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ABSTRACT 

A mathematical model describing transient processes in isoelectric focusing 

(IEF) of M biprotic ampholytes is proposed. The problem consists of nOlllin(!(1!' 

partial differential equations and algebraic equations under nonlinear bOl1nd

ary conditions. Different models of IEF have been studied, For each llI()(k] 

problem, we investigated the qualitative properties such as the 10cClI exist ('II('C. 

global boundedness, stabilizations, and steady-state structures of its solutiolls, 

We have shown that, for all models the solutions of the evolution probleIll st,Cl

bilize to the steady-state solutions, which have separate peaks at a ccrtllin poillt 

(the so-called isoelectric point). This means that for transient IEF P)'()('('SSC:--, 

the concentrations of ampholytes will focus on their isoelectric point s as t illl<' 

goes on. All these analytic results showed good agreement with the 1;i1)()J'(ltOl'Y 

experiments and computer simulations. 



INTRODUCTION 

lsoelectric focusing (IEF) is one of the classical electrophoretic techniques 

for separating ions from complex mixtures. Electrophoretic techniques, which 

are extensively used in separation science, are based on the movement of charged 

particles in a solution exposed to an electric field. The charged particles may 

be simple ions, complex macromolecules, colloids, or living cells. When a solu

tion containing amphoteric compounds is exposed to "an electric field, the move

ment of ions and uncharged species occurs simultaneously with the dissociation

recombination reactions. The resulting transport is highly specific so that a mix

ture of different compounds can be separated on the basis of different transport 

properties. The dissociation-recombination reactions occur on a much shorter 

time scale than that of transport by diffusion or electromigration, and it is usu

ally assumed that those reactions are always in equilibrium. General descriptions 

of various electrophoretic techniques can be found in Bier et al [8]. Mathemat

ical models of electrophoresis are developed in many publications, for inst.ance. 

Babskii et al [i] and Palusinski et al [20]. 

Although our intention is to study the mathematical theory of isoelectric 

focusing, it is helpful to review and to mention some related electrophoretic tech

niques and their distinguishing features. Among various electrophoretic tech

niques, four classical models of electrophoresis are generally recognized (c/. Bier 

et al [8]): moving boundary electrophoresis (MBE), isoelectric focusing (IEF). 

isotachophoresis (ITP) and zone electrophoresis (ZE). Each of them may be em

ployed in a variety of techniques, but they are all described by the same set of 
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governing equations. The differences between these four classical electrophore

sis are described by the boundary and/or initial conditions. For example, in 

ITP, the experimental setup consists of a reaction column connected at both 

ends to reservoirs of buffer electrolytes, and the reservoirs are large enough so 

that the process in the column has a negligible effect on the composition of 

buffers. This assures a fixed concentration of components at the column ends; 

Dirichlet boundary conditions are therefore appropriate. The column is filled 

with specially prepared solutions, called the common, leading, and terminat

ing electrolytes. A sample containing a mixture of species is then inserted in 

the interface between the leading and terminating solutions (c/. Figure 1.A). 

Such nonuniform initial distributions are characteristic of this process. After 

the sample insertion, an electric field is applied. Following a transient period, 

a set of contiguous zones is formed with all zones traveling along the column 

at the same constant velocity, in the order of their net mobility (c/. Figure l.B 

and Figure 2). This particular feature gives rise to the name of this process -

Isotachophoresis. The existence and uniqueness of traveling solutions for ITP 

without the electroneutrality assumption were proved by Fife et al [13J. Along 

with this analysis, a feasible numerical method for this ITP problem was devel

oped by Su et al [25J. In MBE, the analysis is based on the migration rate of 

moving boundaries formed by components of differing mobilities. The fastest 

component forms the leading boundary in the ascending arm of the Tiselius cell. 

the slowest component forms the trailing boundary in the decending arm (cf. 

Figure 3). Complete separation of components is never achieved (c/. Longsworth 

[19]). In ZE, the sample occupies a much smaller portion of the column and the 

complete separation of sample constituents is possible (c/. Figure 4). \Vhereas 
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both MBE and ZE are usually carried out in homogeneous buffers, a discontin

uous electrolyte system must be used in ITP. The IEF differs from the other 

classical models in that it depends on the formation of a stable pH gradient, 

wherein the sample constituents migrate to their isoelectric point (cf. Figure 5). 

The general plan of this dissertation is as follows. In Chapter 1 we present 

the basic relations in electrophoresis processes, describe the experimental setup 

and some fundamemtal assumptions, and derive the governing equations. The 

models in this dissertation are based on the models developed by Palusinski et al 

[20] and Babskii et al [7]. The mass and charge conservation laws are the basic 

relations concerning the movement of charged particles. Under the electroneu

trality assumption, the governing equations are simplified as a set of nonlin

ear reaction-diffusion type equations, coupled with nonlinear algebraic relations 

characterizing the chemical equilibria. The initial and boundary conditions for 

the IEF are also formulated in this chapter. Chapter 2 is devoted to a special 

example of the IEF model. We study a single buffer and one sample (ampholyte) 

case under the condition that a time-independent pH gradient is given in t.1lC' 

ba.ckground. The model itself i~ idealized which may not be realistic, but the 

mathematical problem is very interesting and worthwhile to study. In this case 

the governing equations can be reduced to a single quasilinear parabolic equation 

with a nonlinear boundary condition. We use the scheme and result of Amann for 

abstract quasi linear parabolic equations (cf. Amann [5] and [6]) to get the local 

existence and regularity of the solutions. In order to show the global existence, 

according to Amann's theory, we must have a priori boundedness of the solution 

in some Banach spaces. This is done by means of a technique due to Alikakos 

[3]. In fact, we obtained the LOO-norm bound of the solution from its Ll_11or111 
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bound. The asymptotic behavior of the solution is obtained by constructing a 

bounded invariant set and a Lyapunov function. It is shown that the solution 

of the evolution problem stabilizes to a steady-state solution. In Chapter 3 we 

investigate the IEF model for single buffer and multiple ampholytes. r nder the 

consideration that the initial concentrations of ampholytes are very small, say 

of order f, we show the existence of solutions and compare the solutiOI1 with the 

one which co:rresponds to f = O. The result here in this dissertation shows that 

the difference between these solutions is of order f. The apprcach we used is 

the perturbation method. Finally, in Chapter 4, we study some other IEF mod

els: weak electrolytes, strong electrolytes, and small diffusion. For the first two 

models, we analyze all the properties of their solutions: existence, boundedness, 

stabilization, etc. For the small diffusion model, we examine the effect of the 

small parameter. Similar analysis can be found in Babskii et al [7J. 

Note: Figure I,A, Figure 1.B, and Figure 2 are taken from Fife, Palusinski 

and SU [13J; Figure 3, Figure 4, and Figure 5 are taken from Bier, Palusinski. 

i\-Iosher and Saville [8J. 
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Chapter 1 

GOVERNING EQUATIONS 

Throughout this dissertation, we study the mathematical theory of a model 

describing transient processes in isoelectric focusing of biprotic ampholytes. The 

terminology ampholyte refers to species that can exist in either positively, nega

tively, or neutrally charged conditions. The model we consider here is based on 

the computer modeling and simulating of electrophoresis proposed by Palusinski 

et al in [20] and the general formulations in Babskii "et al [7]. 

As described in Bier et al [8], in the general electrophoretic processes, chemi

cal species are transported by convection, diffusion, and migration in the electric 

field. Although diffusion and electromigration are handled directly within the 

model, convective velocity field is not. These must be supplied by consideration 

of the relevant fluid mechanics. For example, due to electroosmosis, the velocity 

fields would follow from solution of the Navier-Stokes equations augmented to 

account for electrical forces. However, in the application described in this disser

tation, the convective motion is absent and attention is focused on the transport 

by diffusion and electromigration. 

In this chapter, we derive the governing equations of the IEF process. To 

begin with, we state the basic relations in Section 1.1; these are the charge and 

mass conservation laws. In Section 1.2 we simplify the notations and derive the 

mathematical formulations of the IEF problem. 
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1.1 Basic Relations 

As we described in the Introduction, there are several classical electrophoresis 

modes. IEF differs from other modes by not carring out at a constant pH 

gradient. The separation is established between two electrodes and stabilized 

by the carrier ampholytes. In this technique, proteins migrate until they align 

themselves at their pI (isoelectric point) at which a protein possesses no overall 

charge and will therefore concentrate on this point as migration ceases. IEF is 

therefore an equilibrium technique in which the effects of diffusion are overcome. 

It is also the electrophoretic technique with the highest resolution, in which 

components that differ by 0.001 of a pH unit or less can be resolved. The 

pI point defines a physical parameter of the protein and has a great sigificance. 

There are several ways to define the pI point. Here is a simple definition given by 

Alberty [2]: The pI point is defined as the pH of a buffe,' of specified composition 

in which no net migration of the protein is produced by the application of an 

electric field. 

Although it was Sevenson [26] who developed the technique of IEF as it 

is known today, it was Kolin [17] who provided the background information 011 

which Sevenson was able to develop the method. Mathematical modeling and 

computer simulating of IEF are proposed in many publications. For example. 

Bier et al [8]. a model which permits the computation of the relevant steady-sta t.e' 

parameters in IEF was proposed. 

In this dissertation, we will consider simple ampholytes dissociate in a sam

ple solution HA into single valence ions, i. e., A;j and A~j' A simple ampholyte 

is that the charged ions can only exist with valence z = ± 1 (the neutral sta te 

has:: = 0, of course), A~j (j = 1,2, ... , M) . Here the sample HA may be water 
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(H2 0) as uaed in Palusinski et al [20], H3B03 or NHtCH2 COO- as in Babskii 

et al [7]. As described in Palusinski et al [20], the l;>asic simplifying assumptions 

for the IEF process are made as follows: 

1. The process is one dimensional, only the movements along the column axis 

are considered. 

2. There is no macroscopic flow and no electroosmosis. 

3. The system is isothermal and has uniform transport properties. 

4. The concentrations of component subspecies are related to the equations of 

chemical equilibria, i. e., chemical reactions (protein associations and disso

ciations) which are rapid relative to the transport processes. 

5. The ends of the column are impermeable to the amphoteric compounds, 

6. The solution r~mains electrically neutral, i. e., the electroneutrality assump-

tion holds. 

The dissociation-association reactions are 

(1.1.1) 

(1.1.2)j 

(1.1.3)j 

HA.= H+ + A- , 

.~ 0 --" H+ A -
·'1. m j ..- + ·'1. m j . 

\Ve use U j to denote the concentration of i-th species( i = 1,2, ... , 3Jl + 3 J. 

each measured in moles per unit volume: 

(1.1.4) 

(1.1.5) 

Notation rj is used to denote the production rate of the i-th reaction. The 

mass kinetics is assumed, so the rates of production of the anionic form, for 

20 



example, are written as 

(1.1.6) 

(1.1.7) 

(1.1.8) 

where k{ and k[ are the forward and reverse reaction rate constants of the i-th 

reaction, respectively. 

It should be noted that the rates of ionic reactions of these sorts are fast 

compared to other rate processes, and we will use this property to simplify the 

model derivation later. In fact, this is so-called pseudo steady-state assumption, 

i. e., the forward and reverse reactions are balanced. The equilibrium relations 

are given by 

(1.1.9) 

(1.1.10) 

l
A. U2U3 
\0 = -A - , 

U1 

l
A.. _ U2 U 3j+1 
\2)-1 - A 

U3j+2 

A U2 U 3j+3 
]{ 2j = ----"-

U3j+1 

where j{j (i = 1,2, ... , 2M) represent the dissociation constants. 

The fiux of each species caused by the electromigration and diffusion is 

(1.1.11) 

where n j is the mobility, Zj is the valence and dj is the diffusivity coefficient of 

each species, E is the electric field. The electrophoretic mobility is a very impor

tant concept in the study of electrophoresis. There are many ways to define this 

mobility; see Alberty [2] for various definitions. For example, the electrophoretic 

mobility of a protein is defined as the average velocity of transport of protein in 

the body of protein solution under the influence of a unit electric field, i.e., one 
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in which the potential is 1 voltj em. A protein may exist in a number of different 

iunic forms in a given buffer. The mobility is an average measured over a time 

period which is long in comparison to the time that protein is in anyone of the 

possible forms. It is generally assumed that Einstein's relation holds, namely 

(1.1.12) 

where e is the molar charge or Farady constant, T is the absolute temperature, 

R is the universal gas constant. 

The mass conservation of the j-th species in the absence of bulk flow takes 

the form 

(1.1.13) 
QUj ~ ~ 
- = -V·fj +Rj at 

where Rj denotes the rate of production of the j-th species. From the reactions 

(1.1.1), (1.1.2), (1.1.3) and the rate of production of each reaction (1.1.G) -

(1.1.8), we can express Rj explicitly, 

(1.1.14) 

(1.1.15) 

2M 

RI = -ro, R2 = -ro + Lri' R3 = ro, 
i=l 

R3j+l = -r2j + r2j-l , R3j+2 = -r2j-l , R3j+ 3 = r2j . 

The balance between charge and electric field is given by the Pois$on"s 

equation 

(1.1.16) 
3M+3 

€V . E = - " Z'U' ~ }}, 

j=l 

where € is the dielectric constant which is generally understood to be \'ery small. 

Since € is extremely small( e.f. Palusinski et al [20]), the electroneutrality ap-

proximation is assumed, i. e. 

