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ABSTRACT 

Apertures are usually placed in optical systems to reduce unwanted light, which generally 

comes from sources other than the intended object. However, even though geometrical rays 

may be blocked from the detector plane, diffraction of the unwanted radiation will produce an 

increase in measured !rradiance. Therefore, the goal of this dissertation is to model this 

diffractive scatter in a system of one or two circular apertures and confirm or reject the model 

through comparison of theoretical and experimental results. 

The model is based on the Geometric Theory of Diffraction, which uses coefficients of 

diffraction to predict the complex amplitude of an electromagnetic field following a diffracting 

aperture. A near field sampling theorem is derived and applied to both one and two aperture 

calculations. In addition, because this theory relies on root finding techniques to determine 

points of diffraction, a modification is made to the one-dimensional bisection method for use as 

a global root-finding technique for the case of two apertures. Comparison of theoretical and 

experimental data confirms the validity of the model for both cases. However, because diffraction 

from the second aperture is so weak, results from one aperture are shown to correctly model 

diffraction for the two aperture case as well. Furthermore, because theoretical results for both 

one and two aperture cases are quite close, but agreement between theory and experiment is 

better for the two aperture case, the role of the second aperture is determined to be that of 

blocking reflective scatter from the rim of the 1irst aperture. 



I. Background 

Chapter 1 

Introduction 
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Quantitative analysis of scattered light in multi-aperture optical systems began with the 

development of computer codes based on ray tracing. Codes such as APART have been quite 

successful in modeling the amount of scattered light incident on the detector plane of optical 

systems. Following the lead of APART, a computer program based on diffmction theory called 

PADE was written (Greynolds, 1980a, Breault, Greynolds and Lange, 1980). Its foundation was 

an asymptotic expansion of the Kirchhoff formulation of diffraction theory, known as the 

Boundary-Wave (BW) formalism (Miyamato and Wolf, 1962a,b). A theoretically dissim!lar but 

conceptually analogous solution of the problem may be found In the work of Joseph Keller 

(Keller, 1957, 1962, Keller, Lewis and Seckler, 1957). This theory is called the Geometric Theory 

of Diffraction (GTD). The difference between these two approaches will be outlined later. 

The purpose of this dissertation is to develop the formalism of GTD, apply it to the case of 

diffraction of a plane wave incident at any angle on one or two circular apertures, and compare 

the calculated results to experimental data 

Diffraction was first observed by Grimaldi (Hecht, 1987, p.392) and a mathematical basis 

for the phenomenon was established by Kirchhoff. His analysis was based on the Huijgens

Fresnel principle, which asserted that every point on a wavefront sarves as the generator of a 

new wavefront. However, the boundary conditions assumed by Kirchhoff were later shown to 
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be mathematically inconsistent (Goodman, 1968). This problem was remedied by Sommerfeld. 

Equation (1.1) is the resultant Sommerfeld formulation of the Huijgens-Fresnel principle, which 

is the basis for many diffraction calculations. 

• i1r 

U(P) = -..!.. f f U(P J~ O'Js(6)dA 
A r 

(1.1) 

In equation (1.1), dA indicates that the integration is to be performed over the area of the 

aperture. U(P) is the complex amplitude at the field point in question, and U(P 0> represents the 

complex amplitude in the aperture over which the integration is performed. k is the wavenumber, 

e is the angle between the normal to the plane of the aperture and the field pOint, ~ is the 

wavelength of the light and r is the distance between the field point and the points in the 

aperture. Unfortunately, there are few physical situations for which equation (1.1) may be solved 

analytically. Barring an analytic solution, one may resort to computer techniques or other 

approximate methods. Most diffraction calculations may be grouped into three categories: brute 

force, Fourier techniques and asymptotic methods, including GTD. 

The first method of diffraction calculation is that of extreme brute force. The double 

integration of equation (1.1) is replaced with a double summation. With this simplification, and 

assuming that sampling of the optical field in the aperture is dense enough to avoid rapid 

variation of phase between pOints, sufficient computer storage and speed should allow the 

calculation of diffraction patterns produced by any aperture. In fact, recent research by Kraus 

(Kraus, 1989, 1990) has been centered on the results given by this method for the case of 

normal incidence when compared against the approximate Fourier techniques to be discussed 

next. However Inviting this brute force method may seem at first blush, few scientists or 
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engineers have access to the computing power necessary to model d1ffractive scatter in most 

practical systems. For example, a plane wave obliquely incident on an aperture would require 

data points to be spaced roughly a wavelength apart to avoid rapid phase change between 

points. As an example, a one centimeter diameter aperture would require 2.5 x 109 points for 

yellow light. 

A closer examination of equation (1.1) shows that the complex exponential looks very much 

like the kernel of a Fourier transform. In fact, with certain simplifying assumptions, the problem 

of diffraction may be modeled as a Fourier filtering process. This procedure is developed and 

applied by Goodman (1968) and Gaskill (1978), two of the more prominent references. Building 

on this Fourier foundation, the technique of the Fast Fourier Transform may be used to calculate 

the results of diffraction problems using a reasonable amount of computer time. However, there 

is a hidden danger in blindly using an FFT. This danger is that the sampling and implied 

periodicity in the near field transforms to a periodicity in the far field. Hence, if diffraction 

patterns are calculated far from the optical axis, rather than calculating the amount of power in 

the extreme side lobes of the central diffraction pattern, the calculation could easily be carried 

out for the nth repetition of the on-axis diffraction pattern. Therefore, application of this 

formulation to scattering calculations is not advisable. 

On the basis of the preceding analysiS, the reader may question the wisdom of attempting 

to perform any physical optics analysis of a system of apertures when studying light far from the 

optic axis. On the other hand, asymptotic methods may also be used to perform physical optics 

calculations. Included in this category are the GTD and Boundary Wave formalisms. For the 

case of diffraction from an infinite half-plane, GTD and BW may be shown to have the same 

solution, except for an obliquity factor. However, this is not true for other forms of diffraction 
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problems. An outline of the Boundary-Wave technique Is given in Appendix A. The remainder 

of this introduction will discuss Sommerfeld's treatment of the infinite, perfectly conducting half

plane diffraction problem, which is the theoretical basis of GTD. At the end of that explanation, 

the stage will be set to examine GTD. Use of this theory to discuss diffractive scattering for the 

case of one aperture will be the focus of Chapter 2. Chapter 3 will deal with the two-aperture 

problem and associated numerical methods. Chapter 4 will describe the experimental apparatus 

built to test the models which were developed, along with discussing the agreement between 

theory and experiment. Finally, Chapter 5 will review the main thrust of this work and point out 

possible future directions. 

II. Sommerfeld's Solution 

As previously mentioned, there are few situatiuns for which (1.1) may be solved analytically. 

However, Sommerfeld was able to derive an analytic expression for diffraction from an edge. A 

detailed and understandable explanation of the steps in the calculation may be found in his book 

(Sommerfeld, 1954). 

He began by assuming propagation in a two-dimensional plane only. An illustration of the 

experimental arrangement for this gedanken experiment may be seen in Figure (1.1). Light 

propagating at some angle a with respect to the surface S strikes the surface at its edge. The 

angle tp at which light leaves this surface Is also calculated with respect to the surface S. SB 

denotes the boundary of the Geometric Shadow and RB the geometric boundary of the reflected 

wave. Sommerfeld then used the method of images to solve the problem. He showed that if 

an Incident wave of the form (1.2) were assumed, 
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Figure 1.1 Geometry for Sommerfeld's Solution 

the addition of an image wave, 
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(1.2) 

(1.3) 

which would be the usual wave to add to (1.2) for the method of images, violated the condition 

that for sources in finite regions of space, the field at infinity from that source must behave as 

an outgoing spherical wave. The problem was cured by assuming for the image a wave which 
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had a period of 4rr in (cp - a). With that assumption, Sommerfeld was able to derive the 

following exact expression for the diffraction pattern produced by an infinite half plane. 

(1.4) 

In the above equation, which appears deceptively simple, T is the dimensionless variable 

of the Fresnel integral, 

11 = ±(y-1t) (1.6) 

with 

y = (P - 4». (~.7) 

The sign of 11 in equation (1.6) depends on the contour path used for integration in the 'Y 

plane and p replaces a to become the dummy variable of integration. 

Finally, 

(1.8) 

where 

'" = (4) ± ex) (1.9) 

and the angles a and cp are as defined in Figure 1. The amplitude Uo is 

(1.10) 

where A is the amplitude of the electric field. 
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Following the preceding deluge of definitions, a reminder that they all pertain to (1.4), 

Sommerfeld's analytic result for the diffraction pattem produced by an infinite, perfectly 

conducting half-plane, is in order. Although it contains yet another integral, this integral is not 

over an aperture, but only the. difference between the angles of incidence and diffraction. As a 

result, the integral is somewhat easier to tackle. On the other hand, an analytic solution to this 

integral is also generally not possible. 

There are two methods which may be used in attempting to evaluate equation (1.4). The 

first involves noting that the form is that of the Fresnel integral (Sommerfeld, p. 241). The 

expansion of the Fresnel integral Is given in many mathematical handbooks such as 

Abrahamowitz and Stegun (1972). In most reference works, the complex exponential will be 

expanded in terms of the sine and cosine functions. These may be combined to form a single 

expansion of the exponential integral; this approach is used by Sommerfeld. Using Sommerfeld's 

notation, the expansion is 

[

1 + I 1I:p2 - --.:!J .!.£.)2) 
113 2 2i5\ 2 

= F(p)= p • 
- f.7(~)3 + ••. 

317 2 

(1.11 ) 

The variable p in this expansion is the same variable identified in equation (1.8). It is 

possible to determine whether or not equation (1.11) will converge using the ratio test of 

calculus. However, the ratio test will not predict the number of terms necessary for that 

convergence. Comparison of equation (1.8) with (1.11) reveals that the kr term grows as the 

square root of the power of the term of the expansion In question. Also, for most cases that will 

be considered later In this work, cos(,pt2) will be very small since t/J = 1r. Because the cosine 
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term diminishes as a linear power of the term of the expansion, while kr increases only as an 

integral power of the square root, this series will eventually converge. Before that happens, 

values of individual terms in the series can be on the order of 101 OOO,which is beyond the 

capacity of most digital computers. Even if the computer could handle numbers of this 

magnitude, round-off error would be large enough to preclude accurate calculations. Because 

Sommerfeld did not have access to computers much more powerful than the old IBM PC, even 

at the time of his death, he did not continue his analysiS using the classical expansion of the 

Fresnel integral. He used, instead, an asymptotic approximation to the integral. 

III. Asymptotic Techniques 

Asymptotics is a generally neglected and somewhat arcane branch of complex analysis 

(Bleistein and Handelsman, 1986). The main thrust of this field, so far as GTD is concerned, is 

to obtain an approximation to a given integral in reciprocal powers of the argument. The 

importance of this type of an expansion for the current problem should be readily apparent since 

the conventional expansion of the Fresnel integral failed because the argument became 

unmanageably large before the series converged. However, a series in reCiprocal powers of the 

argument has terms that become increasingly smaller for the above mentioned case. 

Unfortunately, this advantage does not come without a price since it is possible and even likely 

that the asymptotic series may fail to converge at all. However, tho approximation, which results 

from use of the first few terms or even the first term of the expansion, may be good enough to 

justify use of this method. Good discussions of asymptotic analysis may be found in de Bruijn 

(1981) or Bleistein and Handelsman (1986). Early papers which develop the principles of GTO 

seem to imply that a thorough knowledge of asymptotic analysis is necessary to understand 
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GTD. On the other hand, Sommerfeld (1954) provides all of the asymptotic analysis necessary 

to understand GTD. Therefore, references to de Bruijn and Bleistein and Handelsman are 

in~luded only for completeness. 

The asymptotic expansion Sommerfeld obtained for equation (1.4) is then 

F(p) 
",,,2 [ 1 + _1 + 1 --- Itrp2 

= F(oo) + ~ 
iltp 1·3 1'3·5 --+--+ ... 

(illp2)2 (iltp2)2 

(1.12) 

where 

(1.13) 

At this pOint, completion of a formula for the diffraction pattern produced at some distance 

from the screen requires remembering that the method of images was being used to solve the 

problem. This means that the final solution must consist of 

(1.14) 

with the amplitude U found using equation (1.4). The positive solution of (1.14) is for the 

boundary condition where the field is zero on the screen and the negative sign applies when the 

first derivative with respect to the normal is zero. In other words, the two terms are summed 

when dealing with the electric field, and their difference is used when working with the magnetic 

field. 

If the asymptotic series (1.12) were truncated at the first term and (1.14) applied, the result 

would be 
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e 4 1 l(iT +.!.) ( 

u = 2J21tkr C08<:-«) :t (1.15) 

With this equation, Sommerfeld's unwitting contribution to the Geometric Theory of 

Diffraction was finished. It became the basis for GTD but was not usable by three-dimensional 

waves. Extension of Sommerfeld's result to three dimensions and the associated geometric 

propagation considerations were the crucial next steps in the development of GTD. These steps 

were taken by Joseph B. Keller (Keller, 1957, 1962, Keller, Lewis and Seckler, 1957), and a 

discussion of them belongs to the next chapter where Keller's results will be used to analyze 

diffractive scattering for the case of a single aperture. 

As a final note, the use of a reflected wave implies that the screen is conducting 

(Greynolds, 1980). For the case of an absorbing (black) aperture, the geometrical terms of (1.15) 

collapse to tan[(t!> - a) /2]. These obliquity factors differ little in practice. A thorough analysis 

of the difference may be found in Greynolds' work. 
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Chapter 2 

Dlffractlve Scatter from One Aperture 

I. Development of GTD 

The previous chapter dealt with the foundations of the Geometric Theory of Diffraction 

(GTD). Understanding the beginnings of this theory can be helpful in its application since most 

papers written on the subject assume that the reader is familiar with both Sommerfeld's work and 

the interrelated fields of complex analysis and asymptotics. With the background just presented, 

exposition ~nd application of GTD is much easier. This chapter will begin by describing Keller's 

extension of Sommerfeld's work to three dimensions along with the assumptions he made. 

Following that discussion, a brief description will be given of problems that m~y be foufld with 

GTD near the shadow and reflection boundaries along with a presentation of appropriate 

correction factors. Finally, application of this theory to diffractive scattering for the case of one 

aperture will be described. 

In Chapter 1, equation (1.4) was Sommerfeld's exact solution for diffraction by the infinite 

half plane, and equation (1.15) was the result of describing the Fresnel integral of (1.4) by the 

leading term of its asymptotic expansion. However, as previously noted, this was derived for the 

case of a two-dimensional wave-a phenomenon which frequently occurs on the surface cf a 

fluid but is not exceedingly common in the field of optics. 

Keller, building on work he did earlier in the decade, (Keller, 1957) began by writing the form 

of the electromagnetic wave striking a diffracting edge as 
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u = ea(lCOS{lI) + raln(1I» (2.1) 

where 13 is the angle between an incoming ray and the tangent to that edge at the point of 

diffraction. rand z, the coordinates of a cylindrical polar coordinate system are centered on the 

edge. In figure (1.1), the z axis of the coordinate system is perpendicular to the plane of the 

page. Keller then repeats Sommerfeld's analysis for the three-dimensional wave and compares 

that result with the equation for geometric propagation 

(2.2) 

D is the diffraction coefficient, which is the ratio of the diffraction result and (2.2). The quantity 

under the square root is explained later. When the diffraction coefficient is determined and 

substituted in (2.2), the net result is to change (1.15) by replacing the square root of r in the 

denominator of with the term under the square root In (2.2) and to multiply (1.15) by 

1 (2.3) 
sln(l~) 

However, the angles a and C/J from (1.15) are defined a bit differently. In Keller's formulation, 

they are the angles between the tangent to the edge and the unit vectors associated with the 

incident and diffracted rays when projected onto the plane normal to the edge at the point of 

diffraction. 

The first issue to be resolved is the calculation of the angle 13. This is done by assuming 

that "a singly diffracted ray connecting two points Is a curve whose length is stationary among 

all curves connecting these two points and having one point on the edge" (Keller, 1957). In 



22 

other words, Keller assumes that a generalized form of Fermat's principle applies. While Keller's 

original assumption is based solely on Fermat's principle, the location of diffraction points 

corresponds to the BW points of stationary phase (Keller, 1985). Closer examination of GTD 

shows that this result should be expected. Equations (1.5)-(1.7) reveal that the argument of 

Sommerfela's integral depends on both the distance from the field point to the edge and the 

angle {J. If r is written as a function of p, it would then be possible to write the T in (1.5) 

exclusively as a function of p. Since the type of asymptotic expansion used to evaluate the 

integral is that of stationary phase, T can only change slowly, if at all, in the region defined by 

the limits on the integral for this approximation to be valid. Hence, the angle p must be the 

same throughout the system. This may be insured by requiring that the angle between an 

incoming ray and the tangent to the edge and the angle between a diffracted ray and the same 

tangent vector are the same. Mathematically, this statement becomes 

(2.4) 

,.. ,.. 
with e representing the tangent to the edge and i and i' the unit vectors for the incoming ray 

and diffracted ray respectively. 

This procedure may be graphically understood by reference to figures (2.1) and (2.2), which 

are adaptations from Keller (Keller, 1957). In figure (2.1), the incoming ray is incident normally 

on the edge. By the generalized form of Fermat's principle outlined above, diffracted rays normal 

to the edge are generated. While only a few rays are shown in the figure, infinitely many 

diffracted rays are generated. This may seem to imply that energy is not conserved. However, 

that conclusion would be based on the idea that every ray generated has the same diffraction 

coefficient. That is not the case, and a more detailed description of how conservation of energy 
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is used in deriving the diffraction coefficient will follow. 
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In figure (2.2), a ray is shown striking an edge obliquely. The edge in question is labelled 

E, its unit normal vector is n, and /3 is the angle between the incidsnt ray and the edge. By the 

generalized form of Fermat's principle, the angle between the diffracted rays and the edge is also 

/3. In this case, calculating a diffraction pattern is not as easy as for the case of normal 

incidence. The first step is to assume a point in the field and an angle of incidence for the 

incoming ray. The point on the edge is left as a variable. Use of equation (2.4) then implies one 

equation with one unknown for which a suitably robust root.finding method may be used to solve 

for the point on the edge. This procedure will be discussed in greater detail later. At this pOint, 

the important issue Is to understand the procedure for calculating /3. 
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The next step is to derive the quantity under the square root in (2.2). Figure (2.3) shows 

an astigmatic wavefront with two radii of curvature, PI and P2' For a differential area of 

wavefront dA1, the power is 

(2.5) 

where 8 and '" represent the polar and azimuthal angles in a spherical coordinate system. 

After the wavefront is propagated a distance r, equation (2.5) would be modified by using 

a different electric field amplitude, E1' and changing the radii of curvature to (PI + r) and 
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Figure 2.3 Caustics of an Astigmatic Wavefront 

(P2 + r). Since energy and therefore, power, must be conserved, the two expressions for power 

may be equated; and E1 is written as 

(2.6) 

with division canceling the angles since they were assumed invariant on propagation. When 

equation (2.6) is multiplied by the phase associated with the propagation distance, it becomes 

the well-known propagation equation of geometrical optics. In the limit as P2 goes to zero and 

the edge is approached, (2.6) becomes 

(2.7) 
(P1+r)r 

Therefore, derivation of (2.7) explicitly provided for the conservation of energy by equating the 

flux densities of the two electric fields. 
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In order to use (2.7) in GTD, PI must first be calculated. Figure (2.3) shows a cone of rays 

leaving the edge at some angle p. Since all rays diffracted from any edge point intersect at the 

edge, it must be a point on the caustic of diffracted rays. At another point on the edge, another 

set of diffracted rays is generated. Rays from the second point may intersect rays from the first 

paint. If this happens, the geometry is similar to that of figure (2.3). Therefore, to find PI' the 

caustic point associated with the intersection of the two sets of diffracted rays must be found. 

The following derivation closely follows that given by Keller (Keller, 1957a), but adds several 

steps which aid in understanding the derivation. 

To begin, the vector function describing the edge in question is defined as xes) where s is 

the arc length. The point in the field where the ray tubes intersect is denoted by y. Finally, the 

tangent to the edge is the first derivative of x with respect to s. Using those definitions, a point 

y on the cone of diffracted rays may be found using 

y-%(s) • %'(s) = cos[P(s)]. 
IY-%(s) I (2.8) 

Since the goal of this section of analysis is to find the intersection of two caustics, the 

caustic of this diffracted ray bundle must be determined. Because the caustic may be defined 

as the envelope of rays, the surface of the diffracted bundle must be found, which is the tangent 

of equation (2.8). Therefore, (2.8) must be differentiated with respect to the arc length s. This 

operation is not totally trivial, and the steps in the procedure are given below. 

Dealing first with the left-hand side of (2.8), it may be arbitrarily written as 

(y- %) = (a- d)t+ (b- e)j+ (c-[)£ 

I y- % I v(a- d)2+ (b- e )2+ (c- [)2 
(2.9) 
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where the variables d, e and f are components of x and depend on the arc length s. Also, a, 

band c are the components of y; they do not depend on s. 

