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ABSTRACT 

Manufacturing facilities employ various types of transfer lines and net

works with workstations and buffers. This approach promotes the production 

and fabrication of multi component equipments and systems. Analysis of these 

lines requires the application of discrete time Markov Chain methods. These 

methods when computerized present certain problems concerning the data. stor

age of large sparse transition matrices. 

Repetitive multiplication techniques were used to provide the general 

Markov Chain solution for a series transfer line. These solutions were then 

computerized to evaluate the series line's availability trajectory. 

From these solutions the work then focuses on the development of new 

computer algorithms for the series transfer line configuration. These algorithms 

employ advanced techniques to minimize the storage of large sparse vectors and 

matices while maintaining relatively fast computational times. The algorithms 

rely on the line's transition matrix decomposition via graph theoretic methods. 

A set of library functions written in the C language were specially written to 

manipulate the Markov Chain matrix and vector data. An extensive set of 

results were analyzed for the three and four workstation series transfer lines. 

In addition, results were collected for the five and six workstation lines. These 

results indicate a marked improvement in overall availability when the line's last 

workstation has a high reliability. 

Finally, proposed topics for future research are presented in eight major 

areas. These topics include the development of parallel series, series parallel, 

feedback control, assembly, disassembly, and approximation models. 
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CHAPTER 1 

INTRODUCTION 

1.1 Objectives 

This dissertation focuses on the study of stochastic availability reliabil

ity (A/R) c:lassical models for series transfer lines with buffers. The three and 

four workstation asychronous lines are analyzed for the cases where each can 

fail or be repaired within a given integral cycle time. In addition, buffers cannot 

fail but have limited capacity. Specifically, the discrete time and state Markov 

Chain models proposed by Gershwin and Schick (1980) from the M. I. T. are 

investigated in detail. 

The major objectives of this dissertation are: 

(1) Study The Availability Models For The Three And Four Workstation 

Series Transfer Lines With Buffers 

(2) Develop A Computer Algorithm To Solve Large Complex Systems 

(3) Provide Integrated Control System Analysis Tools 

(4) Identify Operational Criteria In Specifying Buffer Capacity, Spares, 

And Maintenance Policies 

(5) Identify Proposed Areas For Future Research 

These objectives provide a systematic approach to indicate the affects 

of the principal line parameters on availability. The parameters among con

sideration include the maximum capacities for specific buffers, the number of 

workstations, the number of machines per workstation, and the individual work

station design production rates. Some of the parameter sensitivity questions to 

be answered by this study concern the effects of changing various workstation 

probabilities offailure and repair. In addition different buffer level capacities are 



16 

to be compared for the series line. Figure 1 highlights the technical approach to 

meet the requirements of the objectives. The following swnmary outlines each 

major topic shown in figure 1. This summary includes the identification of the 

specific chapter as to where a topic can be found. 

The basic work by Gershwin and Schick (1980) of M. I. T. has been 

modified to incorporate the analysis of large scale series transfer lines by clas

sical methods. These reseaxchers employed a Jackson network series technique 

to solve the Markov Chain difference relations for 2 and 3 workstation transfer 

lines. This method relies on evaluating the probability density for the number 

of items at each network node (i.e. workstation). Chapter 2, however, presents 

a repetitive multiplication method to solve these relations for the k = 3 and 4 

workstations series line. The production rates for each workstation are kept con

stant. In addition, chapter 2 includes a description of the availability (efficiency) 

trajectory and steady state relations for these line. These relations indicate the 

short and long term constraints for the line. The computed line's availability 

(efficiency) reflects the quantity specified by Gershwin (1983). Here, a series line 

is available when the last workstation is operational and the last buffer contains 

at least one item. 

To the present time researchers have not considered a graph theoretic 

solution to the computation problem. Chapter 3 presents a description of the 

transition matrix P canonical form. This form is based on decomposition of 

the P matrix into a factored matrix structure which includes the closed set of 

communicating (recurrent) states and transient states submatrices. The decom

position method is performed on the P matrix with the aid of graph theoretic 

methods. The principal properties for these methods are discussed in detail. In 

addition, an example is included that shows the application of graph theoretic 
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methods to decomposition. 

As previously stated graph theoretic methods were used to generate 

the series transfer line's transition matrix, P. Chapter 4 describes the computer 

algorithms which are used to evaluate the matrix P, cull most of the tran

sient states from P, and compute the probability vector and availability versus 

time trajectories. These algorithms focus on minimizing computer storage while 

maintaining a relatively fast computation time. 

Researchers up to the present time have not developed a suitable pro

gramming language to handle the large scale Markov Chain transfer line prob

lems. Chapter 5 describes in detail the implementation of chapter 4's algorithms 

on the computer. The computer programs were written in the C language. A 

special set of sparse vector and matrix and linear linked functions were developed 

to facilitate this implementation. These functions form the basis of a language 

which can be used to solve different types of transfer line configurations (e.g. 

series parallel and parallel series systems). 

Chapter 6 presents the example computer results for different series 

transfer line systems identified in chapter 2. Regression analysis techniques 

were used to identify the most likely points in the line to effect a parameter 

change. This was done by examining the linear model's estimated coefficients. 

Greater emphasis was placed on coefficients with the largest positive or negative 

magnitudes. 

Finally, chapter 7 identifies conclusions and recommendations. In addi

tion, this chapter describes areas for further research in the field of transfer line 

analysis. Particular areas of interest are the parallel series and series parallel 

systems, approximation methods, demand driven system control and feedback 

quality control. 
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1.2 Principal Assumptions 

The principal assumptions governing the series transfer line are: 

(1) Serial Asychronous Processing Required To Manufacture The Product 

(2) All Workstations Have Equal Constant Production Rates (i.e. Deter

ministic Service Times) 

(3) Inexhaustible Supply Of Workpieces Available Upstream Of The First 

Worbtation 

(4) Unlimited Storage Present Downstream Of The Last Workstation 

(5) Workstations Have Geometrically Distributed Times Between Failures 

And Times To Repair With Means lip And 1/r 

(6) Workstations Only Fail While Processing Workpieces 

(7) Workpieces Are Not Destroyed Or Rejected At Any Stage, Items Are 

Returned To The Upstream Buffer When A Workstation Fails 

(8) Failures And Repairs Occur At The Begining Part Of A Particular 

Production Cycle Time t 

(9) Changes In Buffer Level Occur At The End Part Of A Particular Pro

duction Cycle Time t 

These assumptions reflect the literature surveys presented in section 

These assumptions were modified to reflect the different workstation 

and buffer requirements for various series transfer lines. It should be emphasized 

that the series line can be considered as a "bang-bang" control system. Therefore 

analysis of instantaneous production rate changes will be restricted to a constant 

level for a specific time interval. This has been done to minimize expected 

transients in the system. 
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1.3 Literature Survey 

Bellman (1962) used dynamic programming to analyze the reliability 

of a series system. Each element in this system consists of a subsystem with 

parallel operated components. Bellman's analysis focused on determining the 

optimal number of components per subsystem while maximizing the reliability. 

This work provides the groundwork for developing an approximate solution to 

the series transfer line problem. 

One of the first studies concerning assembly line balancing was con

ducted by Held, Karp, and Shareshian (1963). This study centered on using 

dynamic programming with precedence constraints. Their recursive model iter

atively evaluates the minimum number of workstations given a specific overall 

cycle time (i.e. inverse of the production rate). Held, Karp, and Shareshian 

demonstrated that a small problem could be handled effectively with a gen

eralized recursive relationship. This relationship reflects an ordering of jobs 

assignments for particular workstations. Their analysis technique minimizes 

the overall cumulative cost for a feasible ordering of jobs among workstations. 

Computer results indicate an approximate one-to-one correspondence between 

the final cost and the cumulative workstation executions times for various job 

sizes. This is predictable since their successive approximation algorithm employs 

a cost per cycle time to execution time per cycle time equality as the stopping 

criteria. The main advantage of this model is the application of recursive dy

namic programming techniques to assembly line problems. 

Hillier and Boling (1966) analyzed a series production line with a vari

able number of workstations. Workstations were separated by storage buffers all 

of which have the same limited capacity. The line had an infinite input supplying 

the first workstation. In addition, the last workstation was never blocked from 
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ejecting a completed product. Their model subsumes workstation downtime into 

its operation time. A key objedi-ve for this analysis focused on the effects of 

unbalancing the line. Analysis results indicated that there was no increase in 

production rate for a two workstation-one buffer unbalanced line. The produc

tion rate, however, did increase for this configuration by enlarging the buffer 

storage. In a three workstation-two buffer system, production rate increased for 

an unbalanced line with no storage. This effect decreases for larger buffer sizes 

where balancing the line seems to be the appropriate design criteria. Finally, 

results are included for a four workstation-three buffer system with no storage. 

These results indicate that unbalancing the line increases the production rate. 

Specifically, increasing the two end workstations to equal operation times, while 

reducing the interior workstations to equal operation times, maximizes the pro

duction rate. This is known as the bowl phenomenon. The main contribution of 

Hillier's and Boling's analysis was in identifying that the number of workstations 

and buffer storage capacity are key design factors affecting output production 

rate. 

Buzacott (1972) was one of the first researchers to compare the exact 

and approximate two-station models. The exact model employs Markov Chain 

techniques to analyze the working, repair, and idle states of each station. A 

set of equations identify the different station and buffer level conditions. Each 

equation is modified by the appropriate station processing time, the probability 

of breakdown, and repair time. Buzacott solves the exact equations with the 

assistance of generating functions (i.e. geometric z-transforms). This approach 

provides a generalized mean cycle time in terms of the buffer capacity. Here, 

the system mean cycle time is defined to be the mean time between instants 

when successive work pieces leave the second station for a partially full buffer. 
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The approximate model analytically combines the solutions for the random pro

cessing times-no breakdowns and fixed cycle-breakdowns systems. Buzacott's 

results show that as the buffer storage capacity increases the system mean cycle 

time decreases. This seems to suggest an increase in system availability. Finally, 

Buzacott proposes several relations to extend his research to transfer lines with 

more stations. 

Murphy's research circa 1975 investigated the effects of using an in

terstitial surge (buffer) protection between two unreliable devices. Each device 

groups a number of series components (machines). The buffer's level was ana

lyzed in relation to the lifetime and repair time distributions for either device. 

Two cases were examined as a function of continuous time. These cases consider 

the input device's production rate to be less than or equal to that of the output 

device and vice versa. Analytical results are provided for both in terms of the 

optimal production time random variate. Murphy ran simulations on an exam

ple consisting of a four component input device-buffer-one component output 

device combination. Exponential lifetime and Erlang repair time distributions 

were used in these simulations. Computational results show monotonic increases 

in system availability and expected output production rate. This occurred for 

incremental values of buffer capacity. For this example the output production 

rate was taken to be the input device's production rate multiplied by the system 

availability. 

Sheskin (1976) reported on the allocation of buffer storage in series 

transfer lines. His model employed Markov Chain state methods to evaluate 

the line's overall production rate. To reduce the size of the transition matrix, 

Sheskin proposed a compression partition scheme based on the similarity among 

states. This scheme provides exact solutions for the transfer line's production 
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rate. Here, the production rate ranges from 0 to 1 thereby providing a measure 

of system availability. Results for a 3- and 4- station lines using an exact solu

tion indicate an increase in production rates with large equally allocated buffers. 

Sheskin also developed an approximation method based on the reduction of a 

single stage transition matrix. A recursive technique is used to solve the basic 

expressions for the probability nf a buffer level. Production rate results employ

ing the approximate method compare quite favorably with the exact solutions 

for the 3- and 4- stage lines. 

Rao (1976) sutudied the bowl phenomenon for three stage production 

lines. Unlike Hillier and Boling (1966), Rao investigated the effects of inter

changing and mixing exponential stages with deterministic ones. Rao provides 

a series of curves that show the optimum unbalancing for production rate im

provement. These curves depict the average service time versus production line 

stage. His results indicate that the bowl is partially inverted for the cases where 

the first (last) two stages are deterministic and the last (first) one exponential. 

A fully inverted bowl occurs for the case where the first and last stages are 

exponential and the middle one deterministic. 

Meyer, Rothkopf and Smith (1979) studied the reliability of a produc

tion plant storage facility. This was done for probabilistic failure and repair 

processes. In addition, the required demand and production capacities were 

given as deterministic quantities. In this study, the storage facility has a fixed 

capacity. Key factors identified by the authors are stream factor (i.e. the frac

tion of time the plant is operational), inventory capacity, and the ratio of outflow 

to inflow in the absence of inventory limitations. These parameters provide the 

framework to analyze four separate reliability cases. Each case relates the in

ventory level to the production rate and demand for a particular failure-repair 
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time cycle. A system reliability formula is synthesized from these four cases. 

The authors developed a set of recurrence equations for the storage tank levels 

at the production failure and repair completion times. Steady state reliability 

and average inventory level relationships were derived for Poisson failures with 

exponential and constant repair times. Computed results show that the sys

tem's reliability increases with larger values of inventory capacity. This occurs 

for Poisson failures with exponential and constant distributed repair times. In 

addition, the reliability approaches the results for constant failure and repair 

times. Other results indicate a decrease in the average fraction of inventory 

used as the storage capacity increases. Finally, the authors discuss adapting 

their solutions to the "mirror image" problem. This problem entails work arriv

ing at the production facility. When the facility fails, the work is backlogged at a 

specific rate. After completion of the repairs, the facility reduces the backlogged 

work. Here, backlogged work corresponds to empty space in the tank, failure 

times to repair times, and vice versa. 

One of the best and more recent definitive research efforts on transfer 

lines (TL's) and assembly merge networks (AMN's) were conducted by Gersh

win, Berman, Schick, and Ammar (1980), (1981). Their detailed results are 

presented in a series of MIT reports spanning six years of research. Here, a 

TL is a single line machine-interstitial buffer system. An AMN is a set of TL's 

networked to form a common output. The two principal performance measures 

specified by these researchers were production rate and average in-process in

ventory. Their analytical approach employs discrete time-discrete state Markov 

Chain methods to find a general transition matrix. The states defining this ma

trix combine the fail-no fail states of individual machines with the corresponding 

instantaneous buffer levels. All machines are modelled as unreliable with geo-
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metrically distributed MTT F's and MTT R's. These machines are considered 

to have the same processing time throughout the system. Lastly, repairs are con

ducted on a particular machine no matter what the state of other machines or 

buffers. The main contribution of this approach was to employ discrete Markov 

Chain probability methods. In addition, a framework was developed to solve 

the transfer line problem classically with geometric z-transforms as suggested 

by Buzacott (1985). 

The study conducted by Malthronas, Perkins, and Smith (1983) de

termines the availability of a two machine-one storage tank series system. A 

balanced system is one where machine l's production rate equals 2's rate. In 

this case, the expected system output is equal to the availability multiplied by 

the design output production rate. Their analysis treats the tank as a functional 

full quantity. Here, the volume, Vt, ranges from empty (Vt = 0), to partially full 

(0 < Vt < 1) then finally to full (Vt = 1). The authors assume a "do nothing" 

operational maintenance policy for the system. This policy reflects a tank full 

(i.e. machine 1 choked) or empty (i.e. machine 2 starved) condition. These 

occur when either machine 2 or 1 fails, respectively. Machine 1 is considered 

upstream from_the buffer. Likewise, machine 2 is downstream from the buffer. 

Malthronas et. al. identify 12 embedded Markov Chain states. Four of these 

states can be eliminated since no other state leads to them. In general, the 

total number of states is 2k X 3k - 1 • Here, k is the number of series installed 

machines and k - 1 the number of interstitial tanks (buffers). In this case, the 

supplementary variable technique presented by Cox and Miller (1965), specify 

the evaluation of the remaining eight states in mathematical terms. An analyti

cal solution is given for each state probability at equilibrium. These probabilities 

are then combined to form an overall availability relation. The authors verified 
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the asymtotic behavior of this relation. It was shown that it ranges from the 

series availability of two machines to the minimum availability of either machine. 

Buzacott's (1985) paper summarizes the research conducted on mod

elling manufacturing systems up to that time. This paper presents brief de

scriptions of the various exact models and algorithms with their advantages and 

disadvantages. Two possible research areas for more work are Neuts' (1981) 

matrix-geometric and Howard's (1971) z-transform aproaches to analyze serial 

transfer line problems. In addition, Buzacott discusses methods including de

composition for developing approximate models. Here, the pitfalls of decom

position are presented along with possible methods to enhance their accuracy. 

Finally, Buzacott recommends that future research be focused on the develop

ment of state dependent feedback control rules. Specifically, there is a need to 

formalize the hierarchical decomposition technique for the manufacturing control 

system problem. 

Rosenblatt and Carlson (1985) modelled an assembly line by maximiz

ing the profit per unit time. Their decision analysis approach examined the 

required number of workstations to meet a particular cycle time (i.e. inverse of 

the production rate). This was done by comparing the profit versus assembly 

line efficiency. This efficiency is the ratio of the total processing time to the total 

cycle time. Their results yielded a maximum profit for six workstations and a 

cycle time of nine. However, the assembly line efficiency was not the highest 

for this case. The main advantage of this model is its concise formulation in 

mathematical terms. This includes an up-to-date specification of parameters 

and assumptions. 

Stecke and Morin (1985) showed the optimality of balancing workload 

in certain flexible manufacturing systems (FMS's). Their analysis employed a 
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closed queueing network (CQN) model with a supply transporter. Here, the 

servers (workstations) operate in parallel since routing is arbitrary. Their anal

ysis follows more a job shop mode of operation where tasks are assigned to 

only one station. Workloads for each workstation are scaled via an appropriate 

parameter. Stecke and Morin's numerical results verify their derived optimal 

balancing criteria for workstations with infinite buffers. These results were for 

the two, three, and workstation lines. In summary, for systems requiring large 

capacity buffers balance the processing rate across the line. 

Gershwin (1983), Choong (1985) and their MIT collegues developed a 

decomposition method for the approximate evaluation of TL's with unreliable 

machines. The decomposition method and corresponding model focus on speci

fying the output production rates for a 2 machine-1 buffer line. There are k-1 

lines of this type for a k machine (workstation) k - 1 buffer system. Gersh

win's et. al. (1983) model evaluates the production rates recursively. This is 

done by computing the probabilities of buffer starvation and blockage. Then 

these quantities are modified by an individual workstation's production rate ef

ficiency. Presently, Gershwin is investigating methods to decompose assembly 

merge networks. This will permit the analysis of multi-routed production lines. 

Dietrich and O'Grady (1987) have analyzed Just in Time (JIT) systems 

in Markov Chain methods. JIT systems are those transfer lines with little or 

no buffer storage. Their research focused on four types of standby configura

tions. Two parameters are identified namely the Up Time Ratio (i.e. UTR

availability) and Down Time Ratio (DTR). Simple examples illustrating the 

computations involved are presented for each configuration. Their results in

dicate that the first configuration, a single transfer line with one machine per 

stage, is very susceptible to system failure. The second and third configura-
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tions consist of two parallel standby lines and a line with two machines per 

stage one operating in a standby condition. Theo.e configurations had better 

UTR's. The increased UTR, however, require additional capital expenditures 

for the installation of standby machines. Finally, the authors proposed a fourth 

configuration. Here, each stage contains two parallel machines with a standby 

machine bridging each stage. This configuration has a UT R almost as large as 

the second and third ones. It does, however, provide a lower cost alternative. 

Dietrich and O'Grady conclude that the addition of buffering capacity would 

increase the effective UT R for the JIT system. 

Muth and Alkaff (1987) reexamined the bowl phenomenon first pro

posed by Hillier and Boling (1966). Their continuous time three station line 

model employs combinations of exponential and fixed service times. This model 

quantifies the distribution of interdeparture time for finished products via a a 

system of simultaneous integral equations. Taking the reciprocal of the mean 

interdeparture time provides the line's throughput rate. Muth and Alkaff have 

also developed a series of numerical procedures to solve these integral equations. 

The main focus of Muth's and Alkaff's study is to show the effects of changing 

the variance of the service time distribution. Several results were found by these 

researchers. The first requires that the interior server be made faster but less to 

provide the greatest throughput rate. Second, it is better to unbalance the line in 

terms of mean service time as opposed to variance unbalancing. This results in 

a higher increase in throughput rate. The next results showed that a balanced 

line's throughput rate changes little with the variability of the servers. The 

paced line's throughput is always less than that of the unpaced one. However, 

the loss of throughput rate is affected by the same factors, namely, unbalance and 

variability. Finally, Muth and Alkaff demonstrate that combining the processing 
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time unbalancing criteria with service time distribution variability provides the 

greatest increase in throughput rate. 

Conway, Maxwell, McClain, and Thomas (1988) analyzed vanous types 

of asynchronous production lines with buffers using simulation. Balanced and 

unbalanced lines with unreliable stations were compared in terms of overall 

processing times and buffer capacity. Their simulation models are based on con

tinuous time queueing networks. Constant and exponential times to failure and 

repair are considered for different workstation processing times. The authors 

provide a curve which shows the line efficiency versus a normalized buffer ca

pacity. Each point on the curve was generated for the case where c3.ch buff ere 

has equal capacity. Conway, Maxwell, McClain, and Thomas provide two design 

rules for buffer capacity. The first limits buffer capacity to the mean repair time 

to constant processing time ratio for random failures and constant repair times. 

This rule provides an efficiency gain of about 50 %. The second rule handles 

random repair times. For workstations with exponentially distributed repair 

times, doubling the the buffer capacity results in the same efficiency gain as for 

constant repair times. 

Jafari and Shanthikumar (1989) extended the dynamic programming 

model developed by Kubat and Sumita (1985). Their non closed form approxi

mation relies on combining dynamic programming and heuristic methods. These 

methods provide the optimal line production rate when minimizing total storage 

space and scrapping parts processed by failed workstations. Numerical results 

provided by Jafari and Shanthikumar compare favorably with those listed by 

Sheskin (1976) for the four workstation three buffer line. 
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CHAPTER 2 

MODEL 1 - SERIES TRANSFER LINE MARKOV CHAIN MODEL 

2.1. Introduction 

The simple model for a series workstation-buffer system is shown in 

figure 2 for k workstations and k - 1 buffers. Here, the simple model consists 

of interstitial buffers to smooth the product flow as a function of workstation 

availability. Principal assumptions governing the analysis of this system are 

presented below. 

Assumptions (Gershwin And Schick) 

(1) Serial Asynchronous Processing Required To Manufacture The Product 

(2) All Workstations Have Equal Constant Production Rates (i.e Deter

ministic Service Times) 

(3) Inexhaustible Supply Of Workpieces Available Upstream Of The First 

Workstation 

(4) Unlimited Storage Area Present Downstream Of The Last Workstation 

(5) Workstations Have Geometrically Distributed Times Between Failures 

And Times To Repair With Means l/p And l/r 

(6) Workstations Only Fail While Processing Workpieces 

(7) Workpieces Are Not Destroyed Or Rejected At Any Stage, Items Are 

Returned To The Upstream Buffer When A Workstation Fails 

(8) Failures And Repairs Occur At The Beginning Part Of A Particular 

Production Cycle Time t 

(9) Changes In Buffer Level Occur At The End Part Of A Particular Pro

duction Cycle Time t 

Assumptions (Hassett) 

Buffers Do Not Fail 
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The Markov Chain analysis methodology preSented herein follows the 

techniques developed by Gershwin (1979), Schick (1980), Berman (1981), and 

Ammar (1980). A matrix-oriented approach, suggested by Buzacott (1985), 

has been adapted by the author to determine the general probability vector 

solution. In addition, the original work has been extended to include the effects 

of parameter and design changes. It is evident from figure 2 that the principal 

system operational modes are: 

(1) Workstation Operation Or Failure 

(2) Buffer Capacity And Level 

Combining these modes yield the individual Markov Chain states for 

the model in discrete time. The corresponding repetitive multiplication rela

tion provides the general probability vector solutions to the problem. Figure 3 

summarizes the technical approach to evaluate the line's transition matrix and 

overall availability (efficiency). 

2.2. Markov Chain State Probability Analysis 

2.2.1. Total Number of States 

The total number of states for model 1 can be computed from the 

following expression: 

k-l 

NlJtatelJ = 2k. II (Vi + 1) 
i=l 

where k = number of workstations 

k - 1 = number of buffers 

Vi = i - th buffer maximum storage level 

(2.1) 

Here, the quantity 2k represents the total number of failure combina

tions for the workstations. The product of k - 1 (Vi + 1) terms provides the 

total number of buffer states for the system. 
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Example 

A typical system consists of k = 3 workstations and k - 1 = 2 buffers. 

The maximum number of storage levels for each buffer is VI = V2 = 4. There

fore, NlJtatell = 200 for this small system. The ° - 1 vectors indicating failure 

combinations are: 

State 0-1 Action Workstation( s) 

State Vector Failed 

1 (0,0,0) 1,2,3 

2 (0,0,1) 1,2 

3 (0,1,0) 1,3 

4 (0,1,1) 1 

5 (1,0,0) 2,3 

6 (1,0,1) 2 

7 (1,1,0) 3 

8 (1,1,1) all operating 

The instantaneous levels permissible for a single buffer in this system 

are Vi( t) = 0,1,2,3 and 4. Finally, there are a total of (4 + 1) . (4 + 1) = 25 

buffer states. 

2.2.2. State Description 

The state description for model 1 is given as a vector function of discrete 

time t, namely, 

s(t) = (v(t),a(t)) 

where v( t) = 1 by k-l vector of buffer level states 

= (Vl(t),V2(t), ... ,Vk-l(t)) 

(2.2) 



aCt) = 1 by k vector of workstation (0-1) action states 

= (aI(t),a2(t), ... ,ak(t)) 

t = 0,1,2, ... 

Each ai(t) is defined as: 

i-th workstation failed at time t 
i-th workstation operating at time t 
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(2.3) 

Here, ai(t) = 0 represents the failure of a workstation to process a good 

workpiece. Conversely, ai(t) = 1 means that a specific workstation is processing 

a good workpiece. Repairs and failures occur at the beginning of time t and 

changes in buffer level occur at the end of t. When a workstation fails at the 

beginning of t, the unit it was processing is returned to the upstream buffer. 

2.2.3. General Transition Probability 

The individual probability entries for the general transition matrix are 

based on Gershwin's and Schick's (1980) work. These entries in symbolic form 

are: 

P(x, y) = Pr[s(t + 1) = Yls(t) = x] (2.4) 

Therefore, supplying the appropriate terms for x and Y yield: 

P(x, y) = Pr[s(t + 1) = (VI(t + 1), ... , Vk-I(t + 1), aI(t + 1), ... , ak(t + 1))1 

set) = (VI(t), ... , Vk-I(t), aI(t), ... , ak(t))] 

where k = number of workstations 

The modified form of (2.5) for the the i - th workstation and buffer is: 
k-I 

P(x, y) = IT Pr[vi(t + 1)lvi-I(t), ai(t + 1), Vi(t),ai+I(t + 1), Vi+J(t)] 
i=I 

k 

. II Pr[ai(t + l)lvi-I(t), ai(t), viet)] 
i=I 

(2.5) 

(2.6) 
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The following example demonstrates the equivalence of expressions (2.5) and 

(2.6) 

ExamRk 

Consider a 3 workstation-2 buffer series configuration, then expression 

(2.5) becomes, respectively, 

P(x, y) = Pr[s(t + 1) = (VI(t + 1), V2(t + 1), al(t + 1), a2(t + 1), a3(t + 1»1 

s( t) = (VI (t), V2(t), al (t), a2(t), a3( t»] 

Rewriting the above yields 

P(x,y) = Pr[vI(t + 1),v2(t + 1),al(t + 1),a2(t + 1),a3(t + 1),s(t)] 
Pr[s(t)] 

Applying Bayes Theorem repetitively to the above's numerator yields the fol

lowing: 

Pr[VI(t + 1),v2(t + l),al(t + 1),a2(t + 1),a3(t + l),s(t)] 

= Pr[vI(t + 1)lv2(t + l),al(t + 1),a2(t + 1),a3(t + l),s(t)] 

·Pr[v2(t + 1 )Ial (t + 1), a2(t + 1), aa(t + 1), set)] 

·Pr[al(t + 1)la2(t + 1),a3(t + l),s(t)] 

.Pr[a2(t + 1)la3(t + 1),s(t)] 

·Pr[aa(t + l)ls(t)] 

·Pr[s(t)] 

The first probability term on the right hand side (RHS) in this relation can be 

simplified to 

Pr[VI(t + 1)lv2(t + I),al(t + 1),a2(t + I),aa(t + 1),s(t)] 

= Pr[vI(t + 1)lv2(t + l),al(t + I),a2(t + l),aa(t + 1), 

VI (t), V2( t), al (t), a2( t), aa( t)] 

= Pr[vI(t + l)lvo(t),al(t + 1),vI(t),a2(t + 1),v2(t)] 
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This can be done since the level of the first buffer at t + 1 (i.e VI (t + 1» depends 

on the operational states of the up"tream and down.5tream workstations at t + 1. 

In addition, this level requires knowning the levels of the buffers which are on 

the input and output of the upstream and downstream workstations. Here, vo(t) 

represents the level of the supply buffer to the transfer line. The other terms 

in the conditional part of the above probability, namely, V2(t + 1), a3(t + 1), 

al(t), a2(t), and a3(t) have no effect on VI(t + 1) at t + 1. Similarly, the second 

probability term can be reduced to 

Pr[V2(t + l)lal (t + 1), a2(t + 1), a3(t + 1), set)] 

= Pr[V2(t + l)lal(t + 1), a2(t + 1),a3(t + 1), 

VI (t), V2( t), al (t), a2(t), a3( t)] 

= Pr[v2(t + 1)lvI(t),a2(t + 1),v2(t),a3(t + 1),v3(t)] 

Here, V3(t) is the sink buffer's level at time t. The third probability term on the 

RHS of the above can be given as: 

Pr[aI(t + 1)la2(t + 1), a3(t + 1), set)] 

= Pr[al (t + 1)la2(t + 1), a3(t + 1), VI (t), V2(t), al (t), a2(t), a3(t)] 

= Pr[aI(t + 1)lvo(t),al(t),a2(t)] 

Here, the operational state of the first workstation depends only on its present 

state and the levels of the upstream and downstream buffers. This process can 

be repeated for the fourth and fifth probability terms. Thus, 

and 

Pr[a3(t + l)ls(t)] = Pr[a3(t + 1)lv2(t), a3(t), V3(t)] 
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The last term in the numerator cancels the denominator in the original expres

sion for P(x, y). Therefore the resulting transition probability matrix entries for 

the three workstation two buffer line are 

P(x, y) = Pr[vI (t + l)lvo(t), al (t + 1), VI (t), a2(t + 1), V2(t)] 

· Pr[v2(t + l)lvI(t), a2(t + 1), V2(t), a3(t + 1), V(t)] 

• Pr[al(t + l)lvo(t),al(t),vl(t)] 

· Pr[a2(t + 1 )IVI (t), a2(t), V2( t)] 

· Pr[a3(t + 1)lv2(t),a3(t),v3(t)] 

If k = 3 expression (2.6) reduces to the above. 

The problem now is to identify the specific constraints for individual 

workstations or buffers in the transfer line. Table 1 lists the next 0 - 1 work

station action state transitions for different upstream and downstream buffer 

conditions. The tabular entries lead (map) directly to the next state buffer lev

els presented in table 2. It should be emphasized that both tables define the 

internal and boundary state transition matrix, P, entries. 

2.2.4. Matrix Representation 

Examination of the basic expression (2.5) indicates that the following 

matrix formula holds: 

p(s(t + 1» = p(s(t»· P 

where p(s(t + 1» = 1 by NlJtatelJ probability vector for state s at time t 

P = N8tate8 by N8tateB state transition probability matrix 

NBtatelJ = total number of states as previously defined 

(2.7) 

Without loss of generality, the above fonnula may be represented as: 

(2.8) 
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Table 1. Series transfer line next 0-1 workstation 

action state transitions. 

Pr{ ai(t + 1)lvi-l(t), ai(t), viet)} 

NO. Vi-let) Viet) ai(t) ai(t + 1) PROBABILITY 

1 0 0 1- rj 

2 0 1 ri 

3 0 1 0 0 

4 U 1 1 1 

5 Vi 1 0 0 

6 Vi 1 1 1 

7 >0 <Vi 1 0 Pi 

8 >0 <Vi 1 1 1- Pi 

Table 2. Series transfer line next state buffer levels. 

Pr{ viet + 1)lvi-1 (t), ai(t + 1), Viet), ai+l (t + 1), Vi+l (t)} = 1 

NO. Vi-let) Viet) Vi+l(t) Vi(t + 1) 

1 0 0 0 

2 0 >0 < Vi+l Viet) - pri+l . ai+l(t + 1) 

3 0 >0 Vi+! Viet) 

4 >0 0 pri . ai(t + 1) 

5 >0 >0,< Vi < Vi+! Viet) + pri . ai(t + 1) 

-pr i+l . ai+l(t + 1) 

6 >0 >0,< Vi Vi+! viet) + pri . ai(t + 1) 

7 Vi < Vi+l Vi - pri+! . ai+l(t + 1) 

8 Vi Vi+l Vi 
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where PaCt + l)=p(s(t + 1» and Pa(t)=p(s(t». Expression (2.5) represents a 

set of simultaneous stochastic difference equations amenable to solution by recur

sive methods. The following example illustrates the evaluation of the transition 

matrix, P, from tables 1 and 2. 

