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ABSTRACT 

The dt-an continuum in the presence of the muon is studied in detail, and it is 

shown that the existence of extended continuum states just beneath the d+ (tIL h" threshold 

can lead to a variety of 'pseudoresonant' fusion processes with a temperature and density 

dependence distinct from those leading to molecular formation. Various in-flight and pseu

doresonant fusion reaction cross sections involving the excitation of electromolecular states 

and two or three scattering bodies are computed. Fusion processes in very dense plasmas 

of tv 103 liquid hydrogen density are studied, and it is shown that in this environment both 

sticking and muon transfer problems are eliminated, and that pseudoresonant fusion pro

cesses should dominate. In this context, the use of negatively charged hadrons as potential 

catalytic particles is also considered. 
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PREFACE 

The muon provides a bridge between nuclear and molecular physics. The muon's 

potential to induce nuclear fusion reactions between hydrogen isotopes was first recognized 

in 1947, and since then, great advances have been made towards an understanding of the 

processes surrounding this muon catalyzed fusion, or MuCF, cycle. 

This thesis is a departure from the conventional thinking in MuCF. Much of the 

present-day research is centered around the deuterium-tritium (dt) fusion cycle in molecu

lar hydrogen, and investigation into the prospects of MuCF in novel environments has been 

neglected. This work is an attempt to rectify that. In addition, the MuCF community 

has been mesmerized by the extraordinary molecular resonance that exists in the dd and 

dt cycles, and which did so much to stimulate interest in this field a decade ago. Despite 

the great success of the resonance model, there is more than one hint that our understand

ing of the MuCF cycle is incomplete. A careful study of the interplay of the nuclear and 

Coulombic interactions in the muo-molecular systems could help to resolve some of the 

perplexing experimental puzzles that confront us today. 

Much of the work in this thesis is speculative, in keeping with its investigative 

nature. An attempt has been made to back every speculation with a reliable number, but 

in a few cases, a convincing computation is too difficult to be justified or the necessary 

data is unavailable. This will be emphasised when appropriate. In addition, some of the 

computations that have been performed are lengthy and are only outlined in the text. The 

corresponding computer codes will be made available on request. 
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CHAPTER 1 

Muon Catalyzed Fusion 

1.1 Introduction 

In 1947, Frank proposed that the catalysis of hydrogen fusion at room temperature could 

be brought about by the presence of a heavy negative particle, such as the muon [1]. A 

year later, Sakharov came quite independently to the same idea [2], and in 1954 Zeldovich 

[3] studied in some detail the potential of catalyzing deuterium fusion by muons. It was 

however only in 1956 that Alvarez accidentally made the first experimental observation of 

proton+deuteron (pd) fusion in a hydrogen bubble chamber [4]. 

The essential observation made by Frank, Sakharov and Zeldovich is that the nega

tive muon, with its large mass, would screen the Coulomb barrier separating the hydrogen 

isotopes down to the muonic Bohr radius, which has a size of only 256 fm. With the 

Coulomb barrier lowered, hydrogen fusion can occur at room temperature. Once fusion 

has occurred, the muon is released and allowed to catalyze another fusion. The bare bones 

of such a cycle is illustrated in figure 1.1, in this case for the deuterium+tritium (dt) fusion 

cycle. What figure 1.1 includes, and what was not at first known by the early pioneers 

in this field, is that fusion is often preceded by the formation of a muonic molecular ion. 

The early calculations by Zeldovich indicated that the in-flight fusion rate was much less 

than the muon decay rate of 0.45 x 106 s-l, indicating that the muon would be unable 

to catalyze even one fusion in its lifetime. Many later atudies revealed that molecular 

formation, by the Auger emission of an electron surrounding the host electromolecule in 
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dt~ 

n 0 

• \ 

a 
Figure 1.1: A simplified dt MuCF cycle, passing through the stages of a free muon, a tJ,l atom, a 
dtJ,l molecular ion, and finally dt fusion in which the muon is released. 

which one of the participating nuclei was embedded, could occur as fast as 106 s-l, but 

still rather slowly compared to the muon's lifetime. 

In 1964 experimental studies of the dd fusion cycle indicated that the dd fusion rate 

was temperature dependent [5]. This led Vesman, in 1967, to propose that the mechanism 

responsible was the resonant formation of ddJ.L molecules, brought about by the presence 

of a weakly bound molecular state of the ddJ.L molecule [6]. Theoretical calculations of the 

three-body ddJ.L system verified the presence of such a state, and in 1977 Gershtein and 

Ponomarev predicted the existence of an even more loosely bound state in the dtJ.L system, 
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and that the formation of the dtj.L molecule would exceed lOB s-1[7]. Once the molecule is 

formed, fusion is for all practical purposes instantaneous. This prediction has since been 

amply verified by theoretical and experimental investigations, and up to 150 fusions per 

muon have been reported in recent experiments [8, 9, 10]. 

In the past decade, the pd, pt (proton-tritium), dd, dt and tt muon catalyzed 

fusion cycles (MuCF) have all been explored. The main attention has been focused on 

the dt cycle in a molecular hydrogen environment, and the nuclear and molecular effects 

surrounding it. The simple picture of Frank has been replaced by a complex dynamical 

model in which several parallel and sequential processes have to be included to obtain an 

accurate representation of the MuCF cycle. The individual rates of each process, and the 

branching ratios into each open channel, have to be extracted from the experimental data 

in terms of a fit to a theoretical model. Such a program suffers from the danger of mis

interpreting important but unanticipated side-channels, and, without a strong theoretical 

backing, interpretation of the experimental data is difficult. On the other hand, experiment 

has consistently provided surprises, beginning with the temperature dependence in the dd 

cycling rate by Dzhelepov, to the still unresolved problem of the anomalously low sticking 

fraction in the dt cycle. Historically, the field has been driven by a powerful synergism 

between the theoretical and experimental efforts. 

The remarkable success of and the recent excitement surrounding the molecular 

resonance model of the dt cycle in molecular hydrogen has however prejudiced research 

in this direction. The main effort of this thesis has been to study MuCF under circum

stances very different from those that have conventionally been explored. This includes 

MuCF in non-molecular environments, and the possibility of dispensing with the muon 

itself and replacing it by some heavy negative hadron. Also of interest are side-cycles 

in the molecular hydrogen environment that do not involve muo-molecular formation. A 

surprising phenomenon, possibly unique to muonic hydrogen, is the presence of a strongly 

coupled nuclear continuum that exists both above and below the muo-molecular disso

ciation thresholds. The presence of these continua permit novel 'pseudoresonant' fusion 
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mechanisms to occur, which could have important consequences in both molecular and 

plasma environments. 

In the remainder of this chapter, a brief sketch of the present theoretical and 

experimental understanding of MuCF will be outlined, as it presented itself prior to this 

work. There are many important issues that are far from being properly understood or full 

resolved, and these will be highlighted in the final section. In chapter 2, the pd, dd and 

dt cycles in molecular hydrogen are discussed in detail. Chapter 3 discusses the dt nuclear 

continuum. Chapter 4 explores some of the consequences of the strongly coupled dt-an 

continuum, and how its presence could influence conventional molecular resonance model. 

Chapter 5 examines MuCF in a dense, cold, plasma environment, of the kind created in 

inertially confined fusion experiments. Chapter 6 briefly examines the possibility of using 

subatomic particles other than the muon for catalysis. In chapter 7 the main conclusions 

of this work are summarized, and I discuss how this work impacts upon the field and future 

experimental work. Appendix A contains a list of common abbreviations and conventions 

used in MuCF. The remaining appendices contain specialized or detailed information that 

are referred to as needed. 

1.2 Important factors in MuCF 

Before proceeding to examine the MuCF cycle in detail, it is useful to establish a few ref

erence points for some of the important quantities appearing in MuCF. The first concerns 

how many fusions per muon is necessary before MuCF becomes useful as an energy source. 

Present technology could permit the mass production of negative muons at a grid energy 

cost of between 5-10 GeV per muon. The best technique for muon production is to direct 

a high-energy hadronic beam onto a neutron-rich target, from which negative pions are 

produced. The negative pions are then directed down a beam line in which they decay into 

muons. For dt fusion, 17.6 Me V is released per fusion. Consequently, if each muon can be 

made to catalyze about 500 fusions, then technical break-even will have been achieved, viz. 
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th~ point at which the MuCF cycle would become energy self-sustaining. An economical 

power plant would demand that this number be increased by a factor of five to ten. 

Two very basic conditions must be met before the catalytic cycle can be repeated 

e.g. 500 times. They are: 

i) All processes must occur on time scales much shorter than the lifetime of the muon, which 

is T Jl = 2.2 pSj and 

ii) The probability of the muon being lost into some neutralizing channel during each cycle, 

denoted by W, must be exceedingly small. 

Specifically, if 500 fusions are to be achieved per muon, we require the muon cycling rate 

Ac to be greater than 500 X T;;l = 2.3 X 108 s-l. In addition, the probability W that the 

muon is lost during one cycle must be less than 1/500 = 0.2 %. Generally, the catalytic 

cycling rate Ac is set by the slowest process in the whole catalytic cycle, which, depending 

on the cycle, can be a muon transfer rate, a molecular formation rate, or a fusion rate. W 

has contributions from several sources, each ultimately leading to the capture of the muon 

by a Z > 1 nucleus or to the delay and decay of the muon in some side-channel (such as 

by the formation of the ppp molecule which is practically stable on the scale of the muon 

lifetime). When the muon loss in the main cycle is very small it becomes necessary to also 

take into account the participation of relatively rare side-cycles, in which the muon loss 

fraction is much larger. 

The total yield per muon is given by the ratio of the cycling rate over the muon 

loss rate: 

(1.1) 

The limitation on the yield can either be dominated by Ac , if W is negligible, or by W, if 

AcT/.' ~ W-l. To take the example of dt fusion, Ac is typically of the order of 108 -109 s-l, 

whereas W is about 0.6 %. Thus the fusion yield is limited mostly by W, and to date 
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experiments have attained a yield of about 150 fusions per muon. This falls short of tech

nical break-even by about a factor of 3. 

W thus stands as the main obstacle to a large number of fusions per muon in the 

dt cycle. The main contribution to W comes from the fraction of muons w~ that branch 

into the 'sticking' channel following the fusion reaction: 

(unstuck states) 

(stuck states) 
(1.2) 

Even if the muon does become stuck to the a particle, there is a chance that the muon will 

be stripped (or 'regenerated') from the energetic a when it collides with hydrogen nuclei 

before it slows down. The final sticking probability is 

(1.3) 

where R is the regeneration factor, typically of the order of R ~ 0.3 for dt fusion. dt fusion 

is conventionally believed to occur primarily from the rotational-vibrational (Jv) = (01) 

molecular state, from which w~ ~ 0.915 % [11]. Both w~ and R for the dt cycle have 

been the subject of much scrutiny. The reason is that experimentally determined values 

of Ws have been consistently only 60 % of the theoretical values, even though the natural 

expectation is for experimental values of sticking to be higer than theoretical values as a 

consequence of as-yet unidentified loss mechanisms. 

1.3 Experimental investigations 

There are several major laboratories that have been working on MuCF for a decade .or 

more. Data has been collected at JINR (Joint institute for Nuclear Research, USSR), 

KEK (National Laboratory for High Energy Physics, Japa:J.), LAMPF (Los Alamos Meson 

Physics Facility, USA), PSI (Paul Scherrer Institute, Switzerland; formerly SIN) and RAL 

(Rutherford-Appleton Laboratory, UK). The most interesting results in dt fusion have so 
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far been obtained at LAMPF and PSI, where experments with high tritium fractions at 

liquid hydrogen density and at cryogenic temperatures have been performed. Results ob

tained include qh (the probability of the muon reaching the (dJLhs state; see section 2.4), 

the temperature dependence of dtJL molecular formation rate, and the initial and final 

sticking fraction. The work done at each laboratory has generally been complementary. 

However, it should be noted that there has been some disagreement between the LAMPF 

and SIN data, particularly regarding the dependence of the sticking fraction on the tritium 

concentration Ct, the density dependence of the sticking fraction, and the density depen

dence of the molecular formation rate. LAMPF reports a strong dependency in all cases, 

whereas PSI reports very little dependence. This issue is considered in greater depth in 

section 2.4. 

Future emphasis at LAMPF will be in the context of cryogenic, high density dt 

targets. A main objective is to attempt to clarify the low temperature, high density behav

ior of the sticking and the molecular formation rate. PSI is to pursue a direct measurement 

of sticking, and also the hyperfine effects in the pd and dt cycles. KEK is taking advantage 

of its intense pulsed muon beam to obtain accurate measurements of the X-ray emissions 

of the aJL following sticking. This measurement provides an important check of the details 

of theoretical calculations describing the muon regeneration process. JINR has been con

centrating primarily on the dd cycle, where great success has been achieved in obtaining 

a precise correspondence to theory. A particularly recent and interesting measurement of 

the temperature dependence of the d( d, n )3He to d( d, p)t branching ratio is discussed in 

section 2.3. 

1.4 Outstanding problems and current research directions 

1.4.1 Sticking 

The final sticking fraction Ws for the dt cycle has been at the center of much of the recent 

theoretical and experimental research. More and more accurate three-body calculations of 
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the dtJ.t system have been performed in an effort to discover whether the initial sticking 

fraction could be lowered by three-body effects and by nuclear effects. The essential obser

vation is that only a small, high-momentum component in the classically forbidden region 

of the three-body wavefunction (that for which the nuclear separation goes to zero, and 

the muon is close to the origin) actually contributes to sticking, and it is just this compo

nent which is most strongly affected by the nuclear interaction and non-adiabatic effects. 

However, most sticking calculations are converging to just above 0.9 %, and are unlikely 

to be revised. In addition, measurements of the initial sticking have been performed at 

LAMPF and are soon to be performed at PSI; these are done by measuring the ratio of 

CiJ.t ions to Ci ions before regeneration has had a chance to occur. Such experiments are 

difficult as they require rarefied environments and consequently suffer from poor statistics. 

There are also systematic errors arising from stripping occurring in the detectors. Results 

from LAMPF give [12] 

w~ = (0.80 ± 0.15 ± 0.12 systematic) % (1.4) 

This result is consistent with theoretical calculations, and it would seem that the initial 

sticking is not the source of the anomalously low final sticking fraction. It is worth noting, 

however, that this experimental measurement can only be performed at very low densities. 

If an alternative cycling channel with a lower sticking became dominant at high densities, 

then the initial sticking would be the source of the disagreement between theory and 

experiment. 

1.4.2 Regeneration 

Regeneration of the muon in liquid hydrogen has also been intensively studied, and is 

now thought to be fairly well understood [13, 14, 15]. These calculations rely upon cross 

sectioJ;ls obtained from electronic atoms, rescaled for the muon. The regeneration process 

is quite complex, involving several excitation, deexcitation and stripping cross sections (see 

section 5.3.6 for further details). The two main theoretical uncertainties in the regeneration 

calculation reside in the experimentally unknown stopping power of the CiJ.t ion, and in 

the Stark mixing cross sections between the CiJ.t 2p and 28 states. An important set of 
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measurements have been performed of the X -ray line strengths resulting from transitions 

of the muon between Coulombic states around the a particle [16, 17]. These line strengths 

are intimately connected with the regeneration process. It is found that at densities of about 

1 LHD, the K a X-ray yields are 30 % lower than predicted; this is again the same factor 

as in the discrepancy between the theoretical values of Wa and the experimental values, 

and would seem to indicate that the problem lies not with the regeneration calculation, 

but with the initial sticking! In addition, the X -ray data places severe constraints on by 

how much the stopping power can be modified on an ad hoc basis in order to reduce the 

final sticking [14]. These results lend further credence to the hypothesis that there exists 

another low-sticking fusion channel in the dt system. This point is returned to in chapter 4. 

1.4.3 Alternative reaction paths 

Hyperfine effects and the level of occupation of hyperfines states of the muonic atoms 

has proven to be important in determining the molecular formation rate. These effects 

are attracting increasing experimental attention, particularly at PSI. The results of PSI 

demonstrate that including hyperfine effects in the experimental analysis can change sev

eral experimentally determined values considerably [10]. Hyperfine effects are also very 

important in the pd cycle, and could cast new light on the pd fusion reaction (see sec

tion 2.2. Also of interest is the molecular formation rate for collisions of tJ.L with D2 and 

DT molecular species, each of which have different sets of rotational resonances. High

density, low temperature experiments with this in mind are presently underway at PSI and 

RAL. The motivation for these studies is the unusual behavior of the dtJ.L molecular forma

tion rate with density and temperature. LAMPF has reported a strong nonlinearity in the 

formation rate at high densities [8, 9], indicating the pres~nce of a three-body mechanism 

in the molecular formation process. Also, the molecular formation rate does not drop to 

zero as T ~ 0, which is not consistent with the naive resonance model. This is discussed 

in further detail in section 2.4. 
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1.4.4 Non-equilibrium reactions 

A topic which has been attracting increasing attention is the possibility of 'epithermal' 

molecular formation. Following transfer of the muon from d to t, the tj1. has tens of e V of 

kinetic energy. It is possible that molecular formation occurs very quickly for these 'hot' 

atoms before they are slowed down and become thermalized. Three-body computations of 

the molecular resonances of the dtj1. system are now being pursued. 

1.4.5 Atomic and molecular rates 

Apart from these special topics, much of the research being conducted in the field is still 

related to the details of the many scattering cross sections, transition rates, transfer rates, 

branching ratios etc. These peripheral processes must be well determined and understood 

before any comprehensive experimental analysis of the MuCF cycles can be performed. 
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CHAPTER 2 

Conventional catalytic cycles l 

2.1 Introduction 

The dt, dd and pd catalytic cycles, although based on the same general principle, are very 

different in detail. The difference is based upon the different molecular spectra of the 

corresponding molecules, and the nuclear reactions that can occur. The molecular spectra 

are crucial in determining the molecular formation rate, and consequently the cycling rate, 

of the catalytic cycle. The nuclear reactions that can be undergone determines the rate 

of the fusion reaction, and the probability that the muon will remain stuck to the nuclear 

products. 

Both the ddJ.L and the dtJ.L molecular systems possess a weakly bound (JlI) = (11) 

state, which permits the resonant formation of the muonic molecule in the reaction: 

(2.1) 

and similarly for the formation of dtJ.L. In this reaction, the host electromolecule absorbs 

the energy of muo-molecular formation into a rotational-vibrational (rot-vib) state of the 

compound molecule. This resonant reaction has a considerably faster rate than nonresonant 

molecular formation, which occurs by the Auger emission of one of the electrons in the host 

molecule. This is the kind of reaction that must occur in the pd cycle, in which the (11) 

state is absent: 

(dJ.Lhs + H2 ~ ((pdJ.Lhope)+ + e-. (2.2) 
---------------------------Iparts of this chapter have been published in [18]. 
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Generally, the molecular state with the least binding energy is preferred as the final'state in 

such a reaction, as this permits the best momentum matching between the electron initial 

and final states. 

Once molecular formation has occurred, the history of each of these cycles is very 

different. Both the dtJ1. and pdJ1. molecules, being heteronuclear, can rapidly make a transi

tion to a J = 0 state, from which fusion occurs. The ddJ1. molecule is homonuclear, and can 

only make the transition with AJ = 1 if accompanied by a spin flip. This is necessary in 

order to preserve the symmetry of the relative nuclear wavefunction, which for the bosons 

d + d must be symmetric. Such transitions occur so slowly that the dd fuse from the J = 1 

state, to form either 3He+n or t + p with approximately equal probability. The d + t fuse 

to form a + n, and the p + d fuse to form 3He+'Y. Each of these reaction channels has 

a very different sticking probability. The t + p fusion channel of dd fusion reaction has a 

negligible final sticking, as even if the muon remains bound to one of the fusion products 

it will be quickly stripped during collisions of the energetic tJ1. or pJ1. with nuclei in the 

hydrogen medium. The 3He+n channel is less favorable, as the muon is bound much more 

strongly to the 3He++ ion and is less likely to be stripped. The dt reaction, also involving 

a He nucleus in the final state, has an advantage over the dd channel in that the higher 

Q-value of the dt reaction decreases the likelyhood of the muon becoming stuck to the a, 

and increases the stripping probability should the muon become stuck. The sticking prob

ability for the 3He+'Y channel of p + d is practically 100 %, since the 3He carries off very 

little recoil momentum. There is however a small but significant probability that the muon 

will be converted without the emission of a 'Y. Important values determining the nature of 

the dt, dd and pd cycles are given in table 2.1. The individual cycles are discussed in detail 

in the sections below. 
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Cycle LlE Aml (a-I) Channel [%] Q Al (a-I) wO w, • 8 

dt 0.660 > 4 x lOilf a+n 100 17.6 1.6 x 1012 0.921 0.455 

dd 1.974 3 x 106~ t+p 42 4.03 4.3 x 108 

3He+n 58 3.27 13.3 11 11.7" 
pd 97.5 5.9 x 106tt JJ3He+r 84 5.49 8 x 105U 100 100 

3He+JJ 16 

·In the limit p - 0 II Ref. [19] 
tTemperature dependent, _ 0 as T - 0 ··Ref. [13] 

* Ref. [11] ttRef. [20] 

SExperimental [9, 10] URef. [21] 
~Temperature dependent, -> 0 as T -> 0 

Table 2.1: Molecular formation energy in eV, molecular formation rate, nuclear channel, 
branching ratio, Q-value in MeV, fusion rate and initial and final sticking in % for different 
MuCF cycles. 

