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ABSTRACT 

In this dissertation the hierarchical models are reviewed, and the implementation 

of the OO+r model is discussed. The idea of considering damage as a structural 

performance helps to isolate the effect of softening and to avoid an ill-conditioned 

tangent stiffness matrix. Different stratf'gies in drift correction, selection of tangent 

stiffness and equation solving are compared and analyzed, in order to obtain stable 

solutions. 

Also, in this dissertation the generalized time finite element method (GT

FEM) is reviewed and modified for the implementation in finite element programs 

having elastic-plastic models. While performing the discretization in time, the idea 

of satisfying the equation of motion over a time period helps to make the scheme 

more stable. Comparison with the Newmark method shows that the GTFEM is 

more stable for highly nonlinear material properties and large time steps. 

Engineering problems are solved with both static and dynamic loading. Con

tour lines of the damage parameter are plotted to show the propagation of the 

damage zone. 
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CHAPTER 1 

Introduction 

1.1 General 

Mechanics of materials basically has three parts of concern: equilibrium, compat

ibility, and constitutive laws. The first two parts are generally universal for all 

materials, whereas the third part is usually different, depending on the material 

that we are dealing with. With the development of modern computers and solution 

techniques, the importance of constitutive laws or constitutive modelling has in

creased. For instance, a finite element procedure might have sophisticated elements 

and refined meshes, however, if the constitutive modelling were not appropriate, 

the solution still might not be valid. 

The simplest wnstitutive laws in engineering are linear elastic, such as the 

Hooke's law. However, the universe is actually nonlinear, and linearity is only 

an approximation. Therefore, more realistic models have to be introduced, and 

incorporated into computer programs. One of the main objects of this study is the 

implementation of a strain-softening model into a finite element program for solving 

static or dynamic structural problems. 
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Solution of dynamic problems involves two phases: 1) discretization in space, 

and 2) discretization in time. In the first phase, different procedures, such as the fi

nite element method, the weighted residual method, and the finite difference method 

lead to systems of linear or nonlinear differential equations. In the second phase, 

time integration of these differential equations is involved, and it can play an im

portant role in obtaining stable, accurate and economical solutions. Another main 

object of this study is to consider the time integration phase, and to develop and 

implement a scheme that is effective for highly nonlinear material properties, such 

as strain-softening. 

1.2 Scope of Research 

The scope of this study is mainly of two parts. The first part is the implemen

tation of a strain-softening model, bo+r , which was proposed by Frantziskonis and 

Desai (1987). Desai and his group have been developing a series of hierarchical 

models for geological materials (Desai 1980; Desai, Somasundaram and Frantzisko

nis, 1986; Desai, Galagoda and Wathugala, 1987). The models are capable of 

handling isotropic hardening with associative behavior, isotropic hardening with 

non-associative behavior, general anisotropic hardening and strain-softening with a 

damage variable. As a part of the above·mentioned work, this study implements the 

strain-softening model into a finite element program. Different strategies for return

ing the stress onto to the yield surface were examined. Also, different schemes in 

implementing the Newton-Raphson iteration were considered, in order to get stable 

solutions after softening occurs. 
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In 1982 Kujawski and Desai proposed a new time integration scheme, called 

the generalized time finite element method (GTFEM) (Kujawski and Desai, 1984; 

Desai, Kujawski, Miedzialowski and Ryzynski, 1987). It has proven to be more 

effective than the Newmark method in cases of high nonlinearity. The second part 

of this study is the improvement of the GTFEM, and its implementation in a finite 

element program with the strain-softening model, Do+r , which is highly nonlinear. 

Engineering problems were solved with the above mentioned program, and 

the variation of the damage parameter, r, was analyzed. 

1.3 Summary of Various Chapters 

Following this introductory chapter, chapter 2 reviews the existing literature in 

constitutive modeling. This includes general elasticity and plasticity models, hier

archical models mentioned above and the Ramberg- Osgood model which was used 

for the evaluation of the GTFEM in one- dimensional situations. 

Chapter 3 reviews existing time integration schemes, including explicit meth

ods and implicit methods, such as the Newmark method, the Wilson 0 method and 

the GTFEM. 

Chapter 4 and chapter 5 discuss the implementation of the strain-softening 

model and the GTFEM in finite element program. Convergence and stability are 

considered. 

Chapter 6 and chapter 7 are the verification and evaluation of the constitu-
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tive model and the GTFEM. Results of various examples are introduced. Chapter 8 

shows the practical application of the proposed constitutive model and time integra

tion scheme. Static and dynamic engineering problems involving concrete footings 

are solved. 

Chapter 9 is the conclusion and suggestion for further studies. 
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CHAPTER 2 

Constitutive Models - Review of Relevant Literature 

In this chapter, the review is limited only to behavior and models that are related 

to the present study 

2.1 Elasticity and Plasticity Models 

For an elastic material, the state of stress is a function of the current state of 

strain only, and after the removal of load, the elastic material resumes its initial 

undeformed state. 

Elastic materials are nonlinear in general. Linear elasticity is just a special 

case, though it is often used as an approximation. The linear relation can be 

expressed as 

(2.1) 

in which Cijk1 is the constitutive tensor with constant terms. 

For a nonlinear elastic material, the stress-strain relation can be expressed 

as 
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(2.2) 

in which F';j is the tensor of response functions. The hyperelastic stress-strain 

relations, such as Cauchy elastic models and Green elastic models are examples of 

this category. However, these models do not reflect the path-dependent behavior of 

most geological materials (Desai and Siriwardane, 1984). 

Another way of representing nonlinear elastic stress-strain relation is the 

incremental form expressed as 

(2.3) 

in which Cijk1 depends on the stress and strain. The hypoelastic models are examples 

of this category. With these models, problems might occur in the case of unloading 

(Bathe and Ramaswamy, 1979). 

Experimental results show that most geological materials undergo plastic 

deformation, i.e. when the load is removed, only part of the strain is recovered. 

Therefore, plasticity models should come into the picture. 

For a plasticity model, there are three main factors involved: the elastic 

stress-strain relation before yielding, the yield criteria, and the post-yield behavior. 

The expression for the elastic stress-strain relation is the same as that of Eq. (2.1). 

As for the yield criteria, in the case of three-dimensional state of stress it is 

often expressed in terms of a yield function F. Such as 

(2.4) 
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where O'lI, 0'22, 0'33 are normal stresses, and 0'12,0'23,0'13 are shear stresses. 

IT the material is isotropic, the yield function can be simplified as 

(2.5) 

In which 0'1,0'2,0'3 are the principal stresses. And if we use the invariants of the 

stress tensor, the yield function can be conveniently expressed as 

(2.6) 

or 

(2.7) 

in which J1 , J2 and J3 are the first, second and third invariants of the stress tensor, 

O'ij, while J2D and J3D are the second and third invariants of the deviatoric stress 

tensor, Sij. 

The more common yield criteria are the Tresca yield criterion, the Von Mises 

yield criterion, the Mohr-Coulomb yield criterion, and the Drucker-Prager yield 

criterion (Mendelson, 1968; Desai and Siriwardane, 1984). 

As for the post-yield behavior, it can be perfectly plastic, linear hardening, 

nonlinear hardening, or strain-softening. For hardening or softening behavior, the 

yield criterion can be written as 

(2.8) 



for the work hardening hypothesis, or as 

for the strain hardening hypothesis. 

In order to derive the plastic stress-strain relation, a flow rule as 

8Q 
dfT?· = ..\--

I) 8ujj 
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(2.9) 

(2.10) 

is employed. In this expression, ..\ is a positive scalar factor of proportionality, and 

Q is the plastic potential function, to which the incremental plastic strain vectors 

are assumed to be orthogonal. With the flow rule and the consistency condition, 

dF = 0, we can finally arrive at 

(2.11) 

or 

(2.12) 

in which Ctjkl is the elastic stress-strain tensor and C~kl is the plastic stress-strain 

tensor and their difference C;Jkl is called the elastic-plastic constitutive tensor. This 

is the general routine for obtaining the plastic stress-strain relation. 

There are other well-known plasticity models, such as the Cam clay models 

(Roscoe, Schofield and Worth, 1958; Schofield and Worth, 1968), and the cap models 
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(DiMaggio and Sandler, 1971; Sandler DiMaggio and Baladi, 1976). However, they 

do not reflect the difference of strength between compression and extension, do not 

reflect dilation until reaching the peak value of stress, and all involve more than one 

yield surface. 

2.2 Hierarchical Models 

The hierarchical single surface (HISS) concept was developed by Desai and his group 

(Desai, 1980; Desai and Faruque, 1984; Desai, Somasundaram and Frantziskonis, 

1986). Being general yet relatively simple, these models involve a single yield surface 

as in Fig. (2.1). From the basic model, 00, which represents isotropic hardening with 

associative behavior, models of higher grades are constructed by adding a few more 

parameters. 

2.2.1 Associative Model, 00 

As mentioned above, the 00 model is the basic one. Before yielding and during 

unloading, linear elasticity as in Eq. (2.1) is assumed. The yield function is expressed 

in terms of invariants J1, J2D and J3D as 

(2.13) 

Here, Sr is the stress ratio £[i(J3D)/(J2D)3/2; ",(, (3 and m are material constants 

associated with ultimate envelops; n is the material constant associated with phase 

change; Q is the hardening function expressed in terms of the plastic strain trajec-
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Figure 2.1: Plot of Yield Function for Hierarchical Models 
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tory, ~ 

(2.14) 

where at and 71t are material constants for hardening behavior, and ~ is expressed 

as 

(2.15) 

where dEfj is the increment of the plastic strain tensor. 

Since the 00 model is associative, the yield function F is chosen to be the 

plastic potential function, and we have 

of 
dE'!!' = A--

'J OUij 
(2.16) 

Using the yield function (Eq. (2.13», the associative flow rule (Eq. (2.16», 

the consistency condition, dF = 0 and finally the usual elasticity relation 

in which (dEkl = dEkl - dE~I)' we can derive the expression for A 

aF C e d 
aU;j ijkl Ekl 

A = aF C e aF aF( 8F aF )1/2 
aU;j ijkl aUk I - Fe aU;j aU;j 

(2.17) 

(2.18) 

Now putting the expression for A back to Eq. (2.17), the plastic stress-strain 

relation is derived as in Eq. (2.12). In this case the elastic-plastic constitutive tensor 

C:Jkl can be expressed as 
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ce 8F 8F Ce eep _ Ce ijmn a;;;;; a;;;;; uvkl 
ijkl - ijkl - ..!!Lee ..§L _ !tE.(..§L..§L )1/2 

817pq pq.t 817" 8e 817" 817" 

(2.19) 

2.2.2 Damage and Softening Model, co+r 

The cO+r model considers damage, or strain-softening as a structural performance 

rather than a material property (Desai, 1974; Frantziskonis and Desai, 1987). It 

divides the total volume, V of the material into a topical volume, Vi, and a damaged 

volume, Vo, while V = V; + Vo. The ratio Vo/V is defined as the damage parameter, 

r. 

The strains in the two parts are assumed to be the same, but the stresses are 

different. Let u!i and S1j be the stress tensor and deviatoric stress tensor for the 

topical part, V;j and uij and Sij be the mean stress tensor and mean deviatoric stress 

tensor for the total volume, V, with consideration of the weakening of the damaged 

part, Vo. The mean stresses are actually the observed stresses. The relation of the 

stress tensors mentioned above can be expressed as 

u'!: = u!· 
II II 

(2.20) 

and 

S'!': = (1 - r)S!· I) I) (2.21) 

With these, the general relation for the stress tensors can be derived: 

(2.22) 
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The damage parameter, r is expressed as a function of eD, the deviatoric 

plastic strain trajectory: 

r = ru - ru exp( -K, efJ) (2.23) 

in which, ru is the ultimate value of r, K, and R are damage-related material con-

stants. The relation between r and eD can be seen in Fig. (2.2). The calculation of 

eD is given by 

(2.24) 

where defj is the increment of the deviatoric plastic strain tensor. 

In the damage case, G:!kl represents the stress-strain relation in the topical 

volume, Vi. To get the relation between the mean stress and the strain, the deriva-

tive of Eq. (2.22) is taken, and we can obtain the following expression (Frantziskonis 

and Desai, 1986): 

daf!! = L" k1 d€kl - S!· dr 
'J'J 'J (2.25) 

in which 

(2.26) 

In the derivation of finite element equations, matrix formulation is employed. 

Therefore, the matrix form of L ijk1 tensor, [L] is needed. Because of the symmetry 

of the stress and strain tensors, the stress array and strain array each have six 

elements, and [L] becomes a six by six matrix, which can be expressed as 
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Figure 2.2: Damage Evolution Law 
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1 1 1 0 0 0 
1 1 1 0 0 0 

[L] = (1 - r) [Cep
] + !: 1 1 1 0 0 0 

[Cep
] (2.27) 

3 0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

It is interesting to note that the matrix form of tensor, Ljjkl is not symmetric 

any more. 