Example 

The 2 workstation-1 buffer series transfer line shown in figure 4 has a 

maximum buffer storage level of 4 items. The total number of states for this 

configuration is: 

NlJtatelJ = 22 . 5 = 20 states 

Employing tables 1 and 2, the resulting transition matrix, P, is gen

erated from the step-by-step iterative list in table 3. When i = 2 an entry is 

computed for P. The complete transition matrix is illustrated in figure 5. The 

matrix entries are represented in symbolic form. As shown in figure 5 there are 

72 non-zero entries in P, that is, 18% of the total number. This fact suggests 

the inefficient use of computer storage for larger systems with larger buffer stor

age capacities. A more reasonable approach is to only store the 72 non-zero 

entries with their corresponding i and j state sequence numbers. This approach 

requires storing 216 entries as opposed to 400 in the P matrix, almost a 50% 

data storage reduction. 

2.2.5. General Solution 

Expression (2.8) can be solved by employing a general form, thus the 

discrete solution in time is given by: 

PII(t) = PII(O)· 4P(t) (2.9) 

where PII(O) = 1 by NlJtatelJ initial state probability vector 
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Table 3. Step-by-step workstation state buffer level iteration list. 

ITER Vi-let) Viet) ai(t) ai(t + 1) PROBABILITY Vi-let) Viet) Vi+l(t) Viet + 1) X Y 

1 1 >0 1 0 0 1- rl >0 1 <00 I- NA NA 

ai+l(t+1) 

1 1 >0 1 0 1 Tl >0 1 <00 2- NA NA 

ai+l(t + 1) 

1 2 1 <00 0 0 (1 - rl)(l - r2) 1 <00 <00 NA NA 

1 2 1 <00 0 1 (1- rl)r2 1 <00 <00 NA NA 

1 2 1 <00 1 0 (1- rl)P2 1 <00 <00 N.(\ NA 

1 2 1 <00 1 1 (1- rt}(l - P2) 1 <00 <00 NA NA 

2 1 >0 1 0 0 (1 - rt}(l - r2) >0 1 <00 1 100 100 

2 1 >0 1 0 0 (1- rt}r2 >0 1 <00 0 100 001 

2 1 >0 1 0 0 (1- rt}P2 >0 1 <00 1 101 100 

2 1 >0 1 0 0 (1 - rl)(l - P2) >0 1 <00 0 101 001 

1 2 1 <00 0 0 rl(l- r2) 1 <00 <00 NA NA 

1 2 1 <00 0 1 rlr2 1 <00 <00 NA NA 

1 2 1 <00 1 0 rlP2 1 <00 <00 NA NA 

1 2 1 <00 1 1 rl(1-P2) 1 <00 <00 NA NA 

~ 
t..:> 



Table 3. Step-by-step workstation state buffer level iterative list, cont'd. 

ITER Vi-let) Viet) ai(t) ai(t + 1) PROBABILITY Vi-let) Viet) Vi+l(t) Viet + 1) X Y 

2 1 >0 1 0 1 rl(l -r2) >0 1 <00 2 100 210 

2 1 >0 1 0 1 rlr2 >0 1 <00 1 100 111 

2 1 >0 1 0 1 rlP2 >0 1 <00 2 101 210 

2 1 >0 1 0 1 rl(l-P2) >0 1 <00 1 101 111 

1 1 >0 0 0 0 1- rl >0 0 0 NA NA 

1 1 >0 0 0 1 rl >0 0 1 NA NA 

1 2 0 1 0 (1- rdO 0 001 000 

1 2 0 1 1 (1 -rl)l 0 001 001 

1 2 0 1 0 rlO 0 >0 001 110 

1 2 0 1 1 rl1 0 >0 001 111 

1 1 >0 1 1 0 Pl >0 1 <00 I- NA NA 

ai+l(t + 1) 

1 1 >0 1 1 1 1- Pl >0 1 <00 2- NA NA 

ai+1(t + 1) 

1 2 1 <00 1 0 PlP2 1 > 0,< 00 1 111 100 

1 2 1 <00 1 1 Pl(l- P2) 1 > 0,< 00 0 111 001 

1 2 1 <00 1 0 (1- Pl)P2 1 > 0,< 00 2 111 210 

1 2 1 <00 1 1 (1 - pd(l - P2) 1 > 0,< 00 1 111 111 "'" ~ 



2 3 4, 5 

000 001 010 011 100 

o 

6 

101 

o (1- 1'1)- (1- rIl- o 0 

000 (1- 1'2) 1'2 

2 0 (1- 1'1) 0 0 o o 
001 

3 PI-

010 (1-1'2) 

4 0 

011 

5 

100 

6 

101 

7 

110 

8 

111 

9 

200 

10 

201 

11 

210 

12 

211 

o 

o 
o 
o 

o 

o 

o 

o 

o 

PI 1'2 o 0 o o 

PI o 0 o o 

(1-1'1)- 0 0 (1-1'1)- o 
1'2 

(1- 1'1)- 0 

(1- P2) 

Plr2 0 

PI- 0 

(1- P2) 

o 0 

o 0 

o 0 

o 0 

(1- 1'2) 

o (1- rIl- 0 

P2 

o PI- 0 

(1 - 1'2) 

o PIP2 0 

o 0 (1-1'1)-

"2 

o 0 (1- rd

(1 - P2) 

o 0 Plr2 

o 0 PI-

(1 - P2) 

7 

110 

1'1-

(1 - 1'2) 

o 

8 

111 

rlr, 

1'1 

9 

200 

o 

o 

(1 - pIl- (1 - pIl- o 
(1 - 1'2) 1'2 

o (I-PI) o 

o 

o 

o 

o 

o 

o 

o 

o 

1'11'2 o 

1'1- 0 

(1- P2) 

(1- PI)- 0 

1'2 

(l-PI)- 0 

(1- P2) 

o (1- rIl
(1- '-2) 

o (1-"1)-

pz 

o PI

(1- 1'2) 

o PIP2 

10 

201 

o 

11 

210 

o 

12 

211 

o 

13 14 

300 301 

15 16 17 18 19 20 

310 

o 
311 400 401 410 411 

o 0 o 0 0 0 0 

o o o o 0 o o 0 0 0 0 

o o o o 0 o o 0 0 0 0 

o o o o 0 o o 0 0 0 0 

o 1'1- o o 0 o o 0 0 0 0 

(1 - 1'2) 

o rlP2 0 0 

o (I-PI)- 0 0 

(1- 1'2) 

o (1- PI)- 0 0 

P2 

o 0 1'11'2 0 

o 0 1'1- 0 

(1- P2) 

o 0 (1- PI)- 0 

1'2 

o 0 (l-PI)- 0 

(1- P2) 

o 0 0 

o 0 0 

o 0 0 

o 1'1- 0 

(1- 1'2) 

o rlP2 0 

o (l-PI)- 0 

(1 - 1'2) 

o (1- pIl- 0 

P2 

o o o o 

o o o o 

o o o o 

o o o o 

o o o o 

o o o o 

o o o o 

,;:.. 
,;:.. 

Figure 5. Transition Matrix, P, Example. 
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~(t) = NlJlalelJ by NlJlalelJ generalized transition probability matrix 

The matrix CI»(t) represents the probability that the system will occupy 

state j at discrete time t, given it occupied state i at time t = O. The dis

crete time relation corresponding to expression (2.9) can be found by recursion. 

Therefore from expression (2.8) 

Pa(l) = Pa(O)· p 

Po(2) = Pa(l)· p 

Ps(t) = Ps(t - 1) . P 

(2.10) 

Solving this set of formulas results in the well known first order difference equa

tion solution 

Ps(t) = Ps(O) . pI (2.11) 

Therefore ~(t) becomes pt for a constant realization. 

Borrowing techniques from control systems analysis, expression (2.9) 

can be rewritten as: 

[Ps(t)]' = [~(t)]' . [Ps(O)]' (2.12) 

in column form for discrete time t. The quantities [Ps(t)]', [~(t)]', and [Ps(O)l' 

are the corresponding relationships. 

2.2.6. Steady State and Transient Solutions 

a. Constant Transition Probability Matrix P 

The constant realizations shown in expressions (2.10) and (2.11) namely, 

Ps(t) = Pa(O) . pI (2.13) 

or 

(2.14) 
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provide a general method to evaluate the PaCt) probability vector. 

It is now evident that the PaCt) probability vector is directly propor

tional to the repetitive product of the transition matrix. This relation provides 

a simple computational formula to evaluate PaCt). The following numerical ex

ample illustrates the use of expression (2.14) in the analysis of a series transfer 

line. Similarly, recursively applying each relation in expression (2.10) provides 

an alternative PaCt) computation method. 

Example 

A 2 workstation-1 buffer series transfer line shown in figure 4 is used 

in a small automated manufacturing facility. The transition matrix, P, for this 

line is depicted in figure 5. Previous experience indiicates that the individual 

workstation's failure and repair probabilities (rates) are: 

Workstation Failure Repair 

No. Probability Probability 

1 Pl=O.l rl=0.85 

2 P2=0.1 r2=0.85 

Then the nonzero entries for P can be computed from figure 5 as: 

Nonzero Entries 

Row z Column J P Entry 

000 1 000 1 (l-rl )(1-r2)=0.0225 

000 1 001 2 (1-rdr2=0.1215 

000 1 110 1 rl(1-r 2)=0.1215 

000 1 111 8 rlr2=0.1225 

001 2 001 2 1-rl=0.15 

001 2 111 8 rl=0.85 

010 3 000 1 Pl(1-r2)=0.015 
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010 3 001 2 Plr2=0.085 

010 3 110 7 (1-Pl)(1-r2)=0.135 

010 3 111 8 (1-Pl)r2=0.765 

011 4 001 2 Pl=O.l 

011 4 111 8 (1-Pl)=0.9 

100 5 001 2 (1-rl)r2=0.1275 

100 5 100 5 (1-r l)(1-r2)=0.0225 

100 5 111 8 rl r2=0. 7225 

100 5 210 11 rl (1- r2)=0.1275 

101 6 001 2 (1-rt}(1-P2)=0.135 

101 6 100 5 (l-rl )p2=0.015 

101 6 111 8 rl(1-P2)=0.765 

101 6 210 11 rIP2=0.085 

110 7 001 2 Plr2=0.085 

110 7 100 5 PI (1-r2)=0.015 

110 7 111 8 (I-PI )r2=0. 765 

110 7 210 11 (I-PI )(1-r2)=0.135 

111 8 001 2 PI (1-P2 )=0.09 

111 8 100 5 PIP2=0.01 

111 8 111 8 (I-PI )(1-P2)=0.81 

111 8 210 11 (I-PI )P2=0.09 

200 9 101 6 (1-rdr2=0.1275 

200 9 200 9 (l-rl )(1-r2)=0.0225 

200 9 211 12 rl r2=0. 7225 

200 9 310 15 rl (1-r2)=0.1275 

201 10 101 6 (l-rl )(1-P2)=0.135 

201 10 200 9 (l-rl )P2=0.015 
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201 10 211 12 rl (1-P2)=0. 765 

201 10 310 15 rIP2=O.085 

210 11 101 6 Plr2=0.085 

210 11 200 9 PI (1-r2)=0.015 

210 11 211 12 (1-pt}r2=0.765 

210 11 310 15 (1-PI)(1-r2)=0.135 

211 12 101 6 PI (1-P2 )=0.09 

211 12 200 9 PIP2=0.01 

211 12 211 12 (l-PI )(1-P2 )=0.81 

211 12 310 15 (l-PI )P2=0.09 

300 13 201 10 (1-r l)r2=0.1275 

300 13 300 13 (1-r l)(1-r2)=0.0225 

300 13 311 16 rl r2=0. 7225 

300 13 410 19 rl (1-r2)=0.1275 

301 14 201 10 (l-rl )(1-P2)=0.135 

301 14 300 13 (l-rl )P2=0.015 

301 14 311 16 rl (l-P2 )=0.765 

301 14 410 19 rIP2=0.085 

310 15 201 10 PI r2=0.085 

310 15 300 13 PI (1-r2 )=0.015 

310 15 310 16 (l-PI )r2=0. 765 

310 15 410 19 (l-PI )(1-r2)=0.135 

311 16 201 10 PI (1-P2)=0.09 

311 16 300 13 PIP2=0.01 

311 16 311 16 (l-PI )(1-P2)=0.81 

311 16 410 19 (l-PI )p2=0.09 

400 17 301 14 (1-rt}r2=0.1275 
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400 17 311 16 rl r2=0. 7225 

400 17 400 17 (l-rl)( 1-r2 )=0.0225 

400 17 410 19 rl (l-r2)=0.1275 

401 18 301 14 (l-rt}(l-P2)=0.135 

401 18 311 16 rl (l-P2)=O. 765 

401 18 400 17 (l-rl )P2=0.015 

401 18 410 19 rlP2=0.085 

410 19 311 16 r2=0.85 

410 19 410 19 1-r2=0.15 

411 20 311 16 1-p2=0.9 

411 20 410 19 P2=0.1 

A starting state for this system's operation is (1,1,1). This state corre-

sponds to the condition where both workstations are operational with 1 item in 

the buffer. Therefore the initial probabiliity is given by: 

Pa(O) = (0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0) 

From expression (2.8) the probability vector for t = 1 is 

Pa(l) = Ps(O) . P 

= (0,0.09,0,0,0.01,0,0,0.81,0,0,0.09,0,0,0,0,0,0,0,0,0) 

Similar values of Pa(t) for t > 1 can be found by using Pa(l) and the recursive 

property of expression (2.8). That is, 

Pa(2) = Pa(l)· P 

Pa(3) = Pa(2) . P 



Therefore, 

p.(2) = (0,0.087675,0,0,0.008325,0.00765,0, 0.739825,0.00135, 

0,0.074175,0.06885,0,0,0.01215,0,0,0,0~0) 

p.(3) = (0,0.0818297,0,0,0.0077003,0.0126735,0,0.6856491, 

0.0018315,0.0010328,0.0682959,0.1134878,0.0001823,0, 

0.0163823,0.0092948,0,0,0.0016403,0) 
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Comparison of P.(O), Pa(1), Pa(2), and p.(3) indicates, that as t increases, states 

with zero probabilities begin to have positive probabilities. This is due to filling 

the system's buffer with in-process workpieces from the first workstation. 

b. General Transition Probability Matrix P 

From control system theory and Howard (1960), the general function 

.;p(t) can be represented as the sum of two NlJtatelJ by Nstates matrices, 

(2.15) 

where p •• = steady state transition matrix 

PT(t) = transient state transition matrix 

Here, .;p(t) is a changing transition probability matrix with time t. Taking the 

limit of expression (2.15) as t approaches infinity yields: 

lim q,(t) = P aa + lim PT(t) = P88 
t-+oo t-+oo 

(2.16) 

For long term manufacturing processes, p •• is used to compute the de

sign availability. The transient matrix, PT(t), approaches zero since the tran

sition matrix is stationary which implies an ergodic chain. In addition, PT(t) 

provides a method to control the day-to-day operations of the manufacturing 

facility. 
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If q,(t) = pt then expression (2.15) may be rewritten as: 

(2.17) 

or 

(2.18) 

Control system analysis methods can now be used to examine the series 

workstation-buffer system. 

c. Transition Matrix P Internal State Entries 

As proposed by Gershwin et. al. (1980), the conditional probability of 

a specific workstation's operational state at the next time instant is given by: 

Pr[ai(t + l)lvi-l(t), ai(t), Viet)] = [(1- ri)l-Gi(Hl) . r;i(t+1)p-Gi(t) 

. [p~-Gi(Hl) . (1 _ Pi)Gi(Hl)]Gi(t) 
(2.19) 

where Pi = probability of the i - th workstation's operation (reliability) 

ri = probability of the i - th workstation's repair 

ai(t) = 0 - 1 action state variable indicator 

This expression is the product of two geometric distributions embedded within 

a geometric distribution. The first term on the right hand side in expression 

(2.19) models the repair of the i - th workstation at the next time instant. The 

second term represents the reliability. Both terms rely on the workstation's state 

at the present time. A simple example will illustrate expression (2.19). 

Example 

The i - th workstation's state corresponding to expression (2.19) is 

illustrated by figure 6. 

As shown, once a state is specified at time t (either failure or repair) 

the next state (repair or failure) occurs at the next time instant. 
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Expression (2.19) is extended to encompass all workstations by consid

ering the joint conoit.ional probability as the product probability of independent 

events. Therefore, 

PINT(S(t + l)ls(t)) = [(1 - ri)l-oi(Hl) . r:i(t+t)p-Oi(t) 

. [(1 _ Pi)Oi(HI) . p:-Oi(Hl)]Oi(t) 

where s(t + 1) and s(t) were previously defined. 

(2.20) 

Expression (2.20) in combination with the buffer level formula permits 

the evaluation of individual internal state P entries. 

d. General Solutions For Availability (Efficiency) 

With the transposed vector [Pa(t)]', the k workstation series line's avail

ability is similar to the output of a linear system discrete time. Thus, 

A(t) = c· [Pa(t)]' = c· [~(t)]' . [Ps(O)]' (2.21) 

where c = 1 by NlJtatelJ availability definition vector. The c vector identifies 

the permissible states which define manufacturing facility operation during a 

specified time horizon. 

Example 

The 2 workstation-l buffer series transfer line example presented earlier 

has a 20 x 20 transition matrix as shown in figure 5. A set of permissible states 

are (1,0,1), (3,0,1), (1,1,1), (3,1,1) (2,0,1), (4,0,1), (2,1,1) and (4,1,1). These 

states reflect operation of the last workstation and a buffer partially full or full. 

Therefore, the corresponding c vector is given by: 

c = [0 ° ° ° ° 1 ° 1 010 1 ° 1 0 1 0 1 ° 1] 

[~(t)]' and [Pa(O)]' are previously defined as the transposed generalized 

transition matrix and initial probability vector, respectively. If ~(t) = pt, then 

expression (2.21) becomes: 
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A(t) = c . [pt]' . [P.(O)], (2.22) 

Example 

A previous example illustrated the computation of p.(1), p.(2), and 

Pa(3) for the transition matrix depicted in figure 5. As discussed in the above 

example the c used for the 2 workstation-1 buffer series transfer line availability 

evaluation is 

c = [0 0 000 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1] 

Employing the recursive form of expression (2.22) yields the following for t = 1,2, 

and 3 

A(1) = c· [P]' . [Pa(O)]' = c· [Pa(1)]' 

A(2) = c· [P]' . [Ps(1)]' = c· [Ps(2)]' 

A(3) = c· [P]' . [Ps(2)]' = c· [Pa(3)]' 

where c is defined in the previous example. The rightmost sides of the above 

relations are the inner products between c and Ps( t) for t = 1,2, and 3. The 

numerical results for the availabilities are: 

A(1) = 0.81 

A(2) = 0.816325 

A(3) = 0.8221379 

The system's availability approaches a steady state with time. Here, these results 

indicate that the buffer acts to counteract this degradation with increasing time. 
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2.2.7. Modified Buffer Levels - Internal States 

As shown in figure 2, the i - th buffer level at the next time instant, t, 

is given by: 

(2.23) 

where viet) = i - th buffer level at time t 

ai( t + 1) and ai+1 (t + 1) = 0 - 1 action state variable indicators for the 

i - th and i + 1 - th workstations, respectively 

pri and pri+l = production rates for the i-th and i+ 1-th workstations. 

'When pri = pri+l = 1 expression (2.23) reduces to: 

(2.24) 

This relation fixes the production rates of all workstations in the system to one 

per unit time, t. 

Now, expressions (2.23) and (2.24) can be given in matrix form as fol-

lows: 

vet + 1) = vet) + PRw . aCt + 1) (2.25) 

vet + 1) = vet) + PRwc . aCt + 1) (2.26) 

where vet) = k - 1 by 1 buffer level vector 

PRw = k -1 by k production rate matrix of the form 

C' 
-pr 2 0 ... 0 

PH.,.= ~ 
pr2 -pra··· 0 

0 Pr,,-l JJ 
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a( t + 1) = k by 1 0 - 1 workstation action state vector 

The k - 1 by k PRwc matrix replaces the PRw matrix entries with the 

value one (i.e. pri = 1 for all i). It is evident from expression (2.24) that each 

buffer's level depe~ds on its present state and its upstream and downstream 

workstations. 

2.3. Summary 

Each of the principal relations for the series workstat.ion-buffer system 

are listed in table 4. The algorithms presented in chapter 3 pennit computation 

of these relations to identify parametric changes. 



Table 4. Series transfer line relations summary list. 

SIMPLE MARKOV 

CHAIN MODEL 

STATE-SPACE 

DESCRIPTION 

TOTAL NUMBER 

OF STATES 

MARKOV CHAIN 

TRANSITION 

RELATION 

GENERAL DISCRETE 

TIME SOLUTION 

CONSTANT TRANSITION 

P SOLUTION 

SERIES TRANSFER LINE 

set) = (v(t),a(t» 

vet) = (VI(t), V2(t), ... , Vk_l(t» 

aCt) = (al(t),a2(t), ... ,ak(t» 

k = number of workstations 

k - 1 = number of buffers 

NtJtatelJ = 2k . n~;II(Vi + 1) 

Vi = i - t h buffer maximum storage level 

p(s(t + 1)) = p(s(t»· P 

PaCt + 1) = Pa(t). P 

Pa(t) = 1 X NlJtatelJ state probability vector 

P = NlJtatelJ X NlJtatea transition matrix 

PaCt) = Pa(O) . <p(t) 

<p(t) = NstatelJ X NstatetJ general 

transition matrix 

PaCt) = Pe(O) . pt 
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Table 4. Series transfer line relations summary list, cont'd. 

GENERAL TRANSITION 

cp(t) MATRIX 

TRANSIENT STATE 

PT(t) MATRIX 

TRANSITION MATRIX 

P INTERNAL ENTRIES 

GENERAL 

AVAILABILITY A(t) 

CONSTANT 

AVAILABILITY A(t) 

BUFFER LEVEL 

INTERNAL STATES 

~(t) = p .. + PT(t) 

p .. = steady state matrix 

PT(t) = transient state matrix 

PT(t) = cp(t) - p .. 

PT(t) = pt - Pas 

Pr[s(t + l)ls(t)] = 

[(1 - ri)l-ai(t+l) . r:i(t·!-l)p-ai(t) 

.[p:-ai(t+l) • (1- Pi)ai(t+l)]ai(t) 

A(t) = c· [Ps(t)]' = c· [cp(t)]' . [Ps(O)]' 

c = 1 X NtJtatelJ availability definition vector 

A(t) = c· [Ps(t)]' = c . [pt]' . [Ps(O)]' 

A(t + 1) = c· [Ps(t + 1)]' = c· P' . [Ps(t)]' 

v(t + 1) = v(t) + PR· a(t) 

v(t + 1) = v(t) + PRe· a(t + 1) 

PR = NstatelJ X NlJtatelJ production rate matrix 
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CHAPTER 3 

TRANSITION MATRIX, P, CANONICAL FORM 

WITH GRAPH THEORETIC METHODS 

3.1. Introduction 
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As evidenced by the discussion in chapter 2 the series transfer line gen

erates very large sparse transition matrices, P. It is, therefore, imperative to 

reduce their size by an appropriate scheme. The following presents a framework 

for isolating the transient and closed class recurrent states in separate subma

trices. This framework relies on constructing a connected graph to represent P. 

A submatrix consisting of the closed class recurrent states can then be premul

tiplied repetitively by the corresponding transient state culled Pa( t) vector to 

provide PaCt + 1). 

3.2. Canonical Fonn 

Graph theoretic methods outlined in Basilevsky (1985) can be used to 

put the transition matrix, P, of size Nlltates X Nstates into the fonn 

P= (~ ~) (3.1) 

where C = Nc/osed X Nc/osed stochastic matrix of transition probabilities within 

all closed communicating classes 

T = (Nstates - NclolJed) X (NlJtates - Nclosed) substochastic matrix of 

transition probabilities among the transient states 

X = (NstatelJ - Nclosed) X NclolJed matrix of transition probabilities from 

transient states to states within a closed class. 

Here the closed communicating class' states satisfy the requirements of 

an equivalence relation (i.e reflexive, symmetric, and transitive). Transient states 
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are those, when starting in them, have positive probability of not returning to 

them. For the transition matrix, P, shown in figure 6 state 3, (010), is a transient 

state while state 2, (001), is a recurrent state within a closed communicating 

class. The closed classes are similar to separate Markov Chains with stationary 

distributions. 'Transient classes cannot support a stationary distribution. 

3.3. State Identification by Graph Theoretic Methods 

The transition diagram shown in figure 7 is for chapter 2's two work

station one buffer series transfer line example. There are twenty states based on 

a maximum buffer capacity of Vi = 4. Figure 7 represents a graph, G(na , ea ), 

with states mapped into nodes, n a , and connecting edges, ea. The techniques 

presented in Basilevsky (1985) and Deo (1974) can be modified to identify the 

recurrent and transient states. These states have the following properties: 

Property 1 

A node, ni E G(na, ea ), is strongly connected to another node, nj E 

G(na, ell), if there exists a path between ni and nj. 

Property 2 

States (nodes) that are strongly connected in the transition graph, 

G(n ll , eB ), are recurrent, i. e. n llR . For the Markov Chain a state (node), 

nil is recurrent if all the paths away from n .. eventually terminate on nil. 

Property 3 

States (nodes) that are not strongly connected, (i. e. not recurrent), in 

the transition graph, G(nll' ell) are transient, i. e. n llT . 



Figure 7. Two Workstation One Buffer Transfer Line 
Transition Diagram. 

20 

0) 
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Example 

The transient states for the two workstation one buffer transfer line as 

shown in the transition diagram of figure 7 are: 

neT = {1,3,4,7, 14, 17, 18, 20} 

8T={000,010,011,110,301,401,411} 

Some states, namely, 3, 4, and 20, have no way to return to them. This can 

be explained by examining an example state such as 3. From figure 5 state 

3 is equivalent to (vl(t),al(t),a2(t» = (010). The closest state from which a 

transition can occur to 3 is 4, (011). In this case the second workstation would 

have to fail. This condition cannot happen since workstations only fail when 

processing an item. The upstream buffer, however, is empty. Thus, workstations 

cannot fail when they are starved. Another possible transition is from state 1, 

(000), to state 3, (010). This cannot occur since during the t to t + 1 period an 

item would be sent to downstream buffer 1. Thus 

Number of Transient States = Nstatee - Nclosed = 8 

NcloBed = 20 - 8 = 12 

The corresponding recurrent states are: 

nSR = {2,5,6,8,9,10,11,12,13,15,16,19} 

8R = {001,100, 101, 111,200,201,210,211,300,310,311,410} 

The matrices C, T, and X for this example are shown in figure 8. 

3.4 Graph Theoretic Evaluation Approach 

The entries for C, T, and X can be evaluated by adapting the computer 

algorithms found in Chachra et. al. (1979) for this purpose. In this case each 

edge starting a new path away from a particular node ns would be tested in 
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Figure 8. Transition Matrix Canonical Form Matrices 
C, T, and X. 
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Matrix X 
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Figure 8. Transition Matrix Canonical Form Matrices 
C, T, and X, cont'd. 
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order. This is an exhaustive search of every circuit, starting and ending on n", 

to insure strong connectivity. The Dijkstra shortest path algorithms would be 

modified to identify each circuit. If no path can be found, then n" corresponds 

to a transient state. The following algorithm formalizes the search procedure. 

General Algorithmic Approach 

(1) Evaluate Non-Zero Transition Matrix, P, Entries for All states, s Using 

Chapter 2's Algoritlun For a Series Transfer Line 

(2) Form Adjacency Matrix, Ap, From P Where Number of Nodes = 

NlJtate" and n" == s 

(3) Identify All Circuits For Each Node n" in Ap 

(a) If All Circuits for n" Test TRUE, Property 2 Holds and ns is 

Strongly Connected. Therfore n" represents a recurrent state. 

(b) If Any Circuit for n" Test FALSE, Property 3 Holds and n" 

is Not Strongly Connected. Therfore ns represents a transient 

state. 

(c) Record Number of Transient States, Ntransient 

(4) Compute Nclo"ed = N"tate" - Ntran"ient. 

(5) Evaluate C, T, and X. 

3.5. Summary 

In summary, there are 72 non-zero entries for P in figure 5. The matrix 

C has only 44 non-zero entries. This is a reduction of almost 40 % in the number 

of entry comparisons for the vector matrix multiplication of PaCt) . P. Thus it 

is reasonable to perform the repetitive multiplication 

Psc(t + 1) = Pac(t) . C (3.2) 

where Psc(t) = 1 X Nclosed state probability vector. 
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The vector Pac(t) can then be substituted for Pa(t) in expression (2.22) 

to compute the availability, A. 

Chapter 4 presents detailed descriptions of the algorithms to evaluate 

the transition matrix P, perform a partial transient state cull of P, and repeti

tively evaluate P.c (t + 1). 
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CHAPTER 4 

DETAILED DESCRIPTIONS AND RATIONALE FOR ALGORITHMS 

4.1. Introduction 

The following algoritluns were developed to analyze the series transfer 

line shown in figure 2. 

(1) Transition Matrix P Evaluation 

(2) Transient State Partial Cull 

(3) Repetitive (Recursive) Multiplication 

The first and third algoritluns were optimized to accomodate sparse 

vector and matrix storage. Both have least upper and greatest lower bounds 

(lub and glb) on the number of searches (or comparisons). The second algorithm 

employs graph theoretic techniques to eliminate transient state entries from the 

P matrix. It should be emphasized that the transient state partial cull algorithm 

eliminates most of the transient states but not necessarily all. As described in 

chapter 2 all paths away from a specific node (i.e. state) must be tested to 

determine circuit closure. The second and third algorithms require ordering the 

column entries of the P matrix. 

4.2. Transition Matrix P Algorithm 

4.2.1 Overall Approach And Rationale 

The number of states increases rapidly for small series workstation

buffer configurations. As shown below a system with 5 workstations, 4 buffers, 

and maximum buffer levels of 10 items has 468,512 states. The objective then 

is to develop a computer algorithm that computes every state while minimizing 

memory storage. 
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System Maximum Number Transition 

Type Buffer Of Matrix P 

(WK-BUF) Level States Size 

2-1 4 20 20 X 20 

2-1 5 24 24 x 24 

2-1 6 28 28 X 28 

2-1 8 36 36 X 36 

2-1 10 44 44 X 44 

3-2 4 200 200 X 200 

3-2 5 288 288 X 288 

3-2 6 392 392 x 392 

3-2 8 648 648 x 648 

3-2 10 968 968 x 868 

4-3 4 2,000 2,000 x 2,000 

4-3 5 3,456 3,456 x 3,456 

4-3 6 5,488 5,488 X 5,488 

4-3 8 11,664 11,664 x 11,664 

4-3 10 21,296 21,296 x 21,296 

5-4 4 20,000 20,000 x 20,000 

5-4 5 41,472 41,472 x 41,472 

5-4 6 76,832 76,832 x 76,832 

5-4 8 209,952 209,952 x 209,952 

5-4 10 468,512 468,512 x 468,512 

The computer algorithm to evaluate the transition matrix P is shown 

in figure 9. It incorporates link list techniques to keep track of buffer level state 

changes and the single node-to-node flow in the workstation operation tree. In 
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addition, generalized vector-matrix methods are employed to list all detected 

tree nodes with active pointers. The algorithm's branch and bound structure, 

similar to Morin's and Marsten's (1976) strategy, permits evaluation of the P 

matrix entries in a multi- or single processor environment. Implementation of the 

algorithm in the C language provides flexibility for expansion and modification. 

4.2.2 Detailed Mathematical Description 

The right side of figure 9 depicts, in tree graph form, the eight detected 

conditions listed in table 1 for different P row-column combinations. These 

conditions can be represented by an eight element set U w given as: 

(4.1) 

For example the U4 condition corresponds to the case where Vi-let) = 0, Viet) = 

don't care, ai(t) = 1, and ai(t + 1) = 1. The separate subsets of Uw form a 

connected tree subgraph whose elements are groups of nodes. In addition, the 

individual nodes detected at each tree level correspond to different states for the 

i - th workstation. These subsets of nodes are given by the function: 

Wi (u) = {u Idetected and ordered u j' 8, conditions j = 1,2, ... ,8} 

i = 0,1, ... , k - 1 

where k = number of workstations 

(4.2) 

The i = 0 level is the tree graph's root. This relation forms a collection 

of sets which specifies the subgraph nodes for workstation 0 - 1 next action 

states. Therefore, the universal set n describing every level in figure 9 is given 

by 

(4.3) 
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N ow the recursive function for the right side connected tree subgraph 

can be written as: 

tPi+I(Wi) = {wi+I(w)lw E Wi(U)} 

i = 0, 1, ... , k - 1 

This recursive function describes the next level in the tree. 

