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ABSTRACT 

The goal of the research described in this dissertation is to be able to model propagation of 

light through shift-variant optics. Shift-variant optical elements have a point spread function which 

is a function of the transverse coordinates. This shift-variance can be caused by aberration or by the 

first order properties of the optical system. In this work the latter is emphasized. Specifically, this 

dissertation discusses propagation through lenses and prisms and between tilted planes or a plane and 

a spherical surface. Extension to other types of shift-variant optical elements is possible. Two 

methods for performing the propagation are described. One, the beam division model, divides the 

beam into isoplanatic patches, separately propagates the patches and recombines them on the 

observation surface. The second methOd, the mapping model, maps the beam into a space in which 

the propagation is shift-invariant, propagates and then maps back into real space. Experimental 

verification of these methods is demonstrated by means of the Talbot effect. The setup consists of 

a collimated laser beam passing through a Ronchi ruling of about ten cycles per millimeter. With no 

intervening optiCS, Talbot images of the ruling are formed which are parallel to the wavefronts. When 

a prism at minimum deviation is placed in the outgOing beam, it causes the Talbot images to be tilted 

with respect to the wavefronts. If a stigmatic unit magnification telescope replaces the prism, the 

Talbot images are formed on surfaces congruent to the Petzval surface. 
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CHAPTER 1 

INTRODUCTION 

The goal of the research described in this dissertation was to be able to model propagation 

of light through shift-variant optics. Shift-variant optical elements have a point spread function (PSF) 

which is a function of the transverse coordinates. Specifically, this dissertation will discuss 

propagation through lenses and prisms, and propagation between tilted planes or a plane and a 

spherical surface. Extension to othc,' typ.:>,s of shift-variant optical elements is possible. 

Most of the theory pertaining to beam propagation (Goodman 1968 and Siegman 1986) is 

founded on the assumption of shift-invariance, but most optical elements are shift-variant. Goodman 

(op. cit.) states "In practice, imaging systems are seldom isoplanatic over their Object field, but it is 

usually possible to divide the Object field into small regions (isoplanatic patches) within which the 

system is approximately invariant." This approximation is often acceptable, but not always. 

Motivation 

The motivation for this research came from a project which involved fabricating lenses on the 

end of optical fibers. These lenses were to focus the light onto an optical disk so that the information 

on it could be read. The fibers were single-mode, so the beam diameter was on the order of five 

microns. The diameter of the lenses was also of this order. 

In addition to fabricating the lenses it was deemed desirable to model their performance. 

Since the operating wavelength was to be about 0.8 microns, the scale of the optical system was not 

much greater than a wavelength. A fundamental requirement of geometrical optics is that the optical 

field not Change significantly "over domains whose linear dimensions are of the order of a wavelength." 
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(Born and Wolf 1975) Therefore it could not be assumed that geometrical optics would hold. A 

better model was needed. Scalar diffraction theory is more rigorous than geometrical optics, but it 

is still mathematically tractable, so the possibility of applying it to modelling beam propagation 

through lenses was investigated. 

At the time this research was begun there were only three physical optics lens models readily 

available. These were the phase approximation, the split-step Fourier approximation and direct 

solution of the Kirchoff diffraction integral. Each of these was investigated. 

The simplest lens model was the phase approximation (GOOdman 1968). In this model the 

complex amplitude of the beam exiting the lens is taken to be the entering complex amplitude 

multiplied by a phase factor. This phase factor is calculated geometrically, assuming that the lens is 

sufficiently thin that the transverse displacement of the geometrical rays is negligible. Also inherent 

in the model is the assumption that the image of a point source on the Object plane will be 

independent of the source's position, i.e. the lens is isoplanatic. It was uncertain that the lens under 

study was sufficiently thin and isoplanatic, so this model could not be used. 

Another model was based on the split-step Fourier method of beam propagation. This model 

replaces the homogeneous lens with a series of alternating free space propagation steps and phase 

plates. The phase added by each phase plate is related to the refractive index profile of the media. 

Hermansson, et. al. (Hermansson, Yevick and Saijonmaa 1984) applied this method to lenses similar. 

to the one being studied. Although their results looked promising, they state that it is necessary \0 

restrict step length so that the phase at any step is much less than 21't. This makes the calculation 

tediouS. Gribble and Arnold (Gribble and Arnold 1988) also claimed that there is a fundamental 

error in the way this method calculates the point of maximum axial intensity. The worst problem is 

that this method models a lens by a series of shift-invariant steps; it assumes shift-invariance. Since 

the lens under study was shift-variant, this method could not provide sufficiently accurate answers. 

The third modelling method was to directly solve the Kirchoff diffraction integral to 
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propagate from the end of the fiber to the refracting surface and thence to the output wavefront. This 

method was excruciatingly slow and suffered from numerical instability when the two surfaces were 

nearly in contact. Its only advantage is that it does not assume shift-invariance. 

None of the available lens models was adequate, so it was decided that an attempt would have 

to be made to create a superior model. '!\vo models resulted from this attempt. The first, called the 

beam division model, is base4 on linear superposition. The second new model is based on 

transforming into a space in which shift-invariance is obtained; it is called the mapping model. 

The beam division model involves dividing a beam into several subbeams, separately 

propagating the subbeams, and recombining them. By the principle of linear superposition, this will 

produce the same result as if the beam had been propagated without division. If the sub beams are 

chosen to correspond to isoplanatic patches on the source plane, shift-invariance is obtained. Each 

isoplanatic patch has an associated PSF which defines the propagator for that subbeam. This makes 

it possible to apply standard beam propagation teChniques to an optical system which, when taken as 

a whole, is shift-variant. 

The chief problem with the beam division model is that isoplanatic patches are often much 

smaller than the beam, so several subbeams must be propagated. An accurate model which could 

propagate through a lens or prism in a Single step was desired. The barrier to obtaining such a model 

is that the method of choice for beam propagation demands that the PSF of the optical clement must 

not be a function of the transverse coordinates. This is not generally true of optical clements, but it 

is reasonable to expect that a mapping into a space where the PSF is constant could be found. Such 

a mapping was found; it forms the basis for the mapping model for optical clements. The results of 

this model agree with the results of the beam division model, but the computation time is much 

shorter. 

The Talbot effect was used to test these lens models. It was chosen because the effect 

converts variation in the PSF into a measurable quantity. Passing a collimated laser beam through 
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a Ronchi ruling and then through a prism was sufficient to provide confirmation of the models. The 

Ronchi ruling was the periodic Object and the prism provided an easily modelled shift-variant optical 

element. Confirmation of the models was obtained. 

Scope of the Dis!iertation 

The main body of this work comprises four chapters. The principal methods of beam 

propagation are reviewed and one of them is extended to handle shift-variant optics. The history and 

theory of the Talbot effect are discussed. Experimental verification of the shift-variant optical models 

is detailed. 

Chapter 2 is an overview of the various methods of beam propagation through free space. 

It serves as a historical introduction and review of the advantages and disadvantages of a number of 

implementations of scalar diffraction theory. Application of the methods to systems with mild 

inhomogeneities is briefly discussed. 

Chapter 3 discusses the extension of the angular spectrum method of beam propagation to 

shift-variant optiCS. First the calculation of the PSF in unaberrated optical systems is addressed. 

Aberrations are briefly mentioned, and some methods of dealing with them are discussed. Finally, 

two methods for propagating through shift-variant optics are described. 

Chapter 4 covers the Talbot effect. It starts with the historical development of experiment 

and theory concerning the effect. The Fourier theory of Talbot imaging is also covered. 

Chapter 5 details the experimental verification of the shift-variant optical models. The Talbot 

effect forms the basis of the experiments. Experimental results are compared with numerical 

simulations based on the theory. 
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CHAPTER 2 

FREE SPACE BEAM PROPAGATION 

Propagation of a beam of light from one surface to another involves solving Maxwell's 

equations and applying appropriate boundary conditions. The difficulty of this problem is manifest 

in the hundred year history of diffraction theory. Because of this difficulty, two simplifying 

assumptions are made in all of the beam propagation methods which will be presented. The first 

assumption made is that the light is monochromatic. The experimental data to which the calculated 

results will be compared were measured using a laser as a light source, so this assumption closely 

approximates the experimental conditions. The second approximation to be made is that scalar theory 

is valid. For this approximation to hold, the amount of coupling between orthogonal components of 

the electric and magnetic fields must be negligible. For diffracting apertures this means that the 

diffracting aperture and the observation distance from the aperture are large with respect to the 

wavelength. For beams propagating in free space, the implication is that the vergence of the beam 

be moderate. Again, these conditions are met by the experiment 

Given these two simplifying assumptions, propagation is reduced to solving the Helmholtz, 

or time-independent scalar wave equation: 

(2.1 ) 

where k is 21t over the wavelength and u is a component of the electric or magnetic field. This 

equation is derived directly from Maxwell's equations, assuming a time harmonic field and the absence 
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of currents and charges. With the help of Green's theorem (Goodman 1968) 

(2.2) 

with U being an arbitrary function and G the appropriate Green's function, equation 2.1 may be 

transformed into the Fresnel-Kirchoff diffraction integral, 

(2.3) 

or the Rayleigh-Sommerfeld diffraction integral (Goodman 1968) 

(2.4) 

over a surface comprised of an opaque screen with a transmitting aperture and a hemisphere of 

infinite radius centered on the aperture. In these equations Pt is a point in the diffracting aperture, 

Po is the observation point, rOt is the distance between the points and n is a unit vector normal to the 

transmitting aperture. The only difference between the two integral equations is the obliquity (cosine) 

factor that results from a differing choice of Green's functions. Kirchoff chose a Green's function of 

the form 

(2.5) 

and assumed that the field distribution and its normal derivative are continuous across the 

transmitting part of the aperture, while they are identically zero in the opaque region. It was later 
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pointed out that these boundary conditions are inconsistent. Sommerfeld chose an alternative Green's 

function, 

(2.6) 

which vanishes across the screen and the aperture, making it unnecessary to place a boundary 

condition on the normal derivative of the field. His fOl is the distance to a point which is the mirror 

image of the observation point. Kirchoffs equation and Sommerfeld's are sufficiently similar that the 

methods of solution are identical. 

Criteria For Comparison 

A number of free space beam propagation methods exist. Some of them solve the differential 

form and others the integral form. Each beam propagation method has its own advantages and 

quirks, so a comparison was done to decide which method to use for this study. The criteria for 

comparison will be described in this section, along with the rationale behind their selection. Speed, 

accuracy and applicability to shift-variant optics are the essential criteria. 

The amount of time taken to propagate a given distance is one possible criterion for 

comparison. Since the absolute time taken is highly implementation dependent, this criterion will be 

replaced by the scaling laws of the method: how computation time increases with the number of 

samples across the beam. Scaling laws are important because it is necessary to increase the number 

of samples in order to improve the accuracy of a calculation. Given a large enough number of 

samples, the method with the most favorable scaling law will be faster than all of the others. In the 

discussion of scaling laws it will be assumed that the beam is sampled by a two dimensional array. 

Accuracy is always a significant concern for computer modelling. The accuracy of some of 

the methods investigated is limited by numerical issues, while others are limited by theoretical ones. 
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Those methods which are theoretically incapable of producing an exact result are undesirable in most 

instances, so they will be pointed out. In addition, it is necessary to highlight the difficulties 

associated with numerical implementation of those methods which have theoretically unlimited 

accuracy. 

For this study, the difficulty of adapting the method to propagation through shift-variant 

optics was an important criterion. The methods to be described range in difficulty from almost trivial 

to nearly impossible, and there is no correlation between scaling laws and adaptability. This led to 

the development of a modification of the method with the most favorable scaling laws to enable it to 

more easily handle shift-variant optiCS. 

Methods of beam propagation 

The most widely used methods for beam propagation can be divided into three classes. The 

first class involves numerical integration of the diffraction integral. A second class involves solution 

of the Helmholtz equation by finite differences. The third class involves approximating the field 

distribution by functions for which the field at one point can be easily calculated from the field at 

another. This includes angular spectrum decomposition, Hermite-Gaussian decomposition and 

approximation by a set of gaussian beams. 

Direct Integration 

Numerical integration of the Fresnel-Kirchoff diffraction integral was first discussed by Fox 

and Li (Fox and Li 1961). The integration was done by Simpson's rule, that is, the amplitude at each 

sample point on the observation surface is the coherent sum of the contributions from all of the 

sample points on the source surface: 

1 1k7_ 
u(xj'Y~) = -:-L L u(x .. ,Y,,;O)_e -o ... jkaxay 

IA.. " r IlUlJk 

(2.7) 

where OmnJk is the Obliquity factor. In essence, this is a direct application of Huygens' wavelets. For 
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a square array with N sample points across the width of the array, the time taken to propagate one 

step by this method is proportional to the fourth power of N. This is because there are N2 points on 

the observation surface for which the contribution of each of the N2 source points must be calculated. 

This is the natural scaling law for beam propagation; significant algorithm development is necessary 

to produce a more favorable scaling law. A problem with direct integration is that the integral 

approaches infinity wherever the observation surfaces approaches the source surface. Analytical 

methods exist to deal with such problems, but they complicate the computer algorithm. An advantage 

of this methOd is that it is possible to propagate from any arbitrary surface onto another arbitrary 

surface. Thus, this method is insensitive to shift-variance. 

Convolution 

It is widely known (Goodman 1968) that the diffraction integral can be viewed as a 

convolution, that is, an equation of the form 

(2.8) 

In this equation, u is the complex amplitUde of the beam and h is the impulse response of free space. 

This convolution can be performed by Fourier transform methods. The algorithm is based on the fact 

that the Fourier transform of a convolution is the product of the Fourier transforms of the functions. 

To obtain the complex amplitude on the observation surface, the complex amplitude of the source and 

the impulse response are transformed and multiplied and then the product is inverse transformed: 

(2.9) 

Application of this equation by means of fast Fourier transforms was discussed by Johnson 

(Johnson 1974) and later by Hudson (Hudson 1986). Unfortunately, neither of these authors 

recognized that the impulse response of free space can be analytically transformed to obtain the 

transfer function. If this is done, the angular spectrum decomposition method is obtained. These two 
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methods are mathematically equivalent but they represent complimentary insights into the problem. 

Finite Difference Propagation 

Solution of the Helmholtz equation by finite difference techniques was proposed by Herrmann 

and Bradley (Herrmann and Bradley 1971) and later by Rensch (RenSCh 1974). Rensch's treatment 

will be followed here. It is a straightforward application of a proven numerical technique. The 

starting point is the parabOlic wave equation, 

f~+~+2ikE-}U(X'Y~) = 0 (2.10) 1ax2 ay2 az 
which is an approximate form of the Helmholtz equation. The approximation made is that the second 

derivative of the field with respect to z is negligible. This equation is solved by applying the following 

difference equations: 

1 (. .+1 .-1 ._, 
"" -- uj+l,,-uJ,J -uj.l +uj_I,lI 

ax2 ~x2 

cPu 1 (. ..+1 .-1 .) = -- uj.l+1 -uJ,J -uj.l +uJ.I+1 
ay2 ~y2 

(2.11) 

where j and I are the array indices, l!.x and Ily are. the grid spacing, Ilz is the spacing between planes 

on which u is calculated and m is the identifier for the current plane. Solution of these equation for 

Uil yields the field on the observation plane [rom the field on the two previous planes: 

(2.12) 

This is the most favorable scaling law of any method. Unfortunately, the length of a single step must 
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be less than k~!2. This means that the number of steps needed to propagate a beam over a length 

L is proportional to LN'l. Thus, in terms of total computational effort to propagate a given distance, 

this too is an Jr method. The most significant difficulty with this method is that it is predicated upon 

the assumption that second and higher order derivatives of the wavefront and the medium are small. 

In other words, it is unstable in the vicinity of discontinuities. It would be inappropriate for any 

system in which the beam passed through a sharp aperture, thus creating a discontinuous wavefront. 

This author is also unaware of anyone applying this method to propagation between surfaces which 

are not parallel planes. 

Decomposition Methods 

The third class of solution methods involves approximating the field by a set of functions for 

which the field on one surface may be easily calculated from the field at another. There are three 

methods which fall into this class. The first method involves expansion of the optical wave in the 

eigenmodes of the system; for most laser beams these are the Hermite-Gaussian polynomials. 

Approximation of the beam by a number of simple gaussian beams is the second method. 

Decomposition of the input beam into an angular spectrum of plane waves is the third method in this 

class. It is somewhat special because plane waves are eigenmodes for free space. 

