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ABSTRACT 

The purpose of this dissertation is to further exp~ore 

results obtained by Gall, Williams and Clark (1988) in a 

series of numerical frontogenesis experiments. In the course 

of those simulations, gravity waves were produced which grew 

in intensity as the fronts (one at each of the two horizontal 

planes bounding the model domain) increased in strength. Waves 

formed ahead (upwind) of and directly above the surface front, 

but not behind it, which suggests a connection with the banded 

cloud patterns often seen ahead of cold fronts (fig. 1). In 

addition, structures resembling standing waves were observed 

in the "wedge" between the frontal surface and the ground. 

The question of the asymmetrical distribution of waves 

relative to the surface front was investigated using the 

method of ray-tracing. The frontal fields which served as the 

mean state were obtained from the anelastic model developed by 

T.L. Clark at NCAR. Hypothetical sources of various 

frequencies were placed in the vicinity of both frontal zones 

and the energy followed through the fluid. It was found that 

the energy density of those waves moving toward the center of 

the model domain (which includes waves moving behind the 

surface front) decreased with time. This decrease was due 

mainly to geometrical spreading of the rays and the loss of 

energy to the mean flow via the action of Reynolds stresses. 

By contrast, waves moving away from the center of the domain 
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(including waves propagating ahead of the surface front) 

gained energy from the mean flow and appeared to experience a 

much smaller ray divergence. The single most i..'Ilportant factor 

in producing this asymmetry was found to be the vertical shear 

of the frontogenesis-induced cross-front circulation. 

The first atterr~ts to analyze the waves underneath the 

surface front using linear theory produced a surprising 

result: If waves impinge upon a" horizontal surface at a 

certain angle a reflected wave of infinite amplitude is 

produced. It is suggested that this may be the mechanism 

responsible for the buildup of energy beneath the front 

(rather than multiple reflections between the front and the 

ground) . 



CHAPTER 1 

INTRODUCTION 

1 

It has long been recognized that clouds often appear in 

the form of parallel bands (e.g., Clayton, 1896). Cloud bands 

range in size and intensity from the "cloud streets" often 

seen in the boundary layer, which have spacings on the order 

of 10 km (e.g., Brown, 1980) to intense squall lines with 

spacings of several hundred kilometers (e.g., Agee, et al., 

1975) • The latter is an extreme example of the type of 

banding associated with frontal zones (Houze and Hobbs, 

1982). In many such cases, the bands are apparent only in 

the precipitation pattern, due to the obscuring effect of the 

general (non-banded) cyclonic cloud shield. Thus, much of our 

knowledge of these patterns has come from rain gauge data and 

radar studies (Elliot and Hovind, 1964; Browning and Harrold, 

1969; Kreitzberg and Brown, 1970.) 

In other cases, however, the banded nature of the clouds 

is clearly visible in satellite images; an example is shown 

in f iqures 1. 1a and 1.1b. These images depict a strongly 

occluded cyclone with a long trailing cold front, a typical 

sight off the west coast of North America in the wintertime. 

The position of the surface front is clearly marked by the 

narrow "rope" cloud in Fig. 1.la, a visible-light image. The 

bands are visible in both images, but are especially prominent 



FIGURE l.la Satellite photograph of frontal cloud bands: 
visible image. 

2 
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FIGURE l.lb Satellite photograph of frontal cloud bands: 
Infrared image. 
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in Fig. 1.lb (an infrared image) as the striations parallel to 

the front which extend out ahead of the front for a distance 

of several hundred kilometers. Precipitation records for the 

period indicate that little or no rain fell as these clouds 

passed over southern California (although copious 

precipitation, associated with the non-banded portion of the 

cloud shield, was, in fact, recorded in the northern part of 

the state.) In addition, a nearby sounding (from Vandenberg 

Air Force Base), indicates that, except for the very thin 

marine layer, the only moist layer was located at an elevation 

of about 6 kilometers. Thus, it is likely that the clouds 

forming the bands were of the cirroform variety. 

Of the various explanations which have been offered for 

the existence of frontal bands (see Houze and Hobbs, 1982 for 

a discussion and references), the one that appears to be the 

most applicable to non-precipitating systems is that the bands 

are produced by gravity waves emanating from the frontal zone. 

(Another possibility, conditional symmetric instability, would 

appear to be excluded because of the fact that there is no net 

release of latent heat in a non-precipitating system; see 

Gall, et ale (1988) for more discussion of this point.) The 

idea is, of course, that clouds form in the updrafts of the 

wave while the clear areas correspond to the downdrafts,. 

Two possible mechanisms which have been proposed for the 

production of frontal gravity waves are convection at the 
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front (Ross and Orlanski, 1982) and the process of geostrophic 

adjustment (Ley and Peltier, 1978). The first of these may 

well be applicable in cases where the frontal convection is 

severe, but is probably not applicable to non-precipitating 

. systems. (For a beautiful photograph of convectively induced 

gravity waves, see Erickson and Whitney, 1973). The 

plausibility of the latter mechanism was established by Ley 

and Peltier (1978), using the analytic frontogenesis model 

developed by Hoskins and Bretherton (1972). The idea is that 

the assumption of cross-frontal geostrophic balance ceases to 

hold once the cross-front length scale has become 

sufficiently small. The resulting imbalance then produces 

gravity waves according to the theory originally developed by 

Rossby (1938) and Cahn (1945). (See also the review paper by 

Blumen, 1972). 

This mechanism appears to be operating in the numerical 

simulations of Gall, Williams and Clark (1988; subsequently to 

be referred to as GWC88). In those experiments, frontogenesis 

was produced by allowing a deformation flow to act on an 

initially weak temperature gradient. After about a day of 

simulated time, weak frontal zones had formed on both the 

upper and lower boundaries of the model domain. (A rigid 

upper boundary was employed in the model.) Shortly 

thereafter, both fronts began to produce gravity waves, which 

proceeded to propagate away from their respective sources. 
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Waves appeared directly above (below) the lower (upper) front, 

upwind (relative to the deformation flow) of both fronts, and 

in the small wedge-shaped regions between each front and its 

neighboring boundary. The reasons for this particular spatial 

distribution of wave energy were not entirely explained in 

GWC88. The main purpose of this paper is to attempt to shed 

further light on this question. 

The upper front and its attendant waves are clearly 

unrealistic, although the upper front may be thought of as a 

crude representation of the tropopause. They are, however, 

part of the model results which we are attempting to explain 

and will therefore be included in the analyses presented in 

later chapters. In order to make these introductory remarks 

easier to follow, however, the remaining discussion will be 

restricted to the lower front, which we will regard as a cold 

front. 

With this understanding, the horizontal position of the 

waves may be described as "ahead" and "at" the front. (There 

are also waves beneath the front; these will be discussed 

shortly. ) There is little or no wave activity behind the 

front. This distribution is in accord with the position of 

most frontal cloud bands which are observed: such bands are 

normally seen right at the front or out ahead of it, but not 

behind 'it, as in the case in Fig. 1.1. It is thus of great 

interest to determine whether this distribution of waves is 
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the one which should obtain in a frontal flow, assuming that 

the fronts are indeed sources of gravity waves. (There are 

actually two questions here: (1) "Do fronts produce gravity 

waves?" and (2) "If so, where should the waves appear?". The 

first question was the subject of GWC88, in which this 

question was answered in the affirmative. This result is 

assumed in the present investigation. The entire purpose 

behind the current study, therefore, is to obtain an answer 

for question (2).) 

The approach used in attempting to analyze this problem 

is the method of ray tracing (Lighthill,1978). In this 

method, it is simply assumed that a wave source exists at a 

certain point in the fluid (in this case, the frontal zones.) 

The energy produced by this hypothetical source is then 

followed through the fluid using the ray equations. If the 

predicted regions of high and low wave energy coincide with 

the observed regions of maximum and minimum wave amplitude, 

respectively, then it is likely that our hypothesis about the 

location of the source was correct. In this case, we would 

like to show that if the source is placed in the vicinity of 

the surface front, then the wave-energy densi ty is higher 

ahead of the front that behind it. In chapter 6, it will be 

shown that this is, in fact, the case. 

In order to implement this method, of course, a frontal 

flow is needed. This is generated using Clark's model, just as 
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in GWC88. The results are presented in chapter 2. 

(Essentially, this involved re-doing some of the model runs. 

Regrettably, the history tapes of GWC88 were lost and could 

not be used.) In addition, estimates are needed of the 

wavelengths and frequencies of the waves to be traced. This 

is also done in ch. 2. Another essential step in the 

implementation of a ray-tracing program, the derivation of a 

dispersion relation, is performed in ch. 3. In addition, 

pertinent information about the basic physics of inertia

gravi ty wave (e. g., the relationships among the wave variables 

and the flow of energy) is presented in that chapter. Chapter 

5 contains a resume of the general theory of ray-tracing; of 

special importance is the theory of the exchange of energy 

between the waves and a non-uniform mean flow. Details about 

the ray-tracing program are also given. In chapter 6, this 

program is applied to the simulated frontal state. The 

results confirm the asymmetry observed in the model results: 

Waves which propagate behind the front lose energy relative to 

t.hose which travel out ahead of the front. It is shown that . . 

the main cause of this asymmetry is the shear in the 

frontogenesis-induced cross-frontal flow. (This is the 

circulation whose streamfunction is described by the Sawyer

Eliassen equation.) 

A secondary purpose of this investigation is to attempt 

to shed some light on the waves produced below the front in 
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GWC88. As shown in that paper, these waves appear to have the 

structure of standing waves. These waves distort the frontal 

surface, producing a structure resembling stair-steps (GWC88, 

Fig. 13). Interestingly, similar structures have been 

observed by Locatelli and Hobbs (1987) in warm fronts in the 

Pacific. In GWC88, it was speculated that these waves were 

formed due to multiple reflections between the frontal surface 

and the ground. The precise mechanism of the reflections from 

the front was left somewhat vague, however. An attempt to 

explore this question using a simple linear theory is 

presented in ch. 4. surprisingly, it was found that it is the 

reflections from the horizontal lower boundary which appear to 

the more important. In fact, there appears to be a singular 

direction: Waves that impinge on the boundary at a certain 

angle produce reflections of infinite amplitude. From this it 

is concluded that linear theory is insufficient to explain the 

possible reflections under the front. The ramifications of 

this result are still being explored. 
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CHAPTER 2 

GENERATION OF FRONTAL FIELDS 

The model used to obtain the frontal fields in this paper 

is the non-hydrostatic, anelastic model developed by T.L. 

Clark at NCAR. As in the studies ci ted in the previous 

chapter the two-dimensional version of the model was used. 

The model domain is a rectangle with horizontal and vertical 

dimensions of 3600 kilometers and 9 kilometers, respectively. 

The lower boundary coincides with the y-axis while the z-axis 

runs vertically through the center of the domain; thus, 

-1800 krn S Y S 1800 km and 0 S z S 9 km. (See Fig. 2.1.) 

Rigid lid conditions are imposed at the top and bottom; a 

modified radiation condition is used at the side boundaries. 

(E. g., Orlanski, 1976.) A staggered grid is used as shown in 

Fig. 2.1; this provides for a more accurate computation of the 

pressure gradient force. The resolution used was 20 km in the 

y-direction and .2 km in the z-direction. Further details 

about the model may be found in Clark (1977), Clark and Farley 

(1984) and Gall, et ale (1987). 

The deformation flow which forces the frontogenesis is 

• bUD d V Dy' th 0=10"5 s·1. g1ven y clef = X an clef = - ,W1 The 

apparent three-dimensionality introduced by the x-dependence 

of Uclef is avoided (along with the high cost of running the 

model three-dimensionally) by using the method described by 
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Williams (1972). Briefly, the idea is to split the horizontal 

veloci ty components (u, v) and the pressure field into two 

parts: a deformation part which is independent of time and a 

part which is independent of x. Thus, 
u - Dx + a(y,z, t) 

v - -Dy + 'U(y, z, t) 

p - P(x,y, z) + !i(y, z, t) 

(1.1) 

(1.2) 

(1. 3) 

In (2.3), the first term on the right is the pressure which is 

required so that the deformation flow is in geostrophic 

balance. When (2 • 1) (2.3) are substi tuted into the 

equations of motion, the x-dependence drops out and what is 

left is a set of equations involving u, V, and p~ it is these 

quantities which the model predicts. If at any stage the 

complete fields are needed, the deformation component is 

simply added on. It should be noted that the decomposition 

indicated by (2.1) (2.3) is purely for computational 

expedience and has no relation to the decomposition of the 

flo'w into a "mean flow" component (frontal flow plus 

deformation flow) and a wave component which is used in 

chapter 6. In fact, the quantities u, v and p will not be 

referred to in the subsequent chapters. 

In order to form a front, the deformation flow must be 

allowed to act on a horizontal temperature gradient. 

Following Williams (1972) and Gall, et ale (1987,1988), the 

initial potential temperature was chosen as 
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acy, z, 0).. ~:(z - ~) - a( ~ )arctan(Sinh(UY» 

where 

H = 9 km (the model height), 

and 

( () 
ae )-1/2 

U - fnH-1 {aZ
I .. 3 X 10-3km-1 

The resulting profile has a nearly constant static stability 

and a total horizontal temperature variation of 24oK. The 

maximum potential temperature gradient is 

-2~U .. 4.6 K (100kmr1 

n 

(The actual value of these parameters is not particularly 

important; the values used by GWC88 were retained so as to 

facilitate comparison with that paper. The particular form of 

the potential temperature distribution which is used goes back 

to an analytical study by Williams and Plotkin (1968).) 

The initial wind field (aside from the deformation flow) 

consists of two parts: a geostrophic component Uf (perpen

dicular to the model plane), which is related to the 

horizontal temperature gradient through the thermal-wind 
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FIGURE 2.4 Vertical velocity in a limited portion of the 
model domain after 1840 minutes of simulation. 
Contour interval is .1 em/sec. 
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equation and an ageostrophic component in the y-z plane. (To 

make the terminology simpler these will be referred to as the 

along-front wind and the cross-front circulation, 

respectively, even when the temperature gradient is not 

sufficiently strong for the term front to be used.) 

The cross-front circulation is computed from the Sawyer

Eliassen equation (Sawyer,1956; Eliassen,1962). As shown by 

these two authors, this flow develops because of the tendency 

of the deformation flow to destroy the cross-front geostrophic 

balance. The circulation is thermally direct, with a broad 

region of rising motion in the warm sector and a compensating 

region of sinking motion in the cold air. (This is the flow 

depicted in Fig. 2.2 if the superimposed waves are ignored.) 

Omission of this flow from the initial state would cause an 

immediate large imbalance to be generated, with the resulting 

generation of spurious large-amplitude gravity waves. 

As in the simUlations of GWC88, gravity waves began to 

develop after about a day of simulated time. As the fronts 

intensify, so does the wave activity. Fig. 2.2 shows the 

temporal development of the waves, as revealed in the vertical 

velocity field. (The waves appear most prominently in this 

field because of the small values of the vertical velocity in 

general.) By t=2560 minutes of simulated time, the wave 

activity above the lower front (and below the upper front) has 

become quite intense, although it is still much smaller than 
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the frontal circulations. (The contour interval was 

deliberately chosen to be small so as to highlight the wave 

activity.) The weakness of the wave activity in the center of 

the domain is very evident. 

At t=2 88 0 minutes, the waves have become even more 

intense and are finally staring to become visible in the 

center portion of the domain (between the intense "jets" of 

waves emanating from the fronts.) The amplitude of these waves 

is still relatively small, however, as in seen in Fig. 2.3, in 

which the contour interval is greatly increased. On this 

scale, the relative amplitude of the waves in the central 

region is so small 'that this region appears as a void; wave 

energy is, in fact, entering this region but at a very slow 

rate. 

In order to estimate the scale of the waves, a limited

domain plot of the vertical velocity was constructed (Fig. 

2.4). Waves with horizontal wavelengths ranging from 50 km to 

about 100 km are quite evident. These lengths are in the same 

range as the spacing of cloud bands such as those displayed in 

Fig. 1.1. A plot of the horizontal velocity (not shown) shows 

that the horizontal velocity in the region of wave activity is 

about 6 ms·'; combining this with the observed wavelengths 

yields an intrinsic frequency on the order of 4 x 10.4 s·' to 

6 X 10.4 s·'. This is a rough estimate, but it suggests that 

the intrinsic frequencies being generated by the fronts are in 
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the low range, say, between f and 10f, where f is the Coriolis 

parameter. This is the freqency range for which rays will be 

traced in chapter 6. 

Another interesting result of the model, and one analyzed 

by GWC88, is the presence of what appear to be standing waves 

under the front (see figs. 8 and 10 of that pap~L.) Since the 

wedge under the front is very small, a prop~r simulation of 

these waves requires very high resolution. The expense 

involved precludes the repeating of these experiments, but 

even the relatively coarse model used here produces these 

waves. (Fig. 2.5). One thing to note in particular about 

these structures is that the phase lines are tilted, unlike 

conventional standing waves which have vertical phase lines. 