3M+3 

(1.1.17) L ZjUj = o. 
j=l 
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Note: the validity of the electroneutrality approximation is readily established 

for the equations under study by noting that here f is extremely small so that 

I fV" E I¢: 1 . This argument also illustrates why the electric field can not 

be a constant but must be established by solving the approximate differential 

equations, not V' . E = 0 (c/. Palusinski et al [20]). In Fife et al [13], it is shown 

that the electroneutrality assumption is a good approximation of the system for 

Isotachophoresi3. 

From formula (1.1.12), we can see the following two properties: 

1. Certain elementary species preserve their identity and the net rate of pro

duction of any such species must be zero. Thus, for each ampholyte, 

(1.1.18) R3i+1 + R3i+2 + R3i+3 = 0, j = 1,2," " M. 

Also, for the hydrogen ion, 

3M+3 

(1.1.19) RI + R3 + L Rj = O. 
j=4 

2. The charge conservation law, i. e., there is no net production of charge' at 

any point within the reactor, 

3M+3 

(1.1.20) L zjRj = O. 
j=1 
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In all, we have the following governing equations for the IEF system: 

(1.1.21 ) 

(1.1.22) 

(1.1.23) 

(1.1.24) 

(1.1.25) 

Boundary Conditions: 

R 3i+1 + R3i+2 + R 3i+3 = 0 , 
3M+3 
" zoRo - 0 ~ } } - , 
i=l 

3i"'I+3 
L zrui = 0 . 
i=l 

Under these basic assumptions, the ampholyte fluxes at the column ends 

are zero. This can be expressesd as 

(1.1.26) J3i+l + J3i+2 + J3i+3 = 0 ,j = 1,2" ",!v! . 

The reactions occuring at the electrodes are those generating the H+ and 

A -, which are the only current carriers. They can be controlled in the exper-

iment (c/. Bobskii et al [7] page 80). In Chapter 3, we will assume that the 

concentration of A-is given (controlled) at the electrodes. 

In Palusinski et al [20], it is stated that the IEF process can be operated 

under various modes. For example, it can run under constant current, constant 

pmver or constant voltage. There are relations derived in Palusinski et al [20] 

which allow switching among these three modes. For simplicity, in this disser

tation we will only discuss the constant current mode, i.e., j is a constllllt. III 

fact, our approach can be extended to the case that j can be a function of tillH'. 

2-1 



Initial Conditions: 

Since the initial concentration for ampholytes in any experiment is known 

or can be easily determined (in most cases, the ampholytes are initially uni

formly distributed in the column), the initial condition is given for the total 

concentration of each ampholyte and one of the sample species . 
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1.2 Mathematical Formulations 

"0!~ will simplify the mathematical formulation of IEF system in this section. For 

the convenience of mathematical derivations, we write the system of governing 

equations in dimensionless form. We introduce the reference values similar to 

those used by Saville et al [23]. The dimensionless variables and quantities are 

defined as follows: 

(1.2.1) 

(1.2.2) 

(1.2.3) 

U· 
U ·--1.. ] -

Ur 
~f 

f k· 
k. =-L ] kr ' 

{2. 
n·--] ] - nr ' 

E 
E=

Er ' 
x i 

X=-, t=-, 
Xr tr 

kr:u r ie 
kr: = -]- , Kj = -] , 

] kr U r . 

R· R· - -]-
] - kru

r 
. 

The basic reference parameters are kr, nr , U r , X r ; where kr is one of the 

forward reaction rates, Slr is one of the ionic mobilities, U r is one of the initial 

concentrations and Xr is the characteristic length inferred from initial or buund

ary conditions. The other two reference parameters, tr and E r , are chosen such 

that 

(1.2.4) x; E _ x;kr 
tr = n~' r - nr 

\Vi th the new dimensionless variables, the governing equations (1.1. 21) -

(1.2.25) now can be expressed as follows: 

(1.2.5 ) 

(1.2.6 ) 

(1.2.7) 

(1.2.8) 

(1.2.9) 

au) ( ) - + ~. n,z·u·E - J.lSl ,~u' = R· at ) ) ) )) ) , 

R 3 j+l + R 3j+2 + R 3 j+3 = 0 , 
3M+3 

L zjRj = 0, 
j=1 

3.\1+3 

L ZjUj = 0 
j=1 
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where the parameter J1. is defined as 

(1.2.10) 

To simplify the model equations, "Ve use e to denote the total concentration 

of ampholytes as used by Babskii et al [7] (Note: this total concentration concept 

was also used by Palusinski et al in [20)). In fact, we define the following group 

dimensionless variables: 

(1.2.11) 

eM+l = Ul +U3, 

where ej is the total concentration of Amj, A~j' and A;j' for j = 1,2,···, Al; eo 
is the concentration of H+ ; eM+l is the concentration of species which contains 

In the following discussion, the index j always takes values j = 1,2,···, JI. 

'We first write Ui in terms of ej as 

(1.2.12) 

where [ by equation (1.2.11) ] fli'/S satisfy 

fll,M+l + fl3,M+l = 1 
(1.2.13) 



We use the pseudo steady-state (or equilibrium) relations (1.1.9), (1.1.10) 

to detennine (3i,; . We substitute Ui into the equilibrium relations to get 

(1.2.14) 

Ko (33,M+l 

eo = 1 - (33,M+l 

K 2; _ (33;+3,; 

To - 1 - (33;+2,; - (33;+3,j 

K 2;-1 _ 1 - (33;+2,; - (33;+3,; 

eo - (33;+2,; 

From these equations, we can solve for (3i,; , 

(1.2.15) 

eo 
(31,M+1 = 1\0 + eo 

]{o 
(33,M+1 = 1\0 + eo 

(3 . . - K 2;-1eO 
3J+1,J - ~2 }'/' ~ K }( 

"'0 + 1.2j-1 ... 0 + 2;-1 2; 

efi 
(33;+2,j = e }' e K K o + \2;-1 0 + 2j-1 2j 

(3 . . - ]{2;-11\2; 
3J+3,J - ~2 + },. ~ +}' },. 

"'0 \2j-1 ... 0 \2j-) \2j 

Thus, if we define 

(1.2.16) 

we can express Uj in terms of ej as follows 

eo 
U) = F eAf+) , 

\0 + eo 
U2 = eo , 

1\0 
U3 = ]{o + eo e"'H) , 

(1.2.17) J(2j-1eO 
U3j+1 = ~j(eo) ej, 

efi 
U3j+2 = ~j(eo) ej , 

1\2;-11\2j 
U3j+3= ~j(eo) ej' 
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From equations (1.2.5), (1.2.6) and the definition of ~M+l, we have 

(1.2.18) a~M+l + 'V' . (ft + !J) = 0 . 
at 

Similarly, from (1.2.5), (1.2.7) and (1.2.11) 

(1.2.19) 
ae· tH + 'V'. (!Jj+l + !Jj+2 + !Jj+3) = 0 . 

where f; (j = 1,2"", M, M + 1) is the dimensionless flux defined by 

From (1.2.5), (1.2.8) and (1.2.9), we can get 

3M+3 
'V'. 2: Zjf; = 0 . 

j=l 

This equation can be integrated once to get the dimensionless current density 

J, that is 

3M+3 
(1.2.20) 2: Zjf; = J . 

j=l 

Now we can see that the governing equations are reduced to equations 

(1.2.9), (1.2.18), (1.2.19) and (1.2.20). If we replace all Uj by ~j in these ('(1l1<l-

tions, the system of governing equations then can be expressed as follows: 

ae!lf+l a [ a ] 
(1.2.21) at + ax -J.l ax (DM+l(~O)eM+l) - f23BAf+l(~0)~M+lE = 0 , 

(1.2.22) ~: + ! [-J.l! (Dj(eo)ej) + Bj(~o)ejE] = 0 , 

Ko ~ 
(1.2.23) ~o - F ~ e!lf+J + L.,.; Cj(eo)ej = 0 , 

\0 + 0 j=l 

!II 

(1.2.24) E· [n2eO + f23B AI+ICeo)eM+J + 2: Bt(~o)ej] 
j=l 

a M 
- J.l ax [f22eo - f23BM+1(eO)e!ll+1 + ~ Bj(eo)ej] = J . 

}=l 



Where the coefficient functions are defined by 

D (C ) _ fh eo + 0 3 K 0 
M+l 1,0 - Ko + eo 

Ko 
BM+1(eO) = Ko + eo ' 

(1.2.25) Dj(eo) = D.j~eo) (03j+l K 2j-l eo + 03i+2e~ + 03j+3 K 2j-l J(2j) , 

B±(eo) = D.j~eo) (03j+2e~ ± 03j+3K 2j- 1K 2j ) , 

1 2 
Cj(eo) = D.j(eo) (eo - K 2 j- 1K 2 j) . 

The boundary conditions can be expressed as 

(1.2.26) 

(1.2.27) ~A'f+llr=o = A(t) , 

where A(t) and B(t) are given functions, usually they are constants. 

Similarly, the initial conditions can be written as 

(1.2.28) ~i(X,O) = ~?(x) , i = 1,2, ... , A1, lv! + 1. 

Thus, the mathematical problem of IEF now can be posed as: Find (L ,~o· 

lution of equations (1.2.21) - (1.2.24) under the boundary conditions (1.2.2G). 

(1.2.27) and initial conditions (1.2.28). 
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Chapter 2 

SINGLE BUFFER AND ONE SAMPLE 

IEF MODEL 

There are some cases in which the spatial distribution of the concentration 

of the hydrogen ion (i. e., the pH gradient of the solution) entering the system is 

known not to interact very much with the concentrations of ampholytes (sample 

species). For example, see Fife [11] and Saville et al [23]. 

In this chapter, we consider a single buffer and one sample IEF model, i. e .. 

a simple ampholyte Am which dissociates in water H20 into the single \'alence 

ions A~ and A;. ,\Ve assume that a time-independent pH gradient is given in the 

background. As we stated in Section 1.1, the dissociation-association reactions 

are 

(2.0.1) 

(2.0.2) 

(2.0.3) 

H2 0 ~ H+ +OH

A~ ~ H+ +A! 

A! ~ H+ +A;. 

The mathematical problem, which is a quasilillear parabolic equatioll wi t II 

a nonlinear boundary condition, is formulated and simplified in Scctioll 2.1. 

The local existence and regularity of the solutions are obtained in Section 2.2. 

vVe derive an a priori estimate in Section 2.3 and obtain the stabilization of 

the solutions in Section 2.4. We see that the solution of the transient problem 

stabilizes to a steady-state solution. A crucial part of the proof is to construct 

a bounded invariant set and a Lyapunov functional. 
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2.1 Mathematical Simplification 

In our present case, we have six species in the system. The notations for con-

centrations (dimensionless variables) are 

(2.1.1) 
U4 = [A~], Us = [A;!;], U6 = [A;] . 

To simplify the mathematical model equations, we introduce the following 

new variables: 

(2.1.2) 
v = U4 + Us + U6. 

Here U is the concentration of species which contain hydroxyl iOllS OH-; 

¢J( x) is a given function which is the concentration of hydrogen ion; v is the 

total concentration of ampholyte Am. 

From the psuedo steady-state (or equilibrium) relation (1.1.9) and (1.1.10), 

we can express the old variables U j (j = 1,·' . , 6) in terms of the new variables 

U, v [see equations (1.2.17)]: 

(2.1.3) 

(2.1.4) 

(2.1.5) 

(2.1.6) 

(2.1. 7) 

(2.1.8) 

¢J(x) 
Ul = Ko + ¢(x) U, 

U2 = ¢J(x) known, 

Ko 
U3 = Ko + ¢(x) U, 

K) ¢J( x) 
U4 = ¢2(x) + /(l¢(X) + J{l K 2 v, 

¢J2(x) 
Us = ¢2(x) + K)¢(x) + KIK2 v, 

KIK2 

Thus, equations (1.2.22) - (1.2.24) can be written as follows in terms of the 
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new variables: 

(2.1.9) 

(2.1.10) 

(2.1.11) 

where 

(2.1.12) 

(2.1.13) 

(2.1.14) 

av a [ a ( ] at = ax J.L ax D(x)v) + B-(x)vE , 

Ko 
4>(x) - Ko + 4>(x) u + C(x)v = 0 , 

( 
n3Ko +) 

E· n 24>(x) + Ko + 4>(x) u + B (x)v 

a ( n 3 4>(x) _) 
- J.L ax n 2 4>(x) - Ko + 4>(x) u + B (x)v = J , 

D(x) = n4K 1¢(x) + ns ¢2(x) + n6K IK2 , 
¢2(x) + K1¢(x) + KIK2 

C( ) = ¢2(x) - KIK2 
X ¢2(x) + J{l¢(X) + J{ l K 2 ' 

B±( ) = ns¢2(x) ± n6K IK 2 
x ¢2 (x) + K 1 ¢( x) + K 1 K 2 

From equation (2.1.10), we can solve for u to get 

(2.1.15) 

Substituting this expression of u into equation (2.1.11), we obtain that 

(2.1.16) 

where 

(2.1.17) 

(2.1.18) 

A1{x,v) = J + J.L(n 2 - n3 )¢'(x) + [B-(x) - n3 C(.1')]x· v , 
(n2 + n3 )¢l(x) + (B+(x) + n3 C(x)v 

A x v _ B-(x) - n3C(x) 
2( , ) - (n2 + n3)¢(X) + (B+(x) + naC(x))v 

Then, replacing E in equation (2.1.9) by the expression of E (2.1.16), we 

end up with a differential equation for v: 

(2.1.19) au a [D. ) au B. ] at = ax J.L (x, v ax + (:1', v)v , 
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where 

(2.1.20) 

(2.1.21) 

D*(x,v) = D(x) - A2(X,v)B-(x)v, 

B*(x, v) = I'D' (x) - B-(x)A1(x, v) . 

