
Use of inverse methods for estimating
unsaturated flow parameters

Item Type text; Dissertation-Reproduction (electronic)

Authors Toorman, Alexander Frederik.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 16/05/2023 14:07:40

Link to Item http://hdl.handle.net/10150/185289

http://hdl.handle.net/10150/185289


INFORMATION TO USERS 

The most advanced technology has been used to photograph and 

reproduce this manuscript from the microfilm master. UMI films the 

text directly from the original or copy submitted. Thus, some thesis and 

dissertation copies are in typewriter face, while others may be from any 

type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at-the upper left-hand corner and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in 

reduced form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 611 x 911 black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly 

to order. 

U-M-I 
University Microfilms International 

A Bell & Howell Information Company 
300 North Zeeb Road. Ann Arbor, M148106-1346 USA 

313/761-4700 800/521-0600 





Order Number 9111975 

Use of inverse methods for estimating unsaturated flow 
parameters 

Toorman, Alexander Frederik, Ph.D. 

The University of Arizona, 1990 

U·M·I 
300 N. Zeeb Rd. 
Ann Arbor, MI 48106 





USE OF INVERSE METHODS FOR 

ESTIMA.TING UNSATURATED FLOW PARAMETERS 

by 

Alexander Frederik Toorman 

A Dissertation Submitted to the Faculty of the 
DEPARTMENT OF SOIL AND WATER SCIENCES 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 
In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1990 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

2 

As members of the Final Examination Committee, we certify that we have read 

the dissertation prepared by Alexander Frederik Toorman 

entitled ~ inverse methods for estimating unsaturated flow parameters 

and recommend that it be accepted as fUlfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 

Arthur W. Warrick Date 

Richard G. Hills Date 

19 ?1~ /990 
Date 

19 ~atJUUfut, a1'O 
Date 

17 Nove".,. b.e ¥ / r7 6 
Date 

T.-C. Jim h ~~;( 

e@</,_I ~-7 
Michael J. Sully 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's subnission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I 
direction and recommend 

have read this dissertation prepared under my 
that it be accepted as fulfilling the dissertation s:;;?nt . 

. :;; 
~~+-~~~~~~~~~-------

Dissertatrn 



3 

STATEMENT BY THE AUTHOR 

This dissertation has been submitted in partial fulfillment of 
requirements for an advanced degree at The University of Arizona and is 
deposited in the University Ubrary to be made available to borrowers under rules 
of the Ubrary. 

Brief quotations from this dissertation are allowable without special 
permission, provided that accurate acknowledgment of source is made. Requests 
for permission for extended quotation from or reproduction of this manuscript in 
whole or in part may be granted by the head of the m~jor department or the Dean 
of the Graduate College when in his or her judgment the proposed use of the 
material is in the interests of scholarship. In all other instances, however, 
permission must be obtained from the author. 



4 

Ackl10wledgement 

At the end of this four and a half year period of my life is it good to give 
thanks to those who made these years so worthwhile. First of all, I need to give 
thanks to God whom made Himself known through his Son. He made soils to be 
such a fascinating object as it has been these past years, understandable in so 
many ways, and challenging and incomprehensible in so many other ways, 
declaring his gloryl 

I am deeply indebted to my advisor Dr. P.J. Wierenga who has guided and 
supported me. These have been growing years in which his input has been of 
greatest value. 

Dr. R.G. Hills from New Mexico State University has been a great asset and 
help in undertaking this project. 

I also need to thank my colleague David Hudson for his friendship and 
numerous feedback on this project these past years. Thanks is also due to 
Gordon Wittmeyer and Shlomo Orr from the Hydrology Department for the many 
discussions we had on the topic of this study. This work is in great part the fruit 
of my interactions with these people. 

Finally I want to thank Ginger for her support in so many ways. Thank you 
for your love, prayers and help. Also, I want to thank my parents for letting me go 
to work on a project of which this is the result. Their prayer and love have made 
the greatest difference. 

These words can never fully describe my appreciation. 



5 

TABLE OF CONTENTS 

Page 

LIST OF ILLUSTRATIONS. . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . • a 

LIST OF TABLES 

ABSTRACT 45 

CHAPTER 1: INTRODUCTION .............................. 47 

Unsaturated Flow ......................... 47 

Models 51 

Parameter Estimation 54 

Problems with Parameter Estimation 59 

Review of Pertinent Uterature 69 

Objectives 

CHAPTER 2: FINITE DIFFERENCE SIMULATORS FOR UNSATURATED 
FLOW . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 

Introduction ...................... • . . . . . . . 1 00 

Water Content Based Simulator ............... 1 02 

Head Based Simulator 107 

Water Content Based Simulator with Picard Iteration. 11 0 

Other Characteristics of the Simulators Used in this 
Work. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 

CHAPTER 3: EXPERIMENTS ON SOIL CORES 116 



6 

Table of Contents (Continued) 

Page 

Common Features ......................... 116 

Soils ................................... 118 

Upward Infiltration 

One-Step Outflow 

Stepwise Inflow 

Evaporation from Soil Core 

122 

128 

130 

134 

Comparison between the Experiments .......... 139 

Generation of Auxiliary Variable Data Sets 140 

Generation of Objective Function Surfaces 

CHAPTER 4: RESULTS AND DISCUSSION 

Generation of Surfaces 

Upward Infiltration 

One-Step Outflow 

Stepwise Inflow 

Evaporation from Soil Core 

CHAPTER 5: SUMMARY AND CONCLUSIONS 

143 

148 

148 

150 

181 

214 

245 

267 

Interpretation of Surfaces .................... 267 

Summary and Recommendations for the 
Experiments Evaluated in this Work . . . . . . . . . . 270 



7 

Table of Contents (Continued) 

Page 

Recommendations Regarding Other 
Unsaturated Flow Experiments ............... 278 

Recommendations for Further Research 

APPENDIX 1: COMPUTER PROGRAMS 

282 

284 

APPENDIX 2: 

APPENDIX 3: 

APPENDIX 4: 

APPENDIX 5: 

REFERENCES 

Water Content Based Model, Simulator for the 
Upward Infiltration Experiment . . . . . . . . . . . . . . . 284 

Water Content Based Model with Picard Iteration, 
Simulator for the Upward Infiltration Experiment. 289 

Head Based Model, Simulator for the 
Evaporation Experiment, Implemented to 
Generate Objective Function Surfaces. .......... 295 

Generated Auxiliary Variables and Objective Function 
Surfaces for the Upward Infiltration Experiment for 
the Clayey Soil. . . . . . . . . . . . . . . . . . . . . . . . . . 

Generated Auxiliary Variables and Objective Function 
Surfaces for the One-Step Outflow Experiment for the 
Clayey Soil .............................. . 

Generated Auxiliary Variables and Objective Function 
Surfaces for the Stepwise Inflow Experiment for the 
Clayey Soil. ............................. . 

Generated Auxiliary Variables and Objective Function 
Surfaces for the Evaporation Experiment for the 
Clayey Soil. . ............................ . 

303 

324 

347 

371 

388 



8 

Ust of illustrations 

Page Figure 

101 2.1: 

120 3.1: 

121 3.2: 

123 3.3: 

125 3.4: 

126 3.5: 

137 3.6: 

160 4.1: 

160 4.2: 

161 4.3: 

161 4.4: 

162 4.5: 

162 4.6: 

Finite difference discretization of flow domain 

Retention curve for sand and clay 

Conductivity relation for sand and clay 

Experimental setup for upward infiltration experiment 

Raw data as collected with the upward infiltration experiment. The 
soil used is a Berino fine sandy loam. 

Corrected cumulative infiltration data for Berino fine sandy loam 

Cumulative evaporation versus time 

Cumulative inflow vs. time for the upward infiltration experiment for 
the sandy soil 

Change of water content over time at the three measurement 
locations for the upward infiltration experiment for the sandy soil. 

Change of matric potential over time at the three measurement 
locations for the upward infiltration experiment for the sandy soil. 

Objective function surface and contours for the a-n parameter 
plane for the cumulative inflow for the unward infiltration experiment 
for the sandy soil. 

Objective function surface and contours for the a-n parameter 
plane for the water content measured at X= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 

Objective function surface and contours for the a-n parameter 
plane for the water content measured at x=3.S cm during the 
upward infiltration experiment for the sandy soil. 



9 

Ust of illustrations (continued) 

Page Figure 

163 4.7: Objective function surface and contours for the a-n parameter 
plane for the water content measured at x=6.1 cm during the 
upward infiltration experiment for the sanely soil. 

163 4.8: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at X= 1.5 em during the 
upward infiltration experiment for the sandy soil. 

164 4.9: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at x=3.8 em during the 
upward infiltration experiment for the sandy soil. 

164 4.10: Objective function surface and contours for the a-n parameter 
plane for the matric potential measured at x=6.1 em during the 
upward infiltration experiment for the sandy soil. 

165 4.11 : Contours of the objective function surfaces for the a-n parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the sandy soil. 

165 4.12: Contours for the objective function surface for the a-n parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the upward infiltration experiment for the sandy soil. 

166 4.13: Contours for the objective function surface for the a-n paramater 
plane for the log value of the matric potential measured at x=6.1 
cm during the upward infiltration experiment for the sandy soil. 

166 4.14: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at X= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 

167 4.15: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 



list of illustrations (continued) 

Page Figure 

10 

167 4.16: Contours for the objective function surface for the Ct-n parameter 
plane for the retention data collected at x=6.1 cm during the 
upward infiltration experiment for the sandy soil. 

168 4.17: Contours in the a-n parameter plane for combination of the 
surfaces for inflow and retention data collected at x=6.1 cm for the 
upward infiltration experiment for the sandy soil. 

168 4,18: Contours in the a-n parameter plane for combination of the 
surfaces for water content and retention data collected at x=6.1 
cm for the upward infiltration experiment for the sandy soil. 

169 4.19: Contours in the a-n parameter plane for combination of the 
surfaces for water content. matric potential and retention data 
collected at x=6.1 cm for the upward infiltration experiment for the 
sandy soil. 

169 4.20: Contours in the a-n parameter plane for combination of the 
surfaces for matric potential and retention data collected at x=6.1 
cm for the upward infiltration experiment for the sandy soil. 

170 4.21 : Contours in the a-n parameter plane for combination of the 
surfaces for the cumulative inflow. matric potential and retention 
data collected at x=6.1 cm for the upward infiltration experiment 
for the sandy soil. 

170 4.22: Contours for the objective function surface for the a-Ks parameter 
plane for the cumulative inflow during the upward infiltration 
experiment for the sandy soil. 

171 4.23: Contours for the objective function surface for the a-Ks parameter 
plane for the water content measured at X= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 

171 4.24: Contours for the objective function surface for the a-Ks parameter 
plane for the water content measured at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

11 

172 4.25: Objective function surface and contours for the a-~ parameter 
plane for the water content measured at x=6.1 em during the 
upward infiltration experiment for the sandy soil. 

172 4.26: Contours for the objective function surface for the a-~ parameter 
plane for the matrie potential measured at X= 1.5 em during the 
upward infiltration experiment for the sandy soil. 

173 4.27: Contours for the objective function surface for the a-~ parameter 
plane for the matric potential measured at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 

173 4.28: Objective function surface and contours for the a-~ parameter 
plane for the matric potential measured at x=6.1 cm during the 
upward infiltration experiment for the sandy soil. 

174 4.29: Objective function surfaces and contours for the a-~ parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the sandy soil. 

174 4.30: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the upward infiltration experiment for the sandy soil. 

175 4.31: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the upward infiltration experiment for the sandy soil. 

175 4.32: Contours for the objective function surface for the n-~ parameter 
plane for the cumulative inflow during the upward infiltration 
experiment for the sandy soil. 

176 4.33: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at X= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

12 

176 4.34: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 

177 4.35: Objective function surface and contours for the n-f<s parameter 
plane for the water content measured at x=6.1 crn during the 
upward infiltration experiment for the sandy soil. 

177 4.36: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at x= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 

178 4.37: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 

178 4.38: Objective function surface and contours for the n-f<s parameter 
plane for the matric potential measured at x=6.1 cm during the 
upward infiltration experiment for the sandy soil. 

179 4.39: Objective function surfaces and contours for the n-f<s parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the sandy soil. 

179 4.40: Contours for the objective function surface for the n-f<s parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the upward infiltration experiment for the sandy soil. 

180 4.41 : Contours for the objective function surface for the n-f<s parameter 
plane for the log value of the matric potential measured at x=6.1 
em during the upward infiltration experiment for the sandy soil. 

193 4.42: Cumulative outflow vs. time for the One-Step outflow experiment 
for the sandy soil 

193 4.43: Change of water contel'lt over time at the three measurement 
locations for the One-Step outflow experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

13 

194 4.44: Change of matric potential over time at the three measurement 
locations for the One-Step outflow experiment for the sandy soil. 

194 4.45: Objective function surface and contours for the a-n parameter 
plane for the cumulative outflow for the One-Step outflow 
experiment for the sandy soil. 

195 4.46: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 

195 4.47: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at x=3.S cm for the One
Step outflow experiment for the sandy soil. 

196 4.48: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at x=6.1 cm for the One
Step outflow experiment for the sandy soil. 

196 4.49: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 

197 4.50: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at x=3.S cm for the One
Step outflow experiment for the sandy soil. 

197 4.51: Objective function surface and contours for the a-n parameter 
plane for the matric potential measured at x=6.1 cm for the One
Step outflow experiment for the sandy soil. 

198 4.52: Contours for the objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at X= 1.5 
em for the One-Step outflow experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

14 

198 4.53: Contours for the objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at x=3.S 
em for the One-Step outflow experiment for the sandy soil. 

199 4.54: Contours for the objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the sandy soil. 

199 4.55: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at X= 1.5 cm during the One
Step outflow experiment for the sandy soil. 

200 4.56: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=3.S cm during the One
Step outflow experiment for the sandy soil. 

200 4.57: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=6.1 cm during the One
Step outflow experiment for the sandy soil. 

201 4.58: Objective function surface and contours in the a-n parameter plane 
for combination of the surfaces for the cumulative outflow and 
matric potential data collected at x=6.1 cm for the One-Step 
outflow experiment for the sandy soil. 

201 4.59: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the cumulative outflow 
and retention data collected at x=6.1 cm for the One-Step outflow 
experiment for the sandy soil. 

202 4.60: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the water content and 
retention data collected at x=6.1 cm for the One-Step outflow 
experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

15 

202 4.61: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the matric potential and 
retention data collected at x=6.1 em for the One-Step outflow 
experiment for the sandy soil. 

203 4.62: Objective function surface and contours for the a-~ parameter 
plane for the cumulative outflow for the One-Step outflow 
experiment for the sandy soil. 

203 4.63: Contours for the objective function surface for the a-~ parameter 
plane for the water content measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 

204 4.64: Contours for the objective function surface for the a-~ parameter 
plane for the water content measured at x=3.S cm for the One
Step outflow experiment for the sandy soil. 

204 4.65: Contours for the objective function surface for the a-~ parameter 
plane for the water content measured at x=6.1 cm for the One
Step outflow experiment for the sandy soil. 

205 4.66: Contours for the objective function surface for the a-~ parameter 
plane for the matric potential measured at x=1.5 cm for the One
Step outflow experiment for the sandy soil. 

205 4.67: Contours for the objective function surface for the a-Kg parameter 
plane for the matric potential measured at x=3.S cm for the One
Step outflow experiment for the sandy soil. 

206 4.68: Objective function surface and contours for the a-~ parameter 
plane for the matric potential measured at x=6.1 cm for the One
Step outflow experiment for the sandy soil. 

206 4.69: Contours for the objective function surface for the a-~ parameter 
plane for the log-value of the matric potential measured at x=1.5 
cm for the One-Step outflow experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

16 

207 4.70: Contours for the objective function surface for the a-f<s parameter 
p!ane for the log-value of the matric potential measured at x=3.8 
cm for the One-Step outflow experiment for the sandy soil. 

207 4.71 : Contours for the objective function surface for the a-Ks parameter 
plane for the log-value of the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the sandy soil. 

208 4.72: Objective function surface and contours in the a-f<s parameter 
plane for combination of the surfaces for the cumulative outflow 
and matric potential data collected at x=6.1 cm for the One-Step 
outflow experiment for the sandy soil. 

208 4.73: Objective function surface and contours for the n-f<s parameter 
plane for the cumulative outflow for the One-Step outflow 
experiment for the sandy -soil. 

209 4.74: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 

209 4.75: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at x=3.8 cm for the One
Step outflow experiment for the sandy soil. 

210 4.76: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at x=6.1 cm for the One
Step outflow experiment for the sandy soil. 

210 4.77: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 

211 4.78: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at x=3.8 cm for the One
Step outflow experiment for the sandy soil. 



17 

Ust of illustrations (continued) 

Page Figure 

211 4.79: 

212 4.80: 

212 4.81: 

213 4.82: 

213 4.83: 

222 4.84: 

222 4.85: 

223 4.86: 

223 4.87: 

224 4.88: 

Objective function surface and contours for the n-~ parameter 
plane for the matric potential measured at x=6.1 em for the One
Step outflow experiment for the sandy soil. 

Contours for the objective function surface for the n-Ks parameter 
plane for the log-value of the matric potential measured at x= 1.5 
cm for the One-Step outflow experiment for the sandy soil. 

Contours for the objective function surface for the n-Ks parameter 
plane for the log-value of the matric potential measured at x=3.8 
cm for the One-Step outflow experiment for the sandy soil. 

Contours for the objective function surface for the n-f<s parameter 
plane for the log-value of the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the sandy soil. 

Objective function surface and contours in the n-Ks parameter 
plane for combination of the surfaces for the cumulative outflow 
and matric potential data collected at x=6.1 em for the One-Step 
outflow experiment for the sandy soil. 

Cumulative inflow vs. time for the stepwise inflow experiment for 
the sandy soil 

Change of water content over time at the three measurement 
locations for the stepwise inflow experiment for the sandy soil. 

Change of matric potential over time at the three measurement 
locations for the stepwise inflow experiment for the sandy soil. 

Objective function surface and contours for the a-n parameter 
plane for the cumulative inflow for the stepwise inflow experiment 
for the sandy soil. 

Contours for the objective function surface for the a-n parameter 
plane for the water content measured at X= 1.5 em for the stepwise 
inflow experiment for the sandy soil. 



Ust of illustrations (continued) 

Page Figure 

18 

224 4.89: Contours for the objective function surface for the ex-n parameter 
plane for the water content measured at x=3.8 cm for the stepwise 
inflow experiment for the sandy soil. 

225 4.90: Objective function surface and contours for the ex-n parameter 
plane for the water content measured at x=6.1 cm during the 
stepwise inflow experiment for the sandy soil. 

225 4.91: Contours for the objective function surface for the ex-n parameter 
plane for the matric potential measured at X= 1.5 cm during the 
stepwise inflow experiment for the sandy soil. 

226 4.92: Contours for the objective function surface for the ex-n parameter 
plane for the matric potential measured at x=3.8 cm during the 
stepwise inflow experiment for the sandy soil. 

226 4.93: Objective function surface and contours for the ex-n parameter 
plane for the matric potential measured at x=6.1 cm during the 
stepwise inflow experiment for the sandy soil. 

227 4.94: Contours of the objective function surfaces for the ex-n parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the stepwise inflow experiment for the sandy soil. 

227 4.95: Contours for the objective function surface for the ex-n parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the stepwise inflow experiment for the sandy soil. 

228 4.96: Contours for the objective function surface for the ex-n parameter 
plane for the log value of the matric potential measurod at x=6.1 
cm during the stepwise inflow experiment for the sandy soil. 

228 4.97: Contours for the objective function surface for the ex-n parameter 
plane for the retention data collected at X= 1.5 em during the 
stepwise inflow experiment for the sandy soil. 



19 

Ust of illustrations (continued) 

Page Figure 

229 4.98: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=3.8 cm during the 
stepwise inflow experiment for the sandy soil. 

229 4.99: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=6.1 cm during the 
stepwise inflow experiment for the sandy soil. 

230 4.100: Objective function surface and contours in the a-n parameter plane 
for combination of the surfaces for the cumulative inflow and water 
content data collected at x=6.1 cm for the stepwise inflow 
experiment for the sandy soil. 

230 4.101 : Objective function surface and contours in the a-n parameter plane 
for combination of the surfaces for the cumulative inflow and matric 
potential data collected at x=6.1 cm for the stepwise inflow 
experiment for the sandy soil. 

231 4.102: Contours in the Q-n parameter plane for combination of the 
surfaces for cumulative inflow and retention data collected at x=6.1 
cm for the stepwise inflow experiment for the sandy soil. 

231 4.103: Contours in the a-n parameter plane for combination of the 
surfaces for water content and retention data collected at x=6.1 
cm for the stepwise inflow experiment for the sandy soil. 

232 4.104: Contours in the a-n parameter plane for combination of the 
surfaces for matric potential and retention data collected at x=6.1 
cm for the stepwise inflow experiment for the sandy soil. 

232 4.105: Contours in the Q-n parameter plane for combination of the 
surfaces for cumulative inflow, matric potential and retention data 
collected at x=6.1 cm for the stepwise inflow experiment for the 
sandy soil. 



20 

Ust of illustrations (continued) 

Page Figure 

233 

233 

234 

234 

235 

235 

236 

236 

237 

4.106: Objective function surface and contours for the a-f<s pa.rameter 
plane for the cumulative infiow for the stepwise inflow experiment 
for the sandy soil. 

4.107: Contours for the objective function surface for the a-Ka parameter 
plane for the water content measured at X= 1.5 cm for tlie stepwise 
inflow experiment for the sandy soil. 

4.108: Contours for the objective function surface for the a-Ka parameter 
plane for the water content measured at x=3.S cm for tlie stepwise 
inflow experiment 'for the sandy soil. 

4.109: Objective function surface and contours for the a-f<s parameter 
plane for the water content measured at x=6.1 cm during the 
stepwise inflow experiment for the sandy soil. 

4.110: Contours for the objective function surface for. the a-f<s parameter 
plane for the matric potential measured at X= 1.5 cm during the 
stepwise inflow experiment for the sandy soil. 

4.111 : Contours for the objective function surface for the a-f<s parameter 
plane for the matric potential measured at x=3.S cm during the 
stepwise inflow experiment for the sandy soil. 

4.112: Objective function surface and contours for the a-f<s parameter 
plane for the matric potential measured at x=6.1 cm during the 
stepwise inflow experiment for the sandy soil. 

4.113: Contours of the objective function surfaces for the a-f<s parameter 
plane for the log value of the matric potential measured at x= 1.5 
cm during the stepwise inflow experiment for the sandy soil. 

4.114: Contours for the objective function surface for the a-f<s parameter 
plane for the log value of the matric potential measured at x=3.S 
cm during the stepwise inflow experiment for the sandy soil. 
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237 4.115: Contours for the objective function surface for the a-f<s parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the sandy soil. 

238 4.116: Objective function surface and contours in the a-f<s parameter 
plane for combination of the surfaces for the cumulative inflow and 
matric potential data collected at x=6.1 cm for the stepwise inflow 
experiment for the sandy soil. 

238 4.117: Objective function surface and contours in the a-f<s parameter 
plane for combination of the surfaces for the water content and 
matric potential data collected at x=6.1 cm for the stepwise inflow 
experiment for the sandy soil. 

239 4.118: Objective function surface and contours for the n-f<s parameter 
plane for the cumulative inflow for the stepwise inflow experiment 
for the sandy soil. 

239 4.119: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at X= 1.5 cm for the stepwise 
inflow experiment for the sandy soil. 

240 4.120: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at x=3.S cm for the stepwise 
inflow experiment for the sandy soil. 

240 4.121 : Objective function surface and contours for the n-f<s parameter 
plane for the water content measured at x=6.1 cm during the 
stepwise inflow experiment for the sandy soil. 

241 4.122: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at X= 1.5 cm during the 
stepwise inflow experiment for the sandy soil. 

241 4.123: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at x=3.S cm during the 
stepwise inflow experiment for the sandy soil. 
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242 4.124: Objective function surface and contours for the n-~ parameter 
plane for the matric potential measured at x=6.1 em during the 
stepwise inflow experiment for the sandy soil. 

242 4.125: Contours of the objective function surfaces for the n-~ parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the stepwise inflow experiment for the sandy soil. 

243 4.126: Contours for the objective function surface for the n-~ parameter 
pla!1e for the log value of the matric potential measured at x=3.8 
cm during the stepwise inflow experiment for the sandy soil. 

243 4.127: Contours for the objective function surface for the n-~ parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the sandy soil. 

244 4.128: Objective function surface and contours in the n-~ parameter 
plane for combination of the surfaces for the cumulative inflow and 
matric potential data collected at x=6.1 cm for the stepwise inflow 
experiment for the sandy soil. 

244 4.129: Objective function surface and contours in the a-Kg parameter 
plane for combination of the surfaces for the water content and 
matric potential data collected at x=6.1 cm for the stepwise inflow 
experiment for the sandy soil. 

250 4.130: Change of water content over time at the three measurement 
locations for the evaporation experiment for the sandy soil. 

250 4.131: Change of matric potential over time at the three measurement 
locations for the evaporation experiment for the sandy soil. 

251 4.132: Contours for the objective function surface for the ex-n parameter 
plane for the water content measured at X= 1.5 cm for the 
evaporation experiment for the sandy soil. 
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251 4.133: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at x=3.8 cm for the 
evaporation experiment for the sandy soil. 

252 4.134: Objective function surface and contours for the a-n parameter 
plane for the water content measured at x=6.1 cm during the, 
evaporation experiment for the sandy soil. 

252 4.135: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at x= 1.5 cm during the 
evaporation experiment for the sandy soil. 

253 4.136: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at x=3.S cm during the 
evaporation experiment for the sandy soil. 

253 4.137: Objective function surface and contours for the a-n parameter 
plane for the matric potential measured at x=6.1 cm during the 
evaporation experiment for the sandy soil. 

254 4.138: Contours of the objective function surfaces for the Q-n parameter 
plane for the log value of the matric potential measured at x= 1.5 
cm during the evaporation experiment for the sandy soil. 

254 4.139: Contours for the objective function surface for the Q-n parameter 
plane for the log value of the matric potential measured at x=3.S 
cm during the evaporation experiment for the sandy soil. 

255 4.140: Contours for the objective function surface for the a-n parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the evaporation experiment for the sandy soil. 

255 4.141 : Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at X= 1.5 cm during the 
evaporation experiment for the sandy soil. 
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256 4.142: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=3.S cm during the 
evaporation for the sandy soil. 

256 4.143: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=6.1 cm during the 
evaporation experiment for the sandy soil. 

257 4.144: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the matric potential and 
retention data collected at x=6.1 cm for the evaporation 
experiment for the sandy soil. 

257 4.145: Contours for the objective function surface for the a-Ka parameter 
plane for the water content measured at X= 1.5 cm for the 
evaporation experiment for the sandy soil. 

258 4.146: Contours for the objective function surface for the a-Ka parameter 
plane for the water content measured at x=3.S cm for the 
evaporation experiment for the sandy soil. 

258 4.147: Objective function surface and contours for the a-Ka parameter 
plane for the water content measured at x=6.1 cm during the 
evaporation experiment for the sandy soil. 

259 4.148: Contours for the objective function surface for the a-Ka parameter 
plane for the matric potential measured at X= 1.5 cm during the 
evaporation experiment for the sandy soil. 

259 4.149: Objective function surface and contours for the a-Ka parameter 
plane for the matric potential measured at x=3.S cm during the 
evaporation experiment for the sandy soil. 

260 4.150: Objective function surface and contours for the a-Ka parameter 
plane for the matric potential measured at x=6.1 cm during the 
evaporation experiment for the sandy soil. 
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260 4.151: Contours of the objective function surfaces for the a-Ka parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the evaporation experiment for the sandy soil. 

261 4.152: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=3.S 
cm during the evaporation experiment for the sandy soil. 

261 4.153: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the evaporation experiment for the sandy soil. 

262 4.154: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at X= 1.5 cm for the 
evaporation experiment for the sandy soil. 

262 4.155: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at x=3.S cm for the 
evaporation experiment for the sandy soil. 

263 4.156: Objective function surface and contours for the n-~ parameter 
plane for the water content measured at x=6.1 cm during the 
evaporation experiment for the sandy soil. 

263 4.157: Contours for the objective function surface for the n-~ parameter 
plane for the matric potential measured at X= 1.5 cm during the 
evaporation experiment for the sandy soil. 

264 4.158: Contours for the objective function surface for the n-~ parameter 
plane for the matric potential measured at x=3.S cm during the 
evaporation experiment for the sandy soil. 

264 4.159: Objective function surface and contours for the n-~ parameter 
plane for the matric potential measured at x=6.1 cm during the 
evaporation experiment for the sandy soil. 
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265 4.160: Contours of the objective function surfaces for the n-~ parameter 
plane for the log value of the matric potential measured at x= 1.S 
cm during the evaporation experiment for the sandy soil. 

265 4.161: Contours for the objective function surface for the n-~ parameter 
plane for the log value of the matric potential measured at x=3.S 
cm during the evaporation experiment for the sandy soil. 

266 4.162: Contours for the objective function surface for the n-~ parameter 
plane for '~he log value of the matl'ic potential measured at x=6.1 
cm during the evaporation experiment for the sandy soil. 

304 A.2.1: Cumulative inflow vs. time for the upward infiltration experiment for 
the clayey soil 

304 A.2.2: Change of water content over time at the three measurement 
locations for the upward infiltration experiment for the clayey soil. 

30S A.2.3: Change of matric potential over time at the three measurement 
locations for the upward infiltration experiment for the clayey soil. 

30S A.2.4: Change of water content over time at the three measurement 
locations for the upward infiltration experiment for the clayey soil, 
generated with water content based simulator without Picard 
iteration. 

306 A.2.S: Contours for objective function surface for the a-n parameter· plane 
for the cumulative inflow for the upward infiltration experiment for 
the clayey soil. 

306 A.2.6: Contours for objective function surface for the a-n parameter plane 
for the water content measured at x= 1.S cm during the upward 
infiltration experiment for the clayey soil. 

307 A.2.7: Contours for objective function surface for the a-n parameter plane 
for the water content measured at x=3.S cm during the upward 
infiltration experiment for the clayey soil. 
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307 A,2.8: Contours for objective function surface for the a-n parameter plane 
for the water content measured at x=6.1 cm during the upward 
infiltration experiment for the clayey soil. 

308 A,2.9: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at X= 1.5 cm during the 
upward infiitration experiment for the clayey soil. 

308 A,2.10: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at x=3.8 cm during the 
upward infiltration experiment for the clayey soil. 

309 A,2.11 : Objective function surface and contours for the a-n parameter 
plane for the matric potential measured at x=6.1 cm during the 
upward infiltration experiment for the clayey soil. 

309 A.2.12: Contours of the objective function surfaces for the a-n parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the clayey soil. 

310 A,2.13: Contours for the objective function surface for the a-n parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the upward infiltration experiment for the clayey soil. 

310 A,2.14: Contours for the objective function surface for the a-n parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the upward infiltration experiment for the clayey soil. 

311 A.2.15: Contours for the objective function surface for the a-n parameter 
plane for the retention data col/ected at X= 1.5 cm during the 
upward infiltration experiment for the clayey soil. 

311 A.2.16: Contours for the objective function surface for the a-n parameter 
plane for the retention data col/ected at x=3.8 cm during the 
upward infiltration experiment for the clayey soil. 
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312 A.2.17: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=6.1 cm during the 
upward infiltration experiment for the clayey soil. 

312 A.2.18: Contours in the a-n parameter plana for combination of the 
surfaces for the cumulative inflow and retention data collected at 
x=6.1 cm for the upward infiltration experiment for the clayey soil. 

313 A.2.19: Contours in the a-n parameter plane for combination of the 
surfaces for the cumulative inflow and matric potential data 
collected at x=6.1 cm for the upward infiltration experiment for the 
clayey soil. 

313 A.2.20: Contours for the objective function surface for the a-i<s parameter 
plane for the cumulative inflow during the upward infiltration 
experiment for the clayey soil. 

314 A.2.21: Contours for the objective function surface for the a-i<s parameter 
plane for the water content measured at X= 1.5 cm during the 
upward infiltration experiment for the clayey soil. 

314 A.2.22: Contours for the objective function surface for the a-i<s parameter 
plane for the water content measured at x=3.8 cm during the 
upward infiltration experiment for the clayey soil. 

315 A.2.23: Objective function surface and contours for the a-i<s parameter 
plane for the water content measured at x=6.1 cm during the 
upward infiltration experiment for the clayey soil. 

315 A.2.24: Contours for the objective function surface for the a-i<s parameter 
plane for the matric potential measured at X= 1.5 cm during the 
upward infiltration experiment for the clayey soil. 

316 A.2.25: Contours for the objective function surface for the a-i<s parameter 
plane for the matric potential measured at x=3.8 cm during the 
upward infiltration experiment for the clayey soil. 
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A.2.26: Contours for the objective function surface for the a-~ parameter 
plane for the matric potential measured at x=6.1 cm during the 
upward infiltration experiment for the clayey soil. 

A.2.27: Objective function surfaces and contours for the a-I<s parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the clayey soil. 

A.2.28: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the upward infiltration experiment for the clayey soil. 

A.2.29: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the upward infiltration experiment for the clayey soil. 

A.2.30: Contours for the objective function surface for the n-~ parameter 
plane for the cumulative inflow during the upward infiltration 
experiment for the clayey soil. 

A.2.31: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at x= 1.5 cm during the 
upward infiltration experiment for the clayey soil. 

A.2.32: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at x=3.8 cm during the 
upward infiltration experiment for the clayey soil. 

A.2.33: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at x=6.1 cm during the 
upward infiltration experiment for the clayey soil. 

A.2.34: Contours for the objective function surface for the n-I<s parameter 
plane for the matric potential measured at X= 1.5 cm during the 
upward infiltration experiment for the clayey soil. 
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321 A.2.35: Contours for the objective function surface for the n-K's parameter 
plane for the matric potential measured at x=3.8 cm during the 
upward infiltration experiment for the clayey soil. 

321 A.2.36: Objective function surface and contours for the n-K's parameter 
plane for the matric potential measured at x=6 .. 1 cm during the 
upward infiltration experiment for the clayey soil. 

322 A.2.37: Objective function surfaces and contours for the n-K's parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the clayey soil. 

322 A.2.38: Contours for the objective function surface for the n-K's parameter 
plane for the log value of the matric potential measured at x=3.8 
cm during the upward infiltration experiment for the clayey soil. 

323 A.2.39: Ccnlours for the objective function surface for the n-K's parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the upward infiltration experiment for the clayey soil. 