2.2 The pd cycle 

The pd cycle has proven to be somewhat mysterious in two ways. Firstly, the Wolfenstein

Gershtein (WG) effect seems to be inconsistent with the conventional belief that the pd 

fusion rate from the nuclear S = 3/2 state is negligible. The WG effect [22J is the enhance

ment of the cycling rate with an increase in the deuterium concentration, caused by an 

increasing population of the S = 1/2 molecular states. This population increase is brought 

about by an increasing population of the F = 1/2 (dp.hs states, caused by the exchange 

reaction: 

(2.3) 

Once the (dp.)is=1/2 state has been formed, it has a probability of forming an S = 1/2 

pdp. molecule of 10/16, as opposed to a probability of 3/16 from the F = 3/2 state. With 

a negligible fusion rate from the S = 3/2 nuclear state, the predicted enhancement with 

increasing deuterium density Cd is less than twice that observed. 

The second peculiarity in the pd cycle is the strong dependence of the pd fusion 

yields on temperature and molecular species [23,24]. Recent experimental values are given 

in figure 2.1. The fusion yield is measured by observing the number of 'r's resulting from 
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Figure 2.1: Fusion yield N...,/Ne- for the pd cycle [24]. 

the d(p, 'Y )3He fusion reaction, and comparing it to the number of observed e- resulting 

from muon decay. The dependence on the molecular species is possibly related to the WG 

effect, since the exchange reaction (2.3) is computed for atomic systems rather than for re

actions involving electromolecules, and 49 meV is quite enough to excite rotational states 

of a participating D2 or HD molecule. The temperature dependence is more puzzling, 

since it occurs at temperatures below 100 K, and consequently neither hyperfine exchange 

reactions nor molecular formation can be expected to be the source of the temperature 

dependence. This problem is taken up again in section 4.6, where a possible explanation 

is presented in terms of an alternative, temperature dependent fusion channel. 
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A detailed diagram of the pd MuCF cycle is given in figure 2.2. The cycle 
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Figure 2.2: The pd MucF cycle [25] 

begins with a free muon, which is captured by p or d in proportion to their respective 

concentration. If the muon is captured by a p, it is then transferred to a d in the reaction: 

134.7 eV 
(PJ.L)n + d - p + (dJ.L)n + 2 n 

(2.4) 

The (dJ.L)h is formed in either an F = 1/2 or F = 3/2 J.L-d spin state, which have a hy

perfine splitting of 49 meV. dJ.L quenching (ie. the population of the F = 1/2 state by the 

reaction (2.3)) occurs with a rate of Ad = (3 - 5) X 107 s-l, for T <.300 K [26]2. The dJ.L 

can proceed to form a ddJ.L or pdJ.L molecule from either of the spin states. ddJ.L formation 

is a resonant process and is strongly temperature dependent (see section 2.3); it is about 

3 X 106 s-l, above T = 50 K, below which it falls rapidly to zero. pdJ.L formation occurs 

by the Auger emission of an electron in the host electromolecule, by the reaction (2.2), at 

a rate of 5.9 X 106 s-1 [20]. Since the transition energy from the dJ.L + p continuum to 

2pI' quenching occurs at 6 x 1010 
S-I, so the PI' F = 1 state is for all practical purposes unpopulated. 
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the final (JlI) = (10) pdJ.L molecular state is 97 eV, this rate only changes over energies of 

tens of eV, and is essentially independent of temperature below T = 300 K. The pdJ.L (01) 

state then makes a transition to the (00) state within 10-11 s, by the Auger emission of an 

electron. 

The pdJ.L molecule is formed in a state in which the nuclear spins are in either an S = 
1/2 or S = 3/2, which have corresponding fusion rates >"], The conventional belief is that 

the >..~/2 is negligible compared to >..}l2 [21]. However, an experimental analysis allowing for 

a large >..~/2 in order to resolve the WG problem results in >..~/2 = (0.11±0.01) X 106 s-1, as 

compared to >..}i2 = (0.35±0.02) X 106 S-1 [25]. This is reported to be in good agreement 

with a new theoretical calculation by Friar et al [25, 27]. The nuclear fusion process has 

two channels: 

(pdJ.L)oo -t 3HeJ.L + 'Y (84 %) 
(2.5) 

-t 3He + J.L (16 %) 

The first occurs by the emission of an E1 photon. The muon remains stuck to the 3He 

and is lost from the cycle. The second reaction occurs by the EO conversion of the muon. 

This provides a unique way of studying the p-d S-wave interaction, particularly since the 

three-nucleon system is accessible to theoretical computation. 

In summary, the latest results concerning the fusion rates from the p-d S = 1/2 

and S = 3/2 spin states may resolve the WG problem. However, central to this calculation 

is knowledge of the dJ.L quenching rate. The theoretical values are obtained ignoring the 

participation of the host electro-molecule in the exchange reaction (2.3). It is possible that 

this, coupled with the WG effect, is the origin of the dependence of the fusion yield on 

the molecular composition. The temperature dependence of the yield is still unresolved. 

If the dJ.L quenching rate depends on temperature as a result of participation by the host 

electromolecule, then this could provide a possible source of temperature dependence in the 

fusion yield. However, it is difficult to see how there can be a temperature dependence for 

temperatures below the Q-value of dJ.L hyperfine transition. Another source of temperature 
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dependence is resonant quenching via the formation of an intermediate ddJ.L molecule, 

followed by back-decay (see section 2.3). Again, this mechanism is only effective above 

T = 50 K, below which the ddJ.L formation rate drops to zero. The conclusion is that some 

alternative route to pd fusion should be considered. 

2.3 The dd cycle 

Historically, the study of the dd cycle has led to the recognition that resonant processes 

are an important factor in the formation of ddJ.L and dtJ.L muonic molecules. Before 1967 

it was thought that ddJ.L formation proceeded in the same way as pdJ.L formation, by an 

Auger process. Following experiments performed at Dubna, which reported an unexpected 

temperature dependence in the ddJ.L molecular formation rate [5, 28], Vesman [6] suggested 

the reaction: 

(dJ.Lhs + D2 -+ ((ddJ.L)l1 dee )*. (2.6) 

Here the energy of formation of the (J v) = (11) state of ddJ.L is absorbed by the rotational 

and vibrational modes of the host molecule. Three-body calculations have verified the 

existence of the (11) state, which has a binding energy of 2 eV, and is below the dissocia

tion energy of D2 • The absorption of this energy by the host electromolecule requires the 

excitation of the 6th vibrational state, and this matrix element suppresses considerably 

the overall formation rate. Nevertheless, the resonant formation rate of about 3 X 106 s-1 

exceeds the nonresonant formation rate of Anr = 4 X 104 S-1 by two orders of magnitude. 

A diagram of the dd MuCF cycle is given in figure 2.3. The cycle begins with 

a free muon, which is captured by a d into an F = 3/2 or F = 1/2 around the deuteron. 

Each hyperfine state has a different molecular formation rate, as the hyperfine splitting is 

49 meV significantly shifts the position of the resonances in the dJ.L+D2 continuum. The 

F = 3/2 formation rate, A~~!, is thought to provide the main contribution to the molecular 

formation rate. Both rates are strongly temperature dependent, with A~~! declining from 

about 2.5 X 106 s-1 at T = 400 K to less than 106 S-1 for T < 100 K. A~~! maintains a 
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Figure 2.3: The dd MuCF cycle 

value greater than 3 x 106 down to T = 30 K. 

Fusion following the formation of the (ddJ.L)11 state is rather unusual. A cascade 

diagram for the ddJ.L system is given in figure 2.4. As explained in section 2.1, the Auger 

transition rate from the (11) state to the (01) or (00) states proceeds very slowly. The EO 

Auger deexcitation of the (11) state to the (10) state, with a rate of Adex = 0.3 X 108 s-1, 

is the only deexcitation process competitive with fusion (see [29] for a review). Fusion from 

the J = 1 molecular states occurs at a rate of A, = 4.3 X 108 s-1 [21]. By comparison, 

the back-decay of the ((ddJ.L)11dee)* complex into (dJ.Lh,,+D2 is expected to occur at a rate 

of 15 X 108 s-1 [30]. Consequently, there is a probability of about 75 % that back-decay 

will occur before fusion or deexcitation of the (11) state. The effective molecular formation 
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Figure 2.4: Cascade of the ddfJ molecule following the formation of the (Jv) = (11) state. 

rate, viz_ the fraction of molecular formations actually leading to fusion, is given by: 

(2.7) 

where S denotes the total spin state of the final ddJ.L molecule, which may be 1/2 ... 5/2. 

>.ff is the back-decay rate for the molecular state. 

Fusion in the ddJ.L molecule occurs primarily from a relative nuclear orbital mo

mentum state L = 1, and provides a unique method of studying the L = 1 fusion channel. 

Experimental measurements have found that the branching ratio into the isospin symmet

ric p + t and 3He+n channels is significantly different from unity, with the 3He+n channel 
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dominating by a factor of 1.39 ± 0.04 [31]. This can be compared to a ratio of almost unity 

for dd Coulomb scattering; the slight asymmetry in this case is believed to be entirely 

attributable to an asymmetry in the p-wave component. An interesting recent observation 

is that as the temperature in a D2 mixture is decreased below T = 50 K, the branching 

ratio returns to unity [32]. This is indicative of an s-wave fusion mechanism beginning to 

dominate the resonant formation rate of the (11) state. 

Sticking following fusion occurs exclusively in the 3He+n channel. Regeneration 

in the pt channel is complete, due to the vanishing stopping power of the neutral tJ.L or 

pJ.L. The initial sticking in the 3He+n channel is 13.3 ± 0.3 % [19], and should the muon 

become stuck to the 3He about 10.8 ± 1.8 % of the stuck muons will be stripped from the 

3He during collisions with d nuclei as it slows down [13]. The regeneration coefficient is 

significantly density dependent, increasing from 11 % at low densities to 19 % at LHD. 

This is due to the important role of ladder ionization in the regeneration process, which is 

discussed further in section 5.3.6. 

2.4 The dt cycle 

Of all the fusion cycles, the dt fusion cycle has attracted the most interest. The reason is 

the fast molecular formation rate, and the small sticking fraction. Like ddp formation, dtp 

is also formed resonantly, this time in the reaction: 

(2.8) 

or similarly for reactions involving DT. However, the dtp (J /I) = (11) state is bound by 

just 600 meV, as compared to the ddp (11) state binding energy of 2 eV. Consequently, 

excitation to only the second vibrational state of the host molecule is necessary, and dtp 

formation occurs at a rate more than 100 times faster than ddp formation. Sticking in 

the dt cycle is lower than that in the dd cycle for two reasons, both related to the higher 

Q-value of 17.6 MeV for the t( d, n)a fusion reaction. The higher Q-value results in a lower 
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initial sticking o,f about 0.9 %, and regeneration is also enhanced to 30 % for the more 

energetic 3.5 MeV aJ.L. 
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Figure 2.5: The dt MuCF cycle. 

A diagram of the dt cycle is given in figure 2.5. The cycle begins with a free muon, 

which is initially slowed down within less than 10-10 s. The muon is Auger captured by one 

of the hydrogen isotopes d or t into high orbit with principal quantum number n ~ 14; this 

approximately corresponds to the orbit in which the muon has the same binding energy as 

the displaced electron. The capture process takes place within about 10-10 s [33, 34]. If 

the muon is captured by a d, it undergoes transfer to the heavier tritium isotope, for which 

the isotopic mass shift is tlEls = 48 eV. While the muon is cascading down to the (dJ.Lh" 

state from the high orbit into which it is captured, transfer can occur within 10-11 s. The 

fraction of muons which reach the ground state is denoted q1s. It is important to know the 

value of ql:Il as once the muons reach the (dJ.L)h state, transfer occurs rather slowly, at a 

rate of 3 X 108 s-1 [35]. Transfer from the 1s state must compete with the ddJ.L formation 

rate, which could in certain circumstances make an important contribution to the muon loss 
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rate. qh is expected to be sensitive to both the density, arising from competition between 

the density dependent transfer rate and the density independent radiative deexcitation 

rate of the dJ.L in the lower orbitals; and the tritium fraction Ct. However, experimental 

investigations [9, 10] have not supported the expected density and Ct dependence [35]. 

IT the muon is captured by a t, it cascades down to the (tJ.Lha state within lO-n s. 

Once the (tJ.Lha state has been formed, formation of the (dtJ.L)n molecular state can take 

place by the reaction (2.8). As for the dd cycle, there are different rates for each of the 

hyperfine states F = 0 or F = 1 of the initial tJ.L. In addition, there are different rates 

for collisions with DT or D2 molecules, each of which possess a different set of rotational 

resonances for the transition from the ground state to the second vibrational state of the 

(( dtJ.L )nxee)* complex. The influence of the hyperfine states of the tJ.L is important for the 

dt cycle, as the quenching reaction 

(2.9) 

takes place at a rate of 1.3 x 109 S-1 [26], compared to the molecular formation rate of 

greater than 4 X 108 s-l. The most important contribution to the molecular formation 

rate is thought to come from the F = 0 hyperfine state, in collisions with D2 molecules: 

(2.10) 

The positions of the rotational resonances for this reaction is given in table 2.2. The 

Ki 0 
0 -17.0 
1 -24.4 

1 
-12.2 
-19.6 

Kf 
2 

-2.4 
-9.8 

3 4 
12.1 31.4 
4.7 24.0 

Table 2.2: The theoretically calculated postions of the rotational resonances in me V for 
the (tJ.Ll=o + (D2)Ki,lIi=O ~ ((dtJ.L)ndee)K/,II/=2 reaction [36]. 

temperature and density behavior of the molecular formation rate for (2.10) is unusual and 

not yet properly understood. IT the molecular formation rate is a two-body process, then 
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the the molecular formation rate shmlld be given by: 

(2.11) 

where E is the initial kinetic energy with the Boltzmann distribution iE(E), and EJi is 

the position of each resonance. Consequently, only the above-threshold resonance (EJi > 

0) should contribute, and the molecular formation rate should drop to zero as T _ o. 
In addition, the formation rate should scale linearly with density. Measurements of the 

molecular formation rate in D2 and DT mixtures show that for reactions involving DT 

molecules, the formation rate does indeed drop to zero as T - 0, and does scale linearly 

with density [9]. For D2 molecules however, the formation rate is found to tend to a 

constant value of about 4 X 108 S-1 all the way down to T = 12 K, and that it possesses 

a nonlinear density dependence. The non-zero value of )..dtJ.l. a low temperatures suggests 

that the below threshold resonances are contributing to the formation rate. Indeed, the 

(11) state possesses a 1 meV width due to the Auger deexcitation of this state to lower 

states in the dtp, molecule, so that the delta function in eq. (2.11) should be replaced by 

a Lorentzian around each resonance energy with this width, making the below-threshold 

resonances accessible [37]. The nonlinearity in the density dependence is indicative of a 

three-body reaction in the molecular formation process, which could possibly playa role 

in further broadening the width of the sub-threshold resonances [38]. However, the issue 

is far from being resolved and, and the issue is complicated by a discrepancy between the 

LAMPF and PSI data regarding the magnitude of the nonlinear density dependence in 

)..dtJ.l.' LAMPF reports a stronger q} dependence than does SIN. The reported values are 

compared in table 2.3. 

LAMPF (T < 130 K) 
PSI (T = 23 K) 

746 ± 67 
326 ± 40 

26± 6 
11+6 

-11 

Table 2.3: Comparison of LAMPF and PSI molecular formation rates at low temperatures. 

Following the formation of the (11) state, the muonic molecule Auger deexcites, 

primarily to the (lv) = (01) state. This occurs within lO-11s. The fusion rate from the 
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(11) state is only 2 X 108 s-1 [39], and is too slow to compete with Auger deexcitation. The 

nuclear fusion reaction d+t - a(3.5 )MeV +n(14.1 )MeV takes place from the J = 0 states 

within lO-11s, and 17.6 MeV of energy is released. The existence of a near threshold com

pound nucleus resonance SHe( ~ + ; 17 .66 MeV) imposes strong selection rules on the fusing 

components of the dt wavefunction, and causes the nuclear interaction to be abnormally 

large as compared to the couplings for other combinations of hydrogen isotopes. Following 

fusion, the muon has a probability w~ = 0.915 % of becoming bound to the a particle [11], 

and a probability of R = 30 % of being subsequently stripped from the a as the (aJ,£)+ ion 

slows down in the medium [13]. The experimentally observed sticking fraction for dt fusion 

is 0.45 %, and is 30 % smaller than the values obtained from computation of the initial 

sticking and regeneration. A comparison is given in figure 2.6. Both the deviation of the 

high density data points from the theoretical curve, and the systematic density dependence 

exhibited by the LAMPF data, are statistically significant. 
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CHAPTER 3 

The dtj.L-anj.L Continuum! 

3.1 Introduction 

Without the nuclear interaction, only the molecular eigenstates of the dtp. molecule exist. 

With the nuclear interaction, the a + n continuum becomes accessible to the d nuclear 

channel, and the Coulombic eigenstates are broadened into a continuum. Up to now this 

continuum has only been studied near to the Coulombic eigenstates as a perturbation, 

and the dt-an continuum away from the Coulombic resonances, and in particular near to 

the dtp. dissociation threshold, has bee ignored. In this section the dt-an continuum in 

the presence of the muon is treated as a single eigenstate spanning both the d and an 

channels simultaneously. This concept is illustrated in figure 3.1. For energies near to 

the Coulomb resonances the amplitude of the dt continuum is greatly enhanced, and the 

wavefunction extends out to distances of the size of the muonic molecular states. Away 

from the resonances, the irregular behavior of the relative d-t wavefunction near the origin 

forces the wavefunction to zero only a short distance outside of the nuclear channel radius 

(at which the SHe resonance is the appropriate description of the system). For these states, 

the nonresonant dt wavefunction extends only a distance of about '" J-2EJ.Ld,tJ.l outside 

of the nuclear channel radius. 

The full description of the 6-body (dtp. )-( anp.) system is very complex, and nor

mally not necessary as in most instances it is sufficient to treat the coupling between 

nuclear channels as a perturbation. To a first approximation the dynamics of the nuclear 

1 Parts of this chapter have been published in [41, 42]. 
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system can be separated from that of the muon in terms of the adiabatic approximation, 

and the nuclear interaction can be treated using an R-matrix parameterization. The result 

is the strength of the coupling of the dt-an continua, both above and below the d + (tp, hs 
threshold. The details are described in the remainder of this chapter. 

3.2 Treatment of the nuclear interaction 

Below the d + (tp,)liJ threshold, there exist five molecular statesj two J = 0 states at 

-319.140 eV and -34.834 eVj two J = 1 states at -232.472 eV and -0.660 eVj and one 

J = 2 state, at -102.643 e V. The dt nuclear channel is coupled to the an states via an 
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intermediate 5He(* i +) compound resonance. The intrinsic spin-parity of the d and t is 1+ 

and ~ + respectively, so only L = 0 and L = 2 states can couple to the 5He(i+) nuclear 

state, and in the an channel, only L = 2 states couple to this state; here, L refers to 

the relative angular momentum between the nuclei in their respective channels. In spec

troscopic notation, the relevant coupled nuclear channels are c == 26+1LJP = 4S~+[dt], 
:l 

4Da,+ [dt],2Da,+ [dtj, and 2Da,+[anj, abbreviated as c = 1 .. .4 to denote the four channels. 
:l:l :l 

The coupling of the L = 0,2 components of the dt molecular states to the L = 2 an 

continuum broadens the discrete dtp, molecular spectrum into a continuum, with dtp, states 

existing at every energy below the d + (tP,)16 threshold down to the a + n threshold. The 

J = 0 states acquire a width of about 10-3 eV, and the J = 2 states a width of less than 

10-8 eV. Away from the Coulomb resonances, L = 0 nonresonant dtp, states exist at an 

amplitude of 10-8 times smaller than the resonant amplitudes. A quantitative description 

of the nonresonant continuum states appears in section 3. 

At any specified energy, the (anp, )-dtp, system can be thought of as one eigen

state, spanning both the dtp, and (anp,) channels. The form of the wave function can be 

determined from the Hamiltonian corresponding to each channel. The wavefunctions thus 

obtained must be subjected to the appropriate boundary conditions at infinity, and at the 

nuclear channel radii, where the nuclear wavefunction in each channel joins to that of sHe. 

Since the muon does not participate in the nuclear reaction, we must demand that its 

wavefunction joins smoothly between the an and dt channels. 