A possible explanation which predicts these til ted phase lines 

is presented in chapter 4. (This explanation is a possible 

alternative to the hypothesis of GWC88 that the standing waves 

are produced by multiple reflections between the front and the 

ground. ) 
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CHAPTER 3 

DISPERSION AND POLARIZATION m~LATIONS 

3.1 Derivation in cartesian Coordinutes 

In this· section, a dispersion relation will be derived 

for a fluid with both a horizontal and a vertical potential 

temperature gradient. This is the first step in the 

development of a ray-tracing program, since the energy 

velocity and refractive properties of the fluid are determined 

by the gradient of the frequency with respect to the wave 

vector components and spatial coordinates, respectively. For 

simplicity, the fluid will be assumed to be Boussinesq and 

non-divergent. (The Boussinesq approximation is justified if 

the vertical wavelength is not too large - an upper limit of 

15 km is given by Andrews, Holton and Leovy (1987). In the 

computations to be presented in ch. 6, the vertical wavelength 

never exceeds 6 km.) In addition, two-dimensionality will be 

assumed, in keeping with the present application. In the 

derivation it is first assumed that the relevant fluid 

properties (in this case, the potential temperature and 

velocity gradients) are constant; when rays are traced, the 

local v~lues of these properties are used. This procedure is 

justified as long as the fluid properties in question vary 

sufficiently slowly on the scale of a wavelength. (This is 

justified in ch. 6). 

The first step is to derive a dispersion relation for a 
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basic-state which involves only the temperature distribution 

and that part of the wind field related to it by the thermal 

wind equation (the along-front wind). (This derivation 

closely follows that of Ooyama, 1966.) Once this has been 

done, the effect of the cross-front circulation is taken into 

account as a Doppler shift. The different treatment of along-

front and cross-front wind components is possible for two 

dimensional waves since the u-component of the wind does not 

contribute to the Doppler shift. (This is so because R, the 

x-component of the wave vector, is zero.) 

The basic state wind, therefore is given by 

U - UyY + Ul:z 

v-a 
w-o 

where Uy and Uz are constants. (Note: the notation is not the 

same as that used in chapter 2, where the along-front 

component of the wind was denoted by Uf .), The Boussinesq form 

of the Brunt-Vaisala frequency is 

N2 _ ..9.. ae 
eo az 

and is also taken to be constant. 

(3.1) 

( 80 is a representative 

value of 8.) It is assumed that U is geostrophic, so that the 

thermal wind equation holds: 

(3.2) 
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The basic-state potential temperature can therefore be written 

as 

where 600 is a constant. 

Each of the flow variables is first assumed to be the sum 

of a basic-state quantity, denoted with an overbar, and a 

perturbation part , denoted by a prime: 

u - U(y,z) + u'(y,z, t) 

v - vi (y, z, t) 

w - w'(y, z, t) 

p - P(y, z) + p' (y, z, t) 

e - e(y,z) + e'(y,z,t) 

As the notation indicates, the barred quantities are assumed 

to satisfy the steady-state equations of motion. To obtain a 

set of equations for the perturbation quantities u',v',w',p' 

and 9', these expressions are substituted into the equations 

of motion. The steady-state equation is then subtracted and 

terms involving products of primed quantities are neglected. 

The resulting equations are 

au' - -- - .,vI - u wi at"' Z 

ov' lop' 
at - -fu' - Po ay 

(3.3) 

(3.4) . 
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(3.5) 

(3.6) 

(3.7) 

where f is the Coriolis parameter, and" = f - Uy is the 

vertical component of the basic-state absolute vorticity. 

There are no terms in these equations representing advection 

by the basic-state velocity since none of the perturbation 

quantities depends on x (eliminating advection by U) and V = 
W = o. The absence of a ap'/ax term in (3.3) and a au'/ax 

term in (3.6) is also due to the absence of an x-dependence. 

The next step is to simplify eqs. (3.3) - (3.7) by 

reducing the number of equations and variables. 

straightforward manipulation yields the following two 

equations in w' and p': 

a3w' + f('Il aw' at 2ay az (3.8) 

(3.9) 

Now assume that w' and p' vary sinusoidally: 

w' - ~exp{i (ly + mz - C&lt)} (3.10) 

(Here, ~ and p are the complex amplitudes of w' and p'; as 

usual, it is understood that the real part of these 

expressions represents the actual physical quantities.) 
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pI _ tJexp {i (ly + mz - (t) t) } (3.11) 

and substitute into (3.8) and (3.9). 

following algebraic system: 

The result is the 

[-(t)m+ f("m+ Ul)]~- l2(t)p_ 0 
'.. Po 

(3.12) 

(3.13) 

(A factor of i, common to all terms, has been divided out). 

A non-trivial solution to (3.12) and (3.13) exits only if 

the determinant of coefficients vanishes. 

results in the equation 

Solving for w2 yields the dispersion relation 

fifm 2 + 2f~lm + N2l2 

This condition 

(3.14 ) 

Before going on to discuss the properties of (3.14), we 

first derive the relationships among the complex amplitudes u, 
"0', w, p and 0, the so-called Ifpolarization If relations (e. g. , 

Gill, 1982, sec. 6.5). 

First, Eq. (3.13) gives : 

(3.15) 

Substitution into Eq. (3.5) then gives: 

- - 1 + -- w e i6oN2( f U. m).~ 
g(t) N2 1 

(3.16) 



Equation (3.6) yields: 

'? _ -.m~ 
1 

Finally, Eg. (3.3) shows that: 

A i(m- -)~ u - --; 1 T) + U6 w. 

3.2 Derivation in Polar Coordinates 

29 

(3.17) 

(3.18) 

since the right side of Eg. (3.14) is a homogenous 

function of wavenumber (i.e., the degree of the numerator 

equals the degree of the denominator), w is independent of the 

magnitude of the wave vector. Thus, simplifications can be 

made by recasting (3.14) in polar coordinates. We set 

1 - xcos~ 
m - xsin~ 

where Ie = (12 + m2) 1/2 is the magnitude of the wave vector and 

~ is the angle between the wave vector and the positive y-axis 

(and also the angle between the phase planes and the vertical; 

see Fig. 3.1). 

In this coordinate system, Eg. (3.14) becomes: 

Using the double angle formulas for the sine and cosine 

functions, (3.19) may be written in the form 

(&)2 - .! (N2 + fT) - Acos [2 (~ - ~lD)]' 
2 

(3.20) 
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plane. The angle (~) between the wavevector 
and the positive y-axis is also the angle 
between the phase plane and the vertical. 
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where 

(N2 - t1j) 
COS2~1Il - - 2A- (3.21a) 

and 
• ~ fU~ s1n2 - --- . 

III A 
(3.21b) 

Clearly, ¢m is the angle for which the minimum frequency 

(N2 + ~)/2 - A occurs; the maximum frequency, on the other 

hand, is (N2 + ~) + A, occurring for ¢H = ¢m ± 1r/2. According 

to (3.20), the frequency is symmetric about ¢ = ¢m. 

Noteworthy is the fact that ",2 can be negative. The 

condi tion for this occurrence is that ~ (N2 + ~) < A. 

Squaring both sides of this inequality and simplifying gives 

fU~ n - > -.=-. 
N2 Uz 

The left side of this inequality is just the isentropic slope 

[ ~ ~fuzl -~ - -~g--as 80 2 ' 

a -N Z g 

by(3.1)and(3.2) . 

The right side is the slope of the surfaces of constant 

absolute momentum M, defined as M = fy - U: 

(

aM _ ) _ ay _ f - Uy _ n 
aM - --- . _ Uz Uz az 
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Another way of stating the condition for instability is: 

where Ri is the Richardson number. This is the well-known 

condition for the onset of symmetric instability. 

Emanuel, 1983). 

(e.g., 

It thus appears that there are two important angles: ~m 

and ~, the angle of inclination of the isentropes. It is 

therefore of interest to determine how the two are related. 

From egs. (3.21a,b), we have 

tan 24> m - ~ fU: - 2 tan.( 1 ) 
N - fTJ 1 - fTJ/N2 

or 

Normally, ff'T/N2« 1 (e. g., f, If - 10·4s·1 and N- 10.2 s·1): 

thus, tan ~ ~ .5 tan 2(~m + ~/2). Since ~m and ~ are both 

small and positive, this implies that 

as shown in Fig. 3.2. Thus, the minimum frequency occurs for 

oscillations along an isentropic surface. 

The polarization relations (3.15) - (3.18) can also be 

expressed in polar coordinates: 

§ - PoA~ sin [2 <4> - ct> )] 
fA> 1 m 

(3.22 ) 



FIGURE 3.2 
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Relationship between ~m' the wavevector angle 
corresponding to the minimum frequency . 
(eq. 2.20) and V, the angle of inclination of 
the isentropes. As shown in the text, 
V = ~m + 1t/2. 
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is N2 

9 - - 0 (1 + tan V tan eI») ltJ 
g(jj 

(3.23 ) 

(3.24) 

a - -2:.. (fl tanel» + u ) ltJ - - i f(.!l. tanel» + f, cot v) (3.25) 
c.> Z (jj f Rl. 

3.3 Energy Flow 

Under the assumption that the mean flow is slowly varying 

in space, the velocity of energy transport is given by the 

- -group velocity Cg , where Cg is· the gradient of w in wavenumber 

space (Lighthill, 1978). By Eq. (3.20), w depends only on the 

wave-vector angle ¢, so 

.. 1 oc.> ~ 
C - --'PI 

g X Oct» 

where It = (12 + m2) 1/2 and ~ is the unit vector in the direction 

-of increasing ¢. This expresses the well-known fact that Cg 

is perpendicular to the wave vector; hence, energy flows along 

the phase planes. From (3.20), 

.. Asin [2 (eI» - eI» m)] ~ 
C - 'P g xc.> 

(3.26) 

-We immediately note that Cg is parallel or anti-parallel 

to ~ depending on whether the sign of sin [2 (¢ - ¢m)] is 

-positive or negative. Thus, Cg is parallel to ~ if 



or 

-
31t 

4>m + 1t < 4> < 4>m + 2' 

while Cg is antiparallel to ~ if 

or 
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-Figure 3.3 shows the relationship between ~ and Cg for 

four wave vectors. Note that, for cases 1) and 3), the 

vertical sense of the phase and energy propagation is 

opposite; i.e., upward phase propagation is associated with 

downward energy propagation and vice versa. This is the usual 

result for inertia-gravity waves in a horizontally stratified 

fluid (Lighthill, 1978). For cases 2) and 4), however, upward 

(downward) phase propagation is associated with upward 

(downward) energy propagation. The reason for this is made 

clear if we express the energy flux in terms of velocity and 

pressure perturbations. As shown by Lighthill (1978), the 

energy flux is given by the vector 

:f. (P'V', P'W') , 

where the bar indicates averaging over a wave period. The 
... .. .. .. 

relationship between I and Cg is I = ECg , where E is the wave-

energy density (Lighthill, 1978: p.313). If, in eqs. (3.22), 

(3.23) and (3.24) we assume ~ is real, then 
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~m < ~ < 0; the phase velocity is downward and 
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case 3, ~m +n/2 < ~ < n/2; the phase velocity 
is upward and the group velocity is downward. 
In case 4, where n/2 < ~ < ~m + n, both the 
phase and group velocities are upward. 



Therefore, 

wi - ~cos (ly + mz - <.) t) 

pI - p~~~ sin [2 (4)> - 4» 1II) ] cos (ly + mz - Ca) t) 

vi - - (tan~) ~cos (ly + mz - Ca)t) • 

f-
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(3.27) 

The change in the sign of the proportionality factor 

relating Cg and ¢ is therefore due to the change in the sign - -of p' as ~ passes through ~m. When ~ = ~m' Cg and I vanish. 

since ~m + 1r/2 ~ l/J, this means that there is no energy 

propagation along isentropes. 

3.4 Physical Interpretation of Dispersion and Polarization 

Relations: Special cases 

In the next two sections, the physical meaning of the 

dispersion and polarization relations is discussed. Before 

attempting a general analysis, it is instructive to first 

examine some special cases. 

3.4.1 special Case: N ~ 0, U = 0, f = o. 
The first case to be studied is the simplest: f = 0, U = 

0, and N = constant. Then (3.14) reduces to 

a well-known formula (e.g., Lighthill, 1978). 

coordinates, (3.28) becomes 

<.) - Ncos4» . 

(3.28) 

In polar 
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The maximum frequency, N, occurs for ~ = 0, which means that 

the fluid particles are oscillating vertically. Oblique 

oscillations have a lower frequency, and there are no purely 

horizontal oscillations. The physical basis for this is 

discussed below - the discussion closely follows that of Gill 

(1982, sec. 6.5). 

First, we note that ~m = -~/2 for this case; this follows 

from (3. 21a) and (3. 21b) with f = f1 = U = 0 since these 

equalities imply that cos =-1 and sin = o. 
substituting this value of ~m into (3.22) - (3.24), we obtain 

~ 2PoA..... ."\ PoN2 
."\ 

I:" - - s~n'l' w - -~- w 
K~ K~ 

e __ i6oN 2 ~ 

g~ 

~ - -tancl> ~ 

(With U and ~ both equal to zero, (3.25) shows that u = 0.) 

Again, we assume that w is real so that 

wi - ~cos (ly + mz -C&> t) 

vi - -tancl>~cos (ly + mz -c&>t) 

pi __ PON2 sin (ly + mz -c&>t) 
KC&> 

6 N2 
6 - - 0 ~sin (ly + mz -~ t) 

gC&> 

The phase relationships among these variables, as well as 

the forces acting on a parcel, are shown in Fig. 3.4 for a 

case in which -~/2 < ~ < 0; i.e., phase propagation is to the 
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right and downward. Phase planes are shown for the values 0, 

1(/2 and 'II' of the phase, ly + mz + wt. Since the phase 

increas'es in the direction of the wave vector (l, m), the phase 

relationships are as shown. 

NOw, consider a fluid parcel at point A. According to 

the figure, the parcel is motionless and at the bottom of its 

oscillation cycle (it has just finished moving downward). The 

-pressure force P is perpendicular to the phase plane, as 

indicated. The parcel is buoyant (0' > 0), so the buoyancy 

- -force B is directed upward. The component of B perpendicular 

-to the phase plane balances P, so that the resultant force 

lies in the plane: this is necessary for the particle motions 

to remain in the phase plane. The resultant force is the 

-component of B parallel to the phase plane. It has magnitude 

IBlcos4> - ~cos4> 60 

and is directed upward, making ita restoring force, as 

required for a stable wave motion. 

Now, let s indicate displacement of the parcel from its 

equilibrium position. The vertical displacement is then 

Thus, 

BCOSeI> - f'lldt - - = sin(ly + mz - 6>t) - -¢6/, 

e N2 
8' - ---2.- B cos4>, g 
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making the restoring force -N2 (cos2 4')s, which implies that the 

frequency of the oscillations is N cos 4', as stated. 

From the general results proved earlier, energy flows 

upward and toward the right in this case, since pi is 

positively correlated with both v' and w'. This can be seen 

explicitly by substituting 4'111 = -'/(/2 into Eg. (3.26), with the 

result 

c - Asin2e1> cP - Asin2e1> (-sinel>, eosel» . 
g X6) K6) 

In the special case of vertical oscillations ( 4' = 0), p' 

-and hence cs ' is zero. This must be the case since the phase 

planes are vertical. A non-zero pressure force would be 

directed horizontally and could not be balanced by a portion 

of the buoyancy force, which is purely vertical; the resultant 

force would therefore not lie in a vertical plane, thus making 

sustained vertical oscillations impossible. (This explains 

the success of the textbook derivation of N (e.g., Holton, 

1972, p. 168), in which it is assumed that the pressure 

perturbation is zero.) 

3.4.2. Special Case: N = O. U = O. f ~ o. 

In this case, buoyancy is absent, so that only the 

pressure and Coriolis forces can combine to create the 

restoring force. Equation (3.19) becomes 

6) - fsinel>. 



FIGURE 3.4 
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Phase relationships among v',w',e',p' for the 
case f == 0, U == O. "Phase" is the value of 
ly + mz + rot. Arrows on phase lines indicate 
direction of motion of fluid particles. Maxima' 
and minima of p' are indicated by H and ~, 
~esp. "Warm" indicates a maximum of e'. P and 
B are the pressure-gradient and buoyancy 
forces, respectively. 
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The maximum frequency is now f, occurring for horizontal 

oscillations. The polarization relations become 

-() - -tan~~ 

a __ itant f ~ 
Ca) 

:P- pof2sin~~ 
Xc.) 

