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ABSTRACT 

In this dissertation, we investigate the problem of designing standard mod

ules which can be used in a wide variety of products. The basic problem is: given 

a set of parts and products, and a list of the number of each part required in 

each product, how do we group parts into modules and modules into products to 

minimize costs and satisfy requirements. The design of computers, electronic equip

ments, tool kits, emergency vehicles and standard military groupings are among the 

potential applications for this work. 

Several mathematical programming models for modular design are developed 

and the advantages and weaknesses of each model have been analyzed. We demon

strate the difficulties, due to nonconvexity, of applying global optimization methods 

to solve these mathematical models. 

'Ve develop necessary and sufficient conditions for satisfying requirements 

exactly, and use these results in several heuristic methods. Three heuristic struc

tures; decomposition, sequential local search, and approximation, are considered. 

The decomposition approach extends previous work on modular design problems. 

Sequential local search uses a standard local solution routine (MINOS) and sequen

tially adds cuts on the objective function to the original model. The approximation 

approach uses a "least squares" relaxation to find upper and lower bounds on the 

objective of the optimal solution. Computational res,ults are presented for all three 

approaches and suggest that the approximation approach performs better than the 

others (with respect to speed and solution quality). 

We conclude the dissertation with a stochastic variation of the modular de

sign problem and a solution heuristic. We discuss an approximation model to the 

continuous formulation, which is a geometric programming model. We develop 

a heuristic to solve this problem using monotonicity properties of the functions. 

Computational results are given and compared with an upper bound. 
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CHAPTER 1 

INTRODUCTION 

1.1 The Design of Standard Modules 

Modular design is the task of grouping components into standard modules 

which are then assembled into products. Here, we assume tho.t each product requires 

a specified number of components and that these requirements are presented in a 

matrix called "the requirements matrix". The design of standard modules involves 

choices of the following: 

- how many standard modules to be produced, 

- how many of each component to be included in each of the standard modules, 

- how many of each standard module should be used in each proriud. 

All three of above mentioned design choices must be made simultallcollsly to 

minimize overall costs. 

Modular design can be used in a variety of settings. For example, wc may 

apply modular design to the design of a computer or electronic equipment. Here, 

the components represent electrical components, the modules are circui t cards (or 

hybrids depending on the level of detail in the design), and the cnd products arc 

the different types of computers or electronic equipments. 

On the other hand, we may be designing emergency vehicles. Here, the COlTl

ponents are the equipment that must be placed on the vehicle, the modules are thc 

vehicles themselves, and the end products are the emergencies that are answered 

by the vehicles. Shaitel and Thompson [1983] gave an example of designing fire 

fighting units. The fire department has large numbers of well defined missions (first. 

aid calls, service calls, non-structural fires, residential alarms, commercial alarms, 
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etc.,). To accomplish each mission certain resources (i.e., men, officers, hoses, sal

vage gear, rescue equipment, miscellaneous tools, etc.,) are required. The problem 

is to design groupings of these resources to satisfy missions. 

Modular design may also be used to design fighting forces. For example, the 

concept of operations is a sequence of missions that the commander deems necessary 

to accomplish the desired objectives. Each occurrence of a mission requires amounts 

of various resources to ensure that the mission is successfully completed. Resources 

include ma..'"lpower, officers, fire support, transportation and communications time. 

Modular design can be used to design standard units and group them into forces 

so that the force assigned to each mission has the required strength to successfully 

complete the mission. 

The benefits of modular design include among others: 

a simpler design process since each module is less complicated thall the 

entire product, 

a simpler manufacturing control strategy, testing procedures and assembly 

processes since there are generally fewer modules than parts or produets, 

- greater economies of scale and quality from repetition (faster learning) since 

the demand of each module is generally larger than the demand of an~· indi

vidual product, 

- lower field maintenance costs since the diagnosis of a failed module is easier 

than that of a failed part, 

simplified cannibalization (the use of parts from one application to repaIr 

second), and 

- simplified additions to a product line (for example new generation comput

ers can be manufactured form the modules already designed and testeel). 



The disadvantages of modular design are the possible overequipment of parts 

in the products and the complications of interconnections between parts in some 

products. As a result of overequipment, products may be heavier and their volume 

may be increased, thus adding to transportation and handling costs. In electronic 

equipment, all the parts are interconnected and modules may be placed in different 

areas of the equipment, complicating the interconnections between each part (Shaf

tel [1972], Starr [1965]). 

1.2 Dissertation Overview 

In this dissertation we are concerned with formulating solution proceclllr(,s 

for simultaneously designing multiple modules. In the next chapter we will state the 

modular design problem and discuss pertinent literature for solving it. Approaches 

proposed by authors specifically for the modular design problem as well as glob;d 

optimization methods will be discussed. We conclude Chapt.er 2 with a discllssion 

of extensions to the modular design problem. 

Chapter 3 begins with the discussion of alternate formulations to the mmlular 

design problem. The advantages and weakr.esses of the different formulations alld 

several extensions and transformations will be given. 

In Chapter 4, we focus our attention on theoretical results which call be used 

to develop heuristics to the modular design problem. A matrix representatioll of 

the formulations, necessary and sufficient conditions for existence of solutions \'lith 

all requirements satisfied exactly, and the problem of rounding continuous solutiolls 

to obtain integer solutions will be examined in detail. 

Decomposition methods to heuristically solve the modular design problem 

will be given in the Chapter 5. We describe both integer and continuous heuristics 

which use partitions of the requirements matrix and consider methods to identify 

good partitions. Computational results are presented and discussed in detail. 
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In Chapter 6 we describe nonlinear programming approaches (i.e. global 

optimization techniques) that can be used to solve the modular design problem. 

We discuss the solution procedures and computational results uf the Tunneling 

Algorithm and The Generalized Benders Decomposition Algorithm. 

In Chapter 7, we discuss the Least Squares Modular Design Problem in 

detail. We show how to use this convex programming formulation to develop an ef

fective heuristic method to solve the other nonconvex modular design formulations. 

The effectiveness of the least squares formulation, as an alternative to other modu

lar design formulations, is demonstrated using both computational and theoretical 

results. 

In Chapter 8 we discuss a modular design problem where components mny 

fail stochastically. Transformations and theoretical results for this problem are given 

along with a solution heuristic and computational results. 

In Chapter 9 we state the multiple level modular design problem and the 

modular design problem with direct part inclusion. Finally we compare the heuris

tics and state the conclusions of the dissertation. 

1.3 Contributions 

In this dissertation, alternate formulations for the modular design problem 

have been identified. As a result, the designer has more tools to determine if modular 

design is an appropriate technology for a given application. The theoretical results 

on the structure of optimal solutions for some of the models have been given and 

used to develop heuristic solution methods. 

We have introduced a matrix representation of the modular design formula

tions, and used this representation to simplify the development of the theoretical 

results and the heuristics. The problem of finding integer solu tions by rounding 
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continuous solutions has been discussed and performance bounds for rounding have 

been found. 

We have proposed and tested several effective heuristics for the modular de

sign formulations for both the continuous and integer cases. The weaknesses and 

strengths of each heuristic have been described and the heuristics have been com

pared computa+io!1ally with each other and the heuristics in the existing literature. 

Three global optimization techniques to solve the modular design formula

tions have been identified and tested. We have identified the least squmes for

mulation as an effective alternative for the modular design formulations. Bounds 

for modular design formulations which use the least squares formulation have been 

developed and effective heuristics for modular design formulations using the least 

squares formulation have been developed and tested. Finally, we have dc\"(~l()ped a 

heuristic to solve the stochastic modular design problem using monotonicity prop

erties of the formulation. 
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CHAPTER 2 

LITERATURE REVIEW 

In this chapter we discuss past models and algorithms for solving the mod

ular design problem. Initially, we look at solution procedures proposed by different 

authors to solve the single module design problem and show why these procedures 

are not practical for the multiple module design problem. N ext we discuss algo

rithms and heuristics to solve the multiple module design problem. In particular, 

we discuss the Shaitel and Thompson heuristic since their decomposition frame

work is the basis for several of our heuristics. Finally, we discuss genera] global 

optimization methods and several extensions to the modular design problem. 

Let 

2.1 Solution Methods for the Single Module Design Problem 

David BvaIls [1963] introduced the following single module design problem: 

n products are to be produced from m parts. Each product is made up 

of a variety of the parts, with multiples of a specific part possible. The 

manufacturer has the option of producing all of the products directly from 

the parts or producing standard modules of the parts and then producing 

the products from the modules. It is assumed only one standard module is 

used. The problem is to design the part mixture of the standard module. 

The number of modules used in each product must also be determined. 

Mathematically, the problem can be written as: 

Rij = number of parts i required in product j, 

Ci = cost for part i, 
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dj = demand for product j, 

Xi = number of part i used in module, 

Yj = number of modules used in the production of product j. 

Here Xi and Yj are decision variables. It is assumed that Ci > 0 and d j > o. 
EWlns formulated the single module design problem (SMD) as a nonlinear program

ming problem that determines the values of Xi and Yj so that the total parts cost 

is minimized and product demand is satisfied. 

n m 

mm LdjYj '2:CiXi (2.1) 
j=l i=l 

subject to 

XiYj > Rij , V (i,j) (2.2) 

Xi > 0 , Vi, Yj > 0 , V j (2.3) 

Here (2.1) represents the total part cost and (2.2) is called "the requirements 

constraints". Note that, when designing modules, variables must be integers. There

fore, this formulation is a continuous relaxation of the integer formulation. In the 

case of designing electronic equipment, Ci represents the cost of part i, dj represents 

the demand of product j for a given time period and Rij is the minimum technical 

requirement of part i in product j. When designing groupings for emergency vehi

cles, Rij represents the number of an equipment i needed to be taken to a particular 

of mission j. The costs for equipment Ci are the maintenance and depreciation cost 

of that equipment per unit of time (or it's rental fee). The costs Ci for men and 

officers are the salary plus direct overhead per unit of time. The demand dj is 
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the amount of time spent in a budgt::t period in mission type j. In the case of 

designing a fighting force, Rij is the minimum amount of each resource required 

by each mission, to yield the desired probability of successful mission completion. 

The parameters Ci and dj are similar to those in the case of designing emergency 

vehicles. 

Since we cannot always satisfy all the constraints (2.2) at equality, overequip

ment, more parts than are technically required, will occur. Although the extra parts 

are given free to the customers, economies of manufacturing standard modules can 

outweigh the extra part cost. When designing emergency vehicles or fighting forces, 

overequipment is not critical and will increase the probability of successful mission 

completion. A complete discussion of the economic advantages and disadvantages 

of modular design is contained in Starr [1965], Moscato [1969], Shaftel [1972], and 

Karmarkar and Kubat [1987]. 

The objective function (2.1) is a quasiconcave function and the feasible re

gion defined by (2.2) is a convex set. Therefore, SMD is a concave minimization 

programming problem. Also, SMD has infinite number of solutions. If (x, y) is 

an optimal solution vector, then for any scalar () > 0, (()x, y/O) is also an optimal 

solution (this is called the () - rule by Evans). Using the () - rule and assum

ing Ci and dj are strictly positive, Evans transforms the model parameters and 

hence the formulation into the following convex programming problem (SMDC): 



subject to 

m 

min LXi 
i=l 

XiYj ~ ~j , V(i,j) 

n 

L Yj - 1 
j=l 

Xj > 0 Vi , Yj > 0 Vj 
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(2.4) 

(2.5) 

(2.6) 

(2.7) 

In the Chapter 3, we will show that the same transformation does not turn 

the multiple module design problem into a convex programming problem. We note 

that convex programming problems are more tractable than nonconvex problems, 

since any local solution is also a global solution. Eva...is obtains a solution to SMDC 

by solving a dual problem and computational results are given for small problems (4 

parts, 3 end items). 

Charnes and Kirby [1965], Passy [1970], and Smeers[1974] improved upon 

the solution method used by Evans for SMDC. Passy transformed SMDC problem 

into a geometric program, while Charnes and Kirby showed that SMDC can be 

transformed into a separable convex program. Neither paper presents extensive 

computational results and the algorithms discussed are only efficient on small prob

lems. Smeers [1974] formulated the dual of SMDC as a set of linear equations and 

then uses the dual solution to made decisions on which requirements constraints 

should be tight at optimality. 



19 

In their 1977 paper, Shaftel and Thompson developed an efficient algorithm 

to solve SMDC. The basis of their algorithm was a method to artificially increase 

the Rij values and use the information from tight requirements constraints to solve 

a dual problem. They used the dual variables to determine which Rij values to 

adjust. The algorithm terminated when the Kuhn-Tucker optimality conditions 

are satisfied and problems with 300 parts and 100 products (30000 requirements 

constraints) were solved in less than 5 minutes of CPU time. 
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2.2 Solution Methods for the Multiple Module Desilm Problem 

The inclusion of multiple modules in the model is extremely important from 

a practical point of view. In a particular application, SMD may give a solution 

with a large amount of overequipment, making the approach uneconomical. One 

effective way to overcome this difficulty is to design several modules instead of one. 

Evans [1970] shows that SMD is easily augmented to include multiple mod

ules. Let us define: 

Xik = number of part i used in the module k, 

Yjk = number of modules k used in the product j, 

Rij = number of product i required by the product j, 

Ci = cost of part i, 

dj = demand of product j, 

r = preselected number of modules, 

m = number of parts, 

n = number of product. 

The continuous multiple modular design problem (MMD) can be formulated 

as the following nonlinear programming problem: 

r 

mIn L 
k=1 

subject to 

r 

L XikYjk > Rij , V (i,j) 
k=1 

Xik > 0, Yjk > 0 , V(i,j,k) 

(2.8) 

(2.9) 

(2.10) 
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Here the total part cost is minimized, while the part-application requirements 

are satisfied. Note that, r is actually a decision variable, although it is stated as 

a parameter in the model. Too few standard modules will require excess costs for 

the overequipped parts, while too many standard modules increase the fixed cost of 

designing and maintaining the modules. To find the optimum number of standard 

modules we need to balance these two types of costs. 

Shaftel and Thompson [1983] have shown how to find the maximum num

ber of modules. It is obvious that 1 ~ r ~ mine m, n). Assume we have a 

solution xik' Yik· Let the overequipment of product j from part i be Zij . Let 

r 

Zij - L xikyjk - R ij , (2.11) 
k=l 

m n 

Zk - L L CidjZij. (2.12) 
i=l j=l 

Here Zk denotes the cost of overequipment when k modules are produced and 

let pk denotes the fixed cost of designing and maintaining k modules. Then an 

upper bound, p, on the number of modules is the largest integer such that: 

p 

zq - L pk > o. (2.13 ) 
k=q+l 

This approach has a serious drawback, SInce it assumes that the fixed 

costs pk, k = q + 1, ... ,p are known in advance. It may not be appropriate to 

even assume that the fixed costs of the modules increase linearly with the number 

of modules. We note that we can find the fixed costs of the modules only after we 

solve the multiple module design problem, since we need to know the part content 

of each module to find its fixed cost. Therefore, a reasonable strategy would be 

to solve the MMD problem several times, starting with a single module and then 
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increasing the number of modules by one each time. In this way we can accurately 

find the fixed cost of each additional module and the overequipment cost reduction 

for adding a module. 

It is simple to show that the objective function of MMD is a nonconvex func

tion and the feasible region is a nonconvex set. Trad~tional nonlinear programming 

algorithms generally find only locally optimal solutions for nonconvex programming 

problems and finding the global solution is especially difficult when nonconvexities 

are present in both objective function and the feasible region. To find the integer 

solutions, optimal solutions to the continuous problems are often helpful, hence 

effort to solve the continuous multiple module design problem is warranted. 

Silverman [1972] used a primal decomposition algorithm to solve MMD. The 

algorithm decomposed convex separable programs into a sequence of smaller sub

problems and used ~he method of feasible directions to solve these subproblems. 

We note that the algorithm was not designed specifically for MMD and it did not 

guarantee finding the global solution. Finally, computational results for a small 

problem (4 parts, 3 products and 2 modules) were not encouraging. Dembo [1976] 

transformed MMD into a signomial geometric programming problem. This geomet

ric program however had a large "degree of difficulty", and hence was hard to solve. 

Dembo used posynomial approximations to the signomial geometric program, and 

computational results were given for small problems (6 parts, 3 products and 3 

modules). The procedure could not guarantee finding the global solution and did 

not converge for a problem with 6 parts, 3 products and 4 modules. Dembo [1973] 

applied the generalized Benders decomposition to MMD. This approach did not 

guarantee finding the global solution however it will be discussed in detail in Chap

ter 6. 

Note that, all three approaches cannot guarantee finding the global solu

tion. This is not surprising due to the general difficulty of nonconvex programming 

problems. Consider the following example from Pardalos and Rosen [1987]. 



subject to 

n 

mm - L(CiXi + xD 
i=1 
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(2.14) 

-1 ~ Xi ~ 1, i = 1, ... , n (2.15) 

The unique global solution of this problem is -( n + 2:~=1 Ci) and occurs at 

the vertex v = (1,1, ... ,1). This problem however has 3n Kuhn-Tucker points 

and 2n local optima. To find the global solution of a nonconvex programming prob

lem, one could try to detennine all possible solutions to the Kuhn-Tucker necessary 

conditions and take the solution with the smallest function value. However, this 

example demonstrates that the global optimization by identifying local solutions 

may be extremely inefficient. Therefore, heuristic methods using the structure of 

the problem may be more effective for MMD. 

Now, we discuss a heuristic proposed by Shaftel and Thompson ( de

noted S&T) [1983] for MMD which partitions the requirements matrix R = 

(Rij) into k single module problems each with requirements matrix Rk, k E K, 

where 

L Rfj and Rfj > 0 , V (i,j, k). (2.16) 
k€K 



S&T considered the following transformed problem (S M DCIe): 

subject to: 

m 

mIn LXile 

i=l 

XileYjle ~ R~ , V( i, j) 

Xile > 0, Vi, Yjk > 0, V j 

24 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

It can be easily verified, that adding the single module solutions for 

each Rk yields a feasible solution to MMD with requirements matrix R. Note 

that, SM DC" is a convex programming problem, so the Kuhn-Tucker conditions 

are both necessary and sufficient. S&T derive alternative necessary and suffi

cient conditions for SM DC'" and thus use the optimal variables and multipliers 

of the SM DCIe subproblems to find multipliers for the Kuhn-Tucker necessary 

conditions of MMD. However, the necessary conditions of MMD are not sufficient, 

since MMD is a non convex programming problem. Therefore, their claim that the 

solution to the S1.fDCk problems yields a local solution to MMD is not valid and 

any partition Ric of R yields only a feasible solution to MMD. 

Partitioning R is an alternate strategy for finding low objective feasible so

lutions to MMD. Since there are infinite number of arbitrary partitions to the 

matrix R, S&T proposed guillotine partitions. A guillotine partition, with k pieces, 

of R is a partition of R into k rectangular subsets. Denote the rows and columns 

of the 1 - th subset as II and J, respectively. Then the partition implies that 
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(2.21) 

For a guillotine partition, the rectangles do not intersect, so 

(2.22) 

Finally, to ensure feasibility, 

(2.23) 

where 

(2.24) 

Rfj - 0 if (i, j) E Ih X Jh and h i- k. (2.25) 

A row guillotine partition is a guillotine partition with 

Jk = J, for k E K, (2.26) 

and a column guillotine partition is a guillotine partition with 

h - I for k E K. (2.27) 

Although, there are only finite number of guillotine partitions, the number of guillo

tine partitions can be very large even for a small size problem and total enumeration 

of all guillotine partitions is an impossible task. For example, a problem with 20 
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parts and 20 products with 2 modules has approximately 1.05 million possible par

titions, when only row and column guillotine partitions are considered, since the 

number of row or colwnn guillotine partitions for the above mentioned problem is 

given by: 

Define gk as the optimal cost for the MMD probiem considering all guillotine 

partitions with k pieces. As we incr~ase k, we obtain a better solution to MMD, 

hence 

gk > gk+1, (2.28) 

since we can always assign no requirements to the k + I-st piece. To solve MMD 

with k + 1 modules, S&T start with R and sequentially increase k by repartition

ing k pieces into k + 1 pieces. 

The following example from Shaftel and Thompson [1983] shows that the 

optimal solution cannot be found using only guillotine partitions. Consider the 

matrix: 

(1 2 3) 
R = 2 3 4 

345 

and let the number of modules be 2. The sum of the elements in R is 27, and it 

can be easily verified that every guillotine partition has g2 > 27. However, the 

following, non guillotine, partition achieves g2 = 27 and must be optimal. 

(0 1 2) 
R1 = 0 1 2 

012 
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Note that the optimal decision values for the best partition are: for Rl, 

x = (3,3,3), y = (0,1/3,1/3); for R2, x = (3,6,9), Y = (1/3,1/3,1/3). 

Our computational results will show that row and column guillotine parti

tions do not find always good solutions, even when all possible column and row 

guillotine partitions are considered (Chapter 6). This contradicts S&T's claim in 

their 1983 paper. Also, S&T considered several statistical measures to select guillo

tine partitions. These statistical measures however do not guarantee selecting good 

partitions. 

Another disadvantage of guillotine partitions is that row guillotine partitions 

restrict certain parts to certain modules and column guillotine partitions restrict 

certain products to certain modules, and this may be unacceptable in some situa

tions. Restricting certain parts to certain modules may not be desirable, since it 

may considerably complicate interconnections between parts. This situation is most 

common in circuit board design. 

The strength of the S&T guillotine partition method is that all of the sub

problems, SMDC k , can be solved to optimality, since they are convex programming 

problems. Also, the work shows us a methodology, the use of partitions, to solve 

MMD. We compare the solutions from this method with the solutions of our heuris

tics. 
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2.3 General Global Optimization Methods 

In general, large global optimization problems are considered almost in

tractable by deterministic methods. To find the globally optimal solution, it is 

necessary to evaluate all local optimwn solutions. Attempts to develop effective 

solution procedures to global optimization problems have been intensified in recent 

years. 

Several special cases of global optimization problems have been studied ex

tensively. Among them, are the following: 

- minimization of concave functions over convex sets (concave progranuning), 

- bilinear programming (optimization problems having bilinear terms), 

- reverse convex programming (optimization over complementary convex sets), 

- Lipschitzian optimization (optimization problems with data functions satis

fying a Lipschitz condition), 

- d.c. optimization (optimization problems involving functions representable 

as differences of convex functions). 

It has been shown in Pardalos and Rosen [1987] that, some difficult optimization 

problems can be reformulated as global optimization problems. For example, zero

one integer programming, quadratic zero-one programming and the quadratic as

signment problem all have this property. 

Concave minimization problems have been studied by Tuy [1964], Falk 

and Hoffman [1976], Bulatov [1977], Horst [1976,1984,1986,1988]' Thoai and 

Tuy [1980], Tuy, Thieu and Thai [1985], Hamami and Jacobson [1988], and Tuy 

and Horst [1988]. 
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The earliest solu.tion method& ;'Jr bilinear progTaIn:ming pI"obIem were those 

of Mangasarian [1964] and Mangasarian and Stone [1964]. More recent solution 

procedures were developed by Falk [1973], Sokirijanskaja [1974], Konno [1976], 

Vaish and Shetty [1976,1977], AI-Khayyal and Falk [1983], and Thieu [1988]. 

Problems with reverse convex constraints were studied by Rosen [1966], 

Meyer [1970], Avriel and Williams [1970], Ueing [1972]' Bansal and Jacob

sen [1975], Hillestad and Jacobsen [1980], Sen and Sherali [1987], Tuy [1987], 

Horst [1988], and Tuy and Thuong [1988]. 

In Lipschitzian optimization, the following problem is considered: 

min foe u) (2.29) 

subject to: 

lieu) < 0 , i = 1, ... ,m, (2.30) 

where, ii, i = 0, ... , m are continuous functions satisfying the Lipschitz condition: 

(2.31 ) 

Here, Li are positive constants for all u 1 ,u2 in a ball around 0, of radius r, which 

is assumed to contain all solutions to (2.28) in its interior. This problem has been 

studied by Piyavski [1967], Evtushenko [1971], Mayne and Polak [1984], Thach and 

Tuy [1987], Meewella and Mayne [1988,1989], Pinter [1986,1988], Horst [1988], and 

Nefiodof [1987]. 

Finally, methods for solving d.c. optimization problems were developed by 

Tuy [1984,1986], Horst [1988], Tuy and Horst [1988], and Tuy and Thuong [1988]. 
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Note that, a certain type of global optimization problems can be transformed 

into a different type. For example, several problems can be transformed into a con

cave minimization problems, examples being bilinear programming, d.c. optimiza

tion, and optimization under reverse convex constraints. 

In general the solution methods discussed in the papers referenced in this 

section are practical only for small problems and few computational results are 

given. In Chapter 6, we will discuss how to transform MMD into a d.c. optimization 

problem and consider two global optimization methods for solving the problem. 

2.4 Model Extensions 

In their 1972 paper, Shaftel, Smeers and Thompson extend SMD to a more 

general problem where the values for Ci and dj may be zero, upper and lower bounds 

for the decision variables exist, and the requirements constraints may be "~", " ~ 

" or "=". They extend the S&T algorithm to solve this new formulation however 

no computational results are given. Note that, the algorithm can only identify local 

solutions since this formulation has reverse convex constraints. 

Shaftel [1971] introduced integer requirements on the decision variables to 

SMD. His solution method is based on complete enumeration of all integer solu

tions, although he implemented dominance relations to exclude some integer solu

tions. He estimated that this procedure can only be used on problems with at most 

four x variables, ten y variables and requirements values less than 400. These are 

still relatively small problems. 

Samuelsson and Thompson [1974] extended the Shaitel and Thompson algo

rithm to solve SMD with integer variables. They developed a branch and bound 

technique using the S&T algorithm with additional side constraints. The bounding 

routine expedites the fathoming phase of the branch and bound algorithm. 
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O'Reilly [1975] added integer variables and a multi-period production and 

inventory model to Evans' single module problem and Evan's multiple module prob

lem. He developed a heuristic method to find the optimal design in conjunction with 

the optimal production plan. 

Rutenberg and Shaftel [1971] introduced the market level for products. The 

problem is to group the parts into modules, the modules into products, and then 

to assign the products to markets to satisfy demand and part requirements. The 

objective is to minimize the swn of the total part cost, the fixed production cost, 

the inventory cost, and the shipping cost. They proposed a heuristic method based 

on decomposition to solve the problem. 

Goldberg [1984,1990] introduced linear separable side constraints to SMD 

and developed a heuristic method that is an extension of the Shaftel and Thomp

son algorithm. Closed form expressions have been obtained for determining feasible 

movement directions and step lengths. Computational results of the heuristic are 

promising and the heuristic can be used to solve large problems (20 parts, 50 prod

ucts). Goldberg [1990] has demonstrated another transfonnation to convexify the 

SMD problem. Consider the following change of variables: 

Xi 
h· Yj = e J. (2.32) 

Since Xi and Yj are strictly positive, the transfonnation is well defined. Using the 

fact that minimizing f(x) is equivalent to minimizing logf(x) , we can take the log 

of the objective and the first constraint set to obtain the transformed problem: 
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n m 

nun log(L djehi ) + log( L cje9i ) (2.33) 
j=1 ;=1 

subject to: 

gi + hj > log(R:j) , VU,j) (2.34) 

gj , hj unrestricted , V(i,j) (2.35) 

Note that, we cannot use this log transformation to convexify the MMD problem, 

f~;~ce we cannot always guarantee that Xik and Yjk are strictly positive. 

We conclude that effective solution methods for multiple module design prob

lem have not been identified and therefore the practical realization of the modular 

design has been restricted. Also, effective solution methods for large integer modu

lar design problem have not been proposed. Therefore, we concentrate our effort to 

find effective solution methods for multiple module design problem and some cases 

of integer module design problem. 
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CHAPTER 3 

ALTERNATE FORMULATIONS OF MMD AND EXTENSIONS 

In this chapter we discuss several different models and extensions to the 

multiple module design problem. Specifically, we present alterm:.te forrnulations 

and extensions to MMD which are studied in this dissertation and we discuss the 

advantages and weaknesses of each model. 

3.1 Alternate Fonnulations to MMD 

In this section we will discuss several models, which can be used to desigll 

multiple modules and are variations of the problem MMD. 

3.1.1 Transformed Multiple Module Design Problem (MMDT) 

Using a linear transformation, we can change MMD to a canonical fonnuln

tion with Cj = 1 and d j = 1. 