(4.4) 

Similarly, the left side of figure 9 shows a series of subgraphs corrspond

ing to right side nodes. These subgraphs represent the detected conditions, listed 

in table 2. The separate conditions (nodes) presented in table 2 are given in set 

notation as: 

(4.5) 

Each level identifies the Zi subsets of next state buffer conditions. The 

left side sub graphs are represented by the functions: 

cPi(Wi) = {Zilwi(U) --. Zv, Zi ordered over Zv} 

i = 0,1, ... , k - 1 
(4.6) 

where Wi( u) = i - th level's function for the right side tree subgraph 

k = number of workstations 

As shown in figure 9 these functions can be implemented as linear linked 

lists for a particular level. These lists can be further grouped into a collection 

of connected subgraph functions given as: 

(4.6) 

It is now evident that the two connected tree subgraphs are connected 

to each other. The following proof, based on graph theory methods found in 

Deo (1974) illustrates this point. 
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Theorem 

Let Uw = {Ul,U2,".,US}, ZtJ = {Zl,Z2, •.. ,Zs}, Wi(U), tPHl(Wi), and 

¢i(Wi), i = 0,1, ... , k - 1 generate the collection sets (subgraphs) n and q,. If n 
and q, are closed then n n q, forms a connected tree graph. 

Proof: 

(1) Show that the right side subgraph is connected for all i. Assume that 

the collection of recursive functions n generated by tPi+l(Wi) do not comprise 

a connected subgraph. Then there exists at least one node not included in the 

collection of nodes generated by tPi+l (Wi). That is, for some U j 

(4.7) 

for all i. Expression (4.7), however, violates the closure of n with Wi(U) and 

tPHl (Wi). Therefore the right side tree is a connected subgraph. 

(2) Show that the left side subgraph is connected for all i. Again assume 

that the collection of functions q, do not form a connected subgraph. Then there 

exists at least one node not included in q,. That is, for some v j 

(4.8) 

or 

(4.8) 

This, however, violates the closure of q, and Wi(U) for each i - th tree 

level. Hence, a contradiction and q, is a connected subgraph. 

(3) Lastly, it is required to show that the right side subgraph is con

nected to the left side subgraph. The function ¢i(Wi) maps nodes in the right 

subgraph with those in the left subgraph. Asswne ¢i(Wi) is not connected for 
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all i. Then, there exists at least one node not included in the set generated by 

¢Ji(Wi). That is, for some Wj 

(4.9) 

As with the previous two subgraph items, expression (4.9) violates the 

closure of ¢Ji(Wi) for all i. Thus a contradiction and the set generated by ¢Ji(Wi) 

forms a connected tree graph. 

4.2.3 Optimum Number Of Searches 

A shown in figure 9 each parent level (including the root) of the tree's 

right hand side generates a series of child nodes for the next level. Careful 

examination and analysis of table 1, however, indicates that only two possible 

cases can occur for a specific i - th workstation. This results in a binary tree 

with two separate root nodes. In this case the lub on the number of searches 

per state iteration is: 

(4.10) 

where k = number of workstations. 

Similarly, the glb on the number of searches per state iteration is: 

glb {N3earch} = 2 (4.11) 

This value represents the two separate root nodes. With fathoming of specific 

nodes that correspond to the two zero probability entries in table 1 the number 

of searches will fall between these limits. Thus, 

(4.12) 
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Example 

For a 3 workstation series transfer line with 2 buffers the limiting num

ber of searches per state for the generation of a specific transition matrix P 

entry is 

Finally, expression (4.12) is based on the number of long tree root to 

bottom searches taken separately. The transition matrix P evaluation algorithm 

employs backtracking ~t particular nodes to evaluate a probability and buffer 

level. This reduces the number of long searches. 

4.3. Transient State Partial Cull Algorithm 

The general algorithmic approach presented in chapter 3 can be mod

ified to provide a partial cull of the transient states. A cursory examination 

of figure 7 indicates that, initially, nodes 3, 4, and 18 have no inboWld edges. 

These are clearly transient states since there is no opportunity to return to these 

nodes. This condition corresponds to the case where there are all zero entries in 

the state's transition matrix P column's elements. Removing these nodes elimi

nates incident edges on nodes 1, 7, 17, and 20. Now, nodes 1, 17, and 20 have no 

inbound edges except for the self generating ones. This condition corresponds 

to the case where there is a single non zero entry in the state's transient matrix 

P column's diagonal element. At this iteration, removing nodes 1, 17, and 20 

results in no inboWld edges on nodes 7 and 14. The next iteration removes 

these nodes. Examining the resultant graph indicates that no more nodes can 

be eliminated with these two procedures. The following algorithm summarizes 

the transient state partial cull procedures. 
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Algorithm 

(1) Identify All Graph Nodes With No Inbound Edges (i. e. All Zero 

Entries In The P Colmnn's Elements) 

(2) Identify All Graph Nodes With No Inbound Edges .And With A Self 

Generating Edge (i. e. One Non Zero Entry In The P Column Diago

nal's Element) 

(3) Remove Nodes From The Graph Found In Steps (1) And (2) (i. e. 

Delete The States P Matrix's Corresponding Colwnn And Row) 

(4) Store Removed Nodes Designated Numbers In A Transient State Stor

age Area 

(5) If The Remaining Graph's Nodes Have No Inbound Edges Or Self Gen

erating Edges Repeat Steps (1), (2), And (3) Else STOP. 

Gershwin and Schick (1983) provide some insight on transient state 

identification for the series line transition matrix P. They list six rules to isolate 

potential transient states. These rules, presented here for reference, specify an 

upper bound on the number of transient states: 

(1 a.) ai(t) = 0, viet) = ° 
(1 b.) ai(t) = 0, viet) = Vi 

(2 a.) ai-let) = 1, ai(t) = 0, Vi-let) = 1 

(2 b.) ai(t) = 0, ai+l(t) = 1, viet) = Vi-I 

(3 a.) ai-let) = 1, Vi-Jet) = ° 
(3 b.) ai( t) = 1, Vi-J (t) = Vi-I 

These rules can be applied to the two workstation one buffer series 

transfer line with transition matrix shown in figure 5. In this case the upper 

bound on the nwnber of transient states is 10. As previously stated in chapter 

3, the actual nwnber of transient states found by graph theoretic methods was 
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4.4. Repetitive Multiplication Algorithm 

4.4.1 Overall Approach And Rationale 
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The multiplication algorithm to repetitively (recursively) compute the 

new probability vector from the transition matrix (i.e. PaCt + 1) = PaCt) . P) 

employs an ordering sequence on P's sparse matrix columns. This minimizes 

the number of searches (comparisons) of corresponding entries. 

Close examination of the transition matrix P shows that the non zero 

and some zero entries are found within a diagonal band around its main diagonal. 

The size of this band, known as bandwidth, is computed from relations fOlUld 

in Duff et. al. (1986). For example, the P matrix shown in figure 5 has a 

bandwidth of 7. Clustering of entries within the band depends on the ordering 

scheme (i.e. row or column permutations) for P matrix. Better schemes reduce 

the bandwidth while increasing the number of non zero entries within the band. 

This fact reduces the number of comparisons when multiplying a sparse matrix 

by sparse vector. 

Each column of P can be represented as a vector, thus, 

(4.13) 

Here, each Ph i = 1,2, ... , NlJtates can be thought of as a sparse vector set. 

Only the nonzero entries of Pi are present. The multiplication of the sparse row 

vector Ps( t) by each column of P entails finding the appropriate common entries, 

multiplying them, and then summing the resultant values. In mathematical 

terms, 

i = 1,2, ... , Nstates ( 4.14) 
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Now each PaCt) entry can be considered as the union of one element sets. Thus, 

(4.15) 

Similarly, from expression (4.14), each Pi is a multivalued set given as: 

(4.16) 

Combining expressions (4.14) and (4.16) yields a series of set relations for i = 

1,2, ... , N6tate/J" Therefore, 

(4.17) 

In condensed notation 

W,. - UN •,al •• (p n {D. D. p,. }) 
1- /-1 sl £"11'''12'···' IN - .telCe. 

(4.18) 

The objective here is to minimize the number of comparisons, N c , between each 

PSi! i = 1,2, ... , Nstate6 and the elements in set {Pil' Pi2' ... ' FiN }. For 
.tate. 

notational purposes the set {Pi1 , Pi2 , ... , PiN } can be rewritten as 
.tGte. 

(4.19) 

4.4.2 Optimum Number Of Searches 

Thus from expression (4.17) the number of comparisons for the i - th 

transition matrix P column is given by: 

:tN.Celle. :tN,tate. IIN,Cale. 

N c; = L Il(X) + L I2(x) + ... + L IN.,al •• (X) 
20=61 20=81 20=81 

N"ole. liNdale. 
( 4.20) 

- L L Im(x) 
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Im(x) = {I if state~ Sj appears 
o otherwIse 
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It is evident from expression (4.20) that the minimum value (i.e. ordered P 

column elements) occurs when 

IJN,late. 

L Im(x) = 1 

Then expression (4.20) becomes 

N,cace. 

NCi = L 1 = NstotelJ 
m=1 

m = 1,2, ... ,N.toteIJ (4.21) 

i = 1,2, ... ,NlJtotes ( 4.22) 

For every column of the transition matrix P, therefore, the total number of 

comparIsons IS 

( 4.23) 

The value in expression (4.23) repesents the glb for the number of comparisons 

required when multiplying a sparse vector by a sparse matrix. 

Alternatively, the maximum value (i.e reverse ordered P column ele

ments) for NCi occurs when 

8N,cote, 

L Im(x) = Nstotes 

2:=81 

Then expression (4.20) becomes 

N,cace. 

NCi = L N"totes = N;totes 
m=l 

m = 1,2, ... , NstotetJ (4.24) 

i = 1,2, ... ,NtJtotes (4.25) 

Now for or every column of the transition matrix P, therefore, the total number 

of comparisons is 

(4.26) 
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The value in expression (4.26) represents the lub for the required number of 

comparisons when multiplying a sparse vector by a sparse matrix. 

Expressions (4.23) and (4.26) show that ordering the column elements 

of P reduces the number of comparisons by at least a factor of NIJtateIJ. For sparse 

matrices the number of entries for each column of P is less than NlJtateIJ. The 

average number for the P matrix shown in figure 6 is 4. Thus the average number 

of comaprisons from expression (4.23) is 16 for each column. From expression 

(4.26) an unordered column would result in an average of 64 comparisons. Since 

the matrices are stored on the disk, care must be taken to minimize retrieval 

time per P matrix column entry. Keeping this time small decreases overall time 

to evaluate the PaCt) vector. 
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CHAPTER 5 

COMPUTER PROGRAM DESCRIPTIONS 

5.1. Introduction 

Three separate computer programs were written in the C language for 

the algorithms described in chapter 4. These programs employ a set of gener

alized sparse vector matrix functions.' Each sparse vector matrix function has 

a syntax which resembles the basic elements of the C language. The functions 

permit the input or output of sparse vectors and matrices to either a terminal or 

file. A separate file storage scheme on disk has been developed for a particular 

sparse vector or matrix. A vector is stored as two entries, one identifying the 

element position and the other the value. Similarly, a matrix is stored as three 

entries, its row, column, and corresponding value. 

Operations on a specific sparse vector or matrix are performed in these 

formats. This allows the use of the disk to simulate main computer memory. 

It should be emphasized that access time is slightly slower but is more than 

compensated for by the increased capability to store large vectors and matri

ces. Finally, the set of vector matrix functions also contain a tensor structure 

component. This structure component allows the storage of multidimensional 

systems. 

5.2. Transition Matrix P Evaluation 

This program has an architecture which is illustrated in figure 10. The 

top down design is highly modular thereby permitting future expansion on as 

required basis. The following presents a detailed description of the input, com

putation, and output operational sections. 
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0 MAIN 
(USER ID) 

1 STARTUP I BUILT-IN-TEST-SOFTWARE r--I (BITS - ALL LEVELS) 

2 INITIALIZATION : 

3 DATA TEXT COMPUTE TERM FILE 
INPUT EDIT RESULTS OUTPUT OUTPUT 

DATA RES DATA RES 
INPUT INPUT 

.' 

4 SHUTDOWN I 
I 

Figure 10. C Program Architecture. 
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5.2.1 Input Section 

The program accepts input data for the series transfer line. Presently, 

data is input manually via a series of terminal prompts to the user. These 

include: 

(1) Workstation Reliability 

(2) Workstation Probability Of Repair 

(3) Production Rate 

(4) Maximum Buffer Capacity 

(5) Line Utilization 

Several enhanced features permit the user to select different modes of 

input for the initial probability and availability definition vectors. In addition, 

the user has the option of automatically generating several different availability 

definition vectors. For the computer runs, herein, the availability definition 

vector reflects Gershwin and Schick's (1988) research. Here, a series transfer 

line is available when the last workstation is operational and the last buffer is 

full or partially full. All input data is stored in main memory or on disk. 

5.2.2 Computation Section 

The transition matrix P is computed by the first algorithm presented 

in chapter 4. Here, the binary tree is stored in a linear linked list. Each node 

in the list stores the detected workstation probability from table 1 and the 

corresponding buffer level given in table 2. In those cases where the i - th buffer 

level depends on the i + 1 - th workstation state, the program returns to the 

upstream buffer to update its level. This is done at the i + 1 - th iteration. 

The linear linked storage scheme permits a systematic backtracking 

process within the binary tree. This process eliminates and fathoms nodes to 

quickly and efficiently evaluate P by dynamically controlling the storage. 
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5.2.3 Output Section 

The output section of the program lists, at the option of the user, the 

input parameters and transition matrix P on a print file. This print file is 

formatted and easily readable for future reference. 

In addition, the output section provides a parameter storage file for 

the next algorithm to be run. This file only contains those parameters which 

are required by these algorithms. Finally, the program outputs the initial setup 

requirements for the construction of an availability versus time trajectory plot 

file. This file contains the title and axis headings defined for the data run. 

5.3. Transient State Partial Cull 

Employing the second algorithm presented in chapter 4 this program 

is designed to run in the background with no user interaction. It culls most of 

the transient states in the Markov Chain representation for the series transfer 

line. The program performs as many passes as required to reduce the size of the 

transition matrix P. Each pass culls those easily recognizable transient states. 

After culling a set of states the program reorders the resultant P matrix columns 

making it ready for the next pass. 

The program outputs the original and reduced transition matrix P in 

separate files. The reduced P file is used by the third algorithm's program 

to evaluate the probability vector and availability trajectory. In addition~ the 

program provides a file list of transient states. This permits the culling of 

transient states from the P matrix where only the parameters change for the 

series transfer line. These parameters are the workstation's probability offailure 

and repair. The transient state partial cull program only has to be run when 

there is a change in the number of states. This occurs for different maximum 

buffer level capacities and number of workstations. 
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5.4. Probability Vector And Availability 

The third program implements the last program identified in chapter 

4. This program is also designed to operate in the background with no user 

interaction. The probability vector is computed for each integral time, t, by 

repetitive (recursive) multiplication, that is, 

Pac(t + 1) = Pac(t). C (5.1) 

Here, each Pac(t + 1) and the reduced transition matrix C are stored as a 

sparse vector and matrix, respectively on two separate files. When the search 

and multiplication process are completed for the Pac (t) vector file and specific 

C column, the Pac(t) file is rewound. 'l~le search and multiplication process are 

then repeated for the next C column. 

After evaluating each Pac(t + 1), the inner product is computed to 

provide an availability trajectory. Thus, 

A(t + 1) = c· [Pac(t + I))' (5.2) 

where c = availability definition vector. 

Each Pac(t + 1) vector and the entire availability trajectory, A(t), are 

stored on a print and plot file, respectively. The Pac (t + 1) vector is stored in a 

sparse vector format with element position and corresponding value. The A(t) 

trajectory plot file contains the time and availability value. 
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CHAPTER 6 

PROGRAM EXAMPLES AND RESULTS 

6.1 Introduction 

The computer program was run for the 3, 4 and 5 workstation series 

transfer lines illustrated in figure 2. Tabulated data in the form of availability, 

A(t), versus production horizon time, tph trajectories are presented for each 

example. 

6.2 Three Workstations - Two Buffers 

6.2.1 Gershwin and Schick (1982) Results Comparisons 

a. FUll Sparse Transition Matrix P Results 

Steady state availability (efficiency), Au results presented by Gershwin 

and Schick (1982) provide a baseline for the operation of the C program. The 

cases listed in table 5 were used to compare the output results from the program. 

The principal test parameters for the program run of this configuration are: 

(1) Pa(O) = (0,0,1,1,1) --. State # 8 

(2) Availability Definition Vector c 

All c State Vector Entries That Contain A One. These States Have An 

Operational Third Workstation And At Least One Unit In The Second 

Buffer. 

As shown in the final column of table 6 the steady state availability for 

all cases is within 1 % error. The computation of the vector PaCt + 1) = Pa(t)·p 

was conducted on a full sparse matrix P (i.e. no transient states removed). 

Each steady state availability, Au computed by the program was found by 

examining the levelling off point for a specific (A( t) = c . Ps (t » trajectory. In 
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Table 5. Gershwin and Schick's Results. 

CASE, rl r2 r3 PI P2 P3 VI V2 NlJtatelJ EFF 

1 .09 .09 .09 .01 .01 .01 4 4 200 .7676 
5 .225 .225 .225 .025 .025 .025 4 4 200 .7895 
6 .09 .225 .18 .025 .02 .01 4 8 360 .7358 
8 .09 .09 .09 .01 .01 .01 4 6 280 .7741 
10 .09 .09 .09 .01 .01 .001 5 5 288 .8236 

Table 6. C Program Test Comparison Results. 

CASE 
rl r2 r3 

VI V2 TIME IA(t + 1) - A(t)1 AVAIL - - -
PI P2 P3 

* A"s 

1 9 9 9 4 4 60 1.25825 X 10-4 .76029 
5 9 9 9 4 4 90 2.63453 X 10-5 .78876 
6 3.6 11.25 18 4 8 100 4.80413 X 10-5 .73425 
8 9 9 9 4 6 90 1.00791 X 10-4 .76966 
10 9 9 90 5 5 90 5.81145 X 10-5 .82013 
1a 9 9 9 4 4 100 4.65512 X 10-5 .76556 
1b 9 9 90 4 4 100 3.14116 X 10-5 .81799 
Ie 90 9 90 4 4 100 1.02520 X 10-5 .88398 
1d 90 9 90 4 8 100 1.99676 X 10-5 .88502 
lOa 9 9 9 5 5 100 7.51018 X 10-5 .77093 
lOb 9 9 90 5 5 100 4.84586 X 10-5 .82066 
10c 90 9 90 5 5 100 1.57356 X 10-5 .88464 
10d 9 9 90 5 8 100 5.52535 X 10-5 .82143 

* Production Horizon Time 
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this case the stopping criteria was 'A(t + 1) - A(t)' ~ 0.003. The ratios of ri/pi, 

(i = 1,2,3) are included for each workstation. It should be emphasized that for 

most applications 

5 < !l < 100 
- Pi -

where k is the number of workstations. 

b. Reduced Sparse Transition Matrix P r 

i = 1,2, ... , k (6.1) 

New entries designated la, lb, lc, ld, lOa, lOb, lOc, and 10d in table 

6 were run using a partial transient state filter program. This program culls 

out most transient states from the overall transition matrix P. This is done by 

recognizing that a transient state has 

(1) No Entries In Its Corresponding P Matrix Column (i.e. No Inbound 

Edges To The Equivalent State Node) 

(2) One Entry Only On The P Matrix Column's Diagonal (i. e. Discon

nected Equivalent State Node) 

Repetitively eliminating the transient state's P matrix column and cor

responding row results in the reduced P r matrix. Presently, the computer pro

gram maintains a record of the culled transient states in a file. It was de

termined that 100 repetitive multiplications of PaCt + 1) = PaCt) . P r to meet 

the 'A(t + 1) - A(t)' ~ 0.003 criteria for computing AS.!. The initial vector of 

Pa(O) = (1,1,1,1,1) was chosen as the starting value for these multiplications. 

The ri/pi ratios listed in table 6 were selected to identify their effects 

on the overall availability (efficiency). It is expected that large ratios for the first 

and last workstations (i. e. rt/PI and rk/Pk, respectively) in a series transfer 

line with all buffers having equal capacities (i. e. VI = V2 = ... Vk-l) will 

increase the availability. This condition corresponds to the bowl phenomenon 

first proposed by Hillier and Boling (1966). 
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Item lOc with an availability of 0.88464 has a final probability vector 

shown in table 7. This vector corresponds to the sparse vector p.(lOO) in the 

expression Au ~ c . p.(lOO). It should be emphasized that only the non zero 

entries for the p.(lOO) vector are listed in table 7. Examination of table 7 

indicates that the highest probability states are: 

State No. State Probability 

64 (1,1,1,1,1) 0.42582 

112 (2,1,1,1,1 ) 0.02811 

160 (3,1,1,1,1 ) 0.02713 

208 (4,1,1,1,1 ) 0.28528 

246 (5,0,1,0,1) 0.07571 

These states reflect the dominant modes for the three workstation se

ries line. Close examination of item lOc in table 6 shows that the above results 

are predictable. The low rd P2 ratio for the second workstation slows the re

moval of items from the first buffer. In addition, state # 246 would not be 

counted since it fails to have at least one item in the second buffer. Thus, 

it does not not contribute to system availability (efficiency). From a design 

standpoint it would be advantageous to affect a reduction of the probability 

for state #246. This can be done by increasing the r2/P2 ratio for the second 

workstation. Extensive tests were conducted to determine whether the same 

availability could be computed for the same ri/pi ratios with different ri and 

Pi values. These tests were conducted using the various combinations of Gersh

win's input parameter data listed in table 5. It was found that this could not be 

done. Items la and lc listed in table 5 are examples of this fact with constant 

ri!Pi ratios. This is illustrated in table 8 for those cases with Vi = 1'2 = 4. 



4 
11 
12 
19 
20 
27 
28 
35 
36 
43 
50 
56 
57 
58 
60 
63 
64 
65 
66 
67 
68 
71 
72 
73 
74 
75 
76 
79 
80 
81 
83 
84 
87 
88 
91 
95 
98 
102 
105 
106 
108 
109 
110 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 

T ble 7 Table 6 Item IOc Final Probability Vector. 90 
a . . 6 215 2.811791e-04 

7·26963ge-02 125 3.541521e-0 216' 1.443033e-03 
3.789688e-05 126 2.197912e-05 217 1.980183e-07 
7.141693e-03 127 2.57239ge-05 218 2. 120244e-06 
4. 135040e-05 128 1.786634e-04 221 2.88133ge-06 
2.56984ge-04 129 2.040345e-07 222 2.043262e-05 
3.763800e-05 131 2.33882?e-06 223 2.538614e-04 
2.353718e-04 132 2.119212e-04 224 1.329012e-03 
3.425898e-05 133 3.219700e-06 225 1.804843e-07 
2.15703ge-04 135 2.356683e-05 228 2.654514e-06 
3.118347e-05 136 2.1 00284e-03 229 2. 624266e-06 
4.157724e-04 139 3.0 13508e-05 231 2. 292144e-04 
7·189760e-03 143 3.151 064e-04 232 2.0920 16e-02 
2.880641e-07 146 4.028151e-04 235 2.684006e-05 
2.225892e-06 150 4.257631e-03 239 5.089935e-04 
2.87174ge-03 153 2.527134e-07 246 7.570616e-02 
3.748047e-06 154 2.099582e-06 253 3.42707ge-05 
4. 258190e-0 1 156 2. 844924e-03 254 2. 416355e-04 
2.626710e-07 157 3.849977e-06 261 3.110700e-05 
2.179694e-06 158 2.418812e-05 262 2.271670e-04 
2.857874e-06 160 2. 712553e-02 269 2. 824260e-05 
1.583637e-05 161 2.306815e-07 270 2.133218e-04 
4.254991e-04 162 2.101898e-06 277 2.564866e-05 
2.644294e-03 163 2.829334e-06 280 5.021987e-04 
2.396596e-07 164 1.453762e-05 287 5.077781e-03 
2.169103e-06 165 3.502258e-06 
2.606143e-06 166 2.198476e-05 
1.461334e-05 167 2.705668e-05 
3.868403e-04 168 1.807540e-04 
2.398193e-03 169 2.099800e-07 
2. 188394e-07 170 2.129227e-06 
2.376486e-06 171 2.554441e-06 
2.134695e-04 172 1.340185e-05 
3.516870e-04 173 3.185877e-06 
2.176244e-03 174 2. 118484e-05 
3.06616ge-05 175 2.4 75928e-05 
3.197233e-04 176 1.683783e-04 
4.091605e-04 177 1 .91352ge-07 
4.334758e-03 179 2.30643ge-06 
2.688636e-07 180 2. 11 0863e-04 
2.152346e-06 181 2.899158e-06 
2.853363e-03 183 2.265391e-05 
4.284726e-06 184 2.02797ge-03 
2.667081e-05 187 2.961003e-05 
2.811140e-02 191 3.098411e-04 
2.452972e-07 194 3.968422e-04 
2. 130677e-06 198 4.173656e-03 
2.838518e-06 201 2.392116e-07 
1.513922e-05 202 2.066335e-06 
3.89546ge-06 205 3.477494e-06 
2.420221 e-05 206 2. 199121 e-05 
2.807108e-05 208 2.852771e-Ol 
1.963583e-04 209 2.175317e-07 
2.239557e-07 210 2.080323e-06 
2.145593e-06 213 3. 164885e-06 
2.586967e-06 214 2.112691e-05 
1.398532e-05 



Table 8. Non Repeatability of Availability Tests. 

CASE rl r2 r3 PI 

la .09 .09 .09 .01 
1aa .045 .045 .045 .005 
lc .09 .09 .09 .001 

1ca .099 .045 .099 .. 0011 

6.2.2 Workstation Failure - Repair Analysis 

a. Regression Analysis 

P2 P3 Au 

.01 .01 .76556 
.005 .005 .75629 
.01 .001 .88398 

.005 .0011 .88391 
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Based on the data presented in table 6 a formalized regression experi

ment was conducted to determine the effects of probabilities of failure and repair 

(Pi and ri, i = 1,2,3) and buffer capacity (VI and V2 ). This experiment consisted 

of generating a set of uniform random values within the ranges 

0.001 ~ Pi ~ 0.01 
(6.2) 

0.01 ~ ri ~ 0.1 

Two values of buffer capacity were considered, namely Vi = 2,4, i = 1,2. Based 

on previous experience, ten different Pi'6 and ri'6 were randomly generated for 

each Vi, V2 combination. This makes a total of 40 simulated observations for 

availability. The resultant simulated observations along with the resultant com

puted availabilities, AV are shown in table 9a. In addition, table 9a lists the 

computed lower (zero), AV LO and upper (infinite) AV H I capacity buffer limit 

availabilities for each of the 40 simulated observations. The lower limit was 

computed using the following relation stated in Buzacott (1971). 

1 
Au(O) = k Pi 

1 + L:i=1 -ri 

(6.3) 



Table 9a. Three 

aBS PI Rl P2 

.007681.1 O.OJ;19~~ C·] 18553 

.0061030 0.063220 .(;::.17 t97 

.0048398 0.03073: .C021977 

.001275'3 0.080BO::i .C,J59~ 11 
5 .00182010 0.01':30:) .G·:).lGt3€. 
6 .0082197 0.088655 0:) 189001 
7 .0048473 0.09-1226 · 00290~6 
3 .0064664 0.092051 GC.S5~OB 
9 .00373G3 0.095675 .OC91177 

10 .00870.13 0.043008 .0';:'37673 
11 .008S1el 0.07265·1 ;'YJJ3385 
12 .0078854 0.071983 .OOB0986 
13 .0047103 0.023284 · GC98648 
14 .0088705 0.076106 · OC'7Q24 I 
15 .0075562 0.014721 .006317.1 
16 .006693'7 0.09S106 (.09S 119 
17 .0014413 0.075901 G011'~ I 
18 .00B7097 0.096355 .0C60424 
19 .00901B9 0.09=453 OOt096~ 

20 .0045764 0.048350 .0076937 
21 .0092701 0.040.285 0055679 
22 .0019506 0.025725 .00.26014 
23 .0099005 0.086085 .0093866 
24 .0025789 0.024205 0047563 
25 .0079950 0.061965 f}057':23 
26 .0033292 0.0')9 7.13 -·Ce6S02 
27 .0067459 0.010.181 :-(.39210 
08 . OO~J8~5 0.0984h· ... ':;';::.':.14586 
29 .0063.166 0.O27~55 .")090950 
30 .0099421 0.08.1830 .:014250 
31 OQ7F.{) ~ 3 O.0:'D3~ :.n035669 
32 .01)613.1.1 0.075739 fl).lO'3-:.1 
33 00618"73 0.O:,:!7·t9 :'U:')~~a,? 

1·' .00433:': 0.0':6110 ~':~JS--

J:" .001~J~': 0.0')7301 ':C:3')~5':: 

16 .00-11:]=') 0.051'370 )0.198 ,.1 
37 .0048841 0.02 ~J39 0:.-0::9168 
39 .0021]98': 0.071558 :"':·:9~ 15 
39 . 005~C;69 0.053924 :-'09779': 
40 .007.123:3 0.066675 ~l::':5 130 

Workstation Series Line Regression 

The $AS System 

R2 P3 R3 BUFI BUF~ 

O.O::?S2.:a .OO57G93 0.03191 t 2 
0.051 '~8 .0039912 0.070597 2 
0.079025 .007.1556 0.013259 2 
0.038852 .OO999~6 0.072631 2 
0.067312 .00820195 0.032183 2 
O. 0609~4 .0073773 0.019163 2 
O.O~2024 .0057985 0.099092 2 
0.0')55'301 .0012557 0.085771 2 
0.0717=0 .0025945 0.087650 2 
0.039163 .0032419 0.077601 2 
0.0367.11 .0091333 0.060003 4 
0.054510 .0037509 0.043001 4 
0.097ege .0090441 0.055459 4 
0.066123 .0027393 0.011452 
0.037175 .0015177 0.084027 
0.0130·:') .0057532 0.048846 
0.096697 .0035876 0.019901 
0.0')8654 .0052890 0.038742 
0.079836 .0016620 0.047148 4 
0.036178 .0053728 0.066281 4 
0.080810 .0043875 0.085512 2 
0.080654 .007R681 0.035992 2 
0.011392 .0028311 0.025750 2 
0.0333:9 .0092942 0.096841 2 
0.mHJ6Cv .00.1.1322 0.093941 2 
O.OSI~'Jl .0096:?73 0.07B776 2 
0.0347:'" .0045027 O.05:;!855 2 
O. l)4eeC6 OO'J5Bb6 0.078818 2 
0.043893 .0037666 0.052314 2 
0.05876] .0011tjH6 0.065655 2 
0.010094 .OOAO{)-15 0.06:1290 
0.0511 '3 .OOI~511 0.027821 
0.0570'3-6 .003071)8 0.057715 
i).O:'J~·~~ .0033336 O.OA5t43 
O.O.lGS7] .0OIS:')!l 0.0<]R2-19 
o 060B36 .0041565 0.075003 
0.059585 .0015362 0.026145 
0.069.1':2 . 0083833 0.063630 
0.001.1:;.13 .0019574 0.083853 
0.0579:::3 .00.16171 0.05.1242 

Results. 

21:08 Fr1day, November 9, 1990 

AV AVLO AVHI 

0.69928 0.69556 0.84516 
0.80361 0.80301 0.91200 
0.60471 0.57210 0.63996 
0.77518 0.77399 0.86777 
0.70192 0.68868 0.79594 
0.67898 0.66274 0.72193 
0.85806 0.85768 0.9-4470 
0.87517 0.B7S10 0.93433 

. O. 83655 0.83637 0.88"123 
0.74748 0.74611 0.83175 
0.74197 0.7354 t 0.86793 
0.75182 0.74795 0.81063 
0.69400 0.68211 0.83173 
0.71699 0.68399 0.80690 
0.61470 0.58765 0.66068 
0.55321 0.51607 0.57087 
0.83962 0.82578 0.84717 
0.78209 0.77657 0.87986 
0.87355 0.81205 0.91'1 I 
0.72519 0.72031 0.82471 
0.74651 0.74055 0.81295 
0.75842 0.75375 0.82057 
0.53301 0.48797 0.54812 
0.75030 0.74335 0.87503 
0.80680 0.80161 0.88565 
0.77851 0.77467 0.88477 

.0.54814 0.50349 0.60824 
0.7.4923 0.74641 0.83765 
0.66818 0.66122 0.81107 
0.86468 0.86269 0.89511 
0.5053" 0.46847 0.60564 
0.83456 0.82913 0.92513 
0.).70443 0.69151 0.78611 
:-.75.182 0.73824 0.80040 
0.80115 0.79704 0.819CJ6 
0.82227 0.82006 0.92523 
0.75308 0.73982 0.81388 
o 82749 0.82268 0.88363 
0.75053 0.74516 0.81896 
0.79186 0.78455 0.89973 

(0 
t-:I 
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where k = number of workstations. 

Similarly, the upper limit was computed with the following relation 

found in Freeman (1958). 