The appropriate boundary conditions for the nuclear wave function at the nuclear 

channel radii can be most conveniently prescribed by parameterizing the nuclear interac

tion in the form of Wigner's R-matrix [43], which relates the value and derivative of the 

wavefunctions in each channel at the nuclear channel radii: 

4 d 
1/Jc/(ac/) = 'LRc'c(E*)[(dr r - Bc)1/Jc(r)Lr=ac· 

c=l 

(3.1) 

Bc is a constant boundary parameter, ac is the nuclear channel radius chosen for the fit, and 

.. - _.- -_._._---,---
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Rcle(E*) is the energy dependent R-matrix. The .,pc == (elw) are the radial projections of 

the total eigenstate WE onto the nuclear channel boundary. The coordinate representation 

of the channel surface states Ie) is: 

( I ) - (_1 )~ o(re-ae) [.,Yi (A) ] r e - 1 1m r e X"m. 
~~ ~ ~~ 

(3.2) 

where P.e is the nuclear channel reduced mass, and X"m. is the total nuclear spin. We em

phasize that the .,pc are only the projected components of a single wavefunction WE existing 

in all nuclear channels. The energy E* appearing in eq. (3.1) is the energy of the nuclear 

system defined relative to the d + t threshold. For Coulomb scattering, this corresponds to 

the eigenenergy of dt scattering wave. A precise fit for the an-dt R-matrix may be found 

in ref. [44]. 

The parameters Be and Re/e(E*) are determined from an-dt scattering data, in 

which case .,pc ( ae ) correspond to L = 0,2 Coulomb scattering waves in the dt channels, 

and to L = 2 free waves in the an channel (when scattering is performed in the dt nuclear 

channel). In the presence of the muon, the (anp.) and dtp. wave functions become a 

function of the muonic coordinate Til-' At the nuclear channel radius, the energy residing 

in the nuclear component of the wavefunction depends upon the state of the muon, and 

the relation (3.1) must be modified to read: 

4 d 
.,pel ( r/J' ae/) = I: I: In)Re/e(E~)(nl [(-d T - Be) .,pc ( T/J' r)] _ ). (3.3) 

I
T Irc-ac e= n 

where .,p~(T/J,ae) is the projected three-body wavefunction in each channel, and the states 

In) are a complete set of discrete and continuous Coulombic eigenstates of the muon about 

SHe. Apart from finite size effects and non-adiabatic components in the three-body wave 

function, .,pe( T /J' ae ) corresponds closely to the (S Hep. hs state for near of below threshold 

states of the dtp. system, so that the In) = I(SHep.hs) component dominates. At collision 

energies between d and tJ.L approaching that of the first excited state of (SHep.), higher 

states begin to be important. The energy E~ is the component of the eigenstate energy 

E residing in the relative motion of the nuclear system, when the muon is found in the 

component In) at vanishing nuclear separation. Then, the three-body Hamiltonian breaks 
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into Hdt~ ~ Hcm(Tdt) + H5He~(T~), so that for the projected component the energy of the 

system divides into E = E~ + En. The nuclear energy E~ for each component is therefore 

E~ = E - En. For the important case of the dtp. channel being close to the d + (tP.)I .. 

threshold, E = -2.711 keY relative to the dt threshold, and so Ei .. = 8.293 keY at the 

d + (tp.)t.. threshold. The presence of the muon effectively raises the collision energy of the 

d and t by 8.293 keY. 

Note that we make the important assumption that the muon does not exchange 

energy with the sHe system, so the R-matrix for the (anp. )-dtp. system is precisely that 

for scattering of an and dt nuclei. In principle the muon can exchange energy with the 

sHe system, for example by the process of internal conversion, and we should account for 

off-diagonal components In')Rc/n',cn(nl for n' i: n in eq. (3.3). In this case the off-diagonal 

elements of the R-matrix are unknown, as they cannot be determined from nuclear scat

tering data. 

3.3 Treatment of the muon 

A full treatment of the three-body (anp. )-dtp. system, incorporating the boundary condi

tions prescribed byeq. (3.3), is prohibitively difficult [45]; firstly, due to the multiplicity of 

(SHep.) muonic components in the limit Tan or Tdt ~ 0, as evident in eq. (3.3), and secondly, 

due to an infinite degeneracy in the (anp. )-dtp. energy eigenstates. This degeneracy arises 

as a consequence of the continuum in the (anp.) channel below the d + (tp. )16 threshold. In 

this channel the muon can exist either in a bound (or 'sticking') state around the a particle, 

or within the a-p. continuum. In combination with the n continuum, this means that at 

every energy, there is a count ably infinite degeneracy (the sticking states) plus an un count

ably infinite degeneracy (the a-p. continuum). This degeneracy is carried over into the dtJ.1. 

channel, and appears in the possible combinations of amplitudes the muonic wavefunction 

can have in the discrete and continuous Coulomb states around the dt, in the limit Tdt ~ O. 
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A single state of this degenerate set can be chosen by either (i) selecting an asymp

totic state for the muon in the an channel, or (ii) selecting a highly restricted subspace in 

the full Hilbert space of states for the muon in the dtp, channel. Based on our knowledge 

of how the system is prepared before fusion, we can carry out the desired restriction of the 

muonic Hilbert space by introducing a projection operator P which removes all unwanted 

components and selects only those incoming states corresponding to the physical prepa

ration of the system in the dtJ.L channel. In this work we will further restrict the space 

by including only the ground state adiabatic wavefunction for the muon. Our particular 

choice of projection operator satisfies the asymptotic boundary conditions: 

Pdt~(adt) = Pan~(aan) = PsHe~ == l¢h(r~)}(¢h(r~)I; 

Pdt~(rdt -4 00) = I (tJ.Lhs}((tJ.L)lsl· 

and (3.4) 

(3.5) 

Here the subscript to P indicates the relevant part of the configuration space. The first 

condition selects only those states in which the fusion reaction proceeds via the (5HeJ.L)h 

muonic ground state ¢ls(r~), and not by an excited state. The motivation for this approx

imation is that the motion of the muon is adiabatic with respect to the d and t nuclei, 

and so only a small component of the three-body wave function is in the (5HeJ.Lhs,p and 

higher states when the eigenstate is close to the d + (tJ.L)ls threshold. This first condition 

also ensures that the muonic wave function joins continuously between the (anJ.L) and dtJ.L 

channels. The second condition selects only those states that correspond asymptotically to 

the d + (tJ.Lhs state (above or below threshold) at infinite dt separation, and not to some 

excited muonic state. The most natural choice for Pdt~(rdt) satisfying these boundary 

conditions in the dt channel is 

(3.6) 

where ¢ls(1(rJj; rdt) is the adiabatic dtJ.L molecular ground state. In this projection, rdt is 

as usual not a dynamical variable. The adiabatic ground state is defined by: 

.6. 2 2 

{ _ ~ _ e e}A. ( . ) _ (dt~)( )A. ( . ) ( ) 
2 Ir -..!!!Lr I - Ir +.!!!d...r I 'l'lS(1 r~, rdt - €ls(1 rdt '1'13(1 r~, rdt· 3.7 
J.Ldt,~ ~ Mdl dt ~ Mdl dt 
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TJ! is the distance between the muon and the nuclear center of mass, Tdt is the separation 

between the d and the t, Mdt = md + mt is the sum of the nuclear masses, and J.Ldt,J! is 

the reduced mass between J.L and dt. €~~~) is the eigenvalue for the ground state, and is a 

function of the nuclear separation. In the an channel we choose 

(3.8) 

where <Pls(TJ!) is the Coulombic (5HeJ.Lhs ground state of the muon about the an center of 

mass. This choice neglects the response of the muon to the outgoing a in the an channel, 

a reasonable approximation as the velocity of the a after the fusion reaction (in units of 

ac) is 6, whereas the velocity of the muon is 1. 

The next step is to solve the projected stationary Schrodinger equation 

(3.9) 

in all channels. H is the full three body Hamiltonian in the dtJ.L and (anJ.L) regions, including 

the nuclear Hamiltonian. E is the energy of the eigenstate W' E, which spans all channels. 

In coordinate representation, eq. (3.9) reads: 

and (3.10) 

(3.11) 

Han and Hdt are the projected three-body Hamiltonians, no longer functions of the muonic 

coordinate. The projected wavefunctions W-E(Tan) = (<P1s(TJ!) 1 W'E(TJ!' Tan)} in the an chan

nel, and WE(Tdt) = (<Plsu(TJ!; Tdt)IW'E(TJ!' Tdt)} in the dt channel, are the projected wave 

functions as a function of Tan and Tdt respectively. The Q-value for the d+t -+ a+n+(Q = 
17.589 MeV) reaction in eq. (3.10) results from explicitly extracting the nuclear Hamilto

nian, defining the nuclear energy scale by HNuclan} = -Qlan) and HNucldt) = 0, where 

HNuc is the nuclear Hamiltonian operating on the nuclear degrees of freedom within the 

nuclei. The explicit form of Han and Hdt is: 

Han(Tan) - J d3 TJl. <pis(TJl.)HanJl.(TJl., Tan )<Pls(TJ!) 

( ) 5HeJl. J 3 1 ( ) 2 (2e
2 

2e
2

) = Han Tan + €1s + d TJl. ¢h TJ! 1 -I -I - 1 _ I' TJ! TJ! Ta 
(3.12) 



and 

Ddt - f d3rp. ¢isO'(rp.; rdt)Hdtp.(rp., rdt)¢1sO'(rp.; rdt) 

= Hdt(rdt) + €t!O'(rdt) 

f 
\72 

d3rp. ¢isO'(rp.; rdt) 2 dt ¢lsO'(rp.; rdt) 
J-tdt 

f d3rp. ¢isO'(rp.i rdt)2V dt ¢lsO' (rp.; rdt) 0 V dt. 
J-tdt 
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(3.13) 

Han and Hdt are the one-body Hamiltonians in the an and dt channels, respectively. The 

last two terms in eq. (3.12) represent the potential well created by the static muon in the 

an channel, which impedes the alpha particle as it leaves the point of fusion. The depth 

of the well is 11 keV, and compared to the 3.5 MeV kinetic energy of the outgoing a, can 

be neglected. In eq. (3.13), €f;O' ( rdt) is an effective potential caused by the screening of the 

d-t repulsive charge by the muon. The remaining terms are the diagonal (non-adiabatic) 

corrections to the effective d-t potential. These terms are known not to reproduce the 

dtJ-t(ll) bound state, and in fact in the adiabatic representation of the three body problem, 

a great many adiabatic states including states from the continuum must be included before 

the (11) state becomes bound [46J. This indicates that the effective potential appearing 

in eq. (3.13) does not accurately describe the near-threshold behavior of the nuclear wave

function. As we are particularly interested in the near-threshold states, we have taken 

some care to amend the effective potential in order to reproduce the properties of the (11) 

state, using the (11) state as a probe of the long-range components of the d-t potential. 

The manner in which this is done is described in Appendix B. Unfortunately the only 

alternative to this procedure is to include a coupled multiplicity of discrete and continuum 

adiabatic molecular states by including them in the projection operator, or to perform a 

variational three body calculation. In view of the considerable simplification achieved by 

our procedure the approximation we use is justified for a' first investigation of the (anJ-t)

dtJ-t continuum, with the caveat that the long-range components of the wavefunction may 

not be accurately described. 

With muonic coordinates effectively removed, the solution to the (anJ-t )-dtJ-t sys

tem requires the integration of equations (3.10), (3.11) with the modified potential of 
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Appendix B, subject to the appropriate boundary conditions at infinity. Since we have 

projected out only the (SHeJL)ls state, the R-matrix relations (3.3) collapses to just a sin

gle muonic channel, and takes the simple form of (3.1), providing the boundary conditions 

on the wave function at the nuclear channel radii. The procedure outlined above is quite 

general and could be extended if necessary to improve the description of the three-body 

Coulombic interaction. 

3.4 The (anj.t)-(dtj.t) continuum 

3.4.1 The below threshold continuum 

The below d + (tJLhs threshold continuum is constructed by solving for the partial waves 

4S[dt], 4D[dt], 2D[dt], and 2D[an] in the set of equations: 

Han 'l1 an(ran) = (E + Q) 'l/J~n(ran)' 

(Hdt + U(rdt)) 'l/Jft(rdt) = E'l/Jft(rdt) 

and (3.14) 

(3.15) 

for E < 0, where U(rdt) is the effective potential defined in section B.l. The wavefunctions 

are subjected to the boundary conditions 

lim 'l/J!n(ran) = sin(kanran + 6)/(kanran), 
ran-tOO 

lim 'l/Jft(rdt) = 0, 
rdl ..... oo 

and 

'l/J48 
dt 

'l/J 48 
dt 

d 'l/J4 D 
dt lD dt 

= dr lD 'l/J2D 
dt dt 

lD an lD an 
r=ac r=ac 

(3.16) 

(3.17) 

(3.18) 

The R-matrix relation (3.18) above is not the same as the matrix defined in eq. (3.1), but 

is related to it by a set of matrix transformations. The energy dependence of the R-matrix 
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components over the range of interest is only of the order of 0.1 %, although the variation 

of the R-matrix was taken into account in this calculation. The values of the components 

of the R-matrix in (3.18) at the d + (tJ.Lhs threshold, and its relation to the R-matrix in 

(3.1), is given in section B.2. 

The matrix relation above fixes the normalization of the three asymptotically closed 

channels in the dt region, and the asymptotic phase shift 0 in the single an channel. The 

stationary 2D wavefunction in the an channel may generally be written as a superposition 

of the regular and irregular components of a free, L = 2 wavefunction: 

7jJ~n(Tan) = Nan (cos 0 j2(kanTan) - sin 0 n2(kanTan») , (3.19) 

where kan = V2J.Lan(E + Q) is the relative nuclear momentum corresponding to energy 

E, Nan is a normalization constant, and 0 is the an D-wave scattering phase shift which 

must be determined by matching to the dt channels. At the dt channel radii the numeri

cally integrated wavefunctions can be expressed as a superposition of regular and irregular 

Coulomb wavefunctions Flc and Glc: 

(3.20) 

where the 6. lc are determined by the numerical integration with the boundary conditions 

(3.17), and Ndt,c by matching to the (an )-channel. The amplitudes Ndt,c are defined such 

that the wavefunctions {b[ft,c appearing in eq. (3.20) are normalized in the dtJ.L region: 

(3.21) 

The energy dependence of the numerically obtained normalization constant of the dtJ.L

amplitudes, INdt(E)12, is shown in Fig. (3.2). The presence of resonances at the locations 

of the Coulomb eigenvalues Eoo and EOl is conspicuous; these are superimposed on a 

smooth, nonresonant background. The fluctuation in amplitude of the D and S waves at the 

positions corresponding to the Sand D wave resonances respectively, is due to the coupling 

between the channels. The L = 0 partial wave dominates the L = 2 nonresonant amplitudes 

by 3-4 orders of magnitude, and away from the L = 0 resonances and d+(tJ.Lhll threshold the 

nonresonant background is greater by a factor of up to 100 than the Lorentzian resonant 
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Figure 3.3: The 'IS dt continuum close to 
threshold. 

contribution, with a value of (N'dt)2 = 1.520 X 10-7 meV-I. As the L = 2 resonances 

are extremely narrow, less than 10-8 e V, we are unable to accurately describe the L = 2 

amplitudes close to resonancej however, this limitation does not in any way affect our 

results. Indeed, the nonresonant amplitudes of the L = 2 components are sufficiently 

small that we shall concentrate on the L = 0 partial wave. Near to one of the L = 0 

Coulomb eigenvalues E(Jv) = Eoo or EOI in the L = 0 partial wave, the phase angle 

~o ~ 0, and the logarithmic derivative ('I/J~n/ 'l/JO/n)lrdt=adt has a small value. Matching 

to the an-channel then requires a large value of Ndt,l! producing resonant enhancement 

of the dt- wavefunction in the vicinity of the Coulomb eigenvalue. In the spirit of the 

narrow resonance approximation Ndt,l takes the form of a Lorentzian, and 'I/J~n can then 

be represented by: 

E Cr ou/2rr)I/2-
'l/Jdt,ICrdt) = (Eou + D.Eou + ~rou) _ E 'l/Jou(rdt) , (3.22) 

Eou is the pure Coulomb eigenenergy, D.Eou is the real energy shift caused by the nuclear 

interaction, and Eou + ~Eou - ~rou is the complex pole position of the (Ov)-resonance. 
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¢ov(rdt) is the pure Coulomb eigensta~e. The expression (3.22) corresponds to normaliza

tion of the (an)-channel d-waves to energy delta functions, with normalization constant 

(3.23) 

From a fit with two Lorentzian distributions at the S-wave resonances (shown in figure 3.2 

by the dashed lines) we have obtained the following parameters: 

6.Eoo = -1.18 meV, 

6.EOl = -0.965 me V, 

roo = 1.12 meV; 

rOl = 0.918 meV, 

and 

(3.24) 

which are within the spread of values cited in the literature ([47,48] and refs. therein). The 

nonresonant contribution is largest near the d+(tJL)1s threshold, where it exceeds the (01)

resonance contribution by a factor of about 10 up to E ~ -1 eV. Above E = -100 meV it 

is possible to obtain a semi-analytical expression for Ndt,l near to threshold, as the energy 

dependence of the logarithmic derivatives at the nuclear channel radii becomes negligible. 

By direct numerical integration of in the logarithmic derivatives La and L2 for the L = 0 

and L = 2 partial waves respectively becomes negligible, as does the phase shift 8 in the an 

region. By numerical integration of (3.15) with the boundary condition (3.17) we obtain 

La = -72.537 a;l, and L2 = -152.61 a;l, where La, L2 are the logarithmic derivatives of 

the L = 0, L = 2 partial waves at the nuclear channel radius (adt = 5.lfm). The phase 

shift of the an wave· is then 8 = 0.5606. Solving the R-matrix relation for Ndt,l we obtain: 

N -2 1 
dt 1 = 1.457 fm -=-:-=E:----

, 'ifJdt,l(adt) 
(3.25) 

Thus the amplitude of the wavefunction at the origin 'I/lft 1 (adt) = 1.457 fm -2 is constant, , 
as expected. As E -I- 0-, the dt wave function takes the form: 

.i.E ( ) V2K. -~rdt 'l'dt 1 rdt ~ --e , rdt. 
(3.26) 

where K. = V-2JLtp.,dE. Most of the strength of the wavefunction lies in the tail, extending 

far beyond the region strongly perturbed by the muon. The amplitude of the normalized 

wave ¢ft,l at the nuclear channel radius is a product of the normalization of the dt wave 

outside the dot Coulomb barrier, and a barrier penetration factor which becomes energy 

independent close to threshold. The energy dependence of Ndt,l thus derives purely from 
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the normalization of {fift,l at asymptotic distances. A numerical solution for (fift,l (Tdt) 

(E ~ 0-) gives: 

N 2 (E) -8 v-I (meV) t dt = 1.28 x 10 me lEI -100meV< E < 0 (3.27) 

Although the amplitude of the dt wave is constant with energy, the integrated strength of 

the wave diverges as E ~ 0- due to the increasing size of the am wave penetrating into 

the dt region. This result is not however in conflict with unitarity, as the transition matrix 

elements with this state do not necessarily diverge. 

3.4.2 The above threshold continuum 

We now turn our attention to the above threshold continuum. In this case the asymptotic 

boundary conditions in the dt channel is determined by the incoming d+tJ.L scattering wave, 

and it is convenient to treat the continuum as a traveling, rather than stationary, wave. For 

a given energy E, the dt partial waves are again numerically is integrated in each direction 

in order to obtain the regular and irregular components FI and GI of the scattering wave. 

These components satisfy the asymptotic conditions: 

'" sin(kdtTdt - Ii + ol)/kdtTdt 

7r 
'" COS(kdtTdt -/2' + ol)/kdtTdt 

(3.28) 

(3.29) 

where kdt = ";2J.Lt/J,dE is the momentum of the colliding tJ.L and d, and 01 is the elastic phase 

shift. The regular and irregular partial waves are mixed to form incoming and outgoing 

spherical waves, 

(3.30) 

'l/J, and its outgoing counterpart 'l/Jt == ('l/JI)" are the incoming and outgoing spherical 

waves for the effective Coulombic dot potential. The incoming amplitudes 'l/J, are fixed 

by the boundary condition of an initial plane wave for the colliding d and tJ.Lj the outgo

ing components 'l/Jt are modified by the nuclear interaction. With plane-wave boundary 
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conditions, the spherical waves are: 

(3.31) 

The index c = 1 ... 3 denotes the 4S[dtJ, 4D[dt], 2D[dt] channels. The multiplicity factors 

Ae = {If, ~, ~} arize from the spin-angular momentum projection of the J7r = ~+ 
states from the unpolarized incoming tJ.L plane wave. "'e and ~e are the reflectivity and total 

scattering phase shift, defined such that for pure elastic scattering, in which the irregular 

component of the wavefunction must vanish, "'e = 1 and ~e = Ole' As in the previous 

section, the quantities "'e and ~e are determined by the boundary conditions imposed on 

the waves at the nuclear channel radius adt, and the matrix relation that must be solved 

is: 

Rll 

d 
dr 

7/Jo - "'1 ei2~17/Jt 
7/J'2 - "'2ei2~~ 7/Ji 
7/J'2 - "'3ei2~3 7/Ji 

-"'4ei2~4¢i 

= (3.32) 

The empty bracket on the right represents the vector on the LHS of eq. (3.32). The fourth 

component in eq. (3.32) is the outgoing free wave in the an channel, and is 

(3.33) 

Note that there has been a slight change in notation from the previous sectionj the sub

script to 7/J refers to angular momentum, not channel number, as the differences between 

channels has been explicitly extracted in "'e and ~e. 