The boundary and initial conditions can be then expressed as 

(2.1.22) 

(2.1.23) 

J.lD*(x, v) ~~ + B*(x, v)v = 0 , at x = 0,1 

v(x,O) = vo(x) , gIven. 

The mathematical questions are as follows: Does this system [differential 

equation (2.1.19) with boundary condition (2.1.22) and initial condition (2.1.23)J 

have a solution? Is this solution unique? Is it a global solution? If so, does this 

solution stabilize? vVe will answer these questions in the following three scctiOllS. 
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2.2 Local Existence and Regularity 

Since v is the total concentration of ampholyte, it must be positive. Hence, we 

are looking for the positive solution of this IEF problem. In principle, the given 

function cP(x) is positive. In fact, we impose the following assumption: 

(AP): 

The function cfJ(x) E COO([O, 1]), and cfJ(x) > 0 on [0,1] 

with P(cfJ(x) > 0 on [0,1], where 

P(y) = (n3 + ns)n4K}y2 + 2n3nsya 

+ n 4(n6 - na)Ki K2 + 2nS(2n6 - n a)K}K2 • 

Lemma 2.2.1: Suppose (AP) holds. Then, for every v > 0 and x E [0,1], we 

have 

D*(x, v) > 0 . 

Proof: From the definition of D*(x, v) [see (2.1.20)J and from the positi,·ity of 

we can see that D* (x, v) > 0 is equivalent to 6( x, v) > 0, where 

Since for v > 0 and ¢(x) > 0 we know 

if we set 
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then we have 

From a simple computation, it is easy to see that the condition (AP) implies 

that hex) > o. Hence, D*(x,v) > o. Q.E.D. 

Remark: Assumption (AP) holds if <fo(x) is large enough or if !2s -!23 is small 

enough. 

Lemma 2.2.2: Suppose (AP) holds, and furthermore, suppose <fo(x) ~ du in 

[0,1] for some do > o. Then, there exists a Do > 0 such that for every x E [O,lJ 

and v > 0, we have 

D*(x, v) ~ Do . 

Proof: Similar to the proof of Lemma 2.2.1 . Q.E.D. 

The local existence and regularity of the solutions to the IEF problem are 

obtained by applying the theory for abstract quasilinear parabolic equntiollS 

developed by Amann (c.f. Amann [5] and [6]). In order to match the abstract 

notations used in Amann [6], we rewrite our IEF problems (2.1.19), (2.1.:21). 

and (2.1.22) in an abstract form. We define two differential operators: 

(2.2.1) a r * aV] 
A(x, v)v := -p ax lD (x, v) ax ' 

(2.2.2) 8(x, v)v := jlD*(x, v) ~~ + B*(J.·, v)v . 

Then, the IEF problem can be written as 

(2.2.3) 

(2.2.4) 

(2.2.5 ) 

~~ + A(x,v)v = ! (B*(x,v)v) , 

8(x, v)v = 0 at x = 0, 1 , 

vex, 0) = vo(x) x E [O,IJ . 
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For a fixed real number p > 1, we denote by 

H; := (H;«O, 1), R), 1I·1I",p) 

the standard Bessel potential spaces for s E R, which coincide with the standard 

Sobolev spaces for sEN. In particular, 

Moreover, we put 

(2.2.6) H;,B:= {u E H;;B(x,u)u = O} 

and 

(2.2.7) V:= {u E H;;u([O, I]) C G} , 

where G is the region of normal ellipticity of A, which is defined in Amann [5J 

as 

(2.2.8) G := {77 E R; a(A)(x, 77» c {z : ~z > O}, x E [0, IJ} . 

Remarks: 

i) For the operator defined in (2.2.1), G ::> R+, and R+ is bounded away frolll 

8G (the boundary of G). 

ii) The set V is an open subset of the Banach space H;. 

iii) H; ~ C"-~([O, 1], R) if s - ~ E R+ \ N. 

Theorem 2.2.3: Assume (AP) holds. Then, the IEF system (2.2.3) - (2.2.5) 

possesses, fOT each 1'0 E V. a unique maximal cla.qsical solution t'(., 1'0) .~o that 
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v(O,vo) = Vo. The maximal interval of existence is of the form [O,t+(vo» with 

o < t+(vo) ~ 00, and 

(2.2.9) 

is open in R+ X V. The map 

v -+ V: (t, vo) ....... v(t, vo) 

is a local 3emifiow on V, and bounded orbit3, which are bounded away from av! 

are relatively compact. If Vo E V n H;,B(vO) , then 

where t+ := t+(vo). 

Proof: If we set 

f( . au) .= (aB*(x,v») (B*( ) aB*(x, V») . av 
, v, a· a v + x, v + a a x x v x 

and from the assumption (AP), we have 

aB*(x,v) 00 [ ] 
ax . vEe (0,1 x G, R) , 

B *( ) aB*(x, v) Coo ([ ] G R x, v + au E 0,1 x , ). 

The conclusions, then, can be obtained directly from the assertions of The-

orem 1 in Amann [5]. Q.E.D. 
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2.3 An A Priori Estimate 

In this section, we show an a priori Loo-norm boundedness of solutions to the 

IEF problem (2.1.19), (2.1.22), and (2.1.23). The technique we use here was first 

used in Alikakos [3]. The a priori estimate will be used in the next section to 

get the global solution and stabilization of the IEF problem. 

Lemma 2.3.1: Suppose (AP) holds. Then, there exist positive constants D 1 , D 2 , 

and Ml such that 

Dl < D*(x,v) < D2 , 
(2.3.1 ) 

IB*(x, v)1 < Ml , 

for all x E [0,1] and v > O. 

Proof: From the assumption (AP), we know that ¢(x) > a for x E [O,lJ. That 

is, there exists an € > a such that ¢(x) ~ € > a for all x E [0,1]. Hence, the 

inequalities in (2.3.1) are obtained directly from the definitions of D* (x, v) and 

B*(x, v) as well as Lemma 2.2.2 . Q.E.D. 

Lemma 2.3.2: Assume v is the solution of the IEF problem with the init.ial 

value t'o(x). Then, the Ll([O, 1])-norm of v is constant for all t. In fact, 

(2.3.2) "V"Ll([O,I)) = 11 vo(x)dx . 

Proof: Integrating equation (2.2.10) with respect to x over [0,1] once and using 

the boundary condition (:?2.11), we get 

d t t 0 * ou * 
dt(10 v(x,i)dx) = 10 ox[J.lD (x,v)ox +B (x,v)v]d.1· 

D * )ou B* II = J.l (x, v Ox + (x, v)v 0 = a . 

[I I 
Hence, Jo v(x, t)dx = 1 vo(x)dx =constant . Q.E.D. 
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Now, we are ready to give the a priori estimate theorem. 

Theorem 2.3.3: Assume (AP) holds, and vex, t) is the solution of the IEF 

problem (2.1.19), (2.1.22), and (2.1.23). Then, there exists a constant C* inde

pendent of v such that for all t > 0, 

(2.3.3) IIv(x, t)IILo> :5 C* . M* , 

where M* = max{11 

vo(x)dx , IIvo(x)IILo>([o,l])} . 

Proof: For any k E N+ (k = 1,2,3,'" ), w':.. multiply equation (2.2.10) by 

V(2
k 
-1) and integrate it over [0,1] to get 

1. 

r [v ]2dx = r 2(k-l)v(2(k-I)_J)al:. dx 
1 a 2(k-l) 1[ ]2 

Jo {J.T Jo {Jl 

-11 
')(2k-2) (21: -2) (av )2d - _ v {J x, 

o x 

and 

11 {J a (21:_1) 11 a a 
I~II v Idx = 1~1(2k _1)v(2k-2)1~ldx. 

o ax ax 0 ax ax 

These equalities give us that 

(2.3.4) 
t av av(2 k 

-1) 2k - 1 I av2(k-l) 2 

Jo I {Jx I' - {Jx Ida' = 2(2k-2) ·1 ( {Jx ) d:l' . 
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2. 

and 

These equalities give us that 

(2.3.5) t ,av(21:-1) I = (2k -1) 11 (2"_1)laVc2k-1) I 10 v ax dx 2(k-l) 0 v ax dx . 

Combining (2.3.4) and (2.3.5), we can obtain 

d (1 t 2k ) 2k - 1 t OV2
("-I) 2 

dt 2k io v dx ~ - liDl (2(2k-2») io ( ax ) dx 

2k-l t 2(k-l l !av(21:- 1)I 
+M(2(k-I»)io v ax dx. 

If we set u = v(2
k
-l) and ~~ = u' (for computational com'enient notatiuns), 

we get 

dIll ')k - 1 lol lol 
(2.3.6) -d (~ u2dx) ~ -liDl CCk-l») (u')2dx + A1(2k - 1) ulu'ld.1' . 

t L. 0 2 0 0 

Now, we apply the Cauchy inequality to the second term of (2.3.6) to get 

t ulu'/dx ~! [€ t (u')2dx +! t u2dx] , 
io 2 io € io 

where € is to be determined later. 
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For each fixed k, we denote u and f as Uk and fk. Furthermore, we set 

(2.3.7) 
2k -1 k· 

Vk = -P.Dl (2(k-2») + (2 - l)Mfk , 

(2.2.8) 
M(2k -1) 

ak = , 
fk 

and the differential ineqalities can be written as 

(2.3.9) 

Now, we choose fk small enough such that Vk > OJ i. e., 

(2.3.10) 

Next, we apply the Nirenberg-Gagliardo interpolation ineqality and the 

Young inequality to get sharper estimates. "We recall the Nirenberg-Gagliardo 

inequality 

(2.3.11) 

and the Young inequality: for a, b > 0, 

(2.3.12) b 1 em m ( m - 1 ) e m b m a· s; - U • a + -- v - r;;::-j. r;;::-j 
m m 

where m > 1 and 8 are any constants. 

For our discussion here, n = 1 (one-dimensional case )j thus, () = ~. Choose 

m = _()1 = 3j then, m = ~ . Hence, from (2.3.11) and (2.3.12), we can deriye 
m-1 2 

that 
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i.e., 

(2.3.13) 

We notice the equivalent norm of W 1,2 

(2.3.14) 

We replace" . IIW1.2 in (2.3.13) by (2.3.14) and obtain 

i. e., 

Choosing 8 small enough such that 

(2.3.15) 

it follows that 

(2.3.16) 

where 

(2.3.17) 

(2.3.18) 

c263 

..\ = 3 - C263 ' 

2C26-~ 
CA = 3 _ C263 • 

Here C is the constant in the Nirenberg-Gagliardo inequality, which is in-

dependent of ~ and k . 
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Now, by substituting Uk in the place of e in (2.3.16) and >'k in the place 

of >., by multiplying each side by (ak + >'k) and by rearranging the terms, we 

obtain that 

Choosing >'k such that ak>'k + >.2 :5 11k, we obtain from (2.3.9) via (2.3.19) 

that 

! (11 
u'idx) :5 -11k 1\u~)2dX + ak 11 u'idx 

:5 -(ak + >'k)>'k 11 (uU2dx + ak 11 urdx 

:5 -(ak + >'k) 11 u'idx + (a + k + >'k)C.\1: (11 
Ukdx/ + ak 11 Urdl' 

= ->'k 11 u'idx + (ak + >'k)C.\1c (11 
Uk)2 . 

\Ve introduce notations: 

(2.3.19) 

where by "bound t ukdx" we mean a constant that dominates t UkdX for all 
t~O Jo Jo 

times. The differential ineqality now can be expressed as 

(2.3.20) 

This ineqality gives us that 
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From here, it is easy to see that 

(21) 

or, equivalently, that for the variable Uk, 

(2.3.22) 

Hence, inequality (2.3.22) can be written as 

(2.3.23) 

Without loss of generality, we may as well assume that 

and let 

(2.3.24) 

Then, we substitute them back into (2.3.22) and iterate k-times to get 

(2.3.25) 



The goal now is to estimate the right-hand side of (2.3.25) and to show 

that it behaves like [const.F". Then, by taking the 2k-th root of both sides of 

(2.3.25), we can pass the limit and obtain the Loo-norm estimate. 

We notice that, from (2.3.15), for all k ~ 1, we have 

C2 .6l 1 
3 <"2' 

where 6k corresponds to Ak in (2.3.17); that is, 

2 3 3 
3 - C 6k > "2' for all k ~ 1 . 

Together with (2.3.18), we have 

Since Ak satisfies 

z.e., 
Nf(2k - 1) [?k - 2] 

( fk + Ak») Ak ::; P.Dl ;(k-2) - (2k - 1 )111 €k . 

If we set Ak = €l and choose €k even smaller than the one in (2.3.10), then 

all the inequalities are satisfied. In fact, we choose € < 1 (for all k ~ 1) such 

that 

(2.3.26) 

Furthermore, 

(2.3.27) 
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where h)., bc~, ba are constants independent of k. 

From (2.3.27), we have 

(2.3.28) 

Thus, 

Then, the ineqality (2.3.25) becomes 

(2.3.29) J v2" dx :5 b2("-1) • 25(2(A:+IJ-k-2) . (M*)2 1c 

4/. -

l' 
Taking the limit as k -+ +00 of the 2k-th root both sides of (2.3.29), we 

obtain 

Hence, 

where C* = 210 • b is a constant independent of v. Q.E.D. 



2.4 Global Existence and Stabilization of Solutions 

In the previous section, we have derived an a priori estimate for the IEF problem. 

By combining this and the assertion of Theorem 2 of Amann [5], we can prove 

the following theorem on global existence of solutions to the IEF problem. 

Theorem 2.4.1: Under the same assumption as in Theorem 2.3.3, we have 

t+(vo) = +00, and the orbit through vo [i.e. v(x, tj vo) ] is bounded in V and 

hence, is relatively compact. 

