
INFORMATION TO USERS 

The most advanced technology has been used to photograph and 

reproduce this manuscript from the microfilm master. UMI films the 

text directly from the original or copy submitted. Thus, some thesis and 

dissertation copies are in typewriter face, while others may be from any 

type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand corner and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in 

reduced form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6" x 9" black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly 

to order. 

U·M·I 
Un1vers1ty Microf1lms International 

A Bell & Howell Information Company 
300 North Zeeb Road. Ann Arbor. Ml48106-1346 USA 

3131761-4 700 8001521-0600 





Order Number 9114076 

Robust estimation of parameters in nonlinear subsurface flow 
models using adjoint state methods 

Wittmeyer, Gordon William, Ph.D. 

The University of Arizona, 1990 

Copyright @1990 by Wittmeyer, Gordon William. All rights reserved. 

U·M·I 
300 N. Zeeb Rd. 
Ann Arbor, MI 48106 





NOTE TO USERS 

THE ORIGINAL DOCUMENT RECEIVED BY U.M.I. CONTAINED PAGES 

WITH SLANTED AND POOR PRINT. PAGES WERE FILMED AS RECEIVED. 

THIS REPRODUCTION IS THE BEST AVAILABLE COPY. 





ROBUST ESTIMATION OF PARAMETERS 

IN NONLINEAR SUBSURFACE FLOW MODELS 

USING ADJOINT STATE METHODS 

by 

Gordon '\Villiam Wittmeyer 

Copyright@ Gordon William Wittmeyer 1990 

A Dissertation Submitted to the Faculty of the 

DEPARTMENT OF HYDROLOGY AND WATER RESOURCES 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

WITH A MAJOR IN HYDROLOGY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1990 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

2 

As members of the Final Examination Committee, we certify that we have read 

the dissertation prepared by Gordon William Wittmeyer 

entitled ROBUST ESTIMATION OF PARAMETERS IN NONLINEAR SUBSURFACE FLOW 

MODELS USING ADJOINT STATE METHODS --------------------------------

and recommend that it be accepted as fulfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 

!/-2-&- 7o 
Date 

nma: Maddock II~ 

~tl(fm-r.tz~ 
a. L~ wo/1 

11 !zz izo , ) 
Date 

I/-Z-6-9o 
Date 

A. Larry WrigHt Date ~ 1 
/1 /J. g /~o 

~~t:?~ 
Ron Askin Date 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's submission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 

r~l'~ (/-2-b-9o 
Dissertation Director Shlomo P. Neuman Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements 
for an advanced degree at The University of Arizona and is deposited in the Uni
versity Library to be made available to borrowers under rules of the library. 

Brief quotations from this dissertation are allowable without special per
mission, provided that accurate acknowledgement of source is made. Requests for 
permission for extended quotation from or reproduction of this manuscript in whole 
or in part may be granted by the copyright holder. 

SIGNED:~ It/~ 



4 

This dissertation is dedicated to my mother. 



5 

ACKNOWLEDGEMENTS 

Over the course of conducting the research for this dissertation I received 
technical support from innumerable people at the University of Arizona. Unfortu
nately, I cannot acknowledge all of those people who gave me their time without 
greatly increasing the thickness of this tome, hence I hope that those I fail to 
mention here will not feel slighted. 

My advisor and dissertation director, Shlomo Neuman, showed infinite pa
tience as I slogged my way through the doctoral program in the Hydrology Depart
ment. I am indeed thankful for his technical as well as personal guidance during the 
more difficult periods of this long process. I thank Thomas Maddock III and T.-C. 
Jim Yeh for their friendship as well as their valuable technical contributions to 
this dissertation. I thank my other committee members, A. Larry Wright and Ron 
Askin for their helpful suggestions about the statistical topics addressed herein. I 
thank my friend and colleague Jesus Carrera for the help he gave me in developing 
the inverse model program which is based on his program INVERT II. I owe a 
great debt to Harald Hiesel for introducing me to robust statistical methods and 
to Javier Samper who helped me through the tedium of deriving adjoint equations. 
Dave Goodrich gave me valuable help in developing the minimization procedures 
I used. Lucy Carruthers guided me through the maze of computers at CCIT and 
spent long hours with me getting the inverse code to run. Ralph Marra provided 
the data used in the steady-state model of the Tucson Basin. 

I thank the many friends I have made in the Hydrology Department but I 
must single out Derrik Williams, Tim Leo, Bob Ritzi, Ron Green ,Colleen Woloshun 
and Shlomo Or for their continued frienship. I thank my mother for her infinite 
love, patience and financial support and my sister Elisabeth and my brother Merle 
for their love and moral support. Finally, I must thank my good friend Tom Monier 
for keeping my sense of humor intact these many years. 



6 

TABLE OF CONTENTS 

LIST OF ILLUSTRATIONS .... . . . . . . . . . . . . . . . . . . . 13 

LIST OF TABLES . . . . . . . . . . . . . . . . . . . 16 

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 

1 INTRODUCTION 20 

1.1 The Problem . . . . . . . 21 

1.2 Scope of Dissertation . . . . 24 

2 INTRODUCTION AND THEORY OF ADJOINT STATE METH-
ODS 28 

2.1 Introduction and Overview 28 

2.2 Derivation of Adjoint State Equations . . . . 33 

2.2.1 Variational-Generalized Perturbation Theory . 35 

2.2.2 Differential Method . . . . . . . . . . 36 

2.2.3 Third Method . . . . . . . . . . . . . . . . . . 37 

3 ADJOINT EQUATIONS FOR GROUNDWATER PROBLEMS 40 



3.1 Continuous Approach .......... . 

3.1.1 Steady State Adjoint Equations . . 

3.1.2 Transient Adjoint Equations 

3.2 Discrete Approach ......... . 

3.2.1 Steady State Finite Element Equations 

3.2.2 Transient Finite Element Equations 

3.2.3 Steady State Adjoint Equation 

3.2.4 Transient Adjoint Equation 

3.3 Summary and Conclusions . . . . . 

4 MINIMIZATION ALGORITHMS 

4.1 Computing the Search Direction . 

4.1.1 Conjugate Gradient Methods 

4.1.2 Quasi-Newton Methods 

4.2 Step Size Algorithms . . . . . . 

4.2.1 Accurate Line Search: Brent's Method . . 

4.2.2 Inaccurate Line Search: Armijo-Wolfe Methods 

4.3 Test of Minimization Procedures . . . . . . . . . . . 

4.4 Newton, Gauss-Newton and Quasi-Newton Methods 

4.4.1 Theory ............ . 

4.4.2 Application and Comparisons . 

4.4.3 Method of Carrera ...... . 

7 

43 

46 

46 

47 

47 

48 

50 

50 

54 

55 

57 

57 

60 

62 

67 

67 

71 

85 

86 

88 

89 



8 

4.5 Summary . . . . . . . . . . . . . . . 90 

5 ROBUST ESTIMATION THEORY 92 

5.1 Introduction . . . . . . . . . . . 92 

5.2 Robust Estimation Theory . . . . 96 

5.2.1 Statistical Theory 98 

5.2.2 M-Estimators . . . 107 

5.2.3 The Scale Problem . . . 111 

5.3 Robust Nonlinear Parameter Estimation . . 112 

5.4 Estimation of Asymptotic Covariances . . . . 118 

6 OVERVIEW OF ROBUST METHODS FOR INVERSE PROB-
LEMS 121 

6.1 Geophysical Inverse Problems. 121 

6.2 General Signal Processing. . . . 125 

6.3 System Identification . . . . . . 127 

6.4 Inverse Problem of Aquifer Hydrology . . . . . . . ..... 127 

7 SYNTHETIC TESTS AND MONTE CARLO STUDIES 129 

7.1 Introduction . . . . . . . . . . . 129 

7.2 Application of M-estimators .. 130 

7.3 Estimating Scale ........... 132 

7.4 Generation of Contaminated Data . 136 



7.5 Selecting The Tuning Parameter . . . . . . . . . 

7.6 Monte Carlo Results Without Prior Information 

7. 7 Estimating The Asymptotic Covariance . . . 

7.8 Monte Carlo Results With Prior Information 

7.9 Determining The Optimum,\ 

7.10 Summary and Conclusions .. 

8 INVERSE STUDY OF THE TUCSON BASIN 

8.1 Introduction . . . . . . . . . 

8.2 'fucson Basin Physiography 

8.3 'fucson Basin Geology . . 

8.4 'fucson Basin Hydrology . 

8.5 Previous Modeling Studies . . . 

8.6 'fucson Basin Steady-State Inverse Model 

8.6.1 Data ...... . 

8.6.2 Model Structure 

8. 7 High Resolution Steady-State Model 

8.8 'fucson Basin Transient Inverse Model 

8.8.1 Data .............. . 

8.8.2 Results of the transient inverse study . 

8.9 Summary . . . . . . . . . . . . . . . . . . . . 

9 

137 

141 

143 

145 

151 

153 

158 

158 

159 

161 

164 

164 

167 

169 

175 

190 

212 

212 

219 

226 



10 

9 SUMMARY AND CONCLUSIONS 228 

9.1 Adjoint Finite Elements . . . . . . 228 

9.2 Minimization Procedures . . . . . . 229 

9.3 Robust Estimation 230 

9.4 Future Research . 231 

APPENDIX A: CONTINUOUS APPROACH TO DERIVING THE 
ADJOINT STATE EQUATIONS 233 

A.1 Derivation of the Finite Element Form of the Continuous Adjoint 
Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241 

A.2 Adjoint State Finite Element Equations. . . . 244 

A.2.1 Steady State ............. . 244 

A.2.2 Transient Equations ......... . 246 

APPENDIX B: DISCRETE APPROACH TO DERIVING THE 
ADJOINT STATE EQUATIONS 250 

B.1 Finite Element Flow Equations 250 

B.1.1 Steady State Equations 250 

B.1.2 Transient Equations .. . .... 252 

B.2 Derivation Of The Adjoint State Equations 255 

B.2.1 Steady state adjoint equation. . . . . 259 

B.2.2 Transient adjoint equation. . 259 

B.2.3 The Gradient . . . . . . . . . 260 



11 

APPENDIX C: COMPARISON OF CONTINUOUS AND DIS-
CRETE METHODS 262 

C.l Comparison of the Steady Adjoint State Equations . 262 

C.l.l Continuous: . . . . . . . . . . . . . . . . . . . 262 

C.1.2 Discrete: ...................... . 263 

C.2 Comparison of the Transient Adjoint State Equations. . 266 

C.2.1 Continuous: . . . . . . . . . . . 266 

C.2.2 Discrete: . . . . . . . . . . . . . 268 

APPENDIX D: FUNCTIONAL DERIVATIVES 273 

D.l Example 1. The Frechet Derivative of the Linear Operator M 274 

D.2 Example 2. The Frechet Derivative of the Nonlinear Operator M 275 

APPENDIX E: DERIVATION OF ADJOINT OPERATORS 276 

E.l Linear State Equation. . . . . . . . . . . . . . . . . . 276 

E.2 Nonlinear State Equation ............... . 278 

APPENDIX F: THE ADJOINT STATE AS A GREEN'S FUNC-
TION 280 

F.l Linear State Equation ....... . 280 

F.2 Nonlinear State Equation ....... . 281 

APPENDIX G: FINITE ELEMENT DISCRETIZATION OF THE 
BOUSSINESQ EQUATION 284 

G.l Finite Element Equations ......... . . . 284 



12 

G.l.l Steady State Finite Element Equations ............ 284 

G.1.2 Transient Finite Element Equations .............. 286 

G.2 Evaluation and Assembly of Finite Element Equations ........ 286 

G.2.1 Specific Form of Finite Element Matrices. 291 

APPENDIX H: TUCSON BASIN DATA 293 

APPENDIX I: ITERATIVELY REWEIGHTED LEAST SQUARES306 

APPENDIX J: TUCSON BASIN WELL HYDROGRAPHS 308 

LIST OF REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . 346 



13 

LIST OF ILLUSTRATIONS 

4.1 Armijos Method 66 

4.2 Wolfe's Method . 70 

4.3 Synthetic Model Finite Element Mesh 73 

4.4 Hydraulic Conductivity Zonation . . . 74 

4.5 Steady State Hydraulic Head Contours . 75 

4.6 Elevation of Aquifer Bottom Contours 76 

4.7 Change in Error Criterion: Case 1 78 

4.8 Change in Error Criterion: Case 2 79 

5.1 '\~~-Functions ................................ 110 

7.1 Biased Residuals and Scale 134 

7.2 Effect of Tuning Parameter k 140 

7.3 Eigenvalues of Covariance Matrices . 144 

7.4 Synthetic Model Overparameterized K -Zonation 146 

7.5 Composite Measures Huber's M-estimator 149 

7.6 Composite Measures OLS Estimator ... 150 



14 

8.1 Tucson Basin Location Map and Physiography 160 

8.2 Tucson Basin Finite Element Mesh . . 168 

8.3 Tucson Basin Well Numbering System 170 

8.4 Tucson Basin Prescribed Flow Zones . 172 

8.5 Tucson Basin Elevation Above MSL of Base of Model( feet) 173 

8.6 Measured Steady-State Water Level Elevation (feet) 174 

8. 7 Zonation 5 K -zone Model . . . . . 178 

8.8 Zonation 10 K -zone Model 179 

8.9 Zonation 16 K-zone Model 180 

8.10 Zonation 30 K-zone Model 181 

8.11 a. Transect 1, b. Transect 2, c. Transect 3, d. Transect 4 187 

8.12 Computed Heads from OLS Estimates for 30 K-zone Model . 188 

8.13 Computed Heads from Huber Estimates k = 1 for 30 K-zone Model 189 

8.14 Conductivity Zonation 111 K-zone Model . . 191 

8.15 Sample and Model Semi-variogram for log K 192 

8.16 Kriged log10 K's. . . . . . . . . . . . . . . . . 193 

8.17 Transect A: a. Measured and Initial log K values, b. Estimates for 
,\ = 0, c. Estimates for,\= 20, d. Estimates for,\= 250 . . . . . . . 199 

8.18 Transect B: a. Measured and InitiallogK values, b. Estimates for 
,\ = 0, c. Estimates for ,\ = 20, d. Estimates for ,\ = 250 . . . . . . . 200 

8.19 Transect C: a. Measured and Initial log K values, b. Estimates for 
,\ = 0, c. Estimates for,\= 20, d. Estimates for,\= 250 . . . . . . . 201 



15 

8.20 Transect D: a. Measured and Initial log K values, b. Estimates for 
..\ = 0, c. Estimates for ..\ = 20, d. Estimates for ..\ = 250 . . . . . . . 202 

8.21 Transect E: a. Measured and Initial log K values, b. Estimates for 
..\ = 0, c. Estimates for ..\ = 20, d. Estimates for ..\ = 250 . . . . . . . 203 

8.22 Transect F: a. Measured and Initial log K values, b. Estimates for 
..\ = 0, c. Estimates for ..\ = 20, d. Estimates for ..\ = 250 . . . . . . . 204 

8.23 Model Sensitivity to log K . . . . . . . . . . . . . . . . 207 

8.24 Squared Scale of Head Hesiduals ( u~ and s2 ) versus ..\ 211 

8.25 Transient Model Observation Well Locations 216 

8.26 Transient Model Pwnping Well Locations 217 

8.27 Specific Yield Model Zonation . . . . . . . 218 

8.28 Transects of Hydraulic Conductivity for Transient Model . 220 

8.29 Transects of Hydraulic Conductivity for Transient Model . 221 

8.30 Well Hydrographs for A-018 A, B-006 B, C-001 A, C-036A 223 

8.31 Well Hydrographs for C-040 A and D-002 A . 224 

8.32 Well Hydrographs for A-035 A and A-039 B . . 225 

G.1 Triangular Finite Element 285 

G.2 Finite Element Patch ... 287 

G.3 Archetypal Boundary Elements 288 

G.4 Archetypal Triangular Element 289 



16 

LIST OF TABLES 

4.1 True and Initial Conductivity Values ....... 72 

4.2 Comparison of Minimization Algorithms: Case 1. 82 

4.3 Comparison of Minimization Algorithms: Case 2. 83 

4.4 Comparison of Minimization Algorithms: Case 3. 85 

4.5 Convergence Criteria ....... 91 

4.6 Reduced J1 with Reduced 8 ... 91 

4.7 Comparison of Levenberg-Marquardt to BFGS 91 

7.1 Scale Estimators for Non-zero Mean Residuals . . 135 

7.2 Initial K Estimates . . . . . . . . . . . . . 139 

7.3 Summary of Estimates : Initial K = Ktrue 154 

7.4 Relative Efficiency : Initial K = Ktrue .... 155 

7.5 Relative Efficiency of Huber Estimator toOLS Estimator 155 

7.6 Composite Measures ............ 155 

7.7 Asymptotic and Monte Carlo Covariance . 156 

7.8 ~opt Huber Estimator . . . . . . . . . . . . 156 



7.9 ~opt OLS Estimator. 

7.10 Optimal .\'s For Each K-zone . 

8.1 Infiltration in Main Channels (from Burkham) 

8.2 Prescribed Flow Zones ....... . 

8.3 K Estimates for 5 K -zone Model . 

8.4 K Estimates for 10 K-zone Model 

8.5 K Estimates for 16 K-zone Model 

8.6 K Estimates for 30 K-zone Model 

8. 7 Summary of OLS Solution . . . . . 

8.8 Summary of Huber Solution k = 3 

8.9 Summary of Huber Solution k = 2 

8.10 Summary of Huber Solution k = 1 

8.11 Condition Number, tt, and Trace of Covariance Matrix. 

8.12 Condition Number, tt, and Trace of Covariance Matrix. 

8.13 Summary Statistics for OLS Estimates. . ... 

8.14 Summary Statistics for Huber k = 3 Estimates. 

8.15 Summary Statistics for Huber k = 2 Estimates. 

8.16 Summary Statistics for Huber k = 1 Estimates. 

H.1 Water Level Measurements from Marra (1989) . . . . 

H.1 cont.: Water Level Measurements from Marra (1989) . 

17 

157 

157 

165 

171 

182 

182 

183 

184 

186 

186 

186 

186 

197 

198 

212 

213 

213 

214 

294 

295 



18 

H.1 cont.: Water Level Measurements from Marra (1989) .. 296 

H.1 cont.: Water Level Measurements from Marra (1989) . 297 

H.1 cont.: Water Level Measurements from Marra (1989) . 298 

H.2 Hydraulic Conductivity Estimates from Marra (1989) 299 

H.2 cont.: Hydraulic Conductivity Estimates from Marra (1989) . 300 

H.2 cont.: Hydraulic Conductivity Estimates from Marra (1989) . 301 

H.3 Mean Kriged Conductivities for 111 K -zones .... 302 

H.3 cont.: Mean Kriged Conductivities for 111 K-zones . 303 

H.3 cont.: Mean Kriged Conductivities for 111 K-zones . 304 

H.3 cont.: Mean Kriged Conductivities for 111 K-zones . 305 



19 

Abstract 

Estimating the parameters of groundwater flow models by automatic calibration 

methods is an extremely difficult problem, but one which must be solved in order 

to produce reliable model predictions. The data upon which the model is calibrated 

are usually corrupted by measurement and model structure errors which can unduly 

affect the values of the parameter estimates. In this dissertation the statistically 

robust M-estimator of Huber is used to reduce the influence of large, outlying errors 

in the measured head data on the values of the estimated model parameters. The 

robust estimation procedure is implemented in a computer program which models 

unconfined, steady-state and transient flow as described by the Boussinesq equation 

for Dupuit-type flow. The program allows the user to estimate hydraulic conduc

tivity, specific yield, specific storage, recharge rates, leakances, boundary heads 

and boundary fluxes. The nonlinear error criterion is minimized using conjugate 

gradient and quasi-Newton methods coupled with both accurate and innaccurate 

line search algorithms. The gradient of the error criterion is efficiently computed 

by using the adjoint state finite element method. Monte Carlo studies of a syn

thetic aquifer model are used to demonstrate the superior efficiency of the Huber 

M-estimator to that of ordinary least squares. The method is also applied to a large 

scale inverse modeling study of the Tucson basin regional aquifer. 
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Chapter 1 

INTRODUCTION 

Increased reliance on the use of numerical models of groundwater flow and 

transport for predicting the effects of aquifer exploitation and the fate and move

ment of contaminants in groundwater has forced researchers to develop extremely 

sophisticated flow models. Selecting optimal sites for artificial recharge ponds and 

environmentally safe locations for landfills, nuclear and chemical waste repositories 

may require detailed modelling of highly nonlinear processes such as unsaturated 

or multiphase flow coupled with energy and solute transport and perhaps fluid-rock 

interaction. The response of these complex models to anticipated stresses such as 

extraction and injection of water or introduction of chemical and radioactive con

taminants is controlled by spatially varying model parameters which represent the 

aquifer's physical properties. Inasmuch as these physical properties are difficult or 

indeed impossible to measure in the field, the parameters which control the model 

are frequently determined by calibrating the model to directly observable quantities 

such as hydraulic head, contaminant concentration and water temperature. Even 

with relatively simple flow models, "manual" calibration by trial-and-error can be 

time consuming and extemely frustrating even if the steps to be taken in the cali

bration procedure are carefully designed. Consequently, hydrologists and reservoir 

engineers began developing automatic calibration methods almost simulataneously 
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with the introduction of computer flow models. In parallel to the development and 

application of these increasingly complex models, automatic calibration procedures 

have necessarily become more sophisticated. Perhaps the most significant advance 

in automatic calibration has been the recognition by researchers that, due to errors 

in measuring heads, concentrations, and temperatures, and incorrectly defining the 

model's struture, the parameter estimates are themselves uncertain. Automatic 

calibration or inverse procedures may then be regarded as formal statistical esti

mation problems through which, following construction of a hypothesis regarding 

the statistical structure of measurement errors, estimates of the parameters relia

bility may subsequently be computed. Although the use of automatic calibration 

methods may reduce the total time spent constructing and calibrating the model, 

significantly greater computer time is expended than with the trial-and-error pro

cedure, particularly when using the statistical approach. Therefore, considerable 

effort has also been devoted to improving the computational efficiency of the meth

ods used to solve the model flow equations and the algorithms used to estimate the 

model parameters. 

1.1 The Problem 

The research I conducted for this dissertation concerns estimating the flow 

parameters for the general nonlinear flow equations and accompanying boundary 

and initial conditions given by {1.1)-{1.5). Much of the theory I developed in this 

dissertation is based on the general nonlinear elliptic partial differential equation 

{1.1) for steady-state flow and the general nonlinear diffusion-type partial differ

ential equation (1.3) for transient flow and is thus applicable to How regimes as 

diverse as unconfined and unsaturated flow. However, the numerical experiments 

I conducted using synthetic and real data involve the mildly nonlinear Boussinesq 

equation for Dupuit-type unconfined flow, 

8h 
V·(K(x,h)Vh)+q(h,x,t)=S(x,h) at onDxT (1.1) 
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h (x, 0) = h0 on D (1.2) 

K (x, h) "Vh. n =-a (x) (h(x, t)- H (x, t)) + Q (x, t) on r X T (1.3) 

V · (K (x, ho) "Vho) + qo (ho, x) = 0 on D (1.4) 

K(x,ho)Vh0 ·n=-a(x)(h0 -H0 (x))+Q0 (x) onr (1.5) 

Here h = h (x, t) is hydraulic head, K (x, h) is the head dependent hydraulic con

ductivity tensor, q (h, x, t) is a head dependent source term, S (x, h) is the head 

dependent storage coefficient, D is the spatial domain, r is the boundary of D, 

n is the outward normal vector to r , a (x) is the boundary leakance coefficient, 

H (x, t) and H 0 (x) are prescribed hydraulic heads on rand Q (x, t) and Q0 (x) are 

prescribed boundary fluxes. When a (x) = 0 (1.3) and (1.5) are prescribed flux or 

Neumann boundary conditions, as a (x)-+ oo (1.3) and (1.5) are prescribed head or 

Dirichlet boundary conditions, and for intermediate values of a (x) (1.3) and (1.5) 

are either mixed or Cauchy boundary conditions when Q (x, t)=O and Q0 (x) = 0 

or Robin boundary conditions when Q (x, t) "f. 0 and Q0 (x) "f. 0. (xED, t E [0, r]). 

The specific form of equations (1.1)-(1.5) corresponding to the Boussi

nesq equation are spatially discretized by the Galerkin finite element method as 

shown in Appendix G, while the time derivative in the transient equation (1.1) 

is approximated by finite differences. The unknown, spatially varying parameters 

(K, S, q, H, a, Q, q0 , H 0 , Q0 ) are discretized by zero-order polynomials defined over 

clusters of finite elements or strings of element boundaries. The resulting system 

of nonlinear algebraic equations is iteratively solved using a combination of Picard 

iteration and Picard iteration followed by the Newton-Raphson method. 

Estimating (K, S, q, H, a, Q, q0 , H0 , Q0 ) solely by matching computed heads 

to measured heads may result in an extremely unstable problem because some pa

rameters, particularly hydraulic conductivity, are extremely sensitive to head mea

surement errors, and insufficient data and/or lack of parameter identifiability may 

make a unique solution non-existent. [Carrera, 1984]. Instability is often manifest 

by spatial oscillations in estimates of K whose amplitude and frequency exceed what 
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is physically plausible. Hydraulic conductivity is inversely related to the gradient 

of hydraulic head, therefore small measurement errors in head result in quite large 

errors in the computed gradient and consequently in the estimates of K. 

Neuman [1973] classified automatic model calibration methods as being 

either direct or indirect. In direct methods model parameters are determined based 

on the minimization of an equation error criterion in which the measured hydraulic 

heads are directly substituted into the governing How equation or its discretized 

counterpart. This method is termed direct because the relationship between head 

and the hydraulic properties is formally inverted in the sense that the governing 

equation treats the hydraulic properties as dependent variables and the measured 

heads as known parameters. In indirect methods the appropriate values of the 

model parameters are computed by minimizing an estimation criterion which mea

sures the differences between measured and computed heads. This procedure is 

termed indirect because the How equations is repeatedly solved for different values 

of the model parameters during the iterative minimization procedure. Although in

direct methods are generally more computationally demanding than direct methods, 

they allow the inverse problem to be cast in a statistical framework. F\rrthennore, 

indirect methods filter some of the noise from the measured head data and thus 

yield more stable estimates of the parameters than do direct methods [Carrera and 

Neuman, 1986a]. 

Recent research on automatic calibration procedures has focused on de

veloping indirect methods in which instability is controlled either by replacing the 

actual inverse problem with a stable, approximate inverse problem or by identifying 

areas of the model where hydraulic head is insensitive to parameter changes a priori 

and then either collecting additional data or re-parameterizing the model to increase 

sensitivity. The first procedure is usually referred to as regularization and may be 

implemented by several techniques including the addition to the error criterion of a 

stabilizing or smoothing functional [Tikhonov (1963), Wahba (1979,1984), Lee et al. 

(1986)], or incorporating prior estimates or measurements of parameters by ridge re-
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gression [Cooley (1975)], Bayesian regression [ Gavala" et al. {1976)], weighted least 

squares augmented with a parameter plausibility criterion [Neuman and Yakowitz 

{1979)] and extended maximum likelihood estimation [Carrera {1984)]. The sec

ond procedure attempts to ensure stability by parameterizing the flow model with 

a few, judiciously constructed zones within which the parameter value is assumed 

constant. The procedure for constructing the zonation pattern has usually been 

based on a step-wise algorithm wherein the number of zones is increased until no 

futher reduction in the value of the objective function [E~ellem and DeMar,ily 

(1973)] or estimated parameter uncertainty [Yeh and Yoon {1976,1981) and Shah 

et al. (1978)] can be obtained. This last procedure often improves stability at the 

expense of achieving a suboptimal fit to the head data. Conversely, the first pro

cedure by allowing a higher resolution parameter structure, affords a more realistic 

description of the spatial variability of the aquifer's properties and may produce 

a superior fit to the head data. In practice, both procedures may be used if the 

modeller wishes both to adhere to the precept of "parsimony of parameters" and to 

incorporate available prior parameter information. 

1.2 Scope of Dissertation 

In this dissertation I address two distinct aspects of the indirect approach 

to the solution of the inverse problem of aquifer hydrology: 1. the extension and 

application of adjoint state finite element procedures to nonlinear flow equations and 

2. the use of the statistically robust M-estimator. The first topic is solely concerned 

with assessing the practicality and efficiency of programming and implementing the 

adjoint state procedure for computing the gradient of the error criterion for the case 

where the governing flow equations are nonlinear in the state variable (hydraulic 

head). The second topic is concerned with the more fundamental question of the 

adequacy and appropriateness of using error criteria such as ordinary least squares 

(OLS) or maximum likelihood (ML) under the assumption of Gaussian errors, which 
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are quadratic in the head residuals, when the actual measurements contain large, 

outlying or gross errors. 

The adjoint state method has been used with considerable success by Chen 

et al. [1974], Chavent [1975], Neuman [1980], Townley [1983] and Carrera [1984] for 

efficiently computing the minimum of the error criterion by gradient-based search 

direction algorithms for cases where the governing flow equations are linear in the 

state variable. Apparently WatJon et al. [1980], who were the first to apply the 

adjoint state method to automatic calibration of a petroleum reservoir model for 

nonlinear, two-phase flow, also found this procedure to work well. In Chapter 2 Ire

view the theory and application of adjoint state methods for performing sensitivity 

analysis and improving the efficiency of minimization algorithms embedded in au

tomatic calibration procedures as used by researchers in the areas of nuclear reactor 

design, petroleum reservoir engineering and hydrogeology. In Chapter 3 I develop 

discretized adjoint state equations for a general, nonlinear diffusion-type partial 

differential equation using both the continuous approach and the discrete approach 

and compare the resulting equations. With the continuous approach the adjoint 

equations are derived from the continuous form of the governing state equation and 

then discretized by the finite element procedure. With the discrete approach the 

discretized adjoint equations are derived directly from the finite element form of 

the governing state equation.ln Chapter 4 I describe the implementation and use 

of the adjoint equations derived by the discrete approach in the algorithm used 

to minimize the error criterion for automatic calibration of a groundwater model 

for unconfined flow. I then compare 4 gradient based search direction algorithms 

coupled with 2 types of line minimization algorithms for solving a small, synthetic 

inverse problem. In addition I compare the best combination of search direction-line 

minimization routines to the Levenberg-Marquardt, modified Gauss-Newton proce

dure which has recently been impemented by several researchers [Cooley (1985), 

Hill (1990)) with considerable success. 

In most data sets it is not uncommon for a small yet significant percentage 
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of the data to contain measurement or model errors which are outliers, or in some 

sense do not conform to the assumed statistical structure of the bulk of the data. 

Estimation procedures based on ordinary least squares or its generalizations such 

as weighted least squares, generalized least squares or maximum likehood assuming 

jointly Gaussian errors, whether applied to linear or nonlinear models, are unduly 

affected by outlying data points due to the error criterion being a quadratic function 

of the residual. Quadratic error criteria weigh large residuals highly, hence outlying 

data tend to exert the most influence during the fitting procedure. Although statis

ticians and modellers routinely examine and "clean" their data before modeling, 

it is often very difficult to detect outliers in large data sets. Moreover, detecting 

outliers by inspecting the residuals is often inconclusive and even misleading since 

the residuals are dependent on the model and the estimation procedure. Among 

the more successful methods which have been developed to reduce the influence 

of outlying data are the class of generalized maximum likelihood estimators devel

oped by Huber [1964] called M-estimators. M-estimators are designed to protect the 

estimates against a small number of outlying or contaminating errors in the data 

and are therefore more robust than estimation procedures based on quadratic error 

criteria. 

Inasmuch as the inverse problem of aquifer hydrology is beset with insta

bility due to the inherent structure of the model, it seems appropriate that some 

effort be made to control the effects of large errors in the head data in addition 

to correcting model structure defects such as lack of sensitivity to parameters and 

non-identifiability. M-estimators are particularly suited to controlling the effects of 

large errors in the inverse problem because they automatically downweight large 

residuals and, due to their similarity to the classical maximum likelihood method 

for Gaussian errors, are relatively in structure easy to implement. In Chapter 5 Ire

view the theory behind the development of M-estimators, and describe the minimax 

procedure of Huber [1981] and the influence function approach of Hampel [Hampel 

et al, (1986)]. I derive the influence function for nonlinear M-estimation and show 

how this expression is used to obtain a formula for the lower bound on the asymp-
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totic estimation covariance. In addition, I show by use of the influence function 

that estimators which only control the influence of large residuals cannot guaran

tee stability of the estimates. As a result the M-estimation error criterion may 

need to be regularized by the addition of prior information. In Chapter 6 I review 

how robust estimation procedures have been used to solve inverse problems in geo

physics such as tomographic imaging and acoustics, signal processing and general 

system identification. In Chapter 7 I conduct a series of Monte Carlo experiments 

on a small synthetic flow model to compare the reliability of the OLS estimator to 

that of Huber's M-estimator when the errors in the head data come from a mixed 

normal distribution. I compare the OLS and M-estimator both with and without 

prior information added to regularize the error criteria. I also perform a Monte 

Carlo experiment to assess the accuarcy of the asymptotic estimation covariance 

matrix derived from the influence function. In Chapter 8 I apply the OLS and Hu

ber M-estimator to automatically calibrate an aquifer model of the Tucson Basin 

using measured steady-state and transient water levels, and estimates of hydraulic 

conductivity obtained by kriging. I then compare the resulting estimated hydraulic 

conductvities to determine if the Huber M-estimator produces more spatially stable 

estimates than OLS. 
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Chapter 2 

INTRODUCTION AND THEORY OF ADJOINT STATE METHODS 

2.1 Introduction and Overview 

Adjoint state sensitivity methods are extensively used in many branches 

of engineering and the applied sciences including subsurface hydrology. Historically, 

problems of nuclear reactor performance assessment were the first to become the 

focus of such methods. According to Cacuci [1981a] the first use of adjoint functions 

for sensitivity analysis of nuclear reactors was by the nuclear physicist and Nobel 

laureate Eugene Wigner in 1945. The use of adjoint state sensitivity methods in 

reactor theory arose from the nuclear scientists's interest in being able to assess the 

effect of a small perturbation in a parameter, control variable or an initial state on 

some scalar-valued measure of the performance of the reactor. A typical problem 

in nuclear reactor engineering is the assessment of the effect of a perturbation in 

a parameter on the neutron density field as described by the Boltzmann equation. 

If the response is a simple linear functional of the neutron density field, the ad

joint function can be interpreted as the importance that a single neutron, having a 

specified energy and direction introduced at a specific time and place, has on the 

future state of the neutron field density as measured by the response functional. 

For many nuclear reactor performance assessment problems the terms importance 
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function and adjoint function are used interchangeably. Comprehensive treatises on 

the derivation of adjoint state sensitivity equations for assessment of nuclear reactor 

physics problems such as radiation transport have been written by Lewins [1965), 

Stacey [1974) and Greenspan [1976) who use variational methods and Gandini [1987) 

who uses generalized perturbation theory. More recently adjoint state sensitivity 

methods have been used to perform sensitivity analysis on the thermal-hydraulic 

characteristics of coolant channels in nuclear reactor cores [ Oblow, 1978) and [ Cacuci 

et al., 1980). 

In any type of nuclear reactor performance assessment problem, the pri

mary reason that adjoint state sensitivity methods are used is to reduce the compu

tational burden when measuring the effects of perturbing many system parameters. 

There are two basic methods for solving sensititvity problems: 1. the forward 

sensitivity method and 2. the adjoint sensitivity method. In most performance 

assessment problems the sensitivity of the response functional to a parameter is 

composed of two effects: 1. the direct effect and 2. the indirect effect. The direct 

effect measures the direct dependence of the response functional on perturbations 

in the parameter. The indirect effect accounts for the dependence of the response 

functional on changes in the state variable produced by perturbations in the param

eter. When using the forward sensitivity method, the derivative of the state variable 

with respect the parameter or state sensitivity coefficient must be computed for each 

parameter of interest in order to measure the indirect effect. Assessing the effect 

of perturbations in M parameters requires M simulations of the state sensitivity 

equations in addition to an initial simulation of the state equations. However, the 

adjoint sensitivity method requires only one additional simulation of the adjoint 

equations in order to measure the indirect effect for a single response functional. In 

general, if the number of response functionals exceeds the number of parameters on 

which sensitivity analysis is to be performed, the forward sensitivity method is most 

computationally efficient. However, the number of parameters of interest usually 

exceeds the number of response functionals and the adjoint sensitivity method is 

the most computationally efficient. 
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Another area of research which has made extensive use of adjoint state 

sensitivity theory is the estimation of flow parameters in petroleum reservoirs and 

groundwater aquifers. In petroleum reservoir engineering the estimation of the flow 

parameters is traditionally refered to as automatic history matching while the prob

lem of estimating groundwater flow parameters is refered to as the inverse problem 

of groundwater hydrology. In parameter estimation problems the primary reason for 

using adjoint state methods is also to improve computational efficiency. However, 

the actual use of the adjoint state variable is quite different from its use in nuclear 

reactor performance assessment. The indirect approach (as classified by Neuman 

[1973]) to the solution of the parameter estimation problem requires minimizing 

an output error criterion which measures the departure of predicted values of the 

state variable ( e.g. hydraulic head, pressure) from measured values of the state 

variable. Estimates of the flow parameters are iteratively improved so as to min

imize the departure between predicted and measured values of the state variable. 

Because the state variable is usually a nonlinear function of the flow parameters, 

the error criterion must be minimized using nonlinear optimization techniques such 

as Newton and Gauss-Newton methods, quasi-Newton or conjugate gradient meth

ods. For sum-of-squares type error criteria the Newton and Gauss-Newton methods 

converge most rapidly. However, these methods require computing the matrix of 

the derivatives of the state variables at the observation points with respect to the 

flow parameters (the sensitivity matrix or Jacobian) and for the Newton method 

the matrix of second derivatives of the state variables at the observation points with 

respect to the parameters (the Hessian). If a modified Gauss-Newton method such 

as Levenberg-Marquardt can be used, the computation of the Jacobian requires an 

additional simulation of the state sensitivity equations for each parameter to be 

estimated. However, if the adjoint state method is used, where the response func

tional is the output error criterion, the gradient of the error criterion with respect 

to the flow parameters can be computed by making only one additional simulation 

of the adjoint state equations. The computational efficiency of the adjoint state 

method makes the more slowly converging quasi-Newton and conjugate gradient 

search methods preferable in many cases. 
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The use of the adjoint state method for identifying the coefficients of partial 

differential eqautions was first proposed by Chavent [1971]. Apparently unaware of 

Chavent 's earlier work, Chen et al. [1974] were the first to use the adjoint state 

method in estimating the penneability distribution and the transmissivities and 

storage coefficients of a single-phase petroleum reservoir. Chavent et al. [1975] also 

employed Chavent's adjoint state method in the estimation of the transmissivity 

distribution in single-phase petroleum reservoirs. Both Chen et al. and Chavent et 

al. treated the estimation problem using nonlinear least-squares but while Chavent 

et al. only used a steepest descent search direction with a crude iterative method 

for computing the step size, Chen et al. used several algorithms including steepest 

descent coupled with an iterative step size algorithm; conjugate gradients coupled 

with a one dimensional line search to compute the optimal step size; and the Gauss

Newton method. Gavalas et al. [1976] used a Bayesian estimation procedure to 

estimate porosity and penneability in a one dimensional single phase petroleum 

reservoir. Gavalas et al. used the adjoint state method to compute the gradient of 

their error criterion and then computed the search direction using the Polak-llibiere 

conjugate gradient method coupled with a linear search to compute the step size. 

In addition, Gavalas et al. used an adjoint state method to compute the sensitivity 

matrix and then employed the Marquardt-Levenberg method. It should be pointed 

out that the adjoint method can be used to compute the derivatives of the state 

variables at the observation points with respect to the parameters (the sensitivity 

matrix or Jacobian) by choosing one response functional for each observation point 

which is the convolution of the Dirac delta function for the observation point with 

the state variable. The adjoint state method of computing the Jacobian is preferable 

to the state sensitivity method only when the number of parameters exceeds the 

number of observation points [Yeh, 1986]. Gavalas et al. were also the first to 

point out that the adjoint equations can be computed either by discretizing the 

continuous adjoint equation or by deriving the adjoint equations directly from the 

discretized fonn of the state equation. Furthermore, Gavalas et al. claim that their 

computations indicate that the latter approach is more accurate and should be used 

when the discretized version of the of the flow equation is used as the reservoir model. 
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Wat&on et al. [1980] extended the use of adjoint state methods to the estimation 

of absolute permeability, porosity and relative permeability in two-phase petroleum 

reservoirs. Because the equations governing two-phase flow are nonlinear in pressure 

which complicates the derivation of the adjoint state equations, the work of Wat&on 

et al. represented a major step in the use of adjoint state methods. Following 

Gavala& et al. [1976], Wat&on et al. computed the adjoint state equations directly 

from the discretized form of the state equations. However, Wat&on et al. used a 

relatively simple steepest descent algorithm to minimize the error criterion. 

Neuman [1980a] extended the use of the adjoint state method to the inverse 

problem of aquifer hydrology for estimating transmissivities in the case of steady

state confined flow and was the first to use the Galerkin finite element method to 

solve the adjoint state equations as well as the state equations. Neuman was also 

the first to add prior information about the logarithm of the transmissivities to 

the weighted least squares error criterion. Neuman minimized this composite ob

jective function using the Fletcher-Reeves conjugate gradient search method with 

the step size at each iteration determined by Newton's method. Neuman [1980b] 

derived finite element adjoint state equations for the case where flow is governed by 

a diffusion-type equation and the error criterion is a very general weighted least

squares functional. Townley [1983] applied the adjoint state method to the esti

mation of transmissivities, storage coefficients and boundary condition parameters 

for the case of transient flow in a confined aquifer. Townley derived the adjoint 

state equations from the discrete form of the governing flow equations and used 

a conjugate gradient minimization algorithm. Carrera [1984a], Neuman and Car

rera [1985] and Carrera and Neuman [1986b] derived adjoint state equations in 

continuous form for the case of transient confined flow and then discretized the 

adjoint equations by finite elements. Carrera [1984a], Neuman and Carrera [1985] 

and Carrera and Neuman [1986b] used maximum likelihood estimation under the 

assumption of jointly normally distributed hydraulic head errors with prior infor

mation on the distribution of the prior errors of the flow parameters. The negative 

log-likelihood function was minimized using a combination of the Fletcher-Reeves 
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conjugate gradient method and the Broyden and Fletcher-Powell-Davidon quasi

Newton methods coupled with Newton's method for determining the optimum step 

size. Carrera [1984b] extended the maximum likelihood estimation procedure to 

multilayer aquifer models. Samper [1986] developed adjoint state equations for the 

problem of estimating parameters for a system of coupled flow and solute transport 

equations. He derived the finite element adjoint equations both by applying the 

finite element method to the continuous form of the adjoint state equations and 

by deriving the adjoint state equations directly from the finite element form of the 

steady-state and transient flow and transport equations. 

Recently the adjoint state method has been extended to other problems in 

groundwater hydrology. INTERA [1983] used the adjoint state method to assess the 

sensitivity of calculated local heads and darcy velocities to regional flow parameters 

in a po~ential site for a high-level radioactive waste repository. Sykes et al. [1985] 

and Wilson and Metcalfe [1985] give excellent overviews of the use of adjoint state 

methods in performing sensitivity studies for steady-state groundwater flow prob

lems. Samper [1986] and Samper and Neuman [1988a,1988b,1988c] have used the 

adjoint state method to develop an efficient automatic maximum-likelihood cross

validation algorithm for estimating the parameters of semi-variogram models. By 

employing the adjoint state method, Samper was able to compute the gradient of 

the negative log-likelihood function of the cross-validation errors with respect to the 

model semi-variogram parameters without computing the derivative of the kriging 

coefficients with respect to each model semi-variogram parameter. 