325 A.3.1 : Cumulative outflow vs. time for the One-Step outflow experiment 
for the clayey soil 

325 A.3.2: Change of water content over time at the three measurement 
locations for the One-Step outflow experiment for the clayey soil. 

326 A.3.3: Change of matric potential over time at the three measurement 
locations for the One-Step outflow experiment for the clayey soil. 

326 A.3.4: Objective function surface and contours for the a-n parameter 
plane for the cumulative outflow for the One-Step outflow 
experiment for the clayey soil. 

327 A.3.5: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at X= 1.5 cm for the One
Step outflow experiment for the clayey soil. 
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327 A.3.6: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at x=3.8 cm for the One-
Step outflow experiment for the clayey soil. 

328 A.3.7: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at x=6.1 cm for the One-
Step outflow experiment for the clayey soil. 

328 A.3.8: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at X= 1.5 cm for the One-
Step outflow experiment for the clayey soil. 

329 A.3.9: Contours for the objective function surface for the a-n parameter 
plane for the matric potential measured at x=3.8 cm for the One-
Step outflow experiment for the clayey soil. 

329 A.3.10: Objective function surface and contours for the a-n parameter 
plane for the matric potential measured at x=6.1 cm for the One-
Step outflow experiment for the clayey soil. 

330 A.3.11 : Contours for th::) objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at X= 1.5 
cm for the One-Step outflow experiment for the clayey soil. 

330 A.3.12: Contours for the objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at x=3.8 
cm for the One-Step outflow experiment for the clayey soil. 

331 A.3.13: Contours for the objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the clayey soil. 

331 A.3.14: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at X= 1.5 cm during the One-
Step outflow experiment for the clayey soil. 
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332 A.3.15: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=3.8 em during the One
Step outflow experiment for the clayey soil. 

332 A.3.16: Contours for the objective function surface for the a-n parameter 
plane for the retention data collected at x=6.1 cm during the One
Step outflow experiment for the clayey soil. 

333 A.3.17: Objective function surface and contours in the a-n parameter plane 
for combination of the surfaces for the cumulative outflow and 
matric potential data collected at x=6.1 cm for the One-Step 
outflow experiment for the clayey soil. 

333 A.3.18: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the cumulative outflow 
and retention data collected at X= 1.5 cm for the One-Step outflow 
experiment for the clayey soil. 

334 A.3.19: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the water content and 
retention data collected at X= 1.5 cm for the One-Step outflow 
experiment for the clayey soil. 

334 A.3.20: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the outflow, matric 
potential and retention data collected at x=6.1 cm for the One-Step 
outflow experiment for the clayey soil. 

335 A.3.21: Contours for the objective function surface for the a-n parameter 
plane for combination of the surfaces for the matric potential and 
retention data collected at x=6.1 cm for the One-Step outflow 
experiment for the clayey soil. 

335 A.3.22: Objective function surface and contours for the a-~ parameter 
plane for the cumulative outflow for the One-Step outflow 
experiment for the clayey soil. 
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A.3.23: Contours for the objective function surface for the a-Ka parameter 
plane for the water content measured at X= 1.5 cm for the One
Step outflow experiment for the clayey soil. 

A.3.24: Contours for the objective function surface for the a-~ parameter 
plane for the water content measured at x=3.8 cm for the One
Step outflow experiment for the clayey soil. 

A.3.25: Contour~ for the objective function surface for the a-~ parameter 
plane for the water content measured at x=6.1 cm for the One
Step outflow experiment for the clayey soil. 

A.3.26: Contours for the objective function surface for the a-~ parameter 
plane for the matric potential mea$ured at X= 1.5 cm for the One
Step outflow experiment for the clayey soil. 

A.3.27: Contours for the objective function surface for the a-~ parameter 
plane for the matric potential measured at x=3.8 cm for the One
Step outflow experiment for the clayey soil. 

A.3.28: Objective function surface and contours for the a-~ parameter 
plane for the matric potential measured at x=6.1 cm for the One
Step outflow experiment for the clayey soil. 

A.3.29: Contours for the objective function surface for the a-~ parameter 
plane for the log-value of the matric potential measured at X= 1.5 
cm for the One-Step outflow experiment for the clayey soil. 

A.3.30: Contours for the objective function surfa~e for the a-~ parameter 
plane for the log-value of the matric potential measured at x=3.S 
cm for the One-Step outflow experiment for the clayey soil. 

A.3.31: Contours for the objective function surface for the a-~ parameter 
plane for the log-value of the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the clayey soil. 
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340 A.3.32: Objective function surface and contours in the a-f<s parameter 
plane for combination of the surfaces for the cumulative outflow 
and matric potential data collected at x=6.1 cm for the One-Step 
outflow experiment for the clayey soil. 

341 A.3.33: Objective function surface and contours for the n-f<s parameter 
plane for the cumulative outflow for the One-Step outflow 
experiment for the clayey soil. 

341 A.3.34: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at X= 1.5 em for the One
Step outflow experiment for the clayey soil. 

342 A.3.35: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at x=3.8 cm for the One
Step outflow experiment for the clayey soil. 

342 A.3.36: Contours for the objective function surface for the n-f<s parameter 
plane for the water content measured at x=6.1 cm for the One
Step outflow experiment for the clayey soil. 

343 A.3.37: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at X= 1.5 cm for the One
Step outflow experiment for the clayey soil. 

343 A.3.38: Contours for the objective function surface for the n-f<s parameter 
plane for the matric potential measured at x=3.8 cm for the One
Step outflow experiment for the claydy soil. 

344 A.3.39: Objective function surface and contours for the n-f<s parameter 
plane for the matric potential measured at x=6.1 cm for the One
Step outflow experiment for the clayey soil. 

344 A.3.40: Contours for the objective function surface for the n-f<s parameter 
plane for the log-value of the matric potential measured at X= 1.5 
cm for the One-Step outflow experiment for the clayey soil. 
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345 A.3.41: Contours for the objective function surface for the n-t<a parameter 
plane for the log·value of the matric potential measured at x=3.8 
cm for the One-Step outflow experiment for the clayey soil. 

345 A.3.42: Contours for the objective function surface for the n-t<a parameter 
plane for the log-value of the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the clayey soil. 

346 A.3.43: Objective function surface and contours in the n-Kg parameter 
plane for combination of the surfaces for the cumulative outflow 
and matric potential data collected at x=6.1 cm for the One-Step 
outflow experiment for the clayey soil. 

348 A. 4. 1 : Cumulative inflow vs. time for the stepwise inflow experiment for 
the clayey soil 

348 A.4.2: Change of water content over time at the three measurement 
locations for the stepwise inflow experiment for the clayey soil. 

349 A.4.3: Change of matric potential over time at the three measurement 
locations for the stepwise inflow experiment for the clayey soil. 

349 A.4.4: Objective function surface and contours for the a-n parameter 
plane for the cumulative inflow for the stepwise inflow experiment 
for the clayey soil. 

350 A.4.5: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at X= 1.5 cm for the stepwise 
inflow experiment for the clayey soil. 

350 A.4.6: Contours for the objective function surface for the a-n parameter 
plane for the water content measured at x=3.8 cm for the stepwise 
inflow experiment for the clayey soil. 

351 A.4.7: Objective function surface and contours for the a-n parameter 
plane for the water content measured at x=6.1 cm during the 
stepwise inflow experiment for the clayey soil. 
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351 A.4.S: Contours for the objective function surface for the Q-n parameter 
plane for the matric potential measured at X= 1.5 cm during the 
stepwise inflow experiment for the clayey soil. 

352 A.4.9: Contours for the objective function surface for the Q-n parameter 
plane for the matric potential measured at x=3.S cm during the 
stepwise inflow experiment for the clayey soil. 

352 A.4.10: Objective function surface and contours for the Q-n parameter 
plane for the matric potential measured at x=6.1 cm during the 
stepwise inflow experiment for the clayey soil. 

353 A.4.11: Contours of the objective function surfaces for ths Q-n parameter 
plane for the log value of the matric potential measured at X= 1.5 
cm during the stepwise inflow experiment for the clayey soil. 

353 A.4.12: Contours for the objective function surface for the Q-n parameter 
plane for the log value of the matric potential measured at x=3.S 
cm during the stepwise inflow experiment for the clayey soil. 

354 A.4.13: Contours for the objective function surface for the Q-n parameter 
plane for the log value of the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the clayey soil. 

354 A.4.14: Contours for the objective function surface for the Q-n parameter 
plane for the retention data collected at X= 1.5 cm during the 
stepwise inflow experiment for the clayey soil. 

355 A.4.1S: Contours for the objective function surface for the Q-n parameter 
plane for the retention data collected at x=3.S cm during the 
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ABSTRACT 

Transient laboratory experiments are evaluated for their use in inverse 

methods to estimate soil-water parameters for unsaturated flow. The experiments 

are upward infiltration, One-Step outflow, stepwise inflow and evaporation. The 

experiments are simulated numerically for three inch standard size cores. A 

theoretical sandy and a clayey soil are used and are described by the closed-form 

van Genuchten soil-water relations. During each numerical experiment, for each 

soil, measurements of different auxiliary variables are simulated. These auxiliary 

variables are the inflow or outflow at the boundary, and the water content and 

matric potential within the soil core at three different locations. For each auxiliary 

variable the sensitivity to estimate the parameters Q, n and the saturated hydraulic 

conductivity is studied by plotting the objective function surface in the parameter 

planes defined by these parameters. The objective function is calculated for 900 

points in each parameter plane and describes the error between the measured 

and generated auxiliary variable. The shape of these surfaces indicates how well 

an inverse procedure can find a unique and accurate solution. From these 

surfaces auxiliary variables, or combinations thereof, are selected which provide 

sensitive parameter estimates. The surfaces indicate that the contours are 

nonconvex and that confidence regions for parameters are not symmetric. The 

hydraulic conductivity is the least sensitive parameter to estimate. For a wetting 
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experiment the parameter sensitivity will increase when the measurement of the 

auxiliary variable, is taken further away from the inflow boundary. To obtain 

sensitive parameter estimates the auxiliary variable used in the inverse procedure 

needs to be least similar to the known and changed boundary variable. The 

shape of the objective function surface for the degenerate case, where an auxiliary 

variable would be measured at the changed boundary, can provide prior 

information regarding the sensitivity of estimating parameters from an auxiliary 

variable and regarding the start values of the parameters for the parameter search. 

The difference in parameter sensitivity between the sandy and clayey soil is small. 
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CHAPTER 1: INTRODUCTION 

Unsaturated Flow 

Porous materials like soils are characterized by solids and pores. In this 

work all pores are assumed to be interconnected and the medium is assumed to 

be undeformable. If V is the total volume of the porous medium, then the volume 

taken by the pores is 9s V. 9s is the fraction of the bulk volume V of the porous 

material taken by pore space. This space is available for occupation by liquids 

and gasses. In this work we are mainly concerned about liquids, especially water. 

When both liquid and gasses occupy the pore space the medium is said to be 

unsaturated with the liquid. The fraction the water occupies of the total bulk 

volume V is called the volumetric water content 9, or for short, water content. The 

maximum volume the water can occupy is when all pores are completely filled or 

saturated with water. Hence in saturated conditions the fraction occupied by the 

water is 9 s' the saturated water content. 

In unsaturated conditions the liquid is held to the solids by forces of surface 

tension, diffuse double layer effects around charged solids and other adsorptive 

forces. In order to remove the liquid from the porous medium energy is required 

to overcome these forces. With every water content 9 an energy status can be 
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associated. The energy status of the soil water is compared with an energy 

reference. This reference is a pool of pure water at an arbitrary chosen elevation 

at atmospheric pressure. When the reference level is chosen at the same level as 

the point in the soil of interest the energy required to move water from the 

reference to the soil can be expressed in energy per unit weight of water. This is 

referred to as matric potential or pressure potential, tension or pressure head h, 

since the un~s are length. For unsaturated conditions h < O. A one-to-one 

relationship is assumed between water content e and the matric potential h, 

although in reality this relationship is often hysteretic. In this work this is not 

considered a limitation since in each case only wetting or drying is studied. This 

relation between e and h is called the retention curve, noted e{h). 

For saturated conditions this energy, called pressure head, is h~O. The 

energy status of soil water or total potential H is defined, on a per unit weight of 

water basis, as 

H=h+x (1.1 ) 

where x the vertical distance coordinate (positive upward) of the soil location with 

respect to the reference level. The term x in eq.(1.1) refers to the difference in 

potential energy in elevation between the point of interest and the reference level. 

When water moves through a porous medium it encounters resistance and 
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energy is dissipated. Water moves from a high energy status to a lower one. This 

flow, in one-dimension, is described by Darcy's law: 

dH q=-K(8)-
dz 

(1.2) 

where q is the flow rate of the water per unit area (cm/s) and K(e) the hydraulic 

conductivity (cm/s), which is a single-valued function of the water content. z is the 

distance coordinate along the flow path of the liquid. 

Assuming no sinks or sources and an incompressible fluid, the conservation 

of mass of the liquid can be written as 

ae =_.E!l. 
at az 

Substituting eq.(1.3) into eq.(1.2) results in Richards equation: 

ae =..£..(K(8) aH) at az az 

(1.3) 

(1.4) 

For one-dimensional vertical flow, where Z=X, and with eq.(1.1), the Richards 

equation (1.4) becomes 
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ae =.2.. [K(8) ( ah + 1 )11 
at ax ax ~ 

(1.5) 

Eq.(1.5) is a partial differential equation describing the soil-water status in the soil. 

As it is written it is a function of two variables, e and h. In order to solve this 

partial differential equation one has to write eq.(1.5) as a function of one variable 

e or h. This can be done by using the retention function e(h) or h(e). In a-form 

eq.(1.5) becomes 

where 

- = - D(8)-+K(8) ae a( ae ) 
at ax ax 

0(8) = 1<1..8) dh 
dJ 

is called the soil-water diffusivity. In h-form eq.(1.5) becomes 

C(h) ah =..2..{l<1..h)(ah +1)} 
at ax ax 

where 

(1.6) 

(1.7) 

(1.8) 



is called the water capacity. 

d8 I{fHl 
C(ff) = - = ..!:::t2-

dh D(ff) 
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(1.9) 

We assume that the soil is homogeneous, i.e., the same retention e(h) and 

conductivity K(e) functions are valid at any location in the soil. Also wetting and 

drying phenomena are studied separately. Thus hysteresis does not have to be 

taken into account for the retention curve. 

Models 

In order to solve eq.(1.S) or (1.8) initial and boundary conditions, and the 

forms of the retention curve e(h) and conductivity relation K(e) have to be known. 

Here we will focus on the forms of the e(h) and K(e) relation. A concept often 

used in conjunction with these relations is the reduced water content S defined as: 

s= 8-8, 
8.-8, 

(1.10) 

where er is called the residual water content. er can be seen as a minimum value 

for the water content. However, there appears to be no widely accepted definition 
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for er More often er is treated as an empirical soil parameter. 

Many empirical models have been proposed for the retention relation e(h) 

(an overview of some of those is given by van Genuchten and Nielsen (1985». 

Here we will employ the empirical relation developed by van Genuchten (1980): 

(1.11 ) 

where a (units length-1), nand m (both dimensionless) are characteristics of the 

soil. 

Fewer models have been proposed for the conductivity relation K(e) 

because of the difficulty of measuring unsaturated conductivities. Several attempts 

have been made therefore to estimate the conductivity from retention information. 

Here we use Mualem's (1976a) capillary bundle theory. Mualem, based on certain 

assumptions, found the following relation between conductivity and retention 

(1.12) 

where Ka = K(eJ is the saturated hydraulic conductivity. Mualem found that for 

many soils v=0.5 is a good estimate. This value will be used in most of this work. 
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Van Genuchten (1980) derived an analytical relation for the conductivity by 

substituting eq.(1.11) in eq.(1.12) and assuming: 

He found: 

1 m=1-n 
(1.13) 

(1.14) 

Equations (1.11) and (1.14), under the condition (1.13) are a closed-form set of 

soil-water relations. The advantage of eq.(1.14) is that the K(e) relation can be 

obtained directly from the retention relation without having to make conductivity 

measurements. The condition (1.13) is not a very limiting factor for retention 

curves of many soils. 

A soil is characterized when 0, n, es' er and ~ are known, assuming the 

models (1.11) and (1.14) are valid. When these parameters are known, 

theoretically any flow problem with known initial and boundary conditions could be 

solved. The estimation of the parameters 0, nand f<s is the emphasis of this work. 
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Parameter Estimation 

Equations (1.11) and (1.14) are empirical relationships which summarize the 

retention and conductivity data of a soil with the parameters Q, n, es' er and f<s. 

Traditionally several points of the retention and condudivity fundion are measured 

in the laboratory or in the field, and then the data is condensed by fitting a set of 

models like (1.11) and (1.14) through the measured data. Such measurements are 

often very slow (in the order of days or weeks), because equilibrium has to be 

established at many steps for most methods (e.g., Klute (1986) and Klute and 

Dirksen (1986». Especially when the soil becomes drier, its condudivity 

decreases fast and water redistribution is slowed down greatly. The soil-water 

models are then fitted through these observed points usually with a nonlinear 

regression procedure (e.g., van Genuchten (1985». Validation of the model can 

be done visually or by measuring the sum of squares of the errors between 

measurement and fitted model. Several models can be compared easily. 

In more recent years several authors have proposed to estimate the soil

water parameters from transient experiments. The literature sedion further on in 

this chapter will give more details. These methods are often referred to as inverse 

methods, inverse procedures or parameter identification methods. 

Inverse methods work as follows. A transient experiment is carried out 

under controlled conditions with known initial and boundary conditions. These 
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experiments can be field or laboratory experiments. During the experiment one 

or more auxiliary variables are recorded over time. Examples of auxiliary variables 

are inflow or outflow. the water content and matric potential measured at one or 

more locations. Experimentally one has the freedom to design the experiment and 

the measurement scheme of the auxiliary variables in the most convenient way. 

Assuming the Richards equation (1.5) is valid. and if the soil-water relations and 

the corresponding soil-water parameters are known. the problem can be simulated 

by solving the Richards equation. For most problems this simulation cannot be 

done analytically and numerical methods need to be used. However. neither the 

soil-water relations. nor the corresponding parameter values are known a priori. 

and one has to make a choice beforehand regarding which soil-water relations one 

will use. In this work we have chosen the relations (1.11) and (1.14). realizing 

there exist many other possibilities (for some examples the reader is referred to 

the literature review). Next. the parameter value estimation has to be done. This 

cannot be done directly as in linear regression. The procedure is as follows. One 

starts with an initial guess of the parameter values and simulates the flow with the 

numerical solution of the Richards equation. Then the simulated values of the 

auxiliary variables (e.g .• water contents) are compared with its measured values. 

There usually is some difference between the simulated and measured auxiliary 

variables due to measurement errors. soil-water relation discrepancies. 

approximations by the simulator and other sources. A measure of the difference 
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between these two sets of auxiliary variables is the statistical likelihood of the 

differences. In this study we use a special case of the likelihood. thG sum of 

squares of residuals (SSR) between measured and simulated variable. If gl is the 

measured auxiliary variable and ~I the value as predicted by the simulator. for 

i=1.2.3 ....• n with n the number of measurements taken of the auxiliary variable g. 

then 

n 
SSR = :E (gj-9jf 

1=1 

(1.15) 

As a measure of the difference we take 

OF= J S;:R 
(1.16) 

where OF is called the objective function value. In case there are several auxiliary 

variables measured and simulated. one can use 

~ SSRj 
OF= .l.J w 

j=1 j--rij 

(1.17) 

where j is an index going over the I auxiliary variables. The coefficient Wj is a 
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weight coefficient to take into account the difference in units and order of 

magnitude between different auxiliary variables. Often no strict rules exist 

regarding the choice of these weight coefficients. 

After the objective function value is calculated for the start values of the 

parameters, these parameters are perturbed and other values of the OF are 

obtained. These new OF values are smaller or bigger than the OF value as 

calculated with the start values of the parameters. For a good measure of fit 

between simulator and experiment, one wants the OF value to be as small as 

possible. The only way to minimize the OF value is by adjusting the parameters 

used in the soil-water relations. The OF values calculated will give some indication 

in which direction in the parameter space (the set of all possible values of 

parameters) to search for a set of parameters which will give a smaller OF value. 

The calculations proceed until one has found the set of parameters which gives 

the smallest OF value. This assumes that there is only one parameter set which 

yields the smallest OF value. This set is hoped to be the set of parameters which 

describes the retention and conductivity relation of the soil uniquely and precisely. 

For each set of parameters one can theoretically calculate an OF value. One can 

thus envisage a surface of OF values over the parameter space. Finding the 

parameter set which gives the lowest OF value coincides with finding the lowest 

pOint or minimum of that surface. 

Note that each calculation of the OF value requires the solution of the flow 
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problem as described by Richards equation (1.5). Such a calculation is often 

computationally intensive. Only in recent years with the development and greater 

availability of faster computers has this become a practical possibility. Because 

of the computational effort to calculate the OF value it is important to find the 

minimum of the OF surface as fast as possible without too many calls to the 

simulator. Usually in nonlinear problems like unsaturated flow the shape of the OF 

surface or response surface cannot be known and an analytical form of the 

minimum is not known. Several mathematical optimization procedures have been 

developed in attempts to find the minimum of the OF surface as quickly as 

possible (i.e., with the least number of OF calculations; e.g., Bard, 1974). The 

Levenberg-Marquardt (Marquardt, 1963) method is probably the most frequently 

used method. It has been called the standard of nonlinear least-squares routines 

(Press et al., 1986). 

A method as described above is referred to as an inverse problem, as 

opposed to the direct problem. In the direct problem the soil characteristics 

(including the parameters) are known, and the Richards equation is solved directly 

in order predict the flow and/or values of other auxiliary variables. The reverse 

happens in the inverse procedure. The outcome t)f a transient experiment is 

known and is matched with the simulator, by adjusting the soil-water parameters 

until good agreement has been obtained. A set of soil-water parameters is 

obtained, which hopefully describes the true soil-water relations adequately. Note 
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that with the inverse procedure no points of the retention or conductivity relation 

need to be measured. If, however, some measured points of a soil-water relation 

would be available, then they can be added to the OF (1.17). The inverse 

procedure estimates a given functional form of the soil-water relations. The true 

relations are never seen. 

Problems with Parameter Estimation 

From the above one can see that solving the inverse problem consists of 

finding the minimum of an OF surface. However, when the inverse problem is 

solved the whole OF surface is never evaluated, and one is not sure that there is 

only one minimum on the surface. Is the parameter set one obtains from a 

computer program close to the true set of the parameters? In this section we will 

mention some of the problems which can occur in attempting to solve the inverse 

problem. 

Accuracy of the constltual model and boundary and Initial conditions. 

This is a first basic requirement. For example if vapor flow is important in the 

problem studied, Richards equation (1.4) might not be sufficient to describe the 

flow accurately enough to yield the right parameter estimates. Furthermore the 
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initial and boundary conditions need to be known accurately. Errors in these can 

result in wrong parameter estimates by the inverse method, in spite of an accurate 

simulator and precise measurement of the auxiliary variables. 

Accuracy of the numerical model. If one would know exactly the soil

water relations of a soil and the exact corresponding soil-water parameters one 

would like the simulator to be exact. However, as mentioned before, no exact 

analytical solution for the nonlinear Richards equation (1.5) is available. Numerical 

methods, like finite difference or finite element methods, are approximations. In 

these approximations time and space are discretized. The smaller these 

discretizations the better the approximation, assuming round-off errors are not 

important. However, smaller time and space discretizations increase the 

computational effort. Hence one has to make a compromise between accuracy 

and computational efforts, with discretizations small enough to be accurate without 

the simulator having to calculate 'fofever'. Choosing the right discretization 

scheme is not trivial. This discretization scheme depends on the flow problem, 

and on the type of soil used (SOil-water parameters). This means that before one 

starts soMng the inverse problem one needs to choose the time and space 

discretization. Then when the inverse problem is solved one needs to check if this 

discretization was sufficient. If the discretization was not fine enough the estimated 

parameters may be incorrect. Even though the fit through the measured auxiliary 
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variables might appear good, the use of these parameters to describe other flow 

problems on the same soil might yield erroneous results. 

The discretization of time and space will give stable results for a certain 

range of the parameters. If the parameters evaluated during the optimization fall 

outside this range instabilities might occur in the simulator and the surface might 

loose its smoothness. In such a case the optimizer likely will not find a solution 

but always change, directions, and thus find no minimum, or might not even 

converge. 

Location of measurement points of the auxiliary variables In space and 

time. This is an experimental design problem. At what location and at what time 

schedule will measurements need to be taken in order that the inverse problem 

can be solved accurately? First a choice has to be made with regards to which 

auxiliary variables will be measured. This choice is usually made based on the 

ease of the measurements. Depending on the kind of auxiliary variable it can be 

measured at one of the boundaries or inside the flow domain. As with boundary 

conditions, auxiliary variables can be divided into at least two kinds. An auxiliary 

variable of the first kind in unsaturated flow would be the measurement of a water 

content or tension. Such a variable can be measured anywhere in the domain 

where the location is accessible. An auxiliary variable of the second kind would 

be the measurement of the inflow or outflow at a boundary. Theoretically flow can 
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also be known inside the domain, but practical implications may limit this. Which 

variable is measured, and at which location it is taken, will affect the shape of the 

OF surfaces, as will be illustrated later In this work. Different shapes of the OF 

surfaces around the solution result in different sensitivities for the parameters to 

be estimated. A convenient experimental design does not guarantee numerical 

optimal conditions to estimate the parameters. Without a detailed numerical 

analysis there usual is no real way to tell which variable, or combination of 

variabias, will provide sensitive parameter estimates. Together with this choice 

goes the choice of the density of the measurements of the chosen variables in 

time. The location of these points in time will affect the steepness of the OF 

surfaces. If the simulator would be exact and the measured data error free one 

would only need a few more data points than there are parameters - if the problem 

is uniquely defined. Due to noise in measurements and other perturbations, one 

needs sufficient measurements in time so that the average curve of the auxiliary 

variable over time can be distinguished very well. How many measurements are 

required depends on the shape of the curve, the accuracy of the measurements 

and of the model, the exactness of the soil-water relations, and on other factors. 

Not much research has been done in this area. 

III-posedness. An inverse problem is well-posed if the OF surface has one 

minimum that is around the true solution with rather steep slopes around that 
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minimum. Well-posedness has to do with how well the optimizer can find the right 

parameter estimates beginning with the start-values for the parameters. In many 

cases it is not known if the problem is well-posed. Sometimes the solution 

depends on the siart-values of the parameters. Different start-values in such cases 

could give different solutions or convergence. When a transient experiment is 

proposed for use in an inverse procedure the OF surface is a priori not known, 

and possibly the surface does not show the features described at the beginning 

of this paragraph. Several problems can occur causing iII-posedness of the 

inverse problem: non-uniqueness, non-identifiability and instability. Carrera and 

Neuman (1986a) give clear descriptions of these terms which so often are misused 

in the literature. 

Non-uniqueness has to do with the relation from the auxiliary variable 

space (observation space) to the parameter space. When an inverse problem is 

non-unique it means that one set of measured auxiliary variables might result in 

different points in the parameter space. Which point will be obtained will depend 

on the start-values used in the inverse problem and on how the optimizer works. 

This is reflected by more than one minimum in the OF surface. One minimum is 

the true minimum and called the global minimum. This minimum has the lowest 

OF value of all the minima. The other minima are called local minima. Once the 

optimizer starts searching in the neighborhood of a local minimum, the optimizer 

will find that minimum and will not be able to find the global minimum of the true 
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solution. One does not know if a solution is a"local or global minimum, because 

the optimizer does not evaluate the OF surface as a whole. 

Non-identlfllJbll1ty deals with the relation from the parameter space to the 

observation space, and thus has to do with the direct problem only. Non

identifiability depends on the model equations to be solved. A problem is non

identifiable when different sets of parameters yield very similar predictions of the 

auxiliary variables. An example of non-identifiability is given by Kool et at. (1987) 

for the case of horizontal unsaturated flow. When van Genuchten's soil-water 

relations (1.11) and (1.14) are used in equation (1.16) in which the gravity term 

K(e) is neglected the parameters Ka and a appear as the ratio KJa. This ratio can 

be determined but Ka and a cannot be identified separately in an inverse 

procedure for horizontal flow. 

Instability means that small errors in the measured auxiliary variables result 

in large errors in the estimated parameters. It can arise from a poor degree of 

identifiability and from flat OF surfaces near the minimum, causing very slow 

convergence. 

InsensHlvlty to a parameter occurs when an OF surface in a wide 

neighborhood of the solution is flat with respect to the direction of that parameter. 

Nonconvexlty of the OF surface near the minimum. In nonlinear 

optimization problems the contour lines near the minimum are not always convex. 
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A contour is convex when the line which connecw two arbitrary points within the 

~ntour, lies always completely within the contour. Nonconvexity makes it more 

difficult for the optimization program more to find the minimum and thus makes 

convergence much slower. In a nonconvex problem the optimizer continually has 

to change the direction in which to find the optimum. Carrera and Neuman 

(1986b) show non convex 'banana-like' contours occurring for the OF surfaces for 

saturated hydraulic conductivity in saturated flow. They also show that a 

logarithmic transformation of I<s makes the contours less nonconvex and thus 

optimization becomes easier. 

Model validation. In an inverse procedure the correct soil-water relation 

models have to be chosen beforehand and thus the chance exists that one has 

chosen an unacceptable relationship out of a large collection of models. With the 

inverse procedure the only way to see if the chosen models perform well is by 

comparing how well the measured and predicted auxiliary variables match. 

However, this does not tell us anything about how the true (and unknown) 

retention and conductivity relations compare with the estimated relations. Wrong 

soil-water relations may give good predictions of the auxiliary variables (see e.g. 

the papers of Zachmann et aI., 1981, 1982). However, there is no guarantee that 

prediction of another flow problem in the same soil with this wrong model will be 

accurate. More research needs to be done in this area. An example of model 
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validation in unsaturated soil is given in Zachmann et al. (1982) and is discussed 

below. 

The efficiency of the optimizer depends on which algorithm is used and 

how it is implemented. Several optimization algorithms exist each with specific 

properties which do work well or not when the surface shows certain features. 

The description of these algorithms and their properties goes beyond the scope 

of this work. The reader is referred to works of ,e.g., Bard (1974) or Kennedy and 

Gentle (1980). For example, for the Levenberg-Marquardt method mentioned 

earlier, it is not uncommon that the parameters wander around the minimum in a 

flat valley of complicated topology of the OF surface (Press et al., 1986). 

Sometimes different algorithms are used during one optimization depending on the 

topology of the surface. 

Parsimony of parameters. Once the soil-water relations are chosen one 

knows which parameters need to be known. One needs to have enough 

parameters to adequately describe the soil. However, the more parameters there 

are, the more evaluations of the OF function are required at each iteration of the 

optimizer. Thus it is advantageous if one could estimate some of the parameters 

a priori or during the experiment so that the values are already known when the 

inverse method is used to find the other parameters. The more parameters there 
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are, the greater the possibility of non-identifiability and other problems of iII-

posedness. When more parameters are estimated the confidence intervals of the 

parameters will become wider. This problem is directly related to the problem of 

model validation as described above. 

Parsimony of parameters is one of the reasons that the closed-form van 

Genuchten soil-water hydraulic equations (1.11) and (1.14) are popular in vadose 

zone hydrology. 

Effects of measurement errors. Errors in the auxiliary variables have been 

quite extensively evaluated in the literature as described later on. All these errors 

have been considered as random perturbations around the true solution. The 

general conclusion of these studies is that the greater these errors the greater the 

chances are having problems of ill-posed ness. The greater the magnitude of the 

random error, the more curves of the auxiliary variable versus time obtained with 

different parameter sets will seem to fit the measured and noisy data reasonably 

well, resulting in a flatter surface with a minimum OF value farther away from zero. 

Computation. As mentioned earlier, solving the inverse problem requires 

several calls of the flow simulator which make the problem computationally 

intensive. To minimize this effort it is not only important to have a good optimizer 

which minimizes the number of calls of the simulator, but also to have a simulator 
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which is fast and accurate. Not only does the discretization in time and space as 

mentioned above play an important role, but also the algorithm used for 

discretization. For example one can solve the Richards equation (1.5) in a-base 

(eq.(1.6» or in h-base (eq.(1.S». One also has to decide which numerical method 

to use to solve the problem. Furthermore each method often allows for several 

approximations. For example if one has decided to solve with the finite difference 

method, one still has to decide if one wants to use e.g. an explicit, an implicit or 

another scheme. 

Objective function and weighting. When more than one auxiliary variable 

is used one has to decide how to define the OF function. One way of doing this 

is according to eq.(1.17). As was mentioned, there are no strict rules regarding 

the choice of the weight coefficients. Thus many combinations may be possible. 

For example one can calculate the OF function surface for each variable with e.g. 

eq.(1.16) and then make a weighted sum of the surfaces. The reason to divide by 

the number of measurements in (1.16) and (1.17) and to take the square root is 

to make the OF look like a standard deviation. However other forms of the OF are 

possible. Other weighting schemes are used when measurements of an auxiliary 

variable are measured with different instruments or methods, and thus have a 

different order of magnitude of the standard deviation of the measurement error. 
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Many of the areas mentioned above require more investigation, especially 

for unsaturated flow problems. In this work we will specifically deal with the choice 

of auxiliary variables and their location in space, and related problems of iII

posedness. 

Review of Pertinent Uterature 

Inverse theory has been developed by researchers from a variety of fields. 

In groundwater resources the inverse method has been applied from the 1960's 

on. Most applications have been for saturated flow. For a review of the use of the 

inverse problem for saturated flow see Yeh (1986). The first publication on the use 

of inverse theory in unsaturated flow was published in 1981. 

The inverse problem in saturated flow differs from that in unsaturated flow. 

The parameters most commonly estimated in saturated flow are the saturated 

conductivity Ks and transmissivity. In saturated flow one does not have to deal 

with strongly nonlinear relations like the retention and conductivity relationships 

(1.11) and (1.14). Also the domain of interest in saturated flow is usually much 

larger. Often nonhomogeneous cases are studied. The inverse problem is used 

to estimate the Ks or transmissivity values for blocks defined over a domain, i.e., 

several regions of porous media are defined and the parameters are estimated in 
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each region. 

In most unsaturated flow problems one has to estimate the parameters of 

a chosen soil-water relationships in a domain. Often one has to guess what type 

of soil-water relation to choose. This problem needs to be understood for one soil 

before a good analysis for nonhomogeneous (e.g., layered) media will be feasible. 