Tackling the differentiation for this part gives 

(-d't -e'1i -J'k) 11 - xes) 1 - (1- *»(0- t!)d' + (6- I)a' + (c- bli 
11-%{s) I (2.1 0) 

11_ xes) 12 

which may be simplified by recalling the definition of cos(P) from (2.8). The resultant form is 

y- xes) • x' cos(P)+ (y- x(s» . x" 
1)'- xes) 1 

= IY-x(s) 1 i!.[cos(P)] 
tIs 

(2.11) 

where the derivative of the cosine has yet to be determined. The method Keller uses for 

determining this derivative is not totally straightforward. To begin with, 

i!. [cos(P)] = -sln(p) dP 
tIs 

(2.12) 

and 

i!. [log (sln(p))] = -sln(p) dP 
tIs cos(P) 

(2.13) 

therefore 

![COS(P)] = !pog(COS(P))] cos(P). 
(2.14) 



Repeated use of (2.8) then produces 

(y - x), (x" -x' i!.[log(cos(P)))) = X'2_ cos2(p) • 
tis 
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(2.15) 

At this point, (2.15) may be simplified by noting that x' 2 is the dot product of the vector with 

itself, which is unity for any arbitrary unit vector. Furthermore, x" is nIp where n is the unit 

normal vector to the edge and p is its local radius of curvature of the edge. This is the same 

p that was used in discussing the astigmatic wavefront. Finally, x' is the tangent to the edge 

at the point in question. Use of these conventions allows (2.8) and (2.15) to be rewritten in a 

much more convenient manner. The result is 

(y - x), [n + tpp'sln(p) I, - x,] = psln2(p) 
(y - x) . t 

after the indicated differentiation is performed. 

(2.16) 

The final step is to define the angle between the diffracted ray and the normal to the edge 

as 

cos(3) = Y-X • n. 
Iy-xi 

(2.17) 

This definition puts the factor cos(o) in the denominator of the second term in brackets of (2.16). 

With that addition, (2.16) may be rewritten to solve for the distance (y - x). The result is 

P1 = Iy - xes) 1 = - psln2(p) • 
cos(3)+ pp'sin(p) 

(2.18) 

which is the explicit expression for the quantity PI in (2.7). 

Therefore, by substituting (y - x(s» into (2.7). GTD is shown to conserve energy in a rather 
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elegant and simple way. The calculation of such quantities as 13 and 13' do not depend on 

solving additional equations for a particular geometry since (2.18) does not depend on any 

geometrical details of the edge. 

On the other hand, the above discussion should not imply that (2.18) cannot be simplified 

for special cases because that is not true. For the case of normal incidence, sin(J3) becomes 

unity and 13' is zero. If the geometry is Sommerfeld's infinite half plane, the local radius of 

curvature p goes to infinity; and the distance term in the denominator of (1.15) goes as the 

reciprocal of the square root of the distance to the field point in question. 

Use of (2.18) in (2.7) gives the final form for calculating edge diffraction coefficients. The 

sum indicates that there may be more than one point of stationary phase for the field point in 

question. This produces 

11(.+ ~+!!!. 
U(P) = -E Ae .. 

2J27tksln(p) 

[r (1 -r[CXlSI8; +f ~ I .lnIP)] l!' 
psln2(p) . 

(2.19) 

[co. I~;« I • sin (!;«l] 
which is Keller's final form for equation (1.15). This equation presupposes that the diffraction 

pattern in question is produced by coherent light, since the summation is over field amplitudes 

and not intensities. The diffraction pattern produced by an incoherent source would be 

calculated by summing field intensities for points of stationary phase. 
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II. The Uniform Theory of Diffraction 

There remains, however, a problem with (2.19). Since the theory developed so far is a 

geometrical theory, the diffraction coefficient becomes infinite when either trigonometric term 

becomes zero. This can happen when (8 + a) equals 7l or zero. The former corresponds to 

the edge of the propagating geometric beam, and the latter case corresponds to geometric 

reflection from the edge in question, SS and RS of figure {1.1), respectively. To correct this 

difficulty, Robert Kouyoumjian and co-workers developed correction coefficients based on slightly 

different approximations of the Fresnel integrals which alleviated these problems (Kouyoumjian, 

1974, 1975). The modified theory is known as the Uniform Theory of Diffraction (UTD). In spite 

of the differing nomenclature, GTD and UTD will be referred to throughout the remainder of this 

work as GTD. Although Kouyoumjian's results are not necessary for this work, they are included 

in the computer code to provide generality and are, therefore, outlined here. 

Kouyoumjian's modification of the steepest descent approximation produced coefficients to 

multiply both the cosine and sine terms. The resultant form of equation (2.19) multiplies the 

trigonometric terms by the functions below: 

(2.20) 

where 

I 
L = ~ sln2(pJ. 

s + s' 
(2.21) 

Here s' represents the distance from the aperture to the field point and s is the distance from 

the aperture to the source. In the case of plane wave incidence, s tends to infinity, and the 
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correct value for L removes s from the numerator and denominator. Also, 

(2.22) 

in which N is the integer which makes the numerator of the cosine term most nearly equal to 11'. 

Finally, the function F is best described by two truncated series. The first is used when the 

argument of F is small. It is 

(2.23) 

When the argument of F is large, (2.23) becomes 

F(X) = [1 +..!... - 2.. - .!.!! + ~]. 
2X 4X2 81S 1ar 

(2.24) 

In practice, X large means that it is greater than 1. 

These correction factors rapidly tend to unity as the angles in question become farther 

removed from the regions of singularity. However, near the singularities, they become small and, 

as a result, the product 01 the correction coefficients and the variable trigonometric components 

in (2.19) remains finite. 

III. The Canonical Problem 

The foregoing analysis has been performed only for the case of a perfectly conducting, 

infinite edge. This special case is not extremely useful for the modeling of most optical systems. 

However, because a small segment of a circular aperture may be thought of as an edge with 

a finite radius of curvature, the diffraction coefficient just derived could be used for a point of 
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stationary phase on a differential segment of a circular aperture. If there were other points of 

stationary phase for a given point, their contribution would be added either coherently or 

incoherently, as previously explained. Generally, for the case of a single circular aperture, there 

are two points of stationary phase for any location in the field. 

Keller refers to the process just outlined as the method of the canonical problem, whereby 

the diffraction pattern fo~ a complex aperture can be constructed by using the simple edge 

diffraction coefficient. For example, a square aperture with rounded comers would be modeled 

by differential elements with either a finite radius of curvature for the comers or an infinite radius 

of curvature for the straight edge. This greatly simplifies the construction of a computer code. 

As a result of the canonical problem formulation, (2.19) may now be referred to as the 

diffraction coefficient for an aperture, rather than that of an edge. This will be the convention for 

the remainder of this dissertation. 

IV. Root-Finding Techniques 

A discussion of GTD for any number of apertures is'not complete without an analysis of the 

associated numerical methods for finding the points on the aperture which satisfy the generalized 

form of Fermat's principle and thus are points of stationary phase, fulfilling the condition of 

equation (2.4). Figure 2.1 illustrates the fact that for the case of normal incidence, diffracted rays 

leave the aperture perpendicular to the tangent of the segment in question. This makes 

calculation of the stationary phase points rather simple; they are the points on the aperture 

closest to and farthest frcm the respective field point. The case of oblique incidence is not as 

simple; here (2.4) may be represented as 



[

Sin(y)[XF:a,XAe - COS(cI» • COS(8)]j _ 
- 0 . 

+ COS(y)[ Sin(cI» _ "ZAp ] 
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The ordered pair (XFar.YFar) denotes the location in the detector plane for which the 

complex amplitude is to be calculated. (XAp.YAp) represents the variable location on the aperture 

from which the ray is diffracted. and..., is the polar angle to the aperture point. For ease of data 

presentation. e is the angle in the XZ plane with its zero along the Z axis. However. in the 

programs associated with this dissertation, the zero for e is along the X axis. cP is the angle in 

the yz plane with its zero on the Z axis; this convention is used in both the body of this 

dissertation and the accompanying computer programs. Z is the direction of propagation. 

Figure 2.4 shows the coordinate system. 

To find unique roots, 

one equation may have only x 
one unknown. Therefore, 

z 
(2.25) is rewritten. For the 

case of a circular aperture 

with a given radius, X is Figure 2.4 Coordinate System 

written as the absoh ... 1e value of the square root of the difference between the square of the 

radius and the square of the Y value. However, this leaves the sign of X ambiguous, since it 

may be either positive or negative. To eliminate this difficulty, the known existence of two roots 

is used. One sign of the X coordinate is chosen to be positive and the other negative. The root-

finding routine is then able to find coordinates for both points of stationary phase associated with 

each field location. 
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Perhaps the most common root-finding technique is that of Newton's method; its greatest 

virtue being rapid convergence. On the other hand, this method possesses a rather sizeable 

Achilles' heel-the fact that the initial guess must generally be close to the root for convergence. 

For the case of oblique incidence. a good. a priori guess of the root. is not possible. This 

causes Newton's method to diverge rapidly. Therefore. the method of bisection (Press. et aI, 

1989) is used. A root for Y is assumed to lie somewhere between the extremes of a positive and 

negative value of the radius. and the value of (2.25) is calculated. Another value is calculated 

for the midpoint. and the sign of this result is noted. The midpoint value replaces the value for 

which the calculation produces results of the same sign. and the process is repeated until a 

convergence criterion is met. At that point. the program determines 'that a root has been found. 

so a diffraction coefficient and corresponding field amplitude are calculated. The process is 

repeated to find the root with the opposite sign of Y on the aperture associated with the current 

field point. and the result is added to the previous value. Multiplication by the complex conjugate 

and the necessary electromagnetic constants produces the irradiance associated with that field 

point; this process is repeated across the plane of the detector. 

V_ Sampling Requirements 

Through employing the methods outlined to this point. a program may be written to 

calculate the diffraction pattern for an arbitrary aperture. However. the results could be 

erroneous if thought is not given to the sampling implicit in (2.19) for propagation distances less 

than a few meters. In the case of a single aperture. each field point will have associated with 

it a complex amplitude determined by the diffraction of the input light from two points satisfying 

the extended form of Fermat's principle. Therefore. (2.19) may be written as 
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(2.26) 

In this simplified form, A1 and A2 are simply the amplitudes that would be calculated via the 

functions associated with the complex exponential. In general, these amplitudes are not equal. 

Figure (2.5) illustrates the geometry for the calculation of the sampling frequency. In this 

figure, the points of diffraction and the associated field point are shown as coplanar. In the limit 

of R1 and R2 becoming equal, the sampling arguments given below become insignificant. 

Therefore, the lower bound on sampling frequency is set by the case of normal 
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Figure 2.5 Geometry for One-Aperture 
Sampling Calculations 

Detector 

incidence where the points of diffraction are as far from each other as possible. 

To continue with the derivation, multiplication of (2.25) by its complex conjugate produces 

(2.27) 

As the difference between R1 and R2 changes, the argument of the cosine term will change as 

well. If the sampling frequency in the field Is not small enough, intensity minima would be 
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averaged over more than one zero of the cosine function, causing the power calculated at the 

aperture to be incorrect. The correct sampling frequency may be deduced by requiring that a 

sample be calculated for every quarter cycle of the cosine term. Mathematically, 

(2.28) 

represents some starting argument for the cosine term where C1 is a constant and AR is the 

path difference described earlier. One quarter-cycle later, 

(2.29) 

in which 6 is the adjustment to AR which produces the desired phase shift. Subtraction of 

(2.28) from (2.29) produces 

(2.30) 

Implementation of this rule proceeds in several steps. First, the difference in path length 

is calculated for a point at the edge of the detector. Then this amount is decreased using the 

quarter-wavelength rule. This new path difference is subtracted from a modified form of the 

original path length equation having the location of the field point as a variable. A root-finding 

routine is then used to determine where the change in path length is equal to the quarter 

wavelength result. The new value for the field location is subtracted from the first; the result is 

the maximum far sampling interval. 

At first glance, quarter-wavelength shifts in path length may appear quite restrictive. For 

short propagation distances, this is true and small sampling intervals are required. As the 

propagation length increases, the difference between path lengths changes more slowly, allowing 
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a less dense sampling frequency. For long propagation distances. approximations (Keller. 1957. . j 

Greynolds, 1980) may be made and sampling may be ignored altogether. However. this is not 

the case for this work; required sampling intervals will be discussed in Chapter 4. 

IV. Outline of Computer Code 

The FORTRAN computer program based on the results of this chapter is reproduced in 

Appendix B. Since most computer programs are not easily understood by those who did not 

write them (After a few months, even the author may have problems as well I). an outline of the 

program sequence and subroutines follows. The names of all subroutines are italicized. 

The program ~egins with the user providing values for the size of the aperture. size of the 

detector. and the angle at which the light strikes the aperture. among other quantities. Once 

these constants have been entered. the program begins at one comer of the indicated field and 

proceeds to calculate the power on this subsection of the field. 

Subroutine GetAmp controls the coefficient calculation. which begins by using Adjust to 

calculate the stationary phase points on the aperture using the method of bisection. Once they 

have been found. the distance between these points and the field is determined; GetNewGam 

computes the angle between the point of diffraction and the field. removing quadrant ambiguities. 

GetBeta and GetBetaDot find these quantities while the phase variation across the aperture is 

determined in GetPhase. Finally. FindFNeg and FindFPos give Kouyoumijan's correction terms. 

which help to determine the final amplitude. The field amplitude A in equation (2.19) is assumed 

to be 1 volt/meter. Hence. the product of the field is multiplied by its complex conjugate and 

1/2 CEo to give the normalized irradiance. Since this irradiance is only for a differential part of 

the field and not the whole area of the detector. the irradiance is multiplied by the differential 
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area, giving an incident power which is summed over the detector area Finally, the power is 

divided by the total detector area, yielding an irradiance. 

Calculations are performed on a 16 Mhz 80386-based computer using an 80387 math co

processor, which has the same speed as a VAX 11/780 mainframe. (Robb and Pawlowski, 1990) 

For 3660 data points, run times are approximately six and one half minutes, with most of the 

CPU time dedicated to root finding. 
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Chapter 3 

Scatter from Two Apertures 

I. Location of Diffraction Points 

Analysis to this point has derived the edge diffraction coefficient for GTD and applied it to 

diffractive scatter from a single aperture. The most computationally intensive part of the 

calculation involves finding a root to equation (2.24) which locates the points of diffraction. 

Analysis of two-dimensional diffraction from more than one edge has been undertaken by Tiberio 

and Kouyoumjian (1982,1984) among others. However, this has not been extended to oblique 

incidence in three dimensions, nor has any attempt been made to use edge coefficients as 

building blocks to compute diffraction patterns for more than one aperture. 

For the case of diffractive scatter from two apertures, the form of the diffraction coefficient 

does not change, provided that the second aperture does not lie within the transition region of 

rays diffracted from the first aperture (James, 1986). By the transition region, James means that 

area of space close enough to the propagating or reflected beam so that the behavior of the 

rays is a mixture of the plane wave incident on the first aperture and the cylindrical wave 

diffracted from it. James defines the edge of this region by 

I J2 cos (4);") I JkP ~ 3.55 (3.1) 

for the propagating beam. The corresponding function for the image beam is 
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I {2 sin (4);<<) I JkP ~ 3.55 . (3.2) 

Since the thrust of this dissertation is to study light scattered by diffraction, evaluation of 

(3.1) reveals that for all angles of incidence under consideration, the second aperture is well 

removed from the transition region surrounding diffracted rays propagating from the first. 

Therefore, the only real difference between the two cases is the effort needed to find the points 

of stationary phase, which is the subject of this chapter. 

Determining the location of stationary phase points begins by describing the intersection 

of the ray with the first aperture as 

[
.; [(XAe!:,;Vl)- cos(O) • COS(4))]~ 

Fl= 
+ ~ [sln(4))- (YAp;~~Apl)] 

(3.3) 

where F1 identifies the function and should be zero for points satisfying Fermat's principle. e 

and tP are again the angle the ray makes relative to the X and Z axes, respectively. XAp and 

YAP denote the location of the point in question on the aperture denoted by the trailing number 

with Rad representing the radius of the aperture so identified. Mag1 is the distance between the 

two aperture points, and Mag2 is the distance between the second point and the far-field point. 

The corresponding function at the second aperture is 

(3.4) 

with XTemp and YTemp representing the field point in question. 
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As written, the preceding two equations have four unknowns. To write them with two 

unknowns, one variable is changed to the square root of the difference between the square of 

the radius of the aperture in question and the other variable on that aperture, while keeping track 

of the sign. With two equations and two unknowns, solving for the roots may seem easy; but 

these equations are nonlinear in the unknowns. Therefore, the methods of linear algebra are not 

useful. In fact, the finding of such roots may not be possible, and there is no way to guarantee 

that all roots have been found (Press, et aI, 1989). Commercial software libraries such as IMSL 

generally provide a multidimensional root-finding routine. However, they are typically based on 

the Newton-Raphson method and exhibit the poor convergence properties of that procedure if. 

the initial guess is not close to the final value. Therefore, some global search must be used to 

identify possible roots to serve as initial guesses for a local subroutine. One candidate for such 

a routine could be various optimization procedures based on the gradient method. During the 

course of the search for minima in the function, computed values could approach zero or 

become negative, thus bracketing a root. However, due to the complex nature of two

dimensional root-finding, these techniques could miss a small local area where both functions 

have a root because of the potentially large steps associated with these methods. Therefore, 

what will be called the method of Directed Relaxation, was developed for this work. Since 

Directed Relaxation is related to the method of bisection, it is not overly computationally efficient. 

The virtue of this procedure lies in its ability to locate possible roots without the benefit of a good 

initial guess. The results may then be refined and verified using a more accurate local routine. 
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II. Directed Relaxation 

As applied to this research, Directed Relaxation begins by assuming the value of the X 

coordinates on the two apertures is equal to the radius. The sign of this number and its 

associated Y value are then changed to reflect all possible combinations of diffraction point 

locations. Using these initial values, the quantities F1 and F2 of equations (3.1) and (3.2) are 

determined. Following that calculation, the absolute value of X on the first aperture is reduced 

by an amount determined by the program. As a result, new values for F1 and F2 are computed. 

Of necessity, the absolute value of the Y coordinate is increased by a corresponding amount. 

This initial step size may be decreased to insure all possible points have been located or 

increased to reduce computation time. 

After the absolute values of X and Y on the first aperture have been changed, they are 

returned to their initial values; and the procedure is repeated for the second aperture. Finally, 

coordinate values for both apertures are simultaneously changed, and F1 and F2 are 

recalculated. Once these values are known, Directed Relaxation determines if any of these 

changes have caused either the sign of both F1 and F2 to change or if the sum of the absolute 

value of F1 and F2 has decreased. If one or more of the changes has reduced the absolute 

value, but no zero-crossing for either function has been recorded, Directed Relaxation reduces 

coordinate values in the direction which produced the largest desired change. The method 

derives its name from this part of the procedure. However, if any change results in a zero 

crossing for either function, the above logic is inoperative. If there is no improvement and no 

zero-crossing has been recorded, the X values for both apertures are decreased and the 

procedure repeated. 
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If the sign of either quantity has changed, the step size for the corresponding function is 

halved, all coordinates are returned to their original values; and the process is repeated until 

either a candidate root is found or, in the case of only one zero-crossing, the calculations do not 

produce a suitable provisional root. A set of aperture coordinates is deemed to be a candidate 

root if either a change has reduced the sum of the absolute values of the functions below the 

aforementioned tolerance or the step size has fallen below a predetermined amount. Finally, the 

location of the candidate root is saved, and all coordinates are incremented, along with a return 

of the step size to its original value. This change in coordinate values will generally remove 

calculations from the neighborhood of the previous root and enable the method to proceed to 

the identification of other possible roots. 

Following the identification of a candidate root, the next step is to determine if the 

candidate is indeed a root. To do this, the tentative root is used as an initial guess for a local 

root-finding method, such as the modified Newton-Raphson methods discussed earlier. In 

general, these methods require either the analytic approximation of the partial derivatives of the 

functions involved or an approximation to these derivatives. 

III. Brown's Method 

When several candidate roots are used as the initial guess for a Newton-Raphson routine, 

the resultant X values generally rapidly exceeded the aperture radius. However, use of a 

technique developed by Kenneth M. Brown (Brown, 1973) rapidly converges to roots, provided 

the initial guess is Sufficiently good, which may then be verified by substitution in Equations (3.1) 

and (3.2). Brown's method is favored over Newton's because initial guesses generally do not 

have to be as good to achieve convergence. When Brown's method fails to find a root, the lack 
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of such a root can generally be verified via use of a graphical/interpolation technique outlined 

by David M. Young and Robert T. Gregory (Young and Gregory, 1986). In spite of the local utility 

of Brown's method, it generally diverges when it is used as a global routine. Although the thrust 

of this dissertation is Optics and not Numerical Analysis, the finding of roots is important enough 

to GTD to warrant a rather detailed discussion of the above techniques. 

Brown's method has as its ideological foundation the discrete form of Newton's method. 