2.2 Derivation of Adjoint State Equations 

Cacuci et al. [1980] and Cacuci [1981a,1981b] give a very rigorous develop

ments of adjoint sensitivity theory for addressing problems governed by nonlinear 

systems of equations and characterized by nonlinear response functionals. The 

mathematical derivations made by Cacuci et al. rely primarily on a few concepts of 
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functional differentiation while the derivations found in Cacuci [198la, 1981b] are 

much more rigorous and rely heavily on concepts from nonlinear functional analysis. 

According to Cacuci et al. [1980] adjoint state equations may be derived by : 1. 

variational methods, 2. generalized perturbation theory (GPT) and 3. differential 

methods. The authors assert that is has always been assumed that the three meth

ods lead to the same sets of adjoint equations and the reason that one method is 

prefered to another is largely one of "convenience or historical precedence." Cacuci 

et al. state that the variational method and generalized perturbation theory are 

essentially the same and thus compare only the variational and differential methods. 

Because several methods are used to derive adjoint state equations in the petroleum 

reservoir engineering and groundwater modeling literature, it seems appropriate to 

review in general terms variational - G PT methods, the differential method and a 

third method used by some practitioners and point out the consistency of the re

sulting adjoint equations. In order to demonstrate that the different methods differ 

primarily in the mechanics of deriving the adjoint equations I will consider general 

rather than specific response functionals and state equations. 

Consider the general nonlinear response functional (2.1) and general sys

tem of nonlinear state equations (2.2). 

J[h(8),a:(8),8] = I P(h(8),a:(8),8)d8 
J[DzT] 

h: state variable 

8 : independent variable 8 E [DxT] 

D: spatial domain 

T: time domain 

a:: parameter function 

M[h(8),a:(8),8] = R[h(8),a:(8),8] 

(2.1) 

(2.2) 

In state equation (2.2), M can represent nonlinear algebraic, differential, partial 

differential, integral or difference operators and R represents a nonlinear source 
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term. H M is the result of a differential or partial differential operator there must 

also be a corresponding set of boundary condition operators. However, because 

the following derivations are only intended to highlight the basic differences in 

the methods, I will neglect introducing a boundary operator. In addition, the 

formal procedure for finding the adjoint operator requires integration by parts or 

some similar operation which produces the bilinear concomitant evaluated on the 

boundary of the independent variable. The manner in which the adjoint boundary 

operator and the bilinear concomitant can be combined and simplified depends on 

the specific system of equations. I will assume that the adjoint operators can be 

determined but I will not complicate the derivation of the adjoint equations with 

boundary terms. For specific examples where boundary operators are explicitly 

incorporated into the derivation of the adjoint equations see for example Stacey 

[1974), Cacuci et al. [1980) and Appendix A. In general the response functional J is 

the integral of some function P ( h ( 8) , a ( 8) , 8) which measures some characteristic 

of the system over the independent variable 8 and is scalar-valued. 

2.2.1 Variational-Generalized Perturbation Theory 

Construct the Lagrangian (2.3), 

L = J - (1/J, M - R) , (2.3) 

where <, > indicates an inner product and 1/J (8) is the adjoint variable. First order 

conditions for the minimum of (2.3) require that its first variation vanish, 

15L = ( ~=, 15a) + ( ~~, 15h)- (/51/J, M- R) 

( 
8M 8M 8R 8R ) 

1/J, aa 15a + 8h 15h - 8a 15a - 8h 15h = 0, (2.4) 

where 15 indicates a first variation or the first Gateaux differential (see Appendix D) 

and all partial derivatives are Frechet derivatives (Appendix D). Integrate (2.4) by 



36 

parts, 

liL - ( ~: ,lia) + (: ,lih)- (litP,M- R} 

((
oM* oR*) ) ((oM* oR*) ) oa - {)a tP,lia - 8h- {)h tP,lih = 0, (2.5) 

where* indicates the formal adjoint of the Frechet derivative of the operator. Exam

ples of how the formal adjoint of the Frechet derivative of the operator is determined 

are given in Appendix E for linear and nonlinear state equations. Equation (2.5) 

can be rewritten as 

(2.6) 

Now (6¢, M- R} vanishes for all 6¢ by virtue of (2.2), therefore by choosing tP 

such that 

(
oM* _ oR*) tP = 8P 
8h {)h 8h' 

(2.7) 

(2.6) becomes 

((
oM*. oR*) 8P ) liL = ---- tP- -,lia = 0 Vlia 
8a 8a 8a 

(2.8) 

and 
8P = (oM* _ oR*)¢. 
{)a 8a 8a 

(2.9) 

2.2.2 Differential Method 

Set the first variation of the response functional to zero, 

(2.10) 

Form (¢, M- R} and set its first variation equal to zero, 

li (¢, M- R} = (6¢, M- R} +(¢,liM- fiR} (2.11) 
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( 
8M aM aR aR ) = (S.,P,M- R) + t/J, aa Sa+ ah Sh- aa Sa- ah Sh = 0. (2.12) 

Integrate (2.12) by parts, 

((
aM• aR*) ) ((aM• aR•) ) (S.,P,M- R) + 8h- ah .,P,Sh + aa - oa .,P,Sa = 0. (2.13) 

But (St/J, M- R) vanishes for all St/J by virtue of (2.2), and if 

(
aM• _ aR•) t/J = aP 
ah ah ah' 

(2.14) 

then 
aP = (aM• _ aR*) tP VSa. 
aa aa aa 

(2.15) 

2.2.3 Third Method 

There is a third method used by Neuman [1980a, 1980b], Carrera [1984] 

and Ray [1981] which is somewhat different from both the variational/GPT and 

differential methods. 

Set the first variation of the response functional to zero, 

(2.16) 

and set the first variation of the state equations to zero also, 

SM-6R=O. (2.17) 

Subtract the inner product of (2.17) with the adjoint variable from (2.16), 

SJ- (.,P,SM- 6R) = 0, (2.18) 

(2.19) 
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and integrate by parts, 

(( aM• aR•) aP ) ((aM• aR•) aP ) aex - aex .,P- aex ,Sex + ah - ah .,p- ah ,Sh = O. (2.20) 

H 

(aM• _ aR•) .,P = aP 
ah 8h ah, (2.21) 

then 
aP = (aM• _ aR•) .,P. \/Sex 
aex aex aex (2.22) 

By comparing the adjoint equations (2.7), (2.14) and (2.21) it is apparent 

that the three methods yield identical results. The fact that the variational method 

and differential method lead to identical systems of adjoint equations was demon

strated by Cacuci et al. [1980]. The third method described above also should be 

expected to yield identical results since all of the equations are linear in the first 

variation of the state and parameter functions and therefore the order of the oper

ations used to construct the final stationary principle is inconsequential. Cacuci et 

al. [1980] state that in order to use either the variational method or the differential 

method for the general case where the state variable and parameters are functions 

and not simply real numbers, the Frechet derivatives of the response functional and 

the state equation operators must exist. This last statement also applies to the 

third method I have described. In the case where continuous operators have been 

replaced by discrete approximations and the unknown state and parameter func

tions have been replaced by known functions with unknown real-valued coefficients, 

only the usual definition of a derivative is required. In the latter case the variations 

in the coefficients are real-valued and can be taken outside the integrals and thus .,P 

is adjoint to the state sensitivity coefficient rather than to the variation in the state 

function. Cacuci et al. [1980] point out that unlike the case of a linear state equa

tion, where .,P is adjoint to both the state and state sensitivity variables and can be 

interpreted as the Green's function or the importance function for a response fun

tiona! with a Dirac delta kernel, .,Pin the case of a nonlinear state equation is adjoint 

only to the state sensitivity variable and cannot be interpreted as an importance 
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function. For the case of a linear groundwater flow equation the interpretation of 

the importance or Green's function is the effect on the hydraulic head field due to a 

unit injection or extraction of water at a specific location and time. See Appendix 

F for an interpretation of the adjoint state function as a Green's function; see also 

Wil&on and Metcalfe [1985]. 

For the problem of parameter estimation the general nonlinear response 

functional (2.1) represents some measure of the deviation of the predicted state 

variable from the observed state variable. The gradient of (2.1) with respect to the 

flow parameter function can be easily computed once the state and adjoint state 

variables have been determined. For example, if the third method for deriving the 

adjoint state equations is used, then rewrite equation (2.20) as 

If the variation of the parameter is real-valued this can be rewritten as 

where 

But 

( aP ) ((aM· aR·) ) aa '1 6a = aa - aa .,P, 1 6a, 

( 
ap 1) - I aP dB aa ' - }[DxT] aa . 

( =~) 6a = ( ::, 1) 6a, 
so the gradient of the response functional with respect to a is 

aJ = ( (aM• _ aR•) .,P, 1). aa aa aa 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

In Chapter 3 I apply the third method to the derivation of specific adjoint 

state equations for a general nonlinear groundwater flow equation. 
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Chapter 3 

ADJOINT EQUATIONS FOR GROUNDWATER PROBLEMS 

The discrete form of the adjoint state equations can be derived by either 

a continuous approach or a discrete approach. In the continuous approach, ad

joint state equations are derived from the continuous form of the governing state 

equations and are then discretized in space and time by some suitable method. In 

the discrete approach the governing state equations are first discretized and then 

the adjoint state equations are derived directly from the discretized state equa

tions. Because most problems of practical interest cannot be easily solved using 

analytical methods, numerical methods are usually used to solve the state equa

tions. Analytical methods may be innappropriate for a variety of reasons such as: 

1. complex problem geometries, 2. spatial variability of the parameters due to 

heterogeneous media, 3. nonlinear state equations for which there is no analyt

ical solution. Although the adjoint state equations are always linear, analytical 

solutions are also usually impractical for the first and second reasons cited above. 

Cacuci et al. [1980] analyze in detail the differences between the continuous and 

discrete approaches which they refer to as the operator sensitivity formalism and 

the matrix sensitivity formalism, respectively. Cacuci et al. cite the papers of 

Carlson and Lathrop [1968] and Oblow [1974] as evidence that the distinction be

tween the continuous and discrete approaches had already been recognized in the 
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nuclear reactor performance assessment literature. As stated earlier, Gavalas et 

al. [1976) were apparently the first in the petroleum reservoir engineering litera

ture to claim that deriving the adjoint state equations directly from the discrete 

form of the state equations is preferable to discretizing the continuous adjoint state 

equations. Chavent [1980) compares in great detail the differences involved in com

puting the gradient of a least-squares error criterion by the continuous and discrete 

approaches for a general transient distributed parameter system. Chavent concludes 

that the discrete approach always gives the exact gradient of the discretized error 

criterion while the continuous approach generally yields only an approximation to 

the gradient. Chavent points out that the exactness of the gradient is crucial to 

the performance of gradient based minimization algorithms when the estimation 

problem becomes ill-conditioned. Cacuci et al. [1980) illustrate the differences be

tween the continuous and the discrete approaches by applying both approaches to 

a transient nonlinear reactor thermal-hydraulics problem. Cacuci et al. conclude 

that the differences in the two systems of adjoint equations for this particular prob

lem arise from the type of finite difference approximations used, but they add that 

both approaches solve consistent approximations of the continuous adjoint equation 

although the truncation errors for the two approaches do have different coefficients. 

In the groundwater hydrology literature Townley [1983] was apparently the first to 

use the discrete approach to derive adjoint state equations. As stated earlier, for 

the inverse problem of solute transport Samper [1986) derived adjoint state equa

tions by both the continuous and the discrete approaches for a system of coupled 

steady-state and transient flow and solute transport equations. Samper used the 

Galerkin finite element method to discretize the spatial domain and finite differences 

to discretize the time domain. 

In Appendices A and B I derive in complete detail adjoint state finite 

element equations for general steady-state and transient nonlinear flow equations 

under an arbitrary response functional by the continuous approach and discrete 

approach, respectively. In Appendix C I compare the adjoint state finite element 

equations obtained by the continuous and discrete approaches. The important 
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results of the derivations are summarized here but the reader must consult the 

appendices to follow all of the technical details. 

The forms of these nonlinear flow equations are general enough to include 

the cases of the Boussinesq equation for Dupuit-type flow in unconfin~d aquifers, the 

diffusivity form of the unsaturated flow equation and Richard's equation for unsat

urated or partially saturated flow. Equations (3.1)-(3.3) and (3.4)-(3.5) (Appendix 

A equations (A.1)-(A.3) and (A.4)-(A.5)) are general nonlinear flow equations for 

the transient case and the steady-state case, respectively, 

ah 
V·(K(x,h)Vh)+q(h,x,t)=S(x,h) 8t onDxT (3.1) 

h {x, 0) = h0 on D (3.2) 

K(x, h)Vh. n = -a(x)(h- H(x,t)) + Q(x,t) on r X T (3.3) 

V · (K (x, ho) Vho) + qo (ho, x) = 0 on D (3.4) 

K {x, h0 ) Vh0 • n =-a (x) (ho- H0 (x)) + Q0 (x) on r (3.5) 

where h = h {x, t) is hydraulic head,K (x, h) is the head dependent hydraulic con

ductivity tensor, q (h, x, t) is a head dependent source term, S (x, h) is the head 

dependent storage coefficient, D is the spatial domain, r is the boundary of D, 

n is the outward normal vector to r , a (x) is the boundary leakance coefficient, 

H (x, t) and H0 (x) are prescribed hydraulic heads on rand Q (x, t) and Q0 (x) are 

prescribed boundary fluxes. When a (x) = 0, (3.3) and (3.5) are prescribed flux or 

Neumann boundary conditions, as a (x) ~ oo, (3.3) and (3.5) are prescribed head or 

Dirichlet boundary conditions, and for intermediate values of a (x), (3.3) and (3.5) 

are either mixed or Cauchy boundary conditions when Q (x, t)=O and Q0 (x) = 0 

or Robin boundary conditions when Q (x, t) =f. 0 and Q0 (x) :f. 0 (xED, t E [0, r]). 
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3.1 Continuous Approach 

Indirect methods for solving the inverse problem require the selection of 

a response functional or estimation criterion (3.6) (equation (A.6)) which measures 

the deviation of the estimated heads from the observed heads and, although not 

shown here, perhaps the deviation of the estimated flow parameters from either 

measurements or prior estimates of the parameters, 

J= /nPo(h~-ho,u0)dx+ Jn£P(h*-h,u)dtdx (3.6) 

where h* and h0 are observed hydraulic head data and u and u0 are vectors of flow 

parameters for transient and steady state flow, respectively. The measure (3.6) 

is chosen to be a functional because in general the hydraulic head fields, h0 (x) 

and h (x, t), and the flow parameters are unknown functions of space and time. 

The flow parameters which best reproduce the observed head field are those which 

minimize the deviation of the estimated head field from the observed head field as 

measured by (3.6). Necessary conditions for the minimum of the functional require 

that its first variation vanishes subject to the conditions on hydraulic head and the 

flow parameters imposed by the flow equations (3.1)-(3.5). I follow the procedure 

outlined in the third method to derive the adjoint state equations, however one must 

explicitly incorporate the boundary conditions. Take the first variation of equations 

(3.1)-(3.5) and obtain equations (A.7)-(A.12). I then introduce the adjoint variables 

and construct the first variation of the Lagrangian (A.17) ( equivalent to (2.15)). 

After simplifying ( A.17) by integration through parts and reducing the boundary 

terms, the first variation of the Lagrangian can be written in terms of the variation 

of only the flow parameters by requiring the adjoint variables to satisfy the adjoint 

equations given by (3.7)-(3.11) ((A.24)-(A.28)), 

8K 8qo 8Po 
V · (KVt/Jo)- Bho Vho · Vt/Jo + Bho t/Jo = Bho - S(ho)t/J(O) on D (3.7) 

KVt/Jo · n = -o:t/Jo on r (3.8) 



V · (KVtjJ)- aKVh · Vt/J + aq t/J = aP- SatjJ on DxT 
ah ah 8h 8t 

KVt/J · n = -o:t/J on rxT 

with terminal condition 

1/J(x,r) = 0 on D 
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(3.9) 

(3.10) 

(3.11) 

Equations (3. 7) and (3.8) are the steady-state adjoint equation and boundary con

dition, respectively, and equations (3.9)-(3.11) are the transient adjoint equation, 

boundary condition and terminal state condition, respectively. The order in which 

the state and adjoint state equations are solved is very important. The steady-state 

flow equation must be solved first if the initial conditions for the transient flow 

equation are steady-state. Clearly, the state equations must be computed before 

the adjoint state equations as the latter are dependent on the state variable. More

over, the transient adjoint state equation must first be solved backward in time 

from t = T and then the steady-state adjoint equation may be solved. 

The components of the gradient of the functional with respect to the flow 

parameters can be written in terms of the state and adjoint state variables as shown 

by equations (3.12)-(3.25) ((A.42)-(A.56)). 

Let u;, v;, w;, y; E U where U is the set of flow parameters. Then 

aJ k (vho ® Vt/Jo + £ Vh ® VtjJdt) dx (3.12) 
aK -

aJ aJ aK 
(3.13) - -·-

au; aK ·au; 

aJ kk :t/Jdtdx (3.14) 
as 

-

aJ aJaS 
(3.15) - --

av; asav; 

aJ £ ((ho- Ho)t/Jo + £ (h- H) tjJdt) dx (3.16) 
a a -



aJ -1 t/Jodx aQo 
-

aJ -1£ tjJdtdx aQ 
-

aJ -1 at/Jodx aHo -

aJ -1 £ at/Jdt dx aH -

aJ l - - D t/Jodx aqo 

aJ -kk tjJdtdx aq -

aJ aJ aqo 
awi - --aqo awi 

aJ aq --
aq ayi 

If Uj = Vi = Wj = Yi = oi' then 

aJ aJ aK aJ as aJ aqo aJ aq 
- =-:-+ --+--+ -
aoi aK aoi as aoi aqo aoj aq ayi 

45 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

The continuous form of the adjoint state equation are discretized in space by the 

Galerkin finite element method with the state and adjoint state variables approx

imated by piecewise linear basis functions (equations (A.57)-(A.60)). In addition, 

I approximate the flow parameter functions by piecewise continuous polynomi

als of arbitrary degree (equations (A.61)-(A.73)). The finite element form of the 

steady state and transient adjoint equations are given by equations (3.26) and (3.32) 

((A.92) and (A.107)), respectively. 
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3.1.1 Steady State Adjoint Equations 

N 

L (Aoij + Coij + Eo;j + Qoij) 1/Joi = Roj j=l, ... ,N (3.26) 
i=l 

where 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

3.1.2 Transient Adjoint Equations 

N 

E ( A~fw:z + ct+w:z + Eij + Q~/w2 ) ( (1 - wl) 1/Jt + Wt'I/Jt+l) 
i=l 

where 

(3.33) 

ct+wo - ~ fv. (~ ~~~ ( (1 - w2) h• + w,h•H) !lK,) 

Ct. ((1- w2) h~ + w2h~+t) ven) . veiejdX (3.34) 
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(3.35) 

(3.36) 

(3.37) 

(3.38) 

3.2 Discrete Approach 

Using the discrete approach one begins by formulating the finite element 

form of the governing flow equations using the Galerkin expansions (A.58) and 

(A.60) and the flow parameter function approximations (A.61)-(A.73). The steady 

state and transient finite element flow equations are given by (3.39) and (3.44) 

(equations (B.ll) and (B.23)) , respectively. 

3.2.1 Steady State Finite Element Equations 

where 

N 

L (Aoij + Eoij) hoj = qoi + Qoi i=l, ... ,N 
j=l 

(3.39) 

(3.40) 

(3.41) 

(3.42) 



48 

(3.43) 

3.2.2 Transient Finite Element Equations 

(3.44) 

where 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

The transient equation (3.44) has been discretized in time by a time 

weighted finite difference scheme where .5 < 81 :::; 1 to ensure stability. Equa

tion (3.44) is nonlinear in the nodal values of hydraulic head so the time level at 

which the finite element matrices are evaluated is specified by selecting 82 such 

that 0 < 82 :5 1. In addition, because (3.39) and(3.44) are nonlinear they must be 
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solved using an iterative procedure such as Picard iteration or the Newton-Raphson 

method. 

Although I again use method three to derive the adjoint state equations 

from (3.39) and (3.44), the procedure used here differs slightly from the proce

dure used in the continuous approach. Because I have approximated the unknown 

hydraulic head and parameter functions by known functions with unknown scalar

valued coefficients, the response functional is now approximated by a response func

tion. Note that whereas the functional maps a set of functions into a subset of the 

real number line the response function simply maps a subset of real numbers into 

another subset of the real number line. Necessary conditions for the minimum of a 

function require that the gradient of the function be identically zero and therefore 

that each component of the gradient must be identically zero. Hence one need only 

consider an arbitrary component of the gradient when using the discrete approach. 

Begin by taking the derivative of the response function and the finite el

ement flow equations with respect to an arbitrary parameter and obtain equations 

(B .31 )-(B.33). This derivative is simply an ordinary derivative because the response 

functional has been replaced by a response function. Next introduce the coefficients 

of the piece-wise linear adjoint functions and sum the product 'of the adjoint co

efficients with the differentiated finite element flow equations over all nodal and 

time indices (equation (B.34)). Because I have approximated the unknown state 

and parameter functions by known functions having unknown coefficients, the in

ner products are sums instead of integrals. After simplifying by reversing orders of 

sums and changing the limits of summations, one can rewrite the first derivative of 

the Lagrangian function in terms of the derivatives with respect to only the flow 

parameters. This is accomplished by choosing the coefficients of the adjoint variable 

functions so that they satisfy the steady adjoint state equation (3.49) ( equation 

(B.38)) and the transient adjoint state equation (3.50) (equation (B.39)). Because 

the adjoint state equations are functions of the state variable, care must be taken 

in selecting the time level at which the finite element matrices of the adjoint state 
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equations are evaluated. The time weighting for the transient equation is deter

mined by selecting w1 such that .5 < w1 ~ 1, and the time level of the finite element 

matrices is determined by w2 where 0 < w2 < 1. 

3.2.3 Steady State Adjoint Equation 

3.2.4 Transient Adjoint Equation 

(3.50) 

for n = 1, ... ,Nand k = N, ... , 2 and where .,Pf'' = 0 for all i. 

One only need to solve the adjoint state equations once in order to deter

mine all the components of the gradient of the response function. Each term of the 
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gradient of the response function may then be determined from (3.51) ( equation 

(B.40)) . The components of the gradient for specific flow parameters are given 

by equations (B.41)-(B.54). The restrictions governing the order in which the state 

and adjoint state equations must be solved as described for the continuous approach 

also apply here. 

(3.51) 

In Appendix C I compare the adjoint state finite element equations which are ob

tained from the continuous approach to those obtained from the discrete approach. 

The finite element matrices for the adjoint state equations must be expanded first 

so that the equations may be compared. Because the flow equations are nonlin

ear the finite element matrices are functions of hydraulic head and care must be 

taken in deciding at which time level the matrices are to be evaluated. Although 

the adjoint state equations are linear, they are functions of hydraulic head, so care 

must be taken in the evaluation of the finite element matrices for the adjoint state 

equations. Because the expansions which are necessary to permit comparison of the 

continuous and discrete approaches make the equations long and complex, these 

equations will not be repeated in the text. 

Comparison of the steady state adjoint equations shows that the major 

differences in the two methods of derivation are in the RHS of the discrete equation 

(C.8) where a term arises from the transient adjoint variable at time equal to zero. 

If initial head conditions for the transient problem were not steady state or if a fully 

implicit time weighting scheme ( 81 = 1) were used in the solution of the transient 

equations, this term would disappear. In addition, the sign of the derivative of the 

response function with respect to the steady state value of head term on the RHS of 

the adjoint equation derived by the continuous method (C.l) is negative while the 
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corresponding term in (C.S) is positive. Due to this difference in sign the adjoint 

variable obtained from (C.l) and (C.S) will have different interpretations. Finally, 

there are some differences in the form of the term on the RHS which arises due to 

the storage term evaluated at the initial value of hydraulic head. The presence of the 

storage term in the RHS of the continuous form of the steady adjoint equation occurs 

only when the initial head in the transient How equation is steady state. The storage 

term in the RHS of the finite element equations derived by the discrete approach 

also occurs only if the initial heads in the transient finite element How equations are 

steady-state. Note in the discrete derived finite element equation that the storage 

term is divided by the time difference at the first time step so the dimensions of 

the adjoint variables will be different. The dimensions of the continuous adjoint 

variable are minus the dimensions of the response functional divided by length 

cubed. The dimensions of the discrete adjoint variable are the dimensions of the 

response function multiplied by the dimension of the spatial domain divided by 

length cubed. However, even though the adjoint variables have different signs and 

dimensions, the computed gradients have the same sign and dimension. This can 

be seen by comparing the continuous gradient equations (A.42)-(A.56) which are 

integrals over the spatial domain to the discrete gradient equations (B.41)-(B.54) 

which are summations. 

The expanded transient finite element adjoint state equations obtained by 

the continuous and discrete approach are given in Appendix C by equations (C.16) 

and (C.23), respectively. The basic structure of equations (C.16) and (C.23) is the 

same in that both are linear algebraic equations which must be solved backwards 

in time. However, the system matrices for the discretely derived adjoint equation 

involve the state variable evaluated at three different time levels while the system 

matrices derived by the continuous approach involve the state variable evaluated at 

two time levels. The sixth term on the LHS and the seventh term on the RHS of 

(C.23) involve the derivative of the storage function with respect to hydraulic head. 

These terms have no counterpart in the continuously derived equation because this 

derivative of the storage function may be eliminated through an integration by parts. 
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The remaining terms, which have direct counterparts in the finite element equations 

derived by both the continuous and discrete approaches, differ only due to the time 

weighting coefficients used in the equations and system matrices. H w1 = 0 and 61 = 
1, that is if the transient state equation is solved by a fully implicit time weighting 

procedure and the continuously derived transient adjoint state equation is solved 

by a fully implicit, backward in time procedure, then corresponding terms have 

equivalent coefficients. However, the corresponding term's finite element matrices 

are evaluated at different time levels and cannot be made equivalent by appropriate 

choice of 62 and w2 • The comparison made by Cacuci et al. [1980] between the 

continuous and discrete finite difference adjoint equations for the nonlinear reactor 

thermal-hydraulics problem confirms that the adjoint equations for nonlinear state 

equations involve the state variable evaluated at three time levels for the discrete 

and two time levels for the continuous. Cacuci et al. also point out that terms 

involving the derivative of the conductivity and storage functions with respect to 

the state variable arise when using the discrete approach but do not when using the 

continuous. I also obtain terms for these derivatives of the storage and conductivity 

functions (and source function) when using the discrete approach. However, while 

the derivative of the the storage term with respect to head can be eliminated in 

the continuous approach by integration by parts, the derivative of the conductivity 

term with respect to head cannot be eliminated. Cacuci et al. are able to eliminate 

this term because their conductivity term is only an implicit function of the spatial 

coordinate K (h (x, t)) while our conductivity term is both an explicit and implicit 

function of the spatial coordinate K (x, h (x, t)) (see Appendix A). The differences in 

the signs of the term for the derivative of the response function and the dimensions 

of the adjoint state variable between the continuous and discrete approaches which 

were noted for the steady-state case also occur for the transient case. However, 

as in the steady-state case, the form of the discrete gradient equations resolve this 

inconsistency. 
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3.3 Summary and Conclusions 

I have demonstrated the use of the continuous and discrete approaches 

for deriving finite element adjoint state equations for steady-state and transient 

nonlinear :Bow equations. Although it may be helpful in understanding the structure 

and physical meaning of the adjoint equations to derive them in continuous form, it 

is inappropriate to use the discrete form of these equations to compute the gradient 

of the error criterion for the parameter estimation problem. The adjoint state 

equations derived by the discrete approach should be used instead because: 

1. The :Bow model is based on the discrete approximation to the flow 

equations not the actual continuous :Bow equations. 

2. The gradient computed by the continuous approach is only an approx

imation while that derived by the discrete approach is exact. 

3. The boundary conditions are already incorporated into the discrete flow 

equations so the complex operations involved in developing the adjoint boundary 

conditions are avoided. 

4. As noted by Cacv.ci et al. sensitivity due to parameters which arise 

during the discretization procedure may be easily assessed. 
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Chapter 4 

MINIMIZATION ALGORITHMS 

As the gradient with respect to model parameters of the estimation cri

terion, which measures the differences between computed and measured hydraulic 

heads, can be easily computed by the adjoint state method, I used gradient based 

search techniques to minimize the estimation criterion. The two types of gradient 

based search routines I used are classified as conjugate gradient ( CG) methods and 

quasi-Newton (QN) methods. Conjugate gradient methods generate search direc

tions without the need to store or manipulate a matrix and are generally used when 

the number of parameters is very large. Quasi-Newton methods are based on the 

idea of iteratively improving the information about the curvature of the response 

surface of the estimation criterion by updating an approximate Hessian matrix as 

the search algorithm proceeds. Because quasi-Newton methods require manipu

lating matrices their use is usually reserved for cases where the dimension of the 

parameter space is small. Once the search direction has been computed, both con

jugate gradient and quasi-Newton methods require that some procedure be used to 

compute the size of the step to be taken in the search direction. Step size algorithms 

can be categorized into two basic classes: 1. Accurate and 2. Inaccurate. Accurate 

step size algorithms compute the exact minimum of the estimation criterion in the 

search direction while inaccurate step size algorithms simply choose a step which 
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leads to a sufficient decrease in the estimation criterion. 

Given the general head residual criterion 

Nh Nh N, 

J(p) = LPi(h~- hoi(p)) + LLP~ (h~·- h~(p)) 
~1 ~1~1 

(4.1) 

where Pi is the value of the function p, which measures the size of the ith residual, 

hO;- hi, hoi is the element of the Nhx1 vector of measured steady-state heads, hO, 
for the ith measurement location, hOi (p) is the corresponding computed steady

state head value evaluated at p, the Npx1 vector of estimated model hydraulic 

parameters, h~* is the element of the vector of measured transient heads, 

h• - [hh hh h1* h1* h1* hNr• hN'•)T 
- 1 • • • Nh' • • • ' 1 • • • i · · · Nh' • • • ' 1 • • • Nh ' 

at measurement location i and at observation time I, h~ (p) is the corresponding 

computed value of transient head , Nh is the number of measurement points, Nt is 

the number of time steps and Np is the number of model parameters. We wish to 

determine the value of p which minimizes ( 4.1 ). Let pk be the kth iterate of the 

estimated parameter vector. In general, successive values of pk are determined so 

that the value of the estimation criterion decreases at every iteration, 

(4.2) 

The relationship between iterates is 

(4.3) 

where dk is the search direction at the kth iteration and ak is the corresponding step 

length. All minimization algorithms consist of determining a search direction dk 

along which the value of the estimation criterion is guaranteed to decrease (descent 

direction) and then computing a step size ak which either minimizes the value of 

the criterion in this descent direction or leads to a sufficient decrease in the value 

of the estimation criterion in the same direction. 
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4.1 Computing the Search Direction 

For minimization problems which have a large number of unknowns the 

availability of computer memory for storing the matrices used in computing the 

search direction by Newton, quasi-Newton, Gauss-Newton and Levenberg-Marquardt 

methods may be a limiting factor. Many large scale minimization problems are such 

that the Hessian matrix is sparse and has a particular structure so that special algo

rithms can be developed which take advantage of the reduced storage requirements. 

Conjugate gradient algorithms generate search directions without the need to store 

a matrix and are therefore ideal when the Hessian matrix does not have a special 

pattern and is not sparse. I have decided to use conjugate gradient algorithms to 

determine the search direction for large scale minimization problenw because they 

are exceedingly simple to implement. 

4.1.1 Conjugate Gradient Methods 

The basic principle of conjugate search direction methods can be stated 

as follows. Suppose we wish to minimize the quadratic function 

{4.4) 

where G is the nxn positive definite Hessian matrix and x is an nx1 vector. By 

making a sequence of n exact linear searches along the vectors rk fork= 0, ... , n -1 

such that these search directions are mutually conjugate with respect toG, then the 

exact minimum ofF will be found in at most n steps. The condition of conjugacy 

of the non-zero search direction vectors rk requires 

·T • 
r' Gr' = 0 ; i =f. j. {4.5) 

By following a simple demonstration given by Fletcher [1987, pp. 25-26],the basic 

principle of the conjugate search direction method may be clearly illustrated. Alter 
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the form of the quadratic function F(x) by letting Gx = -c and a'= a- !xfl'Gx' 

and obtain 

F ( x) = ~ ( x - x'f G ( x - x') + a'. 

Let the minimizer of F ( x) be given as 

n-1 

x• = x0 + L:airi, 
i=O 

and let any value of x be written as 

n-1 

x = xo + L airi. 
i=O 

(4.6) 

(4.7) 

(4.8) 

Ignore the constant a' and rewrite F in terms of the n-dimensional vector of step 

sizes a = [ai] as 

1 1 
F(a) = 2 (x- x•f G (x- x•) = 2 (a- a•)RTGR(a- a•), (4.9) 

where R is the matrix with the columns r 0 , r 1 ••• r"-1• Because the vectors ri are 

conjugate, the above expression reduces to 

1 n-1 

F(a)=22:(ai-ai) 2fi, (4.10) 
i=O 

where fi = riT Gri, hence F (a) can be minimized by choosing a 0 - a 0, a 1 = 

ai, ... , an-t = a:_1• This is precisely the procedure of choosing the step size so that 

the minimum of F is obtained along each search direction ri. The trick which saves 

storage for large scale minimization problems is to detennine the set of conjugate 

search directions without knowing the Hessian, G, of the estimation criterion. The 

gradient of the quadratic function given by ( 4.4) is 

g(x)=Gx+c. (4.11) 

It follows from ( 4.11) that for two solutions x1 and x 2 

(4.12) 

Therefore, for xk+l and xk (4.12) is 

(4.13) 
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At the optimal step size, ak•, xk+1 and xk are related by 

(4.14) 

so that the conjugacy condition may be rewritten as 

ai•riT Grk - (xi+I- xi)T Grk (4.15) 

- (g (xi+t)- g (xi))T rk j =F k. 

Because the initial search direction r0 is arbitrary and all subsequent search direction 

need only satisfy the orthogonality condition given by equation ( 4.15), there are an 

infinite number of sets of conjugate search directions. The special class of conjugate 

search directions determined by the conjugate gradient method are defined by the 

relation 

(4.16) 

where gk = g ( xk), R k is the matrix whose columns are the previous k - 1 search 

directions. It can be shown [Scales, pp. 77 -78] through use of the conjugacy property 

that the matrix equation for the kth search direction (4.16) may be replaced by 

k k {3k k-1 k 1 1 r = -g + r = ... n - . (4.17) 

The two most common choices for {3k are credited to Fletcher and Reeves (FR), and 

Polak and Ribiere (PR) and are given by 

k- gkT gk 
{3 - T ' gk-1 gk-1 

(4.18) 

and 

(4.19) 

respectively. 

As stated previously, the conjugate gradient method will converge in n 

steps to the solution of a quadratic function with n unknowns when the step size at 

each iteration is chosen as the exact minimizer of the function in the search direction. 
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However, when applied to non-quadratic functions, the conjugate gradient method 

is not guaranteed to converge in a finite number of iterations. Most implementations 

of the conjugate gradient method for non-quadratic functions take advantage of the 

finite termination property of the conjugate gradient method for quadratic functions 

by restarting the search direction sequence with a steepest-descent direction every 

n iterations. 

Because it is very costly to find the exact minimum along each search direc

tion when using the conjugate gradient method for non-quadratic functions, many 

researchers have tried to implement this procedure with inexact line searches. Of 

particular note is the efficient step size algorithm developed by Neuman [1980] which 

computes the step size using Newton's method to minimize the estimation criterion 

along the specified search direction after a first order Taylor's series approximation 

to the state variable about the step size has been substituted. In general, however, 

great care should be exercised in determining the step size since a step which is 

far from the true line minimum will destroy the mutual conjugacy of the search 

directions. 

4.1.2 Quasi-Newton Methods 

Quasi-Newton search direction procedures are based on the concept of 

building up information about the curvature of the estimation criterion by approx

imating its Hessian with a sequence of finite difference estimates. The description 

of quasi-Newton methods which follows is largely based on material from Scales 

[1985]. 

Consider the general procedure used in Newton methods wherein the gra

dient of the estimation criterion at the (k + 1)th iteration is approximated by a 

first-order Taylor series, 

(4.20) 
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Since necessary conditions for the minimum of the estimation criterion at xk+1 

require that the gradient vanish, the above equation is set to zero and solved for 

the step length and direction simultaneously, 

Quasi-Newton methods generalize this procedure by solving either 

Bkrk = -gk 

or 

rk = -Hkgk 

(4.21) 

(4.22) 

(4.23) 

where Bk is an approximation to the Hessian Gk and Hk is an approximation 

to (Gk)-1• The approximate inverse Hessian is computed via a general updating 

formula, 

(4.24) 

where the matrix Qk is computed from previous values of the solution vectors, 

gradients and approximate inverse Hessians. In order for the matrix Hk to have the 

same properties as the true inverse Hessian, the updating matrix Qk is chosen so 

that 

Hk+1 (gk+I- gk) = ji (xk+1 - xk) (4.25) 

where pk is a scalar. The simplest updating formula for Qk is derived simply by 

substituting equation ( 4.25) into equation ( 4.24) and solving to obtain 

Q
k -k !:::J.xkykT Hk !:::J.gkzkT 

= p ykT 6_gk - zkT 6_gk ! ( 4.26) 

where 6.xk = xk+1 - x\ 6.gk = gk+I - g\ and yk and zk are arbitrary vectors 

orthogonal to !:::J.gk. Because the numerators in equation ( 4.26) are constructed by 

outer products of two vectors they each have rank equal to one and therefore the 

update Qk has either rank one or two depending upon the choice of yk and zk. To 

ensure symmetry of Qk and thereby of Hk choose yk = 6.xk and zk = Hk !:::J.gk. 

Setting pk = 1 yields the Davidon-Fletcher-Powell (DFP) update formula, 

Hk 6.gk !:::J.gkTHk 
!:::J.gkTHk !:::J.gk (4.27) 
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Perhaps the most commonly used rank two symmetric update formula is the so

called BFGS formula derived independently by Broyden, Fletcher , Goldfarb and 

Shanno in 1970. It is given by 

[ 
~xk~gkT] [ ~xk~gkT]T ~xk~xkT 

Hk+t = I- ~xkT ~gk Hk I - ~xkT ~gk + ~xkT ~gk. (4.28) 

The BFGS update has been demonstrated to perform better than the DFP 

update [Gillet al., p. 119, 1981], although I have not seen any citation of a proof 

which shows why the BFGS method is superior. According to Scales [p. 104, 1985], 

Gill et al. [1972] have demonstrated that the BFGS quasi-Newton update need 

not be coupled with an exact line search procedure to be efficient. In fact, there 

is some evidence that suggests the approximate Hessian contains more accurate 

information about the curvature of the response surface if frequent, inexact line 

searches are performed [Fletcher, p. 57, 1990]. 

4.2 Step Size Algorithms 

The efficiency of the minimization algorithm achieved through use of the 

adjoint state procedure to compute the gradient is lost if the step size algorithm 

is not carefully selected. Inasmuch as each estimation criterion evaluation for the 

inverse problem requires the solution of the finite element model, the computational 

expense of determining the step size by methods such as inverse parabolic interpo

lation may be ten or more times the cost of computing the gradient. On the other 

hand, if a step size algorithm is implemented which fails to produce a sufficient 

decrease in the estimation criterion at each iteration, the total number of search 

iterations will be large and the method may fail to converge. Clearly, accuracy and 

efficiency need to be carefuly balanced in order to retain the benefits of the adjoint 

state method. 
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Neuman [1980] developed an efficient step size algorithm based on New

ton's method. The basic method developed by Neuman and later extended for use 

with the transient groundwater inverse problem by Carrera [1984] and Carrera and 

Neuman [1986] is outlined below. Consider the general estimation criterion 

(4.29) 

Rewrite the above equation to show the estimation criterion's explicit dependence 

on the computed value of the hydraulic head vector h, 

(4.30) 

Because hydraulic head is a nonlinear function of the model parameters the deriva

tive of the above equation with respect to the optimum step size ex"-, equated to 

zero, cannot be explicitly solved for the step size. Neuman replaced hk+1 by a first 

order Taylor series about exk+1 = 0. 

(4.31) 

The derivative of the state variable hk+1 with respect to the step size ex is easily 

determined by differentiating the finite element equations for hydraulic head with 

respect to ex. The system of finite element equations for steady flow is 

A(y)h = q (4.32) 

where A is the conductance matrix, y is the vector of unknown log-hydraulic con

ductivities and q is the load vector of known flows. At the ( k + 1 )th iteration ( 4.32) 

becomes 

A (yk + exkdk) hk+I = qk+t. (4.33) 

Differentiate ( 4.33) with respect to exk, 

8A (yk + exkdk) 8bk+I 
----.:..~--=--___._ hk+I + A (yk + exk dk) = 0 

8exk 8exk 
(4.34) 

Equation ( 4.34) is then solved for 8~~! 1 

, 

ahk+I 8Ak+t 
Ak+t =- hk+I 

8exk 8ak 
(4.35) 
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Now, the Taylor series expansion is evaluated at ak = 0, s~ 8~~!1 lcr=o= ~~:. Hence 

all terms in the system matrix and right hand side of ( 4.35) are known, and ( 4.35) 

is rewritten 

(4.36) 

Using the expression for the conductance matrix derived in Appendix G , ( 4.36) is 

rewritten in indicia! notation as 

Nn (}h(k) Nn Ne 1 
~ A ---..!!L - - ~ ~- [be be e e ] Kk ln {10) • dkh(k) ,ti nm oa(k) - ,ti {;: g~e n m + CnCm m {4.37) 

If the general heads estimation criterion is quadratic in the head residuals, then with 

substitution of the first order Taylor series expansion for the heads about the step 

size, this estimation criterion is also quadratic in a and the optimum step size may 

be easily found by differentiating this expression with respect to a, setting it to zero, 

and solving. This is the case for OLS or ML estimation for Gaussian measurement 

errors; however, this formula for the optimal step size cannot be explicitly solved 

when using the robust M-estimators described in Chapter 5. 

Although I did implement this efficient step size algorithm for OLS and 

ML estimation, I was unable to obtain satisfactory performance in the case where 

the flow equation is the nonlinear Boussinesq equation. This step size algorithm 

coupled with conjugate gradient and quasi-Newton methods did not converge to the 

"true" optimum for synthetic cases and frequently computed negative step sizes. I 

believe that this algorithm may have failed to work because the first order Taylor 

series expansion of the state variable about a = 0 is a worse approximation for the 

nonlinear Boussinesq equation than for the linear groundwater flow equation. As 

mentioned in 4.1.1, if conjugate gradient search algorithms are not implemented 

with an accurate line search, the mutual conjugacy of the search directions will be 

destroyed and subsequent search directions may not be descent directions. If the 

the current search direction is not a descent direction, one might expect the step 

size algorithm to select a negative step in order to decrease the estimation criterion. 