An arbitrary beam profile may be treated as a linear combination of Hermite-Gaussian 

polynomials, provided enough terms are included. Determining the appropriate linear combination 

is simplified by the fact that these polynomials are orthogonal. Propagation of the beam is then 

accomplished by using the formulas for evolution of Hermite-Gaussian polynomials (Siegman 1974) 

where 

2 1/4 1 )11 QO(Z»)nf2 {<'2x) ~ -ila'1.] f. (x,z) = - -- H ~ e --
II ( 1t) (2I1nIW 1Q(Z) Q(z) w(z) 2q(z) 

(2.13) 
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and Hn is a Hermite-Gaussian function of order n. For a beam sampled by a square array of width 

N, and an M*M set of basis functions, the amount of computational effort per propagation step scales 

as (NM)2. Since M is nominally on the order of N (Sziklas 1975), this means that the work per step 

scales as fro This is no better than direct integration. The only exception to this scaling law is when 

the beam is fairly smooth. In this case, M can be much smaller than N, so the computational effort 

is reasonable. Application of this method to shift-variant optics may be possible, but the author is 

unaware of analytical formulas for propagating Hermite-Gaussian beams between anything other than 

parallel planes. 

Approximation of a beam by a number of simple gaussian beams was described in 1985 

(Greynolds 1985). In this method, the actual beam is approximated by a number of gaussian beams. 

These beams are propagated by the well known gaussian beam theory and then coherently summed 

to obtain the complex amplitude distribution on the output surface. Greynolds points out several of 

the advantages and difficulties of the method. Its chief advantage is that it is capable o( propagating 

from any arbitwry surface to another through any media for which ray tracing formulas are known. 

Thus, the method is extremely flexible. The major problem with the method is that gaussian beams 

with different centers are not orthogonal. This means that the spacing and weighting of the 

components of the beam is not analytically determined by the number of samples, except for a single 

sample. Aesthetic tradeoffs must be made to obtain the best "decomposition" for a given 

configuration. These tradeoffs can have a major impact on the result of the calculation, so operator 

experience is required. Sampling issues are another concern. If the frequency content of the beam 

is high, it is necessary to have a large number of samples, each of which must be narrow. Narrow 

Gaussian beams have large divergences, which may lead to nonphYSical results after propagation. 

These concerns ruled out use of this method for the present study, but it is excellent for fields which 

can be analytically decomposed into a number of gaussian beams. 
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Beam propagation by decomposition into plane waves is the most widespread method at this 

time. It was applied to optical resonator problems shortly after the finite difference method (Sziklas 

1974) and to optical waveguides shortly thereafter (Feit and Fleck 1978). This numerical work was 

based on earlier theoretical work (Ratcliffe 1956, Goodman 1968). The decomposition into a 

spectrum of plane waves is accomplished by a Fourier transform 

(2.14) 

This obviates the need to either choose the number of Hermite-Gaussian polynomials or to manually 

specify the amplitude and location of simple gaussians. Use of fast Fourier transforms makes the 

work per step scale with }f-Iog/V (Press et al. 1986). Propagation is then accomplished by multiplying 

the angular spectrum by the appropriate transfer function for the propagation, namely 

Uifx.I.;z> = Uifx..t,;o)elr.(l:-JI:Z-I:;-I:~ (2.15) 

Transforming back to the space domain yields the complex amplitude distribution after the 

propagation. The accuracy of this method has been investigated (Lawrence 1980). The only 

restriction of this method is that the system must be shift-invariant. This restriction is implicit in the 

application of the transfer function (Goodman 1968). Methods to ease this restriction will be 

discussed in the next chapter. 

Distributed Effects 

Distributed effects are mild perturbations to the beam which affect it over significant volumes 

of space. Examples include gain saturation in gas lasers and refractive index inhomogeneities in 

waveguides. The standard method for dealing with distributed effects begins by characterizing the 

effect over a given length. This characterization is then expressed as an operator on the beam. 

Propagation through the perturbing medium is accomplished by alternately applying the free space 

propagation operator and the perturbation operator. Accuracy can be increased by decreasing the 
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step size. Herrmann and Bradley (Herrmann and Bradley 1971) appear to have been the first to 

describe this method in the literature. They did their free space propagation by finite differencing. 

The free space propagation can also be performed using the angular spectrum decomposition. This 

form of the algorithm was first designated the split-step Fourier method (Tappert and Judice 1972) 

but has become known as the beam propagation method (BPM) among the European integrated 

optics community. Although distributed effects are important in beam propagation theory in general, 

they do not impact the subject of this study, so the reader is referred to the literature for more detail. 

Beam Vergence 

If a grid of constant spacing is used with a converging beam, at some point the beam will 

become so small that it is undersampled. Conversely, a diverging beam will ultimately overflow a fIXed 

grid as it propagates. Thus it is necessary to make some provision for beam vergence. A practical 

solution for this problem was advanced by Sziklas and Siegman (Sziklas and Siegman 1974). Their 

work was an extension of the results of Herrmann and Bradley (Herrmann and Bradley 1971). The 

essence of the method is to use a set of coordinates which closely approximates the behavior of the 

beam. The model of beam behavior chosen by Sziklas and Siegman was the gaussian bellm. It is a 

simple, well behaved model which is sufficiently accurate for most purposes. The general formula for 

a gaussian beam is 

-ik (xl+yl) 

e 2q(z) 
j{z) = ~-

q(z) 

(2.16) 

where q(z) is the complex curvature of the gaussian beam. If z is measured from a beam waist, then 

q(z) = z + ib, where b = 1Huo21l is the Rayleigh range for a gaussian beam with waist spot size "'0-

Extracting the appropriate gaussian from the nominal complex amplitude yields u' such that 

-il: (",l+yl) 

e 2q(t) 
u(x,y;Z) = ul(XI,y';Z~ __ -

q(z) 

(2.17) 
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The transformed coordinates are given by 

(2.18) 

where IX is an arbitrary constant. It was shown that the transformed c.omplex amplitude distribution 

still obeys the Helmholtz equation in the transformed coordinates. 

The only difficulty with the transformed coordinates is that they are complex. To remove this 

difficulty, Siegman noted that the coordinates can be made real if either z is much greater than b, and 

IX is real or b is much greater than z and IX is imaginary. These two conditions are met when the 

beam is far outside of the Rayleigh range or well within it, respectively. When the beam is well within 

the Rayleigh range (z < < b) the coordinates are a scaled version of the original coordinates. The 

scale factor is normally chosen to be unity (Le. IX = ib). When the beam is far beyond the Rayleigh 

range (z > > b) the coordinates grow linearly with distance from the beam waist. In this domain the 

arbitrary constant is normally set such that IX = b, so the two sets of coordinates match at the 

Rayleigh range. With these choices for IX it is possible to use the Hxed coordinate system at any point 

inside the Rayleigh range and the expanding system outside of it. This procedure is theoretically 

sound, since it can be shown that the Helmholtz equation is satisHed for the transformed complex 

amplitUde distribution in either of the coordinate systems individually. 

Lawrence (Lawrence 1980) also considered the problem of propagation of noncollimated 

beams. He derived compatible results for the transverse coordinates, but also deHned a quantity 

z. 
!!J.Z'1f a (~-z.)-

~ 

(2.19) 

which gives the equivalent collimated space propagation distance for a noncollimated propagation 
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step. The beginning and ending positions should lie outside the Rayleigh range for this formula to 

be accurate. 

As an example of the coordinate systems, consider the afocal telescope of figure 2-1. The 

focal length of each of the two lenses is f. An Object is placed one focal length in front of the first 

lens; its image is one focal length behind the second lens. The Object is illuminated by a collimated 

beam. In the space between the object and the first lens, the illuminating beam is well within the 

Rayleigh range, so the coordinate system is independent of position. Thus the effective distance from 

the Object to the lens is identical to the actual distance, f. The effective distance from the first lens 

to the second is given by 

Z~Jf = (/-(-/» 1 = -2/ (2.20) 

because the space between the lenses is not collimated. The light is again collimated between the 

second lens and the image, so the effective distance is f. Adding the three distances obtains the result 

that the effective distance from the Object to the image is zero. Therefore propagation from the 

Object or the image to any point is equivalent. The importance of this equivalence will be shown 

later. 
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Figure 2-1 A unit magnification afocal imaging system. 
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CHAPTER 3 

SHIFf-VARIANT OPTICS 

Shift-variant optics involves the analysis of those optical elements which have an impulse 

response or point spread function (PSF) which varies with transverse position. The simplest examples 

of shift-variant optical elements are wedge of air (propagation between nonparallel planes) an air lens 

(propagation between a plane and a curved surface), a prism and a glass lens with appreciable 

thickness. Discussion of the analysis will be broken into three sections. The first section will cover 

the calculation of the PSF for aberration free systems. This will be followed by a brief section 

addressing aberrated optical systems. Finally, two methods for adapting the angular spectrum method 

of beam propagation to shift-variant optics will be discussed. 

Point Spread Function in the Absence of Aberration 

Any discussion of the PSF of an optical system must begin with the free space PSF. A point 

source in free space will give rise to spherical waves, so the PSF is 

h(x,y.z) e lkR 

iAR 
(3.1) 

where R is the distance from the source point to the observation point and A is the vacuum 

wavelength. This factor shows up in the diffraction integrals in chapter 2. In beam propagation it 

is often sufficient to approximate the spherical waves by parabolic ones. Under this approximation 

the PSF becomes 

e/rcc,r2.y2J11r. 
il(x,y.z) = --

iAz 
(3.2) 

where a phase factor which is independent of the transverse coordinates has been ignored. This is 
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the form which will be used in the ensuing discussion, both to simplify arguments, and because it is 

the form which is commonly used in diffraction programs (Lawrence 1990). 

Modified Forms 

When light is propagating through a medium other than free space the wavelength is reduced 

by the refractive index of the medium. Since the PSF depends on the wavelength, it too is affected. 

One way to account for the effect is to speak of an equivalent free space PSF, that is, the PSF for an 

equivalent distance in free space. The equivalent distance is the geometric distance divided by the 

refractive index. In geometrical optics this is referred to as the reduced distance (RD). Applying this 

definition creates the equivalent PSF 

e l1l (%2+y2)/ARD 

"(x,y,z) = ---
O.RD 

(3.3) 

where RD = zln. The reduced distance concept can be generalized to include inhomogeneous media, 

such as gradient index media, by performing an integral along a ray path: 

RD = f n~) (3.4) 

where s is the geometrical ray path in the medium. In piecewise homogeneous media, such as a 

normal optical system, this integral reduces to a sum. 

The foregoing equations arc based on the assumption that the beam is roughly collimated. 

For beams with significant vergence, it is necessary to replace z with the effective distance. zefT, as 

defined in chapter 2. For homogeneous media the effective reduced distance (ERD) is 

Z1 
ERD = (,;-z)In.; 

while for inhomogeneous media this must be generalized to 

(3.5) 



where s is a function of z, as before. 

Examples 

~ (z )2 dz 
ERD = f -.! -

z n(s) :. 
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(3.6) 

A few examples of shift-variant optical elements will serve to illustrate the concept. Some 

of these elements will be used to demonstrate the algorithms to be developed, so it is convenient to 

derive all of the reduced distance formulas here. Elements to be considered are an air wedge 

(propagation between nonparallel planes), a prism, an air lens (propagation between a plane and a 

curved surface) and a glass lens. 

The reduced distance through an air wedge is used for propagation through tilteCl and 

decentered optical elements. The front surface of the wedge is perpendicular to the direction of 

propagation. Since the medium is air, the reduced distance is simply the geometric distance. It is 

RD = Ax+B (3.7) 

where A is the tilt of the second surface and B is the central thickness of the wedge. The functional 

form for RD replaces z in the equation for the PSF. 

It would be possible to propagate through a prism by using the equation for an air wedge to 

propagate to the first surface, using it again to propagate through the prism (correcting for the 

refractive index) and again to propagate from the second surface to a plane perpendicular to the 

outgoing wavefront. If the prism surfaces introduce aberration this is a good way to handle the 

problem. Normally, it is preferable to propagate from a plrme perpendicular to the input beam to 

a plane perpendicular to the output beam in a single step. Calculation of the reduced distance for 

this case follows. The result is equation 3.15. 

The derivation is based on figure 3-1. Line segments PQ and P'Q' represent wavefronts of 

the beam, while PVP' and QQ' are rays. The prism is represented by QVQ'. The prism angle is a, 



29 

v 

Figure 3-2 Geometry for deriving the reduced distance through a prism. 
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and the beam traverses the prism at minimum deviation, so the angle of incidence on the prism is 

(3.8) 

The air path along the ray PVP' will be defined as to so the air path along a ray originating at x is 

ta(x) = to - 2xtanO, 

Conservation of optical path between wavefronts gives 

so 

to - ta(x) 
t,(x) = --'----"-

n 

The reduced distance through the prism as a function of x is defined as 

RD(x) s ta(x) + t,(x)/n 

which becomes 

RD(x) = to - 2xtanO, (1 - n~) 
If the distance PQ is defined as w then 

to tana, = -
2w 

Thus the equation for reduced distance through a prism is 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

The reduced distance between a plane and a curved surface is easily calculated. A driving 

assumption which has been made in this derivation is that the first lens surface is a plane 

perpendicular to the direction of propagation. With this assumption, the reduced distance through 

a lens is the sag of the curved surface. The sag of a conic surface of revolution is 

cx2 

RD = ---;::====:::;::;; + D 
1 +b -(1 +k)C2

X
2 

(3.16) 

where c is the base curvature, k is the conic constant (0 for a sphere, -1 for a paraboloid) and D is 
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the distance from the vertex of the curve to the plane. A much simpler formula is exact for a 

parabola and represents the second order approximation for other rotationally symmetric surfaces 

CXZ 
RD = -+D 

2 
(3.17) 

Reduced distance through a lens can be calculated from either of the preceding two equations, 

provided that allowance is made for the refractive index of the lens. The algorithm is to propagate 

to the first lens surface, then to a plane inside the lens, then to the second lens surface and finally to 

a plane beyond the lens. This is the best technique for taking high spatial frequency aberrations into 

account. When the high spatial frequency aberrations of the lens arc negligible, it is preferable to 

pass through the lens in a single step. A formula for the reduced distance between the two tangent 

planes of a lens is given in equation 3.20. It is only accurate to second order; aberrations are ignored. 

The derivation of the equation for reduced distance through a lens begins by noting that the 

bending of the lens is unimportant. This is due to the limitation to second order accuracy. It is 

therefore acceptable to assume that the lens is plano-convex with the plane side forward. Refraction 

and beam vergence can also be ignored, and the reduced distance calculated along a line parallel to 

the optical axis. In a general form, the reduced distance can be given as 

RD = t+s_s 
n 

(3.18) 

where t is the thickness of the lens, s is the sag of the curved surface, and II is the refractive index of 

the lens. The first term on the right is the contribution of the lens and the second is due to transfer 

to the tangent plane. Equation 3.18 may be rewritten as 

(3.19) 

To second order the sag of the surface is 



x2 
S =-

2R 
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(3.20) 

where R is the radius of curvature of the refracting surface and y is the distance from the optical axis. 

In terms of the focal length, f, the radius of curvature is 

so the reduced distance through a lens is 

R = (l-n)f 

t x2 
RD = -+-

n 2nf 

(3.21) 

(3.22) 

The first term on the right is the reduced distance through a plane parallel plate as thick as the lens. 

The second term will be referred to as the reduced distance difference, as it is the difference between 

the reduced distance through the center of the lens and any zone. 

An important insight is gained by comparing equation 3.22 with the equation for the sag of 

the Petzval surface of a lens 

x2 

Z = --
2nf 

(3.23) 

The reduced distance difference is the negative of the sag of the Petzval surface of that lens. In other 

words, the curvature of the surfaces of constant reduced distance is equal to the Petzval curvature of 

the lens. Another way of looking at it is that, for stigmatic optical systems, propagation from the 

object surface to the Petzval surface is shift-invariant. From this it may be inferred that, for stigmatic 

optical systems, the Talbot images lie on surfaces with a curvature equal to the Petzval curvature of 

the optical system. This makes eminent sense because the mathematics of stigmatic optical systems 

does not distinguish between objects and images within the limits of Fresnel diffraction and assuming 

that the intermediate apertures are sufficiently large to pass the spatial frequencies of interest. 

Therefore, it should be possible to calculate the complex amplitude on any surface by starling at the 

object or the image. If a sharp image of the grating plane is formed on the Petzval surface, that is 

as good as having the grating there. 
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Aberrations 

It is not the purpose of this section to fully account for aberrations in optical systems, 

however aberrations are ubiquitous so some mention of them must be made. The two most important 

characteristics of aberrations with regard to the present work are their effect on isoplanatism and the 

shape of the image surface. Each of the Seidel aberrations will be discussed, with the exception of 

Petzval curvature which was covered in the previous paragraph. After this, two methods for 

propagating through optical systems affected only by shift~invariant aberrations will be detailed. 

Spherical Aberration 

Spherical aberration causes a point to be imaged as a caustic; the Object surface is imaged into 

a volume. One boundary of the volume is the Petzval image surface; the other boundary is the open 

end of the caustic. Since spherical aberration does not depend on field angle (Le. it is Shift-invariant) 

the second boundary is congruent to the first. 

Present theory only considers propagation between surfaces. When the image is a volume, 

it becomes necessary to define what is meant by the image surface. This situation is normally handled 

by choosing the surface of best imagery to be the image surface. The best image surface in the 

presence of spherical aberration has the same shape as the paraxial image surface, but is displaced 

axially by a small amount. 