Let us define: 

Yjk (3.1 ) 

Substituting the new variables into MMD, we obtain: 
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r m n 

min L (L x~k)(L Y~k) (3.2) 
k=l i=l j=l 

subject to 

r 

L XikYjk ~ R~j , V (i,j) (3.3) 
k=l 

Xik > 0, Yjk > 0, V (i,j, k) (3.4) 

Where 

(3.5 ) 

The tr:m""fonnation is valid as long as Ci t 0 and dj t o. The case Ci = 0 rep

resents zero cost parts and does not show any practical importance. If elj = 0, 

we can simply erase the j - th column from the matrix R and remove the vari

ables Yjk from the model. In further discussions we will drop the "prime" notation 

from the model. Note that, after we solve the transformed model, we can find the 

solution for MMD as: 

(3.G) 

This linear transformation is vital to several heuristics to solve MMD which will be 

discussed in Chapters 5 and 7. 
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3.1.2 Multiple Module Desi~n without Overeauipment (MMDO) 

Since we cannot always satisfy all the nonlinear constraints as equalities, 

there will be overequipment of the products with parts (mathematical requirements 

for no overequipment will be discussed later). Although from practical point of view, 

a small amount of overequipment is acceptable, a large amount is not. Increased 

weight of the products, increased volume of the products, and increased cost are the 

most undesirable characteristics of overequipment. These disadvantages motivated 

us to present a different formulation. Here, the variables and parameters are the 

same as those defined for the MMD formulation. The formulation denoted MMDO 

IS: 

n 

max Xik ) ( L Yjk ) (3.7) 
k=l i=l j=l 

subject to 

r 

L XikYjk < Rij , V (i,j) (3.S) 
k=l 

Xik 2::0, Yjk 2::0, V(i,j,k) ( 3.0) 

The objective is to maximize the total part content in all modules, however 

the part content in each product must. not exceed the required part content. Note 

that, the solution to this model does not guarantee satisfying all part requirements. 

Therefore, additional parts, must be provided by other means (for example single 

part assembly). Since, module production is generally an automated process, the 

inclusion of additional parts imparts higher production costs. Also, the objective 

function and constraint functions in MMDO are nonconvex. As a result, we expect 

the same difficulty in solving this model as we obtained for MMD. In Chapter 5 we 

will show how we can use this model to develop a heuristic for MMDT. 
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3.1.3 Least Squares Formulation for Multiple Module Desir;n Problem (MMDLE) 

Note that, there is a similarity in the structure of the MMDT and MrvIDO. 

Both formulations have the same function in the objective and the same func

tions in the left hand side of the constraints, however the objective of MMDT is 
r m n 

to minimize L L Xik L Yjk, while ~.1MDO maximizes the expression. Further-
k=l i=l ;=1 

more, MMDT allows overequipment, while MMDO allows underequipment. These 

properties motivate us to find a formulation which allows both overequipment and 

underequipment. Additionally, if we add all the left hand sides of the requircments 

constraints of either formulations, we get the objective function of both formula

tions. It is clear that an alternate goal is to design as close as to the requircments 

and allow both over and underequipment. Again we assume that undercquipped 

parts will be satisfied by single part assembly. Thus, we can present the following 

formulation denoted LS: 

m n r 

mm L L (L XikYjk - Rij? (3.10) 
i=l j=l k=l 

subject to 

Xik > 0, Yjk 2: 0 (3.11 ) 

Here we minimize the sum of squared deviation of the part content frOIll 

the requirements. The objective function of L5 is convex and it can be cosily veri

fied that the feasible region of this formulation is also convex (bounded variables). 

Therefore, we can find the global optimal solution to this problem. Vve will show in 

Chapter 7 that a variation of this problem has a closed form solution, which can be 

found easily and we will use this model in a heuristic to find solutions to :rvlMDT 

and MMDO. 
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3.1.4 Multiple Module Design Problem with a Linear Objective Function 

Shaftel and Thompson [1983] introduced a multiple modular design formula

tion with a linear objective function. Note that, the existence of a multiple solutions 

to MMD allows us to transform MMD into a formulation with a linear objective 

function. Define a set of scalars (ho > ° and if (Xik' Yjk) is a solution to MMDT, 

then (fhxik, Yjk/(h) also a solution. The objective value does not change under the 

transformation. We obtain the following formulation denoted MMDL1: 

r m 

min L (L Xik ) (3.12) 
k=1 i=1 

subject to 

r 

L XikYjk > Rij, V (i,j) (3.13) 
/;;=1 

n 

LYik = 1, Vk (3.14) 
j=1 

Xik ;::: 0, Yjk ;::: 0, V (i,j, k) (3.15) 

In this formulation the objective function is linear, however the feasi ble re

gion remains nonconvex. Therefore, this formulation still represents a. nonconvex 
n 

programming problem. The constraints L Yjk = 1, for all k are a weakness of this 
j=1 

formulation, because they force all Yjk variables to be between 0 and 1 . Although 

this dissertation is not directly concerned with the integer variable problem, the 

issue must be addressed. Rounding the continuous solution may give good integer 

solutions, however the solution to this particular continuous problem does not allow 

us to round and find a low objective integer solution. Vlediscuss optimal rounding 

in Chapter 4. 
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Now we will show how to transform MMD to a formulation with a linear ob

jective function and nonlinear equality constraints. The motivation for this trans

formation is to find a formulation which is more tractable for global optimization 

algorithms. As mentioned before, optimization problems with both nonconvex ob

jective functions and nonconvex feasible regions are considered very difficult to 

solve. 

Let us introduce a new variable : 

r 

Tij - L XikYjk - Rij. 

k=1 

(3.1G) 

Using the notation of MMD and substituting Tij into objective function, we obtain: 

r m n m n m n 

L L CiXik L djYjk = LL cidjTij + LLCidjRij. 

k=1 i=1 j=1 i=1 j=1 ;=1 j=1 

Thus we can propose the following optimization problem denoted MMDL2: 

m n 

mm L L cidjTij 

i=1 j=1 

subject to: 

r 

L XikYjk - Tij = Rij 

k=1 

Xik > 0, Yjk > 0, Tij > 0, V (i,j, k) 

(3.17) 

(3.18) 

(3.10) 

(3.20) 

Tij represents the overequipment of the part i in product j, thus the objective 

is to minimize the total cost of overequiped parts. The feasible region remains 
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non convex but the formulation is more tractable than the MMD formulation for 

global optimization methods, since the objective function is linear. 

3.2 Model Extensions for MMD 

Goldberg [1984,1990] introduced linear separable side constraints to the sin

gle module design problem. A linear separable side constraint is defined as a con

straint that is linear and contains either x variables or Y variables but not both. 
m n 

For example L aixi ~ A, and L bjYj ~ B are both linear sepcu·C1ble COll-

i=l j=l 

straints. The introduction of linear side constraints can improve the practica hili t.y 

of MMD. These constraints can be used £n a variety of modeling applications such 

as: 

- when ai is the weight or volume of part i, then a constraint on the x \'ari abIes 

shows the maximum allowable weight or volume of the module, 

when bj = 1, then a constraint on the Y variables models the maXlll1llll1 

number of modules that can be produced to meet demand. 

Also linear separable constraints can be introduced into a continuous variablc 

problem to solve an integer variable problem. This idea was first introduced by 

Dakin [1965]. Linear separable constraints can be added to the continuolls problcm 

and the solution to the continuous can be used as a bounding met.hod in a brallch 

and bound algorithm. 
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We add linear separable constraints to problem MMD to obtain problem 

MMDL. 

r m n 

min L L CiXil.: L djYjl.: (3.21 ) 
1.:=1 i=1 j=1 

subject to: 

r 

LXil.:Yjl.: > Rij , V (i,j) ( 3.22) 
1.:=1 

m 

La!Xil.: ::; AI, V(l,k) (3.23) 
i=1 

n 

L b~Yjl.: < BP, V (p, k) (3.34) 
j=1 

XiI.: > 0, Yjl.: 2: 0, V (i,j, k) (3.35 ) 

It is generally assumed that the Cj, dj , a!, b~, AI, BP are nonnegative, however this is 

not necessary for the results and solution methods developed in this dissertatioIl. 
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CHAPTER 4 

INITIAL THEORETICAL RESULTS 

In Chapter 3, we have discussed that it is possible to find good solutions 

to MMD by partitioning R. In this chapter we will discuss theoretical results and 

observations which will be used to partition R intelligently. Also, a matrix represen

tation of the modular design formulations, which is helpful to derive necessary and 

sufficient conditions for existence of solutions (both integer and continuous) wi th all 

requirements satisfied exactly, will be discussed in detail. Finally, the problem of 

rounding continuous solutions will be discussed. We will give algorithms for finding 

integer solutions for both the SMD and MMD by optimally rounding continuous 

solutions. 

4.1 Exact Requirement Solutions 

It is clear that the best situation for using modular design is when all part 

requirements are satisfied exactly without overequipment or unclercquiprnent. 'Ve 

assume that the part requirements are integers. Therefore, all requirements satisfied 

exactly implies that: 

there exists Xik 2:: 0, integer ,V (i, k) and Yjk > 0, integer V (j, k) , such that: 

r 

L XikYjk - Rij V (i,j). ( 4.1) 
k=l 

The following result shows if condition (4.1) is satisfied, then the solution is 

optimal for both MMD and MMDO. 
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Theorem 4.1 

IT condition (4.1) is satisfied, then Xij V (i,j) and Yjk V (j, k) are optimal for 

both MMD and MMDO. 

MMD minimizes a positive linear combination of: 

r 

Zij - L XikYjk· 

k=l 

Note that all Xik, Yjk must be nonnegative. Hence to reduce the objective fUllc

tion, we must reduce Zij for some (i,j) pair. This is not possible since (2.9) re

quires Zij 2: Rij. Thus Xik and Yjk must be optimal for MMD. Similar argurnents 

hold for MMDO .• 

Note that, we did not assume the integrality of Xik and Yjk in proving The

orem 4.1, therefore the result also holds, when Xik and Yjk are integers. 

From both a theoretical and~. pra.ctical point of vie'.''.', necessary and sufficient 

conditions for the existence of integer solutions that satisfy requirements exactly, 

are extremely important. These conditions show us the requirements matrices for 

which modular design may be economically attractive. As we will see later, these 

conditions can also be used to find effective heuristic solution procedures. Defore 

we state the necessary and sufficient conditions for integer solutions which satisfy 

requirements exactly, we give the matrix representation of MMDT, M:tviDO and LS. 



4.1.1 Matrix Representation of Modular Design Formulations 

where, 

Let us define the matrices: 

C' X21 
X -

Xml 

C" Y 
Y21 

= 

Ynl 

m = ntunber of parts, 

n = ntunber of products, 

r = number of modules, 

X12 

x" ) X22 X2r 

X m 2 Xmr 

Y12 

y" ) Y22 Y~r , 

Yn2 Ynr 

Xik = number of part i in module k, 

Yjk = number of module k in product j. 
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Let R' = Xyt where R~j represents the number of part i supplied to procluct .f. 

Therefore, the matrix representation of MMDT is (MMDTM): 

(4.2) 

subject to 

( 4.3) 

X > 0 , Y ~ O. ( 4.4) 
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Here, the matrix norm II 111 denotes the sum of all entries of the matrix. 'Ve use 

the notaHr.:l Xyt ? R to mean cJl the entries of Xyt are greater than or equal 

to the corresponding entries of R. The notation X ? 0, Y ? 0 means that all of 

the entries of X and Y are nonnegative. 

Similarly, the matrix representation of MMDO is (MMDOM): 

(4.5) 

subject to 

(4.G) 

X > 0 , Y ? o. (4.7) 

The matrix representation of the LS problem is (LSM): 

(4.8) 

x > 0 , Y > o. (4.9 ) 

Here, the matrix norm II 112 denotes the square root of the sum of the squared 

matrix entries. 

We use the following theorem from linear algebra (Noble anel Daniel [1977]) 

to develop conditions for find solutions with all requirements satisfied exactly. 
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Theorem 4.2 

A (m X n) matrix R is a matrix of rank r, if and only if it has the following 

representation: 

R = Xyt, (4.10) 

where X is an (m X r) matrix and Y is an (n X r) matrix. 

Now we can state the necessary conditions on R for the existence of solutions, 

that satisfy requirements exactly. 

Theorem 4.3 

If we have a solution (either continuous or integer) to MI-..'ID, MMDO or LS 

that satisfies requirements exactly, then the given solution is optimal and R has at 

most rank r, where r is the number of modules. 

Since all the requirements are satisfied exactly, the given solution must be 

optimal. Also we have X and Y such that Xyt = R, so by Theorem 4.2, R mnst 

be at most rank r .• 

Tl,ese necessary conditions are also sufficient for SMD and SMDO. The fol· 

lowing theorem gives the sufficient condition for the existence of integer solutions 

where requirements are satisfied exactly for SMD and SMDO. 
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Theorem 4.4 

For SMD and SMDO, if R is a rank 1 matrix, then there exists integer (and 

hence also continuous) optimal X and Y matrices, such that Xyt = R. 

Since R is a matrix of rank 1, there exist multipliers so that each row can be 

represented as a product of row 1 and a multiplier of that row. Let the multiplier 

of row i be ai/bi . Here ai, bi are integers and we assume that ai/bi is relatively 

prime (for example, 6/4 is not relatively prime and it must be reduced to 3/2). 

Note that, since we asstune all requirements are integer, these multipliers can be 

found without any difficulty. Therefore, the matrix R can be written as: 

R

1n 

) ~~ ~171 

.£.m.R bm In 

Let us take a solution to this problem as, 

,y 

Note that, all the requirements are tight for this solution. If b2 , • •• ,bm are all equal 

to 1, then this is an integer solution and the proof is complete. Otherwise this 

solution is not integer and denote the least common multiple of b2 , ••• ,bm as B. It 

follows that (B /b2 , B /b3 , • •• ,B Ibm) are all integer. Since R has integer entries and 

all ai/bi are relatively prime, all (Ru/bi' R 12 /bi, .. . , R 1n /b i ) for i = 2, ... ,m must 

be integers. Therefore, all R ll , ... , R 1n must be at least B and be divisible by B. 

Using the 8 - rule, that following solution is also a solution to SMD and SMDO: 



Xl yl 

But, we have shown that (B Ib2 , Blb3 , ••• , Blbm ) and (Rlli B, RI21 fl, ... , R ln / fl) 

are integer. Thus (Xl, yl) is an integer solution to SMD and S:1v100 ami since all 

requirements constraints are tight, this solution must be optimal. • 

The proof of the Theorem 4.4 gives us an algorithm to find an integer sollltioll 

to the SMD or SMDO problem when R is rank 1. Additionally, if we C<lll find <l r,llik 

1 matrix, RI, which is in some sense close to Rand RI is feasible (R' ~ R for S\10 

and RI ::; R for SMDO), then we can easily find solutions for the R' matrix. These 

solutions are feasible for SMD or SMDO and would be good heuristic solutiolls. 

The following algorithm shows how to find an integer solution to SMO or S?'vIOO 

when R has rank 1. 
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Algorithm 4.1 : Integer Solution Algorithm 

Step 1 

Find ai/bi, for i = 2, ... , m and get the solution as: 

If bi = 1, for i = 2, ... ,m , then stop. We have an integer solutioll. 

Step 2 

Find B as the least common multiple of b2 , b3 , ••. , bm . 

Step 3 

Find the integer solution as: 

y' 

We now give an example demonstrating the steps of the algorithm 4.1. Con

sider a problem with 3 parts and 3 products and let R be: 

R=G ~~ ~~), 
16 24 

Here, R is a rank 1 matrix and multipliers for the rows are (%, ~). A nonintegcr 

optimal solution is: 
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In this case, B = 6, so an integer solution is: 

x - (6,9,8) , Y = (1,2,3). 

From the proof of the Theorem 4.4, we can see the difficulties of finding 

integer solutions for MMD and MMDO. For example consider a 2-module problem. 

Here any row will be a linear combination of 2 independent ro\vs of R. However, 

these multipliers can be negative, in which case the proof fails. For example, the 

following 2-module example does not have any integer solutions that satisfy require

ments exactly, even though it is a rank 2 matrix: 

(
1 2 4) 

R= 1 4 2 
1 3 3 

Although integer solutions that satisfy requirements exactly do not exist for 

some problems, continuous solutions may exist. Vie could not prove this result 

theoretically, however computationally we always find such solutions for randomly 

generated problems. To explain the difficulty of finding continuous solutiolls ",hell 

requirements are tight, we first state a more general 8 - rule for MMD, MMDO 

and L8. 

Theorem 4.5 

Let (X, Y) be any feasible solution for MMD, MMDO or L8. Then (XI ,}'"1) is 

also a feasible solution for MMD, MMDO or L8 and has the same objective function 

value as (X, Y), if we can find an (r X r) nonsingular matrix D such t.hat t.he 

following conditions are satisfied: 

(4.11 ) 
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It can be easily verified, that Xl is (m x r) and Yl IS (n X r). Since D is 

invertible, the following equality holds: 

(4.12) 

If Xl ~ 0 and YI ~ 0, then the solution (X}, YI ) is feasible and has the same 

objective function value as the solution (X, V) .• 

Note that, we have proven this theorem for any feasible solution, thus 

it is true for optimal solution also. We next describe how to find an unre

stricted (X and Y possibly have negative entries) continuous solution when require

ments are tight for MMD, MMDO and LS. The method is similar to the method of 

used in proving Theorem 4.2. 

Since R is a matrix of rank r, after several permutations of rows and columns 

of R , we can obtain the following decomposition: 

where, 

R = (Rll 
R21 

Rll is an (r X r) matrix of rank r, 

R12 is an (r X (n - r» matrix, 

R21 is an «m - r) x r) matrix, and 

R22 is an «m - r) X (n - r» matrix. 

Now, select Xl and Yi as: 

X _ (Rll) 
1 - R ' 21 
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and 

We find that R22 = R2lRll R 12 . Since Rll is a (r x r) matrix of rank r, 

its inverse exists. It can be verified that XI~t = R, however since R"]/ RI2 can 

have negative entries, we cannot guarantee the solution (Xl, YI ) is nonnegative. A 

method to find the matrix D, so that XD > 0 D-Iyt > 0 has not yet 

been fOtuld however computational methods for determining D will be discussed in 

Chapter 7. When D is a diagonal matrix with all positive entries, we get a e - rule 

similar to that in SMD and in this case the alternate solution (XI, YI) will always 

be nonnegative. 

The following theorem gives a sufficient conditions for the existence of solu

tions to MMD, MMDO and LS where requirements are satisfied exactly. COllsider 

an r module problem. 

Theorem 4.6 

If the matrix R can be decomposed into r rank 1 matrices with nOllllcga

tive (integer) entries, then MMD, MMDO and LS have a (integer) solutioll tlwt 

satisfies requirements exactly. 

If we can decompose R into r rank 1 matrices with nonnegative (int.eger) 

entries, then we can solve each rank 1 matrix for a (integer) solution using Algorithm 

4.1. Combining the solution to the each rank 1 matrix gives the solution to IvIMD, 

MMDO and LS. Since all the requirements are satisfied exactly, this solution mllst 

be optimal .• 

We now give a more general set of sufficient conditions for solutions (integer) 

that satisfies requirements exactly for MMD, MMDO and LS. The proof of the 
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theol-em demonstrates a particular method to decompose R into r rank 1 matrices. 

Again consider an r module problem. 

Theorem 4.7 

lithe remaining (m-r) columns ((n-r) rows) of matrix R can be represented 

as a nonnegative (integer) linear combination of a particular set of r columns (rows), 

then MMD, MMDO and LS formulations have optimal solutions (integer) where the 

requirements constraints are satisfied exactly. 

Since R is a matrix of rank r, it is always possible to find r linearly indepen

dent columns (rows). Without loss of generality, let us assume first r columns (rows) 

are linearly independent. These r vectors denote the basis for the col Ul11n (row) 

space and other colmnns (rows) can be stated as a linear combination of these basic 

vectors. Let us assume as the theorem states, that there exist nonnegative (integer) 

multipliers, for stating any column (row) as a linear combination of basic vectors. 

We will prove the theorem by constructing a solution for the case when there exists 

a nonnegative (integer) linear combination of basic columns of matrix R. The proof 

for the rows will be analogous. 

Let us denote the first r basic columns as C1 , C2 , •.. ,Cr. And denote the 

nonnegative (integer) multipliers of basic column C j for the column j as (l:ij, i = 

1, ... , r , j = r+ 1, ... , n. Note that, these multipliers can be found (assuming they 

exist) by reducing the matrix R into the column (row) echelon form. Therefore, 

r 

C j - L (XijCi , j = r + 1, ... , n. 
i=l 

We construct the (m x r) matrix X and the (r x n) matrix yt as: 

( 4.13) 

(4.14) 
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(4.15) 

Here Ji, i = 1, ... ,r is an (r X 1) vector with a "1" entry at i-th row and (' 

everywhere else, and a i , j = r + 1, ... ,n is an (r xl) vector with entries of Gij in 

the i-th row. 

By simply multiplying matrices, 

All the entries of the X and Y matrices are nonnegative (integer), and since all the 

requirements are tight, this solution must be optimal. • 

Theorem 4.7 shows how to construct an integer solution which we illustrate 

by an example. Consider a 2-module problem with the requirements matrix: 

Here C1 and C2 are linearly independent and C3 2C} + C2 . Therefore, 

sufficient conditions are satisfied and we can construct a solution using the algorithm 

described in the proof of Theorem 4.7. 

We obtain the solution as: 

y t _ (1 
- 0 

o 
1 
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Although we have proven Theorem 4.7 for the case when all multipliers are 

nonnegative, we have found computational solutions for the case with unrestricted 

multipliers. There is some empirical evidence to believe that Theorem 4.7 is true 

even if the multipliers are unrestricted, but we cannot give a proof at this time. 

The sufficient conditions can be used to find heuristic procedures for MMD 

and MMDO. If we can find a rank r integer matrix R' , such that R' ~ Rand R' is 

close to R entrywise, and we can decompose R' to r rank 1 matrices, then we can 

find a good solution to MMD. Similarly, for MMDO, we need to find a rank r int.eger 

matrix R' such that R' ::; R and R' is close to R entrywise. Several heuristics, 

that use these ideas will be given in Chapter 5. 

In general finding optimal integer solutions to either MMD or MMDO is hard 

even for the case of a single module. As we mentioned earlier, finding good contin

uous solutions for the formulations is extremely difficult due to the nonconvexities 

involved. Thus, the necessary and sufficient conditions for satisfying requirements 

exactly show us a good methodology to attack this problem with matrices with the 

desired dependence structure and are close to R. 



4.2 Rounded Continuous Solutions 

In general, arbitrarily rounding an optimal continuous solution does not al

ways yield good integer solutions. Also the existence of alternate solutions with 

the same objective function to MMD and 1.-1MDO complicates the problem of 

rounding. Using the f) - rule, it is always possible to find a continuous solution 

with large X and small Y, which in turn yields a poor rounded integer solu

tion. For example consider SMD with 2 parts and 2 products. For simplicity 

assume CI = C2 = 1 and d l = d2 = 1. Let the optimal solution be: 

x (2.3,4.5) , Y (1.2,3.1). 

Objective function value for this continuous solution is 29.24. An integer s()luti()ll 

from rounding up (to ensure feasibility) is: 

Xl (3,5), YI - (2,4). 

This solution has an objective value of 48. Now, consider an alternate cOlltill1l01lS 

solution with the same objective function 29.24: 

(23.0,45.0) , Y' (0.12,0.31). 

The rounded integer solution is: 

X 2 - (23,45) , Y2 (1, 1), 

and has an objective function value of 136. 

Next we show how to optimally round the continuous (X, Y) and how to 

choose the value for I: Xi (i.e. choose an appropriate 8) so that the objective of tbe 

rounded solution is as close as possible to the objective of the continuous solutioll. 
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Also, bounds for the relative deviation of the optimally roundcd integer solution 

from the continuous solution will be given. 

Assume we start with some continuous solution (X, Y) which is fC;lsibk. 

Although it is not always possible to find the optimal ccmtinuous solution, \yc call 

use a good heuristic continuous solution for rounding. As mentioned earlier, SMD 

can be transformed into a convex programming problem, thus the optimal solution 

can be found. However, SMDO is not a convex programming problem and cannot 

be convexified due to a reverse convex constraint set. 

Initially, we consider SMDT which standardizes the cost awl demand coef

ficients to 1 (Chapter 3). Let A be the deviation of the integer objective function 

value from the continuous objective function value, relative to the continuolls oh

jective function value. Hence, 

A 
Integer Objective Value - Continuous Obj ective Value 

Continuous Objective Value 
( 4.1G) 

To find an integer solution we consider rounding the continuous solution 

and since the solution from rounding down may be infeasible we always round up. 

Let r Xi 1 and r Yi 1 be the rounded integer solution. Then, 

( 4.17) 

and 

(4.18) 

Taking sums of the inequalities (4.18), we obtain, 

m m n n 

(4.1 D) 
i=l i=1 j=1 j=1 
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Substituting into (4.17), we obtain, 

( 4.20) 

Let, 

m n m n 

LXiLYj = KLLRij , (4.21) 
i=l j=l i=l j=l 

where K is the coefficient of overequipment and let, 

m n 

LLR;j - W ( 4.22) 
i=l j=l 

Substituting (4.22) in (4.21), we obtain, 

m n 

LXiLYj KW, ( 4.23) 
i=l j=l 

and substituting (4.23) in (4.20), we obtain, 

n :E~1 Xi + m :E;=1 Yj 
A < KW 

< 
n :E~1 Xi + 

m :E;=1 Yj 
KW KW 

+ mn 

mn 
+ KW· 

(4.24) 

From (4.23), 

n KW 
LYj = :Em , 
j=l ;=1 Xi 

(4.25 ) 
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so, we obtain, 

A n 2:~1 Xi m mn 
< KW + 

2:;:1 Xi 
+ KW ( 4.26) 

If we let 

L n 2:~1 Xi m mn 
- KW + 2:~1 Xi 

+ KW' ( 4.27) 

and denote 

m 

A = LXi, ( 4.28) 
i=1 

we obtain, 

L 
nA m mn 

- KW + A + KW· (4.2D) 

It is clear that L is a convex function of A. Also, we want L to be as small 11S 

possible (tightest bound on A), therefore, to minimize L we set the first dcrivati\"(' 

equal to 0 and obtain: 

dL 
dA 

Solving (4.29) for A, we obtain, 

Note that, second derivative, 

n 
= KW 

m 
A2 

A* = JmI~W. 

tPL m 
dA2 - A3 ' 

- o. ( 4.30) 

(4.31) 

( 4.32) 
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is strictly positive when >. > O. Therefore >. * is a minimum point of the func

tion L and substituting>. * in (4.29) we obtain: 

L* n~ ~ mn 
- KW n + m mKW + Kl¥' 

~ffw mn ( 4.33) - KW+ KW+ KW' 

- ~ mn 
2 KW + KW' 

Thus, best bound for the rounded solution is given by L*. \\Then J{H! is 

large, the bound is small implying that the difference between the objectives of 

the integer and continuous solutions is small when compared to the objective of the 

continuous solution. Let r be the average value of Rij, then H! ::::: mnr. Therefore, 

the optimal bound can be expressed as: 

(4.34 ) 

As you can see this is a tight bound, since generally r K is large. 

Analogously, we can find the bound for SMD which is given by: 

L*=2JCD + CD 
KW KW' 

(4.35 ) 

where, C and D are defined by, 

m n 

C ( 4.30) 
i=l j=l 

and KW is given by 

m n 

L CiXi L djYj· ( 4.37) 
i=l j=l 



Here, ), is defined as: 

and the optimal .A * is obtained as: 

m 

.A - LCiXi, 

i=l 
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(4.38) 

(4.39) 

Next we consider the bound for SMDO. Here we consider rounding down to 

ensure feasibility. We denote the rounded down solution as Lxd and LYjJ. Usillg 

an identical derivation as that for SMDT except: 

LXd > Xi - 1 Vi , LYjJ > Yj - 1 Vj, (4.40) 

we obtain, 

(4.41) 

and the bound 

L* = 2J mn _ mn 
KW KW· 

(4.42) 

This L* value is smaller than the bound for SMDT problem, however the 

optimal L:Xi value for both formulations is the same. An algorithm. to find an inte

ger solution to both SMDT and SMDO formulations, rounding continuous solut.ion 

follows. 
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AIgo:lthm 4.2 : ROllllded Integer Solution - SMDT or SMDO 

Step 1: 

Find a continuous solution and its objective function value, 1(11', for SMDT 

or SMDO. Denote this solution as (X, Y). 

Step 2: 

Compute, 

.\* _ Jml~W , 8 .\* 

2:~1 Xi 

Step 3: 

Compute the new continuous solution (X', Y') as, 

Yj -
Yj 
() Vj. 

Step 4: 

For SMDT, find the integer solution as, 

For SMDO, find the integer solution as, 

, 
= Lxd Vi - ly~J Vj. 

