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ABSTRACT 

Eight 3D (three dimensional) rock joint geometry modeling schemes which 

investigate statistical homogeneity, and incorporate corrections for sampling biases 

and applications of stereology are presented. A procedure for verification of the 

developed models also is presented. In this study, shape of the joints was assumed 

as circular. The models provide the number of joint sets, and for each joint set, 

the intensity, orientation, spacing, location and diameter distributions. 

Miller's method ·(1983) with new interpretations (Kulatilake et al., 1990b) 

and equal area polar plots were used together to identify the largest statistically 

homogenous region around the ventilation drift, Stripa mine, data of which were 

used for both modeling and verification. Four joint sets were found in this region. 

A general vector approach to correct sampling bias on joint orientation 

is presented. Corrected data as well as raw data were subjected to chi-square 

goodness-of-fit tests to check the suitability of hemispherical normal and Bing

ham distributions in representing orientation of joint sets. Only raw data of joint 

set 4 followed Bingham distribution. Therefore, joint set orientations were best 

represented as empirical distributions. 

Two methods are presented for the modeling of joint spacing, linear in

tensity and location. In each method, spacing distributions of joint sets were 

best represented by exponential distributions. Then, joint intensity and location 

distributions are represented by Poisson and uniform distributions respectively. 

Correction of sampling bias on joint spacing also is presented. 

J oint size modeling was carried out using two methods: area sampling sur

vey method and scanline sampling survey method. In these two methods, correc

tions of sampling biases associated with joint size modeling are presented. 3D joint 

---- ._ .. ---_. -
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sizes were inferred from 2D trace length measurements using geometrical probabil

ity and conditional probability concepts. In both methods diameter distributions 

are represented by gamma distributions. 

For verification, joints were generated in a volume according to the statisti

cal models, using Monte-Carlo simulation. This volume was intersected by planes 

to obtain joint traces on exposures of size and shape similar to the ones used to 

obtain field data. Characteristics of these predicted joint traces were compared 

with the field data in a statistical sense. For the rock mass under this study, the 

modeling scheme 3 was found to be the most suitable scheme. 
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CHAPTER 1 

INTRODUCTION 

1.1 Nature of the Problem 

Presence of discontinuities strongly affects the mechanical and hydraulic behavior 

of rock masses. Therefore, geometrical network of discontinuities plays a vital role 

in civil, mining and petroleum engineering projects associated with fractured rock. 

The need for realistic representation of geometrical properties of discontinuities has 

been recognized, and this research is focused on developing discontinuity geometry 

models in three dimensions. 

Discontinuities in a rock mass can be categorized as major discontinuities 

and minor discontinuities, depending on their size. Major discontinuities are large 

in size and generally occur as single features. For example, faults and dykes are 

major discontinuities. Relative displacements are present with major discontinu

ities. The geometry of major discontinuities may be represented deterministically. 

On the other hand, minor discontinuities are small in size, but occur in abundance. 

Joints, bedding planes, fissures and micro-fissures can be considered as minor dis

continuities. Due to statistical nature, geometry of minor discontinuities should be 

characterized statistically. Modeling of the minor discontinuities is dealt with in 

this study. The terms 'joints' and 'discontinuities' are used herein interchangeably 

for minor discontinuities. 
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Since joint geometry pattern can vary from one statistically homogeneous 

region to another, each statistically homogeneous region should be represented by 

a separate joint geometry model. Therefore, the first step in the procedure of 

joint geometry modeling in a rock mass should be the identification of statistically 

homogeneous regions. 

To model joint geometry in three dimensional (3D) space, for a statisti

cally homogeneous region, it is necessary to know the number of joint sets, and 

for each joint set, the intensity, spacing, location, orientation, shape and dimen

sion distributions. These joint parameters are inherently statistical; hence their 

quantification demands the application of stochastic methods. 

Joint data are generally measured on one dimensional (ID) or two dimen

sional (2D) sampling planes such as bore holes and rock cores (ID) or tunnel 

surfaces and outcrops (2D). Therefore, sample values of joint parameters provided 

by the field data represent only one or two dimensional properties, and they usu

ally contain errors due to sampling biases. Therefore, sampling biases should be 

corrected before inferring 3D joint geometry parameters. In addition, principles of 

stereology need to be used in order to infer 3D parameters of the joint sets from 

ID or 2D parameter values. 

1.2 Literature Review 

Kulatilake (1988) provides the state-of-the-art on both the corrections available for 

sampling biases and the techniques available to make inferences on joint parameter 

distributions. Dershowitz and Einstein (1988) have presented the state-of-the-art 

on joint system models. 
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1.2.1 Investigation of Statistical Homogeneity 

Pollard and Aydin (1988) have reviewed the literature on the process of jointing 

which incorporate both the tectonic history and the fracture mechanics. The con

ditions under which joints initiate and propagate are different in different regions 

in a rock mass, and therefore, geometrical properties of joints may vary from one 

region to another. 

For complete statistical homogeneity of regions, the corresponding joint sets 

should have similar distributions for intensity in 3D, orientation, spacing, shape, 

size, roughness, gouge and joint constitutive properties. However, at present, only 

the number of joint sets and their orientation distributions are considered in deter

mining statistically homogeneous regions. In practice, such regions are determined 

by visually comparing samples of structure orientations, each of which consists of 

a polar, equal area plot. When joint orientations do not show definite pole clus

ters, visual comparisons are often not sufficient to evaluate statistical homogeneity 

between chosen regions. In such situations, the method suggested by Miller (1983) 

with some modifications may be useful in obtaining statistically homogeneous re

gIons. 

Miller (1983) uses a contingency table analysis based on the frequencies 

of joint poles that occur in corresponding patches on the polar, equal area plots 

being compared. For this analysis, Miller recommends the use of Lancaster's (1969) 

criterion, which states that the number of cells with expected number of fracture 

poles less than 5 should be less than 1/3 of all the cells. The decision whether two 

regions are homogenous or not, depends on a value, 'P', which is obtained from 

the X2 table. However, for same data, it is possible to get number of P values, 
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because the P value depends on the three factors: (i) the number of patches in the 

patch network, (ii) the relative position of the patch network with respect to north 

and (iii) whether Lancaster's criterion is met or not. Therefore, when testing 

different regions of a rock mass, the aforesaid three factors should be kept the 

same. However, it is difficult to decide the magnitude of P value which demarcates 

homogeneity and non-homogeneity. It may be more meaningful to rank the tested 

regions with respect to the strength of homogeneity using P values, as discussed in 

Chapter 2. To draw the demarcation line between ranks according to homogeneity 

and non-homogeneity, visual examination of equal area plots can be used. 

Mahtab and Yegulalp (1984) have suggested a method based on a compar

ison between clusters coming from different samples. If one similar cluster can 

be found in another sample, the two samples are considered statistically homoge

neous. Often samples contain more than one distinct joint set. Conceptually, for 

two samples to be statistically homogeneous, all distinct clusters in one sample 

should have similar clusters in the other sample. 

1.2.2 J oint Orientation Modeling 

Clustering of Orientation Data 

Orientation data may be clustered around one or more statistically preferred orien

tations. Delineation of these clusters (or sets) is a primary consideration in order 

to estimate their means and statistical distributions. 

Polar, equal-area projections are usually used to display orientation fre

quency data. Computer programs such as Jeran and Mashey (1970) are available 

to obtain orientation frequency contours plots. The orientation frequency plots, 
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which show true frequencies, may be used to identify joint sets by visual inspection. 

However, in many cases visual clustering is very difficult due to the presence of 

frequency overlapping regions. In such situations, the clustering algorithms such as 

the one presented by Mahtab and Yegulalp (1984) are useful in delineating clusters. 

Sampling Bias on Orientation 

The chance that a joint intersects a sampling domain depends on relative orien

tation of the joint with respect to the sampling domain, shape and size of the 

joint, and shape and size of the sampling domain. Therefore, observed frequen

cies of joints do not represent the true frequencies in three dimensions. This is 

called the sampling bias on orientation. This sampling bias should be corrected on 

orientation frequency before inferring statistical distributions of orientation data. 

In a polar, equal area projection, joints represented by poles on or near 

the pole of an outcrop are called 'blind-zone joints' (Terzaghi, 1965). For blind

zone joints, the accuracy of the correction on observed relative frequency may be 

questionable due to the low probability of intersection between the joint and the 

sampling domain. 

Terzaghi (1965) developed a correction for the sampling bias. However, it 

is applicable only for joints of infinite size intersecting infinite size exposures. But 

in reality, both the joint size and size of the sampling plane are finite. Later, 

Kulatilake and Wu (1984a) suggested a hypothesis to find the probability that a 

finite size joint intersects a finite size exposure, and presented a procedure to correct 

sampling bias for circular joints intersecting rectangular, vertical sampling planes. 

Kulatilake et aI. (1990) extended the previous formulation to cover other joint 

shapes such as a parallelogram, rectangle, rhombus, square and triangle. However, 

._._--_._._----------_.--_.- - , ... - .. -
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existing procedures for correcting sampling bias can not be a.pplied directly for 

nonvertical, finite sampling planes. A new general procedure to correct sampling 

bias on orientation, applicable for sampling planes of any orientation is developed 

in the present study, using a vector approach (Wathugala et al., 1990). 

Orientation Distributions 

Once clusters are identified and sampling bias on orientation is corrected for each 

cluster, attempts are usually made to find suitable probability distributions to 

represent the orientation distribution within each cluster. Several analytical prob

ability distributions have been suggested in the literature to represent the dis

tribution of joint clusters (Arnold, 1941; Pincus, 1953; Fisher, 1953; Bingham, 

1964; Watson, 1966; Shanley and Mahtab, 1976; Zanbak, 1977; Einstein et al., 

1979; Grossman, 1985; Kulatilake, 1985a and 1986). The distributions are the 

hemispherical uniform, hemispherical normal, bivariate Fisher, Bingham, bivariate 

normal and bivariate lognormal. The best means to check if a certain probability 

distribution is applicable to represent the statistical distribution of a cluster, is 

to perform goodness-of-fit tests. Shanley and Mahtab (1976), Kulatilake (1985a 

and 1986) have presented chi square goodness-of-tests respectively for Bingham, 

hemispherical normal and bivariate normal distributions treating them as bivari

ate distributions. Einstein et al. (1979) have tried all the aforesaid distributions 

for 22 data sets. They have reported that they could not find a probability dis

tribution which satisfied chi square test at 5 percent significance level for 18 of 

those data sets. This shows clearly the inadequateness of the presently available 

analytical probability distributions in representing the statistical distribution of 

joint orientations . 

. _----_._-_._--._--------_ .. - - .. ' - ... --'-



32 

1.2.3 Joint Intensity Modeling 

Generally, the average number of joints per unit volume is considered as three 

dimensional joint intensity. However, average number of matrix blocks per unit 

volume and average joint area per unit volume also are considered as 3D joint 

intensity indices. The indices defined in three dimensions are difficult to measure. 

They are usually inferred from the indices measured in either one or two dimen

sions. The most common ones are the ID indices: average number of joints per unit 

length or average spacing between intersections along an arbitrary sampling line 

(scanline). The former is the reciprocal of the latter. Following indices are consid

ered as 2D joint intensity indices: average number of joints per unit area, average 

trace length per unit area, and average area formed by joints in two dimensions. 

Probability Distributions Followed by Joint Spacing 

Many investigators have looked into the joint spacing distribution based on the 

measurements obtained from scanlines. The summary is given in Table 1.1. The 

exponential distribution appears to be the most favored one; however, in some cases 

lognormal distribution has proved to be the best. However, from the literature it 

is not possible to say whether the investigators have tried distributions such as 

gamma and beta in trying to model joint spacing. 

Sampling Bias on Mean Spacing 

Sen and Kazi (1984) pointed out that joint spacing and intensity estimates based on 

finite length scanlines are biased, whereas unbiased estimates should be based on 

infinite length scanlines. For exponentially distributed spacing and for lognormally 
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Table 1.1: Distributional Forms of Joint Spacing (after Kulatilake, 1988) 

Investigator Spacing Distribution 

Steffen et al. (1975) lognormal 

Bridges (1975) lognormal 

Call et al. (1976) exponential 

Priest and Hudson (1976) exponential 

Barton et al. (1978) lognormal 

Baecher at al. (1977) exponential 

Einstein et al. (1979) exponential (about 80 %) 
lognormal (about 20 %) 

Wallis and King (1980) exponential 

Sen and Kazi (1984) lognormal 

._---------_. __ ._.- .. ". __ ..... -
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distributed spacing, they have given relationships between the mean joint spacing 

based on the finite length scanline and that based on the infinite length scanline. 

How~ver, there are typographical mistakes in some of their equations, and the 

corrected equations are given in Kulatilake (1988 and 1989). 

Joint Spacing and Linear Intensity along Mean Vectors of Joint Sets 

Estimates of average spacing and linear frequency for a joint set depends on the 

direction of the scanline. The estimates along the mean vector directions can 

be considered as true values. Hudson and Priest (1983) have expressed linear 

frequency in any arbitrary direction in three dimensions in terms of the frequencies 

along the mean pole directions, and the relative angles between the scanline and the 

mean pole direction. Using this expression, Karzulovic and Goodman (1985) have 

given a practical method to estimate the frequencies along the mean pole directions 

from the frequencies measured along several scanline directions. In order to apply 

this procedure, the number of scanlines should be greater than the number of joint 

sets. Hudson and Priest (1983) have also shown how to obtain the directions which 

give the minimum and maximum frequencies and their magnitudes. 

Two Dimensional Joint Intensity 

Kulatilake and Wu (1984b) have identified a bias associated with the trace density 

over the area of an exposure. They have defined Joint density in 2D as the mean 

number of trace mid points per unit area of the exposure. This number is useful 

in generating joints in two dimensions. In the present study, it is also employed to 

infer three dimensional joint intensity. 

--- ------------------ - -, 
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Three Dimensional Joint Intensity 

Kazi and Sen (1985) have given a procedure to estimate the mean block volume, 

the mean number of matrix blocks per unit volume, and the mean number of joints 

per unit volume. The main step of this procedure is to obtain the mean spacings 

in three mutually perpendicular directions from the observations made on different 

scanlines. This method does not incorporate the actual size distribution of joints in 

computing 3D joint intensity. Therefore, it is not a realistic method for estimating 

3D joint intensity. 

Oda (1982) has given an equation which can be used to derive a relationship 

between 3D joint intensity, true linear frequency and. the average joint size. 

1.2.4 J oint Trace Length and Size Modeling 

Trace length measurements are used to infer the distribution of joint size. This 

inference is a difficult task due to: (a) the sampling biases associated in this rela

tionship and (b) lack of knowledge about shape of joints. 

Sampling Bias on Trace Length Measurements 

In the transition from joint size to measured trace length , the following biases are 

important: (a) a joint appearing in an outcrop depends on the relative orientation 

between the outcrop and the joint, (b) a longer joint is more likely to appear 

in an outcrop than a smaller one, (c) size bias - a longer trace is more likely to 

appear than a shorter one in a sampling area or on a line within the outcrop, 

(d) truncation bias - inability to recognize traces shorter than a certain threshold 

length, (e) censoring error - impossibility of measuring the fulllengths of traces 
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that extend out of the field of vision. Thus, in inferring the size distribution of 

trace lengths on the outcrop, the inference technique should take into account the 

last three biases (Baecher and Lanney, 1978; Priest and Hudson, 1981; Kulatilake 

and Wu, 1984c). In inferring the size distribution of joints within the rock mass 

from the trace length distribution, the inference procedure should take into account 

the first two biases (Kulatilake and Wu, 1986). 

Probability Distributions Followed by Trace Lengths 

Two types of sampling surveys have been used for measuring trace lengths: (a) 

line sampling, and (b) area sampling. Many investigators have looked into the 

distribution of trace lengths. In most cases they have looked into either censored 

trace lengths (Bridges, 1975; Call et al. 1976; Barton 1978) or censored semi 

trace lengths (Priest and Hudson, 1981; Cruden 1977). They have found either 

exponential or lognormal distributions to be suitable to represent these measured 

trace lengths. The summary is given in Table 1.2. 

However, from the literature, it is not possible to say whether the investi

gators have tried distributions such as gamma and beta in modeling trace lengths. 

For scanline surveys, Priest and Hudson (1981) have presented a correction 

which takes into account size bias and censoring error. In the present study, an 

attempt is taken to incorporate corrections for size bias and censoring bias for area 

sampling surveys. 

Estimation of Mean Trace Length 

In area sampling surveys, it is possible to observe joint traces of three types: (a) 

those with both ends observed, (b) those with one end observed, and (c) those 

------- -- _. __ ... _ .. -
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Table 1.2: Trace Length Distributional Form (after Kulatilake, 1988) 

Investigator Distribution 

Robertson (1970) exponential 

McMahon (1974) lognormal 

Bridges (1975) lognormal 

Call et al. (1976) exponential 

Barton (1978) lognormal 

Cruden (1977) exponential 

Baecher et al. (1977) lognormal 

Einstein et al. (1979) lognormal 

Priest and Hudson (1981) exponential 

with both ends hidden. Based on the number of joints in each of these three types, 

Kulatilake and Wu (1984c) have derived an expression to estimate mean trace 

length over an infinite size rock exposure. Therefore, this method incorporates 

size bias and censoring bias. This method does not need to assume a probability 

distribution for the true trace lengths or to know the lengths of observed traces. 

The method is applicable for joint sets having any relative orientation with the 

exposure and for joint sets whose orientations contain scatters. Pahl (1981) gave 

an expression to estimate the mean trace length for a parallel set of traces whose 

strikes is perpendicular to the exposure. This case is a special case of the general 

case dealt by Kulatilake and Wu (1984c). 
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J oint Size Distribution 

Extrapolation from the surface data of joint traces to hidden joint sizes in three 

dimensions is a problem in stereology (Kendall and Miller, 1963). In order to find a 

solution to this problem, it is necessary to know the shape of actual joints. Robert

son (1970) after analyzing nearly 9000 joint trace lengths from the De Beer mine 

concluded that the strike trace length and dip trace length have about the same 

distribution, possibly implying joints to be equidimensional. Studies by Bridges 

(1975) and Einstein et al. (1979) indicated that joints are non-equidimensional 

and that both strike and dip trace lengths are lognormal. Thus, more work on 

the shape of joints is needed before making any definitive statement. Assuming 

joints as flat circular discs of negligible thickness, Baecher and Lanney (1978), Di

enes (1979), Warburton (1980), and Kulatilake and Wu (1986) have expressed the 

distribution of trace length on the outcrop as an integral function of the proba

bility density of the diameter. Dienes (1979), and Kulatilake and Wu (1986) used 

these expressions further to provide solution techniques to the practical problem 

of inferring diameter distribution using the known trace length distribution. 

1.2.5 Role of Fracture Tensor in Describing Joint Geometry Pattern 

Oda (1982) introduced fracture tensor to the rock mechanics literature. This can 

be looked upon as an alternative way of expressing the effect of joint geometry 

pattern in a rock mass. The fracture tensor of a joint set is defined in terms of 

orientations of joints, radii of the circular disc joints, and mean volume density 

of the joints. When more than one joint set exist in a statistically homogeneous 

region, then the fracture tensor for this region is expressed as the summation of 
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fracture tensors of all the joint sets. 

U sing the assumption that width of a crack is directly proportional to the 

radius of the circular disc joint, Oda (1982) shows the porosity is related to the first 

invariant of the fracture tensor. He has also suggested to use the second invariant 

of the deviatoric fracture tensor in evaluating the anisotropy of the fracture system. 

1.2.6 Spatial Variability 

Miller (1979) and La Pointe (1980) initiated research to investigate whether joint 

geometry parameters show spatial variation. In these initial studies, for simplicity, 

joint geometry parameters were assumed to be stationary. However, most of the 

experimental variograms showed non-stationarities (Kulatilake, 1988). Therefore, 

it is very important to consider both stationary and non-stationary portions in 

modeling spatial variation of properties of geologic materials. Application of such a 

model to potentiometric surface mapping is given in Kulatilake (1989). Long et aI. 

(1987) and Billaux et aI. (1989) have presented a technique for stochastic modeling 

of 3D fracture networks using geostatistical simulation methods to reproduce the 

features of spatial structure of the rock, such as the variation of fracture density 

and fracture orientation in space. In this investigation, it seems to be that the raw 

data had been used to study the spatial variability. However, it is important to 

correct these raw data to remove the effect of sampling biases before using them 

to study the spatial variability. 

Incorporation of spatial variation to a joint geometry modeling scheme can 

be considered as a refinement, when one has built ajoint geometry modeling scheme 

without it. At present, the suggested joint geometry modeling schemes in the 

literature {Baecher et al., 1978; Barton, 1978; Veneziano, 1978; Dershowitz, 1984; 
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Long et al., 1987; Heliot, 1988; Billaux et al., 1989) have not considered any fonnal 

verification. Therefore, first, it may be appropriate to look into modeling schemes 

including a fonnal verification, but ignoring the spatial variability. H one finds a 

satisfactory model, then later it can be refined to include spatial variability, if it is 

found to be present with joint geometry parameters. The spatial variability aspect 

is not considered in this dissertation. 

1.2.7 J oint System Models 

The earliest models developed for rock joint systems were based upon the assump

tion that all joints can be defined by three sets of unbounded orthogonal joints 

(Irmay, 1955; 'Childs, 1957; Snow, 1965). Orthogonal joint models may also be 

defined with bounded joints (Mueller, 1963). However, for orthogonal joint system 

models, only very minor variations in joint orientation are permissible. Therefore, 

the applicability of these models is limited for joint patterns where rock blocks can 

be approximated by rectangular prisms. 

Disc model was developed by Baecher et al. (1978) and simultaneously by 

Barton (1978). Circular or elliptical joint shapes are assumed in this model. For 

this model, any combination of joint size, location, and orientation assumptions is 

possible. However, generation details are not described in this model. 

Veneziano model was developed by Veneziano (1978) based on Poisson plane 

and Poisson line process (Miles, 1971). Here joint planes are generated as Poisson 

planes and then, a Poisson line process on each joint plane divides joint planes into 

polygonal regions, where some of these joints are marked as joints. Dershowitz 

(1984) extended Veneziano's (1978) model. Here Poisson line process is fonned by 

intersections of Poisson planes, and therefore, joint intersections and joint edges co-

----------_._------------._----
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incide. However, the Poisson plane models do not describe the connection between 

the 3D parameters used to generate the models and the obsevable parameters in 

2D. 

Mosaic Block Tessellation models feature polygonal joints, with termina

tions at the edges of rock blocks. In this model, rock blocks are generated first, 

followed by rock joints derived from the faces of the blocks (Dershowitz and Ein

stein, 1988). 

Heliot (1988) has proposed a method of computer generation of joints system 

for study of the behavior of blocky rock masses. This method is designed to build 

a database for the representation of blocky rock masses. Here, the algorithm for 

generating joints incorporates the spacing distribution, orientation distribution and 

size distribution of joint sets together, in order to simulate the history of the rock 

masses. However, the applicability of this method is limited to heavily jointed rock 

masses. 

It may be important to point out that no formal verification has been done 

during the attempts made to use these models. Also, very little or no attention 

has been paid to correct raw data of joint geometry parameters to eliminate the 

effects of sampling biases before using them to build joint system models. 

1.2.8 Conclusions 

The following conclusions can be made based on the literature review (Kulatilake, 

1988a): 

• Satisfactory corrections are available for some of the sampling biases. Some 

corrections have limited applicability in practice; research efforts should be 

--_._---_._._------------_._-_.-. -- - ----- '-'- --.- - -"'" 
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directed to remove these limitations. 

• Attempts should be made to incorporate corrections for sampling biases in 

building up joint system models. 

• Attempts should be made to incorporate recently suggested techniques in 

building up joint system models. 

• A formal verification procedure to validate a developed joint geometry model 

is not available in the literature. Research should be directed to validate the 

suggested models by back predicting the joint geometry parameters, and 

comparing them in statistical sense with field samples. 

1.3 Objective and Scope of the Present Study 

The aim of the research was to develop stochastic three dimensional joint geometry 

models which incorporate the following features: 

1. Investigation of statistical homogeneity 

2. Correction for sampling biases 

3. Applications of stereological principles 

4. Verification of the suggested modeling schemes 

This study does not look into whether the joint geometry parameters contain 

spatial variability property. In this research, joints are considered as planar features 

and no attempt has been made to model the roughness of joints. 

For both modeling and verification, it was decided to use the joint data 

available from Stripa Mine, Sweden. 
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1.4 An Outline of the Present Study 

Figure 1.1 shows the flow chart used to develop stochastic 3D joint geometry mod

els. The flow chart for the verification procedure is shown in Fig. 1.2. For mod

eling and verification, joint data from the ventilation drift, Stripa mine, Sweden 

(Rouleau et al., 1981) are used. Figure 1.3 shows the plan view of the experimental 

area at Stripa Mine, 34 m underground. A typical joint map of a portion from 

ventilation drift is shown in Fig. 1.4. In modeling, joint traces are simplified as 

straight lines without any curved portion. 

In chapter 2, identifying of the largest statistically homogeneous region 

around the ventilation drift, using Miller's method with new interpretations and 

equal area plots of orientation data, is described. 

Modeling of joint orientation is given in Chapter 3. Here, correction of 

sampling bias on joint orientation frequency, and fitting of statistical distributions 

for orientation frequency are discussed. 

Two methods to model joint spacing in 1D, linear frequency and loca~ion are 

presented in Chapter 4. In each method, correction of sampling bias on spacing, 

fitting of theoretical probability distributions to spacing and determination of true 

linear frequency of joints are described. 

Inferring of 3D joint size from joint trace length measurements, and cor

rection of sampling biases associated with this procedure are discussed in Chapter 

5. Joint size modeling is carried out using two methods: area sampling survey 

method and scanline sampling survey method. Joint shape is assumed as circular. 

In Chapter 6, eight schemes are presented to estimate three dimensional 

joint intensity of a joint set. These eight schemes lead to eight schemes of joint 



Step 1: Obtain a statistically homogeneous region. 

Step 2: Delineate joint sets. 

Step 3: Apply correction for orientation bias for each joint set. 

Step 4: Model the true orientation distribution for each joint set. 

Step 5: Determine joint spacing distributions along scanlines 
taking into account the sampling bias on spacing. 

Step 6: Infer joint spacing distribution along the mean pole 
direction (true spacings) for each joint set. 

Step 7: Estimate the trace length distribution for each joint set 
taking into account the sampling biases. 

Step 8: Infer joint size distribution for each joint set taking into 
account the sampling biases (joints are considered 
as circular discs). 

Step 9: Estimate the mean joint center density in 3D 
(number/volume) for each joint set. 

Step 10: Obtain a distribution for the random variable, " number 
of joint centers per chosen volume". 

Step 11: Suggest a 3D staochastic joint geometry model by 
describing the joint geometry parameters: 

(a) number of joint sets 

(b) orientation distribution for each joint set 

(c) spacing distribution for each joint set 

(d) distribution for density in 3D for each joint set, and 

(e) size (diameter when joint shape is considered as 

circular) distribution for each joint set. 
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Figure 1.1: Flow Chart of the Procedure Used for Development of Stochastic 3D 
Joint Geometry Model (after Kulatilake et al., 1990c) 

~ --------



Step 1: Choose a volume which is large enough to have cross sections 
that can represent sampling planes in the field. 

Step 2: According to the distribution of random variable, " number of 
joint centers per chosen volume", generate a number (say N) 
using Monte Carlo simulation, for the number of joints in the 
volume chosen in Step 1. 

Step 3: Distribute these N joints among joint sets according to the 
ratio of volumetric frequency of each joint set. 

Step 4: Obtain location of joint centers to simulate the spacing behav
ior of joint sets. 

Step 5: Generate orientations of joints of each joint set according to 
the orientation distribution of that joint set. 

Step 6: Generate diameters of joints of each joint set according to the 
diameter distribution of that joint set. 

Step 7: Intersect the generated 3D volume by planes to obtain joint 
traces on exposures of size and shape similar to the ones used 
to obtain field data. 

Step 8: Compare the observed joint traces with the predicted joint 
traces in a statistical sense. 
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Figure 1.2: Flow Chart of the Procedure Used for Verification of Developed Joint 
Geometry Models (after Kulatilake et aI., 1990c) 
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Figure 1.3: Plan View of Experimental Area at Stripa Mine, 34 m Underground 
(after Rouleau et al., 1981) 
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Figure 1.4: A Typical Joint Map of a Section from Ventilation Drift (after Rouleau 
et al. , 1981) 
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geometry modeling. Fracture tensor ( Oda, 1982) to summarize joint geometry is 

addressed in Chapter 7, and fracture tensors are presented for eight joint geometry 

models. 

In Chapter 8, Joint system models which provide the number of joint sets 

and the statistical distributions of the following joint geometry parameters are 

presented. 

1. number of joints per certain volume 

2. orientations of joints of each joint set 

3. diameters of joints of each joint set 

4. location of joint centers of each joint set 

Joints of each joint set are generated in 3D by defining their joint geometry pa

rameters which are obtained from their respective statistical distributions using 

Monte Carlo simulation. 

Verifications of joint geometry models are presented in Chapter 9. From 

the generated joints, joint traces are obtained on vertical and horizontal planes 

which are respectively similar to the walls and the floor of ventilation drift, and 

the properties of these predicted joint traces are compared with those of the joint 

traces obtained from field. 

Conclusions and recommendations for future research are given in Chapter 

10. 

------- --_._----- .... '-



CHAPTER 2 

INVESTIGATION OF STRUCTURAL HOMOGENEITY OF 

DISCONTINUOUS ROCK MASSES 

2.1 Introduction 
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Joints form under a wide variety of tectonic conditions which may include trans

lation, rotation, compression, tension, pure shear, torsion and earthquake shock 

(Pollard and Aydin, 1988). These conditions are different in different regions in 

a rock mass. Since geometrical properties of joints depend on the initiation and 

propagation of the joints, joint geometry pattern in a rock mass may vary from 

one region to another. Therefore, the first step in joint geometry modeling should 

be the identification of statistically homogeneous regions. Then, each statistically 

homogeneous region may be represented by a joint geometry model. 

For two regions to be completely statistically homogeneous, they should 

have same number of joint sets, and the matching joint sets should have similar 

distributions for intensity in 3D, orientation, spacing, shape, size, roughness, gouge 

and joint constitutive properties. However, at present, investigation of statistical 

homogeneity is based on number joint sets and their orientation distributions. 

Joint orientations can be represented by points on a reference sphere. This 

procedure can be visualized if it is imagined that the joint passes through the 

center of a reference sphere. Then, the intersection of the joint with the surface 

---.. -- .. -. 
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of the sphere is a great circle. And also, the joint can be represented by one of 

the two points at which a diameter perpendicular to the joint intersect the surface 

of the sphere. This point is called pole of the joint. In plotting the orientation of 

a joint, it is sufficient to use only one half of the reference sphere, either upper 

or lower hemisphere. Figure 2.1 shows a representation of the orientation of a 

joint by a point on the upper unit hemisphere. A two dimensional representation 

is obtained by projecting this information onto a plane. The details of different 

types of spherical projections can be found in Hoek and Bray (1981). The polar 

equal area projection was used in this study. In equal area projection, a Wlit area 

anywhere in the projection represents the same fraction of the total area of the 

reference hemisphere (Terzaghi, 1965). The poles of the joints are plotted using 

the polar equal area stereonet shown in Fig. 2.2. The polar equal area stereonet 

corresponds to the projection of a family of great circles having the polar axis (axis 

connecting north and south poles of the globe) as their common diameter, and a 

family of small circles about this polar axis, with the focus lying on the polar axis. 

Then, on the stereonet, great circles appear as radial lines, and small circles appear 

as circles. Therefore, plunge of the pole to a joint, which is same as the dip angle of 

the joint is measured from the center of the net and corresponds to a small circle, 

and trend of the pole of the joint, which is same as the dip direction of the joint 

is measured along the circumference of the small circle. Figure 2.3 shows a data 

point on the equal area polar projection of upper unit hemisphere. 

In practice, statistical homogeneous regions are determined by visually com

paring samples of structure orientations, each of which consists of a polar, equal 

area plot. When joint orientations do not show definite pole clusters, visual com

parisons are often inadequate to make a decision on structural homogeneity. Even 
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X North 

joint plane 

Figure 2.1: Representation of Orientation of a Joint by a Point on Upper Unit 
Hemisphere 
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Figure 2.2: Polar Equal Area Stereonet (after Hoek and Bray, 1981) 
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P = pole of Joint 
e = dip direction 
cjl = dip angle 
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Figure 2.3: A Data Point on the Equal Area Polar Projection of Upper Unit 
Hemisphere 
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when joint orientations show definite pole clusters, in some cases, it is difficult to 

compare the distribution of poles for a joint set in the considered two regions only 

through visual inspection. In such situations, it may be desirable to use the sta

tistical test suggested by Mille: (1983) in addition to visual examination of equal 

area plots to investigate statistically homogeneous regions in rock masses. In this 

study, Miller's method with new interpretations, and equal area plots were used 

in identifying the largest homogeneous region around the ventilation drift, Stripa 

mine in Sweden (Kulatilake et al., 1990). 

2.2 Miller's Method with New Interpretations 

2.2.1 Contingency Table Analysis of Schmidt Plots 

Application of contingency table analysis to schmidt plots is used to evaluate the 

structural homogeneity between two rock mass regions. Schmidt plots are divided 

into equal area patches and each patch is then considered as a cell in the contin-

gency table and its entry in the table is the number of joint poles that occur in that 

patch. Figure 2.4 shows a patch network used in this study. The procedure given 

in Miller (1983) was used to determine equal area patches on the hemisphere. 

Table 2.1 provides a contingency table for analyzing Schmidt plots. To test 

the null hypothesis that the structural populations are homogeneous, the following 

statistic is calculated to perform a X2 test. 

(2.1) 

where eij is the expected number of fracture poles in the ij cell, and it is calculated 

through eij = (R;Cj)/N (See Appendix A). Definitions for the symbols are given 

.- -- ---- ._------ --.--- . -_. - -. 
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Dip Band No. of Patches Maximum Dip 
(degrees) 

1 4 27.3 
2 16 63.6 
3 16 90 

Figure 2.4: Schematic Diagram of a Patch Network 
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Table 2.1: Contingency Table for Schmidt Plots (After Miller, 1983) 

Rows Columns Row 

Patch 1 Patch 2 ........ Patch c Totals 

Schmidt Plot 1 In It2 Ite Rl 

Schmidt Plot 2 121 122 12e R2 

· · · 
· · . · 
· · . . · 
· · . · 

Schmidt Plot r Irt Ir2 Ire Rr 

Column Totals Ct C2 Ce N 

Note: Ii; = number of joint poles observed in cell ij 
N = total number of poles from all Schmidt plots 
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in Table 2.1. If the null hypothesis is true, then in general the calculated X2 is chi

square distributed with (r-1)( c-1) degrees of freedom. Under the null hypothesis, to 

have a perCect fit, all lij should be equal to eij. In such a case X2 = O. Thus, large 

values of X2 will tend to discredit the null hypothesis, and smaller values of X2 tend 

to confirm the null hypothesis. The null hypothesis is rejected if the X2 from Eq. 2.1 

exceeds the value from the X2 table corresponding to (r- 1)( c-1) degrees of freedom 

at the chosen significance level of a. In statistical applications, the commonly 

used values for a are 0.05 and 0.10. Another possibility is to obtain the a value 

from the X2 table corresponding to the calculated X2 value from Eq. 2.1 using the 

degrees of freedom (r-1)(c-1). This value, termed as P, can be considered as one's 

confidence in accepting the null hypothesis and seems to be more appropriate to use 

in engineering applications. Validity of the X2 test depends on the eij distribution 

in the patch network. Suggested minimum requirements to perCorm a valid X2 test 

are given in Table 2.2. Miller recommends the use of Lancaster's (1969) criterion 

for contingency table analyses of Schmidt plots. To satisfy Lancaster's criterion, it 

will be necessary to tryout different patch networks. It is possible to come across 

Schmidt plots for which Lancaster's criterion can not be met. In such situations, 

P can be evaluated using the approximation that X2 follows a normal distribution 

under the condition of degrees of freedom greater than 30. 