Coma 

Coma is a difficult aberration to deal with because it is shift-variant in a way which is not 

simply related to reduced distance. This makes it impossible for the theory described in this 

dissertation to accurately model optical systems affected by coma. However, coma does not affect the 

image surface. The best image surface in the presence of coma is the same as the best image surface 

in its absence. For this reason, it is possible to use the methods described below for propagation in 

the presence of shift-invariant aberrations to get an approximate answer in the presence of coma. 



34 

Astigmatism 

Astigmatism is also field-dependent, i.e. shift-variant. In addition, it affects the shape of the 

image surface. Although the shift-variance cannot be handled by techniques of this dissertation, the 

image surface can be addressed. One approach is based on the fact that two line foci are formed of 

any point. The length of the focal lines and their distance from the Petzval surface increase with 

increasing astigmatism. These two line foci are called the sagittal and tangential foci. The sagittal 

line always points to the optical axis of the system while the tangential line is tangent to a circle 

centered on the optical axis. The locus of sagittal image lines is called the sagittal image surface; the 

tangential image surface is similarly defined. It is possible to map out the two astigmatic image 

surfaces by means of the Coddington formulas (Smith 1966). The importance of the astigmatic image 

surfaces can be better seen with the aid of two examples. Because of their orientation, a set of circles 

concentric about the optical axis would be sharply imaged onto the tangential image surface. 

Similarly, a radial spoke pattern would be sharply imaged onto the sagittal image surface. 

A more complicated situation is presented by a Ronchi ruling (a square wave amplitude 

grating). Assume a coordinate system centered on the optical axis and ruling lines parallel to the y

axis. The lines in the vicinity of the y-axis would be sharply imaged onto the sagittal image surface 

and the sections of the lines in the vicinity of the x-axis would be imaged onto the tangential image 

surface. But what of the areas of the ruling removed from the axes? They must be imaged into 

volumes. To the extent that this is true, the present theory cannot properly compute the image of 

a Ronchi ruling. However, the surface of best focus is a toric with the sagittal and tangential 

curvatures as its principle curvatures. Use of this surface as the image surface will approximate the 

behavior of the system for moderate amounts of astigmatism. 

When the image of a more general object is considered, it becomes clear that the concept of 

an image surface breaks down. An example of this breakdown is the image of a "parquet floor" 

grating. The grating is made up of a large number of squares. In each square there is a small number 
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of lines parallel to the sides of the square; the lines in adjacent squares are perpendicular. The image 

surface of such a grating would be discontinuous. For an even more complicated object, the image 

would only be constrained to the volume between the tangential and sagittal image surfaces; the 

concept of an image surface becomes inappropriate. The theory presented here is not capable of 

handling such situations. 

Distortion 

Distortion affects neither isoplanatism nor the shape of the image surface. Its only effect is 

to cause image points to deviate from their ideal locations. In beam propagation this could be 

handled by an interpolation scheme. 

Propagation and Shift-Invariant Aberrations 

Two simple ways of dealing with shift-invariant aberrations will be presented. The first 

method assume that the aberrations of the optical system are known. The second method does not 

require this knowledge but takes longer. 

The fastest method for dealing with shift-invariant aberrations is based on the fact that system 

aberration are normally calculated with respect to a reference sphere in the exit pupil of the system. 

From this it can be deduced that a way to treat the aberrations is to propagate to the exit pupil of 

the optical system and then add the aberrations to the beam. This method should be accurate for 

moderate amounts of aberration. 

An alternative method for handling shift-invariant aberrations is based on the ability to 

propagate to cUived and tilted surfaces. The algorithm consists of propagating sequentially to each 

of the surfaces in the optical system and thence to the image surface. If the surface shapes and 

refractive indices are properly accounted for, the aberrations will be computed automatically. 

Although this method is slow, it is attractive because no aberration calculation is necessary. 
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Shift-variant Propagation Methods 

The research for this dissertation has yielded two methods for propagation through shift

variant optics. Both assume that the amount of aberration in the optical system is moderate. The 

first of the methods is based on linear superposition; it will be called the beam division method. The 

second is based on mapping the beam into a space in which the optical system is shift-invariant; it will 

be referred to as the mapping method. 

Beam Division 

The beam division method is based on the principle of linear superposition: a beam may be 

divided into several parts and each part propagated separately; when the parts are recombined the 

result will be the same as if the beam had been propagated as a whole. Application of this property 

to shift-variant optics involves dividing the input beam into a number of parts such that the PSF is 

nearly constant within each part. In geometrical optics these parts are known as isoplanatic patches 

(Goodman 1968). Each of the parts is separately propagated, using the appropriate reduced distance. 

When the parts are recombined, the result should closely approximate the correct result. 

As simple as the concept of beam divisi?n is, two questions remain before a numerical 

implementation is possible. The first of these is: how large a variation in the PSF is tolerable within 

a single patch? The second question pertains to the interaction between beam division and sampling 

issues: how can the beam be divided without introducing numerical artifacts? 

The allowable variation in the PSF in a single patch is determined by a number of factors. 

Chief among these is the effect one wishes to observe. If small phase ripples in the wavefront must 

be modelled, then the PSF must be constant to less than the measurable phase. Fortunately, 

observations are usually not so critical. For macroscopic observations, the limiting spatial frequency 

normally determines the allowed variation in the PSF. To quantify this limit, appeal is made to the 

Talbot effect. It will be discussed in more detail in the next chapter. For the present it is sufficient 
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to note that for a given spatial frequency, v, the reduced distance in a single patch should vary by 

much less than (.h2)"!, where .t is the wavelength. 

The last remaining detail regarding the beam division method is a numerical one. Up to this 

point it has been assumed that the beam can be sharply divided in two with no side effects. While 

this is analytically true, numerical calculations are subject to undersampling and aliaSing. The simplest 

method to avoid these problems is to use a "soft" boundary. "Soft" will be defined with the aid of 

figure 3-2. The beam is to be divided in the center. A "hard" division is shown in figure 3-2b. 

Dividing a beam in this manner would cause each of the two sub-beams to have a sharp cutoff at the 

edge. This would mean that they would have a large high spatial frequency content that would 

increase aliasing problems. A "soft" beam division is shown in figure 3-2c. This form of division 

would avoid the sharp cutoff associated with a "hard" division and the attendant aliasing problems. 

In practice, the beam division should be spread over at least 3% of the width of the grid. This 

number was numerically derived by propagating a gaUSSian beam through a prism. The width of the 

grid was varied by powers of two from 128 to 4096. An example of the error induced by using too 

narrow a taper is shown in figure 3-3. The glitch near the peak of the gaussian is the error. To create 

this error, a gaussian beam was split into two pieces, propagated through a prism and then 

recombined. The taper was 5 samples wide on a grid 512 points wide. 

It is not critical how the beam is divided. The fraction of the amplitUde going into one of 

the sub-beams may decrease linearly with distance, or with the cosine of the distance, or by some 

other convenient means. Experimentation did show that a linear taper was marginally superior to a 

cosinusoidal taper, but the difference was not large. As an example, figure 3-4 was generated using 

a cosinusoidal taper ten samples wide on a grid 512 samples wide. Propagation was performed in the 

manner described above. There is a small glitch to the right of the peak. A linear taper of the same 

width showed no visible glitch. 
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Figure 3-3 Beam profiles: a) before split b) hard split c) soft split 
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Figure 3-4 The error associated with a linear taper 5 samples wide on a grid 512 points wide. To 
create this error, a gaussian beam was split into two pieces, propagated through a prism and then 
recombined. 
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Figure 3-5 The error associated with a cosinusoidal taper 10 samples wide on a grid 512 points wide. 
To create this error, a gaussian beam was split into two pieces, propagated through a prism, and 
recombined. 
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Mapping 

The goal of the final method for propagating a beam through a shift-variant optical element 

is to perform the propagation in a single step while properly modelling all diffraction effects. To 

account for all diffraction effects it is necessary to assure that each portion of the beam is propagated 

the correct reduced distance. However, the FFI' propagator demands that the entire beam be 

propagated the same distance, that is, the PSF must be independent of the transverse dimensions. 

Resolution of this conflict is accomplished by mapping the beam into a space in which the PSF is 

constant over the transverse dimensions of the beam. This is done by making use of the relationship 

between transverse and longitudinal magnification in the FFI' propagator. The essence of the method 

is that a nonlinear transverse magnification is applied to the beam, it is propagated by the reduced 

distance associated with the mapping, and then the inverse nonlinear transverse magnification is 

applied. 

The relationship between transverse magnification and longitudinal magnification in the 

angular spectrum version of diffraction propagation can be seen by applying the propagator to a 

magnified beam. The basic propagator is 

u' = 7{T(dz).7{u(mx,my)}} 

where m is a constant (the transverse magnification). In integral form this is 

f f u(mx,my)e -f2K(%( +Yf1)dxdy ef2 n(.t( +Yf1)d~dT) 

performing the first transform yields 

u' = f f exp[ -i1tAdz(~2+ fl2)] ~1 U(~,-;)eI2,,(%e +Yf1)d~dT) 
--By defining 

(3.24) 

(3.25) 

(3.26) 

(3.27) 



equation 3.26 may be rewritten as 

u'= J Jexp[ -i1tAm2~z(~t2 + T1t2)]U(~'.ll~ e12nm(.r(' +)'1'I~d~dl1 

Multiplying the angular spectrum by the transfer function yields 

u' = Ju (e.l1';m2~z)el2nlft(.r('+)'1'I~d~'dl1' 
It is now preferable to return to the unprimed variables, 
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(3.28) 

(3.29) 

u' = ~zJ Jq~,;;;m2~z)eI2"(.r(·)'1'I)d~dl1 (3.30) 

--Equation 3.30 is now in a form that appears in transform tables (e.g. Gaskill 1978). The result is 

(3.31) 

This result holds independent of the constant m. Thus, a one centimeter diameter beam propagated 

for one meter will suffer the same diffraction as a two centimeter diameter beam propagated for four 

meters. 

This proof is valid for constant m, but the present application requires that m be a function 

of the transverse coordinates. If m were an arbitrary function of the transverse coordinates the proof 

would not be applicable. However, if the magnification varies slowly over the beam there is good 

hope of obtaining acceptable answers from numerical computations. A formal error estimate could 

be developed via Taylor series, but this was omitted in favor of a comparison with experimental 

results. 

To map into the shift-invariant space a nonlinear transverse magnification is applied to the 

beam. The mapping is related to the ratio of the reduced distance at an arbitrary point on the source 

plane, RD(x,y), to the reference reduced distance, RDrr Since the longitudinal magnification varies 

as the square of transverse magnification, the square root of the ratio must be taken. Thus the 

transverse magnification is 
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~o m(x,y) = 
RD(x,y) 

(3.32) 

This is the transverse magnification which must be applied to the beam before propagating. The way 

in which it is applied is that a temporary array of coordinates, x', is created and filled with values such 

that 

x' = mx (3.33) 

When the coordinate grid is stretched in this manner, the amplitude must also be scaled to conserve 

energy. Thus 

u' = u (3.34) 

The reason for the square root is that energy is proportional to the intensity, that is, the square of 

the amplitude. Intensity would need to be scaled with m, so the amplitude, u, scales with the square 

root of m. 

After applying this magnification factor and propagating the beam for a distance equal to RDo, 

the beam must be de-magnified. To do this, equations 3.32 and 3.33 must be solved for x in terms 

of x'. The result is that 

x = m'x' (3.35) 

The new amplitude is then calculated from 

Ix' 
u = ~ -; u' 

(3.36) 

This completes the propagation. 

To apply this method it is necessary to have the magnification factors for each of the clements 

to be propagated through. The magnification factors for the air wedge, prism, air lens and lens will 

be presented here. Derivation of the equation for the magnification factors for the air wedge begins 
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by inserting the equation for the reduced distance through the wedge into equation 3.32: 

m = ~ B = [1 +A
'
x]-I(2 

Ax+B 
(3.37) 

where A' = A/B. The transformed coordinates are 

X, = mx = __ x_ 

b+A'X 
(3.38) 

This equation is solved for x to find the equation for mapping back to the regular coordinates 

(3.39) 

These equations are sufficient for propagation through an air wedge. 

The mapping equations for a prism are formally identical to those for an air wedge. This 

should come as no surprise, since it matters little whether the wedge is glass or air. The only change 

necessary to complete the equations is the identification of the constant 

A I = ..!.(..!.. -1) 
w n2 

(3.40) 

This can be derived by inspection of equations 3.7 and 3.15. 

The magnification factor for an air lens will be calculated only to second order accuracy. This 

means that the reduced distance is given by equation 3.17. The magnification is then 

where D' = (2DR)'I. 

m = R = [1 + D 'x2r 1(2 
x2 

D+-
2R 

The mapping back IOto regular coordinates is 

X' 
x = -;===::; 

b-D'x '2 

(3.41 ) 

(3.42) 

These equations also apply to a glass lens, provided that the identification D' = (2Jf).1 is made. 

The advantages of the mapping method of propagation are the correctness of the calculation 

and the fact that propagation through an element is accomplished in a Single step. The disadvantage 

is more subtle. To apply the nonlinear magnification, it is necessary to map a function which is 
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sampled on a regularly spaced grid onto a grid which has been nonlinearly stretched. This can only 

be accomplished by interpolation of the data. Unfortunately, all interpolation schemes introduce 

errors into the data. Linear interpolation was used for the calculations presented in this dissertation. 

It was used both for its simplicity and for the fact that the error is limited to some fraction of the 

difference between adjacent data points. Spline interpolation is capable of superior accuracy for 

smooth functions, but a beam which has passed through a Ronchi ruling is not a smooth function, so 

the performance of spline interpolation was found to be worse for this application. 
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CHAPTER 4 

THE TALBOT EFFECT 

The Talbot effect is the self-imaging of periodic objects; when light from a point source 

illuminates a periodic Object, images of that Object will be formed without any intervening optics. It 

is discussed here because it is a means of measuring reduced distance through optics. H. F. Talbot 

first described the effect in the open literature in 1836 (Talbot 1836). After reviewing his description, 

Rayleigh's theory of the effect will be presented. This will be followed by a section on the Fourier 

theory of the Talbot effect. 

Historical Development 

The Talbot effect was first reported by H. F. Talbot (Talbot 1836). His description made no 

attempt at a mathematical analysis or theoretical explanation of the effect. The first mathematical 

analysis was made by Lord Rayleigh (Rayleigh 1881), who discovered that the spacing between the 

images was proportional to the square of the period of the Object, and inversely proportional to the 

wavelength of illumination. A more formal theory of the effect was advanced by Wolfke (Wolfke 

1913). After this, little mention seems to have been made of the effect until it was applied to electron 

microscopy by Cowley and Moodie (Cowley and Moodie 1957). They developed a formal theory of 

the effect similar to Wolfke's, but their articles are in English, and are therefore more accessible. 

Shortly thereafter, Heidemann and Breazeale (Heidemann and Breazeale 1959) used the effect to 

monitor acoustic waves. Their article has an extensive list of references. A nice review of the theory 

was given by Winthrop and Worthington (Winthrop and Worthington 1965). 

Self-imaging of periodic Objects is a useful description of the Talbot effect. The original 
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experiment consisted of passing sunlight through a small hole into a darkened room. This beam of 

light was then passed through a grating. In the words of Talbot, the grating was "a plate of glass 

covered with gold leaf on which several hundred parallel lines were cut, in order to transmit the light 

at equal intervals." It had been made for Talbot by Fraunhofer. Talbot observed the light which had 

passed through the grating 

"with a lens of considerable magnifying power. The appearance was very curious, 
being a regular alternation of numerous lines or bands of red and green colour, 
having their direction parallel to the lines of the grating. On removing the lens a 
little further from the grating, the bands gradually changed their colours, and became 
alternately blue and yellow. When the lens was a little more removed, the bands 
again became red and green. And this change continued to take place for an 
indefinite number of times, as the distance between the lens and grating increased." 
(Talbot 1836) 

Talbot then replaced the grating with a pair of crossed gratings and "a plate of copper pierced with 

small circular holes of equal diameter and in regular rows," and observed similar effects. Two further 

observations he made were that the radiant source must subtend a small angle, and that the effect was 

present across the entire beam, not just on axis. 

Had Talbot filtered the light he would have noticed that, rather than images in complimentary 

colors, there would have been sharp images separated by regions in which the ~ontrast decreased 

markedly, then increased again until a sharp image was again obtained. This was well described by 

Lord Rayleigh (Rayleigh 1881). 

"With red light the nearly equal bright and dark bars are seen in focus when the 
distance of the lens from the grating is 1 3/4 inch. As the distance is increased, the 
definition deteriorates, and is worst at a distance of 3 5/8. In this position the proper 
period (.0104 inch) is lost, but subordinate fluctuations of brightness in shorter 
periods prevent the formation of a thoroughly flat field of view. As the distance is 
further increased, the definition appears to improve, until at distances 5314 and 63/4 
it is nearly as good as at first. The definition in an intermediate position such as 6 
1/4 is distinctly inferior, but is far from being lost as in position 3 5/8. From the 
theoretical point of view, to be presently explained, these two positions of extra good 
definition are not to be distinguished. They relate rather to the sharpness of the 
edge of the band, than to any special prominence of the proper period. At a distance 
of 7 1/2 we have again a place of worst definition, at 10 1/4 a revival, and so on. 
These alternations could be traced to a distance of nine feet behind the grating." 
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The theoretical point of view to which he referred was borrowed from his book on sound. 