Below is a detailed review of the most pertinent papers on the use of 

inverse methods for parameter estimation in unsaturated flow problems. All 

papers reviewed in this section deal with one-dimensional experiments. 

The calibration of the Richards flow equation for a draining column by 

parameter estimation. 

by: D.W. Zachmann, P.C. DuChateau, and A. Klute 

in: Soil Science Society of America Journal, Volume 45, pp 1012-1015, 1981. 

This paper is considered to be the first paper dealing with the iAverse 

problem in unsaturated flow (Kool et al., 1987). The authors did a numerical study 

simulating an initially saturated vertical soil column which is allowed to drain. The 

top of the soil column has a no-flow boundary condition and the bottom of the soil 

column is set at atmospheric pr~ssure. The pressure range of such an experiment 

is limited by the length L (in this paper L = 50 cm) of the soil column, i.e. -L < h 
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< O. To find the e(h) and K(e) relationships for soil in the column, the authors 

attempt to answer two questions: a) What is the best auxiliary variable to measure 

(h, e, K. Q, ... ) for the parameter estimation and b) How do the results compare 

with the traditional direct method. Although the authors do not provide definite 

answers to these questions, they do provide some insights. 

The following numerical experiment is done. A soil was assumed to have 

the following hydraulic relations: 

S=(1- P h)e"h (1.18) 

with er = 0 and 

I(.-KS· - . (1.19) 

where a and B are known soil parameters. A finite difference simulator was used 

to generate the outflow and other measured auxiliary variables. In reality the true 

soil-water relations are a not known. In order to solve the inverse problem one 

has to choose a set of models for the hydraulic relations. Zachmann et al. 

assumed the following models: 

(1.20) 
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(1.21) 

where A and B are the parameters to be estimated in the inverse problem. Five 

methods were investigated to estimate parameters A and B from models (1.20) 

and (1.21) from data generated with models (1.18) and (1.19). 

1. The cumulative outflow Q was used as an auxiliary variable. To solve the 

inverse problem the sum of squares of the residuals was minimized by a method 

of steepest descend. The authors found no significant advantage in using a very 

large number of data points. Seven outflow measurements spread over time 

proved to be sufficient. A solution was obtained after 38 iterations. 

2. The second method used only one Q measurement taken during the experiment 

and the total outflow at t=oo. The parameters A and B could be calculated directly 

as described by the authors (no inverse problem to solve). 

3. In the third method the inverse problem is solved with a tensiometer reading 

taken at different times 20 cm from the top of the column as an auxiliary variable. 

4. This method is like method 3 but instead a water content measurement is used. 

5. Method 5 is the direct method in which the models (1.20) and (1.21) were fitted 

to the 'measured' retention and conductivity data generated with models (1.18) 

and (1.19). This method assumed the soil retention and conductivity were 

measured separately. 
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In order to rank the five methods the 'actual' water contents in the draining 

column were compared with the predicted water content at five locations in the 

column for three times during the experiment. The sum of squares of differences 

was taken as a measurement of goodness of method. From best to worst, the 

order of methods is 1, 3, 5, 4, 2. This illustrates that the best fit for hydraulic 

relations as in method 5 does not necessarily provide the best fit for, e.g., a 

drainage experiment if the assumed model is wrong. Method 4, which used water 

content measurements at one location, did not yield the best fit. 

SlmuHaneous approximation of water capacity and soli hydraulic conductivity 

by parameter Identification. 

by: D.W. Zachmann, P.C. DuChateau and A. Klute 

in: Soil Science, Vol. 134, No.3, pp 157-163, 1982 

As in the paper of Zachmann et af. (1981) the drainage from an initially 

saturated column is studied. The authors want to illustrate four points: a) how the 

identification problem is solved, b) how error in the discharge data is propagated, 

c) how well the parameter estimation problem can be solved even when a wrong 

soil-water parameter model is used and d) how to test a functional form for a given 

soil. The authors used two sets of soil-water relation models: the first set consists 
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of models (1.18) and (1.19) with parameters a and B, and in the second set of 

models 

(1.22) 

and again a conductivity relation of the form (1.19) where the parameter a is now 

called B. This second set of models has the parameters A, B, hb and ar• as and 

Kg are assumed to be known. 

In a first numerical experiment the authors illustrate that the method works 

with the right model. With the first set of equations, 18 outflow data points over 

time were generated, and the inverse problem was solved to estimate the 

parameters a and B. The authors found the correct parameter values when the 

start values of a and B were close to the correct ones. For start values far away 

from the correct solution divergence occurred and a -. co. 

In a second experiment, the authors imposed noise on the exactly 

generated outflow data. Four cases with a random noise of respectively 5%, 10%, 

20% and 40% of the measured outflow are superimposed on the measurements. 

For each case, the inverse problem was solved with the same start values of the 

parameters. With increasing noise, the results of the inverse procedure became 

less and less close to the true solution. For a random noise of 40%, divergence 
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occurred. 

In their third experiment outflow was generated with the second set of 

models (with 9 r = 0) while the first set of models was used in the inverse 

procedure. There exists a solution to this problem but the soil-water models of the 

estimated and 'true' model were completely different. This experiment reflects a 

true case where the true model is a priori unknown. 

In their fourth numerical experiment the authors propose a method to 

validate the soil-water relationships used in the inverse procedure. When the 

correct model is used the parameters of the soil as estimated will not vary with the 

geometry of the soil column or experiment. Outflow data is generated for 5 

columns with different lengths but with the same soil (the same soil-water models 

as the first form) and the inverse problem was solved trying both models for a" 

columns. The sets of parameters estimated with the correct form did not vary 

much between the 5 columns while they varied significantly when the wrong model 

was used. 

The above two papers by Zachmann et a!. (1981 and 1982) represent an 

in depth study of several aspects of the inverse problem, which is lacking in many 

other studies. One of their objectives was to compare different experimental 

setups in order to find an optimum way to estimate parameters. However, they 

limited their study to only one transient experiment with a very limited wetness 
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range. For the first papers published on the use of inverse procedures in 

unsaturated flow, these papers illustrate the problem very well. They are the only 

authors dealing with the validation of a soil-water model in an inverse procedure. 

Identification of soli parameters for an Infiltration problem. 

by: U. Hornung 

in: Numerical treatment of inverse problems in differential and integral 

equations, Proceedings of an international workshop, Heidelberg, Fed. Rep. 

of Germany, August 30-September 3, 1982. P. Deuflhard and E. Hairer, 

editors, 1983. pp 227-237. 

In this paper the following experiment was investigated numerically. A soil 

column of length L is initially in equilibrium with a free water surface. Then a given 

flux qo is applied on top of the column and the outcoming flux q1 at the bottom 

is measured over time. The main purpose of the paper is to find out if the inverse 

problem can be solved from the outflow data collected from this experiment. The 

paper studies the uniquen~ss and sensitivity of the problem. For the soil-water 

relations, the authors used the closed-form van Genuchten equations (1.11) and 

(1.14) with Q and n (with m = 1 - 1/n) the parameters to estimate in the inverse 

problem. Outflow curves q1 (t) were numerically generated for many Q and n 
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values. The author found that several sets of very different a and n values gave 

basically the same outflow curve q1 (t). To study the sensitivity in more detail the 

times t10 and tao, at which respectively q1 is equal to 10% and 90% of the inflow 

qo' were mapped in the a - n plane. In a large area the contours of t10 and tao 
appeared almost parallel. This indicated a region of local nonuniqueness. After 

excluding the region of nonuniqueness there still existed different pairs of a and 

n which gave the same q1 (t) curve. These are pOints of global non uniqueness. 

Then the author added the matric potential, read from a tensiometer along the 

column when equilibrium was reached, as an auxiliary variable to the ,inverse 

problem. Mapping this value and t10 and tao now showed that at least two of the 

isolines are not parallel. In those regions, a unique solution was possible. 

The range of wetness one can study with this experiment is limited by the 

length L of the column. The mapping of isolines enabled the author to study the 

uniqueness and sensitivity of the inverse problem for many soils at once. In this 

way the author was able to find a group of soils which each have a unique solution 

for the inverse problem. For modeling different soils, one often has to use different 

time and length discretizations in the numerical simulator in order to obtain a 

stable and accurate solution for each soil. The author does not address this 

potential problem. To be able to make a definite conclusion with this mapping 

technique, one should compare isolines of all possible values for each auxiliary 

variable. However, for practical reasons one has to choose a finite number of 
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isolines. A remaining question is how many of these are sufficient for a certain 

problem in ordor to study iII-posedness. 

Identification of nonlinear soli physical parameters from an Input-output 

experiment. 

by: U. Hornung and W. Messing 

in: Finite elements in water resources, Proceedings of the 4th international 

conference, Hannover, Germany, June 1982. K.P. Holz et ai, (editors). pp 

18: 15-24. 1982. 

In this paper the authors study the same experiment as Hornung (1983). 

A three parameter van Genuchten model was used first. No unique solution could 

be found when attempting to estimate a, nand m simultaneously. As in 

Hornung's (1983) paper, t10, tso and too were mapped in the parameter space and 

nonuniqueness was shown. Then the two parameter case was investigated in 

which m = 1-1/n. Mapping of the same isolines shows that only for large values 

of t10, the isolines were not parallel. The authors concluded that the infiltration 

process has to be slow in order to be able to use the outflow data for parameter 

estimation of a two parameter van Genuchten model by an inverse method. This 

is equivalent to saying that only certain soils, for example clays, can be used. 
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This paper and the paper by Hornung (1983) are probably the only papers 

in unsaturated flow using the mapping method of Isolines. This method allows one 

to evaluate many soils at the same time. For one experiment one can immediately 

see which soils (i.e., parameter sets for a chosen set of model equations) give 

unique or non unique solutions. However, drawing these isolines will require great 

computational effort since for each grid point in the parameter space a simulation 

needs to be performed. It would be of interest to see this method being used for 

an experiment with a larger range of wetness. 

In-situ determination of soli hydraulic properties during drainage. 

by: J.H. Dane and S. Hruska 

in: Soil Science Society of America Journal, Volume 47, pp 619-624, 1983. 

This early paper is one of the few papers that uses real field data when 

studying the inverse method. Water content data measured by a neutron probe 

during drainage in a Iysimeter is used as an auxiliary variable for the inverse 

problem. The soil-water relationships used in this paper are the closed-form van 

Genuchten relationships (1.11) and (1.14) with parameters a and n. Ranges were 

set for these parameters. 

First a numerical example was used to see if the method could work. The 



80 

numerical example studies the drainage in a 1.4 m deep profile with a unit gradient 

boundary condition at the bottom. The auxiliary variable was water content data 

generated after 0.5 days of drainage. The steepest descend method did not 

perform very well during the parameter estimation. Therefore authors calculated 

some values of the response surface and are so able to find a close estimate of 

Q and n. No response surfaces are presented in their paper. An in depth analysis 

of this surface could have provided some valuable information. The e(h) 

relationship was found to be much more sensitive to the parameters Q and n than 

the K(e) relationship. 

The field data was collected from a 90 cm deep Iysimeter filled with sandy 

loam. 7 neutron probe readings were taken on day 7 and day 25 after 

redistribution was allowed. The lower boundary condition was determined by a 

tensiometer reading. Solving the inverse problem for both days gave in both 

cases very similar results in estimated parameters. The retention curve obtained 

with the estimated parameters compared well with other retention data collected 

at that site. However. the K(e) relationship obtained with these parameters 

resulted in K-values one order of magnitude too large compared with measured 

data. The authors blame this on the use of a too large I<s value. The I<s value 

used (211 cm/d) was obtained from infiltration data which includes macropores. 

The authors reason that during drainage the macropores do not play an important 

role and thus ~ should be lower. Arbitrarily the authors reduced ~ ten times to 
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21.1 cm/d and solved the inverse problem again. Wrth f<s = 21.1 cm/d, the 

estimated a and n values are only slightly different from the previously estimated 

parameters. This shom that the problem is quite insensitive to the saturated 

hydraulic conductivity for this slow drainage process. With the two f<s values, the 

authors also tried to solve the inverse problem with a unit gradient lower boundary 

condition instead of using the tensiometer reading. For this case, very different 

parameter values were found, illustrating the sensitivity to, and the need for, 

appropriate boundary conditions. 

Determining soli hydraulic properties from One-Step outflow experiments by 

parameter estimation: I. Theory and numerical studies. 

by: J.B. Kool, J.e. Parker and M.Th. van Genuchten. 

in: Soil Science SOCiety of America Journal, Volume 49, pp 1348-1354, 1985. 

In this paper the One-Step outflow method is investigated numerically to 

study its feasibility for parameter estimation from a simple la~oratory experiment. 

In this method a small soil sample is placed on a porous plate and is initially 

saturated. At t=O a pressure is applied on top of the soil and the outflow Q is 

measured over time. The authors studied the feasibility of the inverse method to 

estimate the three parameters a, nand 9 r from the closed-form van Genuchten 
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soil-water relationships. A modified Galerkin finite element model was used to 

generate the One-Step outflow data. The sum of squares of residuals between the 

generated and computed outflow was used as objective function. A data set of 

N measurements of O-values has to be chosen from the generated data to 

represent an experimental data set. 

The authors anticipated that the probability of nonuniqueness of the 

parameter estimation will increase when the last measured outflow value ON is 

much smaller than the final outflow 0
00 

reached at equilibrium. This probability will 

also increase when ON is much smaller than the total amount of water in the core, 

according to the authors. This means that measurements of 0 need to be taken 

for large enough times and that the range of wetness has to be wide. The authors 

took 0 values for several hours and assumed that the outflow 000' when steady 

state is reached, was also measured. Numerically, 0
00 

can directly be found by 

calculating the water content profile at equilibrium for the new boundary condition. 

The authors wrote a program called ONESTEP (Kool et ai, 1985b) to solve the 

inverse problem for this experiment. Two soils were investigated, each with two 

different pressure heads. 

The first theoretical soil is a sandy loam. A pressure head of -100 cm water 

was used and a data set of outflow values generated. The inverse problem was 

solved for different sets of start values for the 3 parameters. Depending on the 

start values different estimates of the three parameters were obtained. The 
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authors attribute this due to local minima but present no evidence for this. Next, 

a larger wetness range was used by using a pressure head of -1000 cm water. 

All runs, except one, now gave very similar results for the parameters. This 

illustrates the importance of the wetness range of the experiments. Also the 

importance of good start values was shown. Start values close to the true ones 

improved the accuracy and increased the speed of obtaining the estimates. In 

reality good start values could be obtained from textural data. 

A clay loam was also studied. With both pressure heads of -100 and -1000 

cm water good estimates of the three soil water parameters were obtained, 

although the estimated parameters were better for the -1000 cm pressure head. 

When larger outflow times were included in the data set, the estimated parameters 

became more accurate. The estimated Sr values showed the most variability. In 

drawing the retention curves, the sr values mainly represented differences at the 

dry range, a range not reached with this experiment. 

The sensitivity to experimental error was investigated for the sandy loam by 

adding to the generated outflow data a rectangular distributed noise of 2, 5 or 15% 

of the outflow. Two representative data sets were created this ways for each level 

of noise. For each data set the parameters were estimated with the same set of 

start values. The effect of the noise in the data is noticeable and gives greater 

error in the parameters with increasing noise. When the parameters were too far 

off from the right values the numerical simulator had instability problems. 
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Also errors in the input value of Ka were studied for the sandy loam with a 

pressure head Qf -1000 em water. In the parameter estimation procedure a wrong 

Ks value was used and the effect on the estimated parameters was studied. 

Errors in Ks lowered the accuracy of the estimated parameters and became critical 

when I<s was a factor 2 off from the true value. Compared to Dane and Hruska 

(1983), this shows a greater sensitivity to the parameter Ks. 
The authors conclude that the inverse method can work for the One-Step 

outflow experiment. The parameter estimates were more sensitive to errors in 

outflow measurements then to errors in input Ks values. To improve the estimates 

the authors recommend that the last outflow measurement should be greater than 

50% of the outflow reached at steady state and that the start values should be 

close to the true values. If there is uncertainty in the data, it is suggested that the 

estimation procedure should be done several times with different start values to 

see if one obtains a similar parameters. No in depth reasons are provided for 

cases when the method does not work. . 

Determining soli hydraulic properties from One-Step outflow experiments by 

parameter estimation: II Experimental studies. 

by: J.C. Parker, J.B. Kool and M.Th. van Genuchten. 

in: Soil Science Society of America Journal, Volume 49, pp 1354-1359, 1985. 
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In this paper the One-Step outflow method is investigated with experimental 

data. Four soil cores of textural class between a sandy loam and a clay were 

used for outflow experiments under a pressure head of -1000 cm water. f<s,9s 

and the conductivity of the plate were measured. The goal was to estimate the 

parameters a, nand 9r Also the retention curve 9(h) was measured in order to 

compare results. For each parameter estimation at least two different sets of start 

parameters were used. In case when the two sets of estimated parameters 

obtained for a soil differed too much, the sets which gave highest correlation with 

the measured outflow curve was used. The predicted outflow curves calculated 

with the estimated parameters matched the measured outflow quite well. 

Agreement between the measured and predicted retention curves was reasonably 

good over the wetness range of the experiment, but was worse when extrapolated 

to a drier range. This was especially true for the fine textured soils in which a one

step outflow experiment covers a smaller range of wetness. 

In a second study the water content at h = -15000 cm was added as one 

more auxiliary variable to the objective function. This was done in anticipation of 

getting a better estimate for the retention curve in the drier range. After the 

estimation was carried out, the predicted outflow curves appeared similar to the 

measured ones. The agreement between measured and predicted retention 

curves was improved. Discrepancies in retention curves with the curves obtained 

without the 9(h= 15000 cm) water content were attributed to nonuniqueness of the 



86 

inverse procedure or to deviations of the actual hydraulic properties from the 

assumed soil-water relation model. 

In a third study the retention curves were fitted directly through the e(h) 

data obtained from the equilibrium experiments. The obtained parameter 

estimates were then used to predict the outflow curves. The predicted outflow 

curves did not match the measurements well, especially for the sandy clay loam. 

The authors claim this is due to model discrepancies. 

Finally the authors compared the diffusivity as predicted with the estimated 

parameters, with approximate experimental data of the diffusivity. Reasonable 

agreement was obtained in most cases. The parameters obtained with the third 

study gave the poorest results. 

The authors concluded that the results of the One-Step method cannot be 

extrapolated to a drier range than measured experimentally. The parameters 

estimated in the third study did not predict the K(h) relation too well (presumably 

due to a wrong model) and thus were not able to predict the flow well. The One

Step experiment also takes the K(h) relation into account. The authors say 'that 

since the purpose of hydraulic property estimation is ultimately to enable accurate 

predictions of flow behavior, and also considering the tendency toward 

widespread use of approximate pore structure models, employing transient flow 

data may be more appropriate for the estimation of soil hydraulic properties'. This 

statement implies that all transient experiments behave similar regarding to the 
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parameters from the assumed soil hydraulic models - a statement which has not 

been validated. It is not shown that wrong parameters (with respect to the true 

soil-water hydraulic relations). which provide a good fit for one transient 

experiment. will provide a good prediction for a completely different transient 

experiment with different boundary conditions and/or wetness range. 

Parameter estimation for unsaturated flow and tr~nsport models - a review. 

by: J.B. Kool, J.C. Parker and M.Th. van Genuchten 

in: Journal of Hydrology, 91, pp 255-293, 1987 

This paper gives an overview of the use of the inverse problem for 

unsaturated flow and transport. First the authors present an overview of the 

methodologies and optimization procedures used in parameter estimation. Here 

we only take a closer look at what is discussed about unsaturated flow. 

First an overview of most of the previous papers is presented. Then a 

study is presented for a very homogeneous 6 m deep Iysimeter filled with a 

Bandelier tuff of a silty sand texture. The Iysimeter was saturated and then allowed 

to drain for 100 days while the top was covered to prevent evaporation. Water 

content readings were made with a neutron probe and some tensiometers were 

installed. The lower boundary condition was taken from a tensiometer reading 
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taken at 4.23 m deep. The soil is assumed to have the van Genuchten closed-

form hydraulic relations. A numerical study (not published) showed that the two 

parameters a and n can be estimated from water content measurement data. 

Attempts to estimate more parameters from water content data caused problems. 

In order to estimate more parameters. a. n. 9 r and Ka. the tension at 40 cm depth 

was also used as an auxiliary variable. Estimates and approximated confidence 

intervals were presented for the four parameters. The sr value was estimated to 

be zero. the value of the lower bound for this parameter. The estimated Ka value 

was the least accurate according to the confidence interval and was about two 

times bigger than the measured one - indicating a low sensitivity and poor 

identifiability of Ka. The fitted water content profiles were somewhat off for small 

times due to this higher estimated Ka value. Excellent agreement was obtained 

between the measured and predicted retention and conductivity relations. 

The authors make some statements mainly based on their experience with 

out-flow experiments which relate to this work. According to Kool et al. the 

important factor in an experiment is the range of water contents and matric 

potentials rather than the duration of the experiment per se. According to the 

authors an infiltration experiment. especially one from very dry to near saturation. 

should lead to more accurate estimates of Ka. This will be evaluated in this work. 
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Determining 8011 hydraulic propertle, by parameter estimation: on the 

selection of a model for the hydraulic properties. 

by: D. Russo 

in: Water Resources Research, Vol. 24, No.3, pp 453-459, 1988. 

In this paper three soil-water models are validated with one-step outflow 

data. These three models are closed-form equations using Mualem's K{e) 

relationship eq.{1.12) (Mualem, 1976a). In this paper v in eq.{1.12) is treated as 

a parameter to be estimated. The soil-water relations used in this paper are the 

van Genuchten models (equations (1.11) and (1.14)), the Brooks and Corey model 

eq.{1.12) with 

(1.23) 

and the Gardner-Russo model of which the soil-water retention equation 

S=(S-O.6Blhl (1 +O.5Blhl»~(v+2) (1.24) 

is derived in this paper to form a closed-form relationship with Gardner's 

conductivity relationship: 
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(1.25) 

where B a soil parameter. One-Step outflow data and the water content at h = -

15000 em were used from the hypothetical sandy loam of Kool et al (1985a) and 

the real silt loam of Parker et al (1985). The program ONESTEP (Kool et ai, 

1985b) was used to estimate the parameters v, 9 r, and a and n for van Genuchten 

models, hb and A for the Brooks and Corey models, and B for the Gardner-Russo 

model. Two criteria were used to check the validity of the models after the 

parameters were fitted: 1) the sum of squares of the normalized residuals (SSR) 

and 2) the Akaike Information Criterion which takes into account the number of 

parameters of the model. The parameters were estimated both with v fixed or with 

v as a parameter. For the hypothetical sandy loam the van Genuchten models 

g~ve good estimates of the parameters and good fits (because that is how the 

data was generated). The other 2 methods gave similar values of 9 r whether v 

was fixed or not, while the other parameter estimates did vary significantly with v. 

The SSR decreased when v was treated as a parameter to estimate. For the silt 

loam, adding v decreased the SSA except for the Brooks and Corey model where 

no convergence to one solution was obtained even when different start parameter 

values were used. The van Genuchten model performed best for v = 2.02. Russo 

concluded that of the models tested, van Genuchten's model performs best (for 



91 

this case), and parameter estimates are better when v is maintained as a 

parameter. 

This paper only evaluates which model performs best numerically and only 

one real soil was used. No information is provided on which model might be best 

for most soils. Probably the greatest contribution of this paper is the presentation 

of a new set of closed-form equations, although the paper was not very clear on 

how these were derived. 

Analysis of the Inverse problem for transient unsaturated flow. 

by: J.B. Kool and J.e. Parker 

in: Water Resources Research, Vol. 24, No.6, pp 817-830,1988. 

In this study the estimation of the parameters of the closed form soil-water 

relations of van Genuchten with hysteresiS as derived by Kool and Parker (1987a) 

is investigated. Seven parameters, 9 sw' 9sd' 9 r a w' ad' nand I<s (where the 

subscripts wand d respectively indicate the wetting and drying branch of the 

retention curve) are studied for a numerical experiment. This experiment simulated 

a 3 m deep homogeneous soil, which was ponded for 1.5 days and subsequently 

allowed to redistribute for 4 weeks with known evaporation at the surface. 

Measurements obtained from a 1 m deep neutron probe access tube, and several 
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tensiometers were simulated. The inverse problem is investigated for data 

collected from the top 1 m of the profile. The lower boundary condition is taken 

from a simulated tensiometer reading at 1 m depth. 

First a sensitivity analysis was carried out for the different parameters. The 

derivative of the water content or tension versus a parameter was studied and 

evaluated over depth and time. From this analysis it was found that the sensitivity 

of aw and Ssw was highest at the wetting front, indicating that measurements at 

the wetting front are important for these parameters. This sensitivity increased with 

time. All the parameters show a higher sensitivity for predicting h than for 

predicting s. nand I<s show a consistent low sensitivity. 

To solve the inverse problem the authors assume that water content 

measurements at several depths and tensiometer readings at one location have 

been made. First the inverse problem was solved for error free data and the 

estimated parameters were found to be close to the true values. 

When noise was superimposed on the 'measurements' it became 

impossible to estimate all 7 parameters uniquely. Therefore it is assumed that ssw' 

9 sd, I<s and 9 r were independently measured during the experiment. Not all of 

these measured parameters were taken exact, in order to reflect a possible real 

situation. The other three parameters were estimated for 20 different noise 

realizations. The wetting and drying retention curves and conductivity curves were 

compared by evaluating root mean square errors. It was found that the wetting 
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branch of the retention curve is better predicted than the drying branch. Effects 

of errors on the initial conditions showed a smaller effect on the estimated 

parameters than errors on the boundary conditions. 

Also the effect of using a different model of the soil-water relations was 

evaluated. The authors generated measurements with errors for a soil with the 

following relations: 

and 

for wetting 

for drying 
(1.26) 

(1.27) 

where Band JJ are known parameters. The parameter Qd' Qw and n were then 

estimated using the hysteretic closed-form van Genuchten equations. Some 

nonuniqueness occurred and this could not be changed when a second 

tensiometer reading was added as an auxiliary variable. rne number of 

parameters that could be estimated decreased when the error increased. It was 

no longer possible to distinguish hysteresis with van Genuchten's model. 

The authors recommend designing an experiment so that direct information 
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on the least sensitive parameters is obtained a priori to avoid needing to estimate 

those parameters. A good knowledge of the position of the wetting front is 

important to find good parameters of the wetting branch of the retention curve. 

Random errors appeared more critical in the prediction on the wetting branch of 

the retention curve than on the drying branch. 

This is a numerical experiment only. Yet their experiment illustrates several 

aspects of parameter estimation in unsaturated flow, especially the need for 

parsimony of parameters. There seems to be no rule to tell when iII-posedness 

will occur. The same authors wrote a program SFIT allowing to solve the inverse 

problem for transient experiments with different boundary conditions (Kool and 

Parker, 1987b). 

Parameter estimation for coupled unsaturated flow and transport. 

by: S. Mishra and J.e. Parker 

in: Water Resources Research, Vol. 25, No.3, pp 385-396, 1989. 

Mishra and Parker study the estimation of seven parameters of the closed

form hysteretic van Genuchten equation (see Kool and Parker, 1988) and two 

transport parameters for coupled unsaturated flow and transport of a tracer. Two 

methods of parameter estimation are compared in this paper. In the first method 
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til~ ~('Iw parameters are estimated from solving the unsaturated flow problem. 

These estimated parameters are then used in the transport model to estimate the 

transport parameters. The second method estimates all parameters by solving 

both flow and transport simultaneously. Two numerical infiltration - redistribution -

evaporation cases are investigated is this paper. 

The first case is for a homogeneous soil. When error free data was used 

the simultaneous estimation performed better. For the simultaneous estimation 

procedure the parameter estimates had smaller confidence intervals and were 

closer to the true ones. This result was found for all numerical experiments 

throughout the paper. Three parameters were estimated more accurately than five 

parameters. Adding noise to the data gave similar but less accurate results. Then 

a wrong nonhysteretical model was used for the soil water relations and errors 

were superimposed to the input data. Ignoring the hysteresis was found to affect 

the position of the wetting and solute front and affects the estimation of the 

dispersion, but 'meaningful' estimates could be obtained for the parameters. 

In the second case a three layered system is studied. A single or two 

layered system was not· able to provide good fits. Proper identification of the 

layers was critical to solve the inverse problem. The depths of the layers could be 

approximately determined from evaluating the water content profile (in order to 

simulate a real case not the exact depths were chosen). Three hydraulic 

parameters per layer and one transport parameter were then estimated. This 
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showed some discrepancies with the true values. However, the retention and 

conductivity curves for true anel predicted parameters were still very similar. The 

parameters were then validated by evaluating the wetting and solute front for a 

constant flux plus pulse problem for the same 'site' using the estimated and true 

parameters. Both cases resulted in similar predictions leading the authors to 

conclude that their estimates are meaningful. 

This paper is the first paper attempting to deal with the inverse problem for 

unsaturated flow in nonhomogeneous media. 

Qblectlves 

From the literature it appears that the inverse method is introduced as a 

promising and a fast tool to obtain unsaturated flow parameters. However, very 

few papers have been published using this method as the tool to obtain the soil

water parameters required for other applications. It appears from experiments 

performed by this author and other papers (or lack thereof) that users of the 

inverse method often are confronted with problems of iII-posedness which are 

difficult to explain. The purpose of this study to take a close look at some of these 

problems by evaluating the OF surfaces. Such surfaces show how well the inverse 

problem is posed for a certain experimental setup. 
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The One-Step outflow method has been proposed as an simple laboratory 

method to obtain the soil-water parameters. The One-Step outflow requires the 

knowledge of an additional parameter: the saturated hydraulic conductivity of the 

'porous plate on which the soil rests. One can deal with this additional parameter 

in two ways. First one can treat this parameter as an additional parameter to be 

estimated by the inverse problem. However, as seen before, this will make the 

optimization less efficient and might increase the iII-posedness of the problem. 

The second manner is to attempt to measure this parameter. However, studies 

performed in the Soil Physics Laboratory at New Mexico State University showed 

that the saturated conductivity of ceramic and metal porous plates, intended for 

use with the One-Step outflow method, changed significantly over time. No 

explanation was found for this. 

The range o'r wetna~s for the One-Step outflow method is from saturation 

to a tension which is limited by the bubbling pressure of the porous plate. Often 

one is interested in unsaturated flow in drier soil. Another problem is that for a 

hysteretic soil the One-Step outflow method will characterize the drying branch of 

the retention curve, while often the need is for wetting information. 

To circumvent these limitations the author designed an upward infiltration 

experiment in which no porous plate was required, and which could be done with 

undisturbed cores. Furthermore the wetting branch could be studied from dry to 

saturated conditions. The experimental setup will be described in more detail later 
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in this work. Unpublished experimental data collected with the upward infiltration 

method, and data collected with the One-Step outflow method, were then used 

with an inverse method in order to attempt to estimate the van Genuchten soil

water parameters. Different sets of start values of the parameters gave different 

sets of estimated parameters and no unique and reliable results were obtained. 

Therefore it was decided to study why these methods showed signs of iII

posedness, and which experimental setup would give accurate parameter 

estimates. Evaluation of the response or objective function surfaces was chosen 

as the method of study. Objec.1ive function surfaces are rarely evaluated, because 

much computational effort is required to obtain such surfaces, even though these 

surfaces do contain all information needed to predict if a method is well-posed. 

In this study objective functions are evaluated for different soils, and different 

possible laboratory experiments, each with different auxiliary variables. 

The emphasis of this work is on the numerical aspect of the inverse 

technique. Simulated data from theoretical soils with known parameters are used 

to obtain the OF surfaces. If these surfaces reveal that a particular method should 

not work, there is no incentive to run a real experiment in order to obtain soil-water 

parameters. Such an experiment would yield very uncertain parameters, or no 

parameters at all. 

The ultimate goal of this study is to present a list of recommendations for 

experimental schemes which will give the experimentator guidelines to help design 
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a one-dimensional experiment which is numerically most sensitive to estimate 

parameters. In this work we will study the estimation of a, nand Ks, three 

parameters of the closed-form van Genuchten soil-water relations. The other 

parameters are assumed to be known. 
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CHAPTER 2: FINITE DIFFERENCE SIMULATORS FOR UNSATURATED FLOW 

Introduction 

In the previous chapter it was shown that it is important for the inverse 

theory to work to have a good flow simulator. In this chapter we present the 

development of a simulator for one-dimensional unsaturated vertical flow through 

a homogeneous soil. The flow domain considered here is a 7.6 cm long core, but 

most of the algorithms presented here are useful in any other one-dimensional 

homogeneous study. 

As mentioned in the previous chapter, Richards equation (1.4) is strongly 

nonlinear and cannot be solved analytically. In this chapter we will use the finite 

difference approximation to solve Richards equation numerically. In order to do 

so the flow domain is characterized by N-1 equally spaced distance intervals of 

length AX (see figure 2.1). The points connecting these distance intervals are 

nodes which are numbered from 1, for the lowest node, to N for the upper node. 

An arbitrary node will be referred to as node i, with 0 sis N. Also the internodal 

positions i + % and i-% will be considered. These positions are located in the 

middle of two adjacent nodes. Time will be discretized with time intervals of a 

length At. 



Node 

N 

N-1 

i+ 1 

Internodal 
Position 

N-~ 

i+~ 

E I i-~ 
i-1 

x 2 

1 

Upper Boundary 

Lower Boundary 

Figure 2.1: Finite Difference discretization of flow domain 
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Three different finite difference schemes are presented in this chapter. In 

the first and last scheme the Richards equation is solved for the water content 9 

(eq.(1.6». These schemes were found to work best when the soil is very dry and 

when very steep matric potentials are encountered. In the second scheme the 

Richards equation is solved for the matric potential h (form (1.8) of the Richards 

equation), a scheme which was found satisfactory for wetter conditions of the soil. 

More of the reasoning for these schemes will be presented further on. 