However, these techniques are not mathematically equivalent (Brown, 1969). In the discrete 

form of Newton's method for a system of nonlinear equations, the partial derivative is 

approximated by 

J,(xlt+ h "ej) - !,(xlt) 

hit 
(3.5) 

which is really ati / 8xj. f is a function from the system of nonlinear equations in question, and 

x denotes the vector of variables upon which f depends. h is the differential amount by which 

the variable should be incremented, and e represents the jth unit vector. The superscript n 

represents the nth iteration of the root-finding algorithm. In Newton's method, the above 

approximation to the partial derivative would be substituted in 

(3.6) 

where J is the Jacobian matrix. Implementation of Newton's method treats all equations in the 

nonlinear system simultaneously. On the other hand, Brown's method uses information gained 

in dealing with the first equation and variable to make a better approximation for the second 

equation. While this is not necessarily faster, it has proven to be more robust. 
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Uke the discrete form of Newton's method, Brown begins by expanding the first function 

in a Taylor series where the partials have been replaced by the difference approximation in (3.3). 

The result is 

The quantity 

is simply (3.5). 

A(x")+ A~:A(£"Hxc ~j 

A(X) - + A~:A(£"H~- ~j+ (3.7) 

(3.8) 

As previously stated, Brown's method generally has a larger radius of convergence for this 

problem than Newton's method. However, the next step in Brown's algorithm is probably what 

keeps it from being a global technique. That step is to assume that the initial guess for the root, 

xn, is sufficiently close to the actual root to set f1 to zero. Following that, the variable with the 

largest approximate partial derivative may be solved for in terms of the others. By choosing the 

variable with the largest approximate derivative, the numerical stability of the procedure is 

enhanced. Assuming that the variable with the largest coefficient was XN' the result is 

(3.9) 
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Note that XN is now a linear function of the remaining N - 1 variables. Therefore, the left-hand 

side of (3.9) may be denoted as LN(xn1,xn2, ... ,xnNt). 

In solving for the desired variable, division by its approximate derivative is necessary. The 

value of the ratio of aU approximate derivatives must be stored by the computer throughout the 

process since they will be used to determine values of the variables for the next complete 

iteration. 

The next step is to repeat the procedure by defining a new function g2 such that 

(3.10) 

and the nth iterate of g2 would be represented using a superscript n. Once again, the procedure 

solves for the variable with the largest approximate partial derivative, and the process is repeated 

until aU variables have been solved for in this manner. At this point, gN is a function of the 

previously linearized variables and x1' Therefore, solving for the new x1 yields 

(3.11) 

which is the new approximation to the actual value for x1' This new value may be back-

substituted into gN _ 1 to produce the next guess for x2' Back-sUbstitution proceeds in this 

manner until all variables have been updated, at which point the forward procedure begins again. 

While this process may seem horrendously inefficient, for many cases this method converges 

as rapidly as Newton's method, with the aforementioned advantage of being more robust. 

Once Brown's method has refined initial guesses for aU far-field points, several steps must 

be taken before they may be used by GTD. Since the subroutines implementing Brown's 
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method were modified to give null results if any variable became larger than the radius. all such 

values must be removed from the solution array. followed by checking for duplicate roots. Since 

computer round-off could produce false results. a pair of roots is deemed redundant and one 

is removed if their values fall within a predetermined neighborhood of each other. At this point. 

the location of points satisfying the extended form of Fermat's principle are known. to within the 

given tolerances and computer round-off. and diffraction coefficients may be calculated. 

Brown gives (1973) a complete FORTRAN IV code for the implementation of his method. 

Perusal of the two-aperture program in Appendix B will reveal that Subroutines NonLin and Back 

are not written in the same style as the rest of the document. These slightly modified forms are 

taken from Brown. with credit given to him in the comments preceding the routines. 

IV. Graphical Examination of Roots 

Although verification of the resulting roots is possible in principle by simply substituting 

values into F1 and F2. numerical results are. in general. never identically zero. In addition • the 

fact that root discovery is dependent on the assumed tolerances demands further refinement. 

While it is not fast enough to be used as the root-finding algorithm for GID. the 

graphical/interpolation approach given by Young and Gregory (1972) provides a method to 

examine the zero contours of the functions involved. yielding information about the nature of the 

density of roots and verifying their existence. 

This procedure begins by constructing grids for F1 and F2. An example of such a grid is 

shown in Figure 3.1. Here the horizontal axis represents the value of X on the first aperture. and 

the vertical axis is the value of X on the second aperture. At the rectangular intersections of the 

grid lines. values for either F1 or F2 are calculated and recorded; plotting of these functions on 
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separate grids makes the end result easier to read. Once values for the corners of the 

rectangles have been recorded, these corners are connected by diagonals; and the value at the 

center of the square is taken to be the average of the four surrounding comers. Now the graph 

may be examined to find points between which the sign of the function changes. 

Figure 3.1 Grid for Interpolation 

Between these locations, the value of the function must go through a zero. To calculate an 

approximate location of that root, a modified interpolation scheme is used. For example, F1 is 

re-defined as 

FI -fl =..4+ Bx+ Cy (3.12) 

in which A, Band C are constants. Furthermore, F1 (x1'y 1) = f1 (x1'Y 1) and so forth for any other 

points. If (x1'Y1)and (x2,Y2) are two points on the mesh of opposite sign, then the point on the 
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contour of the root between them may be found by interpolation. With x and y as the position 

of the root, 

(3.13) 

where t is a scaling factor between zero and 1. A similar equation is assumed for y, with the 

,.. ,.. 
same value for t. Because f1 (x, y) = 0, 

(3.14) 

The quantity in the square brackets may be rewritten as f1(x2'Y2)- f1(x1'Y1),which permits 

t to be determined as a function of the values at the vertices of the triangle in question. Hence, 

the location of the zero is approximately 

(3.15) 

(3.16) 

Figures 3.2, 3.3, and 3.4 show zero contours for the case of two fIVe mm diameter apertures 

with the propagation distance between the first and second apertures being 325 mm and the 

distance between the second aperture and the detector 375 mm. The detector is assumed to 

be 2.2 mm on a side. This corresponds to the physical setup for one of the two aperture tests 

described in Chapter 4. Information from these contours is used to set initial values for 

parameters used in modeling the experiment. In all figures, the F1 and F2 paths are identified 

by the legend. The X axis represents the value of X on the first aperture, and the Y axis is the 

value of X on the second aperture. The tolerance used by Directed Relaxation for accepting a 
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candidate root is for the sum of the absolute value of both functions to be less than 0.05. The 

initial step size between aperture coordinates is 0.0025 mm, and the angle of the beam is four 

degrees from the horizontal plane of the Z axis. In a" three cases, the resolution shown is the 

minimum allowed by the contour method of Young and Gregory which resolves the root location. 

These three locations are chosen since they give a representative sample of root contours as 

a function of detector location, with one at the edge, one near the center, and the third sample 

between the other two. 
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Figure 3.2 Root contours near the 
edge of the detector 

Figure (3.2) and row 1 of Table (3.1) demonstrate that for adequate resolution the X 

coordinate on both apertures must be specified to within three places after the decimal. Figure 

(3.3) is associated with the data in the second row. Examination of this figure and 

accompanying data reveal that the minimum resolution for the X coordinates on both apertures 

is the same as for the edge case; this holds true for Figure (3.4) and row 3 of the aforementioned 
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XDet YOet XAp1 YAp1 XAp2 YAp2 

-0.98 -1.1 -2.4987825 0.0780140 2.4186997 0.632370 

-0.5 -0.42 -2.4997612 0.0345534 2.4843753 0.027906 

0.04 -0.08 2.49998860 0.0075484 2.4992576 -0.06092 

Table 3.1 Approximate Numerical Values of Sample Root Locations 

table. Additionally, for the cases chosen, there are no multiple roots in the region examined. 

This does not guarantee that there is no case of a missed multiple root or that all roots have 

been found. However, the degree to which data must be specified to be resolved would seem 

to indicate that the chosen combination of numerical methods is finding all available roots in the 

neighborhood. 

In summary, the difference between the implementation of GTD on one or two apertures 

is the increased difficulty associated with simultaneously finding the roots of Equations (3.3) and 

(3.4), which represent the points of stationary phase. Directed Relaxation, combined with the 

modified Newton's method developed by Brown, however, seems to accurately locate possible 

roots. Finally, graphical interpolation appears to validate the steps taken. 
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v. Two Aperture Sampling 

As is the case with one aperture, the coherent addition of one or more complex amplitudes 

for the case of short propagation lengths requires attention to possible sampling difficulties. 

Figure (3.5) illustrates the geometry for two apertures which produces the greatest possible path 

difference. Note that this geometry assumes that a ray diffracted from the same location on the 

first aperture may be diffracted from two different locations on the second aperture. Although 

this has not generally been observed while examining root locations, the possibility of such a 

configuration, which would occur for the case of normal incidence, requires this analysiS to be 

used when determining a sampling pattern. The path difference requirement remains the same 

as for the one aperture case. 

Aperture 1 Aperture 2 
~ ~ 

Optic Axis 

Ray 2 

Figure 3.5 Geometry for Sampling 
with Two Apertures 
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VI. Outline of Computer Code 

The second program in Appendix B implements the above computational strategies. It is, 

in many ways, an extension of the program for the one aperture case. However, several 

clarifying points need to be illustrated. First, while /3 must be the same for rays striking and 

leaving an aperture, it need not be the same for both apertures. Hence, many subroutines for 

the two aperture code have a SuffIX .~ but are otherwise the same as for the one aperture code. 

This indicates that they calculate the relevant quantities on the second aperture. There are, 

however, several new subroutines. GetDiffPoints controls program execution for the calculation 

of diffraction points with most of the work being done by Find. Sort determines which direction 

produces the greatest reduction in the absolute values of F1 and F2. Zapplt checks for 

redundancy with the previously Identified root, and ReZap performs this same task for all 

candidate roots associated with a field point. RootSort eliminates zeros in the solution array 

which are Introduced when Brown's method revealed that they were not true roots. This routine 

is an adaptation of the subroutine Sort from Numerical Recipes (FORTRAN) (Press, et ai, 1989). 
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Chapter 4 

Experimental and Theoretical Results 

I. Experimental Apparatus 

In order to evaluate the usefulness of the GTD approximation and relevant computer 

programs outlined In previous chapters, an experiment is constructed to test the theory. The 

components used will be described first, followed by the measurement procedure with 

accompanying equations. Finally, experimental and theoretical results will be compared for one 

and two apertures. 

Figure 4.1 is a schematic diagram of the apparatus used. The light source is a 15 mW 

Helium·Neon laser operating at 0.6328 microns. Since this source provides coherent light, the 

programs are written to sum the complex amplitudes from all diffracted rays striking a given field 

pOint, rather than sum the intensities, as would have been done for the case of incoherent light. 

Second Aperture 

NO ['ter 
Aperture Dete tor 

I He-Ne I ~ D '-1 S-pot-ia-' Fi-tte-r -. 

1 Mounting Roil 

Rototion Stage 
Chopper 

Figure 4.1 Experimental Setup 
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Following the laser is a chopper that operates at approximately 163 Hz, which is necessary 

for using the synchronous detection of the Lock-In amplifier. Immediately after the chopper, a 

neutral density filter having an optical density of roughly 3.85 is placed for the case of making 

on-axis measurements only. The collimating assembly is constructed from the parts of a 

Newport LC-V Modular Collimator with an NA 0.25 microscope objective followed by a 50 micron 

pinhole. The lens provided with this assembly is a multi-element, achromatized 250 mm focal 

length lens. The expansion ratio of the system is approximately 15, yielding a collimated beam 

with a diameter of about 1.5 cm. 

Although the Newport assembly is sold as a single unit, the constituent elements are 

removed from the mount provided so that they can each have X and Y translation and rotation. 

In the case of the lens, a fine screw adjustment provides the Z translation necessary for precise 

collimation. Collimation is confirmed using a shear plate. 

All of the previously described equipment is covered by a large, sturdy cardboard box which 

has been blackened on the inside. The purpose of the box is to prevent the detector from 

seeing scatter from the collimation assembly and chopper. An opening is cut in one side 

perpendicular to the optical path allowing access to the apparatus. While data are begin taken, 

the hole is covered by a large piece of black felt. A large aperture in the box following the lens 

allows the collimated beam to leave the box and strike the first aperture. 

The apertures are mounted on a blackened 910 mm channel aluminum rail which has 

mounting holes along its length. This rail is mounted on a large rotation stage. The location of 

the first or only aperture, depending on whether a one or two-aperture experiment is being 

performed, is directly over the center of rotation of the stage, thus preventing the aperture from 
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wandering out of the center of the beam as the rail is rotated. For the case of two apertures, 

the second is located further down the rail. 

Three types of apertures are used. The first is a Newport variable radius diaphragm 

aperture. This aperture has the virtue of being thin, thus hopefully avoiding scatter from the 

walls of the aperture itself, which could cause measurements to exceed theoretical values. Other 

apertures are constructed from 0.03 inch thick aluminum. Some are made by drilling a hole of 

the desired diameter in the piece, and are referred to in the graphs and tables as thick, while 

others are thinned prior to drilling the hole. 

The detector was a Hammamatsu GaAsP photodiode which is connected to an operational 

amplifier, providing a gain of 107. It has a square active area 2.3 mm on a side. 

The experimental procedure begins by centering all elements on the optic axis. The first 

step is to reflect the laser beam from the detector back to the laser. Since the detector is 

borrowed from the Infrared Lab's AZSCAT machine, the housing has a small integrated refractive 

telescope used to increase light collected when performing BRDF measurements. Therefore, a 

hollow aluminum cylinder, capped at one end, is machined to fit snugly over the telescope tube. 

The end cap has a hole drilled in it, 1.8 mm in diameter and a few millimeters deep to locate the 

center of the telescope and, therefore, the center of the detector. A plane glass plate is attached 

to the end of the cylinder, providing reflection for alignment while still permitting observation of 

the hole. Alignment is considered satisfactory when the incident light strikes the machined hole 

and the reflected light re-entered the laser. A mask defining the center of the first aperture is 

then used to center it on the optic axis. 

At this point the microscope objective is moved into the beam and aligned by centering the 

reflection from the lenses on the exit aperture of the laser. When the objective is centered on 
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the optic axis, small, back-reflected concentric interference fringes encircle the laser aperture. 

The pinhole is then placed in the spatial filter assembly and aligned. Finally, the collimation lens 

is aligned by centering the collimated beam on the aluminum cylinder. For the case of two 

apertures, the second is then.centered as well. 

Because both the lens and the spatial filter assembly are mounted on Newport holographic 

posts having geared tracks, movement of the optics in and out of the beam is easy and 

realignment consists of tweaking, rather than gross adjustments. 

The final step in alignment is to place the neutral density filter in the beam and align it so 

that the reflected light enters the laser. The telescope assembly is then removed from the 

detector, allowing the on-axis power to be measured. Before a reading is recorded, the lock-in 

phase is changed to be ninety degrees out of phase with the chopper, and the reading is 

zeroed. Following that procedure, the phase of the lock-in is reduced by ninety degrees and the 

on-axis power recorded. Next, the rail is rotated to the first off-axis angle, the neutral density 

filter removed, and data are recorded every half degree. The rotation stage has a vernier dial 

with markings for every tenth of a minute of arc, allowing for reasonably accurate positioning. 

Data for each point is recorded after waiting several multiples of the lock-in time constant, which 

has been set to three seconds. 

Since the theoretical analysis of Equation (2.17) assumes that the incident electric field 

strength is normalized to one volt per meter, the output of the lock-in has to be normalized to 

the same value for the electric field on axis. 

Irradiance (I) on the detector may be written as (with apologies to conventional 

nomenclature) 
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(4.1) 

in which V is the voltage read at the amplifier, 0 is· the value of the gain resistor in the op-amp 

circuit, T is the transmittance of the neutral density filter, if any, and R is the responsivity of the 

detector. Additionally, c is the speed of light, Eo is the permittivity of a vacuum, and E is the 

strength of the electric field. Rearranging terms allows the electric field to be written as 

E _ 2V 2 [ r - QR't'Ace
o 

• 
(4.2) 

To normalize the electric field, the off axis value is divided by the on axis quantity. The 

result is 

(4.3) 

Since Eon is assumed to have a value of unity and the experiments in this dissertation did not 

use an off-axis filter, the final expression for the electric field is 

(4.4) 

When squared and multiplied by 1/2 CEO' the result is the experimental irradiance. 

Finally, before the numerical presentation of any experimental results, the topics of precision 

and accuracy should be discussed. Since accuracy is how closely a measured quantity 

compares with an absolute standard, the foregoing discussion indicates that this is not an issue 

in this dissertation because all measurements are relative to the on-axis irradiance. Precision, 
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or the ability to reproduce results, is another matter. In this work, precision is given as the 

fractional error, which is two standard deviations of the mean divided by the mean value. 

In addition to the error, the number of significant figures is also important. Equation (4.4) 

shows that the uncertainties in irradiance stem from voltages read from the lock-in amplifier and 

the transmissivity of the neutral density filter. Of these two, the lock-in provides the fewest 

significant digits at four. A common rule of thumb (Taylor, 1982) states that when two numbers 

are multiplied, the answer will generally be reliable if rounded to the number of significant figures 

in the least precise of the two numbers. For consistency, all quantities are given to three 

decimal places, which fits within this guideline. 

II. Single Aperture 

To compare the results from theory with experimental predictions, 

1 2 3 4 
reliance on the sampling theorem mentioned in Chapter 2 is 

5 6 7 8 
necessary. For the case of a single aperture, twO different 

9 10 11 12 
propagation distances, 415 mm and 700 mm are tested. The 

13 14 15 16 
sampling interval for the first case with an aperture diameter of five 

Figure 4.2 Sectors in 

mm is 0.013 mm, and the field point separation is 0.007 mm for an the detector plane. 

aperture diameter of nine mm. For the longer propagation distance, the fIVe mm aperture has 

a sampling interval of 0.02 mm and the nine mm aperture a sampling interval of 0.012 mm. 

To provide adequate sampling and overcome computer storage problems, the detector is 

divided into 16 sectors, shown in figure (4.2). Power is calculated for each sector, the result is 

then summed and divided by the detector area to give the irradiance. For these sampling 
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densities, computer run time is approximately twenty-one hours for a simulation of thirteen 

angles. 

Table (4.1) gives numerical experimental and theoretical results for the 9 mm diameter 

aperture with a propagation distance of 700 mm. As stated, uncertainty is given in terms of 

fractional error. Irradiance values have units of 10-13Watts I cm2. Accompanying Table (4.1) 

is Figure (4.3) which presents the same results graphically. 

On the same page as Figure (4.3) is Figure (4.4) which gives the graphical result for a five 

mm diameter aperture with the same propagation distance. The following page gives these 

same results numerically. 

Several observations may be made concerning these results. First, as would be expected, 

the diaphragm apertures, although they are the thinnest used, produce a great deal of diffractive 

scatter since they are not circular. As a result, artifacts increase the amount of diffractive scatter 

above the other two apertures, which, although they have no claim to high-precision machining, 

are still much rounder than the corresponding diaphragms. Also, since this effect is more 

pronounced as the diameter of the diaphragm is reduced, the graph for the five mm case clearly 

shows that the diffraction in this case is worse in relation to other results for the same diameter. 

The graphs also show that scatter from the machined thick and thin apertures differs little. 

However, the percentage error for the thick aperture generally tends to be less, occasionally 

significantly less, than that for the thin aperture. This presumably occurs because of the difficulty 

in machining the thinner circular apertures, resulting in irregularities. 
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Angle GTD Thick Fractional Thin Fractional Diaphragm Frac. 

Result Aperture Error Aperture Error Aperture Error 

2.00 7.324 5.294 0.021 6.021 0.040 8.918 0.136 

2.50 4.027 3.159 0.040 3.046 0.067 4.925 0.068 

3.00 2.461 1.992 0.039 1.891 0.062 3.141 0.069 

3.50 1.620 1.441 0.079 1.341 0.080 2.208 0.061 

4.00 1.123 1.116 0.027 1.023 0.096 1.576 0.080 

4.50 0.801 0.828 0.082 0.n1 0.102 1.205 0.065 

5.00 0.595 0.676 0.070 0.664 0.110 0.968 0.091 

5.50 0.465 0.546 0.059 0.564 0.114 0.783 0.108 

6.00 0.358 0.450 0.075 0.446 0.100 0.630 0.099 

6.50 0.292 0.325 0.101 0.364 0.125 0.468 0.065 

7.00 0.238 0.280 o.on 0.314 0.173 0.404 0.038 

7.50 0.176 0.264 0.072 0.322 0.191 0.360 0.087 

8.00 0.163 0.222 0.117 0.282 0.154 0.302 0.087 

Table 4.1 Results for Nine mm Aperture, 700 mm Propagation Distance. 
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Angle GTD Thick Fractional Thin Fractional Diaphragm Frac. 