In this theory, the amplitude of the diffracted light is expressed as an angular spectrum of plane waves, 

u = E A",cni 2mnx L.1( .. t-k.,z) 

.. -0 'l d r (4.1) 

where d is the period of the ruling and km is the wave number multiplied by the direction cosine of 

the mIll order, given by 

k = 21t J 1- m2
A2 . (4.2) 

'" A d2 

To simplify matters for calculation of the periodicity, he considered only the zeroeth and first orders. 

Multiplying the amplitude by its complex conjugate to obtain the intensity yields 

I • .0. -4 + A:='(2:X) + U,4.={ 2:X H11-gl] (4.3) 

Since this expression is periodic in z with a period of approximately 2d2/A, images of the ruling should 

be formed at this interval. Halfway in between these images should be other images, equally sharp, 

in which light and dark are reversed. 

To aid in making three further pOints, let contrast be defined as 

c = lmu. -lmln (4.4) 
lmu. + lmln 

where Imax is the maximum intensity in the observation plane and I min is the minimum. It may be seen 

that the maximum value of contrast, 1.0 or 100%, is obtained only if I min is equal to 0.0, and the 

minimum, 0.0, is obtained where the intensity is uniform across the field. As a point of reference, the 

human eye can detect a contrast of less than 10% at moderate spatial frequencies. 

With this definition, the three final points from Rayleigh's theory can be made. The first is 

that contrast cannot reach 100%. This is because there is a term in equation 4.3 which is uniform 

across the field: it does not vary with x. The second point is that contrast cannot drop to zero. This 

is because the second term in equation cannot be completely canceled by the third term. In practical 
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situations, approximate cancellation of the two terms would require that Ai = 2A()J which can only 

happen in blazed gratings. Finally, it should be noted that the contrast in the intensity of equation 

4.3 is not a function of x; it is constant across the field. This is partly true because infinite plane wave 

input and an infinite grating are assumed, but one would expect this condition to hold for gratings 

with many periods and reasonably uniform illumination. 

Fourier Theory of Talbot Imagin.,g 

Fourier theory is capable of describing the Talbot effect in great detail. In this context, 

Fourier theory will be defined as beam propagation by means of decomposition into a spectrum of 

plane waves. It is so named because Fourier transforms are used to accomplish the propagation. The 

mathematical description of Talbot imaging given here will be for free space. 

The form of the derivation is as follows. A uniform plane wave is assumed to be normally 

incident on a sine wave grating which modulates its amplitude. The amplitUde distribution of the 

outgoing beam is then calculated as a function of the distance from the grating by applying the 

analytical form of the spectrum of plane waves propagation approach. Equation 4.10 represents the 

result; it will be compared with the result obtained by Rayleigh. 

The result of passing a unit amplitUde plane wave through a sinusoidal amplitude grating is 

u(x,y;O) = ~[l + cos(21t~oX)] (4.5) 

To obtain the complex amplitude distribution downstream from the grating, the Fourier transform 

of the original distribution is calculated, multiplied by the free space transfer function and thcn 

inverse transformed. Since the distribution is independent of y, the calculations will be done onc-

dimensionally. The Fourier transform is given by 

1 [. . ) U(~;O) = 7{ u(x;O)} = - 6(U + .!.6(~ + ~ol + .!.6(~ - ~ol 
222 

(4.6) 

where go represents a Fourier transform and 6 is the Dirac delta function. The angular spectrum is 



then multiplied by the free space transfer function which is given by (Gaskill 1978) 

H(~) a elkb-"z(z 
to yield the angular spectrum at any distance downstream, 

U(~;z) = t[elka{~) + ~eikJl-"Z~ (a(~ +~o> + o(~ -~o>)] 

50 

(4.7) 

(4.8) 

This angular spectrum is then inverse transformed to give the complex amplitude distribution for any 

z > 0, 

1 [ ikJI "z~ ] u(x,y;z) = 2' elk + e - cos(21t~oX) (4.9) 

For gratings with periods greater than a wavelength, this may be approximated by 

elk [-Id%~ ] u(x,y;z) = 2"" 1 + e cos(21t ~oX) (4.10) 

Thus, the complex amplitude downstream differs from the complex amplitude just after passing 

through the grating by only two factors. The first difference is the leading phase factor which will 

disappear when the amplitude is converted to intensity. The second difference is the exponential 

modulating the cosine term. This term will reduce to unity, and equation 4.5 will be reproduced, on 

the condition that 

2m 
Z =-

}.~~ 
(4.11) 

where m is any positive integer. This is exactly the same result as was obtained by Lord Rayleigh. 

Furthermore, if a Talbot cycle is defined as the distance between adjacent values of m, it can be seen 

that when the beam has propagated half of a Talbot cycle, an amplitude image of the grating is 

formed which is 180 degrees out of phase with the original. Similarly, when the beam has propagated 

one quarter or three quarters of a Talbot cycle the modulation is entirely imaginary, so a phase image 

of the grating is constructed. 
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CHAPTER 5 

EXPERIMENTAL VERIFICATION 

Experimental confirmation of all new theories is essential. The approach that was taken to 

verify the theory of propagation through shift-variant optics was two-pronged. One of the two 

methods was to shine a laser beam through a Ronchi ruling followed by free space, a prism or an 

afocal telescope. The· resulting Talbot images showed the effect of shift-variance. The other prong 

was to create computer models based on the theory and numerically simulate the experiments. 

Agreement between experiments and computer models was taken as confirmation of the theory. The 

next three sections compare experimental and numerical results for free space, a prism and an afocal 

telescope. 

The Talbot effect in free space 

Experimental verification of the Talbot effect in free space was performed as a baseline for 

the additional experiments which follow. The experimental setup is shown schematically in figure 5-1. 

Light from a helium neon laser was spatially filtered and then expanded into a 15 mm diameter beam. 

This beam was then passed through an 8 line/mm Ronchi ruling. The diffracted beam was then 

scanned with a detector masked by a 50 micron slit which was oriented parallel to the ruling lines. 

The output of the detector was sampled by a digital oscilloscope with 6 bit resolution (64 gray levels). 

Approximately 8 samples were recorded for each period of the ruling. For this ruling, Rayleigh's 

theory predicts a distance of about 25 mm between planes of high contrast, so four scans were made 

which were separated by a longitudinal distance of 6.25 mm. Figures 5-2a through 5-2d display the 

results of these scans. Each plot includes a substantial fraction of the 8000 data points which were 
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Figure 5-1 Experimental setup for obselVing the Talbot effect. A laser beam is spatially filtered, 
expanded and collimated. This beam then passes through a Ronchi ruling and is obselVed with a 
detector masked by a slit. 
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Figure 5-2 Talbot effect irradiance profiles at sequential positions. Part (a) shows the irradiance 
profile near minimum contrast, (c) near maximum, and (b) and (d) in between. 
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taken over a 30 mm scan. The individual cycles of the ruling are too narrow to show up at this scale, 

but the envelope conveys most of the interesting information. By the definition of contrast, if the 

upper and lower envelopes are widely separated (figure 5-2c) the contrast is high, while if the 

separation is small (figure 5-2a), the contrast is low. These four figures clearly illustrate the increase 

of contrast from a non-zero minimum to a maximum which is less than 100% and then a subsequent 

decrease. Additional scans would show that the effect continues periodically with the predicted 

period. It may be seen that, in spite of the gaussian beam illumination, the contrast is roughly 

constant across a scan, except near the edges. This fact will be of considerable importance in the 

following discussion. 

Comparable results were obtained from the numerical simulation. They are shown in figure 

5-3. To create these plOts a linear, 4096 point, complex array was filled with a gaussian amplitude 

distribution. It was then multiplied by an amplitude function which mimicked the Ronchi ruling. 

This modulated amplitude distribution was propagated the appropriate amounts to simulate the scans 

made in the laboratory. The only Significant differences between the laboratory results and the 

computer simulations are the large spikcs and the coarser sampling in the simulation. The spikes are 

due to the interaction between the beam which has been modulated by the square wave ruling and 

the Fourier transform propagator. On this basis it may be assumed that the computer simulation is 

correct for shift-invariant optics. 

The Talbot effect in the presence of a prism 

Placement of a prism between the ruling and the detector is not a new idea. Such an 

experimental setup was described by Weisel (Weisel 1910). He used white light illumination and 

showed a photograph of the resultant intensity pattern, noting that red light showed high contrast 

imagery while the violet end of the spectrum had very low contrast. Since Rayleigh showed that the 

distance between sharp images is a function of wavelength, this was no great surprise. 
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Verification of the theory of shift-variant imaging is accomplished by an experiment which 

Weisel apparently did not do. The experimental setup is shown in figure 5-4. A collimated laser 

beam was passed through a Ronchi ruling with a frequency of 8 lines per millimeter and then through 

a prism at minimum deviation. The prism was equilateral and had a refractive index of 1.648. 

Irradiance profiles recorded in the fashion described in the previous section are shown in figures 5-5a 

through 5-5d. As before, these are four of a very large set of periodic replications. They do not vary 

with rotation of the ruling about the optical axis, provided that the scan is made perpendicular to the 

ruling lines. 

There are several salient features in these plots. The most noticeable is that contrast is not 

constant across the beam. From this it is clear that the point spread function is a function of the 

transverse coordinate. Any theory which relies on shift-invariance will not properly describe this 

behavior. This variation in contrast is periodic in the transverse dimension, with a period of about 

0.5 inches, or about 13 mm. The period is easiest to see in (b) and (d). Using the prism parameters 

in equation 3.15, this period corresponds to a reduced distance difference of about 23 mm. Since the 

half-Talbot cycle associated with an 8 ccfmm ruling is about 25 mm, there is a close correspondence 

between theory and experiment. 

The numerical simulations produce results which agree with the experiment. Both the beam 

division and mapping models were tested; the results are shown in figures 5-6 and 5-7. Only one 

intensity profile is shown for each method because that is sufficient to demonstrate the validity of the 

model. Additional profiles would simply reconfirm the propagator. The two plots are quite similar. 

Transverse periodicity is correctly calculated by both models. Both profiles are also quite similar to 

the experimental data of figure 5-5d. Noise and a slight deviation from symmetry in the experimental 

data combined with sampling issues in the numerical data make it difficult to decide which of the two 

models is superior. 
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Figure 5-4 Experimental setup for obselVing diffraction through a prism. A collimatcd laser bcam 
is passed through a Ronchi ruling and a prism. The resulting pattcrn is obsclVcd with a dctcctor 
masked by a slit parallcl to the ruling lines. 
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Figure 5-5 Irradiance profiles at sequential positions after the prism. The detector shown in the 
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scan. 
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The Talbot effect in the presence of a lens 

A convincing demonstration of the accuracy of the shift-variant theory for lenses can be 

performed using two similar lenses with large reduced distance differences between their center and 

edge but small amounts of aberration. The similarity is required to make a unit magnification afocal 

system. A large reduced distance difference is necessary for the effect of the lenses to be measurable, 

and relative freedom from aberration avoids confUSing side-effects. 

The experimental setup is shown schematically in figure 5-8. The Ronchi ruling had a 

frequency of 12 cycles/mm and was 50 mm square. The two lenses were 90 mm in diameter and had 

a focal length of 315 mm. The distance from the ruling to the first lens was 315 mm, and the detector 

was placed in the vicinity of the afocal image of the ruling, 315 mm after the second lens. 

This optical system was severely affected by astigmatism. The astigmatic field curves defined 

by Coddington rays are shown in figure 5-9. The sagittal curve (dashed line) is the curve on which 

sharp images of lines passing through the optical axis will lie; the tangential curve (SOlid line) is the 

locus of the images of lines perpendicular to a line passing through the optical axis. Therefore, in the 

direction parallel to the lines in the Ronchi ruling the image surface should follow the sagittal curve, 

in the direction perpendicular to the lines it should follow the tangential curve. 

In figure 5-9 the circles represent the measured data for the direction parallel to the ruling 

lines; they lie on the sagittal curve to within experimental accuracy. Pluses represent the data in the 

direction perpendicular to the ruling lines; again the match to computer prediction is close. 

Therefore, the Talbot image lies on the astigmatic image surface as predicted by theory. 

Ideally, the experimental setup described above would have been modelled and the numerical 

results compared with the experimental oncs. Unfortunately, this is impossible with a reasonable grid 

size. Sampling and aliasing considerations require that the number of points in the grid be 

(5.1) 
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Figure 5-8 Experimental setup to observe diffraction through lenses, A collimated laser beam is 
passed through a Ronchi ruling and a IX telescope, then observed with a detector masked by a slit. 
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Figure 5-9 The astigmatic field curves for the optical system of figure 5-8. S is the sagittal curve, and 
T is the tangential. 
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where w is the width of the beam at the e·2 points and ax is the spacing between grid points. A grid 

of 12 cycles per millimeter was used, and at least four samples per cycle are required to preserve the 

appearance of the grating. Since the beam diameter was 50 mm, a total of 2400 samples over the 

beam diameter is required. This sets the ratio of beam diameter to grid spacing. From this the 

number of points across the grid is found to be over two million. 

For the numerical experiment, the grid was constrained to be no wider than 4096 points. The 

lens was chosen to be a scale model of the lens on the end of a fiber. This left only the beam 

diameter as variable. The goal was then to adjust the beam diameter until the reduced distance 

difference between the center of the lens and the edge was equal to half the distance between Talbot 

images of the grating. A beam diameter of 0.2 millimeters was found to meet this condition. The 

focal length of the lens was then 0.25 millimeters. The grating frequency appropriate for this beam 

was 500 cycles per millimeter. The expected result for the experiment with these parameters is that 

the fringe contrast will have maxima near the center of the beam and at radii of 0.07 and 0.1 mm. 

Low contrast should be expected at radii of 0.05 and 0.087 mm. Figure 5-10 shows the result of the 

computation using the mapping lens model. The beam division model produced the results shown 

in figure 5-11. Both models accurately predict the contrast maxima and minima, so the models are 

valid in the absence of aberration. 
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Figure 5-10 Irradiance profile from the mapping lens model. 
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Figure 5-11 Irradiance profile from the beam division lens model. 
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CHAPTER 6 

CONCLUSIONS 

In the course of this research a fuller understanding of beam propagation through prisms and 

lenses has been obtained. The major accomplishments of this research are that two computational 
. 

models of beam propagation through shift-variant optical elements have been formulated and an 

understanding of the interaction between the Talbot effect and stigmatic imaging systems has been 

obtained. 

Accomplishments 

The Talbot effect has been found to propagate through stigmatic imaging systems in 

accordance with reduced distance calculations. It was found that the surfaces on which the Talbot 

images lie are surfaces of constant reduced distance in the absence of astigmatism. These surfaces are 

congruent to the Petzval surface. Intervening optics have no effect on the spacing between the images, 

and little, if any, effect on the sharpness for moderate amounts of aberration. Only the shape of the 

surfaces on which the images lie is affected when aberrations are present. This shape can be 

calculated by determining the shape of the surface on which an image of the Object would be formed. 

Two new computational models of beam propagation through lenses and prisms have been 

formulated. The first of these is based on the principle of linear superposition. The beam is divided 

into two portions, one in air and the other in glass. These two portions are separately propagated 

the appropriate reduced distance for a small step and then recombined. This cycle of beam division, 

separate propagation and recombination is repeated until the beam has passed through the optical 

clement. The second computational model is based on a mapping approach. Because the angular 



68 

spectrum propagation approach demands a shift-invariant system, the beam is mapped into a space 

where the system is shift-invariant. After this mapping, the propagation is performed, and then the 

inverse mapping removes the distortion from the beam. 

Both of these computational models correctly model the behavior of stigmatic imaging 

systems. The beam division model is conceptually simpler and may be easier to implement. The 

advantage of the transverse magnification model is its speed. Each of the models is likely to find an 

application where it excels. 

Future Research 

One goal for future research in this area is to extend the capability to modelling of other 

shift-variant optical elements. The element that comes to mind first is a grazing incidence mirror. 

Doubtless, others exist. 

Another possible goal for future research would be to more fully consider propagation 

through aberrated optical systems. This is a somewhat daunting task. It would necessitate a 

formalism capable of propagating from one volume to another. The shift-variance of aberrations 

would also have to be handled. Most optical systems are aberrated, so this research would have wide 

applicability. 
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APPENDIX A 

This appendix contains the main routines of the computer program used to perform the 

numerical simulations in this dissertation. They were written in Modula-2, a language conceived by 

Nicholas Wirth in the early 1980's. This language was one of the first procedural languages to include 

Object oriented features such as abstract data types and encapsulation. It is not fully Object oriented 

in that inheritance and late binding are omitted. Also lacking is operator and procedure overloading 

which would have made the routines for complex numbers more attractive. A feature which is 

immediately noticeable in the included program is the separation of modules into definition and 

implementation part~. Only the main module is not divided. The definition part is similar to a 

header in C; it declares what is available for use by other modules. Because Modula-2 is strongly 

typed, the definition modules are also used to enforce type compatibility across modules. 