2.3 One-Dimensional Ramberg-Osgood Model 

2.3.1 Skeleton Curve and Hysteresis Loop 

The Ramberg-Osgood model (Ramberg and Osgood, 1943; Jennings, 1964) is used 

in the study of time integration schemes in one-dimensional cases. It provides stress 

strain relations from linear elastic (Fig. (2.3)) to elastic-perfectplastic (Fig. (2.4)). 

The stress-strain relation is expressed as 

( )

T 
€ (J' (J' 

-=-+a -
€y (J'y (J'y 

(2.28) 

in which €y is the characteristic strain, (J'y is the characteristic stress. They are 

related to the yield strain and yield stress of the material. a is a positive constant 

and r is a positive odd integer. All four are material constants. 

When a = 0, a linear stress-strain relation is expressed. When a > 0 and 

r tends to 00, an elastic-perfectplastic relation is approached. By varying a and 

r, a whole range of stress-strain relations between these two extreme cases can be 
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a 

Figure 2.3: Skeleton Curve for Linear Response 
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a 

Figure 2.4: Skeleton Curve for Elastic-Perfectplastic Response 
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represented. Fig. (2.5) shows the relation between the stress ratio o'/u" and strain 

ratio E/Eg , while r = 7 and a varies from 0 to 0.25. It can be seen that when 0'=0 

the relation is linear, and when the value of a increases, the curve deviates more 

and more from linearity. Fig. (2.6) show the relation between the stress ratio u/u" 

and strain ratio E/E", while 0'= 0.1 and r varies from 3 to infinity. The curves we 

get from Eq. (2.28) are called skeleton curves. 

When the material is loaded and then unloaded, the stress-strain curve de-

parts from the skeleton curve (Jennings, 1964). The curve between two extreme 

values of stress for cyclic loading is called the hysteresis loop, and it is shown to-

get her with the skeleton curve in Fig. (2.7). 

The expressions for the hysteresis loops can be given as 

E - Eo U - Uo (U - Uo)r --=---+0' ---
2Ey 2uy 2uy 

(2.29) 

and 

E + Eo U + Uo (U + Uo)r --=--+0'--
2Ey 2uy 2ug 

(2.30) 

The first equation represents the descending curve which originates from point 

(Eo/Ey,Uo/Uy ), and the second equation represents the a<;cending curve which origi

nates from point (-Eo/E y , -Uo, lUg). 

The hysteresis loop described by the above equations is best for studying the 

steady-state response of a yielding material in cyclic loading. It has the following 

advantages: 
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1. The descending curve and ascending curve fonn a closed hysteresis loop, and 

there points of interception lies on the skeleton curve. 

2. The initial slopes of the descending curve and the ascending curve are the 

same as the slope of the skeleton curve at the origin. 

3. The slope at the other end of the descending curve or ascending curve is 

tangent to that of the skeleton curve at that point. 

The Ramberg-Osgood model is in the fonn of strain expressed in terms of 

stress. However, often times we need to get stress from strain. In this case, we can 

apply the Newton-Raphson method and get a solution by iteration (Jennings, 1964; 

Desai and Wu, 1976). For an equation 

in which z is the unknown. The iterative solution of z can be expressed as 

a(r - l)zk + Y 
Z -

k+l - 1 + r-l arzk 

Here the subscripts represent the number of iteration. 

2.3.2 Transient Response 

(2.31) 

(2.32) 

For transient response such as the reaction to earthquakes, some more considera-

tions are required (Jennings, 1963). In this case, we have to consider equations for 

hysteretic curves described by 
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(2.33) 

in which, (€m/€II'um/ulI ) is any point at which the loading was reversed. It need 

not be on the skeleton curve. 

In order to describe the hysteretic response of the material, the following 

definitions are made (Jennings) 1963): 

1. The minimum curve is the ascending curve whose intercept on the €/ €II axis is 

less than that for all previous ascending curves and whose origin, the minimum 

point, has a value of €/ €II less than that for all previous ascending curves. 

2. The maximum curve is the descending curve whose intercept on the €/€II 

axis is greater than that for all previous descending curves and whose origin, 

the maximum point, has a value of €/€II greater than that for all previous 

descending curves. 

3. The upper boundary is the minimum curve between its least and greatest 

points of contact with the skeleton curve and is the skeleton curve elsewhere. 

4. The lower boundary is the maximum curve between its least and greatest 

points of contact with the skeleton curve and is the skeleton curve elsewhere. 

Figures (2.8) and (2.9) show examples of the above definitions. 

Under virgin loading, the stress-strain relation follows the skeleton curve. 

When unloading and reloading occurs the following law is assumed (Jennings, 1963): 
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Stress-strain values are given by a hysteretic curve originating from 

the point of most recent loading reversal until either the upper or lower 

boundary is contacted. Thereafter the stress-strain values are given by 

that boundary until the direction of loading again is reversed. 
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To determine if a new maximum curve or minimum curve is created, the 

intercept of the hysteretic curve generated from point (ErnIEII,umlu,J has to be 

calculated: 

(2.34) 

where (€dEy, O) is the intercept on the EIEy axis. 

In order to define the new lower or upper boundary after the creation of 

a new maximum curve or minimum curve, it is necessary to find its intercepting 

points with the skeleton curve. Thus from Eq. (2.28) and Eq. (2.33), we get 

Em CTm ( u)r 2 (u - urn)r 0 --+-+0' - - a = 
€y CTy uy 2CTy 

(2.35) 

Again Newton-Raphson iteration is applied to find the solution for the above equa-

tion. 

Finally, the hysteretic law is applied by comparing the stress obtained from 

the hysteretic curve with the stress obtained from the upper and lower boundaries. 

Thus the state of stress is determined for a given increment of strain. 

The Ramberg-Osgood model is not a real plasticity model in a sense of having 

a flow rule. However, it consistently reflects a wide range of material response from 
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linear elastic to elastic-perfectplastic. The above description also shows that it can 

be readily progranuned for numerical analysis. 

The implementation of the Ramberg-Osgood model in a dynamic program 

using the GEFEM will be discussed in chapter 5, and the computational results will 

be given in chapter 7. 
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CHAPTER 3 

Time Integration Schemes - Review of Relevant Literature 

In time dependent problems, the unknowns, whether they be displacement, pore 

water pressure or temperature, are dependent on time. In the governing differential 

equations there are partial derivatives of these unknowns with respect to time. 

We can use numerical methods such as the finite element method or the weighted 

residual method to discretize these differential equations in the space domain, and 

achieve a set of matrix equations. However, unlike static problems, these matrix 

equations are still differential equations with time as the variable (Desai, 1979). 

For a structural dynamics problem, after the spatial discretization, we arrive 

at the equation of motion 

[M] {d(t)} + [C] {d(t)} + [K] {d(t)} = {ret)} (3.1) 

in which [M] is the mass matrix; [C] is the damping matrix; [K] is the stiffness 

matrix; {ret)} is the load function; {d(t)}, {dCt)} and {d(t)} are the acceleration, 

velocity and displacement vectors respectively. 

The next step is the discretization of Eq. C3.1) in the time domain to derive a 

set of linear or nonlinear matrix equations. This step is also called time integration, 

and it has an important part in obtaining stable, accurate and economical solutions. 
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Down through the years, many methods were developed for time integra

tion, such as the central difference method (Collatz, 1966), the Houbolt method 

(Houbolt, 1950), the Newmark method (Newmark, 1959), the Wilson () method 

(Wilson, Farhoomand and Bathe, 1973), the a method (Hilber, Hughes and Tay

lor, 1977; Wood, Bossak and Zienkiewicz,1980), the collocation method (Hilber and 

Hughes, 1978). The main consideration in developing the various methods is the 

stability and accuracy of the methods. 

All the different methods mainly fall into two categories, i.e. the explicit 

method and the implicit method. Each has its advantages, and disadvantages. 

There is also the combination of these two methods, the explicit-implicit method 

(Belytschko and Mullen, 1977; Belytschko, Yen and Mullen, 1979). 

3.1 Explicit Methods 

The central difference method (Collatz, 1966) is a typical explicit method. It ex

presses acceleration and velocity at a specific time step in terms of displacement at 

different time steps, such as 

(3.2) 

and 

(3.3) 
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in which b..t is the time step, and the subscript represent the step at which the 

acceleration, velocity or displacement are evaluated. 

The equation of motion at time step t is considered, and by substituting 

Eq. (3.2) and Eq. (3.3) into Eq. (3.1) we have the equation 

((;t)2 [M] + 2~t [C]) {d}t+~t = {f}t - ([K] - (~)2 [M]) {d}t-

C;t)2 [M] + 2~t [C]) {dh_~t (3.4) 

from which {d}t+~t can be solved for, if we have displacement values at time steps 

t and t - b..t. Here, the term C~lt)2 [M] + 2~t [C]) is called the effective stiffness. 

Since the equation of motion at time step t was employed in deriving 

Eq. (3.4), stiffness matrix [K] does not appear in the effective stiffness at the left

hand side of Eq. (3.4). Therefore, the displacement at time step t + b.t, {d}t+~t 

can be explicitly expressed in terms of the displacements at previous time steps, 

thus the name explicit method. Note that for nonlinear problems, only [K] is con

sidered to be varying, whereas [M] and [C] are constant. Therefore, no iteration 

is required for this method. If we have lumped mass and diagonal damping, both 

[M] and [C] are diagonal matrices, the simultaneous equations are decoupled, and 

the solution of Eq. (3.4) becomes trivial. These are the two big advantages for the 

explicit method. 

Stability is a major concern in the analysis of time integration methods. Sta

bility of an integration method means that the initial conditions for the equations 

with a large value b..t/T must not be amplified artificially and thus make the inte-

gration of the lower modes worthless. Stability also means that any errors in the 
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displacements, velocities, and accelerations at time t, which may be due to round-

off in the computer, do not grow in the integration (Bathe, 1982). An integration 

method is unconditionally stable if the solution for any initial condition does not 

grow without bound for any time step Dot, in particular when Dot/T is large. The 

method is only conditionally stable if the above only holds provided that Dot/T 

is smaller than a certain value, usually called the stability limit (Bathe, 1982). 

For stability analysis, mode superposition is considered, and a recursive relation is 

established. Then the spectral radius of the matrix in the recursive relation is cal-

culated. The stability criterion is that the spectral radius not exceed unity (Bathe, 

1982). 

For the central difference method, to meet the stability criterion, the follow-

ing condition has to be satisfied (Bathe, 1982) 

(3.5) 

Here, Dot is the time step, and T is the period of all the modes. Of course, the 

smallest period, or the highest frequency must be considered in this case if all modes 

are to be stable. This shows that the central difference method is conditionally 

stable, which is a disadvantage. 

Especially, when a small part of the structure is very stiff, it creates some 

modes of very high natural frequencies. These high frequencies or small periods will 

govern the selection of time steps, and require the steps to be very small, which is 

not economical. 
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3.2 Implicit Methods 

Several well-known time integration methods fall into this category. The Newmark 

method (Newmark, 1959) is one of them, and is expressed as 

(3.6) 

and 

in which i and f3 are parameters that can be chosen to acquire stability and accuracy. 

The equation of motion is considered at time step t + bot. With Eq. (3.6) 

and Eq. (3.7) substituted into Eq. (3.1) , and evaluated at time step t + bot we get 

the following equation : 

(f3(~t)2 [M] + f3~t [C] + [K]) {d}t+t.t = {f}t+t.t+ 

[M] (f3(~t? {d}t + f3~t {d}t + (2~ -1) {d}t) + 

[C] (f3~t {d}t - (1-~) {d}t - (1- 2~) bot {d}t) 

from which {d}t+t.t can be solved for. 

(3.8) 

Because Eq (3.8) employs the equation of motion at the time step t + bot, 

stiffness matrix [K] do appear in the effective stiffness at the left-hand side of 

Eq. (3.8), and it is dependant on displacement, {dh+t.t. Therefore, {d}t+t.t can not 

be explicitly expressed in terms of the displacement, velocities, and accelerations 
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of the previous steps, thus the name implicit method. For nonlinear problems, 

since [KJ is not constant, and the value is taken at time step t + At, the Newton-

Raphson type iterations need to be introduced. For implicit methods, solution of 

simultaneous equations is always required. 

If we analyze the stability by considering the spectral radius, it shows that 

when 'Y ~ t and {3 ~ i, the Newmark method is unconditionally stable. That is, 

with any time step, the solution is stable. Of course, appropriate time steps should 

be taken in consideration of accuracy. 