Water Content Based Simulator 

From Darcy's law (eq.(1.2» and eq.(1.1) we can write 

(2.1) 

where x is positive upward. Using the definition (1.7) of the diffusivity we can write 

q= -(0(8) ~! +K(8») (2.2) 

Writing eq.(2.2) in a central finite difference form for any arbitrary node i inside the 

domain results in 
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(2.3) 

where the indexes denote at which nodal position the property is taken. The mass 

balance equation (1.3) in finite differences can be written as 

(2.4) 

The superscripts used in eq.(2.4) denote the timestep at which the property is 

taken. Note that in eq.(2.4) a forward difference scheme is used for the time 

derivative, since the purpose of the simulator is to predict forward in time. The 

right hand side of eq.(2.4) uses the central difference scheme. Note also that the 

time at which the right hand side is taken is as yet not specified. Eq.(2.3) can now 

be substituted in eq.(2.4). The right hand side of eq.(2.4) can then be written as 

_29.1 = 
ax I 

(2.5) 

Now a decision has to be made at which timestep this right hand side should be 

taken. Since the left hand side of eq.(2.4) is taken at timesteps t and t+1, a 

weighted average of the right hand side for those two timesteps might seem 
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appropriate. If T is a parameter between 0 and 1, we can then write 

e~+1_e: an 1M anI' 
~--....;. = -(1- T)..::=L - T ..::=L 

At ax I ax I 

(2.6) 

When T=1h is chosen this is said to be a Crank-Nicholson scheme. Substituting 

eq.{2.5) in eq.(2.6) and with 

we obtain after rearrangement 

AX2 
M=

At 

-(1- T)D:~~e:~~ + [M+(1- T)(D::~ +D/~,~)]et;1 

(2.7) 

-. (1- T)D::~e::~ = Me: + (1- T)(Kf:~ -Kf:~)AX + (2.8) 

T[DI!,~e/~1-e n+~!'IaAX-D/~'1I(e ~-eL1)-Ki~'IaA~ 

When at timestep t the water content profile (el for 0 siS N) is known, then, with 

the proper boundary conditions, eq. (2.8) describes a system of equations to be 

solved for the water contents at the next time step t+4t (superscript t+1). 

However, this system is nonlinear since it requires the calculation of the diffusivity 

and conductivity at the new and unknown timestep. To circumvent this problem 
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we assume that the timesteps are small enough so that changes in 0 and K are 

negligible. One can thus assume 

vt+1_ vt 
nJ -nj 

Ot+1_0t 
'J - 'J 

(2.9) 

at any (inter)nodal position j. Now the system of equations described by eq.(2.8) 

has become linear in et+1. All coefficients of the terms et+1 and the right hand 

side of eq.(2.8) can now be calculated based on the water content distribution 

found for time t. 

In order to solve for et+1 one needs the initial and boundary conditions. 

The initial condition is the water content distribution at the beginning of the 

transient experiment. The boundary conditions vary from experiment to 

experiment. In a one-dimensional simulator we need an upper and lower 

boundary condition. With this simulator, we will encounter the following boundary 

conditions: 

A: lower boundary condition of the first kind. For all times this condition 

gives 

(2.10) 

i.e., the water content at node 1 is known at all times during the simulation. 
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B: upper boundary condition of the second kind. In this boundary condition 

the flux at the boundary is given. For the upper boundary we thus have 

(2.11) 

with L = (N-1) AX is the length of the flow domain. Now this boundary condition 

has to be translated in terms of water contents. An algorithm which was found to 

give stable results is derived as follows. At node N a backwards difference 

scheme is used between positions Nand N-1h to describe the flux gradient: 

.2!l. _ qN-qN-Ya 
AX Ilx (2.12) 

2 

Similar to eq.(2.3) we find for the internodal position N-1h 

(2.13) 

After substituting eq.(2.13) in eq.(2.12), and substitution of eq.(2.12) in eq.(2.6) one 

obtains after rearrangement 



-2(1- T)D,!;_~Ale~~1+ [M+2(1- T)D,!;_~]et~1 = 

Me ~ - 2(1- T) ~X(qt1 +K~:~) 

- 2T[q~AX+ DJ_'Al(e ~-e~_1)+ K~_'AlAX] 

107 

(2.14) 

Equations (2.8). (2.10) and (2.14). with the approximation (2.9). now form 

a tridiagonal system of N linear equations with N unknowns 9/+1 ..... 9Nt+1. A 

computational efficient algorithm to solve such system is the Thomas algorithm 

(see. e.g .• James et al.. 1985). 

Head Based Simulator 

Eq.(2.1} can be approximated in finite differences as 

(2.15) 

In the h-based model the mass balance equation (1.3) can be written as 

C(h) ah = _.E!l. 
at ax 

(2.16) 
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with the water capacity C defined as in eq.{1.9). In finite difference form eq.{2.16) 

can be written as 

h t+1 h t 
I - I ql+v.-ql-v. C =-

I At Ax 

With the same reasoning as for eq. (2.9) we approximate 

C t+1 _ ot 
I - I 

(2.17) 

(2.18) 

Substituting eq.{2.15) in eq.(2.17) and using the time weighting as in eq.{2.6) for 

the right hand. yields with eq. (2.9) after rearrangement: 

-(1- T)K:v.hL+11 +[MC/+(1- T)(Ki+v. +Ki+v.)]ht1- (1- T)Ki!Ya hL+11 

= MC/h/ + (1- T)Ax(K~I/I-K:v.) 

+ T[ K/.v.{hl!Fh/} - ~!'1a(h/-h:1} + AX(~!v. -~!v.)] 

For boundary conditions we might have: 

(2.19) 

A: lower boundary condition of the first kind. Similar as eq.(2.10) we have 

(2.20) 

B: lower boundary condition of the second kind. In this case the flux at the 
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lower boundary is known at any time. The mass balance equation at node 1 can 

be written as 

h'+1 h' , 1 - 1 qU.fI-q1 
C1 b.t = - b.x (2.21) 

2 

Now 

(2.22) 

is given, and in analogy to eq. (2.15) 

(2.23) 

Substituting eq.(2.23) in eq.(2.21) yields, after using time weighing and 

rearrangement, to 

[MC,'+2(1- T)K,~]h:+1_2(1- nK,~~+' . = 

MC,th/+2b.x(I<1~+(1-T)qt'+ Tq,')+2TK,~(~t-hn 
(2.24) 

c: upper boundary condition of the second kind. With a similar reasoning 

we have 
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(2.25) 

After substituting eq.(2.13) into eq.(2.11), and substitution of eq.(2.11) in eq.(2.6) 

one obtains after rearrangement 

-2(1- nK~_'laht_~ + [MC~+ 2(1- T)K~_I~]h;1 = 

MC~h~ - 2~X[K~_t~+(1-nq;1 + Tq~] - 2TK~_'la(h~-h~_1) 
(2.26) 

Now equations (2.19), (2.20) or (2.24), and {2.26} provide equations in hj
t+1 

for every node and thus form again a tridiagonal system of linear equations which 

can be solved at each time step. 

Water Content Based Simulator With Picard Iteration 

Often, for well behaved cases, the use of the hydraulic properties calculated 

for the old time step, are sufficient for the simulator to work well. However, during 

the simulation of the upward infiltration experiment for a clay soil the soil-water 

relations were such that small instabilities occurred for the nodal values of the 

water content. Therefore the water content based simulator was updated as 
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follows. Equations (2.8) and (2.14) for the upper boundary can be changed into: 

(1 n 0'+1. VO'+1. v.1 [M (1 T)(O'+1.V 0'+1. V\]e'+1. v+1 
- - I-~ 1-1 + + - I+~ + I-'fa J I 

- (1- T)D:++~vO::~·V+1 = Me: + (1- n(Kj~;!'v -Kj~;!.V)AX + (2.27) 

T(DI!,Je/~1-e :)+Kj!~AX-D/~~(e :-et1)-Kj~'faAX] 

and 

-2(1- nD:;_1y.Ve~!t+1 + [M+2(1- nD:'~V]et~1.V+1 = 

MO ~ - 2(1- T) AX(q:;1 +K~:~V) (2.28) 

- 2T[qJAX+ DJ_'h{e ~- e~_1) + KJ_'hAX] 

This is an iterative scheme for each timestep of the simulator. This type of iteration 

is often called Picard iteration. Each iteration step is denoted with a superscript 

v. At iteration step v=1 the hydraulic properties Kt+1 and Dt+1 are calculated with 

the water content distribution obtained at the previous timestep t. The system of 

equations is solved and a new water content distribution 9 jt+1, v+1 is found. 

Instead of going to the next timestep as in the first water content based simulator, 

one now uses the newly found values 91t+ 1, v+ 1 to update the hydraulic properties 

Kt+1 and Ot+1 into Kt+1, v+1 and Dt+1, V+1, and then solve the system again for 

a new set of 9it+1. V+1. This process is repeated until the set 9jt+1. v+1 does not 
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change significantly. In this way one is sure to have the right values of Kt+1 and 

Ot+1 as was required for the development of equations (2.8) and (2.14). 

Other Characteristics of the Simulators Used In this Work 

In order to be able to use the simulators described above we still have to 

specify some of the calculations of several terms with respect to the hydraulic 

models we have chosen to use in chapter 1. The closed-form van Genuchten 

hydraulic functions were given in equations (1.11) and (1.14) with m=1-1/n and 

v=O.5. The matric potential can be calculated from eq.{1.11) as follows 

(2.29) 

where S is as defined in eq.(1.10). Oeriving this equation with respect to.9 and 

using the definition (1.7) of the diffusivity gives the form 

1 -.1. 1 
( -- ) m -(-+1) 

D(6)=K(6)S lit -1 S m 

a.nm (6 6-6,) 

{2.30} 
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with K(e) according eq.(1.14). According to eq.(1.9) we have 

(2.31) 

In several of the finite difference equations derived in this chapter we need 

the conductivity and diffusivity at internodal positions. The values of ~+ Y:z and 

Di+ Y:z are some kind of average of the respectively K and 0 values of the 

neighboring nodes. Many possibilities exist for taking this average (e.g., see 

Haverkamp and Vauclin (1979». Here we take 

(2.32) 

Another auxiliary variable simulated will be the in or outflow of water from 

a soil core. This can be calculated by taking the difference of the volume of water 

at any time during the experiment and the initial soil-water volume. The volume of 

water Vt at time t in the core can be calculated by integrating the water content 

profile. This is calculated from the e values at the nodes with the trapezoidal rule: 
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(2.33) 

where A is the cross sectional area of the core. 

When the simulator of a transient experiment is run, the changes in water 

status occurring in the soil will be much faster in the beginning of the experiment 

than when the experiment is close to equilibrium (assuming the boundary 

conditions remain unaltered). Therefore it is important to have small time steps in 

the beginning of the simulation. Later on, closer to equilibrium, these time steps 

can be increased without loosing accuracy in order to make the simulator faster. 

Hence we use a Gaussian increase of the timestep during the simulation: 

where dtmin and dtmax are respectively the smallest and biggest timestep used in 

the simulator. Range determines the length of time over which the timestep 

smoothly increas~s from dtmin to dtmax. The term 0.0001 avoids the evaluation of 

exp(O) at t=O which can cause underflow in some systems. The Gaussian function 

does not increase the timestep immediately after t=O but keeps the timestep close 
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Equations (1.11), (1.14), (2.29), (2.30) and (2.31) are used many times in the 

unsaturated flow simulator. Many of these relations are called several times at 

each node at each timestep (and each Picard iteration) in order to set up the 

system of equations. These relations contain several exponentiations which are 

time consuming operators, especially when called hundreds of thousands of times . 
in a computer program. In order to speed up the simulations these functions are 

tabulated before the simulator runs. The range of the variable for which these 

functions are calculated, i.e., the water content or pressure head, is discretized and 

the function values are calculated for the set of parameters to be used in the 

simulation. Then these function values are stored in an array from which values 

are linearly interpolated when the function is called by the simulator. Knowing how 

the water content or head range is discretized allows one to know immediately 

between which values to interpolate. No search within the table is required. It was 

found that 10000 lines in each table were necessary in order to obtain the same 

results as when each relation was called directly. The causes of this were not 

investigated. 

The simulators were written in FORTRAN code. Simulations were done on 

a VAX 8650 station and on an a CONVEX C240 mini-supercomputer. 
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CHAPTER 3: EXPERIMENTS ON SOIL CORES 

Common Features 

All experiments described in this chapter were numerically simulated for 

standard 7.6 cm (3 inch) long cylindrical soil cores 7.6 cm in diameter. In each of 

the experiments we consider the measurement of the following auxiliary variables 

(x is a vertical coordinate, positive upward, with x = 0 at the bottom of the soil 

core): 

1. A water content measurement at x = 1.5 cm, location 1. 

2. A water content measurement at location 2, x = 3.8 cm, i.e., in the 

center of the core. 

3. A water content measurement at location 3, x = 6.1 cm, i.e., 1.5 cm 

from the top of the core. 

4. A pressure head measurement at location 1. 

5. A pressure head measurement at location 2. 

6. A pressure head measurement at location 3. 

7. If applicable to the experiment: the cumulative flux at x = 0 cm, the 

lower boundary; i.e., the total inflow or outflow volumes through this 
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point since the beginning of the transient experiment. 

. , 

No completeness is sought to describe all the details of the experimental 

setup of these methods. However. practical considerations have been taken into 

account designing in these numerical experiments. Some of the rationale behind 

the choices of these variables are as follows: 

The total flow at a boundary is often the only auxiliary variable taken in an 

experiment such as the One-Step outflow method. 

The measurement of the pressure head can easily be measured with a 

tensiometer. A porous plate or a small tensiometer cup (assuming negligible 

disturbance of the one-dimensional flow pattern) can be placed in a hole made at 

the right position in the wall of the core. The dimensions of the porous material 

of the tensiometer are finite. Therefore we assume that the pressure head at 

location x is the same as the average pressure measured with a tensiometer 

centered on that location. Due to the bubbling pressure of the porous material of 

the tensiometer we limit the simulated tensions to a pressure range 0 ~ h ~ -500 

cm. 

Water content measurements can be made with a gamma ray probe (if the 

core is held in a plastic ring) or with time domain reflectometry (TOR). The latter 

method is a promising tool for measurements of water contents. The three prong 

TOR probes can be placed horizontally in the soil. causing only minor disturbances 
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in the soil. As for the placement of the prongs. holes for the probe can be made 

in the containing ring before the soil core is prepared or taken. In case of a metal 

ring holding the soil. care should be taken that there is no contact between the 

metal core ring and any of the TOR probes. 

The locations where the water content and pressure head measurements 

are taken are such that the effect of location of the auxiliary variable can be 

studied. At the same time the locations are chosen far enough from the boundary 

so that the measurement devices for the auxiliary variable(s} can be easily 

installed. Measuring both water content and pressure head simultaneously will 

provide retention data for h ~ -500 cm. 

Two theoretical soils are considered in this work. Both soils obey the 

closed-form van Genuchten soil-water hydraulic relations (1.11) and (1.14) with the 

constraint (1.13) and v = 0.5. The first soil is a fine sandy soil with the following 

soil-water parameters: 

= 

O. 

0.37 



a 

n 

0.04 cm-1 

1.6 

0.007 cm/s = 605 cm/day 

119 

These parameters were chosen based on the values found in samples (loamy 

sands) collected at the Las Cruces Trench site (Wierenga et a!., 1989). 

The properties of the second soil are based on the retention points 

measured for a Chino clay as presented in the soils catalogue of Mualem (Mualem, 

1976b). Twenty one measured retention points of the Chino clay were fitted to the 

van Genuchten retention equation (1.11) with a nonlinear optimizer (PROC NUN 

by SAS version 5, SAS Institute Inc., Box 8000, Cary, NC 27511-8000). The best 

fit was obtained when 9 r = O. The following properties were chosen for the 

'clayey' soil: 

n 

= 

O. 

0.53 

0.01 cm-1 

1.2 

0.00003 cm/s = 2.6 cm/day 

The retention and conductivity curves for both soils are presented in figures 

3.1 and 3.2. 
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Upward Infiltration 

The rationale for developing this experiment was explained in Chapter 1 of 

this work. This experiment consists of bringing a soil core with known initial soil

water status into contact with a free water surface at its base. Water is allowed to 

absorb into the soil and the change of weight over time of the column, i.e., the 

cumulative inflow, is recorded. This is the easiest to measure auxiliary variable. 

Also, other auxiliary variables as described above are considered. Mathematically 

this is equivalent to imposing a soil with known initial conditions to a lower 

boundary condition of saturation (i.e., e = as and h = 0) and an upper boundary 

condition of no flow. 

A possible experimental setup of this experiment is as follows (see fig 3.3). 

A soil core is prepared in the containing ring and the measurement devices for the 

auxiliary variables, as mentioned above, are installed. The soil is held in the core 

by a paper wipe and a metal screen (2 mm mesh) placed at the base plane of the 

core. The screen supports the paper wipe and keeps the base plane of the soil 

flat The screen can be connected to the cylindrical ring with a thick rubber ring 

which holds parts of the metal screen bend around the edge of the cylinder. 

The soil core is hung on a support that is resting on a balance. The weight 

of the soil can be recorded by reading the scale or recording the digital or analog 

output of the scale on a data logger or computer. The scale is placed on a sturdy 
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horizontal platform of which the vertical position can be adjusted precisely. The 

soil core is slowly lowered until the base plane is just touching the water surface 

of a constant level reservoir. Water is allowed to absorb (infiltrate upwardly) into 

the soil. The resistance of the paper wipe is assumed negligible. The rate of 

water added to the constant level reservoir with overflow has to be larger than the 

rate at which water is absorbed by the soil. This way the water level in the 

reservoir is not decreased by water absorption into the core. 

The reading of the balance is affected by the surface tension of the water 

around the core and by the buoyancy of the metal screen and the lower end of 

the core. However, this contribution to the reading of the balance remains 

constant once the position of the platform remains fixed when the upward 

infiltration has started, and can be corrected for. Once equilibrium has been 

reached, i.e., no more water is absorbed by the core, the core can be lifted up 

from the water. Once the core is separated from the water and possible hanging 

water drops are wiped off, its true weight can be determined. The difference 

between the weight at equilibrium when measured while the core is touching the 

water and after the core has been lifted out of the water, can be used to correct 

the measured weight changes over time collected during the experiment. 

An example of experimentally collected data is given in figure 3.4. An 

aluminum cylinder was packed with Berino fine sandy loam to a bulk density of 

1.59 g/cm3• An upward infiltration experiment as described above was carried out 
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and the change of weight as recorded by the balance is given in figure 3.4. After 

the correction for surface tension and buoyancy, a useful curve of measured 

cumulative infiltration is obtained (figure 3.5). 

This is the fastest transient experiment studied in this work. Gravity forces 

work in the opposite direction than the forces pulling the water upward. 

In this study the upward infiltration experiment is simulated for the sandy 

and clayey soils as described above. The soil is assumed to be initially dry. The 

simulation for the upward infiltration experiment was done with the water content 

based simulator. TIlis simulator allowed the use of larger time and distance 

discretizations than the head based simulator, without significant mass balance 

errors. This is in accordance with the findings of Hills et al. (1989) for infiltration 

into very dry soil. Some characteristics of the simulator are presented in table 3.1. 

The terms dtmin, dtmax and range in this table refer to eq.{2.34}. The 

discretizations in table 3.1 were chosen large enough so that the simulations would 

not take a very long time. This was done as follows. Initially a very small time step 

and distance interval were chosen and then these were increased until the 

simulated auxiliary variables began to change significantly. No in depth study was 

done to find an optimum discretization scheme. For the clay soil the water content 

based model showed instabilities (fluctuations) in the simulated water contents, 

although the simulated inflow stayed smooth. To solve for this, a Picard iteration 

had to be added to the simulator. 
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Sand Clay 

Simulator: water content based water content based 

with picard iteration 
~ 

Number of nodes: 153 77 

~x (cm): 0.05 0.1 

dtmin (s): .005 20. 

dtmax (s): 2. 100. 

range (s): 200. 40,000. 

simulation time (s): 610. 80,000. 

Table 3.1: Characteristics of upward infiltration simulator. 

One.Step Outflow 

The One-Step outflow method was the first actual unsaturated laboratory 

experiment used with inverse methods (Kool et al. (1985), Parker et al. (1985)). 

A basic description of the One-Step method and some of the experimental 
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drawbacks have already been mentioned in chapter 1. This experiment evaluates 

the drying branch of the retention curve. 

Mathematically we describe the experiment as follows. For the initial 

condition it is assumed that the core is at equilibrium with a free water surface, i.e., 

there is a linear decrease with distance in tension from h = 0 at x = 0 to h = -7.6 

cm at x = 7.6 cm. In this way the core is practically saturated (in the above 

mentioned papers a saturated core was taken). The upper boundary is one of no 

flow. The lower boundary condition is suddenly set and maintained at a given 

tension (h < 0). This condition is an approximation because the saturated plate 

effects are either neglected or the plate conductivity is considered high. The 

higher the plate conductance the more the outflow will become dependent on the 

soil characteristics only. Thus the boundary condition of constant h is believed to 

show the greatest sensitivity for the parameters to estimate. 

In addition to the traditionally measured outflow we will also, as mentioned 

before, consider the measurement of other auxiliary variables. Table 3.2 presents 

some the characteristics of the outflow simulator. The simulation for the clayey soil 

is limited to about seven days. Initial runs of the simulator for the clay soil showed 

that equilibrium would be reached after 40 days. 
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Sand Clay 

Simulator: head based head based 

Number of nodes: 153 153 

AX (em): 0.05 0.05 

dtmin (s): 0.1 10. 

dtmax (s): 100. 20,000. 

range (s): 2,200. 200,000. 

simulation time (s): 18,000. 600,000. 

Table 3.2: Characteristics of One-Step outflow simulator. 

Stepwise Inflow 

This experiment has not been experimentally performed. The rationale to 

analyze this experiment is to evaluate the effects of steady state data in the 

optimization. For example Hornung (1983) and Parker et al. (1985) found that 

adding a steady state point for an auxiliary variable improved the estimation of the 
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parameters. In this experiment several stages are reached which are at 

equilibrium, or nearly so. 

In this experiment an unsaturated core is initially at equilibrium with a given 

negative pressure head at the bottom. Suddenly this pressure head is increased 

to a higher value and kept there until the inflow stops and the core reaches 

equilibrium. Once equilibrium is (approximately) reached, this process is repeated 

for a higher pressure head. In this way water is allowed to infiltrate into the soil in 

steps until, at the last st9P, a matric potential of h = 0 (saturated lower boundary) 

has been used. The upper boundary condition remains a no-flow boundary 

condition during the whole experiment. 

The above experiment is often performed to obtain the wetting part of the 

hysteretic water retention curve in the laboratory. Various experimental setups are 

possible for the upward stepwise infiltration experiment. The influence of a porous 

plate resistance is neglected. Table 3.3 presents the pressure steps, with the 

duration of application, taken for the sandy soil. This simulates an experiment for 

a period less than 24 hours, which is much faster than determining the low range 

drying retention curve. For the clayey soil, the steps are presented in Table 3.4. 

Because of the large times needed to reach equilibrium, some of the step lengths 

have been shortened. 

Table 3.5 presents some of the characteristics of the simulator developed 

for this experiment. At each change of pressure at the lower boundary condition 
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the timestep was reset at dtm1n and then allowed to increase again according 

eq.(2.34). 

Pressure at lower Duration (in s) 

boundaOl 

Initial: -300. cm -

step 1 -200. cm 40,000. 

step 2 -100. cm 35,000. 

step 3 -60. em 10,000. 

step 4 -30. em 4,000. 

step 5 -15. em 2,200. 

step 6 O. em 800. 

Table 3.3: Pressure steps at the lower boundary for the stepwise inflow 

experiment for the sandy soil. 
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Pressure at lower Duration (in s) 

bounda~ 

Initial: -1,000. em -

step 1 -500. em 500,000. 

step 2 -200. em 350,000. 

step 3 -100. em 150,000. 

step 4 -50. em 90,000. 

step 5 -20. em 40,000. 

step 6 O.em 20,000. 

Table 3.4: Pressure steps at the lower boundary for the stepwise inflow 

experiment for the clayey soil. 
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Sand Clay 

Simulator: head based head based 

Number of nodes: 77 77 

AX (cm): 0.1 0.1 

dtmin (s): 0.1 15. 

dtmax (s): 500. 1,500. 

range (s): 1,500. 30,000. 

simulation time (s): 82,000. 1,150,000. 

Table 3.5: Characteristics of stepwise inflow simulator. 

Evaporation From Soli Core 

Evaporation from a core was proposed by Wind in 1966 as a method to 

obtain soil-water hydraulic relations. Later, the method was improved by Boels et 

al. (1978). Here we will evaluate the feasibility of using the inverse method to 

estimate the parameters of a chosen set of soil-water hydraulic relations. This 
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experiment evaluates the drying branch of the retention curve. 

The experiment used here is described as follows. The initial conditions are 

the same as for the One-Step outflow and stepwise infiltration: the core is in 

equilibrium with a free water table at its base plane. Then the soil is sealed at its 

lower end so that no water or water vapor can escape from the core, except from 

the top plane which is left open. The core is placed on a scale or load cell and 

water is allowed to evaporate from the top. The change of weight due to the loss 

of evaporated water is recorded over time from the scale. At the same time the 

other auxiliary variables can be recorded. This is continued until the measured 

tensions become lower than -500 cm, the tension below which tensiometers might 

start bubbling. Also, when the tension becomes too low and thus the soil too dry, 

more of the water will flow as vapor flow and the constitual model {1.4} will no 

longer be valid. Any parameters estimated in that case will not be valid. 

Mathematically we describe the problem as follows. The initial condition is 

as described above. The lower boundary is a no flow boundary. To solve the 

problem we need an upper boundary condition. During the experiment neither the 

water content nor the matric potential are known at the upper boundary condition. 

Because of the complex physical phenomena occurring at the top, it is not 

possible to accurately predict the amount of evaporation. The evaporation rate is 

a function of both soil and surrounding atmospheric circumstances. This rate is 

measured by recording the change of weight of the core during the experiment. 
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This measured flow rate is used for the upper boundary condition. Hence, we 

cannot use the flow rate as an auxiliary variable. The water flow in the soil is 

assumed to be completely in the liquid phase. With these initial and boundary 

conditions the other auxiliary variables are predicted. 

The evaporative flux versus time curve used for the simulations in this work 

were determined from an evaporation experiment with a Berino fine sandy loam. 

In this experiment the auxiliary variables were not measured, but only the 

cumulative evaporation was determined. A 7.6 x 7.6 cm aluminum ring was 

packed to a bulk density of about 1.6 g/cm. First the core was prepared as for 

the upward infiltration experiment and water was allowed to infiltrate into the soil 

from the bottom until equilibrium was reached. Then the core was placed on a 7.6 

cm diameter circular acrylic plate which was then sealed to the aluminum ring with 

a wide rubber band. In this way the core was sealed against escape of water from 

the bottom. The core was placed on a balance in the laboratory, and for 8 days 

the change of weight of the core was recorded. The cumulative evaporation curve 

is shown in figure 3.6. 

This curve is used as the upper boundary condition for the simulation of the 

evaporation of the sandy soil. Since for the clayey soil, the saturated conductivity 

is of two orders of magnitude smaller, the time for the obtained outflow curve was 

multiplied with a factor 1 00 to reflect the slower evaporation from the clay soil. 

The curve of figure 3.6 is one of many which can be obtained. Each 
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situation will have its own evaporation curve depending on the soil type and the 

atmospheric circumstances. 

The characteristics of the simulator are described in table 3.6. The 

maximum simulation times listed in table 3.6 are the times for which outflow data 

at the upper boundary is given. The simulator actually was stopped when the 

pressure head at the driest tensiometer, the upper one, becomes lower than -520 

I I 
Sand Clay 

Simulator: head based head based 

Number of nodes: 77 77 

AX (cm): 0.1 0.1 

dtmin (s): 500. 80,000. 

dtmax (s): 1,000. 150,000. 

range (s): 20,000. 8,000,000. 

maximum 

simulation time (s): 690,000. 69,000,000. 

Table 3.6: Characteristics of evaporation simulator. 
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cm. For the sandy soil this was reached after 7 days. For the clayey soil this 

occurred after 173 days which, for practical uses, is too long. 

Comparison Between the Experiments 

Each experiment has its own range of unsaturation. These ranges, and the 

durations of the experiment, are given in Table 3.7. The upward infiltration 

experiment, which is the fastest experiment, is the only experiment covering the 

complete moisture range. All the other experiments are much slower. The 

evaporation experiment, for the given outflow curve used here, is essentially at 

equilibrium at each point during the experiment. The wetness range of the One

Step outflow and stepwise inflow experiments were chosen so that a significant 

part of the retention curve (figure 3.1) was used in these experiments, yet practical 

ranges of the bubbling pressure of the porous plate material were considered. 
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SAND CLAY 

head range duration head range duration 
(cm) (cm\ 

Upward Infiltration -co -+ 0 10 minutes -co -+ 0 22 hours 

One-Step Outflow 0-+-200 5 hours 0-+-1000 7 days 

Stepwise Inflow -300 -+ 0 23 hours -1000 -+ 0 13 days 

Evaporation 0-+-500 8 days 0-+-500 173 days 

Table 3.7: Pressure ranges and durations of the different experiments 

Generation of Auxiliary Variable Data Sets 

In the inverse method, measured auxiliary variables are compared with 

predictions simulated by the model. In this work the measurements were 

generated for the sandy and clayey soil described in the beginning of this chapter. 

From the generated curves of these auxiliary variables, data sets are taken to 

represent a measured set. Tables 3.8 and 3.9 present the size of each data set 

for each experiment for both soils. In these tables, a is the in or outflow at the 

lower boundary. The subscripts 1, 2 and 3 correspond with the measurement 
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locations x = 1.5, x = 3.S and x = 6.1 cm. For each experiment for one soil, all 

auxiliary variables were taken at the .same time. These times were chosen in such 

a way that the full time domain is covered, and that the shapes of the auxiliary 

variable versus time curve were well documented with these points, At the same 

time the data sets were taken small enough to avoid unnecessary computational 

effort .. Some preliminary studies showed that taking more or less measurement 

points did not significantly affect the shape of the objective function surfaces. In 

some of the experiments, different auxili~;y variables have a different number of 

simulated measurements. For example, at early times in the upward infiltration 

experiments. the wetting front has not yet reached the location where the auxiliary 

variable is taken. Hence, we have less data points at a higher location. Another 

reason. for the number of tension measurements, is that tensions lower than -500 

cm were deleted because of the practical working range of the tensiometer. By 

taking pressure head and water content measurements at the same time, one also 

obtains points of the retention curve. 
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SAND 

Q 9 1 92 93 h1 h2 h3 

Upward Infiltration 90 88 79 60 88 78 59 

One-Step Outflow 100 100 100 100 100 100 100 

Stepwise Inflow 139 139 139 .. 139 139 139 139 

Evaporation 0 97 97 97 86 83 79 

Table 3.8: Number of 'measurements' taken for each auxiliary variable for the 

different experiments with the 'sandy' soil. 

CLAY 

a 9 1 92 93 h1 h2 h3 

Upward Infiltration 124 114 75 42 114 68 34 

One-Step Outflow 111 111 111 111 97 102 104 

Stepwise Inflow 173 173 173 173 131 121 113 

Evaporation 0 118 118 118 67 67 67 

Table 3.9: Number of 'measurements' taken for each auxiliary variable for the 

different experiments with the 'clayey' soil. 
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Generation of Oblectlve Function Surfaces 

The objective function surfaces will be drawn for the parameters a, nand 

Ks. We will consider the estimation of two parameters at a time, the third 

parameter each time being fixed to its correct value. For example, we fix f<s and 

evaluate the OF function surface for estimating a and n. For each combination of 

a and n in this parameter plane we can simulate the corresponding auxiliary 

variables. These variables can be compared with the measured ones (generated 

here) by calculating the OF value according to eq.(1.16) or (1.17). Each OF value 

can be plotted in a third dimension perpendicular to the parameter plane. These 

OF values form a surface above the a - n parameter plane. Such a surface can 

be presented by drawing the isolines (or contour lines) of equal OF value in the 

parameter plane. All points on one contour line represent sets of parameter values 

which give the same measure of error between the predicted (for these 

parameters) and measured auxiliary variable(s) for that experiment. Similarly, 

surfaces will be plotted for the a - I<s parameter plane, while n is held fixed to its 

correct value; and for the n - Ks parameter plane with a fixed to the correct value. 

Each surface is plotted on the basis of OF values calculated for 900 points 

in the parameter space define by two parameters. Each of these OF values 

requires a run of the simulator. Thirty equally spaced values are taken for each 

parameter in the neighborhood around the true parameter value. This spacing, 
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for the sandy soil, is presented in table 3.10. The grid spacing for the clayey soil 

is given in table 3.11. Combining all 30 values of one parameter with the 30 values 

of the other parameter provides 900 points in the parameter space. The three 

planes of the two-parameter spaces a-n, a-Ks and n-Ks can be combined into the 

three-parameter space. These three planes will cross orthogonally in one point of 

which the coordinates are the true parameters for the simulated soil. Thus looking 

at the three contour maps for the three two-parameter spaces will provide 

information regarding estimating the three parameters simultaneously. 

For each experiment, for each soil, and for each two-parameter space 

plane, the following OF surfaces were drawn for the following auxiliary variables: 

1. Cumulative inflow (for upward infiltration and stepwise inflow) or outflow (for 

One-Step outflow). 

2. The water content multiplied with the constant bulk volume of the core. 

This multiplication was performed in order to have the same units of OF 

values as for the cumulative flow. This transformation of units has the 

purpose to make comparison possible. For each location where the 

auxiliary variable was taken a surface is calculated. 

3. The pressure head at each of the three measurement locations. 

4. The logarithm of the pressure head. This transformation of the pressure 

head was taken because pressure head is often represented by its 

logarithmic value and to evaluate the effect of this transformation on the 
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garameter lower garameter ~rameter steR uRger garameter 
value value value 

a (cm-1): 0.001 0.003 0.088 

n: 1.10 0.05 2.55 

~ (cm/s): 0.0010 0.0005 0.0155 

Table 3.10: Grid spacing for parameter planes for the sandy soil. 

garameter lower garameter garameter steg ugger garameter 
value value value 

a (cm-1): 0.001 0.001 0.030 

n: 1.10 0.01 1.39 

~ (cm/s): 0.000001 0.000003 0.000088 

Table 3.11: Grid spacing for parameter planes for the clayey soil. 
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shape of the surface. 

5. The simultaneously measured water content and tensiometer reading (when 

both are available). Those two measurements immediately define points of 

the retention curve. Once these measurements are available no extensive 

computational effort is required to calculate the OF points since the van 

Genuchten equation (1.11) can be used directly. The OF values are 

calculated for the water content difference, each difference multiplied with 

the core volume (for the same reasons as in 2.). Because of the 

dependency of eq.(1.11) on a and n, this OF surface can only be plotted 

for this two-parameter space. 