The value obtained for P depends on three factors:(i) the number of patches 

in the patch network, (ii)the relative position of the patch network with respect 

to north, (iii)whether Lancaster's criterion is met or not. Therefore, for the same 

data, it is possible to get a number of different values for P. However, if the aforesaid 

three factors are kept the same in testing different sections of the rock mass, then 

the obtained P values can be used to rank the tested regions with respect to the 

. ... -... -- ._------ ._-_ ... - ... _ . 
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Table 2.2: Suggested Minimum Requirements to Perform a Valid X2 Test (after 
Miller, 1983) 

Sources Number of Cells with Minimum eij 

eij less than five in any cell 

Many text books none 5 

Cochran (1959) less than 1/5 1 
of the cells 

Lancaster(1969 ) less than 1/3 1 
of the cells 

Chapman & Schaufele (1970) no requirement 1 

strength of homogeneity. The chance for statistical homogeneity increases with 

increasing P. 

2.2.2 Application of Miller's Method with New Interpretation to Ori-

entation Data 

For this study, joint data from the ventilation drift, Stripa mine were used. Ori-

entation data were available from the joint mapping on walls and on the floor of 

thirty six meter stretch of the ventilation drift (Rouleau et al., 1981). The joint 

maps are shown in Fig. 2.5. 

First, the thirty six meter stretch was divided into four equal sections (say 

group 1). The section lines X-X in Fig. 2.5 show the seperation between adjacent 

sections for group 1. Miller's method was applied for this group taking two adjacent 

sections at a time. 

-----_._ .. --
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Figure 2.5: Joint Maps from Ventilation Drift, Stripa Mine (after Rouleau et aI., 
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Figure 2.5: Joint Maps from Ventilation Drift, Stripa Mine (after Rouleau, 1981) 
(Continued) 
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Figure 2.5: Joint Maps from Ventilation Drift, Stripa Mine (after Rouleau, 1981) 
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The first estimation for the number of patches was the total number of poles 

in the considered two sections divided by 10. For a randomly oriented joint pattern 

this would have given approximately five poles per patch. It was not possible 

to satisfy Lancaster's criterion with this patch network. To satisfy Lancaster's 

criterion it was necessary to reduce the number of patches to small numbers. Since 

the discriminative strength of the test is very low with patch networks having very 

low numbers, it was decided to use the alternative test where X2 is assumed as 

normally distributed, under degrees of freedom greater than 30, to apply Miller's 

method. The number of patches was controlled between 30 and 36 to minimize the 

effect of this parameter on the P value. The relative position of the patch network 

was kept the same for patch networks having the same number to minimize the 

effect of this parameter on the P value. 

The P values for group 1, given in Table 2.3 are very small. For consideration 

of statistical homogeneity, P value should be at least 0.05. Therefore, two adjacent 

sections of this group could not be considered as statistically homogeneous. This 

observation suggested that it is necessary to divide the thirty six meter stretch in 

to smaller sections. For group 2 of data, the thirty six meter stretch was divided 

into six equal sections. The seperation between adjacent sections for group 2 is 

shown by section lines Y -Yin Fig. 2.5. From the P values for group2, given in 

Table 2.3 it can be seen that for sections 4 and 5, P value, 0.057, is significant. The 

improvement in the significance of P values, from group 1 to group 2, suggested 

further division of thirty six meter stretch. 

For group 3 of data, thirty six meter stretch was divided into eight equal 

sections. Section lines Z-Z in Fig. 2.5 show the seperation between adjacent 

sections of group 3. From Table 2.3 it can be seen that significant P values have 

~---~--- --_ .. _------ ---.. - .... -. -
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Table 2.3: Test Results from Miller's Method with New Interpretations 

Group Section D.F. P Relative rank 
numbers value for strength 

. - -- of homogeneity 

1 1&2 0-9 m & 9-18 m 33 0 15 

2&3 9-18 m & 18-27 m 33 0.00001 13 

3&4 18-27 m & 27-36 m 35 0.00001 13 

2 1&2 0-6 m & 6-12 m 33 . 0.0001 11 

2&3 6-12 m & 12-18 m 35 0.0001 11 

3&4 12-18 m & 18-24 m 35 0.0005 9 

4&5 18-24 m & 24-30 m 33 0.0571 3 

5&6 24-30 m & 30-36 m 31 0.0068 5 

3 1&2 0-4.5 m & 4.5-9 m 33 0.0024 6 

2&3 4.5-9 m & 9-13.5 m 31 0.0010 7 

3&4 9-13.5 m & 13.5-18 m 35 0.0008 8 

4&5 13.5-18 m & 18-22.5 m 33 0.0003 10 

5&6 18-22.5 m & 22.5-27 m 31 0.1117 2 

6&7 22.5-27 m & 27-31.5 m 31 0.0537 4 

7&8 27-31.5 m & 31.5-36 m 32 0.1841 1 

Note: D.F. = Degrees of Freedom 

-----_._-.--_.- .--. 
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been obtained for sections 5 and 6 (0.11), for sections 6 and 7 (0.05), and for sections 

7 and 8 (0.18). For eight equal sections, the Schmidt plots had the number of 

poles ranging between 74 and 128. Division of the thirty-six meter stretch beyond 

8 sections was considered inappropriate because it would have resulted in Schmidt 

plots having an insufficient number of poles for realistic analysis. 

According to P values, relative ranks for the strength of homogeneity were 

assigned as shown in Table 2.3. To make a separation between homogeneity and 

non-hogeneity, equal area plots (given in the next section) were examined starting 

from the plots from rank 1 to lower ranks in the decreasing order of ranks. In 

this inspection, since the homogeneity change is gradual, it was possible to make 

a subjective decision about the demarcation line between homogeneity and non

homogeneity. For this site, it was decided to draw this line between ranks 1 and 

2. Then, the sections 27-31.5 m and 31.5- 36 m have the highest chance to be 

homogeneous out of the investigated sections. 

2.3 Equal Area Polar Plots 

Figures 2.6 - 2.8 show equal area polar plots obtained for groups 1, 2 and 3 re

spectively. Pole contours of adjacent sections of each group were visually examined 

to select sections with similar orientation distributions. Equal area polar plots for 

group 1 and 2 show clearly no homogeneity between adjacent sections. For group 

3, it was difficult to decide about homogeneity only through the inspection of eight 

equal area plots. Therefore, relative ranks for strength of homogeneity obtained 

from Miller's method was used to select adjacent sections with strongest homo

geneity. 

--- ---------------- -"-" -" ,"-"-
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(a) For section 6: (30.0-36.0 m) 

Indicated numbers are per 
thousand 

Number of poles: 130 

Figure 2.7: Lower Hemisphere Equal-area Plots for the Sections of Group 2 
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(f) For section 1: (0-6.0 m) 

Indicated numbers are per 
thousand 

Number of poles: 146 
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Since the strongest homogeneity exists around the last two sections of group 

3, an attempt was made to obtain the largest homogeneous region starting from the 

last section (31.5-36.0 m) in group 3. The region (31.5- 36.0 m) contains four joint 

clusters (see Fig. 2.8a). This region was extended, either one or half a meter at a 

time, until a major change was observed on equal area plots (Fig. 2.9) related to 

joints sets. When the region was changed from (26-36 m) to (25- 36 m) a new joint 

set appeared in the equal area plot (compare the plots in Figs. 2.8a and 2.9). This 

new joint set grew during further expansion of the region. Therefore, the stretch 

between 26 m and 36 m was identified as the largest statistically homogeneous 

region. 

2.4 Discussion and Conclusions 

The statistical procedure suggested by Miller (1983) can be used with new inter

pretations, to evaluate ranks for relative strength of homogeneity between different 

sections in a rock mass. However, to draw a demarcation line between ranks accord

ing to homogeneity and non- homogeneity, equal area plots should be examined. 

When clusters of two sections do not match in equal area plots, it was easy 

to decide that there is no homogeneity, as done for groups 1 and 2. But, when 

clusters do match apparently as for sections 7 and 8 in group 3, it was difficult 

to decide whether there is homogeneity, because the distribution of poles within 

the clusters can not be compared quantitatively. Then, a quantitative estimation 

obtained from Miller's method can be used to identify homogeneity from equal 

area plots. 

Results obtained by Miller's method with new interpretations when used 
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along with equal area plots provide a better judgement in making subjective deci

sion regarding the demarcation line between the homogeneity and nonhomogeneity. 

From the ventilation drift a ten meter statistical homogeneous region was identified 

to build a stochastic joint geometry model. 
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CHAPTER 3 

JOINT ORIENTATION MODELING 

3.1 Introduction 

Joint orientation is an essential aspect of joint geometry, and has a significant 

effect upon measurements of all other aspects of joint geometry. The orientation 

of joint planes in three dimensional space can be described in several basic systems. 

Geologists generally represent orientation by strike or azimuth (dip direction) and 

dip. Mathematicians may represent orientations by unit vectors either parallel to 

the dip of the joint, or perpendicular to the joint in upper or lower hemisphere. 

Unit vectors may be represented by either Cartesian, Cylindrical, or Spherical 

coordinates. The definitions of dip and dip direction are illustrated in Fig. 2.1 in 

Chapter 2. 

For hard rock masses, orientation data may be divided into certain joint 

clusters or sets which consist of joints with central orientation tendencies. In joint 

orientation modeling, mean and statistical distribution for orientations of each of 

these clusters are estimated. And also, statistical distributions of other joint geom

etry parameters such as joint intensity and joint size are modeled for each joint set 

separately. Therefore, after identifying statistical homogeneous regions, orienta

tion data should be delineated into joint sets in each of these regions. Clustering of 

orientation data is described in section 3.2. Before inferring statistical distributions 

_. --_._. --_. ------- ._--- _. 
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for orientation, the sampling bias on orientation should be corrected. Sections 3.3 

and 3.4 respectively describe correction of sampling bias on orientation and fitting 

of statistical distributions for orientation. 

3.2 Delineation of Clusters 

Visual examination of pole Qluster:!! on polar, equal area projection may be used 

to identify joint sets or clust~rs in 1 a statistically homogeneous region. To obtain 

pole contours, computer programs such as Jeran and Marshey (1970) may be used. 

However, in many cases, vis~lal clustering is difficult due to two reasons: (i) the 

method does not cluster disp~rse points, (ii) the method can not separate clusters 

which are overlapping. Therefore,. the use of a clustering algorithm based on a 

statistical approach which d~)es ndt have the aforesaid drawbacks may be more 

appropriate to delineate orie~tatioll data into joint sets. 

The clustering algoritJun presented in Mahtab and Yegulalp (1984) was 

employed to delineate cluste~:s. This algorithm is an extension of the algorithm 

presented by Shanley and M~tab 1(1976). This method groups all data within a 

site into clusters according to a reaSonably rational standardized system. This pro-

cedure can be summarized as giveni below. Here, orientation data are represented 

by intersections of joint norm.als wi~h the upper unit hemisphere. 

Step 1: Spheres of radiuf:! r are constructed around each datum which is a 
point on the upper unit hemisphere. The centers of these spheres 
are assigned as ~lense points or as nondense points, according to 
randomness test (Appendix B). 

Step 2: Dense points are clustered by assigning any pair of dense points 
within r distance of eac:h other to the same cluster. 

Step 3: All the remaining nondense poles are then assigned to the nearest 
neighbor cluster.· I 

.. _._-------



Step 4: Values for four pbjective fulIlctions Fl, F2, F3 and F4 which are 
defined as follows (Mahtab and Yegulalp, 1984) are then obtained. 

F1 : This value corresponds to the sum of squared Euclidian dis
tances of all dat~ points in la cluster from its mean axis (summed 
for all clusters) plus the sum of squared distance of the mean axes 
of identified clusters from eacl1 other. The mathematical expression 
of this function ~s: 

M Nj M-l M 
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Fl = EEcP(.X'j,Xj) +~; E cP(Xi,Xj) (3.1) 
j=1 i=l i=ll j=i+l 

where, 

M = the nu.mber of clu.sters 

Nj = the m.lmber of joiints in cluster j 

xj = the it" element oj[ cluster j 

d(Xi,Xj) = the Euclidean distance between Xi and Xj 

Xi = the c~nter of gravity of cluster i, assuming each 

data point ~las a unit Dlass 

F2: This value if! equal to the ratio F3/F4. 

F3: This value c9rresponds to the average squared distance of data 
points in the M clusters from their center of gravity. The mathe
matical expressiqn of this function is: 

(3.2) 

F4: This value c9rresponds to the average squared distance of the 
cluster centers. The mathematical expression of this function is: 

(3.3) 
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It can be seen that as denseness of each cluster increases, F3 value decreases, and 

as separation between clusters increases, F4 value increases. Therefore, lower value 

for F2 means a better quality of clustering. However, value of F1 does not help in 

deciding the quality of clustering. 

The values of objective functions depend on the value of radius, r, used at 

Step 1. Therefore, by examining the values of objective functions corresponding 

to different r values, the optimum r value which provides the best delineation of 

clusters can be selected. 

Step 5: For different r values, Step 1 through Step 4 are repeated to obtain 
a series of objective functions. 

Step 6: The series of F2, F3 and F4 values are examined to find the mini
mum F2 value, minimum F3 value and maximum F4 value. The r 
value corresponds to these three values is selected as the optimum 
r value and is used for delineation of clusters. 

The foregoing procedure for clustering was implemented using 'FRACTAN2' 

computer program (Mahtab and Yegulalp, 1984). 

3.2.1 Results 

The orientation data used in this study are given in Appendix C. Table 3.1 shows 

the values of objective functions F2, F3 and F4 obtained for different r values in 

this study. According to the clustering algorithm, the best delineation of clusters 

corresponds to a low value of F2, a low value of F3, and a high value of F4. Based 

on the values of objective functions F2, F3 and F4 given in Table 3.1, the optimum 

r value can be selected as 10°,12° or 14°. However, one of these three values has 

to be selected to use in the delineation of clusters. Therefore, the middle value 

12° was selected as the optimum r value and was used to delineate clusters of the 

----------------_. __ ._- .,-'-
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Table 3.1: Values Obtained for Objective F\mot,ons 

r F2 F3 F4 #of I 

(degrees) Clusterls 

10 0.2076 0.2792 1.345 4 I 

11 0.2187 0.2871 1.312 4 I 

12 0.2076 0.2792 1.345 4 I 

13 0.2108 0.2845 1.350 4 I 

14 0.2076 0.2792 1.3.45 4 I 

15 0.2126 0.2822 1.320 4 I 

16 0.9857 0.5429 0.5.51 3 I 

17 0.8413 0.5002 0.594 2 I 

18 0.9537 0.5393 0.566 3 I 

19 0.8380 0.5008 0.598 2 I 

20 0.8655 0.5052 0.5S4 2 I 

-------_._------------- -.-.- -----.-.. -.-.. - .... -
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Table 3.2: Mean Orientations and Spherical Standard Deviations of Joint Sets 

Joint Set Number of Mean Dip Mean Dip Spherical Standard 
Number Data Direction Angle Deviation 

(Degrees) (Degrees) 

1 21 102.2 80.7 0.194 

2 24 264.7 66.3 0.238 

3 73 14.9 71.7 0.306 

4 114 113.4 14.8 0.281 

chosen homogeneous region. Figure 3.1 shows that for this region, orientation data 

are delineated into four joint sets. 

The mean orientation of a joint set corresponds to the orientation of the 

resultant vector of the unit vectors normal to the joints (Kulatilake, 1985). Ta

ble 3.2 provides the number of joints, mean orientations, and spherical standard 

deviations obtained for these four joint sets. The significance of these joint sets 

are considered to be in the order of number of joints in a joint set. The spherical 

standard deviation of a joint set is given by [(1-IRI/N), where N is the number 

of joints in the joint set, and IRI is the magnitude of the resultant of the unit vec

tors normal to the joints. The values of 0 and 1 for spherical standard deviation 

respectively represent zero and hundred percent orientation variabilities, and the 

variability increases with the spherical standard deviation. Especially, joint sets 3 

and 4 show significant variability in orientation data (see Fig. 3.1 and Table 3.2). 
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3.3 Correction of Sampling Bias on Orientation 

3.3.1 Introduction 

Orientation data generally are measured on one dimensional (lD) or two dimen

sional (2D) sampling domains such as boreholes and rock cores or tunnel surfaces 

and outcrops. The chance that a joint intersects a sampling domain depend on 

five factors: (i) relative orientation of joint with respect to the sampling domain, 

(ii) size of the joint, (iii) shape of the joint, (iv) size of the sampling domain, and 

(v) shape of the sampling domain. In hard rocks, joints usually appear as clus

ters or sets, and within a cluster, for each joint sampled on a selected exposure, 

the first three factors change. Also, in practice, more than one sampling domain 

may be used to obtain field data on a joint set. Therefore, as far as orientation is 

concerned, observed frequencies of joints do not represent true frequencies in three 

dimensions. This is called the sampling bias on orientation. 

Existing procedures for correcting sampling bias can not be applied directly 

for nonvertical, finite sampling planes. But in practice, nonvertical planes such as 

a floor of a tunnel or inclined outcrops are very common. In fact, the orientation 

data used in this study were from the mappings on the walls as well as on the floor 

of the ventilation drift. Therefore, a new general procedure to correct sampling 

bias on orientation, applicable for sampling planes of any orientation is developed 

using a vector approach. In the formulation, the shape of the sampling plane is 

considered as rectangular to simplify the explanation. However, the given approach 

is equally applicable for sampling domains of other shapes. 
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3.3.2 Conceptual Model 

The corrected frequency of a joint can be obtained by assigning a weight to each 

observed joint through a weighting function, which is inversely proportional to 

the probability that the joint is sampled (Terzaghi, 1965). The expression for the 

probability that a finite joint intersects a finite size exposure was derived from a 

hypothesis indicating" the probability of intersection is proportional to the volume 

in which the center of the joint should lie in order to intersect the sampling plane" 

(Kulatilake and Wu, 1984a). 

This volume can be visualized by moving the joint about the sampling 

plane, fixed in the space, such that they intersect. Likewise instead of moving a 

joint about the sampling plane, the sampling plane can be moved about the joint, 

fixed in the space. For this situation, we can find a volume, in which the center of 

the sampling plane should lie in order to intersect the joint. Expressions for the 

both volumes are the same (Kulatilake, 1988b). The latter configuration seems 

to be more convenient to use in deriving expressions for joints with non-circular 

shapes (Kulatilake et al., 1990c), and it is used here. 

3.3.3 Geometrical Representation of Generated Volumes 

If we consider a joint intersecting a rectangular sampling plane (window), the 

total volume generated by moving the window about the joint corresponds to the 

movement of four comers of the sampling plane along the periphery of the joint. 

The volume (say V) in which the center of the window 0 lies can be explained 

using Figs. 3.2-3.5. In these figures shape of the joint is not used to obtain the 

general expression for V. 

- ________ 0 ______ _ 
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Figure 3.2 shows one comer of sampling plane PQRS, with 0 as the center, 

touching the joint. In Fig. 3.2, AB is the line of intersection between the joint 

plane and the window plane, and Pl and P2 are the unit normal vectors to the 

joint and to the window respectively. The rectangles CDEF and GHIJ are drawn 

circumscribing the joint and the window respectively. FE and HI are parallel to 

AB, and FC, ED, GH and JI are perpendicular to AB. The lengths of FC and GH 

are denoted as dj and da respectively. 

When we look at the joint and the window along the direction of AB, they 

can be seen as shown in Fig. 3.3(a). Since both Pl and P2 are perpendicular to 

AB, AB is normal to the plane containing Pl and P2j i.e. Fig. 3.3(a) is drawn on 

the plane containing Pl and P2. Thus, AB appears as a point and both the joint 

and the window appear as lines in this figure. The lengths of these lines will be 

equal to dj and dlJ given in Fig. 3.2, for the joint and for the window respectively. 

When a comer of the window is moved along the periphery of the joint, 

generally, at two positions of the window, the window plane will be tangential to 

the periphery of the joint. (IT an edge of the joint is parallel to the window, then 

there will be more than two positions). We can con'3ider these window positions 

as extreme positions. When viewed along the direction of AB, the joint and the 

extreme window positions corresponding to the movement of comer P along the 

periphery of the joint can be seen as shown in Fig 3.3(b). IT the angle between the 

joint plane and the window plane is p., then the perpendicular distance between the 

two extreme positions of the window is equal to dj sin /-'. When the window is moved 

about the joint such that corner P touches the joint surface, the traces of comers Q 

and S can be shown as QleQ2e and SleS2e respectively in Fig. 3.3(b), where QleQ2e 

and SleS2e are planes parallel to the joint. The perpendicular distance between 

-------------_ .. _- ... -- ... ---
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Figure 3.2: Position of Joint and Window when Corner P Touches a Point on the 
Periphery of Joint 
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QleQ2e and SleS2e will be equal to dll sin 1" 

Figures 3.4(a)-3.4(d) show four typical window positions where corners P, 

Q, R and S respectively touch the periphery of the joint. The aforesaid volume V 

is given by the total volume generated by four rectangles PKON, KQLO, OLRM 

and NOMS when comers P. Q, Rand S respectively are moved along the periphery 

of the joint. 

The volume generated by rectangle PKON when comer P is moved along 

the periphery of the joint is shown in Fig. 3.S( a). This volume can be divided 

into two parts Vi and V2 as shown in Figs. 3.S(b) and 3.S( c) respectively. The 

Volume Vi is a prismoid which has a cross section equal to rectangle PKON. The 

two end sections of this prismoid correspond to the two extreme positions shown 

in Fig. 3.3(b). Thus, the perpendicular distance between the end sections is equal 

to dj sin 1'. 

The volume V2 (Fig. 3.S( c» is a prismoid with cross sectional area equal to 

the area of the joint. In other words, the cross section of V2 is PIP2P3P4PS. End 

sections of V2 (KIK2K3K4KS and NIN2N3N4NS) correspond to the traces of K 

and N when comer P of the window touches the joint surface. Since PK and PN 

are half of PQ and half of PS respectively, the perpendicular distance between the 

two end sections of V2 is (dll/2)sin/-L (see Fig. 3.3(b». 

Similarly, when comer R is moved along the periphery of the joint, a volume 

equal to (Vi + V2 ) will be generated by rectangle RMOL on the other side of the 

joint. When comers Q and S are moved along the periphery of the joint, a volume 

equal to Vi will be generated by each of the rectangles QLOK and SNOM, in 

addition to already generated volumes. Then, the total volume generated by four 

rectangles PKON, QLOK, SNOM and RMOL will be equal to 4Vi +2V2. Therefore, 

---- ------------------- ---
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the volume V is given by 4Vi + 2V2. 

3.3.4 A Vector Approach to Find Volumes Vi and V2 

Researchers such as Wittke (1965), Londe et al. (1969), Warburton(1981), 

Shi(1982) and Oda(1982) have suggested vector approaches to solve rock engi

neering problems. In this study, a vector approach is used to derive expressions 

for volumes Vi and V2. 

The volumes Vi and V2 are formulated from Cavalieri's Principle of geom

etry. Cavalieri's principle states that if two solids are included between the same 

two parallel planes, and if any plane parallel to this plane cuts cross-sections of 

equal area in the two solids, then the volumes of the two solids are equal. 

Let Aj be the area of joint and A" be the area of sampling plane. Then Vi 

is given by 

(3.4) 

s.nd V2 is given by 

(3.5) 

Therefore, volume V can be expressed as 

(3.6) 

Determination of A" and d" 

Let w be the length of one edge (edge 1) of the window, and h be the length of the 

edge perpendicular to edge 1 (edge2). Then area of the window A" is given by 

A,,=wh (3.7) 
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Figure 3.6 shows the window when looking along the direction of P2. In Fig. 

3.6, AB represents the line of intersection between window plane and joint plane. 

H PU and PV are projections of PS and PQ on a plane normal to the line AD 

respectively, then length d. is equal to PU+PV. H (31 and (32 are angles between 

PS and PU, and PQ and PV, then d. can be given by 

(3.8) 

where 1.1 denotes the absolute value of a quantity. If rand s are the unit vectors 

in the directions of edge 1 and edge 2 respectively, and v is the Wlit vector along 

the line UV, then I cos (311 and I cos (321 can be given by 

I cos (31/ = Iv.rl (3.9) 

(3.10) 

Since AD is a normal to the plane containing PI and P2, the cross product of PI 

and P2 gives a vector in the direction parallel to AD. H AB is the vector along the 

line AD, and IIABII is the magnitude of AB, then a Wlit vector in the direction of 

AB is equal to II!:II and is given by 

AB _ PI X P2 
IIABII - IIPI X P211 

(3.11) 

Since v is normal to both AB and P2, V can be obtained form cross product of 

AB d jjABjj an P2 as 

AB ( PIXP2 ) (PI.P2)P2 - PI 
V = IIABll xP2 = IIPIXP211 XP2 = sin J.t 

(3.12) 

Substituting Eq. 3.12 in Eqs. 3.9 and 3.10 yields 

Icos (311 = IpI.rll sin J.t (3.13) 

--- --.--- --
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(3.14) 

Substituting Eqs. 3.13 and 3.14 in Eq. 3.8, d. can be obtained as 

1 
dll = -.- [wlpl.rl + hlpl.SI] 

SIn p. -
(3.15) 

Determination of Aj and dj 

Aj and dj for circular and rectangular joint shapes can be determines as follows. 

Circular .Toints: 

If diameter of the joint is d, then aj and dj can be given as 

Aj = {7rtP)/4 (3.16) 

dj = d (3.17) 

Rectangular Joints: 

If a is the length of one edge (edge 1) and b is the length of edge 2, and t and u 

are the unit vectors along the edges 1 and 2 respectively, then following a similar 

procedure as for determining d ll for the rectangular window, dj can be obtained as 

(3.18) 

The area of the joint can be given as 

Aj = a b (3.19) 

...... _-_._------ -_.-_. -. 
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Special Cases 

Expressions for V for joints with different shapes intersecting vertical sampling 

planes are derived in Kulatilake et al. (1990). To verify the foregoing procedure, 

expressions for volume V for the special cases where circular and rectangular joints 

intersecting a vertical sampling plane are derived here and compared with those 

in Kulatilake et al. (1990). 

In this study, the data come from the walls as well as from the floor of 

the ventilation drift, Stripa mine. Therefore, in this section, an expression for 

volume V is also derived for the special case where sampling plane is horizontal. 

At present, field surveys generally do not produce data on joint shapes; joint shape 

is assumed as circular in this research. Therefore, the expression for volume V is 

derived for circular joints. 

Let a and ,p be dip direction and dip angle of a joint respectively. If i, j 

and k are unit vectors along X,Y, and Z axes in the coordinate system shown in 

Fig. 3.7, then 

PI = cos a sin ,pi - sin a sin ,pj + cos ,pk (3.20) 

Similarly, if a r and ,pr are the trend and plunge respectively of edge 1 of 

the window, and a .. and ,p .. are the trend and plunge respectively of edge 2, then 

rand s are given by 

s , cos a .. cos ,p .. i - sin a .. cos,pJ - sin ,p .. k 

(3.21) 

(3.22) 

Since P2 is the unit normal vector to the sampling plane, it is equal to the cross 

product of r and s. 

,.' '. __ .. _------ ._,-- , -
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Figure 3.7: Relation between Orientation Parameters of Joint and Spherical Co
ordinate System 
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(a) Vertical Sampling Plane 

IT edge 2 of the sampling plane is vertical, then l/JII is equal to ±900 and l/Jr is equal 

to 00 • Therefore, Eqs. 3.21 and 3.22 reduce to Eqs. 3.23 and 3.24 respectively and 

P2 is given by Eq. 3.25 as giveR below: 

s==Fk 

P2 = r x s = ±[sin ari + cos arj] 

Substituting Eqs. 3.20, 3.23 and 3.24 in Eq. 3.15, d ll can be obtained as 

dll = ~ [w sin l/JI cos(ar - a)1 + h cos l/J] 
smp. 

cos J.I. can be obtained from the dot product of PI and P2 as 

cos f.t = Pl. P2 = ± sin l/J sin( ar - a) 

Then sin J.I. can be given as 

(i) Circular Joints 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

For circular joints, volume V can be obtained by substituting Eqs. 3.7,3.16,3.17, 

3.26 and 3.28 in Eq. 3.6 as 

v = w h d [cos2 l/J + sin2 l/Jcos2(ar - a)t
5 + 

(7l'~/4)[w sinl/Jlcos(ar -a)1 + h cosl/J] 

----,-------------- - ---_.-

(3.29) 
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(ii) Rectangular Joints 

For a rectangular joint with its edge 1 horizontal as shown in Fig. 3.8, the edge 2 

gives the dip direction of the joint. Then the trend and plunge of the edge 2 will 

be equal to a and <P respectively, and the trend and plunge of edge 1 will be equal 

to a ± 90° and 0° respectively. The vectors t and u can be given by 

t = =J=(sin ai + cos aj) 

u = cos a cos <Pi - sin a cos <pj + sin <pk) 

Substituting Eqs. 3.25, 3.30 and 3.31 in Eq. 3.18 dj can be obtained as 

dj = ~ [al cos(ar - a)1 + b cos <PI sin(ar - a)1l 
smp. 

Substituting Eqs. 3.7, 3.19, 3.26 and 3.32 in Eq. 3.6, V can be obtained as 

v = w h [al cos(ar - a)1 + b cos <PI sin(ar - a)11 + 

a b [w sin <PI cos(ar - a)1 + h cos <PJ 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

Eqs. 3.29 and 3.33 are same as Eqs. (27) and (34) given in Kulatilake et al. (1990) 

for the respective special cases, and this comparison verifies the general procedure 

presented in this study. 

(b) Horizontal Sampling Plane 

When the sampling plane is horizontal, both <Pr and <PII are equal to zero degrees, 

and 

P2 =±k (3.34) 

For a rectangular sampling plane, a" is equal to a r ±900. Then Eqs. 3.21 and 3.22 

reduce to 



113 

(3.35) 

and 

(3.36) 

Substituting Eqs. 3.20,3.35 and 3.36 in Eq. 3.15, can be obtained as 

(3.37) 

When sampling plane is horizontal 

p. = dip angle of joint = rP (3.38) 

Substituting Eqs. 3.7, 3.16, 3.17, 3.37 and 3.38 in Eq. 3.6, the expression for 

volume V becomes 

(3.39) 

3.3.5 Weighting Functions 

The probability that a joint intersects a rectangular sampling plane is proportional 

to the volume V derived in the preceding section. This probability is inversely 

proportional to the weight which is assigned to the observed frequency of a joint in 

correcting sampling bias on orientation. Therefore, weight or weighting function 

can be expressed in terms of the volume V. 

IT (V)i is the volume V obtained for the ith joint, then the weighting function 

for that joint (weight)i is given by 

(weight)i = k/(V)i (3.40) 

----------_ .. _----- --.-----. 



114 

where k is a constant. When orientation data are obtained from joint mapping 

on different sampling planes, the expression for V for each joint should be used 

accordingly. For example, consider a case where data are obtained form joint 

mapping on the walls and the floor of a tunnel. Depending on whether the joint is 

mapped on a wall or on the floor, the expression for V is substituted either from 

Eq. 3.29 or from Eq. 3.39, when joint shape is assumed as circular. 

Weighting Functions for Circular Joints 

Weighting functions for circular joints mapped on the floor and on the walls of the 

ventilation drift can be obtained as given below. Let 

(3.41) 

Then, if ith joint is from the mapping on a wall, substituting Eq. 3.29 in Eq. 3.41, 

Wi can be obtained as 

Wi = (w h d [cos2 4> + sin2 4>cos2(a r - a)t
5 + 

(1\"£l2/4)[w sin4>lcos(ar -a)l+h cos4>l)-l (3.42) 

If ith joint is from the mapping on the floor, substituting Eq. 3.39 in eq. 3.41, Wi 

can be obtained as 

If N is the number of joints, then raw relative frequency of a joint is equal 

to liN, and corrected relative frequency of that is equal to (weight)i IN. Using 

the fact that the summation of corrected relative frequencies is equal to one, the 

unknown constant k in Eq. 3.40 can be substituted by N IE Wi. Then the corrected 

relative frequency of ith joint is equal to Wil E Wi. 

------- ~- ~---~~. -



115 

If diameters of the circular joints are very small compared to the dimensions 

of the rectangular sampling plane, Eq. 3.42 reduces to 

(3.44) 

and Eq. 3.43 reduces to 

(3.45) 

3.3.6 Application to Orientation Data from Ventilation Drift 

High variability of the orientation of the joint sets is very clear from Fig. 3.1 and 

Table 3.2. For a given orientation of the sampling plane, it is important to note 

that the significance of the orientation bias increases with the variability of a joint 

set. 

At present, it is not possible to obtain shape and size of every joint from field 

joint surveys. Therefore, it is not possible to obtain diameter value for each joint. 

This prevents the application of Eqs. 3.42-3.45 in a perfect manner. Therefore, 

the following approximate procedure was used to compute the corrected relative 

frequencies. 

Since the diameter d for each joint in a cluster is unknown, it was decided 

to assume the mean value for diameter for all the joints in a cluster, and apply the 

suitable equations out of Eqs. 3.42 - 3.45 to compute the relative weights. Mean 

diameters of the joint sets were estimated from trace length measurements, using 

the procedures given in Kulatilake and Wu (1984b) and Kulatilake and Wu (1986) 

(see Chapter 5). 

In Chapter 5, joint size modeling was carried out through two methods. 

The two mean diameter values for each joint set obtained from these methods 

---- ----- --------- ---- .. -- ----



116 

Table 3.3: Mean Diameters of Joint Sets 

Joint set 1 Joint set 2 Joint set 3 Joint set 4 

Mean 0.754 0.662 0.810 0.790 
diameter (m) 

were averaged to obtain the mean diameters given in Table 3.3. Since the size of 

the sampling areas considered in this study is 10 m x 4 m, the sizes of the joints 

are not small compared to the size of the sampling plane. Therefore, Eqs. 3.42 

and 3.43 were used to compute corrected relative frequencies. 

3.3.7 Results and Discussion 

Corrected relative frequencies for representative samples of clusters 1-4 are given 

in Tables 3.4-3.7 respectively. Cluster 1 has 21 joints of which 12 are mapped 

on walls and 9 are mapped on the floor. Cluster 2 has 24 joints of which 16 are 

mapped on walls and 8 are mapped on the floor. Joints in both of these clusters 

are nearly parallel to the walls. Therefore, the chance that joints intersect a wall 

is rare, compared to the chance they intersect the floor. Therefore, for joints 

mapped on the walls, we have to assign a greater weight. Then their corrected 

relative frequencies will be greater than the raw relative frequencies. On the other 

hand corrected relative frequencies of joints mapped on the floor will be less than 

their raw relative frequencies. Relative frequency values given in Tables 3.4 and 

3.5 support this argument. 