Proof: Theorem 2.3.3 gives that for any Vo E V , 

sup Ilv(x, tj VO)IILCX>([O,lJ) < 00 . 
O<t<t+(vo) 

The assertion of this theorem is foUoed directly from Theorem 2 of Amann 

[5]. Q.E.D. 

Once '.ve get the global existence of the solutions, a natural question to 

ask is does the solution stabilize? Thus, we need to consider the asymptotic 

behavior of the solutions. For general Reaction-Diffusion equations, several kinds 

of asymptotic patterns often happen. For example, the solution may tend to a 

solution of the associated O.D.E. (which usually happens when we consider the 

Neumann boundary condition, c/. Chueh et al [9]), or of the averaged O.D.E. 

( cf. Su [24]), or to a traveling wave solution (c/. Fife et al [12]), or to the 

steady-state solution (cf. Fife [11], Henry [15], Hsiao et al [16] and Rothe [22]). 

The concept of Lyapunov function plays a very important role in the con

sideration of stabilization (or asymptotic behavior) analysis. Let us recall the 

following definitions (cf. Alikakos [3J or Amann [6]): 

Definition 1: Let {S(t),t 2: O} be a nonlinear semigroup on a complete metric 

space X. A Lyapunov function is a continuous real-valued function <I> on X 
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such that 

(2.4.1 ) ci>(x) = lim ~{4.>(S(t))x - 4.>(x)} ::; 0 
t-+t+ t 

for all x EX. The possibility ci>( x) = -00 is not excluded. 

Definition 2: If Xo E X,,(xo) = {S(t)xo : t;::: O} is the orbit through Xo, then 

the w-limit set for Xo is defined by 

w(xo) = {x E X I there exists tn ~ +00 } 
such that S(tn )xo ~ X • 

Theorem 2.4.2: Assume (AP) holds; then, there exists a Lyapunov function 

4.>(v) of the IEF system (2.2.3) - (2.2.5). 

Proof: We construct a Lyapunov function 4.>( v) as follows: 

We assume that 

(2.4.2) 

where v is the solution of (2.2.3) - (2.2.5); Q(x, v) is a function to be determined. 

The Dini derivative of <1>( v) along the orbit is 

ci>(v) = 112Q(X,V).Qv(X,V),vtdx 

=21
1 
Q·Qv· [J.LD*(x,v)vx+B*(x,v)vJxdx 

=-21
1

[J.LD*(X,V)vx +B*(X,V)v] ·(Q·Qv)xdx . 

We now employ the idea of finding an integrating factor to construct a 

function R( x, v) > 0 such that 

(2.4.3) 
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Thus, we can have 

<i>(v) = -211 

R(x, v)[IlD*(x, V)V x + B*(x, v)v]2dx ~ 0 . 

This meruls that <I> is Lyapunov function. 

Now, let's write out both sides of equation (2.4.3): 

Left-hand side = Q~ . Vx + Qx . Qv + Q. Qvx + Q . Qvv . Vx , 

Right-hand side = IlR . D* . Vx + R . B* . v . 

'We identify the Vx terms; i.e., 

Q~ + Q . QVt) = IlR . D" 
(2.4.4) 

Qx . Qv + Q . Qvx = R· B* . v . 

By taking the mixed second derivatives, we have 

(2.4.5 ) (IlR· D*)x = (R· B"· v)v ; 

z. c., 
pD"(x,v)· Rx(x,v) + f1.R(x,v)· D;(x,v) 

= R(:r, v) . (B"(J..·, v)v)v + B*(x, v) . v' R1,(x, v) . 

This can be simplified to 

(2.4.6) 

This is a first-order partial differential equation; it can be solved by the 

method of characteristic. The characteristics equations for (2.4.6) are 

~~ =f1.D*(x,v), 

(2.4.7) dv *( d)" = -B x,v)v, 

~~ = -R[f1.D;(x,v) - (B*(x,v)v)v] 



A solution of (2.4.7) is known to exist by the theory of first-order partial 

differential equations. The solution R(x, v) must be of one sign because of the 

exponential nature of the last equation of (2.4.7) for R. We can choose it to be 

positive. Hence, we have proved the existence of function R( x, v) for all x and v. 

We can substitute R(x, v) back into (2.4.4) and integrate it twice to get Q(x, v). 

Thus, the Lyapunov function.p( v) is constructed. Q.E.D. 

Theorem 2.4.3: Assume (AP) holds; then, the solution v(x, t; vo) of the IEF 

problem (2.2.3) - (2.2.5) with Vo E V stabilizes to v*(x), where v*(x) is the 

solution of the following steady-state problem: 

(2.4.8) pD*(x,U)ddu+B*(x,u)u=O on [0,1] 
x 

with 

11 v*(x)dx = 11 vo(x)dx . 

Proof: By the conclusion of Theorem 2.4.1, we know that {v(x,t;vo): t ~ O} 

is a relatively compact set in V. We have constructed a Lyapunov function <1>( v) 

in Theorem 2.4.2. From Theorem 4.3 and Corollary of Amann [6], we have the 

following assertion: the w-limit set of vex, t; vo) is non-empty and satisfies 

w(vo) C {y E 1-! 4(y) = O} ; 

Z. e., 

11 R(x, y) [JlD*(X, y) ~~ + B*(x, y)y r dx = 0 . 

Since R( x, y) > 0, this implies that 

JlD*(x,Y)~~+B*(x,y)y=O on [0,1]. 
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If v* E w(vo), i.e., if there exists a sequence tn ~ 00 such that 

lim v(x,tn;VO) = v*(x) , 
n-oo 

then 

t v*(x )dx = lim t vex, tn; vo)dx == t vo(x )d:r . 
Jo n-oo Jo Jo 

Q.E.D. 

The asymptotic behavior can be also obtained by a more general theorem 

due to Zelenjak. We will discuss more about the Zelenjak's general theory in 

Chapter 3, and use it to get the asymptotic behavior of a more general problem. 

Under the assumption (AP) and ¢(x) 2: to > 0 , we can rewrite (2.4.8) as 

follows: 

(2.4.9) 
du 
dx 

B*(x, u )u 
flD*(x, u) 

By the standard existence and uniqueness theory of the first-order ordinary 

differential equations, we know that with any given 1/(0) = A, there is only ol1e 

solution of (2.4.9), say u(x; A), such that u(O; A) = A exists on [0,1]. Hence, 

the steady-state solutions of the IEF problem form a one-parameter fmnily with 

one-sided positivity; i.e., if A > 0, then u(x; A) > 0 . 

From (2.1.21), the definition of B*(x, u), we notice that for some parameter 

range the function B*(x, u) may be zero at a point (which is the so-called iso

electric point). If the concentration of hydrogen ion ¢( x) and mobility constants 

are chosen such that B(O, v) > 0 for any positive v, then the solution reaches its 

local maximum at the isoelectric point. This can be easily seen from equation 

(2.4.9). Because fl is very small and if one can control the parameters such that 

the ranges of B*(x, u) and D"'(x, u) are of normal order, then the solution of the 
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steady-state equation (2.4.9) will be very sharp near its maximum point. There 

is a spike at this point; this is the focusing property of the Isoelectric Focusing 

process. In experiments, people always try to make the parameters (the mobil

ities and ither factors) in the range such that the focusing property holds. We 

will discuss this more in Chapter 4 and show a special example. 
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Chapter 3 

SINGLE BUFFER AND MULTIPLE AMPHOLYTES 

IEF MODEL 

We have described the general single buffer and multiple ampholytes IEF 

problem and derived the governing equations for its dynamics in Chapter 1. 

The problem consists of M + 1 nonlinear differential equations, of two algebraic

differential equations together with the nonlinear boundary conditions. The 

problem in general is very difficult to handle, because of the complexity of non-

linear behavior. In the previous chapter, we studied a special case in which a pH 

gradient was given. In this chapter, we consider the cases in which the concen-

trations of ampholytes are introduced to the system in a small amount; i. e., ~j 

is very small, say order E. Without loss of generality, we replace ~j by E~j in the 

governing equations. Thus, the governing equations now become the following: 

(3.0.1 ) 

(3.0.2) 

(3.0.3) 

(3.0.4) 

eM+lt + [-I1(DM+l(~O)eM+I)x - n 3 BAH1 (eO)eM+IEL = 0, 

ejt + [-Jl(DjCeo)ej)x + B;(~o)ejEL = 0 , 

M 

~o - BM+l(eO)eM+l + € L Cj(~o)ej = 0 , 
j=l 

M 

E· [n2~O + n 3 BM+l(eO)eM+l + € LBt(eo)~j] 
j=l 

M 

- J1 [n2~O - n3B M+l (eO)~ly1+1 + € L B;(eo)~j] = J 
j=l x 

with the boundary and initial conditions as described in Chapter 1. 

If we set € = 0 in the above system, the resulting system takes the following 
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form: 

(3.0.5) (~M+lh + [-Jl(DM+l(~O)~M+lL: - n3BM+l(~O)~M+lEL = 0 , 

(3.0.6) (~j)t + [-Jl(Dj(~o)~jt + Bj(~o)~jEL = 0 , 

(3.0.7) ~o - BM+l(~O)~M+l = 0 , 

(3.0.8) E [n2~O + n3 B M+l (~O)~M+l] - Jl [n2~O - n3B M+l (~O)~M+l] x = J 

with the same boundary and initial conditions. 

For simplicity, we denote the system (3.0.1) - (3.0.4) as Problem (p() and 

the system (3.0.5) - (3.0.8) as Problem (Po). 

In the following sections, we will discuss these two problems in detail. \Ve 

will study the global existence and asymptotic behavior of their solutions. 
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3.1 Problem (Po) 

We will look at the € = 0 case first. In this case, the set-up is considered to be 

without ampholyte in the system, so only hydrogen and hydroxyl are present. 

The governing equations can be reduced to a quasilinear parabolic equation. 

The global existence and asymptotic behavior of the solutions can be obtained 

by using qualitative analysis. In the case of € = 0, there is no concentration of 

ampholyte. But since the differential equations for ~j are decoupled from ~M+l' 

we can formally solve ~j, even in the € = 0 case. In the next section, we will 

use the solutions of the case that € = 0 as the first order approximation for the 

f. =I 0 case. 

We rewrite the governing equations as follows: 

(3.1.1) 

(3.1.2) 

(3.1.3) 

(~M+dt + [-J1(DA1+1(~O)~M+I)x - n3BlI1+1(~0)~M+IEL = 0 , 

(~j)t + [-J1(Dj(~o)~j)x + Bj(~o)~jEL = 0 , 

~o - BM+l(~O)~M+l = 0 , 

with the boundary conditions 

(3.1.5) 

(3.1.6) 

J1(Dj(~o)~jt - Bj(~o)~jElx=O'l = 0 , 

~M+llx=o = A(t) , ~M+llx=l = B(t) , 

and the initial conditions 

(3.1. 7) 

(3.1.8) 

~jl = ~J(x) , 
1=0 

~M+ll = ~~+1 (x) . 
1=0 

Since the quantities here are concentrations, they should be positive. The 

basic assumptions on the given data are as follows: 
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1. A(t) ;::: Ao > 0, B(t) ;::: Bo > 0 for t ;::: 0, and 

lim A(t) = A , lim B(t) = fJ . 
t-+oo t-+oo 

2. e~+l(X) > 0 , eJ(x) > 0 (j = 1,2,··· ,M) on [0,1]. 

Since all ej (j = 1,2,···, M) are decoupled from the system, Problem (Po) 

can be solved in the following way: First, we eliminate E and eo from equations 

(3.1.1), (3.1.3), and (3.1.4) to get an equation for 6H1. Once eM+1 is found, we 

can use it to get E and eo. Finally, we substitute eM+1, E and eo into equation 

(3.1.2) to get ej . 

We can solve eo from (3.1.3) to get eo = BM+1(eO)ellH1. This can also be 

written as [ by (1.2.25) ]: 

(3.1.9) 

or 

(3.1.10) 

Substitute eM+1,E and eo into (3.104), and we have 

(3.1.11) 

Then, we put (3.1.11) back into (3.1.1) and use (3.1.10) to obtain a system 

only for variable eM+l. It reads: 

aeM+l = 2 ~(jj(t )aeM+1) 
at J.l ax I,M+1 ax ' 

(3.1.12) eM+1 Ix=o = A(t) , eM+1lx=1 = B(t) , 

ellH1 11=0 = e~+1(X) , 
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where the function D( u) is defined by 

Our focus now is on solving problem (3.1.12). In the following discussions, 

it is convenient to denote eM+l as u. So we replace eM+l with u in (3.1.12) and 

rewrite it as 

au a - au at = 2J.l ax (D(u) ox) , 

(3.1.13) ulx=o = A(t) , ulX=l = B(ty , 

We notice the global boundedness and positivity of the solutions. 

Theorem 3.1.1: If u(x, t) is a solution of (3.1.13), then there exist A1. > 0 

and A1" such that 

M. < u(x, t) < Ar for all (x, t) . 

Proof: v.,'e define a differential operator: 

We set 

L(u) = [D(u)uxt - Ut • 

M" = max{ sup uo(x), supA(t), supB(t)}, 
xE[O,l] t>o t>o 

M" = min{ inf uo(x), Ao , Bo} 
xE[O,l] 

and let u"(x, t) = M" , u,,(x, t) = M". Then, we have 

L(u·) = L(u) = L(u.) 
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with initial conditions 

u'" :5 uo(x) = ult=o :5 u· 

and boundary conditions 

u I < u(x t)1 < u"'l • x=O,l - , x=O,l - x=O,l 

By the maximum principle (Theorem 12, on page 187 of Protter et al [10]), 

we have 

u.(x, t) :5 u(x, t) :5 u"'(x, t) 

for all x, t . i.e. 111* < u(x,t) < M'" for all x, t. Q.E.D. 