Because it is necessary to ensure that the sequence of search directions 
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computed by conjugate gradient methods maintain the conjugacy property, these 

algorithms are usually implemented with accurate line search algorithms. The ac

curacy of the line search algorithm is defined by an inequality which restricts the 

magnitude of the directional derivative at the optimum step size (Gillet al., 1981], 

(4.38) 

where 0 < '1 < 1. This restriction requires that the step size be chosen so that the 

directional derivative at the optimum step be reduced by at least a factor '1 over 

its value at a = 0. Clearly, if '1 = 0 then the line search is exact. However, this 

condition alone is not enough to guarantee convergence in all cases. The Goldstein

Armijo principle (Gill et al., 1981] specifies the conditions which must be met in 

order to guarantee that the step length will lead to a sufficient decrease in the 

estimation criterion. This principle is given by, 

(4.39) 

where Jli and JL2 are scalars which satisfy 0 < Jll :::; JL2 < 1. The parameters Jli and 

Jl2 ensure that the step size a" is neither too large nor too small. An alternative to 

the Goldstein-Armijo principle is given by 

( 4.40) 

or 

{4.41) 

where 0 < Jl < ! . As shown in Figure ( 4.1 ), this last restriction requires that 

J ( x" + a"d") must lie below the line defined by J ( x") + Jla"g"T d". It can be 

shown [Scales, p. 54, 1985] that if Jl < YJ, the conditions for both step size accuracy 

{4.38) and step size sufficiency {4.41) are satisfied. Note that g"T d" is the directional 

d . t' dJ I enva IVe dec 0 • 
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Figure 4.1: Armijos Method 
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4.2.1 Accurate Line Search: Brent's Method 

I used Brent's adaptive line minimization routine to perform accurate line 

searches in conjunction with either the Fletcher-Reeves or Polak-llibiere conjugate 

gradient search direction methods. Brent's method combines a Golden-Section solu

tion bracketing routine with either inverse parabolic or inverse cubic interpolation. 

Brent's method is referred to as safeguarded polynomial interpolation [Gill et al., 

1981] because in order for the interpolated estimate of et to be accepted it must . 
fall within the interval which bounds the minimum and if the interpolates do not 

rapidly converge, the algorithm resorts to the Golden-Section search. The algo

rithm used for Brent's method was adapted from Press et al. [1986] and includes 

a separate routine which is used to find a triplet of values which bracket the min

imum before the actual line search commences. Convergence criteria for each line 

search include a limit on the total number of estimation criterion evaluations and 

a minimum accepted difference between successive estimates of a. 

4.2.2 Inaccurate Line Search: Armijo-Wolfe Methods 

I used two inaccurate line search routines to determine a in conjunction 

with the BFGS and DFP quasi-Newton search direction methods. The actual struc

ture of the algorithm for Armijo's method is based on one provided by Goodrich 

[1987]. I modified this algorithm to check directional derivative information during 

the line search as specified by Wolfe's accuracy criterion ( 4.38). 

Armijo's Method The algorithm for Armijo's method is outlined below and 

illustrated in Figure 4.1. The optimal step size is given by a•. 

1. Choose a~. (usually the Newton step, et0 = 1 is chosen as the intial step. This 

is based on the assumption that the quasi-Newton (QN) inverse Hessian is a 
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good estimate of the true inverse Hessian.) 

2. If J (a~) < J (0) + IJa~~ lo=O then a~+l = ea~ and proceed, otherwise, go 

to step 5. (Here r refers to the step size iterate, I' is the parameter which 

determines the size of the step, and E is the step size multiplier.) 

3. If J (an > J (0) + IJa~ ~~ lo=O then Q~+l = Q~ IE and proceed, otherwise return 

to step 2. 

4. Go to step 7. 

5. If J (a~) > J (0) + IJCk~~; lo=O then a~+l = a~le, proceed. 

6. If J (a~) :5 J (0) + IJCk~~; lo=O then proceed, otherwise return to step 5. 

Wolfe's Method The algorithm used for Wolfe's method is outlined below and 

illustrated in Figure 4.2. 

1. Choose a~. (usually the Newton step). 

2. If J (a~) < J(O) + IJa~~~ lo=O then a~+l = ea~ and proceed, otherwise, go 

to step 6. (here r refers to the step size iterate, I' is the parameter which 

determines the size of the step, and E is the step size multiplier.) 

3. If J (a~) 2:: J (0) + IJCk~ ~~ lo=O then a~+l = a~ IE and proceed, otherwise return 

to step 2. 

4. If ~; lo~+ 1 ~ fJ ~; lo, then proceed, otherwise increase a by e• < E and return 

to step 2 (here fJ is the parameter which determines the accuracy of the step 

size and I' < TJ.) 

5. Go to step 9. 
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6. If J (a:) > J (0) + pa~~~ lo=O then a:+l = a:fe, proceed. 

7. If J (a:) ~ J (0) + pa~ ~~ lo=O then proceed, otherwise return to step 6. 

8. If ~ lo~+ 1 ~ '7~ lo, then proceed, otherwise increase a by t:.* < f. and return 

to step 6. 

Convergence during the line search is controlled by the sufficiency parameter p 

the accuracy parameter 77 and the step size multiplication factor f. There is also 

a restriction on the maximum number of function evaluations by the line search 

algorithm at any major iteration. 
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4.3 Test of Minimization Procedures 

These minimization algorithms have been implemented in a computer pro

gram which is based upon program INVERT II written by Carrera [1984). The 

major modifications I made to this code include adapting the finite element flow 

model to solve steady-state and transient unconfined/ confined flow as described by 

the Boussinesq equation, solving the adjoint state equations using the discrete ap

proach, incorporating the step size algorithms described above and extending the 

choice of performance criteria to include robust M-estimators. I retained the basic 

indirect solution procedure described by Carrera and the flexible method which he 

used to define the zonation of the hydraulic parameters in the finite element model. 

This inverse program may be used to estimate hydraulic conductivities, 

specific storage, specific yield, areal recharge, boundary fluxes, boundary heads and 

boundary leakance coefficients from observed values of steady state and/or transient 

hydraulic head. The steady-state and transient Boussinesq equations for Dupuit

type unconfined flow are given below by equations {4.42) through {4.45), 

oh 
V · (K (h- b) Vh) + q(x,t) = S 11 at (4.42) 

K(h- b)Vh · n = -K-(h- H)+ Q(x,t) 

h(x,t)=ho 

V · (K { ho - b) V ho) + qo ( x) = 0 

K (ho-b) Vho · n = -K- (ho- Ho) + Qo (x) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

where h (x, t) and h0 (x) are transient and steady-state hydraulic head, respectively, 

K(x) is hydraulic conductivity, q (x, t) and q0 (x) are areal source/sink terms for 

transient and steady-state flow, respectively, S11(x) is specific yield, b{x) is the 

elevation of the bottom of the aquifer, K-(x) is the boundary leakance coefficient, 

H(x, t) and H0(x) are prescribed boundary heads for nonsteady and steady-state, 

respectively, Q(x, t) and Q0 (x) are boundary fluxes for nonsteady and steady-state, 

respectively, and n is an outward unit vector normal to the aquifer boundary. 
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Table 4.1: True and Initial Conductivity Values 

I True K (m/d) Initial K: Set 1 Initial K: Set 2 
K-Zone 1 2.0 1.0 1.0 
K-Zone 2 1.0 1.0 1.0 
K-Zone 3 .5 1.0 1.0 
K-Zone 4 .15 .1 1.0 
K-Zone 5 .5 .1 1.0 
K-Zone 6 .10 .1 1.0 
K-Zone 7 .05 .05 1.0 
K-Zone 8 .02 .05 1.0 

These flow equations are discretized using the Galerkin finite element 

method as shown in detail in Appendix G and the resulting nonlinear system of 

equations are solved using both Picard iteration and the Newton-Raphson method. 

At each iteration in the solution of the flow equations the system matrices are 

decomposed and back/forward substitution is performed using the MA28 sparse 

matrix solution routines of Duff [1977]. 

To test the minimization algorithm I constructed the small synthetic aquifer 

model shown in Fig. 4.3. It consists of 8 distinct hydraulic conductivity zones (Fig. 

4.4) with values varying from 2m/day to .05 m/day (Table 4.1). Boundary condi

tions consist of prescribed head of 2000 m on the right side in Fig. 4.3, prescribed 

flow of 750 m3 /day at the nodes on the lower left side and no-flow at all other 

nodes. Contours of "exact" heads at steady-state are shown in Fig. 4.5. Measured 

values of head were recorded at all nodes. Fig 4.6 shows the elevation of the aquifer 

bottom. 
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• Constant Head H=2000 meters 
... • Constant Flow Q=750 cubic meters per day 

Figure 4.3: Synthetic Model Finite Element Mesh 
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Figure 4.4: Hydraulic Conductivity Zonation 
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Figure 4.5: Steady State Hydraulic Head Contours 
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Figure 4.6: Elevation of Aquifer Bottom Contours 
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Tests of the minimization algorithm were conducted by simulating the 

head field with the "true" values of hydraulic conductivity, treating the computed 

("true") head values at the 44 nodes at which head is not prescribed as observed 

values, then estimating the conductivity field starting from two different vectors of 

initial conductivity estimates. The "true" hydraulic conductivities and the two sets 

of initial estimates are listed in Table 4.1. 

The results of the minimization algorithm performance tests are summa

rized in Table ( 4.2) and Tables ( 4.3)-( 4.4) for initial conductivity sets 1 and 2, 

respectively. In Tables (4.2)-(4.4) J0 is the initial value of the error criterion, J1 

is the final value of the error criterion, FR stands for Fletcher-Reeves, PR stands 

for Polak-Ribiere, DFP stands for Davidon- Fletcher-Powell and BFGS stands for 

Broyden-Fletcher-Goldfarb-Shanno. In addition Figs. ( 4. 7a,b,c,d)-( 4.8a,b,c,d) show 

the change in the value of the estimation criterion at each iteration for the specified 

combinations of search direction methods and step size algorithms. 
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For the first set of initial hydraulic conductivity estimates I .tested the per

formance of the Fletcher-Reeves and Polak llibiere conjugate gradient methods with 

Brent's inverse parabolic and cubic interpolation step size algorithms. I also com

bined both of these search direction algorithms with Wolfe's line search algorithm 

to investigate how much the performance of conjugate gradient methods degrade 

when not coupled with exact line searches. In Table ( 4.2) J0 and J1 refer to the 

initial and final values of the OLS heads estimation criterion, respectively. For the 

Fletcher-Reeves method the use of Brent's cubic method leads to the smallest value 

of the final criterion value. Combining Fletcher-Reeves with Wolfes method results 

in a final estimation criterion value of 67.77 which is larger in magnitude than the 

final estimation criteria obtained with either version of Brent's method. There is 

very little difference in the values of the final estimation criteria obtained with the 

combination of the Polak-llibiere method and either version of Brent's method. 

However, just as was the case for the Fletcher-Reeves method, the combination of 

the Polak-llibiere and Wolfe terminates at a much larger value of the estimation 

criterion. These results appear to support the claim that conjugate gradients must 

be coupled with accurate line searches to obtain satisfactory performance. As can 

be seen in Fig. ( 4.7b) there is little reduction in the estimation criterion during 

most iterations, however at a few iterations the value of the estimation criterion 

decreases dramatically. Carrera [1984] believes that such behavior, especially when 

the solution converges very slowly, may be indicative of parameter instability. 

For the same set of initial hydraulic conductivity values the quasi-Newton 

methods outperform the conjugate-gradient methods both in terms of convergence 

to a smaller estimation criterion and decreased total solution time. I tested the 

DFP and BFGS search methods coupled with Armijo's and Wolfe's line search 

algorithm. In addition I implemented the DFP and BFGS methods with Brent's 

inverse parabolic line search to see how much the performance of quasi-Newton 

methods suffer when coupled with accurate line searches. As can be seen in Table 

(4.2) the quasi-Newton methods coupled with Brent's line search compete·very well 

with both Armijo's and Wolfe's line search in terms of total solution time and final 
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criterion value. As expected, Brent's method does require more time per iteration 

with DFP and BFGS than do Armijo or Wolfe. 

The second set of initial hydraulic conductivity values were chosen further 

away from the true values to test the minimization algorithm more rigorously. Re

sults from estimation runs starting with the second set of initial K's are listed Tables 

( 4.3) and ( 4.4). These results illustrate one of the major issues which distinguishes 

the inverse problem for linear flow equations from that for nonlinear equations such 

as the Boussinesq. 

As described above, an iterative solution procedure is used to solve the 

system of nonlinear finite element flow equations. Convergence of the solution is 

achieved when the maximum absolute difference between two successive iterates of 

the nodal values of hydraulic heads is less than a specified tolerance, 6, 

(4.47) 

Picard iteration is used first but if convergence is not achieved within a fixed num

ber of iterations the algorithm switches to the more rapidly converging although 

more cumbersome Newton-Raphson method. In my implementation of the Newton

Raphson method I solve for the increment in head between iterates instead of di

rectly for head as I do in the Picard method. Therefore, the precision of the solution 

is greater for the Newton-Raphson and as result I can converge to a smaller error 

tolerance. For most real inverse problems the magnitude of errors in the data is 

probably greater than the difference in two successive iterates after 3 to 5 Picard 

iterations for a properly designed finite element mesh and carefully selected time 

step. However, for a very carefully controlled experiment the 6 used to solve the 

nonlinear state equations may have a significant effect on the estimated parameters. 

The tolerance 6 is an excellent example of a model structure error which can be 

controlled. Most model errors cannot be separated from the actual measurement 

errors in the data. 

Mininmization results in Table ( 4.3) are for the case where the specified 
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Table 4.2: Comparison of Minimization Algorithms: Case 1. 

Time (sees) No. Iter. Time/Iter. Jo Jf 
FR-Brent Para. 233.44 200 1.167 383200 2.113 
FR-Brent Cubic 179.51 195 .921 383200 .937 

FR-Wolfe 179.51 196 .916 383200 67.77 
PR-Brent Para. 225.11 195 1.154 383200 1.678 
PR-Brent Cubic 229.67 195 1.178 383200 1.658 

PR-Wolfe 180.06 195 .923 383200 67.74 
DFP-Armijo 41.48 70 .593 383200 .002648 
DFP-Wolfe 26.38 47 .561 383200 .002282 

DFP-Brent Para. 29.51 31 .952 383200 .00448 
BFGS-Armijo 26.83 47 .571 383200 .005007 
BFGS-Wolfe 21.71 39 .557 383200 .00145 

BFGS-Brent Para. 34.26 36 .952 383200 .003121 

head error tolerance is 6 = .01 while the results in Table (4.4) are for the case where 

6 = .0001. In both cases the "measured" head data were recorded to a precision 

of .0001 units. Comparing the results for these two cases reveals some unexpected 

results. For both the Fletcher-Reeves and Polak-Ribit~re conjugate gradient methods 

coupled with either version of Brent's line search algorithm, the final estimation 

criterion values attained in Case 2 are less than in Case 3. The difference in J1 is 

greatest when the inverse cubic interpolation version of Brent's method is used. It is 

reassuring that at least for the DFP and BFGS quasi-Newton methods the values of 

J1 are less when 6 = .0001 than when 6 = .01. The values of the convergence criteria 

used for the conjugate gradient direction and Brent's line search combination are 

shown in Table ( 4.5). 
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Table 4.3: Comparison of Minimization Algorithms: Case 2. 

Time (sees) No. Iter. Time/Iter. Jo J, 
FR-Brent Para. 236.40 200 1.182 322700 .763 
FR-Brent Cubic 240.39 200 1.202 322700 1.798 

FR-Wolfe 191.40 200 .957 322700 31.520 
PR-Brent Para. 234.10 200 1.171 322700 .869 
PR-Brent Cubic 243.40 200 1.217 322700 1.829 

PR-Wolfe 190.53 200 .953 322700 32.73 
DFP-Armijo * * * * * 
DFP-Wolfe 81.03 102 .794 322700 6.1E-02 

DFP-Brent Cubic 73.66 64 1.151 322700 3.4E-03 
BFGS-Armijo 195.47 200 .977 322700 22.47 
BFGS-Wolfe 55.67 79 .705 322700 1.8E-03 

BFGS-Brent Cubic 95.12 68 1.399 322700 5.2E-03 
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The convergence criteria used to control the major minimization itera

tions are the same as those used by Carrera in INVERT II and are listed below. 

Convergence criteria for the minor iterations or line searches are also shown. 

IPACE Number of conjugate search directions constructed before employing one 

direction of steepest descent. 

ITERMX Maximum number of major iterations. 

MXPENA Maximum number of iterations allowed without a reduction of at least 

OBJPCT percent in the estimation criterion. 

GRMIN Minimum value of the L2 norm of the gradient. 

GRPCT Minimum percentage relative decrease in the norm of the gradient from 

first iteration. 

OBJMIN Minimum value of estimation criterion. 

OBJPCT Minimum allowed percentage decrease in the value of the estimation 

criterion for MXPENA iterations. 

TTOL Fractional precision to which step size is evaluated by Brent's method. 

ITMX Maximum number of iterations or function evaluations used during the line 

search. 

There are two columns of convergence criteria listed in Table 4.5 for each 

case because of the procedure I have implemented to reduce total computation time 

by switching from a larger initial state equation solution tolerance to a smaller 

tolerance only when the minimization algorithm cannot continue to reduce the 

estimation criterion For Case 2, o changes from .1 to .01 while in Case 3, o is 
reduced from .1 to .0001. In both cases 10 Picard iterations are performed first, 

followed by a maximum of 5 Newton-Raphson iterations. 
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Table 4.4: Comparison of Minimization Algorithms: Case 3. 

Time (sees) No. Iter. Time/Iter. Jo JJ 
FR-Brent Para. 283.58 200 1.418 322700 3.400 
FR-Brent Cubic 275.24 200 1.376 322700 81.010 

FR-Wolfe 245.21 200 1.226 322700 22.620 
PR-Brent Para. 282.61 200 1.413 322700 5.806 
PR-Brent Cubic 275.07 200 1.375 322700 81.080 

PR-Wolfe 245.66 200 1.228 322700 26.54 
DFP-Annijo 146.79 183 .802 322700 4.1E-07 
DFP-Wolfe 107.88 141 .765 322700 3.7E-07 

DFP-Brent Cubic 75.35 58 1.299 322700 4.7E-07 
BFGS-Annijo 81.78 97 .843 322700 4.4E-07 
BFGS-Wolfe 81.49 102 .799 322700 4.4E-07 

BFGS-Brent Cubic 75.52 58 1.302 322700 4.4E-07 

The complexity of these nonlinear minimization methods makes it difficult 

to develop strict guidelines for choosing the appropriate combination of search di

rection and step size algoritlun and their associated convergence criteria when the 

precision at which the model equations are solved can vary. However, based on the 

results from minimization test cases 2 and 3 one can at least propose simple heuristic 

rules. Table ( 4.6) relates the choice of search and step size algorithms to a decrease 

in the value of the final estimation criterion when the state equation tolerance is 

reduced. I can only conclude that conjugate-gradient methods should not be used 

with the Brent's line search algoritlun when the state equation is not evaluated at 

high precision. Unfortunately I cannot determine whether this behavior is the fault 

of the search algorithm or the line search algorithm. 

4.4 Newton, Gauss-Newton and Quasi-Newton Methods 

Recent papers by Cooley (1985], Hill [1990], Carrera [1987] and Carrera 

et al (1989,1990] suggest that minimization procedures which take advantage of the 

structure of the least squares estimation criterion are superior to general nonlinear 
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minimization procedures using conjugate-gradient or quasi-Newton search direction 

algorithms. The advantage of the gradient based search direction algorithms stems 

from the substantial decrease in computational cost afforded by using the adjoint 

state procedure to compute the gradient. I believe that at least for those nonlinear 

least squares minimization methods which approximate the Hessian of the estima

tion criterion by the product of the Jacobian matrices such as the Gauss-Newton and 

the Levenberg-Marqurdt modified Gauss-Newton methods, the apparent superiority 

is misleading. In particular the results obtained by Hill [1990], which clearly indi

cate that the modified Gauss-Newton method is more efficient than the either the 

Fletcher-Reeves conjugate gradient method or an unspecified quasi-Newton method, 

were obtained for problems with zero-valued or "small" head residuals near the op

timum and are not applicable to inverse problems applied to real data. 

4.4.1 Theory 

Consider minimizing the estimation criterion 

c = (h*- h(p)fV;1 (h*- h(p)) + (p*- pfv;1 (p*- p), (4.48) 

where h* is the Nhxl vector of observed heads, h(p) is the Nhxl vector of computed 

heads, p is the Npxl vector of hydraulic parameters, V h is the positive definite 

covariance matrix of the prior head measurement errors, p* is the Npxl vector of 

prior estimates of the hydraulic parameters and V P is the positive definite covariance 

matrix of the prior parameter estimates. Necessary conditions for optimality require 

that at the optimum value p , the gradient of ( 4.48) be identically zero, 

~ = -2::T V;1 (h*- h)- 2V;1 (p*- p) = 0. (4.49) 

Equation ( 4.49) is a nonlinear function of p and cannot be explicitly solved. Ap

proximate ( 4.49) by a first order Taylor series expansion about the rth iterate of 

p, 
acr+I- acr 82Cr ( r+l- r) - 0 
8p "' 8p + 8p8pT p p - . (4.50) 



The (r + 1)th iterate of pis determined by solving 

where the Hessian of £ is 

Let 

8
2
£ = 2 [ahT v-1 ah _ ~h v-1 (h* _h)+ v-1]. 

8p8pT 8p h 8p 8p8pT h p 

J = ah, 
8p 

where Jit = (~), i = 1 . .. Nh, I= 1 .. . NP and 

82h 
S = 8p8pT' 

where Silj = (a:;;;J ,j = 1. .. NP. Substitute (4.53) and (4.54) into (4.51). 

[JTyh1J- SVht (h*- h)+ v;t] (pr+t- pr) = 

JTyhl (h*- h)+ v;t (p*- pr) 
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"(4.51) 

(4.52) 

(4.53) 

(4.54) 

(4.55) 

For the case of no prior information about the hydraulic parameters and V h = I, 
(4.55) is 

(4.56) 

Gauss-Newton type procedures use the assumption that near the optimum value of 

p, S(h*- h) can be neglected both because llh*- hll2 -+ 0 and Sis negligible. For 

Gauss-Newton procedures ( 4.57) is 

(4.57) 

This assumption has a dual purpose. Firstly, the term JT J is positive semi-definite, 

therefore retaining the second order term may adversely effect of reducing the pos

itive definiteness of the system matrix. Secondly, computing S is often difficult. 

However, approximating the Hessian of£ by JT J may lead to num~rical instability 

if the rank of J is less than NP or if two or more columns of J are approximately 
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linearly dependent. The Levenberg-Marquardt algorithm prevents ill-conditioning 

by adding a positive number to the diagonal of JT J, 

{4.58) 

For large values of ll the Levenberg-Marquardt algorithm takes a very small step 

in the direction of steepest-descent opposite the gradient. For small values of /-l, if 

JT J is a good approximation of the Hessian of C, the algorithm takes larger steps 

and converges at a near quadratic rate to the optimum p. 

The rate of convergence of the Levenberg-Marquardt algorithm is less than 

quadratic when JT J is a poor approximation of the Hessian of C. This occurs if 

the size of the residuals, llh*- hlb, is large at the optimum in which case the term 

involving S cannot be neglected. According to Scale~ [1985) and Gill et al. [1981), 

the Gauss-Newton approximation of the Hessian of Cis poor if llh*- hll2 is larger 

than the smallest eigenvalue of JT J. 

4.4.2 Application and Comparisons 

For the inverse problem of aquifer hydrology Hill [1990) claims that the 

Levenberg-Marquardt algorithm performs better than the gradient based quasi

Newton and conjugate gradient methods. Hill'~ results are obtained for cases of 

either small or no errors in the measured head values, thus these conclusions are 

not unexpected. However, for real inverse problems there are usually measurement 

errors in the heads of unknown magnitude. In addition, even if the measurements 

are error-free, the true model structure is unknown and head residuals will be non

zero due to model error and may be "large" compared to the smallest eigenvalue of 

JTJ. 

I compared the performance of the Levenberg-Marquardt algorithm to 

the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton search direction al

gorithm coupled with the inexact line search algorithm of Wolfe. These tests were 
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conducted on the steady-state finite element model I developed of the Tucson basin. 

The finite element mesh is shown in Figure 8.2 and consists of 497 nodes, 896 tri

angular elements, 1 prescribed head zone and 9 prescribed flux zones. This finite 

elements mesh was divided into the 30 hydraulic conductivity zones shown in Fig

ure 8.10. Steady-state water level measurements were available at the 158 locations 

indicated in Figure 8.10. Contours of the measured head values and contours of 

the bottom of the aquifer model are shown in Figures 8.5 and 8.6, respectively. 

Two sets of tests were performed using this model. In the first test all parameter 

values were fixed and the head field was simulated and measured at the 158 ob

servation points. These 158 synthetic "measured" heads were input to the inverse 

model and the 30 values of hydraulic conductivity were estimated. The results of 

this test for a "small" or zero residual problem are listed in Table 4. 7. For this 

case llh* - hll2 = .00539 and min..\ = 8.685, where ..\ is an eigenvalue of JTJ. 

The Levenberg-Marquardt algorithm for this "small" residual problem is superior 

to the BFGS quasi-Newton method. The second test consisted of using the ac

tual measured values of hydraulic head in the inverse model. This second case is 

a large residual problem with llh*- hll2 = 127.72 and min,\= 8.685. The results 

of this test are also listed in Table 4.7 and indicate that the Levenberg-Marquardt 

algorithm has no performance advantage over the BFGS quasi-Newton procedure. 

4.4.3 Method of Carrera 

The minimization procedure developed by Carrera et al. [1990] differs 

from the Gauss-Newton algorithm used by Hill in that they employ a sophisticated 

adjoint state method to compute the Hessian of£ which includes the second order 

term, S(h* - h). Because their procedure uses the complete Hessian of £ this 

algorithm is a classical Newton method. I believe that due to inclusion of Sin the 

Hessian, this algorithm should perform well for both "small" and "large" residual 

problems if the Hessian remains positive definite. Carrera et al. add an additional 

diagonal term similar to pi to the Hessian of £ to ensure positive-definiteness. 
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Whether or not this Newton procedure would be superior to quasi-Newton methods 

for the case where the governing flow equation is nonlinear in the state variable is 

unresolved. The added complexity of the adjoint equations for this case may reduce 

the efficiency of this sophisticated procedure. 

4.5 Summary 

Because the gradient of the estimation criterion with respect to the model 

parameters may be efficiently computed using the adjoint state method, the pre

ferred search direction algorithms are those based on gradients. Of the search 

direction and step size algorithms I tested, the quasi-Newton search with Wolfe's 

step size algorithm is the combination which best meets the goals of computational 

efficiency and overall robustness. The use of iterative methods for solving the non

linear finite element flow equations for the Boussinesq equation requires that the 

effect of the head error tolerance on the convergence of the minimization algorithm 

be carefully evaluated. 

I have shown that for "small" residual problems the Levenberg-Marquardt 

algorithm peforms much better than the BFGS quasi-Newton search direction algo

rithm coupled with the inexact line search algorithm of Wolfe. This result partially 

confirms the claims of Hill . For more realistic problems, where the residuals are 

"large", the Levenberg-Marquardt algorithm has no distinct advantage in perfor

mance over the quasi-Newton procedure. This last result agrees with the theoretical 

convergence characteristics of Gauss-Newton procedures and underscores the need 

to select relevant tests for assessing the relative performance of minimization algo

rithms. In theory, the procedure developed by Carrera et al. should work well for 

both "small" and "large" residual problems because the definition of the Hessian of 

.C includes the curvature information contained inS. 
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Table 4.5: Convergence Criteria 

Case 2 Case 3 
0 0 = .1 0 = .01 0 = .1 0 = .0001 
IPACE 8 8 8 8 
ITERMX 100 100 100 100 
MXPENA 2 100 2 100 
GRMIN 1E-05 5E-07 1E-05 5E-07 
GRPCT 1E-03 5E-07 1E-03 5E-07 
OBJMIN 1E-05 5E-07 1E-05 5E-07 
OBJPCT 1E-03 5E-07 1E-03 5E-07 

t-TTOL 
Brent's Line Search Convergence Criteria 

.01 .01 .01 .01 
ITMX 100 100 100 100 

Table 4.6: Reduced J1 with Reduced o 

Brent's Armijo's and Wolfe's 
Search Search 

Conjugate-Gradient NO YES 
Quasi-Newton YES YES 

Table 4. 7: Comparison of Levenberg-Marquardt to BFGS .. 

Zero-Residual Problem 
Final Objective Time (sec.) 

BFGS-Wolfe 320.9 782.1 
Levenberg-Marquardt 2.9E-5 253.7 

Large-Residual Problem 
BFGS-Wolfe 19,810 328.5 

Levenberg-Marquardt 16,312 398.7 
BFGS-Wolfe * 19,856 309.9 

Levenberg-Marquardt* 17,069 512.1 
* With prior log K data 
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Chapter 5 

ROBUST ESTIMATION THEORY 

5.1 Introduction 

One role of groundwater flow models is to predict the response of hydraulic 

heads and flow rates in an aquifer to external effects such as pumping and artifi

cial recharge. Although the state of the art in developing appropriate numerical 

models of aquifers is quite advanced, procedures for estimating the correct values 

of the hydraulic parameters for an aquifer model are still under development. Esti

mation procedures based on statistical methods which require the assumption that 

the measurement errors and model structure errors in hydraulic heads are Gaus

sian yield poor estimates of model parameters, especially hydraulic conductivities, 

when this assumption is not valid. Robust estimation procedures based on the 

M-estimator of Huber [1981] produce more reliable estimates of model parameters 

when the normality assumption is violated. 

Solving the continuous form of equations ( 4.42)-( 4.46) requires that the 

values of K, SIJ, S11 , H, H0 , q, q0 , Q, Q0 and K. be known everywhere in the aquifer 

and on its boundary. In the finite element procedure these hydraulic properties of 

the aquifer are spatially discretized so that areally defined properties are represented 
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by model parameters which are constant within an element or cluster of elements 

(zones) and boundary properties are represented by model parameters which are 

constant along boundary line elements or at boundary nodes. Owing to the manner 

in which these model parameters are defined, their appropriate values are usually 

different from aquifer properties estimated by procedures such as pumping tests. 

Appropriate values for the model parameters are determined by calibrating the 

model to fit measured values of hydraulic head and flows. Because the measured 

head usually contain errors due to measurement or incorrect interpretation of the 

data, it is practically impossible and indeed undesireable to compute head values 

which are identical to the measured values. Automated calibration procedures are 

therefore designed to estimate values of the model parameters for which the com

puted heads conform in a general sense to the spatial pattern of measured heads. In 

addition, constraints are placed on the estimated model parameters so that they are 

physically meaningful and agree with the hydrologist's knowledge of the aquifer's 

hydraulic properties. 

Neuman [1973] classified automatic model calibration methods as being 

either direct or indirect. In direct methods model parameters are determined based 

on the minimization of an equation error criterion in which the measured hydraulic 

heads are directly substituted into the governing flow equation or its discretized 

counterpart. This method is termed direct because the relationship between head 

and the hydraulic properties is formally inverted in the sense that the governing 

equation treats the hydraulic properties as dependent variables and the measured 

heads as known parameters. In indirect methods one determines the appropriate 

values of the model parameters by minimizing an estimation criterion which mea

sures the differences between measured and computed heads. This procedure is 

termed indirect because the flow equations is repeatedly solved for different values 

of the model parameters during the iterative minimization procedure. Although in

direct methods are generally more computationally demanding than direct methods, 

they allow the inverse problem to be cast in a statistical framework. FUrthermore, 

indirect methods filter some of the noise from the measured head data and thus 
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yield more stable estimates of the parameters than do direct methods [Carrera and 

Neuman, 1986a]. 

In solving the indirect inverse problem of groundwater hydrology it has 

been customary to use standard estimation methods such as ordinary least squares 

(OLS), weighted and generalized least squares (WLS and GLS) and maximum likeli

hood (ML) assuming Gaussian observation errors. All of these estimators minimize 

estimation criteria which are quadratic in the output errors or residuals but (as 

the hydraulic heads are nonlinear in the flow parameters) non-quadratic in the 

parameters. In recent years, these estimators have been modified to cope with the 

instability which plagues the inverse problem by using penalty functions based on ei

ther ridge regression, shrinkage estimators or prior parameter values. The adequacy 

of these estimation procedures have traditionally been tested by adding Gaussian 

noise to "true" observations generated by the flow model for a synthetic problem 

with specified flow parameters. The adequacy of the inverse procedure is judged 

on the closeness of the values of the estimated parameters to the true parameters. 

Such synthetic tests also allow the modeler to fine-tune the minimization algorithm, 

adjust the procedure for determining the optimal weighting of prior information in 

the estimation criterion and address other algorithmic problems, but these tests do 

not demonstrate how the estimation procedure will perform when the observations 

are contaminated with errors from a non-normal distribution. It is well recognized 

that large errors coming from distributions with heavier tails than the normal can 

have a very large influence on OLS estimates in either linear or nonlinear regression. 

When the underlying errors are Gaussian the OLS estimates coincide with the ML 

estimates. However, as demonstrated by Huber [1972], OLS is not a minimum vari

ance estimator when the underlying errors are non-normal or when there is even one 

gross outlier. Because the underlying error structure is never completely known, for 

real problems it is important to use estimators which are robust in the sense that 

they work well for a wide variety of underlying error structures. 

As mentioned in Chapter 4 the inverse model I developed is based on 
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program INVERT II written by Carrera [1984) and I therefore adopted much of the 

nomenclature used by Carrera and Neuman (1986a). Designate the "true" values 

of the model hydraulic parameters by the vector p, and their prior estimates based 

on measured values by p*. Then compute an estimate p of p and an estimate h of 

the head vector h so as to ensure that pis "close" to p* and h is "close" to h*. 

In the ML approach of Carrera and Neuman [1986a, b, c) the prior errors 

Epi = Pi -Pi, where i refers to the ith parameter type i = (K, s., s'll, q, Q, H, K) 

and Eh = h* - h are both assumed to be Gaussian. In addition, Eh is assumed to 

have mean zero and a covariance matrix Ch given by 

(5.1) 

where vh is a known positive definite matrix while 0'~ is a known or unknown 

positive scalar; Ep is taken to have mean zero and global covariance matrix Cp 

consisting of block diagonal components Cpi for each parameter type, such that 

(5.2) 

where V Pi is a known positive definite matrix, and u~i is a known or unknown 

positive scalar. Carrera and Neuman define z* = [h*, p*JT as the data vector, 

8 = [u~, ul, ... ]T as the vector of unknown statistical parameters and {3 = [p, 8JT as 

the vector of all unknown parameters. 

The principle of maximum likelihood states that the likelihood, L({3, z*), 

of observing a specified set of data, z•, with underlying error and model structure 

given by {3 is proportional to the probability density function, /( z•, {3) of z• given 

{3. For the Gaussian case the likelihood function is 

~ 1 [1 T ] L ({3, z*) = (21r)- 3 (I Cz 1r 3 exp -2 (z*- z) Cz -t (z*- z) (5.3) 

where 

(5.4) 
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The likelihood of observing the measured data is maximized by selecting the vector 

of parameter estimates, '/3, which minimizes the negative logarithm of L. This 

negative log-likelihood function is given, for the Gaussian case, by 

Jh f. Ji 2 f. 2 £ = 2 + L..J 2 + Nh In crh + L..J Ni In cri + constant 
O'h i=l O'i i=l 

(5.5) 

where Jh, the head error criterion, is given by 

Jh = (h*- hfvh -l (h*- h), (5.6) 

Ji is the ith parameter error criterion given by 

(5.7) 

Nh is the number of measured head values and Ni is the number of values of the 

i th parameter type. 

5.2 Robust Estimation Theory 

The terms robust statistics or robust estimation have very broad definitions 

but in a general and nontechnical sense a statistically robust procedure is one which 

performs well when the actual conditions deviate from those assumed. Hampel et 

al. [1986, p. 11] identify the main aims of robust statistics as: 

1. To describe the structure best fitting the bulk of the data. 
2. To identify deviating data points (outliers) or deviating substruc

tures for further treatment, if desired. 
3. To identify and give a warning about highly influential data points 

('leverage points'). 
4. To deal with unsuspected serial correlations, or more generally, 

with deviations from the assumed correlation structure. 

With regard to the second aim cited by Ham pel et al. one could argue that good 

statisticians routinely analyze their data and delete obvious bad data before apply

ing a standard estimation procedure. However, with large, multidimensional and 
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unbalanced data sets it is often difficult to identify outliers by visual inspection. 

Moreover, procedures such as OLS regression often average the effect of outliers 

over many points making their identification by residual analysis difficult. The 

residuals obtained from a robust estimation procedure applied to the regression 

problem should automatically indicate which data points are outliers. 

Unlike nonparametric estimators such as the sample mean or sample me

dian which are applied without regard to the underlying probability distribution, 

the parametric statistical procedures I consider require that one assume the data 

come from a specific distribution, such as for maximum likelihood estimation, or 

from a class of distributions, such as in the case of the robust estimator described 

below. Parametric methods summarize the information contained in the data by 

assigning to it a prescribed structure, such as the distribution model, with specific 

characteristics described by this distribution's parameters. Nonparametric statis

tics describe the data in a very general way without attempting to determine the 

underlying structure (distribution) of the data. The robust procedures I use assume 

that the underlying structure of the data may be identified without requiring that a 

specific statistical model, such as the Gaussian or Laplace distribution holds exactly. 

Hampel et al. [1986, p. 21] list four effects which may cause actual distributions to 

deviate from strict parametric models: 

1. The occurrence of gross errors. 
2. Rounding and grouping. 
3. The model may have been conceived as an approximation anyway, 

for example, by virtue of the central limit theorem. 
4. Apart from the distributional assumptions, the assumption of 

independence (or of some other specific correlation structure) may only 
be approximately fulfilled. 

Gross errors in h* may result from local effects (pumpage, recharge) which are 

not reflected in the global model and temporal fluctuations of higher frequency 

than can be modelled. Gross errors may also occur when data are incorrectly 
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transcribed or there is a transient, non-systematic change in a measuring device. In 

the case of water level data, gross errors are typically the result of two digits being 

transposed during manual recording or copying of the water surface elevation data. 

Gross errors often have a much larger effect on the data than the underlying error 

process and may result in outliers. The third type of deviation may occur with high 

quality data containing no gross errors but which nevertheless do not fit the normal 

model. Often the central limit theorem is invoked, and ML estimation for jointly 

Gaussian errors applied when the sources of measurement error are numerous and 

have unknown underlying distributions. The possible sources of head measurement 

errors are indeed numerous. Carrera [1984] developed a summary of possible source 

of errors which includes computational errors, 3 types of conceptual model errors, 

and 3 type of measurement errors. Carrera states very clearly that in his work 

the use of the Gaussian distribution is not an assumption but a hypothesis under 

which the model parameters are estimated. Such problems are most serious when 

the distribution of the errors has thicker tails than the normal. 

5.2.1 Statistical Theory 

I will briefly describe the two main theoretical approaches to robust statis

tics. These are the minimax approach of Huber and the approach based on influence 

functions by Hampel. 

Huber's Minimax Approach 

Huber [1972] introduced a new type of estimator called an M-estimator 

which generalizes the concept of maximum likelihood estimation. With maximum 

likelihood techniques one solves for the estimate /3 of the parameter vector f3 by 

minimizing the negative log-likelihood function. For the case of independent head 

measurement errors, Eb = [e1, •.. , fNh]T, having zero mean, standard deviation O'i for 



the ith error and density f, the negative log-likelihood function is 

Define the scaled error, 

and rewrite (5.8) as, 

r. _ Ei(P) 
~·- ' (T· I 

i=l 
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(5.8) 

(5.9) 

(5.10) 

The maximum likelihood estimates are determined by differentiating£ with respect 

to the unknown parameters, {j, setting the resultant expression to zero, and solving 

for fj, 
i:-1_fJJ((i) fJ(i = 0. 
i=l /((i) 8(i 8{3 

(5.11) 

Instead of minimizing (5.10) or solving the system (5.11) Huber proposed computing 

the estimate /3 of the parameter vector {3 by minimizing £, 
Nh 

.c = LP((i)' (5.12) 
i=l 

or solving the system of equations 

Nh fJ(i tt q, ( (i) {){3 = 0, (5.13) 

where pis a positive valued function which measures the size of the scaled residual 

and 

(5.14) 

Consider the case where there are no prior estimates of the model parame

ters so z• = h*, the statistical parameters, 8, are known and one wishes to estimate 

the aquifer model parameters. fu practice the unknown error, Ei, is replaced by the 

residual, ri = hi - hi('p ), in the estimation criterion. Define the scaled residual by 

-. _ hi- hi(P) 
r,- . (5.15) 

Ui 
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The derivative of the negative log-likelihood function and the derivative of theM

estimator criterion (5.12) are rewritten as (5.16) and (5.17), respectively. 

i: 1_ of<!i) a~i = 0 
i=t f(ri) 8ri 8P 

Nb Of· tt w(ri) of, = o. 

(5.16) 

(5.17) 

In order to further clarify the relationship between M-estimation and ML 

estimation I present simple examples for two univariate probability distributions. 

Example 1. The normal distribution. The probability density function for a 

random variable x which is normally distributed with mean p. and variance u 2 is 

(5.18) 

Here the vector of parameters is 8 = [~t, u2f. Given a sample (x 17 ••• , Xn) inde

pendent and identically distributed according to the normal distribution define the 

general likelihood function 
n 

L (xb···,xnl~t,u2) =IT! (xi;p.,u2
), 

i=l 
(5.19) 

which for the normal distribution is 

( ) ( 
1 )n n -(~fl 

L Xt, ••• , Xn lp., u2 = .j2:; IJ e a • 
2rru i=t 

(5.20) 

The negative log-likelihood function C =-In (L) is 

C = nln ( .;2;) + nln(u) + t (x~ p.)
2 

i=t 2u 
(5.21) 

The maximum likelihood estimates of the parameters p. and u2 are determined by 

taking derivatives of C with respect to p. and u2 , setting these equations to zero and 

solving for jl and u2• 

(5.22) 
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ac = n0'2- t(xi -JJ)2 = 0 
au i=l 

(5.23) 

The ML estimator [1. of Jl, given implicitly by 

(5.24) 
i=l 

is an estimator of the location of the data Xi· The estimator u2 of 0'2 ' given by 
n 

2)xi -JJ) 2- nu2 = 0, (5.25) 
i=l 

is an estimator of the scale or spread of the data Xi· 

The equivalent M-estimators for location and scale are defined directly in 

terms of '\~~-functions as follows. TheM-estimator [1. of Jl, is given by 
n 

L \111 (xi- [1.) = 0, (5.26) 
i=l 

where, 

(5.27) 

The M-estimator 5-2 of u2 , is given by 
n 

E\112 (<xi -JJ)2 - u2
) = o, 

i=l 

(5.28) 

where, 

(5.29) 

Example 2. The Laplace distribution. The probability density function for a 

random variable x which is distributed according to the Laplace distribution with 

parameters I' and 0' is 

1 .l::::cl 
f(x;B)=f(x;JJ,u)=

2
ue- a u>O. (5.30) 

Here the vector of parameters 9 = [JJ, uf. Given a sample (xb ... , xn) indepen

dent and identically distributed according to the Laplace distribution define the 

likelihood function, 

(5.31) 



The corresponding negative log-likelihood function is 

C = nln2 + nln(u) + E lx; -Ill. 
i=l 0' 

The derivatives of C with respect toll and u are 

ac n 
a= L:sign (x; -ll) = 0, 

ll i=l 

and ac n 
- = L(lx; -Ill- u) = 0, au i=l 

respectively. The estimator {.t of /l, given implicitly by 

n 

L:sign (x;- j.t) = 0, 
i=l 
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(5.32) 

(5.33) 

(5.34) 

(5.35) 

is an estimator of the location of the data x;. The estimator fr of u , given by 

n 

L:Cix; -Ill- fr) = 0, (5.36) 
i=l 

is an estimator of the scale or spread of the data Xi • 

The equivalent M-estimators for location and scale are defined directly in 

terms of '11-functions as follows. TheM-estimator {.t of p., is given by 

n 

I:w1 (x;- j.t) = o, (5.37) 
i=l 

where, 

Wt (xi- j.t) =sign (x;- j.t). (5.38) 

TheM-estimator fr of u, is given by 

n 

2:w2(lxi -p.l- fr) = O, (5.39) 
i=l 

where, 

(5.40) 
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Huber considers the a-contaminated normal distribution model where the 

true model of the distribution, F( f), of the random measurement errors f with mean 

p. (location) and unit standard deviation (scale) is given by 

F ( f - p.) = ( 1 - a) ~ ( f - p.) + a1i ( f - p.) , (5.41) 

~ being the normal distribution and 1i an arbitrary, unknown distribution gener

ating the a-fraction of gross-errors. F may be thought of as a distribution in the 

neighborhood of the normal distribution. Huber'& goal is to determine the estimator 

of p. which minimizes the worst behavior that could occur in a a-neighborhood of 

~ as measured either by this estimator's asymptotic bias or asymptotic variance. If 

the asymptotic variance is selected as the performance measure, the worst behav

ior occurs when F is selected in an a-neighborhood of ~ such that the estimator 

has maximum variance. The Cramer-Rao inequality gives a lower bound on the 

asymptotic variance of the estimator in terms of the inverse Fisher information. 