Step 5: 

Improve the solution (if possible) by independently reducing .-z;:nt allCI !/}71t. 
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Note that, in Step 3 we have used the (J - rule to find an alternate continuous 

solution with the same objective function value and this new continuous solution 

is the best from which to round and obtain an integer solution. Since we are 

rounding both X and Y simultaneously, there may exist a better integer solution 

by decreasing X or Y independently as long as the solution remains feasible for 

SMDT (increasing X or Y independently for SMDO). Hence, we include Step 5 to 

search for a better solution by changing X and Y independently. Note that this 

improvement does not alter the worst case bOlUld. 

For multiple modules, finding the best rounded integer solution is morc com

plicated, since the (J rule is different in this case. Here, we have a choice of selecting 

different value of (h for each Xik. We now derive the bound of the "rounded up" 

integer solution for the MMDT problem. 

Let r denote the number of modules and let A be the relative difFerellce 

between the rounded and continuous objective values, 

A 
L:~=1 (2::::1 r Xik 1 2::']=1 r Yjk 1) - 2::~=1 (2::::1 :Z:ik 2::jl=l Yjk) 

2::~=1 0:::::1 Xik 2::j=l Yjk) 

As shown earlier, for MMDT, 

Substituting (4.44) into (4.43), we obtain, 

( 4.43) 

( 4.44) 

(4.45 ) 



Let us denote, 

L -

and let, 

n E~=l E~l Xik + m E~=l Ej=l Yjk + mnr 

E~=l (E~l Xik ~j=l Yjk) 

m n 

L Xik = ak Vk , LYjk - Ih Vk, 
i=l j=l 
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( 4.46) 

( 4.47) 

(4.48) 

where K and W take on the same meaning as those for SlvIDT. Substitutiug 

(4.4 7) and (4.48) into (4.46), we obtain, 

na1 + ... , + nar + mj31 + ... + mj3r + Tl?n1" 
L -

KW 
na1 nar mj31 mj3r n/,nr 

-
KW + ... + KW + KW + ... + K1V + KliV' 

(4.49) 

Substituting (4.47) into (4.48) we obtain, 

KW. (4.50 ) 

To minimize L with respect to a, we set first partial derivatives to zero, so: 

8L n m 8/3, 
0 VI, (4.51) 

8a, 
- + ---- = , 

KW KW 8a, 

and 

8j3, KW 
VI . (4.52) 

8 a , 
- -~ , 

I 
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Substituting (4.52) into (4.51), we obtain, 

(4.53) 

Solving (4.58), we get the optimal a, values as: 

a; = Vm~w. ( 4.54) 

Substituting (4.54) into (4.49), we find that: 

(4.55 ) 

Substituting (4.54) in (4.50), we obtain, 

( .. 1.5G) 

Finally, substituting (4.56) into (4.55), we see that, 

L* = rmn mn mn7' 
ryKw + ](w + ]{vv' 

rm:n mnr 
- (r + 1)y KW + ](lV' 

( 4.57) 

As expected, when r = 1, we obtain the bound for SMDT. Whell the 

number of modules increases, this bound gets larger. However, when the weight 

of the matrix increases, the bound becomes smaller and hence the performance of 

rounding improves. 
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Similarly, we can find the bound of rounding for MMD problem. Here, let 

us define C and D as in (4.36) and denote O'.k and 13k as follows: 

m 

LCiXik = O'.k , 
i=1 

n 

LdiYik = 13k. 
i=1 

Let us denote the objective function value of MMD: 

r m n 

:L)LCiXik LdjYik ) - KW. 
k=1 i=l i=l 

Then the optimal 0:; is found as, 

* JCKW 
0'.1 - D' 

and the bound is given by: 

* {Cf) CDr 
L = (r + l)y KW + Kl¥ . 

( 4.58) 

(4.50) 

( 4.60) 

(4.61) 

Analogously, we can derive the following bound for the Ivl:t\1DO prohlem: 

rmn- mn7" 
L* = (r + l)y KW - Kl¥ ' 

and the best L: x ik value, 

a; = JmI~W. 

(-LO:?) 

(4.63) 

We conclude this chapter with the algorithm to optimally round the contiIl

uous solution to find an integer solution for either MMDT or MIvIDO. 
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Algorithm 4.3 : ROWlded Integer Solution - MMDT or MMDO 

Step 1: 

Find a continuous solution and its objective function value, KW , for MMDT 

or MMDO. Denote this solution a.s (X, Y). 

Step 2: 

Compute, 

V k. 

Step 3: 

Compute the new continuous solution (X', y') as, 

Yjk 

Step 4: 

For MMDT problem, find the integer solution as, 

. t I 

yjk = fYjkl V (j,J.:) . 

For MMDO problem, find the integer solution as, 

. t I 

yjk = lYjkJ V(.i,k). 

Step 5: 

Improve the solution (if possible) by reducing independently x~kt and Yj~.I. 
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As we mentioned earlier, we may improve the solution by changing the inte

ger solution. And again in Step 3, we have implemented the () - rule for multiple 

modular design problem. In Chapter 5, we will compare the integer solution ob

tained by this method with other heuristic solutions. In Chapter 8 we will discuss 

how to use these rounded integer solutions in a stochastic modular design problem, 

where continuous problems are difficult to solve. 
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CHAPTER 5 

DECOMPOSITION 1IETHODS FOR MODULAR DESIGN 

In this chapter, we will show how to use decomposition methods to develop 

heuristics for MMD and MMDO. In the previous chapter, we have shown necessary 

and sufficient conditions for the existence of solutions when all requirements are 

satisfied exactly. In this chapter, we will discuss several heuristics, which use those 

conditions. First, we discuss several heuristics for SMDO and then we will show 

how to extend those heuristics to solve MMD and MMDO. Computational results 

for heuristics which attcmpt to solve the integer MMD and MMDO problems will be 

comparcd with the solution obtained by rounding the continuous solution. Search 

algorithms will be given for MMD and MMDO that are based on partitions of the 

requirements matrix. Finally, we will discuss the advantages and weaknesses of the 

proposed heuristics. 

5.1 Heuristics for the SIvIDO and SMDT formulations 

Before discussing the heuristics, we give some definitions. 

An m X n matrix R' is called a perfect partition (perfect cover) of a nonneg

ative m x n matrix R, if and only if following conditions are satisfied: 

(a) R' is a rank 1 matrix, 

(c) R~j ~ 0 V (i,j) , 

where, R~j and Rij are the entries of the matrices R' and R respectively. 
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A matrix R' is called the maximum perfect partition (minimum perfect cover) 

of a nonnegative matrix R, if and only if R' is a perfect partition (perfect cover) 

and the sum of all entries of R' is as large as possible (as small as possible). 

The following proposition explains the relationship of perfect partitions and 

covers and the optimal solution of SMDO and SMDT respectively. 

Proposition 5.1 

Let R be the requiremf'nts matrix of SMDO (SMDT). If R' is the maxi

mum perfect partition (minimum perfect cover) of R, then we can find an optimal 

solution, (X, Y) to SMDO (S1IDT), so that Xyt = R'. 

We prove the proposition only for SMDO, the proof for SMDT follows from 

a similar argument. Since R' is the maximum perfect partition of R, it is a ma

trix of rank 1 with nonnegative entries. Assume R' is a requirements matrix for 

another instance of SMDO. Thf'n for this problem, from Theorem 4.2, there must 

exist X and Y, such that Xyt - R' . The objective of SMDO is to maxi

mize :E~1 :Ej=l R~j. However, R' has the maximum sum of entries over all rank 

1 matrices. Therefore, (X, Y) must solve SMDO .• 

We have stated the Proposition 5.1 under general conditions without assum

ing R' is an integer matrix. Therefore, the Proposition 5.1 must be true for the 

special case when R' contains only integer values. This proposition points out us 

a practical way to find good solutions. Specifically, we investigate properties of 

the matrix R', instead of considering methods to optimize the objective function 

directly. 

As mentioned earlier, SMDO cannot be convexified. In this case, an alternate 

solution approach would be to find the maximum perfect partition of R, then find 

the appropriate (X, Y) solution, such that XY' = R'. In both SMD and SMDO, 
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we look for a maximum perfect partition or a minimum perfect cover. Note that, 

from Algorithm 4.1, it is always possible to find integer (X, Y) to SMD and SMDO, 

when all the entries of the matrix R' are integer. 

We next discuss a heuristic procedure to find a maximum perfect partition 

with integer entries. In this procedure, only optimal integer multipliers between 

columns (rows) are considered when evaluating the rank of R'. From Theorem 

4.4, it is not necessary to have integer multipliers to get an integer solution, how

ever, searching for all noninteger multipliers would be time-consuming. We as

sume Rij ;::: 0 for each (i,j) pair. 

We first pick a column (row) of R as a reference column and then we pick 

multipliers of each column (row) to satisfy the requirements and to maximize the 

objective of SMDO. We propose to pick the column with the minimum sum of 

entries as the reference column (row). 
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Algorithm 5.1 : Integer Heuristic for SMDO 

Step 0 

Step 1 

Step 2 

Sort the columns of matrix R, such that, columns are in increasing order of 

the sum of the entries. 

Find the largest integer multipliers kj, j = 2, ... , n such that, 

Rilkj < Rij, i=l, ... ,m, j=2, ... ,n. 

Store Ril, for i = 1, ... , m, kj , for j = 2, ... , n and the objective function 

value (Rn + ... + Rm1 )(1 + k2 + ... + kn ). 

Transpose the matrix R, interchange m and n and repeat steps 0 and 

1. Choose the maximum objective function value as the solution and 

set (X, Y) as: 

Xi - Rill i = 1, ... , m, Yj - kj, j = 2, ... , n, kl = 1. 

If the transposed matrix gives the best solution, then interchange X and Y 

when determining the solution. 
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Algorithm 5.1 can be changed to solve SMD, however the objective function 
m n 

must be computed as L Ci k; L djkj. 
i=1 j=1 

Algorithm 5.1 picks Xi as the column (row) with minimwn swn of entries. 

Therefore, this algorithm may not yield good solutions, when rows (columns) of the 

matrix have entries which are close to each other. Hence, it may not be suitable to 

find a solutions using only one particular row (column) of the matrix. 

We can improve Algorithm 5.1, by lowering the values of Ril and searching 

for better solutions. Considering above mentioned weaknesses, we propose another 

heuristic to find an integer solution to SMDO, which has a more refined searching 

strategy. This heuristic attempts to find good rank 1 matrices. In Step 1, we assume 

that for a particular j, k j = 1. W'e then search for multipliers for this particular 

column j and all columns are considered as reference colwnns in the heuristic. The 

objective function value is stored with the best k; and k j • Let Zinc denote the 

incumbent objective function value. 
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Algorithm 5.2 : Improved Integer Heuristic for SMDO 

Step 0 

Step 1 

Step 2 

Set Zinc = o. 
Set k j = 1, for all j = 1 to n. 

For each q = 1 to n repeat Step 2. 

Set Zloop = 0 (Zloop is llsed to tC'rminate the increment of k j ). 

For j = 1 to n and j =j:. q 

Set k j = k j + 1. 

l!!:ii..J h If k. = 0, t cn 
J 

Set k j = k j - 1. 

Increment j and go to Step 2. 

Else 

Compute k~ = minj l ~ J , Vi. 
J 

Compute, sum = 2:;:1 k~ 2:.7=1 k j . 

If sum > Zinc then , , 
Set zinc = sum. 

Store, Xi = k;, V i and Yj = kj, V j. 

If, sum > z'onp, then set Z'oop = sum and go to step 2. 

Else 

Set k j = k j - 1. 

Increment j and go to Step 2. 



74 

Step 3 

Transpose the R matrix, intcrchange m and n, follow the steps 1 and 2. Find 

the solution (X, Y) as Xi = k;, V i and Yj = kj , Vj. 

In Algorithm 5.2, Step 2 is repeatcd, if the objective function is increased with 

the increase of kj • However, if the objective function does not increase, kj is stored 

and the procedure continues. Step 2 limits the total nt1.Inber of combinations of 

multipliers kj considered and this heuristic is implement able even for large problems. 

vVe can propose a similar hC'uristic with similar steps to find an integer so

lution to SMDT. Here, we are attempting to find the maximum integer perfect 

cover for the matrix R. However, we do not check L..!jf J = 0, since for any set 
J 

of k j values it is possible to find k; using: 

k'. = 
I 

This operation gnarantees the fC'asibility of k: and hence the SMDT problem. 

The following example illustrates t.he major steps of Algorithm 5.2 for SMDO. 

Let us consider the requirement.s matrix: 

6 
8 
13 

Consider the case, when column 2 is the reference column. For k j = 1, for all j, we 

find k: as: 
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Analogously, we can find k; - 3 and k~ = 7. This gives the objective function 

value (7 + 3 + 3)(1 + 1 + 1) - 39. Since column 2 is the reference column, k2 is 

fixed at one and we increase k} by one. Let K = (k}, k2 , k3) and K' = (k~, k;, k;). 

Therefore, for K = (2,1,1), we find: 

, 
k} - mm (l3/2J, L6/1J, L4/1J) - 1, 

k; - mm (l14/2J, L8/1J, L3/1J) - 3, 

, 
k3 mm (L7/2J, 113/1J, L7/1J) - 3. 

This gives the objective function value of (3 + 3 + 1)(2 + 1 + 1) = 28. 

And since, 28 < 39 (SMDO is a maximization problem), we fix k} = 1 and 

Increase k3 by one. For the new set of multipliers K - (1,1,2), we 

find K' - (2,1,4), with the objective function value of 28, which is less than 

39. And we store the objectiye function value of 39, values of K, K' and proceed 

to the next column as a reference column. 

For this problem, algorithm finds the best multipliers: 

K - (1,2,1) , K' - (3,3,6), 

and this solution has an objective fnnction value of 48. 

We now compare the solutions of Algorithms 5.1 and 5.2 with the solu

tion, obtained by rounding the continuons optimal (or local optimal) solution. All 

requirements values were generated uniformly between values a and b. The require

ments for the first set of 17 problems were generated uniformly between 5 and 30. 

The second set of 17 problems were solved for data generated lmiformly between 

10 and 30. Table 5.1 gives the solutions for SMDO, while Table 5.2 gives the solu

tions for SMDT. In Table 5.1, \ve compare the solutions of Algorithms 5.1 and 5.2 
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with the integer solution obtained by optimally rounding the continuous solution 

down (Algorithm 4.2). Note that, since SMDO is a nonconvex programming prob

lem, we consider only continuo1ls solutions given by MINOS (which can be a local 

solution or a stationary point), so that, best integer objective value in some cases 

can be larger than the best continuolls objective value. In Table 5.2, we compare the 

solution of Algorithm 5.2 with the integC'r solution obtained by optimally rounding 

up the continuous solution (Algorithm 4.2). Here, we solve the convexified contin

uous formulation, so that, the global continuous solution can be obtained, used as 

a base for rounding, and a bound for solution quality. 

We denote: 

Z = the continuous solution founn from MINOS, 

Zl = the solution obtained from Algorithm 5.1, 

Zz = the solution obtained from Algorithm 5.2, 

Z3 = the solution obtained from Algorithm 4.2, 

D = Best relative deviation from the continuous local solution. 



In Table 5.1, D is defined as: 

while in Table 5.2, 

Z 
D-

D _ min (Z2' Z3) - Z X 100. 
Z 
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Here, size of the problem is denoted by m x n, where m represents the 

number of parts and n represents the number of products. All of the heuristics 

were coded in C and run on the University of Arizona VAX 11/780 computer. To 

find the continuous solution to the formulations SMDT and SMDO, the nonlinear 

programming code, MINOS, was used. 
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Table 5.1 : Computational Results for SMnO - Algorithms 5.1, 5.2 

range size Z Zl Z2 Z3 D 

5-30 3x3 95.1 91 90 81 4.3 
5-30 3x3 85.6 75 84 72 1.8 
5-30 4x4 190.4 162 175 169 8.0 
5-30 4x4 146.3 140 140 120 4.3 
5-30 5x5 192.1 165 180 165 6.3 
5- 30 5x5 261.1 217 245 210 6.2 
5-30 6x6 337.7 2(l4 320 272 5.2 
5 - 30 7x7 436.3 336 372 360 14.7 
5 - 30 8x8 562.5 48S 513 462 8.8 
5-30 9x9 641.9 495 574 550 10.6 
5 - 30 lOxlO 917.4 630 782 754 14.7 
5 - 30 11x11 881.7 748 812 700 7.9 
5- 30 12 x 12 1262.8 1068 1068 1073 15.0 
5 - 30 15 x 15 1632.6 1320 1320 1394 10.2 
5 - 30 20 x 20 2534.6 2300 2300 2040 8.2 
5-30 25 x 25 4397.1 3550 3550 3672 14.7 
5 - 30 30 x 30 5572.9 5040 5040 4368 9.6 

10 - 30 3x3 152.8 138 145 140 5.1 
10 - 30 3x3 107.6 108 116 90 -7.8 
10 - 30 4x4 245.8 208 217 20S 11.7 
10 - 30 4x4 231.8 212 220 208 5.1 
10 - 30 5x5 344.3 320 320 300 7.1 
10 - 30 5x5 364.S 365 365 340 -0.05 
10 -30 6x6 442.7 426 426 374 3.8 
10 -30 7x7 652.0 602 602 600 7.6 
10 - 30 8xS 824.3 792 792 750 3.9 
10 - 30 9x9 985.2 891 891 S32 9.5 
10 -30 10 x 10 1232.2 1110 1133 1088 8.0 
10 - 30 llxll 1402.S 1309 1309 1190 6.7 
10 - 30 12 x 12 1821.1 1704 1704 1575 6.4 
10 - 30 15 x 15 2585.7 2385 2385 2288 7.8 
10 -30 20 x 20 4364.9 4220 4220 3696 3.3 
10 - 30 25 x 25 7085.3 6575 6575 5994 7.2 
10 - 30 30 x 30 9724.5 9450 9450 8256 2.8 
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Table 5.2 : Computational Results for SMDT : Algorithm 5.2 

range szze Z Z2 Z3 D 

5-30 3x3 187.4 189 210 0.8 
5-30 3x3 144.9 145 154 0.06 
5-30 4x4 310.6 336 360 B.2 
5 - 30 4x4 325.1 328 342 0.8 
5 - 30 5x5 608.3 610 675 0.3 
5-30 5x5 547.8 595 594 8.6 
5-30 6x6 928.8 9GG 1020 4.0 
5 - 30 7x7 1286.7 1295 1400 0.64 
5 - 30 8xB 1544.9 1624 1716 5.1 
5-30 9x9 2078.6 2142 2244 3.1 
5 - 30 10 X 10 2495.4 2600 2744 4.2 
5 - 30 11x11 3185.2 3289 3456 3.3 
5-30 12 x 12 3878.8 3972 4270 2.4 
5 - 30 15 X 15 6102.4 6120 6450 0.3 
5 - 30 20 X 20 109G1.2 11240 11628 2.5 
5-30 25 X 25 17643.2 17775 18963 0.7 
5 - 30 30 X 30 25592.6 25770 27000 0.7 

10 -30 3x3 176.8 195 195 10.2 
10 - 30 3x3 210.5 219 238 4.0 
10 - 30 4x4 408.3 428 440 4.8 
10 - 30 4x4 386.9 302 440 1.3 
10 - 30 5x5 656.8 G85 702 4.2 
10 - 30 5x5 606.7 635 650 4.7 
10 - 30 6x6 899.2 930 986 3.4 
10 - 30 7x7 1285.4 13W 1365 2.4 
10 - 30 8x8 17W.5 1784 1886 3.9 
10 - 30 9x9 2165.4 2205 2400 1.8 
10 - 30 10 X 10 2672.G 2740 2907 2.5 
10 - 30 11x11 3275.1 33G6 3520 2.8 
10 - 30 12 x 12 3936.9 4008 4410 1.8 
10 - 30 15 x 15 6223.0 6225 6612 0.0 
10 - 30 20 x 20 11109.5 11320 11970 1.9 
10 - 30 25 x 25 17753.4 17850 18750 0.5 
10 - 30 30 x 30 25861.4 25920 27000 0.2 
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The results from Table 5.1 suggested that, Algoritlun 5.2 yielded better so

lutions than Algorithm 5.1 when data were generated uniformly between 5 and 30. 

Both algorithms yielded similar results, when data were generated between 10 and 

30. This indicated that Algoritlun 5.1 was sensitive to the larger variations in the 

elements of R. Both Algorithms 5.1 and 5.2 yielded considerably better solutions 

than the rounded continuous solutions. In most of the cases, Algoritluns 5.2 and 

5.3 have found solutions close to the continuous solution. 

Algorithms 5.2 took on average 0.027 sec of CPU time to solve the 

10 x 10 problems. 

5.2 Heuristics for M1JDO and MMDT formulations 

N ext, we discuss heuristics based on decomposing the matrix R, to find the 

solutions to MMDO and MMDT. For MMDO, we attempt to extract maximum 

perfect partitions recursively. Let r be the number of modules required. vVe design 

the first module as the maximum perfect partition extracted from the matrix R (de

noted Rd. We design the second module by finding maximum perfect partition for 

the matrix R - RI . The procedure continues until all modules have been designed. 

For MMDT formulation, module r would be the minimum perfect cover of the ma

trix of remaining requirements from the first through r - 1 modules. The algorithm 

is as follows: 



Algorithm 5.3 : Heuristic for MMDT and MMDO 

Step 1 

Set 1 = 1. 

Step 2 (designing the I-st to r - 1 module) 

Step 3 

Solve the maximum perfect partition (cover) of R - z:~:; Rb as 

(Xil,Ylj) and denote Rl as the matrix (XilYlj). 

Set I = 1 + 1. If I = r, then go to step 4, else go to step 2. 

Step 4 (design the r - th module) 
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For MMDO, find maximum perfect partition Rr of matrix R - Z:~~; Rl and 

find the corresponding (x in Yrj). 

For MMDT formulation, find minimum perfect cover Rr of matrix, 

R - L~~i Rl and find the corresponding (XinYrj). 
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The solutions found by Algorithm 5.3 for the continuous MMDO problem 

are summarized in the Table 5.3. Problems with 2 modules were considered. The 

requirements matrix was generated uniformly using values between 1-30, 5-30 and 

10-30. For each of these three cases, the solution of the Algorithm 5.3 was compared 

with a solution obtained from MINOS using single arbitrary starting point. 

We denote: 

Z = the solution for the MMDO formulation found by MINOS, 

Zl = the solution obtained from Algorithm 5.3, 

D = the relative deviation of Zl from the solution Z defined as: 

D _ Zl Z~ Z x 100. 
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Table 5.3 : Solutions for MMDO Problem : Algorithm 5.3 

range size Zl Z D 

5 - 30 3x3 119.8 118.8 0.8 
5 -30 3x3 130.0 137.7 -5.9 
5 -- 30 4x4 123.2 137.8 -11.9 
5 - 30 4x4 171.4 171.9 -0.3 
5-30 5x5 317.2 334.1 -5.3 
5 - 30 5x5 215.6 230.9 -7.0 
5-30 6x6 492.7 504.2 -2.3 
5-30 7x7 629.2 647.7 -2.9 
5 -30 8x8 814.2 803.6 1.3 
5-30 9x9 1030.6 1018.1 1.2 
5-30 10 x 10 1168.4 1180.1 -1.0 

10 - 30 3x3 194.0 209.6 -8.0 
10 -30 3x3 184.9 174.3 5.7 
10 - 30 4x4 282.9 293.3 -3.6 
10 - 30 4x4 253.3 210.0 17.1 
10 - 30 5x5 396.5 381.3 3.8 
10 - 30 5x5 425.3 419.8 1.3 
10 - 30 6x6 612.6 627.2 -2.4 
10 - 30 7x7 850.3 817.9 3.8 
10 - 30 8x8 1024.3 996.9 2.7 
10 - 30 9x9 1311.2 1344.7 -2.6 
10 - 30 10 x 10 1602.9 1565.3 2.3 

15 - 30 3x3 198.2 184.2 7.1 
15 - 30 3x3 205.5 206.7 -0.6 
15 - 30 4x4 321.2 312.1 2.8 
15 - 30 4x4 327.7 324.5 3.2 
15 - 30 5x5 530.4 520.5 1.9 
15 - 30 5x5 488.5 443.7 9.2 
15 - 30 6x6 789.4 744.9 5.6 
15 - 30 7x7 1040.8 9!)3.4 4.6 
15 -30 8x8 1238.2 1257.7 -1.6 
15 - 30 9x9 1702.4 1652.3 2.9 
15 -30 10 x 10 1994.6 1943.9 2.5 
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Table 5.3 shows that Algorithm 5.3 is effective when requirements are gener

ated between 10-30 and 15-30. When there exists too much deviation between the 

entries of R, Algorithm 5.3 does not perform well. After the first maximum perfect 

partition has been extracted, the entries in the remaining matrix have considerable 

deviation and some have a value of zero. When the requirements matrix has zero 

entries, the perfect partition solution will have some zero elements and will not 

cover all of the requirements columns and rows. Therefore, the algorithm yields 

poor solutions. The algorithm performs well when requirements are generated be

tween 10-30 and 15-30 since, in the first iteration, the algorithm is able to extract 

large portion of the requirements with the first module. 

We note that each module need not contain all the parts and need not be 

used in all applications. It is possible to design some modules using a subset of 

the given parts and to be used in a subset of the given applications. This idea has 

been already discussed in Shafte! ami Thompson [1983] (guillotine partitions). In 

the next approach, we will use partit.ions, but not necessarily guillotine partitions. 

Our strategy is to sequentially consider submatrices of R with similar entries 

and extract the maximum perfect partition out of those submatrices. By similar 

entries, we mean entries which are close in value to each other. From the necessary 

and sufficient conditions, in Chapter 4, we have shown that if a matrix is "close" to 

a rank 1 matrix, then it will have maximum perfect partitions which cover a high 

percentage of R. Matrices with similar entries are often close to rank 1 matrices. 

Note that, guillotine partitions are not necessarily close to rank 1 matrices, which 

may be a major drawback of the Shafte! and Thompson's procedure. 

We attempt to find submatrices of the matrix R with similar entries. Finding 

such submatrices is not easy, since the submatrix must have similar entries in each 

row and column. Preferably, we need to find such a submatrix which has the maxi

mum sum of entries. A large number of clustering algorithms have been developed 
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in the literature. A comprehensive review of these methods can be found in Wem

merlov and Hyer [1986] and Kusiak and Chow [1988] and any of those procedures 

can be used to identify submatrices with similar entries. 

We will use an auxiliary matrix A to find submatrices with similar entries. 

We set Aij to 1 if Rij is h!Iger than a given critical value, otherwise we set Aij to 

o. Using clustering algoritluns, we find a submatrix of A (and corresponding R) 

which is dense and has large number of 1 'so 

We now describe the algorithm to solve MMDO and MMD, which uses a 

partitioning algorithm. Assume the number of modules is r. 

Algorithm 5.4 : Partitioning Algorithm for MMDT and MMDO 

Step 0 (initialization) 

Set k = 0 and define L as the critical requirements value. 

Step 1 (Setu! ~) 

Set k = k + 1. 

For all (i,j) pairs, if Rij > L, then set Aij - 1. Else, set Aij - o. 

Step 2 (Cluster) 

Using any clustering algorithm, find the submatrix A', which has the max

imum sum of entries and which does not have any zeros. Perform all the 

permutations to the matrix R, which has been performed to the matrix A. 

Find the corresponding submatrix of R and denote it Rk (ml x nd to move 

A'to the upper left corner of A. 
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Step 3 (Design the module) 

Solve SMDO using the submatrix Rk as the requirements matrix and denote 

the solution matrix by Sk (ml xnl). This solution represents the k-th module 

of the MMDO or MMD formulations. 

Step 4 (Update R) 

Create the matrix Bk (m x n) as follows: 

Bfj - 0 , i=ml+1, ... ,m , .i=nl+1, ... ,n. 

Update R to R - Bk. 

If k = r - 1, then go to step 5. Else go to step 1. 

Step 5 (Design final module) 

For MMD fonnulation, solve SlvID problem for the matrix R. For MMDO 

fonnulation, solve SMDO problrm for the matrix R. 

By changing L, we can find different solutions and give more fie>..ibility to 

Algoritlun 5.4. The submatrix Rk, found in the Step 3 represents the partition k of 

the matrix R. The strength of Algorithm 5.4 is that each Rk has similar entries, 

hence is close to a rank 1 matrix. 