From the above theorem and Theorem 1 in Amann [5], we conclude that 

the unique solution of (3.1.13) exists globally. 

Now, we turn to discuss the stabilization of the solution to (3.1.13). \Ve 

consider the case that A(t) = A,B(t) = B, where A, B are positive constants. 

The case that A( t), B (t) are not constants has not been investigated yet. 

Since we are interested in positive solutions, we can redefine the function 

D( u) as follows: 

Let v( x) be the positive solution of the following problem 

(3.1.15) 

Then, v( x) satisfies 

D(v)vx = C t , constant. 
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If we set z = vKJ + 4Kov - Ko > 0, then 

Integrating this equation once, we get 

(3.1.16) 

where C1 , C2 are constants to be determined. 

By the boundary condition, we obtain 

zlx=o = jKJ + 4KoA - Ko = Zo , 

zlX=1 = jKJ + 4KoB - J{o = Zl 

Thus, C1 , C2 can be determined by 

(3.1.17) 

Then, z(:z:) is defined by (3.1.1G). Hence v(x) is solved (uniquely) by 

vex) = 4;{o [(z(x) + J{o)2 - Kg] . 

If we define w(x,t) = u(x,t) - vex), then w satisfies 

Wt = Ut = 2jl[D(u)uxt 
= 2jlD(w + v)[w + v]xx + 2jlD'(w + v)[w + v]; 

where 
D(x,w) = 2jlD[w + vex)] 

B(;!', w,wx) = 2jlD[w + v(x).]vxx + C[w + V(x)][w + v]; . 
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Thus, we obtain a problem for Wj i.e., 

Wt = D(x, w)wxx + B(x, w, wx) , 

(3.1.19) wlx=o = 0, WIX=I = 0 , 

wlt=o = wo(x) . 

In order to show u(x,t) -. vex), we need to show w(x,t) -.0 as t -. 00. 

Now, we consider the stabilization of w(x, t). Before doing that, we recall a 

definition and a theorem of D.G. Provorova (c/. Zelenjak [27]). 

Consider the equation 

(3.1.20) Ut = a(x,u,ux)u xx + b(x,u,u x) 

for t ~ 0, 0 ~ x ~ 1, assuming that one of the following boundary conditions is 

satisfied: 

(3.1.21 ) 

(3.1.22) 

(3.2.23) 

ul =ul =0 x=o x=I ' 

U x - <p(u)lx=o = ulX=1 = 0 , 

u x - <p(u)lx=o = U x - 1I'(u)lx=1 = 0 . 

We will assume that a ~ ao > 0, where ao is a constant, and that the 

functions a, b, <p, 'lj; are three times differentiable with respect to their variables. 

Let y = <PI (xo, x, Yo, YI) be the solution of the problem 

(3.1.24) y" = b(x,y,y') I 'I 
a(x, y, V') , Y X=Xo = Yo, Y x=xo = YI· 

Condition A: We will say that Condition A is satisfied for equation (3.1.20) if 

the function <PI is defined for all real Yo, YI and xo, x in the interval [0,1]. 
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Theorem 3.1.2 (O.G. Provorova): Suppose that Uo E CI satisfies one 

of the given boundary conditions (3.1.21) - (3.1.23) and that Condition A is 

also satisfied. Then, the solution u(x, t) of the corresponding mixed problem 

with u(x,O) = uo(x) has one of the following properties: 1) u(x,t) exists fOT 

0$ t < to $ 00 and supx lu(x, t)l-+ 00 as t -+ to; or 2) u(x, t) is defined for all 

t ~ 0, and there is a steady-state solution v( x) such that 

lIu(x, t) - v(x )IIC2(O,I) -+ ° as t -+ 00 • 

Lemma 3.1.3: Consider the following D.D.E. : 

/I B(x,y,y') 
y = - -

D(x,y) 
(3.1.25) Ylx=xo = Yo , 

y'lx=xo = YI . 

For any real Yo, YI and Xo E [0,1], the above problem (3.1.25) has unique 

solution y = ¢(xo,x;Yo,yJ). 

Proof: Equation (3.1.25) can be written as 

D(x,y)y" + B(x,y,y') = 0. 

If we set Z = Y + v(x), then z satisfies [D(z)zxlx = 0; i.e., 

D'(z)(z')2 
z" = 

D(z) 
(3.1.26) zlx=xo = Yo + v(xo) = Zo , 

z'l_ =Yl+V'(XO)=Zl' 
X-Xo 

Similar to the discussion for v( x), we can see that there is a unique solution 

z of (3.1.26), z = z(xo, Xj Yo, yJ). This shows that there exists a unique solution 

of (3.1.25) y = y(xo, x; Yo, Yl). Q.E.D. 
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Theorem 3.1.4: If u( x, t) is the solution of (3.1.13), then u(x, t) exists for all 

(x, t) E [0,1] X (0, +00), and there is a steady-state solution u(x) such that 

lIu(x, t) - u(x)lIc2([O,lj) --+ 0 as t --+ 00 . 

Proof: By Theorem 3.1.1, we know that u(x, t) exists globally. We consider 

problem (3.1.25) for w(x, t), the Condition A is satisfied. Then, by Theorem 

3.1.2, we have 

IIw(x,t) - w(x)IIC2([O,l)) --+ 0 as t --+ 00 , 

where w( x) is the solution of 

D(x,w)wxx + B(x,w,wx) = 0 
(3.1.27) 

wlx=o = 0, wlX=1 = 0 . 

By the uniqueness of the solution to this problem (3.1.27), we get w( x) == 0; 

z. e., 

IIw(x, t)IIC2([O,l]) -+ 0 as t -+ 00 . 

This means that 

lIu(x, t) - V(X)IIC2([O,IJ) --+ 0 as t -+ 00 

and u(x) = vex) is the unique steady-state solution. Q.E.D. 

Once we obtain the global existence and the stabilization of u( x, t), i. c., 

~M+I(X, t) , we can use (3.1.10) and (3.1.11) to get ~o(x, t) and E(x, t). TheIl, 

we substitute ~M+l, E and ~o back into (3.1.2) to get the equations for ~j(.T, t): 

(3.1.28) 
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where the coefficients are defined by 

and they satisfy 

Dj( x, t) = Dj( eo( x, t» , 

Bj(x, t) = B;(eo(x, t»E(x, t) , 

Dj(x,t) -+ Dj(x) 

Bj(x, t) -+ Bj(x) 
as t-+oo. 

Since the equations in (3.1.28) are decoupled, we can solve them separately. 

For simplicity, we use vex, t) to denote a typical ej(x, t). Each equation in 

(3.1.28) is linear, so the global solution is known to exist. Vle only show the 

stabilization of the solution here. Our goal here is to show the solution of 

(3.1.28) vex, t) -+ vex) uniformly in x, where vex) satisfies 

J-LDj(x)vx + Bj(x)v = a 
(3.1.29) 11 vex )dx = 11 vo(x )d:r . 

If vex, t) is a solution of (3.1.28), then 

11 vex, t)dx = 11 vo(x)dx for all t 2': a . 

We set w(x, t) = l x 
v(y, t)dy. Then, w satisfies 

Wt = J-LD(x,t)w xx + B(x,t)wx , 

(3.1.30) w/x=o = 0, w/
X
=l = 11 v(y, t)dy = fi = 11 vo(x)dx , 

W/t=o = l x 
vo(y)dy . 

By Friedman [14], page 158, Theorem 2, we have w(x, t) -+ w(x) uniformly 

in x as t -+ 00. Here w( x) satisfies 

D(x)wxx + B(x)wx = a , 

w/x=o = 0, w/
X
=l = 11 vo(x)dx . 
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Theorem 3.1.5: If v(x,t) is a solution of (3.1.28), then v(x,t) -t vex) uni

formly in x as t -t 00, where vex) is the solution of (3.1.29). 

Proof: From the above discussion and Theorem 2 of Amann [5], we see that 

{vex, t)} is compact in C([O, 1]). This means that w(vo(x» =f </>. i.e., there exists 

a sequence {tn} /' 00 such that vex, tn) -t vex) as n tends to +00. 

Notice that 

w(x, t n ) = l x 
v(y, tn)dy 

1 1 

w(x) l x 
v(y)dy . 

Thus, w(x) = l x 
v(y)dy. If there exists another sequence t~ /' 00 such 

that v(y, t~) -t v*(x), then 

w(x, t~) = l x 
v(y, t~)dy 

1 1 
w(x) l x 

v*(y)dy 

Hence, vex) = v*(.1:) = wx(x). i.e., 

v( x, t) ---t v( x) uniformly in x as t ---t 00 , 

where 

d 
v( x) = dx (w( x») . 

Since w(x) satisfies (3.1.30), we have that vex) satisfies 

D(x)vx(x) + B(x)v(x) = 0 

and 

ttl 
Jo v(x)dx = Jo wx(x)dx = w(x)/~ = W/ x=l - 0 = 1 vo(x)dx. 

i.e., vex) is the solution of (3.1.29) . Q.E.D. 
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3.2 Problem (PE ) 

Now, we consider the case f =f 0 . Since f is very small in our situation, we can 

treat this problem as a perturbation problem in terms of the small parameter €. 

We rewrite the problem (PE) as follows: 

a~M+1 a [ a ( ) ] (3.2.1) at + ax -p. ax DM+1(eO)~M+1 - n 3BM+1(eO)eM+1 E = 0 , 

(3.2.2) a:; + ! [-p.! (Dj(eo)~j) + Bj(eo)ejE] = 0 , 

M 

(3.2.3) ~o - BM+l(~O)~M+l + € L Cj(~o)ej = 0 , 
j=l 

M 

(3.2.4) E· [n2~0 + n3BJ\,f+1(eO)~M+l + f L Bj(eo)ej] 
j=l 

a M 
- P. ax [n2eO - n3 BM+l (~0)~M+1 + € L Bj (~o)ej] = J 

j=1 ," 

with the initial conditions 

(3.2.5) 
~j(x,O)=eJ(x), j=1,2, .. ·,M 

eM+l(X,O) = ~~1+1(X) 

and the boundary condi tions 

(3.2.6) 
o 11 -p. ox (Dj(~o)ej) + Bj(eo)ejE 0 = 0 , 

~.H+l/r=o = A(t), eM+l/ r=l = B(t) . 

For simplicity, we use the following new notation: 

u = elH+l, w = eo, 
(3.2.7) 

If we set € = 0, then we may refer to problem (Po), which has b('(']l 

solved in the previous section. We denote the solution of problem (Po) ilS 

(U O, v O, w O, EO) = UO and the solution of problem p( as (u(, v(, w(, E() = [;' . 
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In order to write the problem (PE ) into a perturbation problem form, we 

lump all the order € terms together. The idea is to collect those terms which 

have € as a factor. 

We can rewrite the equation (3.2.3) as follows: 

(3.2.8) 
M 

WE = BM+1(WE)uE + € L Gj(wE)vj . 
j=l 

Noticing the definition of Bh!+l(W), we have 

From this equation, we can solve for WE to get 

(3.2.9) 
M 

w
l = ~ ( K5 + 4 [f{OUl + e(f{o + WE) ~ Gj(WE )Vj] - Ko) 

J=l 

For the convenience of calculation, we define the following three functions, 

(3.2.10) 

M 

Fo(w, v) = L Cj(w)Vj , 
j=l 

M 

F+(w, v) = L Bj(w)vj , 
j=l 

M 

F-(w, v) = L Bj(w)vj . 
j=l 

We substitute (3.2.8) into (3.2.4) to get 

(3.2.11) 

where 
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GS 

The most important part of the derivation is formulating an equation for 

uE 
• For this purpose, we rewrite the function DM+1(W) as follows: 

where the function F2(UE) is defined by 

(3 '">13) l:"(V·()-~[ ~(nlWE+n3]{0l:"( f f)) ("") Efl:"( ( f)] 
._. I'2 - ax p. ax 1(0 I'D W ,V + H3 I'D 10 ,V . 

Substituting Ef, equation (3.2.11), into the above differential eql1Cl tiOI1. ".(' 

have 

where 

(3.2.14) 

Hence, u f satisfies the following differential equation: 

(3.2.15) 

In order to use the small perturbation parameter €, we consider the variables 



Since we know the global existence of UO, if we can prove the existence of 

[; = (ii, V, tV, E), then we can prove the existence of UE. So the point here is to 

write a problem for [;. 

Notice that UO satisfies 

W
O = BM+1(WO)uo , 

(3.2.16) 8uo 
= J1. 82 [n1(S'h + n3)W

O + 2n2n3KO wo] , 
8t ox2 Ko(D;.! + n3 ) 

and that 

WE = ~ [JK 5 + 4[KouE + fFO(Wl, vE)(Ko + WE)] -1(0] 
= ~ [ K5 + 4 [KouE + fFo(W(, v()(Ko + WE)] - Jr-K-g-+-4-}-{0-u-O ] 

+ ~ [JK5 + 4Kouo - Ko] 

= ~ [ K5 + 4 [Kou( + fFO(WE, v()(Ko + we)] - J Kg + 4Kouo + 4b:oii ] 

+ ~ [JK5 + 4/{ouo + 4Koii. - J K5 + 4/{ouo ] + wO 

2fFo(w(, vE)(Ko + WE) 
--C~~~~~==~~~~~ J1\5 + 4 [/{ou( + fFo(w(, v<)] + VK5 + 4/{ou( 

2Koii 0 + +w . 
VK~ + 4I{ouO + 4Kofi + VI{'5 + 4I\ouo 

IT we set 

(3.2.17) 

(3.2.18) 

then 

(3.2.19) 
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From equation (3.2.15), we get 

Hence, by (3.2.16) and (3.2.19), we obtain the equation for u: 

(3.2.20) 

where 

(3.2.21) 

Now, we use the Schauder fixed point theorem to prove the existence of the 

solution for problem (Pf ). 