So, proceeding as before, 

wi - ~cos (ly + mz - c...lt) 

vi - -tan4> ~cos (ly + mz -c...l t) 

u
' 

- ftan!~coS(lY + mz - Ca)t) 
Ca) 

pI _ p f2sin~ 
o ~cos (ly + mz - Ca) t) 

ICc...l 

(3.29) 

(3.30) 

(3.31) 

The phase relationships and forces are shown in Fig. 3.5, 

again for the case -"/2 < ~ <0. The dashed phase plane now 

indicates a minimum in u': i.e., a fluid particle located at 

point A is moving into the page with maximum speed. In this 

-case, the pressure force P is canceled by the component of the 

Coriolis force which is perpendicular to the phase plane. The 

magni tude of the resultant force is -fu' sin ~ (which is 

positive since u' is negative at A). If s is the projection 

onto the y-z plane of the displacement along a phase plane, 

then s ~in ~ is the projection of the horizontal displacement. 

Now, according to equation (3.3) (with U = 0) au'/at = fv'; 
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thus, u l = fs sin~. (Since VI = as/at sin ~.) The resultant 

force is, therefore, -f2sin2~ s, which makes the frequency 

fsin ~. 

(In the case of horizontal motion, i.e., ~ = ± ~/2 and 

WI =0, it is necessary to write the wave fields in terms of ~: 

v' - -Qcos (mz - ft) 

u' - -~sin (mz - ft) 
pI _ o. 

These are inertia circles, with a sinusoidal vertical 

structure. ) 

Figure 3.5 shows that pI is now negatively correlated 

wi th v I and WI; hence, the flow of energy is downward. 

Analytically, from egs. (3.29), (3.30) and (3.32), 

(pIVI,pIW/ ) - po~2Sin4> ~2 (1, -tan4» . 
ICc..> 

which is downward and to the left since -"/2 < ~ <0. 

Thus, energy travels in the opposite sense (relative to 

the direction of phase propagation) for pure inertia (N = 0) 

and pure buoyancy waves (f = 0). 

3.4.3. ____ ~S~p~e~c~i~a~l~C~a~s~e~:~N~~~0~,~U~= __ ~0~,~f~~~O~. 

NOw, buoyancy and rotation are combined, but the fluid is 

still horizontally stratified. The frequency is given by 

tl)2 - f2 sin24> + N2cos24> . 

The polarization equations become 

(3.33) 



FIGURE 3.5 
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----v 

(I,m) 

Same as for Fig. 3.4, but for the case N = 0,· 
f ¢ 0, U = 0. "Away" indicat~s a maximum of u' 
(air moving into the page.) C is the Coriolis 
force. 



~ - -taneJ> ~ 

a - -.1. taneJ> ~ 
6) 
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(3.34) 

(3.35) 

(3.36) 

Note that P,g ,~ and v are related in the same way as in case 

1 (f=O) , and u' and w' are related as in case 2 (N=O). The 

only difference is the sUbstitution of N2 - f2 for N2 in the 

equation for Q. Thus, if f < N (which is usually the case), 

the phases are related as in Fig. 3.6. 

-In this case, the component of B perpendicular to the 

phase plane must balance both the pressure force and the 

-normal component of the Coriolis force C. (Note the reversal 

- -from the previous case of the relationship between C and P.) 

The resultant force along the phase plane is the sum of the 

forces in cases 1 and 2. The magnitude of this force is 

so that 

Energy is propagated in the same sense (relative to phase 

velocity) as in the no-rotation case: the only difference is 

that, for a given N, ¢ and ~, the vertical component of the 

energy flux is slightly reduced (because of the f2 term in 

(3.33» • 
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If f > N, the situation is the same as case 2, with the 

addition of a very small buoyancy force. 

In the case f = N, there is no pressure perturbation, and 

therefore no energy flux. The phase relationships are those -in Fig. 3. 6 wi thout the pressure force vector and wi th B 

- -shortened so that the normal components of Band C cancel. 

3.5 Physical Interpretation of Dispersion and Polarization 

Relations: General case 

We now proceed to analyze the general dispersion relation 

(Eq. 3.20) with the single simplification that Uy = 0, so that 

~ = f. The dispersion relation is 

(&)2 _ ~ (N2 + f2) - Acos [2 (~ - ~m)] 

where 

The polarization relations are 

PoAk) ~ sin [2 (~ - ~m)] 
X(&) cos 

i8 N2 
9 - - 0 [1 + tan V tan ~] k) g(&) 

-Q - -tan~ k) 

a - - i: (tan~ + ;i cot V) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

The influence of the horizontal temperature gradient appears 

in the form of non-zero values of ~m in (38), ~ in (39) and 

cot ~/Ri in (3.41). 



FIGURE 3.6 
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~-w--y 

(I,m) 

Same as Fig. 3.4, but for the case N ~ 0, 
f ~ 0, U = 0 wi th f < N. lFor f > N, 
interchange Hand L and reverse P. 
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Using the approximation ~ ~ ~m + w/2, (39) becomes 

e - - 0 1 - tan ~ _ - 0 [tan4> - tan4> ] ~. iBN2[ 4>] iBN2 
goo tan 4> lD gooltan4> ml m 

(using the fact that tan ~m < 0 in the second equality), and 

(3.41) becomes 

" i f~ ( .... 1 .... ) . f~ u - --- tan't' --. tan't' - --~- (tan~ - tan~ ) 
00 R~ m 00 u 

where 

Again assuming w to be real, 

and 

wi - ~cos (ly + mz -00 t) 

u' - ..!... (tan~ - tan~u) sin(ly + mz -6>t) • 
CI) 

(3.42 ) 

(3.43) 

(3.44 ) 

Thus, p and ~ change sign at ~ = ~m and Q changes sign at 

~ = ~u. For Ri > 1 (symmetric stability), , 

(Fig. 3.7) 

, This is for the case Uy = 0 (IT = f); the more general 
condition for symmetric stabili~y is Ri > f/lT. 
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If Uz = 0 (Ri = co), then t/Ju = 0 = .p, and (3.42) - (3.44) reduce 

to case 3 of the previous section (wi th the quanti ty in 

brackets in (3.43) .reducing to 1 in that case). In the case 

of marginal symmetric instability, Ri = 1 and t/Ju = t/Jm• For the 

case of symmetric instability, Ri < 1 and -"/2 < t/Ju < t/Jm• 

(Table 3.1 shows how t/Ju and t/Jm compare for various values of 

Ri and for t/Jm = .01 - ~/2.) 

For the stable case (Ri > 1) there are thus three cases 

to be examined: ( 1) t/Ju < t/J < 0, (2) t/Jm < t/J < t/Ju and 

( 3 ) -'Ir 12 < t/J < ¢m. 

The phase relationships for case (1) are shown in Fig. 

3.8. Note that the direction of the Coriolis force is the 

reverse of what it would be in a horizontally stratified 

-atmosphere. (Fig. 3.5) Thus, c is a destabilizing force in 

this case, since it is directed away from the equilibrium 

position. The motion is still oscillatory because the 

-component of B parallel to the phase plane is larger than the 

-corresponding component of C. The positive correlation of p' 

and w' show that energy is propagated upward, as would be the 

case for a stratified fluid. 

The phase relationships for case (2) are shown in Fig. 

3.9. The signs of all the wave variables are the same as for 

case (2), with the exception of u' (Eq. (3.44». Thus, the 

coriolis force has its "normal" role, that of a restoring 
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force, acting in concert with the buoyancy force to increase 

the frequency. The sense of energy propagation is the same as 

the previous case. 

For case (3), Fig. (3.10) shows that the pressure and 

potential temperature perturbations have changed sign from the 

previous two cases. The buoyancy force is now directed 

downward, making it a destabilizing factor in this case. Only 

the Coriolis force prevents instability from occuring. More 

importantly for the purposes of this paper is the fact that 

the flow of energy is now downward, as is the phase velocity. 

This is simply a restatement of the result obtained earlier 

using a group velocity argument. (Eq. (3.26». 

3.6 The Role of Uy 

In the preceding analysis, the role of the horizontal 

shear, Uy , has been neglected. A non-zero value of Uy means, 

of course that ~ ~ f. A perusal of Eqs. (3.20) and (3.21) 

reveals that this factor shows up in four places: the 

amplitude A, the angles ~m and ~u' and the term (N2 + ~)/2. 

The effect should normally be small since try and fare 

normally of the same order of magnitude and much smaller than 

N. Even in strong frontal zones, where the cyclonic shear can 

be an order of magnitude greater that f (Sanders, '1955), there 

is little effect on the value of the frequency, since the 

product ~ is still about three orders of magnitude less than 
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N2 • (E.g., take N = .01 s·', f= 10.4 and If = 10.3.) Thus, the 

values of the minimum frequency and the angle at which it 

occurs are essentially unchanged. 

For ~u' however, a non-zero value of Uy can be 

. significant. 

becomes 

With horizontal shear, the definition of tPu 

~u - tan-
1

( ;r~i tan4>lII) 

Increasing If by a factor of 10 can produce a significant 

change in tPu for small values of the Richardson number. As an 

example, suppose Ri = 1, the condition for marginal symmetric 

instability if Uy = O. If the frontal slope is .01, then tPm 

= -"/2 + .01 (-89.4°). If ~ = 10f (cyclonic shear), then tPu 

= -84.3 0. Since this is greater than ~m' the arguments 

presented in the previous section show that the flow is 

symmetrically stable. On the other hand if ~ = f/2, tPu = -

89.7°, which is smaller that ~m' indicating symmetric 

instability. These results are in accord with the general 

condition for the onset of symmetric instability: Ri < f/lf: 

i. e., cyclonic shear (If > f) is a stabilizing influence since 

it reduces the critical Richardson number (Ric), while 

anticyclonic shear (fT < f) reduces the stability since it 

increases Ric' 
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TABLE 3.1 Variation with Richardson number (Ri) of the angle 
~u, with ~m - n/2 -.01. (See sec. 3.5 for 
definitions. ) 

Ri ~u (degrees) 

.5 -89.7 

1 -89.4 

10 -84.9 

50 -63.4 

100 -45.0 

200 -26.6 

300 -18.4 

400 -14.0 

500 -11.3 

1000 - 5.7 



z 

isentrope 

----------------~~~~------------------.. y 

FIGURE 3.7 Relationship among angles V, ~m and ~u for 
Ri > O. (See text for definitions.) 
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FIGURE 3.8 

S4 

phase plane 

H 

<Pu<c.p<o 

r---r--y 

(I,m) 

Phase relationships among wave variables for 
ct>u < ct> < o. 
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CPm H 

----v 

(I,m) 

FIGURE 3.9 Same as Fig. 3.8, but for ~m < ~ < ~u. 
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~==::::::::~~~~~~7=::::::~-Phase plane 

CjOm H 

t--,--- Y 

(I,m) 

FIGURE 3.10 Same as Fig. 3.9, but for ~ < ~m. 
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CHAPTER 4 

REPLECTION PROM A HORIZONTAL BOUNDARY 

In this section, the reflection of internal waves from a 

horizontal surface will be investigated. It will be shown 

that the presence of a horizontal temperature gradient has a 

considerable effect on the reflecti ve properties of low

frequency waves. (A rotation of coordinates shows that the 

results of the analysis are also true for reflection from 

sloped surfaces in a horizontally stratified fluid; what is 

important is the existence of a temperature gradient along the 

surface. ) 

The first step in the analysis is to express each 

variable as the sum of an incident and a reflected wave; i.e., 

W - Wj + wr ' 

V - Vj + vr ' etc. , 
(4.1) 

where 

Wj - ~jexp (ljY + mjz -Ca) jt), 

wr - ~rexp (lrY + mrz -Ca) rt) , etc. 
(4.2) 

In polar coordinates, this becomes 

(4.3) 

The boundary condition to be satisfied is 

W(y,O,t) - 0 for all y, t. (4.4) 



Clearly, this can be true only if 

and 

~r - - ~i • 
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(4.5) 

(4.6) 

(4.7) 

The determination of the relationship between ~r and ~j 

is best done graphically. As shown in the previous section, 

rays of the same frequency are symmetric about the 

isentropes. 1 This, along with the fact that incident 

(reflected) rays transport energy toward (away from) the 

surface fixes the geometric relationship between them. This 

relationship is displayed in Fig. (4.1) for two different 

cases. In case (i), the angle ~f' between the incident ray 

and the horizontal is between ~ (the inclination angle of the 

isentropes) and 2~; the angle between the reflected ray and 

the horizontal (¢r') is therefore between 0 and ~, as shown. 

(If 0 < ¢j' < ~, the incoming and outgoing rays are reversed.) 

This is a very unusual configuration, violating in the extreme 

the familiar rule from optics that the "angle of incidence" 

(the angle between the incoming ray and the normal to the 

surface) equals the " angle of reflection. It In fact, both 

rays are on the same side of the normal in this case! As can 

1 This follows from eq. (2.26). 



be seen from the figure, 

.l".-"!' . 2 

which implies, using ~m = ~ - "/2 that 

• r - 2. m - • i (modulo 21t) 
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(4.8) 

(4.9) 

(4.10) 

If ¢r' > 2~, the reflection has a more normal appearance 

as shown in part (ii) of Fig. 4.1; in this case, the incident 

and reflected rays are on opposite sides of the normal to the 

surface. Again, simple geometry shows that 

Thus, 

In both cases, 

• / - 2", - .l + 1t 

./- cl>i - ..!. 2 

cI> r - 2c1> m - cI> i + 1t (modulo 21t) • 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15 ) 

Equations (4.10) and (4.14) can be used in conjunction 

with the polarization relations derived in the previous 

chapter to determine the relationships between the properties 

of the incident and reflected waves. Thus, 

tancl> r 

tan.i 
tan(2.m -. i ) 

tan.i 
(4.16) 
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Relationship among angles for a) 0 < ~i' < ~ 
and b) 2~ < ~i' < 7t. 



Then, from Eg. (3.30), 

and, from Eg. (2.28), 

~r tan~r 
~J. - tan~ i -- tan~l 

tan~/ 

Pr sin2 (~r - ~m) 
Pi - sin2 (~i - ~m) - 1. 
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(4.17) 

(4.18) 

We thus note the remarkable fact that ~r = ~ and mr = ~ 

for ¢r' = 0 or TTi i.e., the amplitude of the horizontal 

velocity and the vertical wavenumber becomes infinite in the 

case in which the reflected rays just graze the surface, which 

occurs when the incident ray has an inclination angle of 2~. 

For values of ¢i' other than 2~ the vertical velocity is 

given by 

w - ~i [cos (ly + miz - Ca>t) - cos (ly + mrz -Ca>t)] • (4.19) 

The streamfunction ~ e J w dy is therefore given by: 

11' - ~i [sin (ly + mi Z - Ca> t) - sin (ly + mrz -Ca> t) ] 

In the more usual examples of wave reflection (e.g. , optics), 

mr =- mi and (4.20) would describe a standing wave in Z i i. e. , 

the nodal surfaces would be horizontal and separated by a 

distance TT/mil and the lines of constant phase would be 
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vertical. In this case the nodal surfaces are still vertical, 

but with a separation distance of "11m, - mrl and the phase 

lines have slope 21/(mi + mr). A typical pattern is shown in 

figure 4.2. As t/)j' approaches 2..p, the cells become ever 

flatter and the phase lines ever more horizontal until, in the 

limit, the nodes and phase lines coalesce. Since 

v = a~/az, this means that v must approach infinity. 

This result has a straightforward interpretation in terms 

of energy flow. Since the energy flux is parallel to the 

phase planes, wave energy cannot cross them. Thus, the region 

bounded by, say, two consecutive wave crests may be thought of 

as an "energy channel." At the boundary, the wave crests of 

the incident and reflected waves coincide (Fig. 4.3), which 

means that the energy in the incident channel is, after 

reflection confined between consecutive wave crests of the 

reflected wave. If a steady state is to be maintained, energy 

must be carried away from the boundary at the same rate that 

it is delivered to the surface. In the case illustrated, in 

which t/)j' is close to 2..p, the wavelength of the reflected wave 

is much smaller than that of the incident wave. This means 

that the energy flux must increase proportionately, i.e., 

(4.21) 

where ~f and ~r are the wavelengths of the incident and 

reflected waves, respectively. Since the amplitude of the 

pressure perturbation is unchanged upon reflection 
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(Eq. (4. 19) ), 'this increase can only be achieved by an 

increase in the velocity perturbation; i.e., 

. ( "'r2 + iI/ )1/2 _ l. i (4.22) 
"'i + iii l. r I 

According to Eq. (4.7) and the facts that ~ = -~ cot ~ and 

m = I tan ~, this implies that 

sec~r 
sec~ i I 

which is equivalent to the first line of Eq. (4.17). As the 

inclination angle of the incident wave approaches 2l/J, the 

wavelength of the reflected wave approaches zero which, in 

turn, forces the velocity to approach infinity. It is as 

though a stream were being forced to flow through an 

infinitely narrow canyon. 

Clearly, the prediction of infinite velocities (or even 

large finite velocities, for that matter) violates the small 

amplitude assumption used in the derivation of the linearized 

equations (2.5) - (2.9). Apparently, then, it is necessary 

to solve the full nonlinear equations in order to adequately 

describe what happens. The implication is that the flow is 

not steady , but must evolve with time. 