The amplitudes and phase shifts for the dtJ.L s-wave and the (anJ.L) d-wave are given 

in fig. 3.4. In the top half of the figure is shown the transmission amplitude of the dt s-wave 

channel, and the amplitude in the an channel. In the bottom half of the figure is shown 

the corresponding phase shift in each channel. 
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Figure 3.4: The dtJ.l transmission amplitude 1 - TJf I the em amplitude TJt and the corresponding 
phase shifts ~ll ~4 close to the d + (tJ.lh. threshold. 

3.5 In-flight fusion cross section 

The two-body in-flight fusion cross section can now be obtained by integrating the flux 

in the dt region passing through a solid angle dn for R -+ 00 divided by the incident dt 

current: 

(3.34) 

J e is the Schrodinger current of each dt channel. Jine is the incoming flux which in our 

normalization is Vdt, the relative velocity of the d and t. Alternatively, the integrated flux 
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can be computed at the nuclear channel boundary adt rather than for rdt ~ 00. This cal

culation verifies that conservation of current was maintained by the integration procedure. 

The cross section resulting from the procedure outlined above is presented in fig

ure 3.5 as a function ofthe relative tJ.L-d collision energy between 10 meV and 100 meV. The 

corresponding fusion rate at a liquid hydrogen density of deuterons of l/J = 4.25 X 1022 em -3is 

A(E) = O'(E) l/Jvdt appears in figure 3.6. The fusion rate increases only slowly with de

creasing energy, as the cross section scales approximately as as 1/Vdt. The in-flight 
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Figure 3.5: The d + tJ.' - a + n + J.' in flight 
fusion cross section in barn for tJ.'l8 + d as a 
function of the OM energy in me V. 
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Figure 3.6: The fusion rate corresponding 
to the cross section in fig. 3.5, in an atomic 
deuteron density of p = 4.25 X 1022 cm-3• 

fusion rate A/U8/ l/J = 0' /ulIVdt normalized to liquid hydrogen atomic density of deuterons 

(l/J = 4.25 X 1022 cm-3) has only a slight energy dependence as the cross section conforms 

approximately to Bethe's law and scales as 1/Vdt as Vdt ~ o. The value of 2.1 X 105 s-1 

[41] for small energies agrees well with other estimates of the in-flight fusion rate based on 

entirely different methods [49]. 
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3.6 Limitations of the adiabatic approximation 

The adiabatic approximation made when restricting the muon orbital to the 180' state is 

not a very good one from the point of view of computing the molecular spectra, since the 

muonic mass is already 10 % of the nuclear mass. However, the energy shifts and nuclear 

widths of the J = 0 Coulombic resonances are in good agreement with values obtained 

using three-body wavefunctions and an optical potential description of the nuclear inter

actions. This verifies that the nuclear wavefunction near to the origin is reasonable well 

described, and that the R-matrix parameterization is consistent with other parameteri

zations. Secondly, the in-flight fusion rate is in good agreement with other calculations, 

verifying the general procedure. The amplitude of the dt-an coupling, given by Ndt, is 

therefore certainly correct to within a factor of 2, despite the drastic approximations that 

had to be made to make the problem tractable. 

One serious and important limitation of our approach is that it is not possible 

to compute the sticking fraction from the nonresonant states. As will be discussed in 

Chapter 4, the near-threshold states could play an important role in the dt cycle. To 

obtain the wavefunction of these states it would be necessary to perform a three-body 

calculation of the dtj..L system at an arbitrary energy, allowing for irregular components in 

the nuclear wavefunctionj this is a fairly major calculation. 
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CHAPTER 4 

Pseudo-Resonant Fusion! 

4.1 Introduction 

'Pseudo-resonant' fusion is a term used to indicate that the fusion channel proceeds through 

a part of the dt-an continuum distinct £rom those at which Coulombic molecular resonances 

occur. One of the important results obtained in chapter 3 is the amplitude of the dt-cm 

continuum away from the Coulombic resonances, and in particular that part just below the 

d + (tJ.L)lIJ threshold. The continuum states below the d + (tJ.Lh" are of particular interest 

as they are very large. The asymptotic form of the dt continuum in the dtJ.L, J = 0 channel 

is: 

(4.1) 

where K, = J-2J.Ld,t/JE, and R is the d - (tJ.L) separation. This is just the negative energy, 

L = 0 solution to the free-wave Schrodinger equation for d+ + (tJ.L), to which three-body 

dtJ.L system reduces to with increasing d - t separation. As E -+ 0-, the exponential tail 

reaches out further and further until nearly all of its amplitude is far outside the region 

in which the muonic and nuclear interactions become important. An overall picture of the 

dt-an continuum is given in figure 4.1 At E = -10 meV K, is 0.41 A, so that the "fused" 

component in the dt-an continuum is the size of the electromolecules. What this means is 

that it is possible for a d and t to fuse by making a transition to a state that looks very much 

like an ordinary electromolecular state. These large states exist in any system possessing 

a threshold and a short-range interaction. What makes the dt system unique is the size 

1 Parts of this chapter have been published in [50]. 

---- --------- -------------
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Figure 4.1: The dt-cm continuum just below the d + (tJ.'h. threshold. 

of 1](E) as E -+- 0-, which represents the coupling between the an continuum and the dt 

channel. Usually the Coulomb barrier assures that 1] is vanishingly small. The combination 

of the screening by the muon, and the abnormally large t( d, n)a cross section, provides us 

with a unique system in which the subthreshold states acquire a significant amplitude. At 

temperatures below T ~ 50 K, these can be shown to make an important contribution 

to the fusion rate and can explain the outstanding discrepancy between experimentally 

observed cycling rates and theoretical expectations. In addition, this "pseudoresonant" 

channel could provide an explanation for the anomalously low sticking that has also been 

observed. 
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The transition that will be studied in this chapter take the symbolic form: 

(4.2) 

where (dtP.)E and (anp.)E are the dt and an parts of the total dt-an eigenstate at energy 

E, X is some external system which absorbs the transition energy when the dtp. make the 

transition from the initial state (dtP.)i' and (Jdt, (Jan split the final wavefunction into the 

dt and an regions of the configuration space. The final state is written explicitly as a sum 

of two regions in configuration space to emphasize i) that the wavefunction 'iI!1J appearing 

in equation 4.1 is just a small part of a much larger eigenstate, and ii) that any external 

system X has a corresponding wave function in each region of the configuration space. 

For example, if X is a spectator molecule, the part in the dt region would look just like 

a molecule, but the part in the an would look like a molecule that has been blown apart 

by an energetic alpha. The ap]?ropriate boundary conditions connect the two states at 

vanishing a + nand d + t separations. However, only that part of X in the dt configuration 

is of interest to us when a transition to the dt-an continuum is made from the dt channel. 

In the next section, a detailed study is made of the just below d + (tp. h" threshold 

dt-an continuum. The two types of transitions that can occur are then examined; viz. 

those in which the transition energy is absorbed by the excitation of an electromolecule, 

and those involving the participation of a third body. The resulting cycling rates are then 

compared to experimental data for the dt, dd and pd cycles. Finally, the available sticking 

data in the dt system is reviewed in the context of the pseudoresonant channel. 

4.2 The near-threshold dt-an continuum 

The entire dt-an amplitude was numerically obtained in chapter 3, but close to threshold 

the separation of scales makes it is possible reduce the coupled-channel problem to a rela

tively simple combination of factors, involving the Coulomh barrier penetration probability 

and the nuclear interaction strength. 
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What we are primarily interested in is the amplitude of the dt part of the dt-an 

eigenstate when the an part is plane-wave normalized. Since the logarithmic derivatives 

of the L = 2 dt waves are almost constant when E being within about 100 me V of the 

d + (tJ.Lhs threshold, it is possible to truncate the four-channel R-matrix to just a two

channel R-matrix R connecting the dt 4S channel and the an 2D channels: 

(4.3) 

where the wavefunctions are evaluated at the nuclear channel radius in their respective 

channels. The details of the reduction and the values of R are given in Appendix C.l. 

Writing explicitly the form of the free an wavefunction in terms of its normalization and 

phase shift: 

(4.4) 

the amplitude of the dt wave at the nuclear channel radius can be obtained upon the 

insertion of (4.4) into (4.3): 

.1. ( ) _ N j' 2 cos a R12 - n' 2 sin a R12 
'l'dt adt - an 1 L R 

- dt 11 
(4.5) 

where Ldt is the logarithmic derivative of the dt wavefunction at the nuclear channel radius. 

Examination of (4.5) shows the energy dependence of the dt amplitude near to the d+(tJ.Lh" 

threshold; it is almost constant. This is because j2, n2 and a are functions of the an energy 

Q + E ~ Q, and the logarithmic derivative Ldt is almost independent of energy away 

from the Coulombic resonances. This energy independence is expected as off-resonance 

the amplitude in the dt channel is governed by the 17 .6 MeV an energy, and will not be 

influenced by meV energies in the dt channel. "pdt(adt) therefore represents the nuclear 

interaction strength coupling the dt and an channels. 

4.3 Pseudoresonant molecular transitions 

One possible pseudoresonant fusion mechanism is: 

(4.6) 
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where (dtJ.L)E is the pseudoresonant continuum state which connects to the a + n + J.L 

channel. In this reaction, the transition energy is absorbed by the host electromolecule in 

a similar manner as for the formation of the (11) state. The two main qualitative differ

ences are firstly, that the final dtJ.L state is a pseudoresonance spanning energies of order 

10 meV, whereas the (11) state is sharply peaked with a width of about 1 meV2. Secondly, 

the energy release by the muo-molecule is of order 0.6 eV, whereas the vibrational energy 

of the host electromolecule corresponds to n ~ 0.3 eV. Consequently, the host molecule 

must be excited from the vibrational ground state (Vi = 0) into the second vibrational 

state (VJ = 2). This dipole transition is forbidden in the harmonic approximation and can 

only occur through anharmonic terms in the molecular potential, leading to an effective 

suppression of the (11) molecular formation rate by about two orders of magnitude. By 

contrast, the presence of nonresonant fusing dtJ.L-amplitude allows for muo-molecule for

mation with energy transfer in the range of the vibrational transition energy n of the host 

molecule, as long as the relative kinetic energy of the incident (tJ.L) atom Ei is less than 

n. The dipole transition between rotational states, without the vibrational excitation of 

the host electromolecule, exhausts most of the molecular dipole strength at low energies, 

favoring the nonresonant mechanism. The nonresonant mechanism is further favored by 

the fact that the fusing amplitude '1f;dt( rdt) extends to considerably larger distances than 

the wavefunction of the resonant (11) state, thus increasing the transition dipole moment 

of the muo-molecule. As the description of resonant (Vesman) and nonresonant transition 

rates is rather similar, both processes shall be referred to as Vesman's mechanism. 

There are two specific kinds of transitions that can be considered; those involv

ing the excitation of the first vibrational state of the host molecule, and those involving 

only rotational transitions. The first involve transition energies of order 300 eV, so that 

the characteristic scale of the system is (2l-ltl-',d ·300 me V)-1/2 = 0.14 ao, and is therefore 

smaller than the host molecule. The rotational transition energy for Ki = 0 -t K J = 1 

is of order 5 meV, and consequently the size of the fusing system is about the same size 

as the electromolecule. The optimal transition is when the incoming wavelength is about 

2The width of the (11) state is mainly due to the Auger decay width, but could also be broadened by 
three-body collisions. 



63 

the same size as the final wavelength, so the rotational transitions are more favorable than 

the vibrational transitions. Because of the different scales, the two possibilities must be 

considered separately. 

4.3.1 Vibrational transitions 

The dipole transition matrix element describing the Vesman mechanism is given by 

(4.7) 

where lis the dipole operator of the dt/-L system and E is the electric field created at the 

dt/-L center of mass by the remainder of the host molecule. The wavefunction '\Pi of the 

initial state is given by a plane t/-L-wave with momentum p relative to the target molecule 

(D2 or DT), which is in the vibrational ground state and some thermally excited rotational 

state: 

(4.8) 

Here the Jacobi coordinates are defined as shown in fig. 4.2. PI is the relative coordinate 

of the nuclei of the target molecule, P2 is the coordinate of the t/-L atom with respect of the 

molecular center of mass, and P3 is the relative coordinate between t and /-L. The hat sym

bol indicates a unit vector. '\P ee denotes the electronic configuration of the host molecule, 

which is taken to be the 12:g Born- Oppenheimer state. The factor Jf accounts for the 

amplitude of incoming, unpolarized dt waves in a spin ~ state, which is the component 

which may make the transition to the sub-threshold fusing states. 

The final state is given by a nonresonant fusing dt/-L system at energy E J nested 

inside the host molecule: 

(4.9) 

where pis the relative coordinate between the muo-molecular center of mass and the second 

nucleus of the host molecule (either d or t). As mentioned above, the muonic wavefunction 
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Figure 4.2: Coordinates for vibrational transitions, used in eq. (4.8). 
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can be taken as the IsO' Born-Oppenheimer state in the range of interest of nuclear sepa

rations r dt ~ aw 

In order to evaluate the transition matrix element (4.7), the Jacobi coordinates of 

the initial configuration must be related to those of the final state. As the dipole operator 

weights mostly large distances rdt, the following substitutions are permitted: 

( 4.10) 
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with the parameters 

{3 - Mmol- Md 
1 - , 

Mmol 
(4.11) 

where Mmol is the mass of the target molecule. 

At large d-t separations the muonic 1su-wavefunction is well described by a 1s

wavefunction centered at the t nucleus, i.e. 

( 4.12) 

In the same, limit, the dipole operator of the dtJ.Lmolecule takes the following form 

( 4.13) 

For a dipole transition involving excitations of the rot-vib degrees of freedom of the 

host molecule the initial and final electronic wavefunctions are given by the same ground 

state configuration l~g. Employing the Hellmann-Feynman theorem the electronic part of 

the matrix element (4.7) then yields 

(4.14) 

where Umol(P) is the ground state potential curve of the host molecule. Since we are here 

mainly interested in allowed dipole transitions, the molecular potential may be approxi

ma~ed by an harmonic oscillator 

( 4.15) 

where J.L is the reduced mass of the dtJ.L1I molecule (II = D or T), and Po is the average 

nuclear separation in the ground state. 
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With these approximations the transition matrix element (4.7) for muo-molecule 

formation into a nonresonant fusing state takes the form (we write R in brief for Tdt): 

(4.16) 

In order to obtain the transition rate we sum over the final magnetic quantum number ml, 

and average over the initial states mi and angular coordinate p. Then, the following result 

is obtained: 

( 4.17) 

where the radial matrix elements are given by 

roo E 
= 10 R3dR'ifJd/(R)jl(f33pR) ( 4.18) 

(Xl 2 ()dUmOI () (1 3)~ 
= 10 P dp XVJ P ---;[pxv. P = 2'.un (VI = 1, Vi = 0) ( 4.19) 

For the approximate wavefunction for 'ifJft given in eq. (3.26), D Ii can be explicitly evaluated 

to give: 
D2 1J 1 f3~.ut/J,d € 

Ii = EJi V2 (.ut,d)f (1 + (f34 - 1)€)4 
( 4.20) 

where 1J = 1.28 X 10-8 meV-l is the amplitude of the wave in the dt region as described in 

eq. (3.27), Eli = lEI - Eil is the transition energy, Ei = EIi(1 - €) defines the height of 

the initial state above the d + (t.u)ls threshold, and f34 is: 

2.ut/J,d {0.4910 (D2) 
f34 = f33- = 

.ut,d 0.4088 (DT) 
(4.21 ) 

The above analytical approximation above is only valid for transitions to final states within 

100meV from the d + (t.uhs threshold, where eq. (3.27) is valid; otherwise, Ndt is under

estimated, at 1 eV by about a factor of 2 (see fig. 3.2, near threshold). In addition, for 

the dipole approximation used above the main contribution to the matrix element D Ii 

must come from a region much smaller than the size of the host electromolecule, about 

0.74A= 290aw The main contribution to Dli comes from a region R ~ 60a/J(eV/EIi). 

Thus for transition energies much below 1 eV, the size of the final fusing state approaches 



67 

that of the electromolecule, and the dipole approximation fails. We are therefore only able 

to consider the first vibrational transitions from Vi = 0 -I- V, = 1, for which the transition 

energy is about 300 meV. For this transition, the energy separation between rotational 

states (of order K, X 5 me V for K, - Ki = 1) do not significantly modify the transition 

matrix element. Performing a thermal average using a two-body Boltzmann distribution, 

the dipole matrix element as a function of temperature Tis: 

(4.22) 

where 
f4 rl ~ €~ 

d(E,dT, (34) = V -; 10 d€ e- ~ (1 + ({34 _ 1)€)4' (4.23) 

which must be evaluated numerically. 

In the case of a D2 target molecule the dipole transition matrix element (4.7) is 

not actually permissible without also being accompanied by a flip in on of the d spins. This 

is due to the need to maintain a symmetric wavefunction between the spin 1 deuterons. 

Any transition involving D2 without being also a hyperfine transition would have to be 

quadrupole or higher. The DT molecule is therefore the only one that is relevant here. 

Assuming only a population of DT molecules, the fusion rate is then given by: 

(4.24) 

where p is the density of hydrogen nuclei. p( E,) here denotes the density of final states, 

which depends on the normalization of the an-wavefunctions. For the normalization (3.23) 

we have peEl) = 1. 

The thermal occupation probability of a given DT rotational state for the lowest 

vibrational state is given in figure 4.3. The fusion rates for transitions from these states 

to the first vibrational states are given as a function of temperature in fig. 4.4. It is 

interesting to note that the higher rotational transitions are faster due to their smaller 

transition energy. This occurs due to the larger spacing between rotational states for the 

DT as compared to the composite (( dtj1. )tee) molecule, so that the DT initial state energies 
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Figure 4.4: Vibrational pseudoresonant fu
sion rates for DT, and the individual transi
tion rates weighted with the initial occupation 
probability. 

'catch up' with the (( dtJ.L )tee) final state energies for each dipole transition. The transition 

energies are given in table 4.1. 

State Ki: 0 1 2 3 4 5 
[DTJ(Vi=O,Ki) -4572.8 -4566.6 -4554.3 -4535.8 -4511.3 -4480.8 
((dtJ£)tee)(V,=l,K ,=Ki+1) -4334.9 -4331.0 -4323.4 -4311.9 -4296.6 -4277.5 
6E 237.9 235.6 230.9 223.9 214.7 203.3 

Table 4.1: Vibrational transition energies for [DT1(vi=o,Ki) -jo ((dtJ.L)tee)(v/=l,K/=Ki+1) 
[51, 52], in meV. Absolute energies are relative to the dissociation threshold of DT. 

4.3.2 Rotational transitions 

The rotational transitions are made within the rotational spectrum of the vibrational 

ground state with v = 0: 

( 4.25) 
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and similarly for the DT molecule. As for the vibrational transitions, D.K must be even 

for the D2 molecules. The initial and final states are: 

(4.26) 

(4.27) 

In contrast to the vibrational transition, the pseudoresonant states contributing in the 

matrix element are large compared to the size of the electromolecule and the dipole ap

proximation fails: The interaction potential can however be approximated as: 

(4.28) 

ie. is the screened interaction between the tp. and the observer nucleus. The potential 

only contributes significantly in regions where IR + P1 < 10 a~. For EJ ...... 0(10 meV), 

K. ...... 1 A-I, and the most strongly contributing initial state momenta will also be of order 

A -1. Consequently the probability density <pi<p J changes very little over the region in 

which the interaction potential contributes, and we can replace (4.28) by: 

3 -Hint -I- Bo (R+ jf), 

B == J d3 R€lsu(R) = 4.24 X 10-22 cm2. 

The thermalized transition rate is then: 

(.\) = 2~P(~B)2(JlW)(T) = (T) x { 
1.0 X 106 s-1 

1.2 X 106 s-1 

where (T) is the dimensionless thermalized transition amplitude: 

( 4.29) 

( 4.30) 

(4.31) 

( 4.32) 

and TKiKj(Ei) is the transition amplitude for each rotational transition, which contains 

multipole contributions: 

( 4.33) 
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D/(Ei) is the transition matrix element: 

(4.34) 

The thermalized transition amplitude contains contributions that are peaked near 

to each rotational threshold. This is illustrated in figure 4.5 for the case of tJL+ DT transi

tion, which contains both t::..K =even and t::..K =odd transitions. The rotational levels for 

the D2 and DT molecules for the II = 0 vibrational state are given in table 4.2. The final 

Thermally weighted transition amlitude (DT) 
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Figure 4.5: Thermally weighted transition amplitude for tJ.l+DT rotational transitions, at 
T = 50jK. Each peak is the location of one of the rotational thresholds. 
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State K ·· ,. o 1 2 3 4 5 
-4556.2 -4548.8 -4534.0 -4511.9 -4482.6 -4446.2 
-4572.8 -4566.6 -4554.3 -4535.8 -4511.3 -4480.8 

Table 4.2: Rotational states of D2 and DT for the v = 0 vibrational state [51], in meV. 

fusion rate as a function of temperature is given in figure 4.6, for D2 and DT molecules. 

The Ki = 0 ~ KJ = 1 dipole transition has a transition energy of about 7 meV, and 

provides the main transition strength. Consequently, the transition rate peaks at about 

half this energy, at about 40 K. The D2 transition rates are much smaller than the DT 

rates as only 6.K = 2 transition are allowed. 