Result Aperture Error Aperture Error Aperture Error 

I 1.50 10.351 12.346 0.022 16.990 0.030 19.750 0.093 

2.00 4.653 6.2n 0.036 6.978 0.036 8.793 0.103 

2.50 2.336 3.263 0.058 3.459 0.044 4.500 0.110 

3.00 1.496 1.n5 0.082 1.957 0.053 2.9n 0.124 

3.50 0.976 1.258 0.050 1.251 0.059 2.169 0.087 

4.00 0.671 1.053 0.061 0.752 0.072 1.5n 0.127 

4.50 0.476 0.824 0.066 0.758 0.066 1.262 0.109 

5.00 0.351 0.498 0.068 0.560 0.092 1.014 0.109 

5.50 0.272 0.452 0.074 0.371 0.095 0.829 0.098 

6.00 0.210 0.465 0.083 0.285 0.111 0.652 0.089 

6.50 0.168 0.293 0.057 0.189 0.109 0.546 0.100 

7.00 0.136 0.400 0.120 0.219 0.100 0.450 0.120 

7.50 0.113 0.298 0.086 0.159 0.108 0.404 0.118 

8.00 0.093 0.215 0.067 0.145 0.114 0.340 0.146 

Table 4.2 Results for Five mm Aperture, 700 mm Propagation Distance. 
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Angle Nine mm Fractional Nine mm Five mm Fractional Five mm 

Experiment Error Theory Experiment Error Theory 

2.00 -- -- -- 15.697 0.051 11.448 

2.50 8.329 0.062 9.501 8.135 0.049 6.251 

3.00 4.403 0.065 5.926 4.411 0.046 3.805 

3.50 2.893 0.047 3.958 3.199 0.046 2.505 

4.00 2.090 0.048 2.775 2.071 0.047 1.735 

4.50 1.412 0.053 1.996 1.294 0.043 1.238 

5.00 0.990 0.058 1.503 0.967 0.040 0.921 

5.50 0.731 0.076 1.188 0.788 0.045 0.716 

6.00 0.629 0.066 0.912 0.614 0.046 0.551 

6.50 0.509 0.079 0.747 0.471 0.055 0.448 

7.00 0.413 0.075 0.621 0.439 0.053 0.361 

7.50 0.345 0.089 0.512 0.383 0.047 0.302 

8.00 0.301 0.106 0.431 0.314 0.055 0.249 

8.50 0.266 0.102 0.367 0.275 0.053 0.210 

9.00 0.245 0.110 0.302 0.247 0.066 0.180 



9.50 

10.00 

10.50 

11.00 

0.212 0.126 0.271 0.232 0.054 

0.182 0.140 0.227 0.200 0.053 

0.170 0.112 0.198 0.202 0.060 

0.158 0.094 0.175 0.178 0.063 

Table 4.3 Results for Both Apertures, 415 mm Propagation Distance. 
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Since the experiments for the propagation distance of 700 mm were performed before those 

for 415 mm and because the results for the machined apertures are so close, data for the 415 

mm propagation distance is only taken using the thick apertures. Hence, results for both cases 

are given in Table (4.3). Graphical results are presented in Figures (4.5) and (4.6). These 

results also indicate that experiment and theory agree. 

As a result of the data presented, GTD is shown to correctly model diffractive scatter for 

coherent light for the case of one circular aperture. 
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III. Two Apertures 

Comparison of figures (2.5) and (3.5) reveals that the greatest influence on the sampling 

interval for the two aperture geometry is the distance of the second aperture from the detector 

plane. In the experimental configuration that is used in the lab, the distance between the first 

and second apertures is 325 mm, and the distance between the second aperture and the 

detector is 375 mm. Therefore, a sampling frequency marginally less than that used for the 415 

mm propagation distance for one aperture is used. For the 5 mm diameter aperture, the 

requisite interval is 0.011 mm and for the 9 mm aperture it is 0.0066 mm. These small step 

sizes, coupled with the large computation times needed for root finding, dictated that a rigorous 

exploration of both apertures would require a minimum of six years of run time on the 386 

system used. Since this system is not significantly slower than most main frame computers, 

(Robb and Pawlowski, 1990) several approximations were made to make the problem tractable. 

The first approximation may be understood by reference to equations (3.3) and (3.4). For the 

cases considered, the sin(tf:I) term of F1 is zero, and cos(8) is unity. When the rest of (3.3) 

equation is set equal to zero, the result simplifies to 

YApI [ (XAp2-XApI) - Cos(6) MagI] = XApI [ YAp2-YApI ]. (4.5) 

Because both (3.3) and (3.4) must be zero simultaneously, results of an examination of one or 

the other for limiting behavior may be viewed as applying to both equations. Given experimental 

parameters used, the product of the cosine term and the total propagation distance will be rather 

large compared to the other terms involved. Therefore, the Y coordinate must be small to force 

an equality. Hence, the diffracted rays will essentially scatter in the plane of incidence. As a 

result, a good approximation would be to restrict the search undertaken by Directed Relaxation 
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to an area close to the X axis. An examination of root-finding results at several points in the 

plane of the detector for varying angles of incidence finds no roots with X coordinates having 

an absolute value greater than 2.4 for the aperture with a radius of 2.5 mm. The largest 

coordinate for the ap&iture with a 4.5 mm radius is 4.0 mm. As a result, global searches are 

terminated when the absolute value of either X coordinate is less than the minimum for the 

aperture under consideration. 

A second approximation is closely related to the first. This assumption is that the irradiance 

is symmetric about the X axis. Therefore, calculation of the irradiance on sectors 1 - 8 of figure 

(4.2) should be the same as for the whole detector. This approximation is tested on data from 

the one aperture case, and deviations are generally found in the third or fourth decimal place. 

With these assumptions reducing computer time, calculations consumed a bit less than two 

weeks of CPU time for the 2.5 mm radius aperture. Numerical data for that case is presented 

in table (4.4) and graphically in figure (4.5). The number of roots found in each sector as a 

function of angle is given in table (4.5). Numerical results for the 5 mm radius aperture are given 

in table (4.6), with the number of roots per sector in table (4.7). Figure (4.8) is the graphical 

presentation of these results. Units are the same as for the previous tables. 

As the data shows, theory and experiment agree well. However, comparison of the 

numerical values in table (4.4) and table (4.2) reveals an interesting comparison that is shown 

graphically in figure (4.8) for the aperture of radius 2.5 mm and in figure (4.10) for the 5 mm 

diameter aperture. That is, that the difference between theoretical values for the one and two 

aperture cases is not very significant. However, the visual agreement seems to be much 

better with the experimental data from two apertures. This may be explained by considering the 

reflective scatter from the rim of the aperture. For the case of only one aperture, this scatter 

I 
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Angle GTD Thick Fractional Thin Fractional 

Result Aperture Error Aperture Error 

2.00 4.557 6.854 0.055 6.715 0.075 

3.00 1.453 1.284 0.073 1.413 0.070 

4.00 0.650 0.688 0.062 0.492 0.072 

5.00 0.342 0.427 0.071 0.290 0.062 

6.00 0.206 0.275 0.087 0.187 0.069 

7.00 0.133 0.176 0.104 0.123 0.093 

8.00 0.091 0.164 0.095 0.070 0.142 

Table 4.4 Results for Two 2.5 mm radius Apertures 

is not blocked and propagates to the detector plane where it is recorded. However, for the case 

of two apertures, the reflective scatter from the first aperture is, in general, blocked by the 

second aperture; and the irradiance that may produce reflective scatter from the second aperture 

is very small because only diffracted rays reach the rim of the second aperture. On the other 

hand, the singly-diffracted rays from the first aperture in the two aperture system are not blocked 

by any part of the second aperture. Therefore, the change in experimental results between the 

two cases is the blockage of most reflective scatter from the first aperture and coherent 

subtraction of doubly-diffracted rays from the singly-diffracted rays. Because the doubly 
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-diffracted rays have a smaller amplitude by the square of the diffraction coefficients, the 

diffractive scatter in a two aperture system is basically fIXed at values contributed from the first 

aperture alone. This is rather fortunate since the computer time necessary to model systems of 

two or more apertures is prohibitive. Hence, we conclude that the one aperture model is 

sufficient for the modeling of most multi-aperture systems. 
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Sector 2" 3° 4° 5° SO ~ 8° 

1 10,404 9,761 8,752 7,834 7,351 4,745 803 

2 10,200 9,904 9,061 8,149 6,318 3439 896 

3 10,200 9,350 8,281 5,134 1,759 306 63 

4 10,404 10,040 9,692 5,582 1,023 0 0 

5 5,092 3,853 3,640 2,007 180 0 0 

6 4,696 3,147 3,065 1,274 165 0 0 

7 4,171 1,053 1074 24 13 0 0 

8 4,448 1,611 932 0 0 0 0 

Table 4.5 Number of Roots per Sector for Two 2.5 mm radius Apertures 
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Angle GTD Thick Fractional Thin Fractional 

Result Aperture Error Aperture Error 

2.00 7.117 9.052 0.080 9.563 0.078 

3.00 2.389 1.855 0.066 1.832 0.037 

4.00 1.229 0.836 0.071 1.080 0.051 

5.00 0.579 0.594 0.076 0.728 0.044 

6.00 0.349 0.377 0.075 0.573 0.066 

7.00 0.230 0.287 0.088 0.309 0.053 

8.00 0.158 0.184 0.083 0.247 0.069 

Table 4.6 Results for Two 5 mm radius Apertures 
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Sector ~ 3° 4° 5° SO -r 8° 

1 28,224 26,290 23,569 19,491 18,107 17,673 19,465 

2 28,230 26,795 23,575 19,028 17,145 16,729 17,847 

3 28,224 27,711 21,930 16,057 8,123 8,948 9,284 

4 28,228 27,034 22,072 16,283 8,458 8,525 7,093 

-
5 15,369 8,034 5,065 3,492 5,300 4,414 1,048 

6 14,911 6,674 4,209 3,666 5,075 4,018 1,469 

7 12,996 3,164 87 85 300 1,179 18 

8 13,188 4,265 710 118 256 260 0 

Table 4.7 Number of Roots per Sector for Two 5 mm radius Apertures 
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I. Conclusions 

Chapter 5 

Conclusions and Future Directions 
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The work described in this dissertation has achieved several new results. First, the 

Geometric Theory of Diffraction has been used, to the best of our knowledge, for the first time 

to study diffractive scatter from apertures in an optical system. The predictions made by 

computer programs based on this theory have been quantitatively tested through laboratory 

experiment. Not only has such a test not been performed for GTD, there is also no evidence 

in the literature of such a test for other asymptotic solutions to the problem of diffractive scatter 

from apertures. 

In addition to the agreement of theory and experiment, a sampling theorem has been 

derived that is necessary for propagation distances of-less than a few meters. 

Because GTD necessitates the use of fairly sophisticated root-finding techniques to locate 

points of diffraction, a global search method, referred to as Directed Relaxation, was developed 

for modeling the two-aperture problem. When implemented in the computer program, as many 

as two roots per field point were found. However, including the contribution of these doubly

diffracted rays did not appreciably change the final result. Therefore, the role of the second 

aperture was determined to be that of blocking reflective scatter from the rim of the first aperture. 

II. Future Directions 

Any future study of the usefulness of GTD for diffractive scatter must consider the massive 
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amounts of computer time necessary for accurate modeling. Since doubly-diffracted rays have 

little effect on the final result, a study of rays that are the result of three or more diffractive events 

appears pointless and may, in fact, be misleading, as will be discussed later. However, there 

is a system that could merit attention: two apertures mounted in a cylindrical tube. If light from 

the main beam were passed, partially or wholly, by the first aperture, reflected from the cylinder 

wall and intercepted by the second aperture, singly-diffracted rays from this second aperture 

should provide a significant contribution to the total diffracted irradiance. However, the computer 

search procedure needed to locate the points of diffraction would probably require a significant 

amount of computer time because rays reflected from the interior of a curved cylinder would be 

propagating with direction cosines that differed from one ray to the next. As a result, even 

though singly-diffracted rays from the second aperture would provide a large contribution to the 

final diffracted irradiance, the root finding method to determine the points of diffraction would 

probably be as complicated as that for the case of doubly-diffracted rays considered in this 

dissertation. In addition, the question of normalization of the amplitude of the electric field would 

have to be handled carefully to allow a meaningful comparison of theory and experiment. 

Finally, the fact that the number of doubly diffracted rays either varies across the detector, 

or that not all such rays have been found calls into question the philosophical underpinnings of 

GTD for the case of oblique incidence. Those who have considered doubly diffracted rays for 

the case of normal incidence have no such problem, since the number of diffraction points is 

fIXed and the locations are easily determined. However, the work contained in this dissertation 

seems to indicate that application of GTD to the study of multiply-diffracted obliquely incident 

rays Is misleading at best and ought not to be pursued further. 
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APPENDIX A 

Comparison between GTD 
and the Boundary Wave Formalism 

As previously mentioned, there are similarities between GID and the Boundary Wave (BW) 

approach taken by Greynolds and co-workers (Greynolds, 1980, Breault, Greynolds and Lange, 

1980). To facilitate an understanding of the differences and similarities between this work and 

the BW formalism, an outline of the theoretical background of the BW method follows. 

Sommerfeld's theory gives an expression for the field diffracted by an infinite, perfectly 

conducting edge. It also shows that the field can be split into geometric and wave components. 

Building upon this result, Rubinowicz derives an expression which explicitly splits either a plane 

or spherical electromagnetic wave incident on an aperture into geometric and wave components 

The procedure uses a vector potential which satisfies the Helmholtz-Kirchhoff integral and 

represents the boundary diffraction wave. 

The 1962 work of Miyamoto and Wolf (Miyamato and Wolf, 1962a, 1962b) shows how to split 

arbitrary wave fields. In order to do this, a new vector potential W is defined that has several 

properties. First, the curl of W has to be identically equal to the integrand of the Helmholtz-

Kirchhoff diffraction integral. Secondly, the vector potential has to have singularities, with the 

field strength at some point P being the sum of the disturbances propagated from these points 

of singularity. W also has to obey the Sommerfeld radiation condition at infinity. It states that 

if the source is in a finite region of space, the outgoing wave at infinity must behave like a 

spherical wave. Finally, the results from this new potential have to collapse to Rubinowicz's 

results for the special cases he studied. 
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(A.1) 

In this form, s is the distance between the field point and the aperture, r denotes the 

position vector of the field point, r' is the position vector of the point on the aperture from which 

the diffractive disturbance originates, and V' is the gradient with respect to r'. Also, V'CP is the 

unit vector in the direction of the exiting ray. 

The integration for some diffractive point Q on a closed surface Is 

U(P) = J Js V Q W(Q.P)· ridS. (A. 2) 

This integration is performed around boundaries ri which enclose the singularities. Since the 

. integration is over the surface and the curl of W is identically the kernel of the Helmholtz-

Kirchhoff integral, application of Stokes' theorem changes (A.2) to an integral around the 

boundary of the aperture. However, it is generally not possible to analytically perform the 

integration. Therefore, Miyamato and Wolf derived a stationary phase approximation to the 

above integral which is 

1 JeUr (TxP).£ U = -- dz 
D 4rc r [1 + ;. P.1 • 

(A.3) 

Due to the assumptions used in deriving (A.3), only points of stationary phase will contribute 

to the integral. As a result, the evaluation of (A.3) reduces to finding the points of stationary 

phase and calculating the value of (A.3) at those points, which is identical to finding the points 

which satisfy the extended form of Fermat's principle (Keller, 1985). However, implementation 
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of the Boundary Wave formalism requires that (A.3) be re-evaluated for all different aperture 

configurations. Even for an identical experimental geometry, different formulae must be derived 

for normal and oblique incidence, whereas the same coefficient may be used in GTD. Greynolds 

work in 1980 shows that the difference between the results obtained using GTD as opposed to 

the Boundary Wave method is negligible for the case of wide angle diffraction from a straight 

edge. However, he does not demonstrate this in general. 

As a result of the differing coefficients, numerical comparisons between GTD and BW 

provide the only means for general comparisons. Greynolds develops (1980b) an approximate 

formula, based on the BW method to treat the diffractive scatter as a Single, macroscopic BRDF. 

In addition, approximate formulae are calculated for scatter from other elements in the system. 

Totals are then added, with results indicating that this approximate treatment provides almost 

the same answers as those calculated using the BW formalism for diffraction and ray tracing 

techniques for the other scatter. Since the results agree so well, this formula is assumed to be 

a good approximation to the BW formalism and is, used, therefore, to calculate irradiance in the 

detector plane from diffractive scatter. Greynold's formula is 

(A.4) 

where ri is the distance from the source to the aperture, r 0 is the distance from the aperture to 

the field point, subscripts on e have the same meaning as they do for the r's and R is the radius 

of curvature of the aperture. Also, Ei is the incident irradiance and Ed is the diffracted irradiance 

in the detector plane. Figures (A.1) and (A.2) show the results for a single aperture and a 
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propagation dist~nce of 400 mm while the 700 mm results are given as figures (A.3) and (A.4). 

As may be seen by these figures, the predictions of the approximate form of the BW 

formalism do not match those of GTD. The disagreement for angles closest to the axis of 

propagation is the smallest and grows progressively worse farther from the optic axis. However, 

over the examined region, the difference is roughly a factor of two. 

Comparison of GTD and BW theoretical results with experimental data for all cases 

considered shows that GTD provides a better prediction of the amount of diffractive scatter. If 

the approximate and rigorous BW calculations do not agree as we!! (Greynolds, 1980b), the 

difference could be explained as the result of an approximate formulation. However, because 

rigorous and approximate formulations give roughly the same answer, the explanation for their 

difference with GTD and BW must be sought elsewhere, most likely in the differing diffraction 

coefficients. 
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Appendix B 

Computer Codes 

C***************************************************************************** 
C 
C 
C 
C 
C 
C 
C 
C 
C 

Geometrical Diffraction Program 
for Oblique Incidence on One Aperture 

written by 
DeVon W. Griffin 
January 1990 

C This is based on the geometrical diffraction theory of Joseph B. 
C Keller (J. Appl. Phys., April 1957, ppg 426-444. In its original 
C incarnation, it calculates the far-field pattern of acicular 
C aperture using singly-diffracted rays, assuming the normal incidence 
C of a plane wave. The assumed boundary condition is U = 0 on the screen. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

Assuming that the Z axis is the direction of propagation, the following 
angles are defined: 
Phi: Angle with respect to the Z axis. 
Theta: Angle with respect to the X axis. This will be 90 deg. for normal 

Incidence. 
Gamma: Polar angle in the XV plane describing tne location on the aperture. 
Beta: Angle between the incident ray and the positive tangent to the 

aperture. 

C***************************************************************************** 

$NOTRUNCATE 
$DECLARE 

Integer*4 I, NTot, SignX, SignY 
Character*30 FileName 
Real*8 PropDist, Theta, Pi, Phi, Alpha 
Real*8 Lambda, WaveNum, Irrad, FarXMax, FarXMin, PtDist 
Real*8 XTemp, YTemp, Radius, Templrrad, Unity 
Real*8 FarYMax, FarYMin, Beta, BetaDot 
Complex*16 FieldAmp, Imag, ConstAmp 
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Dimension Irrad(9000,3) 

PI = 4 * DATan(1.0DOO) 
Imag = Cmplx(0.,1.) 
Unity = 1.0000 

C***************************************************************************** 
C 
C 
C 
C 
C 

Data Input Section 

C***************************************************************************** 

Print*,'How far do you want to propagate? (mm)' 
Read*,PropDist 
Print*,'What wavelength do you want to use? (microns)' 
Read*,Lambda 
Lambda = (Lambda /1000) 
WaveNum = (2 * Pi / Lambda) 
Print*,'What is the radius of the diffracting aperture? (mm) , 
Read*, Radius 
Print*,'What is the maximum value of X in the field 1 (mm)' 
Read*,FarXMax 
Print*,'What is the minimum value of X In the field 1 (mm) , 
Read*,FarXMin 
Print*,'What is the maximum value of Y In the field 1 (mm)' 
Read* ,FarYMax 
Print*,'What Is the minimum value of Y in the field 1 (mm)' 
Read*, FarYMin 
Print*,'What interval do you want between points 1 (mm)' 
Read*,PtDiSt 
Print*,'What is the X angle of incidence l' 
Read*,Theta 
Print* ,'What is the Z angle of incidence l' 
Read*,Phi 
Theta = (Theta * PI) /180 
Phi = (Phi * PI) /180 
SignX = Sign(Unity,Cos(Theta» 
SlgnY = Slgn(Unity,Sin(PhQ) 
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C***************************************************************************** 
C 
C 
C 
C 
C 

Irradiance Distribution 

C*****************************************~*********************************** 

1 = 0 
ConstAmp = - CExp(lmag * Pi I 4) I (2 * Sqrt(2 * Pi * WaveNum» 
XTemp = FarXMin 
YTemp = FarYMin 

101 If (YTemp .LE. FarYMax) then 
102 If (XTemp .LE. FarXMax) then 

1=1+1 
Call GetAmp(SignX, SignY, XTemp, YTemp, 

K Radius, Phi, Theta, PropDist, WaveNum, 
K ConstAmp, FieldAmp) 

Irrad(I,1) = XTemp 
Irrad(I,2) = YTemp 
Templrrad = CSqrt(FieldAmp * Conjg(FieldAmp» 
If (Templrrad .LE. 5.0) then 

Irrad(I,3) = Templrrad 
Else 

Irrad(I,3) = 5.0 
End If 
XTemp = XTemp + PtDist 
GoTo 102 

End If 
XTemp = FarXMin 
YTemp = YTemp + PtDist 
GoTo 101 
End If 
NTot = I 
Print*,NTot 
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C***************************************************************************** 
C 
C 
C 
C 
C 

Data Output Section 

C***************************************************************************** 

Print*,What would you like to name the output file ?' 
Read*,FileName 
Open(Unit= 1 ,File= FileName,Status= 'Unknown') 
1=1 
Do 1031 = 1, NTot 

Write(1, *)lrrad(l, 1),lrrad(I,2),lrrad(I,3) 
103 Continue 

Close(1) 
Stop 
End 

C***************************************************************************** 
C 
C 
C Subroutine GetAmp 
C 
C This subroutine calculates the complex amplitude at the given point in the 
C field. In accordance with the law of diffraction, derived from the 
C principle of least action, non-normal incidence requires that the angle the 
C incoming ray makes with the aperture be the same as that between the aperture 
C and the ray striking the field point. Also, since Gamma must be adjusted 
C for both points on the aperture, it has been renamed as Kappa1 and Kappa2. 
C Kappa1 corresponds to the near point and Kappa2 to the far point. 
C 
C 
C***************************************************************************** 

Subroutine GetAmp(SignX, SignY, XTemp, Yremp, Radius, Phi, 
K Theta, F:»ropDist, WaveNum, ConstAmp, 
K FieldAmp) 

S8 



Integer*4 SignX. SlgnY 
Real*8 XTemp. YTemp. X1A. Y1A. X2A. Y2A. PI 
Real*8 Gamma1. Gamma2. PropDist. Dist1. Dist2. WaveNum. Radius 
Real*8 R1. R2. Beta1. Beta2. Beta1 Dot. Beta2Dot 
Real*8 Alpha. Phi. Theta. Kappa1. Kappa2. Alpha1. Alpha2 
Complex*16 F1 p. F1 N. F2P. F2N 
Complex*16 Amp1. Amp2. ConstAmp. FieldAmp. Imag 
Complex*16 Phase1. Phase2. TempAmp 

Real*8 Var1. Var2 

PI = 4.0 * DATan(1.0DOO) 
Imag = Cmplx(O .• 1.) 