Cluster 3 has 73 joints of which 54 are mapped on walls and 19 are mapped 

on the floor. Many of these joints are vertical, but have strikes closer to east and 

...... -.- -_ ... _------ .- ._-_. _. 
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Table 3.4: Observed and Corrected Relative Frequencies for a Representative Sam
ple from Joint Set 1 

Dip Dip Sampling Observed Weight Corrected 
direction angle plane relative relative 
(degrees) (degrees) frequency frequency 

85 90 floor 0.0476 0.651 0.0310 

100 85 floor 0.0476 0.655 0.0312 

108 89 wall 0.0476 1.276 0.0608 

108 88 wall 0.0476 1.272 0.0606 

112 86 floor 0.0476 0.617 0.0294 

114 88 wall 0.0476 1.069 0.0509 

115 90 floor 0.0476 0.609 0.0290 

118 86 wall 0.0476 0.967 0.0460 

75 82 floor 0.0476 0.605 0.0288 

80 81 floor 0.0476 0.607 0.0289 

111 84 floor 0.0476 0.607 0.0289 

115 83 floor 0.0476 0.609 0.0290 

116 82 floor 0.0476 0.611 0.0291 

284 84 wall 0.0476 1.425 0.0678 

100 75 wall 0.0476 1.424 0.0678 

115 76 wall 0.0476 0.980 0.0467 

116 79 wall 0.0476 0.979 0.0466 

76 74 wall 0.0476 2.224 0.1059 

93 68 wall 0.0476 1.431 0.0681 
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Table 3.5: Observed and Corrected Relativ~ Frequencies for a Representative Sam
ple from Joint Set 2 

Dip Dip Sampling ()bserved 'Weight Corrected 
direction angle plane relative relative 
(degrees) (degrees) ~requency frequency 

74 86 floor 0.0417 0.595 0.0248 

247 90 wall 0.0417 2.458 0.1024 

251 84 floor 0.0417 0.581 0.0242 

275 81 floor 0.0417 0.586 0.0244 

236 74 floor 0.0417 0.604 0.0252 

240 74 wall 0.0417 1.285 0.0536 

254 74 wall 0.0417 1.948 0.0812 

256 73 wall 0.0417 1.930 0.0804 

272 67 floor 0.0417 0.640 0.0267 

290 66 floor 0.0417 0.649 0.0270 

266 61 wall 0.0417 1.178 0.0491 

274 62 wall 0.0417 1.100 0.0458 

276 65 wall 0.0417 1.146 0.0477 

281 64 wall 0.0417 1.026 0.0428 

283 63 wall 0.0417 0.975 0.0406 

269 58 floor 0.0417 0.668 0.0279 

271 59 wall 0.0417 1.062 0.0442 

273 56 wall 0.0417 0.972 0.0405 

275 56 floor 0.0417 0.698 0.0291 
, 

. --_.- "_ .. _----- --,_ ... _-
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Table 3.6: Observed and Corrected Relative Frequencies for a Representative Sam
ple from Joint Set 3 

Dip Dip Sampling Observed Weight Corrected 
direction angle plane relative relative 
(degrees) (degrees) frequency frequency 

29 85 floor 0.0137 0.999 0.0137 

31 87 floor 0.0137 0.995 0.0136 

45 90 floor 0.0137 0.983 0.0135 

208 86 wall 0.0137 1.126 0.0154 

209 90 wall 0.0137 1.149 0.0157 

215 86 floor 0.0137 0.888 0.0122 

218 90 wall 0.0137 1.334 0.0183 

226 86 floor 0.0137 0.895 0.0123 

16 81 floor 0.0137 0.924 0.0127 

22 80 wall 0.0137 1.038 0.0142 

198 83 floor 0.0137 0.895 0.0123 

208 84 floor 0.0137 0.886 0.0121 

232 82 wall 0.0137 1.821 0.0249 

8 75 wall 0.0137 0.926 0.0127 

11 77 wall 0.0137 0.944 0.0129 

13 75 wall 0.0137 0.955 0.0131 

14 77 floor 0.0137 0.906 0.0124 

15 76 floor 0.0137 0.909 0.0124 

16 78 wall 0.0137 0.979 0.0134 
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Table 3.7: Observed and Corrected Relative Frequencies for a Representative Sam
ple from Joint Set 4 

Dip Dip Sampling Observed Weight Corrected 
direction angle plane relative relative 
(degrees) (degrees) frequency frequency 

97 22 wall 0.0088 0.739 0.0065 

98 21 wall 0.0088 0.734 0.0064 

98 25 wall 0.0088 0.751 0.0066 

116 21 wall 0.0088 0.711 0.0062 

137 23 wall 0.0088 0.686 0.0060 

138 24 wall 0.0088 0.685 0.0060 

142 21 wall 0.0088 0.682 0.0060 

154 25 floor 0.0088 1.527 0.0134 

168 21 wall 0.0088 0.669 0.0059 

172 21 floor 0.0088 1.796 0.0158 

172 21 floor 0.0088 1.796 0.0158 

176 20 floor 0.0088 1.875 0.0164 

195 22 floor 0.0088 1.683 0.0148 

249 21 wall 0.0088 0.741 0.0065 

67 18 floor 0.0088 2.211 0.0194 

78 16 wall 0.0088 0.728 0.0064 

83 17 floor 0.0088 2.387 0.0209 

98 18 wall 0.0088 0.723 0.0063 

102 19 wall 0.0088 0.722 0.0063 
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west directions (cluster 3 in Fig. 3.1). Since the strike of walls deviate from north 

direction by 10° only, joints in cluster 3 have a very good chance of intersecting 

with walls as well as with the Hoor. Therefore, for most of the joints, one can expect 

corrected relative frequencies t~ be of the same order as raw relative frequencies. 

Values in (Table 3.6) agree with this. Slight differences are due to the variability 

of the orientation of joints. 

Cluster 4 has 114 joints of which 80 are mapped on walls and 34 are mapped 

on the Hoor. Many of these joints are nearly horizontal (cluster 4 in Fig. 3.1). 

Therefore, the chance that joints intersects the Hoor is rare, compared to the 

chance they intersect the walls. Table 3.8 shows how this situation is taken care 

of by assigning greater weights to joints mapped on the Hoor. 

Blind-zone Joints 

In a polar, equal area projection, the pole of a sampling plane is called 'blind-spot' 

(Terzaghi, 1965), because joints represented by the same pole can not be seen on 

that sampling plane. Joints represented by in or near the blind spot of an outcrop 

are called 'blind-zone' joints. For blind-zone joints, the accuracy of the correction 

on observed relative frequency may be questionable due to the low probability of 

intersection between the joint and the sampling plane. Terzaghi (1965) proposed 

that in order to obtain reliable infonnations concerning joint orientations, more 

than one sampling planes with different orientations should be used in joint surveys, 

so that joints of any orientation are intersected by at least one sampling domain 

at a moderately high angle, which should preferably not be less than about 20°. 

Thus we can mark a region around the pole of a sampling plane as shown in Fig. 

3.9, so that poles in this region represent blind-zone joints associated with that 

------------------------- . -
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Figure 3.9: Stereographic Projection of Blind Zone of Sampling Plane 
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Table 3.8: Blind-zone Joints 

Joint set 1 Joint set 2 Joint set 3 Joint set 4 

Wall 1 3 0 0 

Floor 0 0 0 9 

sampling plane. By examining the angle between the joint and the sampling plane 

it can be decided whether the joint is a blind-zone joint or not. Table 3.8 gives the 

number of blind-zone joints of each joint set. The corrected relative frequencies of 

these joints may be less accurate. 

3.4 Orientation Distributions 

3.4.1 Empirical Distributions 

Figures 3.10 - 3.13 show the empirical orientation distributions obtained using raw 

relative frequencies and corrected relative frequencies for clusters 1-4 respectively. 

From these figures the difference between the observed and corrected frequencies 

of these joints can be seen. For joint sets 1, 2, and 4 this difference is due to the 

difference in the chance of intersection with the walls and the floor, and also due 

to the variability of the joint orientation. For joint set 3, the difference between 

Figs. 3.12(a) and 3.12(b) has resulted mainly due to the variability of the joint set. 

The sampling bias correction may influence the decision in selecting a theoretical 

distribution to represent data. This is shown in section 3.4.2. 
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(a) 

(b) 

Figure 3.10: Orientation Distribution of Cluster 1 (a) Based on Raw Relative 
Frequencies (b) Based on Corrected Relative Frequencies 

---------_._- --
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I~IIIII I 
(a) 

(b) 

Figure 3.11: Orientation Distribution of Cluster 2 (a) Based on Raw Relative 
Frequencies (b) Based on Corrected Relative Frequencies 

._---_.-----------_._----_..-
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(a) 

(b) 

Figure 3.12: Orientation Distribution of Cluster 3 (a) Based on Raw Relative 
Frequencies (b) Based on Corrected Relative Frequencies 

---------_._--_.----_._ .. -... _._. ~.- .... 
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(a) 

(b) 

Figure 3.13: Orientation Distribution of Cluster 4 (a) Based on Raw Relative 
Frequencies (b) Based on Corrected Relative Frequencies 

------- .. ----- --'-- - -. 
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3.4.2 Theoretical Probability Distrubutions 

As shown in Fig. 2.1 in Chapter 2, fracture orientations can be represented by 

points on the unit hemisphere. Probabilistic distributions of joint orientations are 

defined for the point concentration on the surface of the unit hemisphere. Following 

spherical distributions have been proposed in the literature as models for the joint 

orientation distribution: 

1. Hemispherical uniform distribution (Mardia, 1972) 

2. Hemispherical normal distribution (Arnold, 1941; Kulatilake, 1985) 

3. Fisher distribution (Fisher, 1953; Watson and Irving, 1957) 

4. Bivariate Fisher distribution (Einstein et al., 1979) 

5. Bingham distribution (Bingham, 1964; Shanley and Mahtab, 1976) 

6. Bivariate normal distribution (Benjamin and Cornell, 1970; Kulatilake, 1986; 

Grossman, 1985) 

For the hemispherical uniform distribution, the point density of poles on the 

surface of the unit hemisphere is constant. Therefore, this distribution can repre

sent orientation data of a joint set if joint poles of that joint set have no preferred 

orientation. According to pole contours on polar equal area plots shown in Fig. 

2.6(b) in Chapter 2, all four joint sets in this study have preferred orientations. 

Therefore, hemispherical uniform distribution was not considered for the fitting of 

orientation distribution. 

The difference between the hemispherical normal and Fisher distribution 

is that Fisher distribution is defined on the sphere, and hemispherical normal 

_ ... _---_._---------
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distribution is defined on the hemisphere. Therefore, it is sufficient if one of these 

two is selected to check whether orientation data can be represented by it. For 

orientations, joint normal distributions can be represented either on the lower or 

on the upper hemisphere. Therefore, a distribution decribed on the hemisphere 

is more apprpriate to fit orientaion data. In this study hemispherical normal 

distribution was selected. This distribution requires the orientation data to exhibit 

circular symmetry about the mean. 

The bivariate Fisher distribution is a biaxial symmetric extension of Fisher 

distribution. Bingham distribution is a general biaxial symmetric distribution de

scribed on the sphere. One of these two distributions may represent orientation 

data if data have biaxially symmetric distribution. In this study, Bingham distri

bution was considered for the fitting of orientation distribution. 

The bivariate normal distribution presented in Benjamin and Cornell (1970), 

Einstein et al. (1979) and Kulatilake (1986) is a standard distribution for data 

defined on a plane. However, for a low dispersion joint set, the portion of the 

spherical surface which contains the poles of that joint set can be approximated by 

a plane. Since variabilities of orientation of four joint sets Wlder present study are 

high, bivariate normal distribution was not considered for the fitting of orientation 

distribution. 

3.4.2.1 Hemispherical Normal Distribution 

The hemispherical normal distribution (or Fisher distribution) is an analog of the 

planar normal distribution on the surface of a plane. Density function of Fisher 

distribution is described under a coordinate system where mean direction coincides 

with the Z axis. Therefore, first, the mean pole is found, and coordinates are 

--------------_ .. _------ ._ .. _--_._. 
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transformed such that the new Z axis is along the direction of mean pole. If ((), 

t/» denote the spherical coordinates of a unit vector computed with respect to the 

transferred coordinate system, then the density function of hemispherical normal 

distribution is given by (Mardia, 1972) 

K Kcca4> • .J.. 

f(8 .J..) = e sm Of' 0 < .J.. < 11'/2 0 <_ () _< 211' 
, Of' 211'( eK _ 1) - Of' - , 

(3.46) 

where K is a dispersion parameter. As variability of a cluster decreases, K increases. 

For K>3, K can be estimated by 

K = (N - l)/(N -IRI) (3.47) 

where N is the number of data and IRI is the magnitude of the resultant of unit 

vectors normal to the joints. 

Fitting of Hemispherical Normal Distribution 

Kulatilake (1985) provides a method to perform in chi-square goodness-of-fit test 

for hemispherical normal distribution treating it as a bivariate distribution. The 

chi-square statistic for a hemispherical normal distribution is calculated by 

X
2 = ~~ (fo)i/ _ N 
"tat L...i L...i (J.) i=1 j=1 e ij 

(3.48) 

where (fo)ij is the observed frequency for itht/> interval and j th8 interval, (fe)ij is 

the theoretical frequency for itht/> interval and jth() interval, I is the total number 

of t/> intervals, J is the total number of 8 intervals, and 

(3.49) 

Using X2 table (Spiegel, 1968) the probability that X2 is greater than the 

calculated X2 statistic at (IJ - 4) degrees of freedom (D.F.) can be found. This 
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Table 3.9: Results of Goodness-of-fit Test for Hemispherical Nonnal .Distributioh 
on Orientation Data 

Joint # of X~tot value D.F. P Valu~ 
Set # Joints 

1 21 observed data 24.76 4 < O.OOp 

corrected data 15.59 4 < O.OOp 

2 24 observed data 13.89 4 0.008 

corrected data 29.00 4 < O.OO~ 

3 73 observed data 41.87 6 < O.OO~ 

corrected data 42.20 6 < O.OO~ 

4 114 observed data 105.93 14 < O.OO~ 

corrected data 96.24 14 < O.OO~ 

probability, P, is the maximwn significance level at which the tried pfobability i13 

suitable to represent the statistical distribution of data. The P value fihould be al~ 

least 0.05 to accept the tried probability distribution to represent the data. 

X2 test for Fisher Distribution was perfonned on raw relative frequencies 

and corrected relative frequencies of each joint set, and results are given in Table 

3.9. 

3.4.2.2 Bingham Distribution 

Most orientation distributions do not have circular symmetry about ~he mean of 

the joint set. Elliptical symmetry about the mean may be more co~nmon. For 

such cases, Bingham distribution may be suitable to represent the dis'~ribution of 
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orientation. 

Density function for the Bingham distribution has the form (Bingham, 1964) 

exp [(1 (l-'iX)2 + (2(I-'~X)2 + (3{I-'~X)2] 
411" Fl (1/2; 3/2; Z) 

(3.50) 

where (1, (2 and (3 are dispersion parameters, 1-'3 is the best axis, 1-'1 is the axis of 

best zone, and 1-'2 is the axis of a zone containing 1-'1 and 1-'3. Z is given by 

Z=[~ ~ ~l 
o 0 (3 

(3.51) 

and F 1{1/2j 3/2; Z) is a hypogeometric function of matrix argument. Bingham 

(1964) imposes the constraint (3 = 0 to render the maximum likelihood estimate 

of Z unique. 

IT the data are concentrated about a preferred orientation, both (I and (2 

will be negative. IT (I :j: (2, then (I < (2 and the contours of the distribution will 

be elliptical in shape. In this case, the axis 1-'1 would be parallel to the minor axis 

of the ellipse, and the 1-'2 would be parallel to the major axis of the ellipse. The axis 

1-'3, that is, the best axis or the mean of the distribution, would be perpendicular 

to both 1-'1 and 1-'2' 

IT (}i and ¢>i are dip angle and dip direction of ithe joint in a joint set, and if 

Xi is defined by 

[

sin ¢>i cos (}i 1 
Xi = sin ¢>i sin ()i 

cos ¢>i 

(3.52) 

and a 3 x n matrix of X is defined by 

(3.53) 

then, eigen vectors corresponding to eigen values of X XT, WI, W2 and W3 (WI < 

W2 < W3) are the maximum likelihood estimates of 1-'., 1-'2 and 1-'3. 
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Table 3.10: Results of Goodness-of-fit Test for Bingham Distribution on Orienta
tion Data 

Joint # of X~tat value D.F. P Value 
Set # Joints 

1 21 observed data Insufficient data 

corrected data to run 

2 24 observed data X2 test 

corrected data 

3 73 observed data 24.93 6 < 0.001 

corrected data 33.35 6 < 0.001 

4 114 observed data 20.65 14 0.116 

corrected data 28.94 14 0.011 

Fitting of Bingham Distribution 

If (8, <p) denote the spherical coordinates of a unit vector computed with respect 

to 1-'3, then the expected number of points in a spherical quadrilateral {<PI :5 <P :5 

<P2,81 :5 8 :5 82} is given by (Shanley and Mahtab, 1976) 

411" FI (1/;; 3/2; Z) fo~l i~ exp [«(1 cos
2 

8 + (2 sin
2 

8) sin"'] sin <pd8d<p (3.54) 

Using the computer program 'FRACTAN2' (Mahtab and Yegulalp, 1984), X2 

goodness-of-fit test was performed on both raw relative frequencies and corrected 

relative frequencies of joint sets 3 and 4. Data were not sufficient to run X2 test 

for joint sets 1 and 2. Results of X2 goodness-of-fit test are given in Table 3.10. 

---------------_. __ . __ .... _--
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3.4.3 Discussion and Conclusions 

The P value given in Tables 3.8 and 3.9 is the maximum significance level at which 

the tried probability distribution is suitable to represent the statistical distribution 

of data. In general, for statistical applications, this P value should be at least 0.05 

to accept the tried probability distribution to represent the data. Therefore, ac

cording to Table 3.9, neither raw data nor corrected data of each of the four clusters 

follow a hemispherical normal distribution. According to Table 3.10, for cluster 3, 

raw data and corrected data can not be represented by a Bingham distribution. 

However, raw data of cluster 4 follows a Bingham distribution while corrected data 

do not. This indicates that the sampling bias correction may influence the decision 

in selecting a theoretical probability distribution to represent orientation data. 

Since neither of the two theoretical probability distributions satisfied the 

corrected data, empirical distributions based on corrected relative frequencies were 

chosen to represent the statistical distribution of joint set orientations. 
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CHAPTER 4 

JOINT SPACING, LINEAR INTENSITY (FREQUENCY) AND 

LOCATION MODELING 

4.1 Introduction 

Sample values of joint intensity provided by field data represent one or two di

mensional properties. These values are used to obtain 3D joint intensities. One 

dimensional joint intensity is related to joint spacings. Joint spacings are the 

distances between points where joints intersect with the scanline, a straight line 

through the rock mass. For a fixed direction, mean linear intensity is the reciprocal 

of the mean spacing. For a joint set, mean spacing and mean linear intensity (aver

age number per unit length) estimates depend on the chosen direction as shown in 

Fig. 4.1. The mean linear intensity and mean spacing of a joint set along its mean 

vector direction are considered as true linear frequency and true mean spacing of 

the joint set. 

Modeling of joint spacing, linear intensity and location was performed ac

cording to the two methods given in sections 4.2 and 4.3. In each section, fitting of 

statistical distributions for spacing, correction for sampling bias on mean spacing, 

and determination of true linear frequencies of joint sets are described. 
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Figure 4.1: Influence of direction on mean linear intensity estimation (after Terza
ghi, 1965) 

- ..... __ .- .. _ .. _--------_ .. - .. -. 
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4.2 Method 1 

Figure 4.2 shows the flow chart used to obtain spacing and linear intensity dis

tributions along the mean vector directions starting from the observations made 

on several scanlines. Seven scanline directions shown in Fig. 4.3 were chosen to 

analyze spacing and intensity in different directions to have a good coverage in 3D. 

In each direction, several parallel scanlines were drawn on the joint maps of walls 

and the floor of the ventilation drift (Figs. 4.4- 4.9). These maps contain joint 

traces coming from all four joint sets. 

To infer statistical distribution of spacing in a scanline direction, spacing 

values measured on all the scanlines parallel to thatscanline direction were con

sidered. For example, to find statistical distribution along the scanline direction 

1, spacing values measured on scanlines FI-I, ... , F1-6, El-l, ... , EI-5, WI-I, ... , 

WI-5 in Figs. 4.4 - 4.9 were considered. 

4.2.1 Probability Distributions for Joint Spacing 

For each direction, observed spacing values were subjected to X2 and Kolmogorov

Smirnov goodness-of-fit tests to check the suitability of exponential, gamma, log

normal and normal distributions in representing the observed spacings. Results of 

X2 test and Kolmogorov-Smirnov test are given in Tables 4.1 and 4.2 respectively. 

From the results in Tables 4.1 and 4.2, it can be observed that for all 

seven directions, exponential and gamma distributions can represent the spacing 

distributions at very high significant levels. For most directions, standard deviation 

values were found to be close to the mean values. Note that the mean and the 

---- ----_. -
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Choose scanline directions on the walls and floor J-, , 
Estimate average spacing along 

Determine the best 

each scan line direction based 
probability distri-

on the observed data bution to represent 
the statistical 
distribution of 
observed spacing 

Correction for sampling along scanlines 
bias on average observed 
spacing 

, , 
Calculate corrected average spacing -along each scanline direction -

" 
Mean vectors for Estimate mean spacing 
orientation of p along mean vectors of 
clusters the joint sets 

• Determine the best probability distribution 
to represent spacing and linear intensity ~ -
along each of the mean vector direction 

Figure 4.2: Flow chart used to estimate spacing and linear intensity distribution 
along the mean vector directions (after Kulatilake et al., 1990b) 
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x 

Figure 4.3: Chosen scanline directions for spacing and linear intensity analysis 
(after Kulatilake et aI., 1990b) 

... ----_._--------.- -.--.. 
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Figure 4.6 Scanlines in Directions 1 and 3 on West Wall 
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Table 4.1: Results of X2 Goodness-of-fit Test on Spacing Data 

Scanline Probability Distribution 

Direction Exponential Gamma Lognormal Normal 

Direction 1 X~tat value 15.28 8.65 1540 1636 

# of data = 217 D.F. 14 12 10 8 

Mean (m) = 0.63 P value 0.37 0.73 < 0.005 < 0.005 

S.D. (m) = 0.58 

Direction 2 X~tat value 23.59 21.83 1077 933 

# of data = 157 D.F. 15 14 5 4 

Mean (m) = 0.52 P value 0.08 0.08 < 0.005 < 0.005 

S.D. (m) = 0.40 

Direction 3 X~tat value 11.05 6.05 1222 1265 

# of data = 181 D.F. 11 10 7 4 

Mean (m) = 0.49 P value 0.30 0.81 < 0.005 < 0.005 

S.D. (m) = 0.44 

Direction 4 X~tat value 6.43 5.66 786 1265 

# of data = 137 D.F. 8 6 4 4 

Mean (m) = 0.41 P value 0.60 0.47 < 0.005 < 0.005 

S.D. (m) = 0.40 

-- -------------
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Table 4.1 Results of X2 Goodness-of-fit Test on Spacing Data (Contd.) 

Scanline 

Direction 

Direction 5 X~tat value 

# of data = 68 D.F. 

Mean (m) = 0.64 P value 

S.D. (m) = 0.63 

Direction 6 X~tat value 

# of data = 74 D.F. 

Mean (m) = 0.61 P value 

S.D. (m) = 0.60 

Direction 7 X~tat value 

# of data = 52 D.F. 

Mean (m) = 0.63 P value 

S.D. (m) = 0.59 

Note: S.D. = Standard Deviation 
D.F. = Degrees of Freedom 

Probability Distribution 

Exponential Ganuna Lognormal Normal 

2.77 2.56 Insufficient data 

5 4 to run 

0.84 0.39 X2 test 

1.41 Insufficient data 

4 to run 

0.84 X2 test 

2.43 Insufficient data 

2.43 to run 

0.66 X2 test 
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Table 4.2: Results of Kolmogorov-Smirnov Goodness-of-fit Test on Spacing Data 

Scanline Probability Distribution 

Direction Exponential Gamma Lognormal Normal 

Direction 1 K - Satat .050 0.027 0.621 0.598 

# of data = 217 D.F. 40 40 40 40 

Mean (m) = 0.63 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.58 

Direction 2 K - Sa/at 0.092 0.052 0.605 0.600 

# of data = 157 D.F. 30 30 30 30 

Mean (m) = 0.52 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.40 

Direction 3 K - Sa/at 0.066 0.031 0.623 0.575 

# of data = 181 D.F. 30 30 30 30 

Mean (m) = 0.49 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.44 

Direction 4 K - Sa/al 0.033 0.034 0.639 0.501 

# of data = 137 D.F. 20 20 20 20 

Mean (m) = 0.41 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.40 

------_._--_._------ -_ .. __ ._-



Table 4.2: Results of Kolmogorov-Smirnov Goodness-of-fit Test on 
Spacing Data (Contd.) 

Scanline 

Direction 

Direction 5 K - SlJtat 

# of data = 68 D.F. 

Mean (m) = 0.64 P value 

S.D. (m) = 0.63 

Direction 6 K - S"tat 

# of data = 74 D.F. 

Mean (m) = 0.61 P value 

S.D. (m) = 0.60 

Direction 7 K - S"tat 

# of data = 52 D.F. 

Mean (m) = 0.63 P value 

S.D. (m) = 0.59 

Note: S.D. = Standard Deviation 
D.F. = Degrees of Freedom 

Probability Distribution 

Exponential Gamma Lognormal 

0.043 0.038 0.607 

15 15 15 

> 0.20 > 0.20 < 0.01 

0.040 0.034 0.609 

15 15 15 

> 0.20 > 0.20 < 0.01 

0.061 0.038 0.623 

15 15 15 

> 0.20 > 0.20 < 0.01 

-------- -----------------,--
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Normal 

0.515 

15 

< 0.01 

0.429 

15 

< 0.01 

0.473 

15 

< 0.01 
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standard deviation are the same for exponential distributions. 

According to statistical theory, linear intensity and linear location distribu

tion follow poisson and uniform distributions, if spacing follow exponential distribu

tion. This simplifies modeling of linear intensity and location of joints. Therefore, 

it was decided to select exponential distribution out of gamma and exponential 

distributions to represent spacing distribution. The exponential fits obtained for 

spacings along scanline directions 1 - 7 are shown in Figs. 4.10 - 4.16 along with 

the observed relative frequency densities. 

4.2.2 Correction for Sampling Bias on Mean Spacing 

The estimations of mean spacing and linear frequency are based on the measure

ments carried out on finite length scanlines. However, unbiased estimates of these 

properties should be based on infinite length scanlines. Sen and Kazi (1984) ad-

dressed this sampling bias on spacing, and presented a procedure to correct this 

sampling bias on mean spacing. For exponentially distributed spacing, a rela

tionship between the mean spacing based on the infinite length scanline and the 

measured average spacing can be obtained as follows. 

Let f(x) be the frequency density function of a given joint spacing, x. For 

the population of joint spacing, x varies from 0 to ooj hence, 

10
00 

f(x) dx = 1.0 ,0:5 x :5 00 (4.1) 

In the case of a finite scanline length L, the joint spacing larger than L 

can not be observed, and therefore, distribution becomes censored. The censored 

distribution, f( x)', can be given by 

f(x)' - f(x) 0 L 
- IoLf(x)dx' :5x:5 

(4.2) 

- --------_._------ ----- .. - .- -. 
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Suppose, spacing distribution follows negative exponential distribution; 

then 

(4.3) 

and 

I(x)' = 1-~-"\L e-..\~ , (4.4) 

in which 1 is the mean joint spacing based on the infinite length scanline (popula

tion). 

The expected value of censored distribution becomes, 

(4.5) 

in which E(x), is the mean joint spacing based on the finite length scanline mea

surements. There is a typographical mistake in the equation given by Sen Kazi 

(1984), and the corrected equation is given in Kulatilake (1988a). A closed form, 

analytical solution from Eq. 4.5 is not possible for 1. The algorithm of the com

puter program developed to obtain 1 is given in the form of a flow chart in Fig. 

4.17. 

Application of Sampling Bias Correction 

The relative error percentage in the mean joint spacing estimation is defined as 

(Sen and Kazi, 1984) 

a = 100 [ 1 - f( x)'] (4.6) 

Substituting Eq. 4.5 in Eq. 4.6, the expression for a becomes 

(4.7) 

---- .- -._-- -
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and length of scanline, L 

Input increment for Em(x) (say Ax) 

· 159 
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,_ 1 
,... - TEMP 
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No 
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,... - TE.'vfP 

1fean spacing (popUlation) = t 

Figure 4.17: Algorithm to calculate corrected mean joint spacing 
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From Eq. 4.7 it can be seen that relative error percentage is a function of >'L 

where >'L is the l'atio of scanline length to mean spacing. Therefore, the relation

ship between relative error percentage and (scanline length/ mean spacing) ratio 

can be graphically represented as shown in Fig. 4.18. Since error is negligible 

when (scanline length/ mean spacing) ratio is large, such cases are not effected by 

the correction procedure. Recommended relative error percentages in practice are 

5-7% (Sen and Kazi, 1984). Therefore, from Fig. 4.18, one can select the (scanline 

length/ mean spacing) ratio corresponding to a desired a value, and apply correc

tions to the cases where (scanline length/ mean spacing) ratio is below the selected 

ratio. 

In this study, relative error percentage was chosen as 0.5%. Then, the mean 

spacing values along the scanlines were subjected to sampling bias correction, for 

the cases where (scanline length/ mean spacing) ratio is less than 7. Table 4.3 

gives the mean spacing values which were corrected for sampling bias. 

4.2.3 Determination of True Linear Frequency 

The mean spacing value in a scanline direction was computed from the weighted 

average of the correct mean spacing values along the scanlines in that scanline 

direction. The weight for a mean spacing is proportional to the length of the 

scanline on which measurements were taken. This procedure was repeated for 

seven scanline directions. These average mean spacing values in seven scanline 

directions are given in Table 4.4. 

The linear intensity of each joint set along its mean vector direction was 

estimated using the least square method given by Karzulovic and Goodman (1985). 

This procedure can be summarized as follows. 

--- - -------------- - -- ----- ---
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Table 4.3: Me~ Spacing Values Corrected for Sampling Bias 

Scanline Num~)er Length of Measured Corrected 
Number of D2j.ta Scanline Mean Spacing Mean Spacing 

(m) (m) (ml 

F5-5 3 4.0 0.88 0.93 

F5-7 5 7.0 1.53 1.62 

F6-8 4 6.0 1.31 1.39 

F7-2 4 4.4 1.03 1.11 

F7-3 6 4.4 0.79 0.81 

F7-6 5 4.2 0.68 0.69 

F7-7 5 4.2 0.68 0.69 

F7-8 3 4.1 1.28 1.67 

E4-3 4 4.0 0.85 0.89 

W4-2 3 3.9 0.90 0.97 

W4-3 3 3.8 0.62 0.63 

W4-9 5 3.6 0.65 0.66 
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Table 4.4: Mean Spacings Along Scanline Directions 

Scanline Mean Spacings 
DireGtion along Scanline 

Direction 
(m) 

1 0.63 

2 0.52 

3 0.49 

4 0.41 

5 0.65 

6 0.63 

7 0.66 

When there is one joint set as shown in Fig. 4.1, and if A is the true 

frequency, then frequency along the scanline direction is equal to A/ cos 0/. 

When there are n joint sets in the vicinity of a scanline j, the mean frequency 

along the scanline j is given by 

where, 

n 

Aj = 2: Ai / cos Oij/ (4.8) 
i=l 

frequency along the mean pole direction of joint set i 

angle between mean pole direction of i,h joint set and ph scan
line 

To determine the true mean frequency for each joint set, one needs average 

---_._._-_. _. 
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frequencies along the scanline directions where number of scanline directions should 

be more than or equal to number of joint sets. 

The solution procedure to obtain the true mean frequencies is as follows: 

Let 

n 

m 

B·· IJ 

number of joint sets 

number of scanlines , m ~ n 

frequency along the mean pole direction 

calculated mean frequency along ith scanline direction 

measured average frequency along scanline direction j 

angle between mean pole direction of ith joint set and ph scan
line direction 

then, 

Let 

n 

Aj - L: A, I cos B,jl ,J - 1,2, ... , m 
,=1 

E· J error in the measurement of the frequency along the scan
line direction j 

and ET total quadratic error 

then, 

n 

Ej - Ai - L:,\, IcosB,jl ,j = 1,2, ... ,m 
,=1 

(4.9) 

(4.10) 

(4.11) 
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In attempting to minimize ET with respect to "\i, a system of simultaneous 

equations can be formed as given below. 

Let 

and 

then, 

8(ET) = 0 
8..\i 

m 

qr. = E IcosOrj cos O.jl,r = 1,2, ... ,n;s = 1,2, ... ,n 
j=l 

_ [ Ei=l..\i.1 cosOljl ] 
R- : 

Ei=l..\i 1 cos Onj 1 

Q..\ = R"\ = Q-l R 

By solving this equation set, Ai s can be obtained. 

4.2.4 Results 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

The true linear frequencies of joint sets obtained from the least square method are 

given in Table 4.5. In the least square method, the standard error was found to 

be 0.058 m. Therefore, the relative standard error was less than four percent with 

respect to any linear intensity estimated along scanline direction indicating quality 

estimations. Spacing distribution along the mean vector direction of each of the 

four joint sets can be represented by an exponential distribution with respective 

true mean spacing values given in Table 4.5. 
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Table 4.5: Mean Spacings and Linear Frequencies along Mean Vector Directions 
of Joint Sets, According to Method 1 

True Mean Spacing True Linear Frequency 
(m) (# of joint intersections per meter) 

Cluster 1 15.62 0.064 

Cluster 2 1.96 0.509 

Cluster 3 0.67 1.488 

Cluster 4 0.56 1.801 

4.3 Method 2 

First, joint traces on the two walls and the floor were sorted out into the four joint 

sets. Then, joint maps were obtained for four joint sets separately, so that each 

map contains joint traces belonging to one joint set, and mapped either on a wall 

or on the floor (Figures 4.19 - 4.30). For this method also, seven scanline 

directions shown in Fig. 4.3 were chosen to analyze spacing and linear intensity. 

As in method 1, scanlines were drawn parallel to these scanline directions. 

4.3.1 Probability Distribution for Joint Spacing 

It was found that for joint sets 1 and 2, the number of spacing values along scanline 

directions were not sufficient to perform goodness- of-fit tests. For joint sets 3 and 

4, spacing values in each scanline direction were subjected to X2 and Kolmogorov-

Smimov goodness-of-fit tests to check the suitability of exponential, gamma, log

normal and normal distributions in representing the observed spacings. Due to 

.... _._-_.---- ------- ----... -
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insufficient data, X2 test could not be run on spacing values along scanline direc

tions 4-7 for joint set 3, and on spacing values along scanline directions 3, 5, 6 and 

7 for joint set 4. Results of X2 goodness-of-fit tests for joint sets 3 and 4 are given 

in Tables 4.6 and 4.7 respectively. Table 4.8 gives results of Kolmogorov-Smimov 

goodness-of-fit test for joint set 3 and Table 4.9 gives that for joint set 4. 

------------_. -
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Table 4.6: Results of X2 Goodness-of-fit Test on Spacing Data - Joint Set 3 

Scanline Probability Distribution 
Direction Exponential Gamma Lognonnal Nonnal 

Direction 1 X~tat value 8.40 5.31 751 885 

# of data = 124 D.F. 13 12 4 4 

Mean (m) = 0.93 P value 0.81 0.95 < 0.005 < 0.005 

S.D. (m) = 0.85 

Direction 2 X~tat value 11.52 6.00 Insufficient data 

# of data = 70 D.F. 7 6 to run 

Mean (m) = 1.12 P value 0.12 0.43 X2 test 

S.D. (m) = 0.87 

Direction 3 X~tat value 11.80 11.53 Insufficient data 

# of data = 103 D.F. 11 10 to run 

Mean (m) = 0.79 P value 0.39 0.33 X2 test 

S.D. (m) = 0.65 

------------------- ------ - --- - --
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Table 4.7: Results of X2 Goodness-of-fit Test on Spacing Data - Joint Set 4 

Scanline 

Direction 

Direction 1 X~tat value 

# of data = 41 D.F. 

Mean (m) = 1.91 P value 

S.D. JIll) = 1.53 

Direction 2 X~tat value 

# of data = 51 D.F. 

Mean (m) = 1.08 P value 

S.D. (m) = 0.89 

Direction 4 X~tat value 

# of data = 83 D.F. 

Mean (m) = 0.55 P value 

S.D. (m) = 0.53 

Note: S.D. = Standard Deviation 
D.F. = Degree of Freedom 

Probability Distribution 

Exponential Gamma Lognormal Normal 

0.69 Insufficient data 

4 to run 

0.95 X2 test 

7.93 3.44 Insufficient data 

6 4 to run 

0.24 0.49 X2 test 

14.16 13.46 Insufficient data 

9 8 to run 

0.12 0.10 X 2 test 

----------_____ -________ 0 _____ 0 ___ • __ 
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Table 4.8: Results of Kolmogorov-Smimov Goodness-of-fit Test on Spacing Data 
- Joint Set 3 

---

Scanline Probability Distribution 

Direction Exponential Gamma Lognonnal Normal 

Direction 1 K - Satot 0.056 0.031 0.611 0.598 

# of data = 124 D.F. 40 40 40 40 

Mean (m) = 0.93 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.85 

Direction 2 K - Satot 0.106 0.063 0.607 0.565 

# of data = 70 D.F. 20 20 20 20 

Mean (m) = 1.12 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.87 

Direction 3 K - Satot 0.097 0.060 0.616 0.580 

# of data = 103 D.F. 30 30 30 30 

Mean (m) = 0.79 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.65 

Direction 4 K - Satot 0.108 0.066 0.625 0.441 

# of data = 18 D.F. 10 10 10 10 

Mean (m) = 1.06 P value > 0.20 > 0.20 < 0.01 0.04 

S.D. (m) = 0.89 

---------------- -------- ---



Table 4.8: Results of Kolmogorov - Smirnov Goodness-of-fit Test on 
Spacing Data - Joint Set 3 (Contd.) 