Another remar~ble aspect of the preceding analysis is 

that waves with nearly equal angles of incidence can be 

reflected in opposite directions; i.e., as shown in Fig. 4.1, 



FIGURE 4.2 
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"Standing-wave" pattern of streamfunction as 
result of reflection with a horizontal surface. 



FIGURE 4.3 
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A 
r 

Incident and reflected rays showing change 
in wavelength upon reflection. (Ai and Ar are 
the incident and reflected wavelengths, resp.) 
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an incoming ray is reflected to the right if ~i I is slightly 

less than 2~ and to the left if ~il is slightly greater than 

2~. This raises the possibility of interference between 

reflected rays if the source is not monochromatic. 

These results may help provide an explanation of the 

structures underneath the surface front which were identified 

in GWC88 as standing waves. In that paper, it was 

hypothesized that the frontal surface was a reflector and that 

the standing waves were the result of multiple reflections 

between the front and the ground. The reason why the front 

should be a reflecting surface was somewhat vague, however. 

The results of this chapter suggest, however, that such 

multiple reflections may not be necessary to explain the 

buildup of energy under the front. It may simply be that the 

process of frontogenesis produces gravity waves which impinge 

upon the surface at the critical angle (equal to twice the 

frontal slope), thus producing a reflected wave of large 

amplitude. Evidence for this point of view may be found from 

the resemblance of the theoretical standing-wave pattern shown 

in Fig. 4.2 with the structures displayed in Fig. 2.5. (In 

particular, note the sloping phase lines in each.) In 

addition, the reflected waves have the possibility of 

interfering with one another, because of the fact that waves 

with frequencies on either side of the critical frequency 

reflect in opposite directions. such interference might also 
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be responsible for the observed patterns. 

At this point, these conclusions are, speculative. Since 

the theory upon which they are based indicates a breakdown in 

linear theory, it is clearly necessary to explore the problem 

using the nonlinear equations of motion. A brief discussion 

of further research along these lines is given in chapter 7. 
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CHAPTER 5 

RAY TRACING 

5.1 Basic Theory 

In the next chapter, we shall finally come to the central 

purpose of this paper: to attempt to explain the distribution 

of the waves produced by the frontal simulations described 

earlier. Specifically, what is desired is an explanation of 

the lack of waves in the center of the model domain. The 

technique of ray tracing, familiar in optics, is well suited 

to explore such questions. Before presenting the 

calculations, a brief summary of the general theory will be 

given. Readers interested in more details may consult, for 

example, the excellent book by Lighthill(1978). 

The fundamental assumption behind ray tracing theory is 

that the fluid properties which determine the frequency of a 

wave vary sufficiently slowly (on the scale of a wavelength) 

that, locally, the wave effectively "sees" a homogeneous' 

fluid. (As mentioned in ch. 3, this assumption will be 

verified in ch. 6 for the computations presented therein.) If 

this is the case, the same dispersion relation which is 

appropriate for a homogeneous fluid is also approximately true 

for an inhomogeneous one. In the latter case, the local 

, In this context, "homogeneous" means that the fluid 
properties that determine the wave frequency do not vary 
spatially. Of course, in the case of internal waves, the 
density must vary with height. 
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values of the relevant fluid properties are used at each 

point, making the dispersion relation a function of both the 

wavevector k and the position vector x. Thus, for example, if 

the Brunt-Vaisa1a frequency is a slowly varying function of z, 

the dispersion relation for gravity waves in a stratified , 

non-rotating fluid would be 

Ca> -

The point is that although the variation of fluid properties 

is negligible on the scale of a wavelength, there is variation 

over larger scales. 

-The group velocity, Co' is defined as the gradient of 

the dispersion relation re1ati ve to wavenumber, wi th the 

position vector held fixed: 

- a6.> c -
g ax (5.1) 

- -Thus, Co is also a function of both k and x. The group 

velocity represents the local energy velocity relative to the 

fluid (i.e., in a frame moving locally with the mean flow) in 

the sense that the wave-energy flux (again, relative to the 

-flow) is given by ECo where E is the wave-energy density. If 

-a mean flow, V, is present, the energy velocity and flux .... ..... 
relative to a fixed reference frame are Cg + V and E(Cg + V), 

respectively. 

If the mean flow is zero, there are no sources or sinks 
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of wave energy2 ; thus , the energy satisfies a conservation 

law: 

(5.2) 

which may also be written as 

(5.3) 

The left-hand side of (5.3) represents the rate of change of 

E along trajectories satisfying the differential equations 

(5.4) 

These curves are known as rays. Equation (5.3) is equivalent 

to the statement that energy is conserved along a ray. The 

energy density, however increases or decreases according to 

-whether the group velocity Cg is convergent or divergent. 

Since Cg is a function of k as well as x, (5.4) is not a 

complete system; equations representing the rate of change of 

-k along a ray must also be included. These equations, which 

describe the refraction of wave energy are given by 

ci£ aU) 
dt - - ax ' (5.5) 

2 This assumes that the fluid is inviscid. This 
assumption is implicit in the theory presented in this paper. 
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where 8w/8X denotes the gradient of w with respect to the 

spatial variables, the wavevector being held fixed. (Compare 

Eq. (5.1». Eqs. (5.4) and (5.5) together form a complete set 

of ordinary differential equations (six equations in six 

unknowns in three dimensions; four equations in four unknowns 

in two dimensions) which can be integrated once initial values 

-for k and x have been chosen. 

-If a nonuniform (sheared) mean flow V is present in the 

-fluid, the theory becomes somewhat more complicated. (If V is 

uniform, a Galilean transformation reduces the problem to the 

zero-mean-motion case.) For one thing, there are now two 

different frequencies to contend with: the absolute frequency 

w , which is the frequency which would be measured by a fixed 

observer, and the relative frequency wr , which is the 

frequency which would be measured by an observer moving 

locally with the mean flow. (Hence, the adjective "relative": 

Wr is the frequency relative to the flow.) 

related by the Doppler formula: 

The two are 

(5.6) 

The assumption of slow variation of fluid properties is 

also applied to the mean flow; hence, wr is given by the same 

dispersion relation which was derived for a fluid at rest. 

(Going back to our simple gravity wave example, if V = (V,W) , 

then 



72 

Ca) -

The ray equations in a fluid with a mean flow are thus 

modified to 

and 

dX _ c + V 
dt g 

where, now, w is the absolute frequency. 

(5.7) 

(5.8) 

Thus (5.8) now 

includes refractive effects due to wind shear. In addition, 

the operator d/dt, expressing variation along a ray, becomes 

...E.. • ...E-. + (c + V)·V . dt at g 
(5.9) 

To compute the variation of wave energy density along a 

- - -ray, it is not sufficient to simply replace Cg by Cg + V in 

( 5. 2) and (5. 3). This is due to the fact there is an exchange 

of energy between the waves and the mean flow via the Reynolds 

stresses. (Longuet-Higgins, 1962; Lighthill,1978). A 

generalization of (5.2) and (5.3) which takes this into 

account is the law of conservation of "wave action" formulated 

by Bretherton and Garrett (1969): 

(5.10 ) 

or 

dA --- - -A(C + V) dt g • (5.11) 
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The quantity A, called the wave-action density is defined as 

E A- - • 
6)r 

(5.12) 

If (5.11) is expressed in terms of E, the resulting 

equation is 

dE _ _ EV • (c + v) + E dCJ> r 
dt f1 6)r dt (5.13) 

Comparing (5.13) to (5.3), it is clear that the second term on 

the right in (5.13) represents a source or sink of wave 

energy. All of the information about the exchange of energy 

between the waves and the mean flow is thus contained in this 

term. If the relative frequency increases (decreases) along 

a ray, energy is being transferred to (away from) the waves 

from (to) the mean flow. 

To show how the variation of "'r relates to the more 

familiar concept of Reynolds stresses, a simple example will 

be presented. The treatment essentially follows Bretherton 

(1966). The example is that of a unidirectional shear flow in 

a stratified fluid with a constant Brunt-Vaisala frequency; 

-i.e., V = (V(z),O) and N=constant. (Two-dimensionality is 

understood.) Thus, 

(5.14) 

Next, we need the fact that 

(5.15) 
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(Lighthill,1978). [This follows easily from equations (5.1), 

(5.4) and (5.5) and the chain rule for the differentiation of 

a composite function: 

dCJ> _ aCJ> dX + aCJ> dX 
dt ax dt ax dt 

_ _ aCJ> aCJ> + aCJ> aCJ> 
ax ax ax ax 

- o. ] 

Combining (5.14) and (5.15) yields 

dCJ> r _ _ d1 iT -1 dV 
dt dt dt 

But, according to (5.8), 

Thus, 

d1 aCJ> 
dt - - ay - o. 

dCJ> r _ -1 aV dz _ -1 aV w 
---cit az dt dz g , 

-where Wg is the vertical component of Cg • 

According to Eq. (3.33), 

p1w 
W - , g E 

so (5.17) becomes 

(5.16) 

(5.17) 

(5.18) 
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Now, the horizontal component of the linearized momentum 

equation is 

p( 8v' + V 8v') __ 8pl . 
dt 8y 8y 

(5.19) 

Assuming a sinusoidal variation for p' and v', (5.19) implies 

that (5.20) 

Finally, sUbstitution of (5.20) into (5.18) shows that 

...K. dfA) r __ p V'W' 8V 
fA) r dt 8z 

(5.21) 

The right-hand side of (5.21) is the usual expression for 

Reynolds stress work familiar, for example, from the theory of 

turbulence. 

For the frontal problem, in which there is both 

horizontal and vertical shear (as well as a mean vertical 

flow), the generalization of (5.17) is 

dfA) r _ -1 av W _ (1 8v V + m 8ii W ) 
CIt az g 8y g 8z g 

(5.22) 

(Some very small terms, such as -IVg8W/8y , have been 

neglected.) The bracketed terms represent the Reynolds stress 

work associated with the horizontal shear of V (-lVg8V/8y) 

and the vertical shear of W (-mWg8W/8Z). Of these two, the 

first is the more important, although the second can make a 

non-negligible contribution when m is much larger than I (as 
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Returning now to the general theory, we confront the 

. problem of determining the variation of E along a ray, i.e., 

the integration of (5.11) or (5.13). If Eq. (5.11) could be 

integrated to find A, then E(t) could be obtained easily using 

(5.12), since all the information necessary to evaluate w 

-(e.g., k(t» would be available from the solution of the ray 

equations. This would be feasible if the values of Ve(Cg+V) 

along the ray were known: The solution would simply be 

t 

A(t) - A(to)exp [- fV.(Cg + V)dtl 
to 

-Unfortunately, the evaluation of the divergence of Cg 

requires knowledge of its values at points adjacent to the 

ray. The futility of attempting to integrate (5.13) using 

only knowledge along a single ray is demonstrated by two 

simple examples involving the propagation of light (in which 

case (5.13) reverts to (5.3». If the light source is a 

-point, then Cg = cf where c is the speed of light and f is 

-the radial unit vector. Thus, VeCg = -2c/r. Since dr/dt=c, 

(5.3) becomes dE/dr=-2/r, with the well-known solution 

On the other hand, in the case of a 

searchlight, or a laser beam, the rays are parallel, so that 
-VeCg = 0, and E is constant along a ray. Of ·course, the 

difference between these two examples is only a matter of 

degree; the searchlight and laser beams also diverge, but much 
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more slowly. The point is that this information is not 

contained in the information along a single ray. 

Thus, in order to integrate (5.11) or (5.13), it would be 

necessary, in general to launch several (at least) adjacent 

-rays so that the spatial variation of Cg could be determin~d. 

Clearly, such a procedure would be very tedious, especially in 

numerical computations in which a grid is used, with its 

attendant problems of interpolation, etc. 

If the energy distribution is approximately steady, 

however, then (5.10) can be written as 

(5.23) 

If this equation is integrated over a ray tube, the result (in 

two dimensions) is 

(5.24) 

where II D denotes the magnitude of a vector, and L is the 

distance across the tube. The subscripts 1 and 2 refer to 

values at the downstream and upstream end of ray-tube section. 

(Fig. 5.1) 

Rewriting (5.23) as 

(5.25) 



.. -- ... 

78 

it can be seen that the variation of energy is due to three 

factors: 

(i): the spreading (Lz>L,) or contraction (L2<L,) of the 

ray tube, 

(ii): the increase or decrease of the energy speed along 

a ray, and 

(iii): a decrease or increase of the relative frequency. 

(In each case, the first alternative would lead to a decrease 

in E (E2<E,) and the second to an increase (E,<E2).) Whether 

E increases or decreases depends, of course, on the relative 

magnitude of these effects. This kind of analysis will be 

applied in chapter 6 to the waves in a frontal flow, using the 

rays produced by numerical computation. First, however, we 

present a short description of the method by which those 

computations are done. 

5.2 The Ray-Tracing Program 

The starting point is the system (5.7) and (5.8) which, 

in scalar form (and in two dimensions), may be written as 

follows: .EK. _ a(j) 
dt al 

(5.26a) 

(5.26b) 

(5.26c) 
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(5.26d) 

Equations (5.26a) and (5.26b) describe the trajectory of 

a ray, while (5.26c) and (5.26d) describe the refraction - the 

changes in wavenumber produced by the spatial variations of 

the medium. The absolute frequency is given by 

6) - ~ + 1V + mW , ( 
i11m2 + 2fU 1m + N212)1/2 - -

12 + m2 
(5.27) 

the first term being the relative frequency wr derived in Ch. 

3. (Recall that ~ = f - Uy.) After the indicated derivatives 

in Eqs. (5.24) have been performed, the following system 

results 

dl .. _ --L{ i11 ym2 + 2 fU;~ 1m + 12(N2) r} 
dt 26)r 12 + m2 

drn 
dt 

+ 1 av + maw ay ay 

_ ---L{ fij' ~m2 + 2f~1l1m + 12(N2) ~} 
2c.> r 12 + m2 

+ 1 av + maw az az 

(5.28a) 

(5.28b) 

(5.28c) 

(5.28d) 
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The form of this system of equations is 

!!J: - f 1 (y,z,1,m) (5.29a) 
dt 

dz 
- f 2 (y,z,1,m) (5.29b) 

dt 

dl 
- f3 (y, z, 1 , m) (5.29c) 

dt 

dIn 
- f4 (y, z, 1 , m) (5.29d) 

dt 

The solution is accomplished by the use of a fourth-order 

Runge-Kutta method (Lambert,197J). Initial values 

(yO,zO,lO,mo) are chosen and a sequence (y",z",l",m") is computed 

recursively from the following equations 

yn"'l _ yn + At T (Kll + 2K21 + 2K31 + K41) (JOa) 
zn"'l _ zn + At 

T(K12 + 2K22 + 2K32 + K42) (JOb) 

In'''l _ 1 n + At 
T(K13 + 2K23 + 2K33 + K43 ) (30e) 

mn"' l _ mn + At 
T(K14 + 2K23 + 2K34 + K44) (30~ 

where 

and 

for j= 1,2, J and i=l, 2, J, 4. The required spatial 

derivatives in Eqs. 26 are evaluated by finite differences on 

a rectangular grid (Yj,Zk)' where Yj=-L+(j-1.5)~y and zk = 
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(k-1.5)~z. (The indexing is chosen so as to agree with that 

used in Clark's model for the grid points at which the 

velocity component U is computed.) The length L is one-half 

of the total width of the domain, equal to 1800 km in the 

·present computation; the height of the domain is 9 km. 

After each time step, the location of the solution within 

the grid is determined, i.e., indices j and k are found so 

that Yj-1 s y" s Yj and Zk_' S z" S Zk' The tendencies fj are 

then evaluated at the grid points (Yj_"Zk_')' (YjlZk_')' (Yj_"Zk) 

and (Yj,Zk); bilinear interpolation is then used to obtain a 

value at the point (y",z"). 
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A section of a two-dimensional ray tube. Ll 
and L2 are ~he gross-sec~ion~l widths at the 
two ends; (Cq + V) 1 and (Cg + V) 2 are the 
corresponding energy velocities. 



CHAPTER 6 

APPLICATION OF RAY TRACING TO 

A SIMULATED FRONTAL FLOW 

6.1 The Hean S~a~e 
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The program described in the last section will now be 

used to trace rays in a simulated frontal environment. The 

model used in these simulations, as well as the kinds of 

results it produces, was described earlier. Due to the 

requirement that the fluid properties be slowly varying, the 

fields used in the calculations were taken from a point in the 

simulation before extreme gradients had formed. For 

reference, the model fields at the time chosen (t=1120 

minutes) are shown in Fig. 6.1. Examination of the potential 

temperature distribution (Fig. 6.1e), reveals that frontal 

zones have formed at both horizontal surfaces at a distance of 

about 300 km from the center of the model domain. The maximum 

(potential) temperature gradient, about 8° C/100km, is small 

when compared to those which develop later(e.g., at t=2040 

min, the maximum gradient is approximately 20° C/(100km), but 

is still substantial. In addition, the wind fields, (Figs. 

6 .1a) -d) ), while weaker than the circulation that subsequently 

develops, are qualitatively similar to those stronger fields. 