6. Combinations of the surfaces of different auxiliary variables from one two

parameter space. Only those combinations were chosen which likely would 

increase significantly the sensitivity of the parameter estimation. The 

criterion for this is when the area and shape described by the contours 

near the solution could be decreased by taking several auxiliary variables. 

The OF values are calculated according to eq.(1.16) or, in case 6., 

according to eq.(1.17). Besides the weighting of the water contents by the core 

volume as described above, no other weighting was used when surfaces were 

combined. All surfaces (except for the log (h) auxiliary variable) showed the same 

order of magnitude in OF values. Each of the surfaces is drawn with the same 
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contour level interval to make comparison between different surfaces easier. The 

log-h surfaces have their own fixed contour level interval. To limit the height of the 

surface, OF values greater than 100 are set to 100. All surfaces and contour plots 

were drawn with a FORTRAN program using the CA-DISSPLA (Computer 

Associates International, Inc. 711 Stewart Ave, Garden City, NY 11530-4787) 

subroutine library. 
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CHAPTER 4: RESULTS AND DISCUSSION 

Generation of Surfaces 

In this chapter we present the simulated auxiliary variables and the 

corresponding OF function surfaces. We present the surfaces obtained for the 

sandy soil in this chapter. The surfaces for the clayey soil are presented in 

appendix 2, 3, 4 and 5, and will also be discussed .. 

The contour plots and surfaces presented in this chapter are drawn based 

on a 30 x 30 grid in each parameter space. When the surfaces presented in this 

section have narrow valleys or deep (or high) points, narrower than the grid 

spacing, the contour program cannot make continual contours. One way to avoid 

this is to use a smaller grid size proportional to the size of the valley. This 

however requires significantly more computational effort. Also, before looking at 

a surface the shape of it is not known so that one does not know a priori what 

grid spacing would be required. Therefore the surfaces were kept for a 30 x 30 

grid. In case of a narrow valley only small round contours occur around a grid 

point which coincides with a point in the valley. The shape of such contours, and 

of the contours with strong curvature is determined by the tension of the rational 

spline interpolation used by the contour plotting subroutine of CA-OISSPLA. Here 
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a tension of 0.25 is used, which means almost a complete cubic splines 

interpolation (CA-DISSPLA, 1988). Recall that when the OF value at a point was 

higher than 100, then this value was set to 100. 

The surfaces presented in this chapter are generated from vectorized 

FORTRAN codes on a CONVEX-C240 computer. The simulation time for one 

surface took between 1.5 to 4 CPU hour~;. Some of the FORTRAN codes, 

illustrating the three simulators developed in chapter 2, are presented in Appendix 

1. 

The OF values in these plots are a measurement of the error between the 

measured auxiliary variables and those generated for the parameter values at that 

point in the parameter space. At the true parameter values the OF value is zero. 

This point is marked with a dot in the parameter space plane in the figures. The 

units in the graphs presented in this chapter are [cm-1] for a and [cm/s] for ~. 

n is dimensionless. The units of the OF values are [cm~ when flow, water content 

or retention data is used, and [cm] for the matric potential (or [Iog-cm] for log(h». 

For combined surfaces the units are sometimes inconsistent (or one can say that 

the weighting coefficient takes this unit transformation into account). 

The OF surface is the surface evaluated by the optimizer in order to find the 

minimum of the surface. But the optimizer does not 'see' the surface as a whole. 

The optimizer is like a blind man standing somewhere (at the start values of the 

parameters) on the surface. With one foot this man probes around him to find out 
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in which direction the surface is steepest downward. Once this direction is found 

he takes one step in that direction. At this new position he now starts this process 

again. and repeats it until he has found the minimum or a flat area. according to 

his sensitivity (error criterion) to feel. Depending on what kind of optimizer he 

represents. he will determine when to take a big step (when he thinks he is far 

away from the minimum) or a small step (when he things he is close). This 

analogy will be helpful in trying to understand how the optimizer could behave. 

Upward Infiltration 

The generated auxiliary variable curves for the sandy soil are presented in 

figures 4.1 to 4.3. Figure 4.1 shows the cumulative inflow of water over time. For 

small times. the cumulative inflow shows an approximate behavior proportional to 

the square root of time. When the wetting front reaches the upper boundary the 

curve rounds off to the steady state water volume. This transition is smooth. 

indicating there is not a stepwise wetting front. Figures 4.2 and 4.3 show the 

change of respectively water content and matric potential as seen at the three 

measurement locations over time. The first part of the experiment. i.e .• before the 

inflection point of the curves. shows the behavior of the auxiliary variable versus 

time as if the soil core was infinite long. When the curve reaches near the 
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inflection point. the top of the moving wetting front starts to reach the top of the 

core. When the top of the core is reached. there is no more infinite dry core 

above the front demanding water. Thus aU the incoming water can then be used 

to occupy the soil core. Therefore the change of water content can increase for 

a short time. until the whole core comes closer to equilibrium. The matric potential 

curves show the same effect resulting from the use of the van Genuchten relation 

(2.29). 

The water content change at the bottom of the core. i.e.. the lower 

boundary condition. is a step function from ar to as at t = O. In this way one sees 

a progressive change of curves versus x. the distance away from the base plane. 

These curves become less and less similar to the step function at the boundary. 

A greater delay of the effect of the lower boundary condition can be observed with 

increasing distance from the lower boundary. The same is true for the matric 

potential. At the lower boundary this variable changes suddenly from -co to 0 at 

t = 0 and a similar progression of changing curves occurs with increasing x. 

Figures A.2.1 to A.2.3 show the same behavior for th.e clay soil. except that 

the time frame of the experiment is much longer. This data is simulated with the 

water content based simulator with Picard iteration. Without the Picard iteration. 

fluctuations occur generating the water content values (figure A.2.4) and matric 

potentials. The cumulative inflow curve remained smooth without Picard iteration. 

illustrating the mass balance property of the water content based simulator. 
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The a-n parameter plane. The contour plots and/or surfaces for this two 

parameter space are presented in figures 4.4 to 4.21 for the sandy soil and in 

figures A.2.5 to A.2.19 for the clayey soil. 

Figures 4.4 and A.2.5 present the OF surfaces for the cumulative inflow. 

This surface shows one long valley going through the minimum, indicating that any 

combination of a and n lying on the valley bottom will yield very similar simulations 

of the cumulative inflow curve. Thus many sets of a and n, or many points in the 

parameter space, lying on the bottom of this valley can be found in an optimization 

procedure. For a real dataset the data contains some measurement noise, 

resulting in a surface which would have no point with OF value of zero. In such 

a case it would even be harder to find one solution. This explains the 

nonuniqueness encountered for the experiment with the Berino fine sandy loam 

as mentioned in chapter 1. In other words, a large number of combinations of a 

and n values will produce similar fits to the lIobservedll data. The surface also 

shows nonconvexity, another problem to overcome by the optimizer. Neither are 

the contours symmetric, showing that the true confidence bands for a parameter 

are not symmetric around the solution. E.g., from the distances between the 

contours, the lower limit of a confidence band for n would be closer to the true n 

value than would be the upper limit. Actually it is very difficult to define a 

confidence band for one parameter when estimating two or more parameters. The 

shape of the surface near the solution has to be taken into account. This shows 
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that the optimization is very diff:erent from the Gaussian case encountered for linear 

optimization problems. 

The direction in the plane shows a positive correlation between a and n in 

estimating the cumulative inflow. If one increases a, one also has to increase n in 

order to have a similar prediction. Note that for the clay in figure A.2.5 the surface 

behaves erratic (i.e., a non-smooth surface) for small values of a. This is seen in 

all the surfaces of the a-n plane of the clay. This is due to instabilities occurring 

in the simulator for these sets of parameters. If the optimizer would start in this 

area it likely will never end up in the valley. The discretization of length and time 

in the simulator for these soils (parameter values) is incorrect in order to give a 

stable simulation. In other areas of the parameter space the surface and contours 

may appear smooth, but the discretization scheme might not be correct to give an 

accurate prediction of the auxiliary variable for the soil represented by this set of . 
parameters. However, this can not be evaluated from one surface. Surfaces 

should be drawn for different discretization schemes. 

In summary, using the cumulative inflow as auxiliary variable will not yield 

sensitive parameter estimates of a and n with an inverse procedure. The inverse 

problem is nonconvex and the confidence region is described by a long valley. 

Figures 4.5 to 4.7 and A.2.6 to A.2.8 show the OF function surfaces for the 

simulated water content of respectively the sandy and clayey soil at the three 

measurement locations. Similar 'banana-like' (nonconvex) valleys occur, which 
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become narrower, shorter and with steeper walls when the measurement location 

is further away from the known boundary condition. The valley becomes broader 

and flatter the closer the water content is measured near the inflow boundary. 

We can illustrate this latter effect even better by considering what the 

surface would be if we would go to the extreme case of considering the water 

content at the lower boundary as an auxiliary variable. This water content behaves 

as a step function over time. The measured water content at x = 0 would be per 

definition the known boundary value, which remains the same for a" points in the 

parameter space. It is independent from the soil because it is part of the design 

of the experiment. We would not add any information regarding the soil by 

measuring this known boundary condition. The error in water content at the lower 

boundary between the true soil and any other soil will always be zero. Hence, the 

OF surface for this degenerate case, is a flat surface with OF value zero 

everywhere, and all points would be solutions for the inverse procedure. 

In this way we obtain four surfaces in sequence for increasing x coordinate 

where the auxiliary variable is taken. With increasing x value the simulated water 

content curve differs more and more from the step function of the lower boundary 

water content. The curves become more and more differentiated from the known 

boundary condition, and the corresponding OF surfaces show an increased 

parameter estimation sensitivity. For a higher measurement position the curve 

becomes smoother and the effect of the upper boundary more distinct. The 
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further away from the boundary, the more one has to rely on the exact soil-water 

parameters to find the measured auxiliary variables. On the other hand, the further 

away from the boundary the more time it takes to see the effects of the change in 

boundary condition at t = O. This time also becomes more dependent on the type 

of soil and thus on the soil-water parameters. The difference in auxiliary variables 

between similar soils, but with slightly different parameters, will show more when 

the auxiliary variable is taken further away from the boundary. Hence, the 

topology of the surface will show a more distinct minimum. 

The OF surfaces for the matric potentials as measured at the three 

measurement locations is presented in figures 4.8 to 4.10 for the sandy soil and 

in figures A.2.9 to A.2.11 for the clayey soil. These surfaces show the same trend 

in increasing sensitivity with x as for the water content. Similar reasoning can 

explain this. For this experiment both the water content and matric potential are 

known at the lower boundary. There is no relation between these two variables 
, 

which requires the knowledge of the soil-water parameters. Hence, in this case 

the OF surfaces for both variables at the lower boundary are flat at OF = O. 

The sensitivity for the clayey soil is higher than for the sandy soil. For the 

clayey soil it takes much longer for the wetting front to travel to, e.g., the first node 

than for the sandy soil. Hence for the first node the clay shows a higher sensitivity 

for parameter estimation then the sandy soil does. At the scale used for the 

graphs, the clayey soil shows a very high sensitivity for the parameters at the 
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upper measurement locations. The surfaces are more convex than for the water 

content. For low a and high n values. at the edge of the studied domain. the 

surface shows a downward trend. Why this is is not clear. It could be part of the 

true surface. or due to errors occurring in the simulator. Between this area and 

the valley of the solution is a flat area. It is very difficult for an optimizer to select 

the right direction on such a flat plane. Therefore it would be much better to 

choose a high a and low n value for start values Wh6ii solving the inverse problem. 

Figures 4.11 to 4.13 and A.2.12 to A.2.14 show the surfaces for the log

transformed matric potentials as auxiliary variables. This transformation does not 

change the main characteristics of the surfaces significantly. The contour lines 

become wider. There does not seem to be a big change in convexity. However. 

this nonconvexity is not very distinct. nor was this the case without the log

transformation. 

The contour plots of the OF values for fitting the retention data from 

simultaneous collected water content and pressure head data during the 

experiment are presented in figures 4.14 to 4.16 and A.2.15 to A.2.17. Each point 

of these surfaces does not require a simulation of the upward infiltration simulator. 

Each water content and matric potential measurement. measured at the same 

location at the same moment. are related to each other by eq. (1.11). Time does 

not playa role in the retention equation. These surfaces show nonconvexity. 

Again we see an increase in sensitivity when the data used was collected further 
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away from the lower boundary condition. However, the reason is different than for 

the surfaces for the water content or matric potentials. Here this is due the 

spacing in time of the measurements. At each of the measurement locations, the 

water content and matric potential cover almost the same range wetness of the 

retention curve. At a lower location the change of the water content and matric 

potential is faster than at a higher location. At a higher location, where the change 

of water content is slower, the measurement scheme traces more points at the 

wetting front. At a lower position the wetting front passes by much faster, and for 

a same spacing of measurements in time, less measurements are taken for the 

range of wetness of the wetting front. That is why a better sensitivity is obtained 

at a higher measurement location, in spite of having less measurements than at 

a lower location (see tables 3.6 and 3.7). This difference due to location will likely 

be less when more measurements in time are taken. 

The directions of the valleys of each auxiliary variables are all similar (figures 

4.4 to 4.13 and A.2.5 to A.2.14). The directions of the valleys for the retention data 

(figures 4.14 to 4.16 and A.2.15 to A.2.17) and for the auxiliary variables are 

crossing. Thus, combining these surfaces might result in surfaces with a better 

defined minimum .• The combined surfaces were calculated according eq.(1.17) 

with the weight coefficients Wj equal to one. Combinations are taken for the 

highest measurement location since these provided highest parameter estimation 

sensitivity. Some examples of combined surfaces are given in figures 4.17 to 4.21 
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and A.2.18 to A.2.19. Figure 4.17 and A.2.18 show an improved sensitivity for the 

inflow and retention surfaces by combining both. There is a low area to which an 

optimization procedure would converge. This surface is convex except for Iowa 

and n values for the sandy soil. Figures 4.18 to 4.21 and A.2.19 show some other 

combinations of surfaces. Improved sensitivity mainly occurs when the valleys for 

individual auxiliary variables cross each other in the parameter space plane. For 

the upward infiltration, this only happens when retention data is combined with any 

other measured auxiliary variable. To obtain retention data, both water content 

and head has to be measured. Thus a measured variable like water content or 

head can be used twice, once in the retention data and once as an auxiliary 

variable of the experiment. Note that combining water content and head data 

(measured simultaneously) in the inverse problem, does not give the same 

sensitivity as using the measurements to fit the retention equation (figure 4.16). 

Here, fitting the retention directly yields higher sensitivity. 

The a-Ka parameter plane. The surfaces for this parameter space are 

presented in figures 4.22 to 4.31 for the sandy soil and in A.2.20 to A.2.29 for the 

clayey soil. All surfaces for the auxiliary variables in this plane are similar in 

topology to the surfaces in the a-n plane. This indicates that the parameters nand 

~ have similar influence on the change of auxiliary variables in time for this 

experiment. For the clay soil the simulator shows instabilities for low a values. 

More instabilities occur when higher f<s values are used. The time steps were too 
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large for the high conductivity (faster flow) to give stable simulations. Even for 

higher values of a there seems to be an occasional point with high Ks value giving 

an instable solution, causing the contour plots to look more erratic in this region. 

Tho n-K. parameter plane. Because of the very similar behavior of the 

contour in the a-n plane and a-Ks plane one would expect the contours for the n

f<s plane to be symmetrical around a line in a similar direction. The direction of the 

valley will cross this direction. This is what we obtain for the OF s~rfaces for the 

auxiliary variables (figures 4.32 to 4.41 and A.2.30 to A.2.39). All contours for all 

auxiliary variables show the same shape. The surfaces are nonconvex. The 

bottom of the valleys show some kind of hyperbolic shape (in the parameter 

domain considered). If one of the two parameters is known, the other one can be 

found quickly from the shape of the valley. A negative correlation exists between 

the effects of nand Ks on the auxiliary variable. 

For high n and high f<s values we have some instabilities occurring for the 

clayey soil. This is consistent with findings from the previous two planes. 

In summary, the upward infiltration shows a very similar behavior of nand 

Ks for the prediction of an auxiliary variable. A greater sensitivity to estimate the 

parameters will be found when the measurement position is further away from the 

lower boundary. The cumulative inflow alone does not yield sensitive parameter 

estimates. 
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Figure 4.1: Cumulative inflow vs. time for the upward infiltration experiment for 
the sandy soil 
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Figure 4.2: Change of water content over time at the three measurement 
locations for the upward infiltration experiment for the sandy soil. 
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Figure 4.3: Change of matric potential over time at the three measurement 
locations for the upward infiltration experiment for the sandy soil. 

Figure 4.4: Objective function surface and contours for the a-n parameter plane 
for the cumulative inflow for the upward infiltration experiment for the 
sandy soil. 
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Figure 4.5: Objective function surface and contours for the Q-n parameter plane 
for the water content measured at X= 1.5 cm during the upward 
infiltration experiment for the sandy soil. 

Figure 4.6: Objective function surface and contours for the Q-n parameter plane 
for the water content measured at x=3.8 cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.7: Objective function surface and contours for the a-n parameter plane 
for the water content measured at x=6.1 cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.8: Contours for the objective function surface for the a-n parameter 

plane for the matric potential measured at x= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.9: Contours for the objective function surface for the Q-n parameter 

plane for the matric potential measured at x=3.S cm during the 
upward infiltration experiment for the sandy soil. 

Figure 4.10: Objective function surface and contours for the Q-n parameter plane 
for the matric potential measured at x=6.1 cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.11: Contours of the objective function surfaces for the Q-n parameter 
plane for the log value of the matric potential measured at X= 1.5 cm 
during the upward infiltration experiment for the sandy soil. 
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Figure 4.12: Contours for the objective function surface for the Q-n parameter 
plane for the log value of the matric potential measured at x=3.B cm 
during the upward infiltration experiment for the sandy soil. 
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Figure 4.13: Contours for the objective function surface for the Q-n parameter 
plane for the log value of the matric potential measured at x=6.1 cm 
during the upward infiltration experiment for the sandy soil. 
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Figure 4.14: Contours for the objective function surface for the Q-n parameter 
plane for the retention data collected at X= 1.5 cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.15: Contours for the objective function surface for the Q-n parameter 

plane for the retention data collected at x=3.S cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.16: Contours for the objective function surface for the Q-n parameter 

plane for the retention data collected at x=6.1 cm during the upward 
infiltration experiment for the sandy soil. ' 
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Figure 4.17: Contours in the a-n parameter plane for combination of the surfaces 
for inflow and retention data collected at x=6.1 cm for the upward 
infiltration experiment for the sandy soil. 
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Figure 4.18: Contours in the a-n parameter plane for combination of the surfaces 

for water content and retention data collected at x=6.1 cm for the 
upward infiltration experiment for the sandy soil. 
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Figure 4.19: Contours in the a-n parameter plane for combination of the surfaces 

for water content, matric potential and retention data collected at 
x=6.1 cm for the upward infiltration experiment for the sandy soil. 
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Figure 4.20: Contours in the a-n parameter plane for combination of the surfaces 

for matric potential and retention data collected at x=6.1 cm for the 
upward infiltration experiment for the sandy soil. 
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Figure 4.21: Contours in the a-n parameter plane for combination of the surfaces 
for the cumulative inflow, matric potential and retention data collected 
at x=6.1 cm for the upward infiltration experiment for the sandy soil. 
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Contours for the objective function surface for the a-f<s parameter 
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Figure 4.23: Contours for the objective function surface for the a-Kg parameter 
plane for the water content measured at x= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.24: Contours for the objective function surface for the a-Kg parameter 
plane for the water content measured at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.25: Objective function surface and contours for the a-Kg parameter plane 
for the water content measured at x=6.1 cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.26: Contours for the objective function surface for the a-Kg parameter 

plane for the matric potential measured at x=1.5 cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.27: Contours for the objective function surface for the a-I<s parameter 

plane for the matric potential measured at x=3.8 cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.28: Objective function surface and contours for the a-I<s parameter plane 
for the matric potential measured at x=6.1 cm during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.29: Objective function surfaces and contours for the a-Kg parameter 
plane for the log value of the matric potential measured at X= 1.5 cm 
during the upward infiltration experiment for the sandy soil. 
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Figure 4.31: Contours for the objective function surface for the a-~ parameter 
plane for the log value of the matric potential measured at x=6.1 cm 
during the upward infiltration experiment for the sandy soil. 
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Figure 4.32: Contours for the objective function surface for the n-Kg parameter 
plane for the cumulative inflow during the upward infiltration 
experiment for the sandy soil. 
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Figure 4.33: Contours for the objective fundion surface for the n-f<s parameter 
plane for the water content measured at X= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 

0.013 . 

0.009 

0.005 

1\',\ \ \ 

1
,\(1 ~ \ 

\ \ 0 ", 
. \ \ I) \.. , .. ,~ 
~ I , .. ,", \ is' 
(J\ \" ~ \). ", 

\ .'\\ ... (-( ", 
\ . \. ';;". ')$ 

\ , , 
'. 

\ \ \", " . 
... \ . \ ',"r"" ' " _ , 

" 

", 

". 

" 

'" 

\.' ", ", ,-(--l- '. 

"> ~:~;~(~:~~::<::~: ,.' 
.... ~ "'-. -'. -

0.001 'r-I ----.I-------,I,-.. -.. ··-.. ....J 

11 1.5 1.9 2.3 

N 
Figure 4.34: Contours for the objective fundion surface for the n-f<s parameter 

plane for the water content measured at x=3.S cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.35: Objective function surface and contours for the n-~ parameter plane 
for the water content measured at x=6.1 cm during the upward 
infiltration experiment for the sandy soil. 

0.013 

0.009 

0.005 -

0.001 ,t----.-----.-----,--.l 
t 1 1.5 1.9 2.3 

N 
Figure 4.36: Contours for the objective function surface for the n-~ parameter 

plane for the matric potential measured at X= 1.5 cm during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.37: Contours for the objective function surface for the n-~ parameter 

plane for the matrie potential measured at x=3.8 em during the 
upward infiltration experiment for the sandy soil. 
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Figure 4.38: Objective function surface and contours for the n-~ parameter plane 
for the matrie potential measured at x=6.1 em during the upward 
infiltration experiment for the sandy soil. 
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Figure 4.39: Objective function surfaces and contours for the n-Kg parameter 
plane for the log value of the matric potential measured at X= 1.5 em 
during the upward infiltration experiment for the sandy soil. 
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Figure 4.41: Contours for the objective function surface for the n-~ parameter 
plane for the log value of the matric potential measured at x=6.1 em 
during the upward infiltration experiment for the sandy soil. 
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One-Step Outflow 

The simulated auxiliary variables for this experiment are presented in figures 

4.42 to 4.44 for the sandy soil and in appendix A.3.1 to A.3.3 for the clayey soil. 

The outflow volume from the sandy soil is approximately 70% of the total water 

initially held in the core. The outflow volume from the clayey soil is approximately 

40% of the initial water held. A greater outflow volume for the clay soil could have 

been obtained by taking a lower pressure head at the lower boundary condition. 

This was not done because in most cases it is difficult to find a suitable porous 

material with a bubbling pressure lower than -1000 cm as was used for the clay 

soil. 

Figures 4.43, 4.44, A.3.2 and A.3.3 show the change of water content and 

tension in the soil at the three different measurement locations. These curves are 

smooth and show slower response at a location further away from the lower 

boundary. Similar as in the upward infiltration experiment we have at the lower 

boundary a stepwise change of water content and matric potential. However, the 

water content at the lower boundary is a priori not known because the retention 

curve is not known before the experiment starts. The further away from the lower 

boundary, the less the curve resembles this step function. The curves for the 

middle and upper locations are closer to each other than the curves for the lower 

and middle measurement locations. This reflects the greater flux occurring at 
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lower x. 

In this experiment the length of the core plays a role. The shorter the core, 

the faster the water content and tension change at a fixed measurement position 

(with respect to the bottom). In the upward infiltration experiment the length of the 

core only comes in when the wetting front reaches the top of the core. A draining 

experiment, as the One-Step outflow method, does not have a steep water front 

as does an upward wetting experiment. In this experiment water is moving from 

top to bottom without a sharp front. 

The OF surfaces obtained for these auxiliary variables are presented in 

figures 4.45 to 4.83 and A.3.4 to A.3.43. Most of the surfaces for the clayey soil 

are flatter than for the sandy soil. This reflects a lower parameter estimation 

sensitivity for the clay. This is due to the relative smaller wetness range studied 

for this soil in this experiment. Apparently no instabilities occur for any of the used 

parameter combinations in either soil. 

The a-n parameter plane. Figures 4.45 and A.3.4. show the OF surfaces 

for both soils for the cumulative outflow. The surfaces show a nonconvex, curving 

valley. The valley is very narrow and high for small a and large n. The valley then 

curves and descends to OF = 0 at the true parameter solution. From there on the 

valley is wide and stays low. The parameter n does only slightly increase with a 

in that part of the valley. This shows relatively a lower sensitivity for a. The large 

area described by the OF = 5 contour shows a relatively low sensitivity to estimate 
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both these parameters from outflow data alone. This explains some of the 

insensitivity found with the One-Step outflow method. 

Figures 4.46 to 4.48 and A.3.S to A.3.7 represent the surfaces obtained for 

the water content measured at the three measurement locations. These surfaces 

basically show the same features as those obtained for the cumulative outflow. 

The sensitivity does not change very much compared to using cumulative outflow 

data. There is no drastic change in surface topology with measurement location 

as was seen for the upward infiltration experiment, and the area described by the 

contours does not change very much with measurement location. Thus there 

appears to be no optimum choice of measurement location. 

For the degenerate case where the measurement position is taken at x = 

o (the lower boundary) we do not have a flat surface with OF = 0 this time. At the 

lower boundary, the water content at all t > 0, is a function of the given tension 

applied to that boundary. This water content value is equal to (from eq.(1.11»: 

. (4.1) 

where ho and So are the tension and reduced water content at the lower 

boundary, respectively. a. and n. are the true soil-water parameters for the soil. 

For any other soil, described by another set of parameters a and n, the simulator 
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will also generate a water content value for the lower boundary. This generated 

water content value will be the same as the true measured water content value 

only for those retention curves which go through the same point (SO' hal. Hence, 

we will have an OF value of zero for all parameter combinations of a and n which 

represent retention curves going through this point. These points lie on the curve 

(e.g., similar to eq.(2.29»: 

1 

1 1 n 
a=-----1 

ho (~) 
n-1 

So 

(4.2) 

With the known matric potential ho as the given lower boundary condition, and a 

measurement of the water content So at the lower boundary condition, eq.(4.2} 

describes the curve on which the true solution (a*, n*) lays. If one could measure 

this water content So one could immediately limit the parameter search to this 

curve. Practically this is still not feasible. However, when the experiment reaches 

equilibrium. the water content anywhere in the core should be close to this value. 

Thus one can still check if the parameters a and n obtained from the inverse 

solution are close to the curve described by eq.(4.2}, where So now can be 

substituted by the approximate water content at equilibrium. A point on this curve 

will provide a good set of start values of the parameters a and n. 
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Eq.(4.2) describes the bottom of an infinitely long valley of the surface for 

the lower boundary. This surface represents the degenerate case of fitting two 

parameters a and n for the retention curve (1.11) when only one data point is 

given. This surface, and the surfaces for the water content at the three locations 

provide a sequence of changing surfaces with changing measurement location. 

This sequence does not show as much of a change as was seen for the upward 

infiltration experiment. 

The outflow curve represents the integration of the water content profile in 

the core at a certain time. The average water content in the core is directly related 

to the cumulative outflow volume. Since the water content does not change very 

significantly with measurement position (for one time), the outflow and water 

content curves are similar in shape (figures 4.42, 4.43; and A.3.1 to A.3.2). The 

average water content in the core is directly related to the cumulative outflow 

volume. This explains why the surfaces for both auxiliary variables are similar too. 

The narrow valley for high n and low a values is related to the valley of the 

degenerated case where the water content would be taken at the lower boundary. 

The shape of the contours for the matric potential as an auxiliary variable 

show valleys more parallel to the n-axis in the a-n plane (figures 4.49 to 4.51 and 

A.3.S to A.3.11). The parameter a is well defined by the direction of the valley, but 

the parameter n has a low sensitivity. Again there is not much difference between 

the surfaces over distance, while for x = 0 the surface would be flat at OF = 0 for 
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the same reasons as for the upward infiltration experiment. Especially for the 

sandy soil there is nonconvexity in the contours for low n values. In spite of the 

valley parallel to the n axis, the deepest point of the valley is still well defined 

according to the contours. Thus a tensiometer measurement will provide much 

better parameter estimates than a water content or outflow measurement. 

The logarithmic transformation of the matric potential values does not affect 

the shape and convexity of the OF surfaces much (figures 4.52 to 4.54 and A.3.11 

to A.3.13). The valleys are wider compared to using the untransformed h values. 

For the sandy soil, locations 2 and 3 give a higher sensitivity than location 1. All 

other conclusions are the same. 

The surfaces for collecting the retention data during the experiment (both 

water content and tension measured simultaneously and fitted with eq.(1.11)) are 

presented in figures 4.55 to 4.57 and A.3.14 to A.3.16. These surfaces have the 

same shape as those obtained for the upward infiltration experiment (figure 4.14 

to 4.16 and A.2.15 to A.2.17). The One-Step outflow method uses a smaller 

moisture range than the upward infiltration experiment. This would lead to a lower 

sensitivity and flatter and wider valleys. On the other hand the One-Step outflow 

is slow, and allows the measurement scheme to determine the shape of the 

retention curve in greater detail. This leads to a higher sensitivity and a better 

defined minimum. This is why the contours show in most cases a better sensitivity 

then for retention data obtained during the upward infiltration experiment. For both 
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experiments the retention data is limited to h ~ -500 cm. The change of topology 

with distance is not so drastic as for the upward infiltration experiment. These 

differences are mainly due to the measurement scheme. Taking measurements 

at a greater frequency will likely improve the sensitivity. 

The directions of the valleys for the OF surfaces for the retention, matric 

potential and outflow or water content cases are different. These different 

directions mean that variations in the parameters have different effects on the 

prediction of different auxiliary variables. For example an increase (with respect 

to the true solution) in a will cause only a small error in predicted outflow data 

while causing larger errors in predicted h values. Hence one would expect that 

combinations of these variables can yield more sensitive parameter estimates, i.e., 

better defined minima. Figures 4.58 and A.3.17 show the combination of the OF 

values of the outflow and the tension data. This surface shows a well defined 

minimum, convex in a large neighborhood around the minimum. From the 

previous surfaces we saw that the measurement of the tension gives the greatest 

parameter sensitivity of each of the auxiliary variables individually. The outflow is 

an easy variable to measure. This implies that using both outflow and tension data 

offers a good experimental setup for accurate estimates of a and n. 

Also combining the outflow data or water content data, with measured 

retention data yields more sensitive parameter estimates (figures 4.59, 4.60, A.3.18 

and A.3.19). The contours for these combinations are somewhat nonconvex. The 
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area described by the contour of the lowest OF value (OF = 5) indicates relative 

equal sensrtivity for both parameters, smaller than when the parameters were used 

individually. However, this scenario is experimentally more demanding. Measuring 

the retention requires both measuring water content and tension. If tension is 

measured it is better to use that as auxiliary variable since it provides higher 

parameter sensitivity. Thus this combination is not very practical, except when 

retention data is available from a different source, and water content and/or outflow 

is measured from the One-Step outflow experiment. Combining tension data with 

retention data results in improved sensitivity (figures 4.61, A.3.20 and A.3.21). 

Note that the shape of the surfaces for combinations, which include the tension 

data, is dominated by the steeper walls encountered for the surface obtained 

matric potential surface. This effect could be changed by using different weighting 

coefficients in eq.(1.17) when surfaces are combined. 

The a-KG parameter plane. Figures 4.62 and A.3.22 for the cumulative 

outflow and 4.63 to 4.65 and A.3.23 to A.3.25 for the water content show similar 

surfaces for each soil. A large low area exists showing low parameter sensitivity. 

The surfaces are practically convex. A positive correlation between the parameters 

exists. If both a and f<s are perturbed positively (or negatively) the change in error 

in predicted variable is minimal. There is again little change with location of the 

measurement of the water content. For the degenerate case, for the water content 

location at the lower boundary, we have at the exact solution for a, OF = O. For 
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other Q values we have the OF value for the degenerate case described for the Q-n 

plane at the true n value. The value of Kg does not affect the water content at the 

lower boundary. Thus this surface has a topology which is always parallel to the 

Kg axis. 

Figures 4.66 to 4.71 and A.3.26 to A.3.31 show the surfaces obtained for the 

tension and log-tension variabl.es. Long valleys, slightly nonconvex for low Kg 

values, exist, showing especially a low sensitivity to~. Log transformation does 

not affect the shape of the contours. Again no Significant effect of position of 

measurement can be traced between these surfaces. At a location x = 0 the OF 

surface will be flat for similar reasons as in the Q-n parameter plane. Thus there 

must be a rapid change of surface topology with distance near the lower 

boundary. 

The direction of the valleys for the outflow and the tensiometer reading are 

somewhat different. A combination of these two surfaces is presented in figures 

4.72 and A.3.32 where the upper measurement location is used for the tension. 

The shape of these surfaces is dominated by the tension because of its higher 

parameter estimation sensitivity, especially for Q. Combination brings the OF = 5 

contour up higher for Kg. This indicates a higher (i.e., better) lower bound for the 

confidence interval for~. However, the overall change in estimation sensitivity for 

Kg is not large and Kg remains the most difficult parameter to estimate. 

The n-Ka parameter plane. Figures 4.73 to 4.76 and A.3.33 to A.3.36 
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present the surfaces for the outflow and water contents for both soils in this 

parameter plane. The surfaces are all very similar for one soil. The surfaces are 

nonconvex and showing a greater sensitivity for n. For the degenerate case, at 

the lower boundary the surface for the water content would be parallel to the Ks 

axis. For similar reasons as for the a-Ks plane, the OF value will be zero for the 

true n value. For other n values the OF value will be equal to the OF value for the 

degenerate case in the a-n plane at the correct a value. 

There seems to be a small, but visible, increase in sensitivity when the water 

content measurement is taken closer to the lower boundary. This is just opposite 

to what was encountered for the upward infiltration experiment. This is probably 

due to the greater amount of water passing by at lower locations in this 

experiment. At lower locations the soil is subjected to greater tension gradients 

and thus to greater fluxes. These fluxes depend on the conductivity values. And 

nand Ks are exactly the parameters describing the conductivity relation (eq.1.14). 