Implementation modules contain the actual code which implements the procedures. 

The main module for the program is Beam!. It imports the procedures that do all of the 

work from the remaining modules. It also imports a procedure which constructs a menu from the 

string of characters which is passed to it and returns a cardinal number corresponding to the user's 

selection. This number is then used to select which procedure to call. All of this is placed in a 

boltom-testing loop (REPEAT ... UNTIL). BeamlData is the module which exports the basic data 

pertaining to the beam, and procedures to initialize the beam and display its basic characteristics. The 

module BeamlGrating exports a procedure which modulates the beam with an amplitude grating. 

Propagation through free space is accomplished in BeamlSpace. The first exported procedure, 

NearField propagates the beam for a short distance within the Rayleigh range. It is used by the 
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procedures which model propagation through lenses and prisms. The second procedure exported by 

BeamlSpace is the general free space propagator which can propagate the beam between any two 

positions. 

BeamlLens and BeamlPrism are the two routines which implement propagation through 

shift-variant optics. Each exports a single procedure which does all of the work. The implementation 

of the mapping model in the two modules is reasonably straightforward, but the beam division model 

requires a word of explanation. Two ways of implementing the beam division model have been 

conceived. The first, division of the beam into isoplanatic patches and separate propagation of each 

patch was described in chapter 3. Longitudinal division characterizes the second method: the lens 

or prism is divided into a series of slabs. In each of these steps, part of the beam is in air and part 

is in the denser medium. At each step the beam is divided at the air-glass boundary, both parts are 

separately propagated the correct reduced distance, then the beam is recombined. This is repeated 

until the optical element has been traversed. Apart from numerical considerations, this method is 

identical to the transverse beam division method. It is included in the program because it was the first 

implementation of the beam division method to be conceived. BeamlPrism includes both species of 

the beam division method; BeamlLens docs not. 



MODULE Beam1; 
(* main program for propagating a beam sampled by a linear array *) 

FROM Menu IMPORT DoMenu; 
FROM Beam1Data IMPORT InitBeam, BeamParms; 
FROM Beam1Lens IMPORT PropThruLens; 
FROM Beam1Prism IMPORT PropThruPrism; 
FROM Beam1Space IMPORT PropThruSpace; 
FROM Beam1Grating IMPORT PropThruGrating; 
FROM Beam1Plot IMPORT PlotBeam; 

VAR 
ms : ARRAY[O •• 67]OF CHAR; 
choice : CARDINAL; 
done : BOOLEAN; 

BEGIN 
done := FALSE; 
ms := "IJhat Next?IInit BeamlspacelGratinglPrismlLenslViewlBeam ParmsIOuitl"; 
choice := 1; . 
REPEAT 

DoMenu(80, 0, ms, choice); 
CASE choice OF 

o done:= TRUE; I 
1 InitBeam; I 
2 PropThruSpace; 
3 PropThruGrating; 
4 PropThruPrism; 
5 PropThruLens; 
6 PlotBeam; 
7 BeamParms; 
8 done:= TRUE; 

END; 
UNTIL done; 

END Beam1. 
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DEFINITION MODULE BeamlData: 

FROM ComplexNumbers IMPORT COMPLEX: 

CONST 
N = 4096: (* number of samples across the width of the beam *) 
mid = N DIV 2: 
TwoPi = 2.0 * 3.14159265358979323: 
WL = 0.0006328: (* wavelength in millimeters *) 
K = TwoPi I WL: 

TYPE 

VAR 
BeamArray = ARRAY [O •• N-l] OF COMPLEX: 

GS, 
RR, 
BD, 
GC, 
OX 
: REAL: 
GP 
: CARDINAL: 
U 
: BeamArray: 

(* grid scale factor ( = OX I BD) NOT TO BE CHANGED *) 
(* Rayleigh range of the beam CHANGED ONLY BY LENS *) 
(* beam diameter (exp(-2) for Gaussian) *) 
(* curvature of surface on which grid lies *) 
(* distance between calculated points *) 

(* # of samples per grating period *) 

(* array of beam amp & phase *) 

R (* distance of each datum from center *) 
: ARRAY [O •• N-l] OF REAL: 

PROCEDURE InitBeam: 
(* initialize GS, RR, BD, GC, OX, U & R *) 

PROCEDURE BeamParms: 
(* show the beam's peak & total energy, curvature, diameter & Rayleigh range *) 

END BeamlData. 

IMPLEMENTATION MODULE BeamlData: 

FROM 10 IMPORT RdKey, WrStr, WrLn, RdReal, WrReal: 
FROM Menu IMPORT DoHenu: 
FROM MathLibO IMPORT In, exp, sqrt: 
FROM Lib IMPORT WordFill; 

PROCEDURE InitBeam; 
CONST 

VAR 

Pi = 3.14159265358979323; 
TwoPi = 2.0 * Pi; 
sixteenth = 1.0 I 16.0: 
lnlEmS = -11.5129; (* natural log of 1.0E-5 *) 
UC = 1.0 I 0.61; (* uniform amp constant: 2.0 I first zero of JO *) 
SGC = 1.0 I (0.61 * Pi); (* heuristic constant for superGaussian init *) 
SGEXP = 4.0; (* superGaussian exponent *) 
sgc = SGC + (1.0-SGC) I (SGEXP * SGEXP)i (* SuperGaussian constant *) 
fudgefactor = 0.125: (* = 1 for agreement at Rayleigh range *) 

rmax, (* beam semi-diameter *) 
cO, cl (* constants for beam initialization *) 
: REAL: (* beam semi-diameter squared *) 
choice, (* beam type *) 
i : CARDINAL: (* counter *) 
ms : ARRAY[0 •• 45]OF CHAR: 

BEGIN 
ms := "Beam Shape!Top Hat!Gaussian!Super-Gaussian!": 
choice := 2; 
DoHenu(80, 0, ms, choice): 
CASE choice OF 
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1 GS = fudgefactor * sqrt(UC / FLOAT(8*N»; I 
2 GS = fudgefactor * sqrt(Pi / FLOAT(8*N»; I 
3 GS fudgefactor * sgc * sqrt(Pi / FLOAT(8*N»; 

END; 
\JrStr("\Jhat is the beam diameter [in mill imetersl? II); 
BD := RdReal(); 
\JrLn; 
RR := sixteenth a K * BD * BD; (* plane phase front assumed *) 
GC := 0.0: (* plane phase front assumed *) 
ox := BD * GS; 
cO := -8.0 / (BD * BD): (* used by Gaussian *) 
c1 := -0.125 * cO * cO * cO * cO; (* used by SuperGaussian *) 
GP := 0; 
\JrStr("lnitial izing the beam ••• "); 
(* set up the array of radii, making sure it's symmetric *) 
R[mid] := 0.0; 
FOR i := mid+1 TO N-1 DO 

R[i] := R[i-1] + OX; 
R[N-i] := -R[i]; 

END; 
R[O] := R[1] - OX; 
(* zero the beam *) 
\JordFill(ADR(U), SIZE(U) DIV 2, D); 
(* now fill the real part *) 
U[mid].r := 1.0; 
IF choice = 1 THEN 

(* beam is a top hat *) 
rmax := 0.5 * BD; 
FOR i := mid+1 TO mid+TRUNC(rmax / OX) DO 

U[i].r := 1.0; 
U[N-i].r := 1.0; 

END; 
ELSIF choice = 2 THEN 

(* beam is Gaussian *) 
rmax := sqrt(ln1EmS / cO); 
FOR i := mid+1 TO mid+TRUNC(rmax / OX) DO 

U[i].r := exp(cO * R[i] * R[i]); 
U[N-i].r := U[i].r; 

END; 
ELSE 

(* beam is a supergaussian *) 
rmax := exp(0.12S*ln(ln1EmS/c1»; (* eighth root of In(1.E-S) / c1 *) 
FOR i := mid+1 TO mid+TRUNC(rmax / OX) DO 

U [i]. r := exp(c1 * R [i] *R [i] *R [i] *R [i] *R [i] *R [i] *R [il *R [i]); 
U[N-i].r := U[il.r; 

END; 
END; (* IF *) 
IJrStr(ldone."); 
IJrLn; 

END I ni tBeam; 

PROCEDURE BeamParms; 
(* show the beam's peak & total energy, curvature, diameter & Rayleigh range *) 
CONST 

VAR 

tol = 1.0E-S; 
sixteenth = 1.0 / 16.0; 

i : CARDINAL; 
peak, total, energy, z : REAL; 
ch : CHAR; 

BEGIN 
(* calculate the peak & total intensity *) 
peak := 0.0; 
total := 0.0; 
FOR i := 0 TO HIGH(U) DO 
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energy := U[i].r * U[i].r + U[i].i * U[i].i; 
total := total + energy; 
IF energy> peak THEN 

peak := energy; 
END; 

END· 
(* ~onvert from intensity [W/c~2] to energy [Wl *) 
total := total * OX * OX * FLOAT(N*N); 
peak := peak * OX * OX; 
z := sixteenth * K * BD * BD - RR; 
IF z < tol THEN 

z := 0.0; 
END· 
z :~ sqrt(RR * z); 
IF GC < 0.0 THEN 

z := -z; 
END; 
WrLn; 
WrStr(IITotal Energy Peak Energy Curvature Diameter Distance Rayleigh Range"); 
WrLn; 
WrReal(total, 3, -14); 
WrReal(peak, 3, -13); 
WrReal(GC, 3, -11); 
WrReal(BD, 3, -10); 
WrReal(z, 3, -12); 
WrReal(RR, 3, -12); 
WrLn; 
WrLn; 
WrStr("Hit a key to continue"); 
ch := RdKey(); 
WrLn; 

END BealTi'arms; 

END Beam1Data. 
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DEFINITION MODULE Beam1Grating: 

PROCEDURE PropThruGrating: 
(* pass the beam thr:~gh an amplitude grating with even symmetry *) 

END Beam1Grating. 

IMPLEMENTATION MODULE Beam1Grating: 
(* pass the beam through an amplitude grating with even symmetry *) 

FROM 10 IMPORT ~rStr, ~rLn, RdReal, ~rReal: 
FROM Menu IMPORT DoHenu: 
FROM MathLibO IMPORT cos: 
FROM Beam1Data IMPORT U, R, N, GP, OX, ~L; 

PROCEDURE PropThruGrating; 
CONST 

VAR 
TwoPi = 2.0 * 3.14159265358979323; 

p, (* grating period *) 
rp, (* decentration of the point modulo p *) 
qp, tqp (* one quarter & three quarters of the grating period *) 
: REAL; 
i, choice: CARDINAL; 
ms : ARRAY[0 •• 37]OF CHAR; 

BEGIN 
~rStr(IIThe maxillUTl grating frequency for this beam is II); 
~rReal«0.5 / OX), 3, -8); 
~rStr(" cy/mm."); 
~rLn: 
IlrStr(IIEnter the grating frequency (cy/millimeter): II); 
p := 1.0 / RdReal(); 
~rLn: 
GP := TRUNC«p / OX) + 0.5): 
qp := 0.25 * p: 
tqp := 0.75 * p: 
ms := "Grating TypelRonchi RulinglSine ~avel"; 
choice := 2; 
DoHenu(80, 0, ms, choice); 
~rStr(IIAn image of the grating will be formed every II); 
~rReal«p * p / ~L), 3, -8); 
~rStr(II millimeters."); 
~rLn: 
IF choice = 1 THEN 

FOR i := 0 TO N-1 DO 
rp := ABS(R[i]) - P * FLOAT(TRUNC(ABS(R[i])/p»; 
IF (rp < qp) OR (rp > tqp) THEN 

U[i].r := 0.0; 
END; 

END; 
ELSE 

FOR i := 0 TO N-1 DO 
U[i].r := U[i].r * 0.5 * (1.0 + cos(TwoPi * R[i] / p»; 

END; 
END' 

END p~opThruGrating; 

END Beam1Grating. 
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DEFINITION MODULE Beam1Space: 

FROM Beam1Data IMPORT BeamArray: 

PROCEDURE NearField(dz : REAL: (* the distance to propagate *) 
VAR U : BeamArray): (* the beam *) 

(* propagate any beam for a short distance, near the waist *) 

PROCEDURE PropThruSpace: 
(* propagate the beam through free space *) 

END Beam1Space. 

IMPLEMENTATION MODULE Beam1Space; 
(* propagate a beam through free space *) 

FROM 10 IMPORT RdKey, RdCard, RdReal, ~rLn, ~rStr, ~rCard, ~rChar; 
FROM FixedlO IMPORT ReadFixed, ~riteFixed; 
FROM Menu IMPORT DoHenu; 
FROM MathLibO IMPORT sin, cos, sqrt, exp; 
FROM ComplexNumbers IMPORT Scale; 
FROM Fourier IMPORT DIRECTION, FFT1D, Rag1D, Norm; 
FROM Beam1Data IMPORT U, R, N, mid, K, BD, GC, GS, RR, OX; 

PROCEDURE TrackProgress(i, tot: CARDINAL); 
BEGIN 

IF i = 1 THEN 
IlrLn; 
~rStr(IIPropagating step # 1 of II); 
IlrCard(tot, 3); 
IlrChar(10C); 
IlrChar(10C); 
~rChar(10C); 
~rChar(10C); 
IlrChar(10C): 
IlrChar(10C); 
IlrChar(10C); 
IlrChar(10C); 
IlrChar(10C); 
IlrChar(10C); 

ELSE 
IlrCard(i, 3): 
IlrChar(10C); 
IlrChar(10C>; 
~rChar(10C): 

END (* if *): 
END TrackProgress; 

PROCEDURE GetPropagationDistance(VAR Nsteps : CARDINAL; 
VAR dz : REAL); 

(* sets the propagation distance and the number of steps 
BEGIN 

(* # of steps *) 
(* step length *) 

to traverse it *) 

IlrStr("Enter the distance to propagate [millimeters]: II); 
dz := RdRealO; 
IlrStr("Enter the number of steps: ">; 
Nsteps := RdCard(); 
dz := dz I FLOAT(Nsteps>; 
IF Nsteps # 1 THEN 

IlrCard(Nsteps, 2): 
IlrStr(" steps of II); 
IlriteFixed(dz, 2.3); 
IlrStr(" microns will be taken."); 
IlrLn; 

END; 
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END GetPropagationDistance; 

PROCEDURE NearField(dz : REAL;VAR U : BeamArraY)j 
CONST 

TwoPi = 2.0 * 3.14159265358979323; 
VAR 

i : CARDINAL; 
ky, dky, (* the propagation constant, y component & increment *) 
propr, propi, (* the propagation factors (exp(iz(k~2 12k» *) 
x, (* a dummy *) 
cx, sx, (* cosine & sine of phase for evanescent waves *) 
f (* phase of plane wave *) 
: REAL; 

BEGIN 
(* set up a few constants *) 
cx := cos(K * dz); 
sx := sin(K * dz); 
dky := TwoPi I (FLOAT(N) * OX); 
(* transform to angular spectrum *) 
Rag1D(U); 
FFT1D(U, Forward); 

(* HaybePlotBeam(U); *) 

(* 

*) 

(* propagate angular spectrum *) 
(* U[O] is unchanged *) 
ky := dky; 
FOR i := 1 TO mid DO 

(* calculate the propagator *) 

(* parabolic approximation; good if OX > ~L *) 
f := dz * 0.5 * ky * ky I K; 
propr := cos(f); 
propi := sin(f); 

(* spherical wavej must be used if OX < ~L *) 

f := K * K - ky * ky; 
IF f >= 0.0 THEN 

f := (K - sqrt(f» * dz; 
propr := cos(f); 
propi := sin(f); 

ELSIF f < -150.0 THEN 
(* work-around for TopSpeed bug *) 
propr := 0.0; 
propi := 0.0; 

ELSE 
f := exp(-sqrt(-f»; 
propr := cx * fj 

propi := sx * fj 
ENDj (* IF *) 
(* apply the propagator *) 
x := U[il.rj 
U[i].r := x * propr - U[i].i * propi; 
U[i].i := x * propi + U[i].i * propr; 
x := UrN-I] .rj 
U[N-i].r := x * propr - U[N-i].i * propi; 
U[N-i].i := x * propi + U[N-i].i * propri 
ky := ky + dky; 

END; (* FOR *) 
(* HaybePlotDeam(U); *) 

(* transform back to complex amplitude *) 
FFT1D(U, Inverse); 
Rag1D(U)i 
Norm(U) ; 

END NearField; 

PROCEDURE QuadPhaseFac(dz REALi (* the step length *) 
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VAR U : BeamArray); (* the beam *) 
(* multiply the beam by a quadratic phase factor *) 
VAR 

f 
: CARDINAL; 
rx, (* dec enter of the grid element *) 
c, x, (* dummies *) 
DXw2, (* square of the OX at the beam waist *) 
r2, (* constant times the decenter squared *) 
cx, sx (* cosine & sine of phase factor *) 
: REAL; 