4.4 Pseudoresonant three-body transitions 

In addition to reactions in which the transition energy is absorbed by rot-vib states of an 

electromolecule, it is also possible for a spectator body to carry off the reaction energy. 

One such three-body reaction is illustrated in figure 4.7. This reaction is computed as a 

first-order transition in which two D2 molecules interact, placing one of the D2's off mass

shell with respect to the tJ.L and enabling the tJ.L to make the transition to the sub-threshold 

state around one of the deuterons. Labeling the two participating D2 molecules by i and 

j, with fusion occurring with deuteron d = 1 or 2 in molecule i (see figure 4.8), the matrix 

element is: 

M(dj ij) = 
(¢j( (i, Pi)xHpi)Wll(Rid, r )eikl.Rfm I Vii I v'I¢i( (i' Pi)¢i( (i, Pi)eik"¢ls( r») 

( 4.35) 

where ¢i((i,Pi) = Xi(Pi) exp(iki . (i) are the D2 wave functions and RF is the center 

of mass of molecule i and the tJ.L. For simplicity all the plane waves are understood to 

contai~ an implicit factor l/v'volume. The factor v'I in the initial state comes from the 

requirement that the initial d + t be in a spin ~ state, in order to couple to the 5He(~+) 

resonance which dominates the d+t ~ a+n nuclear reaction. It is necessary to symmetrize 

over the deuteron coordinates in the initial and final states, in order to account for their 
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Figure 4.6: Thermalized rotational transition rates for D2 and DT molecules. 

Bose statistics; the exception is the fusing deuteron, since it is coupled to the t and the 

an channel and is therefore distinguishable from the other deuterons. When this is done, 

the expression (4.35) is recovered, noting however that in the summation over i and j, 

the D2 molecules are distinguishable. The pseudo-resonant fusion rate Aq is given by the 

transition rate to the sub-threshold state: 

Aq = 211" L: IM(d, ij)12 PEJ 
P'jdji¢; 

( 4.36) 

where the summation over P' represents integration over final momenta, and PEJ is the 

corresponding density of states. d = 1,2 is the summation over deuteron centers in molecule 

i, and i, j = 1 ... N (N = number of D2 molecules) is the summation over all D2 molecules. 

Since the matrix element is the same for each (d; ij) the summation becomes Ed;i; = 
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Figure 4.7: D2-D2 pseudoresonant reaction. 
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Figure 4.8: Coordinates for D2-D2 pseu
doresonant reaction in figure 4.7, and equa
tion (4.35). 

2 X N(N - 1) ~ p2/2 X n2 , where p = 2N /n is the atomic density of the deuterium and n 
is the volume element. The fusion rate is then: 

( 4.37) 

The factor p2/2 can be understood by noting that while there is a density p of deuterons 

with which to fuse, there is only a density p/2 of D2 molecules off which to scatter. 

For small momentum transfer during the D2 collisions the D2- D2 interaction 

depends primarily upon the separation between the D2 center of masses, p. With this 

proviso the substitution of (4.35) in (4.37) gives: 

211' fO J d3q' 2 
A = TP2 1-00 dE (211')3 [B(V F(s/2) D(S)] S(E! - Ei) ( 4.38) 

where q' is the relative final-state momentum between the fusing (D2 ,tJL) system and the 

second D2, q = k/ - kj is the momentum transfer during the D2-D2 collision, and s = 

k - MtJJ/(MtJJ + MD2) k' is the momentum transfer when the tJL strikes and becomes 

attached to the fusing D2. The matrix elements B, F and D represent the D2-D2 potential 
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scattering in the Born approximation, the D2 form factor as probed by the tp., and the 

overlap of the initial and final dtp. states, respectively. Explicitly, they are: 

B(if) = J d3p eiq .p Vij(p), (4.39) 

F(s/2) = J d3pi e-i~'Pi IXi(Pi)1 2, (4.40) 

D(S) ~ J d3R d3r eis.R 'I!ll(R, r)*cpls(r) ( 4.41) 

= 'Y /(s2 + /'i,2), 'Y = 0.696. ( 4.42) 

F may be easily generalized to include internal excitations of the fusing D2. To account for 

excitations of the scattering D2, tensor components of the D2-D2 interaction would have 

to be taken into account. Both of these considerations become necessary for temperatures 

much greater than 5 meV. For collision energies of less than 5 meV, F(s/2) ~ F(O) = 1. 

B may be estimated from the second virial coefficient for a D2 gas, which contains infor

mation about the D2-D2 interaction at thermal energies. The interaction may be parame

terized by the Lenard-Jones 6-12 potential Vij(p) ~ 4€{(;)12 - (;)6} with € = 3.04 meV, 

(7 = 2.958 A [53]. For q ~ (7-1, corresponding to a temperature of a few Kelvin, we have 

B(q) < B(O) = 4.44 X 10-20 cm2. In fact, the Born approximation in (4.39) is a very poor 

estimate of the D2-D2 interaction due to the strong short-range repulsion at a distance of 

about (7. However, the introduction of a more realistic q-dependent matrix element proves 

to make computation of the matrix element intractable, and the Born approximation is 

necessary in order to obtain a computable result. This should nevertheless give an indica

tion of the magnitude of the pseudoresonant fusion rates at very low temperatures in the 

liquid phase. 

For D2 and tp. temperatures of order 1 K, the pseudo-resonant fusion rate is given 

by: 
p2 ,,/2 (meV)1/2 >.q = _B(0)2 -;;2 I(a, b) = 1.12 X 108 s-1 -E I(a, b) 
311' {3 (2P.Ek)l/2 k 

where Ek = Ei - Ecm , Ei = ~(k2/Mdt + (kr + kJ)/MD2) is the initial energy, 

~p2/(Mdt + 2MD2) is the center of mass kinetic energy with p= k + ki + kj, and 

I(a, b) = fal dx[ax 4 + bx2 + 1rl. 

( 4.43) 

Ecm = 

(4.44) 
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p. = 2400 MeV and il = 0.6666 are composed of the particle masses, and a, b are functions 

of the initial momenta and particle masses such that they are somewhat smaller than 1, 

so that I( a, b) is of order unity and is almost independent of the initial momenta. These 

quantities are defined: 

b = (2ail - 4(3232)/(2il2p.Ek)j 

s = k - MtJ.l/(2MD2 + MtJ.l) pj 

(4.45) 

(4.46) 

( 4.47) 

( 4.48) 

The thermalized fusion rate P,p) is evaluated by selecting a thermally distributed collection 

of three- particle momenta and performing an ensemble average; the result is presented in 

figure 4.9 for T < 2 [(. The thermalized rate closely follows a power law, which arises 

from the factor E'k1
/

2 in eq. (4.43), and can be parameteriz~d by: 

( 4.49) 

This rate could exceed the molecular formation rate of the (11) state at very low tem

peratures, which down to 12 K has been measured to be almost constant at 4 X 108 K. 

Effective competition depends upon the precise temperature and density dependence of 

the (11) formation rate at very low temperatures, which is still not established. 

The present calculation is deficient in two respects. The first is that the momen

tum dependence of the D2-D2 scattering matrix element is not accounted for, which should 

be come important at temperatures much above 1 K. Secondly, the regime in which the 

result is valid is below the freezing point of D2 , in which case the assumption that the 

participating bodies are to a first approximation non-interacting is invalid. Nevertheless it 

does demonstrate the potential significance of the pseudoresonant fusion channel. 
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4.5 Impact on sticking 
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The presence of a side-channel such as a pseudoresonant fusion could have an interesting 

impact on sticking. If the (11) molecular formation must compete with pseudo-resonant 

fusion, then the observed sticking is composed of two contributions: 

AU 0 ) Ap 0 ( ) 
WII = A A ws,u (1 - Rll + A A wlI,p 1 - Rp u+ p 11+ p 

( 4.50) 

where w~,p is the sticking fraction for fusions via the pseudo-resonant channel. The regen

eration factor in each channel is different due to the different initial population of bound 

muons, (a~)n' Some estimation of w~,p can be obtained by noting that the initial sticking 

for fusion directly from the (11) state, which is an extended muonic state such as that 

---------------
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expected for direct fusion, is of the order of 0.1 % [39], as compared to W~,n ~ 0.9 %. 

Actually, a direct comparison of the sticking from the near-threshold J = 1 (11) state to 

sticking from a J = 0 near-threshold state is not possible, because in the former case the 

peculiar nature of the (11) state causes the muon to carry a large fraction of the nuclear 

angular momentum. The sticking from the component of the wavefunction with the muon 

being in an L = 0 state around the nuclei (ft of eq. (2) of ref. [39]) is in fact 0.49, which is 

perhaps a better comparison. The reduction of 54 % over the (01) sticking can only reflect 

the closeness of the (11) state to the continuum. By comparison, the pseudoresonant states 

are within 10's of meV of the continuum. Without a full three-body calculation of the dtj.£ 

system we cannot claim to know precisely what the sticking from these states really is, but 

it is probable that ws,'P ~ ws,n. The second term in eq. (4.50) can then be neglected, so 

that: 
1 Wa >'n 

-0- 1 R (if» ~ >. >. == rn(if>,T). 
wa,n - 11 n + l' 

(4.51) 

rn is the branching ratio into the (11) channel. For T < 50 K the dominant contribution 

to the (11) formation rate is expected to come from three-body collisions [38, 37], so that 

>'n scales with density as >'11 = ¢>2>.g)(T). If >.q is similarly a three-body process, then 

only a temperature dependence appears in r 11: 

( 4.52) 

A plot of experimental values of wal(l - Rn) against temperature is given in figure 4.10, 

where Rn is taken from ref. [14, 13], and w~,n = 0.915 from ref. [11], and the experimental 

data from LAMPF as related to temperature, rather than density, from [54]. 

Two features of figure 4.10 are worth noting. Firstly, in the absence of any direct

reaction channel the data should be flat. Instead, there is a trend downwards with tem

perature. Secondly, shown as function of temperature, rather than density, the LAMPF, 

SIN and KEK data appear to be more consistent with one another. The long-standing 

discrepancy between the LAMPF and SIN data can be attributed to the fact that LAMPF 

data was taken varying at the same time both density and temperature as the pressure was 

varied, whereas PSI had a temperature of T = 23 K for the liquid D2 data points and 

T = 30-35 K for their near liquid D2 gas data [10]. 
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Figure 4.10: Branching into (11) state with temperature. If the resonant model is correct, the 
points should be constant, at unity. 

4.6 Experimental evidence 

Apart from the possible temperature dependence in ws/(l- Rll ), there are hints of a direct 

fusion channel in both dd and pd fusion. It has recently been reported that the ratio of 

dd ..... 3Hen to dd ..... tp reactions goes to unity at T ~ 50 K, as compared to the room 

temperature value of 1.39 [32]. This suggests that there is a direct fusion channel able 

to compete with the (ddJ.L)n formation rate at low temperatures, allowing the deuterons 

-----------------
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to fuse from an 8-wave r(l.ther than from the nuclear p-wave in the (11) state. In this 

case it is not possible to rule out conventional direct fusion channels, such as the Auger 

formation of (ddJ.L) state with J = O. The second observation is difficult to understand 

without pseudo-resonant direct fusion mechanism. For some time it has been known that 

the pd fusion rate becomes enhanced by a factor of 2 as temperature is reduced to 25 K 

([23]; see also section 2.2). This is very surprising as the (pdJ.L) cycle should be com

pletely non-resonant. Only if transition energies of me V are governing the fusion process, 

such as in pseudo-resonant fusion, can there be any influence from temperature on this rate. 



80 

CHAPTER 5 

Inertially Confined Muon Catalyzed Fusion 1 

5.1 Introduction 

The motivation for examining inertially confined muon catalyzed fusion (IC-MuCF) at 

very high densities is primarily the possibility of reducing the sticking due to enhanced 

regeneration. A superficial examination of the stopping power indicates that density has 

little impact on the regeneration probability. Regeneration is composed of the stopping 

power of the hydrogen medium, and the stripping cross section: 

dE 
dt 
dR 
dt 

= -S(E)pv 

= (J'strip(E)pv, 

Solving for R the density cancels: 

(5.1) 

(5.2) 

(5.3) 

Thus the regeneration factor is insensitive to the density, but is exponentially dependent 

upon the stopping power and the stripping cross section. Actually, density dependence 

enters in two ways: 

i) The muon is initially stuck in a distribution of Coulombic states around the Q, each 

of which have a different stripping cross section. All of the various kinds of transitions 

connecting these states scale with density, with the exception of radiative de-excitation. 

Consequently, if the excitation rates are able to compete with radiative de-excitation (which 

Iparts of this chapter have been published in [55]. 
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is 1.3 X 10-12 s-1between the 1s and 2p states) ladder ionization can occur, and the overall 

regeneration process will contain a density dependence. 

ii) In atomic media, the stopping power is density independent2. in this case, the main 

contribution to the stopping power comes from scattering of electrons from hydrogenic 

orbitals. At higher temperatures and densities a plasma is formed and the electrons join 

the continuum. The result is a decrease in the stopping power with respect to the atomic 

phase, when the average electron velocity in the plasma is greater then the velocity of the 

bound electrons. This point first noted by Menshikov [56], .who suggested that regeneration 

could be significantly enhanced in a 'tepid' plasma with a temperature of a few e V. However, 

Jandel et al [57] have found that in order to increase the regeneration to above 0.9, it is 

necessary to go to temperatures of T = 1000 eV at LHD. It should be noted that in this 

kind of plasma (T < 1000 eV, p <LHD), the stopping power still scales with density and the 

density dependence in the regeneration is again due to competition between radiative and 

density-dependent transitions. However, all of these estimates have supposed the electron 

gas to be non-degenerate. For a gas of T = 100 eV at a density of 103 LHD, the electron 

degeneracy is approximately JlIT = 4.4, (where Jl is the chemical potential) and the fermi 

velocity is vJ = 5.7 QC. Thus the electron velocities are comparable to that of the (QJl)+ 

following fusion, which is approximately 6 QC, and only the electrons near to the Fermi 

surface can be scattered. The stopping power S is consequently significantly reduced, and 

also becomes significantly density dependent. 

An additional advantage of IC-MuCF is the elimination of the dJl + t ~ d + tJl 

transfer problem. Depending on the fusion mechanism in the plasma, transfer may not 

even be necessary. In addition, transfer from excited states of dJl scales with density; at 

LHD these transfer rates are already competitive with the radiative de-excitation rate from 

the (dJlh p state, so most muons initially captured by d will be transferred very rapidly to 

the t. Even if the (dJ.L h" state is reached, transfer will occur within 10-11 s. This has the 

important practical advantage of allowing a much smaller tritium fraction to be used than 

is practical in liquid hydrogen. 

2Note that the stopping power is often defined -dE/dt = -S(E), in which case it scales with density. 
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For IC-MuCF to be even considered, it is necessary that the plasma have a suffi

ciently long lifetime for the catalytic cycle to occur many times over. Estimates indicate 

that plasmas of temperatures T !:::! 100 eV, densities of 1000 LHD, and lifetimes of 0.1 J.Ls 

are achievable in an inertial confinement facility driven by heavy-ion beams. This lifetime 

is ten times smaller than the muonic lifetime, so the muon is effectively a stable particle on 

this time scale. In these plasma environments, the resonant formation of muonic molecule's 

is of course impossible. Even if molecules are formed, collisions are frequent enough for 

there to be a significant probability for them to be dissociated within 10-11 s, which is 

comparable to the fusion rate from molecular states. Direct reaction mechanisms do not 

suffer from this problem. 

At sufficiently high densities it is the fusion rate that becomes the bottleneck in 

the fusion cycle. The rate could be increased by using other exotic heavy particles other 

than the muon to catalyze fusions. There are many hadrons possessing lifetimes of the or

der of 10-10 s, which could potentially catalyze thousands of fusions in their lifetime. The 

possibility of hadronic catalyzed fusion is discussed in section 6, against the background 

established for IC-MuCF. 

In summary, in order to test the feasibility of IC-MuCF it is necessary to establish: 

i) The best environment for IC-MuCF within economic and technological constraints; 

ii) The atomic and molecular formation and dissociation rates; 

iii) The fusion rates and initial sticking probabilities of the dominant fusion channels in the 

MuCF cycle; 

jv) The regeneration probability. 

Each of these topics is discussed in detail below. 



83 

5.2 Parameters of an IC-MuCF system 

We must first establish the range of parameters that any IC-MuCF system must meet 

before it can be considered practicable. The two most important constraints are: 

i) Economic viability; 

ii) Cost efficiency of muon production. 

The first constraint determines the scale on which IC-MuCF must be made to work. Typi

cally a commercial power plant must generate 100-1000 MW or more; this excludes special

ized applications such as space propulsion. The second constraint requires that each muon 

must catalyze 1000 fusions or more. This leads to one of the fundamental limitations of 

IC-MuCF, viz. that of burn efficiency. If the muon is to catalyze 1000 fusions, scavenging 

by fusion products must be sufficiently small to permit this, requiring the concentration of 

fusion products to be always less than about 10-3 • Consequently, only a small fraction of 

the fuel can be burnt before the IC-MuCF reaction ceases. 

The consequences of these two constraints are detailed in table 5.1. An additional 

i) Economic viabillity 

ii) Cost efficiency of 
muon production 

iii) Temperature T = 100 eV 

=> 1000 MW plant operating at 10 Hz 
=> 100 MJ per shot = 3.5 x 1019 dt fusions 
=> fusions per muon N J > 1000 
=> Burn efficiency T/b < 103 

=> Initial diameter of pellet R ~ 1 cm 
=> Disassembly time Td ~ 4 X 10-8 S 

=> Cycling rate Ac > 2.5 X 1010 s-l 

Table 5.1: Basic energy constraints on IC-MuCF 

input required before the lower bound on Ac can be obtained is the temperature at which 

the main cycle is to occur. Since we want to maximize the confinement time, the lowest 

value of T compatible with the compression of the hydrogen to 103 LHD is chosen. The 
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disassembly time Td can be very crudely estimated as Td ~ R/4(md/T)1/2, which is e{lsen

tially just the radius of the pellet divided by the velocity of the deuterons (or tritons) at 

temperature T, corrected for slowing of the expansion as the plasma expands. In conven

tional ICF, temperatures of tens of ke V are required in order to reach thermonuclear burn, 

greatly reducing the confinement time and increasing the difficulty of compression. 

5.3 Fusion via molecular formation 

5.3.1 General considerations 

Fusion of nuclear isotopes can occur following molecular formation. In a dense plasma 

environment with temperatures above the electro-molecular dissociation energies, muo

molecular formation can only occur by nonresonant processes, involving a third body. 

Consequently, molecular formation scales as density squared, and will always dominate 

any other rate at sufficiently high densities. 

The molecular formation rate depends sensitively on the binding energy of the 

molecular state which is being formed, and on the symmetry of the molecule. The binding 

energies of all of the muo-molecular states are given in the table 5.2. 

(Jv) (pPJ.L ) (pdJ.L ) (ptJ.L) (ddJ.L) (dtJ.L ) (ttJ.L) 
(00) 253.152 221.549 213.840 325.073 319.139 362.909 
(01) 35.844 34.834 83.771 
(10) 107.265 97.498 99.126 226.681 232.471 289.141 
(11) 1.974 0.660 45.205 
(20) 86.45 102.654 172.65 
(30) 48.70 

Table 5.2: Binding energies of the muo-molecular states, in eV. 

The binding energy essentially determines the size of the final state matrix element. 

Particularly notable are the ddJ.L,dtJ.L and ttJ.L (11) states, which act as the "doorway" states 
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to molecular formation and fusion. 

Once a muonic molecule has been formed, it can be broken apart again if collision 

occurs with another nucleon with a center of mass energy above the disaociation threshold 

of the molecule. In a T = 100 e V plasma, this makes nearly all of the molecular states 

available for dissociation, with the exception of the (00) and (10) states. For this reason it 

is important to know how quickly the excited molecular states decay to the ground state. 

This occurs mainly by Auger de-excitation. In the pp, dd and tt systems, this is suppressed 

by symmetry considerations. Thus the ddj.t and ttj.t (11) and states, which are closest to the 

dissociation threshold and consequently have the fastest formation rates, are dissociated 

before any transition to a J = a state can occur. This permits the dtj.t (11) doorway state 

to compete against the other fusion channels. 

Nuclear fusion occurs once a molecular state is reached in which the final-state 

nuclear channel is accessible, and in which the fusion reaction rate can compete effectively 

against molecular transition rates. The fastest fusion rate of all the reactions occurs from 

the (dtj.t) (00) state, which fuses within 10-12 s. This sets a fundamental time scale in 

IC-MUCF, unless a suitable catalyzing particle heavier than the muon can be found. 

It is clear from the brief discussion above that the molecular dynamics surrounding 

fusion via molecular formation is rather complex. It is not possible to truncate the system 

to a single dominant channel, as important contributions to the sticking probability can 

come from relatively rare, high-sticking channels. To obtain a correct picture it is necessary 

to know in detail: 

i) The molecular formation rates; 

ii) The molecular dissociation rates; 

iii) De-excitation and excitation rates of molecular states; 
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iv) Fusion rates from molecular states; and 

v) Sticking and regeneration probabilities for fusion from each molecular state. 

Each of these is discussed in a separate section below. In order not to get lost in the details 

and to preserve a global perspective of this plethora of processes, only the relevant physics 

and the final results are presented here. The details may be found in Appendix D. 