A"(~l = mint: Pi} for i = 1,2, ... k 

rj 

The following linear model was used to describe the data 

where YA = availabilities listed in table 9a. 

f30 = contant term (average availability) 

Pi = workstation failure probability (i = 1,2,3) 

ri = workstation repair probability (i = 1,2,3) 

Vj = buffer capacity (j = 1,2) 

f3Pi = workstation failure probability coefficient 

f3ri = workstation repair probability coefficient 

f3Vj = buffer capacity coefficient 

(6.4) 

As shown in table 9b, with an R2 = 0.8185, the estimated linear model pre

dicts the data. Examination of the parameter estimates shows a large f3P2 = 

-15.326275 value for the second workstation. This emphasizes the importance 

of keeping the second workstation at a high reliability to preclude a reduction in 

availability. The largest probability of repair coefficient is f3r2 = 1.683447 for the 

second workstation. Here a good repair strategy is to allocate the most of the 

maintenance resources to the second (middle) workstation. This strategy incor

porates speed of repair with focused resources. Note, the buffer coefficients f3Vl 

and f3V2 are approximately the same. Thus there is a small affect on availability 

by increasing the capacity of either buffer. 
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Table 9b. Three Workstation Series Line Regression Results. 

Source 

Model 
Error 
C Total 

Root MSE 
Oep Mean 
C.V. 

Variable OF 

INTERCEP 
PI 
Rl 
P2 
R2 
P3 
R3 
SUFI 
SUF2 

OF 

8 
31 
39 

The SAS System 

Analysis of Variance 

Sum of 
Squares 

0.28535 
0.06327 
0.34862 

0.04518 
0.74059 
6.10009 

Mean 
Square 

0.03567 
0.00204 

R-square 
Adj R-sq 

Parameter Estimates 

F Value 

17.477 

0.8185 
0.7717 

Parameter Standard T for HO: 

Prob>F 

0.0001 

Estimate Error Parameter=O Prob > iTi 

0.628323 0.06424568 9.780 0.0001 
-9.246469 3.20211061 -2.888 0.0070 

1.234730 0.25634129 4.817 0.0001 
-15.326275 2.94190240 -5.210 0.0001 

1.683447 0.33682271 4.998 0.0001 
-8.745926 3.01702467 -2.899 0.0068 

1.493415 0.31676071 4.715 0.0001 
0.006480 0.00774042 0.837 0.4089 
0.006857 0.00757183 0.906 0.3722 
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b. Maximum Availabilities 

Tables lOa and lOb list the maximum availabilities for 11 cases. Table 

lOb includes results designated AV LO and AV H I previously described in a. 

above. For the constant buffer cases with Vi = 2 and 4, i = 1,2 the largest 

availabilities of 0.87517 and 0.83456 occur for observations # 8 and # 32, re

spectively. In these cases P3 is approximately 1/5 times smaller than PI and 

1>2. The Pi and ri (i = 1,2,3) parameter values for observation # 8 were then 

run for a 3 stage line with buffer capacities of Vi = 8, i = 1,2. The resulting 

availability was 0.88422. This leads to the conclusion that the highest reliability 

and the most maintenance resources should be applied to the last workstation 

for constant buffer capacity systems. 

For the case where the buffer capacities are Vi = 2 and V2 = 4 the 

maximum availability occurs for observation # 19. Here 1>2 is smaller than PI 

and P3 which suggests keeping the second workstation at the highest reliability. 

This partially verifies the regression results listed in table 9b. 

Finally, for the case with Vi = 4 and V2 = 2 the maximum availability 

occurs for observation # 30, Here, both P2 and P3 values are smaller than Pl' In 

this case, the higher reliabilities (i.e. 1 - Pi, i = 2,3) for workstations # 2 and 

# 3 are used to offset the small capacity allocated to buffer # 2. 

c. Bowl Phenomenon Considerations 

The bowl phenomenon first proposed by Hillier and Boling (1966) and 

reexamined by Muth and Alkaff (1987) requires unbalancing the servers in an 

asynchronous series line with three exponential servers. As previously stated in 

chapter 1, Hillier and Boling verified that the greatest throughput rate is found 

by having two identical outside servers with greater mean service time than the 

interior server. However, as Muth and Alkaff pointed out, if service times are 
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Table lOa. Maximum Availabilities, 

OB PI rl 1>2 r2 P3 r3 Vi V2 

7 .0048473 .094226 .0029085 .052024 .0057985 .099092 2 2 
8 .0064664 .092051 .0055208 .095594 .0012557 .085771 2 2 
9 .0037303 .095675 0091177 .071750 .0025945 .087650 2 2 
17 .0014419 .075801 .0011221 .096697 .0035876 .019901 2 4 
19 .0090189 .092453 .0010966 .078836 .0016620 .047148 2 4 
25 .0079950 .061965 .0057423 .080600 .0044322 .093941 4 2 
30 .0099421 .084830 .0014250 .058763 .0011686 .065655 4 2 
32 .0061344 .075739 .0040974 .051113 .0012511 .027821 4 4 
35 .0015952 .097301 .0089252 .040673 .0018295 .098249 4 4 
36 .0041950 .051970 .0048814 .060636 .0043565 .075003 4 4 
38 .0029884 .071558 .0029215 .069442 .0083833 .063630 4 4 

Table lOb. Maximum Availabilities. 

OB AVLO AVHI AVHI- AV 
AVLO Ass 

7 .85768 .94470 .08702 .85806 
8 .85710 .93433 .07723 .87517 
9 .83637 .88723 .05086 .83655 

17 .82578 .84717 .02139 .83962 
19 .87205 .91111 .03906 .87355 
25 .80161 .88565 .08404 .80680 
30 .86269 .89511 .032'12 .86468 
32 .82913 .92513 .10600 .83456 
35 .79704 .81996 .02292 .80115 
36 .82006 .92523 .10517 .82227 
38 .82268 .88363 .06095 .82749 
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deterministic unbalancing the line in this manner decreases the throughput rate. 

For the problem, herein, reducing the probability of failure, P (i. e. increasing 

the expected number of trials to failure-see Appendix F) for the first and third 

workstations is equivalent to the bowl phenomenon. This is not substantiated 

by the results presented in table 9b. 

Based on the data listed in table 9a the bowl phenomenon does seem to 

work for all cases where the PI and P3 values are 1/2 to 1/4 times smaller than 

P2. To test this hypothesis the following cases corresponding to the 4 different 

buffer configurations were rerun with new ri and Pi, i = 1,2,3 data. 

Table 11. Bowl Phenomenon Effects. 

NEW NEW NEW NEW 
OB Pl rl P2 r2 

8 .0018295 .098249 .0055208 .095594 
16 .0066997 .098106 .0076937 .036178 
29 .0019506 .025725 .0090950 .043893 
35 .0015952 .097301 .0029215 .069442 

NEW NEW NEW OLD 
OB P3 r3 All.'! Au 

8 .0012557 .085771 .91628 .87517 
16 .0057532 .048846 .72057 .55321 
29 .0037666 .052314 .74169 .66818 
35 .0018295 .098249 .92981 .80115 
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Comparing the new Au with the old A.., shows that there is an increase 

in availability for bounded Pi values. 

d. Constant Buffer Capacity Considerations 

A comparison of the AV (A •• ) data was made with each of AVLO 

(A",,(o» and AV H I (A",,(oo» values listed in table 9a This comparison shows that 

in most cases the computed AV fall closer to the lower bound AV LO. To identify 

the plausible reasons for this result, a new set of availabilities were computed 

for a 3 stage line with constant buffer capacities of Vi = V2 = 2,4,6,8,10,15. 

The 3 stage's line's availabilities for the constant buffer capacity combinations 

are shown in the four plots of figure 11. These plots represent the cases where 

Table 12. Constant Buffer Capacity Parameter Values. 

CASE Pi Reli ri STATE 

1 0.001 0.999 0.1 HI-HI 
2 0.01 0.99 0.01 LO-LO 
3 0.001 0.999 0.01 HI-LO 
4 0.01 0.99 0.1 LO-HI 

Each plot shows the lower (zero) and upper (infinite) capacity buffer 

availability limits designated as AV Low and AV Hi, respectively. The plots 

for the first three cases indicate that there is relatively no effect on availability 

by increasing the buffer capacity. The levels of availabilities remain close to the 

lower limits. For the LO-HI case, however, increasing the buffer capacity causes 

a greater rise in availability. This fact substantiates the results presented in 

tables lOa and lOb. 
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e. Regression Model Availability Predictor 

Based on the previous analyses presented in items a. through d. above, 

the following linear model was hypothesized to predict availability, YA 

where 

ri 
gi= fori=I,2,3 

ri + Pi 
(6.7) 

and r i, Pi (i = 1, 2, 3) and lIj (j = 1, 2) were previously defined. This model was 

selected since the steady state availability for a single workstation as demon

strated in appendix F is given by expression (6.7). Results of the SAS run using 

the data listed in table 9a are shown in table 13a. With an R2 = 0.9842, the 

model model predicts to a very high degree the data. It is evident from table 

13a that with {3v1 = 0.001099 and {3v2 = 0.001535 the buffers offer very little 

to the model. This fact supports the plotted results represented in figure 11. A 

second SAS run was made using the model 

(6.8) 

The results are shown in table 13b. Here R2 = 0.9839. For this model, the steady 

state availability is predicted by a linear combination of individual workstation 

availabilities. The {3g3 coefficient, being the largest, indicates that the steady 

state availability of the third workstation is the most important. For this model 

g3 > g2 < gl· 

As shown in table 13b the coefficients for the estimates of {3g; (i = 1,2,3) 

(i.e. RRPl, RRP2, and RRP3) are relatively close to each other. Their average 
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Table l3a. Regression Model Availability Predictor Results. 

Source 

Model 
Error 
C Total 

Root MSE 
Oep Mean 
C.V. 

Variable OF 

INTERCEP 
RRPl 
RRP2 
RRP3 
BUFl 
BUF2 

OF 

5 
34 
39 

The SAS System 

Analysis of Variance 

Sum of 
Squares 

0.34312 
0.00549 
0.34862 

0.01271 
0.74059 
1.71656 

Mean 
Square 

0.06862 
0.00016 

R-square 
Adj R-sq 

Parameter Estimates 

F Value 

424.632 

0.9842 
0.9819 

Parameter Standard T for HO: 

Prob>F 

0.0001 

Estimate Error Parameter=O Prob > :T: 

-0.940247 0.03921668 -23.976 0.0001 
0.599822 0.02544461 23.574 0.0001 
0.629162 0.02071463 30.373 0.0001 
0.647214 0.03011170 21.494 0.0001 
0.001099 0.00216569 0.507 0.6152 
0.001535 0.00205633 0.747 0.4604 

Table l3b. Regression Model Availability Predictor Results. 

The SAS System 

Analysis of Variance 

Sum of Mean 
Source OF Squares Square F Value Prob>F 

Model 3 0.34300 0.11433 732.673 0.0001 
Error 36 0.00562 0.00016 
C Total 39 0.34862 

Root MSE 0.01249 R-square 0.9839 
Oep Mean 0.74059 Adj R-sq 0.9825 
C.V. 1.68677 

Parameter Estimates 

Parameter Standard T for HO: 
Variable OF Estimate Error Parameter=O Prob > :T: 

INTERCEP -0.936139 0.03825148 -24.473 0.0001 
RRPl 0.599206 0.02493906 24.027 0.0001 
RRP2 0.626003 0.01997526 31. 339 0.0001 
RRP3 0.655084 0.02783357 23.536 0.0001 
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value is 0.626763. Two hypothesis F tests in matrix form -see Graybill (1976) 

Ho: H/3g = h vs. Ho: H/3g =1= h (6.9) 

were perfonned to test this degree of closeness. In expression (6.9) H is q X P 

matrix, /3g a p X 1 vector, and h a q X 1 vector. For this test the computed F 

value, w, is used as the test criteria. If w ~ Fo:q,n-p then Ho is rejected at the 

a level. 

With n = 40 observations the SAS results for these tests are: 

Test # 1: 

Ho: /3g1 = /3g2 = /3g3 or /391 - /392 = 0, /3g1 - /393 = 0 

Computed F Value = w = 1.1768 

3.15 < F:05:q=2,n-p=36 < 3.32 

2.39 < F:l:q=2,n-p=36 < 2.49 

Prob > F = 0.3198 

Decision: 1.1768 < 3.15 and 1.1768 < 2.39 Fail To Reject Ho 

Test # 2: 

Ho: /391 = /392 = /393 = 0.626763 

Computed F Value = w = 0.8352 

2.76 < F.05:q=3,n-p=36 < 2.92 

2.18 < F:l:q=3,n-p=36 < 2.28 

Prob > F = 0.4834 

Decision: 0.8352 < 2.76 and 0.8352 < 2.18 Fail To Reject Ho 

Thus, it can be concluded that all the coefficients are equal. In addition, 

a reasonable approximation for each is their average. 
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6.3 Four Workstations - Three Buffers 

6.3.1 Test Conditions 

are: 

The principal test parameters for the program run of this configuration 

a. Buffer Capacities: Vi = 2,4, i = 1,2,3 

b. Minimum Nllcace. = 432, Maximum NIlCatell = 2000 

c. P.(O) = (1,1,1,1,1,1,1) 

d. Availability Definition Vector c 

All c Vector State Entries That Contain A One. These States Have An 

Operational Fifth Workstation And At Least One Unit In The Fourth 

Buffer. 

e. Production Horizon Time tph = 100 

f. Workstation Failure Probability: 0.001 :5 Pi :5 0.01 i = 1,2,3,4 

g. Workstation Repair Probability: 0.01:5 ri :5 0.1 i = 1,2,3,4 

6.3.2 Regression Results 

a. Regression Results 

Based on the regression results for the three workstation two buffer 

production line, a set of random Pi' /J and ri'll listed in table 14a were generated to 

identify the most sensitive parameters. The criteria outlined in expression (6.2) 

was employed to generate each Pi and rio As shown in table 14a, this resulted 

in 80 simulated conditions for various combinations of buffer capacities in the 

range Vi = lt2 = Va = 2,4. Steady state availabilities, A V (A/I/I) were evaluated 

with the C program developed herein. In addition, the lower AVLO (AII,,(o» and 

upper AV H I (A/I/I(oo» buffer capacity availability limits were computed using 

expressions (6.3) and (6.4), respectively. 



Table l4a. Four Workstation Series Line Regression Results. 

The SAS System 21 :09 Friday. November 9. 1990 

08S p, R' P2 R2 P3 R3 P' R4 eUF 1 BUF2 8UD AV AVLO AVHl 

.0076814 0.04'922 .0018553 0.025248 .0057693 0.031911 .006 '030 0.0632:20 2 2 2 0.65624 0.65'8' 0.845'6 .0047187 0.051128 .0039912 0.070597 .OO~B3BB 0.030732 .0021977 0.079025 2 2 2 0.75257 0.74953 0.86393 .0074556 0.013:259 .0012759 0.080803 .0059211 0.038852 .0089926 0.072631 2 2 2 0.57158 0.53920 0.63996 4 .0018240 0.014305 .0046136 0.067312 .0082495 0.032183 .0082197 0.088655 2 2 2 0.6600' 0.64735 0.79594 5 .0018904 0.060994 .0073773 0.019163 .0049473 0.094226 .0029086 0.052024 2 2 2 0.672:28 0.65635 0.72193 6 .0057985 0.099092 .0064664 0.09205' .0055208 0.095594 .0012557 0.08577 , 2 2 2 0.83308 0.83246 0.9303 7 .0037303 0.095675 .0091177 0.071750 .0025945 0.067650 .0087043 0.043008 2 2 2 0.71765 0.71535 0.83175 8 .0037673 0.039169 .0032419 0.077601 .0019422 O.OAIOtS .0098833 0.057946 2 2 2 0.75258 0.75051 0.85434 9 .0050446 0.068332 .002'932 0.044677 .0087713 0.034049 .0058072 0.085110 2 2 2 0.69336 0.69032 0.795 '9 
'0 .0084149 0.079473 .0095987 0.041286 .0048462 0.031681 .0090818 0.096597 2 2 2 0.63471 0.63075 0.8t 136 
II .0088'8 , 0.072654 .0033385 0.03874' .009'333 0.060003 .0078854 0.077983 2 2 4 0.69287 0.68448 0.86793 
'2 .0080986 0.05-l510 .0037509 0.043001 .0047 t03 0.023284 .0098648 0.097998 2 2 4 0.66202 0.64984 0.83173 
'3 .009044 I 0.055459 .0088705 0.076106 .0070241 0.066123 .0027393 0.011452 2 2 4 0.64262 0.6'538 0.80690 
'4 .0075562 0.OU721 .0063174 0.037175 .0015177 0.084027 .0066997 0.098 '06 2 2 4 0.59408 0.56497 0.66068 
'5 .0098119 0.013049 .0057532 0.048846 .0014419 0.075801 .0011221 0.096697 2 2 4 Q.56418 0.5:2631 0.57097 
'6 .0035876 0.0'990' .0097087 0.096855 .0060424 0.098654 .0052890 0.038742 2 2 4 0.69495 0.68115 0.84717 
'7 .0090189 0.092453 .0010966 0.078836 .00'6620 0.047148 .0045764 0.048350 2 2 4 0.80997 0.8055 , 0.91 It 1 
'8 .0076937 0.036178 .0053728 0.066281 .0076934 0.045150 .0075780 0.059273 2 2 4 0.63637 0.62823 0.82471 
'9 .0029842 0.059450 .0048342 0.066955 .0030946 0.093'08 .0098654 0.034349 2 2 4 0.70058 0.693 " 0.77680 20 .0084102 0.020055 .0048570 0.060928 .0042162 0.090638 .0087553 0.081150 2 2 4 0.62372 0.60470 0.70450 
21 .0027898 0.018S6:! .0026200 0.077645 .0056786 0.096412 .0035'17 0.02505 , 2 2 0.73504 0.71947 0.86932 22 .0054802 0.013788 .0012009 0.067786 .ooB3554 0.011986 .0\)78815 0.074830 2 2 0.48865 0.45093 0.58919 23 .0014097 0.086793 .OO995:!3 O.047:!11 .0086167 0.042018 .0024631 0.027911 2 2 0.67372 0.66706 0.82978 24 .0039674 0.054293 .0088452 0.08:2431 .0045524 0.013397 .0041090 0.013313 2 2 0.58444 0.54673 0.74638 25 .0094993 O.09562:! .OO:!98:!9 0.041621 .0040115 0.058882 .0098677 0.092838 2 0.75252 0.743:20 0.90390 26 0013931 0.0'0582 .0089097 0.022052 .0065496 0.056242 .0049.297 0.096598 2 0.6' '33 0.58721 0.71221 27 .00.10991 0.030386 .0040452 0.053876 .0043675 0.092141 .0086795 0.016242 2 0.58076 0.55804 0.65'69 28 .0043931 0.066446 .0039083 0.034388 .0077876 0.012241 .0072070 0.074044 2 0.56 '90 0.5:2228 0.61108 
29 .0042615 0.055177 .00'88'7 0.090346 .0085067 0.092254 .0065937 0.095995 2 0.80026 0.79434 0.9'554 30 .0041544 0.016039 .0084605 0.055650 .0079511 0.05:!703 .OOG9535 0091891 2 0.63305 0.61149 0.79445 
3' .009270' 0.040295 .0055679 0.0808'0 .00~3875 0.0855'2 .00'9506 0.025725 2 0.70929 0.70120 0.81295 
32 .00260'4 0.080654 .0078681 0.035992 .0099005 0.096085 .0093866 0.011392 2 0.49497 0.45655 0.54812 33 OO:!831 1 C.0:!S750 . OO~57B9 0.024205 .OO475113 0.033329 .OnC}2842 0.096841 2 2 0.69579 0.6872' ~ 97~03 34 .0079950 0.06'965 .0057423 0.080600 .0044322 0.093941 .0038292 0.099743 2 2 0.78431 0.77767 G.89565 35 0066802 0.051291 .0096273 0.018776 .0067459 0.01048' .0089210 0.034724 2 2 0.50474 0.46431 0.60824 36 .0045027 0.052855 .0023895 0.098465 .0094586 0.048806 .0095866 0.0788'8 2 2 0.70739 0.70'80 o 83765 37 .0063466 0.0:!7255 .0090950 0.043893 .0037666 0.052314 .0099421 0.084830 2 2 0.62293 0.58485 0.69:07 38 .00,4250 0.058763 .0011686 0.065655 .0052956 0.016737 .0077251 0.063783 4 2 2 0.69638 0.67577 0.75953 39 .0018466 0.025679 .0041478 0.054957 .0058573 0.047204 .0012024 0.095114 4 2 2 0.78261 0.75605 0.85068 40 .0028068 0.062975 .00'0757 0.074167 .0023611 0.09774' .0077245 0.067174 4 2 2 0.83726 0.83454 0.89692 
4' .00760'3 0.02'339 .0065669 0.0'0094 .0080645 0.063290 .006'344 0.075739 2 4 0.49565 0.45135 0.60564 42 .0040974 0.051 ,,3 .0012511 0.027821 .0061873 0.022749 .0069589 0.057676 2 4 0.67260 0.65880 0.78611 43 .0030798 0.0577'5 .0043324 0.066110 .0059577 0.023898 .0033836 0.085'43 2 4 0.72287 0.7'026 0.80040 44 .0015952 0.097301 .0089252 0.040673 .0016295 0.098249 .0041950 0.051970 2 4 0.75588 0.74881 0.81996 45 .0048814 0.060636 .0043565 0.075003 .0048841 0.021339 .0038168 0.059586 2 4 0.11370 0.69862 0.81388 46 .00'5362 0.026'45 .00:29884 0.07'558 .0029215 0.069442 .0083833 0.063630 2 4 0.79345 0.78467 0.88363 47 .0052569 0.053924 .0097794 0.044243 .0019574 0.083853 .0074293 0.066675 2 4 0.69940 0.68802 0.81896 48 .0045130 0.057828 .0046171 0.054242 .0067678 0.066918 .0091043 0.049182 2 4 0.70235 0.68996 0.84386 49 .00524 '8 0.025666 .0096525 0.0745'6 .0022334 0.07'95' .0055'60 0.0'4904 2 4 0.60263 0.57634 0.72968 50 .0092915 0.029248 .0017479 0.049850 .0055711 0.098583 .0036860 0.094564 2 4 4 0.70194 0.69050 0.75895 
5' .0022389 0.059643 .0081180 0.095593 .0045834 0.071436 .00'6687 0.044488 4 2 4 0.82425 0.82022 0.92170 52 .0023039 0.086013 .0060447 0.040470 .0014433 0.088520 .0062239 0.097S13 4 2 4 0.80284 0.79615 0.87014 53 .00'6052 0.064491 .0063975 0.0'8388 .0022763 0.04847, .0032609 0.044682 4 2 4 0.68867 0.66980 0.74'83 54 .0042963 0.033822 .0053093 0.093830 .0025664 0.094146 .0079844 0.062841 4 2 4 0.75172 0.74737 0.88720 .... 55 .003593 , 0.089276 .0020'30 0.0534'6 .0089590 0.098'63 .0097835 0.048139 2 4 0.7389' 0.72872 0.83' ,5 0 56 .0033 '58 0.095796 .0021032 0.042428 .00299'6 0.066359 .005'80' 0.0' '933 2 4 0.68642 0.63963 0.69725 til 



Table l4a. Four Workstation Series Line 

The SAS System 

aBS PI R I ," 02 P3 03 P. 

57 .0089079 0.019800 .C-:-51729 0.070080 .0041991 0.054006 .0051536 
58 .0072284 0.079776 ":·:'09253 0.083546 . OO~5942 0.058402 .0053093 
59 .0015618 0.050605 .C010730 0.0844 \4 .0096067 0.054754 .0079529 
60 .0010369 0.071791 . (<;38961 0.093271 .0055001 0.056595 .0075408 
61 .0064003 0.012215 C()S2904 0.019462 .0052328 0.050721 .0082970 
62 .0013728 0.071466 .X62t35 0.036854 .0068445 0.056001 .0064588 
63 .0031255 0.057155 .0063179 0.070458 .0038156 0.080492 .0010060 
64 .0020757 0.040523 .0079343 0.019495 .0067826 0.076145 .0086024 
65 .0042326 0.091070 .0037091 0.035825 .0022374 0.057952 .0054168 
66 .0025437 0.022417 .0023194 0.080906 .0057893 0.030177 .0098375 
67 .0032999 0.016126 .0010825 0.076103 .0077237 0.080095 .0047886 
68 .0045440 0.069620 . ':<:·68566 O,O~0671 .0023492 0.058247 0073537 
69 .0044889 0.026746 0096242 0.038190 .0028327 0.012142 .0040408 
70 .0038852 0.070057 0072120 0.053146 .0036917 0.075425 .0027990 
7 t .0032365 0.038796 .C-:l96844 0.011527 .0032538 0.037750 .0035814 
72 .0046748 0.046744 .0044531 0.026275 .0011203 0.073536 .0028638 
73 .0061541 0.099500 .OC59047 0.038948 .0072161 0.014681 .0010367 
74 .0067712 0.022279 .COI2339 0.076614 .0048943 0.061008 .0036547 
75 .0050094 0.068758 X27995 0.074658 . OO~OO19 0.08601~ .0059078 
76 .0094223 0.072439 :"':'614E3 0.080e31 .0085109 0.065062 .0057504 
77 .0041771 0.049181 :-':57059 o 049650 .0067622 0.085298 .0043516 
78 .0099014 0.026244 :-::7199:' 0.092529 .0071455 0.026435 .0031522 
79 .0012984 0.086516 .:022387 0.047950 .004196B 0.073610 .0081284 
80 .0070226 0.04480:' :·:'.19660 0.074392 .0096686 0.090861 .0092754 

Regression 

N eur 1 

O.uol542B 
o 072202 
0.076710 
0.029763 
0.044415 
0.015313 
0.079651 
0.096293 
0.032566 
0.044759 
0.027605 4 
0.093978 4 
0.067947 4 
0.057378 4 
0.022623 4 
0.042948 4 
0.029202 4 
0.075328 4 
0.096590 4 
0.011921 4 
0.095635 4 
0.062861 4 
0.074796 4 
o 069:02 t 4 

Results, cont'd. 

21 ;09 Frl0ay, November 9. 1990 

BUF2 Bur3 AV AVlO A\'HI 

0.60443 0.58485 0.69207 
O.7a943 0.77B95 0.91691 
0.76295 0.75605 0.85068 
0.71490 0.70639 0.79229 
0.51253 0.47939 0.65610 
0.60134 0.57744 0.70326 
0.83563 0.83015 0.91769 
0.63104 0.61104 O. ' 1080 
0.74623 0.73798 0.85733 
0.65309 0.64364 0.81978 
0.69189 0.67172 0.63016 
0.68572 0.6~618 O.7':l082 
0.61836 0.59307 0.81095 
0.78326 0.77585 0.88055 
0.50040 0.46138 0.5.361 
0.74977 0.73990 0.e5519 
0.60442 0.57447 0.67032 
0.70820 0.69038 0.76695 
0.842~4 0.83204 0.93209 
0.59748 0.54966 0.E7459 
0.76409 o 75185 0.89686 
0.57956 0.56315 O. '72607 
0.8:'247 0.81490 0.90197 
O.70Q4J 0.68997 0.86453 

..... 
o 
0) 
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The following linear model was examined to emphasize the effects of 

changing individual Pi and ri, i = 1,2,3,4 parameter values. Therefore, 

~=~+~~+~~+~~~~+~~+~~ 

+ Pp"P4 + Pr"r4 + (3Vl Vi + (3v, V2 + PVa Va + E 
(6.10) 

where (30, (3Pi' (3ro' and (3Vi were previously defined for the three workstation 

two buffer series line. 

The results of the SAS regression analysis run are depicted in table 14b. 

Here, R2 = 0.8111 which indicates that the model reasonably predicts the input 

parameter data. The first workstation's PI coefficient has the largest negative 

value. Thus, keeping the reliability of the first workstation, 1 - PI, as large as 

possible should increase the overall availability. The next significant coefficient 

is the one for the P2 variable. Here, the ratios l/PI and 1/P2 are equivalent to 

the mean service times for the first and second workstations, respectively. In 

this case the results do not substantiate the bowl phenomenon first discussed by 

Hillier and Boling (1966). Close examination of the results in table 14b indicate 

that the largest probability of repair, ri, coefficient occurs for the R2 variable. 

Here, the policy requires applying the most maintenance resources to the second 

workstation. Similarly, line design calls for allocating the largest buffer capacity 

to the last one installed in the line. 

b. Maximum Availabilities 

Tables 15a and 15b present the maximum availabilities for 8 cases. 

There is no discernable pattern as to the specification of maintenance resources 

among the workstations. It is interesting to note, however, that observation 

# 51 results characterize the bowl phenomenon. The ratios PI and P4 are ap

proximately 1/4 times ~ and Pa for the interior # 2 and # 3 workstations. This 

case satisfies the 3 workstation series line criteria for bowl phenomenon design. 
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Table l4b.. Four Workst~~.~~n' Se:r:ies Line _~egressiori Results .. 

The SAS System 

Analysis of Variance 

Sum of Mean 
Source OF Squares Square F Value Prob>F 

Model 11 0.51941 0.04722 26.548 0.0001 
Error 68 0.12095 0.00178 
C Total 79 0.64036 

Root MSE 0.04217 R-square 0.8111 
Oep Mean 0.68364 Adj R-sq 0.7806 
c.v. 6.16903 

Parameter Estimates 

Parameter Standard T for HO: 
Variable OF Est1mate Error Parameter=O Prob > ITI 

INTERCEP 0.552096 0.04647272 11.880 0.0001 
P1 -10.318050 1.98766317 -5.191 0.0001 
R1 1.408445 0.18765787 7.505 0.0001 
P2 -9.754270 1.89443999 -5.149 0.0001 
R2 1.475059 0.22091308 6.677 0.0001 
P3 -8.639818 2.13080860 -4.055 0.0001 
R3 0.962086 0.19007928 5.061 0.0001 
P4 -7.512089 1.89625587 -3.962 0.0002 
R4 1.339808 0.18880473 7.096 0.0001 
BUF1 0.002740 0.00487208 0.562 0.5757 
BUF2 0.002217 0.00503480 0.440 0.6611 
BUF3 0.002962 0.00503749 0.588 0.5585 
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Table 15a. Maximum Availabilities. 

OB Pl rl 1'2 r2 Pa ra 

6 .0057985 .099092 .0064664 .092051 .0055205 .095594 
17 .0090189 .092453 .0010966 .078836 .0016620 .047148 
29 .0042615 .055177 .0018817 .090346 .0085067 .092254 
40 .0028068 .062975 .0010757 .074167 .0023611 .097741 
46 .0015362 .026145 .0029884 .071558 .0029215 .069442 
51 .0022389 .059643 .0081180 .095593 .0045834 .077436 
63 .0031255 .057155 .0063179 .070458 .0038156 .080492 
75 .0050094 .068758 .0027985 .074658 .0020019 .086012 

Table 15b. Maximum Availabilities. 

OB P4 r4 Vt V2 Va AVLO AVHI AVHI- AV 
AVLO A"" 

6 .0012557 .085771 2 2 2 .83246 .93433 .10187 .83308 
17 .0045764 .048350 2 2 4 .80551 .91111 .10560 .80997 
29 .0065937 .095995 2 4 2 .79434 .91554 .12120 .80026 
40 .0077245 .067174 4 2 2 .83454 .89692 .06238 .83726 
46 .0083833 .063630 2 4 4 .78467 .88363 .09896 .79345 
51 .0016687 .044488 4 2 4 .82022 .92170 .10148 .82425 
63 .0010060 .079651 4 4 2 .83015 .91769 .08754 .83563 
75 .0059078 .086590 4 4 4 .83204 .93209 .10005 .84224 
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c. Bowl Phenomenon Considerations 

The design criteria for the 3 workstation series line with 0.001 $ Pi $ 

0.01 and 0.01 $ ri $ 0.1 employing the bowl phenomenon requires bounding the 

end workstation probability of failures with respect to the interior workstations. 

This criteria was tested against the cases listed in table 16 to identify 

the effects of the bowl phenomenon. 

Table 16. Bowl Phenomenon Effects. 

NEW NEW NEW NEW NEW NEW 
OB PI rl P2 r2 P3 r3 

6 .0012557 .085771 .0064664 .092051 .0055208 .095594 
30 .0069535 .091891 .0084605 .055650 .0078511 .052703 
53 .0016052 .064497 .0022763 .048471 .0022763 .. 048471 
64 .0020757 .040523 .0067826 .076145 .0067826 .076145 

NEW NEW NEW OLD 
OB P4 r4 Au Au 

6 .0012557 .085771 .86415 .83308 
30 .0069535 .091891 .69819 .63305 
53 .0016052 .064497 .87612 .68867 
64 .0020757 .040523 .78782 .63104 

Increases in availability occured for each observation. 
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d. Constant Buffer Capacity Considerations 

Table 17 lists the availabilities for the constant Vi = 2 and 4, i = 1, 2, 3 

buffer capacity conditions. As with the 3 workstation line changing the buffer 

capacities for the HI-HI, LO-LO, and HI-LO cases seem to have minimal effect 

on increasing overall ability. This, however, is not evident for the LO-HI case. 

Here maintaining a high probability of repair for each workstation provides a 

rapid rise in availability. This is evident from the A .. (~) - A .. (2) LO-HI entry 

in table 17. 

Table 17. Constant Buffer Capacity Availabilities. 