Thus, it is plausible that the results of this section can be 

applied, at least in a qualitative sense, to the fully 

developed fronts which develop later in the simulation. 
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FIGURE 6.1a 

Y (km) 

Along~front component of frontal flow used in 
ray-tracing calculations. 
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Same as Fig. 6.1b, but with deformation flow 
removed. 
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FIGURE 6.ld Same as Fig. 6.la, but for vertical component. 
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FIGURE 6.1e Same as Fig. 6.1a, but for potential 
temperature field. 
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Of particular importance is the y-component of velocity, 

V. In Fig. 6. 1b), the total field is shown. The most 

important feature of this figure is the fact that the zero 

contour runs from one boundary to the other, passing through 

the center of the domain. Thus, rays which enter this region 

receive little or no assistance from the mean flow; their 

propagation velocity is simply equal to the group velocity. 

In Fig. 6.1c, the deformation flow has been subtracted 

from V, revealing the horizontal component of the Sawyer

Eliassen circulation. This part of V contains all of the 

vertical shear in the y-z plane, since the deformation flow is 

independent of height. As will be shown, it is this shear 

which is largely responsible for the exchange of energy 

between the waves and the mean flow. At the abscissa of the 

two frontal zones, the shear varies from about 3ms·'/km near 

the fronts to about .5ms·' /km at the opposite boundary. At 

y=O, the average shear is about 1ms·'/km. This value will be 

used later to compare the results of a constant-shear model 

with the results for the simulated frontal flow. 

6.2 Initializing the Rays 

As shown in sec. 5b, initial values must be chosen for 

y,z,l and m. Selecting Yo and Zo is obviously no problem: A 

ray can be started from any location (although we concentrate 

on rays emanating from the vicinity of the frontal zones, of 
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course). Choosing 10 and mo, however, requires a bit more 

thought. One method of proceeding is to note that, according 

to Eg. 5.26c and the fact that the horizontal gradients are 

much smaller than the vertical ones, the change in 1 along a 

ray should be much smaller than the change in m. (This will 

be confirmed in the subsequent calculations). Thus, the 

dominant wavenumber at the source must be nearly the same as 

that observed elsewhere in the fluid. In the introduction, it 

was seen that most of the wave energy appeared to be in the 

wavelength range 50-100 km, with 60 km a typical value. Thus, 

for the subsequent calculations we use 110 1=.105 Jon-'. 
Computations with other values of 10 show that the results are 

only slightly sensitive to the choice of 1 within the 

indicated range of wavelengths. 

The choice of mo is more difficult since m varies 

substantially along rays. Rather than choosing m directly, 

therefore, we first select a value for the relative frequency 

and then use the dispersion relation to obtain mo. Thus, 

(6.1) 

(Here,w r is the initial value of the relative frequency; like 

m, it also changes substantially along a ray.) The sign is 

chosen 'so that energy propagation is in the desired direction; 

thus, for rays emanating from the bottom (top), the negative 
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(positive) sign is chosen, making lDo negative (positive)'. 

Values for the relative frequency are generally confined to 

the range f S wr S 10f, consistent with the previous 

conclusion that mainly low-frequency waves are produced. 

6.3 SolutioD of the Ray BquatioDs 

6.3.1 Effect of the Temperature Distribution Only 

In order to separate the refractive effects of the wind 

and temperature distributions, computations were first 

performed for the temperature field with no flow in the yz 

plane. This makes sense because the temperature field could 

exist without this flow. (In fact, were it not for the 

forcing action of the deformation flow, AnY temperature 

distribution with the proper U-field, computed from the 

thermal wind equation-- could exist as a steady state.) 

Fig. 6.2 shows the results of a calculation of this type. 

Thirty-six rays have been traced, eighteen each from a point 

in the vicinity of the two fronts. Nine initial values of 

relative frequency were used: wr = n x 10-4 ,n=1, ••• ,9. For 

each one of these frequencies, rays were initiated with 10= 

.105 kIn"' , corresponding to right-going (10)0) and a left-

'Rays whose trajectories (relative to the flow) are 
shallower than the isentropes are an exception to this rule, 
as discussed in ch. 2. The group velocities of these low
frequency waves are so small, however, that they are 
unimportant in the transfer of energy through the fluid. 
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o 600 1200 1800 

Y (km) 

Rays traced for a flow with cross-front and 
vertical components removed. Horizontal 
wavelength: 60 kIn. Initial relative 
frequencies: n x 10-4 S-l, n=l, ••• , 9. 
Starting positions for rays: 
(y,z)= (-300krn, .4krn), (300krn, 8.6krn). 
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Same as Fig. 6.2, but for fewer rays: Initial 
relative frequencies: 2n x 10-4 S-l, n=l ... , 5. 
Starting position: (y,z)=(-300 km, .4 km). 
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Rays traced for a a-profile 
a - ao{l + N2(z - .01y)/g}, where ao - 300 o K, 
N - .01 S-l. Horizontal wavelength: 60km. 
Initial relative frequencies: 2n x 10-4 S-l, 

n=l, ..• ,4. Starting position: (-300km, .4km). 
Numbers on rays indicate value of n. 
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going (10<0) waves of wavelength 60 km. Each ray was followed 

for 900 minutes: reflections were handled simply by changing 

the sign of m. (The reflections do not take place in regions 

of strong temperature gradient, so the more sophisticated 

treatment of ch. 4 was not needed: in any case, all that was 

desired was a qualitative result.) 

It is immediately obvious that the rays are not in any 

way being excluded from the center region. In fact, the two 

sources combine to fill this region with rays, making it 

likely that , if waves are being produced, they would most 

likely be observed there. This is, in fact, what one would 

initially suspect, and what makes the existence of the central 

wave "void" so puzzling. 

To get a better idea of what is happening to individual 

rays, a smaller number (10) were plotted for a shorter time 

period (180 minutes) from the lower source only. The initial 

relative frequencies in this case were 2n x 10-4 , n=l, ••• ,S. 

The results are shown in fig 6.3. (The label on each curve is 

the index n just defined.) 

Clearly, the rays heading to the right are moving 

slightly faster that those which are propagating to the left. 

A similar picture (not shown) emerges for rays which emanate 

from the upper source, but in that case, it is the left-going 

waves which are faster. This explains why the rays in Fig. 

6.2 have no trouble propagating into the central region. 
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The fact that the rays in Fig. 6.3 appear to be nearly 

straight suggests comparison with the rays which would be 

obtained if the temperature gradient were constant. The 

results of one such computation are shown in Fig. 6.4 for the 

profile given by 

(6.2) 

where 80 = 300 0 K and N = .01s·' , for the same "'r and 1 values 

as in Fig. 6.3. (For simplicity, the Boussinesg 

approximation is assumed.) This temperature field is 

characterized by straight-line isentropes with slope .01. The 

results are qualitatively the same as those obtained for the 

simulated front: rays heading to the right do indeed move 

faster than those which move to the left. 

To see what is behind this behavior, we take another look 

at Eg. (3.26) which shows that the magnitude of the group 

velocity is given by 

where A is a constant (for this case) , "=(l2+m2) 1/2 and is 

the polar angle of the wavevector (in wavenumber space) 

associated with the minimum frequency. Since "=Illsec·' ~, 

this may be written as 

c -g 
Aisin [2 (~ - ~ m) ] Ilcos~1 

Cl)1lI 
(6.4) 
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Since w is symmetric about~. (Eq. 3.20), rays associated 

with the two angles ~ ± A~ have the same relative frequency. 

Thus, the speed of the right-going ray is 

c - AIsin2AcIl!lcos (.... + A .... ) I 
gR 6)111 't" 11/ 't'" (6.5a) 

while the ray which propagates to the left has the speed 

c - A1sin2AcI>llcos (.... - A .... ) I 
gL (&)111 't" .III 't". (6.5b) 

The ratio of these speeds is 

(6.6) 

NOw, as shown in ch. 3, ~m "" ,,,-'If/2, where is the 

inclination angle of the isentropes; in this case, therefore, 

~.III - -n/2 + .01 

For small values of ll~, Icos(~m + llt/J) I > Icos(~m - llt/J) I; 

therefore, 

(6.7) 

(see Fig. 6.5). 

Thus, the slight asymmetry observed in figs 6.1-6.3 is 

due to the way the rays were initiated (by specifying 10); if 

instead, the wavelength ~ had been chosen, the r~sults would 

have been different. (To see this, we note that, in terms of 

~, Eq. (6.3) is 
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·Alain [2 (~-~ JII) ] IA c - ---~~...;...,,;;;;:.-...-
g 27t6) 

Now, on the basis of simple geometry 

and 

where AR and AL are the wavelengths of the left- and right-

going waves, respectively. Thus, if A had been specified 

instead of Ill, there would have been no asymmetry in the 

group velocities.) Since the asymmetry is small, however, the 

results would have been little different. Clearly, then, the 

temperature distribution does not explain the lack of wave 

activity in the center region. To explain that phenomenon, it 

is necessary to include the wind fields in the analysis. 

6.3.2 Ray Tracing in Simulated Frontal Environment 

First, the calculations which produced Fig. 6.1 were 

repeated, but with the V and W components of the wind 

included. The rays which result are displayed in Fig. 6.6. 

The difference between these two figures is quite striking: In 

the former, the eighteen rays from the two sources, having 

made repeated vertical traverses of the model domain, 

completely fill the center region; in the latter, however, 
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none of the rays propagating toward the center has even 

reached the opposite boundary. After 900 minutes, there is 

still a substantial region (about 200 Jan wide) which is 

totally devoid of rays. 

This effect is shown even more dramatically in Fig. 6.7, 

where 160 rays emanating from eight different sources are 

shown. The rays moving away from the center have practically 

filled up the diagram, producing an almost solid region; those 

propagating toward the center, on the other hand, have a much 

more rarefied aspect. 

A closer view of a smaller number of rays (compare Fig. 

6.2) is shown in Fig. 6.8. An important feature is 

immediately evident: The rays moving to the right diverge 

strongly with time, while those travelling to the left are 

only weakly divergent, and even appear to converge in the 

upper half of the domain. (The latter is confirmed by a more 

careful plot; see Fig. 6.10). In the former case, this 

contributes to the rapid decrease in energy density along 

rays; for rays which travel to the left, the weakness of the 

convergence allows another process to dominate (namely, the 

transfer of energy from the mean flow to the waves), resulting 

in a much smaller decrease in energy density. 

The results of a calculation for a single pair of waves 

are summarized in Table 6.1. In both calculations, the 

initial horizontal wavelength and relative frequency were 
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Same as Fig. 6.2, but for the mean flow shown 
Figs. 6.1 a) - e). 
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Same as Fig. 6.6, but for more starting 
positions, namely: 
(y, z)= (-200, .4), (-250, .4), (-300, .4), (-350, .4), 
(200,8.6), (250,8.6),300,8.6), (350,8.6). (All 
coordinates in km.) 
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Same as Fig. 6.6, but for fewer rays. Initial 
relative frequencies: 2n x 10-4 S-l, n=l, ... , 4. 
Starting position: (-300 km, .4 km). 
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162 -248 2.24 • 104 -3.35 .320 3.51 1.53 5.04 • 12 
180 -242 2.37 • 104 -3.47 .309 3.37 1.61 4.98 .11 
198 t -237 2.48 .105 -3.59 .300 3.24 1.69 4.93 • 10 I 
216 I -232 2.59 • 105 -3.71 .292 3.13 1.75 4.88 • 10 
234 I -227 2.70 • 106 -3.83 .284 3.02 1.81 4.83 .09 
252 -221 2.80 • 106 -3.95 .277 2.93 1.85 4.78 .09 
270 -216 2.89 • 107 -4.06 .270 2.84 1.90 4.74 .09 
288 -211 2.98 • 107 -4.18 .264 2.75 1.94 4.69 .08 
306 -206 3.07 • 108 -4.29 .259 2.67 1.97 4.64 .08 
324 -201 3.15 • 109 -4.40 .254 2.60 2.00 4.60 .07 
342 -196 3.23 • 109 -4.51 .249 2.53 2.02 4.55 .07 
360 -191 3.30 .110 -4.63 .244 2.47 2.05 4.52 .07 
378 -186 3.38 • 111 -4.74 .240 2.41 2.07 4.48 .07 
396 -182 3.45 • 111 -4.85 .236 2.35 2.08 4.43 .06 
414 -177 3.52 .112 -4.96 .232 2.29 2.10 4.39 .06 
432 -1n 3.58 .113 -5.07 .229 2.24 2.11 4.35 .06 
450 -167 3.64 .113 -5.18 ..m 2.18 2.13 4.31 .06 

.374 
(total 
change) 

• Integrated values: Colu.. I: -Clv9~/ily + rt~~9auaz); ColUtn II: SUR of previous two colutns 

/(V 2 
E 

lv
8
iN1az + 

)(107 
" 2) E 

(1-2) 
(m/s) 

5.82 -1.092 
5.68 - .636 
5.57 - .443 
5.46 - .334 
5.37 - .267 
5.29 - .222 
5.22 - .189 
5.16 - • 164 
5.10 - .145 
5.04 - .130 
4.98 -.118 
4.93 - .107 
4.88 - .099 
4.83 - .092 
4.78 • .086 
4.74 -.080 
4.69 - .075 
4.64 - .071 
4.60 - .068 
4.55 -.064 
4.52 - .061 
4~48 - .058 
4.43 - .056 
4.39 - .054 
4.35 - .052 
4.31 - ...ga 

- .468 

()(1ol) 

I 

)(107 

(8-2) 

• 192 
• 128 
.097 
.079 
.068 
.059 
.053 
.049 
.045 
.042 
.040 
.037 
.036 
.034 
.033 
.032 
.030 
.030 
.029 
.028 
.027 
.026 
.026 
.025 
.025 

.&lli 
.13• 

()(103) 

II 

)(107 

(1-2) 

-.900 
-.508 
-.346 
-.255 . . : 
-.199 
-.163 
-.136 
-.115 
-.100 
-.088 
-.078 
-.070 
-.063 
-.058 
-.053 
-.048 
-.045 
-.041 
-.039 
-.036 
-.034 
-.032 
-.030 
-.029 
-.027 

::dZA 
-.338 

()(1ol) 
~ 
0 
~ 
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10-3 Vg V + 
X107 X107 Y+Vg \I+"g + 

(min) (JaR) (0) (knI-1 ) (km-1) (III/S) (m/s) " 2) 
(8-1, (m/S) (m/S) E (5-2) (s-2) II 

(m/S) 

0 -300 .40 -.105 -3.36 .600 - 4.38 -1.01 -5.39 .137 5.40 .449 .127 .576 
18 -306 .58 -.108 -2.80 .658 - 4.88 - .42 -5.30 .187 5.30 .506 .125 .631 
36 -311 .82 -.110 -2.34 .723 - 5.44 .21 -5.23 .256 5.23 .564 .120 .684 
54 -317 1.16 -.113 -1.98 .193 - 6.07 .87 -5.20 .345 5.21 .619 .114 .733 
72 -323 1.60 -.115 -1.71 .870 - 6.75 1.56 -5.19 .454 5.21 .668 .108 .776 
90 -328 2.16 -.117 -1.51 .953 - 7.47 2.28 -5.19 .577 5.21 .712 .102 .814 

108 -334 2.87 -.119 -1.37 1.04 - 8.20 3.02 -5.18 .712 5.21 .755 .098 .853 
126 -339 3.73 -.120 -1.25 1.14 - 8.95 3.7'9 -5.16 .857 5.22 .804 .094 .898 
144 -345 4.75 -.121 -1.17 1.23 - 9.72 4.59 -5.13 1.01 5.23 .856 .087 .943 
162 -351 5.94 -.122 -1.10 1.34 -10.51 5.41 -5.10 1.17 5.24 .886 .071 .953 
180 -356 7.29 -.124 -1.06 1.44 -11.27 6.21 -5.06 1.31 5.24 .7'90 .037 .827 
198 -361 8.76 -.124 -1.06 1.51 -11.81 6.77 -5.04 1.39 5.24 .361 .006 .355 
216 -367 7.75 -.126 -1.06 1.45 -11.49 6.48 -5.01 -1.36 5.22 - .707 .027 -;680 
234 -372 6.33 -.127 1.11 1.37 -10.80 5.80 -5.00 -1.26 5.19 - .921 .067 - .854 
252 -378 5.04 -.128 1.13 1.28 -10.03 5.04 -4.99 -1.13 5.11 -.960 .090 - .870 
270 -383 3.90 -.130 1.20 1.19 - 9.27 4.29 -4.98 - .99 5.07 -.959 .102 - .857 
288 -388 2.90 -.131 1.28 1.10 - 8.53 3.55 -4.97 - .86 5.05 -.966 .113 - .853 
306 -394 2.03 -.134 1.38 1.01 - 7.7'9 2.82 -4.97 - .75 5.03 - .m .127 - .866 
324 -399 1.28 -.137 1.50 .92 - 7.06 2.08 -4.98 - .63 5.02 -1.04 .151 - .891 
342 -405 .66 -.141 1.66 .84 - 6.31 1.33 -4.99 - .53 5.01 -1.12 .207 -.923 
360 -410 ...J! -.146 1.85 .76 - 5.59 .56 -5.03 .44 5.05 1.22 .281 - .'1l9 
378 -415 .37 -.152 -1.65 1.04 - 6.21 1.06 -5.15 .57 5.18 1.39 .262 1.65 
396 -421 1.11 -.155 -1.41 1.22 - 7.32 2.16 -5.16 .81 5.22 1.45 .188 1.64 
414 -427 2.13 -.157 -1.25 1.39 - 8.39 3.26 -5.13 1.06 5.24 1.51 .159 1.67 
432 -432 3.42 -.159 -1.14 1.58 - 9.45 4.37 -5.08 1.33 5.25 1.57 .143 1.71 
450 -437 5.02 -.161 -1.05 1.77 -10.51 5.49 -5.02 1.63 5.26 1.61 .122 1.73 - .... -Integrated value for ~rd path; .. Integrated value for downward path; .. Integrated value for total path 
Col I: -lWgav/az; Col II: -(lYgav/av + .ugaw/az); Col III: -1(lWgav/az)dt; Col IV: -1(lVgav/av + .ugaw/az)dt 
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taken to be 60 km and 6 x 10-4s-1• Table 6. 1a shows the 

resul ts for the ray which travels to the right (10= .105km-') 

and table 6.1b contains the results for a left-going ray (10=
.105km-1) • 

The first of these tables reveals that the right-going 

ray travels 133 km (horizontally) from the source in 450 

minutes; in that time, the ray rises from .4 to 3.64 km. The 

horizontal wavenumber 1 increases only slightly, from .105 km-1 

to .113 km- 1, a change of about 8%, while m increases in 

magnitude from 2.15 km- 1 to 5.18 km- 1 , a change of 140%. (This 

is the justification for the earlier assertion that 1 varies 

slowly along a ray.) The large increase in m indicates that 

as the wave propagates to the right, the trajectories of fluid 

particles relative to the mean flow become increasingly flat. 