For any given T > 0, we denote DT by DT = (0,1) x (0, T). Introduce tlH? 

following Banach spaces (as defined in Friedman [14], page 61). 

We define the distance between two points P = (x, t), Q = (x, t) E D'J' It.'' 

follows 
1 

d(P, Q) = [Ix - xl2 + It -ll]" 

"vVe use the following notations: 

lul~h = l.u.b.lul , l.u.b. = lower upper bound, 
DT 

HDT(U) = l.u.b. lu(P) - u(Q)1 
Q P,QeDT [d(P, Q)r ' 

lul~T = lulfT + ff~T(U). 
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Remark: H;;T (U) < 00 if and only if u is uniformly Holder continuous 

with exponent a in DT, H;;T(U) is the Holder coefficient of u, and we denote' 

by GO/(DT) all functions u such that lul~T < 00 • 

We denote by Dr;: the partial derivative of order m with respect to x and 

let Dt = 8/Ot. If Dxu, D;u, Dt exist in DT, then we define 

and tHo(DT) denotes the set of all functions u for which IU/£>T < 00 . 

If a: = 0, the Banach spaces are denoted as t2(DT) and C(DT), resp('ctin'ly. 

Similarly, we can define CHo(DT) and tI(DT) . 

We use the following Banach space X: 

x={ U: U = (,,:, v, w,E) such that u E t2(DT2, v = (VI, V2,··~, V;H) } 
and Vj E C2(DT) (j = 1,2,· ··,M), wE C2(DT), E E CI(DT) 

and a subset Y of X: 

y={ U: U = (u,v,w,E) such that U,Vj,W E C2+o(DT) } 
E E CHo(DT), and /u/fIo < lvh, /Vj/fIo < 1\12, 

(j = 1,2,···,111), /w/fJo < M3 , /E/~Io < 1114 

where lvII, JH2 , J\13 and lvJ4 are constants to be determined. 

'We define a mapping T : Y ~ X as follows: For any U = (u, v, w, E)U E Y, 

we set 

and Of = (iif , yf , WE , El) satisfies the following equations: 

i) ii/ = ~ [.J J{~ + 4J{oii l + f4J{oFo(UE)(J{O + WE) - J{o] 

(3.2.22) 
ii) BE = (n In) [J + J.L(n2 - n3)(W f )x + fF!(U l )] 

2 + 3 w f 

iii) ii t = J.L[DM+I(WO,W)wtx + fF3(U f
) ; 

iv) (vj)t = [J.L(D j (lU E )Vj)x - Bj(lU l )Blvjt ' j = 1, .. ·, .H. 
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Where we used the relations 

(3.2.23) 

Notice that in equation (iii) of (3.2.22) we used function u instead of u(, 

because we want to formulate an equation for u eventually. This is the crucial 

point of this derivation. Then, we can get the existence of the solution by means 

of the small €. 

Uf also satisfies the following initial and boundary conditions: 

ulx=o = 0, ulX=l = 0 , 

ult=o = 0 . 
(3.2.24) 

iijlt=o = vJ(x) . 

vVe define U = (ii, V, w, E). Thus, the mapping T: Y -1 X is defined as 

U = (u,v,w,E) -1 U = (ii,v,w,E) 

From (3.2.22) i), we can substitute tV into iii) to get the differential equatioll 

for u, that is 

(3.2.25) 



and 

Now, we derive an a priori estimate for u. 

H we have the solution of (3.2.22), with 

I-IDT M- I-IDT M-u 2+0 = 1, v 2+0 = 2, 

D - - D -IwbJo = M3 , IEbJo = M4 , 

then, from the definition of F6(Uf, [J€), we have 

(3.2.26) 

Where M1 , M2 , M3 , M4 are constants independent of f, C6 is a constant inde

pendent of Alj and Mj, 

AI = max { Alj , Alj, j = 1, ... , 4 } 

Also, from the definition of D*, we see that 

(3.2.27) 
D* ~ Do > 0 

Ifr I~T < IC' 

where Do and J{* depend on AIl and MI' 

From the a priori estimates of Schauder type (cf. Friedman [14J. page G5. 

Theorem 6), for the solution of (3.2.25) we have 

(3.2.28) 

where 1\ depends on Do, 1\* and Dr. But by (3.2.26), we get 
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We denote m = min { M j , Mj , j = 1, ... ,4} . Now Wt~ choose to sma.ll enough 

such that 

Then, we can get 

(3.2.29) 

By (3.2.22), we have 

(3.2.30) 

(3.2.31) 

IwI2+O' :5 Cw ·l fi l2+O' +](0 + Iwol2+O' = M3 i 

IEII+O' :5 CE 'lwl2+O' + IEolI+O' = Mol 

\\'here Cw and C E are constants. 

After we found fit, wt, Et , we can substitute them into the equations for !.~ 

to get 

(v;), = [Jl(Dj(tvt)vj)z - Bj(wt)Etv;L: ' 

(3.2.32) Jl(Dj(u/)vj) - Bj(wt)E(v;1 = 0 , 
x x=O,1 

By Theorem 5.3 of Ladyzenskaja et at [IS], page 320, we get 

(3.2.33) Ivtl Dr < C 1 o( )1 ) 2+0' - vi' Vj X 2+0" 

where CVi depends on 1113 , AI.I . 

Hence, for any given 111) > 0, if we define 

i4 



Let min{Mj,i = 1, ... ,4} = m* and max{Mj,i = 1, ... ,4} = M*. We can 

choose € small enough such that Mj :::; M j , j = 1, ... ,4. In fact, we choose € 

that satisfies 

€ < C
6
KM4 

Thus, the mapping TU = fj satisfies TY C Y. Since Y is a precompact 

(convex) subset of X, by the Schauder fixed point theorem (cf. Friedman [ 14], 

page 182, Theorem 2), T has a fixed point U*. 

U* satisfies a system of equations in the following sense: 

If we define 

then we have (u;, v;, w;, E;) satisfies the system (3.2.22) with tv f = w(. fif 

Uf,Vf = vf,Ef = Ef . i.e., Uf* is the solution of Problem (Pf ). 

In all, we have proven the following theorem. 

Theorem 3.2.1: For € 3mall enough, the problem (Pf ) ha3 a 30lution U( = 

(u f , Vf, w f
, Ef) which exi3t3 for ° < t :5 +00. Furthermore, this solution U( 

3ati3jie3 

(3.2.34) IWf - UOl/ x < C€ for x E [0,1] and t E [0,+(0), 

where UO i3 the 30lution of problem (Po) . 

Combining this theorem with Theorem 3.1.5, we can see that the long time 

behavior of the solution to problem (Pf ) can be described by the steady-state 

solution of problem (Po) within € deviation' under the X-norm. 

75 



Chapter 4 

OTHER SPECIAL MODELS 

In this chapter, we will discuss some special processes of IEF models. They 

are extensively used in practical experiments. 

In Section 4.1, we discuss the IEF model for weak electrolytes. This model 

was first proposed by Babskii et al in [7]. They simplified the model equa

tions in terms of the leading order variables and much a simple analysis of the 

steady-state solutions, but they did not do any further qualitative analysis on the 

transient solution of this model. Here we will reconsider this problem from the 

mathematical point of view and use asymptotic analysis to show the qualitative 

behavior of the IEF model. \Ve will show the global existence and stabilization 

for this system. 

In Section 4.2, we will consider the IEF model for strong electrolytes. \Ve 

will impose high current and electric field conditions. Experimentally, increasing 

the field strength or current gives rise to several benefits. Not only is resolution 

increased, but there is also a benefit in terms of shorter running time. Using a 

higher field strength or current means that the required number of volt-hours is 

delivered in a proportionately shorter time. Also, there are other advantages to 

be obtained from the use of such a high field strtngth. Frequently, a "smear" 

of ampholytes is seen on IEF gels which have not been fully resolved, and yet 

we would like to know more about these ampholytes. Increasing' the voltage 

will give a decrease in band width. That is indeed the case in the lab. and 

ampholytes which \vere previously seen as diffuse smears have been resolved into 
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discrete and visible peaks. 

In Section 4.3, we investigate a small diffusion effect for a single buffer and 

one sample IEF model. We will see what happens if we neglect the diffusion term. 

It turns out that the system becomes a hyperbolic system, and the solution blows 

up at the pI point. Also, we give the internal layer correction of the first order 

approximation near the pI point. 
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4.1 Weak Electrolytes Model 

In Babskii et al [7], the weak electrolytes model of IEF processes were proposed. 

By weak electrolytes, we mean that the dissociation constant Ko ~ K r , where 

Kr is the reference dissociation constant. In fact, as we introduced in Chapter 1, 

Section 1.2, the scale parameter for Kj was taken as one of the initial concentra

tions ur . In our present case, the scale parameter for Kj is the scale of hydrogen 

ions [H+]. IT we denote by a (a very small parameter) the scale parameter, then 

the corresponding relations as assumed in Babskii et al [7] (Chapter 3, Section 

5) can be written as 

Ko = O(a), K2j-l = O( ~), K 2j = O(a) , 
a 

(4.1.1) f'lj = 0(1), ~j = 0(1), j = O,l,···,M. 

1 1 1 
~M+l = O( -), E = O( -), 7] = O( -) . 

a a a 

First of all, we simplify the governing equations under the relatiolls (-1.1.1). 

vVe set new scaled variables as follows: 

( 4.1.2) 

U = ~o, w = a~M+l , 

V · - c. J. -1 ') .. ~A' } - I.,}, - , -, • ,11:1 • 

E = aE j - aJ , - , 

""e also set new parameters: 

( 4.1.3) 

ko = Ko , 
a 

k2j-l = aK2j-l , 

k2. - K 2j 
} - a . 

Using the new scaled variables and parameters, the rEF governing equations 

(1.2.21) - (1.2.24) can be expressed as 

( 4.1.4) ~~ + :: [-Jl:: (dA1+1(U)W) - f'l3 bM+l(U)wE] = ° , 
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(4.1.5) {)~j + ! [-Jl! (dj(u)vj) + bj-(u)vjE) = 0 , 

( 4.1.6) 
k M 

u - k 0 w + 0' L cj (u )Vj = 0 , 
0' 0 + U ;=1 

M 

E· [n2U + n 3bM+1 (U)W + 0' L bj+(u)Vj] 
;=1 

(4.1.7) 
M -a! [n2U - n3bM+l(U)W + O'?= bj-(u)Vj] = j . 

)=1 

The coefficient functions in the above equations are defined by: 

dQ (u)=n1U+O'n3ko 
M+l O'ko + U 

bAH 1 ( u) = k ko 
0' '0 + U 

( 4.1.8) 
d~(u) = n 3j+ 1 k 2j-IU + O'n3j+2 U2 + O'n3j+3k2j-Ik2j 

J O'u2 + k 2j - 1 U + O'k2j - 1 k2j 

bQ±(u) = n3i+2
U2 ± n3j+3k2j-lk2j 

J O'u2 + k2j - 1 U + O'k2j-1 k2j 

Q( ) u
2 

- k2j - 1 k2j 
c· U = --::----:----=---:--=---:--

J O'u2 + k2j-l U + O'k2j-l k2j 

To obtain the qualitative behavior of the solution, we neglect the higher 

order terms of 0' in equations (4 .1.4) - (4.1.7). By taking the dominant order 

terms, we get the following system: 

( 4.1.9) 

( 4.1.10) 

(4.1.11) 

( 4.1.12) 

We also get the initial and boundary conditions: 

(4.1.13) w(O,x) = tPM+I(X) , 
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(4.1.14) 

(4.1.15) 

(4.1.16) 

Vj(O,X) = ¢j(X) , j = 1,2, .. ·,M 

Note: The functions A(t) and B(t) in equation (4.1.15) are not the same as 

in equation (1.2.27). 

From equation (4.1.11), we get u2 - kow , and then substitute it into 

equation (4.1.12) to obtain 

t. e., 

( 4.1.li) 

Substituting (4.1.17) into (4.1.9), we can get a problem only for w: 

8w 82w 
8t - pn l 8x2 = 0, 

( 4.1.18) w/t=o = ¢M+I(X) , 

w/x=o = A(t), W/X=l = B(t) . 

This problem (4.1.18) can be solved by Green's method. If the boundary 

conditions A(t) and B(t) satisfy 

( 4.1.19) lim A(t) = A, lim B(t) = B , 
t --CXl t--CXl 

exponentially , 

then we know that the solution of (4.1.18). exists globally and stabilizes to its 

steady state solution exponentially. 

80 



Once w(x, t) is solved, we can obtain u(x, t) and E(x, t) by the following 

formulas: 

u(x, t) = Jkow(x, t) , 
(4.1.20) - J 

E(x, t) = 
(fh + !13hlkow(x, t) 

The concentrations of ampholytes vi can be solved from differential equa

tions obtained by substituting u, w, E into equation (4.1.10). They are decoupled 

linear paraboli.: differential equations with no-flux boundary conditions: 

avo a avo 
a: + ax [-fLf23i+l a: +h(x,t)Vi] =0, 

(4.1.21 ) Vjlt=o = <Pj(x) , j = 1,2,··· ,M. 