Hence a greater sensitivity is found at the lower location. However, as explained 

earlier, for the lower boundary the surface should be flat, showing no sensitivity at 

all. Thus there has to be a location, somewhere between the lower boundary and 

the middle of the core, where there is an optimal sensitivity to estimate nand Ks 

simultaneously. The effects described above are not so drastic as for the upward 

infiltration experiment. 

Figures 4. n to 4.82 show the nonconvex case for the tensiometer reading 
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as auxiliary variable for the sandy soil. The log-transformation does not affect the 

shape of the surfaces. Except for somewhat wider valleys there seems no real 

change in topology of the surface by this transformation. Here there seems to be 

an increase of sensitivity with higher measurement location. Apparently the 

sensitivity for the matric potential behaves different with location than the water 

content. A positive correlation exists between the parameters n and Kg on the 

prediction of the matric potential. At locations 2 and 3 the contours show a rather 

well defined minimum, indicating possible sensitive parameter estimation in this 

parameter plane from tension data. Figures A.3.37 to A.3.42 present the curves 

for the clayey soil. The parameter f<s is well determined. These surfaces show a 

lower sensitivity to the parameter n. The surfaces do not to vary much with 

measurement position. It is difficult to make definite distinctions. The surface for 

the degenerate case is again flat at OF = o. 

Figures 4.83 and A.3.43 show the surface for combined outflow and 

tensiometer data. These surfaces show a clearly defined minimum, indicating a 

sensitive parameter estimation in this plane. 

In summary it is clear that outflow (which is easier to measure than water 

content) and tensiometer readings will give more accurate parameter estimates 

than the classical method in which only the outflow is recorded. A similar high 

sensitivity of the soil-water parameters to tension data was seen by Kool and 

Parker (1988) for a ponding-redistribution experiment. The effort to add a 
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tensiometer is worthwhile for increasing the parameter estimation sensitivity. The 

greatest. insensitivity for this combination of auxiliary variables occurs in the a-Ka 

plane. If f<s is known from another experiment, a and n can be well defined. 
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Figure 4.42: Cumulative outflow vs. time for the One-Step outflow experiment for 
the sandy soil 
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Figure 4.43: Change of water content over time at the three measurement 
locations for the One-Step outflow experiment for the sandy soil. 
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Figure 4.44: Change of matric potential over time at the three measurement 
locations for the One-Step outflow experiment for the sandy soil. 

Figure 4.45: Objective function surface and contours for the Q-n parameter plane 
for the cumulative outflow for the One-Step outflow experiment for 
the sandy soil. 
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Figure 4.46: Contours for the objective function surface for the Q-n parameter 
plane for the water content measured at X= 1.5 cm for the One-Step 
outflow experiment for the sandy soil. 
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Figure 4.48: Contours for the objective function surface for the Q-n parameter 
plane for the water content measured at x=6.1 cm for the One-Step 
outflow experiment for the sandy soil. 
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Figure 4.49: Contours for the objective function surface for the Q-n parameter 

plane for the matric potential measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 
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Figure 4.50: Contours for the objective function surface for the Q-n parameter 
plane for the matric potential measured at x=3.S cm for the One
Step outflow experiment for the sandy soil. 
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Figure 4.51: Objective function surface and contours for the Q-n parameter plane 

for the matric potential measured at x=6.1 cm for the One-Step 
outflow experiment for the sandy soil. 
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Figure 4.52: Contours for the objective function surface for the a-n parameter 
plane for the log-value of the matric potential measured at x=1.5 cm 
for the One-Step outflow experiment for the sandy soil. 
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plane for the retention data collected at x=3.B cm during the One
Step outflow experiment for the sandy soil. 
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Figure 4.58: Objective function surface and contours in the (X-n parameter plane 
for combination of the surfaces for the cumulative outflow and matric 
potential data collected at x=6.1 cm for the One-Step outflow 
experiment for the sandy soil. 
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experiment for the sandy soil. 
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Figure 4.66: Contours for the objective function surface for the a-f<s parameter 
plane for the matric potential measured at X= 1.5 cm for the One
Step outflow experiment for the sandy soil. 

Figure 4.67: 

0.013 . 

0.009 

0.005 . 

I I 

· : ~ ~ / · . I cv ~ 

lhljj
l
/ Ill/ ~ 

CO],,") V /1 / 

~
~~01~ 0 ~ /(J /!} / 

./) .0// / ,4? 
/ ,0/, / / If /01 /./ / 

I, I I () / ,1" / 
/j.~/o,////,,/ 

-,/..," /'./:/ .,/ 

0.001 -j I I 

0.001 0.026 0.051 0.076 

Alpha 
Contours for the objective function surface for the a-f<s parameter 
plane for the matric potential measured at x=3.S cm for the One
Step outflow experiment for the sandy soil. 



10.----- 206 
c 
8 .0 
~ 
• 40 

~ g 20 

o l~----'J\" 

Figure 4.68: Objective function surface and contours for the a-Kg parameter plane 
for the matric potential measured at x=6.1 cm for the One-Step 
outflow experiment for the sandy soil. 
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Figure 4.71: Contours for the objective function surface for the a-~ parameter 
plane for the log-value of the matric potential measured at x=6.1 cm 
for the One-Step outflow experiment for the sandy soil. 
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for combination of the surfaces for the cumulative outflow and matric 
potential data collected at x=6.1 cm for the One-Step outflow 
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Figure 4.74: Contours for the objective function surface for the n-~ parameter 
plane for the water content measured at X= 1.5 cm for the One-Step 
outflow experiment for the sandy soil. 
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Figure 4.79: Objective function surface and contours for the n-Kg parameter plane 

for the matric potential measured at x=6.1 cm for the One-Step 
outflow experiment for the sandy soil. 
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Figure 4.80: Contours for the objective function surface for the n-f<g parameter 
plane for the log-value of the matric potential measured at X= 1.5 em 
for the One-Step outflow experiment for the sandy soil. 
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Figure 4.82: Contours for the objective function surface for the n-Kg parameter 
plane for the log-value of the matric potential measured at x=6.1 cm 
for the One-Step outflow experiment for the sandy soil. 
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for combination of the surfaces for the cumulative outflow and matric 
potential data collected at x=6.1 cm for the One-Step outflow 
experiment for the sandy soil. 
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Stepwise Inflow 

For the sandy soil the change of water volume in this experiment is 80% of 

the total water volume the soil can hold. For the clay soil, this is about 40% of the 

total pore volume of the soil, in spite of the lower initial tension of h = -1000 cm. 

Figures 4.84 and A.4.1 show the generated cumulative inflow. Figures 4.85, 4.86 

and A.4.2 and A.4.3 present the generated water content and matric potential at 

the three measurement locations. To each of these curves a combined step 

function can be added for the lower boundary condition as described in chapter 

3. In this way, one obtains a series of curves changing with the measurement 

location. At each step we have a somewhat similar behavior as obtained for the 

upward infiltration. However, the wetting front encountered is less steep because 

of the much wetter initial conditions at each pressure step. The passing of the 

wetting front is still visible. For a higher measurement position, it still takes some 

time before the water content and tension starts changing. Unlike for the upward 

infiltration, there is no visible effect of the wetting front reaching the upper 

boundary. For the clay soil, no tensions are recorded during the first step 

because the tensions are below the bubbling pressure of the porous material of 

the tensiometer. 

The a-n parameter plane. For the sandy soil, for high a and high n values 

some instabilities occur in the simulator. This results in less smooth OF contours 
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and surfaces for the auxiliary variables in this region of the parameter space. 

When this occurs such a region is not a good area to take start values. 

The OF surfaces, for both soils, for the cumulative inflow are presented in 

figures 4.87 and A.4.4. These surfaces show a narrow valley for Iowa and high 

n values, descending into a more rounded minimum around the true parameters. 

The surfaces show a well defined minimum indicating a high sensitivity to estimate 

a and n. The surfaces are nonconvex. To avoid problems of nonconvexity, figure 

4.87 shows that good start values will have a high a and intermediate n value. 

The cumulative inflow curve, for known stepwise changes of the pressure 

at the lower boundary, contains approximate retention information. At equilibrium 

(if reached), the cumulative inflow is an approximate measure of the water content 

of the core at the matric potential at the lower boundary. In other words, both 

water content and matric potential are known in a few points. This is one of the 

reasons that the inflow can provide good sensitivity. 

Figures 4.88 to 4.90 and A.4.5 to A.4.6 give the surfaces for the water 

content at the three measurement locations. These surfaces look similar to the 

surfaces obtained for the retention data for this experiment (figures 4.97 to 4.99 

and A.4.14 to A.4.15) and in the other experiments. The surfaces show a very well 

defined, though nonconvex, minimum. Similar to the inflow variable, the water 

content at a location in the core, at equilibrium, defines an approximate retention 

point for the matric potential at the lower boundary. Thus one would expect a high 



216 

parameter sensitivity. For the clay soil the surfaces for the water content show a 

higher sensitivity than the retention data. Using the flow data adds to the 

sensitivity of the estimates. Other characteristics of the topology of the surfaces 

can be found under the description of the surfaces obtained for the retention data 

in the previous experiments. 

For similar reasons as for the upward infiltration we see an increase of 

sensitivity with higher measurement location. If the soil-water retention curve is not 

known, the water content at the lower boundary condition is not known. Thus we 

cannot say, like for the upward infiltration experiment, that for the location at the 

lower boundary we would have a flat surface at the level OF = o. At the lower 

boundary the simulator will generate the water content for the given tension. For 

each tension (at every step) a water content will be calculated by the simulator (or 

eq. (1.11» for each set of a and n. At each point in the parameter space, these 

water contents will be compared with the true water contents at the boundary. 

This is exactly the same as in fitting the retention curve by measuring the water 

content for a given tension. We have only as many different points as there are 

pressure steps. Thus for the lower boundary the OF surface looks like one 

obtained for fitting the retention curve. This surface shows some sensitivity. The 

other surfaces at higher locations cover a more diverse range of water content and 

pressure values. With this surface we have again a sequence of surfaces with 

increasing sensitivity when the measuring location is further away from the lower 
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boundary. 

Figures 4.91 to 4.96 and A.4.S to A.4.13 show the OF surfaces, for both 

soils, for the tension and log-tension. These surfaces show a high sensitivity for 

a, while the valleys are nearly parallel to the n axis. The steep walls of the valley 

reflect a much higher sensitivity for a for the clay soil. The surface is nonconvex, 

especially for the sandy soil. The OF surface for the degenerate case at the lower 

boundary condition is flat at OF = O. In this case the tension at this boundary is 

given. In this way a series of surfaces is obtained with increasing sensitivity with 

a measurement location further away from the lower boundary. The logarithmic 

transformation does not seem to affect the sensitivity nor the convexity (figures 

4.94 to 4.96 and A.4.11 to A.4.13). 

The OF surfaces for the retention data collected during the experiment are 

presented in figures 4.97 to 4.99 and A.4.14 to A.4.16. These surfaces are, as 

mentioned above, similar in shape as those collected for the water content 

measurements, although the sensitivity is lower. There is not much difference in 

the surfaces for different measurement positions. This means that there is not 

much difference between the sampling schemes on the sensitivity. The 

measurement scheme can determine the shape of the retention curve with similar 

detail at all measurement positions. 

Several of the above surfaces have been combined. These are presented 

in figures 4.100 to 4.105 and A.4.17 to A.4.23. All these combinations provide a 
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well defined minimum. 

The a-t<. parameter plane. The OF surfaces for the cumulative inflow are 

presented in figures 4.106 and A.4.24. These surfaces are almost convex over the 

used parameter domain but show insensitivity especially for the parameter Ks. 

The surfaces for the water content (figure 4.107 to 4.109 and A.4.25 to 

A.4.27) show the same topology. For the degenerate case at the lower boundary, 

the shape of the surface is found similarly as for the One-Step outflow method. 

The surface shape is also similar, except that the walls are likely going to be 

steeper because of more water content points (due to more pressure steps). For 

a measurement location further away from the boundary, there is some increase 

in parameter estimation sensitivity, but this improvement does not significantly 

affect the ability to estimate Ks. 

Figures 4.110 to 4.115 and A.4.28 to A.4.33 show the OF surfaces obtained 

for the generated tension and log-tension values. Long 'banana-like' contours are 

found. There seems to be a higher correlation between a and Ks than for the 

water content. The log transform does not Significantly change the topology of the 

surface. There is some increase in sensitivity for a higher measurement location. 

This increase in sensitivity must especially be noticeable close to the lower 

boundary condition, because for the lower boundary condition the OF value is 

zero for all points in the a-Ks parameter plane. 

The direction of the valleys for the inflow or water content, and tensiometer 
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reading are slightly different. Combinations of both do not give a great 

improvement of parameter sensitivity (figures 4.116,4.117, A.4.34 and A.4.35). 

The n-t<a parameter plane. Figures 4.118 and A.4.36 ~resent the OF 

surfaces for the cumulative inflow for this parameter plane. A low sensitivity for Ks 

is found. The valleys are parallel to the Ks axis. The parameter n is quite well 

defined. For the clay soil, for small Ks values, the valley is bend toward higher n 

values. For the sandy soil the surface is convex. 

The surfaces for the water content measurement at the different locations 

are presented in figures 4.119 to 4.121 and A.4.37 to A.4.39. These surfaces are 

similar in topology for both soils. Just as for the inflow, the surface shows a valley 

parallel to the Ks axis, indicating again low sensitivity for this parameter. The 

shape of the surface which would be obtained for a measurement location at the 

lower boundary is similar as described for the a-Ks parameter plane. This surface 

would be a surface parallel to the Ks axis, which has an OF = 0 at the true n 

value. We thus see that the basic topology of the OF surface does not change 

drastically when the water content is measured further away from the boundary. 

The surfaces for higher measurement positions only have one point at which the 

OF = 0, this is at the true location. But the OF value stays very small along the 

bottom of the valley. Only for very low Ks values, at the true n value, OF values 

tend to become bigger. 

Figures 4.122 to 4.124 and A.4.40 to A.4.42 show the OF surfaces for the 
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tensiometer reading for respectively the sandy and the clayey soil. These surfaces 

show nonconvex valleys. For the n range used for the clay soil, both soils show 

surfaces with the same topology. For the higher n range, used for the sandy soil, 

the surface curls back up to higher nand Ks values. At the lower boundary the 

OF surface would be flat at OF = O. Thus again we have a sequence of surfaces 

with improving parameter sensitivity when the measurement location is taken 

further away from the surface. The direction of these valleys is very different from 

the valleys for the water content measurements. For the clay soil the Ks value is 

rather well defined in this parameter plane, but n seems less well defined. For the 

parameter range used for the sandy soil, both parameters are not well defined. 

The log-transformation of the tensiom~ter reading does transform the shape 

of the surface for the sandy soil (figures 4.125 to 4.127). A valley is seen at high 

f<s and low n values, and ends in a large area around the true minimum. The log

transformation for the tensiometer readings for the clay soil does not significantly 

change the topology of the surface (figures A.4.43 to A.4.45). The improvement 

of sensitivity with higher measurement location is still visible. 

Figures 4.128, 4.129 and A.4.46 show some combinations of variables for 

this parameter plane. While the individual auxiliary variables were not able to 

provide well defined minima, the combination of the matric potential with either the 

inflow or water content measurement do provide sensitive parameter estimates in 

this parameter plane. The combinations are taken for the variables measured in 
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the upper measurement location (except for the inflow), the location which showed 

greatest sensitivity (the narrowest valleys) when each auxiliary variable was taken 

individually. Especially for the clayey soil, a very well defined minimum is obtained 

for both parameters (figure A.4.46). 

In summary, the stepwise inflow provides good parameter estimates, 

especially from inflow and water content measurements. As for the upward 

infiltration, a measurement position further away from the boundary gives higher 

sensitivity. The OF surface for the degenerate case (a variable at the lower 

boundary) can indicate when a certain auxiliary variable yields sensitive results. 
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locations for the stepwise inflow experiment for the sandy soil. 
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Figure 4.86: Change of matric potential over time at the three measurement 
locations for the stepwise inflow experiment for the sandy soil. 
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Figure 4.87: Objective function surface and contours for the Q-n parameter plane 
for the cumulative inflow for the stepwise inflow experiment for the 
sandy soil. 
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Figure 4.90: Objective function surface and contours for the ct-n parameter plane 
for the water content measured at x=6.1 cm during the stepwise 
inflow experiment for the sandy soil. 
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Figure 4.93: Objective function surface and contours for the Q-n parameter plane 
for the matric potential measured at x=6.1 cm during the stepwise 
inflow experiment for the sandy soil. 
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Figure 4.94: Contours of the objective function surfaces for the Q-n parameter 
plane for the log value of the matric potential measured at X= 1.5 em 
during the stepwise inflow experiment for the sandy soil. 

i ! \ \"VlP 
I \' V I \ \ , ..... \ ! I 

I 

i 
' 0 .-.\ 

I o ;~6' I. 

I '" .~ , ",', , . . \ \ , I 

\ '. \. .'. '-" , 
I \ \ \ 

J 
I \ \ ... , 

'" , ", 
: \ \ \ 

~ \ \ , 
0 \ \ , 

) 
; 

\ 

0 
. 

(:) 0 
I Ul .~ 

:g J 
\ 

) c::i / I 

/ I 

/ / .... ' 
/ " .... / .... / . .--' .--' -

I I I , 

2.3 

1.9 z 

1.5 

11 
0.001 0.026 0.051 0.076 

Alpha 
Figure 4.95: Contours for the objective function surface for the Q-n parameter 

plane for the log value of the matric potential measured at x=3.S em 
during the stepwise inflow experiment for the sandy soil. 



228 

2.3 

1.9 z 

1.5 

1.1 
0.001 0.026 0.051 0.076 

Alpha 

Figure 4.96: Contours for the objective function surface for the a-n parameter 
plane for the log value of the matric potential measured at x=6.1 cm 
during the stepwise inflow experiment for the sandy soil. 
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Objective function surface and contours in the Q-n parameter 
plane for combination of the surfaces for the cumulative inflow 
and water content data collected at x=6.1 cm for the stepwise 
inflow experiment for the sandy soil. 

Objective function surface and contours in the Q-n parameter 
plane for combination of the surfaces for the cumulative inflow 
and matric potential data collected at x=6.1 cm for the 
stepwise inflow experiment for the sandy soil. 
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Contours in the a-n parameter plane for combination of the 
surfaces for matric potential and retention data collected at 
x=6.1 cm for the stepwise inflow experiment for the sandy 
soil. 
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Contours for the objective function surface for the a-~ 
parameter plane for the water content measured at x=3.8 cm 
for the stepwise inflow experiment for the sandy soil. 
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cm during the stepwise inflow experiment for the sandy soil. 
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Objective function surface and contours for the a-~ 
parameter plane for the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the sandy soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the log value of the matric potential 
measured at x=3.S cm during the stepwise inflow experiment 
for the sandy soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the log value of the matric potential 
measured at x=6.1 cm during the stepwise inflow experiment 
for the sandy soil. 
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Figure 4.117: 
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Objective function surface and contours in the a-~ parameter 
plane for combination of the surfaces for the cumulative inflow 
and matric potential data collected at x=6.1 cm for the 
stepwise inflow experiment for the sandy soil. 
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Objective function surface and contours for the n-Kg 
parameter plane for the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the sandy soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the log value of the matric potential 
measured at x=3.S cm during the stepwise inflow experiment 
for the sandy soil. 
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Objective function surface and contours in the n-f<s parameter 
plane for combination of the surfaces for the water content 
and matric potential data collected at x=6.1 cm for the 
stepwise inflow experiment for the sandy soil. 
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Evaporation From Soli Core. 

For this experiment the measured evaporation from the top of the core was 

used as a boundary condition. Hence. no outflow data is available as an auxiliary 

variable. Figures 4.130. 4.131 and A.5.1.and A.5.2 present the generated values 

of the water content and matric potential at the three different measurement 

positions. For both soils the curves obtained for the different locations are 

practically on top of each other. This means that during the experiment only very 

minor pressure gradients occur in the soil. At all times the flux in the soil is very 

small. Note that the curve for the generated water contents is almost an upside 

down and scaled picture of the given cumulative outflow curve (the upper 

boundary condition. figure 3.6). 

The a-n parameter plane. The OF surfaces for the measured water 

contents are presented in figures 4.132 to 4.134 and A.5.3 to A.5.5. These 

surfaces are basically flat. except for high a and low n values. For the sandy soil 

some high points are encountered for Iowa and high n values. For this soil some 

instabilities are also observed in the simulator for low n and high a values. The 

surface is flat because of the great similarity between the given outflow curve and 

the generated water content. Since the evaporation is so slow. the soil is almost 

at equilibrium at any time. All generated water content profiles are baSically the 

same and are a scaled transformation of the cumulative outflow. If the initial water 
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content is approximately as' the average water content in the core is then related 

to the outflow by: 

(4.3) 

where Q{t) is the cumulative evaporation at time t and V is the total volume of 

water in the core when the experiment begins. Since the water content does not 

vary much with position, eq.(4.3) approximately describes the water content at any 

position in the core. This relation does not require any knowledge of the 

parameters a, n or I<s. Hence, there should be no sensitivity for estimating these 

parameters for this auxiliary variable. Only for low n values does the flow seem to 

have some effect. 

These conclusions are expected to be valid only when evaporation is slow. 

Recall that every evaporation experiment will have its own measured boundary 

condition. When the evaporation rate is much higher (this is relative to the type 

of soil), flow will become a greater factor. The pressure gradients will then be 

greater within the soil and the water content curves over time will differ with 

measurement location and will differ from relation (4.3). 

Figures 4.135 to 4.140 and A.5.6 to A.5.11 represent the OF surfaces for 

both soils for the generated tensions and log-tensions. The log-transformation 

does not alter the surface shape significantly. All these surfaces provide a very 
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high sensitivity. A very narrow minimum occurs in a nonconvex valley with very 

steep walls. The wall of the valley is the steepest at the convex side of the valley. 

The valley is so narrow, and the walls so steep, that the plotting program has 

difficulties drawing the contours and surfaces smoothly. The location of the valley 

is not exactly the same as for the retention curve. From the above we know that 

the water content at any point in the core is practically a direct function of the 

outflow at the boundary. This water content can be transformed into the matric 

potential if the retention equation is known. Thus there exists a relation between 

the known outflow on the top, and the measured matric potential. This relationship 

is almost a complete function of the soil-water parameters Q and n, especially for 

this experiment which is close at equilibrium at all times. There does not seem to 

be a change in sensitivity with measurement position. 

Figures 4.141 to 4.143 and A.5.12 to A.5.13 present the shapes of the OF 

surfaces for fitting the retention data collected during the measurement. The 

shape of these surfaces is basically the same as seen in the previous experiments. 

The valley for the clayey soil seems relatively longer because of the smaller range 

of the parameter domain. No trend is seen by changing measurement location, 

because of the core being close to equilibrium at all times. This data will yield very 

sensitive parameter estimates. 

Combining surfaces will only be reasonable for the retention and the 

tension. Combinations for the upper measurement position are presented in 4.144 
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and A.5.14. This graph does not show any great improvement in sensitivity 

compared to the surface for the matric potential. The shape of the surface is 

dominated by the tension surface. 

The a-t<. parameter plane. For the water content the surfaces are again 

basically flat, for the same reason as explained for the a-n parameter plane 

(figures 4.145 to 4.147 and A.5.15 to A.5.17). Thus there is basically no sensitivity 

for both parameters. There is no sensitivity for f<s because of the low flow 

occurring during the experiment. For many f<s values the soil is almost at 

equilibrium at all times for the given boundary condition. 

The surfaces for the matric potential, presented in figures 4.148 to 4.153 

and A.5.18 to A.5.23, all show valleys parallel to the f<s axis. This insensitivity for 

f<s is explained above. The contours show some nonconvexity for low f<s values. 

This nonconvexity changes direction between the middle and upper measurement 

location. Why is not exactly clear. The total flow is somewhat greater at the upper 

measurement location (because more water is flowing past this location) which 

might explain a somewhat greater sensitivity. The log-transform does not 

significantly affect any of the major properties. It shows that the valley walls are 

steepest for the Iowa side. 

The n-K. parameter plane. The basic features of the surfaces in this 

parameter plane (figures 4.154 to 4.162 and A.5.24 to A.5.32) are the same as for 

the surfaces obtained for the a-f<s plane. For the water content there is some 



249 

sensitivity when n is small, especially when Ks is small. For the clay soil the 

sensitivity is greatest at the lower measurement positions (this is also true in the 

two other parameter planes for the clay soil). When water is removed from the 

top, the effect will be seen the latest at the bottom of the core. The time to see 

this effect is a function of the soil-water parameters. This Is just opposite to the 

higher sensitivity seen for a higher measurement position for the matric potential 

in the a-Ks plane. For the sandy soil there is an increase in sensitivity with higher 

measurement position in this parameter plane. A higher position in the core has 

a greater volume of water passing by. 

For the way this experiment is setup there is no sensitivity for estimating the 

saturated hydraulic conductivity. The parameters a and n however can be 

determined well when tensiometer readings are taken, as long as there is no 

significant vapor flow. Also retention data will provide excellent estimates. From 

the weight of the core the water content can be approximately determined. This 

approximate water content and the corresponding matric potential will give 

approximate points of the retention equation. These points can be fittea with 

eq.(1.11). The parameters obtained by fitting this curve provide a good set of start 

values to solve the inverse problem. 
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Objective function surface and contours for the ct-n parameter 
plane for the water content measured at x=6.1 cm during the 
evaporation experiment for the sandy soil. 
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Contours for the objective function surface for the ct-n 
parameter plane for the matric potential measured at x= 1.5 
cm during the evaporation experiment for the sandy soil. 
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the evaporation experiment for the sandy soil. 
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Contours for the objective function surface for the Q-n 
parameter plane for the retention data collected at x=3.8 cm 
during the evaporation for the sandy soil. 

z 

I ! 
... 

2.3 : I I '. \. 
1 \ I \ ~, 

..... 
i I \ \ " 

1.9 ~ ; ~ , " l$ , 

~~\~\ (\~~':',," ""'--~,----~~: 

.......... 

,," " \, " ~- .... "") 
, ", '- ----.. _' 

\ ',. ................... "----... .,~ "" "'" '25 ,~ -.. _--.. --... -.. 

1.5 

". 'Is .35·_ -'----.-------- 25'-" 
----~::::,~~'==:~:~~ 35 ' ~~ 

1.1 '-. -----,Ir-----,------,.~:....:I 
0.001 0.026 0.051 0.076 

Alpha 

Contours for the objective function surface for the Q-n 
parameter plane for the retention data collected at x=6.1 cm 
during the evaporation experiment for the sandy soil. 



Figure 4.144: 

Figure 4.145: 

2.3 

1.9 z 

1.5 

1.1 

I 
II 

0.001 0.026 0.051 0.076 

Alpha 

257 

Contours for the objective function surface for the Q-n 
parameter plane for combination of the surfaces for the matric 
potential and retention data collected at x=6.1 cm for the 
evaporation experiment for the sandy soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the water content measured at x=3.8 cm 
for the evaporation experiment for the sandy soil. 

Objective function surface and contours for the a-Kg 
parameter plane for the water content measured at x=6.1 cm 
during the evaporation experiment for the sandy soil. 
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Objective function surface and contours for the a-Kg 
parameter plane for the matric potential measured at x=6.1 
cm during the evaporation experiment for the sandy soil. 
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Objective function surface and contours for the n-Kg 
parameter plane for the matric potential measured at x=6.1 
cm during the evaporation experiment for the sandy soil. 
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parameter plane for the log value of the matrie potential 
measured at x=6.1 em during the evaporation experiment for 
the sandy soil. 



267 

CHAPTER 5: SUMMARY AND CONCLUSIONS 

Interpretation of Surfaces 

In chapter 4 we saw that plotting the objective function surfaces provides 

a powerful tool to study the uniqueness of the inverse problem. The purpose of 

plotting these surfaces was to analyze which experimental setup can yield sensitive 

parameter estimates. Experimental data was simulated with a computer model for 

two theoretical soils with known soil-water relations. This data was error free, i.e., 

for the true model of soil-water relations there is a set of parameters which exactly 

describes the soil. For this parameter set, the OF value is always zero. The 

contours around this point in the parameter plane, indicate a series of soils 

(described by the parameter values) which all have a same measure of error 

between the predicted and true values of the auxiliary variables. 

In reality measured data is not error free. This will result in some. error 

between prediction and experiment. The OF surface for such a case will be 

somewhat different compared to the ideal case of error free data studied in this 

work. We assume here that the parameters found by the inverse problem solver 

lie in the area described by the contours generated with error free data. The 

shape of this region in the parameter space will be similar to the shape of the 
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confidence region of the parameter estimates. 

Compared to errQr free data, the surface for data with noise, will have a 

higher OF value, different from zero, at the minimum. Near the minimum, the walls 

of the surface will be less steep compared to error free· data. There are several 

parameter sets which yield a prediction within a certain OF level. Noise in the 

measurements decreases the sensitivity to estimate the parameters as was shown 

by, e.g., Zachmann et al. (1982), Kool et al. (1985) and Kool and Parker (1988). 

The above also assumes that the van Genuchten soil-water relations describe the 

soil adequately. This is not always true. If there are deviations from these 

relations, the results will become more diffuse. Hence, by evaluating the OF 

surfaces for error free data we evaluated the ideal case. On the other hand, if a 

surface in this study showed great insensitivity, even more insensitivity can be 

expected for a real data set. 

Different measurement techniques, for different auxiliary variables; have 

different levels or accuracy or noise, with corresponding OF values. Therefore it 

is not possible to take one contour level for one auxiliary variable and define a 

certain confidence region for a certain parameter set (soil). This confidence region 

will depend on the level of noise in the data set, i.e., on the measurement 

technique. Since we do not work with a specific data set with error we cannot 

derive confidence regions with absolute OF values. We can only compare 

surfaces in one parameter plane relative to another, and in this way compare 
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experimental setups with each other. We will only be able to rank techniques. 

The surfaces drawn in chapter 4 all have only one point in the parameter 

space where OF = O. Most optimizers will be able to find this true solution for the 

error free data sets. For real data sets with noise the surfaces will be flatter and 

an optimizer might stop anywhere within such a flat area. depending on the start 

values of the parameters and on the stopping criterion the optimizer uses. The 

shape of this area is described by the contours. This area changes with the shape 

of the contours when greater noise levels are encountered. 

From the surfaces generated in this work we can see that. for the estimation 

of a. nand f<s. and for the parameter domain evaluated: 

1. The inverse problem has a unique solution if the data is error free. There 

is only one minimum. For noisy data. the parameter estimates will likely lay 

in a region around this solution. This region will become bigger with 

increasing noise level. 

2. The contours show that a confidence region for estimating one or more 

parameters is not symmetric. The contours are very different from the 

ellipses encountered for a linear parameter estimation problem. Confidence 

regions differ with parameter space. experiment and auxiliary variable. This 

indicates that if wrong parameters are found with one transient experiment 

(e.g .• due to a wrong soil-water model or low sensitivity) which provide a 

good fit. these parameters might not give a good prediction in another 
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transient experiment. This also illustrates the need of having correct soiJ-

water relations. 

3. Contours are often nonconvex. This can make it more difficult for some 

optimizers to find the solution. 

The above may be true for all for unsaturated flow problems using the 

closed-form van Genuchten soil-water relations. However, it is possible to prove 

this from these surfaces only. One would have to study all possible cases, or one 

would have to derive a mathematical proof. 

Summary and Recommendations for the Experiments Evaluated In This Work 

Tables 5.1 to 5.4 provide a comparison between the surfaces obtained for 

different auxiliary variables for the experiments analyzed in this work. In these 

tables, e(h) represents the fitting of retention data, and the subscripts indicate the 

measurement position. This comparison is somewhat arbitrary because there exist 

no rigid method to compare OF surfaces. Two factors with respect to the contour 

with the lowest OF value (OF = 5 in most figures) were taken into account: the 

area and the shape of the contour. To compare the various cases we have 

subdivided them into four classes of sensitivity. The first class is the case for 

which a very large area is described by the lowest OF value, or for which there 
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UPWARD INFILTRATION 

SAND CLAY 

a-n a-Ks n-Ks a-n a-Ks n-Ks 
Q 

91 * * 

92 * * * 

9a * * * ** ** ** 

hi * * 

h2 ** * ** ** 

ha *** * ** *** *** * 

9(h)i * 

9(h)2 * ** 

9 (h)a ** ** 

Q+93 - - - - - -
Q+ha - - - *** - -
Q+9(h)i - - - - - -
Q+9(h)3 *** - - *** - -
Q+h3+9(h)3 *** - - - - -
9a+ha - - - - - -
93+9(h)3 *** - - - - -
9a+ha+9(h)a *** - - - - -
h3+9(h)3 *** - - - - -

Table 5.1: Quality of parameter estimation for upward infiltration. 
* = low sensitivity, small long valley, one of the parameter 
bounds reasonably well defined. 
** = reasonably sensitive 
*** = well defined minimum, sensitive parameter estimates. 
- = not evaluated 
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ONE-STEP OUTFLOW 

SAND CLAY 

ex-n ex-Ks n-Ks ex-n ex-Ks n-Ks 

Q 

91 ** * 

92 * 

ea 

hi *** * *** * *** 

h2 *** *** *** * *** 

h3 *** *** *** * *** 

e(h)1 ** ** 

e(h)2 ** ** 

e(h)a ** ** 

Q+e3 

Q+ha *** * *** *** * *** 

Q+e(h)1 - - - *** - -
Q+e(h)3 *** - - - - -
Q+h3+e(h)3 - - - *** - -
ea+ha - - - - - -
e3+e(hb *** - - - - -
e1+e(h)1 - - - *** - -
h3+e(h)3 *** - - *** - -

Table 5.2: Quality of parameter estimation for One-Step outflow. 
* = low sensitivity, small long valley, one of the parameter 
bounds reasonably well defined. 
** = reasonably sensitive 
*** = well defined minimum, sensitive parameter estimates. 
- = not evaluated 
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STEPWISE INFLOW 

SAND CLAY 

a-n a-Ks n-Ks a-n a-Ks n-Ks 
0 *** *** 

91 *** *** 

92 *** *** 

93 *** * *** * * 

h1 

h2 * * 

h3 ** * ** * * 

9(h)1 *** ** 

9(h)2 *** ** 

9(hla *** ** 

0+93 *** - - *** - -
O+ha *** *** *** * *** 

Q+9(h)1 - - - - - -
0+9(h)3 *** - *** - - -
Q+h3+9(h)3 *** - - *** - -
9a+ha - * - - * -
93+9(hb *** - - *** - -
0+93+9(h)a - - - *** - -
h3+9(h)3 *** - - *** - -

Table 5.3: Quality of parameter estimation for stepwise inflow. 
* = low sensitivity, small long valley, one of the parameter 
bounds reasonable well defined. 
** = reasonably sensitive 
*** = well defined minimum, sensitive parameter estimates. 
- = not evaluated 
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EVAPORATION 

SAND CLAY 

a-n a-Ks n-Ks a-n a-Ks . n-Ks 
Q N/A N/A N/A N/A N/A N/A 

91 

92 

9a 

h1 *** *** 

h2 *** *** 

ha *** *** 

9(h)1 *** *** 

9(h)2 *** *** 

9(hb *** *** 

Q+9a N/A N/A N/A N/A N/A N/A 

Q+ha N/A N/A N/A N/A N/A N/A 

Q+9(h)1 N/A N/A N/A N/A N/A N/A 

Q+9(h)3 N/A N/A N/A N/A N/A N/A 

Q+h3+9(h)a N/A N/A N/A N/A N/A N/A 

9a+ha - - - - - -
93+9(hb - - - - - -
93+h3+9(h)3 - - - - - -
ha+9(h)3 *** - - *** - -

Table 5.4: Quality of parameter estimation for evaporation. 
* = low sensitivity, small long valley, one of the parameter 
bounds reasonably well defined. 
** = reasonably sensitive 
*** = well defined minimum, sensitive parameter estimates. 
- = not evaluated, N/A = not applicable 
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exists a very long valley which seems to have no end in the evaluated parameter 

domain. These surfaces have no quality mark in the tables. Surfaces with one 

star (*) are surfaces which have a long and narrow valley which has one end not 

too far from the true solution. One set of confidence bounds is relatively close to 

the true solution. But still, the optimizer could possibly stop anywhere in a long 

valley. A two-star (**) surface has usually a closed contour around the true 

solution, but the area is still large. A surface with three stars (***) is a surface 

which has a well defined minimum. In this parameter plane one will obtain a good 

parameter estimate with this auxiliary variable. The surfaces for the log-h auxiliary 

variable are not rated in these tables because of there similarity with the surfaces 

for the matric potential (no log-transformation). 