5.3.2 Molecular formation rates 

The dominant molecular formation mechanism is the three-body reaction: 

(5.4) 

and all other possible permutations of hydrogen isotopes. In this reaction, the presence 

of a third body is required to carry off the molecular binding energy. In liquid hydrogen, 

nonresonant molecular formation can also occur by the Auger emission of a molecular 

electron: 

(5.5) 

This reaction occurs at a rate of about 104 s-l, and was one of the first reactions consid

ered by Zeldovich and Gershstein [58]. The electron density in the vicinity of the deuterons 

in the molecule is about 50 LHD, which is 20 times less than the 1000 LHD or more an

ticipated in the IC-MuCF environment. Thus one would naively expect fusion rates in a 

plasma environment to be 20000 times greater, or about lOs s-l. 

The plasma. environment is very different to that of liquid hydrogen. The most 

important factor is the electron degeneracy. At T = 100 eV and p = 103 LHD, the 

degeneracy of the electron gas is already about J.l/T = 4, and this increases rapidly with 

decreasing temperature. The degeneracy for different densities appears in figure 5.1. Since 

it is the electrons that participate in molecular formation, dissociation and de-excitation, 

the degeneracy of the electron gas has an important impact upon the density dependence 
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Figure 5.1: Electron degeneracy as a function of temperature, for various densities. 

of the various rates. For molecular formation and dissociation, a term: 

f(k) (1 - f(k')) (5.6) 

enters into the matrix element, where f(k) is the fermi distribution: 

f(k) = 1 
- 1 + exp((€k - p,)/T)' 

(5.7) 

and k, k' are the initial and final momenta. For molecular formation, k' < k, and conse

quently there is an important final-state suppression due to the lack of unoccupied final 

states for the electron. 

In addition, the momentum matching between initial and final electron states is 

much better due to the higher initial momentum of the electrons. However, the Fermi 
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energy of the electrons is already about 300 eV, so that only electrons near to the Fermi 

surface are able to participate in the formation of the more loosely bound molecular states, 

which are larger and therefore have the largest matrix elements. 

5.3.3 Molecular dissociation 

Molecular dissociation occurs primarily by collision of the muonic molecule with other 

nuclei: 

(5.8) 

and all other permutations of hydrogen isotopes. The electron dissociation process is 

suppressed due to the much smaller center of mass energy available during the collision. 

Muonic excitation in the final state is unlikely as the excitation threshold is 1.3 keY, much 

above the temperatures of interest. The dissociation rate scales as density, so at a suffi

ciently high density molecular formation will always dominate. 

The calculation of this cross section is rather difficult as the velocities of the nuclei 

are less than 0.04 a, and it is necessary to employ the distorted Born approximation with 

Coulombic waves in the initial and final states. In additioIl, both monopole and quadrupole 

terms must be obtained for the (ddj.L) and (ttj.L) initial states. The details of the calculation 

may be found in Appendix D. 

5.3.4 Molecular de-excitation 

The dissociation rates of the more loosely bound muonic molecules must compete with 

the de-excitation rate of these states to more strongly bound states. Transition between 

molecular states occur primarily by dipole Auger processes. The density of electrons at one 

of the nuclear centers in ordinary electromolecules is already about 50 LHDj consequently, 

the 103 LHD plasma environment provides at most only a factor 20 increase in the Auger 
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de-excitation rate over muonic molecules embedded in electromoleculesj this rate is 6 X 

10-11 s-1 for the (11) -I- (01) transition in dtJ.L, for example [52]. The remaining transitions 

occur more slowly due to the smaller dipoles and poor momentum matching between 

the electronic initial state, of energy'" 10 eV, and the final state, of energy'" 100 eV. 

In the 100 eV plasma the momentum matching is improved. However, transitions with 

AE", 10 eV are disfavored due to the electron degeneracy, for which the fermi energy lies 

at above 400 e V. 

5.3.5 Fusion rates from molecular states 

As a preliminary determination of the time scales and relevant sticking fractions, the fusion 

rates and sticking fractions for dt and dd reactions are given in table 5.3. The fusion rates 

Reaction (Jv) AJ (109 s 1) w~ (%) 
d + t[l1] (00) 1.90 X 103 0.915 

(01) 1.61 X 103 0.917 
d + d[21] (10) 1.5 13.3 

(11) 0.43 13.3 
t + t[21] (11) 0.012 14 

(10) 0.013 14 

Table 5.3: Fusion rates and sticking fractions from molecular states. 

from the J = 1 states in the ddJ.L system are important, as the firstly the p-wave component 

in the dd fUf?ion reaction is fairly large, and secondly the transition rate to the J = 0 states 

is suppressed as this must be a hyperfine transition, allowing the fusion rate to compete 

with the Auger transition rate, which must also be determined. Some of the relevant 

transitions are shown in figure 5.2. 
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Figure 5.2: Transitions occurring in the dtJ-l. ddJ-l and ttJ-l molecules. 

5.3.6 Stopping power and regeneration 

In the regime of interest, the stopping power is that of a degenerate electron gas. This 

has already been studied in some detail [59, 60]. At high densities, for which the electron 

plasma is degenerate, the stopping power behaves as In p / p rather than as a constant. 

This density factor has a dramatic impact on the regeneration factor, as can be seen from 

eq. (5.3). 

When p > 100 LHD, the stripping cross section from the n = 2 states of the Ci!-£ ion 

become competitive with the radiative de-excitation rate of the 2p state. Eq. (5.3) is then 



91 

too simplistic, and it is necessary to perform a population dynamics calculation to allow 

for the ladder ionization of the (O!J.L hs state. This computation must include the stripping, 

radiative and Auger de-excitation, inelastic excitation and de-excitation, and stark mixing 

cross sections for the O!J.L states. The details of this calculation appear in section D.6. 

5.4 Direct fusion reaction mechanisms 

The details of the computing the in-flight fusion rate for d + t have been discussed in 

chapter 3. Even at densities of 103 LHD, the electron screening length is still 0.2 A, which 

provides insignificant screening compared to the muon. It is worth noting that below 

about 500 eV, the fusion rate without muons is insignificant. This is discussed in detail in 

section D.l. 

5.4.1 In-flight fusion 

In-flight fusion has already been discussed in some detail in section 3.5. The results ob

tained for in-flight fusion in atomic environments can be directly applied to the plasma 

environment. For all temperatures below a few keY the fusion cross section is still well 

within the Bethe-Iaw region, and the only significant difference is in the density. The direct 

reaction rate is therefore approximately constant, with a value of lOB s-1 at 1000 LHD. 

5.4.2 Pseudoresonant reactions 

Pseudoresonant reactions of the kind described in chapter 4 could make an important 

contribution to the direct reaction rate. Since all molecular structures are destroyed in 

the plasma, the only kinds of pseudoresonant reactions that can occur are those involving 

three bodies; in particular, the reaction: 

(5.9) 
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and similarly for that involving a spectator t+. In this reaction, two kinds of processes can 

occur. In the first, d+ -d+ scattering precedes molecular formation, and in the second, the 

tJ.L scatters off an ion before molecular formation. The two possibilities are illustrated in 

the diagrams 5.3,5.4. Although the tJ.L-d+ interaction is short ranged, it is 100 times the 

n 

ex + It n 

Figure 5.3: d+ -d+ pseudoresonant process in 
a plasma 

Figure 5.4: d+ -til pseudo resonant process in 
a plasma 

strength of the d+ -d+ interaction, which has a screened range of about 0.2 A. In addition, 

the tJ.L-d scattering is insensitive to temperature for T less than a few keY. The d+-d+ 

pseudoresonant rate on the other hand falls rapidly with temperature, as the Coulomb 

scattering matrix element falls off as 1/ q2 for q > 1/ Rs: 

471" 
B(q)=a 2 -2' 

q + Rs 
(5.10) 

The details of the calculation are given in section D.5. 

5.5 Summary and conclusion 

In figure 5.5 appears a summary of the rates for some of the processes that have been 

computed for the ICMuCF environment at 103 LIrD. It can be noted that molecular 
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dissociation, even for the (11) state, is not such a tremendous problem since the Auger de

excitation rate is about an order of magnitude faster. However, Auger molecular formation 

is only about 108 s-l, and at this is scaling only approximately linearly with density. Con

sequently, molecular formation is about 100 times short of the required cycling rate. The 

direct reaction rate is almost precisely equal to the molecular formation rate, and is also 

not useful. Up to now, this has been the only fusion mechanism considered in such scenar-

ios [61]. 

The pseudoresonant rates are found to exceed the molecular formation rate and 

direct reaction rate. The d+ -tj.L pseudoresonant rate marginally exceeds both by about a 
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factor of 2-5, depending on the temperature. The d+ -d+ pseudoresonant rate is strongly 

temperature dependent, exceeding 1010 S-l below T = 10 eV, and falling below the direct 

reaction and molecular formation rates at T = 50 eV. However, it is unlikely that such cold 

plasmas can be produced. In addition, the d+ -d+ computation was performed assuming 

that the pseudoresonant state was unperturbed over distances of order 1 Aj this should be 

compared to the density of particles of about 43 A -3. On the one hand, this could have 

the effect of suppressing the amplitude of the pseudoresonant state, but on the other, the 

transition amplitude could be enhanced by the participation of many bodies in the reaction 

rather than just three. Conventional three-body muo-molecular resonances are also known 

to exist in the continuum, and could contribute to the fusion rate. 

Employing MuCF in a degenerate plasma environment cures two of the important 

limitations imposed MuCF in molecular hydrogenj namely, the sticking problem and the 

problem of muon transfer from the d to the t. In addition, the fast transfer rates in the 

plasma would allow even a small tritium fraction to be effective. However, it appears that 

these two problems have been replaced by the problem of increasing the cycling rate to 

1010 s-l or more. So far the required fusion mechanism has not been found. What has 

also not been adequately addressed is the question of muon production and pellet com

pression, and whether the two processes can be combined in a single driver. The problem 

with producing muons in situ is that the pions become quickly absorbed before they can 

decay into muons. Nevertheless, such schemes have been proposed in the context ofMuCF 

in a molecular environment, and it is may be possible that tailoring the driver beam could 

produce the muons in the liquid hydrogen density target before compression is initiated. 

The driver configuration has an important impact on the economics of ICMuCF. 

To conclude, ICMuCF has proven to be rich in interesting physics. It is the only 

environment so far found in which pseudoresonant processes could be the dominant fusion 

channels. Despite this, the fusion rate is the obstacle confronting ICMuCF. 
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CHAPTER 6 

Catalysis of fusion by heavy hadrons 

6.1 Introduction 

One can question the advantages and disadvantages of using some massive, negative particle 

to catalyze fusion other than the muon, which shall be denoted as X-. The only restriction 

on X- is that it possess a lifetime in the chosen environment that is much longer than 

the catalytic cycling rate, the exact ratio being determined by the cost of producing the X- . 

There are three important points worth noting in this context. Firstly, the direct 

fusion rate goes up dramatically with increasing X- mass. This is because even with the 

muon, the Coulomb barrier is still fairly large; the Gamow factor for dtIL, for example, 

is TJ = 3.1, meaning that the barrier penetration factor appearing in the fusion rate is 

exp( -211'TJ) = 3.5 X 10-9• Thus there is the potential to increase the dt fusion rate by nine 

orders of magnitude, raising the direct fusion rate from 105 s-1 to 1014 s-1 at LHD. In ad

dition, if fusion is undertaken in a very dense environment at a density of 103 LHD or more, 

then the fusion rate can be raised to 1017 s-1 or more. This is however a tremendously 

optimistic estimate. In practice, the WKB estimate becomes increasingly inaccurate as the 

forbidden region shrinks, and tunneling is not quite so efficient. Also, when the mass of 

X- exceeds the mass of the fusing nucleus, it is the Bohr radius of the nuclei that becomes 

the limiting factor in the tunneling probability. 

Secondly, the sticking fraction remains unchanged with increasing X- mass, at 
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least in the adiabatic approximation. This is because the velocity of the X- around the 

compound nucleus is always 2ac, regardless of the X- mass, and it is this velocity relative 

to the velocity of the outgoing charged nuclear products which determines the probability 

of sticking. Actually, for heavier particles the sticking should decrease due to the increasing 

fraction of non-adiabatic components in the three-body wavefunction. 

Thirdly, a large X- mass begins to make exotic fusion channels, such as internal 

conversion, more competitive. In the pd system, for example, internal conversion occurs 

16 % of the time, at a rate of 5.0 X 104 s-l. The conversion rate scales with the density of 

the binding particle at the origin around the united atom, as m:k. An additional factor is 

gained by a better momentum matching in the initial and final states. Consequently, con

version of a 2 GeV X- shifts the branching ratio into the 'Y channel to less than 0.1 %, and 

raises the conversion rate to more than 3 X 1011 s-1 at 103 LHD. The pd reaction would 

be ideal from the point of view of energy production, since the fuel is readily available and 

it is aneutronic. 

The above paragraphs outline the positive aspects of X- fusion. The negative 

aspects are just as numerous. Firstly, the typical lifetime of a heavy, long-lived hadron 

is 10-10 s or less. The only available fermion heavier than the muon, viz. the T, has a 

lifetime of only 3.0 X 1O-13S, and can almost certainly be ruled out as a fusion candidate. 

The same is probably true of the bottom hadrons, of which only the B meson has been so 

far identified. The B mesons also have lifetimes of typically 10-13 s, which is due to the 

fast decay of the b quark into c. Barring a long lifetime for the =b" or f2b" mesons, bottom 

baryons can probably be ruled out as well. 

Secondly, the cost of production of heavy mesons is far greater than that for muons; 

the only exception is 11"-, from which the muon is derived. Some heavy hadrons, such as E-, 

can be manufactured relatively cheaply by hadronic reactions between mesons and nuclei. 

Multiply strange or bottom hadrons could possibly be manufactured using an energetic 
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beam of strange or bottom mesons. However, production costs are generally a formidable 

problem. 

6.2 Candidate X- particles 

There are a number of exotic particles with lifetimes of 10-10 s or more. All of them are 

hadrons, since the only q = -1 fermion heavier than the muon is the T-, which has a 

lifetime of the T is 3.0 X 10-13 Sj this is probably too short to be of any practical use. 

A list of potential candidates with lifetimes of greater than about 10-10 s is given 

in the table below. The charmed and bottom hadrons are excluded because of their short 

Particle Mass (MeV) Lifetime (10-10 s) Quark composition 
Mesons: 
11' 139.57 260 ud 
K- 493.65 124 uS 
B- 5277 0.013 ub 
Baryons: 
p 938.3 00 uud 
E- 1197.4 1.48 dds 
~- 1321.3 1.64 dss ...... 

n- 1672.4 0.822 sss 

Table 6.1: Masses, lifetimes and quark composition of exotic negative particles 

lifetime of the order of 10-12 s. To be of any practical use the fusion rate would have to 

exceed 10-15 s-l, which is a rather unlikely proposition. However, the very heavy hadrons 

are still interesting in that they can resist quark exchange reactionsj this is discussed further 

in section 6.3. 
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6.2.1 Capture and cascade of X-

Generally, a free X- is Auger captured into a high Coulomb orbit orbit around the hy

drogen with n ~ Jmx fmc, and I = n - 1. It then decays downward first by the external 

Auger emission of electrons, followed by radiative decay for the more energetic transition 

for small n. This is illustrated in figure 6.1. During the cascade, there is also a small 

...... Auger capture 
''., 
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I' 
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jJ 

Hadronic reaction 

Figure 6.1: Cascade of X- following capture by hydrogen. 

Stark mixing of the 1 =P 0 orbitals into the 1 = 0 orbital, in which the hadron is able to 

undergo a hadronic reaction with the nucleons within the hydrogen nucleus. 

The cascade is fairly rapid, with the radiative lifetime of the 2p state being the 

- ----------- - --------------------------------
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shortest: 

T2p = mJj 3.3 x 10-11 s (6.1) 
mx 

The radiative lifetime increases quickly with n, and the Auger processes are usually com

petitive at n ;;:: 2. 

The cascade processes must also compete with the hadronic reactions, which be

come increasingly important as n decreases. 

6.2.2 Mesonic reactions 

The mesons can immediately be ruled out due to their fast reaction with nuclei to form 

other hadrons. Both the 1r- and the K- mesons undergo such reactions. The K- is 

the simplest of the two, since reactions appear to occur primarily with a single nucleus. 

Reactions with p lead to [62]: 

K-p ~ E-1r+ + 94.9 MeV (46 %) 

~ E°1r° + 104.4 MeV (27 %) 

~ E+1r- + 105.0 MeV (20 %) 

~ A°1r° + 181.3 MeV (7 %) 

(6.2) 

The hadronic width is sufficiently small to permit the k- to cascade down to the Is state 

before the interaction occurs. Experiments [63, 64] indicate that the hadronic width of the 

Is state is of the order of 100 eV, corresponding to a lifetime of 6.6 X 10-18 s. Thus, any 

fusion cycle in which the K- reaches the hydrogenic Is state is out of the question. It 

is not possible for fusion from excited H K- states to be competitive with the hadronic 

interaction. 
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6.2.3 Baryonic reactions 

The baryons suffer from the same problem as mesons. The p, ~- , S- and n- are all able 

to undergo exothermic quark exchange reactions. The p is particularly disastrous as it can 

split into three pions or undergo qij annihilation. The ~- undergoes the reactions [65]: 

~-p -+- AOn + 80.5 MeV ("" 58 %) 

-+- ~on + 3.6 MeV (IV 42 %) 
(6.3) 

The width of the ls state for ~-p has only an experimental upper bound of 0.5 keV, and 

there is no reason to expect it to be any less than that for K-p. 

There is more hope for the S-, which has strangeness -2. An exchange involving 

an s quark is unfavorable as the binding energy of the ssq system benefits from the presence 

of two heavy quarks in the same bag. However, this benefit is insufficient to prohibit the 

S-p -+- AOAo reaction from occuring. In addition, the reaction in which the u quark in S

is replaced by a d from p is exothermic by only 5 MeV: 

S-p -+- SOn + 5.1 MeV 

-+- AOAo + 28.3 MeV 

The width of the ~-p 1s state is unknown. 

(6.4) 

Finally, the n-, although it has good binding energy in the initial state, reacts with 

p to form relatively strongly bound final states so that the reaction is quite exothermic: 

n-p -+- SOAo + 180.2 MeV 

-+- S°1;° + 103.3 MeV (6.5) 

-+- S-1;+ + 100.0 MeV 

6.3 Charmed and bottom hadrons 

The lifetimes of the charmed and bottom hadrons is generally 10-12_10-13 s. These are still 

of some potential interest as some of the kinds of hadronic reactions in the previous section 
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are energetically forbidden. This should be the case when there are two heavy quarks in 

the negative hadron, which are deeply bound in the initial state. The baryons are probably 

poor candidates since if the third quark is d, it is vulnerable to u +-!o d exchange. If on the 

other hand the third quark is heavy, exchange of one of the heavy quarks is still favorable; 

this appears to be the case in the n-p reactions. 

The only experimentally observed meson containing two heavy quarks and pos

sessing a negative charge is the D; meson (quark content cs). This meson does indeed 

resist quark exchange. The otherwise allowed but energetically forbidden reactions are: 

D;p - £fAo - 72.6 MeV 

_ £f'£o - 149.5 MeV 

- D-'£+ - 151.1 MeV 

(6.6) 

Reactions involving a neutron in the initial state are qualitatively similar and are also 

forbidden. In addition, the D; meson is not vulnerable to qij annihilation, as are the light 

mesons. D; is a good candidate in every respect except for its short lifetime, which is 

1.1 X 10-12 s, brought about by the weak decay of the c - s. 

The bottom quark unfortunately also has a relatively short lifetime, of the order 

of 10-12 s, as indicated by the lifetime of the B mesons which have measured lifetimes of 

1.3 X 10-12 s. Barring any extraordinary lifetimes for the cb, fs or fb mesons, there do not 

seem to be any suitable candidates among the very heavy mesons. 

6.4 Conclusion 

The muon appears to be a unique candidate for catalyzed fusion. It is both heavy enough 

to significantly screen the coulomb potential, and light enough to resist rapid weak decay. 

It is also leptonic, and does not suffer from the hadronic :;'eactions which rule out the the 

lighter mesons and baryons. 
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The only hadrons able to resist quark exchange reaction~ with neutrons or protons 

appear to be those containing two heavy quarks, for which at least one is a charmed or 

heavier quark. These heavy quarks have lifetimes of 10-12 s or less, which is too short to 

be of any use. In addition, they are expensive to manufacture. 

Despite the gains that can be made in the direct reaction rate by using heavy 

catalytic particles, these are still insufficient to overcome shorter lifetimes of the very heavy 

hadrons. The ideal catalytic particle would have a mass of about 3 Ge V (equal to the mass 

of 3He), have a lifetime of at least 10-10 s, and be able to resist hadronic interactions with 

nuclei. Unfortunately, nature does not appear to have provided us with such a particle. 
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CHAPTER 7 

Summary and Conclusions 

The pseudoresonant reactions described in chapters 4 and 5 offer interesting side-channels 

to the formation of the (11) state in the dtjJ. system. Those involving the excitation of the 

host electromolecule are rather slow, but the three-body reactions could prove to be com

petitive. Their calculation for high temperatures is however difficult and requires further 

attention. The subthreshold continua for the dd and pd systems also need to be system

atically addressed, and pseudoresonant processes in these cycles may already have been 

observed. 