Let us describe the steps of the Algorithm 5.4 using an example. Consider 

MMDO with 2 modules and let the requirements matrix be: 



[

16 20 24 24 19) 
30 26 24 23 21 

R = 24 19 18 23 24 . 
28 28 26 17 26 
16 18 16 17 30 
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Asswne L = 5 and we use King's Algorithm (1980) for clustering. Since L = 

5, Aij = 1 for all (i,j) pairs and King's algorithm immediately ternilnates with a 

dense matrix of 1 'so The solution matrix for this matrix is: 

[ 

16 17.5 16 16.5 18.4) 
18.4 20 18.4 18.9 21 

B' = 17.5 19 17.5 18 20 , 
1G.5 18 1G.5 17 18.9 
16 17.5 1G 16.5 18.4 

with an objecti .... e function value of 443.7. Subtracting B' from R, we obtain the 

following matrix: 

[ l~'G 
6.5 
11.5 
o 

2.5 
6.0 
0 

10.0 
0.5 

8 
5.6 
0.5 
9.5 
0 

7.5 
0.6 ) 4.1 
4~0 . 5.0 

0 7.1 
0.5 11.6 

Again using King's algorithm and L - 5, we obtain the following permutated 

matrix: 

[

9.5 11.5 
5.6 11.6 
8.0 0 
0.5 6.5 
o 0 

and extract the dense submatrix: 

10.0 
6.0 
2.5 
0 

0.5 

7.1 
0 

0.6 
4.0 
11.6 

(
a.5 11.5 10.0) 
5.6 11.6 6.0 . 

o ) 4.1 
7.5 , 
5.0 
0.5 
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The solution of the second module is 49.6 and the objective function value of 

the MMDO problem is now 443.7 + 49.6 = 493.3. We note that for this problem, 

MINOS found solution of 443.7 using a single starting point. 

Table 5.4 compares the solutions obtained by Algorithm 5.4 with the solu

tion obtained from MINOS with a single starting point for the continuous MMDO 

formulation. Problems with 2 modules have been considered along with three cases, 

L = 1, L = 5 and L = 10. Also 3 different ranges for the requirements values 

between 1-30, 10-30 and 15-30 have been considered. The first 11 rows in the table 

are for the case when requirements were generated unifonnly between 1-30 while the 

second and third sets of rows are for the cases between 10-30 and 15-30 respectively. 

"rc define: 

Z = the solution from MINOS, 

Zl = the solution from Algorithm 5.4, when L = 1, 

Z2 = the solution from Algorithm 5.4, when L = 5, 

Z3 = the solution from Algorithm 5.4, whcn L = 10, 

D = the relative deviation of the best solution of Zl, Z2 and Z3 from the 

solution Z 

D -
max(Zl, Z2, Z3) - Z 

max(Zl, Z2,Z3) 
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Table 5.4 : Solutions for MMDO - Algorithm 5.4 (2 modules) 

range szze Z Zl Z2 Z3 D 

1-30 3x3 118.8 119.7 112.2 108.5 0.8 
1- 30 3x3 137.7 130.0 134.7 135.7 -1.5 
1- 30 4x4 137.8 124.8 109.9 107.6 -10.4 
1- 30 4x4 171.9 171.4 175.8 163.7 2.2 
1- 30 5x5 334.1 317.7 299.9 27(3.3 -5.2 
1-30 5x5 230.9 215.6 231.1 206.2 0.1 
1-30 6x6 45(3.9 424.3 413.9 396.6 -7.7 
1- 30 7x7 457.6 443.6 4G2.4 436.8 1.0 
1- 30 8x8 580.9 590.4 513.2 522.7 1.6 
1-30 9x9 742.4 714.3 674.2 640.7 -3.9 
1- 30 10 x 10 950.5 993.6 947.6 941.2 4.3 

10- 30 3x3 199.(3 184.3 184.4 194.0 -2.8 
10 - 30 3x3 174.3 184.9 184.9 184.9 5.7 
10 - 30 4x4 293.3 286.6 286.6 282.9 -2.3 
10 - 30 4x4 210.0 232.3 253.3 270.4 22.3 
10 - 30 5x5 381.3 380.7 390.5 380.4 2.4 
10 - 30 5x5 419.8 425.3 421.6 421.6 1.3 
10 - 30 6x6 653.4 633.2 666.4 634.6 1.9 
10 - 30 7x7 768.6 754.0 729.7 730.5 -1.9 
10 - 30 8x8 1040.9 1053.4 1015.6 1030.7 1.2 
10 - 30 9x9 1333.2 1270.7 1282.3 1237.5 -3.9 
10 - 30 10 x 10 1554.6 1574.3 1513.7 1539.4 1.3 

15 - 30 3x3 184.2 108.2 198.2 198.2 7.1 
15 - 30 3x3 206.7 205.5 205.5 205.5 -0.6 
15 - 30 4x4 312.1 32(3.3 326.3 326.3 4.4 
15 - 30 4x4 324.5 324.9 324.9 324.9 0.1 
15 - 30 5x5 513.5 404.2 479.1 494.2 -3.9 
15 - 30 5x5 443.7 479.9 493.3 477.1 10.1 
15 - 30 6x6 746.6 755.7 755.0 763.8 2.3 
15 -30 7x7 942.6 904.5 933.6 962.6 2.1 
15 - 30 8x8 1240.(3 1208.1 1248.3 1213.7 0.6 
15 - 30 9x9 1583.2 1575.8 1540.9 1535.6 -0.5 
15 - 30 10 x 10 1923.8 1902.6 1885.6 1890.3 -1.1 
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Table 5.4 shows that Algorithm 5.4 is competitive with MINOS and it per

forms better, when there is less deviation between entries. By changing L in Algo

rithm 5.4, it is possible to find good solutions, even though the optimal solution to 

SMDO is not necessarily found. 

Table 5.5 compares the solutions obtained by ./dgorithm 5.4 with the solution 

obtained by MINOS for MMDO whf'n 3 modules are designed. Here, again 3 cases 

have been considered, L = 1, L = 5 and L = 10, along with 3 different ranges 

for the requirements between 1-30, 10-30 and 15-30. Z, Zl, Z2, Z3 and D are defined 

exactly as described for Table 5.4. 
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Table 5.5 : Solutions for MMDO - Algorithm 5.4 (3 modules) 

range szze Z Zl Z2 Z3 D 

1- 30 4x4 157.9 228.5 277.5 243.2 43.1 
1- 30 4x4 191.8 185.7 157.2 141.9 -3.3 
1- 30 5x5 316.1 313.3 310.1 321.9 0.2 
1- 30 5x5 299.4 294.8 308.2 275.6 2.9 
1- 30 6x6 532.0 475.8 506.2 468.4 -5.1 
1- 30 6x6 446.9 392.6 384.2 412.7 -8.3 
1- 30 7x7 385.3 370.1 430.4 425.4 10.5 
1- 30 8x8 839.6 741.8 642.4 558.3 -13.2 
1- 30 9x9 869.4 862.2 860.7 776.9 -0.8 
1- 30 10 x 10 1114.3 1012.6 1065.6 1043.4 -4.6 
1- 30 11x11 1111.0 1069.4 1058.6 1020.6 -3.9 

10 - 30 4x4 348.2 314.8 331.4 331.4 -5.1 
10 - 30 4x4 240.4 259.4 259.4 259.4 7.3 
10 - 30 5x5 480.5 466.6 456.6 471.0 -2.0 
10 - 30 5x5 403.4 446.3 456.8 450.8 11.7 
10 - 30 6x6 588.5 694.2 687.7 683.7 15.2 
10 - 30 6x6 696.9 629.7 656.7 624.4 -6.1 
10 - 30 7x7 802.8 798.1 785.7 810.8 0.9 
10 - 30 8x8 1012.4 1047.3 1048.0 1059.9 4.5 
10 - 30 9x9 1400.1 1350.8 1351. 7 1268.6 -3.6 
10 - 30 10 X 10 1746.5 1682.3 1649.6 1663.9 -3.8 
10 - 30 11x11 1713.9 1738.2 1718.2 1752.7 2.2 

15 - 30 4x4 379.9 368.5 367.5 323.7 -3.1 
15 - 30 4x4 338.8 315.6 344.7 323.7 1.7 
15 - 30 5x5 497.8 545.6 561.4 561.4 11.3 
15 - 30 5x5 489.7 528.8 531.3 530.3 7.8 
15 - 30 6x6 716.9 732.3 754.7 739.5 5.0 
15 - 30 6x6 757.1 762.1 765.8 743.1 1.1 
15 - 30 7x7 1094.2 1048.2 1071.6 1076.7 -1.6 
15 - 30 8x8 1402.5 1371.0 1308.2 1274.4 -2.2 
15 - 30 9x9 1452.8 1585.3 1542.1 1489.6 8.4 
15 - 30 10 X 10 2089.7 1966.4 2043.6 2051.4 -1.9 
15 - 30 11x11 2111.6 2254.1 2212.9 2163.4 6.3 
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Table 5.5 shows that, similarly to the Table 5.4, the algorithm performs 

better when there is less deviation between entries of R. 

Table 5.6 summarizes the solutions to MMDO with integer variable restric

tions. Here, 2 modules have been designed. Algorithm 5.2 was used to solve each 

partition for an integer solution. To compare the solutions, a continuous solution 

was also found using MINOS. The deviation between the continuous solution and 

the integer solution can be used as a heuristic measure to validate the quality of the 

integer solution. The first 11 problems used requirements values which were gener

ated uniformly between 1-30 and requirements values for the next 11 problems were 

generated uniformly between 10-30. Z, Zl, Z2 and Z3 are the same as described in 

Table 5.5, while D is defined as: 

D = Z - max(Zb Z2, Z3) 
Z 
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Table 5.6 : Solutions for Integer MMDO - Algorithm 5.5 (2 modules) 

range szze Z Zl Z2 Z3 D 

1- 30 3x3 91.5 109 119 112 -30.1 
1- 30 3x3 116.3 116 110 117 -0.6 
1- 30 4x4 178.3 142 138 147 17.6 
1- 30 4x4 245.2 166 218 198 11.1 
1- 30 5x5 257.3 241 252 232 2.1 
1- 30 5x5 274.1 238 216 220 13.2 
1- 30 6x6 470.5 373 384 330 18.4 
1- 30 7x7 480.0 336 385 422 12.1 
1- 30 8x8 649.6 533 535 444 17.6 
1- 30 9x9 715.6 534 609 512 14.9 
1- 30 10 x 10 807.8 620 575 540 23.2 

10 - 30 3x3 151.2 161 154 164 -8.5 
10 - 30 3x3 166.5 165 165 165 0.9 
10 - 30 4x4 271.1 237 237 237 12.6 
10 - 30 4x4 287.2 268 270 281 2.2 
10 - 30 5x5 385.5 390 388 387 -1.2 
10 - 30 5x5 424.0 433 431 425 -2.1 
10 - 30 6x6 550.7 562 562 556 -2.1 
10 - 30 7x7 781.1 685 730 713 6.5 
10 - 30 8x8 1061.4 952 974 974 8.2 
10 - 30 9x9 1295.5 1143 1151 1151 11.2 
10 - 30 10 x 10 1517.9 1380 1406 1414 6.8 

In some cases, Algorithm 5.4 found better integer solutions than the contin

uous solution found by MINOS. Again it found better solutions when requirements 

were generated uniformly between 10 and 30. We can expect this algorithm to work 

even better for MMDO with intcgcr variables, since we can get only local solutions 

to the continuous SMDO formulation. 
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5.3 Heuristics with the descent property 

In this section we will discuss heuristics with the property of descent for 

MMDT (respectively with the property of ascent for the MMDO formulation). 

These heuristics use the properties of maximum perfect partitions and minimum 

perfect covers. 

Recall that, Algorithm 5.4 depends on the parameter L and there is no 

guarantee, that while increasing or decreasing L, we will find a better solution. As 

a result, we need to search for solutions by changing the parameter L, over a large 

range. This weakness motivated us to find partitions, which will always yield better 

solutions, thus we can constnlct a descent (ascent) algorithm. We first introduce 

some theoretical results, which will help improve a given partition. We restrict t.hf' 

analysis to the case of continuolls variables. 

For a given (m x Ii) requirements matrix R, let R' denote the minimum 

perfect cover and let R" denote the maximum perfect partition. As we have shown 

earlier, we can find R' but R" is difficult to find, since it requires solving is a 

nonconvex programming problem. Let Z(A) denotes the optimal objective func

tion value of SMDT when A is the particular requirements matrix (Z(A) is the 

objective value of the minimum perfect cover of A). Finally, for given (m x n) ma

trices P and Q, P ~ Q means each entry of Q is greater than or equal to the 

corresponding entry of P and the inequality is strict for at least one entry. 

Proposition 5.1 

If P and Q are nonnegat.ive matrices and P < Q, then Z(P) < Z(Q). 
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Let the minimum perfect cover for Q be Q', therefore Z( Q) = Z( Q'). Then 

from the feasibility of SMDT, we obtain that: 

(5.3) 

and Q' is a perfect cover of P. 

Therefore, Z(P) ~ Z(Q), since Z(P) is the value of the minimum perfect cover 

of P .• 

Proposition 5.2 

For any nonnegative (m x n) matrix A, the following conditions are true: 

Z(A") :::; Z(A), (5.4) 

Z(A) - Z(A') - Z«A')'), (5.5) 

Z(A") - Z«A")'). (5.6) 

A" is the maximum perfect partition of the matrix A. Then, from the 

feasibility conditions, we have following inequality: 

Therefore, Proposition 5.1 shows that Z(A") :::; Z(A). Since A' is the minimum 

perfect cover of A, A' must be a rank 1 matrix (necessary conditions from Theorem 
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4.2). Therefore, the minimum perfect cover of the A' is identical to A' (Theorem 

4.3) and 

Z(A) - ZeA') 
I I 

- ZCCA». 

Since A" is the maxiILUID perfect partition of the matrix A, it also must be a rank 

1 matrix. Also from Theorem 4.3, a minimum perfect cover of A" is identical to 

A". Therefore, 

Z(A") " I 

ZCCA » .• 

Using Propositions 5.1 and 5.2, we can prove the following theorem. 

Theorem 5.2 

Let R be the (m x n) requirements matrix, let A be a (m X n) nonnegative 

matrix such that A ~ R, and let A' be a perfect cover of A. Let B be a matrix 

such that: 

{
R" -

B .. - I) 
I) -

0, 

Then, following inequality holds: 

if Rij > A~j' V (i,j) 
if Rij < A~j' V (i,j) . 

ZeA') + zen) < ZCA) + Z(R - A). 

(5.7) 

(5.8) 
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A' is a perfect cover of A. Therefore, from the feasibility of SMDT, A' > A. 

Since B is defined as in (5.7), D ~ R - A. Then, from Proposition 5.1: 

Z(D) < Z(R - A). (5.9) 

But from Proposition (5.2), we have: 

ZeA') - Z(A). (5.10) 

Therefore, adding both sides of inequality (5.9) and equality (5.10) we obtain: 

ZeA') + Z(B) ~ Z(A) + Z(R - A) .• 

Theorem 5.2 shows that the picking a perfect cover of a matrix as a piece of 

a partition is better than picking the mat.rix itself and gives us a practical way to 

improve any given partition and more importantly consecutively improve a given 

partition by applying Theorem 5.2 to the partition (A', B). For simplicity, in further 

discussions in this chapter, for any given nonnegative matrix A, we assume the 

notation R - A is equivalent to the creating the matrix B from (5.8). We next list 

the steps of the descent algorithm to solve MMDT for the case of 2 modules. 
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Al~orithm 5.5 : Basic Descent Algorithm for MMDT 

Step 0 

Step 1 

Step 2 

Step 3 

Step 4 

Set the iteration count, It, to O. 

Increment It. If It exceeds the given number of iterations, then stop. 

For a given requirements matrix R, generate a random matrix A, such 

that A ~ R. Store the incllmbC'nt Zinc = Z(A) + Z(R - A). 

Find A', A", ZeA') and Z(A"). 

Find the matrix B from (5.7). 

Find Zen) and Z(R - A"). 

If ZeA') + Z(B) < Z(A") + Z(R - A"), then 

Else 

Store Zinc = Z(A') + Z(D). 

Set A = R - D. 

Store Zinc = Z(A") + ZeR - A"). 

Set A = R - A". 

If the reduction of the objective function value is smaller than some positive E, 

then go to Step 1. Else go to Step 2. 



99 

Here, we restart the algorithm several times (go to Step 1) with different 

initial partitions of the matrix R. Note that, in each iteration, the algorithm solves 

3 SMDT problems and 1 SMDO problem. However, there exists efficient algorithms 

to solve SMDT (Shaftel and Thompson [1977]). Therefore, Algorithm 5.5 can be 

used to solve large problems. The following proposition ShOW3 that the algorithm 

converges for a given initial partition. 

Proposition 5.3 

For a given single initial partition of R and for any positive f, Algorithm 

5.5 converges to a solution. 

From Theorem 5.2, we have proven that: 

ZeA') + Z(B) ::; Z(A) + Z(R - A). 

Therefore the partition (A', B) yields no worse a solution than the initial parti

tion (A, R - A). In Step 3, if algorithm picks the partition (E, A') as best, then 

again from Theorem 5.2, we have: 

Z(B') + Z(R - B') < Z(B) + Z(A'). (5.11) 

Thus, the new partition always yields no worse a solution in the next iteration. If 

the algorithm picks the partition (R - A" , A") as the best, then it must have better 

objective function than the partition (B,A') and 

(5.12) 
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Therefore, in each iteration, the objective function does not increase. Since, an 

optimal solution must always exists for MMDT, algorithm must converge to a so

lution .• 

In each iteration, Algorithm 5.6 produces better partitions for the matrix R. 

Since A" ::; A, (A", R - A") is also a partition of R. In Step 3, we check if this 

partition is better than the partition (A' ,R - A'). Note that, there is no guarantee, 

that 

" " Z(A ) + Z(R - A ) < Z(A) + Z(R - A). (5.13) 

In Proposition 5.2, we have shown that Z(A") ~ Z(A). From the feasibility of 

SMDO, AN ::; A. Therefore, we have the following in~quality: 

1) 
.u. " A > R - A. (5.14) 

Now, using Proposition 5.1, it follows that: 

Z(R - A") ~ Z(R - A). (5.15) 

Thus inequality (5.13) does not always hold, however we can find a better partition 

than (A',R-A'), when ineqnality (5.13) holds. 

We illustrate the steps of the algorithm in an example with the following 

requirements matrix: 

1~ ~ ~~). 
15 22 29 

Let us consider an initial partition of: 
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C
85 2.87 9.89 15.73) 

A = 10.21 4.89 4.40 7.87 
16.99 8.75 6.46 4.30 ' 
12.94 13.33 19.33 21.78 

C
15 0.13 0.11 13.27) 

R-A= 3.79 1.11 2.60 11.13 
13.01 4.25 6.54 6.70 . 
16.06 1.67 2.67 7.22 

This gives the initial objective function value of 372.4. The minimum perfect cover 

of A (from MINOS) is: 

I 

A= 
(

18.69 
10.21 
16.99 
25.88 

9.63 
5.26 
8.75 
13.33 

13.96 15.75) 
7.63 8.60 

12.69 14.30 ' 
19.33 21.78 

where Z(A./) = 222.8 and Z(R - A') = 113.5. Thus the partition (A', R - A') gives 

an objective function value of 336.3 which is less than the objective function value 

of initial partition. The maximum perfect partition of A (from MINOS) is: 

( 

1.85 1.9 
A" = 2.95 3.04 

2.56 2.63 
12.94 13.33 

2.76 3.11) 
4.40 4.96 
3.82 4.30 ' 

19.33 21.78 

where Z(A") = 105.71 and Z(R-A") = 223.6. Therefore, the partition (A",R

A") gives an objective function value of 329.3. Since, 329.3 < 336.3, we 

set A = R - A" and proceed. The value of the objective function in each 

iteration for a particular initial partition has been summarized in Table 5.7. 
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Table 5.7 : Results for a Particular Initial Partition 

Iteration Objective function value 

0 372.4 
1 329.3 
2 321.7 
3 315.6 
4 312.5 
5 310.3 
6 309.9 
7 309.9 
8 309.9 

Here, the objective function value of the last three iteration is rounded. We 

note that, MINOS gave a solution with an objective flUlction value of 341.8 for this 

problem. 

Table 5.8 summarizes the results on 10 randomly generated initial partitions 

for the same problem. Here, 

Zinitial = Objective function value of the initial partition, 

Zsol = The solution obtained by Algorithm 5.6, 

6.Z is the percentage improvement over the initial partition: 

6.Z -
Zinilial - Zsol 

Zinitial 
x 100. 
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Table 5.8 : Results for Several Partitions 

Partition Zinitial ZlJol ~Z 

1 372.4 309.9 16.8 
2 417.3 264.4 36.6 
3 507.4 291.2 42.6 
4 457.5 289.6 36.7 
5 432.8 269.3 37.8 
6 358.3 293.1 18.2 
7 428.7 308.2 28.1 
8 429.3 265.4 38.2 
9 453.6 289.8 36.6 
10 446.2 273.3 38.8 

The algorithm found 264.4 as the best objective function value. Table 5.8 

points out, that the final solution depends heavily on the initial partition. However, 

all of the solutions lie between 264.4 and 309.9, and all were better than the solution 

of 341.8, which was obtained by MINOS. 

Table 5.9 compares the solution, obtained by Algorithm 5.5 with a solution 

obtained from MINOS using an arbitrary starting point, for MMDT with 2 mod

ules. The requirements matric('s of the first 8 problems were generated uniformly 

with values between 1-30 while values for the next 8 problems were between 10-

30. Here Z is the solution obtained from MINOS and ZlJol is the best solution 

obtained from Algorithm 5.5 oyer 10 initial partitions. CPUm and CPUs denote 

the CPU times in minutes from the MINOS and Algorithm 5.5 respectively. The 

deviation D is defined as: 

D = Z - Z.ol X 100. 
Z 

(5.16) 
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Table 5.9 : Results for MMDT - Algorithm 5.5 (2 modules) 

range szze Z Zilol D CPUm CPUtI 

1-30 3x3 228.0 181.4 20.4 0.04 2.4 
1-30 3x3 210.2 148.9 29.2 0.03 2.0 
1-30 4x4 310.9 263.4 15.3 0.05 2.4 
1- 30 4x4 393.7 327.8 16.7 0.06 2.8 
1-30 5x5 624.3 519.9 16.7 0.13 3.6 
1-30 5x5 381.8 440.0 -15.2 0.14 3.5 
1-30 6x6 853.7 817.6 4.2 0.22 5.9 
1- 30 6x6 895.2 795.6 11.1 0.24 5.4 

10 - 30 3x3 241.4 209.8 13.1 0.04 2.3 
10 - 30 3x3 187.8 187.8 0.0 0.03 2.2 
10 -30 4x4 367.6 333.1 9.9 0.06 2.5 
10 -30 4x4 422.0 367.6 12.9 0.04 2.7 
10 - 30 5x5 666.9 5!H.6 11.3 0.13 3.4 
10 - 30 5x5 502.4 547.9 -9.0 0.16 3.2 
10 - 30 6x6 932.9 873.1 6.4 0.21 5.8 
10 - 30 6x6 954.4 I 875.7 I 8.2 0.25 5.6 

Algorithm 5.5 found better or equal solutions than the solution obtained 

from MINOS in 14 of the 16 cases. These results suggest that, Algorithm 5.5 is an 

effective alternative to MINOS. 

We next give some propositions which can be used to develop an ascent 

algorithm for MMDO. Let Zt (A) denote the objective function value of SMDO 

with requirements matrix A. Since the proofs of these propositions are similar to 

the case of considering Z(A), we state only the results. 
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Proposition 5.4 

If P and Q are nonnegative matrices and P ~ Q, then Zl(P) ~ Zl(Q). 

Proposition 5.5 

For any nonnegative (m x n) matrix A, following conditions are true: 

(5.18) 

(5.19) 

(5.20) 

Now, we give the basic theorem to be used in the ascent algorithm for 

MMDO. 

Theorem 5.3 

Let R be the ( m X n) requirements matrix, and let A be a (m X n) nonnegative 

matrix such that A ~ R. Then, following condition holds: 

(5.21) 



A" is a perfect partition of A. Therefore, for the feasibility of SMDO, 

A" < A. Hence, R - A" ~ R - A. Then, from Proposition 5.4: 

From Proposition 5.5, we have: 
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(5.22) 

(5.23) 

Therefore, adding both sides of inequalit.y (5.22) and the equality (5.23), we obtain: 

Theorem 5.3 shows that, the partition (A" ,R - A") improves the partition 

of (A, R - A) for the MMDO. Therefore, we can use this theorem to develop a 

heuristic to the MMDO, that is similar to the Algorithm 5.6. We again consider 

the case of 2 modules. 
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Algorithm 5.6 : Basic Descent Algorithm for MMDO 

Step 0 

Step 1 

Step 2 

Step 3 

Step 4 

Sd the iteration count, It, to O. 

Increment It. If It exc<'Cds the given number of iterations, then stop. 

For a given requirements matrix R, generate a random matrix A, such 

that A :::; R. Store the incumbent Zinc = Zl(A) + Zl(R - A). 

Find A", A', Zl (A") and ZI (11.'). 

Find Zl(R - A") and ZI(R - A'). 

IfZICA") + ZlCR-A") > Zl(A') + Zl(R-A'),then 

Store Zinc = ZlCA") + Zl(R-A"). 

Else 

Set A = R - A". 

Store Zinc = Zl(A') + Zl(R-A'). 

Set A = R - A'. 

If the increase of the objective function value is smaller than some positive E, 

then go to step 1. Else go to step 2. 
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Analogous to Algorithm 5.5, in Step 3 this algorithm tries to find better 

partitions than CA", R - A"). From Proposition 5.4, we have proved 

that ZlCA') ~ ZlCA). Since A' is the minimum perfect cover of the matrix A, 

from the feasibility of SMDT, we have, A' ~ A. Therefore, R - A' :::; R - A. 

Hence, from Proposition 5.3, we have: 

(5.24) 

As a result, the following ineqnality need not necessarily hold 

(5.25) 

However, in Step 2 the algorithm identifies if the partition CA', R - A') is 

better than the pa.rtition (A", R - A") and we can give a convergence theorem 

similar to the Proposition 5.3 for the Algorithm 5.7. 

Algorithms 5.7 and 5.8 can be improved by finding several partitions in each 

iteration. In Step 2, both algorithms throwaway one partition without considering 

it any more. But this partition can yield a better solution if we attempt to improve 

it. Since any partition yields 2 additional partitions, after several iterations we 

would generally have a large number of partitions if all partitions were evaluated. 

Therefore, we restrict the number of partitions to be four in each iteration, and 

after each iteration, the four best partitions will be selected for further partitioning. 

Proposition 5.3 shows that any partition will conve:rge to a solution, therefore each 

partition must be substituted hy a different partition after that. Hence, after several 

iterations, the algorithm terminates and different initial partition is considered. 

We give the steps of this improved algorithm for the case of MMDT and 2 

modules. 
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Algorithm 5.7 : Branching Algorithm for MMDT 

Step 0 

Step 1 

Step 2 

Step 3 

Step 4 

Set the iteration count, It, to o. 

Increment It. If It exceeds the given munber of iterations, then stop. 

For a given requiremC'nts matrix R, generate a random matrix A, such 

that A ::; R. Store the incnmbent, Zinc = ZeA) + ZeR - A). 

Find A', A", ZeA') and Z(A"). 

Find Z(R - A') and Z(R - A"). 

Update zinc 

Update Zinc 

Zl Z((R 

Z2 Z(eR 

Z3 Z(eR 

Z4 - Z((R 

min (Z(A') + Z(R - A'), Z(A") + ZeR - A"). 

= min (Zl,Z2,Z3,Z4), where, 

A')') + Z(R - (R - A')'), 

A')") + ZeR - (R - A')"), 

A")') + Z(R - eR - A")'), 

A")") + Z(R - eR - A")"). 



Step 5 
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If the reduction of the objective function value of each partition is smaller 

than f, then go to step 1. Else, develop 2 partitions from the 4 partitions of 

step 4, update Zinc, retain the best partition of each and go to step 4. 

Table 5.10 shows the computational results for Algorithm 5.7. The same 

problems, as those used in Table 5.9, have been resolved. Again, 10 randomly 

generated initial partitions were considered and the algorithm was terminated after 

at most 10 iterations, for each initial partition. 