X1A = 0.1 
Y1A = Radius 
Call Adjust(Phi. Theta. PropDist. X1A. Y1A. Radius. 

K Kappa1. XTemp. YTemp) 
X2A = -0.1 
Y2A = Radius 
Call Adjust(Phi. Theta, PropDlst. X2A. Y2A. Radius. 

K Kappa2. XTemp. YTemp) 
Dist1 = Sqrt«XTemp - X1A)**2 + (YTemp - Y1A)**2) 
Dist2 = Sqrt«XTemp - X2A)**2 + (YTemp - Y2A)**2) 
R1 = Sqrt(Dist1 **2 + PropDist**2) 
R2 = Sqrt(Dist2**2 + PropDist**2) 
Gamma1 = DACos«(XTemp - X1A) I R1) * Cos(Kappa1) + 

K «(YTemp - Y1A) I R1) * Sin(Kappa1» 
Gamma2 = DACos«(XTemp - X2A) I R2) * Cos(Kappa2) + 

K «(YTemp - Y2A) I R2) * Sln(Kappa2» 
Call GetNewGam(XTemp. YTemp. X1A. Y1A, Radius. Gamma1) 
Call GetNewGam(XTemp. YTemp. X2A. Y2A. Radius. Gamma2) 
Call GetBeta(Phi.Theta.Kappa1.Beta1) 
Call GetBeta(Phi.Theta.Kappa2.Beta2) 
Call GetBetaDot(Phi.Theta.Kappa1.Beta1.Radius.Beta1 Dot) 
Call GetBetaDot(Phi.Theta.Kappa2.Beta2.Radius.Beta2Dot) 
Call GetPhase(X1A.Y1A.Radius.SignX.SignY. 

K Phi.Theta.WaveNum.Phase1) 
Call GetPhase(X2A.Y2A.Radius.SignX.SignY. 
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K Phl,Theta,WaveNum,Phase2) 
Alpha1 = Phi * Abs(Sin(Kappa1» + «(Theta - PI 12) * 

K Abs(Cos(Kappa1))) 
Alpha2 = Phi * Abs(Sin(Kappa2» + «(Theta - PI 12) * 

K Abs(Cos(Kappa2))) 
Call FindFPos(Gamma1 ,Alpha1 ,R1 ,Beta1 ,WaveNum,F1 P) 
Call FlndFNeg(Gamma1 ,Alpha1 ,R1 ,Beta1,WaveNum,F1 N) 
Call FindFPos(Gamma2,Alpha2,R2,Beta2,WaveNum,F2P) 
Call FindFNeg(Gamma2,Alpha2,R2,Beta2,WaveNum,F2N) 

Amp1 = CExp(lmag * WaveNum * R1) * (F1N 1 Cos«Gamma1 - Alpha1) 
K 12) + F1P 1 Sin«Gamma1 + Alpha1) 12» * 
K (1 1 CSqrt(R1 * (1 - R1 * (Sin(Gamma1) + (Radius * 
K Beta1Dot * Sin(Beta1))) 1 (Radius * 
K Sin(Beta1)**2»» * ConstAmp * Phase1 1 Sin(Beta1) 

Amp2 = CExp(lmag * WaveNum * R2) * (F2N 1 Cos«Gamma2 - Alpha2) 
K 1 2) + F2P 1 Sin«Gamma2 + Alpha2) 1 2» * 
K (1 1 CSqrt(R2 * (1 - R2 * (Sin(Gamma2) + (Radius * 
K Beta2Dot * Sin(Beta2))) 1 (Radius * 
K Sln(Beta2)**2»» * ConstAmp * Phase21 Sln(Beta2) 

FieldAmp = Amp1 + Amp2 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Adjust 
C 
C 
C The purpose of this subroutine Is to locate the points of diffraction on the 
C aperture. The method of bisection is used since Newton's method does not, 
C in general, converge. 
C 
C 
C***************************************************************************** 

Subroutine Adjust(Phi, Theta, PropDist, XAp, YAp, Radius, 
K Kappa, XTemp, YTemp) 
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Integer *4 SignXY. SignX. Unity. SignTest. Counter 
Real*8 PI. HiGuess. LoGuess. Phi. Theta. PropDist. XAp. YAp 
Real*8 Radius. Var1. Kappa, Root. Error 
Real*8 XTemp. YTemp. Var2. Magnitude. MedGuess 
Real*8 HiResult. LoResult. MedResult 

PI = 4.0 * DATan(1.00DOO) 

HiGuess = Radius 
LoGuess = -Radius 
MedGuess = 0.0 
Error = 1E+15 
Unity = 1.00000 
Counter = 1.00000 
SlgnX = Sign(Unity. XAp) 

100 XAp = SlgnX * Sqrt(Radius**2 - HiGuess**2) 
Call Evaluate(XTemp. YTemp. SignX. Radius. Phi. Theta, 

K HiGuess. PropDist. HiResult) 
XAp = SignX * Sqrt(Radius**2 - LoGuess**2) 
Call Evaluate(XTemp. YTemp. SignX. Radius. Phi, Theta. 

K LoGuess. PropDist. LoResult) 
XAp = SignX * Sqrt(Radius**2 - MedGuess**2) 
Call Evaluate(XTemp. YTemp. SignX. Radius. Phi. Theta, 

K MedGuess, PropDist, MedResult) 
Error = HiResult - LoResult 
If (Abs(Error) .GT. 1 E-07) then 
If «LoResult .L T. 0.0) .AND. (MedResult .LT. 0.0» then 
LoGuess = MedGuess 

Else If «LoResult .GT. 0.0) .AND. (MedResult .GE. 0.0» then 
LoGuess = MedGuess 

Else If «HiResult .LT. 0.0) .AND. (MedResult .LT. 0.0» then 
HiGuess = MedGuess 

Else If «HiResult .GT. 0.0) .AND. (MedResult .GE. 0.0» then 
HiGuess = MedGuess 

Endlf 
Counter = Counter + 1 
MedGuess = (HiGuess + LoGuess) I 2 
SignTest = Sign (Unity. MedGuess I XAp) 
GOTO 100 

End If 
If (Counter .GT. 1.0) then 
YAp = MedGuess 
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Else 
YAp = SignX * Abs(HiGuess) 

End If 
XAp = SignX * Sqrt(Radius**2 - YAp**2) 
Kappa = DACos(XAp I Radius) 
If (XAp .NE. 0) then 
SignXY = Sign(Unity, YAp I XAp) 

Else 
SignXY = Sign(Unity, XAp I YAp) 

End If 
If (XAp .NE. 0.0) then 
If «SignXY .EO. 1) .AND. (SignX .EO. -1» then 
Kappa = DATan(yAp I XAp) + PI 

Else If «SignXY .EO. -1) .AND. (SignX .EO. 1» then 
Kappa = 2 * PI - Kappa 

End If 
Else Jf(SignX .EO. -1) then 
Kappa = Kappa + PI 

End If 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Evaluate 
C 
C 
C The purpose of this subroutine is to perform an evaluation of the function 
C for use in locating the points of diffraction. 
C 
C 
C***************************************************************************** 

Subroutine Evaluate(XTemp, YTemp, SignX, Radius, Phi, Theta, 
K YAp, PropDist, FX) 

Integer*4 SignX 
Real*8 Var1, Var2, Phi, Theta, Radius, YAp, Magnitude 

Real*8 PropDist, XTemp, YTemp, Root, FX 
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Root = SignX * Sqrt(Radius**2 - YAp**2) 
Magnitude = Sqrt«(XTemp - Root)**2 + (YTemp - YAp)**2 + 

K PropDist**2) 
Var1 = (XTemp - Root) ! Magnitude - Cos (Theta) * Cos(PhQ 
Var2 = Sin(PhQ - (YTemp - YAp) ! Magnitude 
FX = (yAp! Radius) * Var1 + (Root! Radius) * Var2 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Get New Gamma 
C 
C The purpose of this subroutine is to calculate the angle theta in the 
C papers of Joseph B. Keller. (see main program comments.) I would have 
C called the angle theta as well, except that I had already used it for 
C a propagation angle. So, Gamma1 and Gamma2 are Keller's Theta1 and 
C Theta2. 
C 
C 
C***************************************************************************** 

Subroutine GetNewGam(XFar, YFar, XAp, YAp, Radius, Angle). 

Real*8 XFar, YFar, XAp, YAp, Angle, PI, Radius 
Real*8 XTest, YTest, FarRad 

PI = 4 * DATan(1.00DOO) 

FarRad = Sqrt(XFar**2 + YFar**2) 
XTest = XFar * XAp 
YTest = YFar * YAP 
If (Abs(YFar) .LE. 1.00-06) then 
YFar = 0.0 

End If 
If (Angle .GT. PI! 2) then 
Angle = Angle - (PI! 2) 

Else 
Angle = (PI! 2) - Angle 

End If 
If (FarRad .GT. Radius) then 

If «YFar .NE. 0.0) .AND. (YTest .GT. 0.0» then 
Angle = Angle + PI 
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Else If «YFar .NE. 0.0) .AND. (VTest .LT. 0.0» then 
Angle = PI - Angle 

End If 
If «YFar .EO. 0.0) .AND. (XTest .GT. 0.0» then 
Angle = Angle + PI 

Else If «YFar .EO. 0.0) .AND. (XTest .LT. 0.0» then 
Angle = PI - Angle 

End If 
Else 
Angle = PI - Angle 

End If 

Return 
End 

C***************************************************************************** 
C 
C 
C Subroutine GetBeta 
C 
C This subroutine calculates the angle between the incident ray and the 
C tangent to the edge at that point. 
C 
C 
C***************************************************************************** 

Subroutine GetBeta(Phi,Theta,Gamma,Beta) 

Real*8 Phi, Theta, Beta, Gamma 

Beta = ACos«Sin(PhQ * Cos(Gamma» -
K (Cos (Theta) * Sin(Gamma)* Sin(PhQ» 

Return 
End 
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C***************************************************************************** 
C 
C 
C Subroutine GetBetaOot 
C 
C This subroutine calculates the derivative of Beta with respect to arc 
C length. In the case of a circular aperture, the arc length is the angle 
C Gamma 
C 
C 
C***************************************************************************** 

Subroutine GetBetaOot(Phi,Theta,Gamma,Beta,Radius,BetaOot) 

Real*8 Phi, Theta, Gamma, Beta, BetaOot, SinBeta, Num 
Real*8 Radius 

SinBeta = Sin (Beta) 
Num = (Sin(PhQ * Sin(Gamma» + (Cos (Theta) * Cos (Gamma) * Cos(PhQ) 
BetaOot = Num I (SinBeta * Radius) 

Return 
End 

C***************************************************************************** 
C 
C 
C Subroutine GetPhase 
C 
C This subroutine calculates the phase lag associated with non-normal 
C incidence on the aperture. 
C 
C 
C***************************************************************************** 

Subroutine GetPhase(XTemp,Yremp,Radius,SignX,SignY, 
K Phi,Theta,WaveNum, Phase) 

Integer*4 SlgnX, SignY 
Real*8 XTemp, Yremp, Radius, WaveNum 
ReaJ*8 XPhase, VPhase, Phi, Theta 
Complex*16 Phase, Imag 

95 



Imag = Omplx(O.,1.) 
XPhase = (Radius + (SignX * XTemp» * Abs(Oos(Theta» 
VPhase = (Radius + (SignY * YTemp» * Abs(Sln(Phij) 
Phase = OExp(lmag * WaveNum * (XPhase + VPhase» 

Return 
End 

0***************************************************************************** 
o 
o Subroutine FindFPos 
o 
o 
o The purpose of this subroutine is to calculate the caustic correction terms 
o given by Kouyoumjian and Pathak In Proc. IEEE vol. 62, pp.1448-1461, Nov. 
o 1974. Whenever possible, notation follows that given in the paper above. 
o However, to keep some form of consistency with the notation of Keller, Gamma 
o and Alpha must be reduced by (PI/2), since the coordinate system used by 
o Kouyoumjian and Pathak differs from Keller's by this amount. 
o 
o 
0***************************************************************************** 

Subroutine FindFPos(Gamma,Alpha,R,BetaNaught,WaveNum,F) 

Integer*4 N 
Real*8 PI, X, A, l, Gamma, Alpha, Beta, R 
Real*8 BetaNaught, WaveNum 
00mplex*16 F, Imag 

PI = 4 * DATan(1.00DOO) 
Imag = Omplx(O.O,1.0) 

Gamma = Gamma + (PI/ 2) 
Alpha = Alpha + (PI/ 2) 
Beta = Gamma + Alpha 
N = Int4«PI + Beta) / (4 * PI» 
A = 2 * (OOS«4 * PI * N - Beta) / 2»**2 
L = R * (Sin(BetaNaught»**2 
X = WaveNum * L * A 
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If (X .GT. 1) then 
F = (1 +(Imag 1 (2 * X» - (0.751 X**2) - (Imag * 1.8751 

K (X * X**2» + (4.6875 1 «X**2)**2))) 
ELSE 
F = (Sqrt(PI * X) - (2 * X * CExp(lmag * PI 1 4» - (2 1 3 * 

K X**2 * CExp(-lmag * PI 1 4))) * (CExp(lmag * (PI 1 4 
K + X») 
End If 

Gamma = Gamma - (PI 1 2) 
Alpha = Alpha - (PI 1 2) 

Return 
End 

C***************************************************************************** 
C 
C Subroutine FindFNeg 
C 
C 
C The purpose of this subroutine is to calculate the caustic correction terms 
C given by Kouyoumjian and Pathak in Proc. IEEE vol. 62, pp.1448-1461, Nov. 
C 1974. Whenever poSSible, notation follows that given in the paper above. 
C 
C***************************************************************************** 

Subroutine FindFNeg(Gamma,Alpha,R,BetaNaught,WaveNum,F) 

Integer*4 N 
Real*8 PI, X, A, l, Gamma, Alpha, Beta, R 
Real*8 BetaNaught, WaveNum 
Complex*16 F, Imag 

PI = 4 * DATan(1.00DOO) 
Imag = Cmplx(0.O,1.0) 
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Gamma = Gamma + (PI / 2) 
Alpha = Alpha + (PI / 2) 
Beta = Gamma - Alpha 
N = I nt4 «PI + Beta) / (4 * PI» 
A = 2 * (COS«4 * PI * N - Beta) / 2»**2 
L = R * (Sin(BetaNaught»**2 
X = WaveNum * L * A 

If (X .GT. 1) then 
F = (1 +(Imag / (2 * X» - (0.75/ X**2) - (I mag * 1.875/ 

K (X * X**2» + (4.6875 / «X**2)**2))) 
ELSE 
F = (Sqrt(PI * X) - (2 * X * CExp(lmag * PI / 4» - (2 / 3 * 

K X**2 * CExp(-lmag * PI / 4))) * (CExp(lmag * (PI / 4 
K + X») 
End If 

Gamma = Gamma - (PI / 2) 
Alpha = Alpha - (PI / 2) 

Return 
End 
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C***************************************************************************** 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

Geometrical Diffraction Program 
for Oblique Incidence 

written by 
DeVon W. Griffin 

One Aperture: January 1990 
Caustic Correction: March 1990 

Two Apertures: April 1990 

C This is based on the geometrical diffraction theory of Joseph B. 
C Keller (J. Appl. Phys., April 1957, ppg 426-444. In its original 
C incarnation, it calculates the far-field pattem of acicular 
C aperture using singly-diffracted rays, assuming the normal incidence 
C of a plane wave. The assumed boundary condition is U = 0 on the screen. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

Assuming that the Z axis is the direction of propagation, the following 
angles are defined: 
Phi: Angle with respect to the Z axis. 
Theta: Angle with respect to the X axis. This will be 90 deg. for normal 

incidence. 
Gamma: Polar angle in the XV plane describing the location on the aperture. 
Beta: Angle between the incident ray and the positive tangent to the 

aperture. 

C***************************************************************************** 

$NOTRUNCATE 
$DECLARE 
$DEBUG 

Integer*4 I, NTot, SlgnX, SlgnY, NumRoot 
Character*30 FileName 
Real*8 CurrTheta 
Real*8 PropDist, DelTheta, PI, Phi, Alpha, Tol, C, EO 
Real*8 Lambda, WaveNum, Irrad, FarXMax, FarXMin, PtDist 
Real*8 XTemp, YTemp, Radius, Templrrad, Unity, ThetaEnd 
Real*8 FarYMax, FarYMln, Beta, BetaDot, Power, ThetaBegin 
Complex*16 FieldAmp, Imag, ConstAmp 
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Dimension Irrad(5000,3), PropDist(2), Radius(2) 

PI = 4 * DATan(1.0DOO) 
Imag = Cmplx(0.,1.) 
Unity = 1.0000 
C = 2.99792458E+08 
EO = 8.854187818E-12 
NumRoot = 0 

C***************************************************************************** 
C 
C 
C 
C 
C 

Data Input Section 

C***************************************************************************** 

Print*,'What Is the first propagation distance? (mm)' 
Read* ,PropDist(1) 
Print*,'What Is the second propagation distance? (mm)' 
Read*,PropDist(2) 
Print*,'What wavelength do you want to use? (microns), 
Read*,Lambda 
Lambda = (Lambda /1000) 
WaveNum = (2 * PI/ Lambda) 
Print*,'What is the radius of the first aperture? (mm) , 
Read* ,Radius(1) 
Print*, What Is the radius of the second aperture? (mm)' 
Read*,Radius(2) 
Print*,'What is the maximum value of X in the field? (mm) , 
Read*,FarXMax 
Print* ,'What Is the minimum value of X in the field ? (mm)' 
Read*, FarXMin 
Print*,'What is the maximum value of Y in the field? (mm)' 
Read*,FarYMax 
Print*,'What is the minimum value of Y In the field? (mm)' 
Read*, FarYMln 
Print*,What Interval do you want between points? (mm)' 
Read*,PtDist 
Print* ,'What Is the Initial X angle of Incidence ?' 