In this comparison one has to take into account the different areas of the 

parameter domain used for both soils. For example, what would be a closed 

contour in the parameter domain for the sandy soil is not necessarily a closed 

contour in the smaller parameter domain taken for the clayey soil. 

Generally the most sensitive parameters are obtained in the Q-n parameter 

plane. f<s seems to be the least sensitive parameter to estimate in all these 

experiments, but this sensitivity seems to differ from experiment to experiment. 

There is no great difference between the OF surfaces obtained for the 

sandy and clayey soil. The experiments for the clayey soil take much more time 

than for a sandy soil. This is also true computationally. 
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When using the upward Inflhratlon experiment with an inverse method one 

needs to measure more than the cumulative inflow. This variable alone will not 

yield sensitive parameter estimates. A better auxiliary variable to use is the matric 

potential at a measurement location as far away from the lower boundary as 

possible. If the core would be longer the water content (measured far away from 

the lower boundary) will likely also yield sensitive parameters. Some estimate of 

~ can be obtained with these auxiliary variables. There is no clear indication as 

to where to take the start values of the parameters. If tension data is used, it 

seems better to take high a values to avoid a flat area in the surface. 

One might question if one ever would be able to estimate three parameters 

from the inflow alone. For example a two parameter model, such as the square 

root of time function, could describe the outflow. Therefore, it would be difficult to 

estimate more than two parameters. Actually, the surfaces for the inflow indicate 

that there is not a high sensitivity to estimate even two parameters. 

For the One-Step outflow, the traditionally used auxiliary variable, the 

outflow, does not give the highest sensitivity for the three parameters. The use of 

a tensiometer reading gives a much higher sensitivity. The location of this 

tensiometer does not seem to have a major effect. Sensitive estimates of ~ also 

can be obtained. The lowest sensitivity for estimating all three parameters 

simultaneously is in the a-~ parameter plane. Start values for a and n can be 

obtained from eq.(4.2). For·f<s no specific range for the start value can be given. 
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The stepwise Inflow experiment yields very accurate estimates for a and 

n. Relatively speaking, the use of a tensiometer reading gives the lowest sensitivity 

to estimate the parameters. This is a result of the close relationship between the 

given matric potential at the bottom of the core, and the potential at any other 

point in the soil. This is the only experiment for which the cumulative inflow 

provides sensitive estimates of a and n. Start values for a and n can be obtained 

from the approximate retention data obtained when equilibrium is reached. Again 

the a-Ks parameter plane shows the lowest parameter sensitivity. A measurement 

position further away from the changed boundary provides the highest sensitivity 

to estimate the parameters. 

The evaporation experiment studied in this work is too slow to give any 

sensitive estimate for Ks. Only a tensiometer reading or measurement of retention 

points results in a very sensitive estimation of a and n. The results are limited by 

the evaporation rate used as boundary condition. A tensiometer reading is 

necessary. Start values of a and n can be obtained from fitting eq.{1.11) between 

the average water content (obtained from the weight of the core) and the 

measured tension. 



278 

Recommendations Regarding Other Unsaturated Flow Experiments 

The following are some deductions from the above studied experiments 

which likely will help designing an experiment to be used with an inverse 

procedure. 

1. For an experiment which uses the wetting branch of the retention curve, i.e., 

an inflow experiment, parameter estimates will show highest sensitivity when the 

measurement position of the auxiliary variable (water content or matric potential) 

is located furthest away from the changed boundary. The time for the wetting 

front to reach that measurement position is a function of the soil (parameters). 

The longer this time (for one soil), i.e., the greater the travel distance of the wetting 

front, the more sensitive the auxiliary variable will be to the soil-water parameters. 

This effect seems to be stronger for a clayey soil, at least for the upward 

infiltration. An infiltration experiment (wetting) is much faster than a drying 

(outflow) experiment covering the same wetness range (when the same steps at 

the boundary are used). 

2. In an outflow experiment the length of the core plays a major role during the 

experiment. There is not a strong difference in sensitivity between different 

measurement locations. 

3. The parameters a and n can be estimated the most accurately, especially 

when the value of ~ is known (from a separate experiment). If both a and n are 
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known, most of the experiments (not evaporation) allow one to find the ~ value 

accurately. When both water content and tension are measured simultaneously, 

a and n can be obtained from fitting the retention points. The time dependent 

change of these two auxiliary variables in the transient experiment can then be 

used to estimate f<s only. The retention data can be used to validate if the 

retention model is an accurate model for the soil studied. One can also estimate 

all three parameters simultaneously from the transient data. Comparing these 

parameters with the parameters obtained separately will provide another indication 

if the proper soil-water relations are used. 

4. The shape of the OF surface for the degenerate case, at the location of the 

changed boundary, can be found easily without running the experiment. This 

surface provides information regarding the parameter sensitivity if one could 

measure the auxiliary variable at that boundary. Based on that surface one knows 

that there will be a some sequence of surfaces for measurement positions away 

from this boundary. If the surface for the degenerate case predicts sensitive 

parameter estimates, likely using a measurement of that auxiliary variable 

elsewhere in the core will provide sensitive parameter estimates. One way to 

increase the sensitivity for the degenerate case is by using stepwise changes at 

the lower boundary. This was shown for the stepwise inflow experiment, where 

different equilibrium points were reached. This surface can also provide 

information regarding the choice of start values for the parameters. 
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5. In most of the experiments studied in this work, the use of a tensiometer 

reading yields highest parameter sensitivities. The only experiment in which this 

was not true was for the step-wise inflow experiment. For this experiment the 

tension was closely related to the many pressure steps given at the boundary. 

This was the only experiment for which the outflow and water content 

measurements yield sensitive parameter estimates. The used auxiliary variable 

needs to be least related to the known boundary conditions. 

6. The OF surfaces for outflow and water content measurements are often 

similar, especially for experiments covering the drying branch of the retention 

curve. In ·such case the cumulative flow is an integrated value of the water 

content. For such experiments measuring either one will not yield much difference 

in parameter sensitivity. 

7. Preliminary results indicate that the spacing in time of the measurements is 

not of primary importance, as long as the shape of the auxiliary curve is well 

documented. This is similar to what Zachmann et a!. (1981) and Carrera and 

Neuman (1985a) found when they studied the inverse problem. 

a. The wetness range studied in a transient experiment and the choice of 

auxiliary variable will determine if parameter estimates will be accurate. 

9. Experiments in which the flux in the core is very slow, show a very low 

sensitivity for Ks. This was seen for the evaporation experiment and was also 

found by Dane and Hruska (1983) and Kool et a!. (1987) for redistribution 
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experiments. The evaporation experiment was close to equilibrium at all times. 

The stepwise infiltration had several equilibrium points. Both the evaporation and 

stepwise inflow yield very good parameter estimated for Q and n. Having some 

equilibrium points in thf:3 experiment apparently does improve sensitivity to estimate 

the retention parameters. This was also found by Hornung (1983) and Parker et 

al. (1985). However, if this means that the flux will be slow, sensitivity will be lost 

to estimate f<s. 

10. For the experiments evaluated in this work, using uniform soil profiles, there 

was no advantage to measure one auxiliary variable at more than one 

measurement location. The shape of the OF surfaces did not change significantly 

with position so that a combination would provide a greater parameter sensitivity. 

More measurement locations could be useful when no accurate boundary 

conditions are known. The measurements of an auxiliary variable near the 

boundaries might then take over the role as boundary conditions. When the same 

auxiliary variable, measured somewhere else in the domain, is used to obtain 

parameter estimates, the variation over time of this variable should be different 

than at the boundarie!?, in order to obtain sensitive parameter estimates. 

11. Another important factor is a correct discretization of time and space for the 

numerical simulator. When solving an inverse problem the soil-water parameters 

are not known a priori and it is not possible to know if the chosen discretization 

is correct. The discretization will have to be checked afterwards by comparing the 
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prediction with a simulation with a smaller discretization. If the discretization used 

when SOlving the inverse problem is incorrect, the inverse problem will have to be 

solved again. The shape of the surfaces will be different when a wrong 

discretization scheme is used. 

12. While individual auxiliary variables might not yield sensitive parameter 

estimates, sometimes combining auxiliary variables can improve the sensitivity. 

However, without looking at the objective function surfaces it is not possible to see 

which combinations yield greatest sensitivity. 

Recommendations for Further Research 

The experiments studied indicate that the inverse problem for unsaturated 

flow can yield useful results. This study was limited to three parameters of the 

closed-form van Genuchten soil-water parameters. This study could be extended 

to more parameters. Also more forms of the soil-water relations need to be 

evaluated. The shape of the OF surfaces is greatly affected by these forms, as 

was for example shown for the degenerate case of the lower boundary for the 

One-Step outflow method. 

The only experiment in this work using a flux boundary condition is the 

evaporation experiment. This experiment was too slow to evaluate the conductivity 
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relation. Other evaporation rates and other experiments, e.g., a constant flux 

experiment, should be evaluated. 

The results of this work will need to be compared with and extended to field 

scale experiments. Also the effect of the impedance of a porous plate used in 

many experiments should be evaluated. 

Other areas to study are the effect of time and length discretization on the 

OF surface, the effect of the length of the core on parameter sensitivity in a drying 

experiment as, e.g., the One-Step outflow. 

More work is also needed on the validation of the soil-water relations. This 

problem does not occur in many other fields which use the inverse procedure. 

Another area to work on is how to detect and to circumvent problems of 

nonconvexity of a surface. A more detailed study on how the nonconvexity affects 

the efficiency of an optimizer is needed. 

Areas for further study are also liquid flow combined with vapor flow, two 

or three dimensional unsaturated flow, unsaturated flow through nonhomogeneous 

media, the effects of spatial variability and others. To solve the inverse problem 

for these problems, first a greater understanding is necessary for simpler cases. 
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APPENDIX 1: COMPUTER PROGRAMS 

In this appendix the three simulators described in chapter 2 are presented 

in FORTRAN code. The first two programs are the water content based simulators 

for the upward infiltration experiment with and without Picard iteration. The third 

program illustrates the head based simulator for the evaporation experiment, 

implemented to generate the objective function values for different auxiliary 

variables. 

Water Content Based Model. Simulator for the Upward Infiltration Experiment. 

C----------------------------------------------------------------------1 C UPWARD INFILTRATION IN A 7.6 CM LONG SOIL CORE I 
C WATER CONTENT BASED SIMULATOR I 
C g ALEX TOORMAN, 1990 I 
C----------------------------------------------------------------------1 

C 

IMPLICIT REAL*8(A-H,O-Z) 
PARAMETER (NSIZE~10001) 
DIMENSION THETA(200),A(200),B(200),C(200),SS(200),H(200) 
COMMON IPRESI PR(NSIZE) 
COMMON IDIFFI D(NSIZE) 
COMMON ICOHDI COHDUC(NSIZE),XKSAT 
COMMON IWCONI W(NSIZE),HMINL,HMAXL 

C FUNCTIONS ------------------------------------------------------------
C 

C 

C 

SE(W,TS,TR)=(W-TR)/(TS-TR) 

OPEN(UNIT=1,STATUS~INEWI,FILE=ISORP3.OUT') 

C PARAMETERS -----------------------------------------------------------
C 

T~ .5 
TT" 40000. 
DTMIN= .1 
DTMAX= 2_ 
DDT. DTMAX-DTMIN 
DX. .05 
NN. 153 
ALPHA= .01 



c 

VN-
VMa 
XKSAT
THETM
THETAS
THETA1-
TH
THINIT
GAMMA
TlMEM
AREA
TIME
R1-
NLOC1-
NLOC2-
NLOCl-

1.2 
1.-1./VN 
.00003 
O. 
.53 
THETAS 
THETAR+.001 
TH 
.5 
10000. 
45.365 
O. 
O. 
16 
39 
62 

C CALCULATE TABLES OF SOIL-WATER RELATIONS ----------------------------
C 

C 

CALL PRESSURE(ALPHA,VM,VN) 

CALL DIFF(ALPHA,VN,VM,THETAR,THETAS) 

CALL CONDUCT(GAMMA,VM,XKSAT) 

C INITIAL CONDITIONS ---------------------------------------------------
C 

THETA(1)=THETAS 
DO 1 1=2,NN 

THETA( I)=THINIT 
1 CONTINUE 
C-----------------------------------------------------------------------
C 

C ASSEMBLING SYSTEM ----------------------------------------------------
C 

N=4 
DO 100 J=1,10000000 

IF(TIME.GT.(TT*9»THEN 
DT=DTMAX 
GOTO 77 

ENDIF 
DT=DTMIN+DDT*(1-1/DEXP«(TIME+.0001)/TT)**2» 

77 TIME=TIME+DT 
XM=DX*DX/DT 
IF(TIME.GT.TIMEM)GOTO 101 

C----------------------------------------------------------------------200 B(1)=1. 
C(1)=0. 
SS(1)-THETAS 

C NODE 1 --------------------------------------------------------------TAV=(THETA(1)+THETA(2»/2 
S=SE(TAV,THETAS,THETAR) 
GPLUS=G(S) 
XKPLUS=XK(S) 
GPLUS=GPLUS*XKPLUS 

C NODE 2 -> N-1 -------------------------------------------------------00 50 1=2,N-1 
GMIN=GPLUS 
XKMIN=XKPLUS 
TAV=(THETA(I)+THETA(I+1»/2 
S=SE(TAV,THETAS,THETAR) 
GPLUS=G(S) 
XKPLUS=XK(S) 
GPLUS=GPLUS*XKPLUS 
A(I )=GMIN*(1-T) 
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B(I)··(XM+(GPLUS+GMIN)*(1·T» 
co )·GPLUS*(1·n 
SS(I)=DX*(XKMIN'XKPLUS)'T* 

.GPLUS-THETA(I+1)·(XM·(GMIN+GPLUS)*T)*THETA(I)·GMIN*THETA(I·1)*T 
50 CONTINUE 
C NODE N ••••••••.••••••••••••••••••.•••.••••••••••••••••••••••••••••••• 

C 

GMIN-GPLUS 
XKMI N-XKPLUS 

A(N)"'GMIN*(1'n 
B(N)=XM/2+(1'T)*GMIN 
SS(N).·XKMIN-oX·GMIN*T*(THETA(N)·THETA(N·1»+XM/~THETA(N) 

C SOLVE TRIDIAGONAL SYSTEM: THOMAS ALGORITHM ••••••••••••....••••••••••• 
C 

11 

DO 11 1"1,N" 
B(I+1)=B(I+1)'A(I+1)*C(I)/B(I) 
SS(I+1)=SS(I+1)'A(I+1)*SS(I)/B(I) 

CONTINUE 
THETA(N)=SS(N)/B(N) 
DO 12 L=1,N·1 

I=N'L 
THETA(I)=(SS(I)'C(I)*THETA(I+1»1 
B(I) 

12 CONTINUE 
C 
C TEST NODAL FRONT •••••••••••••••..•...............•.....••••••••...... 
C 

IF(N.EQ.NN)GOTO 98 
TTEST=TH+.0001 
IF(THETA(N).GT.TTEST)THEN 

WRITE(6,*)TIME,N,THETA(N),TTEST 
WRITE(6,1010) 

1010 FORMAT(' IIIII CHANGE NODE' AHEAD OF FRONT' RERUN"IIIII'/) 
N=MINO(N+4,NN) 
GOTO 200 

ENDIF 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
98 IF(DT.GE.10)GOTO 102 

TlM=TlME/10 

C 

R2=R1 
RIM=DMOD(TIM,DBLE(1» 
R1=RIM 
IF«R1·R2).LE.0.)GOTO 102 
GOTO 99 

C TOTAL AMOUNT OF INFILTRATED WATER ...•••.•.••............•..••.••..... 
C 
102 SUMTH=O. 

DO 13 1=2,N'1 
SUMTH=SUMTH+THETA(I) 

13 CONTINUE 
SUMTH=AREA*(DX/~(THETA(1)+THETA(N)+2*SUMTH) 

'THINIT*DX*(N'1» 
S1=SE(THETA(NLOC1),THETAS,THETAR) 
S2=SE(THETA(NLOC2),THETAS,THETAR) 
S3=SE(THETA(NL0C3),THETAS,THETAR) 
PR1=PRES(S1) 
IF(PR1.LT.·500)THEN 

PR 1 =999.99999 
ENDIF 

PR2=PRES(S2) 
IF(PR2.LT.·500)THEN 

PR2=999.99999 
ENDIF 

PR3=PRES(S3) 
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IF(PR3.LT.-SOO)THEN 
PR3a999.99999 

ENDIF 
WRITE(*,*)TIME,SUMTH,PR1 

1007 FORMAT(1X,F20.6,1X,F1S.11,3(2X,F8.7),3(2X,F10.S» 
C 
C ADJUST NODAL FRONT POSITION ------------------------------------------
C 
99 IF(THETA(N-3).GT.TTEST)NaMINO(NN,N+4) 
C-~---------------------------------------------------------------------100 CONTINUE 
C--------------.. --------------------------------------------------------101 CONTINUE 

C 

STOP 
END 

C CALCULTATE MATRIC POTENTIAL 
C 

C 

SUBROUTINE PRESSURE(ALPH,VV,V) 
IMPLICIT REAl*8(A-H,0-Z) 
PARAMETER (NSIZE=10001) 
COMMON /PRES/ H(NSIZE) 
DO 1 1=1,NSIZE 

Z=DBLE(I-1)/(NSIZE-1) 
ZMAX=.999999 
ZMIN-.000001 
Z=DMIN1(ZMAX,Z) 
Z=DMAX1(ZMIN,Z) 
A=Z**(1/VV) 
IF(A.LT.1E-37)THEN 

ENDIF 
CONTINUE 
H(NSIZE)=O 
RETURN 
END 

H(I)=O. 
ELSE 

H(I)=(1/A-1)*·(1/V)/ALPH*(-1) 

FUNCTION PRES(Z) 
IMPLICIT REAL*8(A-H,O-Z) 
PARAMETER (NSIZE=10001) 
COMMON /PRES/ H(NSIZE) 
ZMAX=.999999 
ZMIN=.000001 
IF(Z.LE.ZMIN)THEN 

PRES- H(1) 
RETURN 

ENDIF 
IF(Z.GE.ZMAX)THEN 

PREX=H(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSIZE-1)+1. 
IF(I.GE.NSIZE)RETURN 
PRES-H(I)+«NSIZE-1>*Z-DBLE(I-1»*(H(I+1)-H(I» 
RETURN 
END 

C CALCULATE DIFFUSIVITY 
C 

SUBROUTINE DIFF(ALPH,VV,V,TR,TS) 
IMPLICIT REAL*8(A-H,O-Z) 
PARAMETER (NSIZE=10001) 
COMMON /DIFF/ D(NSIZE) 
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DO 1 la1,NSIZE 
Z=OBLE(I-1)/(NSIZE-1) 
ZHAX-.999999 
ZMIN-.OOOOO1 
Z=OMIN1CZMAX,Z) 
Z=OMAX1CZMIN,Z) 
A-Z**(1/V) 
IF(A.LT.1E-33)THEN 

D(l)a 1.E38 
ELSE 

D(I)·1/(1/A-1)**V/(A*Z)/ALPH/VV/V/(TS-TR) 
ENDIF 

1 CONTINUE 
RETURN 
END 

FUNCTION G(Z) 
IMPLICIT REAL*8(A'H,0-Z) 
PARAMETER (NSIZE=10001) 
COMMON IDIFFI D(NSIZE) 
ZMAX=.999999 
ZMIN=.000001 
IF(Z.LE.ZMIN)THEN 

G= 0(1) 
RETURN 

ENDIF 
IF(Z.GE.ZMAX)THEN 

G=O(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSIZE-1)+1. 
IF(I.GE.NSIZE)RETURN 
G=O(I)+«NSIZE-1)*Z-DBLE(I-1»*(D(I+1)-D(I» 
RETURN 
END 

C . 
C CALCULATE COtC"i:!~TlVlr-Y' 
C 

SUBROUTINE CONDUCT(GAM,V,XKS) 
IMPLICIT REAL*8(A-H,0-Z) 
PARAMETER (NSIZE=10001) 
COMMON ICONDI C(NSIZE),XKSAT 
DO 1 1=1,NSIZE 

C MUALEM 

Z=DBLE(I-1)/(NSIZE-1) 
ZMAX=.999999 
ZMIN=.000001 
Z=DMIN1CZMAX,Z) 
Z=DMAX1CZMIN,Z) 

C(I)=XKS*Z**GAM*(1-(1-Z**(1/V»**V)**2 
C(1)=O. 
C(NSIZE)-XKSAT 

CONTINUE 
RETURN 
END 

FUNCTION XK(Z) 
IMPLICIT REAL*8(A-H,0-Z) 
PARAMETER (NSIZE=10001) 
COMMON ICONDI C(NSIZE) 
ZMAX=.999999 
ZMIN=.000001 
IF(Z.LE.ZMIN)THEN 

XIC= C(n 
RETURN 

288 



ENDIF 
IF(Z.GE.ZHAX)THEN 

XK=C(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSIZE·1)+1. 
IF(I.GE.NSIZE)RETURN 
XK=C(I)+«NSIZE·1)*Z·DBLE(I·1»*(C(I+1)·C(I» 
RETURN 
END 
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Water Content Based Model with Picard Iteration, Simulator for the Upward 

Infiltration Experiment. 

C •••••••••••••• • •••••••••••••••••• - ••• -••••••••••••••• ····_············1 
C UPWARD INFILTRATION OF WATER INTO A SOIL CORE 
C WATER CONTENT BASED SIMULATOR WITH PICARD ITERATION I 
C 
C ALEK TCORMAN, 1990 I 
C 
C··············_···················_···· __ ······_·············_···_····1 

C 

IMPLICIT REAL*8(A·H,O·Z) 
PARAMETER (NSIZE=10001) 
LOGICAL YES 
DIMENSION THETA(200),A(200),B(200),C(200),SS(200),H(200), 

HSTAR(200),THSTAR(200),TEMP(200) 
COMMON /PRES/ PR(NSIZE) 
COMMON /OIFF/ D(NSIZE) 
COMMON /COHD/ CONDUC(NSIZE),XKSAT 
COMMON /WCON/ W(NSIZE),HMINL,HMAXL 

C FUNCTION: CALCULATION OF REDUCED WATER CONTENT •. _ •.••• _ •.. __ ._ ....• _. 
C 

C 

C 

SE(W,TS,TR)=(W-TR)/(TS-TR) 

OPEN(UNIT=1,STATUS='NEW',FILE='SORPI.OUT') 

C PARAMETERS •........ _ ••.••.•. __ ._ ..........•.••• _ •••• __ •. _ .. _ .••..•... 
C 

T-
TT
DTMIN .. 
DTMAX
DDT" 
DX= 
NN" 
ALPHA" 
VN= 
VM= 
XKSAT= 
THETAR= 
THETAS
TH= 
THINn .. 
GAMMA
TIMEM= 
AREA" 

.5 
40000. 
20. 
100. 
DTMAX·DTMIN 
.1 
77 
.01 
1.2 
1.·1./VN 
.00003 
O. 
.53 
THETAR+.001 
TH 
.5 
80000. 
45.365 



TIME- O. 
R1. O. 
NLOC1- 16 
NL0C2- ::19 
NL0C3- 62 

C 
C SETUP TABLES FOR SOIL·WATER RELATIONS ••••..•••••••••••.•....•••••••• 
C 

C 

CALL PRESSURE(ALPHA,VM,VN) 
CALL DIFF(ALPHA,VN,VM,THETAR,THETAS) 
CALL CONDUCT(CiAMMA, VM,XICSAT) 

C INITIAL CONDITIONS ••••••••••.•••••••••.•..•••••••........••••••...... 
C 

THETA(1)=THETAS 
THSTAR(1)=THETAS 
DO 1 1=2,NN 

THETA(I)=THINIT 
THSTAR(I)=THINIT 

1 CONTINUE 
C····················································· ................. . 
C 
C ASSEMBLING SYSTEM •••••••...••••••••......••••..•.........•••........• 
C 

77 

C 

N=4 
DO 100 J=1,10000000 

IF(TIME.GT.(TT*9»THEN 
DT=DTMAX 
GOTO 77 

ENDIF 
DT=DTMIN+ODT*(1·1/DEXP«(TIME+.0001)/TT)**2» 
TlME=TlME+OT 
XM=DX*DX/DT 
IF(TIME.GT.TIMEM)GOTO 101 

C START ITERATION •••••••.....•••..•....•..•.•...•.••..••.......•....... 
C 

ITERATlON=O 
200 CONTINUE 

DO 772 1=1,N 
TEMP(I)=THSTAR(I) 

772 CONTINUE 
C NOOE 1-···················································· •••........ 

B(1)=1. 
C(1)=0. 
SS(1)=THETAS 

C·································-···········-······· ... -............. . 
TAV=(THETA(1)+THETA(2»/2 
S=SE(TAV,THETAS,THETAR) 
GPLUS=G(S) 
XKPLUS=XK(S) 
GPLUS=GPLUS*XKPLUS 
TAV=(THSTAR(1)+THSTAR(2»/2 
S=SE(TAV,THETAS,THETAR) 
GPLSTAR=G(S) 
XKPLSTAR=XK(S) 
GPLSTAR=GPLSTAR*XKPLSTAR 

C NOOE 2 ==> N·1 •• -•.••••••••••..•.••••• -..•••••••.....•.••••......••• 
DO 50 1=2,N'1 

GMIN=GPLUS 
XKMI N=XKPLUS 
GMISTAR=GPLSTAR 
XKMISTAR=XKPLSTAR 
TAV=(THETA(I)+THETA(I+1»/2 
S=SE(TAV,THETAS,THETAR) 

290 



GPLUS=G(S) 
XKPLUS·XK(S) 
GPLUS=GPLUS*XKPLUS 
TAV=(THSTAR(I)+THSTAR(I»/2 
S=SE(TAV, THETAS, THETAR) 
GPLSTAR=G(S) 
XKPLSTAR=XK(S) 
GPLSTAR=GPLSTAR*XKPLSTAR 
A(I)=·GMISTAR*(1-T) 
8(1)=XM+(GPLSTAR+GMISTAR)*(1-T) 
C(I)=·GPLSTAR*(1-T) 
SS(I)=XM*THETA(I)+T*(GPLUS* 

• (THETA(I+1)·THETA(I»+XKMIN·GMIN*(THETA(I)·THETA(I-1» 
• ·XKMIN)+(1-T)*(XKPLSTAR·XKMISTAR)*DX 

50 CONTINUE 
C NODE 4-···················································· .......•... 

C 

GMIN"GPLUS 
XKMI N=XKPLUS 
GMISTAR=GPLSTAR 
XKMISTAR=XKPLSTAR 
A(N)=-2*GMISTAR*(1-T) 
B(N)=XM+2*(1-T)*GMISTAR 
SS(N)=KM*THETA(N)-2*(1-T)*DX*XKMISTAR 

-2*T*(GMIN*(THETA(N)·THETA(N-1»+XKMIN*DX) 

C SOLVE: THOMAS ALGORITHM •••••.••••......•••••...•••....••••••...•..... 
C 

11 

DO 11 I"1,N-1 
B(I+1)=B(I+1)·A(I+1)*C(I)/B(I) 
SS(I+1)=SS(I+1)·A(I+1)*SS(I)/B(I) 

CONTINUE 
THSTAR(N)=SS(N)/B(N) 
DO 12 L=1,N-1 

I=N·L 
THSTAR(I)=(SS(I)·C(I)*THSTAR(I+1»/ 
B(I) 

12 CONTINUE 
C 
C CHECK ITERATION •••...•.•••....•••••..•.••.••.•••••...•.•.....•••..... 
C . 

m 

C 

ITERATION=ITERATION+1 
IF(ITERATION.GT.50)THEN 

WRITE(*,*)' *** MAX NO OF ITERATIONS ***' 
STOP 

ENDIF 
ERROR=O. 
DO m 1=1,N 

TERM=TEMP(I)·THSTAR(I) 
ERROR=ERROR+TERM*TERM 

CONTINUE 
IF(ERROR.GT.1E-18)GOTO 200 

C SET VALUES FOR NEXT TIME STEP •••••..••••••...••••...••••.•••••...•••• 
C 

DO 774 1"1,N 
THETA(I)=THSTAR(I) 

774 CONTINUE 
C 
C CHECK NODAL FRONT POSITION .•••••••••..•••••...•••...•••••..•••..•..•• 
C 

IF(N.EQ.NN)GOTO 98 
TTEST=TH+.0001 
IF(THETA(N).GT.TTEST)THEN 

WRITE(6,*)TIME,N,THETA(N),TTEST 
WRITE(6,1010) 

291 



ENDIF 

N=MINO(N+4,NN) 
GOTO 200 

1010 FORMAT(I IIIII CHANGE NODE' AHEAD OF FRONT· RERUN 11111 1/) 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C 
C CHECK TIME FOR OUTPUT ••••••.•••••••••••••••••••••••.••.•.•.......•.•• 
C 
98 IF(DT.GE.10)GOTO 102 

TlMIITlME/10 

C 

R2=R1 
RIM=DMOD(TIM,DBLE(1» 
R1=RIM 
IF«R1·R2).LE.0.)GOTO 102 
GOTO 99 

C TOTAL AMOUNT OF INFILTRATED WATER ••••••••••••••...•.................. 
C 
102 SUMTH=O. 

13 

C 

DO 13 1=2,N·1 
SUMTH=SUMTH+THETA(I) 

CONTINUE 
SUMTH=AREA*(DX/2*(THETA(1)+THETA(N)+2*SUMTH) 

·THINIT*DX*(N·1» 

C OUTPUT OF AUXILIARY VARIABLES ••.••.•••••••••..•.....................• 
C 

S1=SE(THETA(NLOC1),THETAS,THETAR) 
S2=SE(THETA(NLOC2),THETAS,THETAR) 
S3=SE(THETA(NL0C3),THETAS,THETAR) 
PR1=PRES(S1) 
IF(PR1.LT ,,'SOO)THEN 

PR 1 =999.99999 
ENDIF 
PR2=PRES(S2) 
IF(PR2.LT.'SOO)THEN 

PR2=999.99999 
ENDIF 
PR3=PRES(S3) 
IF(PR3.LT.·SOO)THEN 

PR3=999.99999 
ENDIF 
WRITE(1,1007)TIME,SUMTH,THETA(NLOC1),THETA(NLOC2) 

,THETA(NL0C3),PR1,PR2,PR3 
WRITE(*,*)TIME,SUMTH,PR1 

1007 FORMAT(1X,F20.6,1X,F1S.11,3(2X,F8.7),3(2X,F10.S» 
C 
C MOVE NODAL FRONT •••••..•...•.••...•...•.............••••••••........• 
C 
99 IF(THETA(N'3).GT.TTEST)N=MINO(NN,N+4) 
C····················································· ................. . 
100 CONTINUE 
C····················································· ................. . 
101 CONTINUE 

STOP 
END 

C 
C SETUP MATRIC POTENTIAL TABLE •.••...........••..••.••••••••........... 
C 

SUBROUTINE PRESSURE(ALPH,VV,V) 
IMPLICIT REAL*8(A·H,O·Z) 
PARAMETER (NSIZE=10001) 
COMMON IPRESI H(NSIZE) 
DO 1 1=1,NSIZE 
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Z=OBLE(I-1)/(NSIZE-1) 
ZMAX-.999999 
ZMIN-.OOOOO1 
Z=OMIN1(ZMAX,Z) 
ZaOMAX1CZMIN,Z) 
A-Z**(1!W) 
IF(A.LT.1E-37)THEN 

ENDIF 

H(n-O. 
ELSE 

H(I)=(1/A-1)**(1/V)/ALPH*(-1) 

1 CONTINUE 

C 

H(NSIZE)"O 
RETURN 
END 

C INTERPOLATE NATRIC POTENTIAL FROM TABLE -----------------------------
C 

C 

FUNCTION PRES(Z) 
IMPLICIT REAL*8(A-H,O-Z) 
PARAMETER (NSIZE.10001) 
COMMON /PRES/ H(NSIZE) 
ZIW(=.999999 
ZMIN=.000001 
IF(Z.LE.ZMIN)THEN 

PRES. H(1) 
RETURN 

ENDIF 
IF(Z.GE.ZMAX)THEN 

PREX=H(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSIZE-1)+1. 
IF(I.GE.NSIZE)RETURN 
PRES=H(I)+«NSIZE-1)*Z-DBLE(I-1»*(H(I+1)-H(I» 
RETURN 
END 

C SETUP DIFFUSIVITY TABLE ---------------------------------------------
C 

C 

SUBROUTINE DIFF(ALPH,VV,V,TR,TS) 
IMPLICIT REAL*8(A-H,O-Z) 
PARAMETER (NSIZE=10001) 
COMMON /DIFF/ D(NSIZE) 
DO 1 1=1,NSIZE 

Z=OBLE(I-1)/(NSIZE-1) 
ZMAX=.999999 
ZMIN=.OOOOO1 
Z=OMIN1CZMAX,Z) 
Z=DMAX1(ZMIN,Z) 
A=Z**(1/V) 
IF(A.LT.1E-33)THEN 

CONTINUE 
RETURN 
END 

D(I)=1.E38 
ELSE 

D(I)=1/(1/A-1)**V/(A*Z)/ALPH/VV/V/(TS-TR) 
ENDIF 

C INTERPOLATE DIFFUSIVITY FROM TABLE ----------------------------------
C 

FUNCTION G(Z) 
IMPLICIT REAL*8(A-H,O-Z) 
PARAMETER (NSIZE=10001) 
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C 

COMMON /DIFFI D(NSIZE) 
ZMAX-.999999 
ZMIN-.OOOOO1 
IF(Z.LE.ZNIN)THEN 

G- 0(1) 
RETURN 

ENDIF 
IF(Z.GE.ZMAX)THEN 

G=O(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSIZE·1)+1. 
IF(I.GE.NSIZE)RETURN 
G=O(I)+«NSIZE·1)*Z·DBLE(I·1»*(D(I+1)·D(I» 
RETURN 
END 

C SETUP CONDUCTIVITY TABLE •••••.....••..••.••••••••.••.••••••••••...... 
C 

C 

SUBROUTINE CONDUCT(GAM,V,XKS) 
IMPLICIT REAL*8(A·H,0·Z) 
PARAMETER (NSIZE=10001) 
COMMON ICONDI C(NSIZE),XKSAT 
DO 1 1=1,NSIZE 

Z=DBLE(I·1)/(NSIZE-1) 
ZNAX=.999999 
ZMIN=.000001 
Z=DMIN1(ZMAX,Z) 
Z=DMAX1(ZMIN,Z) 
C(I)=XKS*Z**GAM*(1·(1·Z**(1/V»**V)**2 

CONTINUE 
C(1):oO. 
C(NSIZE)=XKSAT 
RETURN 
END 

C INTERPOLATE CONDUCTIVITY FROM TABLE •..•.••••••••••.•.•.•••••......... 
C 

FUNCTION XK(Z) 
IMPLICIT REAL*8(A·H,0·Z) 
PARAMETER (NSIZE:010001) 
COMMON ICONDI C(NSIZE) 
ZMAX=.999999 
ZMIN=.000001 
IF(Z.LE.ZMIN)THEN 

XK= C(1) 
RETURN 

ENDIF 
IF(Z.GE.ZMAX)THEN 

XK=C(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSIZE-1)+1. 
IF(I.GE.NSIZE)RETURN 
XK=C(I)+«NSIZE·1)*Z·DBLE(I·1»*(C(I+1)·C(I» 
RETURN 
END 
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Head Based Model. Simulator for the Evaporation Experiment. 