Another well-known implicit time integration method is the Wilson 0 

method. It assumes that the acceleration varies linearly between time steps t and 

t + OAt (Wilson, 1973) 

(3.9) 

in which 0 is the parameter that determines the stability and accuracy, and T is a 

time variable. 0 =:; T =:; OAt. 

If we integrate Eq. (3.9), considering T as the variable, the following equations 

are derived: 

(3.10) 

(3.11) 

Now, the equation of motion is considered at time t + OAt, so in Eq. (3.10) and 

Eq. (3.11) T is given the value OAt, and we solve for {d} and {d} , which 
t+OAt t+OAt 
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gives 

{J}t+8~t = 8~t ({d}t+o~t - {d}t) - 2 {d}t - 8~t {a} (3.13) 

Eq. (3.12) and Eq. (3.13) are substituted into the equation of motion, and the 

following equation of recurrence is arrived at: 

(3.14) 

From Eq. (3.14), {d}t+O~t can be solved for. And from {d}t+O~t, the velocity 

and the acceleration at time t + 8!::.t can be obtained by Eq. (3.12) and Eq. (3.13). 

Finally, the values at time step t + !::.t, {d} t+~t' {J} and {a} can be calcu-
t+~t t+~t 

lated as follows: 

{d} t+~t = { d} t + !::.t { d } t + (~~2 {a} t+O~t + 

(~- 6~) (!::.t)2 {a}t (3.15) 

d - d - d + 1 - - !::.t d { • } { • } !::.t { •. } (1 ) { .. } 
t+~t - t + 28 t+O~t 28 t (3.16) 

(3.17) 
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Again, since the equation of motion is considered at time step t + Of:l.t, 

[K] appears on the left-hand side, and this method is implicit. Also, iteration is 

required for nonlinearity. As for stability, it was shown that the Wilson 0 method 

is unconditionally stable if 0 ~ 1.37 (Bathe,1982). 

3.3 Generalized Time Finite Element Method 

3.3.1 Integrating over a Time Period 

All the previously mentioned time integration methods satisfy the equation of rna-

tion at a specific time level, either at t (central difference), t + f:l.t (Newmark) or 

t + Of:l.t (Wilson). In the generalized time finite element method, GTFEM the 

equation of motion is considered over a time period (Kujawski and Desai, 1984). 

Linear interpolation is used to approximate the displacement {d( t)} in a 

time period 

{d(t)} = II - T, TJ { i~~:-l } (3.18) 

in which {d}j_l and {d}j represent the displacements at time steps tj_l and tj 

respectively, and 

t - tj-l 
T= 

tj - t j - 1 
(3.19) 

Fig. (3.1) shows the approximation of displacement. For integration over a time 

period from tj-l to tj the weighted residual method is used 
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displacement curve linear approximation 

Figure 3.1: Approximation of Displacement in the GTFEM 
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iit~1 {w} OM] {rl} + [C] {d} + [K] {d} - {f}) dt = 0 (3.20) 

in which {w} is the vector of weighting function. 

{w} = {:~} 

... , 
(3.21) ... , 

Here an are weighting parameters. Different versions depend on m, which is the 

number of a terms that we choose. It is usually chosen as 3 or 4. Fig. (3.2) illustrates 

the weighting function. 

The first term in Eq. (3.20) is integrated by parts to reduce the order of 

differentiation. After integration and assembly, we arrive at the time integration 

recurrence formula 

where 

(HI (.6.
1
t)2 [M] + H2 ~t [C] + H3 [K]) {d}i+1 = 

{f}i + (2HI~ [M] - H4 [K]) {d},
(.6.t) 

(HI~ [M] - H2': [C] + H3 [K]) {d}; I 
(.6.t) ~t -

1 (ft. ft· ) 
{f} i = .6.t Jti~1 WI {f} dt + Jti~1 Wo {f} dt 

(3.22) 

(3.23) 

And for simplicity, we use HI, H2, H3 and H4 as parameters instead of an, and 

(3.24) 
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After we solve for the displacement, {d}i+l' the velocity and acceleration at 

time step tiH can be evaluated by finite difference equations as follows: 

{d}i+l = ({d}iH - {d}i_l) /26.t 

{d} = ({d}"+l - 2 {d}., + {d}"_l) / (6.t)2 iH (3,25) 

Analyzing stability by calculating the spectral radius shows that for uncon

ditional stability, the following relation has to be satisfied (Kujawski and Desai, 

1983) 

(3.26) 

Otherwise, the time integration scheme is conditionally stable, with the following 

condition 

6.tw < (3.27) 

Consistency is another consideration for the numerical solution of partial 

differential equations. Together with stability, it guarantees that the solution of 

the numerical method converges to the solution of the partial differential equations. 

Analyzing consistency by using Lambert's method (Lambert, 1973), we have the 

following consistency criterion: 

(3.28) 

Considering the definition of HI! H2 , H3 and H4 (Eq. (3.24)), Eq. (3.28) 
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leads to the relation 

H2 1 
= HI 2 

1I4 H3 
HI 

- 1·-2-
HI 

(3.29) 

Thus, if we let 

H2 1 
= = , 

HI 2 
H3 

(3 = HI 
H4 1_2H3 

1 - 2(3 = = HI HI 
(3.30) 

we can have the same expression as the Newmark method with, = 1/2 (Zienkiewicz, 

1977). This shows that for linear elastic problems, the GTFEM is equivalent to the 

Newmark method with, = 1/2. 

3.3.2 Nonlinear Problems 

For nonlinear problems, since the equation of motion is considered over a time 

period, the stiffness matrix is evaluated in a weighting sense. There are different 

considerations. 

One is the interpolation of the stiffness. The value of the stiffness at any 

time is considered as the linear interpolation of the values at different time steps 

(3.31) 

in which [KJi and [KJi+I are the stiffness matrix at time steps ti and ti+I, respec

tively, and 



55 

t - ti 
(3.32) 

Another consideration is the weighting of the stiffness matrices 

(3.33) 

in which Ol and O2 are weighting parameters. They show how much the portion of 

the stiffness at various time step contributes to the weighted stiffness. 

The two methods mentioned above take more memory space, since the stiff-

ness matrices of several time steps are required to be kept in the memory. Also they 

are not appropriate for plastic problems with only tangent stiffness given. 

The recommended method is the weighting of the displacement. The stiffness 

is considered to be evaluated at a certain weighted displacement value 

(3.34) 

where {d} 0 is the weighted displacement expressed as follows 

(3.35) 

in which 01 and O2 are weighting parameters. It was shown that O2 controls 

the dissipation, or artificial damping, and Ol affects accuracy (Desai, Kujawski, 

Miedzialowski and Ryzynski, 1987). Fig (3.3) illustrates the weighting of displace

ment between {d}i_l' {d}i and {d}i+I' 
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ti+l time 

Figure 3.3: Weighting of Displacement for Nonlinear Problems in the GTFEM 
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The weighting of the displacement is used in the implementation of the GT

FEM, discussed in Chapter 5, and the results are given the Chapter 7. It was 

shown that for highly nonlinear elastic problems, the GTFEM is more stable than 

the Newmark method (Kujawski and Desai, 1984). 
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CHAPTER 4 

Implementation of the Damage Model in Finite Element Program 

The damage and softening model, OO+r was mentioned in Chapter 2. Here its im

plementation in the finite element program will be discussed. 

4.1 Finite Element Equations 

4.1.1 The Principle of Virtual Work 

From the principle of virtual work, we have 

fv {oef {a} dV= is {ou}T {i'} dS+ fv {ouf {X} dV (4.1) 

This is a general form. Now, for the damage problem, {oe} is the vector of virtual 

strain, which is the same for both the topical volume, where we assume that the 

material can not withstand any deviatoric stress, and the damaged volume, where 

we assume that the material in intact; {a} is the vector of observed stress, therefore 

we use {am} to express it; V refers to the whole volume of the body analyzed, 

therefore it should be the total volume. On the right-hand side, {ou} is the vector 

of virtual displacement, {T} is the vector of surface traction and {X} is the vector 

of body force. Therefore, for the damage problem we write the above equation as 
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Iv {6Ef {urn} dV= Is {Suf {i'} dS+ Iv {Suf {X} dV (4.2) 

For the finite element method a shape function is introduced, and the dis

placement and strain are expressed in tenus of the element nodal displacement 

vector {q} 

{u} = [N] {q} 

{e} = [B] {q} (4.3) 

where [N] is the matrix of shape functions, and [B] is the matrix consists of the 

derivatives of the shape functions. 

Thus the element equilibrium expression can be derived 

(4.4) 

where {Q} is the element nodal load vector expressed as 

(4.5) 

All integrations are done over the total volume of the element. 

For linear problems we can directly derive the equation of element stiffness 

Iv [Bf [C] [B] dV {q} = {Q} (4.6) 

where [C] is the constitutive matrix, and Iv [Bf [C] [B] dV is know as the element 

stiffness matrix, [KeJ. 
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4.1.2 Incremental Method 

Since the damage problem is nonlinear, either an incremental method or an iterative 

method has to be applied. If we use the incremental method, i.e. to apply the load 

by small increments, then the element equilibrium expression can be written as 

fv [Bf {dum} dV = {dQ} (4.7) 

in which {dum} is the vector of mean stress increment, and {dQ} is the vector of 

load increment. 

The matrix fonn of Eq. (2.25) can be substituted into Eq. (4.7) and we arrive 

at the relation 

fv [B]T (rL] {de} - {st} dr) dV = {dQ} (4.8) 

where {st} is the deviatoric topical stress vector, and dr is the increment of the 

damage parameter. If we move the term containing these two factors to the right

hand side and express the strain increment in terms of the increment of the nodal 

displacement, the following equation is arrived: 

fv [Bf [L] [B] dV {dq} = {dQ} + Iv [Bf {st} dr dV (4.9) 

When moving the tenn with {st} and dr onto the right-hand side, we have 

to use its value at the previous step instead of the current step. This is an approx

imation. After solving for {dq}, the values of {st} and dr for the present step can 
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be calculated and used to obtain {dq} again, thus acquiring more accurate {dq} 

value by direct iteration. 

4.1.3 Newton-Raphson Method 

Consider the equilibrium condition 

{'l1} = fv [Bf {am} dV - {Q} = 0 (4.10) 

If at iteration k with displacement {q} k 

(4.11) 

let 

(4.12) 

If we expand the above expression into Taylor series, keep the first dirivative and 

leave out the higher order terms, the following approximation is obtained: 

(4.13) 

By taking the derivative of {'l1} with respect to {q}, substituting it into 

Eq. (4.13), and again using Eq. (2.25) the following equation is obtained: 

(4.14) 
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in which [L] is defined as in Eq. (2.27), and is evaluated at {q} k. In order to obtain 

the equation for iteration, the term containing {Sf} dr is moved to the right-hand 

side, and the strain increment is expressed in terms of the increment of the nodal 

displacement. Now we obtain 

fv [B]T [L] [B] dV {dq}k = {Q} - fv [Bf {urn} dV + 

fv [Bf {Sf} dr dV (4.15) 

Similar to the treatment in the incremental method, when the term contain-

ing {st} dr is on the left-hand side, it is evaluated at the present iteration. Now 

that they are moved to the right-hand side, the values have to be taken from the 

results of the previous iteration. This is an approximation. As for the first iteration 

of a new load step, dr is taken as zero. Note that dr approaches zero when the 

iteration converges. 

After solving for {dq}k, we have 

(4.16) 

Since in Eq. (4.13) only the first derivative is considered, the above process 

must be repeated to obtain a more accurate solution. 

4.2 Consideration of the Tangent Stiffness 

In finite element analysis, element stiffness is expressed as Iv [Bf [C] [B] dV, where 

[B) is the matrix consists of the dcrivatioves of the shape functions, and [C] is the 
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constitutive matrix. For plastic models, after we use the tangent stiffness, which 

is expressed as Iv [Bf [Cep] [B] dV, where [Cep
] is the elastic-plastic constitutive 

matrix. In Eq. (4.15) the term [L] is similar to the term [Cep] in ordinary plasticity 

models. However, as mentioned in section (2.2.2) this matrix is not symmetric. If 

symmetric equation solver is used and a symmetric global stiffness matrix is required 

for that reason, some more transformation can be conducted. 