Therefore, the worst distribution is that which has minimum Fisher information 

and is thus the "least informative" distribution. The worst behavior is minimized 

by selecting an estimator whose asymptotic variance does not exceed the Cramer

Rao lower bound for the "least informative" distribution. Because this estimation 

method minimizes the maximum asymptotic variance, it is referred to as a minimax 

procedure. Hampel et al. [1986,p 37] describe the procedure as follows: 

Nature chooses an [F) from the neighborhood of the model(~), the 
statistician chooses an M-estimator via its 'It , and the gain for Na
ture and the loss for the statistician is the asymptotic variance V ('It, F) 
which under mild regularity conditions turns out to be f '112dF / (J 'lt'dF)2

• 

According to the work of Huber, the "compromise" reached by Nature and the 

statistician, for situations in a a-neighborhood of the normal distribution, results in 

Nature choosing Huber's least favorable distribution, which is normal in the middle 

and exponential in the tails, and the statistician selecting Huber's M-estimator given 

by, 

'lt(f) = max(-k,min(k,f)), (5.42) 



or 

1
-k r < -k 

w(r) = r -k -5 r < k , 

k r > k 

104 

(5.43) 

where k > 0 and depends on a. As a -+ 0 and k -+ oo, or a -+ 1 and k -+ 0 the 

estimation criteria tend, respectively to the L2 or L1 norms. 

Hampel's Influence Function Approach 

Hampel [1968) developed a theory of statistical robustness based on so

called influence functions with which one may quantitatively assess the effect of an 

additional observation on the estimator p. According to Hampel et al. [1986): 

... the influence function [IF ( Ej p, F)] is the first derivative of a 
statistic [p) at an underlying distribution F, where the point [E) plays 
the role of the coordinate in the infinite-dimensional space of probability 
distributions. 

To be explicit, consider computing the estimate Y of Y = log10 K based on a large 

sample of measured hydraulic heads, [hi = h1 + Et, ••• , h: = hn + En] where the 

measurement errors, Ei, come from the distribution F. Now add one additional 

observation, h:+l = hn+I + En+ I, to this sample and assess its effect on Y. Because 

Y is a functional of the distribution which generates the errors in the measured 

data write Y(F). The influence function for this case is given by, 

( ~ ) . [y ((1- t) F + t~'n+l)- Y(F)] 
IF En+I; Y, F = lim t ' 

tjO 
(5.44) 

where ~'n+l is the Dirac delta probability measure which places mass 1 at the 

point En+I· In this instance, because I consider only one estimate, Y, the influence 

function is scalar-valued. Hampel et al. [1986,p. 85) also derived the asymptotic 

estimation variance of the estimate Y in terms of the influence function as 

(5.45) 



105 

where the integration is performed over all E. The influence function is used to 

define several measures of robustness including: 1. The gross-error sensitivity, 2. 

the local-shift sensitivity and 3. the rejection point. I do not use these measures in 

my research but include brief descriptions for completeness. Hampel et al. [1986] 

and Huber [1981] discuss these measures in detail. 

Gross-error Sensitivity The gross-error sensitivity measures the greatest in

fluence that an error which comes from a distribution other than the underlying 

distribution F can have on the value of the estimator and is given by 

-r*(Y,F) =sup IIF(E;Y,F) I· 
f 

(5.46) 

Local-shift Sensitivity The local-shift sensitivity measures the relative effect 

on Y of shifting the measured value of hydraulic head from hf'l to h11 as a result of 

incurring the measurement error v instead of 77 

• IIF(v;Y,F) -IF(TJ;Y,F) I 
A =sup I I . 

11'¢'1 v - 7] 
(5.47) 

Essentially A* is the upper bound on the Lipschitz constant for the influence func-

tion. 

Rejection Point The rejection point measures the ability of the estimator of Y 

to entirely reject an observation of hydraulic head which is an extreme outlier due 

to the measurement error E. For a symmetric distribution F the rejection point is 

p* = inf IF (e; Y, F) = 0. 
O<r<f 

(5.48) 

All observed values of head with errors or residuals greater than p* are rejected 

entirely and thus have no effect on the value of Y. If no such r exists then p* = oo. 

Hampel et al. [1986] stress that the influence function, while being a 

very useful tool, provides only a local measure of the behavior of the estimator, 
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because the derivative which defines the IF is an approximation which only exists 

in a neighborhood of the distribution function F. Hampel et al. [pp. 96-100, 1986] 

describe global measures of the reliability of the estimator which define the distance 

from the distribution F at which the estimator still yields meaningful estimates. 

According to Hampel et al. (p. 96, 1986] distance may be described by considering 

the reasons why a parametric model does not fit the data: 

1. Rounding of the observations. 
2. Occurence of gross errors. 
3. The model is only an idealized approximation to the underlying 

chance mechanism. 

Distance is measured by the Prohorov distance which for two distributions F and 

G is given by 

1r (F, G):= in£ (a; F(A) ~ G (A0
) +a VA], (5.49) 

where A 0 is the set of all points whose distance from A is less than a . The 

set A 0 stands for rounding of observations in A and the term +a stands for the 

fraction a of data that has an entirely different distribution. Rey (1983, pp. 28-

32] provides an example of computing the Prohorov distance between two one

dimensional distributions. The global measure of robustness which Hampel et al. 

define based on the Prohorov distance is called the breakdown point, a• . The 

formal definition of the breakdown point is very technical (Hampel et al., 1986,pp. 

96-97], however, an intuitive definition of a• is the largest fraction of gross errors 

that may be contained in the data before the estimator becomes totally unreliable. 

In the case of Huber's M-estimator for location the breakdown point is a• = 1/2. 

Qualitative robustness as defined by Hampel et al. measures the continuity 

of the estimator with respect to the Prohorov distance. Essentially the argument 

for the qualitative robustness of the estimator is similar to the standard 6 - e 

definition for continuity of a function used in the calculus. A sequence of estimators 

(Pni n > 1) is qualitatively robust at the distribution F if for every e > 0 there 
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exists a 8 > 0 such that for all distributions G defined on the sample space and for 

all n, 

(5.50) 

where LF(Pn) is the distribution of the estimate Pn when the underlying error 

distribution is F. Huber's M-estimator is qualitatively robust, however Hampel et 

al. note that the arithmetic mean is not qualitatively robust and has a breakdown 

point a*= 0. 

5.2.2 M-Estimators 

There are several distinct classes of robust estimators in addition to M

estimators including L-estimators which are based on linear combinations of order 

statistics, R-estimators which are based on ranks and S-estimators which are gener

alizations of least median of squares estimators [Rousseeuw and Leroy, 1987]. I use 

M-estimators because of their similarity to maximum likelihood estimators and the 

relative ease with which they can be implemented for the nonlinear inverse problem 

of aquifer hydrology. 

Numerous M-estimators which have been proposed by researchers to ad

dress estimation problems peculiar to their own discipline. According to Hampel et 

al. [1986], Stigler [1980] credits Smith [1888] with deriving an M-estimator with the 

form, 

W(f)= I ~(k'-f') r<k 
-k ~;: < k. 

r>k 

(5.51) 

Prior to Smith an M-estimator was proposed by Daniel Bernoulli [1769] [op. cit.] 

having similar form, 

r<k 
-k ~;: < k. 

r>k 

(5.52) 



108 

The common feature of all M-estimators is their downweighting or outright 

rejection of data residuals which are larger than a given size. The M-estimator 

derived by Huber's minimax procedure weights all scaled values greater thank by 

the constant k ((5.43) and Fig. (5.1 a)). Rey [1983] refers to an M-estimator he calls 

function "Fair" which has downweighting properties similar to Huber's M-estimator 

but with the added benefit of having a differentiable '11-function. Function "Fair" 

shown in Fig (5.1 b) is given by, 

'I< (f)= 2sign (f) [c-
1

: ~] , (5.53) 

Rey has found that this M-estimator achieves 95% asymptotic efficiency in the 

case the data come from a Gaussian distribution with the tuning parameter c = 
1.3998. Moreover, he claims that this M-estimator, " ... hardly depends on the scale 

estimates." [Rey,p. 116, 1983]. 

Statisticians have proposed another class of M-estimators which reject ex

treme outliers completely. These so-called redescending M-estimators exhibited 

reduced asymptotic variances when tested in the Princeton Robustness Study [An

drews et al., 1972]. The minimax redescending M-estimator is obtained using Hu

ber's variational method subject to the side condition 'II (f)= 0 for If I= c, where 

cis an arbitrary constant. For a-contaminated normal distributions this approach 

yields the Tanh M-estimator shown in Fig. (5.1 c) and given by '11-function, 

0:51 f I< a 

a :51 f I< c , 

f>c 

(5.54) 

where a and b depend on the level of contamination. Other proposals for redescend

ing M-estimators include: Hampel's (Fig. (5.1 d)), 

(I (f)= 

r 

a· sign (r) a< lrl :5 b 

a [( c- f)/ ( c- b)] sign ( r) b < lrl :::; c 

0 c<r 

(5.55) 



'fukey's biweight function (Fig (5.1 e)), 

Andrew's sine M-estimator (Fig. (5.1 f)), 

q, (r) = { soin(r) -7r < r < 7r 

otherwise 
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(5.56) 

(5.57) 
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c d 

e f 

Figure 5.1: '11-F\mctions 
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5.2.3 The Scale Problem 

One problem with most M-estimators is that they are not in general invari

ant to changes in the scale of the measurement errors. Scale invariance implies that 

the estimates are independent of the units used to measure the data. For example, 

if heads are measured in units of meters and hydraulic conductivities are estimated 

in units of meters per day, one would expect that if the head measurements were 

converted to feet that the estimates of K in feet per day would be identical to the 

previous estimates of K in meters per day except for the conversion factor. Now 

consider the \~~-function for Huber's M-estimator which assigns a weight of k to all 

residuals whose absolute value is greater thank. If k = 4 is selected to downweight 

all head residuals greater than 4 meters, converting the head data to feet would 

result in more head residuals being downweighted although there is clearly no in

crease in the number of outlying data points. Scale invariance is effected by using 

the scaled error or residual in theM-estimator's \II -function 

E'M (hi- hi(P)) 8hi(P) = o, 
i=l Sn 8p 

(5.58) 

where Sn is a robust estimate of the scale Uh of the residuals for the case where all 

errors are assumed to have equal variance. The effect of using the scaled residual 

is to cause the tuning parameter k to be dimensionless. Huber [1981) suggests 

concomitant estimation of model parameters and scale by solving the system (5.58) 

and equation (5.59) for estimates p and .Sn of p and uh, respectively, 

E [\II (hi- hi(P)) hi- hi("p) -1] = 0. 
i=l Sn Sn 

(5.59) 

Huber derives (5.59) by analogy with the maximum likelihood estimate of scale for 

an arbitrary probability density function (e.g. (5.25) and (5.36)). However, (5.58) 

and (5.59) are both nonlinear equations in p and sn, and these simultaneous equa

tions must be solved iteratively. Instead, many statisticians choose to iteratively 

recompute Sn by the median absolute deviation estimator, MAD [Hampel et al., 

1986, p. 105), 

(5.60) 
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where ri is the ith residual, and 1.483:::::: 1/ (w-1(.75)) (w is the CDF for the normal 

distribution) is a correction factor that makes Sn a consistent estimator of O'h if the 

errors are normally distributed. 

5.3 Robust Nonlinear Parameter Estimation 

Hydraulic heads are nonlinearly related to the flow parameters through 

the diffusion equation. Therefore, any estimation criterion designed to measure 

the deviation of the predicted from the observed head is also nonlinear in the pa

rameters. Although M-estimators have been extensively used in linear regression, 

relatively little research has focused on nonlinear :regression. Notable exceptions 

are the monograph by Bieren3 [1981] in which the author applies robust methods 

to nonlinear econometric problems, the paper of Denni3 and Wel.9ch [1976] which 

considers minimization techniques for nonlinear robust regression and short sections 

in the book of Seber and Wild [1989]. Rey [1983] briefly discusses M-estimation for 

nonlinear regression and notes that robust methods are rarely considered because of 

the minimization problems already posed by the nonlinear least squares estimation 

criterion. 

The measured values of hydraulic heads are related to those estimated by 

the aquifer model through the relationship, 

(5.61) 

where hi (i = 1, ... , Nh) is the vector of observed steady state head values at locations 

xi(i = 1, ... ,Nh), hi(P) represents the solution of the steady state flow equation, 

p =[pi! ... ,pNp] is the Npx1 vector of flow parameters and fi (i = 1, ... , Nh) are the 

observation errors. In terms of the p-function the M-estimator for the nonlinear 

regression equation (5.61) is 

(5.62) 
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In terms of the '111-function the M-estimator is given by 

~.T. (h'[- hi(p)) Ohi(P) _ O ~ • _ 1 11.r 
/-J ~ O . - .LOr J - , ••• , .np, 
i=l SN,. PJ 

(5.63) 

where sN,. is the robust scale estimate. 

For linear regression Hampel et al. [1986, pp. 308-313] has derived a 

convenient form of the vector-valued influence function, IF, which separates the 

influence on the parameter estimates due to measurement error from the influence 

due to the selection of the model and measurement locations. Hampel et al. refer to 

these effects as the scalar-valued influence due to the residual, I R, and the vector

valued influence due to position in factor space, IP. Rey [1983, pp 172-175] has 

determined the IF for the nonlinear regression problem. However, Rey does not 

factor the IF into the influence due to the residual, I R, and the influence due to 

the selected model, IP. I derived the factored form of IF in order to separate 

the destabilizing effects of large residuals from the effects of ill-conditioning of the 

system matrix which may result from non-identifiability problems or the existence 

of head measurement locations which are insensitive to changes in some or all of 

the aquifer model parameters. 

This derivation of the influence function for estimation of the parameters 

of a nonlinear aquifer model is non-rigorous and is intended only to demonstrate the 

characteristics of theM-estimator. There are two sources of difficulty in performing 

the derivation. The first is posed by the somewhat awkward assumption that the 

particular aquifer model considered is but one out of a "distribution" of possible 

aquifer models. The second assumption is the requirement that the measurement 

errors and the model are in some sense independent. This second assumption is 

made so that the influence function may be factored into the influence due to the 

residual and the influence due to the selection of the model and measurement lo

cations. The reader is asked to accept these arguments because they allow the 

construction of a useful heuristic tool for separating the sources of instability in the 

solution to the inverse problem and permit the derivation of the asymptotic estima-
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tion covariance matrix. The question of the reliability of this matrix is addressed 

through a synthetic numerical example. 

Neglecting the scale factor, rewrite the system of equations (5.63) as 

Nh 

E \II(hi- hi(p))Vphi(P) = 0 (5.64) 
i=l 

If G N is the empirical cumulative distribution function of the head errors e generated 

by the sample (hi, ... , hNh) of measured heads and the set of possible aquifer models 

h(xi, p), GN is replaced by the distribution G of all possible head measurements h* 

and aquifer models, h(x, p) and (5.64) is rewritten as 

i \II (y- y(p(G))) Vpy(p(G))dG(y,y(p)) = 0 (5.65) 

where H = [h*, h (x, p )] is the space of head observations and aquifer models, y and 

y( p( G)) are scalar variables of integration. Let G = ( 1 - t) F + tAe where F is the 

"true" probability distribution function, Ae is the probability distribution function 

which places mass 1 at the "point" e, and e = (he,he(x,p)) is the "point" in the 

H space at which the IF is evaluated. Then 

i \II (y- y (p ((1- t) F + tAe))) 

Vpy (p ((1- t) F + tAe)) d((1- t) F + tAe) = 0 (5.66) 

Assuming differentiation and integration can be interchanged, differentiate (5.66) 

with respect to t, 

i \II' (y- y (p ((1- t) F + tAe))) 

Vpy (p ((1- t) F + tAe)) V~y (p ((1- t) F + tAe)) 
a 
at [p (( 1 - t) F + tAe)] d ( ( 1 - t) F + t Ae) 

+ k w(y-y(p((1-t)F+tAe))Vp\'~y(p((1-t)F+tAe))) 
a 
8t [p ((1- t) F + tAe)] d ((1- t) F + tAe) 

+ k \II(y-y(p((1-t)F+tAe))) 

Vpy(p ((1- t) F + tAe)) d(Ae- F)= 0, (5.67) 



where w'(ri) = 8:~~;>, Evaluate (5.67) at t = 0, 

k 'II' (y- y (p(F))) Vpy (p (F)) V~y (p(F)) dF(y) 

a 
lJt (p ((1 - t) F + t~e)],=o 

+ k 'II (y- y (p(F))) Vp V~y (p(F)) dF(y) 

a 
lJt (p ((1 - t) F + t~e)],=o 

+ 'II (he- he(p(F))) Vphe(p(F)) 
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k 'l1 (y- y (p (F))) Vpy (p(F)) dF(y) = 0. (5.68) 

Now, from the definition of the N11x1 vector-valued influence function evaluated at 

p=p, 

! (:P ((1- t) F + t~e)]t=o _ lim [p((1-t)F+t~e) -p(F)l 
tlO t 

- IF(h(,he(x,p);p,F). (5.69) 

The last integral in (5.68) vanishes by virtue of (5.65), hence (5.68) can be solved 

for the influence function of the estimator p, 

IF (h(, he (x, p); p,F) 

= M-1 Vphe (:P(F)) w (he- he(:P(F))), (5.70) 

where 

(5.71) 

If one assumes that near the optimum the Hessian term V p V~y in (5. 71) is neglible, 

the influence function, IF, may be factored into the influence due to the residual, 

I R, and the influence due to the selection of the aquifer model, IP, where the 

residual is r = h*- h(x, p). Following the procedure outlined by Hampel et al. (p. 

312, 1986] for the derivation of the influence function for linear regression, I assume 

that the joint density f (y, y (p)) for the CDF F can be written 

f(y,y(p)) = l/J(y*- y(x,p)) k(y(x,p)), (5.72) 
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where the measurement error has been replaced by the residual. Neglecting the 

Hessian of the model with respect to the model parameters in (5.71) we obtain 

M = (L
1 
'll'(r)d<P(r)) (Lz VpyV~ydK(y(p))), (5.73) 

where H1 = {h*}, H2 = {h(x, p)}, {} denoting space of the argument, and <P and 

K are CDF's corresponding to ifJ and k, respectively. The influence function may 

then be written 

IF (h(, h~ (x, p); p, F) 
= I R ( h( - h~ ( x, p) ; p, <P) IP (he ( x, p) ; p, K) (5.74) 

where 

IR (he- he(x,f>) ;f>,<P) ='~~(he- he(f>(F))) [kl 'll'(r)d<P(r)]-
1 

(5.75) 

and 

(5.76) 

Here e refers to the "point" in the space H composed of the space of head measure

ments, Hh and the space of possible aquifer models H 2 at which the IF is evaluated, 

h( is measured hydraulic head and he (p) refers to that obtained from the aquifer 

model. The CDF for the residuals is <P(r) and the CDF for the possible aquifer 

models is K(y(p)). 

The influence function measures the effect on the estimator p of adding 

one observation represented by the point e to a very large sample and is therefore 

used primarily to obtain an analytical measure of the robustness of the estimator. 

For finite sample sizes the influence function may be approximated numerically by 

the empirical influence curve wherein F is approximated by the empirical CDF. For 

a sample size of Nh, 

(5.77) 

(5.78) 
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where J = t is the NhxN'P Jacobian (sensitivity) matrix. The empirical influence 

due to the residual EI R and the empirical influence due to position EIP are given 

by (5. 79) and (5.80), respectively, 

EIR(h -h (")·" N)= lJI(hm-hm(p)) (5.79) 
m m P ' p, h ..L "'/Y" ,y,1 ( ·) 

N,. .lJa=l 'K r, 

EIP(hm(P);p,Nh) = [~h JTJ]-t J~, (5.80) 

where hm is the "point" at which the influence function is evaluated and Jm is the 

mth row of the Jacobian. 

For Huber's M-estimator the numerator of EIR is bounded above by k 

because lJI is bounded, ( -k s; \II s; k ), and the denominator is non-zero if there is at 

least one residual for which 'II'= 8!~r) is non-zero. Therefore, the influence due to 

the residual is bounded for nonlinear regression using Huber's M-estimator. The in

fluence due to the residual is unbounded for the OLS estimator because lJI (ri) = ri, 

hence a single large residual can greatly affect the nonlinear least squares estima

tor. However, even for Huber's M-estimator, a single measurement point which is 

extremely sensitive to changes in the hydraulic parameters may make the EIP un

bounded. Moreover, if the parameter structure of the model is not carefully chosen, 

two or more columns of the sensitivity matrix may be approximately colinear, and 

JTJ will be ill-conditioned which in turn will cause EIP to be unbounded. Clearly 

there is a need for estimators which are resistant to either extremely sensitive or 

extremely insensitive locations in the aquifer model (factor space) and temper the 

effects of ill-conditioning. 

For linear regression, so-called bounded influence estimators which bound 

the influence due to position in factor space have been developed by Hampel [1978), 

Krasker [1977, 1980), Krasker and Welsch [1982) and Mallows [1983). Mallows 

developed an estimator which bounds the influence of outlying points in factor space 

by means of a weight function. Hampel and Krasker developed an estimator which 

downweights an outlying point in factor space only if the corresponding residual is 

large. 
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Bounded influence estimators can reduce the influence of one or more 

model hydraulic heads which are very sensitive to changes in the values of the flow 

parameters. However, if the model structure is poorly defined or if model hydraulic 

heads are not sensitive to changes in the model parameters, bounded influence es

timators cannot improve the conditioning of the sensitivity matrix. H anything, a 

bounded influence estimator, by disregarding points in the model where the heads 

are very sensitive to changes in the model parameters, may actually exacerbate the 

ill-conditioning and make the estimation problem more unstable. Although Krasker 

and Wel3ch (1982] are proponents of bounded influence linear regression they con

cede, that outlying points in factor space actually increase the efficiency of the es

timators. For this very reason they developed the sophisticated bounded influence 

estimator described earlier which downweights a point in factor space only if the 

corresponding residual is an outlier. The approach which I have taken to deal with 

unboundedness of the influence due to model and measurement location selection 

indirectly addresses the problem through using traditional statistical regularization 

methods to reduce ill-conditioning of the sensitivity matrix. 

5.4 Estimation of Asymptotic Covariances 

The asymptotic covariance for the nonlinear regression estimator is ob

tained from the Cramer-Rao lower bound which is given in terms of the expected 

value of the inverse Fisher information matrix. Carrera and Neuman [1986a] show 

for the case where the head measurement errors are Gaussian, with no prior esti

mates of hydraulic parameters and assuming second-order terms (the Hessian) can 

be neglected, that the Cramer-Rao lower hound on the estimation covariance matrix 

IS 

2 [ T -1 ] -l Ep = uh J V h J . (5.81) 

Recall from equation (5.45) that the asymptotic variance of an estimator 
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may be written in terms of the expected value of the square of its influence function. 

The general formula for the asymptotic covariance when the influence function is a 

Npxl vector is given by 

(5.82) 

where the integration is performed over all points e E H. Substitute expressions 

(5.70) and (5.71) for the influence function without the second-order terms, 

o = fe [[.£ w'VpyV~ydF]-1 Vphe\l12V~he [.£ 'I!'VpyV~ydF]-1

] dF (5.83) 

Assuming that the model and observation points are fixed, then replacing F by the 

empirical distribution function in the two integrals over H, we obtain 

(5.84) 

where 'II~ = w'(ri)· The two integrals over the space H, which are approximated 

using the empirical CDF, are not functions of the variable of integration e so (5.84) 

may be rewritten, 

o = [...!_ E \li~JT Jl-1 

[], >li 2 V phe V~hedF] [...!_ E \li~JT Jl-1 

Nh i=t e Nh i=1 
(5.85) 

Substitute the empirical distribution function for F and approximate the center 

matrix by 

1 W2VpheV~hedF = (~ £=w~) JTJ 
e h •=I 

(5.86) 

Substituting (5.86) into (5.85) to obtain 

_t "':I h \II~ 

0 = ( 1 ;;;;.1 >li;)' [JTJr. 
Nh •=1 I 

(5.87) 

For ordinary least squares the above equations yields the expected result in the case 

where the variance of the measurement errors in unknown and the mean squared 

residual is a biased estimate of ul. 

(5.88) 
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Note that (5.88) is identical to (5.81) when the measurement errors are Gaussian 

with mean zero and covariance given by Ch = uli, where I is the identity matrix. 

In this case (5.88) is, 

(5.89) 

Huber [1981] suggests adjusting the counterpart to (5.87) for the linear model to 

correct for degrees of freedom. The lower bound on the estimation covariance for 

theM-estimator when adjusted for degress of freedom is, 

__l__ ""I'! h \II~ 
Nh-Np L..t=1 I [JT J] -1 

(_1_ ""'r:rh w~)2 
Nh-Np L..t=1 I 

0= (5.90) 

Rey [1983] obtains an expression for the asymptotic covariance function for nonlinear 

robust regression which is similar to (5.83). However, he neither simplifies nor 

evaluates this equation to determine the sample covariance. 
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Chapter 6 

OVERVIEW OF ROBUST METHODS FOR INVERSE PROBLEMS 

There are a small but increasing nwnber of articles which address the use of 

robust estimation methods to solve inverse problems in geophysical imaging. There 

are also a number of papers which discuss the use of robust methods for processing 

speech and acoustic signals and solving general system identification problems. I 

could not find any reference to the use of robust estimation methods in medical 

imaging problems such as tomography or nuclear magnetic resonance, however my 

literature search in this area was not exhaustive. 

6.1 Geophysical Inverse Problems. 

Claerbout and Muir [1973] were apparently the first researchers to suggest 

the use of robust procedures for inverting geophysical data, although they appar

ently did not apply these methods to actual data. Claerbout and Muir recommend 

using the sample median or equivalently minimizing the L1 norm rather than the 

sample mean (minimizing the L2 norm), when the data contain gross errors or, in 

the author's words, "infinite blunders." This paper is a tutorial in tone and focuses 

on automatic detection and filtering of large errors in seismic traces caused by air 
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waves, ground roll, noise bursts, dead traces and ice breaks, by using the median 

instead of the mean for trace averaging. The authors recognize that the L1 norm 

can lead to problems with non-uniqueness of the solution, however they hasten to 

add that the apparent uniqueness of many OLS solutions may be illusory; the OLS 

solution is only an artifact of the worst data point. Claerbout and Muir recorrunend 

using some procedure to assess the size and shape of the space of nonunique solu

tions and if it is too large obtain additional data or impose additional restrictions 

by regularization. As an example the authors suggest solving the linear inverse 

problem 

Ax=b (6.1) 

using the regularized estimation criterion 

E (x) =II Ax- b IIL1 + II X IILoo' (6.2) 

where L 00 indicates the maximum norm. 

Ger8ztenkorn et al. [1986] developed an iteratively re-weighted least squares 

algorithm (IRLS) for robust inversion of the one-dimensional acoustic wave equa

tion. Their approach generalizes the procedure outlined by Claerbout and Muir by 

considering all Lp norms for p ;::: 1. The authors give a statistical basis for consider

ing Lp norms by showing that all may be derived from the log- likelihood functions 

for the family of generalized exponential probability distributions with zero first 

moment, 
p -(~) 

f(e,{J,p)= ( )e 13 

2{Jr ; 
(6.3) 

where r(·) is the gamma function, {J > 0 is a scale parameter, p > 0 is a shape 

parameter and e is the random variable. It is easily shown that for p = 1 with 

{J = q and p = 2 with {32 = 2C12 this distribution gives the Laplace and Gaussian 

distributions, respectively. The log-likelihood function for arbitary p and n samples 

Ei, i = 1 ... n of the RV e having mean Jl. is, 

( 
p ) n I Ei - J1. IP 

£(Et .. •En,JI.,{J,p) = nln e) + 2: {J • 
2/.lr - ·-1 

J.l p ·-

(6.4) 
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It can be shown that the influence function of the maximum likelihood estimator 

of the mean for p < 2 is bounded and therefore robust. Equating the derivative of 

the log- likelihood function for infinite sample size with respect to 9, the estimate 

of p., to zero we obtain the '\}/-function. 

q, (e- 9) =sign (e- 9) PI E- 9 lp-l (6.5) 

The function '\}1 ( E - 9) is bounded on an interval I C R if there is an M such that 

I '\}1 (e- 9) I< M for all (e- 9) E I (d. Griffel, p. 155). Because for p < 2, I 
f- 9 IP-1< (e- 9) we can always find an M such that p I E- 9 1p-l~ M for all 

( E- 9) on the interval I. Gersztenkorn et al. note that the exponent p plays the 

role of a tuning parameter. If p is close to 1 the associated estimation criterion 

will be insensitive to spike noise bursts sop may be appropriately selected if large 

outlying errors in the data are expected. The authors apply the IRLS algorithm 

they developed to a synthetic acoustic velocity profile and demonstrate that for a 

seismic trace with added spike noise their IRLS inversion reconstructs the acoustic 

velocity profile much better than OLS. 

Walden [1988) robustified the Wiener filter for deconvolution of a signal 

with additive noise by minimizing either the average mean-squared error crierion or 

the maximum mean-squared error criterion as the objective function for the decon

volution filter. Patton [1988) applied robust estimation procedures to determining 

the acoustic attenuation coefficient, commonly denoted Q, for quality factor. Pat

ton investigated the use of several estimators including maximum likelihood for 

the Gaussian, Laplace and Cauchy distributions, the median and the a-trimmed 

mean. His test of the estimators consisted of contaminating signals from a 1-D 

two-receiver model with noise from a mixed distribution. The contaminating noise 

may be represented by the distribution 

N = o:N ( 0, o-2
) + (1 - o:) G (6.6) 

where N is a Gaussian distribution, a, 0 ~ o: < 1 is the mixture fraction and 

G is either the Laplace or Cauchy distribution. Patton tested five estimators for 
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signals with 0, 1, 10, 50, 90 and 100% contamination from both the Laplace and 

Cauchy distribution and concluded that the median and a-trimmed mean were the 

best estimators of attentuation. His results are somewhat surprising in that his 

maximum likelihood estimator for the Cauchy distribution failed to converge for 

the cases of 90 and 100% contamination with Cauchy noise. Patton believes that 

the failure to converge is due to difficulty in estimating the Cauchy parameter a 

where the Cauchy density function is 

a 
f(z)= 2 2" z +a 

(6.7) 

ScaleJ and GerJztenkorn [1988] extended the earlier work of Gersztenkorn 

et al. [1986] by applying Lp norms to the solution of inverse scattering and seismic 

tomography problems. The authors present an excellent dicussion on the origin 

and development of robust inversion procedures emphasizing the contributions of 

the 18th century Jesuit scholar Rudjer Boskovic (Rodger Boscovich). However, the 

major contribution of the paper is a demonstration that even if the system matrix 

has full column rank the Lp norm solution may still be nonunique. This last point 

underscores the fact that the use of statistical procedures which are resistant to out

lying errors in the data is no panacea for the instability which plagues most inverse 

problems. I believe the authors have confused the separate issues of instability due 

to insufficient rank of the system matrix and poor efficiency of the estimators due 

to a non-robust error criterion. Their apparent confusion is evident in the state

ment, "Regularization of inverse problems by LAD methods has obvious statistical 

advantages, and would seem to be less ad hoc than damped least squares." I be

lieve that the authors's confusion arises from the very sophisticated IRLS algorithm 

they have implemented via the conjugate gradient method which avoids extreme 

ill-conditioning problems by iteratively computing the pseudo-inverse of the sytem 

matrix at each step. Huber [1981] states that " ... issues connected with ridge re

gression .. . and robustness seem to be sufficiently orthogonal to each other that 

it should be possible to superimpose them without very serious interactions." In 

other words, problems in the structure of the design or system matrix, which are 
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frequently dealt with by regularizing the problem by ridge regression, are unrelated 

to problems with the error structure of the independent variable. Scales and Ger

sztenkom's results are serendipitous, and should not be used to infer that robust 

statistical procedures will regularize ill-posed estimation problems. Aside from this 

c~nfusion regarding robustness/regularization, I think the authors's demonstration 

of the superior resolution of estimators based on Lp norms for 1 < p < 2, particu

larly for the synthetic seismic travel tomography, give a very convincing argument 

for the use of robust inverse methods. 

6.2 General Signal Processing. 

Yarlagadda et al. [1986] describe the implementation of Lp error norms 

via IRLS and residual steepest descent for general deconvolution problems. In 

particular the authors describe the use of the conjugate gradient method to solve 

the IRLS system matrix which they make even more efficient by use of the fast 

Fourier transform (FFT) to speed convergence. 

Lee [1988] discusses the use of robust methods for the linear prediction 

of speech. Lee gives an overview of robust statistical procedures with emphasis on 

theM-estimator of Huber which includes a brief description of M-estimation algo

rithms, efficiency of M-estimators, and bias reduction of M-estimators. The author 

concludes that the implemetation of the M-estmator for linear speech prediction 

results in more accurate and less sensitive predictions. 

Patterson et al. [1988] discuss the statistical properties of the alpha

trimmed mean and standard type M filters for general signal processing in the 

presence of noise. The standard type M (STM) filter referred to by the authors is 

identical to the Huber M-estimator described in chapter 4 but applied to a input 

signal to compute a running estimate. Patterson et al. test the a-trimmed mean 

and STM filters for signals contaminated with varous levels of Gaussian and double 
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exponential (Laplace) noise and then compare the performance of these estimators 

to the running mean and running median on the basis of their mean absolute error, 

mean square error, mean, standard deviation and root mean square error. Not sur

prisingly, they conclude that the running mean is superior when the noise is purely 

Gaussian while a-trimmed mean and STM filters compromise performance. How

ever, their results demonstrate that for more impulsive noise, the a-trimmed mean, 

STM and running median perform better. They also conclude that STM, because 

of the variable tuning parameter ( k ), allow designers of nonlinear filters to adjust 

the output performance according to the noise characteristics of the input signal. 

Pham and deFigueredo [1989] detail the properties of the maximum like

lihood estimators for the general class of p-Gaussian distributions. These so-called 

p-Gaussian distributions are identical to the family of exponential distributions dis

cussed by Gersztenkorn et al. [1986]. Although the authors do not apply Lp norm 

estimation procedures to actual data, they do provide a thorough exposition of the 

properties of the maximum likelihood estimates for this class of distributions. 

Bouvet and Schwartz [1989] discuss using robust filters for the detection 

of signals in underwater noise from seagoing merchant ships. K ash yap et al. [1990] 

investigated the use of robust estimation procedures for decentralized processing of 

sinusoidal signals with colored additive noise from several sensors. In this paper 

the authors's goal is to develop a method for combining the frequency estimates 

for a signal measured by several sensors when some of the sensors are malfunc

tioning and their measured signals contain spurious frequencies. Kashyap et al. 

implement Huber's M-estimator via either a Newton-Raphson procedure or an it

eratively reweighted least squares procedure into their estimation algorithm. They 

also considered using a redescending M-estimator, however, while the redescend

ing estimator attains a lower RMSE than the nonredescending M-estimator, it fails 

to converge in two out of ten test runs. Both robust estimators outperform the 

weighted least squares estimate in terms of RMSE. Lee et al. [1990] extend the 

basic method of Kashyap et al. to determining robust decentralized estimates of 
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the direction of arrival of a radiating source when the signals are contaminated with 

outliers. 

6.3 System Identification 

Polyak and T~ypkin (1978] introduce the use of robust system identification 

for situations in which the data contain gross errors. Polyak and T~ypkin adopt a 

procedure similar to Huber's minimax approach, however, they develop optimal M

estimators for four classes of distributions: 1. Non-zero probability p (0) ~ b > 0 

wherep(e) = bexp-2b I e I, 2. Finite variance f~ooeP(e)ae ~ u 2
, 3. Distributions 

concentrated on an interval, 4. Contaminated normal distributions. The authors 

test the optimal estimators on linear regression problems with errors in the data 

from Gaussian, Laplace, Cauchy and mixed-Gaussian distributions. 

Puthenpura et al. (1986] implement Huber's M-estimator via IRLS for 

identifying an ARMA model of a packed-bed catalytic reactor where the actual 

data is known to contain outlying errors. They show that the M-estimator clearly 

identifies the outlying data whereas the ARMA model identified by OLS fails to do 

so. Vilchevskiy and Shevlyakov [1986] adopt the approach proposed by Polyak and 

Tsypkin and solve a variational problem to minimize Fisher information, however, 

they do this for a class of distributions from which their algorithm selects the 

appropriate density function through an adaptive procedure. 

6.4 Inverse Problem of Aquifer Hydrology 

In the groundwater modeling literature the only reference I have found 

regarding the use of robust statistical methods for solving the inverse problem is 

in Woodbury et al. [1987]. Woodbury et al. used the L1 norm error criterion 
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and noted, "This norm is considered to be more robust than the L 2 norm as the 

underlying distribution ... is viewed as being drawn from an exponential probability 

distribution." The authors suggested using general regularized L1 error criteria such 

as 

J =I h - h* I +-X I Y - y• I (6.8) 

or 

1 = f: I h; - hj I + ,x E lli - Yi* I, 
j=l lThj i=l tTY; 

(6.9) 

where Uhi and UY; are the estimated standard deviations of the measurement errors 

in hj and l'i*, respectively, and h is the hydraulic head and Y is the log-hydraulic 

conductivity. The authors use the constrained simplex method to minimize the error 

criteria described above. Because gradient information is not required for using the 

constrained simplex method, the form of the objective function may be arbitrary 

and in fact this optimization procedure is particularly well suited to solving the 

L1 norm problem. Woodbury et al. use a 1-D synthetic groundwater flow problem 

to demonstrate that the L1 norm is superior to the L 2 norm in reproducing the 

true hydraulic conductivity field when a gross error or "blunder" is added to one 

of the measurements. The authors also claim that under the assumption that the 

measured data are error free, one can conclude that the parameterization of the 

model is incorrect if the L1 and L2 estimates differ. The use of the L1 norm error 

criteria is extended to simultaneous inversion of hydraulic and thermal data by 

Woodbury and Smith [1988]. 
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Chapter 7 

SYNTHETIC TESTS AND MONTE CARLO STUDIES 

7.1 Introduction 

The synthetic model used to test the the optimization algorithms described 

in Chapter 4 was also used to perform a series of Monte Carlo studies to assess 

stability and statistical properties of the robust estimator and compare to the OLS 

estimator. A primary goal in developing a synthetic model for repetitive studies 

is to keep the model simple enough so that each inverse run is performed quickly 

yet still retain a high enough degree of model complexity to test aspects which 

may be encountered in real groundwater models. In addition, the complexity of 

the model must not be so great that it is difficult to interpret the modeling results. 

The model should reflect physical conditions that are encountered in modeling real 

aquifer systems, with particular emphasis on using realistic parameter values and 

boundary conditions. 

Assessing the stability and statistical properties of the estimator may be 

accomplished in two ways. One method is to analytically determine the asymptotic 

properties of the estimator such as the lower bound on the estimation covariance. 

A second, more direct method, is to repeatedly compute estimates of the param-
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eters for a sequence of "measured" data which have known statistical structure 

and then compute the sample covariance of the estimates. The first procedure is 

elegant but requires strong mathematical assumptions, rigorous application of the 

limit theorems of probability (which are not used here) and may lead to spurious 

results when the assumptions are not met. In the second, Monte Carlo procedure 

one neither need restrict the error distribution or require that the model structure 

be approximately linear in the neighborhood of the estimate. Moreover, Monte 

Carlo estimates of the estimation covariance structure will reflect the effects of the 

minimization algorithm used. The practical problem of determining the reliability 

of parameter estimates for the usual case where one has a single data set cannot 

be solved by using Monte Carlo methods. However, this method is very useful for 

the investigation of estimator properties on synthetic data sets, and for assessing 

the reliability of theoretical formulae such as (5.89) and (5.90) for the estimation 

covariance. 

The goal of the synthetic studies described below is to determine the co

variance structure of the Huber estimator for a variety of conditions and compare 

it to that of the OLS estimator. I did this first for the case of a perfectly known 

model structure, then for a case where the model is overparameterized. The latter 

case addresses the issue to what extent is there a need for regularization when one 

uses theM-estimator to solve nonlinear inverse problems of aquifer flow. 

7.2 Application of M-estimators 

To implement Huber's M-estimator in the computer program one must 

define the p-function as well as the '1'-function. The p-function for the Huber M-
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estimator is the integral of the '11-function in (5.43), and thus given by 

I 
klrd - k; ri < -k 
·2 

p(ri)= -t -k~ri<k, 

klril - ~ ri > k 

(7.1) 

where ri is the ith scaled residual and the term k2 /2 is needed for continuity. I also 

modied the inverse program to allow the use of Hampel's three-part redescending 

M-estimator (5.55) with p-function given by 

p(ri)= 

·2 
!.i.. 
2 

1
-, a2 a r,- 2 

b a2 a ( ~- I ;:~ b b2) ) a --+- c r· - .;..&.. - c +-2 c-b 1 2 2 

b a2 a (c2 b b2) a--+- --c +-2 c-b 2 2 

0 < lr•l ~a 
a< lrd ~ b 

b < lril ~ c 

c < lril 

(7.2) 

To minimize the estimation criteria (5.5) and (5.62) I use the optimization proce

dures described in Chapter 4. Computing the gradient of the M-estimation criterion 

instead of the ML criterion requires little modification to the algorithm since with 

the adjoint method one need only replace the load vectors 8~:n and :4 in the adjoint 

state equations ((3.49) and (3.50)), respectively, with the appropriate '11-function. 

I had little success using Hampel's three part redescending estimator be

cause the estimates oscillated wildly from one iteration to the next. I believe that 

the severe instability encountered with this estimator due to using initial parameter 

estimates which are too far from the true values which results in most residuals be

ing downweighted or rejected. As a consequence the value of the objective function 

is extremely insensitive to large changes in the parameters and the estimation prob

lem becomes unstable. Since the ascending and descending limbs of the '11-function 

may assign the same weight to residuals of greatly different magnitude, I would 

expect problems with multiple minima in the Hampel objective function. Huber 

[1980, pp. 191-192] notes that: 

Descending '11-functions are tricky, especially when the starting val
ues for the iterations are nonrobust. Residuals that are accidentally 



large because of poor starting parameters then may stay large forever 
because they exert zero pull. It is therefore preferable to start with a 
montone 'II, iterate to death, and then append a few {1 or 2) iterations 
with the nonmonotone tit. 
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I abandoned the use of Hampel's M-estimator, except in special cases, due to its 

extreme sensitivity to incorrect estimates of the initial scale of the residuals. All 

of the Monte Carlo studies I performed used the much simpler monotone Huber 

estimator. 

7.3 Estimating Scale 

Because Huber's M-estimator is not scale invariant, one must obtain a 

robust estimate of the scale of the residuals during the optimization procedure. I 

chose not to estimate scale and the flow parameters concomitantly but to instead 

estimate the scale and flow parameters iteratively: I start with an initial estimate 

of the flow parameters, compute the residuals, estimate the scale of the residuals 

by MAD, divide the head residuals in the p-function by the MAD estimate and 

compute new flow parameter estimates. This procedure is repeated until one of 

several convergence criteria is met. Both of the line search algorithms I use in the 

minimization procedure require that the p-function be computed several times in 

one iteration. Dennis and Welsch [1976] recommend computing an estimate of scale 

at the end of an iteration rather than at every evaluation of the p-function. They 

claim that this procedure, " ... is satisfactory and exploits the the fact that most 

robust loss functions become least-squares when ... [k] ••• is set to infinity." I found 

it necessary to re-estimate scale after every function evaluation in order to achieve 

satisfatory convergence for the range of k values used. 