STATE AVLO AVHI A .. (2) A .. (4) A .. (4) - A .. (2) 

HI-HI .96154 .99009 .96127 .96226 9.9 X 10-4 

LO-LO .20000 .50000 .20709 .21069 3.6 x 10-3 

HI-LO .71429 .90909 .78489 .78510 2.1 X 10-4 

LO-HI .71429 .90909 .71774 .74204 2.4 X 10-2 

As shown in table 17 the computed steady state availabilities, A .. for 

the Vi = 2 or Vi = 4 (i = 1,2) buffer capacities remain closer to the lower (zero) 

bound AVLO. 

e. Regression Model Availability Predictor 

The three workstation series line results and the analysis conducted in 

items a. through d. above suggest the following linear model 

YA = f30 + f3fJl gl + f392 g2 + f3 fJa g3 + f3fJ4 g4 

+ f3v1 VI + f3V2 V2 + f3va V3 + e 
(6.11) 
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where 9i (i = 1,2,3,4) are the individual workstation steady state availabilities 

defined in expression (6.7). As shown in the SAS run results of table 18a R2 = 

0.9776. Thus, the model represented in expression (6.10) predicts to a very high 

degree the data listed in table 14a. Again the buffer coefficient estimates for {3Vj 

(j = 1,2,3), (i.e. BUF1, BUF2, and BUF3) are very small. 

Elimination of the Vi, l/2, and V3 buffer variables in expression (6.10) 

should not significantly reduce the predictive capability of the model. To test 

this fact a new SAS run was made using the following revised linear model 

without the Vj (j = 1,2,3) variables 

(6.12) 

The results are listed in table 18b. Here R2 = 0.9755. This supports the 

results presented in table 17 indicating little or no affect on overall availability 

due to an increase in individual buffer capacities. It should be emphasized that 

further SAS regression runs would be required to determine the sensitivity of 

the (39; coefficient estimates. These runs would be made for ranges of Pi and ri 

outside of those defined in expression (6.2). 

The (39; (i = 1,2,3,4) coefficient estimates designated RRP1 through 

RRP4 for individual workstation availabilities shown in table 18b are approxi

mately equal. In this case it is reasonable to allocate the maintenance resources 

equally among all four workstations. 

As with the three workstation series transfer line two hypothesis F 

tests were conducted to statistically verify the closeness of the {39; coefficient 

estimates listed in table 18b. These tests are formulated in terms of the matrix 

representation in expression (6.9). If w ~ Fa:q,n-p then the null hypothesis Ho 

is rejected at the Q level. Here the average value for these estimates is 0.549915. 
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Table l8a. Regression Model Availability Predictor Results. 

Source 

Model 
Error 
C Total 

Root MSE 
Oep Mean 
c.v. 

Variable DF 

INTERCEP 
RRPl 
RRP2 
RRP3 
RRP4 
8UFl 
8UF2 
BUF3 

OF 

7 
72 
79 

The SAS System 

Analysis of Variance 

Sum of 
Squares 

0.62599 
0.01436 
0.64036 

0.01412 
0.68364 
2.06595 

Mean 
Square 

0.08943 
0.00020 

R-square 
Adj R-sq 

Parameter Estimates 

F Value 

448.312 

0.9776 
0.9754 

Parameter Standard T for HO: 

Prob>F 

0.0001 

Estimate Error Parameter=O Prob > :T: 

-1.301770 0.03697424 -35.207 0.0001 
0.559320 0.01790949 31. 230 0.0001 
0.561239 0.Oi931634 29.055 0.0001 
0.538143 0.01913325 28.126 0.0001 
0.547180 0.01977492 27.670 0.0001 
0.002788 0.00161940 1.722 0.0894 
0.003105 0.00163161 1.903 0.0610 

-0.000060841 0.00163727 -0.037 0.9705 

Table l8b. Regression Model Availability Predictor Results. 

Source 

Model 
Error 
C Total 

Root MSE 
Oep Mean 
C.V. 

Variable DF 

INTERCEP 
RRPl 
RRP2 
RRP3 
RRP4 

OF 

4 
75 
79 

The SAS System 

Analysis of Variance 

Sum of 
Squares 

0.62468 
0.01568 
0.64036 

0.01446 
0.68364 
2.11477 

Mean 
Square 

0.15617 
0.00021 

R-square 
Adj R-sq 

Parameter Estimates 

F Value 

747.170 

0.9755 
0.9742 

Parameter Standard T for HO: 

Prob>F 

0.0001 

Estimate Error Parameter=O Prob > :T: 

-1.278624 0.03620593 -35.315 0.0001 
0.566162 0.01792265 31. 589 0.0001 
0.552452 0.01926309 28.679 0.0001 
0.535532 0.01870746 28.627 0.0001 
0.545515 0.02021346 26.988 0.0001 



With n = 80 observations the SAS results for these tests are: 

Test # 1: 

Ho: (391 = (392 = (393 = (3g4 

or (391 - (392 = 0 I (3g1 - (398 = 0, (391 - (3g4 = 0 

Computed F Value = w = 0.5120 

2.68 < F.o5:q=3,n-p=75 < 2.76 

2.13 < F.l:q=3,n-p=75 < 2.18 

Prob > F = 0.6752 

Decision: 0.5120 < 2.68 and 0.5120 < 2.13 Fail To Reject Ho 

Test # 2: 

Ho: (391 = (392 = (393 = (3g4 = 0.549915 

Computed F Value = w = 0.3845 

2.45 < F.o5:q=4,n-p=75 < 2.53 

1.99 < F.l:q=4,n-p=75 < 2.04 

Prob > F = 0.8191 

Decision: 0.3845 < 2.45 and 0.3845 < 1.99 Fail To Reject Ho 
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Thus, it can be concluded that all the coefficients are equal. In addition, 

a reasonable approximation for each is their average. 
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6.4 Five Workstations - Four Buffers 

The principal test parameters for the program run of this config-uration 

a. Buffer Capacities: Vi = 2, i = 1,2,3,4 

b. N"tate" = 2592 

c. P.(O) = (1,1,1,1,1,1,1,1~1) 
d. Availability Definition Vector: c 

All State Vector Entries That Contain A One. These States Have An 

Operational Fifth Workstation And At Least One Unit In The Fourth 

Buffer. 

e. Production Horizon Time: tph = 100 

f. Workstation Failure Probability: Pi = 0.001, i = 1,2,3,4,5 

g. Workstation Repair Probability: n = 0.1, i = 1,2,3,4,5 

The computed availability for the conditions listed above was 0.95212. 

Unlike the previous series line configurations the availabilities for this example 

converges very quickly. 

6.5 Three And Four Workstation Series Line Design/Maintenance Summary 

The following table 19 lists the design and maintenance criteria for the 

three and four workstation lines previously discussed. For the three workstation 

line keep the last workstation's reliability, (i. e. 1 - P3) at the highest level. In 

addition, supply the second workstation with the most maintenance resources. 

Both buffers can have equal capacity. 

For the four workstation line keep the last and first workstations at the 

highest reliability levels. Similarly, concentrate most maintenance resources on 
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the workstations. Finally, the largest capacity should be allocated to the line's 

first buffer. 

Table 19. Series Line Design/Maintenance Criteria (New Systems) 

STATION 
SERIES STATION AR/MAINTENANCE BUFFER 
LINE TYPE CRITERIA CAPACITY 

Three Deterministic 1. Order Probability Keep Both Buffers 
Workstation Constant Of Failure At Equal Capacity 

Production P2<Pl<P3 
Rate For Each 2. Order Probability 
Workstation Of Repair 

r2 > r3 > rl 

Four Deterministic 1. Order Probability Order Buffer 
Workstation Constant Of Failure Capacities 

Production PI < P2 < P3 < P4 Va>Vi>V2 
Rate For Each 2. Order Probability 
Workstation Of Repair 

r2 > rl > r4 > r3 

For old in place 3 and 4 stage lines it is recommended that the bowl 

phenomenon be used to increase availability. This can be done by decreasing the 

Pi values for the input and output workstations. The amount of this decrease 

depends on the Pi levels for the interior workstations. 
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CHAPTER 7 

CONCLUSIONS, RECOMMENDATIONS, AND PROPOSED FUTURE RESEARCH 

7.1 Conclusions and Recommendations 

7.1.1 Series Transfer Lines 

a. Three Workstations - Two Buffers 

As shown in table 13 the simulated regression results for the steady 

state availability, Aaa , indicate a distinct advantage to keeping the avail

ability of the line's last workstation at a very high value. This seems 

to enhance the availability. However, increasing any buffer's capacity 

has little advantage. Here, the regression results indicate that keeping 

all buffer capacities constant is a reasonable approach to transfer line 

design. In this case with gi = rdCri + Pi) Ci = 1,2,3) as the only 

variables, the linear regression model almost exactly fits the simulated 

data. Hypothesis F tests at the a = 0.1 and 0.05 levels showed that 

the coefficients of the linear model were equal. It is suggested that a 

new Markov Chain model developed to take advantage of this fact for 

predicting the line's steady state availability. For design purposes and 

based on the regression results listed in table 9 it is recommended that 

the reliability of the last workstation be kept at the highest level. In 

addition, equal buffer capacities provide a good starting point for line 

design. 

b. Four Workstations - Three Buffers 

The results presented in table 18 requires keeping the availability of 

each workstation at a high value. As with the three workstation series 
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line there is little effect on predicting availability due to either an in

crease or decrease in buffer capacity. Similarly, with 9i = rd(ri + Pi) 

(i = 1, 2, 3, 4) as the only variables, the linear regression model almost 

exactly fits the data. Hypothesis F tests at the a = 0.1 and 0.05 levels 

showed that the coefficients of the linear model are equal. Here again it 

is recommended that a new Markov Chain model be developed to take 

advantage of this fact for predicting the line's steady state availability. 

c. Five Workstations - Four Buffers 

This example demonstrates the computer program's capability to eval

uate the steady state availability of large systems. The program is only 

limited by the maximum storage capacity of a single file. For the AT & 

T UNIX version 3.0 operating system the largest series line which can 

be analyzed is either a four workstation line with Vi = 5 (i = 1,2,3) 

buffer capacities (i.e. NstatelJ = 3456) or a five workstation one with 

Vi = 2 (i = 1,2,3) (i.e. NlJtates = 2592). It is recommended that a later 

version of the operating system be used to extend the maximum file 

storage storage. This would permit the analysis of larger series lines. 

7.1.2 Computer Program Expansion 

Operation of the computer program is simple with the interactive type 

input. It could be improved through the addition of a data base file system 

to store the input for future retrieval. In addition the built in test software 

(BITS) could be expanded to include more checking of variables' status and 

the program's architecture level. This would promote technical troubleshooting 

when new configuration modules are added to the program. A text editor should 

be incorpoarted into the program. This will facilitate changing the input data to 

compare a variety of applicable solutions. Presently, the computer program runs 
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on a UNIX operating system computer. It would be advantageous to convert the 

matrix and vector structures to dynamically allocated ones. Then the computer 

program could operated on a PC with a limited stack. Lastly, it is recommended 

that a graphics module be included into the program for instantaneous readout 

and display of availability data versus production horizon time. 

Based on the success with the present computer program, it is rec

ommended that it be extended to handle the parallel series and series parallel 

configurations identified in appendices B and C. The algorithm presented in 

chapter 2 can be used to evaluate the transition matrices, P, for both. 

In the parallel series transfer line's case, this would require modifying 

the program's user input routines. The program would permit input of the 

utilization probabilities, PI, for 1 = 1,2, ... , n paths. These probabilities when 

multiplied by the individual path's availability provides the overall system avail

ability. 

Similarly, the transition matrix can be computed for the series parallel 

configuration. This is done by expanding the action state 0 - 1 test criteria at 

each of the eight levels listed in table 1. Instead of a single test at time t to t + 1, 

there will be multiple tests. This is due to the different possible combinations of 

multiple machine operations in a single workstation. As illustrated in appendix 

C this increases the number of states for the system. 

7.1.3 Approximation Model Verification 

It is suggested that the approximation model presented in appendix 

D be tested against the classically derived ones discussed in chapters 2 and 

appendices B and C. This should be done for different combinations of numbers 

of workstations and buffer capacities. The approximation model's output is 

production (i. e. flow) rate. Therefore, the computed availabilities for the 
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classically solved transfer lines must be multiplied by their design production 

rates to provide a meaningful comparison. 

Unlike the M. I. T. approximation model, the model presented in ap

pendix D employs two decomposition procedures instead of one. It is recom

mended that other methods be found to evaluate the probabilites of starvation 

and blockage for a particular buffer. 

7.1.4 Transition Matrix, P, Simplification 

Further examination of the transition matrix's, P, entries is required 

to reduce the size of the overall matrix. The compression method proposed by 

Sheskin (1976) for steady state matrices may be adapted to the transfer line's 

initial time transition matrix. Sheskin's method is based on finding a linear 

relationship among the states for a particular transition matrix row. In some 

cases the reduction of the number of is two to one. 

A second possible method to reduce the overall size of P is to decom

pose it into a series of stochastic matrices. This method presented in Courtois 

(1977) relies on techniques developed by Ando and Fisher (1963) and Simon 

and Ando (1961). These techniques require that the time of convergence to a 

stationary distribution for the original P matrix be equivalent to the individual 

decomposition matrices. Here, the repetitive multiplication procedure outlined 

herein provides this time for each state and t. 

Finally, it is suggested that the stationary distribution for P be com

puted by finding [I - P]-l subject to p. e = 1. The matrix inverse can be 

evaluated with the assistance of the Crout's algorithm. This algorithm simpli

fies Gaussian elimination by employing recursive methods to compute the Crout 

array. This array can then be used to solve for the L U decomposition of P. Sim

ple back substitution then provides the individual entries for the above inverse 
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matrix. 

7.1.5 Sensitivity Analysis Computations 

Sensitivity analysis provides a framework to determine whether to bal

ance the line or not. Specifically, the average buffer level for each type of line can 

be plotted versus time to identify the most likely capacity. The average buffer 

level can be computed from the transition matrix, pt, t = 1,2, ... , tph where 

tph is the production horizon time. This is done by counting the number of 

transitions from one state to another with different buffer levels at a particular 

time, t. 

To enhance this analysis polynomial estimates of the A(t) trajectories 

should be made for different parameter inputs of the same configuration. Then 

the discrete estimate, 6.A(t)j6.t, can be computed for each t. This permits 

examination of the phase plane to identify the appropriate operational regime. 

Criteria can be developed from the sensitivity analysis to support the 

selection of a specific transfer line configuration over another. This is most im

portant when performing tradeoff studies to identify the best candidate design. 

7.1.6 Hardware Overlay Analysis 

It is recommended that data be gathered on known operational trans

fer lines. This data can then be compared with the computer output from a 

classical problem solution to determine the error. The purpose of this analy

sis is to demonstrate the equivalence of the hardware implementation with the 

control system design tools. This equivalence will permit systems analysis to 

be performed with geometric Z transforms. Transform analogs for workstations 

and buffers, similar to those for resistors, inductors , and capacitors, would 

greatly simplify transfer line analysis. It should be emphasized, however, that 

this analysis would have to compensate for the transfer line nonlinearities. 
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7.2 Proposed Future Research 

Future research will cover the following eight topics detailed in appendix 

(1) Task Scheduling 

(2) Quality Control (QC) Models 

(3) Total Costs 

(4) Operational Manufacturing Facility Analysis 

(5) Production Schedule Cycle Time Estimation 

(6) Assembly and Disassembly Networks 

(7) Physical Plant, Communication, and Control Systems 

(8) Aggregation and Disaggregation Methods 

Some of the areas are highly defined with expressions and examples for 

immediate computer program implementation. 

Three such areas are the feedback QC configuration, total costs, and 

the transition matrix canonical representation. It is suggested that work done 

by Dietrich (1971), Zonnenshain (1983), and Jalbout (1989) could be used to 

generate values for the feedback variables. This would provide flexibility for 

different types of transfer lines. 

The fixed and variable cost parameters can be incorporated into the 

computer program. These costs depend on current rate information for labor, 

power, etc. Finally the transition matrix P canonical representation can be 

fully implemented with the aid of graph theoretic methods. This requires the 

modification of Dijkstra's shortest path algorithm to find the remaining transient 

states (nodes). The algorithm presented herein to cull most of the transient 

states can be used first as a crude reduction of P. Then the modified Dijkstra's 

algorithm can be employed on the resultant matrix to finely cull the transient 
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states. 

In addition to eight areas listed above, the parallel-series, series-parallel, 

and transfer line approximation models warrant further investigation. These 

models are detailed in appendices B, C and D, respectively. 
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APPENDIX A 

PROPOSED FUTURE RESEARCH 

Discrete time Markov Chain methods provide the most representative 

solutions for manufacturing systems with transfer lines. The previous analyses 

have centered on evaluating the probability of being in a particular state for 

the series, parallel series, and series parallel lines. FUture research will focus on 

refining the already developed methods and solutions. In addition, new research 

areas will be investigated to augment these methods and solutions. Eight major 

interrelated areas have been identified for future research, namely 

(1) Task Scheduling 

(2) Quality Control (QC) Models 

(3) Total Costs 

(4) Operational Manufacturing Facility Analysis 

(5) Production Schedule Cycle Time Estimation 

(6) Assembly and Disassembly Networks 

(7) Physical Plant, Communication, and Control Systems 

(8) Aggregation and Disaggregation Methods 

The following presents a discussion on each of these topics in relation to the 

efforts conducted to date. Some of the areas are highly defined while others 

require extensive development. The objective of this appendix is to formulate 

these areas in terms of illustrative examples. Some care has been taken in using 

notation that falls within the framework of past analyses. This approach permits 

the integration of analytic solutions into the computer program presently Wlder 

development. Where possible, tabular representations are employed to facilitate 

the identification and specification of concepts. 
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1. Task Scheduling At Each Workstation 

The first major area of future investigation is task scheduling at each 

workstation. It is anticipated that this effort will result in a dissertation to 

determine the average optimal efficiency for k workstations. This quantity is a 

function of demand, D(t), system availability, A(t), and output design produc

tion rate, P R, that is, 

e = f(D(t),A(t),PR) 

The system availability, A(t), is a function of the previously analyzed indi

vidual workstation-buffer states. The following example illustrates the general 

approach for the analysis to be conducted during this effort. 

Example 

Consider an automobile manufacturing facility with k = 20 basic work

stations. This line has a design production rate of P R = 10 cars/hour. The 

design availability, A = 0.85, includes a suitable safety margin for under and 

over production. Market demand is D(t) = 5 cars/hour for a 3 month period. 

The computed production rate level per hour for this line is 

PRL = 10 ~ X 0.85 = 8.5 cars 
hour hour 

which is an over production in relation to the demand. Equating this value to 

demand rate D(t) and then solving for e yields 

D(t)=exPRL 

5 ~ = e X 8.5 cars 
hour hour 

e = 0.588 
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This will require buffering to slow the pace of the line to meet the demand driven 

efficiency. 

2. Quality Control Models 

2.1 Introduction 

The extended model with a quality control function is depicted in figure 

12. This model employs feedback to regulate the output of each workstation 

in the link. The number of sample and test functions, however, depends on 

the system's design and the product. For analysis purposes, sample and test 

functions have been added to each workstation. This permits greater model 

flexibility. It has been assumed that items scheduled for rework are sent to the 

previous stage and/or junked as scrap. In reality, however, these items may be 

sent to any previous workstation. This depends on the extent of rework after 

inspection. Also, the sampling and testing stations do not fail. The following 

summarizes the assumptions for this model. 

Assumptions 

(1) Sample And Test Stations Parallel Each Workstation 

(2) Rework Items Are Delivered To The Previous Stage 

(3) Sample And Test Stations Do Not Fail 

2.2 General Markov Chain Model 

The total number states for this system is computed with expression 

(2.1) for the k workstations k-1 buffers series transfer line. Careful examination 

of figure 12 indicates that each buffer's instantaneous level is regulated by an in

line and feedback sampling components. The feedback sampling component is a 

function of the number of sampled, good, reworked, and junked items found at 
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the next time instant. The entries listed in table 2 can be modified to account for 

the feedback sampling component. Table 20 lists the new entries for the quality 

control feedback system. It should be noted that the feedback inspection stations 

are assumed not to fail. This eliminates the need for repair. Therefore, table 1 

does not not have to be modified to reflect this fact. 

2.2.1 Buffer Levels 

For the case where the upstream and downstream buffers are partially 

full (i.e. entry 5), the number of items in the i - th buffer is: 

(A -1) 

where Ui(t) = control level required by the inspection station for the buffer 

= Si(t) - 9i(t) - Wi+l(t) + Zi(t) 

Si(t) = number of items sampled and tested 

Wi+l(t) = number of reworked items from the i + 1 - th buffer 

Zj(t) = number of junked items 

The quantities pri, ai(t + 1), pri+1! and ai+l(t + 1) are the production rates and 

0-1 indicators for the i - th and i + 1 - th workstations, respectively. Each 

Si(t) consists of the sum of three components, namely, 

where ts = sampling and testing time 

9i(t + t,,) = number good items found at ts 

Wi(t + t ll ) = number of reworked items found at ts 

Zi(t + t ll ) = number of junked items found at ts 

(A -2) 
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Table 20. Feedback quality control system buffer levels. 

NO. Vi-let) Viet) Vi+l(t) Viet + 1) 

1 0 0 0 

2 0 >0 < lti+l Viet) - pri+l . aHl(t + 1) - Ui(t) 

3 0 >0 lti+l Viet) - Ui(t) 

4 >0 0 pri . ai(t + 1) + WHl(t) 

5 >0 > 0, < lti < lti+l Viet) + pri . ai(t + 1) - prHl . ai+l(t + 1) - Uj(t) 

6 >0 > 0, < lti lti+l Vj(t) + pri . ai(t + 1) - Uj(t) 

7 lti < lti+l lti - prHl . aj+l(t + 1) - Ui(t) 

8 lti Vi+l lti - Uj(t) 

NOTE:uj(t) = Sj(t) - gj(t) - WHl(t) + Zj(t) 
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It is therefore evident that Viet) and Viet + 1) can be represented in 

functional form as: 

Viet) = Viet, Ui(t» 
(A-3) 

Viet + 1) = Viet + I,Ui(t + 1» 

2.2.2 General Transition Matrix 

With expression (A-3), the transition matrix, P, given in expression 

(2.6) can be modified to reflect the feedback quality control function shown in 

figure 16. For each state transition x to y, 

Now 

P(x, y) = Pr[s(t + 1) = y!s(t) = x] 

Pr[s(t + 1) = {VI(t + I,UI(t + 1»,v2(t + l,u2(t + 1», 

'" ,Vk-l(t + I,Uk-l(t + 1», 

al (t + 1), a2( t + 1), ... , ak( t + I)} 

!s(t) = {VI(t, Ul(t», V2(t, U2(t», ... , Vk-l(t, Uk-l(t», 

al (t), a2( t), ... ,ak( t)} 

For k workstations the above expression reduces to the product 

k-l 

P(x,y) = II Pr[vi(t + l,ui(t + I))/Vi-l(t,ui-l(t)),ai(t + 1), 
i=l 

Viet, Ui(t», ai+l (t + 1), Vi+l (t, Ui+l (t»] 
k 

. II Pr[ai(t + 1)!Vi-l(t,Ui-l(t»,ai(t),Vi(t,Ui(t»] 
i=l 

(A-4) 

(A - 5) 

(A-6) 

The functions ui(i) and ui(i+l) change the magnitude of each transition 

matrix, P, entry. This change reflects the type and level of sampling conducted 
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at each inspection station. Here, Ui(t) and Ui(t + 1) act as control for the in-line 

process. 

It is evident from expression (A-6) that the general matrix relationship 

is 

PaCt + 1, u(t + 1» = PaCt, u(t»· P(u(t» (A-7) 

holds for the u(t) and u(t + 1) control vectors. Both u(t) and u(t + 1) are 1 

by k vectors. Applying the well known simple recursion relation for first order 

difference equations to expression (A-7) yields: 

t 

Ps(t, u(t» = Ps(O, u(O»· II P(u(n» (A-8) 
n=O 

for t = 1,2, ... and P( u(O» = I. Expression (A-8) indicates that the prod

uct of the individual modified transition matrices P(u(n» must be evaluated 

for each time step. In geometric z-transform space expression (A-8) shows 

that P.(z, u(z» is a function of the t-fold convolution of the transition matrix, 

P(u(z». 

2.2.3 Aproximation Model 

The approximation model presented in appendix D for the series trans

fer line can be adapted to the feedback system shown in figure 12. This is done 

by considering the set of decomposed links depicted in figure 13. Here, there 

are k - 1 two workstation-one buffer basic links each with a sampling and test 

inspection station. The number of items sampled from the i - th buffer is given 

by 

(A - 9) 
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where A"i = sampling probability rate per item (0 :5 A"i :5 1) 

Ai, Ai+! = availabilities of the i - th and i + 1 - th workstations 

P RREQ = required production rate 
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Now, Markov Chain analysis can be used to evaluate the number of 

good, reworked, and junked items. Let the following states be defined as: 

0: item junked 

1: item coming from the 1- 1 - th basic link 

2: item in the 1- th basic link 

3: item in the 1 + 1 - th basic link 

where 1 ranges from 1 to k - 1. 

The transition matrix for the feedback quality control function can be 

represented by 

0 1 2 3 

0 1 0 0 0 

P qc1 = 1 0 1 0 0 
(A -10) 

2 PZI PWI Pg, 0 

3 PZI+l 0 PWI+l Pg,+l 

for 1 = 1,2, ... , k - 1. 

3. Total Costs 

3.1 General Relation 

It is recommended that the computer program be extended to provide 

the total cost per unit time for different assembly line configurations. The six 

basic components comprising the total cost are depicted in figure 14three costs 

are derived from the stochastic process operation of a line. The last three are 
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deterministic in nature. In mathematical terms the total cost is represented as: 

TCT(t) = TCPR(t) + TCIB(t) + TCR(t) + TCWF(t) + TCBF(t) + TCRM(t) 

(A - 11) 

3.2 Expected Total Cost And Demand Rate 

Given the demand rate, D(t), the expected value of expression (A-11) 

is represented by: 

E{TCT(t)ID(t)} = E{TCPR(t)ID(t)} + E{TCIB(t)ID(t)} + E{TCR(t)ID(t)} 

+ TCWF(t) + TCBF(t) + TCRM(t) 
(A -12) 

It should be emphasized that the fixed costs are usually not dependent on de

mand. In most cases these costs are allocated on a yearly basis. 

3.3 Stochastic Costs Evaluation 

The stochastic costs are represented in figure 15 for each workstation 

and buffer in the series transfer line. The cost relations for each type of system 

are: 

Series: 
k k-1 

TCPR(t) = LkpRi . PRi(t) + LkIDiVi(t) 
i=l ;=1 

Parallel-Series: 
NpATHS ki NpATHS ki-1 

TCPR(t)= L LkpRij·PRii(t)+ L LkIBij'V;i(t) 
;=1 i=l ;=1 i=l 

Series-Parallel: 
k mi k-1 

TCPR(t) = L L k pRij . PRii(t) + L kIDi . viet) 
;=1 i=l i=l 

(A -13) 
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3.4 Fixed Costs Evaluation 

The analysis of the manufacturing models previously discussed can be 

extended by evaluating the fixed costs for each one. Here, the fixed costs are 

constant rate type quantities usually defined over a designated time interval such 

as a year. For a typical manufacturing system, the fixed costs can be generalized 

into the following categories: 

(1) Labor (Permanent and Temporary) - TCPL(t) + TCTL(t) 

(2) Power - TCp(t) 

(3) Support - TCs(t) 

(4) Raw Material - TCRM(t) 

As depicted in figure 16, these costs are summed to provide the fixed 

cost component for the manufacturing system. Table 21 summarizes each of the 

above costs in mathematical terms. It should be emphasized that the summa

tions are equal to vector inner products of the assigned variables. It is recom

mended that the comput~r program be updated to incorporate these costs for 

each manufacturing model. 

3.5 Expected Profit Per Unit Time 

In addition to the costs stated above, the expected profit relations can 

be incorporated into the computer program. The general profit equation is given 

by: 

Profit Sales Price . 
= I . Output Productzon Rate 

Time tem 
Penalty Cost . 

- I . Demand Productzon Rate Error tem . 
Cumulative Production Cost 0 Pd' R 

I 
. utput ro uctzon ate 

tem 
(A -14) 
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Figure 16. Fixed Costs For a Typical Manufacturing System. 



COSTS 

Labor Per 
Unit Time 

Power Per 
Unit Time 

Table 21. Summary of k workstation k - 1 buffer series transfer line fixed costs. 

EQUIPMENT RELATION PARAMETER DEFINITION 

Workstation No. i TCL;(t) = KpL;NpL; + KTL;NTL; KpL; = Ii X 1 Vector of Cost Rates 
i = 1,2, ... , k Per Manhour for Ii 
k = Number of Permanent Labor Categories 

Workstations NpL; = Ii X 1 Vector of the Number 
of Employees for Ii 
Permanent Labor Categories 

Buffer No. i No Labor Required KTL; = qi X 1 Vector of Cost Rates 
i = 1,2, ... , k - 1 Per Manhour for qi 
k - 1 = Number of Temporary Labor Categories 

Buffers NTL; = qi X 1 Vector of the Number 
of Employees for qi 
Temporary Labor Categories 

Workstation No. i TCp;(t) = Kp;Np; K P; = Cost Per Kilowatt Per 
i = 1,2, ... ,k Unit Time 
k = Number of N P; = Average Number of 

Workstations Kilowatts Consumed 
Buffer No. i TCPBo = KPBoNPBo K pBo = Cost Per Kilowatt Per . .. . 
i = 1,2, ... , k - 1 Unit Time 
k - 1 = Number of NpBo = Average Number of . 

Buffers Kilowatts Consumed ..... 
tI) 
c.o 



Table 21. Summary of k workstation k - 1 buffer series transfer line fixed costs, cont'd. 

COSTS EQUIPMENT RELATION PARAMETER DEFINITION 

Support Per Workstation No. i TCSi(t) = KSi Nsi KSi = Vi X 1 Vector of Cost Rates 
Unit Time i = 1,2, ... ,k Per Item and/or Manhour 

k = Number of for Vi Support Categories 
Workstations N Si = Vi X 1 Vector of the Number 

of Items and/or Employees 
for V Support Categories 

Buffer No. i TCSBi(t) = KSBi NsBi KSBi = VBi X 1 Vector of Cost Rates 
i = 1,2, ... , k - 1 Per Item and/or Manhour 
k - 1 = Number of for VBi Support Categories 

Buffers NSBi = vBi X 1 Vector of the Number 
of Items and/or Employees 
for VBi Support Categories 

Raw Primary TCRM(t) = ~KkMNRM KRM = qRM X 1 Vector of Costs Per 

Materials Inputs Unit Item for Each 
qRM Raw Materials 

NRM = qRM X 1 Vector of the Number 
of Items for Each 
qRMRaw Materials 

----_ .. - ---_ .. - ---- ..... 
~ 
o 
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Since the demand, D(t) is not a random. variable the expected profit can written 

as: 

E{PFT(t)ID(t),PROUT(t)} = Sp· E{PROUT(t)} 

-,I' [D(t) - E{PROUT(t)}] 

. Pr{PRouT(t) < D(t)} 

-,2' [E{PROUT(t)} - D(t)] 

. Pr{PRoUT(t) > D(t)} 

- E{TCT(t)ID(t),PRouT(t)} 
(A - 15) 

The expected output production rates for the different transfer lines are given 

by: 

Series: E{PROUT(t)} = E{PRk(t)} 
NpATHS 

E{PROUT(t)} = L E{PRk;(t)} Parallel-Series: 
i=1 (A - 16) 

mk 

Series-Parallel: E{PRoUT(t)} = LE{PRk;(t)} 
i:1 

These relations can be substituted into expression (A-15) for E{P ROUT(t)}. 

4. Operational Manufacturing Facility's Analysis 

4.1 Introduction 

Cinlar (1975) offers a technique to analyze older manufacturing facilities 

with Markov Chain methods. This is especially necessary when a particular 

facility is in a marginal output production state. In this case, tradeoff solutions 

are required which either retro-fit or modernize the facility. The technique relies 

on the spectral decomposition of the forward transition matrix at a specific time 
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t. This would allow the identification of the principal modes (i. e. eigenvalues) 

for the system. The largest eigenvalues have the greatest affect on the system 

as t approaches a large value. 

4.2 Transition Probability Matrix 

The basic transition matrix eigenvalue relation is given by: 

S·P=A·S (A -17) 

where A = Nstates X NlJtatelJ diagonal matrix of eigenvalues. That is, 

A=Ct ~N~'.J (A -18) 

o 
The N8tateIJ X N8tate8 matrix S contains the NlJtate eigenvalues for every eigen

value. If S can be inverted then expression (A-17) becomes: 

P = S-l·A·S (A - 19) 

It can be shown by simple matrix algebra and recursion that 

pt = S-l . At . S (A - 20) 

From S, S-l, and A it can be shown that P can be decomposed into a set of 

primal matrices. Therefore, in matrix form 

N,tote, 

P = L >'kXk (A - 21) 
k=l 

Here Xk is the outer product of S-l column and S row vectors. Now from 

expression (A-15) 
N,tate. 

pt = L >'ktXk 
k=l 

(A - 22) 
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Expressions (A-21) and (A-22) are as the 3pectral decompo3ition3 of the transi

tion matrix P. 