Scanline Probability Distribution 

Direction Exponential Gamma Lognonnal 

Direction 5 K - S.tat 0.056 0.070 0.631 

# of data = 21 D.F. 10 10 10 

Mean (m) = 1.25 P value > 0.20 > 0.20 < 0.01 

S.D. (m) = 1.18 

Direction 6 K - S.tat 0.159 0.103 0.607 

# of data = 34 D.F. 15 15 15 

Mean (m) = 0.86 P value > 0.20 > 0.20 < 0.01 

S.D. {m} = 0.64 
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Nonnal 

0.437 

10 

0.04 

0.449 

15 

< 0.01 
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Table 4.9: Results of Kolmogorov - Smirnov Goodness-of-fit Test on Spacing Data 
- Joint Set 4 

Scanline Probability Distribution 

Direction Exponential Gamma Lognormal Normal 

Direction 1 K - S.tat 0.063 0.071 0.625 0.516 

# of data = 41 D.F. 20 20 20 20 

Mean (m) = 1.91 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 1.53 

Direction 2 K - S.tat 0.90 0.056 0.643 0.591 

# of data = 51 D.F. 20 20 20 20 

Mean (m) = 1.08 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.89 

Direction 3 K - S.tat 0.108 0.091 0.607 0.491 

# of data = 30 D.F. 20 20 20 20 

Mean (m) = 1.38 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D .. (m) = 1.52 

Direction 4 K - S.tot 0.072 0.060 0.645 0.536 

# of data = 83 D.F. 30 30 30 30 

Mean (m) = 0.55 P value > 0.20 > 0.20 < 0.01 < 0.01 

S.D. (m) = 0.53 

--- -- .. ---. _. 



Table 4.9: Results of Kolmogorov-Smimov Goodness-of-fit Test on 
Spacing Data - Joint Set 4 (Contd.) 

Scanline 

Direction 

Direction 5 K - Salal 

# of data = 20 D.F. 

Mean (m) = 1.68 P value 

S.D. (m) = 1.34 

Direction 6 K - Salat 

# of data = 21 D.F. 

Mean (m) = 1.71 P value 

S.D. (m) = 1.43 

Direction 7 K - Satat 

# of data = 14 D.F. 

Mean (m) = 1.01 P value 

S.D. (m) = 0.85 

Note: S.D. = Standard Deviation 
D.F. = Degree of Freedom 

--- -----------

Probability Distribution 

Exponential Gamma Lognonnal 

0.067 0.088 0.578 

10 10 10 

> 0.20 > 0.20 < 0.01 

0.111 0.059 0.626 

10 10 10 

> 0.20 > 0.20 < 0.01 

0.091 0.113 0.623 

10 10 10 

> 0.20 > 0.20 < 0.01 
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Nonnal 

0.418 

10 

0.05 

0.485 

10 

0.01 

0.433 

10 

0.04 
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From the results in Tables 4.6 - 4.9, it can be observed that exponential 

and gamma distributions can represent spacing distributions for joint sets 3 and 

4 at very high significant levels. This observation was used to predict the spacing 

distributions of joint sets 1 and 2. Then it was assumed that the spacing distri

butions for joint sets 1 and 2 also can be represented by exponential and gamma 

distributions. Based on the similar arguments given in Section 4.2.1, exponential 

distribution was selected to represent spacing distribution of each joint set. 

4.3.2 Mean Spacing and Linear Frequency along Scanline Directions 

In method 1, the mean spacing along a scanline direction was estimated from the 

weighted average of the mean spacings along the scanlines in that direction. But 

in Method 2, since joint traces belonging to only one joint set are considered at a 

time, traces are sparse on the joint map, specially for joint set 1 and 2, and number 

of joint intersections on many scanlines were not sufficient to determine the mean 

spacing along each of these scanlines. Therefore, number of joint intersections 

on all the scanlines in a scanline direction was considered to estimate the linear 

frequency of joints in that scanline direction. The mean spacing along each scanline 

direction was obtained from the linear frequency. 

4.3.3 Correction for Sampling Bias on Mean Spacing 

Since spacings follow exponential distribution, the same procedure described in 

Section 4.2.2.1 can be used to correct sampling bias on mean spacing. Table 4.10 

gives the mean spacing values which were corrected for sampling bias. 
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Table 4.10: Mean Spacing Values Corrected for Sampling Bias 

Cluster Scanline Nwnber Length of Measured Corrected 
Number Direction of Joints Scanline Mean Spacing Mean Spacing 

(m) (m) (m) 

1 4 6 76.84 12.80 13.01 

5 8 57.42 7.18 7.20 

6 3 58.98 19.66 27.44 

2 2 5 108.13 21.63 22.53 

6 9 58.98 6.55 6.56 

4.3.4 Determination of True Mean Linear Frequency 

If Aj is linear frequency along a scanline direction and () is the angle between the 

mean vector direction of the joint set and the scanline, then true linear frequency, 

Ai, is given by 

( 4.18) 

Since Aj values on several scanline directions are estimated for each joint set, 

several Ai values can be obtained from equation 4.18. Finally, these values were 

averaged to obtain the final mean linear intensity estimate for each cluster. The 

linear frequencies along seven scanline directions and calculated linear frequencies 

along mean vector direction of each joint set are given in Table 4.11. When 

the angle between the mean vector direction and the scanline direction is greater 

than about seventy degrees, the Ai values are significantly large compared to the 

other linear frequencies, and therefore, the accuracy of the estimate made along the 

mean vector direction is highly questionable. Therefore Ai values obtained from 

~ ~-------. --~-~-~------- -- .---- -
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Table 4.11: Linear Frequencies Along Scanline Directions 

Joint Set Scanline Angle f) Linear Frequency Linear Frequency 

Number Direction (Degrees) in Scanline in Mean Vector 

Direction Direction 

(m-I ) (m-I ) 

1 1 68 0.11 0.30 * 
2 66 0.16 0.39 * 
3 73 0.13 0.46 

4 81 0.08 0.48 

5 47 0.14 0.20 * 
6 90 0.05 7.20 

7 24 0.24 0.26 * 
2 1 86 0.12 1.59 

2 85 0.05 0.58 

3 77 0.17 0.76 

4 66 0.18 0.45 * 
5 66 0.19 0.47 * 
6 74 0.15 0.57 

7 24 0.31 0.34 * 
* considered in computing the final mean linear frequencies 

---------------_. __ .. _.- .... _-



Table 4.11: Linear Frequencies Along Scanline Directions (Contd.) 

Joint Set Scanline Angle () Linear Frequency Linear Frequency 

Number Direction (Degrees) in Scanline in Mean Vector 

Direction Direction 

(m-I ) (m-I ) 

3 1 31 0.88 1.02 * 
2 47 0.80 1.16 * 
3 24 1.05 1.15 * 
4 72 0.44 1.41 

5 49 0.49 0.75 * 
6 19 0.71 0.75 * 
7 66 0.38 0.95 * 

4 1 82 0.35 2.49 

2 61 0.62 1.26 * 

3 77 0.39 1.68 

4 15 1.34 1.39 * 
5 78 0.47 2.24 

6 87 0.49 9.60 

7 78 0.57 2.66 

Note: () = Angle between scanline direction and mean vector 
direction of joint set 

---_._-------<--... -_ .. _--_.-. 
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Table 4.12: Mean Spacings and Linear Frequencies along Mean Vector Directions 
of Joint Sets, According to Method 2 

True Mean Spacing True Linear Frequency 
(m) (# of joint intersections per meter) 

Cluster 1 3.47 0.288 

Cluster 2 2.38 0.420 

Cluster 3 1.04 0.963 

Cluster 4 0.75 1.325 

such cases were not considered in computing the final mean linear frequency. 

4.3.5 Results 

The true linear intensities and true mean spacings of the joint sets are given in 

Table 4.12. Spacing distribution along the mean vector direction of each of the 

four joint sets can be represented by an exponential distribution with respective 

to true mean spacing values given in Table 4.12. 

4.4 Discussion and Conclusions 

For Method 1, the number of joints of a joint set was not a problem in the proce-

dure of joint spacing modeling. But in Method 2, where joint traces were sorted 

out according to the joint sets, difficulties were found when dealing with the two 

smaller joint sets. Data were insufficient to perform X2 and Kolmogorov- Smirnov 

goodness-of-fit tests on spacing values for joint sets 1 and 2. Based on the obser-

vations made on spacing distributions of joint sets 3 and 4, similar distributions 

.. '-'-'~-'------- '~'-'--' - . 
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were assigned to represent spacing distributions of joint sets 1 and 2. And also, in 

Method 2, due to insufficient number of data for many Bcanlines, the mean spacing 

along each of these scanlines was not able to obtain. Therefore, the procedure 

used to obtain the mean spacing and linear frequency along each scanline direc

tion was not the same as in Method 1. However, under the circumstances, a very 

satisfactory procedure is presented. 

The linear frequency estimation along the mean vector direction based on a 

scanline direction which is nearly perpendicular to the mean vector direction of a 

joint is less reliable. Therefore, in Method 2, even though Eq. 4.18 does not reflect 

any limitation on the scanline directions, the results based on such scanlines should 

be given less weight or should be omitted in computing final true mean frequencies. 

In Method 1, a least square procedure was used to determine true linear 

frequencies. The relative standard error obtained in this procedure was less than 

4 % with respect to any mean linear intensity along scanline directions indicating 

quality estimations. 

True linear frequencies obtained from Method 2 are less than those obtained 

from Method 1, except for the joint set 1. In method 2, linear frequency of a joint 

set was computed independently of the data of other joint sets. Since the data 

coming from less significant joint sets (i.e. joint sets with less number of joints) are 

less reliable, better estimations for true linear frequencies of significant sets can be 

expected from Method 2. 

Spacing distribution for each joint set, along its mean vector direction, could 

be represented by an exponential distribution. Therefore, for each joint set, linear 

intensity distribution follow poisson distribution, and locations of joints follow 

uniform distribution. 
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CHAPTERS 

JOINT TRACE LENGTH AND 3D JOINT SIZE MODELING 

5.1 Introduction 

Joint traces are produced when joints intersect with a rock face. The purpose 

of sampling joint trace lengths is to infer the distribution of joint sizes. In the 

transition from joint size to trace length on infinite size sampling planes, the fol

lowing biases are important (Kulatilake and Wu, 1986): (a) a joint appearing in 

an outcrop depends on the relative orientation between the outcrop and the joint, 

and (b) a larger joint is more likely to appear in an outcrop than a smaller one. 

Therefore, when joint sizes are inferred from trace lengths these biases should be 

taken into consideration. 

Joint shapes in rock masses depend upon a large number of factors related 

to rock formation, including rock mass lithology, crystal structure, stress history 

and the mechanics of rock fracture (Dershowitz, 1984). Therefore, joints can have 

a wide variety of shapes, many of which may not be described by standard mathe

matical forms. However, in general, regular convex mathematical shapes are used 

in joint geometry modeling since they are more tractable for analysis and simu

lation. Circular and elliptical joint shapes have been used in joint modeling by 

Baecher et ale (1977), Bridges (1975), Warburton (1980a)T Baecher and Lanney 

(1978), and Long et al. (1987). Polygonal joint shapes have been used by Glynn 
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et al. (1978), Veneziano (1979) and Dershowitz(1984). Robertson (1970) after an

alyzing nearly 9000 joint trace lengths concluded that the strike trace length and 

the dip trace length have about the same distribution, possibly implying joints to 

be equidimensional. Studies by Bridges (1975) and Einstein et al. (1979) indicated 

that joints are non-equidimensional. Therefore, possible shapes for joints are still 

inconclusive. However, circular shape is simple and more researchers have used 

circular shape. In this study also, joint shape is assumed as circular. 

Generally, two types of sampling surveys are used for measuring trace 

lengths : (a) sampling the traces that intersect a line drawn on a two dimensional 

exposure which is known as scanline survey (Baecher and Lanney, 1978; Priest 

and Hudson, 1981), and (b) sampling the traces on a finite-size two dimensional 

exposure made on the outcrop which is known as area sampling survey (Kulatilake 

and Wu, 1984c). In sampling for trace lengths using either of these two methods, 

sampling errors can occur due to the following biases (Baecher and Lanney, 1978; 

Priest and Hudson, 1981; Kulatilake and Wu, 1984c): 

1. Size bias: In area sampling survey, due to the finite size of sampling plane, 

a longer trace is more likely to appear than a shorter one in a sampling area 

(compare trace 1 and 2 in Fig. 5.1(a»; In scanline survey, the scanline will 

tend to intersect preferentially the longer trace lengths (compare traces 1 and 

2 in Fig. 5.1(b». 

2. Truncation bias: Very small trace lengths are difficult or sometimes impos

sible to measure. Therefore, trace lengths below some known cutoff length 

are not recorded. 

3. Censoring error: Long joint traces may extend beyond the visible exposure 

--------_ .. _-----
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Figure 5.1: Sampling biases on Trace Length Measurements: (a) Area Sampling 
S\ll"vey, (b) Scanline Sampling Survey 
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80 that one end or both ends of the joint traces can not be seen. These mea

surements provide a lower bound estimate of the trace lengths. For example 

in area sampling survey, a joint trace greater than a censoring level, c, cannot 

be measured (trace 3 in Fig 5.1(a)). In most scanline surveys, practical con

siderations make it necessary to set the scanline close to a border of the rock 

exposure (Priest and Hudson, 1981). In this situation, the portion of each 

trace extending from the scanline is measured away from the border. This 

portion of trace length is called semi-trace length (Fig. 5.1(b». However, 

actual semi-trace lengths which are greater than a censoring level, c, can not 

be measured because they extend beyond the area of rock exposure (trace 3 

in Fig. 5.1(b». 

Therefore, these biases should be taken into account when obtaining trace length 

distributions from measured trace lengths. 

In this study, trace length analysis was done using the two methods: 

1. area sampling survey method where joint traces are treated as those measured 

from area sampling survey. 

2. scanline sampling survey method where joint traces are treated as those 

measured from scanline survey. 

For trace length analysis, trace lengths coming from the walls and the floor of the 

ventilation drift were treated separately. Therefore, trace length distributions and 

diameter distributions are based on wall data and floor data separately, for each 

joint set. 



196 

5.2 Area Sampling Survey Method 

First, joint traces on the two walls and the Hoor were sorted out into the four 

joint sets. Then, for cii.ch joint set, the modeling procedure given in Fig. 5.2 was 

performed on the wall Clata and Hoor data separately. 

5.2.1 Probability Distributions for Observed Trace Length 

Figures 4.19 - 4.30 in Chapter 4 show the joint maps for each joint set separately. 

The observed trace lengths of each joint set mapped on the walls and the floor were 

subjected to X~ and Kolmogorov-Smimov goodness-of-fit tests to check the suit

ability of exponential, gamma, lognormal and normal distributions in representing 

observed trace lengths. Uniform distribution was not considered, because from 

the histograms of data it was obvious that uniform distributions can not represent 

observed trace lengths. In every histogram, after the peak value, heights change 

very rapidly at first, and then, they change slowly. This suggests that a curve with 

varying gradients is suitable to fit data. Therefore, triangular distribution was 

not considered. However, due to insufficient data, x~ test could not be performed. 

The results of Kolmogorov-Smimov tests for trace lengths mapped on the walls 

and for those on the floor are given in Tables 5.1 and 5.2. From the results in 

these Tables, it can be seen that for all four joint sets, gamma distributions can 

represent the observed trace lengths mapped in the walls and those mapped on 

the Hoor at very high significant levels. The gamma fits obtained for trace lengths 

of joint set 4 measured on the walls and the Hoor are shown in Figs. 5.3 and 5.4 

respectively, along with the observed relative frequency densities. The gamma fits 

obtained for trace lengths of joint sets 1, 2, and 3, except for trace lengths of joint 

---------_._- . -------------------_ .. _-._ .. _-
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Table 5.1: Results of Kolmogorov Smirnov Goodness-of-fit Test on Joint Trace 
Lengths Mapped on Walls 

Joint Set Probability 
Number Distribution 

-
Joint Set 1 Exponential 
# of data = 13 

Gamma Mean (m) = 1.08 
S.D. (m) = 0.59 Lognormal 

Normal 

Joint Set 2 Exponential 
# of data = 16 

Gamma Mean (m) = 1.28 
S.D. (m) = 0.84 Lognormal 

Normal 

Joint Set 3 Exponential 
# of data = 58 

Gamma Mean (m) = 1.43 
S.D. (m) = 0.89 Lognormal 

Normal 

Joint Set 4 Exponential 
# of data = 79 

Gamma Mean (m) = 1.38 
S.D. (m) = 0.80 Lognormal 

Normal 

Note: K-S
IIIllI 

= Kolmogorov-Smirnov statistics 
D.F. = degrees of freedom 

_._--_. ---

K-S D.F. P value 
IIIllI 

0.313 13 0.13 

0.102 10 > 0.20 

0.617 13 < 0.01 

0.634 13 < 0.01 

0.229 10 >0.20 

0.157 10 > 0.20 

0.644 10 < 0.01 

0.479 10 < 0.01 

0.170 10 >0.20 

0.103 10 >0.20 

0.662 10 < 0.01 

0.478 10 <0.01 

0.324 10 0.20 

0.123 10 > 0.20 

0.636 10 < 0.01 

0.651 10 < 0.01 
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Table 5.2: Results of Kolmogorov-Smimov Goodness-of-fit Test on Ioint Trace 
Lengths Mapped on Floor 

Ioint Set Probability K-Sstat 
Number Distribution 

Ioint Set 1 Exponential 0.364 
# of dam = 9 

Gamma 0.129 Mean (m) = 1.24 
S.D. (m) = 0.31 Lognonnal 0.565 

NonnaI 0.575 

Ioint Set 2 Exponential 0.098 
# of data = 10 

Gamma 0.111 Mean (m) = 1.64 
S.D. (m) = 1.47 Lognonnal 0.601 

NonnaI 0.236 

Ioint Set 3 Exponential 0.307 
# of data = 25 

Gamma 0.099 Mean (m) = 1.22 
S.D. (m) = 0.57 Lognonnal 0.623 

NonnaI 0.624 

Ioint Set 4 Exponential 0.356 
# of data = 35 

Gamma 0.166 Mean (m) = 1.01 
S.D. (m) = 0.57 Lognonnal 0.567 

NonnaI 0.329 

Note: K-Sstat = Kolmogorov-Smimov statistics 
O.F. = degrees of freedom 

~.~- .. - .. - .. ---------.~ .. --

D.F. P value 

9 0.11 

9 >0.20 

9 <0.01 

9 <0.01 

5 > 0.20 

5 > 0.20 

5 0.04 

5 > 0.20 

10 > 0.20 

10 >0.20 

10 < 0.01 

10 <0.01 

35 0.18 

35 >0.20 

10 <0.01 

10 <0.01 
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sets 1 and 2 mapped on the floor, are shown in Figs. Dl- D4 in Appendix D. The 

number of traces of joint set 1 mapped on the floor is 9, and the number of traces 

of joint set 2 mapped on the floor is 10. These numbers were considered as very 

low numbers to use for graphical representation of gamma fits for these two cases. 

5.2.2 Correction for Sampling Biases on Trace Length 

Due to the finite size of the walls (10 m x 4 m) and the floor (10 m x 4 m), the 

observed traces are subject to censoring and size biases. Since observed traces 

less than 0.5 m were not mapped (Rouleau et al. 1981), it was assumed that 

the truncation limit for joint traces is 0.5 m. A new procedure was developed in 

the present study to obtain the probability density function for the trace length 

distribution on 2D infinite exposure, 1(1), from the probability density function 

obtained for observed traces on the 2D finite exposures, g(I), applying corrections 

for censoring and size biases. The method given in Kulatilake and Wu (1984c) 

was used to correct the censoring error and size bias in estimating the mean trace 

length on an infinite 2D exposure using the observed trace data from a finite 2D 

exposure. This corrected mean trace length was incorporated in obtaining 1(1). 

5.2.2.1 Corrected Mean Trace Length 

When a joint trace intersects a finite size exposure, the intersection may occur in 

three ways: (1) both ends are censored; (2) one end is censored; (3) both ends are 

observed, as shown in Fig. 5.5. If we consider joint traces intersecting a rectangular 

window with dimensions w x h and if number of joint traces in each of the above 

three types are No, Nl and N2 respectively, and N is the total number of joint 

traces, then corrected mean trace length, f' , can be given as (Kulatilake and Wu, 

-------------_. __ .. _.- .. ' 
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1984c) 

where 

Ro = No/N 

R~ = N2/N 

A = Expected value bf cos 9 A :... E[ cos 9 A ] 

B = Expected value of sin 9 A = E[ sin 9 A ] 

9 A = angle between a trace and the edge of length w of the window 
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(5.1) 

Corrected mean trace lengths for each joint set, based on wall data and floor data 

were computed using Eq. 5.1, and are shown in Tables 5.3 and 5.4. 

When censoring error only is corrected, the corrected mean trace length 

should be greater than the observed mean trace length. On the hand, when size 

bias only is corrected, the corrected mean trace length should be less than the 

observed mean trace length. From the Tables 5.3 and 5.4, it can be seen that the 

corrected mean trace lengths are smaller than the observed mean trace lengths, 

other than for the joint set 2- floor data case. This means that for each of these 

cases, the correction for size bias has been greater than that for censoring error. 

From Tables 5.3 and 5.4, it can be seen that R2 is greater than 0.5 for all the cases 

other than for the two cases, joint set 3- wall data and joint set 2- floor data. In 

each of these cases, for more than 50% of the joint traces, both ends arc within 

the sampling plane. For 60% of the joint traces of joint set 2, mapped on the floor, 

only one end of each of these traces is observable. Therefore, censoring error in this 
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Table 5.3: Observed and Corrected Mean Trace Lengths Based on Wall Data 

Joint Set 1 Joint Set 2 Joint Set 3 Joint Set 4 

N 13 16 ·58 79 

No 0 0 2 1 

~ 0 0 0.03 0.01 

Rl 0.23 0.38 0047 0.18 

R2 0.77 0.62 0.50 0.81 

E[cos6A1 0.46 0.83 0040 0.97 

E[sin6A1 0.82 0.45 0.89 0.18 

cOlTected mean 0.53 1.18 1.38 0.79 
trace length 

observed mean 1.08 1.28 1.43 1.38 
trace length 

------ -- ---- - -
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Table 5.4: Observed and Corrected Mean Trace Lengths Based on Floor Data 

Joint Set 1 Joint Set 2 Joint Set 3 Joint Set 4 

N 9 10 25 35 

No 0 0 0 0 

~ 0 0 0 0 

Rl 0.22 0.60 0.40 0.23 

R2 0.78 0.40 0.60 0.77 

E[cos8Al 0.90 0.91 0.47 0.65 

E[sin8Al 0.37 0.32 0.84 0.58 

corrected mean 0.69 2.53 0.97 0.61 
trace length 

observed mean 1.24 1.64 1.22 1.01 
trace length 
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case is high compared to the other cases. In this case, censoring error is so high 

that the correction for censoring error has exceeded the correction for size bias. 

That is why corrected mean trace length is higher than the observed mean trace 

length. For joint set 3- wall data, the corrected mean trace length and observed 

mean trace length have closer values. Here, for 50% of the joint traces, only one 

end of each of these traces is observable, and it seems to be that correction for 

censoring error and the correction for size bias have close values. 

5.2.2.2 Probability Distribution of Trace Length Measured on Infinite 

Size Exposure 

Three probability density functions (p.d.f.) can be defined for trace lengths as 

follows: 

f(/) = p.d.f. of trace lengths over the entire rock face 

h(/) = p.d.f. of trace lengths appearing in the finite sampling domain 

g( I) = p.d.f. of trace lengths which may be censored, appearing in the finite 

sampling domain 

The trace length distribution we obtain from field data is subject to censoring error, 

and therefore, the probability distribution obtained in section 5.2.3 is for censored 

trace lengths. Therefore, it is necessary to obtain a relation between f(/) and g(/), 

because, diameter distribution is inferred from f( I). First, using the concept of 

conditional probability, a relation between f(/) and h(/) is established. Then, the 

relation between g(/) and h(/) is used to obtain an expression for f(/) in terms of 

g(/) • 

. ~ .. -------~.------- .. _. __ .- .. --
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Consider a joint trace of length I intersecting a sampling area of dimensions 

w x h (Fig. 5.6). Let the edge of sampling area with length w be edge 1, and the 

other edge of it be edge 2. Let (J A be the angle between joint trace and edge 1. 

Either to be within or to intersect the sampling area, the center of the joint trace 

should lie in the area ABCDEF shown in Fig. 5.6 (Kulatilake and Wu, 1984c). 

This area. will be bigger for a longer trace length. And also, a longer trace has a 

greater probability to intersect the sampHng area~ Therefore, the expression for 

f(/) in terms of h(l) was derived from a hypothesis indicating "the probability 

that a trace of length, I, intersects this sampling area is proportional to the area 

ABCDEF". 

Let A be the event that a joint trace with length in the range I to I + dl 

intersect the window, B be the event that a joint trace has a length in the range 

I to 1+ dl, and C be the event of intersection. Then according to the conditional 

probability, 

peA) = P(G/B).P(B) (5.2) 

where 

P( A) = probability that a joint trace with length in the range I to I + dl 

intersects the window 

PCB) = probability that a joint trace has a length in the range I to I + dl 

P( C /B) = probability that a joint intersects the window, given that the length 

of the joint is in the range of I to I + dl. 

According to the hypothesis, 

P(G/B) ex Area ABGDEF (5.3) 

- ---------------._-- -
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Figure 5.6: Trace Lengths Intersecting a Rectangular Sampling Area of Size w x h 

-------- ----_ .. _ ... -



Then, 

P(G/B) = k1[w h + I(w sin9A + h cos9A )] 

where kl is a constant 

According to tHe definition of f(/) and h(l), 

peA) = h(l) ai 

PCB) = f(l) Ji 

Substituting Eqs. 5.4,5.5 and 5.6 in Eq. 5.2 gives 

h(/) dl = kl(wh + l(wsin8A + h cos 8A»f(/) dl 

The relation between gel) and h(l) can be given by 

h(/) 
g(/) = f; h(/) dl 

where c is the censoring level. Substituting Eq. 5.8 in Eq. 5.7 yield 
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(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

(foC h(/) dl) g(/) dl = k.(wh + l(wsin9A + h cos 9A»f(l) dl (5.9) 

Eq. 5.9 can be rewritten as 

K g(l) dl = (wh + l(wsin8A + hcos9A»f(/) dl (5.10) 

where K = (ra h(/) dl) /k. = constant. 

H p. is the corrected mean trace length obtained in Section 5.2.2.1, then p. 

is given by 

p. = fooo I f(/) dl (5.11) 

Therefore, if both sides of Eq. 5.9 are integrated from 0 to 00, K can be obtained 

in terms of p., cos 8A, sin 9A, w and h as follows. 

~ ------~------ ~- .----. _ .. -
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K 10
00 

g(/) dl = wh 10
00 

f(/) dl + (w sin 8A + hcos8A ) L
oo 

I f(1) dl (5.12) 

K = wh + l'(wsin8A + hcos8A ) (5.13) 

Substituting Eq. 5.13 in Eq. 5.10 , f(l) can be expressed as 

f(/) = wh + l'(wsin8A + h cos 8A ) (I) 
wh + l(weinOA + hcos8A ) g 

(5.14) 

5.2.3 Inference of Diameter Distribution from Trace Length Distribu-

tion 

Diameter distribution was inferred from trace length distribution on infinite 2D 

space using the mathematical model presented by Kulatilake and Wu (1986). Here 

the concepts of conditional probability and geometrical probability were used to 

establish a relation between the probability density of the trace length and the 

probability density of the diameter, as follows. 

Let A be the event that a joint trace has a length in the range from I to 

1+ dl, and B be the event that a joint with diameter D intersects the sampling 

domain. Then (A,B) is the event that ajoint with diameter D intersects a sampling 

plane and produces a trace of length in the range from I to I + dl. Then, applying 

conditional probability concept, the following relation can be written. 

P(A,B) = P(A/B).P(B) (5.15) 

where P(.) denotes the probability that the event within the parenthesis occurs. 

Let f( I, I, D) be the probability density function of the trace length on the 

entire rock face, where (I,D) = event that a joint with diameter D iIitersects the 

sampling plane and I = resulting trace length. Then P(A,B) is given by 
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P(A,B) = f(l, 1, D) dl dD (5.16) 

If g(D) is the probability density function of diameter, and P(I/D) is the probability 

that a joint intersects the rock face when its diameter is D, then PCB) can be 

expressed as 

PCB) = P(D,!) = P(l/D).P(D) = P(I/D).g(D)dD (5.17) 

As discussed in the Section 3.3 in Chapter 3, the probability that a joint intersects 

a sampling domain depends on the relative orientation of joint with respect to the 

sampling domain, size and shape of the joint, and size and shape of the sampling 

domain. Since distribution of trace length on infinite sampling plane is considered 

in this model, the sampling domain is large compared to the diameter of a joint. 

For this case, the probability of intersection of a joint with dip direction a, dip 

angle ¢> and diameter D, is given by 

D 
P(l/[D,a, ¢>D = CoW(a,¢» (5.18) 

where W(a, ¢» = 1/ sin ¢> for a horizontal sampling plane and lV(a, ¢» = 
1/\jcos2 ¢> + sin2 ¢>cos2(a - ar ) for a vertical sampling plane where a r is the strike 

of the sampling plane. 

P(I/D) can be given by 

t/J ou 
pel/D) = I U I P(l/D,a,¢»f(a,¢»da d¢> 

It/J, 10, 

Substituting Eq. 5.18 in Eq. 5.19 gives 

pel/D) = D It/Ju IOU f(a,¢» da d¢> 
CO It/J, 10/ W(a, ¢» 

(5.19) 

(5.20) 

where f(a,¢» is the probability density function of the orientation and I are u 

denote respectively lower and upper limits of a and ¢>. For a joint set, under the 

.. -~~-~--- .. ------- .-.-- .. - .... -
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assumption of independence between joint size and orientation, Itt Ir [(fvfl~;tl> 
can be assumed as a constant. Then, P(I/D) can be given as 

P(I/D) =D/C (5.21) 

where ~ -..l.. r<I> .. r9" [(o,</!)dod; 
o - 00 Jt/I, J9, W(o,cfl)' 

H /(1/ D, I) is the probability density function of trace length " given D and 

I, then, applying a geometrical probability concept (Kendall and Moran, 1963), 

I{I/ D, I) can be obtained as 

I{I/ D, I) = 1/ DJD2 - 12 

Then P(A/B) in Eq. 5.15 can be given by 

P(A/B) = 1{I/D,I)dl = DJ~2 _12 dl 

Substituting Eqs. 5.16,5.17 and 5.23 in Eq. 5.15 yield 

I 
1(1, I,D) dl dD = DJD2 _12 dl.P (I/D).g(D) dD 

Substituting Eq. 5.21 in Eq. 5.24 gives 

1(1, I, D) dl dD = I g(D) dD dl 
CJD2 -12 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

To produce a trace length of I, the diameter D should be at least 1. Therefore, 

Iv=, 1(1, I, D) dl dD = 1(1, I) dl, and Eq. 5.25 can be expressed as 

1(I,I)dl = 100 

cJ I g(D)dDdl , D2-12 
(5.26) 

The function /(I,I) is the density function of trace length distribution obtained 

in section 5.2.3. Therefore, Eq. 5.26 can be solved for g(D) using the numerical 

solution scheme given in Kulatilake and Wu (1986). 

The probability that I lies between Ij - 1 and Ij can be expressed as 

--------------------------- -
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1', i 1" [100 

I ] .J f(I,I)dl = c.J 

-ID2 _12g(D)dD dl 
~~ ~~ , (5.27) 

The discretized form of Eq. 5.27 can be written 88 (Kulatilake and Wu, 1986) 

F(lj, I) - F(lj_hI) = Ei'=i+l/J [JD1- l'j-l - J D1- 1l] P(Di ) + 

tJDJ -IJ-1P(Dj ) 

(5.28) 

where Dj = (li+~j-!) i j =1,2, ... , n, and P(Di ) is the probability that diameter value 

is in the range from li-l to Ii. Equation 5.28 represents a system of simultaneous 

equations and can be solved to obtain values of P(Di)i i =1, ... , n. Different values 

of C should be tried in solving Eq. 5.28. The correct value of C gives 

n 

EP(Di ) = 1 (5.29) 
i=l 

Probability Distribution for Diameters 

The sequence of P(Di)j i = 1, ... , n values obtained in Section 5.3.3, represents the 

relative frequencies of diameters, where P(Di ) corresponds to the diameters in the 

range from li-l to Ii when Di = ('i- 1 + 'i)/2. Using these relative frequencies, about 

100 diameter values were generated for each joint set. For wall data and floor data 

this procedure was carried out separately, based on the trace length distributions 

obtained from wall data and floor data. Then the diameter values were subjected 

to X2 and Kolmogorov-Smirnov goodness-of-fit tests to check the suitability of 

exponential, gamma, lognormal and normal distributions in representing diameters 

of joints. From the histograms of data, it was seen that the uniform and triangular 

distributions are not suitable to represent diameter distributions. 

- ------ -----------
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Tables 5.5 and 5.6 give the results of X2 and Kolmogorov-Smimov goodness

of-fit tests for diameters based on wall data. Results of X2 and Kolmogorov

Smimov goodness-of-fit tests for diameters based on floor data are given in Tables 

5.7 and 5.8. From these results it can be seen that diameter values of each joint 

set follow a gamma distribution at a very high significant level. The gamma fit 

obtained for the diameters of joint set 4, based on the trace lengths measured on 

the walls are shown in Fig. 5.7. Figure 5.8 shows the gamma fit obtained for 

diameters of joint set 4 based on the trace lengths mapped on the floor. The 

gamma fits obtained for the diameters of other three joint sets are shown in Figs. 

D.5 - D.lO in Appendix D. 

Table 5.9 gives the parameters (a, 13) of the gamma distributions which 

represent diameter distributions for wall data and floor data of each joint set. 

It can be seen that, for joint sets 1 and 2, these parameters for wall data are 

significantly different from those for floor data. For joint set 3, this difference is 

less, and for joint set 4, parameters for wall data and those for floor data are very 

close. Since number of data in joint sets 1 and 2 are much less than those in Joint 

sets 3 and 4, less weight can be given on the results obtained from the joint sets 1 

and 2. However, it may be appropriate to develop two joint size models from the 

area sampling survey method, one based on the wall data and the other based on 

the floor data. 

5.3 Scanline Sampling Survey Method 

In this method also, maps containing joint traces belonging to each joint set are 

considered separately. Then for each joint set, the modeling procedure given in 

~~-~.- ~- .. -~------- ---.~-.. -



Table 5.5: Results of X2 Goodness-of-fit Test on Joint Diameters - Wall data 

Joint Set Probability 
Number Distribution 

Joint Set 1 Exponential 
# of data = 95 

Gamma Mean (m) = 1.01 
S.D. (m) = 0.45 Lognormal 

Normal 

Joint Set 2 Exponential 
# of data = 94 

Gamma Mean (m) = 1.03 
S.D. (m) = 0.65 Lognormal 

Normal 

Joint Set 3 Exponential 
# of data = 93 

Gamma Mean (m) = 1.16 
S.D. (m) = 0.65 Lognormal 

Normal 

Joint Set 4 Exponential 
# of data = 93 

Gamma Mean (m) = 1.25 
S.D. (m) = 0.62 Lognormal 

Normal 

Note: Xs/:a/: = chi-square statistics 
D.F. = degrees of freedom 

....... -_._------ -.--_. _. 