This is reflected in the large decrease in "'r' from .600 s-1 to 

.226 -1 S • Thus, in 450 minutes, the wave has given up more than 

half its energy to the mean flow, and is still 167 km from the 

center of the domain. 

The last three columns show the relative contributions to 

the change in "'r from the terms -lWg8V/8Z and -(lVg8V/8y + 

mWg8W/8Z). As shown in ch. 5 the first of these represents 

the energy extracted from the vertical shear (in V) by the 

Reynolds stress; the other two terms represent Reynolds stress 

work associated with the horizontal shear of V and the 

vertical shear of W. The results confirm the statement made 
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in ch. 5 that the vertical shear in V is largely responsible 

for the energy transfer between the waves and the mean flow. 

At the beginning, when each term is at its maximum, the second 

term is about 20% of the first; this percentage increases 

along the ray to about 50%, but by then both quantities have 

become small. The integrated effect of the two terms, shown 

at the bottom of the columns, is -.46 x 10.3 for the first term 

and .13 x 10.3 for the second; the sum, -.33 X 10.3 , agrees 

well with the total change in wr ' which is -.37 X 10.3 • 

The fact that the waves lose energy to the mean flow 

suggests, but does not prove, that the wave energy density 

also decreases along a ray. To determine if this is so, the 

effects of ray-tube spreading and energy-speed variation must 

be taken into account, as discussed in ch. 5. In table 6.1a, 

the columns labelled Vg' V, V+Vg and W+Wg show the variation 

along the ray of the horizontal components of the group 

velocity and mean flow and the horizontal and vertical 

components total energy velocity. The next column shows the 

magni tude of the latter vector. These results show that 

although the group velocity decreases by about 70% (Vg 

decreases from 6.83 ms·' to 2.18 ms·'), the total energy speed 

decreases by only about 25% (from 5.82 ms·' to 4.31 ms·' ) 

because of the fact that the ray is moving into a region of 

higher mean velocity. Referring to Eg. (5.23), this indicates 

that the compensating effect of the convergence of streamwise 
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energy velocity is small. 

To get an estimate of the effect of the spreading of ray 

tubes, two rays were plotted for wr =6.0 x 10 s·' and 5.5 x 10 

s·'. (Fig. 6.9) Careful measurements of the widths at 

positions 1 and 2 indicate that the tube bounded by these rays 

spreads out by a factor of about 3.3, which is much more than 

enough to counteract the decrease in energy speed reported 

above. (In other words, the energy flux along the tube, which 

is the product of the energy speed and the tube width 

increases along the tube, resul ting in di vergence of wave 

energy.) Using these values along with values of wr averaged 

over the width of the ray tube at positions 1 and 2, (5.23) 

shows that the change in energy density from point 1 to point 

2 is, roughly, 

E2 (3.2Xl0-4S-1
)( 1 )(s.3mS-1

) 
El - 4.4xl0-4S-1 3.3 4.8ms-1 - (.73) (.30) (1.1) - .24 

The largest factor in the decrease, therefore, is the 

spreading of the ray tubes which, by itself, would cause a 

decrease of about 2/3; the loss of energy to the mean flow 

produces a further decrease (by a factor of about .7), while 

the increase in the energy speed along a ray has a very small 

compensating effect (by a factor of about 1.1). 

In table 6.1b, the results of the calculations for the 

left-going ray are shown. Because of the much larger vertical 
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group velocity (due to the larger values of the relative 

frequency), this ray has undergone two reflections, reaching 

the top boundary in about 200 minutes and the bottom in 360 

minutes. The horizontal group velocity is also much larger in 

magnitude than that of the right-going ray, but so is the mean 

flow encountered by the ray; the sum V+Vg is therefore about 

the same in both cases. The two rays thus propagate about the 

same distance from the source (137 km in this case; 133 km in 

the previous one). 

As in the previous case, the horizontal wavenumber, 1, 

varies much less than m, as expected; however, the amount of 

variation is slightly larger than for the right-going rays. 

The main reason for this appears to be the fact that the 

temperature gradient (equivalently, the vertical shear in U) 

is slightly larger to the left of the source than to the 

right; this makes lawr/ayl , and, therefore law/ayl 

slightly larger for the left-going ray, thus leading to the 

larger I-tendencies. (In addition, as 1 becomes larger so 

does the Doppler-shift term IV, and its derivative laV/ay; 

see. Eq. 5.24c.) 

A much more important difference from the previous case 

is the way in which m varies: Along the right-going ray, the 

m-tendency was negative, causing Iml to increase (since m is 

negative); for the left-going ray, however, dm/dt>O, causing 

Iml to decrease along the ray. This means that the fluid 
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particle oscillations (relative to the mean flow) become more 

vertical as the wave propagates, producing an increase in the 

relative frequency. Thus, as the table shows, wr increases 

from .60 X 10.3 s·1 to 1.51 X 10.3 s·1 in its initial upward 

path, an increase of 150%. (On its subsequent downward 

flight, after reflection has occurred, the sign of m is 

reversed, but not its tendency. Thus, Iml increases and wr 

decreases. This will be discussed shortly.) Thus, the wave 

energy has more than doubled in the course of the ascent due 

to the extraction of energy from the mean flow. 

A comparison of the terms contributing to dwr/dt shows 

that, again, the term -lWg8V/8Z is dominant. The fact that 1 

is negative thus makes this term positive when the ray is 

moving upward. The sign change relative to the previous case 

is, of course due to the change in sign of the Reynolds stress 

v'w' , which is negative for waves propagating to the left and 

positive for waves which travel to the right. After 

reflecting from the upper surface, the correlation of v' and 

w' changes sign, causing the wave to give energy back to the 

flow. As the table shows, however, the relative frequency of 

the wave upon reaching the bottom is greater than the initial 

value, indicating that the loss of energy on the downward path 

is slightly less than the energy gained by the wave while 

propagating upward. 

This is confirmed by the last two columns of table 6.1b, 
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which show the integrated values of -lWgaV/az, -[lVgaV/ay + 

mwgaW / a z] and the sum of these two terms. On the upward 

path, the first term has the value .82 x 10.3 s·', and the 

second .11 x 10.3 s·', for a total of .93 x 10.3 s·' ; on the 

·downward path, the values are -.91 X10·3 s·', .12 X 10.3 s·' and 

-.79 X 10 ·3 s·'. The net gain of .14 x 10.3 s·' is due to the 

fact that the Reynolds stress work associated with the 

horizontal shear of V is positive both on the way up and on 

the way down. (The reason for this is clear if this term is 

expressed in terms of velocity perturbations: - v,2av/ay. 

Since aV/8y<0, the term is always positive.) 

Turning next to the columns labelled Vg and Wa' we see 

that the group velocity increases markedly along the (upward-

moving) ray. The magni tude of the total energy velocity, 

however, is almost constant, due to the fact that V and Vg are 

of opposite sign. Thus, in Eq. (5.23), changes in energy 

density are produced almost entirely by the energy exchange 

between the waves and the mean flow and the change in the 

width of ray tubes. 

A calculation of this effect was done using the two rays 

shown in Fig. 6.10. As in the previous case, the values of 

"'r(O) used were 5.5 x 10.4 s·' and 6.0 x 10.4 S·'. The bottom 

half of the tube is plotted in Fig. 6.10a, the middle in Fig. 

6.10b and the top part in Fig. 6.10c. Equation (5.23) was 

used to compare the energy density at the four positions 
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indicated (at heights of 1.Skm, 6.6 km and 8.4 km).The results 

show that E2/E,=.Sl, ~/E2=.98 and E4/~=1.22. The overall 

change from point 1 to point 4 is, therefore, E4/E,=.61. 

Thus, in the lower section of the tube, the divergence of 

the tube is large enough to more than offset the gain in 

energy from the mean flow. In the upper part of the tube, 

however, the rays converge; this effect, along with the gain in 

energy from the mean flow causes an increase in energy density 

which partially compensates for the earlier loss. This 

calculation, is of course, rather crude and is not intended to 

give quantitatively accurate results. The asymmetry between 

the results for the left- and right-going rays is so large, 

however, that it is likely that they are qualitatively 

correct. Clearly, energy density decreases for waves 

propagating toward the right. For waves which travel to the 

left, the conclusion is more equivocal because of the 

competing effects of the wave-mean-flow energy exchange and 

the spreading/narrowing of ray tubes. The results of the 

preceding paragraph certainly indicate, however, that left

going waves are favored relative to right-going waves. 

The resul ts for the upper wave source are the mirror 

image of those for the lower one. Rays travelling to the left 

and downward have a negative value of -lWg8V/8Z and thus lose 

energy; those which propagate to the right have a positive 

value of this quantity and thus gain energy. The general 
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conclusion, therefore, is that energy density diminishes for 

waves travelling toward the center and either increases or, at 

least, decreases less strongly for waves propagating away from 

the center. 

6.4 comparison with constant-Shear Ko4als 

In order to get more insight into these results (and, as 

a check of their correctness), a simple model will be studied 

which allows the obtaining of analytic solutions. Since the 

previous results have shown that the vertical shear of V is 

the most important factor in the exchange of energy between 

the waves and the mean flow, it would seem that the simplest 

model which might produce useful results is one which contains 

only a horizontal velocity component which varies linearly 

with height. I.e., 

v - pz , (6.8) 

The results of section 6.3.1 indicate that the effects of 

a spatially varying Brunt-Vaisala frequency are relati vely 

unimportant; therRfore, this quantity will be taken to be 

constant (.01 s·'). In addition, f will be taken to be zero, 

since the presence of rotation has no substantial effect on 

the results. 

From Eg. (5.14), the total frequency is given by 

Ca) - (a)r + lpz, (6.9) 



where 

is independent of z. The group velocity is 

The ray and refraction equations become 

dy 
dt 
dz 
dt 
dl 
dt 
dm 
dt 

_ Nm2 sgnl + pz 
(l2+m2} 3/2 

_ _ Nil 1m 
(l2+m2) 3/2 

- 0 

- -lP 

(6.10a) 

(6.10b) 

(6.10c) 

(6.10d) 

According to the last two of these equations, 

1 - 10 - constant 

and 
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(6.11) 

(6.12) 

Thus, m increases linearly along rays which move toward the 

left (10<0) and decreases along rays which move toward the 

right (10)0). 

If (6.11) and (6.12) are substituted into (6.10a) and 

(6 .10b), the resulting equations can be straightforwardly 

integrated, yielding 
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(6.13) 

and 

(6.14) 

As a check, it is noted that if B=O, the above expressions 

reduce (with the aid of L'Hospital's Rule) to 

which are straight lines, as they should be for a motionless 

fluid with a constant Brunt-vaisala frequency. 

The variation of wr along a ray is easily computed: 

(6.15) 

The equation 

(6.16) 

is also easily verified. 

In order to compare the rays described by eqs. (6.13) and 

(6.14) to those generated in the previous section, eight rays 
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were launched with the same initial values of 10 and wr(O). 

For simplicity, however, Yo and Zo were taken to be zero. The 

results of this computation are shown graphically in figure 

6.11. The similarities between this figure and Fig. 6.8 are 

obvious: The rays travelling to the right are concave 

downward, diverging strongly with time, while those which move 

to the left are concave upward (at least on their initial 

upward path) and appear to reconverge slightly after an 

initial period of divergence. These rays apparently have much 

larger vertical group velocities that the right-going waves, 

since multiple reflections occur. 

corresponding to w,.(0)=8 x 10-4 

reflections.) 

(The fastest-moving ray, 
-, s , undergoes four 

The qualitative similarity of the two cases is confirmed 

quantitatively in tables 6.2a and 6.2b, in which computations 

are shown for wr (0)=6 x 10-4 s-'. These tables are constructed 

along the same lines as table 6.1, with the exception that 1 

is omitted, being constant in the present case. In table 

6.2a, the results of the calculations for the right-going ray 

is shown. comparing the "y" column with that of table 6.1a, 

it can be seen that the total horizontal excursion is slightly 

larger in the constant shear case --155 km as compared to the 

133 km for the frontal flow. The reason for this may be found 

in the columns marked V+Vg' which show the that the total 

horizontal energy velocity is larger in the constant-shear 



8 

7 

6 

5 
Z(km) 

4 

3 

FIGURE 6.11 

121 

Y(km) 

Rays in a constant-shear flow: V - ~z, where 
~ = .001 s~ and N - .01~. Initial relative 
frequencies: 2n x 10 s~, n-1, ••• ,4. 
Horizontal wavelength: 60 km. 



- - - ---
~ - . - - - - -- -- --. - ---._---. - --- -TABLE 6.2a Rlqh t-shear fl 

ex 
Time I r 

Vg Y z III 
10-3 

(1IIIn) (ba) (kill) (kIII-1) (1cnI-1) 
(8-1) 

(111/8) 

0 0 0 -1.74 .600 5.71 0 
111 6 .35 -1.86 .564 5.36 .35 
36 12 .66 -1.97 .531 5.06 .66 
54 111 .93 -2.08 .503 4.79 .93 
72 25 1.111 -2.20 .477 4.54 1.1! 
90 31 1.40 -2.31 .453 4.32 1.40 

108 37 1.60 -Z.42 .432 4.12 1.60 
126 43 1.79 -2.53 .413 3.94 1.79 
144 49 1.96 -2.65 .395 3.77 1.96 
162 56 2.11 -2.76 .379 3.62 2.11 
1110 62 2.25 -Z.1I7 .364 3.47 2.25 
198 611 2.38 -2.99 .351 3.34 2.38 
216 74 2.51 -3.10 .338 3.22 2.51 
234 110 2.62 -3.21 .326 3.11 2.62 
252 86 2.72 -3.33 .315 3.00 2.72 
270 93 2.112 -3.44 .304 2.90 2.112 
2M 99 2.92 -3.55 .295 2.111 2.92 
306 105 3.00 -3.66 .286 2.73 3.00 
324 111 3.08 -3.78 .277 2.64 3.08 
342 117 3.16 -3.119 .269 2.57 3.16 
360 124 3.23 -4.00 .261 2.50 3.23 
378 130 3.31 -4.12 .254 2.43 3.31 
396 136 3.37 -4.23 .247 2.36 3.37 
414 142 3.43 -4.34 .241 2.30 3.43 
432 148 3.49 -4.46 .235 2.24 3.49 
450 155 3.54 -4.57 ...m 2.19 3.54 

-.371 
(total 

change) 

a Integrated Value 

(V c pz. ~ -.001 .-1.) 