Let Zl denote the solution for M1IDT from Table 5.9, Z2 denote the solution 

obtained using Algorithm 5.7. CPUl and CPU2 denote the CPU times in minutes 

of Zl and Z2 respectively and define D as the relative improvement of Algorithm 

5.7 over 5.5: 

D 
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Table 5.10 : Results for MMDT - Algorithm 5.7 (2 modules) 

range SIze Zl Z2 D CPUt CPU2 

1- 30 3x3 181.4 181.4 0.0 2.4 5.8 
1- 30 3x3 148.9 148.0 0.6 2.0 6.3 
1- 30 4x4 263.4 262.2 0.5 2.4 10.2 
1- 30 4x4 327.8 306.5 6.5 2.8 10.7 
1- 30 5x5 519.9 519.9 0.0 3.6 34.6 
1- 30 5x5 440.0 439.2 0.2 3.5 35.1 
1- 30 6x6 817.6 763.9 6.5 5.9 37.6 
1- 30 6x6 795.6 780.3 1.9 5.4 37.9 

10 - 30 3x3 209.8 209.6 0.1 2.3 6.1 
10 - 30 3x3 187.8 187.5 0.2 2.2 6.8 
10 - 30 4x4 333.1 333.1 0.0 2.5 9.5 
10 - 30 4x4 367.6 364.5 0.8 2.7 11.1 
10 - 30 5x5 591.6 591.6 0.0 3.4 33.1 
10 -30 5x5 547.9 526.8 3.8 3.2 34.6 
10 -30 6x6 873.1 873.1 0.0 5.8 36.8 
10 - 30 6x6 875.7 873.3 0.3 5.6 36.9 

The computational results suggest, that the branching procedure finds better 

solutions, and in all cases it found a better or equal solution to that obtained from 

Algorithm 5.5. However, for large problems the branching procedure requires a 

great deal of CPU time. 

Algorithms 5.5, 5.6 and 5.7 can also be improved by considering kA' and kA" , 

instead of A' and A", where k is a nonnegative value. The motivation for this 

improvement is that the product of a rank 1 matrix and a constant yields a rank 1 

matrix. We need following resu1t.s to determine an appropriate k value. 
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Theorem 5.4 

For any nonnegative matrix A and parameter k > 0, the following equality 

holds: 

Z(kA) - kZ(A). (5.26) 

Let A' be the minimum perfect cover of matrix A, therefore ZeA') = Z(A). 

Also from the feasibility of SMDT, A' ;::: A. Multiplying both sides by k: 

kA' > kA. 

Therefore, kA' is feasible to the SMDT problem with kA as the requirements matrix 

and kA' is a rank 1 matrix. We next prove that kA' is the minimum perfect cover 

for kA. Assume there exists an another perfect cover A 2 , such that: 

I 

kA. > A2 > kA. (5.27) 

Then, a nonnegative matrix A3 can be found, such that kA3 - A 2 • Therefore, 

I 

kA > kA3 > kA, (5.28) 

and we can divide inequality (5.28) by k > 0 to obtain, 

(5.29) 

But A2 is a perfect cover, thus it is a rank 1 matrix and therefore A3 is also a rank 

1 matrix. From ineqnality (5.20), A3 mnst be a better perfect cover. However, A' is 
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the minimum perfect cover of A. This contradiction implies that A2 cannot exist 

and kA' is the minimum perfect cover of A"A. Therefore, 

Z(kA) - Z(kA'). 

Since A' is a rank 1 matrix, Z(kA') - kZ(A'), and it follows that 

kZ(A') = kZ(A). Therefore, 

Z(kA) - kZ(A) .• 

The following proposition will be used to find bounds on k, over which the 

optimal k for partitioning lies. 

Proposition 5.6 

Let k mar be defined as: 

Rij 
max -,. 
(i,j) A·· 

I) 

(5.30) 

Then, the following inequality holds for all k > k max : 

Z(kA') + Z(R - kA') > Z(R). (5.31 ) 

I<'Tom the definition of kmax , for k > kmax , kA' > R. Therefore, from 

Proposition 5.2, 

Z(kA') > Z(R). (5.32) 
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Since kA' > R, (R - kA') is a matrix with all zero entries. By definition, 

Z(R - kA.') = O. (5.33) 

Therefore, 

Z(kA') + Z(R - kA') ;::: Z(R) .• 

By changing the value of k, we can change the value of the expression 

Z(kA') + Z(R - kA'). Howev('r, Algorithms 5.5, 5.6 and 5.7 assume that the 

value of k to be 1. The following theorem yields the range on k, in which the 

minimum of the function Z(kA') + Z(R - kA') can be found. 

Theorem 5.5 

Let kmax is defined as in (5.30). Then the function Z(kA') + Z(R-kA') has 

the minimum in the range 0 ~ k ~ kmax • 

Let f( k) be defined as: 

f(k) = Z(k.-!') + Z(R - kA'). (5.34) 

Clearly, f(O) - Z(R). From Proposition 5.6, for the values k > kmax , 

Z(kA') + Z(R - kA') ;::: Z(R). 
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Thus, the partition (kA' ,R - kA'), for k ~ kmar is not of interest since we already 

have a solution f(O) = Z(R). Hence, the function f(k) has a minimum in the 

range 0 ~ k ::; k mar •• 

From Theorem 5.4, for k > 0, 

Z(kA') - kZ(A'). 

Therefore, Z( kA') is a monotonically increasing function of k. In the range 

o ::; k ~ k mar , for any kl < k2' 

therefore, 

From Proposition 5.1, we obtain the following inequality: 

(5.35) 

(5.36) 

(5.37) 

Hence, in the range 0 ::; k ~ kmar , Z(R - kA') is a monotonically decreasing 

function in k. Therefore, in the range 0 ::5 k ::5 kmar , function Z(R-kA') can be a 

nonconvex function. Hence, Z(kA') + Z(R-kA') also can be a nonconvex function. 

Since f(k) is a continuous function, its global minimwn must exist over the compact 

set 0 ::5 k ::5 kmar and since, f( k) is a one dimensional function of k, its global 

minimum must be searched using line search procedures. In our computational 

procedures, we used the bisection method to search over the range 0 ::5 k ::5 kmax · 
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The conditions and theorems on k are also true for A", since in proving the 

results, we only required, that A' was a rank 1 matrix. For A" , we define krnax as, 

Rij = max-,-,. 
(i,j) Aij 

(5.38) 

This value can be used as a bound to find the global minimum of the function 

Z(kA") + Z(R - kA"). The following theorem shows that the objective function 

of the current iteration is never larger than the objective function value from the 

previous iteration, when we implement the optimum search for the function f( k) in 

Algorithms 5.5, 5.6 and 5.7. Thereforp, the descent property is preserved even after 

introducing the new step. 

Theorem 5.6 

Algorithms 5.5,5.6 and 5.7, using the optimum search of the function f(k), 

over 0 ~ k ~ kmax all have the property of descent. 

We prove the theorem for the case of A', and the result for A" follows 

similarly. Let k* be the value of k, whf're f(k) attains its minimum. Then from 

Theorem 5.2, we have the following relation, 

f(l) = Z(A') + Z(R - A') ~ Z(A) + Z(R - A). (5.39) 

Therefore, we must prove that kmax ~ 1, since the algorithm is a descent algorithm 

when k = 1 and if krnax ~ 1, then f(k*) ~ f(I). The SMDT formulation must 

have at least one tight constraint at optimality, so A~j = Aij for some (i,j) pair. 

Therefore, for some (i, j) pair, A~j ~ Rij and we choose k max as, 

R i; - max-,-. 
(i,;) Ai; 
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Hence, kmaz: ~ 1.. 

The following theorem considers the worst objective value of the solution 

resulting from either Algorithm 5.5 or 5.7. Similar result can be developed for 

Algorithm 5.6 for MMDO. 

Theorem 5.7 

Assume, that Algorithm 5.5 or 5.7 terminates with an objective value of S af

ter T iterations. Then, 

S = Z;_l(A) + Z;(A), (5.40) 

where, (A, R - A) is the init.ial partition and Z;(A) is computed recursively as 

follows: 

Bi = (R-B~_l)' 

Z;(A.) = Z(Bi). 

Since Algorithms 5.5 and 5.7 are descent algorithms, let ll.Zk denote the 

reduction of the objective function in the worst case scenario after k iterations. 

Here, the worst case is when t.he partition (A', R - A') is always selected. From 

Theorem 5.2, we have the relation: 

ZeA') + Z(R - A') :S Z(A) + Z(R - A). 
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Therefore, since Z(A') = Z(A), the reduction of the objective function is computed 

as: 

~Zl = Z(R-A) - Z(R-A'). (5.41) 

In iterations two and three, we have, 

Z«R - A')') + Z(n - (n - A')') < Z(R - A') + Z(A'), (5.42) 

ZCCR-CR-A')')') + Z(R-(n-CR-A')')') < Z(R-CR-A')') + Z«R-A')'). 

(5.43) 

Therefore the reductions of the objective function between the first and second and 

second and third iterations are given by, 

(5.44 ) 

Similarly, we can show, 

~Z4 - Z(R - (R - A')') - Z(n - CR - (R - CR - A')')')'). (5.46) 

Therefore, 

r 

~:::>~Zk = Z(n - A) + Z(A') - Z;-lCA) - Z;(A), C5.47) 
k=l 
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and the final objective value, 

S = Z(A) + Z(R - A) (5.48) 

Since, Z(A) - Z(A'), 

S = Z;_t(A) + Z;(A) .• 

Corollary 5.1 

Let Algorithms 5.5 or 5.7 converge to the partition (A.,R - A.). Then, 

Z(A.) ~ Z(R - (R - A.)'). (5.49) 

From Proposition 5.2, we have, 

(5.50) 

Since the reduction of the objective function is small during the last iteration, from 

(5.43), 

Z(R - (R - (R - A')')') rv Z(CR - A')'). (5.51) 

Now, let us assume, 

A. - (R - A')'. (5.52) 

Substituting (5.52) into (5.51), 
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Z(A.) '" Z(R - (R - A.)') .• 

Theorem 5.7 demonstrates that, in the worst case, the solution of Algorithms 

5.5 and 5.7, depends on the initial partition (A, R-A) and illustrates a practical way 

to compute the worst case bound. Here, S can be computed iteratively, increasing 

the number of iterations one by one, until no further significant reduction of the 

objective function value occurs. 

The following theorem shows that., Algorithms 5.5 and 5.7, using the step of 

finding the minimum of the function f(k), always find a solution to MMDT that 

is no worse than the solution of th(' single module design problem. For MMDO, a 

similar proof can be given. 

Theorem 5.8 

Algorithms 5.5 and 5.7 using the step of finding the minimum of the func

tion f( k) always find a solut.ion that is no worse than the solution of the SMDT 

formulation. 

In each iteration of Algorithms 5.5 or 5.7, we minimize the function, 

f(k) = Z(A~A') + Z(R - kA'). 

Where, 0 ~ k < kmax • Since f(O) - Z(R), we have a solution equal 

to Z(R) at k - O. Hence, the glohal solution over 0 ~ k ~ kmax can

not exceed the value of Z(R). However, SMDT yields the minimum perfect cover 

of R and has an objective function val1le of Z(R). Thus, the solution obtained from 

the algorithm is no worse than the sol1ltion of SMDT formulation .• 
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Since the solution of SMDT gives an upper bound for MMDT, any worse 

solution is not of interest. It is important to note that, not all partitions which 

include a rank 1 matrix, give solutions better than the solution of SMDT. We 

demonstrate this in the following example where: 

2 4) 4 8 . 
2 4 

Define the following two matrices: 

A = 3 3 3 
(

1 1 1) 
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(1 1 3) 
B= 1 1 5 . 
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Clearly, A + B = R, And R and A are rank 1 matrices, however B is not a 

rank 1 matrix. The solution of the SMDT problem with R equals 32 (which is the 

sum of all entries of R). Similarly, solution for the SMDT problem using A as the 

requirements matrix is 15. However, the solution to the SMDT problem with the 

requirements matrix B exceeds the value 17. Therefore, the partition (A, B) gives a 

solution, which is larger than the solution of the SMDT problem associated with R. 

Now, let us list the steps of the decomposition algorithm for MMDT, which 

utilizes the optimal value of the partition as a function of a nonnegative multiplier k. 

A similar algorithm can be developed to solve the MMDO formulation. We consider 

the case of 2 modules. 
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Algorithm 5.8 : Improved Descent Algorithm for MMDT 

Step 0 

Step 1 

Step 2 

Step 3 

Set the number of iterations, It - O. 

Increment It by 1. If the munber of iterations exceeds the given limit, then 

stop. 

For a given requirem('nts matrix R, generate a random matrix A, such 

that A ~ R. Store the incumbent, Zinc = Z(A) + Z(R - A). 

Find A', A", and define, 

R·· 
= max~ 

(i,j) Aij 
Rij 

- max-". 
(i,j) Aij 

Find the global solution 0 ~ k: ~ k:nax , 0 ~ k~ < k':nax of the 

functions, 

Z(kA') + Z(R - kA') and Z(kA") + ZeR - kA"). 

Else 

Set zinc - Z(k~A") + Z(R- k~A"), and A = R - k~A". 
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If the reduction of the objective function value is smaller than E, then go to 

step 1. Else, go to step 2. 

Tabie 5.11 gives the computational results of Algorithm 5.8. The first 8 

problems had requirements values that were generated uniformly, between 1-30 

and the next 8 problems used values generated between 10-30. Five different 

initial partitions were considered for each problem. Let Z denote a solution ob

tained from MINOS for the MMDT problem from a single arbitrary starting point. 

Let Zl denote the solution from Algorithm 5.8 and Z2 denote the solution from Al

gorithm 5.6. The CPU column denotes the computational time in minutes required 

for Zl and D denotes the relat.ive deviation between Zl and Z2 

Zl 
X 100. 
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Table 5.11 : Results for MMDT - Algorit.hm 5.8 (2 Modules) 

range Size Z Zt Z2 D CPU 
1- 30 3x3 193.9 157.7 157.9 0.1 5.8 
1- 30 3x3 228.0 181.4 181.6 0.1 6.1 
1- 30 4x4 381.4 302.6 317.0 4.8 9.4 
1- 30 4x4 286.4 266.9 304.0 13.9 10.3 
1- 30 5x5 604.6 520.0 537.4 3.3 33.6 
1- 30 5x5 588.0 488.2 505.7 3.6 35.2 
1- 30 6x6 886.2 748.8 762.6 1.8 37.3 
1- 30 6x6 899.8 748.1 804.5 7.5 36.4 

10 -30 3x3 216.8 192.7 193.7 0.5 5.6 
10 -30 3x3 241.4 20n.8 210.0 0.1 6.0 
10 - 30 4x4 412.6 361.1 365.1 1.1 9.5 
10 -30 4x4 405.9 346.8 356.3 2.7 10.5 
10 -30 5x5 655.8 606.1 606.7 0.1 32.5 
10 -30 5x5 643.8 578.0 599.6 3.7 37.4 
10 -30 6x6 926.2 846.7 857.1 1.2 38.2 
10 -30 6x6 957.3 856.5 883.2 3.1 37.8 

In all of the test problems Algorithm 5.8 found better solution than that 

from Algorithm 5.5 (which were better than the solution from MINOS). The results 

in Table 5.11 suggest that wh£'n the size of the problem increased, the perfonnance 

of the Algorithm 5.5 decreased slightly. These results give more evidence that 

arbitrary solutions from MINOS for the modular design problem is not an effective 

method. 

Algorithm 5.8 can be improved by selecting several partitions in each iter

ation as discussed earlier. This step however will increase the computational time 

and the best number of partitions to consider must be verified computationally. 

As a final note, all of the algorithms presented in this chapter can be extended 

to the case of 3 or more modules. In each iteration, any piece of a partition can be 

considered for further improvem('nt. "Te simply pick the partition, which gives the 
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best improvement, and terminate when neither of the two pieces of the partition 

yields a good solution. 
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CHAPTER 6 

NONLINEAR PROGRAMMING METHODS 

In this chapter, general nonlinear programming methods to solve MMDT 

and MMDO will be discussed. In Section 6.1, we discuss the d.c. programming ap

proach as a possible global optimization algorithm to solve MMDT and MMDO. In 

Section 6.2, we discuss the tunneling algorithm to find heuristic solutions of nonCOIl

vex programming formulations. Computational results of the tunneling algorithm 

applied to solve MMDT are given. In Section 6.3, the generalized Benders decompo

sition approach proposed by Floudas et al. [1989,1990] to solve global optimization 

problems is discussed. Computational results for MMDO using generalizecl Bellders 

decomposition are compared with those from the tunneling algorithm. 

6.1 d.c. Programming Approach 

From a deterministic point of view, the global optimization problem, in the 

general case when no further structure is given on the data, is intractable, since it 

would require, evaluating the functions over a prohibitively dense grid of feasible 

points. In many cases the only alternative is to use stochastic methods. However, 

the stochastic methods guarantee finding the optimal solution with some probability 

and are often inefficient. 

In recent years, significant results have been obtained for the problem of 

global minimization of concave functions over convex sets. These results along with 

the progress in computational techniques (for example, parallel processing) give 

us a hope for a general deterministic approach for concave minimization problems. 

Tuy [1986] proposed an algorithm to solve another class of global optimi;;mtion 

problems where each function is the difference of two convex functions (denoted 

d.c. optimization problems). References for general d.c. optimization algorithms 

were given in Section 2.3. 



A d.c. programming problem is a global optimization problem of the form 

minf(x),suchthatxEn, gi(X) ~ O(i E I), 

where n is a convex closed subset of ~n, and f, gl, ... ,9m are d.c. functions on ~n. 

It has been shown by Tuy [1986], that many optimization problems can be trans

formed in to d.c. programming problems. Particularly any quadratic function can 

be transformed in to a d.c. function. Every d.c. program can be reduced to a 

canonical form which is a convex program with just one addi tional reverse convex 

constraint (i.e., a constraint of the form g(x) > 0 with 9 convex). Tuy has 

proposed several alternative algorithms to solve the canonical d.c. program. 

We show how to transform MMDT to a d.c. programming problem. Both the 

objective function and the left hand sides of the constraints are quadratic functions, 

thus it is possible to represent those functions as d.c. functions. There may howcyc'l' 

exist several ways to represent a quadratic function as a d.c. function. 

Since our formulation is minf(x), subject to x E n, gi(X) 2:: 0 (i E 1), wc 

need to prove that all f(X),gl(X), ... ,gm(x) functions can be reduced to d.c. func

tions. In MMDT, both the objective function and the constraint functions arc stUns 

of bilinear terms. Let us take any bilinear term XikYjk and rcpresent xikYjk ns: 

We let h'(xik,Yjk) = X~k+Y;k+XikYjk and h"(xik,Yjk) = X;k+YJk' An analysis of 

the (2 x 2) hessian matrices shows that both h' (Xik' Yjk) and hIt (Xik' Yjk) arc convex 

functions, therefore XikYjk is a d.c. function. When we add a finite number of convex 

functions we get a convex function, hence the sum of bilinear terms is also a d.c. 

function. Therefore the objective function and the constraint functions of IvlMDT 

can be reduced to d.c. functions and MMDT is a d.c. program. Analogously, we 

can transform MMDO to a d.c. program. 
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Tuy claims that d.c. programming problems have the same degree of dif

ficulty as concave minimization problems (minimizing a concave function over a 

convex feasible region). But the computational experiments have shown that the 

most currently available methods for concave minimization problems are practical 

only for problems of small size. Therefore d.c. programming algorithms are also 

practical for rather small problems. Multiple modular design models have a large 

number of variables and constraints even for problems with few parts and products. 

Therefore, it is unlikely that this approach will yield a practical implementation for 

solving MMDT and MMDO. 
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6.2 Tunneling Algorithm 

In this section, we consider an approach which will help to overcome the 

problem of identifying a local optimum. The tunneling algorithm was initially 

proposed by Levy and Gomez [1984] to solve global optimization problems. The 

algorithm consists of two phases, the constrained optimization phase and the COIl

strained tunneling phase. In the constrained optimization phase, a local solution 

is found from a given initial point. In the constrained tunneling phase, a feasible 

point with better objective function value than the local solution is found. In gen

eral, a set of nonlinear inequalities is solved to find this new feasible point. The 

algorithm iterates from the new feasible point and another local solution is founel. 

The algorithm terminates when the constrained tunneling phase cannot ident.ify a 

feasible point with a better objective function value than the current 10cCll solution. 

Note that, the algorithm relies on the efficiency and effectiveness of soh'iIlg 

a set of nonlinear inequalities to find a better feasible point. In general, there is no 

guarantee that this step can be successfully completed even if a bettcr point exists. 

Usually, multivariable newton methods are used t.o solve the feasibility problem of 

the system of nonlinear inequalities. 

We propose a similar approach in the following algori tl1111 to desccIld (asceIld) 

from a local solution using the MMDT (MMDO) problem. 
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Al&orithm 6.1 : Tunneling Algorithm for MMDT 

Step 1 

Step 2 

Find a local solution of MMDT, using an arbitrary initial point. Let the 

local objective function value be denoted zlocal. 

Add the following constraint and resolve the MMDT problem using an nrbi

trary initial point: 

LLLXikYik < zlocal - 5. 
k i 

Here, b is a small positive value. Store the new local solution, its objective 

value and repeat Step 2 until the local search program does not identify a 

feasible point. Terminate with the' final local solution found. 

This algorithm does not guarantee finding the global solution since the non

linear programming codes (such as MINOS and NPSOL) cannot always identify a 

feasible point, even if one exists. Therefore, we may get a false termination criteria 

in Step 2. 

Table 6.1 compares the solution for MMDT obtained from using the guillotine 

partition method of Shaftel and Thompson [1983] with the solution obtained from 

the tunneling algorithm. The requirements values were uniformly generated between 

1 and 30. Two modules were considered. In each case, all possible row and column 

guillotine partitions were considered and the minimum value was selected. Let, 

Zg = the solution obtained from the guillotine partition algorithm, 
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Zt = the solution obtained from the tunneling algorithm, 

N = the number of total guillotine partitions tested, 

D = the relative effectiveness of the two methods, 

D _ Zg - Zt x 100. 
Zt 

CPUg and CPUt denote the CPU times in minutes finding of Zg and Zt respec

tively. 

Table 6.1 : Results from Tunneling Algorithm (2 modules) 

range szze N Zg Zt D CPUg CPUt 

1- 30 3x3 6 166.3 158.5 4.9 0.04 0.09 
1 - 30 3x3 {j 157.9 146.9 7.5 0.05 0.08 
1 - 30 4x4 14 268.5 251.5 6.8 0.11 0.09 
1- 30 4x4 14 233.9 222.8 5.0 0.13 0.10 
1 - 30 5x5 30 431.9 420.3 2.7 0.28 0.26 
1- 30 5x5 30 421.1 404.6 4.1 0.30 0.29 
1 - 30 6x6 62 777.9 743.2 4.7 0.83 0.33 
1- 30 6x6 62 760.8 707.7 7.5 0.79 0.36 
1- 30 7x7 126 1109.3 1028.8 7.8 2.3 0.75 
1 - 30 7x7 126 1205.8 1103.1 9.3 2.2 0.93 
1- 30 8x8 2.54 

I 
1388.8 1261.4 10.1 7.8 0.82 

1- 30 8x8 254 1386.5 1224.5 13.2 8.1 0.79 

The results in Table 6.1 indicate that the tunneling algorithm always found 

better solutions than the guillotine partitioning procedure. Note that, we do not 

have any guarantee that the tunneling algorithm actually yields good solutions, 

since we do not know the global solution to the problem. 
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Table 6.2 gives the solution of MMDT formulation obtained from the tUIl

neling algorithm for the cases of 1,2,3 and 4 modules. Cr represents the solution 

from the tUIllleling algorithm for r modules. The requirements values have been 

uniformly generated between 1 and 30. W is the sum of all entries in R and is a 

lower bound on the objective value. 

Table 6.2 : Results from Tunneling Algorithm (multiple modules) 

szze W GI t C2 
t C3 

t 
G4 

t 

4x4 186 270.8 214.6 192.0 186.0 
4x4 237 382.7 275.2 251.5 237.0 
5x5 285 490.9 350.1 307.9 286.2 
5x5 395 568.9 483.5 430.0 423.3 
6x6 492 906.6 703.6 591.6 527.6 
6x6 602 869.5 720.8 647.2 622.3 
7x7 828 1285.9 1083.4 990.6 882.9 
7x7 788 1137.5 972.0 905.8 845.1 
8x8 984 1728.4 1454.5 1318.4 1154.7 
8x8 1076 1587.3 1364.1 1277.7 1203.8 
9x9 1234 2127.5 1752.5 1541.7 1439.1 
9x9 1200 2076.6 1794.7 1551.9 142G.7 

10 X 10 1507 2483.3 2151.9 1987.5 1820.7 
10 x 10 1563 2579.9 2197.6 1984.7 1834.1 

Computational times of these problems are given in the Table 6.3. CPU], 

CPU2 , CPU3 and CPU4 denote the CPU times in minutes finding of C:, G;, 

G~ and Gt respectively. 
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Table 6.3 : CPU Times for Tunneling Algorithm (multiple modules) 

szze W CPUl CPU2 CPU3 CPU4 

4x4 186 0.01 0.13 0.23 -
4x4 237 0.01 0.13 0.20 -
5x5 285 0.01 0.16 1.34 2.40 
5x5 395 0.01 0.18 1.28 1.24 
6x6 492 0.02 0.39 0.71 1.93 
6x6 602 0.02 0.37 0.68 1.81 
7x7 828 0.02 1.75 1.09 2.58 
7x7 788 0.02 0.67 1.12 2.91 
8x8 984 0.02 0.66 1.87 6.33 
8x8 1076 0.02 0.71 1.90 6.67 
9x9 1234 0.03 1.50 4.23 7.87 
9x9 1200 0.03 1.47 3.48 7.92 

10 x 10 1507 0.04 1.54 4.78 15.91 
10 x 10 1563 0.04 1.44 5.23 14.52 

The computational results demonstrate, that the tunneling algorithm a.lways 

found lower cost solutions as number of modules increased. This is an import ant 

observation, since finding arbitrary local solutions does not guarantee this property. 

Note that, the tunneling algorithm is not a feasible strategy for large problems since 

finding even one local solution requires a great deal of computational time. \;v'e note 

that a model with linear separable side constraints also can be solved using the 

tunneling algorithm since these linear constraints are simply included in the local 

minimization routine. 
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6.3 Generalized Benders Decomposition Method for Modular Design 

In this section, we consider a decomposition technique proposed by Floudas 

et al. [1989,1990] based on generalized Benders decomposition as proposed by Geof

frion [1972]. We show that the method may have some subtle pitfalls even if it seems 

to be operating correctly. Specifically, we show that the method may converge to a 

solution that is not globally optimal and in general it may be very difficult to verify 

the global optimality property of any solution generated by the method. 

First, we state the specific problem, describe generalized Benders decompo

sition, and then descrihe the method proposed by Floudas et, al [1989,1990]. V\,'c 

discuss why the method may be inappropriate for solving non convex programming 

problems and how it differs from generalized Benders decomposition. Next, we 

discuss how this method can be applied to the multiple modular design problcm. 

However, we also show that the method may be invalid here since it may not COll

verge to the global optimal solution. We present a numerical example dernonstratillg 

the possible pitfalls. Finally, we will compare the solutions from this approach and 

the tunneling algorithm. 

6.3.1 Introduction 

Consider the optimization problem 

max I(x, y) s.t. G(x, y) 2:: O. 
xEX j yEY 

(G. 1 ) 

Where X is a subset of 3?m, Y is a subset of ~n , I is a vector function, and G(·) is 

a set of vector functions. 

Define the projection of (6.1) onto the the Y as: 



max [sup f(x,y) s.t. G(x,y) ~ OJ. 
yEY xEX 
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(6.2) 

For fj to be a potential solution of (6.1), there must be a feasible solu

tion x to G(x, fj) ~ O. Let V be the set of y that admit feasible solutions. To 

simplify notation let us assume that V = Y (all y generate feasible solutions). 

The projection problem is defined as: 

max v(y). 
yEYnV 

(6.3) 

Where, v(y) = sup f(x, y) s.t. G(x, y) ~ O. Note that solving (6.3) is equivalcllt 
xEX 

to solving (6.1). 

A common method of solving (6.3) is to use Generalized Benders DccOl1l

position. The essence of the method is to solve v(y) for x given a fixed value of 

y (denoted fj). Then, using the solution x and Lagrangian duality theory, generate 

a constraint that bounds the objective of (6.3) and dictates how to move to a llew yj. 

Since we assume that all y generate feasible solutions, the form of the constraiut is: 

L(y,A) sup [(x, y) + AG(x, y). (G.4 ) 
xEX 

Note that, if the problem to find v(y) is a concave programming problem 

then there will be no duality gap. Since there is no duality gap and the lagrcmgian 

function represents an upper bound on the solution to (6.3), we can add a constraint 

that, 

v(y) < sup [(x,y) + AG(x,y), (6.5 ) 
x€X 

to a bounding problem for determining the next fj value. The process now rcpcn ts 

wi th the new fj until convergence. 
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It is clear that the difficulty in the above approach is determining a 

closed form expression for L(y,>.). IT we assume that v(y) is a concave function 

in y and v(y) can be determined, then we can use the optimal solution at iJ and 

form the following constraint: 

v(y) < I(x, y) + XG(x, y). (6.6) 

Inequality (6.6) is a valid constraint on v(y) due to the lack of a duality gap and 

the concavity of v(y). 