If the residuals do not have central moment near zero, MAD is a poor 

choice for a scale estimator. Figure 7.1 shows cases where the residuals are the 
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result of "good" initial parameter estimates and "poor" initial parameter estimates, 

respectively. In this example the true model is, 

y = x, (7.3) 

the "good" initial model, 

y = .75x + 1 (7.4) 

and the "poor" initial model, 

y =X +2. (7.5) 

The values of the independent value, measured data, computed dependent variables, 

residuals and absolute deviation from the median residual for both the good and 

poor model are listed in Table 7 .1. If the tuning parameter, k, is equal to 1 then 

using the non-consistent MAD as the scale estimator, residuals 2, 4, 6 and 8 would 

be downweighted for the "good" model because each exceeds the MAD estimate, 

8 = .375. However, for the "poor" model all residuals exceed the MAD estimate 

of scale, 8 = .1, and would consequently be downweighted making the estimation 

criterion insensitive to parameter changes. The choices are either to resort toOLS 

by choosing k to be very large, or to select an appropriate scale estimator for the 

case of biased residuals. If the residuals do not have central tendency zero, then the 

median of the absolute values of the residuals would be a more appropriate scale 

estimator. 
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Table 7.1: Scale Estimators for Non-zero Mean Residuals 

Poor Model Good Model 
X y• Yt rt lrt- med(rt)l Y2 r2 lr2- med(r2)l 
1 1.4 3 1.6 .8 1.75 .35 .4 
2 1.6 4 2.4 0 2.5 .9 .95 
3 3.4 5 1.6 .8 3.25 -.25 .2 
4 3.6 6 2.4 0 4 .4 .45 
5 4.6 7 2.4 0 4.75 .15 .2 
6 6.2 8 1.8 .8 5.5 -.7 .65 
7 6.6 9 2.4 0 6.25 -.35 .3 
8 7.4 10 2.6 .2 7 -.4 .35 

I Median I I 2.4 I .1 I -.o5 I .375 

I have not seen this biased residual problem discussed in the robust regres

sion literature. I suspect that this problem does not arise because the algorithms 

used by most researchers for linear models are initialized with OLS parameter esti

mates. In addition, most studies of nonlinear robust regression have concentrated 

on simple models for which good initial parameter estimates can be got by simply 

plotting the data. As further discussed in Chapter 8, residuals which do not have a 

zero-valued first moment, cause instability when fitting very complex aquifer mod

els to transient water level data. I have added the option of estimating scale by 

the median absolute residual to the inverse program, however, I feel that one may 

need to use MAD concurrently if there exist local clusters of residuals with zero 

first moment. 

One complicating factor in using Huber's M-estimator is selecting a good 

value for the tuning coefficient k. One would like to select k to protect the estimator 

against a low level of contamination in the distribution of errors, yet still maintain 

the efficiency of the estimator if all errors are Gaussian. For the latter case, 95 

percent asymptotic efficiency is achieved with the tuning coefficient k = 1.345 [Rey, 

1983, p. 108]. For Huber's least favorable or least informative distribution the tun

ing coefficient k and the level of contamination a, are related through the equation 
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[Huber,p. 86, 1981] 
2¢>(k) _ 2~ (-k) =_a_ 

k 1- a' 
(7.6) 

where ¢> is the standard normal density and ~ the standard normal cumulative dis

tribution. For example, (7.6) states for Huber's least favorable distribution, at a 

contamination level a = .05, the appropriate tuning parmeter is k = 1.399 while 

for a = .25, it is k = .766 [loc. cit.]. The Monte Carlo experiments suggest that 

a tuning coefficient in the range 1 :5 k < 3 results in relatively low estimation 

variances. I performed all subsequent Monte Carlo tests with k = 3, which re

duces the level of protection against outlying residuals below that for, say, k = .5. 

However, this choice of k seems to be a good compromise between protecting the 

estimates from contaminated data and avoiding the difficulties encountered during 

the minimization as k approaches zero. 

7.4 Generation of Contaminated Data 

The measured value of hydraulic head at the ith node is given by 

(7.7) 

where fi is the random measurement error. The "measured" head data were gen

erated by contaminating the computed heads with noise from a mixed normal dis

tribution. The mixed normal model was chosen as it seems to have become the 

standard test model for most robust estimation procedures. The measurement er

rors are independently and identically distributed according to the distribution 

(7.8) 

where 0 :5 a :5 1, ~ is the Gaussian distribution, and u~ =f:. ul. To test the 

robustness of the estimator to situations where a small fraction of errors come from 

a Gaussian distribution with a larger variance, the contamination parameter, a, 

is in the range, .05 :5 a :5 .3, with u~ < o'l. I used the procedure outlined in 
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Johnson [1987] in which nniform random numbers, Ui E [0, 1], are generated and 

if Ui > a a Gaussian random number from ~a is generated, otherwise a Gaussian 

random number from, ~6 , the contaminating distribution, is generated. In Case 

1 the uniform numbers were generated using the routine RANI from Press et al. 

[1986], and the Gaussian numbers were generated using the routine GASDEV [op. 

cit.] which implements the standard Box-Muller method on a VAX 8650. For Case 

2, IMSL routines RNUNF and RNNOF were used to generate the uniform and 

Gaussian random numbers, respectively, on a CONVEX C240. 

7.5 Selecting The Tuning Parameter 

To assess the effect that the tuning parameter k has on the estimation 

variance I generated 100 realizations of noisy data with errors extracted from the 

mixed normal distribution, 

N = .9~ co, 1) + .1~ (o, 1o2
). (7.9) 

Upon adding these errors to the true heads I estimated the log-hydraulic conductiv

ities using initial K estimates from KBADl (Table 7.2). All 100 inverse runs were 

performed fork values of .1, .5, 1, 2, 3, 5, 7.5 and 10 and for each value of k I com

puted the Monte Carlo estimate of the covariance matrix, the squared bias and the 

mean squared error. ForM estimates of the N,xl vector of hydraulic parameters 

p the ij th element of the covariance matrix of p, and the squared bias and mean 

squared error for the ith element of p, are given by 

fi 1~~~ [1~~][1~~] ii = M L..,.,Pi,Pi, - M L..,.,Pi, M L..,.,Pi, , 
l=l l=l l=l 

(7.10) 

BIAS?=! E (Pit-(! tPi;)) 2

' 
l=l J=l 

(7.11) 

and 

(7.12) 
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respectively. The sample mean squared error is related to the squared bias and 

estimation variance by the following equation [ 0 'Sullivan, 1986], 

(7.13) 

This decomposition is readily derived by noting, 

(7.14) 

where E is the expectation operator and Pi is the ith element of p . The mean 

square error is the expected value of the square of (7.14) 

MSEi - E Wi- Pi]2 (7.15) 

- E [Wi- E (.Pi)]+ [E (Pi)- Pi112 

- E [wi- E <.Pi)] 2 + 2 wi- E (Pi)J [E (Pi)- Pi1] + E wi- E (Pi)]2 

- E [Wi- E (.Pi)]2 + 2 Wi - E (.Pi)] [E (Pi)- pi]) + V AR (Pi) 

- E [P~- E(fii)2
- 2PiPi + 2fiiE(fii)) + VAR(pi) 

- p~- 2piE(pi) + E(pi)2 + VAR(pi) 

- Wi- E (Pi)]2 + v AR (Pi) 

(7.16) 

Composite measures of the estimator given by the trace of the estimation covariance 

matrix, the sum of the squared bias and the sum of the mean squared error are 

computed from 
Np 

TRACE fi = L:fiu, (7.17) 
i=l 

Np 

EBIAS2 = L:BIASl, (7.18) 
i=l 

Np 

EMSE = L:MSEi, (7.19) 
i=l 

respectively. A summary of the results is shown in Fig. 7.2 as plots of these 

composite measures versus the value of the tuning parameter. As shown in the 

figure, the minimum mean squared error occurs when k is equal to 2. Based on my 
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Table 7.2: Initial K Estimates 

K-Zone Ktrue KBAD1 KBAD2 KBAD3 
1 2.00 3.77 1.64 1.04 
2 1.00 1.40 .593 .526 
3 .50 1.46 .471 .277 
4 .15 .193 .174 .0986 
5 .50 .265 .683 .717 
6 .05 .0643 .0384 .0494 
7 .10 .135 .105 .0987 
8 .02 .0295 .0141 .0397 

experience in applying the Huber M-estimator to real data from the Thcson Basin in 

Arizona (where I found it necessary to use a k value around 3 to avoid optimization 

problems), I decided to set k = 3 for all subsequent Monte Carlo studies. 
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7.6 Monte Carlo Results Without Prior Information 

I conducted four experiments to compare the variance of log-hydraulic con

ductivity estimates determined by Huber's M-estimator to those determined with 

the OLS estimator. As the model structure was known precisely I could assess the 

M-estimator's performance without adding any external sources of bias. The tests 

were conducted by generating 50 realizations of mixed normal noise by the method 

above, estimating the log-hydraulic conductivities from the noise contaminated head 

data, and then computing the sample covariance matrix, squared bias and mean 

squared error for four different sets of initial log K estimates. In all experiments 

noise was generated by the mixed normal distribution 

N = .9~ (o,(2?) + .1~ (o,(2o?). (7.20) 

The first experiment I performed was designed to assess the comparative 

efficiency and stability of the estimators when the initial parameters were set equal 

to the true values of log K. The sample variance, squared bias and mean squared 

error of the log K estimates for Huber's M-estimator and the OLS estimator are 

listed in Table 7.3. Table 7.4 lists the efficiency of the Huber M-estimator relative 

to the OLS estimator demonstrating that the former is considerably more robust 

than the latter. The relative efficiency is defined by 

~2 

,., = qHuber 
"'- ~2 

qOLS 
(7.21) 

This synthetic test was designed to measure the resistance of each estimator to being 

displaced from the true parameter values by a few outlying errors in the measured 

head data. The superior efficiency of the Huber estimator is most apparent for 

conductivity zones 6 and 8, while in the worst case it has a sample variance that is 

less than 7% of the OLS variance of zone 3. 

Using the same 50 realizations of mixed normal noise, I conducted three 

additional experiments to assess the robustness of Huber's M-estimator when the 
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initial estimates of the hydraulic conductivity are not equal to the true values. I 

first generated a series of 10 initial estimates of log K by contaminating the true 

log K values with normal errors, 

(7.22). 

with u = .25. From these 10 initial estimates I selected the 3 which resulted in the 

most biased estimates of log K for a single realization of noisy heads. The initial 

K estimates for the three studies referred to as KBAD1, KBAD2 and KBAD3 are 

listed in Table 7.2. 

The relative efficiencies of the Huber and OLS estimator are listed in Table 

7.5. The variance of the Huber estimator is seen to be less than that of the OLS 

estimator in all three cases except for zone 1 with the initial estimates from KBAD3. 

Composite measures of the variance, squared bias and mean squared error are listed 

for the three cases in Table 7 .6. Bias may be the result of systematic errors from 

the estimator, difficulties with the optimization procedure and incorrect selection of 

model structure. Although the Huber estimator has a lower composite squared bias 

than OLS in every case, the percent mean squared error due to squared bias is much 

larger for Huber than for OLS. The Huber estimator's greatly reduced variance is 

the primary reason that its composite mean squared error is so much less than 

that for OLS. Moreover, this is precisely the reason why one might select a robust 

estimator. One would choose a biased estimator only if the variance of estimation 

was significantly reduced. The problems with bias are compounded by the fact 

that both the OLS and M-estimator are nonlinear estimators and the amount of 

bias the estimator exhibits also depends on the minimization procedure. Unless 

the optimum parameter estimates coincide with the global minimum, the estimated 

bias is controlled by the choice of initial parameter values. 
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7. 7 Estimating The Asymptotic Covariance 

To assess the adequacy of equation (5.90) for the lower bound on the 

estimation covariance matrix for the M-estimator, I generated 100 realizations of 

head measurements with errors from the mixed normal model 

N = .9cJ (0, 1) + .1cJ ( 0, 102
) • (7.23) 

Using KBAD1 as initial estimates of K I estimated Y = logK for each of the 100 

data sets, computed the sample covariance matrix of the estimated Y values, and 

compared with the theoretical lower bound 

_1_ "'l!h 'II~ 
0 Nh-Np L...1=l 1 [JTJ]-1 • 

Huber = (__]__ "'f!h w~) 2 
Nh -Np L...1=l 1 

(7.24) 

The comparison was made against the mean of the 100 lower bound covariance 

estimates from (7.24) in terms of eigenvalues, eigenvectors and trace. As listed in 

Table 7.7 and shown in Fig. 7.3, the eigenvalues are comparable in magnitude, 

their sum being .0487 for the mean asymptotic covariance matrix and .0427 for 

the Monte Carlo covariance matrix. This is not consistent with the theory which 

predicts that the asymptotic covariance matrix will, on average, underestimate the 

"true" covariance matrix. However, these comparatively close values still indicate 

that (7.24) is a useful estimator. The eigenvalues and their sum provide a rough 

measure of how the volume of hyper-ellipsoids described by the two covariance 

matrices compare. The relative orientations of these hyper-ellipsoids is described 

by the angles between their eigenvectors. These angles, listed in Table 7. 7, are very 

close to 0 or 180 degrees and thus indicate that the two hyper-ellipsoids have nearly 

identical spatial orientations. One can see that (7.24) predicts fairly accurately the 

total variation of the estimates. 
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7.8 Monte Carlo Results With Prior Information 

Except for the work of A"kin and Montgomery (1980, 1984], little has 

been done on combining robust regression with regularization methods. Askin and 

Montgomery (1980] applied Huber's , Hampel's, Andrew's sine and Ramsay's Ea 

M-estimators in conjuction with ridge regression to solve the linear problem. They 

determined the optimum ridge or regularization parameter by constructing a stan

dard ridge trace plot of parameter value versus ridge or weighting parameter ..\, 

then selecting the smallest value of ,\ which stabilized the parameter estimates. I 

have not found anything in the current literature on the regularization of robust 

nonlinear regression models. 

I used Monte Carlo simulation to address the question what effect will 

prior information have on robust estimation when the model is overparameterized. 

The purpose of overparameterization was to increase the level of ill-conditioning of 

the sensitivity matrix and was accomplished by increasing the number of K zones 

from 8 to 16 as shown in Fig. 7.4. Since the "true" model was not changed, this 

increased the condition number of [JTJ] from 6,895 for the 8 zone model to 38,286 

for the 16 zone model. 
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Figure 7.4: Synthetic Model Overparameterized K-Zonation 
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I regularized the robust estimation criterion by adding the weighted squared 

difference of the prior parameter estimates and the estimated values according to 

(7.25) 

where s is the MAD estimate of the scale of the residuals, h'; is the measured value of 

hydraulic head at node i, Pi is the prior value of parameter I, and A is a regularization 
2 

parameter. Carrera [1984] showed that A=~ for maximum likelihood estimation 
O'p 

under the hypothesis that measurement errors in heads and parameters are jointly 

distributed according to the Gaussian distribution. 

In robust estimation the regularization parameter, A, cannot be given as 

elegant a statistical interpretation as in the ML procedure developed by Carrera. 

However, if the regularized, robust error criterion is rewritten in a slightly different 

form, a suitable definition of A may be obtained. 

Rewrite the error criterion as 

J(h*- h(p) ,p*- p) = EP (hi- hi(P)) + E (Pi- Pl)
2

' 

~1 s ~1 ~ 
(7.26) 

where u, is the standard deviation of the measurement error of the prior estimate 

of parameter 1. This regularized error criterion could also be obtained by maxi

mum likelihood under the assumptions that the measurement errors in heads are 

distributed according to Huber's least-informative distribution and the errors in the 

prior estimates of the parameters are Gaussian. Clearly, if u, is equal to Up for all 

1, the appropriate definition for A is simply -:\-. 
O'p 

An initial estimate of the log K parameters was generated by adding Gaus

sian noise with mean 0 and standard deviation .434 to the true log-hydraulic con

ductivity values. I then generated 200 realizations of heads contaminated with noise 

from the distribution, 

N = .9<P (o, 1) + .1<P (o, 102
). (7.27) 
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Finally, I used the inverse program to estimate the 16 log K values for each of the 

200 realizations for different levels of regularization. The initial log K estimates 

were equivalent to the prior log K data in all cases. The Monte Carlo sample 

covariance, squared bias and mean squared error were computed for different levels 

of the regularization parameter, A. Plots of the trace of the Monte Carlo covariance 

matrix, the sum of the squared bias and the sum of the mean squared error as a 

function of A are shown for the OLS and Huber estimators in Figs. 7.5 and 7.6, 

respectively. These plots illustrate the tradeofF between variance and bias as the 

weighting of prior information increases. If the performance of an inverse procedure 

is measured in terms of the mean squared error, the algorithm must carefully balance 

bias and variability. For unstable inverse problems, unbiasedness of the estimator 

should not be of paramount importance. 
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Without prior information to regularize the estimation criterion, both the 

trace of the covariance matrix and the sum of the squared bias for the OLS estimator 

exceed those of the Huber estimator. For ..\ = 0, the traces of the covariance matrices 

for OLS and Huber are, respectively, 30.205 and .339, while the sums of the squared 

bias are, respectively, 1.275 and .356. This reduction in variance is achieved by the 

M-estimator without incurring bias in excess of that of the OLS estimator. It 

thus appears that theM-estimator has stabilized the inverse problem, even without 

reliance on prior information. With the weighting parameter slightly increased to .5, 

the variance and squared bias of the OLS estimator decrease dramatically (TRACE 

floLs = 2.175 and EBIAS'/:ns = .114) while those of the M-estimator decrease 

only slightly (TRACE flHuber = .273 and E BIASkuber = .353). 

7.9 Determining The Optimum ..\ 

It is important that the regularization parameter, ..\, be "good" or "opti

mum" in some sense. Indeed, considerable research has been devoted to determining 

a "good" value of..\. By 1979 Golub et al. [1979] had already estimated that several 

dozen papers have addressed this subject. 

It would be ideal if ..\ could be determined based on the criterion of mini

mum mean square error discussed above. Of course, if one actually could compute 

the mean square error there would be no estimation problem. Because from a 

theoretical standpoint this is the ideal approach, much research has been devoted 

to implementing estimators of bias such as the jackknife of Quenouille [1949], the 

bootstrap [Efron, 1979] and other data resampling methods. Wabha in particu

lar has written extensively on the subject of selecting the regularization parameter 

by generalized cross-validation ( GCV) and ordinary cross-validation for ill-posed 

problems. Much of this research has been summarized by Wahba [1990]. 

Neuman and Yakowitz [1979] discussed the use of cross-validation for es-
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timating .\ in the inverse problem of groundwater hydrology but pointed out that 

this procedure is computationally expensive because it requires a number of in

verse runs equal to the number of measurement points to compute the value of 

the cross-validation function for each .\. The authors chose instead to determine 

the optimum .\ by analyzing the structure and size of the hydraulic head residuals. 

Because their analysis depends upon the head and log K measurements being Gaus

sian, this procedure is not appropriate here. Carrera (1984] determined the optimal 

regularization parameter by selecting a .\ which minimizes the general negative log

likelihood function. His research lead to ·the development of an iterative procedure 

for estimating Aopt which yielded excellent results. Carrera's method consists of 

computing the first inverse solution with an arbitrary value of.\. Subsequent values 

of .\ are computed using, 
A2 

.\ = A ~h ' (7.28) 
O'logK 

where the estimates of head and log K variance are the maximum likelihood esti

mates. 

By recognizing that the regularized robust estimation error criterion can 

be derived by the maximum likelihood procedure, I was able to derive the theoretical 

expressiOn 
1 

Aopt = -2-
0'logK 

(7.29) 

Because I can estimate Aopt directly from the plots of mean square error versus 

regularization parameter, it is relatively simple to test how good the estimator 

may be for the Huber estimator. 

A 1 
Aopt = -A-2-

0'logK 
(7.30) 

Table 7.8 lists the mean value of the consistent MAD scale estimator over 

the 200 head realizations and its variance for the Huber estimator. In addition, 

Table 7.8 contains the estimate of the variance of the log K error and its estimation 

variance. For each initial value of.\ the estimated value of ~opt is computed from 
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equation (7.30). Similar data are shown in Table 7.9 for the OLS estimator, with 

the estimate of the optimal regularization parameter computed using the estimator 

proposed by Carrera [1984]. Figure 7.7 shows that the minimum sum of the mean 

squared error for OLS is .619 at ,\=50. As shown in Fig. 7.6, the minimum sum 

of the mean squared error for theM-estimator is .571 at ,\ = 5 with an apparent 

local minimum of .576 at,\= 25. The effect of,\ on the the mean squared error for 

individual parameters is quite varied (Table 7.10). In 13 of 16 cases the optimal ..\1 

for the OLS estimate of K 1 equals or exceeds ..\1 for the Huber estimator. 

It is encouraging to see that the pseudo maximum likelihood estimator for 

,\ I derived for the Huber M-estimator predicts an optimum ,\ close to that which 

actually minimizes the mean squared error. In addition, this value is very close 

to the theoretical value based on the hypothesis that head errors come from the 

non-contaminated Gaussian distribution 

N = ~ (o,crn. (7.31) 

The latter value is 

A opt - ~ 2 
CTlogK 

1 
- .4342 

- 5.309 (7.32) 

While for OLS the estimate of optimum,\ predicted by the ratio of sample variances 

is also very close to the actual Aopt (which minimizes the mean squared error), it 

too is based on the incorrect assumption that the head errors come from a single 

Gaussian distribution. 

7.10 Summary and Conclusions 

I have shown that using Huber's M-estimator decreases the variance of 

the parameter estimates when the measured head data contain gross errors. AI-
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Table 7.3: Summary of Estimates: Initial K = Ktrue 

Var(K) BIAS" MSE 
K Huber OLS Huber OLS Huber OLS 
1 1.27E-3 6.00E-2 8.10E-5 2.50E-5 1.35E-3 6.00E-2 
2 1.27E-3 4.81E-2 1.50E-5 1.42E-4 1.29E-3 4.82E-2 
3 1.68E-3 2.43E-2 9.00E-5 2.60E-3 1.77E-3 2.69E-2 
4 4.90E-4 6.82E-2 9.60E-6 3.36E-3 5.00E-4 7.16E-2 
5 1.16E-4 4.55E-3 1.00E-6 4.90E-5 1.17E-4 4.60E-3 
6 2.45E-3 4.17E-1 S.lOE-5 9.55E-2 2.53E-3 5.12E-1 
7 8.17E-4 7.78E-2 0 2.50E-3 8.17E-4 8.03E-2 
8 1.77E-3 3.43E-1 1.20E-4 1.16E-1 1.89E-3 4.59E-1 

though the percentage of the mean squared error attributable to squared bias is 

greater for the Huber estimator than for OLS, OLS is still less biased on average 

than the Huber estimator. I derived an expression for the influence function asso

ciated with the nonlinear aquifer model and showed that, in theory, M-estimators 

may not reduce the destabilizing effects of an ill-conditioned system matrix. Al

though the Monte Carlo study of the overparameterized model demonstrates that 

the M-estimator has a significantly reduced estimation variance compared to OLS 

even without prior information, I must stress that robust estimation methods do 

not necessarily regularize the inverse problem. By regularizing the robust error 

criterion through the addition of a quadratic penalty function I have shown that 

the theoretical optimum regularization parameter can be determined from the es

timated variance of the measured parameter values. Moreover, the Monte Carlo 

study supports this estimate of the optimal regularization parameter. I have also 

demonstrated the consistency of the formula I derived in terms of the influence 

function for the lower bound of the covariance matrix for theM-estimator. 
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Table 7.4: Relative Efficiency : Initial K = Ktrue 

K Uhuber ulns t(%) 
1 1.27E-3 6.00E-2 2.12 
2 1.27E-3 4.81E-2 2.64 
3 1.68E-3 2.43E-2 6.91 
4 4.90E-4 6.82E-2 .72 
5 1.16E-4 4.55E-3 2.55 
6 2.45E-3 4.17E-1 .59 
7 8.17E-4 7.78E-2 1.05 
8 1.77E-3 3.43E-1 .52 

Table 7.5: Relative Efficiency of Huber Estimator toOLS Estimator 

KBAD1 KBAD2 KBAD3 
K t(%) t(%) t(%) 
1 27.7 53.4 118.1 
2 21.5 22.5 39.3 
3 40.2 26.3 79.4 
4 12.0 8.5 42.2 
5 24.3 10.3 39.1 
6 0.46 2.8 10.7 
7 5.96 7.1 15.3 
8 7.39 4.8 14.2 

Table 7.6: Composite Measures 

KBAD1 KBAD2 KBAD3 
OLS Huber OLS Huber OLS Huber 

TRACE 0 .633 .0688 .6085 .0563 .659 .192 
EBIAS2 .124 .035 .0996 .0547 .102 .0604 
EMSE .757 .105 .708 .111 .761 .252 
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Table 7.7: Asymptotic and Monte Carlo Covariance 

Eigenvalues of Eigenvalues of Angle Between 
Ranked Monte Carlo Mean Asymptotic Corresponding 

Eigenvalues Covariance Covariance Eigenvectors ( deg.) 
1 0.188E-04 0.451E-04 .028 
2 0.571E-03 0.265E-03 179.9 
3 0.776E-03 0.563E-03 179.9 
4 0.103E-02 0.930E-03 0 
5 0.397E-02 0.290E-02 179.9 
6 0.759E-02 0.550E-02 179.9 
7 0.972E-02 0.992E-02 179.9 
8 0.190E-01 0.286E-01 179.9 

Condition Number 1011 634 
TRACE 0 .0427 .0487 

Table 7.8: Aopt Huber Estimator 

A UaMIID 
,;_;~. 

Uu~o~K 
:-

SMAD CTlogK A opt 

0 1.130 .284 .191 .0465 4.58 
.5 1.127 .295 .187 .0279 4.62 
1 1.126 .261 .184 .0241 4.66 
5 1.170 .318 .178 .0183 4.74 
10 1.210 .316 .172 .0198 4.76 
25 1.231 .287 .160 .0146 5.00 
50 1.295 .271 .145 .00987 5.25 
100 1.412 .297 .i33 .0107 5.48 
250 1.683 .327 .114 .00991 5.92 



157 

Table 7.9: ).opt OLS Estimator 

.\ 
...-2 

uu~ 
;;::.~ 

uu?.,,.K A opt uh UlogK 

0 10.39 8.22 2.22 7.22 4.48 
.5 10.38 8.20 .360 .179 28.8 
1 10.39 8.21 .334 .146 31.1 
5 10.46 8.24 .271 .0784 38.6 
10 10.54 8.26 .245 .0587 43.0 
25 10.81 8.33 .210 .0406 51.5 
50 11.12 8.45 .182 .0307 61.1 
100 12.13 8.49 .156 .0223 77.8 
250 14.29 8.76 .127 .0129 112.5 

Table 7.10: Optimal .\'s For Each K-zone 

HUBER OLS 
K A opt A opt 

1 250 250 
2 10 100 
3 1 25 
4 5 25 
5 100 100 
6 5 100 
7 0 or .5 25 
8 250 50 
9 1 100 
10 100 100 
11 1 0 or .5 
12 50 100 
13 1 5 
14 1 100 
15 50 100 
16 250 250 
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Chapter 8 

INVERSE STUDY OF THE TUCSON BASIN 

8.1 Introduction 

I applied the inverse procedure to an aquifer model of the upper portion 

of the Thcson Basin to determine if the robust M-estimator and the OLS estimator 

yielded radically different values of hydraulic conductivities when applied to both 

steady state and transient water level data. Moreover, by using real data I hoped 

to assess the practicality of using Huber's M-estimator and determine if the greater 

complexity of the method was warranted by improved stability in the estimates of 

conductivities. 

Because the sources of error which arise in a large, complex model of this 

type are difficult to identify and isolate, this test of the robust estimation procedure 

is more demanding than the synthetic examples. The complex geologic structure 

of the Thcson Basin is greatly simplified in the model by vertically averaging the 

layered heterogeneity of the semiconsolidated alluvial sediments which fill the basin. 

Hence the water level data, which actually represent piezometric potentials averaged 

over specific screened intervals in wells, contain errors due to incorrect interpretation 

as well as incorrect measurements. Unless the parameter dimension of the model is 
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large, errors due to incorrect interpretation of data or incorrect selection of model 

structure are unlikely to exhibit the same spatial and temporal structure as those 

due to random effects and should not be treated statistically. In the case of the 

Tucson Basin the data are too sparse to support an extremely refined model and 

thus true random sources of error such as measurement error are necessarily lumped 

with model structure error. Because most statistical procedures, especially the 

parametric or approximate parameteric methods I use here, are designed for the 

case where the true model structure is known, this test, while rigorous, is not ideal. 

8.2 Tucson Basin Physiography 

The Tucson Basin is located in southeastern Arizona at the southern extent 

of the Basin and Range physiographic province and covers about 1,000 square miles. 

The portion of the Tucson Basin I modeled is shown in Figure 8.1 and consists of 

the 141 square mile area encompassing the city of Tucson extending south and 

east from the area near the confluence of the Santa Cruz and Rillito rivers to the 

Interstate 10 freeway and the Rincon mountains. The area modeled is bounded 

on the north and and east by the Santa Catalina Mountains and the Rincon and 

Tanque Verde Mountains, respectively. To the west the modeled area is bounded by 

the Tucson Mountains. The Santa Catalina Mountains generally range in altitude 

from 6,000 to 8,000 feet with the highest peak, Mount Lemmon, at elevation 9,157 

feet. The Rincon and Tanque Verde Mountains are also generally at an altitude 

of 6,000 to 8,000 feet with their highest point being Mica Mountain at 8,666 feet. 

To the west the Tucson Mountains are 3,000 to 4,500 feet in altitude. Within the 

model area the land surface elevation ranges from 2,260 feet above mean sea level 

near the confluence of the Santa Cruz and Rillito rivers to above 2,900 feet near the 

southwest toe of Tanque Verde ridge. 
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The northern portion of the basin is drained by the northwest flowing 

Santa Cruz River, the Rillito and its tributaries, Sabino and Agua Caliente Creeks 

which drain the southern slopes of the Santa Catalina Mountains and Tanque Verde 

Creek which drains the western slopes of the Ta.nque Verde and Rincon Mountains, 

and Pantano Wash which drains the southwestern slopes of the Rincon Mountains 

and the northern slopes of the Empire Mountains. 

The climate of the Thcson Basin is semi-arid with a mean annual tem

perature of 68.6° F although in summer daytime high temperatures often exceed 

100° F and during winter the temperature can drop below freezing. The mean 

annual precipitation on the valley floor is approximately 11 inches 65% of which 

falls between May and October with 50% falling in July and August during the 

summer monsoon season [Davidson, p. 10, 1973]. Precipitation in the mountains 

surrounding the Thcson Basin exceeds 25 inches per year at altitudes above 7,500 

feet [Ibid.]. 

8.3 Tucson Basin Geology 

The Santa Catalina, Tanque Verde and Rincon Mountains are composed 

of low permeability intrusive igneous and crystalline metamorphic rock [Ibid.]. The 

Thcson Mountains are composed of low-permeability volcanic rocks of Cretaceous 

and Tertiary age, however, the eastern and northern slopes of the Thcson Mountains 

are underlain by more permeable volcanic and sedimentary rock [Ibid.]. The geology 

of the surrounding mountains is described in detail by [Anderson, 1987], [Davidson, 

1973] and [Pashley, 1966]. 

The sediments which fill the Tucson Basin have been studied in detail by 

[Pashley, 1966] and [Davidson, 1973]. The description of the Cenozoic stratigra

phy defined by Davidson was recently revised by Anderson [1987]. According to 

Davidson [1973] the sedimentary deposits which comprise the Tucson Basin are 
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hydraulically connected and thus are considered to form a single aquifer. David

&on divided the sedimentary units on the basis of both hydrologic and lithographic 

differences into the Pantano Formation of Oligocene age, the Tinaja beds which 

overlie the Pantano Formation and the Fort Lowell Formation of early to middle 

Pleistocene age which in turn overlies the Tinaja beds. 

The Pantano formation is composed of" ... conglomerate, sandstone, mud

stone and gypsiferous mudstone ... (and in places these] ... are interbedded with 

volcanic flows and tuffs and locally contain landslide debris and lenses of megabrec

cia" (Anderson, p .9, 1987]. Portions of the Pantano Formation crop out on the 

north and northeast margins of the model area near the area drained by Sabino, 

Tanque Verde and Agua Caliente Creeks (Fig. (8.1) and Ander&on, Plate 1, 1987]. 

According to Anderson (1987] the Pantano Formation is overlain by 8,000 feet of 

younger sediments south of the model area although in the model area itself geologic 

cross-sections from Davidson (Plates 1 and 2, 1973] show the Pantano formation is 

only overlain by 1,000 to 1,500 feet of younger sediments. The thickness of the 

Pantano Formation is at least 6,400 feet near Davidson Canyon (David&on, 1973) 

but only the upper 100 to 1,000 feet of sediment in the Tucson Basin are included 

in the unit [Ibid.). Estimates of hydraulic conductivity based on pwnp test in the 

Pantano Formation range from . 7 to 13 feet per day while porosity from drill cores 

ranges from 25 to 40 percent [Ibid.). 

The Tinaja beds as described by Davidson (1973) have been subdivided 

by Anderson [1987) into three unconformable units. According to Ander&on [fig. 1, 

1988) 

[t)he lower Tinaja beds are hundreds to thousands of feet thick and 
consist of gravel and conglomerate to clayey silt and mudstone .... The 
middle Tinaja beds are hundreds to thousands of feet thick and consist 
of gravel and conglomerate to gypsiferous and anhydritic clayey silt and 
mudstone. The upper Tinaja beds are hundreds of feet thick and are 
made up of gravel, sand and clayey silt. 
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The Tinaja beds comprise a major portion of the aquifer which is tapped by the City 

of Tucson and other private and public water suppliers. The hydraulic conductivity 

of the Tinaja beds ranges from 1.3 to 53 feet per day and the porosity ranges from 

24 to 35 percent [David.,on, p. 24, 1973]. 

The Fort Lowell Formation consists of locally derived sediments and imme

diately underlies the recent alluvial deposits throughout most of the Tucson Basin. 

According to David.,on [1973] the Fort Lowell Formation is 300 to 400 feet in most 

of the basin but becomes thinner towards the mountains and the headwaters of 

Pantano Wash. The Fort Lowell crops only in the foothills of the Santa Catalina 

and llincon Mountains although the geologic map prepared by Ander.,on [fig. 1, 

1987] includes the recent sediments in the definition of the formation. The Fort 

Lowell Formation grades from less than 20% to 40% clay and silt size particles in 

the margins of the basin to over 60% to 80% in the center of the basin [Ander.,on, 

fig. 2, 1988]. According to David.,on the hydraulic conductivity of the Fort Low

ell ranges from 20 to 94 feet per day and porosity ranges from 26 to 34 percent. 

The recent alluvial deposits which generally lie along the major water courses and 

although they are very permeable, they lie above the current water table. 

Faulting of the formations which comprise the Tucson Basin aquifer has 

been studied and mapped by Davidson [1973] and Ander.,on [1987]. Most of these 

faults have been inferred " ... where a smooth geometric surface that connects iden

tifiable geologic contacts is displaced to another geometric surface at a different 

altitude." [David.,on, p. 33, 1973]. The trend of faulting in the basin is primar

ily north and northwest along the basin's margins. Both Ander.,on and David.,on 

identify a fault which parallels the Santa Cruz lliver and a segmented fault sytem 

which approximately parallels the San~a Cruz fault on the east and north margins 

of the basin. In addition both identify a fault which parallels the Interstate 10 

freeway along which the southwestern boundary of the model is aligned. Although 

David.,on says that the presence of faults is also inferred from anomalous changes 

in groundwater temperature, water chemistry and depth to water, the effect on the 
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flow regime along an entire fault cannot be assessed and thus these faults cannot 

be assumed to control the hydrologic system. 

8.4 Tucson Basin Hydrology 

The rivers in the 'IUcson Basin are emphemeral in reaches lying on the 

valley floor. Most flows which occur in the river channels are the result of direct 

runoff from rainfall and in only a few locations is streamflow sustained by ground

water [Davidson, 1973]. Only .6% of the precipitation which falls in the Santa Cruz 

lliver valley and 1% of the precipitaion which falls in the area drained by the llillito 

lliver flow past Thcson. This is primarily due to the high potential evapotranspi

ration of 42 inches per year [Ibid.). The average annual infiltration along the main 

stream channels of the 1,000 square mile basin is estimated to be 51,000 acre-feet 

of [Ibid.]. Based on estimates from Burkham [1970] the annual amount of water 

which infiltrates along the river channels in the central 'IUcson area is approxi

mately 22,000 acre-feet. Burkham 's estimates of the mean annual infiltration along 

the main channels in the Thcson Basin in the model area are listed in Table 8.1. 

8.5 Previous Modeling Studies 

The Thcson Basin aquifer and the adjoining aquifer systems in the Cor

taro area, and Altar and A vra valleys have been the focus of a number of computer 

modelling studies. Anderson [1972) developed an electrical-analog model of the 

Tucson Basin aquifer system extending north from Santa Cruz county to the town 

of llillito near the Tortolita mountains. Anderson manually calibrated this model 

to steady-state water level data from 1940 and to transient water level data from 

1940 to 1964. Gates [1972) developed two digital computer models of the Tucson 

Basin aquifer using finite difference methods. Both models covered approximately 
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Table 8.1: Infiltration in Main Channels (from Burkham) 

Average Annual 
Stream Infiltration in 
Reaches Acre-Ft. per Mile 

per Year 
Santa Cruz River 320 

Tanque Verde Creek 
Sabino Creek 430 

and 
Agua Caliente Wash 

Pantano Wash 240 
Tanque Verde Creek 

and 820 
Rillito River 

the same area extending from the Pima County - Santa Cruz County line north to 

the Tortolita mountains but one model used a grid size of one half mile while the 

larger scale model had a grid size of one mile. Gates used a sophisticated man

ual calibration procedure which employed statistical decision theory to assess the 

expected error and the expected worth of sample data of various types including 

measured heads, transmissivities, storage coefficients and fluxes. Fogg et al. [1979] 

used the finite element program FLUMP (Narasimhan et al., [1977]) to model the 

northwest portion of the Tucson Basin referred to as the Cortaro Basin. This model 

was maually calibrated to steady-state water level data from 1940 using a carefully 

planned iterative procedure. Neuman et al. [1980] applied the statistical inverse 

procedure of Neuman and Yakowitz [1980] to calibrate a steady-state model of the 

Cortaro aquifer. Two initial estimates of log-transmissivities were used in the study, 

one of which was based on the estimated transmissivities determined by Anderson 

[1972] and the other based on the assumption of a uniform transmissivity field. Bin

sariti [1980] performed a detailed geostatistical analysis of measured steady-state 

hydraulic heads, specific capacities and transmissivities in the Cortaro Basin aquifer. 

Binsariti also applied the statistical inverse procedure developed by Neuman and 
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Yakowitz (1980] to calibrate a finite element flow model to the Cortaro aquifer using 

kriged log-transmissivities and steady-state heads as prior information. Clifton and 

Neuman (1982] applied the statistical inverse procedure of Neuman and Yakowitz 

[1980] to calibrate a finite element model of the Avra valley aquifer to steady-state 

water levels from 1940 and, where 1940 water level data was scarce, from the late 

1940's. Traver" and Mock (1984] developed a two dimensional groundwater model of 

the upper Santa Cruz Basin and A vra Valley using the USGS finite difference flow 

model (Tre.5cott, 1975]. Jacob.son [1985] extended the inverse modelling study of the 

Avra valley aquifer by using a procedure based on singular value decomposition of 

the sensitivity matrix to determine the optimum number and structure of trans

missivity or surrogate-parameter zones. Jacob.son used kriging to determine initial 

estimates of log-transmissivities and the covariance matrix of log-transmissivity er

rors. In addition Jacob.5on used the residual kriging procedure of Neuman and 

Jacob.5on (1984] to obtain estimates of hydraulic heads and their associated error 

covariance matrix at the finite element nodes. Jacob.5on compared the use of kriged 

heads at the element nodes to using heads at the actual measurement locations as 

input data to the inverse program and concluded that the former procedure, by 

virtue of the "increased" number of measurements and increased smoothness of the 

head field, results in more stable estimates of log-transmissivities than the latter 

for the same model structure. Williams [1987] used program INVERT II [Carrera, 

1984] to calibrate a finite element model of the Upper Santa Cruz Basin aquifer 

south of the city of Tucson to steady state water level mesurements. Williams used 

the kriging program written by Samper [1986], which uses maximum likelihood 

cross-validation procedure to determine model semi-variograms and to obtain prior 

estimates of log-transmissivities. 
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8.6 Tucson Basin Steady-State Inverse Model 

The finite element model that I constructed of the Tucson Basin aquifer is 

shown in Figure 8.2 and consists of 497 nodes, 896 triangular elements, 9 prescribed 

flow zones and 1 prescribed head boundary. The boundary of the aquifer model 

was chosen to roughly coincide with the boundary of a finite difference model being 

developed by Tucson Water, a city-owned water supply utility. The finite element 

mesh was constructed by first digitizing points which define straight line sections of 

the boundary and the major river channels from a base map at scale 40,877.42 and 

then using the mesh generator from the finite element structural program GIFTS 

[ CASA/GIFTS, Inc., 1987] to fill quadrilateral and triangular subdomains defined 

by the digitized points with linear triangular elements. 
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8.6.1 Data 

Water level measurements and estimates of hydraulic conductivity at se

lected points in the model area were provided by Ralph Marra of Tucson Water. 

The head data were collected by Marra from well records compiled by Smith during 

the 1900's and as such are not official data from Tucson Water. These data are 

listed in Table (H.1) and include supplemental data from the 1920's, 1930's, 1940's 

and 1950's which Marra believed to be consistent with the presumed steady-state 

conditions represented by Smith's data. These data are listed by well owner or well 

name and by well location number (see Figure 8.3). It must be stressed at this point 

that the study described in this chapter is only a test of the estimation procedures 

described in previous chapters and due to the unofficial status of the data, this 

model of the Tucson Basin aquifer and its associated parameter estimates should 

not be used to obtain official results. The hydraulic conductivity data provided 

by Marra are listed in Table (H.2) and were determined by dividing estimates of 

transmissivity obtained from pump tests by the saturated thickness of the uncon

solidated sediments in the aquifer with adjustments made to these estimates if the 

well significantly penetrates the less-permeable, consolidated sediments. Estimates 

of mean annual recharge along reaches of the major channels in the basin were ob

tained from Bu.rkham and initial estimates of mountain front recharge and undeflow 

along the southern, southwestern and southestern boundaries were obtained from 

Anderson [1970]. These estimates are listed in Table 8.2 with locations identified 

in Figure 8.4. A hand-drawn contour map of the elevation of the bottom of the 

unconsolidated sediments was provided by Marra. This contour map was first dig

itized, and then a hi-cubic spline function was fitted to this data and evaluated at 

each of the 497 nodes of the finite element mesh to define the base of the model. A 

contour map of the bottom of the aquifer model used in the steady-state analysis 

is shown in Figure 8.5. A contour map of the observed steady-state water levels is 

shown in Figure 8.6. 
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Table 8.2: Prescribed Flow Zones 

Prior Flow Estimate 
Flow Zone Description/Location (Acre-Ft./Mi.-Year) 
1 a Sabino Creek Mountain 280 

Front Recharge 
b Agua Caliente - Tanque Verde 280 

Mountain Front Recharge 
2 Southern Boundary Underflow 300 
3 Southwestern Boundary Underflow 200 
4 Pantano Wash to Confluence with 240 

Tanque Verde Creek 
5 a Sabino Creek 430 

b Agua Caliente Wash 430 
c Tanque Verde Creek to Confluence 430 

with Sabino Creek 
6 a Tanque Verde Creek from 820 

Confluence with Sabino Creek 
b llillito River 820 

7 Santa Cruz lliver 320 
8 Tanque Verde llidge Recharge 280 
9 Southeastern Boundary Underflow 280 
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8.6.2 Model Structure 

The initial conceptual model of the aquifer is usually based on geologic 

and hydrologic information from pump tests, well logs, lithologic models and geo

chemical data. However, in inverse modeling, the spatial distribution of the data 

to which the model is to be calibrated may not be able to support the level of res

olution of the hydraulic properties indicated by other sources of information. For 

example, a hydrologist may know from permeability measurements on soil cores that 

hydraulic conductivity changes abruptly midway between two observation wells at 

which steady-state water levels have been measured. Yet, in the absence of any data 

other than the measured heads and the Darcy fiux, only one hydraulic conductivity 

zone may be defined between these observation wells and one value of hydraulic 

conductivity estimated. Conversely, by deliberately choosing the parameter struc

ture of a model to have a lower resolution than can be supported by the data, the 

spatial structure of the data residuals generated by this simplified model will often 

aid in directing the modeler to regions of the parameter structure which may be 

further refined. 