V V+Vg 

(111/8) (111/8) 

5.71 .34 
5.71 .30 
5.71 .27 
5.72 .24 
5.72 .22 
5.72 .20 
5.72 .111 
5.72 .16 
5.72 .15 
5.73 .14 
5.73 .13 
5.73 .12 
5.73 .11 
5.73 .10 
5.73 .09 
5.73 .08 
5.73 .08 
5.73 .07 
5.73 .07 
5.73 .07 
5.73 .07 
5.73 .06 
5.73 .06 
5.73 .06 
5.73 .05 
5.73 .05 

Ug 

(l1li8) 

5.71 
5.71 
5.71 
5.72 
5.72 
5.72 
5.72 
5.72 
5.12 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 
5.73 

-IUgfNlih 

x107 

(.-Z) 

-.360 
-.317 
-.2112 
-.252 
-.226 . 
-.205 
-.186 
-.171 
-.154 
-.144 
-.133 
-.122 
-.114 
-.106 
-.099 
-.093 
-.087 
-.082 
-.077 
-.072 
-.068 
-.065 
-.061 
-.058 
-.055 
-.052 

-.3T1 
(x103) 

..... 
I\) 
I\) 



TABLE 6.2b. left·going ray in a constant-shear (V = Pz, P = .001 S-1) flow. 

VE", "E"' Time 
8 rX 

Vg y y 1 III 

10-3 
V+Vg uf."11 (lIIin) (kat) (k.) (knI-1) (III/s) (III/s) 

(a-1) (III/s) (ws) 

0 0 0 -1.74 .600 - 5.71 0 -5.71 .34 
115 - 6.2 .40 -1.63 .641 - 6.10 .40 -5.71 .39 
36 - 12.3 .155 -1.52 .689 - 6.55 .155 -5.70 .45 
54 - 115.5 1.315 -1.40 .744 - 7.07 1.38 -5.69 .53 
72 - 24.6 2.00 -1.29 .1509 - 7.615 2.00 -5.615 .62 
90 - 30.7 2.74 -1.115 .886 - 15.40 2.74 -5.66 .75 

108 - 36.15 3.63 -1.06 .980 - 9.27 3.63 -5.64 .91 
126 - 42.9 4.73 - .95 1.095 -10.33 4.73 -5.60 1.14 
144 - 415.9 6.12 - .154 1.241 -11.67 6.12 -5.55 1.50 
162 - 54.9 7.93 - .72 1.431 -13.315 7.93 -5.45 1.94 
170.5 - 57.6 9.00 t .67 1.542 -14.315 9.00 -5.315 t2.25 
188.5 - 63.5 6.92 .70 1.324 -12.42 6.92 -5.51 -1.66 
206.5 - 69.5 5.34 .90 1.160 -10.92 5.34 -5.515 -1.28 
224.5 - 75.6 4.12 1.01 1.031 - 9.74 4.12 -5.63 -1.01 
242.5 - 81.7 3.14 1.12 .9215 - 15.79 3.14 -5.65 - .152 
260.5 - 87.8 2.33 1.24 .844 - 8.00 2.33 -5.67 - .615 
278.5 - 93.9 1.66 1.35 .744 - 7.34 1.66 -5.615 - .57 
296.5 -100.7 1.09 1.46 .714 - 6.79 1.09 -5.69 - .49 
!14.5 -106.9 .60 1.515 .663 - 6.31 .60 -5.70 - .42 
!32.5 -112.4 .115 1.69 .619 - 5.159 .115 -5.71 - .36 
341.0 -115.3 0 1.74 .600 - 5.71 0 -5.71 - .34 

0 
(total 

change) 

a Integrated Value 

./(v, 2 
E 

+ 

U 2) E 
(11/.) 

5.71 
5.72 
5.72 
5.71 
5.71 
5.71 
5.71 
5.72 
5.73 
5.78 
5.153 
5.75 
5.72 
5.72 
5.71 
5.71 
5.71 
5.72 
5.72 
5.72 
5.72 

-I" x 
II 

~/az 

x107 

(.-2) 

.359 

.411 

.473 

.553 

.652 

.783 

.955 
1.192 
1.528 
2.026 

t2.351 
-1.7315 
-1.335 
-1.0515 
- .1558 
- .710 
- .597 
- .509 
- .439 
-.382 
- .359 

oe 

.... 
N 
W 
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model. In fact, this velocity is nearly constant instead of 

slowly decreasing as it does in the frontal case. This is due 

to the fact that in the constant-shear model, the ambient 

velocity experienced by the ray continues to increase in 

proportion to z as the ray rises--this increase is just 

sufficient to offset the decrease in the horizontal group 

veloci ty • In the frontal case, however, the isotachs of V are'-
v; 

tilted slightly upward toward the right (Fig. 6.1b); thus, as 

the path traced out by the ray becomes more and more 

horizontal, the rate of increase of V along the ray diminishes 

wi th time. Al though small, this effect is a factor in slowing 

the propagation of energy toward the center of the domain. 

(This, in spite of the fact that Vg is initially larger in the 

frontal case.) 

The last column in table 6.2a is a tabulation of 

-lWg8V/8Z, which by Eq. (16) is equal to dwr,dt. These values 

are initially much smaller than the comparable values in the 

frontal case, due to the larger shear near the front. These 

initial differences also show up in the integrated values of 

this quantity, which are -.46 x 10-3 in the frontal case and 

-.37 x 10-3 in the constant-shear case. The latter quantity 

is, of course, equal to the total change in wr since, in this 

case, the vertical shear is alone responsible for the energy 

exchange between the waves and the mean flow; the former 

value, however, exceeds t:.w r , the difference being made up 
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mainly by the energy-exchange term involving the horizontal 

shear of V. 

Next, the results for the left-going ray are examined 

(table 6.2b). Again, there is good comparison with the 

results of the frontal case (table 6 .1b). The ray reaches the 

top boundary at y=-358 km, compared to about y=-361 in the 

latter case; the time required is somewhat less, however-

about 170 minutes as compared to 200 minutes in the frontal 

case. This is due to the larger group velocities in the 

constant-shear model which are, in turn, due mostly to the 

smaller values of m. (Away from the frontal zone, Cs~N/m.) 

The magnitude of the energy velocity remains essentially 

constant along the ray, just as for the right-going ray. The 

reason is the same: the increase in the mean flow compensates 

for the decrease in Vs' (The increase in Wg makes up for the 

slight decrease in V+Vs.) The agreement with the frontal case 

is better than for the rightward-moving ray since in this case 

the ray becomes more vertical as it propagates, making the 

tilted nature of the isotachs less important. 

A small discrepancy between the constant-shear and 

frontal cases is evident from the column of wr values, which 

shows that, after the ray has returned to the lower boundary, 

the net change in wr is zero. This means that all of the 

energy which the wave extracts from the mean flow on its 

upward path is returned to the mean flow on the downward path. 
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The reason for this difference is, of course, the fact that in 

the frontal case there is horizontal as well as vertical 

shear. To look at this effect quantitatively, we therefore 

must add horizontal shear to the model; i.e., we consider the 

flow 

v - exy + pz . 

(Again, N is taken to be constant.) 

The total frequency is now 

(6.17) 

(6.18) 

where wr is the same as before. The ray equations become 

dz 
dt 

di 
dt -

dm 
dt -

(6.19a) 

Nil 1m (6.19b) 

-ex1 (6.19c) 

-Pi (6.19d) 

Equation (6.19C) may be immediately integrated, yielding 

(6.20) 

Combining (6.19c), (6.19d) and (6.20), we have 

m m + fHo (e-«t-l) 
- 0 ex 

(6.21) 

which in terms of I is 

(6.22) 
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substitution of (6.21) and (6.22) into (6.19b) and integrating 

the resulting equation gives 

Finally, the solution for y is 

mo-i 1o 

(l~+m~) 1/2 

(6.23) 

(6.24) 

The integrated energy-exchange terms can also be 

explicitly determined: First, we note that 

which explicitly verifies the fact that the two energy

exchange terms are -lwgaV/az and -lVgaV/ay. 

The first of these quantities can be integrated as 

follows: 

m 

- -Nsgnl f 
mo 
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which becomes, using (6.22) and the aid of formulas 2.261, 

2.264.6 and 2.264.7 in Gradshteyn and Ryzhik, 

where 

and 

The first two terms in (6.25) are immediately recognizable as 

wr(t) and wr(O), respectively. 

The other energy term integrates as follows : 

t { c3v ex 1 -J1- V dt - -Nsgn10 -In c3y g P C 3 / 2 
o 

ex ex m --1 m--
+ 0 pop 

cfR; c{R 

2c{j{+2cm+b 1 
2c,JR; +2cmo+b 

(6.26) 

As must be the case, the total integrated energy exchange 

equals the change in wr: 

t t 

-f1 c3v W dt - /1 oV V dt - 6) (t) - 6) r (0) c3z g c3y g r 
o 0 

setting 8=10.3 s·1 and Q=-10·s s·1, and taking Yo=zo for 

simplicity, tables 6.3a and b were constructed following the 

pattern of tables 6.1 and 6.2. Additional columns were added 



Time v z l 

(min) (km) (kll) (bl-1) 

0 0 0 .105 
18 6.1 .35 .106 
36 12.2 .66 .107 
54 18.2 .94 .108 
72 24.2 1.20 .109 
90 30.0 1.43 .110 

108 35.9 1.64 .112 
126 41.6 1.83 .113 
144 47.3 2.01 .114 
162 52.9 2.17 .115 
180 58.5 2.33 .117 
198 64.1 2.47 .118 
216 69.5 2.60 .119 
234 74.9 2.72 .121 
252 80.3 2.83 .122 
270 85.3 2.94 .123 
288 90.8 3.04 .124 
306 96.0 3.13 .126 
324 101.1 3.22 .127 
342 106.1 3.31 .129 
360 111.2 3.39 .130 
378 116.1 3.46 .131 
396 121.0 3.53 .133 
414 125.9 3.60 .134 
432 130.7 3.66 .136 
450 135.4 3.72 .137 

TABLE 6.3a Right· 10tng rav in constant-shear (V=crv+ 

• X Ye• "e• J(V 2 
• r 

vg v E 
10-3 +W 2) V+V W+Wg (k.-1, (m/S) (111/1) g E 
(1-1) (111/S) (11/S) (II/I) 

-1.74 .600 5.71 0 5.71 .34 5.71 
-1.86 .569 5.36 .32 5.68 .31 5.69 
-1.97 .542 5.05 .54 5.59 .27 5.60 
-2.09 .518 4.77 .76 5.53 .25 5.53 
-2.20 .495 4.52 .96 5.48 .22 5.48 
-2.32 .475 4.29 1.13 5.41 .20 5.41 
-2.44 .457 4.08 1.28 5.36 .19 5.36 
-2.56 .440 3.89 1.42 5.31 .17 5.31 
-2.69 .424 3.71 1.54 5.25 .16 .5.25 
-2.81 .410 3.55 1.64 5.19 .15 5.19 
-2.94 .397 3.40 1.74 5.14 .14 5.14 
-3.06 .385 3.26 1.83 5.08 .13 5.08 
-3.19 .373 3.13 1.90 5.03 .12 5.03 
-3.32 .363 3.01 1.97 4.98 .12 4.98 
-3.45 .353 2.89 2.03 4.92 .11 4.92 
-3.58 .343 2.78 2.08 4.87 .10 4.87 
-3.72 .335 2.69 2.13 4.82 .10 4.82 
-3.85 .326 2,59 2.17 4.76 .09 4.77 
-3.99 .319 2.50 2.21 4.72 .09 4.72 
-4.13 .311 2.42 2.25 4.66 .08 4.66 
-4.27 .304 2.34 2.28 4.61 .07 4.62 
-4.41 .298 2.27 2.30 4.57 .07 4.57 
-4.55 .292 2.20 2.32 4.52 .06 4.52 
-4.70 .286 2.13 2.34 4.47 .06 4.47 
-4.84 .280 2.06 2.36 4.42 .06 4.42 
-4.99 .275 2.00 2.37 4.37 .06 4.37 

Bz> flow. 

l~g le!Vg 

x107 x107 

(S-1) (1-1) 

(I) (II) 

-.36 .06 
-.32 .06 
-.29 .05 
-.27 .05 
-.25 .05 
-.23 .05 
-.21 .05 
-.19 .04 
-.18 .04 
-.17 .04 
-.16 .04 
-.15 . .04 
-.14 .04 
-.13 .04 
-.12 .04 
-.12 .03 
-.11 .03 
-.11 .03 
-.10 .• 03 
-.10 .03 
-.09 .03 
-.09 .03 
-.09 .03 
-.08 .03 
-.08 .03 
-.08 .03 

I fl~g 

+ x1o-3 

II (1-1) 

-.30 
-.27 
-.24 
-.22 
-.20 
-.18 
-.16 
-.15 
-.14 
-.13 
-.12 
-.11 
-.10 
-.09 
-.09 
-.08 
-.08 
-.07 
-.07 
-.07 
-.06 
-.06 
-.06 
-.05 
-.05 
-.05 -.430 

/laV8 
x1o-3 

(1-1) 

• 105 

'•r 
x1o-3 

(1-1) 

.. 

-.325 ~ 
~ 
\0 



TABLE 6.3b Left'going ray in constant· shear (V=ay+Bz) flow. 

I(V 2 
E Sial . )( YEa "E: lBWg'l( laY 'I( of r 9 

Tillie l Vg V 
, 

the V z • + 

10-3 V+V \I+"g 107 107 pre-
(0-1) (0-1) 

9 
11 Z) (.in) (kII) (0) (l1li8) ("5) E vious 

(8-1) (M/8) (l1li5) (8-2) (8-2) two 
(l1li8) col •• 

0 0 0 -.105 -1.74 .600 - 5.71 0 -5.71 .34 5.72 .36 .060 .42 
18 - 6.1 .40 -.106 -1.63 .649 - 6.10 .46 -5.64 .40 5.66 .43 .065 .49 
36 -12.2 .86 -.107 -1.51 .705 - 6.56 .98 -5.57 .47 5.59 .50 .070 .57 
54 -18.2 1.41 -.1OS . -1.40 .m - 7.09 1.59 -5.51 .55 5.53 .61 .077 .69 
72 -24.1 2.06 -.109 -1.28 .851 - 7.73 2.30 -5.43 .66 5.47 .75 .084 .114 
90 -29.9 2.85 -.110 -1.16 .9US - 8.50 3.15 -5.35 .81 '.41 .94 .094 1.04 

10S -35.6 3.82 -.112 -1.04 1.07 - 9." 4.18 -5.26 1.02 5.36 1.12 .106 1.23 
126 -41.3 5.06 -.113 - .92 1.22 -10.63 5.48 

. 
-5.13 1.30 5.32 1.48 .120 1.60 

'" -46.8 6.70 -.114 - .110 1.42 -12.13 7.16 -4.97 1.73 5.25 2.17. .139 2.31 
162.5 -52.2 9.00 -.115 t .67 1.70 -14.29 9.53 -4.77 t2.45 5.36 t2.83 .165 3.00 

-2.66 
1SO.5 -57.4 6.73 -.117 .SO 1.45 -12.18 7.31 -4.M -1.79 5.19 -2.10 .143 -1.96 
198.5 -62.7 5.05 -.118 .92 1.27 -10.59 5.68 -4.91 -1.36 5.10 -1.60 .125 -1.47 
216.5 -68.0 3.75 -.119 1.05 1.13 - 9.34 4.43 -4.91 -1.06 5.02 -1.26 .111 -1.15 
234.5 -73.3 2.72 -.121 1.18 1.07 - 8.35 3.46 -4.89 - .71 4.91 -1.04 .101 -.94 
252.5 -78.6 1.89 -.122 . 1.31 .926 - 7.54 2.68 -4.86 - .70 4.91 - .86 .092 - .77 
270.5 -83.8 1.20 -.123 1." .851 - 6.86 2.0. ... -4.82 - .59 4.86 - .72 .084 - .64 
288.5 -89.0 .62 -.124 1.58 .1M - 6.29 1.51 -4.78 - .50 4.SO - .62 .078 - .54 
306.5 -94.1 .12 -.126 1.71 .m - 5.SO 1.06 -4.74 - .43 4.76 - .54 .073 - .47 
311.5 -95.5 0 -.126 1.75 .720 - 5.66 .96 -4.72 - .41 4.74 - .52 .072 - .45 

• Integrated value over ~rd path: b Integrated value over downward path: c Integrated value over total path 

{ 

ll~g IlaYg 

'1(103 '1(103 

(8-1) (8-1) 

1.005- .0937 

-1.0nb .0939 
- .06r .1876 

'er'l( 

,03 

(.-1) 

1.099 

-.979 
.120 

I-' 
W 
o 



131 

for -laVg and -lBWg and the integrated values of these 

quantities as well as ~wr' the change in wr• 

Looking first at the results for the right-going ray, we 

see that the values of y, z and m differ little from the 

values in the previous two tables; however, 1 is somewhat 

larger than in the frontal case. (This may be due to the fact 

that in the latter case, the gradient of wr makes a 

contribution to the tendency of 1.) The total energy speed, 

[{V+Vg)2+Wg2]1I2, now decreases slowly along the ray, thus 

behaving more like the result for the frontal flow. This is 

due to the sloping nature of the V-isotachs, as stated 

earlier. 