The term "outer approximation" is used for algorithms that use constraints 

like inequality (6.6) to approximate v(y). Outer approximation methods are appliecl 

to concave (convex) functions. Geoffrion [1970] proved that if X and Yare com-ex 

sets, and that f and each component of G are concave on X X Y ,then v(y) is 

concave on Y . So in general, concavity (convexity) of the projection problem lllLlSt 

be proven. Note however, the approach does not generate a valid cut when v(y) is 

not concave. The "sup" problem must be solved for each y for the bound to be 

valid. Even though the task of finding a closed form solution looks difficult, thcrc 

are many examples in the literature where this task is satisfactorily completed. 

In recent work Floudas et al. [1989] proposed a partitioning method to 

solve nonconvex mathematical programming problems. Their method is idcllticill 

to generalized Benders decomposition, however, they use the Lagrangian fUIlctioIl 

evaluated at x and X for approximating v(y) . It is clear from the above argument 

that this approximation to v(y) is not valid unless the projection problem can be 

shown to be concave. Floudas et al. give numerical results On 5 problems and show 

that their method converges to the same solution point regardless the initial y values. 

The optimality of these solutions cannot be verified without using some mech<lnislll 

other than algorithm convergence (a proof that v(y) is concave for example). 
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6.3.2 Example Problem 

We will show that even when the decomposition yields an easy evaluation of 

v(y) for a given y, (linear programs for example), the method of Floudas et aI. may 

converge to a nonoptimal solution, and the projection problem is not concave. '''Te 
consider a bounded variable version of MMDO. 

Let us define: 

x - Xik 

Y - Yjk 

o < Xik < maxi Rij, 

o < Yik < maxi Rij. 

The model is the following non concave problem: 

K I J 

max L L Xik L Yjk 
k=l i=l j=l 

subject to 

K 

L xik Yjk < Rij , z E I ,J E J 
k=l 

Xik EX, Yjk E Y 

(G.7) 

(G.8) 

(G.g) 

It is clear that the decomposition approach is a viable option for MlvIDT. 

Both X and Yare convex sets. Note that for any fixed y in V , f and G are liucar 

functions on x and that v(y) is finite. So, fixing y to fj , we obtain the folowing 

subproblem. 
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I K J 

V(y) - max 2::: L [2:::Yi k ]Xik (G.10) 
i=1 k=1 i=1 

subject to: 

K 

2::: Yik Xik < Rii V (i,j) (G.ll) 
k=1 

Xik E X (6.12) 

It is clear that the:; subproblem is a linear programming problem. Further

more, it is a separable linear programming problem, thus we can solve severalliIlcar 

programming problems of smaller size, to find the optimal solution x and the opti

mal dual multipliers ).. 

To derive the outer approximation used by Floudas et aI., we dualize the 

constraints and multiply by the optimal dual multipliers. The approximatioIl dc

noted L(y, x,).) is: 

K I J I J J( 

L(y, x,).) - 2::: 2::: 2::: XikYik 2::: L ).ii(2::: XikYik - Rij). (G.13) 
k=1 i=1 i=1 ;=1 i=1 k=1 

Note that this is the standard Lagrangian function of the subproblem. Rearrallging 

terms we obtain: 

J K I 1 J 

L 2::: Yik(L:: Xik(l ).ii)] + L L ).iiRii)· (6.14) 
i=1 k=1 ;=1 i=1 i=1 

We use superscripts to denote iteration count. The decomposition algorithm 

starts with a value for yl and the evaluates the linear programming subproblem to 
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obtain it's optimal solution xl and it's optimal multipliers ).1. Next the Lagrangian 

function is formed using xl and ,V. This Lagrangian function is now used as an 

approximation to v(y) (crude approximation at this point) and we solve the approx

imation to v(y) (normally called the master problem), obtain y2 , and iterate again. 

The process continues until we obtain a solution to the subproblem with objective 

function value equal to the value of the solution of the previous approximation 

to v(y). The validity of the method hinges on the assumption that L(y, x) IS a 

valid upper bound on the optimal solution to v(y). As stated previously, if v(y) IS a 

concave function, then the assumption follows. However, if not, then it is possible to 

generate Lagrangian functions that are not true upper bounds when x and ~ arc used 

instead of the appropriate values. Now we present a counterexample to show v(y) is 

not concave. 

Consider a 2-module, 3-part, 3-product example with 

The mathematical program is: 

14 
2 
13 

max (XlI + X21 + X31 )(Yll + Y21 + Y31) + (X12 + X22 + Xn)(YI2 + Y22 +!In) 

subject to 

Xll Yll + X12Y12 < 1 , Xll Y21 + X12Y22 < 14 , Xll Y31 + X 12Y32 < 1 
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X31Yll + X32Y12 ::; 1 , X31Y21 + X32Y22 < 14 , X3IY3I + X32Y32 < 1 

Xiii: E X, Yik E Y 

Consider the following Y vectors: 

yl = {19,14,1.221,0.348,14,0}, y2 = {19,0.007,1.534,0.005,14,O.038}. 

By inspection yl E Y aP-d y2 E Y. Solving the linear programming problem for 

each y, we obtain: 

Xl = {0.035, 0.143, 0.894, 0.965,0, 0.035}, 

x2 = {0.041, 0.995, 0.895, 0.999, 0.142, 0.928}. 

Where V(yl) = 51.03, V(y2) - 70.58. Now consider B 

convex combination 

0.2 and form the 

y3 = Byl + (1 - B)y2 = {19, 2.806, 1.471,0.074, 14,0.75}. 

Y is a convex set and y3 is a convex combination of yl and y2, thus y3 E Y. 

The linear programming solution yields V(y3) = 64.28. However, (}v(yI) + 

(1 - B)v(y2) = 66.67 > 64.28. Therefore, the function v(y) is not conca\"(' 

in y for the example problem, even though each evaluation can be easily solved t.o 

optimality. 

We next show that it is possible to generate an invalid constraint for the 

master problem. By invalid, we mean a constraint that is not an upper bound 

on v(y) . Consider the same example and let 

y = {19,0.779,0.157, 11.187, 14, 7.849}. 
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Again, yl E Y. Solving the linear program we obtain the following i and). values: 

x = {O, 0.947, 0.678, 0.089,0.09, 0.369}, 

(

2.95 
>. = 0.98 

1.03 

0.0 
1.57 
0.0 

0.0 ) 
0.0 . 
2.75 

Therefore, the master problem using only the single Lagrangian constr aint is: 

max J-L 

subject to: 

-0.004YI + 0.135Y2 - 0.236Y3 - 0.183Y4 + 0.406Y5 - 0.464YG + 50.49 > /' 

Yjk E Y 

Solving the problem, we obtain 

y2 _ {O,14,O,O,14,0}. 

Where fL = 58.08. However, we have already demonstrated feasible solutions 

to this example with objective values equal to 70.58 and 64.28. Therefore, the 

added Lagrangian constraint does not generate a valid upper bound. Note that 

since additional constraints are added to the master problem at each iteration, it.s 

optimal objective value cannot increase as long as this particular constraint is always 

included. 

In conclusion, a bounded variable version of MMDO that looks ideal for the 

decomposition algorithm since both the subproblem and the master problem are 
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linear programming problems. However, we have demonstrated that the projection 

problem is not concave. In addition, we have shown that using the Lagrangian 

function, evaluated at x and ~ as a bounding function, may not be valid. This 

implies that even if the method converges to a solution, there is no guarantee thnt 

the solution is optimal. 

Table 6.4 compares the solution obtained by tunneling algorithm with the 

best lower bound obtained by the decomposition algorithm. Here we consider 

MMDO with 2 modules. The entries of the requirements matrix were uniformly 

generated between 1 and 30. Both algorithms used the same initial point. Let \lS 

define: 

Zt = solution from the tunneling algorithm, 

Z f = solution from the decomposition algorithm, 

D = relative difference in the solutions, 
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Table 6.4 : Solutions for MMDO - Benders Decomposition 

range size Z, Z/ D 

1- 30 3x3 135.8 112.1 21.1 
1- 30 3x3 153.3 145.3 5.5 
1- 30 3x3 118.4 111.0 6.7 
1- 30 4x4 181.2 174.0 4.1 
1- 30 4x4 180.9 124.8 45.0 
1- 30 4x4 206.9 189.6 9.1 
1- 30 5x5 264.4 249.2 6.1 
1- 30 5x5 257.6 200.0 28.8 
1- 30 5x5 279.8 195.7 42.9 
1- 30 6 x 6 375.9 244.3 53.8 
1- 30 6x6 468.5 428.8 9.3 
1- 30 6x6 416.1 364.0 14.3 
1- 30 7x7 592.8 473.9 25.1 
1- 30 7x7 474.1 394.3 20.2 
1- 30 7x7 512.9 434.7 17.9 

As the computational results demonstrate, the decomposition algorithm nei

ther identifies the global solution, nor finds good solutions. All the solutions fOUIld 

by the decomposition algoritlun were worse (and often significantly worse) than 

those found by the tunneling algorithm. 

In conclusion, general nonlinear programming methods are difficult to imple

ment for modular design formulations, and some cases do not yield good solu t,ion5. 

Therefore, heuristic methods such as the tunneling algorithm, which use special 

properties and structures of MMDT and MMDO problem, are more effective. 



144 

CHAPTER 7 

LEAST SQUARES PROBLEM 

In this cha.pter, the least squares formulation for the modular design prob

lem (Problem LS) will be considered. First, we discuss the unconstrained least 

squares problem. Next, the problem of finding tight bounds to the MMDT and 

MMDO formulations will be analyzed. We will compare the overequipment and un

derequipment of LS formulation with that of MMDT. Finally, heuristics for MMDT 

and MMDO, using a. least squares subproblem, and computational results will be 

presented. 

7.1 Unconstrained Least Squares Problem 

Consider the mathematical programming formulation (LSU): 

K(I J )2 
min {; t; f; XikYjk - Rij (7.1) 

We obtain LSU from LS by relaxing the nonnegativity of the variables 

Xik, Yjk. Therefore, the optimal objective function value of LSU gives a lower bound 

to the optimal objective function value of LS. Using matrix notation, LSU is the 

following problem: 

min IIXyt 
- R!l2. (7.2) 

The following theorem from Daugavet and Yakovlev [1989] shows that the 

objective functions of both LS and LSU are convex. 
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Theorem 7.1 

(7.1) is a convex function. 

Theorem 7.1 is important, because it shows that the KT conditions are 

necessary and sufficient for the global solution of both LS and LSU. As we discussed 

earlier, both MMDT and MMDO are nonconvex programming problems and finding 

their global solution is difficult. 

We note that LSU is a well known problem in linear algebra, approxilllat.

ing a matrix R by another matrix Xyt of lower rank. Several papers call be 

found in the literature, which describe the properties and solution procedures of 

this specific problem (Daugavet and Yakovlev [1989], Zietak [1983,1989]' Osborne 

and Watson [1978]). 

For our problem, we require that X and Y be non!legative matrices, so we 

must adjust the solution of LSU to obtain a solution of LS. For the problems, 

which we have solved, we have always found nonnegative global solutions for LS 

formulation with the same objective function as the global solution of LSU, ho\\"cw.:r 

we cannot prove this can always be done. 

Daugavet and Yakovlev [89] show that LSU has a closed form solution which 

can be computed easily. The following theorem describes that solution: 
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Theorem 7.2 

The optimal solution of LSU, an m x r matrix X .. and an 11. X r matrix Y., is 

given by: 

X .. = cP x A, (7.3) 

y .. '11, (7.4 ) 

where r is the number of modules considered (or rank of the approximation matrix), 

Al > > Ar > 0 are the first r singular values of the matrix R, 1\ is 

an r x r diagonal matrix consisting of the first r singular values, and <I> and III an~ 

m x rand n x r matrices respectively and consist of the singular base columns of the 

matrix R corresponding to first r singular values. The optimal objectiyc fUllctioll 

value is given by: 

(7.5 ) 

And, 

IIX.Y.'1I2 = ~ t .\~, ('.G) 

where, q is the rank of the matrix R, and cP and '11 are the matrices wi th 

columns consisting of eigenvectors corresponding to first r eigenvalues of the matri

ces RRt and Rt R respectively. 

Note that, if R has rank r, then the optimal objective function value is 

zero. Theorem 7.2 shows that, global solution of the LSU formulation call he 

found using the singular value decomposition of R. Therefore, large problems call 
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be solved for any value of r with little CPU time. This result is useful since, 

although LS is a convex programming problem, commercial nonlinear programming 

codes (MINOS,NPSOL) may require a significant amount of time to find the global 

solution for large problems. 

Zietak [1983,1984] describes solution procedures for the problem: 

mm IIXyt 
- Rllp, (7.7) 

for 1 ~ p ~ CXl. But the case p i= 2 is not of interest, since he has shoWJl that 

the global solution can be obtained only for the case p = 2. 

7.1.1 Transformation of a Solution of LSU into a Solution of LS 

We denote the optimal solution matrix of the LSU formulation as fl. = 
X * y*t. We asstune R* has no negative entries, since in this si t uation, there can 

never be any nonnegative solutions for LS with the same optimal objective fUIlctioll 

value of LSU. To find an alternate nonnegative solution with the same objcctiyc 

function value (when it exists), we can use any of the formulations of Ml\IDT, 

MMDO or LS and substitute the matrix R* as the requiremcnts matrix in the 

model. Although MMDT and MMDO are non convex programming problems, we 

were able to find nonnegative solutions with the same objective function value for 

all of the test problems. When LS was used, it generally required large CPU times. 

Therefore, although L8 has convexity properties, we used the tunneling algorithm 

on MMDT and MMDO to find nonnegative solutions. 

The following convex programming problem denoted problem LSP can also 

be used to find a nonnegative solution of LSU. 
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(7.8) 

subject to 

(7.9) 

(7.10) 

where, (X., Y.) is the optimal solution from LSU, and Dl and D2 are r x r matrices. 

Note that (7.8) has a similar form as (7.1), and hence must be a convex function. 

Since, constraints (7.9) and (7.10) are linear, LSP is a convex programming probkm, 

and the global solution can be found easily. The following theorem proves that, when 

certain conditions are satisfied, the solution to LSP is a nonnegative solution with 

the same optimal objective function value as LSU. 

Theorem 7.3 

If, the optimal objective function value of the LSP formulation is zero, thell 

there exists a nonnegative solution (Xl, Yi) with an objective value eql1ClI to the 

optimal objective function value for LSU, such that: 

(7.11) 

where Dj and D2 represent the optimal values of DI and D 2 • 
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The optimal objective function value of LSU is: 

(7.12) 

IT the optimal objective function value of LSP formulation is zero, then D} D z = I 

and hence D2 = DII. Therefore, 

(7.13) 

and both Xl and Y1 are nonnegative matrices .• 

If the optimal objective function value of LSP is not zero, then still 

Xl y 1
t gives the best nonnegative rank r approximation to Rand (X}, Yi) gi \'CS thc 

nonnegative solution. 
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7.2 Bounds for the MMDT and MMDO Formulations 

The optimal solution of the L5 formulation can be used to generate bounds 

for MMDT and MMDO. In general, finding good bounds for nonconvex program

ming problems is extremely difficult. The following proposition shows that, the 

optimal solution to L5 gives a lower bound to the sum of squared deviation of the 

solution matrix from the requirement matrix for the both MMDT and MMDO. 

Proposition 7.1 

Let the solution matrix of MMDT be Rmd, the solution matrix of 1',./lI'vlDO 

be RPP, and the solution matrix of L8 be RI. Then, the following inequalities hold: 

IIRI - RII2 < IIRmd 
- Rib (7.14) 

IIR' - RI12 < IIRPP - R112' (7.15) 

Both MMDT and MMDO find a rank r matrix that is closest to R, 511 bjcct 

to set of nonlinear constraints which are not present in LS. Therefore, the SU111 

of the squared deviation of RI from R must be the lowest among all nonl1cgnti\c 

rank r matrices. Hence, conditions (7.14) and (7.15) must be satisfied .• 

The following theorem demonstrates how to find a feasible solution to 

MMDT, using the optimal solution of L5. This result will be uscd to gelleratc 

upper bounds to MMDT. 
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Theorem 7.4 

Let the solution matrix of LS be denoted R'. Then, any m x m ma

trix A ~ 0 and n x n matrix B ~ 0 can be used to generate feasible solution 

matrices AR' and R'B for MMDT, if the following conditions are satisfied: 

(7.16) 

Since, condition (7.16) is satisfied, we need to prove that there exist nonneg

ative m x r matrices Xl and X 2 , and nonnegative n x r matrices matrices Y·l alld Yi, 

such that, 

(1.1"1) 

where, r is the number of modules considered. Since, Rl is the solution mat.rix for 

LS, there exist nonnegative matrices (of the appropriate dimensions) X. and Y., 

such that X.Y; = R'. Let Xl = AX. and YI = Y •. Here, AX. is nonnegat.ive, 

since A is nonnegative. Therefore, 

Xlyl
t - AX.Y; - AR' > R. (7.1S) 

Similarly, let X 2 X. and Y2 - Y.B. Then, 

X2Y2t - X.y.tB - R'B > R. (7.19) 

Therefore, (X}, Yd and (X2' Y2 ) are feasible solutions for MMDT .• 

Similarly, we can find feasible solutions to MMDO. In this case, we need to 

flip the inequalities in (7.16). To find better upper bounds for MMDT, we need to 
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solve the following linear programming problems to select the best A and B matrices. 

We denote the following formulation by UPl. 

min IIAR'IIt (7.20) 

subject to 

AR' > R (7.21) 

A > 0 (7.22) 

Let the following formulation be denoted by UP2. 

min IIR'Blh (7.23 j 

subject to 

R'B> R (7.24 ) 

B > 0 (7.25 ) 

The objective functions of UPl and UP2 nummlze the total deviation of 

their solution matrices from R. Recall that R' solves LS, therefore RI is the closest 

matrix of rank r to R. Therefore, we need to adjust R' in such a manner to achieve 

feasibility and still remain as close to R as possible. Since, the solutions of UP1 and 

UP2 guarantee the conditions ARI ~ R and RIB ~ R, from Theorem 7.5 they 

constitute a feasible solution to MMDT. Note that, for MMDO, we can generate 

bounds similarly, by solving linear programming problems. For this case, we nced 

to maximize the objective function values of UPI and UP2, alld the clltries of the 
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solution matrices must not exceed the corresponding entries of the requirements 

matrix. 

Another advantage of the formulations UP1 and UP2, is that the these for

mulations are separable. Therefore, we can solve several small linear programming 

problems, instead of a large linear programming problem, and save the computa

tional time. 

The following theorems show properties of the optimal solution of UP1 and 

UP2. 

Theorem 7.5 

Let A* denote the optimal solution of the formulation UPl. Then, the so

lution matrix A* Rl will have at least one entry of the each row equal to the corre

sponding entry of the matrix R. 

Suppose, there is a row in the matrix A * Rl, and no entry of that row is equal 

to the corresponding entry of the matrix R and denote that row by the yector a. 

Then, there exists an a < 1, such that, aa has at least one element which is equal 

to the corresponding element of row a in R and all other entries of aa st.ill exceed 

the corresponding entries of the matrix R. Therefore, we can replace row a of the 

solution matrix A* Rl with aa, and obtain a lower objective function value. Hence, 

solution matrix A* Rl must have at least one entry of the each row equal to the 

corresponding entry of R .• 
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Theorem 7.Q 

The solution matrix R'B· will have at least one entry of in each column 

equal to the corresponding entry of the matrix R. 

The proof is analogous to the proof of the Theorem 7.5 .• 

Theorems 7.5 and 7.6 do not guarantee that A * R' and RI B* have one tight 

entry in all columns and all rows. Therefore, a better objective function value can 

be found for MMDT, by reducing the entries of the solution matrix. 'Vc propose 

to solve UP1 and UP2 consecutively and use the matrix A* RI for RI WhCll soh-ing 

UP2. Hence, the final solution matrix A· R'B· will have at least one tight entry in 

all colunms and rows. 
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7.3 Heuristics and Computational Results 

We first describe computational results using LS. We compare the overequip

ment and underequipment of solutions found using LS with the overequipment of 

solutions of MMDT. Table 7.1 lists the computational results for randomly gen

erated problems. Here, the entries of the requirements matrices have been gen

erated uniformly between 1 and 30. We consider the case, when only one mod

ule is designed and Z denotes the optimal solution of MMDT. OEmd denote the 

overequipment of the MMDT problem as a percentage of the total weight lV (re

call W = Ei Ei Rij). OEls and U Els denote the overequipment and the undcr

equipment of the LS formulation (using only a rank 1 solution) as a percentage of 

the weight of R respectively. Table 7.2 lists the computational results for the case, 

when entries of the requirements matrices are generated uniformly between 15 cll1d 

30. 

OEmd, OEls and U Els can be found as: 

E~1 E7=1 (RiJd - Rij) 
OEmd -

E~1 E7=1 Rij 
X 100, 

Em En (Rls+ - Rij) 
OEls 

i=l j=1 ij 100, -
E~1 E7=1 Rij 

X 

where, Rmd is the solution matrix of MMDT and Rls is the solution matrix of the 

LS problem. We assign R!j+ = R~j and R~j- = 0 if R!j ~ R ij , otherwise we 

assign R~~+ = 0 and R~~- = R~S. 
IJ IJ IJ' 

Note that, since LS gives a solution with both overequipment and undcr

equipment, we compare OEmd with the sum OEls + U E ls . 
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Table 7.1 : Computational Results from LS - Single Module 

szze Z OE'1l UE'1l OE'1l + UE, s OEmd 

3x3 233.5 20.8 20.1 40.9 57.8 
3x3 209.7 12.5 12.7 25.2 32.5 
4x4 397.2 16.2 15.9 32.1 38.5 
4x4 270.7 15.1 16.7 31.8 44.2 
5x5 528.8 17.1 17.2 34.3 49.4 
5x5 571.5 18.9 18.9 37.8 55.5 
6x6 861.5 13.9 14.5 28.4 60.4 
6x6 899.5 18.5 18.5 37.0 46.0 
7x7 1328.9 23.1 23.2 46.3 79.4 
7x7 1433.0 19.7 19.8 39.5 56.9 
8x8 1721.9 21.9 21.9 43.8 70.9 
8x8 1765.4 21.8 21.8 43.6 69.3 
9x9 1973.9 21.3 21.3 42.6 63.5 
9x9 2227.8 22.0 21.9 43.9 69.8 

10 x 10 2771.1 19.5 19.5 39.0 72.3 
10 x 10 2682.1 20.4 20.4 40.8 66.2 
15 x 15 6531.9 20.4 20.4 40.8 72.2 
20 x 20 11268.2 21.4 21.4 42.8 75.2 
25 x 25 18542.1 19.7 19.7 39.4 74.8 
30 x 30 26812.5 20.9 20.8 41.7 79.3 
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Table 7.2 : Computational Results from LS - Single Module 

size Z OEIlI UE'6 OEb + UE'6 OEmd 

3x3 251.8 6.9 6.8 13.7 19.9 
3x3 239.8 4.9 4.9 9.8 12.1 
4x4 439.1 6.0 6.0 12.0 14.7 
4x4 371.0 4.9 4.9 9.8 12.7 
5x5 630.2 5.7 5.7 11.4 16.1 
5x5 651.5 6.6 6.6 13.2 18.0 
6x6 969.3 5.1 5.1 10.2 20.9 
6x6 965.2 6.7 6.7 13.4 16.4 
7x7 1372.9 7.8 7.8 15.6 26.5 
7x7 1393.8 7.3 7.3 14.6 20.7 
8x8 1816.8 7.7 7.7 15.4 24.6 
8xS 1851. 7 7.8 7.S 15.6 25.5 
9x9 2168.4 6.9 6.9 13.8 20.7 
9x9 2357.7 7.9 7.9 15.8 2G.0 

10 x 10 2830.9 6.8 6.8 13.6 24.3 
10 x 10 2801.5 7.2 7.2 14.4 22.9 
15 x 15 6573.4 7.4 7.4 14.8 26.3 
20 x 20 11658.9 7.7 7.7 15.4 27.4 
25 x 25 18580.4 7.3 7.2 14.5 27.5 
30 x 30 26678.7 7.5 7.5 15.0 28.5 

When comparing the results in Tables 7.1 and 7.2, we found that when 

the entries of R have lower variation, there was lower overequipl11cnt. This is not 

surprising since modular design is preferable in lower variation cases especially when 

a single module is used. Also, the percentage of overequipment did not increase 

rapidly as the size of the problem increased. 

The results in Tables 7.1 and 7.2 show that, the total overequipment and 

underequipment of LS was significantly lower than the overequipment from the 

solution to MMDT. This demonstrated that, LS may be a good alternative to 

MMDT when the underequipment is not difficult to add to the products. Note that, 

we considered the case of single module, because we could find the global solution 
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to MMDT. Another strength of using L5 is its convexity properties, enabling us to 

find the global solution even for the case of multiple modules. Additionally, since 

L5 is an unconstrained mathematical programming formulation, it may be easier 

to solve for the integer solutions when using the solution of L5 directly to design 

the modules. 

Table 7.3 gives the results for comparing the solutions of MMDT and LS 

for the case of 2 modules. The same problems solved for Tables 7.1 and 7.2 were 

considered here. We note that, Z denotes the solution from the tunneling algorithm, 

which was generally, the lowest solution found for MMDT, but \vas not neccssmily 

the global solution. 
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Table 7.3 : Computational Results from LS - Two Modules 

szze Z OE'6 UEb OE'6 + UE'6 OEmd 

3x3 177.4 11.3 10.7 22.0 19.8 
3x3 166.5 3.3 3.2 6.5 5.4 
4x4 318.5 7.4 7.3 14.7 12.5 
4x4 213.8 10.6 10.7 21.3 18.8 
5x5 393.8 7.9 7.9 15.8 15.5 
5x5 441.6 10.8 10.7 21.5 23.0 
6x6 652.2 9.2 9.1 18.3 24.2 
6x6 698.7 10.5 10.5 21.0 20.9 
7x7 1003.3 18.5 lS.6 37.1 41.3 
7x7 1136.4 14.8 14.S 29.6 35.9 
8xS 1415.9 15.9 15.S 31.7 43.2 
8xS 1450.7 16.7 16.7 33.4 43.2 
9x9 164S.6 16.2 16.0 32.2 42.4 
9x9 1844.5 16.6 16.6 33.2 41.G 

10 x 10 2311.9 16.3 16.3 32.6 49.1 
10 x 10 2183.3 13.6 13.6 27.2 40.9 

3x3 224.1 3.2 3.2 6.4 G.7 
3x3 217.6 1.2 1.2 2.4 1.7 
4x4 401.4 2.8 2.7 5.5 4.8 
4x4 342.7 2.9 2.9 5.S 4.2 
5x5 570.8 2.6 2.6 5.2 5.1 
5x5 594.8 3.9 3.9 7.S 7.8 
6x6 S77.6 3.3 3.3 6.6 9.4 
6x6 892.2 3.9 3.9 7.S 7.G 
7x7 1237.9 6.3 6.3 12.6 14.1 
7x7 1304.8 7.3 7.3 14.6 12.0 
SxS 1683.3 5.6 5.6 11.2 15.5 
8x8 1681.5 5.9 5.9 11.S 14.9 
9x9 2025.9 5.1 5.1 10.2 12.8 
9x9 2193.9 6.0 6.0 12.0 17.2 

10 X 10 nl"'n1 n 
L;UL; 1.,) 5.8 5.8 11.6 15.1 

10 x 10 2596.5 4.7 4.7 9.4 13.9 
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The results again showed that, when the requirements values had less vari

ability, underequipment and overequipment were lower. Also, in most of the cases 

the total overequipment and underequipment for the LS solution were lower than 

the overequipment for the MMDT solution. 

We next give computational results for the bounds described using LS 

and UPI and UP2. Table 7.4 lists the computational results for randomly 

generated problems, where the entries of the requirements matrices have been 

generated uniformly between 1 and 30. A single module is considered for 

MMDT. In Table 7.4, Z represents the global solution of single modular de

sign problem, SSDmd and SSD11J denote the percentage of the square root 

of the total squared deviation of the solution matrix from R relative to the 

weight of R for MMDT a. .. d LS respectively, Dl denotes the difference be

tween SSDmd and SSD11J and measures the deviation of the lower bounc1 from 

the solution of MMDT (in the L2 norm), U B denotes the upper bound for the 

MMDT formulation found from solving UP1 and UP2, and D2 c1enotes the devia

tion of UB from the solution of MMDT as a percentage of Z. Table 7.5 gi,·cs the 

computational results, when entries of the requirements matrices were generated 

uniformly between 15 and 30. 