4.3 Eigenvalue and Eigenvector Considerations 

From the well known theory of Perron-F'robenius as outlined in Seneta 

(1986), the nonnegative stochastic matrix, P, has a maximum eigenvalue Al = f3 

which is real, positive, and simple. This eigenvalue has a positive eigenvector, 

51' All other eigenvalues satisfy the condition 

j = 2,3, ... , Nstates (A - 23) 

If P represents an irreducible Markov Chain then f3 = 1. The following algorithm 

incorporates the use of expressions (A-22) and (A-23) for any time t. 

Algorithm 

(1) Compute Nstates Eigenvalues 

(2) Compute NlJtatse Eigenvectors 

(3) Identify the Largest (Dominant) Eigenvalues 

5. Production Schedule Cycle Time Bayesian Estimation 

5.1 Probabilities of Failure And Repair Estimates 

Another area for future investigation concerns the specification of real

izable values for the i - th workstation probabilities of failure, Pi, and repair, 

rio Of principal interest is their relation to the random variable, production 

schedule cycle time, Te. Thus the failure and repair rates are: 

1 
Ai =

Pi 
1 

Ili=-
Ti 

(A - 24) 
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It is suggested that data concerning these quantities be collected on known 

operational transfer lines. Estimates for Pi and ri can be computed for the 

i - th workstation by employing the following relations: 

where ti; = time duration of the failed state 

t;; = time duration of the repair state 

to~; = time duration of the operational state 

5.2 Bayesian Relationships 

(A - 25) 

Analysis of variance (ANOVA) can be used to provide reasonable esti

mates with confidence intervals for to~;, ti;, and t;;. over a production schedule 

cycle time, Te. Now, Bayesian analysis can be employed to estimate a probabil

ity density function with confidence intervals for the production schedule cycle 

time estimate, Te. In mathematical terms this relation for a k workstation k-1 

buffer series transfer line where p = (PI! P2, ... , PJ;) and r = (fi, r2, ... , rAJ;) s: 

P (T. I A A) = Prep, riTe) . Prete) 
reP, r P (A A) r p,r 

P (T. I A A) = Prep, riTe) . Prete) 
reP, r Pr(rlp) . Prep) 

(A - 26) 

The upper and lower confidence limits for the above relations are similarly de

fined. The objective here is to find the expected Te given various combinations 

of workstation probabilities of failure and repair. 
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6. Assembly and Disassembly Networks 

6.1 General Approach 

Assembly merge and disassembly networks (AMN's and DN's) combine 

a serial transfer line's flow with the operation of a multi assembly manufacturing 

facility. Ammar's (1980) research focuses on both types of networks. Investiga

tion of a typical AMN shows that the number of states for transition matrix, P, 

is the same as that defined in expression (2.1), that is, 

k-l 

NlJtates = 2k II (Vi + 1) 
i=l 

where k = number of workstations 

Vi = i - th buffer maximum storage level 

(A - 27) 

Ammar (1980) provides a framework and labeling criteria for buffers 

upstream of workstations, L, and workstations downstream of buffers, D, where 

L = {/il/i = {Buffer jlBuffer j Supplies Workstation i, 

j = 1,2, ... ,k-l}, i = 1,2, ... ,k} 

D = {Workstation dilBuffer i Supplies Workstation di, i = 1,2, ... , k} 
(A - 28) 

These sets along with the modified workstation and buffer level tables provide 

the method for evaluating the transition matrix, P, entries. Recent work by 

Gershwin (1988) employs a decomposition algorithm to analyze assembly disas

sembly networks (ADN's). This technique relies on the evaluation of product 

flow rate into and out of individual ADN buffers. The present program could 

be adapted to construct the P matrix for various types of ADN's. 
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6.2 Spanning Tree and Cutset Approach 

Of greater consequence, however, is finding suitable tractable approx

imation models based on the spanning tree and cutset flow graph theoretic 

concepts. The following example illustrates this point. 

Example 

As shown in figure 17, there are three primary serial cutsets with the 

following nodes: 
CSI = {WlIBb W2,B2} 

CS2 = {W3 ,B3 , W4 ,B4 } 

CS3 = {Ws, Bs} 

The source and sink cutsets for the system contain the nodes: 

CSsource(Cd = {BOl , B 02 } 

CSsource(C2) = {B03} 

CSsink = {W6 , B6 } 

Similarly, there are three principal spanning trees or path sets, PSi, for the 

configuration shown in figure 14 with nodes as follows: 

PSl = {Ball WI,BI, W3,B3, Ws,Bs, W 6 ,Bd 

PS2 = {B02 , W2,B2, W3,B3, Ws,Bs, W 6 ,B6 } 

PS3 = {B03 , W4 ,B4 , Ws,Bs, W6 ,B6 } 

For the system to operate satisfactorily all three primary,source, and sink cutsets 

must permit flow of material from cutset to cutset. Similarly, all three path 

sets must allow of this material. Here, statisfactory operation means that a 

workstation buffer combination provides adequate transmission of material to 

the next like combination. 
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Flow out of one cutset equals the flow into the next cutset. The flow 

into and out of a specific cutset is constrained by the following factors due to a 

specific workstation's state: 

(1) production rate 

(2) operability 

(3) starvation 

The approach presented in appendix D could be used to analyze typical 

AMN's. These techniques could also be employed to analyze disassembly net

works (DN's). More generally, however, it is suggested that similar approxima

tion methods could be used to analyze assembly disassembly networks (ADN's). 

6.3 Equivalent Network Analysis Method 

A straightforward analysis requiring he enumeration of all possible sys

tem states at a specific time t becomes unwieldy. An equivalent network analysis 

method can be used to evaluate the AMN's transition matrix, P. This is done 

by identifying all the spanning tree (i. e. path) sets from every input worksta

tion to the last workstation. The following discussion describes this method for 

a maximal size AMN. A maximal size AMN contains an equal number of work

stations and buffers for every path set. Figure 18 is an example of a maximal 

size AMN. Here there are 3 workstations and 2 buffers in every path set. 

6.3.1 AMN Equivalent Network 

The AMN depicted in figure 18 can be reconfigured for modelling pur

poses as shown in figure 19. Here, every machine has corresponding upstream 

and downstream buffers associated with each internal path set. Each path 

can now be analyzed separately. This done by constraining the correspond

ing buffer's maximum level proportionate to Vi. The number of path sets for a 
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maximal size AMN equals the number of input workstations, i. e. 

N PSmu = Number of Input Workstations (A - 29) 

Example 

The number of input workstations in figure 18 is N PSmu = 3. Therefore 

there are 3 path sets. In this example each buffer has a maximum level capacity 

of Vi = 4 items. Then the total number of states for this AMN is given by 

4 4 

Nstatea = 25 II(Vi + 1) = 25 II(4 + 1) = 32·65 = 20,000 
i=I i=I 

This AMN has a 20,000 x 20,000 transition matrix P. Based on previous ex

perience approximately 20 % of this matrix has non-zero entries (i. e. 8 x 107 

non-zero entries) with the rest all zeros. This is still an enormous of data to store 

at any particular time. The path set equivalent network allows the evaluation 

and storage of a smaller number of matrix entries. This done by treating each 

path separately at any given time and then combining individually probability 

solutions. 

Example 

The maximal AMN shown in figure 18 has 3 path sets designated as 

follows: 

PSI = {WI,BI , W4 ,B4 , W5 } 

PS2 = {W2 ,B2 , W4 ,B4 , W5 } 

PS3 = {W3,B3, W4 ,B4 , W5 } 

As with the previous example each buffer has a maximum level capacity of Vi = 4 



items. The total number of states for each path set is 

NlJlalelJPSl = 23 II 5 = 200 
i=1,4 

NIJlaleIJPS2 = 23 II 5 = 200 
i=2,4 

NlJlalelJPs/j = 23 II 5 = 200 
i=3,4 
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Each of these path sets generates a 200 x 200 element transition matrix, Pi, 

i = 1,2,3. If 20 % of the entries for each matrix are non-zero then there are 

3· (8000) = 24,000 entries which must stored at a specific time. This is in sharp 

contrast to the 8 x 107 entries for the example above. It is evident that a method 

to combine the individual path state probability vectors for a particular time 

t would be most advantageous from a computational viewpoint. The follow

ing paragraph presents the techniques to evaluate the Markov Chain transition 

matrix P for each path set transfer line. 

6.3.2 Transition Matrix, P, Evaluation 

The computation of the individual transition matrix, Pi, entries for 

each path set is performed by using tables 1 and 2. Each path's transition 

matrix, Pi is evaluated separately. A path probability vector's relation, PSI (t) 

for i = 1,2, ... ,N PSmo: paths at time t is given by expression (2.8) in chapter 

2. The following paragraph presents the technique used to combine each PSI (t) 

for the overall solution Ps(t) of the maximal AMN. 

6.3.3 Path Set Probability Vectors Combination 

Every state of the example AMN shown in figure 18 must include some 

corresponding state or states in each path set. The following example illustrates 

this point. 
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Example 

Let the state in the overall AMN as depicted in figure 18 be 

Then the equivalent states comprising this state are given by the intersection 

(1,1,1,1,1,1,1,1,1) = (BI' B4 , WI, W4 , Wsh n (B2' B4 , W2, W4 , Wsh 

n (B3 ,B4 , W3 , W4 , Wsh 

= (1,1,1,1, 1h n (1,1,1,1, 1h 

n (1,1,1,1, 1)a 

It is evident from this example that any overall AMN state is given by the inter-

section (i. e ANDING) of the individual path set states. In general, therefore, 

any overall state, set) or .s(t + 1) is given by 

set) = n~SmQ'" Si(t) 
(A - 30) 

set + 1) = n~Smaz Si(t + 1) 

Since Psi(t + 1) = Ps,(t) . Pi, the probability vector for any time t can be 

evaluated by finding Pr[s(t + 1)] and Pr[s(t)], respectively. Thus 

Pr[n~Smu Si(t + 1)] = Pr[s(t + 1)] = PSi(t + 1) 

Pr[n~SmazSi(t)] = Pr[s(t)] = Ps,(t) 
(A - 31) 

The problem now is finding these probabilities since the states (i. e. events) are 

not independent. The next example demonstrates the method of combining the 

individual probabilities in expression (A-31). 

Example 

In the previous example 

(1,1,1,1,1,1,1,1,1) = (1,1,1,1,1)1 n (1, 1, 1, 1, Ih n (1, 1, 1, 1, 1)3 
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Therefore, 

Pr[(I, 1, 1, 1, 1, 1, 1, 1, 1), t] = Pr[{(I, 1, 1, 1, 1)1 n(l, 1, 1, 1, Ih n(l, 1, 1, 1, l)a}, t] 

Employing Bayesian methods the above can be rewritten as 

Pr[(I, 1, 1, 1, 1, 1, 1, 1, 1), t] = Pr[{(I, 1, 1, 1, 1)11(1,1,1,1, Ih 

n (1,1,1,1, l)a}, t] 

• Pr[{(I, 1, 1, 1, Ihl(l, 1, 1, 1, l)a}, t] 

. Pr[(I, 1, 1, 1, 1)3, t] 
Extending this example to the general case specified by expression (A-31) pro-

vides: 
NpS mu,-1 

Pr[s(t + 1)] = ( II Pr[s;(t + 1)1 nf:i~io", Sj(t + 1)]) 
;=1 

Nps mo",-1 
(A - 32) 

Pr[s(t)] = ( II Pr[s;(t)1 nf:;~i'" Sj(t)]) 
i=1 

. Pr[sNpsmo", (t)] 
Example 

where 

From previous examples 

Pr[(I, 1, 1, 1, 1, 1, 1, 1, 1), t] = Pr[{(B1 ,B4 , Wt, W4 , WS )1 

n (B2,B4 , W2, W4 , Wsh 

n (B3,B4' W3, W4, Ws)a}, t] 

= Pr[{(I, 1, 1, 1, Ih 1(1, 1, 1, 1, Ih 

n (1, 1, 1, 1, l)a}, t] 

. Pr[{(I, 1, 1, 1, Ihl(l, 1, 1, 1, l)a}, t] 

. Pr[(I, 1, 1, 1, l)a, t] 
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To evaluate Pr[{(l, 1, 1, 1, 1)x 1(1,1,1,1, 1h n (1, 1, 1, 1, 1)a}, tl, it is essential to 

find the elements common to path set 1 due to path sets 2 and 3. The common 

elements are B4 , W4 , and Ws. These elements narrow the probability space for 

the determination of the above conditional probability. Stated differently these 

elements with B4 = 1, W4 = 1, and Ws = 1 restrict the support over which 

to evaluate the probability of event (1,1,1,1, 1h at time t. In this example the 

total ntunber of possible points (i. e. states) in this support is computed from 

(Bl! 1, WI, 1, 1) as 

These states are: 

(1) 

(2) 

(3) 

(4) 

(5) 

Nstates I n = 2 . 5 = 10 
'1'2 '3 

811 = (0,1,0,1, Ih (6) 816 = (2,1,1,1, Ih 

812 = (0,1,1,1, Ih (7) 817 = (3,1,0,1, Ih 

813 =(I,I,O,I,lh (8) 818 = (3,1,1,1, Ih 

814 = (1,1,1,1,1)1 (9) 819 = (4,1,0,1,lh 

81S = (2,1,0,1, Ih (10) 8110 = (4, 1, 1, 1,1)1 

Generalizing this result for the i - th path set under conditional constraints 

provides 

where 

and 

The quantity 

Um = {6'm 

k-l 

= 2""· II (Um + 1) 
m=1 

if W, E 8i and W, rt. nf:i~i4C 8j 
otherwise 

if Bm E 8j and Bm rt. nf:j~iU 8j 
otherwise 

(A - 33) 

(A - 34) 

(A - 35) 

(A - 36) 
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are the corresponding maximum buffer levels under conditioning constraints. 

The individual path set transition matrices Pi, for i = 1,2, ... , N PSm..e are 

evaluated by the automated methods presented in chapter 2. Knowing each Pi 

allows the computation of 

The conditional probabilities Pr[si(t)1 nf:t+i4C Sj(t)] and Pr[si(t + 1)1 nf:i~iGC 

Sj(t + 1)], however, require the adjustment (i. e. normalization) of PSI(t + 1) 

and PSI (t) to reflect the conditioning. As previously mentioned conditioning of 

a state restricts the supports for PSI(t + 1) and Psl(t). The following example 

illustrates the normalization technique. 

Example 

In the previous example 10 states were found as the support for the 

conditional probability Pr[{(I, 1, 1, 1, Ih 1(1,1,1,1, Ih n (1,1,1,1, l)a}, t]. Each 

state has a corresponding PSIj(t) or PSIj(t + 1) for j = 1,2, ... ,10 when consid

ering the i = 1 path set. The objective now is to find the normalizing factor, 

iNORM, for the 10 states. This is done by recognizing that 

where 

1 
iNORM = ,,10 (t) 

L.Jj=l PSiJ 

10 

L PSIj(t) = PS(O,l,O,l,lh (t) + PS(O,l,l,l,lh (t) 
j=l 

+ PS(l,l,O,l,lh (t) + PS(l,l,l,l,lh (t) 

+ PS(2,l,O,l,lh (t) + PS(2,l,l,l,lh (t) 

+ PS(3,l,O,l,lh (t) + PS(3,l,l,l,lh (t) 

+ PS(4,l,O,l,lh (t) + PS(4,l,l,l,lh (t) 

(A - 38) 
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Now the probability 

Pr[{(l, 1, 1, 1, 1h 1(1,1,1,1, 1)a n (1,1,1,1, 1)a}, t] = fNORM • P(l,l,l,l,lh (t) 

This result can be generalized as 

Pr[Si(t + 1)1 nf:i~iU: Sj(t + 1)] = fNORM' PIIi(t + 1) 

Pr[si(t)1 nf:i~iQ'" Sj(t)] = fNORM • PIIi(t) 
(A - 39) 

In summary the AMN equivalent network method decomposes the larger sys

tem to facilitate data storage on a computer. It is suggested that research be 

conducted to integrate this technique into the series transfer line computer pro

gram. In addition it is recommended that the method be extended to handle 

disassembly and assembly disassembly networks (DN's and ADN's). 

7. Physical Plant, Communications, and Control Systems 

7.1 Fixed Availability Per Production Cycle 

The operational availability for the physical plant and communication 

subsystems must be considered when designing transfer lines, AMN's, DN's, and 

ADN's. Both systems support the functioning of the manufacturing facility. The 

following presents a brief outline of the research to adequately model the physical 

plant and communication systems from a fixed availability point of view. Some 

discussion will also be given to the requirements for integrating these models 

with the transfer line ones presented in this dissertation. Here, fixed availability 

refers to its steady state relation. This simplifies the analytical relations and 

control function. Control systems are discussed in terms of modifying the series 

line relation, p(t + 1) = p(t) . P. 



7.1.1 Physical Plant Subsystems 

a. Subsystems and Design Factors 

Some of the subsystems comprising the physical plant are: 

(1) Lighting (Illumination) 

(2) Heating and Cooling 

(3) Emergency, Fire Alarm, and Security 

(4) Water 
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In plant design the main factors controlling the size of and the number of equip

ments for each subsystem are summarized in table 22. 

b. Availability Relations 

The subsystems listed above can be analyzed by first identifying the 

network configuration and constituent equipments for each. Then it is assumed 

that the Mean Time To Failure (MTT Fij) and Mean Time To Repair (MTT Rij) 

for the j - th equipment in the i - th subsystem are constant for all j and i. 

The corresponding failure and repair rates are given by: 

1 
)..ij = MTTFij 

1 
fLij = MTT Rij 

Now the fixed availability can be expressed as 

A .. _ MTT Fij fLij 
I) - = -,--...:......c,,--_ 

MTT Fij + MTT Rij )..ij + fLij 

(A - 40) 

(A - 41) 

The MTTFij and MTTRij quantities are usually estimated from previous data 

on a specific equipment and the number of repairmen expected to be assigned 

to a particular manufacturing facility. Each Aij estimate can then be inserted 

into the general network model for the specific subsystem. 



159 

Table 22. Physical Plant Subsystems and Design Factors. 

SUBSYSTEM DESIGN FACTOR EQUIPMENTS 

Lighting NLUM = Number of Lumens Number of and Equipment 
Per Unit Area Network for 
Per Unit Time (1) Cable Runs 

NPL = Number of KiloViatts (2) Phase Transitions 
Per Unit Time (3) Circuit Breakers 

( 4) Light Fixtures 

Heating NBTU = Number of BTU's Number of and Equipment 
and Per Unit Volume Network for 
Cooling Per Unit Time (1) Air Plenum Units 

(2) Ducts 
(3) Compressors 
(4) Motors 

Emergency, DL X Dw X DH = Length N umber of and Equipment 
Fire Alarm, x Widthx Height Network for 
and of Individual Rooms (1) Smoke Alarms 
Security (2) Water Sprinklers 

(3) Fire Alarm Switches 
(4) Security Stations 

Water FWmin = Minimum Flow Number of and Equipment 
Rate Per Unit Network for 
Time (1) Pumps 

FWmin = Maximum Flow (2) Water Towers 
Rate Per Unit (3) Pipes 
Time 

Fw = Average Flow Rate 
Per Unit Time 
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In general the network can fall into anyone of three categories or combi

nations of these categories, namely, the (1) Series, (2) Parallel, or (3) K-out-of-N 

configurations. The corresponding availability relations for each are given by: 

Ni 

Series: Ai = II Aij 
j=l 

Ni 

Parallel: Ai = 1 - II (1 - Ai) 
i=l 

I Ni 

K-out-of-N: Ai = L [II (Aij)a ij (1 - Aij)l-aij
] 

k=l j=l 

where Ai = availability of the i - th subsystem 

Ni = number of equipments in the i - th subsystem 

1 = L:~;'K (~i) possible terms 

(A - 42) 

K = number of equipments in parallel required for network operation 

Here, aij = is an indicator variable of the form 

{
I for j - th equipment operating 

aij = 0 for j - th equipment failed 

7.1.2 Communications Subsystems 

a. Subsystems and Design Factors 

The fixed availability communications subsystems are the following: 

(1) Data Transmission 

(2) Cable 

Both subsystems permit the transmission (reception) of status and control in

formation between the transfer line and qualified users. The users depicted in 

figure 20 consist of management personnel, QC analysts, production line coor

dinators, maintenance technicians, and inventory control persoIUlel. Each user 
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( 1 ) ( 1 ) 

USERS 
STATUS 

COMMUNICATIONS 
STATUS 

TRANSFER 
CONTROL CONTROL 

TERMINALS 
(2) 

SYSTEM 
(2) 

(3) 

NOTES: 

(1) STATUS INFORMATION: 
(a) WORKSTATION OPERABILITY 

(b) BUFFER LEVELS 

(c) PRODUCTION RATEIWORKSTATION 
[PRj (t)] 

(d) OUTPUT PRODUCTION RATE TO 
DEMAND RATE RATIO [PR(t)/DR(t)] 

(2) CONTROL INFORMATION: 
(a) FIX j-th WORKSTATION 

(b) CHANGE PR 

(3) SEE TABLE 13 

Figure 20. Transfer Line and Users Communication 
Sys t'em In terf ace Diagram. 

LINE 
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employs different types of terminal equipments for information retrieval. This 

fact coupled with the design factors listed in table 23 provide the equipments 

comprising the communications network. 

b. Availability Relations 

The communications equipments for the manufacturing facility operate 

at different data rates with a stated availability. This availability is based on the 

MTT Fij and MTT Rij for the i - th subsystem's j - th individual equipments. 

Expressions (A-40) and (A-41) can be used to compute an individual equipment's 

availability. These availabilities are then substituted int expression (A-42) to 

find the overall communication system availability. 

7.2 Communication Control System 

7.2.1 Modell: Partially Finished Product Inventory The series transfer line 

shown in figure 21 has been modified to accomodate the transfer of partially 

finished products into each buffer's inventory holding facility. This model may 

exist for older manufacturing facilities where emphasis is placed on readily avail

able partially finished products. As shown in figure 21 a computer maintains 

control of the entire line via the status and control (dashed) lines. Partially 

finished product is moved into and out of the various inventories depending on 

the demand and line production rates for a specific time t. The number of states 

for this system is equal to the standard serial line's relation given in expression 

(2.1). That is, 
k-l 

NlJtateIJ = 2k . II (Vi + 1) 
i=l 

(A - 43) 

The following section presents the techniques required to analyze model 1 with 

automatic control. 

a. Transition Matrix 
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Table 23. Communication Subsystems and Design Factors. 

SUBSYSTEM DESIGN FACTOR EQUIPMENTS 

Data k = Number of Workstations Number and Type of 
Transmission and Equipment 

SRTLn = n - th Transfer Network for 
Line Information (1) Controllers 
Sampling Rate (2) Concentrators 
(SRTLn = l/tTLn) (Multiplexers ) 

(3) Microcomputers 
tpLn = n - th Transfer ( 4) User Terminals 

Line Information (CRT) 
Sampling Time ( 5) Printers 

DRDT; = Data Rate 
Among i - th 
Equipments 

Nu = Number of Users 

Cable DRDTi = Data Rate Among N umber and Type of and 
Among i - th and Equipment 
Equipments Network for 

(1) Fiber Optic 
Cc H = Channel Capacity (2) Coaxial 

(3) EIA RS 232 
(4) Standard 
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The transition matrix, P for the system depicted in figure 21 can be 

computed from tables 1 and 2. This computation is exactly the same as the one 

for the series transfer line in chapter 2. The problem now is to determine the 

effects of automatic control on inventory. Two approaches seem reasonable to 

solve this problem. 

(I)Approach 1 

Based on Tou's (1963) techniques for the analysis of digital control 

systems, the first approach requires modification of the basic state equation. 

Thus, 

Pa(t + 1) = Pa(t)· P + ma(t) + Da(t) (A - 44) 

where ms(t) = 1 X Natatea control vector with each entry bounded by -1 ::; 

mi(t) ::; 1 for i = 1,2, ... , N8tates' 

Da(t) = 1 X N8tate8 noise vector 

In this approach the control system vector ma(t) is not a probability. It acts as 

a weighting factor for the probability term Pa(t)· P. Depending on the type of 

control the probabilities for some states are increased thereby making them more 

dominant. At the same time, however, other state probabilities must decrease 

indicating less dominance. The reverse situation can also occur. The restrictions 

placed on ms(t) preserve the basic requirement that the sum of the Pa(t + 1) 

entries must equal one. The following illustrates these points 

Using standard control system vector-matrix notation expression (A-

44) can be put into the form with Da(t) approaching zero 

p( t + 1) = p( t) . P + u( t) . Pc (A - 45) 

where u(t) = 1 X Nstates control vector 

Pc = Nstates X Nstates normalization matrix 
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The control vector in expression (A-45) is used to modify a particular transfer 

line state. The next example demonstrates this point. 

Example 

In the 2 workstation - 1 buffer series transfer line shown in figure 5 with 

t = 3, p.II(3) is given as 

State Pe(3) 

1 000 0.0 

2 001 0.0818297 

3 010 0.0 

4 011 0.0 

5 100 0.0077003 

6 101 0.0126735 

7 110 0.0 

8 111 0.6856491 

9 200 0.0018315 

10 201 0.0010328 

11 210 0.0682959 

12 211 0.1134878 

13 300 0.0001828 

14 301 0.0 

15 310 0.0163823 

16 311 0.0092948 

17 400 0.0 

18 401 0.0 

19 410 0.0016403 

20 411 0.0 
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Examination of these values for t = 3 indicates that it is advantageous 

to concentrate on states 8, 12, and 16. Here the probabilities of occurrence 

are high and both workstations are operational. The remaining states with non 

zero probabilities are 2, 5, 6, 9, 10, 13, and 19. IT their probabilities could be 

decreased then it may be possible to increase the probabilities of occurrence for 

states 8, 12, and 16. This could be done by applying a more vigilant on-line 

maintenance regime for both workstations. From an analysis standpoint the 

more vigilant maintenance regime would be represented by the term u( t) . Pc 

in expression (A-45). The regime would require continual monitoring of the line 

for each time update, t + 1. In this case the control term u(t) . P would be 

updated at these times to reflect the required dominant states for the line. This 

is known as an it adaptive control system. 

For the example above with t = 3 a reasonable adaptive algorithm is to 

increase the identifiable available probabilities, PSi (t), for s = 8, 12, and 16. The 

increase 6.psi (t) is proportional to the difference between its potential maximum 

value and the present value. In mathematical terms, therefore, 

(A - 46) 

where Si = identifiable availability probabilities. 

The vector u(t) is composed of these 6.PS i(t) values and the non identifiable 

availability and zero probability entries in the vector Ps (t). The corresponding 



.6.P"i(t) values for the example are 

£lps(3) = [0.80~4317 -1](0.6856491) = 0.1624734 

.6.P12(3) = [0.80~4317 - 1] (0.1134878) = 0.0268924 

.6.P16(3) = [0.80~4317 - 1] (0.0092948) = 0.0022025 

Now the entries for the u(t) = u(3) vector become 

u(3) = (0,0.0818297,0,0,0.0077003,0.0126735,0,0.1624734, 

0.0018315,0.0010328,0.0682959,0.0268924 

0.0001828,0,0.0163823,0.0022025,0,0,0.0016403,0) 
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Similarly, the Pc non zero entries are given by the diagonal matrix elements 

Row Column Pc Value 

2 2 -1 

5 5 -1 

6 6 -1 

8 8 1 

9 9 -1 

10 10 -1 

11 11 -1 

12 12 1 

13 13 -1 

15 15 -1 

16 16 1 

19 19 -1 

The product u(t) . Pc is added to the vector PaCt) to form PaCt + 1). The new 

Ps(t + 1) emphasizes a particular set of states. 
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(2) Approach 2 

The standard control mechanism directly modifies the availability func-

tion 

A(t) = c· p'(t) 

by the control vector Kc to obtain u(t). In mathematical terms 

u(t) = Kc . A(t) = A(t)· Kc 

where u(t) = (1 X q) input vector 

Kc = (1 X q) control vector 

Now from expressions (A-45) and (A-48), pet + 1) is given by 

pet + 1) = p(t)· P + c' . p'(t) . Kc . Pc 

where c = (1 X Natate,,) availability definition vector 

Pc = (q X N"tatetl) control matrix 

(A - 47) 

(A - 48) 

(A - 49) 

Since c· p'(t) is the scalar quantity, A(t), expression (A-49) can be rewritten as 

p( t + 1) = p( t) . P + p( t) . c' . Kc . Pc 

= p( t) . [P + c' . Kc . Pel 

= p(t)· G 

(A - 50) 

In previous work with geometric Z transforms the solution of expression (A-50) 

is 

pet) = p(O)· [P + c'· Kc· Pelt = p(O)· G t (A - 51) 

However, from a design control viewpoint it is desired to find a Kc which sat

isfies a certain set of eigenvalues, AI, A2, ... , AN'IoleI (i.e. Eigenvalue Placement 

Theorem). Here, the dominant (largest) eigenvalue is Al = 1 and 

for i = 1,2, ... ,N"tateB (A - 52) 
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When plotted on an Argand diagram, the Gerschgorin disks associated with 

each eigenvalue should touch at the value 1. This insures a non-cyclic steady 

state transition matrix at some future time. 

The eigenvalues are found from the relation 

(A - 53) 

The quantity Kc can be evaluated through the appropriate application of Kro

necker products as found in Graham (1981) and sparse matrix vector mechanics. 

Since G' = (P + c' . Kc . Pc)' then 

pc'· Kc'· c = G' - P' = S (A - 54) 

Employing Kronecker products and methods to expression (A-54) results in 

(c' (8) Pc') . vec(Kc ') = vec(G' - P') = vec(S) 

Therefore 

Ax=b 

where A = (c' (8) Pc') = (N;tates x q) matrix 

x = vec(Kc ') = Kc' = (q x 1) vector 

b = vec(S) = (N;tates x 1) vector 

(A - 55) 

(A - 56) 

If q < N;tatelJ then the system of equations represented in expression (A-56) 

q or less independent solutions. In other words there are more equations than 

solutions, Xi. Multiplying the A matrix by the nonsingular (N;tate6 x N;tate6) 

transformation matrix, T A, leads to finding the linear independent solutions for 

x. Thus, 

(A - 57) 



where Al = linear independent equations coefficients 

A2 = dependent equations coefficients 

Now 
TA . (Ax) = TA . b 

(!~) = (~~) 
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(A - 58) 

When the rank of A is q, Al is a (q X q) matrix. A solution exists 

for expression (A-58) if the following sufficient condition holds for the b 2 = 
(N;tatea - q x 1) vector, namely 

(A - 59) 

Then the rank of A I is q and 

(A - 60) 

The reduced system given by expression (A-60) can now be solved by 

Gauss elimination. In all likelihood Al will be a sparse matrix. This requires 

the special Gauss elimination procedures as detailed in Jennings (1977). Graph 

theoretic techniques can be applied to most problems of this type. The following 

algorithm the use of the preceeding equations. 

Algorithm 

1. Specify Valid G 

a. L: Rows of G = 1 

b. Each Row Element :5 1 

2. Transpose G (G') 

3. Compute S = G' - p' 

4. Compute A = (e' ® Pc') 

5. Evaluate TA 
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6. Compute TA· A And TA· b 

7. Compute Kc' = x = Al -1 b I (Gauss Elimination) 

(3)Approach 3 

The second approach requires the modification of the constant avail

ability relation listed in table 5 as 

A(t + 1) = c . p' . [PaCt)]' + m,,(t) + n,,(t) (A - 61) 

where m,,(t) = control system scalar quantity 

n,,(t) = noise scalar quantity 

In this approach the system availability at time t + 1 can increase or decrease. 

This is due to the changes in an individual workstation's production rate, pri. It 

should be emphasized that a change in a workstation's production rate is related 

to the amount of active (and/or dead) time spent (and/or not) processing the 

product. 

b. Control Factor 

The control factor ms(t) in expressions (A-44) and (A-61) are functions 

ofthe inventory drain, (ii(t) and ii(t+1+tI;) and supply (ei(t) and ei(t+1+tEi» 

quanti ties at a particular buffer. In addition, ms (t) is a function of the maximum 

holding capacity Ii for each buffer. Therefore, 

(A - 62) 
for i = 1,2, ... ,k-1 

where tIi = inventory drain time 

tEi = inventory supply time 

Both tIi and tEi are selected based on the performance indices, J. These indices 

are discussed in a later section. 
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c. Noise Factor 

The noise factors in expressions (A-44) and (A-61) are initially assumed 

to have an expected value of zero. Thus 

E[n,,(t)] = 0 (A - 63) 

Future studies could take into account the case where E[n,,(t)] :f: O. In this 

situation n,,(t) would have an underlying distribution governing its magnitude. 

d. Performance Indices 

The basic performance indices, J, for the automated inventory series 

transfer line are: 
Tc 

J = min :E ID(t) - PROUT(t)1 
t=O 

Tc 

J = min :E [D(t) - PROUT(t)]2 
t=o 

where D(t) = demand rate 

P ROUT(t) = output production rate 

Tc = production cycle time 

(A - 64) 

Here the objective is to minimize the difference between the demand and out

put production rates. This reduces the incurred penalty costs when either the 

manufacturing facility under or over produces. 

7.2.2 Model 2: Spare Parts Inventory at Each Workstation 

Control of the spare parts inventory at each workstation is illustrated 

by the dashed lines labelled gij(t), gij(t + 1), hij(t), and hij(t + 1) in figure 21. 