100 



Read*,ThetaBegin 
Print*,'What Is the ending X angle of incidence?' 
Read*,ThetaEnd 
Print*, What is the Interval between X angles ?' 
Read* ,DeITheta 
Print*,What is the Z angle of incidence ?' 
Read*,Phl 
Print* ,'What tolerance should be used in' 
Print*,'the root-finding subroutine ?' 
Read*,Toi 
Print*,'What would you like to name the output file?' 
Read*,FileName 
Open(Unit= 1,File=FileName,Status= 'Unknown') 
ThetaBegin = (ThetaBegin * PI) / 180 
ThetaEnd = (ThetaEnd * PI) /180 
DeITheta = (DeITheta * PI) / 180 
Phi = (Phi * PI) /180 
SignX = Sign(Unity,Cos(ThetaBegin» 
SignY = Sign(Unity,Sin(PhQ) 
CurrTheta = ThetaBegin 

C***************************************************************************** 
C 
C 
C 
C 
C 

Irradiance Distribution 

C***************************************************************************** 

Power = 0.0 
1=0 
ConstAmp = - CExp(Imag * Pi / 4) / (2 * Sqrt(2 * Pi * WaveNum» 
XTemp = FarXMin 
YTemp = FarYMln 

101 H (YTemp .LE. FarYMax) then 
102 If (XTemp .LE. FarXMax) then 

1=1+1 
Print*,(CurrTheta * 180/ Pl),XTemp,YTemp 
Call GetAmp(SlgnX, SlgnY, XTemp, YTemp, Radius, Phi, 

K CurrTheta, PropDist, Tol, WaveNum, 
K NumRoot, ConstAmp, FieidAmp) 
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Irrad(I.1) = XTemp 
Irrad(I.2) = YTemp 
Irral1o:}.3) = (FieldAmp * Conjg(FieldAmp» * (C * EO 12) 
Power = Power + (Irrad(I.3) * (PtDist**2) 11E+06) 
XTemp = XTemp + PtDist 
GoTo 102 

End If 
XTemp = FarXMin 
YTemp = YTemp + PtDist 
GoTo 101 

End If 
NTot = I 

C***************************************************************************** 
C 
C 
C 
C 
C 

Data Output Section 

C***************************************************************************** 

Print*.CurrTheta * 1801 PI. Power 
Write(1.*)(CurrTheta * 1801 PI). Power. NumRoot 
CurrTheta = CurrTheta - DeITheta 

If (CurrTheta .GE. ThetaEnd) then 
Power = 0.0 
1=0 
NumRoot = 0 
XTemp = FarXMin 
YTemp = FarYMin 
GoTo 101 

End If 

Close(1) 
Stop 
End 
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C**************~************************************************************** 
C 
C 
C Subroutine GetAmp 
C 
C This subroutine calculates the complex amplitude at the given point in the 
C field. Calculation of the singly diffracted ray proceeds as In the one-
C aperture case while the diffraction points for doublyt-diffracted rays are 
C computed via GetDiffPolnts, Find and the subroutines from Brown. 
C Also, since Gamma must be adjusted for both points on the aperture, 
C it has been renamed as Kappa1 and Kappa2. Kappa1 corresponds to the near 
C point and Kappa2 to the far point. 
C 
C 
C***********************************************************.,.**************** 

Subroutine GetAmp(SignX, SlgnY, XTemp, YTemp, Radius, Phi, 
K Theta, PropDist, Tol, WaveNum, 
K NumRoot, ConstAmp, TempAmp) 

Integer*4 SignX, SignY, K, Rootlnt, I, J, NumRoot 
Real*8 Beta1, Beta2, BetaDot2 
Real*8 Beta1Dot, Beta2Dot, Tol, XAp1, XAp2, Height, X1A, Y1A 
Real*8 XTemp, YTemp, PI, Roots, L 1, L2, WaveNum, Radius, X2A 
Real*8 Gamma1, Gamma2, PropDist, Dist1, Dist2, R1, R2 
Real*8 Alpha, Phi, Theta, Kappa1, Kappa2, Alpha1, Alpha2, Y2A 
Complex*16 F1P, F1N, F2P, F2N 
Complex*16 Amp1, Amp2, ConstAmp, Imag 
Complex*16 Phase1, Phase2, TempAmp, MultAmp 

Dimension Roots (2000,4) , PropDist(2), Radius(2) 

PI = 4.0 * DATan(1.0DOO) 
Imag = Cmplx(O., 1.) 
TempAmp = (0.,0.) 
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C***************************************************************************** 
C 
C This is the section to calculate the field from singly-diffracted rays. 
C 
C***************************************************************************** 

X1A = 0.1 
Y1A = Radius(1) 
Call Adjust(Phi, Theta, PropDist(1) + PropDist(2), X1A, Y1A, 

K Radius(1),Kappa1, XTemp, YTemp) 
X2A = -0.1 
Y2A = Radius(1) 
Call Adjust(Phi, Theta, PropDist(1) + PropDist(2), X2A, Y2A, 

K Radius(1),Kappa2, XTemp, YTemp) 
Dist1 = Sqrt«(XTemp - X1A)**2 + (YTemp - Y1A)**2) 
Dist2 = Sqrt«(XTemp - X2A)**2 + (YTemp - Y2A)**2) 
R1 = Sqrt(Dist1**2 + (PropDist(1) + PropDist(2»**2) 
R2 = Sqrt(Dist2**2 + (PropDist(1) +PropDist(2»**2) 
Gamma1 = DACos«(XTemp - X1A) I R1) * Cos(Kappa1) + 

K «(YTemp - Y1A) I R1) * Sin(Kappa1» 
Gamma2 = DACos«(XTemp - X2A) I R2) * Cos(Kappa2) + 

K «(YTemp - Y2A) I R2) * Sln(Kappa2» 
Call GetNewGam(XTemp, YTemp, X1A, Y1A, Radius(1), Gamma1) 
Call GetNewGam(XTemp, YTemp, X2A, Y2A, Radius(1), Gamma2) 
Call GetBeta1 (Phi,Theta,Kappa'l ,Beta1) 
Call GetBeta1 (Phl,Theta,Kappa2,Beta2) 
Call GetBetaDot1 (Phi,Theta,Kappa1,Beta1,Radius(1),Beta1 Dot) 
Call GetBetaDot1 (Phl,Theta,Kappa2,Beta2,Radius(1 ),Beta2Dot) 
Call GetPhase(X1 A, Y1A,Radius(1 ),SignX,SignY, 

K Phl,Theta,WaveNum,Phase1) 
Call GetPhase(X2A,Y2A,Radius(1),SignX,SignY, 

K Phi,Theta, WaveNum,Phase2) 
Alpha1 = Phi * Abs(Sin(Kappa1» + «PI/2 - Theta) * 

K Abs(Cos(Kappa1))) 
Alpha2 = Phi * Abs(Sin(Kappa2» + «PI/ 2 - Theta) * 

K Abs(Cos(Kappa2») 
L1 = R1 * (Sin(Beta1)**2) 
L2 = R2 * (Sln(Beta2)**2) 
Call FindFPos(Gamma1 ,Alpha1 ,L 1 ,WaveNum,F1 P) 
Call FindFNeg(Gamma1 ,Alpha1 ,L 1 ,WaveNum,F1 N) 
Call FlndFPos(Gamma2,Alpha2,L2,WaveNum,F2P) 
Call FlndFNeg(Gamma2,Alpha2,L2,WaveNum,F2N) 
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Amp1 = CExp(lmag * WaveNum * R1) * (F1N / Cos«Gamma1 - Alpha1) 
K / 2) + F1 P / Sin«Gamma1 + Alpha1) / 2» * 
K (1 / CSqrt(R1 * (1 - R1 * (Sin(Gamma1) + 
K (Radius(1) * Beta1Dot * Sin(Beta1))) / (Radius(1) * 
K Sin(Beta1)**2)))) * ConstAmp * Phase1 / Sin(Beta1) 

Amp2 = CExp(lmag * WaveNum * R2) * (F2N / Cos«Gamma2 - Alpha2) 
K / 2) + F2P / Sin«Gamma2 + Alpha2) / 2» * 
K (1 / CSqrt(R2 * (1 - R2 * (Sin(Gamma2) + 
K (Radius(1) * Beta2Dot * Sin(Beta2))) / (Radius(1) * 
K Sin(Beta2)**2)))) * ConstAmp * Phase2/ Sin(Beta2) 

TempAmp = Amp1 + Amp2 

C***************************************************************************** 
C 
C This is the end of subsection for the singly-diffracted Ray and the 
C beginning of the subsection for the doubly-diffracted ray. 
C 
C***************************************************************************** 

Do 111 I = 1,300 
Do 112 J = 1,4 
Roots(I,J) = 0.0 

112 Continue 
111 Continue 

Call GetDiffPoints(XTemp, Yfemp, Radius, PropDist, Tol, Phi, 
K Theta, Roots, Rootlnt) 
NumRoot = NumRoot + Rootlnt 
Do 110 K = 1, Rootlnt 
Dist1 = Sqrt«Roots(K,3) - Roots(K, 1»**2 + 

K (RootS(K,4) - RootS(K,2»**2) 
Dist2 = Sqrt«XTemp - Roots(K,3»**2 + (YTemp - Roots(K,4»**2) 
R1 = Sqrt(Dist1**2 + PropDist(1)**2) 
R2 = Sqrt(Dist2**2 + PropDist(2)**2) 
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Call GetKappa(Roots(K, 1). Roots(K,2). Radius(1). Kappa1) 
Call GetKappa(Roots(K,3). Roots (K,4). Radius(2). Kappa2) 
Gamma1 = DACos«(Roots(K,3) - Roots(K, 1» I R1) * Cos(Kappa1) + 

K «Roots(K,4) - Roots(K,2» I R1) * Sin(Kappa1» 
Gamma2 = DACos«(XTemp - Roots(K,3» I R2) * Cos(Kappa2) + 

K «(YTemp - Roots(K,4» I R2) * Sin(Kappa2» 
Call GetNewGam(Roots(K,3). Roots(K,4). Roots(K, 1). Roots(K,2). 

K Radius(1). Gamma1) 
Call GetNewGam(XTemp. YTemp. Roots(K,3). Roots(K,4). Radius. 

K ~mm~ 
Call GetBeta1 (Phl.Theta,Kappa1.Beta1) 
Call GetBeta2(Roots(K, 1).Roots(K,2).Roots(K,3).Roots(K,4). 

K Kappa2,R1.Beta2) 
Call GetBetaDot1 (Phl,Theta.Kappa1.Beta1.Radius(1).Beta1 Dot) 
Call GetBetaDot2(Roots(K, 1),Roots(K,2).Roots(K,3).Roots(K,4). 

K Kappa2,R1.Radlus(2).Beta2,BetaDot2) 
Call GetPhase(Roots(K, 1). Roots(K,2). Radius(1).SignX,SignY. 

K Phi,Theta,WaveNum.Phase1) 
Phase2 = CExp(lmag * WaveNum * R2) 
Alpha1 = Phi * Abs(Sin(Kappa1» + «Pi /2 - Theta) * 

K Abs(Cos(Kappa1))) 
Alpha2 = «Roots(K,4) - RootS(K,2» / PropDist(1» * 

K Abs(Sln(Kappa2» + (Abs(Cos(Kappa2» * 
K «Roots(K,3) - Roots(K, 1» / PropDist(1))) 
L1 = R1 * Sln(Beta1)**2 
L2 = (PropDist(1) * PropDist(2) I (PropDist(1) + PropDist(2))) 

K * Sin(Beta2)**2 
Call FlndFPos(Gamma1. Alpha1. L 1. WaveNum. F1 P) 
Call FlndFNeg(Gamma1. Alpha1. L 1. WaveNum, F1 N) 
Call FlndFPos(Gamma2. Alpha2. L2. WaveNum, F2P) 
Call FindFNeg(Gamma2. Alpha2. L2, WaveNum, F2N) 

Amp1 = CExp(lmag * WaveNum * R1) * (F1N / Cos«Gamma1 - Alpha1) 
K /2) + F1P / Sin«Gamma1 + Alpha1) /2» * 
K (1 I CSqrt(R1 * (1 - R1 * (Sln(Gamma1) + (Radius(1) * 
K Beta1Dot * Sin(Beta1))) I (Radlus(1) * 
K Sln(Beta1)**2)))) * ConstAmp * Phase1 I Sin(Beta1) 

Amp2 = CExp(lmag * WaveNum * R2) * (F2N I Cos«Gamma2 - Alpha2) 
K I 2) + F2P / Sln«Gamma2 + Alpha2) / 2» * 
K (1 I CSqrt(R2 * (1 - R2 * (Sin(Gamma2) + (Radius(2) * 
K Beta2Dot * Sln(Beta2))) / (Radius(2) * 
K Sin(Beta2)**2»» * ConstAmp * Phase2 I Sin(Beta2) 
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MultAmp = Amp1 * Amp2 
TempAmp = TempAmp - MultAmp 

110 Continue 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Adjust 
C 
C 
C The purpose of this subroutine is to find the coordinates of the points 
C on the first aperture from which the singly-diffracted field emanates. 
C The procedure is based on the method of bisection, since it is the only one 
C to guarantee convergence. 
C 
C 
C***************************************************************************** 

Subroutine Adjust(Phi, Theta, PropDist, XAp, YAp, Radius, 
K Kappa, XTemp, Yremp) 

Integer *4 SignXY, SignX, Unity, SignTest, Counter 
Real*8 PI, HiGuess, LoGuess, Phi, Theta, PropDist, XAp, YAp 
Real*8 Radius, Var1, Kappa, Root, Error 
Real*8 XTemp, Yremp, Var2, Magnitude, MedGuess 
Real*8 HiResult, LoResult, MedResult 

PI = 4.0 * DATan(1.00DOO) 

HiGuess = Radius 
LoGuess = -Radius 
MedGuess = 0.0 
Error = 1E+15 
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Unity = 1.00000 
Counter = 1.00000 
SignX = Sign(Unity, XAp) 

100 XAp = SignX * Sqrt(Radius**2 - HiGuess**2) 
Call Evaluate1 (XTemp, Yl'emp, SignX, Radius, Phi, Theta, 

K HiGuess, PropDist, HiResult) 
XAp = SignX * Sqrt(Radius**2 - LoGuess**2) 
Call Evaluate1 (XTemp, Yl'emp, SignX, Radius, Phi, Theta, 

K LoGuess, PropDist, LoResult) 
XAp = SignX * Sqrt(Radius**2 - MedGuess**2) 
Call Evaluate1 (XTemp, Yl'emp, SignX, Radius, Phi, Theta, 

K MedGuess, PropDist, MedResult) 
Error = HiResult - LoResult 
If (Abs(Error) .GT. 1 E-01) then 
If «LoResult .LT. 0.0) .AND. (MedResult .LT. 0.0» then 
LoGuess = MedGuess 

Else If «LoResult .GT. 0.0) .AND. (MedResult .GE. 0.0» then 
LoGuess = MedGuess 

Else If «HiResult .LT. 0.0) .AND. (MedResult .LT. 0.0» then 
HiGuess = MedGuess 

Else If «HiResult .GT. 0.0) .AND. (MedResult .GE. 0.0» then 
HiGuess = MedGuess 

Endlf 
Counter = Counter + 1 
MedGuess = (HiGuess + LoGuess) I 2 
SignTest = Sign(Unity, MedGuess I XAp) 
GOTO 100 

End Ii 
If (Counter .GT. 1.0) then 
YAp = MedGuess 

Else 
YAp = SlgnX * Abs(HiGuess) 

End If 
XAp = SignX * Sqrt(Radius**2 - YAp**2) 
Kappa = DACos(XAp I Radius) 
If (XAp .NE. 0) then 
SignXY = Slgn(Unity, YAp I XAp) 

Else 
SignXY = Sign(Unity, XAp I YAp) 

End If 
If (XAp .NE. 0.0) then 
If «SignXY .Ea. 1) .AND. (SignX .Ea. -1» then 
Kappa = DATan(yAp I XAp) + PI 

Else If «SlgnXY .Ea. -1) .AND. (SignX .Ea. 1» then 
Kappa = 2 * PI - Kappa 
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End H 
Else H(SignX .EO. -1) then 
Kappa = Kappa + PI 

End H 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Evaluate1 
C 
C 
C The purpose of this subroutine is to perform an evaluation of the function 
C to find Beta from the subroutine adjust. 
C 
C 
C***************************************************************************** 

Subroutine EvaJuate1 (XTemp, YTemp, SlgnX, Radius, Phi, Theta, 
K YAp, PropDlst, FX) 

Integer*4 SignX 
Real*8 Var1, Var2, Phi, Theta, Radius, YAp, Magnitude 
Real*8 PropDlst, XTemp, YTemp, Root, FX 

Root = SignX * Sqrt(Radlus**2 - YAp**2) 
Magnitude = Sqrt«(XTemp - Root)**2 + (YTemp - YAp)**2 + 

K PropDist**2) 
Var1 = (XTemp - Root) I Magnitude - Cos (Theta) * Cos(PhQ 
Var2 = Sin(PhQ - (YTemp - YAp) I Magnitude 
FX = (YAp I Radius) * Var1 + (Root I Radius) * Var2 

Return 
End 
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C***************************************************************************** 
C 
C Subroutine GetKappa 
C 
C This subroutine calculates the polar angle Kappa in the XV plane. 
C 
C 
C***************************************************************************** 

Subroutine GetKappa(XAp, YAp, Radius, Kappa) 

Integer*4 SignX, SignXY 
Real*8 XAp, YAp, Radius, Kappa, PI, Unity 

Unity = 1.0000 
PI = 4 * DATan(1.0) 
SlgnX = Sign(1.,XAp) 
Kappa = DACos(XAp I Radius) 
If (XAp .NE. 0) then 
SignXY = Sign(Unity, YAp I XAp) 

Else 
SignXY = Sign(Unity, XAp I YAp) 

End If 
If (XAp .NE. 0.0) then 
If «SignXY .EO. 1) .AND. (SignX .EO. -1» then 
Kappa = DATan(yAp I XAp) + PI 

Else If «SignXY .EO. -1) .AND. (SignX .EO. 1» then 
Kappa = 2 * PI - Kappa 

End If 
Else If(SignX .EO. -1) then 
Kappa = Kappa + PI 

End If 
Retum 
End 

C***************************************************************************** 
C 
C Subroutine Get New Gamma 
C 
C The purpose of this subroutine is to calculate the angle theta in the 
C papers of Joseph B. Keller. (see main program comments.) I would have 
C called the angle theta as well, except that I had already used it for 
C a propagation angle. So, Gamma1 and Gamma2 are Keller's Theta1 and 
C Theta2. 
C 
C***************************************************************************** 
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Subroutine GetNewGam(XFar, YFar, XAp, YAp, Radius, Angle) 

ReaJ*8 XFar, YFar, XAp, YAp, Angle, PI, Radius 
Real*8 XTest, YTest, FarRad 

PI = 4 * DATan(1.00DOO) 

FarRad = Sqrt(XFar**2 + YFar**2) 
XTest = XFar * XAp 
YTest = YFar * YAP 
If (Abs(YFar) .LE. 1.0D-06) then 
YFar = 0.0 

End If 
If (Angle .GT. PI/2) then 
Angle = Angle - (PI / 2) 

Else 
Angle = (PI / 2) - Angle 

End If 
If (FarRad .GT. Radius) then 

If «YFar .NE. 0.0) .AND. (YTest .GT. 0.0» then 
Angle = Angle + PI 

Else If «YFar .NE. 0.0) .AND. (YTest .LT. 0.0» then 
Angle = PI - Angle 

End If 
If «YFar .EO. 0.0) .AND. (XTest .GT. 0.0» then 
Angle = Angle + PI 

Else If «YFar .EO. 0.0) .AND. (XTest .LT. 0.0» then 
Angle = PI - Angle 

End If 

Else 
Angle = PI - Angle 

End If 

Return 
End 
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C***************************************************************************** 
C 
C 
C Subroutine GetBeta1 
C 
C This subroutine calculates the angle between the Incident ray and the 
C tangent to the edge at that point for the single aperture case or for the 
C first aperture in the two aperture case. 
C 
C 
C***************************************************************************** 

Subroutine GetBeta1 (Phi,Theta,Gamma,Beta1) 

Real*8 Phi, Theta, Beta1, Gamma 

Beta1 = ACos«Sin(Phij * Cos(Gamma» -
K (Cos(Theta) * Sin(Gamma) * Cos(PhQ» 

Return 
End 

C***************************************************************************** 
C 
C Subroutine GetBeta2 
C 
C This calculates Beta at the second aperture. 
C 
C 
C***************************************************************************** 

Subroutine GetBeta2(XAp1, YAp1, XAp2, YAp2, Kappa2, R1, Beta2) 

Real*8 XAp1, YAp1, XAp2, YAp2, Kappa2, R1, Beta2 

Beta2 = ACos«-Sln(Kappa2) * (XAp2 - XAp1) I R1) + 
K (Cos(Kappa2) * (yAp2 - YAp1) I R1» 

Return 
End 
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C***************************************************************************** 
C 
C 
C Subroutine GetBetaDot1 
C 
C This subroutine calculates the derivative of Beta with respect to arc 
C length. In the case of a circular aperture, the arc length is the angle 
C Gamma This is valid for the single aperture case or the first aperture of 
C the two aperture case. 
C 
C 
C***************************************************************************** 

Subroutine GetBetaDot1 (Phi,Theta,Gamma,Beta,Radius,BetaDot) 

Real*8 Phi, Theta, Gamma, Beta, BetaDot, SinBeta, Num 
ReaJ*8 Radius 

SinBeta = Sin (Beta) 
Num = (Sin(PhQ * Sin(Gamma» + (Cos (Theta) * Cos(Gamma) * Cos(PhQ) 
BetaDot = Num I (SinBeta * Radius) 

Retum 
End 

C***************************************************************************** 
C 
C Subroutine GetBetaDot2 
C 
C This calculates the derivative with respect to Beta on the second 
C aperture. 
C 
C 
C***************************************************************************** 

Subroutine GetBetaDot2(XAp1, YAp1, XAp2, YAp2, Kappa2, R1, 
K Radius, Beta2, BetaDot2) 

ReaJ*8 XAp1, YAp1, XAp2, YAp2, Kappa2, R1, Radius, Beta2 
Real*8 BetaDot2, SinBeta2 
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SinBeta2 = Sin(Beta2) 

BetaD0t2 = (Cos(Kappa2) * «(XAp2 - XAp1) I R1) + Sin(Kappa2) * 
K «yAp2 - YAp1) I R1» I (Radius * SinBeta2) 