Implemented to Generate Oblectlve Function Surfaces. 

C*****·············*********************************************************** 
C CALCULATION OF OBJECTIVE FUNCTION VALUES FOR THE EVAPORATION * 
C FRCIt A SOIL CORE * 
C * 
C ALEX TOORMAN, 1990 * 
C * 
C********······6************************************************************** 

C 

PROGRAM OBJE 
IMPLICIT REAL*8 (A-H,O-Z) 
PARAMETER (NSIZE=10001) 
DIMENSION TFIT(1000),THETA(200),A(200),B(200) 

,C(200),SS(200),TMEAS(200),H(200) 
,TEVAP(1000),CEVAP(1000) 
,T1(5500),T2(5500),T3(5500),H1(5500),H2(5500),H3(5500) 
,TMT(5500),T1M(5500),T2M(5500),T3M(5500) 
,TMH(5500),H1M(5500),H2M(5500),H3M(5500) 

COMMON AREA,NEVAP,TEVAP,CEVAP,NOUMMY 
COMMON /PRES/ PR(NSIZE) 
COMMON /CONO/ CONOUC(NSIZE),XKSAT 
COMMON /WCON/ W(NSIZE),HMINL,HMAXL 
COMMON /CAPA! CAP(NSIZE),HL,HM 

C FUNCTIONS ------------------------------------------------------------
C 

SE(W,TS,TR)=(W-TR)/(TS-TR) 
C 
C OPEN FILES 
C 

C 

OPEN(UNIT=1,STATUS='OLD',FILE=lcevap.dat ' ) 
OPEN(UNIT=3,STATUSz'OLD',FILE=levap2.dat l ) 
OPEN(UNIT=2,STATUS=INEWI,FILE='CENKH.OUT') 
OPEN(UNIT=5,STATUS='NEW',FILE='CENK.OUT') 

C READ AUXILIARY VARIABLES 
C 

1=0 
56 1=1+1 

READ(1,*,END=737) TMEAS(I),ODUM,T1M(I),T2M(I),T3M(I), 
H1M(I),H2M(I),H3M(I) 

TMT(I )=TMEAS( I) 
TMH(I)=TMEAS(I) 
GOTO 56 

737 NMEAS=I-1 

C 

CLOSE(1) 
NMEAST=NMEAS 
NMEASH=NMEAS 

C READ UPPER BOUNDARY CONDITION: ctKJLATlVE OUTFLOW FRCIt TOP 
C 

1=0 
79 1"1+1 

READ(3,*,EN0=80)TEVAP(I),CEVAP(I) 
TEVAP(I)=TEVAP(I)*100 
GOTO 79 

80 NEVAP=I-1 
CLOSE(3) 

C 
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C PARAMATERS, DISCRETIZATION CHARACTERISTICS •••••••••••••••••••..••...• 
C 

C 

C 

T
CHANGE
TT
DTMIN
DTMAX
DDT
DX-
NN
THETM
THETAS
GA.'ttA
AREA
VOLUME
NLOC1-
NLOC2-
NLDC3= 

.5 

.8 
8000000. 
80000. 

150000. 
DTMAX'DTMIN 
.1 
77 
O. 
.53 
.5 
45.365 
AREA*(NN·1)*DX 
16 
39 
62 

TIMEM=TEVAP(NEVAP)+2*DTMAX 

C LOOP OVER DIFFERENT NAND KSAT VALUES .....•••...............•••••••. 
C 

C 

C 

C 

C 

DO 555 LOOPN=1,30 
DO 555 LOOPK=1,30 

ALPHA=.01 
VN=1.1+.01*(LOOPN-1) 

VN=1.2 
XKSAT=.000001+.000003*(LOOPK-1) 
XKSAT=.00003 

VM .. 1.-1./VN 

C CALCULATE TABLES WITH SOIL WATER RELATIONS ......•••••........•...... 
C 

CALL CONDUCT(GAMMA,VM,XKSAT) 

CALL WCONTENT(THETAS,THETAR,ALPHA,VM,VN) 

CALL CAPACITY(ALPHA,VN,VM,THETAR,THETAS) 
C ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

C 

TIME = O. 
R1=0. 
NDUMMY=1 

C INITIAL CONDITIONS ••••••••....•••••••••••...•...•••••..•.••.••....... 
C 

THETA( 1)=THETAS 
H(1)·O. 
TFIT(1)=O. 
DO 1 1·2,NN 

H(I)='(I',,*DX 
THETA(I)=WC(H(I» 

1 CONTINUE 

c 

1e=1 
H1(K)=H(NLOC1) 
H2(K)=H(NLOC2) 
H3(K)=H(NLDC3) 
T1(K)=THETA(NLOC1) 
T2(K)=THETA(NLOC2) 
T3(K)=THETA(NLDC3) 

C ASSEMBLING SYSTEM ••••••••..•.••••••.....•..•..•....•••••.•••.•.....•• 
C 

N=NN 
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EVAP1·0. 
DO 100 J-1, 10000000 

IF(TIME.GT.(TT*9»THEN 
DT=OTHAX 
OOTO 77 

ENDIF 
DT=OTMIN+DDT*(1-1/DEXP«(TIME+.0001)/TT )**2» 

77 TIME-TIME+DT 
XM=OX*DX/DT 
IF(TIME.GT.TIMEM)OOTO 101 

C----------------------------------------------------------------------C H-BASE MOOEL 
C----------------------------------------------------------------------CH=CC(H(1» 

XXM=XM*CH 
TAV=(THETA(1)+THETA(2»/2 
S=SE(TAV, THETAS, THETAR) 
XKPLUS=XK(S) 
XK1=XKPLUS 
B(1)=XXM/2+(1-T)*XKPLUS 
C(1)=-(1-T)*XKPLUS 
SS(1)=XKPLUS*DX+T*XKPLUS*(H(2)-H(1»+XXM/2*H(1) 

C----------------------------------------------------------------------DO 509 1=2,N-1 
XKHIN=XKPLUS 
CH=CC(H(I» 
XXM=XM*CH 
TAV=(THETA(I)+THETA(I+1»/2 
S=SE(TAV,THETAS,THETAR) 
XKPLUS=XK(S) 
A(I)=-(1-T)*XKHIN 
B(I)=XXM+(XKPLUS+XKHIN)*(1-T) 
C(I)=-XKPLUS*(1-T) 
SS(I)=-DX*(XKHIN-XKPLUS)+T* 

.XKPLUS*H(I+1)+(XXM-(XKHIN+XKPLUS)*T)*H(I)+XKHIN*H(I-1)*T 
509 CONTINUE 
C-----------------------------------------------------------------------

C 

XKHIN=XKPLUS 
CH=CC(H(N» 
XXM=XM*CH 
EVAPO=EVAP1 
EVAP1=EVAP(TIME) 

A(N)=-XKHIN*(1-T) 
B(N)=XXM/2+(1-T)*XKHIN 
SS(N)=-XKHIN*DX-XKHIN*T*(H(N)-H(N-1»+XXM/2*H(N) 

-DX*«1-T)*EVAP1+T*EVAPO) 

C SOLVE ---------------------------------------------------------------
C 

119 

129. 
C 

DO 119 1=1,N-1 
B(I+1)=B(I+1)-A(I+1)*C(I)/B(I) 
SS(I+1)=SS(I+1)-A(I+1)*SS(I)/B(I) 

CONTINUE 
H(N)=SS(N)/B(N) 
THETA(N)=WC(H(N» 
DO 129 L=1,N-1 

I=N-L 
H(I)=(SS(I)-C(I)*H(I+1»/ 
B(I) 

THETA(I)=WC(H(I» 
CONTINUE 

C STORE GENERATED VARIABLES ------------------------------------------
C 

K=K+1 
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TFIT(K)=TlME 
H1(K)=H(NLOC1) 
H2(K)=H(NLOC2) 
H3(K)=H(NL0C3) 
T1(K)=THETA(NLOC1) 
T2(K)=THETA(NLOC2) 
T3(K)-THETA(NL0C3) 
IF'H1(K).LT.·500)H1(K)=999.99999 
IF(H2(K).LT.·500)H2(K)=999.99999 
IF(H3(K).LT.·500)H3(K)=999.99999 c ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

100 CONTINUE 
C····················································· ................. . 
101 CONTINUE 

e 

NFIT=K 
FQ .. O. 

e SSR FOR FIRST WATER CONTENT LOCATION ••...••••••••......••........••.. 
e 

FT1=OBLE(0) 
K.,2 
NMT1=NMEAST 
DO 112 ID 1,NMEAST 

IF(T1M(I).LE.THETAR)THEN 
NMT1=NMT1-1 
GOTO 112 

ENDIF 
DO 223 J=K.NFIT 
IF(TFIT(J).GE.THT(I»THEN 

TL=T1(J-1)+(TMT(I)·TFIT(J-1»/(TFIT(J)·TFIT(J-1»* 
(T1(J)·T1(J-1» 

FT1=FT1+(TL·T1M(I»**2 
K=J 
GOTO 112 

ENDIF 
223 CONTINUE 
112 CONTINUE 

C 

FT1=FT1/NMT1*VOLUME*VOLUME 
IF(FT1.GT.9999.)FT1=9999. 

e SSR FOR SECOND WATER CONTENT LOCATION •.•••••....•••••....•••.....••• 
e 

FT2=DBLE(0) 
K=2 
NMT2=NMEAST 
DO 113 1=1,HMEAST 

IF(T2M(I).LE.THETAR)THEN 
NMT2=NMT2-1 
GOTO 113 

ENDIF 
DO 224 J=K,NFIT 
IF(TFIT(J).GE.TMT(I»THEN 

TL=T2(J-1)+(TMT(I)·TFIT(J-1»/(TFIT(J)·TFIT(J-1»* 
(T2(J)·T2(J-1» 

FT2=FT2+(TL·T2M(I»**2 
K"J 
GOTO 113 

ENDIF 
224 CONTINUE 
113 CONTINUE 

e 

FT2 .. FT2/NMT2*VOLUME*VOLUME 
IF(FT2.GT.9999.)FT2=9999. 

e SSR FOR THIRD WATER CONTENT LOCATION •••••...••••••.•...•..••••...... 
e 
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FT3-DBLE(O) 
K=2 
NMT3=NMEAST 
DO 114 1=1,NMEAST 

IF(T3M(I).LE.THETAR)THEN 
NMT3=HMT3-1 
GOTO 114 

ENOIF 
DO 225 J=IC,NFIT 
IF(TFIT(J).GE.TMT(I»THEN 

TL-T3(J'1)+(TMT(I)'TFIT(J'1»/(TFIT(J)'TFIT(J'1»* 
(T3(J)'T3(J'1 » 

FT3=FT3+(TL'T3M(I»**2 
K-J 
GOTO ',4 

ENDIF 
225 CONTINUE 
114 CONTINUE 

C 

FT3=FT3/NMT3*VOLUME*VOLUME 
IF(FT3.GT.9999.)FT3=9999. 

C SSR FOR FIRST MATRIC POTENTIAL LOCATION .........••••........•.•••..• 
C 

FH1=OBLE(O) 
FHL1=OBLE(O) 
K=2 
NMH1=NMEASH 
DO 115 1=1,NMEASH 

IF(H1M(I).GE.O)THEN 
NMH1=NMH1-1 
GOTO 115 

ENDIF 
DO 226 J=K,NFIT 
IF(TFIT(J).GE.TMH(I»THEN 

HH=H1(J'1)+(TMH(I)'TFIT(J'1»/(TFIT(J)'TFIT(J'1»* 
(H1(J)'H1(J'1» 

IF(HH.GE.-1.E-37)HH=-1.E-37 
IF(HH.LE.-1.E5) HH=-1.E5 
IF(H1M(I).GE.-1.E-37)H1M(I)=-1.E-37 
FHL1=FHL1+(DLOG10(DABS(HH»'DLOG10(DABS(H1M(I»»**2 
FH1=FH1+(HH'H1M(I»**2 

K=J 
GOTO 115 

ENDIF 
226 CONTINUE 
115 CONTINUE 

C 

FH1=FH1!NMH1 
FHL1=FHL1/NMH1 
IF(FH1.GT.9999.)FH1=9999. 
IF(FHL1.GT.9999.)FHL1=9999. 

C SSR FOR SECOND MATRIC POTENTIAL LOCATION ••••••...•••••.............. 
C 

FH2=OBLE(O) 
FHL2=OBLE(O) 
1C .. 2 
NMH2=NMEASH 
DO 116 1=1,NMEASH 

IF(H2M(I).GE.O)THEN 
NMH2=NMH2-1 
GOTO 116 

ENDIF 
DO 227 J=K,NFIT 
IF(TFIT(J).GE.TMH(I»THEN 

HH=H2(J'1)+(TMH(I)'TFIT(J'1»/(TFIT(J)'TFIT(J'1»* 
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(H2(J)-H2(J-1» 
IF(HH.GE.-1.E-31)HHa-1.E-31 
IF(HH.LE.-1.ES) HHa-1.ES 
IF(H2H(1).GE.-1.E-31)H2M(I)--1.E-31 
FHL2-FHL2+(DLOG10(DABS(HH»-DLOG10(DABS(H2M(I»»**2 
FH2-FH2+(HH-H2M(I»**2 

K-J 
GOTO 116 

ENDIF 
221 CONTINUE 
116 CONTI NUE 

C 

FH2-FH2/NMH2 
FHL2=FHL2/NMH2 
IF(FH2.GT.9999.)FH2-9999. 
IF(FHL2.GT.9999.)FHL2=9999. 

C SSR FOR THIRD MATRIC POTENTIAL LOCATION ----------------------------
C 

FH3=DBLE(0) 
FHL3=DBLE(0) 
K=2 
NMH3=NMEASH 
DO 111 1=1,NMEASH 

IF(H3M(I).GE.O)THEN 
NMH3=NMH3-1 
GOTO 111 

ENDIF 
DO 228 J=K,NFIT 
IF(TFIT(J).GE.TMH(I»THEN 

HH=H3(J-1)+(TMH(I)-TFIT(J-1»/(TFIT(J)-TFIT(J-1»* 
(H3(J)-H3(J-1» 

IF(HH.GE.-1.E-31)HH=-1.E-31 
IF(HH.LE.-1.E5) HH=-1.E5 
IF(H3M(I).GE.-1.E-31)H3M(I)=-1.E-31 
FHL3=FHL3+(DLOG10(DABS(HH»-DLOG10(DABS(H3M(I»»**2 
FH3=FH3+(HH-H3M(I»**2 

K=J 
GOTO 111 

ENDIF 
228 CONT I HUE 
111 CONTINUE 

C 

FH3=FH3/NMH3 
FHL3=FHL3/NMH3 
IF(FH3.GT.9999.)FH3a9999. 
IF(FHL3.GT.9999.)FHL3=9999. 

C OUTPUT --------------------------------------------------------------C 
WRITE(5,1010) VN,XKSAT,FQ,FT1.FT2,FT3 
WRITE(2,1011) VN.XKSAT,FHL1.FHL2,FHL3,FH1.FH2,FH3 

1010 FORMAT(6(1X.F13.8» 
1011 FORMAT(8(1X.F13.8» 
555 CONTINUE 

C 

STOP 
END 

C EVAPORATION RATE AT UPPPER BOUNDARY --------------------------------
C 

FUNCTION EVAP(T) 
IMPLICIT REAL*8(A-H,0-Z) 
DIMENSION TEVAP(1000),CEVAP(1000) 
COMMON AREA,NEVAP,TEVAP,CEVAP,NDUMMY 
DO 1 I=NDUMMY.NEVAP 

IF(TEVAP(I).GE.T)THEN 
EVAP=(CEVAP(I)-CEVAP(I-1»/(TEVAP(I)-TEVAP(I-1»/AREA 
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GOTO 2 
ENDIF 

1 CONTINUE 
2 NDUMMYIII 

C 

RETURN 
END 

C SOIL-WATER CAPACITY -------------------------------------------------
C 

C 

SUBROUTINE CAPACITY(ALPHA,VN,VM,THETAR,THETAS) 
IMPLICIT REAL*8(A-H,0-Z) 
PARAMETER (NSIZE·1DD01) 
COMMON /CAPA/ CAP(NSIZE),HMINL,HMAXL 
HMIN=-10000000. 
HMINL=OLOG10(DABS(HMIN» 
HMAXII-.01 
HMAXL=DLOG10(DABS(HMAX» 
DO 1 1=1,NSIZE 

Z=DBLE(I-1)/(NSIZE-1) 
H=HMAXL+Z*(HMINL-HMAXL) 
H=-10**H 
CAP(I)=ALPHA*VN*VM*(THETAS-THETAR)/(1.+(-ALPHA*H)**VN)**(VM+1) 

*(-ALPHA*H)**(VN-1) 
CONTINUE 
RETURN 
END 

FUNCTION eC(H) 
IMPLICIT REAL*8(A-H,0-Z) 
PARAMETER (NSIZEII10001) 
COMMON /CAPA/ CAP(NSIZE),HMINL,HMAXL 
HMAX=-.0000001 
H=DMIN1(H,HMAX) 
HL=DLOG10(DABS(H» 
IF(HL.LT.HMAXL)HL=HMAXL 
Z=(HL-HMAXL)/(HMINL-HMAXL) 
I=Z*(NSIZE-1)+1. 
IF(I.GE.NSIZE)GOTO 1 
CC=CAP(I)+«NSIZE-1)*Z-DBLE(I-1»*(CAP(I+1)-CAP(I» 
IF(HL.LE.HMAXL)CC- CAP(1) 
IF(HL.GE.HMINL)CC=CAP(NSIZE) 
RETURN 
END 

C WATER CONTENT -------------------------------------------------------
C 

SUBROUTINE WCONTENT(THETAS,THETAR,ALPHA,VM,VN) 
IMPLICIT REAL*8(A-H,0-Z) 
PARAMETER (NSIZE=10001) 
COMMON /WCON/ W(NSIZE),HMINL,HMAXL 
HMIN=-10000000. 
HMINL=DLOG10(DABS(HMIN» 
HMAX--.01 
HMAXL=DLOG10(DABS(HMAX» 
DO 1 1-1,NSIZE 

Z=DBLE(I-1)/(NSIZE-1) 
H=HMAXL+Z*(HMINL-HMAXL) 
HII10**H 
W(I)=THETAR+(THETAS-THETAR)/(1+(ALPHA*H)**VN)**VM 

CONTINUE 
RETURN 
END 

FUNCTION WC(H) 
IMPLICIT REAL*8(A-H,0-Z) 
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C 

PARAMETER (NSIZE.10001) 
COMMON /WCONI W(NSIZE),HMINL.HMAXL 
HMAXa •• 0000001 
HIIOMIN1(H,HMAX) 
HL=DLOG10(DABS(H» 
IF(HL.LT.HMAXL)HL-HMAXL 
Z=(HL·HMAXL)/(HMINL·HMAXL) 
I=Z*(NSIZE·1)+1. 
IF(I.GE.NSIZE)GOTO 1 
WC=W(I)+«NSIZE·1)*Z·DBLE(I·1»*(W(I+1)·W(I» 
IF(HL.LE.HMAXL)WCa W(1) 
IF(HL.GE.HMINL)WC=W(NSlze) 
RETURN 
END 

C CONDUCTIVITY •••••......••••••.....••••••.••.........••••••••.•...... 
C 

SUBROUTINE CONDUCT(GAH,V,XKS) 
IMPLICIT REAL*8(A·H,0·Z) 
PARAMETER (NSIZE=10001) 
COMMON ICOHDI C(NSIZE),XKSAT 
DO 1 1=1,NSIZE 

Z=DBLE(I-1)/(NSIZE-1) 
ZMAX=.999999 
ZMINa.000001 
Z=DMIN1(ZMAX,Z) 
Z=DMAX1(ZMIN,Z) 

C MUALE!II 
C(I)=XKS*Z**GAM*(1-(1-Z**(1/V»**V)**2 

C CAMPBELL 
C C(I)=XKS*Z**GAH 

C(1)=O. 
C(NSIZE)=XKSAT 

CONTINUE 
RETURN 
END 

FUNCTION XK(Z) 
IMPLICIT REAL*8(A·H.O·Z) 
PARAMETER (NSIZE=10001) 
COMMON ICONDI C(NSIZE) 
ZMAX=.999999 
ZMIN=.000001 
IF(Z.LE.ZMIN)THEN 

XK= C(1) 
RETURN 

ENDIF 
IF(Z.GE.ZMAX)THEN 

XK=C(NSIZE) 
RETURN 

ENDIF 
I=Z*(NSlZE-1)+1. 
IF(I.GE.NSIZE)RETURN 
XK=C(I)+«NSlZE·1)*Z·DBLE(I-1»*(C(I+1)·C(I» 
RETURN 
END 
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Appendix 2: 

303 

Generated Auxiliary Variables and ObJective Function 

Surfaces for the Upward Inflhratlon Experiment for the 

Clayey Soli 



Figure A.2.1: 

Figure A.2.2: 
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Figure A.2.3: 
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Figure A.2.5: 

Figure A.2.6: 
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Contours for objective function surface for the Q-n parameter 
plane for the cumulative inflow for the upward infiltration 
experiment for the clayey soil. 
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Figure A.2.7: 

Figure A.2.8: 
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Figure A.2.9: 
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Figure A.2.11 : 

Figure A.2.12: 
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Figure A.2.13: 
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Figure A.2.15: 

Figure A.2.16: 
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Figure A.2.17: 
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Contours for the objedive fundion surface for the a-n 
parameter plane for the retention data colleded at x=6.1 cm 
during the upward infiltration experiment for the clayey soil. 
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Figure A.2.21 : 

Figure A.2.22: 
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parameter plane for the log value of the matric potential 
measured at x=6.1 cm during the upward infiltration 
experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at X= 1.5 cm 
during the upward infiltration experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at x=3.8 cm 
during the upward infiltration experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at x=6.1 cm 
during the upward infiltration experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the matric potential measured at X= 1.5 
cm during the upward infiltration experiment for the clayey 
soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the matric potential measured at x=3.B 
cm during the upward infiltration experiment for the clayey 
soil. 
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Objective function surface and contours for the n-Kg 
parameter plane for the matric potential measured at x=6.1 
cm during the upward infiltration experiment for the clayey 
soil. 
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Objective function surfaces and contours for the n-Kg 
parameter plane for the log value of the matric potential 
measured at x= 1.5 cm during the upward infiltration 
experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the log value of the matric potential 
measured at x=3.S cm during the upward infiltration 
experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the log value of the matric potential 
measured at x=6.1 cm during the upward infiltration 
experiment for the clayey soil. 
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Change of matric potential over time at the three 
measurement locations for the One-Step outflow experiment 
for the clayey soil. 
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plane for the cumulative outflow for the One-Step outflow 
experiment for the clayey soil. 
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Contours for the objective function surface for the Q-n 
parameter plane for the water content measured at X= 1.5 cm 
for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-n 
parameter plane for the matric potential measured at x=3.B 
cm for the One-Step outflow experiment for the clayey soil. 
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plane for the matric potential measured at x=6.1 cm for the 
One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the Q-n 
parameter prane for the log-varue of the matric potential 
measured at x=1.5 cm for the One-Step outflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the Q-n 
parameter plane for the log-value of the matric potential 
measured at x=3.S cm for the One-Step outflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the Q-n 
parameter plane for the retention data collected at X= 1.5 cm 
during the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the Q-n 
parameter plane for the retention data collected at x=3.S cm 
during the One-Step outflow experiment for the clayey soil. 
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Figure A.3.17: 

Figure A.3.18: 

333 

\ 
\ 

\ 

-------~ 10m. ~ __ --WL;W~--- ~~ 

0.001 

Objective, function surface and contours in the a-n parameter 
plane for combination of the surfaces for the cumulative 
outflow and matric potential data collected at x=6.1 cm for the 
One-Step outflow experiment for the clayey soil. 

z 

t37 

t28 

1.19 

~-"""'" 

(''\ 

\ \ ) 
., 
\ 

", 

t10 .. f------,.-----,-----.-....... 
0.001 0.010 0.019 0.028 

Alpha 
Contours for the objective function surface for the a-n 
parameter plane for combination of the surfaces for the 
cumulative outflow and retention data collected at X= 1.5 cm 
for the One-Step outflow experiment for the clayey soil. 



Figure A.3.19: 

Figure A.3.20: 

334 

1.37 
. '\5 0 

I 
f 00 

I , ,-
I '. " 
I " 

1.28 I l.s' , 
z I " 

.,-- .. -
/ " ..... ( 

, 
en " , 

\ 
., 

1.19 ) , 
...... -. , 

\ 
\ 

1.10 
0.001 0.010 0.019 0.028 

Alpha 
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Contours for the objective function surface for the a-n 
parameter plane' for combination of the surfaces for the matric 
potential and retention data collected at x=6.1 em for the 
One-Step outflow experiment for the clayey soil. 
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parameter plane for the cumulative outflow for the One-Step 
outflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-~ 
parameter plane for the water content measured at X= 1.5 cm 
for the One-Step outflow experiment for the clayey soil. 
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parameter plane for the water content measured at x=3.B em 
for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the water content measured at x=6.1 cm 
for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the matric potential measured at X= 1.5 
cm for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the matric potential measured at x=3.8 
cm for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the log-value of the matric potential 
measured at X= 1.5 cm for the One-Step outflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the log-value of the matric potential 
measured at x=3.S cm for the One-Step outflow experiment 
for the clayey soil. 
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Contours for the objective tunction surface for the Q-~ 
parameter plane for the rog-varue of the matric potential 
measured at x=6.1 cm for the One-Step outflow experiment 
for the clayey soil. 
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Objective function surface and contours for the n-Ks 
parameter plane for the cumulative outflow for the One-Step 
outflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at x=3.S cm 
for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at x=6.1 cm 
for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Ks 
parameter plane for the matric potential measured at x=1.5 
cm for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the matric potential measured at x=3.8 
cm for the One-Step outflow experiment for the clayey soil. 
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Objective function surface and contours for the n-Kg 
parameter plane for the matric potential measured at x=6.1 
cm for the One-Step outflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the log-value of the matric potential 
measured at X= 1.5 cm for the One-Step outflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the n-~ 
parameter plane for the log-value of the matric potential 
measured at x=3.S cm for the One-Step outflow experiment 
for the clayey soil. 
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Objective function surface and contours in the n-f<s parameter 
plane for combination of the surfaces for the cumulative 
outflow and matric potential data collected at x=6.1 cm for the 
One-Step outflow experiment for the clayey soil. 
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Objective function surface and contours for the a-n parameter 
plane for the water content measured at x=6.1 cm during the 
stepwise inflow experiment for the clayey soil. 
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Figure A.4.9: 

Figure A.4.10: 

z 

137 

1.28 

'11 '; ,,: 

Jf.fl:·' 
~H! ~ 

1.19 II/Nfll · 
,I, /, 1;,1 
, Ii i1ij;.'/! 

'/', i 'vI' II ! It 'il 1.10 .1-, -..L.-'-''-'--'CLf-'----------' 

0.001 0.010 0.019 0.028 

Alpha 

352 

Contours for the objective function surface for the Q-n 
parameter plane for the matric potential measured at x=3.8 
cm during the stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-n 
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measured at x=6.1 cm during the stepwise inflow experiment 
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Contours for the objective function surface for the a-Ks 
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for the stepwise inflow experiment for the clayey soil. 
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parameter plane for the water content measured at x=3.B cm 
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Objective function surface and contours for the a-Ks 
parameter plane for the water content measured at x=6.1 cm 
during the stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the matric potential measured at X= 1.5 
cm during the stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface for the a-Kg 
parameter plane for the matric potential measured at x=3.B 
cm during the stepwise inflow experiment for the clayey soil. 

Objective function surface and contours for the a-Kg 
parameter plane for the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the clayey soil. 
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Contours of the objective function surfaces for the a-Kg 
parameter plane for the log value of the matric potential 
measured at X= 1.5 cm during the stepwise inflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the a-I<s 
parameter plane for the log value of the matric potential 
measured at x=3.8 cm during the stepwise inflow experiment 
for the clayey soil. 



Figure A.4.33: 

Figure A.4.34: 

'9
0 r 7.6 

5.1 

2.6 

0.1 

364 

I 
! / ! / / ! - I " /. / / 
/. /.,/l/ 

/ $Q • I / I / o·!I).I· 

I 
. CV~I 

/ c;:)' OJ 
/ / / i c;:..~ 

I / I. c;:)' . i ; .. 
I.() ~ /!} / /1// 
C\I c::i o· ,/,1 
o / tgl // 

I 
/ • ,l /0 ,/ ,',' 
I • <:); ;i, 
i I I .I.' 

/ ',/{ro'// 
/ ! I c:-N '('(, ( / 

/ • I rrr~ . , ~. 

I • /,/ /// 

//:':~:i;,;;i .. )' .. 
I I 

0.001 0.010 0.019 0.028 

Alpha 
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plane for combination of the surfaces for the cumulative inflow 
and matric potential data collected at x=6.1 cm for the 
stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface in the a-Ks 
parameter plane for combination of the surfaces for the water 
content and matric potential data collected at x=6.1 cm for 
the stepwise inflow experiment for the clayey soil. 
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Objective function surface and contours for the n-f<s 
parameter plane for the cumulative inflow for the stepwise 
inflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-f<s 
parameter plane for the water content measured at X= 1.5 cm 
for the stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at x=3.8 cm 
for the stepwise inflow experiment for the clayey soil. 



Figure A.4.39: 

Figure A.4.40: 

It) 

'0 
r I I 

I U) 

~ ) 
/ / 
I / 
{.~ ~ 

7.6 . 

5.1 

I 
j 

/ 
/ ,. 

I 

". 15 _':~ .. "~~~~":~:'::"~~"'>: ~s .,. 
0.1 " I 

110 119 128 

N 

367 

137 

Contours for the objective function surface for the n-Kg 
parameter plane for the water content measured at x=6.1 cm 
during the stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the matric potential measured at X= 1.5 
cm during the stepwise inflow experiment for the clayey soil. 
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Contours for the objective function surface for the n-Kg 
parameter plane for the matric potential measured at x=3.8 
cm during the stepwise inflow experiment for the clayey soil. 
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Objective function surface and contours for the n-Kg 
parameter plane for the matric potential measured at x=6.1 
cm during the stepwise inflow experiment for the clayey soil. 
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Contours of the objective function surfaces for the n-i<s 
parameter plane for the log value of the matric potential 
measured at X= 1.5 cm during the stepwise inflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the n-i<s 
parameter plane for the log value of the matric potential 
measured at x=3.8 cm during the stepwise inflow experiment 
for the clayey soil. 
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Contours for the objective function surface for the n-~ 
parameter plane for the log value of the matric potential 
measured at x=6.1 cm during the stepwise inflow experiment 
for the clayey soil. 
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Objective function surface and contours in the n-f<s parameter 
plane for combination of the surfaces for the cumulative inflow 
and matric potential data collected at x=6.1 cm for the 
stepwise inflow experiment for the clayey soil. 
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Objective function surface and contours for the Q-n parameter 
plane for the water content measured at X= 1.5 cm for the 
evaporation experiment for the clayey soil. 
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Contours for the objectjve function surface for the Q-n 
parameter plane for the water content measured at x=3.S cm 
for the evaporation experiment for the clayey soil. 
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Contours for the objective function surface for the a-n 
parameter plane for the matric potential measured at x=1.5 
cm during the evaporation experiment for the clayey soil. 
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Contours for the objective function surface for the Q-n 
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cm during the evaporation experiment for the clayey soil. 
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during the evaporation experiment for the clayey soil. 
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