- fL f23j+l aaVj + h( t, x )Vj I = 0 . 
X x=O,l 

where h ( x , t) is defined by 

(4.1.22) 

Now, our focus is on the global existence and stabilization of solutions to 

the system (4.1.21). 

Before doing that, we will consider a more general problem. For gl\'cn 

bounded functions d(x, t) and b(x, t) with 

d(x,t»O in [0,1] X [0,+00) 
( 4.1.23) 

lim d(t,x) = d(x) > 0, lim b(t,x) = b(x), inC2 ([0,1]), 
t ..... oo t ..... oo 

we consider the following problem 

( 4.1.24) 

Ut = [d(t,x)u x + b(t,x)ut 

u(x,O) = uo(x) 

d(x,t)u x + b(x,t)ulx=O,l = o. 
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Since d( x, t) > 0 and both b( x, t), d( t, x) are bounded, the global classical so

lution to problem (4.1.24) is guaranteed from the basic theory (cf. Ladyzenskaj a 

et al [10]). Here we show the stabilization property of the solutions. Assuming 

that u(x,t) is a solution of (4.1.24), we show that u(x,t) ~ u(x) uniformly in 

x, where u(x) satisfies 

(4.1.25) 
d(x)u x + b(x)u = 0, in [0,1] 

11 u(x)dx = 11 uo(x)dx . 

Lemma 4.1.1: Assume u(x, t) is a solution of (4.1.24). Then, lu(x, t)1 < I{ for 

all x E [0,1] , 0 =:; t < 00 . 

Proof: Similar to the proof of Theorem 2.3.3. Q.E.D. 

Note: The conclusion of Lemma 4.1.1 can be also obtained from a Lemma 

due to Alikakos and Bates. See Lemma A2 of Alikakos et al [4]. 

Lemma 4.1.2: Assume u(x,t) is a solution of (4.1.24). If we set v(x,i)

Jo
x 

u(y, t)dy , then vex, i) satisfies 

( 4.1.26) 

Vt = d(x, t)vxx + b(x, t)vx 

v(O,x) = vo(x) = 1X 

uo(y)dy 

v(i,O) = 0, v(i, 1) = j5 = 11 uo(x)dx . 

Furthermore, lim vex, i) ~ vex) uniformly in x, where vex) satisfies 
t-+oo 

d(x)vxx + b(x)vx = 0 

( 4.1.27) 
v(O) = 0, v(l) = 11 uo(x)dx . 

Proof: The assertion of this theorem is ob~ained by a direct computation and 

by Lerruna 4.1.1. Q.E.D. 
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Lemma 4.1.3: For the problem (4.1.24), the w-set of the trajectory of the solu

tion with a given initial value uo(x) is not empty; i.e., w(uo(x)) =f <p. 

Proof: By Lemma 4.1.1, if u(x,t) is a solution of (4.1.24), then lu(x,t)1 < [(. 

This means that {u(x, t)} is compact in Cl([O, 1]) , hence w(uo(x)) =f <p. Q.E.D. 

In all, we have the following theorem. 

Theorem 4.1.4: For each j (j = 1,2,···, M), problem (4.1.21) has a unique 

solution Vj(x, t) which is globally bounded and stabilizes to its steady-state solu-

tion. 

Proof: For each j, system (4.1.21) is of the same type as (4.1.24), By Lemma 

4.1.1, Vj(x, t) exists uniquely and is globally bounded. Lemma 4.1.2 and Lemma 

4.1.3 give us that Vj(x, t) tends to a steady-state solution. Q.E.D. 

Now, we consider the steady-state solutions of (4.1.21). For a typical system 

of (4.1.21) type, we denote Vj(x,t) as v(x,t) and get rid of the index j. Then 

the steady-state equation can be written as follows: 

(4.1.28) 
Dvx + fj(x)v == 0, in [0,1] 

11 v(x)dx = 11 vo(x)dx . 

Notice that in equation (4.1.28), the function fj(x) is the limit of the func

tion fj(x,t) defined by (4.1.22) as t tends to infinity; that is 

( 4.1.29) 

where w(x) is the limiting functiun of w(x, t). 

From equation (4.1.18) we can see that w(x) is a linear function. In fact. 

w( x) = (B - A)x + A. This shows that for some j, there exists a point x~ 

such that /j(x~) = O. This is the so-called isoelectric point. The solution vex) 

reaches its maximun at this point xJ. 
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4.2 Strong Electrolytes Model 

In this section, we study the strong electrolytes effect on the IEF model. As 

described in the previous section, the key parameters governing the behavior of 

an electrophoretic system are the dissociation constants and the mobilities of the 

ampholytes. For the present case, the parameters satisfy the following relation: 

K2i ~ 1, /(2i-1 ~ 1 , i = 1,2, ... ,M ; 

n1 ~ 1, nj = 0(1) , j = 2,3,··· ,3M + 1 
(4.2.1) 

E~l, J~lj 

u = 0(1), w = 0(1) Vk = 0(1), k = 1,2,···,111. 

Introducing a small perturbation parameter €, we can rewrite the above 

relations as follows: 

( 4.2.2) 

}~. K2i-1 
\.2i-1 = --

€ 

E = f.E, J = f.J; 

ii = u, tV = w, ih = Vk ; 

where the parameters and variables with "bar" are of order 0(1). 

Without loss of generality, we drop the "bar" from the new parameters and 

variables. Taking small f. into account, we look at the dominant terms to get t h(' 

following reduced equations: 

= 0, 
( 4.2.3) 
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associated with the initial and boundary conditions: 

Vj(O,x) = vJ(x) , 

(4.2.4) 

From the first, third, and fourth equations of (4.2.3) we can see that the 

variables u, w, and E are only functions of x, and they can be solved in the 

following way: 

We integrate the first equation of (4.2.3) twice over x and get 

( 4.2.5) 
w 

F u = Ax +B, 
\.0 +w 

where A, B are constants to be determined later by the boundary conditions 

(4.2.4). 

Combining (4.2.5) and the last two equations of (4.2.3), we have 

w(X) = FaJAx + B, 
( 4.2.6) 

u( x) = JAx + B ( Fa + J Ax + B) . 

The constants A and B can be expressed as 

(4.2.7) 
A = ~ [2(b - a) + j1{J + 41\oa - j1\J + 41\Ob] , 

B = ~ [1\0 + 2a - jKZ + 41\oa] 

Finally, the function E can be solved as 

( 4.2.8) 
J 1 

E(x) = VKo(n2 + n3) JAx + B 

Now, we turn to solve the functions Vj(x, t). First, we introduce some 

auxiliary functions Ii (x) for ampholytes: 

( 4.2.9) 
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Then, we see that the concentration of each ampholyte Vj(x, t) satisfies the 

following system: 

aVo a2v' a 
at -I-'fhj ax; + ax (!i(x)Vj) = ° , 

(4.2.10) avo I -l-'fl3jaJ +1;(x)Vj =0, 
x %=0,1 

Vj(X,O) = vJ(x), j = 1,2,···,M . 

By the definition of hex) and the expressions of w(x), E(x), we obtain 

(4.2.11) 

Thus, the isoelectrical point xJ for each ampholyte can be obtained by 

setting 1;( x) = 0; i. e., 

( 4.2.12) 

where A, B are defined by (4.2.7). 

The evolution problem (4.2.10) for the j-th ampholyte Vj{ I, t) is the' same as 

(4.1.21). In the present case, the functions fj only depend on x, so the mwlysis 

is simpler. From Theorem 4.1.4, we can derivw Theorem 4.2.1: 

Theorem 4.2.1: For any initial distribution vJ(x), the concentration v){:r,t) 

will tend to a steady-state solution v; (x) exponentially in time t as t -I +:x:. 

where v;(x) is the solution of the following problem: 

( 4.2.13) 

dvJ(x) 
-1-'f23j+1 dx +1;(x)vj(x)=O, xE{O,l); 

11 v;(x)dx = 11 Vj(x)dx . 

From the discussion in Section 4.1, we know that the solution v;{:r) of 

(4.2.13) has a single peak centered at x~. Because of the high current or high 
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voltage, the ampholytes will accumulate to their pI point in a short time, espe

cially for samples of low ampholyte concentration. ' 

Now, we discuss the effect of strong electrolytes. By the word strong elec

trolyte, we mean that Ko » 1. For the following discussion, we also assume that 

the mobility Q 1 is of e2 order. We use the same notations as we used for the 

above discussions, taking the advantage of the small e. 

Under these assumptions, the leading order approximations of the governing 

equations take the following form: 

(4.2.14) 

with the initial and boundary conditions 

Vj(x,O) = vJ(x) , 

= 0, 

(4.2.15 ) [ a (r. ) f2 3 j+2
W2 

- f2 3 j+3 K2j-l K2 j E] 
-J1.-a , H3j+l Vj + ,_ Vj = ° , 

X !\2j-lW x=O,l 

u(O) = a, u(l) = b . 

From (4.2.5) and (4.2.6), we can get 

( 4.2.16) 

u(x)=JAx+B, 

w(:r) :-: JAx + B , 

E(x) = J 1 
f22 + f23 JAx + B 

where A and B are given by 

(4.2.17) 
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Similarly, the isoelectric points are given by 

(4.2.18) 

This expression is exactly the same as (4.2.12). Since the constants A and 

B are different, the isoelectric points are different in general. If we compare 

the solutions in these two cases, we find that they behave in the same way. Of 

course, the expressions for solutions of the strong electrolytes model are simpler. 



4.3 Model with Small Diffusion 

In this section, we study another kind of special case of the single buffer and 

one sample IEF model. We will discuss the asymptotic behavior of the transient 

solution for the IEF model under the condition that the diffusitive is very small. 

As we stated in Chapter 2, the diffusivity depends on the mobility of ampholyte. 

From formula (1.2.10), we can see that if the reference mobility parameter Dr 

is very small, then we will have small diffusivity. In this section, we discuss 

two different degrees of diffusivity and obtain some qualitative properties of the 

model solutions. 

vVe consider the general single buffer and one sample IEF model. The 

chemical reactions are as follows: 

( 4.3.1) 

(4.3.2) 

( 4.3.3) 

H A ;:::: H+ + A - , 

For the first case of this model, we discuss the situation in which the dis-

sociation constants I{ 1 » I{ 2 and the diffusivity coefficient Jl « 1. III fact, we 

impose the following relations: 

( 4.3.4) 

where € is a very small perturbation parameter. 

Since this is a very fast and high resolution process, we need t.o re~c(\I(' tIl<' 

time variable. Together with the other parameters alld variahles. \\'(~ IISC' tIJ(' 
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following new parameter set: 

(4.3.5) 

1 
r=d,x=x,A=-P.j 

e 
1 

ko = Ko ,kl = eK1 ,k'), = -:.K2 j 
e 

tt = 6 ,v = 6 ,w = eo ,E = E . 

Since e is very small, we do the formal analysis for the system according 

to this small parameter. From the definition of coefficient functions (1.2.25), 

we can easily get the dominant terms of each function. These are expressed as 

follows: 

D _ SllW + Sl3 ko 
2 - ko + W ' 

ko 
B2 = k ' 

'0 + w 

( 4.3.6) 
D _ Sl4 kl W + eSlsw2 + eSl6 kl k2 

1 - ew2 + kl W + ek1 k2 

C 
w2 - klk2 w2 - klk2 

1 = "" e· 
w2 + ~ kl W + kl k2 - kl W 

B± Slsw2±Sl61..~lk2 Slsw2 ±Sl6kl k2 
1 = w2+lklW+k-1k2 ~e· kIll' 

t 

'We substitute them into the governing equations (1.2.21) - (1.2.24) to get 

the following equations of the dominant terms: 

(4.3.7) 

( 4.3.8) 

( 4.3.9) 

( 4.3.10) 

vVe notice that, from equation (4.3.9) and (4.3.10), we can solve for 1£ and 
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E in terms of w; i. e. , 

(4.3.11) 

ko +w 
u=w--

ko 

E= J 
(!22 + !2a)w 

Combining (4.3.11) and (4.3.7), we can get the following differential equa-

tion. 

8u _ >. 8
2 

(!21 W + !2ako u) = 0 . 
8T 8x2 ko + w 

IT we change the variable into w by means of (4.3.11), the above differential can 

be wri t ten as 

( 4.3.12) 

This equation (4.3.12) is a nonlinear parabolic-type differential equation. 

After imposing the initial and boundary conditions, we can find a positiyc solu-

tion v for equation (4.3.12). Then, by means of (4.3.11), we can obt;lin /I rind E. 

\Ve solve v from equation (4.3.8) with proper initial and boundary conditions by 

substituting w, u and E into (4.3.8). Performing the same procedure as we did 

in Chapter 2, we can get the global existence and stabilization of the solutions. 

Another important consideration for this problem is the steady-state solu

tion. The steady-state equations are: 

( 4.3.13) 
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with the following boundary conditions: 

(4.3.14) 
_ ..xn

4 
av + nsw

2 
- n6 klk2 vEl = 0 ; 

ax k1w :1:=0,1 

u(O) = a, u(l) = b . 

From the first equation of (4.3.13), we can get 

( 4.3.15) 

where A, B are constants to be determined. The third equation of (4.3.13) gives 

us that 

-ko + Jk5 + 4kou 
w = 2 . 

Combining the above equation with equation (4.3.15), we obtain 

[
r. 2ko(n3 - nJ) ] _ A B 
HI + u - x + . 

-ko + Jk5 + 4kou 

By the boundary condition (4.3.14), we can determine A, B: 

(4.3.16) 

Notice that equation (4.3.15) can also be written as 

t. e., 

Hence, we have 

(4.3.17) 
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where A, B are determined by (4.3.16). 