Retum 
End 

C***************************************************************************** 
C 
C 
C Subroutine GetPhase 
C 
C This subroutine calculates the phase lag associated with non-normal 
C incidence on the aperture. 
C 
C 
C***************************************************************************** 

Subroutine GetPhase(XTemp,YTemp,Radius,SignX,SignY, 
K Phi,Theta,WaveNum,Phase) 

Integer*4 SignX, SignY 
ReaJ*8 XTemp, YTemp, Radius, WaveNum 
Real*8 XPhase, VPhase, Phi, Theta 
Complex*16 Phase, Imag 

Imag = Cmplx(O.,1.) 
XPhase = (Radius + (SignX * XTemp» * Abs(Cos(Theta» 
VPhase = (Radius + (SignY * YTemp» * Abs(Sin(PhO) 
Phase = CExp(lmag * WaveNum * (XPhase + VPhase» 

Retum 
End 
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C***************************************************************************** 
C 
C Subroutine FindFPos 
C 
C 
C The purpose of this subroutine is to calculate the caustic correction terms 
C given by Kouyoumjian and Pathak in Proc. IEEE vol. 62, pp.1448-1461, Nov. 
C 1974. Whenever possible, notation follows that given in the paper above. 
C However, to keep some form of consistency with the notation of Keller, Gamma 
C and Alpha must be reduced by (PI! 2), since the coordinate system used by 
C Kouyoumjian and Pathak differs from Keller's by this amount. 
C 
C 
C***************************************************************************** 

Subroutine FindFPos(Gamma, Alpha, L, WaveNum, F) 

Integer*4 N 
Real*8 PI, X, A, L, Gamma, Alpha. Beta. R 
Real*8 BetaNaught, WaveNum 
Complex*16 F, Imag 

PI = 4 * DATan(1.00DOO) 
Imag = Cmplx(0.O,1.0) 

Gamma = Gamma + (PI! 2) 
Alpha = Alpha + (PI! 2) 
Beta = Gamma + Alpha 
N = Int4«PI + Beta) ! (4 * PI» 
A = 2 * (COS«4 * PI * N - Beta) ! 2»**2 
X = WaveNum * L * A 

If (X .GT. 1) then 
F = (1 +(Imag 1 (2 * X» - (0.751 X**2) - (Imag * 1.8751 

K (X * X**2» + (4.68751 «X**2)**2))) 
ELSE 
F = (Sqrt(PI * X) - (2 * X * CExp(lmag * PI 1 4» - (2 1 3 * 

K X**2 * CExp(-lmag * PI 1 4))) * (CExp(lmag * (PI 1 4 
K + X») 
End If 
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Gamma = Gamma - (PI 1 2) 
Alpha = Alpha - (PI 1 2) 

Retum 
End 

C*****~*********************************************************************** 
C 
C Subroutine FindFNeg 
C 
C 
C The purpose of this subroutine Is to calculate the caustic correction terms 
C given by Kouyoumjian and Pathak in Proc. IEEE vol. 62, pp.1448-1461, Nov. 
C 1974. Whenever possible, notation follows that given in the paper above. 
C 
C**************************************************************************** 

Subroutine FindFNeg(Gamma, Alpha, l, WaveNum, F) 

Integer*4 N 
Real*8 PI, X, A, l, Gamma, Alpha. Beta. R 
Real*8 BetaNaught, WaveNum 
Complex*16 F, Imag 

PI = 4 * DATan(1.00DOO) 
Imag = Cmplx(0.0,1.0) 

Gamma = Gamma + (PI 1 2) 
Alpha = Alpha + (PI 1 2) 
Beta = Gamma - Alpha 
N :": I nt4 «PI + Beta) 1 (4 * PI» 
A = 2 * (COS«4 * PI * N - Beta) 1 2»**2 
X = WaveNum * L * A 

If (X .GT. 1) then 
F = (1 +(Imag 1 (2 * X» - (0.751 X**2) - (Imag * 1.8751 

K (X * X**2» + (4.68751 «X**2)**2») 
ELSE 
F = (Sqrt(PI * X) - (2 * X * CExp(lmag * PI 1 4» - (2 1 3 * 

K X**2 * CExp(-lmag * PI 1 4») * (CExp(lmag * (PI 1 4 
K + X») 
End If 

Gamma = Gamma-· (PI 1 2) 
Alpha = Alpha· (PI 1 2) 
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Return 
End 

C***************************************************************************** 
C 
C Program Section Two Apertures 
C 
C ~~~1900 

C 
C 
C Keller's Geometrical Theory of Diffraction makes use of a generalized 
C Fermat's principle which sets requirements on aperture points given a 
C field point. For the case of two apertures, two nonlinear equations 
C must be solved. The following is a program segment attempting to do that by 
C a modified method of bisection, combined with iteration, since, in general, 
C Newton-Raphson will not work. Currently, the routine is only good for two 
C apertures. 
C The iterative part provides initial guesses as to the location 
C of roots, while a fairly robust local root-finding method completes the task. 
C 
C 
C 
C***************************************************************************** 

Subroutine GetDiffPoints(XTemp, YTemp, Radius, PropDist, Tol, 
K Phi, Theta, Roots, Rootlnt) 

Integer*4 Templnt, K 
Integer*4 I, J, XSign, SignTest, Rootlnt, SignY1, SignY2 
Real*8 Error, Roots, Radius, HiGuess, MedGuess, LoGuess 
Real*8 HiResult, MedResult, LoResult, StepSize, XSign1, XSign2 
Real*8 HiTest, LoTest, PropDist, Results, XTemp, YTemp, Tol 
Real*8 XAp1, YAp1, XAp2, YAp2, Phi, Pi, Theta 

Dimension Radius(2), PropDist(2), RootS(2000,4) 

Pi = 4 * DATan(1.00DOO) 

Rootlnt = 0 
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Do 10 1= 1,4 
Do 11 J = 0,3 
XAp1 = Radius(1) • (-1)··1 
XAp2 = Radius(2) • (-1)··lnt(I/2) 
SIgnY1 = (-1)··(J + 1) 
SignY2 = (-1)··lnt(J /2) 
Call Find(XAp1, XAp2, SlgnY1, SignY2, XTemp, YTemp, PropDist, 

K Rootlnt, Tol, Radius, Phi, Theta, Roots) 
11 Continue 
10 Continue 

Templnt = Rootlnt 
Rootlnt = 0 
If (Templnt .GT. 0) then 
Call ReZap(Roots, Radius, Rootlnt, Templnt) 

End If 
Prlnt·,Rootlnt 

Return 
End 

C··················································~·· ....................... . 
C 
C Subroutine Find 
C 
C This subroutine is an attempt to find roots for use in the geometrical 
C theory of diffraction for the case of two apertures. 
C 
C 
C···············································*····· ....................... . 

Subroutine Find(XAp1, XAp2, SignY1, SignY2, XTemp, YTemp, 
K PropDlst, Rootlnt, Tol, Radius, Phi, Theta, Roots) 

Integer*4 SlgnX1, SignX2, Rootlnt, StepFlg 
Integer*4 F1 B, F2B, DecCount, BisectCount, Decision 
Integer*4 SlgnY1, SlgnY2, F10, F20, F11, F12, F21, F22 
Real·8 StepTest 
Real·8 XAp1, XAp2, YAp1, YAp2, PropDist, Phi, Theta, Roots 
Real·8 Step1, Step2, F1Dec1, F1Dec2, F1DecB, F2Dec1, F2Dec2 
Real·8 F2DecB, Radius, F10rlg, F20rlg, XTemp, YTemp, Test, Tol 
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Dimension PropDist(2}, Radius(2}, Test(3,2}, Roots(2000,4} 

SignX1 = Sign(1.0, XAp1} 
SignX2 = Slgn(1.0, XAp2} 
YAp1 = Sqrt(Radius(1}**2 - XAp1**2} * SignY1 
YAp2 = Sqrt(Radius(2}**2 - XAp2**2} * SignY2 

Step1 = (Radius(1) 11000} * SignX1 
Step2 = (Radius(2) 1 1000} * SignX2 
StepTest = (Abs(Step1 1 128) + Abs(Step2/128}} 12 
StepFlg = -1 

100 Decision = 0 
Test(1,2} = 1E+15 
Call Evaluate2(XAp1, YAp1, XAp2, YAp2, XTemp, YTemp, PropDist, 

K Radius, Phi, Theta, F10rig, F20rig} 
F10 = Sign(1.0,F10rig} 
F20 = Slgn(1.0,F20rig) 

C*****************************Calculation section***************************** 

XAp1 = XAp1 - Step1 
YAp1 = Sqrt(Radius(1}**2 - XAp1**2) * SignY1 
Call Evaluate2(XAp1, YAp1, XAp2, YAp2, XTemp, YTemp, PropDist, 

K Radius, Phi, Theta, F1Dec1, F2Dec1} 
XAp1 = XAp1 + Step1 
YAp1 = Sqrt(Radius(1}**2 - XAp1**2} * SignY1 
XAp2 = XAp2 - Step2 
YAp2 = Sqrt(Radius(2}**2 - XAp2**2) * SIgnY2 
Call Evaluate2(XAp1, YAp1, XAp2, YAp2, XTemp, YTemp, PropDist, 

K Radius, Phi, Theta, F1Dec2, F2Dec2} 
XAp1 = XAp1 - Step1 
YAp1 = Sqrt(Radius(1)**2 - XAp1**2) * SIgnY1 
Call Evaluate2(XAp1, YAp1, XAp2, YAp2, XTemp, YTemp, PropDist, 

K Radius, Phi, Theta, F1DecB, F2DecB) 
XAp1 = XAp1 + Step1 
YAp1 = Sqrt(Radlus(1)**2 - XAp1**2) * SignY1 
XAp2 = XAp2 + Step2 
YAp2 = Sqrt(Radius(2}**2 - XAp2**2} * SIgnY2 
F11 = Sign(1.,F1Dec1) 
F21 = Sign(1.,F2Dec1) 
F12 = Slgn(1.,F1Dec2} 

119 



F22 = Sign{1 .• F2Dec2) 
F1 B = Sign{1 •• F1 DecB) 
F2B = Sign{1 •• F2DecB) 

C*****************************(IL)Logic Section******************************* 

DecCount = 1 
BisectCount = 1 
If ({F11 .NE. F10) .AND. (F21 .NE. F20» then 

Step1 = Step1 I 2 
BisectCount = BlsectCount + 1 

Else If {{(F11 .EO. F10) .AND. (F21 .EO. F20» .AND. 
K (Abs(F10rig) + Abs(F20rig» .GT. 
K (Abs(F1Dec1) + Abs(F2Dec1») then 

Test(DecCount.1) = 1 
Test(DecCount,2) = Abs(F1Dec1) + Abs(F2Dec1) 
DecCount = DecCount + 1 

Endlf 
If {(F12 .NE. F10) .AND. (F22 .NE. F20» then 

Step2 = Step2 I 2 
BisectCount = BisectCount + 1 

Else If {{(F12 .EO. F10) .AND. (F22 .EO. F20» .AND. 
K (Abs(F10rig) + Abs(F20rig» .GT. 
K (Abs(F1DeC2) + Abs(F2DeC2») then 

Test(DecCount,1) = 2 
Test(DecCount,2) = Abs(F1Dec2) + Abs(F2Dec2) 
DecCount = DecCount + 1 

Endlf 
If «F1B .NE. F10) .AND. (F2B .NE. F20» then 

Step1 = Step1 I 2 
Step2 = Step2 I 2 
BisectCount = BisectCount + 1 

Else If «{F1B .EO. F10) .AND. (F2B .EO. F20» .AND. 
K (Abs(F10rig) + Abs(F20rig» .GT. 
K (Abs(F1DecB) + Abs(F2DecB))) then 

Test(DecCount,1) = 3 
Test(DecCount,2) = Abs(F1DecB) + Abs(F2DecB) 
DecCount = DecCount + 1 

Endlf 
DecCount = DecCount - 1 
BisectCount = BisectCount - 1 
If «Slgn(1.,XAp1) .NE. SignX1) .OR. 

K (Sign(1.,XAp2) .NE. SignX2» then 
Retum 

120 



Else If «DecCount .EO. 0) .AND. (BisectCount .EO. 0» then 
XAp1 = XAp1 - Step1 
YAp1 = Sqrt(Radius(1)**2 - XAp1**2) * SignY1 
XAp2 = XAp2 - Step2 
YAp2 = Sqrt(Radius(2)**2 - XAp2**2) * SignY2 
Test(1,2) = Abs(F1 DecB) + Abs(F2DecB) 

Else If «DecCount .EO. 1) .AND. (BisectCount .EO. 0» then 
Decision = Test(1,1) 

Else If «DecCount .GT. 1) .AND. (BisectCount .EO. 0» then 
Call Sort(Test, DecCount, Decision) 

End If 
If «Decision .EO. 1) .AND. «F11 * F10) .EO. 1» then 
XAp1 = XAp1 - Step1 
YAp1 = Sqrt(Radius(1)**2 - XAp1**2) * SignY1 

End If 
If «Decision .EO. 2) .AND. «F22 * F20) .EO. 1» then 
XAp2 = XAp2 - Step2 
YAp2 = Sqrt(Radius(2)**2 - XAp2**2) * SignY2 

End If 
If «Decision .EO. 3) .AND. «F1B * F10) .EO. 1» then 
XAp1 = XAp1 - Step1 
YAp1 = Sqrt(Radius(1)**2 - XAp1**2) * SignY1 
XAp2 = XAp2 - Step2 
YAp2 = Sqrt(Radlus(2)**2 - XAp2**2) * SignY2 

End If 
If «Abs(Step1) .LT. StepTest) .OR. 

K (Abs(Step2) .LT. StepTest» then 
StepFlg = 1 

End If 
If «(Test(1,2) .LT. ToQ .OR. (StepFlg .EO. 1» then 
If (Step Fig .EO. 1) then 
Roots(Rootlnt + 1,1) = XAp1 - Step1 
Roots(Rootlnt + 1,2) = Sqrt(Abs(Radius(1)**2 -

K (XAp1 - Step1)**2» * SignY1 
Roots(Rootlnt + 1,3) = XAp2 - Step2 
Roots(Rootlnt + 1,4) = Sqrt(Abs(Radius(2)**2 -

K (XAp2 - Step2)**2» * SignY2 
XAp1 = XAp1 - Step1 
YAp1 = Sqrt(Radius(1)**2 - XAp1**2) * SignY1 
XAp2 = XAp2 - Step2 
YAp2 = Sqrt(Radius(2)**2 - XAp2**2) * SignY2 
Step1 = (Radius(1) /1000) * SignX1 
Step2 = (Radlus(2) /1000) * SlgnX2 
StepFlg = -1 

Else 
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Roots(Rootlnt + 1,1) = XAp1 
Roots(Rootlnt + 1,2) = YAp1 
Roots(Rootlnt + 1,3) = XAp2 
Roots(Rootlnt + 1,4) = YAp2 

End If 
Call CheckRoots(Roots,Rootlnt + 1, XTemp, Yremp, 

K Phi. Theta.PropDist. Radius) 
If «Roots(Rootlnt + 1.1) .EO. 0) .AND. 

K (Roots(Rootlnt + 1,2) .EO. 0» then 
GoTo 100 

Else 
Call Zapplt(Roots. Radius. Rootlnt. Rootlnt + 1) 
GoTo 100 

End If 
Else 
GoTo 100 

End If 

Return 
End 

C***************************************************************************** 
C 
C Subioutine Evaluate2 
C 
C The purpose of this subroutine is to evaluate the functions necessary to 
C solve for Keller's angle Beta for two apertures. 
C 
C***************************************************************************** 

Subroutine Evaluate2(XAp1. YAp1. XAp2. YAp2. XTemp. Yremp. 
K PropDist. Radius. Phi. Theta. F1. F2) 

Real*8 YAp1. YAp2. XAp1. XAp2. Mag1. Mag2, Var1. XTemp. Yremp 
Real*8 Var4. VarS. PropDist. F1. F2. Phi. Theta. Radius 

Dimension PropDist(2). Radius(2) 

Mag1 = Sqrt«XAp2 - XAp1)**2 + (YAp2 - YAp1)**2 + 
K PropDist(1)**2) 
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Mag2 = Sqrt«XTemp - XAp2)**2 + (Yremp - YAp2)**2 + 
K PropDist(2)**2) 
Var1 = (XAp2 - XAp1) / Mag1 - Cos (Theta) 
Var4 = (YAp2 - YAp1) / Mag1 
Var5 = «XTemp - XAp2) / Mag2) - «XAp2 - XAp1) / Mag1) 

F1 = «yAp1 / Radius(1» * Var1 + (XAp1 / Radius(1» * 
K (Sin(PhQ - Var4» 
F2 = «YAp2/ Radius(2» * Var5 + (XAP2/ Radius(2» * 

K «(YAp2 - YAp1) / Mag1) - «(Yremp - YAp2) / Mag2))) 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Sort 
C 
C This subroutine is designed to decide, based on a sorting algorithm, new 
C values for the next iteration of the root-search technique. 
C 
C~I'************~************************************************************** 

Subroutine Sort(Test, Counter, Decision) 

Integer*4 Decision, I, Counter 
Real*8 Test 

Dimension Test(3,2) 

Do 200 I = Counter, 2, -1 
If (Abs(Test(l,2» . LT. (Abs(Test(1 - 1,2»» then 
Test(1 - 1,2) = Test(I,2) 
Test(1 - 1,1) = Test(I,1) 

End If 
200 Continue 

Decision = Test(1,1) 
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Do 210 1= 1,3 
Test(I,1) = 0.0 
Test(I,2) = 0.0 

210 Continue 

Return 
End 

C***************************************************************************** 
c 
C 
C Subroutine CheckRoots 
C 
C The purpose of this subroutine Is to re-process the tentative roots to the 
C system of nonlinear equations describing the generalized Fermat's principle 
C used In the Geometrical Theory of Diffraction. Tentative roots are found 
C using a global root-finding technique that I developed, verification or 
C rejection of these possibilities is made using a local technique due to 
C Brown. In fact,"a large part of the code that follow is his; I would never 
C want to be responsible for such a mess, although I suppose it was state-of
C the-art when he wrote It. 
C 
C 
C***************************************************************************** 

Subroutine CheckRoots(Roots, K, XTemp, YTemp, Phi, Theta, 
K PropDist, Radius) 

Integer*4 SignY1, SignY2, N, NumSig, Maxlt, IPrint 
Integer*4 ISub, LookUp, K, Root Flag 
Real*8 X(30), XTemp, YTemp, Phi, Theta, PropDist, Radius 
Real*8 Eps, XAp1, XAp2, Roots 

Dimension PropDist(2), Radius(2), RootS(2000,4) 

X(1) = Roots(K, 1) 
X(2) = Roots(K,3) 
SignY1 = Slgn(1.,Roots(K,2» 
SIgnY2 = Sign(1.,Roots(K,4» 
N=2 
NumSlg = 6 
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Maxlt = 200 
IPrint = 1 
Eps = 2.E-08 
Oa" NonUn(N, NumSig, Maxlt, IPrint, X, Eps, SignY1, SignY2, 

K RootFlag, XTemp, YTemp, Phi, Theta, PropDist, Radius) 
Roots(K, 1) = X(1) 
Roots(K,2) = SignY1 * Sqrt(Radius(1)**2 - X(1)**2) * RootFlag 
Roots(K,3) = X(2) 
Roots(K,4) = SignY2 * Sqrt(Radius(2)**2 - X(2)**2) * RootFlag 

Return 
End 

0***************************************************************************** 
o 
o Subroutine Nonlinear 
o 
o Most of this subroutine is due to Brown. I have added error-trapping 
o segments. The potential roots found by the global search routine may not 
o always converge. There are two ways to analyze this problem. First, one 
o could not assume that the local routine is not sufficiently robust. However, 
o using the interpolation method given by Young in 'Survery of Numerical 
o Mathematics,' ppg. 161-163, I have found, rather heuristically, that where 
o Brown's method fails to converge, there is not a root. This is not true for 
o Newton-Raphson-type methods in general. Therefore, if Brown's method does 
o not yield a solution, I assume that the local search merely found a minimum 
o and not a root of the simultaneous equations. 
o 
0***************************************************************************** 

Subroutine NonUn(N, NumSig, Maxlt, IPrint, X, Eps, SignY1, 
K SignY2, RootFlag, XTemp, YTemp, Phi, Theta, 
K PropDist, Radius) 

Integer*4 JSub, IFlag, RootFlag 
Integer*4 I, J, JTest, K, KMin, lTally, lTemp, KMax, KPlus 
Integer*4 SignY1, SignY2, Maxlt, ISub, LookUp, M, IQuit, M1 
Real*8 X, Part, Temp, OOE, Relcon, F, Factor1, Eps, Phi, Theta 
Real*8 Hold, H, FPlus, DerMax, Test, Delta, PropDist, Radius 
Real*8 FMax. Y, XTemp, YTemp. Factor, Prec, ETA 

Dimension ISub(30), Lookup(30,30). X(30). Part(30), Temp(30) 
Dimension OOE(30,31), PropDist(2), Radius(2) 
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RootFlag = 1 
Delta = 1.E-07 
RelCon = 10.E+0**(-NumSig) 
JTest = 1 
Do 700 M = 1, Maxlt 
IQuit = 0 
FMax = O. 
M1 = M-1 
If (IPrint .NE. 1) GoTo 9 

9 Do 10 J = 1,N 
10 Lookup(1,J) = J 
C 
C The array lookup ..... 
C 

Do 500 K = 1,N 
If (K-1) 134,134,131 

131 KMin = K - 1 
Call Back(KMin, N, X, ISub, COE, LookUp) 

C 
C Setup Partial Derivatives ..... 
C 
134 If «Abs(X(1» .GT. Radius(1» .OR. 