2 
Xs/:a/: 

D.F. P value 

70.82 8 < 0.005 

1.54 9 > 0.995 

Insufficient data 
to run X2 test 

26.97 9 < 0.005 

0.77 8 > 0.995 

Insufficient data 
to run X2 test 

39.20 9 < 0.005 

0.955 9 > 0.995 

Insufficient data 
to run X2 test 

52.99 9 < 0.005 

1.71 9 > 0.995 

Insufficient data 
to run X2 test 

216 
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Table 5.6: Results of Kolmogorov-Smirnov Goodness-of-fit Test on Joint Diameters -
Wall data 

Joint Set Probability K-Sstat 
Number Distribution 

Joint Set 1 Exponential 0.293 
# of data = 95 

Gamma 0.026 Mean (m) = 1.01 
S.D. (m) = 0.45 Lognonnal 0.636 

Nonnal 0.650 

Joint Set 2 Exponential 0.183 
# of data = 94 

Gamma 0.012 Mean (m) = 1.03 
S.D. (m) = 0.65 Lognonnal 0.627 

Nonnal 0.646 

Joint Set 3 Exponential 0.222 
# of data = 93 

Gamma 0.020 Mean (m) = 1.16 
S.D. (m) = 0.65 Lognonnal 0.631 

Nonnal 0.652 

Joint Set 4 Exponential 0.261 
# of data = 93 

Gamma 0.026 Mean (m) = 1.25 
S.D. (m) = 0.62 Lognonnal 0.642 

Nonnal 0.651 

Note: K-SstlJ.t = Kolmogorov-Smimov statistics 
D.F. = degrees of freedom 

D.F. P value 

20 0.05 

20 > 0.20 

20 < 0.01 

20 < 0.01 

20 > 0.20 

20 > 0.20 

20 < 0.01 

20 < 0.01 

20 > 0.20 

20 > 0.20 

20 < 0.01 

20 < 0.01 

20 0.11 

20 >0.20 

20 <0.01 

20 < 0.01 



Table 5.7: Results of X2 Goodness-of-fit Test on Joint Diameters - Floor data 

Joint Set Probability 
Number Distribution 

Joint Set 1 Exponential 
# of data = 97 

Gamma Mean (m) = 1.36 
S.D. (m) = 0.26 Lognormal 

Normal 

Joint Set 2 Exponential 
# of data = 104 

Gamma Mean (m) = 0.64 
S.D. (m) = 0.85 Lognormal 

Nonnal 

Joint Set 3 Exponential 
# of data = 96 

Gamma Mean (m) = 1.23 
S.D. (m) = 0.46 Lognormal 

Nonnal 

Joint Set 4 Exponential 
# of data = 95 

Gamma Mean (m) = 0.92 
S.D. (m) = 0.45 Lognormal 

Nonnal 

Note: Xstat = chi-square statistics 
D.F. = degrees of freedom 

2 
Xstat 

D.F. P value 

295.2 5 < 0.005 

5.50 9 0.78 

Insufficient data to run X2 

test 

17.34 6 0.02 

1.16 5 0.95 

615.1 4 < 0.005 

Insufficient data to run X2 

test 

101.6 7 < 0.005 

3.20 9 0.96 

Insufficient data to run X2 

test 

56.78 9 < 0.005 

1.10 8 > 0.995 

Insufficient data to run X2 

test 

-----_._--------_ .. - -- - --...• - . _. - - .... - ., ,. . ..... 
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Table 5.8: Results of Kolmogorov-Smirnov Goodness-of-fit Test on Joint Diameters -
Floor data 

Joint Set Probability K-Sstat D.F. P value 
Number Distribution 

Joint Set 1 Exponential 0.489 20 < 0.01 
# of data = 97 

Gamma 0.031 20 > 0.20 Mean (m) = 1.36 
S.D. (m) = 0.26 Lognormal 0.665 20 < 0.01 

Nonnal 0.668 20 < 0.01 

Joint Set 2 Exponential 0.155 20 >0.20 
# of data = 104 

Gamma 0.034 20 > 0.20 Mean (m) = 0.64 
S.D. (m) = 0.85 Lognormal 0.631 20 < 0.01 

Nonnal 0.279 20 < 0.01 

Joint Set 3 Exponential 0.350 20 0.01 
# of data = 96 

Gamma 0.026 20 >0.20 Mean (m) = 1.23 
S.D. (m) = 0.46 Lognormal 0.648 20 < 0.01 

Nonnal 0.650 20 < 0.01 

Joint Set 4 Exponential 0.259 20 0.11 
# of data = 95 

Gamma 0.018 20 > 0.20 Mean (m) = 0.92 
S.D. (m) = 0.45 Lognormal 0.644 20 < 0.01 

Nonnal 0.650 20 < 0.01 

:'IIote: K-S - K.Olmo orov-~rmmov statIStICS stllt g 
D.F. = degrees of freedom 

- ------- ---------- ------ - -
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Table 5.9: Parameters (a,fJ) of Gamma Distribution which Represent Diameter 
Distribution for Joint System Models 1-4 

Joint Set Wall data Floor data 

Number a fJ a fJ 
(m) (m) 

1 4.93 0.20 27.15 0.05 

2 2.52 0.41 0.56 1.14 

3 3.26 0.36 7.00 0.18 

4 4.01 0.31 4.14 0.22 

Fig. 5.9 was performed on the wall data and on the floor data separately. 

Section 5.3.1 describes the relationship between trace length distribution, 

semi-trace length distribution and censored semi-trace length distribution as given 

in Priest and Hudson (1981). Section 5.3.2 describes the probability distributions 

for censored semi-trace lengths, and how trace length distributions were obtained 

from them. 

5.3.1 Relation between Trace Length, Semi-trace Length and Censored 

Semi-trace Length 

Figure 5.1O( a) shows a diagrammatic representation of joint traces intersecting a 

scanline setup on an extensive planar rock face. If the scanline is located ran-

domly with respect to a set of parallel joint traces, then the probability of the 

scanline intersecting a given trace is directly proportional to the length of that 

trace. Therefore, the probability, pel), that the scanline intersects a trace with a 
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of exposure 

Figure 5.10: Diagramatic Representation of Joint Traces Intersec(;ing a: Scanline 
Setup on a Planar Rock Face (after Hudson and Priest, 1981) I 
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length in the range I to l+dl is given by 

p(l) = k I/(I)dl (5.30) 

where /(1) is the probability density function of trace lengths over the entire rock 

face, and k is a constant. 

If g( I) is the probability density function of trace length intersected by the 

scan1ine, then p(l) is given by 

p( I) = g( I)dl (5.31) 

Substituting Eq. 5.31 in Eq. 5.30 yield 

g(l) = k 1 /(1) (5.32) 

By integrating both sides of the Eq. 5.32 from 0 to 00 , k can be obtained as mean 

trace length, 1/p.. Then the relation between g(l) and /(1) can be expressed as 

g(l) = p.1 /(1) (5.33) 

In Fig. 5.1O(b), the full length of a randomly intersected joint trace, ab, 

has a probability density g(I). Since the scanline is located near the edge of the 

exposure, it is only possible to measure the semi-trace length, ih, of a given trace 

whose end b is visible. Therefore, in this situation, from field data one can obtain 

probability density function of semi-trace lengths, h(I). Priest and Hudson (1981) 

gives the relationship between h(l) and g(l) as 

h(l) = /,00 (l/m)g(m)dm 

Substituting Eq. 5.33 in Eq. 5.34 yield 

h(l) = p. f /(m)dm 

- ---.. - . __ ... _----- --.---.--

(5.34) 

(5.35) 



226 

or 

h(l) = 1'(1 - F(I» (5.36) 

If f(l) is of exponential form, then f(l) and h(l) are identical. 

Finite size of the exposure and orientation of joints limit the maximum 

observable semi-trace length to some value, em (Fig. 5.11). Since em could vary 

over the rock face, semi-trace lengths are usually censored at an arbitrary level, c. 

The relation between probability density function of censored semi-trace length, 

i(l), and h(l) are given as (Priest and Hudson, 1981). 

. h(l) 
z(l) = J~ h(l) dl (5.37) 

5.3.2 Probability Distribution for Censored Semi-Trace Lengths 

Since joint data used in this study are not from a scanline survey, it was necessary 

to make an artificial situation to obtain semi-trace lengths. Therefore, first, scan

lines were drawn on the joint maps of the walls and the floor as shown in Figs. 

5.12 - 5.21 and joint traces which intersect with these scanlines were considered 

to obtain semi-trace lengths. Lengths of intersected traces between scanlines and 

on one side of these scanlines were measured on the walls and on the floor sepa-

rately. The joint map on east wall corresponding to joints of joint set 2 contains 

only three joint traces (Fig. 4.20 in Chapter 4), and the joint map on west wall 

corresponding to joints of joint set 1 contains only two joint traces (Fig. 4.24 in 

Chapter 4). Therefore, scanlines were not drawn on these two maps since available 

joint traces were not sufficient. For each joint set, the censored semi-trace lengths 

were subjected to X2 and Kolmogorov-Smirnov goodness-of-fit tests to check the 

--_._._ .. _-- ---_._._ .. _-----_.- ---... 
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Figure 5.11: Diagramatic Representation of Joint Traces Intersecting a Scanline 
Setup on a Rock Face of Limited Extent (after Priest and Hudson, 1981) 
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Figure 5.18 Scanline Setup for Censored Semi-trace Length Measurements of Joint Set 1 
on Floor 

t.) 
CA) 
,j:o. 



q 

___ Joint traces 

................ Scanlines 

~~CF~~--------------------~----~\r-----------~------------------~------------------------, 

...... 
tI) 
Q) 
;: 
I 
Q) 

o 
,,; 

c 0 
·E~ N 
.£...§, 

Q) C 
U 0 
C~ 0 o u ...: 
1i)~ 
C5~ 

o 

~ 

---
ci~------~--------,-------~--------r-------~------~--------~-------r------~~----~ 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 B.O 9.0 10.0 

Distance in mine-south direction (m) 

Figure 5.19 Scanline Setup for Censored Semi-trace Length Measurements of Joint Set 2 
on Floor 

N 
C..:I 
CJ1 



q 

___ Joint traces 

................ Scanlines 

~-r------~~------~>~-----r------~>~-------------;>--------------------~>r---------------------------, 

-tJ 0 
(f) • 
Q) .., 

:: 
I 
Q) 

.~ 0 
E~N 
c:.g .-
Q) c: 
U 0 c::;:; 0 
o U ..: 
-tJQ) 
(f) ~ 

5!.Q 
o 

.............. /" ............................................... . 
ci~------,-------~------r-----~r------,------~-------r------,-------~-----1 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 

Distance in mine-south direction (m) 

Figure 5.20 Scanline Setup for Censored Semi-trace Length Measurements of Joint Set 3 
on Floor 

t..) 
Cr.) 
0) 



___ Joint traces 

................ Scanlines ________ Scanlines 

~----=:::::::;:;~::=::::::::~=:===::; o _ ./ 
~ 

-- ----------,,-...::.::-~- ........................... _. 

:;z
~1············~~···7 ............... -r-.............. ~ 

~ 0 
(I) • 
Q) ", 

;: 
I 
Q) / 

' """ ------------ - ~ 
:.. ............. \ \ ----------~--.::-------

~ ________ ~~~~~~~~~~~~ .. ~~~~~ ~~.~~ ..... \ ........................................... ····················t·· ... ~ .............. . c: .- 0 
E~N 
.~g 

Q) c: 
o 0 
c::.p 
o 0 
~Q) 

o -----------. ---------~ ~ 

: ··1····································· ............. .\. .. // - - -------\-----------,-----(I) '-

QU ci ...................................................................................... . 

i i I 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 B.O 9.0 10.0 

Distance in mine-south direction (m) 

Figure 5.21 Scanline Setup for Censored Semi-trace Length Measurements of Joint Set 4 
on Floor 

N 
GI) 
..:t 



238 

suitability of exponential, gamma, lognormal and normal distributions in repre

senting distribution of censored semi-trace lengths. From histograms, it was seen 

that the uniform and triangular distributions are not suitable to represent censored 

semi-trace length distributions. 

For wall data of joint sets 1 and 2, and for floor data of all four joint sets, X2 

tests were not performed due to insufficient data. The results of X2 test on wall data 

for joint sets 3 and 4 are given in Table 5.10. Results of Kolmogorov-Smirnov Tests 

on wall data and on floor data are given in Tables 5.11 and 5.12 respectively. From 

the results of X2 test, it can be seen that for wall data of joint set 4, censored semi

trace lengths can be represented by exponential and gamma distributions. Results 

of Kolmogorov-Smirnov test indicate that censored semi-trace lengths of all four 

joint sets can be represented by exponential and gamma distributions at very high 

significant levels. According to Eq. 5.36, since F(/) is monotonically increasing 

function and p. is a constant, h( I) (therefore i( I) also) should be a monotonously 

decreasing function. Therefore, exponential distributions were selected to represent 

censored semi-trace length distributions of joint sets. From Eq. 5.36, it can be 

shown that, if f(/) is of exponential form, then /(/) and h(/) are identical. 

The mean value of semi-trace length distribution can be obtained from 

measurements of censored semi-trace lengths. For the population, the numerical 

proportion of intersected joints that have semi trace lengths less than c is given by 

H(c). For a sample, H(c) is approximately equal to rln where r is the number of 

joints with semi-trace lengths less than c, and n is the total number in the sample 

(Priest and Hudson, 1981). When /(/) is an exponential distribution H(c) is equal 

to 1- e-I'C, and p. can be expressed in terms of c, rand n as follows. 

-----------.-~--.~ .. - ..... - .. - .... - .... 
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Table 5.10: Results of X2 Goodness-of-fit Test on Censored Joint Semi-trace Lengths 
Mapped on Walls 

Joint Set Probability 
Number Distribution 

Joint Set 3 Exponential 
# of data = 57 

Gamma Mean (m) = 0.97 
S.D. (m) = 0.55 Lognormal 

Nonnal 

Joint Set 4 Exponential 
# of data = 78 

Gamma Mean (m) = 0.91 
S.D. (m) = 0.66 Lognonnal 

Nonnal 

Note: Xstllt = chi-square statistics 
D.F. = degrees of freedom 

2 
Xstat 

D.F. P value 

23.05 6 < 0.005 

29.67 5 < 0.005 

Insufficient data to run X2 test 

11.28 10 0.35 

9.86 7 0.21 

Insufficient data to run X2 test 

----_._._--------_ .. _---- .-- - . ,.-
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Table 5.11: Results of Kolmogorov-Sminov Goodness-of-fit Test on Censored Semi
trace Lengths Mapped on Walls 

Joint Set Probability K-SSt4t 
Number Distribution 

Joint Set 1 Exponential 0.237 
# of data = 16 

Gamma 0.147 Mean (m) = 0.39 
S.D. (m) = 0.68 Lognormal 0.580 

Normal 0.570 

Joint Set 2 Exponential 0.226 
# of data = 17 

Gamma 0.111 Mean (m) = 0.78 
S.D. (m) = 0.48 Lognormal 0.577 

Normal 0.483 

Joint Set 3 Exponential 0.200 
# of data = 57 

Gamma 0.171 Mean (m) = 0.97 
S.D. (m) = 0.55 Lognormal 0.616 

Normal 0.645 

Joint Set 4 Exponential 0.107 
# of data = 78 

Gamma 0.085 Mean (m) = 0.91 
S.D. (m) = 0.66 Lognormal 0.657 

Normal 0.639 

Note: K-SstlJ.t = Kolmogorov-Smirnov statistics 
D.F. = degrees of freedom 

D.F. P value 

10 >0.20 

10 > 0.20 

10 < 0.01 

10 < 0.01 

10 > 0.20 

10 > 0.20 

10 < 0.01 

10 0.01 

20 > 0.20 

20 > 0.20 

20 < 0.01 

20 < 0.01 

30 > 0.20 

30 > 0.20 

30 < 0.01 

30 < 0.01 
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Table 5.12: Results of Kolmogorov-Sminov Goodness-of-fit Test on Joint Censored 
Semi-trace Lengths Mapped on Floor 

Joint Set Probability K-Sstat 
Number Distribution 

Joint Set 1 Exponential 0.220 
# of data = 8 

Gamma 0.134 Mean (m) = 0.68 
S.D. (m) = 0.38 Lognormal 0.517 

Normal 0.550 

Joint Set 2 Exponential 0.073 
# of data = 10 

Gamma 0.123 Mean (m) = 0.95 
S.D. (m) = 0.82 Lognormal 0.561 

Normal 0.605 

Joint Set 3 Exponential 0.196 
# of data = 29 

Gamma 0.100 Mean (m) = 0.79 
S.D. (m) = 0.52 Lognormal 0.604 

Normal 0.594 

Joint Set 4 Exponential 0.119 
# of data = 37 

Gamma 0.130 Mean (m) = 0.71 
S.D. (m) = 0.68 Lognormal 0.612 

Normal 0.608 

Note: K-SstlJt = Kolmogorov-Smirnov statistics 
D.F. = degrees of freedom 

- -- - ---------.--- ------- -

D.F. P value 

8 >0.20 

8 >0.20 

8 0.02 

8 < 0.01 

10 >0.20 

10 > 0.20 

10 < 0.01 

10 < 0.01 

15 >0.20 

15 >0.20 

15 < 0.01 

15 < 0.01 

20 >0.20 

20 >0.20 

20 < 0.01 

20 < 0.01 
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Table 5.13: Mean Joint Trace ;Lengths (lIp) from Scanline Sampling Survey 
Method 

Joint Joint Joint Joint 
Set 1 Set 2 Set 3 Set 4 

n 16 17 57 78 

wall r I 12 16 42 72 

~lata c 11.22 1.80 1.68 2.32 

IIp 10.881 0.635 1.259 0.903 

n 8 10 29 37 

floor r I 7 9 28 36 

~lata c :1.67 2.48 1.79 2.58 

IIp 1[).803 1.077 0.671 0.715 

10ge[(T~ - r)ln] 
p= . 

c 
(5.38) 

Mean trace lengths fQr each joint set were computed using Eq. 5.38, and the results 

are given in Table 5.1;1. From Table 5.13, it can be seen that the mean trace lengths 

obtained from wall c\ata are different from those obtained from floor data. This 

is reasonable becaus€! orientation lof sampling plane with respect to orientation of 

joints has a signific8.llt effect on the lengths of joint traces. 

5.3.3 Inference of Diameter I Distribution from Trace Length Distribu-

tion 

The algorithm used tp infer diameter distribution from trace length distribution is 

as same as that give~ in section 51.2.3. Here also, based on the wall data and floor 
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data of each joint set, about 100 diameter values were generated for each case sepa

rately. Then the diameter values were subjected to of X2 and Kolmogorov-Smirnov 

goodness-of-fit tests to check the suitability of exponential, gamma, lognormal and 

normal distributions in representing the distribution of diameters. Tables 5.14 and 

5.15 give the results of X2 and Kolmogorov-Smimov goodness-of-fit tests for diam

eters based on wall data. Results of X2 and Kolmogorov-Smirnov goodness-of-fit 

tests for diameters based on floor data are given in Tables 5.16 and 5.17. From 

these results, it can be seen that diameter values of joint sets 1,2 and 4 based on 

wall data, and those of all the joint sets based on floor data follow gamma distribu

tions at very high significant levels. According to results of Kolmogorov-Smirnov 

test, diameters of joint set 3 based on wall data do not follow gamma distribution. 

However, according to results of X2 test, diameters of joint set 3 based on wall data 

follow gamma distribution at 61% significant level. Therefore, it was decided that 

for all the cases, diameter distributions can be ~presented by gamma distrbutions. 

The gamma fit obtained for the diameters of joint set 4, based on the censored 

semi-trace lengths mapped on the walls is shown in Fig. 5.22. Figure 5.23 shows 

the gamma fit obtained for diameters of joint set 4 based on the censored semi

trace lengths mapped on the floor. The gamma fits obtained for the diameters of 

other three joint sets are shown in Figs. 0.11-0.16 in Appendix D. 

Table 5.18 gives the parameters (a,{J) of gamma distributions which rep

resent diameter distributions of joint sets. From these values, it can be seen that 

for each joint set, the distribution obtained from wall data is different from that 

obtained from floor data. Therefore, from scanline sampling survey method, two 

joint size models are developed ,one based on the wall data and the other based 

on the Hoor data. 

------- -------------- -- ----- --
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Table 5.14: Results of X2 Goodness-of-fit Test on Joint Diameters - Wall Data 

Joint Set Probability 2 D.F. P value 
Number Distribution 

Xstat 

Joint Set 1 Exponential 24.25 7 < 0.005 
# of data = 99 

Gamma 1.00 6 0.98 Mean (m) = 0.34 
S.D. (m) = 0.50 Lognormal 604.7 4 < 0.005 

Normal Insufficient data to run X2 test 

Joint Set 2 Exponential 33.58 6 < 0.005 
# of data = 101 

Gamma 3.50 5 0.63 Mean (m) = 0.50 
S.D. (m) = 0.81 Lognormal 619.9 4 < 0.005 

Normal Insufficient data to run X2 test 

Joint Set 3 Exponential 14.86 6 0.02 
# of data = 98 

Gamma 4.51 6 0.61 Mean (m) = 0.27 
S.D. (m) = 0.40 Lognormal 613.6 4 <0.005 

Nonnal Insufficient data to run X2 test 

Joint Set 4 Exponential 24.20 6 < 0.005 
# of data = 100 

Gamma 1.01 6 0.98 Mean (m) = 0.34 
S.D. (m) = 0.50 Lognormal 616.3 4 < 0.005 

Normal Insufficient data to run X2 test 

'lote: - Chl-S uare statistics Xstat q 
D.F. = degrees of freedom 

___ 0_0 ___ 0 _ 



245 

Table 5.15: Results of Kolmogorov-Smirnov Goodness-of-fit Test on Joint Diameters 
- Wall Data 

Joint Set Probability K-Sstat 
Number Distribution 

Joint Set 1 Exponential 0.188 
# of data = 99 

Gamma 0.037 Mean (m) = 0.34 
S.D. (m) = 0.50 Lognonnal 0.633 

Normal 0.307 

Joint Set 2 Exponential 0.234 
# of data = 101 

Gamma 0.064 Mean (rn) = 0.50 
S.D. (m) = 0.81 Lognonnal 0.638 

Normal 0.238 

Joint Set 3 Exponential 0.159 
# of data = 98 

Gamma 0.353 Mean (rn) = 0.27 
S.D. (m) = 0.40 Lognonnal 0.633 

Normal 0.353 

Ioint Set 4 Exponential 0.191 
# of data = 100 

Gamma 0.038 Mean (rn) = 0.34 
S.D. (m) = 0.50 Lognonnal 0.633 

Normal 0.301 

Note: K-SstlJt = Kolmogorov-Smimov statistics 
D.F. = degrees of freedom 

--- --- - ----------- - - ----- - -- - -

D.F. P value 

30 > 0.20 

30 >0.20 

30 < 0.01 

30 < 0.01 

30 0.06 

30 > 0.20 

30 < 0.01 

30 0.05 

30 > 0.20 

30 < 0.01 

30 < 0.01 

30 < 0.01 

30 0.20 

30 > 0.20 

30 < 0.01 

30 < 0.01 
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Table 5.16: Results of X2 Goodness-of-fit Test on Joint Diameters - Floor Data 

Joint Set Probability 2 D.F. P value 
Number Distribution 

Xstat 

Joint Set 1 Exponential 31.15 6 < 0.005 
# of data = 100 

Gamma 1.96 5 0.91 Mean (m) = 0.38 
S.D. (m) = 0.59 Lognormal 605.5 4 < 0.005 

Normal Insufficient data to run X2 test 

Ioint Set 2 Exponential 23.46 6 < 0.005 
# of data = 100 

Gamma 1.13 5 0.95 Mean (m) = 0.32 
S.D. (m) = 0.48 Lognormal 629.4 4 < 0.005 

Normal Insufficient data to run X2 test 

Ioint Set 3 Exponential 34.61 6 < 0.005 
# of data = 102 

Gamma 3.59 5 0.61 Mean (m) = 0.49 
S.D. (m) = 0.80 Lognormal 616.0 4 < 0.005 

Normal Insufficient data to run X2 test 

Ioint Set 4 Exponential 41.32 7 < 0.005 
# of data = 99 

Gamma 2.35 6 0.88 Mean (m) = 0.42 
S.D. (m) = 0.62 Lognormal 605.5 4 < 0.005 

Normal Insufficient data to run X2 test 

"Iote: - chi-s uare statistics Xst:at: q 
D.F. = degrees of freedom 

----_. __ . -
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Table 5.17: Results of Kolmogorov-Sminov Goodness-of-fit Test on Joint Diameters
Floor Data 

Joint Set Probability K-Sstat 
Number Distribution 

Joint Set 1 Exponential 0.224 
# of data = 100 

Gamma 0.052 Mean (m) = 0.38 
S.D. (m) = 0.59 Lognormal 0.635 

Normal 0.261 

Joint Set 2 Exponential 0.190 
# of data = 100 

Gamma 0.035 Mean (m) = 0.32 
S.D. (m) = 0.48 Lognormal 0.634 

Normal 0.292 

Joint Set 3 Exponential 0.238 
# of data = 102 

Gamma 0.066 Mean (m) = 0.49 
S.D. (m) = 0.80 Lognormal 0.639 

Normal 0.234 

Joint Set 4 Exponential 0.235 
# of data = 99 

Gamma 0.060 Mean (m) = 0.42 
S.D. (m) = 0.62 Lognormal 0.635 

Normal 0.266 

Note: K-Sstl1t = Kolmogorov-Smirnov statistics 
D.F. = degrees of freedom 

-- ---- ---_._-----------_. 

D.F. P value 

30 0.09 

30 >0.20 

30 <0.01 

30 0.03 

30 0.20 

30 >0.20 

30 < 0.01 

30 <0.01 

30 0.05 

30 >0.20 

30 < 0.01 

30 0.06 

30 0.06 

30 >0.20 

30 < 0.01 

30 0.03 
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Table 5.18: Parameters (0, (J) of Gamma Distribution which Represent Diameter 
Distribution for Joint System Models 5-8 

Joint Set Wall data Floor data 

Number 0 fJ 0 fJ 
em) (1I!1 

1 0.46 0.74 0.43 0.90 

2 0.38 1.31 0.45 0.71 

3 0.47 0.58 0.37 1.31 

4 0.45 0.74 0.44 0.93 

5.4 Discussion and Conclusions 

The task in trace length analysis is how to obtain trace length distribution on 

an infinite size exposure from the trace lengths measured on a finite size expo

sure which were subject to size bias, censoring error and truncation bias. In this 

study, trace length distributions corrected for size bias and censoring error were 

obtained using two methods: (i) Area sampling survey method and (ii) Scanline 

sampling survey method. These trace length distributions were used to infer joint 

size distribution. 

The major assumption involved in joint size and shape modeling is that 

joints are considered as circular discs. Therefore, the relation between joint size 

and trace length used in this study is based on the circular disc assumption. To use 

some other shape for joints, the relationship between trace length and dimensions 

of joint has to be modified. 

According to Eq. 5.36 in 'Scanline sampling survey' method, h(l) should 

--~--- ---------------- ----- - ~-
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be a monotonously decreasing distribution to use the relationships presented in 

Priest and Hudson (1981). Priest and Hudson (1981) have not discussed this 

problem because they have started with different distributions for f(l) and derived 

expressions for h( I). But in pra.c~ice, what we can obtain from field measurements is 

h(I), and then we have to find f(l). In the present study, h(l) could be considered as 

a monotonously decreasing function since i( I) could be represented by exponential 

distribution. 

The procedure presented in 'Area sampling survey' method does not have 

restrictions on censored intersected trace length distributions. However, it can be 

noted that the function obtained for f( I) is not a standard theoretical probability 

density function. 

From Tables 5.9 and 5.18, it can be seen that the G' parameter of gamma 

distributions obtained for diameter distributions from sca.nline sampling survey 

method is very low compared to those in area sampling survey method. From the 

figures which give graphical representations of fitted distributions for diameters, 

also, the significant difference between the distributions obtained from the two 

methods can be seen. Therefore, joint geometry modeling schemes should be based 

on the joint size models obtained from these two methods separately . 

. . _---_ ... _ .. _------ ----- -
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CHAPTER 6 

THREE DIMENSIONAL JOINT INTENSITY MODELING 

6.1 Introduction 

In this study, eight schemes were employed to estimate three dimensional joint 

intensity (number of joints per unit volume) of a joint set. In all these schemes, 

the joint size is a major characteristic which affects the 3D joint intensity. In 

Chapter 5, joint size modeling was carried out using two methods: (i) area sampling 

survey method, and (ii) scanline sampling survey method. Therefore, the joint size 

parameters obtained from the area sampling method were used in the first four 

schemes, and those obtained from the scanline survey method were used in the 

last four schemes. 

In Schemes 1 and 2, 3D joint intensity of a joint set was expressed as a 

function of the mean diameter and the true linear intensity of the joint set. In 

Chapter 4, the true linear intensity of a joint set has been obtained using two 

methods. True linear frequencies obtained from Method 1 were used in Scheme 

1, and those obtained from Method 2 were used in Scheme 2. In Scheme 3, a 

new relationship between the 3D joint intensity, areal joint intensity and mean 

diameter of the joint set was derived (Kulatilake, 1989). The average of the three 

3D joint intensity values obtained from Schemes 1-3 also is estimated as a 3D joint 

intensity. This was named as Scheme 4. The expressions for 3D joint intensity 

---------------_ .. _-----_.- -"-"-'-.' -_ .. - .... 
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used in Schemes 1-4 were respectively used in Schemes 5-8. In Schemes 5-8 joint 

size parameters obtained from scanline sampling survey method are used whereas 

in Schemes 1-4 those obtained from area sampling survey method are used. 

Kazi and Sen (1985) have given a procedure to estimate the mean block 

volume, the mean number of blocks per unit volume, volumetric RQD and the 3D 

joint intensity. This method disregards the size of the joint. Therefore, it is not a 

realistic method for estimating the 3D joint intensity. 

In this Chapter, E(.) is the expected value of the function within the paren-

theses. 

6.2 Schemes Based on Diameter Distributions Obtained from Area 

Sampling Survey Method in Chapter 5 

6.2.1 Scheme 1 

Oda (1982) has expressed number of circular joints intersected with the unit length 

of a scanline, when joint orientation, n, is independent of its dimension, r, as 

(6.1) 

where 

p = volume density of joints 

r = radius of circular joint 

n = unit normal vector of joint 

i = unit vector in the direction of scanline 

ni = n • i 

Ni = number of joints intersected with the scanline over a length, h 

.-. ------ ------
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IT we consider one joint set and select the scanline direction in the mean 

normal vector direction of that joint set, then Eq. 6.1 can be written as 

where 

(A,)j = linear frequency of ph joint set along its mean normal vector 

(Av)j = volumetric frequency of ph joint set 

By rearranging Eq. 6.2, (AII)j can be expressed as 

(6.2) 

(6.3) 

and Eq. 6.3 can be used to find 3D linear intensity of each joint set. For each joint 

set, E( D2) was estimated based on the diameter distribution obtained either from 

the wall data or from the floor data. True linear intensity values obtained from 

Method 1 (Section 4.2) in Chapter 4 were used as (A,)j. 

3D joint intensity for the rock mass, AYT, was obtained using Eq. 6.4. 

4 

AYT = L:(AII)j (6.4) 
j=1 

Table 6.1 gives the results obtained. The difference between the volumetric fre

quency of each joint set based on the wall data and that based on the floor data is 

due to the difference in joint size used in two approaches. For joint sets 1, 2 and 3, 

this difference is not significant, but for joint set 4, the volumetric frequency based 

on the floor data is about twice of that based on the wall data. And also, 3D joint 
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Table 6.1: 3D J~)int Intensities - Scheme 1 

Joint (~~, )j E(lni/) Wall data Floor data 
set # E(D~) All E(D~) All 

1 0.064 0.962 1.316 0.064 1.925 0.044 

2 0.509 0.943 1.609 0.426 1.141 0.602 

3 1.488 0.907 1.938 1.078 1.794 1.164 

4 1.$01 0.930, 2.118 1.164 1.133 2.176 

AVT = L: 
2.732 3.986 

intensity for rock mass hased on the floor data is greater than that based on the 

wall data. 

Since linear inten~ity follows a Poisson distribution, it is reasonable to as-

sume that 3D joint inten~ity follows 'a Poisson distribution with the mean AvT• 

6.2.2 Scheme 2 

The same procedure as for Scheme 1 was used. However, true linear intensity values 

obtained from Method 2 (Section 4.3) in Chapter 4 were used as CA,k Table 6.2 

gives the results obtaine~l. Here also, the difference between the joint size based 

on the wall data and th~t based on I the floor data is reflected in the volumetric 

frequencies for the wall ~iata and fo:r the floor data of each joint set. However, 

in this scheme, for joints sets 2, 3 and 4, linear frequencies are less than those in 

Scheme 1. Therefore, th~ volumetrio frequencies of joint sets 2, 3 and 4, and 3D 

joint intensity values are ,less than the corresponding values in Scheme 1. 
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Table 6.2: 3D joint Intensities - Scheme 2 

Joint (AI); E(lnil) Wall data Floor data 
set # E(D2) AI/ E(D2) ..\1/ 

1 0.288 0.962 1.316 0.289 1.925 0.198 

2 0.420 0.943 1.609 0.352 1.141 0.496 

3 0.963 0.907 1.938 0.697 1.794 0.753 

4 1.325 0.930 2.118 0.856 1.133 1.601 

..\vT=E 2.194 3.048 

6.2.3 Scheme 3 

First, a relationship between areal intensity of joints (mean number of joint centers 

per unit area) and mean 3D joint intensity of a joint set was obtained as follows 

(Kulatilake, 1989). 

Consider a volume of dimensions L x L x L and a joint (disc) which has its 

center inside that volume (Fig. 6.1(a». The probability that this joint intersects 

the plane ABCD can be obtained as given below. 

According to Fig. 6.1(b), to intersect with the plane, ABCD, the joint 

should be located between the two positions U and V. Since joint centers are 

randomly located, the probability, P, that the joint center lies in between 0 1 and 

O2 is given by 

p = 0 10 2 

L 
(6.5) 

H v is the angle between the joint plane and the sampling plane, and D is the 

... - .. -~.-------- .------- .~ .. _._-- . -
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Figure 6.1: (a)A Joint Inside a Cubic Volume L x Lx Lj (b) Joint Positions U and 
V when Viewed along the Direction of Line of Intersection Between Joint Plane 
and ABCD Plane 
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diameter of the joint, then P is given by 

p = Dlsinvl 
L 
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(6.6) 

If nv is the number of joint centers in the volume considered, and if na is the 

number of joints intersected with the sampling plane, then na is given by 

(6.7) 

When we divide both sides of the Eq. 6.7 by L2, a relationship between areal joint 

intensity, A(1' and volumetric joint intensity, Av can be obtained. 

na I' Inv L2 = D smv L3 

E(Aa) = E(D) Elsinvl E(AIJ) 

E(Aa) 
E(Av) = E(D)EI sinvl 

Equation 6.10 was used to estimate 3D joint intensity of each joint set. 

(6.8) 

(6.9) 

(6.10) 

From a sampling domain, what we can directly estimate is the average 

number of joints per unit area. Kulatilake and Wu (1984a) have given a procedure 

to estimate mean number of joint centers per unit area, EPa), from the average 

number of joint traces per unit area as counted in an area sampling survey. Then 

E(Aa) is given by 

where 

E(Aa) = I + E~l[Pl]i + Ei=t[Po]j 
A 

A = area of the sampling plane 

I = number of joint traces with both ends observed 

-- ----------- ------- ---.---- . -

(6.11) 
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Table 6.3: 3D Joint Intensities based on Joint Mapping on Walls - Scheme 3 

Joint set # E(Aa) Elsinvl E(D) E(A II ) 

1 0.156 0.470 1.04 0.320 

2 0.174 0.478 1.06 0.344 

3 0.645 0.872 1.19 0.624 

4 0.917 0.933 1.28 0.766 

AVT=2: 2.054 

m = number of joint traces with one end observed 

n = number of joint traces with neither end observed 

PI = probability that mid point of joint trace is within the sampling 
plane when one end of trace is observable 

Po = probability that mid point of joint trace is within the sampling 
plane when neither end is observable 

Since trace lengths intersecting the sampling plane follow gamma distribution 

(Chapter 5), PI and Po were obtained through numerical integrations. Table 6.3 

shows the results obtained from the joint mapping on the walls, and Table 6.4 

shows the results obtained from the joint mapping on the floor. All three variables 

E(>'a), EI sin vi and E( d) which are used to compute volumetric frequency are dif-

ferent for wall data from those for floor data. Therefore, volumetric frequencies 

based on wall data and those based on floor data are different. For joint set 1, 

2 and 3, volumetric frequencies based on wall data are higher than those based 

on the floor data. For joint set 4, the volumetric frequency based on floor data is 

------- .-.---. -. 
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Table 6.4: ap JoiJrlt Intensities Based on Joint Mapping on the Floor - Scheme a 

Joint set # E(Aa) Elsinvl E(d) E(Au) 

1 0.225 0.994 1.36 0.166 

2 0.196 0.927 0.63 0.336 

3 0.560 0.946 1.25 0.474 

4 0.830 0.406 0.95 2.158 

AVT = 2: 3.134 

about three ~imes IOf that based on wall data. 