From Eq. (2.25), we can obtain 

( 4.17) 

or in the matrix form 

( 4.18) 

Substituting Eq. (4.18) into the matrix form of Eq. (2.25), we obtain 

(4.19) 

Using the above relation in the derivation as that of Eq. (4.15) in section (4.1.3) we 

get 

Iv [Bf [CePj [B] dV {dq}k = {Q} - Iv [Bf {am} dV + 

Iv [Bf {st} dr dV + Iv [Bf r {dS t
} dV ( 4.20) 

Compared to Eq. (4.15), it can be seen that the stiffness matrix, [CePj on 

the left-hand side is symmetric, and now on the right-hand side, there is one more 

term containing r and {dSt} , which is similar to the term containing {st} and dr. 
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Another consideration is to put both two terms mentioned above on the left-

hand side of the equation. For this purpose, express dr as 

where ~ is the deviatoric plastic strain trajectory. Together with Eq. (2.24), 

Eq. (2.25) and Eq. (2.16), we can obtain 

(4.22) 

in which 

8r (8F 8F 1 8F 8F) 1/2 
R ae;; 8uii a;;; - 3 a;;: a;;; of Ce 

.t = / t ~Ce 8F _ 8F (~~)1 2 oaull Ull. 

8umn mnpq 8up q 8{ 8umn 8umn 

(4.23) 

Substituting Eq. (4.22) into Eq. (2.25), we get 

(4.24) 

Now using this relation in the derivation as that of Eq. (4.15), we have 

The comparison of above mentioned consideration will be given in the next section. 



4.3 Control of Convergence in Softening Zones 

Listing the different considerations for the tangent stiffness, we have first 

second 

fv [Bf [LJ [BJ dV {dq} = {Q} - fv [BJT {17m
} dV+ 

[ [Bf {st} dr dV 

and third 

fv [Bf [CepJ [BJ dV {dq} = {Q} - [ [Bf {17m
} dV+ 

[ [Bf {st} dr dV + [ [Bf r {dS!} dV 
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The first one involves all the softening effect in the tangent stiffness tenn, 

([LJ - {st} {R}T) and this is equivalent to the [Cep] matrix when considering soft

ening or damage as a material property. This might cause trouble when the stress

strain relation is entering the softening zone, which means that the global stiffness 

matrix might be ill-conditioned or singular. 

The second consideration moves the softening effect (the term containing 

{st} dr) onto the right-hand side. This will give a more stable solution when 

entering the softening zone, since the global stiffness matrix is not ill-conditioned as 

it might be in the above case. One of the great advantages of considering damage 

as a structural perfonnance rather than a material property is that we are able to 

isolate the effect of softening, so as to have a tangent stiffness matrix which is not 
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ill-conditioned. However, the stiffness matrix here is not symmetric, and we have 

to use nonsymmetric equation solvers which take more time. 

The third consideration moves another term (the one containing r {dS t} onto 

the right-hand side, so as to obtain a symmetric and positive definite [Cep
] on the 

left- hand side. Symmetric equation solvers is used, and computational results show 

that the solution is stable. However convergence might be slower than the second 

consideration. 

One of the options of Newton-Raphson method is called the initial stiff

ness method or the modified iterative technique which uses the elastic matrix, [ce] 

instead of the elastic-plastic matrix, [C ep
] (Desai and Abel, 1972). Though the con

vergence is slower with the elastic matrix, we only need to do the forward reduction 

once, which saves time. Besides that, when softening occurs, and the tangent stiff

ness matrix is not positive definite, using elastic matrix would not involve trouble 

with singularity (Owen and Hinton, 1980). 

Similarly, in the first consideration, instead of using the tangent stiffness 

term, ([L] - {st} {R}T), the symmetric and positive definite elastic-plastic matrix 

[C ep
] can be used. This is different from the third consideration, which also has 

the [C ep] on the left-hand side. In this case, we do no have the added terms on the 

right-hand side. And the equation becomes 

(4.26) 

If we study the equation for the third consideration, it can be seen that the 

two added terms have either dr or {dSt} in them. When the iteration converges, 
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{dq} approaches zero, therefore dr and {dSt } also approach zero. So the final 

convergence criterion is 

(4.27) 

which is exactly what we have for Eq. (4.26). 

Numerical solutions of Eq. (4.26) were compared with that of the third con

sideration, and it was found that the former gives a more stable convergence (chapter 

6). And of course, the former saves time, since the two added terms need not be 

calculated. 

4.4 Return Strategy 

In applying the finite element method to a boundary value problem with elastic

plastic material properties, drift correction is an important aspect. 

When using the displacement method or the stiffness method, the increment 

of the nodal displacements {~q} is solved for by using iterations. From that, strain 

increment ~€ij is calculated. At this point, if the material is unloading or reloading 

before the stress point reaches the yield surface, the stress increment is calculated 

by 

(4.28) 

If the stress point is on the yield surface and loading of the material is 

continued, the stress increment is calculated by 
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( 4.29) 

In this case, the new stress point will be determined by O'ij + .6. O'ij and it should 

be on the new yield surface. 

The new yield surface is determined by the plastic work or plastic strain, 

depending on the hardening hypothesis chosen (section (2.1». In the case of the 

hierarchical models, 80 and 80+r , the hardening parameter is the plastic strain tra-

jectory, e. In order to get the plastic strain trajectory, the elastic strain increment 

is calculated by 

( 4.30) 

and thus the plastic strain increment 

.6.e'f!· = .6. e.·)· - .6.e~· 
') ') 

( 4.31) 

From this, the plastic strain trajectory, e is determined by 

( 4.32) 

Though the stress point is originally on the yield surface, which means that 

( 4.33) 

the new stress point might not be on the new yield surface, due to nonlinearity. 

This means that 
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(4.34) 

This is the drift which needs to be corrected (Fig. (4.1». 

One way of reducing the drift is to take smaller load and strain increments. 

That is, when the strain increment, fl.fij, is calculated, we further divide it into 

subincrements. However, the error is accumulative, and therefore by having more 

subincrements, we might reduce the drift, but can not eliminate it, and the drift 

can still be sizable. Besides that, taking very small steps would be costly. 

Another way is to return the stress point to the yield surface after every 

stress increment, which is called drift correction. The stress point can be brought 

back to the yield surface via different routes. For instance, it can be along the 

direction of the plastic flow, along the direction of the total strain increment, etc. 

However, the 'correct' consideration, is to take into account the change of yield 

surface as well as the movement of the stress point (Potts and Gens, 1985). 

For this consideration, the Newton-Raphson iteration is applied. At first we 

calculate fl.aij from 6fij and call it a prediction. From Eq. (4.34) we introduce the 

correction de together with daij, and let the increment be such that 

( 4.35) 

Expand the above expression into Taylor series. Keeping the first deivative, and 

leaving out the higher order terms, we have 



· . -........... ... , 

Figure 4.1: Drift of Yield Surface 
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(4.36) 

In order to reduce the number of unknowns, the relation between dUjj and 

d~ is sought for. Now since 

dt = (deT!. deT!.) 1/2 .. .).) 

and 

in which A is a positive scaler factor, we have 

(
oF OF) 1/2 

d~=A -
OUjj OUjj 

Note that during the drift correction D.fjj is fixed, therefore 

Thus we arrive at 

( 4.37) 

( 4.38) 

( 4.39) 

( 4.40) 

(4.41) 

Substituting both Eq. (4.39) and Eq. (4.41) into Eq. (4.35) and solving for 

the unknown A, we have 
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A = F (0' + ~O', e + ~e) 
.2.E..C'!'. .1!.E.. _ H:. (.!l.E.....JlE...) 1/2 
8C1jj 'JkI8C1~1 8e 8C1jj 8C1jj 

(4.42) 

From the value of A, using Eq. (4.39) and Eq. (4.41) we can get the corrections 

de and dO'jj. Now the corrected stress point is (O'jj + ~O'jj + dO'jj), and the corrected 

yield surface is determined by the hardening parameter ce + ~e + de) (Fig. (4.2». 

Since in Eq. (4.36) we have left out the higher order terms, the corrected 

stress point still might be away from the corrected yield surface. Therefore the cor-

rection procedure should be repeated until the error is less than a certain tolerance. 

In the case of yielding, we use the elastic-plastic constitutive tensor Cijkl to 

make the first prediction for the location of the stress point (Eq. (4.29», which 

we call an elastic-plastic prediction. In fact, the elastic constitutive tensor C'/ikl 

could also be used in this situation, which we call an elastic prediction. It can 

be proven that if the elastic prediction is made and we apply a single iteration 

of drift correction, the result is equivalent to making an elastic-plastic prediction. 

This shows that the drift correction used here is compatible with our flow rule and 

hardening hypothesis. 

Though the return strategy is used, it is still not advisable to have too big a 

step for ~€jj, because the prediction might take the stress point too far away from 

the yield surface, which might cause trouble. In the computer program, if ~€ij is 

large, it is automatically divided into several smaller steps. 

Even with the above precaution, an elastic or even an elastic-plastic predic-

tion still might take the stress point out of range, i.e., J1 might take on a negative 
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Figure 4.2: Drift Correction 
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value and we have difficulty in using Eq. (2.13) to check if the stress point is on the 

yield surface (Fig. (4.3)). Therefore, we have to further scale down the value of ~€, 

so that the stress point lands on the right side of the J2D axis, which means that 

the value of J1 is positive. We apply the return strategy at this point, and then 

make another prediction with the remaining part of the strain increment, ~€. This 

second prediction could take the stress point to the negative side again, therefore, 

the above procedure might have to be repeated. 

Note that even in the case of strain-softening, the drift correction is applied 

when we are looking for the increment of topical stress corresponding to a given 

increment of strain. Here, the mean stress is not involved. Therefore, for strain

softening (OO+r model) the drift correction is applied the same way as with the 00 

model. No extra work is needed. 
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Figure 4.3: Prediction Leads Stress Point to Negative J1 
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CHAPTER 5 

Implementation of the GTFEM in Finite Element Program 

The generalized time finite element method (GTFEM) was discussed in Chapter 3. 

In this chapter, the implementation of the GTFE:rvf in finite element programing 

will be discussed. 

5.1 Ramberg-Osgood Model 

To see how the GTFEM works, it is first implemented in a one-dimentional finite 

element program with linear elastic, nonlinear elastic, and Ramberg- Osgood mod

els. Here, mainly the implementation of the GTFEM with the Ramberg-Osgood 

model is discussed. 

Since for the GTFEM, the equation of motion is considered over a period of 

time, and the stiffness matrix [KJ is evaluated at a weighted displacement {d} 0' the 

treatment for nonlinearity is a little more involved. 

If we use, and f3 instead of Hj as parameters (Eq. (3.23», and use linear 

interpolation for loading, we have the time integration recurrence formula as 

(rMJ + ,b.t [CJ + f3(b.t)2 [KJ) {d}i+l = 



(6t)2 ((~-I'+,8) {f};_l + (~+I'-2,8) {f}i+,8{f}i+1)

([M] + (-1 + 1') 6t [C] + (~ - I' + f3) (6t)2 [K]) {d}i_i -
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( -2 [M] + (1- 21') 6t [C] + (~+ I' - 2,8) (6t? [K]) {d}; (5.1) 

IT the problem is nonlinear, [K] is evaluated at {d 10, which varies with the 

unknown {d}i+l (Eq. (3.28». To solve for the nonlinear equations, we use Newton-

Raphson iteration method, and have 

(rM] + I'6t [C] +,8 (6t)2 [Kt]J {8d}7+1 = 

(6ti ((~-I'+f3) {fh_l + (~+I'-2,8) {f}i+,8{f};+l)

[M] ({d}i_l -2{dh+{d}i+l)-

6t [C] (-1 + I'){dh_l + (1 - 21'){ d}i + l' {d}i+l) -

(~t)2[K]o ((~ -1'+f3) {d}i_l + (~+I'-2f3) {d}i+,8{d}i+l) (5.2) 

in which [Kt]o is the tangent stiffness matrix evaluated at {d}o, and {8d}7+l is the 

correction for the displacement at time step i + 1 and for iteration k. Thus we have 

(5.3) 

For linear elastic response, all the values on the right hand side of Eq. (5.2) 

can be easily calculated. However, for the Ramberg-Osgood model, only the tangent 

stiffness is given, therefore, we need the following strategy to calculate the last term 

in Eq. (5.2), which contains [K]o. We define 
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thus the last term in Eq. (5.2) becomes 

and we can calculate the value of the above expression by 

(5.5) 

in which {sa} is the correction of {a} calculated from the value of {Sd} i+l' 

5.2 Plasticity Models 

For two-dimensional or three-dimensional boundary value problems with elastic

plastic response, the procedure of deriving the equation for iteration might be sim

plified if proper values of 81 and 82 were chosen. For this purpose, it is useful to 

study the selection of these weighting parameters. 