SSDls and SSDmd are computed as: 

J~~l ~j=l (Rg Rij)2 
SSDl s -

~~l ~j=l Rij 
X 100, 

J~~l ~j=l (RiJd Rij)2 
SSDmd -

~~l ~j=l Rij 
x 100, 

and DI and D2 are computed as: 

UB - Z 
x 100. 

Z 
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Table 7.4 : Bounds for MMDT - Single Module 

szze Z SSDmd SSD,~ DI UB D2 

3x3 233.5 26.7 15.4 11.3 238.5 2.1 
3x3 209.3 17.3 10.4 6.9 209.3 0.2 
4x4 392.0 15.7 9.9 5.8 397.2 1.3 
4x4 259.6 15.3 8.9 6.4 270.7 4.3 
5x5 509.7 15.1 9.1 6.0 528.8 3.7' 
5x5 558.1 16.6 9.4 7.2 571.5 2.4 
6x6 842.3 12.4 6.2 6.2 861.5 2.3 
6x6 844.0 11.3 7.4 3.9 889.5 5.4 
7x7 1273.9 14.8 7.8 7.0 1328.9 4.3 
7x7 1311.4 11.1 6.6 4.5 1433.0 9.3 
8x8 1690.9 11.3 6.5 4.8 1721.9 1.8 
8x8 1714.6 11.1 6.3 4.8 1765.4 2.9 
9x9 1894.1 9.5 5.6 3.9 1973.9 4.2 
9x9 2213.0 9.8 5.7 4.1 2227.8 0.9 

10 x 10 2672.8 9.0 4.7 4.3 2771.1 3.7 
10 x 10 2576.0 8.8 4.8 4.0 2682.1 4.1 
15 x 15 6299.6 5.9 3.2 2.7 6531.9 3.7 
20 x 20 11079.1 4.6 2.5 2.1 11268.2 1.7 
25 x 25 18172.0 3.6 1.9 1.7 18542.1 2.0 
30 x 30 26060.9 3.1 1.6 1.5 26812.5 2.9 
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Table 7.5 : Bounds for MMDT - Single Module 

szze Z SSDmd SSD'!J Dl UB D2 

3x3 251.8 9.3 5.3 4.0 253.3 0.6 
3x3 239.8 6.5 3.9 2.6 240.1 0.1 
4x4 439.1 5.8 3.7 2.1 439.4 0.1 
4x4 371.0 4.6 2.7 1.9 372.1 0.3 
5x5 630.2 4.7 2.9 1.6 632.9 0.4 
5x5 651.5 5.5 3.2 2.3 664.1 1.9 
6x6 969.3 4.3 2.2 2.1 971.1 0.2 
6x6 965.2 4.0 2.7 1.3 981.9 1.7 
7x7 1372.9 4.9 2.6 2.3 1408.1 2.6 
7x7 1393.8 4.1 2.5 1.6 142G.4 2.3 
8x8 1816.8 3.9 2.3 1.6 1827.6 O.G 
8x8 1851.7 4.2 2.3 1.9 1870.5 1.0 
9x9 2168.4 3.1 1.8 1.3 2191.3 1.1 
9x9 2357.7 3.6 2.0 1.6 2360.2 0.1 

10 x 10 2830.9 3.1 1.6 1.5 2852.2 0.8 
10 x 10 2801.5 3.3 1.7 1.6 2838. T 1.3 
15 x 15 6573.4 2.2 1.2 1.0 665D.5 1.3 
20 x 20 11658.9 1.7 0.9 0.8 11708.0 0.4 
25 x 25 18580.4 1.3 0.7 0.6 18682.8 0.6 
30 x 30 26678.7 1.1 0.6 0.5 26928.7 0.9 

The computational results showed, that both the lower and upper bounds 

for all the cases were tight to the solution of MMDT, and tightest for the case, 

when the entries of R were generated uniformly between 15 nnd 30. These results 

are a bit surprising, since in general, it is extremely difficult to find good bounds 

for nonconvex programming formulations. Additionally, these bounds were found 

without much computational effort. Most importantly, these results were founel 

for the case of a single module. We expect these bounds to be even tighter for 

the multiple module design problem, since the solution from LS is much closer 

to R when multiple modules are used. 

Table 7.6 lists the bounds for the case of two modules for the same prob

lems (up to 10x10) solved in the Tables 7.4 and 7:5. Here, the R matrix values of 
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the first 16 problems were generated uniformly between 1 and 30 and the entries of 

the R matrices of the next 16 problems were generated uniformly between 15 and 

30. Here, Z and Rmd denote the objective and the decisions from the tunneling 

algorithm. 
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Table 7.6 : Bounds for MMDT - Two Modules 

S2ze Z SSDmd SSD liJ Dl UB D2 

3x3 177.4 14.1 9.0 5.1 182.3 2.7 
3x3 166.5 5.2 2.6 2.6 167.8 0.8 
4x4 318.5 7.2 4.2 3.0 324.5 1.9 
4x4 213.8 10.9 6.3 4.6 217.8 1.9 
5x5 393.8 6.5 4.1 2.4 410.6 4.3 
5x5 441.6 9.7 6.0 3.7 458.2 3.8 
6x6 652.2 6.6 3.9 2.7 663.7 1.8 
6x6 698.7 6.2 4.4 1.8 724.0 3.6 
7x7 1003.3 10.7 6.4 4.3 1047.3 4.4 
7x7 1136.4 9.1 5.1 4.0 1187.3 4.5 
8x8 1415.9 8.8 4.9 3.9 1437.8 1.6 

8x8 1450.7 8.4 4.9 3.5 1499.7 3.4 
9x9 1648.6 7.5 4.4 3.1 1692.9 2.7 
9x9 1844.5 7.2 4.5 2.7 1943.3 5.4 

lOxlO 2311.9 7.1 3.9 3.2 2377.6 2.8 
10 x 10 2183.3 6.3 3.6 2.7 2248.5 2.9 

3x3 224.1 5.5 2.7 2.8 224.5 0.2 
3 x 3 217.6 1.7 0.9 0.8 219.2 0.7 
4x4 401.4 2.6 1.6 1.0 405.4 0.9 
4x4 342.7 2.9 1.8 1.1 348.4 1.7 
5x5 570.8 2.1 1.3 0.8 580.2 1.7 
5x5 594.8 3.6 2.1 1.5 600.7 0.9 
6x6 877.6 2.7 1.4 1.3 881.9 0.5 
6x6 892.2 2.3 1.6 0.7 909.4 1.9 
7x7 1237.9 3.6 2.1 1.5 1254.6 1.3 
7x7 1304.8 3.3 1.9 1.4 1348.9 3.4 
8x8 1683.3 3.1 1.7 1.4 1684.9 0.1 
8x8 1681.5 2.9 1.8 1.1 1713.7 1.9 
9x9 2025.9 2.3 1.4 0.9 2056.9 1.5 
9x9 2193.9 2.8 1.6 1.2 2207.3 0.6 

10 x 10 2621.3 2.2 1.4 0.8 2661.7 1.5 
10 x 10 2596.5 2.1 1.3 0.8 2638.5 1.6 
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As we expected, the bounds were tighter for the case of2 modules, and again, 

the last 16 problems gave better bounds than the first 16 problems. This property 

suggests that, when there is less deviation between entries, the bounds were tight 

even for the case of multiple modules. 

The above results suggested that, we can generate tight bounds for the global 

solution of MMDT and MMDO using one solution of L8, UP1 and UP2. '0/e next 

consider a heuristic to solve MMDT and MMDO, which sequentially generates bet

ter lower and upper bounds. Note that, the solution matrix of L8 has some entries 

which are lower than the corresponding entries of R (unless all the requircmellts ,lrc 

tight at optimality). Therefore, we need to develop a heuristic which sequclltially 

reduces the deviation between the entries of the solution matrix of L8 and the cor

responding entries of R, specifically for the case when the solution matrix of L8 

has entries lower than those entries of R. Hence, we propose the following heuristic 

for MMDT. 
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Algorithm 7.1 : Algorithm to Solve MMDT 

Step 0 

Step 1 

Step 2 

Set upper bound, U B = 00, iteration count, It to O. 

Set the temporary matrix, Rl = R. 

Set It 

Solve LS, 

It + 1. 

subject to 

X>O,Y>O 

for (X., Y.) and set X.Y; - R'. 

If R' ;::: R, then stop. 

Otherwise, find the lowest upper bound using UPI and UP:? alld up

date U B if the new upper bound is lower than U B. 

If R:j < Rij, then 

Set R~j = R~j + 8+(It, Rij - R~j)' 
If R:j > Rij, then 

Set R~j = R~j - 8-(It, R~j - Rij). 

Set Rl = R', go to Step 1. 
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In each iteration, Algorithm 7.1 solves LS to find a lower bounding solution 

and 2 linear programming problems to update the upper bound. We start wi th the 

original requirements matrix R and update R' using the solution matrix of the L5 

formulation. The objective of the heuristic is to find the closest rank r matrix to R, 

whose entries are greater or equal to the corresponding entries of R (r is the number 

of modules considered). In Step 2, the heuristic updates the entries of the solution 

matrix of the LS formulation. When R~j is lower than the corresponding entry of R, 

some positive adjustment b+(It, Rij - R:j ) is added to R~j. '\Then R:j is larger 

than the corresponding entry of R, some positive adjustment o-(It, R~J - Rij ) is 

subtracted from R;j. 

In this heuristic 0+(.) and 0-(·) are functions of the iteration number and 

the deviation of the entries of the solution matrix of L5 and R. YVc usc cS+ ( .) to 

help increase the entries of the solution matrix of LS when they are infensible to 

MMDT. Note that if b+ ( .) is too small, we will require a large number of i terat ions to 

terminate with an approximation that is feasible. If 0+(-) is too large, the hcuristic 

will quickly terminate at a poor solution. Therefore, the optim<ll cS+ (.) function 

must be fine tuned to the particular R matrix and similar properties hold for the 

function 0- ( . ). 

The advantages of this heuristic are its flexibility in choosing paralllctcrs <tnc! 

its speed. Large problems are solved with little computational effort. Note that, 

in Step 1, we can solve LSU instead of LS as long as we can find a nonnegative 

solution with the same objective as the solution of LSU (for the problems generated 

randomly, we always found such a nonnegative solution). 

Note that, solving LSU significantly decreases the computational time of the 

heuristic, since we just need to find the singular value decomposition of R (Daugavet 

and Yakovlev [1989]) and then solve the feasibility problem to find X and 1/" for 

MMDT. If nonnegative solutions do not exist, still we must restart the heuristic us

ing L8 instead of LSU. Finally, this heuristic can be easily changed to solve IvEvIDO. 

Here, the roles of the b+ (.) and 8- (.) are reversed and we nced to seq uClltially Icm"Cr 
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the entries of R', which are higher than the corresponding entries of the require

ments matrix. 

Several strategies can be proposed to adjust the parameters of the func

tions 6+ (.) and 6- (.). We discuss two that have performed well. Recall that R: j de

notes the (i,j) solution entry from LS. 

Stratel!Y 1 

Otherwise, 

Start with 6- = €2. 

After each 10 iterations, set 6- 6- /2 

Strategy 2 

Otherwise, 

Start with 6- - €2. 
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In each iteration, set 6- 0.956-. 

Note that, the best values for €l and €2 depend on the particular R matrix. 

Both strategies have the same adjustment rule for the parameter 6+(-). If the 

difference between Rij and R:j exceeds some particular value, then half the amount 

of the deviation is added to the entry of the new requirements matrix. '\Then this 

deviation is small, a constant value is added to the entry, otherwise, heuristic will 

take a long time to terminate. 

Strategy 1 lowers the value of the 6- after each 10 iterations, while Strat.

egy 2 lowers the value of the 6- in each iteration. Both of above strntegics were 

implemented in the computational experiments. 

Table 7.7 gives the computational results of MMDT for the case of n single 

module. The entries of R for first 12 problems were generated uniformly betweell 1 

and 30 while the entries for the next 12 problems were generated uniformly hct.m'cn 

15 and 30. Zglobal denotes the global solution of MMDT (single module), Z/lLlll ,md 

Zheu2 are the solutions from the heuristic using Strategy 1 and Strategy 2 respec

tively, and D is defined as: 

D _ min (Zheul, Zheu2) - Zglobal X 100. 
Zglobal 

(7.2G) 

CPUg denotes the computational time in minutes to find Zy/o/w/ using ?\II

NOS, while CPUh denotes the average computational time in minutes of Z"c1l1 and 

Zheu2. In all cases, we used the values €1 = 0.2 and €2 = 4.0. 
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Table 7.7 : Results from Algorithm 7.1 - Single Module 

Slze Zglobal Zheul Zheu2 D CPUg CPU" 

3x3 233.5 233.7 233.6 0.04 0.01 0.13 
4x4 392.0 392.1 392.1 0.03 0.01 0.18 
5x5 509.7 511.2 510.7 0.19 0.01 0.23 
6x6 842.3 845.2 844.8 0.29 0.01 0.24 
7x7 1273.9 1281.4 1278.9 0.39 0.02 0.29 
8x8 1690.9 1696.8 1696.5 0.33 0.02 0.35 
9x9 1894.1 1902.2 1901.3 0.38 0.05 0.49 

10 x 10 2672.8 2688.8 2685.9 0.49 0.14 0.48 
15 x 15 6299.6 6319.4 6317.3 0.28 0.17 1.10 
20 x 20 11079.1 11089.4 11088.7 0.09 0.56 2.33 
25 x 25 18172.0 18247.5 18244.9 0.40 0.77 4.37 
30 x 30 26060.9 26149.1 26139.9 0.30 2.25 6.41 

3x3 251.8 252.0 251.9 0.04 0.01 0.12 
4x4 439.1 439.3 439.2 0.02 0.01 0.16 
5x5 630.2 630.9 630.7 0.08 0.01 o ')::-._0 

6x6 969.3 970.3 970.2 0.09 0.01 0.30 
7x7 1372.9 1374.2 1374.4 0.09 0.02 0.35 
8x8 1816.8 1820.3 1820.2 0.19 0.01 0.47 
9x9 2168.4 2172.3 2171.6 0.15 0.04 0.51 

10 x 10 2830.9 2834.9 2834.5 0.13 0.13 0.49 
15 x 15 6573.4 6581.7 6579.7 0.09 0.18 1.11 
20 x 20 11658.9 11663.0 11663.2 0.04 0.53 2.35 
25 x 25 18580.4 18612.5 18612.3 0.17 0.81 4.22 
30 x 30 26583.6 26620.8 26617.8 0.13 2.60 6.31 

As Table 7.7 demonstrates, the heuristic found solutions which were ex

tremely close to the optimal solution and required little CPU time. In all cases, 

D was lower than 0.5 percent. When the deviation between entries of R was smaller, 

the heuristic performed better. The performance was insensitive to the size of the 

problem, which is an extremely desirable property since, the larger the prohlem, 

the more difficult the task of finding the optimal solution. 

Note that, the heuristic does not use any information about the number 

of modules. When the number of modules is increased, LS can find a higher nlllk 
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matrix and therefore will find a better approximation for R. Hence, the adjustments 

involving 6+(-) and 6-C') in the heuristic can be done more effectively. Therefore, 

this heuristic should perform better as the number of modules is increased. Since 

Algorithm 7.1 performs well for the case of single module, it should perform at least 

as well when used for multiple modules. 

Tables 7.8 and 7.9 give the computational results of the heuristic for the cases 

when 2 and 3 modules are designed respectively for the same problems used ill the 

Table 7.7. In Tables 7.8 and 7.9, we estimated the optimal solution wit.h Zt, tlw 

solution from the tunneling algorithm. CPUt and CPU" denote the computatiowt! 

times from the tunneling and the heuristic C average) respectively, anel D is defined 

as: 

Z"euh Zheu2 are the same as those defined in Table 7.7. 
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Table 7.8 : Results from Algorithm 7.1 - Two Modules 

szze Zt Zheul Zheu2 D CPUt CPU" 

3x3 177.4 177.6 177.4 0.00 0.05 0.15 
4x4 318.5 319.0 318.7 0.06 0.07 0.19 
5x5 393.8 394.2 394.1 0.08 0.20 0.29 
6x6 652.2 653.7 653.4 0.18 0.43 0.25 
7x7 1033.3 1028.8 1026.4 -0.67 0.98 0.34 
8x8 1415.9 1393.9 1395.2 -1.6 1.99 0.39 
9x9 1648.6 1624.4 1623.5 -1.5 1.46 0.51 

10 x 10 2311.9 2252.1 2247.0 -2.8 2.27 0.51 
15 x 15 5675.9 5636.9 5635.1 -0.7 5.97 1.45 
20 x 20 10176.6 10173.7 10170.9 -0.06 16.9 2.33 

3x3 224.1 221.8 221.8 -1.0 0.05 0.16 
4x4 401.4 400.8 400.7 -0.2 0.06 0.17 
5x5 570.8 571.1 570.9 0.02 0.22 0.30 
6x6 877.6 872.3 872.2 -0.6 0.49 0.23 
7x7 1247.9 1241.7 1240.9 -O.G 1.02 0.37 
8x8 1683.3 1664.7 1663.8 -1.2 2.01 0.43 
9x9 2025.9 2028.2 2032.9 0.11 2.56 0.50 

10 x 10 2621.3 2622.5 2621.4 0.004 2.65 0.47 
15 x 15 6277.3 6260.1 6251.8 -0.40 5.80 1.50 
20 x 20 11197.5 11179.3 11169.9 -0.25 15.4 2.27 
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Table 7.9 : Results from Algorithm 7.1 - Three Modules 

sue Zt Zheul Zheu2 D CPUt CPU,. 

4x4 294.9 299.4 295.3 0.14 0.11 0.22 
5x5 359.2 357.8 357.8 -0.39 0.23 0.29 
6x6 576.8 578.9 578.8 0.35 0.91 0.34 
7x7 898.1 893.4 889.4 -0.97 1.44 0.48 
8x8 1235.6 1230.6 1228.8 -0.55 1.75 0.62 
9x9 1509.2 1501.9 1499.7 -0.17 3.34 0.60 

lOx 10 2056.6 2056.3 2053.9 -0.13 5.06 0.63 
15 x 15 5268.1 5219.3 5216.7 -0.97 6.81 1.29 
20 x 20 9451.9 9447.4 9433.9 -0.19 23.7 3.21 

4x4 388.1 388.3 388.3 0.05 0.10 0.24 
5x5 552.9 553.4 553.3 0.07 0.20 0.28 
6x6 826.5 828.0 827.7 0.15 0.87 0.3·5 
7x7 1170.3 1177.9 1172.3 0.17 1.42 OA1 
8x8 1617.5 1585.3 1584.8 -0.02 1.71 0.5G 
9x9 1980.4 1962.8 1962.7 -0.89 3.81 0.58 

10 x 10 2520.4 2527.8 2525.6 0.20 4.98 0.62 
15 x 15 6010.3 6013.2 6010.2 0.00 6 e:.) .0_ lAO 
20 x 20 10850.5 10795.9 10778.3 -0.67 23.8 3.31 

As we have demonstrated earlier, the tunneling algorithm docs not always 

identify the global solution. Therefore, heuristic outperforms the tunneling algo

rithm in some cases (negative D values). For large problems, the tunnclillg ;1Ign

rithm required much larger CPU times than the heuristic. Also, we observed that, 

Strategy 2 outperformed Strategy 1 as the problem size increased. 

It is interesting to track the upper bound generated in each iteration of the 

heuristic. Computational results for a 5-part, 5-product problem with entries of the 

requirements matrix generated uniformly between 1 and 30 are listed ill the Table 

7.10. It denotes the iteration number and UB denotes the upper bound at tliilt 

iteration. 
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Table 7.10 : Upper Bounds from Algorithm 7.1 

It UB It UB It UB 

1 410.6 38 399.4 75 394.8 
2 408.9 39 400.1 76 394.9 
3 406.1 40 398.8 77 394.5 
4 402.2 41 398.9 78 394.8 
5 405.8 42 398.6 79 394.7 
6 403.6 43 398.8 80 394.4 
7 409.4 44 398.0 81 394.6 
8 404.5 45 397.7 82 394.5 
9 405.9 46 397.9 83 394.4 
10 401.9 47 397.6 84 394.3 
11 404.2 48 397.4 85 394.4 
12 403.3 49 397.6 86 394.4 
13 403.5 50 397.0 87 394.3 
14 402.8 51 396.6 88 394.2 
15 403.9 52 396.9 89 394.4 
16 401.2 53 396.9 90 394.2 
17 402.5 54 396.5 91 394.4 
18 403.3 55 396.9 92 394.4 
19 402.8 56 396.3 93 394.5 
20 404.4 57 396.1 94 394.4 
21 402.6 58 396.2 95 394.3 
22 401.6 59 395.7 96 394.3 
23 404.2 60 396.0 97 394.3 
24 403.4 61 395.9 98 394.4 
25 403.9 62 395.9 99 394.4 
26 403.9 63 395.7 100 394.2 
27 404.2 64 395.4 101 394.1 
28 402.8 65 395.7 102 394.2 
29 403.0 66 395.2 103 394.2 
30 402.6 67 395.5 104 394.2 
31 402.7 68 394.9 105 394.3 
32 401.9 69 395.2 106 394.3 
33 400.9 70 395.2 107 394.3 
34 401.1 71 395.1 108 394.2 
35 401.9 72 394.9 109 394.3 
36 400.3 73 394.7 110 394.2 
37 399.9 74 394.9 111 394.3 
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The heuristic tenninated after 111 iterations. The tunneling algorithm found 

a solution of 393.8 for this problem while the best upper bound from the heuristic 

was 394.1. We note that the upper bound does not decrease monotonically, al

though it does decrease over time. Therefore, we do not need to solve two linear 

programming problems in each iteration in the beginning of the heuristic. To reduce 

the computational time, we start to find upper bounds when the total infeasibility 

(the sum of the deviations of the entries of the solution matrix of the LS formulation 

from the corresponding entries of the requirement matrix which are lower) of the 

solution matrix from LS is lower than some pre-defined value. In the computntionnl 

tests, we used the value 10.0 but this is clearly a function of R. 

In conclusion, we have shown that LS is a good alternative to the modulelr 

design fonnulations and can be used to find good heuristic solutions to other for

mulations. We note that, we can include linear separable side constraints to the 

heuristic, when we solve for upper bound using UP1 and UP2. Howeyer, these 

constraints cannot easily be included when solving LS or LSU. 
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CHAPTER 8 

STOCHASTIC MODULAR DESIGN PROBLEM 

In this chapter, we consider a variation of the modular design problem with 

probabilistic characteristics. In section 8.1, we describe the problem and give an 

optimization model. In section 8.2, we discuss an approximation model to the con

tinuous formulation, which is a geometric programming model. In the last section, 

8.3, we will present a heuristic procedure and computational results to solve this 

stochastic modular design problem. 

8.1 Problem Description 

We have demonstrated, that the overequipment of parts in products is a 

serious disadvantage of modular design. However, in a stochastic environment, 

overequipment may be beneficial to guarantee the reliability of the products. Let 

us describe this problem in a particular example. 

The telephone company produces several switching machines. Each switch

ing machine consists of several different types of circuits. Circuits are to be assem

bled into frames (modules). Using these frames, switching machines are to be made. 

The telephone company must set a manpower level which depends on the relative 

frequency of failures of switching machines. After each time T, repairpeople are 

sent out from a centralized depot to replace all failed circuits. 

A switching machine is considered failed, when the number of operating 

circuits of any type falls below the required number of circuits. Assume, that it is 

desired, that switching machines will not fail within T units of time with at least a 

0.95 probability. 
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We assume that each circuit i has exponential life time with parameter 

Ai and note that, Ai is actually a design decision. Then, the probability that cir

cuit i lasts until time Tis: 

P. e-AiT 
I - • (8.1) 

If we assume that each circuit fails independently of other circuits, then each 

circuit type will form a k-out-of-n reliability system. Let us define: 

Xik = the number of circuit type i in frame k, 

Yjk = the number of frame k in switching machine j, 

Rij = the number of circuits of type i required for switching machine j to 

operate. 

Let T be the number of frame types to be produced. Then, 2:~=1 XikYjk is the 

number of circuits of type i supplied to the switching machine j. If we assume that 

the cost of circuit type i is inversely proportional to the reliability of the circuit, 

then, 

Circuit Cost (8.2) 

The term 1/ Ai represents the mean time between failures of a circuit. Hence, we 

assume that the cost of the circuit increases linearly with the mean time between 

failures. 

The design problem is to minimize the replacement cost of the circuits ev

ery T units of time, subject to the guarantee that the reliability of each switching 

machine in T time units must be at least 0.95. It is clear that we need to supply 

more circuits of each type than are technically required. Also, we are using all the 

benefits of modular design which were described earlier in Chapter 1. Specifically, 
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when we make frames out of circuits, the diagnosis and replacement of the failed 

circuits will be simplified. Overequipment is in some sense not a disadvantage here, 

but it is essential for reliability. 

We propose the following mathematical programming formulation for the 

stochastic modular design problem (MDS): 

mm -)'-T) Ci - e . -
A' I 

(8.3) 

subject to: 

Lij 

II L (L?) (e-).i T /(l - e-).iT)Lij -I > 0.95 , Vj E J (8.4) 
iEII=Rij 

L XikYjk 
kEK 

Lij , V(i,j) 

Lij > Rij , V (i,j) 

Xik > 0, integer , Yjk > 0, integer , Ai > 0 

(8.5) 

(8.6) 

(8.7) 

The objective function of MDS represents the total replacement cost of the 

circuits in each time period T, and is computed as the product of expected number 

failed circuits in time T and the circuit cost. In MDS, Lij is an auxiliary variable, 

which represents the total number of circuits of type i supplied to the switching 

machine j. Constraint (8.4) guarantees a 0.95 probability that at least Rij circuits 

out of Lij circuits for each type will be operational at time T. 
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Note that, when constraint (8.4) is satisfied, constraints (8.5) and (8.6) are 

also satisfied, and hence are redundant. However, since we will use constraint (8.6) 

explicitly in the heuristic to solve MDS, we prefer to include it. 

MDS is a difficult mathematical programming problem due to integrality 

and nonconvex restrictions. Hence, our objective is to develop a heuristic method 

to find good solutions to this problem. 

Finally, note that, constraint (8.4) can be approximated by: 

Lij 
L (L?)(e->'iT/(l - e->'iT)Li j

-
1 > 0.951 /

m 
, V (i,j), (8.8) 

I=Rij 

where, m is the number of circuit types. This is a more restrictive constraint since, 

we are now saying that each circuit type must perform with a O.95 1/ m reliability 

for the machine to work with 0.95 reliability. In general, this is not true and some 

circuit types may work with a lower reliability and still have the machine reliability 

constraint satisfied. Since (8.8) has a simpler structure than (8.4) and makes MDS 

a separable problem in i, we will substitute (8.8) for (8.4) in further discussions. 
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8.2 Geometric Pro~amming Formulation 

In this section, we consider the continuous MDS formulation and show how 

to transform it into a geometric programming problem. We will not directly use 

the geometric program in any computational results and we include this discussion 

mainly for completeness. Here, we will consider the case of single module, since the 

transformation for the case of multiple modules is similar but notationally complex. 

To further simplify constraint (8.8), we will use the following normal approxima

tion for the binomial probability (Dietrich [1973]) of having at least r successes 

in n trials, where p denotes the probability that any trial is successful: 

and, 

-np + r + 1/2 

Vnp(l- p) 

Substituting in the parameters for our problem, we obtain: 

Rij - xiYje-A,T + 1/2 

VX iYje-A,T(l - e-A,T) 

Therefore, constraint (8.8) can be approximated by the following: 

which implies that, 

Zl < -1.645. 

(8.9) 

(8.10) 

(8.11) 

(8.12) 

(8.13) 
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Here, the value -1.645 was found from the tables ofthe standard normal distribution. 