K (Abs(X(2» .GT. Radius(2))) then 
X(1) = 0.0 
X(2) = 0.0 
Root Flag = 0 
Retum 

Else 
Call AuxFcn(X, F, K, SignY1, SignY2, XTemp, YTemp, Phi, 

K Theta, Radius, PropDist) 
End If 
FMax = AMax1 (FMAx,Abs(F» 
If (Abs(F) .GE. EPS) GoTo 1345 
IQuit = IQuit + 1 
If (IQuit .NE. N) GoTo 1345 
GoTo 725 

1345 Factor = 0.OO1E+OO 
135 lTally = 0 

Do 200 1= K,N 
lTemp = LookUp(K,I) 
Hold = X(lTemp) 
Prec = 5.E-06 
ETA = Factor*Abs(Hold) 
H = AMin1 (FMax, Eta) 
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If (H .LT. Prec) H = Prec 
X(lTemp) = Hold + H 
If (K-1)161,161,151 

151 Call Back(KMin, N, X, ISub, COE, LookUp) 
161 If «Abs(X(1» .GT. Radius(1» .OR. 

K (Abs(X(2» .GT. Radius(2))) then 
X(1) = 0.0 
X(2) = 0.0 
Root Flag = 0 
Retum 

Else 
Call AuxFcn(X, FPlus, K, SignY1, SignY2, XTemp, YTemp, Phi, 

K Theta, Radius, PropDist) 
End If 
Part(lTemp) = (FPlus - F) I H 
X(lTemp) = Hold 
If (Abs(Part(lTemp» .LT. Delta) GoTo 190 
If (Abs(F I Part(lTemp» .LE. 1.E+15) GoTo 200 

190 lTally = lTally + 1 
200 Continue 

If (lTally .LE. N - K) GoTo 202 
Factor = Factor*10.0E+00 
If (Factor .GT. 11.) GoTo 775 
GoTo 135 

202 If (K .LT. N) GoTo 203 

C 

If (Abs(Part(lTemp» .LT. Delta) GoTo 775 
COE(K,N+1) = O.OE+OO 
KMAx = lTemp 
GoTo 500 

C Find Partial Derivative with ........ 
C 
203 KMax = Lookup (K,K) 

DerMax = Abs(Part(KMax» 
KPlus = K + 1 
Do 210 1= KPlus, N 
JSub = LookUp(K,1) 
Test = Abs(Part(JSub» 
If (Test .LT. DerMax) GoTo 209 
DerMax = Test 
LookUp (KPlus, I) = KMax 
KMax = JSub 
GoTo 210 

209 LookUp (KPlus, I) = JSub 
210 Continue 
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If (Abs(Part(KMax» .EO. 0.0) GoTo ns 
C 
C Set up coefficients .•.•••• 
C 

ISub(K) = KMax 
COE(K,N + 1) = O.OE+OO 
Do 220 J = KPlus, N 
JSub = LookUp(KPlus, J) 
COE(K.JSub) = - Part(JSub) I Part(KMax) 
COE(K,N + 1) = COE(K. N + 1) + Part(JSub) * X(JSub) 

220 Continue 
500 COE(K. N + 1) = (COE(K, N + 1) - F) I Part(KMax) + X(KMax) 
C Back substitute ...... . 

X(KMax) = COE(N,N + 1) 
If (N .EO. 1) GoTo 610 
Call Back(N - 1, N, X, ISub, COE, LookUp) 

610 If (M - 1) 650, 650, 625 
C 
C Test for convergence. 
C 
625 Do 630, I = 1,N 

If (Abs(Temp(l) - X(I» .GT. Abs(X(I» * RelCon) GoTo 649 
630 Continue 

JTest = JTest + 1 
If (JTest - 3) 650, 725, 725 

649 JTest = 1 
650 Do 660 I = 1, N 
660 Temp(l) = X(I) 
700 Continue 

If (IPrint .NE. 1) GoTo 800 
IFlag = 1 
GoTonn 

725 If (lPrint .NE. 1) GoTo 800 
nn Do 750 K = 1,N 

If «Abs(X(1» .GT. Radius(1» .OR. 
K (Abs(X(2» .GT. Radius(2))) then 

X(1) = 0.0 
X(2) = 0.0 
RootFlag = 0 
Return 

Else 
Call AuxFcn(X, Part(K), K, SIgnY1, SignY2, XTemp, YTemp, Phi, 

K Theta, Radius, PropDist) 
End If 

750 Continue 
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H (IFlag .NE. 1) GoTo 8777 
GoTo 800 

8777 Continue 
GoTo 800 

775 Continue 
800 Maxlt = M1 + 1 

Return 
End 

C***************************************************************************** 
C 
C Subroutine Back 
C 
C This subroutine is due to Brown. 
C 
C 
C***************************************************************************** 

Subroutine Back(KMin, N, X, ISub, COE, LookUp) 

Integer*4 ISub, LookUp, KM, KMin, KK, N, JSub, KMax, J 
Real*8 X, COE 

Dimension X(30), COE(30,31) 
Dimension ISub(30), LookUp(30,30) 

Do 200 KK = 1,KMin 
KM = KMin - KK + 2 
KMax = ISub(KM - 1) 
X(KMax) = O.OE+oo 
Do 100 J = KM,N 
JSub = LookUp(KM, J) 
X(KMax) = X(KMax) + COE(KM - 1, JSub) * X(JSub) 

100 Continue 
X(KMax) = X(KMax) + COE(KM - 1,N + 1) 

200 Continue 

Return 
End 
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C***************************************************************************** 
C 
C 
C 
C 

Subroutine Auxiliary Function 

C This subroutine describes the equations for the generalized Fermat's 
C principle in the way necessary to use Brown's root-finding technique. 
C 
C 
C***************************************************************************** 

Subroutine AuxFcn(X, Y, K, SignY1, SignY2, XTemp, YTemp, Phi, 
K Theta, Radius, PropDist) 

Integer*4 SignY1, SignY2 
Real*8 YAp1, YAp2, XAp1, XAp2, Mag1, Mag2, Var1, XTemp, YTemp 
Real*8 Var4, VarS, PropDist, F1, F2, Phi, Theta, Radius, Pi, Y 
Real*8 X 

Dimension PropDist(2), Radius(2), X(30) 

XAp1 = X(1) 
XAp2 = X(2) 
YAp1 = SlgnY1 * Sqrt(Radius(1)**2 - XAp1**2) 
YAp2 = SignY2 * Sqrt(Radius(2)**2 - XAp2**2) 
Mag1 = Sqrt«XAp2 - XAp1)**2 + (YAp2 - YAp1)**2 + 

K PropDist(1)**2) 
Mag2 = Sqrt({XTemp - XAp2)**2 + (YTemp - YAp2)**2 + 

K PropDist(2) **2) 
Var1 = (XAp2 - XAp1) / Mag1 - Cos(rheta) * Cos(PhO 
Var4 = (YAp2 - YAp1) / Mag1 
VarS = ({XTemp - XAp2) / Mag2) - {(XAp2 - XAp1) / Mag1) 

GoTo(1,2) K 

1 Y = «YAp1 / Radius(1» * Var1 + (XAp1 / Radius(1» * 
K (Sln(PhO - Var4» 
Retum 

2 Y = «YAp2/ Radius(2» * VarS + (XAP2/ Radius(2» * 
K «(YAp2 - YAp1) / Mag1) - «(YTemp - YAp2) / Mag2))) 
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Return 
End 

e***************************************************************************** 
e 
e Subroutine Zapplt 
e 
e This subroutine examines all roots found for a given point in the far 
e field and eliminates duplicates. It also sets equal to zero any X value in 
e the aperture that is less than a given tolerance. This is done to 
e eliminate duplicate roots that may not appear to be duplicates due to 
e round-off errors. 
e 
e***************************************************************************** 

Subroutine Zapplt(Roots, Radius, Rootlnt, Templnt) 

Integer*4 Rootlnt, Templnt, Totlnt, I, J, K, Newlnt, RFlag 
Real*8 Roots, Threshold, Radius 

Dimension Roots (2000,4) , Threshold(2), Radius(2) 

Totlnt = Templnt 
Threshold(1). = Radius(1) /3000 
Threshold(2) = Radius(2) I 3000 
Do 13 I = 1, Totlnt 
If «Abs(Roots(I,1 » .LT. Threshold(1» .AND. (Abs(Roots(I,2» 

K .GT. Threshold(1))) then 
Roots(I,1) = 0.0 
Roots(I,2) = Sign(1.,Roots(I,2» * Radius(1) 

End If 
If «Abs(Roots(I,2» .LT. Threshold(1» .AND. (Abs(Roots(I,1» 

K .GT. Threshold(1))) then 
Roots(I,2) = 0.0 
Roots(I,1) = Sign(1.,Roots(I,1» * Radius(1) 

End If 
If «Abs(Roots(I,3» .LT. Threshold(2» .AND. (Abs(Roots(I,4» 

K .GT. Threshold(2))) then 
Roots(I,3) = 0.0 
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Roots(I,4) = Sign(1.,Roots(I,4» * Radius(2) 
End If 
If «Abs(Roots(I,4» .LT. Threshold(2» .AND. (Abs(Roots(I,3» 

K .GT. Threshold(2))) then 
Roots(I,4) = 0.0 
Roots(I,3) = Sign(1.,Roots(I,3» * Radius(2) 

End If 
13 Continue 

Do 14 I = 1, Totlnt - 1 
Do 15 J = I, Totlnt - 1 
If «(Abs(Roots(J + 1,1) - Roots(I,1» . LT. Threshold(1» 

K .AND. (Abs(Roots(J + 1,2) - Roots(I,2» .LT. Threshold(1))) 
K .AND. «Abs(Roots(J + 1,3) - Roots(I,3» .LT. Threshold(2» 
K .AND. (Abs(Roots(J + 1,4) - Roots(I,4» .L T. 
K Threshold(2»» then 

Do 16 K = 1,4 
Roots(J + 1,K) = 0.0 

16 Continue 
End If 

15 Continue 
14 Continue 

If «RootS(1, 1) .NE. 0) .AND. (Roots(1,2) .NE. 0» then 
RFlag = 1 

Else If «Roots(1,1) .NE. 0) .AND. (Roots(1,2) .EO. 0» then 
RFlag = 1 

Else If (Roots(Totlnt,1) .EO. 0) then 
RFlag = 2 

Endlf 
If (Templnt .GT. 1) then 
Call RootSort(Totlnt, RFlag, Roots) 

End If 
Newlnt = Rootlnt + 1 

17 If «Roots(Newlnt,1) .NE. 0.0) .OR. (Roots(Newlnt,2) .NE. 
K 0.0» then 
Newlnt = Newlnt + 1 
GoTo 17 
End If 
Newlnt = Newlnt - 1 
Rootlnt = Newlnt 

Return 
End 
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C***************************************************************************** 
C 
C Subroutine RootSort 
C 
C This subroutine is taken from Numerical Recipes in FORTRAN. It will sort 
C all possible roots. While that is not terribly important, It will force the 
C the zeros created by Zaplt to the bottom of the array. Once that has been 
C accomplished, Zaplt will tell the main program to ignore these components 
C of the array Roots. 
C NOTE: The original subroutine in Numerical Recipes arranged the data in 
C ASCENDING order. In order for it to be useful to me, I have added code to 
C arrange the data in DESCENDING order. Also, it has been modified to accept 
C an array and to use the absolute value. Use of the absolute value is 
C is necessary to make the logic work when several elements have been set 
C equal to zero because they were duplicates. 
C**************************************************************************** 

SUBROUTINE RootSort(N, RFlag, RA) 

Integer*4 N, L, IR, I, J, M, K, RFlag, IntTest 
Real*8 RA, RRA, Temp1, Temp2 

DIMENSION RA(2000,4), RRA(4) 

L=N/2+1 
IR=N 

18 CONTINUE 
IF(LGT.1)THEN 

L=L-1 
Do 30 K = 1,4 
RRA(K) = RA(L,K) 

30 Continue 
ELSE 

Do 26 K = 1,4 
RRA(K) = RA(IR,K) 

26 Continue 
Do 27 K = 1,4 
RA(IR,K)=RA(1,K) 

27 Continue 
IR=IR-1 
IF(IR.EQ.1)THEN 

Do 28 K = 1,4 
RA(1,K) = RRA(K) 

28 Continue 
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If (Sign(1.,RA(1,RFlag» .EO. 1) then 
Do 20 M = 1,lnt(N /2) 
Do 21 K = 1,4 
Temp1 = RA(M,K) 
Temp2 = RA(N - (M - 1 ),K) 
RA(N - (M - 1),K) = Temp1 
RA(M,K) = Temp2 

21 Continue 
20 Continue 

End If 
RETURN 

ENDIF 
ENDIF 
I=L 
J=L+L 

19 IF(J.LE.lR)THEN 
IF(J.LT.IR)THEN 

IF(Abs(RA(J,RFlag» .LT. Abs(RA(J+ 1,RFlag)))J=J+ 1 
ENDIF 
IF (Abs(RRA(RFlag» .LT. Abs(RA(J,RFlag)))THEN 
Do 25 K = 1,4 
RA(I,K)=RA(J,K) 

25 Continue 
I=J 
J=J+J 

ELSE 
J=IR+1 

ENDIF 
GO TO 19 
ENDIF 
Do 29 K = 1,4 
RA(I,K) = RRA(K) 

29 Continue 
GO TO 18 
End 

C***************************************************************************** 
C 
C Subroutine ReZap 
C 
C The purpose of this subroutine is handle the problem of possible duplicate 
C roots for a given field point. This may be a problem since, for example, 
C the sign of X as initially given to FIND could change, but if X becomes zero 
C for the root, duplication is possible. ReZap eliminates the part of Zapplt 
C that forces small numbers to zero, thereby saving some computation time. 
C***************************************************************************** 
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Subroutine ReZap(Roots, Radius,. Rootlnt, Templnt) 

Integer*4 Rootlnt, Templnt, Totlnt, I, J, K, Newlnt, RFlag 
Real*8 Roots, Threshold, Radius 

Dimension Roots(2ooo,4), Threshold(2), Radius(2) 

Totlnt = Rootlnt + Templnt 
Threshold(1) = Radius(1) /3000 
Threshold(2) = Radius(2) / 3000 
Do 14 I = Rootlnt + 1, Totlnt - 1 
Do 15 J = I, Totlnt - 1 
If «(Abs(Roots(J + 1,1) - Roots(I,1» .LT. Threshold(1» 

K .AND. (Abs(Roots(J + 1,2) - Roots(I,2» .LT. Threshold(1))) 
K .AND. «Abs(Roots(J + 1 ,3) - Roots(I,3» .LT. Threshold(2» 
K .AND. (Abs(Roots(J + 1,4) - Roots (I ,4» . LT. 
K Threshold(2»» then 

Do 16 K = 1,4 
Roots(J + 1,1<) = 0.0 

16 Continue 
End If 

15 Continue 
14 Continue 

If «Roots(1,1) .NE. 0) .AND. (Roots(1,2) .NE. 0» then 
RFlag = 1 

Else If «Roots(1,1) .NE. 0) .AND. (Roots(1,2) .EO. 0» then 
RFlag = 1 

Else If (Roots(Totlnt,1) .EO. 0) then 
RFlag = 2 

Endlf 
If (Templnt .GT. 1) then 
Call RootSort(Totlnt, RFlag, Roots) 

End If 
Newlnt = Rootlnt + 1 

17 If «Roots(Newlnt,1) .NE. 0.0) .OR. (Roots(Newlnt,2) .NE. 
K 0.0» then 
Newlnt = Newlnt + 1 
GoTo 17 
End If 
Newlnt = Newlnt - 1 
Rootlnt = Newlnt 

Retum 
End 

135 



References 

M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, Dover Publications, 
New York, NY (1972). 

N. Bleistein and R.A. Handelsman, Asymptotic Expansions of Integrals, Dover Publications, 
New York, NY (1986). 

A.P. Breault, A.W. Greynolds and S.R. Lange, ·APART/PADE Version 7: A Deterministic 
Computer Program used to Calculate Scattered and Diffracted Energy,· 
Proc. SPIE, 257, 50-63 (1980). 

KM. Brown, ·A Quadratically Convergent Newton-Uke method based on Gaussian 
Elimination,· SIAM J. Numer. Anal., 6, 560-569 (1969). 

136 

KM. Brown, ·Computer Oriented Algorithms for Solving Systems of Simultaneous Nonlinear 
Algebraic Equations,· in Numerical Solution of Systems 01 Nonlinear Algebraic 
Equations, G.E. Byrne and C.A. Hall, eds., Academic Press, New York, NY 
281-384 (1973). 

N.G. de Bruijn, Asymptotic Methods in Analysis, Dover Publications, New York, NY (1983). 

J.D. Gaskill, Unear Systems, Fourier Transforms and Optics, Wiley and Sons, 
New York, NY (1978). 

J.W. Goodman, Introduction to Fourier Optics, McGraw-Hili, New York, NY (1968). 

A.W. Greynolds, ·Method for Calculating Diffraction Effects in Opta-Mechanical Systems 
of Arbitrary Geometry,· Proc. SPIE, 257, 64-77 (1980a). 

A. W. Greynolds, ·Formulas for Estimating Stray-Radiation levels in Well·Baffled Optical 
Systems,· Proc. SPIE, 257, 39-49 (1980b). 

E. Hecht, Optics, Second Edition, Addison-Wesley Publishing, Reading, MA (1987). 

G.L James, Geometrical Theory of Diffraction for Electromagnetic Waves, Third Edition, 
Peter Peregrinus, LTD., London (1986). 

J.B. Keller, ·Diffraction by an Aperture,· J. Appl. Phys., 28, 426-444 (1957). 

J.B. Keller, A.M. Lewis and B.D. Seckler, ·Diffraction by an Aperture II,· J. Appl. Phys., 
28, 570-579 (1957). 

J.B. Keller, ·Geometrical Theory of Diffraction,· J. Opt. Soc. Am., 52, 116-130 (1962). 



J.B. Keller, ·One Hundred Years of Diffraction Theory,· IEEE. Trans. AP·33, 123-126 (1985). 

R.G. Kouyoumjlan, "The Geometrical Theory of Diffraction and Its Application,· in Numerical 
and Asymptotic Techniques In Electromagnetlcs, R. Mittra, ed. Springer-Verlag, 
New York, NY, 165-215 (1975). 

H.G. Kraus, ·Huijgens-Fresnel-Kirchoff wave-front diffraction formulation: spherical waves,· 
J. Opt. Soc. Am. A, 6, 1196-1205 (1989). 

H.G. Kraus, ·Huijgens-Fresnel-Kirchoff wave-front diffraction formulation: paraxial and 
exact Gaussian laser beams,· J. Opt. Soc. Am. A, 7, 47-65 (1990). 

"i37 

E.W. Marchand and E. Wolf, ·Boundary Diffration Wave in the Domain of the Rayleigh-Kirchoff 
Diffraction Theory,· J. Opt. Soc. Am., 52, 761-767 (1962). 

K Miyamoto and E. Wolf, ·Generalization of the Maggi-Rubinowicz Theory of the Boundary 
Diffraction Wave-Part I,· J. Opt. Soc. Am., 52, 615-625 (1962a). 

K Miyamoto and E. Wolf, ·Generalization of the Maggi-Rubinowicz Theory of the Boundary 
Diffraction Wave-Part II,· J. Opt. Soc. Am., 52, 626-637 (1962b). 

W.H. Press, B.P. Flannery, SA Teukolsky, W.T. Vetterling, Numerical Recipies (FORTRAN), 
Cambridge University Press, Cambridge (1989). 

P. Robb and B. Pawlowski, ·Computer ray tracing speeds,· AppJ. Opt. 29, 1933-1939 (1990). 

A.J.W. Sommerfeld, Optics, Academic Press, New York, NY (1954). 

J.R. Taylor, An Introduction to Error Analysis, The Study of Uncertainties in Physical 
Measurements, University Science Books, Mill Valley, CA (1982). 

R. Tiberio and R.G. Kouyoumjian, ·An analysis of diffraction at edges illuminated by 
transition region fields,· Rad. Sci., 17, 323-336 (1982). 

R. Tiberio and R.G. Kouyoumjian, ·Calculation of the high-frequency diffraction by two 
nearby edges iIIiminated at grazing inCidence,· IEEE Trans., AP·31 , 590-596 (1984). 

E. Wolf and E.W. Marchand, ·Comparison of the Kirchoff and the Rayleigh-Sommerfeld Theories 
of Diffration at an Aperture,· J. Opt. Soc. Am., 54, 587-594 (1964). 

D.M. Young and R.T. Gregory, A Survey of Numerical Methods, Vol. 1, Addison-Wesley 
Publishing, Reading, MA (1972). 