6.2.4 Schf/me 4: 

Values of (Au}j obtained from the previous three methods were averaged to obtain 

the 3D joint ,ntensmes of joint sets in this scheme. Results are given in Table 6.5. 

6.2.5 COl1lparislon Between Schemes 1-4 

Figure 6.2 s~ows the comparison between schemes 1-4. In this figure, W and F 

respectively t:/tand Ifor 'based on wall data' and 'based on floor data'. When the 

Au values b~ed on wall data are considered, the order of Schemes which give Au 

values of each joinl; set in the increasing order is as follows: Schemes 1, 4, 2 and 

3 for joint se~ 1; and, Schemes 3, 2, 4 and 1 for other three joint sets. And also, 

AVT values in. the increasing order are given by Schemes 3, 2, 4 and 1. When the 

values based 9n floor data are considered, that order is as follows: Schemes 1, 3,4 
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Table 6.5: 3D Joint Intensities - Scheme 4 

Joint set # E('\u1 

Wall data Floor data 

1 0.224 0.136 

2 0.374 0.478 

3 0.800 0.797 

4 0.929 1.978 

'\VT = E 2.327 3.389 

and 2 for joint set 1; Schemes 3, 2, 4 and 1 for joint sets 2 and 3; Schemes 2, 4, 3 

and 1 for joint set 4; and, Schemes 2, 3, 4 and 1 for '\VT. 

6.3 Schemes based on Diameter Distributions Obtained from Scanline 

Sampling Survey Method in Chapter 5 

Schemes 5-8 respectively have the same procedures as Schemes 1-4. For Schemes 

5-8, the diameter distributions are based on the scanline survey method which 

is described in Section 5.3 in Chapter 5. The results for schemes 5 and 6 are 

respectively given in Tables 6.6 and 6.7. Table 6.8 gives the results for Scheme 7 

based on the joint mapping on the walls, and Table 6.9 shows the results based on 

the joint mapping on the floor. Table 6.10 gives the averages of the values of ('\u)j 

obtained in Schemes 5-7. 

In Schemes 5 and 6, volumetric frequencies of joint sets 1,3 and 4 based on 

wall data are higher than those based on floor data, and 3D joint intensities based 

- --._------------
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Table 6.6: 3D joint Intensities - Scheme 5 

Joint (..\')j E(lnil) Wall data Floor data 
set # E(D2) ..\11 E(D2) ..\11 

1 0.064 0.962 0.291 0.291 0.645 0.131 

2 0.594 0.943 0.982 0.816 0.387 2.072 

3 1.488 0.907 0.551 3.790 0.904 2.311 

4 1.801 0.930 0.531 4.643 0.796 3.098 

>'VT = E 9.540 7.612 

Table 6.7: 3D joint Intensities - Scheme 6 

Joint (..\')j E(lnil) Wall data Floor data 
set # E(Dil) ..\11 E(Dil) ..\11 

1 0.288 0.962 0.291 1.310 0.645 0.590 

2 0.420 0.943 0.982 0.578 0.387 1.464 

3 0.963 0.907 0.551 2.453 0.904 1.495 

4 1.325 0.930 0.531 3.416 0.796 2.278 

>'VT = E 7.757 5.827 

-----------
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Table 6.8: 3D Joint Intensities based on Joint Mapping on Walls - Scheme 7 

Joint set # E(>'a) Eisinvi E(d) E(>'v) 

1 0.156 0.470 0.29 1.144 

2 0.174 0.478 0.50 0.728 

3 0.645 0.872 0.39 1.897 

4 0.917 0.933 0.38 2.586 

>'VT = E 6.355 

Table 6.9: 3D Joint Intensities Based on Joint Mapping on the Floor - Scheme 7 

Joint set # E(>.a) Eisinvi E(d) E(>'v) 

1 0.225 0.994 0.41 0.552 

2 0.196 0.927 0.33 0.640 

3 0.560 0.946 0.48 1.233 

4 0.830 0.406 0.45 4.543 

>'VT = E 6.968 
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Table 6.10: 3D Joint Intensities - Scheme 8 

Joint set # E(..\u) 
-

Wall data Floor data 

1 0.915 0.424 

2 0.707 1.392 

3 2.713 1.680 

4 3.548 3.306 

..\VT = 2: 7.883 6.802 

on wall data are higher than those based on floor data. In Scheme 7, not only joint 

size, but also E(..\a) and EI sin vi values are different for wall data and floor data. 

In this Scheme, volumetric frequencies of joint sets 1, 2 and 3 based on wall data 

are higher than those based on floor data. However, for joint set 4, volumetric 

frequency based on floor data is much greater than that based on wall data, and 

therefore, 3D joint intensity based on floor data is higher than that based on wall 

data. 

6.3.1 Comparison Between Schemes 5-8 

Figure 6.3 shows the comparison between schemes 5-8. In this figure, W and F 

respectively stand for 'based on wall data' and 'based on floor data'. When the 

..\U values based on wall data are considered, the order of Schemes which give ..\U 

values of each joint set in the increasing order is as follows: Schemes 5, 8, 7 and 6 

for joint set 1; Schemes 6, 8, 7 and 5 for joint set 2; Schemes 7, 6, 8 and 5 for joint 

---------.---------- -'- .--. 
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sets 3 and 4, and for the rock mass. When the A\I values based on floor data are 

considered, that order is as follows: Schemes 5, 8, 7 and 6 for joint set 1; Schemes 

7, 8, 6 and 5 for joint set 2; Schemes 7, 6, 8 and 5 for joint set 3; Schemes 6, 5, 8 

and 7 for joint set 4. AVT in the increasing order is given by Schemes 6, 8, 7 and 5. 

6.4 Mean Block Size, Average Number of Blocks per Unit Volume and 

Volumetric RQD 

The following 3D joint intensity parameters were obtained using the procedure 

presented by Kazi and Sen (1985). 

1. Mean block size, Vb 

2. Average number of blocks per unit volume, Nb 

3. Volumetric RQD value 

In this procedure, first, three mutually perpendicular scanlines are selected such 

that the orientation of one of them coincide with the mean normal vector direction 

of the most dominant joint set. Then, for each joint set, the scanline which makes 

the smallest angle with it is selected. By resolving linear frequency of each joint 

set along its selected scanline, average frequencies along these three scanlines are 

obtained. 

If 81 , 82 and 83 are the average fracture spacings along the three scanlines, 

then, the mean block size, Vb, can be estimated by 

(6.12) 

and mean number of blocks per unit volume, Nb will become I/Vb. Volumetric 

RQD is defined by 

--------- --_._--- -------- .. -. 



V.RQD = 100~ i 
where 

t = threshold volume 

Vi = volume of an intact block ~ size t 

V = volume of rock mass 

n = number of intact blocks with volume ~ t 
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(6.13) 

In chapter 4, true linear intensities of joint sets were obtained using two 

methods .. Based on these values, using Eq. 6.12 mean block volume was estimated. 

Based on the linear frequencies obtained from Method 1 in Chapter 4, mean block 

size and number of blocks per unit volume are obtained as 0.787 m3 and 1.27 m-3 

respectively. Corresponding values based on the linear frequencies obtained from 

Method 2 in that Chapter are 1.331 m3 and 0.75 m-3 • 

Kazi and Sen (1985) has given an expression for volumetric RQD in terms 

of Nb, provided block size follow exponential distribution, as 

(6.14) 

where t is the threshold volume. For the standard value of t of 0.001 m3 , V. RQD 

reduces to 

V.RQD = 100(0.001 Nb + l)e-O.OOlNb (6.15) 