Inertially confined MuCF offers a number of potential benefits, concerning the 

elimination of muon sticking and the d ~ t muon transfer problem. However, the molec

ular formation or direct fusion mechanisms that have so far been found fall about two 

orders of magnitude short of being useful. Nevertheless the fusion rate is still fast enough 

to be experimentally observable, and the ICMuCF environment is the only one found in 

which pseudoresonant reactions are expected to exceed in-flight fusion and the molecular 

formation rate. In these dense plasma environments, n-body reactions need to be seriously 

considered. 

Catalyzed fusion with heavy hadrons appears to be an unlikely prospect. The 

hadrons composed of light quarks rapidly undergo exchange reactions in nuclear matter. 

The hadrons composed of heavy quarks, which can resist such exchange reactions, decay 

too quickly to be of any use, even in an ICMuCF environment. 



APPENDIX A 

List of Abbreviations and Symbols 

The following abbreviations and symbols are used consistently throughout the text: 

Abbreviation 

Ct 

d 

ICMuCF 

JINR 

KEK 

LAMPF 

LHD 

MuCF 

p 

WG 

PSI 

RAL 

t 

J.L 

Explanation 

Muonic Bohr radius, = 256 fm. 

Deuterium concentration 

Tritium concentration 

Deuterium isotope of hydrogen, containing one neutron. 

Inertially Confined Muon Catalyzed Fusion 

Joint Institute for Nuclear Research, Dubna, USSR 

National Laboratory for High Energy Physics, Japan 

Los Alamos Meson Physics Facility, New Mexico, USA 

Liquid Hydrogen Density <p == 4.5 X 1022 

Muon Catalyzed Fusion 

Proton. 

Wolfenstein-Gershtein [effect]; see section 2.2 

Paul Scherrer Institute, Geneva, Switzerland (formerly SIN) 

Rutherford-Appleton Laboratory, Oxford, UK 

Tritium isotope of hydrogen, containing two neutrons. 

Muon. 

Reduced mass between particle x and particle y. 

Total mass of particle x and particle y. 
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APPENDIX B 

Appendix to chapter 3 

B.l Modified potential for dtll system 

The effective potential between the d and tJ.1. was computed in the adiabatic approximation 

using a standard code [66], and then asymptotically modified to correct for the different 

masses of the d and t by adding to the tail of the adiabatic potential an amount 

feR) = (a + bR + cR2) e--yR such that for RI = 4all , R2 = 6all , 

f(RI) = i'(RI) = f'(R2) = 0, f(R2) = (1- J.Lt,Il/J.1.d,tll) X ~J.1.d,tlla2 
(B.1) 

where J.1.t'll is the reduced mass of the muon with respect to t, J.1.d,tll is the reduced mass 

with respect to t + d, all = 255.9 fm is the muonic Bohr radius, and a is the fine structure 

constant. In addition, an attempt was made to further improve the potential by modi

fying it to reproduce dtJ.1.(ll) bound state parameters known from variational three body 

calculations [67], the parameters fitted being the bound state energy, (R) = 9.428 all and 

(R2) = 133 all' The energy was fitted exactly, and the size parameters to within less than 

0.5%. This modification was found to decrease the in-flight fusion cross section by about 

a factor of 2, indicating the sensitivity of these results to the effective potential chosen for 

the three body system. 
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B.2 R-matrix for the dt system. 

The best available parameterization for the dt R-matrix is given by Hale et al [44]. The R

matrix as defined by Wigner is a meromorphic expansion of the Green's function connecting 

the nuclear channel surface states, and is usually given by the sum: 

(B.2) 

where the Ie>' are the so-called reduced-width amplitudes, and the E>. are the eigenenergies 

of the nuclear system. The reduced-width amplitudes and the boundary value parameters 

Be appearing in eq. (3.3) are given in the table B.1. The R-matrix can be put into the 

c ac I'c Bc ,\: 1 2 3 4 
E)..: 0.0837559 6.4713043 13.7357067 47.475246 

S(dt) 5.1 1124.65 -0.37 'Yc)..: 1.1760678 0.0693397 -0.4955438 1.1052421 
4D(dt) 5.1 1124.65 -2.00 0.1688724 -0.2729805 1.9910681 1.9847048 
2D(dt) 5.1 1124.65 -2.00 -0.0484797 0.8862475 0.0958513 0.2422464 
2D(cm) 3.0 750.41 -0.59 0.3768218 -0.1562737 0.9994494 -3.8556539 

Table B.1: R-matrix parameters for the J7r = ~+ resonance of SHe, taken from [44]. Pe is 
the channel reduced mass in MeV. E>. is in MeV, Ie>' is in MeVl/2, ae is in fm, and Be is 
dimentionless. 

more useful form given in eq. (3.18) by a set of matrix transformations. Defining 

(B.3) 

the R-matrix of eq. (3.18) is given by: 

[1 - R(1 - B)r1 RA (ll.4) 

where the reciprocal in the above implies matrix inversion, and A and B are the diagonal 

matrices A =diag{aa}, B =diag{Be}. 

Of particular interest is the value of the R-matrix corresponding to the (SHeph" 

system relative to the d + (tp hs threshold, corresponding to a dt kinetic energy of E* = 



107 

8.293 keY above the dt threshold. The values of the R-matrix defined in eq. (3.18) are (in 

units of fm): 

-3.553948 3.627155 0.3709155 -2.134864 

3.627155 -14.25721 0.6146393 0.7118682 
R= 

0.370916 0.6146393 1.033317 -0.4634900 

-4.116714 1.3727138 -0.8937597 3.360545 

These parameters are approximately constant for variations away from E* of less than a 

few e Vi for variations of up to 300 e V, the' variation in the parameters is of the order of 

0.1 %. 
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APPENDIX C 

Appendix to section 4 

C.l Reduction of 4-channel R-matrix. 

Generally, the relation between the values and derivatives of the channels ifJc at the nuclear 

channel boundary are given by: 

(C.1) 

where summation is performed over repeated indices. Let r denote the channels to be 

retained, and e denote those to be eliminated. Then: 

ifJrl = RrlrifJ~ + RrleLe ifJe, and 

cPel = ReleLeifJe + Relr cP~ 

=> cPe = [Dele - ReleLetl RelrifJ~ 

(C.2) 

(C.3) 

where Le == ifJ~/ ifJe is the logarithmic derivative of the eliminated channels, which is usually 

a slowly varying function of energy away from Coulombic resonances, and the reciprocal in 

the last line denotes matrix inversion. Combining (C.2) and (C.3), we obtain the reduced 

R-matrix: 

where (CA) 

(C.S) 

For four channels in which channels 2 and 3 are to be removed and which have identical 

logarithmic derivative L, (C.S) becomes: 
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where RR and RE are 2 X 2 matrices containing only the components of the retained or 

eliminated channels, respectively. In the (anp, )-dtp, system, the logarithmic derivative L for 

the identical 2D and 4D dt channels has to be obtained numerically. In the lsO" adiabatic 

potential the result for E -+ 0- is L = -0.596283 fm -1. Inserting this value and the values 

for the 4-channel R-matrix given in (B.5), the values obtained for Rare: 

_ (-2.61779 -1.84387) 
R= fm 

-3.55557 3.30889 
(C.7) 



110 

APPENDIX D 

Technical Appendix to Section 5.3 

D.1 Direct fusion without muons 

The direct fusion cross section without the presence of the muon can be estimated from 

the astrophysical formula for a screening potential: 

aCE) = se:) eXP(2lR1 
dRV2f.Ldt(V(R) - E), 

. Ro 
(D.1) 

where for E < 1 keY, SeE) ~ S(O) = 11.6 MeV-b, Ro and Rl bound the classically 

forbidden region in the potential between the d and t, and the potential VCR) is a screened 

Coulombic potential 
e-R / R• 

VCR) = R . (D.2) 

Since the plasma of interest is degenerate, the screening length can be estimated from the 

Thomas-Fermi formula Rs ~ 0.504 x a~/2 /n!/6 = 0.19 A for ne = 103 LHD. The resulting 

fusion rate is given in figure D.l. For confinement times of the order of 10-8 s and volumes 

of the order of 10-3 cm3 , about 1011 thermal fusions occurs at T = 100 eV, and about 1018 

at T = 500 eV. This can be compared to the estimated 1019 fusions required per shot for 

ICMuCF. Clearly, ICMuCF is only competitive in the low-temperature domain. 

D.2 Molecular formation rates 

The matrix element for the reaction: 

(D.3) 
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Thermal fusion rate at 103 LHD 

p = 103 LHD 

o 200 400 
T reV] 

Figure D.1: Fusion rate in a thermalized plasma containing a 50 : 50 mixture of d + t, with 
p= 103 LHD. . 

and all possible permutations of the hydrogen isotopes are computed in the distorted Born 

approximation. The initial and final states are: 

Ii} = 'I/J'k(iJ)if?p(r,R), 

If} = 'I/J'k,(iJ) if? Jv( r, R) 

(DA) 

(D.5) 

The coordinates used in eq. (DA) are given in figure D.2. k, k' are the initial and final mo

menta of the electron in the monopole field of charge + 1 of the muo-molecule, if?P( r, R) is the 

initial continuum muo-molecular wavefunction with relative momentum p, and if? Jv( r) R) is 

the final bound state muo-molecular wavefunction. For energies of 100 eV, the wavelength 

of the electron is about 75 aJ.l and since the size of the final muo-molecule is less than 10 aJ.l 
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this permits the treatment of the electron as being a Coulomb wave in the muo-molecular 

ion's Coulomb field. The initial and final electron wavefunction is: 

(D.6) 

where Fkl(P) is the Coulomb function for the electron in a fields with Z = +1. (D.6) 

reduces to a plane wave as P _ 00, apart from the Coulomb phase in each partial wave. 

The interaction potential is: 
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Figure D.2: Coordinates used in equations (DA).(D.7). 

[1 1 1 1] 
= a - TIe - T2e + TI/oe - Ii 

e 

a [_ O(TI.cm - p) _ O(T2.cm - p) + O(TI/o.cm - P)](EO transitions) 
TI.cm T2.cm TI/o.cm 

(D.7) 
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(E1 transitions) (D.S) 

The last term in eq. (D.7) cancels the monopoles of the first three terms, which has been 

taken into account in the distorted wave for the electron in the initial and final wavefunc

tion. The EO transitions, for which (D.S) is applicable, are those for which the electron 

is inside the muo-molecule. The ri,cm are the distances from particle i to the center of 

mass of the molecule. The EO transitions make an important contribution to the symmet

ric molecule formation rates, as they possess no explicit dipole. E1 transitions, for which 

(D.S) is applicable, changes the parity of the relative nuclear wavefunction through the 

dipole d, which is: 

- ml - m2 mJ.' - mJ.' _ 
d == -e (1 - -) R + (1 + -) r 

ml+m2 M M 
(D.9) 

where M == ml + m2 + mJ.' is the mass of the muonic molecule. When ml = m2, the first 

term in the dipole vanishes. The matrix element for molecular formation is: 

(D.10) 

The EO and E1 transitions are treated separately below. 

D.2.1 EO matrix element 

In this case, the interaction (D.S) contributes only inside the muo-molecule. In this region, 

the electron wavefunction is almost constant for L = 0 initial and final states, and zero 

otherwise. The integration over p in eq. (D.10) can then be trivially performed, and the 

EO matrix element is then: 

M(EO) = J d3Rd3r iItf(r, R)iIt;(r, R) 

xa ~7r[rr,cm + r~,cm - r;,cm] [1/Jk,(O)1/Jk(O)] 

The electron amplitude at the site of the muo-molecule is given by: 

, 
[1/Jk~,(O)1/Jk(O)] = 47r

2 
( ( ) 1J)~ ( ) , exp 27r1J - 1 exp 27r1J' - 1 

(D.ll) 

(D.12) 
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where 1] = a/ve • The quadratic terms ri,cm in (D.ll) become: 

2 2 2 1 (2 2) R2 
rl,cm + r2,cm - r /-I,cm = M2 m1 + m2 

12 

1 (2 2) 2 m/-l ( ) - _ + M2 2m/-l + M12 r - 2 M12M m1 - m2 R· r (D.13) 

The last term in (D.13) vanishes if ml = m2. If m1 f.= m2 then this term only contributes 

if there is a difference in parity of the initial and final muonic states in f. This requires 

the initial molecular state to be ungerade, so that the nuclear wavefunction is suppressed1 . 

Consequently, this term is much smaller than the first two terms in (D.13), which permit 

gerade~gerade transitions, and we can neglect it. The dominant contribution to the EO 

matrix element is then for initial and final molecular states of the form: 

'I!p(r,R) ~ XP(R) ¢J{s,,(rj R), 

'I! h( r, R) ~ XJII( R) ¢fs,,(fj R), 

and (D.14) 

(D.15) 

where ¢fs,,(f; R) is the gerade muonic molecular wavefunction, and Xp(R), XJII(R) are the 

continuum and bound molecular wavefunctions in the gerade molecular potential. The 

initial molecular wavefunction satisfies the boundary conditions of a plane wave, and takes 

the form: 

(D.16) 
1m 

Only the I = J term contributes in (D.ll). Insertion of (D.13),(D.14) and (D.16) into 

(D.ll), and noting that the only angular dependence in 1fJis,,(rjR) comes from R.f, (D.ll) 

becomes: 

M(ED) ~ a ~ [¢k,(D)1fJk(D)]41!' iJYJM(fi) { 11:[2 (m~ + mD 1o00 dR UJII(R) UJp(R) R2 

+ ~2 (2m! - Mr2) 10
00 

dR UJII(R) UJp(R) J d3r I¢fs,,(rj R)1
2 r2} (D.17) 

where U(R) == R X(R) is the reduced radial molecular wavefunction. The dominant contri

bution in the integral over R is determined by the bound state muonic wavefunction, and 

is typically from the region 4 all < R < 10 aa/-l for the most weakly bound states in which 

we are most interested. In this region we can approximate the two-center wavefunction 

lThis is discussed at greater length in section D.2.1 



¢1su by a linear combination of atomic orbitals (LeAO): 

-3/2 
<l>9,U (T. R) "" a [e-r1,../a ± e-r~,../a] 
lsu' - [211"(1 T S(R))1/2 

where 

S(R) = a~3 J d3r e-(rl,..+r~,..)/a 

= (1 + R+ ~R2)e-R, R == Ria 
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(D.18) 

(D.19) 

a is the atomic orbital length scale. The approximation in (D.18) is deficient in two ways. 

Firstly, for ml ~ m2, a should be slightly different around each center due to differing 

reduced masses. This has been accommodated for by choosing the reduced mass of the 

muon against the larger of the two masses, in order to ensure that the final result under

estimates the formation rate. Secondly, (D.18) is a very poor approximation to the dtp 

(11) state, as three-body variational calculations show that this state is almost like a tp 

attached loosely to a d, so that almost the entire amplitude of the muon is centered around 

the triton. This should result in an enhancement of the formation rate, as will be discussed 

later in this section. Finally, (D.18) may be improved somewhat by adjusting the effective 

charge of the nuclei so that the virial theorem for the muo-molecule is exactly satisfied. 

This results in a value for a given by: 

1 1 1 
a = (- + ) 

Ct. ZefJ mJ.l. max(ml, m2) 
(D.20) 

where ZeJ J = 1.23. 

With (D.18), the integral over r in (D.17) may be exactly evaluated to give: 

J d3
r l¢isuCrj R)1 2 

r2 = 

8[1 _a~(R)] {2(12 + jP) + e-R
(12 + 12R + 5R2 + R3 - l~ .il4)} (D.2l) 

The first term in the curly brackets comes from the diagonal terms in the square of <l>isu. 
For the dtp (11) state, this term would gain almost a factor of two since the muon would 

be almost entirely around the triton. The second term proportional to exp( -Ria) comes 
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from the off-diagonal terms, and would be almost zero for the dtp. (11) state. For the de-
-

localized ddJ1. and dtJ1. (11) states, which are about 10 aJi in size, the second term does not 

contribute as strongly as the first due to the presence of the exponential. Consequently, 

the dtJ1. (11) formation rate is significantly under-estimated by the LCAO approximation. 

The EO matrix element is finally obtained by the insertion of (D.21) into (D.17). 

Noting that the only angular dependence in the momenta appears in YJM(fi), the squared 

integrated matrix element is: 

IM(EO)12 - 1 dnk, 1 dnk 1 dnvIM(EOW 

= (471")2IM(EOW· (D.22) 

It is convenient to not insert the 1/(471") required in the average over the initial angular 

momenta, as this matrix element also appears in the molecular dissociation rate. 

D.2.2 El matrix element 

The El matrix element can be separated into separate integrations over p and r, R by 

noting that the electron wavefunction contributes very little for p being of the order of aw 

Writing d. R in spherical coordinates, the El matrix element becomes: 

M(El) = 471" "1 3 • Y1m, a 3 L.J d P 7/lk,(PJ-p2 7/lk(PJ 
m' 

X 1 d3r d3 R Wjv(r, R) [bnR Y1m(R) + brr Yim,(f)]Wp(r, R) (D.23) 

where bn, br are the dimensionless ratios of masses appearing as factors to .ii and r in 

eq. (D.9), respectively. It is necessary to distinguish two cases: 

i) Symmetric molecule: in this case bn = 0, and only the second term in (D.23) contributes. 

For the matrix element to be non-zero, it is necessary for the muonic initial and final 

wavefunction to have different parity in r. The final muonic state must be the binding 

gerade wavefunction, so it is necessary for the initial state to be the repulsive ungerade 

state. This depresses the amplitude of the initial state for R ~ aJi relative to those in the 

gerade states which are forbidden from making the transition to a bound molecular state. 
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ii) Asymmetric molecule: in this case, bR =f:. O. This permits transitions from gerade to 

gerade muonic molecular states. The initial molecular wavefunction has a much larger 

amplitude, and consequently the R term dominates. 

The different cases are illustrated in figure D.3 . The gerade-+-gerade transition can 

.............................................................. . ··········<X
u 

/..... ..>-<::. 
.. ...... ...... X9 .. ' .... ./ 

............ . ....... ~ 
......... . .... 

.... 
• .0' . . ... 

0° ••••• 

.... ,:::::::: ..................................... . 
R 

Figure D.3: The gerade and ungerade initial states with the corresponding molecular potentials 
(schematic). 

be evaluated trivially, as the muonic wavefunction undergoes no change in partity. The 

ungerade-+-gerade transition requires the evaluation of the muonic matrix element: 

J d3r 1/Jfsq(f fl.) rY1m,(f) 1/J~Sq(f R) 

RY1m,(R) 
- (1 - S(R)2)1/2 

(D.24) 
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This integral may be evaluated by extracting the odd-parity terms and performing a trans

lation in r. Upon substitution of the initial state (D.16), the final expression for the E1 

transition matrix element is: 

M(E1) = a 4; I; J d3p ¢~/(P) Yl;~(P) ¢"k(P) 
m/,Jm 

X 411"iJ Yim(p)(jmI1m'lJ M) 10
00 

dR UJII(R) Ujp(R) 

X {bRR 
br R(1 - S(R)2)-1/2 (v.ngerade-+gerade) 

(gerade-+ gerade) 
(D.25) 

Substituting the electron initial and final wavefunction as in (D.6), and performing the 

summation and averaging over all angles k', k,p as in (D.22), the E1 matrix element is 

reduced to: 

IM(E1)12 = ~~: fEl(2J+ 1) ~(2j +1) ( ~ 
X {bh I(JvIRljp)1

2 

b; I(JvIR(1 - S(R)2)-1/2Ijp)12 

where fEI is the Coulomb dipole scattering amplitude: 

1 j) 
o a 

(asymmetric g-+g) 

(symmetric v.-+g) 

6411"2 ([' 1 I) 1000 
2 fEI = -9-kk'Z)2[ + 1)(2[' + 1) [dp F/lkl(p) F/k(P)] 

II' 000 0 

(D.26) 

(D.27) 

The angles in (D.26) indicate the integrations over R appearing in (D.25). Since the 

energies of the incoming and outgoing electrons are of the same order of magnitude, the 

higher multipoles in both initial and final states contribute about equally. In the nuclear 

overlap however, as a rule only the initial state of lowest possible j makes the dominant 

contribution. Consequently the J = 0 molecular formation rates are slower than the J = 1 

rates, as J = a formation must proceed from the initial j = 1 partial wave in the relative 

nuclear wavefunction. 

-~ ----~------------
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D.2.3 Thermalized formation rates 

The thermalized molecular formation rates for the reaction 

(D.28) 

where hI and h2 denote the atomic species, is given by: 

(D.29) 

where J.Le is the reduced mass between the electron and the muon-molecular system. IE is 

the Boltzmann distribution for the nuclei, and IF is the fermi distribution: 

1 
IF(p) = 1 + exp((Ep - J.L)/T)" 

(D.3D) 

The factor 1/ N F IF(Pe) in eq. (D.29) reflects the initial, normalized distribution of the 

electrons, with the normalization NF = H21l"?Pe' The term (1 - IF(p'e)) accounts for 

the density of unoccupied states two which the electron can make a transition. These two 

factors together restrict the participating electrons close to the fermi surface, depending on 

how energetic the transition is. Values of the chemical potential J.L are given in figure D.4j 

the details of this calculation are discussed in section D.6.!. Since the mass of the nuclei 

is very much greater than that of the electrons, the center of mass motion of the muo

molecular system can be neglected. The angular integrations in (D.29) can then be carried 

out, and the center of mass integration removed. The result is: 

(D.31) 

where 

(D.32) 

and 

(D.33) 
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Figure D.4: Chemical potential of electron plasma for different densities. 