These lines represent the status of a particular workstation's inventory level. In 

addition, they illustrate the control of the inventory product's disposition and 

resupply. This type of control increases or decreases the effective production 
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rate, pri at a particular workstation. As with model, the number of states, 

N. tate• for model 2's transfer line is given by expression (A-43) 

a. Transition Matrix and Control Functions 

In this model the transition matrix is computed from table 1 and a 

modified table 2. The modified table 3 reflects the increase or decrease of an 

individual workstation's production rate, pri, i = 1,2, ... , k, due to the spare 

product parts inventory. Thus, 

(A - 65) 

where gi;(t + t lJj ) = specific computer control signal 

wsp;(t) = i - th workstation's instantaneous spare parts list 

Wsp; = i - th workstation's maximum spare parts inventory level 

D(t) = demand rate 

Each of the above must bound pri between its lower and upper design limits. 

The true production rate, pri, is related to the i - th workstation's efficiency as 

(A - 66) 

where P RDES; = nominal design production rate and 

Processing Time 
ei = Processing Time + Inactive Time 

(A - 67) 

Expressions (A-66) and (A-67) indicate that the inactive time is the easiest 

paramater to control. 

b. Performance Indices 

The performance indices given in expression (A-64) can be used to in 

conjunction with the paramters listed above to find the optimal control signals. 

These indices are directly related to D(t) and prl,: = PROUT(t). Both of these 

quantities are controlling factors in expression (A-65). 
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8. Aggregation and Disaggregation Methods 

8.1. Introduction 

Aggregation methods are intended to reduce the mathematical size of 

large scale systems problems. This is done by analyzing smaller more meaningful 

system states. These methods have their origin in mathematical economic tech

niques which were developed by Aoki (1981). Paraskevopoulos (1986) presents 

an discussion of the method. The method requires the evaluation of a transfor

mation (i. e. aggregation) matrix, Q. This matrix is then used to approximate 

the steady state solutions for the overall system. Careful examination of this 

method shows that only the dominant eigenvectors are considered in the ap

proximation. The approximation is computed iteratively. 

8.2. Technical Approach 

Cao and Stewart (1985) describe the theoretical considerations for three 

Markov Chain aggregation and disaggregation methods. These methods were 

developed by Koury, Mcallister, and Steward, Takahashi, and Vantilborgh. Each 

method employs an aggregation matrix, Q(m). This matrix is a function of the 

left and right eigenvectors, AL and AR, for an irreducible transition matrix, 

P. The Koury, Mcallister, and Steward and Takahashi methods isolate the left 

eigenvector AL (m) by solving a set of equations iteratively. These equations have 

variables in matrix form that are functions of the decomposed transition matrix, 

P. That is, 

I-P=D-L-U (A - 68) 

where D, L, and U are N3tatelJ X NatateIJ diagonal, lower, and upper matrices. 

The set are solved by using Gauss elimination repitively until 

(A - 69) 
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where f is the computer's designated zero. 

Vantilborgh's method also uses an aggregation matrix, Q(m), to com

pute the left eigenvalue, >'L (m), iteratively. Unlike the previous methods, how

ever, the set of equations to be solved contains variables that are a partition of 

P's entries. Cao and Stewart's (1985) theoretical analysis focused on comparing 

the rates of convergence for all three methods. 
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APPENDIX B 

MODEL 2 - PARALLEL-SERIES TRANSFER LINE MARKOV CHAIN MODEL 

1. Introduction 

The simple model presented for the series system can be adapted to 

analyze the parallel-series configuration shown in figure 22. Here, each path's 

Markov Chain multi-state probability vector Ps1{t) is modified by the mixture 

probability, Pl. This approach treats each line separately therby making the 

decision to keep a line in service based on the overall production rate. The major 

assumptions presented in chapter 2 hold for this model. There are, however, 

some new additional assumptions, listed below, which governs parallel system 

operation. 

Additional Assumptions 

(1) Raw Material From The Source Buffer Is Split Among The Various 

Paths 

(2) Each Transfer Line Path Operates Independently Of The Other 

(3) All Paths Have The Same Number Of Workstations 

The technical approach for this chapter is summarized in figure 23. A 

simple expression for the overall probability of this configuration is presented in 

the following sections. 

2. Markov Chain State Probability Analysis 

2.1. Matrix Representation 

It is now evident that the number of states remains the same for each 

path- see expression (2.1). This fact permits adapting the general Markov Chain 

relations, presented in chapter 2, for each path. The total probability, PII(t) 

for the parallel-series configuration at discrete time t is computed from the 
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individual paths' probability vectors, Pili (t). Therfore, 

n 

PaCt) = I:PI' PSI(t) 
1=1 (B -1) n 

such that I:PI = 1 
1=1 

where PSI = 1 by NlJtatelJ probability vector for the 1 - th transfer line path 

PI = individual probability (utilization) for the 1- th transfer line path 

n = number of separate parallel paths 

Substituting expression (2.12) for the Markov Chain's solution of the 

series transfer line into expression (B-1) yields: 

n 

PaCt) = I: PI . Pal (0) . <P/(t) (B - 2) 
1==1 

where Pal (0) = 1 by N8tates initial probability vector for the 1- th transfer line 

path 

<P/(t) = NlJtatelJ by Nstates generalized transition probability matrix for 

the 1- th transfer line path 

The quantities PI and n were previously defined for expression (B-1). 

IT Pal (t) is a steady state transition probability matrix then for t ~ 0 

expression (B-2) becomes: 

n 

Pa(t) = I: PI . PSI (0) . PIt 
1=1 (B -3) n 

PaCt + 1) = I:PI . Pal(t) . PI 
1=1 

where PI = NatatelJ by Natatea transition probability matrix for the I-th transfer 

line path 
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Example 

A parallel-series configuratiorl consists of n = 2 transfer lines each with 

k = 2 workstations. Each line's utilization factor is 50%, that is, PI = P2 = 1/2. 

Applying expressions (B-1), (B-2), and (B-3) provides 

n 

PaCt) = 1/2. LPal{t) 
1=1 

n 

PsCt) = 1/2· Lpsl{O). q)/{t) 
1=1 

n 

Ps{t) = 1/2· LPSI{O)' Pit 

1=1 

Here, the mixture probabilities reflect line utilization for a manufac-

tured workpiece. The line utilization values are estimated from the desired 

manufacturing facility's production rate requirements. 

2.2. Availability 

The general availability relation for the 1- th path is given by: 

(B -4) 

where CI = 1 by Nstates availability definition vector for the 1- th path. 

Multiplying expression (B-4) by the scalar PI and summing yields: 

n n 

A(t) = LPI' AICt) = LPI' CI' [PSI{t)]' (B - 5) 
/=1 /=1 

The individual 1- th path's availability definition vector CI defines the 

permissible states for manufacturing facility operation. As shown the overall 

availability ACt) is a sum of each path's availability modified by the mixture 

probabilities. 
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3. Sensitivity Analysis 

It is evident from expressions (B-1), (B-2), and (B-3) that the sensitivity 

analysis relations presented in chapter 2 can be similarly modified in terms of 

probability mixtures. The true and distorted forms become: 

n 

(TRUE) PSa (t) = L PI . PSla (t ) 
1=1 

n 
(B -6) 

= LPI . PSla (0) . <P'G (t) 
1=1 

n 

(PERTURBED) PSb(t) = LPI . PSlb (t) 
1=1 

n 
(B -7) 

= LPI . PSlb (0) . <Plb(t) 
1=1 

Subtracting expression (B-7) from (B-6) yields: 

n n 

PSa(t) - PSb(t) = :EPI· PSI .. (0)· <PIG(t) - :EPl· Palb (0)· <Plb(t) (B - 8) 
1=1 1=1 

Simplifying expression (B-8) provides: 

n 

PSa (t) - PSb (t) = :EPI . [PSla (0) . <P'G (t) - PSlb (0) . <Plb(t)] (B -9) 
1=1 

If 6ps(t) = Paa(t) - PSb(t), 6<PI(t) = <PIG(t) - <Plb(t), and 6psl(0) = 

PI .. (0) - Plb (0) then 

n 

6Pa(t) = :EPI . [6psl (0) . <P'G (t) + PSlb (0) ·6<p,(t)] (B - 10) 
1=1 
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In most cases OPSI (0) = PSla (0) - PSlb (0) ~ 0 for all I paths. This fact 

results in a new expression for (B-10), that is, 

n 

0Ps(t) = LPI . PSlb (0) . O~/(t) (B -11) 
1=1 

As with the first model discussed, a change of a state probability is 

directly proportional to a change of a particular transition probability for a 

specific path. Expanding (B-ll) results in 

n 

0ps(t) = LPI . PSlb (0) . [~/4 (t) - ~/b(t)] (B -12) 
1=1 

Now with ~,(t) = P SSI + PTI(t) then (B-10) becomes: 

n 

0ps(t) = LPI' PSlb (0)· [8Pssl + 8PTI(t)] (B -13) 
1=1 

For true steady state 8P sSI should approach zero, therefore, 

n 

8ps(t) = LPI . PSlb (0) ·8PTI(t) (B -14) 
1=1 

This result is consistent with expression (2.33) in chapter 2. Here, 

changes in the state probability vector correspond to the individual path's tran

sition matrix transient component. 

4. Summary 

The relations for the parallel-series workstation-buffer configuration are 

listed in table 22. These relations employ the computer algorithm presented in 

chapter 2 to evaluate an individual path's transition matrix. 



Table 24. Parallel-series transfer line relations summary list. 

SIMPLE MARKOV PARALLEL-SERIES TRANSFER LINE 

CHAIN MODEL Wll --. Bll --. W 12 --. B12 -+ ••• -+ Blk-l -+ Wlk 

W 21 -+ B21 -+ W 22 -+ B22 -+ .•• -+ B2I~-l -+ W 2k 

STATE-SPACE 

DESCRIPTION 

TOTAL NUMBER 

OF STATES 

MARKOV CHAIN 

TRANSITION 

RELATION 

W n1 -+ Bnl -+ W n2 -+ Bn2 -+ ... -+ Bnk-l -+ Wnk 

SI(t) = (v,(t),a,(t)) 

VI(t) = (Vl1(t),V12(t), ... ,Vlk-l(t)) 

a,(t) = (al1(t),a12(t), ... ,a'k(t)) 

1=1,2, ... ,n 

n = number of parallel transfer line paths 

k = number of workstations per 1- th path 

k - 1 = number of buffers per 1- th path 

NlJtatelJ, = 2k/ • rr~.:.~l (Vii + 1) 

Vii = i - th buffer maximum storage level 

per 1 - th transfer line path 

P(SI(t + 1)) = E~=l Pl' p(SI(t)) . PI 

Psl(t + 1) = E~=l Pl' Ps/t). PI 

PSI (t) = 1 X NstatelJ, state probability vector 

PI = N8tatelJ/ X NlJtatelJ, transition matrix 

PI = individual probability (utilization) 

per 1- th transfer line path 
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Table 24. Parallel-series transfer line relations summary list, cont'd. 

GEOMETRIC z 

TRANSFORM 

GENERAL DISCRETE 

TIME SOLUTION 

CONSTANT TRANSITION 

P SOLUTION 

GENERAL TRANSITION 

<I>/(t) MATRIX 

TRANSIENT STATE 

PT,(t) MATRIX 

GEOMETRIC z 

TRANSFORM OF <I>/(t) 

Pal(Z) = P.,(O)· [I - ZPI]-l 

Pal (0) = 1 X N.tatu, initial state probability 

vector I - th transfer line path 

Pal(t) = E~=lPI' Pal(O)· <I>/(t) 

<I>/Ct) = N.tate., X N.tatelJ, general 

transition matrix 

PaCt) = L:~=l P/ • PalCO), Pit 

PaCt + 1) = E~=l PI' Pal(t). PI 

<I>/Ct) = P asl + PTICt) 

P aSI = steady state matrix per 

I - th transfer line path 

PTI (t) = transient state matrix per 

I - th transfer line path 

PTICt) = <I>/(t) - P asl 

PTICt) = Pit - P IISI 
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Table 24. Parallel-series transfer line relations summary list, cont'd. 

TRANSITION MATRIX 

P INTERNAL ENTRIES 

GENERAL 

AVAILABILITY A( t) 

CONSTANT 

AVAILABILITY A(t) 

BUFFER LEVEL 

INTERNAL STATES 

GEOMETRIC Z 

TRANSFORM FOR 

BUFFER LEVELS 

INTERNAL STATES 

Pr[sl(t + 1)ls,(t)] = 

[(1 - r'i)l-lI/i(Hl) • r~/i(t+l)p-O/i(t) 

fpl-O/i(t+!) (1 P .)O/i(Hl)]o/i(t) • Ii • - II 

A(t) = E~l p,. A,(t) 

A(t) = E~=l PI' CI • [Psl(t)]' 

A(t) = E~=l PI' CI • [q)I(t)]' . [PSI(O)]' 

CI = 1 X Nstotes, availability definition 

vector per 1- th transfer line path 

A(t) = E~=l PI' A,(t) 

A(t) = E~=l PI' CI • [PSI (t)]' 

A(t) = E~=l PI' CI' [Pit]'. [PSI (0)]' 

A(t + 1) = E~=l PI' CI' [PsI(t + 1)]' 

A(t) = E~=lP" Cf' PI'· [PsI(t)]' 

VI(t + 1) = VI(t) + PRI . al(t) 

VI(t + 1) = VI(t) + PRe I • al(t) 

PRI = Nstotes, X Nstotes, production rate 

matrix per 1- th transfer line path 

VI(Z) = (1 - z)-l . VI(O) 

+(1 - z)-l . PRI . [al(z) - al(O)] 

v,(z) = (1 - z)-l . VI(O) 

+(1- Z)-l . PReI • [al(z) - al(O)] 
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Table 24. Parallel-series transfer line relations summary list, cont'd. 

GENERAL SENSITIVITY 

RELATION 

MODIFIED SENSITIVITY 

RELATION 

SENSITIVITY OF 

PTI(t) 

GEOMETRIC z 

TRANSFORM FOR 

GENERAL SENSITIVITY 

RELATION 

OP.(t) = E~=l PI· [OPIII(O)· tPI .. (t) 

+Plllb (0) . DtP I( t)] 

Ops(z) = E~l PI· {OPSI(O) . [I - ZPI.J-1 

+Ps
lb 

(0) ·0[1 - ZPI]-l} 

ops(z) = E~l PI· PSlb (0) .0[1 - zPI]-l 
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APPENDIX C 

MODEL 3 - SERIES-PARALLEL TRANSFER LINE MARKOV CHAIN MODEL 

1. Introduction 

The analysis techniques presented in chapter 2 for the series system 

can be used to model the series-parallel configuration shown in figure 24. Each 

workstation has mj machines operating in parallel. Tables 1 and 2 must be 

modified to reflect the states of these machines and their corresponding buffer 

levels. In most applications, there are an equal number of machines in every 

workstation. Gershwin's and Schick's assumptions listed in chapter 2 also hold 

for this model. However, there are initially some new assumptions to analyze 

the operation of multiple machines per workstation. 

Additional Assumptions 

(1) A Workstation Is Totally Failed When No Machines Operate 

(2) A Workstation Is Functional When At Least One Machine Operates 

(3) 1 - Out - Of - q Repainnen Are Assigned To Each Workstation 

The technical approach for this chapter is depicted in figure 24. 

2. Markov Chain State Probability Analysis 

A straightforward analysis requires the enumeration of all possible sys

tem states. Here, each i - th workstation's single action state value, aj(t), 

becomes a vector. This vector has a size equal to the number of machines in a 

particular workstation. Each of these machines can either be in the failed or op

erational state. The next example demonstrates the computation of the number 

of states for a series parallel transfer line with an equal number of machines per 

workstation. This simplification provides a standard structure for transistion 

matrix, P, evaluation. 
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Example 

The series-parallel system depicted in figure 24 has an an equal number 

of mi = M machines per workstation. As shown there are k workstations and 

k - 1 buffers. The total number of states for this configuration with simple 

parallel operation is: 

I; 1;-1 A-I 

N8tatelf = II 2m
; • II (Vi + 1) = 27 • II (Vi + 1) (C-l) 

i=1 i=1 i=1 

where; = L:~=I mi = kM 

If mi = 1 for every workstation then the above relation reduces to 

expression (2.1). With ml = m2 = M = 2, k = 2, and VI = 4 the total number 

of states is 80. This is in sharp contrast to the 20 states computed for the ml 

= m2 = M = 1, k = 2, and Vi = 4 series system presented in chapter 2. 

2.1. Modified Workstation Action State Description 

It is now evident from the previous example that the geometric coefi

cient, 2\ increases the number of states rapidly. Therefore, identifying every 

possible state will result in a transition matrix, P, of extremely large dimensions 

for small k. 

An alternative approach would be to modify Tables 1 and 2 buffer's 

levels. This modification reflects the parallel operation of mi = M machines 

in the i-th workstation. This is done by applying the additional assumptions 

listed above and vectorizing the action state variable for the i-th workstation. 

Therefore, 

(C-2) 
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where at time t 

{ 
0 if the j - th machine in the i - th workstation fails 

(Xij(t) = 1 if the j - th machine in the i - th workstation operates 
(C-3) 

If mi = M constant machines per workstation then expression (C-2) becomes 

(C-4) 

Example 

The 2 workstation-l buffer series-parallel transfer line has mi = M = 

2 machines installed in the first and second workstations, respectively. One 

repairmen is available for the system. Each entry in table 2 can be revised for 

i = 1 and i = 2. For example, the entries for any i-th workstation and one 

repairmen are: 

NO. Vi-l(t) viet) ai(t) 

1 (0,0,0) 

2 (0,0,0) 

(1,0,0) 

(0,1,0) 

(0,0,1) 

(1,1,0) 

(1,0,1) 

(0,1,1) 

ai(t + 1) 

(0,0,0) 

(1,0,0) 

(0,1,0) 

(0,0,1) 

(1,1,0) 

(1,0,1) 

(1,1,0) 

(0,1,1 ) 

(1,0,1) 

(0,1,1) 

(1,1,1) 

(1,1,1) 

(1,1,1 ) 

PROBABILITY 

(1 - rid(1 - ri2)(1 - ri3) 

ril(1- ri2)(1 - ri3) 

(1 - rit}ri2(1 - ri3) 

(1 - rid(1 - ri2)ri3 

(1- ril)rdl - ri3) 

(1 - rid(1 - ri2)ri3 

ril (1 - ri2)(1 - ri3) 

(1 - ril)(I- ri2)ri3 

ril(1- ri2)(1 - ri3) 

(1 - rit}ri2(1 - ri3) 

(1 - rid(1 - ri2)ri3 

(1- ril)ri2(I- ri3) 

ril(1- ri2)(I- ri3) 
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3 0 (1,0,0) (0,0,0) 0 

(1,1,0) (1)n2(1- ri3) 

(1,0,1) (1 )(1 - ri2)ri3 

(0,1,0) (0,0,0) 0 

(1,1,0) ril (1 )(1 - ri3) 

(0,1,1) (1- rid(l)(l - ri3) 

(0,0,1) (0,0,0) 0 

(0,1,1) (1 - ril )ri21 

(1,0,1) ril(l - ri2)1 

(1,1,0) (1,0,0) 0 

(0,1,0) 0 

(0,0,0) 0 

(1,1,1) (1)(1)ri3 

(1,0,1) (0,0,1) 0 

(1,0,0) 0 

(1,1,1) (1)ri2(1) 

(0,1,1) (0,0,1) 0 

(0,1,0) 0 

(1,1,1) (1 - ril)(l)(l) 

4 0 (1,0,0) (1,0,0) (1)(1 - ri2)(1 - ri3) 

(1,0,1) (1)(1 - ri2)ri3 

(1,1,0) (l)ri2(1- ri3) 

(0,1,0) (0,1,0) (1 - rid(l)(l - ri3) 

(0,1,1) (1 - rid(1)ri3 

(1,1,0) ril(l)(l- ri3) 

(0,0,1) (0,0,1) (1- ril)(l- ri2)(1) 
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(0,1,1) (1 - ril)ri2(I) 

(1,0,1) ril(l- ri2)(I) 

(1,1,0) (1,1,0) (1)(1)(1 - ri3) 

(1,1,1 ) (1)(I)ri3 

(1,0,1) (1,0,1) (1)(1 - ri2)(I) 

(1,1,1) (l)ri2(1) 

(0,1,1) (0,1,1) (1- ri)(I)(I) 

(1,1,1) ril (1 )(1) 

(1,1,1) (1,1,1) (1)(1)(1) 

5 Vi (1,0,0) (0,0,0) ° 
(1,1,0) (l)ri2C1 - ri3) 

(1,0,1) (1)(1 - ri2)ri3 

(0,1,0) (0,0,0) ° 
(0,1,1) (1 - rit}(I)(1 - ria) 

(1,1,0) ril (1)(1 - ri3) 

(0,0,1) (0,0,0) ° 
(0,1,1) (1 - ril )ri2(1) 

(1,0,1) ril (1 - ri2 )(1) 

(1,1,0) (1,0,0) ° 
(0,1,0) ° 
(0,0,0) ° 
(1,1,1) (1)(I)ri3 

(1,0,1) (0,0,1) ° 
(1,0,0) ° 
(0,0,0) ° 
(1,1,1) (1 )ri2(l) 
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(0,1,1) (0,0,1) ° 
(0,1,0) ° 
(0,0,0) ° (1,1,1) ril(1)(l) 

(1,1,1) (1,1,0) ° (1,0,1) ° 
(0,1,1) ° 
(1,0,0) ° (0,1,0) ° 
(0,0,1) ° 
(0,0,0) ° 

6 Vi (1,0,0) (1,0,0) (1)(1 - rd(l - ri3) 

(1,1,0) (1)rd1 - ri3) 

(1,0,1) (1)(1 - ri2)ri3 

(0,1,0) (0,1,0) (1 - rid(l)(l - ri3) 

(0,1,1) (1 - ril )(1 )ri3 

(1,1,0) ril(l)(l- ri3) 

(0,0,1) (0,0,1) (1- rid(l - ri2)(1) 

(0,1,1) (1 - ridri2(l) 

(1,0,1) ril(1- ri2)(1) 

(1,1,0) (1,1,0) (1 )(1 )(1 - ri3) 

(1,1,1) (1 )(1)ri3 

(1,0,1) (1,0,1) (1)(1 - ri2)(1) 

(1,1,1) (1)rd1) 

(0,1,1) (0,1,1) (1 - rit}(l)(l) 

(1,1,1 ) ril (1 )(1) 
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(1,1,1) (1,1,1) 1 

7 >0 <~ (1,0,0) (0,0,0) Pil(l- ri2)(I- ri3) 

(0,1,0) Pil r i2(1- ri3) 

(0,0,1) Pil(l- ri2)ri3 

(0,1,0) (0,0,0) (1 - ril)Pi2(1- ri3) 

(1,0,0) rilPi2(1 - ri3) 

(0,0,1) (1 - ridpi2ri3 

(0,0,1) (0,0,0) (1 - rid(1 - ri2)Pi3 

(1,0,0) ril (1- ri2)Pi3 

(0,1,0) (1 - Til)Ti2Pi3 

(1,1,0) (0,0,0) PilPi2(1 - Ti3) 

(1,0,0) (1 - Pil)Pi2(1 - Ti3) 

(1,0,1) (1 - Pidpi2Ti3 

(0,1,0) Pil(1- Pi2)(I- Ti3) 

(0,1,1) Pil (1 - Pi2)T i3 

(1,0,1) (0,0,0) Pil (1 - Ti2)Pi3 

(1,0,0) (1 - PiI)(1 - Ti2)Pi3 

(1,1,0) (1 - Pil)T i2Pi3 

(0,0,1) Pil(l- Ti2)(I- Pi3) 

(0,1,1) Pil Ti2(1 - Pi3) 

(0,1,1) (0,0,0) (1 - rit}Pi2Pi3 

(0,1,0) (1 - Til)(1 - Pi2)Pi3 

(1,1,0) Til(1 - Pi2)Pi3 

(0,0,1) (1 - ril)Pi2(1- Pi3) 

(1,0,1) TilPi2(1 - Pi3) 

8 >0 <~ (1,0,0) (1,0,0) (1 - Pit}(l - Ti2)(1 - Ti3) 
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(1,0,1) (1 - Pil)(l - ri2)ri3 

(1,1,0) (1 - Pil)ri2(1 - Pi3) 

(0,1,0) (0,1,0) (1 - ril)(l - Pi2)(l - ri3) 

(0,1,1) (1 - rit}(l - Pi2)ri3 

(1,1,0) ril(l- Pi2)(l- ri3) 

(0,0,1) (0,0,1) (1 - ril)(l - ri2)(1- Pi3) 

(0,1,1) (1 - ril )ri2(1 - Pia) 

(1,0,1) ril(l - ri2)(l - Pi3) 

(1,1,0) (1,1,0) (1 - Pil)(l - Pi2)(l - ri3) 

(1,1,1 ) (1 - Pil)(l - Pi2)ri3 

(1,0,1) (1,0,1) (1 - Pid(l - ri2)(1 - Pi3) 

(1,1,1) (1 - Pil)ri2{l- Pia) 

(0,1,1) (0,1,1) (1 - rit}(l - Pi2)(1 - Pi3) 

(1,1,1 ) ril(l - Pi2)(l - Pi3) 

(1,1,1) (0,0,0) PilPi2Pi3 

(0,1,1) Pil (1 - Pi2)(1 - Pi3) 

(1,0,1) (1 - Pidpi2(l - Pia) 

(1,1,0) (1 - Pid(l - Pi2)Pi3 

(1,0,0) (1 - Pidpi2Pi3 

(0,1,0) Pil (l- Pi2)Pi3 

(0,0,1) PiIPi2(l - Pi3) 

(1,1,1) (1 - Pil)(l- Pi2)(1 - Pi3) 

Each entry listed in the previous example can be summarized to provide 

a concise relation for each aj(t), aj(t + 1) combination. Table 25 presents the 

probabilities for the 8 conditions in a series-parallel system with M machines 

per workstation. 



Table 25. Series-parallel transfer line workstation probability. 

NO. Vi-lj(t) Vij(t) 

1 

2 

3 ° 

Pr{ ai( t + 1) Ivi-lj( t), aij( t), Vij( tn 

Qij(t) 

(0,0 ... ,0) 

{( 0, 1 n ("'{) 

Qij(t + 1) 

(0,0, ... ,0) 

{(0,1n(M
1
-') 

1 = 0,1,2, ... ,M -1 1 = 0,1,2, ... ,M-1 

{(O, 1 n("t) 

1 = 1,2, ... ,M-1 

{(0,1n(M
1
-')+1 

1 = 1,2, ... ,M 

NOTE:(~) = ° 

PROBABILITY 

rr~l (1 - rij) 

rr~ r~~j (1 - r" ")l-Vij 
1=1 11 11 

rr
M Vij (1- "")l-Vi" j=l rij r l , J 

Active Machine(s) (Qij(t) = 1) 

Failure From Time t To t + 1 

(1) (Qij(t) = 0, QiiCt + 1) = 0) 

r;jj (1 - rij )l-Vij = (1 - rij) 

(2) (QiiCt) = 0, QiiCt + 1) = 1) 

r:;; (1- rij)l-Vij = rij 

(3) (Qij(t) = 1,Qij(t + 1) = 0) 

rr;; (1 - rij)l-Vij = ° 
(4) (Qij(t) = 1, Qij(t + 1) = 1) 

rrj j (1- rij )l-Vij = 1 
~ 

co 
00 



Table 25. Series-parallel transfer line workstation probability, cont'd. 

Pr{ aij(t + 1)lvi-Ij(t), aij(t), viiCtH 

NO. vi-liC t) Vij( t) aij( t) aij(t + 1) PROBABILITY 

4 ° {(O, IHcn {(0,IH(M
1
-')+1 TIM v;; (1 . -)1-v;' i=1 rii - raj J 

1= 1,2, ... ,M-l 1= 1,2, ... ,M Active Machine(s) (aij(t) = 1) 

NOTE:(~) = ° No Failure From Time t To t + 1 

Conditions (1),(2),(3),(4) In Item 3 

5 Vij {(O, 1 H(';') {(0,IH(M
1
-')+1 TIM v;; (1 _ . -)1-v;' 

j=l rij raj J 

I = 1,2, ,." M - 1 1 = 1,2,oo.,M Active Machine(s) (aij(t) = 1) 

NOTE:m =0 Failure From Time t To t + 1 

Conditions (1),(2),(3),(4) In Item 3 

6 Vii {(O, 1 H(';') {(0,IH(M
1
-')+1 TIM v;; (1 _ . -)1-v;' i=1 rij raj J 

1 = 1,2,oo.,M-l 1=1,2,oo.,M Active Machine(s) (aij(t) = 1) 

NOTE:(~) = ° No Failure From Time t To t + 1 

Conditions (1),(2),(3),(4) In Item 3 

.... 
<0 
<0 



Table 25. Series-parallel transfer line workstation probability, cont'd. 

Pr{aij(t + l)lvi-Ij(t), aij(t), vij(tH 

NO. Vi-Ij( t) Vij( t) aij{ t) 

7 > 0 < Vij ((o,lH('1) 

1 = 1,2, ... ,M-1 

aij(t + 1) 

{(0,1)}(M
1
-')+1 

1 = 1,2, ... ,M 

PROBABILITY 

II~ p,,!~j (1 - p- _)I-"Yij r~~j (1 - r- _)I- Vij 
)=1 I) I) I) I) 

Active Machine(s) (Qij(t) = 1) 

NOTE:(~) = 0 Failure From Time t To t + 1 

(1) (Qij{t) = 0, Qij(t + 1) = 0) 

pi? (1 - Pij )l-"Yij r~Jj (1 - rij )l-Vij 

= (1- rij) 

(2) (Qij(t) = O,aij(t + 1) = 1) 

pnj (1 - Pij )1-"Ylj r~? (1 - rij )1-Vij 

= rij 

(3) (Qij(t) = 1, Qij(t + 1) = 0) 

pnj (1 - Pij )1-"Yij r~? (1 - rij )1- V
i j 

= Pij 

(4) (Qij(t) = 1,aij(t + 1) = 1) 

pnj 
(1 - Pij )1-"Yij r~Jj (1 - rij )1-Vij 

=(1-Pij) ~ 
o 
o 



Table 25. Series-parallel transfer line workstation probability, cont'd. 

NO. Vi-lj( t) Vij( t) 

8 > ° < Vij 

NOTES: 

Pr{aij(t + 1)lvi-lj(t),aij(t),Vij(t)} 

aij(t) aij(t + 1) PROBABILITY 

{(O,1)}('7) {(O, 1)}(M
1
-')+1 n~l pi;; (1- Pij )l-"Yii r:;i (1 - rij)l-llii 

1 = 1,2, ... , M - 1 1 = 1,2, ... , M Active Machine(s) (aij(t) = 1) 

{(O, 1)}(~D 

NOTE:(~) = ° No Failure From Time t To t + 1 

Conditions (1 ),(2),(3),( 4) In Item 7 

{(O,I)}"M (M) n~l pni (1- Pij)l-"Yii 
L.J,=o , 

(1) M = Number of Machines/Workstation (Constant) 

(2) Vij = (Xij(t + 1) - (Xij(t) 

(3) lij = (Xij(t + 1) - (Xij(t) 

t-:> 
o ..... 
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2.2. Modified Buffer Levels 

The instantaneous buffer levels listed in table 3 can be modified to 

reflect multiple machines per workstation. This is done by specifying different 

production rates for each machine or 

for i = 1,2, ... , k (C-5) 

-
where mj = M machines in each of the k workstations. Since aj(t) is a (M xl) 

vector, the entries calling for the multiplication of prj and aj(t) are now inner 

products. The following example illustrates this point. 

Example 

The 2 workstation-l buffer system with M = 3 machines per work

station is in table 3's state 4. Employing expression (C-4) the buffer's level is 

represented symbolically as: 

In vector notation the above becomes 

The (.,.) notation represents the inner product of the two vectors. Table 26 

presents the modified buffer levels for the 8 conditions in a series-parallel system 

with M machines per workstation. 

2.3. Algorithm 

An algorithm can be developed to compute each state probability dy

namically for the series-parallel transfer line from tables 19 and 20. This algo

rithm presented in chapter 2 can then be modified to perform the branch and 



Table 26. Series-parallel transfer line next state buffer levels. 

Pr{ viet + l)lvi-l (t), ai(t + 1), Viet), ai+l(t + 1), Vi+I(t)} = 1 

NO. Vi-let) Viet) Vi+l(t) Viet + 1) 

1 0 0 - 0 

2 0 >0 < Vi+l Vi(t)- < pri+t, ai+l (t + 1) > 

3 0 >0 Vi+l Viet) 

4 >0 0 - < pri,ai(t + 1) > 

5 >0 >0,< Vi < Vi+l Vi(t)+ < pri, ai(t + 1) > 
- < pri+t,ai+l(t + 1) > 

6 >0 >0,< Vi Vi+l Vi(t)+ < pri, ai(t + 1) > 
7 - Vi < Vi+l Vi- < pri+t, ai+l (t + 1) > 

8 - V,. Vi+l Vi I 

NOTES: 

(1) i Varies For Each Workstation 

(2) < .,. > Represents The Inner Product 

203 
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bound structured tree search. This search method minimizes memory storage 

by only considering a single spanning tree within the binary tree at a given it

eration. In addition, fathoming a node is implemented when a particular state 

is not applicable. 