Spatial correlation of residuals is imposed by the model regardless of 

whether or not the measurement errors themselves are correlated. This is shown 

by the linearized formula for the covariance of the head residuals for the case where 

the head measurement errors, £, are Gaussian with mean 0 and covariance matrix 

u~I. In this case the covariance matrix of the head residuals is 

(8.1) 

where J is the NhxNP sensitivity matrix of heads with respect to the parameters 

evaluated at the true values of the parameters and r is the vector of head residuals. 

Clearly the head residuals will be correlated unless the parameter structure of the 

model is defined such that 
Np Np 

.Jij = 2: 2: JilJjm = o vi f; i, (8.2) 
l=l m=l 
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where Jil is the ilth element of J. Inasmuch as conditions (8.2) cannot be achieved 

in practice without increasing the dimension of the parameter space to the point 

that the solution is unstable, refining the zonat:on so that no spatial correlation 

exists among the head residuals is ill-advised. 

Determining the appropriate structure of the hydraulic parameters for an 

aquifer model is a difficult process and has been the focus of considerable research. 

Most research has focused on the development of quantitative methods for selecting 

the aquifer model with the optimum parameter structure from a set of specified 

models based on some criterion which measures a posteriori the "goodness" of the 

model. Few quantitative methods have been developed for a priori determination of 

the optimal size, shape and number of parameter zones and as a result delineating 

the boundaries of parameter zones is still more art than science. Yeh and Yoon 

[1976] introduced the use of statistical measures into the stepwise optimal zonation 

procedure first developed by Emsellem and DeMarsily [1969,1971] and extended by 

Distefano and Rath [1975]. Shah et al. [1978] used the trace of the asymptotic 

estimation covariance matrix to determine the zonation level at which this measure 

of the total uncertainty ceases to decrease. Yeh and Yoon [1981] use the Frobenius 

norm of the Cramer-Rao lower bound estimate of the asymptotic covariance matrix 

to select the optimal transmissivity zonation of an aquifer model. Carrera and 

Neuman [1986a] discuss the use of model structure identification criteria based on 

the information content of the model, such as Kashyap's information criterion, to aid 

the modeler in this selection process. Carrera and Neuman note that, all else being 

equal, the model structure identification criteria they analyzed lead the modeler to 

select the model which has the lowest parameter dimension. 

Because the primary aim of this study was to determine whether or not the 

robust Huber M-estimator yielded "better" or more stable results than the OLS es

timator it was necessary to compare the inverse modeling results for several different 

model structures. In this series of studies I only estimated hydraulic conductivities 

since this parameter type is usually the most sensitive to errors in the measured 
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heads. The initial model structure had a very low level of resolution, however, the 

K -zonation was continually refined until, in the absence of prior information, the 

estimates of K began to exhibit some spatial instability. The zonation refinement 

procedure described below is similar to the stepwise procedure described by Diste

fano and Rath (1975] except that refinement is based on the spatial structure of the 

head residuals. 

The initial model consists of only 5 hydraulic conductivity zones as shown 

in Figure 8.7. Estimates of hydraulic conditctivities for the 5 K-zone model are 

listed in Table 8.3 for both OLS and the Huber M-estimator using tuning coefficients 

k = 3, k = 2, k = 1. Because of the very low dimension of the K-zonation, problems 

with instability are not encountered with any of the four estimators, although each 

estimator does yield different estimates. The structure of the 5 K -zone model was 

refined by plotting the head residuals from the OLS solution on a location map 

and defining new K -zones by partitioning zones containing large clusters of head 

residuals which have like sign. The resulting 10 K -zone model is shown in Figure 8.8. 

Initial estimates for the K values in the 10 K-zone model come directly from the final 

estimates for the 5 K -zone model for each of the four estimators considered. Final 

estimates of hydraulic conductivities for the 10 K -zone model are listed in Table 8.4 

for both the OLS and M-estimator. The procedure of plotting the resulting head 

residuals and refining the K -zonation as described above was repeated to obtain 

the 16 K-zone model shown in Figure 8.9 with parameter estimates listed in Table 

8.5. The model structure refinement procedure was repeated once more to obtain 

the 30 K-zone model shown in Figure 8.10 with parameter estimates listed in Table 

8.6. 
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Table 8.3: K Estimates for 5 K -zone Model 

K-zone OLS Huber k = 3 Huber k = 2 Huber k = 1 
1 130 93 87 92 
2 35 41 40 50 
3 24 25 23 19 
4 10.6 6.2 6.9 7.1 
5 5.8 2.9 5.4 6.6 

Table 8.4: K Estimates for 10 K -zone Model 

K-zone OLS Huber k = 3 Huber k = 2 Huber k = 1 
1 158 124 82.4 105 
2 133 115 149 109 
3 9.8 10.9 9.8 43 
4 51 74 75 43 
5 8 8.7 7.4 7 
6 9 7.8 8.2 18 
7 82 75 72 20 
8 6.7 7.6 11 7.2 
9 13.6 12.2 13 7.4 
10 7.8 6.4 6.7 25 

I have constructed 4 alternate models each with 4 different sets of param

eter estimates and must assess the adequacy of each in terms of its ability to both 

reproduce the measured heads and control the spatial instability of the estimated 

hydraulic conductivity field. I will not consider either the 5 or 10 K -zone models 

since they were constructed as part of the zonation refinement procedure. I will 

concentrate on the more refined 16 and 30 K-zone models since it is at these levels 

of parameter zonation that some, albeit slight, spatial instability in the estimated 

K field is evident. Tables 8.7-8.10 list summary measures of the size of the head 

residuals for the four models for each of the four estimators used. For the OLS esti

mator the sum of squared residuals objective function, JoLs, decreases as the level 
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Table 8.5: K Estimates for 16 K-zone Model 

K-zone OLS Huber k = 3 Huber k = 2 Huber k = 1 
1 110 108 89 117 
2 197 214 167 125 
3 74 70 82 103 
4 104 117 133 104 
5 7.7 7.6 9.2 36 
6 77 63 54 41 
7 8.4 7.8 9.2 39 
8 33 40 66 45 
9 8.3 9.5 8.2 19 
10 100 83 71 22 
11 9.5 11.2 8.3 19 
12 112 115 74 20 
13 7.4 8.2 11 6.7 
14 12.8 13.1 14 6.4 
15 7.2 7 8.1 7.5 
16 8.7 9.3 8 27 
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Table 8.6: K Estimates for 30 K -zone Model 

K-zone OLS Huber k = 3 Huber k = 2 Huber k = 1 
1 185 205 130 181 
2 142 129 230 151 
3 132 123 100 107 
4 4.9 7.8 6.3 6.7 
5 92 92 68 136 
6 92 165 74 78 
7 101 107 113 86 
8 103 145 116 90 
9 11.3 13.6 9.8 19 
10 5 5.6 4.4 17 
11 8.4 13.8 10.4 28 
12 16 23 9.8 35 
13 52 34 70 27 
14 121 55 67 48 
15 63 80 72 70 
16 14 8.5 11.2 47 
17 5 5.2 5.2 7.7 
18 6.7 6.1 5.4 27 
19 9 9 7.9 31 
20 123 362 137 24 
21 102 91 120 19 
22 3.7 1.7 5.3 18 
23 9.8 12.4 8.2 21 
24 11.5 9.6 11.5 27 
25 6.2 3.9 10.6 6.9 
26 10.4 11.6 7.9 7.6 
27 2.8 2.6 2.9 11.8 
28 7 6.2 8.4 7.6 
29 15 15 15 3.2 
30 12.6 14 13.1 5.4 
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of the parameter zonation increases. The same pattern is also seen in the objective 

function, JHuber, for the Huber estimator. Also listed for the Huber estimators is 

the sum of squared head residuals, E~1 r?, which provides a measure by which the 

sixteen models may be compared in terms of the degree to which they reproduce the 

measured heads. For each different model structure the OLS estimator reproduces 

the measured heads better than any of the three Huber estimators except for the 

30 K -zone model where the Huber estimator with tuning parameter k = 2 shows 

the best overall fit. This last result is somewhat surprising since I would expect 

the Huber estimator with k = 2 to fit the measured head field less well than the 

Huber estimator with k = 3 which in turn should (and does) reproduce the head 

field less well than OLS. In theory the Huber estimator should be less prone to 

overcalibration to the heads and thus less susceptible to the consequent parameter 

instability. Here I use the term overcalibration in the sense defined by Neuman 

[1980b] to mean that the head residuals are probably, on average, smaller than the 

actual errors. However, it is clear that preventing overcalibration depends upon 

the choice of the tuning parameter k. The consistent MAD estimate of the scale of 

the head residuals for the 30 K -zone model with k = 2 is much smaller than the 

equivalent scale estimates for k = 3 and k = 1 and probably indicates that this 

model is overcalibrated. 

The spatial structure of the log K estimates for the 30 K -zone model are 

shown for 4 transects in Figures 8.11 a,b,c, and d. Overall there is less zone to 

zone variability of log K for the Huber estimator with k = 1 than for the other 3 

estimators for the selected transects. It is clear that in this case the Huber estimator 

with k = 1 produces a more stable estimated log K field than OLS or the Huber 

estimators with k = 3 and k = 2. The added stability is, of course, obtained at the 

expense of not being able to reproduce the head field as well. Contour plots of the 

estimated heads for the OLS and Huber estimator with k = 1 are shown in Figures 

8.12 and 8.13, respectively. 
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Table 8. 7: Summary of OLS Solution 

Model JoLS uh Biased Uh Unbiased 
5K 22357 11.9 12.1 
10K 10199 8.03 8.3 
16K 8909 7.5 7.9 
30K 8682 7.4 8.2 

Table 8.8: Summary of Huber Solution k = 3 

Model JHuber MAD Scale E~tr? 
5K 45690 10.1 99817 
10K 7331 9 14673 
16K 4508 5.6 9435 
30K 4224 5.5 8772 

Table 8.9: Summary of Huber Solution k = 2 

Model JHuber MAD Scale E~h r~ a-1 1 

5K 38530 8.3 101180 
10K 7567 10.1 15394 
16K 4632 5.3 11098 
30K 3072 4.1 7956 

Table 8.10: Summary of Huber Solution k = 1 

Model JHuber MAD Scale E~tr? 
5K 17903 9 67396 
10K 9169 7.6 36067 
16K 7663 7.2 33541 
30K 5426 5.2 39355 
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8. 7 High Resolution Steady-State Model 

An additional aspect of this application of the robust estimation proce

dure was to test the use of prior information for regularizing theM-estimator error 

criterion when the model's parameter dimension is large. For. this test I constructed 

the 111 K-zone model of the Tucson Basin aquifer shown in Figure 8.14. Follow

ing the work of Bin&ariti [1980] and Jacob&on [1985] I kriged the log -K field to 

obtain prior estimates of hydraulic conductivities and their estimation errors for 

each of the 111 zones. I used the program BLUEPACK to compute sample semi

variograms of log K's and perform cross-validation and point kriging. There were 

only 78 "measured" values of hydraulic conductivities in the model area and I felt 

that the paucity of data precluded determining directional semi-variograms. The 

mean sample semi-variogram and the spherical semi-variogram with nugget which 

was fitted by eye are shown in Figure 8.15. This model semi-variogram is 

-y(r) = { Co [1- S (r)] + Ct [~ (~)- ~ (~t] r <a , (8.3) 

Co+ Ct r >a 

where C0 = .04 is the nugget, C1 = .13 is the sill and a = 3 miles is the range. 

Instead of adopting the preferred approach of performing block kriging on each of 

the 111 K -zones, I employed a simpler, less rigorous procedure wherein I kriged the 

log -K values at the centroid of each finite element and then computed the prior 

K -zone value as the areally weighted average of the point kriging estimates of those 

elements in the K-zone. Prior estimates of the log -K variance were determined 

using the same averaging procedure. A contour map of the kriged log -K values 

is shown in Figure 8.16 and the mean kriged logK values and the associated mean 

kriging standard deviation are listed for each of the 111 K-zones in Table H.3. 
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I computed estimates of log -K values in the 111 K-zone model us

ing OLS and the Huber M-estimator with tuning parameter values k = 3, k -

2, k = 1. These estimators were regularized using weighting coefficients ,\ -

0, 1, 5, 10, 15, 20, 25, 50, 75, 100, 250,500, 1000. In all cases the initial log-~ val

ues used in the inverse procedure came from the final OLS estimates in the 30 

K -zone model. The regularized robust error criterion used here is a modified form 

of equation 7.26 which allows for non-constant variance in the prior estimates. This 

criterion is 

where Vj, is the jlth element of the covariance matrix VlogK = u~gK V of the errors 

of the log K measurements. In this case V is the diagonal matrix composed of the 

mean kriging variance for the log K's and u?og K is a scalar constant assumed to be 

equal to unity. 

Assessing the quality of the solution for a real nonlinear inverse problem is 

non-trivial, particularly since most quantitative measures of the quality of the pa

rameters are based on approximations which are valid only for rather special condi

tions or for very large sample sizes. Since qualitative descriptions of the parameter 

estimates often aid the modeler in his interpretation of the quatitative measures 

of parameter variability, I constructed transect plots of the estimated log K's as 

well as computed the condition number and trace of the estimation covariance ma

trix. Transect plots serve both to illustrate the spatial structure of the field and 

to indicate the presence of abnormally large spatial oscillations symptomatic of an 

unstable inverse solution. As measures of the variability of the parameter estimates, 

the condition number and the trace of the estimation covariance matrix reflect the 

degree of ill-posedness and overall quality of the model, respectively. 

According to Carrera (1984] the estimation covariance matrix for the case 

where the head measurement errors are assumed to be Gaussian with mean 0 and 

covariance matrix u~l and the errors in the prior log K estimates are assumed 
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Gaussian with mean 0 and covariance matrix O'~gK Vis 

(8.5) 

2 
where J is the Jacobian matrix. Assuming O'~gK = 1 and substituting ,\ = ~ 

losK 

equation 8.5 is 
-2 [ T - -1 ]-1 Om,= O'h J J + ,\VlogK • (8.6) 

I have not derived an expression for the estimation covariance matrix for the regular

ized Huber M-estimator (8.4) using the procedure outlined in section 5.4. However, 

comparing equations 5.89 and 5.90 for the estimation covariance matrices without 

prior information for OLS and Huber's M-estimator, respectively, it is apparent 

that the leading coefficient of 5.90, 

_1_ L:IY" \II~ 
N~a-Np 1=1 I 

( _1 - '\'l!lh \II~) 2 
' 

N,.-Np L..JI=1 I 

(8.7) 

is analagous to u~ in 5.89. By extending this analogy to the case where prior 

information is incorporated in the estimation criterion (8.4) I obtained the fol

lowing expression for the estimation covariance matrix for the regularized Huber 

M-estimator. 

(8.8) 

A similar expression may be derived based on the inverse of the Fisher information 

matrix. The j/th element of the Fisher information matrix, lp, for the estimation 

criterion J is 

(8.9) 

For the estimation criterion 8.4 the j lth element of the Fisher information matrix, 

neglecting second order terms, is 

(8.10) 
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The Cramer-Rao lower bound on the estimation covariance matrix is equal to the 

inverse of the Fisher information matrix which for X = ~ is given by 
17lo1 K 

(8.11) 

The measures of model stability and reliability listed in 8.11 and 8.12 are based on 

8.5 for the OLS estimator and 8.8 for the Huber M-estimator. 

It is evident by the size of the condition numbers (K) of the covariance 

matrix listed in Tables 8.11 and 8.12, that the inverse solution for the 111 K-zone 

model without prior information about the conductivities is extremely unstable. In 

fact the trace of the estimation covariance matrix cannot be computed for this case 

because the matrix JT J is too ill-conditioned to compute reliable estimates of its 

inverse. Including prior information weighted by ,\ = 1 leads to a drastic 8 to 9 

magnitude decrease in the condition number for all 4 estimators. As expected the 

condition number decreases as A increases, but while the decrease in the condition 

number for the OLS estimator is monotone the condition numbers for the the Huber 

estimators for k = 3 and k = 2 actually increase from A = 500 to A = 1000. 

While the conditioning of the covariance matrix for each of the 4 estimators is 

greatly improved with A = 1, the trace of the estimation covariance matrix still 

exceeds the sum of the mean kriging variances which equals 13.9. For the OLS 

estimator the trace of the covariance matrix is less than 13.9 for all cases where 

A > 20. The results for the 3 Huber estimators are equivocal. For k = 3 the 

trace is less than 13.9 when A = 15, however when A = 100 the trace exceeds 

13.9. The situation is no less confusing for the Huber estimator with k = 2 and 

k = 1, hence the validity of using the trace to assess the quality of the Huber 

estimates is certainly questionable. Although the formula (5.90) for the asymptotic 

estimation covariance for the Huber estimates was demonstrated by Monte Carlo 

methods to yield consistent results without prior information, I have not performed 

a similar study to assess the consistency of (8.8) and therefore I cannot be sure 

that its trace correctly reflects the overall variability of the model. Moreover, it 
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Table 8.11: Condition Number,"' and Trace of Covariance Matrix. 

OLS/ML Huber k = 3 
..\ " Trace " Trace 
0 9.17E+14 - 1.85E+13 -
1 129,350 131 118,660 84 
5 20,246 36.1 24,939 25.7 

10 12,532 23.2 15,872 15.4 
15 7623 16 10,803 12.2 
20 6008 12.4 5963 11.9 
25 4767 10.7 4103 8.4 
50 2422 6.5 2612 7.2 

100 1204 5.0 941 14.6 
250 380 5.8 480 6.1 
500 228 3.5 192 1.4 

1000 100 7.2 214 13.7 

should be noted that using the trace of the estimation covariance may overstate the 

overall reliability of the model since the effects of correlation among the parameter 

estimates are excluded. Carrera [1984] suggests using the eigenvalue decomposition 

of the estimation covariance matrix to assess the degree to which interaction of the 

parameters affects the apparent overall variability of the model. 

The transect plots of the estimated log K fields better illustrate the dif

ferences in the OLS and the Huber M-estimator than do the measures constructed 

from the estimation covariance matrix. Six transects were selected, four (A,B,C,D) 

of which lie subnormal to the direction of regional flow in the aquifer and two (E,F) 

of which are subparallel the regional flow direction. According to Neuman et al. 

[1980b], because the estimated conductivity [transmissivity] field is an approximate 

solution to a Cauchy type initial value problem, the correlation structure of the 

log K [log T] estimation errors is anisotropic, with the correlation greatest in the di

rection of flow and least parallel to the head contours. Hence, the ratios of adjacent 

conductivities [transmissivities] are more reliable parallel to the regional gradient 
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Table 8.12: Condition Number,"' and Trace of Covariance Matrix. 

Huber 1c = 2 Huber 1c = 1 
,\ " Trace " Trace 
0 3.75E+13 - 3.97E+13 -
1 137,570 71 141,310 100.5 
5 23,768 23.8 26,615 27.5 

10 13,791 13.4 11,273 12.9 
15 10,801 10.7 6785 16.3 
20 5984 10.6 6104 10.3 
25 4349 7.3 3774 18.9 
50 2612 6 1723 5.7 

100 979 12 960 8.4 
250 484 5.3 353 7 
500 192 13.8 253 3 

1000 208 17.9 111 4.1 

than normal to the regional gradient even if the estimation error of these adjacent 

parameters is large. It should also be true that the trend of spatial variation in the 

hydraulic conductivity field parallel to the regional gradient should show greater 

similarity amongst the different estimators than exhibited by the subnormal tran

sects. The plots for the six transects are shown in Figures 8.17 through 8.22 and 

include the initial and measured (kriged) logK's (a), estimates obtained without 

prior information (b), and two representative sets of estimates obtained with prior 

information ( c and d). 
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Figure 8.17: 'l'ransect A: a. Measured and Initial log K values, b. Estimates for 

..\ = 0, c. Estimates for ..\ = 20, d. Estimates for ..\ = 250 
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Figure 8.18: Transect B: a. Measured and Initial log K values, b. Estimates for 

A = 0, c. Estimates for A = 20, d. Estimates for A = 250 
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Figure 8.19: Transect C: a. Measured and Initial log K values, b. Estimates for 

..\ = 0, c. Estimates for ..\ = 20, d. Estimates for ..\ = 250 
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Figure 8.20: Transect D: a. Measured and Initial log K values, b. Estimates for 

,\ = 0, c. Estimates for..\= 20, d. Estimates for..\= 250 
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Figure 8.21: Transect E: a. Measured and Initial log K values, b. Estimates for 

,\ = 0, c. Estimates for,\= 20, d. Estimates for,\= 250 
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Figure 8.22: Transect F: a. Measured and Initial log K values, b. Estimates for 

A = 0, c. Estimates for A = 20, d. Estimates for A = 250 
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It is immediately apparent from Figures 8.17a-8.22a that the structure of 

the initial and measured (kriged) log K's used in this study differ markedly. The 

measured log K field exhibits far less spatial variability than the initial log J( val

ues obtained form the OLS estimates for the 30 K-zone model. This difference is 

probably due both to inconsistencies between the saturated thickness of the model 

as a result of the prescribed elevation of the bottom of the aquifer and the satu

rated thicknesses used to compute K values from pumping tests, and the fact that 

the initial log K values also reflect the measured heads and prescribed boundary 

fluxes. Figures 8.17b- 8.22b exhibit the extreme spatial oscillation of the log K field 

indicative of an unstable inverse solution. This behavior is not unexpected since 

the condition numbers for JT J indicated that the problem would be unstable. For 

transect A the greatest variability among the 4 four estimators occurs at K-zones 

110 and 10. The root cause of the instabilty and subsequent high variability in 

these zones is the overall lack of sensitivity of the computed heads to changes in K 

in zones 110 and 10. Figure 8.23 is a map which shows the sensitivity of the model 

to the 111 K -zone parameters as measured by 

Nh I 8h, I s, = 2: . 
i=I 8log K, 

(8.12) 

The smaller the solid squares within a given zone in Figure 8.23 the larger is 81 and 

the more sensitive the model to K,. 

It is readily apparent from Figure 8.23 that the model is relatively insen

sitive to K 110 and K 10• Similar variability of the 4 estimates due to lack of model 

sensitivity occurs at K-zone 22 in transect B, K-zone 31 in transect C, K-zone 39 

in transect D, K-zones 110 and 57 in transect E and K-zone 48 in transect F. Along 

transect A the Huber estimates with tuning coefficient k = 1 exhibit the least spa

tial variability while the OLS estimates exhibit the greatest spatial variability. The 

situation is similar along transect C with the Huber estimates for k = 1 showing 

less spatial variability than the OLS estimates. For transect D the results are less 

unequivocal, but it still appears that the Huber estimates with k = 1 are the least 

variable. However, it is clear that along transect B the OLS estimates exhibit the 
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least spatial variability. While the transect plots which lie subnormal to the regional 

flow gradient more or less indicate that, in the absence of prior information, the 

Huber estimates with k = 1 exhibit less spatial variability/oscillation, the situation 

is less clear for the 2 transects which parallel the direction of regional flow. The 

general behavior of the 4 estimates for transects E and F is indicative of instability. 

However, it is readily apparent that the amplitude of the oscillations in the log K 

field is greatest for OLS and least for the Huber M-estimator with k = 1. 
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Figures 8.17 c,d through 8.22c,d are included to demonstrate the degree 

to which prior information stabilizes the log K estimates. I chose to display the 

transects for ~ = 20 because at this level of regularization the trace of the estimation 

variance for all 4 estimators is just less than the trace of the prior log K covariance 

matrix. At ~ = 250 the trace of the estimation covariance matrix for all 4 estimators 

is approximately half the trace of the prior log K covariance matrix and thus the 

transect plots may be expected to show very little spatial variability. Without 

computing some measure of the smoothness of the transect plot such as the W~ 

Sobolev norm 

[ 
3 ldii K 1

2 l! lllogK(s)llw~ = "{;; j ;; ds , (8.13) 

where s parameterizes the curve describing the transect, it is difficult to draw any 

definite conclusions as to which estimator yields the most spatially stable solution. 

However, from inspection of Figures 8.17c-8.20c, I can discern no clear evidence 

that any of Huber estimators yield smoother log K fields than OLS for ~ = 20 in 

the direction normal to the regional flow. In directions subparallel to the regional 

flow (Figures 8.21c and 8.22c) it does appear that the OLS solution for -\ = 20 

shows the least spatial variability. When -\ = 250 the effects of prior information 

dominate the inverse solution and there is little evidence in Figures 8.17d through 

8.22d which suggests that one estimator is definitely superior. Even with this level of 

regularization the spatial variability of the hydraulic conductivity field still exceeds 

what I feel is physically reasonable. Obviously, this 111 K-zone model has far too 

many parameters, is extemely ill-posed and thus provides a demanding, although 

not ideal test of the Huber M-estimator. 

Inasmuch as the procedures developed in Chapter 7 for determining the 

optimum value of -\ for the regularized robust estimation criterion were based on 

knowing the true value or obtaining an accurate estimate of the variance of the 

measured log K values, these procedures are difficult to apply to this real example. 

Carrera [1984] showed for a single synthetic problem that the minimum value of the 

log-likelihood criterion coincided with the true value of Aopt· However, it is not clear 
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how well the analogous procedure for the Huber M-estimator would locate Aopt espe

cially since O"~gK is unknown. Jacob$on [1985) used both the comparative residual 

analysis procedure developed by Neuman and Yakowitz [1979] and the maximum 

likelihod procedure in an attempt to determine Aopt for the inverse solution to the 

Avra Valley aquifer model using head data located at the observation points but 

had little success. As noted in Chapter 7, the comparative residual analysis pro

cedure is based on the hypothesis that the head measurement errors are Gaussian 

and is thus not appropriate for use with robust estimation procedures. However, by 

recognizing that M-estimators for regression are often solved using the iteratively 

reweighted least squares (IRLS) algorithm [Huber, 1981], a procedure similar to that 

used by Clifton [1981] may be used to obtain an approximate solution for Aopt· 

As shown in Appendix I the iteratively reweighted least squares formula

tion for the regularized Huber M-estimation error criterion {8.4) is 

JrRLS = 
1
2 (h*- hfW (h*- h)+ (p*- p)Ty-t (p*- p), 

s 
(8.14) 

where W is the diagonal weighting matrix with components 

(8.15) 

The error criterion JmLs is minimized by an iterative procedure where at each 

iteration the components of W and the scale estimate s are computed based on 

the previous iterate's parameter estimates. For Huber's M-estimator W is bounded 

below by h·;h and above by the tuning coefficient k, hence wii is bounded below 

by 0 and above by 1. In effect the matrix -!r W is analagous to the matrix ut'l V;;-1 

for maximum likelihood estimation assuming Gaussian head errors but in addition 

outlying residuals are automatically downweighted. Insofar as the analogy between 

IRLS and ML estimation holds, it is possible to define ..\opt for v-t = ~ Vk;!K 
JosK 

where a~gK is assumed equal to 1. Equation 8.15 is then 

2 

JrRLs = (h*- hfW(h*- h)+ (p*- pf -+-Vk;!K (p*- p), 
O"logK 

(8.16) 
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whence, 

JrRLs = (h*- h)TW (h*- h)+ -Xo,n (p*- pfVj;;!K (p*- p), (8.17) 

where .\opt = (It . Because u~1 K = 1, Aopt = 8 2 and thus, in theory, an estimate 
los• 

of the optimal weighting parameter may be determined by plotting .,\ versus the 

estimated squared scale (u~ for OLS and 8ifAD for the Huber estimator) and finding 

the intersection. Such a plot is shown for the 111 K-zone model in Figure 8.24. 

Although the plots of the squared scale, s2, oscillate and cross the 45 degree line 

which defines the locus of points where Xopt = 8 2 several times, the initial intersection 

for all three Huber estimators occurs at Xopt ~ 10. The corresponding plot for OLS 

indicates Xopt ~ 30. I cannot supply any supporting evidence that these values of 

Aopt are indeed correct other than noting that for the Huber estimator with k = 2 

and k = 1 the value of .\opt = 10 corresponds to a local minimum of Jnuber versus,\ 

(Tables 8.15 and 8.16). 
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Table 8.13: Summary Statistics for OLS Estimates . 

.,\ JhOLS Jlotr.K JTotol qh 

0 2872 1769 2872 4.26 
1 3234 1010 4244 4.52 
5 3608 695 7083 4.78 

10 4288 572 9951 5.21 
15 4183 537 12231 5.14 
20 4146 504 14236 5.12 
25 4384 487 16556 5.27 
50 4859 395 24618 5.55 
75 5502 318 29373 5.9 

100 6916 304 37302 6.62 
250 18840 253 82133 10.92 
500 21909 232 137740 11.78 

1000 86735 236 322640 23.43 

8.8 Tucson Basin Transient Inverse Model 

Because the inverse program I developed was designed to use transient 

head data as well as steady-state head data I decided compare the parameters 

estimated by OLS with those estimated by the Huber M-estimator using actual 

transient head data from the Tucson Basin aquifer. The transient model I con

structed was based on the same finite mesh developed for the steady-state inverse 

model. Although I had water level data at approximately 375 wells for the period 

from winter 1959 to fall of 1989, I calibrated the model to data from winter 1959 

to fall1974 at 148 of the observation wells to reduce data manipulation. 

8.8.1 Data 

Water level and pumping data from 1959 to 1989, which were used in the 

transient inverse study, were purchased from Tucson Water and are therefore not in-
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Table 8.14: Summary Statistics for Huber k = 3 Estimates. 

A Jnuber JlOfl.K r::vh ~ ·-1 ri MAD Scale 
0 1409 893 3289 3.17 
1 1353 623 3367 2.86 
5 1556 516 4190 3.37 

10 1682 442 4231 3.17 
15 1893 372 4568 3.75 
20 2310 376 5373 4.29 
25 2174 347 5215 3.45 
50 3410 317 8278 3.8 
75 4284 255 9797 4.17 

100 11367 245 24235 8.83 
250 10589 215 21974 9.15 
500 41952 227 87409 14.57 

1000 81377 232 174910 15.68 

Table 8.15: Summary Statistics for Huber k = 2 Estimates. 

A JHuber Jlov,K LNh r2 
i-1 i MAD Scale 

0 1461 828 4667 3.12 
1 1181 630 4027 2.61 
5 1556 491 4407 3.36 

10 1513 420 4493 3.06 
15 1809 447 5069 3.66 
20 2203 405 6641 3.75 
25 2165 354 6590 3.74 
50 3195 288 8601 4.70 
75 5695 256 16223 5.41 

100 5362 222 16078 5.31 
250 13346 246 28607 12.46 
500 21266 200 47554 14.31 

1000 73885 226 176760 15.46 
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Table 8.16: Summary Statistics for Huber k = 1 Estimates. 

..\ Jnuber J10f(K E~.r~ MAD Scale 
0 2090 641 9084 3.98 
1 1532 683 7210 3.55 
5 1813 466 9933 3.55 

10 1748 403 12362 3.06 
15 2677 445 15724 4.38 
20 2497 316 15167 3.98 
25 4058 310 18082 5.31 
50 3114 268 17022 4.47 
75 9654 265 33583 9.71 

100 3707 226 27007 8.68 
250 13442 105 52090 10.71 
500 14484 120 65913 9.64 

1000 32567 68 113560 18.1 

eluded here. Observed well hydrographs for 148 observation wells were constructed 

from this data and are shown in Appendix J by well name. The well names and 

locations for these 148 observations wells are listed in Table J.l. Figures 8.25 and 

8.26 show the distribution of the 148 observation wells and the 374 pumping wells, 

respectively, that were used in this model. Because the pumping data and water 

level data I purchased from Thcson Water do not cover the entire model area, I 

chose to estimate the subset of K values from the 111 K -zone model as shown in 

Figures 8.25 and 8.26. Moreover, in a preliminary study I inspected approximately 

200 well hydrographs which had at least 15 quarterly observations, and chose to 

eliminate those observation wells near the rivers whose hydrographs showed effects 

of stream channel recharge. I did this because I did not have estimates of stream 

channel recharge for each year and season of the calibration period. In addition 

I found it necessary to decrease the elevation of the bottom of the aquifer model 

to prevent the water levels from falling below the base of the aquifer during the 

15 year calibration period (spring 1959 to winter 1974). Elevation contours of the 

bottom of the transient model of the Thcson Basin are 300 feet lower than those 
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shown in Figure 8.5. Initial values of heads at each of the 497 nodes were deter

mined by interpolating measured water levels from the winter of 1959. The water 

level data purchased from Tucson Water did not cover the eastern and southeastern 

portion of the model area densely enough to accurately determine initial conditions. 

I was, however, able to obtain 310 additonal water level measurements for winter 

1959 from hand written well records held by the Arizona State Water Resources 

Research Center. I fitted a hi-cubic spline function to the 460 observed water levels, 

and then evaluated the spline surface at the finite element nodes. The prescribed 

flows along the model boundaries and the river channels were identical to the mean 

annual flow rate used in the steady-state model. The prescribed head condition 

at the northwestern boundary of the model was varied with time to simulate the 

general rate and trend of water decline in this region. Because the bottom of the 

transient aquifer model was set 300 feet lower than that of the steady-state model, 

initial estimates of hydraulic conductivities were computed by scaling the kriged K 

values in each zone by the ratio of the mean saturated thickness of that zone for 

the steady-state model to that of the transient model for the modelled head field 

studies. 

Because each transient inverse run took approximately 1 day of wall clock 

time and 12,000 CPU seconds on a CONVEX C240 computer, the transient inverse 

study was not conducted with the same detail as the steady-state inverse studies. As 

with the steady-state model, this transient model was constructed solely to examine 

the differences between OLS and the Huber M-estimator. While the comparison of 

the estimators is valid despite obvious shortcomings in the design and structure of 

the model, the reader is cautioned against using the results herein to guide official 

studies of the Tucson Basin. 
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8.8.2 Results of the transient inverse study 

As with the steady-state inverse model, I fixed prescribed flow, prescribed 

head and storage parameters values and estimated only the hydraulic conductivities. 

Hydraulic conductivity parameters are the most sensitive to errors in the hydraulic 

head data and thus their estimation provides the most rigorous test of the estimation 

procedures. The values of specific yield used in the model are shown in Figure 8.27. 

In Figure 8.27 the darkest shading corresponds to a specific yield value of .075, the 

intermediate shading to 8 11 = .1 and the lightest shading to 811 = .15. These values 

are very roughly based on estimates of 811 determined by Ander.,on [1973] during 

calibration of his electrical-analog model. 

I had hoped that with the large amount of head data I had available (2248 

quarterly water levels out of a possible 9324 space-time observation points) the 

transient inverse problem would be more stable than 111 K-zone steady-state inverse 

model. However, even though I estimated only 35 of the 111 K-zone parameters 

and used a relatively large weighting parameter, ..\ = 100, the spatial structure of 

the estimated log K fields for both OLS and Huber indicate the problem is unstable. 

Transects of the initial log K values and those estimated by OLS and the Huber 

M-estimator with k = 3 are shown in Figures 8.28 a,b,c,d and 8.29 a and b. The 

transects shown in Figures 8.28 a,b and c lie subparallel to the direction of regional 

flow and very clearly exhibit the spatial oscillation indicative of instability. It is also 

apparent that at least in Figures 8.28 b the Huber estimates are much more stable 

than the OLS estimates. In Figures 8.28 a and c the Huber estimates also appear 

to be more stable although the difference in the spatial structure of the estimates is 

not as great. The transect shown in Figure 8.28 d lies at roughly a 45 degree angle 

to the intersection of regional streamlines and equipotentials, while those transects 

in Figures 8.29 a and b are subnormal to the direction of regional flow. These 

Figures clearly show that both estimators are unstable, although the oscillations of 

the Huber estimates in Figures 8.28 d and 8.29 a are milder than those of the OLS 

estimates. 
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Well hydrographs for all 148 observation wells are shown in Appendix J 

with observed water levels indicated by the solid dots connected by the solid line. 

The water levels computed by the OLS estimates are indicated by the solid line and 

the water levels computed by the Huber M-estimates are indicated by the dotted 

line. Hydrographs for wells A-018 A, B-006 B, C-001 A and C-036 A are shown 

in Figures 8.30 a,b,c and d, respectively. These hydrographs illustrate the different 

fit to the head data obtained with the two estimators. In Figures 8.30 a, band d 

the typical behaviour of OLS is evident wherein the mean head residual is forced 

close to zero. It seems that the Huber M-estimator, on the other hand, behaves as 

described in Chapter 5 and disregards head data which, by virtue of the relative size 

of their residuals, appear to be outliers. The inverse model program I developed 

does not compute a different residual scale estimate for each observation well so it is 

in fact misleading to inspect individual hydrographs in this manner. One estimate 

of sca.Ie is computed at each iteration for all time steps and all observation locations 

so the automatic detection and downweighting of outlying residuals is indeed much 

more complex. Figures 8.31 a and b show hydrographs for wells C-040 A and D-002 

A, respectively, in which it appears that the expected behaviour of the estimators is 

reversed. Contrary to what I expected based on the results of synthetic studies and 

the steady-state model of the Tucson Basin aquifer, the Huber estimates actually 

result in a lower sum of squared head residuals {99,067) than the OLS estimates 

{101,610). I cannot explain this and can only suggest that it is a result of the 

slightly increased stability of the Huber estimator. 
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As demonstrated in Chapter 7, the MAD estimator is a poor choice for 

computing scale for robust regression if initial parameter or initial condition esti

mates result in head residuals which are all of like sign. In this case the MAD scale 

will grossly underestimate the size of the residuals, and consequently the Huber 

M-estimator will downweight residuals which are not outliers. Not only then is the 

statistical treatment of the problem incorrect, but in addition the error criterion is 

made insenstive to changes in the flow parameters. The net result is that the prob

lem is made even more unstable. This situation occurs at some observation locations 

in the transient study as shown in Figures 8.32 a and b which show hydrographs 

for wells A-035 A and A-039 B, respectively. To resolve this problem I tried to use 

the median absolute residual as an alternate scale estimate. However, using the 

median absolute residual to estimate scale somehow over-stabilized the the problem 

and prevented the minimization algorithm from altering the parameters from their 

initial values. 

8.9 Summary 

Using real steady-state data I have demonstrated for a relatively low reso

lution parameterization of the K field that the Huber M-estimator with a relatively 

restrictive tuning parameter of k = 1 produces estimates of log K which show less 

spatial variability than the OLS estimates. Although the Huber M-estimates do 

not reproduce the observed field as well as the OLS estimates, I have shown that 

by following a careful step-wise zonation procedure, the Huber estimator may be 

stabilized without the need for prior information. However, it is also very clear that 

the tuning parameter k has a significant effect on the behaviour of the estimates 

and must be carefully chosen based on the modeller's understanding of the qual

ity of the data and the degree to which he wishes to protect the estimates from 

the effects of outliers. For a high resolution model, which requires the addition of 

prior information to reduce the effects of ill-conditioning, the conlusions are less 
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unequivocal. It is readily apparent for the case of the high resolution model that 

use of the robust estimator will, as predicted in Chapter 5, not suffice to stabilize 

the inverse problem. Lack of model sensitivity and over-parameterization are still 

the bane of the inverse problem. Although I was able to determine a theoretical 

optimal value of ..\ for the regularized Huber M-estimation error criterion as ap

plied to the synthetic model in Chapter 7, the same procedure was not applicable 

here. By comparing the system of equations obtained from the IRLS approach to 

the solution of the regularized robust error criterion to the error criterion used for 

weighted least squares with added prior information I was able to suggest a practi

cal way to determine -Xopt· However, I must stress that this method for determining 

~opt has not been tested by Monte Carlo experiments. The transient inverse study I 

performed with real data, while not nearly as detailed as the steady-state analysis, 

nonetheless also showed the Huber M-estimator to be more stable. The transient 

study also revealed that the MAD scale estimator may be appropriate for use with 

Huber M-estimator if the nearly equal in size and have like sign. 
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Chapter 9 

SUMMARY AND CONCLUSIONS 

9.1 Adjoint Finite Elements 

I have shown, as described by Cacuci et al. [1980], that the continuous 

and discrete approachs for deriving the adjoint state finite element equations lead 

to disimilar though consistent forms when the transient state equation is nonlinear. 

When the steady-state and transient nonlinear state equations are coupled, the right 

hand side of steady-state adjoint equation derived by the discrete approach may, 

depending on the time weighting scheme used to solve the transient finite element 

state equation, contain terms which do not occur in that derived by the continuous 

approach. Unlike the development of adjoint equations outlined in Cacuci et al., I 

cannot eliminate the term which arises in the continuous derivation of the transient 

adjoint state from differentiation of the conductivity term with respect to the state 

variable. This is so in my case because the conductivity term is both an implicit 

function of the spatial coordinate due to its dependence on the state variable and 

an explicit function of the spatial coordinate because hydraulic conductivity is as

sumed to be heterogeneous. In addition, the adjoint state functions derived by the 

continuous and discrete approachs have different fundamental units, however, the 

components of the gradients have identical fundamental units. 
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9.2 Minimization Procedures 

I was unable to achieve satisfactory performance from the minimization 

algorithm by combining the efficient step size algorithm based on Newton's method 

developed by Neuman [1980] and extended to the transient case by Carrera [1984] 

with either conjugate gradient or quasi-Newton search direction methods. I found 

it necessary to use more computationally expensive line search algorithms in or

der to obtain descent directions at every iteration. I coupled Brent's safeguarded 

parabolic and cubic inverse interpolation line search procedure with the Fletcher

Reeves and Polak-Riblere conjugate gradient methods, however these combinations 

require too much CPU time. I implemented the Broyden-Fletcher-Goldfarb-Shanno 

and Davidon-Fletcher-Powell quasi-Newton methods with inaccurate line search al

gorithms which check the step size sufficiency and accuracy conditions of Goldstein

Armijo and Wolfe, respectively, and showed these combinations to be more robust 

and less time-consuming than the former methods. The nonlinearity of the state 

equation can affect the convergence of the minimization algorithm if the iterative 

procedure used to solve the state equation cannot achieve a small enough error tol

erance. By using the Newton-Raphson method for solving nonlinear systems one 

calculates the increment between successive iterates of the state variable rather than 

the value of the state variable itself. The greater precision in the state solution af

forded by the Newton-Raphson method permits the minimum error tolerance to be 

decreased below the minimum tolerance that can be achieved used in my implemen

tation of Picard iteration. As such using the Newton-Raphson method instead of 

Picard iteration may accelerate the convergence of the minimization algorithm. As 

applied to least-squares error criteria modified Gauss-Newton minimization meth

ods, such as the Levenberg-Marquardt method, have been demonstrated by several 

researchers to converge more rapidly than either conjugate gradient or quasi-Newton 

methods. I believe that these results are somewhat misleading since they appear to 

have been obtained solely for small residual problems. I demonstrated for more real

istic, large residual problems, that the Levenberg-Marquardt method is not superior 
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to the BFGS method. 