5.2.1 Selection of Weighting Parameters 

From the definition of {d}o 

it can be seen that actually 81 and 82 determine how much weighting the displace

ments {d}i_l' {d}i and {dl;+1 have in the value {d}o. 
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We can assume that all of {d};_t, {d}; and {d};+t should have positive effect 

on the value {d}o. This requires that all three terms in Eq .(5.6) have positive 

coefficients: ! + 9t - 92 ;::: 0, ! - 29t + 92 ~ 0, and 9t ~ O. And this leads to 

(5.7) 

and 

(5.8) 

When 92 = ~ we have symmetric weighting, i.e. {d};_t and {dh+t have the same 

weighting. If 92 > ~, the term {d};+t has more weighting, and if 92 > ~, the term 

{d};_t has more weighting. 

In the analysis of nonlinear elastic response it was shown (Desai, Kujawski, 

Miedzialowski and Ryzynski, 1987) that the optimum value for 91 was 

0.5 $ 91 $ 0.8 (5.9) 

and the optimum value for 92 was 

(5.10) 

5.2.2 Relating Weighting Parameters to I and (3 

If we compare the definition of {d} 0 
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with the definition of {d}p 

and also with the weighting of nodal load in the second line of Eq. (5.1) 

(~- 'Y + f3) {f}i_l + (~+ 'Y - 2f3) {fh + f3 {f}i+l 

we can see the similarity of all these expressions. The difference is that f3 is replaced 

by 01 and 'Y is replaced by O2 • 

For unconditional stability, it is required that 'Y 2: ~, and in section (5.2.1) 

it was shown that O2 2: ~ means {d h+ 1 has more weighting than {d} i-I. Since we 

are using {d h to determine the correction of {d} i+l' it is reasonable to let itself 

have more weighting. For unconditional stability it also required that f3 2: ~, and 

from the definition of {d}o, it can be seen that 01 2: ~ means the weighting of 

{ d} i is no more than ~. For the weighting of any displacement to be no more than 

~ means that the contribution of any displacement is no more than the combined 

contributions of the other two displacements. And this is also reasonable. Besides 

that, if the optimum values of 01 and O2 (Eq. (5.9) and Eq. (5.10)) were given to f3 

and 'Y respectively, they can satisfy the requirement for unconditional stability. 

The above analysis shows that we can choose f3 for the value of 01 and 'Y for 

the value of O2 , which will simplify the derivation and computation. Since 01 = f3 

and O2 = 'Y, we have 



81 

{d}o = {a} (5.11) 

and the last term of Eq. (5.2) can be expressed as 

Here [KJo {dlo represents the internal resistance force vector at displacement 

{d}o, and can be evaluated by assemblying the contribution of each element, 

Iv [Bf {u} {d}o dV, where {u} {d}o is the stress vector evaluated at displacement 

{d}o. Thus, we have the final equation for iteration 

([MJ + ,~t [CJ + (3(~t)2 [Kt] 0) {Sd}7+1 = 

(~t)2 ((~ -, + (3) {f}i-l + (~+, - 2(3) {f}i + (3 {f}i+J) -

[MJ ({dh_l -2{dh+{d}i+l)-

~t [CJ ( -1 + ,){dh_t + (1 - 2,){ d}i +, {dh+J) -

(~t)2LIv[Bf {U}{d}o dV (5.12) 

With this derivation, the amount of computation for the GTFEM is com-

parable to that of the Newmark method (Bathe, 1984), which has the equation for 

iteration as 

((3(~t)2 [MJ + (3 ~t [CJ + [Kt]) {6d}~+at = {f}t+at + 

[MJ ((3(~t)2 ({d}t - {d}t+at) + (3~t {ci}t + (2~ -1) {d}t) + 

[CJ ((3~t ({d}t - {d}t+at) - (1 -~) {ci}t - (1 - 2~) {d}t) -

L Iv [Bf {u} dV (5.13) 
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The difference is that for the Newmark method, both [K'] and {u} are eval

uated at displacement, {d},+~" and for the GTFEM, both [K']O and {U}{d}o are 

evaluated at displacement, {dlo. Therefore, for the latter, after {Sd} is solved at 

each iteration, we need to calculate the correction {Sd}o, from which the strain and 

stress increments, and finally the tangent stiffness [K']O are evaluated. 
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CHAPTER 6 

Analysis and Verification of Constitutive Model 

6.1 Test on Concrete Block 

The plasticity damage and softening model with the drift correction, and various 

considerations of tangent stiffness is implemented in a nonlinear finite element pro

gram, with both linear and nonlinear equation solvers. The program DYSTIN 

(Dynamic Soil Structure Interaction) was originally developed by Desai, and was 

then modified by Nagaraj and Desai(1986), and modified by Frantziskonis and Desai 

(1986). For an example, a concrete block (Fig. (6.1)) with a prescribed displacement 

on top is analyzed. 

The parameters for the material properties of the concrete were calculated 

by Frantziskonis and Desai (1986) from the of the tests conducted by Van Mier. 

The values are as follows: E = 37000M Pa; 1/ = 0.25; n = 5.237; 'Y = 0.06784; 

f3 = 0.7553; m = -0.5; al = 4.614E - 11; 711 = 0.8262; ru = 0.875; K = 688; and 

R = 1.502. 

Making use of symmetry, only one quarter of the block is considered, and di

vided into one, four, and sixteen elements (Fig. (6.1)). For comparison, two kinds of 
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Figure 6.1: Static Problem for Strain Softening Concrete 
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upper boundary conditions are considered. One has no constraint on the displace

ment in the X direction, which represents no friction between the block and the 

device exerting the pressure. This could give uniform stress in the block. Another 

is zero displacement in the X direction, which represents full friction between the 

block and the device exerting the pressure. Also for comparison, different values of 

side pressure are applied. 

Figure (6.2) shows the results of a case of non-friction, with side pressure of 

10 MPa. A uniform prescribed displacement is applied at the top boundary. The 

displacement induces a uniform state of stress and strain within the block. In order 

to determine the effect of ru (the ultimate value of damage parameter, r) on stress

strain response, different values were taken for it. ru = 0 represents no damage, 

ru = 0.9 is near the actual value calculated from test data, 0.875. Between these 

two extremes, intermediate values, 0.2, 0.4, 0.6 were taken for comparison. The 

diagram shows the predicted stress-strain relations. 

It can be seen that when ru = 0, softening does not occur. With the increase 

of strain, the stress keeps on increasing, indicating hardening behavior. When the 

value of ru becomes larger, increasing softening occurs. We can see that when 

ru = 0.9, with the increase of strain, the stress increases, reaches a peak value, and 

then decreases. It finally becomes stable at a lower value. 

When the prescribed displacement increases, the strain in the Y direction 

increases, and so does the deviatoric plastic strain. The magnitude of the latter is 

measured in terms of ~D, the deviatoric plastic strain trajectory (Eq. (2.24)). From 

the evolution of the damage parameter (Eq. (2.23)), it can be seen that the value 
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Figure 6.2: Prescribed Displacement. with Various ru Values, Non-friction 
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of r, increases with the value of eD. At the same time the value of r increases when 

the value of ru increases. Therefore, with a higher value of r u, r converges to a 

higher level (Fig. (6.3». This is the reason why we see in Fig (6.2) that when ru 

has a higher value, the stress finally convergm: at a lower value. 

Figure (6.4) shows the results of the same experiment with different values of 

side pressure. The values are taken as 0 MPa, 5 MPa and 10 MPa. The ru value is 

taken as 0.875. As the value of side pressure increases, we can expect less expansion 

in the x direction. Therefore, for the same prescribed displacement, the deviatoric 

plastic strain is less, and this in turn, gives a smaller value of damage parameter r. 

Therefore, the stress will be higher for the same amount of prescribed downward 

displacement. 

In order to further explain the above phenomenon, the evolution of the dam

age parameter is shown in Fig (6.5). It can be seen that for a larger value of side 

pressure, r reaches the ultimate value later in the deformation process, which was 

predicted above. 

Similar results can be obtained for the case with friction (Fig. (6.6». Since 

in this case the stress is not uniform, a force versus displacement diagram is plotted. 

The force represents the total force applied at the top boundary, and the displace

ment is the prescribed displacement for that boundary. Again, the ultimate value 

of r is taken as 0, 0.2, 0.4, 0.6 and 0.9. We can see that with the increase of r u , 

the total force finally stabalizes at a lower level. With the case of friction, the side 

pressure is also varied while the value of ru is fixed at 0.875. Figure (6.7) shows 

the total force versus displacement diagram. It can be seen that the slope is very 
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steep when the force is descending from the peak. In this situation, small load steps 

have to be taken in order to guarantee convergence at each step. Just as in the case 

without friction, the force finally stabalizes at a lower value if the side pressure is 

smaller. 

In order to see the effect of the friction mentioned above, the force versus 

displacement curve for the non-friction case is also plotted, and compared with that 

for the case with friction. Figures (6.7), (6.8) and (6.9) show the comparison for side 

pressure being 10 MPa, 5 MPa and 0 MPa, respectively. It can be seen that with 

the constraint of displacement in the X direction (friction), the total force reaches a 

higher peak, descends with a steeper slope, yet finally converges at about the same 

level as that of the case of non-friction. 

6.2 Size Effect 

The effect of the size of the finite element mesh has been considered. As mentioned 

above a quarter of the concrete was analyzed with one, four and sixteen elements. 

The results for both cases, with or without friction were recorded. 

Figure (6.10) shows the results for the case without friction. The curves of 

total force versus displacement for one, four and sixteen elements coincide. For 

the case without friction, the concrete block experiences uniform stress, the stress 

values at all Gauss points are the same. That's why the solutions do not depend 

on the number of elements. 

Figure (6.11) shows the results for the case with friction. The curves of 
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total force versus displacement for one, four and sixteen elements are different. The 

difference might be caused by the size effect of the elements. Similar subdivision 

will also be considered in the example for the footing problem in chapter 8. It 

is suggested that further investigation be done, considereing the size effect in the 

model, by adding another parameter. 

6.3 Comparison with Test Data 

In order to compare with the test data (Frantziskonis and Desai, 1986), a case of 

axisymmetry was considered. The finite element model is the same as that of Fig. 

(6.1), which will now represent a concrete cylinder with prescribed displacement on 

the top surface, undergoing a uniaxial compression test. The lateral side is free, 

without any side pressure. Fig. (6.12) and Fig. (6.13) shows the results from the 

prediction given by the damage model compared with the test data from Van Mier 

(1984). 



"(ij" 
Q. 

~ 

~ 

99 

25T-----------------------------------------~ 

20+-----~~~--~--------------------------~ 

15+---r-------------~~~------------------~ 

~ 10+-~--------------------------~----------~ 

5++--------------------------------------~~ 

Offi------.------.------.------,,------~----~ 

o 0.002 0.004 0.006 0.008 0.01 0.012 
strain in Y direction Ell 

Figure 6.12: Comparison with Test Data, Toct vs. Ey 



100 

0.025,....-----------------------, 

0.02+---------------------1--4 

0.015+-------------------+-----1 

0.01+-------------------+------1 

prediction 
0.005,+----------~~~L--------~ 

O~~~~~~~--------------------_j 

0.005+---~---~--~---~---~---4 
o 0.002 0.004 0.006 0.008 0.01 0.012 

strain in Y direction €fI 

Figure 6.13: Comparison with Test Data, fv vs. fy 



101 

CHAPTER 7 

Evaluation of the GTFEM 

The generalized time finite element method (GTFEM) takes the equilibrium over a 

period of time, instead of taking the equilibrium at a specific time step. It is more 

effective for highly nonlinear problems. In order to demonstrate its effectiveness, 

the Ramberg-Osgood model with large values of r, and also the damage model b'O+r 

are used to solve transient dynamic problems. 

7.1 Ramberg-Osgood Model 

A four node, three element, one dimensional structure (Fig. (7.1)) is chosen for the 

computation. The dimensions are shown in the figure, and the cross section is 1in2 

(6.45cm2 ). Node 1 is free and node 4 is fixed. 

As for the parameters for the stress-strain relation in the Ramberg-Osgood 

model 

(7.1) 

€" = 0.1 is the same for all three elements, and each element has a different value 

of 0'" as shown in the figure. Seven different combinations of a and r are taken, 
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Figure 7.1: One-dimensional Structure for Ramherg-Osgood ~fodcl 
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so that there is a variation of stress-strain curves ranging from elastic to nearly 

elastic-perfectplastic (Fig. (7.2». The combination of (l' = 0.1 and r = 11 has the 

highest level of nonlinearity among all the cases. 

The external force is a step load of 1.2 lb (5.34 N). It acts downward on the 

free end, node 1 as shown in Fig. (7.3), and remains constant with time. 

In order to compare the results of the GTFEM and the Newmark method, 

both methods are used for different values of time steps. For both methods the time 

integration parameters are t.aken as 'Y = 0.5 and f3 = 0.25. According to stability 

analysis, these values should ensure unconditional stability. 