The integrated values of the energy-exchange terms also 

exhibit the same behavior as in the frontal case. In the 

latter, - JlWg8V / 8z =-.46 X 10.3 s·1 and the integral of the 

other terms is .13 x 10.3 s·1 making for a total change in of 

-.37 x 10.3 s·1. (As noted before, there is an error of .04 x 

10.3 s·1.) In the present case, these values are -.43 x 10.3 s· 

1, .10 X 10.3 s·1 and -.33 x 10.3 S·1, respectively. This is 

remarkably good agreement, especially considering that no 

particular care was taken in the choice of a and B. This is 

a good verification of the earlier assertion that these two 

terms are the main sources of the energy exchange. It also 

shows that the results are not particularly sensitive to the 

details of the flow. 

In table 6.3b, the results for the left-going wave are 
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shown. The biggest difference from table 6.2b, is the fact 

that after the ray has returned to the lower boundary, there 

is a net increase in wr of .120 x 10.3 s·'. As the integrated 

values of -JIBWg and -JlaVg show, this is accomplished in the 

following way: On the upward path, the wave extracts energy 

from the vertical and horizontal shears in amounts equivalent 

to changes in wr of 1. 005 x 10.3 s·' and .0937 x 10.3 s·', 

respectively, for a total gain of 1. 099 x 10.3 s-'. On the 

downward path, these values become -1. 072 x 10.3 s·', .0939 X 

10.3 s·', respectively, for a net decrease in wr of -.979 x 10.3 

s·'. Thus, upon the ray's return to the lower boundary, the 

vertical shear has extracted energy from the wave (~wr=-.067 

x 10.3 s·') and the horizontal shear has supplied energy to the 

wave (Aw r=.188 X 10.3 s·'); the net effect is the increase of wr 

cited above. comparison with the results obtained in the 

frontal case again shows very good agreement. 

6.5 The spreading of Ray Tubes 

An important feature of the analysis of the variation of 

energy density was the fact that ray tubes extending to the 

right of the source were strongly divergent, whereas those 

heading to the left were at most weakly divergent and even 

convergent. Using the vertical shear model (V=Bz), this 

property can be studied analytically. 

First, it is noted that in all the calculations 12«m2. 

With this approximation, equations (6.11) and (6.14) become 
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y Nm ( 1 1) - pl101 mo - m (6.27) 

and 

z _ Nsgn1 0 (1:. _ ~) (6.28) 
P m lno 

If m is eliminated between these two equations, it is possible 

to solve for z as a function of y: 

1101 IYI 
z - - mo pl10l (6.29) 

l+~Y 

Defining e=/lo/ and n=B/lo/y/N, Eg. (6.29) becomes 

~ _ Nl1 0 1 J!1L 
plmol 1+11 

for mo<O. In terms of the initial relative frequency, wo' 

~ - ~J!1L (6.30) 
P 1+11 

A plot of four rays is shown in Fig. 6.12 for wo/B=.S and 1 

(e. g., wo=S X 10.4 s·1 and 10.3 s·' , with B=10·3 s·'.) Clearly, 

both pairs of rays exhibit the behavior just described. It 

should be noted, however, that (wi th 10=. lkm·') the upper 

boundary of the model corresponds to about (=.9 in the figure. 

At this point, the reconvergence of the two left-going rays is 

just starting to make itself felt. Qualitatively, however, 

the result in Fig. 6.12 shows that the asymmetry in the 

convergence behavior of ray tubes is basically geometric: The 

left-going rays have a common vertical asymptote, causing them 

to crowd together after their initial divergence, while the 

right-going rays have different horizontal asymptotes (namely, 



FIGURE 6.12 

1 .0 4 

0.5 

3 

2 

1 

-1.0 o 
"., 

J 

1.0 

(,Jo/p=1.0 

2.0 

Rays plotted from eq. 6.30. 
See text for definitions of symbols. 
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~=woIB), causing them to remain separated. 

6.6 JustificatioD of Ray~TraciDg AssumptioD 

In chapter 5, it was stated that the basic assumption 

.behind the method of ray-tracing is that the mean flow be 

slowing varying on the scale of a wavelength. In this 

section, the validity of this assumption is discussed for the 

calculations which have been presented above. This can only 

be done after the fact, since the precise values of the 

wavelengths involved are not known until after the 

computations have been performed. 

Since the rate at which the wave vector varies is 

determined by the spatial gradients of the mean flow, 

one way to test the hypothesis of slow variation is to measure 

the rate at which the wavenumbers vary along a ray. The 

vertical wavenumber, m, varies much more than the horizontal 

wavenumber, I, (because of the fact that the mean flow varie-:::; 

much more in the vertical than in the horizontal); thus, it is 

sufficient to check the rate of variation of m. According to 

Lighthill (1978, p. 324), a good criterion is 

1 dm --<1. (6.31) 
m2 dz 

Thus, it is required that the relative change of m be small 

over a distance 11m. (Note: the quantity dm/dz represents the 

derivative of m along a ray.) 

Using the values in tables 6.1 - 6.3 in Eg. (6.31) (the 
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derivative being approximated by a finite difference), it is 

found that the value of the left-hand side of (6.31) is about 

.1 for all cases except the left-going ray in the frontal case 

(table 6.1a), for which the value is about .3. The higher 

value for this case is due to the relatively large shears 

encountered close to the front (and the fact that m is smaller 

than for the right-going rays.) Since both of these values 

satisfy (6.31) reasonably well, we can conclude that the 

assumption of slow spatial variation was indeed justified and 

that the ray-tracing calculations presented in this chapter 

are valid. 



CHAPTER 7 

SUMMARY AND CONCLUSIONS 

7.1 Results of Ray-Tracing ADalysis 
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The numerical frontogenesis experiments of Gall, et ale , 

(1988) appeared to confirm the hypothesis that gravity waves 

can be produced by frontogenesis via the mechanism of 

geostrophic adjustment (Ley and Peltier, 1978). It was 

suggested by GWC88 that such waves may be the cause of some 

of the banded cloud patterns associated with frontal zones. 

The main reason behind this assertion was the spatial 

distribution of wave energy obtained in the simUlations: 

Waves appeared ahead of and directly above the surface front 

but not behind it, which is the pattern which is usually 

observed. 

In this paper, the method of ray tracing was used to 

further explore the reasons behind this particular spatial 

distribution of wave energy. Sources of various frequencies 

were placed in the vicini ty of the strongest temperature 

gradient and the wave energy followed through the fluid. The 

refractive properties of the temperature and wind 

distributions were analyzed separately. It was found that the 

temperature field itself actually had little effect on the 

propagation characteristics of the waves: in fact, comparison 

with a model with a constant potential-temperature gradient 

showed little difference. The effect of the temperature 
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field is felt indirectly in the vertical-shear of the 

frontogenesis-induced cross-front circulation. 

When these cross-front wind components were included in 

the analysis, a strong asymmetry developed between the rays 

which propagated toward the center and those which travelled 

away from the center. The specific results were as follows: 

(1) The rays moving toward the center were forced by the mean 

flow to diverge strongly, thus contributing to a decrease in 

the wave-energy density. By contrast, rays moving away from 

the center appeared to experience a mild "focusing" effect; 

i.e., after initially diverging, they become essentially 

parallel and even appear to converge slightly toward the top 

of the domain. At the very least, we can conclude that the 

fall-off of energy density due to ray divergence is much less 

than that experienced by waves approaching the central 

region. 

(2) Waves propagating toward the center give up much of 

their energy to the mean flow before reaching that position. 

This is accomplished mainly by the action of the Reynolds 

stress term v'w' acting on the ambient shear • (I.e., the 

term -lWg aV/az in the energy equation is negative.) This 

correlation has the opposite sign for waves which travel away 

from the center, causing them to extract energy from the mean 

flow. 

(3) The rays which propagate toward the center 
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experience a decrease in group velocity. (This is associated 

with the decrease in the relative frequency.) Since the 

sources are several hundred kilometers away from the center, 

it simply takes a long time for the waves to reach there. 

During this time, they are losing energy to the flow (2) and 

diverging (1). By contrast, the group velocity increases for 

waves which move away from the center (since their relative 

frequency increases as they become more vertical). The main 

effect of this is to allow the rays to make headway against 

the opposing flow due to the combined effects of the 

deformation flow and the Sawyer-Eliassen circulation. This, 

in turn, allows waves to appear substantially upwind of the 

sources (e.g., ahead of the surface cold front.) 

These results show that the distribution of wave energy 

found in GWC88 is reasonable. Waves attempting to make their 

way into the center region spread out, slow down and give up 

their energy to the mean flow. It is not surprising, 

therefore, that little wave activity is seen in this region. 

Waves propagating in the opposite direction, however, are 

focused, speed up and extract energy from the flow. Thus, it 

is reasonable to expect to see waves upwind of the two 

fronts. This result adds weight to the speculation of GWC88 

that the waves observed out ahead of cold fronts are caused 

by gravity waves propagating away from the front. 
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7.2 Results of Reflectivity studies 

A second result in GWC88 was the development under the 

surface front of what appeared to be standing waves. 

Hertzman, Hobbs and Locatelli (1988) have speculated that 

such waves may be the cause of the "stair-step" structure 

which they observed in warm fronts in the Pacific Northwest. 

It was postulated in GWC88 that the structures in the model 

were the result of multiple reflections between the frontal 

surface and the ground. As a first step in examining this 

possibility, a simple linear analysis was done for a 

background state with a constant potential temperature 

gradient and no flow perpendicular to the isentropes. It was 

found that a singular direction exits; i.e., if waves 

approach the surface at this angle the reflected wave has 

infinite amplitude. Clearly, this indicates that linear 

theory cannot be used in this case; nonlinear terms must 

become important as the gradients become large. The linear 

theory does indicate, however, that a strong amplification 

mechanism exists. This mechanism is a possible alternative 

explanation for the apparent buildup of energy beneath the 

front. Thus, it may not be necessary to postulate multiple 

reflections in order to explain the structures beneath the 

front. 

7.3 suggestions for Further Research 

The results of GWC88 are, of course, limited due to the 
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simplicity of the case which was studied; extension to more 

realistic cases would be desirable. To accomplish this, the 

method of ray tracing would probably have to be supplemented 

or replaced by a layered model (e. g., Eliassen and Palm, 

,1961), to take into account the possibility of internal 

reflections from layers where the Brunt-vaisala frequency 

and/or velocity change rapidly. A simplification suggested by 

the present study is that the horizontal variations of wind 

and temperature can be ignored. 

The problem of reflections from a horizontal boundary 

must be studied using a nonlinear model, since linear theory 

has been shown to break down at the singular angle. The 

problem presented in Ch. 4 is essentially equivalent to the 

reflection of waves in a stratified fluid from a sloping 

surface; if the angle of the incident rays from the vertical 

equals the angle of the slope, an infinite reflection occurs. 

Thus, the problem can be studied using a very simple basic 

state using a nonlinear model which allows topography (e.g., 

Clark I s model). To turn this problem into the frontal problem 

one has merely to imagine the sloping surface as horizontal. 

This research is, in fact, already underway; preliminary 

results indicate that the predictions of linear theory are 

indeed correct: there does indeed appear to a buildup of 

energy when the angle of incidence is near the critical 

angle. 



142 

LIST OF REFERENCES 

Agee, E. C., C. Church and J. Snow, 1975: Some synoptic 
aspects and dynamic features of vortices associated with 
the tornado outbreak of 3 April 1974. Mon. Wea. Rev., 
~, 318-353. 

Andrews, D. C., J. R. Holton and C. B. Leovy, 1987: Middle 
Atmosphere Dynamiqs. Academic Press. 489 p. 

Blumen, W., 1972: Geostrophic adjustment. Rev. Geophys. 
Space Phys., lQ, 458-528. 

Bretherton, F. P., 1966: The propagation of groups of inter
nal waves in a shear flow. Quart J. Roy. Met. Soc., 22" 
466-480. 

and C. J. R. Garrett, 1968: Wave trains in inhomo
geneous moving media. Proc. Roy. Soc. Lond., Serf A., 
.J.Q£, 529-554. 

Brown, R. A., 1980: Longitudinal instabilities and secondary 
flows in the planetary boundary layer. Rev. Geophys. 
and Space Phys., ~, 683-697. 

Browning, K. A., and T. W. Harrold, 1969: Air motion and 
precipitation growth in a wave depression. Quart. J. 
Roy. Met. Soc., ~, 369-389. 

Cahn, A., 1945: An investigation of the free oscillations of 
a simple current system. J. Met., ~, 113-119. 

Clark, T. L., 1977: A small-scale dynamic model using a 
terrain-following coordinate system. J. Camp. Pbys., 
li, 186-215. 

-----, and W. R. Farley, 1984: Severe downslope windstorm 
calculations in two and three dimensions using anelastic 
grid nesting: A possible mechanism for gustiness. ~ 
Atmos. Sci., ~, 329-350. 

Clayton, H., 1896: Discussion of the cloud observations. 
Annals Astron. Observatory. Harvard Coll., 1Q, 53. 

Eliassen, A., 1962: On the vertical circulation in frontal 
zones. Geofys. Pub., ~, 43-53. 

-----, and E. Palm, 1961: On the transfer of energy in sta
tionary mountain waves. Geofys. Publ., ~, 1-23. 



143 

Elliot, R. D. and E. L. Hovind, 1964: On convection bands 
within Pacific coast storms and their relation to saxm 
structure. J. Appl. Meteorol., ~, 143-154. 

Emanuel, K. A., 1982: Inertial instability and mesoscale 
convective systems. Part II: Symmetric CISK in a 
baroclinic flow. J. Atmos. Sci., ~, 1080-1097. 

Erickson, C. O. and L. F. Whitney, Jr., 1973: Picture of the 
month: Gravi ty waves following severe thunderstorms. 
Mon. Wea. Rev., lQl, 708-711. 

Gall, R. L., R. T. Williams and T. L. Clark, 1987: On the 
minimum scale of surface fronts. J. Atmos. Sci., ~, 
2562-2574. 

-----, and -----, 1988: Gravity waves generated during 
frontogenesis. J. Atmos. Sci., ~, 2204-2219. 

Gill, A., 1982: Atmosphere-Ocean Dynamics, Academic Press. 
662 p. 

Gradshteyn, I. S. and I. M. Ryzhik, 1980: Table Qf Integrals, 
Series, sng Products. Academic Press. 1160 p. 

Hertzman, 0., P. V. Hobbs and J. D. Locatelli, 1988: The 
mesoscale and microscale structure and organization of 
clouds and precipitation in midlatitude cyclones. XVI: 
Three-dimensional airflow and vertical vorticity budget 
for a warm front. J. Atmos. Sci., ~, 3650-3666. 

Holton, J. R., 1972: An Introduction to Dynamic Meteorology. 
Academic Press. 319 p. 

Hoskins, B. J. and F. P. Bretherton, 1972: Atmospheric 
frontogenesis models: Mathematical formulation and 
solution. J. Atmos. Sci., ~, 11-37. 

Houze, R. A. and P. V. Hobbs, 1982: organization and 
structure of precipitating cloud systems. Advances in 
Geophysics, ~, 225-315. 

Kreitzberg, C. W. and H. A. Brown, 1970: Mesoscale weather 
systems within an occlusion. J. Appl. Meteor., ~, ~ 
432. 

Lambert, J. D., 1973: Computational Methods in Ordinary Dif
ferential Equations. Wiley. 278 pp. 



144 

Ley, B. and W. R. Peltier, 1978: Wave qeneration and frontal 
collapse. J. Atmos. Sci., ~, 3-17. 

Liqhthill, M. J., 1978: waves in Fluids. Cambridqe 
University Press. 504 p. 

Locatelli, J. D. and P. V. Hobbs, 1987: The mesoscale and 
microscale structure of clouds and precipi tation in 
midlatitude cyclones. XII: Structure of a warm front. 
J. Atmos. Sci., ~, 2290-2307. 

Longuet-Hiqgins, M. S. and R. W. Stewart: The chanqes in 
amplitude of short qravity waves on steady non-uniform 
currents. J. Fluid Mech., lQ, 529-549. 

Orlanski, I., 1976: A simple boundary condition for unbounded 
hyperbolic flows. J. Compo Phys., ZI, 251-269. 

Ooyama, K., 1966: On the stability of a baroclinic circular 
vortex: A sufficient criterion for instablity. ~ 
Atmos. Sci., ~, 43-53. 

Ross, B. B. and I. Orlanski, 1982: The evolution of an 
observed cold front. Part I: Numerical simulation. 
J. Atmos. Sci., ~, 296-327. 

Rossby, C.-G., 1938: On the mutual adjustment of pressure and 
velocity distributions in certain simple current sys
tems. J. Marine Res., A, 239-263. 

Sawyer, J. S., 1956: The vertical circulation at meteor
ological fronts and its relation to frontogenesis. 
Proc. Roy. Soc. Lond., Serf A, 11!, 346-362. 

Williams, R. T., 1972: Quasi-qeostrophic versus non
qeostrophic frontogenesis. J. Atmos. Sci., Zi, 3-10. 

-----. and J. Plotkin, 1968: Quasi-geostrophic fronto
qenesis. J. Atmos. Sci., ~, 201-206. 