In Chapter 4, it was found that joint spacing can be represented by exponential 

distribution. Therefore, it can be assumed that block size also can be represented 

~~~ ----- .------- --.--- . -
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by exponential distribution with mean block size, Vb. Then, Eq. 61.15 can be used 

to estimate V. RQD. 

For t = 0.001 rn3
, volumetric RQD value was obtained for the rock mass 

around ventilation drift as 100 % for both cases where tfUe linear tirequencies were 

obtained from Method 1 and Method 2 in Chapter 4. This indicates that rock 

quality is very good with respect to the volumetric RQD based Ion a threshold 

volume, 0.001 rn2• 

6.5 Discussion 

3D joint intensities obtained in Schemes 5-8 are great~r than those obtained in 

schemes 1-4. This difference is due to the difference in diameters.: however, since 

the joint size associated with Schemes 5-8 are smaller t;han those associated with 

Schemes 1-4, when the number of joints intersected wit~l a sampliIllg plane is con

cerned, we can expect similar predictions from the eigpt joint geiometry models 

with the 3D joint intensities obtained from these schem~s. 

The volumetric RQD has special advantage over the conventional one di

mensional RQD. The use of a single value for the 1D RqD is generally insufficient 

to provide an adequate description of rock mass qualitr since it depends on the 

direction in which the measurements are taken. Volum~tric RQD lis independent 

of the direction; hence it seems to be an appropriate PEll'ameter to describe joint 

intensity in a rock mass. 

The expression given by Kazi and Sen (1985) tq estimate the number of 

joints in a Wlit volume does not incorporate joint size in the formulation, whereas 

joint size is a major characteristic in estimating the 3D ~oint intensity. Therefore, 

.. --.~-.-.--.-----------.-.---. 
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it may not be a realistic method for estimating the 3D joint intensity. 

--- --- -.--.------- _. __ .. _-
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CHAPTER 1 

JOINT GEOMETRY SUMMARIZED BY FRACTURE TENSOR 

1.1 Introduction 

Oda (1982) introduced fracture tensor as a measure of geometrical parameters 

such as intensity, orientation and size. He has shown that from the fracture tensor, 

indices of porosity and fracture anisotropy of a rock mass can be obtained. 

In the formulation of fracture tensor, Oda(1982) first obtained an expression 

for the number of joints intersected by a scanline. This procedure is summarized 

in Section 7.2. Section 7.3 gives a description of the fracture tensor. Oda (1982) 

has defined a circular joint with diameter, 2r, and unit normal vector, n, as a (n, 

2r) joint, and it is used to refer such joints in this chapter too. A scanline in the 

direction i is referred as i-scanline. 

1.2 Number of Joints Intersected by a Scanline 

According to Oda (1982) we can define a probability density function, f(n,r), to 

describe orientation of joints with radius, r, and unit normal vector, n. Then, the 

fraction of joints with radii in the range from r to r+dr, and with normal vectors, 

n, in the solid angle, dO is equal to f(n,r) dO dr. Figure 1 shows a solid angle, dO, 

defined in a unit hemisphere. However, when joints with unit normal vectors in one 

hemisphere are considered, the whole solid angle is restricted to a unit hemisphere. 

Therefore, for joints with unit normals in the upper hemisphere, f(n,r) satisfies 
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Figure 7.1: Unit Sphere to Define Solid Angle df2 (After Oda, 1982) 

------- --------------------. - ~-



2i3 

tJOjl f(n,r) dO dr = 1 
10 10/2 

(7.1) 

where 0,/2 is a solid angle (211') equivalent to an upper hemisphere of 0 :5 a :5 211' 

and 0 :5 fJ :5 1r/2 (Fig. 7.1). 

Figure 7.2 shows a column of length h with its center axis accords with the 

i-scanline. The cross section of this column is equal to the projection of a (n,2r) 

joint on a plane perpendicular to the i-scanline. Then, the cross section is equal to 

1I'r2lnil, where ni is the scalar product, n. i. IT p is the mean number of joints per 

unit volume, then total number of joints inside the column is equal to 1I'hr2lnilp. 

Since f( n,r) dO dr gives the fraction of joints whose normal vectors fall in dO, and 

whose radii are in the range r to r+dr, the number of (n,2r) joints, dN(i), whose 

centers are inside the column is given by 

(7.2) 

IT the centers of (n,2r) joints are inside the column, then, those joints must cross 

the i-scanline. The total number of joints intersected by i-scanline is given by 

(Oda, 1982) 

N(i) = 1rhp loof 1 r2 Inilf(n,r)dO dr 
10 10/2 

(7.3) 

If joint orientation, n, is independent of its dimension, r, number of joints 

intersected by the unit length of the i-scanline is given by 

where 

f( r) = probability density function of r 

fCn) =probability density function of n 

... ---.--.-.- .. -------~-- .. - .. -. 

(7.4) 
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Figure 7.2: A Column with Its Center Line Accords with i-Scanline (After Oda, 
1982) 



275 

1.3 Fracture Teosor 

Oda (1982) defined a vector m which incorporates size and orientation of a joint, 

where m is given by 

m=2ro (7.5) 

Then, ~.m is equal to the vector sum of all (o, 2r) joints intersected by the unit 

length of the i-scanline. Projection of d'1t).m for (n, 2r) joints belonging to Kth 

joint set on a direction j is given by (Oda, 1982) 

(7.6) 

where nj = n.j. Generally the reference vectors i and j are selected so as to 

make orthogonal reference axes (Oda, 1982). H 0 makes an acute angle with the 

i-direction, then 

(7.7) 

and 

(7.8) 

H D does not make an acute angle with the i-direction, the other unit normal 

vector,n', where 0' = -n, is considered, and Inil is replaced by n~, n~ is given by 

, , . . 
ni = n.l = -n.1 = -ni (7.9) 

When normal vector -n is considered instead of D, nj should be replaced by -0 • j 

(= -nj). Then, 

(7.1O) 

- ~------ -----------
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Therefore Eq. 7.6 can be rewritten 88 

(7.11) 

When vector sum of all the joints 88BOciated with i-scanline is projected on a 

direction j , the projected image Fij is given by 

Fi~K) = 211'p tX>j I r3ninjf(n,r)dO dr 
10 10/2 

(7.12) 

Fi~K) given in Eq. 7.12 is defined 88 the fracture tensor for the Kth joint set. If the 

size and the orientation of the joint are independent, then the fracture tensor can 

be given by 

(7.13) 

(7.14) 

where E(.) is the expected value of the function within the parenthesis. If more 

than one joint set exist in a statistically homogeneous region, then the fracture 

tensor for the statistically homogeneous region can be expressed 88 

N 
Fij = L Fi)K) (7.15) 

K=l 

where N is the number of joint sets. 

The physical meaning of an element in fracture tensor can be described 

88 follows. H we consider the circular joints intersected by a unit length of i-

scanline, then, the summation of the projected length of diameters of these joints 

on a plane with the direction j is given by element ij (i=1,2,3 and j=1,2,3) of the 

fracture tensor. H we have three mutually perpendicular joint sets and if we select 

directions i and j in the directions of mean normal vectors of these joint sets, then, 

--------------------- -.-- - --
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fracture tensor will be a diagonal tensor. Each diagonal term of tlus fracture tensor 

represents the summation of diameters of the (At)K joints where (A')K is the true 

linear frequency of Kth joint set (K = 1,2,3). 

When we find principal values (Fh F2 and F3 ) and corresponding principal 

vectors of the fracture tensor, we can consider a joint system of 3 mutually per

pendicular joint sets in the direCtion of principle vectors. The principle values give 

the summation of the diameters of joints (along a unit length in a principal vector 

direction) in each joint set of this new system. This orthogonal joint system can 

be considered as an equivalent system to our actual joint system. 

Oda (1982) has proposed indices to evaluate the intensity of joints, porosity 

and the degree of fracture anisotropy based on the principle values and principal 

vectors of fracture tensor. Invariants I1F), I~F) and I~F) of the fracture tensor are 

defined by (Oda, 1982) 

(7.16) 

(7.17) 

(7.18) 

Oda (1982) has suggested to use the first invariant IIF) as an index to 

evaluate intensity of joints, depending not only on the number of joints per unit 

volume, but also on the joint size. Since a circular joint with radius, r, and width, 

t, has a void volume 7rr2t, using the assumption that t is directly proportional to 

r, Oda (1982) showed that the porosity, p, of the rock mass is related to the first 

invariant of the fracture tensor, IIF), through the following equation: 

(7.19) 



where k is a constant. 

Deviatoric part of fracture tensor is given by 

nF) 
Dij = Fij - i""-c5ij 
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(7.20) 

where c5ij is the Kronecker delta which is defined as c5ij = 0 for i =F j, and c5ij = 1 

for i~j. Oda (1982) defined a parameter r as given by Eq. 7.21, and proposed it 

as an index to evaluate the anisotropy of the fracture system. 

(7.21) 

where I~D) is the second invariant of deviatoric fracture tensor. The principal axes 

of Fij are considered as the principal axes of fracture anisotropy. 

Eight schemes presented in Chapter 6, to find 3D joint intensity lead to eight 

schemes of joint geometry modeling. Fracture tensors were obtained for these eight 

schemes. Fracture tensor, principal vectors (VI, V2, vs), and Dij for scheme 3 are 

given below, and those for other schemes are given in Appendix E. 

[ 

1.372 -0.248 0.206] 
Fij = -0.248 1.438 -0.251 

0.206 -0.251 2.178 

{ 

0.278 } 
VI = -0.605 

0.746 

{ 

-0.330 } 
V2 = 0.669 

0.666 

{ 

0.902 } 
Vs = 0.432 

0.013 

[ 

-0.290 
Dij = -0.248 

0.206 

-0.248 0.206] 
-0.229 -0.251 
-0.251 0.515 

--------------- -.- _._--- - --

(7.22) 

(7.23) 

(7.24) 

(7.25) 

(7.26) 
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Table 7.1: Principal Values, IlF), r and ~ of Fracture Tensor - Wall Data 

Fl F2 F3 IlF) r ~ 

Scheme 1 3.57 2.27 1.30 7.14 2.80 1.18 

Scheme 2 2.59 1.62 1.20 5.41 1.74 0.96 

Scheme 3 2.33 1.50 1.15 4.99 1.48 0.89 

Scheme 4 2.83 1.78 1.24 5.85 1.98 1.02 

Scheme 5 2.47 1.96 0.90 5.33 1.96 1.10 

Scheme 6 1.86 1.80 0.70 4.36 1.60 1.10 

Scheme 7 2.01 1.44 0.58 4.03 1.76 1.31 

Scheme 8 2.00 1.84 0.74 4.57 1.68 1.10 

Principal values of fracture tensor, [IF), r and ~ for each scheme are given in 

Tables 7.1 and 7.2. Variables in Tables 7.1 and 7.2 respectively correspond to the 

joint size parameters based on the wall data and the Hoor data. 

7.4 Discussion 

In the formation of fracture tensor for a rock mass, geometrical parameters such 

as orientation, size and intensity of joints are involved. Therefore, fracture tensor 

represents a combination of geometrical characteristics of a rock mass. 

Elements of the fracture tensor depend on the directions of reference vectors. 

However, one can find three principal values Fh F2 and F3 together with their 

orthogonal principal axes for fracture tensor (Oda, 1982). The diagonal tensor 

............. _------_.-._-_ .. --.-
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Table 7.2: Principal Values, IIF
), r and *' of Fracture Tensor - Floor Data 

Fl F2 F3 IfF) r *' 
Scheme 1 2.91 2.29 1.40 6.60 1.86 0.84 

Scheme 2 2.10 1.87 1.18 5.14 1.17 0.68 

Scheme 3 2.37 1.41 0.91 4.68 1.82 1.17 

Scheme 4 2.40 1.86 1.22 5.48 1.45 0.79 

Scheme 5 4.88 2.71 1.60 9.19 4.09 1.34 

Scheme 6 3.30 1.93 1.46 6.70 2.34 1.05 

Scheme 7 4.49 2.27 1.24 8.00 4.06 1.52 

Scheme 8 4.01 2.50 1.46 7.96 3.15 1.19 

------------------ ------- -
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with Fh F2 and F3 as its diagonal entries does not depend on the directions of 

reference vectors used in the formation of fracture tensor, and uniquely represents 

the level of fracturing in a rock m8BS. 

In Chapter 6, it was found that there is a significant difference between 3D 

joint intensities obtained in Schemes 1-4 and those obtained in Schemes 5-8. This 

difference is caused by the difference in joint sizes associated with the schemes. In 

Tables 7.1, there is no significant difference between I1F
) values for Schemes 1-4 

and those for Schemes 5-8. The reason may be that JiF) values reflect the combined 

effect of the joint geometry by the 3D joint intensity and the joint size. However, 

for floor data (Table 7.2), It) values obtained from Schemes 5-8 are relatively 

higher compared to those obtained from Schemes 1-4. 

The porosity of a rock mass depends on both the joint intensity and joint 

size. Therefore, as Oda (1982) suggested that It) is an appropriate index for 

porosity in a rock mass. 

From Tables 7.1 and 7.2 , it can be seen that the difference between the 

principal values Fh F2 and F3 of each scheme is significant, and therefore, degree of 

anisotropy of the rock mass is high. r value based on this difference was suggested 

by Oda (1982) as an index for fracture anisotropy. However, since it depends 

on the magnitude of the principle values, r value alone is not meaningful. For 

example, when Fl =1, F2 =2 and F3 =3, r is equal to 1.73. When Ft =10, 

F2 =11 and F3 =12, also, r is equal to 1.73. But, degree of anisotropy in the 

second case is less. Therefore, it is more appropriate to define an index relative to 

the magnitude of principal values of the fracture tensor, to evaluate the fracture 

anisotropy. For example, r /(I[F) /3) may be a suitable index, where It) /3 is the 

average of principal values of fracture tensor. 

----------------------
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JiF) and r l(IfF) 13) can be used to compare level of fracturing and 

anisotropy of rock ma.sses in different studies. For example, Oda (1988) has ob-

tained a fracture tensor for a granite rock mass in a site near Naktsugawa, Japan, 

as given below. 

[ 

9.97 0.162 1.651] 
Fi; = 0.162 5.09 1.066 

1.65 1.066 7.72 
(7.27) 

The principal values of this fracture tensor has been given as 8.49, 6.07 and 3.57. 

Then, for that rock mass, It) is equal to 18.13 and r l(IfF
) 13) is equal to 0.997. 

It can be seen that, the level of fracturing in the present study is less than that of 

the rock mass in Oda's study (Oda, 1988). However, degree of anisotropy for both 

rock masses is around 1.0 which has been considered as high by Oda (1988). 

The quality of a rock mass depends on the level of fracturing. Therefore, 

it may be possible to express the quality of a rock mass according to the It) 

value. This is a good parameter to include in a rock classification system. The 

level of anisotropy of a rock mass may be expressed using the value of r I (IIF) 13). 

At present, only few applications of the fracture tensor to real rock masses are 

available. Therefore, the experience gained so far with the fracture tensor is not 

sufficient enough to correlate quality of rock mass and anisotropy of rock mass 

directly to values obtained for lr) and r/(IcF)/3) respectively. However, with more 

applications of the fracture tensor to real rock masses, obtaining these correlations 

will be possible in the future . 

.... ... ... _ .. _--------_._ ... -. 
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CHAPTER 8 

JOINT SYSTEM MODELING AND GENERATION OF JOINTS IN 

THREE DIMENSIONS 

8.1 Introduction 

In Chapter 6, 3D joint intensity modeling was presented in eight schemes. There

fore, eight joint system models can be presented for the chosen statistically homo

geneous rock mass, corresponding to these joint intensity modeling schemes. The 

joint system models provide the number of joint sets, the number of joints per unit 

volume for each joint set, and the statistical distributions of the following joint 

geometry parameters in the rock mass: 

1. number of joints per certain volume 

2. orientation of joints of each joint set 

3. diameter of joints of each joint set 

4. location of joint centers of each joint set 

The details of these statistical models are given in Section 8.2. 

When a statistical distribution of joint geometry parameter is known, a 

sample of that population can be generated using Monte-Carlo simulation as de

scribed in Section 8.3. Therefore, for each joint set, joints in 3D can be generated 
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by defining their orientations, locations and diameters. Section 8.4 describes how 

the number of joints belonging to each joint set in a selected volume is generated. 

Sections 8.S-S.7 respectively describe how orientations, locations and diameters 

of joints are !generated. In each of these generations, validation of the generated 

v~ues are also presented. 

8.2 Joint System Modeling 

Jpint geometiry parameters obtained in the preceding chapters were used to build 

jqint geometI7Y networks in 3D. The following statistical models were used to de

s~ribe the joint geometry of the statistically homogeneous rock mass. 

1. In Chapter 4, it was found that the joint spacing follow exponential distribu

tion. A4~cording to statistical theory, if spacings follow exponential distribu

tion, liDlear intensity follows poisson distribution. Then, it can be assumed 

that number of joints per certain volume is poisson distributed with mean 

value, ~VT x Volume, where ~VT is the 3D joint intensity (Tables 6.1-6.10 in 

ChapteI~ 6). 

2. Since jo:int spacings of each joint set follow exponential distribution, accord

ing to statistical theory, it can be considered that for each joint set, location 

of joint centers in 3D is uniformly distributed. 

3. Orientation of each joint set is distributed according to the empirical distri

bution obtained from corrected data of that joint set (Figs. 3.10(b)-3.13(b) 

in Chapter 3). 

---- --.-.-- -
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Table 8.1: Parameters (a,fJ) of Gamma Distribution which Represent Diameter 
Distribution for Joint System Models 1-4 

Joint Set Wall data Floor data 

Number a fJ a fJ 
(m) (m) 

1 4.93 0.20 27.15 0.05 

2 2.52 0.41 0.56 1.14 

3 3.26 0.36 7.00 0.18 

4 4.01 0.31 4.14 0.22 

4. For each joint set, diameter is gamma distributed with the parameter values 

given in Tables 8.1 and 8.2. 

8.3 Monte-Carlo Simulation 

The purpose of Monte-Carlo Simulation is to generate data which represent a 

sample of the statistical distribution of interest. In Monte-Carlo technique, data 

are generated by means of some random number generator and the cumulative 

probability distribution. The random number generator may be a table of random 

digits, a computer subroutine, or any other source of uniformly distributed random 

digits. 

8.3.1 Procedure 

The process of drawing a sample at random from a population described by a 

theoretical or empirical distribution can be given as follows (Shannon, 1975): 
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Table 8.2: Parameters (Q, fJ) of Gamma Distribution which Represent Diameter 
Distribution for Joint System Models 5-8 

Joint Set Wall data Floor data 

Number Q fJ Q fJ 
(m) (m) 

1 0.46 0.74 0.43 0.90 

2 0.38 1.31 0.45 0.71 

3 0.47 0.58 0.37 1.31 

4 0.45 0.74 0.44 0.93 

1. Plot or tabulate the cumulative probability distribution function with the 

value of the variate on the x-axis and the probabilities from 0 to 1 on the y

axis. Figures 8.1(a) and 8.1(b) show such plots for theoretical and empirical 

distributions respectively. 

2. Choose a random decimal number between 0 and 1 by means of a random 

number generator. 

3. Project horizontally the point on the y-axis corresponding to the random 

decimal number until the projection line intersect the cumulative curve. 

4. Project down from this point of intersection on the curve to the x-axis. This 

x value is taken as the sample value. 

5. Repeat Steps 2 through 4 until required number of random variates are gen

erated. 

- - -- - ------------- ------- - -- - -
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8.3.2 Generation of Random Numbers 

To generate a sequence of random numbers, many schemes are available in litera

ture. But most of them have weaknesses such as follows: 

1. the length of the sequence generated before it begins to repeat itself (referred 

as the period) is very short. 

2. degree of correlation betWeen the numbers generated is high. 

Above properties depend not only on the scheme, but also on the values of input 

variables of that scheme. Our attention was brought to this problem when we 

observed a pattern in generated locations of joint centers. In fact, this pattern was 

reflected by joint traces predicted on the sampling planes. An example is shown in 

Fig. 8.2 where predicted joint traces correspond to generated joints belonging to 

joint set 4. This pattern suggests that there is a correlation between coordinates 

of joint centers. Therefore, it is important to select a scheme with appropriate 

starting values, which gives a maximum period and minimum degree of correlation 

between the numbers generated. 

In this study, multiplicative congruent method given in Shannon (1975) was 

used to generate random numbers. The basic relationship between the subsequent 

random numbers in this method is 

(8.1) 

where a and m are non-negative numbers. The proper choice of m depends upon 

the computer number system being used. The most natural choice for m is one 

that equals the capacity of the computer word. For a binary machine m would 

-- ----- --------------- -------- -
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Figure 8.2: Predicted Joint Traces on a 'Wall from Joint Generation Corresponding 
to an Inappropriate Random Number Generation - Joint Set 4 
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equal to ~, where b is the number of bits in the computer. Then for binary system 

with b>2, the :m.8.ximwri period is m/4, provided a and Xo are properly chosen. 

Shannon (1975) gives a program for random number generation, where ini

tial seed Xo is recoDiDieiided ~o be an odd integer of less than 9 decimal digits. 

This program was used in the present study. Fbr generation of each sequence of 

random numbers; the initial seed Xo was selected from the random digit table 

given in Shannon (1975); a value was taken as 316 which is as same as the one 

used in an example in Shannon (1975). Vax 8600 and Convex 240 computers were 

used in computing and therefore, m was taken as 232 • 

8.4 Generation of Number of Joints in a Selected Volume 

Figure 8.3 shows the selected volume in which joints are generated. Let this volume 

be called Vboz. The vertical section and horizontal section at the middle of this 

volume respectively can represent a wall and the floor of the ventilation drift, and 

will be used to verify the models. In Fig. 8.3, Dmaz is the largest of the mean 

diameters of the four joint sets, and is equal to 1.36 m. Therefore, dimensions 

of the volume Vboz are 14.08 m x 8.08 m x 8.08 m. (The reason for taking the 

dimensions of Vboz as (10 + 3Dmaz ) m x (4 + 3Dmaz) m x (4 + 3Dmaz) m is 

explained in Section 9.2 in Chapter 9). 

According to joint system models, the number of joints in the volume v"oz 

can be considered as poisson distributed with mean value ..\VT x Vboz. Therefore, 

using Monte-Carlo Simulation, the variable, number of joints in the volume Vboz, 

can be generated. However, since ..\VT x v"oz is a very large value, the computer 

run for the simulation took a long time which was not suitable for the planned 

.- -------_._------
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number of simulations, 16 x 5O~ Therefore, it was considered that the number of 

joints in volume Vboz/4O is poisson distributed with mean value, ~VT x v"or/40, and 

the number of joints in the volume Vboz/4O was generated using monte-Carlo sim

ulations. Then, this generated value was multiplied by 40 to obtain the generated 

number of joints in the VtJiume Vboz~ Fbr eadl joint system model, 50 Monte-Carlo 

simulatIons were done iuia the number closest to the average of these 50 values was 

selected as the number tjl joints in the chosen volume. The number of joints be

longing to each joint set was obtained according to the ratio (~U)i. Results are given 
"VT 

in Tables 8.3 and 8.4 respectively based on wall data and floor data. The program 

given in Shannon (1975) was used to generate poisson variates using Monte-Carlo 

simulation. 

Validation of Generated Number of Joints 

Using the field data, the number of joints per unit volume was estimated as ~VT 

for each model (Chapter 6). Therefore, the mean number of joints in the volume 

v"or can be considered as ~VT X Vbor' This value was compared with the generated 

number of joints in the volume v"or (Table 8.5). The very good comparison between 

the number of joints and the generated number of joints in the volume v"or shows 

the validity of the procedure of generation of number of joints. 

8.S Generation of Orientations 

Orientations of joints in each joint set are generated from the bivariate, empiri-

cal, statistical distributions obtained for corrected data in Chapter 3. To employ 

Monte-Carlo simulation, first an empirical cumulative distribution of orientation 
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Table 8.3: Number of Generated Joints belonging to each Joint set in thle Chosen 
Volume (Based on Wall Data) 

Generated Number of Joints in Volume v"oz 

Joint Set 1 Joint Set 2 Joint Set 3 Joint Set 4 

Modell 59 393 994 1074 

Model 2 269 327 648 796 

Model 3 293 315 571 701 

Model 4 208 347 743 862 

Model 5 268 753 3496 4283 

Model 6 1189 525 2226 3100 

Model 7 1066 678 1767 2409 

Model 8 836 646 2478 3240 
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Table 8.4: Number of Generated Joints belonging to each Joint set in the Chosen 
Volume (Based on Floor Data) 

Generated Number of Joints in Volume v"oz 

Joint Set 1 Joint Set 2 Joint Set 3 Joint Set 4 

Modell 39 531 1028 1922 

Model 2 177 442 672 1429 

Model 3 159 321 454 2066 

Model 4 122 429 715 1774 

ModelS 116 1829 2040 2735 

Model 6 519 1263 1355 2064 

Model 7 507 588 1132 4173 

Model 8 379 1244 1502 2955 

-----_._----_._-----
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Table 8.5: Comparison Between Mean Number of Joints and Generated Number 
of Joints in Volume v;,o~ 

Wall data Floor data 

Mean # Generated # Mean # Generated # 
of Joints of Joints of Joints of Joints 

Modell 2511 2520 3664 3520 

Model 2 2017 2040 2802 2720 

Model 3 1888 1880 2881 3000 

Model 4 2139 2160 3115 3040 

Model 5 8769 8800 6997 6720 

Model 6 7130 7040 5356 5280 

Model 7 5842 5920 6405 6400 

Model 8 7246 7200 6253 6080 

-- - --- -- - -------- ------ - -- . -. 
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parameters for joint set should be constructed. The procedure for constructi.ng 

empirical cumulative distribution of dip direction, 0, and dip angle, ¢, is given 

below (Kulatilake, 1989). 

Figure 8.4 shows the three orthogonal axes where each represent dip di

rection, dip angle and cumulative relative frequency. On (0, ¢) plane a grid was 

constructed such that the size of each cell is l O x 10 and the range of a is Cltmin - 0.50 

to Omaz + 0.50 and the range of ¢ is ¢min - 0.50 to ¢maz + 0.50 , where amin and a maz 

are minimum and maximum dip directions of the joint set, and ¢min and ¢maz are 

minimum and maximum dip angles of the joint set. IT ¢maz - ¢min + 1 is equal to 

m and amaz - amin + 1 is equal to n, then the size of the grid is equal to m x n. 

The cells of this grid are marked as Cij, i = 1, ... ,m, j = 1, ... ,n. 
Let Vij be the relative frequency when tP = ¢i and a = aj. First, the 

cumulative frequencies are calculated keeping ¢ at ¢l (or ¢min), for increasing a 

values. Then, ViI gives the cumulative relative frequency (F) for ¢ = ¢l and a = aI, 

and E1=1 Vii gives F for ¢ = tPl and a = aj. Next, the cumulative frequencies are 

calculated keeping ¢ at ¢2, for increasing a values. Here, (Ei=l Vii + Y21) gives F 

for tP = tP2 and a = a., and (Ei=l Vii + E1=1 Y21) gives F for ¢ = tP2 and Ct = aj. As 

we go on constructing F in this way, (Ei=l Vin + Ei=l V21 + ... + E1=1 ViI) gives the 

cumulative relative frequency for ¢ = ¢i and a = aj. IT we look at the cumulative 

relative frequencies corresponding to aj for j =1 to n, at constant ¢i, they can be 

seen on the (F,a) plane, as shown in Fig. 8.5. When the cumulative frequencies 

are projected on to the (F, tP) plane it can be seen as shown in Fig. 8.6. 

In Monte-Carlo simulation, according to the random number, first, ¢ value 

is found from Fig. 8.6. Then, from the plot corresponding to that ¢ value which 

is similar to Fig. 8.5, a value is selected. This procedure, which was carried out 

---- .~.---- -
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Figure 8.4: Dip Direction and Dip Angle Grid System to Construct Cumulative 
Relative Frequency of Orientation 
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Figure 8.5: Cumulative Relative Frequency vs. Dip Direction, c:t, at Fixed <P 
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numerically using a computer program, was repeated to generate (t/J, a) values for 

the joints in each joint set. 

Validation of Generated Orientatioqs 

Figure 8.7 shows the equal area polar plQt of genera1~ed orientation data for joint 

set 4, and Fig 8.S shows the equal area polar plot lof field data for joint set 4, 

corrected for orientation bias. Since these plots are very similar we can verify that 

orientation data are generated correctly. 

8.6 Generation of Locations 

In joint system models, locations of joints are considered as uniformly distributed. 

The x, y and z coordinates of joint cente;rs within th.e volume shown in Fig. 8.1 

were obtained from uniform variates usin~ Monte-Carlo simulation. 

Validation of Generated Locations 

Locations of joint centers from the field d~ta are not !known. For the joint system 

models, it was assumed that joint centers l'jre uniformly distributed, because in the 

field, spacing between joints is exponenti~y distributed. To check whether x, y 

and z coordinates are uniformly distribute~, chi-square and Kolmogorov- Smirnov 

goodness-of-fit tests can be performed on generated Icoordinates. However, it is 

sufficient to consider x, y or z coordinatCfJ to validate that the generated values 

are uniformly distributed. Therefore, gen~rated x coordinates were subjected to 

aforesaid goodness-of-fit tests to check th~ suitability of uniform distribution in 

representing x coordinates. Results are giv~n in Table 18.6. According to results, it 

-----------_._--- --.---_ .. _ .. ---
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Figure 8.7: Equal Area Polar Plot of Generated Orientation Data 
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Table 8.6: ;Results of Chi-square and Kolmogorov-Smimov Goodness-of-fit Tests 
on Generat~ X Coordinates 

Chi-square 

Test 

# of data = 701 

Mean. = 1.11 m KolmogoroV-

S.D. = 0.37 m Smimov Test 

Note: D.F. F degrees of freedom 
S.D. ;= standard deviation 

X~f/Jf 28.11 

D.F. 27 

P value 0.41 

K - Stltat value 0.028 

D.F. 30 

P value > 0.20 

can be seen that XI coordinates follow uniform distribution at a very high significant 

level. Since ;X, y wnd z coordinates represent a sample from a population which has 

a uniform <Ustribmtion, it can be concluded that generated locations are uniformly 

distributed. 

8.7 Gene;ratiolll of Diameters 

Diameters fpllow I Gamma distribution with the parameters (Q, {J) given in Ta

bles 8.1 an~ 8.2. I Therefore, diameters of joints in each joint set, for each joint 

system mod~l, were generated as gamma variates using Monte-Carlo simulation. 

The progra.ql given in Shannon (1975) was used to generate gamma variates from 

Monte-Carlq simulation. 

---- --_. _. - -
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Validation of Generated diameters 

Figure 8.9 shows fitting of gamma distribution to the generated diameters of joints 

in joint set 4. Figure 8.10 shows fitting of gamma distribution to diameters inferred 

from trace lengths measured in -the field, for joints in joint set 4. Since Fig. 8.9 is 

compared well with Fig. 8.10, it can be concluded that the generated diameters 

can represent the diameters of the models. 

8.8 Configuration of Generated Joints in 3D 

Figure 8.11 shows the configuration of generated joints in 3D, corresponding to the 

Joint System Model 3. 

---------------_ .. _- ._. - ._-
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Note: Joints generated in a volume 4.69 m x 2.69 m x 2.69 m. are shown. 
Joints belonging to joint set 1 are shown in red and black. 
Joints belonging to joint set 2 are shown in green. 
Joints belonging to joint set 3 are shown in yellow and white . 
Joints belonging to joint set 4 are shown in blue. 
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Figure 8.11: A Typical Configuration of generated joints in 3D for Modeling 
Scheme 3 
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CHAPTER 9 

VERIFICATIONS OF MODELS 

9.1 Introduction 

The joint data used for modeling were mapped in 2D planes; therefore, to compare 

with the field data, joint traces on 2D planes were obtained from the generated 

joints. To verify the models, properties of the predicted joint traces were compared 

with those of the joint traces obtained from the field. 

Table 9.1 gives the number of joints mapped on the walls and the floor of 

the ventilation drift. From Table 9.1, it can be seen that the number of joints 

mapped on each sampling plane corresponding to Joint sets 1 and 2 are much less 

than those corresponding to joint sets 3 and 4. Therefore variables computed from 

joint traces of joint sets 1 and 2 are less reliable. Therefore, for verification, joint 

sets 3 and 4 only were considered. 

9.2 Procedure Used for Verification 

In Chapter 8, for each joint system model, a procedure to generate joints in the 

volume Vbo2: shown in Figs. 9.1 and 9.2 was presented. The shape and the size of 

the vertical section EFGH at the middle of the volume v/'02: shown in Fig. 9.1 are 

the same as those of a wall of the ventilation drift. The direction of the line EH 

was considered to be same as the mine-north direction. Therefore, the generated 

--- -- -----.------- ------ - --.-
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Figure 9.1: Volume and Vertical Section Used in Verification 

--------~-.--- ~-
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4 +3Dmax m 

1 

Figure 9.2: Volume and HOlizontal Sectlion Used in Verification 

~--.-.-.-------.---: 
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Table 9.1: Number of Joints Mapped on the Walls and the Floor in the Field 

East Wall West Wall Floor 

Joint set 1 11 2 9 

Joint set 2 3 13 10 

Joint set 3 36 22 25 

Joint set 4 43 36 35 

joints intersected with this vertical section were considered for the comparison with 

joints mapped on the walls of the ventilation drift. 

To compare with the joints mapped on the floor of the ventilation drift, 

we need to obtain joints intersected with a horizontal section which can represent 

the floor. The horizontal section IJKL at the middle of volume Vbor shown in 

Fig. 9.2 gives such a section. Therefore, the generated joints intersected with this 

horizontal section were considered for the comparison with joints mapped on the 

floor of the ventilation drift. 

In Figs. 9.1 and 9.2, Dma:r: is the largest of the mean diameters of the four 

joint sets. Since the size of a wall and the floor of the ventilation drift is 10 m x 4 m, 

the dimensions of the volume Vbor were taken as (1O+3Dma:r:) m x (4+3Dmax) m 

x (4+3Dma:r:) m, to make sure that in general, the joint traces which may appear 

on the sections EFGH and IJKL correspond to the joints which have their centers 

inside the volume Vbo:r:. 

In the field, the observed joint traces are confined to the sampling area 

and traces smaller than a certain threshold value were not measured. Similar 

-------------- --"---' --
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sample from the predicted joint traces on the vertical section EFGH were obtained 

as follows. First, intersections between joints and an infinite size plane through 

section EFGH were obtained. Then, those traces were censored to fit into the 

frame of rectangle EFGH. In the field, joint traces shorter than 0.5 m were not 

measured (Rouleau et al., 1981). Therefore, the predicted, censored traces longer 

than 0.5 m were obtained and the corresponding joints were selected from all the 

generated joints for comparison with the field data mapped on the wall. Similar 

procedure was carried out to obtain the predicted , censored and truncated joint 

traces on the horizontal section IJKL , and to select the joints corresponding to 

these traces. 

Once the predicted, censored and truncated joint traces were obtained, the 

following variables of these joint traces and the corresponding joints were consid

ered for the comparison with those of the field data. 

1. Mean dip angles of joint sets 

2. Mean dip directions of joint sets 

3. Spherical variance of each joint set 

4. Mean of the trace length distribution 

5. Number of joint traces with both ends censored, Ro 

6. Number of joint traces with only end observed, Rl 

7. Number of joint traces with both ends observed, R2 

8. Corrected mean trace length 

--------_._-----------
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9. Number of censored, truncated joint traces 

For verification of each model, to obtain the average predictions in 2D, 

for each joint set, joints in 3D were created in one thousand simulations which 

were corresponding to different combinations of ten sets of orientation generations, 

ten sets of diameter generations, and ten sets of location generations. For each 

simulation, the number of joints of each joint set, generated from each model is 

equal to the corresponding number given in Tables 8.3 and 8.4 in Chapter 8. 

9.3 Comparison Between Predicted Parameters of Joints in 2D and 

Field Data 

9.3.1 Criteria Used for Comparisol1 

Two criteria were used to decide whether field data and predicted data are well 

compared. For the first criterion, the percentage difference between field value and 

average predicted value with respect to field value was considered. This value was 

named as "Relative Difference Percentage (R.D. %)", and was computed from Eq. 

9.1. 

R D 
~ = Average Predicted Value - Field Value 10007' 

. . ~o Field Value x ~o (9.1) 

If relative difference percentage is less than 30%, then we consider that the pre

dicted parameter and the field value are well compared. 

The second criterion used to compare the predicted parameters with field 

data can be described as follows. The 95% confidence interval for a variable can 

be found from the Eq. 9.2. 

p. - ZO.025(1 :5 x :5 p. + Z0.D250" (9.2) 

--------------- ---- - _. 
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where :z; is the variable considered, p and q are the mean and standard deviation 

of the population of that variable. ZO.025 is obtained from the Table for standard 

normal distribution (ZO.025: In standard normal distribution, the probability that 

a variable can take a value greater than ZO.025 is equal to 2.5%). 

The above confidence interval formula is exact only for random samples from 

normal populations; but for large samples (number of data> 3D), it will generally 

provide good approximations (Miller and Freund, 1985). In this study, for each 

parameter (variable), we have a sample of size one thousand, and therefore, /-L and 

q are substituted by sample mean and sample standard deviation. 

If the field value is within the 95% confidence interval of the corresponding 

parameter, then, we consider that the predicted parameter and the field value are 

well compared. 

Coefficient of variation (C.O.V.) is defined for a data set as (standard de

viation/mean) x 100%. C.O.V. of the data sets of predicted values obtained from 

each model indicates the following: 

1. level of uncertainty of the parameter 

2. level of uncertainty of the model 

If the C.O.V. value is greater than 30%, the level of uncertainty will be considered 

as high. However, C.O.V. values for the mean dip angle and the mean dip direc

tion separately are not meaningful since they are correlated. Therefore, for the 

predicted mean orientations, spherical standard deviations were obtained instead 

of C.O.V. values. The spherical standard deviation is given by J(1-IR//N), 

where N is the number of data and /R/ is the magnitude of the resultant of mean 

unit normal vectors of joint sets. If the spherical standard deviation is greater than 
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0.25, then the variability of the predicted mean orientation will be considered as 

high. 

9.3.2 Comparison Between Predicted Orientation and Field Data 

From Tables 9.2 - 9.33 it can be seen that R.D.% values for mean dip angle are 

less than 30% for all the cases, except for the predicted mean dip angle of joint set 

4 based on floor data, for models 5 and 6. R.D.% values for mean dip direction 

are less than 30% for all the cases. R.D.% values for spherical variance also are 

less than 30% for all the cases. And also, for all the cases, field values of mean 

dip angle, mean dip direction and spherical variance are within the 95% confidence 

intervals of corresponding parameters. Therefore, it can be seen that the predicted 

parameters associated with joint orientation are well compared with the field data 

for all the models except for Models 5 and 6. 

For all the cases of all the models, the values for spherical standard deviation 

of orientation are less than 0.25. Therefore, the variability of mean orientations 

predicted from all the models can be considered as low. C.O.V. values for spherical 

variance are less than 30% for all the cases for Models 1-4. However for Models 

5-8, C.O.V. values are not less than 30% for the following cases: floor data of Joint 

set 4 predicted from Model 5; wall data of Joint set 3 predicted from Models 6, 

7 and 8; floor data of joint set 4 predicted from Models 6 and 8. Therefore, with 

respect to spherical variance of orientation, level of uncertainty is less for Models 

1-4, compared to that for Models 5-8. 
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Table 9.2: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Modell for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 71 63 - 78 66 - 75 -1.9 0.046-
angle (deg.) 

Mean Dip 15 12 1 - 21 6 - 18 -20.7 
direction (deg.) 

Spherical 0.09 0.09 0.04 - 0.13 0.06 - 0.11 -5.5 16.2 
varIance 

Mean trace 1.43 1.15 0.98 - 1.45 1.00 - 1.31 -19.3 6.7 
length 

~ 0.03 0.01 0.00 - 0.09 -0.02 - 0.04 - -

RI 0.47 0.38 0.16 - 0.58 0.26 - 0.51 -18.5 16.7 

R2 0.50 0.61 0.42 - 0.81 0.49 - 0.73 21.9 10.2 

Corrected mean 1.38 0.95 0.43 - 1.75 0.58 - 1.32 -31.4 20.0 
trace length 

# of joint 29 41 26 - 58 29 - 52 41.3 14.3 
traces 

* spherical standard deviation 

- - .- --_ .. _-,----- - ,--- - -
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Table 9.3: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Model 1 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 65 - 79 68 - 77 1.1 0.045· 
angle (deg.) 

Mean Dip 15 16 6 - 25 10 - 22 5.8 
direction (deg.) 

Spherical 0.09 0.09 0.05 - 0.15 0.07 - 0.12 0.9 14.5 
varIance 

Mean trace 1.22 1.08 0.90 - 1.30 0.96 - 1.19 -11.7 5.5 
length 

~ 0.00 0.01 0.00 - 0.06 -0.02 - 0.03 - -

Rl 0.40 0.32 0.13 - 0.57 0.19 - 0.45 -20.8 21.0 

R2 0.60 0.68 0.43 - 0.88 0.54 - 0.81 12.7 9.9 

Corrected mean 0.97 0.78 0.26 - 1.52 0.40 - 1.17 -19.4 25.2 
trace length 

# of joint 25 49 31 - 64 36 - 61 94.6 13.0 
traces 

* spherical standard deviation 

--------------------'._._,,--_. - .. -.- - .... - ... 
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Table 9.4: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Modell for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95~ 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 8 - 21 10-17 -9.6 0.038· 
angle (deg.) 

Mean Dip 113 117 87 - 145 97 - 137 3.8 
direction (deg.) 

Spherical 0.08 0.07 0.04 - 0.14 0.04 - 0.09 -18.1 17.2 
variance 

Mean trace 1.38 1.24 1.05 - 1.45 1.10 - 1.37 -10.4 5.7 
length 

~ 0.01 0.01 0.00 - 0.05 -0.01 - 0.02 - -

Rl 0.18 0.21 0.04 - 0.48 0.09 - 0.33 15.5 29.8 

R2 0.81 0.79 0.52 - 0.96 0.67 - 0.91 -2.8 7.8 

Corrected mean 0.79 0.82 0.14 - 2.14 0.30 - 1.34 4.1 32.4 
trace length 

# of joint 40 51 34 - 66 39 - 63 28.2 12.2 
traces 

* spherical standard deviation 

---------------- --------- - --
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Table 9.S: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Modell for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 19 9 - 32 13 - 26 28.4 0.063-
angle (deg.) 

Mean Dip 113 109 68 - 155 85 - 132 -3.7 
direction (deg.) 

Spherical 0.08 0.09 0.03 - 0.26 0.05 - 0.13 11.9 24.5 
varIance 

Mean trace 1.01 0.98 0.79 - 1.19 0.85 - 1.12 -2.5 7.0 
length 

1lQ 0.00 0.00 0.00 - 0.14 -0.02 - 0.03 - -

Rl 0.23 0.18 0.00 - 0.43 0.03 - 0.33 -22.4 43.1 

R2 0.77 0.82 0.57 - 1.00 0.67 - 0.97 6.3 9.4 

Corrected mean 0.61 0.51 0.00 - 1.41 0.05 - 0.97 -16.6 46.3 
trace length 

# of joint 35 24 9 - 38 15 - 33 -31.0 18.7 
traces 

* spherical standard deviation 

.... __ ._ ... _ .. ------_. -_. __ .. _ .. -



320 

Table 9.6: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Model 2 for Joint Set 3 - Wall Data ' 

Field Px:edict'ed Value 
Value Average 95% 

Value Range Cohfidence R.D.% C.O.V. 
Interval 

Mean Dip 72 71 63 - 80 65 - 76 -1.9 0.058* 
angle (deg.) 

Mean Dip 15 12 357 - 23 ~l - 19 -23.1 
direction (deg.) 

Spherical 0.09 0.08 0.04 - 0.13 0.015 - 0.11 -7.3 19.0 
variance 

Mean trace 1.43 1.14 0.88 - 1.43 0.96 - 1.32 -20.0 8.1 
length. 

~ 0.03 0.01 0.00 - 0.13 -0.03 - 0.04 - -

Rl 0.47 0.40 0.16 - 0.65 0.25 - 0.55 -14.9 19.7 

R2 0.50 0.59 0.35 - 0.84 0.44 - 0.75 18.9 12.9 

Corrected mean 1.38 0.99 0.32 - 1.81 0.5!} - 1.45 -28.3 23.9 
trace length 

# of joint 29 27 15 - 40 1~7 - 36 -7.1 17.6 
traces 

* spherical standard deviation 

------ ------' -
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Table 9.7: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Model 2 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 66 - 82 68 - 78 1.2 0.053* 
angle (deg.) 

Mean Dip 15 16 5 - 27 9 - 23 4.9 
direction (deg.) 

Spherical 0.09 0.09 0.05 - 0.14 0.06 - 0.12 -1.0 18.1 
variance 

Mean trace 1.22 1.07 0.82 - 1.42 0.93 - 1.22 -11.9 6.8 
length 

~ 0.00 0.01 0.00 - 0.09 -0.02 - 0.04 - -

Rl 0.40 0.32 0.11 - 0.57 0.17 - 0.47 -20.5 23.6 

R2 0.60 0.67 0.43 - 0.89 0.53 - 0.82 12.5 11.0 

Corrected mean 0.97 0.79 0.24 - 1.53 0.36 - 1.21 -18.9 27.6 
trace length 

# of joint 25 32 16 - 43 21 - 42 28.1 16.0 
traces 

* spherical standard deviation 

--- -.-.--.-
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Table 9.8: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Model 2 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 6 - 21 10 - 18 -8.6 0.043· 
angle (deg.) 

Mean Dip 113 117 81 - 155 94 - 140 3.8 
direction (deg.) 

Spherical 0.08 0.07 0.04 - 0.14 0.04 - 0.09 -17.8 20.3 
varIance 

Mean trace 1.38 1.24 1.03 - 1.50 1.07 - 1.41 -10.4 7.0 
length 

~ 0.01 0.01 0.00 - 0.05 -0.02 - 0.03 - -

Rl 0.18 0.21 0.03 - 0.49 0.06 - 0.36 17.8 36.6 

R2 0.81 0.78 0.51 - 0.97 0.63 - 0.93 -3.4 9.9 

Corrected mean 0.79 0.85 0.09 - 2.05 0.18 - 1.52 7.8 40.2 
trace length 

# of joint 40 38 25 - 52 27 - 47 -5.8 13.6 
traces 

* spherical standard deviation 

------- --.---.~ .... -
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Table 9.9: Comparison Between Field Data and Predicted Parameters of Joints in 
2D from Model 2 for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 19 5 - 34 11- 27 28.8 0.077· 
angle (deg.) 

Mean Dip 113 110 57 - 160 81 - 139 -2.9 
direction (deg.) 

Spherical 0.08 0.09 0.02 - 0.23 0.04 - 0.14 10.1 27.4 
variance 

Mean trace 1.01 1.00 0.80 - 1.39 0.83 - 1.16 -1.4 8.2 
length 

~ 0.00 0.00 0.00 - 0.11 -0.02 - 0.03 - -

Rl 0.23 0.17 0.00 - 0.57 -0.01 - 0.35 -25.4 53.5 

R2 0.77 0.83 0.43 - 1.00 0.65 - 1.01 7.3 11.1 

Corrected mean 0.61 0.48 0.00 - 2.00 -0.05 - 1.02 -20.6 56.6 
trace length 

# of joint 35 17 7 - 30 9 - 25 -50.2 24.2 
traces 