Algorithmic Procedure 

(1) Compute the Number of States for the Series-Parallel System With 

Expression (C-1) 

(2) Evaluate the Transistion Matrix, P, Probabilities Dynamically Using 

Table 7 

(a) Identify the i-1-th and i-th Buffer Levels and Corresponding 

i - th Workstation's State Vector, ai(t) 

(b) Identify the i - th Workstation Next State Vector, ai(t + 1) 

(c) Compute the Corresponding Probability Based on the Number 

of Machines in the i - th Workstation 

(d) Repeat 2 (a), (b), and (c) for all i Workstations, (i.e. = 

1,2, ... ,k) 

(3) Evaluate the Next Buffer State Dynamically Using Table 8 

(a) Identify the i-I - th, i - th, and i + 1- th Bufffers Levels For 

Time t 

(b) Compute the i - th Buffer Level for Time t + 1 Using the 

Relations in Table 8 

(c) Repeat 3 (a) and (b) for alIi Buffers (i.e. i = 1,2, ... , k -1) 

2.4. Availability 

After combining the individual decomposed paths, the availability can 

be computed from the probability vector, PaCt). The same procedures presented 
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in chapter 2 are used to evaluate the inner product 

A(t) = c· [PaCt)]' (C-9) 

The defining and probability vectors, c and Pa(t) respectively, for the series

parallel system have size given by expression (C-l). Here, the availability is a 

function of discrete time (i.e. t = 0, 1, 2, ... ). Examples presented in chapter 2 

are used as a guide to compute A(t). 

3. Sensitivity Analysis 

The sensitivity relations for the series-parallel system shown in figure 

24 are equivalent to the series transfer line equations presented in chapter 2. 

The true and perturbed probability vectors yield the general expressions 

(C - 10) 

The corresponding z-transform relations are: 

(C -11) 

Again, these relations indicate that changes in probability vector de

pend for the most part on the short term transition matrix component. 

4. Summary 

The classical relations governing the operations of the series-parallel 

configuration are listed in table 27. Here, the solutions employ decomposition for 

an equal number of machines, M, per workstation. These machines are operated 



Table 27. Series-parallel transfer line relations summary list. 

SIMPLE MARKOV 

CHAIN MODEL 

STATE-SPACE 

DESCRIPTION 

TOTAL NUMBER 

OF STATES 

MARKOV CHAIN 

TRANSITION 

RELATION 

SERIES-PARALLEL TRANSFER LINE 

Mn -+ -+ M12 -+ -+ Mn-+ 

M21 -+ -+ M22 -+ -+ Mn -+ 

: Bl: : B2 ... Bk-l: 

MMl-+ -+ MM2-+ -+ MMk-+ 

set) = (v(t),a(t)) 

vet) = (VI(t), V2(t), ... , Vk-l(t)) 

aCt) = (al(t),a2(t), ... ,ak(t)) 

aj(t) = (O'il(t), O'i2(t), ... ,O'im;(t)) 

aj(t) = (O'il(t),O'i2(t), ... ,O'iM(t)) 

k = number of workstations 

k - 1 = number of buffers 

mi = number of machines i - th workstation 

M = equal number of machines i - th workstation 

NlJtates = 2')' . rr~;ll (Vi + 1) 

Vi = i - th buffer maximum storage level 

'Y = I:~=1 mi = kM 

p(s(t + 1)) = p(s(t)) . P 

Pa(t + 1) = PaCt) . P 

PaCt) = 1 X NlJtatelJ state probability vector 

P = NlJtates X NlJtatelJ transition matrix 
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Table 27. Series-parallel transfer line relations summary list, cont'd. 

GEOMETRIC z 

TRANSFORM 

GENERAL DISCRETE 

TIME SOLUTION 

CONSTANT TRANSITION 

P SOLUTION 

GENERAL TRANSITION 

<p(t) MATRIX 

TRANSIENT STATE 

PT(t) MATRIX 

GEOMETRIC z 

TRANSFORM OF <p(t) 

TRANSITION MATRIX 

P INTERNAL ENTRIES 

P.(z) = P.(O) . [I - zP]-1 

P.(O) = 1 X N.tate• initial state 

probability vector 

P.(t) = P.(O) . <p(t) 

<p(t) = Natate. X NtJtate. general 

transition matrix 

PaCt) = P.(O) . pt 

P lIS = steady state matrix 

PT(t) = transient state matrix 

PT(t) = <p(t) - Pas 

PT(t) = pt - P ss 

Pr[s(t + 1)ls(t)] = 

[(1 - rij)l-aij(Hl) . r~ij(t+l)p-aij(t) 

. [p:j-aij (HI) . (1 _ Pij )aij (t+l)]aij (t) 

207 
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Table 27. Series-parallel transfer line relations summary list, cont'd. 

GENERAL 

AVAILABILITY A(t) 

CONSTANT 

AVAILABILITY A(t) 

BUFFER LEVEL 

INTERNAL STATES 

GEOMETRIC z 

TRANSFORM FOR 

BUFFER LEVELS 

INTERNAL STATES 

GENERAL SENSITIVITY 

RELATION 

MODIFIED SENSITIVITY 

RELATION 

SENSITIVITY OF 

PT(t) 

A(t) = C • [PII(t)]' = c· [cll(t)]' . [Pa(O)]' 

c = 1 X N.tate• availability definition vector 

A(t) = c· [P.(t)]' = c· [pt]' . [PII(O)]' 

A(t + 1) = c . [PII(t + 1)]' = c· pl. [PaCt)]' 

vet + 1) = vet) + PR· aCt) 

vet + 1) = vet) + PRe' aCt + 1) 

PR = N.tatelJ X NlJtateB production rate matrix 

V(z) = (1- Z)-l . v(O) 

+(1- z)-l . PR· [a(z) - a(O)] 

V(z) = (1 - Z)-l . v(O) 

+(1 - z)-l . PRe' [a(z) - a(O)] 



Table 27. Series-parallel transfer line relations summary list, cont'd. 

GEOMETRIC z c5ps(z) = 6pa(O)· [I - ZPa]-l 

TRANSFORM FOR +Pab(O)· 6[1 - zP]-l 

GENERAL SENSITIVITY 6Pa(z) = Pab(O)· 6[1 - zP]-l 

RELATION 
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independently and simultaneously. Changing this condition requires a redefini

tion of tables 19 and 20 concerning machine, workstation, and buffer operations. 

The failure and repair probability, Pij and rij, values for each machine reB.ect 

the overall production rate requirements for individual workstations. This pro

duction rate incorporates the instantaneous time driven demand, d" for specific 

production horizons. This results in a stochastic control problem as described 

by Kushner (1971). In this case the transition matrix, P, entries are a function 

of Pij and rij. 
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APPENDIX D 

APPROXIMATION MODELING TECHNIQUES FOR TRANSFER LINES 

1. Introduction 

Approximation modeling techniques employ dynamic programming re

cursive methods to analyze series transfer lines. The first dynamic programming 

analysis of a series system was done by Bellman (1962). Subsequent research con

ducted independently by Buzacott (1972), Gershwin (1980), and Sheskin (1976) 

identified the basic transfer line as two workstations and one buffer (see figure 

5). Their analysis breaks up a k workstation k - 1 buffer series line into k - 1 

separate basic lines as depicted in figure 26. An effective production rate (Le. 

availability) flow is computed for each basic line. These flows are then combined 

to form an overall series line output production rate. The basic assumptions 

governing the approximation analysis are: 

Approximation Model Assumptions 

(1) Production Rate Flow Out-Of A 2 Workstation-1 Buffer Link Equals 

The Flow Into The Next Link (Conservation Of Flow) 

(2) A Buffer Upstream Of A Specific Workstation Is Either Full Or Partially 

Full 

(3) A Buffer Downstream Of A Specific Workstation Is Either Empty Or 

Partially Full 

(4) Individual Workstations Have Geometrically Distributed Failures And 

Repairs With Means lip And 1/r 

(5) The Source And Sink Buffers Have Infinite Supply And Volume Ca

pacites, Respectively 

The technical approach for this chapter is illustrated in figure 27. This 

approach follows the outline of the preceding three chapters by discussing first 
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IDENTI FY .- SY~TEM/WORKSTATION - PRODUCTI ON RATE APPROXIMATION 
MODEL WORKSTATION .-

PARAt~ETERS A VA I LAB I LI TY 

~f 

DEVELOP - BUFFER BLOCKED 

GENERAL RECURSIVE - CONDITION 

RELATION FOR SERIES 
TRANSFER LINE .- BUFFER STARVED - CONDITION 

~r 
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GENERAL RECURSIVE - GEOMETRIC - Z-TRANSFORM 
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, ' 
ADAPT 

SERIES TRANSFER 
LINE 

APPROXIMATION MODEL 
TO PARALLEL-SERIES 

A,ND SERIES-PARALLEL 
SYSTEMS 

Figure 27. Approximation Model Technical Approach. 
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the basic series transfer line. Solutions for this line are then adapted to the 

parallel-series and series-parallel lines, respectively. 

2. General Recursive Analysis Techniques 

2.1. Series Transfer Line 

The approximation model for the series transfer line depicted in figure 3 

is based on the equal production rate flow among all workstations. In addition, 

a k workstation system is broken up into k - 1 2 workstation-1 buffer links. 

The following example illustrates the approximation method to analyze a series 

transfer line. 

Example 

The output constant production rate for the series transfer line shown in 

figure 5 contains k = 3 workstations and k - 1 = 2 buffers. Each workstation has 

a constant production rate based on its input-output requirement of P RREQ = 

10 units/time and the resultant availability. It is assumed that each buffer is 

partially full. The availabilities for each workstation are Al = 0.9, A2 = 0.8, 

and AJ = 0.9. The corresponding production rates for each workstation are: 

prI = .9(10) = 9 items/time 

pr2 = .8(10) = 8 items/time 

prJ = .9(10) = 9 items/time 

Workstation 3 provides the limiting production rate for the system at 9 

units/time. The update of buffer levels is given by the difference in the upstream 

and downstream workstation availabilities multiplied by the required system 

production rate. That is, 
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(AI - A2)P RREq = .1(10) = 1 item/time Enters Buffer 1 

(A2 - A 3 )PRREq = -.1(10) = -1 item/time Extracted From Buffer 2 

a. Series Transfer Line Decomposition 

Each of these quantities is dependent on the probability of each buffer 

being partially full. With i ranging from 2 to k -1, therefore, 

pri(t + 1) = [AiPRREq{l- Pr(vi-IB(t)} 

- (Ai - l - A i )PRREq{l- Pr(vi-ls(t)}] 

. [1 - Pre ViB (t)] 

where i = 2,3, ... , k - 2. 

CD -1) 

Pr(vi-IB(t)) = probability of the i-I - th buffer being blocked 

Pr(vi-ls(t)) = probability of the i-I - th buffer being starved 

Pr(viB(t)) = probability of the i - th buffer being blocked 

The events for Pr(vi-IB(t)), Pr(vi-ls(t)), and Pr(viB(t)) are consid

ered disjoint. In reality, however, these events are conditioned ones. Each de

pends on a specific workstation's upstream and downstream buffers' levels and 

capacities. This approximation permits development of a tractable recursive 

relation. 

The i -th workstation's availability Ai, employing assumption 4, above 

can be represented as: 

Ai = MTTFi = ri 
MTTFi + MTTRi ri + Pi 

CD - 2) 

where MTTF. = geometrically distributed mean time to failure (l/p.) 

MTTRi = geometrically distributed mean time to repair (l/ri) 
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Other factors such as the time to detect and initiate a repair are negleded 

in expression (D-2). The quantities ri and Pi were previously defined as the 

probability of repair and failure, respectively. Here, each pri(t) was made the 

constant value of 8 or 9 items/time by buffer control. The above relation can be 

generalized for k workstations. Now, the production rates for the first and last 

workstations are given by: 

prl(t + 1) = A1PRREQ[1- Pr(vIB(t»] 

prk(t + 1) = AkPRREQ[l- Pr(vk-ls(t))] 
(D -3) 

Both the source and sink buffers are assumed to have infinite capacity. 

Following a decomposition procedure similar to the one developed by Gershwin 

(1983) as shown in figure 26, expression (D-l) can be rewritten as: 

prii(t + 1) = [Ai-IPRREQ{l- Pr(vi-liB(t)} 

- (A i - 1 - Ai)PRREQ{l- Pr(vi-lis(t)}] 

. [1- Pr(vi+li+lB(t))] 

(D-4) 

Now, the conditions for the two end workstations can be given in terms 

of the relations in (D-3) as: 

prll(t + 1) = PRREQAJ[l- Pr(vllBCt))] 

prkk-l(t) = PRREQAk[l- Pr(vk-lk-lsCt)] 

The boundary condition for each 2 workstation-1 buffer link is 

for i = j 

where i = index for a specific workstation (i = 2,3, ... , k - 2) 

j = index for a specific link (j = 1,2, ... , k - 2) 

(D -5) 

(D -6) 
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The probability terms in expression (0-4) can be considered as a con

stant over time, that is, 

Pr(Vi-ljS(t» = ps(i -1,j) 

Pr(viH1s(t» = PB(i,j + 1) 
(D-7) 

Expanding expression (0-4) then simplifying with the relations in (0-7) yield: 

prij(t + 1) = PRREQ[Ai-t{1- PB(i -1,j)} 

- (Ai-l - A - i){1 - ps(i -1,j)}] . [1 - PB(i,j + 1)] 

The geometric z-transform of expression (0-8) provides 

prij(Z) - prij(O) = -1 z PRREQ[Ai-l {1 - PB(i - 1,j)} 
-z 

(D-8) 

- (Ai-l - A - i){1 - ps(i - 1,j)}] . [1 - PB(i,j + 1)] 
(D -9) 

Applying the final value theorem listed in appendix A to expression (0-9) and 

noting that prij(O) = 0 results in, 

prij = lim prij(t) = PRREQ[Ai-t{1 - PB(i -1,j)} 
t-+oo 

- (Ai-l - Ai){l- ps«i -l,j)}] . [1 - PB(i,j + 1)] 

Rewriting expression (0-10) with ilAi-l = Ai-l - Ai yields: 

prij = PRREQ [Ai-d l - PB(i -l,j)} 

- ilAi-l {I - ps(i -l,j)}] . [1 - PB(i,j + 1)] 

(D -10) 

(D -11) 

The P RREQ quantity here acts as a nominal gain for each workstation. 

Finally, each of the k - 1 2 workstation-1 buffer links production rate can be 

represented as: 

(D - 12) 
for i = 2,3, ... , k - 2 
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where prij = production rate for the i-th workstation in the j-th link 

nij = number of items per unit time supplied by (nij > 0), extracted 

from (nii < 0), or not supplied by (nij = 0) the i-th buffer in the j-th link. 

Expression (D-12) may be solved recursively by employing expression 

(D-6) as: 

I 

pr'+ll = pru + 2: nmm 

m=1 

where pru = A 1PRREQ[1- PB(l, 1)] 

Comparing expressions (D-ll) and (D-13) indicates that 

I 

prl+ll = prll II [1 - PB(m + 1, m + 1)] 
m=1 

I I 

+ 2: n qq II [1- PB(m + I,m + 1)] 
q=1 m=q 

for 1 = 1,2, ... , k - 2 

subject to prl+ll = prl+ll+1 

Expression (D-14) can also be represented in matrix form as: 

prl+ll = prll . PB, + n~ . PBql 

wherepBI = I1~=1(1-PB(m+1,m+1)) 
n, = 1 x 1 vector correseponding to nqq 

(D -13) 

(D - 14) 

(D -15) 

PBql = 1 x 1 vector corresponding to n~=q(1 - PB(m + 1, m + 1)) 

By distributing P RREQ across the first two terms on the right hand 

side of expression (D-Il) it is evident from (D-14) that 

nqq = -(Ai-1 - Ai)PRREQ{l- ps(i - 1,j)} (D - 16) 



219 

This quantity represents the production rate potential drop across the i-l-th 

buffer. Finally, if I = k - 1 then from figure 26 

(D -17) 

This expression represents the last workstation's production rate rela

tion (i.e. output production rate). The tenn prk-lk-2 = prk-lk-l can be found 

by evaluating expressions (D-14) or (D-15) with 1 = k-l. In the preceding anal

ysis the production rate is analogous to a flow per unit time (i.e. current) while 

the availability represents a potential (i.e. voltage). The principal advantage to 

this approach is the development of a tractable approximation based on network 

methods. In addition, the geometric z-transfonn methods allow the bridging of 

AIR system design to a viable hardware design with discrete control. 

One last point the foregoing analysis only pennitted a constant required 

production rate gain, P RREQ, for each workstation in the series transfer line. 

If, however, the workstations were referenced to different production rate gains, 

expressions (D-l1), (D-14), (D-16), and (D-17) can be modified very easily. 

This is done by distributing and indexing the apprpriate P RREQ tenn to the 

corresponding workstation. For example, expression (D-ll) becomes 

prij = [Ai-lPRREQi_l {1- PB(i -1,j)} - (Ai-1PRREQi_l 

- AiPRREQ.){I- ps(i - l,j)}] 

. [1 - PB(i,j + 1)] 

Similarly rewiting expression (D-16) yields: 

(D - 18) 

(D -19) 
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Both (0-18) and (0-19) can now be incorporated into expressions (0-14) and 

(0-17). 

b. Buffer Probabilities Evaluation 

The problem now is to evaluate the probability of a buffer being blocked 

or starved PB(i,j + 1) and ps(i - l,j), respectively. This can be done by de

composing the series transfer line with k workstations into k + 1 separate buffer

workstation links shown in figure 28. Here, each link can be treated as a queue 

type waiting line with a single service facility. The queue for the waiting line 

represents the buffer with fixed capacity. The probability of an arrival to a par

ticular buffer corresponds to the availability of the upstream workstation, Ai-I. 

Each buffer's service facility (i.e workstation) has a probability of service namely 

the availability, Ai. Forming a queueing problem for each buffer-workstation link 

results in a Markov Chain model. States for this model represent the number 

of individuals in the queue (i.e. the number of items in the buffer). Each buffer 

is constrained to Vi items. The following example illustrates the Markov Chain 

analysis method for a typical series transfer line. 

Example 

The series transfer line shown in figure 5 contains 2 workstations with a 

single buffer. The objective is to approximate the probabilities of blockage and 

starvation for the buffer. Here, the maximum capacity for the buffer is 4 items 

(i.e. Vi = 4). It is assumed that the source and sink buffers have capacities of 

Vo = V2 = 00. Each workstation has an availability and lmavailability, Ai and 

. A~, respectively for i = 1,2 and A~ = 1 - Ai. The Markov Chain transition 

matrix for the number of items in the buffer are: 



LINK 01 

r-- - -- - - - - -, 
A 

I . 1 I 
I WORK , 
I STATION I 
I 00 III I 
L ___ .':0 ___ -' 

LINK 112 

LINK D3 

-----, , 
I 
I 
I 

WORK 
STATION 

02 
I 

__ -.J 

r-
I WORK I 
: STATION I 
I 02 03 I 

V2 A3 I L________ .J 

r- --------1 
: WORK I 

LINK Ilk I STATION I 
I Dk-l Ok I 
Lk.:1 ____ \._ J 

r- -------, 
I ~+l I 
I PHANTOM I 

LINK Ok+l I BUFFER WORK I 
I Ok STATION I 

Ok+l I 
L ____ Vk ____ -' 

Figure 28. Approximation Model Decomposition l1ethod-Step 2. 

t-.) 
t-.) 
~ 
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0 1 2 3 4 
0 AI' Al 0 0 0 

1 AI'A2 El2 AIA2' 0 0 

PB1 = 2 0 AI'A2 El2 AIA2' 0 (D - 20) 

3 0 0 AI'A2 El2 AIA2' 

4\ 0 0 0 A2 A 2' 

where El2 = 1- A/A2 - AIA2' 

The internal probabilities for PB1 namely Pl+ll, PI" and PIl+I for 1 = 

1,2, and 3 are defined as: 

Pl+ll = Pr(Item Not Processed By Workstation 1 And 

Item Processed By Workstation 2) 

= AI' A2 

PIl+I = Pr(Item Processed By Workstation 1 And 

Item Not Processed By Workstation 2) 

= Al A 2 ' 

Pll = 1- AIA2' - AI'A2 

The boundary probabilities for the transition matrix are given by: 

POD = A~ POI = Al 

P44 = A~ 

(D - 21) 

CD - 22) 

The transition matrices for the source, PBo' and sink, P B2 , buffers must be 

found to complete the solution. However, since these are infinite supply and 

capacity buffers, evaluation of PBo and PB2 can be neglected when analyzing 

the transfer line. 
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Now, the general transition matrix for any buffer with a capacity of Vi 

is represented by PBI for i = 1,2, ... , k - 1. Internal entries are: 

Pl+ll = Ai' Ai+! 

Pll+! = Ai Ai+!' 

Pll = 1 - AiAi+!' - A/ Ai+l 

for I = 1,2, ... , Vi - 1 

The corresponding boundary entries are then 

POO =Al' POI = Al 

PV;Vi-I = Ak PV;V; = Ak' 

CD - 23) 

(D - 24) 

Each buffer-workstation link's Markov Chain transition matrix approaches a 

steady state. At this point each row of the matrix is equal, that is, 

(D - 25) 

As the chain moves between states 1 and 1+ 1, the corresponding probabilities 

are 7rlPll+I. The transition matrix entries in expressions (D-23) and (D-24) show 

that every time a transition of state from 1 to 1 + 1 occurs a transition of 1 + 1 to 

1 happens at a later time. This indicates that the chain is reversible with 

(D - 26) 

This recursion relation can now be used to find the steady state entries for the 

vect'or 7r. The following example illustrates this evaluation procedure. 

Example 

The transition matrix P B for the 2 workstation-1 buffer transfer line 

has 5 states identified in expression (D-20). Employing the recursion relations 

in expressions (D-23) and (D-24) and the fact that 
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the value for '11"4 is 

(D - 27) 

Each of the remaining probabilities can be found in a similar fashion. After 

some algebraic manipulation these are: 

( AIA2') 
where C = -;-A 

Al 2 

C 
'11"1 =-

D 
C3 

'11"3=-
D 

D = denominator in expression (D-27) 

(D - 28) 

It can be shown that the general realtion for the i - th buffer with a 

capacity of Vi items is 

1 (A' C C2 CV.·-I A'CV.· ) 
'll"Bi = Di i+I, ii+I, ii+I' ... , ii+I' i ii+I 

( AiA~+I ) where Cii+I = A I A 
i i+I 

D A' C2 CV.·-I A'C\f; i = i+I + ii+I + ... + ii+I + i ii+I 

(D - 29) 

The summation of the geometric terms for Di in the above can be 

combined resulting in 

1 CV;-I 

D A' C [- ii+I] A'CVi 
i = i+I + ii+l + i ii+I 1- Cii+1 

CD - 30) 
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After some algebra and noting that AHI = 1 - A~+1 and Ai = 1 - A~ expression 

CD-30) becomes 

A, + C·· A· CVi A· A'CVi+1 Di = HI 11+1 1+1 - ii±1 1 - i iHl CD _ 31) 
1- Cii±1 

Under steady state conditions the i - th buffer's probabilities of star-

vation and blockage are the first and last terms in the ?rBI vector. Therefore, 

A'CVi 
psCi - I,j) = i rJ:±1 

A' 
C

" 1) i±1 PB z,J+ =T 
CD - 32) 

where Cii±1 and Di were previously defined above, It should be emphasized 

that the probability of not being starved or blocked is the swn of the second 

through Vi - 1 terms in ?rB;. 

Example 

For the 2 workstation-I buffer system shown in figure 5, the probabilities 

of starvation and blockage for the buffer are respectively: 

A' CVi 
ps(I, 1) = 1 12 

Dl 
A' 

PB(I, 1) = D~ 

where C12 = (~~~:) and Dl = A~ + C12 + Cf2 + C:2 + A~ Ct2' 

Algorithm 

(D - 33) 

The procedures for computing the series transfer line's total production 

rate are: 

(1) Solve Both Relations in Expression CD-32) for Starvation and Blockage 

(2) Combine These Results With Expressions (D-I4), (D-I7), (D-IS), and 

(D-I9) to Find the Overall Production Rate 
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2.2. Parallel-Series Transfer Line 

The parallel-series transfer line shown in figure 22 has a total output 

production rate dependent on each separate line. This can be represented math

ematically as: 

n 

prTOT = ~ PI • prout/ 
1=1 

where PI = individual probability (utilization) 

for the I - th transfer line path 

(D - 34) 

The PI value is equal to the same quantity presented in appendix B. 

This value defines the level of operation for a specific line over a designated 

production time horizon. As previously discussed the PI values is estimated 

from known manufacturing facility data. 

Each prout/ value can be evaluated from expression (D-17). The approx

imate production rates for each individual line does not depend on time. Here, 

the steady state is only considered for a particular production horizon. The 

following example presents a simple method to compute the system efficiency. 

Example 

A manufacturing facility with 3 separate series transfer lines has an 

operation schedule consisting of PI = 0.6, P2 = 0.25, and P3 = 0.15. The 

corresponding output production rates for each line are proutl = 85, prout2 = 55, 

and prouts = 105. If the demand rate, dr = 100 for a particular prduction 

horizon then the system efficiency, Esys, is 

(D - 35) 

E = .6(85) + .25(55) + .i5(105) 1000t = 80 50t 
Sy s 100 x 10 • 10 
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In all likelihood this reduced efficiency will incur a revenue loss for the 

specific production horizon. 

Algorithm 

Therefore, in summary the procedures for evaluating the parallel-series 

transfer line's total production rate are: 

(1) Identify The Number Of Parallel Paths And Their Corresponding Uti

lizations Referenced To A Particular Production Time Horizon 

(2) Compute The Output Production Rates For Each Path By Repititively 

Applying Expression (D-17) 

(3) Evaluate The Total System Production Rate From Expression (D-17) 

2.3 Series-Parallel Transfer Line 

The series-parallel transfer line shown in figure 24 has an overall pro

duction rate dependent on the following: 

(1) Availabilities and Production Rates of Individual Machines in Each 

Workstation 

(2) Maintenance and Operation Policies for Each Workstation 

The availabilities for this line can be computed from the Markov Chain 

model presented in appendix C for each workstation. This model takes into 

account the number of repairmen assigned to a specific workstation. For the 

analysis of a typical system it is assumed that one repairmen is assigned at any 

time to a particular workstation. 

The availabilities for each workstation can then be combined with the 

required system production rate, P RREQ. This is done by using expression 

(D-17) for the series transfer line recursive approximation. 
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Algorithm 

In summary the procedures for evaluating the series-parallel transfer 

line's total production rate are: 

(1) Specify The Number Of Machines In And Number Of Repairmen As

signed To Each Workstation 

(2) Compute The Availabilities For Each Multi-Machine Workstation 

(3) Evaluate The Series-Parallel Transfer Line Output Production Rate 

From Expression (D-17) 
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APPENDIX E 

STATE COUNTING ALGORlTHMS 

Algorithm 1: 

State Number To Buffer Level-Workstation Action States Representation 

(N - 1)/2 = ak/2 + qk 

qk/2 = ak_I!2 + qk-l 

q3/2 = a2/2 + q2 

q2/2 = ad2+wk 

wk/[max(vk-d + 1J = vk-d[max(vk-d + 1J + Wk-l 

wk-I![max(vk_2) + 1J = vk-2![max(vk-2) + 1J + Wk-2 

Algorithm 2: 

W3/[max(V2) + 1J = v2/[max(v2) + 1J + W2 

w2/[m1""x(vr) + 1] = vJ/[max(vl) + 1J 

Buffer Level-Workstation Action States Representation To State Number 

k-2 k-l k 
N = 1 + 2k . [Vk-l + L Vi { II [max(Vj) + 1]}] + L ai 2k- i 

i=l j=i+l i=l 
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APPENDIX F 

CONTINUOUS TIME - DISCRETE TIME SINGLE WORKSTATION 

MARKOV CHAIN FAILURE-REPAIR MODEL EQUIVALENCE RELATIONS 

1. Continuous Time 

1.1 Distributions 

The continuous time relations for the failure and repair of workstations 

are governed by the exponential distributions. That is, 

feet) = >. e-.\t 

ge(t) = fL e-l't 

where>. = failure rate (failures/unit time) 

fL = repair rate (repairs/unit time) 

O<t<oo 

O<t<oo 

1.2 Expected Value 

(F-1) 

The expected values for both relations in expression (F-1) are defined as 

the Mean Time To Failure (M.T.T.F.) and Mean Time To Repair (M.T.T.R.), 

respectively. In mathematical terms 

1 
M.T.T.F. = Efc{t)(t) = :\ 

1 
M.T.T.R. = Egc{t)(t) = ;. 

1.3 Single Workstation Markov Chain Failure-Repair Model 

(F- 2) 

The failure-repair model is shown in figure 29. Here the 0 represents 

workstation operation and a 1 workstation failure. 
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Figure 29. Single Workstation Failure-Repair Markov Chain Model 

The simultaneous differential equations governing workstation availabil

ity are given in matrix form as 

(:~~:;) = (~~ +Jl) . (po(t)) -Jl PI(t) 
(F-3) 

with initial conditions po(O) = 1 and PI (0) = O. 

Applying Laplace transforms to expression (F-3) and after rearrange

ment of some terms it now becomes 

Ps(s) = (sI - p)-I . Ps(O) (F-4) 

where 

p=(-,x +Jl) 
+,x -Jl 

Thus after substitution 

( )_ (S[s:~:Jl)]) Ps s - ,x 
s [s +-:(-:-,x -+-Jl':"':')] 

(F-5) 

Taking the inverse Laplace transform of expression (F -5) provides 

(F-6) 
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The availability is now the probability of staying in state 0 or 

A(t) = poet) = -1'- u(t) + _>.- e-(·HI')t 
>'+1' >'+1' 

(F-7) 

The steady state availability can be found by letting t -t 00 in expression (F-7). 

Thus 
Au = _1'_ = ___ M_._T_.T_._F_. __ 

>. + I' M.T.T.F. + M.T.T.R. 
(F-8) 

The design test criteria for a continuous time single workstation failure-repair 

focuses on this expression. Specifically, 

1 1 A"" = = --...,..,.... ______ --=-,-__ ........... ___ ...,... 

1 + 1/(1'/>') 1 + l/(M.T.T.F./M.T.T.R.) 
(F-9) 

The objective here is to make the ratios (1'/>') and (M.T.T.F./M.T.T.R.) as 

large as possible. This maximizes the steady state availability in expression (F-

9). In addition, it decreases the transient term in expression (F-7) as t -t 00. 

In feedback control analysis the steady state availability, Ass, is the Bode gain. 

For most applications 

8 ::; ~ ::; 100 (F -10) 

2. Discrete Time 

2.1 Distributions 

The discrete time relations for the failure and repair of workstations are 

governed by the geometric distributions. Thus 

/d(t) = p(l _ p)t-l 

gd(t) = r(l - r)t-l 

where p = probability of failure 

t = 1,2, ... 
(F - 11) 

t = 1,2, ... 
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r = probability of repair 

2.2 Expected Value 

KThe expected values for both relations in expression (F-ll) are defined 

as 

E(Number Of Trials To Failure) = EJ,,(t)(t) = 1:. 
P 

E(Number Of Trials To Repair) = E9d(t)(t) = ! 
r 

2.3 Single Workstation Markov Chain Failure-Repair Model 

(F -12) 

The two state failure-repair model is given by the following matrix 

difference equation 

(F - 13) 

As with the continuous time case the initial conditions are PoCO) = 1 and PI (0) = 
O. 

Applying the Geometric Z transform to the above and after rearrange

ment of some terms expression (F-13) becomes 

Ps(z) = Ps(O) . [I - zp]-I (F - 14) 

where 

p= ((1- P) p) 
r (1 - r) 

Thus after substitution 

( 

1-z(1-r) )' 
( ) _ [1 - z(1 - p)][1 - z(1 - r)] - z2rp 

Ps z - ZP 

[1- z{1- p)][1- z{1- r)]- z2rp 

(F - 15) 
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Taking the inverse Geometric Z transform of expression (F-15) yields: 

p(t) = (_r_ u(t) + (1- r - p)' -p- --p- u(t) - (1- r - p)' _P-) 
r+p r+p r+p r+p 

(F - 16) 

The availability is now the probability of staying in state 0 or 

r p 
A(t) = Po(t) = - u(t) + (1- r _ p)'-

r+p r+p 
(F -17) 

If 0 < r + p < 2, then the steady state availability can be found by letting t -. 00 

in expression (F-17). Therefore, 

r 1 
Ass = -- = --~":"""':" 

r+p 1+I/(rlp) 
(F - 18) 

The design test criteria in expression (F-18) for the discrete time single work

station failure-repair model is equivalent to continuous time case specified in 

expression (F-9). As shown in expression (F-18) the objective is to make the 

ratio (rip) as large as possible. This maximizes the steady state availability in 

expression (F-18). It also decreases the transient term in expression (F-17) as 

t -. 00. Now the criteria for the ratio (rip) can be assumed to be same as for 

the continuous time case as 

8 < :. < 100 -p- (F - 19) 
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