Substituting Zl from (8.11), into (8.13) we obtain: 

(8.14) 

After expanding the quadratic term ill (8.14), we obtain the following constraint: 

(-2.706 - 2(Rij +~»xiyje-'\iT + 2.706xiYje-2'\iT + x~YJe-2'\iT < -(Rij + ~)2. 
(8.15) 

We use the following four constants: 

1 
al - -2.706 - 2(Rii + '2), a2 = 2.706, (8.16) 

(8.17) 

to obtain a simplified fonn of (8.15): 

(8.18) 

To simplify notation further, we use the following Taylor series approximations to 

the exponential functions: 

(8.19) 

(8.20) 

Substituting (8.19) and (8.20) in to (8.18), we obtain: 
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where, 

b1 
al + a2 

b2 
-al T - 2a2T 

ba 
a1 T 2 

+ 
2a2T2 

(8.22) - = -
a4 a4 2a4 a4 

b4 
aa 

bs 
-2aaT 

b6 
2aaT2 

(8.23) - -
a4 a4 a4 

Finally, substituting (8.19) in to the objective function of MDS, we obtain: 

J 

LL XiYj(1 
iEI jEJ 

-A;T) Ci - e -
Ai 

~ L "f)XiYjCiT 
iEI j=l 

(8.24) 

Thus MDS with a single module can be approximated by the following math

ematical programming problem: 

J 

mm L L(XiYjCiT 
iEI j=1 

subject to 

(8.25) 

b1XiYj + b2XiYjAi + baxiYjA; + b4 x;YJ + bsx;YJ Ai + b6 A;x;YJ < 1 , V (i,j) 

(8.26) 

(8.27) 
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Xi ~ 0, Vi, Yj > 0, V j, Ai > 0, V i (8.28) 

This formulation is a signomial geometric programming problem (Beightler and 

Phillips [1976]). If a geometric program constraints one or more terms with neg

ative coefficients, then such formulations are referred as signomial geometric pro

gramming problems. Existing geometric programming algorithms only guarantee 

finding local solutions for signomial geometric programming problems, hence us

ing this formulation directly has a serious drawback. However, if we can identify 

good heuristic solutions for this approximated formulation, then using the proce

dure which we will describe in the next section, we can identify solutions which are 

feasible to MDS. 

We note that the normal approximation to the binomial probability in (8.8) 

is better when Lij is larger and the approximations (8.19) and (8.20) are better 

when the Ai values are smaller. 
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8.3 Heuristic for MDS Problem 

In this section, we will describe a heuristic for MDS, which uses the mono

tonicity properties of the functions in the formulation. We describe several theo

retical results, propose a heuristic based on the theoretical results, and give com

putational results for randomly generated problems. For clarity, we repeat the 

optimization problem MDS: 

mln 

subject to: 

->.oT) Ci - e • -
Ai 

2.::: XikYjk = Lij , V (i, j) 
kEK 

Xik > 0, integer , Yjk > 0, integer , Ai > 0 

(8.29) 

(8.30) 

(8.31 ) 

(8.32) 

(8.33) 

Note that, the constraints (8.30) are different from the constraints of the 

original formulation, and represent a set of tighter requirements than required. 

The following theorem describes the monotonicity of the probability that the 

k-out-of-n system works, when the probability of success increases on an individual 

component. 
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Theorem 8.1 

Let PI and P2 denote the probability that r or greater successes occur 

in n independent and individually distributed Bemouli trials: 

(8.34) 

(8.35) 

If PI > P2, then PI > P2. 

We use the following equation, which describes the relation between the bino

mial distribution and the f3 distribution to prove the Theorem 8.1 (Rohatgi [1984]). 

(8.36) 

Therefore, we have following equations: 

(8.37) 

(8.38) 

Clearly, PI > P2, if PI > P2, since the upper limit of the first integral is 

larger than the upper limit of the second .• 

Theorem 8.1 shows that the probability of at least r successes in n trials 

is a monotonically increasing function of the probability of success of an individual 

trial. The next theorem demonstrates the existence of a minimum probability of 
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an individual trial, such that the probability of at least r successes in n trials has a 

given value. 

Theorem 8.2 

There exists an optimal solution p* to the following mathematical program

ming problem: 

min p (S.39) 

subject to 

(S.40) 

o < P < 1 (8.41 ) 

Where,D :S 0: :S 1 is a given constant. The optimal p* value is given by the p value 

for which constraint (8.40) is tight. 

Consider 0 < p < 1 since the result is obvious for the extreme cases; 

when p = 0, the constraint cannot be satisfied and when p = 1, the constraint is 

always satisfied. Since the left hand side of the constraint (8.40) is a continuous 

monotonic function of p, there must exist a value p* such that for any p ;::: p*, the 

constraint is satisfied. Therefore, the value of p, for which the constraint (8.40) is 

tight, is the optimal solution of the optimization problem . •. 

Since, the left hand side of the constraint is a continuous monotonic function, 

we can use the bisection method to find optimal solution of the above mathematical 

programming problem. The following theorem demonstrates the monotonicity of 

the part of the objective function of MDS pertaining to Ai. 



Theorem 8.3 

Let the function fP'i) be denoted by: 

1 
f(Ad -

f( Ai) is a monotonically decreasing function of Ai over the region Ai > O. 

Taking the derivative of f(>.i) we obtain: 

df( ,\~) 
-J ,. -, I 1 

Using the Tailor series expansion of the function e>'i T , we obtain: 
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(8.42) 

(8.43) 

(8.44) 

Since, all of the higher order terms are positive, from (8.44) after dividing by e-AiT, 

we obtain: 

(8.45) 

Therefore, the numerator of (8.43) is always negative for Ai > O. Since, A; > 0, 

the derivative df(Ai)/dAi is always negative for Ai > 0 and the function f(Ai) is 

a monotonically decreasing function, of Ai in the range Ai > O .• 

We can use Theorem 8.3 for fixed values of Xik and Yjk, to find the minimum 

objective function value (8.29) of MDS. We next show that this minimum is attained 

at the minimum value of Ai, which guarantees the feasibility of constraint (8.30). 
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Theorem 8.4 

Assume we are given values for X:k Y~k' which are feasible to the constraints 

(8.31), (8.32) and (8.33), then we can find the optimal value of Ai, denoted Ai, for 

each i, by solving the following optimization problem OPTL: 

Where, 

max Ai 

subject to 

, 

~ (L;;} e -" T)'(J _ e -"T)L;; -I > o.g5'/m , \I j 
I=Rij 

L'" I) 
.,...... 

- ~ XikYjk. 

kEK 

(8.4 7) 

(8.48) 

(8.49) 

(8.50) 

Since, the function (1 - e->'i T )/ Ai is a monotonically decreasing function 

of Ai for Ai > 0 (Theorem 8.3), the largest feasible value of Ai minimize;:. the objec

tive function corresponding to i in MDS. Therefore, to find the optimal Ai, we need 

to maximize .Ai, and since MDS is separable in i, we can solve for Ai for each i in

dividually. From Theorem 8.2, we know the following mathematical programming 

problem has a solution where the constraint is satisfied at equality: 
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(8.51 ) 

subject to 

(8.52) 

(8.53) 

In OPTL, Ai must satisfy constraint (8.52) for each j E J. Therefore, 

A'!' = min f3iJ·'. 
I jEJ 

(8.54) 

To find f3ij, we can use the bisection method, since (8.52) is monotonic in Ai. 

Theorem 8.3 shows that, this Ai will minimize the objective function value of MDS, 

when Xik and Yjk are fixed. 

We next describe a procedure to identify the values of Xik and Yjk, which will 

give good heuristic solutions to MDS. We define the function g(n) for fixed r and pas 

follows: 

(8.55) 

Note that g( n) is simply the complementary cumulative of a binomial probability as 

a function of n. The following theorem shows the monotonicity of the function g( n). 
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Theorem 8.5 

Function g( n) is a monotonically increasing function for n > T. 

Let X I be the random variable, which denotes the number of successes after 

n Bernouli trials, and let Y I = 1, if the n - th trial is a success, and Y1 = 0, if 

the n - th trial is a failure. By conditioning on the n - th trial, we have: 

g(n) = Pr(Xl > T) = Pr(XI 2: T I Y1 = l)p + Pr(XI > T I YI - 0)(1 - p). 

(8.56) 

We denote: 

Pr(Xl > T I Y1 (8.57) 

(8.58) 

Substituting PI and P2 from (8.57) and (8.58) in to the equation (8.56), 

(5.59) 

P2 is the probability of at least T successes after n - 1 trials (n - th trial is a 

failure), while PI is the probability of at least T - 1 successes in n - 1 trials. 

Clearly, PI > P2 and therefore, 

(5.60) 

and hence, adding a trial increases g(n). Therefore, g(n) is a monotonically in

creasing function for n 2: r .• 
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Theorem 8.5 is used in our heuristic to determine when to increase the value 

of Lij (which can be done by changing the values of Xik and Yjk). This allows us 

to decrease the value of e-).i
T to satisfy constraint (8.30) for each (i,j), which in 

. turn allows us to increase the value of Ai, and possibly reduce the objective function 

value of MDS (Theorem 8.3). 

Let us define the function <P(Lij) as follows: 

(5.61 ) 

Also, let Ai be the optimal objective function value of the optimization problem 

described by (8.51), (8.52) and (8.53). The behavior of the function <P(Lij) is com

plicated and may be a nonconvex function. However, we have performed computer 

simulations that have shown that, <p( Lij) increases steadily with Lij, for large Lij. 

Therefore, we can limit the search to the moderate range of the values of Lij. In

tuitively, supplying a larger number of additional circuits results in a large number 

of failed circuits for a given time T, and increases replacement cost. 

We introduce the following optimization problem (SOPT): 

(8.62) 

subject to 

(8.63) 

(8.64) 

We propose to find a heuristic solution to SOPT, using simple search proce

dures. As we have shown earlier, for a fixed Lij, the optimal Ai can be found using 
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a bisection method. Since, the iunction ¢>( Lij) can be a nonconvex function, we 

propose to search for the global optimum in a predefined range of Lij ;::: Rij. 

The steps of the heuristic are given in Algorithm 8.1. 
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Algorithm 8.1 : Heuristic for MDS 

Step 0 

Step 1 

Step 2 

Step 3 

Let the best objective function value for MDS be denoted Zinc. 

Set Zinc = 00. 

Solve SOPT for each (i,j) pair to find the optimal value of Lij denoted Lij. 

Ignore the values for Ai from SOPT. 

Solve the following integer MMD problem, using Algorithm 4.3 (or any 

heuristic for the integer problem): 

min L L L CiXikYjk 
kEK iEI jEJ 

subject to 

L XikYjk > Lij , V (i,j) 
kEK 

Xik 2: 0 and integer , Yjk 2: 0 and integer , V (i,j, Ie) 

Denote the solution matrix as L'. 

(8.65) 

(8.66) 

(8.67) 

Using L~j as the target values, compute the f3ij for each (i, j) and find Ai for 

each i from (8.54). 



Step 4 

Step 5 

Step 6 

Step 7 
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Using xik' Yik and Ai, compute the objective value of this solution and up

date Zinc if the current solution is better. 

Solve the following MMDO formulation, using Algorithm 5.3 (or any heuristic 

for the integer problem): 

subject to 

L XikYjk < Lij , V (i, j) 
k€K 

Xik > 0 and integer , Yjk > 0 and integer , V (i,j, k) 

Denote the solution matrix as L". 

(8.68) 

(8.69) 

(8.70) 

If L:~ < Rij for some (i, j), then stop with the solution from Step 4, else 

go to Step 6. 

Using L:~ as the target values, compute the f3ij for each (i,j) and find 

the Ai for each i from (8.54). 

Using xik' Yjk and ,xi, compute the objective value of this solution and up

date Zinc if the current solution is better. Stop. 
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Algorithm 8.1 decomposes MDS into modular design problem and a problem 

of finding the optimal Ai values. Here, Lij represents the optimal number of parts 

to be supplied to each end item without considering the modular design aspect. 

Therefore, in modular design we need to find a rank r matrix which is close to 

the matrix L * . Hence, in Steps 2 and 5, we solve MMD and MMDO to find the 

matrices L' and L". After solving for L' and L" , we use a bisection method to find 

the optimal f3ij, and hence we find the optimal Ai values using formula (8.51). Note 

that, if the solution matrix of MMDO has entries smaller than the corresponding 

entries of R, this solution is not feasible for MDS and thus is not of interest. 

Integer heuristics have been used to solve MMD and MMDO in Steps 2 and 

5, therefore, we cannot guarantee finding the optimal integer solution. Hence, we 

propose a branching scheme to improve the effectiveness of Algorithm 8.1. In Steps 

2 and 5, we generates two matrices L' and L", from solving MMD and MMDO 

using L * for the requirements matrix. We can now use L' and L" to generate 4 

different solutions in Steps 2 and 5 of Algorithm 8.1. In each iteration, we propose 

to generate two matrices M' and M" using L' and L" as follows: 

M 
, L' + L* 

= 
2 

(8.71) 

M " 
L" + L* 

2 
(8.72) 

Now, the matrices M' and Mil can be used in Steps 2 and 5 to generate four 

different candidate solution matrices. In each iteration, 2 candidate solution matri

ces can be kept (the ones which gave the best solutions) and used to generate 4 new 

candidate solutions using the (8.71) and (8.72). When, there is no improvement 

of the objective function, we terminate the algorithm. The branching algorithm is 

mor-e effective, since it can generate several different integer matrices (with inte

ger Xik and Yjk), which are closer to L*. 
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Our computational results on randomly generated problems using Algorithm 

8.1 with the branching scheme always terminated with small .At values. Physically, 

this describes a solution, where each circuit has high reliability (mean time between 

failures is high) and the number of circuits supplied is close to Rij. The reason 

that all problems yielded similar solutions was that the circuit cost function was 

inversely proportional to .Ai. 

Using L'Hospital's rule, we know that: 

lim 1 
Ai-O 

- T. (8.73) 

Therefore, the ratio (1 - e-AiT)/.Ai tends to a constant, as Ai is decreases. 

There is insufficient penalty in the objective function for high reliability parts and 

hence the standard cost function is not completely appropriate. Instead we consider 

a different cost function, namely, 

Circuit Cost 

where, n is a constant larger than 1. For this circuit cost function in MDS, we 

have (again from L'Hospital's rule): 

lim 1 
Ai-O 

- 00. (8.75) 

Equation (8.75) shows that, this power function gives a sufficient penalty for 

decreasing the value of .Ai. Note that, we also have to select the constant n, which 

best reflects the true cost. 

The following theorem shows that, the property of monotonicity holds under 

this new objective. 
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Theorem 8.6 

For constants n > 1 and T, let the function F(Ai) be: 

F(>'i) - (8.76) 

Then, F(>.;) is a monotonically decreasing function of >.; over the region of >'i > O. 

Taking the derivative of F(>';), we obtain: 

dF(>.;) = >.~-l (n + >'iT)e->.;T 
d>'i I >.;n 

n 
(8.77) 

Next we use the Tailor series expansion of e>.;T, to obtain: 

(8.78) 

Since, ,,11 the higher order terms are positive, i'"' inequality (8.78), 

(8.79) 

and since, n > 1 we obtain the following inequality: 

(8.80) 

Transposing terms in inequality (8.80), we obtain: 

(n + >'iT)e->..;T < n. (8.81) 

Therefore, 
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(8.82) 

which proves that the numerator of the expression dF(>..i)/dAi is always negative 

for Ai > o. Since, all other terms are positive for Ai > 0, dF(>..i)/dAi < 0 for 

Ai > 0, the fWlction F(A;) is a monotonically decreasing fWlction of Ai .• 

Since Algorithm 8.1 is based on monotonicity properties of MDS, Theorem 

8.6 shows that, the new objective function causes no additional difficulties. 

We next demonstrate Algoritlun 8.1 using an example. Consider a problem 

with 4 circuits, 4 switching machines, T = 10, and Ci = 1 for all i. For simplicity, 

we only design a single module. In this example, we assume that: 

Circuit Cost 
Ci 

(8.83) 
A1.2· 

The requirements matrix for this example is: 

0 
8 10 

~\ R= 
5 12 
4 10 ;). 
8 7 

In step 1, the matrix L * was found to be: 

C6 
12 15 

~). L* = 
7 18 

13 6 15 
6 12 10 

L' and L" were: 

C 
12 15 12) 

I 16 16 20 16 
L - 16 16 20 10 I ' 

12 12 15 12/ 



(

6 2 
"_ 12 4 

L - 9 3 

6 2 

8 
16 
12 
8 
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Objective function value of the solution L' was 3190.8 and the L" solution was 

infeasible for MDS. 

After 10 more iterations of the branching scheme, Algorithm 8.1 found the solution 

matrix R*: 

R* 
(

12 
16 

- 16 

12 

9 
12 
12 
9 

with corresponding X and Y as: 

X (3,4,4,3) , Y 

Far-ameter A * was found as: 

15 
20 
20 
15 

12) 16 
16 ' 
12 

(4,3,5,4). 

A = (0.004,0.019,0.033,0.004), 

and the objective function value for this solution was 3003.1. 

Computational results for the heuristic are given in the Table 8.1. Zh denotes 

the solution obtained from Algorithm 8.1 and CPU denotes the computational time 

in minutes to obtain Zh. Zu (upper bound) denotes the objective function value 

of the MDS which is obtained from the Step 2 of the Algoritlun 8.1, when R is 

used instead of L*. KoLe that, Zu represents the solution of MDS which allows the 

minimum number of extra circuits necessary. A single module is considered and the 

entries of R are generated uniformly between 5 and 20. Finally D is defined as, 
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Table 8.1 : Computational Results from Algorithm 8.1 

szze Zh cprr Z" D 

2x2 1555.6 0.08 1660.6 6.7 
2x2 1326.4 0.12 1910.4 44.0 
3x3 3010.6 0.12 4232.7 40.6 
3x3 3687.5 0.15 5800.4 57.3 
4x4 6067.5 0.30 9179.4 51.3 
4x4 5065.7 0.23 7425.6 46.6 
5x5 9202.6 0.48 9869.2 7.2 
5x5 9693.1 0.43 11898.2 22.7 
6x6 12820.1 1.03 20245.2 57.9 
6x6 15519.9 1.17 21236.3 36.8 
7x7 16757.5 0.80 20277.8 21.0 
7x7 17439.8 0.83 18224.4 4.5 
8x8 20498.2 0.98 25901.0 26.4 
8x8 20510.2 1.10 30055.1 46.5 
9x9 27784.2 1.90 32405.7 16.6 
9x9 32024.2 1.58 36611.0 14.3 

10 x 10 34337.6 2.30 42647.3 24.2 
10 x 10 37859.8 2.37 57897.8 52.9 
llxll 43381.7 2.88 47274.6 8.9 
llxll 42146.0 2.98 51082.9 21.2 
12 x 12 52837.8 3.15 64909.8 22.8 
12 x 12 54054.5 3.42 57354.5 6.1 
13 x 13 64034.5 4.40 68621.8 7.2 
13 x 13 65048.0 3.95 69906.3 7.5 
14 x 14 68470.5 5.12 91236.4 33.2 
14 x 14 72075.9 5.35 82398.2 14.3 
15 x 15 83750.2 6.43 106794.8 27.5 
15 x 15 86509.5 6.36 103582.4 19.7 

Computational results show that the heuristic finds solutions with little com

putational times for large sized problem. Table 8.1 demonstrates that we can con

siderably reduce the objective function value of the MDS formulation by allowing 

more circuits than the number required. 
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CHAPTER 9 

EXTENSIONS AND CONCLUSIONS 

In this chapter, we discuss additional research topics such as a mathematical 

model for multiple level modular design problem and modular design with direct 

part inclusion. We will compare several effective heuristics for MMDT which were 

developed in previous chapters on a single set of test problems. Finally, we discuss 

the conclusions of the dissertation. 

9.1 Multiple Levels 

Rutenberg and Shaftel [1971] introduced the idea of multiple levels of modu

lar design in a specific application. They discussed the multiple market problem as 

an extension to modular design. Goldberg [1984] discussed multiple levels involved 

in the assembly (production) of modules using submodules. 

The number of levels in the product structure is actually a decision variable. 

To analyze this decision, the cost characteristics of each additional level must be 

known, since the addition of each level may incur a fixed cost as well as variable 

costs. Note that our discussion was limited to three level structures: parts, modules, 

and products. Now we will describe a problem which includes four levels: parts, 

modules, super-modules, and applications. We assume that the final products must 

be assembled only using super-modules. 

We denote: 

Xik = number of part i used in module k, 

Zkl = number of module k used in super-module 1, 

Ylj = number of super-module lused in product j, 

Rij = number of part i required by the product j, 

Ci = cost of part i, 



dj = demand of product j, 

m = number of parts, 

n = number of products, 

r = preselected number of modules, 

s = preselected number of super-modules. 
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The continuous multiple level modular design problem (UMDML) can be formu

lated as the following nonlinear programming problem: 

m n r 6 

mm LLLLCidjXikZklYlj (9.1) 
i=1 j=l k=1 1=1 

subject to 

r 6 

LLXikZklYlj > Rij , V(i,j) (9.2) 
k=1 1=1 

Xiic ;:: 0; zk! > 0, Ylj > 0 , V (i,j, k, I) (9.3) 

A similar fonnulation can be given for the case of more than four levels. 

Note that, MMDML assumes the number of standard modules and super-modules 

is known. Analogous to the transformation of MMD to MMDT, we can transform 

MMDML to a canonical fonnulation with Cj = 1 and dj = 1 (MMDMLT). 

Mathematically, MMDMLT problem is to approximate a given matrix by a product 

of three matrices, subject to the constraints (9.2) and (9.3). However, we have not 

found yet any literature related to this particular mathematical problem. Analogous 

alternate formulations (MMDO, L8) also can be proposed for 11MDML. 
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9.2 Modular Design with Direct Part Inclusion 

In this dissertation, we have not considered models with the direct inclusion 

of parts into products together with the production of products using modules. 

Although MMDO suggests the direct part inclusion, costs of providing it, has not 

been included in the model. In general, the production costs of direct part inclusion 

may be higher than the production costs of products using modules. We propose 

the following model which allows the direct inclusion of parts into products. Note 

that, in this model the number of parts to be included directly into products is a 

decision variable. 

We denote: 

X: k = number of part i used in module k, 
/I 

Xij = number of part i used directly in product j, 

Yjk = number of module k used in product j, 

Rij = number of part i required by the product j, 

C; = cost of part i, 

Pij = cost of direct inclusion of part i in product j, 

dj = demand of product j, 

m = number of parts, 

n = number of products, 

r = preselected numbG of modules. 
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The continuous modular design problem with direct part inclusion can be 

formulated as the following nonlinear programming problem: 

mn r mn mn 

min :E 2:= 2:= cidjx~1Yj1 + 2:=:E cidjx~~ + :E:E djPijX~~ (904) 
i=1 j=1 1=1 i=1 j=1 i=1 j=1 

subject to 

r 

LX:kYjk + > Rij , V (i,j) (9.5) 
k=1 

Xik ;::: O,x~~ > O,Yjk > 0 , V (i,j,k) (9.6) 

The objective function (gA) minimizes the sum of overequipment cost and 

the direct inclusion cost. Constraint (g.5) guarrultces that the total number of 

part i supplied to product j is at least Rij. 
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9.3 Comparison of Heuristics 

In this section, we will compare the most effective heuristics for MMDT with 

each other and with a solution obtained from MINOS using a single starting point. 

Table 9.1 lists the computational results for randomly generated problems. The 

requirements values have been tmiformly generated between 1 and 30. We consider 

2 modules. 

We denote: 

Zl = the solution obtained from MINOS, 

Z2 = the solution from the tunnding algorithm, 

Z3 = the solution from Algorithm 5.8, 

Z4 = the solution from Algorithm 7.1, 

W = the weight of the R matrix. 
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Table 9.1 : Comparison of Heuristics 

size W Zl Z2 Z3 Z4 

3x3 167 201.8 169.2 169.6 169.2 
3x3 133 172.9 136.0 136.0 136.0 
3x3 166 209.4 169.4 169.6 169.4 
3x3 90 111.1 99.7 100.5 99.7 
3x3 148 176.0 148.6 148.6 148.6 
4x4 301 471.9 363.3 383.7 363_7 
4x4 247 347.1 272.7 281.9 272.8 
4x4 266 350.2 302.8 304.6 303.5 
4x4 228 403.2 287.2 309.5 285.0 
4x4 279 300.7 300.7 301.7 300.7 
5x5 407 564.9 504.3 509.0 495.8 
5x5 423 618.8 491.3 501.8 491.5 
5x5 409 493.7 480.8 486.9 479.5 
5x5 344 549.0 443.5 464.1 438.9 
5x5 378 613.1 474.4 482.2 474.6 
6x6 543 901.1 740.4 764.3 732.8 
6x6 559 911.9 733.3 7:~:~ 736.3 
6x6 611 899.1 765.7 771.4 767.9 
6x6 556 748.1 698.1 690.3 684.2 
6x6 548 853.5 677.5 691.2 678.2 
7x7 818 1065.9 1065.9 1102.3 1023.7 
7x7 837 1293.9 1115.6 1184.2 1091.6 
7x7 832 1124.9 1104.8 1164.2 1069.3 
7x7 833 1092.3 1056.3 1072.4 1058.7 
7x7 725 1001.4 1001.4 1013.6 995.7 
8x8 997 1411.4 1411.4 1443.3 1392.5 
8x8 1067 1744.2 1451.0 1492.8 1443.6 
8x8 1111 1671.7 1412.2 1480.8 1401.6 
8x8 1017 1576.9 1355.3 1393.5 1334.9 
8x8 956 1654.5 1358.7 1352.8 1345.8 
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The computational results from the Table 9.1 suggest that the local search 

is not a tiood alternative for MMDT. Algorithm 5.8 did not perform well, when the 

problem size increased suggesting that more initial starting partitions are needed 

for better performance. Both the tunneling algorithm and Algorithm 7.1 performed 

competitivl.!ly, however when the problem size increased the performance of the 

Algorithm 7.1 dominated. Algorithm 7.1 always found very close solutions to the 

Tunneling Algorithm when the solution from the 'l\mneling Algorithm was better. 

9.4 Conclusions 

One reason why the application of modular design has been significantly re

stricted for "real problems" is tL~_t good solution methods have not been available 

for multiple module problems, and only one basic model existed. In this dissertation, 

we have concentrated on both of these difficulties. We have proposed several alter

nate models and several extensions to modular design problem. We have proposed 

several heuristics to solve these models, showed the advantages and weaknesses of 

each heuristic, and gave computational results for the heuristics. 

The following points represent the specific contributions and insights in this 

dissertation. 

- Theoretical results on the structure of optimal solutions have been obtained 

and used to develop effective heuristics for both the continuous and integer 

modular design formulations. We have developed a constructive algorithm to 

find integer optimal solutions to SUD, when R is a rank 1 matrix. For MMD, 

we showed how to find integer solutions, when R is a rank r matrix with 

special properties. Heuristics to find integer solutions based on the structure 

of optimal solutions gave better solutions than the solutions obtained by 

optimally rounding the continuous solutions. 

- We have found that, all of the heuristics performed better when the de

viation between the entries of the requirements matrix is lower. Also, the 
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overequipment and underequipment of the parts in products are lower in this 

case. Hence, the heuristics perform better in exactly the cases when modular 

design is most appropriate. 

- Decomposition heuristic methods using the partitions of the requirements 

matrix did not perform well for the continuous case, since we used local 

search to solve each SMDO subproblem. The performance of these heuristics 

can be improved using the tunneling algorithm or Algorithm 7.1 to solve each 

SMDO subprohlem. Also, the Shaftel and Thompson Algorithm for MMDT 

did not perform well even when compared to other decomposition methods. 

- We observed that, the heuristics with the descent property are more effective 

when a branching procedure is embedded. The step of finding the best rank 

1 matrix which gives the lowest objective function value of a given partition 

can be used to further improve the heuristics with the descent property, 

however computational t.ime increased significantly. 

- \Ve formulated a d.c. model that could be used to find the optimal solution 

of MMDT and MMDO for small problems. Our computational results show 

that, the tunneling algorithm can be implemented easily and performs well 

for MMDT, however, computational times increased significantly when the 

Dumber of modules, parts or products increased. We showed that, the gen

eralized Benders decomposition did not find optimal solutions and generally 

gave solutions to MMDO which were poorer than other methods. 

- We showed that LS is a good alternative from both a practical and computa

tional point of view. The total overequipment and underequipment of LS was 

significantly lower than the overequipment from the solution to MMDT. We 

used LS to generate good bounds for MMDT and MMDO and the heuristic 

which uses LS as a subproblem (Algorithm 7.1) quickly gave solutions which 

were close to the optimal solution for SMDT. Since the heuristic does not 

make any restrictions about the munber of modules, we expect heuristic to 
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perform with the same effectiveness for the multiple modules. Also, the com

putational times for the heuristic were insensitive to the number of modules. 

These results are rather surprising, since MMDT has been considered a diffi

cult mathematical programming problem. Both the tunneling algorithm and 

the heuristic perfonned competitively, however when the number of modules, 

parts or products increased, the performance of the heuristic dominated. 

- We showed how to use redundant parts to guarantee a desired product relia

bility within a stochastic modular design problem. We proposed a geometric 

programming approximation and heuristic for which used the monotonicity 

properties of the functions in the fonnulation. 
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