9.3 Robust Estimation 

Least-squares type error criteria are quadratic functions of the residuals 

and are therefore very sensitive to large or outlying errors in the measured heads. 

H the head errors are not Gaussian, the maximum likelihood estimator based on 

the Gaussian assumption produces estimates with large estimation variances. The 

class of maximum likelihood type estimators, called M-estimators, are designed to 

produce estimates which are robust or resistant to the effects of outlying errors 

and are ideally suited to the inverse problem since the structure of the head er

rors is rarely known and even small errors in measured heads can greatly affect the 

parameter estimates. I derived an expression for the influence function for a gen

eral M-estimator applied to the inverse problem of aquifer hydrology and showed 

that even if the effects of large residuals can be controlled, defects in the structure 

of the sensitivity matrix may cause ill-conditioning and result in an unstable so

lution. From the expression for the influence function I derived a formula which 

approximates the asymptotic lower bound of the estimation covariance matrix for 

the M-estimator when the model is nonlinear in the parameters. Through a series 

of Monte Carlo studies on a synthetic aquifer model I demonstrated that the Huber 

M-estimator produces more reliable parameter estimates as measured by the trace 

of the sample covariance matrix and sample bias than the OLS estimator when the 

errors in the data come from a mixed normal distribution. Additional Monte Carlo 

studies appeared to support the validity of the formula for the lower bound of the 

asymptotic estimation covariance matrix and demonstrated that in theory an opti

mal estimate for the weighting parameter for the regularized robust error criterion 

can be determined. 

I applied Huber's M-estimator and the OLS estimator to a model of the 

Tucson Basin aquifer to determine estimates of hydraulic conductivity using both 
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steady-state and transient water level data and kriged values of hydraulic conduc

tivity. While the results from this study were less conclusive than those of the 

synthetic study, transect plots of the computed K field appear to show that the 

Huber M-estimator produces estimates exhibiting less spatial variability than the 

OLS estimates both with and without prior information. I also showed that if 

the problem is ill-posed, as measured by the ill-conditioning of the sensitivity ma

trix, the Huber M-estimator, just like the OLS estimator, will not produce stable 

parameter estimates. 

9.4 Future Research 

It is my studied opinion that because the aim of inverse modelling is to 

calibrate models to real data, the measured data must be treated without undue 

reliance on statistical hypotheses which cannot be verified. Moreover, since some 

hypotheses, particularly the assumption of Gaussian measurement errors, pose ad

ditional difficulties when invalid, I feel that the use of robust estimation procedures 

warrants continued research and use. The M-estimation method is perhaps the 

easiest of robust estimation methods to implement in automatic calibration proce

dures. However, other more robust estimation procedures such as the S-estimators 

of Rousseeuw and Leroy which bound not only the effects of large data residuals 

but also reduce the influence of leverage points, may prove to be even more stable. 

Open questions in the use of M-estimators, including Huber's, include: 1. 

Practical methods to determine the "correct" value of the tuning parameter. 2. 

Computing a robust estimate of the scale of the head residuals when the residuals 

are the same size and have like sign. 3. Developing procedures based on estimates 

of the scale of head and parameter residuals to determine the optimal value of 

the weighting parameter in the regularized robust error criterion. 4. The efficacy 

of using the iteratively reweighted least squares algorithm since it may allow a 

direct method for implementing bounded influence estimators. 5. Development 
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and verification of an approximate formula for the lower bound of the asymptotic 

estimation covariance matrix for the regularized robust error criterion. Perhaps the 

most important aspect of robust estimation which requires research is the coupling 

of optimal parameter zonation and model structure identification methods with 

robust sttistical mesures of the model's reliability. 
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Appendix A 

CONTINUOUS APPROACH TO DERIVING THE ADJOINT STATE 

EQUATIONS 

The transient groundwater flow equation and its associated initial and 

boundary conditions are given by equations (A.l),(A.2) and (A.3), respectively. 

8h 
V·(K(x,h)Vh)+q(h,x,t)=S(x,h) 8t onDxT (A.l) 

h(x,O) = h0 (x) on D (A.2) 

K(x,h)Vh·n=-a(x)(h-H(x,t))+Q(x,t) onrxT (A.3) 

where h = h (x, t) is hydraulic head, K (x, h) is the hydraulic conductivity tensor, 

q(h,x,t) is a head dependent source term, S(x,h) is the storage coefficient, Dis 

the spatial domain, r is the boundary of D, n is the outward normal vector to r , 

a ( x) is the boundary leakance coefficient, H ( x, t) is prescribed hydraulic head on 

r and Q (x, t) is prescribed boundary flux. When a (x) = 0, (A.3) is a prescribed 

flux or Neumann boundary condition, as a(x)--. oo, (A.3) is a prescribed head or 

Dirichlet boundary condition, and for intermediate values of a(x), (A.3) is either 

a mixed or Cauchy boundary condition when Q (x, t) = 0 or a Robin boundary 

condition when Q(x,t) =f 0. (x E D,t E T = [O,r]) 

The steady state groundwater flow equation and its boundary condition 
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are given by (A.4) and (A.5), respectively. 

V · (K (x, h0 ) Vh0 ) + q0 (h0 , x) = 0 on D (A.4) 

K (x, ho) Vh0 • n =-a (x)(h0 - H0 (x)) + Qo (x) on r (A.5) 

To fit the predicted hydraulic head data to observed head data we define 

a general measure of the deviation of predicted head from observed head. This 

measure may also include the deviation of the estimated flow parameters from prior 

measurements of the flow parameters. The response functional which measures 

these deviations is given by 

J = k Po (h~- ho, uo) dx + k k P (h*- h, u) dt dx (A.6) 

where h* and h0 are observed hydraulic head data and u and u0 are vectors of flow 

parameters for transient and steady state flow, respectively. 

The flow parameters which best model the observed head data and best 

conform to the prior estimates of the flow parameters are those which minimize the 

deviation of the predicted head data from the observed head data as measured by 

(A.6). We equate the first variation of (A.6) to zero subject to the flow equations 

(A.l)-(A.5). 

Take the total variation of (A.l)-(A.6) 

v . ( (
aK aK ) ) aq aq aui Sui+ ah Sh Vh + KV (Sh) + Sq + ah Sh + aui Sui 

(
as Sui+ as Sh) ah- Sa(Sh) = 0 on DxT 
aui ah 8t 8t 

(A.7) 

Sh (x,O) = Sh0 on DxT (A.S) 

((:~Sui+ ~~sh)Vh+KV(Sh)) ·n= 
Sa(h- H) -a(Sh- SH) + SQ = 0 on rxT (A.9) 



( (:~ 6ui + =~ 6ho) Vho + KV(6h)) · n = 

- 6o:(h0 - Ho)- o:(6ho- 6H0 ) + 6Qo on r 

where summation is implied by repeated indices. 
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(A.lO) 

(A.ll) 

(A.12) 

Given differentiable functions .,P ( x, t) and t/Jo ( x) on DxT and D, respec

tively, multiply (A.7) by .,P (x, t) and integrate over D and T and multiply (A.lO) 

by '1/Jo ( x) and integrate over D. 

k k [ V · ( ( :~ 6ui + ~~ 6h) V h + KV ( 6h)) + c5q + ~k c5h 

+ aq au·- (as au·+ as ah) ah- sa(ah)t/J] dtdx 
aUj I aUj I ah 8t 8t 

k [v · ( (:~ 6ui + =~ c5ho) Vho + KV(6h0)) 

aqo aqo l + c5qo + aho 6ho + aui DUj '1/Jodx 

Now add (A.13) and (A.14) and apply Green's first identity. 

1r k [ ( :~ 6ui + ~~ c5h) Vh + KV (6h)]· n.,Pdt dx 

- kk [ ( (:~ 6ui + ~~ c5h) Vh + KV(6h)) · V.,P 

(A.13) 

(A.14) 

- (c5q + aq c5h + .E!l..aui- (as c5ui +as ah) ah- sa(ah))] t/Jdtdx 
ah aui aui ah 8t at 

+ 1 [ ( :~ 6ui + =~ c5ho) Vho + KV (c5ho)]· n.,Podx 
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- k [ ((!~Sui+~~ cho) Vho + KV(6ho)) · Vt/Jo 

- (cqo + ~~ 6h0 +:!:cui)] t/J0dx (A.15) 

Now substitute (A.9) and (A.ll) into (A.15). 

fr £[-Sa (h- H)- a (6h- 6H) + 6Q]¢dt dx 

- k k [ ( (:~Sui+ ~~ 6h) Vh + KV (6h)) · Vt/J 

- (sq + aq ch + !.!Lsui- (as cui+ as ch) ah- sa(ch)) .p] dtdx 
ah aui aui ah at at 

+ J [-Sa (ho- H0 )- a (6h- 6H) + 6Q0] ,P0dx 

- k [ ((:~Sui+:~ 6ho) Vho + KV(6h0 )) • V,P0 

- (cqo + ~h: 6ho +:!:cui) .Po] dx (A.16) 

Subtract (A.16) from (A.12) and rearrange, 

6J - fr k [Sa (h- H)- aSH- 6Q] f/Jdt dx 

+ I I [aK cujvh. v,p- (sq + !.!Lsuj- as cui ah) ,p] dtdx 
j D }T aui au; aui 0t 

+ I I aaP cu;dt dx 
}D }T Uj 

+ J [Sa (ho- H o)- aSH o- 6Q0] ,P0dx 

+ k [:~ DuiVho · V,Po- (cqo +:~:cui) 1/Jo] dx 

+ I aPo 6uidx + F (A.17) 
lD 8ui 

Where 
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+ (-!k«5h+ :!«5ho;: +S0 ~h))t/J)dtdx 
+ £ o:Dhot/Jodx 

+ k [ (!~ «5hoVho + KV («5ho)) · Vt/Jo- :k: «5hot/Jo] dx (A.18) 

Simplify (A.18) by noting that 

kKV(«5h)·Vt/Jdx = £KVt/J·n«5hdx- k V·(KVt/J)«5hdx (A.19) 

and because S = S ( x, h) 

and 

therefore 

as t/J«5h + 5 o(«5h)"' = o(St/J«5h) _ S«5h ot/J 
8t 8t 8t 8t 

£ ( :! «5h 0:: + s8 ~h)) t/Jdt = 

I (o(St/J«5h) - S«5h ot/J) dt = 
}T 0t 0t I 

StjJ«5hll~ - 1 S«5h: dt = 

(A.20) 

(A.21) 

S(h(r)t/J(r)«5h(r)- s(h(O))t/J(0)«5h(O)- £s«5h: dt (A.22) 

We choose t/J ( r) = 0. Note that h(O) = h0 if initial conditions are steady state 

=* «5h(O) = «5h0 • 

Substitute (A.19) and (A.22) into (A.18) and simplify. 

F - £ (o:t/Jo + KVt/J0 • n) «5h0dx 

+ k [ !~ 'Vho · 'Vt/Jo- V · (K'Vt/Jo)- S (h0 ) t/J(O) 

oqo 8Po] 
- oho t/Jo + oho «5hodx 

+ £ £ ( at/J + K'Vt/J · n) «5hdt dx 
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(A.23) 

The first variation of the response functional,}, may be written in terms 

of the variations of the parameters only by setting F = 0. This result is achieved 

by having t/;0 and tf; satisfy the adjoint state equations, 

V · (KVt/;0 ) - ~~ Vho · Vt/;o + ~~: t/Jo = :~: - S ( ho) tf;(O) on D 

KVt/;o · n = -at/Jo on r 

V · (KVt/;)- BKVh · Vt/; + Bq tf; = BP- s8 tP on DxT 
8h 8h 8h {)t 

KV.,P · n = -a.,P on rxT 

with terminal condition 

tf; ( T) = 0 on D 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 

If initial heads are not steady state then c5h(O) = 0 in (A.22) and the second integral 

in (A.23) is 

h [8K 8qo 8Pol -Vho · Vt/Jo- V · (KV.,Po)- -t/Jo +- 6hodx 
D 8ho 8ho 8ho 

(A.29) 

and (A.24) becomes 

8K 8qo 8Po 
V · (KV.,P0)- Bho Vho · V.,Po + Bho t/Jo = Bho on D (A.30) 

Care must be taken in evaluating spatial derivatives of K ( x, h) because 

K may be a function of position due both to spatial heterogeneity of the porous 

medium and spatial variation of hydraulic head. If K is spatially varying due solely 

to variation in hover D we may rewrite (A.24) and (A.26) as shown below. The 

equations are developed using indicia! and vector notation in parallel for clarity. If 

K = K(h), then 

8K 
-Vh=V·K 
8h 

(A.31) 



hence 

or 

8K 
V · (KVt,b)- oh Vh · Vt,b = K: V (Vt,b) 

~ (K·· a.p) _ aK,j ah a.p _ K··_!_ a.p 
ax, ,, OXj 8h OXj ax, - ,, OXj ax, 

and (A.24) and (A.26) become (A.34) and (A.36), respectively: 

8qo 8Po 
K: V (V.Po) + Bho t/Jo = Bho - S (ho) t/J(O) on D 

K,r~- B.Po + 8qot/Jo = 8Po- S(ho)t/J(O) on D 
ox j ax, 8ho 8ho 

K · V (V.P) + oq t/J = oP- S 0 t/J on DxT 
. 8h 8h 8t 

a a,p oq aP a,p 
Kij8xj8x, + 8ht/J= 8h -S 8t onDxT 
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(A.32) 

(A.33) 

(A.34) 

(A.35) 

(A.36) 

(A.37) 

However, (A.34) and (A.36) cannot be evaluated by the finite element method using 

linear basis functions so we use (A.24) and (A.26) instead. 

The derivation of the gradient of J with respect to the flow parameters is 

given below. 

Let 

Rewrite (A.6) as (A.38) 

J= k(Po(h~-h,uo)+ £P(h*-h,u)dt)dx 

Jv =Po+£ Pdt 

J = fv Jvdx 

The first variation of (A.40) with respect to the flow parameters is 

(A.38) 

(A.39) 

(A.40) 
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where ui, vi, wi, Yi E U where U is the set of fiow parameters. Compare (A.41) to 

(A.17) to obtain the equations of the gradient. 

8J k (vho®Vt/Jo+ £ Vh®V.,Pdt) dx (A.42) 
8K -

8J 8J 8K 
(A.43) - -·-

8ui 8K · 8ui 

8J fr i 8h .,Pdt dx (A.44) 
as -

DT0t 

8J 8J8S 
(A.45) - --

8vi asavi 

8J £ ((ho-Ho)t/Jo+ k(h-H).,Pdt)dx (A.46) 
8a -

8J -£ 7/Jodx (A.47) 
8Qo -

8J -k £ 7/Jdt dx (A.48) 
8Q -

8J -£ af/Jodx (A.49) 
8Ho 

-

8J -J i af/Jdt dx (A.50) 
8H -

r T 

8J - Jv .,P0dx (A.51) 
8qo 

-

8J - Jv £ f/Jdt dx (A.52) 
8q -

8J 8J 8qo 
(A.53) - --

8wi 8qo 8w; 



aJ 
ay, -

If Uj = Vi = W; = Yi = 8; 

aJ aq --aq ay, 

aJ = aJ : aK + aJ as + aJ aqo + aJ aq 
a8, aK a8, as a8, aqo a8, aq ay, 

241 

(A.54) 

(A.55) 

(A.56) 

A.l Derivation of the Finite Element Form of the Continuous Adjoint 

Equations 

We now develop the finite element approximation to the adjoint state 

equations (A.24)-(A.28). 

The Galerkin expansions for the head and adjoint variables are 
N 

T/Jo (x) "' E T/Joie, ( x) (A.57) 
i=l 

N 

ho(x) "' Eho;e;(x) (A.58) 
i=l 

N 

,P(x,t) "' ET/J;(t)e; (x) (A.59) 
i=l 

N 

h(x,t) "' E hi{t)e; (x) (A.60) 
i=l 

where N is the number of nodes and the ei (X) are piecewise continuous linear basis 

functions. 

In order to be very general in our development of the finite element equa

tions we also approximate the flow parameters by piecewise polynomials of arbitrary 

degree, 

Nqo 

qo(x,ho) "' Lqoi(ho)t/>90;(x) (A.61) 
i=l 
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Nq 
q(x,t,h) f'V L qi (t, h) l/>q; (x) (A.62) 

i=l 

NH0 

Ho(x) f'V L HOiif>Ho; (x) (A.63) 
i=l 

NH 
H (x, t) f'V EHi(t)¢>H; (x) (A.64) 

i=l 

Nqo 
Qo(x) f'V L Qoil/>Q0 ; (X) (A.65) 

i=l 

Nq 
Q(x,t) f'V EQi(t)l/>Q; (x) (A.66) 

i=l 

Na 
a(x) f'V E ait/JC't; ( x) (A.67) 

i=l 

NK 
K (x, h) f'V ?:Ki(h)tfJKi (x) (A.68) 

•=1 

NK 
u1 (x) f'V LUt;tPK; (x) l=l, ... ,NPK (A.69) 

i::::l 

Ns 
S (x, h) f'V ESi(h)l/>s; (x) (A.70) 

i=l 

Ns 
Vm (x) f'V LVm;tPS; (x) m=l, ... ,Np. (A.71) 

i=l 

Nqo 
Wn (x) f'V LWn;tPqo; (x) n=l, ... ,Np

90 
(A.72) 

i=l 

Nq 
Yo (x) f'V LYo;tPq; (x) o=l, ... ,NPq (A.73) 

i=l 

where Nq0 is the nwnber of nodes over which the piecewise polynomial E<PPO; ( x) is 

defined if the tPqo; ( x) are of degree one or higher or if Et/Jqo; ( x) is degree zero then Nq0 
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is the nwnber of zones within which t/>po; (x) is constant. Similar definitions hold 

for other flow parameters. Because hydraulic conductivity, K ( x, h), the storage 

coefficient, S (x, h), and the steady state and transient source terms, q0 (x, h0 ), and 

q (x, t, h), respectively, are functions of hydraulic head they may, in general, be 

functions of other parameters, u,, Vm, Wn and Yo , respectively. These parameters 

are approximated by the same polynomials as their "parent" flow parameters. For 

example, consider the head-based form of llichard's equation where the unsaturated 

soil hydraulic properties are based on a model described by van Genuchten [1980], 

where 

K (x, h)= K, (x) Se (x, h) 2 1- 1- Se (x, h)mm 
1 

[ ( )m(x)l
2 

S(x,h) - a(x)m(x)(O,(x) -Br(x))Se(x,h)mtzT 

( 1- Se (x, h)mtzT) m(x) (1-m (x))-1 

Se (x, h)= [1 +I a (x) h (x) ln(x)rm(x) hjO 

Se (x, h)= 1 h ~ 0 
1 

m(x) = 1- n(x) 

Here, u, = (a(x),m(x),K,(x)) and Vm = (a(x),m(x),O,(x),Br(x)) 

(A.74) 

(A.75) 

(A.76) 

(A.77) 

(A.78) 

Hence, the u, are approximated by the same piecewise polynomial used 

to approximate K, ( x ), and in addition because u1 = v1 and u2 = v2 we choose 

OK; (x) = 6s1 (x). 
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A.2 Adjoint State Finite Element Equations. 

A.2.1 Steady State 

Galerkin orthogonalization of (A.24) implies 

By Green's first identity 

fv [\7 · (K\7¢o)) eidx = 

lr (K\7¢o · n) eidx- fv K\7¢o · Vejdx (A.80) 

Substitute (A.25) into (A.80) 

fv [\7 · (K\7¢o)) eidx = 

-fr o¢oejdX- fv K\7¢o. vejdX (A.81) 

rewrite (A.79) 

(A.82) 

Now substitute the expressions (A.57)-(A.73) into each term of (A.82) and simplify. 

Eo Matrix 

(A.83) 
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where 

E;;j = ( (I: CllrPal) {i{jdZ Jre l=t 
(A.84) 

and Nbe is the number of boundary elements. 

A0 Matrix 

fv K'il .Po . 'il e;dx - t. .Po, t, fv. ( ~ Kr.PK, (X)) 'il e •. 'il e;dx 

N Ne 

- L tPoi L A~ij (A.85) 
i=l e=l 

where 

(A.86) 

C0 Matrix 

fv ( ~~ Vho · 'Vt/Jo) ejdx = 

~ fv.r(~ ~~: .PK,) (f. ho. ve.) 
· (t, t/Joi vei) Jejdx 

= t. .Po, t, fv. (~ ~~: <PK,) (f. ho. ve.) · ve,e;dx 

N Ne 

= E t/Joi E c~,j (A.87) 
i=l e=l 

where 

(A.88) 
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~Vector 

k ( S (ho) 1/J(O) - :~) e;dx = 

t. fv. ( (~ S ( ho), ~Sf) (t. ~;(O)~i) - !~) ~;dx 
= Roj (A.89) 

Qo Matrix 

(A.90) 

where 

(A.91) 

The finite element form of the steady state adjoint equations derived by 

the continuous method are 

N 

E (Ao;i + Co;i + Eo;i + Qo;i) 1/Jo; = Roi j=l, ... ,N 
i=l 

A.2.2 Transient Equations 

(A.92) 

Following the same procedure we develop the transient adjoint state finite 

element equations. 

Galerkin Orthogonalization of (A.26) implies 

l [ 8K 8p 8P 81/Jl V · (K\11/J)- -\lh · \11/J + -1/J-- + S- e·dx = 0 
D 8h 8h 8h 8t 3 (A.93) 



E Matrix 

where 

A Matrix 

where 

C Matrix 

k [V · (KVt/J )] ejdx = -£ at/Je;dx - k K\lt/J · Ve;dx 

- 1r at/JejdX- k K\lt/J. ve;dx 

- I raK\lh. Vt/J- 8p tP + 8P- s8t/J] e·dx = 0 
}D 8h 8h 8h 8t J 

N Ne 

= LtPi l:Ai; 
i=l e=l 

I ( 8
Kvh. Vt/J) e·dx = }D 8h J 
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(A.94) 

(A.95) 

(A.96) 

(A.97) 

(A.98) 

(A.99) 
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•=• CK8K1 ) c ) ~ ~e ( t; ah l/JK1 :; hn Ven 

· (t,,Pive;)]e;dx 

N N. CK8J<, )C ) ~ tPi t; ~e t; ah lf>K, ]; hn Ven · Ve;e;dx 

N Ne 

= I: 1/J; I: Cij (A.lOO) 
i=l e=l 

where 

' CK 8(K,) ) c ) C;; = ke t; 8h 4>K, E hn ven . ve;e;dx (A.lOl) 

D Matrix 

fr a,p s-e·dx= 
D {)t J 

N d¢; N,l c ) ~ dt ?; De t; Sll/>s, e;e;dx 

N d?/J Ne 
= L:-i L:Di; (A.102) 

i=l dt e=l 

where 

Di; = J, (I:s,~s.) ~.~;dx 
De l=l 

(A.103) 

R Vector 

-fr 8P (dx = 
D 8h J 

N 8P 
- L:fr -e;dx e=l De 8h 
=R; (A.104) 
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Q Matrix 

(A.105) 

where 

(A.106) 

The finite element form of the transient adjoint state equations derived by 

the continuous method are given below, 

(A.107) 

where tPi(r) = 0, Vi and (A.107) is solved backward in time from t = r, ... ,O. If 

both the steady state and transient adjoint state equations are being solved, the 

transient must be solved first because Ro; depends on 'l/Ji (0). 
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DISCRETE APPROACH TO DERIVING THE ADJOINT STATE 

EQUATIONS 

B.l Finite Element Flow Equations 
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We begin by formulating the finite element approximation to equations 

(A.l)-(A.5). We will use the aalerkin expansions (A.49) and (A.51) and the param

eter function approximations (A.52)-(A.64). 

B.l.l Steady State Equations 

Galerkin orthogonalization of (A.4) implies 

k [V · (KVho) + q0] e;dx 

By Green's first identity 

(B.l) 

k V · (KVho)e;dx = 1 (KVho · n)e;dx- k KVh0 • ve;dx (B.2) 

Substitute (A.5) into (B.2) 

k V · (KVho)e;dx = 1 [-o:(ho- H)+ Qo]e;dx- k KVho · Ve;dx (B.3) 
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Rewrite (B.l) 

£[-a(ho-Ho)+Qo)e;dx- kKVho·Ve;dx+ kqoe;dx=O (B.4) 

Eo Matrix 

where 

A0 Matrix 

where 

qo Vector 

1r ah.e;dx =f.£. (~ars&.r (x)) (t.hO;e; (x)) e; (x)dx 

= t.ho; f.£. (~ars> •. ) e;e;dx 
N Nbe 

= Lho; L:E:ij 
i=l e=l 

(B.5) 

(B.6) 

(B.7) 

(B.S) 

(B.9) 



Q 0 Vector 

lr ( aH o + Qo) ejdX = 

~ £. ( @Q•~••) (f, Ham~Hom) + (~ Q~~Qo,)) e;dx 

= Qoi 

Steady State Finite Element Equations 

N 

L (Ao;j + Eo;j) hoj = qo; + Qo; i=l, ... ,N 
j=l 

252 

(B.lO) 

(B.ll) 

Note that Ao;j = Ao;j (K (h0 )) and q0; = q0; (q0 (h0 )) so (B.ll) must be solved 

iteratively for h0j. 

B.1.2 Transient Equations 

Galerkin Orthogonalization of (A.l) implies 

fv [v. (KVh) + q- s~~ J ejdx = o (B.12) 

By Green's first identity and substituting in equation (A.3)a 

(B.13) 

Rewrite (B.13) 

j [-a (h- H)+ QJ ejdx- fv KVh. vejdx + fv qejdx- fv sa;; ejdx = o (B.t4) 

E Matrix 
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- t, h, ~ 1. (~ "'~··) e.e;dx 
N NIH: 

- 2:hi EEi; (B.15) 
i=l e=l 

where 

(B.16) 

A Matrix 

k KVh · Ve;dx - t. h; t. ln. (~KI~K, (x)) Ve; · Ve;dx 

N Ne 

- LhiEAi; (B.17) 
i=l e=l 

where 

(B.18) 

D Matrix 

(B.19) 

where 

(B.20) 

q Vector 

(B.21) 
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Q Vector 

(B.22) 

Transient finite element equations 

N N dh· 
L(Aij + Eij) hj + LDij dJ = qj + Qi i i = 1 .. . N (B.23) 
j=l j=l t 

Because Aij = Aij (K (h)), Dij = Dij (S (h)) and qi = qi (q (h)), (B.23) must be 

solved using an iterative procedure. We have approximated the time derivative by 

finite differences and approximated hj by a time weighted scheme. Rewrite (B.23) 

N N h~l ~ 
~ (A~:ro2 + E- ·) (<1 - o ) h~ + o h~+~) + ~ n~:H12 j - j = q~+B2 + Q~+o2 LJ IJ IJ 1 J 1 J LJ IJ !:::J.tk I I 
j=l j=l 

(B.24) 

where 

(B.25) 

(B.26) 

(B.27) 

(B.28) 
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(B.29) 

B.2 Derivation Of The Adjoint State Equations 

Take the derivative of equations (A.6),(B.ll) and (B.24) with respect to 

an arbitrary parameter 'Y· 
dJ 8J 8J 8h -=-+--d-y 8-y 8h 8-y 

(B.30) 

Replace h (x, t) by the approximation h! where n = 1, ... , N and k = 1, ... , Nt and 

rewrite (B.30) 

dJ = 8J + t 8J 8hon + t E 8~ 8h~ 
d-y 8-y n=l 8hon 8-y n=l k=l 8hn 8-y 

(B.31) 

where Nt = the number of time steps 
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(B.33) 

Multiply (B.32) by the adjoint variable t/Jo; , sum over i, substitute ¢on = 8~~n and 

subtract from (B.31 ). Multiply (B.33) by the adjoint variable t/Jf, sum over i and 

k , substitute ¢! = a;; and subtract from (B.31). Performing these two steps we 

obtain (B.34), 

dJ = aJ + t aJ <Po + t 'E aJ l/Jk 
d{ a, n=l ahon n n=l k=l ah~ n 

_ E [t/Jo; f, (aAo;; + aEo;;) hoj 
i=l j=l a, a-y 
~ (~ aAo;; _ aqo; ) _ aqo; _ aQo;] + L...t !- ah ho; + Aoin + Eo;n ah l/Jon a a 
n=l J=l On On 'Y 'Y 

Nr N N [N aAk+82 
- ~ ~t/Jf]; {;C ah~+t (Cl- Bt) hj + Bthj+t) 

an~:t-02 h~+l - M 
+ ah't+l J t:t.tk J ) 

n 

( 
k+02 ) nt,.+o2 aqf+B2] k+l 

+81 Ain + Ein + D.tk - ah~+l l/Jn 

N [ N aA~:t-82 +:; r;c ah~ (C1- et) hj + elhj+~) 

an~:ro2 h~+l - M 
+ ahk J D.tk 3 ) 

n 



257 

(B.34) 

Now 

(B.35) 

We choose the adjoint state at the terminal time, .,Pf', to be zero so the right hand 

side of (B.35) can be rewritten as 

N 1 N N [ N 8A (k-t)+O:z 

E~,pf-l ~ ~( ~h~ ((1- Ot) hj-
1 

+9th}) 

8D~~-t)+O:z h~ - h~-t 
+ Q J J ) 

8hk ~tk-1 
n 

nck-l)+O:z 8 (k-t)+O:z] 
+9 (A(k-t)+O:z + E· ) + in _ qi ,~.k 

1 an an ~tk-1 8hk 'l'n 
n 

(B.36) 
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+ IJ ) ) _ I - I 
an~:HJl h~+l- h~ 8q~Hl aQ~Hl] 

81 Atk 81 8"'( 

~ [~ (~ 8Ao;· 8qo;) 8J] 
L..J ~ tPo; ~ ~ho; + Ao;n + Eo;n - 8h - 8h 4>on 
n=1 •=1 z=1 On On On 

N, N [ N N (8Ak-1+9l 
{;]; ~t/Jt-1 [; ;Jh~ ((1-81)hj-

1
+81hj) 

an~.-1Hl h~ - h~-1 ) + IJ ) ) 

8hk Atk-1 
n 

Dk-I+Bl Bqk-l+Bl 
+ 8 (Ak-1+9l + E ) + in ......:..:i:........,_ 

1 in in Atk-1 - 8hk 
n 

N N (aA~:tB:z an~:tel h~+l- M) 
+ ~ t/Jf ~ a'h~ ((1- 81) hj + B1hj+~) + a'h~ ' Atk ' 

n~+B:z aq~H:z aJ ] 8 (Ak+Bl E ) an a ,J,.k + 1 in + in - Atk - 8hk - 8hk ~n 
n n 

N [ N N (BA~:f-Bl ]; ~t/Jlf; Bh~ ((1-81)h}+81hn 

an1+Bl h2 h1) 
+ a~~ ;~1 i + (1- 81) (A],i8

l + Ein) 

an 1 ¢1 n!+Bl 8q~H:z aJ ] 
At1 8h~ 8h~ n 

(B.37) 

We can write (B.37) in terms of the derivatives of only the flow parameters by 

setting the coefficients of ¢on = 8~", ¢~ = 88~ and¢~= a;; equal to zero. We then 

obtain the adjoint state equations (B.38) and (B.39). If the initial heads for the 

transient equation are steady state then ¢~ = 4>on and the coefficient of t/J! is part 

of the steady state adjoint equation. However, if the initial heads are prescribed 

then¢~= 0. 
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B.2.1 Steady state adjoint equation. 

(B.38) 

B.2.2 Transient adjoint equation. 

(B.39) 

If solving both steady state and transient equations the transient (B.39) must be 

solved backward in time and then (B.38) may be solved. 
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B.2.3 The Gradient 

(B.40) 

where the arbitrary parameter 'Y may be replaced by any of the flow parameters to 

yield the particular components of the gradient of J. The equations of the gradient 

are given below: 

dJ 8J f ( f ( 8Ao ) ) 
elK - aK- . tPo; . aK' hoj 

•=1 J=l 

N, N N (8A'+'') 
{; ~ .,Pf f; a~ ((1- Bt) hj + Bthj+

1
) (B.41) 

dJ aJ aK 
(B.42) - -·-

dui aK. aui 

dJ aJ N, N N an~:ro2 h~+l- M 
(B.43) 

dS - - - L L .,Pf L IJ J tk J 
as k=l i=l j=l as ~ 

dJ aJ as 
(B.44) - --

dv· asavj J 

dJ OJ- f.Po; ( f (~) ho,) do: -
ao: i=l j=l ao: 

E t..Pt ~ (8!;) (<1- 8,)h7 +B,W') (B.45) 

dJ aJ f, aQo; (B.46) 
dQo 

- aQ +. tPo; aQ 
0 •=1 0 



dJ 
dHo 

aJ ~ aQo. 
- aH + ~t/Jo;aH' 

0 •=1 0 

dJ aJ Nr N aQ~+B2 

dH - aH + {;f,;t/J~ aH 

dJ - aJ + E tPo; aqo; 
dqo aqo i=l aqo 

dJ aJ N, N aq~+B:~ 
dq - a + 2: 2: t~Jt--=-=-' -

q k=l i=l aq 

dJ _ aJ aq0 

dwi aq0 awi 

dJ aJ aq 
- ---

dyi aq ayi 
dJ aJ oK aJ as aJ aqo aJ aq 
d8i - aK : aoi + as aBi + aq0 aBi + aq aBi 

If u·- v·- w·- y·- 8· .- .- .- .- ,. 
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(B.47) 

(B.48) 

(B.49) 

(B.50) 

(B.51) 

(B.52) 

(B.53) 

(B.54) 
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Appendix C 

COMPARISON OF CONTINUOUS AND DISCRETE METHODS 

C.l Comparison of the Steady Adjoint State Equations 

C.l.l Continuous: 

Expand equation (A.92) by substituting in equations (A.83)-(A.91) and 

interchanging indices j and n, 
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C.1.2 Discrete: 

Expand equation (B.38) by substituting in equations (B.5)-(B.10), (B.15)

(B.22) and (B.25)-(B.28): 

t. ~~a: .. [t, £,, (~Kr91K, (x)) ve; · ve;dx] ho; 

Ne { (NK ) 
+~}De f.;KltPK1 (x) vei·Vendx 

Nbe { (Na ) 
+ ~ lre ~ O:ltPa, eie;dx 

-a: [E l (Eqo,tf>qo,) eidx]] t/Jo; = 
On e=l De 1=1 

-t, .Pi [i; a:~ [t, k. (~K, (<1- 8,) h' +H,h') 91K,) ve;. ve1dx] 
. (Cl-IJt)h} +IJ1hn 

+a:~ [t, £,, (t,s, ((1- 8,) h' +H,h') 91s,) e;e;ax] hJ~,hl] 
+ < 1 - 8,) [ t, £,, (~ K, ( (1 - 8,) h' +H,h') 91K,) v e; . ve.dx 

Nbe { (Na ) ] 
+ E lre ~a,tf>a, eiendx 

-(t, k. (t, s, ( (1 - 8,) h' + 8,h') 91s,) e;e.ax) I At' 

-a:~ (t, k. (~ q, ( (1 - 8,) h' +H,h') 91,.) 6dx) 
8J 8J 

+ 8hon + 8h~ (C.2) 

In order to compare equation (C.l) to (C.2) the terms in (C.2) which are differen

tiated with respect to nodal head values must be expanded. 
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Ao Matrix 

(C.3) 

(C.4) 

qo Vector 

(C.5) 

The Functional 

(C.6) 

The Load Term 

~ .P! ( (E fv. (t. s, ((I - o,) h' +O,h') ~ •• ) e;e.ax) 1 Llt') 
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N 8Po 
+ ~ ke 8ho endx = 

E fv. [ ( (t,s, (<I- 8,) h' +S,h') ;s,) (t.~:e.)) JM 

·apo] 
+ oho endX (C.7) 

Substitute (C.3)-(C.7) into (C.2) and rearrange to obtain (C.S) below 

(C.S) 

Note that the sign of fve 8P0 /8hoendx is negative in (C.l) and positive in (C.2). 

This will lead to different interpretations of the adjoint state variables obtained 
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from the continuous and discrete approaches. All terms on the RHS of (C.S) except 

for the first and last vanish if we use a fully implicit time weighting scheme to 

both solve the finite element form of the flow equation ( 81 = 1) and to evaluate the 

matrices (B.25)-(B.28) (82 = 1). 

C.2 Comparison of the Transient Adjoint State Equations. 

C.2.1 Continuous: 

We must first select time weighting and time differencing schemes to eval-

uate equation (A.107) which we rewrite as (C.9) 

N 

where 

E ( A~/Wl + cf;+Wl + Eij + Qf/Wl) ( (1 - wl) 1/Jf + wl t~Jf+l) 
i=l 

N .1,k+l .!.k 
_ "'D~-:t"Wl '~'i - '~'i = R~+Wl 
~ I] f:1tk J 
•=1 

c~+"" - ~ fv. (~ 8 ~~,) ( (1 - w,) h' + w,h'H) •PK,) 

(t, (c1-w2)h~ +w2h~+~) ven) · veie;dx 

(C.9) 

(C.lO) 

(C.ll) 

(C.12) 

(C.13) 

(C.14) 
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RJ- =-t. L. (~~) ((1-w,)h' +w,h•+•) e;dx (C.15) 

Now substitute (C.10)-(C.15) into (C.9) and rearrange noting that (C.9) is solved 

backward in time, 

t. .p~-· [<1 - Wt) [E L. (~ K, ( (1 - w,w-· + w,h•) .PK,) ve, . v e;dx 
Ne I (NK 8(K) ) 

+?;}De ~ ahl ((1- w2) hk-
1 + W2hk) f/>K1 

. Ct. ((1- w2) h~-1 + w2h~) ven). ve.e;dx 
Nbe I No 

+ E lr E a,¢>a,e,e;dx 
e=1 l"'e 1=1 

-E L. ~ ( :~ ( (1 - w,) h·-· + w,h•) .p,,) e.e;dx l 
+ (!;.. Jn. (~ s, ( (1 - w,)h'-• + w,h•) .Ps}•e;dx) 1 ~~·-•] = 

-t. ke ( :~) ((1- w2) h"-1 + w2h") e;dx 

-t. .p~ [ w, (E L. (~ K, ( (1 - w,) h·-· + w,h•) .PK,) v e •. ve;dx 

Ne I (NK 8(K) ) 
+?;}De t; ahl ((1- W2) hk-

1 + W2hk) f/>K1 

. (t, ((1- w2) h~-1 + w2h~) ven) . ve;e;dx 
Nbe I No 

+ E lr L:a,¢>a,e;e;dx 
e=1 l"'e 1=1 

-E fn. ~ ( :~ ( (1- w,)h'-• + w,h•) .p,,) e,e;dx) 

-(t. L. (~ s, ( ( 1 - w,) h·-· + w,h•)) .Ps,) e.e;dx/ M-·] ( C.16) 

for k = N,, ... , 2 



268 

C.2.2 Discrete: 

Expand equation (B.39) by substituting in equations (B.15)-(B.22) and 

(B.25)-(B.28), 

f, t/Jf-1 [-E a k 
i=1 j=1 ahn 

[~ln. (E K, ( (1 - 8,) h•-1 +B,h•) ,.~K,) ve, . ve;dx] 
· ({l-81)hj-1 +81hj) 

N a 
+2:-k 

j=1 ahn 

[~ln. (t. s, ( (1- 8,) h•-1 +B,h•) ,.Is,) e,e;dx] 
M - h~-1 

• J J 
~tk-1 

+81 (fr ln. (EK, (<1- 8,) h•-1 +B,h•) ,.~K,) ve,. ve.dx 

+~£.(~a,,.!.,) e.e.dx) 
+ (E ln. (t.s, (<1- 8,)h'-' + 8,h•) .Ps,) e.e.dx) f8t•-1 

-0~~ (E ln. (~q, ((1- 8,) h•-
1 +B,h•) .,; .. ) e,dx)] = 

f: 1/Jf [f: a k 
i=l j=l ahn 

[ E ln. (E K, ( (1 - 8,) h• +B.h•-1
) .PK,) ve, . ve;dx] 

· ({1- Bt) hj + 81hj-1
) 

N a 
+2:-k 

j=l ahn 
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[f. fv. (t.s, (<1- 8,) h• +B,h•+~) <Ps,) {;{;dx] 
h~+l- h~ . ) ) 

Atk 

+(1- 8,) (f. fv. (~K, (<1- 8,) h• +B,h>+') .PK,) ve;. ve.dx 

+ ~ 1. (~"'"'··) e;e.dx) 
+(f. fv. (t.s, ((1- 8,) h• +B,h•+~) .Ps,) e;e.dx) /6-t• 

-a~~ (f. fv. (~ q, (<1- 8,) h• +B,h•+~) <P .. ) e;dx]] 
8J 

+ 8hk (C.17) 
n 

To compare (C.16) to (C.17) the terms in (C.17) which are differentiated 

with respect to nodal heads must first be expanded. 

t. a~~ [f./,. (~K, ((1- 8,) h•-• +8,h•) .PK,) V{; · V{;dx] 

. ((1- 81) hJ-1 + 8thJ) = 

f. fv. (~8, ~~· ((1- 8,w-• +B,h•) .PK,) 

(t. (<1- 8,) hj-• + 8,hn ve;) . ve;e.dx (c.1s) 
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(C.19) 

- 0~~ (~ 1,. (~q, (<1- 8,)h'-• +e,h') ,p .. ) ~;dx) = 

- (~ 1,. @8, :~ ((1- 8,)h'-• +82h') ,p.,) ~;~.dx) 
(C.20) 

:~ - 0~~ (fn£P(h*- h,u)dtdx) 

1 1 aP ah 
- lv lr oh oh~ dtdx 

now 
Nt N 

h(x,t) ~ E Ehfe;(x)«Pk(t) (C.21) 
k=l i=l 

where cpk (t) are piecewise linear basis functions. Therefore, 

(}J - Atk-1 + Atk Ne r 8P 
oh~ - 2 ~ lve oh endx (C.22) 

Substitute (C.18)-(C.22) into (C.17), interchange indices j and n, rearrange and 

rewrite as (C.23) 

~ wt-• [ 8, (~ 1,. (~ K, ( (1 - 8,) h'-' +8,h') .PK,) v~; . ve;ax) 

+ ~ fv. (E8, ~~· (<1- 8,Jh'-• +8,h') <PK,) 

· (t, ((1- Ot) h! + Oth!+I) Ven) · Veiejdx 

+81 (~ fr. @a1,P.,) ~;~;dx) 

-(~ fv. ~8, ( :~ ((1- 82 ) h'-' + 82h') ,P.,) ~;~;dx) 



+(f. fo. (t.s, (<I- 8,)h'-' +D,h•) .Ps,) e.e;dx) ft>t•-• 

+f. .fo. (t.8, ~~ ((1- 8,) h•-• + 8,h•) .Ps,) 

. (~ h!~tk~~-
1 

en) eiejdx] = 
n-1· 

~tk-1 + ~tk Ne l 8P ---2: -ejdx 
2 e=1 De 8h 
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-t..Pt (I- 8,) (f. fo. (~x, (<I- 8,) h• +O,h•+~) .PK,) ve,. ve;dx) 

+f. .fo. (~8, ~~·(<I- 82) h• +B,hw) .PK,) 

. (f. ((1- 81) h~-1 +8th~) ven) . veiejdX 

+ (1 - 8,) (~ £. (~ a,.P.,) e,e;dx) 

-(f. fo. (~ 8, :~ ((I - 8,) h• +B,h•+~) .P.,) e.e;ax) 

+(f. fo. (t.s, ((1- 8,) h• + 8,h•+~) .Ps,) e.e;dx) tM 

+f. .fo. (t.8, ~~ ((1- 8,) h• + 8,h•+~) .Ps,) 

· (f. h!+~; h! en) eiejdX l (C.23) 

Comparing equation (C.16) to equation (C.23) it can be seen that the first through 

fifth terms on the lefthand side (LHS) of both equations are equivalent except 

for the time weighting terms. Similarly, the second through sixth terms on the 

righthand side (RHS) of both equations are equivalent except for the time weighting 

terms and the sign and time difference associated with the sixth term. The sixth 

term on the LHS of (C.23) and the seventh term on the RHS of (C.23) have no 

corresponding terms in equation (C.16) because in deriving the continuous form 
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of the transient adjoint state equation we are able to eliminate the derivative of 

the storage term with respect to head through integration by parts (see (A.20)

(A.22)). The first term on the RHS of equations (C.16) and (C.22) is the derivative 

of the response functional with respect to head. Just as is the case in the steady 

state adjoint equations the first term on the RHS of (C.16) has a negative sign 

whereas the first term on the RHS of (C.23) has a positive sign which will lead to 

different interpretations of the adjoint variable obtained from the continuous and 

discrete approaches. In addition, there are numerous methods which may be used 

to discretize the continuous response functional and this will lead to differences in 

the derivative of the response functional term. Due to the time weighting scheme 

used in deriving the finite element form of the transient flow equation there are 

three time levels of the state variable in those derived by the continuous method. 