Fig. (7.4) shows the results for the case of a = 0.1 and r = 3, using the 

Newmark method with 6.t = 1 sec. It can be seen that there are about 14 cycles 

in 150 seconds, so the period is approximately 10 seconds. 

Since there is no analytical solutions for the nonlinearity considered, results 

from using very small time steps are considered as "accurate", or "exact". When the 

time steps were taken as 0.01 second, both the Newmark method and the GTFEM 

gave essentially the same results, so we take that as "accurate" for evaluating the 

results acquired from using larger time steps. For comparison, the peak values at 

the 1st, 2nd, 3rd, 5th, 7th and 11th cycles were recorded. 

Table (7.1) shows the peak values of displacement at the 1st, 2nd and 3rd 

cycles for 6.t = 0.05 sec. The first column gives the cycle number, where the peak 

values of displacement are recorded. The second and third columns give the combi

nation of a and r. The fourth column gives the "accurate" values of displacement 
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eye aeeur. Newmark GTFEM 
# r 

a !l.t = 
disp. er.% disp. er.% 

.01 

.001 3 2.48505 2.48615 0.04 2.48615 0.04 

.02 3 2.60103 2.60319 0.08 2.60347 0.09 

.05 3 2.79055 2.78866 -0.07 2.78949 -0.04 

.10 3 3.06603 3.06814 0.07 3.06965 0.12 
1 

.10 5 3.73288 3.73178 -0.03 3.73728 0.12 

.10 7 4.63673 4.63650 -0.00 4.64903 0.27 

.10 11 7.19977 7.20534 0.08 7.25037 0.70 

.001 3 2.47110 2.47672 0.23 2.47673 0.23 

.02 3 2.55699 2.55151 -0.21 2.55222 -0.18 

.05 3 2.69218 2.69603 0.14 2.69816 0.22 

.10 3 2.93647 2.93286 -0.12 2.93528 -0.04 
2 

.10 5 3.71021 3.71369 0.09 3.71899 0.23 

.10 7 4.63179 4.63580 0.09 4.64792 0.35 

.10 11 7.21255 7.21048 -0.03 7.25309 0.56 

.001 3 2.47718 2.46783 -0.38 2.46783 -0.38 

.02 3 2.50824 2.51109 0.11 2.51253 0.17 

.05 3 2.62116 2.60707 -0.54 2.61383 -0.28 

.10 3 2.83697 2.86630 1. 04 2.84506 0.29 
3 

.10 5 3.68829 3.69205 0.10 3.69705 0.24 

.10 7 4.62924 4.63174 0.05 4.64364 0.31 

.10 11 7.21002 7.21269 0.04 7.25516 0.63 

Table 7.1: Results for Ramberg-Osgood Model, b.t = .05 sec 
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computed from taking I:l.t = 0.01 sec. The fifth and sixth columns give the re

sults from the Newmark method and the error percentage. The seventh and eighth 

columns give the results from the GTFEM and the error percentage. 

Table (7.2) shows the same values for the 5th, 7th and 11th cycles for I:l.t = 

0.05 sec. The subsequent tables 7.3 to 7.8 give the displacement values for I:l.t = 
0.25 sec, I:l.t = 1.00 sec and I:l.t = 5.00 sec. 

It can be seen that when the time steps are small (0.05 second or 0.25 second), 

both methods have good accuracy, and in most cases the error for the Newmark 

method is even smaller than that of the GTFEM. However, when the time grows 

bigger (1.00 second), in almost all cases, the error for the GTFEM is smaller. 

The interesting phenomenon is that for the Newmark method when the time 

step becomes comparable to the period (5.00 seconds),the error grows with the 

increase of the level of nonlinearity. Especially in the case of (}' = 0.1 and r = 11, 

with the increase of time, the results become highly inaccurate indicating instability. 

However, with the GTFEM the results are still fairly accurate. This shows a great 

advantage of the GTFEM over the Newmark method, especially for higher levels of 

nonlineari ty. 

In chapter 3, it was shown that the Newmark method was stable for, ~ 1/2 

and f3 ~ ,/2. However, that was proved for linear cases, because using the concept 

of spectral radius, we assumed that there existed a stiffness matrix of constant terms, 

and that multiplying the equilibrium equations by a matrix consisting columns of 

eigenvectors, the equations can be decoupled into equations that contain individual 

modal generalized displacements (Bathe 1982). When nonlinearity is involved, the 
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eye aeeur. Newmark GTFEM 
# r 

a at = 
disp. er.% disp. er.% 

.01 

.001 3 2.46193 2.47257 0.43 2.47276 0.44 

.02 3 2.43491 2.42305 -0.49 2.42566 -0.38 

.05 3 2.51047 2.49759 -0.51 2.51095 0.02 

.10 3 2.71806 2.73852 0.75 2.72587 0.29 
5 

.10 5 3.66196 3.66491 0.08 3.67018 0.22 

.10 7 4.63130 4.62449 -0.15 4.63609 0.10 

.10 11 7.21233 7.21022 -0.03 7.25097 0.54 

.001 3 2.46600 2.45856 -0.30 2.45857 -0.30 

.02 3 2.37149 2.36877 -0.11 2.37217 0.03 

.05 3 2.43000 2.41903 -0.45 2.43595 0.24 

.10 3 2.63873 2.65485 0.61 2.64615 0.28 
7 

.10 5 3.64325 3.64303 -0.01 3.64687 0.10 

.10 7 4.63164 4.63280 0.03 4.64296 0.24 

.10 11 7.20642 7.21032 0.05 7.25371 0.66 

.001 3 2.45628 2.45610 -0.00 2.45612 -0.00 

.02 3 2.29760 2.29358 -0.18 2.29783 0.01 

.05 3 2.35138 2.33192 -0.83 2.35198 0.03 

.10 3 2.56812 2.57425 0.24 2.56831 0.01 
11 

.10 5 3.61579 3.62237 0.18 3.62670 0.30 

.10 7 4.62877 4.62144 -0.16 4.64019 0.25 

.10 11 7.20658 7.21045 0.05 7.25115 0.62 

Table 7.2: Results for Ramberg-Osgood Model, l::J.t = .05 sec Continned 
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eye aeeur. Newmark GTFEM 
# r 

IX At = 

I disp. er.% disp. er.% 
.01 

.001 3 2.48505 2.48521 0.01 2.48523 0.01 

.02 3 2.60103 2.60291 0.07 2.60341 0.09 

.05 3 ~.79055 2.78698 -0.13 2.78893 -0.06 

1 .10 3 3.06603 3.07289 0.22 3.07707 0.36 

.10 5 3.73288 3.72928 -0.10 3.74601 0.35 

.10 7 4.63673 4.64246 0.12 4.68894 1.13 

.10 11 7.19977 7.22214 0.31 7.41431 2.98 

.001 3 2.47110 2.47250 0.06 2.47249 0.05 

.02 3 2.55699 2.55326 -0.14 2.55485 -0.08 

.05 3 2.69218 2.69516 0.11 2.70081 0.32 

2 .10 3 2.93647 2.92871 -0.26 2.93533 -0.04 

.10 5 3.71021 3.71116 0.02 3.73093 0.56 

.10 7 4.63179 4.63423 0.05 4.67917 1. 02 

.10 11 7.21255 7.22396 0.16 7.41068 2.75 

.001 3 2.47718 2.47378 -0.14 2.47384 -0.13 

.02 3 2.50824 2.55146 1.72 2.51445 0.25 

.05 3 2.62116 2.61139 -0.37 2.61541 -0.22 

3 .10 3 2.83697 2.84294 0.21 2.85192 0.53 

.10 5 3.68829 3.70117 0.35 3.71861 0.82 

.10 7 4.62924 4.63456 0.11 4.68433 1.19 

.10 11 7.21002 7.22067 0.15 7.40891 2.76 

Table 7.3: Results for Ramberg-Osgood Model, !:l.t = .25 sec 
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eye aeeur. Newmark GTFEM 
# r 

0: at = 
disp. er.% disp. er . % 

. 01 

.001 3 2.46193 2.46831 0.26 2.46925 0.30 

.02 3 2.43491 2.43249 -0.10 2.43432 -0.02 

.05 3 2.51047 2.51828 0.31 2.50982 -0.02 

5 .10 3 2.71806 2.71665 -0.05 2.73217 0.52 

.10 5 3.66196 3.66476 0.08 3.68290 0.57 

.10 7 4.63130 4.63871 0.16 4.68383 1.13 

.1:) 11 7.21233 7.22313 0.15 7.41371 2.79 

.001 3 2.46600 2.46308 -0.12 2.46313 -0.12 

.02 3 2.37149 2.36287 -0.36 2.36491 -0.27 

.05 3 2.43000 2.44788 0.73 2.44007 0.41 

7 .10 3 2.63873 2.62863 -0.38 2.65225 0.51 

.10 5 3.64325 3.65039 0.19 3.66690 0.65 

.10 7 4.63164 4.63396 0.05 4.68409 1.13 

.10 11 7.20642 7.21901 0.17 7.41068 2.83 

.001 3 2.45628 2.44605 -0.42 2.44590 -0.42 

.02 3 2.29760 2.28916 -0.37 2.29033 -0.32 

.05 3 2.35138 2.36369 0.52 2.35570 0.19 

11 .10 3 2.56812 2.55556 -0.49 2.57495 0.26 

.10 5 3.61579 3.62680 0.31 3.64234 0.74 

.10 7 4.62877 4.62680 -0.04 4.67630 1. 03 

.10 11 7.20658 7.22260 0.22 7.40691 2.78 

Table 7.4: Results for Ramberg-Osgood Model, f:J.t = .25 sec Continued 
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eye aeeur. Newmark GTFEM 
# r 

(X At = 
disp. er.% disp. er.% 

.01 

.001 3 2.48505 2.47561 -0.38 2.47484 -0.41 

.02 3 2.60103 2.60769 0.25 2.59532 -0.22 

.05 3 2.79055 2.80525 0.53 2.78211 -0.30 

1 .10 3 3.06603 3.09510 0.95 3.06063 -0.18 

.10 5 3.73288 3.78391 1. 37 3.72171 -0.30 

.10 7 4.63673 4.72722 1. 95 4.65488 0.39 

.10 11 7.19977 7.39169 2.67 7.34557 2.03 

.001 3 2.47110 2.47769 0.26 2.47726 0.25 

.02 3 2.55699 2.55804 0.04 2.54843 -0.33 

.05 3 2.69218 2.69672 0.17 2.68066 -0.43 

2 .10 3 2.93647 2.95757 0.72 2.92356 -0.44 

.10 5 3.71021 3.76628 1. 51 3.70651 -0.10 

.10 7 4.63179 4.72641 2.04 4.65982 0.61 

.10 11 7.21255 7.39747 2.56 7.34833 1. 88 

.001 3 2.47718 2.47498 -0.09 2.47475 -0.10 

.02 3 2.50824 2.51550 0.29 2.50213 -0.24 

.05 3 2.62116 2.64611 0.95 2.61658 -0.18 

3 .10 3 2.83697 2.84439 0.26 2.84209 0.18 

.10 5 3.68829 3.75145 1. 71 3.68742 -0.02 

.10 7 4.62924 4.73105 2.20 4.66190 0.71 

.10 11 7.21002 7.40104 2.65 7.34133 1. 82 

Table 7.5: Results for Ramberg-Osgood Model, 6.t = 1.0 sec 
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eye aeeur. Newmark GTFEM 
# r 

IX At = 
disp. er.% disp. er . % 

. 01 

.001 3 2.46193 2.46056 -0.06 2.46063 -0.05 

.02 3 2.43491 2.47562 1. 67 2.43700 0.09 

.05 3 2.51047 2.54616 1. 42 2.51231 0.08 

5 .10 3 2.71806 2.73518 0.63 2.71230 -0.21 

.10 5 3.66196 3.72616 1. 75 3.65967 -0.06 

.10 7 4.63130 4.72021 1. 92 4.65126 0.43 

.10 11 7.21233 7.39098 2.48 7.34239 1. 80 

.001 3 2.46600 2.46414 -0.08 2.46426 -0.07 

.02 3 2.37149 2.41265 1. 74 2.36128 -0.43 

.05 3 2.43000 2.49216 2.56 2.42684 -0.13 

7 .10 3 2.63873 2.71840 3.02 2.63415 -0.17 

.10 5 3.64325 3.70379 1. 66 3.63365 -0.26 

.10 7 4.63164 4.72685 2.06 4.65548 0.51 

.10 11 7.20642 7.39915 2.67 7.34159 1. 87 

.001 3 2.45628 2.45776 0.06 2.45771 0.06 

.02 3 2.29760 2.36074 2.75 2.30277 0.22 

.05 3 2.35138 2.45454 4.39 2.33316 -0.77 

11 .10 3 2.56812 2.62915 2.38 2.56027 -0.31 

.10 5 3.61579 3.68468 1. 91 3.61334 -0.07 

.10 7 4.62877 4.71977 1. 97 4.65632 0.60 

.10 11 7.20658 7.39489 2.61 7.34839 1. 97 

Table 7.6: Results for Ramberg-Osgood Model, tJ.t = 1.0 sec Continued 
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cy accur. Newmark GTFEM 
# r 