BEGIN 
DXw2 := GS * GS * 16.0 * RR I K; 
c := K * DXw2 I (2.0 * dz); 
(* U[mid) is unchanged *) 
rx := 0.0; 
FOR i := 1 TO mid-1 DO 

r2 := c * rx * rx; 
sx := sin(r2); 
cx := cos(r2); 
x := U[mid-i).r; 
U[mid-i).r := x * cx - U[mid-i).i * sx; 
U[mid-i).i := x * sx + U[mid-i).i * cx; 
x := U[mid+i) .r; 
U[mid+i).r := x * cx - U[mid+i).i * sx; 
U[mid+i).i := x * sx + U[mid+i).i * cx; 
rx := rx + OX; 

END; 
r2 := c * rx * rx; 
sx := sin(r2); 
cx := cos(r2); 
x:=U[O).r; 
U[O).r := x * cx - U[O).i * sx; 
U[O).i := x * sx + U[O).i * cx; 

END QuadPhaseFac; 

PROCEDURE FarField(dz : REAL; (* the step length *) 
VAR U : BeamArray); (* the beam *) 

(* Propagate a beam one step by the Fast Hankel Transform method *) 
(* This procedure will propagate to or from the beam waist *) 
VAR 

CARDINAL; 
cREAL; 

BEGIN 
Rag1D(U); 
IF dz > 0.0 THEN 

FFT1D(U, Forward); 
ELSE 

FFT1D(U, Inverse); 
END; 
Rag1D(U); 
c := 1.0 I sqrt(FLOAT(N»; 
FOR I := 0 TO HIGH(U) DO 

Scale(c, U[i); 
END' 

END F~rField; 

PROCEDURE PropagateBeam(dz : REAL; (* the step length *) 
VAR U : BeamArray); (* the beam *) 

(* Propagate the beam using Fast Hankel Transforms *) 
(* Provision is made for beam vergence *) 
CONST 

tol = 1.0E-S; 
sixteenth = 1.0 I 16.0; 

VAR 
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CARDINAL: 
z, 
oldDX, 
mag 

(* distance to waist *) 
(* terJ1) *) 
(* the grid scale factor *) 

: REAL: 
BEGIN 

z := sixteenth * 
IF z < tol THEN 

z := 0.0: 
ELSE 

K * BD * BD - RR: 

z := sqrt(RR * z): 
END' 
IF GC < 0:0 THEN 

z := -z: 
END: 
IF ABS(z) < RR THEN 

IF ABS(z + dz) < RR THEN 
(* inside to inside *) 
NearField(dz, U): 

ELSE 
(* inside to outside *) 

IF z # 0.0 THEN 
NearField(-z, U): 

END' 
QuadPhaseFaC(z+dz, U): 
FarField(z+dz, U): 

END: 
ELSE 

IF ABS(z + dz) < RR THEN 
(* outside to inside *) 
FarField(-z, U): 
QuadPhaseFac(-z, U): 
IF z+dz # 0.0 THEN 

NearField(z+dz, U): 
END: 

ELSE 
(* outside to outside *) 
FarField(-z, U): 
QuadPhaseFac(-z, U): 
QuadPhaseFac(z+dz, U): 
FarField(z+dz, U): 

END: 
END: 
(* now update the beam parameters *) 
IF (ABS(z) > RR) OR (ABS(z+dz) > RR) THEN 

(* adjust the grid spacing *) 
(* the grid spacing must be "correct" for this to work *) 
old)X := DX: 
DX := GS * sqrt(16.0 * RR / K); 
IF ABS(z+dz) > RR THEN 

DX := DX * ABS(z + dz) / RR; 
END: 
(* conserve energy *) 
mag := oldDX / DX; 
IF ABS(mag-1.0) > tol THEN 

FOR i := 0 TO HIGH(U) DO 
Scale(mag, U[i]); 

END; 
END: 

END: 
z := z + dz; 
GC := z / (z * z + RR * RR): 
BD := sqrt(16.0 * (RR + z * z / RR) / K); 
(* RR is not changed *) 
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END PropagateBeam; 

PROCEDURE PropThruSpace; 
(* propagate a beam through free space *) 
VAR 

i, 
Nsteps : CARDINAL; (* the number of steps to be taken *) 
scale, (* the amount the grid is scaled by this propagation *) 
mag, (* the amplitude scale factor *) 
dz : REAL; (* the length of 1 step *) 

BEGIN 
scale := OX; 
GetPropagationDistance(Nsteps, dz); 
FOR i := 1 TO Nsteps DO 

TrackProgress(i, Nsteps); 
PropagateBeam(dz, U); 

END; 
WrLn; 
(* adjust decenter for the new grid size *) 

scale := OX I scale; 
IF scale # 1.0 THEN 

FOR i := 0 TO N-1 DO 
R [i] := R [i] * scale; 

END; 
END· 

END p~opThruSpace; 

END Beam1Space. 
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DEFINITION MODULE Beam1Lens; 

PROCEDURE PropThruLens; 
(* propagate the beam through a lens *) 

END Beam1Lens. 

IMPLEMENTATION MODULE Beam1Lens; 
(* propagate a beam through a lens *) 
(* the lens is modelled by any of a number of routines *) 

FROM 10 IMPORT RdKey, RdReal, RdCard, ~rChar, ~rCard, ~rStr, ~rLn, ~rReal; 
FROM Lib IMPORT ~ordFill; 
FROM Storage IMPORT ALLOCATE, DEALLOCATE; 
FROM FixedlO IMPORT ~riteFixed; 
FROM Menu IMPORT DoMenu; 
FROM MathLibO IMPORT sqrt, arctan; 
FROM ComplexNumbers IMPORT COMPLEX, CMPLX, AngToExp, Add, Sub, Mul, Scale; 
FROM Interpolation IMPORT CmplxLinlnt1D; 
FROM Beam1Data IMPORT BeamArray, U, R, N, mid, OX, ~L, K, BD, RR, GC; 
FROM Beam1Space IMPORT NearField; 
FROM Beam1Plot IMPORT MaybePlotBeam; 

TYPE 
MagFunc = PROCEDURE(REAL):REAL; 

VAR 
f, (* lens focal length *) 
CA, (* lens semi-diameter *) 
c1, c2, (* lens curvatures *) 
cc1, cc2, (* the conic constants *) 
n, (* lens refractive index *) 
thi, (* lens thickness *) 
me, (* magnification constant *) 
oldGC (* wavefront curvature before lens *) 
: REAL; 
choice : CARDINAL; 
ms : ARRAY[0 •• 45]OF CHAR; 

PROCEDURE Sag(c, cc, r : REAL):REAL; 
(* compute the sagitta of the lens surface "surf" at radius "r" *) 
VAR 

r2 : REAL; 
BEGIN 

r2 := r * r; 
RETURN c * r2 /(1.0 + sqrt(1.0 • (1.0 + cc) * c * c * r2»; 

END Sag; 

PROCEDURE GetLens; 
(* enter the lens parameters *) 
VAR 

b, 
pIl, 
et 
: REAL; 

BEGIN 

(* the bending factor of the lens *) 
(* the power of the lens *) 
(* the edge thickness *) 

~rStr(IIThi s program assumes dimens ions of mill imeters. II); 
~rLn; 
~rStr(IIThe operating wavelength is II); 
~riteFixed(1000.0*~L, 3.3); 
~rStr(II microns."): 
~rLn; 

~rLn; 
~rStr(II~hat is the refractive index of the lens? II); 
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n := RdReal C); 
WrStr("What is the focal length of the lens? II): 
f := RdRealC); 
ph := 1.0 1 f: 
WrStr("What is the thickness of the lens? II); 
thi := RdReal(); 
WrStr("Bending is defined as (c1 + c2) 1 (c1 - C2)."); 
WrLn; 
WrStr("What is the bending of the lens? II): 
b := RdRealC); 
(* assume thi « 4 * n * f ; from Shack p. 21 *) 
c1 := 0.5 * (1.0+b) * ph * (1.0 + 0.25 * (1.0 - b*b) * ph * thi 1 n)/(n-1.0); 
c2 := 0.5 * (1.0-b) * ph * (1.0 + 0.25 * (1.0 - b*b) * ph * thi 1 n)/(1.0-n); 
WrStr(IIThe first radius is II); 
IF c1 = 0.0 THEN 

WrStr(lIplane. II ); 
ELSE 

WriteFixed(1.0/c1, 4.4); 
WrStr(1I millimeters."); 

END: 
WrLn: 
WrStr(IIThe second radius is II); 
IF c2 = 0.0 THEN 

WrStr(lIplane. II ); 
ELSE 

WriteFixed(1.0/c2, 4.4); 
WrStr(1I millimeters."): 

END; 
WrLn; 
IF c1 # 0.0 THEN 

WrStr("What is the conic constant for the first surface: II); 
cc1 := RdReal(); 

ELSE 
cc1 := 0.0: 

END; 
IF c2 # 0.0 THEN 

WrStr("What is the conic constant for the second surface: II); 
cc2 := RdReal(); 

ELSE 
cc2 := 0.0; 

END· 
(* ~ompute the allowable clear aperture *) 
CA := 1.0E10; 
IF (c1 # 0.0) AND (cc1 > -1.0) THEN 

CA := 1.0 1 (ABS(c1) * sqrt(1.0 + cc1»; 
END; 
IF (c2 # 0.0) AND (cc2 > -1.0) AND 

(CA> 1.0 1 (ABS(c2) * sqrt(1.0 + cc2») THEN 
CA := 1.0 1 (ABS(c2) * sqrt(1.0 + cc2»; 

END; 
IF CA < 1.0E10 THEN 

WrStr(IIThe lens diameter must be less than II); 
WriteFixed(2.0 * CA, 5.1); 
WrStr(1I millimeters."); 
WrLn; 

END; (* IF *) 
WrStr("What is the lens diameter? II); 
CA := 0.5 * RdReal(); (* the clear aperture radius is used internally *) 
(* check the edge thickness & adjust center thickness, if necessary *) 
et := thi - Sag(c1, cc1, CA) + Sag(c2, cc2, CA); 
IF et >= 0.0 THEN 

WrStr(IIThe edge thickness is II); 
WriteFixed(et, 5.3); 
WrStr(1I millimeters. II ); 
WrLn; 
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ELSE 
thi := 1.001 * (thi - et); 
"'rStr("The edge thickness was less than 0, so the new center thickness is II); 
"'riteFixed(thi, 5.3); 
"'rLn; 
(* assume thi « 4 * n * f ; from Shack p. 21 *) 
c1 := 0.5*(1.0+b) * ph * (1.0 + 0.25 * (1.0 - b*b) * ph *thi 1 n)/(n-1.0); 
c2 := 0.5*(1.0-b) * ph * (1.0 + 0.25 * (1.0 - b*b) * ph *thi 1 n)/(1.0-n); 
"'rStr("The first radius is II); 
"'riteFixed(1.0/c1, 4.4); 
"'rStr(" millimeters."); 
"'rLn; 
"'rStr("The second radius is II); 
"'riteFixed(1.0/c2, 4.4); 
"'rStr(" mill imeters. II ); 
"'rLn; 

END; 
(* inform user of ROD at the edge of the lens *) 
IJrStr("The maxinun reduced distance difference for this lens is II); 
"'riteFixed«CA * CA 1 (2.0 * n * f», 4.4); 
"'rStr(" mm."); 
"'rLn; 
"'rStr("Did you enter everything correctly?"); 
IF CAP(RdKey(» # "Y" THEN 

"'rLn; 
Get Lens; 

ELSE 
"'rLn; 

END; 
(* set up a constant for the transverse magnification model *) 
me := 1.0 1 (8.0 * thi * f); 

END GetLens; 

PROCEDURE UpdateBeamParms; 
VAR 

ph, (* the inverse of the lens focal length *) 
wO : REAL; (* the new beam waist *) 

BEGIN 
ph := 1.0 / f; 
wO := sqrt(2.0 * RR / (K + K * RR * RR * ph * ph»; 
RR := 0.5 * K * wO * wO; 
oldGC := GC; 
GC := GC - ph; 
IF GC * R[O] > 1.0 THEN 

IJrStr("The grid doesn't fit onto a hemisphere, II); 
IF GC * wO > 1.0 THEN 

IJrStr("and neither does the beam. II); 
ELSE 

IJrStr("but the beam does. II); 
END; 
IJrLn; 

END; 
(* BD is not changed *) 
(* OX will be changed in AdjustGrid *) 

END UpdateBeamParms; 

C*****************************************************************************) 
(* MAGNIFICATION PROCEDURES *) 
C*****************************************************************************) 

PROCEDURE MagnifyBeam(VAR U : BeamArray; 
VAR imin, imax : CARDINAL; 
Mag : MagFunc); 

(* apply a non-linear magnification to the beam, 
(* distances through the optical element *) 

(* the beam *) 
(* limits on FOR loop *) 
(* magnification function *) 
based on the reduced *) 
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CONST 

VAR 
small" 1.0E·4; 

I (* counter *) 
: CARDINAL; 
m (* the local magnification *) 
: REAL; 
Up (* magnified beam with uneven sampling *) 
: POINTER TO BeamArray; 
rp (* coordinate data for magnified beam *) 
: POINTER TO ARRAY[0 •• N·1]OF REAL; 

BEGIN 
(* allocate and zero temporary storage *) 
NEIJ(Up) ; 
IJordFill(Up, SIZE(UpA) DIV 2, 0); 
NEIJ(rp): 
IJordFill(rp, SIZE(rpA) DIV 2, 0); 
(* magnify the beam and place it into the temporary storage *) 
FOR I := Imln TO imax 00 

(* calculate the coordinate on U which will map to Up[i] *) 
(* and the appropriate amplitude magnification for energy conservation *) 
IF R[i] = 0.0 THEN 

rpA[I-lmln] := 0.0; 
m := 1.0; 

ELSE 
rpA[I-lmln] := Mag(R[i]): 
m := sqrt(R[I] / rpA[I-imin]); 

END; 
UpA[I-imin].r := U[i].r * m: 
UpA[I-lmln].i := U[i].1 * m; 

END; (* FOR *) 
(* now Interpolate back onto the original array *) 
(* zero the beam *) 
IJordFill(ADR(U), SIZE(U) DIV 2, 0); 
(* determine the limits for the interpolation *) 
I := imax - imin: 
lmax := N-1; 
REPEAT 

DEC( imax); 
UNTIL R[imax] < rpA[i]; 
imin := 0; 
REPEAT 

INC(imin); 
UNTIL R[imin] > rpA[O]; 
(* do the interpolation *) 
FOR I := imin TO imax 00 

CmplxLinlnt1D(UpA, rpA, 0, R[i], U[i]); 
END: 
(* de-allocate the temporary storage .) 
DISPOSE(Up); 
01 SPOSE( rp); 

END HagnifyBeam: 

PROCEDURE LensHag1(y : REAL):REAL; 
(* compute y' = m • y, given y .) 
(* uses the second order approximation for reduced distance *) 
(* end essl..."!le:: that the incoming wavefront & [I,:;t lens ::iudace are plane .) 
(* global variables used: me *) 
BEGIN 

RETURN Y / sqrt«1.0 + me • y * y»; 
END LensHag1: 

PROCEDURE LensHag2(y : REAL):REAL; 
(* compute y = m' * yl, given y' *) 
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(* uses the second order approximation for reduced distance *) 
(* and assumes that the incoming wavefront & first lens surface are plane *) 
(* global variables used: me *) 
BEGIN 

RETURN Y I sqrt«1.0 • me * y * Y»i 
END LensHag2i 

(********************************************************.********************) 
(* RAY TRACING PROCEDURES *) 
(*****************************************************************************) 

PROCEDURE Transfer(c, k, n, H, N : REALi 
VAR r, z, OPL : REALi 
VAR NoError : BooLEAN)i 

(* given the present coordinates (r, z, H, N) of a ray, *) 
(* calculate the intersection with the next (conic) surface *) 
(* if a ray' trace error is encountered, NoError is set FALSE *) 
(* and the calculation is not completed. *) 
(. from Welford, ch 4 .) 
VAR 

w, F, G, rad REALi 
BEGIN 

(* calculate OPL contribution & transfer to tangent plane *) 
w := ·z I Ni 
OPL := OPL + n * wi 
r := r + H * wi 
(* calculate OPL contribution & transfer to conic *) 
F := c * r * ri 
G := N - c * H * ri 
rad := G*G - c * F * (1.0 + k*N*N)i 
IF rad < 0.0 THEN 

NoError := FALSEi 
RETURNi 

ENDi 
w := F I (G + sqrt(rad»i 
OPL := OPL + n * wi 
r := r + H * wi 
z := N * Wi 

END Transferi 

PROCEDURE Refract(r, z, c, k, n, np : REALi 
VAR N, H : REALi 
VAR NoError : BooLEAN)i 