* spherical standard deviation 

------.-------.---- .. -- ---. 
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Table 9.10: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 3 for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 71 62 - 83 65 - 77 -2.0 0.061-
angle (deg.) 

Mean Dip 15 11 354 - 24 3 - 20 -24.7 
direction (deg.) 

Spherical 0.09 0.08 0.04 - 0.15 0.05 - 0.12 -6.5 21.0 
varIance 

Mean trace 1.43 1.14 0.84 - 1.43 0.95 - 1.34 -19.9 8.8 
length 

Ro 0.03 0.01 0.00 - 0.13 -0.03 - 0.04 - -

Rl 0.47 0040 0.15 - 0.69 0.24 - 0.57 -14.1 . 21.3 

R2 0.50 0.59 0.31 - 0.85 0043 - 0.75 18.1 14.2 

Corrected mean 1.38 1.01 0.30 - 1.98 0.50 - 1.51 -27.1 25.7 
trace length 

# of joint 29 24 10 - 37 14 - 32 -18.4 18.9 
traces 

* spherical standard deviation 

------- -- ---------------_.---- .--
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Table 9.11: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 3 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 65 - 84 67 - 79 1.2 0.064* 
angle (deg.) 

Mean Dip 15 16 2 - 32 7 - 24 5.7 
direction (deg.) 

Spherical 0.09 0.09 0.04 - 0.15 0.05 - 0.13 -1.4 21.3 
varIance 

Mean trace 1.22 1.08 0.82 - 1.40 0.91 - 1.25 -11.4 7.8 
length 

~ 0.00 0.01 0.00 - 0.12 -0.03 - 0.04 - -

RI 0.40 0.31 0.00 - 0.64 0.11 - 0.51 -23.0 33.6 

R2 0.60 0.68 0.36 - 1.00 0.48 - 0.89 14.0 15.2 

Corrected mean 0.97 0.77 0.00 - 1.84 0.18 - 1.36 -20.4 39.0 
trace length 

# of joint 25 21 11 - 32 14 - 27 -15.0 15.7 
traces 

* spherical standard deviation 

---------,------ -_.--- . -- - -. 
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Table 9.12: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 3 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 7 - 22 9 - 19 -7.2 0.047-
angle (deg.) 

Mean Dip 113 117 85 - 157 93 - 141 3.7 
direction (deg.) 

Spherical 0.08 0.07 0.03 - 0.15 0.04 - 0.09 -17.6 21.8 
variance 

Mean trace' 1.38 1.24 0.98 - 1.50 1.05 - 1.42 -lOA 7.5 
length 

Ro 0.01 0.01 0.00 - 0.06 -0.02 - 0.03 - -

Rl 0.18 0.21 0.03 - 0.52 0.05 - 0.36 14.8 38.5 

R2 0.81 0.79 0.48 - 0.97 0.63 - 0.94 -2.8 10.1 

Corrected mean 0.79 0.84 0.10 - 2.28 0.15 - 1.52 5.7 42.0 
trace length 

# of joint 40 33 22 - 46 23 - 41 -18.2 14.1 
traces 

* spherical standard deviation 
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Table 9.13: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 3 for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 19 9 - 32 13 - 25 27.2 0.061· 
angle (deg.) 

Mean Dip 113 109 69 - 155 86 - 132 -3.8 
direction (deg.) 

Spherical 0.08 0.09 0.03 - 0.25 0.05 - 0.13 12.6 23.3 
variance 

Mean trace 1.01 0.98 0.77 - 1.22 0.85 - 1.11 -2.6 6.8 
length 

~ 0.00 0.00 0.00 - 0.13 -0.02 - 0.03 - -

Rl 0.23 0.18 0.00 - 0.43 0.03 - 0.33 -22.4 42.7 

R2 0.77 0.82 0.57 - 1.00 0.67 - 0.97 6.2 9.4 

Corrected mean 0.61 0.51 0.00 - 1.32 0.05 - 0.97 -16.6 46.1 
trace length 

# of joint 35 26 9 - 41 17 - 35 -24.7 17.8 
traces 

* spherical standard deviation 
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Table 9.14: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 4 for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 71 63 - 79 66 - 76 -1.7 0.054-
angle (deg.) 

Mean Dip 15 12 359 - 22 5 - 19 -20.5 
direction (deg.) 

Spherical 0.09 0.08 0.03 - 0.13 0.05 - 0.12 -6.5 18.7 
varIance 

Mean trace 1.43 1.15 0.90 - 1.40 0.98 - 1.32 -19.5 7.7 
length 

110 0.03 0.01 0.00 - 0.11 -0.03 - 0.04 - -

Rl 0.47 0.40 0.15 - 0.63 0.25 - 0.54 -15.5 18.8 

R2 0.50 0.60 0.37 - 0.85 0.46 - 0.73 19.0 12.0 

Corrected mean 1.38 0.99 0.31 - 1.73 0.57 - 1.42 -28.1 21.8 
trace length 

# of joint 29 31 19 - 44 21- 40 7.0 16.0 
traces 

* spherical standard deviation 

- -- ----------------- ----- .. _-- .. -
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Table 9.15: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 4 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 66 - 80 68 - 78 1.2 0.053* 
angle (deg.) 

Mean Dip 15 16 5 - 26 9 - 23 5.8 
direction (deg.) 

Spherical 0.09 0.09 0.05 - 0.14 0.06 - 0.12 0.2 17.2 
variance 

Mean trace 1.22 1.08 0.89 - 1.37 0.95 - 1.21 -11.5 6.2 
length 

~ 0.00 0.01 0.00 - 0.09 -0.02 - 0.03 - -

Rl 0.40 0.32 0.11 - 0.52 0.18 - 0.45 -20.8 22.1 

R2 0.60 0.68 0.48 - 0.89 0.54 - 0.81 12.7 10.2 

Corrected mean 0.97 0.78 0.23 - 1.46 0.39 - 1.17 -19.3 25.4 
trace length 

# of joint 25 34 16 - 46 24 - 43 36.8 14.4 
traces 

* spherical standard deviation 

~~.~---------~------- ---~~-~ ~.- ~ 
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Table 9.16: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 4 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 6 - 21 10 - 18 -9.0 0.041-
angle (deg.) 

Mean Dip 113 117 87 - 155 95 - 140 4.0 
direction (deg.) 

Spherical 0.08 0.07 0.03 - 0.13 0.04 - 0.09 -18.3 19.6 
variance 

Mean trace 1.38 1.24 1.04 - 1.47 1.08 - 1.40 -10.3 6.5 
length 

~ 0.01 0.01 0.00 - 0.05 -0.02 - 0.03 - -

Rl 0.18 0.21 0.02 - 0.50 0.07 - 0.36 17.2 34.9 

R2 0.81 0.78 0.50 - 0.98 0.64 - 0.93 -3.3 9.4 

Corrected mean 0.79 0.84 0.08 - 2.20 0.21 - 1.48 6.9 38.4 
trace length 

# of joint 40 41 29 - 54 31- 50 2.2 12.0 
traces 

* spherical standard deviation 

- -._-------- ------- --------
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Table 9.17: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 4 for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 19 6 - 32 12 - 26 28.9 0.066· 
angle (deg.) 

Mean Dip 113 109 64 - 158 84 - 133 -3.9 
direction (deg.) 

Spherical 0.08 0.09 0.03 - 0.18 0.05 - 0.13 11.6 24.3 
variance 

Mean trace 1.01 0.99 0.78 - 1.20 0.84 - 1.13 -2.3 7.5 
length 

~ 0.00 0.00 0.00 - 0.15 -0.02 - 0.03 - -

Rl 0.23 0.18 0.00 - 0.45 0.02 - 0.34 -20.7 44.5 

R2 0.77 0.81 0.55 - 1.00 0.65 - 0.97 5.7 10.0 

Corrected mean 0.61 0.52 0.00 - 1.52 0.04 - 1.01 -14.1 47.3 
trace length 

# of joint 35 22 9 - 37 13 - 30 -36.9 20.0 
traces 

* spherical standard deviation 

~------"-'------ --.-- .. -' 
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Table 9.18: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 5 for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 70 61- 84 64 - 77 -2.2 0.077-
angle (deg.) 

Mean Dip 15 11 351 - 26 0-22 -26.1 
direction (deg.) 

Spherical 0.09 0.08 0.03 - 0.20 0.04 - 0.13 -7.0 27.5 
variance 

Mean trace 1.43 1.02 0.72 - 1.46 0.77 - 1.27 -28.6 12.6 
length 

I4J 0.03 0.01 0.00 - 0.18 -0.04 - 0.05 - -

Rl 0.47 0.29 0.00 - 0.67 0.07 - 0.51 -38.2 38.5 

R2 0.50 0.70 0.33 - 1.00 0.48 - 0.92 40.3 16.1 

Corrected mean 1.38 0.71 0.00 - 1.89 0.08 - 1.34 -48.8 45.6 
trace length 

# of joint 29 17 7 - 31 9 - 24 -41.9 22.9 
traces 

* spherical standard deviation 
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Table 9.19: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 5 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 72 63 - 81 67 - 78 0.7 0.056· 
angle (deg.) 

Mean Dip 15 16 4 - 28 8 - 23 4.3 
direction (deg.) 

Spherical 0.09 0.09 0.04 - 0.14 0.06 - 0.12 -0.8 18.1 
variance 

Mean trace 1.22 1.45 1.02 - 1.86 1.19 - 1.72 19.1 9.3 
length 

~ 0.00 0.03 0.00 - 0.14 -0.03 - 0.08 - -

Rt 0.40 0.49 0.24 - 0.70 0.32 - 0.66 21.6 17.9 

R2 0.60 0.49 0.26 - 0.73 0.32 - 0.65 -19.0 17.8 

Corrected mean 0.97 1.47 0.61 - 2.76 0.79 - 2.16 52.1 23.8 
trace length 

# of joint 25 33 20 - 50 22 - 43 31.7 16.3 
traces 

* spherical standard deviation 

--_._.--_. _. 
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Table 9.20: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 5 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 6 - 22 9 - 18 -9.3 0.047* 
angle (deg.) 

Mean Dip 113 117 85 - 171 93 - 142 4.0 
direction (deg.) 

Spherical 0.08 0.07 0.03 - 0.15 0.04 - 0.09 -17.8 21.2 
variance 

Mean trace 1.38 1.21 0.84 - 1.72 0.95 - 1.47 -12.3 10.9 
length 

~ 0.01 0.01 0.00 - 0.08 -0.02 - 0.04 - -

Rl 0.18 0.20 0.00 - 0.53 0.05 - 0.35 11.1 37.7 

R2 0.81 0.79 0.47 - 1.00 0.64 - 0.95 -2.2 9.8 

Corrected mean 0.79 0.83 0.00 - 2.48 0.12 - 1.53 4.5 43.3 
trace length 

# of joint 40 32 20 - 53 21 - 42 -19.9 16.8 
traces 

* spherical standard deviation 
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Table 9.21: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from ModelS for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 20 1 - 36 10 - 29 30.2 0.094-
angle (deg.) 

Mean Dip 113 110 44 - 249 73 - 147 -2.7 
direction (deg.) 

Spherical 0.08 0.09 0.02 - 0.33 0.02 - 0.15 7.7 38.0 
variance 

Mean trace 1.01 1.32 0.68 - 2.45 0.82 - 1.83 31.2 19.6 
length 

~ 0.00 0.01 0.00 - 0.20 -0.05 - 0.08 - -

Rl 0.23 0.32 0.00 - 0.86 0.05 - 0.58 38.1 . 42.3 

R2 0.77 0.67 0.14 - 1.00 0.41 - 0.93 -13.2 20.1 

Corrected mean 0.61 1.06 0.00 - 3.57 0.02 - 2.10 74.4 49.9 
trace length 

# of joint 35 13 3 - 28 6 - 19 -63.2 26.8 
traces 

* spherical standard deviation 
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Table 9.22: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 6 for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 70 59 - 87 62 - 79 -2.1 0.100" 
angle (deg.) --
Mean Dip 15 11 346 - 33 357 - 26 -24.8 

direction (deg.) 

Spherical 0.09 0.08 0.01 - 0.18 0.02 - 0.14 -11.2 35.4 
variance 

Mean trace 1.43 1.02 0.66 - 1.80 0.69 - 1.35 -28.7 16.5 
length 

~ 0.03 0.01 0.00 - 0.20 -0.04 - 0.05 - -

Rl 0.47 0.30 0.00 - 0.83 0.03 - 0.57 -35.5 45.6 

R2 0.50 0.69 0.17 - 1.00 0.42 - 0.97 38.2 20.3 

Corrected mean 1.38 0.74 0.00 - 2.69 -0.07 - 1.55 -46.3 55.5 
trace length 

# of joint 29 11 3 - 22 4 - 17 -62.7 30.1 
traces 

* spherical standard deviation 
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Table 9.23: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 6 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 62 - 86 66 - 79 0.9 0.067-
angle (deg.) 

Mean Dip 15 16 1 - 30 7 - 25 4.6 
direction (deg.) 

Spherical 0.09 0.09 0.04 - 0.18 0.05 - 0.13 -2.3 21.9 
varIance 

Mean trace 1.22 1.44 0.84 - 1.94 1.10 - 1.77 17.7 11.8 
length 

~ 0.00 0.03 0.00 - 0.20 -0.04 - 0.10 - -

Rl 0.40 0.50 0.14 - 0.76 0.30 - 0.70 25.2 20.1 

R2 0.60 0.47 0.19 - 0.79 0.27 - 0.67 -21.6 21.2 

Corrected mean 0.97 1.54 0.47-3.43 0.70 - 2.39 59.1 27.9 
trace length 

# of joint 25 22 9 - 38 13 - 30 -12.3 19.3 
traces 

* spherical standard deviation 
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Table 9.24: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 6 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 5 - 26 8 - 19 -8.9 0.056· 
angle (deg.) 

Mean Dip 113 118 72 - 194 88 - 148 4.7 
direction (deg.) 

Spherical 0.08 0.07 0.03 - 0.18 0.03 - 0.10 -17.8 25.5 
variance 

Mean trace 1.38 1.20 0.83 - 1.72 0.91 - 1.48 -13.4 12.0 
length 

~ 0.01 0.01 0.00 - 0.12 -0.03 - 0.04 - -

Rl 0.18 0.19 0.00 - 0.64 0.02 - 0.37 6.7 46.1 

R2 0.81 0.80 0.36 - 1.00 0.62 - 0.98 -1.2 11.5 

Corrected mean 0.79 0.80 0.00 - 3.21 -0.06 - 1.65 1.0 54.6 
trace length 

# of joint 40 24 7 - 43 13 - 33 -41.0 21.2 
traces 

* spherical standard deviation 
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Table 9.25: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 6 for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 20 1 - 39 9 - 31 31.7 0.108" 
angle (deg.) 

Mean Dip 113 110 31 - 271 67 - 153 -2.4 
direction (deg.) 

Spherical 0.08 0.08 0.00 - 0.35 0.01 - 0.16 5.5 43.8 
varIance 

Mean trace 1.01 1.33 0.72 - 2.67 0.76 - 1.90 31.6 22.0 
length 

~ 0.00 0.02 0.00 - 0.25 -0.06 - 0.10 - -

Rl 0.23 0.31 0.00 - 0.83 0.01 - 0.60 33.0 49.3 

R2 0.77 .0.68 0.17 - 1.00 0.38 - 0.98 -11.9 22.4 

Corrected mean 0.61 1.05 0.00 - 4.90 -0.16 - 2.26 72.2 58.7 
trace length 

# of joint 35 10 1 - 22 4 - 16 -71.1 30.6 
traces 

* spherical standard deviation 

~ -.~ .. _-------- .- ---- -



340 

Table 9.26: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 7 for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 71 58 - 87 61- 80 -1.9 0.111* 
angle (deg.) 

Mean Dip 15 11 338 - 34 356 - 27 -23.8 
direction (deg.) 

Spherical 0.09 0.08 0.00 - 0.18 0.02 - 0.14 -14.7 40.0 
varIance 

Mean trace 1.43 1.03 0.61 - 1.69 0.67 - 1.39 -27.9 17.8 
length 

~ 0.03 0.00 0.00 - 0.25 -0.05 - 0.05 - -

RI 0.47 0.31 0.00 - 0.90 -0.01 - 0.62 -34.9 51.9 

R2 0.50 0.69 0.10 - 1.00 0.38 - 1.00 37.9 23.1 

Corrected mean 1.38 0.75 0.00 - 3.07 -0.16 - 1.66 -45.6 62.1 
trace length 

# of joint 29 9 2 - 17 3 - 14 -69.4 32.0 
traces 

* spherical standard deviation 

-------------- -_._-. -
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Table 9.27: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 7 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 62 - 86 66 - 80 1.3 0.074-
angle (deg.) 

Mean Dip 15 16 355 - 35 6 - 26 5.8 
direction (deg.) 

Spherical 0.09 0.09 0.03 - 0.17 0.05 - 0.13 -2.4 24.6 
variance 

Mean trace 1.22 1.44 0.78 - 2.20 1.06 - 1.83 18.3 13.7 
length 

J4J 0.00 0.03 0.00 - 0.23 -0.05 - 0.10 - -

Rl 0040 0.50 0.13 - 0.82 0.28 - 0.72 25.9 22.3 

R2 0.60 0.47 0.16 - 0.88 0.25 - 0.69 -22.0 23.9 

Corrected mean 0.97 1.56 0.25 - 3.26 0.63 - 2.49 60.9 30.5 
trace length 

# of joint 25 18 6 - 34 10 - 26 -26.6 23.0 
traces 

* spherical standard deviation 
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Table 9.28: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 7 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 3 - 26 7 - 21 -7.1 0.065* 
angle (deg.) 

Mean Dip 113 119 69 - 231 85 - 153 5.0 
direction (deg.) 

Spherical 0.08 0.06 0.02 - 0.21 0.03 - 0.10 -18.9 29.0 
varIance 

Mean trace 1.38 1.21 0.81 - 1.74 0.88 - 1.54 -12.4 13.9 
length 

~ 0.01 0.01 0.00 - 0.14 -0.03 - 0.05 - -

RI 0.18 0.19 0.00 - 0.65 0.00 - 0.38 6.6 50.2 

R2 0.81 0.80 0.35 - 1.00 0.60 - 1.00 -1.2 12.6 

Corrected mean 0.79 0.80 0.00 - 3.35 -0.15 - 1.75 1.5 60.6 
trace length 

# of joint 40 19 5 - 32 10 - 26 -53.7 22.5 
traces 

* spherical standard deviation 

----------- .. --- ... -. 
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Table 9.29: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 7 for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 19 6 - 33 11- 27 28.1 0.074* 
angle (deg.) 

Mean Dip 113 109 36 - 170 81 - 137 -3.5 
direction (deg.) 

Spherical 0.08 0.09 0.03 - 0.25 0.04 - 0.14 11.5 28.7 
variance 

Mean trace 1.01 1.33 0.85 - 2.20 0.93 - 1.73 31.6 15.4 
length 

~ 0.00 0.01 0.00 - 0.18 -0.04 - 0.07 - -

Rl 0.23 0.32 0.00 - 0.77 0.09 - 0.54 38.6 36.0 

R2 0.77 0.67 0.23 - 0.95 0.45 - 0.89 -13.4 17.0 

Corrected mean 0.61 1.06 0.11 - 3.65 0.19 - 1.92 73.5 41.7 
trace length 

# of joint 35 20 7 - 42 10 - 28 -44.0 24.3 
traces 

* spherical standard deviation 

-------.---~. - - .... -. _. . .. - - .... -- '" ... 
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Table 9.30: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 8 for Joint Set 3 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 70 60 - 88 62 - 79 -2.3 0.094-
angle (deg.) 

Mean Dip 15 11 348 - 31 358 - 24 -25.8 
direction (deg.) 

Spherical 0.09 0.08 0.01 - 0.19 0.03 - 0.13 -10.2 33.4 
variance 

Mean trace 1.43 1.02 0.65 - 1.74 0.70 - 1.34 -28.8 16.1 
length 

~ 0.03 0.01 0.00 - 0.17 -0.04 - 0.06 - -

Rl 0.47 0.30 0.00 - 0.73 0.04 - 0.56 -36.2 43.4 

R2 0.50 0.69 0.27 - 1.00 0.43 - 0.95 38.6 19.2 

Corrected mean 1.38 0.74 0.00 - 2.27 -0.02 - 1.50 -46.6 52.6 
trace length 

# of joint 29 12 4 - 22 5 - 18 -58.2 28.2 
traces 

* spherical standard deviation 

- ---~-------------
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Table 9.31: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 8 for Joint Set 3 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 72 73 63 - 83 66 - 79 0.8 0.064-
angle (deg.) 

Mean Dip 15 16 3 - 32 7 - 24 4.5 
direction (deg.) 

Spherical 0.09 0.09 0.04 - 0.16 0.05 - 0.12 -2.2 20.8 
varIance 

Mean trace 1.22 1.44 0.94 - 2.09 1.13 - 1.76 18.4 11.0 
length' 

~ 0.00 0.03 0.00 - 0.17 -0.03 - 0.09 - -

Rl 0.40 0.49 0.19 - 0.72 0.31 - 0.68 23.7 19.1 

R2 0.60 0.48 0.25 - 0.77 0.30 - 0.66 -20.3 19.5 

Corrected mean 0.97 1.50 0.51 - 2.99 0.75 - 2.26 55.0 25.6 
trace length 

# of joint 25 25 13 - 41 16 - 33 -0.5 18.1 
traces 

* spherical standard deviation 

--- _ .. -.--. -
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Table 9.32: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 8 for Joint Set 4 - Wall Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 14 6 - 25 8 - 19 -8.9 0.055· 
angle (deg.) 

Mean Dip 113 118 72 - 194 88 - 147 4.3 
direction (deg.) 

Spherical 0.08 0.07 0.03 - 0.18 0.03 - 0.10 -18.0 24.9 
variance 

Mean trace 1.38 1.20 0.83 - 1.72 0.92 - 1.48 -13.2 11.9 
length 

~ 0.01 0.01 0.00 - 0.11 -0.03 - 0.04 - -

Rl 0.18 0.20 0.00 - 0.61 0.03 - 0.37 9.1 44.0 

R2 0.81 0.80 0.39 - 1.00 0.62 - 0.97 -1.7 11.2 

Corrected mean 0.79 0.82 0.00 - 3.04 -0.01 - 1.64 3.4 51.7 
trace length 

# of joint 40 25 8 - 45 14 - 34 -38.6 20.5 
traces 

* spherical standard deviation 

-----------.-------
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Table 9.33: Comparison Between Field Data and Predicted Parameters of Joints 
in 2D from Model 8 for Joint Set 4 - Floor Data 

Field Predicted Value 
Value Average 95% 

Value Range Confidence R.D.% C.O.V. 
Interval 

Mean Dip 15 19 1 - 35 10 - 29 29.4 0.088* 
angle (deg.) 

Mean Dip 113 110 44 - 186 75 - 144 -2.9 
direction (deg.) 

Spherical 0.08 0.09 0.02 - 0.33 0.03 - 0.15 9.2 35.5 
varlance 

Mean trace 1.01 1.34 0.82 - 2.49 0.85 - 1.83 32.6 18.7 
length 

~ 0.00 0.01 0.00 - 0.19 -0.05 - 0.08 - -

Rl 0.23 0.32 0.00 - 0.82 0.07 - 0.58 40.9 39.9 

R2 0.77 0.66 0.18 - 1.00 0.41 - 0.91 -14.1 19.5 

Corrected mean 0.61 1.09 0.00 - 3.99 0.07 - 2.11 79.1 47.6 
trace length 

# of joint 35 14 4 - 30 6 - 21 -59.8 26.0 
traces 

* spherical standard deviation 

-------------------
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9.3.3 Comparison Between Predicted Trace Lengths and Field Data 

R.D.% values for mean trace lengths are less than 30% for all the cases except for 

mea.n trace lengths (on the floor) of joint set 4 predicted from Models 5-8. For all 

the models, the field value of mean trace length (on the wall) of joint set 3 is 'not' 

within the 95% confidence intervals. The field value of mean trace lengths (on the 

floor) of joint set 3 is within the 95% confidence intervals for all the models except 

for Models 1 and 4. For all the models except for Model 1, the field value of mean 

trace length (on the wall) of joint set 4 is wi thin the 95% confidence intervals. And 

also, for all the models, the field value of mean trace length (on the floor) of joint 

set 4 is within the 95% confidence intervals. This shows that, with respect to the 

mean trace length, Models 2 and 3 are the best models; Model 4 also is a good 

model. 

For all the models, C.O.V. values for mean trace lengths are less than 30%. 

Therefore, the level of uncertainty for predicted mean trace lengths is not high for 

each model. However, C.O.V. values for Models 1-4 are less than 10%, whereas 

those for models 5-8 are greater than 10%, except for floor data of joint set 3 

predicted from Model 5. Therefore, in general, level of uncertainty of Models 5-8 

seem to be high compared to that of Models 1-4, with respect to mean trace length. 

For Models 1-4, R.D.% values for Rl are less than 30% for all the cases. 

For Models 5-8, R.D. % values for Rl for wall data of joint set 3 and for floor data 

of joint set 4, are greater than 30%. For Models 1-4, R.E% values for R2 are less 

than 30% for all the cases. For Models 5-8, except for wall data of joint set 3, for 

all the other cases, R.D. % values for R2 are less than 30%. The field values of Rl 

and R2 are within the 95% confidence intervals of all the Models for all the cases. 

--------------_.-- --
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The field value of corrected mean trace length also is within the 95% confidence 

intervals of all the Models for all the cases, except for wall data of joint set 3 

predicted from Models 1 and 5. However, for Modell, R.D.% value for corrected 

mean trace length is greater than 30% for wall data of joint set 3. For Models 

5-8, R.D.% values for corrected mean trace length are greater than 30% for all the 

cases except wall data of joint set 4. With respect to corrected mean trace length 

and Ro, Rl and R2 values, Models 2-4 provide good comparisons with field data. 

For Models 2-4, C.O.V. values for Rl are greater than 30% for the following 

cases: wall data and floor data of joint set 4 predicted from Model 2; floor data 

of joint set 3 and wall data and floor data of joint set 4 predicted from Model 3; 

wall data and floor data of Joint set 4 predicted from Model 4. Therefore, level 

of uncertainty of Rl value seems to be high for Models 2-4, in general. However, 

for all the cases, C.O.V. values for R2 are less than 30%. This shows that level of 

uncertainty of R2 is low for all the models. 

For Models 2-4, C.O.V. values for the corrected mean trace length are 

greater than 30% for the following cases: wall data and floor data of joint set 

4 predicted form Models 2 and 4; floor data of joint set 3 and wall data and floor 

data of joint set 4 predicted from Model 3. Therefore, the level of uncertainty of 

corrected trace length seems to be high for Models 2-4. 

It can be seen that predictions on parameters associated with joint size have 

significant deviations from the field data, for Models 5-8. For Models 5-8, joint 

size modeling was carried out using scanline sampling survey method (Chapter 5). 

In the scanline sampling survey method, the selection of theoretical probability 

distributions for censored semi-trace lengths is more restricted, because, according 

to the algorithm used, distributions should be monotonically decreasing functions. 

---- ---- ._-- - ._--_._----------- ._.-- -_.- - .... _--
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This means, for some data, this method will work out very well, but may not work 

out well for data which correspond to censored semi-trace lengths that do not 

follow a monotonically decreasing distribution perfectly. The data in the present 

study are in the latter category. This may be the reason that predictions from 

Models 5-8 do not agree well with the field data, compared to those from Models 

1-4. In particular, more deviations from field values were observed for wall data of 

joint set 3. In Chapter 5, it was seen that censored semi-trace lengths (on walls) 

of joint set 3 do not follow an exponential distribution according to X2 test results 

(Table 5.10 in Chapter 5), even though they follow an exponential distribution 

according to Kolmogorov-Smirnov test results (Table 5.11 in Chapter 5). 

Comparatively high deviations from field data were seen for floor data of 

joint set 4 too. Since joint set 4 is a nearly horizontal joint set, the probability 

that the joints intersect with a horizontal plane is less. Therefore, predictions on 

a horizontal plane have greater sampling bias. However, one may argue that field 

values also are under this sampling bias, and therefore, predictions on a horizontal 

plane should be well compared. This argument is valid if during the modeling, 

sampling biases are perfectly corrected, not over-corrected or not under-corrected. 

In joint size modeling, it was assumed that the joint shape is circular since exact 

joint shapes are not kr£own. This also may have a effect on parameters predicted 

from all the models. 

Comparison between predicted joint traces and field data can be shown 

through figures. For example, Figs. 9.3 and 9.4 are comparable, where Fig. 9.3 

shows joint traces of joint set 4 on the east wall obtained from the field data, and 

Fig. 9.4 shows the predicted joint traces on a wall obtained from Model 4, for joint 

set 4. From these figures, apparent orientations of joints, number of joint traces 
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and lengths of joint traces can be compared. However, joint locations can not be 

compared. 

9.3.4 Comparison Between Predicted Number of Joint Traces and 

Field Data 

From Tables 9.2 - 9.17, it can be seen that R.D.% values for number of joint traces 

in Model 1 are greater than 30% for all the cases, except for wall data of joint set 

4. In Models 2, R.D.% is less than 30% for all the cases except for floor data of 

joint set 4. In Model 3, it is less than 30% for all the cases. In model 4, it is less 

than 30% for wall data of joint set 3 and 4. For Model 3, it is within the 95% 

confidence interval for all the cases. 

For wall data and floor data of joint set 3 and for wall data of joint set 

4, field value of number of joint traces is within the 95% confidence interval of 

predicted number of joint traces, for Models 2 and 4. From Figure 9.5 also, it can 

be seen that predicted average values from Models 2, 3 and 4 agree fairly well with 

the field data except for floor data of joint set 4. Therefore, with respect to the 

number of joint traces, Models 2-4 seem to be good models, while Model 3 is the 

best. For Models 2-4, C.O.V. values are less than 30% for all the cases. This shows 

that the level of uncertainty of number of joint traces is low for these models. 

For wall data and floor data of joint sets 3 and 4, predicted values from 

Modell show a considerable deviation from the field values. The difference between 

Modell and Model 2 is due to the difference between their 3D joint intensities. For 

Modell, 3D joint intensity of each joint set was computed according to Scheme 

1 of Chapter 6. In Scheme 1, true linear intensities were obtained from Method 1 

in Chapter 4, where true linear intensities for joint sets 3 and 4 were obtained as 
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1.488 and 1.801 respectively. For Model 2, 3D joint intensity of each joint set was 

computed according to Scheme 2 of Chapter 6. In Scheme 2, true linear intensities 

were obtained from Method 2 in Chapter 4, where true linear intensities for joint 

sets 3 and 4 were obtained as 0.963 and 1.325 respectively. Higher number of 

predicted joint traces suggests that 3D joint intensity used in Model 1 may be 

overestimated. Since in this Model, 3D joint intensity is directly proportional to 

the true linear intensity, the true linear intensities obtained from Method 1 in 

Chapter 4 may be overestimated. 

For floor data of joint set 4, predicted number of joint traces from the 

models are less than the field value. Since joint set 4 is a nearly horizontal joint 

set, the chance that joints get intersected with a horizontal is less. Therefore, one 

can expect the number of joint traces on a horizontal plane to be less than that 

on a vertical plane. However, this difference is not significantly reflected from field 

data. 

From Tables 9.18 - 9.33 it can be seen that, except for wall data of joint set 

4, R.D.% for number of joint traces in Model 5, is 'greater' than 30% for all the 

cases. In Models 6, 7, and 8, R.D.% is 'greater' than 30% for all the cases except 

for floor data of joint set 3. For floor data of joint set 3 predicted from Models 

5-8, and for wall data of joint set 4 predicted from Model 5, the field values of 

number of joint traces are within the 95% confidence intervals. However, out of 

the four data sets considered (wall data and floor data of joint sets 3 and 4), floor 

data of joint set 3 has the minimum number of data (Table 9.1), and therefore, 

observation made on that data set can be given a less weight in making a decision. 

On the other hand, Model 5 uses higher 3D joint intensities, and therefore, the 

number of joint traces predicted from Model 5 may be higher than the realistic 
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values. Therefore, when these two cases are not considered, it can be seen that , 

predicted number of joint traces from Models 5-8 do not agree with the field data. 

From Fig. 9.5 also, it can be seen that the predicted average number of joint 

traces are generally well below the field values. The difference between Models 1-4 

and Models 5-8 is the different procedures used in joint size modeling (Chapter 5). 

When the joint size is small, the chance that a joint intersects a sampling plane 

is less. Therefore, low values of predicted number of joint traces suggest that the 

joint size distributions used in Models 5-8 may generate smaller joints. The joint 

size distributions used in Models 5-8 were obtained from 'scanline sampling survey 

method' in Chapter 5, whereas the joint size distributions used in Models 1-4 were 

obtained from 'area sampling survey method'. Therefore, for joint size modeling 

of the rock mass under this study, area sampling survey method may be more 

appropriate. 

9.3.5 Conclusions 

As discussed earlier, in linear intensity modeling, the Method 2 may be better than 

Method 1 given in Chapter 4, and for joint size modeling of the rock mass under 

the present study, 'area sampling survey method' may be better than 'scanline 

sampling survey method' given in Chapter 5. 

On the average, predictions from Models 2, 3 and 4 are better than other 

models. However, for Model 4, 3D joint intensity of each joint set was obtained 

from the average of 3D joint intensities used in Models 1, 2 and 3 (Chapter 6). 

Since 3D joint intensities used in Model 1 were found to be overestimated values, 

Model 4 also can not be recommended as a good Model. Therefore, out of the 

models investigated, only Models 2 and 3 are recommended for representing joint 
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geometry of the statistical homogeneous region around the ventilation drift. For 

all the parameters predicted from Model 3, R.E% values are less than 30%, and 

95% intervals include field values except for mean trace length of joint set 3 based 

on wall data. Therefore, Model 3 may be named as the best model in this study. 

--------- -------
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CHAPTER 10 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS FOR 

FUTURE STUDIES 

10.1 Summary 

Eight 3D joint geometry modeling schemes were developed incorporating the fol

lowing features. 

1. Investigation of statistical homogeneity 

2. Correction of sampling biases 

3. Application of stereological principles 

4. Verification of suggested modeling schemes 

The rock mass around a thirty-six meter stretch of the ventilation drift, 

Stripa mine was investigated to identify the largest statistically homogeneous re

gion. Joint data of this region were used for both modeling and verification. To 

investigate the statistical homogeneity, equal area polar plots and Miller's method 

(1983) with new interpretations (Kulatilake et al., 1990b) were used together. 

Joints in the statistically homogeneous region were delineated into four joint 

sets using a clustering algorithm (Mahtab and Yegulalp, 1984). Joint geometry 

models were developed by describing the statistical distributions of the geometrical 
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parameters: intensity, location, orientation and size, for each joint set. The shape 

of the joints was assumed as circular in the absence of evidence on the actual shape. 

A general vector approach to correct sampling bias on joint orientation 

was presented (Wathugala et al., 1990). Corrected data as well as raw data were 

subjected to chi-square goodness of fit test, to check the suitability of Bingham 

distribution and hemispherical normal distribution in representing the orientation 

of joint sets. Only raw data of joint set 4 followed Bingham distribution. Other 

data sets followed neither of the two probability distributions. Therefore, empirical 

distributions were chosen to represent the distribution of joint set orientations. 

Two methods were presented for the modeling of joint spacing, linear inten

sity and location. In each method, fitting of theoretical probability distributions to 

spacing measurements, and correction of sampling bias on spacing were presented. 

In both methods, spacings along the mean pole directions of joints were found 

to be best represented by exponential distributions. Then, according to statisti

cal theory, linear intensity and location distributions follow poisson and uniform 

distributions respectively. 

Joint size modeling was carried out using two methods: area sampling sur

vey method (Kulatilake and Wu, 1984c) and scanline sampling survey method 

(Priest and Hudson, 1981). In each method, correction of sampling biases associ

ated with the joint trace length measurements on the finite size sampling planes 

were presented. 3D joint sizes were inferred from joint trace length measurements 

by means of a mathematical model (Kulatilake and Wu, 1986) which uses ge

ometrical probability and conditional probability concepts. Here, correction for 

sampling bias in the transition from 3D joint size to 2D trace lengths was taken in 

to account. Gamma was found to be the best distribution to represent diameter 

.-. __ . _ .. _-._------



360 

distributions. 

Eight schemes were presented to estimate the 3D joint intensity of each 

joint set and the 3D joint intensity of the rock mass. These eight schemes lead to 

eight joint geometry models. The first four schemes use the joint size parameters 

obtained from the area sampling survey method, and the last four schemes use those 

obtained from sc8llline sampling survey method. For these eight joint geometry 

models, fracture tensors (Oda, 1982) were presented, and indices of porosity and 

fracture anisotropy were given. 

From joint geometry models, joints can be back predicted in 3D by defin

ing their orientations, locations and diameters which were generated using Monte 

Carlo simulation, according to the corresponding statistical distributions of joint 

geometry parameters. 

For verification of the models, joints in a 3D volume were generated in 

one thousand simulations, for each joint geometry model. Then, joint traces on 

2D finite size planes were obtained from these generated joints, and following 

parameters of the predicted joint traces of the two significant joint sets (joint 

sets 3 and 4) were compared with the field data in a statistical sense: mean dip 

angle, mean dip direction, spherical variance, mean of the censored truncated trace 

lengths, corrected mean trace length, and number of censored, truncated joint 

traces. 

10.2 Conclusions 

Miller's method (1983) with new interpretations (Kulatilake et aI., 1990b) can 

be used to evaluate relative strength of homogeneity between different sections in 
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a rock mass. Visual examination of equal area plots helps to make the subjec

tive decision regarding the demarcation line between the homogeneity and non

homogeneity. Therefore, these two methods together provide a better procedure 

than using just anyone method in investigating statistical homogeneity of rock 

masses. 

The relative orientation between joint plane and sampling plane, and the 

variability of joint orientation of a joint set were found to be very significant on 

the correction of sampling bias on joint orientation. For some situations, sampling 

bias corrections may be so significant that they may influence the decision in 

selecting theoretical probability distributions to represent orientation data. For 

situations where theoretical probability distributions can not be found to represent 

orientation data, empirical distributions can be used in the joint geometry model, 

and also can be used successfully to back predict the orientation values. 

Methods 1 and 2 (Chapter 4) presented for modeling of spacing, linear 

intensity and location, will give equally good results for situations where every 

joint set has a significant number of joints. However, when the joint sets contain 

less significant joint sets, better estimations for true linear intensity of significant 

sets can be expected from Method 2, because, in Method 2, linear intensity of 

a joint set is computed independently of the data of the other joint sets, and 

therefore, less reliable data of less significant joint sets have no effect on the results 

of other joint sets. 

In joint size modeling, the suitability of scanline sampling survey method 

depends on the fact, how well the censored joint semi-trace length distributions 

fit to monotonically decreasing distributions. This is a condition imposed by the 

formulation of that method (Prie~t and Hudson, 1981). However, the joint data 
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of some joint sets in the present study did not fit that well to a monotonically 

decreasing distribution. Thus, during the verification, the area sampling method 

was found to be better than the scanline sampling survey method for joint size 

modeling of the rock mass under this study. 

Out of the eight 3D joint intensity modeling schemes, only some of them may 

be suitable for modeling of a particular rock mass, depending on its joint geometry 

network. For example, if scanline sampling survey method is not suitable for joint 

size modeling of that rock mass, then only first four schemes are suitable. If the 

rock mass contain less significant joint sets also, then schemes 2 and 3 may be 

more suitable. 

Verification studies have indicated the need to try out different schemes in 

modeling joint geometry parameters in order to come up with realistic 3D joint 

geometry models which provide good comparisons with field data during verifica

tion. For the joint data investigated, scheme 3 was found to be the most suitable 

scheme. 

10.3 Recommendations for Future Studies 

Further modeling and verification studies are recommended for other areas of Stripa 

mine as well as other sites in the world due to the following reasons: 

1. In some of the future studies, the problems encountered in the present study 

may be repeated, and then, the procedures used to tackle them in this study 

can be clarified. 

2. Different behavior of new data sets would demand more new techniques and 

methods in modeling of joint geometry parameters. This may broaden the 
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modeling procedures so that many different joint geometry networks could 

be modelled. 

3. The experience with many modeling and verification studies can help to 

decide the most suitable joint geometry modeling scheme for a particular 

rock mass. 

And also, further studies in the following directions will be very useful. 

1. Spatial variability 

2. Modeling of joint roughness 

3. Joint connectivity 
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APPENDIX A 

Expression for eij for Contingency Table Analysis 

(after Kulatilake et al., 1990) 

H structural populations are homogeneous (i.e. Schmidt plots are similar), 

then, we can expect the same theoretical relative frequency in all the cells asso

ciated with a certain patch. Therefore, the following equation can be written for 

the patch j (see Table 2.1 in Chapter 2). 

!!i - !U - - !:..i..i. - - !ti. - S. Rl - Rl - ••• - R; - ••• - Rr - 3 (A.1) 

where Sj is the expected theoretical relative frequency in a cell belonging to patch 

j. From Eq. A.l, it is possible to show the following: 

(A.2) 

The left hand side of Eq. A.2 is the relative frequency in patch j. Therefore, Eq. 

A.2 reduces to 

C· S 
7;f=j 

Substituting Eq. A.3 in Eq. A.l, eij can be obtained as 

RiC' 
eij=9 

(A.3) 

(AA) 



APPENDIX B 

Randomness Test to Determine Dense Points 

(after Kulatilake et aI., 1990) 

365 

Orientation data can be represented by points on the upper or lower unit 

hemisphere. When a sphere of radius r is constructed around a datum, it has a 

corresponding area on the surface of the unit hemisphere. This area can be called 

a patch. This datum will be assigned as a dense point if the patch is a dense one 

under the following random test. 

If poles are randomly distributed on the unit hemisphere, then the number 

of poles within a certain patch is Poisson distributed. Let m be the average number 

of poles in a patch. Then, the probability of occurrence of a random density D 

greater than an integer K can be given by 

P(D > K) = 1- E~o e-~mj (B.1) 

Let K be the smallest integer which satisfies the following equation. 

P( D > K) = 1 - Ef=o e-;!m
j :5 0.05 (B.2) 

Then patches containing K or more points are considered as dense patches. 
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APPENDIX C 

Orientation Data of Joints in the Homogeneous Region 

Dip Direction Dip Angle Dip Direction Dip Angle 
(degrees) (degrees) (degrees) (degrees) 

269 58 31 87 
275 81 66 38 
236 74 80 81 
85 90 100 85 
75 82 32 20 
18 79 14 77 
86 27 155 77 
33 62 215 86 
226 86 170 18 
172 21 251 84 
26 72 195 39 
83 17 350 64 

348 58 69 24 
16 81 22 29 
115 90 198 83 
208 84 272 67 
275 56 154 25 
172 21 137 41 
149 29 115 50 
115 83 123 31 
48 26 270 14 
98 46 54 23 
112 86 137 26 
38 62 29 85 
183 14 74 86 
39 57 73 27 

111 84 128 28 
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Orienta.tion Data of Joints in the Homogeneous Region (Contd.) 

Dip Direction Dip Angle Dip Direction Dip Angle 
(degrees) (degrees) (degrees) (degrees) 

101 34 290 66 
98 47 70 32 
15 76 90 51 
45 90 165 59 
116 82 106 9 
67 18 195 22 
176 20 162 19 
345 61 50 24 
23 67 243 3 
97 22 218 43 

339 61 7 74 
96 70 108 88 
108 89 344 79 
348 78 205 75 
95 7 187 18 
27 39 112 16 
12 72 102 19 

115 76 342 62 
249 21 247 90 
170 17 142 19 
13 75 139 13 
152 5 355 63 
338 65 79 38 
26 70 24 71 

332 60 28 68 
284 84 348 63 
33 73 3 63 

----------------- -------- --
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Orientation Data of Joints in the Homogeneous Region (Contd.) 

Dip Direction Dip Angle 
(degrees) (degrees) 

Dip Direction Dip Angle 
(degrees) (degrees) 

6 66 218 90 
108 15 195 16 
164 7 132 8 
271 59 163 4 
182 7 23 64 
24 68 95 24 
208 86 56 21 
333 62 76 36 
337 56 332 62 
209 90 301 6 
93 68 116 21 
205 8 85 25 
100 75 23 76 
25 77 151 16 
173 36 118 86 
279 42 298 35 
319 28 293 33 
116 79 131 17 
13 73 175 17 
22 80 2 62 
89 48 98 25 
203 13 92 23 
83 48 1 64 
127 9 128 16 
113 70 56 69 
92 23 130 16 
105 15 72 46 
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Orientation Data of Joints in the Homogeneous Region (Contd.) 

Dip Direction Dip Angle 
(degrees) (degrees) 

Dip Direction Dip Angle 
(degrees) (degrees) 

92 58 9 67 
188 52 141 11 
254 74 112 15 
123 15 11 77 
176 17 51 74 
101 32 150 8 
76 74 266 61 

349 60 15 69 
12 58 140 11 
17 73 16 78 
85 38 86 23 
98 21 80 23 
29 56 132 8 
232 82 276 65 
339 63 63 31 
273 56 69 32 
16 60 138 24 

237 15 137 23 
222 7 281 64 
150 18 3 60 
221 69 13 72 
182 8 201 12 
280 59 262 14 
222 8 90 0 
283 63 92 27 
279 7 274 62 
142 21 290 43 
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Orientation Data of Joints in the Homogeneous Region (Contd.) 

Dip Direction Dip Angle Dip Direction Dip Angle 
(degrees) (degrees) Jdegreesl (degrees) 

240 74 114 88 
301 15 98 18 
0 62 332 49 

340 45 8 75 
250 39 168 21 
256 73 78 16 
103 30 4 62 
293 54 120 19 

. ----- -------- ------.. -
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APPENDIX D 

Graphical Representation of Fitting of Selected Theoretical Distributions 

for Trace Length Distribution and Diameter Distribution 

Area Sampling Survey Method 

Figures D.l - D.3 show fitting of gamma distributions to trace lengths 

mapped on the walls, for joint sets 1-3 respectively. Figure DA shows fitting 

of gamma distribution to trace lengths mapped on the floor for joint set 3. 

Figures D.5 and D.6 respectively show the fitting of gamma distributions 

based on wall data and Hoor data, for diameters of joint set 1. Those for joint set 

2 and 3 are shown in Figs. D.7 - D.10. 

Scanline Sampling Survey Method 

Figures D.ll and D.l2 respectively show the fitting of gamma distributions 

based on wall data and Hoor data, for diameters of joint set 1. Those for joint set 

2 and 3 are shown in Figs. D.13 - D.16. 
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(Scanline sampling survey method) 
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APPENDIXE 

Fracture Tensors for Joint Geometry Models 

Fracture tensors (.Pi;), principal vectors (VI, V2, vs), and deviatoric part of 

fracture tensor (D ij) for joint geometry models 1 - 8 are given below. 

Model 1 - Wall data 

[ 

2.257 -0.523 0.404] 
.Pi; = -0.523 1.594 -0.373 

0.404 -0.373 3.291 

{ 

0.377 } 
VI = 0.808 

0.452 

{ 

-0.266 } 
V2 = -0.373 

0.889 

V3 = { ~O~::6 } 
0.075 

[ 

-0.123 -0.523 0.404] 
Di; = -0.523 -0.787 -0.373 

0.404 -0.373 0.910 

---_ .. _--------_._ ... _--_ ....... -



Model 1 - Floor data 

[ 

2.023 -0.518 0.402] 
Fij = -0.518 1.938 -0.009 

0.402 -0.009 2.643 

{ 

0.529 } 
VI = 0.474 

0.704 

{ 

-0.289 } 
V2 = -0.680 

0.674 

V3 = { !!O~::O } 
-0.223 

[ 

-0.178 -0.518 0.402] 
Dij = -0.518 -0.263 -0.009 

0.402 -0.009 0.442 

Model 2 - Wall data 

[ 

1.520 -0.288 0.231 ] 
Fij = -0.288 1.475 -0.289 

0.231 -0.289 2.416 

{ 

0.281 } 
VI = 0.705 

0.652 

{ 

-0.309 } 
V2 = -0.576 

0.756 

V3 = { ~o~1i4 } 
0.056 

[ 

-0.284 -0.288 0.231 ] 
Dij = -0.288 -0.329 -0.289 

0.231 -0.289 0.613 

------------------------ ----
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Model 2 - Floor data 

[ 

1.375 -0.286 0.236] 
Fij = -0.286 1.810 -0.011 

0.236 -0.011 1.956 

{ 

0.437 } 
VI = -0.181 

0.881 

{ 

-0.466 } 
V2 = 0.792 

0.394 

Va = { ~:~~~ } 
-0.261 

[ 

-0.339 -0.286 0.236] 
Dij = -0.286 0.096 -0.011 

0.236 -0.011 0.242 

Model 3 - Floor data 

[ 

0.960 -0.164 0.045] 
Fij = -0.164 1.413 -0.226 

0.045 -0.226 2.308 

{ 

0.059 } 
VI = -0.312 

0.948 

{ 

-0.240 } 
V2 = 0.918 

0.317 

{ 

0.969 } 
V3 = 0.246 

0.021 

[ 

-0.601 -0.164 0.045] 
Dij = -0.164 -0.147 -0.226 

0.045 -0.226 0.748 

... ~--.--.--.--.--- -_ ... _ ... -

390 



301 

Model 4 - Wall data 

[ 1.717 -0.353 0.280 ] 
iij = -0.353 1.502 -0.305 

0.280 -0.305 2.629 

{ 0.320 } 
VI = 0.761 

0.564 

{ -0.292 } 
V2 = -0.487 

0.823 

{ 0.901 } 
V3 = -0.429 

0.066 

[-0.232 -0.353 0.280 ] 
Dij = -0.353 -0.447 -0.305 

0.280 -0.305 0.680 

Model 4 - Floor data 

[1.452 -0.323 0.228 ] 
iij = -0.323 1. 720 -0.082 

0.228 -0.082 2.302 

{ 0.307 } 
VI = -0.440 

0.844 

{ -0.256 } 
V2 = 0.816 

0.519 

{ 0.917 } 
V3 = 0.375 

-0.138 

[-0.372 -0.323 0.228 ] 
Dij = -0.323 -0.105 -0.082 

0.228 -0.082 0.477 
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Model 5 - Wall data 

[0.974 -0.267 0.046 ] 
Fi; = -0.267 1.908 0.098 

0.046 0.098 2.451 

{ 0.000 } 
VI = -0.264 

0.964 

rl73 

} 
V2 = 0.950 

0.260 

{ 0.985 } 
V3 = -0.167 

-0.045 

[-0.804 -0.267 0.046 ] 
Di; = -0.267 0.130 0.098 

0.046 0.098 0.674 

Model 5 - Floor data 

[3.807 -0.899 0.945 ] 
Fi; = -0.899 1.968 -0.381 

0.945 -0.381 3.416 

{ 0.761 } 
VI = -0.528 

0.378 

{ -0.309 } 
V2 = 0.218 

0.926 

{ 0.571 } 
Va = 0.821 

-0.002 

[0.744 -0.899 0.945 ] 
Di; = -0.899 -1.096 -0.381 

0.945 -0.381 0.352 



Model 6 - Wall data 

[ 

0.705 -0.074 
Fij = -0.074 1.846 

0.002 -0.023 

{ 

-0.059 } 
VI = -0.025 

0.998 

{ 

0.917 } 
V2 = 0.394 

0.064 

V3 = { ~~9~~4 } 
0.000 

0.002] 
-0.023 
1.807 

[ 

-0.748 -0.074 0.002] 
Dij = -0.074 0.393 -0.023 

0.002 -0.023 0.354 

Model 6 - Floor data 

[ 

2.524 -0.507 0.581 ] 
Fij = -0.507 1. 714 -0.338 

0.581 -0.338 2.465 

{ 

0.696 } 
VI = -0.600 

0.395 

{ 

-0.355 } 
V2 = 0.191 

0.915 

V3 = { ~:~;; } 
O.OBO 

[ 

0.290 -0.507 0.581 ] 
Dij = -0.507 -0.520 -0.338 

0.581 -0.338 0.231 

-------- -------------- --------- - -- - --
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Model 7 - Wall data 

[0.590 -0.091 0.005] 
Fij = -0.091 1.945 0.170 

0.005 0.170 1.494 

{ -0.060 } 
Vl = 0.039 

0.997 

{ 0.948 } 
V2 = -0.312 

0.069 

{ 0.314 } 
V3 = 0.949 

-0.018 

[ -0.753 -0.091 0.005] 
Dij = -0.091 0.602 0.170 

0.005 0.170 0.151 

Model 7 - Floor data 

[2.239 -0.382 0.265] 
Fij = -0.382 1.577 -0.832 

0.265 -0.832 4.185 

{ 0.161 } 
Vl = 0.943 

0.293 

{ -0.291 } 
V2 = -0.238 

0.927 

r·943 

} 
V3 = -0.234 

0.236 

[-0.428 -0.382 0.265] 
Dij = -0.382 -1.090 -0.832 

0.265 -0.832 1.518 
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Model 8 - Wall data 

[0.756 -0.144 0.018 ] 
Fij = -0.144 1.899 0.082 

0.018 0.082 1.917 

{ -0.071 } 
V1 = -0.105 

0.992 

r702 

} 
V2 = 0.701 

0.125 

{ 0.709 } 
V3 = -0.705 

-0.024 

[-0.768 -0.144 0.018 ] 
Dij = -0.144 0.375 0.082 

0.018 0.082 0.393 

Model 8 - Floor data 

[2.857 -0.596 0.597 ] 
Fij = -0.596 1. 753 -0.517 

0.597 -0.517 3.355 

{ 0.561 } 
V1 = 0.758 

0.333 

{ -0.322 } 
V2 = -0.170 

0.931 

{ 0.763 } 
V3 = -0.629 

0.149 

[0.202 -0.596 0.597 ] 
Dij = -0.596 -0.902 -0.517 

0.597 -0.517 0.700 

._. -----.------ ----... - .... -. 
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