Similarly, by formula (4.3.8), we can get 

( 4.3.18) 

E = 2Jfh. 1 
f22 +!h O'(x) - kOn3 

_ O'(x) - kO!l3 [k O'(x) - kon3] 
u - 2konl 0 + 2nI ' 

where 

Thus, we can write the solutions u, w, E as follows: 

( )
_ 0'(X)-kO!l3. 

W X - ?i"'I ' 
-HI 

( 4.3.19) E(x) = 2Jnl 
(f22 + n3)[a(x) - k0f23J 

( ) _ [a(x) - k0f23J . [2kof2I + a(x) - kon3J 
u x - 2koni 

If we define a function f(x) as 

( 4.3.20) 

f(x) = f2sw2 - f26klk2 E 
k1w 

2Jn l [n n6 k
l
k2] 

= n 2 + f23 S - (a(x) - k0 f23)2 ' 

we can write out the equations for v: 

d [ dv ] dx -Af24 dx + f(x)v = 0 , 

[-Af24 ~v + f(x)v] = 0 . 
X .r=O,I 

This problem for v is the same as the one in Section 4.2. They both ha\'e 

the same steady-state structure. 

Now, we consider a case in which the diffusivity coefficient J1. is of a higher 
1 

order than -. In fact, we assume that 
f 

(4.3.21 ) 
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The other assumptions are the same as before. 

Under these new conditions, the first order approximation to the governing 

equations take the following form: 

(4.3.22) 

The functions w, E satisfy the equations (4.3.8). 

Taking the small f into account, the second equation of (4.3.22) gi\'es us 

that 

This means that u is only a function of x, independent of the time variable T. 

From equations (4.3.8), we can also conclude that w, E are independent of 

T. In fact, the functions w, u, E have an explicit expression in (4.3.19). 

By setting € = 0 in the first equation of (4.3.22), we obtain 

If we use the function f( x) defined by equation (4.3.20), the above equation 

can be written as 

( 4.3.23) au 0 [ ] OT + ox f(x)w = 0 . 

Vole use the following notation as it was used by Babskii ct al in [7J; i. c .. 

. dO = 00 + f( ) 00 
dT - aT x ox ' 
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Equation (4.3.23) can be expressed as 

(4.3.24) 

dx 
dr = f(x) , 

dv 
dr = - fz(x)v . 

The initial and boundary conditions associated with equation (4.3.24) are 

given by 

v(x,O) = vo(x) , 
(4.3.25) 

v(O, t) = 0, vel, t) = ° . 
This system [equations (4.3.24) and (4.3.25)] is a first order hyperbolic sys

tem. Vve can solve it by the characteristic method. 

Let (a,O) be a point in the (x,t)-plane with a =/= xo, where Xo is the iso

electric point and it is aassumed that ° < Xo < 1. 'We are going to find the 

trajectory start from this point, i.e., to find x(r) and v(r,x) with 

x(O) = a , 

v(x(O),O) = vo(a) 

and satisfy equation (4.3.24). 

From equation (4.3.24), it is easy to see that 

dv df 
v --7' 

We can solve this to get 

Inv(x(r),r)-lnv(x(O),O) = -lnf(x(r»+lnf(x(O)). 

By condition (4.3.25), we have 

(4.3.26 ) 
f(a(x, r» 

vex, r) = vo(a(x, r» . f) , _ (x 
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where the function a( x, T) is detennined by the following relation: 

(4.3.27) 
IX ds 

Ja(x,r) f(s) = T • 

From the expression of f(x), it is easy to verify that 

(4.3.28) fx(x) < 0 for all x E [0,1] , 

and Xo is the only zero point. Furthermore, we have 

dx = 0 
dT ' 

x = Xo ; 

( 4.3.29) 
dx 
dT > 0, x < Xo ; 

dx 
dT < 0, x> Xo • 

For the initial condition, usually we assume that vo( x) > O. Then, we have 

( 4.3.30) 
dv 
dT < 0, v( x , T) > 0 . 

Here we see the following argument: IT a < Xo. we have x( r) < ,1'0 for all T: 

if a> Xo, then x(r) > Xo for all r. But from the boundary condition, if there is 

a time r* such that x( T*) = 0, then v( x( T*, T*)) = 0 . Similarly, if there exists 

a r*"' such that X(T .... ) = 1, then we have v(x(r*"),T**) = O. This assumes that 

there exist two functions, xj(r) and x2(r), such that 

(4.3.31) v(x,r) == 0 for :1' > X;(T) for x < :2';(r) , 

In fact, xi'(r) and x2(r) are determined by the following relatiolls: 

( 4.3.32) 
rr:;(r) ds _ 

Jo f(s) - t . 

If a = Xo, we have 

x(O) = Xo, v(x(O),O) = vu(xo) , 
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The equation (4.3.24) gives us that 

x(r) = Xo , 
(4.3.33) 

v(r,x) = vo(xo)e-1z(zo)r . 

H we set D(r) = x2(r) - xr(r), then 

(4.3.34) lim D( r) = 0, exponentially. 
r-+oo 

The conservation relation of ampholyte concentration gives that 

(4.3.35) l x;(r) 11 
vex, r)dx = vo(x)dx, for r E (0, +00) . 

x~(r) 0 

We denote b(x) by hex) = lim v(x,r). Then, from equations (4.3.34) 
r-+oo 

and (4.3.35), we know that b( x) is the b-function: 

b( x) = 0, x t= Xo , 

( 4.3.36) b(xo) =00 , 

11 b(x )dx = 11 vu(x )d:r . 

From the above discussion, we can see that the first order approximation 

solution blows up at x = Xo; thus, it does not give us a good approximation of 

the concentration profile near the isoelectric point Xo. So we need to take a close 

look at the behavior of solution in a neighborhood of Xu. 

H we do not set € = 0 in the equations (4.3.22), then the probl(>lll for I' 

becomes 

au a2v au 
ar -dax2 +fz(x)v+f(x)ax =0, 

( 4.3.37) [-d~~ +f~X)VL=o'l =0, 

V ( T , 0) = Vo ( .1.) , 

97 



where d = >'d'24 is a small parameter. 

The equation (4.3.25) gives us that 

f(xo) = 0 , 
(4.3.38) 

f'(xo) < 0, 0 < Xo < 1 . 

Now, we take small d into account and make the following substitution 

( 4.3.39) 

.jd 
x = Xo +-s, 

ll' 

ll' = J -f' ~xo) . 

Then the equation (4.3.37) becomes 

( 4.3.40) 
av 2 a2v ...;a ll' ...;a av 
- - ll' - + fx(xo + -s)v + -f(xo + -s)- = 0 
aT as2 ll'.jd 0 as 

wi th the ini tial and boundary condi tions 

(4.3.41) 

r; .Jd 0(1 - xu) 
- ovdv~ + f(xo + -s)v = 0 , for s = .Jd and 

o d 

[ ...;a] ...;a. v(xo + -s, r) = vo(xo + -s) == vo(s) . 
o r=O 0 

Since d is very small, we can write down the Taylor expansion for f(.r) and 

f' (x) near Xo in terms of d: 

( 4.3.42) 
f .Jd) f' .jd 1 f" .Jd 2 hi h d (xo + -$ = (xo)-s + - (xo)-2 s + g er 01' C1' terms. 

ll' 0 2 a: 

I .Jd I "...;a . f (xo + -s) = f (xo) + f (xo)-s + hIgher order terms. 
ll' ll' 

Letting d -t 0, \\!e obtain the asymptotic equation for this problem 

(4.3.43) 
v(±oo, T) = 0 . 
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Now, we use the Fourier method to solve this problem (4.3.43). First of all, 

we consider the following eigenvalue problem: 

- 7]Y - a2 y" + J'(xo)Y + J'(xo)Y' = 0 , 
(4.3.44) 

Y(±oo) = O. 

The solution of (4.3.43) can then be written as 

( 4.3.45) 
+00 

v(s, r) = L e-'1nT anYn(s) , 
i=O 

where 7]n , Yn(s) are the eigenvalues and eigenfunctions of (4.3.44), and where 

the an's are the Fourier coefficients. 

In order to solve (4.3.44), we make the following transformation 

1 2 
Yes) = y(s)e-~S . 

Thus, equation (4.3.44) becomes 

( 4.3.46) 
y"(S) - (1 + s2)y9s) + (2 + 7]2 )y(s) = 0 , 

a 

y(±oo) = 0 . 

The eigen-values and eigen-functions of (4.3.46) are given by 

7]n = 2a2 i , n = 0,1,2,'" (7]n = -n1'(l'o) ) , 
( 4.3.47) 

Yn(s) = (2nn!fi)-i . e- is2 Hn(s) , 

where H n (s) is the Chebyshev polymial 

Therefore, by (4.3.45) and (4.3.47), the solution v( T, oS) has the expallsioll 

+00 
v(s, T) = L en/'(ro)r an(2 nn!fi)-i . e- is2 Hn(s) , 

n=O 
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where the coefficient ai's are determined by 

By (4.3.39), ai's can be written in the following form: 

(4.3.48) 

Hence, by means of (4.3.47) and (4.3.48), we have 

( 4.3.49) 

To see the asymptotic expansion of V(T,X), we set T -+ +00 in the above 

formula and get 

where vp(x) is the principal term, defined as follows: 

( 4.3.50) ( ) _ (_ J'(x))~ ((X - xo)2 j'(xo)) 11 (.,.)d-
Vp x - d exp d Vo - _. 

220 

This is the internal layer correction of the approximation solution Ilcal' isu-

electric point Xo • 
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CONCLUSION 

Qualitative analysis plays an important role in the studies of electrophoresis. 

Based on the models proposed by Babskii et al in [7] and Palusinski et al in 

[20], we have shown some qualitative behaviors of transient processes for several 

different isoelectric focusing models. 

From the basic governing equations, we saw that since the system is highly 

nonlinear it is very difficult to study the qualitative behavior of a transient 

problem using the original concentration of each species. Babskii et al [7J lumped 

the concentrations of species from the same ampholyte together and set thc 

logrithm of the hydrogen ion concentration as a new variable (the negative of it 

is known as the pH gradient). That way they could write the original system 

into a form which involves the hyperbolic functions of the pH gradient. This has 

many advantages. For instance, one can see the isoelectric values directly from 

the differential equations. But there was a problem when they did the asymptotic 

analysis because the pH gradient and the concentrations of ampholyte~ Cll'l' lIot of 

the same order. That is why the simplification in Chapter 3 (Section 5) of Babskii 

et al [7J did not go through well. Here we employed the same notations for the 

concentrations of ampholytes as used in Babskii et al [7] but different notation 

for the concentrations of hydrogen and hydroxyl ions. This way we could simplify 

the governing equations for special cases into quasilinear parabolic systellls and 

make them easier for theoretical analysis. But for computer simulation. n:-; sho\\'ll 

in Bier et al [8J, it is better to use the original variable of concentration for each 

species. Comparing the qualitative results we obtained in Chapter 2, Chaptcr 3, 
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and Chapter 4 with the numerical results presented by Bier et al [8] , we can see 

that our theoretical results showed a good agreement with the numerical results 

(cf. Figure 6, this is taken from Saville and Palusinski [22]). 

Based on our qualitative analysis, it is possible to obtain some efficient 

numerical algrithms for computer simulation. For example, in Chapter 4, we 

considered a special IEF model. IT we assume that the functions A (t ), B (t ), 

and if>M+l(X) are given, we can use the standard finite difference method to get 

the numerical solution for wet, x). In the mean time, we can use it to get the 

unknowns u(t, x) and E(t, x). Finally, using the predictor-corrector method, we 

can get the solutions Vj(t, x) (j = 1,2,···, M). For all the steady-state solutions, 

the standard numerical routines for ODE will do this job adequately. 

In this dissertation, we have only considered the simple ampholytes IEF 

processes. However, there are some more complex ampholytes models in the 

real world. For example, ampholytes may exist in various valence forms. Then. 

we have to consider reactions such as 

A ++ -"" H+ A + 
."1. m"-- + ."1. m , 

A + -"" H+ L AD 
·~nl ..-- -. m' 

A - -"" H+ + A--
·"'1. m .,.- m' 

Also, the governing equations of general models are more complicatt!d. Tht'Y 

are more difficult to analyze. But one can still use the lumping techllitlUl' to 

reduce and simplify the differential equations. This requires more extensive 

theoretical research. One can possibly start with special cases and consider 
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similar problems: local existence, global boundedness, regularity, and asymptotic 

behaviors. 

As we have shown for all the cases in this work, the asymptotic behaviors of 

the IEF processes always stabilize to the steady-state solutions. This means that 

the IEF technique is an equilibrium technique. The concentration of each am

pholyte will focus on ampholyte's isoelectric point within a small neighborhood. 

There are still remaining questions to be answered in the future. For instance, 

what is the thickness of the small neighborhood near the pI point? What are the 

factors that control the convergence speed of the isoelectric focusing? For this 

last question, we have seen (in Chapter 3 and Chapter 4) some of the factors, 

such as the current and electric field. But there may be more! 

Again, there is further work to be done before we claim to have completed 

this research project. 
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(A) Histidine concentration profiles for 0,10,20,30,40,80, and 200 minutes 
of focusing. 
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(B) Conductivity profiles correspoding to 0, 10, 20, 30, and 200 minutes of 
focusing. Conductivity is dominated by the concentration of histidine at the pH 
imposed by the immobilized gradient. 

FIGURE 6 

Simulation of IEF in an immobilized gradient of cacodylate and TRIS at 
constant current density of 0.2 A/m2 ; integrating by the Runge-Kutta variable 
time step algorithm with 101 mesh points. 
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