273 

Appendix D 

FUNCTIONAL DERIVATIVES 

Following Saaty [1981,p.19] the first variation of a functional J (y), y being 

a function, in the direction of the increment 77 is 

(D.l) 

Let T be an operator from a real normed space X to another normed space Y. If 

for some x E X and all h E X we have 

(D.2) 

then the operator VT ( x, h) is called the Gateaux differential or weak differential of 

the operator T at the point x. It is linear and bounded in h iff 

1. T satisfies a weak Lipschitz condition at x 0 

liT (xo + th)- Txoll $ C llthll (D.3) 

where C > 0 does not depend on h, llhll = 1, and for each h there exists a 6 (h) 

such that this inequality holds when t < 6 (h) and 

2.[T(x0 + th1 + th2)- T (x0 + th2) + Tx0 = () (t)] where() (t) -+ 0 as t-+ 

0. If VT ( x, h) is linear and bounded then the Gateaux differential is denoted by 
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DT (x, h) and DT (x, h)= ShT(x) or the first variation and the Gateaux differential 

are equivalent. The Gateaux differential defines the Gateaux derivative T; which 

operates on h through the relation DT(x,h)=T;h. 

Following Griffel [198l,pp.308-312] and Cacuci et al. [1980,App. A] a 

continuous linear operator L : M -+ N where M and N are nonned spaces is said 

to be the Frechet differential of the operator T : M -+ N at x E M if, for h E M, 

T(x +h)- T(x) = Lh + w(x,h) (D.4) 

where w(x,h) = o(h), i.e. 

llw (x, h)ll 0 h 0 
llhll -+ as -+ 

(D.5) 

We then write Lh = dT (x, h). The Frechet differential defines the Frechet derivative 

'i'; through the relation dT (x, h)= 'i';h. 

D.l Example 1. The Frechet Derivative of the Linear Operator M 

8y (x, t) 
M [y (X' t) ' K (X)] = v . (K (X) Vy (X' t)) - 8t 

8y 
T(y) = M [y, K] = V · (KVy)- Bt 

T(y+ry) =M[y+ry,K] =V·(KV(y+ry))- B(y;TJ) 

= V · (KVy + KVry)- By- 871 
8t 8t 

T (y + TJ)- T(y) = Lry + w (y, TJ) 
8ry 

T(y + ry)- T(y) = V · (KVry)- 8t 

Lry = V · (KVry)-: and w(y,ry) = 0 

(D.6) 

(D.7) 

(D.S) 

(D.9) 

(D.lO) 

(D.ll) 
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The Frechet derivative of the operator M is 

( a -, aM 
L=V· K\1)--=T =-at II 8y 

(D.12) 

D.2 Example 2. The Frechet Derivative of the Nonlinear Operator M 

lS 

ay (x, t) 
M[y(x,t),K(x)] = \l·(K(x)y(x,t)Vy(x,t))- 8t (D.13) 

ay 
T(y)=M[y,K]=V·(Ky\ly)- 8t (D.14) 

a(Y+71) 
T (y + 77) = M [y + 77 , K] = V · (K (y + 77) V (y + 77))- at 

ay a71 = V · (Ky\ly + Ky\171 + K77Vy + K77V77)- 8t - 8t (D.15) 

T (y + 77)- T(y) = L77 + w (y, 77) (D.16) 

a71 
T(y + 77)- T(y) = V · (Ky\171 + K77Vy + K77V77)- 8t 

= V · (Ky\171 + K77Vy)- : + V · (K77V77) 

= [v · (Ky\l + KVy)- !] 77 + V · (K77V77) 

=L77+w(y,71). (D.17) 

If w (y, 77) = V · (K77V77) = o(77) the Frechet derivative of the operator M 

a -, aM 
L=V·(KyV+KVy)--=T =-at II ay 

(D.lS) 
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DERIVATION OF ADJOINT OPERATORS 

The general system of state equations is given by 

M [h (61) 'G (61) '61] = R [h (61) 'G (61) '61] 

h the state variable 

61 independent variable 61 E [DxT] 

D the spatial domain 

T the time domain 

G the parameter function 

E.l Linear State Equation. 

Consider the linear diffusion equation 

8h 
V·(K(x)Vh)- 8t =Q(x,t) 

where 61 = (x, t) and a= K (x) or a= Q(x, t). 
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(E.l) 

(E.2) 



Let m be the linear differential operator for (E.2) 

m = V · (K(x)V)- 2_ 
Ot 

Equation (E.l) is related to (E.2) and (E.3) by M = mh and R = Q. 
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(E.3) 

As shown in the text all three methods used to derive the adjoint state 

equations require that the Frechet derivatives of M and R with respect to the state 

variable be computed. For the particular equation (E.2) the Frechet derivative as 

derived in example 1 of appendix Dis 
8M 8 
Bh = \1 · ( KV) - 8t = m (E.4) 

8R=O 
8h 

(E.5) 

The procedure for finding the formal adjoint of 8:t is as follows. 

Form the inner product 

(tP, ~~ ah) = 

(tP, m8h) = 

( tP, ( \1· (KV)- !) 8h) = 

kk tP(x,t) ( \1· (K(x)\18h(x,t))- Boh~x,t)) dxdt (E.6) 

By applying Green's first identity twice and integration by parts to the time deriva

tive (E.6) can be rewritten as 

(tP,m8h) = ££ (tPK\18h- 8hKVtP) · ndxdt 

+ £ k 8h\1· (K\ltP) dxdt- k tP8h I~ dx + £ k 8h: dx q_~.1) 
We choose tP(x,t,) = 0 and 8h(x,O) = 8h0 = 0 where h0 (x) = h(x,O), so the third 

integral in (E. 7) vanishes and (E. 7) can be rewritten as 

(tP, m8h) - £ £ ( tPK\18h - 8hK\ltP) · ndx dt 

+£kah(\l·(KVtP)+i:)dxdt (E.8) 
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= B [t/1, c5h] + (m*t/1, c5h) (E.9) 

where B [t/1, c5h] is the bilinear concomitant evaluated on the boundary rand 

~. th ad". t f!W.. {Jh IS e JOin 0 fJh 

m* - V·(KV)+! 

aM• 
ah 

aM• 8tP 
7fhtP = V · (KVt/1) + 7ft 

E.2 Nonlinear State Equation. 

Consider the nonlinear diffusion equation. 
ah 

V·(K(x)hVh)- at =Q(x,t) 

where 8 = (x, t) and a= K (x) or a= Q (x, t). 

Now, 
ah 

M [h (8), a (8), 8] = V · (KhVh)- at 

R[h(8),a(8),8] = Q(x,t) 

(E.lO) 

(E.ll) 

(E.12) 

(E.13) 

(E.14) 

The Frechet derivative of M with respect to the state variable h as derived in 

example 2 in appendix D is 

aM a 
ah = V · (KVh + KhV)- at 

Proceeding as before we form the inner product 

( t/1, ~~ c5h) = 

( t/1, ( V · (KVh + KhV)- !) c5h) = 

( t/1, V · (KVhc5h + KhVc5h)- a~h) = 

k k tP (x, t) ( V · (KVhc5h + KhVc5h)- a~h) dx dt 

(E.15) 

(E.16) 
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By applying Green's first identity twice and integration by parts to the time deriva

tive (E.14) can be rewritten 

££ (t/J (K'Vh6h + Kh'V6h)- 6h (Kh'Vt/J)) · ndx dt 

+ k k 6h ('V · (Kh'Vt/J)- 'Vt/J • (K'Vh)) dx dt 

-k t/J6h I~ dx + kk 6h: dxdt (E.17) 

As before t/J (x, t,) = 0 and 6h (x, 0) = 0 so the third integral in (E.15) vanishes and 

(E.15) can be rewritten as 

££ (t/J(K'Vh6h + Kh'V6h)- 6h(Kh'Vt/J)) · ndxdt 

+ £ k 6h ( V · (Kh'Vt/J)- '\71/J · (K'Vh) + a;:) dx dt (E.18) 

( aM· ) = B1 [6h,1/J] + a;;1/J,6h (E.19) 

where B 1 [6h, 1/J] is the bilinear concomitant evaluated on the boundary rand 

aM· a ah = V · (Kh'V)- (K'Vh) · V + at 

aM•t/J = V · (Kh'\71/J)- (K'Vh) · '\71/J + at/J 
at at 

aM• is the adJ'oint of aM 
8h 8h 

(E.20) 

(E.21) 
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Appendix F 

THE ADJOINT STATE AS A GREEN'S FUNCTION 

Consider the performance criterion given by the functional 

J [h (xo, to)] = k fv h (x, t) 8 (x- x0 ) 8 (t- t0 ) dxdt (F.l) 

where 8 is the Dirac delta function. Consistent with the notation used in the text, 

the integrand of (F.l) is 

P[h(x,t),(xo,to)] = h(x,t)8(x-x0 )8(t-to) 

The Frechet derivative of P with respect to the state variable his 

{}P 
{}h =8(x-x0 )8(t-t0 ). 

The adjoint state equation is given in general by 

(oM* _ oR*) 1/J = 8P 
oh ah ah· 

F.l Linear State Equation. 

(F.2) 

(F.3) 

(F.4) 

Consider the linear diffusion equation from appendix E. The state equa

tion is given by (F.5) and the adjoint state equation is given by (F.6) when the 
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performance criterion is given by (F.l), 

8h 
V. (KVh)- at = Q(x,t) (F.5) 

8t/J 
V · {KVt/J) +7ft= c5 (x- x0 )c5 (t- to) (F.6) 

The state sensitivity equations are determined by differentiating the state 

equation with respect to the parameter function of interest. For a general parameter 

function a we obtain 

v. (KV</>)- aq, = aQ- v. (8Kvh) 
at aa aa (F.7) 

where </> = * , the state sensitivity function. 

Clearly, the adjoint state, t/J , is adjoint to the state variable, h, and for 

the functional (F.l), t/J is a Green's function. Comparing (F.5) and (F.7) t/J is also 

adjoint to the state sensitivity, </> , but t/J is not in this case a classical Green's 

function. 

F .2 Nonlinear State Equation. 

Consider the nonlinear diffusion equation given in appendix E. The state 

equation js given by (F.8) and the adjoint state equation by (F.9), 

8h 
V · (KhVh)- at = Q (x, t) (F.8) 

8t/J 
V · (KhVt/J)- (KVh) · Vt/J +7ft= 6(x- x0 )6(t- t0 ) (F.9) 
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The state sensitivity equation is 

8¢> 8Q (aK ) V·(K¢>Vh+KhV¢>)--=--V· -hVh at 8a: aa (F.lO) 

where ¢> = ~~ , the state sensitivity. 

By comparing (F.8) and (F.9) it is readily apparent that unlike the case 

for the linear flow equation, f.jJ is not adjoint to the state variable, h, and cannot 

be a Green's function. Moreover, it is well known that Green's functions do not 

in general exist for nonlinear state equations. In order to show that .,P is in fact 

adjoint to the state sensitivity, ¢> , equation (F.lO) must be shown to be adjoint to 

equation (F.9). 

Consider only the lefthand side of (F.lO) and let 

8¢> 
F¢> = V · (K'Vh¢> + Kh'\7¢>)- at. 

Compute the inner product 

(tjJ,F¢} = kk .,P (v ·(KVh¢>+KhV¢>)- ~) dxdt 

(F.ll) 

(F.12) 

Equation (F.12) is simplified by applying Green's first identity twice and integrating 

the time derivative by parts. 

£ fr (¢ (K¢>Vh + Kh'\7¢>)- ¢>KhV¢) · ndxdt 

+ £ fv ¢>('\7 · (Kh'\7¢)- KVh · VtjJ))dxdt 

-k ¢4>1~ dx + £ k ¢>: dxdt (F.13) 

where t/J (x, t1) = 0 and¢> (x, 0) = Bh~:·o> = 0 so the third integral in (F.13) vanishes. 

£ fr (¢ (K¢>'Vh + Kh'\7¢>)- ¢>KhV¢) · ndxdt 

+ kk ¢> (v · (Kh'\7¢)- K'Vh · Vt/J + ~~) dxdt 

- B2 [¢, ¢>] + (F*¢, ¢>} (F.14) 
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where F* = V · (KhV)- KVh · V +I; 

From Appendix E, F* = a~· , therefore F is the adjoint operator to a~· 

and t/J is adjoint to if> • 



Appendix G 

FINITE ELEMENT DISCRETIZATION OF THE BOUSSINESQ 

EQUATION 
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The finite element form for a general set of nonlinear flow equations is 

developed in Appendix B. The specific method used to compute and assemble the 

finite element matrices for the Boussinesq equation is shown below. 

G.l Finite Element Equations 

G.l.l Steady State Finite Element Equations 

The steady state finite element equations for the Boussinesq equation de

veloped using the Galerkin weighted residual procedure described in Appendix B 

are given by (G.l), 

N 

L (Ao;; +Eo;;) ho; = qo; + Qo; i=l, ... ,N 
j=l 

(G. I) 

(G.2) 
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(G.3) 

(G.4) 

(G.5) 

Here Be is the mean saturated thickness over the element De and is approximated 

by 
- 1 3 
B ~- ~min(h·- b· 7:- b·) e 3 L..J I 17 I I) 

i=l 

(G.6) 

where bi is the elevation of the bottom of the aquifer at node i, 7i is the elevation of 

the top of the aquifer at node i, i = 1, 2, 3 are the local node numbers for element e 

as shown in Fig. G .1, N is the number of nodes, No: is the number of leakance zones, 

NK is the number of hydraulic conductivity zones, Nqo is the number of areal flux 

zones, NHo is the number of prescribed head zones, Nq
0 

is the number of boundary 

head zones, <Po:t is a function which is equal to 1 in the lth leakance zone and 0 

elsewhere and <P's for other flow parameters are similarly defined. 

3 

1 2 

Figure G.1: Triangular Finite Element 
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G.1.2 Transient Finite Element Equations 

The transient finite element equations for the Boussinesq equation are 

given by equation G.7. 

N N hk+l hk 
E (At+O:z + Eij) ((1- 8t) hj + 8thj+t) + EDij j t,.~ j = qi + Q~+O:z (G.7) 
j=l j=l 

where 

(G.S) 

(G.9) 

(G.lO) 

QJW - [L (~,,~.,).(f. ((1-B,)H! +8,H!+~) ~"m) 

+ (~ ((1- 8,) Q~ +O,Q~+I) ~Q,) €;] dx (G.ll) 

Here B:+O:z is the mean saturated thickness of element e at the time level (1 - 82) t" + 
82tk+I and is approximated by 

Bk+02 1 ~ . (hk+O:z b ;r b ) 
e ~ 3 L., mm i - i' .l i - i ' 

i=l 

(G.12) 

where ~ < 82 S 1. 

G.2 Evaluation and Assembly of Finite Element Equations 

As shown in Figure G.2 triangular elements are used to discretize the flow 

domain. Piecewise linear basis functions are used in the Galerkin expansion to ap

proximate the dependent variable, h. Zero-order polynomials are used to discretize 
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those parameter functions which are defined areally so that within a specified col

lection of elements the given parameter has a constant value. For example, consider 

the hydraulic conductivity parameter field approximated by the polynomial, 

NK 
K (x) = LKttPK, (x). (G.13) 

1=1 

The zero-order polynomial tPK, ( x) is defined as 

,~,. ( ) _ { 1 x E De 
'f'K, X - ' 

0 X 3 De 
(G.14) 

where De is the domain in which K, is defined. Consider the patch of four triangular 

elements shown in Figure G.2. 

Figure G.2: Finite Element Patch 

If the hydraulic conductivity field is parameterized so that within elements I and 

II K 1 is constant, within element III K2 is constant and within element IV K3 is 

constant, then the functions tPK, where l = 1, 2, 3 are, 

(G.15) 
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ci>K~ (x) { ~ x E Dru 
(G.16) -

x 3 Dru 

c/>~ (x) = { ~ xEDrv 
(G.17) 

x 3 Drv· 

Those flow parameters which are defined on the boundary of the finite element mesh 

are also approximated by zero-order polynomials whose coefficients are specified on 

the element boundaries. Consider the two triangular elements and their associated 

boundaries as shown in Figure G.3. 

3 

1 

Figure G.3: Archetypal Boundary Elements 

If the leakance field is parameterized so that on the boundary of element 1 a 1 is 

constant and on the boundary of element 2 a 2 is constant then the functions cf>cx1, 

where I= 1, 2, are, 

c/>cx1 (X) { ~ X E r~1 (G.18) -
x 3 r~~ 

c/>cx2 (X) { ~ x e r~~ 
(G.19) -

x 3 r~2 
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Because we have approximated the transmissivity term in the A or conduc

tivity matrix by the product of the mean saturated thickness Be times the elemental 

hydraulic conductivity, this term may be moved outside the integral sign in (G.3) 

and (G.8). Equations (G.3) and (G.8) are rewritten as 

(G.20) 

and 
NK 

A~/0"e = B!+Oa I EKz¢K,vei. ve;dx, (G.21) 
Jne l=l 

respectively. The integrals for the A {Aij = Ine Ef:lf vei . ve;dx) matrices are 

easily computed because they are functions of only the element geometry and the 

piecewise linear basis functions. Following Neuman (class notes) the linear basis 

functions defined on the triangular element in Figure {G.4) are written in terms of 

the ( x, y) coordinates of tlie element's local nodes. 

k 

J 

Figure G.4: Archetypal Triangular Element 

ei(x,y) - ai+bix+c;y 

e;(x,y)- a;+b;x+c;y 

ek(x, y) - ak + bkX + CkY 

(G.22) 

(G.23) 

(G.24) 



290 

The coefficients a, band care 

a; 
(x;Yk- xw;) -

2Ae 

a; 
(xw;- x;yk) - 2Ae 

ak 
(x;y;- x;y;) 

-
2Ae 

(G.25) 

b; 
(y;- Yk) - 2Ae 

b· 
(Yk- Y;) 

J -
2Ae 

b; 
(y;- Y;) 

-
2Ae ' 

(G.26) 

and 

c; 
(xk- x;) - 2Ae 

c· 
(x;- xk) 

J -
2Ae 

c· 
(x;- x;) 

I -
2Ae 

(G.27) 

where 2Ae is twice the area of the triangular element and is computed by 

1 X; Yi 

2Ae = det 1 X· J Y; (G.28) 

1 Xk Yk 

For arbitrary node numbers nand m we define the integrals: 

lr enemdX {Z n :f:. m 
(G.29) -

De n=m 

fr KVen · vemdx 
[Kxxbnbm + Kxy (bnCm + bmcn) + KuyCnCm] 

(G.30) -
8Ae De 

lr endx 
2Ae 

(G.31) -
3 De 
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l endx - Lr. 
r. 2 

(G.32) 

i enemdx {~ n=m 
- .fu. r. 

6 n=;fm 
(G.33) 

where re is a line element on the boundary, Lr. is the length of the line element 

and K:z::z:, K:z:11 and K 1111 are the components of the hydraulic conductivity tensor K, 

(G.34) 

G.2.1 Specific Form of Finite Element Matrices. 

Steady state equations 

{ 

OteL
3

r .• - t=J 

Ole~rc i :;f j 
(G.35) 

(G.36) 

(G.37) 

(G.38) 

Transient equations 

{ 

a.Lr · · 
~ t=J 
OteLr • ..J.. • 
~ z.,J 

(G.39) 

(GAO) 
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D~· {~ i:f:j 
(G.41) -IJ sell, i=j 3 

qj { q;~ (xp) r/J91 = D (X - Xp) 
(G.42) - 2qe Lis otherwise 

3 

QJ+B2e - (o:eHH82e +Qk+B2e) L;e (G.43) 
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Appendix H 

TUCSON BASIN DATA 
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Table H.1: Water Level Measurements from Marra (1989) 

WATER 
SURFACE 

WELL/OWNER LOCATION YEAR ELEVATION 
ORACLE RD. BRIDGE #4 (13-13) 13 ecce 1909 2279 
VALENZUELA (13-13) 22 DB 1907 2256 
BENEDICT (1) (13-13) 23 AAD 1907 2282 
ARAGON (ORACLE RD) (13-13) 23 ADD 1908 2282 
BENEDICT (2) (13-13) 23 BB 1909 2278 
PAUL (POWER) (13-13) 24 AA 1909 2295 
WADE (13-13) 24 AD 1907 2311 
FRAKER (13-13) 26 AA 1907 2289 
CRANE (ORACLE RD) (13-13) 26 DA 1907 2290 
ARVISO, P. (13-13) 27 ACC 1908 2266 
ROMERO (13-13) 27 BD 1908 2263 
BOUSCHET (13-13) 28 ACC 1908 2253 
DAVIS (13-13) 28 AD 1908 2258 
CHANSEE (13-13) 33 ABC 1908 2266 
WESTBROOKE (13-13) 33 AC 1908 2268 
MANNING (13-13) 34 BA 1908 2274 
EVERGREEN CEMETARY (13-13) 35 AAA 1908 2293 
FROM SMITH (1910) (13-13) 35 BBB 1908 2279 
UNKNOWN NEAR PAUL (13-14) 19 BB 1909 2313 
RONSTADT (OLD) (13-14) 19 BBA 1909 2316 
RONSTADT (NEW) (13-14) 19 BBB 1909 2307 
FROM SMITH (1910) (13-14) 19 CCC 1908 2311 
FROM SMITH (1910) (13-14) 19 DDD 1908 2334 
FROM SMITH (1910) {13-14) 21 CA 1908 2343 
UNKNOWN (13-14) 22 CCC 1929 2346 
KENNEDY (13-14) 25 CBA 1907 2427 
PEDRONILLO (13-14) 25 CD 1909 2426 
FIGUEROA (13-14) 25 DCD 1906 2438 
ROMERO, D. (13-14) 25 DDB 1909 2438 
COLE, W. H. (13-14) 26 CD 1907 2403 
WESTBROOKE (13-14) 26 DAB 1906 2411 
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Table H.1: cont.: Water Level Measurements from Marra (1989) 

WATER 
SURFACE 

WELL/OWNER LOCATION YEAR ELEVATION 
HAYNES (13-14) 26 DAD 1906 2420 
WAKEFIELD (13-14) 27 cc 1909 2367 
BINGHAM, N. (WEST) (13-14) 27 CD 1907 2387 
BINGHAM, J. (EAST) (13-14) 27 DC 1909 2390 
BINGHAM (13-14) 27 DD 1907 2400 
MANZO HOUSE (13-14) 29 BD 1907 2343 
GARSTANG (UPPER) (13-14) 29 CB 1907 2338 
SCRIBNER (13-14) 30 CB 1907 2305 
HAYNES (N. FIRST AVE) (13-14) 30 cc 1907 2318 
HUSEN/GOWLDING (13-14) 31 BB 1907 2319 
INGRAM (13-14) 31 BC 1907 2321 
HATLEY (13-14) 33 cc 1907 2369 
PETERSON (13-14) 34 BC 1907 2379 
CURRY (13-14) 34 cc 1907 2383 
COLE, R. (13-14) 35 AA 1907 2413 
WALKER (13-14) 35 BA 1907 2404 
JORDAN (13-14) 35 BB 1907 2401 
INDIAN JOE (13-14) 35 BC 1907 2398 
NICOLAS (13-14) 35 BD 1907 2402 
KENDALL (13-14) 35 CDB 1909 2399 
FT. LOWELL SCHOOL (13-14) 36 BCA 1909 2416 
UNKNOWN (13-15) 22 CCD 1947 2535 
UNKNOWN (13-15) 27 ACA 1947 2521 
GL-001 A (13-15) 27 DDC 1948 2524 
UNKNOWN (13-15) 28 ABD 1947 2509 
BRIMMER (OLD) (13-15) 29 CDB 1906 2475 
BRIMMER (NEW) (13-15) 29 CDC 1909 2477 
DOE (13-15) 31 AAD 1906 2468 
BAKER HOUSE (13-15) 31 ACB 1906 2451 
LUSK (NEW) (13-15) 31 ADA 1907 2470 
LUSK HOUSE (13-15) 31 ADB 1916 2463 
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Table H.1: cont.: Water Level Measurements from Marra (1989) 

WATER 
SURFACE 

WELL/OWNER LOCATION YEAR ELEVATION 
ANGEL (13-15) 31 BAC 1908 2441 
ROMERO, M. (13-15) 31 BAD 1906 2449 
BLACK HENRY (13-15) 31 CAA 1906 2445 
DAILY (OLD) (13-15) 32 AAB 1906 2485 
DAILY (NEW) (13-15) 32 AAD 1906 2487 
DAILY HOUSE (13-15) 32 ABA 1907 2481 
CAMPBELL (POWER) (13-15) 32 ACD 1907 2482 
RUDISILL (13-15) 32 BAC 1907 2476 
CAMPBELL (RENTAL) (13-15) 32 BC 1907 2481 
CAMPBELL (WINDMILL) (13-15) 32 BCC 1907 2467 
JONES (EAST) (13-15) 32 DAB 1907 2486 
UNKNOWN (13-15) 33 DDB 1953 2494 
UNKNOWN (13-15) 34 ABD 1959 2518 
UNKNOWN (13-15) 34 ABD 1947 2524 
UNKNOWN (13-15) 35 BDC 1948 2524 
UNKNOWN (13-15) 35 CAA 1952 2532 
SCHWEITZER DEAF SCH (14-13) 02 CD 1908 2309 
RUELAS (14-13) 03 CD 1907 2302 
PERRY (14-13) 03 DD 1908 2304 
HORSTMAN (14-13) 10 AD 1908 2310 
OSUNA (14-13) 11 ACC 1908 2318 
ACEDO, L. (14-13) 11 ACD 1908 2320 
EL RIO (POWER) (14-13) 11 BDD 1908 2314 
O'LEARY (14-14) 01 BDB 1909 2414 
LES PLAINS (14-14) 02 ADC 1907 2407 
KIMBALL/FRANCIS (14-14) 03 ACD 1908 2388 
WHITE (14-14) 03 CDC 1908 2393 
GONZALEZ (14-14) 04 AA 1909 2381 
LUND/ ALLISON (14-14) 04 ADC 1907 2381 
BLENMAN (NORTH) (14-14) 05 AB 1907 2363 
MARVIN (14-14) 05 CD 1907 2364 
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Table H.1: cont.: Water Level Measurements from Marra (1989) 

WATER 
SURFACE 

WELL/OWNER LOCATION YEAR ELEVATION 
BLENMAN, W. (14-14) 05 DB 1907 2368 
ARNDS (14-14) 06 CDA 1906 2346 
UA POULTRY FARM (14-14) 06 DBD 1922 2347 
UNKNOWN (14-14) 07 ABA 1910 2354 
UA CAMPUS (14-14) 07 BA 1907 2350 
HIGUERA (14-14) 07 BDC 1907 2352 
MILLER (14-14) 07 CAB 1906 2352 
DROWN (14-14) 07 CBA 1907 2350 
MERINO (14-14) 07 CBA 1907 2351 
LOCKER (14-14) 07 CCB 1907 2352 
BLACK (14-14) 07 DB 1907 2357 
PINE & ELEVENTH ST. (14-14) 07 DDCD 1907 2364 
EDMONSON (14-14) 08 AB 1908 2370 
BLAISE (14-14) 09 CCC 1907 2488 
BUSSEY (14-14) 10 DADA 1909 2404 
RAMAGE/GANZ (14-14) 12 BBB 1909 2413 
ALFORD (14-14) 13 DDA 1946 2424 
C-002 A (14-14) 16 AAD 1931 2397 
WAGE (14-14) 17 CAA 1907 2378 
FROM SMITH (1910) (14-14) 18 DB 1908 2370 
LARKIN (14-14) 20 CD 1907 2394 
DRAKE (14-14) 21 AB 1907 2404 
WANDA (14-14) 21 CAB 1908 2405 
JENKINS (14-14) 21 DB 1907 2408 
McREYNOLDS (14-14) 22 ABB 1940 2406 
FROM SMITH (1910) (14-14) 22 CD 1908 2419 
FROM SMITH (1910) (14-14) 23 DC 1908 2429 
DMAB #2 (14-14) 25 CB 1942 2442 
AVIATION FIELD (14-14) 27 BCC 1929 2435 
STEWART (14-14) 28 BB 1907 2411 
HAYWARD (14-14) 32 DDB 1938 2438 
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Table H.1: cont.: Water Level Measurements from Marra (1989) 

WATER 
SURFACE 

WELL/OWNER LOCATION YEAR ELEVATION 
UNKNOWN (14-14) 35 AAD 1941 2450 
CULLISON {14-14) 35 CDD 1935 2468 
D-064 A (14-15) 01 ADA 1954 2573 
UNKNOWN (14-15) 01 ADD 1947 2576 
WESTINGHOUSE (14-15) 01 BDD 1946 2569 
FIGUEROA (14-15) 02 DDC 1946 2535 
US MAGNETIC OBSERV. (14-15) 05 BAC 1909 2445 
CREVELING (14-15) 06 AAD 1933 2440 
REYNARD (14-15) 07 DBC 1939 2427 
GOLLUB (14-15) 08 DCC 1935 2435 
ROBB (14-15) 09 BA 1941 2498 
GARRIGAN (14-15) 09 CDA 1932 2449 
D-037 A (14-15) 10 ACC 1931 2533 
IGO (14-15) 10 CDA 1946 2504 
JORDAN (14-15) 11 DAD 1947 2534 
UNKNOWN (14-15) 12 BAA 1947 2544 
UNKNOWN (14-15) 12 DAD 1949 2540 
UNKNOWN (14-15) 14 BCA 1947 2528 
UNKNOWN (14-15) 17 ADD 1946 2439 
UNKNOWN (14-15) 18 ACC 1948 2426 
HABEN (14-15) 20 ABB 1948 2442 
KINNISON (14-15) 21 CAC 1938 2486 
BROWN (14-15) 23 BAD 1947 2539 
ATTERBURG (14-15) 28 CAA 1949 2503 
D-007 A (14-15) 32 BBB 1954 2464 
MORENO, A. (14-15) 34 ADD 1938 2555 
FLEMMING #1 (14-15) 36 BBB 1947 2572 
UNKNOWN (14-16) 06 CDB 1959 2579 
UNKNOWN (15-14) 02 ACB 1952 2486 
DMAB #5 (15-15) 06 BBA 1953 2478 
DMAB #4 (15-15) 06 BBB 1951 2473 
DMAB #7 {15-15) 06 DD 1951 2515 
UNKNOWN {15-15) 07 DCA 1953 2529 
UNKNOWN (15-15) 08 DBB 1947 2582 
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Table H.2: Hydraulic Conductivity Estimates from Marra (1989) 

K 
WELL NAME LOCATION Ft./Day logK 
A-057 A (13-13) 15 CAD 71 1.851 
A-055 A (13-13) 14 CAD 76 1.881 
A-051 B (13-13) 14 DCD 90 1.954 
A-054 A (13-13) 24 DBD 18 1.255 
EW-1 (13-13) 29 AAA 105 2.021 
UAR1 (13-13) 34 BAA 104 2.017 
A-001 B (13-14) 30 CCC 56 1.748 
A-009 B (13-14) 30 DBB 36 1.556 
A-035 A (13-13) 35 ADB 21 1.322 
A-031 A (13-13) 36 BBA 30 1.477 
B-010 B (13-14) 31 DBA 32 1.505 
A-027 B (13-14) 32 BAB 41 1.613 
B-045 B (13-14) 32 DBA 54 1.732 
B-075 A (13-14) 32 ADA 130 2.114 
B-026 B (13-14) 33 ADD 117 2.068 
B-048 B (13-14) 34 DCC 197 2.294 
B-077 A (13-14) 35 CCA 101 2.004 
C-084 (13-15) 34 CCA 32 1.505 
D-059 A (13-15) 34 ADD 52 1.716 
D-046 B (13-15) 35 DCC 287 2.458 
A-002 B (14-13) 1 DAB 26 1.415 
B-043 B (14-14) 5 ADB 77 1.886 
C-055 A (14-14) 10 BCC 55 1.740 
B-057 B (14-14) 4 AAD 103 2.013 
C-049 B (14-14) 2 ACD 196 2.292 
C-110 A (14-15) 6 ABD 63 1.799 
WR-116 (14-15) 5 CBC 49 1.690 
C-112 A (14-15) 5 ABA 46 1.663 
C-115 A (14-15) 5 DBA 107 2.029 
C-116 A (14-15) 5 DAD 47 1.672 
C-083 B {14-15) 4 BAA 147 2.167 
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Table H.2: cont.: Hydraulic Conductivity Estimates from Marra (1989) 

K 
WELL NAME LOCATION Ft./Day logK 
C-076 A (14-15) 4 DAD 94 1.973 
C-119 A (14-15) 4 DDD 271 2.433 
C-082 A (14-15) 3 CDC 90 1.954 
C-118 (14-15) 2 CCD 129 2.111 
C-075 B (14-15) 2 DDA 88 1.944 
B-007 B (14-14) 9 BCC 58 1.763 
C-055 A (14-14) 10 BCC 55 1.740 
C-030 B (14-14) 10 DCB 78 1.892 
C-032 B (14-14) 11 CCB 34 1.531 
C-050 B (14-14) 11 BAC 73 1.863 
C-058 B (14-14) 12 BDC 69 1.839 
C-114 A (14-15) 7 BBA 139 2.143 
C-020 B (14-15) 7 BBA 191 2.281 
D-021 A (14-15) 7 DBD 78 1.892 
D-022 A (14-15) 8 CBD 175 2.243 
D-047 A (14-15) 9 BDA 69 1.839 
D-034 B (14-15) 9 DCC 77 1.886 
D-048 A (14-15) 9 ADA 100 2.000 
D-035 A (14-15) 10 CCC 64 1.806 
D-036 A (14-15) 10 BDD 106 2.025 
D-037 B (14-15) 10 AAC 48 1.681 
D-065 A (14-15) 11 ADD 90 1.954 
E-023 A (14-16) 7 CCA 1 0.000 
B-008 B (14-14) 18 ADB 19 1.279 
B-013 B (14-14) 17 ACC 12 1.079 
C-036 B (14-14) 15 CBD 22 1.342 
C-012 B (14-14) 14 ACC 35 1.544 
D-017 A (14-15) 18 CBA 62 1.792 
D-018 (14-15) 18 AAC 70 1.845 
D-041 A (14-15) 17 CAA 30 1.477 
D-051 A (14-15) 16 ACA 15 1.176 
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Table H.2: cont.: Hydraulic Conductivity Estimates from Marra (1989) 

K 
WELL NAME LOCATION Ft./Day logK 
E-007 A (14-15) 15 CAB 21 1.322 
D-043 A (14-15) 15 BAC 38 1.580 
D-038 A (14-15) 15 AAA 102 2.009 
E-018 B (14-15) 14 DAB 68 1.833 
C-014 B (14-14) 22 CBA 21 1.322 
C-007 A (14-14) 22 DBC 16 1.204 
D-001 A (14-14) 24 BAA 51 1.708 
D-002 B (14-14) 24 CAA 14 1.146 
C-008 A (14-14) 29 ACB 37 1.568 
WR-120 (14-15) 34 DBA 63 1.799 
WR-122 (14-15) 34 DDD 60 1.778 
DM 17 (1S-14) 1 DDB 44 1.643 
DM 16 (15-15) 6 BDC 39 1.591 
WR-123 (15-15) 2 ABB 69 1.839 
E-025 A (15-15) 7 CDB 36 1.556 
(??) (??) 6 0.778 
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Table H.3: Mean Kriged Conductivities for 111 K-zones 

K-zone K (Ft./Day) log10 K .~ 
O'Jo,...ft K 

1 73.844 1.868 0.382 
2 87.752 1.943 0.326 
3 58.778 1.769 0.397 
4 61.574 1.789 0.361 
5 79.801 1.902 0.323 
6 64.759 1.811 0.343 
7 51.960 1.716 0.334 
8 40.953 1.612 0.334 
9 67.778 1.831 0.300 

10 65.866 1.819 0.391 
11 45.223 1.655 0.339 
12 54.088 1.733 0.400 
13 30.447 1.484 0.349 
14 28.550 1.456 0.288 
15 29.024 1.463 0.375 
16 29.319 1.467 0.305 
17 33.620 1.527 0.289 
18 32.430 1.511 0.319 
19 37.929 1.579 0.280 
20 44.780 1.651 0.328 
21 41.221 1.615 0.382 
22 47.195 1.674 0.414 
23 53.861 1.731 0.400 
24 51.047 1.708 0.421 
25 64.652 1.811 0.425 
26 66.021 1.820 0.397 
27 81.119 1.909 0.429 
28 84.078 1.925 0.396 
29 82.670 1.917 0.433 
30 78.978 1.898 0.413 
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Table H.3: cont.: Mean Kriged Conductivities for 111 K-zones 

K-zone K (Ft./Day) log10 K ,_2 
O'IOJltn K 

31 80.914 1.908 0.437 
32 76.346 1.883 0.418 
33 76.035 1.881 0.437 
34 72.502 1.860 0.428 
35 82.674 1.917 0.434 
36 69.506 1.842 0.413 
37 73.851 1.868 0.412 
38 59.410 1.774 0.327 
39 74.852 1.874 0.351 
40 63.694 1.804 0.288 
41 77.107 1.887 0.282 
42 73.467 1.866 0.268 
43 89.877 1.954 0.269 
44 68.410 1.835 0.278 
45 33.956 1.531 0.393 
46 35.327 1.548 0.407 
47 36.413 1.561 0.335 
48 26.112 1.417 0.315 
49 42.809 1.632 0.372 
50 39.348 1.595 0.393 
51 37.793 1.577 0.407 
52 35.195 1.546 0.398 
53 56.461 1.752 0.294 
54 52.776 1.722 0.340 
55 35.970 1.556 0.409 
56 36.112 1.558 0.432 
57 38.657 1.587 0.356 
58 38.016 1.580 0.377 
59 44.215 1.646 0.411 
60 35.738 1.553 0.432 
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Table H.3: cont.: Mean Kriged Conductivities for 111 K-zones 

K-zone K (Ft./Day) log10 K O'~I[,,.K 
61 119.571 2.078 0.321 
62 121.457 2.084 0.320 
63 99.874 1.999 0.308 
64 63.435 1.802 0.309 
65 75.487 1.878 0.282 
66 75.239 1.876 0.278 
67 61.789 1.791 0.291 
68 41.726 1.620 0.292 
69 29.124 1.464 0.308 
70 29.538 1.470 0.290 
71 30.121 1.479 0.323 
72 30.319 1.482 0.327 
73 26.197 1.418 0.323 
74 21.842 1.339 0.340 
75 21.902 1.340 0.353 
76 26.707 1.427 0.387 
77 118.453 2.074 0.324 
78 52.003 1.716 0.279 
79 23.510 1.371 0.291 
80 22.507 1.352 0.375 
81 99.805 1.999 0.291 
82 44.361 1.647 0.287 
83 21.991 1.342 0.354 
84 21.437 1.331 0.420 
85 76.844 1.886 0.274 
86 31.200 1.494 0.322 
87 23.269 1.367 0.387 
88 22.425 1.351 0.401 
89 38.758 1.588 0.312 
90 29.345 1.468 0.391 
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Table H.3: cont.: Mean Kriged Conductivities for 111 K-zones 

K-zone K (Ft./Day) log10 K 2 
O')OICoft K 

91 34.390 1.536 0.344 
92 20.253 1.306 0.331 
93 35.959 1.556 0.407 
94 32.895 1.517 0.418 
95 92.068 1.964 0.432 
96 74.162 1.870 0.390 
97 71.986 1.857 0.337 
98 87.637 1.943 0.397 
99 109.368 2.039 0.325 

100 114.562 2.059 0.290 
101 67.616 1.830 0.341 
102 113.220 2.054 0.280 
103 30.994 1.491 0.294 
104 80.177 1.904 0.262 
105 82.262 1.915 0.276 
106 18.686 1.272 0.327 
107 13.282 1.123 0.356 
108 41.174 1.615 0.364 
109 41.818 1.621 0.381 
110 59.970 1.778 0.303 
111 36.307 1.560 0.308 
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Appendix I 

ITERATIVELY REWEIGHTED LEAST SQUARES 

The regularized robust error criterion is 

where Vit is the jlth element of the covariance matrix V = o'?ogK V of the errors of 

the log K measurements. First order conditions for the minimum of J require that 

each component of the gradient with respect to the parameters PI vanishes. 

aJ 1 ~ ,y, (hi- hi) ahj ~ ( • ) v-1 0 vz - = - L..., ~ - + L..., Pi -Pi il = ap, s i=l s ap, j=1 

(1.2) 

Equation 1.2 is approximated by 

aJ 1 Nh W (hj-h; )a (h*- h·) a+l 8h·a+1 Np - = - ~ II i • -· ~ ( -: - ~+~) v.-1 = o vz 
8pt s ~ (hi-h;)a s 8pt + ~ P, P, ,, ' 

1-1 II J-1 

(1.3) 

where a indicates evaluation at the ath iterate of the estimated parameter vector 

pa and a+ 1 refers to the yet unknown a + 1st iterate. This approxmation assumes 

that ( ht;h;) a ::::::: ( hj;h;) a+l, and cancelling these terms in 1.3 returns equation 1.2 

with 'W evaluated at the previous iterate. 



Define the diagonal weighting matrix W with components 

and rewrite 1.3 as 

a_ w(~r 
w.i- (hj;h;r , 
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(1.4) 

8J 1 N,. 8h a+l Np 
- = 2 EWli (hi- hit+I_i + E (Pi- pj+I) V;l1 = 0 VI. (1.5) 
8p, 8 i=l 8p, j=l 

Equation 1.4 is then recognized as the lth component of the gradient of the iteratively 

reweighted least squares (IRLS) error criterion which is an approximation to 1.1. 

The iteratively reweighted least squares error criterion is 

1 N,. 
JrRLS (h*- h (p), p*- p) = 2 l:(hi- hi (p)) Wii (hi- hi (p)) 

8 i=l 
Np Np 

+ E E (Pi-P;) l';11 (Pi- pz), (1.6) 
j=ll=l 

or in vector notation 

JrRLS = 1
2 
(h*- hfW (h*- h)+ (p*- pfv-t (p*- p). (1.7) 

8 
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Appendix J 

TUCSON BASIN WELL HYDROGRAPHS 

This appendix contains a complete set of well hydrographs for the 148 

observation points used in the inverse study. The measured water level data are 

represented by the solid dots connected by the solid line. The computed water levels 

based on the OLS estimates are given by the solid line and the water levels based 

on the Huber M-estimates are given by the dashed line. The well hydrographs are 

listed by their Tucson Water well number. 
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