(X Ilt = 
disp. er.% disp. er.% 

.01 

.001 3 2.48505 2.19849 -11.53 2.19669 -11.61 

.02 3 2.60103 2.35829 -9.33 2.31630 -10.95 

.05 3 2.79055 2.61576 -6.26 2.49493 -10.59 

1 .10 3 3.06603 3.03926 -0.87 2.77465 -9.50 

.10 5 3.73288 4.38314 17.42 3.21065 -13.99 

.10 7 4.63673 6.08143 31.16 3.48772 -24.78 

.10 11 7.19977 10.4555 45.22 7.28454 1.18 

.001 3 2.47110 2.33432 -5.54 2.32999 -5.71 

.02 3 2.55699 2.51572 -1.61 2.43342 -4.83 

.05 3 2.69218 2.76997 2.89 2.58935 -3.82 

2 .10 3 2.93647 3.15058 7.29 2.82488 -3.80 

.10 5 3.71021 4.29598 15.79 3.13116 -15.61 

.10 7 4.63179 5.77895 24.77 3.88474 -16.13 

.10 11 7.21255 6l. 4518 752.02 7.23927 0.37 

.001 3 2.47718 2.42592 -2.07 2.41893 -2.35 

.02 3 2.50824 2.60507 3.86 2.49146 -0.67 

.05 3 2.62116 2.81672 7.46 2.59779 -0.89 

3 .10 3 2.83697 3.08964 8.91 2.74961 -3.08 

.10 5 3.68829 4.18134 13.37 3.05451 -17.18 

.10 7 4.62924 5.88485 27.12 3.87166 -16.37 

.10 11 7.21002 60.9998 746.04 7.20819 -0.03 

Table 7.7: Results for Ramberg-Osgood Uodel, !:It = 5.0 sec 
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cy accur. Newmark GTFEM 
# r 

(X t::.t = 
disp. er.% disp. er . % 

. 01 

.001 3 2.46193 2.47077 0.36 2.45903 -0.12 

.02 3 2.43491 2.57738 5.85 2.43524 0.01 

.05 3 2.51047 2.66351 6.10 2.42588 -3.49 

5 .10 3 2.71806 2.90293 6.80 2.51662 -8.00 

.10 5 3.66196 4.16346 13.70 2.98215 -22.80 

.10 7 4.63130 5.95492 28.58 3.83269 -20.84 

.10 11 7.21233 74.1441 928.02 7.22910 0.23 

.001 3 2.46600 2.29748 -6.84 2.28543 -7.90 

.02 3 2.37149 2.30949 -2.61 2.19911 -7.84 

.05 3 2.43000 2.58110 6.22 2.32886 -4.35 

7 .10 3 2.63873 3.03831 15.14 2.58038 -2.26 

.10 5 3.64325 4.30709 18.22 3.07941 -18.31 

.10 7 4.63164 5.82228 25.71 3.71590 -24.64 

.10 11 7.20642 85.4998 1,086 7.20340 -0.04 

.001 3 2.45628 2.36231 -3.82 2.35110 -4.47 

.02 3 2.29760 2.54174 10.62 2.35493 2.43 

.05 3 2.35138 2.67654 13.83 2.41131 2.49 

11 .10 3 2.56812 2.84230 10.68 2.51190 -2.24 

.10 5 3.61579 4.12407 14.06 2.97172 -21.67 

.10 7 4.62877 5.99866 29.60 3.87851 -19.34 

.10 11 7.20658 149.921 1,980 7.30405 1. 33 

Table 7.8: Results for Ramberg-Osgood Model, !::J.t = 5.0 sec Continued 
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above criterion might not be valid. Park (1975) has shown that the Newmark 

method, when applied to nonlinear equations for single-dcgree-of-freedom model, 

exhibits local instability for both hardening and softening springs, and becomes 

globally unstable in the softening cases for sufficiently large time steps. 

In order to further examine the effect of larger time steps, 6.t = 10 was 

taken for different combinations of Q' and r. The results are given in Table (7.9) 

and Table (7.10). It can be seen that the Newmark method yields highly inaccurate 

results for lower level of nonlinearity. As for the GTFEM, though the error increass, 

the solution does not blow up. 

7.2 Damage Model 

In order to examine the effectiveness of the GTFEM, it will be appropriate to 

implement it in a two or three dimensional dynamic finite element program with 

a complex and improved plasticity model. The damage model, 8o+r would be a 

good choice, since it can test the time integration scheme with a highly nonlinear 

stress-strain relation. 

The GTFEM was implemented in the program DYSTIN by Desai and Na

garaj (1986) and again a concrete block was analyzed with the dynamic program. 

Fig. (7.5) shows a quarter of the block with boundary conditions and external load

ing. The distributed loading varies with time as shown in Fig. (7.6). 

The parameters in the damage model for the concrete are taken as follows: 

E = 37000M Pa; v = 0.25; n = 5.237; I = 0.06784; f3 = 0.7553; m = -0.5; 
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cy accur. Newmark GTFEM 
# r 

a at = 
disp. er.% disp. er.% 

.01 s 

.001 3 2.48505 2.2864 -7.99 2.27898 -8.29 

.02 3 2.60103 2.47267 -4.94 2.32704 -10.53 

.05 3 2.79055 2.75162 -1. 39 2.40360 -13.86 

1 .10 3 3.06603 3.18198 3.78 2.53271 -l7.39 

.10 5 3.73288 104.460 2,698 2.69009 -27.94 

.10 7 4.63673 160.484 3,361 3.15943 -31.86 

.10 11 7.19977 519.864 7,120 4.18710 -41.84 

.001 3 2.47110 2.23709 -9.47 2.23756 -9.45 

.02 3 2.55699 2.49120 -2.57 2.46803 -3.48 

.05 3 2.69218 2.94287 9.31 2.77472 3.07 

2 .10 3 2.93647 3.78527 28.91 3.22262 9.75 

.10 5 3.71021 110.722 2,884 3.38483 -8.77 

.10 7 4.63179 115.993 2,404 3.52999 -23.79 

.10 11 7.21255 535.419 7,323 4.35630 -39.60 

.001 3 2.47718 2.31152 -6.69 2.30214 -7.06 

.02 3 2.50824 2.46522 -1.71 2.29947 -8.32 

.05 3 2.62116 2.55164 -2.65 2.29007 -12.63 

3 .10 3 2.83697 2.61254 -7.91 2.30978 -18.58 

.10 5 3.68829 133.121 3,509 2.94682 -20.10 

.10 7 4.62924 166.064 3,487 4.08747 -11.70 

.10 11 7.21002 665.573 9,131 4.01518 -44.31 

Table 7.9: Results for Ramberg-Osgood Model, t1t = 10 sec 
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cy accur. Newmark GTFEM 
# r 

a !::.t = 
disp. er.% disp. er. g. 

0 

.01 

.001 3 2.46193 2.35586 -4.31 2.34031 -4.94 

.02 3 2.43491 2.48182 1. 93 2.32917 -4.35 

.05 3 2.51047 2.35808 -6.07 2.13218 -15.07 

5 .10 3 2.71806 2.96103 8.94 2.68754 -1.12 

.10 5 3.66196 129.985 3,449 2.83188 -22.67 

.10 7 4.63130 178.524 3,754 4.01385 -13.33 

.10 11 7.21233 668.765 9,172 4.06511 -43.64 

.001 3 2.46600 2.37740 -3.59 2.35957 -4.32 

.02 3 2.37149 2.48407 4.75 2.30813 -2.67 

.05 3 2.43000 2.16109 -11.07 2.33859 -3.77 

7 .10 3 2.63873 2.53082 -4.09 2.83422 7.41 

.10 5 3.64325 126.793 3,380 2.81372 -22.77 

.10 7 4.63164 194.070 4,009 4.01775 -13.25 

.10 11 7.20642 716.515 9,842 3.93218 -45.44 

.001 3 2.45628 2.06250 -16.03 2.05713 -16.25 

.02 3 2.29760 2.46013 7.07 2.30696 0.40 

.05 3 2.35138 3.07597 30.82 2.63751 12.17 

11 .10 3 2.56812 2.48822 -3.11 2.61976 2.01 

.10 5 3.61579 124.746 3,350 3.00004 -17.03 

.10 7 4.62877 211.628 4,472 3.36835 -27.23 

.10 11 7.20658 745.511 10240 4.28991 -40.47 

Table 7.10: Results for Ramberg-Osgood Model, b.t = 10 sec Continued 
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Figure 7.5: Concrete Block with Dynamic Loading for Damage !\Jodel 
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Figure 7.6: Q( t) versus Time Diagram for Dynamic Loading 
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a1 = 4.614E - 11; 111 = 0.8262; r .. = 0.5; ~ = 968.8; and R = 1.502. 

As for the time integration parameters, we take, = 0.5 and f3 = 0.25, which 

should ensure unconditional stability. 

Since analytical solutions do not exist for this nonlinear problem, again very 

small time steps were taken to represent the "accurate" or "exact" solution. In this 

case, ilt = 0.001 sec was taken for both the Newmark method and the GTFEM, 

and identical results were obtained. In Fig. (7.7), it can be seen that two com

puted displacement vs. time curves compare very closely. Here the displacement 

represents the displacement in the Y direction at node seven. 

From Fig. (7.7) it can be seen that there are about twenty four cycles within 

two seconds, which means that the period is approximately 0.08 second. For fur

ther comparison of the Newmark method and the GTFEM, larger time steps of 

0.01 second, 0.02 second, 0.05 second and 0.1 second were taken. 

Figures (7.8) and (7.9) show that at ilt = 0.01 sec and ilt = 0.02 sec, both 

methods deviate from the "exact" solution by small amounts with approximately 

the same accuracy. The diagrams show the displacements till t = 2 sec. The 

computation was carried up to 20 seconds, and the results were still stable. As 

mentioned above,the "exact" solutions in the diagrams represent that of ilt = 

O.OOlsec. 

Figure (7.10) shows that when ilt = 0.05 sec, the Newmark method blows 

up after t = 1 sec. It is interesting to note that this happens when the time step 

is approximate one half of the period of free vibration, which is the same as that 
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Figure 7.7: Dynamic Results for Damage Model, D.t = 0.001 sec 
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Figure 7.10: Dynamic Results for Damage Model, 6,t = 0.05 sec 
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of the example for Ramberg-Osgood model. At the same time, we can see that the 

GTFEM is still stable for At = 0.05 sec. 

It was shown in chapter 6 that higher value of r .. , represents a higher level 

of nonlinearity. As we have seen above, with the Newmark method, when r .. = 0.5 

the displacement starts to blow up after t = 1 sec. With l:!:.t = 0.05, different values 

of r .. were taken to see how the degree of nonlinearity will affect the instability of 

the Newmark method. When r .. = 0.4, the displacement starts to blow up after 

t = 3.5 sec; and when r .. = 0.3, the displacement starts to blow up after t = 5.5 sec. 

'When ru was reduced 0.2 or below, the Newmark method was stable. This shows 

that higher degree of nonlinearity and larger time steps CRuses the Newmark method 

to be unstable. This coincides with the case of the Ramberg-Osgood model. 

If we further increase the time step, l:!:.t as we did for the Ramberg-Osgood 

model, we can see that the Newmark method blows up at a much earlier time, after 

about 0.5 sec. (Fig. (7.11)). 

The results from both the Ramberg-Osgood model and the Damage model 

show that the GTFEM is more stable than the Newmark method when the material 

property is highly nonlinear. The reason is that the GTFEM takes the equilibrium 

over a time period instead of taking the equilibrium at a specific time step. 
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CHAPTERS 

Applications 

As a practical application, a concrete footing is considered. It is subjected to both 

static and dynamic loading. 

8.1 Static Loading for Concrete Footing 

Fig. (8.1) shows half of the footing with finite element mesh and boundary con

ditions. Eight-node elements with four Gauss points are used. Static loading is 

applied. In order to allow the stress to go pass the peak value and exhibit strain 

softening, prescribed displacement is considered for the loading on the three nodes 

at the top left corner (nodes 57, 58 and 59), as shown in the figure. The prescribed 

displacement increases from zero to 0.06 m, and is applied in 60 steps. Body force is 

also included, and it is applied with the first step of external loading. The material 

density is considered as 2.5 kgj(dm)3. 