(* use Snell's law to find the new direction of a ray *) 
(. if a ray-trace error is encountered, NoError is set FALSE .) 
(. from Welford, ch 4 with corrections .) 
VAR 

den, rad, 
beta, gama, 
cosl, npcoslp, 
dcl 
: REALi 

BEGIN 

(* dlmTTY .) 
(* dir cosines of surface normal *) 
(. cosine of angle of incidence & refraction .) 

den := 1.0 I sqrt(1.0 - k • c • c • r • r)i 
beta := -c * r • deni 
gama := sqrt(1.0 - beta • beta)i 
cosl := (N - c * (H * r + N * (1.0 + k) * z» • deni 
red := np"np .. n"n"('l.G - cc.:;& 1; ':'usi)i 
IF rad < 0.0 THEN 

NoError := FALSEi 
RETURNi 

ENDi 
npcoslp := sqrt(rad)i 
dcl := npcoslp - n * cosli 
H := (n * H + dcl • beta) / npi 
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N := (n * N + dcI * garna) I np; 
END Refract; 

PROCEDURE Trace(VAR r, OPL : REAL;VAR NoError : BOOLEAN); 
(* trace a ray through a lens *) 
(* if a ray-trace error is encountered, NoError is set FALSE *) 
(* used by ExactPhase to calculate the ray height on the outgoing wavefront *) 
(* and the optical path length along that ray *) 
(* OPL is in lens units, not wavelengths *) 
(* if OPL is passed as 0, the OPL will be calculated. *) 
(* if it is passed as the negative of the chief ray OPL, the OPD will be calc *) 
VAR 

z, H, N : REAL; 
BEGIN 

NoError := TRUE; 
(* convert from wavefront coordinates to Cartesian coordinates *) 

r := r I sqrt(1.0 + r * r * oldGC * oldGC); 
(* init direction cosines & z *) 
H := oldGC * r; 
IF H > 1.0 THEN 

NoError := FALSE; 
RETURN; 

END; 
N := sqrt(1.0 - H * H); 
IF oldGC = 0.0 THEN 

z := 0.0; 
ELSE 

z := (N - 1.0) I oldGC; 
END· 
(* trace the ray through the lens *) 
Transfer(c1, cc1, 1.0, H, N, r, z, OPL, NoError); 
IF NoError THEN 

Refract(r, z, c1, cc1, 1.0, n, N, H, NoError); 
END; 
z := z - thi; 
IF NoError THEN 

Transfer(c2, cc2, n, H, N, r, z, OPL, NoError); 
END; 
IF NoError THEN 

Refract(r, z, c2, cc2, n, 1.0, N, H, NoError); 
END; 
IF NoError THEN 

Transfer(-GC, 0.0, 1.0, H, N, r, z, OPL, NoError); 
END; 
(* convert back to wavefront coordinates *) 
IF NoError THEN 

r := r / sqrt(1.0 - r * r * oldGC * oldGC); 
END; 

END Trace; 

PROCEDURE PropThruLensByMag; 
(* traverse a lens using the transverse magnification method *) 
CONST 

VAR 
Half Pi = 0.5 * 3.14159265358979323; 

i, 
imin, irnax 
: CARDINAL; 
r, 
opd 
: REAL; 
ph 
: COMPLEX; 
NoError 
: BOOLEAN; 

(* array index at the edge of the lens *) 

(* dummy radius *) 
(* optical path difference between exact & parax *) 

(* phase induced by the opd *) 
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BEGIN 
(* determine the array index at the edge of the lens *) 
imax := mid + TRUNC(0.5 + CA / DX); 
IF imax > N-1 THEN 

imax := N-1; 
imin := 0; 

ELSE 
imin := mid - TRUNC(0.5 + CA / DX); 

END' 
wrStr(IIThe beam is being magnified prior to passing through the lens. II); 
WrLn; 
HagnifyBeam(U, imin, imax, LensHag1); 

(* HaybePlotBeam; *) 
WrStr(IIThe beam is propagating through the lens."); 
WrLn; 
NearField(thi/n, U); 

(* HaybePlotBeam; *) 
WrStr(IIThe beam is being de-magnified to its physical size."); 
WrLn; 
HagnifyBeam(U, imin, imax, LensHag2); 

(* HaybePlotBeam; *) . 
WrStr(IIThe phase errors are being corrected. II); 
WrLn; 
FOR i := 0 TO N-1 DO 

IF ABS(R[i]) < CA THEN 
r := R [i]; 
opd := -n * thi; 
Trace(r, opd, NoError); 
IF NoError THEN 

IF U[i].r # 0.0 THEN 
AngToExp«K * opd - arctan(U[i].i / U[i].r», ph); 

ELSIF U[i].i > 0.0 THEN 
AngToExp(K * opd - Half Pi, ph); 

ELSIF U[i].i < 0.0 THEN 
AngToExp(K * opd + Half Pi, ph); 

ELSE 
AngToExp(K * opd, ph); 

END' 
HulCU[i], ph, U[i]); 

ELSE 
CHPLX(O.O, 0.0, U[i]); 

END; 
ELSE 

CMPLX(O.O, 0.0, U[i]); 
END; 

END; 
END PropThruLensByMag; 

c*******************··***********··**************··***************************) 
(* Procedures used by TwoBeamSuperpos it i on *) 
(*****************************************************************************) 

PROCEDURE TrackProgress(i, tot: CARDINAL); 
(* display the number of steps taken so far *) 
BEGIN 
(* 

WrStr("Propagating step # II); 
WrCard(i, 3); 
WrStr(1I of II); 

*) 

WrCard(tot, -3); 
WrLn; 

IF i = 1 THEN 
WrLn; 
WrStr("Propagating step # 1 of II); 
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WrCard(tot, -3); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 
WrChar(10C); 

ELSE 
WrCard(i, 3); 
WrChar(10C); 
WrChar( 10C); 
WrChar(10C); 

END (* if *); 
IF i = tot THEN 

WrLn; 
END; 

END TrackProgress; 

PROCEDURE GetSteps(VAR Nsteps : CARDINAL;VAR dz : REAL); 
(* enter the number of steps to be taken, with advice *) 
BEGIN 

WrStr(IIThe distance to propagate is II); 
WriteFixed(dz, 4.5); 
WrStr(1I mill imeters."); 
WrLn; 
WrStr("Enter the number of steps: II); 
Nsteps := RdCard(); 
dz := dz / FLOAT(Nsteps); 
IF Nsteps # 1 THEN 

WrCard(Nsteps, Z); 
WrStr(1I steps of II); 
WriteFixed(dz, Z.5); 
WrStr(" millimeters will be taken. II); 
WrLn; 

END; 
END GetSteps; 

PROCEDURE FindBoundary(cl, ccl, cZ, ccZ, t : REAL): REAL; 
(* find the radius at which the wavefront meets the surface *) 
VAR 

Rl, RZ, 
el, eZ, 
0, b, c, 
: REALi 

BEGIN 

(* the two radii *) 
(* the two eccentricities in Welford's form *) 
e, f, g 

el := 1.0 + ccl; 
eZ := 1.0 + ccZ; 
IF cl = 0.0 THEN 

RETURN sqrt(Z.O * t / cZ - eZ * t * t); 
ELSIF cZ = 0.0 THEN 

RETURN sqrt(-Z.O * t / cl - el * t * t)i 
END; 
Rl := 1.0 / cl; 
RZ := 1.0 / cZ; 
IF (el = 0.0) AND (eZ = 0.0) THEN 

RETURN sqrt(Rl * t / (RZ - Rl»; 
END; 
IF el = 0.0 THEN 

o := eZ; 
b := 4.0 * Rl * (Rl - RZ - eZ * t)i 
c := 4.0 * Rl * Rl * t * (Z.O * RZ + eZ * t)i 
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ELSIF e2 = 0.0 THEN 
a := e1; 
b := 4.0 * R2 * (R2 - R1 - e1 * t); 
c := 4.0 * R2 * R2 * t * (2.0 * R1 + e1 * t); 

ELSE 
e := 2.0 * (e2 * R1 - e1 * R2); 
f := (e1 * e2 * t + e) * e1 * t; 
9 := 2_0 * e1 * e2 * t + e; 
9 := 9 * g; 
e := e * R1; 
a := (e1 - e2) * (e1 - e2) * e1 * e1; 
b := 2.0 * (e1 - e2) * e1 * (f + e) + g; 
c := (f + e) * (f + e) - 9 * R1 * R1; 

END; 
IF a = 0.0 THEN 

RETURN sqrt(-c / b); 
ELSIF b >= 0.0 THEN 

RETURN sqrt«sqrt(b * b - 4.0 * a * c) - b) / (2.0 * a»; 
ELSE 

RETURN sqrt(-(sqrt(b * b - 4.0 * a * c) + b) / (2.0 * a»; 
END· 

END FlndBoundary; 

PROCEDURE SplitBeam(VAR A, B : ARRAY OF COMPLEX; 
IxIy : REAL); 

(* split the beam with a linear taper *) 
CONST 

VAR 
HalfTaperFrac = 0.015; (* the taper halfwidth is 1.5~ of the beam width *) 

CARDINAL; 
frac, 
halfw, 
wi 
: REAL; 
tot, 
chg 

(* the fraction of the beam to be moved *) 
(* halfwidth of the taper *) 
(* 1 / (the width of the taper) *) 

(* the total irradiance at this location *) 
(* the amount of the beam to be transferred *) 

: COMPLEX; 
BEGIN 

IF N < 128 THEN 
halfw := 1.5 * OX; 

ELSE 
(* assure that the taper is at least 3 wide *) 

halfw := HalfTaperFrac * FLOAT(N) * OX; 
END; 
wi := 0.5 / halfw; 
FOR i := 0 TO HIGH(A) DO 

IF ABS(R[i]) < bdy - halfw THEN 
(* put it all in A *) 
frac := 0.0; 

ELSIF ABS(R[i]) < bdy + halfw THEN 
frac := 0.5 + wi * (ABS(R[i]) - bdy); 

ELSE 
(* put it all in B *) 
frac := 1.0 

END· 
Add(A[i], B[i], tot); 
chg := tot; 
Scale(frac, chg); 
B [il := chg; 
Scale«1.0 - frac), tot); 
ACil := tot; 

END; (* FOR *) 
END Spl i tBeam; 

PROCEDURE PropThruLensBySuperposition; 
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VAR 
B : POINTER TO BeamArraYi (* the outside portion of the beam *) 
i, 
Nsteps : CARDINALi (* the number of steps to be taken *) 
gc, 
t, 
dzb, dzu, 
bcIy, 

(* grid curvature *) 
(* axial distance from wavefront to surface *) 
(* step lengths for B & U *) 
(* intersection height of wavefront & surface *) 
(* the length of 1 step *) dz : REAL; 

CenterlnGlass BOOLEANj (* the wavefront center is in glass *) 
BEGIN 

NEIoI(B); 
gc := oldGCi 
(*********** propagate into the lens ************) 
IoIrStr("Stepping into the lens. II); 
IoIrLn; 
(* set up for propagation into the lens *) 
dz := Sag(c1, cc1, CA) - Sag(oldGC, 0.0, CA); 
IF dz < 0.0 THEN 

CenterinG lass := FALSE; 
NearField(dz, U); (* step back out of the lens *) 
t := dz; 
dz := -dz; 
thi := thi + dZj 

ELSE 
t := 0.0; 
CenterlnGlass := TRUEj 

ENDi 
(* do the propagation *) 
IF dz # 0.0 THEN 

(* zero the outside beam (B) *) 
loIordFill(B, (SIZE(BA) DIV 2), 0); 
GetSteps(Nsteps, dz); 
IF CenterlnGlass THEN 

dzb := dz; 
dzu := dz / nj 

ELSE 
dzb := dz / n; 
dzu := dZj 

END; 
FOR i := 1 TO Nsteps DO 

TrackProgress(i, Nsteps); 
IF i > 1 THEN 

bdy := FindBoundary(gc, 0.0, c1, cc1, t); 
SplitBeam(U, BA, bdy); 
NearField(dzb, BA); 

END; 
NearField(dzu, U); 
t := t + dz; 
thi := thi - dz; 
gc := gc / (1.0 + gc * dz); 

END; (* FOR *) 
(* recombine the beams *) 
FOR i := 0 TO HIGH(U) 00 

Add(U[i], BA[i], U[i»; 
END; 

END; (* IF *) 
(****** step through the part of lens where the whole beam is in glass ******) 
IIrStr("Stepping through the part of the lens where the whole beam in glass."); 
IIrLn; 
(* calculate new grid curvature *) 
gc := (oldGC - (n - 1.0) * c1) / n; (* refract *) 
gc := gc / (1.0 + gc * t); (* transfer *) 
(* determine the distance to the intersection with the next surface *) 
dz := thi + Sag(c2, cc2, CA) - Sag(gc, 0.0, CA); 
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IF dz > thi THEN 
dz := thi; 
CenterInG lass := FALSE; 

ELSE 
CenterInGlass := TRUE; 

END· 
(* propagate that distance *) 
NearField(dz I n, U); 
thi := thi - dz; 
gc := gc I (1.0 + gc * dz); 
(********* step out of the lens *********) 
IJrStr("Stepping out of the lens."); 
IJrLni 
(* set up for the propagation *) 
IF CenterlnGlass THEN 

dz := thi; 
ELSE 

dz := Sag(c2, cc2, CA) . Sag(gc, 0.0, CA); 
END; 
t := ·thi; 
(* do the propagation *) 
IF dz # 0.0 THEN 

(* zero the outside beam (B) *) 
IJordFill(B, (SIZE(BA),DIV 2), 0); 
GetSteps(Nsteps, dz); 
IF CenterInGlass THEN 

dzb := dz; 
dzu := dz I n; 

ELSE 
dzb := dz I n; 
dzu := dz; 

END; 
FOR i := 1 TO Nsteps DO 

TrackProgress(i, Nsteps); 
IF i > 1 THEN 

bdy := FindBoundary(gc, 0.0, c2, cc2, t); 
SplitBeam(U, BA, bdy); 
NearField(dzb, BA); 

END; 
NearField(dzu, U); 
t := t + dz; 
thi := thi • dz; 
gc := gc I (1.0 + gc * dz); 

END; (* FOR *) 
(* recombine the beams *) 
FOR i := 0 TO HIGH(U) DO 

Add(U[i], BA [i], U[i]); 
END; 

END; (* IF *) 
DISPOSE(B); 

END PropThruLensBySuperposition; 

PROCEDURE PropThruLens; 
VAR 

choice: CARDINAL; 
ms : ARRAY[0 •• 55]OF CHAR; 

BEGIN 
(* enter the lens parameters *) 
GetLens; 
UpdateBeamParms; 
(* decide how to model the lens *) 
ms := "IJhich Hethod!Superposition!Hagnification!OOPS!"; 
choice := 2; 
DoHenu(80, 0, ms, choice); 
IF choice = 1 THEN 
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PropThruLensBySuperpositioni 
ELSIF choice = 2 THEN 

PropThruLensByHa9i 
ENDi 
(* AdjustGridi *) 

END PropThruLensi 

END Beam1Lens. 
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DEFINITION MODULE Beam1Prism: 

PROCEDURE PropThruPrism: 
(* propagate the beam through a prism *) 

END Beam1Prism. 

