D '" DL + 2nOn21EI2 E 

(B.1) 

(B.2) 

(B.3) 

(B.4) 

with no = nL(wO), where Wo is the frequency of the electric field, and the subscript L 

denotes a linear quantity. Thus the wave equation becomes 

(B.5) 

In the slowly varying envelope approximation, the field can be written 

E(, z, t) = e&(x, z, t)ei(qz-wot) (B.6) 

where e is the polarization unit vector. In the SVEA approximation, the nonlinear 
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dispersion is dropped and term 2 from equation (B.5) becomes 

(B.7) 

where ko = nowo/ c. The nonlinear dispersion terms are not important for temporal 

structures longer than 10 femtoseconds.109,110 The linear dispersion information is 

extracted from the displacement D L: 

Ddx, z, t) - J dt'nl{x, t - t')E(x, z, t') (B.8) 

eei(qz-wot) J dwni(x, w + wo)£(x, z, w)e-iwt (B.9) 

Plugging (B.9) into term 1 of equation (B.5): 

1 82 D L '( ) J 2 - , - --- = eel qz-wot dwk &(x z w)e- Iwt 
c2 8t2 ' , 

(B.10) 

where k = nw/c. Expanding k(w) around wo and keeping terms to second order, the 

integral can be trivially evaluated. 

where 

_ 2. 82 
DL = eei(qz-wot) [k2 + 2ikok' ~ _ (k,2 + kok") 8

2
] &(x z t) 

c2 8t2 0 08t 0 0 8t2 " 

and kIf = 8
2
k I 0-8 2 w wo 

(B.ll) 

(B.12) 

(B.13) 

The Laplacian in the wave equation (B. 1) can be resolved into a transverse (x) and 
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a longitudinal (z) component. The longitudinal component applied to (B.6) yields: 

(B.14) 

The second derivative is small relative to the first and is dropped in the SVEA. Now 

combining all the terms, the wave equation becomes: 

{ 
f} f} f}2 f}2 n } 

2iq- + 2ikok' - +- + k2 - q2 - (kf2 + kok")- - 2-..2k21E12 E = 0 
f}z °f}t f}x2 0 0 0 f}t2 n 0 
'J 0 

(B.15) 
.... 

Now that the approximations have been made, the equation is rescaled for clarity. 

One of the two first-order partial derivatives denoted by the brace can be removed 

by going to a moving reference frame where t - t - z/vg and z - z, and the group 

velocity Vg = q/ kok~. Equation (B.15) then becomes 

{ 
. f} f}2 (k,2 k kIf) f}2 k2 2 Tl2 k21E12}E 

2zq f}z + f}x 2 - '0 + 0 0 f}t 2 + 0 - q - 2 no 0 = 0 (B.16) 

Finally all lengths are rescaled to the free-space wavelength of the fundamental fre-

quency Ao = c/wo. The normalized equation that is used is: 

where the normalized variables are 

I 
z--z 

Ao 
1 

x--x 
Ao 

(B.17) 

(B. IS) 



and where the parameters are 

(J 

no 

n2(x, 1£12) -

and N 

q 

'\0 
ko 
'\0 

n~ + 2non21£12 

-sign( k~2 + kok~) 
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(B.19) 

(B.20) 

(B.21) 

(B.22) 

The nonlinearity for this derivation was Kerr, but the same would apply for the 

saturable case. The sign of N defines whether the frequency is in the normal (N = -1) 

or anomalous (N = +1) regime of the group velocity dispersion. 
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