The element numbering and node numbering are shown in Fig. (8.2) and 

Fig. (8.3) respectively. 

The material properties of the concrete is the same as the specimen of 

concrete block in Chapter 7. The values of the parameters are as follows: 



129 

-s prescribed displaceDlent 
L ~ ~ ( t d 57 58 d 59 ) ) a no es , an 

T ~ 
" 

k 

co 

. -i" """'" ~ 

Figure 8.1: Concrete Footing under Static Loading of Prescribed Displacement 
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Figure 8.2: Element Numbering for Footing Problem 
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E = 37000M Pa; v = 0.25; n = 5.237; 'Y = 0.06784; f3 = 0.7553; m = -0.5; 

al = 4.614E - 11; TJI = 0.8262; ru = 0.875; ~ = 688; and R = 1.502. 

Figure (8.4) shows the deformed mesh at the point the prescribed displace

ments of 0.04 m at nodes 57,58 and 59. Fig. (8.5) shows the total external force in 

the Y direction, induced at the three nodes versus the prescribed displacement at 

these nodes. It can be seen that after the peak value, with the increase of displace

ment, the total force decreases. This is the reason why prescribed displacement was 

applied instead of prescribed force. It avoids the lack of uniqueness. 

For comparison, the same problem is solved without strain-softening, by 

equating the ultimate damage parameter, ru to zero. In that case, with the increase 

of the displacement, the total external force in the Y direction keeps on increasing, 

and no peak value occurs, Fig. (8.6). 

Among all the elements, the top left element (element 13) has the highest 

stress, and its strain increases the fastest. Fig. (8.7) shows the vertical strain in 

that element, Ell versus the prescribed displacement at the top left nodes, which is 

Dot proportional to the displacement. With higher values of the displacement, the 

strain in that element increases much faster. 

Figure (8.8) shows the same strain versus displacement curve for the case 

without strain-softening. It can be seen that in this case the strain in the top left 

element is more or less proportional to the prescribed displacement. 

In order to examine the local stress-strain relation, Fig. (8.9) show 0';' versus 

Ell diagram at Gauss point 1 of element 13. Again, we can see the effect of strain-
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Figure 8.4: Deformed Mesh for Footing Problem 
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Figure 8.5: Total Applied Force versus Displacement for Footing Problem, with 
Strain-softening 



135 

160·~------------------------------------~ 

140+---------------------------------~~--~ 

120'+-----------------------C-----------------~ 

_100 

~ --
60+-----+-----------------------------------~ 

10 20 30 40 

displacement (mm) 
50 60 

Figure 8.6: Total Applied Force versus Displacement for Footing Problem, without 
Strain-softening 



0.04·-r--------------------. 

0.035+-----------------1--1 

0.03+-------------------,1----1 

'»~ 0.025+------------------1-----1 

0.02+--------------+-----1 

0.015+------------~-------l 

0.01-t-----------::-,£---------l 

0.005+--------..~------------l 

o·~--._--.----.----~---~---~ 
o 10 20 30 40 

displacement (mm) 
50 60 

136 

Figure 8.7: Strain versus Prescribed Displacement for Footing Problem, with 
Strain-softening 
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Figure 8.8: Strain versus Prescribed Displacement for Footing Problem, without 
Strain-softening 
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softening. After the stress reaches a peak value, it starts to reduce. The reason for 

the above phenomenon to occur is that with the increase of the vertical strain, Ell' 

the damage parameter, r has increased as shown in Fig. (8.10). The diagram shows 

the r versus Ell curve for Gauss point 1 of element 13. The topical stress O'~ at that 

point keeps on increasing with the increase of vertical strain Ell' as can be seen in 

Fig (8.11), 

Again for comparison, the same curve for the case without strain-softening is 

shown in Fig.(8.12). In this case the damage parameter is constantly equal to zero. 

'With the increase of Ey , O'y keeps on increasing and does not have a peak value. 

From the above examples, it can be seen that the damage parameter, r plays 

a very important role in the stress distribution for the case of strain-softening. 

Therefore, it is useful to study the distribution of the damage parameter itself. The 

values of r at all Gauss points for different stages of prescribed displacement have 

been recorded. From that, contour lines have been plotted. Fig. (8.13) through 

Fig. (8.18) shows the contour lines of r at prescribed displacement values of 0.01 m 

through 0.06 m, the contour lines are for r=0.7, r=0.5, r=0.3, r=O.l, r=O.Ol and 

r=O.OOl are plotted. The evolution the damage parameter, r clearly shows the 

propagation of the damaged zone. 

During the years, the uniqueness of strain-softening models has been raised. 

It was suggested that for uniqueness, it may be necessary to evolve non-local models. 

In order to assess the uniqueness of the present damage model, and to investigate 

future improvements, each element of the 16-element mesh in Fig. (8.1) was subdi

vided into 4 and then 16 elements, thus having 64 , and then 256 elements in total. 
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Figure 8.13: Contour of r for Prescribed Displacement at 0.01 m 
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Figure 8.14: Contour of r for Prescribed Displacement at 0.02 m 
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Figure 8.15: Contour of r for Prescribed Displacement at 0.03 m 
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0.001 

Figure 8.16: Contour of r for Prescribed Displacement at 0.04 m 
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0.001 

Figure 8.17: Contour of r for Prescribed Displacement at 0.05 m 
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0.001 

Figure 8.18: Contour of r for Prescribed Displacement at 0.06 m 
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Figure (8.19) shows the subdivision of the original element 13 of the 16-element 

mesh in Fig. (8.2). For the subdivision meshes, the Gauss points that are nearest to 

the Gauss points of the original element 13 of the 16-element mesh were considered. 

In Fig. (8.19), Gauss points mentioned above are represented by shaded circles, and 

are numbered 1, 2, 3 and 4. Stresses and strains are computed for these Gauss 

points, and stress-strain curves are plotted. Figure (8.20) shows the comparison of 

the curves of U r versus fr at Gauss point 1 for different meshes. Figures (8.21) and 

(8.22) show that of U y versus fy and Try versus fry respectively. Figures (8.23) and 

(8.24) show that of J1 versus flJ and y'J2D versus y'12O . 

Here 

J1 = U r + U y + U z 

J20 = ~ [CUll - (22)2 + (U22 - (33)2 + (U33 - U1l)2] + u~2 + U~3 + U~l 

120 = ~ [(fll - f22)2 + (f22 - f33)2 + (f33 - fll)2] + f~2 + f.~3 + f~l (8.1) 

Figures (8.25) through (8.29) show the same comparisons for Gauss point 

3. In these figures significant differences can be detected among curves of different 

element meshes. This shows the non-uniqueness of the present damage model. The 

fact that the damage model considers the damaged volume and the topical volume 

having the same strain value might be one of the causes. 

After the stresses and strains at all four Gauss points were calculated, each 

kind of stress and strain are averaged among the four Gauss points mentioned above. 

Now, curves for averaged stress versus averaged strain are plotted, and can be seen 
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in Figures (8.30) through (8.34). It is interesting to note that for these curves, the 

differences among curves of different element meshes are reduced. This shows that 

in an averaged sense, the effect of mesh dependence is reduced. 

Besides that, the total induced downward force acting on top of element 13 

is calculated. This is where the prescribed displacement is given. The total force 

is plotted against the prescribed displacement in Fig. (8.35). There is a difference 

among the curves of different element meshes, however,it is smaller than the differ

ence of the stress- strain curves for the individual Gauss points. The forces on the 

nodes are integrated from the stresses at the Gauss points, which have the effect of 

summation. This also shows that in a averaged sense, the effect of mesh dependence 

can be reduced. The sense of averaging might lead to a more accurate way for the 

solution using the proposed mode. This in an important aspect of strain-softening 

models, and deserves further investigation. 

8.2 Dynamic Loading for Concrete Footing 

The same footing in Fig. (8.1) is also suhjected to dynamic loadings at the top left 

nodes. Again, in order to take into account the stress after the peak value, pre

scribed displacement is considered. Figure (8.36) shows the prescribed displacement 

versus time at nodes 57, 58 and 59. The displacement increases from zero to the 

peak value of 21 mm in 0.05 sec, then follows a sine curve which centers at 14 nun, 

the frequency is 5 l/sec and the amplitude is 7 nun. 

Body force is considered. For the first step, a static problem is solved with 
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only the body force as external loading. The displacements are then initialized to 

zero, whereas the stresses are kept at the computed values. After that, the dynamic 

loading is applied onto the specified nodes. 

A bsorbing boundary is also considered. It is done by adding terms in the 

damping matrix for the nodes along the absorbing boundary. 

Fig. (8.37) shows the total force on nodes 57, 58, and 59 versus time. After 

0.6 second, the peak values of the total force show a tendency of decreasing, which 

reflects the softening of the material. 

Fig. (8.38) shows 0';;' at Gauss point 1 of element 13 versus time. That stress 

represents the means stress, and the curve is similar to that of the total force, with 

a decreasing tendency of the peak value. However, if we examine the topical stress 

O'~ in Fig (8.39), a increase in the peak value can be observed. The reason for this 

in the increase in the damage parameter, r. 

Fig. (8,40) shows the damage parameter versus time at Gauss point 1 of ele

ment 13. Gradual increase of the damage parameter at each cycle can be seen. This 

can be observes for other points nearer the loading. Therefore, as time elapses the 

damage parameter propagates through the body, as can be observed in Fig. (8,41) 

through Fig. (8,44). 

In the diagrams the contour lines for r=0.7, r=O.5, r=O.3, r=O.l, r=O.Ol and 

r=O.Ol are plotted. It is interesting to note that the outer contour lines, which 

represents r=O.01 and r=O.l does not change much, whereas the inner contour lines 

(r=O.l, r=O.3, r=0.5 and r=0.7) propagates more noticeably. 
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Figure 8.41: Contour of r at time = 0.4 sec. 
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Figure 8.44: Contour of r at time = 1.6 sec. 
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CHAPTER 9 

Conclusions 

In this research, the damage or strain-softening model, SO+r was studied, and imple

mented in a nonlinear dynamic finite program. The SO+r model treated damage as 

a structural performance rather than a material property. In the implementation, 

it allows us to consider the effect of softening and to avoid using an ill-conditioned 

stiffness matrix for the solution of incremental displacement in the Newton-Raphson 

method. 

In order to ensure the stability of the computation, especially after the occur

rence of softening, various measures were taken. Different considerations of tangent 

stiffness were analyzed. Different types of drift correction strategy were considered. 

Several kinds of equation solvers were used. In some cases, smaller load steps were 

taken. All these were necessary, because softening makes the numerical solution 

more complex. 

The computational results were able to reflect the characteristic of damage 

or strain-softening. The contour of the damage parameter shows the propagation 

of the damaged zone, which explains the distribution of the mean stress, urn. 

At present, the damage model, SO+r assumes that the damaged part of the 

volume have the same value of hydrostatic stress as the topical part, and only 
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the deviatoric stress is reduced. This is more suitable for geological materials which 

usually have a positive J1• To make other assumptions such that linking the damage 

parameter to the hydrostatic pressure will be a whole new topic of research. However 

the procedure of implementing other models will be basically the same as that used 

in this study, as long as damage is considered a structural performance as was done 

in the cO+r model. 

In this study, the GTFEM was modified for the implementation in finite ele

ment programs with elastic-plastic material properties. Both the Ramberg-Osgood 

model for one-dimensional problems, and the cO+ r model for multi-dimensional prob

lems were used. The computational results show that in both cases, the solution of 

the GTFEM is more stable than that of the Newmark method for highly nonlin

ear materials using large time steps. The reason is that when discretizing in time, 

the GTFEM considers the equilibrium over a time period instead of at a specific 

time step. This makes it more stable when the material properties are changing 

drastically. 

In both examples for the Ramberg-Osgood model and for the cO+ r model, 

when the time step is comparable with the natural frequency of the vibration of the 

body, the Newmark method blew up, though 'Y = 0.5 and f3 = 0.25 were taken to 

ensure unconditional stability. It was also shown that with larger time steps, and 

higher degree of nonlinearity the Newmark method blows up at an earlier stage. 

For the same time steps, the GTFEM still gives stable solutions, of course with a 

larger error than taking smaller time steps. 

The above analysis shows that the GTFEM is a better alternative to the 
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Newmark method when we deal with highly nonlinear material properties, such as 

that of the co+ r model. 

In the present version of the GTFEM, the weighting parameters 01 and O2 

were linked to f3 and 'Y. Another alternative is to connect them to the degree of 

nonlinearity of the stiffness matrix. Though that will give more work in calculating 

the right-hand side terms, but it might payoff by getting a more stable and accurate 

solution. Further research is suggested in that direction. 
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