IMPLEMENTATION MODULE Beam1Prism: 

FROM 10 IMPORT RdKey, RdInt, WrStr, WrLn, WrCard, WrInt, WrReal: 
FROM FixedIO IMPORT WriteFixed: 
FROM Menu IMPORT DoMenu: 
FROM Lib IMPORT WordFill: 
FROM Storage IMPORT ALLOCATE, DEALLOCATE: 
FROM MathLibO IMPORT sqrt, sin, cos, real, entier: 
FROM Interpolation IMPORT CmplxLinlnt1D: 
FROM Beam1Data IMPORT U, R, N, mid, BeamArray, OX, BD: 
FROM Beam1Space IMPORT NearField: 

TYPE 
MagFunc = PROCEDURE(REAL):REAL: 

VAR 
a : REAL: 

PROCEDURE MagnifyBeam(imin, imax1 : CARDINAL; (* limits on FOR loop *) 
offset : REAL; (* coordinate offset *) 
Mag: MagFunc): (* magnification function *) 

(* apply a non-linear magnification to the beam, based on the reduced *) 
(* distances through the optical element *) 
CONST 

VAR 
small = 1.0E-4: 

i, 
imax2 
: CARDINAL: 
m 
: REAL; 

(* counter *) 
(* upper limit for the interpolation *) 

(* the local magnification *) 

Up (* magnified beam with uneven sampling *) 
: POINTER TO BeamArray; 
rp (* coordinate data for magnified beam *) 
: POINTER TO ARRAY[0 •• N-1]OF REAL: 

BEGIN 
(* allocate and zero temporary storage *) 
NEW(Up) ; 
WordFill(Up, SIZE(UpA) DIV 2, 0): 
NEW(rp): 
WordFill(rp, SIZE(rpA) DIV 2, 0): 
(* magnify the beam and place it into the temporary storage *) 
FOR I := imln TO lmax1 DO 

(* calculate the coordinate on U which will map to Up[i] *) 
(* and the appropriate amplitude magnification for energy conservation *) 
IF R[i] + offset = 0.0 THEN 

rpA[i] := Mag(small * OX): 
m := sqrt(small * OX / rpA[i]): 

ELSE 
rpA[i] := Mag(R[i] + offset): 
m := sqrt«R[i] + offset) / rpA[i]): 

END: 
UpA[i].r := U[i].r * m: 
UpA [i] . i : = U [i] . i * m: 

END: (* FOR *) 
(* avoid problems caused by negative rpA[iminJ *) 
IF Imin # 0 THEN 
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rpA[imin-1] := rpA[lmin] - small * OX: 
UpA[imin-1] := UpA[imin]: 

END· 
(* iero the beam *) 
WordFill(ADR(U), SIZE(U) DIV 2, 0): 
(* determine the upper limit for the interpolation *) 
imax2 := N-1; 
REPEAT 

DEC( imax2); 
UNTIL (R[imax2]+offset) < rpA[imax1]: 
(* now interpolate back onto the original array *) 
FOR i := imin TO imax2 DO 

CmplxLinlnt1D(UpA, rpA, imin-1, (R[i] + offset), U[i]): 
END· 
(* de-allocate the temporary storage *) 
DISPOSE(Up): 
DISPOSE(rp); 

END HagnifyBeam: 

PROCEDURE PrismHag1(x REAL):REAL: 
BEGIN 

RETURN x / sqrt(1.0 - a * x): 
END PrismHag1: 

PROCEDURE PrismHag2(x : REAL):REAL: 
BEGIN 

RETURN 0.5 * (sqrt(a*a*x*x + 4.0) - a*x) * x: 
END Pri smHag2: 

PROCEDURE PropThruPrismByHag: 
CONST 

VAR 

alpha = 1.047197551: (* 60 deg. in radians *) (* the prism angle *) 
rcfind = 1.648: (* refractive index of the prism *) 
shrink = 1.0 - (1.0 / Crefind * refind»: (* reduced distance shrink fac *) 
fac = 12.0: C* factor by which OX is multiplied for Newton-Raphson *) 

tanti, 
rmax, 
LaO, 
LrO, 
x, 
m 
: REAL: 

(* tangent of the angle of incidence *) 
(* semi diameter of the transmitted beam *) 
(* air path at top of beam *) 
(* reduced distance at top of beam *) 
(* x-values for the evenly sampled beam *) 
(* magnification *) 

up (* magnified beam with uneven sampling *) 
: POINTER TO BeamArray: 
rp (* x-values for unevenly sampled beam *) 
: POINTER TO ARRAY[0 •• N-1]OF REAL: 
imin, imax, immax, (* indices of prism boundaries *) 
i : CARDINAL: 

BEGIN 
(* compute the angle of incidence *) 
tanti := refind * sin(0.5 * alpha): (* really sin(ti) is computed here *) 
tanti := tanti / sqrt(1.0 - tanti * tanti): 
(* compute the maximum air path *) 
rmax := 0.75 * BD: (* trim the beam at expC-2.25) points *) 
LaO := 4.0 * rmax * tanti: 
LrO := LaO: C* LgO = 0.0 *) 
a := 0.5 * shrink / rmax: 
C* find the indices for the prism boundaries *) 
imin := mid - TRUNC(rmax / OX): 
imax := mid + TRUNCCrmax / OX): 
immax := imin + TRUNCC2.0 * refind * rmax / OX): 
WrStrC"The beam is being magnified prior to passing through the prism."): 
IJrLn: 
HagnifyBeamC;m;n, ;max, rmax, Pr;smHag1); 
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(* HaybePlotBeam(U); *) 
IJrStr("The beam is passing through the prism."); 
IJrLn; 
NearField(LrO, U): 

(* HaybePlotBeam(U); *) 
IJrStr("The beam is being de-magnified to its physical size."); 
IJrLn: 
HagnifyBeam(imin, immax, rmax, PrismMag2); 

(* HaybePlotBeam(U): *) 
END PropThruPrismByHag: 

C*****************************************************************************) 
(* SUPERPOSITION PROCEDURES *) 
C*****************************************************************************) 

PROCEDURE Linear(x : REAL):REAL; 
(* split to the beam linearly *) 
BEGIN 

RETURN 0.5 . x; 
END Linear: 

PROCEDURE Cosine(x : REAL):REAL: 
(* split the beam cosinusoidally *) 
CONST 

half Pi = 0.5 * 3.14159265358979323; 
BEGIN 

RETURN cos(halfPi * (0.5 + x»; 
END Cosine; 

PROCEDURE ProplnDut; 
(* this procedure does propagation by dividing into inside and outside *) 
CONST 

alpha = 1.047197551; (* 60 deg. in radians *) (* the prism angle *) 
refind = 1.648; (* refractive index of the prism *) 

(* tan of angle of incidence *) 
(* constant *) 
(* half of prism width *) 
(* maximum air path for prism *) 
(* step length in air *) 
(* step length in prism *) 

VAR 
tanti, 
dum, 
rmax, 
LaO, 
dz, 
dzn, 
z, 
wi, 

(* position at which air·glass boundary is calculated *) 
(* 1 / taper width *) 

f 
: REAL; 
cdum 

(* fraction of energy in the air beam *) 

(* constant *) 

: COMPLEX: 
steps, 
i, j, 

(* number of steps to be taken through prism *) 
(* counters *) 

imin, imax, 
ibdy, 

(* indices of prism physical boundaries *) 
(* index of air-glass boundary *) 

WIlin, wmax, 
w 
: INTEGER: 
choice 
: CARDINAL; 

(* indices of taper boundaries *) 
(* width of taper *) 

(* menu choice *) 

Up (* beam within prism *) 
: POINTER TO BeamArray; 
rna : ARRAY[0 •• 33]OF CHAR; 
Frac : PROCEDURE(REAL):REAL: 

BEGIN 
(* compute the angle of incidence *) 
tanti := refind * sin(0.5 * alpha); (* really sin(ti) 
tanti := tanti / sqrt(1.0 - tanti * tanti); 
(* compute a constant *) 

is computed here *) 
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dum := 1.0 I CDX * tanti); 
C* compute the maximum air path *) 
rmax := 0.75 * BD; C* trim the beam at expC-2.2S) points *) 
LaO := 4.0 * rmax * tanti; 
C* obtain the step length *) 
IJrStrC"The maximum air path for this prism is II); 
IJrReal(LaO, 2, -S); 
IJrLn; 
IJrStr("How many steps should be taken to traverse it? II); 
steps := Rdlnt(); 
IJrLn; 
dz := LaO I FLOAT(steps); 
dzn := dz I Crefind * refind); 
C* find the indices for the prism boundaries *) 
imin := mid - TRUNCCO.S + rmax I DX); 
imax := mid + TRUNCCO.S + rmax I DX); 
C* determine the splitting function *) 
ms := IISpli tting Functi on!L inaar !Cosine!"; 
choice := 1; 
DoHenuCSO, 0, ms, choice); 
CASE choice OF 

1 : Frac := Linear; I 
2 : Frac := Cosine; 

END; (* CASE *) 
C* determine the width of the taper *) 
IJrStrC"A reasonable taper would be II); 
IJrCardCN DIV 10, -4); 
IJrStrClsa~les_"); 
IJrLn; 
IJrStr("Enter the width of the taper Csa~les) II); 
w := Rdlnt(); 
wi := 1.0 I real(w); 
C* allocate storage for the part of the beam inside the prism *) 
NEIJCUp) ; 
IJordFillCUp, SIZE(UpA) DIV 2, 0); 
C* take 1 step into prism *) 
IJrStrC"Step #1"); 
IJrLn; 
NearFieldCdz, U); 
C* clip the beam at the boundary *) 
FOR i := imax TO N-1 DO 

U[i].r := 0.0; 
U[i].i :=0.0; 

END; 
C* set the distance counter *) 
z := dz; 
C* take the rest of the steps *) 
FOR j := 2 TO steps DO 

IJrStr("Step #11); 
IJrlnt(j, -3); 
IJrLn; 
C* find the air-glass boundary *) 
IF z <= 0.5 * LaO THEN 

ibdy := imax - entierCO.S + z * dum); 
ELSE 

ibdy := imax - entier(O_S + CLaD - z) * dum); 
END; (* IF *) 
C* set the window boundaries *) 
IF ibdy > imin + w DIV 2 THEil 

wmin := ibdy - w DIV 2; 
ELSE 

wmin := imin; 
END· 
IF imax > ibdy + w DIV 2 THEN 

wmax := ibdy + w DIV 2; 
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ELSE 
wmax := imax: 

END: 
(* split the beam *) 
IF z < 0.5 * LaO THEN 

(* move energy into Up *) 
FOR i := wmin TO wmax DO 

cdun := U [i]: 
f := Frac(wi * real(i - ibdy»: 
U[i].r := f * cdun.r: 
UpA[i].r := UpA[i].r + (1.0 - f) * cdun.r: 
U[i].i := f * cdun.i: 
UpA [i] .• i : = UpA [i] • i + (1.0 - f) * cdun. i : 

END: 
FOR i := wmax TO imax DO 

UpA[i].r := Up"[i].r + U[i] .r: 
Up" [i]. i : = Up" [i] • i + U [i] • i : 
U[i].r := 0.0: 
U[i]. i := 0.0: 

END: 
ELSE 

(* move energy out of Up *) 

FOR i := imin TO wmin DO 
U[i].r := Up"[i].r + U[i] .r: 
U [i] • i : = Up" [i] • i + U [i] • i : 
UpA[i].r := 0.0: 
Up"[i].i := 0.0: 

END: 
FOR i := wmin TO wmax DO 

cdun := Up" [i]: 
f := Frac(wi * real(i - ibdy»: 
Up" [i].r := (1.0 - f) * cdun. r: 
U[i].r := U[i].r + f * cdun.r: 
Up"[i].i := (1.0 - f) * cdun.i: 
U[i].i := U[i].i + f * cdun.i: 

END: 
END: (* IF *) 
(* propagate sub-beams *) 
NearField(dz, U); 
NearField(dzn, Up"); 
(* update the distance counter *) 
z := z + dz: 
(* 
(* optionally plot the beams *) 
IJrStr("Plot the beams? II); 
IF CAP(RdKey(» = "Y" THEN 

PlotBeam(U); 
PlotBeam(Up"): 

END; 
IJrLn: 
*) 

END: (* FOR *) 
(* make sure the entire beam is in U *) 
FOR i := imin TO imax DO 

U [i] • r : = U [i] • r + Up" [i] • r; 
U [i] • i : = U [i] • i + Up" [i]. i; 

END· 
(* ~lip the beam at the boundary *) 
FOR i := imax TO N-1 DO 

U[i].r := 0.0; 
U[i].i :=0.0; 

END: 
(* free up the storage *) 
DISPOSE(Up): 

END ProplnOut; 
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PROCEDURE PropIsoPatches; 
(* this procedure does propagation by dividing into isoplanatic patches *) 
CONST 

alpha = 1.047197551; (* 60 deg. in radians *) (* the prism angle *) 
refind = 1.648; (* refractive index of the prism *) 
rif = (1.0 • 1.0 I (refind * refind»; (* refractive index factor *) 

VAR 
tanti, 
rmax, 
LaO, 
wi, 
RD, 
dRD, 
f 
: REAL; 
cdlll1 
: COMPLEX; 
strips, 
i, j, 
imin, imax, 
j1, j2, 
w, hw 
: INTEGER; 
choice 
: CARDINAL; 

(* tan of angle of incidence *) 
(* half of prism width *) 
(* maximlll1 air path for prism *) 
(* 1 I taper width *) 
(* Reduced Distance for this patch *) 
(* difference in RD between patches *) 
(* fraction of energy in the air beam *) 

(* constant for beam splitting *) 

(* number of strips to be propagated through prism *) 
(* counters *) 
(* indices of prism physical boundaries *) 
(* indices of strip boundares *) 
(* width & half·width of taper *) 

(* menu choice *) 

Up, (* beam within prism *) 
Upp (* output beam *) 
: POINTER TO BeamArray; 
ms : ARRAY[0 •• 33]OF CHAR; 
Frac : PROCEDURE(REAL):REAL; 

BEGIN 
(* determine the splitting function *) 
ms := "Splitting FunctionILinearICosinel"; 
choice := 1; 
DoHenu(80, 0, ms, choice); 
CASE choice OF 

1 : Frac := Linear; I 
2 : Frac := Cosine; 

END; (* CASE *) 
(* determine the width of the taper *) 
IJrStr("A reasonable taper would be II); 
IJrCard(N DIV 30, 1); 
IJrStr(" salll'les."); 
IJrLn; 
IJrStr("Enter the width of the taper (salll'les) II); 
w := RdlntO; 
hw := w DIV 2; 
wi := 1.0 / real(w); 
(* compute the angle of incidence *) 
tanti := refind * sin(0.5 * alpha); (* really sin(ti) is computed here *) 
tanti := tanti / sqrt(1.0 . tanti * tanti); 
(* compute the maximlll1 air path *) 
rmax := 0.75 * BD; (* trim the beam at exp(-2.25) points *) 
LaO := 4.0 * rmax * tanti: 
(* compute the RDD between the edges of the prism *) 
IJrStr("The reduced distance difference across the prism is II): 
IJriteFixed(LaO * rif, 3.3); 
IJrLn; 
(* find the indices for the prism boundaries *) 
imin := mid· TRUNC(0.5 + rmax / DX): 
imax := mid + TRUNC(0.5 + rmax I DX); 
IJrStr("The prism is II): 
IJrlnt(imax • imin, 1): 
IJrStr(" points widell); 
IJrLn; 
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(* get the number of strips *) 
WrStr(IIlnto how many strips should the beam be divided? II)i 
strips := Rdlnt()i 
(* calculate the starting Reduced Distance & the increment *) 
dRD := LaO * rif I FLOAT(strips)i 
RD := LaO + 0.5 * dRD: 
(* allocate storage for the part of the beam inside the ~~ism *) 
NEW(Up): 
(* allocate storage for the observation plane *) 
NEW(Upp): 
WordFill(Upp, SIZE(Upp") DIV 2, 0): 
(* propagate the strips *) 
j1 := imini 
FOR i := 1 TO strips DO 

(* empty the scratch array *) 
WordFill(Up, SIZE(Up") DIV 2, 0): 
WrStr("Propagating strip #"): 
Wrlnt(i, 1>: 
IIrLni 
(* extract the strip from the beam *) 
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j2 := imin + VAL(INTEGER, VAL(LONGINT,(imax . imin» * VAL(LONGINT, i) DIV VAL(LONGINT, strips»i 
FOR j := j1 • hw TO j1 + hw DO 

cdun := U [j]; 
f := Frac(wi * real(j1 . j»; 
U[j].r := f * cdun.ri 
Up"[j].r := (1.0 - f) * cdun.r; 
U[j].i := f * cdun.ii 
Up"[j].i := (1.0 - f) * cdun.i; 

END· 
FOR' j := j1 + hw + 1 TO j2 - hw - 1 DO 

Up" [j] := U [j] ; 
END; 
FOR j := j2 - hw TO j2 + hw DO 

cdun := U [j] ; 
f := Frac(wi * real(j - j2»; 
U[j].r := f * cdun.ri 
Up"[j].r := (1.0 - f) * cdun.r; 
U[j].i := f * cdun.ii 
Up"[j].i := (1.0 - f) * cdun.i; 

END; 
(* propagate the strip *) 
NearField(RD, UpA)i 
RD := RD - dRD; 
(* add it to the observation plane *) 
FOR j := j1 - w TO j2 + w DO 

Upp"[j].r := Upp"[j].r + Up"[j] .r; 
Upp" [j]. i := Upp" [j]. i + UpA [j]. i; 

END; 
j1 := j2; 
(* HaybePlotBeami *) 

END; (* FOR *) 
(* put the beam back into U *) 
U := Upp"; 
(* free up the storage *) 
o ISPOSE(Up); 
DISPOSE(Upp); 

END PropIsoPatchesi 

PROCEDURE PropThruPrismBySuperposition; 
VAR 

choice : CARDINAL; 
ms : ARRAY[0 •• 55]OF CHAR; 

BEGIN 
ms := "lihich Hethodl Inside/Outsidel Isoplantic Patchesloopsl"; 
choice := 1; 



DoHenu(80, 0, ms, choice); 
IF choice = 1 THEN 

ProplnOut; 
ELSIF choice = 2 THEN 

ProplsoPatches; 
END· 

END p~oPThruprismBySuperposition; 

PROCEDURE PropThruPrism; 
VAR 

choice : CARDINAL; 
ms : ARRAY[0 •• 55]OF CHAR; 

BEGIN 
IIrStr("The prism is assuned to be equilateral and of index 1.648"); 
IIrLn; 
ms := "llhich Method!Superposition!Magnification!OOPS!"; 
choice := 2; 
DoHenu(80, 0, ms, choice); 
IF choice = 1 THEN 

PropThruPrismBySuperposition; 
ELSIF choice = 2 THEN 

PropThruPrismByMag; 
END· 

END p~opThruprism; 

END Beam1Prism. 
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