The remaining integrations in (D.31) must be performed numerically. This was done using 

a Monte-Carlo procedure, since the evaluation of the square-averaged matrix element is 

itself rather lengthy. The results for EO and El formation for the dtJ1. molecule are given in 

figures D.S, D.6 as a function of density. The fastest formation rates are for those states 

with the smallest transition energies. This is mainly due to the consequent larger size of the 

final state. The formation rate has a less than density-squared dependence, particularly 

for the weakly bound states. This is because the fraction of participating electrons begins 

to decrease as the fermi energy increases. 
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Figure D.5: EO formation rate of dtll at 
T = 100 eV 

Figure D.6: E1 formation rate of dtll at 
T = 100 eV 

D.3 Molecular dissociation rates 

The matrix element governing the molecular dissociation reactions: 

e- + (dtJ.L) -I- e- + d + (tJ.L) 

d+(dtJ.L) -I- d+d+(tJ.L) 

and (D.34) 

(D.35) 

and all other permutations of hydrogen isotopes is the same as that for molecular formation, 

discussed in the previous section. There is however an important difference, in that this 

is a two-continuum to three-continuum process. The final fusion rate may be obtained in 

much the same way as described in section D.2. The result is: 

(AmI) = 27rpe J d3p fB(pt) J d3ke ;FfF(ke) 

X J d3p' J (~:k;3 (1- fF(k' e))IMI2 8
3

( 2~e + EJv - ~: - E;) (D.36) 

where p is the initial momentum of the muonic molecule, and fI is the final momentum 

of the dissociated d - tJ.L system. Again the angular integrals may be performed after 

integrating out the initial molecular distribution, to give: 
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(D.37) 

where the squared integrated matrix element IMk,k'p,12 is the same as that for molecular 

formation, but with the initial and final momenta transposed. The result is given in fig

ures D.7,D.8. The E1 dissociation rate of the (11) state exceeds the formation rate by 

EO mole cuiill' dissociation of dtl' 

1010 .... . ...... ... · . i · . · . ..!!. (II) • · . · . ~ . · · ... · . S lOB · · . · . ~ (01) • · · · . · . • . · · · (20) • · . · . · · · . 
lOB · · · · . (10) • · · . · . 

· · T= 100 eV (00) • 

10· 

102 103 10· 

P [LHD] 

Figure D.7: EO dissociation rate of dtl-l at 
T = 100 eV 

El molecular dissociation of dtl' 
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.!!. · . .. . · . · ~ · . · . J1O IO 
(20) • · .... . . · . · · . · (01) • · . . . . · · 106 · . . · · . . . · . (10) • 

· . lOB T= 100 eV 
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Figure D.8: E1 dissociation rate of dtl-l at 
T = 100 eV 

almost four orders of magnitude at p = 103 LHD. However, the dissociation rate of the 

J:f. 0 states must also compete with the Auger de-excitation rate, which turns out to be 

faster than the dissociation rate; this is discussed in the next section. The fusion rate of 

1012 s-1 from the J = 0 states is easily able to compete with the dissociation rate of the 

(00) and (01) states. 

D.4 Molecular de-excitation 

The only transition rates of any interest here are E1 transitions involving unlike nuclei, in 

the reaction: 

(D.38) 
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and other permutations of unlike nuclei. In this case, the dipole operator becomes: 

-- m2 - ml mlJ -- --d = -e (1- -) R == -ea R 
m2+ml M 

(D.39) 

where the coordinates and masses used are again those in figure D.2, with ml -:f. m2. 

The initial and final states are pure muo-molecular states with a Coulombically scattered 

electron, which in the adiabatic approximation is: 

Ii) = 'ifJ"k(p) XJv(R) YJMAR) <Plsu(rj R), 

If) = 'ifJ"kI(p) XJ11J1(R) YJIMJI(R) <Plsu(rj R). 

(D.40) 

(D.41) 

In forming the matrix element the muonic coordinate r integrates out trivially, and we are 

left with: 

M - Uldli) 
411' ~ J 3 Ylm(P) = a"3 L..t (411') d P'ifJ"kIP 2 'ifJ"k(P) 

m=-l P 

X a(J' M/11m1J MJ) 10
00 

dRUJIMJI(R) R UJv(R). 

(D.42) 

(D.43) 

(D.44) 

Expanding the electron wavefunction, squaring the matrix element, summing over all angles 

and final angular momenta, and averaging over all initial values of MJ, we finally obtain: 

(D.45) 

(D.46) 

(D.47) 

where fEl is the Coulombic dipole transition strength as defined in (D.27). The thermalized 

Auger transition rate is given by: 

"Aug == J d3k; fF(k) 211" I: IMI 26(EJ - Ei) 
F J 

(D.4B) 

= 211'p J dkk2 ;F fF(k) (~:;3(1- J)fF(k')) IMI2, (D.49) 

where 

(D.50) 
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and J1.e ~ me is the reduced mass of the electron with respect to the muo-molecule. fF(Ie) 

and N F are the fermi distribution and corresponding normalization factor defined by: 

f (Ie) = 1 
F - 1 + exp((Ek - J1.)/T)' 

(D.51) 

NF == ~(211")3ne. (D.52) 

The computational effort in evaluating (D.48) is relatively slight compared to that 

for molecular formation and dissociation. The dipole matrix element appearing in (D.45) is 

independent of the transition energy and may be factored out of the Ie-integral; the matrix 

elements are given in table D.1, along with the transition energy. Only the electronic ma-

(JWi) (JJvJ) (fIRli) (aJj) 6.E (eV) 
(01) (10) 1.365 197.64 
(10) (00) 2.955 86.67 
(11) (01) 5.424 34.17 
(11) (00) 0.198 318.45 
(11) (20) 1.763 101.99 
(20) (10) 3.319 129.82 

Table D.1: Magnitude of dipole matrix elements between muonic molecular states for dtJ1., 
in muonic Bohr radii aJj = 255.9 fm. Transition energies taken from [68, 52]. 

trix element fEI needs to be computed as part of the integrand in (D.48). The integration 

in (D.48) was performed using gaussian integration, and the main source of error is due to 

the adiabatic approximation. This is particularly acute for the (11) state in the dt system, 

for which the 'fudged' potential described in section B.l was used. 

The final results of the calculation are given in figure D.9 at p = 103 LHD as a 

function of temperature. The de-excitation rate is relatively insensitive to temperature, 

with the greatest dependence exhibited by the transitions involving the smallest transi

tion energy. The source of the temperature dependence comes from the smoothing of the 

Fermi distribution as temperature is increased. Low energy transitions benefit from this 

as the phase space for the final states, which have energies below the chemical potential, 

is increased. The energetic (11) --+ (00) and (01) --+ (10) transitions on the other hand 
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Figure D.9: Auger de-excitation of dtJ1. in a plasma as a function of temperature, at p = 103 LHD. 

actually decline for a period, as the best initial states are drawn from just beneath the 

fermi surface, and the final states are far above the fermi surface and are not significantly 

suppressed. Since the density of initial states close to the fermi surface declines with in

creasing temperature, these Auger rates decrease slightly. 

The density dependence of the de-excitation rate is shown in figure D.lO at T = 

100 eV. The density dependence exhibits a significant deviation from a linear dependence 

in p. This is again due to the degeneracy of the electron gas. The (11) ~ (00) transition 

manages to maintain a linear dependence up to about p = 700 LHD before a marked devi

ation occurs. Ultimately, the transition rates saturate at some asymptotic value as p ~ 00. 
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Figure D.10: Auger de-excitation of dtlJ in a plasma as a functi?n of density, at T = 100 eV. 

D.5 Pseudoresonant reactions 

D.S.1 d+-d+ pseudoresonant fusion 

The diagram for this reaction is given in figure 5.3. The calculation for this process is similar 

to that for D2-D2 pseudoresonant fusion in a molecular medium, described in section 4.4. 

The main difference is that the D2-D2 scattering matrix element B(q) is replaced by the 



screened Coulomb scattering matrix element2 : 

B(q) = Jd3peq,pex.e~p 
471' 

= ex. q2 + >.2' 
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(D.53) 

where>. = 1/ R6 is the reciprocal of the screening length. In the energy range of interest, 

typically q ~ 30 A-I, whereas >. < 5 AA -1. Thus Coulomb screening is rather unimpor-

tanto The fusion rate is given by: 

2 J d3q' 10 q/2 
>'JU6 = 271'3- (271')3 -00 dE 6(Ek - 2p,- E) [B(q)D(s)]2, (D.54) 

where Ek is the kinetic energy of the initial three-body system with the center of mass 

kinetic energy subtracted, q' is the final momentum of the spectator body with respect to 

the dtp, pseudoresonant state, p, is the corresponding reduced mass, and E is the energy 

of the pseudoresonant state. The matrix element D(s) is given in (4.41). The momenta s 

and q are given by: 

s = change in momentum of tp, 
.... MtJ.l .... , = k- --k 

MdtJl. ' 

q = momentum transfer in d+ -d+ collision 
.... ...., = kJ·-k· J' 

(D.55) 

(D.56) 

where k is the initial momentum of the tp" k' is the final momentum of the dtp" and k!H 

k'6 are the initial and final momenta of the spectator d+. sand q may be written in terms 

of the initial momenta and q': 

and 

where 

(D.57) 

(D.58) 

(D.59) 

(D.60) 

2In order to avoid later notational clutter, vectors are written without distinction from scalars; the 
meaning should be clear from the context. 
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where p is the total initial momentum of the three body system. Note that both p and if are 

invariant under a translation in velocity, the so the explicit appearance of p is deceptive. 

Performing this substitution into (D.54), the angular integral dnql and the energy integral 

dE may be performed to give: 

where 

and 

1671' 1 1/2 1 roo 1 
>"full = TP2 0.

2 
'Y2 2f.,LEk (2{J1if)2(2{J28)2 i1 dx x2 l( a, b), 

2 [(1+a)(1-b)] 2 [1 1] 
lea, b) = (a _ b)3ln (1 _ a)(1 + b) - (a - b)2 1 - a2 + 1 - b2 ' 

if2 + >..2 + (J2(2f.,LEk) x2 

a = - 2{J2Q(2f.,LEk)1/2 X ' 

b = _ 82 
- (2f.,Lt/J..dEk) + ((2f.,LEk)(f.,Lt/J..d/ f.,L + (Ji) x 2• 

2{J18(2f.,LEk)1/2 X 

(D.61) 

(D.62) 

(D.63) 

(D.64) 

The final integration over x must be performed numerically. the thermalized fusion rate is 

obtained by performing a Monte-Carlo integration over the initial momenta. The powers 

of 8 and if in the denominator of (D.61) weight the thermal integration towards lower 

momenta, so it is the lower end of the thermal spectrum that contributes the most to the 

fusion rate. The powers in 8 arize from the form of D(s), which selects components with 

small s. The powers in if come from the form of the Coulomb scattering matrix element 

B(q), which in this case coincidentally has the same form as D(s). The net result is a rapid 

fall in the thermalized fusion rate as a function of temperature. The final rate is given in 

figure D.ll, and can be seen to follow a steep power law. 

D.5.2 d+ -tf.,L pseudoresonant fusion 

Pseudoresonant fusion in which the transition to the subthreshold state is preceded by 

the scattering of the tf.,L off a third body (figure 5.4), is very similar to that of D2-D2 

pseudoresonant scattering (section 4.4). The main difference is that there is no molecular 

structure, and the interaction potential is given by the short-ranged screened potential 

between the spectator d and the tf.,L: 

(D.65) 
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Figure D.ll: d+-d+ pseudoresonant fusion rate in a plasma with p = 103 LHD. 

In addition, the rate gains a factor of 2 arising from the doubling of the number of third 

bodies upon the dissociation of the D2. Following manipulations similar to those in sec

tion 4.4, the fusion rate is given by: 

411' 1° J d3
q' [ ] 2 . >. = _p2 dE -( )3 B(fJ D(S) 8(Ef - Ei) 

3 -00 211' 
(D.66) 

where the momenta s and q have the same meanings as in (D.55), but with the scattering 

d+ replaced by the tj.t. The matrix elements Band Dare: 

B(fJ = J d3 R eiq.R clsu(R), 

rv B(O) = 4.24 X 10-22 cm2
, (D.67) 

D(S) ~ J d3R d3r eis.R iI!'lJ(R, r)*4>l,,(r) (D.68) 
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1=0.696. (D.69) 

The approximation B(q) -l- B(O) can be made since the range of the potential is less 

than 10 al-'. The angular integration dnql and energy integration dE in eq. (D.66) may be 

performed, so that the final fusion rate is given by: 

" - ~ 2 B(0)2 12 l(a b) 
- 37r

P {f(2J.LEk)1/2' 

(eV) 1/2 
= 6.42 X 102 s-1 Ek lea, b), (D.70) 

where Ek = Ei - Ecm, Ei = !(k2/Mtl-' + (kr + kJ)/md) is the initial energy, Ecm = 

~p2 /(Mtl-' + 2md) is the center of mass kinetic energy with p = k + ki + kj, and 

lea, b) == !a1 
dx[ax4 + bx2 + 1rl. (D.71) 

a and b are functions of the initial momenta: 

a = a2 /(2PJ.LEk)2, b = (2ap - 4f32,§2)/(2p2J.LEk)j (D.72) 

a = '§2 - 2J.Ld,tl-'Eki '§ = k - Mt/J./(2md + Mtl-') Pi (D.73) 

f3 = Mt/J./( 2md + Mt/J.)' 
- 2 

f3 = f3 + J.Ld,t/J./ J.Li (D.74) 

J.L = md(md + Mt/J.)/( 2Md + Mtl-'). (D.75) 

l( a, b) is of order unity and is almost independent of the initial momenta. The thermalized 

fusion rate (") is given in figure D.12. The fusion rate closely follows a power law, which 

arises from the factor 1/ Ek in eq. (D.70). 

D.6 Regeneration and stopping 

D.6.1 Parameters of the Fermi gas 

For temperatures greater than the dissociation energy of hydrogen, the electrons can be 

treated as an ideal Fermi gas, provided that the chemical potential is much greater than 

the interaction energy. The chemical potential J.L is computed from: 

J 
d3p 1 

ne = 2 (27r)3 1 + exp((E - J.L)/T) 
(D.76) 
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Figure D.12: d-tl-' pseudoresonant fusion rate at 103 LHD. 

where z = exp(p,/T) is the fugacity and Fn is the Fermi function 

1
00 €n-l 

Fn = d€ . 
o 1 + z-l exp(€) 
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(D.77) 

(D.78) 

The values of p,/T for different densities are given in figure 5.1. The magnitude of p,/T 

reflects the degeneracy of the electron gas. A second quantity that is important with regard 

to the stopping power is the fermi velocity vJ = J2p,/me ~ (37l'2ne)1/3/me (p,/T ~ 1). The 

values of vJ for different densities is given in figure D.13. For densities above 103 LHD, 

the Fermi velocity is generally above 5 ae, which is comparable to the velocity of the ap, 

ion. 
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Figure D.13: Fermi velocities in an electron gas for different densities, in atomic units. 

D.6.2 Stopping power 

The stopping power for a degenerate electron gas has been taken from Dar et al [59], in 

the limit for slow ions. For this case, the stopping power is given by: 

s = 43EoY5 f3(ln(l + Y02) - _1_
2
), 

aone 1 + Yo 
(D.79) 

where ne is the electron density, Eo = p6I2me, Po = (37r2n e )1/3, Yo = 1/ y'7raoPo, and 

ao = 1/(ame ) is the electron Bohr radius. This result is valid for f3 == vi/vJ «: 1, where 

vJ = PO/me is the Fermi velocity. Actually, (D.79) can be extended to about f3 = 2 a 

before significant deviation from the exact result occurs. The initial velocity of the aJ.L ion 

is 5.9 ac, so (D.79) is generally applicable when the density of the electrons is greater than 
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about 500 LHD. 

D.6.3 Regeneration 

The regeneration probability is computed by evolving the set of population equations de

scribing the occupation of the states of aJ,L as it slows down in the hydrogen medium. 

Several calculations of this sort have been done for dtJ,L sticking in the context of regener

ation in molecular hydrogen and tepid plasmas [13, 14, 15]. The regeneration process is 

described by the equations: 

(D.80) 

(D.81) 

where E is the energy of the aJ,L, and the Pn are the occupation probabilities for the an 

states 18, 28,2p, 38, ... and the continuum. At and A; are the transition rates to and from 

state n, respectively. They are given by: 

\ + = ""' ( \ Auger + \ Rad + \ Dex) D 
An W Ann' Ann' Ann'.r n' 

n'>n 

+ L A~:'Pn' + L A~~~rk P n" (D.82) 
n'<n n=n' 

A- = Ast + ""'(AAuger+ARad+ADex) 
nnW n'n n'n n'n 

n'<n 

+ L An'n + L A~!~rk (D.83) 
n'<n n=n' 

. where the first index on each A denotes 'to', and the second index 'from'. AAuger, ARad, ADex , 

AEx , AStark and AStrip are the Auger, radiative, inelastic de-excitation, inelastic excitation, 

stark and stripping rates, respectively. The sum over n = n' for the stark mixing term 

implies the summation over all angular momentum states with the same principle quantum 

number. 

All of the cross sections, with the exception of the Auger transitions, are identical 

in both atomic and plasma environments. The temperature of the medium is not relevant 

for T < 1000 eV as it is the kinetic motion of the aJ,L that determines the interaction 
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energy. The cross sections have been taken from the compilation of Cohen [69]. The Aug:3r 

transitions require special attention as the electron density in the plasma is quite different 

to that in molecular matter. This calculation is technically very difficult as the velocity 

of the ap. is comparable to the velocity of the electrons in the plasma, and it is not possi

ble to extract the thermal momenta distributions from the angular integrations to obtain 

the squared-averaged matrix element, as is possible for ego the computation of the Auger 

. de-excitation of dtp. in a plasma. However, a ro~gh estimate of the Auger rate indicated 

that it is always at least an order of magnitude less than the radiative de-excitation rate 

fqr n :5 3, above which the stripping cross section is by far dominant. Auger de-excitation 

has therefore been neglected. A summary of the various transition rates for n = 1,2,3 are 

given in figures D.6.3, normalized to 103 LHD. 

The initial sticking fractions for each CiP. state depends upon the process by which 

fusion occurs. Sticking fractions for in-flight fusion or pseudoresonant fusion are unknown, 

and their computation would require the evaluation of a three-body continuum wavefunc

tion. The only fractions that have been computed in detail are those for the (00) and 

(01) molecular states of dtlL, which have been used in this calculation. Most of the stuck 

muons are initially in the (CiP. hs state, in which the the stripping rate is comparable to the 

excitation rate to higher states (see n = 1 figure D.6.3). The sticking fractions for other 

fusion processes are likely to be similar, up to an overall normalization. The initial sticking 

probabilities were taken from Jeziorski et al [l1J. Only the (01) sticking fractions have 

been used, as the (01) state is likely to be the dominant channel for fusion in the plasma 

environment. Coulomb states up to n = 6 were included in the regeneration calculation, 

with each angular momentum state individually represented. The occupation probabilities 

as a function of time are displayed in figure D.1S. Ladder ionization processes are far 

more important in dense plasmas than in molecular hydrogen. The regeneration coefficient 

at 103 LHD is found to be (1 - R) = 2.9 X 10-5 for the full calculation, and 2.6 X 10-3 

when computing regeneration from just the n = 1 state. This difference of two orders of 

magnitude can be compared to regeneration in molecular hydrogen, where the difference 

in the two calculations is just a few percent. The qualitative difference is due to the ability 
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(nl) (dtp, )00 (dtp, )01 
1s 0.7071 0.7052 
2s 0.1011 0.1010 
2p 0.0246 0.0248 
3s 0.0307 0.0307 
3p 0.0089 0.0089 
3d 0.0002 0.0002 
4s 0.0131 0.0131 
4p 0.0040 0.0040 
4d+4f 0.0001 0.0001 
5s 0.0067 0.0067 
5(l :/; 0) 0.0022 0.0022 
n>5 0.0179 0.0181 
Total 0.9167 0.9150 

Table D.2: Initial sticking fractions of Cip, following dtp, fusion, in % [11]. 

of the stripping rate from the n = 2 states to compete with radiative excitation. 
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Figure D.14: Transition rates during regeneration of CYJ1., at 103 LHD. The solid line for n = 1 is 
the stopping power, the dashed line is stripping, and the double-dashed line is excitation. In the 
remaining figures, the solid lines are: flat line, radiative de-excitation; slanted line, Stark mixing; 
humped curve, inelastic de-excitation. 



137 

o Occupations and energy loss 
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Figure D.15: Population of Ctll states during regeneration and fractional energy loss, at 103 LHD. 
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